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Abstract-BOSOR5 can handle segmented and branched shells with discrete ring stiffeners, meridional discontinuities,
and multi-material construction. The shell wall can be made up of as many as six layers, each of which is a different
nonlinear material. In the prebuckling analysis large-deflection axisymmetric behavior is presumed. Bifurcation
buckling loads are computed corresponding to axisymmetric or nonaxisymmetric buckling modes. The strategy for
solving the nonlinear prebuckling problem is such that the user obtains reasonably accurate answers even if he uses
very large load or time steps. BOSOR5 has been checked by means of numerous runs in which the results have been
compared to other analyses and to tests.

The prebuckling and plastic bifurcation (eigenvalue) analyses are described, with the most important equations
given. These equations are derived from a finite difference energy method. The strategy for solving problems
simultaneously involving large deflections, elastic-plastic material behavior, and primary and secondary creep
permits the use of rather large time and load steps without undue sacrifice in accuracy. This strategy is based on a
subincremental iteration method in which the size of the subincrement is automatically determined such that the
change in stress is less than a certain prescribed percentage of the effective stress. The theoretical treatment of
discrete ring stiffeners, the material of which is elastic-plastic and can creep according to a primary or secondary
creep law, is also given. Discrete rings of arbitrary cross-section are considered to be assemblages of thin rectangular
elements. The structure of the BOSOR5 computer program, which runs on the CDC 6600 and on the UNIVAC 1108 and
1110, is described.

The paper gives comparisons between test and theory for many configurations, including axially compressed
cylinders and internally and externally pressurized shells of various shapes with and without ring stiffeners. The
results of sensitivity studies are given in which the effect on predicted critical load of various analytical models of the
ring-shell wall intersection area are explored. A method of predicting the effect of welding on buckling load is
described, and an example involving a ring-stiffened doubly-curved shell is given. Welding the ring stiffeners to a
shell introduces residual stresses and geometrical imperfections, both of which reduce the load-carrying capability.

NOMENCLATURE
Plastic loading matrix, eqns (6) and (25)
elastic constants defined in eqns (7) and (25)
total strain anywhere in the shell wall or discrete ring

cross-section
radial, axial distances from ring attachment point to ring

centroid
elastic modulus
shear modulus = E/[2(I + v)I
radial force/length, applied at ring centroid, positive out-

ward (Fig. 3)
identity matrix
integrated constitutive law-eqns (23) and (24) of Ref. 14]
stress resultants or number of degrees-of-freedom in

prebuckling, stability problems
Meridional moment about ring centroid, positive clock-

wise (Fig. 3)
number of full circumferential waves in buckling pattern
normal pressure
dependent variables-nodal displacements and Lagrange

multipliers
infinitesimal change in q
radius of parallel circle measured to shell reference sur-

face
radius of curvature
arc length along meridian
axial load/length, applied at ring centroid, positive as

shown in Fig. 3
work done by external forces
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x', y' axial, radial distances measured in ring cross section (Fig.
3)

z distance from reference surface measured normal to it
e reference surface strain
K reference surface change in curvature
v Poisson's ratio
a stress
1 effective stress, CT=(at'+ 0-r, 2)'0Y
e circumferential coordinate
q energy gradient or shell wall rotation component, depend-

ing on context
X meridional rotation

Superscripts
b infinitesimal buckling quantity
P plastic
C creep
(' =d(l)ds
(.) -do/do
T thermal; Or transpose of matrix, depending on context

Subscripts
a anywhere in the ring cross-section (Fig. 3)
b infinitesimal buckling quantity
c pertains to ring centroid

0, o prebuckling
I meridional
2 circumferential

12 shear
f "fixed" or "not an eigenvalue parameter"
r pertains to ring
s pertains to ring shear center
T tangent modulus

( ),, 0( )1a(8,).
i pertaining to ith degree of freedom or ith shell element.
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Symbols
t l Row vector

Column vector
[I Matrix

ANALYSIS
1.1 Axisymmetric prebuckling analysis

1.1.1 General equations. Details of the nonlinear pre-
buckling analysis are given intl-3]. Only the main fea-
tures will be summarized here. The theory is valid for
small strains and moderately large rotations. The material
behavior is modeled by means of J2 flow theory with
isotropic strain hardening and primary or secondary
creep. The creep law incorporated into BOSOR5 is given
by

(1)

where i' is the effective creep strain, i is the effective
stress, and t is the time.

For each of a sequence of time steps a system of N
nonlinear equations

5iDqE2 +f2 -ro2 [1 1] (7)

H'= EETI(E - ET)

where ET is the tangent modulus. The uniaxial stress-
strain curve is modeled as a series of up to 50 straight line
segments.

The quantity W in eqns (4) and (5) is the work done by
external forces. The stresses a, and a2 are given by

{l)}=Ie-J-e E -E,'j[D] (8)

where superscripts P, C and T denote "plastic", "creep"
and "thermal". The total strains e(, e2 are given at any
point in the shell wall by

(9)

where z is the distance from an arbitrarily located refer-
ence surface and

el=u'+wIRt+X2/2

e2 = ur'/r + w/R 2

(2)

is solved by the Newton-Raphson method. The quantity
N is the number of degrees-of-freedom in the discrete
model. For each Newton-Raphson iteration the equations

N 0
q i= 2,...N (3)

must be solved for the correction terms Aq1. Iterations
continue until IAqIlqj I <0.001. In eqns (2) and (3) qj are
the nodal point degrees-of-freedom; q, is the gradient of
the energy functional with respect to qi:

[at"J dV-~- (4)
GO a]{qi~d aqi(4

and aqilaq, is the (i, j)th element of the tangent stiffness
matrix:

a!= fj PC 2 +ae[I-Cir (D]

|If ae dV- dW (5
{`qq J aqiqqj

1.1.2 Analysis of the shell. In eqns (4) and (5) {}
indicate row and column vectors consisting in this axi-
symmetric prebuckling analysis of two stresses (pr, (r2)

or strains (el, e2). Subscripts I and 2 denote "meridional"
and "circumferential." The 2 x 2 matrix (C] is filled with
zeroes if the material is elastic or unloading. If the
material is being loaded into the plastic region, [C] is
given by

{- _ al a6,1I] ID]
W II = aos a

H' +tda/dar]D) {d }c
(6)

The various parameters in eqn (6) are

Ki = W- u'1R - u(lI/R,)'
K2 = xr'lr

x= w' - uIR
()'-- do0ds.

(10)

The positions of the shell nodal displacements are
shown in Fig. 1. Derivatives of the dependent variables u
and w are replaced by appropriate first and second order
finite difference formulas for variable nodal point spacing.
The "u" nodal points are located midway between "w"
nodal points, as shown in Fig. I. Lagrange multipliers are
introduced to include constraint conditions. The sub-
scripted variable q in eqns (2) and (3) thus represents "u"
and "w" nodal degrees-of-freedom and the Langrange
multipliers.

Integration with respect to the circumferential coordi-
nate 0 amounts to multiplication by 21r; integration along
the meridian is replaced by multiplication by the arc
length L between two adjacent "u" nodes; and integra-
tion through the shell thickness is accomplished by Simp-
son's rule. The shell consists of up to 6 layers, each with a
minimum of 5 integration points through its thickness, and
each with its own stress-strain curve. The entire structure
can consist of up to 25 segments branched in an arbitrary

L

E.W/ T},+ and va

Discrete Ring is considered to be
| untd VW 

1
i olttchd at Point E

WI- i*

: n1, Arcetegtth
Meosured to Mid-
length of Length L

-IJ s i Lwi- Wi , wiuiw s~llw i.1

Fig. 1. Locations of shell nodal point variables q, associated with
displacement and rotation of a discrete ring attachment point. The
discrete ring energy is ultimately expressed in terms of these

variables.
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BOSOR5-Program for buckling of elastic-plastic complex shells

way as long as each segment has the same axis of
revolution.

1.1.3 Analysis of the discrete rings. In BOSOR5 each
discrete elastic-plastic ring is assumed to consist of an
arbitrary number of straight segments of uniform thick-
ness as shown in Fig. 2. The material of the rings may
creep according to the law given by eqn (1). In the.

stiffness matrix [8thfaq]qj are

(ti), =21r[f [ A] [X]{A' dA - E,(e +e +e )

x(A,' +A2 x'+A,'y')dA -r. [- Vuo1+Hwo54+Mxo]]

(13)

and

(at) 2T[f [AI [X]{A"i}dA

- | Er(EP + EC + eT)

x(A,' +A2,x'+Ad'y')dA +|-[A'f[XA

x{A'}dA +r.

x [ - Ve, + Hej] Xo Xo. -

Fig.

NOTE: Discrete ring attachment point is considered to be
located on the shell reference surface.

2. Discrete ring as modeled in the BOSOR5 computer
program.

axisymmetric prebuckling analysis, the hoop strain any-
where in the cross-section of the ring is given by

I X' X'2)(1

in which

A = Wo, - ycXo + x.xo2I2

A2 = -Xo212 (12)

A3 = Xo.

Subscript ()O denotes "prebuckling." The variables are
identified in Fig. 3. The contributions of the discrete ring
terms to the prebuckling energy gradient j and tangent

Us Ring

e Sher
- Ceneter

I - Centroid Ws

These expressions are derived in [2]. Superscripts ()' and
('s denote differentiations of () with respect to the ith
and jth nodal degrees-of-freedom. The matrix [X] is

(1-+. (X,- ) (y,- y)

[X]{(x r1L) (x) ( Y) (5

(x") (x'y') (15)

Derivations of eqns (1 )-(15) are given in [2]. These terms
are to be added to eqns (4) and (5) for any point on the
shell reference surface which corresponds to an attach-
ment point of a discrete ring (see Fig. 1).

1.1.4 Strategy for solving problems with both large
deflections and nonlinear material properties. The pre-
buckling iteration strategy is as follows: At each load level
or time step there are two nested iteration loops. In the
inner loop the set of simultaneous non-linear algebraic
eqns (2) with given fixed material properties and plastic
and creep strains is solved (see the following paragraph,
however.) This is the "Newton-Raphson loop." In the
outer loop the strain-dependent material properties (the
matrix [C]), the plastic strain components elp, ef2p and the
creep strain components eic, e2c are calculated. Double

I - r.

Cross Secti,
Area A

Fig. 3. Discrete ring variables and sign convention.

(14)
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iterations at a given load level continue until the displace-
ments no longer change. In this way the favorable con-
vergence property of the Newton-Raphson procedure is
preserved, equilibrium is satisfied within the degree of
approximation inherent in a discrete model, and the flow
law of the material is satisfied at every point in the
structure.

The description of the iteration strategy is incomplete
ini]. An important point is omitted there. It has to do
with how the first term in eqn (5)

[a] [D I = [ E E D (16)

is treated, Here the plastic strain {eP} is assumed to be

{e }={J +AJ}={=eo +[C](E -O)} (17)

in which the subscript ( o denotes "value obtained when
the material properties were last updated". Thus, within
the Newton-Raphson loop, the plastic strain is changing,
since e, the total strain, is changing in eqn (17) while all
other terms therein are constant. However, notice that in
this iteration loop there is no test for loading or unloading.
Such a test should not be made within the Newton-
Raphson loop, but should be applied only for the outer-
loop iterations in which the material properties are being
updated because a new displacement vector has been
calculated. This is an important point and it is regrettable
that it is not included in the description of the solution
strategy intl].

1.1.5 Subincremental method. A subincremental
method for the solution of problems involving large
deflections, plasticity, and creep is used in BOSOR5. This
method permits the use of large "major" load or time
increments. (A "major" increment is one for which the
governing equations are repeatedly solved by the
Newton-Raphson method until convergence is achieved.)
If creep is neglected, the "major" time increment, call it
At, is subdivided into equal subincrements, dt, such that
each effective strain subincrement, de, is less than 0.0002.
It is assumed that the total effective strain increment Ai is
subdivided into Ai/0.0002 equal subincrements, de. This
strategy is also suitable for some cases in which secon-
dary creep occurs. However, the strategy does not work
well for primary creep or for cases in which the creep law
has a high power on stress. For example, it is not possible
to determine the creep-buckling pressure of a titanium
shell with a reasonable amount of computer time, since
the "major" increments have to be unreasonably small for
early times. The strategy fails for early times because
there is a relatively large amount of creep, which for
reasonable time increments leads to prediction of substan-
tial changes in stress. Unless unreasonably small time
increments are used the change in state of the material as
a function of time cannot be predicted with requisite
accuracy.

The new strategy which has been implemented in the
BOSOR5 computer program involves determination of the
ith subincrement dt(0 such that the maximum change in
effective stress da() during each dt"' is less than a certain
fixed percentage of the effective stress, d-, In BOSOR5
the criterion is

ds tosucrem e0.nt. (18)

This strategy leads to subincrements of varying duration

within the 'major" increment At. The modification of the
original strategy as set forth in 1] is described in detail
in131. A very complete description of the flow
of calculations with numerical examples is given in11]
and[31. Enough information is given in those papers
to permit one to set up without too much difficulty a
similar strategy applicable to other types of structures.
Included infl] are comparisons between flow theory and
deformation theory, comparisons with test results, and
charts showing how many iterations and how much
computer time are required for solution of the nonlinear
equations for several load or time increments.

1.2 Bifurcation buckling analysis
1.2.1 General equations. If qo represents an equilib-

rium state then oi(qo) = 0, i = 1, 2 . .. M. (The number of
degrees-of-freedom M in the stability analysis is more
than the number of degrees-of-freedom N in the axisym-
metric prebuckling analysis because nonsymmetric buckl-
ing modes are permitted). At the bifurcation load there
exists a nontrivial infinitesimal displacement distribution
5q, henceforth called the buckling mode, such that

O'(qo+8q)=O, i=1,2,...M. (19)

The R can be expanded in Taylor series about qo, thus:

i,(q. + 8q) = Oi (q) + ( 8 I ) )0 ,qj + ' ' ' =0;

i = 1,2,. . M (20)

Since O,(qo) = 0 it follows that

,( -) Si=°; i=1,2,..,M,j-1 d(8qj) e
(21)

The criterion for the existence of a non-trivial vector Sq is
that the determinant of the M x M matrix taiklI(Sq)],
evaluated in the limit as aq -0, vanish.

1.2.2 Analysis of the shelf. The (i, j)th element of the
stability matrix [dola(8qj)s,0 -.o can be derived with use of
eqn (5) as a starting point. The stress and strain vectors
{a], [el will now contain three elements rather than two,
since the buckling mode may be nonsymmetric:

[a] [MIt, cr2, 0121

[e]- [C, 62 , Ei2 l
(22)

in which subscript (),, denotes shear. The material prop-
erty matrix [I- CIT [D] must include shear stiffness ele-
ments not present in the axisymmetric prebuckling
analysis. In accordance with the discussion in[4] of
cruciform column buckling, the effective shear modulus G
predicted by deformation theory

G = 0SEI(l + v + g)

g = 3(EIE, - 1)12

in which

(23)

(24)

is used if the material is loading plastically. The quantity E.
is the secant modulus determined from the uniaxial
stress-strain curve and regarded as a function of effective
strain for biaxial stress. Of course, g is set equal to zero if
the material has not yielded or is unloading. In eqn (5) [I] is

224 D. BusHNELL



BOSOR5-Program for buckling of elastic-plastic complex shells

the 3 x 3 identity matrix and [C] and [DI are given by

[C] = [01 if unloading or elastic

C,: C12 0
[C] = C21  C22

- 0 001
if loading plastically

IV 0
V I 0

vi O 0 g)002(1+v+g)J'

The elements Cl, C,2, C21, c22 of [C] are given by eqn (6).
The strains e,, E2 and e12 correspond to the total

deformations-finite prebuckling uo, wo plus infinitesimal
buckling 8u, Sv, 8w. The meridional and circumferential
strains vary through the shell wall thickness according to
eqn (9) and the shear strain varies according to

E12 = (eI2 + 2zK,2)I[(l + zIR1)(I + z/R2)]"2. (26)

The volume element dV is

dV = r + zIR,)(l + zIR2) dz dO ds. (27)

The reference surface strains e and changes in curvature
K in terms of the total displacements u, v, w are:

e, = u'+ wR, + 2 (x2+ Y2)

12

e2 = vr + ur'Ir + wIR2 + 2 (I2 + y
2

)

e,2 = 4ir + r(vIr)'+Xoi

K,= X'

K2 = Olfr + r'xlr

KI2 = 2(- ir + r'frr + v'1R2)

(28)

in which

u=UO+8u x=w'-u/RI
v -vo+Sv (vo=O in this analysis) i = YiIlr -vIR 2

Y = (uIr - v' - vr'r).
(29)

Primes indicate differentiation with respect to the merid-
ional arc length s and dots indicate differentiation with
respect to the circumferential coordinate B. It is shown
in[4] that the stiffness matrix of the ith shell element can
be written in the form

[H], = irrL, ([B1 + XofB 2]
T [K][B, + Xof B2]

+ [R]T [N0fl[R] + [U]T [P1][U] + X {[RIT [NO][R]

+ [U] [P][U]}

+ AXo{[Bu] T [K][B2] + [B2]
T [K][B,]}

+ A2xo2[B2]T [KJ[B2]),. (30)

Subscript i denotes evaluated at the point "E" of the ith
finite difference element (Fig. 1). f denotes "fixed" or "not
an eigenvalue parameter", and A is the eigenvalue
parameter. The finite difference element is that portion of

the shell designated as being of length L in Fig. 1. A
complete derivation of eqn (30) is given in [4]. The quan-
tity rn is the radius of a latitude at the point "E"; L is the
arc length of the finite difference element; [BI] and [B2]
are 6 x 7 matrices representing the kinematic relations for
the shell reference surface as deformed (Xof) by the
"fixed" portion of the loading; [K] is a 6 x 6 matrix
containing the integrated constitutive equation coeffi-
cients, including the effects of prebuckling plasticity; [RI
is a 3 x 7 matrix representing the rotation-nodal displace-
ment relations; [Nof] represents the "fixed" portion of the
prebuckling in-plane stress resultants; [U] is a 3x7
matrix representing the relationship between the displace-
ments u, v, w at "E" and the nodal point displacements;
and [Pa] represents the "pressure-rotation" effect due to
the "fixed" portion of the pressure. During a time incre-
ment the deformations and loads change from the "fixed"
values Xof Nof, Pf to total values Xof + X9, Nof + No,
Pf + P. The increments, Xo, No, P give rise to the terms in
eqn (30) multiplied by A and A2.

1.2.3 Analysis of a discrete ring attached to the
shell. The details of the derivation of the discrete ring
bifurcation buckling equations are given in [2]. The incre-
mental hoop strain in the discrete ring during infinitesimal
buckling is

Eb = Li',,bb + Wba + 2 {iba+(ub_ Vba)
2
}]

rc X 2(rc+x)
(31)

where subscript ()b denotes "buckling modal displace-
ment", subscript (O) means "anywhere in the ring cross-
section", and (C) indicates differentiation with respect to
the circumferential coordinate 6. The (i, j)th element of
the incremental stiffness and load-geometric matrices
governing stability are derived from

go| aJ 2f + ET (, +x')dAdO
aq, JOA i'q uq,~q aq q, /q

(32)

where oo is the prebuckling hoop stress distribution in the
ring cross-section and A is the area of the ring cross-
section. There is an additional contribution due to twist.
For discrete rings with open, thin cross-sections,

d [111 Gt3dsJ ] d8 (33)

where t is the section thickness which may vary with the
distance s measured along the ring cross-section. In eqn
(33) G is the elastic-plastic shear modulus given by eqn
(23) and Kxy is the twist. Subscripts (),, and (),j denote
differentiation with respect to the 4h and jth nodal point
displacement components. More details are given in[2].
These discrete ring contributions are added to the local
stiffness matrix [Hi] for the shell if the ith element
contains a discrete ring attachment point.

The global stiffness matrix is calculated by appropriate
superposition of the local 7 x 7 matrices [Hi], i =
1, 2, .. . I, where I is the total number of finite difference
elements in the structure. Boundary conditions and junc-
ture conditions for compatibility between shell segments
are handled by the introduction of Lagrange multipliers.

1.2.4 Strategy used in BOSOR5 to find minimum bifur-
cation buckling loads. The BOSOR5 user chooses a range
of circumferential wave numbers, nmi. to nm,,a and a

w = w0+3w
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starting wave number no. He also chooses appropriate
quasi-static functions of time for the loading. (Distributed
loads, line loads, and temperature may all vary differently
with time.) The user chooses a time range and time
increments such that whatever load range and load incre-
ments he is interested in will result. For example, if the
user wants to determine the buckling pressure of a shell
with some spatial temperature distribution which does not
change with time, he provides two time functions for the
loading: a constant for the temperature function and a
time-linearly-varying pressure coefficient. The actual
temperature and pressure are products of the appropriate
time functions and spatial distributions. This strategy is
essential for problems involving creep and not difficult to
get used to in other problems.

Given this input BOSOR5 calculates the determinant of
the global stability matrix which consists of terms derived
from the first three terms of eqn (30) plus analogous terms
contributed by the discrete rings. This determinant is
calculated for each time increment until it changes sign or
until the specified time range is covered. During this phase
of the calculations the circumferential wave number is
held constant at no.

If the determinant changes sign BOSOR5 sets up, for
values of n within the specified range n,,,rn to n,,,X,
eigenvalue problems of the type

WKi. + AK2.1 {q} 0 O. (34)

The quantity [Ki.] represents the stiffness matrix corres-
ponding to n circumferential waves for the structure as
loaded at the time step just before the determinant
corresponding to n = no changes sign; [K2.] is the load-
geometric matrix derived from the terms

[R ]T fN0IIRI + [UIT [P]U] (35)

plus analogous discrete ring terms. In expression (35), No
and P represent the increments of prebuckling stress
resultants and pressure from the time step just before the
determinant sign change to the next time step.

The elements containing xo and xo2 appearing in eqn (30)
are omitted because many trial cases demonstrated that
these terms often give rise to complex eigenvalues which
interfere with the inverse power iteration scheme unless
especially allowed for. With use of the strategy just
described these terms are unnecessary because,

(I) We are not interested in the actual magnitude of the
eigenvalues here as much as we are in finding minimum A.
with varying number of circumferential waves, n. The
actual magnitudes of Ak. cannot generally be used to
obtain the buckling load, that is

Nc, id Nof + A,.No (36)

because the constitutive equation coefficients [K] may
change precipituously with increasing load in the neigh-
borhood of the buckling load.

(2) The effect of prebuckling rotations Xof is included in
the first line of eqn (30) and thus is included in the stability
stiffness matrix [KI.]. If the load increments are of a
reasonable magnitude, the effect of prebuckling shape
change on the predicted bifurcation buckling load is
therefore accounted for in a reasonably accurate manner.

1.2.5 "Consistent" loading model: a further

justification. In the derivation of the stiffness matrix it
has been assumed that the constitutive equation coeffi-
cients [K] are independent of the infinitesimal buckling
displacements Sq. This assumption is in accordance with
the "total" or "consistent" loading principle enunciated
by Shanley[5], Hutchinson[6] and others. "Consistent"
loading means that if the material at a point in the shell
is loading plastically before bifurcation, it will also do so
in the transition Sq to the buckled configuration. If the
material is elastic before bifurcation, it will remain so
during incipient buckling. In the introduction of [4] are
quoted passages from the work of Shanley[5] and
Hutchinson [6] which defend the consistent loading model.
The following physical argument [41 is presented here to
further justify it.

Let us hypothesize that the eigenvalue obtained from
the consistent loading model is physically meaningless
because a finite amount of material which has been
loading into the plastic region suddenly unloads in the
infinitesimal transition from the unbuckled state q to the
buckled configuration q + Sq. The effect would be to
produce a stiffer structure and hence, in the presence of a
given prebuckling state, a higher eigenvalue than would
result from the consistent loading model. Suppose also
that an eigenvalue and corresponding kinematically ad-
missible mode have been determined from the consistent
loading model. Now assume that a new nonlinear equilib-
rium analysis is performed for the shell with an infinitesi-
mal imperfection of the same shape as this buckling mode.
Since the imperfection is infinitesimal the load-deflection
behavior will differ from that of the perfect shell only
infinitesimally for loads smaller than the lowest eigen-
value obtained from the consistent loading model. If, as
hypothesized, this eigenvalue were physically meaning-
less and the true bifurcation point lies a finite load
increment above it, then the material of the infinitesimally
imperfect shell would continue to load consistently right
through the neighborhood of the bifurcation load calcu-
lated by means of the consistent loading model. A con-
tradiction therefore exists: It has just been hypothesized
that the eigenvalue from the consistent loading model is
physically meaningless because infinitesimal perturba-
tions of the form of the buckling mode cause a finite
amount of the material to unload suddenly. However, the
material of an actual shell containing such a perturbation
in geometry loads consistently at the eigenvalue calcu-
lated from the consistent loading model. Therefore, this
eigenvalue must be physically meaningful and must cor-
respond to a bifurcation point on the load-deflection curve
of the perfect shell.

2. ORGANIZATION OF THE BsRt5 PROGRAM

BOSOR5 is actually three programs-a pre-processor, a
main-processor and a post-processor. Each of these pro-
cessors is overlayed. Overlay charts and very brief de-
scriptions of each of the subroutines are given in the
Appendix. Figure 4 shows the input data sequence for the
pre-processor. The main-processor and post-processor
require very few data cards. Any case can be restarted.
The program requires approximately 65K decimal words
on the UNIVAC 1108 or 1110 and 150 K octal words on
the CDC 6600. Typical run times for cases with less than
100 nodal points are less than 5 min. The UNIVAC
version performs most calculations in double precision.
BOSORS can be obtained from the author.
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Fig. 4. BOSoR5 pre-processor input deck.

3. NUMERICAL RESULTS

3.1 General
The nonlinear elastic-plastic prebuckling analysis of

BOSOR5 was checked out through comparisons with ex-
perimental and analytical results obtained by Levine et
al.[7] for a circular flat plate under a centrally applied
concentrated load, and with analytical results obtained by
Stricklin et al. [8] for an internally pressurized torispheri-
cal shell. The creep theory and its implementation were
checked through comparison with a test reported by
Samuelson in[9]. Predicted critical pressures correspond-
ing to axisymmetric bifurcation buckling of a perfect
sphere agreed with those obtained by Hutchinson[10] for
both flow theory and deformation theory.

3.2 Axially compressed elastic-plastic cylinders
Lee[l1] and Batterman[12] have tested cylinders under

controlled end displacement. Comparisons between these
tests and BOSOR5 predictions are given in Tables 1 and 2.
In the BOSOR5 analysis the end load was specified rather
than the end displacement. The cylinders were assumed to
be clamped. If the Batterman cylinders No. 9 and No. 10

(Table 2) are assumed to be simply-supported, the pre-
dicted critical axial stresses are reduced to 38,000 and
39,500 psi, respectively.

3.3 Complex pressurized shells of revolution
During the past two years Galletly et al. at the Univer-

sity of Liverpool have been performing tests on shells of
revolution of various shapes under external and internal
pressure. The method of testing and some BOSOR5 predic-
tions are given inE13]. These and additional predictions
are presented in Figs. 5-12 and Tables 3-5.

For the externally pressurized cone-cylinder shells
shown in Fig. 5 the prebuckling plastic flow is confined to
narrow axisymmetric bands including the junctures. Ac-
cordingly, the BOSOR5 model is set up as shown in Fig. 6,
with the plasticity analysis described in[l] being per-
formed only in segments 2 and 3 in order to save computer
time. Figure 7 gives the nonsymmetric bifurcation buckl-
ing pressures, mode shapes, and critical numbers of
circumferential waves. In this case, the effect of plasticity
is to produce a hinge at the juncture. (In an elastic analysis
of these configurations the hinge would be introduced

Table 1. Comparison of test and theory for axially compressed cylinders

Test (Lee [1962]) BASOR5 Highet Test Lowest Test
Model r/t Load (lb) Prediction B9SPR5 B050R5

A300 46.1 5400 5202 1.038 -

AduO 9090 8923 1.019 o.884

A210 29.2 8680

A310 7890

A120 14500

A220 19.4 14840 14328 1.036 1.005

A320 14400

A130 35000

A230 9.4 36100 33200 1.087 1.054

A330 36000

aAxisymetri collapse predicted in a11 cases
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Table 2. Comparison of test and theory for axially compressed
cylinders tested by Batterman[19651

Test Stress BOSOR5 Test
Model r/t (psi) Prediction BVSVR5

(Cl-amped Edges)

9 116.61 31770 44643 .712

8 114.56 33030

10 113.60 35600 43478 .820

17 89.33 43950

26 85.95 43690 45063 .970

16 56.52 51380 52282 .983

25 54.93 50640

15 44.69 55490

24 44.19 53380 55663 .959

4 26.61 58200

3 26.56 58200

2 26.44 57100

1 26.18 58600

5 25.94 59570

6 25.88 58760 57422 1.023

14 19.71 61580 59175 1.041

23 19.66 61480

13 14.02 64110

22 13.93 63790 62886 1.0o4

18 9.76 70000

19 9.76 69320

20 9.76 69840 71225 980

12 9.70 69630

27 9.70 69230

Axisysmetnic collapse predicted in al .ces

only in the stability equations, not in the prebuckling
equations.)

For the externally pressurized torispherical shells
pierced by cylindrical nozzles, an example of which is
shown in Fig. 8, a large amount of prebuckling plastic flow
is confined to a narrow axisymmetric band including the
juncture between the cylindrical nozzle and spherical
head. Some plastic flow also occurs near the juncture

between the spherical and toroidal portions. Figure 9
shows the BOSOR5 model and predicted prebuckling de-
flected shape (exaggerated). The critical bifurcation pres-
sures and mode shapes are given in Fig. 10. Tilting of the
nozzle was also observed in the tests.

More details of these tests and analysis are given in[13].
The most recent tests by Galletly et al. involve inter-

nally pressurized torispherical heads made of mild steel
and aluminum. Figure 11(a) shows the geometry and
location of the nodal points in the BOSOR5 models. Plastic
flow prior to buckling occurs in a fairly broad axisymmet-
ric band near the juncture between the spherical and
toroidal portions. The thicknesses of the test specimens
varied in both the circumferential and meridional direc-
tions. BOSOR5 runs were made using the minimum thick-
nesses measured at each meridional station. These are
listed in Table 3. The stress-strain data for the two
materials are given in Table 4. Comparisons between tests
and theory appear in Table 5; a typical predicted prebuck-
ling deflected shape (exaggerated) is shown in Fig. Il(b);
and predicted buckling mode shapes with critical numbers
of circumferential waves are given in Fig. 12. Small ranges
for the predicted critical buckling pressures are listed in
Table 5 because it is known only that for the critical
number or range of circumferential waves, the stability
determinant changes sign between the minimum and
maximum pressures.

A definite explanation of the extreme disagreement
between test and theory for the mild steel specimens does
not yet exist. It is possible that the buckling mode
associated with the lowest predicted eigenvalue grows
very little in the post-buckling regime and so this mode
was not observed in the tests. Possibly the use of
minimum thickness everywhere explains the discrepancy,
for this minimum does not actually correspond to any one
meridian. However, it is felt that this is not a likely
explanation because thicknesses along the local critical
meridional arc did have approximately the values given at
some point around the circumference.

Fig. 5. Aluminum Cone-cylinder specimens tested under external pressure by Galletly at the University of Liverpool.
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Symmetry Plane

MESH POINT DISTRIBUTION
Se. No. of Material
No. Points Type

1 23 Elastic
2 13 Elastic-Plastic
3 7 Elostic-Plostic

| 4 12 Elastic I

(a)
BOSOR5 MODEL

(b)
PRE BUCKLING
DEFLECTED SHAPE

Fig. 6. Discrete Model of the 450 cone-cylinder specimen and exaggerated view of the prebuckling deflected shape at
the buckling pressure.

Fig. 7. Bifurcation buckling modes and comparison with test
results.

Fig. 8. Aluminum Torispherical head with axisymmetric nozzle
tested under external pressure by Galletly at the University of

Liverpool.

VALUES USED
IN BOSORs

STRESS STRAIN
(ksi) (%)

41.2 0.4
45.9 0.45
49.3 0.50
51.4 0.55
52.9 0.60
55.0 0.70
55.5 0.80
56.0 1.00

MESH POINT DISTRIBUTION
Seg. No. of Moatrial
No. Points Type
1 12 Elastic
2 1 3 Elostic-Plastic
3 13 Elastic-Plastic
4 12 Elastic-Plastic
5 12 Elostic-Plaslic
6 12 ElastIc

MATERIAL
ALUMINUM

is 0.32
PRESUCKLING

eDEFLECTED

-1O n -0.027 in A3 ISHAPE
- 0.054 In A4 S

Fig. 9. Discrete model of one of the torispherical specimens with exaggerated view of the prebuckling deflected shape
at the buckling pressure.
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A4

Predicted ( Pcr 205psi

Test ([P,=20psi

A6

Fig. 10. Bifurcation buckling modes and comparison with test
results.

31 RC 2.7"

(a) (b)
2L R, 5.395,

Z Actual Thickness
a \ Variee(See Tbl)X

x
0

t-NOMINAL t =0.005
o Or 0.01'

0 1 2
RADIAL COORDINATE (inches)

Fig. 11. Aluminum or mild steel torispherical head tested under
internal pressure by Galletly at the University of Liverpool: (a)
Discrete model, (b) exaggerated view of prebuckling deflected

shape at the bifurcation bucklong pressure.

A3

Predicted ( P_ -lB2ps

n=e

Test (P~,=r77psi

Fig. 12. Bifurcation buckling modes for 4 of the internally pressurized torispherical specimens.

An analysis was conducted to determine the circumfer-
ential wave numbers which correspond to critical pres-
sures that agree with the tests. The results are listed in
Table 5. The corresponding predicted mode shapes have
maxima more toward the cylindrical portion than the
mode shapes shown in the top two frames of Fig. 12.
Whether or not these findings agree with the tests is not
known at this time because the writer was not supplied
with information on test mode shapes and critical cir-
cumferential wave numbers for the mild steel specimens.

The strategy for finding the critical number of circumfe-
rential waves, described in Section 1.2.4, did not work
very well for some of these internally pressurized tori-
spherical shells. Bifurcation buckling is caused by the hoop
compression which occurs in the region of the knuckle.
This hoop compression increases (in absolute value) with
pressure initially, but reaches a maximum absolute value
and then starts to decrease and even to become tensile as
the head flows plastically and becomes more spherical in
shape. Some of the specimens buckle nonsymmetrically
at pressures for which the absolute value of the hoop
compressive stress resultant is decreasing with increasing
pressure. For these cases the eigenvalues calculated as
described in Section 1.2.4 will have the opposite sign from
that expected. However, this does not prevent a determi-
nation of the critical bifurcation pressure. It does made
the search procedures more onerous.

3.4 Ring-stiffened cylinders under external hydrostatic
pressure

In[14] are given comparisons between test and theory
for 69 machined ring-stiffened aluminum cylinders tested
by Boichot and Reynolds[15]. The geometry is given in
Fig. 13. Dimensions of all the specimens are tabulated
in[14].

Of the 69 test specimens, 24 (designated "F", in Fig. 13)
had fillets near the boundaries and where the rings join the
shell wall. From the photographs in[15], it appears that
practically all of the specimens without fillets fractured
during failure. However, it is not possible to determine
from the test data alone whether fracture caused the
failure or whether fracture occurred later as the shell was
deforming in its buckling mode. On the other hand, there
is almost no evidence of fracture occurring in the case of
the 24 specimens with fillets. Therefore, it is reasonable to
predict that better agreement between test and theory will

A5

ALUMINUM No. 2: tnom°°.0I-

PREDICTED: Pr-
23 6

-
24 0 

psi

nc = 25

,,,"
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Table 3. Internally pressurized torispherical sheUs thickness vs axial distance from apex used in the B0SOR5 analysis

ALUMXNUM SPECIMENS MILD STEEL SPECIMENS

t = 0.005" t =0.01' t .0.01" t = 0.005" t = 0.005"

SPEC #1 SPEC #2 SPEC #1 SPEC #2

(axial distance o in inches, thickness t in nils)

z t 0 t S t I. Z t

0.0

0.13

0.31

10.7

10.7

10.5

0.388 10.5

0.56 10.7

0.75 10.3

O.89 10.0

1.16 10.0

1.409 1o .0

1.690 lo.6

2.06 10.6

6.3

6.3

5.8

5.5

5.5

6.0

5.5

5.4

5.2

3.8

4.8

5.7

7.2

0.0 4.8 0.0

0.20 4.8 o.o63

0.25

0.312

0.375

0.388 5.4 0.388

0.51 5.0 0.437

o.63 3.7 0.500

0.82 5.5 0.594

0.96 5.5 o.688

1.23 4.7 0.875

1.094

1.312

i.409 3.6 1.409

1.760 5.4 L.625

2.130 5.4 2.000

2.750

3.009 6.0 3.009

4.6

4.6

3.9

3.5

3.0

3.0

3.2

3.9

5.1

5.8

6.o

5.4

5.0

5.2

5.6

5.5

5.6

5.6

Table 4. Stress-strain data used for the BOSOR5 analysis of the
internally pressurized torispherical heads

ALUMINUM SPECIMENS MILD STEEL SPECIMENS
stress (psi) strain (%) Stress (psi) strain (%

0 0.00 0 0.000

41200 0.o.0 35400 0.118

45000 0.45 36000 1.300

48150 0.50 38000 1.500

50600 0.55 40000 1.800

52100 0.60

52750 o.65

53000 0.70

54000 0.90

54000 1.00

I - 1i/32"R

Typical on (F) Models

Fig. 13. Aluminum ring-stiffened cylinder tested under external
pressure by Boichot and Reynolds at the Naval Ship Research and

Development Center, Maryland.

Table 5. Buckling pressures of internally pressurized torispherical heads tested by Gerard Galletly at the University
of Liverpool

Test Buckling Predicted Buckling Predicted
Pressure Pressure Circumferential

Material Specimen (psi) (psi) Wave Number, n

Mild Steel .005 #1 127 44 -46 30 -40

Mild Steel .005 #2 78 35 -36 30- 3 8 a

Aluminum .005 85 92 - 94 45

- Aluminrum .01 #1 215 220- 226 21

Aluminum .01 #2 225 236 -240 25

aFor n 1l waves the predicted buckling pressure is in the range 79 to 81 psi.

be obtained for the specimens with fillets than for those
without. Furthermore, analytical predictions that are too
high for the specimens without fillets would lead one to
favor the hypothesis that failure was caused by fracture
rather than buckling in these tests, since the analytical
model is incapable of predicting fracture. This would be
particularly true if the too high predictions correspond to
the thicker specimens for which imperfections are less
significant.

There are three different nominal radius/thickness

ratios involved in the test series: R/H 12, 20, and 50.
Buckling pressures for the RIt 50 specimens are some-
what sensitive to imperfections because buckling, espe-
cially of the models in this class with small ring stiffeners,
occurs at average stresses that are barely in the plastic
range. Indeed the test results for the thinnest specimens
exhibit the most scatter, as indicated in Fig. 14.

Figure 14 gives the comparison between test and
theory. The generally upward sloping trend results
primarily from the fact that the analytical model becomes

0.0 10.4

0.143 10.4

0.33 9.7

0.0

0. 13

0.31

0.388

0.44

I 0.10

. 0.75

g 0.89

1 1.16

500

- 1.409

I 1.690
R Q 2.0o6

f c 3.009 3.009 10.2 3.009 10.2

0.388

o.455

0.517

0.580

0.674

0.768

0.955

1.174

1.409

1.705

2.080

9.1

8.3

8.8

10.2

10.9

11.1

10.8

10.3

10.2

9.8

10.2

,
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Fig. 14. Comparison of test and theory for buckling of externally

pressurized ring-stiffened cylinders plotted as function of ring

thickness parameter b /V(Rt).

increasingly conservative with increasing blI(Rt): The
discrete rings are assumed to be attached to the shell at a
single point with the shell free to bend in the axial
direction in the immediate neighborhood of this point. The
neglected effect on the shell meridional bending stiffness
of the finite thicknesses of the rings leads often to
predictions of axisymmetric collapse with relatively short
axial wavelengths when the test specimens actually fail
nonsymmetrically. The short-wavelength axisymmetric
mode of failure is hindered by the increased local merid-
ional bending stiffness afforded by the finite axial intersec-
tion lengths of shell and rings more than is the relatively
long wavelength general instability mode of failure.

With use of BOSOR5, it is possible to investigate analyti-

Collapse

Mode

MODEL 2

Mesh Points

8
7 ~ ~5ei

65S3
2. V
I2 Extra Constraint

For Each Ring,

x3 = x7

MODEL I

0

Model 2

Il ~-< l
0.2 0.3

Fig. 15. Comparison of test and theory for specimens 15-5XF
neglecting and including ring thickness effect.

cally the effect on predicted critical pressures of including
some additional axial bending stiffness due to the finite
axial length of the shell-ring intersection areas. This
increase in axial bending rigidity is modeled as shown in
Fig. 15. Additional mesh points are provided in the
neighborhoods of the discrete rings with meridional rota-
tion constrained to be equal at nodal points corresponding
to the bottom and top surfaces of each discrete ring. The
solid line, labeled Model 1, corresponds to the original
analytical models of the test series 15-5XF in which the
discrete ring is considered to be attached at one point and
the shell is free to bend under the ring. That is, the
prebuckling meridional rotation Xo is free to change along
the shell wall within the shell-ring intersection area. With
the extra constraint conditions (Model 2) the analytical
predictions are closer to the test results. The critical
failure mode for the specimen with the thickest rings,
Specimen 15-58F for which b iV(Rt) - 0.3, is predicted to
be axisymmetric inter-ring collapse with use of Model 1
and nonaxisymmetric general instability with use of
Model 2. In the cases for which general nonaxisymmetric
instability is predicted with use of Model 1, introduction
of extra constraint conditions as depicted in Fig. 15 does
not change the prediction very much. Analytical results
for all of the cases investigated with use of Model 2 are
given in Table 7 of [14]. Unfortunately, the budget for
computer time did not permit analysis of the entire series
of tests with use of Model 2.

_- Noda I

Points

Symmetry,
Plane

Nodal
Points

(a) SPECIMEN 25-88 (b) MODEL I ANALYSIS (c) MODEL e ANALYSIS

Fig. 16. Predicted axisymmetric collapse model of specimen 25-88: (a) specimen geometry, (b) neglecting ring

thickness effect and (c) including ring thickness effect.
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Figure 16 shows the predicted axisymmetric failure
modes for Specimen 25-88 (biV(Rt) = 0.431) with use of
Model I and Model 2 analysis. It is clear from these plots
why introduction of the extra constraint conditions
raises the axisymmetric collapse load.

3.5 Effect of welding on the buckling pressure of an
ellipsoidal ring-stiffened shell

The geometry of an ellipsoidal shell with internal ring
stiffeners is shown in Fig. 17. The purpose of the analysis
of this structure is to determine the effect on predicted
buckling pressure of axisymmetric distortions and re-
sidual stresses due to welding the rings to the shell.

Figure 18 shows the BOSOR5 model, which consists of
313 degrees-of-freedom in the axisymmetric prebuckling
analysis and 466 degrees-of-freedom in the nonaxisym-
metric stability analysis. Symmetry conditions were im-
posed at the equator in both the pre-buckling and bifurca-
tion buckling analyses. (It was determined in preliminary
runs on the computer that the lowest bifurcation buckling
pressure corresponds to a mode symmetric rather than
antisymmetric about the symmetry plane.) The locations
of the discrete ring attachment points and centroids are
indicated in Fig. 18. Table 6 gives the stress-strain curves
used in the BOSOR5 analysis.

The effect of the welds shown in Fig. 19(a) is introduced
into the analytical model by means of the temperature
distribution shown in Fig. 19(b): A certain amount of the
material of ring web and shell wall in the neighborhood of
the welds is considered to be cooled down below room
temperature. The value 1000'F corresponds approxi-
mately to the anneal temperature of the steel from which
the structure is presumed to be fabricated. The anneal
temperature is used as a reference value because residual
stresses are relieved for higher temperatures than this.
The zero-stress temperature distribution corresponds to
the weld region being hot (above 10000F) and the rest of
the material being at room temperature. As the weld
material cools down from 10000F to room temperature,
stresses build up in the shell and ring, tensile in the region
that was originally heated above 10008F and compressive
elsewhere. Thus, the non-zero stress state corresponds to
a uniform ambient temperature distribution. In BOSOR5 it

is not possible to generate a nonzero initial thermal stress
state with a uniform temperature distribution. Therefore,
one must simulate the growth of residual stresses and

35.00

3000

25.00

20.00

1500

1000

500

0.00 1 -

5.00 1 1 I III
15.00000 5.00 10.00 1500 000 5.00 0D00 1500

R R
(a) (b)

Fig. 18. BOSOR5 model of the ring-stiffened ellipsoidal shell: (a)
nodal points, (b) locations of discrete ring attachment points and

centroids.

Table 6. Stress-strain curves used in the BOSOR5 analysis of the
ellipsoidal shell and stiffeners

Stress (psi) Strain (%)

Stiffeners 0. 0 0. 0

163000. . 5472

163000. 10.0

Shell Waul 140000. .7400

144560. .5200

149450. .6000

151400. .7ZOO

155300. 1.OZOO

157Z60. 1.6000

SHELL THICKNESS - 0.25 " I

Fig. 17. Steel ellipsoidal shell with internal ring-stiffeners welded to it. This structure is submitted to external pressure.
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Weld 1

Weld

(t) WELD LOCATION

I .

(b)

Fig. 19. Weld locations and simulation of weld thermal effect by
local cooling.

deformations by treating the weld region as if it were
cooled down below ambient temperature.

Figure 20 shows the prebuckling axisymmetrically de-
formed shape with increasing external pressure and a
comparison with and without welding effects. The rela-
tively advanced scalloping of the meridian corresponding
to p =4100 psi with the weld effect arises because of
increased local plastic flow near the ring attachment
points. The ring at the plane of symmetry moves inward
rapidly with pressure increasing above 3500 psi because
the flange yields and flows plastically, having zero tangent
modulus for P >3500 psi. (There is more welding re-
quired in the neighborhood of this ring than the others
because the ring must first be welded to one of the halves
of the shell and then the two halves of the shell must be
welded together. Hence, in this area more of the material
is cooled down by an amount approximately equal to the
anneal temperature.)

Figure 21 shows predicted incipient buckling modes

T
II

II
41

II
I
II

II

i
iI

.w- Undeformed
St structure

/ ,Discrete Ring

p 41UV psi

(a) (b)
Fig. 20. Prebuckling deflections with increasing pressure and

comparison with and without the weld cool-down effect.
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Fig. 22. Primary creep in extreme fibers of a beam under uniform
bending with use of time increments of various durations.
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Fig. 21. Predicted bifurcation buckling modes and pressures with
and without the weld cool-down effect included in the analysis.

with and without the weld thermal effect. The lowest
predicted critical pressure corresponds in both cases to
nonaxisymmetric buckling with 5 circumferential waves.
The buckle modes are quite different in the two cases
because of the increased amount of prebuckling plastic
flow in the ring at the plane of symmetry predicted with
the model which includes the weld effect.

3.6 Creep effects
3.6.1 Test of the solution strategy-beam in

bending. The new strategy including primary creep[3]
was tested with a simple example-a beam submitted to a
constant bending moment sufficient to cause considerable
plastic flow and creep at the external fibers. Some results
are shown in Fig. 22. The lower part of the figure gives
four curves corresponding to four different "major" time
steps (see Section 1.1.5). For At = 1.0, 5.0 and 20.0 hr, the
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creep strains for each subincrement are shown. The top
part of the figure shows the history of extreme fiber stress.
For times which are fairly large compared to the major
time step, the predicted creep strains converge quite well
with decreasing magnitude of major time increments.
With large major time increments, the stress is overesti-
mated at the ends of the increments, as seen especially
from the curves marked with A and 0 at the top of Fig.
22. This too-high stress leads to an overestimation of the
creep rate during the ensuing time increment, a trend
which continues to a diminishing degree until the pre-
dicted stresses and creep strains for all major time
increments are reasonably close to one another. Thus, the
error incurred in the early time increments due to the use
of a large time increment is "washed out" as time
progresses.

3.6.2. Axisymmetric creep buckling of a cyl-
inder. Figure 23 shows deformations of an axially com-
pressed thin cylinder. According to Samuelson[9] the
three identical cylinders tested at a stress level of
12 kg/mm2 buckled at 40, 44 and 57 min after application
of the axial load. In the BOSORS model time steps of
0.025 hr were used. The temperature rise was applied at
t = 0 and held constant for the duration of the case, The
axial load was applied as shown in Fig. 23.

3.6.3 Creep buckling of an externally pressurized ring-

Table 7. Stress-strain curve used in the BOSOR5 analysis of the
creep buckling of the ring-stiffened cylinder

STRESS (KSI) STRAIN (%)

0 0

87, 051 .484

93.580 .523

103.373 .599

109.90Z .666

115.342 .759

119. Soo .856

124.048 .999

132.753 1.332

136.017 1.665

139.282 1.998

139. 282 10. 000

stiffened cylinder. The configuration and locations of
nodal points are shown in Fig. 24 and the stress-strain
curve is given in Table 7. Symmetry conditions were
applied at the symmetry plane. Figure 25 shows the
loading schedule and gives the creep law. Solutions were
obtained for each time indicated by a dot. Figure 26 gives
load-deflection curves for computer runs in which the
creep is neglected and included. If creep is neglected the
predicted failure mode is nonaxisymmetric bifurcation
buckling with 12 circumferential waves at a pressure
of about 1810psi. The prebuckling deflected shape
(exaggerated) and the bifurcation buckling mode are
shown in Fig. 27. With creep included the predicted
failure mode is axisymmetric collapse at a pressure of
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Fig. 24. Ring-stiffened cylinder under external hydrostatic pres-
sure with nodal points used in the BOSOR5 analysis indicated.
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Fig. 23. Predicted axisymmetric creep buckling of an axially compressed thin cylinder tested by Samuelson.
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PRESSURE

TIME, t (hours)

Fig. 25. Loading schedule for ring-stiffened cylinder.
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Fig. 26. Load-deflection curves for externally pressurized ring-
stiffened cylinder predicted with and without primary creep

included in the analysis.

Fig. 27. Prebuckling deflected shape and bifurcation buckling
mode for ring-stiffened cylinder with creep neglected in the

analysis.

about 1700 psi. The growth of the axisymmetric buckle is
shown in Fig. 28.

4. CONCLUSIONS
The theory on which the BOSOR5 computer program is

based is briefly described and many numerical examples

C C

Fig. 28. Axisymmetric collapse of ring-stiffened cylinder with
creep included in the analysis.

are given. This computer program runs on the CDC 6600
and UNIVAC 1108 or 1110 and is available from the
developer. The documentation for B0SOR5 is[16].

REFERENCES

1. D. Bushnell, Large deflection elastic-plastic creep analysis of
axisymmetric shells, Numerical Solution of Nonlinear Struc-
tural Problems (Edited by R. Hartung), Vol. AMD 6, p. 103
ASME, New York (1973).

2. D. Bushnell, Buckling of elastic-plastic shells of revolution
with discrete elastic-plastic ring stiffeners. Int. J. Solids
Structures 12, 51-66 (1976).

3. D. Bushnell, A strategy for solution of problems involving large
deflections, plasticity and creep. Int. J. Num. Meth. in Engng
1976, to be published.

4. D. Bushnell, Bifurcation buckling of shells of revolution in-
cluding large deflections plasticity and creep. Int. J. Solids
Structures 10, 1287-1305 (1974).

5. F. R. Shanley, Inelastic column theory. J. Aero. Sci. 14, 261
(1947).

6. J. W. Hutchinson, Plastic buckling. Advances in Applied
Mechanics, (Edited by C. S. Yih), Vol. 14. Academic Press,
New York (1974).

7. H. S. Levine, H. Armen Jr., R. Winter and A. Pifko, Nonlinear
behavior of shells of revolution under cyclic loading. Grum-
man Research Department Rep. RE-426J (April 1972), Grum-
man Aerospace Corporation, Bethpage, New York. Also
presented at National Symposium on Computerized Struc-
tural Analysis and Design, Washington, D.C., (27-29 Mar.
1972).

8. J. A. Stricklin, W. E. Haisler and W. A. von Riesemann,

236

i

6

I

6



BOSOR5-Program for buckling of elastic-plastic complex shells

Formulation, computation, and solution procedures for mater-
ial and/or geometric nonlinear structural analysis by the finite
element method, SC-CR-72 3102, July 1972, Sandia
Laboratories, Albuquerque, New Merico.

9. L. A. Samuelson, Experimental investigation of creep buckl-
ing of circular cylindrical shells under axial compression and
bending. Trans. ASME J. Engng Indust. 589-595 (Nov. 1968).

10. J. W. Hutchinson, On the postbuckling behavior of
imperfection-sensitive structures in the plastic range. J. Appl.
Mech. 39, 155 (1972).

11. L. H. N. Lee, Inelastic buckling of initially imperfect cylindri-
cal shells subject to axial compression. J. Aero. Sci 29 87 (Jan
1962).

12. S. C. Batterman, Plastic buckling of axially compressed
cylindrical shells. Am. Instit. Aeronaut. Astronaut. J. 3, 316
(Feb. 1965).

13. D. Bushnell and G. D. Galletly, Comparison of test and theory
for nonsymmetric elastic-plastic buckling of shells of revolu-
tion. Int. J. Solids Structures 10, 1271-1286 (1974).

14. See Ref. [2].
15. L. Boichot and T. E. Reynolds, Inelastic buckling tests of

ring-stiffened cylinders under hydrostatic pressure. David
Taylor Model Basin Rep. 1992, Washington, D.C. (May
1965).

16. D. Bushnell, BOSOR5-A computer program for buckling of
elastic-plastic complex shells of revolution including large
deflections and creep. Vol. I: User's Manual, Input Data,
LMSC D407166; Vol. II: User's Manual, Test Cases, LMSC
D407167; Vol. III: Theory and Comparisons with Tests,
LMSC D407168. Lockheed Missiles & Space Co., Sunnyvale,
Calif. (Dec. 1974).

APPENDIX

BOSOR5 OVERLAY STRUCTURE AND BRIEF DESCRIPTIONS OF SUBROUTINES
Purposes of the subroutines of the BOSOR5 preprocessor
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Fig. Al. BOS0R5 pre-processor overlay structure.

READIT The main program of the preprocessor. Calls the other subroutines.
GASP Transfers data to and from mass storage devices. There are two files involved: a large random-access file (called BLARGE on the

control cards) and a small sequential-access file (called BSMALL and consisting of 550 words, most of these integers which
identify where on BLARGE the random-access data blocks are stored).

SRIO0T Causes the elapsed CPU time from the beginning of the case to be printed.
SEGMNT Causes all input data for one shell segment to be read in and prepared for execution by the main processor.
FINDZ Linear interpolator.

STA Finds callout mesh point given various kinds of input data, such as axial stations, arc lengths to callouts, radii to
callouts, etc.

MESH Reads in data for mesh point distribution and calculates lengths over which energy is "integrated" (lumped).
GEOMTY Reads in data for meridional geometry of a shell segment; imperfection; reference surface location relative to

shell wall material.
GEOM Meridional geometry of reference surface.....

GEOMI Flat plate, cylinder, cone
GEOM2 Spherical, ogival, toroidal.
GEOM3 Not used.
GEOM4 General meridional shape; ellipsoid; hyperboloid.
GEOM5 Not used.

GETZ Finds location of reference surface relative to shell wall "leftmost" surface.
IMPERF Reads in data for imperfection distribution along meridian.

RGDATA Reads in data pertinent to discrete ring stiffeners.
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LOADRE Reads in data for temperature distribution, pressure and surface traction distribution, and line loads.
WALLCF Reads in data for wall construction and calculates elastic integrated constitutive law coefficients.
STORIT Stores data for a given shell segment temporarily on mass storage device.

HOOKUP Reads in data for time variation of loads, for juncture and other constraint conditions; calculates global axial coordinates for
plotting purposes; and derives templates for the prebuckling and stability coefficient matrices.....
WRCON writes out the constraint conditions.
ISHIFT modifies constraint conditions to account for "extra" mesh points added at segment ends.
ZGLOBE calculates global axial coordinates of assembled structure.
SKILIN calculates the "skylines" of prebuckling matrices and stability matrices.

RESTOR Retrieves the data for each segment from mass storage and restotes same data in bigger blocks to avoid too much 110
computer time in main processor runs.

STORCM Stores labeled common blocks for retrieval by main processor and post processor.

Purposes of the subroutines of the BOSOR5 main processor
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Fig. A2. BOSOR5 main-processor overlay structure.

MAIN The main program, calls the other subroutines.
MAINI A kind of "dummy" program for storing additional labeled common.
GASP For reading data to and from auxiliary storage devices. (See preprocessor)
SRlOOT Calculates and prints elapsed CPU time from start of case.
FACTR Decomposes a coefficient matrix into its lower triangular form. Equation
SOLVE Performs back substitution for solution of equation system. J Solver
GETCOM Retrieves labeled common data stored on mass storage by STORCM. (See preprocessor)
LOADS Finds loads on the shell corresponding to the next time step.
PRE11 Sets up and solves the nonlinear (large deflection) prebuckling equations, given material properties.

APREB Sets up the equations for the next Newton iteration.
SOLN Factors and solves the system of linear equations derived by APREB
(loop over APREB and SOLN until Newton iterations converge.)

PRE22 Derives strains and stress resultants, given the solution obtained by PREll.
PRE33 Finds updated material properties, given new values of total strains by PRE22.
PLAST retrieves temperature distribution and calculates new plastic and creep stain components in shell wall and in discrete

rings....
FLOW uses flow or deformation theory to find plastic and creep strains components for a given point along the

meridian and within the thickness of the shell wall (or within discrete ring).
RPLAST finds plastic and creep strains at several stations within each discrete ring.
PRNTC prints the integrated shell wall constitutive coefficients.

ARRAYS Derives the stability equations for given circumferential wavenumber, n, and calculates the stability determinant for a given
time step.
STABIL calculates the stiffness matrix and the load-geometric matrix.

GETWWD finite-difference expressions for variable mesh.
GETROT derives 3 x 7 matrix relating rotations of shell wall to nodal point displacements.
CETC stores 6 x 6 matrix for local constitutive law.
GETBI derives 6 x 7 matrix relating strains and curvature changes to nodal point displacements (kinematic law).
GETP derives pressure-rotation terms.
MATMU4 utility routine for finding A = B TCB.
GETD derives 4 x 7 matrix relating shell wall displacements and meridional rotation to nodal point displacements.
GETG derives stiffness matrix for discrete ring; load-geometric matrix for discrete ring.
FILLB assembles local 7 x 7 matrices into global matrix.
MAPRIN not called by program in its present form. Prints out local matrices. A tool for debugging.
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BUCKLE Eigenvalue solver for given circumferential wavenumber, n.
EBAND2 Uses inverse power iteration method to extract eigenvalues for stability problem.

Purposes of the subroutines of the BOSOR5 post processor
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Fig. A3. BOSOR5 post-processor overlay structure.

POST The main program of the post processor, calls the other subroutines.
GASP Causes data to be transferred to and from auxiliary devices. (See preprocessor)
SRIOOT Not used.
GETCOM Retrieves labeled common data stored on mass storage by STORCM. (See preprocessor)
POST22 Calculates prebuckling displacements and stress resultants from solution vector corresponding to a given load or time step.
PRE33 Calculates plastic and creep strain components and prints these out for all meridional stations and integration points through the

shell wall thickness.
PLASTT1
FLOW F see the definitions given in the section on the main processor.
RPLASTJ

MODE Calculates the buckling modal displacements from the eigenvector obtained by EBAND2 (see main processor).
PLOTIT Plots various information (presently only SC4020 plot software is available).

GEOPLT Undeformed and deformed prebuckling and buckling modal structures are plotted.
ARROW Affixes arrows showing direction of line loads and moments.
PLOTOP Plots displacements and stress resultants and modal displacements in x, y frames. Information for all shell segments

plotted in series.
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