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SWMARY

Thelocalbucklingofstiffenersectionsandthebucklingofplates
witheturdystiffenersexereviewed,andtheresultsaresummarizedin
chartsandtables.Numericalvaluesofbuckl~ coefficientsarepresented
forlongitudinallycompressedstiffenersectionsofvariousshapes,for
Stiffmea
stM?fened
primarily
discussed

platesloadedinlongitudinalcompressionandinshear,andfor
cylhdersloadedintorsion.Althoughthedatapresentedconsist
ofelastic-bucklingcoefficients,theeffectsofplastici@are
fora fewspecialcases.

RWRODUCTION

Thebucklingbehaviorofsimpleplateelementsisdescribedin
partsI andIIIofthis“HandbookofStructuralStability”(refs.1 and
2). Structuralcomponentsoftenconsistoftwoormoresimpleplate
elementssoarrangedthatthebucklingstressofeachisincreasedasa
resultofthesupportprovidedbycontiguousneighbors.Suchcomposite
elementsaretermedstiffenersbecausetheyarefrequentlyusedtostiffen
a plateinordertoincreasethebuc~ingstress.A compactstiffeneriS
describedas “sturdy”whenitisnotsubjecttolocalbuckltngandthere-
foreonlytheaxial,bending,andtorsionalrigiditiesofthestiffener
influencethebehavioroftheplate-stiffenercomb@ationundera specified
loading.Thedatapresentedinthisreportonthebucklingofstiffened
platespertaintosturdystiffeners.

Thereportbeginswitha discussionofcalculationoflocalbuckling
stressofstiffeningelements.Stiffenerstructuralshapesincommonuse,
suchasZ-,channel,andhatsections,havebeenanalyzedforbucKMng
andchartsarepresentedtofacilitatebuckling-stresscomputations.For
sectionswhichbuckleelastically,failuremayoccuratloadsconsiderably
inexcessofbuckling.Failure,orcrippling,ofstiffeningelementsis
treatedinreference3.

Whentheproportionsofa stiffeneraresuchthatitissturdywith
respecttotheplatewhichitissttifening,itactsessentiallyasan

.

.

. — —.— —.. .- —-- —- --



.

2 NACATN3782

elasticrestrainttotheplate.Itmayassistintheresistancetoload,
asdothespanwisestiffenersina wingcover,oritmaybehaveprimarily
asa support,suchasa transverserib.“lheithercase,itisnecessary
toconsideronlyitsaxial,bending,androtationalspringpropertiesin
calculatingthebucklingstressofa“stiffenedplate.Bucklingofthe
compositewillthenoccureitherlocallyintheplateorgenerally,
involvingboththeplatesndstiffener.Theinformationonbucklingof
stiffenedplatesappearsinthesectionentitled“BucklingofStiffened
PlatesUnderImgitudinalCompression”foruniaxialloadandinthe
sectionentitled“BucklingofStiffenedPlatesUnderShearIoad”for
shearload.

Thebucklingofstiffenedcurvedplatesinvolvesthecomplication
ofplatecurvatureinadditiontoaXLthepsmmetersaffectingbuckling
ofstiffenedflatplates.ThebucklingofUnsttifenedcurvedplateshas
beendescribedh reference2,inwhichitwasshownthattheoryisin
goodagreementwithtestdataforshearloadingandinpooragreement
withdataforaxialcompressionloading.Forcertainproportions,the
curvedplatesapproachcylinderbehavior,whichpermitsevaluationof
theunstiffened-plateresultsinthelimitingcase.Analysesofstiffened
curvedplatesarereportedinthesectionentitled“BucklingofStiffened
PlatesUnderLongitudinalCompression”foraxialloadsandinthesection
entitled“BucMingofStiffenedPlatesHer ShearLoad”forshearloads.
Znaddition,thelimitingcaseoftorsionalbucklingofa stiffened
cylinderisdescribedinthelattersection.Theresultsofthetheory
andtestdataarecomparedwiththeinformationonstiffenedcurvedplates
undershear.

Thebucklingstressofa stiffenerora stiffenedplatemaybefound
fromthegeneralrelationship

(1)

in Whichb pertainstoa general.dimension.Itmaybethewidthofa
flangeonanangle,thedepthofthewebona channel,orthewidthof
oneofthesidesofa rectsmgulsrtube.Thebucuingcoefficientkb
isthecoefficienttobeusedtogetherwiththisdtiensionb equation(1).

TIM?parametersuponwhichkb dependsare a/b or A/b ofthe
plate,theamountofelasticrotationalrestratitalongtheunloaded
edgese,theratiooftheareaofthestiffenertothatoftheplate
A/bt,theratioofthebendingrigidityofthestiffenertothatofthe
plateEI/bD,andthecurvaturepsxameterforcurvedplates~. The
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figuresdiscussed
theseparameters.

in thefollowingsectionsshowkb asa functionof

Theeffectsofmaterialpropertiesonthebucklingofsimpleelements
werecoveredh ref=ence1,inwhichstress-straincurves,Poisson’s
ratio,andcladdingandplasticity-reductionfactorsarepresentedand
discussed.Plasticity-reductionfactorsforcurvedplatesandshellsare
describedinreference2. Forconvenience,a summaryofpertinentinfor-
mationappearsinthe“ApplicationSection”andtables1 to3.

Thissurveywasconducteds%NewYorkWversityunderthesponsor-
shipandwiththefinancialassistanceoftheNationalAdvisoryCommittee
for-Aeronautics.

A

a

b

D

d

E,Es,~

G

h

SYMlms

areaofst~enercrosssection,

.

,

Sqim

len~ ofunloadededgeonlongitudinallycompressedplates
ands~le elementsorlongersideofplatesloadedin
shear,in.

lengthofloadededgeonlongitudinallycompressedplatesand
simpleelementsor
in.

flexuralrigidityof
in-lb

shortersideofplatesloadedinshea”r,l

.

plateperinchofwidth,E+2(. - ,3],

widthofbulbofbulbflange

Young’smodulus,secantmodulus,andtangentmodulus,
respectively,psi

shearmodlihls,pSi

widthofrectsmgubrtubestiffener(seefig.5(c))

%ymbolsa and b pertaintodimensionsbetweenstiffenerson
stiffenedplatesortodistancesbetweenparalleledgesohunstiffened
plates.Thus,bucklingstressisfoundfora singleelementofa stiffaed
plateandnotb termsofovemlldimensionsoftheplate,exceptfor
curvedstiffenedplatesundershear.Inthislattercaseitismorecon-
venienttoutilizea and b asoverallplatedimensionsforeaseof
comparisonwithcylinderdata.

.. ... . .. . ... . . _ --— — .. ——. —-—— .- . .. .



4 NACATN3782

bentlngmomentofinertiaofstiffenercrosssection,in.
4

I
4

J torsionalmomentofinertiaofstiffenercrosssection,in.

k buclsUngcoefficient

kb generalbucklingcoefficientofstiffenerpertainingto
bucklingstressofelementofwidthb

%J% bucklhgcoefficientsforcompressionandshear,respectively

length ofcylinder,in.

momentappliedtoedgesofrotationallyrestrainedelement,in-lb

numberoflongitudinalstiffenersonplateoftotalwidthnb~
ornumberofcircumferentialrtigsoncylinderoflengthL

numberoftransversebucklesinlongitudinallystiffenedplate
longitudinallycompressed .

radiusofcurvatureofcurvedplate,in.

correctionforpresenceofstiffenerononesideofplate

platestiffness(seefig.2 forclifferenttypes)

thickness,in.

platecurvatureparameter,(b21+ - ‘e2)1’2

cylindercurvatureparameter,

factorh r dependentupon

(L’ld (1 - ,e2)l/2

n and q (seefig.12)

distanceofstiffenercentroidfrommidsurfaceofplate,in.

ratioofrigidityofelasticrestrainttorotationalrigidity
ofplate;alsostrain

plasticity-reductionfactor

rotationofedgeofsimpleelement,radians

wavelengthofbuc=einshnpleelementorplate~ in.

.— . __— ——
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Ve Poisson’sratioinelasticrange

‘cr generalbucklingstress;also,bucklingstressofcompressed
element,psi

‘cr bucklingstressofelementloadedinshear,psi

Subscripts:

cr buckling

e effective

f flange

L lip

T topwebofhat-sectionstiffmers

v web

IOCAL13UCKLINGOFSKOWEMIMGELEMENTS

BehaviorofStiffeners

Whena plateunderlongitudinalloadissupportedbya stiffenerin
thedtiectionoftheload,thestiffenerparticipatestiresist~this
load.Asa result,thepossiblebucklingmodesofthiscompositeare
localinstabilityoftheplatealone,localbucklingofoneormoresimple
elementsofthestiffener,generalWtabili& oftheplateinvolving
columnactionofthestiffener,orsomecombinationofthesemodes.The
_ses perta~to stfifen~pl.atesa~lyto stm stiffenersonly,
and,consequently,thesecondmodeisprecludedbytheanalysisinthose
casesdescribedh thelastsectionsofthepresentpaper.Howev=,in
ordertoinsurethesturdinessofthestiffener,itisfirstnecessary
todetermineitslocalbucklingstress.Thisisthesubjecttobedis-
cussedinthepresentsection,whichpresentsthebackgroundforanalysis-
oflocalbucklinginstiffenersandincludeschartsforrapidcalculation
ofbuckl~ stressforseveralcomonshapes.

Thelocalbucklhgstressofa stiffeneristhessmeasthatofits
weakestelement.Consequently,eachsimpleelementmustbeanalyzedfor
bucklingunder101@tUdb31 load. Oftentheweakestelementisreadily
evidentbyinspection.Theanalysisoftheelementinvolvesdetemdning
thenatureofthesupportsandrotationalrestraintsalongtheedgesand

. .— ——.—._ -— . -—-.. —. ———__—— ——. ____ ._ _ _ ___ ._



6 NACATN3782

thencomputingthebucKlingstressoftheelementconsideredasa simple
plateunderlongitudinalloadwiththeappropriateboundaryconditions.

Iugeneral,however,thereismutualrestraintata longitudinal
jointamongallthemembersmeetingalongsucha line.Ifthisrestraint
couldbeconverteddirectlyintoa valueofrotationalrestrainte for
thesimpleelementbeinganalyzed,thenthebuckling-coefficientcharts
ofreferences1 and2 couldbeusedtofindthebucliMngstressofthe
simpleelement,and,conse@ntl.y,the”bucldingstressofthestiffener.
Becauseoftherotationalinteractionamongthesimpleelementsateach
jotitline,whicharisesfromthepreservationofthecornerangles
betweenelementpairs (el= t12= . . . = en),howev=,therestraint
imposedbyeachupontheotherscannotbefoundimmediately.Itisnec-
essarytoanalyzetheproblemasoneinthedistributionofmomentamong
themembersofa staticallyindeterminateSyst=. Whenthishasbeen
d~e, e canbefoundand Ucr canbecalculated.

librthemostpart,thestiffnessofoneelementh itsownplaneis
sufficienttoimpartsupporttoitsadjacentelementsperpendicularto
theirplanes,althoughthecorneranglesmqyclifferfromX“. Mostsimple
elementsofa stiffenerbehaveinthismanner.Ups andbulbsmaybetoo
weaktoprovidecompletetransversesupporttoanelement(invariablya
flange).Theyactascolumnsthattendtoresistelasticallythetrans-
versedeflectionsoftheotherwisefreeedgesoffI.angesand,consequently,.
cannotbeticludedintheusualmethodsofanalystsoftheinteraction
bucklingproblem.However,a flangewitha liporbulbalongitsfree
edgemsytieanalyzedasa stiffenedplatetodeterminetherigidityof
thiscomposite,whichthencanbeusedh theinteractionanalysis.

CalculationofBucklingStress

!l!hebucklingstressofeachsimpleelementofa stiffenermeybe
foundfromegyation(1).Chertsof ~ forseveralstiffenersections
ticommonusearepresentedh thisreportendarediscussedbelowh
thesectionon“NumericalValuesofBucklingStress.” Thegeneralmethods
ofconstructingthesechartsandforftiMngthebucklingstressofa new
stfffenersectiontivolvea successiveapproximationproceduresuchasthe
moment-distributionmethodofLundquist,Stowell,andSchuette(ref.4)or
thestep-by-stepprocedureofI@oK1.,Fisher,andHetierl(ref.5).

Thebasisforthemcnnent-distributionmethodisthejoint-stiffness
criterion,whichrequiresthatatbuctiingthesumofthestiffnessesof
thesimpleelementsmeetingata jotntlinemustbe zero.Thisispre-
dictedupona distributionofstiffnessesemongthejointmemberssuch
thatallhavethesamelongitudinalwavelength.Thevanishingofthe
jointstiffnessatbucklingfolhwsfromthefact-thatstiffnessiseqpal
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to M/e.Ehce e isthesameforallsimpleelementsatthejoint
line,stiffhessisproportionaltothemomentcarriedbyeachelement.
However,sincethesemomentsmustvanishatbucld.ingforsmalldeflec-
tionsoftheelements,thejoint-stiffnesscriterionfollows.

Themoment-distributionanalysisissimplified~ theuseofchsz%s
ofelementstiffnessandcarry-overfactorprepazedbyKrollfordifferent
typesofboundaryconditionsalongtheunloadededges(ref.6). Theseare
describedinthefollowi.ngsectionoqnumericalvaluesofbucklingstress.

lhessence,thestep-~-stepprocedureforcalculatingthebuclCling
stressofa simpleelementinvolvesthearbitraryselectionofa buckling
stresstogetherwithseveralarbitraryvaluesofbucklewavela@h. llbr
eachofthesevalues,Ucr iscalculatedfromequation(1)untilits
minimumvalueisfound.Ifthisisdifferentfromtheinitiallyassumed
bucklingstress,theprocessisrepeateduntiltheassumedandcalculated
valuesa~ee. Thisisthebucklingstressofthecompositeelement.

Chartsof ~ (X/b,~) areused(aspresentedinref.1)together
withtherigiditytablesof~ol.1(ref.6).

Thebucklingstressofa flangewitha liporbulbwasinvestigated
byHuandMcCulloch(ref.7),Gbodmanand130yd(ref.8),andGoodman
(ref.9)whoconsidereda largerangeoflip,bulb,andflsngepropor-
tions. Gerardsimplifiedtheanalysisbyselectingthegeometriesusually
encounteredindesignanddefinedtherangeofsectionproportionsin
whichtheelementundergoesthetransitionfroma flangetoa webasthe
rigidityoftheedgestiffenerincreases(ref.10).

RoyandSchuettehavedemonstratedexperimentallythatthelocal
bucklingstressofthesectionisunaffectedalthoughthesinglebetween
adjacentelementsisassmallas30°oraslargeas120°(ref.11).The
principaleffectofchangingthecorneranglefrcmW“ istodecrasethe
sectionmomentofinertia,tiichdiminishesitscolumnstrength.

NumericalValuesofBucklingStress

Thebucklingstressofa stiffenerisdeterminedusingthebreak-
downschemeoffigure1. Eqpation(1)isutilizedtocomputethenun@r-
icalvalueofthisstressfortheweakestelementafterthebuckUng
coefficienthasbeenfoundaccordingtoa methodsuchasthatdescribed
intheprecedingsection.TheclifferentstiffnessesevaluatedbyRYoll
intabularform(ref.6)aredepictedinfigure2.

Theeffectsof-lipsorbulbsareobtainablefromfigures3(a)and
3(b)whichpresentthechartsdevelopedbyGerard(ref.10).Thebuckling

—.. — .. ——------ —-— --- —..—.—. —— -——— ——. .——— —- —-—----



8 N/MATN3782

stratiisshownasa functionoftheflangeb/t andtheedge-stiffener
proportions,whichpermitdeterndnationoftherigidityofsucha com-
positeforuseintheindetermhacyanalysis.Inthismanner,these
chartsserveasanadjuncttoKroll’stables.

Bucklingcoefficientsarepresentedforccmnnonstiffenershapes
suchasshowninfigure4,inwhichthedimensionsofwebsandflanges
areshownforbothformedandextrudedshapes.Thebuckliug-coefficient
chartsforchannel,Z-,W, andrectanguhr-tubestiffenersappearin
figure5. TheyweretakenfromthereportofI&oll,Fisher,andHeimerl
(ref.5). Thedashedlinesonthesechartsdeftiethesectionpropor-
tionsatwhichbothwebandfkngebucklesimultaneously.Dataforhat-
sectionstiffenersappearinfigure6. Thecurves,adaptedfromthose
ofVanDerMaas(ref.12),covera rangeofflsnge”sizesforclifferent
widthsofcenterandlateralwebsofthehatsection.Itshouldbenoted
thathatandlippedZ-andchaunelsectionsarestructurallyequivalent.

EffectsofPlasticity

Theinelastic-bucklingstressofa stiffenermaybecomputedbya
methodsuchasthemoment-distributionprocedureofLundqyist,Stowell,
andSchuetteforelastic-buclWngproblems(ref.4). Thiswasdoneby
StowellandPride(ref.u), whoobtainedgoalagreementwithexperi-
mentaldata(fig.7),forH-sectionstiffeners.Theplasticity-reduction
factorforeachsimpleelementofthesectionwasemployedincomputing
thebucklingstressforuseinthemoment-distributionprocedure,in
whichthejoint-stiffnesscriterioncontrolsthetheoreticalbuckling
stressofthesection.

Itshouldbenotedthatthetestdataatthelargerstrainslie
about5 percentbelowthestress-straincurve,whilethetheoryband
is3 percentbelowatthemost.Thisanalysisse- totidicatethat
theuseoftheplasticity-reductionfactorfora clampedflangewould
beconservative.Useofthesecantmodulusfora simplysupportedflange
wouldbeslightlyoptimistic.

BWKLCNGOFS~ l?IATllSUNDERLONGITUDINALCOMPRESSION

GeneralBackground

Asdiscussedintheprecedingsection,thegeneralcaseofbuckling
ofstiffenedpanelsinvolveslocaltestabilityofthestiffenersaswell
asthespringpropertiesincompression,bending,sndtorsion.h this
sectionthespecialcaseofsturdystiffenersisdiscussed,anda brief
descriptionoftheinfluenceoftorsionalrigidityofthestiffeneris

●
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included.Thisisofsignificancesince
thechartspertaintostiffenerswithno

9

thedesigndatapresentedin
torsionalrigidi~.

A descriptionofthebucklingbehaviorofa supportedandrestrained
rectangularplatemaybefoundinreference1 forflatplatesandinref-
erence2 forcurvedplates.Thestiffeningelements,@ose localbuclCling
behaviorwasdepictedinthepreced~sectionofthisr@port,provide
thesesupportsandrestraintstotheplatesatintermediatepositionsin
theplatespans.Theeffectivenessofthesesupportsdependsuponthe
axial,bending,andtorsionalrigiditiesoftheplateandstiffeners.
Representativearrangementsofplate-stiffenercombhationsareshownti
figure8.

EehaviorofStiffenedPlatesHer IOngitudhalCompression

Thetwotestabilitymodestobeconsideredinthissectionarelocal
bucklingoftheplatebetweenstiffenersandgeneralinstabi~tyofthe
compositeelement.timostcasesthetorsionalrigidi~ofthestiff=er
isassumedtobenegligiblysmall.,thusexcludingrotationalrestraintof
theplatealongthestiffenerline.

Thebehaviorofa platebucklingunderlongitudinalloadandsupported
bydeflectionalandrotationalspringsisshownschematicallyinfigure9.
Waveformsforthethreelimitingcasesofperfectlyflexibleandperfectly
rigidspringsareshown.b general,thewaveformsforfinitespring
rigiditiesdonotchangeshapesignificantly,althoughtheamplitudesof
thewavesmayvary.Whenthestiffenerrigidityissufficienttoenforce
a node,theplatewillreceivenoadditionalf1exuralsupportfromthe
stiffener.Thisdescriptionparallelsthatforcolumnswhichwaspresented.
byBudiansky,Seide,andWeinberger(ref.14).

Thebuckling
usuallyexpressed
theplatebetween
ofthepsxameters

CalculationofBucklingStress

stressofa stiffenedplateunderlongitudinalloadis
intheformofequation(1)whereb isthewidthof
stiffeners.Thebubklingcoefficient~ isa function
ofthecompositeelement:

kC= kC(a/b,A/W,EI/bD, Zb) (2)

Eoththeenergy-integralapproachandthedtiferential-eqpationmethod
ofsolutionhavebeenusedtosolvetheproblemofbuclClingofa stiffened
plate.Theessentialsofboththeseprocedureshavebeendescribedin
reference1.

-.. - ----- .-—.—____ .. . ____ . -_ . -.—-— — —..—- .-
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NumericalValuesofBucklingStress
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Thenumericalvaluesofbucklingstressforstiffenedflatplates
andcurvedplatesunderlongitudinalcompressionareasfollows:

Stiffenedflatplates.-SeideandSteincalculatedthebucklingcoef-
ficientsforlongitudinallyloadedsimplysupportedflatplateswithone,
two,three,andaninfinitenmberoflongitudinalsttifeners(ref.15).
Theresultsappearh figure10inwhich~ isshownasa functionof
a/b fora rangeofvaluesof EI/bD.A summaryofcoefficientsfor
infinitelylongplatesispresentedinfigure11forconvenienceindeter-
miningbuc~ingstressesforlongstiffenedplates.

ThecalculationsofSeideandSteinwerebasedupontheassumption
thatthestiffener-sectioncentroidwaslocatedatthemidsurfaeeofthe
plate.Thisisnotusuallythecaseinactualpractice,inwhichthe
sttifmeriscommonlylocatedononesideoftheplate.Thisproblem
wasinvestigatedingeneralterms~ ~wallaandNovak(ref.16).Seide
alsoevaluatedthiseffect(ref.17)andevolveda correctionforthe
chartsoffigure10applicabletoplateswitione,two,orinfinitely
q stiffeners

@J-/~)e. ~~ IA~2I
r = (EI/bD) 1 + (Zm#’bq

(3)

fromwhichtheeffectivebendingrigidi~ratio(EI/bD)emaybeobtained.
Thefunction&q = f(X/b,n,q) tifigure12,inwhichA/b (Mb = a/qb,
whereq = 1,2,and3) mustmatchthevalueusedtoenterfigure10. A
trial-and-errora~roachmightberequiredsince(EI/bD)e~ occurat
a differentvalueof q infigure10thandoesEI/bDatthe a/b origi-
nallyusedtogetherwithn (n= 1,2,and ~)toenterthesecharts.
Whentherearethreestiffenersontheplate,itisnecessarytosatisfy
anequation,otherthanequation(3),appearinginSeide’sreport.

Budians@ andSeideinvestigatedlongi~ compressivebuckling
oftransverse~stiffenedsimqilysupportedplates(ref.18). me data
whichper&into a/b= 0.20,0.35,and0.50appearinfigure13. The
curvescovera rangeofstiffenertorsionalrigidity,incontrastwith
thecurvesforaxiallystiffenedplatesforwhichGJ= O inallcases.

Theprecedingdatapertaintogeneralinstabilityofstiffenedplates.
GallaherandBoughan(ref.19)andBoughanandI?aab(ref.20)determined
localbucklingcoefficientsforidealizedweb-,Z-,andT-stfffenedplates.
Thest~ener-webcompositeswereidealizedasshowninfigure14,h which
thebucklingcoefficientsszepresentedasfunctionsoftheproportionsof -
theccunposite.

—. .-. — .- —- .--. —
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Stiffenedcurvedplates.-Theinformationforstiffenedcurvedplates
relatestothatobtainedfromsectionsofcircularcyltiers.%tdorfand
Schildcroutinvestigatedthecompressivebucklingofa simplysupported
curvedplatewitha centralcticumferentialstiffenerhaxdngnotorsional
rigidityoraxialstiffness(ref.21). b additiontodeterminingthethe-
oreticalbucklingstress,whichwasdoneusingltieartheory,thepercent-
ageincreaseinbuclil.ingstressoverthetheoreticalvaluewasobtained
andisshowninfigure15. Becauseofthelowqerimentalvaluesof
bucklingstresscomparedwiththeresultsofthelineartheory,I!atdorf
andSchildcroutrecommendeda@@ng thetheoreticalpercentageincrease
totheqerimentalbucklingstress,valuesofwhichmaybefoundinref-
erence2. Themaximumpossibleincreasefora curvedplatewitha given
valueof a/b and Zb isshowninfigure15(a),whileanincreaseless
thanthemaximumisobtainablefromfigure15(b).Furthermore,thevalue
of EI/bDrequiredtocausea bucklenodeatthestiffenerlineisobtain-
ablefromthesefigures~ cross-plotting.

Notethatnogainisindicatelwhen a/b>0.7 orwhen ~ is
greaterthanthevaluesshowninthetablebelow.

9
a/b 0.600 0.500 0.417 0.333 0.250 0.167

% 28.o 14.0 7.8 4.1 1.9 0.7
4

!Ihechartsoffigure15weredesignedtopermitanestimateofthe
increaseinbucklingstresstobeexpectedinanaxiallycompressedcurved
platewhenthecentralcircumferentialstiffenerhaslessbendhgrigidity
thanthatreq~ed toenforcea nodealongthestiffenerline.Whenthe
stiffenerhasthisminimumrigidity,thelengthoftheoriginalplatemay
beconsideredtobehalved,andthedatainreference2 shouldbeusedto
obtainthebucklingstress.

Thisapproachalsoappliestoplateswithaxialstiffeners,which
wereanalyzedbySchildcroutandStein(ref.22). Thecurvesforthis
typeofpanelappearinfigure16,inwhich~ appearsasa function
of EI/bDfora rangeofvaluesof a/b and ~. Tnordertoaccount
forthedisparityoftestdatawiththeoryforcurvedplates,Schildcrout
andSteinrecommendthefollowingprocedure:

(1)Determinetheclifferencebetweenthebucklingstressofthe
stiffenedpanel(fig.16)andthatoftheunstiffened.panel(ref.2).

(2)Tothisdifference,sddthelargerofthetwofollowingstresses:

(a)Thebucklingstressoftheunstiffenedpanel

(b)Thebucklingstressofthecorrespondingflatplate

. . . . . . . ..— —.. - . ..— ----- — — -—- .—-c -.. — —-— . . -. -.
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Whenthecurvedplatewidthexceedsthelength,use
cylinders.Usethecurved-platebucklingdataonly
exceedsthewidth.

EffectsofPlasticity

NACATN3782

thecurvesfor
whenthelength

Plastici@-reductionfactorsforstiffenedpanelsdependuponthe
factorspertinenttoeachelementofthecomposite.Forexmqle,the
factorforsupportedplateswouldbe~ected toapplytotheplateele-
mentsbetweenstiffeners,whereassturdystiffenersbehavingascolumns
shouldfollowthetsngentmodulus.Iftheseconditionsholdinthecom-
posite,theelastic-qepsrameterEI/bDkuld becomelZ#/qbDinthe
inelasticrange.

Gallaherandl?Qu@ancomparedtestdataonZ-stiffenedpanelssubject
tolocalbucklingwithbucklingstressescomputedusingthesecantmodulus
astheplastici~-reductionfactorandobtainedtheagreementshowniu
figure17 (ref.19). Someofthedatapertaintoplateswithsturdy
stiffeners.However,a largeportionappliestocompositesinwhichthe
stiffenersbuckledlocally.

EffectofTorsionalRigidityofStiffen=”

Thebuckl~-coefficientchartsdiscussedintheprecedingparagraphs
werepreparedforstiffenerswithnotorsionalrigidi~.Actuallyall
stiffenershavesometorsionalrigidity,andclosedstiffeners,ofwhich
thehatsectionistypical,mayfuuctionasfullyrigidstiffenersin
torsionforscmeapplicatims.Inreference1 a chartbasedupontest
datawaspresenteddepictingtheeffectonbucklingstressasthetor-
sionalrigiditychangesrelativetotherigidityoftheplate‘being
stiffenea. Thishasbeenreproducedhereb figure18,inwhichmaybe
seenthecomparativeeffectsofstiffenerswithlargeandsmalltorsional
rigidi~.

Thegaininplatebucklingstressrealizablewithstiffenersoffinite
torsionalrigiditydependsupontherotationalrestrainte providedby
thestiffener.~is isrelatedtotheclifferenceinbucklingstress
betweenstiffmerandplate,wherethestiffenerisnowconsideredtobe
a simpleelementofspecifiedelasticproperties,inordertosatisfy
thejotit-stiffnesscriterioniUEcuss&i=
BucuingofstiffeningElements.“ Thus,

thesectionentitled“Loc&l.

)‘Crplate (4)

-———. —-——. .
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.

Thisissubstantiatedbyfigure18,whichshowslittlegainover
simplesupportwhentheplaterigidityishigh(lowvaluesof b/t).

BUCKLINGOFSTIFFENEDPIATESmm smmLOAD

BehaviorofStiffenedPlatesUnderShear

Whentransversestiffenersareattachedtoa plateloadedinshear,.
theymayberigidenoughtoenforcenodesattheattachmentlinesorthey
maybesoweakastoexertvirtuallynoinfluenceontheplatebuckle
pattern.TheextremecaseofweakstiffenerswasexaminedbySchmieden
(ref.23),Seydel(ref.24),andWang(ref.25)whilerigidstiffeners
wereexsminedbyThoshenko(ref.26).

.
Theintermediaterigidi@rangewasanalyzedbyCrateandIawho

demonstratedthemmnerinwhichtheshearbucklingstressofaninfin-
itelylongflatplateisincreasedlongitudinallyasstiffenerrigidi~
risesuntilitissufficienttoenforcenodesalongtheattachmentlines
(ref.27). Duringthisprocessthebucklepatternofthepl-.techanges
fromthewaveformforanunstiffenedplateofinfinitelengthandof
width(n+ l)b tothatofa platewidthb. Testdataobtainedby
CrateandLofollowthetheoreticaltrendof ~ asa functionof E1/bD.
Thescatterislargewithmostofthedatalyingbetweenthecurvesfor
simplesupportandclampededges,asshowninfigure19(a).

SteinandFYalichanalyzedbucklingoflongflatplateswithtrans-
versestiffenerssubjectedtoshearload.(ref..28). Thebehavioris
analogoustothatofa longitudinallycompressedplatewithtransverse
stiffen=s. tifigure19(b)testdataareshowntoagreewiththethqq
ofSteinandl?ralich.

SteinandJaegeranalyzedbucklingofa curvedplatewitha central
stiffenerplacedeitheraxiallyorcirctierentially(ref.29). Although
thegeneralbehaviorpatterncorrespondstothatforflatplates,the
additionalfactorofcurvaturemodifiesthebucklepattezm,whichtends
towardthatof a cylinderinwidecurvedplates.

A stiffenedcylinderrepresentsa limitingcaseofstiffenedcurved
plates.Mostoftheliteraturepertainingtothiscasecovers‘testresults,
themajorportionOfwhichappliestowedcstiffeners’thatbucklelocallyor
tostiffenersrigidenoughtomforcenodesandtherebycausethecylinder
tobehaveasa groupofplates.Thesecasesareaiscusseain reference2,
whichdealsspecificallywiththisproblem.

Stein,Sanders,andCrateinvestigatedthebucklj.ngofcylinders
loadedintorsionandstiffenedbyringswithfiniterigidi@(ref.30).

.— . . . ——— .. . . . . . .—.— — .—— — .-— — - -- ——— --- —-— .- --
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A largerangeofvaluesof
-e ofvaluesof EI/bD.
theresultsshowninfigure
optimistic.

%
The
20,
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wascoveredfora correspondinglarge
theorywascompsxedwithtestdatawith
in whichthe

CalculationofBucklhg

Thebuckl@ stressisexpressedinthe

&eoryisseentobesliglrbly “

Stress

formofequation(1)inwhich
thebucklingcoefficientks isa functionofgeometryandloading.As -
h thecaseoflongitudinalload,thebasicparametersforflatplates
are a/b,A/bt,and EI/bD,whileZb isanadditimalparameterfor
CUPRd pkteS d ZL 13~lieStO CyliIlderS. h the theoreticalinvesti-
gationsthestiffenerswereassumedtopossessnotorsionalrigidity,and
thecentroidstiereassumedtolieh themidsurfaceoftheplate.

NmericalValuesofBucklingStress

Thenumericalvaluesofbucklingstressforstfifenedflatand
curvedplatesandcylindersintorsionundershearloadssxeasfollows:

Stiffenedflatplates.- ThetheoryofCrateandb forlongflat
platesloadedh shearandstiffenedlongitudinally(ref.27)ispresented
infigure19(a),inwhichks isplottedasa functionof EI/bDfor
bothclampedandsimplysupportedplateswithcmeortwostiffeners.The
resultsofStetiandIYalich(ref.28)fortransverselystiffenedflat
platesappearh figure21. Fromthislatterfigureitmaybeseenthat
theminimumvalueof EI/bDremind toaforcea nodeatthestiffener-
attachmentlineincreasesrapi~ @th a/b.Approxtitevaluesare
inthetablebelow.

shown

Illa/b. . . . . . . . . . . . . . . . ...1 2 5
MinimumvalueofEI/bD
fornode . . . . . . . . . . . . . ..lOl~ 700

tion
bya

Stiffenedcurvedplates.- Theresultsofthetheoreticalinvestiga-
ofStetiandYaegeroncurvedplatesloadedinshearandsupported
centralstiffener(ref.29)appearinthechartsoffigure22. EOth

axialsmdcircumferentialstiffenersareconsideredtogetherwithwide
platesandlongplates.me resultsareplottedintheformof ks as
a functionof EI/bD,inwhichb istheshortside.Thispermitscom-
parisonwiththecurvesforunstiffenedplatespresentedinreference2.0

-——. — — .. .— — —
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Thecurvesareplottedforseveralvaluesof Zb .- a/b
and2 (where,forthiscase,a and b aretheoverallplate
Sions). Inaddition,thelimitingcurvesofinfinitea/b for

15

= 1,1.5,
aimlen-
long

platesandthecyl~er curvefor-wideplatesareinclud-ed.Thela~ter
maybecheckedagainstthecurvesforcylinderstobediscussedinthe
followingparagmphandpresentedinfigure23.

Stiffenedcylindersintorsion.-Stiffenedcylindersh torsion
representa limitingcase.ofstiffenedwideplatesinshear.Stein,
Sanders,andCratecalculatedthebucklingstressasa functionofthe
cylinderandstiffenerparameters(r&.30).l?hecurvesappearinfig-
ure23,inwhichks isshownasa fuuctionof EI/bDfora largerange
ofvaluesof ~ andforone,two,three,andfourhxtemmxliaterings.
Thecurvespertainingtoonerhg msybeseentoagreewiththe“cylinder
curvesoffigure22(d)forwideplateswitha centralcticumferential
stiffener,

Theseresultswereobtainedforstiffenerswithnotorsionalrigidity,
withthesectioncentroidinthemidsurfaceofthecylinder,Q1.

EffectsofPlasticity

Theplasticity-reductionfactorsforstiffenedplatesundershearmay
befoundinreferences1 and2 forflatandcurvedplateswithspecific
boundaryconditions. Thisinformationshouldapplytoplateswithstiff-
enersrigidenoughtoenforcenodesalongtheirattachmentlines.Nodata
exist,however,forplasticity-reduction-factorsforplatesstiffenedby
elem&tsofrigidi~lessthanthatrequiredfora

been

AEPIJCATIONSEZ!KIDN

Theuseofbucklingchsrtsforstiffenersand
describedintheprecedingsections.Inthis

theresultsaresmmarizedforrapidreferenceand

Table1 containsdataforstiffeningelements

node.

stiffenedplateshas
applicationsection
thetablesareexplained.

loadedincompression.
Homation onstiffenedplatesloadedinlongitudinalcompressionappears
intable2,anddatarelatingtostiffenedplatesloadedinshearare
fouudh table3. Inallcasesthebucklingstresscanbefouudfrom
equation(1):

. .. . .... .. . . -.— .—— —— —- .— -. -.——--————.——— - - —
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Plasticity-reduction

.

NACATN3782

factorsappearinthetableswheretheyareappli-
cable.Forfurtherinformationonplasticity-reductionfactorsand
claddingreductionfactorsalso,seereferences1 and2. l?brinformation
onfailureofstiffenersseerefer=ce3.

I?&ring-stiffenedcylindersintorsion, .

acr=&~~

For

for
for

thiscase,~ dependsupon ~ tisteadof~,

Itshouldbenotedthata and b aretheoverallplatedimensions
stiffenedplatesundershear.Thispermitscomparisonwiththedata
ring-stiffenedcylindersintorsion.

ResearchDivision,CollegeofEngineer-,
NewYorkUniversi@,

NewYork,N.Y.,April15,1955.
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TABLE 1

STIFFENERELEMENTSIN COMPRESSION

[See fig. I for breakdownof typicalsectionsintotheir componentelements]

Fig. Section Buckling Plasticity-reducfion
coefficient factor

5(a)

12c ‘w ‘E;:;:J~]

t-i

bw
j(b) kw Nonereported

j(c)

‘ D

bh kh Nonereported

6

JY

bt
k+ Nonereported

— ..- -— .. . —.—
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TABLE 2

STIFFENEDPLATESUNDERLONGITUDINALCOMPRESSION

[Seefig.8 for sketchesof plate-stiffener arrangements; GJ=O]

Pfg. Section - Plasticity-mductIonfactor
(a)

Endview

10 x A A vw w A

n=l,2,3,a)

Endview WhenMfenersenforcenodes,

4(a) ~

Infinitelywide
Endview ~=(i)(a

4(b) = ~+,[++’
Infinitelywide

4(c)
Endview

T T T T
4(d) Infinitelywide

Endview Side Wew

15 - :=: .

Whenstiffenersenforcenodes,
Endview

usedata in ref. 2

16 4

an, numberof stiffenerson plate; ●, sturdy~ffen%

~, transversesupportwithno restraintof lateralmovement.

. .
__._- —- ..— .—

—. -- —-—————-———— --—— -.. ...— .-— -.-. .
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TABLE 3

STIFFENED PLATES UNDER SHEAR

1See fig.8 for sketches of plate-stiffener arrangements. GJ=O 1

Fig. Section
(a) Plastlclty7eductIonfactor

Endview

9(a)

n=l,2, co
Lomplatesonly

Endview Sideview

21 :; iv ~ v1A 6~

Lowplatesonly
Endview Whenstiffenersenforcenales,

:2(0)
❑nd 4 7 = (%/E) (l~e2)/(i - V2~

2(b)

Endview Sideview
:2(C)
and4
2(d)=

. uw A

m

-

23

n=l,2,3,4
SimplySUpprtedends

%, numberof stiffenersan plate; ●, sturdystiffener;
~, transversesupportwithnorestraintof lateralmovement.

—-.—. ..
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Figurel.- BreakdownofsngleandZ-stiffenersinto
elements.as,simplysupported.

componentplate
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(a)Lipflanges.

Figure3.- Buckl@ strati.

%@2 t 2.E
cr=12(l - Ve)()z=’

ofhhgedflanges.Lfi = 3.5;

Ve=0.3 (dataofref.10).
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r
b

L‘1--Jb

r.+-m
.-

(a)

r&f“

bw

LJbf
.

Extrudedsections.

Figure 4.- Typical

(b)Formedsections.

formedandexlamdedstiffeners.
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9
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.2 4 .6 .8 ● 8!0 12

(a.)Channel-andZ-sectionstiffeners.acr=
I$#E t#

12(1-Vez)r

lllgure5.-Bucklingcoefficientsfcmstiffeners(dataofref.5).

.

,

-—-—-—— —— —-———-—— —-. — —. . .— -.. .



NACATN3782

7

6

5

4

kw
3

2

/

●

7

FLAh@&bf

o 1111111111
o .2 # .8 10 /2

;

&w

(b)H-sectionstiffeners.Ucr=
~2E %2 “
-~e2 ~.12(1 )

Figure 5.- Continued.
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bucklingofofthecmyandtestdqtaforinelasticFigure 7.- COmpsrison

H-sectionstiffaers.ecr= %+%2 Q= 1.();+$=0.5~
12(1-ve2)b#;~
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LON61WWN44L
STIFFENER

TRANSVERSE
ST/F~AfEk?

AXIAL
— —.

CA?CUMFEW6AL
STIFFENER STIF=NER

Figure8.- IIIYPiCalarrangementsofplatestiffener
gitudinalcompression.

combinationsunderion-
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