
 
Most recent update: December 29, 2020 by David Bushnell, Email: bush@sonic.net  
Part  1 (through 2018 except for some entries in 
Part 2):  Many references about buckling, 
wrinkling, crushing, crippling, crumpling, 
creasing, kinking, dimpling, folding, snapping, 
vibration, dynamic response and optimization of 
membranes, films, sheets,  plates,  panels,  shells,  
tubes, nanotubes, pipes, thin-walled beam-
columns, sandwich structures and soft structures.  
 
Part 2 was introduced after Part 1 reached a length of almost 10000 pages. (NOTE: After a computer system 
update in June 2019 the length of Part 1 became about 8600 pages because more material now fits on a single 
page. Also, Part 2 became about 2200 pages, reduced from about 2600 pages for the same reason. At the end of 
2020 Part 2 had about 7000 pages and Part1 had about 8740 pages.) From now on Part 1 will remain essentially 
unchanged (except for the correction of errors, the inclusion of lists of references at the ends of a few articles 
for which these lists were previously unavailable, and the inclusion of previously unrecognized book titles in 
one of the Part 1 sections entitled “Book Cover Gallery”). All additional citations will be included in Part 2. 
This includes citations dated 2019 or after; citations of previously published papers not included in Part 1; 
citations of some earlier papers on fluid-structure interaction; citations of some earlier papers on chaos and 
nonlinear dynamic response; citations of papers (published from 2014 on) from the additional journals: 
Nonlinear Dynamics, Smart Materials & Structures, Soft Matter, Earthquake Engineering & Structural 
Dynamics, Shock and Vibration, Mathematical Problems in Engineering, Journal of the International 
Association for Shell and Spatial Structures, The Journal of the Acoustical Society of America, Structural and 
Multidisciplinary Optimization, Journal of Applied and Computational Mechanics and possibly from other 
journals not included in the list given at the beginning of Part 1. In March 2019 the citations of papers from 
2014 - 2018 in International Journal of Structural Stability and Dynamics and the citations of papers from 2016 
- 2018 in International Journal of Applied Mechanics were transferred from Part 1 to Part 2 in order to be able 
to include the list of references associated with each relevant citation without exceeding 10000 pages in Part 1. 
 
With few exceptions, from now on all future effort on documenting the “shell buckling/vibration” field will 
generate additional entries only in Part 2 and in the image galleries of this website: “book cover gallery”, “shell 
buckling people” and “shell buckling images”. 
 
 
Introduction: 
 
MAY 2017: NEW STRATEGY USED FOR SEARCHING FOR “BUCKLING/VIBRATION” 
PAPERS: 
I search the journals listed next for papers on buckling/vibration of thin-walled structures. From 2017 on I will 
search only the following journal issues published in the most recent year. This is not a complete list of journals 
in which “buckling/vibration” papers may appear, but it may be that most of such papers will probably continue 
to appear in the following journals: 
 
Thin-Walled Structures 
Journal of Constructional Steel Research 



Computers & Structures 
International Journal of Solids and Structures 
International Journal of Mechanical Sciences 
International Journal of Non-Linear Mechanics 
Journal of Pressure Vessels and Piping 
International Journal of Impact Engineering 
International Journal of Engineering Science 
Engineering Structures 
Composite Structures 
Composites Part B Engineering 
Finite Elements in Analysis and Design 
Computer Methods in Applied Mechanics and Engineering 
Structures 
Journal of the Mechanics and Physics of Solids 
Journal of Sound and Vibration 
Procedia Engineering 
European Journal of Mechanics – A/Solids 
Acta Mechanica Solida Sinica 
International Journal of Numerical Methods in Engineering  
International Journal of Structural Stability and Dynamics  
International Journal of Applied Mechanics  
Journal of Applied Mechanics  
Applied Mechanics Reviews  
Journal of Composite Materials  
Experimental Mechanics  
Acta Mechanica  
Acta Mechanica Sinica  
AIAA Journal  
International Journal of Offshore and Polar Engineering  
International Journal of Crashworthiness  
International Journal for Computational methods in Engineering Science and Mechanics 
Marine Structures 
Ocean Engineering 
Aerospace Science and Technology 
ASCE Journal of Engineering Mechanics 
Curved  and Layered Structures 
ASCE Journal of Structural Engineering 
Journal	of	Sandwich	Structures	and	Materials	
	
Searches	(from	2017	and	on)	for	“buckling/vibration”	papers	includes	the	following	recently	
added	journals:	
ASME	Journal	of	Pressure	Vessel	Technology	
Advances	in	Structural	Engineering	
Archive	of	Applied	Mechanics	
Meccanica	
Latin	American	Journal	of	Solids	and	Structures	
Computational	Mechanics	
Structural	Engineering	and	Mechanics	
Mechanics	of	Composite	Materials	
Mechanics	of	Advanced	Materials	and	Structures	
Advanced	Composite	Materials	



Composites	Science	and	Technology	
International	Journal	of	Steel	Structures	
ASME	Journal	of	Mechanical	Design	
Steel	and	Composite	Structures	
Journal	of	Thermal	Stresses	
Applied	Mathematical	Modelling	
Archive of Computational Methods in Engineering 
International Journal of Mechanics and Materials in Design 
International Journal of Advanced Structural Engineering 
Journal of Applied Mechanical Engineering 
International Journal of Applied Mechanics and Engineering 
Thin Solid Films 
Extreme Mechanics Letters 
Proceedings of the Royal Society Series A 
Applied Physics Letters 
 
Searches	(from	2014	and	on)	for	“buckling/vibration”	papers	includes	the	following	more	
recently	added	journals: 
Nonlinear Dynamics 
Smart Materials & Structures 
Soft Matter 
Earthquake Engineering & Structural Dynamics 
Shock and Vibration 
Mathematical Problems in Engineering 
Journal of the International Association for Shell and Spatial Structures 
 
Searches	(from	2014	and	on)	for	“buckling/vibration”	papers	includes	the	following	yet	more	
recently	added	journals	(November	2020): 
The Journal of the Acoustical Society of America 
Structural and Multidisciplinary Optimization 
Journal of Applied and Computational Mechanics 
 
For each of the original set of above journals (the list above the heading, “from 2017 on”) I have searched for 
relevant papers published from 2012 – 2016, placing them under headings and over footings given in bold-
faced-16-point font such as: 
Many papers published in the journal,  Thin-Walled Structures (2012-
2016):   http://www.sciencedirect.com/science/journal/02638231/109 
 
End of many papers published in the journal,  Thin-Walled Structures 
(2012-2016).  
 
For each of the above journals and for successive years I plan to search for relevant papers published from 2017 
and on, placing them under headings and over footings in bold-faced 16-point font such as: 
More papers published in the journal,  Thin-Walled Structures (2017 and 
on):   
http://www.sciencedirec.com/science/journal/02638231/109 
 
End of more papers published in the journal,  Thin-Walled Structures 
(2017 and on).  



 
In December, 2018 I added the following journals for a search of buckling/vibration of thin-walled structures: 
 
Nonlinear Dynamics 
Google the string, “Nonlinear Dynamics” and click on the entry, “Nonlinear Dynamics – Springer”, then click 
on “Browse Volumes and Issues”. 
 
Smart Materials and Structures 
Google the string, “Smart Materials and Structures”, then click on “Smart Materials and Structures – 
IOPscience”, then look for “Journal Archive” and choose the volume and year.  
 
Results of this December 2018 search are presented in Part 2 because Part 1 already has the 
maximum allowable number of pages.  
 
 
I will, from time to time, GOOGLE the “Images for shell buckling” site. This large gallery contains 
images of and from papers on shell buckling that I may want to add to the “Bibliography” and images from 
links that I may want to add to the list of “Shell Buckling Links”. In this way I will be able to add citations and 
abstracts of papers in journals not included in the above list of journals, as well as citations and abstracts of 
papers published before 2012 that have not been not already included in the my very long “Bibliography”. The 
“Images for shell buckling” gallery will also continue to be a source of images that I may want to add to the 
“Shell Buckling Images” and “Book Cover Gallery” sections of this website. Of course, I will continue to add 
material that you send to me. Also, I include in my citations “References listed at the end of the paper” if such a 
list is available online. In this way, over the years, I hope to include citations of almost all “buckling/vibration” 
papers. However, please do not simply assume that this bibliography contains citations of ALL 
“buckling/vibration” papers. It is certain that I have missed and doubtless will continue to miss more than a few 
papers. Therefore, in your researches during specific projects please use other sources than this “shell buckling” 
website. 
 
 
BEFORE MAY 2017: THE OLD STRATEGY USED FOR SEARCHING FOR “BUCKLING” 
PAPERS: 
PRE-2017 OLD STRATEGY: 
The following list of books and papers, etc. was constructed and continues to be constructed in a not entirely but 
somewhat helter-skelter manner. I make special attempts to find citations of work by my friends and colleagues 
in the “shell buckling” field, or citations of papers that referenced the work of my friends and colleagues who 
have spent much of their careers pushing back the frontiers in that field. I make some attempt to group papers 
by the same first or second author together, but not always. I make a minor attempt to group papers on the same 
subject together, but this was a very sporadic attempt and often at odds with the “same author” strategy. In the 
section containing early works on shell buckling I made an attempt to arrange papers more-or-less 
chronologically. There is some tendency for the most recent papers to be placed lower down in the file. 
 
Some papers on fluid-structure interaction are placed at the beginning of Part 2 of this huge bibliography. 

 
In some cases the citation of a paper is followed by a list of references (almost always in 10-point font) given at 
the end of that paper. This I do only when I have free access to a “pdf” file of the paper, and only when I can 
“cut-and-paste” the references listed at the end of that paper. 
 
I use Google Scholar to do the searches, with many “sub-searches” with the use of search strings such as 
“Koiter shell buckling”, “Hutchinson shell buckling”, “Budiansky shell buckling”, “Stein shell buckling”, 
“Singer shell buckling”, “Almroth shell buckling”, “Simmonds shell buckling”, “Arbocz shell buckling”, “Riks 
shell buckling”, “Rankin shell buckling”, “Babcock shell buckling”, “Hoff shell buckling”, “Knight shell 
buckling”, “Noor shell buckling”, “Weller shell buckling”, “Hilburger shell buckling”, “Belytschko shell 



buckling” , “Chamis shell buckling”, “Stricklin shell buckling”, “Cohen shell buckling”, and so on. These 
GOOGLE searches bring up not only papers on shell buckling authored by these well-known researchers but 
also papers in which works by these well-known researchers are cited by other authors, in other words, lots of 
papers. I also used search strings such as “shell buckling images”, “shell stability”, “shell wrinkling”, “shell 
nonlinear vibration”, “shell nonlinear dynamic response”, “thin shell nonlinear”, “phd dissertations shell 
buckling”, “Buckling of stiffened panels”, “nanotube buckling”, “buckling of tubes”, “thin-walled column 
buckling”, etc. 
 
There are so many papers and even books in the shell buckling field that I apologize in advance for doubtless 
missing many of your contributions. At the time this file was initially created (March - August, 2011) there 
were about 500000 “hits” when the search string, “shell buckling” was entered into “GOOGLE 
Scholar/advanced GOOGLE search”. Here I have not much more than just scratched the surface. The vast 
universe of papers on the buckling and vibration of shells is like a fractal: no matter how much I narrow the 
search within that universe (for examples, “postbuckling composite shells” or “buckling sandwich shells” or 
“thermal buckling shells”, or Hutchinson buckling shells”, there still exists a vast sub-universe with essentially 
the same creators and characteristics as the entire “shell buckling” universe.  I cannot possibly explore these 
universes and sub-universes completely. The shell buckling universe and its sub-universes are probably 
expanding faster than the cosmos itself.  
 
The search strings, “shell buckling”, etc. also pull up papers about linear and nonlinear plate and shell vibration 
and dynamic response, buckling and vibration of columns and plates, stiffened plates, columns made of thin-
walled segments, crushing of energy absorbing structures such as tubes and sandwich walls, wrinkling, 
crashworthiness papers, papers about nonlinear deformations of plates and shells with cracks, papers about new 
finite elements used for nonlinear analysis, and papers regarding buckling of carbon nanotubes, thin films, 
droplets and other “soft” structures. Therefore, many papers on these topics are cited here in addition to papers 
from the more traditional field of shell buckling. 
 
END OF THE DESCRIPTION OF THE OLD STRATEGY SEARCHING FOR “BUCKLING” 
PAPERS 
 
This file is a work in progress. From time to time I add more citations as I find additional old papers and new 
papers recently appearing in the literature.  
 
 
 
FROM MAY 2017: THE NEW STRATEGY SEARCHING FOR BUCKLING/VIBRATION 
PAPERS: 
 
In particular, there are many shell, column and beam buckling papers in the journal, Thin-Walled 
Structures. For example, see the website: http://www.sciencedirect.com/science/journal/02638231/109  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many papers on buckling of thin-walled columns and beams in the journal,  Journal of 
Constructional Steel Research. For example, see the website: 
http://www.sciencedirect.com/science/journal/0143974X/46/1  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Computers & Structures. For example, see the 
website: http://www.sciencedirect.com/science/journal/00457949  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 



 
There are many “buckling” papers published in the journal, International Journal of Solids and 
Structures. For example, see the website http://www.sciencedirect.com/science/journal/00207683  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Mechanical 
Sciences. For example, see the website http://www.sciencedirect.com/science/journal/00207403 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Non-Linear 
Mechanics. For example, see the website http://www.sciencedirect.com/science/journal/00207462   
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Pressure Vessels 
and Piping. For example, see the website http://www.sciencedirect.com/science/journal/03080161  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Impact 
Engineering. For example, see the website http://www.sciencedirect.com/science/journal/0734743X  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Engineering 
Science. For example, see the website http://www.sciencedirect.com/science/journal/00207225  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Engineering Structures. For example, see the 
website http://www.sciencedirect.com/science/journal/01410296 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Composite Structures. For example, see the 
website http://www.sciencedirect.com/science/journal/02638223  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Composites Part B Engineering. For example, 
see the website http://www.sciencedirect.com/science/journal/13598368  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Finite Elements in Analysis and Design. For 
example, see the website http://www.sciencedirect.com/science/journal/0168874X 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Computer Methods in Applied Mechanics 
and Engineering. For example, see the website http://www.sciencedirect.com/science/journal/00457825  



These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Structures. For example, see the website: 
http://www.sciencedirect.com/science/journal/23520124  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Journal of the Mechanics and Physics of 
Solids. For example, see the website http://www.sciencedirect.com/science/journal/00225096  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Journal of Sound and Vibration. 
For example, see the website http://www.sciencedirect.com/science/journal/0022460X  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Procedia Engineering. 
For example, see the website http://www.sciencedirect.com/science/journal/18777058  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, European Journal of Mechanics – A/Solids. 
For example, see the website http://www.sciencedirect.com/science/journal/09977538  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Acta Mechanica Solida Sinica. 
For example, see the website http://www.sciencedirect.com/journal/acta-mechanica-solida-sinica/issues 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Numerical 
Methods in Engineering.  
Google the string: “International Journal of Numerical Methods in Engineering” ; click on the entry, 
“International Journal for Numerical Methods in Engineering – Wiley...; then, given the resulting screen, click 
on “Browse” and “All Issues”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Structural Stability 
and Dynamics. 
Google the string: “International Journal of Structural Stability and Dynamics” , then click on the first 
subheading under the entry: “International Journal of Structural Stability and Dynamics (World…”. That first 
subheading reads: “International Journal of…” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Applied 
Mechanics.  
Google the string: “International Journal of Applied Mechanics”, then click on the second entry, which is: 
“International Journal of Applied Mechanics (World Scientific)”. 



These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, ASME Journal of Applied Mechanics: 
For example, see the website http://appliedmechanics.asmedigitalcollection.asme.org/issues.aspx  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many reviews of “buckling” papers published in the journal, ASME Applied Mechanics 
Reviews: 
For example, see the website http://appliedmechanicsreviews.asmedigitalcollection.asme.org/issues.aspx 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Journal of Composite Materials.  
Google the string: “Journal of Composite Materials”, then click on the third entry, which is: “Journal of 
Composite Materials – All Issues – SAGE Journals” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Experimental Mechanics.  
Google the string: “Experimental Mechanics”, then click on the first entry, “Experimental Mechanics – 
Springer”, then, on the resulting screen, click on “All Volumes & Issues” (located on the right-hand side of the 
screen near the top, in blue color) 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Acta Mechanica.  
Google the string: “Acta Mechanica”, then click on the first entry, “Acta Mechanica – Springer”, then, on the 
resulting screen, click on “Browse Volumes & Issues” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Acta Mechanica Sinica.  
Google the string: “Acta Mechanica Sinica”, then click on the first entry, “Acta Mechanica Sinica – Springer”, 
then, on the resulting screen, click on “All Volumes & Issues” (located on the right-hand side of the screen near 
the top, in blue color) 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, AIAA Journal. For example, see the website: 
Google the string: “AIAA Journal”, then scroll down for a list of all issues, each of which you can click on to 
see authors, titles and abstract of papers. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal of Offshore and Polar 
Engineering. 
Google the string: “International Journal of Offshore and Polar Engineering”; click on one of the 
volumes/issues in the upper right-hand corner. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 



There are many “buckling” papers published in the journal, International Journal of Crashworthiness.  
Google the string: “International Journal of Crashworthiness”, then click on the entry, “International Journal of 
Crashworthiness – Taylor & Francis Online”; you can then click on any Volume/Issue. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, International Journal for Computational 
methods in Engineering Science and Mechanics.  
Google the string: “International Journal for Computational methods in Engineering Science and Mechanics”, 
then click on the second entry, “International Journal for Computational methods in Engineering Science and 
Mechanics – Taylor & Francis Online”; you can then click on any Volume/Issue. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Marine Structures. For example, see the website: 
http://www.sciencedirect.com/science/journal/09518339  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Ocean Engineering. For example, see the 
website: 
http://www.sciencedirect.com/science/journal/00298018  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Aerospace Science and Technology. For 
example, see the website: http://www.sciencedirect.com/science/journal/12709638  
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, ASCE Journal of Engineering Mechanics.  
Google the string: “ASCE Journal of Engineering Mechanics”, then click on the first entry, “ASCE Journal of 
Engineering Mechanics | ASCE Library”, then, on the resulting screen, click on “ALL ISSUES”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Curved and Layered Structures. For example, 
see the website: https://www.degruyter.com/view/j/cls 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, ASCE Journal of Structural Engineering.  
Google the string: “ASCE Journal of Structural Engineering”, then click on the entry, “ASCE Journal of 
Structural Engineering | ASCE Library”, then, on the resulting screen, click on “ALL ISSUES”.	
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Journal	of	Sandwich	Structures	and	Materials.	
For	example,	see	the	website:	http://journals.sagepub.com/loi/jsm	
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 



There are many “buckling” papers published in the journal, ASME Journal of Pressure Vessel 
Technology. For example, see the website: 
http://pressurevesseltech.asmedigitalcollection.asme.org/issues.aspx	
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
	
There are many “buckling” papers published in the journal, Advances in Structural Engineering. 
Google the string: “Advances in Structural Engineering”, then click on the entry: “Advances in Structural 
Engineering – All Issues – SAGE Journals” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Archive of Applied Mechanics. 
Google the string: “Archive of Applied Mechanics”, then click on the entry: “Archive of Applied Mechanics – 
Springer – Springer Link”; then click on “Browse Volumes & Issues”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “many 
papers published” (2012-2016) and “more papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Meccanica. 
Google the string: “Meccanica”, then click on the entry: “Meccanica – Springer – Springer Link”; then click on 
“Browse Volumes & Issues”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Latin American Journal of Solids and 
Structures. 
Google the string: “Latin American Journal of Solids and Structures”, then click on the item “Archives” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Computational Mechanics. 
Google the string: “Computational Mechanics”, then click on the entry: “Computational Mechanics – Springer 
– Springer Link”; then click on “Browse Volumes & Issues” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on). 
 
There are many “buckling” papers published in the journal, Structural Engineering and Mechanics. 
Google the string, “Structural Engineering and Mechanics”, then click on the entry, “Structural Engineering and 
Mechanics” | Korea Science” and see “Volume & Issues” on your screen 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal,  Mechanics of Composite Materials.  
Google the string, “Mechanics of Composite Materials”, then click on the entry, “Mechanics of Composite 
Materials – Springer – Springer Link” and see “Browse Volumes & Issues”.	
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal,  Mechanics	of	Advanced	Materials	and	
Structures.	
Google	the	string,	“Mechanics	of	Advanced	Materials	and	Structures”,	then	click	on	the	entry,	“Mechanics	
of	Advanced	Materials	and	Structures”	and	scroll	down	to	“List	of	Issues”	



These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Advanced	Composite	Materials	.	
Google	the	string,	“Advanced	Composite	Materials,	then	click	on	the	entry,	“Advanced	Composite	
Materials	–	Taylor	&	Francis	Online”	and	scroll	down	to	“List	of	Issues”	
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Composites	Science	and	Technology.	
Google	the	string,	“Composites	Science	and	Technology”,	then	click	on	the	entry,	
“Composites	Science	and	Technology	–	ScienceDirect.com”	and	on	that	screen	click	on	“All	issues”	
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, International Journal of Steel Structures. 
Google the string: “International Journal of Steel Structures”, then click on the entry: “International Journal of 
Steel Structures – Springer – Springer Link”; then click on “Browse Volumes & Issues” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, ASME Journal of Mechanical Design. 
Google the string: “Journal of Mechanical Design”, then click on the entry: 
“Journal of Mechanical Design – The American Society of Mechanical….”, then find “Browse All Issues” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Steel	and	Composite	Structures. 
Google the string, “Steel	and	Composite	Structures”, then click on the entry, “Steel	and	Composite	
Structures” | Korea Science” and see “Volume & Issues” on your screen. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Journal of Thermal Stresses. 
Google the string, “Journal of Thermal Stresses, then click on the entry, “Journal of Thermal Stresses – Taylor 
& Francis Online”, and find the list of journal issues. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Applied Mathematical Modelling. 
Google the string, “Applied Mathematical Modelling”, then click on the entry, “Applied Mathematical 
Modelling | ScienceDirect.com” and scroll way down to “View all issues” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Archive of Computational Methods in 
Engineering. 
Google the string: “Archive of Computational Methods in Engineering”, then click on the entry: “Archive of 
Computational Methods in Engineering – Springer”; then click on “Browse Volumes & Issues”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 



 
There are many “buckling” papers published in the journal, International Journal of Mechanics and 
Materials in Design. 
Google the string: “International Journal of Mechanics and Materials in Design”, then click on the entry: 
“International Journal of Mechanics and Materials in Design – Springer”; then click on “Browse Volumes & 
Issues”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, International Journal of Advanced 
Structural Engineering. 
Google the string: “International Journal of Advanced Structural Engineering”, then click on the entry: 
“International Journal of Advanced Structural Engineering – Springer”; then click on “Browse Volumes & 
Issues”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Journal of Applied Mechanical 
Engineering. 
Google the string: “Journal of Applied Mechanical Engineering”, then click on the entry: “Journal of Applied 
Mechanical Engineering – OMICS International”; then find “Archive” near the top of the screen, and click on 
it. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, International Journal of Applied Mechanics 
and Engineering 
Google the string: “International Journal of Applied Mechanics and Engineering”, then click on the entry: 
“International Journal of Applied Mechanics and Engineering – Sciendo”; then find “Issues” near the top of the 
screen, and click on it. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Thin Solid Films 
Google the string: “Thin Solid Films”, then click on the entry: “Thin Solid Films | ScienceDirect.com” and 
scroll way down to “View all issues”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Extreme Mechanics Letters 
Google the string: “Extreme Mechanics Letters”, then click on the entry: “Extreme Mechanics Letters | 
ScienceDirect.com” and scroll way down to “View all issues”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Proceedings of the Royal Society Series A 
Google the string: “Proceedings of the Royal Society A archive”, then click on the entry, 
“Archive of All Online Content | Proceedings of the Royal Society of . . .” 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
There are many “buckling” papers published in the journal, Applied Physics Letters 



Google the string: “Applied Physics Letters”, then click on the entry, “Scitation.org | Applied Physics Letters | 
From AIP Publishing”, then on your screen click on “ISSUES”. 
These papers are cited here primarily in sections under bold-faced headings that start with the words, “more 
papers published” (2017 and on) 
 
END OF “NEW STRATEGY LIST OF JOURNALS AND APPROPRIATE LINKS 
 
 
Here is an idea which may help to compensate for my lack of completeness. Any of you may 
email to me, David Bushnell (email address: bush@sonic.net ) your curriculum vitae (CV). 
Please include a close-up (head and shoulders) photograph of 
yourself  and of course a list of your publications concerned with buckling/vibration. I 
will  then include your CV on this website in the section called “Shell Buckling People”. A 
portrait  photograph of yourself will be a very important part of the future assemblage of 
“Shell Buckling People” on this website. Therefore, make sure to include it  with your 
buckling CV. We “buckling people” should get to know one another better,  and I feel that a 
close-up photograph of yourself is a significant part of that.  I  also encourage you to include 
with your “buckling CV” one or more pictures of buckled shells,  either actual shells that 
buckled unexpectedly in the “real world” or buckled shells from laboratory experiments or 
buckled shells from the application of theories described in one or more of your papers. 
When you send me such images please include a complete citation of the source so that 
credit can be properly given. Images of this type will continue to improve this website and keep it up-to-
date. During my searches of the “shell buckling” field I encounter many such images that I obtain from the 
internet for inclusion on this website. 
 
The citations listed in this file are somewhat unusual in that many of them include the affiliations of the authors 
and the authors’ abstracts. Recently (2018 on) I no longer include authors’ affiliations, mostly because recent 
papers have so many authors. In this regard, perhaps one should try to cut down on the number of authors, 
simply acknowledging in an “Acknowledgment” section the efforts of those who played a minor role. This will 
probably be more difficult for papers that involve experiments because so much effort can be expended with so 
little to show for it. 
 
Some advice about abstracts: 
1. Do not include what is essentially the title of your paper as the first sentence in its abstract. Anyone who sees 
the abstract also sees the title. 
2. Do not add unnecessary words. Example: “Buckling behavior of…” when “Buckling of …” suffices. 
3. Be specific. Avoid vague words such as “capacity” and “reliability”. Do you mean “linear buckling” or “non-
linear buckling” or “plastic collapse” or some combination? In your description stay close to the physical world 
by naming specific phenomena. 
4. “The analysis was verified by test cases.” Be more specific. 
5. Do not include math symbols or equations in your abstract. 
6. Compose the abstract as a single paragraph. 
 
 
Organization of this file: 
 
This very long file lists “shell buckling” citations in the following sections: 
 
Section 1. Especially useful papers in my opinion 
Section 2. A list of mainly books on plates and shells compiled by Hans Obrecht in 2001 
Section 3. Some of the review articles in Applied Mechanics Reviews or elsewhere 
Section 4. Articles that are partly review articles and that partly contribute new material 



Section 5. Special issues of journals with a given theme 
Section 6. Books on shell buckling or on subjects related in some way to shell buckling 
Section 7. Some early work on buckling of plates and shells 
Section 8. There follow many, many citations on buckling and vibration of columns, plates and shells 
 
Section 8 is by far the longest section in this file. 
 
 
******************* IMPORTANT NOTE  ABOUT “DOI” ********************** 
What is a doi? 
 
A digital object identifier (or doi) is a standard for persistently identifying electronic documents on a digital 
network . A typical use of a DOI is to give a scientific paper or article a unique identifying number that can be 
used by anyone to locate details of the paper, and possibly an electronic copy. Unlike the URL system used on 
the Internet for web pages, the DOI does not change over time, even if the article is relocated. This means that 
you can always find a document you have referenced even if the orginial publisher changes its URL. 
 
The DOI consists of a unique alphanumeric character string divided in two parts: a prefix and a suffix. 
 
For example, a complete DOI is: 
 
    10.1000/182 
    where:  
 
    10.1000 is the prefix, or ''publisher ID'', composed by a part identifying the string as a DOI (10) and a part 
identifying the organization/publisher of the document (1000); 
 
    182 is the suffix, or ''item ID'', identifying the single object. (Typical suffices are longer than this example.) 
 
The suffix is assigned by the publisher and must be unique within a prefix. 
 
The International DOI Foundation (IDF), a non-profit organisation created in 1998, is the governance body of 
the DOI System, which safeguards all intellectual property rights relating to the DOI System. IDF supports the 
development and promotion of the Digital Object Identifier system as a common infrastructure for content 
management, and works to ensure that any improvements made to the DOI system (including creation, 
maintenance, registration, resolution and policymaking of DOIs) are available to any DOI registrant, and that no 
third party licenses might reasonably be required to practice the DOI standard. 
 
 
Creating a DOI link 
 
A digital object identifier (DOI) can be used to cite and link to electronic documents. A DOI is guaranteed 
never to change, so you can use it to link permanently to electronic documents. 
To find a document using a DOI 
 
   1. Copy the DOI of the document you want to open. 
       The correct format for citing a DOI is as follows: doi:10.1016/j.physletb.2003.10.071 
   2. Open the following DOI site in your browser: 
       http://dx.doi.org 
   3. Enter the entire DOI citation in the text box provided, and then click Go. 
****************** END OF IMPORTANT NOTE ABOUT DOI****************** 
 
 



------------------------------------------------------ 
Section 1: Some Especially Useful Papers in my opinion: 
 
“Buckling of thin-walled circular cylinders”, NASA Space Vehicle Design Criteria (Structures), 
NASA Technical Report SP-8007, 1968, also: NASA/SP-8007, Seide, P. Weingarten, V. I. and Peterson, J.P., 
Buckling of thin-walled circular cylinders, NASA SPACE VEHICLE DESIGN CRITERIA (Structures), NASA 
(Washington, DC, United States), September,1965 
 
For an important review of NASA design recommendations relating to shell stability, see the 
file, 1998nasa.pdf, by Michael P. Nemeth and James H. Starnes, Jr.: 
Michael P. Nemeth and James H. Starnes, Jr. (NASA Langley Research Center, Hampton, Virginia, USA), 
“The NASA Monographs on Shell Stability Design Recommendations, A review and 
suggested improvements”, NASA/TP-1998-206290, January, 1998 
ABSTRACT: A summary of the existing NASA design criteria monographs for the design of buckling-resistant 
thin-shell structures is presented. Subsequent improvements in the analysis for nonlinear shell response are 
reviewed, and current issues in shell stability analysis are discussed. Examples of nonlinear shell responses that 
are not included in the existing shell design monographs are presented, and an approach for including 
reliability-based analysis procedures in the shell design process is discussed. Suggestions for conducting future 
shell experiments are presented, and proposed improvements to the NASA shell design criteria monographs are 
discussed. 
References listed at the end of the report: 
1. Anon.: Buckling of Thin-Walled Circular Cylinders. NASA Space Vehicle Design Criteria, NASA SP-8007, 1965. 
2. Anon.: Buckling of Thin-Walled Truncated Cones. NASA Space Vehicle Design Criteria, NASA SP-8019, 1968. 
3. Anon.: Buckling of Thin-Walled Doubly Curved Shells. NASA Space Vehicle Design Criteria/Structures. NASA SP-8032, 1969. 
4. Gerard, George; and Becker, Herbert: Handbook of Structural Stability: Part III—Buckling of Curved Plates and Shells. NACA 
TN-3783, 1957. 
5. Becker, Herbert: Handbook of Structural Stability: Part VI— Strength of Stiffened Curved Plates and Shells. NACA TN-3786, 
1958. 
6. Gerard, George: Handbook of Structural Stability: Supplement to Part III—Buckling of Curved Plates and Shells. NASA TN D-
163, 1959. 
7. Von Kármán, Theodore; and Tsien, Hsue-Shen: The Buckling of Thin Cylindrical Shells Under Axial Compression. J. Aeronaut. 
Sci., vol. 8, no. 8, June 1941, pp. 303–312. 
8. Donnell, L. H.; and Wan, C. C.: Effect of Imperfections on Buckling of Thin Cylinders and Columns Under Axial Compression. J. 
Appl. Mech., vol. 17, no. 1, Mar. 1950, pp. 73–83. 
9. Koiter, Warner Tjardus: A Translation of The Stability of Elastic Equilibrium. AFFDL-TR-70-25, U.S. Air Force, Wright-Patterson 
Air Force Base, Feb. 1970. 
10. Seide, P.; Weingarten, V. I.; and Morgan, E. J.: The Development of Design Criteria for Elastic Stability of Thin Shell Structures. 
STL/TR-60-0000-19425, U.S. Air Force, Dec. 1960. 
11. Vinson, Jack R.: The Behavior of Shells Composed of Isotropic and Composite Materials. Kluwer Academic Publ., 1993. 
12. Stein, Manuel: The Effect on the Buckling of Perfect Cylinders of Prebuckling Deformations and Stresses Induced by Edge 
Support. Collected Papers on Instability of Shell Structures—1962, NASA TN D-1510, 1962, pp. 217–227. 
13. Stein, Manuel.: The Influence of Prebuckling Deformations and Stresses on the Buckling of Perfect Cylinders. NASA TR R-190, 
1964. 
14. Árbocz, J.: Comparison of Level-1 and Level-2 Buckling and Postbuckling Solutions. Faculty of Aerospace Engineering, Report 
LR-700, Delft University of Technology, Delft, The Netherlands, Nov. 1992. 
15. Sridharan, Srinivasan; and Alberts, Jessica: Numerical Modeling of Buckling of Ring-Stiffened Cylinders. AIAA J., vol. 35, no. 1, 
Jan. 1997, pp. 187–195. 
16. Nemeth, Michael P.; Britt, Vicki O.; Collins, Timothy J.; and Starnes, James H., Jr.: Nonlinear Analysis of the Space Shuttle 
Superlightweight External Fuel Tank. NASA TP-3616, 1996. 
17. Brogan, F. A.; Rankin, C. C.; and Cabiness, H. D.: STAGS User Manual. Lockheed Palo Alto Research Laboratory Report, LMSC 
P032594, 1994. 
18. Thurston, G. A.; Brogan, F. A.; and Stehlin, P.: Postbuckling Analysis Using a General-Purpose Code. AIAA J., vol. 24, no. 6, 
June 1986, pp. 1013–1020. 
19. Blosser, Max L.: Boundary Conditions for Aerospace Thermal-Structural Tests. Aerospace Thermal Structures and Materials for a 
New Era: Volume 168—Progress in Astronautics and Aeronautics, Earl A. Thornton, ed., AIAA, 1994, pp. 119–144. 
20. Bushnell, D.: Stress, Stability, and Vibration of Complex Branched Shells of Revolution—Analysis and User’s Manual for 
BOSOR4. NASA CR-2116, 1972. 
21. Árbocz, J.; and Hol, J. M. A. M.: Koiter’s Stability Theory in a Computer-Aided Engineering (CAE) Environment. Int. J. Solids & 
Struct., vol. 26, no. 9–10, 1990, pp. 945–973. 



22. Nemeth, M. P.: Nondimensional Parameters and Equations for Buckling of Anisotropic Shallow Shells. J. Appl. Mech., vol. 61, 
Sept. 1994, pp. 664–669. 
 
 
Arthur W. Leissa (The Ohio State University Research Foundation, 1314 Kinnear Road, Columbus, Ohio 
43212), “Buckling of laminated composite plates and shell panels”, AFWAL-TR-85-3069, Air 
Force Wright Aeronautical Laboratories, Wright-Patterson AFB, Ohio 45433, June, 1985, 392 references 
http://handle.dtic.mil/100.2/ADA162723 
ABSTRACT: This work summarizes the technical literature dealing with buckling and post-buckling behavior 
of laminated composite plates and shell panels. Emphasis is given to modern materials used in the aerospace 
industry having fiber-matrix constituents (e.g., glass-epoxy, boron-epoxy, graphite-epoxy, boron-aluminum), 
but other applications are also considered (e.g., plywood, paperboard). Geometric configurations taken up are 
either flat (plates) or cylindrically curved (shells), and have rectangular planform. All possible types of loading 
conditions and edge constraint conditions are considered. Both symmetrically and unsymmetrically laminated 
configurations are included, with symmetrical laminates represented by orthotropic or anisotropic plate or shell 
theory. Complicating effects dealt with include: internal holes, shear deformation, sandwich plates with soft 
cores, local instability, inelastic materials, hygrothermal effects and stiffeners. Approximately 400 references 
are used. Extension numerical results are presented in graphical and tabular form. Both theoretical and 
experimental results are summarized. 
 
 
Jin Guang Teng (Department of Civil and Structural Engineering, Hong Kong Polytechnic University, Hung 
Hom, Kowloon, Hong Kong) “Buckling of thin shells: Recent advances and trends”, Applied Mech. 
Reviews, Vol. 49, No. 4, pp. 263-274, April 1996, DOI: 10.1115/1.3101927 
ABSTRACT: This paper provides a review of recent research advances and trends in the area of thin shell 
buckling. Only the more important and interesting aspects of recent research, judged from a personal view 
point, are discussed. In particular, the following topics are given emphasis: (a) imperfections in real structures 
and their influence; (b) buckling of shells under local/non-uniform loads and localized compressive stresses; 
and (c) the use of computer buckling analysis in the stability design of complex thin shell structures. 
 
Riks, E., “Some Computational Aspects of the Stability Analysis of Nonlinear Structures”, 
Computational Methods in Applied Mechanics and Engineering, Vol. 47, 1984, pp. 219-259, 
doi:10.1016/0045-7825(84)90078-1 
ABSTRACT: The perturbation method and the continuation method are the two most popular techniques for the 
solution of finite element equations that describe instability phenomena. This paper presents a summary of the 
principles involved and describes some trends in the development of these techniques. 
 
E. Riks (1), F.A. Brogan (2) and C.C. Rankin (2) 
(1) National Aerospace Laboratory, Anthony Fokkerweg, Amsterdam, The Netherlands 
(2) Applied Mechanics Lab., Lockheed Missiles & Space Co.Inc., 3251 Hanover Street, Palo Alto, California, 
94304, USA 
“Numerical aspects of shell stability analysis”, Chapter in Computational Mechanics of Nonlinear 
Response of Shells, edited by Wilfried B. Kratzig and Eugenio Onate, Springer, 1990, pp 125-151 
ABSTRACT: Many shell stability problems can be analyzed following the quasi static approach, i.e. with 
methods that solve the static equations of equilibrium. This paper focuses on some particular points of this 
approach. There are cases, however, mode jumping for example, where the methods of statics do not longer 
suffice and where it becomes necessary to combine the methods of statics with procedures for the integration of 
the equations of motion. The latter idea is illustrated with an example that was analyzed with the shell finite 
element code STAGS. 
References listed at the end of the paper: 
1. Felippa C.A.: Solution of Nonlinear Static Equations. Handbook on Computational Mechanics“, Volume on Large Deflection and 
Stability of Structures, (Bathe K.J. ed.), to appear. 
2. Riks E.; den Reijer P.J.: A Finite Element Analysis of Cracks in a Thin Walled Pressurized Cylinder. National Aerospace Lab., 
NLR, NLR TR 87021 U,The Netherlands, Jan. 1987. 



3. Riks E.: Bulging Cracks in Pressurized Fuselages: A Numerical Study, NLR MP 87058U, National Aerospace Lab., NLR, The 
Netherlands, Sept. 1987. 
4. Waszcyszyn, X.: Numerical Problems of Nonlinear Stability Analysis of Elastic Structures. Computers & Structures 17, no.1 
(1981), (13–24).  
5. Rheinboldt W.C.: Numerical Analysis of Continuation Methods for Nonlinear Structural Problems, Computers & Structures Vol.13, 
(1981) (103–113).  
6. Riks E.: Some Computational Aspects of the Stability Analysis of Nonlinear Structures, Comp. Meth. in Appl. Mech. in Engrg. 47 
(1984) 219–259.  
7. Almroth B.O., Brogan F.A.: Structural Analysis of General Shells, Volume II, User’s Instructions for STAGSC-1“. LMSC-
D633873, Lockheed Palo Alto Research Lab., Palo Alto, CA. Dec. (1982) 
8. Riks E.; Rankin C.C.: Bordered Equations in Continuation Methods: An Improved Solution Technique, NLR MP 87057U, National 
Aerospace Lab., NLR, The Netherlands, Jan. 1987. 
9. Rheinboldt W.C.: The Computation of Critical Boundaries on Equilibrium Manifolds, SIAM J. Numer. Anal. Vol. 19, no. 3, June 
1982. 
10. Wriggers P., Wagner W., Miehe C.: A Quadratically Convergent Procedure For the Calculation of Stability Points in Finite 
Analysis. Comp. Metds., in Appl. Mech. and Engmg., Vol. 70, 1988, 329–347.  
11. Budiansky B.: Theory of Buckling and Postbuckling of Elastic Structures,.In: Advances in Applied Mechanics 14, C.S. Yih (ed.), 
Academic Press, New York. (1974). 
12. Riks. E.: Bifurcation and Stability, A Numerical Approach. National Aerospace Lab., The Netherlands, NLR MP 84078 U, 1984. 
Also in: Innovative Methods for Nonlinear Problems, (W.K. Liu, T. Belytschko, K.C. Park eds.) Pineridge Press, 0–906674–41–7, 
(1984) 
13. Mackens W.: Numerical Differentiation of Implicitly Defined Space Curves, Bericht Nr. 45 Institut fur Geometrie und Praktische 
Mathematik, RWTH Aachen, March 1987. 
14. Thurston G.A.; Brogan F.A.; Stehlin P.: Postbuckling Analysis Using a General Purpose Code. AIAA Paper No. 85–0719-CP. 
Presented at the AIAA/ ASME/ AHS 26th Structures, Structural Dynamics, and Materials Conference, ORLANDO, FLORIDA, April 
15–17, 1985. 
15. Shilkrut D.: Investigation of Axisymmetric Deformation of Geometrically Nonlinear, Rotationally, Orthotropic, Circular Plates. 
Int. J. Non-Linear Mechanics, Vol. 18, No. 2, pp 95–118, 1983.  
16. Shilkrut D.: Stability and Vibration of Geometrically Nonlinear Cylindrically Orthotropic Circular Plates. J. of Applied 
Mechanics, 345–360, Vol. 51, June 1984.  
17. Shilkrut D.: The Influence of the Paths of Multiparametrical Conservative Loading on the Behaviour of a Geometrically Nonlinear 
Deformable Elastic Body. In: “Buckling of Structures; Theory and Experiment”. The Joseph Singer Anniversary Volume, (I. 
Elishakoff, J. Arbocz. C.D. Babcock, jr., A. Libai, eds. ), Elsevier 1988. 
18. Kroplin B.H.: A Viscous Approach to Post-Buckling Analysis. Eng. Struct. Vol., July 1981. 
19. Kroplin B.H., Dinkier D.: Eine Methode zur Directen Berechnung von Gleichgewichtslagen im Nachbeulbereich. Ingenieur 
Archiv, 51 (1982), pp. 415–420.  
20. Petiau C., Comuault C.: Efficient Algorithms for Post Buckling Computations, in: Computing Methods in Applied Science and 
Engineering. ( R. Glowinsky and J.L. Lions eds.) Elseviers Science Publishers B.V. ( North-Holland) 1984 
21. Feodos’ev V.I.: On a Method of Solution of the Nonlinear Problems of Stability of Deformable Systems. PPM Vol. 27, No 2, 
1963, pp. 265–274.  
22. Riks E.: Progress in Collapse Analysis. Journal of Pressure Vessel Technology, Vol. 109, 35, February 1987. 
 
 
Eduard Riks (Faculty of Aerospace Engineering Delft University of Technology Delft. The Netherlands), 
“Buckling Analysis of Elastic Structures: A Computational Approach”,  Advances in Applied 
Mechanics, Vol. 34, 1997, Pages 1-76, doi:10.1016/S0065-2156(08)70319-3 No abstract is given. Note that this 
is a long, very informative paper on the basics of stability theory by a very well known and highly respected 
researcher in the field of shell buckling and post-buckling. It should be read by all researchers in the field of 
shell buckling! 
 
A. Libai (1) and J.G. Simmonds (2) 
(1) Department of Aeronautical Engineering, Technion, Israel Institute of Technology Haifa, Israel 
(2) Department of Applied Mathematics and Computer Science, University of Virginia, Charlottesville, 
Virginia 
“Nonlinear Elastic Shell Theory”, Advances in Applied Mechanics, Vol. 23, 1983, pp. 271-371, 
doi:10.1016/S0065-2156(08)70245-X 
PARTIAL OUTLINE: 
I. Introduction ......................................... 272 
II. Cylindrical Motion of Infinite Cylindrical Shells (Beamshells) . . . . . . . . . . . . 274 
 A.Geometry of the Undeformed Shelland Planar Motion.............. 274  



B. Integral Equations of Cylindrical Motion ...................... 276  
 C. Differential Equations of Cylindrical Motion.................... 278  
 D.Virtual Work (Weak Form of the Equations of Motion) ............. 279  
 E. The Mechanical Work Identity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280  
 F. Strain Measures..................................... 280  
 G. Alternate Stresses and Strains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282  

H. The BasicAssumption of Beamshell Theory .................... 283 
 I. The Mechanical Theory of Elastic Beamshells . . . . . . . . . . . . . . . . . . . 283  
 J. Constitutive Laws for Elastic Beamshells ...................... 284  
 K. Elastostatics ....................................... 287  
 L. Elastodynamics ..................................... 292  
 M. Thermodynamics .................................... 296 
III. The Equations of General Nonlinear Shell Theory................... 302 
 A. Geometry of the Undeformed Shell........................ 303  
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FL 33431-0991, USA), “Probabilistic resolution of the twentieth century conundrum in elastic 
stability”, Thin-Walled Structures, Vol. 59, 2012, pp. 35-57 
ABSTRACT: This paper overviews the efforts that led to resolution of the 20th century conundrum in elastic 
stability of shells. In particular, the dramatic disagreement between theoretical and experimental results and the 
subsequent introduction of the empirical knockdown factor, is discussed in detail. The mismatch between theory 
and experiment was qualitatively explained by Warner Tjardus Koiter in his now-famous thesis, as well as in 
the paper by Lloyd H. Donnell and C.C. Wan. However, these studies did not offer means for rigorous, 
theoretical derivation of the knockdown factor for the shells with generic imperfection patterns encountered in 
practice. Numerous attempts to resolve the conundrum via deterministic theoretical, experimental and 
probabilistic analyses remained unsuccessful. The conundrum consists in two facts. On one hand, it consists of 
the impossibility of using of hundreds and perhaps thousands of deterministic studies in predicting the rigorous 
knockdown factors. On the other hand, it lies in the fact that Wynstone Barrie Fraser and Bernard Budiansky 
(1969) [157] and numerous other investigators, although recognizing the need to utilize probabilistic approach 
to resolve the above conundrum, asserted that the buckling load of stochastic structures was a deterministic 
quantity. Some investigators suggested using that result as the design load. In 1979, this author lucked out on 
reliability-based theoretical means for derivation of the knockdown factor and its judicious allocation. 
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ABSTRACT: Current procedures of buckling load estimation for thin-walled structures may provide very 
conservative estimates. Their refinement offers the potential to use structure and material properties more 
efficiently. Due to the large variety of design variables, for example laminate layup in composite structures, a 
prohibitively large number of tests would be required for experimental assessment, and thus reliable numerical 
techniques are of particular interest. The purpose of this paper is to analyze different methods of numerical 
buckling load estimation, formulate simulation procedures suitable for commercial software and give 
recommendations regarding their application. All investigations have been carried out for cylindrical composite 
shells; however similar approaches are feasible for other structures as well. A single perturbation load approach 
is reproduced and modified. Buckling behavior for negative values of the perturbation load is examined and a 
pattern similar to a positive perturbation load is observed. Simulations with three perturbation forces show a 
decreased (i. e. more critical) value of the buckling load compared to the single perturbation load approach. 
Global and local dynamic perturbation approaches exhibit a behavior suitable for lower bound estimation for 
structures with arbitrary geometries. 
 
 
Y. Z. Chang (1), T. Feng (1) and Sh. L. Meng (2) 
(1) College of civil engineering, Xi’an University of Architecture & Technology, Xi’an, China  
(2) Chang farce culture holding co., Xu Chang, China� 
“Mechanical analysis of composite ribbed shell under dynamical loads”, 5th International Conference on 
Advanced Design and Manufacturing Engineering (ICADME), 2015 
ABSTRACT: Spherical composite ribbed shell is made of thin reinforced concrete shell and composite ribs, 
which has many advantages such as large span, high rigidity, and large bearing capacity and low cost. It is one 
of the urgent issues to considering the mechanical performance under dynamic loading. Based on nonlinear 



finite element theory, a numerical calculation model is built, and then the dynamic response of composite ribbed 
shell under step load and seismic wave are respectively discussed. The results shows: under the vertical step 
load, a positive symmetric deformation appeared in unstable status; under horizontal step loads, an anti 
symmetric deformation emerged. While as the seismic wave was exerting, structural damage caused by thin 
concrete shell damage and plastic deformation development, namely it was the synthetic action result of 
structural stiffness weaken and P-△effect from geometric nonlinear, so structure damage was the 
comprehensive effect of strength failure and dynamic instable. 
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D. Bushnell,  “Buckling of Shells—Pitfall for Designers”, AIAA Journal, Vol. 19, No. 9, pp. 1183-
1226, September 1981 
PARTIAL INTRODUCTION: In order to produce efficient, reliable designs & to avoid unexpected catastrophic 
failure of structures of which thin shells are important components, the engineer must understand the physics of 
shell buckling. The objective of this survey is to convey to the reader a “feel” for shell buckling, whether it be 
due to nonlinear collapse, bifurcation buckling, or a combination of these modes. … 
(list of references is given below, at the end of the section, “Early works…”. 
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“Shell structures—a sensitive interrelation between physics and numerics”, International Journal 
for Numerical Methods in Engineering, Special Issue: The Fifth World Congress on Computational Mechanics, 
Vol. 60, No. 1, pp. 381–427, May 2004, doi: 10.1002/nme.967 
ABSTRACT: It is apparent that physics and numerics are strongly linked in every serious undertaking in 
computational mechanics. This is in particular pronounced when the matter of study excels through a very 
sophisticated, even sometimes tricky physical behaviour. Such a delicate characteristic is the trademark of shell 
structures, which are the most often used structural components in nature and technology. This outstanding 
position in the hierarchy of all structures is due to their curvature allowing to carry transverse loading in an 
optimal way by in-plane membrane actions, despite an often extreme slenderness. As typical for optimized 
systems their performance might be on the one hand excellent, but can also be extremely sensitive to certain 
parameter changes on the other hand. This prima donna like mechanical behaviour with all its sensitivities is of 
course carried over to any numerical scheme. In other words it is a fundamental precondition to understand the 
principle features of the load carrying mechanisms of shells before designing and applying any numerical 
formulation. The present study addresses this peculiar interrelation between physics and numerics. At first 
typical characteristics of shell structures are described; this include their benefits but also their extreme 
sensitivities. In the second part these aspects are reflected on related computational models and numerical 
procedures. This discussion is carried through a number of selected problems and examples. It need to be said 
that the paper is the outcome of a general plenary lecture addressing fundamental aspects rather than 
concentrating on a specific formulation or numerical scheme. 
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“Models and Finite Elements for Thin-Walled Structures”. Chapter 3 in Encyclopedia of 
Computational Mechanics Published Online: 15 November 2004, doi: 10.1002/0470091355.ecm026 
INTRODUCTION: 
1.1 Historical Remarks 
Thin-walled structures like plates and shells are the most common construction elements in nature and 
technology. This is independent of the specific scale; they might be small like cell membranes and tiny machine 
parts or very large like fuselages and cooling towers. This preference to apply walls as thin as possible is a 
natural optimization strategy to reduce dead load and to minimize construction material. In addition to the 
slenderness, the advantageous effect of curvature is utilized in shell structures allowing to carry transverse 
loading in an optimal way, a design principle already known to the ancient master builders. Their considerable 
heuristic knowledge allowed them to create remarkable buildings, like the Roman Pantheon (115–126) and the 
Haghia Sophia (532–537) in Constantinople, still existing today. It was not before the Renaissance that 
scientists began to mathematically idealize the structural response, a process that we denote nowadays as 
modeling and simulation. 
 
Already, Leonardo da Vinci (1452–1519) stated (Codex Madrid I) a principle that later on emerged to a beam 
model. The subsequent process, associated with names like Galileo (1564–1642), Mariotte (1620–1684), 
Leibniz (1646–1716), Jakob I Bernoulli (1654–1705), Euler (1707–1783), Coulomb (1736–1806), and Navier 
(1785–1836), led to what we call today Euler–Bernoulli beam theory (Timoshenko, 1953; Szabo, 1979). This 
development was driven by the ingenious ideas to condense the complex three-dimensional situation to the 
essential ingredients of structural response like stretching, bending, torsion, and so on, and to cast this into a 
manageable mathematical format. The inclusion of transverse shear deformation is attributed (1859) to Bresse 
(1822–1883) and extended (1921) to dynamics by Timoshenko (1878–1972), whose name has established itself 
as a common denomination for this model. Extensions to further effects like uniform and warping torsion, 
stability problems, cross-sectional distortion, and further refinements, for example, including higher-order 
kinematics, follows in the nineteenth and twentieth century. 
 
The development of the theory of masonry arches and vaults had its own history, also starting with Leonardo da 
Vinci (for a detailed elaboration on this subject confer Benvenuto (1991)). The primary aspect in this context 
was the description of failure mechanisms, a problem investigated up to the present time (see e.g. the valuable 
work of Heyman). Also, Robert Hooke's (1635–1703) ‘Riddle of the Arch’ has to be referred to, phrased in a 
Latin anagram ‘Ut pendet continuum flexile, sic stabit contigum inversum rigidum’ (literally translated: As the 
flexible cable hangs, the inverted arch stands). It constitutes a form-finding principle for arches and shells 
(Mainstone, 1975), which became known as the inverted chain and membrane principle, often applied in the 
sequel. Christopher Wren's construction of St. Paul Cathedral in London, Poleni's experiment for the 
rehabilitation of the cupola of St. Peter in Rome, Rondelet's French Pantheon, Gaudi's work in Catalonia up to 
modern shell designs by Otto and Isler are based on this principle (Ramm and Reitinger, 1992). 
 
The history of the development of two-dimensional plate theories has its own peculiarities (Timoshenko, 1953; 
Szabo, 1979). Inspired by Chladni's (1756–1827) experiments with vibrating plates, Jakob II Bernoulli (1759–
1789) formulated a grid model of overlapping beams, neglecting the twisting mode. This was corrected by 
others later on. The related competition proposed by the French Academy and Sophie Germain's (1776–1831) 
various trials to win the prize and the involvement of Lagrange (1736–1813) became famous. They and others 
like Poisson (1781–1840) and Navier derived the proper differential equation; however, they still had some 
shortcomings in their result, in particular, with respect to the involved elastic constants. Kirchhoff (1824–1887) 
finally removed all doubts in 1850 (Kirchhoff, 1850) and is credited as the founder of modern plate theory. It 
took almost a century before E. Reissner (1913–1996) (Reissner, 1944; Reissner, 1945) and Mindlin (1906–
1987) (Mindlin, 1951) extended the model including the role of transverse shear deformations. Innumerable 
modifications and extensions, like anisotropy, large deformation (v. Kármán plate theory), higher-order 
theories, and so on, have been derived over the years. 
 
It is interesting that the initial derivation of a shell formulation was also motivated primarily by vibration 
problems. Euler developed in 1764 a model to simulate the tones of bells, cutting the axisymmetric structure 



into rings, applying curved beam models and leaving out the meridional effects. Also, here it took over a 
century before a consistent theory of thin shells had been derived by Love (1888) (August E. H. Love, 1863–
1940). It is based on Kirchhoff's method and thus became known as the Kirchhoff–Love model. For a 
description of the subsequent emergence of this shell model and the related controversies among Love and his 
contemporaries on the role of the boundary conditions of both the membrane and the bending part (in particular 
Lord Rayleigh (1842–1919) and Lamb (1849–1934)), we refer to the article by Calladine (1988), which is worth 
reading. The need for detailed solutions has driven research in the first half of the twentieth century. Names like 
H. Reissner, Meissner, Geckeler, Flügge, Vlassov, Novozhilov have to be mentioned, to name just a few; later 
on further refinements have been introduced by E. Reissner, Gol'denveizer, Koiter, Naghdi, and many others. 
The inclusion of transverse shear deformations sometimes linked to the name of Naghdi today mostly is referred 
to as a Reissner–Mindlin formulation, in recognition of their extended plate theories. 
 
The series of names in connection with shell formulations could be continued forever; there are very few topics 
in structural mechanics where so many investigations have been published. Even for experts, it is hardly 
possible to have an overall view on the number of special finite element models developed so far. This is a 
strong indication for the complexity of the involved mechanics on the one hand and their practical relevance on 
the other hand. 
 
It is obvious that the early developments of theories for thin-walled structures were governed primarily by the 
main applications in those times, namely, buildings in architecture. Since the industrial revolution, the picture 
changed completely: now other applications, for example, in mechanical engineering, in vehicle and aerospace 
industry, in biomechanics, and so on, became dominant and the driving force for further developments. 
 
Large displacements, rotations and strains, buckling, composites, material nonlinearities, coupled problems, 
multiscale and multiphysics, solution methods, and higher-order formulations are a few keywords for problems 
that have been extensively investigated in the last few years. The finite element method as a discretization 
concept is absolutely predominant. An interesting example as to how the finite element developments have 
influenced the selection of specific structural models is the early shift from Kirchhoff–Love formulations to 
those with Reissner–Mindlin kinematics for plate and shell elements. It is motivated mainly by the reduced 
compatibility requirements, although from the practical point of application, the Kirchhoff–Love model is often 
sufficient. 
 
In times where computer capacity has become so powerful and the simulation tools have reached such a high 
level of sophistication, we should not forget the main driving force of our ancestors: concentration on the 
essentials and reduction to the principal mechanical behavior of thin-walled structures (Ramm and Wall, 2004). 
 
1.2. Overview 
 
This paper concentrates on the mathematical modeling of nonlinear mechanics of thin-walled structures in view 
of associated finite element formulations. This means that we will primarily focus on formulations for structural 
models as prerequisite for derivation of finite elements, rather than specific ‘elementology’. The main emphasis 
is put on shells, including the special case of flat plates, turning into shells anyway in the nonlinear regime. The 
derivations are kept as general as possible, including thick and layered shells (laminated or sandwich 
structures), as well as anisotropic and inhomogeneous materials from the outset. Throughout Section 4.4, we 
will specify the corresponding restrictions and assumptions to obtain the classical 5-parameter shell formulation 
predominantly used for standard shell problems in the context of finite element analysis. 
 
In most part of the text, we restrict ourselves to static problems within the framework of geometrically nonlinear 
elasticity, neglecting time dependence and inertia effects. The extension into the materially nonlinear area is a 
straightforward procedure. It is believed that this does not mean a too strong restriction in view of the 
underlying motivation. 
 
It is a well cultivated tradition to let review articles start with the remark that a complete overview of existing 



methods and appropriate literature is utterly impossible. The multitude of existing concepts, methods, and 
implementations, as well as scientific papers, text books, and yet other review articles would effectively prohibit 
an exhaustive overview. J. E. Marsden and T. J. R. Hughes remark in what they call the ‘disclaimer’ of their 
famous book on Mathematical Foundations of Elasticity (Marsden and Hughes, 1983) that 
 
    ‘This book is neither complete nor unbiased. Furthermore, we have not mentioned many deep and highly 
erudite works, nor have we elucidated alternative approaches to the subject. Any historical comments we make 
on subjects prior to 1960 are probably wrong, and credits to some theorems may be incorrectly assigned.’ 
 
Although the present paper is neither a book nor covers such a broad field like the textbook by Marsden and 
Hughes (1983), it clearly shares the quoted property. We therefore directly head toward the ideas and 
inspirations driving the authors during the compilation of the paper at hand. 
 
Motivations for concerning oneself with the present subject are many. They might be of purely scientific nature 
or driven by the need to find the necessary level for the mechanical content of a model or to have a reliable 
element as a tool for certain applications one might have in mind. Interest in the mathematical formulation and 
resulting numerical properties of finite elements for thin-walled structures may also arise when simply applying 
certain finite element formulations available in scientific or commercial codes. While trying to provide useful 
information for practitioners and users of commercial finite element codes, this treatise clearly addresses a 
readership with a scientific background, both things not being mutually exclusive anyway. 
 
When developing and applying a finite element formulation for thin-walled structures, one comes across a 
couple of questions. Which mechanical effects should be included and which can be neglected? Is it better to 
start from a shell theory or develop continuum-based elements along the lines of the degenerated solid 
approach? And what about geometrically exact models? Which simplifications are useful – and admissible? 
Which consequences does the formulation have for the finite element model? Which parameterization of 
degrees of freedom are sensible for the applications one has in mind? Should drilling degrees of freedom be 
included in a shell formulation or not? There are many, many more questions. 
 
It is in this spirit that we try to give an overview of the various decisions that one implicitly makes when 
choosing a specific theory or finite element formulation, respectively. Although such an overview is necessarily 
incomplete, it should not cover only a mere register of umpteen different plate and shell finite elements along 
with their alleged pros, cons, and limitations; to be even more specific, this aspect will be very limited in the 
present contribution. 
 
By doing this, we carefully separate model decisions and the finite element formulation. The former addresses 
those approximations that are made while formulating the continuous theory. The latter is concerned with 
additional approximation errors, coming into play along with discretization and finite element formulation. 
While these numerical errors eventually vanish with mesh refinement, the model errors, inherent to the theory, 
persist. Distinguishing this is crucial for a sophisticated determination of feasible methods and a competent 
interpretation of numerical results. 
 
References: The list of references is very long and would require a lot of editing to conform to the format of this 
bibliography. 
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ABSTRACT: Recent advances in shell buckling research are reviewed. Five separate subject areas are covered: 
elastic postbuckling behavior and imperfection sensitivity, plastic buckling, dynamic buckling, experiments and 



computations. Recent history of the research is presented emphasizing important advances in understanding. 
Areas of needed research and current trends are pointed out. 
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ABSTRACT: The present paper provides a unified, general presentation of the basic theory of the buckling and 
post-buckling behavior of elastic structures in a form suitable for application to a wide variety of special 
problems. The notation of functional analysis is used for this purpose. Before the general analysis, simple 
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PARTIAL ABSTRACT: The overall performance of sandwich structures depends in general on the properties 
of the facesheets, the core, the adhesive bonding the core to the skins, as well as geometrical dimensions. 
Sandwich beams under general bending, shear and in-plane loading display various failure modes. Their 
initiation, propagation and interaction depend on the constituent material properties, geometry, and type of 
loading. Failure modes and their initiation can be predicted by conducting a thorough stress analysis and 
applying appropriate failure criteria in the critical regions of the beam. This analysis is difficult because of the 
nonlinear and inelastic behavior of the constituent materials and the complex interactions of failure modes. 
Possible failure modes include tensile or compressive failure of the facesheets, debonding at the core/facesheet 
interface, indentation failure under localized loading, core failure, wrinkling of the compression facesheet, and 
global buckling. In the present work failure modes of sandwich beams were studied. Facesheet materials were 



typically unidirectional and carbon fabric/epoxy and glass fab-ric/vinylester. Core materials discussed include 
four types of a closed-cell PVC foam (Divinycell H80, H100, H160 and H250, with densities of 80, 100, 160 
and 250 kg/m3, respectively) and balsa wood. The facesheet and core materials were fully characterized 
mechanically. The various failure modes were studied separately and both initiation and ultimate failure were 
determined. Following initiation of a particular failure mode, this mode may trigger and interact with other 
modes and final failure may follow a different failure path. The transition from one failure mode to another for 
varying loading or state of stress and beam dimensions was discussed. Experimental results were compared with 
analytical predictions. 
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ABSTRACT: Koiter [1] was the first to formulate an asymptotic expansion to investigate postbuckling behavior 
and imperfection sensitivity of elastic structures. Since then, a large number of analyses of particular structures 
have appeared as well as some new expansions aimed at specific problems, such as interaction between 
buckling modes associated with simultaneous or nearly simultaneous buckling modes. In this contribution, 
various methods of this kind are discussed and compared as regards applicability and ease of use. Focus will 
be on Koiter's slowly varying local mode amplitude [2] and [3], on Byskov & Hutchinson's expansion [4] 
and on Peek & Kheyrkhahan's method [5], which enlarged the scope of the previous expansions in that it 
covers nonlinear prebuckling states, also. Other important contributions a number of which are based on 
these methods are also discussed. On the other hand, many important works, e.g. the comprehensive paper 
by Hunt [6] will not be mentioned in any detail. The accuracy of the methods as well as their mathematical 
complexity and ease of use are compared. Finally, in view of today's inexpensive and powerful computers, 
an obvious question is concerned with whether full analyses must always be preferred because asymptotic 
expansions are obsolete. 
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INTRODUCTION: There are many ways to write a book on shells. The author might, for example, devote his 
attention exclusively to a special type, such as shell roofs or pressure vessels, and consider all the minor details 
of stress calculations and even the design. On the other hand, he might stress the mathematical side of the 
subject to such an extent that he virtually writes a book on differential equations under the guise of the 
mechanical subject. The present hook has been kept away from these extremes. At first sight it may look to 
many people like a mathematics book, but it is hoped that the serious reader will soon see that it has been 
written by an engineer and for engineers. In a theoretical subject such as this one, it is, of course, not possible to 
get very far with the multiplication table and elementary trigonom etry alone. The mathematical prerequisites 
vary widely in different parts of the book, depending on the subject. In some parts ordinary differential 
equations with constant coefficients are all that is needed. 
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capabilities and problem areas that will benefit from their extensions. 
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ABSTRACT: A brief overview is presented of considerations involved in the buckling of composite plates 
made of laminae having continuous, parallel fibers. Such plates are governed by orthotropic or anisotropic plate 
buckling theory for laminates which are symmetrically stacked with respect to the plate midplane. Unsymmetric 
laminates require a more complicated theory with bending-stretching coupling. Additional complicating factors 
are considered, including: interior holes, shear deformation, sandwich construction involving other materials, 
local effects, nonlinear stress-strain relationships, hygrothermal effects, and external stiffeners. Postbuckling 
behavior and the effects of initial imperfections are also described. Some representative results from the 
extensive literature (352 references) are included to aid in describing the various effects. 
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shell buckling. The objective of this survey is to convey to the reader a “feel” for shell buckling, whether it be 
due to nonlinear collapse, bifurcation buckling, or a combination of these modes. … 
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ABSTRACT: The phenomenon of plastic buckling is first illustrated by the behavior of a fairly thick cylindrical 
shell, which under axial compression deforms at first axisymmetrically and later nonaxisymmetrically. Plastic 
buckling encompasses two modes of behavior, nonlinear collapse at the maximum point in a load versus 
deflection curve and bifurcation buckling. Accurate prediction of critical loads corresponding to either mode in 
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ABSTRACT: This article attempts to review the main results in the vast field of stability of structures. The 
classical field of elastic stability is covered succinctly. The coverage emphasizes the modern problems of 
anelastic structures exhibiting plasticity and creep, and especially structures disintegrating due to localized 
fracture and distributed damage. The treatment encompasses thin or slender structures, i.e. the columns, frames, 
arches, thin-walled beams, plates, and shells, as well as massive but soft bodies buckling three-dimensionally, 
and includes the static as well as dynamic concepts of stability, dynamic instability of nonconservative systems, 
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Composite and Lattice Columns, Bearings, and Helical Springs: Paradox Resolved”, Journal of 
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ABSTRACT: As shown three decades ago, in situations where the initial stresses before buckling are not 
negligible compared to the elastic moduli, the geometrical dependence of the tangential moduli on the initial 
stresses must be taken into account in stability analysis, and the stability or bifurcation criteria have different 
forms for tangential moduli associated with different choices of the finite strain measure. So it has appeared 
paradoxical that, for sandwich columns, different but equally plausible assumptions yield different formulas, 
Engesser’s and Haringx’ formulas, even though the axial stress in the skins is negligible compared to the axial 
elastic modulus of the skins and the axial stress in the core is negligible compared to the shear modulus of the 
core. This apparent paradox is explained by variational energy analysis. It is shown that the shear stiffness of a 
sandwich column, provided by the core, generally depends on the axial force carried by the skins if that force is 
not negligible compared to the shear stiffness of the column (if the column is short). The Engesser-type, 



Haringx-type, and other possible formulas associated with different finite strain measures are all, in principle, 
equivalent, although a different shear stiffness of the core, depending linearly on the applied axial load, must be 
used for each. The Haringx-type formula, however, is most convenient because it represents the only case in 
which the shear modulus of the core can be considered to be independent of the axial force in the skins and to 
be equal to the shear modulus measured in simple shear tests (e.g., torsional test). Extensions of the analysis 
further show that Haringx’s formula is preferable for a highly orthotropic composite because a constant shear 
modulus of the soft matrix can be used for calculating the shear stiffness of the column, and further confirm that 
Haringx’s buckling formula with a constant shear stiffness is appropriate for helical springs and built-up 
columns (laced or battened).  
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ABSTRACT: Thin-walled cylinders of various constructions are widely used in simple or complex structural 
configurations. The round cylinder is commonly found in tubing and piping, and in offshore platforms. 
Depending on their use, these cylinders are subjected (in service) to individual and combined application of 
external loads. In resisting these loads the system is subject to buckling, a failure mode which is closely 
associated with the establishment of its load-carrying capacity. Therefore, the system buckling and postbuckling 
behavior have been the subject of many researchers and investigators both analytical and experimental. The 
paper is a state-of-the-art survey of the general area of buckling and postbuckling of thin-walled, geometrically 
imperfect, cylinders of various constructions, when subjected to destabilizing loads. The survey includes 
discussion of imperfection sensitivity and of the effect of various defects on the critical conditions. 
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ABSTRACT: Significant finite element research was conducted at the University of California at Berkeley 
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ABSTRACT: Stiffened panels made out of isotropic or anisotropic materials are being extensively used as 
structural elements for aircraft, maritime, and other structures. In order to maintain stiffness and strength with 
light weight, new design techniques must be employed when utilising these materials. Their stability, ultimate 
strength and loading capacity are the key issues pertaining to these engineering structures which have attracted a 
number of investigators to undertake indepth research, either in an academic or actual engineering context. This 
paper provides an extensive review of the research which has been conducted in recent years (2000-2012) on 
the buckling and post-buckling response of isotropic and composite stiffened plate and shell structures related to 
analysis and experiment. The key objective of this review article is to collate the research performed in the area 
of buckling and post-buckling behaviour of stiffened structures, thereby giving a broad perspective of the state-
of-the-art in this field. 
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ABSTRACT: Stiffened panels made out of isotropic or anisotropic materials are being extensively used as 
structural elements for aircraft, maritime, and other structures. In order to maintain stiffness and strength with 
light weight, new design techniques must be employed when utilising these materials. Their stability, ultimate 
strength and loading capacity are the key issues pertaining to these engineering structures which have attracted a 
number of investigators to undertake in-depth research, either in an academic or actual engineering context. 
This paper presents a review of the optimisation techniques applied to buckling and post-buckling of stiffened 
panels. Papers published in the period from 2000 to May 2015 have been taken into consideration. The topic is 
addressed by identifying the most significant objectives, targets and issues, as well as the optimisation 
formulations, optimisation algorithms and models available. Finally a critical discussion, giving some practical 
advice and pointing out the most common issues involved in optimisation of buckling and post-buckling of 
stiffened panels, is provided.  
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torsion, and interaction with fluid are also surveyed. Comments on the previous non-linear works are presented 
and some orientations for future research are suggested. Another purpose of this paper is to provide engineers, 
scientists and researchers with a list of 175 references, which should be very useful for locating relevant 
existing literature quickly. 
 
Walter Lacarbonara (Sapienza University of Rome, Rome, Italy), “Concepts, Methods, and Paradigms”, 
Chapter in Nonlinear Structural Mechanics, edited by Walter Lacarbonara, Springer, 2013, pp 10-66 (480 
references, listed in an entry below. 
 
Myoung-Woon Moon, “Buckling delamination of compressed thin films”, Chapter in Mechanical Self 
Assembly, pp 131-152, November 2012, DOI: 10.1007/978-1-4614-4562-3_7, 2013 
 
Daniel Vasilikis and Spyros A. Karamanos, “Mechanics of confined thin-walled cylinders subjected 
to external pressure”, Applied Mechanics Reviews, Vol. 66, No. 1, November 2013 
 
P. V. Gunjavate and M. M. Jadha, “Application of finite strip method –A review”, International 
Journal of Advanced Engineering Technology, Vol. 4, No. 2, April-June, 2013, pp 96-97 
 



 
Farbod Alijani and Marco Amabili, “Non-linear vibrations of shells: A literature review from 2003 
– 2013”, International Journal of Non-Linear Mechanics 01/2014; 58:233–257. 
DOI:10.1016/j.ijnonlinmec.2013.09.012 
ABSTRACT: The present literature review focuses on geometrically non-linear free and forced vibrations of 
shells made of traditional and advanced materials. Flat and imperfect plates and membranes are excluded. 
Closed shells and curved panels made of isotropic, laminated composite, piezoelectric, functionally graded and 
hyperelastic materials are reviewed and great attention is given to non-linear vibrations of shells subjected to 
normal and in-plane excitations. Theoretical, numerical and experimental studies dealing with particular 
dynamical problems involving parametric vibrations, stability, dynamic buckling, non-stationary vibrations and 
chaotic vibrations are also addressed. Moreover, several original aspects of non-linear vibrations of shells and 
panels, including (i) fluid–structure interactions, (ii) geometric imperfections, (iii) effect of geometry and 
boundary conditions, (iv) thermal loads, (v) electrical loads and (vi) reduced-order models and their accuracy 
including perturbation techniques, proper orthogonal decomposition, non-linear normal modes and meshless 
methods are reviewed in depth.  
References listed at the end of the paper: 
[1] A.W. Leissa, Vibration of Shells, NASA-SP-288, LC-77-186367, 1973. � 
[2] D.A. Evensen, Nonlinear vibrations of circular cylindrical shells, in: Y.C. Fung, E.E. Sechler (Eds.), Thin-Shell Structures: 
Theory, Experiment and Design, Prentice-Hall, New York, 1974. 
�[3] V.D. Kubenko, P.S. Koval'chuk, Nonlinear problems of the vibration of thin shells (review), International Applied Mechanics 34 
(1998) 703–728. � 
[4] V.D. Kubenko, P.S. Koval'chuk, Nonlinear problems of the dynamics of elastic shells partially filled with a liquid, International 
Applied Mechanics 36 (2000) 421–448. � 
[5] M. Amabili, M.P. Païdoussis, Review of studies on geometrically nonlinear vibrations and dynamics of circular cylindrical shells 
and panels, with and without fluid–structure interaction, Applied Mechanics Reviews 56 (2003) 349–381.  
[6] F. Moussaoui, R. Benamar, Non-linear vibrations of shell-type structures: a review with bibliography, Journal of Sound and 
Vibration 255 (2002) 161–184.  
[7] M. Amabili, Nonlinear Vibrations and Stability of Shells and Plates, Cambridge University Press, New York, 2008. � 
[8] E.H. Donnell, A new theory for the buckling of thin cylinders under axial compression and bending, Transactions of the ASME 56 
(1934) 795–806.  
[9] V.V. Novozhilov, Foundations of the Nonlinear Theory of Elasticity, Graylock press, New York, 1953.  
[10] L.J. Sanders, Nonlinear theories for thin shells, Quarterly of Applied Mathematics 21 (1963) 21–36. 
[11] �W.T. Koiter, On the nonlinear theory of thin elastic shells, Proceedings Koniklijke Nederlands Akademie van Wetenschappen 
B69 (1966) 1–54.  
[12] J.H. Ginsberg, Large-amplitude forced vibrations of simply supported thin cylindrical shells, ASME Journal of Applied 
Mechanics 40 (1973) 471–477.  
[13]  J.N. Reddy, Mechanics of Laminated Composite Plates and Shells: Theory and Analysis, CRC Press, Boca Raton, 2004. � 
[14]  E. Carrera, S. Brischetto, P. Nali, Plates and Shells for Smart Structures: Classical and Advanced Theories for Modeling and 
Analysis, John Wiley & Sons, UK, 2011. � 
[15] E. Carrera, Theories and finite elements for multilayered, anisotropic, composite plates and shells, Archives of Computational 
Methods in Engineering 9 (2002) 87–140.  
[16]  E. Carrera, Historical review of zig-zag theories for multilayered plates and shells, Applied Mechanics Reviews 56 (2003) 287–
308. � 
[17]  J.N. Reddy, R. Arciniega, Shear deformation plate and shell theories: from Stavsky to present, Mechanics of Advanced Materials 
and Structures 11 (2004) 535–582. � 
[18]  J.N. Reddy, K. Chandrashekhara, Geometrically non-linear transient analysis of laminated, doubly curved shells, International 
Journal of Non-Linear Mechanics 20 (1985) 79–90. � 
[19] L. Librescu, Refined geometrically non-linear theories of anisotropic laminated shells, Quarterly of Applied Mathematics 45 
(1987) 1–22.  
[20] S.T. Dennis, A.N. Palazotto, Large displacement and rotational formulation for laminated shells including parabolic transverse 
shear, International Journal of Non-Linear Mechanics 25 (1990) 67–85.  
[21] A.N. Palazotto, S.T. Dennis, Nonlinear Analysis of Shell Structures, AIAA Educational Series, Washington DC, 1992.  
[22] J. Hohe, L. Librescu, A nonlinear theory for doubly curved anisotropic sandwich shells with transversely compressible core, 
International Journal of Solids and Structures 40 (2003) 1059–1088.  
[23] R.A. Chaudhuri, A nonlinear zigzag theory for finite element analysis of �highly shear-deformable laminated anisotropic shells, 
Composite Structures 85 (2008) 350–359.  
[24] M. Amabili, J.N. Reddy, A new non-linear higher-order shear deformation theory for large-amplitude vibrations of laminated 
doubly curved shells, International Journal of Non-Linear Mechanics 45 (2010) 409–418.  
[25] M. Amabili, Nonlinear vibrations of laminated circular cylindrical shells: comparison of different shell theories, Composite 
Structures 94 (2011) 207–220.  
[26] F. Alijani, M. Amabili, Nonlinear vibrations of thick laminated circular cylindrical panels, Composite Structures 96 (2013) 643–



660.  
[27] M. Amabili, A new non-linear higher order shear deformation theory with thickness variation for large-amplitude vibrations of 
laminated doubly curved shells, Journal of Sound and Vibration 332 (2013) 4620–4640. � 
[28] M. Amabili, A non-linear higher-order thickness variation and shear deformation theory for large-amplitude vibrations of 
laminated doubly curved shells, International Journal of Non-Linear Mechanics 58 (2014) 57–75. � 
[29] H. Parisch, A continuum-based shell theory for non-linear applications, International Journal for Numerical Methods in 
Engineering 38 (1995) 1855–1883. � 
[30] C. Sansour, A theory and finite element formulation of shells at finite deformations involving thickness change: circumventing 
the use of a rotation tensor, Archive of Applied Mechanics 65 (1995) 194–216. � 
[31] E. Carrera, S. Brischetto, M. Cinefra, M. Soave, Effects of thickness stretching in functionally graded plates and shells, 
Composites Part B: Engineering 42 (2011) 123–133. � 
[32] A.J.M. Ferreira, E. Carrera, M. Cinefra, C.M.C. Roque, Analysis of laminated doubly-curved shells by a layerwise theory and 
radial basis functions collocation, accounting for through-the-thickness deformations, Computational Mechanics 48 (2011) 13–25.  
[33] V. Eremeyev, W. Pietraszkiewicz, The nonlinear theory of elastic shells with phase transitions, Journal of Elasticity 74 (2004) 
67–86.  
[34] S. Opoka, W. Pietraszkiewicz, Intrinsic equations for non-linear deformation and stability of thin elastic shells, International 
Journal of Solids and Structures 41 (2004) 3275–3292.  
[35] R.A. Arciniega, J.N. Reddy, Tensor-based finite element formulation for geometrically nonlinear analysis of shell structures, 
Computer Methods in Applied Mechanics and Engineering 196 (2007) 1048–1073.  
[36] S. Opoka, W. Pietraszkiewicz, On modified displacement version of the non-linear theory of thin shells, International Journal of 
Solids and Structures 46 (2009) 3103–3110.  
[37] V.L. Berdichevsky, Nonlinear theory of hard-skin plates and shells, International Journal of Engineering Science 48 (2010) 357–
369.  
[38] S. Xiaoqin, L. Kaitai, M. Yang, The modified model of Koiter's type for nonlinearly elastic shell, Applied Mathematical 
Modelling 34 (2010) 3527–3535.  
[39] W. Pietraszkiewicz, On exact expressions of the bending tensor in the nonlinear theory of thin shells, Applied Mathematical 
Modelling 36 (2012) 1821–1824.  
[40] D. Steigmann, Koiter's shell theory from the perspective of three-dimensional nonlinear elasticity, Journal of Elasticity 111 
(2013) 91–107.  
[41] V. Eremeyev, Nonlinear micropolar shells: theory and applications, in: W. Pietraszkiewicz, C. Szymczak (Eds.), Shell Structures: 
Theory and Applications, Taylor & Francis, London, 2005, pp. 11–18.  
[42] V. Eremeyev, W. Pietraszkiewicz, Local symmetry group in the general theory of elastic shells, Journal of Elasticity 85 (2006) 
125–152.  
[43] V. Eremeyev, L. Zubov, On constitutive inequalities in nonlinear theory of elastic shells, ZAMM – Journal of Applied 
Mathematics and Mechanics/ Zeitschrift für Angewandte Mathematik und Mechanik 87 (2007) 94–101. 
[44] J. Altenbach, H. Altenbach, V. Eremeyev, On generalized Cosserat-type theories of plates and shells: a short review and 
bibliography, Archive of Applied Mechanics 80 (2010) 73–92.  
[45] H. Altenbach, V.A. Eremeyev, On the shell theory on the nanoscale with surface stresses, International Journal of Engineering 
Science 49 (2011) 1294–1301.  
[46] K.A. Lazopoulos, A.K. Lazopoulos, Nonlinear strain gradient elastic thin shallow shells, European Journal of Mechanics – 
A/Solids 30 (2011) 286–292.  
[47] D.A. Evensen, Nonlinear Flexural Vibrations of Thin-walled Circular Cylinders, NASA TN D-4090, 1967. � 
[48] D.A. Evensen, Nonlinear vibrations of an infinitely long cylindrical shell, AIAA Journal 6 (1968) 1401–1403. � 
[49] E.H. Dowell, C.S. Ventres, Modal equations for the nonlinear flexural vibrations of a cylindrical shell, International Journal of 
Solids and Structures 4 (1968) 975–991. � 
[50] S. Atluri, A perturbation analysis of non-linear free flexural vibrations of a circular cylindrical shell, International Journal of 
Solids and Structures 8 (1972) 549–569.  
[51] D.A. Evensen, Some observations on the nonlinear vibrations of thin cylindrical shells, AIAA Journal 1 (1963) 2857–2858.  
[52] M.D. Olson, Some experimental observations on the nonlinear vibrations of cylindrical shells, AIAA Journal 3 (1965) 1775–
1777.  
[53] T.K. Varadan, G. Prathap, H.V. Ramani, Nonlinear free flexural vibration of thin circular cylindrical shells, AIAA Journal 27 
(1989) 1303–1304.  
[54] M. Amabili, F. Pellicano, M.P. Païdoussis, Non-linear dynamics and stability of circular cylindrical shells containing flowing 
fluid, part II: large-amplitude vibrations without flow, Journal of Sound and Vibration 228 (1999) 1103–1124.  
[55] M. Amabili, F. Pellicano, M.P. Païdoussis, Non-linear dynamics and stability of circular cylindrical shells containing flowing 
fluid. Part III: truncation effect without flow and experiments, Journal of Sound and Vibration 237 (2000) 617–640.  
[56] M. Amabili, Theory and experiments for large-amplitude vibrations of empty and fluid-filled circular cylindrical shells with 
imperfections, Journal of Sound and Vibration 262 (2003) 921–975.  
[57] M. Amabili, A comparison of shell theories for large-amplitude vibrations of circular cylindrical shells: Lagrangian approach, 
Journal of Sound and Vibration 264 (2003) 1091–1125.  
[58] A.A. Popov, Auto-parametric resonance in thin cylindrical shells using the slow fluctuation method, Thin-Walled Structures 42 
(2004) 475–495.  
[59] A.A. Popov, The application of Hamiltonian dynamics and averaging to nonlinear shell vibration, Computers & Structures 82 
(2004) 2659–2670.  



[60] K.V. Avramov, Nonlinear forced vibrations of a cylindrical shell with two internal resonances, International Applied Mechanics 
42 (2006) 169–175. 
[61] K.V. Avramov, Y.V. Mikhlin, E. Kurilov, Asymptotic analysis of nonlinear dynamics of simply supported cylindrical shells, 
Nonlinear Dynamics 47 (2007) 331–352.  
[62] P.B. Gonçalves, F.M.A. Silva, Z.G. del Prado, Low-dimensional models for the nonlinear vibration analysis of cylindrical shells 
based on a perturbation procedure and proper orthogonal decomposition, Journal of Sound and Vibration 315 (2008) 641–663.  
[63] C. Touzé, M. Amabili, O. Thomas, Reduced-order models for large-amplitude vibrations of shells including in-plane inertia, 
Computer Methods in Applied Mechanics and Engineering 197 (2008) 2030–2045.  
[64] M. Rougui, F. Moussaoui, R. Benamar, Geometrically non-linear free and forced vibrations of simply supported circular 
cylindrical shells: a semi-analytical approach, International Journal of Non-Linear Mechanics 42 (2007) 1102–1115.  
[65] K.V. Avramov, Multidimensional models of traveling waves and nonlinear modes in cylindrical shells, International Applied 
Mechanics 47 (2011) 70–77.  
[66] K.V. Avramov, Nonlinear modes of vibrations for simply supported cylindrical shell with geometrical nonlinearity, Acta 
Mechanica 223 (2012) 279–292.  
[67] C. Chen, L. Dai, Nonlinear vibration and stability of a rotary truncated conical shell with intercoupling of high and low order 
modals, Communications in Nonlinear Science and Numerical Simulation 14 (2009) 254–269.  
[68] Y.Q. Wang, X.H. Guo, H.H. Chang, H.Y. Li, Nonlinear dynamic response of rotating circular cylindrical shells with precession 
of vibrating shape—Part I: numerical solution, International Journal of Mechanical Sciences 52 (2010) 1217–1224.  
[69] Y.Q. Wang, X.H. Guo, H.H. Chang, H.Y. Li, Nonlinear dynamic response of rotating circular cylindrical shells with precession 
of vibrating shape—Part II: approximate analytical solution, International Journal of Mechanical Sciences 52 (2010) 1208–1216.  
[70] Y.Q. Wang, X.H. Guo, Y.G. Li, J. Li, Nonlinear traveling wave vibration of a circular cylindrical shell subjected to a moving 
concentrated harmonic force, Journal of Sound and Vibration 329 (2010) 338–352.  
[71] Y. Liu, F. Chu, Nonlinear vibrations of rotating thin circular cylindrical shell, Nonlinear Dynamics 67 (2012) 1467–1479.  
[72] C. Chen, Nonlinear dynamic of a rotating truncated conical shell, in: L. Dai, R.N. Jazar (Eds.), Nonlinear Approaches in 
Engineering Applications, Springer, New York, 2012, pp. 349–391.  
[73] Y. Kurylov, M. Amabili, Polynomial versus trigonometric expansions for nonlinear vibrations of circular cylindrical shells with 
different boundary conditions, Journal of Sound and Vibration 329 (2010) 1435–1449.  
[74] Y. Kurylov, M. Amabili, Nonlinear vibrations of clamped-free circular cylindrical shells, Journal of Sound and Vibration 330 
(2011) 5363–5381.  
[75] W. Zhang, R. Zhou, J. Zu, Nonlinear vibrations of a shell-shaped workpiece during high-speed milling process, Nonlinear 
Dynamics 72 (2013) 1–21.  
[76] F. Bakhtiari-Nejad, S.M. Mousavi Bideleh, Nonlinear free vibration analysis of prestressed circular cylindrical shells on the 
Winkler/Pasternak foundation, Thin-Walled Structures 53 (2012) 26–39.  
[77] V.A. Krysko, J. Awrejcewicz, N.E. Saveleva, Stability, bifurcation and chaos of closed flexible cylindrical shells, International 
Journal of Mechanical Sciences 50 (2008) 247–274.  
[78] A.V. Krysko, J. Awrejcewicz, E.S. Kuznetsova, V.A. Krysko, Chaotic vibrations of closed cylindrical shells in a temperature 
field, Shock and Vibration 15 (2008) 335–343.  
[79] A.V. Krysko, J. Awrejcewicz, E.S. Kuznetsova, V.A. Krysko, Chaotic vibrations of closed cylindrical shells in a temperature 
field, International Journal of Bifurcation and Chaos 18(5) (2008) 1515–1529.  
[80] J. Awrejcewicz, V.A. Krysko, I.V. Papkova, A.V. Krysko, Routes to chaos in continuous mechanical systems. Part 1: 
mathematical models and solution methods, Chaos, Solitons & Fractals 45 (2012) 687–708.  
[81] A.V. Krysko, J. Awrejcewicz, I.V. Papkova, V.A. Krysko, Routes to chaos in continuous mechanical systems: Part 2. Modelling 
transitions from regular to chaotic dynamics, Chaos, Solitons & Fractals 45 (2012) 709–720.  
[82] J. Awrejcewicz, A.V. Krysko, I.V. Papkova, V.A. Krysko, Routes to chaos in continuous mechanical systems. Part 3: the 
Lyapunov exponents, hyper, hyper–hyper and spatial–temporal chaos, Chaos, Solitons & Fractals 45 (2012) 721–736.  
[83] A.H. Nayfeh, H.N. Arafat, Axisymmetric vibrations of closed spherical shells: equations of motion and bifurcation analysis, 
Structural Control and Health Monitoring 13 (2006) 388–416.  
[84] F. Pellicano, M. Amabili, Stability and vibration of empty and fluid-filled circular cylindrical shells under static and periodic 
axial loads, International Journal of Solids and Structures 40 (2003) 3229–3251.  
[85] A.A. Popov, Parametric resonance in cylindrical shells: a case study in the nonlinear vibration of structural shells, Engineering 
Structures 25 (2003) 789–799.  
[86]  P.B. Gonçalves, Z.G. del Prado, Effect of non-linear modal interaction on the dynamic instability of axially excited cylindrical 
shells, Computers & Structures 82 (2004) 2621–2634. � 
[87]  P.B. Gonçalves, Z.G. del Prado, Low-dimensional Galerkin models for non-linear vibration and instability analysis of cylindrical 
shells, Nonlinear Dynamics 41 (2005) 129–145. � 
[88]  P.B. Gonçalves, F.M.A. Da Silva, Z.G. del Prado, Transient stability of empty and fluid-filled cylindrical shells, Journal of the 
Brazilian Society of Mechanical Sciences and Engineering 28 (2006) 331–338. � 
[89]  P. Gonçalves, F.A. Silva, Z.G. del Prado, Global stability analysis of parametrically excited cylindrical shells through the 
evolution of basin boundaries, Nonlinear Dynamics 50 (2007) 121–145. � 
[90]  P.B. Gonçalves, F.M.A. Silva, Z.G. del Prado, Transient and steady state stability of cylindrical shells under harmonic axial 
loads, International Journal of Non-Linear Mechanics 42 (2007) 58–70. � 
[91]  R. Kochurov, K.V. Avramov, Nonlinear modes and traveling waves of parametrically excited cylindrical shells, Journal of 
Sound and Vibration 329 (2010) 2193–2204. � 
[92]  R. Kochurov, K.V. Avramov, Parametric vibration of cylindrical shells in the region of combination resonances under 



geometrically nonlinear deformation, Journal of Mathematical Sciences 174 (2011) 283–294. � 
[93]  P. Gonçalves, F.A. Silva, G. Rega, S. Lenci, Global dynamics and integrity of a two-dof model of a parametrically excited 
cylindrical shell, Nonlinear Dynamics 63 (2011) 61–82. � 
[94]  F. Pellicano, K.V. Avramov, Linear and nonlinear dynamics of a circular cylindrical shell connected to a rigid disk, 
Communications in Nonlinear Science and Numerical Simulation 12 (2007) 496–518. � 
[95]  F. Pellicano, Vibrations of circular cylindrical shells: theory and experiments, Journal of Sound and Vibration 303 (2007) 154–
170. � 
[96]  F. Pellicano, Dynamic instability of a circular cylindrical shell carrying a top mass under base excitation: experiments and 
theory, International Journal of Solids and Structures 48 (2011) 408–427. � 
[97] V.D. Kubenko, P.S. Koval'chuk, Influence of initial geometric imperfections on the vibrations and dynamic stability of elastic 
shells, International Applied Mechanics 40 (2004) 847–877.  
[98] G. Catellani, F. Pellicano, D. Dall'Asta, M. Amabili, Parametric instability of a circular cylindrical shell with geometric 
imperfections, Computers & Structures 82 (2004) 2635–2645.  
[99] F. Pellicano, M. Amabili, Dynamic instability and chaos of empty and fluid-filled circular cylindrical shells under periodic axial 
loads, Journal of Sound and Vibration 293 (2006) 227–252.  
[100] F. Pellicano, Dynamic stability and sensitivity to geometric imperfections of strongly compressed circular cylindrical shells 
under dynamic axial loads, Communications in Nonlinear Science and Numerical Simulation 14 (2009) 3449–3462.  
[101] R. Kochurov, K.V. Avramov, On effect of initial imperfections on parametric vibrations of cylindrical shells with geometrical 
non-linearity, International Journal of Solids and Structures 49 (2012) 537–545.  
[102] N.J. Mallon, R.H.B. Fey, H. Nijmeijer, Dynamic stability of a thin cylindrical shell with top mass subjected to harmonic base-
acceleration, International Journal of Solids and Structures 45 (2008) 1587–1613.  
[103] V.D. Kubenko, P.S. Koval'chuk, L.A. Kruk, On multimode nonlinear vibrations of filled cylindrical shells, International 
Applied Mechanics 39 (2003) 85–92.  
[104] P.S. Koval'chuk, V.G. Filin, Circumferential traveling waves in filled cylindrical shells, International Applied Mechanics 39 
(2003) 192–196. � 
[105] P.S. Koval'chuk, V.G. Filin, On modes of flexural vibrations of initially bent cylindrical shells partially filled with a liquid, 
International Applied Mechanics 39 (2003) 464–471. � 
[106] V.D. Kubenko, P.S. Koval'chuk, L.A. Kruk, On free nonlinear vibrations of fluid-filled cylindrical shells with multiple natural 
frequencies, International Applied Mechanics 41 (2005) 1193–1203. � 
[107] P.S. Koval'chuk, L.A. Kruk, On the spectrum of natural frequencies of circular cylindrical shells completely filled with a fluid, 
International Applied Mechanics 42 (2006) 529–535. 
�[108] F.A. Silva, P. Gonçalves, Z.G. del Prado, An alternative procedure for the non-linear vibration analysis of fluid-filled cylindrical 
shells, Nonlinear Dynamics 66 (2011) 303–333. � 
[109] P.S. Koval'chuk, L.A. Kruk, Chaotic modes of forced nonlinear vibrations of fluid-filled cylindrical shells, International Applied 
Mechanics 39 (2003)1 452– 1457.  
 [110] K.N.        , M. Amabili, M.P. Païdoussis, A.K. Misra, Nonlinear vibrations of fluid-filled clamped circular cylindrical shells, 
Journal of Fluids and Structures 21 (2005) 579–595. � 
[111] P.S. Koval'chuk, L.A. Kruk, The problem of forced nonlinear vibrations of cylindrical shells completely filled with liquid, 
International Applied Mechanics 41 (2005) 154–160.  
[112] P.S. Koval'chuk, L.A. Kruk, Wave deformation modes of fluid-containing cylindrical shells under periodic force, International 
Applied Mechanics 41 (2005) 526–531. � 
[113] P.S. Koval'chuk, N.P. Podchasov, G.N. Puchka, Studying the forced vibrations of fluid-filled cylindrical shells with regard to 
the nonlinear interaction of different flexural modes, International Applied Mechanics 42 (2006) 928–935.  
[114] V.D. Kubenko, P.S. Koval'chuk, L.A. Kruk, Nonlinear vibrations of cylindrical shells filled with a fluid and subjected to 
longitudinal and transverse periodic excitation, International Applied Mechanics 46 (2010) 186–194. 
[115] �M. Amabili, A. Sarkar, M.P. Païdoussis, Reduced-order models for nonlinear vibrations of cylindrical shells via the proper 
orthogonal decomposition method, Journal of Fluids and Structures 18 (2003) 227–250.  
[116] M. Amabili, A. Sarkar, M.P. Païdoussis, Chaotic vibrations of circular cylindrical shells: Galerkin versus reduced-order models 
via the proper orthogonal decomposition method, Journal of Sound and Vibration 290 (2006) 736–762.  
[117] C. Touzé, M. Amabili, Nonlinear normal modes for damped geometrically nonlinear systems: application to reduced-order 
modelling of harmonically forced structures, Journal of Sound and Vibration 298 (2006) 958–981.  
[118] M. Amabili, C. Touzé, Reduced-order models for nonlinear vibrations of fluid-filled circular cylindrical shells: comparison of 
POD and asymptotic nonlinear normal modes methods, Journal of Fluids and Structures 23 (2007) 885–903.  
[119] F.M.A. Silva, P.B. Gonçalves, Z.G. del Prado, Parametric instability and snap-through of partially fluid-filled cylindrical shells, 
Procedia Engineering 14 (2011) 598–605.  
[120] M.P. Païdoussis, Fluid–Structure Interactions: Slender Structures and Axial Flow, Elsevier Academic Press, London, UK, 2003. � 
[121] K.N. Karagiozis, M.P. Païdoussis, A.K. Misra, E. Grinevich, An experimental study of the nonlinear dynamics of cylindrical 
shells with clamped ends subjected to axial flow, Journal of Fluids and Structures 20 (2005) 801–816.  
[122] K.N. Karagiozis, M.P. Païdoussis, A.K. Misra, E. Grinevich, Addendum to “an experimental study of the nonlinear dynamics of 
cylindrical shells with clamped ends subjected to axial flow”, Journal of Fluids and Structures 22 (2006) 595–596.  
[123] K.N. Karagiozis, M.P. Païdoussis, A.K. Misra, Transmural pressure effects on the stability of clamped cylindrical shells 
subjected to internal fluid flow: theory and experiments, International Journal of Non-Linear Mechanics 42 (2007) 13–23.  
[124] K.N. Karagiozis, M.P. Païdoussis, M. Amabili, Effect of geometry on the stability of cylindrical clamped shells subjected to 
internal fluid flow, Computers & Structures 85 (2007) 645–659. 



[125] �K.N. Karagiozis, M.P. Païdoussis, M. Amabili, A.K. Misra, Nonlinear stability of cylindrical shells subjected to axial flow: 
theory and experiments, Journal of Sound and Vibration 309 (2008) 637–676. � 
[126] M. Amabili, K. Karagiozis, M.P. Païdoussis, Effect of geometric imperfections on non-linear stability of circular cylindrical 
shells conveying fluid, International Journal of Non-Linear Mechanics 44 (2009) 276–289. 
[127] �Z. del Prado, P.B. Gonçalves, M.P. Païdoussis, Nonlinear vibrations and imperfection sensitivity of a cylindrical shell 
containing axial fluid flow, Journal of Sound and Vibration 327 (2009) 211–230. 
[128] �K. Karagiozis, M. Amabili, M.P. Païdoussis, Nonlinear dynamics of harmonically excited circular cylindrical shells containing 
fluid flow, Journal of Sound and Vibration 329 (2010) 3813–3834. � 
[129] P.S. Koval'chuk, Nonlinear vibrations of a cylindrical shell containing a flowing fluid, International Applied Mechanics 41 
(2005) 405–412. � 
[130] P.S. Koval'chuk, L.A. Kruk, Forced nonlinear oscillations of cylindrical shells interacting with fluid flow, International Applied 
Mechanics 42 (2006) 447–454.  
[131] V.D. Kubenko, P.S. Koval'chuk, L.A. Kruk, Application of asymptotic methods to the investigation of one-frequency nonlinear 
oscillations of cylindrical shells interacting with moving fluid, Ukrainian Mathematical Journal 59 (2007) 533– 545.  
[132] V.D. Kubenko, P.S. Koval'chuk, N.P. Podchasov, Analysis of nonstationary processes in cylindrical shells interacting with a 
fluid flow, International Applied Mechanics 46 (2011) 1119–1131.  
[133] M. Paak, M.P. Païdoussis, A.K. Misra, Nonlinear dynamics and stability of cantilevered circular cylindrical shells conveying 
fluid, Journal of Sound and Vibration 332 (2013) 3474–3498.  
[134] I. Chueshov, I. Ryzhkova, Unsteady interaction of a viscous fluid with an �elastic shell modeled by full von Karman equations, 
Journal of Differential Equations 254 (2013) 1833–1862.  
[135] E.A. Kurilov, Y.V. Mikhlin, Nonlinear vibrations of cylindrical shells with initial imperfections in a supersonic flow, 
International Applied Mechanics 43 (2007) 1000–1008.  
[136] E.L. Jansen, Analytical–numerical models for flutter of cylindrical shells in supersonic flow, in: K.J. Bathe (Ed.), Computational 
Fluid and Solid Mechanics 2003, Elsevier Science Ltd., Oxford, 2003, pp. 1377–1380.  
[137] M. Amabili, F. Pellicano, Non-linear supersonic flutter of circular cylindrical shells, AIAA Journal 39 (2001) 564–573.  
[138] M. Amabili, F. Pellicano, Multimode appraoch to nonlinear supersonic flutter of imperfect circular cylindrical shells, Journal of 
Applied Mechanics 69 (2002) 117–129.  
[139]  C. Sansour, A time integration scheme with energy–momentum conservation for a shell formulation with arbitrary geometric 
and material non-linearities, Computers & Structures 82 (2004) 2753–2763. � 
[140]  J. Awrejcewicz, V.A. Krysko, Nonlinear coupled problems in dynamics of shells, International Journal of Engineering Science 
41 (2003) 587–607. � 
[141]  S. Xue-feng, L. Jiao-xia, W. Yong-zhong, Analysis of thermal-elastic coupling vibration of large deflection cylindrical shell, 
Applied Mathematics and Mechanics 25 (2004) 994–1000. � 
[142]  N.A. Shul'ga, S.Y. Bogdanov, Forced axisymmetric nonlinear vibrations of reinforced conical shells, International Applied 
Mechanics 39 (2003) 1447–1451. � 
[143]  N.A. Shul'ga, S.Y. Bogdanov, On the deformation of a ribbed cylindrical shell with initial deflection under dynamic loading, 
International Applied Mechanics 41 (2005) 1378–1383. � 
[144]  V.F. Meish, A.S. Kairov, Vibrations of reinforced cylindrical shells with initial deflections under nonstationary loads, 
International Applied Mechanics 41 (2005) 42–48. � 
[145]  P.Z. Lugovoi, V.F. Meish, B.P. Rybakin, G.V. Sekrieru, On numerical solution of dynamic problems in the theory of reinforced 
shells, International Applied Mechanics 42 (2006) 536–540. � 
[146]  P.Z. Lugovoi, V.F. Meish, B.P. Rybakin, G.V. Sekrieru, Dynamics of reinforced compound shells under nonstationary loads, 
International Applied Mechanics 42 (2006) 455–460. � 
[147]  P.Z. Lugovoi, V.F. Meish, K.G. Golovko, Solving axisymmetric dynamic problems for reinforced shells of revolution on an 
elastic foundation, International Applied Mechanics 45 (2009) 193–199. � 
[148]  M.X. Shi, Q.M. Li, Instability in the transformation between extensional and flexural modes in thin-walled cylindrical shells, 
European Journal of Mechanics – A/Solids 30 (2011) 33–45. � 
[149]  J. Yang, X. Yang, J. Turner, Nonlinear vibrations of electroelastic shells with relatively large shear deformations, Science in 
China Series G: Physics, Mechanics and Astronomy 49 (2006) 660–670. � 
[150]  V.G. Karnaukhov, Y.V. Tkachenko, Studying the harmonic vibrations of a cylindrical shell made of a nonlinear elastic 
piezoelectric material, International Applied Mechanics 44 (2008) 442–447. � 
[151]  H. Yong, X. He, Y. Zhou, Dynamics of a thick-walled dielectric elastomer spherical shell, International Journal of Engineering 
Science 49 (2011) 792–800. � 
[152]  X. He, H. Yong, Y. Zhou, The dynamics response and stability of a dielectric elastomer cylindrical shell under static and 
periodic voltage, Guti Lixue Xuebao/Acta Mechanica Solida Sinica 33 (2012) 341–348. � 
[153]  Q. Dong, Q.M. Li, J.Y. Zheng, Further study on strain growth in spherical containment vessels subjected to internal blast 
loading, International Journal of Impact Engineering 37 (2010) 196–206. � 
[154]  B.K. Eshmatov, Nonlinear vibrations of viscoelastic cylindrical shells taking into account shear deformation and rotatory 
inertia, Nonlinear Dynamics 50 (2007) 353–361. � 
[155]  B. Eshmatov, Dynamic stability of viscoelastic circular cylindrical shells taking into account shear deformation and rotatory 
inertia, Applied Mathematics and Mechanics 28 (2007) 1319–1330. � 
[156]  B.K. Eshmatov, Nonlinear vibrations and dynamic stability of a viscoelastic circular cylindrical shell with shear strain and 
inertia of rotation taken into account, Mechanics of Solids 44 (2009) 421–434. � 
[157]  M. Amabili, M. Pellegrini, M. Tommesani, Experiments on large-amplitude vibrations of a circular cylindrical panel, Journal of 



Sound and Vibration 260 (2003) 537–547. � 
[158]  M. Amabili, Nonlinear vibrations of circular cylindrical panels, Journal of Sound and Vibration 281 (2005) 509–535. � 
[159]  M. Amabili, Non-linear vibrations of doubly curved shallow shells, International Journal of Non-Linear Mechanics 40 (2005) 
683–710. � 
[160]  M. Amabili, Theory and experiments for large-amplitude vibrations of circular cylindrical panels with geometric imperfections, 
Journal of Sound and Vibration 298 (2006) 43–72. � 
[161]  M. Amabili, Effect of boundary conditions on nonlinear vibrations of circular cylindrical panels, Journal of Applied Mechanics 
74 (2007) 645–657. � 
[162] C. Sansour, P. Wriggers, J. Sansour, A finite element post-processed Galerkin method for dimensional reduction in the non-
linear dynamics of solids, Applications to shells, Computational Mechanics 32 (2003) 104–114. � 
[163] P. Ribeiro, A hierarchical finite element for geometrically non-linear vibration of doubly curved, moderately thick isotropic 
shallow shells, International Journal for Numerical Methods in Engineering 56 (2003) 715–738.  
[164]  A.R. de Faria, Finite element analysis of the dynamic response of cylindrical panels under traversing loads, European Journal of 
Mechanics – A/Solids 23 �(2004) 677–687. � 
[165]  A. Przekop, M.S. Azzouz, X. Guo, C. Mei, L. Azrar, Finite element multiple-mode approach to nonlinear free vibrations of 
shallow shells, AIAA Journal �42 (2004) 2373–2381. � 
[166]  P. Ribeiro, Non-linear free periodic vibrations of open cylindrical shallow �shells, Journal of Sound and Vibration 313 (2008) 
224–245. � 
[167]  P. Ribeiro, Forced large amplitude periodic vibrations of cylindrical shallow �shells, Finite Elements in Analysis and Design 44 
(2008) 657–674. � 
[168]  P. Ribeiro, B. Cochelin, S. Bellizzi, Non-linear vibrations of deep cylindrical shells by the p-version finite element method, 
Shock and Vibration 17 (2010) 21–37. � 
[169] F. Alijani, M. Amabili, F. Bakhtiari-Nejad, On the accuracy of the multiple scales method for non-linear vibrations of doubly 
curved shallow shells, International Journal of Non-Linear Mechanics 46 (2011) 170–179.  
[170] L. Kurpa, G. Pilgun, M. Amabili, Nonlinear vibrations of shallow shells with complex boundary: R-functions method and 
experiments, Journal of Sound and Vibration 306 (2007) 580–600.  
[171] I.D. Breslavsky, K.V. Avramov, Vibrations of a complex-shaped panel, International Applied Mechanics 46 (2010) 580–587.  
[172] I.D. Breslavsky, K.V. Avramov, Nonlinear modes of cylindrical panels with complex boundaries. R-Function method, 
Meccanica 46 (2011) 817–832. 
[173] �I.D. Breslavsky, E.A. Strel'Nikova, K.V. Avramov, Free vibrations of a shallow shell in fluid under geometrically nonlinear 
deformation, Strength of Materials 43 (2011) 25–32.  
[174] I.D. Breslavsky, E.A. Strel'Nikova, K.V. Avramov, Dynamics of shallow shells with geometrical nonlinearity interacting with 
fluid, Computers and Structures 89 (2011) 496–506.  
[175] G. Pilgun, M. Amabili, Non-linear vibrations of shallow circular cylindrical panels with complex geometry. Meshless 
discretization with the R-functions method, International Journal of Non-Linear Mechanics 47 (2012) 137–152.  
[176] C. Sansour, P. Wriggers, J. Sansour, On the design of energy–momentum integration schemes for arbitrary continuum 
formulations. Applications to classical and chaotic motion of shells, International Journal for Numerical Methods in Engineering 60 
(2004) 2419–2440.  
[177] K. Nagai, S. Maruyama, M. Oya, T. Yamaguchi, Chaotic oscillations of a shallow cylindrical shell with a concentrated mass 
under periodic excitation, Computers & Structures 82 (2004) 2607–2619. 
[178] �V.A. Krysko, J. Awrejcewicz, T.V. Shchekaturova, Chaotic vibrations of spherical and conical axially symmetric shells, 
Archive of Applied Mechanics 74 (2005) 338–358.  
[179] J. Awrejcewicz, V.A. Krysko, T.V. Shchekaturova, Transitions from regular to chaotic vibrations of spherical and conical 
axially-symmetric shells, International Journal of Structural Stability and Dynamics 5 (2005) 359–385. � 
[180] K. Nagai, S. Maruyama, T. Murata, T. Yamaguchi, Experiments and analysis on chaotic vibrations of a shallow cylindrical 
shell-panel, Journal of Sound and Vibration 305 (2007) 492–520. � 
[181] X.Z. Wang, C.X. Liang, M.J. Han, K.Y. Yeh, G. Wang, Nonlinear dynamical behavior of shallow cylindrical reticulated shells, 
Applied Mathematics and Mechanics (English Edition) 28 (2007) 151–156. � 
[182] J. Awrejcewicz, V.A. Krysko, V. Nazar'iantz, Chaotic vibrations of flexible infinite length cylindrical panels using the 
Kirchhoff–Love model, Communications in Nonlinear Science and Numerical Simulation 12 (2007) 519–542.  
[183] S. Maruyama, K. Nagai, Y. Tsuruta, Modal interaction in chaotic vibrations of a shallow double-curved shell-panel, Journal of 
Sound and Vibration 315 (2008) 607–625. � 
[184] K. Nagai, S. Maruyama, K. Hasegawa, T. Yamaguchi, Experiments on chaotic vibrations of a shallow cylindrical rectangular-
panel with clamped edges at opposite boundaries, Nihon Kikai Gakkai Ronbunshu, C Hen/Transactions of the Japan Society of 
Mechanical Engineers, Part C 75 (2009) 1264–1269.  
[185] B.A. Khudayarov, N.G. Bandurin, Numerical investigation of nonlinear vibrations of viscoelastic plates and cylindrical panels 
in a gas flow, Journal of Applied Mechanics and Technical Physics 48 (2007) 279–284.  
[186] B.K. Eshmatov, D.A. Khodzhaev, Non-linear vibration and dynamic stability of a viscoelastic cylindrical panel with 
concentrated mass, Acta Mechanica 190 (2007) 165–183.  
[187] B.K. Eshmatov, D.A. Khodzhaev, Dynamic stability of a viscoelastic cylindrical panel with concentrated masses, Strength of 
Materials 40 (2008) 491–502.  
[188] V.G. Karnaukhov, Y.V. Tkachenko, Active damping of the resonant vibrations of a flexible cylindrical panel with sensors and 
actuators, International Applied Mechanics 47 (2011) 720–726.  
[189] G. Odeh, Nonlinear dynamics of shallow spherical caps subjected to peripheral loading, Nonlinear Dynamics 33 (2003) 155–



164.  
[190] O. Thomas, C. Touzé, A. Chaigne, Non-linear vibrations of free-edge thin spherical shells: modal interaction rules and 1:1:2 
internal resonance, International Journal of Solids and Structures 42 (2005) 3339–3373.  
[191] C. Touzé, O. Thomas, Non-linear behaviour of free-edge shallow spherical shells: effect of the geometry, International Journal 
of Non-Linear Mechanics 41 (2006) 678–692.  
[192] O. Thomas, C. Touzé, É. Luminais, Non-linear vibrations of free-edge thin spherical shells: experiments on a 1:1:2 internal 
resonance, Nonlinear Dynamics 49 (2007) 259–284.  
[193] C. Camier, C. Touzé, O. Thomas, Non-linear vibrations of imperfect free-edge circular plates and shells, European Journal of 
Mechanics – A/Solids 28 (2009) 500–515.  
[194] H. Yuan, R.H. Liu, Nonlinear vibration of corrugated shallow shells under uniform load, Applied Mathematics and Mechanics 
(English Edition) 28 (2007) 573–580.  
[195] H. Yuan, Method of Green's function of nonlinear vibration of corrugated shallow shells, Science in China, Series G: Physics, 
Mechanics and Astronomy 51 (2008) 678–686.  
[196] Y.G. Wang, H.F. Song, On the nonlinear vibration of heated bimetallic shallow shells of revolution, International Journal of 
Mechanical Sciences 52 (2010) 464–470.  
[197] M.S. Soliman, P.B. Gonçalves, Chaotic behavior resulting in transient and steady state instabilities of pressure-loaded shallow 
spherical shells, Journal of Sound and Vibration 259 (2003) 497–512.  
[198] A.V. Krysko, J. Awrejcewicz, I.V. Papkova, Chaotic vibrations of sector-type spherical shells, Journal of Computational and 
Nonlinear Dynamics 3 (2008) 041005 (17 pp).  
[199] A. Chaigne, C. Touzé, O. Thomas, Nonlinear vibrations and chaos in gongs and cymbals, Acoustical Science and Technology 
26 (2005) 403–409.  
[200] S. Bilbao, Percussion synthesis based on models of nonlinear shell vibration, IEEE Transactions on Audio, Speech and 
Language Processing 18 (2010) 872–880.  
[201] N. Quaegebeur, A. Chaigne, G. Lemarquand, Transient modal radiation of axisymmetric sources: application to loudspeakers, 
Applied Acoustics 71 (2010) 335–350.  
[202] Y.G. Zhao, X.Z. Wang, K.Y. Ye, Nonlinear vibration of thin shallow conic shells under combined action of peripheral moment 
and transverse loads, Applied Mathematics and Mechanics (English Edition) 24 (2003) 1381–1389. 
�[203] Y.G. Wang, S.L. Dai, Thermoelastically coupled axisymmetric nonlinear vibration of shallow spherical and conical shells, 
Applied Mathematics and Mechanics (English Edition) 25 (2004) 430–439. � 
[204] X.Z. Wang, M.J. Han, Y.G. Zhao, K.Y. Yeh, Nonlinear natural frequency of shallow conical shells with variable thickness, 
Applied Mathematics and Mechanics (English Edition) 26 (2005) 277–282. � 
[205] X.Z. Wang, M.J. Han, Y.Y. Zhao, Y.G. Zhao, Nonlinear dynamical bifurcation and chaotic motion of shallow conical lattice 
shell, Applied Mathematics and Mechanics (English Edition) 27 (2006) 661–666. 
�[206] V.F. Meish, Numerical solution of dynamic problems for reinforced ellipsoidal shells under nonstationary loads, International 
Applied Mechanics 41 (2005) 386–391.  
[207]  V.F. Meish, N.V. Maiborodina, Nonaxisymmetric vibrations of ellipsoidal �shells under nonstationary distributed loads, 
International Applied �Mechanics 44 (2008) 1015–1024. � 
[208]  V.F. Meish, N.V. Maiborodina, Analysis of the nonaxisymmetric vibrations of �flexible ellipsoidal shells discretely reinforced 
with transverse ribs under �nonstationary loads, International Applied Mechanics 44 (2008) 1128–1136. � 
[209]  M.H. Toorani, Dynamics of the geometrically non-linear analysis of anisotropic laminated cylindrical shells, International 
Journal of Non-Linear �Mechanics 38 (2003) 1315–1335. � 
[210]  M.H. Toorani, A.A. Lakis, Large amplitude vibrations of anisotropic cylindrical �shells, Computers & Structures 82 (2004) 
2015–2025. � 
[211]  E.L. Jansen, A comparison of analytical–numerical models for nonlinear �vibrations of cylindrical shells, Computers & 
Structures 82 (2004) 2647–2658. � 
[212]  E.L. Jansen, The effect of geometric imperfections on the vibrations of �anisotropic cylindrical shells, Thin-Walled Structures 45 
(2007) 274–282. � 
[213]  E.L. Jansen, The effect of static loading and imperfections on the nonlinear vibrations of laminated cylindrical shells, Journal of 
Sound and Vibration 315 �(2008) 1035–1046. � 
[214]  E.L. Jansen, A perturbation method for nonlinear vibrations of imperfect �structures: application to cylindrical shell vibrations, 
International Journal of �Solids and Structures 45 (2008) 1124–1145. � 
[215] E.L. Jansen, Effect of boundary conditions on nonlinear vibration and flutter of laminated cylindrical shells, Journal of Vibration 
and Acoustics, Transactions of the ASME 130 (2008) 011003 (8 pp). 
�[216] T. Rahman, E.L. Jansen, P. Tiso, A finite element-based perturbation method for nonlinear free vibration analysis of composite 
cylindrical shells, International Journal of Structural Stability and Dynamics 11 (2011) 717–734.  
[217] M. Amabili, Internal resonances in non-linear vibrations of a laminated circular cylindrical shell, Nonlinear Dynamics 69 (2012) 
755–770.  
[218]  M. Amabili, Nonlinear vibrations of angle-ply laminated circular cylindrical �shells: Skewed modes, Composite Structures 94 
(2012) 3697–3709. � 
[219]  M. Amabili, Reduced-order models for nonlinear vibrations, based on natural modes: the case of the circular cylindrical shell, 
Philosophical Transactions of �the Royal Society A 371 (2013) 20120474. � 
[220]  H.S. Shen, Boundary layer theory for the nonlinear vibration of anisotropic �laminated cylindrical shells, Composite Structures 
97 (2013) 338–352. � 
[221]  E.L. Jansen, Dynamic stability problems of anisotropic cylindrical shells via a �simplified analysis, Nonlinear Dynamics 39 



(2005) 349–367. � 
[222]  V.D. Kubenko, P.S. Koval'Chuk, Experimental studies of the vibrations and dynamic stability of laminated composite shells, 
International Applied �Mechanics 45 (2009) 514–533. � 
[223]  N.J. Mallon, Dynamic Stability of Thin-walled Structures. A Semi-analytical �and Experimental Approach (Ph.D. thesis), 
Eindhoven University of Technol �ogy Library, ISBN 978-90-386-1374-1, 2008. � 
[224]  N.J. Mallon, R.H.B. Fey, H. Nijmeijer, Dynamic stability of a base-excited thin �orthotropic cylindrical shell with top mass: 
simulations and experiments, �Journal of Sound and Vibration 329 (2010) 3149–3170. � 
[225]  E.I. Bespalova, G.P. Urusova, Identifying the domains of dynamic instability �for inhomogeneous shell systems under periodic 
loads, International Applied �Mechanics 47 (2011) 186–194. � 
[226]  T. Rahman, E.L. Jansen, Z. Gürdal, Dynamic buckling analysis of composite �cylindrical shells using a finite element based 
perturbation method, Non- �linear Dynamics 66 (2011) 389–401. � 
[227]  M. Shariyat, Nonlinear thermomechanical dynamic buckling analysis of �imperfect viscoelastic composite/sandwich shells by a 
double-superposition global–local theory and various constitutive models, Composite Structures 93 (2011) 2833–2843. � 
[228]  M. Shariyat, Non-linear dynamic thermo-mechanical buckling analysis of the imperfect laminated and sandwich cylindrical 
shells based on a global–local theory inherently suitable for non-linear analyses, International Journal of Non-Linear Mechanics 46 
(2011) 253–271. � 
[229] P.Z. Lugovoi, V.F. Meish, S.E. Shtantsel, Forced nonstationary vibrations of a sandwich cylindrical shell with cross-ribbed core, 
International Applied Mechanics 41 (2005) 161–167.  
[230] V. Dogan, R. Vaicaitis, Nonlinear response of double-wall cylindrical shell vibrations under random excitation, Journal of 
Aerospace Engineering 19 (2006) 46–54.  
[231] V.A. Zarutskii, P.Z. Lugovoi, V.F. Meish, Dynamic problems for and stress-strain state of inhomogeneous shell structures under 
stationary and nonstationary loads, International Applied Mechanics 45 (2009) 245–271.  
[232] F. Mohammadi, R. Sedaghati, Linear and nonlinear vibration analysis of sandwich cylindrical shell with constrained viscoelastic 
core layer, International Journal of Mechanical Sciences 54 (2012) 156–171.  
[233] K. Dong, X. Wang, Influences of large deformation and rotary inertia on wave propagation in piezoelectric cylindrically 
laminated shells in thermal environment, International Journal of Solids and Structures 43 (2006) 1710–1726.  
[234] K. Dong, X. Wang, Wave propagation characteristics in piezoelectric cylindrical laminated shells under large deformation, 
Composite Structures 77 (2007) 171–181.  
[235] V.I. Kozlov, T.V. Karnaukhova, M.V. Peresun'ko, Numerical modeling of the active damping of forced thermomechanical 
resonance vibrations of viscoelastic shells of revolution with the help of piezoelectric inclusions, Journal of Mathematical Sciences 
171 (2010) 565–578.  
[236] Y.Y. Lee, C.F. Ng, X. Guo, Nonlinear random response of cylindrical panels to acoustic excitations using finite element modal 
method, Nonlinear Dynamics 31 (2003) 327–345.  
[237] N.V.S. Naidu, P.K. Sinha, Nonlinear free vibration analysis of laminated composite shells in hygrothermal environments, 
Composite Structures 77 (2007) 475–483.  
[238] N. Nanda, J.N. Bandyopadhyay, Nonlinear free vibration analysis of laminated composite cylindrical shells with cutouts, 
Journal of Reinforced Plastics and Composites 26 (2007) 1413–1427.  
[239] N. Nanda, J.N. Bandyopadhyay, Large amplitude free vibration of laminated composite shells with cutout, Aircraft Engineering 
and Aerospace Technology 80 (2008) 165–174.  
[240]  S.K. Panda, B.N. Singh, Non-linear free vibration analysis of laminated composite cylindrical/hyperboloid shell panels based 
on higher-order shear deformation theory using non-linear finite-element method, Proceedings of the Institution of Mechanical 
Engineers, Part G: Journal of Aerospace Engineering 222 (2008) 993–1006. � 
[241]  S.K. Panda, B.N. Singh, Nonlinear free vibration of spherical shell panel using higher order shear deformation theory – a finite 
element approach, International Journal of Pressure Vessels and Piping 86 (2009) 373–383. � 
[242]  S.K. Panda, B.N. Singh, Nonlinear free vibration analysis of thermally post-buckled composite spherical shell panel, 
International Journal of Mechanics and Materials in Design 6 (2010) 175–188. � 
[243]  A.H. Hashemian, J.E. Jam, Nonlinear free dynamic response of laminated compressible cylindrical shell panels, Mechanics of 
Composite Materials 46 (2010) 15–28. � 
[244]  N. Nanda, Non-linear free and forced vibrations of piezoelectric laminated shells in thermal environments, IES Journal Part A: 
Civil and Structural Engineering 3 (2010) 147–160. � 
[245]  N. Nanda, S. Pradyumna, Nonlinear dynamic response of laminated shells with imperfections in hygrothermal environments, 
Journal of Composite Materials 45 (2011) 2103–2112. � 
[246]  S.K. Panda, B.N. Singh, Large amplitude free vibration analysis of thermally post-buckled composite doubly curved panel 
using nonlinear FEM, Finite Elements in Analysis and Design 47 (2011) 378–386. � 
[247]  F. Mohammadi, R. Sedaghati, Nonlinear free vibration analysis of sandwich shell structures with a constrained 
electrorheological fluid layer, Smart Materials and Structures 21 (2012) 075035 (18 pp). � 
[248] S.K. Panda, B.N. Singh, Nonlinear finite element analysis of thermal post-buckling vibration of laminated composite shell panel 
embedded with SMA fibre, Aerospace Science and Technology 29 (2013) 47–57.  
[249]  L.V. Kurpa, Nonlinear free vibrations of multilayer shallow shells with a symmetric structure and with a complicated form of 
the plan, Journal of Mathematical Sciences 162 (2009) 85–98. � 
[250]  J. Awrejcewicz, L. Kurpa, T. Shmatko, Large amplitude free vibration of orthotropic shallow shells of complex shapes with 
variable thickness, Latin American Journal of Solids and Structures 10 (2013) 149–162. � 
[251]  A.A. Yazdi, Applicability of homotopy perturbation method to study the nonlinear vibration of doubly curved cross-ply shells, 
Composite Structures 96 (2013) 526–531. � 



[252]  M. Amabili, S. Carra, R. Garziera, M. Pellegrini, Experiments on nonlinear vibrations of graphite/epoxy composite curved 
panels, Journal of the Mechanical Behavior of Materials 16 (2005) 287–296. � 
[253] C. Adam, Nonlinear flexural vibrations of layered panels with initial imperfections, Acta Mechanica 181 (2006) 91–104.  
[254] C. Adam, Moderately large vibrations of doubly curved shallow open shells composed of thick layers, Journal of Sound and 
Vibration 299 (2007) 854–868.  
[255] A. Abe, Y. Kobayashi, G. Yamada, Nonlinear dynamic behaviors of clamped laminated shallow shells with one-to-one internal 
resonance, Journal of Sound and Vibration 304 (2007) 957–968.  
[256] P. Ribeiro, On the influence of membrane inertia and shear deformation on �the geometrically non-linear vibrations of open, 
cylindrical, laminated clamped shells, Composites Science and Technology 69 (2009) 176–185.  
[257] N.A. Shul'ga, V.F. Meish, Forced vibration of three-layered spherical and ellipsoidal shells under axisymmetric loads, 
Mechanics of Composite Materials 39 (2003) 439–446.  
[258] S. Lentzen, P. Kłosowski, R. Schmidt, Geometrically nonlinear finite element simulation of smart piezolaminated plates and 
shells, Smart Materials and Structures 16 (2007) 2265–2274.  
[259] P. Ribeiro, E. Jansen, Non-linear vibrations of laminated cylindrical shallow shells under thermomechanical loading, Journal of 
Sound and Vibration 315 (2008) 626–640.  
[260] N. Nanda, J.N. Bandyopadhyay, Nonlinear transient response of laminated composite shells, Journal of Engineering Mechanics 
134 (2008) 983–990.  
[261] R. Li, G.A. Kardomateas, G.J. Simitses, Nonlinear response of a shallow sandwich shell with compressible core to blast loading, 
Journal of Applied Mechanics, Transactions ASME 75 (2008) 0610231–06102310.  
[262] Y. Fu, Z. Gao, F. Zhu, Analysis of nonlinear dynamic response and dynamic buckling for laminated shallow spherical thick 
shells with damage, Nonlinear Dynamics 54 (2008) 333–343.  
[263] S. Pradyumna, A. Gupta, Nonlinear dynamic stability of laminated composite shells integrated with piezoelectric layers in 
thermal environment, Acta Mechanica 218 (2011) 295–308.  
[264] S.K. Sarangi, M.C. Ray, Active damping of geometrically nonlinear vibrations �of laminated composite shallow shells using 
vertically/obliquely reinforced 1–3 piezoelectric composites, International Journal of Mechanics and Materials in Design 7 (2011) 29–
44.  
[265] S.K. Sarangi, M.C. Ray, Active damping of geometrically nonlinear vibrations of doubly curved laminated composite shells, 
Composite Structures 93 (2011) 3216–3228.  
[266] V.G. Karnaukhov, V.I. Kozlov, T.V. Karnaukhova, Influence of dissipative �heating on active damping of forced resonance 
vibrations of a flexible viscoelastic cylindrical panel by piezoelectric actuators, Journal of Mathematical Sciences (United States) 183 
(2012) 205–221.  
[267] J. Shivakumar, M.H. Ashok, M.C. Ray, Active control of geometrically non-linear transient vibrations of laminated composite 
cylindrical panels using piezoelectric fiber reinforced composite, Acta Mechanica 224 (2013) 1–15. 
[268] Z. del Prado, P.B. Gonçalves, M.P. Païdoussis, Non-linear vibrations and instabilities of orthotropic cylindrical shells with 
internal flowing fluid, International Journal of Mechanical Sciences 52 (2010) 1437–1457.  
[269] V.D. Lakiza, Dynamic deformation of a cylindrical composite shell with filler subject to radial two-frequency excitation, 
International Applied Mechanics 46 (2011) 1386–1392.  
[270] F.-M. Li, G. Yao, 1/3 Subharmonic resonance of a nonlinear composite laminated cylindrical shell in subsonic air flow, 
Composite Structures 100 (2013) 249–256.  
[271] I.K. Oh, I. Lee, Supersonic flutter suppression of piezolaminated cylindrical panels based on multifield layerwise theory, Journal 
of Sound and Vibration 291 (2006) 1186–1201.  
[272] W.H. Shin, I.K. Oh, I. Lee, Nonlinear flutter of aerothermally buckled �composite shells with damping treatments, Journal of 
Sound and Vibration 324 (2009) 556–569.  
[273] M. Amabili, K. Karazis, R. Mongrain, M.P. Païdoussis, R. Cartier, A three-layer model for buckling of a human aortic segment 
under specific flow-pressure conditions, International Journal for Numerical Methods in Biomedical Engineering 28 (2012) 495–512.  
[274] M. Darabi, M. Darvizeh, A. Darvizeh, Non-linear analysis of dynamic stability for functionally graded cylindrical shells under 
periodic axial loading, Composite Structures 83 (2008) 201–211.  
[275] S. Mahmoudkhani, H.M. Navazi, H. Haddadpour, An analytical study of the non-linear vibrations of cylindrical shells, 
International Journal of Non-Linear Mechanics 46 (2011) 1361–1372.  
[276] H.S. Shen, Nonlinear vibration of shear deformable FGM cylindrical shells surrounded by an elastic medium, Composite 
Structures 94 (2012) 1144–1154.  
[277] H.S. Shen, Y. Xiang, Nonlinear vibration of nanotube-reinforced composite cylindrical shells in thermal environments, 
Computer Methods in Applied Mechanics and Engineering 213–216 (2012) 196–205. � 
[278] D.H. Bich, N. Xuan Nguyen, Nonlinear vibration of functionally graded circular cylindrical shells based on improved Donnell 
equations, Journal of Sound and Vibration 331 (2012) 5488–5501. 
�[279] Y.X. Hao, W. Zhang, J. Yang, Nonlinear dynamics of cantilever FGM cylindrical shell under 1:2 internal resonance relations, 
Mechanics of Advanced Materials and Structures 20 (2012) 819–833. 
�[280] Y.X. Hao, W. Zhang, L. Yang, J.H. Wang, Dynamic response of cantilever FGM cylindrical shell, Applied Mechanics and 
Materials 130-134 (2011) 3986–3993.  
[281] W. Zhang, Y.X. Hao, J. Yang, Nonlinear dynamics of FGM circular cylindrical shell with clamped–clamped edges, Composite 
Structures 94 (2012) 1075–1086.  
[282] G.G. Sheng, X. Wang, An analytical study of the non-linear vibrations of functionally graded cylindrical shells subjected to 
thermal and axial loads, Composite Structures 97 (2013) 261–268. � 
[283] M. Rafiee, M. Mohammadi, B. Sobhani Aragh, H. Yaghoobi, Nonlinear free and forced thermo-electro-aero-elastic vibration 



and dynamic response of piezo-electric functionally graded laminated composite shells, Part I: theory and analytical solutions, 
Composite Structures 103 (2013) 179–187.  
[284] M. Rafiee, M. Mohammadi, B. Sobhani Aragh, H. Yaghoobi, Nonlinear free and forced thermo-electro-aero-elastic vibration 
and dynamic response of piezo-electric functionally graded laminated composite shells: Part II: numerical results, Composite 
Structures 103 (2013) 188–196.  
[285] A.M. Najafov, A.H. Sofiyev, The non-linear dynamics of FGM truncated �conical shells surrounded by an elastic medium, 
International Journal of Mechanical Sciences 66 (2013) 33–44.  
[286] A. Deniz, A.H. Sofiyev, The nonlinear dynamic buckling response of functionally graded truncated conical shells, Journal of 
Sound and Vibration 332 (2013) 978–992.  
[287] M. Strozzi, F. Pellicano, Nonlinear vibrations of functionally graded cylindrical shells, Thin-Walled Structures 67 (2013) 63–77.  
[288] K.M. Liew, J. Yang, Y.F. Wu, Nonlinear vibration of a coating-FGM-substrate cylindrical panel subjected to a temperature 
gradient, Computer Methods in Applied Mechanics and Engineering 195 (2006) 1007–1026.  
[289] S. Pradyumna, N. Nanda, J.N. Bandyopadhyay, Geometrically nonlinear transient analysis of functionally graded shell panels 
using a higher-order finite element formulation, Journal of Mechanical Engineering Research 2 (2010) 39– 51.  
[290] S. Pradyumna, N. Nanda, Geometrically nonlinear transient response of functionally graded shell panels with initial geometric 
imperfection, Mechanics of Advanced Materials and Structures 20 (2013) 217–226.  
[291] S.M. Chorfi, A. Houmat, Non-linear free vibration of a functionally graded doubly-curved shallow shell of elliptical plan-form, 
Composite Structures 92 (2010) 2573–2581. � 
[292] F. Alijani, M. Amabili, K. Karagiozis, F. Bakhtiari-Nejad, Nonlinear vibrations of functionally graded doubly curved shallow 
shells, Journal of Sound and Vibration 330 (2011) 1432–1454. � 
[293] F. Alijani, M. Amabili, F. Bakhtiari-Nejad, Thermal effects on nonlinear vibrations of functionally graded doubly curved shells 
using higher order shear deformation theory, Composite Structures 93 (2011) 2541–2553.  
[294] F. Alijani, M. Amabili, Chaotic vibrations in functionally graded doubly curved shells with internal resonance, International 
Journal of Structural Stability and Dynamics 12 (2012) 1250047 (22 pp). 
�[295] D.H. Bich, D.V. Dung, V.H. Nam, Nonlinear dynamical analysis of eccentrically stiffened functionally graded cylindrical 
panels, Composite Structures 94 (2012) 2465–2473. 
�[296] D.H. Bich, D.V. Dung, V.H. Nam, Nonlinear dynamic analysis of eccentrically stiffened imperfect functionally graded doubly 
curved thin shallow shells, Composite Structures 96 (2013) 384–395. 
�[297] N.D. Duc, Nonlinear dynamic response of imperfect eccentrically stiffened FGM double curved shallow shells on elastic 
foundation, Composite Structures 99 (2013) 88–96. � 
[298] R.W. Ogden, Non-linear Elastic Deformations, Dover Publications, New-York, USA, 1997. � 
[299] J.K. Knowles, Large amplitude oscillations of a tube of incompressible elastic material, Quarterly of Applied Mathematics 18 
(1960) 71–77. 
�[300] J.K. Knowles, On a class of oscillations in the finite deformation theory of elasticity, Journal of Applied Mechanics 29 (1962) 
283–286. � 
[301] M. Shahinpoor, J.L. Nowinski, Exact solution to the problem of forced large amplitude radial oscillations of a thin hyperelastic 
tube, International Journal of Non-Linear Mechanics 6 (1971) 193–207. � 
[302] M. Shahinpoor, R. Balakrishnan, Large amplitude oscillations of thick hyperelastic cylindrical shells, International Journal of 
Non-Linear Mechanics 13 (1978) 295–301. � 
[303] A.S.D. Wang, A. Ertepinar, Stability and vibrations of elastic thick-walled cylindrical and spherical shells subjected to pressure, 
International Journal of Non-Linear Mechanics 7 (1972) 539–555. � 
[304] A. Ertepinar, H.U. Akay, Radial oscillations of nonhomogeneous, thick-walled cylindrical and spherical shells subjected to 
finite deformations, Interna-tional Journal of Solids and Structures 12 (1976) 517–524. 
�[305] C. Calderer, The dynamical behaviour of nonlinear elastic spherical shells, Journal of Elasticity 13 (1983) 17–47. � 
[306] U. Akyüz, A. Ertepinar, Stability and asymmetric vibrations of pressurized compressible hyperelastic cylindrical shells, 
International Journal of Non-Linear Mechanics 34 (1998) 391–404. � 
[307] Y. Zhu, X.Y. Luo, R.W. Ogden, Asymmetric bifurcations of thick-walled circular cylindrical elastic tubes under axial loading 
and external pressure, International Journal of Solids and Structures 45 (2008) 3410–3429. 
�[308] Y. Zhu, X.Y. Luo, R.W. Ogden, Nonlinear axisymmetric deformations of an elastic tube under external pressure, European 
Journal of Mechanics – A/ Solids 29 (2010) 216–229. � 
[309] Y. Zhu, X.Y. Luo, H.M. Wang, R.W. Ogden, C. Berry, Three-dimensional non-linear buckling of thick-walled elastic tubes 
under pressure, International Journal of Non-Linear Mechanics 48 (2013) 1–14. � 
[310] X. Yuan, R. Zhang, H. Zhang, Controllability conditions of finite oscillations of hyperelastic cylindrical tubes composed of a 
class of Ogden material models, Computers, Materials and Continua 7 (2008) 155–166. � 
[311] J.-s. Ren, Dynamical response of hyper-elastic cylindrical shells under periodic load, Applied Mathematics and Mechanics 29 
(2008) 1319–1327.  
[312] J.-S. Ren, Dynamics and destruction of internally pressurized incompressible hyper-elastic spherical shells, International Journal 
of Engineering Science 47 (2009) 745–753. 
�[313] V.D. Lakiza, Features of the motion of a gas–liquid medium in a compound shell (sphere and truncated cone) subject to 
vibration, International Applied Mechanics 41 (2005) 85–89. � 
[314] V.D. Lakiza, Dynamics of an elastic cylindrical shell with a gas-liquid medium subject to two-frequency vibrational excitation, 
International Applied Mechanics 44 (2008) 1294–1301.  
 



 
Amit Patil, Amol Kolhe, Abdul Sayeed and AW Shaikh, “Review of Buckling in Various Structures 
Like Plate & Shells”, International Journal of Research in Engineering and Technology, Vol. 3, No. 4, pp 
396 – 402, April 2014 
 
 
P. Kiran Kumar (1), J.V. Subrahmanyam (2) and P. RamaLakshmi (1) 
(1) Department of Mechanical Engineering, Chaitanya Bharathi Institute of Technology, Gandipet, Hyderabad – 
500 075� 
(2) Department of Mechanical Engineering, Vasavi College of Engineering, Ibrahimbagh, Hyderabad – 500 
0075,  
“A review on non-linear vibrations of thin shells”, International Journal of Engineering Research and 
Application (IJERA), Vol. 3, No. 1, pp 181-207, January-February 2013 
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dissertations dealing with nonlinear vibrations of circular cylindrical thin shells. This paper surveyed 
mathematically, experimentally, analytically, numerically analyzed vibrations of cylindrical shells. This 
includes shells of open type, closed type, with and without fluid interactions; shells subjected to free and forced 
vibrations, radial harmonic excitations, seismically excitations; perfect and imperfect shell structures of various 
materials with different boundary conditions. This paper presented 210 reference papers in alphabetical order. 
This paper is presented as Geometrically nonlinear shell theories, Free and forced vibrations under radial 
harmonic excitation, Imperfect shells, shells subjected to seismic excitations, References.  
References listed at the end of the paper: 
[1]. A. ABE, Y. KOBAYASHI and G. YAMADA 2000 Journal of Sound and Vibration 234, 405-426.Non-linear vibration 
characteristics of clamped laminated shallow shells.  
[2]. V. L. AGAMIROV and A. S. VOL‟MIR 1959 Izvestiya Akademii Nauk SSSR, Ordelenie Tekhnicheskykh Nauk, Mekhanika i 
Mashinostroeni 3, 78-83. Behaviour of cylindrical shells under dynamic loading by hydrostatic pressure or by axial loading (in 
Russian). It was published in English in 1961 by ARS Journal (Journal of the American Rocket Society) 31, 98-101.  
[3].M. AMABILI 2008 Nonlinear Vibrations and Stability of Shells and Plates. New York, USA: Cambridge University Press.  
[4]. Amabili, M., Paı �doussis, M.P., 2003. Review of studies on geometrically nonlinear vibrations and dynamics of circular 
cylindrical shells and panels, with and without fluid-structure interaction. Applied Mechanics Reviews 56, 349–381.  
[5]. M. AMABILI 2003a Journal of Sound and Vibration, Vol. 264, No. 5, pp. 1091-1125. Comparison of shell theories for large-
amplitude vibrations of circular cylindrical shells: Lagrangian approach.  
[6]. M. AMABILI 2003b AIAA Journal, Vol. 41, No. 6, 1119-1130. Nonlinear vibrations of circular cylindrical shells with different 
boundary conditions.  
[7]. M. AMABILI 2003c Journal of Sound and Vibration Vol. 262, No. 4, pp. 921-975. Theory and experiments for large-amplitude 
vibrations of empty and fluid-filled circular cylindrical shells with imperfections.  
[8]. M. AMABILI, R. GARZIERA and A. NEGRI 2002 Journal of Fluids and Structures 16, 213-227. Experimental study on large-
amplitude vibrations of water-filled circular cylindrical shells.  
[9]. M. AMABILI and M. P. PAÏDOUSSIS 2003 Applied Mechanics Reviews, Vol. 56, No. 4, 349-381. Review of studies on 
geometrically nonlinear vibrations and dynamics of circular cylindrical shells and panels, with and without fluid-structure interaction.  
[10]. M. AMABILI, M. PELLEGRINI AND M. TOMMESANI 2003 Journal of Sound and Vibration, Vol. 260, No. 3, pp. 537-547. 
Experiments on large-amplitude vibrations of a circular cylindrical panel.  
[11]. M. AMABILI, F. PELLICANO and M. P. PAÏDOUSSIS 1998 Journal of Fluids and Structures 12, 883-918. Nonlinear 
vibrations of simply supported, circular cylindrical shells, coupled to quiescent fluid.  
[12]. M. AMABILI, F. PELLICANO and M. P. PAÏDOUSSIS 1999a Journal of Fluids and Structures 13, 785-788. Addendum to 
“Nonlinear vibrations of simply supported, circular cylindrical shells, coupled to quiescent fluid”.  
[13]. M. AMABILI, F. PELLICANO and M. P. PAÏDOUSSIS 1999b Journal of Sound and Vibration 225, 655-699. Non-linear 
dynamics and stability of circular cylindrical shells containing flowing fluid. Part I: stability.  
[14]. M. AMABILI, F. PELLICANO and M. P. PAÏDOUSSIS 1999c Journal of Sound and Vibration 228, 1103-1124. Non-linear 
dynamics and stability of circular cylindrical shells containing flowing fluid, Part II: large-amplitude vibrations without flow.  
[15]. M. AMABILI, F. PELLICANO and M. P. PAÏDOUSSIS 1999d Journal of Fluids and Structures 13, 159-160. Further comments 
on the nonlinear vibrations of cylindrical shells.  
[16]. M. AMABILI, F. PELLICANO and M. P. PAÏDOUSSIS 2000a Journal of Sound and Vibration 237, 617-640. Non-linear 
dynamics and stability of circular cylindrical shells containing flowing fluid, Part III: truncation effect without flow and experiments.  
[17]. M. AMABILI, F. PELLICANO and M. P. PAÏDOUSSIS 2000b Journal of Sound and Vibration 237, 641-666. Non-linear 
dynamics and stability of circular cylindrical shells containing flowing fluid, Part IV: large-amplitude vibrations with flow.  
[18]. M. AMABILI, F. PELLICANO and A. F. VAKAKIS 2000c ASME Journal of Vibration and Acoustics 122, 346-354. Nonlinear 
vibrations and multiple resonances of fluid-filled, circular shells, Part 1: equations of motion and numerical results.  
[19]. I.Y. AMIRO and N. Y. PROKOPENKO 1999 International Applied Mechanics 35, 134-139. Study of nonlinear vibrations of 



cylindrical shells with allowance for energy dissipation.  
[20]. V. ANDRIANOV and E. G. KHOLOD 1993 Journal of Sound and Vibration 165, 9-17. Non-linear free vibration of shallow 
cylindrical shell by Bolotin‟s asymptotic method.  
[21]. V. ANDRIANOV, E. G. KHOLOD and V. I. OLEVSKY 1996 Journal of Sound and Vibration 194, 369-387. Approximate non-
linear boundary value problems of reinforced shell dynamics.  
[22]. Argento., 1993. Dynamic stability of a composite circular cylindrical shell subjected to combined axial and torsional loading. 
Journal of Composite Materials 27, 1722–1738.  
[23]. ARGENTO and R. A. SCOTT 1993b Journal of Sound and Vibration 162, 323-332. Dynamic instability of layered anisotropic 
circular cylindrical shells, Part II: numerical results.  
[24]. S. Ashley 2001. Scientific American. Warp/drive Underwater.  
[25]. S. ATLURI 1972 International Journal of Solids and Structures 8, 549-569. A perturbation analysis of non-linear free flexural 
vibrations of a circular cylindrical shell.  
[26]. Avramov, K.V., Pellicano, F. 2006. Dynamical instability of cylindrical shell with big mass at the end, Reports of the National 
Academy of Science of Ukraine, (in Russian), 5, pp. 41–46.  
[27]. Babcock, C.D., 1983. Shell stability. Journal of Applied Mechanics 50, 935– 940.  
[28]. Babich, D.V., Khoroshun, L.P., 2001. Stability and natural vibrations of shells with variable geometric and mechanical 
parameters. International Applied Mechanics. 37 (7), 837–869.  
[29].  Bert, C.W., Birman, V., 1988. Parametric instability of thick, orthotropic, circular cylindrical shells. Acta Mechanica 71, 61–76. � 
[30].  BIRMAN V. and BERT C. W. 1987 International Journal of Non-Linear Mechanics 22, 327-334. � 
[31].  Non-linear beam-type vibrations of long cylindrical shells. � 
[32].  V. BIRMAN and P. TWINPRAWATE 1988 Journal of Applied Mathematics and Physics (ZAMP) 39, 768-775. Free nonlinear 
vibrations of statically loaded long cylindrical shells. � 
[33].  M. N. BISMARCK-NASR 1992 ASME Applied Mechanics Reviews 45, 461-482. Finite element analysis of aeroelasticity of 
plates and shells. � 
[34].  Bondarenko, A.A., Galaka, P.I., 1977. Parametric instability of glass-plastic cylindrical shells. Soviet Applied Mechanics, 13, 
411–414. Institute of Mechanics, Academy of Sciences of the Ukrainian SSR, Kiev. Translated from Prikladnaya Mekhanika, 13(4), 
124–128. � 
[35].  Bondarenko, A.A., Telalov, A. I, 1982. Dynamic instability of cylindrical shells under longitudinal kinematics perturbation. 
Soviet Applied Mechanics, 18(1), 45–49. Institute of Mechanics, Academy of Sciences of the Ukrainian SSR, Kiev. Translated from 
Prikladnaya Mekhanika, 18(1), 57–61. � 
[36].  BUDIANSKY 1968 ASME Journal of Applied Mechanics 35, 393-401. Notes on nonlinear shell theory. � 
[37].  Calladine, C.R., 1995. Understanding imperfection-sensitivity in the buckling of thin-walled shells. Thin-Walled Structures 23, 
215–235. � 
[38].  Catellani, G., Pellicano, F., Dall’Asta, D., Amabili, M., 2004. Parametric instability of a circular cylindrical shell with 
geometric imperfections. Computers & Structures 82, 2635–2645. � 
[39].  L. CHEIKH, C. PAUCHON, C.-H. LAMARQUE, A. COMBESCURE and R. J. GIBERT 1996 Mechanics Research 
Communications 23, 151-164. Nonlinear stability of a defective cylindrical shell. � 
[40]. C. Y. CHIA 1987a International Journal of Solids and Structures 23, 1123-1132. Non-linear free vibration and postbuckling of 
symmetrically laminated orthotropic imperfect shallow cylindrical panels with two adjacent edges simply supported and the other 
edges clamped.  
[41]. C. Y. CHIA 1987b International Journal of Engineering Sciences 25, 427-441. Nonlinear vibration and postbuckling of 
unsymmetrically laminated imperfect shallow cylindrical panels with mixed boundary conditions resting on elastic foundation.  
[42]. C. Y. CHIA 1988a ASME Applied Mechanics Reviews 41, 439-451. Geometrically nonlinear behaviour of composite plates: a 
review.  
[43]. C. Y. CHIA 1988b Ingenieur Archiv 58, 252-264. Nonlinear analysis of doubly curved symmetrically laminated shallow shells 
with rectangular platform.  
[44]. M. CHIBA 1993a International Journal of Non-Linear Mechanics 28, 591-599. Non-linear hydroelastic vibration of a cantilever 
cylindrical tank. I Experiment (Empty case).  
[45]. M. CHIBA 1993b International Journal of Non-Linear Mechanics 28, 601-612. Non-linear hydroelastic vibration of a cantilever 
cylindrical tank. II Experiment (Liquid-filled case).  
[46]. M. CHIBA 1993c ASME Journal of Pressure Vessel Technology 115, 381-388. Experimental studies on a nonlinear hydroelastic 
vibration of a clamped cylindrical tank partially filled with liquid.  
[47]. M. Chiba, N. Yamaki and J. Tani 1985 Thin-walled structures 3, 1-14. Free vibration of a clamped-free circular cylindrical shell 
partially filled with liquid. Part III: Experimental results.  
[48]. M. Chiba, N. Yamaki and J. Tani 1984 Thin-walled structures 2, 265-284. Free vibration of a clamped-free circular cylindrical 
shell partially filled with liquid. Part I: Theoretical analysis.  
[49]. H.-N. CHU 1961 Journal of Aerospace Science 28, 602-609. Influence of large-amplitudes on flexural vibrations of a thin 
circular cylindrical shell.  
[50].  B. E. CUMMINGS 1964 AIAA Journal 2, 709-716. Large-amplitude vibration and response of curved panels. � 
[51].  Darabi, M., Darvizeh, M., Darvizeh, A., 2008. Non-linear analysis of dynamic stability for functionally graded cylindrical shells 
under periodic axial loading. Composite Structures 83, 201– 211. � 
[52].  Del Prado, Z.J.G.N., Goncalves, P.B., Paı �doussis, M.P., 2009. Nonlinear vibrations and imperfection sensitivity of a 
cylindrical shell containing axial fluid flow. Journal of Sound and Vibration 327, 211–230. � 



[53].  E. J. DOEDEL, A. R. CHAMPNEYS, T. F. FAIRGRIEVE, Y. A. KUZNETSOV, B. SANDSTEDE and X. WANG 1998 
AUTO 97: Continuation and Bifurcation Software for Ordinary Differential Equations (with HomCont). Montreal, Canada: Concordia 
University. � 
[54].  L. H. DONNELL 1934 Transactions of the ASME 56, 795-806. A new theory for the buckling of thin cylinders under axial 
compression and bending. � 
[55].  E. H. DOWELL 1967a AIAA Journal 5, 1508-1509. On the nonlinear flexural vibrations of rings. � 
[56].  E. H. DOWELL 1970a AIAA Journal 8, 385-399. Panel flutter: a review of the aeroelastic stability of plates and shells. � 
[57].  E. H. DOWELL 1978 Journal of Sound and Vibration 60, 596-597. Comments on non-linear flexural vibrations of a cylindrical 
shell. � 
[58].  E. H. DOWELL 1998 Journal of Fluids and Structures 12, 1087-1089. Comments on the nonlinear vibrations of cylindrical 
shells. � 
[59].  E. H. DOWELL and C. S. VENTRES 1968 International Journal of Solids and Structures 4, 975-991. Modal equations for the 
nonlinear flexural vibrations of a cylindrical shell. � 
[60].  E. H. DOWELL, C. S. VENTRES and D. TANG 1998 Duke University Research Report, DT 98-1. Modal equations for the 
nonlinear flexural vibrations of a cylindrical shell. � 
[61].  ELISHAKOFF, V. BIRMAN and J. SINGER 1987 Journal of Sound and Vibration 114, 57-63.Small vibrations of an imperfect 
panel in the vicinity of a non-linear static state. � 
[62]. B. R. EL-ZAOUK and C. L. DYM 1973 Journal of Sound and Vibration 31, 89-103. Non-linear vibrations of orthotropic 
doubly-curved shallow shells.  
[63]. D. A. EVENSEN 1963 AIAA Journal 1, 2857-2858. Some observations on the nonlinear vibration of thin cylindrical shells.  
[64]. D. A. EVENSEN 1964 Non-Linear Flexural Vibrations of Thin Circular Rings. Ph.D. thesis, California Institute of Technology, 
Pasadena, CA, USA.  
[65]. D. A. EVENSEN 1965 A Theoretical and Experimental Study of Nonlinear Flexural Vibrations of Thin Circular Rings, NASA 
TR R-227. Washington, DC: Government Printing Office.  
[66]. D. A. EVENSEN 1966 ASME Journal of Applied Mechanics 33, 553-560. Nonlinear flexural vibrations of thin circular rings.  
[67]. D. A. EVENSEN 1967 Nonlinear flexural vibrations of thin-walled circular cylinders. NASA TN D-4090.  
[68]. D. A. EVENSEN 1968 AIAA Journal 6, 1401-1403. Nonlinear vibrations of an infinitely long cylindrical shell.  
[69]. D. A. EVENSEN 1974 Nonlinear vibrations of circular cylindrical shells. In Thin-Shell Structures:  
[70]. Theory, Experiment and Design, pp. 133-155 (eds Y. C. Fung & E. E. Sechler). Englewood Cliffs, NJ: Prentice-Hall.  
[71]. D. A. EVENSEN 1977 Journal of Sound and Vibration 52, 453-454. Comment on “Largeamplitude asymmetric vibrations of 
some thin shells of revolution”.  
[72]. D. A. EVENSEN 1999 Journal of Fluids and Structures 13, 161-164. Non-linear vibrations of cylindrical shells – Logical 
rationale.  
[73]. D. A. EVENSEN 2000 In Nonlinear Dynamics of Shells and Plates (eds. M. P. Païdoussis, M. Amabili and P. B. Gonçalves), 
AMD Vol. 238, pp. 47-59, ASME, New York. The influence of initial stress and boundary restraints on the nonlinear vibrations of 
cylindrical shells.  
[74]. D. A. EVENSEN and R. E. FULTON 1967 Proceedings of the International Conference on Dynamic Stability of Structures, 
Evanston, IL, 18-20 October 1965, pp. 237-254, Pergamon Press. Some studies on the nonlinear dynamic response of shell-type 
structures.  
[75].  Farshidianfar A. and Farshidianfar M.H , 2011, Vibration analysis of long cylindrical shells using acoustical excitation. Journal 
of Sound and Vibration 330,3381-3399. � 
[76].  S. FOALE, J. M. T. THOMPSON and F. A. MCROBIE 1998 Journal of Sound and Vibration 215, 527-545. Numerical 
dimension-reduction methods for non-linear shell vibrations. � 
[77].  Y.M.FU and C.Y.CHIA1989 International Journal of Non-Linear Mechanics 24, 365-381. Multi-mode non-linear vibration and 
postbuckling of anti-symmetric imperfect angle-ply cylindrical thick panels. � 
[78].  Y.M.FU and C.Y.CHIA1993 International Journal of Non-Linear Mechanics 28, 313-327. Non-linear vibration and 
postbuckling of generally laminated circular cylindrical thick shells with non-uniform boundary conditions. � 
[79].  M. GANAPATHI and T. K. VARADAN 1995 Composite Structures 30, 33-49. Nonlinear free flexural vibrations of laminated 
circular cylindrical shells. � 
[80].  M. GANAPATHI and T. K. VARADAN 1996 Journal of Sound and Vibration 192, 1-14. Large amplitude vibrations of circular 
cylindrical shells. � 
[81].  J. H. GINSBERG 1973 ASME Journal of Applied Mechanics 40, 471-477. Large-amplitude forced vibrations of simply 
supported thin cylindrical shells. � 
[82].  J. H. GINSBERG 1974 ASME Journal of Applied Mechanics 41, 310-311. Nonlinear axisymmetric free vibration in simply 
supported cylindrical shells. � 
[83].  P. B. GONÇALVES and R. C. BATISTA 1988 Journal of Sound and Vibration 127, 133-143. Nonlinear vibration analysis of 
fluid-filled cylindrical shells. � 
[84].  Goncalves, P.B., Del Prado, Z.J.G.N., 2000. The role of modal coupling on the nonlinear response of cylindrical shells subjected 
to dynamic axial loads. In: Proceedings of the Symposium on Nonlinear Dynamics of Shells and Plates. ASME International 
Mechanical Engineering Congress and Expo. (AMD vol. 238), Orlando, USA, pp. 105–116. � 
[85].  Goncalves, P.B., Del Prado, Z.J.G.N., 2002. Nonlinear oscillations and stability of parametrically excited cylindrical shells. 
Meccanica 37, 569–597. � 
[86]. Goncalves, P.B., Del Prado, Z.J.G.N., 2005. Low-dimensional Galerkin models for nonlinear vibration and instability analysis of 
cylindrical shells. Nonlinear Dynamics 41, 129–145.  



[87]. Goncalves, P.B., Silva, F.M.A., Del Prado, Z.J.G.N., 2007. Transient and steady state stability of cylindrical shells under 
harmonic axial loads. International Journal of Non-Linear Mechanics 42, 58–70.  
[88]. E. I. GRIGOLYUK 1955 Prikladnaya Matematika i Mekhanika 19, 376-382. Vibrations of circular cylindrical panels subjected 
to finite deflections (in Russian).  
[89]. L. GUNAWAN 1998 Experimental study of nonlinear vibrations of thin-walled cylindrical shells. Ph.D. Thesis, Technische 
Universiteit Delft, The Netherlands.  
[90]. Hairer, E., Wanner, G., 1996. Solving Ordinary Differential Equations II. Stiff and Differential-Algebraic Problems, Second 
revised ed.. Springer Series in Comput. Mathematics, vol. 14 Springer-Verlag.  
[91]. Q. HAN, H. HU and G. YANG 2000 European Journal of Mechanics A: Solids 18, 351-360. A study of chaotic motion in elastic 
cylindrical shells.  
[92]. T. HAUSE, L. LIBRESCU and T. F. JOHNSON 1998 International Journal of Non-Linear Mechanics 33, 1039-1059. Non-
linear response of geometrically imperfect sandwich curved panels under thermomechanical loading.  
[93]. Hsu, C., 1974. On parametric excitation and snap-through stability problems of shells. In: Fung, Y.C., Sechler, E.E. (Eds.), Thin-
Shell Structures. Theory Experiments and Design. Prentice-Hall, Englewood Cli?s, Prentice-Hall, New Jersey, pp. p 103–131.  
[94]. K. K. HU and P. G. KIRMSER 1971 ASME Journal of Applied Mechanics 38, 461-466. Non-linear beam-type vibrations of 
long cylindrical shells.  
[95]. D. HUI 1984 ASME Journal of Applied Mechanics 51, 383-390. Influence of geometric imperfections and in-plane constraints 
on nonlinear vibrations of simply supported cylindrical panels.  
[96].  J. HUTCHINSON 1965 AIAA Journal 3, 1461-1466. Axial buckling of pressurized imperfect cylindrical shells. � 
[97].  Ilyasov, M.H., 2010. Parametric vibrations and stability of viscoelastic shells. Mechanics of Time-Dependent Materials 14, 153–
171. � 
[98].  Jansen, E., 2005. Dynamic stability problems of anisotropic cylindrical shells via a simplified analysis. Nonlinear Dynamics 39, 
349–367. � 
[99].  E. L. JANSEN 1992 Proceedings of the 17th International Seminar on Modal Analysis, Katholieke Universiteit Leuven, Leuven, 
Vol. 3, 1463-1479. Nonlinear vibrations of imperfect composite cylindrical shells. � 
[100].  E. L. JANSEN 2001 Proceedings of the 42th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials 
Conference, Seattle, WA, pp. 1-10 (AIAA paper 2001-1314). Nonlinear vibration analysis of composite cylindrical shells using semi-
analytical formulation. � 
[101].  E. L. JANSEN 2002 International Journal of Non-Linear Mechanics 37, 937-949. Non-stationary flexural vibration behaviour 
of a cylindrical shell. � 
[102].  D. D. KAÑA 1966 in The Dynamic Behaviour of Liquids in Moving Containers, editor H. N. Abramson, NASA-SP-106, 
Washington, DC: Government Printing Office, pp. 303-352. Interaction between liquid propellants and the elastic structure. � 
[103].  D. D. KAÑA, U. S. LINDHOLM and H. N. ABRAMSON 1966 Journal of Spacecraft and Rockets 3, 1183-1188. 
Experimental study of liquid instability in a vibrating elastic tank. � 
[104].  T. VON KÁRMÁN and H.-S. TSIEN 1941 Journal of the Aeronautical Sciences 8, 303-312. The buckling of thin cylindrical 
shells under axial compression. � 
[105].  G. KILDIBEKOV 1977 Prikladnaya Mekhanika 13(11), 46-52. Investigation of the characteristic nonlinear oscillations of a 
cylindrical shell (in Russian). English version in Soviet Applied Mechanics 13, 1109-1114. � 
[106].  Y. KOBAYASHI and A. W. LEISSA 1995 International Journal of Non-Linear Mechanics 30, 57-66. Large-amplitude free 
vibration of thick shallow shells supported by shear diaphragms.  
[107]. Kochurov, R., Avramov, K.V., 2010. Nonlinear modes and travelling waves of parametrically excited cylindrical shells. Journal 
of Sound and Vibration 329,  
2193–2204. �[108]. W. T. KOITER 1963 Proceedings Koninklijke Nederlandse Akademie van Wetenschappen B 66, 265-279. The 
effect of axisymmetric imperfections on the buckling of cylindrical shells under axial compression.  
[109]. W. T. KOITER 1966 Proceedings Koninklijke Nederlandse Akademie van Wetenschappen B 69, 1-54. On the nonlinear theory 
of thin elastic shells. I, II, III.  
[110]. P. S. KOVAL’CHUK and T. S. KRASNOPOLSKAYA 1980 Soviet Applied Mechanics 15, 867-872. Resonance phenomena in 
nonlinear vibrations of cylindrical shells with initial imperfections.  
[111]. P. S. KOVAL’CHUK and V. D. LAKIZA 1995 International Applied Mechanics 31, 923-927. Experimental study of induced 
oscillations with large deflections of fiberglass shells of revolution.  
[112]. P. S. KOVAL’CHUK and N. P. PODCHASOV 1988 Soviet Applied Mechanics 24, 1086-1090. Nonlinear flexural waves in 
cylindrical shells with periodic excitation.  
[113]. Koval’chuk, P.S., Krasnopolskaya, Podchsov, T.S.N.P., 1982. Dynamic instability of circular cylindrical shells with initial 
camber. Institute of Mechanics, Academy of Sciences of the Ukranian SSR, Kiev. Translated from Prikladnaya Mekhanika 18 (3), 28–
33.  
[114]. Koval’chuk, P.S., Krasnopolskaya, T.S., 1979. Resonance phenomena in nonlinear vibrations for cylindrical shells with initial 
imperfections. Institute of Mechanics, Academy of Sciences of the Ukranian SSR, Kiev. Translated from Prikladnaya Mekhanika 15 
(9), 100–107.  
[115]. Koval, L.R., 1974. Effect of longitudinal resonance on the parametric stability of an axially excited cylindrical shell. Journal of 
Acoustic Society of America 55 (1), 91–97.  
[116]. Krasnopolskaya, T.S., 1976. Self-excitations by an electrodynamic vibrator. Kiev State University, Translated from Prikladnaya 
Mekhanika 13 (2), 108–113.  
[117].  V. D. KUBENKO and P. S. KOVAL’CHUK 1998 International Applied Mechanics 34, 703-728. Nonlinear problems of the 
vibration of thin shells (review). � 



[118].  V. D. KUBENKO and P. S. KOVAL’CHUK 2000a Prikladnaya Mekhanika 36(4), 3-34. Nonlinear problems of the dynamics 
of elastic shells partially filled with a liquid (in Russian). English version in International Applied Mechanics 36, 421-448. � 
[119].  V. D. KUBENKO and P. S. KOVAL’CHUK 2000b In Nonlinear Dynamics of Shells and Plates (eds. M. P. Païdoussis, M. 
Amabili and P. B. Gonçalves), AMD Vol. 238, pp. 147-153, ASME, New York. Problems of nonlinear multiple-mode vibrations of 
thin elastic shells of revolution. � 
[120].  V. D. KUBENKO, P. S. KOVAL’CHUK and T. S. KRASNOPOLSKAYA 1982 Soviet Applied Mechanics 18, 34-39. Effect 
of initial camber on natural nonlinear vibrations of cylindrical shells. � 
[121].  Kubenko, V.D., Koval’chuk, P.S., 2004. Influence of initial geometric imperfections on the vibrations and dynamic stability of 
elastic shells. International Applied Mechanics 40 (8), 847–877. � 
[122].  Kubenko, V.D., Koval’chuk, P.S., 2009. Experimental studies of the vibrations and dynamic stability of laminated composite 
shells. International Applied Mechanics 45 (5), 514–533. � 
[123].  Kubenko, V.D., Koval’chuk P.S., Krasnopol’skaya. T.S., 1984. Nonlinear interaction of the flexural modes of vibration of 
cylindrical shells (in Russian). Nauk. Dumka, Kiev. � 
[124].  C. R. LAING, A. MCROBIE and J. M. T. THOMPSON 1999 Dynamics and Stability of Systems 14(2), 163-181. The post-
processed Galerkin method applied to non-linear shell vibrations. � 
[125].  Y-S. LEE and Y-W. KIM 1999 Computers and Structures 70, 161-168. Nonlinear free vibration analysis of rotating hybrid 
cylindrical shells. � 
[126].  W. LEISSA 1973 Vibration of Shells, NASA SP-288. Washington, DC: � Government Printing Office. Now available from The 
Acoustical Society of America (1993).  
[127]. W. LEISSA and A. S. KADI 1971 Journal of Sound and Vibration 16, 173-187. Curvature effects on shallow shell vibrations.  
[128]. Leissa, A.W., 1993. Vibration of shells, NASA SP-288. Government Printing Office. Now available from The Acoustical 
Society of America, Washington, DC.  
[129]. LIBAI and J. G. SIMMONDS 1988 The Nonlinear Theory of Elastic Shells. London, UK: Academic Press (2nd edition 1998).  
[130]. L. LIBRESCU and M.-Y. CHANG 1993 Acta Mechanica 96, 203-224. Effects of geometric imperfections on vibration of 
compressed shear deformable laminated composite curved panels.  
[131]. L. LIBRESCU and W. LIN 1997a International Journal of Solids and Structures 34, 2161-2181. Vibration of 
thermomechanically loaded flat and curved panels taking into account geometric imperfections and tangential edge restraints.  
[132]. L. LIBRESCU and W. LIN 1997b International Journal of Non-Linear Mechanics 326, 211-225. Postbuckling and vibration of 
shear deformable flat and curved panels on a non-linear elastic foundation.  
[133]. L. LIBRESCU and W. LIN 1999 International Journal of Solids and Structures 36, 4111-4147. Non-linear response of 
laminated plates and shells to thermomechanical loading: implications of violation of interlaminar shear traction continuity 
requirement.  
[134]. L. LIBRESCU, W. LIN, M. P. NEMETH and J. H. STARNES JR. 1996 Journal of Spacecraft and Rockets 33, 285-291. 
Vibration of geometrically imperfect panels subjected to thermal and mechanical loads.  
[135]. LIKHODED 1976 Mechanics of Solids 11, 127-132. Nonlinear vibrations of shells of revolution with concentrated masses.  
[136]. G. Lin, B. Balachandran and E. Abed 2006 Proceedings of the ASME International Mechanics Engineering Congress and 
Exposition, Chicago, IL. Bifurcation behaviour of a supercavitating vehicle  
[137].  Liu B.,Xing Y.F., Qatu M.S., 2012. �Exact characteristic equations for free vibrationsnof thin orthotropic circular cylindrical 
shells. Composite Structures94,484-493. � 
[138].  MAEWAL 1986a International Journal of Non-Linear Mechanics 21, 433-438. Miles' evolution equations for axisymmetric 
shells: simple strange attractors in structural dynamics. � 
[139].  MAEWAL 1986b Computer Methods in Applied Mechanics and Engineering 58, 37-50. Finite element analysis of steady 
nonlinear harmonic oscillations of axisymmetric shells. � 
[140].  Mallon, N.J., 2008. Dynamic Stability if Thin-Walled Structures: A Semi-Analytical and Experimental Approach. PhD Thesis, 
Eindhoven University of Technology Library, ISBN 978-90-386-1374-1. � 
[141].  Mallon, N.J., Fey, R.H.B., Nijmeijer, H., 2008. Dynamic stability of a thin cylindrical shell with top mass subjected to 
harmonic base-acceleration. International Journal of Solids and Structures 45 (6), 1587–1613. �[142].  Mallon, N.J., Fey, R.H.B., 
Nijmeijer, H., 2010. Dynamic stability of a base-excited thin orthotropic cylindrical shell with top mass: simulations and 
experiments.Journal of Sound and Vibration 329, 3149–3170. � 
[143].  R. MAO and F. W. WILLIAMS 1998a Journal of Sound and Vibration 210, 307-327. Post-critical behaviour of orthotropic 
circular cylindrical shells under time dependent axial compression. � 
[144].  R. MAO and F. W. WILLIAMS 1998b International Journal of Solids and Structures 35, 2151-2171. Nonlinear analysis of 
cross-ply thick cylindrical shells under axial compression. � 
[145].  Y. MATSUZAKI and S. KOBAYASHI 1969a Journal of the Japan Society for Aeronautical and Space Sciences 17, 308-315. 
An analytical study of the nonlinear flexural vibration of thin circular cylindrical shells (in Japanese). � 
[146].  Y. MATSUZAKI and S. KOBAYASHI 1969b Transactions of the Japan Society for Aeronautical and Space Sciences 12, 55-
62. A theoretical and experimental study of the nonlinear flexural vibration � of thin circular cylindrical shells with clamped ends. � 
[147]. J. MAYERS and B. G. WRENN 1967 On the nonlinear free vibrations of thin circular cylindrical shells. Developments in 
Mechanics, Proceedings of the 10th Midwestern Mechanics Conference, 819-846. New York: Johnson Publishing Co.  
[148]. Y. V. MIKHLIN 2000 In Nonlinear Dynamics of Shells and Plates (eds. M. P. Païdoussis, M. Amabili and P. B. Gonçalves), 
AMD Vol. 238, pp. 95-103, ASME, New York. Stability of regular or chaotic post-buckling vibration of elastic shells.  
[149]. F. MOUSSAOUI, R. BENAMAR and R. G. WHITE 2000 Journal of Sound and Vibration 232, 917-943. The effects of large 
vibration amplitudes on the mode shapes and natural frequencies of thin elastic shells, Part I: coupled transverse-circumferential mode 
shapes of isotropic circular cylindrical shells of infinite length.  



[150]. KH. M. MUSHTARI and K. Z. GALIMOV 1957 Non-Linear Theory of Thin Elastic Shells. Academy of Sciences (Nauka), 
Kazan; English version, NASA-TT-F62 in 1961.  
[151]. Nagai, K., Yamaki, N., 1978. Dynamic stability of circular cylindrical shells under periodic compressive forces. Journal of 
Sound and Vibration 58 (3), 425–441.  
[152]. K. NAGAI and T. YAMAGUCHI 1995 ASME PVP Vol. 297, pp. 107-115. Chaotic oscillations of a shallow cylindrical shell 
with rectangular boundary under cyclic excitation.  
[153]. K. NAGAI, T. YAMAGUCHI and T. MURATA 2001 Proceedings of the 3rd International Symposium on Vibration of 
Continuous Systems, 49-51, Grand Teton National Park, Wyoming, USA, July 23-27. Chaotic oscillations of a cylindrical shell-panel 
with concentrated mass under gravity and cyclic load.  
[154]. P. M. NAGHDI and R. P. NORDGREN 1963 Quarterly of Applied Mathematics 21, 49-59. On the nonlinear theory of elastic 
shells under the Kirchhoff hypothesis.  
[155]. H. NAYFEH and R. A. RAOUF 1987a International Journal of Solids and Structures 23, 1625-1638. Non-linear oscillation of 
circular cylindrical shells.  
[156].  H. NAYFEH and R. A. RAOUF 1987b ASME Journal of Applied Mechanics 54, 571-577. Nonlinear forced response of 
infinitely long circular cylindrical shells. � 
[157].  H. NAYFEH, R. A. RAOUF and J. F. NAYFEH 1991 ASME Journal of Applied Mechanics 58, 1033-1041. Nonlinear 
response of infinitely long circular cylindrical shells to subharmonic radial loads. � 
[158].  J. F. NAYFEH and N. J. RIVIECCIO 2000 Journal of Aerospace Engineering 13(2), 59-68. Nonlinear vibration of composite 
shell subjected to resonant excitations. � 
[159].  V. V. NOVOZHILOV 1953 Foundations of the Nonlinear Theory of Elasticity. Graylock Press, Rochester, USA (now 
available from Dover, N.Y., USA). � 
[160].  J. NOWINSKI 1963 AIAA Journal 1, 617-620. Nonlinear transverse vibrations of orthotropic cylindrical shells. � 
[161].  M. D. OLSON 1965 AIAA Journal 3, 1775-1777. Some experimental observations on the nonlinear vibration of cylindrical 
shells. � 
[162].  M. P. PAÏDOUSSIS 2002 Fluid-Structure Interactions: Slender Structures and Axial Flow. Vol. 2. London, UK: Academic 
Press. � 
[163].  M. P. PAÏDOUSSIS, M. AMABILI and P. B. GONÇALVES (editors) 2000 Nonlinear Dynamics of Shells and Plates, AMD-
Vol. 238, Proceedings of the ASME International Mechanical Engineering Congress and Exposition, ASME, New York. � 
[164].  M. P. PAÏDOUSSIS and J.-P. DENISE 1972 Journal of Sound and Vibration 20, 9-26. Flutter of thin cylindrical shells 
conveying fluid. � 
[165].  D. A. PALIWAL and V. BHALLA 1993 International Journal of Pressure Vessels and Piping 54, 387-398. Large amplitude 
free vibrations of cylindrical shell on Pasternak foundations. � 
[166].  D. A. PALIWAL and V. BHALLA 1993 Journal of Vibration and Acoustics 115, 70-74. Large amplitude free vibration of 
shallow spherical shell on a Pasternak foundation. � 
[167].  F. PELLICANO, M. AMABILI and A. F. VAKAKIS 2000 ASME Journal of Vibration and Acoustics 122, 355-364. 
Nonlinear vibrations and multiple � resonances of fluid-filled, circular shells, 
Part 2: perturbation analysis. � 
[168]. F. PELLICANO, M. AMABILI and M. P. PAÏDOUSSIS 2002 International Journal of Non-Linear Mechanics 37, 1181-1198. 
Effect of the geometry on the non-linear vibration of circular cylindrical shells.  
[169]. Pellicano, F., Amabili, M., 2003. Stability and vibration of empty and fluid-filled circular cylindrical shells subjected to 
dynamic axial loads. International Journal of Solids and Structures 40, 3229–3251.  
[170]. Pellicano, F., 2005. Experimental analysis of seismically excited circular cylindrical shells. In: Proceedings of ENOC-2005, 
Fifth EUROMECH Nonlinear Dynamics Conference, Eindohven, The Netherlands, August 7– 12.  
[171]. Pellicano, F., Amabili, M., 2006. Dynamic instability and chaos of empty and fluidfilled circular cylindrical shells under 
periodic axial loads. Journal of Sound and Vibration 293 (1–2), 227– 252.  
[171b] Pellicano, F., Avramov, K.V., 2007. Linear and nonlinear dynamics of a circular cylindrical shell connected to a rigid disk. 
Communications in Nonlinear Science and Numerical Simulation 12 (4), 496–518.  
[172]. F. PELLICANO 2007 Journal of Sound and Vibration 303, 154–170. Vibrations of circular cylindrical shells: Theory and 
experiments.  
[173]. Pellicano, F., 2009. Dynamic stability and sensitivity to geometric imperfections of strongly compressed circular cylindrical 
shells under dynamic axial loads. Communications in Nonlinear Science and Numerical Simulations 14 (8), 3449– 3462.  
[174]. POPOV, J. M. T. THOMPSON and F. A. MCROBIE 1998a Journal of Sound and Vibration 209, 163-186. Low dimensional 
models of shell vibrations. Parametrically excited vibrations of cylindrical shells.  
[175]. POPOV, J. M. T. THOMPSON and F. A. MCROBIE 2001 Journal of Sound and Vibration 248, 395-411. Chaotic energy 
exchange through auto-parametric resonance in cylindrical shells.  
[176]. G. PRATHAP 1978a Journal of Sound and Vibration 56, 303-305. Comments on the large amplitude asymmetric vibrations of 
some thin shells of revolution.  
[177].  G. PRATHAP 1978b Journal of Sound and Vibration 59, 295-297. On the large amplitude vibration of circular cylindrical 
shells. � 
[178].  H. RADWAN and J. GENIN 1975 International Journal of Non-Linear Mechanics 10, 15-29. Nonlinear modal equations for 
thin elastic shells. � 
[179]. K. K. RAJU and G. V. RAO 1976 Journal of Sound and Vibration 44, 327-333. Large-amplitude asymmetric vibrations of 
some thin shells of revolution.  
[180].  R. A. RAOUF and A. H. NAYFEH 1990 Computers and Structures 35, 163-173. One-to-one autoparametric resonances in 



infinitely long cylindrical shells. � 
[181].  Raydin Salahifar,2010, Analysis of circular cylindrical shells under harmonic forces. Thin-walled Structures 48,528-539. � 
[182].  E. REISSNER 1955 Nonlinear effects in vibrations of cylindrical shells. Ramo-Wooldridge Corporation Report AM5-6. � 
[183].  J. L. SANDERS JR. 1963 Quarterly of Applied Mathematics 21, 21-36. Nonlinear theories for thin shells. � 
[184].  SANSOUR, W. WAGNER, P. WRIGGERS and J. SANSOUR 2002 International Journal of Non-Linear Mechanics 37, 951-
966. An energy-momentum integration scheme and enhanced strain finite elements for the non-linear dynamics of shells. � 
[185]. SANSOUR, P. WRIGGERS and J. SANSOUR 1997 Nonlinear Dynamics 13, 279-305. Nonlinear dynamics of shells: theory, 
finite element formulation, and integration schemes.  
[186].  SELMANE and A. A. LAKIS 1997a International Journal for Numerical Methods in Engineering 40, 1115-1137. Influence of 
geometric non-linearities on free vibrations of orthotropic open cylindrical shells. � 
[187].  K. SHIN 1997 Computers and Structures 62, 35-49. Large amplitude free vibration behavior of doubly curved shallow open 
shells with simply-supported edges. � 
[188].  G. C. SINHARAY and B. BANERJEE 1985 International Journal of Non-Linear Mechanics 20, 69-78. Large-amplitude free 
vibrations of shallow � spherical shell and cylindrical shell – a new approach. � 
[189]. G. C. SINHARAY and B. BANERJEE 1986 AIAA Journal 24, 998-1004. Large-amplitude free vibrations of shells of variable 
thickness – a new approach.  
[190]. Snyder, M.A., 1966. Chebyshev Methods in Numerical Approximation. Prentice-Hall, London.  
[191]. Teng, J.G., 1996. Buckling of thin shells: recent advances and trends. Applied Mechanics Reviews 49 (4), 263–274.  
[192]. L. SUN and S. Y. LU 1968 Nuclear Engineering Design 7, 113-122. Nonlinear dynamic behaviour of heated conical and 
cylindrical shells.  
[193]. Sun S.,Chu S.,2012, Vibration characteristics of thin rotating cylindrical shells with various boundary conditions. Journal of 
Sound and Vibration, 331, 4170-4186.  
[194]. J. M. T. THOMPSON and J. R. DE SOUZA 1996 Proceedings of the Royal Society of London Series A 452, 2527-2550. 
Suppression of escape be resonant modal interactions: in shell vibration and heave-roll capsize.  
[195]. Trotsenko, V.A., Trotsenko, Yu.V., 2004. Methods for calculation of free vibrations of a cylindrical shell with attached rigid 
body. Nonlinear Oscillations 7 (2), 262– 284.  
[196]. T. UEDA 1979 Journal of Sound and Vibration 64, 85-95. Non-linear free vibrations of conical shells.  
[197]. T. K. VARADAN, G. PRATHAP and H. V. RAMANI 1989 AIAA Journal 27, 1303-1304. Nonlinear free flexural vibration of 
thin circular cylindrical shells.  
[198]. Vijayarachavan, A., Evan-Iwanowski, R.M., 1967. Parametric instability of circular cylindrical shells. Journal of Applied 
Mechanics 34, 985–990.  
[199]. S. VOLMIR 1956 Flexible Plates and Shells (in Russian). Gittl, Moscow.  
[200]. S. VOLMIR 1972 Nonlinear Dynamics of Plates and Shells (in Russian). Academy of Sciences (Nauka), Moscow.  
[201]. S. VOLMIR, A. A. LOGVINSKAYA and V. V. ROGALEVICH 1973 Soviet Physics – Doklady 17, 720-721. Nonlinear 
natural vibrations of rectangular plates and cylindrical panels.  
[202].  VOROVICH 1999 Nonlinear Theory of Shallow Shells. Springer-Verlag, New York. � 
[203].  L. WATAWALA and W. A. NASH 1983 Computers and Structures 16, 125-130. Influence of initial geometric imperfections 
on vibrations of thin circular cylindrical shells. � 
[204].  S. WOLFRAM 1999 The Mathematica Book, 4th edition. Cambridge, UK: Cambridge University Press. �[205].  Xu, X., 
Pavlovskaia, E., Wiercigroch, M., Romeo, F., Lenci, S., 2007. Dynamic interactions between parametric pendulum and electro-
dynamical shaker. � 
[206].  T. YAMAGUCHI and K. NAGAI 1997 Nonlinear Dynamics 13, 259-277. Chaotic vibration of a cylindrical shell-panel with 
an in-plane elastic-support at boundary. � 
[207].  T. YAMAGUCHI and K. NAGAI 2000 In Nonlinear Dynamics of Shells and Plates (eds. M. P. Païdoussis, M. Amabili and P. 
B. Gonçalves), AMD Vol. 238, pp. 85-94, ASME, New York. Chaotic oscillations of a shallow cylindrical shell-panel with a 
concentrated elastic-support. � 
[208].  N. YAMAKI 1982 In Developments in Thin-Walled Structures 1 (eds. J. Rhodes and A. C. Walker), pp. 81-118, Applied 
Science Publishers, London. Dynamic behaviour of a thinwalled circular cylindrical shell. � 
[209].  N. YAMAKI 1984 Elastic Stability of Circular Cylindrical Shells. Amsterdam: North-Holland. � 
[210].  J. C. YAO 1963 AIAA Journal 1, 1391-1396. Dynamic stability of cylindrical shells under static and periodic axial and radial 
loads. � 
 
 
S.N. Krivoshapko (Peoples' Friendship University of Russia, 6, Miklukho-Maklaya Str, Moscow, 117198, 
Russia), “Static, vibration, and buckling analyses and applications to one-sheet hyperboloidal 
shells of revolution”, Appl. Mech. Reviews, Vol. 55,  No. 3, May 2002, pp. 241-270, 
doi:10.1115/1.1470479 
ABSTRACT: principal achievements of science and engineering in the sphere of design, construction, and 
static, vibrational, and buckling analysis of thin-walled constructions and buildings in the shape of hyperbolic 
surfaces of revolution are summarized in this review article. These shells are useful as hyperbolic cooling 
towers, TV towers, reinforced concrete water tanks, and arch dams. They are also used as supports for electric 



power transmission lines and as high chimneys. Several public and industrial buildings having the hyperbolic 
form are described in the review. The basic results of theoretical and experimental investigations of stress-strain 
state, buckling, and vibration are summarized. The influence of temperature and moisture on the stress-strain 
state of the shells in question is also analyzed. This review article contains 261 references. 
 
 
Igor V. Andrianov (1), Jan Awrejcewicz (2) and Rem G. Barantsev (3) 
(1) Institut für Allegmeine Mechanik, RWTH Aachen, Templergraben 64, D-52056 Aachen, Germany;  
(2) Technical University of Lodz, Department of Automatics and Biomechanics, 1/15 Stefanowskiego St., 90-
924 Lodz, Poland 
(3) St. Petersburg State University, Box 159, 195256, St. Petersburg, Russia 
“Asymptotic approaches in mechanics: New parameters and procedures”, Appl. Mech. Rev., Vol. 
56,  No.1, January 2003, pp. 87-110, doi:10.1115/1.1521436 
ABSTRACT: This survey is devoted to recent achievements in the field of asymptotic approaches. Here we 
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ABSTRACT: This literature review focuses mainly on geometrically nonlinear (finite amplitude) free and 
forced vibrations of circular cylindrical shells and panels, with and without fluid-structure interaction. Work on 
shells and curved panels of different geometries is but briefly discussed. In addition, studies dealing with 
particular dynamical problems involving finite deformations, eg, dynamic buckling, stability, and flutter of 
shells coupled to flowing fluids, are also discussed. This review is structured as follows: after a short 
introduction on some of the fundamentals of geometrically nonlinear theory of shells, vibrations of shells and 
panels in vacuo are discussed. Free and forced vibrations under radial harmonic excitation (Section 2.2), 
parametric excitation (axial tension or compression and pressure-induced excitations) (Section 2.3), and 
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ABSTRACT: Thin-walled cylinders of various constructions are widely used in simple or complex structural 
configurations. The round cylinder is commonly found in tubing and piping, and in offshore platforms. 
Depending on their use, these cylinders are subjected (in service) to individual and combined application of 
external loads. In resisting these loads the system is subject to buckling, a failure mode which is closely 
associated with the establishment of its load-carrying capacity. Therefore, the system buckling and postbuckling 
behavior have been the subject of many researchers and investigators both analytical and experimental. The 
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ABSTRACT: Soon after the discovery of carbon nanotubes, it was realized that the theoretically predicted 
mechanical properties of these interesting structures–including high strength, high stiffness, low density and 
structural perfection–could make them ideal for a wealth of technological applications. The experimental 
verification, and in some cases refutation, of these predictions, along with a number of computer simulation 
methods applied to their modeling, has led over the past decade to an improved but by no means complete 



understanding of the mechanics of carbon nanotubes. We review the theoretical predictions and discuss the 
experimental techniques that are most often used for the challenging tasks of visualizing and manipulating these 
tiny structures. We also outline the computational approaches that have been taken, including ab initio quantum 
mechanical simulations, classical molecular dynamics, and continuum models. The development of multiscale 
and multiphysics models and simulation tools naturally arises as a result of the link between basic scientific 
research and engineering application; while this issue is still under intensive study, we present here some of the 
approaches to this topic. Our concentration throughout is on the exploration of mechanical properties such as 
Young’s modulus, bending stiffness, buckling criteria, and tensile and compressive strengths. Finally, we 
discuss several examples of exciting applications that take advantage of these properties, including nanoropes, 
filled nanotubes, nanoelectromechanical systems, nanosensors, and nanotube-reinforced polymers. This review 
article cites 349 references.  
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ABSTRACT: Mechanical properties of carbon nanotubes are discussed based on recent advances in both 
modeling and experiment.  
INTRODUCTION: Significant progress has been made in the area of nanoscale science and technology in the 
past decade. As one of the most interesting nanomaterials, carbon nanotubes (CNT) have received significant 
attention in terms of fundamental properties measurements and potential applications. This is largely due to the 
impressive physical properties as revealed from both theoretical and experimental studies. For example, the 
electrical properties of CNT may be tuned by mechanical deformation. Such properties are of great interest for 
applications such as sensors or smart materials. The study of these properties is multi-disciplinary and involves 
various branches of science and engineering. Steady progress has been made in exploring the mechanical 
properties and potential applications of two types of CNTs: single-walled carbon nanotubes (SWCNT) and 
multi-walled carbon nanotubes (MWCNT). The measured specific tensile strength of a single layer of a multi-
walled carbon nanotube can be as high as 100 times that of steel, and the graphene sheet (in-plane) is as stiff as 
diamond at low strain. These mechanical properties motivate further study of possible applications for 
lightweight and high strength materials. Composite materials reinforced by either SWCNT or MWCNT have 
been fabricated and significant enhancement in mechanical properties has been recently reported. 
(148 citations are listed at the end of the paper.) 
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January 2004, DOI: 10.1016/j.mser.2003.10.001 
ABSTRACT: Carbon nanotubes are unique tubular structures of nanometer diameter and large length/diameter 
ratio. The nanotubes may consist of one up to tens and hundreds of concentric shells of carbons with adjacent 
shells separation of ∼0.34 nm. The carbon network of the shells is closely related to the honeycomb 
arrangement of the carbon atoms in the graphite sheets. The amazing mechanical and electronic properties of 
the nanotubes stem in their quasi-one-dimensional (1D) structure and the graphite-like arrangement of the 
carbon atoms in the shells. Thus, the nanotubes have high Young’s modulus and tensile strength, which makes 
them preferable for composite materials with improved mechanical properties. The nanotubes can be metallic or 
semiconducting depending on their structural parameters. This opens the ways for application of the nanotubes 
as central elements in electronic devices including field-effect transistors (FET), single-electron transistors and 
rectifying diodes. Possibilities for using of the nanotubes as high-capacity hydrogen storage media were also 
considered. This report is intended to summarize some of the major achievements in the field of the carbon 
nanotube research both experimental and theoretical in connection with the possible industrial applications of 



the nanotubes. 
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Literature Survey”, Journal of Nanoscience and Nanotechnology, Vol. 7, No. 12, December 2007 , pp. 
4221-4247, 
doi: 10.1166/jnn.2007.924 
ABSTRACT: This survey paper comprises 5 sections. In Section 1, the reader is introduced to the world of 
carbon nanotubes where their structural form and properties are highlighted. Section 2 presents the various 
buckling behaviors exhibited by carbon nanotubes that are discovered by carbon nanotube researchers. The 
main factors, such as dimensions, boundary conditions, temperature, strain rate and chirality, influencing the 
buckling behaviors are discussed in Section 3. Section 4 presents the continuum models, atomistic simulations 
and experimental techniques in studying the buckling phenomena of carbon nanotubes. A summary as well as 
recommendations for future research are given in Section 5. Finally a large body of papers, over 200, is given in 
the reference section. It is hoped that this survey paper will provide the foundation knowledge on carbon 
nanotube buckling and inspire researchers to advance the modeling, simulation and design of carbon nanotubes 
for practical applications. 
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Hiroyuki Shima, Division of Applied Physics, Faculty of Engineering, Hokkaido University, Japan, “Buckling 
of Carbon Nanotubes: A State of the Art Review”, Materials 2012, 5, 47-84; doi:10.3390/ma5010047 
ABSTRACT: The nonlinear mechanical response of carbon nanotubes, referred to as their “buckling” behavior, 
is a major topic in the nanotube research community. Buckling means a deformation process in which a large 
strain beyond a threshold causes an abrupt change in the strain energy vs. deformation profile. Thus far, much 
effort has been devoted to analysis of the buckling of nanotubes under various loading conditions: compression, 
bending, torsion, and their certain combinations. Such extensive studies have been motivated by (i) the 
structural resilience of nanotubes against buckling and (ii) the substantial influence of buckling on their physical 
properties. In this contribution, I review the dramatic progress in nanotube buckling research during the past 
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ABSTRACT: The research and development in composite mechanics are reviewed from 1965 to 2006. The 
review covers micromechanics, macromechanics failure theories, impact resistance, structural analysis, plate 
and panel buckling, shell buckling, progressive fracture, containment, and probabilistic composite simulation. A 
few remarks are included about aerodynamic loads and a new all composite engine concept. Most of the sample 
cases are from the author's own research since this research covers all aspects of composites and since this 
avoids the permissions required by other authors when their results are included. References are cited as 
appropriate so that the reader can further look in any specific area. 
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ABSTRACT: This paper reviews most of the recent research done in the field of dynamic stability/dynamic 
instability/parametric excitation/parametric resonance characteristics of structures with special attention to 
parametric excitation of plate and shell structures. The solution of dynamic stability problems involves 
derivation of the equation of motion, discretization, and determination of dynamic instability regions of the 
structures. The purpose of this study is to review most of the recent research on dynamic stability in terms of the 
geometry (plates, cylindrical, spherical, and conical shells), type of loading (uniaxial uniform, patch, point 
loading …), boundary conditions (SSSS, SCSC, CCCC …), method of analysis (exact, finite strip, finite 
difference, finite element, differential quadrature, and experimental …), method of determination of dynamic 
instability regions (Lyapunovian, perturbation, and Floquet’s methods), order of theory being applied (thin, 
thick, three-dimensional, nonlinear …), shell theory used (Sanders’, Love’s and Donnell’s), materials of 
structures (homogeneous, bimodulus, composite, FGM …), and the various complicating effects such as 
geometrical discontinuity, elastic support, added mass, fluid structure interactions, nonconservative loading and 
twisting, etc. The important effects on dynamic stability of structures under periodic loading have been 
identified and influences of various important parameters are discussed. A review of the subject for 
nonconservative systems in detail will be presented in Part 2. This review paper cites 156 references. 
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ABSTRACT: The principal advances in the design and construction, as well as the static, vibrational, and 
buckling analysis of thin-walled structures and buildings in the shape of general and axisymmetric ellipsoidal 
shells are summarized in this review. These shells are particularly useful as internally pressurized vessels or as 
heads and bottoms of cylindrical tanks and vessels. Reinforced concrete and structural steel domes of buildings, 
air-supported rubber-fabric shells, and underwater pressure vessels are also made in the form of ellipsoidal, 
shells. Knowing the geometry of ellipsoids, one can solve various problems in physics, optics, and so on. Basic 
results of theoretical and experimental investigations of the stress-strain state, buckling, and natural and forced 
vibrations contained in 209 references are presented in the review. The influence of temperature on the stress-
strain state of the shells in question is also discussed. Some parts of the review are also devoted to an analysis of 
the literature on the stress-strain state of ellipsoidal and torispherical heads of pressure vessels with openings. 
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ABSTRACT: For better crashworthiness performance, vehicles must protect its occupants by maintaining 
structural integrity and converting the large amount of kinetic energy into other forms of energy in a 
controllable and predictable manner in a crash situation. In doing so, lower crushing force would provide better 
safety for the vehicle occupants. This paper reviews the axial response of “modified” tubular sections with 
imperfections and fillers subjected to axial impact loads relevant to the field of structural crashworthiness. The 
use of imperfections sets the mode and initiation of collapse of a tube at a specific location and reduces the 
maximum crush force, hence improving the energy-absorbing characteristics of tubular structures. The types of 
imperfections discussed include prebuckle, parallel and dished indentations, cutouts, stiffeners, fillers, and 
wrapping. 
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“Dynamic Elastic-Plastic Buckling of Structural Elements: A Review”, Appl. Mech. Rev.,Vol. 61, 
No. 4, July 2008, 040803 (26 pages), doi:10.1115/1.2939481 
ABSTRACT: Structural elements, which deform inelastically, are often used in energy-absorbing devices due 
to their simple design and the high efficiency achieved by several buckling deformation mechanisms. The 
application of light ductile materials in transportation systems and increased loading intensity requires studies 
on the influence of the rate of loading and material characteristics on dynamic buckling behavior. The present 
review article is focused on summarizing the state of the art related to the inelastic dynamic stability and 
postbuckling behavior of various basic structural members. In particular, studies on the dynamic response of 
axially loaded idealized elastic-plastic models, rods, shells with circular and square cross sections, and long 
tubes are discussed with consideration given to the influence of the geometric and material characteristics as 
well as the loading conditions on the buckling phenomena observed in these structural elements. The findings 
from the theoretical and experimental investigations on the phenomenon of dynamic inelastic buckling reported 
in this review article are based on 118 references. 
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ABSTRACT: Recent research effort into some aspects of strength, static stability, and structural optimization of 
horizontal pressure vessels is reviewed in this paper. Stress concentrations at the junction of cylinder-ellipsoidal 
end closures are covered in detail. This in turn establishes efficient choices for wall thicknesses in the vessel. 
Detailed account of stresses for flexible supports of a horizontal cylindrical shell is provided. Dimensions of 
support components, which assure the minimum stress concentrations  between a horizontal shell and its 
support, are calculated. In  particular, the wall thickness is found for vessels being loaded  by the weight of its 
content and placed on two supports. Stability issues are also reviewed in this paper. In particular, attention is 
paid to the stability of cylinder under external pressure and to the stability of end closures. The latter are loaded 
by internal or external pressure. Apart from buckling and plastic loads, the ultimate load carrying capacity, i.e., 
burst pressure, for internally pressurized heads is also examined. On a practical side, aboveground and 
underground cases are discussed. In  the latter case of underground vessels the reinforcement by internal rings is 
assessed. The optimization part of this paper deals with the effective choice of the end closure depth and the 
shape of its meridian. The overriding aim here is to examine the stress concentrations and the ways in which  
they can be mitigated. The optimal shape of closures is also searched for, with respect to the maximum buckling 
pressure for a given mass of the head. In the case of internal pressure the maximum of plastic load is sought 
within a specified class of meridional profiles. Finally, optimal sizing of whole vessels is discussed for slender 
and compact geometries. Extensive references are made to relatively recent and ongoing work related to the 
above topics. This paper has 287 references and 50 figures. 
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ABSTRACT: This review aims to complement a milestone monograph by Singer et al. (2002, Buckling 
Experiments—Experimental Methods in Buckling of Thin-Walled Structures, Wiley, New York). Practical 
aspects of load bearing capacity are discussed under the general umbrella of “buckling.” Plastic loads and burst 
pressures are included in addition to bifurcation and snap-through/collapse. The review concentrates on single 
and combined static stability of conical shells, cylinders, and their bowed out counterpart (axial compression 
and/or external pressure). Closed toroidal shells and domed ends onto pressure vessels subjected to internal 
and/or external pressures are also discussed. Domed ends include: torispheres, toricones, spherical caps, 
hemispheres, and ellipsoids. Most experiments have been carried in metals (mild steel, stainless steel, 
aluminum); however, details about hybrids (copper-steel-copper) and shells manufactured from carbon/glass 
fibers are included in the review. The existing concerns about geometric imperfections, uneven wall thickness, 
and influence of boundary conditions feature in reviewed research. They are supplemented by topics like 
imperfections in axial length of cylinders, imperfect load application, or erosion of the wall thickness. The latter 
topic tends to be more and more relevant due to ageing of vessels. While most experimentation has taken place 
on laboratory models, a small number of tests on full-scale models are also referenced. 
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citations.) 
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“Analysis and Limit State Design of Stiffened Plates and Shells: A World View”, Appl. Mech. 
Rev., Vol. 62,  No. 2, March, 2009, 020801 (16 pages), doi:10.1115/1.3077137 
ABSTRACT: Stiffened plates and shells are encountered in many engineering applications. Several analytical 
and numerical procedures were developed over the past decades for analysis of these structures. Empirical and 
simplified analytical models were also developed to estimate their ultimate strength for various limit states. The 
paper reviews and pieces together engineering work developed for all the applications. The first part reviews the 
analytical, numerical, and orthotropic plate procedures that were developed for  analysis of stiffened plates and 
shells. The structural idealization, the theoretical basis, and the merits of each method are also discussed. The 
second part of the paper reviews the design philosophies that were developed to predict the ultimate strength of 
these structures. The influence of various parameters affecting the structural performance, such as geometric 
and material imperfections, stiffener profile, etc.,  is discussed. The optimization procedures to minimize the 
weight of the structure are also reviewed. The paper offers a comprehensive and unique “reference-manual” for 
all types of stiffened plate applications. (409 references) 
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“Recent Studies on Buckling of Carbon Nanotubes”, Appl. Mech. Rev., Vol. 63,  No. 3, May 2010, 030804 (18 
pages), doi:10.1115/1.4001936 
ABSTRACT: This paper reviews recent research studies on the buckling of carbon nanotubes. The structure and 
properties of carbon nanotubes are introduced to the readers. The various buckling behaviors exhibited by 
carbon nanotubes are also presented herein. The main factors, such as dimensions, boundary conditions, 
temperature, strain rate, and chirality, influencing the  buckling behaviors are also discussed, as well as a brief 
introduction of the two most used methods for analyzing carbon nanotubes, i.e., continuum models and 
atomistic simulations. Summary and recommendations for future research are also given. Finally, a large body 
of papers is given in the reference section. It is hoped that this paper provides current knowledge on the 
buckling of carbon nanotubes, reviews the computational methods for determining the buckling loads, and 
inspires researchers to further investigate the buckling properties of carbon nanotubes for practical applications. 
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ABSTRACT: This paper reviews some topics related to the advances and applications of structural impact 
dynamics in recent years. Dynamic behavior of structural members including tubes, beams and plates under 
axial or transverse loading, and cellular materials and sandwich structures under impact or blast loading are 
summarized here. The research methodology involves experimental studies, theoretical modeling, as well as 
numerical simulations. However, as we mainly focus on the longer time dynamic responses of structures and 
cellular materials, studies of stress wave propagation and the material’s strain-rate sensitivity are not included. 
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“Review: Constrained finite strip method developments and applications in cold-formed steel 
design”, Thin-Walled Structures, Vol. 81, pp 2-18, August 2014 
ABSTRACT: The stability of thin-walled members is decidedly complex. The recently developed constrained 
Finite Strip Method (cFSM) provides a means to simplify thin-walled member stability solutions through its 
ability to identify and decompose mechanically meaningful stability behavior, notably the formal separation of 
local, distortional, and global deformation modes. The objective of this paper is to provide a review of the most 
recent developments in cFSM. This review includes: fundamental advances in the development of cFSM; 
applications of cFSM in design and optimization; identifying buckling modes and collapse mechanisms in shell 
finite element models; and, additional stability research initiated by the cFSM methodology. A brief summary 
of the cFSM method, in its entirety, is provided to explain the method and highlight areas where research 
remains active in the fundamental development. The application of cFSM to cold-formed steel member design 
and optimization is highlighted as the method has the potential to automate generalized strength prediction of 
thin-walled cold-formed steel members. Extensions of cFSM to shell finite element models is also highlighted, 
as this provides one path to bring the useful identification features of cFSM to general purpose finite element 
models. A number of alternative methods, including initial works on a constrained finite element method, 
initiated by cFSM methods, are also detailed as they provide insights on potential future work in this area. 



Research continues on fundamentals such as methods for generalizing cFSM to arbitrary cross-sections, 
improved design and optimization methods, and new ideas in the context of shell finite element method 
applications. 
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ABSTRACT: The fracture mechanics of plates and shells under membrane, bending, twisting, and shearing 
loads are reviewed, starting with the crack tip fields for plane stress, Kirchhoff, and Reissner theories. The 
energy release rate for each of these theories is calculated and is used to determine the relation between the 
Kirchhoff and Reissner theories for thin plates. For thicker plates, this relationship is explored using three-
dimensional finite element analysis. The validity of the application of two-dimensional (plate theory) solutions 
to actual three-dimensional objects is analyzed and discussed. Crack tip fields in plates undergoing large 
deflection are analyzed using von Kármán theory. Solutions for cracked shells are discussed as well. A number 
of computational methods for determining stress intensity factors in plates and shells are discussed. 
Applications of these computational approaches to aircraft  structures are examined. The relatively few 
experimental studies of fracture in plates under bending and twisting loads are also reviewed. There are 101 
references cited in this article. 
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“Advances in strength theories for materials under complex stress state in the 20th Century”, 
Appl. Mech. Rev.,Vol. 55,  No. 3, May 2002, pp. 169 –218,  
doi:10.1115/1.1472455 , (1163 references) 
ABSTRACT: It is 100 years since the well-known Mohr-Coulomb strength theory was established in 1900. A 
considerable amount of theoretical and experimental research on strength theory of materials under complex 
stress state was done in the 20th Century. This review article presents a survey of the advances in strength 
theory (yield criteria, failure criterion, etc) of materials (including metallic materials, rock, soil, concrete, ice, 
iron, polymers, energetic material, etc) under complex stress, discusses the relationship among various criteria, 
and gives a method of choosing a reasonable failure criterion for applications in research and engineering. 
Three series of strength theories, the unified yield criterion, the unified strength theory, and others are 
summarized. This review article contains 1163 references regarding the strength theories. This review also 
includes a brief discussion of the computational implementation of the strength theories and multi-axial fatigue. 
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210016, PR China), “Modeling strategies of 3D woven composites: A review”, Composite 
Structures, Vol. 93,  No. 8, July 2011, pp. 1947-1963, doi:10.1016/j.compstruct.2011.03.010 
ABSTRACT: Due to advancements made in 3D weaving process, 3D woven composites have evolved as an 
attractive structural material for multi-directional load bearing and impact applications, due to their unique 
transverse properties such as stiffness, strength, fracture toughness and damage resistance. Substantial progress 
has been made in recent years for the development of new modeling techniques in design and analysis to 
understand the unique mechanical behavior of 3D woven composites. This paper systematically reviews the 
modeling techniques along with their capabilities and limitations for characterization of the micro-geometry, 
mechanical/thermo-mechanical behavior and impact behavior of 3D woven composites. Advantages, 
disadvantages and applications of 3D woven composites have also been delineated. In addition, this reference 
list provides a good database for future research on 3D woven composites. 
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laminate design guidelines”, Task 22 NASA Contract NAS1-19347, Final Report, October 1997 
ABSTRACT and OBJECTIVES: The purpose of this study is to review many of the available design guidelines 
for unidirectional tape, laminated aerospace composite panels. Guidelines for bonded and bolted joints, cutouts, 
and durability and damage tolerance are also presented, as they strongly influence designs for production 
aircraft. These guidelines are accompanied by explanations of why each one was generated and the influence 
each one has on the structural performance of various aircraft components. Most of these guidelines were 
developed during actual construction of relatively simple aircraft components in the late 1960s and early 1970s. 
Unfortunately, generally available literature detailing the derivation of these guidelines is scarce; hence, it was 
made necessary to obtain information directly from various aerospace engineering organizations and notes 
presented in lectures. The scarcity of formal documentation may also be due, in part, to the fact that many 
lessons were learned when unpredicted failures occurred during early development programs that are only now 
being declassified. 
The present review is focused on composite laminates made of graphite fibers embedded in a polymer matrix 
since use of such laminates is increasing in highly loaded aerospace primary structures. Simple analyses and 
data are presented to illustrate the basis for many of the guidelines. 
The objective of this review is to (1) gather the design guidelines currently used for structural design and 
analysis of unidirectional tape laminates, (2) review their derivation, and (3) explain their ranges of application. 
Many of these guidelines have served the aerospace industry for close to three decades as they were developed 
for fighter/attack aircraft structural components being designed in the late 1960s. Attention was directed 
towards production aircraft that were to be certified for operating lives on the order of 6,000 flight hours. 
By gathering together these guidelines and critically evaluating their derivation, it is feasible to assess situations 
under which they can be safely relaxed or even ignored. Such an assessment is performed for a spar cap 
composed entirely of unidirectional plies proposed for unmanned air vehicles under development for NASA’s 
ERAST program. 
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ABSTRACT: Aviation safety can be greatly enhanced through application of computer simulations of crash 
impact. Unlike automotive impact testing, which is now a routine part of the development process, crash testing 
of even small aircraft is infrequently performed due to the high cost of the aircraft and the myriad of impact 
conditions that must be considered. Crash simulations are currently used as an aid in designing, testing, and 
certifying aircraft components such as seats to dynamic impact criteria. Ultimately, the goal is to utilize full-
scale crash simulations of the entire aircraft for design evaluation and certification. The objective of this 
publication is to describe “best practices” for modeling aircraft impact using explicit nonlinear dynamic finite 
element codes such as LS-DYNA, DYNA3D, and MSC.Dytran. Although “best practices” is somewhat relative, 
the authors’ intent is to help others to avoid some of the common pitfalls in impact modeling that are not 
generally documented. In addition, a discussion of experimental data analysis, digital filtering, and test-analysis 
correlation is provided. Finally, some examples of aircraft crash simulations are described in four appendices 
following the main report. 
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ABSTRACT: Meshfree methods are viewed as next generation computational techniques. With evident 
limitations of conventional grid based methods, like FEM, in dealing with problems of fracture mechanics, large 
deformation, and simulation of manufacturing processes, meshfree methods have gained much attention by 
researchers. A number of meshfree methods have been proposed till now for analyzing complex problems in 
various fields of engineering. Present work attempts to review recent developments and some earlier 
applications of well-known meshfree methods like EFG and MLPG to various types of structure mechanics and 
fracture mechanics applications like bending, buckling, free vibration analysis, sensitivity analysis and topology 
optimization, single and mixed mode crack problems, fatigue crack growth, and dynamic crack analysis and 
some typical applications like vibration of cracked structures, thermoelastic crack problems, and failure 
transition in impact problems. Due to complex nature of meshfree shape functions and evaluation of integrals in 
domain, meshless methods are computationally expensive as compared to conventional mesh based methods. 
Some improved versions of original meshfree methods and other techniques suggested by researchers to 
improve computational efficiency of meshfree methods are also reviewed here. 
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O. Ifayefunmi (Faculty of Mechanical Engineering, Universiti Teknikal Malaysia Melaka, Hang Tuah Jaya, 
76100 Durian Tunggal, Melaka, Malaysia), “A survey of buckling of conical shells subjected to 
axial compression and external pressure”, Journal of Engineering Science and Technology Review, 
Vol. 7, No. 2, pp 182-189, 2014 
ABSTRACT: The paper reviews literature on buckling of conical shells subjected to three loading conditions: 
(i) axial compression only, (ii) external pressure only and (iii) combined loading. The review is from the 
theoretical as well as experimental points of view. This review covers known experiments on cones from (1958 
– 2012). The literature review is split thematically into the following categories: theoretical prediction of axially 
compressed cones, theoretical prediction of externally pressurized cones, theoretical prediction of cones under 
combined loading, buckling experiments on axially compressed cones, buckling experiments on externally 
pressurized cones, buckling experiments on cones subjected to combined loading, buckling experiments on 
composite conical shells, equivalent cylinder approach, effect of initial geometric imperfection on the buckling 
behaviour of cones and effect of imperfect boundary conditions on the buckling behaviour of cones. 
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ABSTRACT: A paradigm shift has emerged over the last decade pointing to an exciting research area dealing 
with the harnessing of elastic structural instabilities for 'smart' purposes in a variety of venues. Among the 
different types of unstable responses, buckling is a phenomenon that has been known for centuries, and yet it is 
generally avoided through special design modifications. Increasing interest in the design of smart devices and 
mechanical systems has identified buckling and postbuckling response as a favorable behavior. The objective of 
this topical review is to showcase the recent advances in buckling-induced smart applications and to explain 
why buckling responses have certain advantages and are especially suitable for these particular applications. 
Interesting prototypes in terms of structural forms and material uses associated with these applications are 
summarized. Finally, this review identifies potential research avenues and emerging trends for using buckling 
and other elastic instabilities for future innovations. 
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the paper contains approximately 1900 references to papers, conference proceedings and theses/dissertations on 
the subject that were published in 1976–1996. These are classified in the following categories: linear and non-
linear, static and dynamic, stress and deflection analysis; stability problems; thermal problems; fracture 
mechanics problems; contact problems; fluid-structure interaction problems; manufacturing of pipes and tubes; 
welded pipes and pressure vessel components; development of special finite elements for pressure vessels and 
pipes; finite element software; and other topics. Also finite element software, general purpose and special 
purpose codes, used for the analysis of pressure vessels and pipes are briefly discussed and presented. 
 
Mackerle J. “Finite elements in the analysis of pressure vessels and piping, an addendum 
(1996–1998)”. Int J Press Ves Piping 1999;76:461-485. 
 
Mackerle J. “Finite elements in the analysis of pressure vessels and piping, an addendum: a 
bibliography (1998-2001)”. Int J Press Ves Piping 2002;79:1-26 
 
Jaroslav Mackerle “Finite elements in the analysis of pressure vessels and piping, an addendum: 
a bibliography (2001-2004)”. Int J Press Ves Piping 2005;82:571-592, doi:10.1016/j.ijpvp.2004.12.004 
 
 
Jaroslav Mackerle (Linköping Institute of Technology, Department of Mechanical Engineering, Linköping, 
Sweden), “Finite-element analysis and simulation of polymers: a bibliography (1976 - 1996)”, 
Modelling Simul. Mater. Sci. Eng. Vol. 5, 1997, p.615 doi: 10.1088/0965-0393/5/6/006 
ABSTRACT: This paper gives a bibliographical review of the finite-element methods applied to the analysis 
and simulation of polymers. The bibliography at the end of the paper contains references to papers, conference 
proceedings and theses/dissertations on the subject that were published between 1976 - 1996. The following 
topics are included: polymer flow and mixing simulation; polymer processing; thermal analysis of polymers; 
fracture mechanics of polymers; modelling polymer behaviours and their mechanical properties; practical 
polymer applications in engineering; other topics. 
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ABSTRACT: This bibliography contains references to papers, conference proceedings and theses/dissertations 
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2000, pp. 274 – 351, 
doi: 10.1108/02644400010324893 
ABSTRACT: A bibliographical review of the finite element methods (FEMs) applied for the linear and 
nonlinear, static and dynamic analyses of basic structural elements from the theoretical as well as practical 
points of view is given. The bibliography at the end of the paper contains 1,726 references to papers, conference 
proceedings and theses/dissertations dealing with the analysis of beams, columns, rods, bars, cables, discs, 
blades, shafts, membranes, plates and shells that were published in 1996-1999. 
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elements, an addendum: A bibliography (1999–2002)”, Engineering Computations, Vol. 19, No.5,  
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doi: 10.1108/02644400210435843 
ABSTRACT: This paper gives a bibliographical review of the finite element methods (FEMs) applied for the 
linear and nonlinear, static and dynamic analyses of basic structural elements from the theoretical as well as 
practical points of view. The bibliography at the end of the paper contains more than 1330 references to papers, 
conference proceedings and theses/dissertations dealing with the analysis of beams, columns, rods, bars, cables, 
discs, blades, shafts, membranes, plates and shells that were published in 1999–2002. 
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ABSTRACT: This bibliography contains references to papers, conference proceedings and theses/dissertations 
dealing with the linear and nonlinear finite element and boundary element analyses of shells that were published 
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Linköping, Sweden), “Finite element analyses of sandwich structures: a bibliography (1980 – 
2001)”,  Engineering Computations, Vol. 19, No. 2, 2002, pp. 206-245, doi: 10.1108/02644400210419067 
ABSTRACT: Gives a bibliographical review of the finite element analyses of sandwich structures from the 
theoretical as well as practical points of view. Both isotropic and composite materials are considered. Topics 



include: material and mechanical properties of sandwich structures; vibration, dynamic response and impact 
problems; heat transfer and thermomechanical responses; contact problems; fracture mechanics, fatigue and 
damage; stability problems; special finite elements developed for the analysis of sandwich structures; analysis 
of sandwich beams, plates, panels and shells; specific applications in various fields of engineering; other topics. 
The analysis of cellular solids is also included. The bibliography at the end of this paper contains 655 references 
to papers, conference proceedings and theses/dissertations dealing with presented subjects that were published 
between 1980 and 2001. 
SECTION 8 of the paper: 
8. Stability problems 
An important factor for the sandwich structural integrity is the design against buckling. The interaction between 
the stiff faces and flexible core has a strong influence on the initial buckling load and the subsequent post-
buckling which can be unstable on the contrary from isotropic materials. 
This section deals with elastic instability and buckling. Another local buckling that can occur is the face 
wrinkling. Papers are listed that investigate the effect of coupling between faces and the core on the stability of 
sandwich structures. 
The main topics include: linear and nonlinear stability analysis; static and dynamic buckling of sandwich 
structures; thermal buckling; pre-buckling analysis; post-buckling analysis; nonlinear post-buckling analysis; 
post-buckling analysis of debonded sandwich structures; strain-rate dependent buckling; local buckling 
behavior; effect of boundary conditions; parametric studies. 
Type of structure: sandwich beams, plates, shells and panels; composite sandwich structures; soft-core and 
hard-core sandwich plates; stiffened sandwich panels; prestressed sandwich arches; curved sandwich panels; 
honeycombs. 
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Jaroslav Mackerle (Linköping Institute of Technology, Department of Mechanical Engineering, S-581 83 
Linköping, Sweden), “Finite element analysis and simulation of welding - an addendum: a 
bibliography (1996-2001)”, Modelling Simul. Mater. Sci. Eng. Vol.10, 2002, p. 295 doi: 10.1088/0965-
0393/10/3/304 
ABSTRACT: This paper gives a bibliographical review of the finite element methods applied to the analysis 
and simulation of welding processes. The bibliography is an addendum to the finite element analysis and 
simulation of welding: a bibliography (1976-96) published in Modelling Simul. Mater. Sci. Eng. (1996) 4 501-
33. The added bibliography at the end of this paper contains approximately 550 references to papers and 
conference proceedings on the subject that were published in 1996-2001. These are classified in the following 
categories: modelling of welding processes in general; modelling of specific welding processes; influence of 
geometrical parameters; heat transfer and fluid flow in welds; residual stresses and deformations in welds; 
fracture mechanics and welding; fatigue of welded structures; destructive and non-destructive evaluation of 
weldments and cracks; welded tubular joints, pipes and pressure vessels/components; welds in plates and other 
structures/components. 
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Encyclopedia entry that defines “functionally Graded Materials (FGM): 
 
A. Neubrand (Technische Universität Darmstadt, Germany), “Functionally Graded Materials” (FGM), 
Encyclopedia of Materials: Science and Technology, (no date nor publisher given; 2008?), pp. 3407-3413 
doi:10.1016/B0-08-043152-6/00608-2 
BEGINNING OF ARTICLE: A functionally graded material (FGM, or sometimes also ‘‘gradient material’’) is 
characterized by a gradual change of material properties with position. The property gradient in the material is 
caused by a position-dependent chemical composition, micro-structure, or atomic order. The spatial extension 
of the gradient may differ: in a bulk FGM the property variation extends over a large part of the material, 
whereas in a graded coating or joint it is restricted to the surface of the material or a small interfacial region. 
Although FGMs attracted scientific interest only towards the end of the twentieth century, these materials are 
not new. In fact, spatial variations in the microstructure of materials have been exploited for millions of years 
by living organisms. In many structures found in plants, microstructural gradients are formed in order to 



produce optimum structural and functional performance with minimum material use. An example is the culm of 
bamboo, which consists of high-strength natural fibers embedded in a matrix of ordinary cells (Fig. 1(a)). The 
fiber content is not homogeneous over the entire cross-section of the culm but decreases from outside to inside 
(Fig. 1(b)). This gradation in fiber content is a natural adaptation of the plant to flexural loads—the fiber content 
is high only in those sections where the highest stresses occur. 
There are also some examples of early synthetic materials taking advantage of property gradients such as case-
hardened steels in which a hard surface is combined with a tough interior. Nevertheless, it was only in 1987 that 
Japanese scientists conceived graded materials as a new concept and defined an FGM as an ‘‘inhomogeneous 
composite, in which the material’s mechanical, physical, and chemical properties change continuously, and 
which have no discontinuities within the material’’ (Hirai et al. 1987). Meanwhile it has become common 
practice to use the term FGM not only for composites, but also for all materials with a macroscopic property 
gradient (see definition at the beginning of the article). Thus, materials containing only one phase such as 
graded glasses or graded single crystals are also FGMs. In such materials the spatial property variation is caused 
by a gradient in chemical composition. Nevertheless, the vast majority of FGMs are composite materials with a 
macroscopic micro-structural gradient. For example, the composite may contain a spatially varying volume 
fraction of one of the phases (Fig. 2(a)). In this case, the gradient material can be conveniently described by the 
use of a transition function f(x,y,z), where f is the volume fraction of one of the phases as a function of position. 
In many practical cases the compositional variation will be restricted to one coordinate, z, and the different 
gradients can then be described by a so-called transition function of the type: f(z) = (z/d)^p, where f denotes the 
volume fraction of one of the phases, d is the thickness of the graded region, and p is the so-called gradation 
exponent. However, a composition gradient is not inherent to all FGMs. Microstructural gradients may also be 
obtained in composites by changing the shape (Fig. 2(b)), orientation (Fig. 2(c)), or size (Fig. 2(d)) of the 
dispersed phase. 
Properly designed property gradients in materials lead to a performance that cannot be achieved with a 
homogeneous material or by the joining of two different materials. The gradient can thus be regarded as an 
additional material design parameter which may be adapted and optimized to meet the requirements of a 
particular application. This leads to the unusual situation that the performance of the material is strongly 
influenced by geometric factors such as the shape of the material, and the extension and profile of the property 
gradient. Thus, a gradient material cannot be fully characterized by materials constants only, and already 
comprises certain aspects of the design of a component. 
Most of the theoretical research on FGMs has been devoted to their macroscopic mechanical and thermal 
behavior and there has been considerable progress in understanding the effects of gradients on the stress 
distribution within such materials (reviewed by Suresh and Mortensen 1998). A gradation of the elastic modulus 
and\or of the thermal expansion coefficient… 
 
 
Eyas Azzuni and Sukru Guzey (Purdue University, West Lafayette, Indiana, USA), “A review of the shell 
buckling and stiffener ring design for cylindrical steel storage tanks”, Paper No. PVP2016-63204, ASME 2016 
Pressure Vessels and Piping Conference, Vol. 3: Design and Analysis, Cancouver, British Columbia, Canada, 
July 17-21, 2016, DOI: 10.1115/PVP2016-63204 
ABSTRACT: Cylindrical steel storage tanks are shells designed to store different types of products such as 
liquids or grain. The thickness of the shell is calculated to withstand the circumferential stress resulting from the 
hydrostatic pressure due to the stored product. A unique situation when there is no stored product leads to the 
vulnerability of the shell to buckle when there is wind load due to external pressure. There are two major types 
of buckling modes: local and general. The local buckling mode is studied analytically in various studies and is 
easy to mitigate. The general buckling mode can be more damaging to the tank and more costly to mitigate. The 
prevention of general buckling due to wind load pressure is achieved through the addition of stiffener rings. 
However, the stiffener rings design procedure used by various design standards has little known background. 
This paper reviews the current design approach’s origin and explains a semi-analytical justification for it. The 
unfolding of the design expressions can lead to more freedom in design variables selection leading to more 
economical designs. 
 
 



M. Amabili, M. Païdoussis, “Review of studies on geometrically nonlinear vibrations and 
dynamics of circular cylindrical shells and panels, with and without fluid-structure 
interaction”, Applied Mechanics Reviews 56 (4) (2003) 349–356 
References listed at the end of the paper: 
1 Evensen DA (1974), Nonlinear vibrations of circular cylindrical shells, Thin-Shell Structures: Theory, Experiment and Design, YC 
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SUMMARY: Since the mid-1960s when the forms of curved shell finite elements were originated, including 
those pioneered by Professor Gallagher, the published literature on the subject has grown extensively. The first 
two present authors and Liaw presented a survey of such literature in 1990 in this journal. Professor Gallagher 
maintained an active interest in this subject during his entire academic career, publishing milestone research 
works and providing periodic reviews of the literature. In this paper, we endeavor to summarize the important 
literature on shell Finite elements over the past 15 years. It is hoped that this will be a be a fitting tribute to the 
pioneering achievements and sustained legacy of our beloved Professor Gallagher in the area of shell finite 
elements. This survey includes: the degenerated shell approach; stress-resultant-based formulations and 
Cosserat surface approach; reduced integration with stabilization; incompatible modes approach; enhanced 



strain formulations; 3-D elasticity elements; drilling d.o.f. elements; co-rotational approach; and higher-order 
theories for composites.  
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John R. Mackay and Fred Van Keulen (Mechanical, Maritime and Materials Engineering, Delft University of 
Technology), “Partial safety factor approach to the design of submarine pressure hulls using nonlinear finite 
element analysis”, Finite Elements in Analysis and Design, Vol. 65, pp 1-16, March 2013 
DOI: 10.1016/j.finel.2012.10.009 
ABSTRACT: A framework for the design of submarine pressure hulls using nonlinear finite element (FE) 
analysis is presented in order to improve upon the conventional analytical-empirical design procedure. A 
numerical methodology is established that allows the collapse pressure of a hull to be predicted with controlled 
accuracy. The methodology is characterized by quasi-static incremental analysis, including material and 
geometric nonlinearities, of FE models constructed from shell elements. The numerical methodology is used 
with ANSYS to predict the results of 47 collapse experiments on small-scale ring-stiffened cylinders 
representative of submarine hulls. A probabilistic analysis is applied to the experimental-numerical comparisons 
in order to estimate the accuracy of the FE methodology and derive a partial safety factor (PSF) for design. It is 
demonstrated that a high level of accuracy, within 10% with 95% confidence, can be achieved if the prescribed 
FE methodology is followed. Furthermore, it is shown that the PSF for design does not need to be very large, 
even if a high degree of statistical confidence is built in. The designer can be 99.5% confident that the FE error 
has been accounted for by dividing the predicted collapse pressure by a PSF=1.134. 
 
 
Cerik Burak Can, Shin Hyun-Kyoung and Cho Sang-Rai, “Probabilistic ultimate strength analysis of submarine 
pressure hulls”, International Journal of Naval Architecture and Ocean Engineering, Vol. 5, No. 1, pp 101-115, 
March 2013, DOI : 10.3744/JNAOE.2013.5.1.101 
ABSTRACT: This paper examines the application of structural reliability analysis to submarine pressure hulls 
to clarify the merits of probabilistic approach in respect thereof. Ultimate strength prediction methods which 
take the inelastic behavior of ring-stiffened cylindrical shells and hemi-spherical shells into account are 
reviewed. The modeling uncertainties in terms of bias and coefficient of variation for failure prediction methods 
in current design guidelines are defined by evaluating the compiled experimental data. A simple ultimate 
strength formulation for ring-stiffened cylinders taking into account the interaction between local and global 
failure modes and an ultimate strength formula for hemispherical shells which have better accuracy and 
reliability than current design codes are taken as basis for reliability analysis. The effects of randomness of 
geometrical and material properties on failure are assessed by a prelimnary study on reference models. By 
evaluation of sensitivity factors important variables are determined and comparesons are made with conclusions 
of previous reliability studies. 
 
 
Lauren Kougias, “A study of the effect of imperfections on buckling capability in thin cylindrical shells under 
axial loading”, Master’s thesis, Mechanical Engineering, Rensselaer Polytechnic Institute, Hartford, CT, 2009 
ABSTRACT: The use of cylindrical shells in the aerospace industry is widespread as load carrying structures. 
This paper addresses the buckling capability of a cylindrical shell under a compressive axial load using finite 
element analysis and shows how variability in manufacturing processes, such as ovalization of a cylindrical 
duct, can affect the buckling capability of these parts. Results show that, as expected, buckling capability of a 
thin cylinder is significantly affected by out of roundness. Out of roundness of 1%, 10%, 50% and 100% of the 
shell thickness resulted in a reduction in buckling capability of 8.3%, 37.8% 65.9% and 75%, respectively. 
Finite element results were calibrated to and were in good agreement with the theoretical solution for a perfectly 
round cylinder under axial compression.  
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Z.H. Zhu, R.K. Seth and B.M. Quine (York University, Toronto, Ontario, Canada), “Experimental investigation 
of inflatable cylindrical cantilevered beams”, JP Journal of Solids and Structures, 2008 
ABSTRACT: This paper investigates experimentally the bending of inflatable cylindrical cantilevered beams 
made of modern fabric materials. A dimensionless form of load vs deflection has been developed to 
characterize and generalize the bending behavior of the inflatable cylindrical cantilevered beams of different 
sizes, materials, and inflation pressures in a unified way for easy application. The dimensionless form of 
experimental results demonstrates that the inflatable beams, highly or lightly inflated, can be modeled by the 
Euler beam theory accurately before wrinkle occurs. The initial wrinkle is hardly noticeable in the experiments 
and the transition from non-wrinkle to wrinkle is mainly defined by the slope change of load-deflection curve. 
Compared with the experimental data, the strain-based wrinkle moment provides a lower bound prediction 
while the stress-based wrinkle moment gives an upper bound prediction. In the post-wrinkle stage, the Euler 
beam theory using a nonlinear moment-curvature model gives an upper bound estimation of load-deflection 
relationship while the finite element analysis based on membrane theory gives a lower bound estimation. The 
actual collapse moment is hard to measure in experiments due to the inflatable beam becomes unstable in the 
collapsed stage. However, the trends of experimental results show that the stress-based collapse moment gives 
the upper limit prediction and the strain-based collapse moment does not agree with the experimental data.  
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ABSTRACT: Laminated composite shells are frequently used in various engineering applications in the 
aerospace, mechanical, marine, and automotive industries. This article follows a previous book and review 
articles published by the leading author (Qatu, 2004, 2002, 1989, 1992, 1999 1, 2, 3, 4 and 5). It reviews most 
of the research done in recent years (2000–2009) on the dynamic behavior (including vibration) of composite 
shells. This review is conducted with emphasis on the type of testing or analysis performed (free vibration, 
impact, transient, shock, etc.), complicating effects in material (damping, piezoelectric, etc.) and structure 
(stiffened shells, etc.), and the various shell geometries that are subjected to dynamic research (cylindrical, 
conical, spherical and others). A general discussion of the various theories (classical, shear deformation, 3D, 
non-linear etc.) is also given. The main aim of this review article is to collate the research performed in the area 
of dynamic analyses of composite shells during the last 10 years, thereby giving a broad perspective of the state 
of art in this field. This review article contains close to 200 references. 
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“The Sensitivity of Overall Collapse of Damaged Submarine Pressure Hulls to Material Strength”, Journal of 
Offshore Mechanics and Arctic Engineering, Vol. 135, No. 2, 021403,  February 2013, doi: 10.1115/1.4007051 
ABSTRACT: Budget and schedule restrictions sometimes require naval submarines to be operated with 
unrepaired corrosion damage to the pressure hull. It is important to understand the effects of corrosion wastage 
on the structural capacity of the hull, so that appropriate diving depth restrictions can be imposed if necessary. 
The current paper presents an experimental study of the interaction of material behavior with corrosion defects, 
especially with respect to their effect on overall elasto-plastic collapse of pressure hulls. Twenty ring-stiffened 
cylinders, representative of submarine pressure hulls failing by overall collapse, were machined from high- and 
low-grade aluminum alloy tubes. Artificial general corrosion damage was introduced in selected specimens by 
machining away material from the outside of the cylinder shell in rectangular patches of uniform depth. The 
cylinders were monotonically loaded to collapse under external hydrostatic pressure. One corroded cylinder was 
repeatedly loaded past the yield limit before the collapse test in order to study the effect of cyclic plastic loading 
on its ultimate collapse strength. Overall collapse pressures for corroded cylinders with a variety of patch sizes 
and depths and material strengths were reduced by, on average, 0.85 times the depth of thinning divided by the 
original shell thickness. The collapse strength of corroded cylinders was found to be more sensitive to the shape 
of the stress-strain curve than for intact specimens. Higher levels of strain hardening and ductility were found to 
improve the performance of damaged cylinders. Permanent deformations in the cyclically loaded cylinder, as 
measured with strain gauges, grew with each constant-amplitude load cycle; however, the additional 
deformations tended towards zero with increasing number of cycles, and a subsequent collapse test indicated 
that the cyclic loading did not affect the collapse pressure. The sensitivity of overall collapse to material 
strength is related to not only the yield stress, but also the plastic reserve of the material; higher levels of strain 
hardening and ductility increase overall collapse strength of hulls, especially those with general corrosion 
damage. The effect of a given level of corrosion thinning is less severe for cylinders with relatively greater 
levels of strain hardening. It is unlikely that cyclic plastic loading of corroded hulls will lead to premature 
collapse at a load level below the monotonic collapse pressure. 
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End of survey articles and articles that have a significant survey component in 
them. 
End of Section 4 
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Thin-Walled Structures, Vol. 61, pp 1-266, December 2012, edited by Dan Dubina and Viorel Ungureanu 
 
--------Special issue on Advances in Stability of Structures 
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669-686: H. Öry, H.-G. Reimerdes, T. Schmid, A. Rittweger, J. Gómez Garcı�a, Imperfection sensitivity of an orthotropic spherical 
shell under external pressure 
687-698: V.A. Zarutsky, Investigation of ribs influence on stability and vibration of imperfect shells 
699-707: Bodo Geier, A method to compute Koiter's b-factor of anisotropic panels 
709-722: Antoine Legay, Alain Combescure, Efficient algorithms for parametric non-linear instability analysis 
423-744: Michael P. Nemeth, Richard D. Young, Timothy J. Collins, James H. Starnes, Effects of initial geometric imperfections on 
the non-linear response of the Space Shuttle superlightweight liquid-oxygen tank 
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757-762: Gabriel Cederbaum, David Touati, Postbuckling analysis of imperfect non-linear viscoelastic cylindrical panels 
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--------Special Issue 
Journal of Sound and Vibration, Vol. 263, No. 5, June 2003, Special Issue: Arthur W. Leissa 70th 
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--------Special Issue 
Composites Part A: Applied Science and Manufacturing, Vol. 36, No. 10, October 2005, Special Issue 
Honouring Jack Vinson on his 75th Birthday 
 
--------Special issue on computational methods for shells: 
Computer Methods in Applied Mechanics and Engineering, Vol. 194, Nos. 21-24, June 2005, Special Issue: 
Computational Methods for Shells 
 
--------Special issue on marine composites and sandwich structures: 
Composites Part B: Engineering, Vol. 39, No. 1, January 2008, special issue: 
Marine Composites and Sandwich Structures 
 
--------Special issue on thick composites: 
Composites Part B: Engineering, Vol. 27, No. 6, 1996, Special Issue on Thick Composites 



 
--------Special issue on stability of composite structures 
Composite Structures, Vol. 35, No. 1, May 1996, Stability of Composite Structures 
 
--------Special issue on Domain Decomposition Methods 
Computer Methods in Applied Mechanics and Engineering, Vol. 196, No. 8, January 2007, Special Issue: 
Domain Decomposition Methods: recent advances and new challenges in engineering 
 
--------Special issue on steel structures 
Journal of Constructional Steel Research, Vol. 64, Nos. 7-8, July-August 2008, Special Issue: International 
Colloquium on Stability and Ductility of Steel Structures 2006 
 
--------Special issue on coupled instabilities in metal structures 
Thin-Walled Structures, Vol. 48, Nos. 10-11, October-November 2010, Special Issue: Coupled Instabilities 
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--------Special issue on nonlinear dynamics 
Computers & Structures, Vol. 82, Nos. 31-32, December 2004, Special Issue: Nonlinear Dynamics of 
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Section 6: Books on shell buckling or on subjects related in 
some way to shell buckling. These are listed in no particular 
order, just as I encountered them in my “shell buckling” 
GOOGLE search. 
 
(See the “Book Cover Gallery” on the “Bibliography” page of the “shellbuckling.com” website for images of 
the book covers and for summaries of many of these and many other books related to the buckling of shells.) 
 
--------Book 
Collected Papers on Instability of Shell Structures, NASA TN-D-1510, 1962 
 
--------Book 
Theory of elastic stability by S. Timoshenko, McGraw-Hill, 1970, 567 pages 
 
--------Book 
Theory of Elastic Stability by Stephen P. Timoshenko and James M. Gere, Dover Publications, 2009, 560 
pages 
ABSTRACT: The best available guide to the elastic stability of large structures, this volume was co-authored 
by world-renowned authorities on engineering mechanics. It ranges from theoretical explanations of 2- and 3-D 
stress and strain to practical applications such as torsion, bending, thermal stress, and wave propagation through 
solids. Equally valuable as text or reference. 1961 edition. 
 
--------Book 
On the stability of elastic equilibrium by Warner Tjardus Koiter, National Aeronautics and Space 
Administration, 1967, 202 pages 
 



--------Book 
W.T. Koiter 's elastic stability of solids & structures, by Heijden Arnold van der, Hutchinson John, 
Achenbach Jan, October 2008, (publisher not given), Lavoisier Librarie, 216 pages 
ABSTRACT: This book deals with the elastic stability of solids and structures, on which Warner Koiter was the 
world's leading expert. It begins with fundamental aspects of stability, relating the basic notions of dynamic 
stability to more traditional quasi-static approaches. The book is concerned not only with buckling, or linear 
instability, but most importantly with nonlinear post-buckling behavior and imperfection-sensitivity. After 
laying out the general theory, Koiter applies the theory to a number of applications, with a chapter devoted to 
each. These include a variety of beam, plate, and shell structural problems and some basic continuum elasticity 
problems. Koiter's classic results on the nonlinear buckling and imperfection-sensitivity of cylindrical and 
spherical shells are included. The treatments of both the fundamental aspects and the applications are 
completely self-contained. This book was recorded as a detailed set of notes by Arnold van der Heijden from 
W. T. Koiter's last set of lectures on stability theory, at TU Delft. Only book published based on Koiter's 
lectures. It deals with the elastic stability of solids and structures, the subject for which Koiter was the world's 
leading expert. He created much of field covered in this book. Includes coverage of nonlinear post-buckling 
behavior and imperfection-sensitivity, for which Koiter is most famous. Theory is applied to numerous 
applications. 
 
 
--------Book 
Horst Leipholz, Stability Theory, 1970, Academic Press, New York 
 
--------Book 
References, in Nonlinear Oscillations, Ali H. Nayfeh and D.T. Mook (Department of Engineering Science 
and Mechanics Virginia Polytechnic Institute and State University Blacksburg, Virginia), 2007, Wiley-VCH 
Verlag GmbH, Weinheim, Germany. ISBN (print): 9780471121428. doi: 10.1002/9783527617586.refs 
(cited in 3938 papers!) 
 
------Book 
Nayfeh, A. H. and Mook, D. T., Nonlinear Oscillations, 1979, Wiley–Interscience, New York 
 
------Book 
Nayfeh, A. H., Introduction to Perturbation Techniques, 1981, Wiley-Interscience, New York 
 
------Book 
Nayfeh, A. H. and Balachandran, B., Applied Nonlinear Dynamics, 1995, Wiley–Interscience, New York 
 
------Book 
Meirovitch, L., Principles and Techniques of Vibrations, 1996, Prentice Hall, New York 
 
--------Book 
Raymond J. Roark, Formulas for stress and strain, McGraw-Hill, 1954, 1965 
 
------Book 
H.G. Allen and P.S. Bulson, Background to Buckling, McGraw-Hill, London, 1980 
 
--------Book 
Marsden, J.E., Hughes, T.J., Mathematical Foundations of Elasticity, 1983, Prentice-Hall, Englewood 
Cliffs, 
 
--------Book 
Anonymous, Test Methods for Compression Members, American Society for Testing and Materials, 
1967, Library of Congress Catalog Card Number: 67-17471, 1967 



Selected references listed under some of the papers in the book: 
Hoff, N.J., “Buckling and Stability”, Journal of the Royal Aeronautical Society, London, Aeronautical Reprint No. 123, January 1954 
Lee, G.C., “A survey of literature on the lateral instability of beams”, Welding Research Council Bulletin No. 63, August 1960 
Lu, Le-Wu, “A survey of literature on the stability of frames”, Welding Research Council Bulletin No. 81, September 1962 
Salmon, E.H., Columns, H. Frowde, London, 1921 (376 references) 
Timoshenko, S., History of strength of materials, McGraw-Hill, New York, 1953 
Westergaard, H.M., “One hundred fifty years advance in structural analysis”, Transactions, American Society of Civil Engineers, Vol. 
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--------Book 
Antman, S.S., 1995. Nonlinear Problems of Elasticity. Springer-Verlag, New York, 2nd Edition, 2005 
Partial Preface to the Second Edition: 
During the nine years since the publication of the first edition of this book, there has been substantial progress 
on the treatment of well-set problems of nonlinear solid mechanics. The main purposes of this second edition 
are to update the first edition by giving a coherent account of some of the new developments, to correct errors, 
and to refine the exposition. Much of the text has been rewritten, reorganized, and extended. 
The philosophy underlying my approach is exactly that given in the following (slightly modified) Preface to the 
First Edition. In particular, I continue to adhere to my policy of eschewing discussions relying on technical 
aspects of theories of nonlinear partial differential equations (although I give extensive references to pertinent 
work employing such methods). Thus I intend that this edition, like the first, be accessible to a wide circle of 
readers having the traditional prerequisites given in Sec. 1.2. 



I welcome corrections and comments. In due time, corrections will be placed on my web page: 
http://www.ipst.umd.edu/Faculty/antman.htm. 
Partial Preface to the First Edition: 
The scientists of the seventeenth and eighteenth centuries, led by Jas. Bernoulli and Euler, created a coherent 
theory of the mechanics of strings and rods undergoing planar deformations. They introduced the basic concepts 
of strain, both extensional and flexural, of contact force with its components of tension and shear force, and of 
contact couple. They extended Newton’s Law of Motion for a mass point to a law valid for any deformable 
body. Euler formulated its independent and much subtler complement, the Angular Momentum Principle. (Euler 
also gave effective variational characterizations of the governing equations.) These scientists breathed life into 
the theory by proposing, formulating, and solving the problems of the suspension bridge, the catenary, the 
velaria, the elastica, and the small transverse vibrations of an elastic string. (The level of difficulty of some of 
these problems is such that even today their descriptions are seldom vouchsafed to undergraduates. The 
realization that such profound and beautiful results could be deduced by mathematical reasoning from 
fundamental physical principles furnished a significant contribution to the intellectual climate of the Age of 
Reason.) At first, those who solved these problems did not distinguish between linear and nonlinear equations, 
and so were not intimidated by the latter…. 
 
 
--------Book 
Biot, M. A., Mechanics of Incremental Deformations, John Wiley and Sons, New York, 1965. 
 
--------Book 
Fung, Y. C., Foundations of Solid Mechanics, Prentice-Hall, Englewood Cliffs, N. J., 1965. 
 
--------Book 
An introduction to the elastic stability of structures by George J. Simitses, Prentice-Hall, 1976, 253 
pages 
 
--------Book 
George J. Simitses, Dynamic stability of suddenly loaded structures, 1990, Springer-Verlag, New 
York 
 
--------Book 
Fundamentals of structural stability by George J. Simitses, Dewey H. Hodges, Butterworth-Heinemann, 
2006, 389 pages 
ABSTRACT: The ability of a structural assembly to carry loads and forces determines how stable it will be over 
time. Viewing structural assemblages as comprising columns, beams, arches, rings, and plates, this book will 
introduce the student to both a classical and advanced understanding of the mechanical behavior of such 
structural systems under load and how modeling the resulting strains can predict the overall future performance 
the stability of that structure. While covering traditional beam theory, the book is more focused on elastic theory 
in keeping with modern approaches. This text will be an expanded and updated version a similar, previously 
published book, but with pedagogical improvements and updated analytical methods. 
This engineering textbook will provide a focused treatment on the study of how structures behave and perform 
when under stress loading, including plastic deformation and buckling. All advanced engineering students 
studying engineering mechanics, structural analysis and design, fatigue and failure, and other related subjects 
need to have this knowledge, and this book will provide it in a thorough and coherent fashion. Written by two of 
the world's leading engineering professors in this subject area, the pedagogy has been classroom-tested over 
many years and should find a receptive readership among both students and instructors. An understandable 
introduction to the theory of structural stability, useful for a wide variety of engineering disciplines, including 
mechanical, civil and aerospace engineering Covers both static and dynamic loads, for both conservative and 
nonconservative systems. Emphasizes elastic behavior under loads, including vertical buckling, torsional 
buckling and nonlinear affects of structural system buckling and stability Case examples to illustrate real-world 
applications of Stability Theory. 



 
 
--------Book 
Theory of elastic stability: analysis and sensitivity by Luis Augusto Godoy, Taylor & Francis, 2000, 
434 pages 
ABSTRACT: This book gives a unified presentation of the field of stability. Buckling and post-buckling states 
are studied on the basis of total potential energy of structural systems. Emphasis is placed throughout the text on 
post-buckling analysis and behaviour. The sensitivity of buckling and post-buckling states to changes in design 
parameters is also discussed as well as changes due to imperfections and damage. 
 
--------Book 
Thin-walled structures with structural imperfections: analysis and behavior, by Luis Augusto 
Godoy, 1996, Pergamon (indicated on cover) or Elsevier Science Ltd (indicated inside), ISBN 0-08-042266-7 
 
--------Book 
Stability of structures: elastic, inelastic, fracture, and damage theories, edited by Zdenek P. 
Bazant and Luigi Cedolin, Courier Dover Publications, 2003, 1011 pages 
ABSTRACT: Exploration of principles and applications of stability analysis emphasizes nonelastic stability. 
Topics include modern stability problems of fracture and damage, thermodynamic principles of stability in 
irreversible systems, viscoelastic and viscoplastic buckling, other key areas. Numerous examples; 700 exercise 
problems. 1991 edition. 
  
 
--------Book 
Stability Theory and Its Applications to Structural Mechanics by Clive L. Dym, Courier Dover 
Publications, 2002, 208 pages 
ABSTRACT: Self-contained text focuses on Koiter postbuckling analyses, with mathematical notions of 
stability of motion. Basing minimum energy principles for static stability upon dynamic concepts of stability of 
motion, it develops asymptotic buckling and postbuckling analyses from potential energy considerations, with 
applications to columns, plates, and arches. 1974 edition. 
 
--------Book 
Shames, I.H.; and Dym, C.L., Energy and Finite Element Methods in Structural Mechanics, 
Hemisphere Publishing Corporation, 1985, New York 
 
--------Book 
Stability analysis and design of structures by Murari Lal Gambhir, Springer, 2004, 535 pages 
ABSTRACT: Rapid advances in analytical methods and computing enable engineers to apply stability/stiffness 
methods to increasingly complex real-life cases. This advanced and graduate-level text and self-tutorial teaches 
readers to understand and to apply analytical design principles across the breadth of the engineering sciences. 
Emphasizing fundamentals, the book addresses the stability of key engineering elements such as rigid-body 
assemblage, beam-columns, rigid frames, thin plates, arches, rings, or shells. Each chapter contains numerous 
worked-out problems that clarify practical application and aid comprehension of the basics of stability theory, 
plus end-of-chapter review exercises. Others key features are the citing and comparison of different national 
building standards, use of non-dimensional parameters, and many tables with much practical data and simplified 
formula, that enable readers to use them in the design of structural components. 
 
 
--------Book 
Stability of elastic structures edited by Nikolai Anatolevich Alfutov, Springer, 2000, 337 pages 
ABSTRACT: The subject discussed in this book is the stability of thin-walled elastic systems under static loads. 
The presentation of these problems is based on modern approaches to elastic-stability theory. Special attention 
is paid to the formulation of elastic-stability criteria, to the statement of column, plate and shell stability 



problems, to the derivation of basic relationships, and to a discussion of the boundaries of the application of 
analytic relationships. The author has tried to avoid arcane, nonstandard problems and elaborate and unexpected 
solutions, which bring real pleasure to connoisseurs, but confuse students and cause bewilderment to some 
practical engineers. The author has an apprehension that problems which, though interesting, are limited in 
application can divert the reader's attention from the more prosaic but no less sophisticated general problems of 
stability theory. 
 
 
--------Book 
Guide to stability design criteria for metal structures, 5th edition, edited by Theodore V. Galambos, 
John Wiley and Sons, 1998, 911 pages 
ABSTRACT: The up-to-date edition of the classic guide--from leading experts in structural stability theory and 
research. First published in 1960, the Guide to Stability Design Criteria for Metal Structures is the reference of 
choice for civil and structural engineers seeking reliable, in-depth coverage of stability problems and research. 
This extensively revised Fifth Edition bridges theory and practice to offer simplified and refined procedures 
both for design and for the assessment of design limitations, as well as detailed guidance on design 
specifications, codes, and standards concerning the stability of metal structures. Written by members of 
Structural Stability Research Council task groups and other specialists, all material has been updated to reflect 
recent developments in each subject area. The Fifth Edition features eight new chapters covering the latest 
procedures in horizontal curved steel I-girders, composite columns and structural systems, stability of angle 
members, bracing, frame stability, doubly curved shells and shell-like structures, stability under seismic 
loading, and stability analysis by the finite element method. Complete with over 100 new illustrations, plus 
references, technical memoranda, and name and subject indexes, the Guide to Stability Design Criteria for 
Metal Structures, Fifth Edition is ready to go to work for a new generation of structural and civil engineers in 
their daily practice. 
 
---------Book 
Guide to Stability Design Criteria for Metal Structures, Sixth Edition, by Ronald D. Ziemian, 2010, 
John Wiley & Sons, Inc, Hoboken, New Jersey, ISBN 978-0-470-08525-7 , 
 
---------Book 
Mechanics of offshore pipelines: Buckling and collapse, Volume 1: Buckling and Collapse 
By Stelios Kyriakides, Edmundo Corona, 2007, Elsevier BV, ISBN: 978-0-08-046732-0 
 
--------Book 
Theory of stability of continuous elastic structures by Mario Como and Antonio Grimaldi, CRC 
Press, 1995, 247 pages 
ABSTRACT: Theory of Stability of Continuous Elastic Structures presents an applied mathematical treatment 
of the stability of civil engineering structures. The book's modern and rigorous approach makes it especially 
useful as a text in advanced engineering courses and an invaluable reference for engineers. 
 
--------Book 
Structural stability in engineering practice by Lajos Kollár, Taylor & Francis, 1999, 454 pages 
ABSTRACT: Stability is an essential requisite in the design and manufacture of all structures, and engineers 
need a good understanding of critical loading factors in structure design. This book illustrates the various 
problems associated with attaining stability, and provides the results for practical use by the design engineer. 
 
--------Book 
Elements of structural stability by J. G. A. Croll and A. C. Walker, Wiley, 1972, 223 pages 
 
--------Book 
The stability of flat plates by P. S. Bulson, American Elsevier Pub. Co., 1969, 470 pages 
 



--------Book 
Troisky MS. Stiffened Plates, Bending, Stability and Vibrations. Elsevier, 1976 
 
--------Book 
Background to buckling by Howard G. Allen and P. S. Bulson, McGraw-Hill Book Co., 1980, 582 pages 
 
--------Book 
Elastic Stability of Circular Cylindrical Shells  by N. Yamaki, North-Holland, Amsterdam, 1984 
 
--------Book 
Structural stability: theory and implementation by Wai-Fah Chen, E. M. Lui, Elsevier, 1987, 490 
pages, also published by PTR Prentice Hall, 1987 
 
--------Book 
Thin plates and shells: theory, analysis, and applications by Eduard Ventsel, Theodor Krauthammer, 
CRC Press, 2001, 666 pages 
ABSTRACT: Presenting recent principles of thin plate and shell theories, this book emphasizes novel analytical 
and numerical methods for solving linear and nonlinear plate and shell dilemmas, new theories for the design 
and analysis of thin plate-shell structures, and real-world numerical solutions, mechanics, and plate and shell 
models for engineering applications. It includes computer processes for finite difference, finite element, 
boundary element, and boundary collocation methods as well as other variational and numerical methods. It 
also contains end-of-chapter examples and problem/solution sets, a catalog of solutions for cylindrical and 
spherical shells, and tables of the most commonly used plates and shells. 
 
--------Long Paper 
Buckling and postbuckling of composite structures by Ahmed Khairy Noor, presented at 1994 
International Mechanical Engineering Congress and Exposition, Chicago, Illinois, November 6-11, 1994, 
Pressure Vessesls and Piping Division, American Society of Mechanical Engineers, 1994, 133 pages 
 
--------Book 
Shell Stability Handbook 
Author: Lars A. Samuelson, Sigge Eggwertz 
Date: 1992, ISBN: 185166954X, Pages: 303, Language: English, Publisher: Elsevier Applied Science 
SUMMARY: The Shell Stability Handbook is a handbook for calculation of the carrying capacity of shell 
structures with respect to buckling. The aim has been to develop a branch independent handbook which gives 
conservative estimates of the carrying capacity. The safety factors which should be used in a certain case must 
be taken from the applicable code for the considered structure, e.g. pressure vessel codes, steel structure codes 
etc. Initiator behind the handbook is Professor Lars A.Samuelson who already in the seventies during his time at 
the Aeronautical Research Institute of Sweden felt a strong need for such a handbook. The development of the 
handbook, which also included substantial research in the field of shell stability, started in 1982. The first 
Swedish edition was published in 1990. 
 
--------Book 
Vibration of Laminated Shells and Plates, by Mohamad S. Qatu, 2004, Elsevier, ISBN: 0-08-044271-4 
 
--------Book 
Vibration of Continuous Systems, by Arthur W. Leissa and Mohamad S. Qatu, 2011, The McGraw-Hill 
Companies, ISBN: 978-0-07-145728-6 
 
--------Book 
Handbook of thin plate buckling and postbuckling by Frederick Bloom and Douglas Coffin, Chapman 
& Hall/CRC Press, 2001, 786 pages, ISBN 1-58488-222-0 



ABSTRACT: Stop searching through the endless amount of literature to find the most recent information on 
plate buckling. The authors of Handbook of Thin Plate Buckling and Post Buckling have already done the work 
for you. Detailed and clearly written, the book contains a comprehensive, up-to-date treatment of the buckling 
and postbuckling behavior of perfect and imperfect thin plates.The authors study, in detail and with specific 
solved examples, the essential factors that influence critical buckling loads, initial mode shapes, and 
postbuckling behavior for thin plates. Through their analysis of rectangular, circular, and annular plates, they 
present valuable information, some of which has never before been published in book form. Such topics include 
hygrothermal buckling, viscoelastic and plastic buckling, and buckling of various thickness plates. With this 
important collection, the Handbook of Thin Plate Buckling and Post Buckling provides you with a one-stop 
source of current research findings. 
 
--------Book 
Buckling and postbuckling of composite plates edited by G. J. Turvey and I. H. Marshall, Springer, 
1995, 396 pages, also, Chapman & Hall, 1995, ISBN 0-412-59120-0 
ABSTRACT: Contributed by leading authorities in the field from around the world, this text provides a 
comprehensive insight into buckling and postbuckling. Basic theory, methods of buckling analysis and their 
application, the effect of external variables such as temperature and humidity on the buckling response and 
buckling tests are all covered. 
 
--------Book 
Mechanics of Composite Materials: Introduction, by Stephen W. Tsai, Air Force Materials 
Laboratory, Research and Technology Division, Air Force Systems Command, 1966 
 
--------Book 
Introduction to composite materials, by Stephen W. Tsai and H. Thomas Hahn, CRC Press, 1980, 457 
pages, 
COMMENTS: A widely used basic text by two recognized authorities. A unified and disciplined approach; 
advanced concepts reduced to easy-to-use charts, formulas and numerical examples. 
 
--------Book 
Composites Design, by Stephen W. Tsai, Think Composites, 1987, 512 pages 
 
--------Book 
Theory of composites design, by Stephen W. Tsai, Think Composites, 1992, 225 pages 
 
--------Book 
Hull, D., An Introduction to Composite Materials,  Cambridge University Press (year not given) 
 
--------Book 
McCullough, R.L., Concept of Fiber-Resin Composites,  Marcel Dekker, Inc., NY, 1971  
 
--------Book 
Jones, R.M., Mechanics of composite materials, Hemisphere Publishing Corporation, New York, NY, 
1975 
 
--------Book 
Structural analysis of laminated anisotropic plates by James Martin Whitney and J. E. Ashton, CRC 
Press, 1987, 342 pages 
ABSTRACT: A major basic text on the theory and structural applications of laminated anisotropic plates. 
Detailed coverage of problems of bending under transverse load, stability, and free-vibrations, as well as 
laminated beams, expansional strain effects, curved plates, and free-edge effects. 
Also see: 
Whitney, J. M., Structural Analysis of Laminated Anisotropic Plates, Technomic Publishing Co., 



Inc., Lancaster, Pennsylvania, 1987. 
Also see: 
Ashton, J. E. and Whitney, J. M., Theory of Laminated Plates, Technomic Publishing Co., Stamford, 
Connecticut, 1970 
 
--------Book 
Delaware Composites Design Encyclopedia: Design Studies, by Keith T. Kedward, Leif A. 
Carlsson, James M. Whitney, John W. Gillespie,  (vol. 5 published in 1990 by Technomic publication, ISBN 
87762-703-7) 
FOREWORD: …provides users with basic knowledge about the design and analysis of composite materials and 
structures. The six-volume indexed set is an ongoing series to which new volumes will be added as new needs 
arise and new knowledge is gained about this rapidly growing field of composites… 
Volume 1 – Mechanical behavior and properties of composite materials 
Volume 2 – Micromechanical materials modeling 
Volume 3 – Processing and fabrication technology 
Volume 4 – Failure analysis of composite materials 
Volume 5 – Design studies 
Volume 6 – Test methods 
Index to Volumes 1-6 
 
--------Book 
Finite element analysis of composite laminates, by Ozden O. Ochoa and Junuthula Narasimha Reddy, 
Kluwer Academic Publishers, 1992 
 
--------Book 
Practical analysis of composite laminates by Junuthula Narasimha Reddy, Antonio Miravete, CRC 
Press, 1995, 317 pages 
ABSTRACT: Composite materials are increasingly used in aerospace, underwater, and automotive structures. 
They provide unique advantages over their metallic counterparts, but also create complex challenges to analysts 
and designers. Practical Analysis of Composite Laminates presents a summary of the equations governing 
composite laminates and provides practical methods for analyzing most common types of composite structural 
elements. Experimental results for several types of structures are included, and theoretical and experimental 
correlations are discussed. The last chapter is devoted to practical analysis using Designing Advanced 
Composites (DAC), a PC-based software on the subject. This comprehensive text can be used for a graduate 
course in mechanical engineering, and as a valuable reference for professionals in the field. 
 
--------Book 
Energy principles and variational methods in applied mechanics, by Junuthula Narasimha Reddy, 
John Wiley and Sons, 2002, 592 pages 
SUMMARY: A systematic presentation of energy principles and variational methods. The increasing use of 
numerical and computational methods in engineering and applied sciences has shed new light on the importance 
of energy principles and variational methods. Energy Principles and Variational Methods in Applied Mechanics 
provides a systematic and practical introduction to the use of energy principles, traditional variational methods, 
and the finite element method to the solution of engineering problems involving bars, beams, torsion, plane 
elasticity, and plates. Beginning with a review of the basic equations of mechanics and the concepts of work, 
energy, and topics from variational calculus, this book presents the virtual work and energy principles, energy 
methods of solid and structural mechanics, Hamilton's principle for dynamical systems, and classical variational 
methods of approximation. A unified approach, more general than that found in most solid mechanics books, is 
used to introduce the finite element method. Also discussed are applications to beams and plates. Complete with 
more than 200 illustrations and tables, Energy Principles and Variational Methods in Applied Mechanics, 
Second Edition is a valuable book for students of aerospace, civil, mechanical, and applied mechanics; and 
engineers in design and analysis groups in the aircraft, automobile, and civil engineering structures, as well as 
shipbuilding industries. 



 
--------Book 
Mechanics of Composite Materials: Selected works of Nicholas J.  Pagano, edited by J. N. Reddy, 
Kluwer Academic Publishers, 1994 
 
-------Book 
Crashworthiness of composite thin-walled structural components, by Athanasios G. Mamalis, D.E. 
Manolakos, G.A. Demosthenous and M.B. Ioannidis, CRC Press, 1998, ISBN 1-56676-635-4 
 
--------Book 
Laminated composite plates and shells,  3D Modelling, by Jianqiao Ye (School of Civil Engineering, 
University of Leeds, LS2 9JT, UK), Springer-Verlag, London, 2003, ISBN 1-85233-454-1 
 
--------Book 
Compressive behavior of composites, by C. Soutis, Report 94, Rapra Review Reports (Expert overviews 
covering the science and technology of rubber and plastics), Vol. 8, No. 10, 1997, RAPRA Technology, 
Shawbury, Shrewsbury, Shropshire SY4 4NR, UK, ISSN: 0889-3144 
 
--------Book 
Design and optimization of laminated composite materials, by Zafer Gürdal, Raphael T. Haftka, 
Prabhat Hajela, Wiley-Interscience, 1999, 337 pages 
SUMMARY: Offering a thorough treatment of both contemporary design optimization techniques and the 
mechanics of composite laminates, Design and Optimization of Laminated Composite Materials broadens 
engineers' design horizons by providing them with the information they need to take full advantage of this 
important class of composite materials. Intended to serve as an undergraduate- to graduate-level course text or a 
professional reference for practicing engineers, it features a rational, integrated presentation, supplemented with 
case examples, practice exercises, and valuable programming tips. Important features include: 
* An integrated approach to the analysis and design of laminated composites 
* Selected optimization methods that are suited to the design of laminates with discrete thickness and 
orientation angles 
* Guidelines on getting the most out of numerical and graphical software applications for laminate optimization 
problems 
* A companion Web site containing valuable Mathematica(TM)-based programs and helpful tutorials: 
www.composite-design.vt.edu 
 
--------Book 
Optimal design: theory and applications to materials and structures, edited by Valery V. Vasiliev 
and Zafer Gürdal, 1999, Technomic Publishing Co., ISBN 1-56676-686-9 
 
--------Book 
Mechanics of composite materials and structures, by Carlos A. Mota Soares, Cristóvão M. Mota 
Soares, Manuel J. M. Freitas, Springer, 1999 
SUMMARY: A compact presentation of the foundations, current state of the art, recent developments and 
research directions of all essential techniques related to the mechanics of composite materials and structures. 
Special emphasis is placed on classic and recently developed theories of composite laminated beams, plates and 
shells, micromechanics, impact and damage analysis, mechanics of textile structural composites, high strain rate 
testing and non-destructive testing of composite materials and structures. Topics of growing importance are 
addressed, such as: numerical methods and optimisation, identification and damage monitoring. The latest 
results are presented on the art of modelling smart composites, optimal design with advanced materials, and 
industrial applications. Each section of the book is written by internationally recognised experts who have 
dedicated most of their research work to a particular field. Readership: Postgraduate students, researchers and 
engineers in the field of composites. Undergraduate students will benefit from the treatment of the foundations 
of the mechanics of composite materials and structures. 



 
--------Book 
Composite materials: design and applications, by Daniel Gay, CRC Press, 2003, 531 pages 
COMMENTS: Composite Materials: Design and Applications is an updated translation of the French book 
Materiaux Composites. It is a comprehensive, well-illustrated reference and text on composite materials and 
structures. The illustrations are uniquely clear and standardized throughout. This practical book addresses 
difficult design issues such as sandwich plates, bonded joints, and other details of design. It is a welcome 
reference for design engineers andand outstanding textbook for undergraduate and graduate level students in 
mechanical, aerospace, civil and materials engineering departments. 
 
--------Book 
Mechanics of laminated composite plates and shells: theory and analysis, Second Edition by 
Junuthula Narasimha Reddy, CRC Press, 2004, 831 pages 
ABSTRACT: The use of composite materials in engineering structures continues to increase dramatically, and 
in the seven years since the first edition of this book appeared, advances in materials modeling in general and 
composite materials and structures in particular have been just as significant. To reflect these developments, 
renowned author, educator, and researcher J.N. Reddy has thoroughly revised, updated, and enhanced his 
standard-setting Mechanics of Laminated Composite Plates and Shells: Theory and Analysis. New in the 
Second Edition: A new chapter dedicated to the theory and analysis of laminated shells. New discussions 
addressing smart structures and functionally graded materials. Thorough updates to all chapters and a 
reorganization of chapters that improves the clarity of the presentation. Additional exercises and examples. No 
other book is as up to date. No other book approaches the subject primarily from the finite element method. And 
no other book provides such full, self-contained coverage of the theories, analytical solutions, and linear and 
nonlinear finite element models of plate and shell laminated composite structures. 
 
--------Book 
Y. Miyamoto, W.A. Kaysser, B.H. Rabin, A. Kawasaki and R.G. Ford, Functionally Graded Materials: 
Design, Processing and Applications, Chapman & Hall (1999). 
 
--------Book 
Theory and analysis of elastic plates and shells,  Second edition, by J. N. Reddy, CRC Press, 2007, 
547 pages 
 
--------Book 
Mechanics of laminated composite plates and shells, J.N. Reddy, 2004 (pdf from tamu.edu) 
 
--------Book 
Thermal Structures for Aerospace Applications, Earl A. Thornton, AIAA Education Series, J..S. 
Przemieniecki, Series Editor-in-Chief, 1996, AIAA, ISBN 1-56347-190-6 
 
--------Book 
Exact solutions for buckling of structural members by C. M. Wang, Chang Yi Wang and Junuthula 
Narasimha Reddy, CRC Press, 2004 - Science - 207 pages 
ABSTRACT: he calculation of buckling loads is key in designing structural elements and often hinges on 
numerical methods. However, analytical solutions can serve as critical cross-references that help assess the 
reliability and accuracy of numerical solutions. The quest for access to closed form analytical solutions that 
elucidate the intrinsic fundamental and unexpected featues of numerical solutions drove the creation of Exact 
Solutions for Buckling of Structural Members. In researching this book, the authors gathered as many exact 
buckling solutions as possible, and have presented them in a concise treatment.This book condenses closed 
form buckling solutions of columns, beams, arches, rings, plates and shells from the vast literature into a single 
volume. It begins with an introduction to elastic buckling and the importance of elastic buckling load. The 
following chapters present coverage of flexural buckling solutions for columns under various loads, restraints, 
and boundary conditions; the exact flexural-torsional buckling solutions of beams; and the buckling solutions of 



circular arches and rings. Also included in these chapters are discussions of the effect of transverse shear 
deformation on the buckling load of columns and the flexural-torsional buckling of columns for thin-walled 
members with open profiles. The final chapters discuss the elastic buckling of plates under inplane loads and 
buckling solutions for cylindrical and spherical shells.With coverage of a wide range of buckling load problems, 
this innovative reference provides engineers and researchers benchmarks for assessing the validity, 
convergence, and accuracy of solutions obtained by numerical methods. 
 
--------Book 
Flexural-torsional buckling of structures by N. S. Trahair, CRC Press, 1993, 360 pages 
ABSTRACT: Flexural-Torsional Buckling of Structures provides an up-to-date, comprehensive treatment of 
flexural-torsional buckling and demonstrates how to design against this mode of failure. The author first 
explains the fundamentals of this type of buckling behavior and then summarizes results that will be of use to 
designers and researchers in either equation or graphical form. This approach makes the book an ideal 
text/reference for students in structural engineering as well as for practicing civil engineers, structural engineers, 
and constructional steel researchers and designers.The book begins by introducing the modern development of 
the theory of flexural-torsional buckling through discussions on the general concepts of equilibrium, total 
potential, virtual work, and buckling. It then continues with in-depth coverage of hand methods for solving 
buckling problems, the analysis of flexural-torsional buckling using the finite element method, and the buckling 
of different types of structural elements and frames composed of various elastic materials. Other topics 
addressed include the design and inelastic buckling of steel members. The book's final chapter considers a 
collection of special topics. 
 
--------Book 
Advances in applied mechanics, Volume 32, edited by John W. Hutchinson and Theodore Y. Wu, 
Academic Press, 1996, 360 pages 
ABSTRACT: This series provides survey articles on the present state and future direction of research in 
important branches of applied mechanics. 
 
--------Book 
Buckling of Structures: Symposium Cambridge, USA, June 17-21, 1974, edited by Bernard Budiansky, 
Springer, 1976, 398 pages 
 
--------Book 
Ramm E. Buckling of Shells. Springer-Verlag, Berlin 1982 
 
--------Book 
Computerized buckling analysis of shells, David Bushnell, Kluwer Academic Publishers,  Dordrecht, 
The Netherlands, 1985,  ISBN 90-247-3099-6 
 
--------Book 
Bathe, K. J.: Finite Element Procedures in Engineering Analysis. Prentice-Hall Inc., New Jersey 
(1984).  
 
--------Book 
The Finite Element Analysis of Shells – Fundamentals, Dominique Chapelle and Klaus-Jürgen Bathe, 
second edition, Springer, (2010-12-12), ISBN 3642164072, 538 pages, pdf, 10 MB. 
ABSTRACT: Shell structures are found abundantly in engineering designs and are routinely analysed with 
finite element methods. The objective of this book is to present, in a unified manner, modern finite element 
procedures for general shell analysis. The first chapters introduce the basic concepts for the analysis of shells, 
explain the mathematical preliminaries, and discuss the mathematical models of plates and shells including their 
asymptotic properties. The following chapters deal with finite element discretization methods for plates and 
shells. At the end of the book, applications of these methods in modern engineering practice are described and 
an overview of nonlinear shell analysis is given. 



 
--------Book 
Bathe, K., 1996, Finite Element Procedures, Prentice-Hall, Englewood, New Jersey 
 
--------Book http://www.amazon.com/Nonlinear-Theory-Elastic-Shells/dp/0521472369 
The Nonlinear Theory of Elastic Shells [Second Edition] Avinoam Libai and James G. Simmonds, 
University of Cambridge Press, 1998, ISBN 0-521-47236-9 (hard cover), (First edition published by Academic 
Press in 1988) 
ABSTRACT: Elastic shells are pervasive in everyday life. Examples of these thin-walled structures range from 
automobile hoods to basketballs, veins and arteries, and soft drink cans. This book explains shell theory, with 
numerous examples and applications. This second edition not only brings all the material of the first edition 
entirely up to date; it also adds two entirely new chapters on general shell theory and general membrane theory. 
Aerospace, mechanical, and civil engineers, as well as applied mathematicians, will find this book a clearly 
written and thorough information source on shell theory. 
 
--------Book 
Finite element analysis of thin-walled structures, edited by John W. Bull, Taylor & Francis, 1988, 
ISBN 1-85166-136-0 
 
--------Book 
New approaches to structural mechanics, shells,  and biological structures, edited by Horace R. 
Drew and Sergio Pellegrino, Kluwer Academic Publishers, Dordrecht, The Netherlands, 2002. Special 
volume produced for the retirement of Professor Chris Calladine, 2002 
 
--------Book 
http://ebooks.cambridge.org/chapter.jsf?bid=CBO9780511624278&cid=CBO9780511624278A141 
Theory of Shell Structures, By C. R. Calladine Print Publication Year: 1983 Online Publication Date: 
February 2010 
Online ISBN: 9780511624278, Hardback ISBN: 9780521238359, Paperback ISBN: 9780521369459 
Introduction: In most of the chapters of this book we have assumed that the material from which a shell is 
constructed behaves under stress in a linear-elastic manner. The materials which are used in structural 
engineering generally have a linear-elastic range, but behave inelastically when a certain level of stress is 
exceeded. Moreover at sufficiently high temperatures irreversible creep may be the most significant 
phenomenon. It is obvious that there are some circumstances in which it is necessary for the designer to 
understand the behaviour of shells in the inelastic range. This subject is a large one, and in this chapter we shall 
give an introduction to part of it. The aim of the present chapter is to give a glimpse, mainly through a few 
specific examples, of the ways in which the structural analyst may tackle problems connected with inelastic 
behaviour of shells. In general our plan will be to set up the simplest problems which illustrate various 
important points. But first it is necessary to discuss some general questions in connection with the scope of 
plastic theory, and the circumstances in which it is valid. 
 
-------Book 
Theory of shells: proceedings of the third IUTAM Symposium on Shell Theory, Tbilisi, 
U.S.S.R., August 22-28, 1978 : dedicated to the memory of academician I.N. Vekua, North Holland Pub. Co., 
1980 
 
--------Book 
Theory of thin elastic shells, by M. Dikmen, Pitman Advanced Pub. Program, 1982 
 
--------Book 
Principles of structural stability theory, by Alexander Chajes, Prentice-Hall, 1974, 336 pages 
 
--------Book 



Shell Structures, Theory and Applications: Proceedings of the 8th International Conference on Shell 
Structures (SSTA 2005), 12-14 October 2005, Jurata, Gdansk, Poland, 2006, Taylor & Francis Group, London,  
ISBN 0-415-38390-0 
Editor(s):  Wojciech Pietraszkiewicz;  Czeslaw Szymczak (642 pages), ISBN 10: 0415383900 
SUMMARY: Shells are basic structural elements of modern technology. Examples of shell structures include 
automobile bodies, domes, water and oil tanks, pipelines, ship hulls, aircraft fuselages, turbine blades, 
laudspeaker cones, but also balloons, parachutes, biological membranes, a human skin, a bottle of wine or a 
beer can. This volume contains full texts of over 100 papers presented by specialists from over 20 countries at 
the 8th  Conference "Shell Structures: Theory and Applications", 12-14 October, 2005 in Jurata (Poland). The 
aim of the meeting was to bring together scientists, designers, engineers and other specialists in shell structures 
in order to discuss important results and new ideas in this field. The goal is to pursue more accurate theoretical 
models, to develop more powerful and versatile methods of analysis, and to disseminate expertise in design and 
maintenance of shell structures. Among the authors there are many distinguished specialists of shell structures, 
including the authors of general lectures: I.V. Andrianov (Ukraine), V.A. Eremeyev (Russia), A. 
Ibrahimbegovic (France), P. Klosowski (Poland), B.H. Kröplin (Germany), E. Ramm (Germany), J.M. Rotter 
(UK) and D. Steigmann (USA). The subject area of the papers covers various theoretical models and numerical 
analyses of strength, dynamics, stability, optimization etc. of different types of shell structures, their design and 
maintenance, as well as modelling of some surface-related mechanical phenomena. 
 
------Book 
Theories of plates and shells: critical review and new applications, edited by Reinhold Kienzler, 
Holm Altenbach and Ingrid Ott, 2004, Springer, ISBN 3-540-20997-2 
 
------Book 
Shell Structures: Theory and Applications: Proceedings of the 9th SSTA Conference, Gdansk-Jurata, 
Poland, 14-16 October 2009, edited by Wojciech Pietraszkiewicz 
SUMMARY: Shells are basic structural elements of modern technology and everyday life. Examples of shell 
structures in technology include automobile bodies, domes, water and oil tanks, pipelines, silos, ship hulls, 
aircraft fuselages, turbine blades and nanotubes. Loudspeaker cones, balloons, parachutes, biological 
membranes, a human skin, a bottle of wine, and a beer can are examples of shells in everyday life.Shell 
Structures. Theory and Applications, Volume 2 contains 77 contributions from over 17 countries, reflecting a 
wide spectrum of scientific and engineering problems of shell structures. The papers are divided into six broad 
groups:1. General lectures2. Theoretical modeling3. Stability4. Dynamics5. Numerical analysis6. Engineering 
designShell Structures. Theory and Applications, Volume 2 will be of interest to academics, researchers, 
designers and engineers dealing with theoretical modelling, computerized analyses and engineering design of 
thin-walled structures and shell structural elements. 
 
------Book 
Lazar Markovich Kachanov, Delamination buckling of composite materials, Kluwer Academic 
Publishers,  Dordrecht, The Netherlands, 1988 
 
--------Book 
http://www.waterstones.com/waterstonesweb/products/william+a-
+little/reliability+of+shell+buckling+predictions/4694235/ 
Reliability of Shell Buckling Predictions - Research Monograph, by William A. Litle, 1964 
 
--------Book 
Thin Plates and Shells,  Theory: Analysis, and Applications 
Eduard Ventsel and Theodor Krauthammer 
CRC Press 2001, Print ISBN: 978-0-8247-0575-6, eBook ISBN: 978-0-203-90872-3 
http://www.crcnetbase.com/doi/book/10.1201/9780203908723 
 
--------Book 



Advances in the Mechanics of Plates and Shells: The Avinoam Libai Volume 
Edited by D. Durban, J. G. Simmonds, Dan Givoli, Kluwer Academic Publishers, Dordrecht, 2000. 
 
--------Book 
Shell structures in civil and mechanical engineering: theory and closed-form analytical 
solutions, by Alphose Zingoni, Thomas Telford, 1997 - Technology & Engineering - 349 pages 
Contents: - Introduction - Membrane theory of shells and revolution - Closed form membrane-solution results 
for various surface-of-revolution shell structures under axisymmetric loading - Membrane solutions for non-
axisymmetrically loaded shells of revolution - Axisymmetric bending of circular cylinders - Theory of the 
axisymmetric bending of general shells of revolution - Flexibility analysis of axisymmetric shells of compound 
geometry - Studies of edge effects in various non-shallow spherical-shell structures - Membrane theory of 
general cylinders - Membrane theory and solutions for shells of arbitrary shape - Theory of membrane affine 
shells and its application to liquid-filled elevated reservoirs of elliptic horizontal section 
 
--------Book 
P.E. Tovstik, Stability of thin shells, Nauka, Moscow, 1995, 320 p. 
 
--------Book 
Petr E. Tovstik and Andrei L. Smirnov (Department of Theoretical and Applied Mechanics of the Faculty of 
Mathematics and Mechanics, St. Petersburg State University, Russia), “Asymptotic Methods in the 
Buckling Theory of Elastic Shells” (360 pages, 2011 ebook), in Series on Stability Vibration and Control 
of Systems, Series A  - Vol. 4 
ABSTRACT: This book contains solutions to the most typical problems of thin elastic shells buckling under 
conservative loads. The linear problems of bifurcation of shell equilibrium are considered using a two-
dimensional theory of the Kirchhoff–Love type. The explicit approximate formulas obtained by means of the 
asymptotic method permit one to estimate the critical loads and find the buckling modes.  The solutions to some 
of the buckling problems are obtained for the first time in the form of explicit formulas. Special attention is 
devoted to the study of the shells of negative Gaussian curvature, the buckling of which has some specific 
features. The buckling modes localized near the weakest lines or points on the neutral surface are constructed, 
including the buckling modes localized near the weakly supported shell edge. The relations between the 
buckling modes and bending of the neutral surface are analyzed. Some of the applied asymptotic methods are 
standard; the others are new and are used for the first time in this book to study thin shell buckling. The 
solutions obtained in the form of simple approximate formulas complement the numerical results, and permit 
one to clarify the physics of buckling. 
TABLE OF CONTENTS: 
Equations of Thin Elastic Shell Theory 
Basic Equations of Shell Buckling 
Simple Buckling Problems 
Buckling Modes Localized near Parallels 
Non-homogeneous Axial Compression of Cylindrical Shells 
Buckling Modes Localized at a Point 
Semi-momentless Buckling Modes 
Effect of Boundary Conditions on Semi-momentless Modes 
Torsion and Bending of Cylindrical and Conic Shells 
Nearly Cylindrical and Conic Shells 
Shells of Revolution of Negative Gaussian Curvature 
Surface Bending and Shell Buckling 
Buckling Modes Localized at an Edge 
Shells of Revolution under General Stress State 
 
 
-------Book 



Buckling of Shell Structures, on Land, in the Sea and in the Air, J. F. Jullien, ed., Elsevier Applied 
Science Publishing Co., Inc., New York, 1991, 526 pages, Papers presented at the International Colloquium on 
Buckling of Shell Structures, on Land, in the Sea, and in the Air, Lyon, France, 17-19 September 1991. 
 
------Book 
Tubular structures 9 Edited by R. Puthli and S. Herion, 2001, Swets & Zeitlinger, The Netherlands 
http://books.google.com/books?q=related:ISBN9058091910&id=MT5hvpVxGHUC&source=gbs_similarbooks
_s&cad=1 
 
------Book 
Analysis and Design of Marine Structures, edited by C. Guedes Soares and P. K. Das, CRC Press, a 
Taylor & Francis Group, London, UK 2009 
 
------Book 
Buckling of thin metal shells, Edited by J. G. Teng, J. Michael Rotter, Spon Press, 11 New Fetter Lane, 
London EC4P 4EE, 2004 (520 pages) 
DESCRIPTION: Thin-walled metal shell structures are highly efficient in their use of material, but they are 
particularly sensitive to failure by buckiling. Many different forms of buckling can occur for different 
geometries and different loading conditions. Because this field of knowledge is both complex and industrially 
important, it is of great interest and concern in a wide range of industries. This book presents a compilation and 
synthesis of a wealth of research, experience and knowledge of the subject. Information that was previously 
widely scattered throughout the literature is assembled in a concise and convenient form that is easy to 
understand, and state-of-the-art research findings are thoroughly examined. This book is useful for those 
involved in the structural design of silos, tanks, pipelines, biodigestors, chimneys, towers, offshore platforms, 
aircraft and spacecraft. 
 
------Book 
Buckling of Thin Metal Shells by JM Rotter Kindle Book, 5 Star Review, 2010-05-13 
 
Arbocz, J., Delft University of Technology, “Shell buckling research at Delft (1976-1996)” (1996) 
http://repository.tudelft.nl/file/889580/377794 
 
------Book 
Nonlinear analysis of shell structures by Anthony N. Palazotto and Scott T. Dennis, AIAA Education 
Series, 1992, ISBN 1-56347-033-0 
ABSTRACT: The increasing use of composite materials requires a better understanding of the behavior of 
laminated plates and shells. Large displacements and rotations, as well as shear deformations, must be included 
in the analysis. Since linear theories of shells and plates are no longer adequate for the analysis and design of 
composite structures, more refined theories are now used for such structures. This text develops, in a systematic 
manner, the overall concepts of the nonlinear analysis of shell structures. The authors start with a survey of 
theories for the analysis of plates and shells with small deflections and then lead to the theory of shells 
undergoing large deflections and rotations applicable to elastic laminated anisotropic materials. Subsequent 
chapters are devoted to the finite element solutions and include test case comparisons. The book is intended for 
graduate engineering students and stress analysts in aerospace, civil, or mechanical engineering. 
 
------Book 
Dynamic pulse buckling, Edited by H. H. E. Leipholz, Kluwer Academic Publishers, Dordrecht, The 
Netherlands, 1987,  ISBN 90-247-3566-1; Theory and Experiment by Herbert E. Lindberg and Alexander L. 
Florence 
PARTIAL ABSTRACT: This book originally appeared as a text prepared for the Defense Nuclear Agency to 
summarize research on dynamic pulse buckling by the authors and their colleagues at SRI International during 
the period from 1960 to 1980. The objective of the book was to gather into a cohesive whole material that had 
been published in reports and the open literature during the two-decade period. In the process of knitting this 



material together, a substantial amount of new work was done. The book therefore contains many new results 
never published in the open literature…. 
 
------Book 
Elastic stability of circular cylindrical shells, by Noboru Yamaki, North-Holland, 1984, 558 pages,  
ISBN 0444868577, 9780444868572 
 
------Book 
Shell structures in civil and mechanical engineering: theory and closed-form analytical 
solutions, by Alphose Zingoni, Thomas Telford, 1997 
 
-------Book 
Finite element software for plates and shells, by Ernest Hinton, D. R. J. Owen, Pineridge Press, 1984 
 
-------Book 
Applied Plasticity, Second Edition By Jagabandhu Chakrabarty, Mechanical Engineering Series, 2010, 
Springer, ISBN 978-0-387-77674-3 
ABSTRACT OF CHAPTER 7, “PLASTIC BUCKLING”, by Jagabandhu Chakrabarty (pp. 479-559) 
In a typical boundary value problem involving prescribed nominal traction rates on a part S F of the boundary 
surface, and prescribed velocities on the remainder S v , more than one mode of deformation may be possible 
when the applied load reaches a critical value. The lack of uniqueness of the deformation mode under given 
boundary conditions is commonly referred to as bifurcation, the current shape and mechanical state of the body 
being supposed to be given or previously determined. For a linear solid, in which the strain rate is a unique 
linear function of the stress rate during both loading and unloading, a bifurcation mode corresponds to an 
eigensolution of the field equations and represents a mode quasi-statically possible under constant loads on S F 
and rigid constraints on S v . In dealing with the conventional elastic/plastic solid, which is bilinear in the sense 
that the strain rate is related to the stress rate by separate linear functions for loading and unloading, it is 
convenient to introduce a linear comparison solid with identical boundary conditions (Section 1.5). While 
bifurcation in the linearized solid can occur under any given traction rates on S F and velocities on S v when the 
load becomes critical, bifurcation in the actual elastic/plastic solid would occur only under those traction rates 
for which there is no instantaneous unloading of the material that is currently plastic. The incremental theory of 
plasticity will be almost exclusively used in this chapter for the estimation of the critical load. 
 
-------Book 
Analysis and optimization of prismatic and axisymmetric shell structures: theory, practice, 
and software, by Ernest Hinton, Johann Sienz, Mustafa Özakça 
ABSTRACT: Shell-type structures can be found almost everywhere. They appear in natural forms but also as 
man-made, load-bearing components in diverse engineering systems. Mankind has struggled to replicate 
nature's optimization of such structures but using modern computational tools it is now possible to analyse, 
design and optimise them systematically. Analysis and Optimization of Prismatic and Axisymmetric Shell 
Structures features: comprehensive coverage of the background theory of shell structures; development and 
implementation of reliable, creative and efficient computational tools for static and free-vibration analysis and 
structural optimization of variable-thickness shells and folded-plate structures; integrated computer-aided curve 
and surface modelling tools and automatic mesh generation, structural analysis sensitivity analysis and 
mathematical programming methods; CD-ROM containing well-documented Fortran software for these 
techniques using finite element and finite strip simulations which can be readily adapted by the reader for the 
solution of practical problems or for use within a teaching or research environment. Written by leading experts 
in finite element and finite strip methods, Analysis and Optimization of Prismatic and Axisymmetric Shell 
Structures will be of great interest to researchers in structural mechanics and in automotive, aerospace and civil 
engineering as well as to designers from all fields using shell structures for their strength-per-unit-mass 
advantages. 
Table of contents  



Part I Introduction Introduction Structural Shape Definition and Automatic Mesh Generation Structural 
Optimization Methods and Algorithms Part II Static Analysis and Optimization Basic Finite Element 
Formulation for Shells of Revolution Basic Finite Strip Formulation for Prismatic Shells Structural 
Optimization of Shells of Revolution and Prismatic Shells Part III Free Vibration Analysis and Optimization 
Basic Finite Element Formulation for Vibrating Axisymmetric Shells Basic Finite Strip Formulation for 
Vibrating Prismatic Shells Structural Shape Optimization of Vibrating Axisymmetric and Prismatic Shells Part 
IV Dynamic and Buckling Analysis and Optimization Buckling Analysis and Optimization of Plates and Shells 
Basic Dynamic Analysis of Plates, Solids of Revolution and Finite Prism Type Structures Appendices The 
Evaluation of Certain Strain Terms Evaluation of the Radius of Curvature  
 
 
-------Book 
Static and dynamic analyses of plates and shells: theory, software and applications, by Hou-
Cheng Huang, Springer-Verlag, 1989 
ABSTRACT: This book illustrates the element technology of plates and shells and compares and contrasts the 
behaviour of current plate and shell elements for thick and thin shell theories as well as for static and transient 
dynamic analyses. It also highlights the locking phenomenon experienced by most of the currently available 
elements and introduces a strategy for avoiding this phenomenon. In addition, the book provides the necessary 
benchmark tests for plate and shell elements. The book will be useful for undergraduates since all fundamental 
theories are included. It should also be useful for structural engineers in order to understand shell stress 
analyses. They would be particularly interested in the shear forces in plate and shell structures where most 
elements are seen to produce poor results. For postgraduates and researchers in this field, the book will be most 
helpful. Many research workers have been studying shell element technology for two decades. Consequently, 
plate and shell element design is still an active area. Two associated programmes are provided with the book. 
One is for static analysis and the other for dynamic analysis. The programmes can be compiled and run on 
either a mini or a mainframe computer via a terminal. 
 
------Book 
Theory And Design Of Plate And Shell Structures by Maan H. Jawad 
Kluwer Academic Publishers (Aug 1994) or Chapman & Hall, 1994 
Book Summary of Theory And Design Of Plate And Shell Structures 
This is the first book to integrate the theory, design, and stability analysis of plates and shells in one 
comprehensive volume. With authoritative accounts of diverse aspects of plates and shells, this volume 
facilitates the study and design of structures that incorporate both plate and shell components. Drawing on his 
extensive experience in plate and shell theory and design, the author: --introduces the principles and 
applications of bending of plates; membrane theory and bending of shells; and stability of plates and shells; --
explains the crucial elements of roof structure analysis and finite element formulations; --explores topics of 
current interest, such as plastic design of plates and approximate solution of membrane stress in shells of 
revolution and in buckling of shells; --describes how to select design approaches according to the functional and 
safety requirements of specific structures. Each chapter demonstrates the principles, practical applications, and 
design of a plate or shell component using real-life examples, providing the reader with an in-depth, unified 
understanding of the theory and function of the component. Chapters are written to be as independent of each 
other as possible to allow for selective reading on either plates or shells. In addition, the text is conveniently 
supplemented by appendices of Fourier Series and Bessel Functions. Integrating the fundamental and applied 
aspects of plate and shell theory, this volume serves as an essential text for graduate students and as an easy-to-
use reference for engineers in mechanical, civil, and aeronautical engineering. Mann H. Jawad is Chief 
Engineer at the Nooter Corporation in St. Louis, Missouri 
 
 
------Book 
Design of Plate and Shell Structures, by Maan H. Jawad, John Wiley & Sons, January 2004 (476 pages, 
ISBN-10: 1-86058-332-6 



DESCRIPTION: This exciting text is written primarily for professional engineers interested in designing plate 
and shell structures. It covers basic aspects of theories and gives examples for the design of components due to 
internal and external loads as well as other loads such as wind and dead loads. Various derivations are kept 
relatively simple and the resultant equations are simplified to a level where the engineer may apply them 
directly to design problems. More elaborate derivations and more general equations may be found in the 
literature for those interested in a more in-depth knowledge of the theories of plates and shells. 
COMPLETE CONTENTS 
* Bending of simply supported rectangular plates 
* Bending of various rectangular plates 
* Bending of circular plates 
* Plates of various shapes and properties 
* Approximate analysis of plates 
* Buckling of plates 
* Vibration of plates 
* Membrane theory of shells of revolution 
* Various applications of the membrane theory 
* Bending of thin cylindrical shells due to axisymmetric loads, Various 
structures 
* Buckling of cylindrical shells 
* Buckling of shells of revolution 
* Vibration of shells 
* Basic finite element equations. 
 
 
-----Book 
Zdenek P. Bazant and Luigi Cedolin, Stability of Structures Dover Publications, February 14, 2003, ISBN: 
0486425681 (1056 pages) (no abstract given) 
 
-----Book 
An Introduction to Modelling Buckling and Collapse by B. G. Falzon & M. H. Hitchings 
First Published - September 2006, Softback, 136 Pages  
DESCRIPTION: 
The term ‘collapse’ is often used to refer to the sudden loss of structural integrity and does not distinguish 
between the two major categories leading to structural failure: (a) material failure or (b) structural instability 
due to loss of structural stiffness within the elastic limit of the material. The term ‘buckling’ is often reserved 
specifically for the latter category. At an elementary level, predicting material failure may be accomplished 
using linear finite element analysis. The strains and corresponding stresses obtained from this analysis may be 
compared to design stress (or strain) allowables anywhere within the structure. If the finite element solution 
indicates regions where these allowables are exceeded, it is assumed that material failure has occurred. Design 
allowables are based on experimentally-derived material strengths and usually include a safety margin. This 
type of analysis will give an adequate prediction for statically determinate metallic structures undergoing small 
deformations. 
If the structure is statically indeterminate, as indeed the majority of practical structures are, the analyst may 
want to assess the evolution of material failure. The load at which material failure initiates may be significantly 
lower than that which leads to eventual collapse. The analyst may also want to know the nature of this failure 
progression, that is, is it gradual or does it occur rapidly? Material failure may be the result of plasticity in 
metallic structures or fracture, which is a more prevalent form of failure in brittle materials such as ceramics or 
carbon-fibre reinforced plastics. 
The structure may also undergo large deformations before or during material failure and it is therefore apparent 
that the presence of geometric and material non-linearities requires more sophisticated finite element solution 
schemes. 



Buckling refers to the loss of stability of a structure and in its simplest form, is independent of material strength 
where it is assumed that this loss of stability occurs within the elastic range of the material. It is primarily 
characterised by a loss of structural stiffness and cannot be modelled using basic linear finite element analysis. 
Slender or thin-walled structures under compressive loading are susceptible to buckling. Buckling may also be 
stable or unstable and different geometries lead to different forms of buckling stability. A distinction is also 
made between classical buckling and other forms of structural instability. Without resorting to formal 
definitions and distinctions at this stage, one physical manifestation of these differences is that classical 
buckling results in the structure deforming primarily in a direction orthogonal to that of the applied loading 
causing this instability. 
Another form of structural instability, termed snap buckling, is where the deformation is primarily in the 
direction of the applied loading. 
Material failure and buckling may both occur in sequence leading to structural collapse. A thin-walled or 
slender structure may initially buckle elastically but the resulting high deformations may cause localised 
material failure. A thicker-walled or less slender structure under high compressive loading may exhibit localised 
inelastic behaviour, such as plasticity, which lowers the stiffness leading to buckling. 
Scope 
This book provides an introduction to the various mechanisms which may lead to structural buckling or collapse 
and the strategies employed in modelling this behaviour using finite element analysis. While the use of some 
jargon is unavoidable, every effort has been made to ensure that definitions are given when required, either 
within the text or as an entry in the Glossary at the end of this book. It is also the authors’ view that the 
introduction of mathematical equations is central to giving the analyst further insight into the suitability of the 
various numerical strategies available in most finite element systems. If the reader is particularly averse to the 
mathematical treatment given herein, he or she may skip over these and still obtain useful and practical 
information on modelling buckling and collapsing structures. 
The development of new finite element methodologies and formulations, to model highly non-linear behaviour 
such as buckling and collapse, continues to advance at a rapid pace. The majority of the methodologies and 
modelling strategies presented in this book may be found in current commercial finite element packages. To 
give this book relevance beyond the immediate time, recent developments which are still at the research stage 
are also discussed. While these may not be available commercially at the time of writing, there is enough 
information given for the interested reader to implement these schemes in non-commercial (research) codes or, 
if possible, as user subroutines in commercial finite element packages. 
Contents 
1. Introduction 
1.1. Scope 
1.2. Readership 
1.3. Layout 
2. A Brief Overview of Elastic Stability 
2.1. Introduction 
2.2. Stiffening Behaviour 
2.3. ‘Snap-Through’ Behaviour 
2.4. Classical Buckling 
2.5. Stable Symmetric Buckling 
2.6. Unstable Symmetric Buckling 
2.7. Asymmetric Buckling 
3. Linear Buckling Analysis 
3.1. Introduction 
3.2. Linear Buckling Analysis 
3.3. Steps for a Finite Element Eigenvalue Analysis 
3.4. Methods for Finding Eigenvalues and Eigenvectors 
3.5. Example 3A – Linearised Plate Buckling 
3.6. Buckling Analysis for Pre-Loaded Structures 
3.7. Symmetry 
3.8. Example 3B – Using Symmetry for Isotropic Plate Buckling 



4. Geometric Non-Linear Analysis 
4.1. Introduction 
4.2. Non-Linear Analysis Formulation 
4.3. Newton-Raphson Methods 
4.4. Limitation of Newton-Raphson Schemes 
4.5. Direct Load Incrementation Scheme 
4.6. Energy dissipation scheme 
4.7. Arc-Length Methods 
4.8. Follower Force Loading 
4.9. Example 4A – Clamped Curved Beam with Central Point Load 
4.10. Example 4B – Postbuckling Stiffened Carbon-Fibre Composite Panels 
5. Dynamic Analysis for Solving Non-Linear Problems 
5.1. Introduction 
5.2. Dynamic Solution Methods for Non-Linear Problems 
5.3. Implicit Solution 
5.4. Explicit Solution 
5.5. Other Forms of Explicit/Implicit Solution Methods 
5.6. Choice of Solution Method 
5.7. Mass-Scaling 
5.8. Load Rate 
5.9. Extended Explicit Solution Method 
5.10. Combined Quasi-Static/Pseudo-Transient Method 
5.11. Example 5A – Clamped Curved Beam with Central Point Load Using Explicit Dynamic Analysis 
5.12. Example 5B – Postbuckling Response of a Cantilever Beam Using Explicit Dynamic Analysis 
5.13. Example 5C – Clamped Curved Beam with Central Point Load Using a Combined Quasi-Static/Pseudo-
Transient Method 
5.14. Example 5D – Postbuckling of a Blade-Stiffened Panel Using Explicit Analysis 
5.15. Example 5E – Postbuckling of an I-Stiffened Panel Using 
Combined Quasi-Static/Pseudo-Transient Method 
5.16. Remarks 
6. Modelling Collapse Through Material Plasticity 
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6.2. Basic Plasticity 
6.3. Limit Load Analysis (Plastic Collapse) 
6.4. Application to Structural Collapse – Limit Load Analysis 
6.4.1. The First Theorem of Limit Analysis (Static Principle) 
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6.5. General Elastic-Plastic Analysis 
6.6. Finite Element Modelling for a Plastic Collapse Analysis 
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6.8. Other Considerations 
6.9. Example 6A - Finite Element Plastic Collapse Solution 
7. Collapse due to Fracture 
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7.2. Fracture Mechanics Basics 
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-------Book Erasmo Carrera and F. A. Fazzolari, Thermal Stress Analysis of Beams, Plates and 
Shells,  Elsevier,  November 2014, 544 pages 
 
Thermal Stress Analysis of Beams, Plates and Shells presents classic and advanced thermal stress topics in a 
cutting edge review of this critical area. Tackling subjects with little coverage in existing resources, the book 
considers complex problems, such as multi-layered cases, using modern advanced computational and 
vibrational methods. 
 
Authors Carrera and Fazzolari begin with a review of the fundamentals of thermoelasticity and thermal stress 
analysis relating to advanced structures and the basic mechanics of beams, plates and shells, making the book a 
self-contained reference. They move on to consider more challenging topics, including: 
 
Multilayered, anisotropic thermal stress structures 
Static and dynamic responses of coupled and uncoupled thermoelastic problems 
Thermal buckling and post-buckling behavior of thermally loaded structures 
Thermal effects on panel flutter phenomena 
Static and dynamic thermal stress analysis of functionally graded material (FGM) structures 
 
With practical advice on advanced computational methods, and sample problems throughout that cover both 
metallic and composite structures and account for mesh and meshless methods, Thermal Stress Analysis of 
Beams, Plates and Shells is a valuable resource for those working on thermal stress problems within 
mechanical, civil and aerospace engineering settings. 
 
Contents: 
1. Introduction 
2. Solution of sample problems in classical thermoelasticity 
3. Thermoelasticity, coupled and uncoupled variational formulations 
4. Fundamental of mechanics of beams, plates and shells 
5. Multilayered, anisotropic thermal stress structures 
6. Advanced theories for multilayered beams, plates and shells 
7. Through-the-thickness thermal fields in one-layer and multilayered structures 
8. Computational methods for thermal stress analysis 
9. Static response of uncoupled thermoelastic problems  
10. Dynamic response of uncoupled thermoelastic problems 
11.Static and dynamic responses of coupled thermoelastic problems 
12. Thermal buckling 
13. Post buckling behavior of thermally loaded structures 
14. Thermal effect on flutter of panels 
15. Thermal stresses in functionally graded materials 
 
 
-------Book (found on the website: http://ebooks.cambridge.org (Cambridge Books Online): 
Non-Classical Problems in the Theory of Elastic Stability, By Isaac Elishakoff  and Yiwei Li, 
(Florida Atlantic University), and James H. Starnes, Jr. (NASA Langley Research Center, Hampton, Virginia), 
2001, ISBN: 978-05217-8210-4 
 
-------Book 
Fluid-structure interactions: slender structures and axial flow, Volume 2, by Michael P. 
Païdoussis, 2004, Elsevier, ISBN 0-12-544361-7 
 



-------Books in English by Jan Awrejcewicz, et al (See the “Book Cover Gallery” on the “Bibliography” page of 
the “shellbuckling.com” website for images of the book covers and for summaries of these books in English.) 
Asymptotic Approach in Nonlinear Dynamics: New Trends and Applications, by Jan 
Awrejcewicz, I. V. Andrianov and L. I. Manevitch, Springer-Verlag, 1998 
Nonclassical Thermoelastsic Problems in Nonlinear Dynamics of Shells, by Jan Awrejcewicz and 
Vadim A. Krysko, Springer-Verlag, 2003 
Asymptotical Mechanics of Thin-Walled Structures, by I. Andrianov, J. Awrejcewicz and L.I. 
Manevitch, Springer-Verlag, 2004, ISBN 3-540-40876-2 
Nonlinear Dynamics of Continuous Elastic Systems, by J. Awrejcewicz, V. Krysko and A.F. Vakakis, 
Springer-Verlag, 2004, ISBN 3-540-20515-2 
Thermo-Dynamics of Plates and Shells, by J. Awrejcewicz, V.A. Krysko and A.V. Krysko, Springer-
Verlag, 2007, ISBN: 3-540-34261-3 
Chaos in Structural Mechanics, by J. Awrejcewicz and V.A. Krysko, Springer-Verlag, 2008, ISBN: 978-
3-540-77675-8 
 
-------Books (monographs) in Polish by Jan Awrejcewicz, et al 
Techniques and Methods of Plates and Shells Analysis, by J. Awrejcewicz and V.A. Krysko, TUL 
Press, Lodz, 1996, 140 pages (in Polish) 
SUMMARY: In this monograph both theoretical and experimental approaches devoted to plates and shells 
analysis are described. A special emphasis is put on the theoretical-experimental method applied to analysis of 
multi-component non-homogeneouities and the methods using laser technique. It has been shown, how to use 
the regression technique during estimation of the function characterizing non-homogenuities. In addition, a 
hologram technique used to define the frequencies and corresponding modes is presented. The following non-
homogenuity factors are used: holes and thickness variations, shells with various geometry (circular and 
rectangular) and the various boundary conditions. In the first case the Argyris element with 12 degrees-of-
freedom is used to analyse plates with one and two non-homogenuity factors. In the second case different 
thickness plates and shells are analysed using sixth order approximations. Analysis of plates and shells 
vibrations with one-component non-homogenuity is carried out in Chapter 3. Among others, the first 6 
frequencies and corresponding modes are estimated. The frequency spectra dependence on the non-
homogenuity components is outlined. In Section 3.2 the experimental rigs are described, whereas in Section 3.3 
the methods devoted to experimental investigations are outlined. Among others, the influence of non-
homogeneous boundary conditions and various holes is investigated. Chapter 4 is devoted to analysis of the 
influence of holes (situated on the plates and shells edges) on the vibrations. Many experimental results are 
reported in tables and figures. Chapter 5 presents computational results of the plates with holes using FEM. The 
numerical results are compared with experimental ones. In Chapter 6 plates and shells with different thickness 
distribution are analysed using the Bubnov-Galerkin method with various approximations. Chapter 7 is devoted 
to experimental investigations of small diameters plates and shells used in electronic techniques. The 
eigenfrequencies and corresponding modes are found. The obtained results are compared using theoretical-
experimental and experimental methods. 
 
Numerical Analysis of Shells Oscillations with Thermal Load, by J. Awrejcewicz and V.A. Krysko, 
WNT, Warsaw, 1998, 128 pages (in Polish) 
SUMMARY: This monograph is devoted to analysis of dynamical behaviour of shells with thermal excitations 
and consists of four parts. A state-of-art of the subject is reviewed in Introduction, where a special attention is 
paid to East European research. Many important results which are not widely known are outlined. It has been 
shown among others, that the problems of dynamical stability of shells subjected to thermal loads action and 
accounting nonlinear temperature distribution along their thickness are rarely discussed in the existing literature. 
In Chapter 1 the fundamental dependencies and computational algorithms are formulated. The general 
considerations yield further considered differential equations, initial and boundary conditions of the 
thermoelasticity. In the next step the finite difference method is applied to solve the obtained partial and 
nonlinear differential equations including thermal and mechanical loads. Then, using both analytical and 
numerical (Bubnov-Galerkin approach) methods, the applied finite difference approach is verified. The 
relaxation technique is further used and both static and dynamic loads are analyzed and many practically useful 



conclusions are given. In Chapter 2 stability of thin shells subjected to an action of transversal mechanical and 
thermal loads is analysed. First of all, the influence of heat stream magnitude on shells stability simultaneously 
thermally and transversally loaded is studied. Than, the analysis is extended into the case of sinusoidal 
transversal load action. Finally, the influence of thermal and mechanical material characteristics depending on 
the temperature on stability of thin shallow shells is reported. Chapter 3 is oriented on stability investigation of 
thin shells subjected to longitudinal mechanical and heat stream actions. First, the influence of boundary 
conditions and surrounding medium on the critical compressing load is investigated. Then the stability of a shell 
under an action of a constant compressing load and a heat stream is analysed. In Chapter 4 dynamical stability 
of thin shells under convectional heat transfer is studied. Firstly, the problem is mathematically formulated and 
then the influence of boundary conditions and thermal loading on the stress-strain shells states are investigated, 
among others. 
 
Dynamics and Stability of Shells with Thermal Excitations, by J. Awrejcewicz and V.A. Krysko, 
WNT, Warsaw, 1999, 156 pages (in Polish) 
SUMMARY: In this monograph dynamical problems of thermoelasticity of thin cylindrical shells thermally 
excited are analysed and the computational algorithms are proposed and illustrated. The book is oriented on 
students of mechanical and civil engineering, Ph.D. students, researchers and engineers working in the field of 
dynamics of plates and shells thermally excited. A state-of-the-art of the considered subject is reviewed in the 
Introduction, where a special emphasis is put on the Central and Eastern European Countries' achievements. 
The literature overview led to the following conclusions: (i) the influence of geometric parameters and the 
boundary conditions on the cylindrical shells with non-homogeneous thermoelastic load is not fully 
investigated; (ii) a buckling of thin cylindrical shell in conditions of both static and thermal loads is not 
satisfactorily analysed; (iii) there is a lack of satisfactory theoretical model within mechanical and thermal loads 
conditions. In Chapter 1 dynamical problem of thermoelasticity of thin cylindrical shells is addressed. First of 
all, fundamental relations, variational coupled thermoelastic equations and hybrid variational equations 
governing dynamics of composite orthotropic and thermosensitive shallow shells are derived. Then a rigorous 
mathematical discussion on existence of a solution to the formulated problem is carried out. The computational 
algorithms are reported in Chapter 2. First, the difference equations are formulated, and then a solution to the 
biharmonic equation with respect to the stress function F is given. Then, a discussion on the reliability of the 
obtained results follows. It includes a comparison of results with other researchers as well as with the 
experimental results. The application of the relaxation method in the statical and dynamical problems is 
addressed in Section 2.4. In Chapter 3 dynamical stability of thin shells with non-uniform excitation is 
discussed and illustrated. First, dynamical stability criterions are overviewed, and then a stability loss of shells 
under non-uniform load action is investigated. Many computational results with the associated figures are given. 
Dynamical stability loss and behaviour of thermosensitive shells in condition of non-uniform thermal load is 
studied in Chapter 4. In section 4.1 the singularities associated with thermal field computations are illustrated, 
whereas in section 4.2 an influence of geometrical parameters and loads duration on a thermosensitive shell 
dynamics is reported. The section 4.3 is devoted to analysis of dynamical stability loss of shells with 
imperfections under action of combined thermal and mechanical loads. 
 
Asymptotical Methods and Their Applications in Theory of Shells, by Jan Awrejcewicz and Igor 
V. Andrianov, WNT, Warsaw, 2000, 184 pages (in Polish) 
SUMMARY: This monograph is devoted to the new challenging aplications of asymptotic approaches with a 
special emphasis on the shells theory. In many cases asymptotic analysis does not only give the qualitative and 
quantitative results but sometimes also yields the relations between various physical theories. For example, 
many new results in the fields of statics and dynamics of thin elastic cylindrical shells are obtained. In Chapter 1 
a brief history and an overview of the existing asymptotical approaches are given. The updated state-of-the-art 
and the perspectives of the asymptotic approaches are outlined. The asymptotic series convergence, Padé 
approximations, advantages and disadvantages of the asymptotic techniques are illustrated and discussed. One 
of the most important problems occurring during the asymptotic analysis is related to the definition of "small" 
(perturbation) parameter. One would expect to have a possibly the largest value of the "small" parameter. An 
estimation of reliability of the obtained results does not belong to easy tasks, since the majorant inequalities 
should be used. Hence, very often the results obtained are verified numerically. Nowadays, the asymptotic 



methods possess large applications, also in mechanics of continuous systems like beams, plates, shells, etc. The 
analysis of thin-walled structures is carried out in Chapter 2. First, in Section 2.1 the introduction to the 
considered problem is given. Analysis of the boundary value problems in theory of smooth cylindrical shells is 
carried out in Section 2.2. The fundamental relations are formulated and asymptotic boundary value problems 
are outlined. Then the fundamental boundary value problems of the statics are formulated and the limiting 
relations of higher order approximations are derived. The Green function approach is introduced. A comparison 
of the obtained results with other methods is carried out. Finally, the dynamical boundary conditions are 
analysed. Section 2.3 is devoted to the analysis of boundary value problems of theory of orthotropically 
designed cylindrical shells. This section is organized in a similar way of the previous one. 
 
Plates and Shells in Nature, Mechanics and Biomechanics, by Jan Awrejcewicz and Igor V. 
Andrianov, WNT, Warsaw, 2000, 184 pages (in Polish) 
SUMMARY: This monograph can be treated as an attempt to original analysis of the plates and shells role in 
our nature, mechanics and biomechanics. In the Introduction the fundamental background of elasticity of 
deformable bodies, stress-strain states, Hooke's law, Young's modulus and Poisson's coefficients are given. In 
Chapter 2 the occurrence of shells and plates as the elements of our Earth surface, buildings or internal human 
organs are discussed and illustrated. A lot of interesting information not known to a reader so far is reported. In 
Chapter 3 a historical background of the plates and shells theory is given. Chapter 4 is devoted to the overview 
of the historical development of plates and shells with the emphasis on asymptotic and numerical methods 
development and their impact on the shell theory. After a brief introduction, a general description of an 
averaging approach in the shells theory is given. It is shown that sometimes what seems to be bad can be 
usefully applied. This sentence is supplemented by the appropriate examples. Then today's asymptotology and 
the computer-oriented methods are compared and discussed. In Chapter 5 the plates and shells theory precursors 
are described with their short biographies. It includes, among others, the biographies of Johann I Bernoulli, 
Jacob I Bernoulli, Daniel I Bernoulli, Enrico Betti, Augustin Louis Cauchy, Ernst Florens Chladni, Jean 
D'Alembert, Adhemar Jean de Saint-Venant, Leonard Euler, Marie-Sophie Germain, Robert Hooke, Edward Hu 
Law, Gustav Robert Kirchhoff, Werner Tjardus Koiter, Joseph Louise Lagrange, Gabriel LamÈ, Pierre Simon 
Laplace, _Aurie Anatolij Isakowicz, Claude Navier, Witold Nowacki, Walentin Walentynowicz Nowo_|i_Bow, 
Denis SimÈon Poisson, Lord Rayleigh, Eric Reissner, Stepan Prokofiewicz Timoszenko, W_Basow Wasilij 
Zacharowicz. Chapter 6 includes today's state-of-the-art and perspectives of theory and practice development in 
the field of plates and shells dynamics. In Chapter 7 some interesting examples of nonlinear dynamics of plates 
and shells are outlined. Among others, chaotic dynamics and solitons are discussed and reported. Chapter 8 
consists of historical as well as new development directions of plates and shells theory, their physical behaviour 
and mathematical models and it includes the methods of analysis of plates and shells. The Chapter 9 written by 
Professor M. Kote_Bko and J. Rhodes is devoted to thin walled profile materials, plastic mechanisms of their 
damage and the numerical methods used for their analysis. 
 
Dynamics and Stability of Flexible Sectorial Shells Thermodynamically Loaded, by Jan 
Awrejcewicz and Vadim A. Krysko, WNT, Warsaw, 2002, 140 pages (in Polish) 
SUMMARY: A characteristic feature of this monograph is focused on the emphasis put on the achievements of 
Russian scientists in the field of plates and shells dynamics. The latter results are not widely distributed among 
the students and researchers interested in this branch of mechanics. In the Introduction a brief bibliographical 
review devoted to plates and shells with complicated shapes and non-homogeneous surfaces is given. It is 
pointed out, among others, that only a small amount of papers is focused on statical and dynamical analysis of 
sectorial shells within the geometrically nonlinear background. In Chapter 1 a theory of shallow sectorial shells 
is introduced. First of all, the fundamental relations, differential equations, initial and boundary conditions are 
outlined. Then in Section 1.2 the algorithm for solution of nonlinear problems of shallow sectorial shells in a 
thermal field is proposed. In fact, the modified version of the finite difference method is used, including Gauss 
and relaxation approaches. A verification of the proposed algorithms is carried out via comparison with 
available analytical or obtained by other authors numerical results. The comparison is carried out either via the 
data included in the tables or drawings of deflections, stresses or bending moments of the selected points of the 
investigated shells. In Chapter 2 a stability of sectorial shells with finite deflections is described. Firstly, the 
influence of the sectorial shell angle on the dynamical stability is given, which is illustrated via solution of five 



different problems (Section 2.1). In Section 2.2 an application of the "set up" approach is applied to determinate 
the critical loads. The approach is illustrated via five different examples. In Section 2.3 a shell stability 
subjected to heat impact action is analysed, whereas in Section 2.4 the influence on stability of a local surface 
load is investigated. Many useful conclusions are derived allowing for a direct application for engineers 
working in the field of shells dynamics. The monograph is oriented on students and Ph.D. students of 
mechanical and civil engineering faculties as well as the students of applied mathematics. 
 
Three-Dimensional Problems of Plates Theory in a Temperature Field, by J. Awrejcewicz, V.A. 
Krysko and M.P. Misnik, WNT, Warsaw, 2003, 190 pages (in Polish) 
SUMMARY: This monograph belongs to the series yielded as a result of cooperation between the Technical 
University of Lodz (Poland) and The National University of Saratov (Russia) and devoted to the analysis of 
plates and shells. The majority of the books from this series has been published by Wydawnictwo Naukowo-
Techniczne - Fundacja "Ksi___|ka Naukowo-Techniczna". In Chapter 1 of this monograph, a general three-
dimensional problem of thermoelasticity of a parallelepiped is formulated. Among others, a rigorous 
mathematical approach to an error estimation analysis and stability of the used difference schemes is addressed. 
Chapter 2 is devoted to description of various methods used to solve elliptic, parabolic and hyperbolic 
equations. In addition, a reliability of the obtained results is illustrated and discussed and also some numerical 
examples are given. Chapter 3 includes numerical analysis of some chosen linear problems of three-dimensional 
theory of plates. The following problems are considered: static and dynamic, non-stationary heat problems with 
sources situated inside a plate, solutions to the problems describing non-isotermic processes in statics of plates, 
influence of internal heat sources on a stress-strain state of a plate and influence of coupling between 
deformation and temperature on a plate behaviour. Chapter 4 is focused on temperature and deformation fields 
analysis including physical type nonlinearities. After derivation of differential equations and difference 
approximation within theory of small elastic-plastic deformations, influence of coupling between temperature 
and deformation on the stress-strain state is carried out. The monograph is meant for students, researchers 
within the fields of mechanics, physics and applied mathematics dealing both with theory of plates and analysis 
of partial differential and difference equations. 
 
Chaotic Dynamics of Beams, Plates and Shells, by J. Awrejcewicz and V.A. Krysko, WNT, Warsaw 
(date not given), 342 pages, ISBN 83-204-3113-1 (in Polish) 
SUMMARY: This monograph gives theoretical background, modeling and numerical techniques devoted to 
analysis of regular and chaotic dynamics of continuous mechanical systems represented by beams, plates and 
shells. The authors present novel approaches to analysis and control of the mentioned continuous objects from 
the field of nonlinear mechanics. The book is oriented on students, engineers and scientific staff in the area of 
dynamics and static's of continuous systems, bifurcations and chaos as well as modeling and various numerical 
methods. 
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End of Section 6 
 
Section 7: Some early work on buckling of plates and shells: 
 
Short history of the development of shell  theory (from pages 547 and 548 of 
the book: Karl-Eugen Kurrer,  The History of the Theory of Structures from 
Arch Analysis to Computational Mechanics, Ernst & Sohn, 2008, 848 pages):  
“The discovery of the shell as a loadbearing structure is a work of reinforced concrete and started around 1900 
with the erection of water and gas tanks plus thin-wall domes. By the end of the accumulation phase of 
structural theory (1900 – 25) the Zeiss-Dywidag shell by Bauersfeld and Dischinger (see section 8.2.3) had 
appeared. This was also the period of the technicisation of shell theory, which had evolved in the tradition of the 
mathematical elastic theory. And by the middle of the invention phase of structural theory (1925–50) the new 
language of reinforced concrete had been completed by the shell constructions of Dischinger, Rüsch and 
Finsterwalder, which found their adequate engineering science expression in structural shell theory. � 

“In fact, Navier had investigated rotational shells in the membrane stress condition in his Résumé des Leçons 
[Navier, 1826], i. e. shells in which the element axial forces Nθ and Nφ plus the element thrust forces Tθ and 
Tφ act at their midsurface, i. e. where the element shear forces Qθ and Qφ, the element bending moments Mθ 
and Mφ plus the element torsion moments Dθ and Dφ vanish (Fig. 9-31; see below).  

“Lamé and Clapeyron calculated the stresses and deformations in a spherical shell subjected to internal or 
external pressure [Clapeyron & Lamé, 1833], and in 1854 the latter managed a complete solution to the 
deformation problem of spherical shells subjected to any distributed loads [Lamé, 1854]. Aron was the first 
person to consider all moments and formulated the bending theory of any curved elastic shell for the static and 
dynamic cases [Aron, 1874]. Unfortunately, Aron’s bending theory for shells was not adopted. It was not until 
14 years later that Love, working independently of Aron, set up a bending theory for shells [Love, 1888], which 
he presented in his famous textbook A treatise on the mathematical theory of elasticity [Love, 1892/93]. 
Rayleigh, too, published separate contributions on shell theory in 1881, 1888 and 1889, and collected these 
together in a separate chapter in the second edition of the first volume of his The Theory of Sound [Rayleigh, 
1894]. A generalisation of the bending theory for shells that did not use the Bernoulli hypothesis of plane 
sections remaining plane was provided by the Cosserat brothers [E. & F. Cosserat, 1909]. And that concluded 
the constitution phase of mathematical shell theory.  

“Only by using the symbolic notation of H. Lamb in the second edition of his textbook [Love, 1906 & 1907] 
did Love manage to bring shell theory to the attention of engineering researchers. Nevertheless, a reviewer of 
the German edition of Love’s book writes [Love, 1907]: “This book is written by an expert for mathematicians 
and physicists ... A study of this book will not benefit the practising engineer because apart from a few cases the 
golden bridge leading from vague theory to practice is missing. However, the enthusiastic researcher who 



senses the familiar results of elastic theory on their theoretical foundations will derive much and new inspiration 
from this work” [Schönhöfer, 1907, p. 296].  

“Practising engineers initially approached shell theory cautiously via the analysis of the simplest shell form, the 
single-curvature, fixed cylindrical shell; but the representatives of fundamental engineering science disciplines 
such as applied mechanics and theory of structures were no different. Using this structural model, engineers 
attempted to size vessels of steel and later reinforced concrete – the works of E. Winkler (1860), F. Grashof 
(1878), G. A. Wayss (1887), V. G. Shukhov (1888) (see [Ramm, 1990]), R. Maillart (1903) (see [Schöne, 
1999]), C. Runge (1904), Panetti (1906), H. Müller-Breslau (1908), H. Reissner (1908), K. Federhofer (1909 & 
1910), T. Pöschl and K. v. Terzaghi (1913), A. and L. Föppl (1920) to name just some. In 1923 V. Lewe 
summarised the methods for the structural calculation of tanks for fluids in a longer article for the Handbuch für 
Eisenbetonbau (reinforced concrete manual) [Lewe, 1923].” 

    

                 



Figure 9.31 from the book: Karl-Eugen Kurrer, The History of the Theory of Structures from Arch Analysis to 
Computational Mechanics, Ernst & Sohn, 2008. a) Rotational shell with designations; b) element axial forces 
and element thrust forces; c) element shear forces; d) element bending moments and element torsion moments. 
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of the Euler strut is discussed. Simple models are used to show the important differences between buckling in 
the plastic range and classical elastic instability. Nonlinear behavior is shown often to be the key to a physically 
valid solution. The nonconservative nature of plastic deformation alone or in combination with nonlinearity 
requires concepts not to be found in classical approaches. However, the classical linearized condition of neutral 
equilibrium is not relevant in inelastic buckling. Analyses of the models suggest that the same information is 
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ABSTRACT: Descriptions are given of the test model, apparatus, and procedure. A study of the circularity plot 
at each station indicated (1) a fairly uniform inward radial displacement around the periphery of the model at 
each ring, and (2) radial displacements which were exaggerations of the initial no-load contours for those 
stations located midway between rings in the 4 equal bays of the model. The lobes in adjacent bays were 
staggered; virtually no rotation of the generator occurred at the 2 frames bounding a lobe. This mode of 
deformation differed from the von Mises assumption of no rotational restraint at the edge of a finite cylinder but 
was in agreement with 1 of the analyses of Salerno and Levine (PIBAL report 182, 1951). The von Mises 
theory yielded a minimum value of 123 psi for a buckled configuration of 16 lobes; the experimentally 
determined buckling pressure for model BR-5 was 80 psi with a buckled configuration of 14 lobes. Permanent 
set was evident in the regions of the first 3 lobes in the model after removal of the 80-psi pressure. The 
deviation of the experimental from the theoretical results was attributed to initial out-of-roundness and residual 
welding stresses. 
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ABSTRACT: During the past several years, investigation has been carried out at the Daniel Guggenheim 
School of Aeronautics, New York University, to study the buckling behavior of sandwich structures. The main 
effort has been directed towards the determination of the buckling loads of circular sandwich cylinders under 
different loading conditions. It was found that for cylinders with weak cores, linear theory predicts buckling 
loads which agree with experimental results. This is contrary to the case of homogeneous cylinders, where 
linear theory predicts buckling loads much higher than those observed Iron experiments. The reason for this 
has been explained in Reference 11. In this report, the theory of buckling of sandwich cylinders under axial 
compression, torsion, and bending, and combined loads is developed in a unified manner; and the principal 
experimental results are presented. The interrelationship obtained between the critical loads is plotted in the 
form of non-dimensional interaction curves. 
References listed at the end of the paper: 
1. Reissner, E., Small Bending and Stretching of Sandwich Type Shells, N.A.C.A, T.N. No, 1832, Mar., 1949. 
2. Reissner, E., Finite Deflections of Sandwich Plates, J. of Aero, Sciences, vol. 15 No. 7, pp.435-440, July, 1948, 
3. Reissner, E., Errata-Finite Deflections of Sandwich Plates, J. of Aero. Sciences, vol. 17 No. 22, p. 125, Feb., 1950 
4. Wang, C.T., Principle and Application of Complementary Energy Method for Thin Homogeneous and Sandwich Plates and Shells 
with Finite Deflections, N.A.C.A. T.N. No. 2620, Feb., 1952 
5. Donnell, L.H., Stability of Thin-Walled Tubes Under Torsion, N.A.C.A. Rep. No. 479, 1933. 
6. Stein, M., and Mayers, J., A Small-Deflection Theory for Curved Sandwich Plates, N.A.C.A. T.N. No. 2017, Feb., 1950 
7. Wang, C.T., and Sullivan D.P., Buckling  of Sandwich Cylinders Under Bending and Combined Bending and Axial Compression, 
J. of Aero. Sciences, vol, 19 No, 7, pp. 468-471, July 1952 
9. Teichmann, F.K., Wang, C.T. and Gerard, G., Buckling of Sandwich Cylinders Under Axial Compression, J. of Aero. Sciences, vol. 
18 No.6, pp. 398-406, June, 1951 
10. Leggett, D.M.A., and Hopkins, H.G., Sandwich Panels and Cylinders Under Compressive End Loads, R. and M. No. 2262, British 
A.R.C., 1942 
11. Wang, C.T., and Rao, G.V.R., A Study of an Analogous Model Giving the Nonlinear Characteristics in the Buckling Theory of 
Sandwich Cylinders, J. of Aero. Sciences, vol. 19 No. 2, pp. 93-100, Feb., 1952 
12. . Hoff, N.J., and Mautner, S.E., Bending and Buckling of Sandwich Beams 
(cannot read the rest of this citation) 
13. Nadai, A., Theory of Flow and Fracture of Solids, vol. I, 2nd Ed., McGraw-Hill, New York, 1950, p. 387 
14. Batdorf. S.B., Schildcrout, M., and Stein, M., Critical Stress of Thin-walled Cylinders in Axial Compression, N.A.C.A. Rep. No. 
887, 1947 
15. Uerard, u., urixicai Shear Stress of Plates Above the Proportional Limit, J. of App. Mech., vol. 15 No. 1, pp. 7-12, Mar., 1948 
 
 
M.L. Baron, …..shell to a transverse shock wave”, Columbia University Technical Report No. 10, December 
1953 
 
Grigolyuk, E. I. (1953). On the Strength and Stability of Cylindrical Bimetallic Shells. Engineering Collect, 
116:119–148. 



Grigolyuk, E.I., "Small Vibrations of Thin Elastic Conical Shells", Izvestia AN, USSR Otdelnye Tekhnicheski 
Nauk, No.6, pp. 35-44, 1956. 
Grigolyuk, E. I. and Chulkov, P. P. (1964). A Theory of Visco-Elastic Multilayer Shells Containing a Solid 
Core at Finite Deflection. Appl. Mech. Tech. Phys, 150(5):1012– 1015. 
 
E. I. Grigolyuk and Yu. V. Lipovtsev (1965). Stability of Shells in Creep, Journal of Applied Mechanics and 
Technical Physics, Vol. 6, No. 4, pp. 71-74, doi: 10.1007/BF01565826 
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ABSTRACT: In an earlier report (TAM Report No. 80), the authors considered the buckling and post-buckling 
behavior of an ideal elastic cylindrical shell loaded by uniform external pressure on its lateral surface, and by an 
axial compressive force. Assumptions were introduced which reduced the shell to a system with one degree of 
freedom. The present investigation is a generalization and a refinement of this theory. The shell is treated as a 
system with 21 degrees of freedom. By the imposition of constraints on the 21 generalized coordinates, various 
end conditions can be realized; for example, simply supported ends with flexible end plates (no axial 
constraint), simply supported ends with rigid end plates, and clamped ends. Also, effects of reinforcing rings 
have been incorporated in a more general way than in TAM Report No. 80. The restrictive assumption that the 
centroidal axis of a ring coincides with the middle surface of the shell has been eliminated. A pressure-
deflection curve for an ideal cylindrical shell that is loaded by external pressure has the general form shown in 
Figure 1. The falling part of the curve (dotted in the figure) represents unstable equilibrium configurations. 
Also, the continuation of line OE (dotted) represents unstable unbuckled configurations. Actually, the shell 
snaps from some configuration A to another configuration B, as indicated by the dashed line in Figure 1. 
Theoretically, point A coincides with the maximum point E on lhe curve, but initial imperfections and 
accidental disturbances prevent the shell from reaching this point. Point E is the buckling pressure of the 
classical infinitesimal theory (called the "Euler crítical pressure", since Euler applied the infinitesimal theory to 
columns). To some extent, point A is indeterminate, but it is presumably higher than the minimum point C 
unless the shell has excessive initial dents or lopsidedness. In TAM Report No. 80. a hypothesis of Tsien was 
used to locate point A. In the present investigation, point A is not considered. Rather, attention is focused on the 
development of a theory that will determine the en tire load-deflection curve. For short thick shells, such as the 
inter-ring bays of a submarine hull, the Euler critical pressures, determined by TAM Report No. 80, are too 
high, presumably because the assumption that the shell buckles without incremental hoop strain is inadmissible 
in this range. The present report corrects this error. Numerical data on the Euler critical pressures of shells with 



simply supported ends and flexible end plates have been obtained with the aid of lhe Illiac, an electronic digital 
computer. The data are tabulated at the end of this report. For short shells without rings, the buckling pressures 
are appreciably lower than those determined by von Mises' theory. The numerical data for the Euler buckling 
pressures of shells with uniformly spaced reinforcing rings are sufficiently extensive to permit interpolation to 
estimate effects of various ring sizes. Some exploratory numerical investigations of post-buckling behavior have 
been conducted with the Illiac. lt is not feasible, at the present time, to handle nonlinear equilibrium problems 
for systems with 18 degrees of freedom. Consequently, for the numerical work, some higher harmonics were 
discarded so that the system was reduaed to 7 degrees of freedom. Even then, the numerical problem is 
formidable. The calculations were confined principally to the determination of the minimum point C on the 
post-buckling curve (Figure 1). The pressure at point C is the minimum pressure at which a buckled form can 
exist. It is found that the ordinate of point C, determined by TAM report No. 80, is somewhat too high. The two 
theories are compared by a table and curves at the end of this report. 
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ABSTRACT: This report treats the buckling and post-buckling behavior of a cylindrical shell that is subjected 
to uniform external pressure p on its lateral surface, and an axial compressive force F. The force F varies with 
the pressure p in such a way that F= (lambda)a^2(p), in which a is the mean radius of the shell and lambda is a 
dimensionless constant. If the shell is immersed in a fluid at constant pressure p and if the force F results only 
from the pressure p on the ends, lambda = pi. The ends of the shell are assumed to provide simple support to the 
cylindrical wall. Accordingly, the radial and circumferential displacement components of the middle surface of 
the wall vanish at the ends. If the ends of the shell are free to warp, no other constraint is imposed on the 
deformation. If the ends of the shell are rigid, the axial displacement is constant at either end. Both of these 
cases were investigated. For generality, the shell was considered to be reinforced by several rings or hoops. 
Only geometrically perfect shells were studied; that is, initial dents and out-of-roundness were not taken into 
account. Only shells with a linear stress-strain relation were considered. If the axial force F is not too great, the 
shell assumes a fluted form when it buckles. This form is illustrated by Fig. B, which is a photograph of some of 
Sturm's test specimens (7). The number of flutes in the buckled form is influenced strongly by the ratio L/a, in 
which L is the length of the shell. Fig. C illustrates several forms of cross sections of cylindrical shells that have 
been buckled by external pressure.�When the axial force F predominates, the buckled shell assumes a form in 
which diamond-shaped facets occur (1. Art. 85). This type of buckling was not considered in the present study; 
the axial force F was assumed to be so small that the fluted pattern occurs. The admissible range of F was not 
determined, but the fluted pattern usually occurs if lambda does not exceed pi.  
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The theory of thin shells is examined and some simplified general expressions are presented. These reduce to 
Donnell's expressions in the case of circular cylindrical shells. An appropriate variational principle is 
formulated and the similarity to shallow-shell theory is shown. These results and those of the more exact Flugge 
shell theory are applied to the problem of free vibration of conical shells. Approximate solutions are obtained by 
variational methods using the various theories and various displacement and stress functions. Comparison of the 
results indicates that the method which utilizes a logarithmic transformation of the axial coordinate in 
conjunction with appropriate displacement expansion modes satisfying the geometrical boundary conditions 
yields results valid for both the membrane and bending cases and is capable of being used to obtain higher 
approximations. The results reveal that the influence of taper on membrane and bending frequencies of circular 
cylinders is opposite in.nature, the former being increased, the latter-decreased by the taper. The general 
problem of panel and shell flutter is reviewed and a physical explanation of the phenomenon is offered. A 
general formulation is given, followed by a method of solution which is named here after Movchan and 
Houbolt, who apparently developed it independently. The Galerkin method is examined and its characteristics 
for this problem are discussed. This method is then applied in the solution of the flutter problem of cylindrical 
and conical shells. Extensive calculations indicate that by taking account of the previously neglected axial 
bending stiffness of the shell, the nature of the flutter mode is revealed and minimum flutter speeds are 
obtained, which are much lower than those obtained previously using 'medium shell' theory. The effect of large 
thermal stresses on the frequencies of plates under generalized support conditions is investigated. It is shown 
that whereas before buckling occurs the effect of a rising temperature is to decrease the frequencies, the 
opposite effect is true after buckling has taken place. 
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polynomials. In the neighborhood of the linear buckling load, the shell is shown to be unstable both for the case 
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ABSTRACT: The most rigorous theory of the creep buckling of initially imperfect columns (due to Hoff and 
Fraeijs de Veubeke) is examined for possible simplifications. It is found that the influence of plasticity on the 
life of a column can be ignored under certain conditions characterized by the proportional limit stress, a creep 
parameter, the applied stress, and the initial curvature. These conditions are conveniently presented in the form 
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ABSTRACT: The buckling of ring-stiffened cylinders is studied by a 'discrete' approach, in which the rings are 
considered as linear discontinuities represented by the Dirac delta function. The analysis is a linear Donnell type 
theory that takes account of the eccentricity of stiffeners. Buckling loads under hydrostatic pressure, lateral 
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range of geometries. The discreteness effect depends very strongly on the geometry of the shell and the 
eccentricity of the rings. Significant discreteness effects are found for hydrostatic pressure loading. 
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ABSTRACT: The stability of simply supported conical shells under axial compression is investigated for 4 
different sets of in-plane boundary conditions with a linear Donnell-type theory. The first two stability 
equations are solved by the assumed displacement, while the third is solved by a Galerkin procedure. The 



boundary conditions are satisfied with 4 unknown coefficients in the expression for u and v. Both 
circumferential and axial restraints are found to be of primary importance. Buckling loads about half the 
“classical” ones are obtained for all but the stiffest simple supports SS4 (v = u = 0). Except for short shells, the 
effects do not depend on the length of the shell. The physical reason for the low buckling loads in the SS3 case 
is explained and the essential difference between cylinder and cone in this case is discussed. Buckling under 
combined axial compression and external or internal pressure is studied and interaction curves have been 
calculated for the 4 sets of in-plane boundary conditions. 
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Main purpose of test program is to make a close study of the influence of stiffener geometry and spacing on the 
applicability of the linear theory 
ABSTRACT: The buckling of integrally external ringstiffened conical shells under axial compression was 
investigated experimentally. Experimental results were compared with theory to find the effect of the stiffener 
parameters (e2 /h), (A2 /a0 h) and (I22 /a0 h 3 ) as well as of shell geometry. Agreement between classical linear theory 
and experiments was found to be governed primarily by the area parameter (A2 /a0 h), and correlation with theory 
was significantly affected in the range 0.1<(A2 /a0 h)<0.5 of that parameter. Beyond this region there is 
practically no improvement with increase in ring area, whereas the weight of the shell continues to increase 
linearly. An approximate formula is proposed for calculation of critical loads and found to yield results very 
close to the more exact critical values calculated by linear theory. A modified “Southwell plot” method was 
applied and both the intercept method and slope method were used. Critical loads computed from the strain 
records were found to be below the classical linear-theory predictions and closer to experimental ones. 
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In addition, the classical theory yields a wave pattern which envelops the entire surface of the shell and, is not in 
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Laboratory, New York Naval Shipyard, Brooklyn 1, New York, June 1963,  
DTIC Accession Number: AD0410504, Handle / proxy Url : http://handle.dtic.mil/100.2/AD410504 
ABSTRACT: Experimental verification has been made of the previously developed theoretical analysis, and 
corresponding design data sheet, which permits the prediction of critical shear buckling stresses for square 
panels of orthotropic material with clamped edges for any angle that the principal axis of elasticity makes with 
the reference edge. The theory correctly predicts low values of buckling stress for a 135-degree angle for 
materials in which the elastic constants in the two principal directions are widely different. Experiments with a 
woven roving laminate, in which the ratio of moduli in the principal directions is 2:1, show buckling stresses 15 
percent lower than the predicted values. The differences are accounted for by the knowledge that theory 
predictions are about 5 percent high and by variations in properties and dimensions of actual materials which 
preclude the development of full buckling strength. A recommendation is made to utilize the data sheet with due 
consideration given to these differences. 
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DTIC Accession Number: AD0407098, Handle / proxy Url : http://handle.dtic.mil/100.2/AD407098 
ABSTRACT: The purpose of this program is to develop and prove out a theoretical method for accurately 
predicting the critical buckling strength of externally pressurized cylinders made from ortho tropic materials and 
to find the optimum construction of filament reinforced plastic (FRP) cylinders under such loading. A 



description of the program and its significance to the overall BuShips Deep Submergence program and a 
summary of the work accomplished to date are given. Theoretical analytical expressions for predicting elastic 
buckling collapse and elastic constants of FRP cylinders are presented and discussed. Results of initial buckling 
and discontinuity stress analysis of proposed test cylinders are presented. 
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cylindrical shell due to an impulsive pressure”, Journal of Applied Mechanics, Vol. 31, No. 2, pp. 267-272, 
June 1964, DOI: 10.1115/1.3629596 
ABSTRACT: This paper shows that when very thin cylindrical shells are subjected to an external impulsive 
pressure, the interaction between the radial, purely extensional mode and the flexural modes is sufficient to 
precipitate permanent wrinkles. The theory predicts that these wrinkles occur at a wavelength which depends on 
the magnitude of the pressure pulse as well as on the cylinder parameters; experiments on cylindrical shells and 
thin strips confirm this prediction. Framing camera photographs showing the formation of wrinkles of this type 
are also presented. 
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Cylindrical Shell Containing an Elastic Core”, Journal of Applied Mechanics, Vol. 32, No. 4, pp. 803-812, 
December 1965, DOI: 10.1115/1.3627319 
ABSTRACT: Stiffening by means of an elastic core is demonstrated to increase significantly the resistance of a 
cylindrical shell to buckling from an external impulsive pressure. Both theory and experiments show that the 
elastic core constrains the shell to absorb more energy by membrane plastic flow. Inclusion in the theory of a 
continuously changing tangent modulus of the shell material leads to a critical core modulus which depends on 
the hoop strain and explains the increased wave numbers observed in the experiments with stiff cores. 
 
 
H. E. Lindberg, R. E. Herbert (Stanford Research Institute, Menlo Park, Calif.), “Dynamic Buckling of a Thin 
Cylindrical Shell Under Axial Impact”, Journal of Applied Mechanics, Vol. 33, No. 1, pp. 105-112, March 
1966, DOI: 10.1115/1.3624966 
ABSTRACT: Buckling of thin cylindrical shells from axial impact is studied under the assumption that initial 
imperfections can be approximated by “white noise.” Linear small-deflection theory is used to calculate the 
resulting growth of the normal modes, and a statistical analysis gives the expected values for the “preferred” 
axial and circumferential wave-lengths. Very high-speed photographs (240,000 frames/sec) of shells buckling 
under axial impact show excellent agreement with the theory and demonstrate that large-deflection buckling 
follows the pattern established by the early linear motion. 
 
 
D. L. Anderson and H. E. Lindberg.  "Dynamic pulse buckling of cylindrical shells under transient lateral 
pressures." AIAA Journal, Vol. 6, No. 4 (1968), pp. 589-598. doi: 10.2514/3.4549 
ABSTRACT: A theory of dynamic pulse buckling is developed for cylindrical shells subjected to symmetric 
lateral pressure pulses of duration ranging from an ideal impulse to durations so long that the pulse is a step 
load. To cover this range three theoretical models are used: a tangent modulus model for impulsive loads that 
produce plastic flow buckling, a strain reversal model for loads of intermediate duration which produce 
complicated elastic-plastic buckling, and an elastic model for long loads that produce elastic buckling. Peak 
pressure and impulse are identified as the most significan load parameters, and critical curves for buckling are 
generated in the pressure-impulse plane based on an amplification of shell imperfections. It is shown that these 
curves, from the symmetric load theory, can be used to give reasonable estimates for critical loads for smoothly 
varying asymmetric loads, such as from a lateral blast wave. Simple formulas are given for the critcal curves in 
terms of the shell elastic and plastic material properties, radius-to-thickness ratio, and length-to-diameter ratio. 
The curves agree well with experimental results over the entire range of pressure and impulse. 
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Research, Stanford Research Institute, Menlo Park, Calif.), “Dynamic Plastic Buckling of Sandwich Shells”, 
Journal of Applied Mechanics, Vol. 35, No. 3, pp. 539-546, September 1968, DOI: 10.1115/1.3601248 
ABSTRACT: The formation of small, flexural wrinkles in the walls of a sandwich shell under uniform radial 
impulse is examined. A buckling criterion based on the magnifications of initial wall imperfections is used to 
evaluate threshold impulses. Using a given weight of material, this criterion is used to determine the optimum 
ratios of the inner and outer wall thicknesses for various core thicknesses. It is shown that the optimum shell for 
a given weight of material and outer diameter is a single-wall shell. The loss in efficiency obtained by using 
typical sandwich shells is about 30 percent. These results are supported by experimental evidence. 
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“Dynamic buckling of cylindrical shells under axial impact”, Chapter in Dynamic Pulse Buckling (Vol. 12 of 
the series Mechanics of Elastic Stability, pp 281-347, Lindberg and Florence (Editors), Springer, 1987 
ABSTRACT: A great deal of work has been done on buckling of cylindrical shells under dynamic axial loads. 
The motivation for much of this work stems from the design of missiles to sustain the sudden application of 
thrust from rocket engine ignition. The thrust-time history is idealized as a step or a linear ramp increase to a 
constant operating thrust. The concern is that the dynamic buckling load may be smaller than the buckling load 
for a slowly applied thrust. Other applications occur in transportation accidents, where the loading is from 
impact and often exceeds the static buckling load. 
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March 1970, DOI: 10.1115/1.3408427 
ABSTRACT: A theory is postulated to explain the plastic buckling of cylindrical shells caused by uniform 
radially inward impulses. Experimental results are presented which show that the number of buckles increases 
with the shell length. A simple formula is derived which predicts preferred mode numbers in agreement with the 
experimental results for shells with lengths up to about 1 1/2 dia. For longer shells, mode numbers may be 
obtained by numerical integration of the equation of motion. The increase in mode number with shell length is 
attributed to the relative effects of the “directional” and hardening contributions to the reactive bending 
moment, the former stemming from yielding in a biaxial plastic state of stress. In short shells (length < dia), it is 
shown that the directional moment dominates, whereas in long shells (length > 3 dia) the hardening moment 
dominates. The mode prediction formula just mentioned applies whenever the directional moment dominates 



and the difficulty in treating cases where the hardening moment is significant is indicated. Again, for the former 
case, a simple threshold impulse formula is derived conforming to the experiments. 
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“Dynamic buckling of cylindrical shells from oscillating waves following axial impact”, International Journal of 
Solids and Structures, Vol. 23, No. 6, 1987, pp. 669-692, doi:10.1016/0020-7683(87)90072-2 
ABSTRACT: An experimental and theoretical investigation of dynamic buckling of thin cylindrical shells 
under oscillating stress waves following axial impact shows that hoop breathing response induced by the 
Poisson effect plays a strong role in initiating buckling, and that the stress oscillations allow buckling initially 
localized near the impacted end to propagate up the shell toward the free end. As a result of this energy 
spreading, the total compressive impulse of multipulse loading can be substantially larger than the critical 
impulse for a single pulse. The radial deformation of breathing provides a deterministic mechanism for 
initiation of symmetric buckling, which dominates early response for superclassical impact loads. For 
subclassical impact loads, the circumferential stress resultant from the Poisson effect excites hyperbolic growth 
of a large group of asymmetric modes; a continuous range of impact loads extending to values below the static 
classical buckling load therefore result in dynamic buckling within the scope of classical buckling theory with 
inertia terms added. 
 
 
H. E. Lindberg (Aptek, Inc., San Jose, CA 95129), “Dynamic Response and Buckling Failure Measures for 
Structures With Bounded and Random Imperfections”, Journal of Applied Mechanics, Vol. 58, No. 4, pp. 1092-
1095, December 1991, DOI: 10.1115/1.2897690 
ABSTRACT: Comparisons between an unknown-but-bounded imperfection model and a random imperfection 
model show that for simple pointwise failure measures, at least, the two models give the same expressions for 
their measures of response, but each measure has a distinctly different interpretation. The former gives the 
maximum possible response for any imperfection within a specified bound. The latter gives the standard 
deviation of response, which, together with the statistical distribution, can be used to specify the maximum 
response at a specified confidence level. However, since the statistical distributions of imperfections, and hence 
of the response are often unknown, confidence levels are difficult to define, especially in the tail of the 
distribution at high confidence levels. The unknown-but-bounded model requires less information about the 
imperfections to come to a well-defined bound on response. It is further shown that, while the maximum 
possible response might seem to be a severe failure avoidance criterion, it can be less constricting than having 
to impose artificially high confidence levels with poorly known statistical distributions. 
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ABSTRACT: The theoretical basis of two related but distinctly different dynamic buckling criteria are 
summarized with the objective of demonstrating the range of applicability of each, so that together they cover 
the entire range of dynamic pulse loads from nearly impulsive loads to step loads of infinite duration. The 
example chosen is a cylindrical shell under elastic axial loads but the approach is applicable more generally. A 
critical amplification-of-imperfections criterion with a linear shell theory is shown to be applicable for short 
duration loads, for which a threshold nonlinear divergence criterion gives loads an order of magnitude too 
conservative. Conversely, the linear theory is inapplicable for long duration loads, for which critical loads are 
lower than the linear static buckling load because of imperfection sensitivity. In this range the threshold 
nonlinear divergence criterion is used. For loads of intermediate duration, an extended critical amplification 
criterion is used with equations that conservatively assume zero static buckling load but give an unchanged 
formula for critical load amplitude-duration combinations. 
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ABSTRACT: Convex and probabilistic model solutions are obtained for multimode dynamic buckling of 
cylindrical shells with uncertain imperfections under symmetric radial impulsive loads. It is found that the 
maximum possible buckling deformations for any imperfection within uniform bounds can be made comparable 
to the buckling deformations from the probabilistic models at a reliability of about 99.5 percent. Numerical 
evaluation and interpretation of the convex model is much simpler than for the probabilistic models, and the 
convex model solution provides means for quality control of each and every shell by simply recording the 
values of the bounds from appropriately filtered imperfection measurements. 
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ABSTRACT: Elastic moduli for filament wound cylinders having a wall configuration composed of several 
alternating helically and circumferentially wrapped layers are determined experimentally. The moduli were 
determined from measurements made on several glass epoxy cylinders and tubes loaded in pressure, torsion, or 
compression. Computations of elastic constants were made for the test specimens as well as for hypothethical 
boron epoxy cylinders to demonstrate the importance of the matrix in determining extensional stiffness. A 
comparison of calculations and experiment indicates that moduli measured in regions where the cylinder matrix 
behaves linearly are in reasonable agreement with computed values. 
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ABSTRACT: Results of compression tests conducted on 51 multilayered glass-epoxy cylinders are presented. 
Tests were conducted at both room temperature and elevated temperatures on cylinders having various helical 
wrap angles, matrix materials, and diameters. Experimental results indicate that, in some of the cylinders, 
failures were induced by buckling whereas, in others, failures were induced by thermal degradation and/or 
nonlinearity in the stiffness of the matrix material in the cylinder wall. The data obtained from the unheated 
cylinders are compared with buckling predictions based on linear anisotropic shell theory and with material 
strength predictions based on anisotropic yield criteria. The comparison indicated that agreement obtained 
between buckling tests and theoretical predictions was comparable to that obtained in previous experience with 
metal cylinders and that strength predictions were overly conservative. The results suggest that the compressive 
strength of a filament-wound cylinder can be limited by its material strength and that more refined material 
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ABSTRACT: A theory for thermal buckling of an orthotropic, multilayered, stiffened cylindrical shell is 
presented. The theory includes the effects of eccentricity of layers and stiffening, and deformations prior to 
buckling. It is sufficiently general to account for discrete rings and averaged properties of longitudinal 
stiffening, as well as arbitrary temperature distributions through the thickness of the shell and depth of the 
stiffeners. Two computer programs are described corresponding to solutions for buckling obtained by using 
finite differences and determinant plotting or modal iteration. Computed results for thermal buckling of 
unstiffened and ring-stiffened shells are presented and are in reasonable agreement with published results. The 
interaction of thermal loading and axial compression in two large-diameter stiffened shells representative of a 
launch vehicle interstage and a preliminary supersonic transport fuselage design is investigated. Results indicate 
that buckling can occur in both structures at a realistic temperature under thermal loading alone. 
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ABSTRACT: A theoretical study of buckling of clamped shallow spherical shells under uniform external 
pressure is presented. For sufficiently large deflection, deformations of such shells are not proportional to the 
applied pressure. The shell deforms axisymmetrically under sufficiently low pressure. The problem of 



axisymmetrical snapping has been solved by different numerical methods and the results agree with each other. 
The buck ling pressures obtained in such a manner are too high as compared with experimental results ob tained 
in References. Initial imperfections of the shell and unsymmetrical buckling are presumed to be the sources of 
this discrepancy between axisymmetrical buckling theory and experiment. 
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ABSTRACT: For a viscoelastic clamped shallow spherical shell, the vertical deflection due to uniformly 
distributed external pressure is a function of time. When time reaches a critical value, the shell may snap 
through suddenly. This critical time depends on the magnitude of the applied pressure as well as the shell 
geometry. The governing equations for large deformations of viscoelastic shells can be derived by applying the 
correspondence principle to the equivalent equations in the elastic case. The critical times for various shells 
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viscoelastic shell. This decreasing external pressure is also calculated in this paper. 
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ABSTRACT: The serious discrepancy between theoretical and experimental results for the buckling load of 
axially compressed cylindrical shells is well known. This paper presents results of a test program specifically 
designed to throw some light on the causes of the discrepancy. Ten nominally identical nickel cylinders were 
fabricated by electrodeposition and tested under both dead-weight and controlled end-shortening conditions. 
The test results indicate the following: the buckling load under usual laboratory conditions depends on the 
properties of the test specimen itself rather than on the testing environment, the buckling loads under dead-
weight and controlled end-shortening conditions are the same, a sharp puff of air during loading can cause 
buckling at a considerably reduced load level, minimization of initial imperfections in the test specimens greatly 
increases the buckling load, and the magnitude of the minimum postbuckling equilibrium load is relatively 
insensitive to initial imperfections 
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ABSTRACT: An experimental investigation was carried out to determine the critical buckling loads of several 
shallow spherical sandwich shells. A cold-forming process simultaneously using pressure and vacuum was 
employed to manufacture the nearly perfect spherical facing layers from 5052 aluminum-alloy sheets of 0.006 
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ABSTRACT: An extension of the Donnell and Wan analysis for the buckling of a shell with initial 
imperfections is presented for a mode of arbitrary profile. Results for a mode with 26 arbitrary parameters are 
given with charts of the stress strain characteristics for cylinders with initial displacements of between one 
eighth and five times the skin thickness of the cylinder. A direct optimisation of the energy function is used. 
Almroth's minimum post buckled stress for the ideal cylinder (0·0656 Et/R) is lowered to 0·0518 Et/R and a 
critical assessment of the value of such figures provided. 
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ABSTRACT: The theoretical estimation of the buckling strength of a cylinder loaded in axial compression is 
improved by the use of a more representative deflected form of the buckled cylinder than has previously been 
used. Kempner’s buckling strength for dead-weight loading is reduced by 18 per cent. The presentation of the 
magnitude and distribution of the constraint system required to maintain the mode is novel and instructive. 
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Block, D. L. (NASA Langley Research Center, Hampton, Virginia, USA), “Influence of ring stiffeners on 
instability of orthotropic cylinders in axial compression”,  NASA TND-2482, October 1964 
ABSTRACT: Calculations are presented from an analytical investigation on the influence of ring stiffeners on 
the instability modes of orthotropic cylinders subject to compressive or bending loads. The analysis is 
performed by employing small-deflection theory and by modifying the equilibium equations to include the 
effects of discrete ring stiffeners characterized by a bending stiffness that restrains radial dformation of the 
shell. These calculations indicate that the ring bending stiffness necessary to cause panel instability can be 
adequately determined by use of an analysis which does not include the discreteness of the rings. Comparison of 
the results of the calculations with an empirical ring design criterion in common use indicates that the empirical 
formula can be either very conservative or very nonconservative depending on the cylinder geomnetry. 
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cylinders”, NASA Langley Research Center, Hampton, Virginia, August, 1965, 
proxy Url : http://handle.dtic.mil/100.2/ADA397543 
ABSTRACT: A small-deflection theory for buckling of stiffened orthotropic cylinders which includes 
eccentricity (one-sided) effects in the stiffeners is derived from energy principles. Buckling solutions 
corresponding to classical simple-support boundary conditions are obtained for both orthotropic and isotropic 
stiffened cylinders subjected to any combination of axial and circumferential loading. Comparable solutions for 
stiffened flat plates are also given. Sample calculations of predicted compressive buckling loads obtained from 
the solutions are compared with existing solutions for ring-stiffened corrugated cylinders, ring-and-stringer-
stiffened cylinders, and longitudinally (stringer) stiffened cylinders. The calculations demonstrate that 
eccentricity effects are large even with very large diameter cylinders of practical proportions and should be 
accounted for in any buckling analysis. 
 
 
David L. Block, “Buckling of eccentrically stiffened orthotropic cylinders under pure bending”, NASA 
Technical Note, March 1966, proxy Url : http://handle.dtic.mil/100.2/ADA307274 
ABSTRACT: The stability of stiffened orthotropic cylinders which include the effects of eccentric stiffeners 
and are loaded with pure bending or any combination of bending and compression is investigated analytically 
by means of a small deflection theory. Solutions to the buckling equations are obtained for simple support 
boundary conditions by use of the Galerkin method. The pure bending buckling loads are compared with 
existing pure compression buckling loads for three contemporary cylinder configurations. Also shown are 
predicted buckling modes and typical interaction curves between bending and compression. The results show 
that eccentricity effects are substantial and that the maximum pure bending load may be as much as 40 percent 
greater than the pure compression load. 
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“Buckling of Torispherical Shells under Internal Pressure” (The elastic instability of the toroidal knuckle 
portion of torispherical shells is examined experimentally using plastic models), Experimental Mechanics, Vol. 
4, No. 8, Aug. 1964, pp. 217-222, doi: 10.1007/BF02322954 
ABSTRACT: Buckling experiments were performed on a series of model torispherical bulkheads loaded by 
internal fluid pressure. Models were rigid polyvinyl chloride with a base diameter of 10.52 in. Parameters 
examined included thickness, central angle and toroidal radius. Initial data obtained show the critical buckling 
pressure to vary as a power of the thickness and almost linearly with central angle. The buckling pressure was 
found also to be very sensitive to change in toroidal radius. The use of rigid polyvinyl chloride as a model 
material permitted economical fabrication of test bulkheads with very uniform thickness and uniform material 
properties throughout. 
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displacements of spherical caps during snap-through buckling” (Study indicates that it is feasible to use a 
photovoltaic cell as a sensing element of a displacement transducer for measuring large dynamic displacement), 
Experimental Mechanics, Vol. 7, No. 1, 1966, pp. 23-27, doi: 10.1007/BF02326836 
ABSTRACT: Measurements were made of the dynamic buckling displacements of the surfaces of spherical 
caps during buckling under uniform external pressure. Relationships between shell geometry and the magnitude 
of the surface displacements, velocities and accelarations during buckling were obtained. 
The use of a displacement transducer whose sensing element is a photovoltaic cell is described. 
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asymptotic solution to a problem in shell stability”, Ph.D. Dissertation, October 1964 
PARTIAL INTRODUCTION: The problems of determining theoretically the conditions under which a thin 
circular shell under axial compression becomes unstable, and of determining the postbuckling behavior of the 



shell have been of interest to engineers and scientists for nearly sixty years. The first theoretical work on this 
problem was done by such noted investigators as Lorentz (1), Timoshenko (2) Southwell (3), and Flugge(4).  
They found what might be called the classical or Euler buckling load. This is the load at which an equilibrium 
configuration differing from the initial configuration by an infinitesimal displacement can be found. In other 
words, it is the load at which a bifurcation in the load-axial deflection curve exists. 
When a cylindrical shell buckles, the change in the potential energy of the shell can be expressed as a sum of 
second, third, and fourth order terms in the radial displacement, wr. The equilibrium equation in the radial 
direction can be found by setting the first variation of this additional potential energy equal to zero. If only 
the second order terms are used, the resulting equilibrium equation is linear. The resulting system is 
homogeneous, and the lowest value of axial load for which a nontrivial solution exists is the Euler load… 
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Kempner, J. and Chen, Y.N., “Buckling and postbuckling of an axially compressed oval cylindrical shell”, 
Polytechnic Institute of Brooklyn, PIBAL Report No. 917, April 1966, presented at Seventh Anniversary 
Symposium on Shells to honor Lloyd H. Donnell, DTIC Accession Number: AD0635481 
ABSTRACT: Energy expressions and related differential equations for non-circular cylindrical shells, 
analogous to the corresponding relations presented by Donnell for thin-walled circular cylindrical shells, are 
summarized. Appropriate energy expressions are then applied to the classical buckling and to the nonlinear 
postbuckling problems of an axially compressed oval cylinder whose cross section is characterized by a 
simplified form of an expression proposed by Marguerre. In the case of classical buckling, the results show, for 
a range of major-to-minor axis ratio of the cross section lying between 1 (the circular cylinder) and 2.06, that 
the out-of-roundness has a marked effect on the critical load, and that introduction of the maximum radius of 
curvature into the formula for the classical buckling stress of a circular cylinder leads to good results for thin-
walled shells of moderate eccentricity of the cross section. The postbuckling behavior is investigated through 
the application of the principle of stationary potential energy together with an approximate deflection function. 
The latter represents a modification of the expression applied earlier by the authors. The new results show that, 
in addition to the previously observed relative minimum postbuckling load, a relative maximum postbuckling 
load can exist. Furthermore, for controlled end-displacement loading, the large-deflection load vs end-
shortening curve can correspond to stable equilibrium configurations throughout the entire loading range, 
whereas for dead-weight loading the region of the curve between the maximum and the minimum loads 
represents unstable configurations. 
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Sciences, Vol. 36, No. 2, Series II, pp. 171-191, February 1974, DOI: 10.1111/j.2164-0947.1974.tb01564.x 
ABSTRACT: Buckling and initial postbuckling of an oval cylindrical shell under pure bending and under 
combined uniform axial compression and bending is investigated. The first- and second-order stability 
equations are developed from the Donnell-type equations that are shown to be appropriate. The solution of these 
two sets of equations determines, respectively, the buckling characteristics and a “sensitivity parameter.” The 
buckling loads are found to be in good agreement with the engineering approximation based on the assumption 
that buckling occurs when the local axial stress equals that corresponding to the classical buckling stress of a 
locally equivalent circular cylindrical shell under uniform axial compression. Results also show that an oval 
cylinder can be stronger or weaker than the equivalent circular cylinder, depending on the orientation of the 
couples. However, in any case the oval shell is always found to be sensitive to imperfections; the greater the 
load-carrying capacity, the greater the sensitivity. Furthermore, in contrast to the behavior of the circular and 



weak oval cylinders, buckling of the strong oval cylinder need not initiate at the position of maximum 
compressive stress. 
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of the bucking of cylinders under axial compression” (Test program is aimed at determining the causes of 
discrepancy between theoretical and experimental results for the buckling load of axially compressed 
cylindrical shells), Experimental Mechanics, Vol. 4, No. 9, 1964, pp. 263-270, doi: 10.1007/BF02323088 
ABSTRACT: The serious discrepancy between theoretical and experimental results for the buckling load of 
axially compressed cylindrical shells is well known. This paper presents results of a test program specifically 
designed to throw some light on the causes of the discrepancy. Ten nominally identical nickel cylinders were 
fabricated by electrodeposition and tested under both dead-weight and controlled end-shortening conditions. 
The test results indicate the following: the buckling load under usual laboratory conditions depends on the 
properties of the test specimen itself rather than on the testing environment, the buckling loads under dead-
weight and controlled end-shortening conditions are the same, a sharp puff of air during loading can cause 
buckling at a considerably reduced load level, minimization of initial imperfections in the test specimens greatly 
increases the buckling load, and the magnitude of the minimum postbuckling equilibrium load is relatively 
insensitive to initial imperfections. 
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ABSTRACT: Recent investigations by Stein and by Fischer on the influence of edge conditions on the critical 
load of cylindrical shells are here extended to cover six additional combinations of boundary conditions. The 
results show that drastic reductions of the critical load for cylinders with lateral support of the edges are 
obtained only if the edges are free in the tangential direction. For other boundary conditions, this reduction is 
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ABSTRACT: Recent investigations on the influence of edge conditions on the critical axial load of cylindrical 
shells are extended here to include cylinders with elastic edge restraint. It is shown that weak edge conditions 
are unlikely to affect the critical load significantly in experiments or in practice. Also the effects of symmetric 
initial imperfections were investigated. The critical load for cylinders with initial imperfections in the form of a 
cosine function was found to be somewhat lower than was indicated in a previous analysis by Koiter. The 
analysis also disclosed that very short cylinders would not be sensitive to the types of imperfections which were 
considered. A few tests were performed and their results tend to support this conclusion. 
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ABSTRACT: Axial compression tests were performed on eleven thin-walled aluminum cylinders with 
rectangular cutouts. Various types of cutout reinforcement were installed on seven of the test specimens. The 
test results are compared with the cylinder buckling loads prior to installation of the cutouts, and correlated with 
computer-predicted failure loads. The latter were based on the use of the STAGS computer program. For thin 
cylinders such as these, the test and computer-based analysis shows that for small to moderate size cutouts, 
reinforcement of the cutout is of no benefit unless the cylinder is of extremely high (geometrical) quality. For 
cylinder quality and cutout size where reinforcement is beneficial, the relative merits of the various 
reinforcement configurations are discussed and an empirical basis for design is proposed. 
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ABSTRACT: (shells, failure, structural properties, numerical analysis, buckling, plastic properties, tensor 
analysis, computer programming newton-raphson method, collapse, plates, finite difference theory, stags 
computer program, structural analysis. The report presents a theory for nonlinear collapse analysis of shells with 
general shape. The theory combines energy principals and finite difference methods to obtain a system of 



nonlinear equations; these are solved by a modified Newton-Raphson technique. For greater economy and 
flexibility in the analysis a capability is provided for use of variable spacing finite difference grids. Inelastic 
material behavior, as predicted by the White-Besseling Theory, is incorporated into the analysis. A computer 
code, STAGS, based on the theory has been written and used to solve a number of sample problems. Results for 
these problems are presented. 
 
Almroth, B. O., Brogan, F. A., Miller, E., Zele, F., and Peterson, H. T., “Collapse Analysis for Shells of General 
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Engineering Mechanics Division, Vol. 101, No. 6, November/December 1975, pp. 873-888 
ABSTRACT:  Some examples in which the high-speed computer has been used to improve the static stability 
analysis capability for general shells are examined. The fundamental concepts of static stability are reviewed 
with emphasis on the differences between linear bifurcation buckling and nonlinear collapse. The analysis is 
limited to the stability of conservative systems. Three examples are considered. The problem of cylinders 
subjected to bending loads is used as an example to illustrate that a simple structure can have a sufficiently 
complicated nonlinear behavior to require a computer analysis for accurate results. An analysis of the problems 
involved in the modeling of stiffening elements in plate and shell structures illustrates the necessity that the 
analyst recognizes all important deformation modes. The stability analysis of the Skylab structure indicates the 
size of problems that can be solved with current state-of-the-art capability. 
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Structures, Vol. 7, No. 3, June 1977, pp. 335-342, doi:10.1016/0045-7949(77)90071-2 
ABSTRACT: An efficient and general computer program for structural analysis allows the user to choose 
between a number of different procedures. New methods for computerized structural analysis are still being 
improved at a rapid pace. Consequently only a very few structural analysts can be expected to be well 
acquainted with all aspects of the technology, and will often find it difficult to use the sophisticated programs 
that presently are available. If dynamic loading or possible stability failure must be considered, the computer 
programs are becoming increasingly difficult to use. The trends in future computer programming for structural 
analysis must include efforts to facilitate the user's burden without significant loss of efficiency. This paper 
contains a discussion of the difficulties involved in modeling and in the choice of solution procedures. Special 
emphasis is placed on the possibility of designing computer programs so that sound selection of procedures can 
be made automatically if the user declines to state a preference. 
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Procedures for Analysis of Structural Shells”, Final Report, March 1981,, Accession No: ADA111568 
ABSTRACT: An evaluation is undertaken of currently used discretization procedures in numerical analysis of 
structures. Emphasis is on the nonlinear behavior of thin shells and plates. It is found that the computer 
economy is extremely sensitive to the choice of element configuration. A proper balance between the order of 
the approximations of inplane and lateral displacements is important. The best finite element procedures are 
superior to finite differences for bifurcation buckling and for moderate nonlinearity. However, for shell collapse 
analysis the finite differences approach is quite superior to the finite elements. Suggestions are made for 
improvement of finite element technology for structures undergoing large rotations. 
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ABSTRACT: Composite materials have favorable stiffness/weight and strength/ weight ratios. Since the 
technology is relatively new and use of such materials introduces special problems, there has been some 
reluctance among designers to adopt composites in primary structures, particularly for buckling critical 
components. The purpose of the review of the literature presented in this report is to illustrate the special 
problems connected with use of composites. The body of the report summarizes the conclusions the author felt 
could be based on the available material. The Appendix contains an annotated bibliography, listing 95 
references on the subject. 
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References listed in Section A of the Appendix, A. GENERAL THEORY: 
The publications in Section A discuss the bifurcation buckling analysis based on a first order shell theory, i.e., 
the influence of transverse shear deformations is not included. 
 
A-1. Reissner, E. and Stavsky, Y., Bending and Stretching of Certain Types of Heterogeneous Aelotropic 
Elastic Plates, J. Appl. Mech., Vol. 28, pp. 402-408, September 1961. 
Almroth’s comments: This paper does not discuss the buckling. However, it appears to represent the first 



recognition of the importance of the membrane-bending coupling. It is indicated that the plate bending stiffness 
due to this effect can be considerably reduced. 
 
A-2. Dong, S. B., Pister, K. S. and Taylor, R. L., on the Theory of Laminated Anisotropic Shells and Plates, 
J.A.S., Vol. 29, pp. 969-975, August 1962. 
Almroth’s comments: The paper derives the general theory of buckling of laminated plates. Many of 'the 
applications to practical cases presented subsequently were based on these equations. 
 
A-3. Cheng, S., and Ho, P. B. C., Stability of Heterogeneous Aleotropic Cylindrical Shells Under Combined 
Loading, AIAA J., Vol. 1, pp. 892-898, April 1963. 
Almroth’s comments: A completely general set of buckling equations for cylindrical shells is derived. An 
analytic solution for special boundary conditions is presented. 
 
A-4. Tasi, J., Effect of Heterogeneity on the Stability of Composite Cylindrical Shells Under Axial 
Compression, AIAA J., Vol. 4, pp. 1058-1062, June 1966. 
Almroth’s comments: The theory of Reference A-2 is applied in a study of the buckling of cylindrical shells. 
The results indicate a deleterious effect of the membrane bending coupling. 
 
A-5. Pagano, N. J., and Helpin, J. C., Tension Buckling of Anisotropic Cylinders, J. Composite Matls., Vol. 2, 
pp. 154-167, April 1968. 
Almroth’s comments: The paper shows by use of theory as well as experiment that if both ends of an 
anisotropic cylinder are restrained from rotation, an applied axial extension results in the development of 
inplane shear in the shell wall and eventually in buckling. 
 
A-6. Jones, R. M., Buckling of Circular Cylindrical Shells with Multiple Orthotropic Layers and Eccentric 
Stiffeners, AIAA J., Vol. 6, pp. 2301-2305, December 1968. 
Almroth’s comments: The stability equations, including "smeared stiffeners" are derived and applied to one 
example. The author warns that the coupling between membrane and bending effects should not be overlooked. 
 
A-7. Ashton, J. E., Approximate Solutions for Unsymmetrical Laminated Plates, J. Composite Matls., Vol. 3, 
pp. 189-191, January 1969. 
Almroth’s comments: The paper presents an approximate method to account for membrane bending coupling by 
reducing the bending stiffness in an orthotropic analysis. 
 
A-8. Whitney, J. M., Shear Buckling of Unsymmetrical Cross-Ply Plates, J. Composite Mat., Vol. 3, pp. 359-
363, April 1969. 
Almroth’s comments: A Fourier series solution, including membrane bending coupling, is derived. It is shown 
that this coupling is important if the plies are few but that the deleterious effect can be practically eliminated in 
plates with many plies (six or more). For crossplies (theta = 0deg., 90deg. ) the reduced stiffness method 
presented in Reference A-7 gives a good approximation. 
 
A-9. Whitney, J. M., and Leissa, A. W., Analysis of Heterogeneous Anisotropic Plates, J. AppI. Mech., Vol. 36, 
pp. 261-266, June 1969. 
Almroth’s comments: Nonlinear equations including the effect of coupling between membrane and bending 
action. Subsequently, the equations are linearized and used in a bifurcation buckling analysis of angle-ply 
plates. The number of plies and the fiber orientation are varied. With only two layers, theta = 45deg. and EI/E2 
= 40, the coupling effect reduces the buckling load by a factor of about three. 
 
A-10. Chamis, C. C., Buckling of Anisotropic Composite Plates, ASCE, pp. 2119-2139, October 1969. 
Almroth’s comments: A Galerkin solution is presented to the buckling problem for anisotropic plates with 
simple support and under different types of loading. Effects of membrane bending coupling are included and the 
reduced stiffness method of Reference A-7 is found to be a good approximation. 
 



A-11. Holston, Jr., A., Buckling of Orthotropic Plates With One Free Edge, AIAA J., Vol. 8, 1352-1354, July 
1970. 
Almroth’s comments: The theory neglects anisotropy as well as membrane bending coupling. 
 
A-12. Kicher, T. P., Predicting Structural Behavior of Composites, 26th Annual Techn. Conf. of the Society of 
the Plastic Industry, Inc., 1971. 
Almroth’s comments: The paper summarizes some of the work on buckling and vibrations of composite 
material plates. A warning is issued that the reduced bending stiffness approach (Reference A-7) may not 
always be accurate. 
 
A-13. Jones, R. M., Buckling of Stiffened Multilayer Circular Cylindrical Shells with Different Orthotropic 
Moduli in Tension and Compression, AIAA J., Vol. 9, pp. 917-922, May 1971. 
Almroth’s comments: The stress-strain curve for the material is assumed to be bilinear with the discontinuity at 
the origin. An interaction curve for axial load and lateral pressure buckling is computed for a material with the 
tension modulus twice as large as the compression modulus. Further results on this topic are presented in 
Reference A-26. 
 
A-14. Greszczuk, L. B., and Miller, R. J., Advanced Design Concepts for Buckling Critical Composite Shell 
Structure, J. Aircraft, Vol. 8, pp. 367-373, May 1971. 
Almroth’s comments: Aluminum cylindrical shells with T-stiffeners are reinforced with strips of boron-epoxy. 
It is shown that 10% of the composite material by volume can increase the buckling load by as much as 80% for 
elliptical cylinders under external pressure. A couple of experiments verify the analytical results. 
 
A-15. Chamis, C. C., Buckling of Boron/Aluminum and Graphite/Resin Fiber Composite Anisotropic Panels, 
Natl. Sampe Conf. on Space Shuttle Materials, 1971. 
Almroth’s comments: Theoretical results are presented for the buckling of single-ply rectangular plates. 
Buckling loads are given as functions of the fiber orientation. 
 
A-16. McElman, J. A., Vibration and Buckling Analysis of Composite Plates and Shells, J. Composite Mat., 
Vol. 5, pp. 529-532, October 1971. 
Almroth’s comments: Toroidal shell segments are analyzed. The effects of membrane bending coupling are 
demonstrated. 
 
A-17. Chamis, C. C., Theoretical Buckling Loads of Boron/Aluminum and Graphite/Resin Fiber Composite 
Anisotropic Plates, NASA TN D6572, December 1971. 
Almroth’s comments: Essentially the same as Reference A-14. A computer program listing is added. 
 
A-18. Hahn, H. T., Nonlinear Behavior of Laminated Composites, J. Composite Mat., Vol. 7, pp. 257-271, 
April 1973. 
Almroth’s comments: The author observes that the stress-strain curve for shear in single laminates may be 
highly nonlinear. This may reflect the time dependence of the deformation of the matrix. The results indicate 
that inclusion of this effect might reduce the buckling load by some 5%. The effect may be of importance when 
composites are used at elevated temperatures. 
 
A-19. Oyler, J. F. and Dym, C. L., The Dynamics and Stability of Composite Shells, Proc. 13th Midwestern 
Conf., Developments in Mechanics, Vol. 7, pp. 475-488, August 1973. 
Almroth’s comments: The paper considers two different stacking sequences for the wall of cylindrical, barrel 
shaped, "inversely barrel shaped", and spherical shells. The stacking sequence that gives the highest buckling 
loads for cylinders and spheres is found to be the least efficient for barrel shaped shells. 
 
A-20. Viswanathan, S. B., and Tamekani, M., Elastic Buckling Analysis for Composite Stiffened Panels and 
Other Structures Subjected to Biaxial Inplane Loads, NASA CR-2216, September 1973. 
Almroth’s comments: The computer program BUCLISP 2 for buckling of panels and including composite 



material is described. The program applies to cases in which it can be assumed that the buckling mode in the 
direction of the stiffeners is sinusoidal. Some numerical results are presented. These include some comparisons 
to analytical solutions. Special problems considered are comparison between bonded and riveted structures and 
the effects of boron fiber reinforcement of titanium panels. 
 
A-21. Viswanathan, A. V., Tamekuni, M., and Tripp, L. L., Elastic Stability of Biaxially Loaded Longitudinally 
Stiffened Composite Structures, AIAA J., Vol. 11, pp. 1553-1559, November 1973. 
Almroth’s comments: This is an excerpt from Reference A-20. 
 
A-22. Stavsky, Y., Thermoelastic Stability of Laminated Orthotropic Circular Plates, Technion, Haifa, Israel, 
Rept. TDM-73-33, December 1973. 
Almroth’s comments: Circular plates, materially orthotropic with respect to the polar coordinates, are subjected 
to axisymmetric loading. Buckling loads are presented for a few cases demonstrating some sensitivity to the 
fiber orientation. 
 
A-23. Fortier, R. C., Transverse Vibrations Related to Stability of Curved Anisotropic Plates, AIAA J., Vol. 11, 
pp. 1782-1783, December 1973. 
Almroth’s comments: This very brief note shows how natural frequencies for 45-degree angle-ply and cross-ply 
plates vary as the buckling load is approached. 
 
A-24. Jones, R. M., Buckling and Vibration of Unsymmetrically Laminated Cross-ply Rectangular Plates, 
AIAA J., Vol. 11, pp. 1626-1632, December 1973. 
Almroth’s comments: The effect of membrane bending coupling is illustrated by use of a few examples. 
 
A-25. Viswanathan, A. V., Tamekuni, M., and Baker, L. L., Elastic Stability of Laminated, Flat and Curved, 
Long Rectangular Plates Subjected to Combined Inplane Loads, NASA CR-2330, June 1974. 
Almroth’s comments: Some numerical results from BUCLAP2 on the buckling of long laminated plates are 
presented. A warning is included that the "reduced bending stiffness method" (Reference A-7) does not always 
give good results. 
 
A-26. Jones, R. M., and Morgan, H. S., Buckling of Stiffened Laminated Composite Circular Cylindrical Shells 
with Different Moduli in Tension and Compression - Preliminary Results, ONR Contract Rept. NR-064-551, 
November 1974. 
Almroth’s comments: A buckling criterion is derived for shells with different moduli in tension and 
compression. The effect of this difference is significant only if the ratio between the moduli is larger, say 2 or 
so, than it is for most composites. The effect is illustrated on interaction curves where discontinuities occur as 
the stress in one direction changes sign. Presumably the modulus in any given direction also depends on the 
stress in the other direction. If such an effect could be included, the interaction curves may be somewhat 
smoother. 
 
A-27. Whitney, J. M., and Sun, C. T., Buckling of Composite Cylindrical Characterization Specimens, J. 
Composite Mat., Vol. 9, pp. 138-148, April 1975. 
Almroth’s comments: A discussion is presented on the critical buckling loads for typical tubular stress specimen 
for assessment of strength and stiffness. 
 
A-28. Harris, G. Z., The Buckling and Postbuckling Behavior of Composite Plates Under Biaxial Loading, 
International J. Mech. Sci., Vol. 17, pp. 187-202, 1975. 
Almroth’s comments: The paper elaborates on the applicability of bifurcation theory in view of the lateral 
displacements caused by membrane bending coupling effects. The bifurcation buckling load is a meaningful 
parameter only if prebuckling bending is insignificant. It is claimed that the "reduced bending stiffness method" 
(Reference A-7) is applicable only if the principal directions of the laminates are parallel to the plate edges. 
 
A-29. Jones, R. M. and Morgan, H. S., Buckling and Vibration of Cross-Ply Laminated Circular Cylindrical 



Shells, AIAA J., Vol. 13, pp. 664-671, May 1975. 
Almroth’s comments: The need to include membrane bending coupling effects in buckling and vibration 
analyses is demonstrated. 
 
A-30. Chao, C. C,, Koh, S. L., and Sun, C. T., Optimization of Buckling and Yield Strengths of Laminated 
Composites, AIAA J., Vol. 13, pp. 1131-1132, September 1975. 
Almroth’s comments: The paper considers optimum fiber orientation for angle plies with 20 layers. Plates with 
different aspect ratios are included. 
 
A-31. Hayashi, T., Optimization of the Torsional Rigidity and Strength for Fiber Reinforced Composite 
Cylinders, Proc. International Conf. on Composite Materials, pp. 703-722, 1975. 
 
A-32. Housner, J. M., and Stein, M., Numerical Analysis and Parametric Studies of the Buckling of Composite 
Orthotropic Compression and Shear Panels, NASA TN D-7996, October 1975. 
Almroth’s comments: A large number of numerical results are presented for rectangular orthotropic panels in 
shear. The variation of shear and compression buckling loads with the fiber orientation is presented for plates of 
different aspect ratios. 
 
A-33. Harris, G. Z., The Buckling of Orthotropic Rectangular Plates, Including the Effect of Lateral Edge 
Restraint, International J. Solids Struct., Vol. 11, pp. 877-885, 1975. 
Almroth’s comments: A buckling analysis based on a sinusoidal mode is presented. It is pointed out that 
constraint on transverse displacement can severely reduce the buckling load. 
 
A-34. Tennyson, R. C., Buckling of Laminated Composite Cylinders: A Review, J. Composite Mat., Vol. 11, 
pp. 17-24, January 1975. 
Almroth’s comments: The paper reviews the literature on the problem of buckling of cylindrical shells under 
different loading conditions. The special problems of nonlinear stress/strain behavior, different moduli in 
tension and compression and the effects of shape imperfections are discussed. In addition to the reivew, a series 
of torsion tests are reported With the experimental results ranging from 0.79 to 1.17 times the analytical. The 
conclusion is that a moderate reduction factor is sufficient in the case of torsion. In the case of axial 
compression, a more severe reduction is needed. The authors suggest that many more tests are needed. 
 
A-35. Sawyer, J. W., Flutter and Buckling of General Laminated Plates, J. Aircraft, Vol. 14, pp. 387-391, April 
1977. 
Almroth’s comments: A Galerkin solution based on beam functions is presented for bifurcation buckling and 
flutter. The emphasis in the paper is on the effects of anisotropy and fiber-orientation. Both for shear and axial 
compression, the optimum angle-ply corresponds to a fiber orientation of about 45 degrees. 
 
A-36. Simitses, G. J., and Girn, J., Buckling of Rotationally Restrained Orthotropic Plates Under Uniaxial 
Compression, J. Composite Mat., Vol. 11, pp. 345-364, July 1977. 
Almroth’s comments: A two-term Galerkin solution is used for analysis of critical axial compression of 
orthotropic plates. Results are given for different degrees of rotational constraint along the edges. 
 
A-37. Spier, E. E., Stability Analysis and Testing of Thin-Walled Open-Sectioned Graphite/Thermoplastic 
Structures, 10th National Sampe Conference, Kiamesha Lake, New York, October 1978. 
Almroth’s comments: Local and general instability failures are considered for a compression member in a 
lightweight satellite structure of composite material. Results of two crippling tests show good agreement with 
analysis. 
 
References listed in Section B of the Appendix of Almroth’s 1981 report,  B. EFFECTS OF 
TRANSVERSE SHEAR: 
The following publications are concerned with the deleterious effects of transverse shear deformation on the 
buckling load of shells and plates. While the first two are concerned with the theory in general, the remaining 



papers apply specifically. to composite material. 
 
B-1. Reissner, E., The Effect of Transverse Shear Deformation on the Bending of Elastic Plates, J. Appl. Mech., 
Vol. 12, pp. A69-A77, June 1945. 
Almroth’s comments: The effect of transverse shear is introduced in the plate bending theory, The shear stress 
distribution through the thickness is assumed to vary in a way that is consistent with.a linear normal stress 
distribution. 
 
B-2. Mindlin, R. D., Influence of Rotatory Inertia and Shear on Flexural Motions of Isotropic Elastic Plates, J. 
Appl. Mech., Vol. 18, pp. 31-38, March 1951. 
Almroth’s comments: The influence of transverse shear deformation is introduced in a way that is similar to the 
procedure in Reference B-1. 
 
B-3. Spillers, W. R., A Laminated Thin Cylindrical Shell Under Axisymmetric Static Loading, ONR, Techn. 
Rept. No. 39, April 1967. 
Almroth’s comments: A laminated shell is modeled by representation of bond layers with a set of springs. The 
springs can deform in the lateral direction and also undergo slip to represent the shear deformation. A few 
numerical results are given. 
 
B-4. Srinivas, S., and Rao, A. K., Buckling of Thin Rectangular Plates, AIAA J., Vol. 7, pp. 1645-1646, August 
1969. 
Almroth’s comments: The paper considers the effect on the buckling of isotropic plates of the transverse shear 
deformation. Results are given for simply supported plates of different aspect ratios. 
 
B-5. Durlofsky, H., and Mayers, J., Effects of Interlaminar Shear on the Bending and Buckling of Laminated 
Beams, USAAVLABS Rept. 70-7, March 1970. 
Almroth’s comments: Shear deformations in the bond layer between different laminates are included in an 
analysis of bending and buckling of laminated beams. 
 
B-6. Srinivas, S., Joga Rao, C. V., and Rao, A. K., Some Results from an Exact Analysis of Thick Laminates in 
Vibration and Buckling, J. Appl. Mech., Vol. 37, pp. 868-870, September 1970. 
Almroth’s comments: Equations for vibration and buckling are derived for plates consisting of isotropic lamina. 
Some results are given for three-ply laminates. If the shear modulus is the same in all lamina and h/b = 0.1, the 
error due to neglect of transverse shear is about 7%. If the shear stiffness in the middle layer is reduced by a 
factor of 15, the error is 35%. 
 
B-7. Srinivas, S., and Rao, A. F., Bending Vibration and Buckling of Simply Supported Thick Orthotropic 
Rectangular Plates and Laminates, International J. Solids, Struct., Vol. 6, pp. 1463-1481, 1970. 
Almroth’s comments: The theory of Reference B-6 is extended to orthotropic laminates. It is shown by 
comparison to 3-dimensional analysis that the second order shell theories by Reissner and Mindlin (References 
B-1 and B-2 give good results for very thick plates. 
 
B-8. Brunelle, E. M., Elastic Instability of Transversely Isotropic Timoshenko Beams, AIAA J., Vol. 8, pp. 
2271-2273, December 1970. 
Almroth’s comments: The effect of transverse shear on the buckling of composite material columns is studied. 
Results are shown in the range of 20 < EI/G < 50. 
 
B-9. Durlofsky, H., and Mayers, J., The Effects of Interlaminar Shear on the Bending and Buckling of Fiber-
reinforced Composite Flat and Curved Panels, USAAVLABS Rept. 71-10, May 1971. 
Almroth’s comments: A theory is derived for buckling of laminated shells in which the transverse shear 
deformation is included and the corresponding modulus can vary from layer to layer. Buckling loads are 
presented as functions of G/E1 in the range of 0.01 - 1.0. 
 



B-10. Brunelle, E. J., Buckling of Transversely Isotropic Mindlin Plates, AIAA J., Vol. 9, pp. 1018-1022, June 
1971. 
Almroth’s comments: Mindlin's second order theory (Ref. B-2) is used in analysis of plates of width b loaded in 
the axial direction. The aspect ratio a/b and the parameter S is approximately equal to  (EI/GT)x(h/b)^2 are 
varied in a parametric study. 
 
B-11. Noor, A. K., Stability of Multilayered Composite Plates, Fiber Science and Technology, Vol. 8, pp. 81-
89, 1975. 
Almroth’s comments: A second order theory (Reissner-Mindlin) is derived. Results from this theory are 
compared to results from three-dimensional theory. It is found that the plate theory can give good 
approximations for plates with b/h = 0.3. It is also found that the correction for shear deformation varies with 
the number of layers. With moduli typical for glass/epoxy composites (EI/E2 = 30 and the transverse shear 
moduli 0.5 and 0.6 times E2 ) it is found that the effect should be included if h/b > 0.05. 
 
B-12. Noor, A. K., and Mathers, M. D., Anisotropy and Shear Deformation in Laminated Composite Plates, 
AIAA J., Vol. 14, pp. 282-285, February 1976. 
Almroth’s comments: For the purpose of examining the effects of transverse shear, it adds little to the results of 
Reference B-11. 
 
B-13. Noor, A. K., Mathers, M. D., and Anderson, M. S., Exploiting Symmetries for Efficient Postbuckling 
Analysis of Composite Plates, AIAA J., Vol. 15, pp. 24-32, January 1977. 
Almroth’s comments: The paper is primarily concerned with computer economy. In regard to the effects of 
transverse shear deformation, it is noted that this effect in the postbuckling range is similar to its effect on the 
buckling load. That is, it should be included for a typical (simply supported plate) if h/b > 0.05. 
 
References listed in Section C of the Appendix of Almroth’s 1981 report,  C. 
IMPERFECTION SENSITIVITY AND POSTBUCKLING STRENGTH 
The following publications discuss the imperfection sensitivity of the buckling load and possible postbuckling 
strength for plates and shells in compression. Except for the first three papers on the general theory, they 
consider the special problems connected with use of composite materials. 
 
C-1. Koiter, W. T., On the Stability of Elastic Equilibrium (in Dutch), thesis, Delft, H. J. Paris Amsterdam, 
1945. English translation, AFFDL Rept. TR-70-25, 1970. 
 
C-2. Brush, D. 0., and Almroth, B. 0., Buckling of Bars, Plates, and Shells, McGraw-Hill, 1975. 
 
C-3. Koiter, W. T., The Effect of Axisymmetric Imperfections on the Buckling of Cylindrical Shells Under 
Axial Compression, Proc. K. Ned. Akad. Wet., Amsterdam, Ser. B, Vol. 6, 1963; also, Lockheed Missiles and 
Space Company, Rept. 6-90-63-86, August 1963. 
 
C-4. Khot, N. S., On the Effects of Fiber Orientation and Nonhomogeneity on Buckling and Postbuckling 
Equilibrium Behavior of Fiber-reinforced Cylindrical Shells Under Axial Compression, AFFDL, TR-68-19, 
May 1968. 
Almroth’s comments: An analysis is presented of buckling and postbuckling behavior of simply supported 
cylindrical shells of composite material. A Donnell type theory including the effects of anisotropy is used. The 
deformation pattern in the postbuckling range is represented by a four term series. Numerical results are 
obtained for a number of different three-layered shells. The maximum efficiency is obtained with the 
combinations theta = (0deg., 70deg., -70deg.) and (90deg., 20deg., -20deg.). 
 
C-5. Chehill, D. S., and Cheng, S., Elastic Buckling of Composite Cylindrical Shells Under Torsion, J. of 
Spacecraft, Vol. 5, pp. 973-978, August 1968. 
Almroth’s comments: A nonlinear analysis is formulated for anisotropic shells with imperfections under 
torsional loading. The numerical results indicate moderate imperfection sensitivity. 



 
D. S. Chehil, S. S. Dua (Nova Scotia Technical College, Halifax, Nova Scotia), “Buckling of Rectangular Plates 
With General Variation in Thickness”, Journal of Applied Mechanics, Vol. 40, No. 3, pp. 745-751, September 
1973, DOI: 10.1115/1.3423084 
ABSTRACT: A perturbation technique is employed to determine the critical buckling stress of a simply 
supported rectangular plate of variable thickness. The differential equation is derived for a general thickness 
variation. The problem of bending, vibration, buckling, and that of dynamic stability of a variable thickness 
plate can be deduced from this equation. The problem of buckling of a rectangular plate with simply supported 
edges and having general variation in thickness in one direction is considered in detail. The solution is presented 
in a form such as can be easily adopted for computing critical buckling stress, once the thickness variation is 
known. The numerical values obtained from the present analysis are in excellent agreement with the published 
results. 
 
C-6. Khot, N. S., On the Influence of Initial Geometric Imperfections on the Buckling and Postbuckling 
Behavior of Fiber-Reinforced Cylindrical Shells Under Uniform Axial Compression, AFFDL-TR-68-136, 
October 1968. 
Almroth’s comments: The same deformation mode as in Reference C-3 is here applied in a nonlinear analysis 
of axially compressed cylinders with geometric imperfections. Shells with close to optimum fiber orientation 
appear to be the more sensitive, but within the range under investigation the optimum orientation remains 
unchanged. 
 
C-7. Khot, N. S., Postbuckling Behavior of Geometrically Imperfect Composite Cylindrical Shells Under Axial 
Compression, AIAA 7th Aeros. Sci. Meeting, New York City, New York, January 1969. 
Almroth’s comments: The paper contains a summary of the results presented in Reference C-3. 
 
C-8. Khot, N. S., Venkayya, V. B., and Berke, L., Buckling and Postbuckling Behavior of Initially Imperfect 
Orthotropic Cylindrical Shells Under Axial Compression and Internal Pressure, IUTAM Conf. on Instability of 
Continuous Systems, September 1969. 
Almroth’s comments: The analysis of Reference C-3 is extended through the addition of an internal pressure. It 
is shown that the internal pressure has a beneficial effect on the imperfection sensitivity. For the cases 
investigated, the Donnell and Sanders equations give essentially the same results. 
ABSTRACT: In recent years orthotopic cylindrical shells such as stiffened or fiber reinforced cylinders have 
been used extensively in aerospace structures. These structures are often subjected to axial compression and 
internal pressure. The thin cylindrical shells are known to be imperfection sensitive, and their buckling loads are 
substantially reduced by the presence of small initial deviations from the circular shape of the shell. The 
behavior of imperfect cylindrical shells has been studied by various investigators [1–5]. Both isotropic and 
anisotropic shells have been considered in these structures. In most of these investigations Karman-Donnell 
strain-displacement equations were used. 
References listed at the end of the paper: 
1. Donnell, L. H., Wan, C.: J. Appi. Mech. 17/18, 73 (1950). 
2. Koiter, W. T.: Nonlinear Problems, ed. R. E. Larger, University of Wisconsin Press 1963, p. 257. 
3. Madsen, W. A., Hoff, N. J.: SUDAER No.227, Stanford University 1965. 
4. Hutchinson, J.: AIAA J. 3, 1461 (1965).  
5. Khot, N. S. : Paper presented at AIAA 7th Aero. Sci. Meeting, New York 1969, No. 69-93. 
6. Sanders, J.L.: Quart. Appi. Math. 21, 21 (1963). 
7. Khot, N. S., Venkayya, V. B., Berke, L.: Orthotropic Cylindrical Shells with Initial Imperfections. AFFDL-TR (in preparation). 
8. Fletcher, R., Powell, M. J. D.: Computer J. 6, 163 (1963). 
 
 
C-9. Khot, N. S., Buckling and Postbuckling Behavior of Composite:Cylindrical Shells Under Axial 
Compression, AIAA J., Vol. 8, pp. 229-235, February 1970. 
Almroth’s comments: The paper presents some of the results in Reference C-6 in a more readily available 
source. 
 



C-10. Khot, N. S., Postbuckling Behavior of Geometrically Imperfect Composite Cylindrical Shells Under 
Axial Compression, AIAA J., Vol. 8, pp. 579-581, March 1970. 
Almroth’s comments: It is concluded in the paper that composite shells may be somewhat less sensitive to 
imperfections than the isotropic shells are. Consistently with this observation it is found that boron-epoxy shells 
are less sensitive than glass-epoxy shells. 
 
C-11. Jones, R. M., Buckling of Stiffened Two-Layered Shells of Revolution with a Circumferentially Cracked 
Unbonded Layer, AIAA J., Vol. 7, pp. 1511-1516, 1969. 
 
C-12. Almroth, B. O., Burns, A. B., and Pittner, E. V., Design Criteria for Axially Loaded Cylindrical Shells, J. 
of Spacecraft, Vol. 7, pp. 714-720, June 1970, doi: 10.2514/3.30025 
Almroth’s comments: A method is presented to determine the “knockdown factor” for different types of 
cylinders based'oh their relative sensitivity to axisymmetric imperfections (Koiter's special theory). For 
composite material cylinders (filament wound), it appears that the method gives results that are only slighlty 
less conservative than those obtained through application of the same knockdown factor as for an isotropic 
cylinder with the same "effective thickness." 
 
C-13. Khot, N. S., and Venkayya, V. B., Effect of Fiber Orientation on Initial Postbuckling Behavior and 
Imperfection Sensitivity of Composite Cylindrical Shells, AFFDL Rept. TR-70-125. 
Almroth’s comments: In this paper the authors base their analysis on Koiter's general theory. In comparison to 
Reference C-6, shells with larger imperfection amplitude are included in the study. With an imperfection of 
about the size of the shell thickness, the advantage of using a fiber orientation close to optimum is totally 
eliminated. 
 
C-14. Tennyson, R. C., Chan, K. H., and Muggeridge, D. B., Effect of Axisymmetric Shape Imperfections on 
the Buckling of Laminated Anisotropic Circular Cylinders, Transactions Canadian Aeronautics & Space 
Institute, Univ. of Toronto, Canada, Vol. 4, pp. 131-139, September 1971. 
Almroth’s comments: The effect of axisymmetric imperfections is studied by use of Koiter's special theory. The 
numerical study is restricted to the three-layered combinations (theta, 0deg., -theta) and (theta,-theta, 0deg.), of 
which the latter appear to be the most efficient. As in Reference C-9, it is shown that shells with optimum fiber 
orientation are the most sensitive to imperfections and that a moderate imperfection amplitude is sufficient to 
wash out the advantages of an optimum design. 
 
C-15. Prabhakara, M. K., and Chia, C. Y., Postbuckling Behavior of Rectangular Orthotropic Plates, J. Mech. 
Eng. Sci., Vol. 15, pp. 25-33, January 1973. 
Almroth’s comments: A buckling and postbuckling analysis based on a double Fourier-series approach is 
presented for flat plates. Some plots are given that indicate outer surface stresses as functions of applied load. 
 
C-16. Tennyson, R. C., and Muggeridge, D. B., Buckling of Laminated Anisotropic Imperfect Circular 
Cylinders Under Axial Compression, J. of Spacecraft, Vol. 10, pp. 143-148, February 1973. 
Almroth’s comments: A number of cylinders were measured to determine initial deviations from true geometry. 
The axisymmetric part of the imperfections was isolated and Koiter's special theory applied. The same results 
are also presented in Reference D-2 with some additional detail. 
 
C-17. Kulkarni, S. V., and Frederick, D., Buckling of Partially Debonded Layered Cylindrical Shells, 
AIAA/ASME/SAE 14th SDM Conf., Williamsburg, Va., March 1973. 
Almroth’s comments: A local buckling anlaysis is applied to the two separate branches corresponding to an 
axisymmetric delamination at midplane. 
 
C-18. Chia, C. Y., and Prabhakara, M. K., Postbuckling Behavior of Unsymmetrically Layered Anisotropic 
Rectangular Plates, J. Appl. Mech., Vol. 41, pp. 155-162, March 1974. 
Almroth’s comments: This represents an extension of the investigation reported in Reference C-15. 
 



C-19. Banks, W. M., The Post-Buckling Behavior of Composite Panels, Proc. International Conf. on Composite 
Matl., Vol. 2, Switzerland, 1975. 
Almroth’s comments: In contrast to References C-15 and C-18, this paper considers the case in which the 
applied shortening is uniform rather than the force intensity. The postbuckling analysis is based on the 
assumption that the lateral displacement varies sinusoidally in the axial direction 
(the direction of the load) and can be accurately defined by a 4-term power series in the transverse direction. A 
couple of test results were included showing good agreement between computed and measured lateral 
displacements. The agreement on the stress distribution deteriorates with increasing load. 
 
C-20. Chandra, R. Postbuckling Analysis of Crossply Laminated Plates, AIAA J., Vol. 13, pp. 1388-1389, 
October 1975. 
Almroth’s comments: A one term solution is presented for the postbuckling behavior of unsymmetrically 
stacked cross-plies. 
 
C-21. Stroud, W. J., Anderson, M. S., and Hennessy, K. W., Effect of Bow-Type Initial Imperfections on the 
Buckling Load and Mass of Graphite-Epoxy Blade-Stiffened Panels, NASA TM-74063, August 1977. 
Almroth’s comments: Blade-stiffened composite material panels under axial compression are designed for 
minimum weight with buckling constraints. The bending stresses due to a bow-type imperfection are included. 
It is found that the weight efficiency is much better if the imperfection is allowed to affect the optimized design. 
Authors’ ABSTRACT: A structural synthesis computer code which accounts for first order effects of an initial 
bow and which can be used for sizing stiffened composite panels having an arbitrary cross section is used to 
study graphite blade-stiffened panels. The effect of a small initial bow on both the load carrying ability of 
panels and on the mass of panels designed to carry a specified load is examined. Large reductions in the 
buckling load caused by a small initial bow emphasize the need for considering a bow when a panel is designed. 
 
C-22. Banks, W. M., Harvey, J. M., and Rhodes, J., The Nonlinear Behavior of Composite Panels with 
Alternative Membrane Boundary Conditions on the Unloaded Edges, Dept. of Mech. of Mat., U. of Strathclyde 
Rept., January 1978. 
Almroth’s comments: In comparison to the results of Reference C-19, an additional term is added to describe 
the displacement as a function of the axial coordinates. There is no indication of whether this improves 
correlation with test. 
 
References listed in Section D of the Appendix of Almroth’s 1981 report,  D. 
EXPERIMENTAL VERIFICATION 
The papers in the following are mainly devoted to the verification of analytical results by use of experiments. 
 
D-1. Ravenhall, R., Stiffness and Buckling in Filament-Wound Motors, J. Spacecraft, Vol. 1, pp. 260-263, 
August 1964. 
Almroth’s comments: Filament winding is not representative for modern manufacturing techniques of 
composite shells. The comparison between test and theory may not be quite the same for modern specimens. 
From the theoretical part of the paper it is concluded that the best efficiency is obtained if the balance between 
helical and hoop windings is such that 0.5 <Ex/ Ey < 1.0. Four cylinders were tested and the reduction factor, 
phi, was found to be much the same as for metal cylinders. The results were: 
R/t = 152, 128, 123, 122 
Ex/Ey = 0.62, 0.83, 1.26, 1.93 
phi = 0.655, 0.630, 0.685, 0.688 
 
D-2. Tasi, J., Feldman, A., and Stang, D. A., The Buckling Strength of Filament-Wound Cylinders Under Axial 
Compression, NASA CR-266,, July 1965. 
Almroth’s comments: The cylinders were manufactured through winding. The inplane stiffnesses were 
determined experimentally through application of lateral pressure, torsion, and tension. The shells were 
essentially orthotropic. Presumably the number of layers was large enough so the shell wall material could be 
considered to be homogeneous and orthotropic. Four of the cylinders buckled between 40 and 48 percent of the 



classical buckling load. This severe reduction was assumed to have been caused by pretest damage at the ends. 
For the other ten cylinders, the knockdown factor varied from 0.66 (R/t = 238) to 0.85 (R/t = 85). These results 
are in line with the behavior of isotropic shells. 
 
D-3. Holston, Jr., A., Feldman, A., and Stang, D. A., Stability of Filament-Wound Cylinders Under Combined 
Loading, AFFDL Rept. TR-67-55, May 1967. 
Almroth’s comments: The cylinders were manufactured through winding. All cylinders had a thickness of 
0.035 in. with the three different layups. 
0deg.,45deg.,-45deg.,90deg. (labeled isotropic) 
0deg.,22.5deg.,-22.5deg.,90deg. (labeled orthtropic) 
30deg.,90deg. (labeled anisotropic) 
For each of the three layups and three different radii (3,6, and 12 in.) five cylinders were manufactured so that 
for all different geometrical configurations test could be performed in, axial compression, torsion, bending, 
combination of axial load and torsion, combination of axial load and bending. The results of torsion tests can 
only be explained by the assumption that the theory used underestimates the critical torque approximately 
by a factor of two. Possibly this is due to inaccuracy in applied boundary conditions. All the configurations give 
approximately the same theoretical buckling load. There is not a clear trend indicating a variation in the 
knockdown factor, not even with the radius/thickness ratio. Typical results are (given in a table in Almroth’s 
report.) With a larger number of specimens it seems that at least a more pronounced tendency would be found 
towards decreasing knockdown factor with increasing radius. 
 
D-4. Mandell, J. F., An Experimental Investigation of Anisotropic Fiber Reinforced Plastic Plates, AFML TR-
68-281. 
Almroth’s comments: Experimental buckling loads are determined for a large number of plates, of which the 
majority were of composite material with graphite, glass or boron fiber reinforcement. In almost all cases the 
load displacement curve indicates large lateral displacements and the test is interrupted before the theoretical 
buckling load is approached. This behavior is observed also for metal plates and composites with little or no 
membrane bending coupling. Therefore, the eccentricity seems to be due to initial curvature or offset in loading 
rather than to membrane bending coupling. 
 
D-5. Leone, E. M., Oplinger, D. W., and Serpico, J. C., Experimental Studies of the Elastic Stability of Three-
Dimensionally Reinforced Composite Shells, AIAA 7th Aerospace Sciences Meeting, New York, January 1969. 
Almroth’s comments: A total of seven cylinders were tested. The material featured graphite fibers in axial and 
radial directions and quartz filaments for radial reinforcements. The radius-thickness ratio was in the range of 
35 to 40. The loading was lateral pressure, hydrostatic pressure, or hydrostatic pressure with the addition of-a 
component of axial compression. With use of experimentally determined inplane shear modulus, predicted 
lateral pressures agree well with experimental results. The tests including an axial load component seem to fall 
somewhat below prediction although conservatively a linear interaction curve was used and the selected 
example indicates that strain reversal may have occurred well below final collapse. 
 
D-6. Ashton, J. E., and Love, T. S., Shear Stability of Laminated Anisotropic Plates.(no publisher or date given) 
Almroth’s comments: Shear buckling tests were performed on 14 boron epoxy laminated plates. The load was 
applied as a diagonal tension on a "rigid picture frame." The corners on the panel were notched so that local 
failure would be avoided. The critical load is determined by use of the Southwell plot. The load displacement 
curve is given for one example and indicates a gradual growth of the lateral displacement. As the specimens 
were symmetric with 16 layers, this is not the result of membrane-bending coupling but rather it must be 
assumed that the initial geometric deviations were relatively large. As must be expected, the agreement between 
the Southwell load and analytical (Rayleigh-Ritz) results is good. The failure load (35,800 ib) is given only for 
one panel (with a buckling load of 29,000 lb). For all panels b/t was about 100. 
 
D-7. Kicher, T. P. and Mandell, J. F., An Experimental Study of the Buckling of Anisotropic Plates, 
AIAA/ASME 10th SDM Conference, April 1969, 
Kicher, T. P., and Mandell, J. F., A Study of the Buckling of Laminated Composite Plates, AIAA J., Vol. 9, p. 



605, April 1971. 
Almroth’s comments: Both these publications summarize the results of Reference D-4. The article in the AIAA 
Journal is somewhat more specific about the test setup. 
 
D-8. Wall, Jr., L. D., and Card, M. F., Torsional Shear Strength of Filament-Wound Glass-Epoxy Tubes, NASA 
TN D-6140, August 1971. 
Almroth’s comments: The tests on torsion tubes were intended as fracture tests. However, it is observed in 
many cases that fracture was preceded by strain reversal. Evaluation of the results seems difficult because the 
stress-strain curves show considerable nonlinearity at low stress. 
Authors’ ABSTRACT: Results are presented from torsion tests conducted on 36 multilayered, filament-wound, 
glass-epoxy tubes. Configurations with helical windings and with alternating helical and circumferential 
windings were investigated for various winding angles. Under small loadings, shear moduli deduced from linear 
shear stress-strain curves were found to be in reasonable agreement with analytical predictions. Under larger 
loadings, various degrees of nonlinearity in shear stress-strain curves were encountered, depending on the 
helical winding angle. Experimental torsional strengths were defined by a 0.2-percent offset yield stress or by 
maximum stress when large nonlinearities did not exist. These strengths were compared with torsional buckling 
predictions for orthotropic cylinders, and with material strength predictions based on orthotropic yield criteria 
and elastic stress analysis. Computed elastic buckling stresses were considerably higher than the experimental 
strengths for most of the test specimens except for those with only 30 deg and 45 deg windings. Experimental 
torsional strengths were found to correlate with conventional yield predictions if predicted yielding in certain 
layers were ignored or if unrealistically large transverse tensile and shear strengths of unidirectional laminae 
were employed in the analysis. 
 
D-9. Willey, B. T., Instability of Glass-fiber Reinforced Plastic Panels Under Axial Compression, 
ASAAVLABS, Techn. Rept. 69-48, September 1971. 
Almroth’s comments: Some 70 flat plates, approximately square with a side of 6-114 in., were tested under 
axial compression. The plates were manufactured from cloth and very thin, b/t = 175 or so. The report gives the 
Southwell load for all panels. Excessive scatter probably indicates nonuniform material properties. It is stated 
that the agreement between the Southwell load and observed strain reversal is poor. The author's conclusion that 
the strain-reversal technique has no value is dubious. Strain reversal is a definite indication of the development 
of buckles and as such a physically meaningful parameter. On the other hand. any experimental method 
(whether in agreement with theory or not) that gives a different result is not applicable to the case in question. It 
may be noticed that at least some of the panels were tested up to 3 or 4 times the bifurcation buckling load. 
 
D-10. Kaminski, B. E., and Ashton, J. E., Diagonal Tension Behavior of Boron Epoxy Shear Panels, J. Comp. 
Mat., Vol. 5, pp. 553-558, October 1971. 
Almroth’s comments: An experimental analysis is presented of the postbuckling behavior of shear panels. The 
panel dimensions were 6x18 in. and the thickness about 0.02 in., i.e., b/t = 300. The panels were tested to failure 
which occurred at 8 to 10 times the bifurcation buckling load. In a couple of cases, the panels were tested 
without failure 100 times to a load level corresponding to 5 times the bifurcation load. Subsequently, these 
panels were tested to failure with no obvious reduction in strength, Generally, failure occurred in one of the 
corners of the-panel before the average shear strain in the panel had reached half of the shear strain 
corresponding to fracture. 
 
D-11. Tennyson, R. C., Muggeridge, D. B., and Chen, K. H., Buckling of Fiber-reinforced Circular Cylinders 
Under Axial Compression, AFFDL TR-72-102, August 1972, DTIC Accession No.: AD0759537 
Almroth’s comments: A number of glass-epoxy cylinders were manufactured with considerable care. The initial 
geometrical imperfections were measured. The axi-symmetric part of these imperfections was isolated and 
expressed in terms of trigonometric series. By use of the classical bifurcation buckling analysis, critical losds 
were computed and the cylinders subsequently were tested. The agreement between computed and measured 
buckling loads is fair. For the 14 cylinders tested, predictions range from 0.50 to 0.85 times the critical load 
for perfect cylinders while the experimental results range from 0.41 to 0.75 times this load. In general, the 
predictions were 10 to 20% on the high side. 



Authors’ ABSTRACT: An analytical solution for the buckling load was obtained by using cylindrical shells. An 
analytical solution for the buckling load was obtained by using Koiter's theory for axisymmetric and 
asymmetric imperfections. For axisymmetric imperfections, numerical evaluation were carried out for the case 
of three-ply composite shells of glass, boron and graphite-epoxy construc-tion. It was found that drastic 
buckling load reductions occurred comparable to isotropic shells for small values of imperfection amplitudes. 
For each cylindrical shell, test model fabricated from three ply preimpregnated glass-epoxy, an equivalent 
imperfection amplitude was computed by using the root mean square imperfection measurements obtained from 
several generators. Fairly good agreement was found between the analytically predicted and experimental 
buckling loads. 
 
D-12. Carri, R. L., Buckling Behavior of Composite Cylinders Subjected to Compressive Loading, NASA CR-
132264, June 1973. 
Almroth’s comments: Four boron-epoxy and four titanium cylinders with boron-epoxy reinforcement were 
tested in axial compression, all with R/t about 25. Inside and outside strains are recorded as functions of the 
load for the four composite material cylinders and for one of the titanium cylinders. Only for the titanium 
cylinder is there some indication of buckling (strain reversal) before failure occurs. 
 
D-13. Wilkins, D. J., Compression Buckling Tests of Laminated Graphite-Epoxy Curved Panels, AIAA, 12th 
Aerospace Sci. Meeting, Washington, D.C., January 30-February 1, 1974. 
Almroth’s comments: A number of cylindrical panels were tested under axial compression. Some of the test 
specimens suffered no damage and could be retested under different conditions. Therefore, 72 panels yielded 84 
test results. All panels had a length of 13 in., a radius of 12 in., and a width of 9 in.(43deg.). Panel thickness and 
layup were varied through the test series. Buckling loads were registered by use of the Moire grid technique. 
For flat panels it appears that initial eccentricities or membrane bending coupling would render this technique 
useless; compare the results of Reference D-4. However, for the cylindrical panels, it appears that the 
development of the buckling pattern is rapidly accelerated as the critical load is reached and the Moire 
technique seems to have been very useful. In some cases, the tests were continued after the Moire pattern 
indicated buckling. In no case could the load be significantly increased before snap-through occurred. Typical 
examples are: 
Moire:   6300, 715, 1290, 5700, 3530 
Snap-through : 6340, 725, 1315, 5810, 3685 
In nine cases snap-through occurred without previous indication by the Moire pattern. In five cases the 
indication by the Moire pattern was essentially simultaneous with snap-through. In the remaining cases the test 
was interrupted when the Moire pattern indicated buckling and the specimens could be used again. (cannot copy 
and paste more comments with regard to this reference.) 
 
D-14. Wilkins, D. J. and Love, T. S., Combined Compression-Torsion Buckling Tests of Laminated Composite 
Cylindrical Shells, AIAA/ASNE/SAE 15th SDM Meeting, Las Vegas, April 1974. 
Alrmoth’s comments: Six cylinders were manufactured for the tests. The laminates were four-ply (±45)s and 
six-ply (0/±45)s. The outside diameter was 15 in. and the cylinder length 15 in. The ply thickness varied from 
0.0053 to 0.0065. Strain reversal was used to indicate buckling and in most cases the test was nondestructive so 
that a complete or partial interaction curve could be obtained for one specimen. The knockdown factor for axial 
compression is about 0.65. The analytical solution for torsion buckling appears to be off approximately by a 
factor of two. 
 
D-15. Wilkins, D. J., and Olson, F., Shear Buckling of Advanced Composite Curved Panels, SESA Fall 
Meeting, Seattle, Wash., October 17-20, 1972. 
Almroth’s comments: Four graphite-epoxy and four boron-epoxy cylindrical panels were tested in shear. The 
panels covered each 45 degrees and four panels were mounted together. The shell wall consisted of 8 ply plus-
and-minus 45deg. laminate. Due to the fact that relatively few laminates were used, the critical torque is about 
50% higher in the favorable direction. The panels were 9 in. long and the radius was 12 in. The average 
thickness was about 0.056 (R/t about 200). The specimens were first tested in the weaker direction. The 
buckling load was registered by use of a Southwell plot based on bending strain rather than displacement. The 



critical load so determined varied between 84 and 106 percent of the theoretical load corresponding to clamped 
edges. In a second test, the torque was applied in the opposite direction. The Southwell load varied between 
85% and 95% of the theoretical value for clamped shells. Furthermore, the Southwell loads agreed very well 
with the load level at which the lateral displacements started to grow rapidly. The tests in this direction were 
continued to failure which occurred at about 20% above the buckling load. At this load level, the buckle depth 
was of the same order of size as the shell thickness. 
 
D-16. Marlowe, D. E. and Sushinsky, G. F., Torsional Buckling of Composite Cylindrical Shells, National 
Bureau of Standards, Rept. NBSIR 74-572, September 1974. 
Almroth’s comments: Of 39 cylinders tested, a few were pure metal cylinders, a few composite reinforced metal 
cylinders, but the majority were pure composite cylinders. Since many of the cylinders were tested in both 
directions, a total of 51 test results were available for comparison to theory. Boron-epoxy and graphite-epoxy 
cylinders were tested with various layups and for two different R/t values (150 and 75) and three different 
values of L/R (3.2, 6.7, 13.3). Due to the great variety of specimens, duplication is minimal which makes it 
difficult to discover any clear trends. There is, for example, no indication that the parameters L/R or R/t should 
have any influence on the knockdown factor phi. It may be noticed, however, that two tests with R/t = 75 and 
with a favorable layup fractured without any previous indication of buckling at about 60% of the critical load. 
An optimum layup was determined analytically for shells subjected to torsion in one direction only. For these 
cylinders (-82.5, 30, 20, -82.5)s, the knockdown factors were relatively low (0.79, 0.88, 0.61, 0.54). For this 
layup the ratio between critical loads for loading in the two directions is as high as 3.5. For shells with 45deg. 
windings this ratio is only of the order 1.5 to 2.0. There is no indication among these that the more efficient 
layups should be more sensitive to imperfections. Generally the torque drops somewhat after buckling or it 
stays constant. In no case is there any indication of postbuckling strength above the bifurcation load. The strain 
at fracture is not observed but stress-strain 
curves are shown for all specimens. In many of these (including some with R/t = 75), strain levels were reached 
which considerably (5 times or so) exceed the critical strain. The knockdown factor for the 51 experiments 
varies from 0.54 to 0.95 with an average close to 0.80. 
 
D-17. Marlowe, D. W., Sushinsky, G. F., and Dexter, H. B., Elastic Torsional Buckling of Thin-Walled 
Composite Cylinders, Composite Materials, Testing and Design (Third Conf.), ASTM STP 546, ASTM 1974. 
Almroth’s comments: The results of Reference D-16 are presented in a slightly more polished form. 
 
D-18. Chailleux, A., Hans, Y., and Verchery, G., Experimental Study of the Buckling of Laminated Composite 
Columns and Plates, Int. J. Mech. Sci., Vol. 17, p. 485, 1975. 
Almroth’s comments: Composite flat plates were tested under different compression. The value of b/t was about 
100 for all plates. Most plates have considerable membrane-bending coupling. Load displacement curves are 
not shown but it can be assumed that the bending of the plate sets in gradually and that the bifurcation buckling 
load is insignificant as a design parameter. The buckling load is determined by use of the Southwell plot as well 
as by the dynamic method (extrapolation to zero of natural frequency). The agreement between these two 
methods is good. 
 
D-19. Spier, E. E., Crippling/Column Buckling Analysis and Test of Graphite-Epoxy-Stiffened Panels, 
AIAA/ASME/SAE 16th SDM Meeting, Denver, Colorado, May 1975. 
Almroth’s comments: Tests were carried out on three T- and blade-stiffened panels. Buckling and crippling 
predictions (elastic) based on "elementary methods" were in good agreement with test results. Some of the 
stress-strain curves for the material (transverse stress and shear) show considerable non-linearity. 
 
D-20. Williams, J. G. and Mikulas, Jr., M. M., Analytical and Experimental Study of Structurally Efficient 
Composite Hat-Stiffened Panels Loaded in Axial Compression, AIAA/ASME/SAE 16th SDM Meeting, 
Denver, Colorado, May 1975. 
Almroth’s comments: Tests were conducted on a number of hat-stiffened graphite-epoxy panels. The panel 
dimensions correspond to optimum weight configurations. A number of panels (23) of length 16 in. were 
critical in local buckling. In the experiments local buckling was observed by use of the Moire pattern and by the 



observation of strain reversal. These two methods agree with one another but the agreement with theory 
(BUCLASP) is not good. This is assumed to be due to large deviations from nominal thicknesses and to local 
initial  stresses due to the curing process. The experiments were continued to ultimate failure which typically 
occurred at about 25% above the experimental buckling load. The authors conclude that "buckled skin 
concepts" might be possible (but that), the brittle nature of graphite-epoxy composites makes their practicality 
highly speculative at this time. In addition, six longer panels (60 in.) were tested. These were critical in Euler 
buckling. The test results in these cases fall between 64 and 90 percent of the critical load. This disagreement 
appears to be the result of transverse shear effects. The disagreement between experiment and theory reduces 
a potential 50% weight saving (in comparison to aluminum) to a 32% saving. This estimate does not account for 
the use of buckled skin concepts for aluminum panels. 
 
D-21. Booton, M., Buckling of Imperfect Anisotropic Cylinders Under Combined Loading, Institute for 
Aerospace Studies, U. of Toronto, UTIAS Rept. No. 203, August 1976. 
Almroth’s comments: A literature review is presented on the subject of buckling of cylindrical shells. Available 
closed form solutions are summarized. A computer program listing is presented for the buckling of anisotropic 
cylinders under torsion, external pressure and axial load. A number of numerical results indicate that the shapes 
of the interaction curves vary considerably with the layup. Two fiberglass cylinders were tested. An inside 
mandrel was used to arrest the buckles and allow repeated testing on the same specimen. The shape of the 
interaction curves agrees with theoretical results. For comparison with theory an analysis was carried out 
including axisymmetric imperfections. These were chosen equal to those on the "worse meridian". The test 
results in axial compression were some 10% below the bifurcation load for the imperfect cylinder. In both 
cases, the radius to thickness ratio was 234. 
 
D-22. Spier, E. E., and Klouman, F. L., Postbuckling Behavior of Graphite-Epoxy Laminated Plates and 
Channels, Army Symposium on Solid Mechanics, Cape Cod, Mass., September 1976. 
Almroth’s comments: Graphite-epoxy plates with the unloaded edges simply supported and channel sections 
were tested in axial compression. Results were compared to results of "classical, closed-form orthotropic elastic 
buckling theory for flat plates." In many cases, the registered buckling load was well below the theoretical 
values. For the plates with b/t varying from 19 to 45, the ratio between experimental and theoretical results 
varied between 0.61 and 0.88. For the channels the corresponding ratio varied from 0.77 to 1.10. Ultimate 
failure for the plates varied from 0.71 to 1.55 times the bifurcation buckling loads. For the channels this range 
was 1.18 to 3.83. 
 
D-23. Vestergreen, A Theoretical and Experimental Investigation of the Buckling Behavior of Rectangular 
CFRP Panels Subjected to Shear Loading The Aeronaut. Res. Inst. of Sweden, FFA Report HU-1818, 
Stockholm, 1977. 
Almroth’s comments: Three panels, 845 x 115 mm, were tested in shear. The layups were 8-ply (±45)s (t = 1.04 
mm), 10-ply (90, 2±45)s (t = 1.30 mm) and 8-ply (2 + 90, 2±45)s (t = 1.04 mm). Buckling at test was observed 
by use of the Moire pattern. The ratios between test and theory for the three specimens were 0.72, 1.27, and 
0.75. The tests were continued to failure. The ultimate load values were 2.73, 1.9 and 2.87 times the bifurcation 
buckling loads (theoretical). The STAGS computer program and Tsai's fracture criterion were used to determine 
the ultimate load analytically. The agreement between test and theory on this point was surprisingly good, the 
ratios between experimental and theoretical results being 0.93, 1.16 and 1.07. 
 
End of Almroth’s 1981 survey 
 
 
B.O. Almroth, P. Stern and F.A. Brogan (Structures Laboratory, Lockheed Palo Alto Research Laboratory, 
Lockheed Missiles & Space Company, Inc., Palo Alto, CA 94304, U.S.A.), “Future trends in nonlinear 
structural analysis”, Computers & Structures, Vol. 10, Nos. 1-2, April 1979, pp. 369-374, 
doi:10.1016/0045-7949(79)90107-X 
ABSTRACT: In the following paragraphs possible future trends in the nonlinear analysis of structures are 
contemplated. If any predictions at all are to be made, they must be based on the assumption that research and 



development in the area will be responsive to the needs of the engineering community, perhaps primarily within 
the aerospace and nuclear industries. This need is definitely for more efficient general purpose programs 
derived in such a way that they are reasonably easy to use. Some new technology is presented in the recent 
literature, in the form of new ideas in disdretization procedures and in automation of the methods for solution of 
nonlinear equation systems. The prediction is simply that these are going to be further developed, thoroughly 
evaluated and eventually included in commonly available software. 
 
Dobyns, A. L., "The Analysis of Simply Supported Orthotropic Plates Subjected to Static and Dynamic Loads", 
AIAA Journal, Vol. 19, No. 5, 1981, pp. 642-650, doi: 10.2514/3.50984 
ABSTRACT: Equations are presented for the analysis of simply-supported orthotropic plates subjected to static 
and dynamic loading conditions. Transient loading conditions considered include sine, rectangular, and 
triangular pulses, and pulses representative of high explosive blast and nuclear blast. These pulses can be 
applied as a uniform load over the panel, a concentrated load, a uniform load applied over a small rectangular 
area, and a cosine loading applied over a small rectangular area. A method for the analysis of low velocity 
impact is also presented. 
 
John L. Sewall, Robert R. Clary and Sumner A. Leadbetter, “An experimental and analytical vibration study of 
a ring-stiffened cylindrical shell structure with various support conditions”, NASA TN D-2398, 1964 
 
M. Mikulas, Jr., et al, “Buckling of a cylindrical shell loaded by a pre-tensioned filament winding”, NASA, 
1964 
 
Hoff, N.J., "Low Buckling Stresses of Axially Compressed Circular Cylindrical Shells of Finite Length", 
Journal of Applied Mechanics, Vol. 32, No. 3, Trans. ASME, Series E. Vol. 87, Sept. 1965, pp. 533-541; also 
SUDAER Report 192, July 1964 
ABSTRACT: Exact solutions are derived of the classical differential equations defining the deformations of 
axially compressed thin-walled circular cylindrical shells. The end conditions along the circular edges are 
assumed as the vanishing of (1) the radial displacement; (2) of the longitudinal bending moment; (3) of the 
variation in the axial normal stress, and (4) of the circumferential membrane shear stress. Under these 
conditions of simple support the critical value of the uniformly distributed axial normal stress is one-half the 
classical critical value. 
 
K. Forsberg, “A review of analytical methods used to determine the modal characteristics of cylindrical shells”, 
NASA CR 613, 1965 
 
B. Ross, J. Mayers and A. Jaworski (Stanford University), “Buckling tests on thin circular cylindrical shells 
heated along an axial strip”, Experimental Mechanics, Vol. 5, No. 8, pp. 247, August 1965 
doi: 10.1007/BF02327148 
ABSTRACT: The results of buckling tests on circular cylinders heated uniformly along axial strips are 
presented and discussed. Calculations of critical temperature based upon the small-deflection theory for thin 
circular cylindrical shells are included and a comparison is made between theoretical and experimental results. 
Cylinders heated along axial strips of given widths have a theoretically predicted behaivor which corresponds 
reasonably well to the behavior obtained by experiment. Curves are included showing the variation of critical 
temperature with respect to heated axial-strip width. 
References listed at the end of the paper: 
1. Brazier, L.G. (1927) On the Flexure of Thin Cylindrical Shells and Other Thin Sections. Proc. Royal Soc. London, Series A 116: 
pp. 104-111  
2. Flügge, W. (1932) Die Stabilität der Kreiszylinderschale. Ingenieur-Archiv 3: pp. 463-506 
3. Donnell, L. H. (1934) A New Theory for the Buckling of Thin Cylinders under Axial Compression and Bending. Trans. ASME 56: 
pp. 795-806  
4. Lundquist, E. E., “Strength Tests of Thin-Walled Duralumin Cylinders in Pure Bending”, NACA TN 479 (1933).  
5. Mossman, R. W., and Robinson, R. G., “Bending Tests of Metal Monocoque Fuselage Construction”, NACA TN 357 (1930).  
6. Peterson, J. P., “Bending Tests of Ring Stiffened Circular Cylinders,” NACA TN 3735 (1956).  
7. Hoff, N. J. (1957) Buckling of Thin Cylindrical Shells under Hoop Stresses Varying in Axial Direction. Jnl. Appl. Mech. 24: pp. 
405-405  



8. Anderson, M. S., “Combinations of Temperature and Axial Compression Required for Buckling of a Ring Stiffened Cylinder”, 
NACA TN D-1224 (1962).  
9. Anderson, M. S., Pride, R. A., and Hall, J. B., “Effects of Rapid Heating on Strength of Aircraft Components”, NACA TN 4051 
(1957).  
10. Hoff, N. J., “Thermal Buckling of Thin Walled Circular Cylindrical Shells”, Stanford Univ., SUDAER No. 137 (Oct. 1962).  
11. Abir, D., Nardo, S.V. (1959) Thermal Buckling of Circular Cylindrical Shells under Circumferential Temperature Gradients. Jnl 
Aerospace Sciences 26: pp. 803-803  
12. Hill, D. W., “Buckling of a Thin Circular Cylindrical Shell Heated Along an Axial Strip”, Stanford Univ., SUDAER No. 88 (Dec. 
1959).  
13. Hoff, N. J., Chao, C. C., and Madsen, W. A., “Buckling of a Thin Walled Circular Cylindrical Shell Heated Along an Axial Strip”, 
Stanford Univ., SUDAER No. 142 (Sept. 1962).  
14. Hoff, N. J. (1956) The Analysis of Structures. John Wiley and Sons, Inc., New York  
15. Bierens de Haan, D. (1957) Nouvelles Tables d'Intégrales Définies. Hafner Publishing Co., New York  
 
 
J.H. Percy, T.H.H. Pian, S. Klein and D.R. Navaratna, “Application of matrix displacement method to linear 
elastic analysis of shells of revolution”, AIAA Journal, Vol. 3, No. 11, November 1965, pp. 238-2145 
 
E. E. Spier, P. E. Wilson and E. M. Slick, “Nonlinear analysis of thin toroidal shells of circular cross section”, 
AIAA 2nd Aerospace Sciences Meeting, New York, NY, 1965, Paper no. 65-144, pp. 1-30 
 
L. Katz, “Compression tests on integrally stiffened cylinders”, NASA TMX-55315, August 1965 
 
D.T. Wright, “Membrane forces and buckling in reticulated shells”, Journal of the ASCE Structural Division, 
Vol. 91, No. ST1, pp 173-202, February 1965 
ABSTRACT: The paper presents methods for the analysis of framed structures which behave primarily as 
shells. Questions of membrane forces, analogous elastic properties, and buckling criteria are treated. The 
collapse of a 307-ft span reticulated dome in Bucharest in 1963 is investigated, and it is shown that the analyses 
presented in the paper gives a buckling load which is only approximately one-fifth of the critical load expected 
by the original designers, but which indeed agrees within 10% with the actual load at failure. Analyses of other 
important reticulated domes are also given. 
 
James H. Lane, “Bar forces in latticed spherical domes by means of the membrane analogy for shells”, PhD 
Dissertation, North Carolina State University, 1965 
 
E.F. Benard, “A study of the relationship between continuous and lattice structures”, PhD Dissertation, 
University of Illinois, 1965 
 
R. Guyan, “Reduction of stiffness and mass matrices”, AIAA Journal, Vol. 3, No. 2, February 1965 
 
R. H. Gallagher, R.A. Gellatly and J.R. Batt, “Structural and dynamic analysis of the Apollo aft heat shield, 
Report No. D-7218-933005, Bell Aerosystems Company, December 1965 
 
K. Buchert, “Buckling of doubly curved orthotropic shells”, Engineering Experiment Station, University of 
Missouri, Columbia, Missouri, November 1965 
 
Buchert, K., “Zur Stabilität grosser, doppelt, gekrummter und versteifter Schalen”, Der Stahlbau, February 
1965, pp. 55-62 
 
K. P. Buchert, “Buckling considerations in the design and construction of doubly curved space structures”, in 
Space Structures edited by R.M. Davies, London, 1966 
 
K.P. Buchert, “Effect of edge conditions on buckling of stiffened framed shells”, Engineering Experiment 
Station Bulletin Series No. 65, University of Missouri, Columbia, Missouri, October 1967 
 



K. Buchert, “Space frame buckling”, Engineering Journal, American Institute of Steel Construction, Vol. 5, 
No.4, October 1968 
 
K. Buchert, “Buckling of shell and shell-like structures”, K.P. Buchert & Associates, Columbia, Missouri, 1973 
 
Fischer, G., "Influence of Boundary Conditions on Stability of Thin-Walled Cylndrical Shells under Axial Load 
and Internal Pressure, AIAA Journal, Vol. 3, No. 4, April 1965, pp. 736-738. 
 
Weingarten, V. I. and Seide, P., “Buckling of thin-walled circular cylinders”, NASA SP-8007, September 1965 
 
Weingarten V.I. and Seide P. (1965) Elastic stability of thin-walled cylindrical and conical shells under 
combined external pressure and axial compression. AIAA J 3(5):913–920 
 
Paul Seide, “Stability of cylindrical reinforced concrete shells”, American Concrete Institute, International 
Concrete Abstracts Portal, 1981, DOI: 10.14359/6747 
http://www.concrete.org/publications/internationalconcreteabstractsportal.aspx?m=details&ID=6747 
ABSTRACT: A state-of-the-art review of the stability of cylindrical shells is presented. The copious theoretical 
results available in the literature are discussed and compared with available experimental results. Reasons for 
the well-known discrepancies between theory and experiment are indicated and various design formulas which 
take these discrepancies into account are given. Most of the available experimental data are for linearly elastic 
metallic or plastic specimens. The behavior of these can differ markedly from the behavior of reinforced 
concrete structures which are subject to cracking and material nonlinearity. The applicability of linearly elastic 
shell data to the buckling analysis of concrete shells is discussed briefly on the basis of a comparison of the few 
test results for reinforced concrete shells with those for elastic shells. 
 
 
W. Stuiver (College of Engineering, University of Hawaii, Honolulu, Hawaii), “On the buckling of rings subject 
to impulsive pressures”, Journal of Applied Mechanics, Vol. 32, No. 3, pp. 511-518, September 1965, 
DOI: 10.1115/1.3627252 
ABSTRACT: It is shown in this paper that previous, independent analyses of the phenomena of dynamic elastic 
instability and dynamic plastic-flow buckling of circular cylindrical shells can be combined in a single approach 
leading to results consistent with those that follow from these analyses. The response of the shell in both cases 
is governed by the interaction between the fundamental radial, purely extensional mode of deformation and 
inextensional flexural modes always present in the response. An analytical procedure is given for the 
determination of dominant modes in the elastic and plastic phases of the response, and the results of this 
procedure are verified by comparison with numerical and experimental data. 
 
J. Famili (The Babcock and Wilcox Company, Barberton, Ohio, USA),  "Asymmetric buckling of finitely 
deformed conical shells", AIAA Journal, Vol. 3, No. 8 (1965), pp. 1456-1461. doi: 10.2514/3.3168 
ABSTRACT: The asymmetric buckling of truncated and complete conical shells under uniform hydrostatic 
pressure has been studied by many authors. In all of these investigations, membrane theory has been used to 
define the stress state prior to buckling. In the present paper this problem is studied by means of finite 
difference analysis, taking into account the large deformation in the prebuckling state. Numerical results are 
obtained and compared with the results of other investigations. 
 
B. Ross (1), J. Mayers (1) and A. Jaworski (2) 
(1) Department of Aeronautics and Astronautics, Stanford University, Stanford, Calif 
(2) Politechnika Warszawska, Warsaw, Poland  
“Buckling of thin cylindrical shells heated along an axial strip”, Experimental Mechanics, Vol. 5, No. 8, pp 
247-256, August 1965 
ABSTRACT: The results of buckling tests on circular cylinders heated uniformly along axial strips are 
presented and discussed. Calculations of critical temperature based upon the small-deflection theory for thin 
circular cylindrical shells are included and a comparison is made between theoretical and experimental results. 



Cylinders heated along axial strips of given widths have a theoretically predicted behaivor which corresponds 
reasonably well to the behavior obtained by experiment. Curves are included showing the variation of critical 
temperature with respect to heated axial-strip width. 
References listed at the end of the paper: 
1. Brazier, L.G., “On the Flexure of Thin Cylindrical Shells and Other Thin Sections”,Proc. Royal Soc. London, Series A,116,104–
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2. Flügge, W., “Die Stabilität der Kreiszylinderschale”,Ingenieur-Archiv,3 (5)463–506 (1932).  
3. Donnell, L. H., “A New Theory for the Buckling of Thin Cylinders under Axial Compression and Bending,”Trans. ASME,56, 
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Batterman, S. C., "Plastic Buckling of Axially Compressed Cylindrical Shells," AIAA Journal, Vol. 3, Feb. 
1965, pp. 316-325. 
ABSTRACT: The plastic buckling of cylindrical shells under axial compression is studied analytically and 
experimentally. Attention is given to both the nonlinear and nonconservative aspects of the stress-strain relation. 
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layer using beam theory. This comparison shows that the beam theory model is adequate until the buckling 
strain exceeds three percent, which occurs for modulus ratios less than 100. In these cases the beam theory 
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ABSTRACT: The nonlinear analysis of shell structures is studied by both the Eulerian and the Lagrangian 
approach. Current methods are discussed on the basis of both formulations. It is found that the widely used 
updated procedure is a combination of both approaches. From the current standpoint it makes use of a mixture 
of incremental stiffnesses derived by both approaches. The ‘bowing’ effect was found to be the main source of 
error in this updated procedure, and this effect was shown to be negligible when a large number of elements 
were used. Case studies investigate various aspects of the nonlinear behavior of arches, axisymmetric shells of 
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numerical, thermo-mechanical model for the welding and subsequent loading of a fabricated structure”, 
Computers & Structures, Vol. 3, No. 5, September 1973, pp.1145-1174, doi:10.1016/0045-7949(73)90043-6 
ABSTRACT: In this work a numerical model is developed for the welding and subsequent loading of a 
fabricated structure. The model treats the weld process as a thermo-mechanical problem. A finite element 
formulation derived from the uncoupled thermal and mechanical energy balances forms the basis of the model. 
During the development of the thermal model, two significant problems are discussed. One is the material 
nonlinearity, which manifests itself in the temperature dependence of the thermal properties, and in the fusion 
problem, where the material phase change is accompanied by a latent heat effect. This latter is modeled by use 
of a modified specific heat, since the materials of prime concern are alloys which melt over a finite range of 
temperature, while the former are introduced through periodic re-evaluation of the properties throughout the 



analysis. The second problem is that of boundary conditions: The deposition of molten bead on the base is 
modeled by using the intimate contact boundary condition, which is developed into a set of impulse type 
equations on the finite element model. Since radiation is a dominant cooldown mechanism, this boundary 
condition is also included. Thus the first part of work develops a non-linear finite element thermal analyzer 
capable of modeling all of the above effects. This program is then applied to several problems in order to assess 
its accuracy. During the second part of the work the mechanical model is described. This is an incremental finite 
element model in which the basic constitutive descriptions are time independent elastic-plastic behavior with 
temperature dependent properties, and a creep rate formulation for the time dependent behavior. The 
development is not based on thermodynamic theories but on direct extension of the classical (isothermal) 
theories. The model includes finite strain effects during isothermal loading, so that it may be used in the 
modeling of distortion sensitive structure. The integration of the rate equations is discussed with respect to the 
introduction of a residual load (total equilibrium) correction; it is shown that suc a correction must be 
introduced very carefully in a completely incremental formulation such as is developed here. Finally the model 
is compared with simple bead-on-plate weld experiments, performed with high strength steels. It is found that in 
one case the experimental approximations are well justified by the finite element results, but there is no 
agreement with the experimentally measured residual stresses. The suggested explanation for the unique stress 
patterns observed experimentally is shown to have little effect on the finite element stress predictions, so that it 
is concluded that the finite element model does not include a significant material behavior in this case. In the 
second example it is shown that the experimental assumptions were not justified by the results of the present 
model. In both cases the model predicts the usually expected residual stress patterns. Use of a simple creep 
formulation is shown to give the same order of residual stress reduction as a result of post weld heat treatment 
as is measured experimentally. 
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ABSTRACT: The first part of this paper is in the nature of a progress report on recent developments of analysis 
methods for filamentary composites. Theoretical predictions of the stiffness and strength properties of a 
unidirectional composite based on a knowledge of the constituent properties are correlated with experiments for 
both tensile and compressive loadings. The analysis of multilayer or laminated composites based upon the 
unidirectional composite properties then requires the rather straight forward use of classical anisotropic shell 
theory. Some structural aspects of filamentary composites designed for biaxial loads are considered in the 
second part. In particular, certain design restrictions inherent in the use of such composites become evident 
when compared to the more familiar isotropic sheet. Some of these restrictions can be overcome by a close 
matching of filament orientations and stress field. These factors serve to emphasize the overwhelming 
importance of creative structural concepts in the design of successful filamentary composites. 
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ABSTRACT: This paper presents an approximate finite deflection analysis of the buckling behaviour of long, 
slightly curved panels in uniform compression parallel to the generators; the sides, which may be clamped or 
simply-supported, are either free to move circumferentially or are completely restrained against circumferential 
movement. 
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(Experiments conducted by the authors were concerned not only with the method in which a buckle generates 
and develops in a thick-walled shell, but also with the influence of geometric and mechanical parameters on this 
process), Experimental Mechanics, Vol. 6, No. 9, 1966, pp. 433-444, doi: 10.1007/BF02326556 
ABSTRACT: This paper presents the results of a series of experiments on the progressive plastic buckling of 
cylindrical shells under axial compressive load. It shows that, for shell bodies with anR/t less than 100, the 
normal axisymmetric ring buckling will develop into nonsymmetric patterns. We demonstrate that there exists 
also a class of shells within this thickness-radius range for which nonsymmetric plastic buckling always occurs 
without the prior formation of a ring. It appears from the limited number of tests made that, for a particular R, 
R/t, material and rate of loading, there is a critical value of L, above which there is a high probability of the 
buckle pattern developing in a nonsymmetric fashion. It seems probable, too, that there are bands of R/t for a 
particular L/R, R, material and rate of loading for which the buckle number will be constant. The experiments 
tend to indicate that the postbuckling efficiency of the shell decreases with increasing buckle number. 
The nonsymmetric patterns demonstrated appear to be inextensional deformations. They are very similar in 
character to the Yoshimura pattern which occurs as the limiting case for thin shells in axial compression and, 
under impact loading. Load-displacement histories are presented for some of the various modes of failure 
demonstrated. 
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Engineering Mechanics Division, Vol. 93, No. 2, pp 177 – 206, 1967 
ABSTRACT: The buckling of cylindrical shells with free longitudinal edges subjected to uniform axial 
compression is examined. The solutions are based on the simplified elastic equations of the small deflection 
theory known as the Donnell's equations. Results obtained were presented in a number of charts. It was found 
that in the practical range of thin shell structures, the critical buckling stress of a cylindrical shell may be 1/10, 
1/100, or 1/1000 of the buckling value of a corresponding cylindrical tube with the same radius, R, thickness, t, 
and length L, as the ratio of t/R decreases and the ratio of L/R increases. Although the small deflection theory 
may give buckling stresses higher than the actual buckling values, it will serve the purpose of establishing the 
upper bounds of the buckling loads. The study of shells with free longitudinal edges and subjected to uniform 
axial compression may be regarded as an initial step for studying shell roofs with edge beams and subjected to 
longitudinal membrane stresses varying from compression to tension. 
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proxy Url : http://handle.dtic.mil/100.2/AD660535 
ABSTRACT: An exact solution is derived for the buckling of a circular cylindrical shell with multiple 
orthotropic layers and eccentric stiffeners under axial compression, lateral pressure, or any combination thereof. 
Classical stability theory (membrane prebuckled shape) is used for simply supported edge boundary conditions. 
The present theory enables the study of coupling between bending and extension due to the presence of 
different layers in the shell and to the presence of eccentric stiffeners. Previous approaches to stiffened 
multilayered shells are shown to be erratic in the prediction of buckling results due to neglect of coupling 
between bending and extension. 
 
 
Robert M. Jones (Aerospace Corp., San Bernardino, California), “Plastic buckling of eccentrically stiffened 
circular cylindrical shells”, Technical Report, December 1967, DTIC Accession Number: AD0664328,  
ABSTRACT: A solution for the plastic buckling of eccentrically stiffened cylinders is derived by use of the J2 
deformation theory of plasticity for a set of simply supported edge boundary conditions. The uniaxial character 
of the stiffeners and the stiffener eccentricity (asymmetry about the cylinder middle surface) ae explicitly 
accounted for as is a variable Poisson's ratio in the plastic region. A closed-form stability criterion is obtained 
for axial compression, lateral pressure, and hydrostatic pressure loadings. The present results are more realistic 
for most practical stiffened cylinders than an existing solution in which an orthotropic shell model is used. A 
numerical example is given to illustrate the effect of plastic action on the buckling load of a typical aerospace 
structure. The FORTRAN IV computer program is described and listed. 
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circular cylindrical shells with different orthotropic moduli in tension and compression”, Technical Report, 14 
August 1970, DTIC Accession Number: AD0713113 
ABSTRACT: An exact buckling criterion, within the framework of classical buckling theory,is derived for 
eccentrically stiffened multilayered circular cylindrical shells made of materials that have different orthotropic 
moduli in tension and compression. Such behavior is typical of many current composite materials. The buckling 
criterion is valid for arbitrary combinations of axial and circumferential loading, including axial compression 
and internal pressure as well as axial tension and lateral pressure. The material model (stress-strain relationship) 
involves a bilinear stress-strain curve with a discontinuity in slope (modulus) at the origin. A numerical 
example of buckling of a ring-stiffened two-layered circular cylindrical shell is given to illustrate application of 



the buckling criterion. A FORTRAN IV computer program, BOMS II, that implements the aforementioned 
analysis is described and listed. 
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Munich, Germany, 1964, published by Springer-Verlag 
ABSTRACT: Small geometrical imperfections in some structures can be responsible for large reductions in 
their static buckling strengths. As is well known, a thin shell is often very imperfection-sensitive in this sense, 
with a perfect specimen sometimes having a “classical” buckling strength several times higher than that of an 
imperfect one. Many analytical studies have sought to correlate reductions in buckling strength with assumed 
initial imperfections of various sizes and shapes. Such studies may eventually provide the quantitative 
information needed for the establishment of a statistical theory of buckling, which would relate the probability 
of buckling under a given static load to the spectrum of imperfections (see [1]). But at the present time, the 
design of shells leans heavily on experiment, and analysis has been mainly useful in identifying imperfection-
sensitive structures and in establishing, in a qualitative way, the degree of this sensitivity. 
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ABSTRACT: This note presents the results of a brief investigation of the effect of initial imperfections on the 
buckling of cylindrical shells under combinations of axial compression and external pressure. Although 
consideration is restricted to shells with axisymmetric imperfections, the important features of previously 
reported experimental findings are reproduced. 
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cylindrical shells”, AIAA Journal, Vol. 3, No. 8, August, 1965 
ABSTRACT: Whereas some experiments seem to confirm the contention that the axial buckling load of a 
pressurized cylinder approaches the classical value (i.e., the value predicted by the linear buckling equations) 
for sufficiently large internal pressure, other tests indicate a much smaller buckling load increase resulting from 
pressurization. Here it is shown that the buckling load of an elastic shell with asymmetric imperfections, but 
sufficiently free of axisymmetric imperfections, closely coincides with the classical value for relatively small 



values of internal pressure. However, the buckling load of a shell with a predominance of axisymmetric 
imperfection can remain well below the classical value for the entire range of internal pressures for which the 
shell bucklies elastically. Of particular interest is the calculation of an upper bound to the buckling load as 
predicted by the nonlinear Donnell shell equations for a shell with axisymmetric imperfections. 
 
 
John W. Hutchinson and Bernard Budiansky (Harvard University, Cambridge, Massachusetts), “Dynamic 
buckling estimates”, AIAA Journal, Vol. 4, No. 3, March 1966, pp. 525 – 530 
ABSTRACT: The present paper continues an earlier study by the same authors with a view toward presenting a 
complete picture of the dynamic buckling of some imperfection-sensitive models. The initial study was 
concerned with buckling of the models, and real structures as well when subject to loads suddenly applied and 
subsequently held constant. Here, consideration is extended to buckling under loading histories characterized by 
a finite length of time of load application. The results are presented in a form such that the dynamic buckling 
load of the initially imperfect model is related to its static buckling load. Thus, explicit dependence on its initial 
imperfection has been bypassed. In this form the implication of the model results for real structures are most 
apparent. The application of these results to actual structures is discussed, and several observations on the 
general character of dynamic buckling are noted. Finally, attention is focused on the cylindrical shell under 
axial compression. The limited results obtained tend to substantiate the validity of the model results, and we are 
led to suggest what should be a conservative criterion for this structure for design against dynamic buckling. 
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imperfections on buckling strength of structures)”, 5th U.S. National Congress Of Applied Mechanics, U. Of 
Minnesota, Minneapolis, Minn. Vol. 34, pp. 49-55. 14-17 June 1966, see J. Appl. Mech., 48-55, March 1967 
ABSTRACT: The initial postbuckling behavior of a shallow section of a spherical shell subject to external 
pressure is studied within the context of Koiter’s general theory of postbuckling behavior. Imperfections in the 
shell geometry are shown to have the same severe effect on the buckling strengths of spherical shells as has 
been demonstrated for axially compressed cylindrical shells. Large reductions in the buckling pressure result 
from small deviations, relative to the shell thickness, of the shell middle surface from the perfect configuration. 
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shell segments”, International Journal of Solids and Structures, Vol. 3, No. 1, January 1967, pp. 97-115, 
doi:10.1016/0020-7683(67)90046-7 
ABSTRACT: The initial post-buckling behavior of double curvature shell segments subject to several loading 
conditions is determined on the basis of Koiter's general theory of initial post-buckling behavior. Previously, the 
classical buckling loads associated with these shells were shown to be strongly dependent on the two radii of 
curvature and their relative magnitudes. Here, the initial post-buckling behavior and associated imperfection 
sensitivity are also seen to be strongly dependent on the two curvatures. 
 
 
Hutchinson, J. W. and Amazigo, J. C., “Imperfection-sensitivity of eccentrically stiffened cylindrical shells”, 
AIAA J., Vol. 5, No. 3, pp. 392-401, March 1967 
ABSTRACT: A quantitative study of the imperfection-sensitivity of eccentrically stiffened cylindrical shells is 
presented. Results are given for both axial and ring stiffened cylinders under axial compression and hydrostatic 
pressure. In some instances, in particular in the case of axially stiffened cylinders under axial load, the 
sensitivity to imperfections, as well as the classical buckling load, appears to be strongly dependent on whether 
the stringers are attached to the outside or inside of the cylinder. Under certain conditions stiffenint can 
significantly reduce or perhaps completely eliminate imperfection-sensitivitry, whereas in other cases it may 
play a much smaller role in lowering the sensitivity. 
 
 



J.W. Hutchinson (Division of Engineering and Applied Physics, Harvard University, Cambridge, Mass), 
“Buckling and initial postbuckling behavior of oval cylindrical shells under axial compression”, Journal of 
Applied Mechanics, March 1968, pp. 66 – 72 
ABSTRACT: Buckling and initial postbuckling behavior is determined for thin, elastic cylindrical shells of 
elliptical cross section. This study complements the buckling and advanced postbuckling calculations reported 
by Kempner and Chen on a similar class of shells. The initial postbuckling analysis indicates that like 
compressed circular cylinders, the oval cylinders will be highly sensitive to small geometrical imperfections and 
may buckle at loads well below the predictions for the perfect shell. On the other hand, buckling will not 
necessarily result in complete collapse. A series of simple tests has been performed which provide qualitative 
verification of the major features of the theory. 
 
 
Hutchinson, J.W. and Frauenthal, J.C., "Elastic Postbuckling Behavior of Stiffened and Barreled Cylinders", 
Journal of Applied Mechanics, Vol. 36, Series E, December 1969, pp.784-790 
ABSTRACT: The initial postbuckling behavior of axially stiffened cylindrical shells is studied with a view to 
ascertaining the extent to which various effects such as [indecipherable] eccentricity, load eccentricity, and 
barreling influence the imperfection sensitivity of these structures to buckling. In most cases, when these effects 
result in an increase in the buckling load of the perfect structure, they increase its imperfection-sensitivity as 
well. In some instances, however, barreling can significantly raise the buckling load of the shell while reducing 
its imperfection-sensitivity. The analysis, which is based on Koiter’s general theory of postbuckling behavior 
and is made within the context of Kármán-Donnell type theory, takes into account nonlinear prebuckling 
deformations and different boundary conditions. 
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of Reticulated Shell Structures”, International Journal of Solids and Structures, Vol. 6, No. 7, July 1970, 
pp.909-932, doi:10.1016/0020-7683(70)90004-1 
ABSTRACT: Buckling analyses of several reticulated shell structures are carried out using both an approximate 
equivalent shell analysis and a discrete analysis which is essentially exact. The structures considered are: an 
infinite reticulated beam under axial compression and resting at equally spaced intervals on elastic springs; a 
shallow section of a reticulated sphere with an equilateral triangle grid subject to normal loading; and an infinite 
reticulated cylindrical shell with an equilateral triangle grid subject to axial compression. The discrete analysis 
is used to evaluate the accuracy of the predictions of the equivalent shell analysis. The buckling load computed 
on the basis of the equivalent shell analysis is nonconservative when a characteristic wavelength of the buckling 
deformation is on the order of the member length or the axial load in a member at buckling is on the order of the 
Euler buckling load of a simply supported column. The effect on the buckling load of reducing the rigidity of 
the joints is investigated for both the beam-spring model and the reticulated spherical shell. Finally, the 
importance of the discrete analysis is illustrated by the determination of the optimum properties of a shallow 
section of a reticulated sphere subject to a prescribed normal loading and designed against buckling. 
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 “Effect of a local axisymmetric imperfection on the buckling  behavior of a circular cylindrical shell under 
axial compression”, AIAA Journal, Vol. 9, No. 1, 1971, pp. 48-52, doi: 10.2514/3.6123 
ABSTRACT: A combined theoretical and experimental investigation has been carried out on the effects of 
certain types of local axisymmetric imperfections on the buckling of cylindrical shells under axial compression. 
Buckling loads have been calculated for a variety of "dimple" imperfections. Results have been obtained for 
constant thickness shells with middle surface variations from the geometry of a perfect cylinder as well as for 
shells with local axisymmetric thickness variations. Nonlinear prebuckling effects and edge conditions are 
taken into account. In the experimental program a series of seven photoelastic plastic circular cylindrical shells 
each containing a local axisymmetric dimple centered at mid-length were tested under pure axial compression. 



All cylinders were constructed by the spin-casting technique and the local imperfection was cut on both the 
inner aud outer walls using a hydraulic tracer-tool apparatus in conjuuction with a metal template. A broad 
range of imperfection amplitudes and wavelengths was investigated. The experimental results were in good 
agreement with the theoretical predictions. 
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J. W. Hutchinson (Division of Engineering and Applied Physics, Harvard University, Cambridge, Mass.), “On 
the Postbuckling Behavior of Imperfection-Sensitive Structures in the Plastic Range”, J. Appl. Mech., Vol. 39,  
No. 1, March 1972, pp. 155 – 162,  doi:10.1115/1.3422605 
ABSTRACT: Aspects of postbuckling behavior are investigated for structures undergoing plastic deformation. 
The structures singled out are characterized by a highly imperfection-sensitive behavior where buckling takes 
place in the elastic range. A simple model study is carried out and is followed by an analysis of the plastic 
buckling of a complete spherical shell under external pressure. In both instances, the bifurcation behavior and 
subsequent deformation of the perfect structure as well as the influence which geometric imperfections have on 
buckling are studied. 
 
J. W. Hutchinson (Division of Engineering and Applied Physics, Harvard University, Cambridge, 
Massachusetts, USA), “Post-bifurcation behavior in the plastic range”, Journal of the Mechanics and Physics of 
Solids, Vol. 21, No. 3, May 1973, pp. 163-190, doi:10.1016/0022-5096(73)90017-3 
ABSTRACT: In the first part of the paper a simple model is used to introduce some of the analytical and 
physical features of post-bifurcation phenomena in continuous elastic-plastic systems. An analysis is presented 
for the initial post-bifurcation behavior of a class of elastic-plastic solids subject to loads characterized by a 
single load parameter. Bifurcations which occur at the lowest possible load are singled out for attention. The 
theory makes connection with Hill's general theory of bifurcation and uniqueness in elastic-plastic solids and 
Koiter's general approach to the initial post-buckling behavior of conservative elastic systems. Buckling of an 
axially compressed column in the plastic range is used to illustrate the theory. 
 
 
J. W. Hutchinson (Division of Engineering and Applied Physics, Harvard University, Cambridge, 
Massachusetts, USA), “Imperfection-sensitivity in the plastic range”, Journal of the Mechanics and Physics of 
Solids, Vol. 21, No. 3, May 1973, pp. 191-204, doi:10.1016/0022-5096(73)90018-5 



ABSTRACT: The effect of small imperfections on the buckling of continuous structures loaded into the plastic 
range is studied. A simple model study is presented and several additional examples are discussed. The rôle of 
the load at which elastic unloading first occurs is emphasized, and a general asymptotic analysis is given for the 
behavior prior to the onset of elastic unloading for a class of elastic-plastic solids subject to loads characterized 
by a single load parameter. Asymptotic imperfection-sensitivity formulae are obtained whose features are 
similar to analogous formulae for elastic structures. 
 
 
Hutchinson, J. W. (Division of Engineering and Applied Physics, Harvard University, Cambridge, 
Massachusetts), "Plastic Buckling," Advances in Applied Mechanics, Vol. 14, edited by C. S. Yih, Academic 
Press, New York, 1974, pp. 67-144. 
OUTLINE: 
I. Introduction 
II. Simple models 
 A. Discrete Shanley-Type Model 
 B. Continuous Model 
III. Bifurcation Criterion 
 A. Criterion for Three-Dimensional Solids 
 B. General Bifurcation Criterion for the Donnell-Mushtari Vlasov Theory of Plates and Shells 
 C. Discussion of Bifurcation Predictions Based on the Simplest Incremental and Deformation Theories 
      of plasticity 
IV. Initial Post-Bifurcation Behavior for Donnell-Mushtari Vlasov Theory 
 A. General Theory 
 B. Two Column Problems 
 C. Circular Plate under Radial Compression 
 D. Effect of Initial Imperfections 
V. Numerical Examples 
 A. Column under Axial Compression 
 B. Circular Plate under Radial Compression 
 C. Spherical and Cylindrical Shells 
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ABSTRACT: Analysis of the simple model proposed yields equilibrium curves in agreement with those 
obtained by other investigators for axially compressed, thin-walled, circular cylindrical shells. A rigorous 
calculation of the stability of the equilibrium of the model indicates that the snap-through phenomenon can be 
entirely absent when an imperfect shell is heated in a perfectly rigid testing machine. When the testing machine 
is sufficiently elastic, snap through will occur. It may take place at a temperature smaller than, equal-to, or 
greater than T = εcr /α, where εcr is the theoretical critical strain of the perfect shell and α is the coefficient of 
expansion of the material of the shell, but the maximum stress produced in the imperfect shell will always be 
less than εcr E, where E is Young’s modulus of the material. 
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ABSTRACT: Earlier numerical solutions of the von Karman-Donnell large-displacement equations for thin 
circular cylindrical shells have been extended by considering larger numbers of terms in the double Fourier 
series representing the radial displacements after buckling. In the most comprehensive one of the calculations 
whose results are presented here a total potential energy expression consisting of about 1100 terms was 
minimized with respect to 16 unknowns. The results of the computations as well as theoretical considerations 
indicate that the solution for long shells of the von Karman-Donnell equations with the aid of the von Karman-
Tsien Leggett procedure leads in the limit to the trivial solution in which the amplitude of the displacements 
tends to zero, the number of waves around the circumference tends to infinity and the average axial compressive 
stress capable of maintaining equilibrium in the post-buckling state tends to zero. 
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Theodore von Kármán Memorial Lecture, Proceedings 8th Israel Annual Conference on Aviation and 
Astronautics, Israel Journal of Technology, Vol. 4, No. 1, pp.1-28, February 1966 (also Stanford SUDAAR 
Report 256, February 1966) 
SUMMARY: The, development of our knowledge of the buckling of thin-walled circular cylindrical shells 
subjected to axial compression is outlined from the beginning of the century until the present, with particular 
emphasis on advances made in the last twenty-five years. It is shown that practical shells generally buckle under 
stresses much smaller than the classical critical value derived by Lorenz, Timoshenko, Southwell and Flügge. A 
first explanation of the reasons for the discrepancy was given by Donnell and the problem was explored in 
detail by von Kármán, Tsien and their collaborators. More recently, Yoshimura discovered the existence of an 
inextensional displacement pattern which the wall of the shell can suddenly assume, and Koiter found an 
explanation of the sensitivity of the buckling stress to small initial deviations from the exact circular cylindrical 
shape. In the last few years further interesting discoveries were made in Japan and in California regarding the 
effects of details of the boundary conditions, and many additional numerical results were obtained with the aid 
of high-speed electronic digital computers. Improvements in experimental techniques have also contributed 
significantly to a clarification of the problem and to an establishment of the unavoidable deviations from the 
exact shape as the major causes of the large differences between theory and experiment. 
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ABSTRACT: A study of the coupling effect of inertia terms and vibration modes on the dynamic stability of 
simply supported cylinders of finite or infinite length subjected to uniform radial impulsive pressure (as in space 
reentry or underwater explosion). In the prebuckling stage, the shells exhibit symmetrical motion; during 
buckling they oscillate, but if the oscillation is bounded rather than uncontrolled, the system is called 
dynamically stable. The well-known analogy between thermal stress and equivalent loading is used to derive an 
equivalent thermal stress problem. The coupling of radial and tangential inertia terms does not seem to be 
pronounced for radial pressure. The consideration of nonlinear terms in the stability equation is essential. 
Appendices give the derivation of the problem, the two inertia terms, and the nonlinear effect. 
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ABSTRACT: Recent advances in the analysis of shallow shells by finite-element technique are reviewed and 
results obtained using different stiffness matrices compared. The question of including rigid body modes in the 
prescribed displacement field is discussed. It is found that the constant strain condition, other than the trivial 
one—i.e. rigid body modes—cannot be satisfied in the case of curved plates and shells. 
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Yukio Ueda, “Elastic, elastic-plastic and plastic buckling of plates with residual stresses”, Ph.D. Dissertation, 
Department of Civil Engineering, Lehigh University, 1962 
ABSTRACT: Welded built-up members are being used more frequently in steel construction due to economy, 
convenience and aesthetics. The residual stresses produced in the members as a result of the welding play an 
important role in the buckling strength of the members. This dissertation presents the results of an investigation 
into the elastic, elastic-plastic and plastic buckling of steel� plates containing residual stresses. Particular 
attention is given �to the local buckling of built-up columns of box-shaped cross section. The material of the 



members is steel with a stress-strain relationship assumed to be elastic perfectly plastic, and with a Poisson's 
ratio of 0.3 in the elastic range and 0.5 in the plastic range. The analysis of the behavior of the plate material in 
the plastic range was based on both the secant modulus deformation theory and the flow theory. The theorem of 
minimum potential energy was applied to solve the buckling problem. A simplified residual stress distribution 
was used in the analysis. Analytical solutions were obtained for the elastic, elastic-plastic and plastic buckling 
of a plate simply supported at the loading edges with the other edges elastically restrained or simply supported 
or fixed. Numerical examples of the analytical solution were presented for the study on the strength of local 
buckling of square built-up columns, that is, case (a) above. This study showed that the first term of the series of 
the assumed deflection function  was sufficient to investigate the elastic, elastic-plastic and plastic buckling of 
the plate with residual stresses. An experimental study was performed on two short columns to check the theory 
for the square built-up column of the numerical examples. Good agreement was obtained with the results of the 
numerical calculation for elastic buckling and for elastic-plastic buckling, based on the secant modulus 
deformation theory. The experiments also showed that the ultimate load was very close to the critical buckling 
load for the elastic-plastic buckling, but that the post buckling strength was large for the elastic buckling.  
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ABSTRACT: This is a summary of local buckling tests of plate elements in square columns built up by 
welding. The experiments were conducted to verify theories for the elastic and elastic-plastic buckling of plates 
with emphasis on the effect of residual stress. This was part of a general study on the strength of welded 
columns and the influence of residual stress on plate buckling. Both ASTM A 7 and A 514 steels were used. 
The square section simulated plates simply supported at the unloaded edges, and the length of the column was 
chosen so that end conditions had no effect either on the residual stress distribution or on the local buckling 
strength of the columns. Short columns were tested in the “as-placed” condition in a mechanical-type testing 
machine. The transverse deflection (local buckling) of the plates was measured at a number of cross sections by 
a 1/10000 in. dial gage fixed to a frame held manually. The “top of the knee” method was used to estimate the 
bifurcation load. The experimental results showed good correlation with theoretical predictions including the 
effect of residual stress for elastic buckling and for elastic-plastic buckling based on the total strain theory. The 
results of experiments indicates that considerable post-buckling strength may be expected for elastic buckling of 
plates, although not for elastic-plastic buckling. 
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PARTIAL ABSTRACT: Many papers have been published on the instability of plates in the plastic range. 
However, it has been a difficult problem for researchers to determine the buckling load of a plate from 
experimental data. Several approaches have been used. The critical buckling load for applied average strain has 
been assumed to be equal to the maximum load (or the corresponding strain) carried by the plate. Another 
approach is to take the point of a rapid increase in deflection or a point of bifurcation  of strains measured on 
both surfaces at a certain point on the plate. In this paper a new method is proposed for determining the critical 



load from experimental data. A theoretical justification is furnished by using the energy approach and the 
deformation theory of plasticity. The method was verified by carrying out plate and angle compression tests…. 
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designed to develop methods for predicting large elastic-plastic dynamic and permanent deformations of shells 
under dynamic-loading conditions), Experimental Mechanics, Vol. 7, No. 2, 1967. pp. 56-66,  
doi: 10.1007/BF02326708 
ABSTRACT: Explosive-loading and structural-response measurement techniques are described for obtaining 
definitive large dynamic and permanent-deformation data on simple structures which undergo (a) two-
dimensional deformations, or (b) general three-dimensional deformations. In the former category, explosively 
loaded structures discussed include freely suspended single-layer circular rings, freely suspended unbonded 
concentric rings, and flat circular plates with clamped edges. Representing category (b) is an explosively loaded 
cylindrical panel with clamped edges. To define the impulse which was imparted explosively to these 
structures, appropriate impulse-calibration tests were performed on high-explosive-loaded single-layer and 
unbonded double-layer specimens; these testing techniques and the results obtained are discussed. General 
numerical methods for predicting large elasticplastic dynamic and permanent deformations of structures which 
undergo either two-dimensional or general three-dimensional deformations are described briefly. Dynamic 
responses and permanent deformations predicted with these methods are compared with data from the present 
experiments. Certain problems, both experimental and theoretical, requiring further investigation are indicated. 
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M.H. Lock (Aerospace Corporation), “A study of buckling and snapping under dynamic load”, Air Force 
Report No. SAMSO-TR-68-100, December 1967 
ABSTRACT: The behavior of a shallow arch and a thin ring under a dynamic pulse loading is studied for a wide 
range of geometric and load parameters. The nonlinear dynamic response and static load deflection 
characteristics of the systems are related and employed to define dynamic elastic snapping and dynamic elastic 
buckling. When such a relationship cannot be established, the mechanism of dynamic elastic-plastic buckling is 
introduced. Critical dynamic load criteria are specified, and critical dynamic load data are developed as a 
function of structural geometry and load duration. Finally, a classification scheme for dynamic load problems is 
suggested. 
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ABSTRACT: A FORTRAN IV computer code for the micromechanics, macromechanics, and laminate analysis 
of multilayered fiber composite structural components is described. The code can be used either individually or 
as a subroutine within a complex structural analysis/synthesis program. The in-puts to the code are constituent 
materials properties, composite geometry, and loading conditions. The outputs are various properties for ply and 
composite; composite structural response, including bending-stretching coupling; and composite stress analysis, 
including comparisons with failure criteria for combined stress. The code was used successfully in the analysis 
and structural synthesis of flat panels, in the buckling analysis of flat panels, in multilayered composite material 
failure studies, and lamination residual stresses analysis. 
 
 
Christos C. Chamis (NASA Lewis Research Center, Cleveland, Ohio), “Theoretical Buckling Loads of 
Boron/Aluminum and Graphite/Resin Fiber-Composite Anisotropic Plates.”, NASA Technical Note TN D-
6572, December 1971, Accession Number: ADA309269,  
Handle / proxy Url : http://handle.dtic.mil/100.2/ADA309269 
ABSTRACT: Theoretical results are presented for the buckling of anisotropic plates. The plates are subjected to 
simple and combined in-plane loading. The plates are made from fiber composite material of boron/aluminum 
or high-modulus graphite/resin. The results are presented in nondimensional form as buckling load against fiber 
orientation angle for various plate aspect ratios. The results indicate that buckling loads of boron/aluminum 
plates are independent of fiber direction if the plate aspect ratios are greater than about 1, and moderately 
dependent when this ratio is less than about 1. In addition, the results indicate that the buckling loads are 
independent of aspect ratio for plates with aspect ratios greater than about 2. Boron/aluminum composite plates 
can resist buckling loads more efficiently than graphite/resin composites on a specific buckling stress basis. The 
numerical algorithm and a listing of the computer code used to obtain the results are included. 
 
 
C.C. Chamis (NASA Lewis Research Center, Cleveland, Ohio), “Residual stresses in angleplied laminates and 
their effects on laminate behavior”, Metallurgical Society of AIME, International Conference on Composite 
Materials, 2nd, Toronto, Canada; United States; 16-20 Apr. 1978. 23 pp. 1978 
ABSTRACT: NASA Lewis Research Center research in the field of composite laminate residual stresses is 
reviewed and summarized. The origin of lamination residual stresses, evidence of their presence, experimental 
methods for measuring them, and theoretical methods for predicting them are described. Typical results are 
presented which show the magnitudes of residual stresses in various laminates including hybrids and 
superhybrids, and in other complex composite components. Results are also presented which show the effects of 
lamination residual stresses on laminate warpage and on laminate mechanical properties including fracture 
stresses. Finally, the major findings and conclusions derived therefrom are summarized. 
 
 
Cristos C. Chamis (NASA Glenn Research Center, Cleveland, Ohio 44135, USA), “Dynamic probabilistic 
instability of composite structures”, publisher and date not given in the pdf file; most recent reference is 2001. 
ABSTRACT: A computationally effective method is described to evaluate the non-deterministic dynamic 
instability (probabilistic dynamic buckling) of thin composite shells. The method is a judicious combination of 
available computer codes for finite element, composite mechanics and probabilistic structural analysis. The 
solution method is incrementally updated Lagrangian. It is illustrated by applying it to thin composite 
cylindrical shell subjected to dynamic loads. Both deterministic and probabilistic buckling loads are evaluated 
to demonstrate the effectiveness of the method. A universal plot is obtained for the specific shell that can be 
used to approximate buckling loads for different load rates and different probability levels. Results from this 
plot show that the faster the rate, the higher the buckling load and the shorter the time. The lower the 
probability, the lower is the buckling load for a specific time. Probabilistic sensitivity results show that the ply 
thickness, the fiber volume ratio and the fiber longitudinal modulus, dynamic load and loading rate are the 
dominant uncertainties in that order.  
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postbuckling of a composite shell”, International Journal of Structural Stability and Dynamics, Vol. 10, No. 4, 
October 2010, DOI: 10.1142/S0219455410003749 
ABSTRACT: A computationally effective method for evaluating the dynamic buckling and postbuckling of thin 
composite shells is described. It is a judicious combination of available computer codes for finite element, 
composite mechanics and incremental structural analysis. The solution method is an incrementally updated 
Lagrangian. It is illustrated by applying it to a thin composite cylindrical shell subjected to dynamic loads. 
Buckling loads are evaluated to demonstrate the effectiveness of the method. A universal plot is obtained for the 
specific shell that can be used to approximate buckling loads for different dynamic loading rates. Results from 
this plot show that the faster the rate, the higher the buckling load and the shorter the time. They also show that 
the updated solution can be carried out in the postbuckling regime until the shell collapses completely. 
Comparisons with published literature indicate reasonable agreement. 
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Robert M. Jones (Aerospace Corp, San Bernardino, California), “Reentry vehicle shell analysis, Technical 
Report, 30 September 1970, DTIC Accession Number: AD0875809 
ABSTRACT: Reentry vehicle shell analysis capabilities and problem areas are surveyed as of the spring and 
summer of 1970. Some of the major reentry vehicle contractors were consulted in this survey. (GE, AVCO, 
LMSC, MDAC, Kaman Nuclear, and TRW). Each was asked to state his capabilities and was given an 
opportunity to give his opinion as to important problem areas that require attention. The contractors' opinions 
are summarized in addition to comments on development, documentation, and dissemination of computer 
programs, which is a topic that has become increasingly important in the technical community. 
 
R. M. Jones, “Buckling and vibration of unsymetrically laminated cross-ply rectangular plates”, AIAA Journal, 
Vol. 11, No. 12, December 1973, pp. 1626-1632 
 
R.M. Jones and J.C.F. Hennemann, “ Effect of prebuckling deformations on buckling of laminated composite 
circular cylindrical shells”, 19th AIAA Structures, Structural Dynamics and Materials Conference, Bethesda, 
Md ; United States; 3-5 Apr. 1978. pp. 370-379. 1978 
ABSTRACT: Laminated composite materials are rapidly replacing metals in contemporary shell applications. 
Thus, the structural behavior of such shells must be predicted, and, in particular, we must be able to predict the 
buckling behavior. The orthotropy of the fiber-reinforced laminae and the composition of the laminae lead to 
coupling stiffnesses between forces and changes in curvature as well as between moments and in-surface 
strains. These coupling stiffnesses do not occur for isotropic shells. The effect of prebuckling deformations for 
isotropic shells is to lower the actual buckling load below the classical buckling load by up to 50% for some 
loading and boundary conditions. The effect of prebuckling deformations on the axial and lateral pressure 



buckling loads of circular cylindrical shells made of fiber-reinforced composite laminates is found to decrease 
as the orthotropy increases and as the laminate coupling stiffnesses decrease. Variations in the elastic and 
geometric parameters are studied for both antisymmetric and unsymmetric laminates. Generally, the effect of 
prebuckling deformations is far less important for laminated shells than for isotropic shells. 
 
 
J. Genin, “On the timoshenko buckling load of thin walled cylindrical shells”, Applied Scientific Research, Vol. 
19, No. 1, 1968, pp. 459-464, doi: 10.1007/BF00383940 
ABSTRACT: A technique is presented for simulating simply supported boundary conditions in axial cylinder 
buckling experiments. An internal mandrel is employed. The geometric and material constants of the mandrel 
can be carefully selected allowing it to expand, through a Poisson effect, at the same rate as the shell. The 
mandrel provides an expansion mechanism for the edges of the shell which allows the shell's generators to 
remain straight until buckling occurs. In addition, the mandrel can also be used to limit buckle deformations to 
the elastic region 
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Ray W. Clough and C. Philip Johnson (University of California, Berkeley, USA), International Journal of 
Solids and Structures, Vol. 4, No. 1, January 1968, pp. 43-60, doi:10.1016/0020-7683(68)90032-2 
ABSTRACT: An approximate numerical analysis procedure is presented which is capable of solving thin shells 
of arbitrary shape, boundary conditions and loading. The shell is idealized as an assemblage of triangular finite 
elements representing both membrane and flexural stiffness properties, and the solution is carried out by digital 
computer. Five examples are presented which demonstrate the versatility of the procedure in treating different 
shell configurations, as well as the accuracy of the results which may be obtained. 
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Part I of 2, Wright-Patterson Air Force Base, Ohio, pp. 399-440, 1968,  
DTIC Accession No: ADA447741, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA447741 
ABSTRACT: The formulation of a fully compatible general quadrilateral plate bending element is described. 
The element is assembled from four partially constrained linear curvature compatible triangles, arranged so that 
no mid-side nodes occur on the external edges of the quadrilateral; thus, the resulting element has only 12 
degrees of freedom. Also described is a simple shear distortion mechanism which may be incorporated into the 
element without changing its basic structure. Results are presented for static analyses with and without shear 
distortion, and for plate vibration and plate buckling studies, all performed with this quadrilateral element. It is 
concluded that this is the most efficient general bending element yet devised. 
 
Stuart F. Pawsey and Ray W. Clough, “Improved numerical integration of thick shell finite elements”, Int. J. 
Numerical Methods in Engineering, Vol. 3, No. 4, October-December, 1971, pp. 575-586 
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element analysis of arbitrary thin shells”, Computers & Structures, Vol. 1, Nos. 1-2, August 1971, pp. 33-56, 
doi:10.1016/0045-7949(71)90004-6 
ABSTRACT: A brief review of the development of finite element procedures for the analysis of thin shells is 
presented, together with a discussion of the four types of approximations involved in the application of the 



method. Then two factors which influence the efficiency of the finite element solution are considered: the 
properties of the individual elements (including curvature, deformation refinement, etc.) and the nodal degree of 
freedom representing rotation about the shell surface normal. Comparative analyses are presented to illustrate 
the influence of these factors in practical cases. Finally, the formulation of the finite element system equations 
of motion is discussed and techniques of solution are outlined, taking account of both linear and non-linear 
classes of problems. A series of examples (both linear and non-linear) are presented which demonstrate the 
effectiveness and generality of this dynamic analysis technique. 
 
 
D.P. Clough and R.W. Clough (Division of Structural Engineering and Structural Mechanics, Department of 
Civil Engineering, College of Engineering, University of California, Berkeley, California 94720, USA), 
“Earthquake simulator studies of cylindrical tanks”, Nuclear Engineering and Design, Vol. 46, No. 2, April 
1978, pp. 367-380, doi:10.1016/0029-5493(78)90021-3 
ABSTRACT: An experimental investigation on the seismic response of ground-supported, cylindrical metal 
tanks is described. Experimental and analytical research by other investigators over the past forty years has 
provided a firm basis for the computation of free- and forced-vibration behavior in ideal liquid-filled circular 
cylindrical shells with a variety of elementary support conditions. However, the actual seismic behavior of 
ground-supported tanks has not been known, and practical design methods necessarily have been based on 
simplifying assumptions. The present results provide the first opportunity for rational evaluation of seismic 
design assumptions, and suggest theoretical developments which would enhance the realism of refined seismic 
analyses. The aluminum scale model discussed here, 12 ft in diameter and 6 ft high, represents a 36-ft diameter 
steel prototype. It was tested, in anchored and unanchored base configurations, under action of a time-scaled El 
Centro, 1940, earthquake with peak acceleration of 0.5 g, using the Earthquake Simulator Facility of the 
University of California, Berkeley. Stresses and displacements of the model, in both anchored and unanchored 
conditions, were dominated by effects of “out-of-round” response in higher-order circumferential modes, a 
result which is not predicted by current seismic analysis theory, and which contradicts basic assumptions of 
current design practice. The experimental observations are discussed in relation to dynamic analysis theory, 
practical design methods, and the history of tank performance in past earthquakes. 
 
 
H. Haydl, “Buckling of doubly-curved shallow thin shells”, AIAA Journal, Vol. 6, No. 5, May 1968, pp. 982-
984 
 
Helmut M. Haydl (Moutain View, California, USA), “Elastic buckling of heated doubly curved thin shells”, 
Nuclear Engineering and Design, Vol. 7, No. 2, pp. 141-151, 1968 
ABSTRACT: Equations are presented to describe the large deflection behavior of doubly curved shallow thin 
shells under nonuniform thermal loading. Approximate solutions are obtained by means of the Galerkin method 
for temperature distributions which a) vary over the surface of the shell and b) vary over the surface and linearly 
through the thickness of the shell. Load-deflection curves are plotted for simply supported shell panels. The 
results are used to study buckling and post-buckling behavior of the panels. It is shown, that the buckling 
temperature is a function of the sum of the curvature parameters, dimensions of the shell and its material 
properties. 
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“Experimental studies of the postbuckling behavior of complete spherical shells: The results of experiments on 
the postbuckling behavior of electroformed spherical shells under uniform external pressure are presented”, 
Experimental Mechanics, Vol. 8, No. 12, December 1968, pp. 548-553, doi: 10.1007/BF02327517 
ABSTRACT: In experiments performed on elastic, complete spherical shells of large radius-to-thickness ratio, 
pressure and volume-displacement instrumentation and photography were used to study postbuckling behavior. 
Photographs of a number of the distinct modes observed are presented. 
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Fersht, Rena Scher (1968) Buckling of cylindrical shells with random imperfections. Dissertation (Ph.D.), 
California Institute of Technology. http://resolver.caltech.edu/CaltechETD:etd-11142005-105632  
ABSTRACT: The buckling stability analysis of long cylindrical shells with random imperfections subjected to 
axial load is treated using two different approaches. The first study is based on a Lyapunov method which 
enables one to establish sufficient conditions for buckling stability of a long cylindrical shell with axisymmetric 
random imperfections. A perturbed system of equations in the neighborhood of the prebuckling solution is 
investigated. By reducing the problem to a system of integral equations, it is observed that the stability 
boundary value problem of a long shell is similar to that of a dynamical system with random parametric 
excitations. Initial imperfections were assumed to have Gaussian distribution and an exponential cosine 
correlation function. The critical load was obtained as a function of the root mean square of the imperfections. 
Results obtained are qualitatively similar to those of Koiter for a periodic imperfection (Ref. 1). The second part 
is based on the approximate method of truncated hierarchy. The prebuckling state of equilibrium for asymmetric 
imperfections is found by a successive substitution technique. A homogeneous variational system of equations 
is set up in order to examine the existence of bifurcation in the neighborhood of the equilibrium state. These last 
equations involve random parametric terms. The truncated hierarchy method is applied and characteristic 
equations are obtained. Various exponential cosine correlation functions associated with asymmetric 
imperfections are examined numerically. Qualitatively the results obtained are as anticipated. 
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Johann Arbocz (California Institute of Technology), “Buckling of conical shells under axial compression”, 
NASA CR-1162, September 1968 
ABSTRACT: An experimental investigation of the effect of the cone semivertex angle alpha on the buckling 
load of a conical shell under axial compression was carried out. The effect of a specific type of initial 
imperfection was also investigated. The imperfection studied was axially symmetric in shape. The experiments 
were carried out with shells fabricated by a copper electroforming process. The shells had no longitudinal 
seams. Final results showed that the dependence of the buckling load on the semivertex angle alpha is 
adequately represented by the linearized theory. Also the upper bound to the experimental results of the cones 
with known axisymmetric initial imperfections agreed well with previously published analytical values. 
 
 
Arbocz, Johann, “ The effect of general imperfections on the buckling of cylindrical shells”. Dissertation 
(Ph.D.), California Institute of Technology, 1968. http://resolver.caltech.edu/CaltechETD:etd-11292005-080202 
ABSTRACT: An experimental and theoretical investigation of the effect of general imperfections on the 
buckling load of a circular cylindrical shell under axial compression was carried out. A non-contact probe has 
been used to make complete imperfection surveys on electroformed copper shells before and during the loading 
process up to the buckling load. The data recording process has been fully automated and the data reduction was 
done on an IBM 7094. Three-dimensional plots were obtained of the measured initial imperfection surfaces and 
of the growth of these imperfections under increasing axial load. The modal components of the measured 
imperfection surfaces were also obtained. The theoretical solution located the limit points of the post-buckled 
states. A simplified imperfection model was used consisting of one axisymmetric and one asymmetric 
component. For global buckling the correlation between the theoretical buckling loads and the experimental 
values was found to be good. 
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ABSTRACT: An experimental and theoretical investigation of the effect of general imperfections on the 
buckling load of a circular cylindrical shell under axial compression was carried out. A noncontact probe has 
been used to make complete imperfection surveys on electro-formed copper shells before and during the 
loading process up to the buckling load. The data recording process has been fully automated and the data 
reduction was done on an IBM 7094. Three-dimensional plots were obtained of the measured initial 
imperfection surfaces and of the growth of these imperfections under increasing axial load. The modal 
components of the measured imperfection surfaces were also obtained. The theoretical solution located the limit 
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modified J2 incremental theory of plasticity is used. The finite difference method of variational calculus is 
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ABSTRACT:  Buckling of open cylindrical shells with free longitudinal edges and simply supported ends, 
subjected to an axial compression, with imperfections due to end eccentricity or initial deflections, is examined. 
Field equations based on large deflection theory are reduced to a set of nonlinear finite difference equations and 
a computer technique for solving this set by the Newton-Raphson method is presented. Equilibrium paths and 
deflection patterns for examples with three types of imperfections (constant end moment, constant end 
eccentricity and specified initial deflection) are presented. The equilibrium paths exhibit an asymmetric type of 
postbuckling behavior; that is, negative imperfections which initially cause the shell to deflect outward would 
cause a buckling load lower than the linear buckling load without imperfections; whereas, positive 
imperfections would cause the opposite if there is no external disturbance. The behavior of a shell with 
Poisson’s ratio nu not equal to 0 and circumferential displacement equal to zero at the ends, is similar to a shell 
with negative imperfections since the axial compression would induce an outward (negative) displacement. 
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ABSTRACT:  A technique for obtaining the buckling load of open cylindrical shells with simply supported 
ends and free longitudinal edges, subjected to lateral gravity loading, is presented. General equations based on 
the large deflection theory are developed and a set of nonlinear finite difference equations is obtained and 
solved by the Newton-Raphson method. Using the linear terms only, deflections and stresses based on relatively 
coarse nets compared favorably with existing analytical solutions. The lowest nonlinear buckling load was 
found to be associated with a deflection pattern symmetric about the transverse centerline, but asymmetric about 
the longitudinal centerline. In an example, equilibrium paths and deflection patterns were obtained for a shell 
subjected to uniform load, and to uniform load with a small additional antisymmetric load. The lowest buckling 
under uniform load was obtained by reducing this additional load to zero. For the example examined, the 
buckling load was about 1/2 of the classical linear buckling pressure of a full cylinder. 
 
 
N.S. Khot and V.B. Venkayya (Air Force Flight Dynamics Lab, Wright-Patterson AFB, Ohio), “Effect of Fiber 
Orientation on Initial Postbuckling Behavior and Imperfection Sensitivity of Composite Cylindrical Shells”, 
Technical report AFFDL-TR-70-125, DTIC Accession Number: AD0720231, December 1970 
ABSTRACT: Koiter's approach is used to formulate the influence of fiber orientation on the behavior of the 
cylindrical shell in the initial postbuckling region. Results are presented for three-layer composite cylindrical 
shells of either glass-epoxy or boron-epoxy subjected to uniform axial compressive load. The results show that 
the initial postbuckling coefficient that characterizes the extent of imperfection sensitivity of a structure is 
greater for the glass-epoxy shells than for the boron-epoxy shells. For the glass-epoxy cylinders the slope of the 
load vs. end-shortening curve in the initial postbuckling region is found to have high negative value, which is 
not significantly affected by the change in fiber orientation. This suggests that the buckling of a nearly perfect 
glass-epoxy cylinder under prescribed end-shortening will be catastrophic, regardless of fiber orientation. 
However, for the boron-epoxy cylinders the negative slope varies with the change in fiber orientation, and 
whether the failure will be catastrophic or not will depend on the fiber orientation. 
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Kenneth Ray White (Texas Tech University), “Effect of out-of-roundness on the elastic instability analysis of 
thin circular cylindrical shells”, PhD Dissertation, August 1970 
INTRODUCTION: The safe design of a circular cylindrical shell structure subject to hydrostatic pressure and 
axial compression necessitates the determination of the loads which will produce elastic instability of the 
structure. There are two important modes of elastic instability to consider--local and general instability. Local 
instability is characterized by inward-outward dents which form on the shell surface in contrast to an overall 
collapse of the entire shell when general instability occurs. Failure by general instability is usually catastrophic 
and hence it is of primary concern. Analyses of perfect shells for general instability loads based on the solution 
of the governing differential equations are well known [21,23]. However, experimental tests on circular 
cylinders subject to hydrostatic pressure or axial compression loads show that in many instances the failure 
strength is 15 to 60 percent less than that predicted by theoretical analysis. The difference in analytical and 
theoretical results is attributed to geometrical and material imperfections of the test cylinders. Several empirical 
and semi-empirical modifications of the theoretical analysis have been proposed in order to gain better 
correlation between analytical and experimental results [7,11]. No general method, however, exists to account 
for the various types of imperfections when applied to a perfectly general problem. Accounting for geometric 
imperfections, especially out-of-roundness, complicates the analytical solution, because the cylinder no longer 
can be treated as circular, but takes some other form such as an ellipse. The finite element method of analysis 
has been used recently to predict the elastic instability load of perfect cylinders and can be used to account for 
geometrical imperfections as well. However, care must be taken in choosing the type of finite element used or 
complications will arise in defining the character of the out-of-roundness and a large set of simultaneous 
equations will be required for the solution. 
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International Journal of Solids and Structures, Vol. 7, No. 10, October 1971, pp. 1427-1445, 
doi:10.1016/0020-7683(71)90055-2 
ABSTRACT: Koiter's approach to the analysis of load-displacement behavior in the neighborhood of a 
bifurcation buckling point is adapted to permit the analysis of behavior in the neighborhood of the buckling 
point for a structure that exhibits snap-through buckling. The essential concept is the consideration of pre-
buckling nonlinearities as generalized initial imperfections of a derived perfect structure called the modified 
structure. The asymptotic character of Koiter's approach is preserved in this modified structure method of 
analysis. The development is stated in a functional notation and is then discretized into a matrix procedure 
based upon finite element idealization. Numerical results are presented for the load-displacement behavior of a 
circular arch. 
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N.A. Kilchevsky and S.N. Nikulinskaya, “Substantiation of the theory of stability of cylindrical shells on the 
basis of the Gauss principle”, Instability of Continuous Systems, International Union of Theoretical and Applied 
Mechanics, pp 407-410, 1971 
ABSTRACT: The movement of the elements of a shell during the instability, i.e. during the “snap”, is subject to 
the general principles of mechanics, in particular, to the principle of the least constraint (the Gauss principle). 
 
Wei-wen Yu and Charles S. Davis, “Buckling behavior and post-buckling strength of perforated stiffened 
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M. Uemura (University of Tokyo, Japan), “Postbuckling behavior of a circular cylindrical shell locally buckled 
under axial compression”, Chapter in Applied Mechanics, pp 318-325, (Proceedings of the Eleventh 
International Congress of Applied Mechanics, Munich, Germany, 1964, edited by Henry Gortier, Springer, 
1966 
ABSTRACT: Since Kármán and Tsien [1] treated the buckling of cylindrical shells under axial compression, 
introducing the nonlinear theory based on the finite deformation, this problem has been improved and enlarged 
by the cumulative efforts of subsequent investigators [2 to 6] and the large discrepancy between the 
experimental buckling values and the classical value has been gradually clarified. In almost all the previous 
analyses, cylindrical shells are assumed to buckle in a periodic pattern over the whole surface, but localized 
diamond-shaped buckling patterns have usually been found. Apart from some analyses on local buckling very 
close to the ends resulting from the end constraint, Yoshimura [4] and Hoff [7] treated the two-tier buckling, 
taking into account only the two tiers of periodic undamped waves. The difficulty encountered in such a local 
buckling is that the deflected shape is not exactly polyhedral. In this paper, the author will attempt to clarify the 
mechanism of the above-mentioned local buckling. The method of solution employed is based on the stationary 
principle of energy. 
References listed at the end of the paper: 
[1] von Kármán, Th., and H. S. Tsien: J. Aero. Sci., 8, 8, p. 303, 1941/6. 
[2] Leggett, D. M. A., and R. P. N. Jones: Rand. M. 2190; British Aeronautical Research Committee, 1942/8. 
[3] Michielsen, H. F.: J. Aero. Sci., 15, p. 738, 1948/12.  
[4] Yoshimura, Y.: Rep. of Inst. Sci. and Tech., Tokyo Univ., 5, 5, p. 179, 1951/11; NACA TM. 1390, 1955/7.  
[5] Kempner, J.: J. Aero. Sci., 17, 1, p. 329, 1954/5.   
[6] Almroth, B. O.: AIAA. J., 1, 3, p. 630, 1963/3.  
[7] Hopf, N.J.: Proc. of the Th. von Kármán 80th Anniversary Symp. IAS, p. 1, 1962. 
[8] Kanemitsu, S., and N. M. Nojima: M. S. Thesis, Calif. Inst. of Tech., 1939. 
[9] Batdorf, S. B., M. Schildcrout and M. Stein: NACA Rep. No. 887, 1947. 
[10] Thielemann, W. F.: NASA TN. D-1510, p. 203, 1962/10. 
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ABSTRACT: This paper deals with the buckling of a shallow spherical cap subjected to uniform edge moment 
and a clamped deep spherical shell under uniform pressure. The first problem is formulated in integral equations 
which are solved by an iterative procedure. The buckling moments are determined for a wide range of the shell 
geometrical parameter. The second problem is based on the concept that the highly deformed region around the 
apex is treated as a shallow spherical cap elastically supported by the rest of the shell. The stability of a thin 
sphere is treated as a special case. The results obtained in both problems are compared with existing solutions. 
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“Dynamics of cylindrical shells with variable curvature”, Journal of Sound and Vibration, Vol. 19, No. 1, 
November 1971, pp. 39-48, doi:10.1016/0022-460X(71)90421-4 
ABSTRACT: The transfer matrix method is extended to the analysis of non-circular cylindrical panels. The 
exact solution for the transfer matrix of a panel with exponential curvature is obtained by solving exactly the 
variable coefficient differential equations of motion of the shell using a Laplace transform—difference equation 
technique. The results are compared with respect to accuracy and computer time with various approximate 
methods of computing the transfer matrix for the same panel. Natural frequencies and mode shapes for typical 
non-circular panels are computed and compared with a constant curvature panel to show the effects of variable 
curvature. 
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“Creep buckling of thin-walled circular cylindrical shells subject to radial pressure and thermal gradients”, 
Journal of Applied Mechanics, Vol. 38, No. 1, pp. 209-216, March 1971, DOI: 10.1115/1.3408745 
ABSTRACT: A method of calculating the creep deflections and predicting the creep collapse of a thin-walled 
circular cylindrical shell, subject to uniform external radial pressure and arbitrary temperature gradients, is 
shown. This method may also be applied to investigate the behavior of a shell subject to time-dependent 
temperature gradients and deformations due to other inelastic causes. The set of simultaneous differential 
equations of equilibrium in terms of creep, thermal, and other inelastic strains is presented. Applications of this 
method to long cylindrical shells are illustrated by two numerical examples. 
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“Snap-buckling of shell-type structures under stochastic loading”, International Journal of Solids and Structures, 
Vol. 7, No. 7, July 1971, pp. 655-666, doi:10.1016/0020-7683(71)90086-2 
ABSTRACT: The snap-buckling instability of shallow shell-type structures that are subjected to a random 
transverse load is presented. The deformation of the structure is primarily under a symmetric and an 
antisymmetric mode and the investigation employs a method initially proposed by Kramers in the theory of 
kinetics of chemical reactions and later adapted by the present authors for the case of symmetric snap-through 
of shallow, two pinned arches. Analytical expressions are derived for the probability of snap-buckling in a time 
interval T in terms of the potential energy functions in the neighbourhood of the stable and unstable equilibrium 
states of the structure. 
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ABSTRACT: The relation of initial imperfections to the postbuckling behavior of thin-walled shells is 
explained, commencing with treatment of the cylindrical shell under external hydrostatic pressure. It is shown 
that from theoretical studies of the postbuckling behavior of perfect cylinders a lower bound for the scatter 
region of the buckling loads can be determined. Approximate buckling loads of imperfect cylinders are 
calculated, utilizing measured initial imperfections. In studying cylinders under axial load, theoretical and 
experimental postbuckling curves show good agreement, and a lower limit for the scatter region of the buckling 
loads can be determined from postbuckling investigations of perfect cylinders. 
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ABSTRACT: This paper presents the experimental part of a study of the elastic stability of clamped and hinged 
spherical and paraboloidal shell caps subjected to external uniform pressure loading. Ninety-six poly-vinyl-
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ABSTRACT: This paper describes experiments carried out in a 17 in air-driven s%ock tube on polyvinyl-
chloride (PVC) plastic shells. This series represents the preliminary phase of an experimental programme 
designed to study the non-linear dynamic response of such shells to blast waves. In addition to testing eight 
clamped models of identical geometry, a resin/plywood dummy model of the same configuration was subjected 



to shock waves in order to determine the pressure time-map over the surface. However, this dummy was found 
to be too flexible for pressure calibrations and was subsequently redesigned. Pressures, deflections, and strains 
were recorded by means of pressure transducers, capacitance displacement transducers and strain gauges. In 
addition, photographic and video recording were used to monitor the deformation of the shells. The data 
obtained are presented in graphical form. Emphasis in the paper is given to a detailed description of the 
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ABSTRACT: This paper describes a series of experiments carried out in the six-foot diameter explosive-driven 
shock tube of the Defence Research Establishment Suffield (D.R.E.S.) on polyvinylchloride (PVC) plastic 
shells. The object of the program was to acquire data on the dynamic large-deformation behaviour of shells 
subjected to simulated blast waves. Spherical and paraboloidal shells with hinged or clamped boundaries, 
representing a total of 32 different geometries, were tested. In addition, pressure calibration shots were carried 
out on dummy models designed to simulate the various geometries of the shells. Shock wave pressure and 
velocity, as well as the deformation of the models were monitored and recorded by means of high-speed and 
television cameras. Results are presented in tabular, graphical and photographical form. 
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ABSTRACT: Non-linear snap-through behavior of a thin concrete shell roof characterized by free edges, or free 
edge members supported by several columns, is considerably influenced by the boundary conditions and the 
edge disturbances developed in the prebuckling state. This paper presents a method of realizing all four natural 
boundary conditions along a free edge of a roof shell model subjected to external pressure. The experimental 
method is shown to be useful for investigating non-linear behaviour of circular cylindrical roof shell models 
with free generator edge beams. The method has a wide applicability to a variety of roof shell models with free 
edge members lying on a horizontal plane. 
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ABSTRACT: The free vibration characteristics of a singly curved rectangular plate have been obtained by four 
theoretical methods and compared with experimental results. The variations of a non-dimensional frequency 
parameter with aspect ratio, a thickness parameter, curvature and fuselage pressurization are indicated. 
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DOI: 10.1115/1.3601247 
ABSTRACT: The creep-buckling phenomenon of circular cylindrical shells subjected to axial compression is 
studied in the presence of initial imperfections when the creep strain rate is proportional to a power of the stress 
with the exponent greater than unity. A closed-form solution is obtained for the critical time; that is, for the 
finite time at which the analysis predicts the development of indefinitely large displacements. 
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DOI: 10.1115/1.3601301 
ABSTRACT: A study is presented of the effect of initial deviations on the load carrying capacity of thin 
circular cylindrical shells under uniform axial compression. A perturbation expansion is used to reduce the 
nonlinear equations of von Karman and Donnell to an infinite set of linear equations, of which only the first few 
need be solved to obtain a reasonably accurate solution. The results for both infinite shells and shells of finite 
length indicate that a small imperfection can sharply reduce the maximum load that a thin-walled cylinder will 
sustain. In addition, for a particular set of boundary conditions, it is shown that the effect of the length of a finite 
shell is small as far as the load carrying capacity is concerned, but significant when the number of waves around 
the circumference has to be determined. A further result of the study is that axisymmetric initial deviations 
reduce the load carrying capacity only slightly more than deviations characterized by a product of trigonometric 
functions of the axial and circumferential coordinates if the wave lengths are properly chosen. 
 
 
Clive L. Dym, On the dynamics of a shell in a testing machine, International Journal of Non-Linear Mechanics, 
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ABSTRACT: The dynamic response of an initially imperfect circular cylinder to a load applied with constant 
velocity is considered. It is shown that the governing equation is essentially the same as the non-linear equation 
given by Hoff for the dynamic buckling of columns. 
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and Structures, Vol. 9, No. 1, January 1973, pp. 129-140, doi:10.1016/0020-7683(73)90037-1 
ABSTRACT: The bifurcation buckling and postbuckling behavior of steep, compressible, circular arches is 
examined. The arches are loaded with a uniform constant directional pressure and may be either pinned or 
clamped. The development is based on Koiter's theory. Two different arch theories are used so as to facilitate a 
study of bending in the prebuckling state. It is shown that clamped arches are always unstable after bifurcation, 
while pinned arches exhibit a transition from unstable to stable behavior as a semi-circular arch is approached. 
The results are also compared to results obtained using shallow arch theory and the comparison is reasonably 
good for moderately steep arches. The effect of middle surface extensibility (compressibility) and of the 
prebuckling bending is virtually undetectable. 
 
 
B.R. El-Zaouk and C.L. Dym (Department of Civil Engineering, Carnegie Institute of Technology, Carnegie-
Mellon University, Pittsburgh, Pennsylvania 15213, U.S.A.), “Non-linear vibrations of orthotropic doubly-
curved shallow shells”, Journal of Sound and Vibration, Vol. 31, No. 1, November 1973, pp. 89-103, 
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ABSTRACT: The purpose of this study is the evaluation of the effects of curvature, material orthotropy and 
internal pressure upon the non-linear vibrations of shallow shells. The shells considered here are complete in the 
circumferential coordinate. A mode shape that leads to a continuous circumferential displacement is used as the 
basic solution in a Galerkin type procedure. Among the results of interest are the effects of the aforementioned 
physical parameters on the relative hardness of the shell response, as well as some interesting new perspectives 
on jump phenomena in non-linear shell vibrations. 
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ABSTRACT: The buckling strength of cylindrical web panels of horizontally curved girders subject to shear 
stress is studied analytically. A simplified mathematical model that treats the web as a simply supported curved 
panel reinforced by transverse stiffeners is used. The solution for this model is obtained by the Galerkin method 
in conjunction with the Donnell thin shell equation. Recommendations for the design requirements for an 
optimal transverse stiffener rigidity in terms of panel aspect ratio and curvature are established. 
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close study of the influence of stiffener geometry and spacing on the applicability of the linear theory), 
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ABSTRACT: The buckling of integrally external ringstiffened conical shells under axial compression was 
investigated experimentally. Experimental results were compared with theory to find the effect of the stiffener 
parameters (e 2 /h), (A 2 /a 0 h) and (I 22 /a 0 h^3 ) as well as of shell geometry. Agreement between classical 
linear theory and experiments was found to be governed primarily by the area parameter (A 2 /a 0 h), and 
correlation with theory was significantly affected in the range 0.1<(A 2 /a 0 h)<0.5 of that parameter. Beyond 
this region there is practically no improvement with increase in ring area, whereas the weight of the shell 
continues to increase linearly. An approximate formula is proposed for calculation of critical loads and found to 



yield results very close to the more exact critical values calculated by linear theory. A modified “Southwell 
plot” method was applied and both the intercept method and slope method were used. Critical loads computed 
from the strain records were found to be below the classical linear-theory predictions and closer to experimental 
ones. 
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shells under axial compression was carried out to determine the influence of stiffener and shell geometry on the 
applicability of linear theory. 86 shells of different geometries were tested. Agreement between linear theory 
and experiments was found to be governed primarily by the stringer area parameter (A1/bh). Good correlation 
was obtained in the range (A1/bh) > 0.4. No significant effect of other stiffener and shell parameters on the 
applicability of linear theory could be discerned for the specimens tested. In addition to the area parameter 
(A1/bh), the inelastic behavior of the shell material was found to have a considerable effect on the 'linearity' 
(ratio of experimental buckling load to the predicted one). 
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ABSTRACT: The effect of in-plane boundary conditions on the buckling loads of simply supported ring-
stiffened cylindrical shells is studied. As in the case of unstiffened shells, the 'weak' in-plane boundary 
conditions SS1 and SS2 yield here critical loads about one half of the 'classical' loads. It was observed that the 
SS1 critical loads are identical with the SS2 loads and the SS4 loads are almost the same as the 'classical' SS3 
loads. The combined effect of stiffener parameters and in-plane boundary conditions is studied. For internally 
stiffened shells the influence of in-plane boundary conditions is found to diminish with increasing values of 
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are also studied and found that they are dependent upon shell length (or Z) and upon stiffener location and 
parameters. 
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ABSTRACT: Theoretical and experimental research on the buckling of stiffened and unstiffened cylindrical 
and conical shells, and arches and rings carried out over a period of 2 years in the Department of Aeronautical 
Engineering is summarized. The topics of earlier work are outlined and the more recent topics are summarized. 
These tnclude: the influence of in-plane boundary conditions for stringer and ring-stiffened cylindrical shells; 
extensive tests on integrally stringer-stiftened and ring-stiffened cylindrical shells under axial compression; 
thermal buckling of cylindrical shells; a collocation method for buckling analysis of elastically restrained 
conical shells; buckling of cylindrical panels under non-uniform axial compression; and instability of closely 
ring-stiffened conical shells. 
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ABSTRACT: An experimental study of the buckling of closely spaced integrally stringer-stiffened cylindrical 
shells under axial compression was carried out to determine the influence of shell and stiffener geometry on the 
applicability of linear shell theory. 38 specimens fabricated from 7075-T6 aluminum alloy with different 
geometries were tested. Most test specimens were designed to fail in general instability and under low critical 
stresses to assure elastic buckling. Agreement of experiments with linear theory was found to be governed 
primarily by the stringer area parameter, (A1/bh) and the shell geometry parameter, Z. Values of linearity, rho, 
(ratio of experimental buckling load to the predicted one) higher than 80% were obtained in the ranges Z>1000 
and (A1/bh)> 0.5 and a clear trend towards rho = 1 was observed with increasing values of these parameters. 
Correlation with linear theory was also found to be influenced by panel unstable postbuckling behavior. 
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T. Weller and J. Singer, “Further experimental studies on buckling of integrally ring-stiffened cylindrical shells 
under axial compression”, (Tests were carried out to verify the results of previous investigations and to establish 
a lower bound for applicability of linear theory), Experimental Mechanics, Vol. 14, No. 7, 1974, pp. 267-273, 
doi: 10.1007/BF02322830 
ABSTRACT: An experimental study of the buckling of closely spaced integrally stiffened cylindrical shells 
under axial compression was carried out to determine the influence of shell and ring geometry on the 
applicability of linear theory. Twenty-nine specimens fabricated from 7075-T6 aluminum alloy with different 
geometries were tested. Test specimens were designed to fail in general instability and under low critical 
stresses to assure elastic buckling. Agreement of experimental results of the present study, and of those obtained 
in other studies with linear theory was found to be governed primarily by the ring area parameter, (A 2 /ah). 
Values of “linearity” rho (ratio of experimental buckling load to the predicted one), higher than 80 percent were 
obtained for (A 2 /ah)>0.3 and a clear trend towards rhov=1 was observed with increasing values of this 
parameter. Correlation with linear theory was also found to be influenced by ring spacing, (a/h), or rather the 
combination (a/h) [1+(A 2 /ah] to the –1/2 power. No significant effect of shell and other ring parameters on the 
correlation with linear theory could be discerned for the shells tested. By a conservative structural-efficiency 
criterion it was observed that only for low values of the area parameter, (A 2 /ah)< approximately 0.5 ring-
stiffened shells are more efficient than equivalent-weight isotropic ones. Highest efficiencies are obtained for 
(A 2 /ah) approximately equal to 0.2. 
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Singer, J. and Rosen, A., "Influence of Boundary Conditions on the Buckling of Stiffened Cylindrical Shells," 
Buckling of Structures (Proceedings of IUTAM Symposium, Cambridge, Mass., June 1974), Springer-Verlag, 
Berlin, Heidelberg, New York, 1976, pp. 227-250. 
ABSTRACT: Theoretical and experimental studies on the influence of boundary condtions on the buckling of 
stiffened cylindrical shells and their vibrations are discussed. The effect of prebuckling deformation on the 
buckling loads and vibrations of stiffened shells is studied and compared with that in the case of unstiffened 
shells. The in-plane boundary conditions are found to be of particular importance for stiffened cylindrical shells 
and their effect differs significantly from that in unstiffened shells. Axial restraints are found to be of prime 
importance in stringer-stiffened shells, and therefore the effect of elastic axial restraints is also studied. By 
correlation with the vibration tests on the same shells a method is developed for definition of the actual 
boundary conditions of a stiffened shell non-destructively. The effect of eccentricity of loading on stringer-
stiffened shells is studied experimentally and correlated with vibration tests on the same shells. Preliminary 
results of a non-destructive experimental method for prediction of buckling loads based on vibration testing of 
stiffened shells are also presented. 
 
 
A. Rosen and J. Singer (Department of Aeronautical Engineering, Technion—Israel Institute of Technology, 
Haifa, Israel), “Vibrations of axially loaded stiffened cylindrical shells”, Journal of Sound and Vibration, Vol. 
34, No. 3, June 1974, pp. 357-378, IN3, doi:10.1016/S0022-460X(74)80317-2 
ABSTRACT: A theoretical and experimental investigation of the vibrations of axially loaded stiffened 
cylindrical shells is presented. In the theoretical study three sets of equilibrium equations and boundary 
conditions are derived from the Donnell and Flügge theories. These sets are solved in a manner usually referred, 
to as the “exact method”. In the experimental study seven different clamped cylindrical shells, stiffened by 
outside stringers or rings, were tested. The experimental investigation included frequencies and mode shapes. 
Good agreement was achieved between experiments and theory, and the predicted differences between the 
different types of shells were verified. 
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Experimental Mechanics, Vol. 16, No. 3, 1975, pp.88-94, doi: 10.1007/BF02324891 
ABSTRACT: The influence of eccentricity of loading on the vibrations and buckling of stringer-stiffened shells 
is studied. An established nonlinear theory, which takes into account nonlinear prebuckling, is applied and the 
predictions are compared with experimental results. Two families of shells, one lsquoheavilyrsquo stiffened and 
the other lsquomoderatelyrsquo stiffened, were tested but detailed results are presented only for the 
lsquoheavilyrsquo stiffened shells. In each family there are three identical shells, each with different 
eccentricity of loading. In all cases, different in-plane-boundary conditions are considered and correlated with 
experimental results. 
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Aviv Rosen and Josef Singer (Department of Aeronautical Engineering, Technion-Israel Institute of 
Technology, Haifa, Israel), “Vibrations and buckling of axially loaded stiffened cylindrical shells with elastic 
restraints”, International Journal of Solids and Structures, Vol. 12, No. 8, 1976, pp. 577-588, 
doi:10.1016/0020-7683(76)90004-4 
ABSTRACT: A theory is derived for calculation of the influence of elastic edge restraints on the vibrations and 
buckling of stiffened cylindrical shells. The stiffeners are considered “smeared” and the edge restraints can be 
axial, radial, circumferential or rotational. Extensive computations are performed for special kinds of stringer-
stiffened shells, and the theoretical predictions are compared with experimental results. A method of definition 
of equivalent elastically restrained boundary conditions by use of vibration tests is discussed. Application of this 
technique to tests on 10 shells significantly reduces the scatter in the ratio of experimental to predicted buckling 
loads. 
 
 
T. Weller, J. Singer (Department of Aeronautical Engineering, Technicon—Israel Institute of Technology, 
Haifa, Israel), “Experimental Studies on the Buckling Under Axial Compression of Integrally Stringer-Stiffened 
Circular Cylindrical Shells”, Journal of Applied Mechanics, Vol. 44, No. 4, pp. 721-730, December 1977, 
DOI: 10.1115/1.3424163 
ABSTRACT: An experimental study of the buckling of closely spaced integrally stringer-stiffened circular 
cylindrical shells under axial compression was carried out to determine the influence of stiffener and shell 
geometry, as well as mechanical properties of shell material, on the applicability of linear theory. Tests included 
84 shells made of two different kinds of steel with completely different mechanical properties and 74 shells 
made of 7075-T6 Aluminum alloy. Agreement between linear theory and experiments was found to be 
governed primarily by shell geometry, Z, where for Z > 1000 values of “linearity” (ratio of experimental 
buckling load to the predicted one) of 70 percent and considerably above were obtained. Correlation with linear 
theory was also found to be affected by stringer area parameter (A1 /bh) where for (A1 /bh) > 0.45 the values of 
linearity obtained exceeded 65 percent and usually were much higher. No significant effect of other stiffener 
and shell parameters on the applicability of linear theory could be discerned for the specimens tested. The 
boundary conditions were found to be of importance and for some steel shells the inelastic behavior of the shell 
material was found to have a considerable effect on the linearity. Predictions of imperfection sensitivity studies 
could not be correlated with test results. By a conservative structural efficiency criterion all the tested stringer-
stiffened shells were found to be more efficient than equivalent weight isotropic shells. 
 
 



Tanchum Weller (Department of Aeronautical Engineering, Technion-Israel Institute of Technology, Haifa, 
Israel), “Combined stiffening and in-plane boundary conditions effects on the buckling of circular cylindrical 
stiffened-shells”, Computers & Structures, Vol. 9, No. 1, July 1978, pp. 1-16,  
doi:10.1016/0045-7949(78)90052-4 
ABSTRACT: The influence of in-plane boundary conditions on the critical loads of axially compressed simply 
supported stiffened cylindrical shells, stiffened by stringers and by combinations of rings and stringers is 
studied. It is observed that the axial restraint, u = 0, at the edges and the dimensions of either the stringers or the 
rings characterize the type of influence experienced. In shells stiffened by medium and heavy stringers the axial 
restraint is a predominant factor and the weak in shear, Nxphi = 0, B.Cs. have only a slight secondary effect. 
For such shells a stiffening effect is observed for SS2 and SS4 B.Cs. As the stringers become weaker the 
influence of the axial restraint diminishes and the isotropic or ring-stiffened like type of behavior, sensitivity to 
the vanishing of the circumferential restraint, overcomes the stiffening effect due to u = 0. In shells stiffened by 
combinations of rings and stringers the influence of the in-plane boundary conditions is governed by the relative 
magnitudes of the rings and stringers under consideration. Combinations of heavy stringers and weak rings 
behave like stringer-stiffened shells, exhibiting the stiffening effect due to u = 0 whereas shells stiffened by  
heavy rings and light stringers tend to behave like ring-stiffened shells, revealing their sensitivity to the weak in 
shear boundary conditions, Nxphi = 0. 
 
Singer, J. and Abramovich, H., "Vibration Techniques for Definition of Practical Boundary Conditions in 
Stiffened Shells," AIAA Journal, Vol. 17, July 1979, pp. 762-769. 
 
Eduard Riks (Department of Aeronautics and Astronautics, Stanford University, California, USA), “The 
Influence of Periodic Axisymmetric Imperfections of Various Wavelengths on the Buckling Load of a 
Cylindrical Shell in Axial Compression”, March 1971, (un-numbered report in the DTIC citation), 
DTIC Accession Number: AD0747061 
ABSTRACT: Koiter's well-known buckling analysis of cylindrical shells with periodic axisymmetric 
imperfections yields a solution which is valid for imperfection of different wavelengths and amplitudes. 
Numerical calculations were carried out to evaluate several of these cases. Of particular interest are 
imperfections of the wavelength which are larger than the one considered in Koiter's original analysis. In such 
cases, the validity of the solution may be extended to imperfection amplitudes of a much larger order of 
magnitude hitherto considered. The numerical results are plotted and tabulated. A rederivation of Koiter's 
analysis is added in an appendix together with a brief description of the computational method that was used. 
 
 
Josef Singer, “On the applicability of the Southwell plot to plastic buckling”, Experimental Mechanics, Vol. 29, 
No. 2, pp 205-208, June 1989 
ABSTRACT: A completely forgotten paper by C.T. Wang on the extension of the Southwell plot to inelastic 
buckling of columns is revived, rederived and amplified. A theoretical justification is presented for the 
application of the Southwell method to plastic buckling of columns made of a strain-hardening material, 
showing that it predicts the double (or reduced) modulus buckling load. Typical experimental verifications are 
recapitulated. This puts practical applications of the Southwell method in the plastic region on firmer ground. 
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C.G. Lange and A.C. Newell, “The post-buckling problem for thin elastic shells”, SIAM J. Appl. Math., Vol. 
21, No. 4, December 1971, pp. 605-629 
ABSTRACT: An asymptotic integration technique is developed to describe the post-buckling behavior of thin 
elastic shells. The introduction of slow space and time scales directly into the shell differential equations 
permits a modeling of dynamic effects and a means of accounting for finite boundaries. In most cases, quadratic 
nonlinear interactions dominate the dynamics and lead to hexagonal shaped patterns in the buckled shell. The 
form of the initial imperfection is crucial in determining the critical buckling load, as, for a given plan form, 
there are two separated branches in the load-displacement curve. The critical  points on each branch occur a 
different values of the load parameter. Finally, a minimal principle is derived which exhibits the consistency of 
the present approach with the variational procedures of Koiter and others. 
 
D.G. Ashwell, A.B. Sabir and T.M. Roberts, “Further studies in the application of curved finite elements to 
circular arches”, Int. Journal of Mechanical Sciences, Vol. 13, 1971, pp. 507-517, 
doi:10.1016/0020-7403(71)90038-5 
ABSTRACT: The work of Ashwell and Sabir [1] assessing the power of curved finite elements by applying 
them to circular arches, is extended. An element I based on the cylindrical shell element of Bogner et al. [3] 
converges satisfactorily for deflexions, for all arch types, but is inferior to a new element II based on simple 
strain functions. A natural (“exact”) shape function is also presented. When stress resultants are calculated, both 
I and II converge rapidly if the stress resultants are calculated from an element stiffness matrix, but are 
sometimes unsatisfactory (except for mid-element stress resultants) if a normal type of stress matrix is used. 
Element I becomes unsatisfactory if nodal continuity of the gradient of circumferential displacement is 
imposed. 
 
W.J. Austin, “In-plane bending and buckling of arches”, ASCE J. of the Structural Division, Vol. 97, No. ST5, 
May 1971, pp. 1575-1592 
 
Z.P. Bazant, “A correlation study of formulations of incremental deformation and stability of continuous 
bodies”, J. Appl. Mech., Vol. 38, 1971, pp. 919-928 
 
D.J. Dawe, “Finite deflection analysis of arches”, Int. J. for Numerical Methods in Engineering, Vol. 3, 1971, 
pp. 529-552 
 



C.W. Pryor and R.M. Baker, “A finite element analysis including transverse shear effects for application to 
laminated plates”, AIAA Journal, Vol. 9, 1971, pp. 912-917 
 
O.C. Zienkiewicz, R.L. Taylor and J.M. Too, “Reduced integration techniques in general analysis of plates and 
shells”, Int. J. for Numerical Methods in Engineering, Vol. 3, 1971, pp. 255-290 
 
Edward L. Stanton and Dennis J. McGovern (McDonnell Douglas Astronautics Company, Huntington Beach, 
California, U.S.A.), “The application of gradient minimization methods and higher order discrete elements to 
shell buckling and vibration eigenproblems”, Computers & Structures, Vol. 1, No. 3, October 1971, pp. 413-
434, doi:10.1016/0045-7949(71)90022-8 
ABSTRACT: Gradient minimization methods have been successfully applied to the discrete element analysis of 
shells with geometric nonlinearities and to plates with material nonlinearities. More recently, the feasibility of 
using such methods for the lower buckling and vibration modes of large eigenproblems has been established. 
The present investigation extends this work by developing scaling criteria and rescaling strategies based on the 
second variation of the discretized Rayleigh quotient. The importance of scaling to the efficiency of the 
conjugate gradient algorithm is found to be similar to that reported for potential energy minimization. Several 
shell vibration and shell buckling problems are than analyzed using the 48 degree of freedom Bogner cylindrical 
panel element reformulated to include an incremental stiffness matrix. This element is based on bicubic Hermite 
polynomials for which discretization error bounds indicate rapid eigenvalue and eigenvector convergence in 
certain elliptic boundary value problems. These convergence rates are numerically tested in both shell buckling 
and vibration eigenproblems. 
 
 
R. H. MacNeal and C. W. McCormick (The MacNeal-Schwendler Corporation, Los Angeles, California, 
U.S.A.), “The NASTRAN computer program for structural analysis”, Computers & Structures, Vol. 1, No. 3, 
October 1971, pp. 389-412, doi:10.1016/0045-7949(71)90021-6 
ABSTRACT: NASTRAN is a large digital computer program for static and dynamic structural analysis by the 
finite element approach. It is nearing completion after three years of development under NASA sponsorship. It 
will be made available to all interested users and it will be maintained by NASA. It is currently programmed for 
the IBM 360, the UNIVAC 1108, and the CDC 6600 computers. The major functional capabilities of 
NASTRAN are static analysis of structures with either linear or nonlinear material properties; buckling analysis; 
vibration modes analysis of either conservative or damped systems; frequency response analysis; and transient 
response analysis. Many convenience features are provided to the user including an extensive list of structural 
elements; the automatic generation of several types of loads including gravity loads and loads induced by 
thermal strains; plots of deformed and undeformed structures; and the choice of alternate methods of analysis, 
including, for example, either direct or modal formulations of dynamic problems. NASTRAN is intended 
primarily for large problems with hundreds or thousands of degrees of freedom. All mathematical subroutines 
have been designed to provide for the efficient solution of large problems by taking maximum advantage of 
matrix sparsity and bandedness. A flexible Executive System is provided that facilitates the addition of new 
functional capabilities to NASTRAN. 
 
 
Richard H. Macneal (The MacNeal-Schwendler Corporation, Los Angeles, CA 90041, U.S.A.), “A simple 
quadrilateral shell element”, Computers & Structures, Vol. 8, No. 2, April 1978, pp. 175-183, 
doi:10.1016/0045-7949(78)90020-2 
ABSTRACT: The paper describes a new four-noded quadrilateral shell element, called QUAD4, which is based 
on isoparametric principles with modifications which relax excessive constraints. The modifications include 
reduced order integration for shear terms, enforcement of curvature compatibility, and the augmentation of 
transverse shear flexibility to account for a deficiency in the bending strain energy. Practical features are 
discussed, including conversion to a nonplanar shape, coupling between bending and stretching, mass 
properties, and geometric stiffness. Experimental results are described which illustrate the accuracy and 
economy claimed for the element. 
 



 
Richard H. MacNeal (The MacNeal-Schwendler Corporation 815 Colorado Blvd., Los Angeles, CA 90041, 
U.S.A.), “The evolution of lower order plate and shell elements in MSC/NASTRAN”, Finite Elements in 
Analysis and Design, Vol. 5, No. 3, October 1989, pp. 197-222, doi:10.1016/0168-874X(89)90044-9 
ABSTRACT: The subject is treated chronologically and in a manner which emphasizes the background for 
design decisions, including examination of the roles of element testing and failure analysis. The elements 
treated are the original nastran elements, the quad4, and the tria3, together with their modifications. The quad4 
element, in particular, has become a much better element than its 1976 prototype through the process of 
evolutionary reform in response to weaknesses revealed by practical application. 
 
 
S.K. Radhamohan (1), Achyut Setlur (1) and John E. Goldberg (2) 
(1) Department of Civil Engineering, Indian Institute of Technology, Kanpur, India 
(2) School of Civil Engineering, Purdue University, Lafayette, Indiana, USA 
“Stability of Shells by Parametric Differentiation”, ASCE Journal of the Structural Division, Vol. 97, No. 6, 
June 1971, pp. 1775-1790 
ABSTRACT:  The powerful technique of parametric differentiation is illustrated, coupled with numerical 
integration schemes for solving highly nonlinear problems in shell stability. As an example, the axisymmetric 
buckling pressures of clamped spherical shells of constant thickness, under external pressure are obtained. The 
application of this technique to the study of postbuckling behavior is demonstrated. This technique is equally 
applicable to the solution of a wide class of nonlinear differential equations arising out of various physical 
problems. 
 
 
D.J. Johns (Department of Transport Technology, University of Technology, Loughborough, UK), “Shear 
buckling of isotropic and orthotropic plates – a review”, Ministry of Defence, Aeronautical Research Council 
Reports and Memoranda, R. & M. No. 3677, London, Her Majesty’s Stationery Office, 1971 
ABSTRACT: a review is presented of the shear buckling of isotropic and orthotropic plates with a detailed 
consideration of the latter. An extensive bibliography is given and the details of the analyses in these papers are 
also discussed briefly in order to illustrate the development of theoretical and analytical technique. The relevant 
theoretical information for shear buckling and for the determination of buckling under combined stress systems 
including shear is presented graphically in the form of data sheets. (Cannot cut and paste references) 
 
James A. Cheney (University of California, Davis, CA), “Pressure Buckling of Ring Encased in Cavity”, ASCE 
Journal of the Engineering Mechanics Division, Vol. 97, No. 2, March/April 1971, pp. 333-343 
ABSTRACT:  The buckling of a ring subjected to external pressure but supported by a rigid cavity wall is 
investigated using small deflection linear theory. It is assumed that the cavity wall moves in with the deflection 
of the ring prior to the onset of buckling. The ring buckles locally with an arc length no greater than pi 
depending on the ratio of the radius of the ring to the radius of gyration of the cross section, R/rho. A curve is 
given for numerical evaluation of the critical pressure for all values of R/rho in a ring or an infinitely long 
cylindrical shell. 
 
 
Pan San Hsueh and Alexander Chajes (Department of Civil Engineering, University of Massachusetts, Amherst, 
Massachusetts, USA), “Buckling of Axially loaded Cylindrical Panels”, ASCE Journal of the Engineering 
Mechanics Division, Vol. 97, No. 3, May/June 1971, pp. 919-933 
ABSTRACT: Buckling and post buckling behavior of axially loaded cylindrical shells is studied. Linear and 
nonlinear equations are solved by finite difference techniques. Eight boundary conditions that differ from those 
assumed in the classical solution are considered. It is shown that changes in the boundary conditions have a 
significant effect on both the linear buckling load and on the shape of the post buckling curve. Critical loads and 
buckling mode shapes are obtained for a wide range of shell curvature. 
 
 



Stephan S-K Wang (1) and Sanford B. Roberts (2) 
(1) Naval Civil Engineering Lab., Port Hueneme, California, USA 
(2) School of Engineering and Applied Science, University of California at Los Angeles, California, USA 
“Plastic Buckling of Point-Loaded Spherical Shells”, ASCE Journal of the Engineering Mechanics Division, 
Vol. 97, No. 1, January/February 1971, pp. 77-93 
ABSTRACT: The effects of inelastic strains on the deflection and stability of thin spherical domes with roller-
supported edges under point loads at the apex are studied analytically and experimentally. The governing 
nonlinear differential equations are derived by applying Reissner’s nonlinear shell theory and the total 
deformation theory of plasticity. These equations are solved by a finite difference scheme using Newton’s 
method. Four domes, hydroformed from 6061-0 aluminum, are tested. It is concluded that the inelastic strains 
do account for most of the discrepancies existing between the analytically predicted (based on elastic analysis 
alone) and the experimentally observed shell responses. It is found that for certain geometric configurations 
(i.e., lambda > 6) the local existence of finite strains and significant strain reversal indicates that closer 
correlation between theory and experiment is possible using an incremental plasticity theory. 
 
 
G. Feinstein, B. Erickson and J. Kempner (Department of Aerospace Engineering and Applied Mechanics, 
Polytechnic Institute of Brooklyn, 11201, Brooklyn, N. Y), “Stability of oval cylindrical shells: Experimental 
investigation of initial and ultimate buckling loads of fixed-end, oval cylindrical shells under axial 
compression”, Experimental Mechanics, Vol. 11, No. 11, 1971, pp. 514-520, doi: 10.1007/BF02327691 
ABSTRACT: Elastic buckling under axial compression of finite, oval cylindrical shells with clamped 
boundaries was investigated experimentally. The determination of the buckling strength was made on a series of 
oval shells made of Mylar A. The test results indicated that the discrepancy between theoretical and 
experimental initial buckling loads for the ovals is similar to that of the circular cylindrical shells. However, in 
contrast to the circular case, a collapse load significantly exceeding the initial buckling load is observed in the 
case of ovals with moderate-to-large eccentricity. 
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Lee, Y. C. and Advani, S. H. (West Virginia University, Morgantown, West Virginia, USA), “Forced 
axisymmetric response of fluid filled spherical shells”,  
 In: Southeastern Conference on Theoretical and Applied Mechanics, 5th, Raleigh and Durham, N.C., April 16, 
17, 1970, Proceedings. (A72-37051 18-32) Chapel Hill, N.C., University of North Carolina Press, 1971, p. 293-
311.  
NASA Technical Reports Server (NTRS) 
ABSTRACT:  
 A general solution for the forced, linear axisymmetric response of a fluid filled spherical shell is derived with 
the effects of shell transverse shear and rotational inertia included. The fluid is assumed to be inviscid and 
compressible. Expressions for the shell radial displacement are computed for the problem of a uniform radial 
Heaviside load on a cap of the shell surface. In addition, the time history of the shell inner fiber stresses at the 
impact pole is obtained. Some comparisons with the in vacuo shell theory are also given.  
 
 
P. Harvey Griggs (TEMEC, Theoretical and Experimental Mech., Toronto, Canada), “Buckling of Reinforced 
Concrete Shells”, ASCE Journal of the Engineering Mechanics Division, Vol. 97, No. 3, May/June 1971, pp. 
687-700 
ABSTRACT:  When the designers of reinforced concrete shell structures consider buckling, they have to apply 
data derived from elastic analyses or elastic model tests to a nonelastic material. The research described was 
designed to reduce the uncertainties involved by investigating the effect of tension cracking and nonlinearity on 
the buckling of concrete shells. The information desired was obtained experimentally by comparing the 
buckling of reinforced mortar models to geometrically similar models fabricated from plastics. The program 
included tests on 4 long-span single-barrel cylindrical roof shells, on 5 shallow spherical caps, and on 11 
cylindrical panels. The results from the cylindrical shells and spherical caps are summarized, while the 
cylindrical panel tests are described in some detail. The complete curve for interaction of axial and 
circumferential buckling was established for the cylindrical panels. Conclusions are made about the use of 
appropriate models in buckling studies, and on the effects of tension cracking and nonlinearity in concrete 
shells. 
 
 
------Book. ACI. 1981. Concrete Shell Buckling. ACI SP-67, EP Popov and SI Medwadowski (ed.), American 
Concrete Institute, Detroit, Michigan, 1981, ISBN: 9780870317392 
Description: A complex problem analyzed and defined. Seven papers presented at the Symposium on Concrete 
Shell Buckling. Organizes in one handy volume up-to-date information on buckling. Subject matter includes: 
overview of buckling of reinforced concrete shells compared to general stability and the stability of concrete 
columns and plates; design of several shell types-cylindrical, domicai, hyperbolic, and elliptic paraboloids, 
folded plates, and hyperbolic cooling towers; analytical techniques for investigating shell buckling; and 
experimental techniques for investigating buckling in light of practical applications. 
 
 
Endre Dulacska (Planning Office, BUVATI of Budapest, Hungary), “Buckling of Reinforced Concrete Shells”, 
ASCE Journal of the Structural Division, Vol. 107, No. 12, pp. 2381-2401, December 1981 
ABSTRACT: The special phenomena of reinforced concrete shell buckling is described on the basis of the 
latest results of research. The method presented takes into consideration the special properties of the reinforced 
concrete including, plasticity, creep, and quantity of reinforcement. Snap-through critical loads calculated by 
the described method are compared to the results of model tests and to the loads and critical loads of erected 
domes. The shell buckling stiffness was seen to be composed of two parts; the bending and the axial stiffness of 
the reinforced concrete cross section. The critical load is reduced by the plasticity and the imperfections. The 
critical load of the reinforced concrete shells decreases by the craks of concrete and increases by the 
reinforcement. 
 
 



E. Dulacska and L. Kollar (Technical University of Budapest, Budapest, H-1521, Hungary), “Design procedure 
for the buckling analysis of reinforced concrete shells”, Thin-Walled Structures, Vol. 23, Nos. -4, pp 313-321, 
1995, DOI: 10.1016/0263-8231(95)00019-A 
ABSTRACT: The paper presents a simple procedure to establish the buckling load of shell structures. It is 
essentially based on the assumption that the various factors influencing buckling can be assessed as multipliers 
of the ‘classical’ critical load. These factors are: imperfections, creep, plasticity, cracks and the steel 
reinforcement. The paper gives the values of these factors, thus establishing a method which can be used in 
practical design. 
 
 
Koryo Miura and Masamori Sakamaki, “Discontinuity in buckle pattern tessellation of cylindrical shells of 
variable curvature”, Institute of Space and Aeronautical Science, University of Tokyo, Report No. 461, March 
1971, pp. 77 – 82 
ABSTRACT: This paper presents experimental evidence that the discontinuity of buckle pattern tessellation 
exists in the elastic postbuckling configuration of cylindrical shells of variable curvature. This raises the 
question on the validity of some assumptions generally prevailing in analytical studies about the problem. 
References listed at the end of the paper: 
1. Marguerre, K., “Stability of the cylindrical shell of variable curvature”, NACA TM 1302, July 1951 
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4. Miura, K., “Inextensional buckling deformations of general cylindrical shells”, AIAA Journal, Vol. 6, No. 5, May 1968, pp. 966-
968 
5. Miura, K., “Proposition of Pseudo-cylindrical concave polyhedral shells”, ISAS Report No. 442, November 1969, Institute of Space 
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M.P. Païdoussis and J.-P. Denise (Department of Mechanical Engineering, McGill University, Montreal 101, 
Canada), “Flutter of thin cylindrical shells conveying fluid”, Journal of Sound and Vibration, Vol. 20, No. 1, pp. 
9-26, doi: 10.1016/0022-460X(72)90758-4 
ABSTRACT: When the flow velocity in a finite, thin, circular cylindrical shell, either clamped at both ends or 
cantilevered, exceeds a certain critical value, the system is observed to lose stability by flutter in its second 
circumferential mode. This paper describes the phenomenon, and presents a theory for its analysis which is 
based on Flügge's equations for the description of shell motion and a classical potential-flow theory for the 
coupled hydrodynamic forces. Complex frequency calculations reveal the existence of flutter in the case of 
cantilevered shells; for clamped-clamped shells the theory predicts buckling instability followed by coupled-
mode flutter. Theory and experiment are in adequately close agreement. 
 
 
Y.M. Kornev and V.N. Solodovnikov, “Axially symmetrical instability modes in a cylindrical shell under 
impact”, Journal of Applied Mechanics and Technical Physics, Vol. 13, No. 2, pp 214-218, March-April 1972 
ABSTRACT: An analysis is presented of the interaction between longitudinal and transverse motions of a 
circular cylindrical shell under impact on the end surface. At infinite and finite velocities of perturbation 
propagation along the generatrix this analysis reveals the instability modes in the shell which build up fastest 
and are similar to those revealed if the buckling process at a finite velocity of perturbation propagation were 
described in the real time of compressive loading action. It is established that a cylindrical shell under intensive 
loading can be simulated by a rod under longitudinal impact (the similarity parameters are indicated). This 
conclusion is confirmed by a comparison with experimental results. 
References listed at the end of the paper: 
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V.I. Etokov (Institute of Mechanics, Academy of Sciences of the Ukrainian SSR, Kiev, Ukraine), “Post-critical 
strain of cylindrical shells taking account of geometric surface flexure”, International Applied Mechanics, 
Vol.8, No 2, 1972, pp. 161-167, doi: 10.1007/BF00886135 
ABSTRACT: Pogorelov used a geometric method to investigate the post-critical elastic states of cylindrical 
shells under axial compression in [4] under the assumption that the nature of the periodicity of the shell 
deflections is conserved throughout the whole time of strain. An invesigation is made herein without the 
mentioned constraint. The domain of existence of the solution obtained is determined, and it is shown how this 
domain can be extended. An isometric surface is constructed by using the deflection function obtained from the 
strain compatibility equation. 
 
 
Barry I. Hyman (Department of Civil, Mechanical and Environmental Engineering, George Washington 
University, Washington D.C.), “An Approximate Analysis of the Buckling of Imperfect Spherical Shells”, 
January 1972, Technical Report No. 5, DTIC Document,  
DTIC Accession Number: AD0749349, Handle / proxy Url : http://handle.dtic.mil/100.2/AD749349 
ABSTRACT: An approximate method is presented for predicting elastic collapse of complete spherical shells 
subject to uniform external pressure. The shell contains an imperfection in the form of an isolated flat spot and 
the snap through behavior of the flat spot region is analyzed. The existence of higher modes is demonstrated 
and the effect of various choices for the stiffness coefficients at the edge of the flat spot is investigated. 
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(1) Department of Theoretical and Applied Mechanics, University of Illinois, Urbana, Ill. 
(2) Department of Engineering Science, State University of New York at Buffalo, Buffalo, N. Y. 
“Buckling of a Long, Axially Compressed, Thin Cylindrical Shell With Random Initial Imperfections”, Journal 
of Applied Mechanics, Vol. 39, No. 4, pp. 1066-1071, December 1972, DOI: 10.1115/1.3422830 
ABSTRACT: The effect of random geometric imperfections on the maximum load-carrying capacity of an 
axially compressed thin cylindrical shell is studied. Following a perturbation approach, equations are derived 
which relate the first and second-order statistics of the maximum load to the statistics of the initial 
imperfections. Assuming that the imperfections are represented by Gaussian stationary and ergodic random 
processes, it is shown that the mean maximum load is expressible in quadrature forms involving the power 
spectral density of the initial imperfection. Furthermore, the maximum load is seen to be equal to its mean value 
with probability one. A simple asymptotic formula for the maximum load is derived assuming the variance of 
the initial imperfection is small. In this case the critical load depends only upon the imperfection variance and 
the power spectral density at a given wave number. For the types of imperfections considered, it is found that 
random axisymmetric imperfections reduce the load-carrying capacity of the cylindrical shell more than 
nonaxisymmetric imperfections. 
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(1) Sverdup & Parcel, and Assoc., New York City, NY 
(2) Dept. of Civil Engineering, New York Univ., School of Engrg. and Sci., Univ. Heights, Bronx, NY) 
“Asymmetric Buckling of Imperfect Spherical Shells”, ASCE  Journal of the Engineering Mechanics Division, 
Vol. 98, No. 5, September/October 1972, pp. 1115-1131 
ABSTRACT:  A study is presented concerning the buckling characteristics of spherical shells with small initial 
symmetric and asymmetric imperfections in the geometry. The governing nonlinear partial differential 
equations are formulated using general relations with no restriction on shallowness. The effect of initial 
geometric imperfections is included in the equations. The shell material is assumed to be linearly elastic. The 
solution of the differential equations is carried out numerically using the method of L.V. Kantorovich in 
combination with finite differences. Numerical results are obtained by means of a digital computer, for 
spherical shells clamped at the boundary and subjected to uniform external pressure. Buckling pressures are 
determined from the load deflection relationship. The cases of asymmetric imperfections, and symmetric 
imperfections are studied. A wide range of shell geometries and imperfections is covered. Comparison with 
earlier experimental results shows good agreement. 
 
 
Robert K. Emerton (1) and Nicholas F. Morris (2) 
(1) Grumman Aircraft Corp 
(2) Dept. of Civil Engineering, New York Univ., School of Engrg. and Sci., Univ. Heights, Bronx, NY) 
“Symmetric Buckling of Inelastic Spherical Shells”, ASCE Journal of the Engineering Mechanics Division, 
Vol. 98, No. 6, November/December 1972, pp. 1417-1431 
ABSTRACT: A numerical method for determining the buckling loads and stresses for elastic-plastic spherical 
shells subjected to uniform external pressure is presented. No restriction is placed on shallowness in the 
analysis. The incremental theory of plasticity and the von Mises yield criterion are used in formulating the 
problem. The governing differential equations are formulated in terms of displacements and are solved with the 
aid of finite differences, an incremental-iterative technique, and a high speed digital computer. Buckling loads 
are taken as the first maximum of a load-average deflection curve. Numerical results are presented for a 



clamped spherical shell. Buckling loads are compared to the elastic complete sphere value and the limit analysis 
load. The relationship of the radius-thickness ratio to buckling stress is presented. 
 
 
A.S.D. Wang and A. Ertepinar, “Stability and vibrations of elastic thick-walled cylindrical and spherical shells 
subjected to pressure”, International Journal of Non-Linear Mechanics, Vol. 7, pp 539–555, 1972, 
doi:10.1016/0020-7462(72)90043-1 
ABSTRACT: Theoretical and experimental studies of the free vibrations and the loss of stability of thick-walled 
cylindrical and spherical shells subjected to external pressure are presented. General equations for the 
oscillations of the shell under pressure are formulated on the basis of a rigorous theory of finite elasticity. Loss 
of stability is determined when the fundamental natural frequency of the prestressed shell ceases to be real-
valued. Numerical solutions are obtained by solving the specialized equations that are applicable to neo-
Hookean materials. Experiments using specimens made of silicone rubber closely verify the theoretical results. 
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(1) Department of Civil Engineering, Gazi University, Ankara, Turkey,  
(2) Karadeniz Technical University, Trabzon, Turkey 
“Stability and vibrations of layered spherical shells made of hyperelastic materials”, International Journal of 
Engineering Science, Vol. 27, No. 6, pp 623-632, 1989, doi:10.1016/0020-7225(89)90015-3 
ABSTRACT: Layered spherical shells of arbitrary wall thickness subjected to uniform external and/or internal 
pressure and undergoing large elastic deformations are investigated. Layers are assumed to be made of neo-
Hookean materials and perfectly bonded to one another along the interfaces. The stability of the finitely 
deformed state is studied using the theory of small deformations superposed on large elastic deformations where 
the secondary displacement field is assumed to be vibratory. The governing equations are solved numerically by 
a finite difference scheme to yield the frequencies of the small, free, asymmetric vibrations about the 
prestressed state. The loss of stability occurs when the superposed motions cease to be periodic. 
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Chandrakant S. Desai and John F. Abel, Introduction to the finite element method, Van Nostrand 
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Chang-hua Yeh, (Sr. Struct. Engr., Harza Engrg. Co., Chicago, Illinois, USA), “Nonlinear Dynamic Analysis of 
Cooling Tower”, ASCE Journal of the Power Division, Vol. 98, No. 1, June 1972, pp. 49-63 
ABSTRACT:  The finite element method is employed to study the nonlinear dynamic effect of a strong wind 
gust on a cooling tower. Geometric nonlinearities associated with finite deformations of the structure are 
considered but the material is assumed to remain elastic. Load is applied in small increments and the equation 
of motion is solved by a step-by-step integration technique. It has been found that the cooling tower will 
collapse under a wind gust of maximum pressure 1.2 psi (8.27 kN/m≤). The collapse is caused by a local 
buckling phenomenon along the waist of the cooling tower. The response of the structure before collapse is 
presented and compared with a linear solution. These results have demonstrated the importance of considering 
nonlinear behavior in the analysis. 
 
 
Peter Gergely and George Winter (Structural Engineering Department, Cornell University, Ithaca, New York, 
USA), “Experimental Investigation of Thin-Steel Hyperbolic Paraboloid Structures”, ASCE Journal of the 
Structural Division, Vol. 98, No. 10, October 1972, pp. 2165-2179 
ABSTRACT:  Extensive tests on inverted umbrella and saddle-shaped models indicate that the design of thin-
steel hypar roofs is usually governed by stiffness, rather than by stress limitations. The rise-span ratio and the 
shear rigidity of cold-formed decks are the most important factors determining the stiffness of the structure. 
Deck buckling is causd by the uniform shear stresses in the shear-diaphragm type of action of the shell which 
dominates the response of hypar shells. This experimental investigation yielded empirical design information in 
thin-steel hypars and also provided checks on other analytical studies. 
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(2) Department of Structural Engineering, Cornell University, Ithaca, New York, USA 
“Analysis of Thin-Steel Hyperbolic Paraboloid Shells”, ASCE Journal of the Structural Division, Vol. 98, No. 
11, November 1972, pp. 2605-2621 
ABSTRACT:  Finite element analyses of orthotropic hypar structures, using flat and curved elements, are 
compared with experimental results. The flat element approach tends to predict the deflections of flat corners 
better than the curved element formulation. The buckling of the deck is also studied for a range of edge member 
and deck properties. 
 
 
K. K. Gupta (Jet Propulsion Laboratory, California Institute of Technology, Pasadena. U.S.A.), Solution of 
eigenvalue problems by sturm sequence method. International Journal for Numerical Methods in Engineering, 
Vol. 4, No. 3, May/June 1972, pp. 379–404. doi: 10.1002/nme.1620040308 
ABSTRACT: A generalized eigenvalue algorithm is presented herein along with the complete listing of the 
associated computer program, which may be conveniently utilized for the efficient solution of certain broad 
classes of eigenvalue problems. Extensive applications of the procedure are envisaged in the analysis of many 
important engineering problems, such as stability and natural frequency analysis of practical discrete structural 
systems, idealized by the finite element technique. The procedure based on the Sturm sequence method is 
accurate and fast, possessing several significant advantages over other known methods of such analysis. 
Numerical results are also presented for two representative structural engineering problems. 
 
 
K.K. Gupta, “Eigenproblem solution by a combined Sturm sequence and inverse iteration technique”, Int. J. 
Numerical Methods in Engineering, Vol. 7 No. 1, 1973, pp. 17-42, doi: 10.1002/nme.1620070103 



ABSTRACT: This article presents an efficient and numerically stable algorithm, along with a complete listing 
of the associated computer program, developed for the accurate computation of specified roots and associated 
vectors of the eigenvalue problem Aq = lambdaBq with band symmetric A and B, B being also positive definite. 
The desired roots are first isolated by the Sturm sequence procedure; then a special variant of the inverse 
iteration technique is applied for the individual determination of each root along with its vector. The algorithm 
fully exploits the banded form of relevant matrices, and the associated program written in FORTRAN V for the 
JPL UNIVAC 1108 computer proves to be most significantly economical in comparison to similar existing 
procedures. The program may be conveniently utilized for the efficient solution of practical engineering 
problems including free vibration and buckling analysis of structures. Results of such analyses are presented for 
representative structures. 
 
 
Stuart E. Swartz and Vernon H. Rosenbraugh (Department of Civil Engineering, Kansas State University, 
Manhattan, Kansas, USA),” Experiments with Elastic Folded Plate Models”, ASCE Journal of the Engineering 
Mechanics Division, Vol. 98, No. 3, May/June 1972, pp. 711-729 
ABSTRACT:  Three series of tests were conducted on small scale aluminum models of single cess, folded plate 
structures with symmetrical cross sections. In the first series of tests, the models were supported on plexiglass 
plates at the ends and were subjected to uniform, symmetrical loads. In the second series, the models were 
subjected to asymmetrical loads. A third series of tests was made on the models with the ends and center 
supported on plexiglass plates and subjected to symmetrically applied, uniform loads. In the first two series of 
tests, the models were loaded into the post-buckling range. The load which caused a plate element to exhibit 
local buckling was determined from deflection profiles taken along the longitudinal direction of the models. 
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(1) Department of Mechanical Engineering, Aryamehr University of Technology, Tehran, Iran 
(2) Department of Civil Engineering, University of Southern California, Los Angeles, California USA 
“Vibrations of Pressure Loaded Hyperboloidal Shells”, ASCE Journal of the Engineering Mechanics Division, 
Vol. 98, No. 5, September/October 1972, pp. 1017-1030 
ABSTRACT:  This paper investigates the effect of external lateral pressure on the free vibrations of 
hyperboloidal shells of revolution. A finite element computer program was developed based on Sander’s linear 
shell theory. This analysis was in good agreement with available experimental results and can be used in the 
future cooling tower structures. The most interesting result obtained from the investigation was the discovery 
that for certain hyperboloidal shell geometrics, the lowest frequency mode shapes contain more than one 
meridional half wave. This result was verified experimentally in the reference. 
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(2) Department of Mechanical Engineering, Oklahoma State University, Stillwater, Oklahoma, USA 
“Buckling of Arbitrary Open Cylindrical Shells”, ASCE Journal of the Engineering Mechanics Division, Vol. 
98, No. 1, January/February 1972, pp. 177-193 
ABSTRACT:  A computer method is presented to obtain solutions for buckling of the open cylindrical shell, or 
panel, with the curved edges simply supported. The radius of curvature may vary. The boundary conditions 
along the straight edges of the panel are arbitrary. The solution is accomplished by the substitution of mixed 
trigonometric-power series into equations similar to Donnell’s stability equations, with the curvature expression 
written as a power series. The resulting infinite-terms recurrence relations are truncated to form an eigenvalue 
problem. Examples involving various combinations of loading, boundary conditions, and noncircularity are 
presented. 
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(2) Department of Engineering and Engineering Mechanics, Clemson University, Clemson, South Carolina, 
USA 
“Singular solutions for shallow shells”, International Journal of Solids and Structures, Vol. 8, No. 2, February 
1972, pp. 227-247, doi:10.1016/0020-7683(72)90060-1 
ABSTRACT: Solutions are developed for non-axially symmetric shallow shells subjected to normal surface 
loading or thermal loading. The singular solutions which correspond to the concentrated normal load, the 
concentrated application of heat and the concentrated thermal gradient are identified by a consistent limiting 
process applied to the complete set of singular solutions. Numerical results are presented for the case of the 
normal concentrated load acting on shallow shells having negative, zero or positive Gaussian curvature. The 
behavior of the shallow shells in the neighborhood of the applied concentrated load is seen to be similar to that 
of a disc subjected to the same load. The influence of the concentrated load is felt over a wider region in shells 
of negative Gaussian curvature compared to shells of positive Gaussian curvature. However, for the case of the 
concentrated load, the stress and deflection parameters of the shell do not change dramatically as the Gaussian 
curvature of the shell is varied from positive to negative values. 
 
 
Starnes, James Herbert (1970) The effect of a circular hole on the buckling of cylindrical shells. Dissertation 
(Ph.D.), California Institute of Technology. http://resolver.caltech.edu/CaltechETD:etd-04012009-110903 
ABSTRACT: An experimental and theoretical investigation of the effect of a circular hole on the buckling of 
thin cylindrical shells under axial compression was carried out. The experimental program consisted of tests 
performed on seamless electroformed copper shells and Mylar shells with a lap joint seam. The copper shells 
were tested in a controlled displacement testing machine equipped with a noncontacting surface displacement 
measuring device. Three-dimensional surface plots obtained in this manner showed the changes in the 
displacement field over the entire shell, including the hole region, as the applied load was increased. The Mylar 
shells were tested in a controlled load testing machine and demonstrated the effect of increasing the hole radius 
on the buckling loads of the cylinder. The theoretical solution was based on a Rayleigh-Ritz approximation. The 
solution provided an upper bound for the buckling stresses of the cylinders tested for hole radii less than ten per 
cent of the shell radii. The theoretical solution also identified the governing parameter of the problem as being 
related to the hole radius, the shell radius, and the shell thickness. The theoretical part of the investigation 
showed that even a small hole should significantly reduce the buckling stresses of circular cylinders. 
Experimentally, it was found that the effect of a small hole is masked by the effects of initial deformations but, 
at larger hole radii, the reduction in buckling stress took the form predicted by the theory. The experimental 
results also showed that the character of the shell buckling was dependent on the hole size. For very small holes 
the shell buckled into the general collapse configuration and there was no apparent effect of the hole on the 
buckling mode of the shell. For slightly larger holes the shell still buckled into the general collapse 
configuration, but the buckling stresses of the shell were sharply reduced as the hole size increased. For still 
larger holes the buckling stresses did not decrease as sharply as the hole size increased and the shell buckled 
into a stable local buckling configuration. 
 
 
Starnes, J.H., Jr., “Effect of a circular hole on the buckling of cylindrical shells loaded by axial compression”, 
AIAA Journal. Vol. 10, pp. 1466-1472. Nov. 1972 
ABSTRACT: An experimental and analytical investigation of the effect of a circular hole on the buckling of 
thin cylindrical shells under axial compression was carried out. The experimental results were obtained from 
tests performed on seamless electroformed copper shells and Mylar shells with a lap joint seam. These results 
indicated that the character of the shell buckling was dependent on a parameter which is proportional to the hole 
radius divided by the square root of the product of the shell radius and thickness. For small values of this 
parameter, there was no apparent effect of the hole on the buckling load. For slightly larger values of the 
parameter, the shells still buckled into a general collapse configuration, but the buckling loads were sharply 
reduced as the parameter increased. For still larger values of the parameter, the buckling loads were further 
reduced, and the shells buckled into a stable local buckling configuration. 
 
 



Wittrick, W. H., "A Unified Approach to the Initial Buckling of Stiffened Panels in Compression," The 
Aeronautical Quarterly, Aug. 1968, pp. 265-283. 
ABSTRACT: This paper provides the basis for a very general approach to the determination of initial buckling 
stresses of long stiffened panels in uniform longitudinal compression. The panels are assumed to consist of a 
series of long flat strips, rigidly connected together at their edges, as in panels with top-hat or Z-section 
stringers, or in sandwich panels with corrugated cores. Whatever the buckling mode, the individual flats are 
subjected, just after buckling, to sinusoidally varying systems of both out-of-plane and in-plane edge forces and 
moments, superimposed on the basic state of uniform compression. The stiffness matrices corresponding to 
these sinusoidal edge loads are derived, taking account of the destabilising effect of the basic longitudinal 
compressive stress, not only in the out-of-plane but also in the in-plane deformations. For the latter purpose a 
non-linear theory of elasticity is used. The application of these stiffness matrices to specific panels is briefly 
described. All possible modes are incorporated within one determinantal equation. For panels with identical 
stiffeners spaced at equal intervals, the order of the determinant is independent of the number of stiffeners. 
 
Williams, F.S., Wittrick, W.H. and Plank, R.J. ( University of Birmingham, Birmingham, England), “Critical 
buckling loads of some prismatic plate assemblies”, Proc. IUTAM Symposium on Buckling of Structures, 1974, 
edited by B. Budiansky, Springer-Verlag, pp. 17-26, (1976) 
ABSTRACT: Prismatic plate assemblies include closed and open section struts, stiffened panels with open or 
closed section longitudinal stiffeners and longitudinally stiffened tubes. Recent theoretical advances have made 
possible the computation of critical buckling loads (or natural frequencies) for such assemblies. The answers 
obtained are “exact”, in the sense that only the usual thin plate assumptions are made, so long as the ends of 
each component plate are simply supported or the longitudinal half-wavelength of the buckling mode is short 
compared with the length of the assembly. Initially, the theory only applied to assemblies of uniformly 
compressed, flat, isotropic plates. However, results can now be computed for assemblies which include curved 
anisotropic plates which carry in-plane bending and uniform in-plane shear and transverse stresses. 
Existing computer programs enable one to investigate the critical buckling behaviour of a vast range of 
interesting plate assemblies. So far, results obtained cover only a relatively small part of this range. In this 
paper, a summary is given of the more interesting conclusions drawn from these results. The results include (a) 
comparisons with results from simpler, approximate analyses, (b) investigations of novel, advantageous 
structural forms, (c) examples of the effects of idealisations such as ignoring eccentricities between connected 
plates and finite radii of curvature at bends, (d) interaction between shear, bending and longitudinal 
compression for stiffened panels and (e) critical loads other than the lowest. 
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A.C. Walker (Department of Civil Engineering, University College, London UK), “An analytical study of the 
rotationally symmetric non-linear buckling of a complete spherical shell under external pressure”, International 
Journal of Mechanical Sciences, Vol. 10, No. 9, September 1968, pp. 695-710, 
doi:10.1016/0020-7403(68)90084-2 
ABSTRACT: The non-linear post-buckling behaviour of a complete spherical shell is studied analytically in the 
vicinity of the buckling load. It is assumed that the shell buckles in a rotationally symmetric wave pattern and 
specific attention is given to deformation modes symmetric about the equator, in the longitudinal direction. The 
energy functional is reduced to approximate functions using the Rayleigh-Ritz method with which two types of 
assumed functions are considered, viz. Legendre polynomials and localized Rayleigh functions (finite 
elements). The algebraic equations of equilibrium are solved approximately using a series expansion technique, 
and it is shown that the use of Legendre polynomials gives exact values for the coefficients of the series, whilst 
use of the finite element method results in coefficients which converge monotonically to the exact values as the 
number of elements is increased. 
 
 
L.J. Hart-Smith (Department of Mechanical Engineering, Monash University, Wellington Road, Clayton, 
Victoria, 3168, Australia), “Buckling analyses of ideal thin shells and new thin elastic shell theory 
formulations”, International Journal of Mechanical Sciences, Vol. 10, No. 8, August 1968, pp. 665-667, 
doi:10.1016/0020-7403(68)90071-4 (no abstract; this is a letter to the editor.) 
 
 
L. J. Hart-Smith (Department of Mechanical Engineering, Monash University, Clayton, Victoria 3168, 
Australia), “Buckling of thin cylindrical shells under uniform axial compression”, International Journal of 
Mechanical Sciences, Vol. 12, No. 4, April 1970, pp. 299-313, doi:10.1016/0020-7403(70)90084-6 
ABSTRACT: The problem of the elastic buckling under uniform axial compression of an ideal thin cylindrical 
shell is examined using a new self-consistent theory of thin shells derived according to the Kirchhoff-Love 
hypotheses. The collapse stress deduced lies between half of the classical value and that value depending on the 
exact nature of the end-conditions. The onset of buckling, at which the diamond wrinkles first appear, is shown 
to be at a stress as low as one-sixth of the classical value. This is a close lower bound of the published 
experimental data. The solution agrees with the observed diamond wrinkling pattern and predicts nominally 
square diamonds. The analysis is linear and the actual buckling stress is obtained, not the post-buckling 
minimum. The present analysis is, in fact, directly comparable with the classical analysis. A classical-type 
bifurcation analysis of the equilibrium equations is carried out to determine the wavelengths under which 
buckling can occur for a prescribed axial load. This is complemented with a strain-energy analysis to identify 
the particular wavelength coinciding with the lowest collapse load. 
 
 
Lars Åke Samuelson (Aerospace Sciences Laboratory, Lockheed Palo Alto Research Laboratories, Palo Alto, 
Calif.), “Experimental Investigation of Creep Buckling of Circular Cylindrical Shells Under Axial Compression 
and Bending”, Journal of Manufacturing Science and Engineering, Vol. 90, No. 4, pp. 589-595, November 
1968, DOI: 10.1115/1.3604693 
ABSTRACT: The results are presented of an experimental investigation of creep buckling of circular 
cylindrical shells. The test specimens, manufactured from an aluminum alloy similar to 24S, had radius to 
thickness ratios between 30 and 150 and length to radius ratios greater than 2. They were subjected to axial 
compression or bending at a temperature of 225 deg C (430 deg F) and at various stress levels. The critical time 
under a constant load was determined as a function of the stress level, the shell geometry, and the type of 
loading. It was found that the shells subjected to pure compression had a substantially shorter lifetime than 
those subjected to pure bending with the same maximum applied stress. The thickest test specimens failed 
through collapse into a “wrinkling” mode which for the pure compression case is axisymmetric, whereas the 
thinner cylinders buckled into a typical diamond pattern. In all cases, buckling occurred at one of the edges. The 
postbuckling configuration was found to depend not only on the geometry of the shell but also on the load level. 
For very low stress levels, even the thinner cylinders buckled in the short wave pattern (symmetric for 



compression). A comparison between the present experimental results and theoretical values of the critical time 
presented in earlier works showed that a fairly good estimate may be obtained for the case of axial compression, 
whereas the approximate theory for creep buckling under pure bending gives an unduly conservative result. 
 
 
Lars Åke Samuelson (Lockheed Palo Alto Research Laboratories, Palo Alto, California USA), “Creep buckling 
of a cylindrical shell under non-uniform external loads”, International Journal of Solids and Structures, Vol. 6, 
No. 1, January 1970, pp. 91-116, doi:10.1016/0020-7683(70)90083-1 
ABSTRACT: A method of analysis is presented for circular cylindrical shells under non-uniform external loads. 
The equations are valid for moderately large displacements and take secondary creep into account. Thermal 
effects and initial imperfections are included. As the general equations are non-linear, an iterative method is 
used in the numerical analysis. The nonlinear terms are at a certain iteration considered as known, generally 
determined by the previous iteration. They may thus be regarded as pseudo loads which are added to the actual 
external load terms. The variables of the thus linearized differential equations are expanded in Fourier series 
with respect to the circumferential coordinate. As a result, a series of sets of ordinary differential equations is 
obtained, one set for each Fourier index. These sets of equations are solved by use of a finite difference method. 
For each load or time step the equations are repeatedly solved until convergence is obtained. A computer 
program was developed and was verified by comparison with known solutions for elastic buckling of shells. 
The theoretical behavior of a cylinder under creep is demonstrated for a number of different loading conditions, 
in particular the response is studied of an imperfect shell under uniform loads. In the case of external pressure, 
the critical time was found to be extremely sensitive to the imperfection shape. For a short cylinder under axial 
compression the presence of initial imperfections was shown to shorten the creep life substantially in 
comparison with the critical time corresponding to axisymmetrical collapse of the perfect shell. 
 
 
L.A. Samuelson (IFM Akustikbyran AB, Stockholm, Sweden), “Practical analysis methods for deign of circular 
cylinders with longitudinal stiffeners and subjected to axial compression”, Chapter in Buckling of Shells, pp 
621-644, 1982 
ABSTRACT: The possibilities to analyze complicated shell stability problems have improved enormously 
during recent years through the development of powerful computer programs. Still there is a need for simple 
design rules for shell geometries commonly used in practice. The present investigation forms part of the work 
by task group TWG 8/4 “Shell Stability” of the European Convention for constructional steelworks, ECCS. The 
purpose is to provide simplified methods of analysis for the design of circular cylindrical shells with 
longitudinal stiffeners and subjected to axial compression. Various methods of analysis are discussed and 
comparisons with tests are carried out. The design procedures proposed for the ECCS recommendations are 
presented. In view of the complexity of the problem it Is necessary for the simplified rules to be fairly 
conservative in order to guarantee a safe design over the range of geometries considered. However, the designer 
should always have the option to use improved design methods whenever required. 
References listed at the end of the paper: 
1. European Recommendations for Steel Construction. The Construction Press, London 1981. 
2. Singer, J: Buckling Experiments on Shells - a Review of Recent Developments. Technion Rep. TAE No 403, April 1980. 
3. Harding, J.E., Dowling, P.J., Agelidis, N.E. Conference on: Buckling of Shells in Offshore Structures. London 23–24 April 1981. 
Granada, London 1981. 
4. Samuelson, Ä., Vestergren, P.: Analysis of Axially Loaded Stringer Stiffened Circular Cylinders. FFA TN HU-2134, 1979. 
5. Dowling, P.J., Harding, J.E., Fahy, W., Agelidis, N.: Report on the Testing of Large and Small Scale Stiffened Shells Under Axial 
Compression. Department of Energy, report No OT-R-8107. 
6. Sridharan, S., Walker, A.C.: Experimental Investigation of the Buckling Behaviour of Stiffened Cylindrical Shells. Department of 
Energy, report No OT-R-7835. London 1980. 
7. Nelson, H.M., Green, D.R., Phillips, D.V.: Buckling Studies of Large Diameter Stiffened Tubes. Department of Energy, report No 
OT-R-7838. Department of Civil Engineering, Glasgow University 1980. 
8. Valsgard, S., Steen, E.: Simplified Strength Analysis of Narrow Panelled Stringer Stiffened Cylinders Under Axial Compression 
and Lateral Load. Progress report No 4. DnV Report No 80–0590. 
9. Miller, C.D.: Commentary on the Nov 13, 1979 Edition of Appendix — “Metal Containment Shell Buckling Design Methods” of 
the ASME Boiler and Pressure Vessel Code Section III - Division 1. Chicago Bridge & Iron Co., Dec 1979. 
10. Second International Conference on Behaviour of Offshore Structures. Imperial College, London 28–31 Aug 1979. 
11. Annual Technical Session and Meeting of the Structural Stability Research Council 30–31 March 1982, New Orleans, LA. 



12. Det Norske Veritas: Rules for the Design, Construction and Inspection of Fixed Offshore Structures. Oslo 1974 and 1977. 
13. Cases of ASME Boiler and Pressure Vessel Code, Case N-284. Aug 25 1980. 
14. Block, D.L., Card, M.F., Mikulas Jr, M.M.: Buckling of Eccentrically Stiffened Orthotropic Cylinders. NASA TN D-2960. 
15. Esslinger, M., Geier, G.: Buckling and Postbuckling Behaviour of Discretely Stiffened Thinwalled Circular Cylinders. Z. 
Flugwiss. 18, Heft 7, 1970. 
16. Singer, J.: Buckling of Integrally Stiffened Cylindrical Shells - a Review of Experiment and Theory Contributions to the Theory of 
Aircraft Structures. Delft University Press, 1972. pp. 325–357. 
17. Miller, C.: Buckling Stresses of Ring and Stringer Stiffened Cylindrical Shells under Axial Compressive Load. 
18. Walker, A.C., Anronicou, A., Sridharan, S.: Theoretical Analysis of Stringer and Ring Stiffened Shells. Buckling of Shells in 
Offshore Structures, Granada, London 1981 
19. Vestergren, P.: Buckling Analysis of Stiffened Cylindrical Shells. User’s manual for BC01. 
20. Dowling, P.J., Ho, T.: Effect to Initial Deformations on the Strength of Axially Compressed Cylindrical Panels. Inst. Mech. Eng. 
C9/79. 
21. Bushnell, D.: Stress Stability and Vibration of Complex Branched Shells of Revolution. Analysis and user’s manual for BOSOR, 
Report No LMSC-D-243605, March 1972. 
22. Bushnell, D.: Stress, Buckling and Vibration of Prismatic Shells. AIAAJ. Volume 9 No 10, Oct. 1971. 
23. Almroth, B.O., Brogan, F.A., Miller, E., Zele, F., Peterson, H.T.: Collapse Analysis for Shell of General Shape. II User’s Manual 
for the STAGS-A Computer Code. Air Force Flight Dynamics Lab., Wright Patterson AFB, AFFDL-TR-71–8, March 1973. 
24. Cohen, G.A.: User Document for Computer Programs for Ring-Stiffened Shells of Revolution. NASA CR-2086, March 1973. 
25. Ball, R.E.: A Program for the Non-Linear Static and Dynamic Analysis of Arbitrarily Loaded Shells of Revolution. Paper 
presented at the Conference on Computer oriented analysis of Shell Structures, August 10–14 1970. Lockheed MSC Palo Alto Calif. 
26. Stricklin, J.A., Haisler, W.E., von Riesemann, W.A.: Formulation, Computation and Solution Procedures for Material and/or 
Geometric Nonlinear Structural Analysis by the Finite Element Method. SC-CR-7 2 31 02. Sandia Laboratories, Albuguerque, New 
Mexico, July 1972. 
27. Rosen, A., Singer, J.: Vibration of Axially Loaded Stiffened Cylindrical Shells with Elastic Restraints. Int. J. Solids Structures, 
1976, Vol. 12, pp 577–588 Pergamon Press.  
28. Arbocz, J.: Past Present and Future of Shell Stability Analysis. Delft University. Techn. Dept. Aerospace Eng. Report No LR-320. 
May 1981. 
29. Bushnell, D.: BOSOR5 - Program for Buckling of Elastic-Plastic Complex Shells of Revolution Including Large Deflections and 
Creep. J. Computers & Structures, Vol. 6, pp 221–239. Pergamon Press 1976, England.  
30. Richards, D.M.: Shell Buckling Research and Design APPRAISAL PROCEDURES. Buckling of Shells in Offshore Structures, 
Granada, London 1981. 
31. Arbocz, J.: Utilization of STAGS to Determining Knockdown Factors from Measured Initial Imperfections. Delft University. 
Techn. Dept. Aerospace Eng. Report No LR-275, Nov 1978. 
32. Grove, R.B.: Summary of Buckling Tests of Stringer Stiffened Cylinders. Chicago Iron & Bridge Co. April 16, 1981. 
33. Groth, H.: Buckling of Cylinders with Longitudinal Stiffeners Subjected to Axial Compression. FFA TN HU-2184, Dec 1979. 
34. Elishakoff, I., Arbocz, J.: Reliability of Axially Compressed Cylindrical Shells with Random Axisymmetric Imperfections. Delft 
University. Techn. Dept. Aerospace Eng. Report No LR-306, Sept 1980. 
 
 
Sigge Eggwertz (1) and Lars Å. Samuelson (2) 
(1) Bloms Ingeniörsbyrå, PO Box 1080, S-17222, Sundbyberg, Sweden 
(2) The Swedish Plant Inspectorate, PO Box 49306, S-10028, Stockholm, Sweden 
“Design of shell structures with openings subjected to buckling”, Journal of Constructional Steel Research, 
Vol.18, No. 2, 1991, pp. 155-163, doi:10.1016/0143-974X(91)90070-H 
ABSTRACT: Shell structures are often designed to carry compressive loads which may cause buckling. 
Openings and cutouts in the shell are known to reduce the carrying capacity, sometimes to a substantial degree. 
Although extensive research has been devoted to the problem, very few attempts have been made to incorporate 
the results into existing design codes. One reason for this may be the fact that even the design of simple shell 
elements under uniform loading conditions is complex, and the emphasis has been to develop design methods 
for these standard cases. The present paper discusses a number of problems associated with cutouts in shells 
subjected to buckling. Simple design rules are proposed based on theoretical (finite element analysis or 
equivalent) and experimental results. 
 
 
Lars A. Samuelson (The Swedish Plant Inspectorate, Stockholm, Sweden, Chairman, ECCS TWG 8.4), “The 
ECCS Recommendations on shell stability, Design Philosopy and Practical Applications” in Buckling of shell 
structures, on land, in the sea, and in the air, edited by J. F. Jullien, Elsevier Applied Science Publishing Co., 
Inc., New York, 1991 



PARTIAL ABSTRACT: Rules for design of structures with respect to buckling have existed for a long time. 
The stability behavior of columns and plates is fairly well known among engineers and design methods are 
available for many of the problems arising in practical applications. Shell buckling has been studied intensively 
during the last decades and the behavior is now fairly well known. The tendency of shells to be imperfection 
sensitive has caused problems in defining a safe design procedure and the code cases developed up till the 
present time are fairly limited in scope. This fact has also resulted in a reluctance to address other practical 
problems such as the effect of local disturbances because “we do not even have sufficient knowledge on how to 
design shells subjected to uniform loads”. Such special problems have so far been left to the designer to solve 
through, for instance, testing, rigourous nonlinear analysis or alternative design avoiding the problems…. 
 
 
N. Yamaki, “Influence of prebuckling deformations on the buckling of circular cylindrical shells under external 
pressure (Prebuckling deformations influence on circular cylindrical shell buckling under external pressure, 
applying Galerkin method to Donnell equations)”, Tohoku University, Institute Of High Speed Mechanics, 
Reports. Vol. 21, pp. 81-104. 1970 
 
N. Yamaki, et al, “Buckling of circular cylindrical shells under compression, Report 3”, The reports of the 
Institute of High Speed Mechanics, …, 1972 
 
N. Yamaki and J. Tani, “Postbuckling Behaviour of Circular Cylindrical Shells under Hydrostatic Pressure”, 
ZAMM - Journal of Applied Mathematics and Mechanics / Zeitschrift für Angewandte Mathematik und 
Mechanik, Vol. 54, No. 10, 1974, pp. 709–714, doi: 10.1002/zamm.19740541006 
ABSTRACT: Applying the Galerkin procedure to the Donnell basic equations, solutions of exact nature are 
obtained for the postbuckling behavior of circular cylindrical shells under hydrostatic pressure. Through 
detailed calculations, connections of the edge shortening, deflection and volume change with applied pressure 
are clarified for a wide range of shell geometries. The results here obtained are ascertained to be in good 
agreement with experimental results. 
 
 
J. Tani (Institute of High Speed Mechanics, Tohoku University, Sendai, Japan), “Buckling of Truncated Conical 
Shells Under Combined Axial Load, Pressure, and Heating”, Journal of Applied Mechanics, Vol. 52, No. 2, pp. 
402-408, June 1985, DOI: 10.1115/1.3169061 
ABSTRACT: On the basis of the Donnell-type shell equations with the effect of nonlinear prebuckling 
deformations taken into consideration, a theoretical analysis is performed on the buckling of clamped truncated 
conical shells under two loads combined out of uniform pressure, axial load, and uniform heating. The problem 
is solved by a finite difference method. It is found that the interaction curves of buckling loads are changed 
remarkably by the difference in the shape of conical shells. This is due to the large nonlinear prebuckling 
deformation and the difference in the buckling mode between two cases of single load. 
 
 
Peilin Luo (Department of Naval Architecture & Ocean Engineering, Harbin Shipbuilding Engineering 
Institute) | Hongwu Luo (Department of Naval Architecture & Ocean Engineering, Harbin Shipbuilding 
Engineering Institute) | Fushang Tong (Department of Naval Architecture & Ocean Engineering, Harbin 
Shipbuilding Engineering Institute), “The Influence of Prebuckling Deformations And Stresses On the Buckling 
of the Spherical Shell”, International Journal of Offshore and Polar Engineering, Vol. 1, No. 4, 1991 
ABSTRACT: From Von Karman''s large deflection equation of the plate and by assuming that a plate has an 
initial deflection in the form of a spherical cap, the equilibrium equation of a spherical cap subjected to 
hydrostatic pressure is obtained, simplified and solved in the same way as an equilibrium equation of a beam on 
an elastic foundation subjected to axial and lateral loads. The influence of pre-buckling deformations and 
stresses on the buckling of the spherical shell may be evaluated, and the relation between the buckling strength 
of the spherical shell and the column is obtained by analyzing the buckling problem of the beam on an elastic 
foundation. The formula presented for calculating the stability of the spherical shell gives a lower limit of 
buckling pressure and is in good agreement with test data recorded in the literature. 



 
 
E.F. Masur (Department of Materials Engineering University of Illinois at Chicago Circle, Chicago, Illinois 
60680 USA), “Buckling, post-buckling and limit analysis of completely symmetric elastic structures”, 
International Journal of Solids and Structures, Vol. 6, No. 5, May 1970, pp. 587-604, 
doi:10.1016/0020-7683(70)90032-6 
ABSTRACT: The buckling mode of a structure is defined to be symmetric if its sign is indefinite; this happens 
when the potential energy expansion near the buckling point does not contain terms which are cubic in the 
buckling mode. If, in addition, the cubic terms vanish identically for all possible modes then the structure is 
defined to be “completely symmetric”. Many structures of technical significance are included in this definition, 
such as columns, plates, frameworks, etc. If certain technically realistic order-of-magnitude assumptions are 
made, the analysis of the buckling and post-buckling behavior of completely symmetric structures can be 
carried out in great generality. For example, it is shown in the present paper that structures of this type buckle 
under increasing loads and are therefore insensitive to initial imperfections. The post-buckling state is 
characterized by the satisfaction of a minimum complementary energy principle, which represents an extension 
of the corresponding classical principle into the nonlinear domain. Moreover, the energy can be bracketed 
between upper and lower bounds and an error estimate is thus established at least in an averaging sense. Under 
certain circumstances the load approaches a finite value as the structure approaches collapse. This collapse load 
can also be bracketed between classes of “statically admissible” load parameters (representing lower bounds) 
and “kinematically admissible” load parameters (representing upper bounds). The gap between these bounds 
can be reduced arbitrarily. The example of a slender statically indeterminate beam subjected to lateral and 
torsional buckling is introduced to demonstrate the general principles developed in the paper. 
 
 
E. F. Masur and D. L. C. Lo (University of Illinois, Chicago, Illinois), “The Shallow Arch—General Buckling, 
Postbuckling, and Imperfection Analysis”, Mechanics Based Design of Structures and Machines: An 
International Journal, Vol. 1, No. 1, 1972, pp. 91 – 112, doi: 10.1080/03601217208905335 
ABSTRACT: A general discussion of the behavior of the shallow circular arch is presented. It is shown that, 
irrespective of specific loading or boundary conditions, it is possible to arrive at general conclusions regarding 
buckling, postbuckling, and imperfection sensitivity. General methods of analysis are established which lead to 
the determination of points of bifurcation and of postbuckling paths under symmetric loads. Modifications 
accounting for antisymmetric load components are introduced, with special emphasis on their asymptotic and 
limit load effect. 
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“On the use of the complementary energy in the solution of buckling problems”, International Journal of Solids 
and Structures, Vol. 12, No. 3, 1976, pp. 203-216, doi:10.1016/0020-7683(76)90063-9 
ABSTRACT: A systematic derivation of the expression for the complementary energy in elastic buckling 
problems is presented. Compatibility is identified with variation with respect to the stress components, and the 
resulting eigenvalue problem is shown to be equivalent to, and sometimes more convenient than, the 
corresponding formulation in terms of the potential energy. Similarly, approximate techniques may lead to 
better as well as simpler estimates, whose upper bound property can, however, be assured only through 
appropriate safeguards. The method is applied in some detail to buckling of columns of arbitrary boundary 
conditions and axial force distribution. Another example is the problem of lateral beam buckling, with the effect 
of warping restraint included. In both cases (and presumably in many others) the complementary energy 
formulation is of lower order than the conventional potential energy formulation, and it is clear that the same 
simplification should also apply to finite elements or other discrete formats. The method is restricted to the 
(technically significant) case of a linear prebuckling state. 
 
 



David Bushnell, “Axisymmetric deformation of a shallow spherical cap clamped at the edge and submitted to 
uniform external pressure”, Chapter 1 in Some Problems in the Theory of Thin Shells, Ph.D dissertation, 
Aeronautics and Astronautics, Stanford University, Stanford, California, February 1965 
ABSTRACT: In Chapter 1 a shallow spherical cap clamped at the edge and subjected to uniform external 
pressure is studied. This non-linear problem is approached from the equilibrium and the potential energy points 
of view. In both approaches the dependent variables, which are the displacement components of points on the 
middle surface, are expanded in trigonometric series each of whose terms satisfies the boundary and symmetry 
conditions. Undetermined coefficients of the terms in the series are evaluated by solving the set of non-linear 
algebraic equations which is generated in the equilibrium approach by direct substitution and in the potential 
energy approach by minimization of the total potential. Load-deflection curves are established for various cap 
geometries, and the stability curve is obtained by plotting the values of the pressure for which the load-
deflection curves have maximua versus a parameter LAMBDA-squared which describes the geometry of the 
cap. The early post-buckled behavior is explored and the effect of deviations from sphericity on the critical 
pressure determined. A limited investigation is made of the effect of small non-linear terms in the meridional 
strain-displacement expression on the stability and early post-buckling characteristics of shallow clamped caps. 
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revolution”, Lockheed Missiles and Space Co. Final Rept. Jun 1967-Sep 1968, September 1968,  
DTIC Accession Number : AD0698204, Handle / proxy Url : http://handle.dtic.mil/100.2/AD698204  
ABSTRACT: The finite-difference method is used for the nonlinear analysis of shells of revolution consisting 
of elastic shell segments of various geometries and wall constructions joined by elastic rings. The analysis and 
associated digital computer program were developed in response to the need for a better design tool for practical 
shell structures. Numerical results are presented for displacement and stress distributions in various pressure 
vessels. Particular emphasis is given to systems in which nonlinear effects are important and may influence the 
design. Values calculated with linear theory are compared with those from nonlinear theory. 
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David Bushnell, Bo. O. Almroth and Frank Brogan (Lockheed Palo Alto Research Laboratory, Palo Alto, 
California, U.S.A.), “Finite-difference energy method for nonlinear shell analysis”, Computers & Structures, 
Vol. 1, No. 3, October 1971, pp. 361-387, doi:10.1016/0045-7949(71)90020-4 
ABSTRACT: Two computer programs, BOSOR3 and STAGS, have been developed for the general analysis of 
shells. These programs are based on a finite-difference energy method. BOSOR3 performs stress, stability and 
vibration analyses of ring-stiffened, segmented shells of revolution with various wall constructions. STAGS 
performs similar analyses for shells of general shape. The analysis on which both programs are based is similar 
to the finite-element method in that extensive use is made of matrix algebra in the development of the governing 
equations. These equations are derived by the digital computer in terms of mesh point displacement variables. 
Several example cases from BOSOR3 and STAGS are given. Effects are shown of various finite-difference 
schemes, comparison with finite-element results, and complex nonlinear behavior involving large deflections 
and redistribution of stress during loading. 
 
 
David Bushnell (Lockheed Missiles and Space Company, Palo Alto, California USA), “Analysis of buckling 
and vibration of ring-stiffened, segmented shells of revolution”, International Journal of Solids and Structures, 
Vol. 6, No. 1, January 1970, pp. 157-181, doi:10.1016/0020-7683(70)90087-9 
ABSTRACT: An energy formulation is used in conjunction with the method of finite differences to develop 
equations leading to buckling loads and vibration frequencies of segmented elastic shells of revolution 
supported by rings which are treated as discrete elastic structures. A quadratic form for the total potential and 



kinetic energy is derived through extensive use of matrix methods. The development is similar to that used in 
the finite element method, and is ideally suited for programming on the digital computer. Numerical results are 
presented in which two types of finite difference approximations are compared, and convergence properties of 
eigenvalues and eigenvectors are explored. 
 
 
David Bushnell (Lockheed Missiles and Space Company, Palo Alto, California USA), “Stress, Stability, and 
Vibration of Complex Branched Shells of Revolution: Analysis and User's Manual for BOSOR4”, Lockheed 
Missiles & Space Co final report, 1 Oct. 1970 – 30 Sep. 1971, Report date: March 1972, 
Handle / proxy Url : http://handle.dtic.mil/100.2/AD748639  
ABSTRACT: A comprehensive computer program BOSOR4 for the stress, stability, and vibration analysis of 
segmented, ring-stiffened, branched shells of revolution is presented. The program includes nonlinear prestress 
effects and is very general with respect to geometry of meridian, shell wall design, edge conditions, and 
loading. Despite its generality the program is easy to use. Branches are provided such that for commonly cases 
the input data involve only basic information such as geometrical and material properties. The computer 
program has been verified by comparisons with other known solutions and test results. This manual consists of 
several sections in which the program scope is described, the analysis on which it is based is given, the flow of 
calculations is outlined, the input data are defined with sample cases, various possible pitfalls are emphasized, 
and sample list and plot output are given and described. 
 
 
David Bushnell, Bo. O. Almroth and Frank Brogan (Lockheed Palo Alto Research Laboratory, Palo Alto, 
California, U.S.A.), “Finite-difference energy method for nonlinear shell analysis”, Computers & Structures, 
Vol. 1, No. 3, October 1971, pp. 361-387, doi:10.1016/0045-7949(71)90020-4 
ABSTRACT: Two computer programs, BOSOR3 and STAGS, have been developed for the general analysis of 
shells. These programs are based on a finite-difference energy method. BOSOR3 performs stress, stability and 
vibration analyses of ring-stiffened, segmented shells of revolution with various wall constructions. STAGS 
performs similar analyses for shells of general shape. The analysis on which both programs are based is similar 
to the finite-element method in that extensive use is made of matrix algebra in the development of the governing 
equations. These equations are derived by the digital computer in terms of mesh point displacement variables. 
Several example cases from BOSOR3 and STAGS are given. Effects are shown of various finite-difference 
schemes, comparison with finite-element results, and complex nonlinear behavior involving large deflections 
and redistribution of stress during loading. 
 
 
David Bushnell (Lockheed Missiles and Space Company, Palo Alto, California USA), “  Local and general 
buckling of axially compressed semi-sandwich, corrugated, ring-stiffened cylinders (Axially compressed semi-
sandwich corrugated ring-stiffened cylindrical shell crippling local buckling and general instability prediction 
by finite difference energy method)”, AIAA Aerospace Sciences Mereting, San Diego, California, 17-19 
January, 1972 
ABSTRACT: A finite-difference energy method is used for prediction of crippling, local buckling, and general 
instability. Reasonably good agreement is obtained between test and theory for shells that cripple due to pure 
axial compression, shells that cripple due to axial compression combined with hoop compression induced by 
local radial restraint at rings and boundaries, shells that buckle locally due to axial load path eccentricity, and 
shells that buckle between ring stiffeners. Crippling loads are calculated by treatment of a portion of the 
corrugation-sheet combination as a shell of revolution with radius very large compared with a typical dimension 
of the corrugation. Critical loads for buckling between rings are rather strongly dependent on boundary 
conditions, load eccentricity, and length of cylinder, even for cylinders with many bays. 
 
 
David Bushnell (Lockheed Missiles and Space Company, Palo Alto, California USA), “Large deflection elastic-
plastic creep analysis of axisymmetric shells”, Numerical solution of nonlinear structural problems; Proceedings 
of the Symposium, Detroit, Mich ; United States; 11-15 Nov. 1973. pp. 103-138. 1973 



ABSTRACT: An iterative procedure for solving axisymmetric shell problems involving large deflections and 
nonlinear material behavior is described. Deformation theory and incremental flow theory with isotropic strain 
hardening and secondary creep are both included as analysis branches in a computer program called BOSOR5 
for the treatment of axisymmetric shells. Numerical examples show that the deformation theory is surprisingly 
accurate, even if the material is loaded nonproportionally. The iteration method seems to be reliable and 
generally permits accurate determination of deformations even if very large load increments are used in the 
analysis. Axisymmetric stresses and displacements are calculated for centrally loaded circular plates and creep 
buckling analyses performed for axially compressed elastic-plastic cylinders and columns. 
 
 
David Bushnell (Lockheed Missiles and Space Company, Palo Alto, California USA), “Stress, stability and 
vibration of complex, branched shells of revolution”, Computers & Structures, Vol. 4, No. 2, March 1974, 
pp.399-424, doi:10.1016/0045-7949(74)90066-2 
ABSTRACT: A comprehensive computer program, designated BOSOR4, for analysis of the stress, stability and 
vibration of segmented, ring-stiffened, branched shells of revolution and prismatic shells and panels is 
described. The program performs large-deflection axisymmetric stress analysis, small-deflection nonsymmetric 
stress analysis, modal vibration analysis with axisymmetric nonlinear prestress included, and buckling analysis 
with axisymmetric or nonsymmetric prestress. One of the main advantages of the code is the provision for 
realistic engineering details such as eccentric load paths, internal supports, arbitrary branching conditions, and a 
‘library’ of wall constructions. The program is based on the finite-difference energy method which is very 
rapidly convergent with increasing numbers of mesh points. The organization of the program is briefly 
described with flow of calculations charted for each of the types of analysis. Overlay charts and core storage 
requirements are given for the CDC 6600, IBM 370/165, and UNTVAC 1108 versions of BOSOR4. A large 
number of cases is included to demonstrate the scope and practicality of the program period. 
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“An experimental and theoretical investigation of elastic and elastic-plastic asymmetric buckling of cylinder-
cone combinations subjected to uniform external pressure”, Archive of Applied Mechanics, Vol. 43, No. 6,  
1974, pp.345-358, doi: 10.1007/BF00532134 
ABSTRACT: Experimental buckling pressures are given in the paper for six cylinder-cone combinations which 
were carefully machined and stress-relieved and then tested under uniform external pressure. Failure in all cases 
occurred by asymmetric buckling (i.e. with circumferential waves); although some failures were elastic, others 
were elastic-plastic. Theoretical buckling pressures for the models (assumed perfect) were obtained from a 
variational finite-difference formulation of the problem which has been incorporated into a comprehensive 
digital computer program. The agreement between theory and experiment was very satisfactory and may be 
summarized as: (i) for elastic buckling, it was within 5% and (ii) for elastic-plastic buckling, it was within 2%. 
This latter figure is surprisingly good. With regard to the repeatability of experimental results, the tests 
conducted so far have agreed to within 3%. 
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David Bushnell (Lockheed Missiles and Space Company, Palo Alto, California USA), “Bifurcation buckling of 
shells of revolution including large deflections, plasticity and creep”, International Journal of Solids and 
Structures, Vol. 10, No. 11, November 1974, pp. 1287-1305, doi:10.1016/0020-7683(74)90073-0 
ABSTRACT: A summary is first presented of the conceptual difficulties and paradoxes surrounding plastic 
bifurcation buckling analysis. Briefly discussed are nonconservativeness, loading rate during buckling, and the 
discrepancy of buckling predictions with use of J2 flow theory vs J2 deformation theory. The axisymmetric 
prebuckling analysis, including large deflections, elastic-plastic material behavior and creep is summarized. 
Details are given on the analysis of nonsymmetric bifurcation from the deformed axisymmetric state. Both J2 
flow theory and J2 deformation theory are described. The treatment, based on the finite-difference energy 
method, applies to layered segmented and branched shells of arbitrary meridional shape composed of a number 
of different elastic-plastic materials. Numerical results generated with a computer program based on the 
analysis are presented for an externally pressurized cylinder with conical heads. 
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“Comparisons of test and theory for nonsymmetric elastic-plastic buckling of shells of revolution”, International 
Journal of Solids and Structures, Vol. 10, No. 11, November 1974, pp. 1271-1286, 
doi:10.1016/0020-7683(74)90072-9 
ABSTRACT: Experimental and analytical buckling pressures are presented for very carefully fabricated thin 
cylindrical shells with 45, 60 and 75° conical heads and for cylindrical shells with torispherical heads pierced by 
axisymmetric cylindrical nozzles of various thicknesses and diameters. Nonsymmetric buckling occurs at 
pressures for which some of the material is loading plastically in the neighborhoods of stress concentrations 
caused by meridional slope discontinuities. The buckling pressures for the cone-cylinder vessels are predicted 
within 2.6 per cent and for the pierced torispherical vessels within 4.4 per cent with use of BOSOR5, a 
computer program based on the finite difference energy method in which axisymmetric large deflections, 
nonlinear material properties and nonsymmetric bifurcation buckling are accounted for. The predicted buckling 
pressures of the pierced torispherical specimens are rather sensitive to details of the analytical model in the 
neighborhood of the juncture between the nozzle and the head. The buckling pressures of the cone-cylinder 
vessels can be accurately predicted by treatment of the wall material as elastic, enforcement of the full 
compatibility conditions at the juncture in the prebuckling analysis, and release of the rotation compatibility 



condition in the bifurcation (eigenvalue) analysis. 
 
 
David Bushnell (Lockheed Missiles and Space Company, Palo Alto, California USA), “Buckling of elastic-
plastic shells of revolution with discrete elastic-plastic ring stiffeners”, International Journal of Solids and 
Structures, Vol. 12, No. 1, 1976, pp. 51-66, doi:10.1016/0020-7683(76)90072-X 
ABSTRACT: The theory is summarized for axisymmetric prebuckling and nonsymmetric bifurcation buckling 
of ring-stiffened shells of revolution. The analysis is based on finite difference energy minimization in which 
moderately large meridional rotations, elastic-plastic effects, and primary or secondary creep are included. This 
theory is implemented in a computer program called BOSOR5, for the analysis of segmented and branched 
ring-stiffened shells of revolution of multi-material construction. Comparisons between test and theory are 
given for axisymmetric collapse and nonsymmetric bifurcation buckling of 69 machined ring-stiffened 
aluminum cylinders submitted to external hydrostatic pressure. Because most of the cylinders fail at an average 
stress which corresponds to the knee of the stress-strain curve, the analytical predictions are not very sensitive 
to modeling particulars such as nodal point density or boundary conditions. Agreement between test and theory 
is improved if the analytical model reflects the fact that the shell and rings intersect over finite axial lengths. 
 
 
David Bushnell (Lockheed Missiles & Space Company, Inc., Palo Alto Research Laboratory, Palo Alto, CA 
94304, U.S.A), “B0S0R5—program for buckling of elastic-plastic complex shells of revolution including large 
deflections and creep”, Computers & Structures, Vol. 6, No. 3, June 1976, pp. 221-239, 
doi:10.1016/0045-7949(76)90034-1 
ABSTRACT: B0S0R5 can handle segmented and branched shells with discrete ring stiffeners, meridional 
discontinuities, and multi-material construction. The shell wall can be made up of as many as six layers, each of 
which is a different nonlinear material. In the prebuckling analysis large-deflection axisymmetric behavior is 
presumed. Bifurcation buckling loads are computed corresponding to axisymmetric or nonaxisymmetric 
buckling modes. The strategy for solving the nonlinear prebuckling problem is such that the user obtains 
reasonably accurate answers even if he uses very large load or time steps. B0S0R5 has been checked by means 
of numerous runs in which the results have been compared to other analyses and to tests. The prebuckling and 
plastic bifurcation (eigenvalue) analyses are described, with the most important equations given. These 
equations are derived from a finite difference energy method. The strategy for solving problems simultaneously 
involving large deflections, elastic-plastic material behavior, and primary and secondary creep permits the use 
of rather large time and load steps without undue sacrifice in accuracy. This strategy is based on a 
subincremental iteration method in which the size of the subincrement is automatically determined such that the 
change in stress is less than a certain prescribed percentage of the effective stress. The theoretical treatment of 
discrete ring stiffeners, the material of which is elastic-plastic and can creep according to a primary or 
secondary creep law, is also given. Discrete rings of arbitrary cross-section are considered to be assemblages of 
thin rectangular elements. The structure of the B0S0R5 computer program, which runs on the CDC 6600 and on 
the UNIVAC 1108 and 1110, is described. The paper gives comparisons between test and theory for many 
configurations, including axially compressed cylinders and internally and externally pressurized shells of 
various shapes with and without ring stiffeners. The results of sensitivity studies are given in which the effect 
on predicted critical load of various analytical models of the ring-shell wall intersection area are explored. A 
method of predicting the effect of welding on buckling load is described, and an example involving a ring-
stiffened doubly-curved shell is given. Welding the ring stiffeners to a shell introduces residual stresses and 
geometrical imperfections, both of which reduce the load-carrying capability. 
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David Bushnell (Lockheed Missiles & Space Company, Inc., Palo Alto Research Laboratory, Palo Alto, CA 
94304, U.S.A), “Stress, buckling and vibration of hybrid bodies of revolution”, Computers & Structures, Vol. 7, 
No. 4, August 1977, pp. 517-537, doi:10.1016/0045-7949(77)90016-5 
ABSTRACT: The analysis is applicable to bodies of revolution composed of thin shell segments, thick 
segments and discrete rings. The thin shell segments are discretized by the finite difference energy method and 
the thick or solid segments are treated as assemblages of 8-node isoparametric quadrilateral finite elements of 
revolution. Suitable compatibility conditions are formulated through which these dissimilar segments are joined 
without introduction of large spurious discontinuity stresses. Plasticity and primary or secondary creep are 
included. Axisymmetric prebuckling displacements may be moderately large. The nonlinear axisymmetric 
problem is solved in two nested iteration loops at each load level or time step. In the inner loop the 
simultaneous nonlinear equations corresponding to a given tangent stiffness are solved by the Newton-Raphson 
method. In the outer loop the plastic and creep strains and tangent stiffness are calculated by a subincremental 
procedure. The linear response to nonaxisymmetric loading is obtained by superposition of Fourier harmonics. 
Many examples are given to demonstrate the scope of the computer program, BOSOR6, derived from the 
analysis and to illustrate certain stress concentration effects in shell-type structures which cannot adequately be 
treated with use of thin shell theory. 
 
David Bushnell, Lockheed Palo Alto Research Laboratory, Palo Alto, California, “A Strategy For The Solution 
Of Problems Involving Large Deflections, Plasticity And Creep”, International Journal for Numerical Methods 
in Engineering, Vol. 11, 683-708 (1977) 
ABSTRACT: A strategy for solving problems involving simultaneously occurring large deflections, elastic-
plastic material behaviour, and primary creep is described. The incremental procedure involves a double 
iteration loop at each load level or time. In the inner loop the material properties are held constant and the non-
linear equilibrium equations are solved by the Newton-Raphson method. These equations are formulated in 
terms of the tangent stiffness. In the outer loop the plastic and creep strains are determined and the tangent 
stiffness properties are updated with use of a subincremental algorithm. The magnitude of each time 
subincrement is determined such that the change in effective stress is less than a preset percentage of the 
effective stress. The strategy is implemented in a computer program, BOSOR5, for the analysis of shells of 
revolution. Examples are given of elastic-plastic deformations of a centrally loaded flat plate and elastic-plastic-
creep deformations of a beam in bending. The major benefits of the subincremental technique are the increased 
reliability with which problems involving non-linear plastic and time-dependent material behaviour can be 
solved and the greatly relaxed requirement on the number of load or time increments needed for satisfactory 
results. 
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“Elastic plastic buckling of internally pressurized torispherical vessel heads”, Nuclear Engineering and Design 
Vol. 48, Nos. 2-3, August 1978, pp. 405-414, doi:10.1016/0029-5493(78)90087-0 
ABSTRACT: Comparisons of test and theory are presented for the nonaxisymmetric bifurcation buckling of ten 
aluminium vessel heads fabricated and tested by Patel and Gill at the University of Manchester in 1976. In the 
test specimens, the sphere radius was equal to the cylinder diameter and only the torus radius was varied. All 
specimens were of constant internal cylinder diameter to nominal thickness ratio of 531.5. Meridional variation 
of thickness was accounted for in the analysis, which was carried out with the BOSOR5 computer program. The 
analysis includes both material and geometrical nonlinear prebuckling behavior. The results indicate that 
incipient nonsymmetric buckling can be predicted with reasonable accuracy by means of an eigenvalue 
formulation. 
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ABSTRACT: Task I Hygrothermal, viscoelastic plane stress and generalized palne strain analysis codes were 
developed and employed to determine the influence of hygrothermal history on laminate inplane and free edge 
stresses and dimensional stability. Task II Monographs were written on plastic buckling, stability and 
optimization of panels, and buckling of shells. The surveys include many examples of nonlinear collapse and 
bifurcation buckling in which moderately large deflections, nonlinear material effects, and imperfections are 
accounted for. Their purpose is to give the reader a physical 'feel for thin shell behavior that will help him to 
design appropriate tests and perform efficient numerical analyses with existing computer programs for the 
treatemnt of structures composed of thin sections. 
 
 
J.G.A. Croll (Department of Civil and Municipal Engineering, University College, London UK), “Continuum 
perturbation method in the branching analysis of conservative systems”, International Journal of Mechanical 
Sciences, Vol. 13, No. 7, July 1971, pp. 605-613, doi:10.1016/0020-7403(71)90031-2 
ABSTRACT: Techniques for the branching analysis of structural systems possessing a potential function are 
classified according to the order in which the conditions of stationarity, perturbation and discretization are 
imposed. It is shown that the recently developed algorithm for branching analysis of discrete systems, in which 
contraction of the algebraic perturbation equations plays a significant role, has an even closer analogy with the 
related continuum analysis than hitherto supposed. The proposed algorithm for the continuum branching 
analysis is outlined in general terms, and its use is illustrated by reference to the “elastica”. More important than 
the analytical treatment of the resulting differential perturbation equations, however, is that the method 
proposed offers a viable alternative means of deriving practical numerical solution analogues. Broadly, 
numerical analogues derived on the present basis possess all the advantages and disadvantages of the 
generalized finite difference technique over the generalized finite element technique. 
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“Explicit lower bounds for the buckling of axially loaded cylinders”, International Journal of Mechanical 
Sciences, Vol. 23, No. 6, 1981, pp. 331-343, doi:10.1016/0020-7403(81)90063-1 
ABSTRACT: Previously postulated, lower bound estimates of the buckling loads for axially loaded unstiffened 
cylinders are simplified by means of a Donnell-type approximation to provide compact, explicit, analytical 
expressions which could prove particularly suited to design. For a wide range of practical geometric parameters 
these simplified expressions are shown to provide close approximations of the exact lower bound loads and 
associated modes. In addition they allow the independent and significant influence of length to radius, radius to 
thickness, and Poisson's ratio to be isolated, and suggest a convenient means of summarising buckling loads in 
terms of a single composite geometric parameter. 
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Viswanathan, A. V., Soong, T. C., and Miller, R. E. Jr., "Buckling Analysis for Axially Compressed Flat Plates, 
Structural Sections, and Stiffened Plates Reinforced with Laminated Composites," NASA CR-1887, 1971. 
 
Narasimhan, K. Y. and Hoff, N. J.: "Calculation of the Load Carrying Capacity of Initially Slightly Imperfect 
Thin Walled Cylindrical Shells." J. of Appl. Mech., Vol. 38, No.1, pp. 162-171, March 1971. 
doi:10.1115/1.3408738 (or the title is: “Snapping of Imperfect Thin-Walled Circular Cylindrical Shells of Finite 
Length”) 
ABSTRACT: The nonlinear partial differential equations of von Karman and Donnell governing the 
deformations of initially imperfect cylindrical shells are reduced to a consistent set of ordinary differential 
equations. A numerical procedure is then used to solve the equations together with the associated boundary 
conditions and to determine the number of waves at buckling as well as the load-carrying capacity of imperfect 
cylindrical shells of finite length subjected to uniform axial compression in the presence of a reduced restraint 



along the simply supported boundaries. It is found that details of the boundary conditions have little effect on 
the number of waves into which the shell buckles around the circumference. This number is determined 
essentially by the length-to-radius and radius-to-thickness ratios. The absence of an edge restraint to 
circumferential displacement reduces the classical value of the buckling load by a factor of about two. On the 
other hand, shells with these boundary conditions appear to be less sensitive to initial imperfections in the 
shape, and thus the maximal load supported in the presence of unavoidable initial deviations can be the same for 
shells with and without a restraint to circumferential displacements along the edges. 
 
 
A.V. Viswanathan, T.C. Soong and R.E. Miller Jr (Stress Analysis Research, The Boeing Company, Seattle, 
Washington 98124, U.S.A.), “Compressive buckling analysis and design of stiffened flat plates with 
multilayered composite reinforcement”, Computers & Structures, Vol. 3, No. 2, March 1973, pp. 281-297, 
doi:10.1016/0045-7949(73)90018-7 
ABSTRACT: This paper describes an analysis and its application in design for compressive buckling of flat 
stiffened plates considered as an assemblage of linked orthotropic flat plate and beam elements. Plates can be 
multilayered, with possible coupling between bending and stretching. Structural lips and beads are idealized as 
beams. The plate and the beam elements are matched along their common junctions for displacement continuity 
and force equilibrium in an exact manner. Buckling loads are found as the lowest of all possible general and 
local failure modes. The mode shape is used to determine whether buckling is a local or general instability and 
is particularly useful to the designer in identifying the weak elements for redesign purposes. Typical design 
curves are presented for the initial buckling of a hat stiffened plate locally reinforced with boron fiber 
composite. 
 
 
M.S. Anderson, R.E. Fulton, W.L. Heard Jr. and J.E. Walz (NASA Langley Research Center, Hampton, 
Virginia 23365, U.S.A.), “Stress, buckling, and vibration analysis of shells of revolution”, Computers & 
Structures, Vol. 1, Nos. 1-2, August 1971, pp. 157-192, doi:10.1016/0045-7949(71)90009-5 
ABSTRACT: This paper summarizes the major computer programs in existence for the analysis of shells of 
revolution by numerical integration and finite difference procedures. The report describes programs for (1) 
linear and nonlinear analysis of shells subjected to axisymmetric and asymmetric static loads, (2) buckling and 
vibration behavior including effects of axisymmetric nonlinear prestress, and (3) transient response. Extensions 
of these programs which are currently underway and some of the primary assets of both the numerical 
integration and finite difference procedures are discussed. In addition, a summary of the shell theory 
formulation, the numerical approximation, and the solution techniques of a set of programs denoted SALORS 
(Structural Analysis of Layered Orthotropic Ring-Stiffened Shells), developed at the NASA Langley Research 
Center, are described. Stress, vibration, and buckling results from the SALORS program are given for several 
shell configurations having a variety of structural complexities that illustrate the current capability of shell of 
revolution programs. 
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ABSTRACT: Solutions are developed herein for the evaluation of frequency and stability eigenvalues of 
macro-scopically fully anisotropic circular cylindrical shells subjected to nonuniform lateral prestress. Included 
in the analysis is the presence of torsional prestress. The results obtained are applicable to any type of prestress 
which satisfy Dirichlet's conditions for Fourier series. Furthermore, in the manner of Kalnins [3], using the 
procedure outlined herein, similar results could be obtained for general anisotropic shells of revolution. 
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1971   vol. 5  no. 3 pp. 340-353, doi: 10.1177/002199837100500304 
ABSTRACT: Applying Vlasov-Ambartsumyan shell theory to anisotropic and laminated cylinders, equations 
are developed for calculating the stresses in a composite tube under combined axial load, torsion, and internal 
pressure. Comparison to results obtained from exact elasticity theory shows that the shell equations are capable 
of predicting, with a reasonable degree of accuracy, the large stress gradients found in highly anisotropic tubes. 
Thus the shell theory provides the experimentalist with a set of closed form expressions for readily defining the 
proper specimen dimensions for precise characterization of unidirectional and laminated composite tubes. A 
modification to the shell theory, in which the effects of transverse normal strain are included is also discussed. 
Numerical results show that such a modification is necessary for determining stresses induced by free thermal 
expansion. It is also shown that certain classical thin shell kinematic relations are incapable of predicting 
stresses in composite tubes. 
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SSR, Riga. Translated from Mekhanika Polimerov, No. 6, pp. 1057–1063, November–December, 1971) 
ABSTRACT: The results of testing the stability of glass-reinforced plastic cylindrical shells under hydrostatic 
pressure are examined. The initial imperfections and deflections of the shells were directly measured. It is found 
that during loading or in the course of time (under load) the shape of the initial imperfections is transformed. An 
algorithm (see [11]) based on the approximation of the experimental deflection function by a Fourier series is 
used to establish the characteristic coefficients of the series important in connection with the elastic loss of 
stability and progressive buckling of the shell. 
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ABSTRACT: The creep buckling of polyethylene cylindrical shells in axial compression has been investigated. 
The changes in the shape of the shell surface up to loss of stability were measured with a special radial 
deflection gauge. The experimentally determined shape of the buckled surface at discrete moments of time is 
approximated by a double Fourier series. The characteristic coefficients of the series of importance in creep 
buckling are established. From an analysis of the coefficients of the series it follows that the amplitudes of the 



axisymmetric coefficients diminish with time, while those of the coefficients giving a nonaxisymmetric buckled 
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Arturs Kalnins, “Static, Free Vibration, And Stability Analysis Of Thin, Elastic Shells Of Revolution”, Lehigh 
University, Bethlehem PA, Technical rept. Apr 66-Jul 68, October 1968,  
DTIC Accession Number : AD0686446, 
ABSTRACT: This project was undertaken to present workable methods of analyses for thin, elastic shells of 
revolution, and to provide computer programs for performing such analyses. By means of these methods, the 
following problems for a thin, elastic shell of revolution can be solved: (1) stresses and deflections can be 
determined when the shell is subjected to arbitrary mechanical and/or thermal loads; (2) natural frequencies and 
mode shapes can be found for free vibration when the shell is subjected to or is free of prestress; (3) buckling 
loads, according to the classical stability theory, can be found when the shell is subjected to axisymmetric or 
sinusoidal nonsymmetric prestress. 
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Bethlehem, Pa.), “Axisymmetric Behavior of an Elastic Spherical Shell Compressed Between Rigid Plates”,  
J. Appl. Mech., Vol. 37,  No. 3, September 1970, pp. 635-640, doi:10.1115/1.3408592 
ABSTRACT: This paper presents the first phase in the analysis of the  deformation of a shell of revolution 
when it is being crushed by a rigid wall. In this paper, the analysis accounts for finite deflections and rotations 
but assumes that the material remains linearly elastic. The load-deflection behavior is obtained for  a 
hemispherical shell, and it shows that the shell cannot collapse with a flat contact region. The conditions for the 
buckling of the contact region are determined. 
 
 
Arturs Kalnins and V. Biricikoglu (Department of Mechanical Engineering and Mechanics, Lehigh University, 
Bethlehem, Pennsylvania, USA), “Deformation of prestressed thin shells”, Nuclear Engineering and Design, 
Vol. 16, No. 3, July 1971, pp. 343-357, doi:10.1016/0029-5493(71)90020-3 
ABSTRACT: Starting from the equations of a 3-dimensional medium, governing equations for infinitesimal, 
elastic deformations, superimposed upon a prestressed state, are derived for a thin shell. No further 
approximations are made except those of the Kirchhoff hypothesis of shell theory. The equations are referred to 
the prestressed state for which geometry, initial stress, and material properties are assumed known. The final 
equations are listed in terms of physical components of all variables and are referred to the lines of curvature of 
the reference surface of the shell in the prestressed state. They can be used directly for such problems as the 
stability or free vibration of initially stressed shells. 
 
 
D. P. Updike and A. Kalnins (Department of Mechanical Engineering and Mechanics, Lehigh University, 
Bethlehem, Pa.), “Axisymmetric Postbuckling and Nonsymmetric Buckling of a Spherical Shell Compressed 
Between Rigid Plates”, J. Appl. Mech., Vol. 39,  Issue 1, March 1972, pp. 172 –178, doi:10.1115/1.3422607 
ABSTRACT: The authors have previously shown that a thin, complete spherical shell compressed between two 
parallel rigid plates deforms initially with the polar portion of the shell flattened against the plates and that at a 
critical deformation the flat region may buckle into an axisymmetric inward dimple. The present paper presents 
an analysis of the stresses and deflections produced during axisymmetric postbuckling and determines the 
deformation states at which the shell may buckle into a nonsymmetric shape. The analysis accounts for finite 
deflections and rotations, but assumes that the material remains linearly elastic throughout the deformation. An 



experiment shows that both the primary axisymmetric bifurcation point and the secondary nonsymmetric 
bifurcation point are stable for a shell with R/h ~= 40. 
 
 
Arturs Kalnins (Department of Mechanical Engineering and Mechanics, Lehigh University, Bethlehem, 
Pennsylvania 18015, USA), “Vibration and stability of prestressed shells”, Nuclear Engineering and Design, 
Vol. 20, No. 1, June 1972, pp. 131-147l, doi:10.1016/0029-5493(72)90023-4 
ABSTRACT: Thin shells are widely used structural elements and are sometimes subjected to time-dependent 
loads after they have already acquired some prestress. The response of such a shell can be very different from 
that when the prestress is absent. The general methods of calculation of the response of the shell are discussed. 
The stability limit of the shell is viewed as a special result obtained in the free vibration analysis. An example of 
a typical containment shell of a nuclear power plant, housing the reactor, is worked out in detail. 
 
 
A. Kalnins (Department of Mechanical Engineering and Mechanics, Lehigh University, Bethlehem, Pa.), 
“Dynamic Buckling of Axisymmetric Shells”, J. Appl. Mech., Vol. 41,  No. 4, December 1974, pp. 1063 – 
1068, doi:10.1115/1.3423434 
ABSTRACT: A procedure for the analysis of dynamic buckling of axisymmetric shells subjected to 
axisymmetric, periodic loads of long duration is proposed that is based on the calculation of the nonsymmetric 
modes of free vibration and associated mode integrals over the reference surface of the shell. Numerical results 
are presented for the evaluation of dynamic stability of an actual shell that is designed for the cooling system of 
a nuclear power plant. 
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“Dynamic buckling of shells: Evaluation of various methods”, Nuclear Engineering and Design, Vol. 44, No. 3, 
December 1977, pp. 331-356, doi:10.1016/0029-5493(77)90169-8 
ABSTRACT: The problem of dynamic stability is substantially more complex than the buckling analysis of a 
shell subjected to static loads. Even at this date suitable criteria for dynamic buckling of shells, which are both 
logically sound and practically applicable, are not easily available. Thus, a variety of analyses are available to 
the user, encompassing various degrees of complexity, and involving a range of simplifying assumptions. The 
purpose of this paper is to compare and evaluate some of these solutions by applying them to a specific 
problem. A shallow spherical cap, subjected to an axisymmetric, uniform-pressure, step loading, is used as the 
structural example. The predictions, by various methods, of the dynamic buckling of this shell into unsymmetric 
modes, are then investigated and compared. The approximate methods used by Akkas are compared to the more 
rigorous and general solutions of the KSHEL, STARS, DYNASOR, and SATANS computer programs, and the 
various simplifying assumptions utilized are evaluated. Also included in the comparisons, are the predictions of 
the relatively simple “dynamic buckling model” approach of Budiansky and Hutchinson. The approaches 
utilized by the more complex programs [KSHEL (spatial integration, modal superposition, perturbation 
approach), DYNASOR (finite elements, time integration of non-linear dynamic equilibrium equations), 
SATANS (finite differences, pseudo load method, time integration), STARS (spatial and time integration, non-
linear equilibrium or perturbation approaches)] will in turn be compared in terms of accuracy, idealization 
complexity, ease of use, and user expertise and experience required for analysis. The comparisons show that the 
more approximate methods underpredict the dynamic buckling loads for this problem. In addition, some basic 
assumptions of the simpler solutions are found to be invalid. 
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ABSTRACT: The use of numerical integration for the analysis of practical shell-of-revolution structures was 
documented almost simultaneously in the United States by three independent groups of researchers (Cohen, 
Kalnins, Mason et al.). These early efforts have been refined, reformulated, and increased in scope and 
applicability to become major program systems (SRA, Kalnins, STARS). While all three programs utilize 
basically the same mathematical formulation for integrating the shell differential equations, the matrix solution 
procedures from this point are basically different. The purpose of this paper is twofold, as follows: (1) to present 
the differences in solution procedures of the largest system (the Grumman — NASA STARS) from the other 
two, and point out the inherent advantages of this approach; and (2) compare the numerical integration 
procedure, as utilized in the STARS, with finite difference and finite element procedures, noting the relative 
advantages of each in the analysis of shells of revolution for static, buckling, and dynamic loadings. To fulfill 
the above purpose, a brief review of the numerical integration procedure for the analysis of shells of revolution 
is presented, and the matrix solution procedures of the SRA, Kalnins, and STARS programs are contrasted. The 
limitations imposed by the relative procedures are discussed. The unique formulation utilized by STARS for the 
solution of stability and vibration problems, and its advantages, are discussed in detail. The STARS program's 
analytical capabilities, capacity, and user options are compared with those of other major systems utilizing 
either finite differences or finite elements for the analysis of shells of revolution. Comparisons are made in 
terms of program size, program accuracy, number of degrees of freedom required for analysis, ease of 
idealization and user inputs, limitations imposed on analysis capability or output, running time, and so forth. All 
advantages and differences are demonstrated by use of solutions for realistic shell problems in the areas of 
statics, stability (including dead and live load distributions), vibrations, and dynamic response of shells 
subjected to time-dependent loadings. 
 
 
D.B. Simmons, “NASA automatic system for computer program documentation, volume 2 (Computer program 
for dynamic analysis of shells of revolution)” [Final Report], no publisher or date given, ProQuest-CSA 
ABSTRACT: The DYNASOR 2 program is used for the dynamic nonlinear analysis of shells of revolution. The 
equations of motion of the shell are solved using Houbolt's numerical procedure. The displacements and stress 
resultants are determined for both symmetrical and asymmetrical loading conditions. Asymmetrical dynamic 
buckling can be investigated. Solutions can be obtained for highly nonlinear problems utilizing as many as five 
of the harmonics generated by SAMMSOR program. A restart capability allows the user to restart the program 
at a specified time. For Vol. 1, see N73-22129. 
 
 
J. C. Amazigo (Rensselaer Polytechnic Institute, Troy, New York, USA) and W. B. Fraser (The University of 
Sydney, Sydney, NSW, Australia), “Buckling under external pressure of cylindrical shells with dimple shaped 
initial imperfections”, International Journal of Solids and Structures, Vol. 7, No. 8, August 1971, pp. 883-900, 
doi:10.1016/0020-7683(71)90070-9 
ABSTRACT: The approximate load-deflection behavior of a simply supported cylindrical shell subjected to 
external pressure is determined for the case where the shell has a dimple shaped initial deflection. This is 
accomplished by the use of a “two-timing” perturbation expansion applied to the Kármán-Donnell shell 
equations. We show that if the shell is imperfection-sensitive to an initial deflection in the shape of the linear 
buckling mode, then it is also imperfection-sensitive to a dimple imperfection. The degradation in buckling load 
for the dimple imperfection depends linearly upon the initial deflection amplitude epsilon whereas for the modal 
imperfection it is proportional to the two-thirds power of epsilon. 
 
 
R. S. Sendelbeck and N. J. Hoff (Stanford University), “Loading rig in which axially compressed thin 
cylindrical shells buckle near theoretical values”, (A holding and alignment test rig for use when buckling thin 
circular cylindrical shells is described. The consistency of high buckling values is demonstrated along with 
results concerning different holding restrictions), Experimental Mechanics, Vol. 12, No. 8, 1972, pp. 372-376,  
doi: 10.1007/BF02321695 
ABSTRACT: Fifteen near-perfect electroformed nickel cylindrical shells of highR/t ratios have been buckled 
by axial compression using a special loading-rig system. Buckling-stress values averaged 85 percent, and 



ranged from 80 to 96 percent, of the classical theoretical bucklingstress value. The loading rig described in this 
report makes use of a simple procedure for accurately aligning the thin shell with the load axis and, also, for 
maintaining the circularity of the shell at its end by accommodating for slightly different diameters, with the use 
of tapered circular end caps which provide exact fits in each case. The rig also provides a setup in which shells 
may be free to twist, tip and translate, or be restrained from these motions. Comparison between restrained and 
unrestrained tests reveoled no noticeable change in the buckling load. However, with the restraining 
mechanism, slightly higher postbuckling loads, repeated buckling loads and an increased number of 
circumferential waves resulted. 
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P. E. Tovstik (Leningrad, U.S.S.R.), “On the density of the vibration frequencies of thin shells of revolution”, 
PMM vol. 36, No. 2, 1972, pp. 291–300, doi:10.1016/0021-8928(72)90167-0 
ABSTRACT: Thin shells of revolution, closed in the circumferential direction, and with an arbitrary meridian 
shape, are considered. The density of the vibration frequencies is determined by using an asymptotic method of 
integration [1 – 3]. The density of the frequencies in the neighborhoods of condensation points is investigated. 
The question of the density of vibration frequencies of thin shells has been examined in [4 – 7]. Shallow shells 
of rectangular planform were examined in [4, 5]. 
 
 
D. Durban and A. Libai (Department of Aeronautical Engineering, Technion-Israel Institute of Technology, 
Haifa, Israel), “Buckling of a Circular Cylindrical Shell in Axial Compression and SS4 Boundary Conditions”, 
AIAA Journal, vol. 10, no. 7, pp. 935-936 (Abstract not available) 
 
Avinoam Libai (Department of Aeronautical Engineering, Technion-Israel Institute of Technology, Haifa, 
Israel), “The nonlinear membrane shell with application to noncircular cylinders”, International Journal of 
Solids and Structures, Vol. 8, No. 7, July 1972, pp. 923-943, doi:10.1016/0020-7683(72)90007-8 
ABSTRACT: The nonlinear membrane problem is presented in terms of the curvatures and stresses (or strains) 
as field variables. As a part of the formulation, appropriate boundary conditions are studied. The significant 
features of the equations are discussed. Among the topics are included: dependence on initial shape, types of 
equations, ability to clarify anomalities of the linear membrane problem, stability and the membrane edge effect 
problem. A perturbation series scheme for the solution of the equations is also presented. The usefulness of the 
theory in solving practical problems is demonstrated by presenting a solution to the problem of the noncircular 
cylindrical membrane shell under lateral pressure. 
 
 
A. Libai and D. Durban (Department of Aeronautical Engineering, Technion–Israel Institute of Technology, 
Haifa, Israel), “A Method for Approximate Stability Analysis and Its Application to Circular Cylindrical Shells 
Under Circumferentially Varying Edge Loads”, J. Appl. Mech.  -- December 1973 --  Volume 40,  Issue 4, 
December 1973, pp. 971 – 976, doi:10.1115/1.3423196 



ABSTRACT: A procedure is presented which relates the solution of the stability problem for an elastic structure 
subjected to a complex prebuckling stress distribution, to that of a solved stability problem for the same 
structure but with a “simple” stress distribution. The procedure reduces to obtaining the characteristic roots of a 
symmetric matrix. It is then applied to the buckling problem of a circular cylindrical shell subjected to a 
circumferentially varying compressive stress field and boundary conditions of the SS1-2 types. The main result 
is that for the boundary conditions and number of harmonic terms in the edge load taken, the buckling 
parameter approaches, as h/R --> 0, that of a cylinder uniformly subjected to the maximum circumferential 
stress. 
 
 
D. Durban and A. Libai, “Influence of thickness on the stability of circular cylindrical shells subjected to 
nonuniform axial compression”, Israel Journal of Technology. Vol. 14, no. 1-2, pp. 9-17. 1976 
ABSTRACT: The buckling analysis of a circular cylindrical shell under non-uniform axial compression is 
considered, using Donnell's equations with a Galerkin procedure and with boundary conditions of the SS3-SS4 
types. Three problems are studied: (1) It is proven analytically that in the limiting case (h/R tending to zero) the 
eigenvalue for any load distribution approaches that of uniform loading. (2) A numerical parametric study of the 
effects of finite thickness, length and load distributions on the buckling load is presented. (3) The interactions 
among several load distributions are investigated numerically. The numerical results confirm the limiting 
behavior and indicate that a linear interaction formula is justified. 
 
 
A. Libai and D. Durban (Department of Aeronautical Engineering, Technion—Israel Institute of Technology, 
Haifa, Israel), “Buckling of Cylindrical Shells Subjected to Nonuniform Axial Loads”, J. Appl. Mech., Vol. 44,  
No. 4, December 1977, pp. 714 – 720, doi:10.1115/1.3424162 
ABSTRACT: The linear buckling problem of a cylindrical shell subjected to circumferentially varying axial 
edge loads or thermal loads is considered. The case of an oscillatory loading having a cosinusidal form with a 
single arbitrary harmonic index is treated first. Closed-form expressions for the critical eigenvalues are 
obtained, spanning the entire range of the harmonic index. Buckling modes are also presented. An interaction 
law among harmonic loadings based on existing numerical evidence is then postulated. This leads to the 
capability of calculating the buckling load for any given distribution. The method is compared, and good 
agreement is obtained, with published results on the heating of an axial strip. It is then used to calculate the 
buckling of a cylindrical shell subjected to a concentrated axial force. 
 
 
Nuri Akkas and Nelson R. Bauld, Jr. (Department of Engineering Mechanics, Clemson University, Clemson, 
South Carolina, USA), “Buckling and Post-Buckling of Spherical Caps”, ASCE Journal of the Engineering 
Mechanics Division, Vol. 97, No. 3, May/June 1971, pp. 727-739 
ABSTRACT:  The results of a numerical study of the buckling and initial post-buckling behavior of clamped 
shallow spherical shells under axisymmetric band type loads are presented. This behavior is studied, first, for a 
cap with fixed geometry when the radial location of a band load of constant width is allowed to vary; second, 
for a cap with fixed geometry under a uniform pressure distributed over the outer region of the cap; and third, 
for a band load of constant width and radial location when the shell geometry is allowed to vary. It is found in 
each of these studies that, for a significant range of the geometric shell parameter, lambda, the spherical cap 
under axisymmetric band load is imperfection-sensitive.  
 
 
N. Akkas, N. R. Bauld (Department of Engineering Mechanics, Clemson University, Clemson, S. C.), 
“Buckling and Postbuckling Behavior of Clamped Shallow Spherical Shells Under Axisymmetric Ring Loads”, 
Journal of Applied Mechanics, Vol. 38, No. 4, pp. 996-1002, December 1971, DOI: 10.1115/1.3408987 
ABSTRACT: This paper presents the results of a numerical study of the buckling and initial post-buckling 
behavior of clamped shallow spherical shells under axisymmetric ring loads. This behavior is studied for a cap 
with fixed geometry when the location of the ring load is allowed to vary from the equivalent of a concentrated 
load at the apex to a location near the midpoint of the shell base radius, and for a fixed ring load location when 



the shell geometry is allowed to vary. It is found in both studies that a significant range of the geometric shell 
parameter, lambda, exists such that buckling is accompanied by a loss in load-carrying capacity. 
 
 
N. Akkas (Department of Civil Engineering, Clemson University, Clemson, S. C.), “On the Buckling and Initial 
Postbuckling Behavior of Shallow Spherical and Conical Sandwich Shells”, Journal of Applied Mechanics, Vol. 
39, No. 1, pp. 163-171, March 1972, DOI: 10.1115/1.3422606 
ABSTRACT: The boundary-value problems associated with the axisymmetrical, asymmetrical, and initial 
postbuckling behavior of the clamped shallow conical sandwich shell under a uniform pressure are developed 
for face sheets of the same material and equal thicknesses. The numerical results presented show that the 
buckling and initial postbuckling behavior of the sandwich cap is similar to that of the conical homogeneous 
cap. The effects of the thickness and material parameters on the axisymmetric snap-through buckling behavior 
of the clamped shallow spherical and conical sandwich shells are also studied. For one material parameter 
considered the axisymmetric buckling behavior of the sandwich shells is similar to that of the corresponding 
homogeneous shells; so it is suggested that, without any further analysis, the asymmetric buckling and the initial 
postbuckling behavior of the sandwich cap can be obtained by conjecture. For the other material parameters 
considered, the axisymmetric buckling behavior of the sandwich caps is different from the axisymmetric 
buckling behavior of the corresponding homogeneous caps. 
 
 
Nuri Akkas (Department of Civil Engineering, Clemson University, Clemson, South Carolina, U.S.A.), 
“Classical and nonlinear buckling analyses of spherical sandwich shells”, International Journal of Solids and 
Structures, Vol. 8, No. 12, December 1972, pp. 1373-1387, doi:10.1016/0020-7683(72)90085-6 
ABSTRACT: The buckling and initial postbuckling behavior of clamped shallow spherical sandwich shells 
with dissimilar face sheets under a uniform pressure is studied. The numerical results show that the buckling 
and initial post-buckling behavior of clamped shallow spherical sandwich shells with dissimilar face sheets is 
similar to that of the corresponding homogeneous shell. The classical buckling analysis for spherical sandwich 
shells under a uniform pressure is also presented. The results indicate that it is possible to obtain the buckling 
curves of spherical sandwich caps from those of the homogeneous cap using a magnification factor which is 
obtained via the classical buckling analysis, for large values of the sandwich shell parameter. 
 
 
Nuri Akkas (Department of Civil Engineering, Middle East Technical University, Ankara, Turkey), 
“Bifurcation and snap-through phenomena in asymmetric dynamic analysis of shallow spherical shells”, 
Computers & Structures, Vol. 6, No. 3, June 1976, pp. 241-251, doi:10.1016/0045-7949(76)90035-3 
ABSTRACT: The asymmetric dynamic behavior of clamped shallow spherical shells under a uniform step 
pressure of infinite duration is investigated. The solution of a linear eigenvalue problem yields the bifurcation 
paths and also the lower bound for the asymmetric dynamic snap-through buckling pressure. The asymmetric 
dynamic response of shells with a shape imperfection is studied. The asymmetric dynamic snap-through 
buckling load is defined to be the threshold value of the step pressure at which the asymmetric response shows 
significant growth rate. The snap-through buckling loads are obtained for a few shell parameters. The numerical 
results are compared with the available experimental results and they are in good agreement. Finally, a 
preliminary study of the phase planes is presented. 
 
 
E. Karaesmen, L. Ileri and N. Akkas (Department of Engineering Sciences, Middle East Technical University, 
06531 Ankara, Turkey), “Chaotic dynamic analysis of viscoelastic shallow spherical shells”, Computers & 
Structures, Vol. 44, No. 4, August 1992, Pages 851-857, Special Issue: Computational Structures Technology, 
doi:10.1016/0045-7949(92)90471-B 
ABSTRACT: This paper investigates the dynamic behaviour of a shallow, viscoelastic, spherical shell under a 
harmonic excitation. The time evolutions of the response of the corresponding nonlinear dynamical system are 
described by the phase portraits and the bifurcation of the parameter dependent system is studied numerically so 
as to identify qualitative changes in the phase portrait. The viscoelastic shell, having more than one equilibrium 



configuration for some problem parameters, shows periodic and/or randomlike chaotic oscillations under the 
given excitation according to the dimensions of the attracting set. The occurrence and nature of the chaotic 
attractors are verified by evaluating Lyapunov exponents. 
 
 
Nuri Akkas and Ridvan Toroslu, “Snap-Through Buckling Analyses of Composite Shallow Spherical Shells”, 
Mechanics of Composite Materials and Structures, Vol. 6, No. 4, pp. 319-330, 1999 
DOI: 10.1080/107594199305485 
ABSTRACT: The purpose of this work is to present some numerical results on nonlinear, snap-through 
buckling of shallow spherical shells made of laminated composite materials under general static loading. 
Isotropic shells are covered as a special case of the general problem. A special-purpose finite-difference 
computer program has been developed. Moreover, the general-purpose computer program ANSYS has also 
been used. Effects of various material properties on the nonlinear behavior of the shells are investigated. One of 
the conclusions of the study is that ANSYS may yield erroneous results in some cases. Another conclusion is 
that the buckling curves of composite shallow spherical shells have a shape similar to that of the corresponding 
isotropic shell. This finding implies that the geometry of a shell may be an important factor in giving a 
characteristic shape to the buckling curve, at least for the shell parameters considered here. 
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(1) School of Engineering, Baskent University, 06530 Ankara, Turkey 
(2) Department of Civil Engineering, Eastern Mediterranean University, Gazimagusa, TRNC, 33100 Mersin, 
Turkey 
“A novel snap-through buckling behaviour of axisymmetric shallow shells with possible application in 
transducer design”, Computers & Structures, Vol. 79, Nos. 29-30, November 2001, pp. 2579-2585, 
doi:10.1016/S0045-7949(01)00143-2 
ABSTRACT: In this study, the snap-through buckling behaviour of axisymmetric shells, subjected to 
axisymmetric horizontal peripheral load or displacement for various shell parameters and various boundary 
conditions, is investigated. Results obtained seem not to have been reported previously. An application of 
peripheral displacement type of loading is seen in metal-ceramic composite transducers developed by 
sandwiching a piezoelectric (PZT) ceramic between two metal end caps which serve as mechanical transformers 
for converting and amplifying the lateral displacement of the ceramic into an axial motion normal to the metal 
cap. In our numerical search, we have observed that snap-through and snap-back buckling is possible for 
shallow spherical caps for a very narrow range of the shell parameter used. When a hole is opened around the 
apex of the cap, buckling is possible for a larger range of the shell parameter. Obtaining the displacement 
amplification and the blocking or generative force for various material and geometric properties is necessary for 
the possible application of the findings in transducer design. The numerical results are presented in graphical 
forms. 
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“Nonlinear dynamic response of shells of revolution”, ECAS2002 International Symposium on Structural and 
Earthquake Engineering, Middle East Technical University, Ankara, Turkey, October 14, 2002 
ABSTRACT: The nonlinear dynamic buckling behavior of axisymmetric spherical shells subjected to radial 
dynamic edge loading has been investigated. The peripheral dynamic loading is in the form of step loading of 
infinite duration in the time domain. This kind of loading is seen in actuators known as displacement 
transducers, where the radial motion of the edges is converted into a flex-tensional motion in the spherical caps. 
As a result a large displacement is obtained in the perpendicular direction, which may result in snap-through 
buckling. It is theoretically possible to develop magnification mechanisms that produce sizeable displacements 
necessary for actuating functions. For the numerical solution of the problem a computer program, using a 
linearized finite element incremental-iterative approach based on updated Lagrangian formulation is developed, 
and the whole process is accomplished using the Newmark β method as the time integration scheme.  
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Raymond D. Krieg and Samuel W. Key, “Transient shell response by numerical time integration”, International 
Journal for Numerical Methods in Engineering, Vol. 7, No. 3, pp 273-286, 1973 
ABSTRACT: In using the finite element method to compute a transient response, two choices must be made. 
First, some form of mass matrix must be decided upon. Either the consistent mass matrix prescribed by the 
finite element method can be employed or some form of diagonal mass matrix may be introduced. Secondly, 
some particular time integration procedure must be adopted. The procedures available divide themselves into 
two classes: the conditionally stable explicit schemes and the unconditionally or conditionally stable implicit 
schemes. The choices should be guided by both economy and accuracy. Using exact discrete solutions 
compared to the exact solutions of the differential equations, the results of these choices are displayed. Concrete 
examples of well-matched methods, as well as ill-matched methods, are identified and demonstrated. In 
particular, the diagonal mass matrix and the explicit central difference time integration method are shown to be 
a good combination in terms of accuracy and economy. 
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“Prediction of buckling strengths of cylindrical shells from their natural frequencies”, Earthquake Engineering 
& Structural Dynamics, Vol. 2, No. 2, 1973, pp. 107–115. doi: 10.1002/eqe.4290020202 
ABSTRACT: The instability of thin elastic shells still remains the most challenging of all the classical problems 
of the theory of elasticity. It is the aim of this investigation to verify a rational experimental technique for 
predicting the buckling loads of cylindrical tubes under axial load as well as under external radial pressure, by 
measuring their natural frequencies under different loadings. Cylindrical tubes made of Hostaphan (thickness 
0·254 mm and radius 100 mm) were tested under axial load and under external radial pressure in the German 
Air and Space Research Laboratory (Deutsche Forschungsanstalt für Luft und Raumfahrt) at Braunschweig, 
West Germany, and the results compared with an actual buckling test. The tests revealed that the buckling load 
can be predicted satisfactorily by the proposed non-destructive vibration method of testing. 
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“Dynamic Buckling of Cylindrical Shell”, ASCE Journal of the Engineering Mechanics Division, Vol. 97, No. 
3, May/June 1971, pp. 657-671 
ABSTRACT:  The nonlinear, damped dynamic response of a simply supported, nearly circular cylindrical shell 
due to an exponentially decaying, uniform radial pressure is computed for peak pressures and total impulses 
between the static and dynamic buckling limits. The analysis employs Fourier series expansions of the 
dependent variables in the circumferential coordinate, finite difference approximations of the axial derivatives, 
and Newmark’s beta-method for the time integration. All nonlinear coupling between the retained modes is 
included. The inclusion of damping reduces the maximum amplitudes of the dominant modes by approximately 
30%, but stresses larger than the yield stress can occur at peak pressures and total impulses well below the 
dynamic buckling limit. The amplitudes of the static buckling modes are found to be linearly proportional to the 
magnitude of the initial imperfections, but the parametrically excited modes are unaffected by the initial 
imperfections. 
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hemispheres” (Digital computer program used for thin shell buckling analysis of spherical caps under pressure 
loading and truncated hemispheres under axial tension), (no publisher given; csa.com), 1972 
ABSTRACT: A study of the buckling of thin shells was conducted using a digital computer program for the 
geometrically nonlinear analysis of arbitrarily loaded shells of revolution. The objective was an evaluation of 
the program's applicability to bifurcation buckling and imperfection sensitivity analysis. Clamped spherical caps 
under pressure loading and clamped truncated hemispheres under axial tension were investigated. Buckling 
loads were determined for axisymmetric and nearly axisymmetric loads and are compared with previously 
published analytical results based on geometric imperfections. 
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problems” (Computer analysis to three structural shell problems, including linear stress, free vibration, 
bifurcation buckling, elastic and inelastic collapse, and transient response) [Lockheed Missles & Space Co. 
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ABSTRACT: As a part of the Air Force Flight Dynamics Laboratory's program to assess the current U. S. 
capability for computer analysis of shell structures, the Lockheed Palo Alto Research Laboratory prepared and 
distributed to the structures community a series of three sample problems. These problems are intended to be 
representative of current engineering situations. The analyses requested consisted of linear stress, free vibration, 
bifurcation buckling, elastic and inelastic collapse, and linear and nonlinear transient response. Solutions to 
these problems were solicited with the objective of obtaining information that could be used to compare and 
assess contemporary computer-oriented analysis methods. The solutions that were submitted are presented in 
this report. Comparison of the several solutions for each analysis reveals that in general there is good agreement 
for the linear and eigenvalue analyses. For the nonlinear analyses, multiple solutions were received only for the 
transient response problem. Comparison of these solutions shows limited agreement between any of the results. 
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dynamic analysis of arbitrarily loaded shells of revolution”, Computers & Structures, Vol. 2, Nos. 1-2, February 
1972, pp. 141-162, doi:10.1016/0045-7949(72)90025-9 
ABSTRACT: A digital computer program for the geometrically nonlinear static and dynamic response of 
arbitrarily loaded shells of revolution is described. The governing partial differential equations are based upon 
Sanders' nonlinear thin shell theory for the conditions of small strains and moderately small rotations. The 
governing equations are reduced to uncoupled sets of four linear, second order, partial differential equations in 
the meridional and time coordinates by expanding the dependent variables in a Fourier sine or cosine series in 
the circumferential coordinate and treating the nonlinear modal coupling terms as pseudo loads. The derivatives 
with respect to the meridional coordinate are approximated by central finite differences, and the displacement 
accelerations are approximated by the implicit Houbolt backward difference scheme with a constant time 
interval. At every load step or time step each set of difference equations is repeatedly solved, using an 
elimination method, until all solutions have converged. Results from the program are compared to previously 
published data for several problems, and the versatility, efficiency, and limitations of the program are candidly 
evaluated. 
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No.3, August 1972, pp. 925-929, doi:10.1115/1.3428272 
ABSTRACT: A comparison between the linear and nonlinear seismic analysis of a thin unreinforced steel 
reactor containment vessel is presented. The effects of the nonlinear coupling between the low Fourier harmonic 
excitations and the higher Fourier harmonics producing an ovalling response are examined. Imperfection shapes 
of the containment vessel are employed to provide the mechanism for this response. 
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ABSTRACT: The dynamic behavior of clamped shallow spherical shells subjected to axisymmetric and nearly 
axisymmetric step-pressure loads is examined using a digital computer program for the geometrically nonlinear 
static and dynamic analysis of arbitrarily loaded shells of revolution. A criterion for dynamic buckling under the 
nearly axisymmetric load is proposed and critical buckling pressures are determined for a large range of shell 
sizes. 
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“A comparison of computer results for the dynamic response of the LMSC truncated cone”, Computers & 
Structures, Vol. 4, No. 3, May 1974, pp. 485-498, doi:10.1016/0045-7949(74)90002-9 
ABSTRACT: Solutions from five computer codes for both the linear and the geometrically nonlinear response 
of an impulsively loaded, truncated elastic cone are presented. The codes used are DYNAPLAS (Von 
Riesemann), REPSIL (Huffington), SATANS (Ball), SHORE (Underwood), and SMERSH (Hubka). 
Displacements and strains at two locations on the shell are plotted for the period 0 - 1500 micro sec. The 
solutions are presented to illustrate the state of the art of linear and nonlinear dynamic response computations of 
shell structures and to provide users of other codes an opportunity to compare results. The five codes provide 
essentially identical linear results for all quantities except the meridional strain at the outer surface. There is fair 
agreement between the nonlinear results for the first 750 micro sec; for later times the solutions, except for 
DYNAPLAS and SATANS, progressively diverge. Thus, the linear analysis appears to be well in hand, but the 
nonlinear problem cannot be considered solved. Additional studies are required to determine the cause(s) of the 
differences between the nonlinear results. 
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buckling of structures”, (no publisher given: ProQuest-CSA link: csa.com), 1975, pp. 299-321 
ABSTRACT: Computer programs are considered for the dynamic buckling of beam, plate, and shell type 
structures due to deterministic forces. The material presented is intended to assist the analyst in selection of the 
proper software and in the development of a meaningful numerical model for dynamic buckling. Several 
examples of dynamic buckling are described to illustrate the various aspects that must be considered such as 
snap buckling, asymmetric buckling, and parametric resonance. The most common methods of solution are 
briefly discussed and some modeling guidelines are given. Most of the public and commercially available 
programs for the geometrically nonlinear, dynamic analysis of thin beam, plate, and shell structures are 
described in detail. User evaluations are also listed. 
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“Fluid Mass Matrices for Thin Shell-of-Revolution Tanks”, J. Pressure Vessel Technology, Vol. 102,  No. 4, 
November 1980, pp. 387 – 393, doi:10.1115/1.3263349 
ABSTRACT: This paper presents the equations for thin shell-of-revolution tanks containing an arbitrary level 
of fluid. The mass matrix can be used with any finite element or finite difference digital computer program that 
computes either the dynamic response or the natural frequencies and modes of a thin shell of revolution and that 
has provision for a nondiagonal mass matrix. The method does not require a numerical finite difference or finite 
element discretization of the fluid, but instead provides, in series form, a mass matrix that exactly satisfies the 
governing field equations for the fluid and satisfies the fluid-shell interface condition with a least-squares fit. 
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Dynamics, Vol. 2, 1973, pp. 219–233. doi: 10.1002/eqe.4290020303 
ABSTRACT: The frequency versus wave number characteristics of four O(deltaS2) finite difference 
formulations for one-dimensional linear shell (ring and axisymmetric) equations are investigated and compared 
with the exact continuum characteristics. It is found that three of the formulations give virtually identical 



results. These are half-spacing techniques with equilibrium in terms of displacements or resultants and whole-
spacing with equilibrium in terms of displacements. The formulation based on whole-spacing with equilibrium 
in terms of resultants produces some dramatically different results. These discrepancies partially explain some 
late time instability problems and critical time step behaviour that have been reported by other investigators. 
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ABSTRACT: A large deflection elastic-plastic analysis is presented applicable to orthotropic axisymmetric 
plates and shells of revolution subjected to monotonie and cyclic loading conditions. The analysis is based on 
the finite-element method. It employs a new higher order, fully compatible, doubly curved orthotropic shell-of-
revolution element using cubic Hermitian expansions for both meridional and normal displacements. Both 
perfectly plastic and strain hardening behavior are considered. Strain hardening is incorporated through use of 
the Prager-Ziegler kinematic hardening theory, which predicts an ideal Bauschinger effect. Numerous sample 
problems involving monotonie and cyclic loading conditions are analyzed. The monotonie results are compared 
with other theoretical solutions. Experimental verification of the accuracy of the analysis is also provided by 
comparison with results obtained from a series of tests for centrally monotonically-loaded circular plates that 
are simply supported at their edges. 
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ABSTRACT: Tests were performed on three simply supported circular plates of aluminum alloy 2024-0, under 
a central concentrated load, with large deflection. The load was provided by a small diameter hard steel rod. 
Measurements were made of load, deflections, and strains, and membrane and bending strains were calculated 
from the test data. Twenty electrically bonded strain gauges were used to measure the distribution of radial and 
circumferential strain components along a radial line on both faces of each plate. The test data are presented in 
comparison with theoretical predictions generated by the Grumman-developed finite element computer code 
PLANS. 
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ABSTRACT: As an exploratory effort toward improving the crashworthiness of light aircraft cabins, a 



theoretical analysis was made to predict the dynamic buckling load and buckling time of a stiffened, thin-walled 
circular cylindrical shell. To provide for the large stiffener spacing in light aircraft, the stiffeners were 
considered as discrete elements by means of a Dirac delta procedure. The nonlinear governing equations were 
derived using Hamilton’s principle and the final equations were obtained by means of Galerkin’s method. 
Solution was carried out by using a Gauss-Jordan technique on the algebraic equations and a Runge-Kutta 
technique on the nonlinear differential equations. Numerical results are presented for an idealized model of a 
typical light aircraft cabin. 
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ABSTRACT: An alternative to the currently used Perzyna's theory of viscoplasticity for small strains is 
presented. The plastic strain rate vector is normal to the quasistatic yield surface which in turn may not include 
the origin. Consequently, new loading/unloading criteria are introduced. 
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ABSTRACT: The concepts of yield surface and loading surface at room temperature and elevated temperature 
are discussed and experimental results on pure aluminum in support of these concepts are presented. 
Recommendations for future experimental research are presented. 
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ABSTRACT: The current version of the computer program SAP for the static and dynamic analysis of linear 
structural systems is described. The analysis capabilities of the program, the finite element library, the 
numerical techniques used, the logical construction of the program and storage allocations are discussed. The 
main advantages of the program as a general purpose code become apparent. Results of analyses as 
comparisons with other existing solutions are given, and running times which demonstrate the efficiency of the 
program are included. 
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ABSTRACT: The computer is frequently used in the solution of structural problems involving composite 
materials. The algebraic manipulations required to cast the problem into a form suitable for direct computer 
solutions have become the most tedious and error-prone parts of the solution process. This step may now be 
markedly simplified by using a symbolic aglebra manipulation language. The use of PL/I FORMAC for this 
purpose is described. 
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ABSTRACT: The behavior of natural draft cooling tower wind pressure is investigated. Buckling loads of the 
towers of different meridianal curvatures and shell thicknesses are computed and compared. The results show 
that: (1) an increase in stiffness of the structure with an increase in meridianal curvature; and (2) changes of 



buckling load caused by changes in shell thickness is approximately proportional. A dynamic analysis of the 
tower is also presented. The response of the structure is increased by the dynamic effect. The amount of 
increase depends upon the wind time history. 
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ABSTRACT: A new design approach is presented to provide a conservative estimate of the buckling strength of 
laminated anisotropic circular cylinders under axial compression. The analysis is based on Koiter’s “special 
theory” for uniform axisymmetric shape imperfections which is valid for imperfections of the order of the shell 
wall thickness. Fourteen three-ply, glass-epoxy cylinders containing random imperfections of small mean 
square amplidtude were characterized in terms of an equivalent axial imperfection component. Good agreement 
was found between theory and experiment for the range of imperfection amplitudes encountered. 
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273. 1976 
ABSTRACT: Both ring and stringer stiffened circular cylinders with and without shape imperfections have 
been studied under axial compression, external hyrostatic pressure and combined loading of compression-
hydrostatic pressure. To provide reference data for the stiffened shell results, compressive buckling tests were 
performed on unreinforced cylinders containing asymmetric imperfection distributions. In addition, hydrostatic 
buckling of unstiffened cylinders was also investigated to assess the effects of different boundary conditions on 
the critical pressure for varying values of cylinder lengths. 
 
 
P. G. Bergan and T. Søreide (Institutt for statik, The Norwegian Institute of Technology, The University of 
Trondheim, Norway), “A comparative study of different numerical solution techniques as applied to a nonlinear 
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pp.185-201, doi:10.1016/0045-7825(73)90014-5 
ABSTRACT: This paper describes and compares a number of different numerical methods frequently used in 
solution of nonlinear problems in structural mechanics. A simple mechanical system is chosen. By varying the 
geometry and the stiffness of the members, different types of nonlinear structural behavior may be simulated. A 
comparative study of various solution techniques applied to the sample problem is given. The solution paths 
followed by these methods are illustrated by use of map plots of the strain energy and the total energy of the 
system. Also, a new method for automatic computation of steps for incremental techniques is suggested. 
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ABSTRACT: The paper describes a general formulation for geometrically nonlinear analysis of shells using 
very simple flat finite elements. The approach is based on the “updated Langrangian” description of motion (co-
rotational coordinates), in which the geometry of the shell structure is continuously updated during deformation 
to establish new reference configurations. The numerical solution technique adopted in the paper allows tracing 



of the entire nonlinear load-deflection path including unstable branches in the solution space. Numerical studies 
are presented in order to demonstrate the accuracy and efficiency of the proposed method. 
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ABSTRACT: The paper describes briefly a class of shell elements based on the free formulation by Bergan and 
Nygård. The elements include the “drilling” freedom that gives a significantly improved membrane action as 
compared to traditional elements. The elements may undertake arbitrarily large displacements and rotations and 
account for material nonlinearities. The “hyperplane displacement control” method is applied for solution of the 
static instability problems including singularities. The presented examples cover snap-through analysis of shells 
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shell. From this multi-field variational principle, a hybrid stress finite element model is derived using standard 
matrix notation. Very simple flat triangular and quadrilateral elements are employed in the present study. The 
resulting non-linear equations are solved by applying the load in finite increments and restoring equilibrium by 
Newton-Raphson iteratioin. Numerical examples presented in the paper include complete snap-through 
buckling of cylindrical and spherical shells. It turns out that the present procedure is computationally efficient 
and accurate for non-linear shell problems of high complexity. 
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of prebuckling deformations on the buckling of thin elastic shells”, International Journal of Non-Linear 
Mechanics, Vol. 8, No. 5, October 1973, pp. 409-430, doi:10.1016/0020-7462(73)90034-6 
ABSTRACT: A buckling theory valid for finite prebuckling deformations is presented for thin homogeneous, 
isotropic and elastic shells. It is subject to the restriction of the Kirchhoff hypothesis. A set of stability equations 
is derived by decomposing strain and stress components into four classes according to their characteristics. The 
influence of the prebuckling deformations on the buckling of thin circular cylindrical shells under lateral 
pressure is investigated with the aid of the basic equations derived above and the results are compared with the 
solutions of the Flügge equations and those obtained by Yamaki. 
 
 
James C. Frauenthal (Anderson Hall, Tufts University, Medford, Massachusetts 02155 U.S.A), “Initial 
postbuckling behavior of optimally designed columns and plates”, International Journal of Solids and 
Structures, Vol. 9, No. 1, January 1973, pp. 115-127, doi:10.1016/0020-7683(73)90036-X 
ABSTRACT: The initial postbuckling behavior of optimally designed structures of two generic types is 
investigated. The structures are straight, simply-supported, inextensional columns, loaded by axial thrust and 
flat, simply-supported, axisymmetric circular plates, loaded by radial thrust. The structures are optimal in the 
sense that they withstand the largest possible loads prior to buckling, while satisfying fixed volume and 
minimum allowable gage constraints. The stability analysis is based upon Koiter's general theory of the 
postbuckling behavior of structures. 
 
 
Gerard C. Pardoen (Philco-Ford Corp., Aeronutronic Division, Newport Beach, California 92663, U.S.A.), 
“Static, vibration and buckling analysis of axisymmetric circular plates using finite elements”, Computers & 
Structures, Vol. 3, No. 2, March 1973, pp. 355-375, doi:10.1016/0045-7949(73)90023-0 
ABSTRACT: The static, vibration, and buckling analysis of axisymmetric circular plates using the finite 
element method is discussed. For the static analysis, the stiffness matrix of a typical annular plate element is 
derived from the given displacement function and the appropriate constitutive relations. By assuming that the 
static displacement function, which is an exact solution of the circular plate equation down triangle, open2down 
triangle, open2W = 0, closely represents the vibration and buckling modes, the mass and stability coefficient 
matrices for an annular element are also constructed. In addition to the annular element, the stiffness, mass, and 
stability coefficient matrices for a closure element are also included for the analysis of complete circular plates 
(no center hole). As an extension of the analysis, the exact displacement function for the symmetrical bending 
of circular plates having polar orthotropy is also given 
 
 
Jörgen Skogh, Perry Stern and Frank Brogan (Lockheed Palo Alto Research Laboratory, Palo Alto, California, 
U.S.A.), “Instability analysis of Skylab structure”, Computers & Structures, Vol. 3, No. 5, September 1973, 
pp.1219-1240, doi:10.1016/0045-7949(73)90047-3 
ABSTRACT: A computer program for the linear and nonlinear analysis of shell structures (STAGS) is applied 
to the instability analysis of a complex stiffened structure subjected to complicated sets of distributed and 
concentrated loads. Results obtained from two-dimensional bifurcation and nonlinear collapse analyses are 
presented. The nonlinear analysis includes the effects of an imperfection in a shell stiffened by heavy longerons. 
Several problems associated with the analysis of very large eigenvalue problems are discussed (one case 
involved a model with 20,910 degrees-of-freedom). These include the use of the appropriate finite-difference 



formulation to ensure convergence in a desired direction (approaching the asymptotic value either from above 
or from below) and the use of variable grid spacing to induce buckling in one part of the structure or the other. 
A technique of finding higher eigenvalues by removing the prestress at the point of bifurcation is described. 
 
 
Wleslaw Wojewódzki (Warsaw Polytechnic Institute, Warsaw, Poland), “Buckling of short viscoplastic 
cylindrical shells subjected to radial impulse”, International Journal of Non-Linear Mechanics, Vol. 8, No. 4, 
August 1973, pp. 325-343, doi:10.1016/0020-7462(73)90022-X 
ABSTRACT: The dynamic buckling of thin viscoplastic cylindrical shells is considered in the formulation 
developed by Abrahamson and Goodier [1]. The constitutive equations employed describe the rate sensitive 
plastic material and a biaxial state of stress is considered. The influence of the viscosity parameter on the 
buckling process is discussed in detail and in the limiting case the solution for a perfectly plastic material is 
obtained. From the analysis of the final deflections as a function of the applied impulse the “stability effect” of 
the viscous properties of the material on the buckling process is determined. 
 
 
B. Myklatun (McMaster University), “Stability of thin pipes with an internal flow”, Master’s Thesis, September 
1973, Open Access Dissertations and Theses, Paper 43, 
http://digitalcommons.mcmaster.ca/opendissertations/43 
ABSTRACT: This thesis has the objective of establishing the stability behaviour of a thin clamped-ended pipe 
with internal flow. The unsteady fluid forces on the pipe wall is determined by using classical potential flow 
theory for an incompressible, inviscid fluid and the motion of the pipe is represented by Flügge-Kempner shell 
equation. The solution is obtained using Fourier integral theory and the method of Galerkin. It is found that the 
pipe becomes unstable statically in a mode being comprised of one axial half-wave and a number of 
circumferential waves depending on the length and thickness ratios. For the limiting case of a relatively long 
thin pipe the mode of instability is the first beam mode and a particularly simple expression is found for the 
critical flow velocity. Furthermore, the mode shape at instability always corresponds to that of the lowest 
natural frequency of the pape. The theoretical results are compared with experiments and previous work 
developed by different methods and the agreement found is good. 
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“On the stability of thin pipes with an internal flow”, Journal of Sound and Vibration, Vol. 31, No. 4, December 
1973, pp. 399-410, doi:10.1016/S0022-460X(73)80256-1 
ABSTRACT: In this paper the stability behaviour of a thin, clamped ended pipe with a high velocity internal 
flow is considered. The dynamic fluid loading is developed by using potential theory for an incompressible, 
inviscid fluid and the motion of the pipe is represented by the Flügge-Kempner shell equation. The solution is 
obtained by using Fourier integral theory and the method of Galerkin. For the limiting case of a relatively long 
thin pipe a particularly simple expression is found for the critical velocity. When both ends of a pipe are fixed, 
static divergence always precedes the onset of flutter and, hence, a relatively simple approach is sufficient for 
predicting the critical velocity. Furthermore, the mode shape at divergence instability always corresponds to that 
of the lowest natural frequency of the pipe, being comprised of one axial half-wave and a number of 
circumferential waves depending on the length and thickness ratios. 
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ABSTRACT: The stability behaviour of thin-walled tubes conveying fluid is examined with an emphasis on the 
effects of tube flattening. Two simplified theoretical models are developed which represent a flattened tube as 
two parallel flat plates. The first model is in terms of standing waves on finite length plates whereas the second 
model is in terms of travelling waves on infinitely long, finite width plates. The fluid forces are determined by 
using potential flow theory. Experiments were conducted with three different tubes, one of which was initially 
flat. The experimental observations agree with the predictions of the first theoretical model, at least 
qualitatively. 
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ring stiffened cylindrical shells under axial compression”, International Journal of Solids and Structures, Vol. 9, 
No. 5, May 1973, pp. 671-691, doi:10.1016/0020-7683(73)90078-4 
ABSTRACT: Bifurcation stresses and initial postbuckling behavior of both unstiffened and outside ring 
stiffened circular cylindrical shells under axial compression are analyzed. The shells are assumed to have 
axisymmetric sinusoidal imperfections with arbitrary wavelengths and amplitudes. It is found that for large 
imperfection amplitudes and wavelengths both the unstiffened and the stiffened shells have extremely small 
bifurcation loads. The postbuckling analysis shows that for small imperfection amplitudes the bifurcations from 
the axisymmetric state are initially unstable and collapse is associated with the bifurcation points. However, for 
larger values of the imperfection amplitudes the bifurcations are stable. For unstiffened shells the transition 
from unstable to stable bifurcations can take place at very small values of the load. On the other hand, for 
stiffened shells it is found that bifurcations at load levels less than about 40 per cent of the classical buckling 
load have stable initial postbuckling behavior. 
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“Beam analysis of axisymmetrical shells”, International Journal of Solids and Structures, Vol. 7, No. 12, 
December 1971, pp. 1653-1672, doi:10.1016/0020-7683(71)90005-9 
ABSTRACT: A generalized beam theory, earlier developed by the author, is applied to a rotationally 
symmetrical shell structure consisting of cylindrical and conical sections. It is shown that this theory, in which 
the flexibility of the beam is specified by four functions, is adequate for treating the shell structure as a beam in 
bending in cases where the Bernoulli-Euler and Timoshenko beam theories prove to be deficient. Flexibility 
functions are derived from the membrane equations of the shell structure, and modifications at the boundaries 
are obtained from the complete shell equations. 
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ABSTRACT: The initial post-buckling behaviour is determined for an integrally stiffened wide panel under 
compression. Overall buckling of the panel as a wide Euler column and local buckling of the plates between the 
stiffeners are considered. Designing the panel so that the critical bifurcation load is the highest possible for a 
given amount of material per unit width tends to lead to a structure in which Euler-type buckling and local 
buckling occur simultaneously. It is shown that such a panel is very sensitive to geometrical imperfections. 
Thus, the critical bifurcation load cannot be reached in a practical structure and the two-mode design may not 
be optimal. 
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“Influence of post-buckling behaviour on optimum design of stiffened panels”, International Journal of Solids 
and Structures, Vol. 9, No. 12, December 1973, pp. 1519-1533, doi:10.1016/0020-7683(73)90057-7 
ABSTRACT: For an eccentrically stiffened wide panel under compression the optimality of a design with 
simultaneous occurrence of buckling as a wide Euler column and local buckling of the plate between the 
stiffeners is investigated. The total amount of material per unit width of the panel is prescribed. As a function of 
the distribution of this material in the plate and the stiffeners the maximum carrying capacities are calculated 
approximately by application of Galerkin's method. The design with the highest carrying capacity and the 
design with the best ability to retain axial stiffness, corresponding to given imperfections, are determined. It is 
shown that imperfections move the optimum away from the coincident buckling mode design. 
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“Buckling of elastic-plastic oval cylindrical shells under axial compression”, International Journal of Solids and 
Structures, Vol. 12, Nos. 9-10, 1976, pp. 683-691, doi:10.1016/0020-7683(76)90014-7 
ABSTRACT: For an axially compressed elastic-plastic cylindrical shell with elliptical cross-section the 
buckling behaviour is investigated. The initial post-bifurcation behaviour of a perfect shell compressed into the 
plastic range is determined in terms of an asymptotic expansion. The behaviour of shells with initial stress free 
imperfections is computed numerically using an incremental procedure. For shells with sufficiently eccentric 
cross-sections elastic analyses predict final collapse loads considerably above the bifurcation load, but the 
present numerical results show that elastic-plastic material behaviour reduces these collapse loads to such an 
extent that the elastic-plastic shells are moderately imperfection-sensitive. 
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“Effect of thickness inhomogeneities in internally pressurized elastic-plastic spherical shells”, Journal of the 
Mechanics and Physics of Solids, Vol. 24, No. 5, October 1976, pp. 291-304, 
doi:10.1016/0022-5096(76)90027-2 
ABSTRACT: The behaviour of elastic-plastic spherical shells under internal pressure is investigated 
numerically for thickness-to-radius ratios ranging from cases of thin shells to very thick shells. The shells under 
consideration are made of strain-hardening elastic-plastic material with a smooth yield-surface. Attention is 
restricted to axisymmetric deformations, and results are presented for initial thickness inhomogeneities in 
various axisymmetric shapes. For smooth thickness-variations in the shape of the critical bifurcation mode, the 
reduction in maximum pressure is studied together with the distribution of deformations in the final collapse 
mode. Also, the possibility of flow localization due to more localized, initially thin regions on a spherical shell 
is investigated. 
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"Mode Interaction in an Eccentrically Stiffened Elastic-Plastic Panel under Compression," Buckling of 
Structures, edited by B. Budiansky, Springer-Verlag, Berlin, Heidelberg, New York, 1976, pp. 160-171, DOI: 
10.1007/978-3-642-50992-6_15 
ABSTRACT: For an elastic-plastic, wide panel with eccentric stiffeners plastic buckling due to axial 
compression is investigated. Special attention is directed to panels designed so that overall buckling as a wide 
column and local buckling of the plate between the stiffeners occur simultaneously or nearly simultaneously. 
The bifurcation behaviour for a perfect panel compressed into the plastic range is determined analytically, and 
the asymptotic initial post-bifurcation analysis is mentioned briefly. Mode interaction and imperfection-
sensitivity is investigated numerically by application of an incremental method. Computations for panels that 
bifurcate in the plastic range show a considerable imperfection-sensitivity, in some cases due to mode 
interaction and in some cases due to a single mode. 
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ABSTRACT: For a simply supported elastic-plastic square plate under axial compression the post-bifurcation 
behaviour and the sensitivity to initial imperfections are investigated. An exact asymptotic expansion is given 
for the initial post-bifurcation behaviour of a perfect plate compressed into the plastic range. The imperfection 
sensitivity is studied through an asymptotic analysis of the behaviour of the hypoelastic plate that results from 
neglecting the effect of elastic unloading. The results of the asymptotic analyses are compared with results of a 
numerical incremental solution by means of a combined finite element—Rayleigh Ritz method. The paper 
considers the effect of different in-plane boundary conditions and the effect of various degrees of strain 
hardening. 
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U.S.A), “Numerical analysis of anisotropic rotational shells subjected to nonsymmetric loads”, Computers & 
Structures, Vol. 3, No. 1, January 1973, pp. 133-147, doi:10.1016/0045-7949(73)90079-5 
ABSTRACT: Through the use of an integral transform, the present paper extends the applicability of the 
multisegment numerical integration technique to include the solution of general macroscopically anisotropic 
multilayered shells of revolution. It is found that compared with orthotropic shells, material anisotropy induces 
a doubling in the number of transformed fundamental equations characterizing the static response. Employing 
the transform together with the multisegment integration technique and several concepts from the direct 
stiffness method of structural analysis, procedures are developed which can handle branched anisotropic 
multilayered shells of revolution in a more effective manner than was previously possible. Based on the 
procedures outlined in the paper, numerical studies are presented which show the effect of segment size on the 
solution accuracy and the effects of material anisotropy on selected shell configurations. 
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numerical integration procedure for static loading of anisotropic shells of revolution”, Computers & Structures, 
Vol. 4, No. 6, December 1974, pp. 1159-1172, doi:10.1016/0045-7949(74)90030-3 
ABSTRACT: Through the use of a complex series representation, a complex multi-segment numerical 
integration procedure is developed which can handle the static analysis of mechanically and thermally loaded 
branched laminated anisotropic shells of revolution with arbitrary meridional variations in thickness and 
material properties. In contrast to the real numerical integration treatment of anisotropic shells, the present 
procedure develops local and global stiffness matrices which require only half the computer storage and which 
requires significantly less overall computer time. Furthermore, since the overall procedure requires fewer 
computational steps, an improvement in numerical resolution is also obtained for a given word size machine. To 
illustrate the procedure several numerical examples are included. 
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and panels”, Journal of Sound and Vibration, Vol. 31, No. 3, December 1973, pp. 369-382, 
doi:10.1016/S0022-460X(73)80280-9 
ABSTRACT: The vibration of stiffened cylindrical panels with simply supported boundary conditions in the 
presence of initial axial and pressure loads is investigated by using a direct method. The effects of in-plane, 
transverse and rotary inertias are included in the formulation. The results are obtained for the stability and free 
vibration of cylinders and panels as special cases and compared with other solutions. The behavior of a cylinder 
and the behavior of a panel (a segment of the cylinder) in stability and vibration are similar if the panel is wide 
enough to contain at least half a wave of the circumferential wave pattern of the cylinder. 
 
Almroth, B.O., Meller, E. and Brogan, F.A., “Computer solutions for static and dynamic buckling of shells”, 
Proc. IUTAM Symposium on Buckling of Structures, 1974, edited by B. Budiansky, Springer-Verlag, pp. 17-
26, (1976) 
ABSTRACT: A computer program, STAGS, for analysis of the behavior of shells of general shape has been 
extended by the addition of a capability for transient response analysis. A brief discussion of the numerical 
integration procedures included as options in STAGS is presented here, together with some numerical results 
obtained by use of the program. The results are included to demonstrate how rapid development of computers 
and numerical analysis methods has enhanced our capability to solve complex shell stability problems. In 
addition, they illustrate some facets of shell behavior under transient and static loading. The applications are 
concerned with an axially loaded cylindrical shell with unstiffened rectangular cutouts. The effect of the loading 
rate on the shell response is studied. The definition of a dynamic buckling criterion is discussed in view of the 
results obtained. Also considered is the possibility of determining a static collapse load (limit point) by use of a 
transient response analysis with the load applied slowly. 
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Structures, Vol. 8, No. 5, May 1972, pp. 679-697, doi:10.1016/0020-7683(72)90036-4 
ABSTRACT: The equations of a symmetrically loaded elastic thin shell of revolution are set up in such a way 
that the effects of small deviations of the meridian from a “perfect” form may be analyzed with ease. Solutions 
are found for several kinds of imperfection and the results plotted in a specially compact form. The structural 
effects depend strongly on the meridional length of the imperfection. Some shell junction problems can be 
analyzed in terms of imperfections. The method can be extended to find classical buckling loads for axially 
symmetric modes. 
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walled elastic shells analysed by a Rayleigh method”, International Journal of Solids and Structures, Vol. 13, 
No. 6, 1977, pp. 515-530, doi:10.1016/0020-7683(77)90025-7 
ABSTRACT: Rayleigh successfully analysed inextensional deformation of thin elastic shells by using a simple 
energy method. Subsequent workers seem to have been put off from using similar methods for shells which 
suffer extensional as well as bending deformations by the fact that the calculations get messy. In this paper we 
develop the kinematic relation between surface strains and changes in Gaussian curvature, and show that this is 
a very convenient tool for use in energy calculations. We give two examples of energy calculations for shells 
loaded by point forces. We find that once the energy expressions have been set up, certain analogies with 
simpler and already-solved problems become obvious. This leads to simple solutions. A feature of the method is 
that physically important quantities are not obscured, and distinct regimes of structural action are clearly 
delineated. 
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ABSTRACT: It is proved that cylindrical shells and two dimensional flat panels constrained to zero 
displacement at their leading and trailing edges, and exposed to subsonic flow, can lose their stability by 
divergence (buckling) while in supersonic flow two-dimensional panels can only flutter. Moreover, it is proved 
that in incompressible flow flutter can only occur—if at all—above the critical divergence velocity. The proofs 
are based on a qualitative analysis of the expressions for generalized aerodynamic forces derived in references 
[1]–[3], and on the assumptions that linearization of the stability problem is admissible and that Galerkin's 
method is convergent. 
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ABSTRACT: An exact solution and numerical results are presented for simply supported circular cylindrical 
shells that are laminated unsymmetrically about their middle surface. The coupling between bending and 
extension induced by the lamination asymmetry substantially decreases buckling loads and vibration 
frequencies for common composite materials such as boron/epoxy and graphite /epoxy. For antisymmetric 
laminates, the effect of the coupling dies out rapidly as the number of layers is increased. However, for 
generally unsymmetric laminates, the effect of coupling dies out very slowly as the number of layers is 
increased. That is, having a large number of layers is no guarantee that coupling will not seriously degrade the 
shell buckling resistance and vibration frequencies. Thus, designers must include coupling between bending and 
extension in all analyses of unsymmetrically laminated shells. 
 
 
T. H. Yang and S. A. Guralnick, “An experimental study of the buckling of open cylindrical shells”, 
Experimental Mechanics, Vol. 15, No. 4, 1974, pp. 121-127, doi: 10.1007/BF02318847 
ABSTRACT: A description is given in this paper of part of a larger study directed toward the investigation of 
the buckling characteristics of thin, open cylindrical shells. The load-deflection response of transversely loaded 
shells is treated in this study. A subsequent paper will deal with the behavior of end-loaded open shells. 
Measured values of buckling loads are compared with analytical predictions based on the presumption that prior 
to the onset of buckling the shell material behaves elastically but large deflections of the shell surface may 
occur. 
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Domes", AIAA Journal, Vol. 12, No. 4 (1974), pp. 568-570. 



 
A. K. Rath and P. K. Sinha (Structural Engineering Division, Vikram Sarabhai Space Centre, Trivandrum-22, 
India), “Evaluation of stiffness coefficients for fibre-reinforced laminated composites”, Fibre Science and 
Technology, Vol. 7, No. 3, July 1974, pp. 185-198, doi:10.1016/0015-0568(74)90016-5 
ABSTRACT: Applying the strain energy principle, the stiffness matrix Cij is derived for a triple-layered fibre-
reinforced laminate having fibre orientations (beta, alpha, -beta). Next, the stiffness coefficients, CBARij, are 
determined for laminated composites consisting of such triple layers. The present formulation is more general in 
nature, since it permits analysis for arbitrary stacking sequences. A few numerical results are presented for 
commonly used fibre-reinforced composites, employing the effective micromechanics properties as summarised 
by Tsai [1] for unidirectional composites. 
 
 
Nelson R. Bauld, Jr. (Clemson University, Clemson, South Carolina 29631, U.S.A.), “Imperfection sensitivity 
of axially compressed stringer reinforced cylindrical sandwich panels”, International Journal of Solids and 
Structures, Vol. 10, No. 8, August 1974, pp. 883-902, doi:10.1016/0020-7683(74)90031-6 
ABSTRACT: This paper presents some numerical results of the effects of several nondimensional parameters 
on the buckling and initial post buckling behaviors of shallow sandwich panels under axial compression. 
Results are presented that show these effects due to transverse shearing resistance of the core material, different 
face-sheet thicknesses, and different core thicknesses. Further effects on the buckling and initial postbuckling 
behaviors of sandwich panels are presented due to the torsional resistance of longitudinal edge stiffeners. The 
results show that the range of flatness parameter, _¥/d, for which sandwich panels remain imperfection-
insensitive increases with increases in transverse shearing resistance of the core material and with larger core 
thicknesses. These results also indicate that this range of _¥/d is smallest when the face-sheet thicknesses are 
equal. Finally, as in the case of homogeneous panels, torsional resistance of the longitudinal edge stiffeners has 
the effect of making the sandwich panel less imperfection-sensitive. 
 
 
Randall C. Davis and Paul A. Cooper (NASA Langley Research Center, Hampton, Virginia 23365, U.S.A.), 
“Interactive design of large end rings on stiffened conical shells using composites”, Computers & Structures, 
Vol. 4, No. 3, May 1974, pp. 647-650, IN1-IN2, 651-657, doi:10.1016/0045-7949(74)90012-1 
ABSTRACT: Design study methods and results are presented of a composite reinforced base ring for the 
conical aeroshell structure of the planetary lander vehicle for Project Viking, an unmanned mission to Mars. 
The aeroshell is a ring and stringer-stiffened conical shell structure having a half angle of 70° with a large base 
ring mounted at the outer edge of the cone and a large pay-load ring in the interior with many smaller rings 
spaced along the inside shell surface. The purpose of the structure is to develop the aerodynamic drag required 
to decelerate the lander in the Mars atmosphere to facilitate a soft landing. The shell, therefore, must be 
designed to resist external pressure loads during Martian entry. Unlike conventional shell structures, the Viking 
aeroshell has no connecting supports at its large diameter edge and, therefore, it must resist the external pressure 
as an unsupported inertially loaded shell. Very little design information is available on large shell structures 
under these loading conditions. The structural weight of the aeroshell must be reduced to the minimum possible 
level while still retaining structural integrity. A currently proposed design for this structure is all metal, and the 
base ring accounts for 41 per cent of the total aeroshell structural weight. One possible method of reducing the 
weight of the proposed design is to selectively apply filamentary composites to reinforce a redesigned base ring. 
The filamentary reinforced base ring must be designed to take into account all possible modes of failure under 
the maximum design load conditions. The possible modes of failure are local or general buckling of the shell, 
ring buckling, and exceedence of the maximum permissible stress levels. The design of a shell structure of this 
complexity requires the use of the latest technology available in a large general purpose shell buckling program. 
A large general purpose non-linear shell buckling program developed by Lockheed (BOSOR 2) was used. Since 
the amount of computational effort is considerable for such a study, the turnaround time for using such a 
program as an aid in the design process was reduced by adapting the program to an interactive real time 
graphical system using the facilities of the Langley Research Center CDC computer complex. This paper 
describes the shell structure model and the stability results of a large Langley Research Center Viking aeroshell 
model, the BOSOR 2 computer program and its adaptation to an interactive system, and the design strategy 



used to re-design the base ring and the weight savings achieveable by composite reinforcements. 
 
 
Paul A. Cooper and Cornelia B. Dexter (Langley Research Center, Hampton, CA 23665), “Buckling of a 
conical shell with local imperfections”, NASA Technical Memorandum NASA TM X-2991, July 1, 1974 
ABSTRACT: Small geometric imperfections in thin-walled shell structures can cause large reductions in 
buckling strength. Most imperfections found in structures are neither axisymmetric nor have the shape of 
buckling modes but rather occur locally. This report presents the results of a study of the effect of local 
imperfections on the critical buckling load of a specific axially compressed thin-walled conical shell. The 
buckling calculations were performed by using a two-dimensional shell analysis program referred to as the 
STAGS (Structural Analysis of General Shells) computer code, which has no axisymmetry restrictions. Results 
show that the buckling load found from a bifurcation buckling analysis is highly dependent on the 
circumferential arc length of the imperfection type studied. As the circumferential arc length of the imperfection 
is increased, a reduction of up to 50 percent of the critical load of the perfect shell can occur. The buckling load 
of the cone with an axisymmetric imperfections is nearly equal to the buckling load of imperfections which 
extended 60 deg or more around the circumference, but would give a highly conservative estimate of the 
buckling load of a shell with an imperfection of a more local nature. 
 
 
P. Sharifi, “Nonlinear buckling analysis of composite shells”, 15th AIAA, ASME, and SAE, Structures, 
Structural Dynamics and Materials Conference, Las Vegas, Nev ; United States; 17-19 Apr. 1974. AIAA 7 pp. 
1974 
ABSTRACT: An incremental finite element procedure is presented for nonlinear buckling (collapse) analysis of 
composite shells undergoing large elastic deformations. The type of element employed is a modified version of 
Clough-Felippa's quadrilateral shell element. The element is made of any number of rigidly bonded orthotropic 
layers of different thicknesses and material properties. Transverse shear deformations are neglected but the 
coupling between the inplane and bending, as well as between shear and normal deformations, is retained. A 
number of buckling problems of composite panels and shells are worked out and the results are presented. 
 
 
Milad Abdi, Zahra Zamirian and Masoud Mohammadi, “Nonlinear buckling analysis of composite shells under 
axial load”, Journal of Automotive and Applied Mechanics, Vol. 2, No. 1, 2014 
ABSTRACT: This paper analyze the nonlinear buckling and post buckling of thin composite cylindrical shells 
under axial load. In order to analyze and validate the results of analytical and numerical methods are used. In 
this paper the effects of orthotropic materials, boundary conditions, geometry, geometric imperfections and 
buckling modes of thin-walled composite cylindrical shells are studied. Static buckling of shells under axial 
load obtained for two type of lay up. This calculation was applied to finding the critical buckling load with 
some methods that included the linear static analysis of to modes shape of buckling, nonlinear static analysis 
(Analysis Riks) and dynamic analysis (explicit). The results, showed less difference in response to dynamic 
analysis to analytical solution method compared with other methods. It also became clear that the nonlinear 
static analysis, the smallest difference with the experimental test response is compared to other methods. In the 
first cylindrical shell without of geometric imperfections and then the effects of imperfections modeled and 
studied. Type text or a website address or translate a document. [Did you mean:The results showed that the 
static buckling load decreases with increasing structural geometric imperfections?]. Sensitivity to geometric 
imperfections depends on the type of lay up. 
 
 
Z. Zudans, M.M. Reddi, H.M. Fishman and H.C. Tsai (Engineering Department, The Franklin Institute 
Research Laboratories, Philadelphia, Pennsylvania 19103, USA), “Elastic-plastic creep analysis of high 
temperature nuclear reactor components”, Nuclear Engineering and Design, Vol. 28, No. 3, September 1974, 
pp. 414-445, doi:10.1016/0029-5493(74)90212-X 
ABSTRACT: In structures subjected to high temperatures and large thermal gradients, the total strain consisting 
of the sum of thermal, elastic, plastic, and viscous (creep) parts must be considered. Elastic and thermal strains 



are reversible and depend on the instantaneous stress and temperature levels; plastic and viscoelastic (creep) 
strains are irreversible, and their complete determination requires that loading and temperature histories be 
known. For many practical applications high mechanical or thermal loadings are of short duration; hence, 
viscoelastic (creep) strains are not significant. In such cases, the elastic and plastic strains represent the 
significant response of a structure to the applied loadings. An adequate description of the behavior of such 
structures can be obtained by the use of the theory of non-isothermal plastic deformation of elastic strain-
hardening solids. For structures exposed to high temperature, long duration loadings, such as liquid metal fast 
breeder reactor components, the above theories do not provide adequate design evaluation and the knowledge of 
creep strain as a design allowable is necessary. Further, since the loading is transient with multiple complex 
cycles, creep and plasticity strain portions must be considered simultaneously. This paper presents a method for 
solving the problem of non-isothermal elastic-plastic creep structures. Finite element discretization is utilized, 
based on a number of flat and curved, thick and thin shell elements of triangular and quadrilateral form. 
Material nonlinearities are treated by the tangent stiffness method; geometric nonlinearities are considered by 
updating the geometry after each loading increment. Non-isothermal loading is considered by making a 
transition to the new temperature at the beginning of the load step and allowing the solution to settle at the 
position of overall equilibrium by iterative steps. 
 
 
S.W. Key, “HONDO - A Finite Element Computer Program for the Large Deformation Dynamic Response of 
Axisymmetric Solids”, Sandia National Laboratories, Albuquerque, NM, Rept. 74-0039, 1974. 
 
M. Shahinpoor, “Plane waves and stability in thin elastic circular cylindrical shells, Archive for Rational 
Mechanics and Analysis, Vol. 54, No. 3, pp 267-280, 1974, DOI: 10.1007/BF00250792 
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R.G. Anderson (UKAEA, The Reactor Group, Reactor Fuel Element Laboratories, Springfields Works, 
Salwick, Preston, Lancashire PR4 ORR, UK), “Some applications of beam, column and plate theory to 
problems of reactor fuel element deformations”, Nuclear Engineering and Design, Vol. 27, No. 1, March 1974, 
pp. 46-56, doi:10.1016/0029-5493(74)90023-5 
ABSTRACT: Most early discharges of nuclear reactor fuel elements have been associated with exposure of the 



fuel to the coolant. Such failures have dominated the design and developments of gas and water-cooled thermal 
reactor fuel. It is less well known that a number of fuel discharges and reactor output limitations have taken 
place in thermal reactors because of fuel element deformations which have occurred without loss of clad 
integrity. The paper reviews recent developments in the physical understanding of fuel element deformations 
during life. The important features of these deformations are established in this paper using approximations 
leading to simple theoretical analyses of fuel elements deforming in the presence of creep. This theoretical 
treatment is applied illustratively to the following problem areas: (1) the change of thermal bow as the bending 
moments induced by lateral restraints relax due to creep; (2) the restraint of fast reactor sub-assembly bowing; 
(3) the estimation of lateral deflections in lengthening fuel pins which are restrained axially; and (4) the causes 
of waving of the heat transfer surfaces of certain uranium-magnox fuel elements. It is concluded from these 
examples that many of the characteristics of fuel element deformations during life can be obtained from quite 
simple ideas and mathematical analyses. The methods thus provide a useful tool for design and research. 
 
 
Leo J. Galletta (1) and Nicholas F. Morris (2) 
(1) Department of Civil Engineering, The Cooper Union, New York, NY, USA 
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“Inelastic Buckling of Spherical Shells”, ASCE Journal of the Engineering Mechanics Division, Vol. 100, No. 
4, July/August 1974, pp. 795-810 
ABSTRACT: A numerical procedure is presented for determining the unsymmetrical buckling pressure for 
clamped, elastic-plastic spherical shells. The general deep-shell equilibrium equations are used along with an 
incremental plasticity theory based on the Prandtl-Reuss equations. The material is assumed to obey a Ramberg-
Osgood type uniaxial stress-strain law. A linear eigenvalue problem is formulated where the buckling pressure 
is obtained by plotting the pressure versus the determinant of the stability matrix. Coefficients in the governing 
system of homogeneous equations are evaluated by solving the nonlinear problem for the axisymmetric 
deformation prior to unsymmetrical buckling. Buckling pressures are computed for a wide range of geometries 
and compared with existing theoretical results. 
 
 
H. Dean Bartel (Air Force Weapons Lab, Kirtland AFB, New Mexico, USA), “A Study of Load-Deformation 
and Buckling Relationships for Reticulated Shells”, AFWL-TR-74-87, April 1974 
DTIC Accession Number: AD0778756, Handle / proxy Url : http://handle.dtic.mil/100.2/AD778756 
ABSTRACT: The objectives of this research were to determine the theoretical and experimental load-
deformation response and buckling loads of reticulated shells and to study the growth of imperfections in 
reticulated shell models. Two types of theoretical analyses (elastic material behavior was assumed) of 
reticulated shells were conducted to predict load-deformation relationships. A 'split rigidity' concept was used in 
which equivalent membrane and bending thicknesses were calculated. The second technique was a space frame 
analyses using the NASTRAN computer code. Three spherical reticulated shell models (two brass and one 
plastic) were fabricated and tested experimentally. Results of the study indicated that the NASTRAN code 
predicted the deflection patterns well and identified the final buckle locations. 
 
 
Marcus George Hendricks (University of Florida), “Nonlinear analysis of dynamic stability of elastic shells of 
revolution”, PhD Dissertation, December 1974 
ABSTRACT: It is the purpose of this dissertation to investigate the dynamic stability of elastic shells of 
revolution. Two specific areas of this broad field are treated in detail. First, this analytical study generates 
previously unavailable interaction relations for combined dynamic loadings as they interact to cause passage 
from a dynamically stable state to other states. Secondly, the concept of linearized dynamic stability is extended 
to include geometrically nonlinear effects. One role of these effects is to allow the possibility of autoparametric 
excitation of preferred flexural modes by the driven modes. The question of whether such excitation can occur 
during the primary dynamic instability motion sufficiently to affect the magnitude of critical dynamic loads is 
studied. A modified version of the subdomain method in combination with circumferential modal analysis is 
developed for the solution method. A computer program is constructed to obtain numerical results and the 



dynamic stability characteristics of a conical frustum are studied under a variety of combined dynamic loadings. 
Interaction curves for static stability, linearized dynamic stability, and nonlinear dynamic stability are 
generated. For the particular loading conditions studied, the results indicate that dynamic instability will occur 
at loads below critical static loads. This reduction in critical dynamic loads was shown to be the result of both 
the dynamic load factor effect and of autoparametric excitation. The interaction curves which are generated 
illustrate these effects quantitatively under conditions of combined dynamic loading. A criterion for dynamic 
buckling is established based on meridional mode shape changes. This ability to detect sudden jumps in the 
meridional profile helps to verify instability detected by divergence on displacement time history curves and 
provides additional information about the poststable state. 
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Ihsan Mungan, (Ruhr University Bochum, Inst. fur Konstruktiven Ingenieurbau, Bochum, West Germany), 
“Buckling Stress States of Cylindrical Shells”, ASCE Journal of the Structural Division, Vol. 100, No. 11, 
November 1974, pp. 2289-2306 
ABSTRACT: Plexiglass cylindrical shell models with nearly perfect geometry and constant thickness were 
tested under various combinations of membrane stresses. In cylinders under axial compression alone and axial 
compression with internal pressure, the buckling procedure was initiated by means of a small dynamic 
disturbance which reduced the dispersion of the test results. The normal forces and bending moments in the 
middle of the model were measured. The number of buckling waves observed in the tests agreed quite well with 
the result of the classical theory for the laterally loaded cylindrical shell. Only the shape, the length, and the 
depth of the buckling waves changed with the stress state. A buckling criterion and an interaction curve realistic 
for civil engineering purposes are proposed for checking the stability of cylindrical shells with fixed ends under 
combined membrane stress states. 
 
 
Ihsan Mungan (Wissenschaftlicher Angestellter, Ruhr-Universität Bochum Institut fur Konstruktiven 
Ingenieurbau, Bochum, West Germany), “Buckling Stress States of Hyperboloidal Shells”, ASCE Journal of the 
Structural Division, Vol. 102, No. 10, October 1976, pp. 2005-2020 
ABSTRACT: Araldite hyperboloidal shell models with nearly perfect geometry and constant thickness were 
tested under various axisymmetric combinations of membrane stresses. During the tests the normal forces and 
bending moments in the middle of the model were measured and the initiation of the buckling process was 
studied. The experimental results are compared with calculated values using the classical linear buckling theory. 



The experimental values fitted an empirical law. A new approach, based on the theoretical results and the tests 
carried out, is proposed to determine the buckling safety of hyperboloidal shells. 
 
 
Ihsan Mungan (Wissenschaftlicher Angestellter, Ruhr-Universität Bochum Institut fur Konstruktiven 
Ingenieurbau, Bochum, West Germany), “Buckling Stresses of Stiffened Hyperboloidal Shells”, ASCE Journal 
of the Structural Division, Vol. 105, No. 8, August 1979, pp. 1589-1604 
ABSTRACT: Three hyperboloidal shell models made of epoxy resin (araldite) having nearly perfect geometry 
and constant wall thickness were tested first without stiffeners, afterwards with five, nine and 19 rings and 19 
rings plus 36 meridional ribs. The axisymmetric loading resulting in various combinations of membrane stresses 
in ring and meridional directions was increased in steps until the first buckling wave could be observed. The 
initiation of the buckling process and the shifting of the region where the first buckling wave was observed were 
studied. The experimental results are compared with calculated values using a classical linear buckling theory. 
The experimental values fitted a nondimensional empirical law in terms of the uniaxial buckling stresses for 
each type of stiffening. An approach, based on the theoretical results and the tests carried out, is proposed to 
describe the buckling behavior of hyperbolic shells of revolution with and without stiffeners. 
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(2) Rheinisch-Westfalisches Elektrizitatsork AG, Hauptverwaltung, Essen, West Germany 
“Buckling of Stiffened Hyperboloidal Cooling Towers”, ASCE Journal of the Structural Division, Vol. 105, No. 
10, October 1979, pp. 1999-2007 
ABSTRACT: With increasing dimensions of the cooling towers built of reinforced concrete, the buckling 
behavior becomes crucial in the proportioning of the shell. Ring stiffeners prove to be most effective in this 
respect with up to four stiffening rings the so called optimal position provides the highest efficiency. After five 
rings the equidistant positioning becomes effective as well. However, after a value of approx 6 this ratio doesn’t 
influence the buckling load because the local buckling between the stiffening rings becomes decisive. The 
quality of the numerical analysis is checked by calculating the buckling loads obtained in tests on stiffened 
hyperboloidal models. The deviation between the theoretical results and experimental values is approximately 
the same and about 0.83 both for unstiffened models and stiffened models with five or nine rings. Also the high 
efficiency of the rings with ring depth to shell thickness ratio of about 6 could be verified. 
 
 
W. Zerna and I. Mungan (Institut für Konstruktiven Ingenieurbau, Ruhr-Universität Bochum, Bochum, West-
Germany), “Buckling stresses of shells having negative Gaussian curvature,” in Buckling of Shells. A State-of-
the-Art Colloquium. Universität Stuttgart. Institut für Baustatik, 1982, pp. 16.1–16–19. 
ABSTRACT: In addition to geometric parameters buckling of shells of negative Gaussian curvature depends 
mainly on the membrane stress state present. According to buckling tests the effect of boundary conditions is 
relatively low whereas the numerical results are highly dependent on the boundary conditions. Again according 
to tests the hyperboloidal shell has a higher buckling resistance than a cylindrical shell having the same throat 
radius. The buckling resistance of hyperboloidal shells against circumferential compression can be increased by 
arranging stiffening rings of adequate size and number. Due to nonlinear behavior of reinforced concrete the 
buckling load factor drops to the half or less of the value obtained assuming a linear elastic behavior. This high 
reduction is mainly due to orthotropy and descending tangent modulus at the near of ultimate load of reinforced 
concrete cooling tower shells. 
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“Imperfection sensitivity of coincident buckling systems”, International Journal of Non-Linear Mechanics, 
Vol.9, No. 1, February 1974, pp. 1-21, doi:10.1016/0020-7462(74)90027-4 
ABSTRACT: A two-degree of freedom structural system with both buckling loads equal or nearly so is 
examined, allowing for the presence of small imperfections specified by the values of two general imperfection 
parameters. A discrete generalized coordinates energy method is used, and the system considered is non-
symmetric in the two modes of deflection. Conclusions regarding the types of behaviour possible are obtained 
by examination of all possible equilibrium path shapes. Comparison is made to behaviour of idealized systems. 
Change in buckling load value with imperfection size, or imperfection sensitivity, is established and 
imperfection sensitivity surface forms are sketched. 
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“Buckling analysis of ring-stiffened oval cylindrical shells”, Computers & Structures, Vol. 4, No. 6, December 
1974, pp. 1135-1158, doi:10.1016/0045-7949(74)90029-7 
ABSTRACT: An energy principle is employed to derive the equations governing the stability of a simply-
supported, eccentrically ring-stiffened, oval, orthotropic cylindrical shell. The kinematic relations used are those 
of Love-type shell theory and the effect of reinforcing rings is accounted for by a distributed stiffness approach. 



The cylinder is subjected to a combination of uniform axial and lateral pressures. It is determined that the 
domain of stability of such a stiffened cylinder is bounded by two distinct solutions, herein denoted as 
corresponding to ‘long’ and ‘short’ axial wavelengths, with the extent of the short wavelength solution being 
dependent upon the degree of stiffening afforded by the rings. The analysis of the effects of ring eccentricity 
shows that ovals are affected in a similar manner to circular cylinders in that outside rings provide the greatest 
capacity for sustaining axial compression, while inside rings are capable of supporting the greatest lateral 
pressure. Finally, it is found that the buckling load of an oval cylinder under uniform lateral pressure slightly 
exceeds the corresponding value for an equivalent circular cylinder. As a further verification of this 
phenomenon, a Rayleigh-Ritz procedure is employed to determine the buckling load of an oval ring under 
uniform radial load. The results of this analysis corroborate those obtained for the cylinder. 
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“On a probabilistic stability theory for imperfection sensitive structures”, International Journal of Solids and 
Structures, Vol. 10, No. 3, March 1974, pp. 341-359, doi:10.1016/0020-7683(74)90082-1 
ABSTRACT: The concept of almost sure sample stability and sample stability in probability are formulated for 
elastic systems. Using a Koiter type approach these concepts are used in the analysis of imperfection sensitive 
structures. The applied load and the initial geometric imperfections are introduced into the analysis as random 
quantities. A compressed beam of finite length on a nonlinear elastic foundation is used in an example 
calculation. 
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ABSTRACT: The current version of the computer program NONSAP for linear and nonlinear, static and 
dynamic finite element analysis is presented. The solution capabilities, the numerical techniques used, the finite 
element library, the logical construction of the program and storage allocations are discussed. The solutions of 
some sample problems considered during the development of the program are presented. 
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ABSTRACT: An analytical method is developed to solve approximately the bifurcation buckling load of a 
circular cylindrical shell under nonaxisymmetrical lateral pressure. The assumption of semi-inextensible 
deformation is made, which sets the circumferential strain to zero and simplifies the system of equations as well 
as the boundary conditions. In order to investigate the accuracy of the new method, solutions are first obtained 
for a cylindrical shell under uniform lateral pressure with either simple-simple or clamped-free boundary 
conditions. Comparisons are made in the former case to Flugge’s theory and, in the latter case, to a finite 
element analysis. Agreement in both cases is very good. The theory is then applied to find the buckling load of a 
clamped-free cylindrical shell under nonaxisymmetrical lateral pressure created by wind. Disagreement with a 
previous theory by Langhaar and Miller is examined. Comparisons with results of some experiments are also 
made and possible reasons of the discrepancies are considered. 
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PARTIAL INTRODUCTION: The specific purpose of this investigation is to develop a new and more accurate 
technique for the static and dynamic analyses of cylindrical, doubly corrugated shell structures used, for 
example, as protective shelters for aircraft …, and to verify the suitability of this technique by comparing some 
of the results of the analyses with analytically and experimentally obtained data due to Smith (1) and with 
experimentally obtained data due to Stokley (89). As a by-product of the investigation a general concept 
developed by Bogner et al. (2),which utilizes products of Hermitian interpolation polynomials of the same order 



as shape functions, is extended to encompass products of Hermitian polynomials of different order…. 
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ABSTRACT: This paper describes studies of bifurcation buckling of hyperboloids used for large-scale cooling 
towers. Those studies include the effects of flexible supports, combined loadings from wind, dead weight, and 
temperature, shell cracking, different variations in the wind pressure distribution, and changes in the shell 
thickening. Comparisons are made between numerical and wind-tunnel results. The finite element formulation 
used is examined and results are presented for the tower at the Trojan Nuclear Power Plant on the Columbia 
River, Oregon. 
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ABSTRACT: In the light of recent contributions by Batoz1 and Hibbitt,2 two aspects of finite element 
formulations for shell stability analysis are examined. The first is the consistency of the shell strain-
displacement equations employed; the second is the proper representation of ‘follower forces’—pressures that 
are always normal to the deforming surface. Numerical studies of an arch indicate that improper representation 
of either of these factors can have a significant effect on predicted buckling loads. Numerical studies of an arch 
indicate that improper representation of either of these factors can have a significant effect on predicted bukling 
loads. 
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ABSTRACT: The paper presents an initial post buckling analysis for the rotationally symmetric branching of a 
cylindrical shell with a free edge following the linear eigenvalue analysis of Ashwell. The shell is supposed to 
be infinitely long and a closed form solution is obtained for the initial curvature of the post buckling path. This 
curvature is seen to be negative and more severe than that of the corresponding classical solution. The solution 
is shown to be relevant to the buckling of a cracked concrete shell such as a cooling tower. 
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“Large amplitude vibration of some moderately thick structural elements”, Journal of Sound and Vibration, 
Vol.36, No.3, October 1974, pp. 375-387, doi:10.1016/S0022-460X(74)80217-8 
ABSTRACT: Large amplitude flexural vibration of some moderately thick, straight and curved elements have 
been analysed in a unified way. Transverse shear and rotatory inertia effects have been included. The final 
approximate governing equation comes out as a second order total differential equation, which on integration 
gives a relationship between amplitude and period. Phenomena like dynamic buckling, transition from a slightly 
curved element to a shallow element, etc., have been studied. 
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of revolution”, Journal of Sound and Vibration, Vol. 37, No. 1, November 1974, pp. 57-64, 
doi:10.1016/S0022-460X(74)80057-X 
ABSTRACT: A finite element is developed to analyse the vibration characteristics of initially stressed shells of 
revolution. The meridional, circumferential and normal displacements over the element are assumed to be cubic 
polynomials of the meridional co-ordinate. Numerical integration is used to generate the elastic stiffness, 
geometric stiffness and mass matrices. The element is used to analyse three typical problems pertaining to the 
vibrations of initially stressed thin shells of revolution. 
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ABSTRACT: A theoretical investigation of an efficient numerical solution scheme to solve approximately the 
nonlinear Donnell equations for imperfect isotropic cylindrical shells with edge restraints and under axial 
compression was carried out. The nonlinear partial differential equations have been reduced to an equivalent set 



of nonlinear ordinary differential equations. The resulting two-point boundary value problem was solved, first, 
by using "Newton's Method of Quasilinearization" to obtain a set of linearized differential equations for the 
correction terms and, secondly, these differentials were approximated as finite differences to cast the linearized 
system of equations into the form of a block tridiagonal matrix equation. The Potters' Method solution scheme 
was used to solve efficiently the block tridiagonal matrix equation. By successive iterations a solution to the set 
of nonlinear ordinary differential equations was obtained. The use of this method makes it possible to 
investigate how the axial load level at the limit point is affected by the following factors: the choice of inplane 
boundary conditions, the prebuckling growth caused by the radial edge constraint, the orientation and shape of 
the axisymmetric and asymmetric imperfection components, and the finite length of the shell. 
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“Finite element formulations for large deformation dynamic analysis”, International Journal for Numerical 
Methods in Engineering, Vol. 9, No. 2, 1975, pp. 353–386. doi: 10.1002/nme.1620090207 
ABSTRACT: Starting from continuum mechanics principles, finite element incremental formulations for non-
linear static and dynamic analysis are reviewed and derived. The aim in this paper is a consistent summary, 
comparison, and evaluation of the formulations which have been implemented in the search for the most 
effective procedure. The general formulations include large displacements, large strains and material non-
linearities. For specific static and dynamic analyses in this paper, elastic, hyperelastic (rubber-like) and 
hypoelastic elastic-plastic materials are considered. The numerical solution of the continuum mechanics 
equations is achieved using isoparametric finite element discretization. The specific matrices which need be 
calculated in the formulations are presented and discussed. To demonstrate the applicability and the important 
differences in the formulations, the solution of static and dynamic problems involving large displacements and 
large strains are presented. 
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Shells,” AIAA Journal, pp 350-356, l975. 
ABSTRACT: A computer code, based on finite difference techniques, has been developed to analyze finite 
length soft-bonded multilayered shells of revolution for dynamic loadings. The paper reviews the capabilities of 
the basic shell dynamics code used to analyze the individual shell layers and then discusses the development of 
the code for soft bonded shells. The implementation of the computer code with emphasis on the bond modeling 
is also presented. Several numerical examples are included that provide a comparison with an analytical 
solution, illustrate various design parameter studies performed with the code, and show experimental-numerical 
data correlation studies. These examples serve to illustrate the validity and usefulness of the code plus the 
necessity of including bond deformation effects to properly analyze bonded shell structures. 
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Vol. 10, No. 3, 1975, pp. 231-235, doi: 10.1007/BF00882774 
PARTIAL INTRODUCTION: The theoretical aspects of the stability of smooth longitudinally compressed 
cylindrical shells of a cross section differeng from circular have been most externsively investigated in the case 
of oval and elliptical shells and shells whose cross sections deviate from the circular shape in accordance with 
certain definite periodic laws [1-6]…. This article describes the results of an experimental investigation  of the 
stability of smooth thin-walled longitudinally compressed cylinders having either slightly elliptical cross 
sections or cross sections whose deviation from the circular shape is describe by w = Acos(4theta), where w and 
A denote the deviation and the amplitude of the deviation of the cross section from the circle, and theta is the 
circular coordinate…. 
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perturbation, finite element analysis”, International Journal of Solids and Structures, Vol. 11, No. 9, September 
1975, pp. 1023-1033, doi:10.1016/0020-7683(75)90045-1 
ABSTRACT: In some technically important structures, finite prebuckling displacements have a profound effect 
on the bifurcation load. To ignore these displacements, as is done in most instability analyses, is to invite major 
errors, usually on the unsafe side. A method is presented which approximates this effect without the necessity of 
solving nonlinear equations. The general theory is developed for any elastic body under conservative loads. The 
governing equations are subsequently discretized by a finite element approach and it is shown that for planar 
framed structures, the second order approximation to the buckling load can be found in terms of the standard 
linear and geometric stiffness matrices of structural analysis; the solution procedure does not require iterations. 
For illustrative purposes, a computer program was developed for planar structures and the results are compared 
to the exact solution for the buckling of shallow circular arches. 
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Vol.42, No. 1, June 1977, pp. 41-52, doi:10.1016/0029-5493(77)90060-7 
ABSTRACT: Computational algorithms for the analysis of fluid and structural dynamics are reviewed, with 
particular emphasis on methods that are employed or of potential benefit in reactor safety analysis, where 
coupled fluid-structure analyses are of interest. The fluid dynamics algorithms are classified according to time 
integration methods, mesh descriptions, and compressible/incompressible flow, while the structural dynamics 
algorithms are summarized from the view-points of time integration and the types of nonlinearities which can 
be treated. Alternative means of coupling these various fluid and structures algorithms are examined. Finally the 
principal features of some existing programs are summarized. 
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ABSTRACT: The nonlinear collapse behavior of long cylindrical shell structures subject to a bending load only 
or combined bending and uniform normal pressure loads is studied using the STAGS computer code. Two 
modes of nonlinear collapse are investigated to determine maximum strength. One mode of collapse is 
described by circumferential flattening of the cylinder cross section and the other mode is represented by axial 
wrinkling of the region of maximum compression. Results compare favorably with available published data for 
cylinders loaded by pure bending and results are presented for combined loads which have not been previously 
reported. The collapse loads obtained in this study show that current design criteria are conservative except for a 
narrow range of length-to-radius ratios and pressures. 
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“Stability of Pressurized Hyperboloidal Shells”, ASCE Journal of the Engineering Mechanics Division, Vol. 
101, No. 5, September/October 1975, pp. 663-678 
ABSTRACT:  The data obtained are compared with predicted results using a linear finite element stability 
analysis and a corresponding nonlinear analysis wherein the effects of geometric nonlinearities are included. 
Experimental buckling loads were in good agreement with linear theory predictions, and the geometric 
nonlinearities were found to have little effect on the calculated critical loads of the hyperboloids tested. The 
experimental results were also compared to analytical data for cylindrical shells. The ratio of experimental 
results to analytical predictions were far lower for cylindrical shells than hyperboloidal shells. These results 
indicate that hyperboloidal shells have a lower sensitivity to geometric imperfections than cylindrical shells. 
The experimental data for internally pressurized hyperboloidal shells under axial load indicate that the axial 
buckling value asymptoptotically approaches a constant value when the additional load carried by the internal 
pressure is subtracted. Sanders thin shell (strain-displacement) equations were used to develop finite element 
models for both the linear and nonlinear analyses. 
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Loads”, ASCE Journal of the Engineering Mechanics Division, Vol. 101, No. 5, September/October 1975, pp. 
517-530 
ABSTRACT:  Static stability analysis of clamped-free cylindrical shells subjected to wind pressure is 
presented, using the energy theory of buckling. The criterion used is the vanishing of the second variation of 
potential energy, i.e., expressed in terms of prebuckling membrane strains and the assumed virtual displacement 



components. The prebuckling analysis has been carried out using Donnell’s linear shell theory. Numerical 
results are presented for various shell geometries. Supporting experimental evidence is also provided. The effect 
of relaxing the axial displacement and rotation at the “clamped” base has also been theoretically studied. 
Current engineering practice of determining buckling load for maximum uniform pressure condition is shown to 
be conservative. 
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“Stability of Hyperboloidal Shells”, ASCE Journal of the Structural Division, Vol. 101, No. 7, July 1975, pp. 
1585-1602 
ABSTRACT:  An analytical and experimental investigation was carried out to determine the buckling loads of 
hyperboloidal shells with different geometries subjected to the axisymmetric loadings of external pressure and 
axial compression. Sander’s thin shell equations were used in conjunction with the finite element method to 
determine the bifurcation buckling load of the shell. The experimental program yielded data on the instability 
behavior of hyperboloidal shells subjected to combined loadings. Molded PVC specimens were used in the 
experiments. Shell specimens were: (1) Clamped on both ends; and (20 clamped on one end and free on the 
other end. The experimental data were found to be in good agreement with the analysis for all types of loading 
conditions. 
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102, No. 5, September/October 1976, pp. 839-849 
ABSTRACT: The effect upon the buckling strength of a soft elastic core attached to a shell of revolution 
subjected to axisymmetric loads is investigated. The axisymmetric stress problem is solved by using the finite 
element method to solve the body of revolution problem with an axis of material symmetry subjected to Fourier 
expandable thermal, body force, and surface traction loading. The governing equations are derived for a 
triangular toroidal continuum element attached to shell elements. The elastic core influence coefficient matrix 
of the core is derived by applying the unit line load at the interface nodal point of the core. The inversion of the 
influence coefficient matrix yields an equivalent stiffness matrix of the core which is then combined with the 
shell stiffness matrix. Results from this investigation are in good agreement with available analytical and 
experimental results for cylindrical shells. New results are obtained for conical and spherical shells. 
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“Buckling of Hyperbolic Paraboloid Shells”, ASCE Journal of the Engineering Mechanics Division, Vol. 101, 
No. 3, May/June 1975, pp. 295-299 
ABSTRACT: The buckling characteristics of hyperbolic paraboloid shells loaded by uniform pressure were first 
analyzed by Reissner. Governing equations of elastic stability have been derived by Wilson and are based on 
the existence of an adjacent equilibrium position. 
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ABSTRACT: Several aspects of the axisymmetric buckling of elastic-plastic circular plates are investigated. 
For plates that bifurcate in the plastic range, a comparison is made between the results of a numerical 
calculation of the postbuckling behavior and the predictions of an asymptotic analysis. Also, the imperfection 
sensitivity of elastic-plastic circular plates is investigated numerically when bifurcation of the perfect plate 
occurs in the elastic range and when bifurcation of the perfect plate occurs in the plastic range. 
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Vibration, Vol. 39, No. 1, March 1975, pp. 121-134, doi:10.1016/S0022-460X(75)80212-4 
ABSTRACT: Results have been collected on studies relating the stability load of a structure to stiffness and 
natural frequency. Additional experimentation has been done to include effects of residual stresses and the 
major portion of this paper is devoted to a discussion of these studies. Finally, further examinations have been 
made of recent theories to relate stability load, stiffness, frequency and residual stress. The results have been 
reported here in order to reveal the range of relationships that can be found among these four structural features, 
and to demonstrate a reasonably sound basis for non-destructive testing procedures to determine residual 
stresses and structural stability. Hopefully, it also will stimulate further research in this hitherto neglected area. 
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8044, December 1975,  
Accession Number: ADA304616, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA304616 
ABSTRACT: Several finite-element models are applied to the linear static, stability, and vibration analysis of 
laminated composite plates and shells. The study is based on linear shallow-shell theory, with the effects of 
shear deformation, anisotropic material behavior, and bending-extensional coupling included. Both stiffness 
(displacement) and mixed finite-element models are considered. Discussion is focused on the effects of shear 
deformation and anisotropic material behavior on the accuracy and convergence of different finite-element 
models. Numerical studies are presented which show the effects of (a) increasing the order of the approximating 
polynomials, (b) adding internal degrees of freedom, and (c) using derivatives of generalized displacements as 
nodal parameters. 
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Center, Hampton, VA 23665, U.S.A.), “Nonlinear shell analysis via mixed isoparametric elements”, Computers 
& Structures, Vol. 7, No. 5, October 1977, pp. 615-626, doi:10.1016/0045-7949(77)90004-9 
ABSTRACT: Mixed isoparametric elements are presented for the geometrically nonlinear analysis of laminated 
composite shells. The analytical formulation is based on a form of the nonlinear shallow shell theory with the 
effects of shear deformation, material anisotropy and bending-extensional coupling included. The fundamental 
unknowns consist of the 13 stress resultants and generalized displacements of the shell. The generalized 
stiffness matrix is obtained by using a modified form of the Hellinger-Reissner mixed variational principle. 
Both triangular and quadrilateral elements are considered. The accuracy of the mixed isoparametric elements 
developed is demonstrated by means of numerical examples and their advantages over commonly-used 
displacement elements are discussed. Also, computational procedures are presented for the efficient evaluation 
of the elemental matrices and for overcoming the difficulties associated with the large, sparse system of 
equations of the mixed models thus making them competitive with displacement models. 
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Center, Hampton, VA, U.S.A), “Nonlinear dynamic analysis of curved beams”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 23, No. 2, August 1980, pp. 225-251, doi:10.1016/0045-7825(80)90095-X 
ABSTRACT: A computational procedure is presented for predicting the dynamic response of curved beams 
with geometric nonlinearities. A mixed formulation is used with the fundamental unknowns consisting of stress 
resultants, generalized displacements and velocity components. The governing semidiscrete finite element 
equations consist of a mixed system of algebraic and differential equations. The temporal integration of the 
differential equations is performed by using an explicit half-station central difference method. A procedure is 
outlined for lumping both the flexibilities and masses of the mixed model, thereby uncoupling all the equations 
of the system. The advantages of the proposed computational procedure over explicit methods used with the 
displacement formulation are discussed. The effectiveness and versatility of the proposed approach are 
demonstrated by means of numerical examples. 
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C.D. Babcock Jr. (Graduate Aeronautical Laboratories, California Institute of Technology, Pasadena, 
California, USA), “The influence of the testing machine on the buckling of cylindrical shells under axial 
compression”, International Journal of Solids and Structures, Vol. 3, No. 5, September 1967, pp. 809-810, 
doi:10.1016/0020-7683(67)90056-X 
ABSTRACT: A series of experiments has been carried out on electroformed cylindrical shells under axial 
compression to determine the effect of the stiffness of the testing machine on the buckling load. The effect of 
the testing machine has also been calculated using Tsien's criteria. It is shown that the calculated energy loads 
have a strong dependence on the testing machine while the experimental data are virtually independent of the 
testing machine stiffness. 
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“Axial Buckling of Cylindrical Shells With Prismatic Imperfections”, J. Appl. Mech., Vol. 41,  No. 3, 
September 1974, pp. 731-736, doi:10.1115/1.3423380 
ABSTRACT: The effect of prismatic imperfections on the buckling load of circular cylindrical shells under 
axial compression is examined by considering the problem as one of interaction between panels forming the 
shell. The imperfections are in the form of flat spots. Numerical results are presented to show the effect of shell 
geometric parameters and the number, size, and the type of flat spots on the buckling load. 
 
 
C.D. Babcock, Jr., “Experiments in shell buckling (review of methods and techniques)”, Thin-shell structures: 
Theory, experiment, and design; Proceedings of the Symposium, Pasadena, Calif ; United States; 29-30 June 
1972. pp. 345-369. 1974, edited by Y.C. Fung and E.E. Sechler, Prentice-Hall, Englewood Cliffs, N.J. 
ABSTRACT: This review is specifically directed toward experimental shell buckling. The time period is 
primarily over the past 20 years. The subjects covered are specimen fabrication, initial imperfections, mounting 
and loading, and special techniques. The main purpose is a discussion and evaluation (with appropriate author 
bias) of experimental methods and techniques used in shell buckling research. The message that is clear from 



past work is that carefully conducted and reported work is infinitely more useful than tests carried out without 
much pretest thought. The emphasis is on model structures. 
 
 
J. Arbocz and C. D. Babcock, Jr., “Prediction of buckling loads based on experimentally measured initial 
imperfections”, in Buckling of structures; Proceedings of the Symposium, Cambridge, Mass ; Germany; 17-21 
June 1974. pp. 291-311. 1976 
ABSTRACT: Correlation studies between experimental buckling loads and analytical predictions based on 
experimentally measured initial imperfections were carried out for axially compressed isotropic and stiffened 
cylindrical shells. By expanding the response of a cylindrical shell in truncated Fourier series, the nonlinear 
Donnell type shell equations for imperfect stiffened shells were reduced to a set of linear equations in the 
correction terms by Newton's method of quasi-linearization. Solutions were obtained for isotropic and for ring 
and stringer stiffened shells. The amplitudes of the initial imperfections used in the analysis were calculated 
from the corresponding Imbert-Donnell imperfection models. The free parameters in this imperfection model 
were obtained by least square fitting the harmonics of the experimentally measured initial imperfections. It was 
possible in all cases to achieve satisfactory correlation using only a few suitably chosen deflection and 
imperfection modes. 
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ABSTRACT: A study has been made to determine the dynamic stability of an imperfect circular cylindrical 
shell subject to a step loading in the axial direction. In the analysis, the radial displacement of the shell is 
approximated by a finite degree-of-freedom system. The dynamic analysis includes not only the effect of the 
radial inertia, but also, in an approximate manner, that due to the axial inertia. The critical loads are determined 
by numerical integration of the equation of motion. Compared with the static case, there is a significant 
reduction of the dynamic buckling load for the high wave number range of the radial modes. It is concluded that 
due to frequency coupling between axial and radial motions, the axial inertia plays an essential role in 
characterizing the dynamic instability of a finite length shell. 
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ABSTRACT: The field method, presented previously for the solution of linear boundary-value problems 
defined on one-dimensional open branch domains, is extended to one-dimensional domains which contain 
circuits. This method converts the boundary-value problem into two successive numerically stable initial-value 
problems, which may be solved by standard forward integration techniques. Also presented is a new treatment 
of singular boundary conditions (kinematic constraints) — this is problem independent with respect to both 



accuracy and efficiency. The method has been implemented in a computer program which calculates the 
asymmetric response of ring-stiffened orthotropic multicircuit shells of revolution. 
 
 
Gerald A. Cohen (Structures Research Associates, Laguna Beach, California, USA), “Transverse shear stiffness 
of laminated anisotropic shells”, Computer Methods in Applied Mechanics and Engineering, Vol. 13, No. 2, 
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ABSTRACT: The additional constitutive equations required by transverse shear deformation theory of 
anisotropic heterogeneous shells are derived without the usual assumption of thickness distribution for either 
transverse shear stresses or strains. The derivation is based on Taylor series expansions about a generic point for 
stress resultants and couples which identically satisfy plate equilibrium equations. These equations give the in-
surface stress resultants and couples in terms of the transverse shear stress resultants at the point and arbitrary 
constants, which may be interpreted as redundant “forces”. Starting from these expressions, we derive statically 
correct expressions (in terms of the transverse shear stress resultants and redundants) of the following variables: 
(1) in-surface stresses, using the stretching-bending constitutive equations and the Kirchhoff distributions of in-
surface strains, (2) transverse shear stresses, by integration in the normal direction of the three-dimensional 
equilibrium equations, and (3) the area density of transverse shear strain energy, by integration in the normal 
direction of the corresponding volumetric density. Finally, by applying Castigliano's theorem of least work, the 
shear strain energy is minimized with respect to the redundants, thereby leading to the desired constitutive 
equations. Corresponding transverse shear stiffnesses are presented for several laminated walls, and reasonable 
agreement is obtained between transverse shear deformation plate theory using these stiffnesses and exact three-
dimensional elasticity solutions for the problem of cylindrical bending of a plate. 
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ABSTRACT: FASOR (Field Analysis of Shells of Revolution) is a user-oriented code for the analysis of 
stiffened, laminated axisymmetric shells. Very general shell geometries are allowed in that the reference surface 
meridian may form a branched, multi-circuit figure. Modes of response treated are linear asymmetric and 
geometrically nonlinear axisymmetric prebuckling, and asymmetric buckling and vibration under static 
axisymmetric loads. Bifurcation buckling under asymmetric loads is also treated by using a symmetrized 
prebuckling state based on the linear response of a user-specified meridian. For each mode of response, the user 
may specify any combination of orthotropic or anisotropic material properties with classical or transverse shear 
deformation shell theories. FASOR employs a numerical integration method (called the field method) whereby 
a numerically unstable linear boundary-value problem (all modes of response reduce to a sequence of such 
problems) is converted into two successive numerically stable initial-value problems. In this context, numerical 
stability means that round-off errors introduced at each step of the integration process tend to decay out. As a 
consequence, solution accuracy is controlled essentially by a single number, the truncation error tolerance, 
which is satisfied by automatically adjusting the size of each integration step. The field method thus eliminates 
the need for mesh generation required by finite element and finite difference methods, and the associated 
problem of numerical convergence. It also provides for automatic determination of response storage points so as 
to obtain a uniformly valid discrete approximation of the continuous response. In this paper the field method is 
briefly described, basic aspects of the mathematical model are discussed, the organization of input data is 
presented, and input and plot output are given for specific examples. 
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ABSTRACT: An integrated computer program entitled Field Analysis of Shells of Revolution (FASOR) 
currently under development for NASA is described. When completed, this code will treat prebuckling, 
buckling, initial postbuckling and vibrations under axisymmetric static loads as well as linear response and 



bifurcation under asymmetric static loads. Although these modes of response are treated by existing programs, 
FASOR extends the class of problems treated to include general anisotropy and transverse shear deformations 
of stiffened laminated shells. At the same time, a primary goal is to develop a program which is free of the usual 
problems of modeling, numerical convergence and ill-conditioning, laborious problem setup, limitations on 
problem size and interpretation of output. The field method is briefly described, the shell differential equations 
are cast in a suitable form for solution by this method and essential aspects of the input format are presented. 
Numerical results are given for both unstiffened and stiffened anisotropic cylindrical shells and compared with 
previously published analytical solutions. 
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ABSTRACT: The subspace iteration method used in the buckling options of the shell code FASOR is 
discussed. Buckling modes of a laminated anisotropic cylindrical shell and a sandwich spherical cap are 
presented and compared with previously published results. 
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ABSTRACT: The present theoretical investigation studies the effect of small multilobed initial deviations from 
the exact shape upon the deformations and the critical time of a thin-walled circular cylindrical shell which was 
manufactured with initial axisymmetric deformations. To facilitate the analytical work, the actual solid wall of 
the shell is imagined to be replaced by an equivalent sandwich wall. The general equilibrium equations derived 
for shallow shells are expressed in terms of stresses and deviations corresponding to the equivalent sandwich 
model. The radial displacement as well as the meridional, circumferential and membrane shear stresses are 
expressed by finite Fourier series for each face of the sandwich model. The compatability conditions used in 
conjunction with the equilibrium equations lead to a system of linear and nonlinear equations. It is assumed that 
all deformations are due to nonlinear steady creep governed by Odqvist's power law. The solution of this system 
of equations is carried out by introducing the solution obtained from the axisymmetric creep buckling theory 
developed by N.J. Hoff. Furthermore, in order to simplify the equations, it is assumed that the deformations 
remain small compared to the shell thickness. A closed form solution is found for the multilobed deformation 
rates and for the critical time as well. However, the latter is too complicated to be evaluated by hand. A 
numerical integration of the deformation rates shows, for a given cylinder, that the multilobed creep buckling 
deformations grow much faster than the axisymmetric. Indeed, we find that Koiter's theory of bifurcation 
buckling for perfectly elastic axially compared circular cylindrical shells has its counterpart in creep buckling. 
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ABSTRACT: This paper examines the thesis that a process of structural optimization leads inevitably to designs 
which exhibit the notorious failure characteristics often associated with the buckling of thin elastic shells. This 
means that an idealized perfect structure exhibits an unstable and often compound branching point and would 
fail by an explosive instability while nominally perfect real structures containing inevitable small imperfections 
fail at scattered loads which can be quite considerably lower than that of the idealization. It is shown via a fairly 
wide spectrum of examples that an increasing degree of optimization is likely to lead in turn to an unstable 



bifurcation, a very unstable bifurcation, and finally a very unstable compound bifurcation with the possible 
added danger of an unsuspected nonlinear coupling action. 
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ABSTRACT: A theoretical investigation is undertaken into the dynamic instability of complete spherical shells 
which are loaded impulsively and made from a rigid-plastic material. The threshold velocities for the rigid-
plastic spherical shells are larger than those for cylindrical shells having the same R/h ratios and material 
parameters, while the critical mode numbers are similar. 
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ABSTRACT: A theoretical investigation is undertaken into the dynamic instability of complete spherical shells 
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shells is explored in this note by examining the particular case of a long cylindrical shell subjected to a uniform 
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initial imperfect shape and is made from a material which creeps according to the generalized Norton's law. It 
turns out that the critical mode number of the deformed profile is identical to that obtained previously by 
various authors for the linear elastic instability of complete spherical shells. It also appears that the resistance to 
creep buckling of complete spherical shells is greater than the resistance of a long cylindrical shell having the 
same R/h ratio and material properties. 
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ABSTRACT: The postbuckling behavior of simply supported columns with thin-walled open cross section is 
investigated by means of the general nonlinear theory of elastic stability. Fourth-order terms in the series 
expansion of the total potential energy are disregarded. It is shown that interaction between linearly independent 
simultaneous buckling modes is responsible for neutral equilibrium at bifurcation if the column cross section 
has two axes of symmetry, and unstable if it has only one. If the buckling modes are not simultaneous, the 
equilibrium is neutral in both cases. Finally, the equilibrium at bifurcation is usually unstable if the cross section 
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ABSTRACT: The buckling of an axially loaded cylindrical shell is considered when imperfection components 
corresponding to all of the classical buckling modes are taken into consideration. The analysis represents an 
extension of Koiter's axisymmetric solution and in the asymptotic sense due to Koiter the imperfections 
considered are as general as possible. The results obtained reveal many interesting aspects of shell buckling 
which arize for various imperfection forms. The buckling behaviour which results is associated with both 
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buckling load of composite shells may be increased substantially through the careful choice of laminate 
configurations. An increased buckling load capability may be combined without paying a severe penalty with 
regard to imperfection sensitivity, and the presence of imperfections can cause a change in failure mode from 
global to local. This characteristic has been observed experimentally and is consistent with analytical 
predictions. 
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ABSTRACT: This report presents an overview of the development of a computer model for analysing the crash 
response of stiffened composite fuselage structures together with the experimental validation program. Using a 
finite element formulation based on Reissner/Mindlin plate theories, the numerical model can treat stiffened 
laminated shell buckling, large deflections, nonlinear material behaviour and element failure. Numerical results 
are presented for several 'test cases', although experimental comparisons are not yet available. Details on the 
design and construction of our first prototype composite fuselage model are also provided together with a 
description of the crash test facility. 
 
 
A. R. de Faria and J. S. Hansen (Institute for Aerospace Studies, UTIAS, 4925 Dufferin Street, Toronto, Ontario 
M3H 5T6, Canada), “On buckling optimization under uncertain loading combinations”, Structural and 
Multidisciplinary Optimization, Vol. 21, No. 4, 2001, pp. 272-282, doi: 10.1007/s001580100104 
ABSTRACT: This paper proposes a technique to optimize structural components for buckling when the applied 
loads are partially unknown or unpredictable. As opposed to the traditional buckling optimization situation 
where the loading configuration is specified, the load ratios are assumed uncertain and are incorporated as 
variables in the optimization problem formulation. As a result, the optimal designs obtained are insensitive to 
load variations within an admissible convex set. Additionally, in order to generalize the results and therefore 
provide a systematic solution procedure, a theorem concerning the shape of the stability boundary of structures 
whose buckling loads are the solution of linear eigenproblems is stated and proven. 
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ABSTRACT: Optimal elastic buckling loads of composite axisymmetric circular cylinders under uncertain 
loading conditions are investigated. The mechanical loads applied to the cylinder are a combination of axial 
compression, lateral pressure, and torsion. Additionally, these loads are allowed to vary within a certain class of 
admissible loads during the optimization search, as opposed to the restriction of fixed loads in the traditional 
optimization. The consideration of a degree of uncertainty in the mechanical loads leads to optimal designs 
which are inherently insensitive to perturbations and/or randomness in the applied loads. 
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ABSTRACT: Under operational conditions, some loads acting on a beam are known (deterministic loads), but 
there usually exist other loads the magnitude and distribution of which are unpredictable (uncertain loads). If 
the uncertainty in the loading is not taken into account in the design, the likelihood of failure increases. In the 
present study beams are designed for minimum weight subject to maximum stress and buckling load criteria and 
under deterministic and uncertain transverse loads. The uncertain load, which is subject to a constraint on its L 2 
norm, is determined to maximize the normal stress using a convex analysis. The location of the maximum stress 
is determined under the combination of deterministic and worst-case uncertain loads. The minimum weight 
design is obtained by determining the minimum cross-sectional area subject to stress and buckling load 
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Boros, I.E., “Effect of shape imperfections on the buckling of stiffened cylinders” (1975 csa.com; no publisher 
given) 
ABSTRACT: The buckling of ring and stringer stiffened cylinders under axial compression, external 
hydrostatic pressure and combined loading of axial compression with internal or external hydrostatic pressure 
was studied. The effect of initial sinusoidal axisymmetric and asymmetric shape imperfections on the reduction 
of the buckling strength of stiffened cylinders was investigated for varying reinforcement parameters. 
Calculations were performed by extending Koiter's special theory taking into account nonlinear prebuckling 
deformations in the form of the shape imperfection, the eccentricity and the bending stiffness of the ring 
stiffeners. The Donnell-von Kármán shell equations were solved using the Galerkin method. The quantitative 
effect of asymmetric shape imperfections (in the form of the buckling mode) on reducing the buckling strength 
of stringer stiffened shells was determined with Hutchinson's Model and experimentally investigated on four 
stringer stiffened cylinders. 
 
 
L. Carter Wellford Jr. and Ghassan M. Dib (Civil Engineering Department, University of Southern California, 
Los Angeles, CA 90007, U.S.A), “Finite element methods for nonlinear eigenvalue problems and the 
postbuckling behavior of elastic plates”, Computers & Structures, Vol. 6, Nos. 4-5, August-October 1976, 
pp.413-418, doi:10.1016/0045-7949(76)90020-1 
ABSTRACT: In the following paper new variational methods for the solution of problems of postbuckling of 
elastic plates are formulated, and approximate solutions for various cases are obtained using finite element 
methods. Initially, the postbuckling problem is phrased as a nonlinear eigenvalue problem. Variational 
principles for the nonlinear eigenvalue problem of the postbuckling of structures are developed. These 
variational principles have a form which can be characterized as a nonlinear Rayleigh principle, finite-element 
models are introduced and are used to implement the postbuckling variational principle. Incremental amplitude 



solution schemes are developed to solve the corresponding finite-element equations. Sample results are 
presented for the postbuckling behavior of circular plates. 
 
 
L. H. Sobel, T. Weller and B. L. Agarwal 
(1) Westinghouse Advanced Reactors Division, Madison, PA 15663, U.S.A. 
(2) Technion—Israel Institute of Technology, Haifa, Israel 
(3) Northrop Aircraft Division, Hawthorne, CA 90250, U.S.A. 
“Buckling of cylindrical panels under axial compression”, Computers & Structures, Vol. 6, No. 1, February 
1976, pp. 29-35, doi:10.1016/0045-7949(76)90070-5 
ABSTRACT: This paper investigates the effects of boundary conditions and panel width on the axially 
compressive buckling behavior of unstiffened, isotropic, circular cylindrical panels. Numerical results are 
presented for eight different sets of boundary conditions along the straight edges of the panels. For all sets of 
boundary conditions except one (SSI), the results show that the panel buckling loads monotonically approach 
the complete cylinder buckling load from above as the panel width is increased. Low buckling loads, sometimes 
less than half the complete cylinder buckling load, are found for simply supported panels with free in-plane 
edge displacements (SSI). The SSI buckling loads are below the complete cylinder load even for ‘360° panels’. 
It is also observed that the prevention of circumferential edge displacement is the most important in-plane 
boundary condition from the point of view of increasing the buckling load, and that the prevention of edge 
rotation (i.e. clamping) in the circumferential direction also significantly increases the buckling load. Parametric 
studies are also performed to determine the effects of variations in panel length and thickness on the buckling 
loads. 
 
 
L. H. Sobel (1) and B. L. Agarwal (2) 
(1) Westinghouse Advanced Reactors Division, Madison, PA 15663, U.S.A. 
(2) Northrop Aircraft Division, Hawthorne, CA 902050, U.S.A. 
“Buckling of eccentrically stringer-stiffened cylindrical panels under axial compression”, Computers & 
Structures, Vol. 6, No. 3, June 1976, pp. 193-198, doi:10.1016/0045-7949(76)90029-8 
ABSTRACT: This paper investigates the effects of boundary conditions and panel width on the axially 
compressive buckling behavior of eccentrically stringer-stiffened circular cylindrical panels. Numerical results 
are presented for eight different sets of boundary conditions along the straight edges of the panels. As the panel 
width is increased, the results show that the complete cylinder buckling load is reached only for one set of 
boundary conditions (SS3, classical simple support conditions). However, for 180∞ and wider panels, the panel 
buckling loads are within ± 10% of the complete cylinder load for all cases except SS1 panels (free in-plane 
edge displacements) with outside stringers. Low buckling loads, as low as half the complete cylinder load, are 
found for some SS 1 panels. It is also observed that the prevention of circumferential edge displacement is the 
most important in-plane boundary condition from the point of view of increasing the buckling load, and that the 
prevention of edge rotation (i.e. clamping) in the circumferential direction is more effective in increasing the 
buckling loads of panels with free circumferential edge displacement _≈ that it is for panels with _≈ = 0. From 
stringer-eccentricity studies, it is shown that buckling loads are generally at least 40 _50% higher for the case of 
outside stringers, and that eccentricity effects are generally similar for clamped and simply supported panels 
with the same in-plane boundary conditions. 
 
 
B.L. Agarwal and L.H. Sobel, “Weight comparisons of optimized stiffened, unstiffened, and sandwich 
cylindrical shells made from composite or aluminum materials”, 17th AIAA Structures, Structural Dynamics, 
and Materials Conference, King of Prussia, PA, May 1976, pp. 333-343 
ABSTRACT: This work presents optimum designs for unstiffened, hat stringer-stiffened and honeycomb 
sandwich cylinders under axial compression. Optimization results for graphite-epoxy cylinders show about a 50 
percent weight savings over corresponding optimized aluminum cylinders for a wide loading range. The 
inclusion of minimum gage considerations results in a significant weight penalty, especially for a lightly loaded 
cylinder. Effects of employing a smeared stiffener buckling theory in the optimization program are investigated 



through comparison of results obtained from a more accurate branched shell buckling computer code. It was 
found that the stiffener cross-sectional deformations, which are usually ignored in smeared stiffener theory, 
result in about a 30 percent lower buckling load for the graphite-epoxy hat stiffened cylinder. 
 
 
L.H. Sobel (Westinghouse Advanced Reactors Division, Madison, PA 15663, U.S.A.), “In-plane bending of 
elbows”, Computers & Structures, Vol. 7, No. 6, December 1977, pp. 701-715, 
doi:10.1016/0045-7949(77)90024-4 
ABSTRACT: This paper presents a finite element analysis of the in-plane bending behavior of elastic elbows. 
Rules and guidelines are presented for the systematic selection of the dimensions of the finite element meshes 
and for the interpretation of the numerical results. A simple asymptotic formula is presented that gives the 
dimensions of a so-called “optimum” (or “upper bound”) mesh as a function of the geometry of the elbow. This 
mesh, along with a companion one, the “lower bound” mesh, serve to establish the basis for the selection of the 
range of mesh dimensions that are used in the convergence studies of the MARC finite element computations 
for stresses, displacements and stress intensification and flexibility factors appropriate to a typical FFTF elbow. 
Reasonable good agreement is found in a comparison of the MARC results with those obtained from the 
ELBOW computer program, as well as with results predicted by Clark and Reissner's asymptotic formulas. 
 
 
L. H. Sobel, S. Z. Newman (Westinghouse Advanced Reactors Division, Madison, Pa. 15663), “Plastic 
Buckling of Cylindrical Shells Under Axial Compression”, J. Pressure Vessel Technol. 102(1), 40-44 (Feb 01, 
1980) (5 pages) doi:10.1115/1.3263299 
ABSTRACT: Analytical and experimental results are presented for the axisymmetric plastic buckling of axially 
compressed cylinders made from strain hardening materials. Buckling loads predicted by two simple bifurcation 
buckling formulas (simplified analysis) and by the STAGS finite difference computer program (detailed 
analysis) are compared with buckling loads measured in room temperature tests on Type 304 stainless steel 
cylinders. The comparison shows that the loads predicted by Gerard’s bifurcation buckling formula agree well 
with the test results and the STAGS solution. Thus, the present results provide further confirmation that 
Gerard’s simple formula furnishes a reasonably good approximation to the load carrying capacity of strain 
hardening cylinders that buckle axisymmetrically at nominal axial stresses equal to or greater than the yield 
stress. 
 
 
K. Kanaka Raju and G. Venkateswara Rao (Vikram Sarabhai Space Centre, Trivandrum-695022, India), “Large 
amplitude asymmetric vibrations of some thin shells of revolution”, Journal of Sound and Vibration, Vol. 44, 
No. 3, February 1976, pp. 327-333, doi:10.1016/0022-460X(76)90505-8 
ABSTRACT: Large amplitude asymmetric vibrations of shells of revolution are analysed in this paper by using 
a finite element method. Sanders' non-linear strain displacement relations are used to derive the element 
stiffness matrix. In the derivation of the mass matrix, the effect of in-plane inertia is included. Three numerical 
examples are presented to show the reliability and effectiveness of the present finite element formulation. 
 
K. Kanaka Raju and G. Venkateswara Rao (Structural Engineering Division, Vikram Sarabhai Space Center, 
Trivandrum 695022, India), Authors’ reply, Journal of Sound and Vibration, Vol. 52, No. 3, June 1977, pp.454-
455 
 
 
José J.A. Rodal and Emmett A. Witmer (MIT Energy Lab), “Finite element nonlinear transient response 
analysis of simple 2-d structures subjected to impulse or impact loads”, Report MIT-EL, 76-004, 1976, 
http://hdl.handle.net/1721.1/27252  
ABSTRACT: This study was intended to contribute to the development of more rational practical methods for 
predicting the transient responses of structures which are subjected to transient and impact loads. Attention is 
restricted to the global structural response; local (or stress-wave-induced) response is not included. The use of 
higher-order assumed-displacement finite elements (FE) is investigated to seek more efficient and accurate 



strain predictions; these studies were carried out for 2-d structural deformations typical of beams and curved 
rings to minimize cost and labor. These studies were done in conjunction with the use of various 
approximations to the nonlinear strain-displacement relations since large deflections and rotations need to be 
taken into account. Transient large-deflection elastic-plastic structural response predictions are made for these 
various FE models for impulsively-loaded beams and a free initially-circular ring, for which high quality 
experimental measurements of strains and deflections are available. From comparisons of (a) predictions with 
each other for the various FE models investigated and (b) predictions vs. experimental data, it appears to be 
more efficient for the same number of degree-of-freedom (DOF) unknowns to use the simple 4 DOF/node 
elements rather than fewer of the more sophisticated 8 DOF/node elements although the latter provide a 
physically superior and more realistic distribution of strain along the structural span at any given time instant 
compared with the use of the 4 DOF/N elements. Comparisons of measured with predicted transient strain and 
final deformation of a thin aluminum beam with both ends clamped and impacted at midspan by a 1-inch 
diameter steel sphere show very good agreement. Extensions to the present analysis to accommodate more 
general types of fragments and fragment-impacted structures are discussed briefly. 
 
 
Roy Levy (DSN Engineering Section, Jet Propulsion Laboratory, 4800 Oak Grove Drive, Pasadena, CA 91103, 
U.S.A.), “Computer-aided design of antenna structures and components”, Computers & Structures, Vol. 6, 
Nos.4-5, August-October 1976, pp. 419-428, doi:10.1016/0045-7949(76)90021-3 
ABSTRACT: This paper discusses computer-aided design procedures for antenna reflector structures and 
related components. The primary design aid is a computer program that establishes cross sectional sizes of the 
structural members by an optimality criterion. Alternative types of deflection-dependent objectives can be 
selected for designs subject to constraints on structure weight. The computer program has a special-purpose 
formulation to design structures of the type frequently used for antenna construction. These structures, in 
common with many in other areas of application, are represented by analytical models that employ only the 
three translational degrees of freedom at each node; The special-purpose construction of the program, however, 
permits coding and data management simplifications that provide advantages in problem size and execution 
speed. Size and speed are essentially governed by the requirements of structural analysis and are relatively 
unaffected by the added requirements of design. Computation times to execute several design/analysis cycles 
are comparable to the times required by generalpurpose programs for a single analysis cycle. Examples in the 
paper illustrate effective design improvement for structures with several thousand degrees of freedom and 
within reasonable computing times. 
 
 
Jacques Cohen (Physics Department, Brandeis University, Waltham, Mass. 02154, USA), “Symbolic and 
numerical computer analysis of the combined local and overall buckling of rectangular thin-walled columns”, 
Computer Methods in Applied Mechanics and Engineering, Vol. 7, No. 1, January 1976, pp. 17-38, 
doi:10.1016/0045-7825(76)90003-7 
ABSTRACT: This paper describes the combined use of symbolic formula manipulations and numerical 
computations in the study of the interaction, within the elastic range, of local (plate) and overall (column) 
buckling of rectangular thin-walled tubular columns. The study is made using the Rayleigh-Ritz procedure. The 
selection of the analytical expression for the assumed deflected shape has been based on existing solutions for 
column and plate action considered individually. The minimization of the total energy of the column is 
performed by the computer using a symbol manipulation package (Macsyma). This minimization yields a set of 
nonlinear simultaneous algebraic equations which are then solved numerically. The problems encountered in 
implementing the formal and numerical parts of the computations (as well as their interaction) are discussed in 
the paper. The results of the computer analysis are presented in the form of diagrams showing the variation of 
the important generalized coordinates with the applied load. 
 
 
Michael Pappas and Arnold Allentuch (Newark College of Engineering, Newark, New Jersey, 07102, U.S.A.), 
“Extended capability for automated design of frame-stiffened, submersible, cylindrical shells”, Computers & 
Structures, Vol. 4, No. 5, October 1974, pp. 1025-1059, doi:10.1016/0045-7949(74)90023-6 



ABSTRACT: This paper presents a procedure and computer program for the minimum weight design of 
circular, cylindrical, ‘T’ frame (ring) reinforced, submersible shells where all metal thicknesses may be 
confined to specified gage thickness values. Using the designer specified parameters defining shell radius shell 
length, eccentricity, operating depth, design factors of safety, construction materials properties and when used, 
the specified gage thickness values, the program will generate those values of skin thickness stifiener web and 
flange thicknesses, stiffener web depth and flange width, and if desired, stiffener spacing that will produce the 
smallest shell weight to liquid weight displaced ratio. Experience with the program has demonstrated that there 
is usually little weight penalty associated with the use of discrete metal thickness values when the stiffener 
spacing can be optimized. This weight penalty can, however, be significant where the number of stiffeners is 
held fixed. 
 
 
M. Pappas (Department of Mechanical Engineering, Newark College of Engineering, New Jersey Institute of 
Technology, 323 High Street, Newark, NJ 07102, U.S.A.), “Improved synthesis capability for “T” ring-
stiffened cylindrical shells under hydrostatic pressure”, Computers & Structures, Vol. 6, Nos. 4-5, August-
October 1976, pp. 339-343, doi:10.1016/0045-7949(76)90010-9 
ABSTRACT: The new “Direct Search-Feasible Direction” (DSFD) nonlinear mathematical programming 
optimization algorithm is applied to the design of stiffened submersible shells. An automated design capability 
for this problem (SBSHL6) is described wherein the program will generate the least weight design by locating 
the optimal, or near optimal, values of skin thickness, web thickness and height, flange thickness and width, and 
stiffener spacing given the design parameters such as shell size, immersion pressure, shell eccentricity, 
materials properties, and minimum natural frequency. Constraint equations control, general, panel (between 
stiffener), web, and flange instability, skin and stiffener yielding, and minimum natural frequency. The DSFD 
procedure appears capable of reliably locating optimal designs whereas earlier attempts in investigations using 
other optimization methods, including the popular SUMT procedure, failed to provide optimal solutions to the 
same problem. This and an earlier detailed comparison study strongly suggest that SUMT is not a reliable 
procedure for structural optimization while DSFD seems to provide reasonably reliable performance. Designs 
generated by SBSHL6 are presented and compared with those of the earlier studies. The results of a series of 
synthesis runs from widely separated starting points are also presented. The designs developed by SBSHL6 are 
substantially lighter than those reported earlier. The multipath runs for each set of parameters studied all 
converged to similar designs of essentially identical weights demonstrating program reliability. 
 
 
Tung H. Yang (1) and Sidney A. Guralnick (2) 
(1) Pullman-Standard, Hammond, Ind. 
(2) Dept. of Civil Engineering, Illinois Institute of Technology, Chicago, Illinois, USA) 
“Buckling of Axially Loaded Open Shells”, ASCE Journal of the Engineering Mechanics Division, Vol. 102, 
No. 2, March/April 1976, pp. 199-211 
ABSTRACT:  This paper describes an experimental investigation of the buckling behavior of axially-loaded 
thin open cylindrical shells. The results of experiments with 36 aluminum shell specimens are compared with 
predictions of buckling made by means of two separate theoretical approaches. Discrepancies between 
measured and predicted values of buckling load are treated in detail. Generally speaking, the experiments 
revealed a satisfactory agreement between measured buckling loads and predicted values especially in instances 
where the slenderness ratio exceeds 1.5. 
 
 
Matsui, T. and Matsuoka, O. (Department of Architecture, Nagoya University, Nagoya, Japan), “A new finite 
element scheme for instability analysis of thin shells. International Journal for Numerical Methods in 
Engineering, Vol. 10, 1976, pp. 145–170, doi: 10.1002/nme.1620100112 
ABSTRACT: This paper describes a new finite element scheme for the analysis of instability phenomena of 
arbitrary thin shells. A computationally efficient procedure is proposed for calculating the non-linear stiffness 
and tangential stiffness matrices for a doubly-curved quadrilateral element defined by co-ordinate lines. The 
essential feature is the explicit addition of the non-linear terms into the rigid-body motion of the element. Thus 



the non-linear and tangential element stiffness matrices can easily be generated by transforming the generalized 
element stiffness matrix for linear analysis, and the non-linear terms of these matrices are separated into a 
number of component terms multiplied by the rigid-body rotations. These component terms can be stored 
permanently and used to calculate efficiently the non-linear and tangential stiffness matrices at each iteration. 
Illustrative examples are presented which confirm the validity of the present approach in the analysis of 
instability phenomena of thin plates and shells. 
 
 
Batoz, J. L., Chattopadhyay, A. and Dhatt, G. (Civil Engineering Department, Laval University, Quebec, 
Canada), “Finite element large deflection analysis of shallow shells”,  International Journal for Numerical 
Methods in Engineering, Vol. 10, No. 1, 1976, pp. 39–58. doi: 10.1002/nme.1620100104 
ABSTRACT: A finite element formulation is presented to study the non-linear buckling of arbitrary shallow 
elastic thin shells with general boundary conditions and subjected to conservative pressure loading. Pre and post 
buckling behaviour of a large number of shallow and semi deep doubly curved shells is studied in detail. 
Unsymmetrical bifurcation paths of a shallow spherical shell subjected to uniform inward pressure are also 
investigated. 
 
 
J. L. Batoz (Department of Civil Engineering, Massachusetts Institute of Technology, Cambridge, 
Massachusetts, U.S.A.), “Curved finite elements and shell theories with particular reference to the buckling of a 
circular arch”, International Journal for Numerical Methods in Engineering, Vol. 14, No. 5, pp. 774–779, 1979, 
DOI: 10.1002/nme.1620140511 
ABSTRACT: The choice of strain-displacement relations to fomulate curved finite elements for the 
geometrically nonlinear analysis of deep thin shells of general shape is discussed. It is clearly demonstrated on a 
simple arch problem how the strain-displacement relations can affect the buckling pressure and it is concuded 
that inconsistent expressions should be avoided. 
 
 
N. Yamaki and K. Otomo (Institute of High Speed Mechanics, Tohoku University, Sendai, Japan), 
“Experiments on the postbuckling behavior of circular cylindrical shells under hydrostatic pressure”, 
Experimental Mechanics, Vol. 13, No. 7, pp 299-304, July 1973 
ABSTRACT: Detailed experimental studies are performed on the postbuckling behavior of circular cylindrical 
shells under hydrostatic pressure, by using lap-jointed polyester test cylinders with radius 100 mm, thickness 
0.25 mm and lengths ranging from 23 to 165 mm. Connections of the edge shortening and radial displacement 
with applied pressures as well as wave forms for typical postbuckling configurations are determined for various 
values of the shell curvature parameter Z ranging from 20 to 1000. It is found that the buckling pressure and the 
corresponding wave number for each cylinder compare favorably with those theoretically predicted, and that the 
minimum pressure after buckling decreases with the increase in Z, until it becomes about 70 percent of the 
theoretical buckling pressure for long shells withZ greater than 200. 
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“Experiments on the postbuckling behavior of circular cylindrical shells under compression” (Precise 
experimental results are presented clarifying the whole aspect of the postbuckling behavior of circular 
cylindrical shells under compression for a wide range of shell geometries), Experimental Mechanics, Vol. 15, 
No. 1, 1975, pp. 23-28, doi: 10.1007/BF02318521 
ABSTRACT: Detailed experimental studies are performed on the postbuckling behavior of circular cylindrical 
shells under compression, by using polyester test cylinders with the geometric parameter Z ranging from 20 to 
1000. In each case, variations of the equilibrium load, circumferential wave number and maximum inward and 
outward deflections, with applied edge shortenings, are clarified. Contour lines for typical postbuckling 
configurations are also shown. It is found that, as the cylinder is compressed beyond the primary buckling, 
secondary bucklings take place successively with diminishing wave numbers, and that postbuckling equilibrium 
loads become significantly lower than those at buckling as Z increases. Further, for short shells with Z less than  
or equal to 100, the buckled waveforms are always symmetric with one-tier diamond buckles, while for longer 
shells, asymmetric postbuckling patterns with two tiers of buckles dominate. 
 
 
N. Yamaki and S.   (Institute of High Speed Mechanics, Tohoku University, Sendai, Japan), “Postbuckling 
behavior of circular cylindrical shells under compression”, International Journal of Non-Linear Mechanics, Vol. 
11, No. 2, 1976, pp. 99-111, doi:10.1016/0020-7462(76)90008-1 
ABSTRACT: Applying the Galerkin procedure to the Donnell basic equations, reasonably accurate solutions 
are obtained for the postbuckling behavior of clamped circular cylindrical shells under axial compression. To 
make a distinct comparison with the previous experimental results, calculations are carried out for shells with 
the same elastic and geometric parameters and the relations between the waveform, axial shortening and 
maximum deflections with applied loads are clarified. The results here obtained are found to be in reasonable 
agreement with experimental ones throughout the regions with fairly large deformations. 
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Madras 600036, India), “Non-linear vibrations of a shallow cylindrical panel on an elastic foundation”, Journal 
of Sound and Vibration, Vol. 47, No. 4, August 1976, pp. 495-500, doi:10.1016/0022-460X(76)90876-2 
ABSTRACT: The dynamic von Karman field equations are used to analyse the influence of large amplitude on 
the free vibrations of shallow cylindrical shells made of orthotropic material and resting on an elastic Winkler 



foundation. The “snap-through” phenomenon for such shells subjected to a dynamically applied uniform 
pressure that increases linearly with time is also investigated. 
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spectrum of ventriculographic abnormality associated with mitral prolapse could be partly explained by 
hypokinesis of the papillary loops, variably disguised by retraction stress transmitted from the billowing 
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presented. The collapse behaviour is analysed by determining both the limit load and the possibility and 
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ABSTRACT: A series of tests was carried out on clamped cylindrical shells under a combination of thermal and 
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pressure applied before the heating. The paper describes the test setup, equipment and techniques used. Systems 
for rapid measurement, data analysis and storage designed for the experimental work are presented. As an 
outcome of this study, a linear-interaction line is proposed in order to express the interaction between thermal-
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ABSTRACT: Postbuckling behavior and imperfection sensitivity associated with mode interaction in axially 
stiffened cylindrical shells under axial compression are studied. The two modes considered are an overall mode 
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buckling between the stiffeners. A restricted optimization study is made where the number of stringers is treated 
as a design parameter, and the range of designs considered includes the optimum design for the perfect shell, 
where the two modes are simultaneous. The influence of a given level of imperfections on the optimum is 
explored. A general method for analyzing initial postbuckling behavior is proposed for structures with 
simultaneous or nearly simultaneous modes. Asymptotic expansions of all fields in the amplitudes of the 
competing modes provide a set of uniformly valid results. 
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ABSTRACT: Tests were performed on two simply supported plates of aluminum alloy 2024-0, under a central 
concentrated load, with peak deflections up to 2.6 times the thickness. The load was provided by a small-
diameter hard-steel rod. The plates had diameter-to-thickness ratios (D/h) of 20 and 41. Measurements were 
made of load, deflections and strains; membrane and bending strains were calculated from the test data. The test 
data are presented in comparison with theoretical predictions generated by the Grumman-developed 
finiteelement-computer code PLANS, which includes material and geometric nonlinearities. The theoretical 
prediction was excellent for deflections, and generally good for strains, when the central force was represented 
by a line load around the loading rod's contact circle. Using a uniform pressure as the central force caused the 
theory to slightly overpredict the peak deflections and greatly overpredict the peak strains at the plate center. 
The plates exhibited initial loss of stiffness under the plastic-bending behavior, followed by a restiffening when 
the large deflections caused a rapidly increasing membrane action that provided much additional resistance to 
the applied load. 
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behaviour of a simply supported circular cylindrical panel subjected to an initial bending moment”, Journal of 
Sound and Vibration, Vol. 61, No. 1, November 1978, pp. 61-69, doi:10.1016/0022-460X(78)90041-X 
ABSTRACT: The vibration of cylindrical panels with simply supported boundary conditions in the presence of 
an initial bending moment is investigated. The analysis is based on the theory of Herrmann and Armenàkas. The 
results for the stability and free vibration of the panels are obtained as special cases. 
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and stability of cylindrical panels with elliptical cross section”, Ingenieur-Archiv, Vol. 50, No. 2, pp 113-119, 
1981, DOI: 10.1007/BF00539694 
SUMMARY: The free vibrations of cylindrical panels with elliptical cross section subjected to an initial stress 
state are investigated. The buckling problem of the panel under the stress state considered is studied as special 
case of the free vibration problem. 
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K.P. Soldatos, C.V. Massalas and G.J. Tzivanidis (Department of Mechanics, University of Ioannina, Ioannina, 
Greece), “Dynamic analysis of thin elastic noncircular conical shells”, Acta Mechanica, Vol. 46, Nos 1-4, pp 
207-232, 1983 
SUMMARY: The geometry of the middle surface lines of curvature of a thin conical shell, whose cross-section 
is bounded by a certain closed convex plane curve, is studied. Then, for such a shell, several sets of linear and 
nonlinear equations of motion are derived in terms of its middle surface orthogonal line-of-curvature coordinate 
system. As an application of the presented analysis, the free vibration problem of thin circular and elliptical 
frustums is investigated by means of linear Donnell-type equations of motion. These equations are expressed in 



terms of the shell middle surface displacement components and they are solved approximately by means of 
Galerkin's method. Numerical results are presented for frustums with clamped both edges. 
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H. P. Lee, P. J. Harris, “A finite element investigation of the post-buckling strength of thin-walled structural 
members under compression”, Canadian Journal of Civil Engineering, 1978, Vol. 5, No. 4, 1978, pp. 595-610,  
doi: 10.1139/l78-064 
ABSTRACT: By employing the finite element displacement method using the tangent stiffness approach, the 
paper presents results of post-buckling analysis of plates and three-dimensional thin-walled members subjected 
to uniaxial compressive loads. A simple rectangular element with six degrees of freedom at each node, suitable 
for the analysis of nonplanar prismatic members with slope discontinuities (folded plates), is employed. Both 
geometric and material nonlinearities have been considered based on a Lagrangian coordinate system and. the 
flow theory of plasticity. The nonlinear equations are solved using the Newton–Raphson method in the elastic 
range and the step-by-step method with equilibrium corrections in the plastic range. A modified Cholesky 
decomposition technique is employed to solve the basic stiffness equations. 
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(2) Department of Civil Engineering and Applied Mechanics, McGill University, Montreal, Canada 
(3) Department of Civil and Environmental Engineering, New Jersey Institute of Technology, Newark, New 
Jersey, USA 
“A nonlinear finite element computer program for thin-walled members”, Thin-Walled Structures, Vol. 2, No.4, 
1984, pp. 355-376, doi:10.1016/0263-8231(84)90004-1 
ABSTRACT: A nonlinear finite element computer program has been developed to analyse thin-walled metal 
structural members. The program has the ability to handle both geometrical and material nonlinearities so that 
the post-buckling behaviour and ultimate strength of members can be predicted. A bending-membrane 
rectangular element with six degrees of freedom at each node forms the basic type of element used in the 
program. Marguerre's shallow shell theory is adopted for the strain-displacement relationships and hence the 
bifurcation point at buckling can be bypassed by providing an initial inperfection. The finite element 
formulation is based on the total Lagrange coordinate system and the flow theory of plasticity. Explicitly shown 
in the paper is the formation of the tangent stiffness matrix and the tridiagonal block form of solution procedure. 
Two problems of a square tube and a channel section beam subjected to pure bending were tested and found to 
be in close agreement with previous theoretical work. 
 
 



Hung Nguyen-Dang and Dan Frangopol, “Plastic collapse of shells of revolution by finite element method”, 
ASCE Journal of the Engineering Mechanics Division, Vol. 104, No. 3, pp 707-712, May/June 1978 
ABSTRACT: This technical note indicates alternative applications of the nonlinear programming techniques 
and the finite element discretization to the limit analysis of shells of revolution. The numerical results are good 
even though the numbers of degrees-of-freedom used are limited. Both statically and kinematically finite 
element formulations are general, so extension to more complicated structures is possible. The flexibility and 
the efficiency of the finite element technique are preserved and combined with the algorithms of nonlinear 
programming. 
 
 
Montague, P. Experimental behaviour of double-skinned composite, circular cylindrical shells under external 
pressure. J. Mech. Engg. Sci., 1978, 20 (1), 21-34, DOI: 10.1243/JMES_JOUR_1978_020_005_02 
 
J. Crouzet-Pascal (Research Department, Grumman Aerospace Corporation, Bethpage, New York 11714 USA), 
“Buckling analysis of laminated composite plates”, Fibre Science and Technology, Vol. 11, No. 6, November 
1978, pp. 413-446, doi:10.1016/0015-0568(78)90010-6 
ABSTRACT: Over the past few years, fibre-reinforced laminates have been found to be highly desirable for 
aerospace structural applications. This paper is concerned with one of the problem areas connected with these 
applications; namely, the stability of midplane symmetric, laminated composite plates. The results of plate 
buckling analyses performed by means of the BENST module of the PLANS system of finite element structural 
analysis programs are presented. These analyses involve a wide variation in laminate orthotropic and material 
axis orientation and a number of plate aspect ratios and support conditions. The efficacy of the BENST finite 
element program is demonstrated by comparison with published results. Peak buckling loads for simply 
supported plates at material axes orientation other than the plate principal axes are predicted for laminate 
material properties ranging from mildly orthotropic to severely orthotropic. This indicates that the common 
design practice of calculating simply supported plate buckling levels by applying a ‘knock down’ factor to 
existing clamped plate data may often be unnecessarily conservative. Also included in this paper are details on 
the finite element method implemented in BENST and the development of the expressions that permit the 
calculation of laminate effective material properties from the properties of the individual layers. 
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(1) University of Roorkee, Roorkee (U.P.) India 
(2) Department of Civil engineering, University College of Swansea, Swansea, Wales, U.K. 
“The visco-plastic approach to problems of plasticity and creep involving geometric non-linear effects”, 
International Journal for Numerical Methods in Engineering, Vol. 12, No. 1, 1978, pp. 169–181.  
doi: 10.1002/nme.1620120116 
ABSTRACT: The visco-plastic model is used in the context of large displacement (geometrically non-linear) 
analysis. As the process now involves in numerical computation an updating of relevant stiffness matrices, 
formulation which is stable and computtionally more efficient. The applications shown demonstrate the 
applicability of the process to large displacement elasto-plastic shell analysis as well as to problems of creep 
buckling. 
 
 
I. Hegedüs, “Buckling of axially compressed cylindrical sandwich shells”, Acta Technica Academiae 
Scientiarum Hungaricae, Vol. 89, Nos. 3 – 4, pp. 377 – 387, 1979 
ABSTRACT: A method is presented for determining the linear critical force of thick-faced sandwich cylinders 
compressed along the generatrix. Contrary to deductions neglecting transversal shear deformations, critical 
buckling form of sandwich cylinders under uniform compression along the generatrix is always so-called 
annular buckling, hence by no means an interdeterminate buckling form. Critical forces deduced according to 
flexural theory assumptions for thin- and thick-faced sandwiches significantly differ: upper bound of the critical 
force of thin-faced sandwich plates is the effective shear rigidity value of the sandwich, while for thick-faced 
sandwich structures (with non-negligible flexural rigidity of facings) the critical force may exceed the shear 



stiffness. An illustrative analogy, useful for practical computations, may be found between the buckling of 
sandwich cylinders and elastically bedded sandwich beams. In either case, the exact solution of the used 
mathermatical model yields a formula, the same as given by the Bijlaard’s principle which is a known method 
of stability analysis for estimating the critical force. 
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R.A.F. Martins (1), a and D.R.J. Owen (2) 
(1) Mechanical Engineering Department, Engineering Faculty of Oporto, Portugal 
(2) Department of Civil Engineering, University of Wales, Swansea, WalesEngland 
“Elastoplastic and geometrically nonlinear thin shell analysis by the semiloof element”, Computers & 
Structures, Vol. 13, No. 4, August 1981, pp. 505-513, doi:10.1016/0045-7949(81)90045-6 
ABSTRACT: This paper extends the use of the Semiloof shell element to geometrically and materially 
nonlinear situations. For the geometrically nonlinear analysis a moving coordinate process is used. Local 
coordinate systems are considered, one at each integrating point, which move with the structure and allow 
deformation and rotation within the element to be taken into account. For elasto-plastic analysis the initial stress 
method is used and the yield conditions are expressed in terms of nondimensional stress resultants. The element 
formulation is briefly considered and in particular the definition of the global and local displacements and their 
first and second derivatives in the non-constrained and constrained form of the element are discussed. 
Numerical results are presented and comparisons made with other sources where available. 
 
Li Xi-Kui, Guo-Qiang Liu, D.R.J. Owen, (1984) "Geometrically non-linear analysis of thin plates and shells 
using a generalized displacement method", Engineering Computations, Vol. 1 Iss: 4, pp. 318 – 323 
DOI: 10.1108/eb023586 
ABSTRACT: A generalized displacement method has been previously presented for the analysis of thin plate-
shell structures with the use of bilinear 4-node isoparametric shell elements. Following this approach, a 
procedure for the geometrically non-linear analysis of thin plates and shells based on both updated and total 
Lagrangian formulations is developed. The results of some numerical examples are presented to show the 
versatility and effectiveness of the method. 
 
 
D.B. Van Fossen (Applied Mechanics Section, Babcock and Wilcox Research and Development Division, 
Alliance, OH 44601, U.S.A), “FESAP—design program for static and dynamic structural analysis”, Computers 
& Structures, Vol. 9, No. 4, October 1978, pp. 371-376, doi:10.1016/0045-7949(78)90123-2 
ABSTRACT: The Structural Analysis Program, SAP, has been widely accepted and modified to perform a wide 
variety of structural analyses at many universities, government and industrial organizations. This paper will 
document the development of SAP into a user-oriented program for linear dynamic and static analysis of large 
complex structures which is referred to as FESAP (Finite Element Structural Analysis Program). The paper will 
also describe companion computer programs which constitute a total design system for thermo-structural 
analysis. The total system includes mesh generation programs, a heat transfer program, the structural analysis 
program, batch and interactive graphic computer programs, and post-processors for the results of the heat 
transfer and structural analysis programs. 
 
 
J.A. Swanson (Swanson Analysis Systems, Inc., Elizabeth, Pennsylvania 15037, USA), “Status report on 
intergrated analysis methods for nuclear reactor structural analysis”, Nuclear Engineering and Design, Vol. 29, 
No. 2, December 1974, pp. 243-253, Special Issue: Papers Presented at the Conference, 
doi:10.1016/0029-5493(74)90126-5 



ABSTRACT: The purpose of this paper is to look at the analysis of a nuclear reactor system as a total analysis 
task and to examine the assumptions which are made in the separation of the analysis task into its component 
disciplines. The structural analysis discipline is then examined in more detail to try to define a workable 
approach to an integrated structural analysis of the reactor system. We will start with a general discussion of the 
total analysis task, starting from the initial concept of the reactor plant. The total task will then be subdivided 
into the respective disciplines and an attempt will be made to rationalize or criticize the division into separate 
disciplines. The discipline of structural mechanics will then be examined in view of its interactions with other 
disciplines such as fluid flow and nuclear analysis to determine the degree of coupling which exists among 
these disciplines. This will be done by examining the interactions of the state variables which apply at each 
point of the system. The state variables considered will include fluence, temperature, displacement and pressure. 
The state variables defined will then be used as the basis for the definition of an overall structural model of the 
reactor system. Such an overall model can be conceived in terms of the present status of analytical techniques, 
by the use of such concepts as substructuring, constraint equations, coupled solutions for heat transfer, stress 
and dynamic analysis, along with fourth generation computer capabilities. A block design for an overall 
structural model will be discussed and also the areas which require new analysis techniques. The last section 
will present an outline of a mode of operation of a structural design/analysis activity which is established to 
implement a comprehensive integrated structural analysis of an entire reactor system. The concept of an 
evolving model of the system will be presented and the coordination required to successfully manage such a 
design/analysis approach will be discussed. A brief discussion of the effects of non-linear effects such as creep, 
plasticity, gaps on the overall approach will be included. 
 
 
John A. Swanson (Swanson Analysis Systems, Inc. P.O. Box 65, Houston, PA 15342, U.S.A.), “Present trends 
in computerized structural analysis”, Computers & Structures, Vol. 10, Nos. 1-2, April 1979, pp. 33-37, 
doi:10.1016/0045-7949(79)90070-1 
ABSTRACT: This paper is intended to review the present state-of-the-art in computerized structural analysis, to 
look at the present trends in analysis, and to project these trends over the next 3–5 yr and try to predict the 
forms which computerized structural analysis will take over the next few years. The various components 
making up the structural analysis system are examined in some detail followed by an assembly of the present 
components into the present state-of-the-art system and an attempted assembly of the projected components into 
a future state-of-the-art system. This projection is the basis for the present hardware and software developments 
being done at Swanson Analysis Systems, Inc., in conjunction with the ANSYS Computer Program. 
 
 
V.V. Gaidaichuk, E.A. Gotsulyak and V.I. Gulyaev, “Bifurcation of solutions of nonlinear equations of toroidal 
shells under external pressure”, International Applied Mechanics, Vol. 14, No. 9, 1978, pp. 931-937,  
doi: 10.1007/BF00885745 
PARTIAL INTRODUCTION: The known solutions [3,5,7,10] of the problem of the stability of a toroidal shell 
have been based on the conversion to a Sturm-Liouville problem. Since the linearization was performed in the 
neighborhood of the initial zero-moment stressed state, which can be calculated relatively simply, the authors of 
the papers were able to obtain an analytic solution… 
 
V. M. Kornev and N. D. Mel'nikova (Novosibirsk, USSR), “Stability of cylindrical shells under external 
pressure”, Journal of Applied Mechanics and Technical Physics, Vol. 19, No. 2, 1978, pp. 255-259,  
doi: 10.1007/BF00850046 
PARTIAL INTRODUCTION: By methods of the theory of perturbations [1-4], upper critical loads have been 
obtained for nonideal cylindrical shells under transverse and hydrostatic loading. Problems of approxiamation 
are studied in particular. When determining the total and ordinal numbers of degrees of freedom, the 
information about the density of the spectrum of the corresponding linear stability problems is used [5-7]. The 
band of scatter of the upper critical load is obtained. A numerical experiment allowed the probability 
characteristics of the process of stability loss to be calculated. We consider a nonlinear system of equations of 
the theory of shells which relative to the stress function F and the normal deflection w describes the buckling of 
ideal thin-walled cylindrical shells under transverse or hydrostatic loading…. 



 
N. S. Astapov and V. M. Kornev (Lavrent'ev Institute of Hydrodynamics, Siberian Division, Russian Academy 
of Sciences, Novosibirsk 630090), “Combined approach to analyzing the buckling of ideal cylindrical shells at 
given perturbations”, Journal of Applied Mechanics and Technical Physics, Vol. 37, No. 2, 1996, pp. 294-303,  
doi: 10.1007/BF02382439 
PARTIAL INTRODUCTION: The inevitable initial irregularities arising in the construction of structures or the 
perturbations in loading cause a premature loss of stabililty (compared with Euler loading) of elastic 
constructions and are the main reason for the scatter in experimental data… In the present paper a combined 
(numerical-analytical) approach to the solution of nonlinear boundary problems is expounded, as applied, by 
way of example, to the study of the buckling of closed ideal cylindrical shells under transverse or hydrostatic 
loading with perturbations taken into account. Numerical analysis of the buckling process under transverse and 
hydrostatic loading shows that the process of successive loading of a shell is accompanied by the distortion of 
the initial section of the critical load spectrum and by the reconstruction of buckling modes… 
 
 
Read Johnson, Jr., “Design and Fabrication of a Ring-Stiffened Graphite-Epoxy Corrugated Cylindrical Shell”, 
DTIC Online, Accession Number: ADA302348, McDonnell Douglas Asstronautics Co. Huntington Beach, CA, 
NASA Contractor Report 3076, August 1978 
ABSTRACT: The objectives of the program reported here are to advance lightweight composite shell design 
technology and evaluate appropriate design and analysis procedures for lightweight composite shells that must 
satisfy buckling requirements. To accomplish those objectives the primary effort was to design and fabricate a 
graphite-epoxy cylindrical shell 3. O5m (10 ft) in diameter by 3. 05m (10 ft) long for evaluation in shell 
bending tests to be conducted by the Structures and Dynamics Division of the NASA Langely Research Center. 
Through such tests, the use of advanced composite materials will be evaluated for structural applications in 
future space missions such as those that involve spacecraft and structural assemblies to be used in 
geosynchronous missions. Spacecraft for such missions will require ultralightweight structures to achieve 
maximum payloads. Of equal importance is the requirement to provide designs that are cost-competitive with 
current structural approaches. For space structures that must resist buckling under compression or shell bending 
loads, composite materials offer an attractive approach for providing lightweight, low-cost structural 
components for future spacecraft. In recognition of the potential weight savings available through structural 
applications of graphite-epoxy materials, an earlier test program (Reference 1) was undertaken by the ASA to 
provide a technology base for flat, stiffened graphite-epoxy compression panels and to evaluate their 
effectiveness in reducing structural weight. The panels used in the earlier test program were designed using an 
advanced version of the analytical methods developed in (Reference 2) Other tests were conducted with 
stiffened graphite-epoxy shear panels. 
 
 
A.V. Petrovskii and V.M. Leizerakh, “Stability of laminar shells having a viscoelastic binder”, Polymer 
Mechanics, Vol. 14, No. 2, pp 222-227, March-April 1978 
CONCLUSIONS: 1. In loading with a force whose value lies between the long-term and instantaneous critical 
values, a loss of shell stability by rupture takes place at a certain time after loading. This time is naturally taken 
as the critical one. 2. Numerical estimates show that the level of the initial irregularities has a very great effect 
on the magnitude of the critical time. Therefore, in a theoretical estimate of the critical time it is necessary to 
take account of them as accurately as possible. 
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“Computer analysis of semi-monocoque shell sections”, Computers & Structures, Vol. 9, No. 3, September 
1978, pp. 305-313, doi:10.1016/0045-7949(78)90114-1 
ABSTRACT: A computer program for the analysis of semi-monocoque structures loaded through a rigid 
bulkhead is presented. A matrix algebra approach is utilized to generate the governing equations. The program 
is an efficient and valuable tool for the analysis of aircraft structure components in the preliminary design 
phase. 
 
 
R.S. Barsoum (Non-Linear Mechanics, Engineering Science Dept. C-E Power Systems, Combustion 
Engineering, Inc., Windsor, Connecticut 06095, U.S.A.), “Inelastic analysis of metal structures—some 
applications”, Nuclear Engineering and Design, Vol. 48, No. 1, June 1978, pp. 245-257, Special Issue: 
Structural Mechanics in Reactor Technology - Smirt-4, doi:10.1016/0029-5493(78)90219-4 
ABSTRACT: In recent years, there have been many developments in constitutive relations, finite element 
idealization, and failure criteria. This paper will try to bring out the impact of the various developments from 
the point of view of the analyst. The paper is somewhat more extensive in creep-fatigue evaluation than in other 
areas as a result of the fast breeder reactor program. Inelastic fracture, inelastic buckling, and residual stresses 
due to fabrication processes, are briefly reviewed. An application in each case is discussed, with emphasis on 
the difficulties requiring additional work. 
 
 
J.M. Benoit. EOA-Bouygues, and Gilles P.J. Bellamy, Comex, “Elasto-Plastic Buckling Stability Under 
Hydrostatic Pressure”, Paper No. 3084-MS, Offshore Technology Conference, 8-11 May 1978 , Houston, 
Texas, doi: 10.4043/3084-MS 
ABSTRACT: A spherical submarine hull element is analyzed by means of a nonlinear finite-difference 
program. The imperfection sensitivity of this stiffened shell is greatly dampened by the structural discontinuities 
introduced through the stiffened portholes. The influence of shape imperfection or geometric manufacturing 
tolerance is studied by varying the imperfection amplitude and by changing its distribution (different shapes). 
Several grades of steel are considered for the present hull structure as well. The analytical results are presented 
on various graphs visualizing the buckling characteristics of the present structure. Other simplified analytical 
tools are reviewed with the purpose of serving as a cross-check. Finally, model test results are compared with 
the finite-difference results. 
 
 
D.S. Griffin (Advanced Reactors Division, Westinghouse Electric Corporation, Madison, PA, 15663, USA), 
“Inelastic structural analysis: Design implications and experience”, Nuclear Engineering and Design, Vol. 51, 
No. 1, December 1978, pp. 11-21, doi:10.1016/0029-5493(78)90192-9 
ABSTRACT: The current status of inelastic structural analysis is reviewed relative to the needs and 
requirements for design of elevated temperature nuclear reactor components. The classes of inelastic problems 
that can be solved in a practical way are identified and the overall scope of ongoing validation programs is 
reviewed. Three classes of problems are identified where the further development of simplified analysis 
techniques is necessary to make them tractable for design application. 
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ABSTRACT: This work describes the development of a curved quadrilateral shell finite element which 
demonstrates very good convergence properties. A general description is used in deriving the element so that it 
may be applied to any thin shell problem. The element is shown to be very efficient. It has a total of 36 degrees-
of-freedom with 9 at each of the corners of the element. There are several distinct advantages that the element 
offers for practical applications. Most of the shell elements that have been presented in the past are limited to 
problems in which the coordinates on the shell surface are orthogonal. The element that is described in the 
paper is derived using a general description so that it may be applied to any thin shell problem including those 
in which the shell coordinates are not orthogonal. The degrees-of-freedom at each of the four nodes are the 
three Cartesian displacements and their first derivatives with respect to the two surface coordinates. The 
imposition of boundary conditions is simplified since each of the degrees-of-freedom can be associated with a 
quantity which has a simple physical meaning. During the course of the derivation of the element, the strain 
displacement relationships are derived in a very simple manner consistent with Love's first approximation for 
thin shells. The derivation in the paper starts from basic principles and should help to shed some light on the 
proper form for the bending strain. Two primary contributions are presented in this work. The first is the 
presentation of a procedure for the development of a general quadrilateral shell element. The second is the 
simple derivation of the bending strain for the thin shells which apparently has not been presented previously. 
 
 
R.K. Kinra (Shell Oil Company), “Hydrostatic and Axial Collapse Tests of Stiffened Cylinders”, Journal of 
Petroleum Technology, Vol. 30, No. 4, April 1978, pp. 668-680, doi: 10.2118/6319-PA 
ABSTRACT: This paper describes the results of collapse tests on two models of longitudinally and 
circumferentially stiffened leg sections of an offshore platform. Methods of predicting buckling loads are 
discussed and predicted platform. Methods of predicting buckling loads are discussed and predicted buckling 
loads are compared with the model test results. 
 
 
G.E. Weeks and T.L. Cost, “Dynamic response of a pressurized plane strain cylinder under impulsive 
distributed loading using finite elements”, Mechanics Research Communications. Vol. 5, no. 2, pp. 65-71. 1978 
ABSTRACT: The dynamic response of a pressurized plane strain cylinder is investigated in the case of 
impulsive distributed loading. The investigation is based on a finite element method which accounts for the 
influence of internal pressure on the effective stiffness and the response history of a pressurized unconstrained 
cylindrical shell. The numerical results suggest that significant changes in stiffness occur as functions of 
internal pressure and the ratio of shell radius to thickness. It is noted that a linear superimposition of the results 
of a membrane state plus those of an unstressed state subjected to identical dynamic loading does not yield the 
precise state of stress and deformation in a pressurized cylindrical shell under dynamic loading. 
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Israel), “Dynamics of shells of revolution under axisymmetric load involving shear deformation”, Computers & 
Structures, Vol. 8, No. 5, May 1978, pp. 563-568, doi:10.1016/0045-7949(78)90093-7 
ABSTRACT: A general solution procedure, based on the linear theory, is presented for arbitrary shells of 
revolution subjected to arbitrary axisymmetric dynamic loads. The equations of motion admit shear deformation 
and rotational inertia. The numerical solution is obtained by Houbolt's method and by finite differences. 
 
 
Dhirendra N. Buragohain and Subhash C. Patodi (Department of Civil Engineering, Indian Institute of 
Technology, Bombay 400076, India), “Large deflection analysis of plates and shells by discrete energy 
method”, Computers & Structures, Vol. 9, No. 3, September 1978, pp. 315-322 
doi:10.1016/0045-7949(78)90115-3 
ABSTRACT: The discrete energy method—a special form of finite difference energy approach—is presented as 
a suitable alternative to the finite element method for the large deflection elastic analysis of plates and shallow 
shells of constant thickness. Strain displacement relations are derived for the calculation of various linear and 
nonlinear element stiffness matrices for two types of elements into which the structure is discretized for 



considering separately energy due to extension and bending and energy due to shear and twisting. Large 
deflection analyses of plates with various edge and loading conditions and of a shallow cylindrical shell are 
carried out using the proposed method and the results compared with finite element solutions. The 
computational efforts required are also indicated. 
 
 
Tetsuya Matsui and Osamu Matsuoka (Department of Architecture, Nagoya University, Nagoya, Japan), “The 
fundamental solution in the theory of shallow shells”, International Journal of Solids and Structures, Vol. 14, 
No. 12, 1978, pp. 971-986, doi:10.1016/0020-7683(78)90079-3 
 
 
H. Radwan and J. Genin (School of Mechanical Engineering, Purdue University, West Lafayette, Indiana 
47907, U.S.A.), “Variational equations for thin elastic shells”, Journal of Sound and Vibration, Vol. 40, No. 3, 
pp 307-319, June 1975, DOI: 10.1016/S0022-460X(75)81303-4 
ABSTRACT: Variational equations are derived for thin elastic shells of arbitrary geometry from their related 
non-linear modal equations. The advantages of this procedure compared to methods commonly used in 
engineering applications are discussed. Numerical calculations are carried out for a simply supported circular 
cylinder to obtain the variation of natural frequencies of the cylinder under internal pressure, and its static 
buckling stress under uniform axial load. A discrepancy between the results of shell theory and those of three-
dimensional elasticity theory is found and discussed. 
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“Dynamic instability in cylindrical shells”, Journal of Sound and Vibration, Vol. 56, No. 3, February 1978, 
pp.373-382, doi:10.1016/S0022-460X(78)80154-0 
ABSTRACT: The stability of the steady state response of simply supported circular cylinders subjected to 
harmonic excitation is investigated by using variational equations reduced from “exact” non-linear modal 
equations. The inertia of the unperturbed vibration motion is included as well as the non-linearities in the steady 
state resonant response. The existence of a new mechanism of parametric excitation is predicted and the 
conditions by which it develops are discussed. Unstable regions are established on frequency response plots for 
different shell geometries. Numerical integration results for unstable conditions indicate considerable 
overloading of the structure and underline the practical significance of this instability mechanism. 
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California 90024, U.S.A), “Natural vibrations of orthotropic cylinders under initial stress”, Journal of Sound 
and Vibration, Vol. 60, No. 2, September 1978, pp. 157-175, doi:10.1016/S0022-460X(78)80026-1 
ABSTRACT: A finite element method is presented for the analysis of the vibratory characteristics of laminated 
orthotropic cylinders. The cylinder may have an arbitrary number of bonded elastic orthotropic cylindrical 
laminates, each with distinct thickness, density and mechanical properties. The formulation is capable of 
treating a three-dimensional initial stress state which is radially symmetric. Biot's incremental deformation 
theory is the basis for this study. A homogeneous, isotropic cylinder was analyzed and these numerical results 
were in excellent agreement with those from an exact analysis. Additional examples of two geometries of a 
three-layer composite and a sandwich cylinder are given to further illustrate the influence of the initial stress on 
the physical behavior of such structures. 
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No. 3, 1979, pp. 87-92, doi: 10.1007/BF02324196 



ABSTRACT: Cylindrical shells, with wall thickness-to-diameter ratios varying in steps from 1:2000 to 1:500 
are used in large floating-roof storage tanks, where buckling under partial vacuum is a potential risk. To 
examine the validity of several methods of analysis, aluminum models with a nominal diameter of 150 mm 
were tested. Some models exhibited a sudden buckling, at the pressure predicted by one of the methods of 
analysis, others deformed at increased rate as the critical pressure was approached. A gradual change in, modal-
buckling pattern, under decreasing pressure, was also observed. 
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Vessel Technology, Vol. 102, No. 1, pp. 107-111, February 1980, DOI: 10.1115/1.3263288 
ABSTRACT: A simplified method of analysis, capable of predicting the buckling pressure of cylindrical shells 
with varying degrees of end restraint is presented and compared to published results. The case of the free end is 
given special attention since no complete analytical solution is known to the authors. 
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ABSTRACT: Experimental results are interpreted in the light of numerical analaysis, imperfection sensitivity 
and Design Codes. Two cases are discussed: spherical shells under uniform external pressure and partly filled 
spherical shells, supported on a continuous equatorial ring. The imperfection sensitivity associated with the first 
loading case leads to the selection of safety factors that depend on the actual shell stiffness. The second case, in 
which the load results in a biaxial tension-compression state of stress, is treated approximately in terms of a 
plate under biaxial load. 
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ABSTRACT: The effect of blast loads on cylindrical shells has been studied by means of approximate 
analytical methods and by numerical analysis, using commercial programs (ABAQUS). Both axisymmetric and 
lateral loads have been considered. The results are compared to experiments in which shells, made by electro-
depositing copper onto disposable wax molds exposed to an external pressure pulse. 
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ABSTRACT: The buckling characteristics of shells with double curvature is an important design consideration 
of such structures. Aircraft structural components are commonly of the double curvature type. Classical elastic 
buckling of toroidal shell segments with positive and negative Gaussian curvatures under pressure loading is 
given by Stein and McElmann. A further investigation of elastic toroidal shells, including bowed-out segments 
subjected to axial tension and a study of the initial post-buckling behavior, is performed by Hutchinson. 
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doi:10.1016/0022-5096(79)90025-5 
ABSTRACT: The post-buckling behaviour of J.W. Hutchinson 's (1973) plastic buckling model is investigated. 
The aim is to predict, approximately, the load-deflection curve up to the maximum load. Hutchinson's theory for 
post-bifurcation behaviour of structures usually fails to predict the behaviour up to the maximum load. An 
alternative approach is formulated in which the construction of an (approximate) equation for the “locus of 
maxima” plays a central role. The results of this approach are compared with “exact” numerical solutions. 
 
 
J.D. Renton (Department of Engineering Science, University of Oxford, England), “An analysis of the static and 
dynamic instability of thick cylinders”, International Journal of Mechanical Sciences, Vol. 21, No. 12, 1979, 
pp.747-754, doi:10.1016/0020-7403(79)90055-9 
ABSTRACT: A general solution of Bolotin's differential equations for the dynamic stability of a homogenous 
isotropic medium is given. This takes the form of displacement functions which express the solution as a sum of 
dilatational and distortional effects. Using these functions, solutions are found for the vibration of cylinders of 
finite thickness when initial axial stresses are present. The behaviour of solid rods, simple vibration and simple 
buckling are all seen to be special cases of the general solution. The results are compared with approximate 
formulae for the buckling of thin cylinders and it is shown that the known solution for the natural frequency of 
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subjected to a uniform external gas pressure. Calculations are performed on the basis of an asymptotic method 
which contains elements of the techniques of analysis used by Budiansky and Hutchinson, and Chien. 
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ABSTRACT: An asymptotic method based on Koiter's elastic stability theory is presented for geometrically 
nonlinear structure analysis; these structures are subjected to a proportional applied load system. An approach 
that makes possible the choice of the modes which are necessary to obtain a good representation of the reduced 
energy is developed as an iterative process. The approach is transferred into the framework of the finite element 
method. Applied to the study of thin walled structures through some sample tests, the method gives, at low cost, 
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ABSTRACT: The complementary energy approach for stability analysis of elastic structures under conservative 
loading is based on Fraeijs de Veubeke's variational principle. The associate equations of neutral equilibrium 
and stability criterium are presented for arbitrarily large deformations and rotations. When specialized to the 
structural behavior of thin plates in moderate rotations this functional yields the von Karman equations. 
Efficient mixed flat shell finite elements are derived from this functional. If the fundamental path is moderately 
nonlinear, the buckling load and the initial postbuckling behavior can be obtained by an iterative process of 
Rayleigh-Ritz type, which is based on Koiter's asymptotic approach. Development of the iterative method 
within the complementary energy principle allows improvement of computational effectiveness and of the rate 
of convergence, as shown by means of numerical examples. 
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ABSTRACT: Uemura and Byon (Int. J. Non-Linear Mech. 13, 1–14, 1978) presented experimental results and a 
numerical analysis about the secondary buckling of clamped flat plates under uniaxial compression. However, 
their numerical analysis is based upon an inconsistent flat plate finite element and it does not take into account 
the important influence of antisymmetric imperfections. This paper presents and discusses F.E.M. results 
obtained by two computer codes using very different approaches, and compares these results with the 
experimental ones. 
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ABSTRACT: Plastic buckling analysis of thin shell structures is generally performed by employing a Newton's 
type method within an incremental approach. This process becomes more efficient if a good estimate of the 
critical buckling load is available. This one can be obtained as the solution of an eigenvalue problem that 
generalizes the elastic bifurcation analysis. The stability matrix of the eigenvalue problem involves an 
additional term with respect to the elastic bifurcation problem; that is the material stiffness matrix that accounts 
for the change of the tangent modulus along the fundamental path. The proposed approach is applied to the 
elastoplastic buckling of spherical caps under pressure. 
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ABSTRACT: Implicit-explicit finite-element “mesh partitions” are developed for transient problems of 
nonlinear mechanics. The methods are shown to have improved implementational properties and may be easily 
coded into many existing implicit computer programs. The stability and accuracy properties of the methods are 
discussed, and techniques for improving the accuracy in the explicit group, without adverseley affecting 
stability, are described. Implicit-explicit “operator splitting” methods, which enable the efficient treatment of 
kinematic constraints (e.g. incompressibility) in transient analysis, are also presented. 
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ABSTRACT: A nonlinear finite element formulation is presented for the three-dimensional quasistatic analysis 
of shells which accounts for large strain and rotation effects, and accommodates a fairly general class of 
nonlinear, finite-deformation constitutive equations. Several features of the developments are noteworthy, 
namely: the extension of the selective integration procedure to the general nonlinear case which, in particular, 
facilitates the development of a ‘heterosis-type’ nonlinear shell element; the presentation of a nonlinear 
constitutive algorithm which is ‘incrementally objective’ for large rotation increments, and maintains the zero 
normal-stress condition in the rotating stress coordinate system; and a simple treatment of finite-rotational nodal 
degrees-of-freedom which precludes the appearance of zero-energy in-plane rotational modes. Numerical 
results indicate the good behavior of the elements studied. 
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doi:10.1016/0045-7825(81)90148-1 
ABSTRACT: A general nonlinear finite element formulation is given for two-dimensional problems. The 
formulation applies to the practically important cases of shells of revolution, tubes, rings, beams and frames. 
The approach is deduced from a corresponding three-dimensional formulation [4] and this enables a simplified 
implementation, especially with respect to constitutive software. Uniform reduced-integration Lagrange 
elements are employed and shown to be very effective for the class of problems considered. 
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strains”, Computer Methods in Applied Mechanics and Engineering, Vol. 39, No. 1, July 1983, pp. 69-82, 
doi:10.1016/0045-7825(83)90074-9 
ABSTRACT: A previously developed nonlinear finite element shell formulation is generalized to accomodate 
large membrane strains. The formulation is demonstrated on the bending and inflation of a circular plate and the 
axisymmetric stretching of an annular plate. Both problems are modeled with a Mooney-Rivlin material and 
involve large membrane strains. 
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Comput. Methods Appl. Mech. Engrg., Vol. 194, pp 4135-4195, 2005, DOI: 10.1016/j.cma.2004.10.008  
ABSTRACT: The concept of isogeometric analysis is proposed. Basis functions generated from NURBS (Non-
Uniform Rational B-Splines) are employed to construct an exact geometric model. For purposes of analysis, the 
basis is refined and/or its order elevated without changing the geometry or its parameterization. Analogues of 
finite element h- and p-refinement schemes are presented and a new, more efficient, higher-order concept, k-
refinement, is introduced. Refinements are easily implemented and exact geometry is maintained at all levels 
without the necessity of subsequent communication with a CAD (Computer Aided Design) description. In the 
context of structural mechanics, it is established that the basis functions are complete with respect to affine 
transformations, meaning that all rigid body motions and constant strain states are exactly represented. Standard 
patch tests are likewise satisfied. Numerical examples exhibit optimal rates of convergence for linear elasticity 
problems and convergence to thin elastic shell solutions. A k-refinement strategy is shown to converge toward 
monotone solutions for advection–diffusion processes with sharp internal and boundary layers, a very surprising 
result. It is argued that isogeometric analysis is a viable alternative to standard, polynomial-based, finite element 
analysis and possesses several advantages.  
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Fehmi Cirak and Michael Ortiz (Aeronautical Laboratories, California Institute of Technology, Pasadena), 
“Fully C1-conforming subdivision elements for finite deformation thin-shell analysis”, International Journal for 
Numerical Methods in Engineering, Vol. 51, pp 813-833, 2001 
ABSTRACT: We have extended the subdivision shell elements of Cirak, Ortiz and Schroder [20] to the finite-
deformation range. The assumed finite-deformation kinematics allows for finite membrane and thickness 
stretching, as well as for large deflections and bending strains. The interpolation of the undeformed and 
deformed surfaces of the shell is accomplished through the use of subdivision surfaces. The resulting 
‘subdivision elements’ are strictly C1-conforming, contain three nodes and one single quadrature point per 
element, and carry displacements at the nodes only. The versatility and good performance of the subdivision 
elements is demonstrated with the aid of a number of test cases, including the stretching of a tension strip; the 
inflation of a spherical shell under internal pressure; the bending and inflation of a circular plate under the 
action of uniform pressure; and the inflation of square and circular airbags. In particular, the airbag solutions, 
while exhibiting intricate folding patterns, appear to converge in certain salient features of the solution, which 
attests to the robustness of the method.  
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Fath Elrahman Mohamed Adam, “Linear and nonlinear finite element analysis of large deformation of thin shell 
structures”, Ph.D. dissertation, Sudan University of Science & Technology, 2008 
ABSTRACT: This thesis presents the linear and nonlinear analysis of thin shell structures. The linear 
formulation is based on three finite elements namely the: four nodes degenerated shell element (DE4), the four 
nodes flat shell element (FE4) and the nine nodes degenerated shell element (DE9). Each one of these elements 
has six degrees of freedom per node. Additional elements have been developed; these are: the four nodes 
element, employing the Mixed Interpolation of Tensorial Components approach (MITC) proposed by Bathe to 
avoid shear locking applied on DE4 and FE4 , the Non-Conforming Element (NCE) to improve the behavior in 
bending situations, and the nine nodes element with Selective Reduced Integration (SRI) and Weighted 
Modified Integration (WMI). These elements are used to overcome the shear and membrane lock in lieu of 
using reduced integration. The verification of linear formulation was based on using patch test. The DE4 
element passes all patch tests except the pure bending test, while the other elements pass the tests partially. 
Further verification was done by using numerical examples; and the elements perform very well when the 
results are compared with exact ones as they are in good agreement. The problems of shear and membrane locks 
result in the divergence of the solution for these shells with increase in the number of elements. A solution is 
proposed to correct the convergence curve to be asymptotic to the exact solution curve by using extrapolation. 
This was done by selecting a Weibull model to correlate the displacement and mesh size through the number of 
joints. The model depends on parameters; the values of which depend on the values of displacements before the 
divergence occurs. Good results are obtained when applying the method in different numerical examples for the 
DE4 element. 
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ABSTRACT: A Reissner–Mindlin shell formulation based on a degenerated solid is implemented for NURBS-
based isogeometric analysis. The performance of the approach is examined on a set of linear elastic and 
nonlinear elasto-plastic benchmark examples. The analyses were performed with LS-DYNA, an industrial, 
general-purpose finite element code, for which a user-defined shell element capability was implemented. This 
new feature, to be reported on in subsequent work, allows for the use of NURBS and other non-standard 
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ABSTRACT: While studies of post-buckling behavior and load-carrying capacities of thin plates subjected to 
uniaxial compression have been limited to stable conditions, further post-buckling loading generates an unstable 
condition. The secondary buckling which occurs with snap-through to higher-order deflections under such 
unstable conditions has not been analyzed in detail as yet. In the first part of this paper, a thin square plate under 
uniaxial compression, which is simply supported along four edges, is considered. A method based on the second 
variation of the total potential energy is then proposed for evaluating the stability of the post-buckling 
equilibrium state and inevitable secondary buckling is derived analytically. The effects of various factors, such 
as initial imperfections, assumed virtual displacement pattern, post-buckling deflection pattern and in-plane 
boundary conditions, on the secondary buckling values are discussed. In part 2, secondary buckling of clamped 
plates is analyzed by use of the finite element method and the resultant numerical results are compared with 
experimental results. 
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ABSTRACT: In Part 1, a theoretical analysis was used to study the secondary buckling of a simply supported 
plate. In Part 2, a clamped plate is analysed by the finite element method. The stability criterion for a non-linear 
post-buckling equilibrium state is evaluated by the sign of the determinant of the stiffness matrix. It should be 
noted that the secondary buckling loads of clamped plates are unexpectedly smaller than those of simply 
supported plates and are only one and a half times the primary buckling loads. In previous analyses, only a 
quarter segment of the plate was considered by assuming a stable equilibrium state with symmetrical mode. 
However, instability can also be predicted by considering the unsymmetrical mode over the whole plate. Results 
of experimental analysis of secondary instability of clamped square plates under uniaxial compression agreed 
with the numerical results. 
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ABSTRACT: An investigation of delamination crack growth in a unidirectional composite laminate under static 
and fatigue loading conditions is presented. An experimental program was conducted to study failure 
mechanisms and characterize the crack growth rate; analytical modeling based on microscopic observations was 
carried out using an advanced singular finite element method of the hybrid-stress model. Using a mixed-mode 
failure criterion, the delamination growth under a monotonically increasing load can be predicted; the rate of 
delamination crack propagation under fatigue loading is directly related to the amplitudes of cyclic opening and 
shearing mode stress intensity factors by a power law relationship. 
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ABSTRACT: The paper compiles the current status of the finite element method in linear and nonlinear 
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incremental stiffness expression are briefly described. Some comments on the problem of non-uniqueness and 
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ASME Journal of Pressure Vessel Technology, Vol. 103, 1981, pp. 328-336 
 
 
A.S. Volmir, “The nonlinear dynamics ot plates and shells”, Accession Number: AD0781338, Foreign 
Technology Div Wright-Patterson AFB, OHIO, Report Date: 16 April 1974 
ABSTRACT: The book consists of ten chapters. Chapter I contains the fundamental equations of dynamic 
theory of large-deflection plates and shells. Chapters II-V examine the various types of vibratory motions of 
plates and shells. Specific problems pertaining to natural and forced vibrations are apparently presented here for 
the first time. In the section pertaining to self-induced vibrations, principal attention is given to new data on 
panel flutter. Chapters VI-IX describe the behavior of thin-walled systems under dynamic loading. It includes 
an analysis of deformation of plates and shells under rapid and very rapid impact loads of different types. 
Finally, Chapter X presents some problems of shell and plate dynamics requiring a statistical approach. 
 
 
Izhak Sheinman (Faculty of Civil Engineering, Technion-Israel Institute of Technology, Haifa, Israel), 
“Application of DSISR program to recessed shells of revolution”, Computers & Structures, Vol. 14, Nos. 5-6, 
1981, pp. 361-368, doi:10.1016/0045-7949(81)90055-9 
ABSTRACT: Application of the DSISR program to recessed shells of revolution is illustrated on the examples 
of a cylinder with two diametrically-opposite rectangular cutouts and a sphere with a single trapezoidal cutout. 
The program which is suitable for a wide range of static and dynamic problems was developed for general 
linear analysis of shells of revolution with arbitrary stiffness and mass density distributions. In the analysis, the 



equations of motion are derived with the aid of Sanders' theory, and the numerical solution procedure is based 
on Fourier expansion in the circumferential direction, on finite differences in the meridional direction, and on 
Houbolt's method in the time domain. 
 
 
Orhan Gürbüz, “Behavior and analysis of steel liners for prestressed concrete reactor vessels”, Ph.D. 
dissertation, Dept. of Civil Engineering, Iowa State University, 1974 
INTRODUCTION: Prestressed Concrete Reactor Vessels (PCRV's) are structures which contain reactor 
systems directly without any other intervening pressure barrier. As such, they are continually subject to the 
pressure of the primary coolant which is usually a gas. The use of gas-cooled PCRV's has found wide 
acceptance recently. Today, there are about thirty vessels in operation, under construction or, being planned, all 
over the world. A PCRV is usually cylindrical in shape and consists of five major components: (1) the concrete 
structure; (2) the post-tensioning system; (3) the nonprestressed reinforcement; (4) the liner assembly; (5) the 
thermal control system. The subject matter of this thesis is confined to the fourth component; the others will be 
discussed only to the extent that they affect the behavior of the liner. One of the important problems in PCRV 
design is the provision for leak-tightness of the vessel. Since the radioactive coolant must be contained within 
the vessel cavity, the cavity is always lined with a suitable material. In the United States and abroad, steel liners 
are used as the primary leakage barrier. There are numerous penetra tions in a typical PCRV. These 
penetrations house mechanical equip ment and provide access to reactor interior and, are also lined with steel 
(Fig. 1). The liner assembly consists of the liner plates, closely spaced anchors and, cooling tubes. The liner 
plate is essentially a thin shell, rigidly connected to the surrounding concrete by means of continuous (e.g., 
angles, tees) or discreet (e.g., studs) anchors. Cooling tubes are either square or circular in cross section and are 
usually welded to the concrete side of the liner. The PCRV liner is in biaxial compression throughout most of its 
design life. The compressive stress field is due mainly to prestressing loads, shrinkage and creep and, thermal 
loads. Under operating conditions internal pressure reduces the magnitude of the concrete-imposed compressive 
strains in the liner. But the resultant stresses are still compressive even under the maximum cavity pressure. In 
the design of liners, the usual approach is to determine the liner thickness and cooling tube spacing (hence 
anchor spacing, since anchors are provided between the tubes) considering the construction and heat transfer 
requirements. Design analyses are then conducted to verify that liner assembly stresses and displacements are 
within the allowable limits under normal operating and accident conditions. For this purpose, the liner structure 
is considered as a separate entity, independent of the backing concrete but, subject to concrete-imposed strains 
and displacements. In design analysis, the problem is con sidered a stress problem rather than a stability 
problem. The latter is considered indirectly, as it affects the behavior of individual liner panels between anchor 
supports. Stress analysis methods for liners were given in papers presented at Conference on Prestressed 
Concrete Vessels (1, 2, 3, 4) and.�First and Second International Conference on Structural Mechanics in Reactor 
Technology (5, 6). In these and other methods, it is customary to analyze a one-dimensional section of the liner 
assembly under appropriate loading and boundary conditions. A similar approach was taken in the design of the 
Fort St. Vrain PCRV liner, the only vessel constructed so far in the United States. In all one-dimensional stress 
analysis methods, the problem is formulated based on equilibrium at�the nodes (the liner-anchor, joint) and 
compatibility between the�nodes. Because of material nonlinearity the problem is usually reduced to solving a 
set of nonlinear simultaneous equations. Local effects which tend to increase unbalanced forces between liner 
panels and thus increase anchor forces, must also be considered in the analysis. For this purpose a panel which 
is weaker in compression than other panels (due to causes such as lower yield point, less thickness, existence of 
lateral pressure, etc.) is usually termed a "weak" panel, the remainder being "strong" panels. Since such local 
variations may occur anywhere, it is necessary to consider the most critical weak panel location in the stress 
analysis so that the magnitude of absolute maximum stresses and displacements can be determined and 
evaluated�in the light of code allowables. The Prestressed Concrete Containment Vessels^ (PCCV's) are also 
lined, usually with a thin steel liner and thus present similar de sign problems. One-dimensional stress analysis 
methods used in the design of PCCV liners were described in Refs. (7, 8, 9). In Ref. (8) a two-dimensional 
analysis method, for the analysis of a PCCV or PCRV liner cross section perpendicular to the plane of the liner 
and in cluding a portion of the backing concrete, was also briefly discussed. The stability of liners in a rigid 
cavity has been investigated by numerous researchers (10, 11, 12, 13, 14). The analytical models used are of 
two types: (1) ring or flat strips without anchors (10, 11); (2) rectangular panels or curved strips with anchors 



(12, 13, 14). Analysis of the former models result in minimum buckling strains at which an alternate 
equilibrium position exists and thus the liner may buckle into that position with an external disturbance. 
Buckling may be prevented by providing anchors at a spacing less than the buckled length for a given strain. 
The latter models give minimum buckling strains and/or anchor stresses for a known anchor spacing. The above 
summary indicates that, in the design of PCRV and PCCV liners with closely spaced anchors, it is usual to treat 
the liner analysis as a stress problem. There are procedures proposed, based on a stability approach, for 
determining an adequate anchoring system for the liners. The PCRV liner stress analysis problem is considered 
in this dissertation. Specific objectives include:  
1) To evaluate the adequacy of one-dimensional stress analysis methods,  
2) To present a more refined, and two-dimensional, stress analysis method, and  
3) To present an approximate method with which all local effects may be taken into account in design analysis.  
As a basis for evaluating the appropriateness of the stress analysis approach, an overview of current liner design 
practice is presented in Chapter II. Available stability and stress analysis methods are reviewed and, loading 
conditions and component behavior are briefly discussed.�Considering the fact that most PCRV and PCCV liners 
have been designed on the basis of a one-dimensional analysis, mainly because of the simplicity and 
conservativeness of these methods, there is a need to evaluate the adequacy of this approach. Since there is no 
test available, this evaluation is to be based on a comparison with the more refined analysis. For this purpose, a 
one-dimensional analysis method, similar to Parker's formulation (5) but using a different solution technique 
was developed first (Chapter III). A more accurate two-dimensional analysis method was developed next using 
the finite element approach (Chapter IV). Computer programs were written for both methods. Then a parametric 
study, based on Fort St. Vrain design data, was conducted using selected parameters (Chapter V). There is also 
a need for a technique with which the effect of all local variations can be taken into account in design analysis. 
Some local variations can be considered through modification of the weak panel characteristics while others 
need to be incorporated in the analytical procedure in some manner. Chapter VI summarizes a technique 
whereby the effects of various local variations may be studied. The characteristics of a weak panel needed in 
one-dimensional analysis �may be developed using the approximate method presented in Appendix A. The 
findings and conclusions of this study are intended to apply to general PCRV liner stress analysis. The stress 
analysis methods discussed in Chapters III and IV are also applicable to PCCV liners. However, due to greater 
anchor spacing-liner thickness ratio of the PCCV liner panels, the approximate method of strut analysis 
presented in Appendix A may not be applicable to the case of PCCV liners. Furthermore, some of the local 
variations discussed in Chapter VI simply do not exist for PCCV liners, although the procedure for taking local 
effects into account should be applicable to both types of liners.  
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W. Soedel (Ray W. Herrick Laboratories, School of Mechanical Engineering, Purdue University, West 
Lafayette, Indiana 47907, U.S.A.), “On the dynamic response of rolling tires according to thin shell 
approximations”, Journal of Sound and Vibration, Vol. 41, No. 2, pp 233-246 
DOI: 10.1016/S0022-460X(75)80099-X 
ABSTRACT: The response of the rolling tire is formulated in terms of the natural modes and frequencies of the 
non-contacting tire for contact loading due to rolling, braking, accelerating or cornering. The tire is viewed as 
an equivalent thin shell. Formulation is by way of the three-dimensional dynamic Green function of this shell. 
As the application example, the response of the tire during pure rolling is evaluated. The critical rolling speed at 
which the tire develops its first large amplitude standing waves is calculated in a novel fashion, showing the 
relationship between the standing wave phenomenon and natural tire modes and frequencies. Findings underline 
the need for measuring or calculating higher order tire modes than those considered in what seems to be the 



present standard practice. 
 
 
D.P. Mondkar and G.H. Powell, “Finite element analysis of non-linear static and dynamic response”, 
International Journal for Numerical Methods in Engineering, Vol. 11, No. 3, pp499-520, 1977 
DOI: 10.1002/nme.1620110309 
ABSTRACT: The paper presents the theoretical and computational procedures which have been applied in the 
design of a general purpose computer code for static and dynamic response analysis of non-linear structures. A 
general formulation of the incremental equations of motion for structures undergoing large displacement finite 
strain deformation is first presented. These equations are based on the Lagrangian frame of reference, in which 
constitutive models of a variety of types may be introduced. The incremental equations are linearized for 
computational purposes, and the linearized equations are discretized using isoparametric finite element 
formulation. Computational techniques, including step-by-step and iterative procedures, for the solution of non-
linear equations are discussed, and an acceleration scheme for improving convergence in constant stiffness 
iteration is reviewed. The equations of motion are integrated using Newmark's generalized operator, and an 
algorithm with optional iteration is described. A solution strategy defined in terms of a number of solution 
parameters is implemented in the computer program so that several solution schemes can be obtained by 
assigning appropriate values to the parameters. The results of analysis of a few non-linear structures are briefly 
discussed. 
 
 
Stricklin, J. A., Martinez, J. E., Tillerson, J. R., Hong, J. H. and Haisler, W. E. (1971). Nonlinear Dynamic 
Analysis of Shells of Revolution by Matrix Displacement Method. AIAA Journal, 9(4):629–636. 
ABSTRACT: A formulation and computer program is developed for the geometrically nonlinear dynamic 
analysis of shells of revolution under symmetric and asymmetric loads. The nonlinear strain energy expression 
is evaluated using linear functions for all displacements. Five different procedures are examined for solving the 
equations of equilibrium, with Houbolt’s method proving to be the most suitable. Solutions are presented for the 
symmetrical and asymmetrical buckling of shallow caps under step pressure loadings and a wide variety of 
other problems including some highly nonlinear ones. 
 
A. Harari and M.L. Baron (Weidlinger Associates, Consulting Engineers, New York, NY), “Analysis for the 
dynamic response of stiffened shells”, ASME Journal of Applied Mechanics, Bol. 40, No. 4, pp 1085-1090, 
1973, DOI: 10.1115/1.3423130 
ABSTRACT: The natural frequencies and mode shapes for the vibrations of stiffened cylindrical shells with, or 
without, hemispherical end caps are evaluated. The approach utilizes a theory in which the shell elements and 
the circumferential stiffeners are considered as separate structures and compatibility is enforced at their 
junctures. The results are compared with those from orthotropic theory in which the stiffener effects are 
smeared over the shell. Numerical results are presented for frequencies and mode shapes for several cases of 
interest. The theoretical results have been compared with a set of experimental results from the Ordnance 
Research Laboratories and excellent agreement has been found. Comparisons of theory and experiment are 
presented in this paper. 
 
 
Chang-Hua Yeh (Dept. of Civil Engineering, University of California, Berkeley, USA), “Large deflection 
dynamic analysis of thin shells using the finite element method”, UCB/SESM-970/18, October 1970 
ABSTRACT: An analytical procedure is presented for the evaluation of the nonlinear dynamic response of thin 
shells of arbitrary geometry. Geometric nonlinearity associated with the finite deflections of the structures is 
considered; the material is assumed to remain elastic throughout the analysis. The nonlinear dynamic response 
is obtained using a direct step-by-step integration of the equations of motion. 
 
 
Raymond Parnes (City University of New York), “Dynamic response of imbedded cylindrical shell”, ASCE 
Journal of Engineering Mechanics, Vol. 97, No. 2, pp 421-440, 1971 



ABSTRACT: The response of an infinitely long elastic cylindrical shell imbedded in an infinite elastic medium 
and subjected to internal tractions is obtained. Inextensional and extensional motions are determined due to 
applied tractions given as step functions in time and varying with the angular coordinate. The interaction effect 
of the shell and medium is determined by means of compatibility conditions which are expressed as a set of 
coupled integro-differential equations in each mode and are solved numerically by a forward step integration in 
time. Numerical results are presented for the response in the axisymmetric mode and for higher modes. The 
response of the shell-medium system is observed to behave as a damped oscillating system whose long time 
response approaches that of the corresponding static problem. 
 
 
E.L. Wilson, I. Farhoomand and K.J. Bathe, “Nonlinear dynamic analysis of complex structures”, Earthquake 
Engineering & Structural Dynamics, Wiley, 1972, DOI: 10.1002/eqe.4290010305 
ABSTRACT: A general step-by-step solution technique is presented for the evaluation of the dynamic response 
of structural systems with physical and geometrical nonlinearities. The algorithm is stable for all time 
increments and in the analysis of linear systems introduces a predictable amount of error for a specified time 
step. Guidelines are given for the selection of the time step size for different types of dynamic loadings. The 
method can be applied to the static and dynamic analysis of both discrete structural systems and continuous 
solids idealized as an assemblage of finite elements. Results of several nonlinear analyses are presented and 
compared with results obtained by other methods and from experiments. 
 
 
S. Nagarajan and E.P. Popov, “Non-linear dynamic analysis of axisymmetric shells”, International Journal for 
Numerical Methods in Engineering, Vol. 9, No. 3, pp 535-550, 1975, DOI: 10.1002/nme.1620090304 
ABSTRACT: Incremental equations of motion are derived from a Lagrangian variational formulation for the 
large displacement elastic-plastic and elastic-viscoplastic dynamic analysis of deformable bodies. The material 
constitutive behaviour is described in terms of the symmetric Piola–Kirchhoff stress and Lagrangian strain 
tensors. Degenerate isoparametric elements, permitting relaxation of the Kirchhoff–Love hypothesis, are used in 
a finite element formulation specialized for the analysis of shells of revolution subjected to axisymmetric 
loading. The linearized incremental equations of motion are solved using direct integration procedures, with 
added accuracy obtained from application of equilibrium correction at each step. The effectiveness of the 
numerical techniques is illustrated by the dynamic response analyses carried out on a shallow spherical cap 
subjected to uniform external step pressure loadings. 
 
 
J.M.T. Thompson, J.D. Tulk and A.C. Walker (University College London, London, England), “An 
Experimental study of imperfection-sensitivity in the interactive buckling of stiffened plates”, Chapter in 
Buckling of Structures, B. Budiansky (Editor), Proceedings of the International Union of Theoretical and 
Applied Mechanics, pp 149-159, 1976, DOI: 10.1007/978-3-642-50992-6_14 
ABSTRACT: The results of carefully-controlled small-scale experiments on the elastic buckling of stiffened 
plates are presented. Overall and local imperfections have been systematically varied to provide detailed curves 
of imperfection-sensitivity for geometries spanning the range of interaction between Euler and local plate 
buckling. The interaction of a third mode associated with the torsional buckling of relatively thin stiffeners is 
also examined.The analysis of a Shanley model is used to suggest a possible engineering approach to the design 
problem. This approach is based on a proposed application of the well-known Perry formula in which the 
material yield stress is simply replaced by the relevant local buckling stress, together with the predicted 
asymptotic approach to a reduced modulus load. 
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“Chaos, Fractals and their Applications”, to appear, In. J. Bifurcation & Chaos, preprint dated September 14, 
2016 
ABSTRACT: This paper gives an up-to-date account of chaos and fractals, in a popular pictorial style for the 
general scientific reader. A brief historical account covers the development of the subject from Newton’s laws 
of motion to the astronomy of Poincaré and the weather forecasting of Lorenz. Emphasis is given to the 
important underlying concepts, embracing the fractal properties of coast-lines and the logistics of population 
dynamics. A wide variety of applications include: NASA’s discovery and use of zero-fuel chaotic 
‘superhighways’ between the planets; erratic chaotic solutions generated by Euler’s method in mathematics; 
atomic force microscopy; spontaneous pattern formation in chemical and biological systems; impact mechanics 
in offshore engineering and the chatter of cutting tools; controlling chaotic heart-beats. Reference is made to a 
number of interactive simulations and movies accessible on the web.  
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“Probing shells against buckling: a non-destructive technique for laboratory testing”, International Journal of 
Bifurcation & Chaos, in press in October 2017 
ABSTRACT: This paper addresses testing of compressed structures, such as shells, that exhibit catastrophic 
buckling and notorious imperfection sensitivity. The central concept is the probing of a loaded structural 
specimen by a controlled lateral displacement to gain quantitative insight into its buckling behaviour and to 
measure the energy barrier against buckling. This can provide design information about a structure’s stiffness 
and robustness against buckling in terms of energy and force landscapes. Developments in this area are 
relatively new but have proceeded rapidly with encouraging progress. Recent experimental tests on uniformly 
compressed spherical shells, and axially loaded cylinders, show excellent agreement with theoretical solutions. 
The probing technique could be a valuable experimental procedure for testing prototype structures, but before it 
can be used a range of potential problems must be examined and solved. The probing response is highly 
nonlinear and a variety of complications can occur. Here, we make a careful assessment of unexpected limit 
points and bifurcations, that could accompany probing, causing complications and possibly even collapse of a 
test specimen. First, a limit point in the probe displacement (associated with a cusp instability and fold) can 
result in dynamic buckling as probing progresses, as demonstrated in the buckling of a spherical shell under 
volume control. Second, various types of bifurcations which can occur on the probing path which result in the 
probing response becoming unstable are also discussed. To overcome these problems, we outline the extra 
controls over the entire structure that may be needed to stabilize the response.  
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ABSTRACT: Tee-section columns have been tested under conditions that provide a close relationship between 
the results so obtained and the behavior of certain classes of stiffenedplate structures. It is shown that severe 
imperfection sensitivity arises when the overall column critical load is coincident, or nearly coincident, with the 
local torsional critical load of the stiffener. And, although the present results are clearly not directly applicable 
to stiffened-plate design, it is suggested that, it these systems are to be designed with even greater material 
efficiencies than at present, the interactive mechanics observed could acquire increasing design importance. 
Accordingly, suggestions are made as to the form of research needed to provide a rational basis for the design of 
such ‘optimized’ stiffened-plate structures. 
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ABSTRACT: Ship hull structures yearly consume in the order of 15 million tons of steel. An appreciable 
amount of this goes into parts of the structure which are either designed on the basis of buckling criteria or a 
combination of stress and buckling criteria, or it is included with no other function than that of preventing 
buckling of the structure. Most of the ship structures consist of a fairly complex system of stiffened plates 
which are subjected to hydrostatic and dynamic lateral loads as well as in plane stresses which may be both 
tensile and compressive in a more or less bi-axial fashion. The theoretical buckling strength of stiffened plates 
in various bi-axial stress fields is of course reasonably well defined. But there are still some problems related to 
the influence of initial deviations, the corrections for elasto-plastic behaviour, the influence of lateral loading, 
and the evaluation of “realistic” boundary conditions. Slender unstiffened or lightly stiffened shells have not 
been typical for ship structures. However, the present developments of LNG-carriers with very thin shell of 
revolution type tanks have necessitated development of buckling design criteria both for unstiffened spherical 
shells and for lightly stiffened cylinders. The importance of the relationship between shape imperfection and 
reduction (knock down) factor is for both types of shells rather obvious. For circular cylinders even light 
stiffening gives large increases in the theoretical buckling strength. The extent to which this constitutes a real 
increase is an important factor for the designer. Typical for the cylinders is also that they operate in the elasto-
plastic region. For these and for several other important aspects of buckling, design decisions have had and have 
to be made. Regrettably the basic theoretical and experimental knowledge is uncomfortably sketchy pointing to 
a need for further basic and design-oriented research. 
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Chen, T.L.C.; Bert, C.B. (School of Aerospace, Mechanical and Nuclear Engineering, The University of 
Oklahoma), “Design of composite-material plates for maximum uniaxial compressive buckling”, Proc. 
Oklahoma Academy of Sciences 56, 104–107, 1975 
ABSTRACT: Using the theory for buckling of laminated, anisotropic, thin plates presented by Whitney and 
Leissa, optimal designs for simply supported rectangular plates, laminated of composite material and subjected 
to uniaxial compressive loading, are investigated. Numerical results are presented for optimal-design plates 
laminated of glass/epoxy, boron/epoxy, and carbon/epoxy composite materials. 
INTRODUCTION: A major potential advantage claimed for fibrous composite materials in structural 
applications is that the material can be "tailored" by proper orientation of the fibers in the various layers so as to 
optimize the desired structural behavior. Yet the very nature of fibrous composites with their anisotropic elastic 
behavior has kept such optimal tailoring beyond the reach of most design engineers. In comparison to the 
numerous analyses available in the literature on buckling of anisotropic plates, very few optimal-design 
syntheses have been published for this problem. In 1960, Gerard (1) gave a synthesis for uniaxially compressed 
structurally orthotropic plates, but it was devoted only to longitudinally, transversely, or grid stiffened plates. 
For composite-material plates, Rothwell (2) presented a crude synthesis using netting analysis for the composite 
layers. Such an analysis completely neglects the contribution of the matrix material and is known to be in 
considerable disagreement with experimental results for laminated composite-material plates (3). Recently 
Hayashi (4) synthesized for maximum uniaxial buckling load in both symmetric cross-ply and symmetric angle-
ply plates. However, his synthesis was based on the treatment of the number of axial half waves as a continuous 
rather than discrete variable. The present synthesis considers both symmetric and unsymmetric laminates 
subjected to uniaxial compressive loading parallel to two of the plate edges. 
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ABSTRACT: It is well-known that a straightforward process of structural optimization often demands the 
simultaneity of two or more failure modes. It has, however, been emphasized by Koiter and others that this can 
lead to a dangerous situation in which the nonlinear coupling of two quite stable post-buckling modes can 
generate highly unstable behaviour and associated imperfection-sensitivity. The question then arises as to how 
the imperfection-sensitivity might invalidate the apparent optimum, and it is a study of the mechanics of this 
that is presented here. A two-degree-of-freedom buckling model which exhibits this unexpected coupling action 
is introduced and its primary and secondary branching characteristics are derived analytically and numerically. 
The simultaneity of the primary buckling loads is shown to arise as the solution of a simple but realistic 
optimization scheme, and the subsequent erosion of this optimum is observed. It is seen that the compound 
imperfection-sensitivity can quite seriously modify and perhaps destroy the apparent optimum solution, and the 
key role of secondary bifurcations is delineated. 
 
 
J.S. Przemieniecki, “Matrix analysis of local instability in plates, stiffened panels and columns”, International 
Journal for Numerical Methods in Engineering, Vol. 5, No. 2, pp 209-216, November 1972,  
DOI: 10.1002/nme.1620050207 
ABSTRACT: A displacement method of matrix analysis for local instability of plates, stiffened panels and thin-
walled columns is presented. The analysis is applicable to stiffened panel and columns for which the cross-
section is made up of thin flat plates. For these cases it may be assumed that during buckling deformation no 
flat component of the cross-section is translated in its own plane and the edge lines at the junctions between 
flats remain fixed in space. The analysis leads to the standard eigenvalue equation from which the buckling 
stress can be determined. The elastic and geometrical stiffness matrices derived for this analysis depend on the 
wavelength of the buckled pattern and this dependence is of a simple form since all coefficients in the resulting 
stiffness matrices contain the buckling wavelength only as a common factor allowing for considerable 
simplification in any numerical computations. With this new formulation of local instability analysis very few 
elements are required to obtain high accuracy for the buckling stress. Several examples illustrating typical 
applications of this new method have been included. 
 
 
Murray NW., “Buckling of stiffened panels loaded axially and in bending”, The Structural Engineer 1973; 
51(8): 285–301. 
ABSTRACT: When a thin steel plate with flat stiffeners is loaded either axially or in bending it will eventually 
undergo large deformations in either Mode I or Mode II, where for Mode I the free edges of the stiffeners have 
only tensile stresses and for Mode II these stresses are predominantly compressive. Thus Mode I is a plate 
buckle whereas Mode II is a stiffener buckle. Associated with each mode is a plastic mechanism the load-
deflexion curve of which defines a panel’s post-buckling behaviour. These mechanisms are analysed 
theoretically and then a study is made of the effects of each parameter. Laboratory tests on large stiffened 
panels are briefly described. 
 
 
Ralph E. Ekstrom, “Buckling of Cylindrical Shells Under Combined Torsion and Hydrostatic Pressure,” 
Experimental Mechanics, 3 (8), 192–197 (1963), DOI: 10.1007/BF02325793 
ABSTRACT: Tests conducted to determine the stability of thin cylindrical shells under combined loads show 
that the nondimensional critical hydrostatic and torsional loads, P and T, follow the parabola P+T2=1. 
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edited by B. Budiansky, Springer, June 1-21, 1974, pp 40-51, DOI: 10.1007/978-3-642-50992-6_4 
ABSTRACT: The development of finite element calculational procedures for thin shell instability analysis has 
involved the definition of appropriate element representations (i.e. the geometric form of the element and the 
approximation of displacement and/or stress), constitutive expressions, and computational algorithms. Among 
these, the status of thin shell finite element representations remains unsettled. This paper therefore emphasizes 
recent developments in the basic aspects of thin shell finite element analysis and discusses one simplified 
approach in more detail. Formulative and computational procedures for elastic instability analysis are then 
summarized and numerical results are shown for the simplified shell element formulation. 
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Ronald August Melliere, “A finite element method for geometrically nonlinear large displacement problems in 
thin, elastic plates and shells”, Ph.D. dissertation, Mechanical Engineering, University of Missouri, Rolla, 1969 
ABSTRACT: A finite element method is presented for geometrically nonlinear large displacement problems in 
thin, elastic plates and shells of arbitrary shape and boundary conditions subject to externally applied 
concentrated or distributed loading. The initially flat plate or curved shell is idealized as an assemblage of flat, 
triangular plate, finite elements representing both membrane and flexural properties.�The 'geometrical' stiffness 
of the resulting eighteen degree-of-freedom triangular element is derived from a purely geometrical standpoint. 
This stiffness in conjunction with the standard small displacement 'elastic' stiffness is used in the linear-
incremental approach to obtain numerical solutions to the large displacement problem. Only� stable equilibrium 
configurations are considered and engineering strains are assumed to remain small. Four examples are presented 
to demonstrate the validity and versatility of the method and to point out its deficiencies.  
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“Geometric nonlinear analysis of structures by discrete energy method”, IABSE Proceedings = Memoires AIPC 
= IVBH Abhandlungen, Vol. 3, 1979, DOI: 10.5169/seals-34083  
ABSTRACT: The paper presents a special form of finite difference scheme for geometrically nonlinear analysis 
of one and two dimensional problems. The method uses energy principles to derive a set of nonlinear algebraic 
equations which are solved by using Newton-Raphson iterative procedure. A study of large deflection and 
stability behaviour of various structureal problems is presented, and results are compared with available exact 
and approximate solutions. 
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Atluri, S., ‘A perturbation analysis of nonlinear free flexural vibrations of a circular cylindrical shell’, Int. J. 
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ABSTRACT: Non-linear free vibrations of a circular cylindrical shell are examined using Donnell’s equations. 
A modal expansion is used for the normal displacement that satisfies the boundary conditions for the normal 
displacement exactly, but the boundary conditions for the in-plane displacements are satisfied approximately by 
an averaging technique. Galerkin technique is used to reduce the problem to a system of coupled non-linear 
ordinary differential equations for the modal amplitudes. These non-linear differential equations are solved for 
arbitrary initial conditions by using the multiple-time-scaling technique. Explicit values of the coefficients that 
appear in the forementioned Galerkin system of equations are given, in terms of non-dimensional parameters 
characterizing the shell geometry and material properties, for a three mode case, for which results for specific 
initial conditions are presented. A comparison of the results with those obtained in previous studies of the 
problem is presented and the discrepancies are discussed.  
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Section 8: There follow many, many citations on buckling 
and vibration of plates and shells.  There is no attempt to 
alphabetize or to sort by date. I sometimes attempted to group 
citations by the same author together. In citations with 
multiple authors I had to choose which author to “group” with 
other citations in which that author is included. Sometimes 
that choice is arbitrary. Sometimes I grouped articles on 
similar subjects together, but not too often. 
 
 
Ch. Massonnet and R. Maquoi (University of Liege, Belgium), “Recent progress in the field of structural 
stability of steel structures”,  International Association for Bridge and Structural Engineering (IABSE) Surveys, 
1978. ABSTRACT: (Cannot cut and paste the abstract nor the long list of references.) 
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Analysis in Structural Mechanics, ed. W. Wunderlich, E. Stein, and K. J. Bathe, 1981, Springer - Verlag Berlin, 
Heidelberg, NY, pp. 122-150, DOI: 10.1007/978-3-642-81589-8_8 
ABSTRACT: This paper represents a progress report of some of the research that we are conducting in the 
finite element analysis of thin shell structures. We consider our isoparametric displacement-rotation thin shell 
element and our discrete-Kirchhoff-theory (DKT) plate/shell element, which we are continuously refining for 
accurate and effective geometric and materially nonlinear analysis. In the paper we briefly discuss the locking 
phenomenon of the isoparametric element, the use of this element as a transition element between shell surfaces 
and in shell-solid transitions, and we give some results using the DKT element. 
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Williams, J.G., Anderson, M.S., Rhodes, M.D., Starnes, J.H., Jr. and Stroud, W.J. (National Aeronautics and 
Space Administration, Langley Research Center, Hampton, Virginia, USA), “Recent Developments in the 
Design, Testing and Impact-Damage Tolerance of Stiffened Composite Panels,” NASA TM 80077 (April 
1979). Also see chapter in Fibrous Composites in Structural Design, E.M. Lenoe, D.W. Oplinger, J.J. Burke, 
Editors, Springer, 1980, pp 259-291 
DOI: 10.1007/978-1-4684-1033-4_15 
ABSTRACT: Structural technology of laminated filamentary-composite stiffened-panel structures under 
combined in-plane and lateral loadings is discussed. Attention is focused on (1) methods for analyzing the 
behavior of these structures under load and for determining appropriate structural proportions for weight 
efficient configurations, and (2) effects of impact damage and geometric imperfections on structural 
performance. Recent improvements in buckling analysis involving combined in-plane compression and shear 
loadings and transverse shear deformations are presented. A computer code is described for proportioning or 
sizing laminate layers and cross-sectional dimensions, and the code is used to develop structural efficiency data 
for a variety of configurations, loading conditions, and constraint conditions. Experimental data on buckling of 
panels under in-plane compression is presented to validate the analysis and sizing methods and to illustrate 
structural performance and efficiency obtained from representative structures. Experimental results show that 
strength of panels under in-plane compression can be degraded by low-velocity impact damage. Mechanisms of 
impact-damage initiation and propagation are described. Finally, data are presented that indicates the matrix is a 
significant factor influencing tolerance to impact damage. 
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Arild, J.A., Brustad, S.A. and Braekhus, J. (Det Norske Veritas – DNV, N-1322 Hovik, Norway), Comparison 
of computer programs for nonlinear dynamic analysis of thin shell structures”, DNV Report 79-0415, June 



1979, Accession Number 00309387, The National Academies of Sciences, Engineering, Medicine TRID, the 
TRIS and ITRD database, https://trid.trb.org/view.aspx?id=152095   
ABSTRACT: Three computer programs for nonlinear dynamic analysis, ADINA, STAGS and ILDYN, are 
compared with regard to accuracy of results and computer utilization. However, only two test cases are studied. 
The results presented in this report must consequently be handled with care. The main parameters of the test 
cases are: Thin shell structures, Linear elastic material, Non-linear geometric behaviour, Dynamic analysis, 
Stepwise linear load function, Unconservative pressure load. The analyses are compared to described test case 
and experimental measurements and show that nonlinear dynamic analyses may be very sensitive to the 
formulation of the problem. 
 
 
Eduard Riks (National Aerospace Laboratory, Anthony Fokkerweg 2, Amsterdam-1017, Holland), “An 
incremental approach to the solution of snapping and buckling problems”, International Journal of Solids and 
Structures, Vol. 15, No. 7, pp 529-551, 1979, DOI: 10.1016/0020-7683(79)90081-7 
( The Paper was presented at the 14th Int. Cong. Theoretical and Applied Mechanics, Delft, The Netherlands, 
30 August-4 September 1976.) 
ABSTRACT: This paper is concerned with the numerical solution of systems of equations of discrete variables, 
which represent the nonlinear behaviour of elastic systems under conservative loading conditions. In particular, 
an incremental approach to the solution of buckling and snapping problems is explored. The topics that are 
covered can be summarized as follows:—The computation of nonlinear equilibrium paths with continuation 
through limit points and bifurcation points.—The determination of critical equilibrium states. Characteristic to 
the procedures employed is the use of the length of the equilibrium path as control parameter. This feature, 
together with the second order iteration method of Newton, offers a reliable basis for the procedures described. 
Actual computations, carried out on a finite element model of a shallow circular arch, illustrate the effectiveness 
of the methods proposed. 
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(2) Georgia Institute of Technology, USA 
“Design of Stiffened Composite Panels in the Post-buckling Range”, In: Edward, M., Oplinger, D. W. and 
Burke, J. J. (eds), Fibrous Composites in Structural Design, pp. 313-327, Plenum Press, New York. 
DOI: 10.1007/978-1-4684-1033-4_17 
ABSTRACT: This paper describes an analysis procedure for use in the design of stiffened laminated composite 
plates loaded simultaneously by biaxial compression, or tension, and shear acting in the plane of the laminate. 
The magnitude of the loading is such that the initial buckling limit of the laminated plate is exceeded. The 
method used is an extension of the shear field theory developed by Koiter for long isotropic plates. General 
expressions are derived which relate the average stress resultants acting along the edges of the plate to the 
strains in the stiffeners. The laminate is assumed to possess mid-plane symmetry to eliminate bending-
extensional coupling but the bendingtwisting terms D16 and D26 are retained in the analysis. Stresses resulting 
from thermal mismatch between stiffener elements and between skin and stiffener are considered. In order to 
account for manufacturing tolerances and other imperfections, initial eccentricities are imposed in the analysis. 
Also considered a failure mode is torsional or torsional-flexural buckling of the stiffeners, with the effect of 
attached skin included. 
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M.A. Crisfield (Transport and Road Research Laboratory, Crowthorne, Berkshire, UK), “Finite element 
analysis for combined material and geometric nonlinearities, Chapter in Nonlinear Finite element Analysis in 
Structural Mechanics, edited by W. Wunderlich, E. Stein and K.-J. Bathe, 1981, pp 325-338 
ABSTRACT: For a number of years, the author has used the finite element method to investigate the collapse 
strength of thin plated steel structures [1–3]. The work has been directed primarily towards steel bridges which 
are usually fabricated from engineering steel for which the stress-strain curve exhibits a significant plateau. The 
collapse behaviour usually involves an interaction between material and geometric non-linearities and is 
influenced by initial geometric imperfections and residual welding stresses. The present communication 
describes a number of numerical techniques that the author has developed in order to analyse such structures. 
The topics covered include approximate yield criteria, accelerated iterative methods and incremental solutions 
using a ‘length constraint’. 
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M.A. Crisfield (Transport and Road Research Laboratory, Crowthorne, Berkshire, England), “An arc-length 
method including line search and acceleration”, International Journal for Numerical Methods in Engineering, 
09/1983, Vol. 19, No. 9, pp 1269-1289, DOI:  10.1002/nme.1620190902 
ABSTRACT: This paper describes a method for introducing line searches into the arc-length solution 
procedure. Such line searches may be used at each iteration to calculate an optimum scalar step-length which 
scales the normal iterative vector. In practice, a loose tolerance is provided so that on many iterations the line 
searches are avoided. However on ‘difficult iterations’, the line searches are shown to lead to a substantial 
improvement in the convergence characteristics. A simple single-parameter acceleration is also developed using 
line search concepts. The new arc-length method is applied to both the geometrically nonlinear analysis of 
shallow shells and the materially nonlinear analysis of reinforced concrete beams and slabs. Significant 
improvements are demonstrated in relation to the standard arc-length method.  
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SUMMARY: Dynamical aspects of a general nonlinear finite element shell analysis procedure are described. 
The work extends previous endeavors of the authors on quasistatic plate and shell analysis. Several sample 
problems of a two- and three-dimensional nature are presented which demonstrate the applicability of the 
methodology. 
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ABSTRACT: This paper presents applications of a new code for shells of arbitrary shape. The geometrically 
non linear dynamic analysis is based on a total Lagrangian formulation and the direct time integration of the 
equations of motion. The cost effectiveness of a static condensation is shown and comparison of numerical 
results for classical examples of the literature (plates, arches and spherical shells) are presented using a full 3-D 
code. 
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6-7, 1982, Part II, pp 333-352, DOI: 10.1007/978-3-642-49334-8_11 
ABSTRACT: Pipelines are widely used for the transport of material. While pressure is the dominant sustained 
design load with gaseous materials, the weight of the contents becomes important with liquid transport and 
hydraulic solids transport. 
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Bushnell, D.:  “Buckling of Shells—Pitfall for Designers,” AIAA Paper No. 80-0665R, AIAA Journal, Vol. 19, 
No. 9, pp. 1183-1226, September 1981 
INTRODUCTION: In order to produce efficient, reliable designs & to avoid unexpected catastrophic failure of 
structures of which thin shells are important components, the engineer must understand the physics of shell 
buckling. The objective of this survey is to convey to the reader a “feel” for shell buckling, whether it be due to 
nonlinear collapse, bifurcation buckling, or a combination of these modes. This intuitive understanding of 
instability is communicated by a large number of examples involving practical shell structures which may be 
stiffened, segmented, or branched & which have complex wall constructions. With such intuitive knowledge the 
engineer will have an improved ability to foresee situations in which buckling might occur & to modify a design 
to avoid it. He or she will be able to set up more appropriate models for tests & analytical predictions. The 
emphasis here is not on the development of equations for the prediction of instability. For such material the 
reader is referred to the book by Brush & Almroth. Emphasis is given here to nonlinear behavior caused by a 
combination of large deflections & plasticity. Also illustrated are stress redistribution effects, stiffener & load-
path eccentricity effects, local v. general instability, imperfection sensitivity, & modal interaction in optimized 
structures. Scattered throughout the text are tips on modeling for computerized analysis. The survey is divided 
into nine major sections describing: 1) several examples of catastrophic failure of expensive shell structures; 2) 
the basics of buckling behavior; 3) “classical” buckling & imperfection sensitivity; 4) nonlinear collapse & the 
appropriateness of linear bifurcation buckling analyses for general shells; 5) bifurcation buckling with 
significant nonlinear pre-buckling behavior; 6) effects of boundary conditions, load eccentricity, transverse 
shear deformation, & stable post-buckling behavior; 7) optimization of buckling-critical structures with 
consequent modal interaction; 8) a suggested design method for axially compressed cylinders with stiffeners, 
internal pressure, or other special characteristics; & 9) two examples in which sophisticated buckling analyses 
are required in order to derive improved designs. The paper focuses on static buckling problems. 
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ABSTRACT: Coverage has been given to subjects dealing with the strength and stability of columns, including 
biaxially loaded members and tubular components. Much information is still lacking about laterally 
unsupported beams, and detailed research needs are outlined for these as well as for steel building frames. A 
separate section discuss unresolved problems in the stability analysis of shells and shell-like structures, some of 
which also are pertinent to large-size tubular structures. The research needs of thin-walled, light-gage 
construction are discussed in one section. Extensive attention is paid to the stability aspects of plate, box and 
curved girders. Problems related to dynamic stability phenomena are outlined, as are the needs of composite 
structures. Brief data are given on needed research regrarding material properties of steels, local buckling 
phenomena, and the behavior of stiffened plates. 
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ABSTRACT: The paper presents a finite element Mindlin shallow shell formulation. Compared to a previous 
flat plate formulation it is shown that the addition of a shallow shell capability adds very little extra 
computational effort. Results are given for the postbuckling behaviour of square and circular plates subject to 
direct inplane loading and a square plate subject to inplane shear loading. Examples are also presented of the 
analyses of a shallow truss and cylindrical and spherical shells, all exhibiting snap through behaviour. 
Agreement with existing solutions is generally good and where possible the results are presented numerically. 
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ABSTRACT: A brief survey of weld-induced stresses and deflections in steel-plated structures is given. A finite 
element approach for analyzing stiffened panels is presented. The stiffener formulation accounts for torsional 
buckling. Yielding is taken into account and, based on the updated Lagrangian formulation, the effect of large 
deflections is allowed for. By using the so-called volume approach the development of plastic zones can be 
followed. The non-linear equations are solved using a combined step-iterative procedure. The examples 
presented comprise an unstiffened rectangular plate under biaxial compression, and two stiffened panels under 
uniaxial compression. The effect of initial deflections and stresses is considered. 
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ABSTRACT: In this paper nonlinear stability of thin elastic circular shallow spherical shell under the action of 
uniform edge moment is considered by the modified iteration method to obtain second and third approximations 
to decide the upper and lower critical loads. Results are plotted in curves for the engineering use and are 
compared with results of Hu Hai-chang. We also investigate the neighbor situation of the critical point, i.e. the 
double points of the upper and lower critical loads and denote the range of validity of the second approximation. 
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Huang Tse-yen’s. 
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constitutive relation on this basis. 
 
Anonymous, ADINA – A finite element program for Automatic Dynamic Incremental Nonlinear Analysis, 
ADINA Engineering, 1981 
 
H.D. Hibbitt (Hibbitt, Karlsson, and Sorensen, Inc., 35 South Angell Street, Providence, Rhode Island 02906, 
USA), “ABAQUS/EPGEN—A general purpose finite element code with emphasis on nonlinear applications”, 
Nuclear Engineering and Design, Vol. 77, No. 3, February 1984, Pages 271-297 
doi:10.1016/0029-5493(84)90106-7 
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admissible displacement functions consistent with the end constraints, thereby enforcing equilibrium by 
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distribution and magnitude of shape imperfections on the efficiency of energy absorption was examined. 
Results of model test on 0.1mm thick aluminum foil specimens have shown that the panels collapsing in the 
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ABSTRACT: A nonlinear formulation of the 9-node shell element is given for large deformation and post-
buckling analysis of shells. The formulation is based on updated Lagrangian description and finite deformation 
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generalization, which involves the introduction of a semicomplementary energy density, comes out in a 
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A.W. Leissa (Department of Engineering Mechanics, Ohio State University, Columbus, Ohio, USA), “Buckling 
of composite plates”, Composite Structures, Vol. 1, No. 1, 1983, Pages 51-66,  
doi:10.1016/0263-8223(83)90016-8 
ABSTRACT: The buckling of composite plates is a very complicated subject about which at least 200 
references are already available. The present paper examines the characteristics and parameters which may need 
to be considered, both from mathematical and physical points of view, and provides perspective and 
organization to the subject. The first part deals with classical bifurcation buckling analysis, discusses the 
relevant plate equations and their solutions, and considers shapes, edge conditions and loadings which may 
arise. The second part treats classical complicating effects (those still yielding linear eigenvalue problems with 
bifurcation) including: elastic foundation, variable thickness, shear deformation, hygrothermal effects and 
inplane heterogeneity. The third part takes up non-classical considerations—postbuckling, geometric 
imperfections, parametric excitation, follower forces and inelastic material. 
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Colorado, USA), “Conditions for laminated plates to remain flat under inplane loading”, Composite Structures, 
Vol. 6, No. 4, 1986, pp. 261-270, doi:10.1016/0263-8223(86)90022-X 
ABSTRACT: There is considerable confusion in the existing literature as to whether an unsymmetrically 
laminated, composite plate will remain flat due to the application of inplane compressive or shear loads. If it 
does not remain flat, then bifurcation buckling would not normally take place, and transverse displacements 
would occur no matter how small the inplane loads. This paper investigates the conditions under which 
arbitrarily laminated and arbitrarily loaded plates remain flat, and therefore when buckling can occur. It is 
demonstrated that for uniform or linearly varying inplane loads no transverse pressure is necessary to keep a 
plate flat, although edge moments or transverse forces may be required at the boundaries. 



 
 
A.W. Leissa, “Instability Considerations”, ASM International, Engineered Materials Handbook. Vol. 1: 
Composites, pp. 445-449. 1987 
ABSTRACT: Some information on the buckling of composite laminated plates is summarized. Loading stresses 
for buckling orthotropic plate are plotted. Orthotropic plates have fibers parallel to each other and to the edge or 
a cross ply with fibers in adjacent plies oriented at 90 to each other. Anisotropic and unsymmetric laminate 
instability are also reviewed. Uniaxial and shear stress buckling parameters for graphite/epoxy angle ply plates 
are shown in graphs. Test data show that shear deformation effects decrease the buckling stress for plates with a 
length to thickness ratio of < 30. The buckling characteristic of circular shell panels differs considerably from 
that of plates. The buckling load increases with the shell curvature, until a maximum value is reached. Data 
show that, although a shell panel has a higher critical buckling stress than the plate, a decreasing compressive 
stress is required to maintain equilibrium. 
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“Vibration and buckling of generally laminated composite plates with arbitrary edge conditions”, International 
Journal of Mechanical Sciences, Vol. 29, No. 8, 1987, pp. 545-555, doi:10.1016/0020-7403(87)90026-9 
ABSTRACT: A method is developed for the analysis of free vibration and buckling of generally laminated 
composite plates having arbitrary edge conditions, such as clamped, simply supported or free. The procedure is 
an extension of the Ritz method utilizing a strain energy functional containing both bending and stretching 
effects and accommodating arbitrary ply stacking sequences. Displacement functions are taken in the form of 
polynomials, and an algorithm for satisfying the geometric boundary conditions is presented. Numerical results 
are compared with those of other researchers in order to establish the correctness and effectiveness of the 
method. Some additional new results are also presented. 
 
 
M.S. Ewing, R.J. Hinger and A.W. Leissa (US Air Force Academy, Colorado Springs, Colorado 80840, USA), 
“On the validity of the reduced bending stiffness method for laminated composite plate analysis”, Composite 
Structures, Vol. 9, No. 4, 1988, pp. 301-317, doi:10.1016/0263-8223(88)90050-5 
ABSTRACT: The ‘reduced bending stiffness’ (RBS) method has been used on occasions in the past as a means 
of simplifying the analysis of the flexural behavior of unsymmetrically laminated composite plates. However, 
the validity of the method has never been established. This paper makes direct comparisons between relatively 
simple, exact solutions for the static deflections, buckling loads and vibration frequencies of simply-supported 
plates and those arising from the RBS method. Extensive calculations are made for wide ranges of the physical 
parameters involved (aspect ratio, moduli ratio, lamination orientation angle, numbers of plies). The RBS 
method is found to yield sufficient accuracy for cross-ply plates, but errors up to 29% are obtained for angle-ply 
plates constructed with materials currently under development. 
 
 
A.W. Leissa (1) and A.F. Martin (2) 
(1) Department of Engineering Mechanics, Ohio State University, Columbus, Ohio 43210, USA 
(2) Department of Mechanical Engineering Technology, Franklin University, Columbus, Ohio 43215, USA 
“Vibration and buckling of rectangular composite plates with variable fiber spacing”, Composite Structures, 
Vol. 14, No. 4, 1990, pp. 339-357, doi:10.1016/0263-8223(90)90014-6 
ABSTRACT: This is a summary of the first known work which analyzes the structural behavior of composite 
plates having nonuniformly spaced fibers. The present investigation is limited to single layer composites having 
parallel fibers. This results in a plate which is macroscopically orthotropic, but nonhomogeneous. The free 
vibrations and buckling of such plates subjected to inplane boundary loadings are studied. A plane elasticity 
problem must first be solved to determine the inplane stresses caused by the applied boundary loading, and 
these stresses become input to the vibration and buckling problem. Both problems are dealt with by the Ritz 



method. Numerical results are obtained for six nonuniform distributions of E-glass, graphite and boron fibers in 
epoxy matrices in simply supported, square plates. The redistributions are seen to increase the buckling load by 
as much as 38%, and the fundamental frequency by as much as 21%. 
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(1) Test and Analysis Engineer, Jeffrey Division, Dresser Industries, Columbus, OH, USA 
(2) Department of Engineering Mechanics, The Ohio State University, Columbus, OH, USA 
“Effects of edge constraints upon shallow shell frequencies”, Thin-Walled Structures, Vol. 14, No. 5, 1992, 
pp.347-379, doi:10.1016/0263-8231(92)90008-K 
ABSTRACT: The effects of changing edge constraints upon the frequencies of shallow shells with rectangular 
planforms are studied. Attention is focused upon a single edge, with the other three edges remaining completely 
free. For that edge clamped, simply supported, and free edge conditions are imposed; however, each of these 
has four possibilities depending upon the existence of either or both types of membrane constraint along the 
single edge. The Ritz method, assuming algebraic polynomials as displacement functions, is used to obtain 
accurate results. Frequencies for three types of shallow shells (circular cylindrical, spherical, hyperbolic 
paraboloidal) are obtained, for two shallowness ratios and two thickness ratios each. Careful attention is paid to 
the number of rigid body modes (zero frequencies) present, for these enter quite strongly into considerations of 
the effects of changing edge constraints. 
 
 
Arthur W. Leissa (1) and Jinyoung So (2) 
(1) Ohio State University, 155 W. Woodruff Ave., Columbus, OH 43210, U.S.A 
(2) Tein Engineers, Inc., Seoul, Korea 
“Three-Dimensional Vibrations of Truncated Hollow Cones”, Journal of Vibration and Control, April 1995, 
vol. 1, no. 2, pp. 145-158, doi: 10.1177/107754639500100202 
ABSTRACT: This work presents a three-dimensional (3-D) method of analysis for determining the free 
vibration frequencies and corresponding mode shapes of truncated hollow cones of arbitrary thickness and 
having arbitrary boundary conditions. It also supplies the first known numerical results from 3-D analysis for 
such problems. The analysis is based upon the Ritz method. The vibration modes are separated into their 
Fourier components in terms of the circumferential coordinate. For each Fourier component, displacements are 
expressed as algebraic polynomials in the thickness and slant length coordinates. These polynomials satisfy the 
geometric boundary conditions exactly. Because the displacement functions are mathematically complete, upper 
bound values of the vibration frequencies are obtained that are as close to the exact values as desired. This 
convergence is demonstrated for a representative truncated hollow cone configuration where six-digit exactitude 
in the frequencies is achieved. The method is then used to obtain accurate and extensive frequencies for two sets 
of completely free, truncated hollow cones, one set consisting of thick conical shells and the other being tori 
having square-generating cross sections. Frequencies are presented for combinations of two values of apex 
angles and two values of inner hole radius ratios for each set of problems. 
 
 
A. W. Leissa and J. -D. Chang (Department of Engineering Mechanics, The Ohio State University, Columbus, 
OH 43210, USA), “Elastic deformation of thick, laminated composite shells”, Composite Structures, Vol. 35, 
No. 2, June 1996, pp. 153-170, doi:10.1016/0263-8223(96)00028-1 
ABSTRACT: A rigorous theory is derived which governs the linearly elastic deformation of shells made of 
laminated composite materials, including shear deformation and rotary inertia effects. The equations presented 
are applicable to static and dynamic problems for shells of arbitrary curvature, but constant thickness. Non-
principal shell coordinates (alpha,beta) are used in order that shells with initial twist (Ralphabeta not equal to 
inifinity) may be straightforwardly accommodated. Equations of motion, boundary conditions and energy 
functionals are given for laminates with arbitrary fiber stacking sequences. An accurate theory is developed 
based upon the assumptions that terms containing zeta2/RiRj(i,j = alpha,beta) are small in comparison with 
unity, where zeta is the thickness coordinate, and Ralpha and Rbeta are radii of curvature. A more simple but 
less accurate theory is also given, corresponding to zera/Ri much less-than 1 (i = alpha,beta). Shallow shell 



theories are obtained by setting the LamÈ parameters equal to unity and using projected planform coordinates 
(x,y) in place of the shell coordinates (alpha,beta). Further simplification to a Donnell-type shallow shell theory 
is also made. 
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(1) School of Constructional and Environmental System Engineering, Kyongju University, Kyongju, 
Kyongbook, South Korea 
(2) Applied Mechanics Program, The Ohio State University, Columbus, Ohio 43210-1181 
“Three-dimensional vibrations of hollow cones and cylinders with linear thickness variations”, J. Acoust. Soc. 
Am., Vol. 106, No. 2, 1999, pp. 748-755 
ABSTRACT: A three-dimensional method of analysis is presented for determining the free vibration 
frequencies and mode shapes of hollow cones and cylinders with variable thickness. Displacement components 
us, uz, and utheta in the meridional, normal, and circumferential directions, respectively, are taken to be 
sinusoidal in time, periodic in theta, and algebraic polynomials in the s and z directions. Potential (strain) and 
kinetic energies of the cones and cylinders are formulated, and upper bound values of the frequencies are 
obtained by minimizing the frequencies. As the degree of the polynomials is increased, frequencies converge to 
the exact values. Novel numerical results are presented for thick, linearly tapered, hollow cones and cylinders 
with completely free boundaries. Convergence to four-digit exactitude is demonstrated for the first five 
frequencies of the cones and cylinders. The method is applicable to thin cones and cylinders, as well as thick 
and very thick ones. 
 
 
Arthur W. Leissa (Department of Mechanical Engineering, The Ohio State University, 206 West 18th Avenue, 
Columbus, OH 43210-1181, USA), “Singularity considerations in membrane, plate and shell behaviors”, 
International Journal of Solids and Structures, Vol. 38, No. 19, May 2001, pp. 3341-3353, 
doi:10.1016/S0020-7683(00)00262-6 
ABSTRACT: This paper describes three types of situations in structural analysis where singularities at points 
can greatly influence the global behavior of the configuration: (1) concentrated forces acting upon flat or curved 
membranes, (2) concentrated moments acting upon plates or shells, and (3) sharp corner sigularities in plates 
and shells. These singularities may have strong effects upon static or dynamic deflections, free vibration 
frequencies and buckling loads. It is shown that the concentrated forces acting upon flat or curved membranes, 
or concentrated moments acting upon plates and shells, are improper models, and that correct theoretical 
analysis indicates that they are meaningless. Examples of sharp corners discussed are (1) the re-entrant corner 
of a cantilever skew plate, (2) a free circular plate with a V-notch, and (3) the obtuse corners of a simply 
supported parallelogram plate. 
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(1) Department of Architectural Engineering, College of Engineering, Chung-Ang University, Seoul, Korea 
(2) Department of Mechanical Engineering, Colorado State University, Fort Collins, CO, USA 
“Three-dimensional vibration analysis of thick hyperboloidal shells of revolution”, Journal of Sound and 
Vibration, Vol. 282, Nos. 1-2, April 2005, pp. 277-296, doi:10.1016/j.jsv.2004.02.031 
ABSTRACT: A three-dimensional (3-D) method of analysis is presented for determining the free vibration 
frequencies and mode shapes of thick, hyperboloidal shells of revolution. Unlike conventional shell theories, 
which are mathematically two-dimensional (2-D), the present method is based upon the 3-D dynamic equations 
of elasticity. Displacement components ur, utheta, and uz in the radial, circumferential, and axial directions, 
respectively, are taken to be sinusoidal in time, periodic in theta, and algebraic polynomials in the r and z 
directions. Potential (strain) and kinetic energies of the hyperboloidal shells are formulated, and the Ritz method 
is used to solve the eigenvalue problem, thus yielding upper bound values of the frequencies by minimizing the 
frequencies. As the degree of the polynomials is increased, frequencies converge to the exact values. 
Convergence to four-digit exactitude is demonstrated for the first five frequencies of the hyperboloidal shells of 
revolution. Numerical results are tabulated for 18 configurations of completely free hyperboloidal shells of 



revolution having two different shell thickness ratios, three variant axis ratios, and three types of shell height 
ratios. Poisson's ratio (nu) is fixed at 0.3. Comparisons are made among the frequencies for these hyperboloidal 
shells and ones which are cylindrical or nearly cylindrical (small meridional curvature). The method is 
applicable to thin hyperboloidal shells, as well as thick and very thick ones. 
 
 
A.W. Leissa (Department of Mechanical Engineering, Colorado State University, Fort Collins, CO 80523-1374, 
USA), “The historical bases of the Rayleigh and Ritz methods”, Journal of Sound and Vibration, Vol. 287, 
Nos.4-5, November 2005, pp. 961-978, doi:10.1016/j.jsv.2004.12.021 
ABSTRACT: Rayleigh's classical book Theory of Sound was first published in 1877. In it are many examples 
of calculating fundamental natural frequencies of free vibration of continuum systems (strings, bars, beams, 
membranes, plates) by assuming the mode shape, and setting the maximum values of potential and kinetic 
energy in a cycle of motion equal to each other. This procedure is well known as “Rayleigh's Method.” In 1908, 
Ritz laid out his famous method for determining frequencies and mode shapes, choosing multiple admissible 
displacement functions, and minimizing a functional involving both potential and kinetic energies. He then 
demonstrated it in detail in 1909 for the completely free square plate. In 1911, Rayleigh wrote a paper 
congratulating Ritz on his work, but stating that he himself had used Ritz's method in many places in his book 
and in another publication. Subsequently, hundreds of research articles and many books have appeared which 
use the method, some calling it the “Ritz method” and others the “Rayleigh–Ritz method.” The present article 
examines the method in detail, as Ritz presented it, and as Rayleigh claimed to have used it. It concludes that, 
although Rayleigh did solve a few problems which involved minimization of a frequency, these solutions were 
not by the straightforward, direct method presented by Ritz and used subsequently by others. Therefore, 
Rayleigh's name should not be attached to the method. 
 
 
Whitcomb, J.D. (1981). Finite element analysis of instability related delamination growth. Journal of Composite 
Materials Vol. 15, No. 5, pp. 403–426, doi: 1177/002199838101500502 
ABSTRACT: A parametric study of postbuckled through-width delaminations in laminated coupons was 
performed. A finite element analysis was developed to analyze the coupons as a combination of linear and 
geometrically nonlinear components. Because most of the coupon configuration studied behaves linearly, the 
mixed linear and nonlinear analysis greatly reduced computational costs. The analysis was verified by 
comparing numerical with exact solutions for simple hypothetical problems. In addition, measured lateral 
deflections of postbuckled through-width delaminations in laminated coupons were compared with predicted 
deflections. In the parametric study, stress distributions and strain-energy release rates were calculated for 
various delamination lengths, delamination depths, applied loads, and lateral deflec tions. Also, a small number 
of coupons with through-width delaminations were fatigue tested to obtain delamination growth data. 
Calculated strain-energy release rates were compared with the observed growth rates to deter mine the relative 
importance of the Mode I and Mode II components of energy release. GI was shown to dominate the growth 
process. 
 
 
K.N. Shivakumar and J.D. Whitcomb (NASA Langley Research Center, Hampton, Virginia 23665), “Buckling 
of a Sublaminate in a Quasi-Isotropic Composite Laminate”, Journal of Composite Materials, January 1985, 
vol. 19, no. 1, pp. 2-18, doi: 10.1177/002199838501900101 
ABSTRACT: Buckling of a delaminated region can cause high interlaminar stresses which, in turn, lead to 
delamination growth. Hence, buckling strain is an important parameter in assessing the potential for strength 
loss due to the delamination. The objective of this study was to predict the buckling of an elliptic delamination 
embedded near the surface of a thick quasi-isotropic laminate. The thickness of the delaminated ply group (the 
sublaminate) was assumed to be small compared to the total laminate thickness. Finite-element and Rayleigh-
Ritz methods were used for the analyses. The Rayleigh-Ritz method was found to be simple, inexpensive, and 
accurate, except for highly anisotropic delaminated regions. Effects of delamination shape and orientation, 
material anisotropy, and layup on buckling strains were examined. Results showed that (1) the stress state 
around the delaminated region is biaxial, which may lead to buckling when the laminate is loaded in tension, (2) 



buckling strains for multi-directional fiber sublaminates generally are bounded by those for the 0 deg and 90 
deg unidirectional sublaminates, and (3) the direction of elongation of the sublaminate that has the lowest 
buckling strain correlates with the delamination growth direction. 
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Composite Materials 23, 862–889. 
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Wu Shen-rong, “Studies of nonlinear theories for thin shells”, Applied Mathematics and Mechanics, Vol. 4, No. 
2, pp 221-231, April 1983, DOI: 10.1007/BF01895446 
ABSTRACT: In order to formulate the equations for the study here, the Fourier expansions upon the system of 
orthonormal polynomials are used. It may be considerably convenient to obtain the expressions of 
displacements as well as stresses directly from the solutions. Based on the principle of virtual work the 
equilibrium equations of various orders are formulated. In particular, the system of thirdorder is given in detail, 
thus providing the reference for accuracy analysis of lower-order equations. A theorem about the differentiation 
of Legendre series term by term is proved as the basis of mathematical analysis. Therefore the functions used 
are specified and the analysis rendered is no longer a formal one. The analysis will show that the Kirchhoff-
Love's theory is merely of the first-order and the theory which includes the transverse deformation but keeps the 
normal straight is essentially of the first order, too. 
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“An efficient triangular plate bending finite element for crash simulation”, Computers & Structures, Vol. 16, 
Nos. 1-4, 1983, pp. 371-379, doi:10.1016/0045-7949(83)90176-1 
ABSTRACT: Computer costs for structural dynamics, rise an order of magnitude over those associated with 
static analysis. To reduce these costs significantly, a computationally economical triangular plate bending 
element was developed. This element, designated as the TRP2 element, while simpler than existing high-order 
accuracy elements, yields results that are sufficiently accurate for engineering analysis. TRP2 is an eighteen 
degree of freedom triangle. In global coordinates it possesses three translations and three rotations at each 
vertex. The element linear elastic stiffness matrix was taken from the existing literature. Additional matrices 
were developed to account for mass properties, applied loads, large deflections and plasticity. Published results 
that ranged over a spectrum of linear and nonlinear static and dynamic analyses were used in a numerical 
evaluation of the element. The TRP2 element was found to be capable of yielding results that in most cases 
were certainly acceptable, and in some cases excellent. 
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and Applications”, edited by W. Olszak, CISM Courses and Lectures No. 240, International Centre for 
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ABSTRACT: The theory of finite rotations in thin shells is developed and many shell relations in terms of finite 
rotations are presented. Three forms of geometric boundary conditions and energetically compatible static 
boundary conditions are constructed. Various sets of Eulerian and Lagrangean shell equations are discussed and 
their consistent simplification within the first-approximation geometrically non-linear theory of isotropic elastic 
shells is given. A classification of shell problems with small, moderate, large and finite rotations is proposed 
and appropriate sets of simplified shell equations are presented. 
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ABSTRACT: A general approach to the derivation of variational principles is given for the geometrically non-
linear theory of thin elastic shells undergoing moderate rotations. Starting from the principle of virtual 
displacements, a set of sixteen basic free functionals without subsidiary conditions is constructed. From these 
free functionals a, number of related functionals with or without subsidiary conditions may be generated. As 
examples, the functionals of the total potential energy and the total complementary energy are derived. 
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ABSTRACT: The present paper deals with geometrically non-linear first approximation Kirchhoff-Love type 
theories for thin elastic shells undergoing small strains accompanied by moderate, large or unrestricted 
rotations. All theories will be given in an entirely Lagrangian description. We shall start our considerations with 
a general theory valid for small strains and arbitrary, unrestricted rotations. Then, this general theory will be 
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classification scheme given below. Three variants will be derived which admit large rotations about tangents to 
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ABSTRACT: Equations of equilibrium and four geometric and static boundary conditions are constructed for 
an entirely Lagrangian non-linear theory of shells. In the case of a linearly-elastic material and conservative 
surface and boundary loadings the shell relations are derivable as stationarity conditions of the Hu-Washizu free 
functional. For the geometrically non-linear first-approximation theory of elastic shells several consistently 
simplified versions of the shell equations are discussed. Several sets of equations for teories of shells 
undergoing moderate or large/small rotations are presented. The majority of the simplified versions allow an 
exact variational formulation using a Hu-Washizu free functional. A unified theory of superposition of non-
linear deformations in thin shells is outlined and two equivalent incremental formulations of shell equations in 
the total Lagrangian and the updated Lagrangian descriptions are given. 
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709, doi:10.1016/0020-7683(92)90121-9 
ABSTRACT: A non-linear bending theory of rubber-like shells undergoing large elastic strains is proposed. 



The theory is based on a relaxed normality hypothesis and the incompressibility condition. Using series 
expansion in the normal direction and applying some estimation technique a consistent first approximation and 
a simplest approximation to the elastic strain energy of the shell are constructed. Lagrangian displacement shell 
equations are derived and the incremental shell deformation is considered. The numerical results presented for 
one- and two-dimensional large strain shell problems confirm the accuracy and efficiency of the proposed shell 
theory. 
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ABSTRACT: Non-linear problems of thin elastic shells may conveniently be formulated in the Lagrangian 
description in terms of three displacement components of the reference surface. Assuming that an 
approximation to an equilibrium state of the shell is known, the explicit form of incremental equations for the 
correcting increment of displacements, which allows one to calculate the next approximation, is derived for 
arbitrary configuration-dependent external static loads, and for arbitrary work-conjugate boundary conditions. 
The derivation is performed applying the Newton-Kantorovich method which is based essentially on successive 
approximations to the exact solution of some linearized shell problem. As a special case, the ultimate 
Lagrangian buckling equations for thin shells are constructed. 
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ABSTRACT: A thorough analysis is presented of the non linear deformation of the shell lateral boundary 
surface. The deformation is compatible with the linear distribution of displacements across the shell thickness. 
It is found that the total rotation of the boundary element can be defined in two ways, by means of two 
alternative orthonormal triads associated with the deformed shell lateral boundary surface. For both definitions 
of the rotation, exact expressions for three components of the vector of change of curvature of the boundary 
contour are derived in terms of shell strain measures. These expressions are then consistently reduced for 
several particular shell theories. 
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ABSTRACT: The non-linear theory of thin shell structures with irregularities of geometry, material properties, 
loading and deformation is developed. The irregular shell is modelled by a reference network being a union of 
piecewise smooth surfaces and curves, with various fields satisfying relaxed regularity requirements. By 
transforming the virtual work principle postulated for the entire reference network, we derive the corresponding 
local field equations and side conditions. Particular attention is paid to formulate the general form of static and 
kinematic jump conditions at singular geometric and physical curves. Several special kinds of irregularities are 
considered and some particular forms of the jump conditions are discussed. 
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“The Nonlinear Theory of Elastic Shells with Phase Transitions”, Journal of Elasticity, Vol. 74, No. 1, 2004, 
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ABSTRACT: We develop the general nonlinear theory of elastic shells with an account of phase transitions in 
the shell material. Our formulation is based on the dynamically and kinematically exact through-the-thickness 
reduction of three-dimensional description of the phenomenon to the two-dimensional form written on the shell 
base surface. In this model shell displacements are expressed by work-averaged translations and rotations of the 
shell cross-sections. All shell relations are then found from the variational principle of the stationary total 
potential energy. In particular, we derive the new global dynamic continuity condition at the singular surface 
curve modelling the phase interface. We also discuss particular forms of the local dynamic continuity conditions 
at coherent and incoherent interface curves. The results are illustrated by an example of a phase transition in an 
infinite plate with a circular hole. 
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“Local Symmetry Group in the General Theory of Elastic Shells”, Journal of Elasticity, Vol. 85, No. 2, 2006, 
pp. 125-152, doi: 10.1007/s10659-006-9075-z 
ABSTRACT: We establish the local symmetry group of the dynamically and kinematically exact theory of 
elastic shells. The group consists of an ordered triple of tensors which make the shell strain energy density 
invariant under change of the reference placement. Definitions of the fluid shell, the solid shell, and the 
membrane shell are introduced in terms of members of the symmetry group. Within solid shells we discuss in 
more detail the isotropic, hemitropic, and orthotropic shells and corresponding invariant properties of the strain 
energy density. For the physically linear shells, when the density becomes a quadratic function of the shell 
strain and bending tensors, reduced representations of the density are established for orthotropic, cubic-
symmetric, and isotropic shells. The reduced representations contain much less independent material constants 
to be found from experiments. 
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of branching and self-intersecting shells”, International Journal of Solids and Structures, Vol. 44, No. 1, January 
2007, pp. 352-369, doi:10.1016/j.ijsolstr.2006.04.030 
ABSTRACT: We formulate the exact, resultant equilibrium conditions for the non-linear theory of branching 
and self-intersecting shells. The conditions are derived by performing direct through-the-thickness integration in 
the global equilibrium conditions of continuum mechanics. At each regular internal and boundary point of the 
base surface our exact, local equilibrium equations and dynamic boundary conditions are equivalent, as 
expected, to the ones known in the literature. As the new equilibrium relations we derive the exact, resultant 
dynamic continuity conditions along the singular surface curve modelling the branching and self-intersection as 
well as the dynamic conditions at singular points of the surface boundary. All the results do not depend on the 
size of shell thicknesses, internal through-the-thickness shell structure, material properties, and are valid for an 
arbitrary deformation of the shell material elements. 
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“On shear correction factors in the non-linear theory of elastic shells”, International Journal of Solids and 
Structures, Vol. 47, Nos. 25-26, December 2010, pp. 3537-3545, doi:10.1016/j.ijsolstr.2010.09.002 
ABSTRACT: Theoretical values of two correction factors _±s = 5/6 and _±t = 7/10 are established for the 
respective transverse shear stress resultants and stress couples within the general, dynamically and 
kinematically exact, six-field theory of elastic shells. These values do not depend on the shell material 
symmetry, geometry of the base surface, the shell thickness, or any kind of kinematic and/or dynamic 
constraints. The analysis is based on the complementary energy density following from the transverse shear 
stresses acting only on the shell cross section. The appropriate quadratic and cubic distributions of the stresses 
across the thickness allow one to derive the consistent constitutive equations for the transverse shear stress 
resultants and stress couples with _±s and _±t as the respective correction factors. Four numerical examples of 
highly non-linear shell structures illustrate the influence of different values of _±s and _±t on the results. In 
particular, some influence of _±t is noticed on the placement of bifurcation points. In dynamic problem of flight 
of three intersecting plates analysed with Newmark-type temporal algorithm, the value of _±t influences the 
moment at which the relative error of total energy of the system begins to grow indefinitely leading to the 
solution failure. 
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and stability of thin elastic shells”, International Journal of Solids and Structures 
Volume 41, Issues 11-12, June 2004, Pages 3275-3292, doi:10.1016/j.ijsolstr.2004.01.003 
ABSTRACT: We formulate the complete boundary value problem (BVP) for the geometrically non-linear 
theory of thin elastic shells expressed entirely in terms of intrinsic field variables––the stress resultants and 
bendings of the shell reference surface. Applying a perturbation technique the corresponding intrinsic buckling 
equations are also derived. These intrinsic shell and buckling equations are then consistently simplified in three 
special cases: (a) the almost inextensional bending state, (b) the almost membrane state, and (c) the bending 
state. For each special case we derive also consistent sets of dynamic and kinematic boundary conditions 
expressed entirely through the intrinsic field variables. Additionally, the complete BVP for shells with slowly 
varying curvatures is formulated in terms of stress and deformation functions. The relatively simple BVPs given 
here are applicable to highly non-linear problems of flexible shell structures without any restriction of shell 
geometry, displacements, deflections, and/or rotations. 
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S.B. Filippov, E.M. Haseganu and A.L. Smirnov, “Buckling analysis of axially compressed square elastic tubes 
with weakly supported edges”, Technische Meckanik, Vol. 20, No. 1, pp 13-20, 2000 
ABSTRACT: The local buckling of weakly supported thin-walled square tubes under axial compression is 
studied. By means of asymptotic methods, an expression for the critical pressure is found. The asymptotic 
results agree well with the numerical results obtained with the finite element method (FEM) and with the sweep 



method. The dependence of the critical loading on the shell length and on the type of edge supporting is 
analyzed. 
 
 
J. Makowski and W. Pietraszkiewicz, “Work-conjugate boundary conditions in the nonlinear theory of thin 
shells”, ASME J. Appl. Mech. 56(2), 395-402 (1989), DOI: 10.1115/1.3176096 
ABSTRACT: Work–conjugate boundary conditions for a class of nonlinear theories of thin shells formulated in 
terms of displacements of the reference surface are discussed. Applying theorems of the theory of differential 
forms it is shown that many of the sets of static boundary conditions which have been proposed in the literature 
do not possess work–conjugate geometric counterparts. The general form of four geometric boundary 
conditions and their work–conjugate static boundary conditions is constructed and three particular cases are 
analyzed. The boundary conditions given here are valid for unrestricted displacements, rotations, strains and/or 
changes of curvatures of the reference surface. 
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“Lagrangian nonlinear theory of thin elastic shells with finite rotations”, Proc. of JSCE, No. 344/I-1, April 1984 
ABSTRACT: Accurate equilibrium equations and appropriate static and geometric boundary conditions are 
derived for the geometrically nonlinear theory of shells undergoing finite rotations without restriction to small 
strains. The principle of virtual work is used to obtain the shell equations in which a nonrational tensor of 
change of curvature is employed. The introduction of variations of displacement vectors instead of those of 
displacement components makes it possible to reduce computational efforts for deriving the shell equtions. The 
effects of finite rotations at the shell boundary are strictly taken into account utilizing the total finite rotation 
vector for the boundary. 
 
 
Kamal A. Meroueh (Dept. of Aerospace Engineering, The University of Michigan, Ann Arbor, Michigan, 
USA), “On a formulation of a nonlinear theory of plates and shells with applications”, Computers & Structures, 
Vol. 24, No. 5, pp 691-705, 1986 
ABSTRACT: A nonlinear theory of plates and shells based on only one consistent kinematical approximation is 
employed to investigate finite strain and large deformation structural problems. The kinematics, expanded with 
respect to the thickness parameter, include consistently and adequately higher-order terms to allow fibers 
initially straight to deform nonlinearly in the large deformation range. A full Lagrangean formulation is 
considered. Starting from a three-dimensional principle of virtual work, the equilibrium equations and the 
resultant stresses of the shell together with their incremental form are derived employing an incremental 
constitutive relation valid for a wide class of rate-independent material. And, to assess the accuracy of the 
theory adopted, some boundary value problems are solved using a proposed hyperelastic material to model the 
constitutive behavior of a semi-infinite plate. The analytical and numerical (finite element method) results show 
good agreements between the exact and the approximate theories.  
 
 
M. Stein, “Nonlinear theory for plates and shells including the effects of transverse shearing”, AIAA Journal, 
Vol. 24, No. 9, 1986 
 
E. Ore and D. Durban (Faculty of Aerospace Engineering, Technion, Haifa 32000, Israel), “Elastoplastic 
buckling of axially compressed circular cylindrical shells”, International Journal of Mechanical Sciences, 
Vol.34, No. 9, September 1992, pp. 727-742, doi:10.1016/0020-7403(92)90005-2 
ABSTRACT: Buckling of axially compressed circular cylindrical shells is examined within the framework of 
small strain elastoplasticity. A linear bifurcation model is used along with the J2 flow and deformation theories. 
All four possibilities of simple supports (SS1–SS4) and clamped edges (CL1–CL4) are considered. A general 
solution is given with special emphasis on the axially symmetric modes. Numerical results show that the 



weakening effect of the relaxed simple supports (SS1–SS2) is considerably reduced in the plastic range. A 
detailed comparison with available experimental data points in favour of the deformation theory. 
 
J.M.T. Thompson and J. R. de Souza (Centre for Nonlinear Dynamics and its Applications, Civil Engineering 
Building, University College London, Gower Street, London WC1E 6BT, UK, “Suppression of escape by 
resonant modal interactions: in shell vibration and heave-roll capsize”, Proceedings: Mathematical, Physical 
and…, Vol. 452, No. 1954, Nov. 8, 1996 or 1997? 
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“Helical and localized buckling in twisted rods: A unified analysis of the symmetric case”, Nonlinear 
Dynamics, Vol. 21, No. 1, pp 71-99, January 2000 
ABSTRACT: We review the geometric rod theory for the case of a naturallystraight, linearly elastic, 
inextensible, circular rod suffering bendingand torsion but no shear. Our primary focus is on the post-
bucklingbehaviour of such rods when subjected to end moment and tension.Although this is a classic problem 
with an extensive literature, datingback to Kirchhoff, the usual approach tends to neglect the 
physicalinterpretation of solutions (i.e., rod configurations) to the modelsproposed. Here, we explicitly compute 
geometrical properties of buckledrods. In a unified approach, making use of Kirchhoff's dynamic analogy,both 
the classical helical and the more recently investigated localisedbuckling are considered. Special attention is 
given to a consistenttreatment of concepts of link, twist and writhe. 
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Symposium on Chaotic Dynamics and Control of Systems and Processes in Mechanics 
Solid Mechanics and Its Applications, 2005, Vol. 122, No. 1, pp. 69-78, doi: 10.1007/1-4020-3268-4_7 
ABSTRACT: For an archetypal two-degree-of-freedom forced oscillator, relevant to a large class of mechanical 
problems, we examine the patterns of bifurcation that govem the internal 1:2 resonance of the system. A 
knowledge of these bifurcations allows the counter-intuitive suppression and control of escape by internal 
modal interactions. The bifurcations examined include symmetry-breaking pitchforks, Neimark bifurcations 
(secondary Hopf bifurcations) to a toroidal attractor, and chaotic crises which trigger dangerous large-amplitude 
excursions. We particularly focus on the effect that a symmetry-breaking imperfection has on the suppression of 
escape. 
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Massachusetts, USA), “Hydrostatic Testing and Analysis of Graphite-Epoxy Cylinders”, Master’s thesis, June, 
1992, DTIC Accession Number: ADA254862, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA254862 
ABSTRACT: An experimental study was conducted to investigate the use of advanced composite materials in 
unstiffened thin-walled cylindrical structures subjected to hydrostatic pressure. Specifically, graphite/epoxy was 
looked at for potential application for small submersible pressure hulls. The investigation concentrated on the 
fabrication, instrumentation, testing, and evaluation of several 12-ply graphite/epoxy cylinders of four different 
laminate configurations. The test specimens were 18 inches long with radii of 2.76 inches, and each was 
instrumented with 8 circumferentially and 2 axially mounted strain gages. Data collected from the strain gages 
throughout the tests were used in a modified Southwell type analysis and an analysis to deduce the buckling 
mode shape. The Southwell analysis method was shown to have a valid applicability to the buckling of 
laminated fiber-reinforced composite pressure vessels. A method was developed to use the bending strain data 
at locations around the centerline of the specimen to deduce the number of, circumferential buckling waves. In 
addition, 1/2 inch ring specimen were cut from the excess ends of each specimen and tested under two-point 
compression, yielding information about the material properties of the laminates as fabricated. The hydrostatic 
tests were designed to verify the results of an analytical and numerical study that was conducted to determine 
the optimal laminate stacking sequences for buckling considerations. The test results indicate that the classical 
solution method presented by R.M. Jones produced accurate predictions of buckling strengths and correct 
relative rankings of the different laminate types. 
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anisotropic, filament or fiber-reinforced materials. While many of these structures are subject to severe 
mechanical, inertial, or thermal loads, they often must be designed to remain elastic. This means that it is 
particularly important to be able to compute accurately global characteristics, such as buckling loads and natural 
frequencies, as well as local information such as stresses near holes or edges. Two important, complementary 
regions of such structures, have been studied, namely, the interior where there are no steep stress gradients, and 
the edge zone(s) where stress gradients are high. For both regions, simplified, cost-effective asymptotic 
methods have been developed. These considerations are particularly important in layered, anisotropic structures 
because many investigators have (1) claimed that higher-order (and hence computationally expensive) beam, 
plate, or shell theories are needed for such structures and (2) not paid sufficient attention to the particularly 
severe end effects (breakdown of Saint-Venant's principle) such structures engender. (DTIC) 
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using the finite element technique. The analyses use a bilinear elastic–perfectly plastic material response based 
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ABSTRACT: An experimental program to determine the phenomenological aspects of composite-panel failure 
under simultaneous compressive in-plane loading and low-velocity transverse impact [0-75 m/s (0-250 ft/s)] is 
described. High-speed photography coupled with the shadow-moiré technique is used to record the phenomenon 
of failure propagation. The information gained from these records, supplemented by plate sectioning and 
observation for interior damage, has provided information regarding the failure-propagation mechanism. The 
results show that the failure process can be divided roughly into two phases. In the first phase the plate is 
impacted, and the resulting response causes interlaminar separation. In the second phase the local damage 
spreads to the undamaged portion of the plate through a combination of laminae buckling and further 
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Engineering and Design, Vol. 69, No. 2, May 1982, pp. 229-239, doi:10.1016/0029-5493(82)90234-5 
ABSTRACT: he effect of the use of the ‘area replacement method’ (ARM) of reinforcing around circular 
penetrations in a cylindrical shell on the buckling strength of that shell under a uniform axial compressive 



loading condition is studied both experimentally and analytically. In shells that are of such quality that the 
penetration reduces the buckling strength, the use of the ARM will increase the buckling strength of the shell, 
but will not increase it to the unpenetrated valve. In any case, the conservative ‘knockdown’ factors suggested 
for buckling design by the ASME Boiler and Pressure Vessel code should ensure an adequate margin to failure 
under this loading condition. 
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“Experimental Buckling Investigation of Ring-Stiffened Cylindrical Shells Under Unsymmetrical Axial Loads”, 
J. Pressure Vessel Technol., Vol. 105,  No. 4, November 1983, pp. 342-346, doi:10.1115/1.3264291 
ABSTRACT: Six steel shells having nuclear containmentlike features were fabricated and loaded to failure with 
an offset axial load. The shells (R/t = 500) buckled plastically. Four of the shells had reinforced circular cutouts. 
These penetrations were sized to cut no ring-stiffener, a single, two- or three-ring stiffeners. Reinforcing and 
framing around the penetrations were based upon the area-replacement rule of the applicable portion of the 
ASME Boiler and Pressure Vessel Code and were of a design to simulate actual practice for nuclear steel 
containments. Prior to testing, imperfections were measured and strain gages were applied to determine 
information on load distribution at the ends of the cylinder and strain fields at areas likely to buckle. Buckling 
loads were determined for an axial load applied with an eccentricity of R/2 where R is the cylinder radius. The 
results showed that the buckling load and mode for the shell having a penetration that did not cut a ring stiffener 
were essentially the same as those for the unpenetrated shell. The buckling loads for the penetrated shells in 
which stiffeners were interrupted were less than that for the unpenetrated shells. Results of all tests are 
compared to numerical solutions carried out using a nonlinear collapse analysis and to the predictions of ASME 
Code Case N-284. 
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ABSTRACT: This paper describes the method for and results of, determining the static buckling interaction 
curves for both ring-stiffened and unstiffened cylindrical geometries that have radius-to-thickness (R/t) ratios 
and other parameters characteristic of nuclear steel containments. The purpose of developing these test methods 
and interaction curves is to have this information available for a dynamic buckling study on the same or similar 
shells that will be directed at answering questions regarding the freezing-in-time analysis method. 
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DE84013745, NTIS, PC A03/MF A01 – GPO, ON: DE84013745 
ABSTRACT: The problem of dynamic effects for steel containment shells subjected to time-dependent loadings 
that produce large compressive membrane stresses in the shell wall is considered. Loadings on typical 
containment structures are reviewed, along with a description of the complete dynamic-buckling problem. 
Simplifications and the assumptions that are currently used are critically examined and reviewed with respect to 
buckling analysis. Based on these reviews, three program objectives are defined and the tasks that can 
accomplish these objectives within a 2-year effort at level funding are outlined in detail. 
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No. 1, June 1986, pp. 31-39, doi:10.1016/0029-5493(86)90151-2 
ABSTRACT: Buckling of freestanding nuclear steel containment buildings from dynamic base excitation was 
investigated in a combined experimental/numerical program. A polycarbonate scale model of a containment 
building was excited with scaled earthquake transients and single-frequency harmonic transients to determine 
the peak base acceleration levels required to induce buckling. Buckling was identified using recorded signals 
from strain gages and accelerometers, with high-speed video records, and by audibility. Experimental results are 
compared with numerical results obtained by using a freezing-in-time technique. The results are preliminary, 
since several more tests are to be performed. However, the limited data obtained indicate that the freezing-in-
time technique approximates the required acceleration levels reasonably well, although not conservatively. 
Additional experiments are described that will take containment asymmetries into account, as well as use 
instrumentation that will provide more accurate measures of the occurrence of buckling. 
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Computers & Structures, Vol. 11, Nos. 1-2, February 1980, pp. 23-48, doi:10.1016/0045-7949(80)90144-3 
ABSTRACT: A displacement-based versatile and effective finite element is presented for linear and geometric 
and material nonlinear analysis of plates and shells. The element is formulated by interpolating the element 
geometry using the mid-surface nodal point coordinates and mid-surface nodal point normals. A total and an 
updated Lagrangian formulation are presented, that allow very large displacements and rotations. In linear 
analysis of plates, the element reduces to well-established plate bending elements based on classical plate 
theory, whereas in linear analysis of shells and geometrically nonlinear analysis of plates and shells by use of 
the element, in essence, a very general shell theory is employed. The element has been implemented as a 
variable-number-nodes element and can also be employed as a fully compatible transition element to model 
shell intersections and shell-solid regions. In the paper various sample solutions are presented that illustrate the 
effectiveness of the element in practical analysis. 
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ABSTRACT: The theory and use of two effective shell elements are briefly surveyed, assessed and compared. 
The elements considered are our high-order (degenerate) isoparametric shell element and our simple flat 
triangular element, which both can be employed for analysis of large displacement/large rotation and plastic 
response of general shell structures. Specific emphasis is placed on the theoretical differences between the 
elements and some resulting practical consequences. 
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“A simple and effective pipe elbow element—some nonlinear capabilities”, Computers & Structures, Vol. 17, 
Nos. 5-6, 1983, pp. 659-667, doi:10.1016/0045-7949(83)90079-2 
ABSTRACT: In some earlier communications we presented the formulation of a simple pipe elbow element for 
linear analysis. In this paper we extend this formulation to include some nonlinear effects. Elastic-plastic 
conditions can be modeled, and some kinematic nonlinearities (due to large displacement beam behavior) can 
also be represented. The results of some sample solutions are given to illustrate the use of the element. 
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continuum mechanics based four-node shell element for general nonlinear analysis”, Engineering 
Computations, Vol. 1, pp. 77–88, 1984. 
ABSTRACT: A new four-node (non-flat) general quadrilateral shell element for geometric and material non-
linear analysis is presented. The element is formulated using three-dimensional continuum mechanics theory 
and it is applicable to the analysis of thin and thick shells. The formulation of the element and the solutions to 
various test and demonstrative example problems are presented and discussed.  
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shell discretizations by use of the ‘basic shell mathematical model’”, Computers & Structures, Vol. 83, No. 1, 
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ABSTRACT: The objective of this paper is to gain insight into finite element discretizations of shells using the 
basic shell mathematical model and, in particular, regarding the sources of “locking”. We briefly review the 
“basic shell mathematical model” and present a formulation of shell finite elements based on this model. These 
shell finite elements are equivalent to the widely-used continuum mechanics based shell finite elements. We 
consider a free hyperboloid shell problem, which is known to be difficult to solve accurately. Using a fine mesh 
of MITC9 elements based on the basic shell mathematical model, a detailed analysis is performed giving the 
distributions of all strain terms. A similar analysis using the MITC6 shell element shows why this element locks 
when the shell thickness is very small. 
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“Nonlinear analysis of elasto-plastic shells by hybrid stress finite elements”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 34, Nos. 1-3, September 1982, pp. 989-1018, 
doi:10.1016/0045-7825(82)90097-4 
ABSTRACT: An efficient procedure for the nonlinear analysis of elasto-plastic shells is obtained based on an 
incremental variational functional of the Hellinger-Reissner type. For computational efficiency an updated 
Lagrangian description is used, referring the kinematical and mechanical field variables to local corotated 
coordinate frames. The constitutive equations are given in terms of increments of midsurface strains and 
curvatures and corresponding stress resultants, thus avoiding the integration over the shell thickness. Two 
models are considered for the description of subsequent yield surfaces, and modifications are introduced to 
represent the behaviour of hardening materials. The shell surface is descretized by flat elements of triangular 
and quadrilateral shape. Relaxing the interelemental continuity requirements, the resulting modified hybrid 
stress elements are expressed in the standard displacement format of the finite element method. The material 
models are verified against results obtained by numerical integration through the thickness for the special case 
of bending and stretching of a beam. Comparative studies for arches, rectangular plates subjected to transverse 
and inplane loads and cylindrical shells subjected to gravity loading indicate that the accuracy compares 
favourably with the results obtained by the traditional displacement formulation and numerical integration 
through the thickness. However, studies on two plastic buckling of axially loaded tubes reveal the need for 
further studies on the models for hardening materials. 
 
C. Wang, X. Du and Z. Wan, “Numerical simulation of wrinkles in space inflatable membrane structures”, 
Journal of Spacecraft and Rockets, September 2006 
 
C.G. Wang, H.F. Tan, X.W. Du and Z.M. Wan, “Wrinkling prediction of rectangular shell-membrane under 
transverse in-plane displacement”, International Journal of Solids and Structures, Vol. 44, No. 20, pp 6507-
6516, 1 October 2007, https://doi.org/10.1016/j.ijsolstr.2007.02.036 
ABSTRACT: A novel shell-membrane concept is presented in this paper to define the wrinkling analytical 
object. A stress field model is established and applied to determine the different regions (taut, wrinkled and 
slack regions) of the shell-membrane. An analytical model based on the bifurcation theory of thin-plate is 
introduced to predict the wrinkling wavelength and amplitude. Numerical simulation incorporating nonlinear 
post-wrinkling analysis is employed to simulate the detailed nonlinear wrinkling behavior. To stabilize the finite 
element model, the initial prestress is introduced to the model at first. The out-of-plane disturbing forces are 
then applied to the model to initiate the wrinkling and complete the post-wrinkling analysis. Results from 
numerical simulation show good agreement with the analytical prediction. 
 
Changguo Wang and X.W. Du (Harbon Institute of Technology), “Wrinkle analysis of space membrane 
structures and applications”, International Journal for Computational Methods in Engineering Science and 
Mechanics, Vol. 8, No. 3, April 2007, DOI: 10.1080/15502280701252594 
ABSTRACT: This paper presents two numerical modeling approaches to analyze the wrinkles in the space 
membrane structures. The nonlinear buckling method based on our wrinkle analytical technique incorporating 
ANSYS thin shell element is used to simulate the wrinkle characteristics in the plane membrane. The explicit 



time integration method incorporating the AIRBAGS model in LSDYNA code is used to predict the dynamic 
wrinkle characteristics and the stress state of inflatable membrane structures. Numerical approaches presented 
in this paper are applied in two numerical studies. One is the wrinkle analysis of the square plane membrane 
subjected to symmetric corner tension, and the other is the analysis of the square inflatable membrane airbag 
under the action of the internal variable inflatable pressure. The detailed wrinkling information, such as wrinkle 
wavelength, wrinkle amplitude, wrinkle region and the stress state of the wrinkled membrane structures, can be 
accurately obtained by using the approaches presented in this paper. Comparisons were made with experimental 
results for the wrinkle shape and distribution. The numerical predictions agreed well with the experimental 
results. The wrinkling results from the numerical computation can be used to support the studies on the 
nonlinear behaviors of the space membrane structures. 
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Changguo Wang, Huifeng Tan and Xingwen Du, “Pseudo-beam method for compressive buckling 
characteristics analysis of space inflatable load-carrying structures”, Acta Mechanica Sinica, October 2009, 
ABSTRACT: This paper extends Le van’s work to the case of nonlinear problem and the complicated 
configuration. The wrinkling stress distribution and the pressure effects are also included in our analysis. 
Pseudo-beam method is presented based on the inflatable beam theory to model the inflatable structures as a set 
of inflatable beam elements with a pre-stressed state. In this method, the discretized nonlinear equations are 
given based upon the virtual work principle with a 3-node Timoshenko’s beam model. Finite element 
simulation is performed by using a 3-node BEAM189 element incorporating ANSYS nonlinear program. The 
pressure effect is equivalent included in our method by modifying beam element cross-section parameters 
related to pressure. A benchmark example, the bending case of an inflatable cantilever beam, is performed to 
verify the accuracy of our proposed method. The comparisons reveal that the numerical results obtained with 
our method are close to open published analytical and membrane finite element results. The method is then used 
to evaluate the whole buckling and the load-carrying characteristics of an inflatable support frame subjected to a 
compression force. The wrinkling stress and region characteristics are also shown in the end. This method gives 
better convergence characteristics, and requires much less computation time. It is very effective to deal with the 
whole load-carrying ability analytical problems for large scale inflatable structures with complex configuration. 



 
 
Lihong Zhang, Anne Marie Habraken, Amine Ben Bettaieb and Laurent Duchêne, “Parametric study of 
metal/polymer multilayer coatings for temperature wrinkling prediction”, Journal of Materials Engineering and 
Performance, Vol. 22, No. 9, pp 2437-2445, September 2013, doi: 10.1007/s11665-013-0541-z 
ABSTRACT: This article presents an analytic model for the prediction of wrinkling occurring in metal/polymer 
coatings under particular conditions. Owing to different thermal expansion coefficients (TECs) of the substrate 
and the different coating layers, temperature variation can induce a compressive stress in the coating. The 
wrinkling is the material response to the instability caused by this compressive stress. In this study, a reference 
case was selected: a 0.27-mm-thick steel sheet with a 5-μm-thick polymer layer and, on top of it, a thin 
aluminum film of 50 nm in thickness. For this reference case, it was observed and predicted by the model that 
an increase in temperature yielded to the wrinkling of the thin aluminum film. The geometry of the multilayer 
coating and the properties of the constituent materials are factors able to promote or prevent the wrinkle. To 
better understand and predict their effects, a sensitivity analysis was carried out with the proposed analytic 
model. A special attention was devoted to the temperature when wrinkling occurs. The key parameters having a 
significant influence on the wrinkling temperature were identified. It is concluded that the elastic modulus of 
the thin aluminum film and that of the polymer, the TEC of the thin film, and the initial stress induced during 
the processing of the multilayer system all had a significant influence on the wrinkling temperature. 
 
 
Lars Rønning, Odd Sture Hopperstad and Per Kristian Larsen (Structural Impact Laboratory – SIMLab, 
Department of Structural Engineering, Norwegian University of Science and Technology, N-7491 Trondheim, 
Norway), “Numerical study of the effects of constitutive models on plastic buckling of plate elements”, 
European Journal of Mechanics - A/Solids, Vol. 29, No. 4, July-August 2010, pp. 508-522, 
doi:10.1016/j.euromechsol.2010.02.001 
ABSTRACT: Compared with experiments, the J2 deformation theory of plasticity is known to predict plastic 
buckling with better accuracy than the more accepted incremental J2 flow theory. This paradox is commonly 
known as the ‘plastic buckling paradox’. In an attempt to analyse this discrepancy, the two mentioned 
constitutive models were implemented in a non-linear finite element code, along with a third non-associative J2 
flow theory. The latter model incorporates a vertex-type plastic flow rule. Using these three constitutive models, 
the buckling behaviour of plate outstand elements was investigated. Comparisons between the buckling 
strengths derived are presented. The non-linear static buckling simulations show that the instability introduced 
by the alternative flow rule of the non-associative model has substantial influence on the buckling behaviour. 
The acceptance of only small departures from normality was shown to reduce the predicted ultimate capacity of 
the plates. Furthermore, for plates with small plate slendernesses it was found that the imperfection sensitivity 
was significantly reduced when using the non-associative flow rule. 
 
 
A. Kalnins and D.P. Updike (Department of Mechanical Engineering, Lehigh University, Bethlehem PA 18015, 
USA), “Plastic collapse of jacketed pressure vessels”, SMiRT – 12, edited by K. Kussmaul, 1993, Elsevier 
Science Publishers 
ABSTRACT: In this paper the analysis of plastic collapse is executed for a complicated pressure vessel. It is 
shown that the collapse of the whole vessel depends on the collapse of its details, which are selected in such a 
way that their collapse takes place independently from each other. Two kinds of collapse modes of the details 
are recognized: by bulging and by a three-hinge mechanism. It is shown that the collapse of the latter cannot be 
approximated reasonably by elastic solutions. Following this approach, the collapse of the whole vessel need 
not be executed. It is shown that for a jacketed construction the jacket cannot be taken as a separate detail 
because its deformation depends on the stiffness of the component to which it is attached. The collapse of the 
jacket is pursued in detail. Allowable pressures with respect ot plastic collapse are calculared for a sample 
vessel. 
 
 



Robert Jones (Emeritus Professor of Engineering Science and Mechanics, Virginia Tech, Blacksburg, Virginia 
24061-0219), “Reflections on the Importance of Experimental Results to All Mechanicists, Especially 
Theoreticians”, Recent Advances in Experimental Mechanics, Vol. 7., 2004, pp. 537-550,  
doi: 10.1007/0-306-48410-2_51 
ABSTRACT: All too often, mechanicists divide themselves into two camps, theoreticians and experimentalists. 
This unfortunate state of affairs denies us the essential two-sided, realistic view of important physical problems. 
We must realize that theory cannot exist without suitable experiments, and that experiments cannot be properly 
designed or used in engineering practice without some form of theory. Thoughtful, penetrating interaction 
between theoretician and experimentalist is crucial. The truly effective experimentalist must have a strong 
theoretical background. The truly effective theoretician must have at least a rudimentary, if not a strong, 
experimental background. Of course, the ideal mechanicist would be neither a theoretician nor an 
experimentalist, but both simultaneously! The important factor is cross-talk between the two points of view with 
the objective of achieving a unified view of a phenomenon and its model that can be used to treat behavior 
beyond that which was observed in experiments. This paper is about the elements that go into making up the 
unified viewpoint. Those elements include appreciation of the actual characteristics of the phenomenon studied 
as determined by experimental techniques and how those charcteristics help develop and refine every theory. 
The point is that experiment is the driving force behind theory. 
 
 
Robert M. Jones (Engineering Science and Mechanics Department, Virginia Tech, Blacksburg, VA 24061-
0219, USA), “Thermal buckling of uniformly heated unidirectional and symmetric cross-ply laminated fiber-
reinforced composite uniaxial in-plane restrained simply supported rectangular plates”, Composites Part A: 
Applied Science and Manufacturing, Vol. 36, No. 10, October 2005, pp. 1355-1367, Special Issue Honouring 
Jack Vinson on his 75th Birthday - Also to commemorate 40 years of service to the profession and the 30 year 
anniversary of the University of Delaware Center for Composite Materials,  
doi:10.1016/j.compositesa.2005.01.028 
ABSTRACT: Geometrically perfect plates that are restrained from in-plane expansion when slowly and 
uniformly heated generally develop compressive stresses and then buckle at a specific temperature. The 
equivalent mechanical loading concept is used to straightforwardly develop solutions to several fundamental 
thermal buckling problems involving simple laminated plate configurations and the most simple heating 
environment, namely uniform heating throughout the plate volume. The analysis is restricted to linear elastic 
stress-strain behavior and constant orthotropic lamina material properties at a specific temperature. Results are 
obtained for unidirectional and symmetric cross-ply laminated fiber-reinforced composite rectangular plates that 
are uniaxially restrained in their plane on two of the four edges, but have no edge rotational restraint on any 
edge. Those boundary conditions constitute two of the four possible types of simply supported edges that differ 
only in their in-plane conditions. The results are presented in the form of buckling temperature change from the 
stress-free temperature (at which no stress is generated against the restraint) versus plate aspect ratio curves 
festooned for different buckling mode shapes for all laminates. Anomalous examples include unidirectionally 
laminated plates that actually buckle upon cooling instead of heating and cross-ply laminated plates that do not 
buckle irrespective of whether they are heated or cooled. Those examples are of interest because of their 
intriguing possible design applications. 
 
 
Ghazi Abu-Farsakh (Department of Civil Engineering, Yarmouk University, Irbid, Jordan), “Experimental 
buckling of GRP cylindrical shells”, Experimental Mechanics, Vol. 27, No.1, 1987, pp. 1-9, doi: 
10.1007/BF02318856 
ABSTRACT: During the setup of an experiment, errors may occur. Sources of such errors may be due to 
several factors which sometimes accumulate and then cause erroneous results. An experimental investigation on 
buckling of GRP (glass-reinforced-plastic) cylindrical shells, subject to axial compression and/or external 
pressure loading, has been carried out. At the beginning of the experiment, the initial geometrical imperfections 
were measured. Because of the small size of these quantities and the great effect these imperfections had on 
buckling loads, any small errors in the measurement procedure may lead to unreasonable results. Attempts have 



been made to detect these errors, and to identify and minimize their effect on experimental results. Tables are 
provided to show a comparison between the final experimental results and the corresponding theoretical ones. 
References listed at the end of the  paper: 
1. Abi-Shaheen, S.A., “Buckling of Composite Shells of Revolution,” PhD Thesis, Univ. of London, Queen Mary College (Feb. 
1979). 
2. Abu-Farsakh, G.A.R., “Analytical and Experimental Study of Buckling of Composite Shells,” PhD Thesis, Univ. of London, Queen 
Mary College (Feb. 1983). 
3. Adam, H.P. and King, P.A., “Experimental Investigation of the Stability of Monocoque Domes Subjected to External 
Pressure,”Experimental Mechanics,5 (10),313–320 (Oct.1965).  
4. Ari-Gur, J., Baruch, M. and Singer, J., “Buckling of Cylindrical Shells Under Combined Axial Pre-Load Non-uniform Heating and 
Torque,” Experimental Mechanics, 19 (11),406–410 (Nov.1979).  
5. Chehill, D.S. and Cheng, S., “Elastic Buckling of Composite Cylindrical Shells Under Torsion,”J. Spacecraft and Rockets,5 
(8),973–978 (Aug.1968). 
6. Crisfield, M.A., “Iterative Solution Procedures for Linear and Nonlinear Structural Analysis,” Dept. of the Environment, TRRL, 
Crowthorne, Rep. TRRL-LR-900 (1979). 
7. Davis, R.C. and Williams, J.G., “Buckling Experiments on Stiffened Cast-epoxy Conical Shells,”Experimental Mechanics,15 
(9),329–338 (Sept.1975). 
8. Donnell, L.H., “A New Theory for the Buckling of Thin Cylinders Under Axial Compression and Bending,”Trans. Amer. Soc. 
Mech. Engs.,56,795–806 (1934). 
9. Holston, A.J., “Buckling of Filament-Wound Cylinders by Axial Compression,”AIAA J.,6 (5),935–936 (1968). 
10. Sanders, J.L., “Nonlinear Theories for Thin Shells,”Q. Appl. Math.,21 (1),21–36 (1963).  
11. Singer, J., Arbocz, J. and Babcock, C.D., “Buckling of Imperfect Stiffened Cylindrical Shells Under Axial Compression,”AIAA 
J.,9 (1),68–75 (Jan.1971). 
12. Sobel, L.H. and Newman, S.Z., “Plastic Buckling of Cylindrical Shells Under Axial Compression,”J. Press. Vess. Tech., Trans. 
ASME,102,40–44 (Feb.1980). 
13. Tennyson, R.C. and Muggeridge, D.B., “Buckling Analysis of Laminated Anisotropic Imperfect Circular Cylinder Under Axial 
Compression,”J. Spacecraft and Rockets,10 (2),143–148 (Feb.1973). 
14. Tillman, S.C., “Some Effects of Rib-reinforcement Arrangement on Spherical-dome Buckling,”Experimental Mechanics,18 
(10),396–400 (Oct.1978).  
15. Wong, L.T., Rodriquez, A.L. and Litle, W.A., “Effect of Boundary Conditions on Shell Buckling,”J. Eng. Mech. Div., Proc. 
Amer. Soc. Civil Engs.,92,101–116 (Dec.1966). 
16. Yang, T.H. and Guralnick, S.A., “An Experimental Study of the Buckling of Open Cylindrical Shells,”Experimental Mechanics,15 
(4),121–127 (April1974). 
17. “Design Data-Fiberglass Composites,” Fiberglass Limited, St. Helens, Merseyside, England. 
 
 
John Forbes Olesen and Esben Byskov (Department of Structural Engineering, Technical University of 
Denmark, Lyngby, Denmark), “Accurate determination of asymptotic postbuckling stresses by the finite 
element method”, Computers & Structures, Vol. 15, No. 2, 1982, pp. 157-163, 
doi:10.1016/0045-7949(82)90063-3 
ABSTRACT: Koiter's method for initial postbuckling and imperfection sensitivity analysis of elastic structures 
is conveniently formulated in terms of finite elements. Special care must, however, be taken in the computation 
of the postbuckling stresses and the postbucklmg constant determining the initial curvature of the postbuckling 
path. The cause of the problem lies in the different degree of approximation of in-plane and lateral 
displacements and is inevitable in a standard compatible finite element formulation. It is shown that only a 
minor change in the computation of the postbuckling stresses is needed. The procedure is extended to cover 
Byskov and Hutchinson's method for cases with nearly sinultaneous buckling modes. 
 
 
Zenon Waszczyszyn (Technical University of Cracow, ul. Warszawska 24, 31-455, Kraków, Poland), 
“Numerical problems of nonlinear stability analysis of elastic structures”, Computers & Structures, Vol. 17, 
No.1, 1983, pp. 13-24, doi:10.1016/0045-7949(83)90023-8 
ABSTRACT: Basic definitions and relations for stability of elastic discrete systems under one-parameter 
conservative loads are briefly presented. On the basis of the potential energy functional the incremental FEM 
equations are derived. Various methods of computation of paths of equilibrium are discussed. These methods 
are related to evaluation of a curvilinear path either in the configuration space R^N or in the load-configuration 
space R^(N+1). The best method seems to be related to computation in R^N if the arc-type parameter and 
vector tangent to the equilibrium path are used. This method enables to overcome easily the limit points. 



Different stability criteria for computation of critical points are discussed. Tracing of a postbifurcation path of 
equilibrium is pointed out. 
 
 
Zenon Waszczyszyn and Marek Bartczak (Institute of Computer Methods in Structural Engineering, Cracow 
University of Technology, Warszawska 24, 31-155 Kraków, Poland), “Neural prediction of buckling loads of 
cylindrical shells with geometrical imperfections”, International Journal of Non-Linear Mechanics, Vol. 37, 
Nos. 4-5, June 2002, pp. 763-775, Special Issue: Stability & Vibration in Thin-Walled Structures, 
doi:10.1016/S0020-7462(01)00111-1 
ABSTRACT: The paper is a continuation of Waszczyszyn et al. (in: R. Tadeusiewicz, L. Rutkowski, J. Chojcan 
(Eds.), Proceedings of the Third Neural Networks and their Applications, TU Czestochowa, Poland, 1997, p. 
14), where back-propagation neural networks (BPNNs) were used for predicting the buckling loads for axially 
compressed cylindrical shells with initial geometrical (manufacturing) imperfections. The paper was based on 
the measured imperfections and tests on laboratory shell specimens, gathered in the Imperfection Data Bank at 
the Delft University of Technology (P. II, Report LR-559, TU Delft, Faculty of Aerospace Engineering, Delft, 
1988). In the presented paper the idea of data compression is explored. The application of BPNN replicators 
enables us to significantly reduce the number of inputs so the master BPNN formulated for the buckling load 
prediction is considerably smaller than BPNNs discussed in Waszczyszyn et al. (1997). It is proved that the 
compression of imperfection parameters seems to be a new efficient tool for the analysis of experimental data of 
the problem considered. 
 
 
M.E. Mear and J.W. Hutchinson (Division of Applied Sciences, Harvard University, Cambridge, MA 02138, 
U.S.A), “Influence of yield surface curvature on flow localization in dilatant plasticity”, Mechanics of 
Materials, Vol. 4, Nos. 3-4, December 1985, pp. 395-407, doi:10.1016/0167-6636(85)90035-3 
ABSTRACT: In this paper a family of dilatant plasticity theories is introduced by considering yield surfaces 
which change according to a combination of isotropic expansion and kinematic translation. One limiting 
member of the family is Gurson's (1977) isotropic hardening model, and the other limiting member is a pure 
kinematic hardening version. The family of constitutive laws is constructed such that all versions coincide for 
proportional stressing histories. The differences between any two versions show up only under nonproportional 
stressing histories, such as those encountered in many plastic instability phenomena. Under nonproportional 
stressing, the kinematic version is significantly “less stiff” than Gurson's isotropic hardening model due to the 
relatively higher curvature of the kinematic yield surface. This effect is explored in some basic shear 
localization calculations and is found to have substantial influence on the localization predictions. 
 
 
M. M. Carroll and R.A. Carman (University of California, Berkeley, CA 94720, U.S.A.), “Discussion: influence 
of yield surface curvature on flow localization in dilatant plasticity”, Mechanics of Materials, Vol. 4, Nos. 3-4, 
December 1985, pp. 409-415, doi:10.1016/0167-6636(85)90036-5 
ABSTRACT: The results of finite element calculations for a hollow sphere micromodel are used to examine the 
underlying assumptions and the specific yield functions in the dilatant plasticity theories of Gurson (1977) and 
Mear and Hutchinson. 
 
 
Viggo Tvergaard (Department of Solid Mechanics, The Technical University of Denmark, Lyngby, Denmark), 
“Effect of yield surface curvature and void nucleation on plastic flow localization”, Journal of the Mechanics 
and Physics of Solids, Vol. 35, No. 1, 1987, pp. 43-60, doi:10.1016/0022-5096(87)90027-5 
ABSTRACT: The effect of void nucleation is incorporated in a recently proposed material model that accounts 
for a combination of kinematic hardening and isotropic hardening of a porous ductile material. Since each of 
plastic dilatancy, void nucleation and yield surface curvature have a strong influence on predictions of plastic 
flow localization, the present material model can be used to study the interaction of these effects. Nucleation 
controlled by the plastic strain as well as nucleation controlled by the maximum normal stress on the particle-
matrix interface are modelled. The predictions of the material model, for various combinations of parameters, 



are illustrated by analyses of shear band formation under plane strain or axisymmetric conditions, and by 
analyses of necking in biaxially stretched sheets. 
 
 
Esben Byskov and J. Carsten Hansen (Structural Research Laboratory, Technical University of Denmark, 
Lyngby, Denmark), “Postbuckling and Imperfection Sensitivity Analysis of Axially Stiffened Cylindrical Shells 
with Mode Interaction”, Mechanics Based Design of Structures and Machines: An International Journal, Vol. 8, 
No. 2, 1980, pp. 205 – 224, doi: 10.1080/03601218008907360 
ABSTRACT: Interaction of nearly simultaneous buckling modes in the presence of imperfections is studied. 
The investigation is concerned with axially stiffened cylindrical shells under axial compression. In these 
structures, two modes are of particular interest, namely an overall long-wave and a local shortwave buckling 
mode. Numerical results show that in some cases bending of the stringers in the local mode postbuckling 
solution plays an important role. Exclusion of this effect, as was done in a previous study by Byskov and 
Hutchinson, may lead to an overestimation of the carrying capacity of the shell. Furthermore, it is found that 
apparently reasonable approximations to the postbuckling fields associated with both the local and the overall 
mode, as well as with the overall mode alone, may lead to inexact values of the buckling load. 
 
 
Esben Byskov (Department of Structural Engineering, Technical University of Denmark, Lyngby, Denmark), 
“Elastic Buckling with Infinitely Many Local Modes”, Mechanics Based Design of Structures and Machines: 
An International Journal, Vol. 15, No. 4, 1987, pp. 413 – 435, doi: 10.1080/08905458708905127 
ABSTRACT: In some cases, asymptotic methods present an appealing alternative to full nonlinear analyses. In 
other cases, the value of an asymptotic analysis may merely be that, in a qualitative way, it can characterize the 
behavior of a structure. Whether an asymptotic method is applied for one or the other purpose it is of interest to 
attempt an estimation of its range of validity. The present paper addresses this question for an asymptotic 
method to predict imperfection sensitivity of elastic structures with mode interaction. The particular structure 
that is investigated possesses an infinity of nearly simultaneous local buckling modes. It is found that very few 
of these modes need to be taken into account. 
 
 
Esben Byskov, Lars Damkilde and Klaus Jacob Jensen (Department of Structural Engineering, Technical 
University of Denmark, Lyngby, Denmark), “Multimode Interaction in Axially Stiffened Cylindrical Shells”, 
Mechanics Based Design of Structures and Machines: An International Journal, Vol. 16, No. 3, 1988, pp. 387 – 
405, doi: 10.1080/08905458808960269 
ABSTRACT: A number of studies show that nonlinear interaction between a shortwave local panel buckling 
mode and a longwave overall shell buckling mode usually causes strong imperfection sensitivity in stiffened 
shells. Interaction is particularly strong for simultaneous or nearly simultaneous modes. Mode interaction 
between two overall buckling modes, as well as interaction between two overall and one local mode, has 
received much less attention. The present study indicates that for certain imperfection combinations, such mode 
interactions are important. On the other hand, in most cases, interaction between one overall mode and one local 
mode governs. 
 
 
Esben Byskov (Department of Structural Engineering, Technical University of Denmark, Building 118, DK-
2800 Lyngby, Denmark), “Smooth postbuckling stresses by a modified finite element method”, International 
Journal for Numerical Methods in Engineering, Vol. 28, No. 12, December 1989, pp.  2877–2888, 
doi: 10.1002/nme.1620281211 
ABSTRACT: Exact postbuckling stresses usually vary fairly smoothly. Unfortunately, finite element 
postbuckling stresses tend to be much less well behaved. The result is that second order postbuckling constants 
determined by the finite element method may be highly inaccurate. The reason is that in finite element solutions 
transverse displacements associated with the buckling fields furnish too rapidly varying postbuckling strain 
contributions, while the postbuckling axial or membrane displacements contribute strain components that are 
sufficiently smooth, thus creating an internal postbuckling strain and stress mismatch. The present study 



suggests a modified finite element method that handles the problem, which is a special example of membrane 
locking, by introducing the postbuckling strains as independent variables. In general, the method provides rather 
complicated finite element expressions. However, by a suitable choice of interpolating functions, the resulting 
finite element equations themselves may be found to be the usual ones, and yet provide smooth postbuckling 
stresses and therefore good values of the postbuckling constants. 
 
 
Zou, RD and Foster, CG and Melerski, ES (Department of Civil and Mechanical Engineering, University of 
Tasmania, Australia), “Stability Studies on Cellular-Walled Circular Cylindrical Shells, Part I - Theoretical 
Analysis”, International Journal of Offshore and Polar Engineering, 5, (1) pp. 51-57. ISSN 1053-5381 (1995) 
ABSTRACT: The buckling load capacity of a form of cellular-walled circular cylindrical shell suggested by 
fossil shell remains is analyzed. Shells under combined loading of axial compression and external pressure are 
studied. In particular, the effect of high fluid pressure within the cells on the buckling behaviour of the shell is 
considered. This study demonstrates that shells of this type with pressurized cells exhibit significantly improved 
stability and thus appear to have potential in engineering applications, particularly in marine situations. 
 
R.D. Zou, C.G. Foster and E. Meterski (Department of Civil and Mechanical Engineering, University of 
Tasmania, Australia), “Stability studies on cellular-walled circular cylindrical shells Part II – Measured 
behavior of model shells”, International Journal of Offshore and Polar Engineering, Vol. 5, No. 2, June 1995 
ABSTRACT: This paper presents an experimental study of the buckling load capacity of a form of cellular-
walled circular cylindrical shell suggested by fossil shell remains. Five epoxy model shells were tested in axial 
compression, external pressure and pressure within the cells. The results confirmed predictions of buckling 
loads: that is, the shell stability can be significantly improved by pressurising the cells. Thus this form of shell 
has considerable potential as an engineering structure, particularly in marine situations. 
 
 
C.G. Foster (Dept. of Civil and Mechanical Engineering, University of Tasmania, Hobart, Tasmania, Australia), 
“Some observations on the Yoshimura buckle pattern for thin-walled cylinders”, J. Appl. Mech., Vol. 46, No. 2, 
pp 377-380, June 1979 
ABSTRACT: A great deal of the behavior of thin-walled cylindrical shells loaded in axial compression can be 
explained by considering the Yoshimura buckle pattern as a three-dimensional space frame and observing the 
collapse of that space frame. 
 
 
Foster, C. G. (1) and Tennyson, R. C. (2) 
(1) Department of Civil and Mechanical Engineering, University of Tasmania, G.P.O. Box 252C, Hobart, 7001, 
Tasmania, Australia 
(2) Institute of Aerospace Studies, University of Toronto, 2925 Dufferin St., Downsview, Ontario, M3H 5T6, 
Canada 
“Use of the Southwell method to predict buckling strengths of stringer stiffened cylindrical shells”, Strain, Vol. 
19, No. 2, 1983, pp. 63–67. doi: 10.1111/j.1475-1305.1983.tb00447.x 
ABSTRACT: This paper presents the results of some tests that were conducted on stringer stiffened epoxy 
cylindrical shells. The object of the investigation was to determine if the Southwell technique for estimating 
buckling loads could reasonably be used for the nonlinear collapse of cylindrical shells. The results showed that 
the technique provides a useful estimate of the buckling load provided care is taken in interpreting the results. In 
some instances the estimate is likely to be greater than the actual load. Where two buckling modes are 
encountered at the same time the Southwell technique appears to predict the critical load associated with either 
mode depending on the deflection parameter being measured as well as on the interpretation of the results. 
 
 
R.C. Tennyson and K.C. Chan (University of Toronto, Institute for Aerospace Studies, Toronto, Ontario, 
Canada M3H 5T6), “Buckling of imperfect sandwich cylinders under axial compression”, International Journal 
of Solids and Structures, Vol. 26, Nos. 9-10, 1990, pp. 1017-1036, doi:10.1016/0020-7683(90)90015-N 



ABSTRACT: An analytical study has been carried out to determine the effect of axisymmetric shape 
imperfections on the compressive buckling strength of sandwich cylinders having isotropic facings and 
orthotropic, shear deformable cores. Buckling solutions are presented as a function of imperfection amplitude, 
wavelength and the core shear flexibility coefficients. Non-shear deformable cores have also been considered 
and results compared to isotropic cylinders based on an “equivalent” thickness parameter. 
 
 
S. Krishnakumar and R. C. Tennyson (University of Toronto, Institute for Aerospace Studies, 4925 Dufferin 
Street, Downsview, Ontario M3H 5T6, Canada), Effect of impact delaminations on axial buckling of composite 
cylinders”, in Buckling of shell structures, on land, in the sea, and in the air, edited by J. F. Jullien, Spon Press, 
1991, ISBN 1-85166-716-4 
ABSTRACT: The development of delaminations induced by low velocity impact and their effect on the axial 
compressive buckling strength of thin laminated circular cylindrical shells was investigated experimentally. 
Image Enhanced Backlighting and Structureal Embedded Fiber Optic Sensors were employed for damage 
assessment. Buckling tests were also conducted on shells with implanted delaminations for comparison 
purposes and as a means for determining the influence of delamination area on the reduction in buckling 
strength. 
 
R.C. Tennyson and S. Krishnakumar (University of Toronto, Institute for Aerospace Studies, 4925 Dufferin 
Street, North York, Ontario, Canada M3H 5T6), “Impact damage and its effect on the buckling strength of 
composite cylinders”, ICCM/9, Composites Behavior: proceedings of the Ninth International ..., Volume V 
edited by Antonio Miravete, University of Zaragoza, 1993, ISBN: 1-85573-134-7 
ABSTRACT: The development of delaminations induced by low velocity impact and their effect on the axial 
compressive buckling strength of thin laminated circular cylindrical shells was investigated experimentally. 
Image Enhanced Backlighting and Structurally Embedded Fiber Optic Sensors were employed for damage 
assessment. Buckling tests were also conducted on shells with implanted delaminations for comparison 
purposes and as a means for determing the influence of delamination area on  the reduction in buckling strength. 
Results are dcompared with finite difference solutions of the buckling equations and linear stability analysis 
using the ABSQUS finite element package. 
 
 
R.C. Tennyson and C.G. Lamontagne, “High-velocity impact damage to polymer matrix composites”, in Impact 
behaviour of fibre-reinforced composite materials and structures, edited by S.R. Reid and Gang Zhou, 
Woodhead Publishing, Ltd (ISBN 1-85573-423-0), and CRC Press (ISBN 0-8493-0847-X), 2000 
PARTIAL INTRODUCTION: One of the major concerns involving the use of light-weight fibre-reinforced 
composites is their susceptibility to impact damage. Delamination (or interlaminar fracture), surface spallation 
and laminate penetration constitute various modes of failure resulting from impact loads. Low-velocity impacts 
are associated with delamination damage, especially that caused by blunt-headed projectiles. This inter-laminare 
debonding primarily reduces the local bending stiffness and thus can effect the bending and buckling behavior 
of the structure. In the latter case, local buckling can induce further delamination growth which can lead to 
overall global weakening of the structure….. As impact energy is increased, delamination coupled with surface 
spallation can occur, followed by penetration of the laminate… 
 
 
R.C Tennyson and C Lamontagne (University of Toronto Institute for Aerospace Studies, 4925 Dufferin Street, 
Toronto, Ontario, Canada M3H 5T6), “Hypervelocity impact damage to composites”, Composites Part A: 
Applied Science and Manufacturing, Vol. 31, No. 8, August 2000, pp. 785-794, 
doi:10.1016/S1359-835X(00)00029-4 
ABSTRACT: This paper presents the results of hypervelocity impact tests conducted on graphite/PEEK 
laminates. Both flat plate and circular cylinders were tested using aluminum spheres of varying size, travelling 
at velocities from 2–7 km/s. The experiments were conducted at several facilities using light gas guns. Normal 
and oblique angle impacts were investigated to determine the effect of impact angle, particle energy and 
laminate configuration on the material damage and ejecta plumes. Correlations were established between an 



energy parameter and the impact crater size, spallation damage and debris cone angle. Secondary damage 
resulting from the debris plume on adjacent composite structures was studied using high-speed photography and 
witness plates. It was observed that for hypervelocity impacts, the debris plume particles have sufficient energy 
to penetrate adjacent structures and cause major structural damage as well. 
 
 
C.-T. Zhou, “Some Basic Problems in the Analysis of Instability for Composite Cylindrical Shells”, Sixth 
International Conference on Composite Materials and Second European Conference on Composite Materials 
(ICCM & ECCM). Vol. 5; London; UK; 20-24 July 1987. pp. 5.101-5.112. 1987 
ABSTRACT: Some basic problems in the analysis of nonlinear instability for multilayered composite 
cylindrical shells are discussed. These problems are: the influences of initial imperfections and geometrical 
nonlinearities of shells; the effects of physical nonlinearity caused by the material nonlinearity of shear 
modulus; the influences of transverse shearing deformation and the effects of prebuckling deformations on 
buckling and postbuckling behavior of laminated composite cylindrical shells under various boundary 
conditions. All these influences are studied under various loading conditions; e.g. axial compression, 
hydrostatic pressure, and torsion. Of course, the interaction of these influences is an important and complicated 
problem. The synthetic analysis of these influences is reported, based on a series of investigated results in recent 
years on boron--epoxy composites. 
 
 
Harper, J. and Palazotto, A. (Air Force Institute of Technology), “Buckling analysis of laminated composite 
circular cylindrical shells”, SAE Technical Paper 790981, 1979, DOI: 10.4271/790981 
ABSTRACT: The effects of prebuckling displacements on the buckling of laminated composite circular 
cylindrical shells are investigated. Both axial compression and pure torsion are considered for two shell 
geometries with length to thickness ratios usually associated with container vessels. A clamped prebuckling 
boundary condition is used for all analysis with four boundary conditions applied during the buckling process. 
The shell walls are made up of a 6 ply laminate with several symmetric ply orientations. The study was made 
using the STAGS computer code, utilizing the linear bifurcation branch with linear prebuckling displacements. 
The results are compared to the buckling loads determined when prebuckling displacements are neglected. It is 
shown that prebuckling deformations generally tend to decrease the buckling load of a composite shell. It is also 
shown that prebuckling displacements can cause shell buckling before failure of the fibers occurs. 
 
 
V. Villhard, C. Bpang and A. N. Palazotto (Dept. of Aeronautics and Astronautics, Air Force Institute of 
Technology, Wright-Patterson AFB, OH 45433, U.S.A.), “Instability of short stiffened composite cylindrical 
shells under bending with prebuckling displacements”, Computers & Structures, Volu. 16, No. 6, 1983, pp. 773-
775, doi:10.1016/0045-7949(83)90068-8 
ABSTRACT: This paper presents results for buckling of a stiffened cylindrical shell with cutouts and both 
isotropic and composite shells without cutouts acting under end bending moments. The STAGS-C program has 
been used in the analysis. 
 
 
Anthony N. Palazotto and Anthony D. Straw (Department of Aeronautics and Astronautics, Air Force Institute 
of Technology, Wright-Patterson Air Force Base, OH 45433, U.S.A.), “Shear buckling of cylindrical composite 
panels”, Computers & Structures, Vol. 27, No. 5, 1987, pp. 689-692, doi:10.1016/0045-7949(87)90085-X 
ABSTRACT: A finite element analysis is carried out on the buckling of composite cylindrical panels under 
shear loading. Deep panels are considered, thus requiring a higher order shell theory. A comparison is made 
with a Galerkin technique which incorporated the Donnell shell theory. 
 
 
S.T. Dennis and A.N. Palazotto (Air Force Institute of Technology, Wright-Patterson AFB, OH 45433, U.S.A.), 
“Large displacement and rotational formulation for laminated shells including parabolic transverse shear”, 
International Journal of Non-Linear Mechanics, Vol. 25, No. 1, 1990, pp. 67-85, 



doi:10.1016/0020-7462(90)90039-C 
ABSTRACT: The paper presents an approach for a general laminated shell geometry describable by orthogonal 
curvilinear coordinates. The theory includes a through-the-thickness parabolic distribution of transverse shear 
stress.-Additionally, a simplified approach that allows large displacements and rotations is incorporated. The 
theory is cast into a displacement-based finite element formulation and then specialized to a cylindrical shell 
geometry. The theory is then applied to the problem of a transversely loaded isotropic deep arch, and results 
show a slightly more flexible response compared with published results that are based upon inextensible 
assumptions. This problem also indicates that the usual locking associated with shell elements is apparently 
eliminated. 
 
 
L.S. Chien and A.N. Palazotto (Department of Aeronautics and Astronautics, Air Force Institute of Technology, 
Wright-Patterson Air Force Base, OH 45433, U.S.A.), “Dynamic buckling of composite cylindrical panels with 
high-order transverse shears subjected to a transverse concentrated load”, International Journal of Non-Linear 
Mechanics, Vol. 27, No. 5, September 1992, pp. 719-734, doi:10.1016/0020-7462(92)90029-7 
ABSTRACT: The characteristics of dynamic buckling of a geometrically non-linear cylindrical laminated 
composite panel subjected to a transverse concentrated step load applied at the center is studied. Attention is 
focused on the dynamic stability of a finite element discrete structural system. The sufficient condition for 
dynamic buckling, from the energy transfer consideration, is defined as the smallest load for which an 
unbounded motion is initiated at one generalized displacement. In other words, the dynamic buckling load 
associated with that generalized coordinate can be predicted by the intersecting point on the static equilibrium 
curve and the zero potential energy curve. This dynamic buckling criterion can also be observed by the 
existence of an inflection point on the generalized displacement response curve. Considering the multi-degree-
of-freedom for the entire structure without damping, the dynamic buckling criterion used in a single-degree-of-
freedom model gives the lower-bound dynamic buckling estimate, which will be shown in the results of the 
dynamic buckling analysis for a laminated composite arch. The possibility of parametric resonance due to the 
transverse concentrated step load on a geometrically non-linear system is discussed. Furthermore, the dynamic 
effects for different loading rates of the applied concentrated load are examined. Finally, the study of the 
damping effect, which raises the dynamic buckling load, is included. 
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“The effect of non-linear curvature strains on the buckling of laminated plates and shells”, International Journal 
for Numerical Methods in Engineering, Vol. 36, 1993, pp. 595–609. doi: 10.1002/nme.1620360404 
ABSTRACT: A versatile geometrically non-linear curved shell finite element formulation includes exact 
Green's strain displacement for the inplane strains and linear strain displacement for the transverse shear strains. 
Additional coupling results for membrane-bending and membrane-transverse shear due to non-linear curvature 
strain-displacement relations. Additional non-linear terms that are a function of the shell's radius of curvature 
are also present. The approach is applied to the bifurcation buckling of axially compressed flat plates and 
transversely pressure-loaded cylindrical shell panels. The method gives a more flexible result for the plates 
compared to von Kármán non-linearity. Additionally, larger buckling pressures are found for shell panels. The 
effects of transverse shear flexibility are evident. 
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“Instability in a cylindrical panel subjected to normal pressure: Bifurcation vs nonlinear analyses”, Composites 
Engineering, Vol. 4, No. 6, 1994, pp. 605-607, 609-620. doi:10.1016/0961-9526(94)90104-X 



ABSTRACT: Cylindrical shell panels subjected to external pressure are seen in thin semi-monocoque aerospace 
applications and in the thick-wall pressure hulls of deep-sea submersibles. Both cases are weight-sensitive 
designs, and therefore, laminated constructions due to their high strength and stiffness-to-weight ratios appear 
advantageous. In this paper, both linear bifurcation and nonlinear analyses are presented for a wide range of 
geometries. For shells of high curvature, i.e. a Batdorf parameter, Z, greater than 100, the bifurcation load 
predicts the onset of instability very accurately as compared to a nonlinear analysis. On the other hand, shallow 
shells indicate a bifurcation instability where none exists in the nonlinear analysis. The response for some 
curvatures is significantly altered where transverse shear flexibility apparently has a major influence. 
 
 
Scott T. Dennis (Air Force Academy, Colorado Springs, Colorado, USA), “A Galerkin Solution to 
Geometrically Nonlinear Shallow Shell Equations”, Final Report, USAFA-TR-95-3, April 1995 
DTIC Accession Number: ADA294792, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA294792 
ABSTRACT: A laminated shallow shell approach that includes von Karman geometric nonlinearity and 
parabolic transverse shear deformation is posed in differential operator form. Trigonmetric series are assumed 
for each of the five shell displacement degrees freedom for the subsequent nonlinear galerkin solution resulting 
in 5n2 simultaneous algebraic equations where n is the number of displacement terms assumed in the series. 
The galerkin nonlinear solution is computationally intensive. The response of several laminate geometries 
subjected to transverse loadings are found. Thicker plates and shells generally exhibit more flexible response 
compared to thinner geometries in both linear and nonlinear analyses. The nondimensional shell response is 
examined by using the Batdorf-Stein shell parameter for laminated constructions. Quasi-isotropic shallow shells 
undergo significant transverse shear flexibility in the thicker geometries as given by the nondimensional shell 
crown deflection. However, the nondimensional crown deflection in the deeper shell response is not much 
influenced by shell thickness. For flat plates, geometric nonlinearity lessens the influence of transverse shear 
flexibility when compared to linear solutions due to membrane stretching resistance. 
 
 
Scott T. Dennis.  "Nonlinear Response of Axially Compressed Laminated Cylindrical Shell Panels", AIAA 
Journal, Vol. 45, No. 2 (2007), pp. 458-470. http://dx.doi.org/10.2514/1.25754  
ABSTRACT: (Cannot cut and paste) 
 
 
Raouf A. Raouf and Anthony N. Palazotto (Department of Aeronautics and Astronautics, Air Force Institute of 
Technology, Wright-Patterson AFB, OH 45433, USA), “Nonlinear dynamic response of anisotropic, arbitrarily 
laminated shell panels: An asymptotic analysis”, Composite Structures, Vol. 18, No. 2, 1991, pp. 163-192, 
doi:10.1016/0263-8223(91)90049-5 
ABSTRACT: An asymptotic procedure is used to derive the nonlinear equations of motion governing the forced 
dynamic response of an arbitrarily laminated slightly compressible composite shell panel in cylindrical bending. 
A combination of the Galerkin procedure and the method of multiple time scales is used to construct a 
uniformly valid asymptotic expansion for the dynamic response of the panel under near-resonant external 
excitation, and in the presence of a two-to-one internal resonance condition. A qualitative analysis shows that 
there is a threshold value for the amplitude of excitation, above which the panel exhibits the saturation 
phenomenon in which the amplitude of the directly excited mode saturates and the coupled mode starts to 
respond nonlinearly and eventually dominates the response. The force-response curve also exhibits the jump 
phenomenon. 
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Composite Structures, Vol. 20, No. 4, 1992, pp. 249-257, doi:10.1016/0263-8223(92)90030-G 



ABSTRACT: A geometrically non-linear dynamic shell theory presented by the authors in an earlier work is 
used to study the non-linear free vibrations of symmetrically laminated cylindrical shell panels. The theory 
accounts for arbitrary lamination constructions, anisotropy, and slight compression across the thickness. In this 
paper, this theory is used to derive the equation of motion of the panel with quadratic and cubic non-linearities 
and symmetric lamination schemes. The symbolic manipulator Mathematica™ is used to perform the Rayleigh-
Ritz procedure and derive a single-mode approximation to the vibration of the panel. The Lindstedt-Poincare 
perturbation technique is used to analyze the resulting non-linear differential equation of motion and study the 
effects of non-linearities on the dynamics of free vibrations of the panel. A numerical example of a 
symmetrically laminated graphite/epoxy shell panel is used to demonstrate the procedure. The numerical 
example shows that non-linearities are of the hardening type and are more pronounced for smaller opening 
angles. Moreover, it shows that the larger-amplitude motions are dominated by the lower modes. 
 
 
Raouf A. Raouf (Department of Mechanical Engineering, United States Naval Academy, Annapolis, MD 
21402, U.S.A.), “A qualitative analysis of the nonlinear dynamic characteristics of curved orthotropic panels”, 
Composites Engineering, Vol. 3, No. 12, 1993, pp. 1101-1110, doi:10.1016/0961-9526(93)90067-T 
ABSTRACT: This paper presents a qualitative study of the nonlinear free vibration characteristics of curved, 
simply supported orthotropic panels. The panels are modeled using the Donnell-Mushtari-Vlasov shell 
relationships. An approximate solution to the resulting nonlinear equations is constructed using the Galerkin 
procedure in the spatial domain and the Lindstedt-Poincaré perturbation technique in the temporal domain. The 
combination of these procedures is implemented using the symbolic manipulator Mathematica. The analysis 
shows that although the transverse displacement may be assumed to have a single mode, the compatibility 
condition forces the in-plane stress resultants to be multi-modal. It is shown that the type of nonlinearity that the 
panel exhibits is strictly cubic if either of the axial or circumferential modes is asymmetric. On the other hand, 
the nonlinearity is both quadratic and cubic for axisymmetric modes. Numerical simulations using various 
geometric and material properties show that the reponse of the first modes of the panel could be either 
hardening or softening depending on the geometric and material properties of the panel. On the other hand, the 
response of the higher modes for the studies cases is always hardening. Numerical results also suggest that it is 
possible to tailor the dynamic response of some panels to produce softening or hardening behaviors. 
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“Higher order cylindrical panel relationships considering general ply layups”, Composite Structures, Vol. 27, 
No. 3, 1994, pp. 225-242, doi:10.1016/0263-8223(94)90084-1 
ABSTRACT: An analytical study was performed to determine the critical buckling loads and natural 
frequencies for composite cylindrical shells, including transverse shear effects and constant through-the-
thickness direct strain, epsilonz. A linearized form of Sander's shell equations are derived, including a parabolic 
transverse shear strain distribution. Higher order laminate constitutive relations are developed. Hamilton's 
Principle is applied to derive five partial differential equations of motion and the associated boundary 
conditions, which are then solved using the Galerkin technique. Ply layups of [0/90] and [45/-45] were 
investigated under three boundary conditions, simply supported, clamped, and a combination simple-clamped. 
Symmetric and nonsymmetric laminates were investigated. Curvature is shown to have an important effect on 
all panels investigated due to membrane and bending coupling. Buckling loads for deeper shells are 
significantly higher than for flat plates. The effect on frequencies is not as great. The behavior of the 
nonsymmetric laminates was somewhat unexpected. Some results indicate the nonsymmetric laminates to be 
stiffer than the corresponding symmetric layup. 
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(2) Department of Aeronautics and Astronautics, Air Force Institute of Technology, Wright-Patterson AFB, 
OH45433, U.S.A. 
“On the non-linear free vibrations of curved orthotropic panels”, International Journal of Non-Linear 
Mechanics, Vol. 29, No. 4, July 1994, pp. 507-514, doi:10.1016/0020-7462(94)90019-1 
ABSTRACT: This paper studies the non-linear free vibrations of simply supported curved orthotropic panels. 
The panels are modeled using the Donnell-Mushtari-Vlasov shell relationships. A combination of the Galerkin 
procedure and the Lindstedt-Poincaré perturbation technique is used to construct an approximate solution to the 
resulting non-linear equations of motion. Algebraic manipulations show that the panel exhibits a non-linear 
response only when both the involved axial and circumferential modes are axisymmetric. Numerical studies of a 
Graphite/Epoxy panel show that its response is softening, i.e. the non-linear natural frequency decreases as the 
amplitude of motion increases. They also show that the lower modes are more non-linear than the higher, 
mainly flexural modes. The presented results also show that for the studied panels, the non-linear effects are the 
strongest for shallow, thin, and short panels. 
 
 
Scott T. Dennis (Department of Engineering Mechanics, Air Force Academy, Colorado Springs, CO, USA), 
“Two Dimensional Laminated Shell Theory Including Parabolic Transverse Shear”, Final Report, USAFA-TR-
89-6, October 1989, DTIC Accession Number: ADDA 213817 
ABSTRACT: The report presents an approach for a general laminated shell geometry describable by orthogonal 
curvilinear coordinates. The theory includes a through the thickness parabolic distribution of transverse shear 
stress. Additionally, a simplified approach that allows large displacements and rotations is incorporated. The 
theory is cast into a displacement based finite element formulation and then specialized to a cylindrical shell 
geometry. Linear results are compared to exact elasticity solutions of a laminated cylindrical shell in cylindrical 
bending. The approach predicts displacement and stress for the unidirectional cases very well even for the very 
thick laminates. 
 
S. T. Dennis (Department of Engineering Mechanics, USAF Academy, CO 80840, U.S.A.), “A Galerkin 
solution to geometrically nonlinear laminated shallow shell equations”, Computers & Structures, Vol. 63, No. 5, 
June 1997, pp. 859-874, doi:10.1016/S0045-7949(96)00380-X 
ABSTRACT: A laminated shallow shell approach for circular cylindrical panels that includes von Kármán 
geometric nonlinearity and parabolic transverse shear deformation is posed in differential operator form. 
Trigonometric series are assumed for each of the five shell displacement degrees of freedom for the subsequent 
nonlinear Galerkin solution resulting in 5n2  simultaneous algebraic equations where n is the number of 
displacement terms assumed in the series. The responses of several laminate geometries subjected to transverse 
loadings are found. Thicker plates and shells generally exhibit more flexible nondimensional response 
compared to thinner geometries in both linear and nonlinear analyses. The nondimensional shell response is 
examined by using the Batdorf-Stein shell parameter for laminated constructions. Quasi-isotropic shallow shells 
undergo significant transverse shear flexibility in the thicker geometries as given by the nondimensional shell 
crown deflection. However, the nondimensional crown deflection in the deeper shell response is not much 
influenced by shell thickness. For flat plates, geometric nonlinearity lessens the influence of transverse shear 
flexibility when compared to linear solutions due to membrane stretching resistance. 
 
 
Johann Arbocz (Technical University Delft, The Netherlands), “Recent developments in shell stability 
analysis”, Mechanika Teoretyczna I Stosowana, No. 4, Vol. 25, 1987 
ABSTRACT: The present shell research activities at the Aerospace Engineering Department of the TH Delft are 
directed towards the development of an improved shell design criteria, which incorporates the latest theoretical 
findings and makes efficient use of the currently available computational facilities. The establishment of an 
International Imperfection Data Bank is discussed. Characteristic initial imperfection distributions associated 
with different fabrication techniques are shown. It is demonstrated that the generation of reliability fuctions via 
the Monte Carlo Method, which displays the degrading effect of the expected initial imperfection distribution 
characteristic of a given fabrication process on the buckling load, offers the means of combining the Lower 
Bound Design Method with the notion of Goodness Classes. Thus shells manufactured by a process, which 



produces inherently a less damaging initial imperfection distribution, will not be penalized because of the low 
experimental results obtained with shells made by another process which produces a more damaging 
characteristic initial imperfection distribution.  
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ABSTRACT: This paper deals with the stability problem of axially compressed imperfect orthotropic 
cylindrical shells. The initial imperfections are represented by a double Fourier series. Approximate solutions 
are derived for a single axisymmetric, a single asymmetric, a 2-modes and a multimode imperfection model. 
The effect of boundary conditions is studied by reducing the stability problem to the solution of a 2-point 
nonlinear boundary value problem. A reliability based stochastic stability approach is described, which makes it 
possible to include the results of the Imperfection Sensitivity Theory directly into an Improved Shell Design 
Procedure. 
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computeraided engineering (CAE) environment”, International Journal of Solids and Structures, Vol. 26, Nos. 
9-10, 1990, pp. 945-973, doi:10.1016/0020-7683(90)90011-J 
ABSTRACT: The development of “DISDECO”, the Delft Interactive Shell Design Code is described. The 
purpose of this project is to make the accumulated theoretical, numerical and practical knowledge of the last 20 
years readily accessible to users interested in the analysis of buckling sensitive structures. With this open ended, 
hierarchical, interactive computer code the user can access from his work-station successive programs of 
increasing complexity. Included are modules that contain Koiter's imperfection sensitivity theory extended to 
anisotropic shell structures under combined loading. The nonlinear Donnell-type anisotropic shell equations in 
terms of the radial displacement W and the Airy stress function F are used. The circumferential dependence is 
eliminated by Fourier decomposition. The resulting sets of ordinary differential equations are solved 
numerically via the “Shooting Method”. Thus the specified boundary conditions can be enforced rigorously not 
only in the pre-buckling but also in the buckling and post-buckling problem. Initial results indicate that in order 
to obtain reliable results for anisotropic shells rigorous enforcing of the edge restraint and of the boundary 
conditions is indeed a must. 
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J. F. Jullien, 1991, International Colloquium on Buckling of Shell Structures, Lyon, France, Spon Press, 2 Park 
Square, Milton Park, Abingdon, Oxon, OX14 4RN, ISBN 1-85166-716-4 
ABSTRACT: The development of “DISDECO”, the Delft Interactive Shell Design Code, is described. The 
purpose of this project is to make the accumulated theoretical, numerical and practical knowledge of the last 20 
years readily accessible to users interested in the analysis of buckling-sensitive structures. With the open ended, 
hierarchical, interactive computer code the user can access from his work-station successive programs of 
increasing complexity. Included are modules that contain Koiter’s imperfection sensitivity theory extended to 
anisotropic shell structures under combined loading. The nonlinear Donnell-type shell equations in terms of the 
radial displacement W and the Airy stress function F are used. The spatial dependence is eliminated by Fourier 
decomposition. The resulting sets of algebraic equations form a standard matrix eigenvalue problem. Initial 
results indicate that an interactive use of these simple modules can greatly facilitate the search for an optimal 
lay up of composite shells under combined loading. 
 
Johann Arbocz, “The effect of initial imperfections on shell stability: An updated review”, Publisher not given, 
September 1992, ADS Bibcode: 1992STIN...9414692A  
ABSTRACT: The development of the Delft Interactive Shell Design Code (DISDECO) is described. The 
purpose is to make the accumulated theoretical, numerical, and practical knowledge of the last years readily 
accessible to users interested in the analysis of buckling sensitive structures. With this open ended, hierarchical, 
interactive computer code, the user can access workstation programs of increasing complexity. As a first update 
of DISDECO, the computational modules of the initial level were modified so as to handle combined loads 
consisting of axial compression, internal and external pressure, and clockwise or counter clockwise torque. The 
applied load is assumed to have a uniform spatial distribution and is divided into a fixed and a variable part. The 
magnitude of the variable part is allowed to vary in proportion to a load parameter Lambda. This leads to an 
eigenvalue problem for the critical lambda sub C. 
 
G. Cederbaum and J. Arbocz (Delft University of Technology, Faculty of Aerospace Engineering, Kluyverweg 
1, 2629 HS, Delft, The Netherlands), “Reliability of shells via koiter formulas”, Thin-Walled Structures, 
Vol.24, No. 2, 1996, pp. 173-187, doi:10.1016/0263-8231(95)00027-5 
ABSTRACT: Probabilistic methods are being applied to Koiter formulas in order to derive the reliability of 
imperfection-sensitive shells, on this occasion by taking into account the randomness of both parameters 
appearing in the formulas — the initial imperfection and the allowable load. The results indicate the importance 
of the loading randomness, implying a dramatic reduction in the reliability with respect to traditional derivations 
which consider only the randomness of the initial imperfections. 
 
 
J. Arbocz and J. M. A. M. Hol (Faculty of Aerospace Engineering, Delft University of Technology, Delft, The 
Netherlands), “Collapse of axially compressed cylindrical shells with random imperfections,”AIAA J.,29, No. 
12, 2247–2256 (1991), DOI: 10.2514/3.10866 
 
J. Arbocz and J. M. A. M. Hol (Faculty of Aerospace Engineering, Delft University of Technology, Delft, The 
Netherlands), “Collapse of axially compressed cylindrical shells with random imperfections”, Thin-Walled 
Structures, Vol. 23, Nos. 1-4, 1995, pp. 131-158, Special Issue: Buckling Strength of Imperfection-sensitive 
Shells, doi:10.1016/0263-8231(95)00009-3 
ABSTRACT: The establishment of an International Imperfection Data Bank is discussed. Characteristic initial 
imperfection distributions associated with different fabrication techniques are shown. Using a first-order, 
second-moment analysis, a stochastic method is presented, whereby the stability of isotropic, orthotropic and 
anisotropic nominally circular cylindrical shells under axial compression, external pressure and/or torsion 
possessing general nonsymmetric random initial imperfections can be evaluated. Results of measurements of 
initial imperfections are represented in Fourier series and the Fourier coefficients are used to construct the 



second-order statistical properties needed. The computation of the buckling loads is done with standard 
computer codes and includes a rigorous satisfaction of the specified boundary conditions. It is shown that the 
proposed stochastic approach provides a means to combine the latest theoretical findings with the practical 
experiences spanning about 75 years in an optimal manner via the advanced computational facilities currently 
available. 
 
G. Cederbaum and J. Arbocz (Delft University of Technology, Faculty of Aerospace Engineering, Delft, The 
Netherlands), “On the reliability of imperfection-sensitive long isotropic cylindrical shells”, Structural Safety, 
Vol. 18, No. 1, 1996, pp. 1-9, doi:10.1016/0167-4730(96)00001-X 
ABSTRACT: The reliability of imperfection-sensitive shells is derived. The Koiter (asymmetric case) formula 
is used to construct the failure criterion for the case where the imperfection surface is described by two terms of 
a double Fourier series with random amplitudes. The effect of the correlation between these variables is also 
investigated. In some cases exact solutions are derived, while in others, approximate derivations are obtained 
within the Hasofer-Lind method. 
 
 
J. Arbocz, J. de Vries and J.M.A.M. Hol (TU Delft), “On the buckling of imperfect anisotropic shells with 
elastic edge supports under combined loading Part 1: Theory and Numerical Analysis”, TU Delft Memorandum 
M-849, September 1998 
ABSTRACT: A rigorous solution is presented for the case of stiffened anisotropic cylindrical shells with 
general imperfections under combined loading, where the edge supports are provided by symmetrical or 
unsymmetrical elastic rings. The circumferential dependence is eliminated by a truncated Fourier series. The 
resulting nonlinear 2-point boundary value problem is solved numerically via the “Parallel Shooting Method”. 
The changing deformation patterns resulting from the different degrees of interaction between the given initial 
imperfections and the specified end rings are displayed.. Recommendations are made as to the minimum ring 
stifnesses required for optimal load carrying configurations. 
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of imperfect boundary conditions on the collapse behavior of anisotropic shells”, International Journal of Solids 
and Structures, Vol. 37, Nos. 46-47, November 2000, pp. 6891-6915, doi:10.1016/S0020-7683(99)00319-4 
ABSTRACT: A rigorous solution is presented for the case of stiffened anisotropic shells with general 
imperfections under combined axial compression, internal or external pressure and torsion. Donnell type 
equations are used to describe the behavior of the layered composite shell. The stiffeners are represented by 
smeared theory and for the discrete end rings, Cohen’s ring equations are used. The circumferential dependence 
is eliminated by a truncated Fourier series. The resulting 2-point boundary value problem is solved numerically 
via the “parallel shooting method”. The nonlinear collapse behavior is studied using different combinations of 
axisymmetric and asymmetric imperfections. Comparison with Koiter type imperfection predictions display the 
range of validity of the asymptotic results. It is shown that besides initial geometric imperfections also 
nonuniform harmonically varying boundary conditions can have severe degrading effect on the load carrying 
capacity of anisotropic shells. 
 
 
J. Arbocz, J.M.A.M. Hol and J. de Vries, “Part IV. The effect of initial imperfections on shell stability”, in 
Modern problems of structural stability, edited by Alexander P. Seyranian and Isaac Elishakoff, ISBN 3-211-
83697-7,  2002, Springer-Verlag (CISM Courses and Lectures No. 436, International Centre for Mechanical 
Sciences) 
ABSTRACT: The development of “DISDECO”, the Delft Interactive Shell DEsign COde, is described. The 
purpose of this project is to make the accumulated theoretical, numerical and practical knowledge of the last 20 
years readily accessible to users interested in the analysis of buckling of sensitive structures. With this open 
ended, hierarchical, interactive computer code the use can access successively from his workstation programs of 
increasing complexity. 
 



 
J. Arbocz…, “On a high-fidelity hierarchical approach to buckling load calculations”, in New approaches to 
structural mechanics, shells, and biological structures, edited by Horace R. Drew and Sergio Pellegrino, Kluwer 
Academic Publishers, Dordrecht, The Netherlands, 2002. Special volume produced for the retirement of 
Professor Chris Calladine, 2002, ISBN 1-4020-0862-7 (cannot view the section of the book in which the article 
by J. Arbocz… appears) 
Also available as: Proceedings of the European Conference on Spacecraft Structures, Materials and Mechanical 
Testing 2005 (ESA SP-581). 10-12 May 2005, Noordwijk, The Netherlands. Edited by Karen Fletcher. 
Published on CD-Rom, #22.1 
Bibliographic Code: 2005ESASP.581E..22A 
ABSTRACT: As a step towards developing a new design philosophy, one that moves away from the traditional 
empirical approach used today in design, towards a science-based design technology approach, a recent test 
series of 5 composite shells carried out by Waters [1] at NASA Langley Research Center is used. It is shown 
how the hierarchical approach to buckling load calculations proposed by Arbocz et al [2] can be used to perform 
an approach often called “high fidelity analysis”, where the uncertainties involved in a design are simulated by 
refined and accurate numerical methods. The Delft Interactive Shell Design Code (short: DISDECO) is 
employed for this hierarchical analysis to provide an accurate prediction of the critical buckling load of the 
given shell structure. This value is used later as a reference to establish the accuracy of the Level-3 buckling 
load predictions. As a final step in the hierarchical analysis approach, the critical buckling load and the 
estimated imperfection sensitivity of the shell are verified by conducting an analysis using a sufficiently refined 
finite element model with one of the current generation two-dimensional shell analysis codes with the advanced 
capabilities needed to represent both geometric and material nonlinearities. 
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(1) Delft University of Technology, Faculty of Aerospace Engineering, Koiter Institute, Postbus 5058, 2600 
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(2)NASA Langley Research Center, Hampton, VA USA 
“Future directions and challenges in shell stability analysis”, Thin-Walled Structures, Vol. 40, No. 9, September 
2002, pp. 729-754, doi:10.1016/S0263-8231(02)00024-1 
ABSTRACT: Recent advances in structural analysis and design technology for buckling-critical shell structures 
are discussed. These advances include a hierarchical analysis strategy that includes analyses that range from 
classical analysis methods to high-fidelity nonlinear finite element analysis methods, reliability based design 
methods, the development of imperfection data bases, and the identification of traditional and nontraditional 
initial imperfections for composite shell structures. When used judiciously, these advances provide the basis for 
a viable alternative to the traditional and conservative lower-bound design philosophy of the 1960s. These 
advances also help answer the question of why, after so many years of concentrated research effort to 
understand the behavior of buckling-critical thin-walled shells, one has not been able to improve on this 
conservative lower-bound design philosophy in the past. 
 
 
Johann Arbocz and James H. Starnes, “Buckling Load Calculations of the Isotropic Shell A-8 Using a High-
Fidelity Hierarchical Approach”, Technical Report, 43rd AIAA/AMSE/ASCE/AHS Structures, Stuctural 
Dynamics, and Materials Conference, 2002 
ABSTRACT: As a step towards developing a new design philosophy, one that moves away from the traditional 
empirical approach used today in design towards a science-based design technology approach, a test series of 7 
isotropic shells carried out by Aristocrat and Babcock at Caltech is used. It is shown how the hierarchical 
approach to buckling load calculations proposed by Arbocz et al can be used to perform an approach often 
called 'high fidelity analysis', where the uncertainties involved in a design are simulated by refined and accurate 
numerical methods. The Delft Interactive Shell DEsign COde (short, DISDECO) is employed for this 
hierarchical analysis to provide an accurate prediction of the critical buckling load of the given shell structure. 
This value is used later as a reference to establish the accuracy of the Level-3 buckling load predictions. As a 



final step in the hierarchical analysis approach, the critical buckling load and the estimated imperfection 
sensitivity of the shell are verified by conducting an analysis using a sufficiently refined finite element model 
with one of the current generation two-dimensional shell analysis codes with the advanced capabilities needed 
to represent both geometric and material nonlinearities. 
 
 
Fan Jiashen, “Nonlinear dynamic response for an elastic, thin, shallow shell on elastic half space subject to 
horizontal seismic force with Rayleigh damping”, Journal of Seismological Research, Vol. 20, No. 3, pp 323-
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M.P. Nemeth (Structural Mechanics Division, NASA Langley Research Center, Hampton, VA, 23681-0001), 
“Nondimensional parameters and equations for buckling of anisotropic shallow shells”, J. Appl. Mech., Vol. 61, 
September 1994, pp. 664-669 
ABSTRACT: A procedure for deriving nondimensional parameters and equations for bifurcation buckling of 
anisotropic shallow shells subjected to combined loads is presented. First, the Donnell-Mushtari-Vlasov 
equations governing buckling of symmetrically laminated doubly curved thin elastic shallow shells are 
presented. Then, the rationale used to perform the nondimensionalization of the buckling equations is presented, 
and fundamental parameters are identified that represent measures of the shell orthotropy and anisotropy. In 
addition, nondimensional curvature parameters are identified that are analogues of the well-known Batdorf Z 
parameter for isotropic shells, and analogues of Donnell’s and Batdorf’s shell buckling equations are presented. 
Selected results are presented for shear buckling of balanced symmetric laminated shells that illustrate the 
usefulness of the nondimensional parameters. 
 
 
M. P. Nemeth, “Buckling and postbuckling behaviour of laminated composite plates with a cut-out”, Chapter in 
Buckling and Postbuckling of Composite Plates, edited by G.J. Turvey and I.H. Marshall, Springer, pp 260-298, 
1995, DOI: 10.1007/978-94-011-1228-4_8 
ABSTRACT: The buckling and postbuckling behaviour of thin plates with a cut-out and made of advanced 
composite materials are research topics of great practical importance. For example, composite plate-like 
subcomponents with cut-outs are being considered for use in many types of aerospace structures owing to their 
high stiffness-to-weight and strength-to-weight properties. These properties could ultimately yield substantial 
weight savings for aircraft structures. 
References listed at the end of the paper: 
1. Martin, J. (1972) Buckling and postbuckling of laminated composite square plates with reinforced central circular holes. PhD 
Dissertation, Case Western Reserve University. 
2. Knauss, J. F., Starnes, J. H., Jr. and Henneke, E. G., II (1978) The Compressive Failure of Graphite/Epoxy Plates with Circular 
Holes. Research Report VPI-E-78-5, Virginia Polytechnic Institute and State University, Feb. 
3. Preobrazehenskii, I. N. (1981) Research pertaining to stability of thin plates with holes. Soviet Applied Mechanics, 16, 557–74.  
4. Ter-Emmanuil’yan, N. Ya. (1971) Stability of an orthotropic square plate with a square hole. Mekh. Polim., 3, 482–8. 
5. Herman, R. J. (1982) Postbuckling behavior of graphite/epoxy cloth shear panels with 45°-flanged lightening holes. MS Thesis, US 
Naval Postgraduate School, Monterey, California, March. 
6. Nemeth, M. P. (1983) Buckling behaviour of orthotropic composite plates with centrally located cutouts. PhD Dissertation, Virginia 
Polytechnic Institute and State University, May. 
7. Nemeth, M. P., Johnson, E. R., Stein, M. and Kamat, M. P. (1983) Buckling Behavior of Orthotropic Composite Plates with 
Centrally Located Cutouts. Report VPI-E-83-21, Virginia Polytechnic Institute and State University, June. 
8. Kantorovich, L. V. and Krylov, V. I. (c.1964) (Trans. Curtis D. Benster), Approximate Methods of Higher Analysis. Interscience. 
9. Nemeth, M. P. (1984) A Buckling Analysis for Rectangular Orthotropic Plates with Centrally Located Cutouts. NASA TM-86263. 
10. Marshall, I. H., Little, W. and El Tayeby, M. M. (1984) The stability of composite panels with holes. Proceedings Reinforced 
Plastics Congress, Brighton, UK, pp. 139–42. 
11. Marshall, I. H., Little, W. and El Tayeby, M. M. (1985) The stability of composite panels with holes, in Mechanical 
Characterization of Load Bearing Fibre Composite Laminates (eds. A. H. Cardon and G. Verchery), pp. 235–42. 
12. Kirsch, R. (1898) Die Theorie der Elastizität und die Bedürfnisse der Festigkeitslehre. Zeitschrift Verein Deutscher Ingenieure, 16 
July. 
13. Kumai, T. (1951) Elastic stability of the square plate with a central circular hole under edge thrusts. Proceedings of the First Japan 
National Congress for Applied Mechanics, pp. 81–6. 



14. VandenBrink, D. J. and Kamat, M. P. (1985) Post-buckling response of isotropic and laminated composite square plates with 
circular holes. Fifth International Conference on Composite Materials (eds W. C. Harrigan, Jr., J. Strife, and A. K. Dhingra), 
Metallurgical Soc., Inc., pp. 1393–409. 
15. VandenBrink, D. J. and Kamat, M. P. (1987) Post-buckling response of isotropic and laminated composite square plates with 
circular holes. Finite Elements in Analysis and Design, 3, 165–74.  
16. Marshall, I. H., Little, W., El Tayeby, M. M. and Williams, J. (1986) Buckling of perforated composite plates-an approximate 
solution. Fibre Reinforced Composites, Proceedings of the Second International Conference, Liverpool, England, pp. 29–33. 
17. Marshall, I. H., Little, W. and El Tayeby, M. M. (1986) Composite panels with circular cut-outs: some design guidelines. 
Proceedings Reinforced Plastics Congress, Nottingham, UK, pp. 91–4. 
18. Nemeth, M. P., Stein, M. and Johnson, E. R. (1986) An Approximate Buckling Analysis for Rectangular Orthotropic Plates with 
Centrally Located Cutouts. NASA TP-2528. 
19. Marshall, I. H., Little, W. and El Tayeby, M. M. (1987) Membrane stress distributions in post-buckled composite plates with 
circular holes. Sixth International Conference on Composite Materials/Second European Conference on Composite Materials (eds F. 
L. Mathews, N. C. R. Buskell, J. M. Hodgkinson, and J. Morton), London, England. 
20. Larsson, P. L. (1987) On buckling of orthotropic compressed plates with circular holes. Composite Structures, 7, 103–21.  
21. Turvey, G. J. and Sadeghipour, K. (1987) Compression buckling of anisotropic fibre-reinforced flat rectangular plates with central 
circular cut-outs. Sixth International Conference on Composite Materials/Second European Conference on Composite Materials (eds 
F. L. Mathews, N. C. R. Buskell, J. M. Hodgkinson, and J. Morton), London, England, pp. 5.47–5.56. 
22. Yasui, Y. and Tsukamura, K. (1988) Buckling strength of rectangular FRP with a hole. Journal of the Society of Material Science 
(Japan), 37, 1050–6.  
23. Turvey, G. J. and Sadeghipour, K. (1988) Shear buckling of anisotropic fibre-reinforced rectangular plates with central circular 
cut-outs, in Computer Aided Design in Composite Material Technology (eds C. A. Brebbia, W. P. de Wilde, and W. R. Blain), 
Southampton, pp. 459–73. 
24. Nemeth, M. P. (1986) Buckling behavior of compression-loaded symmetrically laminated angle-ply plates with holes. Proceedings 
of the AIAA/ASME/ASCE/AHS/ASC 27th Structures, Structural Dynamics, and Materials Conference, AIAA Paper No. 86-0922-CP, 
San Antonio, TX, USA, April. 
25. Nemeth, M. P. (1988) Buckling behavior of compression loaded symmetrically laminated angle-ply plates with holes. AIAA 
Journal, 26, 330–6.  
26. Lee, Y. J., Lin, H. J. and Lin, C. C. (1989) A study on the buckling behavior of an orthotropic square plate with a central circular 
hole. Composite Structures, 13, 173–88.  
27. Lin, C. C. and Kuo, C. S. (1989) Buckling of laminated plates with holes. Journal of Composite Materials, 23, 536–53.  
28. Hyer, M. W. and Charette, R. F. (1989) The use of curvilinear fibre format in composite structure design. Proceedings of the 
AIAA/ASME/ASCE/ AHS/ASC 30th Structures, Structural Dynamics, and Materials Conference, AIAA Paper No. 89-1404-CP, 
Mobile, AL, USA, April, pp. 2137–45. 
29. Horn, W. J. and Rouhi, M. (1989) A Comparison of the Post-buckling Behavior of Metallic and Composite Plates with Centrally 
Located Cutouts. Institute for Aviation Research Report No. 89–11, The Wichita State University, July. 
30. Rouhi, M. and Horn, W. J. (1990) A Comparison of the Post-buckling Behavior of Metallic and Composite Plates with Centrally 
Located Cutouts. National Institute for Aviation Research Report No. 90–14, The Wichita State University, May. 
31. Nemeth, M. P. (1990) Buckling and Post-buckling Behaviour of Square Compression-Loaded Graphite-epoxy Plates with Circular 
Cutouts. NASA TP-3007, August. 
32. Owen, V. and Klang, E. C. (1990) Shear buckling of specially orthotropic plates with centrally located cutouts. Eighth 
DOD/NASA/FAA Conference on Fibrous Composites in Structural Design, Norfolk, VA, USA, pp. 695–706. 
33. Owen, V. L. (1990) Shear buckling of anisotropic plates with centrally located circular cutouts. M.S. Thesis, North Carolina State 
University. 
34. Rouse, M. (1990) Effect of cutouts or low-speed impact damage on the postbuckling behavior of composite plates loaded in shear. 
Proceedings of the AIAA/ASME/ASCE/AHS/ASC 31st Structures, Structural Dynamics, and Materials Conference, AIAA Paper No. 
90-0966-CP, Long Beach, CA, USA, April. 
35. Vellaichamy, S., Prakash, B. G. and Brun, S. (1990) Optimum design of cutouts in laminated composite structures. Computers and 
Structures, 37, 241–6.  
36. Chang, J.-S. and Shiao, F.-J. (1990) Thermal buckling analysis of isotropic and composite plates with a hole. Journal of Thermal 
Stresses, 13, 315–32.  
37. Sadeghipour, K. (1990) Finite element computer aided analysis of composite panels under in plane shear/compression buckling. 
Computers in Engineering 1990, Proc. ASME Intl. Computers in Engr. Conf. and Expos., Boston, MA, USA, August, pp. 243–8. 
38. Yasui, Y., (1991) The buckling of rectangular composite plates with cutout under uniaxial and biaxial compression. Eighth 
International Conference on Composite Materials (eds S. W. Tsai and G. S. Springer), Honolulu, HI, USA, July. 
39. Chen, W. J., Lin, P. D. and Chen, L. W. (1991) Thermal buckling behavior of composite laminated plates with a circular hole. 
Composite Structures, 18, 379–97.  
40. Hyer, M. W. and Lee, H. H. (1991) The use of curvilinear fiber format to improve buckling resistance of composite plates with 
central circular holes. Composite Structures, 18, 239–61.  
41. Lee, H. H. (1991) Postbuckling failure of composite plates with central holes. Ph.D. Dissertation, Virginia Polytechnic Institute 
and State University. 
42. Lee, H. H. and Hyer, M. W. (1992) Postbuckling failure of composite plates with holes. Proceedings of the 
AIAA/ASME/ASCE/AHS/ASC 33rd Structures, Structural Dynamics, and Materials Conference, AIAA Paper No. 92-2280-CP, 
Dallas, TX, USA, April, pp. 201–11. 



43. Ram, K. S. S. and Sinha, P. K. (1992) Vibration and buckling of laminated plates with a cutout in hygrothermal environment. 
AIAA journal, 30, 2353–5.  
44. Srivatsa, K. S. and Krishna Murty, A. V. (1992) Stability of laminated composite plates with cut-outs. Computers and Structures, 
43, 273–9.  
45. Jones, K. M. (1992) Buckling analysis of fully anisotropic plates containing cutouts and elastically restrained edges. M.S. Thesis, 
North Carolina State University. 
46. Jones, K. M. and Klang, E. C. (1992) Buckling analysis of fully anisotropic plates containing cutouts and elastically restrained 
edges. Proceedings of the AIAA/ASME/ASCE/AHS/ASC 33rd Structures, Structural Dynamics, and Materials Conference, AIAA 
Paper No. 92-2279-CP, Dallas, TX, USA, April, pp. 190–200. 
47. Britt, V. O. (1993) Shear and compression buckling analysis for anisotropic panels with centrally located elliptical cutouts. 
Proceedings of the AIAA/ASME/ASCE/AHS/ASC 33rd Structures, Structural Dynamics, and Materials Conference, AIAA Paper No. 
93-1565, La Jolla, CA, USA, April. 
48. Vann, W. P. and Vos, R. G. (1972) Compression buckling of pierced elastic plates. Structural Research at Rice, Report No. 14, 
Dept. of Civil Engr., Rice University, Houston, TX, USA, August. 
49. Sumi, N. and Sekiya, T. (1975) Thermal stresses and thermal buckling of a rectangular plate with a central circular hole. Third 
Intl. Conf. on Structural Mehcanics and Reactor Technology, London, 5, September, pp. 1–11. 
50. Ritchie, D. and Rhodes, J. (1975) Buckling and post-buckling behavior of plates with holes. Aeronautical Quarterly, 26, 281–96. 
51. Kawai, T. and Ohtsubo, H. (1968) A method of solution for the complicated buckling problems of elastic plates with combined use 
of Rayleigh-Ritz’s procedure in the finite element method. Proceedings of the Second Conference on Matrix Methods in Structural 
Mechanics, AFFDL-TR-68-150, pp. 967–94. 
52. Grosskurth, J. F., Jr., White, R. N. and Gallagher, R. H. (1976) Shear buckling of square perforated plates. Journal of the 
Engineering Mechanics Division, Proc. ASCE 102, 1025–40. 
53. Rockey, K. C., Anderson, R. G. and Cheung, Y. K. (1968) The behavior of square shear webs having a circular hole, in Thin 
Walled Steel Structures, (eds K. C. Rockey and H. V. Hill), Gordon and Breach, London, UK, pp. 48–172. 
 
 
Michael P. Nemeth, Vicki O. Britt, Timothy J. Collins, and James H. Starnes, Jr. (Langley Research Center 
Hampton, Virginia), “Nonlinear Analysis of the Space Shuttle Superlightweight External Fuel Tank”, NASA 
Technical Paper 3616, December, 1996. (Also see Journal of Spacecraft and Rockets, Vol. 36, No.6, 
November-December, 1999, pp. 788-803) 
ABSTRACT: Results of buckling and nonlinear analyses of the Space Shuttle external tank superlightweight 
liquid-oxygen (LO2) tank are presented. Modeling details and results are presented for two prelaunch loading 
conditions and for two full-scale structural tests that were conducted on the original external tank. The results 
illustrate three distinctly different types of nonlinear response for thin-walled shells subjected to combined 
mechanical and thermal loads. The nonlinear response phenomena consist of bifurcation-type buckling, short-
wavelength nonlinear bending, and nonlinear collapse associated with a limit point. For each case, the results 
show that accurate predictions of nonlinear behavior generally require a large-scale, high-fidelity finite-element 
model. Results are also presented that show that a fluid-filled launch-vehicle shell can be highly sensitive to 
initial geometric imperfections. In addition, results presented for two full-scale structural tests of the original 
standard-weight external tank suggest that the finite-element modeling approach used in the present study is 
sufficient for representing the nonlinear behavior of the superlight-weight LO2 tank. 
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ABSTRACT: A summary of the existing NASA design criteria monographs for the design of buckling-resistant 
thin-shell structures is presented. Subsequent improvements in the analysis for nonlinear shell response are 
reviewed, and current issues in shell stability analysis are discussed. Examples of nonlinear shell responses that 
are not included in the existing shell design monographs are presented, and an approach for including 
reliability-based analysis procedures in the shell design process is discussed. Suggestions for conducting future 
shell experiments are presented, and proposed improvements to the NASA shell design criteria monographs are 
discussed. 
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Part I - Behavior under Booster Ascent Loads”, AIAA 39th Structures, Structural Dynamics and Materials 
Conference, AIAA-98-1838, 1998 
ABSTRACT: Results of linear bifurcation and nonlinear analyses of the Space Shuttle superlightweight 
(SLWT) external liquid-oxygen (LO2) tank for an important early booster ascent loading condition are 
presented. These results for thin-walled linear elastic shells that are subjected to combined mechanical and 
thermal loads illustrate an important type of response mode that may be encountered in the design of other 
liquid-fuel launch vehicles. Linear bifurcation analyses are presented that predict several nearly equal 
eigenvalues that correspond to local buckling modes in the forward ogive section of the LO2 tank. In contrast, 
the nonlinear response phenomenon is shown to consist of short-wavelength bending deformations in the 
forward ogive and barrel sections of the LO2 tank that grow in amplitude in a stable manner with increasing 
load. Imperfection sensitivity analyses are presented that show that the presence of several nearly equal 
eigenvalues does not lead to a premature general instability mode for the forward ogive section. For the linear 
bifurcation and nonlinear analyses, the results show that accurate predictions of the response of the shell 
generally require a large-scale, high-fidelity finite-element model. Results are also presented that show that the 
SLWT LO2 tank can support loads in excess of approximately 2.6 times the values of the operational loads 
considered. 
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2000 
ABSTRACT: An analytical, parametric study of the attenuation of bending boundary layers or edge effects in 
balanced and unbalanced, symmetrically and unsymmetrically laminated thin cylindrical shells is presented for 
nine contemporary material systems. The analysis is based on the linear Sanders-Koiter shell equations and 
specializations to the Love-Kirchhoff shell equations and Donnell’s equations are included. Two 
nondimensional parameters are identified that characterize and quantify the effects of laminate orthotropy and 
laminate anisotropy on the bending boundary-layer decay length in a very general and encompassing manner. A 
substantial number of structural design technology results are presented for a wide range of laminated-
composite cylinders. For all laminate constructions considered, the results show that the differences between 
results that were obtained with the Sanders-Koiter shell equations, the Love-Kirchhoff shell equations, and 
Donnell’s equations are negligible. The results also show that the effect of anisotropy in the form of coupling 
between pure bending and twisting has a negligible effect on the size of the bending boundary-layer decay 
length of the balanced, symmetrically laminated cylinders considered. Moreover, the results show that coupling 
between the various types of shell anisotropies has a negligible effect on the calculation of the bending 
boundary-layer decay length in most cases. The results also show that, in some cases, neglecting the shell 
anisotropy results in underestimating the bending boundary-layer decay length and, in other cases, results in an 
overestimation. An example problem is included in an appendix that demonstrates how to perform the 
calculations that were used to generate the results of the present study. 
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ABSTRACT: The results of an analytical study of the elastic buckling and non-linear behavior of the liquid-
oxygen tank for the new Space Shuttle superlightweight external fuel tank are presented. Selected results that 
illustrate three distinctly different types of non-linear response phenomena for thin-walled shells which are 
subjected to combined mechanical and thermal loads are presented. These response phenomena consist of a 
bifurcation-type buckling response, a short-wavelength non-linear bending response, and a non-linear collapse 
or “snap-through” response associated with a limit point. The effects of initial geometric imperfections on the 
response characteristics are emphasized. The results illustrate that the buckling and non-linear response of a 
geometrically imperfect shell structure subjected to complex loading conditions may not be adequately 
characterized by an elastic linear bifurcation buckling analysis, and that the traditional industry practice of 
applying a buckling-load knock-down factor can result in an ultra-conservative design. Results are also 
presented that show that a fluid-filled shell can be highly sensitive to initial geometric imperfections, and that 
the use a buckling-load knock-down factor is needed for this case. 
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ABSTRACT: An approach for synthesizing buckling results and behavior for long, balanced and unbalanced 
symmetric laminates that are subjected to uniform heating or cooling and that are fully restrained against 
thermal expansion or contraction is presented. This approach uses a nondimensional analysis for infinitely long, 
flexurally anisotropic plates that are subjected to combined mechanical loads and is based on useful 
nondimensional parameters. In addition, stiffness-weighted laminate thermal-expansion parameters are derived 
that are used to determine critical temperature changes in terms of physically intuitive mechanical buckling 
coefficients, and the effects of membrane orthotropy and membrane anisotropy are included. Many results are 
presented for some common laminates that are intended to facilitate a structural designer’s transition to the use 
of the generic buckling design curves that are presented in the paper. Several generic buckling design curves are 
presented that provide physical insight into the buckling response in addition to providing useful design data. 
Examples are presented that demonstrate the use of the generic design curves. The analysis approach and 
generic results indicate the effects and characteristics of laminate thermal expansion, membrane orthotropy and 
anisotropy, and flexural orthotropy and anisotropy in a very general and unifying manner. 
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ABSTRACT: An approach for synthesizing buckling results and behavior for thin balanced and unbalanced 
symmetric laminates that are subjected to uniform heating or cooling and elastically restrained against thermal 
expansion or contraction is presented. This approach uses a nondimensional analysis for infinitely long, 
flexurally anisotropic plates that are subjected to combined mechanical loads and is based on useful 
nondimensional parameters. In addition, stiffness-weighted laminate thermal-expansion parameters and 
compliance coefficients are derived that are used to determine critical temperatures in terms of physically 
intuitive mechanical-buckling coefficients. The effects of membrane orthotropy and membrane anisotropy are 
included in the general formulation. Many results are presented for some common laminates that are intended to 
facilitate a structural designer’s transition to the use of the generic buckling design curves. Several curves that 
illustrate the fundamental parameters used in the analysis are presented, for nine contemporary material 
systems, that provide physical insight into the buckling response in addition to providing useful design data. 
Examples are presented that demonstrate the use of the generic design curves. The analysis approach and 
generic results indicate the effects and characteristics of elastically restrained laminate thermal expansion or 
contraction, membrane orthotropy and anisotropy, and flexural orthotropy and anisotropy in a very general and 
unifying manner. 
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“Simple formulas and results for buckling-resistance and stiffness design of compression-loaded laminated-
composite cylinders”, NASA TP-2009-215778, August 2009 
SUMMARY: Simple formulas for the buckling stress of homogeneous, specially orthotropic, laminated-
composite cylinders are presented that are the counterpart of the classical buckling formula for an isotropic 
cylinder. The formulas are obtained by using nondimensional parameters and equations that facilitate general 
validation, and are validated against the exact solution for a wide range of cylinder geometries and laminate 
constructions. The buckling stress is found to be a product of a nondimensional coefficient, that involves only 
material properties of the wall, with the thickness-to-radius ratio of the cylinder and the effective modulus of the 
corresponding quasi-isotropic laminate. Unlike the corresponding isotropic-cylinder solution, that is represented 
by a single equation, two equations that depend on the laminate orthotropy,are needed to obtain the orthotropic-
cylinder solution; one for axisymmetric and one for asymmetric buckling modes. Results are presented that 
establish the ranges of the nondimensional parameters and coefficients used. General results, given in terms of 
the nondimensional parameters, are presented that encompass a wide range of geometries and laminate 
constructions. These general results also illustrate a wide spectrum of behavioral trends. Design-oriented results 
are also presented that provide a simple, clear indication of laminate composition on critical stress, critical 
strain, and axial stiffness. The particular graphical form of these results that is used in the present study enables 
rapid trade studies for different design requirements. One conclusion found in the present study is that no 
buckling stress can be achieved for homogeneous specially orthotropic cylinders that is higher than the 
corresponding quasi-isotropic layup. Another conclusion is that the higher values of buckling stress are 
associated with higher values of axial strain. An example is provided to demonstrate the application of these 
results to thin-walled column designs.  
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SUMMARY: A detailed exposition on a refined nonlinear shell theory that is suitable for nonlinear limit-point 
buckling analyses of practical laminated-composite aerospace structures is presented. This shell theory includes 
the classical nonlinear shell theory attributed to Leonard, Sanders, Koiter, and Budiansky as an explicit proper 
subset that is obtained directly by neglecting all quantities associated with higher-order effects such as 
transverse-shearing deformation. This approach is used in order to leverage the exisiting experience base and to 
make the theory attractive to industry. In addition, the formalism of general tensors is avoided in order to 
expose the details needed to fully understand and use the theory in a process leading ultimately to vehicle 
certification. 
The shell theory presented is constructed around a set of strain-displacement relations that are based on "small" 
strains and "moderate" rotations. No shell-thinness approximations involving the ratio of the maximum 
thickness to the minimum radius of curvature are used and, as a result, the strain-displacement relations are 
exact within the presumptions of "small" strains and "moderate" rotations. To faciliate physical insight, these 
strain-displacement relations are presented in terms of the linear reference-surface strains, rotations, and 
changes in curvature and twist that appear in the classical "best" first-approximation linear shell theory 
attributed to Sanders, Koiter, and Budiansky. The effects of transverse-shearing deformations are included in 
the strain-displacement relations and kinematic equations by using analyst-defined functions to describe the 
through-the-thickness distributions of transverse-shearing strains. This approach yields a wide range of 
flexibility to the analyst when confronted with new structural configurations and the need to analyze both global 
and local response phenomena, and it enables a building-block approach to analysis. The theory also uses the 
three-dimensional elasticity form of the internal virtual work to obtain the symmetrical effective stress resulants 
that appear in classical nonlinear shell theory attributed to Leonard, Sanders, Koiter, and Budiansky. The 
principle of virtual work, including "live" pressure effects, and the surface divergence theorem are used to 
obtain the nonlinear equilibrium equations and boundary conditions. 
A key element of the shell theory presented herein is the treatment of the constitutive equations, which include 
thermal effects. The constitutive equations for laminated-composite shells are derived without using any shell-
thinness approximations, and simplified forms and special cases are discussed that include the use of layerwise 



zigzag kinematics. In addition, the effects of shell-thinness approximations on the constitutive equations are 
presented. It is noteworthy that none of the shell-thinness approximations appear outside of the constitutive 
equations, which are inherently approximate. Lastly, the effects of "small" initial geometric imperfections are 
introduced in a relatively simple manner, and a resume� of the fundamental equations are given in an appendix. 
Overall, a hierarchy of shell theories that are amenable to the prediction of global and local responses and to the 
development of generic design technology are obtained in a detailed and unified manner. 
References listed at the end of the paper: 
1. Love, A. E. H.: The Small Free Vibrations and Deformation of a Thin Elastic Shell. Philosophical Transactions of the Royal 
Society of London, A, vol. 179, 1888, pp. 491-546. 
2. Love, A. E. H.: A Treatise on the Mathematical Theory of Elasticity. 4th ed., Dover, New York, 1944. 
3. Reissner, E.: A New Derivation of the Equations for the Deformation of Elastic Shells. American Journal of Mathematics, vol. 63, 
1941, pp. 177-184. 
4. Sanders, J. L., Jr.: An Improved First-Approximation Theory for Thin Shells. NASA Technical Report R-24, 1959. 
5. Budiansky, B. and Sanders, J. L., Jr.: On the "Best" First-Order Linear Shell Theory. Progress in Applied Mechanics: The Prager 
Anniversary Volume, J. M. Alexander, S. Breuer, B. Budiansky, H. Demir, and D. C. Drucker, eds., The Macmillan Co., New York, 
1963, pp. 129-140. 
6. Koiter, W.T.: A Consistent First Approximation in the General Theory of Thin Elastic Shells. Proceedings of the IUTAM 
Symposium on the Theory of Thin Elastic Shells, North Holland Publishing Co., Amsterdam, 1960, pp. 12-33. 
7. Leonard, R. W.: Nonlinear First Approximation Thin Shell and Membrane Theory. Ph. D. Dissertation, Virginia Polytechnic 
Institute, Blacksburg, Virginia, 1961. 
8. Sanders, J. L., Jr.: Nonlinear Theories for Thin Shells. Quarterly Journal of Applied Mathematics, vol. 21, no. 1, 1963, pp. 21-36. 
9. Koiter, W.T.: On the Nonlinear Theory of Thin Elastic Shells. Proceedings of the Koninklijke Nederlandse Akademie van 
Wetenschappen, Series B, vol. 69, 1966, pp. 1-54. 
10. Koiter, W. T.: General Equations of Elastic Stability for Thin Shells. Proceedings-Symposium on the Theory of Shells, University 
of Houston, 1967, pp. 187-227.  
11. Budiansky, B.: Notes on Nonlinear Shell Theory. Journal of Applied Mechanics, vol. 35, no. 2, 1968, pp. 393-401.  
12. Ambartsumian, S. A.: Contributions to the Theory of Anisotropic Layered Shells. Applied Mechanics Reviews, vol. 15, no. 4, 
1962, pp. 245-249. 
13. Bert, C. W.: A Critical Evaluation of New Theories Applied to Laminated Composites. Composite Structures, vol. 2, 1984, pp. 
329-347. 
14. Reissner, E.: Reflections on the Theory of Elastic Plates. Applied Mechanics Reviews, vol. 38, no. 11, 1985, pp. 1453-1464. 
15. Librescu, L. and Reddy, J. N.: A Critical Evaluation and Generalization of the Theory of Anisotropic Laminated Composite 
Panels. Proceedings of the American Society for Composites, First Technical Conference, Dayton, Ohio, October 7-9, 1986, pp. 472-
489. 
16. Sathyamoorthy, M.: Effects of Transverse Shear and Rotatory Inertia on Large Amplitude Vibration of Composite Plates and 
Shells. Composite Materials and Structures, K. A. V. Pandalai, ed., Indian Academy of Sciences, 1988, pp. 95-105. 
17. Kapania, R. K. and Raciti, S.: Recent Advances in Analysis of Laminated Beams and Plates, Part I: Shear Effects and Buckling. 
AIAA Journal, vol. 27, no. 7, 1989, pp. 923-934. 
18. Kapania, R. K. and Raciti, S.: Recent Advances in Analysis of Laminated Beams and Plates, Part II: Vibrations and Wave 
Propagation. AIAA Journal, vol. 27, no. 7, 1989, pp. 935-946. 
19. Kapania, R. K.: A Review on the Analysis of Laminated Shells. Journal of Pressure Vessel Technology, vol. 111, 1989, pp. 88-96. 
20. Librescu, L. and Reddy, J. N.: A Few Remarks Concerning Several Refined Theories of Anisotropic Composite Laminated Plates. 
International Journal of Engineering Science, vol. 27, no. 5, 1989, pp. 515-527. 
21. Noor, A. K. and Burton, W. S.: Assessment of Shear Deformation Theories for Multilayered Composite Plates. Applied 
Mechanics Reviews, vol. 42, no. 1, 1989, pp. 1-13. 
22. Noor, A. K. and Burton, W. S.:Analysis of Multilayered Anisotropic Plates-A New Look at an Old Problem. Proceedings of the 
AIAA/ASME/ASCE/AHS/ASC 30th Structures, Structural Dynamics and Materials Conference, 1989, AIAA paper no. 89-1294. 
23. Reddy, J. N.: On Refined Computational Models of Composite Laminates. International Journal for Numerical Methods in 
Engineering, vol. 27, 1989, pp. 361-382. 
24. Reddy, J. N.: Two-Dimensional Theories of Plates. Lecture Notes in Engineering, C. A. Brebbia and Orszag, S. A., eds., vol. 37, 
Finite Element Analysis for Engineering Design, 1989, pp. 249-273. 
25. Yu, Y.-Y.: Dynamics and Vibration of Layered Plates and Shells-A Perspective from Sandwiches to Laminated Composites. First 
USSR-US Symposium on Mechanics of Composite Materials, Riga, Latvian SSR, May 23-26, 1989, pp. 231-240. 
26. Jemielita, G.: On Kinematical Assumptions of Refined Theories of Plates: A Survey. Journal of Applied Mechanics, vol. 57, 1990, 
pp. 1088-1091. 
27. Noor, A. K. and Burton, W. S.: Assessment of Computational Models for Multilayered Composite Shells. Applied Mechanics 
Reviews, vol. 43, no. 4, 1990, pp. 67-97. 
28. Noor, A. K. and Burton, W. S.: Assessment of Computational Models for Multilayered Composite Plates. Composite Structures, 
vol. 14, 1990, pp. 233-265. 
29. Reddy, J. N.: On Refined Theories of Composite Laminates. MECCANICA, vol. 25, 1990, pp. 230-238. 
30. Reddy, J. N.: A Review of Refined Theories of Laminated Composite Plates. The Shock and Vibration Digest, vol. 22, no. 7, 
1990, pp. 3-17. 



31. Nemish, Yu. N. and Khoma, I. Yu.: Stress-Deformation State of Thick Shells and Plates- Three Dimensional Theory (Review). 
Prikladnaya Mekhanika, vol. 27, no. 11, 1991, pp. 3-27. 
32. Noor, A. K. and Burton, W. S.: Computational Models for High-Temperature Multilayered Composite Plates and Shells. Applied 
Mechanics Reviews, vol. 45, no. 10, 1992, pp. 419-445. 
33. Noor, A. K.: Mechanics of Anisotropic Plates and Shells-A New Look at an Old Subject. Computers & Structures, vol. 44, no. 3, 
1992, pp. 499-514. 
34. Mallikarjuna and Kant, T.: A Critical Review and Some Results of Recently Developed Refined Theories of Fiber-Reinforced 
Laminated Composites and Sandwiches. Composite Structures, vol. 23, 1993, pp. 293-312. 
35. Reddy, J. N.: An Evaluation of Equivalent-Single-Layer and Layerwise Theories of Composite Laminates. Composite Structures, 
vol. 25, 1993, pp. 21-35. 
36. Noor, A. K.; Burton, W. S.; and Peters, J. M.: Hierarchical Adaptive Modeling of Structural Sandwiches and Multilayered 
Composite Panels. Applied Numerical Mathematics, vol. 14, 1994, pp. 69-90. 
37. Reddy, J. N. and Robbins, D. H., Jr.: Theories and Computational Models for Composite Laminates. Applied Mechanics Reviews, 
vol. 47, no. 6, part 1, 1994, pp. 147-169. 
38. Noor, A. K.; Burton, W. S.; and Peters, J. M.: Hierarchical Adaptive Modeling of Structural Sandwiches and Multilayered 
Composite Panels. Engineering Fracture Mechanics, vol. 50, no. 5-6, 1995, pp. 801-817. 
39. Liu, D. and Li, X.: An Overall View of Laminate Theories Based on Displacement Hypothesis. Journal of Composite Materials, 
vol. 30, no. 14, 1996, pp. 1539-1561. 
40. Noor, A. K.; Burton, W. S.; and Bert, C. W.: Computational Models for Sandwich Panels and Shells. Applied Mechanics Reviews, 
vol. 49, no. 3, 1996, pp. 155-199. 
41. Simitses, G.: Buckling of Moderately Thick Laminated Cylindrical Shells: A Review. Composites Part B, vol. 27B, 1996, pp. 581-
587. 
42. Leissa, A. W. and Chang, J.-D.: Elastic Deformation of Thick, Laminated Composite Shells. Composite Structures, vol. 35, 1996, 
pp. 153-170. 
43. Carrera, E.:  Requirements-Models for the Two Dimensional Analysis of Multilayered zStructures. Composite Structures, vol. 37, 
no. 3/4, 1997, pp. 373-383.  
44. Altenbach, H.: Theories for Laminated and Sandwich Plates. A Review. Mechanics of Composite Materials, vol. 34, no. 3, 1998, 
pp. 243-252.  
45. Carrera, E.: Multilayered Shell Theories Accounting for Layerwise Mixed Description, Part 1: Governing Equations. AIAA 
Journal, vol. 37, no. 9, 1999, pp. 1107-1116.  
46. Carrera, E.: Multilayered Shell Theories Accounting for Layerwise Mixed Description, Part 2: Numerical Evaluations. AIAA 
Journal, vol. 37, no. 9, 1999, pp. 1117-1124.  
47. Gopinathan, S. V.; Varadan, V. V.; and Varadan, V. K.: A Review and Critique of Theories for Piezoelectric Laminates. Smart 
Materials and Structures, vol. 9, 2000, pp. 24-48.  
48. Ramm, E.: From Reissner Plate Theory to Three Dimensions in Large Deformation Shell Analysis. ZAMM-Journal of Applied 
Mathematics and Mechanics, vol. 80, 2000, pp. 61-68. 
49. Toorani, M. H. and Lakis, A. A.: General Equations of Anisotropic Plates and Shells Including Transverse Shear Deformations, 
Rotary Inertia and Initial Curvature Effects. Journal of Sound and Vibration, vol. 237, no. 4, 2000, pp. 561-615. 
50. Wang, J. and Yang, J.: Higher-Order Theories of Piezoelectric Plates and Applications. Applied Mechanics Reviews, vol. 53, no. 
4, 2000, pp. 87-99. 
51. Zenkour, A. M. and Fares, M. E.: Thermal Bending Analysis of Composite Laminated Cylindrical Shells Using a Refined First-
Order Theory. Journal of Thermal Stresses, vol. 23, 2000, pp. 505-526. 
52. Carrera, E.: Developments, Ideas, and Evaluations Based Upon Reissner’s Mixed Variational Theorem in the Modeling of 
Multilayered Plates and Shells. Applied Mechanics Reviews, vol. 54, no. 4, 2001, pp. 301-329. 
53. Ghugal, Y. M. and Shimpi, R. P.: A Review of Refined Shear Deformation Theories for Isotropic and Anisotropic Laminated 
Beams. Journal of Reinforced Plastics and Composites, vol. 20, no. 3, 2001, pp. 255-272. 
54. Ambartsumian, S. A.: Nontraditional Theories of Shells and Plates. Applied Mechanics Reviews, vol. 55, no. 5, 2002, pp. R35-
R44. 
55. Carrera, E.: Theories and Finite Elements for Multilayered, Anisotropic, Composite Plates and Shells. Archives of Computational 
Methods in Engineering, vol. 9, no. 2, 2002, pp. 87-140. 
56. Ghugal, Y. M. and Shimpi, R. P.: A Review of Refined Shear Deformation Theories for Isotropic and Anisotropic Laminated 
Plates. Journal of Reinforced Plastics and Composites, vol. 21, no. 9, 2002, pp. 775-813. 
57. Piskunov, V. G. and Rasskazov, A. O.: Evolution of the Theory of Laminated Plates and Shells. International Applied Mechanics, 
vol. 38. no. 2, 2002, pp. 135-166. 
58. Altay, G. A. and Dökmeci, M. C.: Some Comments on the Higher Order Theories of Piezoelectric, Piezothermoelastic and 
Thermopiezoelectric Rods and Shells. International Journal of Solids and Structures, vol. 40, 2003, pp. 4699-4706. 
59. Brank, B.: On Composite Shell Models with a Piecewise Linear Warping Function. Composite Structures, vol. 59, 2003, pp. 163-
171. 
60. Carrera, E.: Historical Review of Zig-Zag Theories for Multilayered Plates and Shells. Applied Mechanics Reviews, vol. 56, no. 3, 
2003, pp. 287-308. 
61. Carrera, E.: Theories and Finite Elements for Multilayered Plates and Shells: A Unified Compact Formulation with Numerical 
Assessment and Benchmarking. Archives of Computational Methods in Engineering, vol. 10, no. 3, 2003, pp. 215-296. 
62. Hohe, J. and Librescu, L.: Advances in Structural Modeling of Elastic Sandwich Panels. Mechanics of Advanced Materials and 
Structures, vol. 11, 2004, pp. 395-424. 



63. Reddy, J. N. and Arciniega, R. A.: Shear Deformation Plate and Shell Theories: From Stavsky to Present. Mechanics of Advanced 
Materials and Structures, vol. 11, 2004, pp. 535-582. 
64. Yu, W. and Hodges, D. H.: A Geometrically Nonlinear Shear Deformation Theory for Composite Shells. Journal of Applied 
Mechanics, vol. 71, 2004, pp. 1-9. 
65. Kim, J.-S.: Reconstruction of First-Order Shear Deformation Theory for Laminated and Sandwich Shells. AIAA Journal, vol. 42, 
no. 8, 2004, pp. 1685-1697. 
66. Tovstik, P. E. and Tovstik, T. P.: On the 2D Models of Plates and Shells Including the Transversal Shear. ZAMM-Journal of 
Applied Mathematics and Mechanics, vol. 87, no. 2, 2007, pp. 160-171. 
67. Carrera, E.; Brischetto, S.; and Giunta, G.: The Best on Plate/Shell Theories for Laminated Structures Analysis. Proceedings of the 
AIAA/ASME/ASCE/AHS/ASC 49th Structures, Structural Dynamics and Materials Conference, 2008, AIAA Paper No. 2008-2187. 
68. Hu, H.; Belouettar, S.; Potier-Ferry, M.; and Daya, El M.: Review and Assessment of Various Theories for Modeling Sandwich 
Composites. Composite Structures, vol. 84, 2008, pp. 282-292. 
69. Carrera, E. and Brischetto, S.: A Survey With Numerical Assessment of Classical and Refined Theories for the Analysis of 
Sandwich Plates. Applied Mechanics Reviews, vol. 62, no. 1, 2009, pp. 010803: 1-17. 
70. Carrera, E.; Nali, P.; Brischetto, S.; and Cinefra, M.: Hierarchic Plate and Shell Theories With Direct Evaluation of Transverse 
Electric Displacement. Proceedings of the AIAA/ASME/ ASCE/AHS/ASC 50th Structures, Structural Dynamics and Materials 
Conference, 2009, AIAA Paper 2009-2138. 
71. Lee, C.-Y. and Hodges, D. H.: Asymptotic Construction of a Dynamic Shell Theory: Finite-Element-Based Approach. Thin-
Walled Structures, vol. 47, 2009, pp. 256-270. 
72. Pirrera, A. and Weaver, P. M.: Geometrically Nonlinear First-Order Shear Deformation Theory for General Anisotropic Shells. 
AIAA Journal, vol. 47, no. 3, 2009, pp. 767-782. 
73. Biglari, H. and Jafari, A. A.: High-Order Free Vibrations of Doubly Curved Sandwich Panels With Flexible Core Based on a 
Refined Three-Layered Theory. Composite Structures, vol. 92, 2010, pp. 2685-2694. 
74. Qatu, M. S.; Sullivan, R. W.; and Wang, W.: Recent Research Advances on the Dynamic Analysis of Composite Shells: 2000-
2009. Composite Structures, vol. 93, 2010, pp. 14-31. 
75. D’Ottavio, M. and Carrera, E.: Variable-Kinematics Approach for Linearized Buckling Analysis of Laminated Plates and Shells. 
AIAA Journal, vol. 48, no. 9, 2010, pp. 1987-1996. 
76. Giunta, G.; Biscani, F.; Belouettar, S.; and Carrera, E.: Hierarchical Modelling of Doubly Curved Laminated Composite Shells 
Under Distributed and Localised Loadings. Composites: Part B, vol. 42, 2011, pp. 682-691. 
77. Barut, A.; Madenci, E.; and Nemeth, M. P.: Stress and Buckling Analyses of Laminates with a Cutout Using a {3, 0}-Plate 
Theory. Journal of Mechanics of Materials and Structures, vol. 6, no. 6, 2011, pp. 827-868. 
78. Brischetto, S.; Polit, O.; and Carrera, E.: Refined Shell Model for the Linear Analysis of Isotropic and Composite Elastic 
Structures. European Journal of Mechanics A/Solids, vol. 34, 2012, pp. 102-119. 
79. Crisafulli, D.; Cinefra, M.; and Carrera, E.: Advanced Layer-Wise Shells Theories Based on Trigonometric Functions Expansion. 
Proceedings of the AIAA/ASME/ASCE/AHS/ASC 53rd Structures, Structural Dynamics and Materials Conference, 2012, AIAA 
Paper No. 2012-1602. 
80. Williams, T. O.: A New Theoretical Framework for the Formulation of General, Nonlinear, Multi-Scale Shell Theories. 
Proceedings of the AIAA/ASME/ASCE/AHS/ASC 53rd Structures, Structural Dynamics and Materials Conference, 2012, AIAA 
Paper No. 2012-1604. 
81. Huber, M. T.: Die Theorie der Kreuzweise bewehrten Eisenbeton-Platte nebst Anwendungen auf mehrere bautechnisch wichtige 
Aufgaben uiber rechteckige Platten. Bauingenieur, vol. 4, 1923, pp. 354-360 and 392-395. 
82. Seydel, E.: Wrinkling of Reinforced Plates Subjected to Shear Stresses. NACA TM 602, 1931. 
83. Seydel, E.: The Critical Shear Load of Rectangular Plates. NACA TM 705, 1933. 
84. Heck, O. S.; and Ebner, H.: Methods and Formulas for Calculating the Strength of Plate and Shell Constructions as used in 
Aiplane Design. NACA TM 785, 1936. 
85. Smith, R. C. T.: The Buckling of Flat Plywood Plates in Compression. Report ACA-12, Australian Council for Aeronautics, 
December, 1944. 
86. Cozzone, F. P.; and Melcon, M. A.: Nondimensional Buckling Curves - Their Development and Application. Journal of the 
Aeronautical Sciences, vol. 13, no. 10, 1946, pp. 511-517. 
87. Batdorf, S. B.: A Simplified Method of Elastic-Stability Analysis for Thin Cylindrical Shells, I - Donnell’s Equation. NACA TN 
1341, 1947. 
88. Batdorf, S. B.: A Simplified Method of Elastic-Stability Analysis for Thin Cylindrical Shells, II - Modified Equilibrium Equation. 
NACA TN 1342, 1947. 
89. Batdorf, S. B.; Schildcrout, M.; and Stein, M.: Critical Stress of Thin-Walled Cylinders in Torsion. NACA TN 1344, 1947. 
90. Batdorf, S. B.: A Simplified Method of Elastic-Stability Analysis for Thin Cylindrical Shells. NACA TR 874, 1947. 
91. Thielemann, W. F.: Contribution to the Problem of Buckling of Orthotropic Plates, with Special Reference to Plywood. NACA 
TM 1263, 1950. 
92. Wittrick, W. H.: Correlation Between some Stability Problems for Orthotropic and Isotropic Plates under Bi-Axial and Uni-Axial 
Direct Stress. The Aeronautical Quarterly, vol. 4, August, 1952, pp. 83-92. 
93. Shulesko, P.: A Reduction Method for Buckling Problems of Orthotropic Plates. The Aeronautical Quarterly, vol. 8, 1957, pp. 
145-156. 
94. Thielemann, W.; Schnell, W.; and Fischer, G.: Beul-und Nachbeulverhalten Orthotroper Kreiszylinderschalen Unter Axial-und 
Innendruck. Zeitschrift für Flugwissenschaften, vol. 8, 1960, pp. 284-293. 
95. Thielemann, W.: New Developments in the Nonlinear Theories of the Buckling of Thin Cylindrical Shells. Aeronautics and 



Astronautics, Proceedings of the Durand Centennial Conference (AFOSR TR 59-108), N. J. Hoff and W. G. Vencenti, eds., Pergamon 
Press, 1960, pp. 76-121. 
96. Geier, B.: Beullasten versteifter Kreiszylinderschalen. Jahrbuch 1965 der WGLR, Friedr. Vieweg, and Sohn GmbH, 1965, pp. 
440-447. 
97. Seggelke, P.; and Geier, B.: Das Beulverhalten versteifter Zylinderschalen. Zeitschrift für Flugwissenschaften, vol. 15, no. 12, 
1967, pp. 477-490. 
98. Brukva, N. F.: Stability of Rectangular Orthotropic Plates. Prikladnaya Mekhanika, vol. 4, no. 3, 1968, pp. 77-85. 
99. Khot, N. S.: Buckling and Postbuckling Behavior of Composite Cylindrical Shells Under Axial Compression. AIAA Journal, vol. 
8, no. 2, 1970, pp 229-235. 
100. Khot, N. S.; and Venkayya, V. B.: Effect of Fiber Orientation on Initial Postbuckling Behavior and Imperfection Sensitivity of 
Composite Cylindrical Shells. Report AFFDL-TR-70-125, Air Force Flight Dynamics Laboratory, December, 1970. 
101. Johns, D. J.: Shear Buckling of Isotropic and Orthotropic Plates - A Review. Report R & M No. 3677, Aeronautical Research 
Council, United Kingdom, 1971. 
102. Housner, J. M.; and Stein, M.: Numerical Analysis and Parametric Studies of the Buckling of Composite Orthotropic 
Compression and Shear Panels. NASA TN D-7996, 1975. 
103. Wiggenraad, J. F. M.: The Influence of Bending-Torsional Coupling on the Buckling Load of General Orthotropic, Midplane 
Symmetric and Elastic Plates. Report NLR TR 77126 U, National Aerospace Laboratory, The Netherlands, 1977. 
104. Stein, M. and Housner, J. M.: Application of a Trigonometric Finite Difference Procedure to Numerical Analysis of Compressive 
and Shear Buckling of Orthotropic Panels. Computers & Structures, vol. 9, 1978, pp. 17-25. 
105. Oyibo, G. A.: The Use of Affine Transformations in the Analysis of Stability and Vibrations of Orthotropic Plates. Ph. D. 
Dissertation, Rensselaer Polytechnic Institute, 1981. 
106. Fogg, L.: Stability Analysis of Laminated Materials. State of the Art Design and Analysis of Advanced Composite Materials, 
Lockheed California Co., Sessions I and II, 1982. 
107. Oyibo, G. A.: Flutter of Orthotropic Panels in Supersonic Flow Using Affine Transformations. AIAA Journal, vol. 21, no. 2, 
1983, pp. 283-289. 
108. Oyibo, G. A.: Unified Panel Flutter Theory with Viscous Damping Effects. AIAA Journal, vol. 21, no. 5, 1983, pp. 767-773. 
109. Brunelle, E. J. and Oyibo, G. A.: Generic Buckling Curves for Specially Orthotropic Rectangular Plates. AIAA Journal, vol. 21, 
no. 8, 1983, pp. 1150-1156. 
110. Oyibo, G. A.: Unified Aeroelastic Flutter Theory for Very Low Aspect Ratio Panels. AIAA Journal, vol. 21, no. 11, 1983, pp. 
1581-1587. 
111. Stein, M.: Postbuckling of Orthotropic Composite Plates Loaded in Compression. AIAA Journal, vol. 21, no. 12, 1983, pp. 1729-
1735. 
112. Nemeth, M. P.: Buckling Behavior of Orthotropic Composite Plates with Centrally-Located Cutouts. Ph.D. Dissertation, Virginia 
Polytechnic Institute and State University, 1983. 
113. Oyibo, G. A.: Generic Approach to Determine Optimum Aeroelastic Characteristics for Composite Forward-Swept-Wing 
Aircraft. AIAA Journal, vol. 21, no. 1, 1984, pp. 117-123. 
114. Brunelle, E. J.: The Affine Equivalence of Local Stress and Displacement Distributions in Damaged Composites and Batdorf’s 
Electric Analog. AIAA Journal, vol. 22, no. 3, 1984, pp. 445-447. 
115. Nemeth, M. P.: Importance of Anisotropic Bending Stiffness on Buckling of Symmetrically Laminated Composite Plates Loaded 
in Compression. Proceedings of the AIAA/ASME/ ASCE/AHS 26th Structures, Structural Dynamics and Materials Conference, 1985. 
AIAA Paper No. 85-0673-CP. 
116. Oyibo, G. A. and Berman, J.: Influence of Warpage on Composite Aeroelastic Theories. 
Proceedings of the AIAA/ASME/ASCE/AHS 26th Structures, Structural Dynamics and Materials Conference, 1985. AIAA Paper No. 
85-0710-CP. 
117. Oyibo, G. A. and Brunelle, E. J.: Vibrations of Circular Orthotropic Plates in Affine Space. AIAA Journal, vol. 23, no. 2, 1985, 
pp. 296-300. 
118. Stein, M.: Postbuckling of Long Orthotropic Plates in Combined Shear and Compression. AIAA Journal, vol. 23, no. 5, 1985, pp. 
788-794. 
119. Stein, M.: Postbuckling of Long Orthotropic Composite Plates Under Combined Loads. AIAA Journal, vol. 23, no. 8, 1985, pp. 
1267-1272. 
120. Stein, M.: Analytical Results for the Post-Buckling Behavior of Plates in Compression and in Shear. Aspects of the Analysis of 
Plate Structures, A volume in honour of W. H. Wittrick, D. J. Dawe, R. W. Horsington, A. G. Kamtekar, and G. H. Little, eds., 
Clarendon Press, Oxford, 1985, pp. 205-223. 
121. Brunelle, E. J.: The Fundamental Constants of Orthotropic Affine Slab/Plate Equations. AIAA Journal, vol. 23, no. 12, 1985, pp. 
1957-1961. 
122. Brunelle, E. J.: Eigenvalue Similarity Rules for Symmetric Cross-Ply Laminated Plates. AIAA Journal, vol. 24, no. 1, 1986, pp. 
151-154. 
123. Brunelle, E. J.: Generic Karman-Rostovstev Plate Equations in an Affine Space. AIAA Journal, vol. 24, no. 3, 1986, pp. 472-478. 
124. Nemeth, M. P.: Importance of Anisotropy on Buckling of Compression-Loaded Symmetric Composite Plates. AIAA Journal, vol. 
24, no. 11, 1986, pp. 1831-1835. 
125. Yang, I.-H. and Kuo, W.-S.: The Global Constants in Orthotropic Affine Space. Journal of the Chinese Society of Mechanical 
Engineers, vol. 7, no. 5, 1986, pp. 355-360. 
126. Yang, I. H. and Liu, C. R.: Buckling and Bending Behaviour of Initially Stressed Specially Orthotropic Thick Plates. 
International Journal of Mechanical Sciences, vol. 29, no. 12, 1987, pp. 779-791. 



127. Yang, I. H. and Shieh, J. A.: Vibrations of Initially Stressed Thick, Rectangular Orthotropic Plates. Journal of Sound and 
Vibration, vol. 119, no. 3, 1987, pp. 545-558. 
128. Yang, I. H. and Shieh, J. A.: Vibrational Behavior of an Initially Stressed Orthotropic Circular Mindlin Plate. Journal of Sound 
and Vibration, vol. 123, no. 1, 1988, pp. 145-156. 
129. Yang, I. H. and Shieh, J. A.: Generic Thermal Buckling of Initially Stressed Antisymmetric Cross-Ply Thick Laminates. 
International Journal of Solids and Structures, vol. 24, no. 10, 1988, pp. 1059-1070. 
130. Kuo, W. S. and Yang, I. H.: On the Global Large Deflection and Postbuckling of Symmetric Angle-Ply Laminated Plates. 
Engineering Fracture Mechanics, vol. 30, no. 6, 1988, pp. 801-810. 
131. Kuo, W. S. and Yang, I. H.: Generic Nonlinear Behavior of Antisymmetric Angle-Ply Laminated Plates. International Journal of 
Mechanical Sciences, vol. 31, no. 2, 1989, pp. 131-143. 
132. Yang, I. H.: Generic Buckling and Bending Behavior of Initially Stressed Antisymmetric Cross-Ply Thick Laminates. Journal of 
Composite Materials, vol. 23, July, 1989, pp. 651-672. 
133. Yang, I. H.: Bending, Buckling, and Vibration of Antisymmetrically Laminated Angle-Ply Rectangular Simply Supported Plates. 
Aeronautical Journal, vol. 93, no. 927, 1989, pp. 265-271. 
134. Brunelle, E. J. and Shin, K. S.: Postbuckling Behavior of Affine Form of Specially Orthotropic Plates. 12th Annual Canadian 
Congress of Applied Mechanics - Mechanics of Solids and Structures Symposium, 1989, pp. 179-185. 
135. Brunelle, E. J. and Shin, K. S.: Postbuckling Behavior of Affine Form of Specially Orthotropic Plates with Simply Supported-
Free Edge. Proceedings of the 1989 ASME International Computers in Engineering Conference and Exposition, 1989, pp. 259-266. 
136. Oyibo, G.: Some Implications of Warping Restraint on the Behavior of Composite Anisotropic Beams. Journal of Aircraft, vol. 
26, no. 2, 1989, pp. 187-189. 
137. Little, G. H.: Large Deflections of Orthotropic Plates Under Pressure. Journal of Engineering Mechanics, vol. 115, no. 12, 1989, 
pp. 2601-2620. 
138. Nemeth, M. P.: Nondimensional Parameters and Equations for Buckling of Symmetrically Laminated Thin Elastic Shallow 
Shells. NASA TM 104060, March 1991. 
139. Nemeth, M. P.: Buckling Behavior of Long Symmetrically Laminated Plates Subjected to Combined Loadings. NASA TP 3195, 
1992. 
140. Nemeth, M. P.: Buckling Behavior of Long Symmetrically Laminated Plates Subjected to Compression, Shear, and Inplane 
Bending Loads. AIAA Journal, vol. 30, no. 12, December 1992, pp. 2959-2965. 
141. Nemeth, M. P.: Nondimensional Parameters and Equations for Buckling of Anisotropic Shallow Shells. Journal of Applied 
Mechanics, vol. 61, no. 9, 1994, pp. 664-669. 
142. Radloff, H. D.; Hyer, M. W.; and Nemeth, M. P.: The Buckling Response of Symmetrically Laminated Composite Plates Having 
a Trapezoidal Planform Area. NASA CR-196975, 1994. 
143. Nemeth, M. P.: Buckling Behavior of Long Anisotropic Plates Subjected to Combined Loads. NASA TP 3568, November 1995. 
144. Lee, Y.-S. and Yang, M.-S.: Behaviour of Antisymmetric Angle-Ply Laminated Plates Using the Affine Transformation. 
Computers & Structures, vol. 61, no. 2, 1996, pp. 375-383. 
145. Nemeth, M. P. and Smeltzer, S. S., III: Bending Boundary Layers in Laminated-Composite Circular Cylindrical Shells. 
NASA/TP-2000-210549, 2000. 
146. Nemeth, M. P.: Buckling Behavior of Long Anisotropic Plates Subjected to Restrained Thermal Expansion and Mechanical 
Loads. Journal of Thermal Stresses, vol. 23, 2000, pp. 873-916. 
147. Hilburger, M. W.; Rose, C. A.; and Starnes, J. H., Jr.: Nonlinear Analysis and Scaling Laws for Noncircular Composite 
Structures Subjected to Combined Loads. Proceedings of the AIAA/ASME/ASCE/AHS/ASC 42nd Structures, Structural Dynamics 
and Materials Conference, 2001, AIAA Paper No. 2001-1335. 
148. Weaver, P. M.; Driesen, J. R.; and Roberts, P.: The Effects of Flexural/Twist Anisotropy on the Compression Buckling of Quasi-
Isotropic Laminated Cylindrical Shells. Composite Structures, vol. 55, 2002, pp. 195-204. 
149. Weaver, P. M.; Driesen, J. R.; and Roberts, P.: Anisotropic Effects in the Compression Buckling of Laminated Composite 
Cylindrical Shells. Composites Science and Technology, vol. 62, 2002, pp. 91-105. 
150. Weaver, P. M.: The Effect of Extension/Twist Anisotropy on Compression Buckling in Cylindrical Shells. Composites: Part B, 
vol. 34, 2003, pp. 251-260. 
151. Nemeth, M. P.: Buckling Behavior of Long Anisotropic Plates Subjected to Fully Restrained Thermal Expansion. NASA/TP-
2003-212131, February 2003. 
152. Nemeth, M. P.: Buckling of Long Compression-Loaded Anisotropic Plates Restrained Against Inplane Lateral and Shear 
Deformations. Thin-Walled Structures, vol. 42, pp. 639-685, 2004. 
153. Nemeth, M. P.: Buckling Behavior of Long Anisotropic Plates Subjected to Elastically Restrained Thermal Expansion and 
Contraction. NASA/TP-2004-213512, December 2004. 
154. Diaconu, C. and Weaver, P. M.: Approximate Solution and Optimum Design of Compression-Loaded, Postbuckled Laminated 
Composite Plates. AIAA Journal, vol. 43, no. 4, 2005, pp. 906-914. 
155. Weaver, P. M.: Design Formulae for Buckling of Biaxially Loaded Laminated Rectangular Plate with Flexural/Twist Anisotropy. 
Proceedings of the AIAA/ASME/ASCE/AHS/ASC 46th Structures, Structural Dynamics and Materials Conference, 2005, AIAA 
Paper No. 2005-2105. 
156. Wong, K. F. W. and Weaver, P. M.: Approximate Solution for the Compression Buckling of Fully Anisotropic Cylindrical 
Shells. AIAA Journal, vol. 43, no. 12, 2005, pp. 2639-2645. 
157. Diaconu, C. and Weaver, P. M.: Postbuckling of Long Unsymmetrically Laminated Composite Plates Under Axial Compression. 
International Journal of Solids and Structures, vol. 43, 2006, pp. 6978-6997. 
158. Weaver, P. M.: Physical Insight into the Buckling Phenomena of Composite Structures. 



Proceedings of the AIAA/ASME/ASCE/AHS/ASC 47th Structures, Structural Dynamics and Materials Conference, 2006, AIAA 
Paper No. 2006-2031. 
159. Weaver, P. M.: Approximate Analysis for Buckling of Compression Loaded Long Rectangular Plates with Flexural/Twist 
Anisotropy. Proceedings of the Royal Society A, vol. 462, 2006, pp. 59-73. 
160. Weaver, P. M. and Nemeth, M. P.: Bounds on Flexural Properties and Buckling Response for Symmetrically Laminated 
Composite Plates. Journal of Engineering Mechanics, vol. 133, no. 11, 2007, pp. 1178-1191. 
161. Weaver, P. M. and Nemeth, M. P.: Improved Design Formulae for Buckling of Orthotropic Plates under Combined Loading. 
AIAA Journal, vol. 46, no. 9, 2008, pp. 2391-2396. 
162. Weaver, P. M.: Anisotropic Elastic Tailoring in Laminated Composite Plates and Shells. Buckling and Postbuckling of 
Structures-Experimental, Analytical and Numerical Studies, B. G. Falzon and M. H. Aliabadi, eds., Imperial College Press, 2008, pp. 
177-224. 
163. Mittelstedt, C. and Beerhorst, M.: Closed-Form Buckling Analysis of Compressively Loaded Composite Plates Braced by 
Omega-Stringers. Composite Structures, vol. 88, 2009, pp. 424-435. 
164. Nemeth, M. P. and Mikulas, M. M., Jr.: Simple Formulas and Results for Buckling-Resistance and Stiffness Design of 
Compression-Loaded Laminated-Composite Cylinders. NASA/TP-2009-215778, August, 2009. 
165. Nemeth, M. P.: Nondimensional Parameters and Equations for Nonlinear and Bifurcation Analyses of Thin Anisotropic Quasi-
Shallow Shells. NASA/TP-2010-216726, July, 2010. 
166. Ambartsumian, S. A.: On a General Theory of Anisotropic Shells. Prikladnaya Matematika i Mekhanika, vol. 22, no. 2, 1958, pp. 
226-237. 
167. Ambartsumian, S. A.: On the Theory of Bending of Anisotropic Plates and Shallow Shells. Prikladnaya Matematika i Mekhanika, 
vol. 24, no. 2, 1960, pp. 350-360. 
168. Tomashevskii V. T.: On the Effect of Transverse Shear and State of Stress on the Stability of an Anisotropic Cylinder. 
Prikladnaya Mekhanika, vol. 2, no. 4, 1966, pp. 7-16. 
169. Cappelli, A. P.; Nishimoto, T. S.; and Radkowski, P. P.: Analysis of Shells of Revolution Having Arbitrary Stiffness 
Distributions. AIAA Journal, vol. 7, no. 10, 1969, pp. 1909-1915. 
170. Bhimaraddi, A.: A Higher Order Theory for Free Vibration Analysis of Circular Cylindrical Shells. International Journal of 
Solids and Structures, vol. 20, no. 7, 1984, pp. 623-630. 
171. Flügge,W.: Stresses in Shells. Second edition, Springer-Verlag, Berlin, 1973. 
172. Reddy, J. N.: Exact Solutions of Moderately Thick Laminated Shells. Journal of Engineering Mechanics, vol. 110, no. 5, 1984, 
pp. 794-809. 
173. Reddy, J. N. and Liu, C. F.: A Higher-Order Shear Deformation Theory of Laminated Elastic Shells. International Journal of 
Engineering Science, vol. 23, no. 3, 1985, pp. 319-330. 
174. Soldatos, K. P.: On Thickness Shear Deformation Theories for the Dynamic Analysis of Non-Circular Cylindrical Shells. 
International Journal of Solids and Structures, vol. 22, no. 6, 1986, pp. 625-641. 
175. Soldatos, K. P.: Influence of Thickness Shear Deformation on Free Vibrations of Rectangular Plates, Cylindrical Panels and 
Cylinders of Antisymmetric Angle-ply Construction. Journal of Sound and Vibration, vol. 119, no. 1, 1987, pp. 111-137. 
176. Soldatos, K. P.: A Refined Laminated Plate and Shell Theory with Applications. Journal of Sound and Vibration, vol. 144, no. 1, 
1991, pp. 109-129. 
177. Soldatos, K. P.: Nonlinear Analysis of Transverse Shear Deformable Laminated Composite Cylindrical Shells-Part I: Derivation 
of Governing Equations. Journal of Pressure Vessel Technology, vol. 114, 1992, pp. 105-109. 
178. Soldatos, K. P.: Nonlinear Analysis of Transverse Shear Deformable Laminated Composite Cylindrical Shells-Part II: Buckling 
of Axially Compressed Cross-Ply Circular and Oval Cylinders. Journal of Pressure Vessel Technology, vol. 114, 1992, pp. 110-114. 
179. Bhimaraddi, A.; Carr, A. J.; and Moss, P. J.: A Shear Deformable Finite Element for the Analysis of General Shells of 
Revolution. Computers and Structures, vol. 31, no. 3, 1989, pp. 299-308. 
180. Touratier, M.: A Generalization of Shear Deformation Theories for Axisymmetric Multilayered Shells. International Journal of 
Solids and Structures, vol. 29, no. 11, 1992, pp. 1379-1399. 
181. Touratier, M.: An Efficient Standard Plate Theory. International Journal of Engineering Science, vol. 29, no. 8, 1991, pp. 901-
916. 
182. Ambartsumyan, S. A..: On the Problem of Oscillations of the Electroconductive Plates in the Transverse Magnetic Field. Theory 
of Shells, W. T. Koiter and G. K. Mikhailov, eds., 1980, pp. 121-136. 
183. Touratier, M.: A Refined Theory of Laminated Shallow Shells. International Journal of Solids and Structures, vol. 29, no. 11, 
1992, pp. 1401-1415. 
184. Stein, M.: Nonlinear Theory for Plates and Shells Including the Effects of Transverse Shearing. AIAA Journal, vol. 24, no. 9, 
1986, pp. 1537-1544. 
185. Stein, M. and Jegley, D. C.: Effects of Transverse Shearing on Cylindrical Bending, Vibration, and Buckling of Laminated 
Plates. AIAA Journal, vol. 25, no. 1, 1987, pp. 123-129. 
186. Sklepus, S. N.: Thermoelasticity of Laminated Shallow Shells of Complex Form. International Applied Mechanics, vol. 32, no. 4, 
1996, pp. 281-285. 
187. Soldatos, K. P.: A Four-Degree-of-Freedom Cylindrical Shell Theory Accounting for Both Transverse Shear and Transverse 
Normal Deformation. Journal of Sound and Vibration, vol. 159, no. 3, 1992, pp. 533-539. 
188. Lam, K. Y.; Ng, T. Y.; and Wu, Q.: Vibration Analysis of Thick Laminated Composite Cylindrical Shells. AIAA Journal, vol. 
38, no. 6, 1999, pp. 1102-1107. 
189. Fares, M. E. and Youssif, Y. G.: A Refined Equivalent Single-Layer Model of Geometrically Non-Linear Doubly Curved 
Layered Shells Using a Mixed Variational Approach. International Journal of Non-Linear Mechanics, vol. 36, 2001, pp. 117-124. 



190. Zenkour, A. M. and Fares, M. E.: Bending, Buckling, and Free Vibration of Non-Homogeneous Composite Laminated 
Cylindrical Shells Using a Refined First-Order Theory. Composites Part B, vol. 32, 2001, pp. 237-247. 
191. Mantari, J. L.; Oktem, A. S.; and Guedes Soares, C.: Static and Dynamic Analysis of Laminated Composite and Sandwich Plates 
and Shells by Using a New Higher-Order Shear Deformation Theory. Composite Structures, vol. 94, 2011, pp. 37-49. 
192. Brush, D. O. and Almroth, B.: Buckling of Bars, Plates, and Shells. McGraw-Hill, 1975. 
193. Mantari, J. L. and Guedes Soares, C.: Analysis of Isotropic and Multilayered Plates and Shells by Using a Generalized Higher-
Order Shear Deformation Theory. Composite Structures, vol. 94, 2012, pp. 2640-2656. 
194. Mantari, J. L.; Oktem, A. S.; and Guedes Soares, C.: Bending and Free Vibration Analysis of Isotropic and Multilayered Plates 
and Shells by Using a New Accurate Higher-Order Shear Deformation Theory. Composites Part B, vol. 43, 2012, pp. 3348-3360. 
195. Viola, E.; Tornabene, F.; and Fantuzzi, N.: General Higher-Order Shear Deformation Theories for the Free Vibration Analysis of 
Completely Doubly-Curved Laminated Shells and Panels. Composite Structures, vol. 95, 2013, pp. 639-666. 
196. Librescu, L. and Schmidt, R.: Substantiation of a Shear-Deformable Theory of Anisotropic Composite Laminated Shells 
Accounting for the Interlaminae Continuity Conditions. International Journal of Engineering Science, vol. 29, no. 6, 1991, pp. 669-
683. 
197. Soldatos, K. P. and Timarci, T.: A Unified Formulation of Laminated Composite, Shear Deformable, Five-Degrees-of-Freedom 
Cylindrical Shell Theories. Composite Structures, vol. 25, 1993, pp. 165-171. 
198. Timarci, T. and Soldatos, K. P.: Comparative Dynamic Studies for Symmetric Cross-Ply Circular Cylindrical Shells on the Basis 
of a Unified Shear Deformable Shell Theory. Journal of Sound and Vibration, vol. 187, no. 4, 1995, pp. 609-624. 
199. Jing, H.-S. and Tzeng, K.-S.: Refined Shear Deformation Theory of Laminated Shells. AIAA Journal, vol. 31, no. 4, 1993, pp. 
765-773. 
200. Jing, H.-S. and Tzeng, K.-S.: Analysis of Thick Laminated Anisotropic Cylindrical Shells Using a Refined Shell Theory. 
International Journal of Solids and Structures, vol. 32, no. 10, 1995, pp. 1459-1476. 
201. Beakou, A. and Touratier, M.: A Rectangular Finite Element for Analyzing Composite Multilayered Shallow Shells in Statics, 
Vibration and Buckling. International Journal for Numerical Methods in Engineering, vol. 36, 1993, pp. 627-653. 
202. Ossadzow, C.; Muller, P.; and Touratier, M.: A General Doubly Curved Laminate Shell Theory. Composite Structures, vol. 32, 
1995, pp. 299-312. 
203. Touratier, M. and Faye, J.-P.: On a Refined Model in Structural Mechanics: Finite Element Approximation and Edge Effect 
Analysis for Axisymmetric Shells. Computers & Structures, vol. 54, no, 5, 1995, pp. 897-920. 
204. Shaw, A. J. and Gosling, P. D.: Removal of Shallow Shell Restriction from Touratier Kinematic Model. Mechanics Research 
Communications, vol. 38, 2011, pp. 463-467. 
205. He, Ling-Hui: A Linear Theory of Laminated Shells Accounting for Continuity of Displacements and Transverse Shear Stresses 
at Layer Interfaces. International Journal of Solids and Structures, vol. 31, no. 5, 1994, pp. 613-627. 
206. Shu, Xiao-ping.: An Improved Simple Higher-Order Theory for Laminated Composite Shells. Computers & Structures, vol. 60, 
no. 3, 1996, pp. 343-350. 
207. Shu, Xiao-ping.: A Refined Theory of Laminated Shells With Higher-Order Transverse Shear Deformation. International Journal 
of Solids and Structures, vol. 34, no. 6, 1997, pp. 673-683. 
208. Cho, M.; Kim, K.-O.; and Kim, M.-H.: Efficient Higher-Order Shell Theory for Laminated Composites. Composite Structures, 
vol. 34, 1996, pp. 197-212. 
209. Soldatos, K. P. and Shu, Xiao-ping.: On the Stress Analysis of Laminated Plates and Shallow Shell Panels. Composite Structures, 
vol. 46, 1999, pp. 333-344. 
210. Librescu, L.: Refined Geometrically Nonlinear Theories of Anisotropic Laminated Shells. Quarterly of Applied Mathematics, 
vol. 45, no. 1, 1987, pp. 1-22. 
211. Librescu, L. and Schmidt, R.: Refined Theories of Elastic Anisotropic Shells Accounting for Small Strains and Moderate 
Rotations. International Journal of Nonlinear Mechanics, vol. 23, no. 3, 1988, pp. 217-229. 
212. Schmidt, R. and Reddy, J. N.: A Refined Small Strain and Moderate Rotation Theory of Elastic Anisotropic Shells. Journal of 
Applied Mechanics, vol. 55, no. 3, 1988, pp. 611-617. 
213. Palmerio, A. F.; Reddy, J. N.; and Schmidt, R.: On a Moderate Rotation Theory of Laminated Anisotropic Shells-Part 1. Theory. 
International Journal of Nonlinear Mechanics, vol. 25, no. 6, 1990, pp. 687-700. 
214. Palmerio, A. F.; Reddy, J. N.; and Schmidt, R.: On a Moderate Rotation Theory of Laminated Anisotropic Shells-Part 2. Finite-
Element Analysis. International Journal of Nonlinear Mechanics, vol. 25, no. 6, 1990, pp. 701-714. 
215. Carrera, E.: The Effects of Shear Deformation and Curvature on Buckling and Vibrations of Cross-Ply Laminated Composite 
Shells. Journal of Sound and Vibration, vol. 150, no. 3, 1991, pp. 405-433. 
216. Kraus, H.: Thin Elastic Shells - An Introduction to the Theoretical Foundations and the Analysis of Their Static and Dynamic 
Behavior. John Wiley and Sons, Inc., 1967. 
217. Simitses, G. J. and Anastasiadis, J. S.: Shear Deformable Theories for Cylindrical Laminates-Equilibrium and Buckling with 
Applications. AIAA Journal, vol. 30, no. 3, 1992, pp. 826-834. 
218. Anastasiadis, J. S. and Simitses, G. J.: Buckling of Pressure-Loaded, Long, Shear Deformable, Cylindrical Laminated Shells. 
Composite Structures, vol. 23, 1993, pp. 221-231. 
219. Soldatos, K. P.: Nonlinear Analysis of Transverse Shear Deformable Laminated Composite Cylindrical Shells - Part I. Derivation 
of Governing Equations. Journal of Pressure Vessel Technology, vol. 114, 1992, pp. 105-109. 
220. Takano, A.: Improvement of Flügge’s Equations for Buckling of Moderately Thick Anisotropic Cylindrical Shells. AIAA 
Journal, vol. 46, no. 4, 2008, pp. 903-911. 
221. Nemeth, M. P.: An Exposition on the Nonlinear Kinematics of Shells, Including Transverse Shearing Deformations. NASA/TM-
2013-217964, 2013. 



222. Weatherburn, C. E.: Differential Geometry of Three Dimensions, Volume I. Cambridge at the University Press, London, 1955. 
223. Eisenhart, L. P.: A Treatise on the Differential Geometry of Curves and Surfaces. Dover Publications, Inc., New York, 1960. 
224. Struik, D. J.: Lectures on Classical Differential Geometry. Second ed., Dover Publications, Inc., New York, 1988. 
225. Kreyszig, E.: Differential Geometry. Dover Publications, Inc., New York, 1991. 
226. Jones, R. M.: Mechanics of Composite Materials, Second ed., Taylor and Francis, 1999. 
227. Nemeth. M. P.: An In-Depth Tutorial on Constitutive Equations for Elastic Anisotropic Materials. NASA/TM-2011-217314, 
2011. 
228. Nemeth. M. P.: Cubic Zig-Zag Enrichment of the Classical Kirchhoff Kinematics for Laminated and Sandwich Plates. 
NASA/TM-2012-217570, 2012 
 
 
Michael P. Nemeth (NASA Langley Research Center, Hampton, Virginia, USA), “Buckling analysis for 
stiffened anisotropic circular cylinders based on Sanders’ nonlinear shell theory”, NASA/TM-2014-218176, 
March 2014 
SUMMARY: Nonlinear and linear-bifurcation buckling equations for elastic, geometrically perfect, right-
circular cylindrical shells subjected to combined loads is presented. The loads include compression, shear, and 
uniform external and hydrostatic pressure. The analysis includes constitutive equations that are applicable to 
stiffened or unstiffened cylinders made from isotropic or laminated-composite materials. Complete sets of 
equations are presented for the nonlinear boundary-value problem of shell buckling and the corresponding 
prebuckling and linear-bifurcation buckling problems that are based on Sanders’ shell theory for "small" strains 
and "moderately small" rotations. Based on these equations, a three-parameter approximate Rayleigh-Ritz 
solution and a classical solution to the buckling problem are presented for cylinders with simply supported 
edges. Extensive comparisons of results obtained from these solutions with published results are also presented 
for a wide range of cylinder constructions. These comparisons include laminated-composite cylinders with a 
wide variety of shell-wall orthotropies and anisotropies. Numerous results are also given that show the 
discepancies between the results obtained by using Donnell’s equations and variants of Sanders’ equations. For 
some cases, nondimensional parameters are identified and "master" curves are presented that facilitate the 
concise representation of results. 
References listed at the end of the report: Cannot cut-and-paste for some reason. 
 
 
A. J. M. Ferreira, J. T. Barbosa, A. T. Marques and J. C. De Sá (Departamento de Engenharia Mecânica e 
Gestão Industrial, Faculdade de Engenharia da Universidade do Porto, Rua dos Bragas, 4099 Porto Codex, 
Portugal), “Non-linear analysis of sandwich shells: the effect of core plasticity”, Computers & Structures, 
Vol.76, Nos. 1-3, June 2000, pp. 337-346, doi:10.1016/S0045-7949(99)00156-X 
ABSTRACT: A non-linear formulation for general, arbitrary, sandwich shells is presented. The formulation 
accounts for geometric and material non-linear behavior of the shell. The core plasticity is assessed. The first 
order shear deformation theory is presented as far as the kinematics are concerned. The analysis is based on the 
displacement formulation of the finite element method and uses the Ahmad shell element with five degrees of 
freedom per node. The approach is discussed, particularly with reference to a cylindrical shell subjected to 
transverse load that causes snap buckling. 
 
 
A. J. M. Ferreira and J. T. Barbosa (Faculdade de Engenharia da Universidade do Porto Rua dos Bragas, 4050-
123, Porto, Portugal), “Buckling behaviour of composite shells”, Composite Structures, Vol. 50, No. 1, 
September 2000, pp. 93-98, doi:10.1016/S0263-8223(00)00090-8 
ABSTRACT: In this work, a finite-element model is presented for geometric non-linear analysis of composite 
shell structures. It adopts a layered formulation of the Marguerre shell element. The material is assumed to have 
an orthotropic behaviour. The non-linear incremental equilibrium equations are set using a total Lagrangian 
displacement formulation of the finite-element method and the solution is accomplished using the 
incremental/iterative Newton–Raphson method as well as a spherical formulation of the arc-length methods. 
The buckling behaviour of composite shells is analysed as a function of the material orientation and laminate 
stacking. 
 
 



A.J.M. Ferreira, C.M.C. Roque and R.M.N. Jorge (Departamento de Engenharia Mecânica e Gestão Industrial, 
Faculdade de Engenharia da Universidade do Porto, Rua Dr. Roberto Frias, 4200-465 Porto, Portugal), 
“Modelling cross-ply laminated elastic shells by a higher-order theory and multiquadrics”,  Computers & 
Structures, Vol. 84, Nos. 19-20, July 2006, pp. 1288-1299, Special Issue: Computational Models for 
Multilayered Structures and Composite Structures, doi:10.1016/j.compstruc.2006.01.021 
ABSTRACT: The higher-order shear-deformation theory of laminated orthotropic elastic shells of Vlasov–
Reddy is a modification of Sanders’ theory and accounts for parabolic distribution of the transverse shear strains 
through the thickness of the shell. The Vlasov–Reddy shell theory allows the fulfillment of homogeneous 
conditions (zero values) at the top and bottom surfaces of the shell. This paper deals with a meshless solution of 
the Vlasov–Reddy higher-order shell theory. The meshless technique is based on the asymmetric global 
multiquadric radial basis function method proposed by Hardy and Kansa. This paper demonstrates that this truly 
meshless method is successful in the analysis of laminated composite shells. 
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ABSTRACT: The purpose of this work is to use a meshless collocation method with multiquadric radial 
basis functions (RBFs), the higher order shear deformation theory presented by Khare et al. [1], and 
optimal values of the shape parameter in the RBFs to analyze static deformations of sandwich 
cylindrical shells. �An optimization technique based on a statistical method is used to choose a shape 
parameter c on the interpolating multiquadric radial basis function used by the meshless method. This 
parameter plays a decisive role in the quality of the solution of the boundary value problem and is 
usually chosen in a trial error basis. The optimization technique here presented allows to obtain a quasi 
user-independent shape parameter. Although the technique still requires some input by the user, results 
are encouraging, with the errors produced by the optimal shape parameter being lower than the ones 
produced by a user defined shape parameter.  
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ABSTRACT: A nonlinear time-domain extension of the classical linear frequency-domain thin-shell approach 
is presented. The interface conditions are expressed in terms of the average magnetic flux density throughout 
the shell thickness and a number of higher-order components. The method is elaborated in the frame of the 
magnetic vector potential formulation. The nonlinear system of algebraic equations is solved by means of the 
Newton-Raphson scheme. To validate the new formulation, we consider a magnetic plate placed above a double 
line carrying a sinusoidal current. Results are compared with those obtained with a fine finite-element model.  
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ABSTRACT: The new Part 1-5 of Eurocode 9, developed within the activity of CEN/TC 250/SC9 Committee 
chaired by F.M. Mazzolani, is the very first issue specifically devoted to shell structures made of aluminium 
alloys in the field of European codification. Because of this, it fills up an important gap and marks a significant 
advance in the codification on shells for both civil and industrial applications. In the same way, it represents the 
endpoint of the whole path followed by the Eurocode 9, which has now reached the stage of its full 
development. This paper summarises the buckling issues of the new code while critically pointing out, at the 
same time, the relationship with the corresponding rules given in EC3 (prEN1993-1-6) for steel shells. 
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ABSTRACT: The paper summarises a part of the of activity of CEN/TC250 SC9 Committee, devoted to the 
preparation of Eurocode 9 “Design of Aluminium Structures”. The results of a wide imperfection sensitivity 
F.E.M. analysis, dealing with aluminium cylinders subjected to axial load, uniform external pressure and 
torsion, are discussed. Numerical simulations have been carried out by accounting for a wide geometrical 
imperfection spectrum, in order to consider the most dangerous distributions. Results of almost 6000 F.E.M. 
simulation runs have been used to delineate a numerical data-set for the definition of buckling curves for 
aluminium alloys shells, to be introduced into the new part prEN1999-1-5 of Eurocode 9. For the sake of 
homogeneity, the basic layout of prEN1993-1-6 has been referred to as a general framework. Nevertheless, it is 
shown that buckling curves given in EC3 can not be used for aluminium shells, but require proper modification. 
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“Plastic buckling of axially loaded aluminium cylinders: a new design approach”, CIMS 2004, Fourth 
International Conference on Coupled Instabilities in Metal Structures, Rome, Italy, 27-29 September, 2004 
ABSTRACT: The results of a wide F.E.M. analysis on the imperfection sensitivity of axially loaded aluminium 
cylinders are used to investigate buckling modes occurring in case of relatively thick cylinders (R/t < 200 ÷ 
250). The combined effect of geometrical imperfections, inelastic behaviour of material and boundary 
conditions is considered in order to set-up a refinement of rules given in prEN1993-1-6 dealing with steel shells. 
The proposal allows for a further exploitation of the cylinder buckling strength in plastic range, which is why it 
seems rather suited to applications in the field of civil engineering. To this purpose, a special requirement on the 
initial allowable imperfection level is defined, corresponding to a quality class higher than EC3 class A. 
Because of its features, the proposal presented herein could be profitably used for the new Part 1-5 
“Supplementary rules for shell structures” of Eurocode 9 (prEN1999-1-5), presently under development, which 
is the very first codification issue at European level dealing with aluminium shell structures.  
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K.Y. Yeh, B.H. Sun and F.P.J. Rimrott, “Buckling of imperfect sandwich cones under axial compression – 
Equivalent-cylinder approach. Part I”, Technische Mechanik, Vol. 14, Nos. 3 and 4, pp 239-248, August 1994 
ABSTRACT: In order to simplify the problem, the equivalent-cylinder assumption has been adopted. The 
simplified governing equations of sandwich cones we obtain are different from the ones used in previous 
papers. They can be reduced into the equations of a corresponding sandwich cylinder if the buckle length 
parameter approaches zero. An analytical study has been carried out to determine the effect of axisymmetric 
shape imperfections on the compressive buckling strength of sandwich cones having isotropic facings and 
isotropic shear deformable cores. Buckling solutions are presented as a function of imperfection amplitude, 
wavelength, core shear flexibility coefficients and the small curvature ratio. The well known Koiter formula and 
circle have been obtained for the first time for sandwich cones. 
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B.H. Sun, K.Y. Yeh and F.P.J. Rimrott, “On the buckling of structures”, Technische Mechanik, Vol. 15, No. 2, 
pp 129-140, 1995 
ABSTRACT: Using Schieck and Stumpf’s superposition approach, the kinematics of buckling for continua has 
been investigated in the present paper. According to the properties of buckling phenomena the concept of 
“bifurcation configuration” has been introduced, and the total deformation gradient F can be expressed by pre-
buckling deformation gradient, F-sub-1 and the post-buckling deformation gradient F-sub-2, i.e. F = F-sub-2 x 
F-sub-1. As an extension, the elasto-plastic deformation has been investigated for the post-buckling stage using 
Lee and Liu’s multiplicative decomposition, F = Fsuper-e x Fsuper-p. 
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ABSTRACT: Buckling of a thin elastic cylindrical shell stiffened by rings of rectangular cross-sections are 
considered. The parameters of the shell of the minimal weight, having a given critical external pressure, are 
found. For the evaluating of the optimal parameters the asymptotic approach is used. 
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cooling towers: buckling or ultimate load?”, Engineering Structures, Vol. 5, No. 3, July 1983, pp. 163-180, 
doi:10.1016/0141-0296(83)90014-7 
ABSTRACT: Wind loadings govern the design of most cooling towers. Until now, proof of suffiecient safety 
against buckling under wind load has been a major concern for the designers of such shells. In this paper it is 
demonstrated that a typical cooling tower made of reinforced concrete would not buckle—at least not in the 
classical sense of the word. Failure would rather be initiated by rapid propagation of cracks in tensile zones 
followed by temporary stiffening and, finally, by yielding of the reinforcement. The theoretical part of this 
paper is restricted to a presentation of the constitutive model, discussion of the equation for incremental-
iterative ultimate-load analysis and of the condition for instability. The numerical part contains a detailed study 
of a built hyperbolic cooling tower. It is shown that: (a), buckling loads resulting from linear and geometrically 
nonlinear prebuckling analyses are considerably larger than the ultimate load; and (b), results based on a certain 
form of ‘equivalent axisymmetric pressure’ are on the unsafe side of corresponding results from the ‘actual’ 
wind load. It is also demonstrated that the ‘crack load’, representing a lower bound to the ultimate load, can be 
estimated by means of a linear-elastic nonaxisymmetric analysis of the cooling tower. 
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ABSTRACT: The paper presents an optimization method for direct determination of the most unfavorable 
imperfection of structures by means of ultimate limit states. When analyzing imperfection sensitive structures it 
turns out that the choice of the shape and size of initial imperfections has a major influence on the response of 
the structure and its ultimate state. Within the optimization algorithm the objective function is constructed by 
means of a fully nonlinear direct and first order sensitivity analysis. The method is not limited to small 
imperfections and also allows the imposition of “technological” constraints on the shape of the imperfection, 
thus making it possible to avoid unrealistically low ultimate loads. When carefully constructed, the objective 
function and constraints remain linear enabling the use of numerically efficient and readily available linear 
programming algorithms. Imperfection analyses are shown for thin-walled girders and a cylinder to demonstrate 
the applicability and efficiency of the proposed method. 
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element—Theory and applications”, International Journal of Pressure Vessels and Piping, Vol. 8, No. 3, May-
June 1980, pp. 197-213, doi:10.1016/0308-0161(80)90025-3 
ABSTRACT: An original elasto-plastic elbow element has been formulated and developed for inclusion in the 
library of a finite element code. The main features of the element are based on the following theoretical aspects: 
1. (a) Vlasov's thin shell theory13 is used to correlate generalised strains and mid-thickness displacements. 
2. (b) The displacement field is represented by means of a Fourier expansion in the circumferential direction, 
while a finite difference method is used to compute the derivatives of Fourier coefficients along the azimuthal 
direction. 
3. (c) The flow rule is given in terms of stress resultants and generalised strains; in formulating the stress-strain 
flow rule, the Iliouchine14 yield locus theory is used, together with a normality rule. The relative merits of this 
theory, compared with the more accurate treatments involving Gaussian points through the thickness, are 
discussed. 
4. (d) Local equilibrium equations are waived and a virtual work procedure is used to compute the stiffness 
matrix of the elbow element. 
5. (e) A static condensation procedure is used to reduce the overall stiffness matrix to a (12 ◊ 12) matrix, where 
external generalised forces and displacements are presented so that compatibility with adjacent elements is 
possible. 
6. (f) In order to account for large displacements, the geometry (radius of curvature and central angle) is re-
evaluated at each so that the element is compatible with a  _large displacements _ (updated Lagrangian) 
approach. 
Comparisons with published results, in both the elastic and plastic fields, have been obtained experimentally 
and also by means of other computer codes (MARC, ADINA). 
A code incorporating this special elbow element has been run for a number of pipe whip cases and the results 
have been compared with those obtained by means of the ADINA and FRUSTA codes. 
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56126, Pisa, Italy), “Compression behaviour of flat stiffened panels made of composite material”, Composite 
Structures, Vol. 36, Nos. 1-2, September-October 1996, pp. 161-169, doi:10.1016/S0263-8223(96)00075-X 
ABSTRACT: In certain structural applications, such as stiffened panels loaded in compression, a better exploitation 
of the properties of composite materials requires the development of design methodologies that allow the component 
to work in the post-critical range. This paper describes the results of a research activity with such an objective, 
carried out at the Department of Aerospace Engineering of the University of Pisa in collaboration with Alenia-
Transport Aircraft Group. A group of tests has been carried out on 10 flat stiffened panels, made in composite 
material, and the results have been analysed with two computer codes, providing useful information concerning their 
capabilities. 
 
Rahman, M.A., Khan, R. and Uddin, W., “Stability analysis of a parabolic pipe-reducer under uniform external 
pressure”, The International Journal of Pressure Vessels and Piping, Vol. 64, No. 1, pp 1-10, 1995 
ABSTRACT: (none given) 
 
 



Md. Raisuddin Khan (Department of Mechanical Engineering, Bangladesh University of Engineering and 
Technology), “Instability of composite shells of revolution”, PhD dissertation, 1996 
ABSTRACT: This thesis deals with the analytical and experimental studies of the instability of geometrically 
composite shells of revolution. Different axisymmetric composite shells under uniform external pressure are 
studied analytically for their use as end-closures of submarine hulls or of pressure vessels. The composite shells 
studied here are (a) cap:cone end-closures (b) cup-cylinder end-closures and (c) dome-cylinder end-closures. In 
the cap-cone endclosures a spherical cap is attached to the smaller end of a conical frustum in such a way that 
the tangent at their junction maintains continuity. In the cup-cylinder end-closure, a spherical cup is attached at 
an end of a cylinder and in the dome-cylinder end-closure, a spherical dome replaces the spherical cup of the 
cup-cylinder end-closure. A computer program is developed and enclosed here in the appencjix which can find 
both axisymmetric and asymmetric buckling load of shells of revolution under uniform external pressure. For 
the study of axisymmetric buckling, the program uses Reissner's theory of large deflection and interprets 
instability based on the two criteria of Thompson. The non-linear axisymmetric solutions of Reissner's theory 
are considered as prebuckling solution for asymmetric instability analysis based on eigen-value interpretation. 
Axisymmetric analyses of the cap-cone end-closure for varying cone height, cone angle (\II) and thickness ratio 
show that increasing the cone angle or thickness ratio leads to decreasing the buckling load. In the case of 
varying height, the buckling load remains almost the same over a wide range of height and starts decreasing at a 
certain small height reaching a minimum at zero height when it is a simple spherical cap. The axisymmetric 
buckling load for cup-cylinder end-closures is found to be much higher than that of the dome-cylinder for the 
same thickness ratio, cylinder height and cup or dome angle. In the case of dome-cylinder end-closures, it is 
found that its buckling load is even lower than that of the cylinder. Circumferential stresses at the junction of a 
cup-cylinder end-closure at the axisymmetric critical load is so high that the failure of this end-closure would 
always be either due to yielding or asymmetric buckling. A new experimental technique has also been 
developed for testing the instability of axisymmetric shells. Electrodeposited cap-cone model specimens are 
tested for instability using this experimental technique. Results of the experiment show that the cap-cone 
models of tip ratio, r/R, about 0.80 can sustain the highest load and is least imperfection sensitive. The conical 
portion of the cap-cone end-closures were found to buckle asymmetrically with a number of circumferential 
lobes. Comparison of the analytical buckling load for both the axisymmetric as well as the asymmetric buckling 
with the experimental results show that the experimental results are in good agreement with asymmetric 
buckling load but the axisymmetric buckling loads are found to be about 10 to 15 times higher than the 
experimental results. At zero cone height, when it is a pure spherical.cap with compatible angle (180°-11'), 
axisymmetric analytical results are found to agree with the experimental results. It is also found that the 
spherical cap models are highly sensitive to imperfections. 
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as end closures for pressure vessels”, International Journal of Pressure Vessels and Piping, Vol. 64, No. 1, 1995, 
pp. 11-16, doi:10.1016/0308-0161(94)00033-F 
ABSTRACT: The instability under pressure of conical end caps with spherical tips when used as end closures 
to pressure vessels is studied in this paper. The spherical tip of the conical end cap was assumed to be attached 
in such a way that continuity of the slope at the cone/sphere junction was maintained. The geometrical 
parameters of the spherical-tip conical end closure are the ratio r/R; the apex angle of the conical frustum; and 
the thickness ratio R/h, where r and R  are respectively the radius of the cone at the sphere/cone and vessel/cone 
junctions and h is the thickness of the shell. Governing nonlinear differential equations of axisymmetric 
deformation which ensure the unique states of lowest potential energy under given pressure have been solved by 
using the method of multisegment integration, developed by Kalnins and Lestingi.1 The results show that the 
critical pressure for the end closure decreases with increasing apex angle at constant values of R/h and r/R. At 
constant values of _® and R/h, the critical pressure remains constant over a considerable range of r/R and then 
decreases to a minimum value at r/R = 1∑0 which corresponds to a purely spherical end cap without the conical 
extension. 
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“Stability analysis of a toroidal pipe-reducer under uniform external pressure”, International Journal of Pressure 
Vessels and Piping, Vol. 72, No. 3, August 1997, pp. 203-218, doi:10.1016/S0308-0161(97)00047-1 
ABSTRACT: The stability of a toroidal pipe-reducer system is determined here from the solution of non-linear 
governing equations of axisymmetric deformations of shells of revolution. Numerical solutions are obtained by 
a modified version of the computer program developed by Uddin for solving the governing equations of 
axisymmetric shells by the multisegment method of integration. The interpretation of instability of the toroidal 
reducers is based on Thompson's theorems I and II. Critical pressures for the toroidal reduers are calculated over 
useful ranges of the curvature ratio, the thickness ratio, and the diameter ratio. It has been found that the critical 
pressure of these reducers varies almost linearly with the diameter ratio and that the long toroidal reducers are 
prone to local instability near the larger end. But this critical zone occurs near either one of the two ends as the 
reducer becomes shorter. The results of stability and stress analysis of toroidal pipe-reducers are compared here 
with those of conical reducers obtained by Ali and parabolic reducers obtained by Rahman. Comparison shows 
that toroidal reducers develop uniform stresses of lower magnitude compared to the other two. Further, toroidal 
reducers are found to sustain higher critical pressure than parabolic reducers except at higher diameter ratio. 
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“A new approach to instability testing of shells”, International Journal of Pressure Vessels and Piping, Vol. 75, 
No. 1, January 1998, pp. 75-80, doi:10.1016/S0308-0161(98)00001-5 
ABSTRACT: In this paper, a new experimental technique for the buckling test of shells under external pressure 
is presented. This technique is simple and determines buckling load very efficiently. It has already been used 
extensively in the investigation of buckling load of electroformed sphericaltip conical shells under uniform 
external pressure. In this method, instead of the conventional monitoring of load and linear displacement of 
points on a shell, load and change in internal volume of the shell are recorded. Internal volumetric change of a 
shell is found to be a better indicator of its instability compared to the change in displacements of points on its 
surface. Volumetric change, a function of all the displacements and rotations contributing to the total change in 
its configuration, is observed to be a highly magnified indicator of shell deformation encompassing the whole 
shell, primarily the buckling zones and imperfection locations. 
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ABSTRACT: The buckling of cylindrical shells under uniform external pressure loading has been widely 
investigated. In general, when tubes are subjected to external pressure, collapse is initiated by yielding, but 
interaction with instability is significant, in that imperfections associated with fabrication of shells reduce the 
load bearing capacity by a significant amount even when thickness is considerable. A specific buckling analysis 
is used to predict collapse failure of long pressure vessels and pipelines when they are subjected to external 
over-pressure. The problem of buckling for variable load conditions is relevant for the optimisation of several 
Nuclear Power Plant applications as, for instance, the IRIS (International Reactor Innovative and Secure) LWR 
integrated Steam Generator (SG) tubes. In this paper, we consider in addition to the usual assumptions of thin 
shell, homogeneous and isotropic material, also the tube geometric imperfections and plastic deformations that 
may affect the limit load. When all those conditions are considered at present, a complete theoretical analysis 
was not founding the literature. At Pisa University a research activity is being carried out on the buckling of thin 
walled metal specimen, with reference to several geometries and two different stainless steel materials. A test 
equipment (with the necessary data acquisition facility), suitable for carrying out many test on this issue, as well 
as numerical models implemented on the MARC FEM code, were set up. In this report, the results of the 
performed analyses of critical pressure load determination with different numerical and experimental 
approaches are presented. The numerical results obtained are compared with the experimental results, for the 
same geometry and loading conditions, showing a good agreement between these two approaches. 
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Nuclear Engineering and Design, Vol. 239, No. 7, pp 1229-1236, 2009 
ABSTRACT: The present paper deals with instabilities of long homogeneous and isotropic thin shells, 
characterized by geometrical non-linearities and imperfections, with reference to a bent helicoidally geometrical 
shape of particular interest for the helicoidal steam generators tube bundle. Apparently no data exist in the 
literature to describe the non-linear buckling behaviour of curved thin shells under external pressure, thus, the 
theoretical analyses based on the classical linear elastic theory, as expected, might be inadequate to evaluate the 
collapse load especially if the curvature is rather large. To the purpose of determining the buckling pressure 
load the effects of a pre-existing level of geometrical and technological imperfection, unavoidably caused by 
various manufacturing processes were also considered. A numerical analysis, based on detailed three-
dimensional finite element (FE) code, was performed on curved thin shell subject to combined pressure and in-
plane bending in order to take into account the non-linear geometrical and material properties as well as to 
assess and quantify their detrimental effects on the buckling phenomenon behaviour. Moreover, at Pisa 
University a rather intense experimental research activity is being carried out on the buckling of thin-walled 
tube specimens in the dimensional range suitable for the above mentioned applications. Collapse experiments 
have demonstrated that the detriment of the mechanical properties resulted in a reduction in the collapse 
pressure load of about 15% and the obtained results have highlighted also the dependence of the buckling 
behaviour on the stress-initial defects/imperfection width (mainly on the diameter-to-thickness or tube/bending 
diameters ratios) relationship. 
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next generation lead cooled reactor”, 20th International Conference on Structural Mechanics in Reactor 
Technology (SMiRT 20), Espoo, Finland, August 9-14, 2009 
ABSTRACT: The main purpose of this preliminary study deals with the evaluation of the structural effects due 
to the dynamic loads exerted and propagated through the lead coolant during a safety shut down earthquake 
with reference, as an example, to the isolated ELSY system configuration (CEE-7 Framework Project). Seismic 
base isolation is increasingly used to protect structures and their contents against dangerous ground motions as 
well as mitigate the structural effects, on the internals walls and reactor components of the induced dynamic 
load and of the coupling between coolant and vessel. An adequate predictive numerical modelling, by means a 
3-D finite element model, was set up and a non-linear approach was used for the foreseen structural preliminary 
analyses and simulations of the plant and internals behaviours, in order to describe the interactions among the 
different subsystems. Moreover the fluid-structure interaction problem, due to the high density of the primary 
coolant has received a particular attention in relation to the possible hydrodynamic interaction, between lead 
and the surrounding internals, as well as the sloshing wave motion that may significantly influence the stress 
level in the reactor pressure vessel. As for the seismic analysis, isolation systems may influence the seismic 
capacity of as-built structure to reduce the intensity of the propagated seismic loads. Numerical results are 
presented and discussed highlighting the importance of the fluid-structure interaction effects as well as the 
isolation technique effectiveness, which is expected to be effective in raising the reliability of internals and 
vessel structures, during an earthquake event.  
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ABSTRACT: The current research seeks to demonstrate that an inverse solution approach, leveraging nonlinear 
finite element analysis with a divide and conquer type stochastic search algorithm, can identify the presence of 
localized denting imperfections in cylindrical shell structures. This imperfection field identification is achieved 
using rather sparse displacement measurements taken at safe, service loading conditions. Both the existence and 
nature of the imperfection field present in a given shell structure instance are determined. These inferred 
imperfections are subsequently used to make reasonably accurate predictions regarding the actual shell structure 
strength at ultimate loading. 
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“Stochastic inverse identification of geometric imperfections in shell structures”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 200, Nos. 25-28, June 2011, pp. 2256-2267, doi:10.1016/j.cma.2011.03.012 
ABSTRACT: It is now widely known that the presence of geometric imperfections in shell structures 
constitutes an important contribution to the discrepancy between theoretical and experimentally realizable 
ultimate loads governed by buckling. The present paper describes a method by which an actual initial 
imperfection field may be estimated using the service load response of a shell structure. The approach requires 
solving a stochastic inverse problem wherein uncertainty regarding initial imperfection predictions is expressed 
within the context of a Bayesian posterior distribution. The proposed approach could be applied to condition 
assessment and performance evaluation activities in practice. 
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asymmetries in the Shanley model”, Journal of the Mechanics and Physics of Solids, Vol. 33, No. 1, 1985, 
pp.83-94, doi:10.1016/0022-5096(85)90023-7 
ABSTRACT: The paper takes a phenomenological (topological) look at the Shanley model. Allowable loading 
sequences of a perfect system are first traced in closed form. By employing the smoothly-varying properties of 
an associated elastic potential function, comparisons are then made between the asymptotic predictions of a 
standard perturbation procedure, and a new scheme developed in accordance with the underlying topology. The 
new scheme is found to converge rapidly to the exact equilibrium paths, indicating compatibility in a global as 
well as a localized sense. 
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London SW7 2BU, U.K.), “Hidden symmetry concepts in the elastic buckling of axially-loaded cylinders”, 
International Journal of Solids and Structures, Vol. 22, No. 12, 1986, pp. 1501-1515, 
doi:10.1016/0020-7683(86)90058-2 
ABSTRACT: The recognized harmonic buckling modes for the elastic axially-loaded cylinder are by nature 
symmetric, equal and opposite amplitudes giving equal energy levels. On the other hand, in combination they 
account for considerable asymmetry, inwards deflection being fundamentally different from outwards; this 
asymmetry is also apparent in the underlying differential equations, and in the final large-deflection Yoshimura 
pattern. Taking the view that underlying symmetries are closely linked to the form of bifurcation experienced 
on buckling, and hence to the gross instability of the phenomenon, the paper thus explores a classic problem in 
a new light. The wellknown Donnell equations are first employed, the analysis being neatly written in terms of 
the two variables radial displacement w and stress function phi. An extension is then presented, derived from 
the full strain-displacement equations appropriate to genuinely large deflections. This makes use of a suite of 
computer programs, written for a small micro, which handle the required manipulations of multiplication and 
integration of harmonic functions in algebraic rather than numerical fashion. 
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ISSN: 1753-7789, doi: 10.1680/iicep.1989.3772 
ABSTRACT: The paper presents a selective review of modern bifurcation theory and its relationship to 
structural instability, with consequent implications for structural design. In particular, the complex non-linear 
analysis that is sometimes found in such work is avoided, by concentrating instead on easily recognizable 



symmetry properties. Simple spring and rigid-link models, such as the well-known Shanley model, are used to 
aid description... 
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“Localized buckling in long axially-loaded cylindrical shells”, Journal of the Mechanics and Physics of Solids, 
Vol. 39, No. 7, 1991, pp. 881-894, doi:10.1016/0022-5096(91)90010-L 
ABSTRACT: Double-scale perturbation analysis of a long elastic cylindrical shell under axial compression 
reveals a second-order non-linear differential equation for the buckle-pattern amplitude in slow-space. 
Numerical solution then suggests that the most easily-triggered failure mode is localized along the length. The 
method is extended to include mode interaction, giving three coupled second-order non-linear differential 
equations in slow-space. Localized solutions are again found, by combining features of the Lagrangian function 
with a systematic numerical search procedure. The predicted extent of the localization, about one-and-a-half 
axial wavelengths when fully developed, compares well with published experiments on long cylinders. 
Moreover, in contrast to the associated periodic solutions, “square” waves at the minimum critical load are 
denied ; the predominant waveform turns out to be long axially, again as seen experimentally. 
 
 
G. W. Hunt and A. Blackmore (Department of Civil Engineering, Imperial College of Science, Technology and 
Medicine Imperial College Road, London SW7 2BU U.K.), “Principles of Localized Buckling for a Strut on an 
Elastoplastic Foundation”, Journal of Applied Mechanics, Vol. 63, No. 1, pp. 234-239, March 1996, 
DOI: 10.1115/1.2787204 
ABSTRACT: Localization theory for long continuous structures is extended to the buckling of a thin elastic 
strut supported by a bilinear elastoplastic medium. It is demonstrated that the form of localization has much in 
common with the buckling of struts on linear and nonlinear elastic foundations in that the localized response, 
which is of the greatest practical significance, is accompanied by a myriad of associated less significant 
solutions including periodic ones. Special shooting techniques are developed to deal with the problem of finding 
the localized solutions from amongst all competing possibilities. 
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“Computation of localized post buckling in long axially compressed cylindrical shells”, Phil. Trans. R. Soc. 
London A, November 1997, vol. 355, no. 1732, pp. 2137-2150, doi: 10.1098/rsta.1997.0114 
ABSTRACT: Buckling is investigated of a long thin cylindrical shell under longitudinal compression as 
modelled by the von Kármán–Donnell equations. Evidence is reviewed for the buckling being localized to some 
portion of the axial length. In accordance with this observed behaviour the equations are first approximated 
circumferentially by a Galerkin procedure, whereupon cross–symmetric homoclinic solutions of the resulting 
system of ordinary differential equations are sought in the axial direction. Results are compared with 
experimental and other numerical data. Excellent agreement with experiments is achieved with fewer 
approximating modes than other methods. 
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ABSTRACT: A structural system with an unstable post-buckling response that subsequently restabilizes has the 
potential to exhibit homoclinic connections from the fundamental equilibrium state to itself over a range of 
loads, and heteroclinic connections between fundamental and periodic equilibrium states over a different 
(smaller) range of loads. It is argued that such equilibrium configurations are important in the interpretation of 
observed behaviour, and govern the minimum possible post-buckling loads. To illustrate this, the classical 
problem of a long thin axially-compressed cylindrical shell is revisited from three different perspectives: 
asymptotic conjecture, analogy with nonlinear dynamics, and numerical continuation analysis of a partial 
spectral decomposition of the underlying equilibrium equations. The nonlinear dynamics analogy demonstrates 
that the structure of the heteroclinic connections is more complicated than that indicated by the asymptotics: this 
is confirmed by the numerics. However, when the asymptotic portrayal is compared to the numerics, it turns out 
to be surprisingly accurate in its Maxwell-load prediction of the practically-significant first minimum to appear 
in the post-buckling regime. 
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“The role of homoclinic bifurcations in understanding the buckling of long thin cylindrical shells”, in Solid 
Mechanics and Its… (editors and publisher not given in the pdf file, Citeseer), 1999 
ABSTRACT: Experiments have shown that long cylinders buckle into localized patterns axially. It is argued 
that traditional linear or nonlinear analysis is unlikely to capture such modes, nor the effective buckling load at 
which such responses stabilize. However, the inherent translational indeterminacy of localized buckling is well 
captured by considering infinitely long cylinders and seeking homoclinic solutions of the von Kármán Donnell 
equations. This exploits the dynamical analogy of such structural problems, so that symmetry arguments and 
numerical techniques developed for dynamical systems may be used. The method is illustrated by successful 
application to a cylinder which has well documented experimental results. 
 
 
G.J. Lord, A.R. Champneys and G.W. Hunt, “Computation of homoclinic orbits in partial differential equations: 
Application to cylindrical shell buckling”, SIAM J. Sci. Comput., 21(2), 591-619, 1999, 
DOI:10.1137/S1064827597321647 
ABSTRACT: This paper concerns numerical computation of localized solutions in partial differential equations 
(PDEs) on unbounded domains. The application is to the von Kármán--Donnell equations, a coupled system of 
elliptic equations describing the equilibrium of an axially compressed cylindrical shell. Earlier work suggests 
that axially localized solutions are the physically preferred buckling modes. Hence the problem is posed on a 
cylindrical domain that is unbounded axially and solutions are sought which are homoclinic in the axial variable 
and periodic circumferentially. The numerical method is based on a Galerkin spectral decomposition 
circumferentially to pose ordinary differential equations (ODEs) in the unbounded coordinate. Methods for 
location and parameter continuation of homoclinic solutions of ODEs are then adapted, making special use of 
the symmetry and reversibility properties of solutions observed experimentally. Thus a formally well-posed 
continuation problem is reduced to a rotational subgroup circumferentially and posed over a truncation of the 
half-interval axially. The method for location of solutions makes use of asymptotic approximations where 
available. More generally, an adaptation of the "successive continuation" shooting method is used in the lowest 
possible number of circumferential modes, followed by additional homotopies to add more modes by 
continuation in the strength of nonlinear mode-interaction terms. The method is illustrated step by step to 
produce a variety of homoclinic solutions of the equations and compute their bifurcation diagrams as the 
loading parameter varies. Good agreement with experimental data is found. All computations are performed 
using AUTO. The techniques illustrated here for the von Kármán--Donnell equations are applicable to a wider 
class of PDEs. 
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C. J. Budd, G. W. Hunt, R. Kuske, “Asymptotics of cellular buckling close to the Maxwell load”, The Royal 
Society, Proceedings A, Vol. 457, No. 2016, December 2001, DOI: 10.1098/rspa.2001.0843 
ABSTRACT: We study the deformation of an elastic strut on a nonlinear Winkler foundation subjected to an 
axial compressive load P. Using multi–scale analysis and numerical methods we describe the localized, cellular, 
post–buckled state of the system when P is removed from the critical load P = 2. The solutions, and their 
modulation frequencies, differ significantly from those predicted by weakly nonlinear analysis very close to P = 
2. In particular, when P approaches the Maxwell load PM , the localized solutions approach a large–amplitude 
heteroclinic connection between an unbuckled solution and a periodic solution. An asymptotic description of 
PM in terms of the system parameters is given. The agreement between the numerical calculations and the 
asymptotic approximations is striking. 
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Shell Buckling: A Characterization Of Localization And Periodicity”, Discrete And Continuous Dynamical 
Systems–Series B Vol. 3, No. 4, November 2003, pp. 505–518. 
ABSTRACT: A hypothesis for the prediction of the circumferential wavenumber of buckling of the thin 
axially-compressed cylindrical shell is presented, based on the addition of a length effect to the classical (Koiter 
circle) critical load result. Checks against physical and numerical experiments, both by direct comparison of 
wavenumbers and via a scaling law, provide strong evidence that the hypothesis is correct. 
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“Reflections and symmetries in space and time”, IMA J Appl Math (2011) 76 (1): 2-26. 
doi: 10.1093/imamat/hxq063 
ABSTRACT: A personal view is presented of developments in the non-linear mechanics of structural buckling 
over more or less the past four decades. The era has been one of unprecedented change and development in the 
world of science as a whole, and this is acknowledged by describing ways in which the field has interacted 
strongly with other areas of study, including mathematics, non-linear dynamics and chaos and structural 
geology. A framework is provided through two key conferences that have emerged as pivotal moments in time 
when ideas seemed to take shape in a collective sense rather than just with individuals. Throughout most of the 
paper, the buckling of the axially compressed cylindrical shell is used to illustrate key features, including the 
breaking of hidden symmetry, localization and snaking solutions leading to a minimum energy periodic state 
that accords with a revitalized Maxwell stability criterion. The paper closes with some thoughts to the future, 
including the modelling of layered structures in geology and potential uses of modern composites. 
 
 
Moustafa Kinawy, Richard Butler and Giles W. Hunt (Composites Research Unit, Dept. of Mechanical 
Engineering, University of Bath, UK), “Bending strength of delaminated aerospace composites”, The Royal 
Society Philosophical Transactions A, March 2012, DOI: 10.1098/rsta.2011.0337 
ABSTRACT: Buckling-driven delamination is considered among the most critical failure modes in composite 
laminates. This paper examines the propagation of delaminations in a beam under pure bending. A pre-
developed analytical model to predict the critical buckling moment of a thin sub-laminate is extended to account 
for propagation prediction, using mixed-mode fracture analysis. Fractography analysis is performed to 
distinguish between mode I and mode II contributions to the final failure of specimens. Comparison between 
experimental results and analysis shows agreement to within 5 per cent in static propagation moment for two 
different materials. It is concluded that static fracture is almost entirely driven by mode II effects. This result 
was unexpected because it arises from a buckling mode that opens the delamination. For this reason, and 
because of the excellent repeatability of the experiments, the method of testing may be a promising means of 
establishing the critical value of mode II fracture toughness, GIIC, of the material. Fatigue testing on similar 
samples showed that buckled delamination resulted in a fatigue threshold that was over 80 per cent lower than 
the static propagation moment. Such an outcome highlights the significance of predicting snap-buckling 
moment and subsequent propagation for design purposes. 
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G.W. Hunt, T.J. Dodwell and J. Hammond, “On the nucleation and growth of kink and shear bands”, The Royal 
Society Philosophical Transactions A, May 2013, DOI: 10.1098/rsta.2012.0431 
ABSTRACT: Similarities and differences between the phenomena of kink banding in compressed layered 
structures and shear banding in compressed granular media are explored. Simple models are introduced for 
both, and the focus is directed onto how they can nucleate from the perfectly flat state. A convincing scenario is 
found for each in which a mode develops from an initial bifurcation into a periodic state, followed by rapid 
localization under falling load, while retaining decaying but wavy tails. At a certain lower critical load, the tails 
lose their waviness, and the expected form of the kink or shear band appears. In each case, good numerical 
evidence is provided for the existence of this form of behaviour. A second potential instability for the layered 
case is also explored, linked to the appearance of a critical force dipole that overcomes bending stiffness locally 
at some point along the length. This mode, which should appear with non-wavy decaying tails at the lower of 
the two critical loads mentioned earlier, proves somewhat elusive. Evidence is found for its existence in the 
linearized approximation to the layered model, but the search for numerical solutions to the underlying 
nonlinear equation is hindered by a shortage of suitable boundary conditions. 
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J.O. Hallquist, G.L. Goudreau and D.J. Benson (Lawrence Livermore National Laboratory, University of 
California, Livermore, CA 94550, U.S.A.), “Sliding interfaces with contact-impact in large-scale Lagrangian 
computations”, Computer Methods in Applied Mechanics and Engineering, Vol. 51, Nos. 1-3, September 1985, 
pp. 107-137, doi:10.1016/0045-7825(85)90030-1 
ABSTRACT: The two- and three-dimensional contact algorithms used in the finite element programs developed 
at the Lawrence Livermore National Laboratory are described in this paper. We are interested in both static 
contact and dynamic impact problems and, consequently, have pursued the development of two different 
algorithms. The first, based on the hydrocode technology of the sixties, is implemented in our two- and three-
dimensional explicit finite element codes. The second, a symmetric penalty treatment, is used in our implicit 
codes and is optional in the explicit codes. The penalty methods are used to obtain solutions to almost all of our 
structural problems but we find that the hydrocode approach is vastly superior if pressures greatly exceed the 
yield strength. Examples are provided to show practical applications of both approaches. 
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“A single surface contact algorithm for the post-buckling analysis of shell structures”, Computer Methods in 
Applied Mechanics and Engineering, Vol. 78, No.2, January 1990, pp.141-163, 
doi:10.1016/0045-7825(90)90098-7 
ABSTRACT: In some of our applications we are interested in how a structure behaves after it buckles. When a 
structure collapses completely, a single surface may buckle enough that it comes into contact with itself. The 
traditional approach of defining master and slave contact surfaces will not work because we do not know a 



priori how to partition the surface of the structure. This paper presents a contact algorithm that requires only a 
single surface definition for its input. 
 
 
Bradley N. Maker, Robert M. Ferencz and John O. Hallquist, “NIKE3D – A nonlinear, implicit, three-
dimensional finite element code for solid and structural mechanics – User’s Manual, April 14, 1995 
ABSTRACT: This report provides a user's manual for NIKE3D, a fully implicit three-dimensional finite 
element code for analyzing the finite strain static and dynamic response of inelastic solids, shells, and beams. 
Spatial discretization is achieved by the use of 8-node solid elements, 2-node truss and beam elements, and 4-
node membrane and shell elements. Over twenty constitutive models are available for representing a wide range 
of elastic, plastic, viscous, and thermally dependent material behavior. Contact-impact algorithms permit gaps, 
frictional sliding, and mesh discontinuities along material interfaces. Several nonlinear solution strategies are 
available, including Full-, Modified-, and Quasi-Newton methods. The resulting system of simultaneous linear 
equations is either solved iteratively by an element-by-element method, or directly by a factorization method, 
for which case bandwidth minimization is optional. Data may be stored either in or out of core memory to allow 
for large analyses. 
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ABSTRACT: A review of contact algorithms under the aspects of mathematical exactness and practical 
applicability is given. The basic assumptions and possibilities of some of the main algorithms are displayed, and 
recommendations are given for a synthesis of different approaches. Numerical experiments and comparisons 
show the efficiency of existing programs. 
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“Contact—impact modeling in explicit transient dynamics”, Computer Methods in Applied Mechanics and 
Engineering, Vol. 187, Nos. 3-4, July 2000, pp. 621-640, doi:10.1016/S0045-7825(99)00342-4 
ABSTRACT: In this article we discuss the treatment of contact—impact modeling in a large deformation 
explicit dynamic setting. Such problems are posed mathematically by demanding the usual satisfaction 
momentum balance equations and boundary conditions for each body separately, while imposing an additional 
set of constraints that govern the interaction of these bodies with each other. In applying such methods to 
contact problems we emphasize two requirements: first, that the treatment of contact should follow from the 
development of the local (weak) and global (strong) forms of the contact equations in the continuum setting. 
Algorithms developed from this framework are seen to readily handle the three-dimensional multi-body friction 
case. Second, and equally important especially in large applications is the practical aspect of computing the 
closest point projection for contact nodes, an essential component of defining the contact constraints. This 
calculation is global in nature, accounting for the fact that contact—impact involves multiple bodies interacting 
in unforeseeable ways. These requirements have guided the development of algorithms capable of treating 
contact—impact in PRONTO3D (M.W. Heinstein, S.W. Attaway, J.W. Swegle, F.J. Mello, A general purpose 
contact detection algorithm for nonlinear structural analysis sodes, SAND92-2141, Sandia National 
Laboratories, Albuquerque, N-87185, 1992) are discussed in this paper. 
 
V. T. Tomashevskii, A. S. Zakhvatov, V. S. Yakovlev, “Effect of exfoliation on the stability of cylindrical 
shells made from composites”, Mechanics of Composite Materials, Vol. 27, No 4, pp 446-453, August 1991, 
DOI: 10.1007/BF00613575 
CONCLUSIONS: Decisive factors, which have a considerable effect on the stability of cylindrical shells with 
exfoliations are the area of the region of the exfoliations, the location of the exfoliation region along the 
thickness and length of the shell, and the nature (discontinuity) of the exfoliation along the length of the shell. 
The strongest effect on the stability proves to be the exfoliations, equidistant from the annular reinforcing ribs 
and situated in the neighborhood of the middle surface of the shell. With the arrangement at the end of the shell, 
what is most dangerous is the discontinuous exfoliation, and in the middle part, continuous exfoliation. The 
nature of the exfoliation in the circumferential direction does not have a noticeable effect on the critical load of 
the total stability of the shell. But we should expect a considerable reduction of the local stability (fracture by 
separation of the inner layers). The prediction and calculation of such a form of fracture is an independent 
problem, which has not been considered in the present study. An increase in the value of the opening of 
exfoliation, which has an effect on the bending stiffness and extension (compression) stiffness leads to an 
reduction in the critical load. The formulas presented for the critical load can be applied for normalization of the 
exfoliations. The calculation of such norms assumes the carrying out of a series of tests, as a result of which 
there should be agreement between calculated and experimental data, and margins of stability are introduced, 
ensuring reliable operation of shells with defects. The assumption of norms for the defects is economically 
profitable, since it enables us to use shells having exfoliations whose effects on the critical loads are no 
significant. 
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P. Gaudenzi, “On delamination buckling of composite laminates under compressive loading”, Composite 
Structures 39 (1), 21-30, 1997 
ABSTRACT: The effects of the presence of a delamination on the buckling load of composite laminates under 
compression are investigated. The linearized buckling analysis for two- and three-dimensional solid finite 
elements is proposed as an effective and practical tool for the prediction of the critical loads both for bi-
dimensional and for tri-dimensional cases. The accuracy of the numerical procedure is assessed by comparing 
the results with existing analytical solutions obtained from the literature for simple bi-dimensional applications. 
A tri-dimensional analysis is then presented for the case of a square plate with a circular delamination. The 
effects of radius and depth of the delamination on the buckling load are also illustrated. 
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“Post-buckling analysis of a delaminated composite plate under compression”, Composite Structures, Vol. 40, 
Nos. 3-4, December 1997, pp. 231-238, doi:10.1016/S0263-8223(98)00013-0 
ABSTRACT: The post-buckling behaviour of compressed composite laminates in presence of a through-width 
delamination is considered. A 2D finite element procedure is proposed as an effective and practical tool for the 
nonlinear analysis of the examined structure. An incremental analysis is performed with the introduction of 
contact constrains to fully account for the real behaviour of the structure. Some illustrating examples are then 
presented which show the effect of the geometry of delamination on the post-buckling behaviour. Local and 
global buckled geometries of the deformed structures are also shown corresponding to different levels of the 
compressive loading. 
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“Post-buckling behaviour of thermoplastic matrix composite laminates subjected to pure shear”, Composite 
Structures, Vol. 46, No. 4, 1 December 1999, pp. 381-386, doi:10.1016/S0263-8223(99)00102-6 
ABSTRACT: The present study focuses on the determination of the buckling load and post-buckling behaviour 
of simply supported laminated composite rectangular panels loaded in shear. The nonlinear structural response 
is studied with a non-linear finite element approach. In order to determine the accuracy of the procedure, several 
tests have been performed comparing the finite element solutions for isotropic and laminated composite 
rectangular panels with existing ones, adopting different sequences of lamination and different length to width 
ratios. The analysis then considers the behaviour of laminates produced with innovative thermoplastic matrix 
composites developed in the frame of a national research program. 
 
 
P Gaudenzi, P Perugini, A Riccio, Post-buckling behavior of composite panels in the presence of unstable 
delaminations, Composite Structures 51 (3), 301-309, 2001 
ABSTRACT: The analysis of the non-linear behavior of delaminated composites panels under compression is 
considered. A modification to the incremental continuation method (by Riks) for the analysis of the non-linear 
behavior of damaged composites is proposed to improve the numerical treatment of the analysis of unstable 
delamination growth. The theoretical formulation of this modification is first presented in conjunction with a 
general formulation of the continuation method and the modified virtual crack closure technique (MVCCT) for 



the evaluation of delamination growth. Finally, numerical results for delaminated composite plates through the 
width and circular delaminations are presented and compared with existing experimental and numerical data. 
 
 
Shun-Fa Hwang and Guu-Huann Liu (Dept. of Mechanical Engineering, National Yunlin University of Science 
and Technology, Touliu, Taiwan, R.O.C.), “Experimental study for buckling and postbuckling behaviors of 
composite laminates with multiple delaminations”, Journal of Reinforced Plastics and Composites, Vol. 21, No. 
4, pp 333-349, 2002 
ABSTRACT: The buckling and postbuckling behaviors of composite laminates with multiple delaminations 
under uniaxial compression are experimentally studied. The through-width multiple delaminations with 
triangular shape are used to simulate impact damage. A nonlinear buckling analysis from finite element method 
is also used to predict the buckling loads that are compared with experimental results. The critical delamination 
growth loads of multiple delaminations are obtained from postbuckling tests. The difference of single 
delamination and multiple delaminations on buckling behavior and postbuckling behavior is discussed. The 
results indicate that the buckling loads obtained by the nonlinear buckling analysis are in reasonable agreement 
with the experimental values. Experiments have proven that short delaminations distributed under the near-
surface, long delamination have no effects on the buckling loads. The critical delamination growth loads of 
single-delamination specimens are much higher than those of multiple-delamination specimens, and the shape 
of the triangular multiple delaminations can affect the critical delamination growth loads. 
 
 
Pietropaoli E., Riccio A. (CIRA Italian Aerospace Research Center, via Maiorise, Capua, 81043, Italy), “Finite element 
analysis of the stability (buckling and post-buckling) of composite laminated structures: well established 
procedures and challenges”, Appl. Compos. Mater. 19, 79–96 (2012) 
ABSTRACT: Finite element procedures for the analysis of composite structures under compressive loads 
(buckling and post-buckling) generally are not deployed in books because they are still considered object of 
research whereas they are deemed as assessed by researchers that focus their papers on restricted audience 
topics. Therefore, regarding these procedures, a gap exists in literature between what researchers consider as 
well established and what has been already published. The aim of this paper is to contribute to close this gap by 
providing an insight in linear and non-linear buckling analyses and in their use with composite structures. Both 
modelling and analysis considerations are presented and discussed, focusing on what can be considered as best 
practice when dealing with this kind of problems. Applications (to a stiffened panel and to a wing box) are 
provided for demonstrating the effectiveness of the procedures presented. 
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Sakiyama Takeshi and Matsuda, Hiroshi (Department of Structural Engineering, Nagasaki University, 
Nagasaki, Japan), “Elastic buckling of rectangular mindlin plate with mixed boundary conditions”, Computers 
& Structures, Vol. 25, No. 5, pp. 801-808, 1987 
ABSTRACT: An approximate method for analyzing the elastic buckling of Mindlin plates is proposed. The 
solutions of the differential equations of buckling of Mindlin plate are obtained in discrete forms by applying 
numerical integration. The discrete solutions give the transverse shear forces, twisting moment, bending 
moments, rotations and deflection at the all discrete points which are the intersections of the vertical and 
horizontal equally dividing lines on the plate. In order to confirm the convergency and accuracy of numerical 
solutions, the buckling loads of simply supported square Mindlin plates are calculated, and the results are 
compared with other published finite element solutions. As an application, the buckling loads and buckling 
modes of Mindlin plates with various types of mixed boundaries are calculated. 
 
 
Huang, M.; Ma, X. Q.; Sakiyama, T.; Matsuda, H.; Morita, C., “Natural vibration study on rectangular plates 
with a line hinge and various boundary conditions”, Journal of Sound and Vibration, Vol. 322, No. 1-2, pp. 227-
240, 2008, DOI: 10.1016/j.jsv.2008.11.006 
ABSTRACT: A discrete method is proposed for analyzing the natural vibration problem of rectangular plates 
with a line hinge. The fundamental differential equations and the solutions of these equations are derived for 
two parts of the plate, which are obtained by dividing the plate along the line hinge. By transforming these 
equations into integral equations, and using numerical integration and the continuous conditions along the line 
hinge, the solutions of the whole plate can be expressed by the unknown quantities on the boundary and the 
quantities of the rotation along the hinge. The Green function of the deflection problem is used to obtain the 
characteristic equation of the free vibration. The effects of the position of the line hinge, the aspect ratio, the 
thickness ratio and the boundary condition on the natural frequency parameters are considered. By comparing 
the numerical results obtained by the present method with those previously published, the efficiency and 
accuracy of the present method are investigated. 
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ABSTRACT: A recently developed reference surface element technique is used to model the behaviour of the 
buckling and postbuckling of delaminated plates and shells. The technique can be easily incorporated into any 
finite element analysis programme for which the beam, plate and shell elements etc. satisfy the Reissner–
Mindlin assumption. In this paper, the reference surface element formulation of a four-node Co quadrilateral 
membrane-shear-bending element (ZQUA24) is presented and numerical investigations are performed for 
composite plates and shells with various delamination shapes. The numerical results show that the present 
technique is simple, reliable and able to model delamination buckling and postbuckling behaviour of laminated 
plates or shells. Observations of practical engineering significance are obtained from the study. 
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ABSTRACT: The subject of this paper is the buckling of laminated plates, with a pre-existing delamination, 
subjected to in-plane loading. Each laminate is modelled as an orthotropic Mindlin plate. The analysis is carried 
out by a combination of the finite element and asymptotic expansion methods. By applying the finite element 
method, plates with general delamination regions can be studied. The asymptotic expansion method reduces the 
number of unknown variables of the eigenvalue equation to that of the equation for a single Kirchhoff plate. 
Numerical results for the critical buckling load are presented for several examples. The effects of the shape, size 
and position of the delamination on the buckling load are studied through these examples. 
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ABSTRACT: The compressive strength of composite plates can be considerably reduced if they are damaged 
by delaminations. To study the failure process buckling loads of laminates that contain rectangular, circular and 
elliptical delaminations are calculated using two models based on the Rayleigh-Ritz and finite element method. 
The influence of several parameters such as stacking sequence, flaw size, flaw location and flaw shape is 
investigated and the results are plotted in diagrams. It can be distinguished between local buckling of the 
debonded sublaminate, buckling of the total plate and an interaction of both cases. 
References listed at the end of the paper: 
1-. S. Sallam and G. J. Simitses. Delamination Buckling and Growth of Flat, Cross — Ply Laminates, Composite Structures 4, pp. 
361, 1985 
2 -. G. J. Simitses, S. Sallam and W. L. Yin, Effect of Delamination of Axially Loaded Homogeneous Laminated Plates, AIAA 
Journal, Vol. 23, No. 9, Sept. 1985, pp. 1473 
3 -. W. L. Yin, S. N. Sallam and G. J. Simitses, Ultimate Axial Load Capacity of a Delaminated Beam-Plate, AIAA Journal, Vol. 24, 
No. 1, Jan. 1986, pp. 123 
4 -. W. L. Yin, The Effects of Laminated Structure on Delamination Buckling and Growth, Journal of Composite Materials, Vol. 22, 
June 1988, pp. 502 
5 -. I. Sheinman, M. Bass, O. Ishai, Effect of Delamination on Stability of Laminated Composite Strip, Composite Structures 11 
(1989), pp. 227 
6 -. J. D. Webster, Flaw Criticality of Circular Disbond Defects in Compressive Laminates, NASA CR - 164830, March 1981 
7 -. Herzl Chai, Charles D. Babcock, Two-Dimensional Modelling of Compressive Failure in Delaminated Laminates, Journal of 
Composite Materials. Vol. 19. Jan. 1985, pp. 67 



8 -. Christos Kassapoglou. Buckling, Post-Buckling and Failure of Elliptical Delaminations in Laminates under Compression, 
Composite Structures 9 (1988), pp. 139 – 159 
9 -. K. N. Shivakumar and J. D. Whitcomb, Buckling of a Sublaminate in a Quasi-Isotropic Composite Laminate, Journal of 
Composite Materials, Vol. 19, Jan. 1985, pp. 2 – 18 
10-. Robert M. Jones. Mechanics of Composite Materials, Scripta Book Company 1975 
11-. J. M. Whitney, Structural Analysis of Laminated Anisotropic Plates, Technomic Publishing Company 
12-. Ernst Schrem, Handbook for Linear Static Analysis, INTES Publication UM 404. INTERS GmbH Stuttgart 
13-. Horst Parisch, Ernst Schrem. QUAD4 and TRIA3 Shell Elements in PERMAS, INTES Publication UM 402 
14-. D. Nagy, PERMAS-III/2 Linear Buckling. INTES Publication No. 210 
 
 
Yujun Kim and Seyoung Im (Korea Advanced Institute of Science and Technology, Taejon, Korea), 
“Delamination buckling of laminated composite structures with curvature”, Chapter in Computational 
Mechanics ’95, edited by S.N. Atluri, G. Yagawa and T. Cruse, Springer, 1995, pp 1553-1558 
ABSTRACT: Delamination, which is one of the principal failure modes in composite laminates, plays a critical 
role in affecting the compressive behavior as it may cause localized buckling and the high interlaminar shear 
and normal stresses at the edges of the buckled regions which often lead to delamination growth. Since an early 
contribution by Kachanov[1], the delamination buckling problems have received substantial attention in last 
decade. Chai et al.[2] modelled delamination buckling and crack growth of laminated plates using a simple one-
dimensional beam theory. The energy release rate, was computed by evaluating the total potential energy of the 
plate and differentiating the result with respect to the variable length of delamination which determines the 
stability characteristics of delamination growth. Whitcomb[3, 4] who is among the first to use a nonlinear finite 
element method for analyzing local post-buckling of an embeded delamination in laminated plate considered the 
influence of crack tip mode dependence and contact at delamination buckling in a three-dimensional finite 
element formulation. 
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ABSTRACT: Location of delamination is a triggering parameter for structural instability of laminated 
composites. In this paper, a finite element method is employed to determine the effects of location of 
delamination on free vibration characteristics of graphite-epoxy cross-ply composite pre-twisted shallow 



conical shells. The generalized dynamic equilibrium equation is derived from Lagrange’s equation of motion 
neglecting Coriolis effect for moderate rotational speeds. The formulation is exercised by using an eight noded 
isoparametric plate bending element based on Mindlin’s theory. Multi-point constraint algorithm is utilized to 
ensure the compatibility of deformation and equilibrium of resultant forces and moments at the delamination 
crack front. The standard eigen value problem is solved by applying the QR iteration algorithm. Finite element 
codes are developed to obtain the numerical results concerning the effects of location of delamination, twist 
angle and rotational speed on the natural frequencies of cross-ply composite shallow conical shells. The mode 
shapes are also depicted for a typical laminate configuration. Numerical results obtained from parametric 
studies of both symmetric and anti-symmetric cross-ply laminates are the first known non-dimensional natural 
frequencies for the type of analyses carried out here.  
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anisotropic, laminated and sandwich cylindrical shell panels", AIAA Journal, Vol. 28, No. 10 (1990), pp. 1782-
1793, doi: 10.2514/3.10474 
ABSTRACT: This paper deals with the development of the linearized equation governing the buckling behavior 
of moderately thick, anisotropic, laminated, and sandwich cylindrical shell panels faced with fiber-reinforced 
plastic under uniform shear and normal membrane forces. The formulation takes into account the transverse 
shear flexibility. Two approaches for the approximate solution of the elastic stability equation are developed. 
The first approach is an analytical approach of the Galerkin type and rests upon the principle of virtual work. 
The second is a finite-element displacement approach. Some numerical results are presented and compared with 
other results from the open literature. 
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Marco Di Sciuva (Department of Aerospace Engineering, Politecnico di Torino, Corso Duca degli Abruzzi, 24-
10129 Turin, Italy), “Multilayered anisotropic plate models with continuous interlaminar stresses”, Composite 
Structures, Vol. 22, No. 3, 1992, pp. 149-167, doi:10.1016/0263-8223(92)90003-U 
ABSTRACT: In a recent paper, the author has developed the equations governing the elastodynamic behaviour 
of moderately thick multilayered anisotropic plates by making use of a displacement field which allows a non-
linear variation of the inplane displacements through the laminate thickness and fulfils a priori the static and 
geometric continuity conditions. In the present paper, the author specializes those results by developing a third-
order shear deformation plate model with continuous interlaminar stresses. To show the accuracy and reliability 
of the proposed approach, closed-form solutions are given and compared with results from three-dimensional 
elasticity and other approximate bidimensional plate models with and without continuous interlaminar stresses. 
Based on the numerical investigation conducted, the proposed approach appears to work very well. 
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“On modeling of laminated composite structures featuring interlaminae imperfections”, Studies in Applied 
Mechanics, Vol. 45, 1997, pp. 395-404, Special Issue: Advanced Methods in Materials Processing Defects, 
doi:10.1016/S0922-5382(97)80041-4 
PARTIAL ABSTRACT: A theory of multilayered anisotropic plates featuring interlaminae imperfections in the 
form of interlayer slips is presented. The theory rests upon a representation of the displacement field which: i) 
fulfills a priori the transverse shear stress continuity conditions at each interface of the laminate and the free 
traction on the top and bottom external planes of the plate, ii) satisfies the requirement of continuous 
displacements at the perfectly bonded interfaces, and iii) allows for jumps in the in-plane displacements when 
slip-type interlayer imperfections are present. Numerical results illustrating their implications upon the linear 
and nonlinear static response of laminated plates are displayed and pertinent conclusions are… 
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“Mesh design in finite element analysis of post-buckled delamination in composite laminates”, Composite 
Structures, Vol. 47, Nos. 1-4, December 1999, pp. 603-611, Special Issue: Tenth International Conference on 
Composite Structures, doi:10.1016/S0263-8223(00)00033-7 
ABSTRACT: The role of mesh design in the post-buckling analysis of delamination in composite laminates is 
addressed in this paper. The determination of the strain energy release rate (SERR) along the crack front is 
central to the analysis. Frequently, theoretical analysis is limited to treatment of the problem in two dimensions, 
since considerable complexity is encountered in extending the analysis to three dimensions. However, many 
practical problems of embedded delamination in composite laminates are inherently three-dimensional in 
nature. Although in such cases, the finite element (FE) method can be employed, there are some issues that 
must be examined more closely to ensure physically realistic models. One of these issues is the effect of mesh 
design on the determination of the local SERR along the delamination front. There are few studies that deal 



with this aspect systematically. In this paper, the effect of mesh design in the calculation of SERR in two-
dimensional (2D) and three-dimensional (3D) FE analyses of the post-buckling behavior of embedded 
delaminations is studied and some guidelines on mesh design are suggested. Two methods of calculation of the 
SERR are considered: the virtual crack closure technique (VCCT) and crack closure technique (CCT). The 2D 
analyses confirm that if the near-tip mesh is symmetric and consists of square elements, then the evaluation of 
the SERR is not sensitive to mesh refinement, and a reasonably coarse mesh is adequate. Despite agreement in 
the global post-buckling response of the delaminated part, the SERR calculated using different unsymmetrical 
near-tip meshes could be different. Therefore, unsymmetrical near-tip meshes should be avoided, as 
convergence of the SERR with mesh refinement could not be assured. While the results using VCCT and CCT 
for 2D analyses agree well with each other, these techniques yield different quantitative results when applied to 
3D analyses. The reason may be due to the way in which the delamination growth is modeled. The CCT allows 
simultaneous delamination advance over finite circumferential lengths, but it is very difficult to implement and 
the results exhibit mesh dependency. Qualitatively, however, the two sets of results show similar distributions 
of Mode I and Mode II components of the SERR. This is fortunate, since the VCCT is relatively easy to 
implement. 
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“Delamination buckling and propagation analysis of honeycomb panels using a cohesive element approach”, 
International Journal of Fracture, Vol. 115, No. 2, 2002, pp. 101-123, doi: 10.1023/A:1016333709040 
ABSTRACT: The cohesive element approach is proposed as a tool for simulating delamination propagation 
between a facesheet and a core in a honeycomb core composite panel. To determine the critical energy release 
rate (Gc) of the cohesive model, Double Cantilever Beam (DCB) fracture tests were performed. The peak 
strength (sigma c) of the cohesive model was determined from Flatwise Tension (FWT) tests. The DCB coupon 
test was simulated using the measured fracture parameters, and sensitivity studies on the parameters for the 
cohesive model of the interface element were performed. The cohesive model determined from DCB tests was 
then applied to a full-scale, 914 x 914 mm (36 x36 in.) debond panel under edge compression loading, and 
results were compared with an experiment. It is concluded that the cohesive element approach can predict 
delamination propagation of a honeycomb panel with reasonable accuracy. 
References listed at the end of the paper: 
1. Barenblatt, G.I. (1962). The mathematical theory of equilibrium cracks in brittle fracture. Advances in Applied Mechanics VII, 55–
129. 
2. Boeing (1996). Structural Material Laboratory Work Request. Technical report, Boeing HSCT Structures Technology. 
Unpublished. 
3. Burton, W.S. and Noor, A.K. (1997). Assessment of continuum models for sandwich panel honeycomb cores. Computer Methods 
in Applied Mechanics and Engineering 145, 341–360. 
4. Chai, H., Babcock, C.A. and Knauss, W.G. (1981). One dimensional modeling of failure in laminated plates by delamination 
buckling. International Journal of Solids and Structures 17, 403–426. 
5. Cui, W. and Wisnom, M.R. (1993). A combined stress-based and fracture-mechanics-based model for predicting delamination in 
composites. Composites 24, 467–474. 
6. de Andres, A., Perez, J.L. and Ortiz, M. (1999). Elastoplastic finite element analysis of three-dimensional fatigue crack growth in 
aluminum shafts subjected to axial loading. International Journal of Solids and Structures 36, 2231–2258. 
7. Dugdale, D.S. (1960). Yielding in steel sheets containing slits. Journal of the Mechanics and Physics of Solids 8, 100–104. 
8. Kim, W., Miller, T. and Dharan, C. (1981). Strength of composite sandwich panels containing debonds. International Journal of 
Solids and Structures 30, 211–223. 
9. Klug, J., Wu, X.X. and Sun, C.T. (1996). Efficient modeling of postbuckling delamination growth in composite laminates using 
plate elements. AIAA Journal 34, 178–184. 
10. Miller, M., Rufin, A.C., Westre, W.N. and Samavedam, G. (1998). High-speed civil transport hybrid laminate sandwich fuselage 
panel test. In: Fatigue and Fracture Mechanics (edited by Panonthin T. and Sheppard S.), Vol. 29, ASTM STP 1321, 713–726. 
11. Nilsson, K.-F. and Giannakopoulos, A.E. (1995). A finite element analysis of configurational stability and finite growth of 
buckling driven delamination. Journal of the Mechanics and Physics of Solids 43, 1983–2021.  



12. Nilsson, K.-F. and Storakers, B. (1992). On interface crack growth in composite plates. Journal of Applied Mechanics 59, 530–
538.  
13. Nilsson, K.-F., Thesken, J.C., Sindelar, P., Giannakopoulos, A.E. and Storakers, B. (1993). A theoretical and experimental 
investigation of buckling induced delamination growth. Journal of the Mechanics and Physics of Solids 41, 749–782.  
14. Ortiz, M. and Pandolfi, A. (1999). Finite-deformation irreversible cohesive elements for three-dimensional crack-propagation 
analysis. International Journal for Numerical Methods in Engineering 44, 1267–1282.  
15. Rice, J.R. (1968). Mathematical analysis in the mechanics of fracture. In: Fracture: An Advanced Treatise (edited by Liebowitz, 
H.), Academic Press, New York, 191–311.  
16. Schellekens, J.C.J. and de Borst, R. (1993). On the numerical integrations of interface elements. International Journal for 
Numerical Methods in Engineering 36, 43–66.  
17. Tsai, S.W. (1987). Composites Design. Dayton: Think Composites, third edition.  
18. Ural, A., Zehnder, A.T. and Ingraffea, A.R. (2001). Fracture mechanics approach to facesheet delamination in honeycomb: 
Measurement of energy release rate of the adhesive bond. Engineering Fracture Mechanics. (submitted).  
19. Wei, Y. and Hutchinson, J.W. (1997). Steady-state crack growth and work of fracture for solids characterized by strain gradient 
plasticity. Journal of the Mechanics and Physics of Solids 45, 1253–1273. 
20. Whitcomb, J.D. (1981). Finite element analysis of instability related delamination growth. Journal of Composite Materials 15, 
403–426. 
21. Whitcomb, J.D. (1989). Three-dimensional analysis of a postbuckled embedded delamination. Journal of Composite Materials 23, 
862–889. 
22. Whitcomb, J.D. (1992). Analysis of a laminate with a postbuckled embedded delamination. Journal of Composite Materials 26, 
1523–1533. 
23. Wilhite, A.W. and Shaw, R.J. (1997). HSCT research picks up speed. Aerospace America 35, 24–29,41. Williams, L.J. (1995). 
HSCT research gathers speed. Aerospace America 145, 32–37. 
 
 
G. W. Hunt and M. K. Wadee, “Comparative Lagrangian Formulations for Localized Buckling”, Proc. R. Soc. 
London,  A 9, September 1991, vol. 434, no. 1892, pp. 485-502, doi: 10.1098/rspa.1991.0109 
ABSTRACT: An energy functional for a struct on a nonlinear softening foundation is worked into two different 
lagrangian forms, in fast and slow space respectively. The developments originate independently of the 
underlying differential equation, and carry some quite general features. In each case, the kinetic energy is an 
indefinite quadratic form. In fast space, this leads to an escape phenomenon with fractal properties. In slow 
space, kinetic energy is added to a potential contribution that is familiar from modal formulations. Together, 
and in conjunction with a recent set of numerical experiments, they illustrate the extra complexities of localized, 
as opposed to distributed periodic, buckling. 
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“Cellular Buckling in Long Structures”, Nonlinear Dynamics, Vol. 21, No. 1, 3-29, 2000, 
DOI: 10.1023/A:1008398006403 
ABSTRACT: A long structural system with an unstable (subcritical) post-buckling response that subsequently 
restabilizes typically deforms in a cellular manner, with localized buckles first forming and then locking up in 
sequence. As buckling continues over a growing number of cells, the response can be described by a set of 
lengthening homoclinic connections from the fundamental equilibrium state to itself. In the limit, this leads to a 
heteroclinic connection from the fundamental unbuckled state to a post-buckled state that is periodic. Under 
such progressive displacement the load tends to oscillate between two distinct values.The paper is both a review 
and a pointer to future research. The response is described via a typical system, a simple but ubiquitous model 
of a strut on a foundation which includes initially-destabilizing and finally-restabilizing nonlinear terms. A 
number of different structural forms, including the axially-compressed cylindrical shell, a typical sandwich 
structure, a model of geological folding and a simple link model are shown to display such behaviour. A 
mathematical variational argument is outlined for determining the global minimum postbuckling state under 
controlled end displacement (rigid loading). Finally, the paper stresses the practical significance of a Maxwell-
load instability criterion for such systems. This criterion, defined under dead loading to be where the pre-
buckled and post-buckled state have the same energy, is shown to have significance in the present setting under 
rigid loading also. Specifically, the Maxwell load is argued to be the limit of minimum energy localized 
solutions as end-shortening tends to infinity. 
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Wadee MK, MA Wadee, Bassom AP, Aigner AA (2006) Longitudinally inhomogeneous deformation patterns 
in isotropic tubes under pure bending. Proc R Soc A 462: 817–838, DOI: 10.1098/rspa.2005.1596 
ABSTRACT: A variational model is formulated that accounts for the localization of deformation due to 
buckling under pure bending of thin-walled elastic tubes with circular cross-sections. Previous studies have 
successfully modelled the gradual process of ovalization of the cross-section with an accompanying progressive 
reduction in stiffness but these theories have had insufficient freedom to incorporate any longitudinal variation 
in the tube. Here, energy methods and small-strain nonlinear elastic theory are used to model the combined 
effects of cross-section deformation and localized longitudinal buckling. Results are compared with a number of 
case studies, including a nanotube, and it is found that the model gives rise to behaviours that correlate well 
with some published physical experiments and numerical studies. 
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2000 Congress, no date or publisher given in the pdf file, 2000? 
ABSTRACT: Minimum mass design of aerospace structures is greatly enhanced by allowing for their 
postbuckling reserve of strength, which is mainly due to stress re-distribution within the structure following 
buckling in a local mode. The paper first outlines a geometrically non-linear analysis for longitudinally 
compressed panels, in which the ratio of postbuckling to prebuckling axial stiffness is established by an iterative 
procedure, critical buckling loads and mode shapes being found by an ‘exact strip’ algorithm. The analysis is 
illustrated by its application to a simply supported, curved, stiffened panel. The paper next describes an 
incremental approach to the local postbuckling analysis of longitudinally stiffened cylindrical shells loaded by 
longitudinal compression and/or a bending moment. The shell is modelled as a collection of skin/stiffener 
portions, for each of which the critical buckling load and stiffness ratio are determined. Next the axial loads in 
each portion due to the applied loads are calculated under linear elastic assumptions, so that it is possible to 
determine which portion will buckle first. Thereafter the buckled portion is modelled with a reduced stiffness, 
so that the location of the shell’s neutral axis changes and is found by an iterative improvement to a method 
originally developed by Bruhn. 
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“VICONOPT: Program for exact vibration and buckling analysis or design of prismatic plate assemblies”, 
AIAA Journal, Vol. 29, No. 11, November 1991 
ABSTRACT: A summary is given of key features of the computer program VICONOPT, which covers 
prismatic assemblies of anisotropic plates exactly for buckling and vibration analysis and also for design subject 
to buckling constraints. 
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Mahdi Damghani, “Buckling behavior of delaminated composite plates using exact stiffness analysis”, Ph.D. 
dissertation, Cardiff University 
SUMMARY: The aim of this thesis is to investigate the local and global buckling behaviour of delaminated 
composite plates using exact stiffness analysis. Several attempts are made to model delamination with the 
accuracy of detailed 3D finite element analysis (FEA) but substantially improved computational efficiency. 
Investigation of local buckling behaviour is performed using the exact stiffness program VICONOPT, giving 
good comparative results and substantially less solution times compared to those of FEA. Extending this 
approach to global buckling behaviour poses limitations and difficulties in retaining computational efficiency. 
Several techniques are introduced to study global buckling behaviour while requiring less solution time than 
FEA. The advantages and disadvantages of these techniques are discussed. Finally, an improved smeared 
stiffness method is derived which results from simplification of the total potential energy expression for the 
plate. This simplification avoids expensive computational effort while maintaining results of good accuracy 
(within 2%-3% of FEA results). This method can be employed for modelling delaminations o f different shape 
and size located anywhere in the composite plate.  
(Cannot cut and paste the references.) 
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“The dynamic buckling of stiffened panels – a study using high speed digital image correlation”, Applied 
Mechanics and Materials, Vols. 24-25, pp 331-336, 2010, DOI: 10.4028/www.scientific.net/AMM.24-25.331  
ABSTRACT: For a structure subjected to an intermediate velocity impact in which the duration of loading is in 
the order of milliseconds and in excess of the period of it’s first free vibration mode there is a relationship 
between impact duration and buckling load. Although this relationship results in higher buckling loads for 
shorter duration impacts, the precise nature of the correlation depends on a number of other factors, one of 
which is geometry. Since the design of many lightweight structures subject to dynamic loading in this 
intermediate range is based on the use of a static buckling load to which a load factor is then applied, it is 
essential that this factor accurately represents the relationship between the two and takes of account of any 
variations. Failure to do so will at least result in an over designed structure and at worst in catastrophic failure.  
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Mahdi Damghani, David Kennedy and Carol Featherston (Cardiff School of Engineering, Queen’s Buildings, 
The Parade, Cardiff CF24 3AA, United Kingdom), “Critical buckling of delaminated composite plates using 
exact stiffness analysis”, Computers & Structures, Vol. 89, Nos. 13-14, July 2011, pp. 1286-1294, 
doi:10.1016/j.compstruc.2011.04.003 
ABSTRACT: The critical buckling of composite plates with through-the-length delaminations is studied using 
exact stiffness analysis and the Wittrick–Williams algorithm. Computational efficiency is achieved by avoiding 
discretisation into elements, making the method suitable for preliminary aircraft design. Numerical results for 
longitudinal, transverse and shear loading show a transition from global to local buckling modes as the 
delamination width is increased. The critical buckling strength is dramatically reduced as the delamination is 
moved towards the plate surface, but is relatively insensitive to its widthwise location or to the edge conditions. 
The results are compared with finite element analysis. 
 
 
C.A. Featherston, M.J. Eaton and K.M. Holford, “Modelling the effects of geometric imperfections on the 
buckling and initial post-buckling behaviour of flat plates under compression using measured data”, Strain, Vol. 
48, No. 3, pp 208-215, June 2012 
ABSTRACT: Recent developments in optical techniques have allowed accurate representations of the geometry 
of test specimens to be obtained. These enable the nature of geometric imperfections resulting from 
manufacture or set-up to be captured in a form which allows them to be incorporated directly into models 
generated to predict the behaviour of the structure. This study examines the effect of such imperfections on the 
behaviour of a series of panels, simply supported along all four edges, and subject to uniaxial compressive in-
plane loading. In each case, digital image correlation is used to determine the initial profile and set-up of the 
panel and to monitor its behaviour during test. The data are used to automatically generate a series of meshes 
representative of each of the specimens tested, suitable for finite element analysis. Comparison of the results 
obtained from these analyses with those found during the experiments modelled shows an improved correlation 
when compared with standard techniques for assessing imperfection sensitivity. Set-up is straightforward, and 
models can be obtained quickly based on the data collected. 
 
 
B. Zhang, Q. Sun, "The Ultimate Strength of Stiffened Panel with Overall Buckling", Advanced Materials 
Research, Vols. 308-310, pp. 1297-1301, 2011, DOI: 10.4028/www.scientific.net/AMR.308-310.1297  
ABSTRACT: The post-buckling behavior of a stiffened panel is investigated in this paper. Firstly, the buckling 
mode of the stiffened panel is obtained using the linear buckling eigenvalue method. Then, the collapsing 
strength of the stiffened panel is calculated using the ultimate strength method based on large deflection 
orthotropic plate theory. In addition, nonlinear finite element analysis is performed to predict the post-buckling 
behavior of the stiffened panel. By comparing the model prediction and the analytical results of ultimate 
strength, it is shown that good accuracy can be achieved, especially for the method referring to membrane stress 
in mid-thickness of equivalent orthotropic plate. It suggests that the proposed method can predict the ultimate 
strength of whole stiffened panel accurately and effectively. 
 
 
Richard Butler (University of Bath, Bath, UK), “The optimisation of wing structures - theory or practice?”, 
Aircraft Engineering and Aerospace Technology, Vol. 70, No. 1, 1998, pp.4 – 8 
ABSTRACT:  Computer programs which model the static, dynamic and aeroelastic response of wing structures, 
and which permit optimisation of such structures, have been under development for more than 30 years. 
However, the industrial application of these programs remains small. This paper provides an overview of some 
of the existing optimisation methods which may be applied at various stages during the design of wing 
structures. An indication of the variety of design variables, constraints and objective functions available within 
these methods is given. Some general conclusions are drawn, about both the limitations and potential 
application of such structural optimisation techniques. 
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“Analysis and testing of a postbuckled stiffened panel”, AIAA Journal, Vol. 40, No. 5, 2002, pp. 996-1000, 
doi: INIST-CNRS, Cote INIST : 214, 35400010064955.0230 
ABSTRACT: The suitability of using the efficient, linear elastic design software VICONOPT for the analysis of 
a stiffened panel with a postbuckling reserve of strength is investigated. A longitudinally compressed panel, 
which initially buckled in a local skin mode, was analyzed with allowance being made for the effects of an 
initial overall imperfection. The panel was also analyzed using the nonlinear finite element package ABAQUS. 
and four laboratory specimens that represent the panel were tested to failure. The similarity of the experimental 
failure with the VICONOPT and ABAQUS predictions indicates that VICONOPT can give satisfactory analysis 
results for use in preliminary design. 
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(1) University of Bath, Bath, BA2 7AY, UK 
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“Postbuckling of stiffened panels using strut, strip, and finite element methods”, AIAA Journal, Vol. 41, No. 6, 
2003, pp. 1172-1179, doi: INIST-CNRS, Cote INIST : 214, 35400011832418.0230 
ABSTRACT: Postbuckling results are presented for isotropic stiffened panels loaded in compression. 
Comparisons are made between single-bay and double-bay finite element (FE) models (where bay denotes a 
repeating portion, between supports, in the load/length direction) and a new strut model, following a Shanley-
type approach, for single-bay and multibay panels. The strut model has been incorporated within the strip 
program VIPASA with CONstraints and OPTimization (VICONOPT) to design a multibay example panel with 
postbuckling reserve of strength in its skins, assuming linear elastic material properties. The panel has been 
shown by VICONOPT to have a stiffener buckling failure mode when an overall sinusoidal imperfection 
causing increased stiffener compression is present. The failure is confirmed by the double-bay FE model, which 
is shown to be an imperfect representation of the multibay case. Single-bay analysis using the strut model shows 
good agreement with the single-bay FE results. The VICONOPT code is able to design a metallic panel of 
realistic dimensions and loading using 50 strip elements (compared with the 9600 shell elements required by the 
finite element model) but cannot correctly account for material nonlinearity. The important phenomenological 
difference between postbuckling of single-, double-, and multibay panel models are indicated. 
 
 
G. W. Hunt, B. Hu, R. Butler, D. P. Almond, J. E. Wright (University of Bath, Bath, BA2 7AY, UK), 
“Nonlinear modeling of delaminated struts”, AIAA Journal, Vol. 42, No. 11, pp. 2364-2372, 2004 
ABSTRACT: A phenomenological overview of the buckling and postbuckling of fully and partially 
delaminated struts is developed using a simple four-degree-of-freedom nonlinear Rayleigh-Ritz formulation. 
Bifurcation analysis indicates that instability occurs in general at an asymmetric point of bifurcation. After 
bifurcation, realistic solutions are seen to follow the stable part of the postbuckling path, with the unstable 
branch being denied by contact between the contributing laminates. Depending on the geometry and position of 
the delamination, thoroughly stable (thin-film), effectively neutral (overall), or potentially unstable (mixed-
mode) buckling can occur in the postbuckling range. Numerically obtained equilibrium solutions of the model 
are found to compare well with those obtained using the finite element code ABAQUS. Critical delamination 
depths, where the response undergoes a change in form, are discovered at positions of secondary bifurcation. 
The multiplicity of equilibrium solutions that arise at such points are seen to cause possible problems of path 
selection for standard finite element routines. 
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optimization and postbuckling of highly strained composite stiffened panels”, AIAA Journal, Vol. 44, No. 11, 
2006, pp. 2562-2570, doi: INIST-CNRS, Cote INIST : 214, 35400015886436.0150 



ABSTRACT: The paper presents a bilevel strategy for the efficient optimum design of composite stiffened 
panels using VICONOPT, a fast-running optimization package based on linear eigenvalue buckling theory, and 
embracing practical composite design rules. Panel level optimization finds a minimum weight cross-sectional 
geometry based on a substitution of equivalent orthotropic plates for laminated plates. Optimization at the 
laminate level finds stacking sequences satisfying laminate design rules. VICONOPT models are validated with 
ABAQUS finite element models, and with experimental compressive testing of two blade-stiffened panels. The 
buckling and postbuckling behavior of the two panels, with initial buckling in the stiffeners and skin, 
respectively, is investigated in a high load and high strain range. The bilevel strategy is evaluated by the design 
of a relatively short Z stiffened panel which has been manufactured and tested, and also by design of a long 
wing cover panel with combined loads. The weight saving from the wing cover panel is 13% compared with an 
existing datum design. This demonstrated that the strategy is efficient, reliable, and extendable into the long 
panel range. 
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University of Bath, UK), “Optimization of composite stiffened panels subject to compression and lateral 
pressure using a bi-level approach”, Structural and Multidisciplinary Optimization, Vol. 36, No. 3, pp 235-245, 
September 2008 
ABSTRACT: Composite stiffened panel optimization is typically a mixed discrete-continuous design problem 
constrained by buckling and material strength. Previous work applied a bi-level optimization strategy to the 
problem by decomposing the mixed problem to continuous and discrete levels to reduce the optimization search 
space and satisfy manufacturing constraints. A fast-running optimization package, VICONOPT, was used at the 
continuous optimization level where the buckling analysis was accurately and effectively performed. However, 
the discrete level was manually adjusted to satisfy laminate design rules. This paper develops the strategy to 
application on continuously long aircraft wing panels subjected to compression and lateral pressure loading. 
The beam-column approach used to account for lateral loading for analysis during optimization is reported. A 
genetic algorithm is newly developed and applied to the discrete level for automated selection of laminated 
designs. The results that are presented show at least 13% weight saving compared with an existing datum 
design. 
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Computers & Structures, Vol. 58, pp 543–555, 1996 
ABSTRACT: The design of composite structures against buckling presents two major challenges to the 
designer. First, the problem of laminate stacking sequence design is discrete in nature, involving a small set of 
fiber orientations, which complicates the solution process. Therefore, the design of the stacking sequence is a 
combinatorial optimization problem which is suitable for genetic algorithms. Second, many local optima with 
comparable performance may be found. Most optimization algorithms find only a single optimum, while often a 
designer would want to obtain all the local optima with performance close to the global optimum. Genetic 
algorithms can easily find many near optimal solutions. However, they usually require very large computational 
costs. Previous work by the authors on the use of genetic algorithms for designing stiffened composite panels 
revealed both the above strength and weakness of the genetic algorithm. The present paper suggests several 
changes to the basic genetic algorithm developed previously, and demonstrates reduced computational cost and 
increased reliability of the algorithm due to these changes. Additionally, for a stiffened composite panel 
considered in this study, we present designs lighter by about 4% compared to previously obtained results.  
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ABSTRACT: The present work develops an optimization procedure for a geometric design of a composite 
material stiffened panel with conventional stacking sequence using static analysis and hygrothermal effects. The 
procedure is based on a global approach strategy, composed by two steps: first, the response of the panel is 
obtained by a neural network system using the results of finite element analyses and, in a second step, a multi-
objective optimization problem is solved using a genetic algorithm. The neural network implemented in the first 
step uses a sub-problem approach which allows to consider different temperature ranges. The compression load 
and relative humidity of the air are assumed to be constants throughout the considered temperature range. The 
mass, the hygrothermal expansion and the stresses between the skin and the stiffeners are defined as the 
optimality criteria. The presented optimization procedure is shown to yield the optimal structure design without 
compromising the computational efficiency.  
References listed at the end of the paper: 
[1]  Kaufmann M, Zenkert D, Mattei C. Cost optimization of composite aircraft structures including variable laminate qualities. 
Compos Sci Technol 2008;68(13):2748–54. � 
[2]  Rikards R, Abramovich H, Kalnins K, Auzins J. Surrogate modeling in design optimization of stiffened composite shells. Compos 
Struct 2006;73(2):244–51. � 
[3]  Badran SF, Nassef AO, Metwalli SM. Y-stiffened panel multi-objective optimization using genetic algorithm. Thin Wall Struct 
2009;47(11):1331–42. � 
[4] Irisarri FX, Bassir DH, Carrere N, Maire JF. Multiobjective stacking sequence optimization for laminated composite structures. 
Compos Sci Technol 2009;69(7-8):983–90.  
[5] Irisarri FX, Laurin F, Leroy FH, Maire JF. Computational strategy for multiobjective optimization of composite stiffened panels. 
Compos Struct 2011;93(3):1158–67.  



[6] Todoroki A, Ishikawa T. Design of experiments for stacking sequence optimizations with genetic algorithm using response surface 
approximation. Compos Struct 2004;64(3-4):349–57.  
[7] Todoroki A, Sekishiro M. Stacking sequence optimization to maximize the buckling load of blade-stiffened panels with strength 
constraints using the iterative fractal branch and bound method. Compos Part B: Eng 2008;39(5):842–50.  
[8] Todoroki A, Sekishiro M. New iteration fractal branch and bound method for stacking sequence optimizations of multiple 
laminates. Compos Struct 2007;81(3):419–26.  
[9] Wang W, Guo S, Chang N, Yang W. Optimum buckling design of composite stiffened panels using ant colony algorithm. Compos 
Struct 2010;92(3):712–9.  
[10] Gigliotti M, Riccio A, Iuspa L, Scaramuzzino F, Mormile L. Weight optimisation of damage resistant composite panels with a 
posteriori cost evaluation. Compos Struct 2009;88(2):312–22. � 
[11] Nagendra S, Jestin D, Gürdal Z, Haftka RT, Watson LT. Improved genetic algorithm for the design of stiffened composite panels. 
Comput Struct 1996;58(3):543–55. � 
[12] de Faria A, de Almeida S. Buckling optimization of plates with variable thickness subjected to nonuniform uncertain loads. Int J 
Solids Struct 2003;40(15):3955–66. � 
[13] Topal U, Uzman U. Thermal buckling load optimization of laminated composite plates. Thin Wall Struct 2008;46(6):667–75. � 
[14] Young-Shin L, Yeol-Wha L, Myung-Seog Y, Bock-Sun P. Optimal design of thick laminated for maximum thermal buckling 
load. J Therm Stresses 1999;22(3):259–73. � 
[15] Ijsselmuiden ST, Abdalla M, Gnrdal Z. Thermomechanical design optimization of variable stiffness composite panels for 
buckling. J Therm Stresses 2010;33(10):977–92. 
[16] Cho HK. Optimization of dynamic behaviors of an orthotropic composite shell subjected to hygrothermal environment. Finite 
Elem Anal Des 2009;45(11):852–60. 
[17] Boukhoulda BF, Adda-Bedia E, Madani K. The effect of fiber orientation angle in composite materials on moisture absorption 
and material degradation after hygrothermal ageing. Compos Struct 2006;74(4):406–18. � 
[18] He Y. In-situ characterization of moisture absortion–desorption and hygroscopic swelling behavior of an underfill material. In: 
Electronic components and technology conference; 2011. p. 375–86. 
[19] Vaddadi P, Nakamura T, Singh R. Inverse analysis to determine hygrothermal properties in fiber reinforced composites. J 
Compos Mater 2007;41:309–34.  
[20] Chang TW, Tsai CL, Yeih W, Chang JJ. Tracking the moisture expansion of carbon/epoxy composite exposed to varying 
humidity. J Compos Mater 2008;42(2):431–43. � 
[21] Orifici AC, Thomson RS, Herszberg I, Weller T, Degenhardt R, Bayandor J. An analysis methodology for failure in postbuckling 
skin-stiffener interfaces. Compos Struct 2008;86(1-3):186–93. � 
[22] Orifici AC, Shah SA, Herszberg I, Kotler A, Weller T. Failure analysis in postbuckled composite T-sections. Compos Struct 
2008;86(1–3):146–53. � 
[23] Holland J. Adaptation in natural and artificial systems: an introductory analysis with applications to biology, control, and 
artificial intelligence. MIT Press; 1975. 
[24] Goldberg DE. Genetic algorithms in search, optimization and machine learning. Addison-Wesley Pub. Co.; 1989. � 
[25] Bisagni C, Lanzi L. Post-buckling optimisation of composite stiffened panels using neural networks. Compos Struct 
2002;58(2):237–47. � 
[26] Lanzi L, Bisagni C, Ricci S. Neural network systems to reproduce crash behavior of structural components. Comput Struct 
2004;82(1):93–108. � 
[27] ABAQUS version 6.9: ABAQUS User’s manual. SIMULIA World Headquarters, 166 Valley Street, Providence, RI 02909, USA; 
2009. 
[28] Barbero EJ. Introduction to composite materials design. 2nd ed. CRC Press. Taylor & Francis Group; 2011. 
[29] Mayugo JA. Proyecto: ensayo virtual y supervisión estructural de revestimientos reforzados con larguerillos de fibra de carbono 
EVISER IT-01, ref: TRA2006-15718-C02-01/TAIR. AMADE. Universitat de Girona; 2006–2009.  
[30] Dávila CG, Camanho PP, Rose CA. Failure criteria for FRP laminates. J Compos Mater 2005;39:323–45. � 
[31] MIL-HDBK-17-3F (Military Handbook). Composite materials handbook: polymer matrix composites materials usage, design, 
and analysis, vol. 3. Department of Defense of USA; 2002. � 
[32] Müller B, Reinhardt J. Neural networks. An introduction. Berlin Heidelberg New York: Springer-Verlag; 1995. 
[33] MATLAB. Using MATLAB manual. The Math Works Inc. Natick, MA; 1999.  
[34] Dennis Jr JE, Schnabel RB. Numerical methods for unconstrained optimization and nonlinear equations. SIAM, Philadelphia; 
1983. 1996. � 
[35] Deb K. Multi-objective optimization using evolutionary algorithms. John Wiley & Sons; 2001. � 
[36] Valery V Vasiliev, Evgeny V Morozov. Advanced mechanics of composite materials; 2007.  
 
 
A. Rhead and R. Butler (Composites Research Unit, Dept. of Mechanical Engineering University of Bath, UK), 
“Buckling, propagation and stability of delaminated anisotropic layers”, Paper ID: 684-ECCM14, 14th European 
Conference on Composite Materials, 7-10 June 2010, Budapest, Hungary 
ABSTRACT: Previously, the authors have developed a modelling methodology that establishes a threshold 
strain below which damage propagation will not occur in laminates subject to Compression After Impact (CAI). 
In order to validate this methodology, a number of quasi-istropic coupons each containing a circular artificial 



delamination have been tested in axial compression. These coupons had 0o, ±45o and 90o dominated thin 
sublaminates placed above the delamination in order to prove the applicability of the model to sublaminates 
with high anisotropy. Results indicate the model can predict both the strain at which delaminations in the 

coupons with 0o and ±45o dominated sublaminates propagate from their original sites and the stability with 

which propagation occurred. Analysis of the coupon with a 90o dominated sublaminate was inconclusive due to 
an unexpected experimental propagation mode. For all coupons delamination propagation was in the direction 
of the dominant fibre direction in the sublaminate. The established methodology is shown to be suitable for 
assessing the damage tolerance of composite laminates.  
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Richard Butler, Andrew T. Rhead, Wenli Liu and Nikolaos Kontis, “Compressive strength of delaminated 
aerospace composites”, The Royal Society Philosophical Transactions A, March 2012 
DOI: 10.1098/rsta.2011.0339 
ABSTRACT: An efficient analytical model is described which predicts the value of compressive strain below 
which buckle-driven propagation of delaminations in aerospace composites will not occur. An extension of this 
efficient strip model which accounts for propagation transverse to the direction of applied compression is 
derived. In order to provide validation for the strip model a number of laminates were artificially delaminated 
producing a range of thin anisotropic sub-laminates made up of 0°, ±45° and 90° plies that displayed varied 
buckling and delamination propagation phenomena. These laminates were subsequently subject to experimental 
compression testing and nonlinear finite element analysis (FEA) using cohesive elements. Comparison of strip 
model results with those from experiments indicates that the model can conservatively predict the strain at 
which propagation occurs to within 10 per cent of experimental values provided (i) the thin-film assumption 
made in the modelling methodology holds and (ii) full elastic coupling effects do not play a significant role in 
the post-buckling of the sub-laminate. With such provision, the model was more accurate and produced fewer 
non-conservative results than FEA. The accuracy and efficiency of the model make it well suited to application 
in optimum ply-stacking algorithms to maximize laminate strength. 
 
Jose Carrasco-Fernandez (Airbus Operations S.L, Getafe, Madrid, Spain), “Anisotropic stiffened panel buckling 
and bending analyses using Rayleigh-Ritz method”, Chapter in Mechanics and Properties of Composite 
Materials and Structures, Vol. 31 of the series Advanced Structurd Materials, pp 137-152 
DOI: 10.1007/978-3-642-31497-1_9 
ABSTRACT: A Rayleigh–Ritz energy method application is proposed to calculate the buckling onset and 
bending behavior of flat rectangular anisotropic composite stiffened panels submitted to any combination of in-



plane loads (biaxial compression and shear) and pressure. Panels may consist in any kind of anisotropic 
laminate. Thickness, lay-up and material property changes are allowed along both longitudinal and transverse 
directions and transverse shear effects are considered using a first order theory. Stiffeners, idealized as offset 
beams, can also be placed in both directions. Simply supported edges are the assumed boundary conditions for 
the panel. Nevertheless, additional restrictions can be added by means of the definition of certain torsional or 
flexural stiffness at the edges. Therefore, clamped conditions or any other condition between clamped and 
simply supported can be analyzed. The consideration of all these features, together with the potentially high 
computational performances of the Rayleigh–Ritz method compared with the classical finite elements analyses, 
enables a wide application in real aircraft structures, such as CFRP (composite fiber reinforced plastic) torque 
box covers and spars with elevated performances and accuracy. Comparisons with finite element methods and 
tests in real structures are shown. 
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buckling of hydrostatically loaded, conical shells and practical evaluation of the buckling load,” in Buckling of 
Shells. A State-of-the-Art Colloquium. Universität Stuttgart. Institut für Baustatik, 1982, pp. 4.1–4.24. 
ABSTRACT: An extensive experimental investigation of buckling of conical shells that are supported only 
along their lower edge and that are loaded by the weight of a liquid leads to diagrams and formulas which can 
be used directly in the design of such shells. The margin of safety to be applied, the influence of welding 
stresses and the limitations on the validity of the formulas for structures with different boundary conditions are 
discussed. 
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loading”, Chapter in Inelastic Behaviour of Plates and Shells, Proceedings of International Union of Theoretical 
and Applied Mechanics, pp 291-311, 1986 
ABSTRACT: The major part of an investigation that began about 15 years ago consisted in testing 75 spherical 
model domes made of microconcrete. Some were subjected to rapidly increasing uniform radial pressure until 
they buckled, and some were subjected to a radial pressure held constant until they buckled (two of the latter 
specimens have not yet failed, ten years after the constant load was applied). Non-linear calculations reflecting 
the effects of the rapid loading and of the loading of long duration have been carried out and their results have 
been compared with the data obtained experimentally. The numerical results do not support GERARD’s and 
KOLLAR’s creep buckling hypothesis, while the set of experimental results of the long-term loading tests 
supports the hypothesis quite well in a statistical sense. 
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steel water tower”, 
 Journal of Constructional Steel Research, Vol. 49, No. 3, March 1999, pp. 303-314 
ABSTRACT: The main purpose of the paper is to confront the buckling failure of the conical steel tank of a 
water tower with buckling formulae resulting from experimental and theoretical research. The collapse 
corroborates those formulae, which had been published before. The designer of the water tower had relied on a 
solution to a different, somewhat similar buckling problem. The fact showed that solution to be unconservative 
for the shell as constructed. The shell buckling formula used by the designer was not accompanied by an 
imperfection limitation qualifying its applicability. On account of the adverse effect of shape defects of shells 
on their buckling strength, the writer believes the lack of such a limitation to be potentially dangerous. 
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ABSTRACT: Two aspects of the finite element analysis of mid-plane symmetrically laminated anisotropic 
plates are considered in this paper. The first pertains to exploiting the symmetries exhibited by anisotropic 
plates in their analysis. The second aspect pertains to the effects of anisotropy and shear deformation on the 
accuracy and convergence of shear-flexible displacement finite element models. Numerical results are presented 
which show the effects of increasing the order of approximating polynomials and of using derivatives of 
generalized displacements as nodal parameters. 
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Hampton, Virginia, U.S.A.), “Nonlinear analysis via global–local mixed finite element approach”, International 
Journal for Numerical Methods in Engineering, Vol. 15, No. 9, September 1980, pp. 1363–1380. 
doi: 10.1002/nme.1620150909 
ABSTRACT: A computational algorithm, based on the combined use of mixed finite elements and classical 
Rayleigh–Ritz approximation, is presented for predicting the nonlinear static response of structures; The 
fundamental unknowns consist of nodal displacements and forces (or stresses) and the governing nonlinear 
finite element equations consist of both the constitutive relations and equilibrium equations of the discretized 
structure. The vector of nodal displacements and forces (or stresses) is expressed as a linear combination of a 
small number of global approximation functions (or basis vectors), and a Rayleigh–Ritz technique is used to 
approximate the finite element equations by a reduced system of nonlinear equations. The global approximation 
functions (or basis vectors) are chosen to be those commonly used in static perturbation technique; namely a 
nonlinear solution and a number of its path derivatives. These global functions are generated by using the finite 
element equations of the discretized structure. The potential of the global–local mixed approach and its 
advantages over global–local displacement finite element methods are discussed. Also, the high accuracy and 
effectiveness of the proposed approach are demonstrated by means of numerical examples. 
 
 
A.K. Noor and J.M. Peters, “Elastic collapse analysis of shells via global-local approach”, Nonlinear Finite 
Element Analysis in Structureal Mechanics, pp 169-184, 1981 
ABSTRACT: A two-stage global-local approach is presented for predicting the collapse behavior of shells. The 
first stage is that of spatial discretization wherein the shell is discretized by using finite elements (or finite 
differences) which cover the entire region of the shell. In the second stage the vector of unknown nodal 
parameters is expressed as a linear combination of small number of global functions (or basis vectors). A 
Rayleigh-Ritz (or Bubnov-Galerkin) technique is then used to approximate the nonlinear equations of the 
discretized shell by a reduced system of nonlinear algebraic equations. For the case of loading applied by means 
of axial end shortening, a scalar function is introduced which measures the degree of nonlinearity of the 
structure. Also, a quantitative measure for the error of the reduced system of equations is proposed. The 
effectiveness of the proposed technique for predicting the collapse behavior of shells is demonstrated by means 
of a numerical example of the elastic collapse of a cylindrical shell with a rectangular cutout. 
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“Mixed models and reduced/selective integration displacement models for nonlinear shell analysis”, 
International Journal for Numerical Methods in Engineering, Vol. 18, No. 10, October 1982, pp. 1429–1454.  
doi: 10.1002/nme.1620181002 
ABSTRACT: Simple mixed models are developed for the geometrically nonlinear analysis of shells. A total 
Lagrangian description of the shell deformation is used, and the analytical formulation is based on a form of the 
nonlinear shallow shell theory with the effects of transverse shear deformation and bending-extensional 
coupling included. The fundamental unknowns consist of eight stress resultants and five generalized 
displacements of the shell, and the element characteristic arrays are obtained by using the Hellinger-Reissner 
mixed variational principle. The polynomial interpolation (or shape) functions used in approximating the stress 
resultants are, in general, of different degree than those used for approximating the generalized displacements. 
The stress resultants are discontinuous at the element boundaries and are eliminated on the element level. The 
equivalence and ‘near-equivalence’ between the mixed models developed herein and displacement models 
based on reduced/selective integration of both transverse shear and extensional energy terms is discussed. The 
use of reduction methods in conjunction with the mixed models is outlined and the advantages of mixed models 
over displacement models are delineated. Analytic expressions are derived for the rigid-body and spurious (or 
zero energy) models for the various mixed models and their equivalent displacement models. Also, the 
advantages of mixed models over equivalent displacement models are outlined. Numerical results are presented 
to demonstrate the high accuracy and effectiveness of the mixed models developed, and to compare their 
performance with other mixed models reported in the literature. 
 
 
Ahmed K. Noor and Jeanne M. Peters (George Washington University Center at NASA-Langley Research 
Center, Hampton, VA 23665, U.S.A.), “Recent advances in reduction methods for instability analysis of 
structures”, Computers & Structures, Vol. 16, Nos. 1-4, 1983, pp. 67-80, doi:10.1016/0045-7949(83)90148-7 
ABSTRACT: Status and some recent advances in the application of reduction methods to instability analysis of 
structures are summarized. The aspects of reduction methods discussed herein include: (a) multiple-parameter 
reduction methods for instability analysis of structures subjected to combined loads; (b) use of mixed models in 
conjunction with reduction methods for instability analysis; and (c) application of reduction methods to 
instability problems with displacement-dependent and nonconservative loadings. Numerical examples are 
presented to demonstrate the effectiveness of reduction methods in instability analysis. Also, research areas 
which have high potential for application of reduction methods are identified. 
 
 
Noor, A. K. and Peters, J. M. (George Washington University Center at NASA Langley Research Center, 
Hampton, Virginia, U.S.A), “Multiple-parameter reduced basis technique for bifurcation and post-buckling 
analyses of composite plates”, International Journal for Numerical Methods in Engineering, Vol. 19, No. 12, 
December 1983, pp. 1783–1803. doi: 10.1002/nme.1620191206 
ABSTRACT: A multiple-parameter reduced basis technique and a problem-adaptive computational algorithm 
are presented for the bifurcation and post-buckling analyses of composite plates subjected to combined 
loadings. The computational algorithm can be conveniently divided into three distinct stages. The first stage is 
that of determining the stability boundary. The plate is discretized by using displacement finite element models 
and the analysis region is reduced by exploiting the special symmetries exhibited by the response of the plate. 
The vector of unknown nodal displacements is expressed as a linear combination of a small number of path 



derivatives (derivatives of the nodal displacements with respect to path parameters), and a Rayleigh-Ritz 
technique is used to approximate the finite element equations by a small system of algebraic equations. The 
reduced equations are used to determine the stability boundary of the plate. In the second stage, a nonllnear 
solution in the vicinity of the stability boundary is obtained by using a bifurcation buckling mode as a predictor, 
and a set of reduced equations is generated. In the third stage, the reduced equations are used to trace post-
buckling paths corresponding to various combinations of the load parameters. The potential of the proposed 
approach is discussed and its effectiveness is demonstrated by means of a numerical example of laminated 
composite plate subjected to combined compressive and shear loadings. 
 
 
Noor, A. K. (George Washington University Center at NASA Langley Research Center, Hampton, Virginia, 
U.S.A.), “Reduction method for the non-linear analysis of symmetric anisotropic panels”, International Journal 
for Numerical Methods in Engineering, Vol. 23, No. 7, July 1986, pp. 1329–1341.  
doi: 10.1002/nme.1620230710 
ABSTRACT: Reduction method and computational procedures are presented for reducing the size of the 
analysis model and the number of degrees of freedom used in predicting the non-linear response of symmetric 
anisotropic panels. The two key elements of the method are (a) operator splitting, or decomposition of the 
characteristic arrays of the finite element model into sums of orthotropic and non-orthotropic contributions, (b) 
application of a reduction method through the successive use of the finite element method and the classical 
Rayleigh-Ritz technique. The finite element method is first used to generate a small number of global 
approximation vectors (or modes). Then the amplitudes of these modes are computed by using the classical 
Rayleigh-Ritz technique. The global approximation vectors are selected to be those commonly used in single (or 
multiple) parameter perturbation techniques, namely a non-linear solution corresponding to zero non-
orthotropic arrays and a number of its derivatives with respect to an anisotropic tracing parameter (and possibly, 
to a load or arc-length parameter in the solution space). The size of the analysis model used in generating the 
global approximation vectors is identical to that of the corresponding orthotropic structure. The effectiveness of 
the proposed reduction method is demonstrated by means of a numerical example, and its potential for solving 
quasi-symmetric non-linear problems of anisotropic panels is discussed. 
 
 
Noor, A. K. and Peters, J. M. (George Washington University Center, MS-269, NASA Langley Research 
Center, Hampton, Virginia 23665, U.S.A.), “Preconditioned conjugate gradient technique for the analysis of 
symmetric anisotropic structures”, International Journal for Numerical Methods in Engineering, Vol. 24, No. 
11, November 1987, pp. 2057–2070. doi: 10.1002/nme.1620241104 
ABSTRACT: An officient preconditioned conjugate gradient (PCG) technique and a computational procedure 
are presented for the analysis of symmetric anisotropic structures. The technique is based on selecting the 
preconditioning matrix as the orthotropic part of the global stiffness matrix of the structure, with all the 
nonorthotropic terms set equal to zero. This particular choice of the preconditioning matrix results in reducing 
the size of the analysis model of the anisotropic structure to that of the corresponding orthotropic structure. The 
similarities between the proposed PCG technique and a reduction technique previously presented by the authors 
are identified and exploited to generate from the PCG technique direct measures for the sensitivity of the 
different response quantities to the non-orthotropic (anisotropic) material coefficients of the structure. The 
effectiveness of the PCG technique is demonstrated by means of a numerical example of an anisotropic 
cylindrical panel. 
 
 
Noor, A. K. and Peters, J. M. (George Washington University, NASA Langley Research Center, Hampton, 
Virginia, U.S.A.), “Stress and vibration analyses of anisotropic shells of revolution”, International Journal for 
Numerical Methods in Engineering, Vol. 26, No. 5, May 1988, pp. 1145–1167. doi: 10.1002/nme.1620260510 
ABSTRACT: An efficient computational strategy is presented for reducing the cost of the stress and free 
vibration analyses of laminated anisotropic shells of revolution. The analytical formulation is based on a form 
of the Sanders-Budiansky shell theory including the effects of both the transverse shear deformation and the 
laminated anisotropic material response. The fundamental unknowns consist of the eight strain components, the 



eight stress resultants and the five generalized displacements of the shell. Each of the shell variables is 
expressed in terms of trigonometric functions (Fourier series) in the circumferential co-ordinate, and a three-
field mixed finite element model is used for the discretization in the meridional direction. The shell response 
associated with a range of Fourier harmonics is approximated by a linear combination of a few global 
approximation vectors, which are generated at a particular value of the Fourier harmonic, within that range. The 
full equations of the finite element model are solved for only a single Fourier harmonic, and the response 
corresponding to the other Fourier harmonics is generated using a reduced system of equations with 
considerably fewer degrees of freedom. 
 
 
Noor, A. K. and Whitworth, S. L. (George Washington University, NASA Langley Research Center, Hampton, 
VA, U.S.A.), “Reanalysis procedure for large structural systems”, International Journal for Numerical Methods 
in Engineering, Vol. 26, No. 8, August 1988, pp. 1729–1748. doi: 10.1002/nme.1620260805 
ABSTRACT: An efficient procedure is presented for repetitive analysis of structures, with large numbers of 
degrees of freedom and design variables, as they are progressively modified during the automated optimum 
design process. The three key elements of the procedure are: (a) lumping of the large number of design 
variables into a single tracing parameter; (b) operator splitting or additive decomposition of the different arrays 
in the governing finite element equations of the modified structure into the corresponding arrays of the original 
structure plus correction terms; and (c) application of a reduction method through the successive use of the 
finite element method and the classical Bubnov-Galerkin technique. The reanalysis procedure is applied to the 
linear static and free vibration problems of framed structures. Changes in both the sizing and shape 
(configuration) design variables are considered. For static problems the similarities between the proposed 
procedure and the preconditioned conjugate gradient technique are identified and are exploited to provide a 
physical meaning for the preconditioned residual vectors. The effectiveness of the proposed procedure is 
demonstrated by means of numerical examples. 
 
 
Noor, A. K. and Peters, J. M. (George Washington University, MS-269, NASA Langley Research Center, 
Hampton, VA 23665–5225, U.S.A.), “Buckling and postbuckling analyses of laminated anisotropic structures”, 
International Journal for Numerical Methods in Engineering, Vol. 27, No. 2, September 1989, pp. 383–401.  
doi: 10.1002/nme.1620270211 
ABSTRACT: A review is given of recent advances in two aspects of the numerical simulation of the buckling 
and postbuckling responses of composite structures. The first aspect is exploiting non-traditional symmetries 
exhibited by composite structures; and strategies for reducing the size of the model and the cost of the buckling 
and postbuckling analyses in the presence of symmetry-breaking conditions (e.g. asymmetry of the material, 
geometry, and/or loading). The second aspect pertains to the prediction of onset of local delamination in the 
postbuckling range and accurate determination of transverse shear stresses in the structure. The accuracy and 
effectiveness of the strategies developed are demonstrated by means of a numerical example 
 
 
Ahmed K. Noor and W. Scott Burton (George Washington University, MS-269, NASA Langley Research 
Center, Hampton, Virginia 23665-5225, USA), “Assessment of computational models for multilayered 
anisotropic plates”, Composite Structures, Vol. 14, No. 3, 1990, pp. 233-265, 
doi:10.1016/0263-8223(90)90050-O 
ABSTRACT: A study is made of the effects of variation in the lamination and geometric parameters of 
multilayered anisotropic (nonorthotropic) plates on the accuracy of the static and vibrational responses 
predicted by eight modeling approaches, based on two-dimensional shear-deformation theories. Two key 
elements distinguish the present study from previous studies reported in the literature: (1) the standard of 
comparison is taken to be the exact three-dimensional elasticity solutions, and (2) quantities compared are not 
limited to gross response characteristics (e.g. vibration frequencies, strain energy components, average through-
the-thickness displacements and rotations), but include detailed through-the-thickness distributions of 
displacements, stresses and strain energy densities. 
 



 
Ahmed K. Noor, Kyun O. Kim and John A. Tanner (George Washington University, NASA Langley Research 
Center, Hampton, VA, U.S.A), “Analysis of aircraft tires via semianalytic finite elements”, Finite Elements in 
Analysis and Design, Vol. 6, No. 3, March 1990, pp. 217-233, doi:10.1016/0168-874X(90)90028-D 
ABSTRACT: A computational procedure is presented for the geometrically nonlinear analysis of aircraft tires. 
The tire was modeled by using a two-dimensional laminated anisotropic shell theory with the effects of 
variation in material and geometric parameters included. The four key elements of the procedure are: (1) 
semianalytic finite elements in which the shell variables are represented by Fourier series in the circumferential 
direction and piecewise polynomials in the meridional direction; (2) a mixed formulation with the fundamental 
unknowns consisting of strain parameters, stress-resultant parameters, and generalized displacements; (3) 
multilevel operator splitting to effect successive simplifications, and to uncouple the equations associated with 
different Fourier harmonics; and (4) multilevel iterative procedures and reduction techniques to generate the 
response of the shell. 
 
 
Ahmed K. Noor, Kyun O. Kim and John A. Tanner (NASA Langley Research Center and George Washington 
University extension, Hampton, Virginia, USA), “Nonlinear analysis of aircraft tires via semianalytic finite 
elements”, Chapter in Computational Mechanics of Nonlinear Response of Shells, pp 327-347, 1990 
ABSTRACT: A computational procedure is presented for the geometrically nonlinear analysis of aircraft tires. 
The tire was modeled by using a two-dimensional laminated anisotropic shell theory with the effects of 
variation in material and geometric parameters included. The four key elements of the procedure are: 1) 
semianalytic finite elements in which the shell variables are represented by Fourier series in the circumferential 
direction and piecewise polynomials in the meridional direction; 2) a mixed formulation with the fundamental 
unknowns consisting of strain parameters, stress-resultant parameters, and generalized displacements; 3) 
multilevel operator splitting to effect successive simplifications, and to uncouple the equations associated with 
different Fourier harmonics; and 4) multilevel iterative procedures and reduction techniques to generate the 
response of the shell. 
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stiffeners”, Computing Systems in Engineering, Vol. 2, No. 1, 1991, pp. 1-15, Special Issue: Computational 
Structures Technology, doi:10.1016/0956-0521(91)90035-4 
ABSTRACT: A study is made of the thermal postbuckling response of composite stiffeners subjected to 
prescribed edge displacement and a temperature rise. The flanges and web of the stiffeners are modeled by 
using two-dimensional plate finite elements. A mixed formulation is used with the fundamental unknowns 
consisting of the generalized displacements and the stress resultants of the plate. A reduction method is used in 
conjunction with mixed finite element models for determining the postbuckling response of the stiffeners. 
Sensitivity derivatives are evaluated and used to study the effects of variations in the different lamination and 
material parameters of the stiffeners on their postbuckling response characteristics. Numerical studies are 
presented for anisotropic stiffeners with Zee and channel sections. 
 
 
Noor, A. K. and Peters, J. M. (Center for Computational Structures Technology, University of Virginia, NASA 
Langley Research Center, Hampton, VA 23665, U.S.A.), “Strategies for large scale structural problems on 
high-performance computers”, Communications in Applied Numerical Methods, Vol. 7, No. 6, September 
1991, pp. 465–478. doi: 10.1002/cnm.1630070607 
ABSTRACT: Novel computational strategies are presented for the analysis of large and complex structures. 
The strategies are based on generating the response of the complex structure using large perturbations from that 
of a simpler model, associated with a simpler structure (or a simpler mathematical/discrete model of the original 
structure). Numerical examples are presented to demonstrate the effectiveness of the strategies developed. 
 
 
Ahmed K. Noor, W.Scott Burton and Jeanne M. Peters (University of Virginia, NASA Langley Research 
Center, Hampton, VA 23665, U.S.A.), “Assessment of computational models for multilayered composite 
cylinders”, International Journal of Solids and Structures, Vol. 27, No. 10, 1991, pp. 1269-1286, 
doi:10.1016/0020-7683(91)90162-9 
ABSTRACT: A study is made of the effects of variation in the lamination and geometric parameters of 
multilayered composite cylinders on the accuracy of the static and vibrational responses predicted by eight 
modeling approaches, based on two-dimensional shear-deformation shell theories. The standard of comparison 
is taken to be the exact three-dimensional elasticity solutions, and the quantities compared include both the 
gross response characteristics (e.g. vibration frequencies, strain energy components, average through-the-
thickness displacements and rotations): and detailed, through-the-thickness. distributions of displacements, 
stresses and strain energy densities. Based on the numerical studies conducted, a predictor -corrector approach, 
used in conjunction with the first-order shear-deformation theory (with five displacement parameters in the 
predictor phase), appears to be the most effective among the eight modeling approaches considered. For 
multilayered orthotropic cylinders the response quantities obtained by the predictor corrector approach are 
shown to be in close agreement with the exact three-dimensional elasticity solutions for a wide range of 
lamination and geometric parameters. The potential of this approach for predicting the response of multilayered 
shells with complicated geometry is also discussed. 
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subjected to combined axial and thermal loads”, Finite Elements in Analysis and Design, Vol. 11, No. 2, June 
1992, pp. 91-104, doi:10.1016/0168-874X(92)90044-D 
ABSTRACT: A study is made of the postbuckling response of composite plates subjected to combined axial 
and thermal loadings. The analysis is based on a first-order shear deformation, von Kármán-type nonlinear plate 
theory. A mixed formulation is used with the fundamental unknowns consisting of the generalized 
displacements and the stress resultants of the plate. An efficient reduction method is used in conjunction with 
mixed finite element models for determining the stability boundary and the postbuckling response of the plate. 
Sensitivity derivatives are evaluated and used to study the sensitivity of the postbuckling response to variations 



in the different lamination and material parameters of the plate. For quasi-isotropic plates, numerical results are 
presented showing the effects of variations in the material characteristics and fiber orientation of individual 
layers on the postbuckling response of the plate. 
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“Thermomechanical buckling and postbuckling of multilayered composite panels”, Composite Structures, Vol. 
23, No. 3, 1993, pp. 233-251, doi:10.1016/0263-8223(93)90225-F 
ABSTRACT: A study is made of the thermomechanical buckling and postbuckling responses of flat unstiffened 
composite panels. The panels are subjected to combined temperature change and applied edge displacement. 
The analysis is based on a first-order shear deformation, von-Karman type nonlinear plate theory. A mixed 
formulation is used with the fundamental unknowns consisting of the generalized displacements and the stress 
resultants of the plate. An efficient multiple-parameter reduction method is used in conjunction with mixed 
finite element models, for determining the stability boundary and postbuckling response. The reduction method 
is also used for evaluating the sensitivity coefficients which measure the sensitivity of the buckling and 
postbuckling responses to variations in the different lamination and material parameters of the panel. Numerical 
results are presented showing the effects of variations in the laminate stacking sequence, fiber orientation, 
number of layers and aspect ratio of the panels on the thermomechanical buckling and postbuckling responses 
and their sensitivity. 
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multilayered composite panels”, Finite Elements in Analysis and Design, Vol. 15, No. 4, February 1994, pp. 
343-367, doi:10.1016/0168-874X(94)90026-4 
ABSTRACT: A study is made of the buckling and postbuckling responses of flat, unstiffened composite panels 
subjected to various combinations of mechanical and thermal loads. The analysis is based on a first-order shear 
deformation von Kármán-type plate theory. A mixed formulation is used with the fundamental unknowns 
consisting of the strain components, stress resultants and the generalized displacements of the plate. The 
stability boundary, postbuckling response and the sensitivity coefficients are evaluated. The sensitivity 
coefficients measure the sensitivity of the buckling and postbuckling responses to variations in the different 
lamination and material parameters of the panel. Numerical results are presented for both solid panels and 
panels with central circular cutouts. The results show the effects of the variations in the fiber orientation angles, 
aspect ratio of the panel, and the hole diameter (for panels with cutouts) on the stability boundary, postbuckling 
response and sensitivity coefficients. 
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Balakrishnan Subramanian, “Geometrically nonlinear analysis of thin arbitrary shells using discrete-Kirchhoff 
curved triangular elements (FINITE)”, Ph.D. dissertation, Civil Engineering and Engineering Mechanics, The 
University of Arizona, 1985 
ABSTRACT: The research work presented here deals with the problems of geometrically nonlinear analysis of 
thin shell structures. The specific objective was to develop geometrically nonlinear formulations, using 
Discrete-Kirchhoff Curved Triangular (DKCT) thin shell elements. The DKCT elements, formulated in the 
natural curvilinear coordinates, based on arbitrary deep shell theory and representing explicit rigid body modes, 
were successfully applied to linear elastic analysis of composite shells in an earlier research work. A detailed 
discussion on the developments of classical linear and nonlinear shell theories and the Finite Element 
applications to linear and nonlinear analysis of shells has been presented. The difficulties of developing 
converging shell elements due to Kirchhoff's hypothesis have been discussed. The importance of formulating 
shell elements based on deep shell theory has also been pointed out. The development of shell elements based 
on Discrete-Kirchhoff's theory has been discussed. The development of a simple 3-noded curved triangular thin 
shell element with 27 degrees-of-freedom in the tangent and normal displacements and their first-order 
derivatives, formulated in the natural curvilinear coordinates and based on arbitrary deep shell theory, has been 
described. This DKCT element has been used to develop geometrically nonlinear formulation for the nonlinear 
analysis of thin shells. A detailed derivation of the geometrically nonlinear (GNL) formulation, using the DKCT 
element based on the Total Lagrangian approach and the principles of virtual work has been presented. The 
techniques of solving the nonlinear equilibrium equations, using the incremental methods has been described. 
This includes the derivation of the Tangent Stiffness matrix. Various Newton-Raphson solution algorithms and 
the associated convergence criteria have been discussed in detail. Difficulties of tracing the post buckling 
behavior using these algorithms and hence the necessity of using alternative techniques have been mentioned. A 
detailed numerical evaluation of the GNL formulation has been carried out by solving a number of standard 
problems in the linear buckling and GNL analysis. The results compare well with the standard solutions in 



linear buckling cases and are in general satisfactory for the GNL analysis in the region of large displacements 
and small rotations. It is concluded that this simple and economical element will be an ideal choice for the 
expensive nonlinear analysis of shells. However, it is suggested that the element formulation should include 
large rotations for the element to perform accurately in the region of large rotations. 
 
 
Natsiavas, S., Babcock, C. D. and Knauss, W. G. (California Institute of Technology, Pasadena, California), 
“Postbuckling delamination of a stiffened composite panel using finite elements”, in Composite Material 
Technology, Proc. of Symp., 13th ASME Annual Energy-Sources Technology, 101–6, 1990 
ABSTRACT: A combined numerical and experimental study is carried out for the postbuckling behavior of a 
stiffened composite panel. The panel is rectangular and is subjected to static in-plane compression on two 
opposite edges to the collapse level. Nonlinear - large deflection - plate theory is employed, together with an 
experimentally based failure criterion. It is found that the stiffened composite panel can exhibit significant 
postbuckling strength.  
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modeling of structural sandwiches and multilayered composite panels”, Applied Numerical Mathematics, 
Vol.14, Nos. 1-3, April 1994, pp. 69-90, doi:10.1016/0168-9274(94)90019-1 
ABSTRACT: Some recent advances in the hierarchical modeling strategies are reviewed with special emphasis 
on applications to multilayered composite panels. Discussion focuses on the key elements of hierarchical 
adaptive modeling; multimodel predictor and corrector modeling procedures; potential for solving large 
complex problems; and the needed development to realize this potential. Numerical studies are presented for 
free vibrations of thermally-stressed multilayered composite panels and structural sandwiches with composite 
face sheets demonstrating the effectiveness of the multimodel predictor–corrector modeling approaches. 
 
 



Kulkarni, M. and Noor, A. K. (Center for Computational Structures Technology, University of Virginia, NASA 
Langley Research Center, Hampton, VA, 23681, U.S.A.), “Sensitivity analysis of the non-linear dynamic 
viscoplastic response of 2-D structures with respect to material parameters”, International Journal for Numerical 
Methods in Engineering, Vol. 38, No. 2, January 1995, pp. 183–198. doi: 10.1002/nme.1620380203 
ABSTRACT: A computational procedure is presented for evaluating the sensitivity coefficients of the 
viscoplastic response of structures subjected to dynamic loading. A state of plane stress is assumed to exist in 
the structure, a velocity strain-Cauchy stress formulation is used, and the geometric non-linearities arising from 
large strains are incorporated. The Jaumann rate is used as a frame indifferent stress rate. The material model is 
chosen to be isothermal viscoplasticity, and an associated flow rule is used with a von Mises effective stress. 
The equations of motion emanating from a finite element semi-discretization are integrated using an explicit 
central difference scheme with an implicit stress update. The sensitivity coefficients are evaluated using a direct 
differentiation approach. Since the domain of integration is the current configuration, the sensitivity coefficients 
of the spatial derivatives of the shape functions must be included. Numerical results are presented for a thin 
plate with a central circular cutout subjected to an in-plane compressive loading. The sensitivity coefficients are 
generated by evaluating the derivatives of the response quantities with respect to Young's modulus, and two of 
the material parameters characterizing the viscoplastic response. Time histories of the response and sensitivity 
coefficients, and spatial distributions at selected times are presented. 
 
 
W. Scott Burton and Ahmed K. Noor (Center for Computational Structures Technology, University of Virginia, 
NASA Langley Research Center, Hampton, VA 23681, USA), “Assessment of computational models for 
sandwich panels and shells”, Computer Methods in Applied Mechanics and Engineering, Vol. 124, Nos.1-2, 
June 1995, pp. 125-151, doi:10.1016/0045-7825(94)00750-H 
ABSTRACT: A study is made of the effects of variation in the material and geometric parameters of curved 
sandwich panels on the accuracy of the static response predicted by nine different modeling appraoches based 
on two-dimensional shell theories. The standard of comparison is taken to be the exact three-dimensional 
thermoelasticity solutions, and the quantities compared include gross response characteristics (e.g. strain energy 
components, average through-the-thickness displacements and rotations); detailed, through-the-thickness 
distributions of displacements and stresses; and sensitivity coefficients of the response quantities (derivatives of 
response quantities with respect to material and geometric parameters of the sandwich structure). Extensive 
numerical studies are conducted to assess the accuracy of both the global and detailed response characteristics 
and their sensitivity coefficients obtained by nine two-dimensional modeling approaches. For accurate 
determination of detailed through-the-thickness distributions such as transverse stresses, either high-order 
discrete three-layer models or predictor-corrector approaches are required. The potential of predictor-corrector 
approaches for predicting the thermomechanical response of sandwich panels and shells with complicated 
geometry is also discussed. 
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“Thermomechanical postbuckling of multilayered composite panels with cutouts”, Composite Structures, Vol. 
30, No. 4, 1995, pp. 369-388, doi:10.1016/0263-8223(94)00055-7 
ABSTRACT: The results of a study of the detailed thermomechanical postbuckling response characteristics of 
flat unstiffened composite panels with central circular cutouts are presented. The panels are subjected to 
combined temperature changes and applied edge loading (or edge displacements). The analysis is based on a 
first-order shear deformation plate theory. A mixed formulation is used with the fundamental unknowns 
consisting of the generalized displacements and the stress resultants of the plate. The postbuckling 
displacements, transverse shear stresses, transverse shear strain energy density, and their sensitivity coefficients 
are evaluated. The sensitivity coefficients measure the sensitivity of the post-buckling response to variations in 
the different lamination and material parameters of the panel. Numerical results are presented showing the 
effects of the variations in the hole diameter, laminate stacking sequence, fiber orientation, and aspect ratio of 



the panel on the thermomechanical postbuckling response and its sensitivity to changes in panel parameters. 
 
 
A.K. Noor, “Finite element buckling and postbuckling analyses”, Chapter 3 in Buckling and postbuckling of 
composite plates, edited by G. J. Turvey and I.H. Marshall, Chapman & Hall, London, 1995,  
ISBN 0 412 59120 0 
PARTIAL INTRODUCTION: The physical understanding and numerical simulation of the buckling and 
posstbuckling responses of laminated anisotropic plates have been the focus of intense efforts because of the 
extended use of fibrous composites in aerospace, automotive, shipbuilding and other industries, and the need to 
establish the practical limits of the load-carrying capability of structures made from these materials…. 
 
 
Ahmed K. Noor (University of Virginia, NASA Langley Research Center, Hampton, Virginia 23681), “Recent 
advances in the sensitivity analysis for the thermomechanical postbuckling of composite panels”, in Aerospace 
thermal structures and materials for a new era, edited by Earl Arthur Thornton, Volume 168 of the Progress in 
Astronautics and Aeronautics series, AIAA, 1995 
ABSTRACT: Three recent developments in the sensitivity analysis for the thermomechanical postbuckling 
response of composite panels are reviewed. The three developments are: effective computational procedure for 
evaluating hierarchical sensitivity coefficients of the various response quantities with respect to the different 
laminate, layer, and micromechanical characteristics; application of reduction methods to the sensitivity 
analysis of the postbuckling response; and accurate evaluation of the sensitivity coefficients of transverse shear 
stresses. Sample numerical results are presented to demonstrate the effectiveness of the computational 
procedures presented. Some of the future directions for research on sensitivity analysis for the 
thermomechanical postbuckling response of composite and smart structures are outlined. 
 
 
Yong H. Kim and Ahmed K. Noor (Center for Computational Structures Technology, University of Virginia, 
NASA Langley Research Center, Hampton, VA 23681, USA), “Buckling and postbuckling of composite panels 
with cutouts subjected to combined loads”, Finite Elements in Analysis and Design, Vol. 22, No. 2, June 1996, 
pp. 163-185, doi:10.1016/0168-874X(95)00052-U 
ABSTRACT: A detailed study is made of the buckling and postbuckling responses of composite panels with 
central circular cutouts subjected to various combinations of mechanical and thermal loads. The panels are 
discretized by using a two-field degenerate solid element with each of the displacement components having a 
linear variation through the thickness of the panel. The fundamental unknowns consist of the average 
mechanical strains through the thickness, and the displacement components. The effects of geometric 
nonlinearities and laminated anisotropic material behavior are included. The stability boundary, postbuckling 
response and the hierarchical sensitivity coefficients are evaluated. The hierarchical sensitivity coefficients 
measure the sensitivity of the buckling and postbuckling responses to variations in the panel stiffnesses, and the 
material properties of both the individual layers and the constituents (fibers and matrix). Extensive numerical 
results are presented for composite panels with central circular cutouts subjected to combined edge shortening, 
edge shear and temperature change. The results show the effects of variations in the hole diameter; the aspect 
ratio of the panel; the laminate stacking sequence and the fiber orientation on the stability boundary, 
postbuckling response and sensitivity coefficients. 
 
 
A. K. Noor, J. H. Starnes, Jr and J. M. Peters (NASA Langley Research Center, Hampton, VA 23681, USA), 
“Nonlinear and postbuckling responses of curved composite panels with cutouts”, Composite Structures, Vol. 
34, No. 2, February 1996, pp. 213-240, doi:10.1016/0263-8223(95)00147-6 
ABSTRACT: The results of a detailed study of the nonlinear and postbuckling responses of curved unstiffened 
composite panels with central circular cutouts are presented. The panels are subjected to applied edge 
displacements and temperature changes. The analysis is based on a first-order shear-deformation Sanders-
Budiansky type theory with the effects of large displacements, moderate rotations, transverse shear deformation 
and laminated anisotropic material behavior included. A mixed formulation is used with the fundamental 



unknowns consisting of the generalized displacements and the stress resultants of the panel. The nonlinear 
displacements, strain energy, transverse shear stresses, transverse shear strain energy density, and their 
hierarchical sensitivity coefficients are evaluated. The hierarchical sensitivity coefficients measure the 
sensitivity of the nonlinear response to variations in three sets of interrelated parameters; namely, the panel 
stiffnesses, the material properties of the individual layers, and the material properties of the constituents 
(fibers, matrix, interface and interphase). Numerical results are presented for cylindrical panels with central 
circular cutouts subjected to edge shortening and uniform temperature change, showing the effects of variations 
in the panel curvature, hole diameter, laminate stacking sequence and fiber orientation, on the nonlinear and 
postbuckling panel responses, and their sensitivity to changes in the various panel, layer and micromechanical 
parameters. 
 
 
Ahmed K. Noor and Yong H. Kim (Center for Advanced Computational Technology, University of Virginia, 
NASA Langley Research Center, Hampton, VA 23681, U.S.A), “Buckling and postbuckling of composite 
panels with cutouts subjected to combined edge shear and temperature change”, Computers & Structures, Vol. 
60, No. 2, July 1996, pp. 203-222, doi:10.1016/0045-7949(95)00398-3 
ABSTRACT: The results of a detailed study of the buckling and postbuckling responses of composite panels 
with central circular cutouts are presented. The panels are subjected to combined edge shear and temperature 
change. The panels are discretized by using a two-field degenerate solid element with each of the displacement 
components having a linear variation throughout the thickness of the panel. The fundamental unknowns consist 
of the average mechanical strains through the thickness and the displacement components. The effects of 
geometric nonlinearities and laminated anisotropic material behavior are included. The stability boundary, 
postbuckling response and hierarchical sensitivity coefficients are evaluated. The hierarchical sensitivity 
coefficients measure the sensitivity of the buckling and postbuckling responses to variations in the panel 
stiffnesses, and the material properties of both the individual layers and the constituents (fibers and matrix). 
Numerical results are presented for composite panels with central circular cutouts subjected to combined edge 
shear and temperature change, showing the effects of variations in the hole diameter, laminate stacking 
sequence and fiber orientation, on the stability boundary and postbuckling response and their sensitivity to 
changes in the various panel parameters. 
 
 
Ahmed K. Noor and Jeanne M. Peters (Center for Advanced Computational Technology, University of 
Virginia, NASA Langley Research Center, Hampton, VA, U.S.A.), “Nonlinear and postbuckling analyses of 
curved composite panels subjected to combined temperature change and edge shear”, Computers & Structures, 
Vol. 60, No. 6, July 1996, pp. 853-874, doi:10.1016/0045-7949(95)00456-4 
ABSTRACT: The results of a detailed study of the nonlinear and postbuckling responses of curved unstiffened 
composite panels with central circular cutouts are presented. The panels are subjected to uniform temperature 
change and an applied in-plane edge shear loading. The analysis is based on a first-order shear-deformation 
Sanders-Budiansky type theory with the effects of large displacements, moderate rotations, transverse shear 
deformation and laminated anisotropic material behavior included. A mixed formulation is used with the 
fundamental unknowns consisting of the generalized displacements and the stress resultants of the panel. The 
nonlinear displacements, strain energy, transverse shear stresses, transverse shear strain energy density, and 
their hierarchical sensitivity coefficients are evaluated. Numerical results are presented for cylindrical panels 
with central circular cutouts and are subjected to uniform temperature change and an applied in-plane edge 
shear loading. The results show the effects of variations in the panel curvature, hole diameter, laminate stacking 
sequence and fiber orientation, on the nonlinear and postbuckling panel responses, and their sensitivity to 
changes in the various panel, layer and micromechanical parameters. 
 
 
Ahmed K. Noor, James H. Starves, Jr. and Jeavve M. Peters (Center for Advanced Computational Technology, 
University of Virginia, NASA Langley Research Center, Hampton, VA 23681, USA), “Thermomechanical 
buckling and postbuckling responses of composite panels with skewed stiffeners”, Finite Elements in Analysis 
and Design, Vol. 27, No. 2, October 1997, pp. 193-214, doi:10.1016/S0168-874X(97)00014-0 



ABSTRACT: The results of a detailed study of the buckling and postbuckling responses of composite panels 
with skewed stiffeners are presented. The panels are subjected to applied edge displacements and temperature 
changes. A first-order shear-deformation geometrically nonlinear shallow-shell theory that includes the effects 
of laminated anisotropic material behavior is used to model each section of the stiffeners and the skin. A mixed 
formulation is used in the analysis with the fundamental unknowns consisting of the generalized displacements 
and the stress resultants of the panel. The nonlinear displacements, strain energy, transverse shear stresses, 
transverse shear strain energy density, and their hierarchical sensitivity coefficients are evaluated. The 
hierarchical sensitivity coefficients measure the sensitivity of the buckling and postbuckling responses to 
variations in three sets of interrelated parameters; namely, the panel stiffnesses; the effective material properties 
of the individual layers; and the constituent material parameters (fibers, matrix, interface and interphase). 
Numerical results are presented for rectangular panels with open section I-stiffeners, subjected to edge 
shortening and uniform temperature change. The results show the effects of variations in the material properties 
of the skin and the stiffener on the buckling and postbuckling responses of the panel, as well as on the 
sensitivity coefficients. 
 
 
Ahmed K. Noor (Center for Advanced Computational Technology, University of Virginia, NASA Langley 
Research Center, Hampton, VA 23681, USA), “Computational structures technology: leap frogging into the 
twenty-first century”, Computers & Structures, Vol. 73, Nos. 1-5, October 1999, pp. 1-31, 
doi:10.1016/S0045-7949(99)00075-9 
ABSTRACT: The history, recent developments and trends in computational structures technology (CST) are 
summarized. Discussion focuses on development of CST software and goals of CST activities. Some recent 
advances in a number of CST areas are described, including discretization techniques and element technology; 
computational material modeling; modeling of composite, sandwich and smart structures; computational tools 
and methodologies for life management; transient response analysis; numerical simulation of frictional 
contact/impact response; articulated structural dynamics; non-deterministic modeling and analysis methods; 
qualitative analysis and simulation; neuro-computing; hybrid techniques; error estimation and adaptive 
improvement strategies; strategies for solution of coupled problems; sensitivity analysis; integrated analysis and 
design; strategies and numerical algorithms for new computing systems; model generation facilities; and 
application of object-oriented technology. Research areas in CST that have high potential for meeting the future 
technological needs are identified. 
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“Uncertainty analysis of composite structures”, Computer Methods in Applied Mechanics and Engineering, 
Vol. 185, Nos. 2-4, May 2000, pp. 413-432, doi:10.1016/S0045-7825(99)00269-8 
ABSTRACT: A two-phase approach and a computational procedure are presented for predicting the variability 
in the nonlinear response of composite structures associated with variations in the geometric and material 
parameters of the structure. In the first phase, hierarchical sensitivity analysis is used to identify the major 
parameters, which have the most effect on the response quantities of interest. In the second phase, the major 
parameters are taken to be fuzzy parameters, and a fuzzy set analysis is used to determine the range of variation 
of the response, associated with preselected variations in the major parameters. The effectiveness of the 
procedure is demonstrated by means of a numerical example of a cylindrical panel with four T-shaped stiffeners 
and a circular cutout. 
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“Uncertainty analysis of stiffened composite panels”, Composite Structures, Vol. 51, No.  2, February 2001, pp.  
139-158, doi:10.1016/S0263-8223(00)00143-4 
ABSTRACT: A study is made of the variability in the nonlinear response of three stiffened composite panels 
associated with variations in their geometric and material parameters. The three panels have a cylindrical skin 
with either four or five T-shaped stiffeners. Two of the panels have a notch and the third panel has a circular 
cutout. Hierarchical sensitivity analysis is used to identify the major parameters at the micro-mechanical, layer, 
laminate and sub-component levels. The major parameters are then taken to be fuzzy parameters, and a fuzzy 
set analysis is used to determine the range of variation of the response associated with pre-selected variations in 
the major parameters. 
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“Human Interaction with Simulations”, Chapter 5 in Principles of Modeling and Simulation: A 
Multidisciplinary Approach (eds J. A. Sokolowski and C. M. Banks), 2008, John Wiley & Sons, Inc., Hoboken, 
NJ, USA. doi: 10.1002/9780470403563.ch5 
 
 
Michael F. Card and James H. Starnes, Jr. (NASA Langley Research Center, Hampton, Virginia, USA), 
“Current research in composite structures at NASA’s Langley Research Center”, Sadhana, Vol. 11, Nos. 3-4, 
1987, pp. 277-298, doi: 10.1007/BF02811358 
ABSTRACT: Research on the mechanics of composite structures at NASA’s Langley Research Center is 
discussed. The advantages and limitations of special purpose and general purpose analysis tools used in research 
are reviewed. Future directions in computational structural mechanics are described to address analysis short-
comings. Research results on the buckling and postbuckling of unstiffened and stiffened composite structures 
are presented. Recent investigations of the mechanics of failure in compression and shear are reviewed. 
Preliminary studies of the dynamic response of composite structures due to impacts encountered during crash-
landings are presented. Needs for future research are discussed. 
 
 
Theodore F. Johnson and Michael F. Card (NASA Langley Research Center, Hampton, Virginia, USA), 
“Effects of stiffening and mechanical load on thermal buckling of stiffened cylindrical shells”, 36th 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics & Materials Conference. Vol. 2, pp. 1380-
1388. 1995 
ABSTRACT: A study of thermal buckling of stiffened cylindrical shells with the proportions of a preliminary 
supersonic transport fuselage design (1970) is presented. The buckling analysis is performed using an 
axisymmetric shell-of-revolution code, BOSOR4. The effects of combined mechanical (axial loading) and 
thermal loading (heated skins) are investigated. Results indicate that the location of longitudinal eccentric 
stiffening has a very large effect on the thermal buckling strength of longitudinally stiffened shells, and on 
longitudinally stiffened shells with rings. 
 
 
Mandal, P. and Calladine, C.R. (Department of Engineering, University of Cambridge, Cambridge, UK), 
“Buckling of thin cylindrical shells under axial compression”, International Journal of Solids and Structures, 
Vol. 37, No. 33, pp. 4509-4525, August 2000 
DOI: http://dx.doi.org/10.1016/S0020-7683(99)00160-2 
ABSTRACT: Simple experiments on self-weight buckling of thin, open-top, fixed-base, small-scale silicone 
rubber cylindrical shells are presented in this article. The buckling heights were found to be proportional to 
thickness raised to the power of approximately 1.5, compared to 1.0 as in the classical theory. A non-linear 
finite-element analysis of self-weight buckling showed that there is a ‘post-buckling plateau’ load 
corresponding to the experimental buckling loads. Moreover, the results of the present experiments showed very 
little ‘scatter’ in the buckling heights, compared to the large scatter in the experimental data from the literature 



on the buckling of thin cylindrical shells under axial compressive load (which also have buckling stress 
proportional to thickness raised to the power of approximately 1.5), although there were measurable 
imperfections in terms of thickness variations. These observations somehow defy the accepted hypothesis of 
‘imperfection-sensitivity’ in shell buckling. The most obvious explanation of the difference is that the open-
topped shells of the present study are statically determinate, whereas the usual closed-ended shells of tests 
reported in the literature are statically indeterminate; the possibility of high initial stresses may explain the 
scatter in the experimental observations in the literature. 
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“Lateral-torsional buckling of beams and the Southwell plot”, International Journal of Mechanical Sciences, 
Vol. 44, pp 2557-2571, 2002, DOI: 10.1016/S0020-7403(02)00192-3  
ABSTRACT: The Southwell plot is a well-known technique for determining experimentally the elastic critical 
load of a structure, without having to subject the structure to loading in the vicinity of critical. But several 
authors have suggested that when the structure is a beam which undergoes lateral-torsional buckling, a modi�ed 
version of the Southwell plot is called for. In this paper we demonstrate that the modified form of the Southwell 
plot is not needed, and that the standard version is indeed satisfactory. We do this by plotting and re-plotting 
some experimental data; by drawing attention to some very clear work by Meck; and by explaining the practical 
coupling between the variables describing the lateral deflection and the rotation when lateral-torsional buckling 
occurs. Finally, we examine an argument based on symmetry which appears to support the idea that a 
modification of the standard Southwell plot is needed in the case of lateral-torsional buckling: but we show that 
a correct deployment of the argument from symmetry leads to the conclusion that the modified form of the 
Southwell plot is valid only for special, unrealistic cases.  
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University of Manchester, UK), “Effect of Asymmetric Meshing on the Buckling of Composite Laminated 
Cylindrical Shells”, ICAMS-2011: International Conference on Advanced Modeling and Simulation, November 
28-30, 2011, Islamabad, Pakistan� 
ABSTRACT: This paper presents the details of a numerical study of buckling and post buckling behaviour of 
laminated carbon fiber reinforced plastic (CFRP) thin-walled cylindrical shell under axial compression using 
asymmetric meshing technique (AMT) by ABAQUS. AMT is considered to be a new perturbation method to 
introduce disturbance without changing geometry, boundary conditions or loading conditions. Asymmetric 
meshing affects both predicted buckling load and buckling mode shapes. Cylindrical shell having lay-up 
orientation [0o/+45o/−45o/0o] with radius to thickness ratio (R/t) equal to 265 and length to radius ratio (L/R) 
equal to 1.5 is used. A series of numerical simulations (experiments) are carried out with symmetric and 
asymmetric meshing to study the effect of asymmetric meshing on predicted buckling behaviour. Asymmetric 
meshing technique is employed in both axial direction and circumferential direction separately using two 
different methods, first by changing the shell element size and varying the total number elements, and second 
by varying the shell element size and keeping total number of elements constant. The results of linear analysis 
(Eigenvalue analysis) and non-linear analysis (Riks analysis) using symmetric meshing agree well with 
analytical results. The results of numerical analysis are presented in form of non-dimensional load factor, Λ, 
which is the ratio of buckling load using asymmetric meshing technique to buckling load using symmetric 
meshing technique. Using AMT, load factor has about 2% variation for linear eigenvalue analysis and about 2% 
variation for non-linear Riks analysis. The behaviour of load end-shortening curve for pre-buckling is same for 
both symmetric and asymmetric meshing but for asymmetric meshing curve behaviour in post-buckling 
becomes extraordinarily complex. The major conclusions are: different methods of AMT have small influence 
on predicted buckling load and significant influence on load displacement curve behaviour in post buckling; 
AMT in axial direction and AMT in circumferential direction have different influence on buckling load and 
load displacement curve in post-buckling.  
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ABSTRACT: A numerical study is presented on buckling and post buckling behaviour of laminated carbon 
fiber reinforced plastic (CFRP) thin-walled cylindrical shells under axial compression using asymmetric 
meshing technique (AMT). Asymmetric meshing technique is a perturbation technique to introduce disturbance 
without changing geometry, boundary conditions or loading conditions. Asymmetric meshing affects predicted 
buckling load, buckling mode shape and post-buckling behaviour. Linear (eigenvalue) and non-linear (Riks) 
analyses have been performed to study the effect of asymmetric meshing in the form of a patch on buckling 
behaviour. The reduction in the buckling load using Asymmetric meshing technique was observed to be about 
15%. An isolated dimple formed near the bifurcation point and the size of which increased to reach a stable 
state in the post-buckling region. The load-displacement curve behaviour applying asymmetric meshing is quite 
similar to the curve obtained using initial geometric imperfection in the shell model. 
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ABSTRACT: AMT is a perturbation technique to introduce disturbance in the model without changing 
geometry, boundary conditions or loading conditions. Asymmetric meshing technique is employed in the form 
of a band along circumferential direction of the shell model. The elements size in the band is reduced as 
compared with the rest of shell to produce asymmetry in the meshing and four magnitudes of asymmetry in 
meshing are used. Asymmetric meshing affects predicted buckling load, buckling mode shape and post-
buckling behaviour. The reduction in the buckling load using AMT was observed to be about 20%. An isolated 
dimple formed near the bifurcation point and the size of which increased to reach a stable state in the post-
buckling region. The load-displacement curve behaviour applying asymmetric meshing is quite similar to the 
curve obtained by introducing initial geometric imperfection in the shell model. 
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ABSTRACT: Asymmetric meshing is a perturbation introduced in the numerical model without changing 
geometry, loading or boundary conditions. Asymmetric meshing is employed in the form of a band along axial 
direction of the shell model, the elements size in the axial band is reduced as compared with the rest of shell to 
produce asymmetry in the meshing and four amplitudes of asymmetry are used in a particular band. 
Asymmetric meshing affects predicted buckling load, buckling mode shape and post-buckling behaviour. The 
reduction in the buckling load using asymmetric meshing was observed to be about 18%, which depends mainly 
on area of asymmetric meshing and less on different magnitudes of asymmetry in the same area. The load-
displacement curve behaviourusing asymmetric meshing technique is quite similar to the curve obtained by 
introducing geometric imperfection in the shell model. 
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Zia R. Tahir and P. Mandal, “Numerical buckling of composite cylindrical shells under axial compression using 
asymmetric meshing technique (AMT)”, World Academy of Science, Engineering and Technology 
International Journal of Mechanical, Aerospace, Industrial and Mechatronics Engineering, Vol. 9, No. 2, 2015 
ABSTRACT: This paper presents the details of a numerical study of buckling and post buckling behaviour of 
laminated carbon fiber reinforced plastic (CFRP) thin-walled cylindrical shell under axial compression using 
asymmetric meshing technique (AMT) by ABAQUS. AMT is considered to be a new perturbation method to 
introduce disturbance without changing geometry, boundary conditions or loading conditions. Asymmetric 
meshing affects both predicted buckling load and buckling mode shapes. Cylindrical shell having lay-up 
orientation [0^o/+45^o/-45^o/0^o] with radius to thickness ratio (R/t) equal to 265 and length to radius ratio 
(L/R) equal to 1.5 is analysed numerically. A series of numerical simulations (experiments) are carried out with 
symmetric and asymmetric meshing to study the effect of asymmetric meshing on predicted buckling 
behaviour. Asymmetric meshing technique is employed in both axial direction and circumferential direction 
separately using two different methods, first by changing the shell element size and varying the total number 
elements, and second by varying the shell element size and keeping total number of elements constant. The 
results of linear analysis (Eigenvalue analysis) and non-linear analysis (Riks analysis) using symmetric meshing 
agree well with analytical results. The results of numerical analysis are presented in form of non-dimensional 
load factor, which is the ratio of buckling load using asymmetric meshing technique to buckling load using 
symmetric meshing technique. Using AMT, load factor has about 2% variation for linear eigenvalue analysis 
and about 2% variation for non-linear Riks analysis. The behaviour of load end-shortening curve for pre-
buckling is same for both symmetric and asymmetric meshing but for asymmetric meshing curve behaviour in 
post-buckling becomes extraordinarily complex. The major conclusions are: different methods of AMT have 
small influence on predicted buckling load and significant influence on load displacement curve behaviour in 
post buckling; AMT in axial direction and AMT in circumferential direction have different influence on 
buckling load and load displacement curve in post-buckling. 
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PARTIAL ABSTRACT: This paper describes an experimental and numerical study that is part of a research 
project aiming at improving the knowledge of buckling behaviour of composite shell structures. The 
experimental equipment and the methodologies for systematic data acquisition in buckling tests on composite 
cylindrical shells under axial compression and torsion, applied individually and in combination, are described. 
Typical results of the first tests performed on carbon-epoxy laminated cylinders are presented, in terms of 
diagrams, post-buckling patterns and two-dimensional Fourier analysis…. 
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PARTIAL ABSTRACT: Dynamic buckling of thin-walled CFRP shell structures due to impulsive loading is 
investigated. Computations for axially compressed cylindrical shells are performed by commercially available 
finite element codes. The effect of laminate set-up on the buckling load of cylindrical shells, the influence of 
boundary conditions and the sensitivity to geometric imperfections are analysed for static and dynamic buckling 
loads. The time history of impulsive loading with finite duration and constant in magnitude is varied, and the 
corresponding dynamic buckling loads are related to the quasi-static buckling loads…. 
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Italy), “Numerical analysis and experimental correlation of composite shell buckling and postbuckling. 
Composites Part B, Vol. 31, No. 8, 2000, pp. 655-667, doi:10.1016/S1359-8368(00)00031-7 
ABSTRACT: This paper deals with the buckling and post-buckling behaviour of carbon fibre reinforced plastic 
cylindrical shells under axial compression. The finite element analysis is used to investigate this problem and 
three different types of analysis are compared: eigenvalue analysis, non-linear Riks method and dynamic 
analysis. The effect of geometric imperfection shape and amplitude on critical loads is discussed. A numerical–
experimental correlation is performed, using the results of experimental buckling tests. The geometric 
imperfections measured on the real specimens are accounted for in the finite element model. The results show 
the reliability of the method to follow the evolution of the cylinder shape from the buckling to the post-buckling 
field and good accuracy in reproducing the experimental post-buckling behaviour. 
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Milano, Italy), “Crashworthiness of helicopter subfloor structures”, International Journal of Impact Engineering, 
Vol. 27, No. 10, November 2002, pp. 1067-1082, doi:10.1016/S0734-743X(02)00015-5 
ABSTRACT: To improve a helicopter design concept, which meets structural and crashworthiness 
requirements, a research program is undertaken to study the energy absorption capability of a subfloor structure. 
In particular, crash tests are performed on the subfloor structure and on the intersection elements, which are 
components of the structure and can create high deceleration peak loads at the cabin floor level causing 
dangerous inputs to the occupants. Then the structures are analysed by a commercial explicit finite element 
code, PAM-CRASH, using detailed geometrical models, suitable materials models and the appropriate 
definition of contact forces and rivets. The analysis shows that the load-shortening diagrams present a good 
correlation to the experimental data and that the structural collapse predictions correspond closely to the 
observed behaviour during the experimental tests. Consequently the finite element analysis can be used to aid 
the designers in evaluating the crashworthiness of different structural concepts and can therefore be an 
important mean of reducing development costs. 
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Milan, Italy), “Post-buckling optimisation of composite stiffened panels using neural networks”, Composite 
Structures, Vol. 58, No. 2, November 2002, pp. 237-247, doi:10.1016/S0263-8223(02)00053-3 
ABSTRACT: This paper deals with the definition of a post-buckling optimisation procedure for the design of 
composite stiffened panels subjected to compression loads. The optimised structures are then characterised by a 
local skin buckling between the stiffeners and by a high ratio between the collapse load and the buckling load. 
To overcome too expensive analyses from a computational point of view, an optimisation procedure is 
developed. It is based on a global approximation strategy, where the structure response is given by a system of 
neural networks trained by means of finite element analyses, and on genetic algorithms, that results particularly 
profitable due to the presence of integer variables. The optimisation procedure reduces considerably the 
computational costs, offers a complete separation between the system modelling and the optimisation problem 
and shows that a local skin buckling between the stiffeners allows a weight reduction equal to 18%. 
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ABSTRACT: This paper describes an experimental investigation of the elastic dynamic buckling of carbon 
fiber reinforced plastic cylindrical shells subjected to pulse axial compression. The critical impulse is applied 
using a horizontal crash sled, so to obtain axial compression shape similar to a half-sine and duration of the 
impact load of approximately 0.1 s. The test results are reported and analyzed. The dynamic buckling load of 
the initially imperfect shell is related to its static buckling load and the ratio is less than unity. Since the 
common practice is to assume that dynamic buckling loads are higher than the static ones, which means that 
static design is safe, extra caution and careful design is recommended. 
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shells under combined axial and torsion loading”, Composite Structures, Vol. 60, No. 4, June 2003, pp. 391-
402, doi:10.1016/S0263-8223(03)00024-2 
ABSTRACT: The results of an experimental study of the buckling and post-buckling behaviour of four 
unstiffened thin-walled CFRP cylindrical shells are presented. The test equipment allows axial and torsion 
loading, applied separately and in combination, using a position control mode, and includes a laser scanning 
system for the measurement in situ of the geometric imperfection as well as of the progressive change in 
deformations. The results identify the effect of laminate orientation, show that the buckling loads are essentially 
independent of load sequence and demonstrate that the shells are able to sustain load in the post-buckling field 
without any damage. The measured data are fundamental for the development and validation of analytical and 
numerical models and contribute to the definition of applicable strength design criteria of composite cylindrical 
shells in the post-buckling field, with the final aim of a larger structure weight saving.  
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ABSTRACT: Experimental data obtained from buckling and post-buckling tests performed until collapse on 
three stiffened composite cylindrical shells are described. The shells, different in the skin and in the stiffeners 
lay-up, were expressly designed for working in the post-buckling field. The outer and inner surfaces are scanned 
before the tests, in order to determine the initial geometric imperfections and the thickness variations. After that, 
the shells are tested using a position control mode until collapse, two of them under axial compression and one 
under torque. The diagrams of axial load versus displacement and of torsion versus rotation are recorded in real 
time during the tests. To monitor the first buckling load and the evolution of the buckling shape, five laser 
displacement sensors are employed. The test results show the strength capacity of these structures to work in the 
post-buckling range. Indeed neither failure mechanisms nor any other hazards are visible in the post-buckling 
range. On the other hand, the collapse, due to the failure of the stringers, is sudden and destructive. 
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Structures, Vol. 43, No. 3, March 2005, pp. 499-514, doi:10.1016/j.tws.2004.07.012 
ABSTRACT: The paper deals with dynamic buckling due to impulsive loading of thin-walled carbon fiber 
reinforced plastics (CFRP) shell structures under axial compression. The approach adopted is based on the 
equations of motion, which are numerically solved using a finite element code (ABAQUS/Explicit) and using 
numerical models validated by experimental static buckling tests. To study the influence of the load duration, 
the time history of impulsive loading is varied and the corresponding dynamic buckling loads are related to the 
quasi-static buckling loads. To analyse the sensitivity to geometric imperfections, the initial geometric 
imperfections, measured experimentally on the internal surface of real shells, are introduced in the numerical 
models. It is shown numerically that the initial geometric imperfections as well as the duration of the loading 
period have a great influence on the dynamic buckling of the shells. For short time duration, the dynamic 
buckling loads are larger than the static ones. By increasing the load duration, the dynamic buckling loads 
decrease quickly and get significantly smaller than the static loads. Since the common practice is to assume that 
dynamic bucking loads are higher than the static ones, which means that static design is safe, careful design is 
recommended. Indeed, taking the static buckling load as the design point for dynamic problems might be 
misleading. 
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ABSTRACT: First, the test equipment used for various types of buckling experiments in the Department of 
Aerospace Engineering at the Politecnico di Milano is presented. It can apply axial and torsion loading, 



separately and in combination, using displacement control. Then, the results of an experimental investigation on 
stiffened shells and curved panels, made from graphite-epoxy are presented. The experimental data acquired 
during the first non-desgtructive buckling tests and during the final destructive failure tests demonstrate clearly 
the strength capacity of these structures to work in the postbuckling range, allowing further weight savings. The 
results show that the structures are able to sustain load in the postbuckling range without any damage. On the 
negative side, the collapse is sudden and destructive. The measured data are also useful for the development and 
validation of analytical and numerical high-fidelity methods. These validated analysis tools can provide design 
criteria that are less conservative than the existing ones. 
 
 
Vescovini, Riccardo and Bisagni, Chiara, “Buckling Optimization of Stiffened Composite Flat and Curved 
Panels”, AIAA 52nd Structures, Structural Dynamics, and Materials Conference, AIAA Paper 2011-xxxx, 
Denver, CO, April, 2011 
ABSTRACT: This work presents the buckling optimization of composite stiffened panels loaded in 
compression and shear. The procedure relies on the coupled use of an analytical formulation for the structural 
analysis together with an optimization based on genetic algorithms. The analytical formulation allows the 
assessment of the local buckling behavior of panels with blade, J , T and hat stiffener cross sections. The out-of-
plane buckling deflections on the skin and the stiffener are represented by trigonometric shape functions, and 
the governing equations are derived referring to the minimum potential energy principle and the method of Ritz. 
The formulation is used to obtain optimal configurations in terms of skin and stiffener lay-ups, stiffener cross 
section and geometry. Constraints can be imposed on the structural response in terms of buckling load and 
prebuckling stiffness as well as on technological requirements. The optimal design is presented for the buckling 
load maximization of a flat hat stiffened panel loaded in compression and shear, and for the minimum weight 
under buckling constraints of a curved panel with open section stringers loaded in compression. Analytical 
results are then compared with finite element analyses. 
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Riccardo Vescovini and Chiara Bisagni, “Two-step procedure for fast post-buckling analysis of composite 
stiffened panels”, Computers & Structures, 11/2013; 128:38-47, DOI: 10.1016/j.compstruc.2013.06.002 
ABSTRACT: The paper presents an analytical formulation for the post-buckling analysis of composite 
aeronautical panels with omega stiffeners loaded in compression and shear. The formulation relies on an energy 
principle and the method of Ritz. In the first step, the panel is an assembly of plate elements, and the buckling 
analysis is performed. In the second step, the panel is an elastically restrained skin, and the post-buckling 
behaviour is studied. The comparisons with finite element analyses and experimental results from the literature 
reveal the ability of the formulation to assess the post-buckling response.  
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Riccardo Vescovini and Chiara Bisagni, “Buckling and Postbuckling Analysis of Composite-Stiffened Panels 
Using a Semi-Analytical Approach: Experimental, Analytical and Numerical Studies”, Chapter in book: 
Computational and Experimental Methods in Structures, Buckling and Postbuckling Structures II, April 2018, 
pp 173-207 
DOI: 10.1142/9781786344335_0006 
ABSTRACT: A semi-analytical method for the buckling and postbuckling analysis of composite-stiffened 
panels is presented. The method is formulated in the context of a variational framework and is based on the 
method of Ritz. Two levels of approximation are introduced, consisting of a plate assembly representation for 
the buckling analysis and an elastically restrained panel for the postbuckling assessment. Two aeronautical 
panels with open-section and closed-section stringer profiles are analyzed, illustrating the comparison with 
finite element predictions and with experimental data taken from the literature. The results indicate that accurate 
predictions can be obtained in terms of buckling loads, postbuckling reduction in stiffness, and out-of-plane 
deflections with an analysis time of the order of a few seconds. 
 
 
Duo Zou and Chiara Bisagni (Delft University of Technology), “Study of skin-stiffener separation in T-
stiffened composite specimens in post-buckling condition”, Journal of Aerospace Engineering, Vol. 31, No. 4, 
March 2018, DOI: 10.1061/(ASCE)AS.1943-5525.0000849 
ABSTRACT: An experimental and numerical investigation was conducted to study the skin-stiffener separation 
of single T-shape stiffener specimens in post-buckling condition. Three specimens were manufactured with a 
centrally located Teflon insert, and were loaded in compression until collapse. Deformation patterns and 
separation evolution were monitored during the tests. To measure the full-field displacements and the strain 
distributions of the specimens, digital image correlation system was used. Skin-stiffener separation was 
observed and measured with an ultrasound system. Finite element analyses were conducted to capture 
interlaminar damage mechanism based on Virtual Crack Closure Technique. The numerical analysis well 
predicted the post-buckling deformation and the skin-stiffener separation behaviour. The close correlation 
between the experimental and numerical results allows for further exploitation of strength reserve in post-
buckling region and wider design options for the next generation of composite aircraft designs. 
 



 
Carlos G. Davila and Chiara Bisagni, “Fatigue life and damage tolerance of postbuckled composite stiffened 
structures with indentation damage”, Journal of Composite Materials, 52(7):002199831771578, June 2017 
DOI: 10.1177/0021998317715785 
ABSTRACT: The fatigue life and damage tolerance of composite stiffened panels with indentation damage are 
investigated experimentally using single-stringer compression specimens. The indentation damage was induced 
to one of the two flanges of the stringer of every panel. The advantages of indentation compared to impact are 
the simplicity of application, less dependence on boundary conditions, better controllability, and repeatability of 
the imparted damage. The tests were conducted using advanced instrumentation, including digital image 
correlation, passive thermography, and in situ ultrasonic scanning. Specimens with initial indentation damage 
ranging between 32 and 56 mm in length were tested quasi-statically and in fatigue, and the effects of cyclic 
load amplitude and damage size were studied. A means of comparison of the damage propagation rates and 
collapse loads based on a stress intensity measure and the Paris law is proposed. The stress intensity measure 
provides the means to compare the collapse loads of specimens with different damage types and damage sizes, 
while the Paris law is used to compare the damage propagation rates in specimens subjected to different cyclic 
loads. This approach enables a comparison of different tests and the potential identification of the effects that 
influence the fatigue lives and damage tolerance of postbuckled structures with defects.  
 
 
Ines Uriol Balbin, Chiara Bisagni, Marc R. Schultz and Mark W. Hilburger, “Scaling methodology for buckling 
of sandwich composite cylindrical structures”, 2018 AIAA/ASCE/AHS/ASC Structures, Structural Dynamics, 
and Materials Conference, January 2018, DOI: 10.2514/6.2018-1988 
 
Chiara Bisagni and Michela Alfano, “Probabilstic buckling analysis of sandwich composite cylindrical shells 
based on measured imperfections”, 58th AIAA/ASCE/AHS/ASC Structures, Structural Dynamics, and 
Materials Conference, January 2017, https://doi.org/10.2514/6.2017-0886 
ABSTRACT (From Alfano’s 2016 thesis): Cylindrical shells are widely used in primary structures of space 
launch vehicles. Due to the high imperfection sensitivity, buckling behavior of shells under axial compression 
exhibits a great discrepancy between theory and experiments. In order to meet the demand of aerospace industry 
for improved design criteria, a unified framework, the probability-based methodology, for probabilistic 
buckling analysis of axially-compressed shells is developed, illustrating it with application to two structures of 
Ariane 5 launcher. They are sandwich composite shells made of same material, but with different stacking 
sequence and geometric dimensions. One of them is also studied with the presence of three circular cut-outs. 
The methodology combines the Stress-Strength Interference Method and the Latin Hypercube Method to 
determine a probabilistic buckling factor, once the probability that shell withstands axial load without 
undergoing buckling is specified. Such a factor accounts for influence of manufacturing and in-service 
imperfections, but depends on required reliability, on sample size and on considered imperfections. Different 
sources of imperfections, modeled by literature, are introduced into the analysis independently and jointly. The 
main advantage of the methodology is the versatility as it can be used for buckling investigation of laminated 
composite shells and sandwich composite shells including different types of imperfections. In particular, the 
methodology allows for incorporating directly experimental data representative of shells of interest. To show 
this, buckling of an experimental shell is investigated by the probabilistic methodology using measured 
imperfections. An alternative method, the chaos approach, for buckling analysis of axially-compressed shells is 
derived using concepts of the chaos, with application to one of the studied shells. The goal is to obtain an 
erosion profile as function of increasing axial load. It illustrates concisely the degradation due to imperfections 
of the load-carrying capability of shells. The approach could be adopted when test-originated database of 
imperfections is not available to achieve a first assessment of the imperfection sensitivity of shells. 
 
Chiara Bisagni and Michela Alfano, “Chaos theory applied to buckling analysis of composite cylindrical shell”, 
30th Congress of the International Council of the Aeronautical Sciences, Daejeon, South Korea, June 2016 
ABSTRACT: The present paper proposes a chaos approach for the buckling analysis of cylindrical shells under 
axial compression. The approach is developed using concepts of chaos theory, and is applied to investigate the 
buckling behavior of sandwich composite shells that are imperfection-sensitivity structures. Two shell 



configurations are here analyzed, one of them with cut-outs. The goal of the approach is to obtain an erosion 
profile as function of the increasing axial load, that through a graphical visualization allows to illustrating 
concisely the effect of geometric imperfections on the load-carrying capability of the shells.  
The paper presents an innovative use of the concepts of chaos. The approach can be adopted when an 
experimental database of imperfections is rarely available to achieve a first assessment of the imperfection 
sensitivity of axially-compressed shells.  
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Carlos G. Davila and Chiara Bisagni, “Fatigue Life and Damage Tolerance of Postbuckled Composite Stiffened 
Structures with Initial Delamination”, Composite Structures, Vol. 161, November 2016, DOI: 
10.1016/j.compstruct.2016.11.033 
ABSTRACT: The durability and damage tolerance of postbuckled composite structures are issues that are not 
completely understood and remain difficult to predict due to the nonlinearity of the geometric response and its 
interaction with local damage modes. A research effort was undertaken to investigate experimentally the quasi-
static and fatigue damage progression in single-stringer compression specimens. Three specimens were 
manufactured with a co-cured hat stringer, and an initial defect was introduced with a Teflon film inserted 
between one flange of the stringer and the skin. Pre-test finite element analyses were conducted using the virtual 
crack closure technique to select the range of defect sizes to be considered and the load levels to be applied 
during the fatigue tests. The tests were monitored with digital image correlation, passive thermography, and 



ultrasound systems. After an initial opening and extension of the Teflon-induced embedded defect, the 
specimens sustained a high number of cycles. It was observed that when the skin/stringer separation develops in 
the opposite flange, it propagates rapidly within a small number of cycles and causes the collapse of the 
specimen. These test results contribute to a better understanding of the complex response phenomena exhibited 
by postbuckled stiffened structures subjected to fatigue loads in the postbuckling range. 
 
 
 
Haim Abramovich (Technion – Israel Institute of Technology) and Chiara Bisagni (Delft University of 
Technology), “Behavior of curved laminated composite panels and shells under axial compression”, Progress in 
Aerospace Sciences 78, June 2015, DOI: 10.1016/j.paerosci.2015.05.008 
ABSTRACT: The buckling and post-buckling behavior of curved cylindrical stringer-stiffened laminated 
composite and metal panels had been investigated both numerically and experimentally. The results were 
compared to those of cylindrical stringer-stiffened laminated composite shells to yield a way of determining the 
optimal structure to be used for axial compression loading. For the present tested structures, the composite 
panels showed the best load-weight ratio. 
 
 
Thomas Ludwig, Mathias Doreille, Silvio Merazzi, Riccardo Vescovini and Chiara Bisagni, “Dynamic finite 
element simulations of composite stiffened panels with a transverse-isotropic viscoelastic energy dissipation 
model”, Progress in Aerospace Sciences 78, June 2015, DOI: 10.1016/j.paerosci.2015.06.001 
ABSTRACT: This paper presents a methodology for predicting the damped response and energy dissipation of 
laminated composite structures, subjected to dynamic loads. Starting from simple coupon tests to characterize 
the material, the numerical simulation of damping properties is made possible by a novel linear viscoelastic 
model that has been developed and implemented in the finite element code B2000++. A nonlinear optimization 
procedure is adopted to fit experimental data and define the exponential Maxwell parameter model. To illustrate 
the potentialities of the method, the post-buckling analysis of a relatively complex aeronautical panel is 
presented, accounting not only for geometric nonlinearities, but also for viscoelastic effects. The results 
illustrate the effects due to material dissipation, their relation to the effects of inertia, and the influence of 
geometric imperfections on the response of the panel. 
 
 
Chiara Bisagni (Delft University of Technology), “Overview of the DAEDALOS project”, Progress in 
Aerospace Sciences 78, June 2015, DOI: 10.1016/j.paerosci.2015.05.007 
ABSTRACT: The “Dynamics in Aircraft Engineering Design and Analysis for Light Optimized Structures” 
(DAEDALOS) project aimed to develop methods and procedures to determine dynamic loads by considering 
the effects of dynamic buckling, material damping and mechanical hysteresis during aircraft service. Advanced 
analysis and design principles were assessed with the scope of partly removing the uncertainty and the 
conservatism of today's design and certification procedures. To reach these objectives a DAEDALOS aircraft 
model representing a mid-size business jet was developed. Analysis and in-depth investigation of the dynamic 
response were carried out on full finite element models and on hybrid models. Material damping was 
experimentally evaluated, and different methods for damping evaluation were developed, implemented in finite 
element codes and experimentally validated. They include a strain energy method, a quasi-linear viscoelastic 
material model, and a generalized Maxwell viscous material damping. Panels and shells representative of 
typical components of the DAEDALOS aircraft model were experimentally tested subjected to static as well as 
dynamic loads. Composite and metallic components of the aircraft model were investigated to evaluate the 
benefit in terms of weight saving. 
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ABSTRACT: The results of an experimental investigation performed at the Politecnico di Milano inside the 
European project DAEDALOS on three composite cylindrical shells are here presented. At first, static buckling 
tests were performed under axial compression. Then, two types of dynamic tests were carried out: modal tests at 
different load levels before buckling and dynamic buckling tests applying an axial shortening of short duration. 
At the end, one shell was statically tested until final failure. The tests allow to understand the behavior of thin-
walled cylindrical shells subjected to axial compression both in static and dynamic conditions. The results show 
the strength capacity of these structures to work in the post-buckling range with a capacity to sustain a load that 
is about 40% of the buckling load. The modal tests at different load levels allowed to observe that an increase of 
the load determines a reduction of the modal frequency and an increase of the damping. Large deformations are 
obtained before the final failure with out-of-plane displacements of almost 40 mm and a shortening equal to 
about 26 times the buckling shortening. 
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Riccardo Vescovini and Chiara Bisagni, “A fast procedure for the design of composite stiffened panels”, 
Aeronautical Journal – New Series, 119(1212):185-201 · February 2015, DOI: 10.1017/S0001924000010332 
ABSTRACT: This paper describes the analysis and the minimum weight optimisation of a fuselage composite 
stiffened panel made from carbon/epoxy material and stiffened by five omega stringers. The panel investigated 
inside the European project MAAXIMUS is studied using a fast tool, which relies on a semi-analytical 
procedure for the analysis and on genetic algorithms for the optimisation. The semi-analytical approach is used 
to compute the buckling load and to study the post-buckling response. Different design variables are considered 
during the optimisation, such as the stacking sequences of the skin and the stiffener, the geometry and the cross-
section of the stiffener. The comparison between finite element and fast tool results reveals the ability of the 
formulation to predict the buckling load and the post-buckling response of the panel. The reduced CPU time 
necessary for the analysis and the optimisation makes the procedure an attractive strategy to improve the 
effectiveness of the preliminary design phases. 
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Structures, Structural Dynamics and Materials Conference, 4-7 May 2009, Palm Springs, California 
ABSTRACT: The paper gives an overview of some research activities regarding buckling of composite 
structures performed in Italy in the last years. In particular, the activities performed at Politecnico di Milano, at 
Politecnico di Torino and at Università di Pisa are here presented. Some investigations were performed on 
structures manufactured by Agusta/Westland and by Alenia Aeronautica, while other researches were funded by 
the Italian Ministry of Research, and other ones were funded by the European Commission within European 
Projects.  
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Chiara Bisagni, Vittorio Giavotto, “Experiments and Analyses on Postbuckling Behavior of Stringer-Stiffened 
Laminated Composite Helicopter Tailplane”, Journal of the American Helicopter Society 03/2009; 
54(2):22003-1-22003-12. DOI: 10.4050/JAHS.54.022003 
ABSTRACT: The present paper describes the results of an experimental and numerical investigation on a 
composite laminated helicopter tailplane, whose lower panels are subjected to buckling phenomena during its 
lifetime. The structure is made of woven carbon fibers, unidirectional carbon fibers, and honeycomb. Two 
different types of lower laminate composite panels are investigated: Z stringer-stiffened panels and L stringer-
stiffened panels. During the tests, measurements are taken using a load cell, potentiometers, strain gauges, and 
moire´ fringes. First, three Z stringer-stiffened and three L stringer-stiffened laminate composite lower panels 
are tested up to 85% of the target load. Then, the last L stringer-stiffened panel is tested until collapse. Buckling 
occurs at 63% of the target load, whereas the collapse happens at 90%. At the same time, the finite element 
analyses of the tailplane structures with both Z stringer-stiffened and L stringer-stiffened panels are performed, 
simulating the dynamic of a slow compression test, using LS-DYNA. The finite element results are compared 
with the experimental data, obtaining a good numerical-experimental correlation. Numerically, the collapse of 
the structure is predicted at 93% of the target load, whereas experimentally it happened at 90%. 
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ABSTRACT: This paper presents a fast tool that can be used during the preliminary design of isotropic and 
composite stiffened panels subjected to axial compression. It consists of two modules, one for the analysis and 
one for the optimization. The analysis is performed by implementing an analytical formulation to obtain the 
linearized buckling load and to study the nonlinear postbuckling field. In particular, closed-form solutions are 
derived for the linearized local and global buckling loads, and a semi-analytical procedure is implemented for 
the study of the nonlinear local postbuckling field. The optimization is based on genetic algorithms and allows 
taking into account buckling and postbuckling requirements with reduced computational time. Two examples 
regarding the minimum weight optimization of an isotropic panel and a composite panel are discussed and 
verified by means of finite element eigenvalue and nonlinear analyses. The total time required for the analysis 
and the optimization is of the order of a few minutes, and the difference between the analytical and numerical 
results is below 9% for the buckling load and below 3% for the postbuckling stiffness. 
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La Masa 34, 20156 Milano, Italy), ‘Analytical formulation for local buckling and post-buckling analysis of 
stiffened laminated panels”, Thin-Walled Structures 47 (2009) 318–334 
ABSTRACT: This paper presents an analytical formulation for the study of linearized local skin buckling load 
and nonlinear post-buckling behaviour of isotropic and composite stiffened panels subjected to axial 
compression. The skin is modelled as a thin plate introducing Donnell-Von Kármán and Kirchhoff hypothesis 
and applying classical lamination theory, while the stiffeners are considered as torsion bars. The first part of the 
work deals with the study of linearized buckling load, and two analytical solutions are presented: one is based 
on Kantorovich method and the other one on Ritz method. The second part of the work regards the development 
of a semi-analytic This paper presents an analytical formulation for the study of linearized local skin buckling 
load and nonlinear al formulation for the study of the post-buckling field, using a variational approach and 
applying Ritz method. Results are compared with a serie of finite element analysis. It is shown that analytical 
buckling loads differ from numerical ones for less than 12%, and that force–displacement curves are well 
predicted. A computer program called stiffened panels analysis (StiPAn) is developed on the basis of the 
presented formulation. It allows quick analysis of stiffened laminated panels and is suited to be used in 
optimization routines for preliminary design. 
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A. C. Orifici, R. S. Thomson, R. Degenhardt, C. Bisagni and J. Bayandor, “Development of a finite-element 
analysis methodology for the propagation of delaminations in composite structures”, Mechanics of Composite 
Materials, Vol. 43, No. 1, pp 9-28, January 2007 
ABSTRACT: Analysing the collapse of skin-stiffened structures requires capturing the critical phenomenon of 
skin-stiffener separation, which can be considered analogous to interlaminar cracking. This paper presents the 
development of a numerical approach for simulating the propagation of interlaminar cracks in composite 
structures. A degradation methodology was introduced in MSC.Marc, which involved the modelling of a 
structure with shell layers connected by user-defined multiple-point constraints (MPCs). User subroutines were 
written that employ the virtual crack closure technique (VCCT) to determine the onset of crack growth and 
modify the properties of the user-defined MPCs to simulate crack propagation. Methodologies for the release of 
failing MPCs are presented and are discussed with reference to the VCCT assumption of self-similar crack 
growth. The numerical results obtained by using the release methodologies are then compared with 
experimental data for a double-cantilever beam specimen. Based on this comparison, recommendations for the 



future development of the degradation model are made, especially with reference to developing an approach for 
the collapse analysis of fuselage-representative structures. 
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ABSTRACT: Advanced fibre-reinforced polymer composites have seen a rapid increase in use in aircraft 



structures in recent years. However, significant conservatism is applied in the design of composite aerospace 
structures, largely due to the inability of current analysis tools to accurately capture the effect of damage. In this 
work, the design of fuselage-representative composite structures for postbuckling applications is demonstrated, 
accounting for damage initiation and growth. An analysis methodology is applied that was developed to capture 
the critical damage mechanisms leading to collapse of these structures. The analysis methodology is used to 
investigate the effect of size and location of a pre-existing interlaminar damage region in a postbuckling 
composite structure design. A pre-damage configuration suitable for experimental investigation is selected. 
Experimental results are presented of the selected panel configuration tested to collapse in compression, and 
compared with numerical predictions.  
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ABSTRACT: Experimental and numerical investigations were conducted into the damage growth and collapse 
behaviour of composite blade-stiffened structures. Four panel types were tested, consisting of two secondary-
bonded skin–stiffener designs in both undamaged and pre-damaged configurations. The pre-damaged 
configurations were manufactured by replacing the skin–stiffener adhesive with a centrally located, full-width 
Teflon strip. All panels were loaded in compression to collapse, which was characterised by complex post-
buckling deformation patterns and ply damage, particularly in the stiffener. For the pre-damaged panels, 
significant crack growth was seen in the skin–stiffener interface prior to collapse, which caused a reduction in 
load-carrying capacity. In the numerical analysis of the undamaged panels, collapse was predicted using a ply 
failure degradation model, and a global–local approach that monitored a strength-based criterion in the skin–
stiffener interface. The pre-damaged models were analysed with ply degradation and a method for capturing 
interlaminar crack growth based on multi-point constraints controlled using the Virtual Crack Closure 



Technique. The numerical approach gave close correlation with experimental results, and allowed for an in-
depth analysis of the damage growth and failure mechanisms contributing to panel collapse. The successful 
prediction of collapse under the combination of deep post-buckling deformations and several composite damage 
mechanisms has application for the next generation of composite aircraft designs. 
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“Degradation investigation in a postbuckling composite stiffened fuselage panel,” Composite Structures, vol. 
82, pp. 217–224, Jan. 2008. 
ABSTRACT: The European Commission Project COCOMAT (Improved MATerial Exploitation at Safe 
Design of COmposite Airframe Structures by Accurate Simulation of COllapse) is a currently running four-year 
project that aims to exploit the large strength reserves of composite structures through a more accurate 
prediction of collapse. Accordingly, one of the COCOMAT work packages involves the design of test panels 
with a focus on investigating the progression of composite damage mechanisms. This paper presents the 
collaborative results of some of the partners for this task. Different design alternatives were investigated for 
fuselage-representative test panels. Non-linear structural analyses were performed using MSC.Nastran (Nastran) 
and ABAQUS/Standard (Abaqus). Numerical predictions were also made applying a stress-based adhesive 
degradation model, previously implemented into a material user subroutine for Abaqus. Following this, a 
fracture mechanics analysis using Nastran was performed along all interfaces between the skin and stiffeners, to 
examine the stiffener disbonding behaviour of each design. On the basis of the structural and fracture mechanics 
analyses, a design was selected as being the most suitable for the experimental investigation within 
COCOMAT. Though the COCOMAT panels have yet to be manufactured and tested, experimental data on the 
structural performance and damage mechanisms were available from a separate project for a panel identical to 
the selected design. This data was compared to the structural, degradation and fracture mechanics predictions 
made using non-linear finite element solutions, and the application of the design within the COCOMAT project 
was discussed.  
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postbuckling of eccentrically stiffened plates”, International Journal of Solids and Structures, Vol. 25, No.7, 
1989, pp. 751-768, doi:10.1016/0020-7683(89)90011-5 
ABSTRACT: The elastic buckling and postbuckling behaviour of eccentrically stiffened plates are evaluated 
analytically. The effects of lateral boundary conditions and of stiffener eccentricity relative to the plate plane 
are emphasized. Attention is confined to global buckling; local plate and local stiffener buckling effects are 
neglected. A simplified direct energy approach is used together with Marguerre's plate theory. Critical buckling 
loads are found which are generally higher than those obtained with a simple Euler column model. A simple 
closed-form solution is found for the postbuckling curve which for small imperfection levels coincides with the 
classical Koiter solution. The buckling behaviour is found to be asymmetric with loads generally in excess of 
the critical load in the advanced postbuckling region. 
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Technology, N-7491, Trondheim, Norway), “Nonlinear buckling analysis and ultimate strength prediction of 
stiffened steel and aluminium panels”, The Second International Conference on Advances in Structural 
Engineering and Mechanics, Busan, Korea, August, 2002 
ABSTRACT: A computational model for buckling and postbuckling analysis of stiffened panels is developed. 
The model provides fast and accurate results for use in design of ships and offshore structures. The loads 
considered are in-plane compression or tension, shear force, and lateral pressure. Deflections are represented by 
trigonometric functions, and the principle of minimum potential energy is applied. Geometrical nonlinearities 
are accounted for using large deflection plate theory. Material nonlinearity is not taken into account, since the 
onset of yielding is taken as the capacity limit. Various computations have been performed for verification of 
the proposed model, and comparisons are made with nonlinear finite element methods. 
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and stiffened panels due to local buckling”, Thin-Walled Structures, Vol. 40, No. 11, November 2002, pp. 925-
953, doi:10.1016/S0263-8231(02)00042-3 
ABSTRACT: A computational model for analysis of local buckling and postbuckling of stiffened panels is 
derived. The model provides a tool that is more accurate than existing design codes, and more efficient than 
nonlinear finite element methods. Any combination of biaxial in-plane compression or tension, shear, and 
lateral pressure may be analysed. Deflections are assumed in the form of trigonometric function series. The 
deformations are coupled such that continuity of rotation between the plate and the stiffener web is ensured, as 
well as longitudinal continuity of displacement. The response history is traced using energy principles and 
perturbation theory. The procedure is semi-analytical in the sense that all energy formulations are derived 
analytically, while a numerical method is used for solving the resulting set of equations, and for incrementation 
of the solution. The stress in certain critical points are checked using the von Mises yield criterion, and the onset 
of yielding is taken as an estimate of ultimate strength for design purposes. 
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ABSTRACT: Direct application of geometrical non-linear plate theory is the main concept in the new Panel 
Ultimate Limit State (PULS) stiffened panel models recently recognized by Det Norske Veritas as part of the 
new rules and standards for ships and offshore constructions. The focus is on assessment of the ultimate 
capacity limit, rather than the more traditional elastic buckling limit. The method is streamlined for rules based 
on modern ultimate limit state design principles. The models are validated against non-linear FE analyses and 
laboratory experiments. Comparison against existing codes used by Classification Societies are included. 
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“A semi-analytical model for global buckling and postbuckling analysis of stiffened panels”, Thin-Walled 
Structures, Vol. 42, No. 5, May 2004, pp. 701-717, doi:10.1016/j.tws.2003.12.006 
ABSTRACT: A computational model for global buckling and postbuckling analysis of stiffened panels is 
derived. The loads considered are biaxial in-plane compression or tension, shear, and lateral pressure. 
Deflections are assumed in the form of trigonometric function series, and the principle of stationary potential 
energy is used for deriving the equilibrium equations. Lateral pressure is accounted for by taking the deflection 
as a combination of a clamped and a simply supported deflection mode. The global buckling model is based on 
Marguerre’s nonlinear plate theory, by deriving a set of anisotropic stiffness coefficients to account for the plate 
stiffening. Local buckling is treated in a separate local model developed previously. The anisotropic stiffness 
coefficients used in the global model are derived from the local analysis. Together, the two models provide a 
tool for buckling assessment of stiffened panels. Implemented in the computer code PULS, developed at Det 
Norske Veritas, local and global stresses are combined in an incremental procedure. Ultimate limit state 
estimates for design are obtained by calculating the stresses at certain critical points, and using the onset of 
yielding due to membrane stress as the limiting criterion. 
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ABSTRACT: The buckling capacity of steel plates stiffened with T shape stiffeners was investigated 
experimentally and analytically. The test specimens, 2000 mm long, were fabricated with a 500×10 mm plate 
stiffened with a WT 125×12.5 stiffener. The experimental program was designed to investigate the effect of 
unloaded edges boundary restraint, combination of in-plane and out-of-plane load, and imposed plate damage 
on the buckling capacity of stiffened steel plates. The residual stresses were measured in a representative test 
specimen and initial imperfections were measured for each test specimen. The residual stresses and the 
measured initial imperfections were included in the finite element model. A large deformation and finite strain 
analysis was performed using the finite element code ABAQUS. The finite element analysis was found to 
predict very accurately both the behaviour and capacity of stiffened steel plate panels. Stiffener tripping and 
plate buckling modes were equally well predicted. 
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Shells”, TMR4205, MTS-2005.01.18 
PARTIAL INTRODUCTION: Stiffened and unstiffened cylindrical shells are important structural elements in 
offshore structures. They are very often subjected to compressive stresses and must be designed against 
buckling criteria. The buckling behaviour is usually more violent than it is for plate and column structures.  
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ABSTRACT: The stability of plates stiffened with tee-shape stiffeners was investigated using a finite element 
model. Four series of stiffened plate panels were modeled using a finite strain four-node shell element. The 
model was validated using the results of tests on full-size stiffened plate specimens and was subsequently used 
to perform the study of various parameters presented in this paper. The parameters investigated are: the shape 
and magnitude of initial imperfections in the plate; residual stress magnitude and direction of applied uniform 
bending; plate slenderness ratio; plate aspect ratio; and plate to stiffener cross-sectional area ratio. The effect of 
the investigated parameters on the axial load carrying capacity and the mode of failure of stiffened plates is 
investigated both in the elastic and inelastic ranges. A comparison of these results with design guidelines 
formulated by Det norske Veritas and the American Petroleum Institute indicates that the guidelines are 



generally conservative for cases where initial imperfection magnitudes do not exceed the guidelines' prescribed 
maximum. 
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“Stiffened steel plates under uniaxial compression”, Journal of Constructional Steel Research, Vol. 58, Nos. 5-
8, pp 1061-1080, 2002, DOI: 10.1016/S0143-974X(01)00083-9 
ABSTRACT: The stability of steel plates stiffened with tee-shape sections under uniaxial compression and 
combined uniaxial compression and bending was investigated using a finite element model. The emphasis of the 
work presented in this paper was to find the parameters that uniquely describe the strength and behaviour of 
stiffened steel plates. A finite element model, validated using the results of tests on full-size stiffened plate 
panels, was used to investigate the scale effect for five dimensionless parameters. The parameters investigated 
were: the transverse slenderness of the plate, the slenderness of the web and flange of the stiffener, the ratio of 
torsional slenderness of the stiffener to the transverse slenderness of the plate, and the stiffener-to-plate area 
ratio. Average magnitude residual stresses and initial imperfections were assumed for this study. A parametric 
study covering a wide range of dimensionless parameters indicated that stiffened steel plates do not fail by 
stiffener tripping unless a bending moment is applied to create flexural compressive stresses in the stiffener. 
Although plate buckling and overall buckling were found to lead to a very stable post-buckling behaviour, the 
interaction between these two buckling modes was found to give rise to a sudden loss of capacity following 
initial plate buckling. The plate transverse slenderness, the stiffener slenderness-to-plate slenderness ratio, and 
the stiffener-to-plate area ratio were found to have a significant effect on this behaviour. A comparison of the 
numerical analysis results with API and DnV design guidelines indicates that the guidelines predict stiffened 
steel plate capacity with various degrees of success, depending on the governing mode of failure. Neither 
guidelines address the potential interaction-buckling phenomenon. 
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“Stiffened steel plates under combined compression and bending”, Journal of Constructional Steel Research, 
Vol. 59, No. 7, pp 911-930, July 2003, DOI: 10.1016/S0143-974X(02)00079-2 
ABSTRACT: This paper presents part of a series of investigations of the behaviour of steel plates stiffened with 
tee-shape stiffeners and loaded with axial compressive forces with or without bending moments. These 
elements typically form bridge decks, ship hulls, ship decks and heavy haul equipment walls. Earlier work by 
the authors validated a non-linear large deformation-finite strain elasto-plastic finite element model by 
comparison of the model with the results of sophisticated full-scale physical experimental trials under different 
load combinations. A parametric study carried out using the finite element model is presented in the following. 
The study deals with the response of stiffened plate elements under combined uniaxial compression and 
bending moment. The parameters investigated were the transverse slenderness of the plate, the slenderness of 
the web and flange of the stiffener, the ratio of torsional slenderness of the stiffener to the transverse 
slenderness of the plate, and the stiffener to plate area ratio. Average magnitude residual stresses and initial 
imperfections were assumed. The parametric study indicated that the plate transverse flexural slenderness is the 
most influential parameter affecting both the strength and behaviour of stiffened steel plates for all the failure 
modes observed under combined compression and bending. The ratio of stiffener torsional slenderness to plate 
transverse flexural slenderness, β4, affected both the strength and behaviour of only the stiffened plates failing 
by stiffener tripping. A comparison of the numerical analysis results with American Petroleum Institute and Det 
Norske Veritas design guidelines indicates that the guidelines predict stiffened steel plate capacity with various 
degrees of success, depending on the governing mode of failure. 
 
 
Ottar Hillers, “Automatic buckling checks on stiffened panels based on finite element results”, Master’s thesis, 
Dept. of Structural Mechanics, Delft University of Technology, October 2011 
ABSTRACT: In this thesis a post processing tool for finite element analysis was developed to perform buckling 
checks on stiffened steel panels. The tool can perform buckling checks on rectangular, orthogonal stiffened 
plates including different panel sizes and openings. The procedure is completely automatic and is consequently 
conducive to reduction of engineering time. The tool detects geometrical and material properties from a finite 
element model and determines design loads based on stress results of a finite element analysis. The approach is 
in accordance with guidelines from design codes and therefore results can be considered to be verified 
according to the design code in question. The tool has been adapted to the American Bureau of Shipping guide 
for buckling and ultimate strength assessment for offshore structures. The tool is compared to the ABS plate 
buckling tool of the commercial software SDC Verifier. Results show that the developed tool does not need as 
fine finite element mesh as the ABS plate buckling tool of the SDC Verifier to predict accurate buckling factors. 
Furthermore for general cases up to 25% reduction of buckling factors can be obtained with the developed tool 
compared to the SDC Verifier.  
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Elisabeth Slettum (Faculty of Mathematics and Natural Sciences, University of Oslo), “A Semi-Analytical 
Model for Buckling of Stiffened Cylindrical Shells”, Master’s degree thesis, June 2013, (Supervisor Associate 
Professor Lars Brubak) 
SUMMARY: Cylindrical shells are common configurations within the technology. The transition from the side 
to the bottom on a ship has the shape of a fourth of a cylindrical shell. Both ring and stringer stiffeners can be 
added to the shell for support. Buckling of this type of structure is an important area of interest. The main 
purpose of this thesis has been to make a semi-analytical model that can describe how a ring stiffened shell and 
stringer stiffened shell respond during buckling. A variety of loads have been subjected to the shell model. 
Simple analytical expressions do not exist for clamped shells or shells subjected to shear and numerical methods 
must be used. The development of the model has been done by use of linear buckling theory and an energy 
method, the Rayleigh Ritz method. The model has been programmed in Fortran. Eigenvalues and associated 
eigenmodes have been found. The semi-analytical model has been verified against the finite element analysis 
software Abaqus. The results from the models were in good agreement with each other. The apply of the semi-
analytical model on a bilge structure showed a deviation in the results. A small difference in the boundary 
conditions, with the element model being stiffer due to the edges being held straight, was causing the deviation. 
The difference in the results from the semi-analytical model and the element model was smaller for the ring 
stiffened shell than for the unstiffened shell and the stringer stiffened shell. The buckling load calculated by the 
semi-analytical model were on the conservative side compared with the element model. 
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G.B. Chai and K.H. Hoon (Nanyang Technological University, School of Mechanical & Production 
Engineering, Nanyang Avenue, Singapore 2263), “Buckling of generally laminated composite plates”, 
Composites Science and Technology, Vol. 45, No. 2, 1992, pp. 125-133, doi:10.1016/0266-3538(92)90035-2 



ABSTRACT: A total potential energy approach has been employed in conjuction with the Rayleigh-Ritz 
method to study the stability behaviour of generally laminated composite plates with all edges simply supported 
and subjected to in-plane loading conditions. Thorough comparison with exact solutions for some classes of 
laminated composite plates subjected to uniaxial compression and biaxial compression are presented to verify 
the theoretical prediction of the present analysis. Lastly parametric studies on the combination of the various in-
plane loads, i.e. biaxial compression and uniaxial compression with shear, on practical laminated composite 
plates are presented. The buckling results for a symmetric angle-ply laminated composite plate are also 
discussed. 
 
 
C.W. Yap, G.B. Chai and M.S.R. Parlapalli (School of Mechanical and Aerospace Engineering, Division of 
Engineering Mechanics, Nanyang Technological University, Singapore), “Effect of flexural stiffness estimates 
on the buckling load of delaminated composite beams”, Proceedings of the Institution of Mechanical Engineers, 
Part L: Journal of Materials Design and Applications, April 2008, vol. 222, no. 2, pp. 91-102, 
doi: 10.1243/14644207JMDA162 
ABSTRACT: A closed-form expression to determine the effective flexural modulus for a laminated composite 
beam is derived and presented in this paper. An approach based on the established Euler—Bernoulli beam 
theory with the proposed effective flexural modulus to predict the buckling load of the laminated composite 
beam is also presented in detail. The problem of a laminated beam with no delamination and that with a single 
through-the-width delamination is analysed. The results obtained using the current expression are compared 
with those obtained using existing expressions found in the literature. Results from a non-linear finite-element 
analysis are also presented and included in the comparison. The parameters investigated include ply orientation, 
number of layers, delamination length, support conditions, and material property. The comparison of results 
showed that the current estimated effective flexural stiffness expression yields a good lower bound solution for 
predicting the buckling load of both the perfect and the delaminated laminated composite beam. 
 
 
G. B. Chai, C. W. Yap and T. M. Lim (School of Mechanical and Aerospace Engineering, Nanyang 
Technological University, Singapore), “Bending and buckling of a generally laminated composite beam-
column”, Proceedings of the Institution of Mechanical Engineers, Part L: Journal of Materials Design and 
Applications, January 2010, vol. 224, no. 1, pp. 1-7, doi: 10.1243/14644207JMDA285 
ABSTRACT: This article reports the structural responses of generally laminated composite columns subjected 
to uni-axial compression and transverse load. Closed-form expressions were developed and are presented in this 
contribution to analyse buckling and bending responses of generally laminated composite beams with various 
boundary supports. The expressions were developed using a combination of the Euler—Bernoulli beam and the 
classical lamination theory. In addition, the results of a complementary experimental study are presented and 
are used to validate the analytical models. The comparison of the analytical results with the experimental results 
shows good correlation in general. Some interesting preliminary results obtained in the analysis of the beam-
column are also presented, noted, and discussed. 
 
 
Giulio Romeo and Giacomo Frulla (Department of Aerospace Engineering, Politecnico Di Torino, C. so Duca 
degli Abruzzi 24, 10129, Turin, Italy) “Post-Buckling Behaviour of Graphite/Epoxy Stiffened Panels with 
Initial Imperfections Subjected to Eccentric Biaxial Compression Loading,” International Journal of Non-Linear 
Mechanics, Vol. 32, No. 6,  November 1997, pp. 1017–1033. doi:10.1016/S0020-7462(96)00136-9 
ABSTRACT: The post-buckling behaviour of anisotropic stiffened panels with initial imperfections is 
investigated. Since buckling of the skin between the stiffeners often occurs first, a non-linear analysis is 
developed for symmetric panels under biaxial compression in order to obtain the out-of-plane panel deflection 
in the post-buckling range. The non-linear differential equations are expressed in terms of the out-of-plane 
displacement and the Airy function. They are solved with the Galerkin method for various boundary conditions 
by imposing an edge displacement control. The theoretical and experimental results obtained by the present 
analysis show that the transverse load can greatly influence the buckling loads and halfwave number. Since no 
experimental results have been found in the literature, several tests have been carried out on graphite/epoxy 



blade stiffened panels 900 mm long and 620 mm wide applying simultaneously biaxial compression loads with 
several combined ratios. An eccentricity results between longitudinal and transverse load, because the 
longitudinal compression is applied along the centroidal axes of the stiffened section while the transverse 
compression is applied to the skin panel. The correlation between the experimental and analytical results has 
been quite good; the experimental results demonstrate the influence of eccentricity of the transverse load on 
panel deflection in the pre- and post-buckling range. 
 
 
Enrong Qi, Weicheng Cui and Zhengquan Wan (China Ship Scientific Research Center, Wuxi, Jiangsu 214082, 
China), “Comparative study of ultimate hull girder strength of large double hull tankers”, Marine Structures, 
Vol. 18, No. 3, pp 227-249, March 2005, DOI: 10.1016/j.marstruc.2005.11.002 
ABSTRACT: A systematic study of theoretical methods for predicting the ultimate hull girder strength of ships 
is carried out based on long-time theoretical and experimental work in authors group. An integrated framework 
of non-linear finite element analysis, a locally improved idealized structural unit method (ISUM), a simplified 
method (SM) in which average stress–strain relationship is derived using beam-column theory, along with an 
advanced analytical method (AM) which is coupled with an elastic-plastic method (EPM which is a 
combination of elastic large deflection analysis and rigid plastic analysis) of ultimate buckling strength of 
stiffened panels and suitable for biaxial bending and non-symmetric structures of damaged ship hulls, are used 
to perform a comparative study of ultimate hull girder strength of a 300,000 dwt large double hull tanker. The 
calculation results are also compared with single step procedure of common structural rules (CSR) for double 
hull tankers and comparative analysis of calculation methods of ultimate hull girder strength is carried out in 
many ways. 
 
 
Özgür Özgüça, Purnendu K. Das and Nigel Barltrop (Department of Naval Architecture and Marine 
Engineering, Universities of Glasgow and Strathclyde, Henry Dyer Building, 100 Montrose Street, Glasgow G4 
0LZ, UK), “The new simple design equations for the ultimate compressive strength of imperfect stiffened 
plates”, Ocean Engineering, Vol. 34, No. 7, May 2007, pp. 970-986, doi:10.1016/j.oceaneng.2006.05.013 
ABSTRACT: The new simple design equations for predicting the ultimate compressive strength of stiffened 
plates with initial imperfections in the form of welding-induced residual stresses and geometric deflections were 
developed in this study. A non-linear finite element method was used to investigate on 60 ANSYS elastic–
plastic buckling analyses of a wide range of typical ship panel geometries. Reduction factors of the ultimate 
strength are produced from the results of 60 ANSYS inelastic finite element analyses. The proposed design 
equations have been developed based on these reduction factors. For the real ship structural stiffened plates, the 
most general loading case is a combination of longitudinal stress, transverse stress, shear stress and lateral 
pressure. The new simplified analytical method was generalized to deal with such combined load cases. The 
accuracy of the proposed equations was validated by the experimental results. Comparisons show that the 
adopted method has sufficient accuracy for practical applications in ship design. 
 
 
Abderrazak Mejdi and Noureddine Atalla (GAUS, Department of Mechanical Engineering, University de 
Sherbrooke, Sherbrooke, Que., Canada J1K 2R1), “Dynamic and acoustic response of bidirectionally stiffened 
plates with eccentric stiffeners subject to airborne and structure-borne excitations”, Journal of Sound and 
Vibration, Vol. 329, No. 21, October 2010, pp. 4422-4439, doi:10.1016/j.jsv.2010.04.007 
ABSTRACT: An analytical method based on the modal expansion technique was developed to predict the 
vibro-acoustic response of both unidirectionally and bidirectionally stiffened flat panel. This paper presents the 
response to diffuse acoustic field (DAF) and turbulent boundary layer (TBL) excitations in terms of their joint 
acceptance. Numerical results for the dynamic and acoustic responses are compared with finite element method 
(FEM) and boundary element (BEM) results for stiffened panel with complex and eccentrically shaped 
stiffeners subject to point force excitation. A theoretical prediction of the transmission loss (TL) is also 
compared with laboratory measurements conducted on flat panels representing aircraft models as well as with 
hybrid statistical energy analysis (SEA)–FEM periodic model. The results confirm that the stiffened panel has 
the same acoustic response as the skin without stiffeners at frequencies where the structural wavelengths are 



equal to the spacing between the stiffeners. In addition, the transmission loss is lowered by the presence of the 
stiffeners at some particular region of frequencies below the critical frequency with respect to the unstiffened 
panel. 
 
 
Knight, Norman F, Jr and Starnes, James H, Jr, “Postbuckling behavior of axially compressed graphite-epoxy 
cylindrical panels with circular holes”, American Society of Mechanical Engineers, Joint Pressure Vessels and 
Piping/Applied Mechanics Conference, San Antonio, TX; United States; 17-21 June 1984 
ABSTRACT: The results of an experimental and analytical study of the effects of circular holes on the 
postbuckling behavior of graphite-epoxy cylindrical panels loaded in axial compression are presented. The 
STAGSC-1 general shell analysis computer code is used to determine the buckling and postbuckling response 
of the panels. The loaded, curved ends of the specimens were clamped by fixtures and the unloaded, straight 
edges were simply supported by knife-edge restraints. The panels are loaded by uniform end shortening to 
several times the end shortening at buckling. The unstable equilibrium path of the postbuckling response is 
obtained analytically by using a method based on controlling an equilibrium-path-arc-length parameter instead 
of the traditional load parameter. The effects of hole diameter, panel radius, and panel thickness on 
postbuckling response are considered in the study. Experimental results are compared with the analytical results 
and the failure characteristics of the graphite-epoxy panels are described. 
 
 
Knight, N F, Jr, Starnes, J H, Jr And Waters, W A, Jr, “Postbuckling behavior of selected graphite-epoxy 
cylindrical panels loaded in axial compression”, AIAA Structures, Structural Dynamics and Materials 
Conference, 27th, San Antonio, TX; USA; 19-21 May 1986. pp. 142-158. 1986 
ABSTRACT: Results of an experimental and analytical study of the postbuckling behavior of selected graphite-
epoxy cylindrical panels loaded in axial compression are presented. The postbuckling response and failure 
characteristics of the panels are described. The postbuckling response of each specimen is typical of axially-
compressed cylindrical shells and curved panels in that a severe reduction in load occurs at buckling. Failure of 
all panels initiated near regions with severe local bending gradients. Analytical results from a nonlinear general 
shell finite element analysis computer code correlate well with typical experimental results up to buckling. 
Measured initial geometric imperfections were included in the postbuckling analysis. Analytically-determined 
stress distributions in the postbuckling response were used with failure criteria to identify the load level and the 
location of first-ply failure. 
 
 
Norman F. Knight Jr (Department of Aerospace Engineering, Old Dominion University, Norfolk, Virginia), 
“Factors influencing nonlinear static response prediction and test-analysis correlation for composite panels”, 
Composite Structures, Vol. 29, No. 1, 1994, pp. 13-25, doi:10.1016/0263-8223(94)90033-7 
ABSTRACT: Factors influencing the nonlinear response prediction of composite panels are described. The role 
of these factors in performing test-analysis correlation for composite panels is discussed and demonstrated using 
selected configurations for which experimental data have been previously published. Advanced formulations 
and analysis methods are providing structural analysts with better tools to aid the development of understanding 
the complexities associated with composite structural design and analysis. 
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(1) Department of Aerospace Engineering, Old Dominion University, Norfolk, VA 23529-0247, USA 
(2) Lockheed Engineering and Sciences Company, Hampton, VA 23665-5225, USA 
“Assessment of structural analysis technology for static collapse of elastic cylindrical shells”, Finite Elements in 
Analysis and Design, Vol. 18, No. 4, January 1995, pp. 403-431, doi:10.1016/0168-874X(94)00066-O 
ABSTRACT: The prediction of the ultimate load-carrying capability for compressively loaded shell structures 
is a challenging nonlinear analysis problem. Selected areas of finite element technology research and nonlinear 
solution technology are assessed. Herein, a finite element analysis procedure is applied to four cylindrical shell 
collapse problems which have been used by computational structural mechanics researchers in the past. This 



assessment will focus on a number of different shell element formulations and on different approaches used to 
account for geometric nonlinearities. The results presented confirm that these aspects of nonlinear shell analysis 
can have a significant effect on the predicted nonlinear structural response. All analyses were performed using a 
single software system which allowed a convenient assessment of different element formulations with a 
consistent approach to solving the discretized nonlinear equations. 
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“Improved assumed-stress hybrid shell element with drilling degrees of freedom for linear stress, buckling and 
free vibration analyses”,  International Journal for Numerical Methods in Engineering, 1995, 38: 1917–1943.  
doi: 10.1002/nme.1620381108 
ABSTRACT: An improved 4-node quadrilateral assumed-stress hybrid shell element with drilling degrees of 
freedom is presented. The formulation is based on Hellinger–Reissner variational principle and the shape 
functions are formulated directly for the 4-node element. The element has 12 membrane degrees of freedom and 
12 bending degrees of freedom. It has 9 independent stress parameters to describe the membrane stress resultant 
field and 13 independent stress parameters to describe the moment and transverse shear stress resultant field. 
The formulation encompasses linear stress, linear buckling and linear free vibration problems. The element is 
validated with standard test cases and is shown to be robust. Numerical results are presented for linear stress, 
buckling, and free vibration analyses. 
 
 
Knight, Norman F, Jr (NASA Langley Research Center, Hampton, VA 23681-0001, USA), “Assumed--stress 
hybrid elements with drilling degrees of freedom for nonlinear analysis of composite structures (Final Report, 
ending Dec. 31, 1995) 
ABSTRACT: The goal of this research project is to develop assumed-stress hybrid elements with rotational 
degrees of freedom for analyzing composite structures. During the first year of the three-year activity, the effort 
was directed to further assess the AQ4 shell element and its extensions to buckling and free vibration problems. 
In addition, the development of a compatible 2-node beam element was to be accomplished. The extensions and 
new developments were implemented in the Computational Structural Mechanics Testbed COMET. An 
assessment was performed to verify the implementation and to assess the performance of these elements in 
terms of accuracy. During the second and third years, extensions to geometrically nonlinear problems were 
developed and tested. This effort involved working with the nonlinear solution strategy as well as the nonlinear 
formulation for the elements. This research has resulted in the development and implementation of two 
additional element processors (ES22 for the beam element and ES24 for the shell elements) in COMET. The 
software was developed using a SUN workstation and has been ported to the NASA Langley Convex named 
blackbird. Both element processors are now part of the baseline version of COMET. 
 
 
N. Jaunky (1), N.F. Knight Jr (1) and D.R. Ambur (2) 
(1) Old Dominion University, Dept Aerospace Engineering, Norfolk, VA 23529-0247, USA 
(2) NASA Langley Research Center, Hampton, VA 23681-0001, USA 
“Formulation of an improved smeared stiffener theory for buckling analysis of grid-stiffened composite panels”, 
Composites Part B: Engineering, Vol. 27, No. 5, 1996, pp. 519-526, doi:10.1016/1359-8368(96)00032-7 
ABSTRACT: An improved smeared stiffener theory for stiffened panels is presented that includes skin-stiffener 
interaction effects. The neutral surface profile of the skin-stiffener combination is developed analytically using 
the minimum potential energy principle and statics conditions. The skin-stiffener interaction is accounted for by 
computing the bending and coupling stiffness due to the stiffener and the skin in the skin-stiffener region about 
a shift in the neutral axis at the stiffener. Buckling load results for axially stiffened, orthogrid, and general grid-
stiffened panels are obtained using the smeared stiffness combined with a Rayleigh-Ritz method and are 
compared with results from detailed finite element analyses. 



 
 
Knight, Norman F, Jr and Nemeth, Michael P (editors), “Stability Analysis of Plates and Shells”, NASA no. 
19980019011. In: AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference 
ABSTRACT: This special publication contains the papers presented at the special sessions honoring Dr. 
Manuel Stein during the 38th AIAA /ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials 
Conference held in Kissimmee, Florida, Apdl 7-10, 1997. This volume, and the SDM special sessions, are 
dedicated to the memory of Dr. Manuel Stein, a major pioneer in structural mechanics, plate and shell buckling, 
and composite structures. Many of the papers presented are the work of Manny's colleagues and co-workers and 
are a result, directly or indirectly, of his influence. Dr. Stein earned his Ph.D. in Engineering Mechanics from 
Virginia Polytechnic Institute and State University in 1958. He worked in the Structural Mechanics Branch at 
the NASA Langley Research Center from 1943 until 1989. Following his retirement, Dr. Stein continued his 
involvement with NASA as a Distinguished Research Associate. 
 
 
Norman F. Knight, Jr and Yunqian Qi (Department of Aerospace Engineering, Old Dominion University, 
Norfolk, VA 23529-0247, USA), “On a consistent first-order shear-deformation theory for laminated plates”, 
Composites Part B: Engineering, Vol. 28, No. 4, 1997, pp. 397-405, doi:10.1016/S1359-8368(96)00058-3 
ABSTRACT: This paper systematically states the consistent first-order shear-deformation theory for laminated 
plates recently proposed by Qi and Knight. It assumes that only in an average sense does a straight line 
originally normal to the midplane remain straight and rotate relative to the normal of the midplane, and in a 
local sense a slight displacement perturbation around the average rotated line is also permitted after 
deformation. Since the curved line is very shallow, the present theory still approximates linear in-plane and 
constant transverse displacements through the thickness just as Reissner and Mindlin's first-order shear-
deformation theory does. Reissner and Mindlin's theory leads to uniform transverse shear strain distributions by 
employing pointwise strain displacement relationships, and satisfies the transverse shear constitutive 
relationships only in an average corrected form. In contrast, Qi and Knight's theory accounts for variable 
transverse shear strain distributions by enforcing pointwise constitutive relationships, and relates transverse 
shear strains to kinematic unknowns only in a weighted-average form. Through-the-thickness transverse shear 
strains are thus consistent with the stress counterparts and their transverse-shear-stress-weighted-average values 
are just the nominal-uniform transverse shear strains which correspond to the average rotations. The new theory 
combines the advantages of several prevailing 2D laminated plate theories while overcoming their drawbacks. 
Numerical results for the cylindrical bending problem of orthotropic laminated plates exhibit excellent 
agreement between Qi and Knight's theory and Pagano's 3D exact elasticity results. 
 
 
Norman F. Knight, Jr and Yunqian Qi (Department of Aerospace Engineering, Old Dominion University, 
Norfolk, Virginia 23529-0247, U.S.A.), “Restatement of first-order shear-deformation theory for laminated 
plates”, International Journal of Solids and Structures, Vol. 34, No. 4, February 1997, pp. 481-492, 
doi:10.1016/S0020-7683(96)00032-7 
ABSTRACT: A restatement of the first-order shear-deformation theory of plates is offered and verified 
numerically by exact 3-D elasticity results. Based on a more appropriate physical assumption, the restated 
theory innovatively interprets its variables and applies elasticity equations in a more pertinent manner. It 
assumes physically that only in some average sense does a straight line originally normal to the midplane 
remain straight and rotate relative to the normal of the midplane after deformation. Hence the in-plane 
displacement is still approximated, in an average sense, as linear and the transverse deflection as constant 
through the plate thickness. The associated nominal-uniform transverse shear strain directly derived from these 
displacement field assumptions is identified as the weighted-average transverse shear strain through the plate 
thickness, with the corresponding transverse shear stress as the weighting function, while the actual transverse 
shear strain is permitted to vary through the thickness and satisfies the constitutive law with its stress 
counterpart. Likewise, the average rotation of the line is identified as its weighted-average value, instead of the 
one evaluated from a linear regression of the inplane displacement with the least-square method. Examination 
of bending energy and transverse shear energy supports this interpretation. In addition, an effective transverse 



shear stiffness parameter is identified and proven appropriate. This restated first-order, shear-deformation 
theory yields accurate local as well as global response predictions without employing a shear-correction factor. 
 
 
Knight, Norman F, Jr and Starnes, James H, Jr, “Developments in Cylindrical Shell Stability Analysis”, NASA 
no. 19980019015. Stability Analysis of Plates and Shells; UNITED STATES; 1998 
ABSTRACT: Today high-performance computing systems and new analytical and numerical techniques enable 
engineers to explore the use of advanced materials for shell design. This paper reviews some of the historical 
developments of shell buckling analysis and design. The paper concludes by identifying key research directions 
for reliable and robust methods development in shell stability analysis and design. 
 
 
N. Jaunky (1), N.F. Knight Jr (1) and D.R. Ambur (2) 
(1) Old Dominion University, Dept Aerospace Engineering, Norfolk, VA 23529-0247, USA 
(2) NASA Langley Research Center, Hampton, VA 23681-0001, USA 
“Optimal design of general stiffened composite circular cylinders for global buckling with strength constraints”, 
Composite Structures, Vol. 41, Nos. 3-4, March-April 1998, pp. 243-252, 
doi:10.1016/S0263-8223(98)00020-8 
ABSTRACT: A design strategy for optimal design of composite grid-stiffened cylinders subjected to global and 
local buckling constraints and strength constraints was developed using a discrete optimizer based on a genetic 
algorithm. An improved smeared stiffener theory was used for the global analysis. Local buckling of skin 
segments were assessed using a Rayleigh-Ritz method that accounts for material anisotropy. The local buckling 
of stiffener segments were also assessed. Constraints on the axial membrane strain in the skin and stiffener 
segments were imposed to include strength criteria in the grid-stiffened cylinder design. Design variables used 
in this study were the axial and transverse stiffener spacings, stiffener height and thickness, skin laminate 
stacking sequence and stiffening configuration, where stiffening configuration is a design variable that indicates 
the combination of axial, transverse and diagonal stiffener in the grid-stiffened cylinder. The design 
optimization process was adapted to identify the best suited stiffening configurations and stiffener spacings for 
grid-stiffened composite cylinder with the length and radius of the cylinder, the design in-plane loads and 
material properties as inputs. The effect of having axial membrane strain constraints in the skin and stiffener 
segments in the optimization process is also studied for selected stiffening configurations. 
 
 
Navin Jaunky (1), Norman F. Knight, Jr. (1),  and Damodar R. Ambur (2) 
(1) Department of Aerospace Engineering, Old Dominion University, Norfolk, VA 23529-0247, USA 
(2) Structural Mechanics Branch, NASA Langley Research Center, Hampton, VA 23681-0001, USA 
“Optimal design of grid-stiffened composite panels using global and local buckling analyses”, Journal of 
Aircraft, 1998, Vol. 35, No. 3, pp. 478-486, presented at AIAA 37th SDM Conference, Salt Lake City, UT 
ABSTRACT: A design strategy for optimal design of composite grid-stiffened panels subjected to global and 
local buckling constraints is developed using a discrete optimizer. An improved smeared stiffener theory is used 
for the global buckling analysis. Local buckling of skin segments is assessed using a Rayleigh-Ritz method that 
accounts for material anisotropy and transverse shear flexibility. The local buckling of stiffener segments is also 
assessed. Design variables are the axial and transverse stiffener spacing, stiffener height and thickness, skin 
laminate, and stiffening configuration, where the stiffening configuration is herein defined as a design variable 
that indicates the combination of axial, transverse, and diagonal stiffeners in the stiffened panel. The design 
optimization process is adapted to identify the lightest-weight stiffening configuration and stiffener spacing for 
grid-stiffened composite panels given the overall panel dimensions, in-plane design loads, material properties, 
and boundary conditions of the grid-stiffened panel. 
 
 
Navin Jaunky (1), Norman F. Knight, Jr. (1), and Damodar R. Ambur (2) 
(1) Department of Aerospace Engineering, Old Dominion University, Norfolk, VA 23529-0247, USA 
(2) Structural Mechanics Branch, NASA Langley Research Center, Hampton, VA 23681-0001, USA 



“Buckling analysis of anisotropic variable-curvature panels and shells”, Composite Structures, Vol. 43, No. 4, 
December 1998, pp. 321-329, doi:10.1016/S0263-8223(98)00118-4 
ABSTRACT: A buckling formulation for anisotropic variable-curvature panels is presented in this paper. The 
variable-curvature panel is assumed to consist of two or more panels of constant curvature where each panel 
may have a different curvature. Bezier functions are used as Ritz functions. Displacement (C0), and slope (C1) 
continuities between segments are imposed by manipulation of the Bezier control points. A first-order shear-
deformation theory is used in the buckling formulation. Results obtained from the present formulation are 
compared with those from finite element simulations and are found to be in good agreement. 
 
 
Norman F. Knight, Jr. (Aerospace Engineering Department, Old  Dominion University, Norfolk, VA 23529-
0247) “Finite Element Techniques for Nonlinear Postbuckling and Collapse of Elastic Structures”, Chapter 1 in 
Structural Dynamic Systems: Computational Techniques and Optimization, Edited by Cornelius T. Leondes, 
Gordon and Breach Science Publishers, 1998 
PARTIAL INTRODUCTION: The objectives of this paper are to present a brief overview of the finite element 
method, to review selected finite element analysis techniques as applied to determining the nonlinear 
postbuckling and collapse response of elastic structures, and to describe selected application problems. First, 
some of the fundamental concepts associated with finite element approximations are described. Second, the 
basic equations  of nonlinear solid mechanics are given for the case of small strain, large elastic deformation 
including a brief discussion of lamination theory for composite structures. Third, different variational 
formulations are presented along with their finite element models. Then solution techniques for nonlinear 
systems (both static and dynamic) are discussed. The traditional approach of nonlinear finite element analysis 
using a Newton-Raphson approach is reviewed. Reduction methods for nonlinear problems such as the global 
function approach and the reduced basis approach are summarized. Next, selected applications are described, 
and finally some concluding remarks are made. 
 
 
Bushnell, David (1), Jiang, Hao (2) and Knight, Norm F., Jr. (2) 
(1) Lockheed Martin Advanced Technology Center, Palo Alto, CA 
(2) Old Dominion Univ., Norfolk, VA 
“Additional buckling solutions in PANDA2”,  AIAA-1999-1233, 40th AIAA Structures, Structural Dynamics 
and Materials Conference, April 1999 
ABSTRACT: Three new buckling models have been incorporated into PANDA2, a program for minimum 
weight design of stiffened composite panels and shells: (1) buckling of unstiffened panels or unstiffened 
portions of panels with use of double-trigonometric series expansions for buckling modal displacement 
components, u, v, w; (2) general buckling of cylindrical stiffened panels with both rings and stringers treated as 
discrete beams; and (3) inter-ring buckling of cylindrical panels based on a discretized single module model 
containing discretized ring segments and a discretized skin-smeared-stringer cylindrical surface to which the 
ring is attached. Examples are provided of buckling of certain isotropic and laminated composite flat and 
cylindrical unstiffened and stiffened panels and shells for which the predictions from the modified PANDA2, 
formerly unacceptably inaccurate, are compared with predictions from STAGS, a general-purpose finite 
element code. The new comparisons demonstrate that the modified PANDA2 is now well qualified for 
preliminary design in particular cases for which it previously yielded unreliable designs and designs that were 
overly conservative. The optimum design of a composite ring and stringer-stiffened cylindrical shell derived by 
PANDA2 is evaluated with the use of STAGS. The optimum design of an isotropic hydrostatically compressed 
internally T-ring stiffened cylindrical shell optimized by PANDA2 is evaluated with the use of the shell-of-
revolution code BOSOR4. There is good agreement between PANDA2 predictions and STAGS and BOSOR4 
predictions for buckling of the optimized designs. 
 
 
Navin Jaunky and Norman F. Knight Jr. (Old Dominion University, Norfolk, VA 23529-0247, USA), “An 
assessment of shell theories for buckling of circular cylindrical laminated composite panels loaded in axial 
compression”, International Journal of Solids and Structures, Vol. 36, No. 25, September 1999, pp. 3799-3820, 



doi:10.1016/S0020-7683(98)00177-2 
ABSTRACT: Buckling loads of circular cylindrical laminated composite panels are obtained using Sanders–
Koiter (e.g. Sanders, 1959 ; Koiter, 1959) , Love (e.g. Love, 1927) and Donnell (e.g. Loo, 1957) shell theories 
with a first-order, shear-deformation approach and a Rayleigh–Ritz method that accounts for different boundary 
conditions andmaterial anisotropy. Results obtained using Sanders–Koiter, Love, Donnell shell theories are 
compared with those obtained from finite element simulations, where the curved panels are modeled using nine-
node quadrilateral continuum-based shell elements that are independent of any shell theory. Comparisons with 
finite element results indicate that Donnell’s theory could be in error for some lamination schemes and 
geometrical parameters. 
 
 
Norman F. Knight Jr. (1), Charles C. Rankin (2) and Frank A. Brogan (2) 
(1) Veridian Systems Division, Fairfax, VA, USA 
(2) Lockheed-Martin Advanced Technology Center, Palo Alto, CA, USA 
“STAGS computational procedure for progressive failure analysis of laminated composite structures”, 
International Journal of Non-Linear Mechanics, Vol. 37, Nos. 4-5, June 2002, pp. 833-849, Special issue: 
Stability & Vibration in Thin-Walled Structures, doi:10.1016/S0020-7462(01)00101-9 
ABSTRACT: Non-linear analyses are difficult simulations to perform and place increased demands not only on 
the computational systems but also on the analyst. The number of possible problems and/or difficulties 
increases significantly compared to those for linear elastic analyses. Combined material and geometric non-
linearities challenge the analyst and the solution algorithms. Progressive failure and damage propagation for 
composite structures result in even more complexities due to the discrete, abrupt changes in local material 
stiffness. Analysts need to interrogate the computed solutions carefully based on their understanding of 
structural mechanics, material behavior, computational procedures and non-linear phenomena to distill correct 
physics from such simulations. This paper describes the computational strategy incorporated into the STAGS 
non-linear finite element analysis code with special emphasis on progressive failure analysis of laminated 
composite structures. Results for selected laminated composite structures are used to demonstrate the PFA 
capability. 
 
 
Norman F. Knight, Jr., and Thomas J. Stone (Veridian Systems Division, Chantilly, Virginia), “Rapid Modeling 
and Analysis Tools: Evolution, Status, Needs and Directions, NASA/CR-2002-211751, 2002 
ABSTRACT: The design process is rapidly evolving as the twenty-first century begins. Advanced aerospace 
systems are becoming increasingly more complex, and customers are demanding lower cost, higher 
performance, and high reliability. Increased demands are placed on the design engineers to collaborate and 
integrate design needs and objectives early in the design process to minimize risks that may occur later in the 
design development stage. The Mars Sample Return/Earth Entry Vehicle has stringent design requirements 
imposed due to mission objectives. These requirements in turn necessitate the mitigation of uncertainties and 
risk associated with the system design and mission. Characterization of material response accounting for 
damage, delaminations, and manufacturing flaws, and understanding their influence on structural integrity to 
meet mission objectives are critical. Extreme environment loading conditions due to re-entry and impact on the 
earthís surface using a passive impact energy management system require detailed mathematical models and 
advanced analysis tools based on verified constitutive models. The design process becomes a balancing process 
between risk and consequences. High-performance systems require better understanding of system sensitivities 
much earlier in the design process to meet these goals. This understanding is developed through enhanced 
concept selections, reduced uncertainty, and enhanced analytical tools. However, the cornerstone of the design 
process is the design engineer. The knowledge, skills, intuition, and experience of an individual design engineer 
will need to be extended significantly for the next generation of aerospace system designs. Then a collaborative 
effort involving the designer, rapid and reliable analysis tools and virtual experts representing the knowledge 
capture of technical disciplines, manufacturing processes, mission profile, and/or system performance will 
result in advanced aerospace systems that are safe, reliable, and efficient. This paper discusses the evolution, 
status, needs and directions for rapid modeling and analysis tools for structural analysis. First, the evolution of 
computerized design and analysis tools is briefly described. Next, the status of representative design and 



analysis tools is described along with a brief statement on their functionality. Then technology advancements to 
achieve rapid modeling and analysis are identified. Finally, potential future directions including possible 
prototype configurations are proposed. 
Some of the more than 200 references at the end of the report (only those pertaining to the buckling of shells): 
11. Bushnell, David, Buckling of Shells: Pitfall for Designers, AIAA Paper No. 80-0665, 1980. 
12. Bushnell, David, Static Collapse: A Survey of Methods and Modes of Behavior, Finite Elements in Analysis and Design, Vol. 1, 
No. 2, 1985, pp. 165-205. 
13. Starnes, J. H., Jr., Hilburger, M. W., and Nemeth, M. P., The Effect of Initial Imperfections on the Buckling of Composite 
Cylindrical Shells, in Composite Structures: Theory and Practice, ASTM STP 1383, P. Grant and C. Q. Rousseau (editors), American 
Society for Testing Materials, West Conshohocken, PA, 2000, pp. 529-550. 
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Norman F. Knight, Jr. (General Dynamics – Advanced Information Systems, Chantilly, Virginia), “Bearing-
Load Modeling and Analysis Study for Mechanically Connected Structures”, NASA/CR-2006-214529, NASA 
Langley Research Center, December 2006 
ABSTRACT: Bearing-load response for a pin-loaded hole is studied within the context of two-dimensional 
finite element analyses. Pin-loaded-hole configurations are representative of mechanically connected structures, 
such as a stiffener fastened to a rib of an isogrid panel, that are idealized as part of a larger structural 
component. Within this context, the larger structural component may be idealized as a two-dimensional shell 
finite element model to identify load paths and high stress regions. Fastener modeling within these analysis 
models is often of low fidelity and limitations need to be assessed. Finite element modeling and analysis aspects 
of a pin-loaded hole are considered in the present paper including the use of linear and nonlinear springs to 
simulate the pin-bearing contact condition. For a repeating unit of a square domain with a center circular hole, 
the effects of hole diameter and degree of elastic restraint provided by material surrounding the hole are 
considered. These effects are found to affect the local response by changing it from a bearing-dominated 
response for small holes to a plane-stress-dominated ligament response for larger holes. For a T-shaped coupon 
specimen configuration, the pin-loaded-hole case resulted in higher local stresses around the hole, while the 
open-hole case generated high stresses along the majority of the free edge of the T-specimen web. Simulating 
pin-connected structures within a two-dimensional finite element analysis model using nonlinear spring or gap 
elements provides an effective way for accurate prediction of the local effective stress state and peak forces. 
References listed at the end of the paper: 
1. Bickford. J. H., An Introduction to the Design and Behavior of Bolted Joints, Marcel Dekker, Inc., New York, 1981. 
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LMSC-P032594, Palo Alto, CA, January 2005. 
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8. Rankin, C. C. and Brogan, F. A., “An Element-Independent Corotational Procedure for the Treatment of Large Rotations, ASME 
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James H. Starnes, Jr., Damodar R. Ambur, Richard D. Young, and Charles E. Harris (NASA Langley Research 
Center, Hampton, VA 23681-2199, USA), “Experimental verification of the analytical methodology to predict 
the residual strength of metallic shell structure”, Society for Experimental….(1999 –cs.odu.edu) 
ABSTRACT: Experimental and analysis results for a curved, stiffened aluminum fuselage panel tested in a 
combined loads test machine with combined internal pressure, axial compression, and torsonal shear loads are 
described. The experimental and analytical strain results for the panel with and without discrete source damage 
are presented. The effect of notch tip geometry on crack growth predictions is addressed. The crack growth 
trajectory predictions for the panel are presented for the applied loading conditions at failure. (Unfortunately, 
the pdf file does not permit cutting and pasting the 10 references listed at the end of the 4-page file.) 
 
 
James H. Starnes, Jr. and Cheryl A. Rose (NASA Langley Research Center, Hampton, Virginia, USA), 
“Buckling and stable tearing responses of unstiffened aluminum shells with long cracks”, AIAA-98-1991, 39th 
AIAA Structures, Structural Dynamics and Materials Conference, 1998 
ABSTRACT: The results of an analytical and experimental study of the nonlinear response of thin, unstiffened, 
aluminum cylindrical shells with a long longitudinal crack are presented. The shells are analyzed with a 
nonlinear shell analysis code that accurately accounts for global and local structural response phenomena. 
Results are presented for internal pressure and for axial compression loads. The effect of initial crack length on 
the initiation of stable tearing and unstable crack growth in typical shells subjected to internal pressure loads is 
predicted using geometrically nonlinear elastic-plastic finite element analyses. The results of these analyses and 
of the experiments indicate that the pressure required to initiate stable tearing and unstable tearing in a shell 
subjected to internal pressure loads decreases as the crack length increases. The effects of crack length on the 
prebuckling, buckling and postbuckling responses of typical shells subjected to axial compression are also 
described. For this loading condition, the crack length is held constant. The results of the analyses illustrate the 
influence of crack length on shell buckling instabilities. The experimental and analytical results correlate well. 
 
 
J. J. H. Starnes, M. W. Hilburger and M. P. Nemeth, “The Effects of Initial Imperfections on the Buckling of 
Composite Cylindrical Shells,” In: P. Grant and C. Q. Rousseau, Eds., Composite Structures: Theory and 
Practice, American Society for Testing and Materials, ASTM STP1383, West Conshohocken, 2000, pp. 529-
550. 
ABSTRACT: The results of an experimental and analytical study of the effects of initial imperfections on the 
buckling response of thin unstiffened graphite-epoxy cylindrical shells with and without a cutout, and with three 
different shell-wall laminates, are presented. Results that identify the individual and combined effects of 



traditional initial geometric shell-wall imperfections, and nontraditional shell-wall thickness variations, shell-
end geometric imperfections, and variations in loads applied to the ends of the shells on the shell buckling and 
nonlinear responses, are included. The shells have been analyzed with a robust nonlinear finite-element analysis 
code for shells that accurately accounts for these effects on the buckling and nonlinear responses of the shells. 
The analysis results generally correlate well with the experimental results. The nonlinear analysis results are 
also compared with the results from a traditional linear bifurcation buckling analysis that is commonly used for 
shell design. The results suggest that the nonlinear analysis procedure can be used for determining accurate, 
high-fidelity, design knockdown factors for shell buckling and collapse. A discussion of how this high-fidelity 
nonlinear analysis procedure can be used to form the basis for a shell analysis and design approach that 
addresses some of the critical shell-buckling design criteria and design considerations for composite shell 
structures is included. 
 
 
Richard D. Young, Cheryl A. Rose, and James H. Starnes, Jr. (NASA Langley Research Center 
Hampton,Virginia 23681-2199), “Skin, Stringer, and Fastener Loads in Buckled Fuselage Panels”, AIAA 42nd 
Structures, Structural Dynamics and Materials Conference, AIAA-2001-1326, 2001 
ABSTRACT: The results of a numerical study to assess the effect of skin buckling on the internal load 
distribution in a stiffened fuselage panel, with and without longitudinal cracks, are presented. In addition, the 
impact of changes in the internal loads on the fatigue life and residual strength of a fuselage panel is assessed. A 
generic narrow-body fuselage panel is considered. The entire panel is modeled using shell elements and 
considerable detail is included to represent the geometric-nonlinear response of the buckled skin, cross section 
deformation of the stiffening components, and details of the skin-stringer attachment with discrete fasteners. 
Results are presented for a fixed internal pressure and various combinations of axial tension or compression 
loads. Results illustrating the effect of skin buckling on the stress distribution in the skin and stringer, and 
fastener loads are presented. Results are presented for the pristine structure, and for cases where damage is 
introduced in the form of a longitudinal crack adjacent to the stringer, or failed fastener elements. The results 
indicate that axial compression loads and skin buckling can have a significant effect on the circumferential 
stress in the skin, and fastener loads, which will influence damage initiation, and a comparable effect on stress 
intensity factors for cases with cracks. The effects on stress intensity factors will influence damage propagation 
rates and the residual strength of the panel. 
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Young, R. D., Rose, C. A., and Starnes, J. H., Jr., “Nonlinear Local Bending Response and Bulging Factors for 
Longitudinal and Circumferential Cracks in Pressurized Cylindrical Shells,” Proceedings of the 3rd Joint FAA/ 
DoD/NASA Conference on Aging Aircraft, Albuquerque, NM, September 20-23, 1999. 
ABSTRACT: Results of a geometrically nonlinear finite element parametric study to determine curvature 
correction factors or “bulging factors” that account for increased stresses due to curvature for longitudinal and 
circumferential cracks in unstiffened pressurized cylindrical shells are presented. Geometric parameters varied 
in the study include the shell radius, the shell wall thickness, and the crack length. The major results are 
presented in the form of contour plots of the bulging factor as a function of two nondimensional parameters: the 
shell curvature parameter, Lambda, which is a function of the shell geometry, Poisson’s ratio, and the crack 
length; and a loading parameter, Eta, which is a function of the shell geometry, material properties, and the 
applied internal pressure. These plots identify the ranges of the shell curvature and loading parameters for 
which the effects of geometric nonlinearity are significant. Simple empirical expressions for the bulging factor 
are then derived from the numerical results and shown to predict accurately the nonlinear response of shells 
with longitudinal and circumferential cracks. The numerical results are also compared with analytical solutions 
based on linear shallow shell theory for thin shells, and with some other semi-empirical solutions from the 
literature, and limitations on the use of these other expressions are suggested.  
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in Structural Integrity Analysis Methods for Aging Metallic Airframe Structures with Local Damage”, RTO 
AVT Specialists’ Meeting on “Life Management Techniques for Ageing Air Vehicles”, held in Manchester, 
United Kingdom, 8-11 October 2001, published in RTO-MP-079(II). 
ABSTRACT: Analysis methodologies for predicting fatigue-crack growth from rivet holes in panels subjected 
to cyclic loads and for predicting the residual strength of aluminum fuselage structures with cracks and 
subjected to combined internal pressure and mechanical loads are described. The fatigue-crack growth analysis 
methodology is based on small-crack theory and a plasticity induced crack-closure model, and the effect of a 
corrosive environment on crack-growth rate is included. The residual strength analysis methodology is based on 



the critical crack-tip-opening-angle fracture criterion that characterizes the fracture behavior of a material of 
interest, and a geometric and material nonlinear finite element shell analysis code that performs the structural 
analysis of the fuselage structure of interest. The methodologies have been verified experimentally for 
structures ranging from laboratory coupons to full-scale structural components. Analytical and experimental 
results based on these methodologies are described and compared for laboratory coupons and flat panels, small-
scale pressurized shells, and full-scale curved stiffened panels. The residual strength analysis methodology is 
sufficiently general to include the effects of multiple-site damage on structural behavior. 
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ABSTRACT: The crack-tip-opening angle or displacement (CTOA/CTOD) fracture criterion is one of the 
oldest fracture criteria applied to fracture of metallic materials with cracks. During the past two decades, the use 
of elastic–plastic finite-element analyses to simulate fracture of laboratory specimens and structural components 
using the CTOA criterion has expanded rapidly. But the early applications were restricted to two-dimensional 
analyses, assuming either plane-stress or plane-strain behavior, which lead to generally non-constant values of 
CTOA, especially in the early stages of crack extension. Later, the non-constant CTOA values were traced to 
inappropriate state-of-stress (or constraint) assumptions in the crack-front region and severe crack tunneling in 
thin-sheet materials. More recently, the CTOA fracture criterion has been used with three-dimensional analyses 
to study constraint effects, crack tunneling, and the fracture process. The constant CTOA criterion (from crack 
initiation to failure) has been successfully applied to numerous structural applications, such as aircraft fuselages 
and pipelines. But why does the “constant CTOA” fracture criterion work so well? This paper reviews the 
results from several studies, discusses the issues of why CTOA works, and discusses its limitations. 
 
 
J. C. Newman, Jr. (Mechanics and Durability Branch, NASA Langley Research Center, Hampton, Virginia, 
USA 23681), “Advances in Fatigue and Fracture Mechanics Analyses for Aircraft Structures”, Proc. ICAF, 
2003 (publisher not given) 
ABSTRACT: This paper reviews some of the advances that have been made in stress analyses of cracked 
aircraft components, in the understanding of the fatigue and fatigue-crack growth process, and in the prediction 
of residual strength of complex aircraft structures with widespread fatigue damage. Finite-element analyses of 
cracked structures are now used to determine accurate stress-intensity factors for cracks at structural details. 
Observations of small-crack behavior at open and rivet-loaded holes and the development of small-crack theory 
has lead to the prediction of stress-life behavior for components with stress concentrations under aircraft 
spectrum loading. Fatigue-crack growth under simulated aircraft spectra can now be predicted with the crack-
closure concept. Residual strength of cracked panels with severe out-of-plane deformations (buckling) in the 
presence of stiffeners and multiple-site damage can be predicted with advanced elastic-plastic finite-element 
analyses and the critical crack-tip-opening angle (CTOA) fracture criterion. These advances are helping to 
assure continued safety of aircraft structures. 
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NASA Technical Report (Number not given), NASA Langley Technical Report Server; Presented at the Second 
Joint DoD/FAA/NASA Conference on Aging Aircraft, Williamsburg, Virginia, August 31 – September 3, 1998 
ABSTRACT: The results of an analytical and experimental study of the nonlinear response of thin, unstiffened, 
aluminum cylindrical shells with a long longitudinal crack are presented. The shells are analyzed with a 
nonlinear shell analysis code that accurately accounts for global and local structural response phenomena. 
Results are presented for internal pressure and for axial compression loads. The effect of initial crack length on 
the initiation of stable crack growth and unstable crack growth in typical shells subjected to internal pressure 
loads is predicted using geometrically nonlinear elastic-plastic finite element analyses and the crack-tip-opening 
angle (CTOA) fracture criterion. The results of these analyses and of the experiments indicate that the pressure 
required to initiate stable crack growth and unstable crack growth in a shell subjected to internal pressure loads 
decreases as the initial crack length increases. The effects of crack length on the prebuckling, buckling and 
postbuckling responses of typical shells subjected to axial compression loads are also described. For this 
loading condition, the crack length was not allowed to increase as the load was increased. The results of the 
analyses and of the experiments indicate that the initial buckling load and collapse load for shell subjected to 
axial compression loads decrease as the initial crack length increases. Initial buckling causes general instability 
or collapse of a shell for shorter initial crack lengths. Initial buckling is a stable local response mode for longer 
initial crack lengths. This stable local buckling response is followed by a stable postbuckling response, which is 
followed by general or overall instability of the shell. 
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Cheryl A. Rose, Richard D. Young, and James H. Starnes, Jr. (NASA Langley Research Center Hampton, 
Virginia 23681-2199), “The Nonlinear Response of Cracked Aluminum Shells Subjected to Combined Loads”, 
AIAA 42nd Structures, Structural Dynamics and Materials Conference, AIAA-2001-1395, 2001 
ABSTRACT: The results of a numerical study of the nonlinear response of thin unstiffened aluminum 
cylindrical shells with a longitudinal crack are presented. The shells are analyzed with a nonlinear shell analysis 
code that accurately accounts for global and structural response phenomena. The effects of initial crack length 
on the prebuckling, buckling and postbuckling responses of a typical shell subjected to axial compression loads, 
and subjected to combined internal pressure and axial compression loads are described. Both elastic and elastic-



plastic analyses are conducted. Numerical results for a fixed initial crack length indicate that the buckling load 
decreases as the crack length increases for a given pressure load, and that the buckling load increases as the 
internal pressure load increases for a given crack length. Furthermore, results indicate that predictions from an 
elastic analysis for the initial buckling load of a cracked shell subjected to combined axial compression and 
internal pressure loads can be unconservative. In addition, the effect of crack extension on the initial buckling 
load is presented. 
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ABSTRACT: A comparative study of different modeling approaches for predicting sandwich panel buckling 
response is described. The study considers sandwich panels with anisotropic face sheets and a very thick core. 
Results from conventional analytical solutions for sandwich panel overall buckling and face-sheet-wrinkling 
type modes are compared with solutions obtained using different finite element modeling approaches. Finite 
element solutions are obtained using layered shell element models, with and without transverse shear flexibility, 
layered shell/solid element models, with shell elements for the face sheets and solid elements for the core, and 
sandwich models using a recently developed specialty sandwich element. Convergence characteristics of the 
shell/solid and sandwich element modeling approaches with respect to in-plane and through-the-thickness 



discretization, are demonstrated. Results of the study indicate that the specialty sandwich element provides an 
accurate and effective modeling approach for predicting both overall and localized sandwich panel buckling 
response. Furthermore, results indicate that anisotropy of the face sheets, along with the ratio of principle elastic 
moduli, affect the buckling response and these effects may not be represented accurately by analytical solutions. 
Modeling recommendations are also provided. 
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“Optimal design of grid-stiffened panels and shells with variable curvature”, Composite Structures, Vol. 52, No. 
2, May 2001, pp. 173-180, doi:10.1016/S0263-8223(00)00165-3 
ABSTRACT: A design strategy for optimal design of composite grid-stiffened structures with variable 
curvature subjected to global and local buckling constraints is developed using a discrete optimizer. An 
improved smeared stiffener theory is used for the global buckling analysis. Local buckling of skin segments is 
assessed using a Rayleigh–Ritz method that accounts for material anisotropy and transverse shear flexibility. 
The local buckling of stiffener segments is also assessed. Design variables are the axial and transverse stiffener 
spacing, stiffener height and thickness, skin laminate, and stiffening configuration. Stiffening configuration is 
herein defined as a design variable that indicates the combination of axial, transverse and diagonal stiffeners in 
the stiffened panel. The design optimization process is adapted to identify the lightest-weight stiffening 
configuration and stiffener spacing for grid-stiffened composite panels given the overall panel dimensions, in-
plane design loads, material properties, and boundary conditions of the grid-stiffened panel or shell. 
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“Progressive failure studies of stiffened panels subjected to shear loading”, Composite Structures, Vol. 65, 
No.2, August 2004, pp. 129-142, doi:10.1016/S0263-8223(03)00153-3 
ABSTRACT: Experimental and analytical results are presented for progressive failure of stiffened composite 
panels with and without a notch and subjected to in-plane shear loading well into the postbuckling regime. 
Initial geometric imperfections are included in the finite element models. Ply damage modes such as matrix 
cracking, fiber-matrix shear, and fiber failure are modeled by degrading the material properties. Experimental 
results from the test include strain full-field data from a video image correlation system in addition to other 
strain and displacement measurements. Results from nonlinear finite element analyses are compared with 
experimental data. Good agreement between experimental data and numerical results is observed for the 
stitched stiffened composite panels studied. 
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“Progressive failure analyses of compression-loaded composite curved panels with and without cutouts”, 
Composite Structures, Vol. 65, No. 2, August 2004, pp. 143-155, doi:10.1016/S0263-8223(03)00184-3 
ABSTRACT: Progressive failure analyses results are presented for composite curved panels with and without a 
circular cutout and subjected to axial compression loading well into their postbuckling regime. Ply damage 
modes such as matrix cracking, fiber-matrix shear, and fiber failure are modeled by degrading the material 
properties. Results from finite element analyses are compared with experimental data. Good agreement between 
experimental data and numerical results are observed for most part of the loading range for the structural 
configurations considered. Modeling of initial geometric imperfections may be required to obtain accurate 
analysis results depending on the ratio of the cutout width to panel width. 
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“Intralaminar and interlaminar progressive failure analyses of composite panels with circular cutouts”, 
Composite Structures, Vol. 64, No. 1, April 2004, pp. 91-105, doi:10.1016/S0263-8223(03)00217-4 
ABSTRACT: A progressive failure methodology is developed and demonstrated to simulate the initiation and 
material degradation of a laminated panel due to intralaminar and interlaminar failures. Initiation of intralaminar 
failure can be by a matrix-cracking mode, a fiber-matrix shear mode, and a fiber failure mode. Subsequent 
material degradation is modeled using damage parameters for each mode to selectively reduce lamina material 
properties. The interlaminar failure mechanism such as delamination is simulated by positioning interface 
elements between adjacent sublaminates. A nonlinear constitutive law is postulated for the interface element 
that accounts for a multi-axial stress criteria to detect the initiation of delamination, a mixed-mode fracture 
criteria for delamination progression, and a damage parameter to prevent restoration of a previous cohesive 
state. The methodology is validated using experimental data available in the literature on the response and 
failure of quasi-isotropic panels with centrally located circular cutouts loaded into the postbuckling regime. 
Very good agreement between the progressive failure analyses and the experimental results is achieved if the 
failure analysis includes the interaction of intralaminar and interlaminar failures. 
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analytical buckling analysis of stiffened sandwich plates”, Journal of Applied Sciences, Vol. 10, 2978-2988, 
2010, DOI: 10.3923/jas.2010.2978.2988 
ABSTRACT: Buckling of simply supported rectangular sandwich plate with multi-blade stiffeners is addressed 
herein. The main objective was to present and validate an approximate, semi-analytical computational model for 
such plates subjected to in-plane loading. The faceplates are modeled as shear-deformable plates using first-
order Shear Deformation Plate Theory (SDPT). The core of the sandwich panel is treated as three-dimensional 
body. The stiffeners were added at the upper faceplates and modeled as simple beams with flexural stiffness 
only against out-of-plane bending. Nonlinear finite element analysis was used to verify the accuracy of the 
presented model. The results of the presented model are, in most cases, found to be in a good agreement with 
fully nonlinear finite element analysis results. The presented model allows for a very efficient analysis with 
relatively high numerical accuracy and low computational efforts compared to fully nonlinear finite element 
analysis results. A number of applications have been described, with the aim of demonstrating the capability 
and versatility of the presented approach. 
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“Stability Analysis of Composite Panels with Stiffeners and Circular Cutouts”, Jordan Journal of Civil 
Engineering, Volume 4, No. 2, 2010 
ABSTRACT: Buckling of simply supported square orthotropic plates with multi-blade stiffeners is addressed 
herein. An approximate, semi-analytical model for such plates subjected to in-plane loading is derived. The 
optimal buckling load of simply supported laminated composite blade-stiffened panels with circular cutouts is 
predicted using Finite Element Analysis. In this optimization, the design variables were the cutout size, cutout 
location, fiber orientation angles, number and locations of stiffeners. Three types of in-plane loading were 
considered; namely, uniaxial, biaxial and shear loading. Based on the model studies, the total increase in the 
buckling load due to the presence of cutouts and stiffeners can reach up to 5 times in uniaxial loading, 7 times in 
biaxial loading and 2 times in shear loading compared to perfect plates. Several other imperative findings are 
identified based upon the various parameters influencing the buckling behavior. Guidelines for the optimal 
stiffeners' configurations and cutouts' proportioning are developed. 
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shells”, Journal of Sound and Vibration, Vol. 80, No. 1, January 1982, pp. 117-143, 
doi:10.1016/0022-460X(82)90396-0 
ABSTRACT: The vibrations of stiffened cylindrical shells having axisymmetric or asymmetric initial 
geometrical imperfections and axial preload are analyzed. The analysis is based on a solution of the von 
Kárman-Donnell non-linear shell equations, an “exact” solution of the compatibility equation, and a first order 
approximation by the Galerkin method of the equilibrium equation. The stiffeners are closely spaced and 
“smeared” stiffener theory is employed. The results of an extensive parametric study carried out on shells 
similar to those used in vibration and buckling tests at the Technion show that stiffening of the shell will lower 
the imperfection-sensitivity of its free vibrations, but the decrease depends on the type of stiffening (stringers or 
rings), the mode shapes of the vibration and the imperfection, the stiffener strength and eccentricity. The 
imperfection-sensitivity decrease, caused by the stiffeners, is greater for vibration mode shapes with high 
imperfection-sensitivity than for other vibration mode shapes. The sensitivity differences between stringer and 
ring-stiffened shells depend especially on the vibration and the imperfection mode shapes, and on their 
coupling. Small imperfections change the natural frequencies of stiffened shells in the same directions as for 
isotropic shells, but to a smaller extent. The frequency dependence on the external load is also strongly affected 
by the imperfection mode shape. The results correlate well with earlier ones for isotropic shells. 
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Vibration, Vol. 114, No. 1, 1987, pp. 57-63, doi:10.1016/S0022-460X(87)80233-X 
ABSTRACT: Non-linear static deformation, combined with small vibrations in its vicinity, of an imperfect 
cylindrical panel under axial loading, is studied within a single-degree-of-freedom treatment. The frequency of 
the small vibrations vanishes at the limit load. This conclusion is proved to be valid for a system with any other 
non-linearity as well. Special emphasis is placed on the influence of initial imperfections on the vibration 
frequencies. 
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ABSRACT: This study deals with the dynamics and failure of a thin circular cylindrical shell with 
axisymmetric initial imperfections. In contrast to earlier studies, the uncertainty involved in the initial 
imperfections is described by convex modelling: a non-probabilistic, set-theoretical approach. This 
methodology is useful when only limited information is available on the distribution of the uncertain events. 
The most significant N Fourier coefficients are assumed to fall in an ellipsoidal set in N-dimensional Euclidean 
space. We evaluate the maximum total displacement as a function of the shape of the ellipsoid. 
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“Combination of probabilistic and convex models of uncertainty when scarce knowledge is present on acoustic 
excitation parameters”, Computer Methods in Applied Mechanics and Engineering, Vol. 104, No. 2, April 
1993, pp. 187-209, doi:10.1016/0045-7825(93)90197-6 
ABSTRACT: This paper is devoted to a fundamental problem of accounting for parameter uncertainties in 
random vibrations of structures. In contrast to the overwhelming majority of random vibration studies where 
perfect knowledge is assumed for the parameters of the excitation, this crucial conjecture is dispensed with. The 
probabilistic characteristics of the excitation are assumed to be given as depending on some parameters which 
are not known in advance. We postulate that some imprecise knowledge is available; namely, that these 
parameters belong to a bounded, convex set. In the case where this convex set is represented by an ellipsoid, 
closed form solutions are given for the upper and lower bounds of the mean-square displacement of the 
structures. For the first time in the literature the system uncertainty in the random vibrations is dealt with as an 
‘anti-optimization’ problem of finding the least favorable values of the mean-square response. The approach 
developed here opens a new avenue for tackling parameter uncertainty which is often encountered in various 
branches of engineering. 
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“Non-linear buckling of a column with initial imperfection via stochastic and non-stochastic convex models”, 
International Journal of Non-Linear Mechanics, Vol. 29, No. 1, January 1994, pp. 71-82, 
doi:10.1016/0020-7462(94)90053-1 
ABSTRACT: Buckling of initial imperfection sensitive structure — column on a non-linear elastic foundation 
— is investigated. A criterion based on the concept of “modal buckling load” is proposed to determine which 
modes should be included in the analysis when the weighted residuals method is utilized to calculate the limit 
load — maximum load the structure can support — for a given initial deflection. For stochastic analysis, a 
random field model is suggested for the uncertain initial imperfection, and Monte Carlo simulations are 
performed to obtain the probability density of the buckling load and the reliability of the column. Finally, a non-
stochastic convex model of uncertainty is employed to describe a situation when only limited information is 
available on uncertain initial deflection, and the minimum buckling load is obtained for this model. The results 
from both the stochastic and the non-stochastic approaches are derived and critically contrasted. 
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analysis”, Structural Safety, Vol. 14, No. 4, July 1994, pp. 267-276, doi:10.1016/0167-4730(94)90015-9 
ABSTRACT: A refined second-order method is presented for structural reliability analysis. Exact and 
approximate reliability solutions are obtained for a circular shaft subject to random bending moments and a 
random torque. The comparison of the approximate results with exact ones shows that the first-order 
approximation is only applicable to the case where the failure surface is “far” from the origin, while the 



suggested second-order approximation yields quite accurate results even if the failure surface is “close” to the 
origin. 
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September 1989 
ABSTRACT: The present paper reviews recent developments in two major areas of structural sensitivity 
analysis: sensitivity of static and transient response; and sensitivity of vibration and buckling eigenproblems. 
Recent developments from the standpoint of computational cost, accuracy, and ease of implementation are 
presented. In the area of static response, current interest is focused on sensitivity to shape variation and 
sensitivity of nonlinear response. Two general approaches are used for computing sensitivities: differentiation 
of the continuum equations followed by discretization, and the reverse approach of discretization followed by 
differentiation. It is shown that the choice of methods has important accuracy and implementation implications. 
In the area of eigenproblem sensitivity, there is a great deal of interest and significant progress in sensitivity of 
problems with repeated eigenvalues. The paper raises the issue of differentiability and continuity that is inherent 
to the repeated eigenvalue case. 
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ABSTRACT: In many cases precise probabilistic data are not available on uncertainty in loads, but the 
magnitude of the uncertainty can be bound. This paper proposes a design approach for structural optimization 
with uncertain but bounded loads. The problem of identifying critical loads is formulated mathematically as an 
optimization problem in itself (called anti-optimization), so that the design problem is formulated as a two-level 
optimization. For linear structural analysis it is shown that the antioptimization part is limited to consideration 
of the vertices of the load-uncertainty domain. An example of a ten-bar truss is used to demonstrate that we 
cannot replace the anti-optimization process by considering the largest possible loads. 
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ABSTRACT: In this paper, we present a method for computing upper and lower bounds of the natural 
frequencies of a structure with parameters which are unknown, except for the fact that they belong to given 
intervals. These parameters are uncertain, yet they are not treated as being random, since no information is 
available on their probabilistic characteristics. The set of possible states of the system is described by interval 
matrices. By solving the generalized interval eigenvalue problem, the bounds on the natural frequencies of the 
structure with interval parameters are evaluated. Numerical results show that the proposed method is extremely 
effective. 
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ABSTRACT: This selective review (with emphasis on the word “selective”) gives only a taste of extensive 
research that has been conducted since 1759 when Leonhard Euler posed, apparently for the first time, a 
boundary value problem. Since then numerous studies have been conducted for rods, Bernoulli-Euler beams, 
Bresse-Timoshenko beams, Kirchhoff-Love and Mindlin-Reissner plates and shells and structures analyzed via 
finer, higher-order theories. This selective review classifies the solutions as belonging to either of three main 
classes: (1) direct problems, (2) semi-inverse problems, (3) inverse problems. In addition, some new closed-
form solutions are reported, that have been obtained via posing an inverse vibration problem. Due to the huge 
body of literature, author limits himself with discussing classic theories of structures. 
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ABSTRACT: Hybrid optimization and antioptimization of the buckling load of composite cylindrical shells is 
conducted. The methodology, which has been developed in previous works, is applied to a set of cylindrical 
composite shells, tested at [the] German Aerospace Center. Furthermore, the existing approach is enhanced to 
fit within the design-optimization scheme. The shells possess traditional imperfections in the form of Fourier 
series coefficients of their initial imperfection profile. Additionally, two nontraditional imperfections are 
included in the analysis. The available experimental data are enclosed by either 11-dimensional hyperrectangle 
or hyperellipsoid. The minimum buckling load of the ensemble of such shells is determined by the 
antioptimization procedure. Then, this minimum load is maximized by varying the laminate angle. It is shown 
that the proposed method is a viable and relatively simple alternative to probabilistic approaches and 
successfully supplements them. It is shown that the proposed method is a successful supplement to probabilistic 
methods and the deterministic single-buckle approach because it is deterministic in nature and thus could appeal 
to engineers and investigators alike, and it takes into account the actual scatter of input data. 
 
 
Y.W. Li (1), I. (1) and J.H. Starnes Jr (2) 
(1) Center for Applied Stochastics Research and Department of Mechanical Engineering, Florida Atlantic 
University, Boca Raton, FL 33431-0991, USA 
(2) NASA Langley Research Center, Hampton, VA 23664-5225, USA 
“Buckling mode localization in a multi-span periodic structure with a disorder in a single span”, Chaos, Solitons 
& Fractals, Vol. 5, No. 6, June 1995, pp. 955-969, doi:10.1016/0960-0779(94)00211-8 
ABSTRACT: This paper investigates the buckling mode localization in the periodic multi-span beam with 
disorder occurring in an arbitrary single span. The analytical finite difference calculus is used in conjunction 
with the conventional displacement method to derive the transcendental equations from which buckling load is 
calculated. The underlying treatment is general and the solution thus obtained is exact. Numerical results show 
that the buckling mode is highly localized in the vicinity of the disordered span of the beam. 
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ABSTRACT: This investigation deals with the buckling problem of a column with random geometric 
imperfection, resting on a nonlinear elastic foundation. In contrast to most of the earlier studies, it is assumed 
that the column is subjected to a random axial compression. The random initial imperfection is expressed in 
terms of buckling modes with coefficients obeying the truncated normal distribution. The external load is 
modeled as a random variable with the extreme-value distribution. An improved simulation technique with high 
computational efficiency is employed to obtain the probability of failure of the structure. Statistical analysis of 
the simulation data is proposed, and the final result is given in the form of confidence interval, which can be 
used directly in engineering design. 
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ABSTRACT: Some topics in random vibration of structures are reviewed. For this occasion three topics are 
chosen: (a) effect of cross correlations in linear vibration of continuous structures, (b) effect of choice of 
deterministic theory describing the dynamic behavior of the structure, (c) new versions of stochastic 
linearization of nonlinear continuous structures. The essay attempts to partially answer a familiar but still 
nagging question “Now that I’m here, where am I?” 
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ABSTRACT: Stochastic approach and non-stochastic, convex modeling of uncertainty are critically contrasted. 
First some drawbacks of the probabilistic methods are discussed, attributable to lack of sufficiently accurate 
data; then the effect of human error in constructing a probabilistic model for input quantities is elucidated. 
Extensive quotations from pertinent works of Freudenthal, who is rightfully considered as an architect of 
modern reliability theory, are utilized to explain some doubts he himself experienced about probabilistic 
methods. His hints are realized in modern convex modeling of uncertainty, which the writer is advocating and 
advancing. A set-theoretical, convex description of uncertainty is discussed in detail. Uncertainty is described as 
a set of constraints unlike the classical probabilistic approach. Moreover, instead of conventional optimization 
studies, where the minimum possible responses are sought, here an uncertainty modeling is developed as an 
“anti-optimization” problem of finding the least favorable response under the constraints within the set-
theoretical description. The question of how the output quantities of such an anti-optimization process vary 
when the global knowledge on the uncertainties increases is considered in detail. Response variability of 
viscoelastic structures is evaluated. Combined probabilistic-convex modeling is proposed for situations where 
the input quantities should be modeled as stochastic ones, but some of their probabilistic characteristics are 
unknown but bounded. 
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ABSTRACT: In this paper we present a closed-form solution for vibrational imperfection sensitivity-the effect 
of small imperfections on the vibrational frequencies of perturbed motion around the static equilibrium state of 
Augusti's model structure (a rigid link, pinned at one end to a rigid foundation and supported at the other by a 
linear extensional spring that retains its horizontality as the system deflects). We also treat a modified version of 
that model with attendant slightly different dynamics. It is demonstrated that the vibrational frequency 
decreases as the initial imperfections increase. 
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ABSTRACT: In this study, it is demonstrated through a simple example of the Roorda-Koiter frame that the 
unavoidable dissimilarity in the distribution of elastic moduli may further reduce the load-carrying capacity in 
addition to the well-recognized effect of initial geometric imperfections. 
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considered using a method based on the finite difference calculus. The discreteness of the stiffeners is 
accounted for. It is found that the torsional rigidity of the stiffener plays an important role in the buckling mode 
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ABSTRACT: Safety factor is a universally utilized concept in several branches of engineering. On one hand, 



most engineers, as it were, neglect uncertainty, but on the other hand, the allowable stress level was introduced 
long time ago as a ratio of the yield stress to the so-called safety factor to provide the region for the safe 
utilization of the structure. Thus the uncertainty is introduced into practice by the “back door”. This observation 
led to a considerable literature dedicated to the probabilistic interpretation of the safety factor. The present 
paper deals with the novel aspect of elucidation of the concept of safety factor through the theory of fuzzy sets, 
apparently for the first time in the literature. The aim of the paper is to present the safety factor that is uniformly 
employed by engineers, but in the new light. The safety factor in the fuzzy setting is introduced. The ideas are 
illustrated on two strength of material problems; simple examples are chosen so as to allow for clearer 
illustration of ideas. 
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inverse one. The buckling mode is selected first, then the variation of the flexural rigidity consistent with the 
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ABSTRACT: The research explores the design and analysis of a thin marble shell that incorporates the latest 
developments in fabrication technology and computational analysis. Natural stone, one of the oldest and most 
traditional building materials, is used in innovative ways by manipulating it with a 6-axis robotic waterjet. The 
research studies techniques for the robotic perforation and surfacing of natural stone, with a particular focus on 
marble. The work was conducted in collaboration with Monica Ponce de Leon and Wes McGee at the Harvard 
Graduate School of Design (GSD). Small tests panels explore how transparency and translucency of stone can 



be generated through robotic waterjet cutting. A prototypical stone shell is designed to further explore the 
design potential encountered in the small test pieces. The shell is post-tensioned and stiffened with metal 
stiffeners. Finite-element analysis (FEA) serves as a primary technique to conduct a detailed structural analysis 
of the shell. 
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ABSTRACT: Natural frequencies of the double and triple-walled carbon nanotubes are determined exactly and 
approximately for both types. Approximate solutions are found by using Bubnov-Galerkin and Petrov-Galerkin 
methods. For the first time explicit expressions are obtained for the natural frequencies of double and triple-
walled carbon nanotubes for different combinations of boundary conditions. Comparison of the results with 
recent studies shows that the above methods constitute quick and effective alternative techniques to exact 
solution for studying the vibration properties of carbon nanotubes. The natural frequencies of the clamped-
clamped double-walled carbon nanotubes are obtained; exact solution is provided and compared with the 
solution reported in the literature. In contrast to earlier investigation, an analytical criterion is derived to 
establish the behavior of the roots of the characteristic equation. Approximate Bubnov-Galerkin solution is also 
obtained to compare natural frequencies at the lower end of the spectrum. Simplified version of the Bresse-
Timoshenko theory that incorporates the shear deformation and the rotary inertia is proposed for free vibration 
study of double-walled carbon nanotubes. It is demonstrated that the suggested set yields extremely accurate 
results for the lower spectrum of double-walled carbon nanotube. The natural frequencies of double-walled 
carbon nanotubes based on simplified versions of Donnell shell theory are also obtained. The buckling behavior 
of the double-walled carbon nanotubes under various boundary conditions is studied. First, the case of the 
simply supported double-walled carbon nanotubes at both ends is considered which is amenable to exact 
solution. Then, approximate methods of Bubnov-Galerkin and Petrov-Galerkin are utilized to check the efficacy 
of these approximations for the simply supported double-walled carbon nanotubes. Once the extreme accuracy 
is demonstrated for simply supported conditions, the approximate techniques are applied to two other cases of 
the boundary conditions, namely to clamped-clamped and simply supported-clamped double-walled carbon 
nanotubes. For the first time in the literature approximate expression for the buckling loads are reported for 
these boundary conditions. The dynamic deflection of a single-walled carbon nanotube under impact loading is 
analyzed by following a recently study reported on the energy absorption capacity of carbon nanotubes under 
ballistic impact.  
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ABSTRACT: This review paper deals with two problems in structural engineering dynamics; one is 
deterministic, the other is of stochastic nature. One problem is linear, the other is nonlinear. Authors have a 
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field. The first part deals with deterministic linear vibrations of double-walled carbon nanotubes either in 
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ABSTRACT: This study deals with the Bubnov-Galerkin method applied to the buckling of clamped-free 
double-walled carbon nanotubes (DWCNTs) subjected to a concentrated compressive load at the free end. It 
was found that at least four comparison functions are needed in order to obtain accurate results. 
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ABSTRACT: Buckling of a column made of functionally graded material is investigated. The functional 
grading is performed in the longitudinal direction. The following problem is addressed: determine the variation 
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PARTIAL ABSTRACT: Due to their high stiffness to mass ratio, stiffened cylindrical composite shells are 
major components of Aerospace and Aircraft industries. These structures are employed in fuselage and fuel tank 
applications, and are usually subjected to combinations of compressive, shear or transverse loads. Usually the 
failure mode associated with these structures is buckling. This failure mode is further subdivided into ‘local skin 
and/or stiffener buckling’, and ‘universal buckling’. In this paper buckling investigation of a grid stiffened 
composite cylinder is presented using analytical model, Finite elements model and experimentation. The 
cylinder under discussion has orthotropic stiffeners integrally made with an orthotropic shell. All the buckling 
analysis is based on a uniaxial compressive load condition. 
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ABSTRACT: Stiffened cylindrical shells are the major components of aerospace structures. In this study global 
buckling load for a generally cross and horizontal grid stiffened composite cylinder was determined. This was 
accomplished by developing an analytical model for determination of the equivalent stiffness parameters of a 
grid stiffened composite cylindrical shell. This was performed by taking out a unit cell and smearing the forces 
and moments due to the stiffeners onto the shell. Based on this analysis the extensional, coupling and bending 
matrices (A, B and D matrices, respectively) associated with the stiffeners were determined. This stiffness 
contribution of the stiffeners was superimposed with the stiffness contribution of the shell to obtain the 
equivalent stiffness parameters of the whole panel. Making use of the energy method the buckling load was 
solved for a particular stiffener configuration. Buckling test was also performed on a stiffened composite 
cylinder and compared with analytical results. Finally, using the analytical model developed, parametric 
analysis of some of the important design variables was performed and based on these results conclusions were 
drawn. 
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panels”, Composite Structures, Vol. 60, No. 2, May 2003, pp. 159-169, doi:10.1016/S0263-8223(02)00315-X 
ABSTRACT: An improved smeared method is developed to model the buckling problem of an isogrid stiffened 
composite cylinder. In this model the stiffness contributions of the stiffeners is computed by analyzing the force 
and moment effect of the stiffener on a unit cell. The equivalent stiffness of the stiffener/shell panel is computed 
by superimposing the stiffness contribution of the stiffeners and the shell. The equivalent stiffness parameters 
are then used to calculate the buckling load of the stiffened cylinder. A 3-D finite-elements model is also built 
that takes into consideration the exact geometric configuration and the orthotropic properties of the stiffeners 
and the shell. Experimental analysis is also performed to compliment the two analytical methods used to 
determine the buckling load of the stiffened cylinder. Results of the three types of analyses methods are 
compared. Finally a parametric study is carried out and general conclusions are drawn regarding optimum 
configurations of the different parameters of the grid-stiffened cylinder. 
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ABSTRACT: In steel structures like vessels or offshore constructions shells are often not as thin as in aircraft 
and space constructions. The rather thick-walled shells which are stressed in the elastic-plastic range are of 
great importance. To take this fact into account the plastic range was introduced in the codes for shell buckling 



during the past years. Compared to the number of experiments in the elastic range there are unfortunately only a 
few tests performed in the plastic range. And these few ones are not even well documented. Especially there is a 
lack of exact values of the yield stresses of the materials being used. 
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ABSTRACT: This paper presents the results of tests on a series of small and large scale stringer stiffened 
cylinder models. Emphasis is placed on the fabrication techniques, methods of imperfection measurement and 
subsequent testing. A discussion of the resulting data and a comparison with available design rules have also 
been included. 
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Partial ABSTRACT: This Paper examines the failure, under hydrostatic and lateral pressure loading, of three 
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ABSTRACT: The buckling and collapse behaviour of shells is a complex subject about which numerous books 
have been written. This chapter is intended to serve as a simple introduction to the behaviour and design of a 



restricted class of shells, namely cylindrical shells stiffened by ring or orthogonal stiffeners. The treatment is 
non-mathematical with an emphasis on explaining the behaviour of the components. This is demonstrated by 
reference to the results of numerical analyses. The geometries considered are typical of the main leg 
components of offshore rig legs and where specialist design rules are mentioned they are taken from the area of 
offshore design. 
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external and internal pressure on the buckling behavior of the circular cross section tubular elements or pipes. 
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ABSTRACT: A sequential linear programming method with a simple move-limit strategy is used to investigate 
the following three important buckling optimization problems of composite shells: (1) optimization of fiber 
orientations for maximizing buckling resistance of composite shells without cutouts; (2) optimization of fiber 
orientations for maximizing buckling resistance of composite shells with circular cutouts; and (3) optimization 
of cutout geometry for maximizing buckling resistance of a composite shell. From the results of optimization 
study, it has been shown that, given a structural geometry, loading condition and material system, the buckling 
resistance of a cylindrical composite shell is strongly influenced by fiber orientations, end conditions, the 
presence of cutout and the geometry of cutout. 
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ABSTRACT: A nonlinear material constitutive model, including a nonlinear in-plane shear formulation and a 
failure criterion for fiber-composite laminate materials, is employed to carry out finite-element buckling 
analyses for composite plates under uniaxial compressive loads. It has been shown that the nonlinear in-plane 
shear together with the failure criterion have significant influence on the buckling behavior of composite 
laminate plates. 
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the nonlinear in-plane shear has significant influence on the buckling and postbuckling responses of composite 
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analyses for composite shells under hydrostatic compressive loads. It has been shown that the nonlinear in-plane 
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ABSTRACT: The buckling resistance of symmetrically laminated plates with a given material system and 
subjected to uniaxial compression is maximized with respect to fiber orientations by using a sequential linear 
programming method together with a simple move-limit strategy. Significant influence of plate thicknesses, 
aspect ratios, central circular cutouts and end conditions on the optimal fiber orientations and the associated 
optimal buckling loads of symmetrically laminated plates are shown. 
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ABSTRACT: The critical buckling loads of unsymmetrically laminated rectangular plates with a given material 
system and subjected to combined lateral and inplane loads are maximized with respect to fiber orientations by 
using a sequential linear programming method together with a simple move-limit strategy. Significant influence 
of plate aspect ratios, central circular cutouts, lateral loads and end conditions on the optimal fiber orientations 
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investigation. 
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ABSTRACT: Elastic stability of skew composite laminate plates subjected to uniaxial inplane compressive 
forces has been studied. The critical buckling loads of the skew laminate plates are carried out by the 
bifurication buckling analysis implemented in finite element program ABAQUS. The effects of skew angles, 
laminate layups, plate aspect ratios, plate thicknesses, central circular cutouts, and edge conditions on the 
buckling resistance of skew composite laminate plates are presented. 
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ABSTRACT: The buckling resistance of fiber-reinforced laminated cylindrical panels with a given material 
system and subjected to uniaxial compressive force is maximized with respect to fiber orientations by using a 
sequential linear programming method together with a simple move-limit strategy. The significant influences of 
panel thicknesses, curvatures, aspect ratios, cutouts and end conditions on the optimal fiber orientations and the 
associated optimal buckling loads of laminated cylindrical panels have been shown through this investigation. 
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ABSTRACT: The fundamental frequencies of fiber-reinforced laminated cylindrical shells with a given 
material system are maximized with respect to fiber orientations by using the golden section method. The 
significant effects of shell thickness, shell length, cutout and end condition on the maximum fundamental 
frequencies and the associated optimal fiber orientations are demonstrated. 
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ABSTRACT: A nonlinear material constitutive model, including a nonlinear in-plane shear formulation and the 
Tsai - Wu failure criterion, for fiber - composite laminate materials is employed to carry out finite element 
buckling analyses for composite laminate skew plates under uniaxial compressive loads. The influences of 
laminate layup, plate skew angle and plate aspect ratio on the buckling resistance of composite laminate skew 
plates are presented. Comparing with the linearized buckling loads of the skew plates, one can observer that the 
nonlinear in-plane shear together with the failure criterion have significant influence on the ultimate loads of the 
composite laminate skew plates with [±theta]10S and [±theta/90/0]5S layups but not the [alpha/0]10S layup. 
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ABSTRACT: The circular cylindrical thin-walled shell is a fundamental building block of many structures, 
such as aircraft fuselages. When used with laminated composites, highly efficient structures can be designed. As 
a result, the analytical treatment of cylindrical shells has received significant attention over recent decades. 
However, most of the works carried out in this area concern isotropic materials or orthotropic laminates, that is, 
those with no couplings. The present analysis develops a closed-form, yet simple solution for the linear 
buckling of laminated circular cylindrical shell, from the Donnell's model, including all available couplings. 
Although the usefulness of a linear solution for predicting buckling loads is questionable, its worth is in initial 
sizing and layqp selection during the early stages of design. The resulting model could be used to examine the 
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the cylinder, thus reducing its overall buckling load by up to 50%. When not restricted, extension/shear 
couplings generally increase buckling loads. 
References listed at the end of the paper: 



1Cheng, S., and Ho, B. P. C., “Stability of Heterogeneous Aeolotropic Cylindrical Shells Under Combined Loading,” AIAA Journal, 
Vol. 1, No. 4, 1963, pp. 892–898.  
2Khot, N. S., and Venkayya, V. B., “Effect of Fiber Orientation on Initial Postbuckling Behavior and Imperfection Sensitivity of 
Composite Cylindri- cal Shells,” AFFL/TR/70/125, Wright–Patterson AFB, OH, June 1970.  
3Fan, S. R., Geier, B., Rohwer, K., and Liu, D. C., “Stability of Lay- ered Anisotropic Cylindrical Shells Under Combined Loading,” 
Zeitschrift fu �r Flugwissenschaften und Weltraumforschung, Vol. 7, No. 5, 1983, pp. 293–301.  
4Bert, C. W., and Kim, C., “Analysis of Buckling of Hollow Laminated Composite Drive Shafts,” Composites Science and 
Technology, Vol. 53, No. 3, 1995, pp. 343–351.  
5Jaunky, N., and Knight, N. F., “An Assessment of Shell Theories for Buckling of Circular Cylindrical Laminated Composite Panels 
Loaded in Axial Compression,” International Journal of Solids and Structures, Vol. 36, No. 25, 1999, pp. 3799–3820.  
6Geier, B., Meyer-Piening, H.-R., and Zimmermann, R., “On the Influ- ence of Laminate Stacking on Buckling of Composite 
Cylindrical Shells Subjected to Axial Compression,” Composites Structures, Vol. 55, No. 4, 2002, pp. 467–474.  
7Weaver, P. M., “Anisotropy-Induced Spiral Buckling in Compression- Loaded Cylindrical Shells,” AIAA Journal, Vol. 40, No. 5, 
2002, pp. 1001–1007.  
8Weaver, P. M., “The Effect of Extension/Twist Anisotropy on Com- pression Buckling in Cylindrical Shells,” Composites Part B: 
Engineering, Vol. 34, No. 3, 2003, pp. 251–260.  
9Kapania, R. K., “A Review on The Analysis of Laminated Shells,” Jour- nal of Pressure Vessel Technology, Vol. 111, No. 2, 1989, 
pp. 88–96.  
10 Dong, S. B., Pister, K. S., and Taylor, R. L., “On the Theory of Laminated Anisotropic Shells and Plates,” Journal of the Aerospace 
Sciences, Vol. 29, No. 8, 1962, pp. 969–975.  
11Bert, C. W., “Structural Theory for Laminated Anisotropic Elastic Shells,” Journal of Composite Materials, Vol. 1, No. 4, 1967, pp. 
414–423.  
12Love, A. E. H., A Treatise on the Mathematical Theory of Elasticity, 4th ed., Cambridge Univ. Press, Cambridge, England, U.K., 
1927.  
13Donnell, L. H., “Stability of Thin-Walled Tube Under Torsion,” NACA Rept. 479, 1935, pp. 95–116.  
14Flu �gge, W., Stresses in Shells, 2nd ed., Springer-Verlag, New York, 1973; Statik und Dynamik der Schalen, Springer-Verlag, 
Berlin, 1934.  
15Sanders, J. L., “An Improved First-Approximation Theory for Thin Shells,” NASA TR/R/24, 1959.  
16Koiter, W. T., “A Consistent First Approximation in the General Theory of Thin Elastic Shells,” Proceedings of the Symposium on 
Theory of Thin Elastic Shells, edited by W. T. Koiter, North-Holland, Delft, The Netherlands, 1960, pp. 12–33.  
17Vlasov, V. Z., “General Theory of Shells and Its Applications in Engi- neering,” NASA TT F/99, 1964; also “Obshchaya Teoriya 
Obolochek i Yeye Prilozheniya v Tekhnike,” Moscow, 1949.  
18 Vasiliev, V. V., Mechanics of Composite Materials, Taylor and Francis, Philadelphia, 1993.  
19Arbocz, J., and Starnes, J. H., “A Hierarchical High/Fidelity Analysis Procedure for Buckling Critical Structures,” 44th 
AIAA/ASME/ASCE/AHS Structures, Structural Dynamics, and Materials Conference, Vol. 6, AIAA, Reston, VA, 2003, pp. 4100–
4118.  
20Hilburger, M. W., and Starnes, J. H., “Effects of Imperfections of the Buckling Response of Composite Shells,” Thin-Walled 
Structures, Vol. 42, No. 3, 2004, pp. 369–397.  
21Meyer-Piening, H.-R., Farshad, M., Geier, B., and Zimmermann, R., “Buckling Loads of CFRP Composite Cylinders Under 
Combined Axial and Torsion Loading—Experiments and Computations,” Composite Structures, Vol. 53, No. 4, 2001, pp. 427–435.  
22 Stavsky, Y., and Hoff, N. J., “Mechanics of Composite Structures,” Com- posite Engineering Laminates, edited by G. Dietz, MIT 
Press, Cambridge, MA, 1969, Chap. 1.  
23Nemeth, M. P., “Nondimensional Parameters and Equations for Buck- ling of Anisotropic Shallow Shells,” Journal of Applied 
Mechanics, Vol. 61, No. 3, 1994, pp. 664–669.  
 
 
Weaver, P. M., On optimisation of long anisotropic flat plates subject to shear buckling loads, 45th AIAA SDM 
Conference, April 2004 
 
Diaconu, C. G. and Weaver, P. M., Approximate solution and optimum design for postbuckling of infinite 
laminated composite plates subjected to compression loading, 45th AIAA SDM Conference, April 2004 
 
 



Gerald A. Cohen (Structures Research Associates, Laguna Beach, California, USA), “FASOR — a program for 
stress, buckling and vibration of shells of revolution”, Advances in Engineering Software (1978), Vol. 3, No. 4, 
October 1981, pp. 155-162, doi:10.1016/0141-1195(81)90013-9 
ABSTRACT: FASOR (Field Analysis of Shells of Revolution) is a user-oriented code for the analysis of 
stiffened, laminated axisymmetric shells. Very general shell geometries are allowed in that the reference surface 
meridian may form a branched, multi-circuit figure. Modes of response treated are linear asymmetric and 
geometrically nonlinear axisymmetric prebuckling, and asymmetric buckling and vibration under static 
axisymmetric loads. Bifurcation buckling under asymmetric loads is also treated by using a symmetrized 
prebuckling state based on the linear response of a user-specified meridian. For each mode of response, the user 
may specify any combination of orthotropic or anisotropic material properties with classical or transverse shear 
deformation shell theories. FASOR employs a numerical integration method (called the field method) whereby 
a numerically unstable linear boundary-value problem (all modes of response reduce to a sequence of such 
problems) is converted into two successive numerically stable initial-value problems. In this context, numerical 
stability means that round-off errors introduced at each step of the integration process tend to decay out. As a 
consequence, solution accuracy is controlled essentially by a single number, the truncation error tolerance, 
which is satisfied by automatically adjusting the size of each integration step. The field method thus eliminates 
the need for mesh generation required by finite element and finite difference methods, and the associated 
problem of numerical convergence. It also provides for automatic determination of response storage points so as 
to obtain a uniformly valid discrete approximation of the continuous response. In this paper the field method is 
briefly described, basic aspects of the mathematical model are discussed, the organization of input data is 
presented, and input and plot output are given for specific examples. 
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ABSTRACT: An integrated computer program entitled Field Analysis of Shells of Revolution (FASOR) 
currently under development for NASA is described. When completed, this code will treat prebuckling, 
buckling, initial postbuckling and vibrations under axisymmetric static loads as well as linear response and 
bifurcation under asymmetric static loads. Although these modes of response are treated by existing programs, 
FASOR extends the class of problems treated to include general anisotropy and transverse shear deformations 
of stiffened laminated shells. At the same time, a primary goal is to develop a program which is free of the usual 
problems of modeling, numerical convergence and ill-conditioning, laborious problem setup, limitations on 
problem size and interpretation of output. The field method is briefly described, the shell differential equations 
are cast in a suitable form for solution by this method and essential aspects of the input format are presented. 
Numerical results are given for both unstiffened and stiffened anisotropic cylindrical shells and compared with 
previously published analytical solutions. 
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ABSTRACT: Critical in-plane normal and shear loads of rectangular anisotropic laminated plates are presented. 
These were calculated using the shell code FASOR, which includes the effect of transverse shear deformation. 
For simply-supported orthotropic laminates with midplane symmetry normal buckling loads are verified by a 
closed-form solution derived from transverse shear deformation plate theory. Results are compared to 
previously pub lished solutions from three-dimensional elasticity theory and classical plate theory. 
 
 
David Bushnell, Alan M.C. Holmes, and Edward J. Loss (Lockheed Missiles & Space Company, Inc., Palo 
Alto, CA 94304, U.S.A.), “Failure of axially compressed frangible joints in cylindrical shells”, Computers & 
Structures, Vol. 12, No. 2, August 1980, pp. 193-210, doi:10.1016/0045-7949(80)90006-1 
ABSTRACT: A computer program for the analysis of stress, nonlinear collapse and bifurcation buckling of 



hybrid bodies of revolution (BOSOR6) is used for the prediction of failure of axially compressed cylinders 
containing frangible joints. Plasticity and moderately large deflections are included in the analytical models. 
The structure in the immediate neighborhoods of the frangible joint notches is modeled with use of eight-node 
solid isoparametric finite elements of revolution and the rest of the structure is modeled with use of 
computationally efficient thin shell elements. Theoretical predictions are compared to test results. Certain 
aspects of the test specimens and boundary conditions remain unknown, and parameters in the analytical models 
are established and varied in order to reveal what these test conditions must have been. For reasonable values of 
these parameters, theoretical and experimental joint failure loads agree to within 2%. 
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ABSTRACT: The BOSOR5 computer program for elastic plastic buckling of shells of revolution is used for 
calculation of bifurcation buckling of cold bent and welded ring-stiffened cylinders under external pressure. 
Residual stresses and deformations from cold bending and welding are included in the model for buckling under 
service loads by introduction of these manufacturing processes as functions of a time-like parameter which 
ensures that the material in the analytical model experiences the proper sequence of loading prior to and during 
application of the service loads. The cold bending process is first simulated by a thermal loading cycle in which 
the temperature varies linearly through the shell wall thickness, initially increasing in time to simulate cold 
bending around a die and then decreasing in time to simulate springback to a final somewhat larger design 
radius. The welding process is subsequently simulated by the assumption that the material in the immediate 
neighborhoods of the welds is cooled below the ambient temperature by an amount that leads to weld shrinkage 
amplitudes typical of those observed in tests. Buckling loads are calculated for a configuration including and 
neglecting the cold bending and welding processes. These predictions are compared to values obtained from 
tests on two nominally identical specimens, one carefully machined and the other fabricated by cold bending the 
shell and then welding machined ring stiffeners to it. 
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ABSTRACT: The purpose of the many examples of buckling presented here is to give the reader a physical feel 
for shell buckling. Section 1 contains a brief description of two kinds of buckling, collapse and bifrucation. 
Section 2 concerns shell structures in which the cause of failure is nonlinear collapse due to either large 
deflections or to both large deflections and nonlinear material behavior. Section 3 gives examples of 
axisymmetric shells in which failure is due to bifurcation buckling. Section 4 provides examples that illustrate 
the effects of boundary conditions and eccentric loading on bifurcation buckling of shells of revolution. Section 
5 is devoted to combined loading of cylindrical shells and nonsymmetric loading of shells of revolution. Section 
6 is on bifurcation buckling and collapse of ring-stiffened shells with emphasis given to cylindrical shells. 
Section 7 contains several illustrations of buckling of prismatic shells and panels, that is, structures that have a 
cross section that is constant in one of the coordinate directions. Section 8 focuses on the sensitivity of predicted 
buckling loads to initial geometrical imperfections. Section 9 demonstrates axisymmetric collapse and 
bifurcation buckling of bodies of revolution that consist of combinations of thin shell segments and solid 
segments to which shell theory cannot be applied with sufficient accuracy. 
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ABSTRACT: A summary of previous work is first presented. Then an axisymmetric model is presented in 
which the bending of an infinite straight or curved pipe with external or internal pressure is simulated by 
thermal loading. The model includes geometric and material nonlinearity in the prebuckling analysis and 



bifurcation buckling from the nonlinear prebuckled state. Comparisons with tests on straight pipes and elbows 
are given. The calculations are performed with use of a slightly modified version of the BOSOR5 computer 
program. Qualitative agreement with test results is demonstrated. 
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ABSTRACT: Results of nonlinear finite element analysis of several axially compressed, ring-stiffened, steel, 
cylindrical shells are presented, including comparisons with tests conducted at the Los Alamos National 
Laboratory. The specimens, all with radius-to-thickness ratio of about 450, have reinforced circular openings 
that cut across various numbers of ring stiffeners. The cylinders are loaded by enforced axial displacement 
applied to thick end plates halfway between the axis of revolution and the cylindrical shell wall. Measured 
imperfections are included in the analysis of a ring-stiffened specimen without any cutout. Inclusion of the 
imperfection field reduces the predicted collapse load by only eight per cent. Reinforced openings that cut one, 
two and three rings reduce the collapse load by 14, 21, and 22 per cent, respectively. 
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“Panda—Interactive program for minimum weight design of stiffened cylindrical panels and shells”, Computers 
& Structures, Vol. 16, Nos. 1-4, 1983, pp. 167-185, doi:10.1016/0045-7949(83)90158-X 
ABSTRACT: An analysis and an interactive computer program are described through which minimum weight 
designs of composite, elastic-plastic, stiffened, cylindrical panels can be obtained subject to general and local 
buckling constraints and stress and strain constraints. The panels are subjected to arbitrary combinations of in-
plane axial, circumferential and shear resultants. Nonlinear material effects are included if the material is 
isotropic or has stiffness in only one direction (as does a discrete or a smeared stiffener). Several types of 
general and local buckling modes are included as constraints in the optimization process, including general 
instability, panel instability with either stringers or rings smeared out, local skin buckling, local crippling of 
stiffener segments, and general, panel and local skin buckling including the effects of stiffener rolling. Certain 
stiffener rolling modes in which the panel skin does not deform but the cross section of the stiffener does 
deform are also accounted for. The interactive PANDA system consists of three independently executed 
modules that share the same data base. In the first module an initial design concept with rough (not necessarily 
feasible or accurate) dimensions are provided by the user in a “conversational” mode. In the second module the 
user decides which of the design parameters of the concept are to be treated by PANDA as decision variables in 
the optimization phase. In the third module the optimization calculations are carried out. Examples are provided 
in which optimum designs obtained by PANDA are compared to those in the literature. 
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“Computerized analysis of shells-governing equations”, Computers & Structures, Vol. 18, No. 3, 1984, pp. 471-
536, doi:10.1016/0045-7949(84)90068-3 
ABSTRACT: This paper opens with a general discussion of terms in an energy functional which might be the 
basis from which equations governing stress, stability, and vibration analyses are derived. The energy 
expression includes strain energy of the shell and discrete stiffeners, kinetic energy of the shell and stiffeners, 
constraint conditions with Lagrange multipliers, and other terms arising from the change in direction of applied 
loads during deformation. Brief discussions are included of the coupling effect between bending and 
extensional energy needed for the analysis of layered composite shells or elastic-plastic shells, nonlinear terms, 
and the form that the energy expression takes upon discretization of the structure. A section follows in which 
the energy formulation for stress, stability, and vibration analyses of an elastic curved beam is given, including 
thermal effects, moderately large rotations, boundary conditions, and distributed and concentrated loads. The 
matrix notation and type of discretization are introduced here which will later be used for the analysis of shells 
of revolution. Terms in the local element stiffness, mass, and load-geometric matrices are derived in terms of 



nodal point displacements, and it is shown how these local matrices are assembled into global matrices. The 
purpose of the section is to demonstrate the procedure for derivation of the analogous equations and quantities 
for shells of revolution or more complex structures. The next section is on elastic shells of revolution. It opens 
with a summary of what computer programs exist for stress, buckling, and stability analyses of such structures. 
The assumptions on which these programs are based are listed and the various components of the energy 
functional, such as strain energy of the shell and discrete rings, are identified and derived in terms of nodal 
point displacements. Included are a derivation of the constitutive law for anisotropic shell walls and a 
formulation of nonlinear constraint conditions, which are required for the treatment of segmented or branched 
shells with meridional discontinuities between segments or branches. Derivations of terms in the global stiffness 
and load-geometric matrices and the force vector are given, with tables tracing the origin of each term. The 
computational strategy for calculation of critical bifurcation buckling loads in the presence of prebuckling 
nonlinearities is given, with an example of buckling under axial compression of a very thin cylinder. This is a 
simple problem to formulate but a difficult one to solve numerically, owing to the existence of closely spaced 
eigenvalues corresponding to nonsymmetric buckling at loads close to the load corresponding to nonlinear 
axisymmetric collapse. A description of various pitfalls encountered in the search for the lowest bifurcation 
buckling load is given, including estimates of the critical number of circumferential waves in the buckling 
mode. Computerized formulations and run times are compared for various discretization methods, including 
finite difference energy models and standard finite element models, with an example showing comparisons of 
rate of convergence with increasing nodal point density and computer times required to form stiffness matrices. 
Hybrid bodies of revolution are discussed next. By “hybrid” is meant a body of revolution with both one-
dimensionally and two-dimensionally discretized regions. The formulation is particularly useful for the stress, 
buckling, and vibration analyses of branched shells or ring-stiffened shells in which one is particularly 
interested in local effects within a distance equal to a shell wall thickness of a branch or ring. An appropriate 
strategy for the solution of nonlinear problems with simultaneous geometric nonlinearity and path-dependent 
material properties is described, including the development of the incremental constitutive law for the tangent 
stiffness method of treatment of elastic-plastic structures. The two-dimensionally discretized regions are 
modeled with use of 8-node isoparametric quadrilaterals of revolution. Details are presented on the formulation 
of constraint conditions for compatibility at junctions between rotationally symmetric shell segments (one-
dimensionally discretized regions) and solid segments (two-dimensionally discretized regions). The paper 
closes with a summary of linear equations for general shells. Surface coordinates, the first and second 
fundamental forms, and the definition of a shell are introduced, and the assumptions corresponding to Love's 
first approximation are identified. The differences in commonly used or referenced formulations are listed, 
including differences with regard to kinematic relations, expressions for total strain anywhere in the thickness of 
the shell wall, and expressions for stress and moment resultants. Comments are offered on which theory is the 
most suitable for engineering estimates. 
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ABSTRACT: A theory based on minimum potential energy for the bifurcation buckling of elastic or elastic-
plastic isotropic or elastic composite, flat or cylindrical, ring- and stringer-stiffened panels subjected to 
combined in-plane loads is derived. Equations are given for general instability, panel instability and local 
instability of panels with fully populated 6 x 6 thickness-integrated constitutive matrices. Also derived are 
equations for crippling and rolling of stiffeners. The theory has been implemented in user-friendly, interactive 
computer programs called PANDA and PANDA2 for the minimum-weight design of panels. These programs 
have been described in previous papers. 
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ABSTRACT: PANDA2 finds minimum weight designs of laminated composite flat or curved cylindrical panels 
or cylindrical shells with stiffeners in one or two orthogonal directions. The panels or shells can be loaded by as 
many as five combinations of in-plane loads and normal pressure. The axial load can vary across the panel. 
Constraints on the design include crippling, local and general buckling, maximum tensile or compressive stress 
along the fibers and normal to the fibers in each lamina, and maximum in-plane shear stress in each lamina. 
Local and general buckling loads are calculated with the use of either closed-form expressions or discretized 
models of panel cross sections. An analysis branch exists in which local post buckling of the panel skin is 
accounted for. In this branch a constraint condition that prevents stiffener popoff is introduced into the 
optimization calculations. Much of this paper represents a tutorial run through the PANDA2 processors for a 
hat-stiffened panel under combined axial compression, in-plane shear and normal pressure. Examples follow in 
which results from PANDA2 are compared with those in the literature and those obtained with the STAGS and 
EAL computer programs. Results of an extensive study are given for an optimized, blade-stiffened panel design 
so that it buckles locally at about 10% of the design load. The axially stiffened panel is subjected to pure axial 
compression, pure normal pressure, combined axial compression and normal pressure, and combined axial 
compression and residual stresses and deformations that arise from a simulated curing process. An example is 
provided of a design process applied to a ring and stringer stiffened cylindrical shell similar in geometry and 
loading to the 2/3 interstage of the ARIANE 4 booster. 
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loads”, Computers & Structures, Vol. 27, No. 4, 1987, pp. 519-539, doi:10.1016/0045-7949(87)90279-3 
ABSTRACT: A theory based on minimum potential energy for the nonlinear equilibrium of composite, 
stringer-stiffened, imperfect panels subjected to combined in-plane loads is derived. The normal displacement 
w(x, y) is assumed to have the form W(Y)sin[_¿ (x  "_ my)/L] in which x is the coordinate along the axis of the 
stringers, Y is the coordinate in the plane of the panel skin and normal to x, fm is the slope of the nodal lines in 
the local buckling pattern in the panel skin, and L is the half-wavelength of the local bifurcation buckling mode. 
The function W(y) is obtained from a series expansion of the buckling modal normal displacement field 
obtained from a model in which the cross-section of a panel module is discretized as in the BOSOR4 analysis of 
shells of revolution. Nonlinear strain-displacement relations analogous to those developed in 1946 by Koiter for 
perfect panels are extended to handle panels with imperfections in the form of the critical local bifurcation 
buckling mode. The theory is incorporated into the PANDA2 computer program for minimum weight design. 
The nonlinear theory for the prediction of behavior of locally imperfect panels appears to be properly 
implemented in PANDA2, since there is excellent agreement between PANDA2 and STAGS for the case of a 
uniformly axially compressed, imperfect, rectangular, isotropic panel loaded to four times the local bifurcation 
buckling load. The theory captures reasonably well the nonlinear modal interaction effect described in many 
papers published by Koiter, Hutchinson, Thompson, Tvergaard and others in the 1970s. There is good 
agreement between these previous theories, PANDA2 results and tests. Locally and globally imperfect panels 
can be automatically optimized with PANDA2, as demonstrated for the case of a blade-stiffened, imperfect, 
aluminum panel. The inclusion of local and global imperfections with amplitudes likely to occur in practice 
does not appear to affect dramatically the behavior nor the optimum design of axially stiffened panels that 
behave approximately as wide columns in the general instability mode of failure. Optimum designs of imperfect 
blade-, tee- and hat-stiffened panels are compared. Some recent modifications to the PANDA2 computer 
program are briefly described. 
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doi:10.1016/0045-7949(88)90170-8 
ABSTRACT: A number of struts or straps support a rigid, delicate mass (dewar) which must be successfully 
launched and maintained in orbit for a long time at a very low temperature. The support system must be 
designed so that the heat flow into the mass is minimized subject to constraints on minimum allowable natural 
frequency of the mass during launch, minimum natural frequency of the mass in orbit, maximum allowable 



stress in any support member during launch, and no buckling or slackening of any support member during 
launch. A user-friendly system of computer programs called DEWAR is described by means of which optimum 
designs can be obtained for a support system consisting of simple tension straps or simple tubes, or support 
systems with a passive thermal disconnect feature through which the thermal conductance is greatly reduced 
during the transition from the launch condition to the orbital condition. Most of the present paper consists of a 
sample case in which DEWAR is used in the tutorial mode. 
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doi:10.1016/0020-7683(90)90023-O 
ABSTRACT: The purpose of GENOPT (GENeral OPTimization) is to enable an engineer to create a user-
friendly system of programs for analyzing and/or optimizing anything. The application of GENOPT is not 
limited to the field of structural mechanics. GENOPT is designed to handle problems with small data bases, not 
large finite element models, although it might well be used to provide a user-friendly “shell” within which any 
analysis could be done. GENOPT is ideal for generating programs for optimizing objects the behavior (stress, 
buckling, vibration, etc.) of which can be expressed by relatively simple tables or formulas such as those that 
appear in handbooks, or for optimizing objects the behavior of which has been previously encoded in existing 
subroutines. The optimizer used in GENOPT, created by Vanderplaats, is called ADS. Two examples are 
presented, one relatively simple, the other more complex. 
 
 
David Bushnell (Lockheed Palo Alto Research Laboratory, 3251 Hanover St., Palo Alto, CA 94304, U.S.A.), 
“Truss-core sandwich design via PANDA2”, Computers & Structures, Vol. 44, No. 5, August 1992, pp. 1091-
1119, doi:10.1016/0045-7949(92)90332-T 
ABSTRACT: The computer program PANDA2 for minimum weight design of composite, stiffened cylindrical 
or flat panels made of composite material is described. The capability of PANDA2 has been expanded to handle 
truss-core sandwich panels. The new capability is demonstrated in this paper with an example: minimum weight 
design of a truss-core sandwich panel under axial compression, in-plane shear, and normal pressure. At the 
design load the panel is in a locally postbuckled state. 
 
 
David Bushnell (Lockheed Palo Alto Research Laboratory, 3251 Hanover St., Palo Alto, CA 94304, U.S.A.), 
“Optimization of composite, stiffened, imperfect panels under combined loads for service in the postbuckling 
regime”, Computer Methods in Applied Mechanics and Engineering, Vol. 103, Nos. 1-2, March 1993, pp. 43-
114, doi:10.1016/0045-7825(93)90041-U 
ABSTRACT: Local buckling and postbuckling of panels stiffened by stringers and rings and subjected to 
combined in-plane loads is explored with the use of a single module model that consists of one stringer and a 
width of panel skin equal to the stringer spacing. The cross-section of the skin-stringer module is discretized 
and the displacement field is assumed to vary trigonometrically in the axial direction. Local imperfections in the 
form of local buckling modes and overall initial axial bowing of the panel are included in the numerical model. 
The local postbuckling theory, based on early work of Koiter, is formulated in terms of buckling modal 
coefficients derived from integrals of products of the discretized displacement field and its derivatives. The 
principle of minimum potential energy is used to derive nonlinear algebraic equilibrium equations in terms of 
four unknowns, the amplitude f of the postbuckling displacement field, a postbuckling ‘flattening’ parameter a, 
the slope m of the nodal lines in the postbuckling displacement field, and an axial wavelength parameter N. The 
nonlinear equations are solved by Newton's method. An elaborate strategy is introduced in which the incidence 
of non-convergence is minimized by removal and re-introduction of the unknowns f, a, m, N on a one-by-one 
basis. This nonlinear theory has been implemented in the PANDA2 computer program, which finds minimum-
weight designs of stiffened panels made of composite materials. PANDA2 is used to find the minimum weight 
of a cylindrical panel made of isotropic material with rectangular stringers mounted on thickened bases. The 
panel is optimized for three load sets, axial compression with negative axial bowing, axial compression with 



positive axial bowing, and combined axial compression and in-plane shear with no axial bowing. The optimum 
design is loaded well beyond local buckling for each load set. Critical margins of the optimized design include 
maximum allowable effective stress, bending-torsion buckling and general instability. The optimum design is 
evaluated by application of a general-purpose finite element program, STAGS, to finite element models 
generated by PANDA2 for each of the three load sets. The agreement of results between PANDA2 and STAGS 
is good enough to qualify PANDA2 as a preliminary design tool. 
 
 
D. Bushnell and W. D. Bushnell (Department 93-30, Building 251, Lockheed Palo Alto Research Laboratory, 
3251 Hanover St., Palo Alto, CA 94304, U.S.A.), “Minimum-weight design of a stiffened panel via PANDA2 
and evaluation of the optimized panel via STAGS”, Computers & Structures, Vol. 50, No. 4, February 1994, pp.  
569-602, doi:10.1016/0045-7949(94)90028-0 
ABSTRACT: A minimum-weight design of a T-stiffened panel is found with the PANDA2 program. The panel, 
subjected to axial compression, in-plane shear, and normal pressure, is designed for service in its locally 
postbuckled state. A program called STAGSMODEL has been written for transforming output from PANDA2 
to input for STAGS, a general-purpose nonlinear finite element code. STAGS is then used to evaluate the 
optimum design. Agreement between results obtained with PANDA2 and STAGS is reasonable for this very 
complex, very nonlinear problem. Therefore, PANDA2 qualifies as a preliminary design tool for panels 
operating in their locally postbuckled states. 
 
 
D. Bushnell and W. D. Bushnell (Department 93-30, Building 251, Lockheed Palo Alto Research Laboratory, 
3251 Hanover St, Palo Alto, CA 94304, U.S.A.), “Optimum design of composite stiffened panels under 
combined loading”, Computers & Structures, Vol. 55, No. 5, June 1995, pp. 819-856, 
doi:10.1016/0045-7949(94)00420-8 
ABSTRACT: Minimum-weight designs of T-stiffened and hat-stiffened panels made of laminated composite 
material are found with the PANDA2 program. The panels, subjected to axial compression, in-plane shear, and 
normal pressure, are designed for service in their locally postbuckled states. A program called STAGSMODEL 
is used for transforming output from PANDA2 to input for STAGS, a general-purpose nonlinear finite element 
code. STAGS is then used to evaluate the optimum designs. Agreement between results obtained with 
PANDA2 and STAGS is reasonable for these very complex, very nonlinear problems. Therefore, PANDA2 
appears to qualify as a preliminary design tool for composite panels operating in their locally postbuckled 
states. 
 
 
David Bushnell (Lockheed Martin Palo Alto Research Lab., CA), “Recent enhancements to PANDA2 
(computer program for minimum weight structural design)”, 37th AIAA/ASME/ASCE/AHS/ASC Structures, 
Structural Dynamics, and Materials Conference and Exhibit, AIAA-1996-1337, 1996 
ABSTRACT: PANDA2 is a computer program for the minimum weight design of stiffened, composite, flat or 
cylindrical, perfect or imperfect panels and shells subjected to multiple sets of combined in-plane loads, normal 
pressure, edge moments, and temperature. The panels can be locally postbuckled. Recent additions to PANDA2 
include implementation of: Sanders-type shell equations as a user-specified choice in addition to the Donnell 
equations, a 'global' optimizer processor, SUPEROPT, which in a single long run finds optimum designs from 
several different starting designs, and Arbocz' (1993) extension of Koiter's (1963) special theory for 
computation of buckling load factors for perfect anisotropic cylindrical shells and knockdown factors for 
axisymmetrically imperfect shells. Also incorporated are the ability to handle a new truss-core sandwich 
configuration and isogrid-stiffened panels and shells. Examples given. 
 
 
D. Bushnell and W. D. Bushnell (Department 93-30, 255, Lockheed Palo Alto Research Laboratory, 3251 
Hanover St, Palo Alto, CA 94394, U.S.A.), “Approximate method for the optimum design of ring and stringer 
stiffened cylindrical panels and shells with local, inter-ring, and general buckling modal imperfections”, 
Computers & Structures, Vol. 59, No. 3, May 1996, pp. 489-527, doi:10.1016/0045-7949(95)00264-2 



ABSTRACT: The PANDA2 computer program for minimum-weight design of stiffened composite panels is 
expanded to handle optimization of ring and stringer stiffened cylindrical panels and shells with three types of 
initial imperfections in the form of buckling modes, any combination of which may be present: local (buckling 
between adjacent stringers and rings), inter-ring (buckling between rings with stringers bending with the panel 
skin), and general (buckling in which both stringers and rings bend with the panel skin). Stresses and buckling 
load factors of the imperfect panels are computed with use of the assumption that the amplitudes of the buckling 
modal imperfections grow hyperbolically with increasing load factor according to the formula AMP(i) = 
EIG(i)/(EIG(i) - 1), in which AMP(i) is a factor to be multiplied by the initial buckling modal imperfection and 
EIG(i) represents the critical load factor for the ith type of buckling mode (i = 1 = local buckling, i = 2 = inter-
ring buckling, i = 3 = general buckling). Buckling load factors corresponding to local, inter-ring, and general 
buckling of the imperfect panel are computed with use of the maximum radius of curvature that develops in 
whatever portion of the panel (between stiffeners, inter-ring, overall) is being considered in the calculations and 
including redistribution of stress resultants over panel skin and stiffener cross-sections caused by prebuckling 
bending. Stress constraints in the optimization problem are computed including local, inter-ring, and general 
bending stresses generated by the growth of the initial local, interring, and general imperfections. These bending 
stresses are added to the stresses from other sources (thermal, in-plane loading, normal pressure, curing, 
redistribution of membrane stresses from overall prebuckling bending of the imperfect panel). Minimum-weight 
designs for various imperfect unstiffened and stiffened cylindrical shells derived by PANDA2 are evaluated 
with use of the STAGS general-purpose finite element code. The agreement of results from PANDA2 and 
STAGS appears to qualify PANDA2 for the preliminary design of imperfect, stiffened, composite cylindrical 
shells. 
 
 
D. Bushnell (Lockheed Martin Advanced Techology, 3251 Hanover Street, Palo Alto, California, USA),  
“Automated Optimum Design of Shells of Revolution with Application to Ring-Stiffened Cylindrical Shells 
with Wavy Walls”, 41st AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials 
Conference and Exhibit, AIAA-2000-1663, 2000 
ABSTRACT: GENOPT, a program that writes user-friendly optimization code, and BOSOR4, a program for 
stress, buckling, and vibration analysis of segmented branched stiffened shells of revolution, are combined to 
create a capability to optimize specific classes of shells of revolution. GENOPT and BOSOR4 and recent 
improvements to them are described. An example is provided of an aluminum cylindrical shell with a wavy wall 
and with ring stiffeners. In the example the objective of the optimization is minimum weight, and the design 
constraints include stress, buckling, and modal vibration. In the report from which this paper is condensed an 
Appendix is provided in which a very simple example is employed to demonstrate in detail how a user can 
create a capability to optimize any shell of revolution. 
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“Optimization of Panels with Riveted Z-shaped Stiffeners via PANDA2”,  in Advances in the Mechanics of 
Plates and Shells, Solid Mechanics and Its Applications, edited by D. Durban et al,  Vol. 88, 2002. pp. 79-102,  
doi: 10.1007/0-306-46954-5_6 
ABSTRACT: The PANDA2 computer program has been modified to permit minimum weight design of 
imperfect panels with riveted Z-shaped stiffeners for service in a load regime in which the panel is in its locally 
postbuckled state. Perfect and imperfect panels optimized with PANDA2 are evaluated via nonlinear STAGS 
analyses. The agreement between predictions by PANDA2 and STAGS is sufficient to qualify PANDA2 as a 
preliminary design tool for panels with riveted Z-shaped stringers. Optimum designs for panels with Z-shaped 
stringers are compared to those with J-shaped and T-shaped stringers. 
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David Bushnell (Department L9-24, Building 204, Lockheed Martin Advanced Technology Center, 3251 
Hanover St., Palo Alto, CA 94304-1911, USA), “Global optimum design of externally pressurized isogrid 
stiffened cylindrical shells with added T-rings”, International Journal of Non-Linear Mechanics, Vol. 37, Nos. 
4-5, June 2002, pp. 801-831, Special Issue: Stability & Vibration in Thin-Walled Structures, 
doi:10.1016/S0020-7462(01)00100-7 
ABSTRACT: PANDA2 is a code for the minimum-weight design of perfect and imperfect elastic stiffened 
panels and shells made of composite laminates and subjected to multiple sets of in-plane loads, edge moments, 
normal pressure, and temperature. The scope of PANDA2 is increased to include global optimization and the 
capability to handle isogrid stiffening. The enhanced program is used to find global optimum designs of 
internally T-isogrid and internally T-ring stiffened perfect and imperfect isotropic cylindrical shells under 
uniform external pressure. For the cases studied, it is found that for the perfect optimized shells the isogrid 
stiffening is important but the rings are not, whereas the opposite holds for the optimized shells with an initial 
general buckling modal imperfection of amplitude equal to one per cent of the shell radius 
 
 
David Bushnell (retired in Palo Alto, California), “Optimization of an Axially Compressed Ring and Stringer 
Stiffened Cylindrical Shell with a General Buckling Modal Imperfection”, 48th AIAA/ASME/ASCE/AHS/ASC 
Structures, Structural Dynamics, and Materials Conference, Honolulu, Hawaii, AIAA-2007-2216, 2007 
ABSTRACT: PANDA2, a computer program for the minimum-weight design of elastic perfect and imperfect 
stiffened cylindrical panels and shells under multiple sets of combined loads, is used to obtain optimum designs 
of uniformly axially compressed elastic internal T-ring and external T-stringer stiffened cylindrical shells with 
initial imperfections in the form of the general buckling mode. The optimum designs generated by PANDA2 are 
verified by STAGS elastic and elastic-plastic finite element models produced automatically by a PANDA2 
processor called STAGSUNIT. Predictions from STAGS agree well with those from PANDA2. Improvements 
to PANDA2 during the past year are summarized. Seven different optimum designs are obtained by PANDA2 
under various conditions. The most significant condition is whether or not PANDA2 is permitted automatically 
to make the initial user-specified amplitude of the general buckling modal imperfection directly proportional to 
the axial halfwavelength of the critical general buckling mode. A survey is conducted over (m,n) space to 
determine whether or not the critical general buckling modal imperfection shape computed by PANDA2 with 
(m,n)critical (m=axial, n=circumferential) halfwaves is the most harmful imperfection shape. It is found that 
indeed (m,n)critical is, for all practical purposes, the most harmful imperfection mode shape if PANDA2 is 
permitted automatically to make the general buckling modal imperfection amplitude directly proportional to the 
axial halfwavelength of the critical general buckling mode (inversely proportional to m). It is concluded that for 
axially compressed, stiffened, globally imperfect cylindrical shells the optimum designs obtained with the 
condition that PANDA2 is NOT allowed to change the initial user-specified imperfection amplitude are 
probably too heavy. One of the cases investigated demonstrates that the optimum design of a perfect shell 
obtained via the commonly used condition that a likely initial imperfection be replaced by an increase in the 
applied load by a factor equal to the inverse of a typical knockdown factor is too heavy. A new input index, 
ICONSV, is introduced into PANDA2 by means of which optimum designs of various degrees of 
conservativeness can be generated. Optimum designs are obtained with ICONSV = -1, 0, and +1, which 
represent increasing degrees of conservativeness in the PANDA2 model. It is concluded that, when obtaining 
optimum designs with PANDA2, it is best to allow PANDA2 to enter its branch in which local postbuckling 
behavior is determined, thereby avoiding the generation of designs that may be unsafe because of excessive 
local bending stresses in the panel skin and stiffener parts. In most cases both nonlinear static and nonlinear 
dynamic analyses are required in order to obtain collapse loads with STAGS. A table is included that 
demonstrates how to use STAGS to evaluate an optimum design obtained by PANDA2. In most cases the 
elastic STAGS models predict collapse in one of the ring bays nearest an end of the cylindrical shell. With the 
effect of elastic-plastic material behavior included in the STAGS models, collapse most often occurs in an 
interior ring bay where the finite element mesh is the most dense. 
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Shortened Version Of The Report On Minimum Weight Design Of Imperfect Isogrid-Stiffened Ellipsoidal 
Shells Under Uniform External Pressure”, AIAA 50th  Structures, Structural Dynamics and Materials 
Conference, AIAA 2009-2702, May 4 – 7, 2009 
ABSTRACT: GENOPT, a program that can be used to optimize anything, and BIGBOSOR4, a program for 
stress, buckling, and vibration analysis of segmented, branched, stiffened, elastic shells of revolution, are 
combined to a capability to optimize a specific kind of shell of revolution: an internally isogrid-stiffened elastic 
ellipsoidal shell subjected to uniform external pressure. Optimum designs are obtained for isogrid-stiffened and 
unstiffened axisymmetrically imperfect and perfect titanium 2:1 ellipsoidal shells. The decision variables are the 
shell skin thickness at several user-selected meridional stations, the height of the isogrid stiffeners at the same 
meridional stations, the spacing of the isogrid stiffeners (constant over the entire shell), and the thickness of the 
isogrid stiffeners (also constant over the entire shell). The design constraints involve maximum stress in the 
isogrid stiffeners, maximum stress in the shell skin, local buckling of an isogrid stiffener, local buckling of the 
shell skin between isogrid stiffeners, general nonlinear bifurcation buckling, nonlinear axisymmetric collapse, 
and maximum normal displacement at the apex of the dome. Optimum designs first obtained by GENOPT are 
subsequently evaluated by the use of STAGS, a general-purpose finite element computer program. It is found 
that in order to obtain reasonably good agreement between predictions from BIGBOSOR4 and STAGS it is 
necessary to model the ellipsoidal shell as an "equivalent" ellipsoidal shell consisting of a spherical cap and a 
series of toroidal shell segments that closely approximates the true ellipsoidal meridional shape. The equivalent 
ellipsoidal shell is optimized with up to four axisymmetric buckling modal imperfections, each imperfection 
shape assumed to be present by itself. Computations include both plus and minus axisymmetric buckling modal 
imperfection shapes. At each design cycle and for the plus and minus version of each axisymmetric 
imperfection shape the following analyses are conducted: 1. linear general axisymmetric bifurcation buckling 
analysis (in order to obtain the axisymmetric linear buckling modal imperfection shapes), 2. nonlinear 
axisymmetric stress analysis at the design pressure, 3. nonlinear axisymmetric collapse analysis, and 4. 
nonlinear non-axisymmetric bifurcation buckling analysis. For each axisymmetric imperfection shape the 
design margins include an axisymmetric collapse margin, a general buckling margin, a margin involving the 
normal displacement of the apex of the shell, and local skin and stiffener stress margins and local skin and 
stiffener buckling margins within two approximately equal meridional regions of the equivalent ellipsoidal 
shell. There is generally good agreement of the predictions from STAGS and from BIGBOSOR4 for the elastic 
behavior of the perfect stiffened and unstiffened optimized shells and for the behavior of the imperfect stiffened 
optimized shells with axisymmetric buckling modal imperfections. Optimization with the use of only 
axisymmetric buckling modal imperfections has a disadvantage in the case of the unstiffened imperfect shell 
under certain conditions: the optimum design of the axisymmetrically imperfect unstiffened shell evolves in 
such a way that, according to predictions from STAGS, a non-axisymmetric buckling modal imperfection with 
the same amplitude as an axisymmetric buckling modal imperfection causes collapse of the shell at an external 
pressure far below the design pressure. This disadvantage is easily overcome if, during optimization cycles, the 
unstiffened shell wall in the neighborhood of the apex is forced to remain thick enough so that local 
axisymmetric buckling does not occur primarily at and near the apex but instead occurs primarily in the 
remainder of the shell. An extensive study of some of the previously optimized elastic shells is conducted with 
STAGS including elastic-plastic material properties. The effect on collapse pressure of initial imperfections in 
the form of off-center residual dents produced by load cycles applied before application of the uniform external 
pressure is determined and compared with the effect on collapse pressure of imperfections in the form of non-
axisymmetric and axisymmetric linear buckling modes, especially the non-axisymmetric linear buckling modal 
imperfection with n=1 circumferential wave, which seems to be the most harmful imperfection shape for 
optimized externally pressurized ellipsoidal shells. For the optimized unstiffened shell it is found that a residual 
dent that locally resembles the n=1 linear buckling modal imperfection shape is just as harmful as the entire n=1 
linear buckling modal imperfection shape. 
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ABSTRACT: GENOPT/BIGBOSOR4 is applied to the problem of an axially compressed perfect elastic 
cylindrical shell the wall of which is a composite truss-core sandwich. The truss-core sandwich is constructed of 
trapezoidal core tubes that are sandwiched between two face sheets. At the junction of the core webs and the 
face sheets are “noodle” regions that are filled with unidirectional composite material. The design constraints 
are local buckling, general buckling, and five stress constraints for each material. Local and general buckling 
are computed from BIGBOSOR4 models in which the "huge torus" prismatic representation of the cylindrical 
shell is employed. In both the local and general buckling models the "huge torus" representation of the 
cylindrical shell consists of a number of identical modules of the cross section of the truss-core sandwich wall 
that are strung together along the curved meridian of the "huge torus". The rather elaborate 22-segment module 
used for local buckling includes small curved and straight segments that occur at the corners of the trapezoidal 
tool around which the truss-core is wrapped during the fabrication process. The presence of "noodles" that fill 
the prismatic triangular-like gaps between adjacent trapezoids is accounted for. 
 
 
David Bushnell and Charles C. Rankin, “Use of GENOPT and BIGBOSOR4 to Obtain Optimum Designs of 
Multi-Walled Inflatable Spherical and Cylindrical Vacuum Chambers”, AIAA Paper 2012-1416, 53rd AIAA 
Structures, Structural Dynamics and Materials Meeting, Honolulu, Hawaii, April 2012 
ABSTRACT: GENOPT/BIGBOSOR4 is applied to the problem of perfect elastic spherical or cylindrical 
“shells” the complex inflatable wall of which is a webbed sandwich. The spherical or cylindrical “shell” is 
stabilized by uniform pressure applied between its inner and outer walls and subjected to uniform pressure 
applied to its outermost wall. This paper is analogous to [1]. The distance between the inner and outer walls of 
the optimized spherical balloons is smaller than that for the optimized cylindrical balloons. The pre-buckling 
behavior of the spherical balloons is “crankier” (more nonlinear) than that of the cylindrical balloons with the 
result that certain special strategies have to be introduced in order to permit the generation of optimum designs 
via the GENOPT processor called SUPEROPT. General buckling modes of the type observed in optimized 
cylindrical balloons have so far not been observed in any spherical balloons, optimized or not. Local buckling 
modes include both axisymmetric modes and non-axisymmetric modes with many circumferential waves. Since 
[1] was written new versions of the “balloon” software, behavior.balloon and bosdec.balloon, have been created 
by means of which both cylindrical and spherical balloons and balloons with either radial webs or truss-like 
(slanted) webs can all be optimized and analyzed with use of the same “balloon” software. Since [1] was 
produced a new behavioral constraint has been added that involves a load factor corresponding to the initial loss 
of tension in any of the segments of the balloon wall. This new behavioral constraint is related to initial 
wrinkling of the balloon, which is a type of buckling that pertains to both cylindrical and spherical balloons. 
Optimum designs are found for balloons made of polyethylene terephthalate, which has a maximum allowable 
stress of 10000 psi and weight density, 0.1 lb/in3, and for balloons made of a much stronger and lighter 
fictitious carbon fiber cloth, which has much higher maximum allowable tensile and compressive stresses, 
75600 psi and 59600 psi, respectively, and lower weight density, 0.057 lb/in3. The optimized weights of the 
balloons made of the much stronger and lighter fictitious carbon fiber cloth are 15 to 20 times lighter than those 
made of polyethylene terephthalate. A section is included showing optimized designs of cylindrical balloons 
made of the fictitious carbon fiber cloth, which is not included as a material option in [1]. Some peculiarities of 
the pre-buckling deformations and general buckling modes of optimized spherical and cylindrical balloons 
made of fictitious carbon fiber cloth are displayed. These optimized balloons, which have much thinner walls 
than the optimized balloons made of polyethylene terephthalate, exhibit significant spurious local “zig-zag” 
components of pre-buckling and bifurcation buckling modal displacements. Convergence studies with respect to 
the number of nodal points used for each segment of the balloons indicate that this spurious local “zig-zag” 
characteristic does not have a major influence on the prediction of the overall behavior of the balloons. 
Therefore, it appears that the optimized designs are valid despite the spurious local “zig-zag” characteristic, 
which disappears with increasing numbers of nodal points used in each segment of a balloon wall. 
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“Optimization of Propellant Tanks Supported by Optimized Laminated Composite Tubular Struts”, AIAA 
Paper 2013-1479, AIAA 54th Structures, Structural Dynamics and Materials Meeting, April 8-12, 2013, 
Boston, Massachusetts  
ABSTRACT: The propellant tank is a shell of revolution completely filled with liquid hydrogen (LH2). This 
propellant tank is to be launched into space. During launch it is subjected to high axial and lateral accelerations. 
The tank is supported by a system of struts that consist mainly of tubes with laminated composite walls. This 
strut-supported tank system is optimized via GENOPT/BIGBOSOR4 in the presence of two loading cases: (1) 
10 g axial acceleration and 0 g lateral acceleration and (2) 0 g axial acceleration and 10 g lateral acceleration. In 
addition to the g-loading the tank has 25 psi internal ullage pressure and the tank wall is 200 degrees cooler than 
the wall of the launch vehicle from which it is supported by the struts. In the BIGBOSOR4 modal vibration 
model the mass of the propellant is "lumped" into the tank wall, a conservative model. The tank/strut system is 
optimized in the presence of the following constraints: (1) the minimum modal vibration frequency must be 
greater than a given value; (2) five stress components in each ply of the laminated composite wall of the strut 
tubes shall not exceed five specified allowables; (3) no strut tube shall buckle as a column; (4) no strut tube 
shall buckle as a thin cylindrical shell; (5) the maximum effective (vonMises) stress in the tank wall shall not 
exceed a specified value; (6) the tank wall shall not buckle; (8) the maximum force in a strut during the launch-
hold phase of a mission shall not exceed a specified value. The objective to be minimized is in general a 
weighted combination of the normalized mass of the empty tank plus the normalized conductance of the support 
system: Objective= W x (normalized empty tank mass) + (1-W) x (normalized strut conductance), in which W 
is a user-selected weight between 0.0 and 1.0. Two propellant tank/strut systems are optimized: (1) a long tank 
with two "rings" of struts, an aft ring and a forward ring, and (2) a short tank with only one "ring" of struts. It is 
emphasized that the tank/strut combination is optimized as a single system. The flexibility of the propellant tank 
is accounted for and found to be significant for optimized tank/strut systems. The flexibility of the launch 
vehicle to which the tank/strut system is attached is neglected: the ends of the supporting struts attached to the 
launch vehicle are assumed to be attached to rigid "ground". Parameter studies are conducted in which optimum 
designs are obtained as a function of the number of strut pairs attached to the tank. During optimization linear 
theory is used throughout. Predictions for certain of the optimized tank/strut designs obtained here are compared 
with those from the general-purpose finite element code, STAGS. The agreement between the predictions of 
GENOPT/BIGBOSOR4 and STAGS qualifies the use of GENOPT/BIGBOSOR4 for preliminary design in the 
particular cases studied here. 
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ABSTRACT: The propellant tank is a shell of revolution completely filled with liquid hydrogen (LH2). This 
propellant tank is to be launched into space. During launch it is subjected to high axial and lateral accelerations. 
The tank is supported by one or two conical skirts each of which consists of five segments: two short segments 
near each end of the skirt and a central long segment that has a laminated composite wall. Each of the short 
segments nearest the ends of the skirt has an isotropic one-layered wall with tapered thickness. Each short 
segment next to each short end segment is multi-layered with the extreme layers consisting of tapered isotropic 
material and the remaining internal, contained layers consisting of the same laminated composite wall as the 
long central segment. This tank/skirt system is optimized via GENOPT/BIGBOSOR4 in the presence of two 
loading cases: (1) 10 g axial acceleration and 0 g lateral acceleration and (2) 0 g axial acceleration and 10 g 
lateral acceleration. In addition to the g-loading the tank has 25 psi internal ullage pressure, the tank wall is 200 
degrees cooler than the wall of the launch vehicle from which it is supported by the conical skirt(s), and there 
exists axisymmetric meridionally non-uniform cooling of the skirts. In the BIGBOSOR4 modal vibration model 
the mass of the propellant is "lumped" into the tank wall, a conservative model. The tank/skirt system, a multi-
segment branched shell of revolution, is optimized in the presence of the following constraints: (1) the 
minimum modal vibration frequency of the tank/skirt(s) system must be greater than a given value; (2) five 



stress components in each ply of the laminated composite wall of the conical skirt(s) shall not exceed five 
specified allowables; (3) the conical skirt(s) shall not buckle; (4) the maximum effective (von Mises) stress in 
the tank wall shall not exceed a specified value; (5) the tank wall shall not buckle. The objective to be 
minimized is in general a weighted combination of the normalized mass of the empty tank plus the normalized 
conductance of the support system: Objective = W x (normalized empty tank mass) + (1-W) x (normalized strut 
conductance), in which W is a user-selected weight between 0.0 and 1.0. Two propellant tank/skirt systems are 
optimized: (1) a long tank with only one supporting skirt joined to the tank at the midlength of the tank and (2) 
the same long tank with two supporting skirts, an aft skirt and a forward skirt. It is emphasized that the 
tank/skirt(s) combination is optimized as a single branched shell of revolution. The flexibility of the launch 
vehicle to which the tank/skirt(s) system is attached is neglected: the ends of the supporting skirt(s) attached to 
the launch vehicle are assumed to be attached to rigid "ground". Linear theory is used throughout. Predictions 
for the optimized tank/skirt designs obtained here are compared with those from the general-purpose finite 
element code, STAGS. The agreement between the predictions of GENOPT/BIGBOSOR4 and STAGS 
qualifies the use of GENOPT/BIGBOSOR4 for preliminary design in the particular cases studied here. 
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design of an axially compressed isotropic prismatic panel consisting of a series of cylindrical segments and 
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Meeting, January 13-17, 2014, National Harbor, Maryland (Part of SCITECH 2014 Conference) 
ABSTRACT: We want to determine the minimum amount of material required to span a distance of width = 
WIDTH for an axially compressed, unstiffened, prismatic metallic wall or panel of length = LENGTH. The 
prismatic panel has a complex “corrugated” cross section. The width of the complex “corrugated” panel is 
composed of a number of “major” cylindrical segments, each of which may be divided into a number of 
cylindrical “sub-segments”. Each segment and each sub-segment is a sector of a little cylindrical shell the 
generators of which run in the axial direction. In addition there exists an overall arching over the entire width of 
the panel. The several little cylindrical segments/sub-segments are joined generator to generator in series. The 
entire unstiffened “corrugated” panel can be fabricated without any welding. Half of the width of the panel is 
included in the BIGBOSOR4 model used for optimization, with symmetry and anti-symmetry conditions 
imposed at its mid-width, WIDTH/2. The GENOPT/BIGBOSOR4 system is used to build the model and to 
perform the optimization. The minimum weight of the panel is determined in the presence of the following 
behavioral constraints: 1. The panel shall not buckle locally, 2. The panel shall not buckle in a general mode 
that is symmetric at the plane of symmetry, 3. The panel shall not buckle in a general mode that is anti-
symmetric at the plane of symmetry, 4. Each little cylindrical segment of the panel shall not buckle in a 
“classical” mode, and 5. The maximum stress in the wall of the panel shall be less than a specified value. The 
numerical analysis is extended to flat or curved panels of any width with repeating complex cross sections. An 
optimized cross-section profile with reflected and multiple repeating complex sections is mapped onto a 
cylindrical surface, and the buckling characteristics and weight of this complexly corrugated cylindrical shell 
are compared with those of an optimized “equivalent” cylindrical shell with external T-shaped stringers, an 
“equivalent” optimized cylindrical shell with a truss-core sandwich wall, and an optimized “equivalent” 
cylindrical shell with uniform corrugations. It is found that the optimized complexly corrugated cylindrical shell 
weighs less than these other three optimized “equivalent” cylindrical shells that have different wall 
constructions. Optimized complexly corrugated panels with cylindrical segments the geometry of which varies 
across its width weigh about 12-14 per cent less than optimized uniformly corrugated panels, such as a standard 
corrugated panel. The existence of sub-segments does not lead to panels that weigh less than panels without 
sub-segments. The gradient-based optimizer used in the GENOPT/BIGBOSOR4 system (“ADS” by 
Vanderplaats) has difficulty finding “global” optimum designs for panels with many cylindrical segments. 
Several of the optimized designs determined with GENOPT/BIGBOSOR4 are verified by comparison with 
predictions from the general-purpose computer program STAGS. The agreement between the predictions of 
GENOPT/BIGBOSOR4 and STAGS qualifies the use of GENOPT/BIGBOSOR4 for optimization in the 
particular cases studied here. The behavior of optimized configurations with “corners” (discontinuous slope in 
the “width-wise” direction) between major cylindrical segments are compared with that of configurations in 



which these “corners” have been smoothed by the introduction of transitional fairing segments. A program 
called HUGEBOSOR4 is developed to handle cases with up to 2950 segments. 
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30 September 1982,  Availability: NTIS, PC A04/MF A01 - GPO 
ABSTRACT: The content of this volume is related to the choice of knockdown factors to be used in the design 
of containment vessels. The presently used design recommendations are based on experimental results 
pertaining to shells subjected to uniform static loading. Relatively few experiments have been performed on 
fabricated shells typical of civil engineering structures. A variety of factors have some effect on the 
imperfection sensitivity of shell structures, such as ratios between basic dimensions, degree of stiffening, 
inelastic deformation, duration and uniformity of loading. Therefore, it is hardly possible to collect sufficient 
empirical information to allow for the development of truly satisfactory design procedures. It is suggested here 
that the situation can be greatly improved if numerical experimentation based on computer analysis of shells 
with random imperfections is used to enlarge the basis for the procedures. A distinction is made between more 
or less deterministic imperfections inherent in the manufacturing process and truly random imperfections. The 
utilization of numerical results to verify or modify code recommendations is demonstrated for ring stiffened 
inelastic shell segments. Some effects on buckling of nonuniformity in loading are discussed. 
 
 
K.C. Park and C.C. Rankin, “A Semi-Implicit Dynamic Relaxation Algorithm for Static Nonlinear Structural 
Analysis,” NASA. Langley Research Center Res. in Struct. and Solid Mech, 1982 p 1-10 (SEE N82-33739 24-
39); United States; 1982 
ABSTRACT: A semiimplicit dynamic relaxation technique for solution of the nonlinear structural equlibrium 
equation is presented. A previously presented basic transient response analysis algorithm is employed, 
permitting use of one solution method and one software module for both static and dynamic analyses. A 
theoretical comparison of the method with explicit dynamic relaxation techniques shows that it offers a 
substantially improved convergence property without additional computational overhead. 
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May, 1986, presented at the 27th AIAA/ASME/ASCE Structures, Structural Dynamics, and Materials 
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Laboratory, Palo Alto, Calif. 94304, USA), “An element-independent corotational procedure for the treatment 
of large rotations”, ASME J. Pressure Vessel Technology, Vol. 108, No. 2, May 1986.  pp. 165 – 174 
doi: 10.1115/1.3264765 
ABSTRACT: A new corotational procedure is developed which enables existing finite element formulations to 
be used in problems that contain arbitrarily large rotations. Through the use of a nonsingular large rotation 
vector, the contribution of the rigid body motion of the element to the total displacement field is removed before 
element computations are performed, with the result that almost any element can be easily upgraded to handle 
large rotations. This paper contains a derivation of the theory, an outline of the implementation into the STAGS 
code, and a demonstration of performance for problems involving large rotations and moderate strains. 
(Referenced by other researchers 144 times as of August 2011) 
 
 



C.C. Rankin and B. Nour-Omid (Computational Mechanics Section, Lockheed Palo Alto Research Laboratory, 
Palo Alto, CA 94304, U.S.A.), “The use of projectors to improve finite element performance”, Computers & 
Structures, Vol. 30, Nos. 1-2, 1988, pp. 257-267, doi:10.1016/0045-7949(88)90231-3 
ABSTRACT: A new approach for enforcing invariance to rigid body motion is introduced. This invariance 
property is derived in terms of a projection matrix, P, which depends on the rigid body modes and acts on nodal 
forces, f, independent of the element formulation. The invariance property takes the form f = P(transpose)f. 
Moreover, the same transformation enforces equilibrium of the element internal force vector when it is not 
initially satisfied. An equivalent transformation using P is also derived for the element stiffness matrix. This 
approach has been applied to a number of established elements, and is used to solve two text examples that 
expose deficiencies of elements. Numerical results indicate marked improvement in the performance of the 
elements tested. 
(Referenced by other researchers 66 times as of August 2011) 
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bifurcation solution strategy to problems with modal interaction”, NTRS, 02/1988, DOI: 10.2514/6.1988-2286 
ABSTRACT: The solution of bifurcation problems with closely-spaced critical points is achieved by first 
separating the singular part of the equation system encountered during a Newton iteration and carrying the 
Taylor expansion of the reduced system out to higher order. This separation is accomplished by transforming 
the equation system into an equivalent system in which some of the original unknowns are replaced with an 
equal number of modal amplitude coefficients. This method was used to continue the analysis of two significant 
example problems well past multiple bifurcation points, allowing a detailed examination of postbuckling 
behavior in the presence of modal interaction.  
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Palo), “Finite rotation analysis and consistent linearization using projectors”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 93, No. 3, December 1991, pp. 353-384, 
doi:10.1016/0045-7825(91)90248-5 
ABSTRACT: A systematic procedure is presented that may be used to extend the capabilities of an existing 
linear finite element to accomodate finite rotation analysis. This procedure is a generalization of the work 
presented in Computers and Structures, Volume 30, pp. 257–267. The basis of our approach is the element-
independent co-rotational algorithm, where the element rigid body motion (translations and rotations) is 
separated from the deformational part of its total motion. The variation of this co-rotational relation results in a 
projector matrix, with the property that a consistent internal force vector is invariant under its action. The 
consistent tangent stiffness matrix is shown to depend on this invariance condition through the derivative of the 
projector. This results in an unsymmetric tangent matrix whose anti-symmetric part depends on the out-of-
balance force vector. In this paper we prove that using the symmetric part of the tangent matrix, the Newton 
iteration retains its quadratic rate of convergence. This approach has been used to solve a number of large 
rotation test example problems. The results demonstrate that it is possible to analyze structures undergoing large 
rotations within a general co-rotational framework, using simple and economical finite elements. The resulting 
improvements in the performance of these simple elements are brought about through the use of convenient 
software utilities as pre- and post-processors to the element routines. 
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“The numerical simulation of the collapse process of axially compressed cylindrical shells with measured 
imperfections”, Delft University Aerospace Engineering Report LR-705, 1992,  
uuid:c94a0f5d-7d62-4e07-9eda-bd22fff6b5e2 
ABSTRACT: A numerical computation of the collapse process of a cylindrical shell under prescribed edge 
displacement is discussed. The shell  chosen for the computational experiment was manufactured, measured, 
and tested some twenty years ago. The purpose of the study is to compute the static, pre-collapse loading path 
and the subsequent snap (dynamic process) to the post buckling state. The test specimen is an integrally 
machined stringer stiffened cylindrical shell. The wave pattern in the pre-collapse state was observed to be 
dominated by a mode of one half wave in the axial direction and 9 waves in the circumferential direction. In the 
post buckling state after the snap, one half wave in the axial direction and ten full waves in the circumferential 
direction were observed. The simplifications applied in the model concern the adaptation of symmetry in the 
imperfection pattern and deformation after the load is applied. 
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“The buckling behavior of a central crack in a plate under tension”, Engineering Fracture Mechanics, Vol. 43, 
No. 4, November 1992, pp. 529-548, doi:10.1016/0013-7944(92)90197-M 
ABSTRACT: A finite element procedure is presented for the analysis of the buckling and postbuckling 
behavior of cracks in plates loaded in tension. The procedure proposed is applied to the problem of the centrally 
cracked plate in tension where the loading direction is perpendicular to the crack faces. The results of the 
analysis show that the buckling deformations can cause a considerable amplification of the stress intensity 
around the crack tip. This effect, which is due to a redistribution of the stress field in the plate, increases with 
the length of the crack. 
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Stiffened Fuselage Shells. Computational Mechanics, Springer International, Vol. 13, No. 3, December 1993, 
pp. 143-156. 
ABSTRACT: A method for computing the energy release rate for cracks of varying length in a typical stiffened 
metallic fuselage under general loading conditions is presented. Reliable analytical methods that predict the 
structural integrity and residual strength of aircraft fuselage structures containing cracks are needed to help to 
understand the behavior of pressurized stiffened shells with damage, to determine the safe life of such a shell. 
The models used in the simulation are derived from an extensive analysis of a fuselage barrel section subjected 
to operational flight loads. Energy release rates are computed as a function of the length of the crack, its 
location, and the crack propagation mode. 
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“On the solution of mode jumping phenomena in thin-walled shell structures”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 136, Nos. 1-2, September 1996, pp. 59-92, 
doi:10.1016/0045-7825(95)00970-1 
ABSTRACT: This paper is an investigation into the merits of an hybrid procedure for the numerical simulation 
of transient buckling problems. The procedure consists of the combination of a classical path-following method 
with a transient integration method where the first method is used for the quasi static (stable) parts of the 
simulation and the second method for the parts of the simulation that belong to the transient domain. It is shown 
that the success of the procedure is guaranteed by a proper formulation of the so-called matching conditions that 
define the transition from one mode of operation to the other. The chosen strategy turns out to be very robust 
and it has as an added advantage that it can be applied with relative ease. The power of the approach is 
demonstrated with the presentation of two simulations: The mode jumping problem of a plate strip and the 
collapse of a thin-walled composite cylinder in compression. 
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publisher given; most recent reference cited is 2003.) 
ABSTRACT: The discussion in this presentation is restricted to mechanical systems that are conservative or 
quasi-conservative. By quasi conservative we mean that the notion of conservatism holds as long as the changes 
of state occur infinitely slow. If changes of state occur with a finite rate of deformation, dissipative forces may 
come into play. 
Classic elastic stability theory studies the behavior of engineering structures under the influence of their service 
loads with a special focus on the determination of the (maximum) load these structures can carry. This 
maximum load is determined by geometrical effects that result from the state of deformation and not (in the first 
place) by material failure mechanisms. It is important to realize that the classical theory is restricted to quasi 
static loading conditions. The load carrying capacity in this setting is reached at the deformation state at which 
any further increase of the loading will result in the destruction of the structure. The state where this change is 
about to occur is called the collapse state, the limit state, or the state of loss of stability. The theory categorizes 
these states also as (proper) limit points and unstable bifurcation points. 
In early applications of the theory, the actual collapse process -- called snap through or snap buckling -- was not 
deemed to be of particular interest and simply not considered. It should be added that the analytical tools in 
those days were not capable of solving the nonlinear partial differential equations of motion so that this 
transient phenomenon could be calculated. In fact, most applications remained restricted to the solution of the 
quasi-nonlinear buckling equations that arise when the pre-buckling state can be taken to be a linear function of 
the load intensity. 
Thus before the age of “computational mechanics”, in the beginning of the 20th century, applications of 
stability theory remained restricted to problems that exhibited an initially linear pre-buckling state. This state of 
affairs did not change with the appearance of the perturbation theory of elastic stability conceived by Koiter1. A 
mile stone in the development of the concept of buckling, this development offered a considerable gain in 
understanding of the way stability is lost or maintained at a bifurcation point. It explained the consequences of 
these properties for the behaviour of structures loaded into the neighborhood of such a point. It also provided a 



systematic derivation of an ordered sequence of linearized equations that determine the shape of the most 
important bifurcations that can be encountered. However, with the analytical means available at that time, these 
equations were no more accessible to computation than the well established linearized buckling equations. As a 
consequence, applications of Koiter’s general theory remained also restricted to problems with a linear pre-
buckling state. It was the advent of the computer and the surge of the numerical treatment of the classical 
theories of solid mechanics that gradually offered possibilities in computation that nobody would or could have 
dreamed of before. This revolution opened an approach in the solution of nonlinear equations that removed the 
necessity to restrict the analysis to initial linear behavior. It also removed the restriction to “static analysis 
only”. This means that the traditional assessment of the load carrying capacity on the basis of a quasi static 
loading process can presently be amended by transient analysis and even replaced by it. Moreover, these 
advances have now also paved the way to consider non classical definitions of stability loss. In particular, 
buckling induced by transient loading of short duration is presently studied as a possible potential critical 
loading case for certain buckling problems that are encountered in practice. 
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doi: 10.1007/BF00370132 
ABSTRACT: Reliable analytical methods that predict the structural integrity and residual strength of aircraft 
fuselage structures containing cracks are needed to help to understand the behavior of pressurized stiffened 
shells with damage, so that it becomes possible to determine the safe life of such a shell. Of special importance 
is the ability to determine under what conditions local failure, once initiated, will propagate. In this paper we 
shall present a reliable and efficient method for computing the energy release rate for cracks of varying length 
in a typical stiffened metallic fuselage under general loading conditions. The models used in the simulation are 
derived from an extensive analysis of a fuselage barrel section subjected to operational flight loads. Energy 
release rates are computed as a function of the length of the crack, its location, and the crack propagation mode. 
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“Optimization of stiffened panels in which mode jumping is accounted for”, 38th AIAA Structures, Structural 
Dynamics, and Materials Conference, AIAA-1997-1141, April 1997 
ABSTRACT: PANDA2 is a computer program for the minimum weight design of stiffened composite, flat or 
cylindrical, perfect or imperfect panels and shells subject to multiple sets of combined in-plane loads, normal 
pressure, edge moments and temperature. STAGS is a general nonlinear finite element code that is specifically 
designed to analyze especially difficult stability problems in shell structures. Weight optimization of stiffened 
panels can be particularly troublesome when local buckling is allowed to occur in the precollapse state. For 
these systems, designs may be affected by interaction between local modes, a mechanism that manifests itself as 
mode jumping and is difficult to characterize. In this paper we describe how in PANDA2 mode jumping is 
detected and suppressed in optimized panels. Two axially compressed blade stiffened panels optimized by 
PANDA2 for service in the far postbuckling regime were numerically tested by STAGS. Mode jumping was 
permitted to occur below the design load in the first panel and suppressed in the second. Results obtained by 
STAGS are in reasonably good agreement with predictions by PANDA2. The first panel exhibits mode jumping 
well below the design load. Application of STAGS to this panel reveals that even though the mode jump 
involves little change in potential energy it generates large amplitude oscillating stresses with significant stress 
reversal that might well cause fatigue and delamination. 
 
 
E. Riks and C. C. Rankin, “Computer simulation of the buckling behavior of thin shells under quasi static 
loads”, Archives of Computational Methods in Engineering, Vol. 4, No. 4, 1997, pp. 325-351,  
DOI: 10.1007/BF02737118 
ABSTRACT: This paper concerns the theory and implementation of a numerical procedure that is capable of 



solving the collapse process of a structure when it is loaded past its ultimate carrying strength. The procedure is 
a combination of two generally available methods: A path following method for the quasi static part of the 
solutions and a transient method for the dynamic part. The simulation of a compression test on a thin walled 
cylindical shell with a local imperfection is provided to demonstrate the effectiveness of the strategy employed. 
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Rankin, C. C., Chien, L. S., Loden, W. A., and Swenson, L. W., Jr. (Lockeed Martin Advanced Technology 
Center, Palo Alto, California, USA), “Line-to-line contact behavior of shell structures”, AIAA 40th Structures, 
Structural Dynamics and Materials Conference, AIAA-1999-1237, 1999 
ABSTRACT: Oblique line contact algorithms are developed in this research to simulate local buckling around a 
crack due to crack edges contacting. The contact algorithms are based on a large-displacement and 
geometrically nonlinear response. A penalty function in terms of the minimum distance between two contacting 
lines is introduced in the proposed method to determine the contact conditions. The STAGS finite element code 
is employed to show the results of two cantilevered beams that experience line-to-line contact. 
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International Journal of Solids and Structures, Vol. 37, Nos. 46-47, November 2000, pp. 6795-6824, 
doi:10.1016/S0020-7683(99)00315-7 
ABSTRACT: The finite strip method has successfully been applied for the calculation of the buckling load of 
stiffened panels in wing box structures. This article describes an implementation of the finite strip method that 



extends the scope of the analysis of the determination of the post-buckling stiffness of these panels. 
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article: Doi: 10.1002/0470091355.ecm027, published online: 15 November, 2004 
ABSTRACT: Although the first known solution of a buckling problem was given by the outstanding Swiss 
‘natural philosopher’ Leonhard Euler (1744), buckling theory as an engineering subject is an outgrowth of a 
development that was established during the last century. The overview of the present knowledge regarding the 
computational analysis of buckling problems is here given in the context of the theory's most important 
historical developments. 
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caps,” in Buckling of Shells. A State-of-the-Art Colloquium, edited by E. Ramm, Springer, 1982. Universität 
Stuttgart. Institut für Baustatik, 1982, pp. 5.1–5.25. 
ABSTRACT: The buckling behaviour of complete spherical shells and spherical caps is explained and test 
results are extensively reviewed. The development of the theory up to the point where theoretical and 
experimental results agree is presented. The treatment is confined to completely elastic material. 
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Luyang Shan (Dept. of Civil and Environmental Engineering, Washington State University), “Explicit buckling 
analysis of fiber-reinforced plastic (FRP) composite structures”, PhD Dissertaion, May 2007 
ABSTRACT: Explicit analyses of flexural-torsional buckling of open thin-walled FRP beams, local buckling of 
rotationally restrained orthotropic composite plates subjected to biaxial linear loading and associated 
applications of the explicit solution to predict the local buckling strength of composite structures (i.e., FRP 
structural shapes and sandwich cores), and delamination buckling of laminated composite beams are presented.  
Based on nonlinear plate theory, of which the shear effect and beam bending-twisting coupling are included, the 
buckling equilibrium equations of flexural-torsional buckling of pultruded FRP composite I- and channel beams 



are established using the second variational principle of total potential. The critical buckling loads for different 
span lengths are measured through experiments and compared with analytical solutions and numerical finite 
element results. A parametric study is conducted to evaluate the effects of the load location, fiber orientation, 
and fiber volume fraction on the buckling behavior.  
The first variational formulation of the Ritz method is used to establish an eigenvalue problem for local 
buckling of composite plates elastically restrained along their four edges and subjected to a biaxial linear load, 
and the explicit solution in term of rotational restraint stiffness is presented with a unique harmonic shape 
function. A parametric study is conducted to evaluate the influences of the biaxial load ratio, rotational restraint 
stiffness, aspect ratio, and flexural-orthotropy parameters on the local buckling stress resultants of various 
rotationally-restrained plates. The applicability of the explicit solutions of restrained composite plates is 
illustrated in the discrete plate analysis of two types of composite structures: FRP structural shapes and 
sandwich cores.  
The delamination buckling formulas are derived based on the rigid, semi-rigid, and flexible joint deformation 
models according to three corresponding bi-layer beam theories (i.e., conventional composite, shear-deformable 
bi-layer, and interface-deformable bi-layer, respectively). Numerical simulation is carried out to validate the 
accuracy of the formulas, and the parametric study of the shear effect is conducted to demonstrate the 
improvement of flexible joint model. The explicit buckling solutions developed facilitate design analysis and 
optimization of FRP composite structures and provide simplified practical design equations and guidelines for 
buckling analyses.  
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Smith, S.T., Bradford, M.A. and Oehlers, D.J. (2000), “Unilateral buckling of elastically restrained rectangular 
mild steel plates”, Computational Mechanics, 26 (4), 317-324, DOI: 10.1007/s004660000153 
ABSTRACT: This paper considers the elastic unilateral buckling of rectangular mild steel plates that are 
restrained elastically and subjected to bending and axial actions. A variational formulation of the Ritz method 
using linear combinations of harmonic functions for the buckling deformations is used to establish an 
eigenproblem to determine the plate local buckling coefficients. The motivation for the study is the retrofit of 
reinforced concrete beams by gluing and then bolting steel plates to the sides of the beam. Such plates, when 
acting compositely with the concrete beam, are subjected to predominantly bending and axial actions which 
may cause unilateral local buckling. Whereas the bolts provide complete restraint against buckling at discrete 
points, the glue may also inhibit local buckling between these nodal points since it acts as a continuous elastic 
restraint. The influence of the glue stiffness, support conditions and plate proportions on the unilateral buckling 
of such plates are assessed. 
 



 
Scott Malaznik (Senior Staff Engineer, Lockheed Martin Aeronautics Company, Palmdale, California), 
“Crippling of thin-walled composite sections using progressive failure analysis”, Lockheed Report AM-
CONF13-43, 2013 
Summary: Aircraft structures, both metallic and composite, are often stiffened with thin-walled sections of 
various shapes to resist compression loads efficiently. Analysis of these structures can be challenging, and 
empirical methods are often used for design purposes. Since initial buckling is not necessarily indicative of 
structural failure, the analysis must be carried into the post-buckling range, where geometric and material 
nonlinearities are present. Final failure in this context is called crippling, which corresponds to the maximum 
load carried by the section.  
In this paper, the nonlinear capabilities of MSC Nastran SOL 400 are used to perform post-buckling analysis of 
graphite/epoxy composite I-section stiffeners. After performing an eigenvalue buckling analysis, initial 
imperfections in the shape of the buckling modes are applied to the model to start the large displacement 
analysis. Composite material failures are modeled using the Progressive Failure Analysis (PFA) feature of SOL 
400. Results are plotted as load-displacement curves, and crippling failure is defined as the maximum load 
carried. Results are compared to published test data as well as MIL-HDBK-17 design equations.  
References listed at the end of the report: 
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D.L. Bonanni (Survivability, Structures and Materials Directorate, Naval Surface Warfare Center (formerly 
David Taylor Research Center), Bethesda, Maryland, USA), “Stability analysis of thick-section composite 
cylinders under hydrostatic pressure including three-dimensional effects and nonlinear material response”, 
ASTM STP1185, January 1994 
ABSTRACT: Recent studies of thick-section laminated composite materials and structures have suggested that 
there is a need for three-dimensional (3-D) structural analysis methods which include the nonlinear material 
response of the constituents. The work described in this paper integrates a 3-D micromechanics-based nonlinear 
constitutive model for laminated composite materials into 3-D structural analyses performed with the ABAQUS 
general purpose finite element code. The nonlinear model and its incorporation into ABAQUS are described. 
The method is demonstrated through 3-D stability analyses of thick, unstiffened AS4/3501-6 carbon/epoxy 
circular cylinders under external hydrostatic pressure. The results of two-dimensional (2-D) shell finite element 
analyses of these cylinders are also presented for comparison. The cylinders analyzed are geometrically 
identical and are subjected to the same loading and boundary conditions. Five different ply layups are 
considered, including cross-ply, quasi-isotropic, and [±45°]. Modeling the nonlinear material response is found 
to reduce the predicted cylinder collapse load by up to 50% when layers oriented at ±45° to the cylinder axis are 
present in the laminate. The role of material nonlinearity in the plane of the laminate versus through-thickness 
nonlinearity is discussed for the cylinders analyzed. 
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(1) Formerly, Post-Doctoral Research Associate, Dept. of Civil Engineering, The Univ. of Akron, Akron, OH 
44325-3905. 
(2) Associate Professor, Dept. of Civil Engineering, The Univ. of Akron, Akron, OH 44325-3905. 
“Higher-Order Finite Strip Method for Postbuckling Analysis of Imperfect Composite Plates”, ASCE J. Engrg. 
Mech. Vol. 128, 2002, pp. 1008-1015, doi:10.1061/(ASCE)0733-9399(2002)128:9(1008) 
ABSTRACT: Postbuckling analysis is essential to predict the capacity of composite plates carrying 



considerable additional load before the ultimate load is reached, and manufacturing-induced geometric 
imperfections often reduce the load-carrying capacity of composite structures. A higher-order finite strip 
method based on the higher-order shear deformation plate theory is developed for postbuckling analysis of 
laminated composite plates with initial geometric imperfection subjected to progressive end shortening. The 
arbitrary nature of initial geometric imperfection induced during manufacturing is accounted for in the analysis. 
Nonlinear equilibrium equations are solved by a Newton-Raphson procedure. Examples of postbuckling 
analyses of unsymmetric cross-ply, angle-ply, and arbitrary laminates are presented, and the accuracy and 
performance of the method are examined. The numerical higher-order finite strip method presented can be used 
as an accurate and efficient tool for postbuckling analysis of imperfect composite plates. 
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“Lightweight design for thin-walled cylindrical shell based on action mechanism of bamboo node”, ASME 
Journal of Mechanical Design, Vol. 135, No. 1, November 2012, DOI: 10.1115/1.4007927 
ABSTRACT: Lightweight design is needed for many engineering structures, but conventional design methods 
cannot always meet requirements. Natural organisms have developed many types of structures with excellent 
properties and ingenious construction, and they can provide many new design ideas. In this paper, a thin-walled 
cylindrical shell, one of the most common structures, is designed to resist buckling based on the study of 
bionics. First, the structure and function of bamboo node are described, and a statistical analysis of internode 
length-to-diameter ratio in bamboo is performed to investigate structural characteristics of bamboo node. Then, 
through buckling analysis of three relevant experimental models, the action mechanism of bamboo node is 
investigated, and two rules for application of this structure in engineering are proposed. Finally, a bionic design 



method is introduced, and a lightweight design for a thin-walled cylindrical shell based on this method is 
presented. A comparison between the bionic shell and a conventional one shows that the weight was reduced by 
as much as 20.5%. 
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Structural Engineering, Vol. 129, No. 1, 2003, pp, 125-129, doi:10.1061/(ASCE)0733-9445(2003)129:1(125) 
ABSTRACT: An explicit elastic stability analysis for local buckling of fiber-reinforced plastic (FRP) structural 
shapes is presented. Flange of pultruded FRP wide-flange sections is modeled as a discrete panel with elastic 
restraint at one unloaded edge and free at the other unloaded edge [restrained-free (RF) condition] and subjected 
to uniform distributed axial in-plane force along simply supported loaded edges. By considering a linear 



combination of simply supported-free and clamped-free boundary displacement fields as an interpolation 
function of the RF buckling, a variational formulation of the Ritz method is used to establish an eigenvalue 
problem, and a flange critical local buckling coefficient is determined. An explicit solution is obtained for local 
compressive buckling strength of orthotropic panels with the RF condition and is expressed in term of the 
coefficient of elastic restraint based on the flexibility of flange-web connection. The explicit predictions are in 
good agreements with experimental data, exact transcendental solutions, and finite-element analyses for local 
buckling of FRP wide-flange columns. The formulation developed in this paper is the first attempt in the 
literature for explicit buckling analysis of orthotropic plates with RF condition and can facilitate the local 
buckling analysis and design of open FRP structural profiles (e.g., I and channel shapes). 
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“Flexural-torsional buckling of fiber-reinforced composite cantilever I-beams”, Composite Structures, Vol. 60, 
pp 205-217, 2003 
ABSTRACT: A combined analytical and experimental study of flexural–torsional buckling of pultruded fiber-
reinforced plastic (FRP) composite cantilever I-beams is presented. An energy method based on nonlinear plate 
theory is developed for instability of FRP I-beam, and the formulation includes shear effect and bending–
twisting coupling. Three different types of buckling mode shape functions of transcendental function, 
polynomial function, and half simply supported beam function, which all satisfy the cantilever beam boundary 
conditions, are used to obtain the eigenvalue solution, and their accuracy in the analysis are investigated in 
relation to finite element results. Four different geometries of FRP I-beams with cantilever beam configurations 
and with varying span lengths are experimentally tested under tip loads to evaluate their flexural–torsional 
buckling response. The loads are applied at the centroid of the tip cross-sections, and the critical buckling loads 
are obtained by gradually adding weight onto a loading platform. A good agreement among the proposed 
analytical solutions, experimental testing, and finite element method is obtained, and simplified explicit 
formulas for flexural–torsional buckling of cantilever beams with applied load at the centroid of the cross-
section are developed. The effects of vertical load position through the cross-section, fiber orientation and fiber 
volume fraction on buckling behavior are also studied. The proposed analytical solutions can be used to predict 
the flexural–torsional buckling loads of FRP cantilever beams and to formulate simplified design equations.  
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Mechanical Engineering,  University of Maryland, College Park, MD 20742 Department of Electronic 
Materials,  Technical University, Vienna, Austria ERS Co., Los Altos, CA 94024), “Elastic stability of a 
cantilever beam (rod) supported by an elastic foundation, with application to nano-composites”, J. Appl. Mech., 
Vol. 79, No. 1, 011009, December 2011, DOI: 10.1115/1.4005190 
ABSTRACT: A simple analytical (“mathematical”) predictive model is developed with an objective to establish 
the condition of elastic stability for a compressed cantilever beam (rod) of finite length lying on a continuous 
elastic foundation. Based on the developed model, practical guidelines are provided for choosing the adequate 
length of the beam and/or its flexural rigidity and/or the spring constant of the foundation, so that the beam 
remains elastically stable. The obtained solution can be used, perhaps with some additional assumptions and 
modifications, for the assessment of the critical force for high-modulus and low-expansion fibers (including 
nano-fibers) embedded into a low-modulus and high-expansion medium (matrix). Composite systems are often 
fabricated at elevated temperatures and operated at lower temperature conditions. It is imperative that an 
embedded fiber remains elastically stable, i.e., does not buckle as a result of the thermal contraction mismatch 
of its material with the material of the matrix. If buckling occurs, the functional (e.g., thermal) and/or the 
structural (“physical”) performance of the composite might be compromised. 
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California, USA), “Optimization of perfect and imperfect ring and stringer stiffened cylindrical shells with 
PANDA2 and evaluation of the optimum designs with STAGS”, AIAA 43rd Structures, Structural Dynamics 
and Materials Conference, AIAA-2002-1408, 2002 
ABSTRACT: Ring and stringer stiffened perfect and imperfect angle-ply cylindrical shells under combined 
axial compression and in-plane shear are optimized with a program called PANDA2 for the minimum weight 
design of stiffened panels, and the optimum designs are then evaluated with use of a general purpose finite 
element code called STAGS. The good agreement between PANDA2 and STAGS predictions for the nonlinear 
collapse of imperfect stiffened shells justifies the use of PANDA2 for preliminary design. A new PANDA2 
processor called STAGSUNIT automatically generates STAGS input files for cylindrical panels and shells with 
both stringers and rings that have various open cross sections such as Blades, Zees, Jays, Tees and Is. In 
STAGSUNIT the edge conditions are formulated so that STAGS models of subdomains of a long cylindrical 



shell with many stiffeners can be constructed that do not have artificial prebuckling stress concentrations near 
the edges that might significantly affect predictions of bifurcation buckling and nonlinear collapse of the 
subdomain. Many STAGS models of optimized shells and subdomains of shells with Blade, Zee, and Tee 
stiffening are generated and explored, both with respect to linear bifurcation buckling and nonlinear collapse. 
The behavior of shells with an initial imperfection in the form of a general buckling mode of the imperfect shell 
is described from a physical point of view. Some difficulties encountered during this project are described. 
 
 
Bushnell, David and Rankin, Charles C.,  (Lockheed Martin Advanced Technology Center, Palo Alto, 
California, USA), “Difficulties in Optimization of Imperfect Stiffened Cylindrical Shells”, AIAA 47th 
Structures, Structural Dynamics and Materials Conference, AIAA-2006-1943, 2006 
ABSTRACT: The PANDA2 computer program generates minimum-weight designs of ring and stringer 
stiffened flat or cylindrical composite panels subjected to multiple sets of load combinations. PANDA2 is 
described with emphasis on the many different stress and buckling constraints that can affect the evolution of a 
design during optimization cycles, on the way that imperfections are treated, on certain difficulties that 
imperfections may cause during optimization cycles, and on difficulties encountered during attempts to evaluate 
optimum designs with the use of the STAGS general purpose finite element program. Details are given on how 
PANDA2 determines the effect of an initial buckling modal imperfection on the load bearing capability of a 
ring and stringer stiffened cylindrical shell. Numerical results pertain to a metallic cylindrical shell with external 
T-shaped stringers and external T-shaped rings subjected to combined axial compression, external pressure and 
in-plane shear (torque). The maximum allowable stress is set very high so that stress constraints do not affect 
the evolution of the global optimum design in this example. Minimum-weight designs are determined for this 
shell with an initial imperfection in the form of the critical general buckling mode. Modifications to PANDA2 
are described which overcome some of the difficulties associated with the determination of a global optimum 
design in the presence of an initial general buckling modal imperfection. Further modifications to PANDA2 are 
described which lead to less conservative global optimum designs than was previously the case. The optimum 
designs obtained by PANDA2 are evaluated by comparisons with predictions from STAGS for various finite 
element models generated automatically with a PANDA2 processor called STAGSUNIT. The agreement 
between PANDA2 and STAGS predictions for a global optimum design obtained by PANDA2 is good enough 
to qualify PANDA2 for the optimum design of imperfect stiffened cylindrical panels and shells under combined 
loads. 
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Charles C. Rankin (Lockheed Palo Alto Research Laboratory Palo Alto, CA 94304-1191), “Effects of 
Combined Loads on the Nonlinear Response and Residual Strength of Damaged Stiffened Shells”, pp. 183-xxx, 
in: Proceedings of the FAA-NASA Symposium on the Continued Airworthiness of Aircraft Structures, Atlanta, 
Georgia USA, August 28-30, 1997, Report DOT/FAA/AR-97/2,I, July 1997, Office of Aviation Research, 
Washington, D.C. 20591 
ABSTRACT: The results of an analytical study of the nonlinear response of stiffened fuselage shells with long 
cracks are presented. The shells are modeled with a hierarchical modeling strategy and analyzed with a 
nonlinear shell analysis code that maintains the shell in a nonlinear equilibrium state while the crack is grown. 
The analysis accurately accounts for global and local structural response phenomena. Results are presented for 
various combinations of internal pressure and mechanical loads, and the effects of crack orientation on the shell 
response are described. The effects of combined loading conditions and the effects of varying structural 
parameters on the stress-intensity factors associated with a crack are presented. 
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“Modeling and nonlinear structural analysis of a large-scale launch vehicle”, AIAA Journal of Spacecraft and 
Rockets, Vol. 36, No. 6, pp. 804-811, 1999 
ABSTRACT: Advanced modeling and analysis capabilities of a state-of-the-art general purpose finite element 
code, developed for nonlinear structural analysis of launch vehicles, are described. In particular, the application 
of these capabilities to nonlinear analyses of the new Space Shuttle superlightweight external liquid-oxygen 
tank are presented that can be used as a guide for conducting similar analyses on future launch vehicles. A 
typical prelaunch loading condition with combined thermal and mechanical loads is considered, and 
applications of the advanced modeling and analysis capabilities to linear bifurcation buckling and nonlinear 
static analyses are presented. The results for this problem illustrate a localized short-wavelength bending 
response, and show that a high-fidelity model is required to represent the behavior accurately. A mesh 
refinement strategy is presented that is based on the linear bifurcation buckling analyses and does not require 
respecification of the shell wall properties and load. Specifically, mesh refinement is simplified by using user-
written subroutines to describe the spatial distribution of complex shell wall properties and loading conditions. 
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“Sandwich modeling with an application to the residual strength analysis of a damaged compression panel”, 
International Journal of Non-Linear Mechanics, Vol. 37, Nos 4-5, June 2002, pp. 897-908, Special Issue: 
Stability & Vibration in Thin-Walled Structures, doi:10.1016/S0020-7462(01)00104-4 
ABSTRACT: Finite element models of sandwich structures are often based on classical sandwich theory which 
reduces the essentially three-dimensional composite — a combination of two high strength faces separated by a 
light weight core — to a two-dimensional, deformable reference surface to which certain appropriate stiffness 
properties against stretch, bending and transverse shear are attached. The simplification introduced in this way 
is well established, but it suffers from a number of drawbacks that restricts its range of applicability rather 
severely. The drawbacks concern among others, the kinematic and dynamic boundary conditions that prohibit a 
realistic application of the loading along the edges. They also concern the inability of this model to study local 
effects such as buckling of the faces. In the present paper, we demonstrate how, with a relatively simple means, 
a sandwich model can be introduced that does not suffer from the deficiencies mentioned above. Moreover, this 
improved model provides the possibility to study the detrimental effect of delamination of the faces, and/or, 
decohesion zones between the core and faces, on the buckling strength of sandwich compression panels. The 
modification proposed here makes use of existing shell finite elements that are standard in many finite element 
codes. These shell elements are used to model the deformation of the faces of the sandwich, while the coupling 
between the two shell components is carried out by applying an appropriate penalty function that represents the 
deformation of the core. In this paper, we describe this model in some detail and solve an example problem 
involving the buckling of a sandwich plate with a partially debonded face plate. 
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ABSTRACT: Finite element models for the analysis of the behavior of longitudinal cracks in a pressurized thin 
walled cylindrical shell were defined with the STAGSC-1 finite element code and used to study the possibilities 
of an analysis of cracks present in stiffened cylinders. In contrast to the problem of a crack in a flat plate in 
tension, the problem of a crack in a cylinder is governed by geometrical nonlinear effects from the onset. This is 
clearly brought out by the analysis results. They show that for cracks with a large aspect ratio, the linear theory 
grossly overestimates the intensity of the crack tip singularity. The results also show that the finite element 
method holds considerable promise in this area of crack mechanics. This is illustrated by the solution of a 
problem which concerns a centrally cracked plate loaded in the post buckling range. 
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“Tools for the evaluation of the residual strength of cracked pressurized fuselage shells”, presented at the Fifth 
Joint NASA/FAA/DoD Aging Aircraft Conference, 2001? 
ABSTRACT and PARTIAL INTRODUCTION:  
This paper discusses some computational tools, recently developed, that are useful in the assessment of the 
residual strength of fuselage shells damaged by through cracks. 
1. Introduction 
Fuselages can accumulate damage in the form of through cracks in the outer containment shell. The prediction 
of the way these cracks propagate under service loads is therefore an important issue in the assessment of the 
residual strength of such a shell. This paper is focused on some of the tools of analysis recently developed that 
are capable to assess the effect of this type of damage. 
A through crack in a pressurized shell is known to be dominated by the following influence factors: (i) the 
curvature, which is the principal reason the crack faces bulge out; (ii) a geometrically nonlinear effect that 
usually, but not always, alleviates crack tip loading1; and, (iii) the ductility of the material, so that a plastic zone 
develops in front of the crack tip and absorbs a part of the energy that must be supplied to force the crack to 
advance. 
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18-21 Apr. 2005. pp. 1-54. 2005 
ABSTRACT: The capability of the computer program PANDA2 to generate minimum-weight designs of 
stiffened panels and cylindrical shells is enhanced to permit the adding of substiffeners with rectangular cross 
sections between adjacent major stringers and rings. As a result many new buckling margins exist that govern 
buckling over various domains and subdomains of the doubly stiffened panel or shell. These generally influence 
the evolution of the design during optimization cycles. The substiffeners may be stringers and/or rings or may 
form an isogrid pattern. The effects of local, inter-ring, and general buckling modal imperfections can be 
accounted for during optimization. Perfect and imperfect cylindrical shells with external T-shaped stringers and 
T-shaped rings and with and without substringers and subrings and under combined axial compression, external 
pressure, and in-plane shear are optimized by multiple executions of a "global" optimizer called SUPEROPT. It 
is found that from the point of view of minimum weight there is little advantage of adding substiffeners. 
However, with substiffeners present the major stringers and rings are spaced farther apart at the optimum design 
than is so when there are no substiffeners. The weight of a cylindrical shell with substiffeners is much less 
sensitive to the spacing of the major T-shaped stringers than is the case for a cylindrical shell without 
substiffeners. The optimum designs obtained by PANDA2 are evaluated by comparisons with buckling loads 
obtained from a general-purpose finite element program called STAGS. Predictions from STAGS agree well 
with those from PANDA2. 
 
 
Starnes, J. H., Jr., Rose, C. A., 1997. Nonlinear response of thin cylindrical shells with longitudinal cracks and 
subjected to internal pressure and axial compression loads, Proceedings of the 1997 38th 
AIAA/ASME/ASCE/AHS/ASC structures, structural dynamics, and materials conference, Paper No. AIAA-97-
1144, p. 2213–2223. 
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Young R. D., Rose C. A., and Starnes J. H. Jr., (2000), Nonlinear Bulging Factors for Longitudinal and 
Circumferential Cracks in Cylindrical Shells Subjected to Combined Loads, AIAA/ASME/ASH/ASC 41th 
Stuctures, Structural Dynamics and Materials Conference, Atlanta, AIAA Paper No. 2000-1514. 
ABSTRACT: Results of a geometrically nonlinear finite element parametric study to determine curvature 
correction factors or “bulging factors” that account for increased stresses due to curvature for longitudinal and 
circumferential cracks in unstiffened pressurized cylindrical shells are presented. Geometric parameters varied 
in the study include the shell radius, the shell wall thickness, and the crack length. The major results are 
presented in the form of contour plots of the bulging factor as a function of two nondimensional parameters: the 
shell curvature parameter, Lambda, which is a function of the shell geometry, Poisson’s ratio, and the crack 
length; and a loading parameter, Eta, which is a function of the shell geometry, material properties, and the 
applied internal pressure. These plots identify the ranges of the shell curvature and loading parameters for 
which the effects of geometric nonlinearity are significant. Simple empirical expressions for the bulging factor 
are then derived from the numerical results and shown to predict accurately the nonlinear response of shells 



with longitudinal and circumferential cracks. The numerical results are also compared with analytical solutions 
based on linear shallow shell theory for thin shells, and with some other semi-empirical solutions from the 
literature, and limitations on the use of these other expressions are suggested.  
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“High-fidelity nonlinear analysis of compression-loaded composite shells”, AIAA Paper 2001-1394, 42nd 
AIAA SDM Conference, 2001 
ABSTRACT: The results of an experimental and analytical study of the effects of initial imperfections on the 
buckling and postbuckling response of unstiffened thin-walled compression-loaded graphite-epoxy cylindrical 
shells are presented. The shells considered in the study have four different shell-wall laminates and two 
different shell-radius-to-thickness ratios. The shell-wall laminates include two different orthotropic laminates 
and two different quasi-isotropic laminates. The shell-radius-to-thickness ratios include shell-radius-to-
thickness ratios equal to 100 and 200. The results identify the effects of traditional and nontraditional initial 
imperfections on the nonlinear response characteristics and buckling loads of the shells. The traditional 
imperfections include the geometric shell-wall mid-surface imperfections that are commonly discussed in the  
literature on thin shell buckling. The nontraditional imperfections include shell-wall thickness variations, local 
shell-wall ply-gaps associated with the fabrication process, shell-end geometric imperfections, nonuniform 
applied end loads, and variations in the boundary conditions including the effects of elastic boundary 
conditions. A high-fidelity nonlinear shell analysis procedure that accurately accounts for the effects of these  
traditional and nontraditional imperfections on the nonlinear response characteristics and buckling loads of the 
shells is described. The analysis procedure includes a nonlinear static analysis that predicts the stable response 
characteristics of the shells, and a nonlinear transient analysis that predicts the unstable response  
characteristics. The results of a local shell-wall stress analysis used to estimate failure stresses are also 
described.  
 
 
Hilburger, M. W., Nemeth, M. P., Riddick, J. C., and Thornburgh, R. P. (Mechanics and Durability Branch, 
NASA Langley Research Center, Hampton, Virginia 23681-0001), “Effects of elastic edge restraints and initial 
prestress on the buckling response of compression-loaded composite panels, 45th AIAA SDM Conference, April 
2004 
ABSTRACT: A parametric study of the effects of test-fixture-induced initial prestress and elastic edge restraints 
on the prebuckling and buckling responses of a compression-loaded, quasi-isotropic curved panel is presented. 
The numerical results were obtained by using a geometrically nonlinear finite element analysis code with high-
fidelity models. The results presented show that a wide range of prebuckling and buckling behavior can be 
obtained by varying parameters that represent circumferential loaded-edge restraint and rotational unloaded-
edge restraint provided by a test fixture and that represent the mismatch in specimen and test-fixture radii of 
curvature. For a certain range of parameters, the panels exhibit substantial nonlinear prebuckling deformations 
that yield buckling loads nearly twice the corresponding buckling load predicted by a traditional linear 
bifurcation buckling analysis for shallow curved panels. In contrast, the results show another range of 
parameters exist for which the nonlinear prebuckling deformations either do not exist or are relatively benign, 
and the panels exhibit buckling loads that are nearly equal to the corresponding linear bifurcation buckling load. 
Overall, the results should also be of particular interest to scientists, engineers, and designers involved in 
simulating flight-hardware boundary conditions in structural verification and certification tests, involved in 
validating structural analysis tools, and interested in tailoring buckling performance. 
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ABSTRACT: The development of DISDECO, the Delft Interactive Shell DEsign COde is described. The 
purpose of this project is to make the accumulated theoretical, numerical and practical knowledge of the last 25 
years or so readily accessible to users interested in the analysis of buckling sensitive structures. With this open 
ended, hierarchical, interactive computer code the user can access from his workstation successively programs 
of increasing complexity. The computational modules currently operational in DISDECO provide the 
prospective user with facilities to calculate the critical buckling loads of stiffened anisotropic shells under 
combined loading, to investigate the effects the various types of boundary conditions will have on the critical 
load, and to get a complete picture of the degrading effects the different shapes of possible initial imperfections 
might cause, all in one interactive session. Once a design is finalized, its collapse load can be verified by 
running a large refined model remotely from behind the workstation with one of the current generation 2-
dimensional codes, with advanced capabilities to handle both geometric and material nonlinearities. 
 
 
Stein, M, The phenomenon of change of buckling patterns in elastic structures, NASA Technical report R-39, 
NASA (1959) 
 
R. R. Arnold and J. C. Parekh, Buckling, postbuckling, and failure of flat and shallow-curved, edge-stiffened 
composite plates subject to combined axial compression and shear loads, Presented at 27th SDM Meeting, San 
Antonio, TX., April 1986, AIAA Paper No. 86-1027-CP, 1986,  Proceedings pp. 769-782. 
 
J. H. Starnes,Jr., N. F. Knight,Jr. and M. Rouse, Postbuckling behavior of selected flat stiffened graphite-epoxy 
panels loaded in compression, AIAA Paper 82-0777, presented at AIAA 23rd Structures, Structural Dynamics, 
and Materials Conference, New Orleans, May, 1982.  See also, AIAA J., 23, (8) (1985) pp.1236-1246. 
 
Kailasam Satyamurthy (1), Narendra S. Khot (2) and  Nelson R. Bauld, Jr. (3) 
(1) Engineering Mechanics Department, Virginia Polytechnic Institute and State University, Blacksburg, 
Virginia, U.S.A. 
(2) Structural Mechanics Division, Air Force Flight Dynamics Laboratory, Wright-Patterson A.F.B., Ohio, 
U.S.A. 
(3) Mechanical Engineering Department, Clemson University, Clemson, South Carolina, U.S.A. 
“An automated, energy-based, finite-difference procedure for the elastic collapse of rectangular plates and 
panels”, Computers & Structures, Vol. 11, No. 3, March 1980, pp. 239-249, 



doi:10.1016/0045-7949(80)90164-9 
ABSTRACT: A FORTRAN IV, large capacity, computer program has been developed to determine collapse 
loads and bifurcation loads for linear and nonlinear prebuckling behavior for fiber-reinforced, laminated, 
rectangular plates and panels under general loading systems and boundary conditions. The program is based on 
the principle of total potential energy and uses finite-differences in the discretization process. Whole-station 
spacing has been used to calculate the strain energy associated with an area-element and an orthogonal finite-
difference grid that provides for variable spacings in perpendicular directions is incorporated. Numerical results 
are presented that compare favorably with results obtained via the general computer program STAGS. Other 
numerical results are presented that illustrate the types of boundary conditions, applied loads, cut-outs and 
initial geometric imperfections that can be handled by the present program. A brief study of the effect of panel 
construction and initial geometric imperfections on the buckling behavior of fiber-reinforced panels is 
presented. 
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ABSTRACT: Attention is given to the structural efficiencies obtainable with optimally designed graphite/epoxy 
wing rib panel configurations that are potentially economically manufacturable. Some ribs are commonly used 
as fuel cell closeout panels, and are accordingly subjected to out-of-plane pressure loads in addition to the in-
plane axial compressive and shear loads resulting from the wing loading. The present minimum-weight panel 
designs satisfy buckling and strength constraints for wing rib panels subjected to a wide range of combined load 
conditions. 
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Report CCMS-91-03 (VPI-E-91-01), February, 1991 
 
Shin, D. K., Gurdal, Z., and Griffin, O. H., Jr., Minimum weight design of laminated composite plates for 
postbuckling performance, AIAA Paper 91-0969-CP, Proceedings 32nd AIAA/ASME Structures, Structural 
Dynamics, and Materials Meeting, pp 257-266 (1991) 
 
Ley, R.P., Gurdal, Z., and Johnson, E.R. (1993). Optimal design of imperfect, anisotropic, ring-stiffened 
cylinders under combined loads.  AIAA Paper 93-1526-CP, Proceedings of 34th AIAA Structures, Structural 
Dynamics, and Materials Conference, Part 4, pp 1881-1889. See also: Structural and Multidisciplinary 
Optimization, Vol. 9, Nos. 3-4, July 1995, pp.160-167, doi: 10.1007/BF01743965 
ABSTRACT: Development of an algorithm to perform the optimal sizing of buckling resistant, imperfect, 
anisotropic ringstiffened cylinders subjected to axial compression, torsion, and internal pressure is presented. 
An axisymmetric, geometrically nonlinear prebuckling equilibrium configuration is assumed and both stress 
and stability constraints are considered. The enforcement of stability constraints is treated in a way that does not 
require any eigenvalue analysis. Case studies performed using a combination of penalty function and feasible 
direction optimization methods indicate that the presence of the axisymmetric initial imperfection in the 
cylinder wall can significantly affect the optimal designs. Weight savings associated with the addition of two 
rings to the unstiffened cylinder and/or the addition of internal pressure is substantial when torsion makes up a 



significant fraction of the combined load state. 
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ABSTRACT: An automated procedure for designing minimum-weight composite panels subject to a local 
damage constraint under tensile loading was developed. A finite element program based on linear elastic 
fracture mechanics for calculating stress intensity factors (SIF) was incorporated in the design cycle. Panel 
fracture toughness was obtained by using a strain based criterion. A general purpose mathematical optimization 



algorithm was used for the weight minimization. Analytical sensitivity derivatives of the SIF employing the 
adjoint variable technique was used to enhance the computational efficiency of the procedure. Design results for 
both unstiffened and stiffened plates are presented. 
 
 
S. Nagendra (1), Z. Gürdal (1), R.T. Haftka (1) and J.H. Starnes Jr (2) 
(1) Department of Engineering Science & Mechanics, Virginia Polytechnic Institute and State University, 
Blacksburg, Virginia 24061, USA 
(2) NASA Langley Research Center, Hampton, Virginia 23681, USA 
“Buckling and failure characteristics of compression-loaded stiffened composite panels with a hole”, Composite 
Structures, Vol. 28, No. 1, 1994, pp. 1-17, doi:10.1016/0263-8223(94)90002-7 
ABSTRACT: An experimental and analytical study was carried out to investigate the buckling and failure 
characteristics of stiffened compression-loaded panels with holes, and to assess the validity of analytical models 
used for the design of such panels. Graphite-epoxy panels with four equally spaced blade stiffeners were 
fabricated with a laminate stacking sequence optimally designed for stiffened panels without holes. Panels with 
different hole sizes and panels without holes were tested. Failure of all panels initiated at or near the stiffeners, 
in regions with severe local bending gradients. Finite element analysis using a quarter-panel model with 
boundary conditions to simulate the experiment was used to predict the prebuckling and buckling behavior. 
Analytical results correlate well with experimental results. 
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ABSTRACT: Derivatives of buckling loads of stiffened panels with respect to ply thicknesses are easy to 
calculate. Consequently, such derivatives are often available in computer programs that calculate buckling loads 
of composite structures. These derivatives can be used to construct approximations of the dependence of the 
buckling load on ply thicknesses. The present work demonstrates the use of derivatives of buckling loads with 
respect to ply thicknesses to approximate the effects of changes in stacking sequence and ply orientations on 
buckling load of a laminate. Examples of unstiffened and stiffened panels are used to demonstrate the 
effectiveness of the proposed approximation. 
References listed at the end of the paper: 
1. Adali, S.; Duffy, K.J. 1990: Design of antisymmetric hybrid laminates for maximum buckling load: I. Optimal fibre orientation. II. 
Optimal layer thickness.Comp. & Struct. 14, 49–60; 113–124 
2. Anderson, M.S.; Stroud, W.J.; Durling, B.J.; Hennessy, K.W. 1981: PASCO: structural panel analysis and sizing code. User's 
Manual.NASA TM-80182  
3. Barthelemy, J.-F.; Haftka, R.T. 1993: Recent advances in approximation concepts for optimum structural design.Struct. Optim. 5, 
96–108 
4. Bushnell, D. 1987: PANDA2-Program for minimum weight design of stiffened composite, locally buckled panels.Comp. & Struct. 
25, 469–605 
5. Butler, R.; Williams, F.W. 1992: Optimum design using VI-CONOPT, a buckling and strength constraint program for prismatic 
assemblies of anisotropic plates.Comp. & Struct. 43, 699–708 
6. Camarada, C.J.; Adelman, H.M. 1984: Static and dynamic structural sensitivity calculations in the finite-element based engineering 
analysis language system (EAL).NASA TM-85743  
7. Chao, C.C.; Koh, S.L.; Sun, C.T. 1975: Optimization of buckling and yield of laminated composites.AIAA J. 13, 1131–1132 
8. Chen, T.L.C.; Bert, C.B. 1975: Design of composite-material plates for maximum uniaxial compressive buckling.Proc. Oklahoma 
Academy of Sciences 56, 104–107 
9. Christensen, R.M. 1979:Mechanics of composite materials. Malabar, FL: Krieger Publishing Company 
10. Golub, G.H.; Van Loan, C.F. 1989: Matrix computations (2nd Edition). Baltimore: The Johns Hopkins University Press 
11. Haftka, R.T.; Walsh, J.L. 1992: Stacking sequence optimization for buckling of laminated plates by integer programming.AIAA J. 
30, 814–819 
12. Harrison, P.N.; Le Riche, R.; Haftka, R.T. 1995: Design of stiffened composite panels by genetic algorithm and response surface 
approximation. AIAA Paper 95-1163-CP,Proc. AIAA/ASME/ASCE/AHS 36th Structures, Structural Dynamics and Materials Conf. 
(held in New Orleans, LA) 
13. Herendeen, D.L.; Hoesly, R.L.; Johnson, E.H.; Venkayya, V.B. 1986: ASTROS—an advanced software environment for 
automated design. AIAA Paper 86-0856,Proc. AIAA/ASME/ASCE/AHS 27th Structures, Structural Dynamics and Materials Conf. 
(held in San Antonio), Part 1, pp. 59–66 



14. Hirano, Y. 1979: Optimum design of laminated plates under axial compression.AIAA J. 17, 1017–1019 
15. Kogiso, N.; Watson, L.T.; Gürdal, Z.; Haftka, R.T. 1994a: Genetic algorithms with local improvement for composite laminate 
design.Struct. Optim. 7, 207–218 
16. Kogiso, N.; Watson, L.T.; Gürdal, Z.; Haftka, R.T.; Nagendra, S. 1994b: Designing composite laminates with genetic algoritms 
with memory.Mech. Comp. Mat. & Struct. 1, 95–117 
17. Le Riche, R.; Haftka, R.T. 1993: Optimization of laminate stacking sequence for buckling load maximization by genetic 
algorithm.AIAA J. 31, 951–956 
18. Lukoshevichyus, R.S. 1976: Minimization of the mass of reinforced rectangular plates compressed in two directions in a manner 
conducive toward stability.Mekhanika Polimero 12, 929–933 
19. Miki, M. 1979: Optimum design of fibrous laminated composite plates subject to axial compression.Proc. 3rd Japan-US 
Composite Materials Conf. (held in Tokyo), pp. 1017–1019. Lancaster: Technomic Publishing Co. 
20. Miki, M. 1982: Material design of composite laminates with required in-plane elastic properties.Proc. 4th Int. Conf. on Composite 
Materials 25, 1725–1731 
21. Miki, M. 1985: Design of laminated fibrous composite plates with required flexural stiffness.ASTM, STP-864, 387–400 
22. Nagendra, G.K.; Fleury, C. 1989: Sensitivity and optimization of composite structures in MSC/NASTRAN.Finite Elements in 
Analysis and Design 5, 223–235 
23. Nagendra, S.; Haftka, R.T.; Gürdal, Z. 1992: Stacking sequence optimization of simply supported laminates with stability and 
strain constraints.AIAA J. 30, 2132–2137 
24. Nagendra, S.; Haftka, R.T.; Gürdal, Z. 1993: Design of blade stiffened composite panels by a genetic algorithm approach.Proc. 
34th AIAA/ASME/AHS Structures, Structural Dynamics and Materials Conf. (held in La Jolla, CA), pp. 2418–2436 
25. Olsen, G.R.; Vanderplaats, G.N. 1989: A method for nonlinear optimization with discrete design variables.AIAA J. 27, 1584–1589 
26. Schmit, L.A.; Farshi, B. 1979: Optimum design of laminated fibre composite plates.Int. J. Num. Meth. Engng. 11, 623–640 
27. Shin, Y.S.; Haftka, R.T.; Watson, L.T.; Plaut, R.T. 1989: Design of laminated plates for maximum buckling load.J. Comp. Mat. 
23, 348–369 
28. Stroud, W.J.; Anderson, M.S. 1981: PASCO: structural panel analysis and sizing code. Capability and analytical 
foundations.NASA TM-80801  
29. Whetstone, W.H. 1983: EISI EAL engineering analysis language reference manual. San Jose, CA: Engineering Information 
Systems 
30. York, C.B.; Williams, F.W.; Kennedy, D.; Butler, R. 1993: A parametric study of optimum designs for benchmark stiffened wing 
panels.Comp. Engrg. 1, 619–632 
 
 
Weaver, P. M.: Approximate Analysis for Buckling of Compression Loaded Long Rectangular Plates with 
Flexural/Twist Anisotropy. Proceedings of the Royal Society A, vol. 462, 2006, pp. 59-73. 
ABSTRACT: Approximate expressions for buckling loads of long rectangular plates with flexural/twist 
anisotropy and simply supported edges are derived. The novelty of the current approach lies in the use of 
bounded non-dimensional quantities to reduce the complexity of formulation to such a state that closed form 
solutions are possible. Such expressions are validated with respect to detailed finite element analysis and 
numerical solutions found in the literature. A number of studies are conducted using a composite material with 
extremely large ply stiffness in the fibre direction and whose layers are arranged into extreme stacking 
sequences. Such an arrangement maximizes anisotropic effects and so challenges the validity of the solutions in 
a most testing manner. Despite such extreme studies excellent agreement is found. 
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Bristol, UK), “Optimization of anisotropic composite panels with T-shaped stiffeners including transverse shear 
effects and out-of-plane loading”, Structural and Multidisciplinary Optimization, Vol. 37, No. 2, pp 165-184, 
December 2008 
ABSTRACT: A two-step method to optimize anisotropic composite panels with T-shaped stiffeners, including a 
new formulation of the transverse shear properties and an approximation of the ply contiguity (blocking) 
constraints as functions of the lamination parameters is provided. At the first step, a representative element of 
the stiffened panel (superstiffener) is optimized using mathematical programming and lamination parameters 
subjected to combined loading (in-plane and out-of-plane) under strength (laminate or ply failure), buckling and 
practical design constraints. Ply blocking constraints are imposed at this step to improve convergence towards 
practical laminates. At the second step, the actual superstiffener’s laminates are obtained by using a genetic 
algorithm. Results, for the case considered, show that the inclusion of transverse shear effects has an associated 
2.5% mass penalty and that neglecting its effects might invoke earlier buckling failure. In addition, the 
influence of designing for failure strength at laminate or ply level is assessed. 
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plates containing concentric penny-shaped delaminations”, Computers & Structures, 09/1995, Vol. 56, No. 5, 
pp 1045-1054, 1995, DOI: 10.1016/0045-7949(95)00194-L 
ABSTRACT: Buckling and postbuckling analyses of circular laminated composite plates with delaminations 
are presented. An axisymmetric finite element model based on a layer-wise laminated composite plate theory is 
developed to formulate the problem. Geometric nonlinearity in the sense of von Kármán and imperfections in 
the form of initial global deflection and initial delamination openings are included. A simple contact algorithm 
which precludes the physically inadmissible overlapping between delaminated surfaces is proposed and 
incorporated into the analysis. Numerical results are obtained addressing the effects of the initial imperfections, 
the number of delaminations and their sizes on the critical buckling load and buckling mode shapes, as well as 
postbuckling responses. 
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Structural Dynamics and Materials Conference, AIAA-2002-1512, 2002 
ABSTRACT: Results of an analytical and experimental study to characterize the structural response of two 
compression-loaded variable stiffness composite panels are presented and discussed. These variable stiffness 
panels are advanced composite structures, in which tows are laid down along precise curvilinear paths within 
each ply and the fiber orientation angle varies continuously throughout each ply. The panels are manufactured 
from AS4/977-3 graphite-epoxy pre-preg material using an advanced tow placement system. Both variable 
stiffness panels have the same layup, but one panel has overlapping tow bands and the other panel has a 
constant-thickness laminate. A baseline cross-ply panel is also analyzed and tested for comparative purposes. 
Tests performed on the variable stiffness panels show a linear prebuckling load-deflection response, followed 
by a nonlinear response to failure at loads 
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The Netherlands), “Optimal Design of Tow-Placed Fuselage Panels for Maximum Strength with Buckling 
Considerations”,  AIAA Journal of Aircraft, Vol. 47, No., 3, May–June 2010, doi: 10.2514/1.40357 
ABSTRACT: The introduction of advanced tow-placement machines has made it possible to fabricate novel 
variable-stiffness composite structures where the fiber orientation angle varies continuously within each ply and 
throughout the structure. This manufacturing capability allows designers of composites to use the fiber 
orientation angle as design variable in their analysis, not only for each ply as with conventional composites, but 
at each point within a ply. Consequently, beyond the improvements that can be accomplished with traditional 
composites with straight fibers, the directional material properties of composites can be fully exploited to 
improve the laminate performance. In this paper, design tailoring for the pressure pillowing problem of a 
fuselage panel bounded by two frames and two stringers is addressed using tow-placed steered fibers. The panel 
is modeled as a two-dimensional plate loaded by out-of-plane pressure and in-plane loads. A Python-ABAQUS 
script is developed to perform the linear and geometrically nonlinear finite element analyses of variable-
stiffness panels. The design objective is to determine the optimal fiber paths within each ply of the laminate for 
maximum load carrying capacity and for maximum buckling capacity. Simulated-annealing algorithm is used to 
solve the optimization problems. Optimal designs are obtained for different loading cases and boundary 
conditions. As a basis of comparison, a practical constant-stiffness quasi-isotropic design is used. Numerical 
results indicate that by placing the fibers in their optimal spatial orientations within each ply, the load carrying 
capacity and the buckling load of the structure can be substantially improved compared with traditional straight 
fiber designs. It is shown that laminates optimized for maximum failure load have buckling loads that are higher 
than those for quasi-isotropic laminates. On the other hand, laminates optimized for maximum buckling load 
fail at load levels lower than laminates optimized for maximum failure load. However, the failure loads of those 
laminates may still be higher than those for their quasi-isotropic counterparts. 
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ABSTRACT: There is a renewed interest in grid-stiffened composite structures; they are not only competitive 
with conventional stiffened constructions and sandwich shells in terms of weight but also enjoy superior 
damage tolerance properties. In this paper, both global and local structural instabilities are investigated for grid-
stiffened composite panels using homogenization theory. Characteristic cell configurations with periodic 
boundary constraints are employed for orthogrid- and isogrid-stiffened shells in order to smear the stiffened 
panel into an equivalent unstiffened shell. Homogenized properties corresponding to classical lamination theory 
are obtained by matching the strain energy of the stiffened and equivalent cells. Global buckling analysis is 
carried out based on the homogenized shell properties. Bloch wave theory is adopted to calculate the local 
buckling load of grid-stiffened shells, where the interaction of adjacent cells is fully taken into account. 
Moreover, instead of considering skin buckling and stiffener crippling separately, as is commonly done, the skin 
and stiffeners are assembled together at the level of the characteristic cell. The critical instabilities can be 
captured whether they are related to the skin or stiffener or their interaction. The proposed combination of 
global/local models can also be used to predict the material failure of a structure. Numerical examples of 
orthogrid- and isogrid-stiffened isotropic panels show that the local buckling loads predicted by the proposed 
method match finite element calculations better than semi-analytical methods based on assumptions and 
idealisations. The proposed method is further validated using typical configurations of flat composite panels and 
circular composite cylinders. 
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ABSTRACT: The model problem proposed to study the buckling of stratified geological layers consists of a 
linearly elastic plate, capable of accommodating finite rotations, resting over an inviscid and buoyant fluid. The 
Lyapunov–Schmidt–Koiter decomposition is applied to construct the bifurcated equilibrium solutions. The 
asymptotic analysis of the post-buckling reveals a decrease in the magnitude of the lateral compressive force 



during an overall shortening of the stratified structure. Buckling and post-buckling are not influenced by the 
presence of a vertical stress gradient in the elastic plate. 
 
 
Frederico M.A. Silva, Zenon J.G.N. del Prado and Paulo B. Goncalves, Influence of axial load uncertainties on 
the nonlinear oscillations of cylindrical shells”, 11th Pan-American Congress of Applied Mechanics, January 4-8, 
2010, Foz do Iguacu, PR, Brazil (Proceedings of the PACAM XI) 
ABSTRACT: The aim of this work is to investigate the influence of axial load uncertainties on the nonlinear 
vibrations of simply-supported cylindrical shells. The axial load is composed by both harmonic deterministic 
and random terms; the random term depends on the parameters of the harmonic deterministic load. Donnell’s 
nonlinear shallow shell equations in terms of the in-plane and transversal displacements are used to study the 
nonlinear vibrations of the shell. To discretize the partial differential equations of motion, first, a general 
expression for the transversal displacement is obtained by a perturbation procedure which identifies all modes 
that couple with the linear modes through the quadratic and cubic terms in the equations of motion. Then, a 
particular solution is selected which ensures the convergence of the response up to very large deflection. 
Finally, the in-plane displacements are obtained as a function of the transversal displacement by solving the in-
plane equations analytically. So, the proposed solution satisfies all boundary, continuity and symmetry 
conditions. Substituting the modal expansion of the transversal displacement into the equation of motion and 
applying the Galerkin’s method, a discrete system in time domain is obtained. Several numerical strategies are 
used to study the nonlinear behavior of the shell under an axial load with uncertainties. Special attention is 
given to the influence of the random term on the parametric instability and escape loads.  
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cylindrical shells”, MATEC Web of Conferences 16, 05006, 2014, DOI: 10.1051/matecconf/20141605006� 
ABSTRACT: Cylindrical shells exhibit a dense frequency spectrum, especially near the lowest frequency range. 
In addition, due to the circumferential symmetry, frequencies occur in pairs. So, in the vicinity of the lowest 
natural frequencies, several equal or nearly equal frequencies may occur, leading to a complex dynamic 
behavior. So, the aim of the present work is to investigate the dynamic behavior and stability of cylindrical 
shells under axial forcing with multiple equal or nearly equal natural frequencies. The shell is modelled using 
the Donnell nonlinear shallow shell theory and the discretized equations of motion are obtained by applying the 



Galerkin method. For this, a modal solution that takes into account the modal interaction among the relevant 
modes and the influence of their companion modes (modes with rotational symmetry), which satisfies the 
boundary and continuity conditions of the shell, is derived. Special attention is given to the 1:1:1:1 internal 
resonance (four interacting modes). Solving numerically the governing equations of motion and using several 
tools of nonlinear dynamics, a detailed parametric analysis is conducted to clarify the influence of the internal 
resonances on the bifurcations, stability boundaries, nonlinear vibration modes and basins of attraction of the 
structure.  
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ABSTRACT: In recent papers, the authors have presented Generalized Beam Theory (GBT) formulations 
specifically designed for performing efficient (i) linear analyses of steel-concrete composite bridges [1] and (ii) 
elastoplastic collapse analyses of thin-walled steel members [2, 3]. This paper presents an extension of these 
previous formulations that includes non-linear reinforced concrete material behaviour, aiming at analysing, 
accurately and efficiently, steel-concrete composite beams. In particular, steel beam and rebar plastification is 
implemented, together with concrete cracking/crushing and shear-lag effects. Several illustrative examples are 
presented and discussed. For validation and comparison purposes, results obtained with shell/solid finite 
element models are provided.  
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ABSTRACT: This paper presents the design guide based on analytical, numerical and experimental 
investigation of Steel-concrete-steel (SCS) sandwich structural members comprising a lightweight concrete core 
with density ranged from 1300 to 1445 kg/m3 subjected to static, impact and blast loads. The performance of 
lightweight sandwich members is also compared with similar members with normal weight concrete core and 
ultra high strength concrete core (fc = 180 MPa). Novel J-hook shear connectors were invented to prevent the 
separation of face plates from the concrete core under extreme loads and their uses are not restricted by the 
concrete core thickness. Flexural and punching are the primary modes of failure under static point load. Impact 
test results show that the SCS sandwich panels with the J-hook connectors are capable of resisting impact load 
with less damage in comparison than equivalent stiffened steel plate panels. Blast tests with 100 kg TNT were 
performed on SCS sandwich specimens to investigate the key parameters that affect the blast resistance of SCS 
sandwich structure. Plastic yield line method is proposed to predict the plastic capacity and post peak large 
deflection of the sandwich plates. Finally, an energy balanced model is developed to analyze the global 
behavior of SCS sandwich panels subjected to dynamic load. 
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J.P. Foldager, J.S. Hansen and N. Olhoff, “Optimization of the buckling load for composite structures taking 
thermal effects into account”, Structural and Multidisciplinary Optimization, Vol. 21, No. 1, 2001, pp. 14-31, 
doi: 10.1007/s001580050164 
ABSTRACT: This paper deals with optimization of the buckling load for laminated composite structures. A 
new methodology has been developed where thermal residual stresses introduced in the manufacturing process 
are included in the buckling analysis. The thermal effects are also included in the calculation of the buckling 
load sensitivities, and it is therefore possible to “tailor” the thermal residual stresses in order to increase the 
buckling load. Rectangular plates and circular cylindrical shells subjected to axial compression are considered. 
The structures are optimized twice; the first time the thermal residual stresses are ignored in the optimization, 
and the second time the thermal residual stresses are included in the optimization. These two sets of 
optimizations give two important results. Firstly, it is possible to increase the buckling load for the structures 
significantly when the thermal residual stresses are taken into account. Secondly, structures which have been 
optimized ignoring the effects of thermal residual stresses, may have a buckling load which is much less than 
expected when the effects of the thermal residual stresses are included. 
 
 
Jorn S. Hansen (University of Toronto, Downsview, Ontario, Canada), “Buckling of composite structures”, 
Chapter 6 in Computer-aided design of polymer-matrix composite structures, edited by Suong Van Hoa, Marcel 
Dekker, 1995, ISBN 0-8247-9558-X 
PARTIAL INTRODUCTION: When considering a structural system, perhaps one of the crucial problems 
facing the designer is the identification of those phenomena that are important. For example, there are quite 
different concerns if the predominant loads are compressive rather than tensile; compressive loads may lead to 
crushing, whereas tensile load may lead to necking phenomena. If materials are ductile or brittle there are 
different concerns; questions of yielding and flow may dominate for ductile materials, whereas flaw sensitivity 
may dominate for brittle materials. This is the context within which buckling or stability considerations should 
be taken. The conditions that always give the warning when a stability analysis may be necessary can be 
summarized quite easily: the structure must be subjected to compressive loads, and the structrure must be thin. 
As contradictory as it may seem, these criteria are very precise and yet often ambiguous. Although thinness is 
absolutely essential for buckling, how”thin” is thin may be debatable. In a similar manner, identifying 
compressive loading situations may seem straightforward. Howerver, some care must be exercised because a 
variety of loading situations may lead to compression. For example, shear buckling is quite common; in terms 
of principal stresses a pure shear results in a biaxial stress state with tensile and compressive principal normal 



stresses. It is the compressive component that causes buckling…. 
 
 
M. Kataoka-Filho (1) and J. S. Hansen (2) 
(1) National Institute for Space Research, Brazil) 
(2) Institute for Aerospace Studies, University of Toronto, Ontario, Canada 
“Optimization of nonhomogeneous facesheets in composite sandwich plates”, Structural and Multidisciplinary 
Optimization, Vol. 17, Nos. 2-3, 1999, pp. 199-207, doi: 10.1007/BF01195944 
ABSTRACT: The optimal design of composite sandwich plates in which the facesheets are composed of a 
carbon fiber/epoxy net is considered. The objective of the work is to obtain minimum mass designs while 
maintaining constraints on the first natural frequency and selected facesheet stress components. The facesheets 
are assumed to be composed of an orthotropic net of unidirectional composite fiber strips and the optimal 
design (the least mass design) is achieved by changing the strip widths and the spacings between them. It is 
demonstrated that varying the spatial fiber strip distribution can lead to significant structural advantages; in the 
example presented, a 32% facesheet mass reduction is achieved. 
 
 
G. Rzayev (Genje State University, Genge, Sah Ismail Hatai St., Azerbaijan), “Local buckling around an 
interfacial crack in a viscoelastic sandwich plate”, Mechanics of Composite Materials, Vol. 38, No. 3, pp 233-
242, May 2002 
ABSTRACT: Buckling around an interfacial crack in a clamped sandwich plate is studied. The layers of the 
plate are assumed to be linearly viscoelastic, isotropic, and homogeneous. The investigations are carried out 
within the framework of a piecewise homogeneous body model with the use of a three-dimensional linearized 
theory of stability. The corresponding boundary value problems are solved numerically by employing the FEM 
and the Laplace transform. The calculated critical times are presented for various problem parameters. In this 
case, the upper and lower layers are assumed to be viscoelastic and are described by Rabotnov operators, 
whereas the midlayer is regarded as purely elastic. The influence of rheological parameters on the critical time 
is also analyzed. 
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Y.J. Lee and L.B. Freund (Division of Engineering, Brown University, Providence, Rhode Island, USA), 
“Dynamic buckling delamination of a bonded thin film under residual compression”, Acta Mechanica, Vol. 3, 
pp 147-160, 1992 
SUMMARY: A thin solid film or coating bonded to a solid substrate may be in a state of residual stress due to 
mismatch in thermal expansion coefficient between the film and the substrate or other effects. If the residual 
stress is compressive, the tendency for film buckling is suppressed by the relatively high stiffness of the 
substrate. However, at a flaw in the interfacial bonding between the film and substrate, buckling of the film can 
and does occur. The focus here is on the process of delamination buckling under these circumstances, including 
dynamic effects. For an interfacial defect of a certain size, the compressive force in the film may exceed the 
buckling load, in which case the buckling process is inherently dynamic. Both cases of plane strain and axially 
symmetric deformation are considered, and propagation of the buckle is permitted provided that an energy 
balance separation condition is satisfied. Post-bifurcation response of the film is described by means of the von 
Karman plate theory. Hamilton’s principle is applied to obtain an approximate representation of the deformation 
in terms of two generalized coordinates, namely, the midpoint deflection of the buckled region and the size of 
the buckled region. Dynamic effects included are the transient deformation from the bifurcation state to the 
post-buckling configuration and the possibility of buckle nucleation due to waves impinging on the film from 
within the substrate. Histories of transient buckle deflection and buckle width are determined for representative 
material parameters. 
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Jeong-Yun Sun, Shuman Zia, Myoung-Woon Moon, Kyu Hwan Oh, Kyung-Suk Kim, “Folding wrinkles of a 



thin stiff layer on a soft substrate”, The Royal Society Proceedings A, February 2012,  
DOI: 10.1098/rspa.2011.0567 
ABSTRACT: We present the mechanics of folding surface-layer wrinkles on a soft substrate, i.e. inter-touching 
of neighbouring wrinkle surfaces without forming a cusp. Upon laterally compressing a stiff layer attached on a 
finite-elastic substrate, certain material nonlinearities trigger a number of bifurcation processes to form multi-
mode wrinkle clusters. Some of these clusters eventually develop into folded wrinkles. The first bifurcation of 
the multi-mode wrinkles is investigated by a perturbation analysis of the surface-layer buckling on a pre-
stretched neo-Hookean substrate. The post-buckling equilibrium configurations of the wrinkles are then trailed 
experimentally and computationally until the wrinkles are folded. The folding process is observed at various 
stages of wrinkling, by sectioning 20–80 nm thick gold films deposited on a polydimethylsiloxane substrate at 
a stretch ratio of 2.1. Comparison between the experimental observation and the finite-element analysis shows 
that the Ogden model deformation of the substrate coupled with asymmetric bending of the film predicts the 
folding process closely. In contrast, if the bending stiffness of the film is symmetric or the substrate follows the 
neo-Hookean behaviour, then the wrinkles are hardly folded. The wrinkle folding is applicable to construction 
of long parallel nano/micro-channels and control of exposing functional surface areas. 
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(KIST), Seoul, Republic of Korea), “Buckling delamination of compressed thin films”, Chapter in Mechanical 
Self Assembly, pp 131-152, November 2012, DOI: 10.1007/978-1-4614-4562-3_7, 2013 
ABSTRACT: The aim of this chapter is to review the studies on buckle delamination in compressively stressed 
thin films over substrates by pulling together experimental and theoretical analysis. The general phenomena 
shown in delamination buckles of compressively stressed films were discussed from the onset to propagation 
over the substrates. The experimental observations were characterized by the delamination conditions and 
buckle morphologies. Then, the related mechanics for buckle delamination were provided with a theoretical 
solution for simple buckle configurations and a numerical solution for nonlinear buckle. Based on the 
experimental and theoretical analysis, the buckle configuration was applied to fluidic channels by precisely 
controlling buckle width within the desired area by adjusting interface adhesion. 
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K.G. Muthurajan, K. Sankaranarayanasamy , S.B. Tiwari and B. Nageswara Rao, 2006. Post-buckling of a Thin 
Film Strip Delamination in a Composite Laminate. Trends in Applied Sciences Research, 1: 48-60. 
ABSTRACT: Studies are made to understand the delamination growth of general laminates with general 
loading conditions. Post-buckling solutions are obtained for a laminate with clamped ends applicable to thin 
film strip delamination in a base laminate under uniform membrane loads. The strain energy release rate at the 
crack-tip (G) is derived in terms of the critical equivalent base laminate strain at the onset of the buckling (ε*

cr) 
and the applied equivalent strain (ε*). It is also expressed in terms of the maximum amplitude (Wmax) of the 
delaminated layer. A Griffith-type fracture criterion with constant specific fracture energy (Gc) of the material is 
used to govern the delamination growth. The stability characteristics of the delamination growth are discussed. 
The maximum amplitude (Wmax) of the delaminated layer increases with the applied load without enhancement in 
the length of the delamination for the values of G less than Gc. Initiation of the delamination growth can be 
expected when the value of G is very close to Gc. 
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ABSTRACT: Based on beam-shaped-function, the analytical solution for composite plates with arbitrary 
embedded delaminations is presented. The deflection function of the delaminated plate is composed by those of 
beams with the corresponding loading and support conditions, which can be easily and accurately derived from 
the beam analysis, and the deflection amplitude is derived by the minimum potential energy principle. The 
closed form solutions of displacements, stresses, and energy release rate of a composite plate containing an 
arbitrarily embedded rectangular delamination are obtained and compared with the three-dimensional finite 
element results to validate the accuracy of this present method. Furthermore, the influences of delamination 
depth, length, central position, and modulus mismatch ratio (E1/E2) of the upper and lower sublaminate on the 
energy release rate are discussed. 
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Haitao Han, Zixing Lu, Jordan Zheng Zhang, and Junhong Guo, “Delamination analysis of composite laminates 
using an advanced beam theory”, Mechanics of Advanced Materials and Structures, Vol. 20, No. 2, 2013 
ABSTRACT: Taking the longitudinal deformation into consideration, a two-dimensional beam theory is 
proposed, and a new layered beam model is established subsequently for composite laminates with multiple 
through-the-width delaminations. The undelaminated portion is regarded as separate beams along the layer 
interfaces, and the interface continuities are satisfied using the generalized variational principle. Comparisons of 
the present analytical solutions with three-dimensional finite element results and classical beam model solutions 
are made to verify the accuracy and efficiency of the present model. The effects of the geometrical parameters 
of the delamination on the deflection and the energy release rate are discussed. 
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delamination of elastic and viscoelastic composite plates with cracks. Survey I: solution method and problems 
related to the plane strain state”, Mechanics of Composite Materials, Vol. 48, No. 6, pp 681-692, January 2013 
ABSTRACT: Results related to the buckling delamination of elastic and viscoelastic composite plates are 
reviewed and analyzed. They have been obtained during the last fifteen years by the author and his students. 
The plates contain cracks whose faces have initial infinitesimal imperfections. The evolution of the 
imperfections under compression of the plates is studied, and the values of critical parameters are determined 
from a criterion of initial imperfection. The study is performed with the use of 3D geometrically nonlinear field 
equations. In the present paper, the historical background of the problems is outlined considered, general 
remarks about the field equations and solution method are made, and problems related to the plane strain state 
are reviewed. 
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“Buckling and delamination of Ti/Cu/Si thin film during annealing”, Journal of Electronic Materials, Vol. 43, 
No. 9, pp 3351-3356, September 2014 
ABSTRACT: In this paper, the formation of buckling and delamination of sandwiched stacking of Ti/Cu/Si thin 
film are investigated. The crystallization structures, the composition of the Cu/Ti thin films, and the surface 
morphology are measured during annealing. The results show that the solid-phase reaction between Cu and Ti 
occurs at the interface. Buckling is initiated in the thin film annealed at 600°C. The volume expansion promotes 
the buckling and further produces microcracks. With increasing volume expansion, there are cavities formed in 
the middle layer when the annealing temperature is up to 700°C. Finally, thin film is delaminated from the 
substrate. 
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ABSTRACT: Instability failure mode of nearly cylindrical sandwich shell was investigated by theoretical 
calculation. Finite Element Analysis and finally verified by two test specimens. During the test, information 
regarding snap-though, buckling mode and post buckling behaviour were collected. These indications were 
obtained by using the F/S method.  
PARTIAL INTRODUCTION: The instability and the failure mode of nearly cylindrical sandwich shells, loaded 
in torsion, were investigated by theoretical calculation, Finite Element Analysis and verified by three parametric 
test specimens. Limited studies on composite wing boxes have been reported (Ref. 1-3), but they are all for 
solid laminate skins and none for thin composite sandwich shell skins. The purpose of this work was to develop 
a method for the analysis for the prediction of instability (buckling) and collapse (failure) of lightweight 
sandwich shells. The results are to be used in the design of GA (general aviation) structures.  
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“Structural Optimization of a Hat Stiffened Panel By Response Surface Techniques”, 38th AIAA Structures, 
Structural Dynamics and Materials Conference, 1997 
ABSRACT: The paper describes a design study for the structural optimization of a typical bay of a blended 
wing body transport. A hat stiffened laminated composite shell concept is used in the design. The geometry of 
the design is determined with the PANDA2 program, but due to the presence of varying axial loads, more 
accurate analysis procedure is needed. This is obtained by combining the STAGS finite element analysis 
program with response surface approximations for the stresses and the buckling loads. The design procedure 
results in weight savings of more than 30 percent, albeit at the expense of a more complex design. The response 
surface approximations allow easy coupling of the structural analysis program to the optimization program in 
the widely available Microsoft EXCEL spreadsheet program. The response surface procedure also allows the 
optimization to be carried out with a reasonable number of analyses. In particular, it allows combining a large 
number of inexpensive beam-analysis stress calculations with a small number of the more accurate STAGS 
analyses. 
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“Analytical-Experimental Correlation for a Stiffened Composite Panel Loaded in Axial Compression”, 39th 
AIAA Structures, Structural Dynamics and Materials Conference, AIAA-98-1993, April 1998 
ABSTRACT: A combined analytical and experimental study of a blade-stiffened composite panel subjected to 
axial compression was conducted. The study first examined the effects of the differences between a simple 
model used to design the panel and the actual experimental conditions. It was found that the large imperfection 
used in the design process compensated for the simplifying assumptions of the design model, and the 
experimental failure load was only 10% higher than the design load. Next, finite element analyses were 
performed in order to correlate analytical and experimental results. The buckling loads from finite element 
analyses agreed well with the experimental failure loads. However, substantial differences were found in the 
out-of-plane displacements of the panel. Finite element simulations of nonuniform load introduction with 
general contact definitions improved correlation between the measured and predicted out-of-plane 
deformations. 
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ABSTRACT: This paper explores reliability-based designs of isogrid stiffened panels. Uncertainties in material 
properties and geometric manufacturing uncertainties are represented by random variables. Due to the multiple 
failure modes in the stiffened panels, polynomial response surface approximation are fit to the most critical 
safety margins in the panel. Probability of failure is calculated by Monte Carlo simulation using the polynomial 



response surfaces. A probabilistic sufficiency factor approach is employed to facilitate the design optimization. 
 
 
Satchithanandam Venkataraman, “Modeling, analysis and optimization of cylindrical stiffened panels for 
reusable launch vehicle structures”, PhD Dissertation, University of Florida, December, 1999 
ABSTRACT: The design of reusable launch vehicles is driven by the need for minimum weight structures. 
Preliminary design of reusable launch vehicles requires many optimizations to select among competing 
structural concepts. Accurate models and analysis methods are required for such structural optimizations. 
Model, analysis, and optimization complexities have to be compromised to meet constraints on design cycle 
time and computational resources. Stiffened panels used in reusable launch vehicle tanks exhibit complex 
buckling failure modes. Using detailed finite element models for buckling analysis is too expensive for 
optimization. Many approximate models and analysis methods have been developed for design of stiffened 
panels. This dissertation investigates the use of approximate models and analysis methods implemented in 
PANDA2 software for preliminary design of stiffened panels. PANDA2 is also used for a trade study to 
compare weight efficiencies of stiffened panel concepts for a liquid hydrogen tank of a reusable launch vehicle. 
Optimum weights of stiffened panels are obtained for different materials, constructions and stiffener geometry. 
The study investigates the influence of modeling and analysis choices in PANDA2 on optimum designs. 
Complex structures usually require finite element analysis models to capture the details of their response. 
Design of complex structures must account for failure modes that are both global and local in nature. Often, 
different analysis models or computer programs are employed to calculate global and local structural response. 
Integration of different analysis programs is cumbersome and computationally expensive. Response surface 
approximation provides a global polynomial approximation that filters numerical noise present in discretized 
analysis models. The computational costs are transferred from optimization to development of approximate 
models. Using this process, the analyst can create structural response models that can be used by designers in 
optimization. It allows easy integration of analysis models in optimization. The dissertation investigates use of 
response surface approximations for integrating structural response obtained from a global analysis in the local 
optimization of stiffened panels. In addition, response surfaces are used for correcting structural response 
predictions from a low fidelity model with a few expensive detailed finite element analyses. 
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“Preliminary design optimization of stiffened panels using approximate analysis models. International Journal 
for Numerical Methods in Engineering”, 57: 1351–1380. 2003, doi: 10.1002/nme.781 
ABSTRACT: Preliminary sizing of structural components in the conceptual design phase of new aerospace 
vehicles requires a large number of structural optimizations. Use of detailed finite element models for global 
optimization of stiffened shell structures is not affordable. Designers have to compromise between the 
complexity in the structural analysis model (e.g. small models or linear analysis) and that of the optimization 
method (local versus global optimization). When designing new concepts where good initial designs are not 
available, global design optimization needs to be performed, and this is not currently possible with complex 
models. In this paper, we discuss the use of simple analysis methods for performing global optimization of 
stiffened shell structures. We demonstrate the efficiency of using approximate analysis models by using 
PANDA2 for a practical design trade-study. Often approximate models are based on assumptions that are not 
satisfied throughout the design space. Hence, such models require constraints that will keep the designs in 
regions where the analysis assumptions are valid. We illustrate with examples situations where such design 
constraints result in sub-optimal designs. We conclude that performing global optimization using approximate 
methods can permit a greater exploration of the design space than the use of local optimization with complex 
models. 
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ABSTRACT: Rapid increases in computer processing power, memory and storage space have not eliminated 
computational cost and time constraints on the use of structural optimization for design. This is due to the 
constant increase in the required fidelity (and hence complexity) of analysis models. Anecdotal evidence seems 
to indicate that analysis models of acceptable accuracy have required at least six to eight hours of computer time 
(an overnight run) throughout the last thirty years. This poses a severe challenge for global optimization or 
reliability-based design. In this paper, we review how increases in computer power were utilized in structural 
optimization. We resolve problem complexity into components relating to complexity of analysis model, 
analysis procedure and optimization methodology. We explore the structural optimization problems that we can 
solve at present and conclude that we can solve problems with the highest possible complexity in only two of 
the three components of model, analysis procedure or optimization. We use examples of optimum design of 
composite structures to guide the discussion due to our familiarity with such problems. However, these are 
supplemented with other structural optimization examples to illustrate the universality of the message. 
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ABSTRACT: Nonlinear problems such as transient dynamic problems exhibit structural responses that can be 
discontinuous due to numerous bifurcations. This hinders gradient-based or response surface-based 
optimization. This paper proposes a novel approach to split the design space into regions where the response is 
continuous. This makes traditional optimization viable. A convex hull approach is adopted to isolate the points 
corresponding to unwanted bifurcations in the design space. The proposed approach is applied to a tube 
impacting a rigid wall representing a transient dynamic problem. Since nonlinear behavior is highly sensitive to 
small variations in design, reliability-based design optimization is performed. The proposed method provides 
the designer an optimal design with a prescribed dynamic behavior. 
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ABSTRACT: Nonlinear transient dynamic problems exhibit structural responses that might be discontinuous 
due to numerous critical points. The discontinuous behavior hinders classical gradient-based or response 
surface-based optimization. However, these discontinuities help to classify the system’s responses and identify 
regions of the design space corresponding to distinct dynamic behaviors. In this paper, data mining techniques 
are employed to group the responses into clusters. The regions of the design space corresponding to the clusters 
of unwanted behaviors are delimited with convex hulls. This allows an explicit definition of the boundaries of 
the failure region in terms of the design variables. In addition, the identification of response clusters, within 
which the responses might be considered continuous, enables the use of traditional response surface 
approximation for optimization. The proposed approach is applied to the reliability-based design of a tube 
impacting a rigid wall, which is optimized for a prescribed dynamic behavior. 
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Intelligent Systems and Computing, edited by Alvaro Herrero, et al, Springer, 2014, pp 269-278 
ABSTRACT: Buckling of thin walled welded structures is one of the most common failure modes experienced 
by these structures in-service. The study of such buckling, to date, has been concentrated on experimental tests, 
empirical models and the use of numerical methods such as the Finite Element Method (FEM). Some 
researchers have combined the FEM with Artificial Neural Networks (ANN) to study both open and closed 
section structures but these studies have not considered imperfections such as holes, weld seams and residual 
stresses. In this paper, we have used a combination of FEM and ANN to obtain predictive models for the critical 
buckling load and lateral displacement of the center of the profile under compressive loading. The study was 
focused on ordinary Rectangular Hollow Sections (RHS) and on the influence of geometric imperfections while 
taking residual stresses into consideration. 
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ABSTRACT: Spatial variability in material properties and in the coefficient of thermal expansion (CTE) in 
particular can have detrimental effects on thermally induced buckling by lowering the buckling load. Worst-
case effects of this variability were studied by anti-optimization on a plate subjected to thermal loading for up to 
20% variation in CTE around a fixed mean. Finite element analyses were used to construct a response surface 
approximation of the buckling eigenvalues as function of the spatial variations of the CTE. Optimizing the 
spatial variations for lowest buckling eigenvalue led to worst-case CTE distributions with respect to the thermal 
buckling studied. It was found that for the same CTE mean these distributions could lead to up to 10% lower 
eigenvalues. Such anti-optimal distributions tend to lead to higher than average CTE along the centerline of the 
plate, which increases the pre-buckling stresses in those area which from the buckling point of view are the 
most sensitive to high stresses. For composites, CTE variations were also assumed to be caused by variations in 
fiber volume fraction, which would also affect moduli and Poisson ratio. The worst distribution of fiber volume 
fraction led to a reduction in eigenvalues of only about 4.3%, meaning that fiber volume fraction induced CTE 
variations have much milder effects on thermal buckling than independent CTE variations, due to the effects of 
individual material properties variations partially cancelling each other out. 
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ABSTRACT: An experimental program to determine the response of thin-walled steel projectiles to the impact 
with concrete targets was recently conducted. The projectiles were fired against 41-MPa concrete targets at an 
impact velocity of 290 m/s. This article contains an outline of the experimental program, an examination of the 
results of a typical test, and predictions of projectile deformation by classical shell theory and computational 
simulation. Classical shell analysis of the projectile indicated that the predicted impact loads would result in 
circumferential buckling. A computational simulation of a test was conducted with an impact/penetration model 
created by linking a rigid-body penetration trajectory code with a general-purpose finite element code. 
Scientific visualization of the resulting data revealed that circumferential buckling was induced by the impact 
conditions considered.  
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“Effects of geometric imperfections on vibration of compressed shear deformable laminated composite curved 
panels”. Acta Mechanica, 96, 203-224. 
ABSTRACT: The vibrational behavior of geometrically imperfect single and multilayered composite double-
curved shallow panels subjected to a system of tangential compressive/tensile edge loads in the pre- and 
postbuckling ranges is investigated. The effects of transverse shear deformations, lamination, the character of 
in-plane boundary conditions, and of transverse normal stress are incorporated and their influence is 
emphasized. Numerical illustrations enabling one to compare the obtained results based on higher order and 
first order shell theories with their classical counterparts, based on the Love-Kirchhoff model are presented and 
conclusions related to their range of applicability are outlined. 
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“A new technique for the prediction of buckling loads from nondestructive vibration tests”, Experimental 
Mechanics, Vol. 31, No. 2, pp 93-97, June 1991 
ABSTRACT: The paper presents a new technique for the prediction of buckling loads of structural elements 
with postbuckling unstable characteristics such as cylindrical shells. The technique introduced is based on the 
cubic parametric curve defined by the Hermite form, which is described in the paper. The technique requires as 
input the data obtained from vibration tests carried out on structural elements under compressive loading, 
specifically, the values of the applied load and the square of the measured corresponding natural frequency of 
vibration. The proposed technique is applied to a simplified cylindrical shell model and two cylindrical shells. A 
comparison between the predicted and the exact values of the buckling loads is presented for each case 
discussed in the paper, highlighting the accuracy of the proposed technique. 
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361005, China), “A Hermite reproducing kernel Galerkin meshfree approach for buckling analysis of thin 
plates”, Computational Mechanics, Vol. 51, No. 6, pp 1013-1029, June 2013 
ABSTRACT: A Hermite reproducing kernel Galerkin meshfree approach is proposed for buckling analysis of 
thin plates. This approach employs the Hermite reproducing kernel meshfree approximation that incorporates 
both the deflectional and rotational nodal variables into the approximation of the plate deflection and the C 1 
continuous approximation requirement for the Galerkin analysis of thin plates can be easily achieved herein. 



The strain smoothing operation is consistently introduced to construct the smoothed rotation and curvature 
fields which appear in the weak form governing the thin plate buckling. The domain integration of the weak 
form is carried out by the method of sub-domain stabilized conforming integration with the smoothed measures 
of rotation and curvature, as leads to an efficient discrete meshfree formulation for the eigenvalue problem of 
thin plate buckling. A series of benchmark buckling problems are presented to assess the proposed algorithm 
and the results uniformly demonstrate the present approach is very effective and it performs superiorly 
compared to the conventional Galerkin meshfree formulations whose domain integration are performed by 
Gauss quadrature rules. 
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ABSTRACT: A higher-order, geometrically nonlinear theory of transversely isotropic symmetrically laminated 
composite plates is formulated and their post-buckling behavior is analysed. The numerical illustrations 
emphasize the role played by transverse shear deformation, transverse normal stress, higher-order effects and 
the character of in-plane boundary conditions. The results obtained within the present higher-order theory are 
compared with those of first-order transverse shear deformation and classical (Kirchhoff) theory, and 
conclusions on their range of applicability and the influence of various parameters are outlined. 
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emphasize the role played by transverse shear deformation, transverse normal stress, higher-order effects and 
the character of in-plane boundary conditions. The results obtained within the present higher-order theory are 
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ABSTRACT: This paper discusses the thermally-induced geometrically nonlinear response of symmetrically 
laminated composite plates. The plate response is due to a temperature increase that is uniform in the plane of 
the plate but has a slight gradient through the thickness. The case of a completely uniform temperature increase 
but with an initial out-of-plane imperfection in the plate is also considered. Because they are closely allied 
problems, thermal buckling and postbuckling are discussed. Using variational methods in conjunction with a 
Rayleigh-Ritz formulation, these responses are investigated for two laminates, a (±45/0/90)s and a  
[+45/-45/02]s under two different simple support conditions, fixed and sliding. The effects of the principal 
material axes not being aligned with the edges of the plate, referred to here as material axis skewing, are also 
investigated. The study concludes that while differences between buckling temperatures for the two support 
conditions are small, support conditions can have a large influence on the thermally-induced nonlinear response. 
In general, plates with fixed simple supports deflect out-of-plane more than plates with sliding simple supports. 
In addition, support conditions can influence modal interaction. Skewing of the material axes decreases the 
buckling temperatures of both laminates and, like fixed support conditions, causes increased deflections. 
Skewing also influences modal interaction. 
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ABSTRACT: This study discusses the results of a layer-by-layer analysis of a thick-walled cross-ply graphite-
epoxy cylinder subjected to external hydrostatic pressure. The analysis, which is valid away from the ends of 
the cylinder and is based on a generalized plane deformation elasticity solution for each layer, considers inter- 
and intralaminar stresses. Cylinders with 102 layers and radius to wall thickness ratios of 5 and 10 are studied. 
The influence of cur ing stresses are evaluated. For possible application to testing, the response of a thick lami 
nated ring is compared to the response of a cylinder. The idea of smearing the 102 layers into an equivalent 
single layer is discussed and the results of a smeared analysis are com pared with the layer-by-layer analysis. 
Finally, the responses of glass-epoxy and metallic cylinders are compared with the response of the graphite-



epoxy cylinder. The primary findings of the study are: (1) the radial strain distribution through the thickness of 
the graphite-epoxy cylinder changes from extension at the inner radius to compression at the outer radius. This 
is different than the radial strain distributions through the glass-epoxy and metallic cylinders. The radial strains 
for these cylinders are everywhere extensional. (2) The magnitude of the curing stresses are much smaller than 
the stresses due to hydro static pressure. (3) The smearing technique works very well, the response predicted by 
the single-layer analysis being indistinguishable from the response predicted by the layer-by-layer analysis. (4) 
The high level of orthotropy of the graphite-epoxy causes a higher fiber loading than occurs for glass-epoxy. 
This effect could amplify any imperfections, e.g., fiber waviness, in the compressively loaded fibers and could 
lead to premature failure. 
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buckling resistance of composite plates with central circular holes”, Composite Structures, Vol. 18, No. 3, 1991, 
pp. 239-261, doi:10.1016/0263-8223(91)90035-W 
ABSTRACT: This paper explores the gains in buckling performance that can be achieved by deviating from the 
conventional straightline fiber format and considering the situation whereby the fiber orientation in a layer, or a 
group of layers, can vary from point to point in the plane of the plate. The particular situation studied is a 
simply-supported square plate with a centrally located hole loaded in compression. By using both a sensitivity 
analysis and a gradient-search technique, fiber orientation in a number of regions of the plate are selected so as 
to increase the buckling load relative to baseline straightline designs. The sensitivity analysis is used to 
determine which regions of the plate have the most influence on buckling load, and the gradient search is used 
to find the design that is believed to represent the absolute maximum buckling load for the conditions 
prescribed. Convergence studies and sensitivity of the final design are discussed. By examining the stress 
resultant contours, it is shown how the curvilinear fibers move the load away from the unsupported hole region 
of the plate to the supported edges, thus increasing the buckling capacity. The tensile capacity of the improved 
buckling design is investigated, and it is shown that both tensile capacity and buckling capacity can be 
improved with the curvilinear fiber concept. 
 
 
Hannes P. Fuchs and Michael W. Hyer, “The nonlinear bending response of thin-walled laminated composite 
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Dallas, TX; UNITED STATES; 13-15 Apr. 1992. pp. 70-78. 1992. (See also, Composite Structures, Vol. 22, 
No. 2, 1992, pp. 87-107, doi:10.1016/0263-8223(92)90070-S) 
ABSTRACT: The geometrically nonlinear Donnell shell theory is applied to the problem of stable bending of 
thin-walled circular cylinders. Responses are computed for cylinders with a radius-to-thickness ratio of 50 and 
length-to-radius ratios of 1 and 5. Four laminated composite cylinders and an aluminum cylinder are 
considered. Critical moment estimates are presented for short cylinders for which compression-type buckling 
behavior is important, and for very long cylinders for which the cross-section flattening, i.e., Brazier effect, is 
important. A finite element analysis is used to estimate the critical end rotation in addition to establishing the 
range of validity of the prebuckling analysis. The radial displacement response shows that the character of the 
boundary layer is significantly influenced by the geometric nonlinearities. Application of a first ply failure 
analysis using the maximum stress criterion suggests that in nearly all instances material failure occurs before 
buckling. Failure of the composite cylinders can be attributed to fiber breakage. Striking similarities are seen 
between the prebuckling displacements of the bending problem and axial compression problem for short 
cylinders. 
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Polytechnic Inst. and State Univ., Blacksburg. Dept. of Engineering Science and Mechanics. (Posted on The 
Smithsonian/NASA Astrophysics Data System) 
ABSTRACT: A numerical and experimental investigation of the bending behavior of six eight-ply graphite-
epoxy circular cylinders is presented. Bending is induced by applying a known end-rotation to each end of the 
cylinders, analogous to a beam in bending. The cylinders have a nominal radius of 6 inches, a length-to-radius 
ratio of 2 and 5, and a radius-to-thickness ratio of approximately 160. A (+/- 45/0/90)S quasi-isotropic layup 
and two orthotropic layups, (+/- 45/0 sub 2)S and (+/- 45/90 sub 2)S, are studied. A geometrically nonlinear 
special-purpose analysis, based on Donnell's nonlinear shell equations, is developed to study the prebuckling 
responses and gain insight into the effects of non-ideal boundary conditions and initial geometric imperfections. 
A geometrically nonlinear finite element analysis is utilized to compare with the prebuckling solutions of the 
special-purpose analysis and to study the buckling and post buckling responses of both geometrically perfect 
and imperfect cylinders. The imperfect cylinder geometries are represented by an analytical approximation of 
the measured shape imperfections. Extensive experimental data are obtained from quasi-static tests of the 
cylinders using a test fixture specifically designed for the present investigation. A description of the test fixture 
is included. The experimental data are compared to predictions for both perfect and imperfect cylinder 
geometries. Prebuckling results are presented in the form of displacement and strain profiles. Buckling end-
rotations, moments, and strains are reported, and predicted mode shapes are presented. Observed and predicted 
moment vs. end-rotation relations, deflection patterns, and strain profiles are illustrated for the post buckling 
responses. It is found that a geometrically nonlinear boundary layer behavior characterizes the prebuckling 
responses. The boundary layer behavior is sensitive to laminate orthotropy, cylinder geometry, initial geometric 
imperfections, applied end-rotation, and non-ideal boundary conditions. Buckling end-rotations, strains, and 
moments are influenced by laminate orthotropy and initial geometric imperfections. Measured buckling results 
correlate well with predictions for the geometrically imperfect specimens. The postbuckling analyses predict 
equilibrium paths with a number of scallop-shaped branches that correspond to unique deflection patterns. <The 
observed postbuckling deflection patterns and measured strain profiles show striking similarities to the 
predictions in some cases. &Ultimate failure of the cylinders is attributed to an interlaminar shear failure mode 
along the nodal lines of the postbuckling deflection patterns. 
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Cambridge: Woodhead, 1993. pp. 410–417. 
ABSTRACT: A numerical and experimental study of the behavior of unstiffened thin-walled graphite-epoxy 
cylindrical shells subjected to bending loads is presented. Eight-ply quasi-isotropic and orthotropic shells were 
subjected to bending in a special test fixture. The experimental prebuckling, buckling, and postbuckling 
responses are compared to predictions from geometrically nonlinear analyses. It is found that a geometrically 
nonlinear boundary layer behavior characterizes the prebuckling responses. Discrepancies between predicted 
and observed strain amplitudes indicate that shape imperfections and other localized imperfections influence the 
prebuckling responses, causing a reduction in the predicted buckling resistance. Ultimate failure is attributed to 
excessive postbuckling deformations. 
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“The nonlinear prebuckling response of short thin-walled laminated composite cylinders in bending”, 
Composite Structures, Vol. 34, No. 3, March 1996, pp. 309-324, doi:10.1016/0263-8223(95)00152-2 
ABSTRACT: The geometrically nonlinear Donnell shell theory is used to determine the prebuckling response 



of short thin-walled laminated circular cylinders in bending. Bending is induced by a known rotation of the 
clamped cylinder ends. The equilibrium equations and strain-displacement equations are manipulated so the 
governing partial differential equations are in first-order form. Using the separation of variables technique, 
along with a harmonic expansion in the circumferential direction, these first-order partial differential equations 
are converted to first-order ordinary differential equations. These equations are solved numerically using a 
finite-difference procedure and prebuckling responses are computed for cylinders with a radius: thickness ratio 
of 160 and length: radius ratios of 2 and 5. The range of validity of the prebuckling solution is limited by the 
critical, or previous termbuckling,next term end rotation, which is estimated by the simple classical method. 
The use of the classical estimate is justified by comparing it with more rigorous approaches. Three laminated 
composite cylinders are considered: an axially stiff [minus-or-plus 45/02]s  layup, a circumferentially stiff 
[minus-or-plus 45/902]s  layup, and a quasiisotropic [minus-or-plus 45/0/90]s  layup. The displacement 
response is discussed for each cylinder as a function of axial and circumferential location, with particular 
emphasis on the character of the radial displacement and the boundary layer associated with the nonlinear 
response. Comparisons with a geometrically linear analysis are made. An analog with the axial compression 
problem is developed and valuable information about boundary layer length as a function of laminate material 
properties and applied end rotation is presented. In addition, the role of the laminate Poisson's ratio nu(xtheta)  
on the displacement behavior is discussed. 
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“Response Of Elliptical Composite Cylinders To Internal Pressure Loading”, Mechanics of Advanced Materials 
and Structures, Vol. 4, No.e 4, 1997, pp. 317 – 343, doi: 10.1080/10759419708945887 
ABSTRACT: The results from semianalytical predictions and experiments are used to study the response of 
composite cylinders with elliptical cross sections haded with internal pressure. The results for ellipses are 
contrasted to the case of circular cylinders. The semianalytical approach is based on the methods of Marguerre, 
Rayleigh-Ritz, and Kantorovich, the radius of curvature end the displacements being approximated by 
expansions in harmonic series in the circumferential arc-length coordinate, and the coefficients of the 
displacement series being unknown functions of x that are solved for using the finite-difference method. The 
experiments are described and results for a circular and an elliptical quasi-isotropic cylinder loaded to 1 aim 
internal pressure are compared with predictions. Correlations between the predictions and the experiments are, 
in general, quite good. 
 
 
Michael Hyer,  Eric Johnson,  Scott Hendricks   Saad Ragab,  Scott A. Ragon, “Development of a Global/Local 
Approach and a Geometrically Non-linear Local Panel Analysis for Structural Design (1998), (no publisher or 
conference given), http://scholar.lib.vt.edu/theses/available/etd-923 
ABSTRACT: A computationally efficient analysis capability for the geometrically non-linear response of 
compressively loaded prismatic plate structures was developed. Both a "full" finite strip solution procedure and 
a "reduced" solution procedure were implemented in a FORTRAN 90 computer code, and comparisons were 
made with results available in the technical literature. Both the full and reduced solution procedures were 
demonstrated to provide accurate results for displacement and strain quantities through moderately large post-
buckling loads. The full method is a non-linear nite strip analysis of the semi-analytical, multi-term type. 
Individual finite strips are modeled as balanced and symmetric laminated composite materials which are 
assumed to behave orthotropically in bending, and the structure is loaded in uniaxial or biaxial compression. 
The loaded ends of the structure are assumed to be simply supported, and geometric shape imperfections may 
be modeled. The reduced solution method makes use of a reduced basis technique in conjunction with the full 
nite strip analysis. Here, the potentially large set of non-linear algebraic equations produced by the finite strip 
method are replaced by a small set of system equations. In the present implementation, the basis vectors consist 
of successive derivatives of the non-linear solution vector with respect to a loading parameter. Depending on 
the nature of the problem,... 
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“Prebuckling and Postbuckling Response of Tailored Composite Stiffened Panels with Axial-Shear Coupling”, 
AIAA Paper 2000-1459, 41st AIAA Structures, Structural Dynamics and Materials Conference, 2000 
ABSTRACT: Results of a numerical parametric study of the prebuckling and postbuckling response of tailored 
composite stiffened panels with axial-shear coupling are presented. In the stiffened panels, axial-shear stiffness 
coupling is created by rotating the stiffener orientation and tailoring the skin laminate anisotropy. The panels 
are loaded in axial compression and the effects of stiffener orientation and skin anisotropy on the panel 
stiffness, buckling parameters, and axial-shear coupling response are described. Results are obtained from a 
nonlinear general shell finite element analysis computer code. The prebuckling and postbuckling responses can 
be affected by both the stiffener orientation and skin laminate anisotropy, and the effects are different and load 
dependent. The results help identify different mechanisms for axial-shear coupling, and show that a load-
dependent structural response can be controlled by selecting appropriate stiffener and skin parameters. 
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doi: 10.1177/0892705702015002445 
ABSTRACT: This paper briefly discusses the influences of through-thickness thermal expansion, a misaligned 
ply, and a resin-rich slightly thicker ply on the deformations of a curved composite laminate during cool down 
from the cure temperature. Both two-dimensional and three-dimensional level finite-element analyses are used. 
The deformations are categorized as to radial and tangential deformations and twist, and for each of the three 
influences, these deformations are quantified. An additional outcome of the study is an indication of the level of 
analysis needed to study each of these three influences. 
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ABSTRACT: The response characteristics of composite cylinders constructed in four circumferential segments 
are discussed. Two cylinder configurations, referred to as axially stiff and circumferentially stiff cylinders, are 
studied. Numerical results from STAGS finite element analyses are presented and include predicted radial 
displacements and selected stress resultants. Compressive loading into the postbuckling range by an axial 
endshortening is considered. The results show that, as the endshortening increases toward the buckling value, 
some segments of the cylinders begin to develop axial wrinkles, whereas other segments remain relatively 
unwrinkled. For the two cylinders considered here, the wrinkling of the segments is correlated with the level of 
axial stress resultant supported in the segment. Load drops of 20 and 57% for the axially stiff and 
circumferentially stiff cylinders, respectively, are predicted for levels of endshortening beyond the buckling 
values. The postbuckled cylinders are characterized by regions of large localized inward dimples and outward 
ridges in the radial displacement pattern. These regions are sites of large-magnitude axial and transverse shear 
stress resultants. 
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ABSTRACT: By varying the thickness of the cylinder wall with circumferential position, the axial buckling 
capacities of homogeneous, isotropic cylindrical shells with elliptical cross sections are improved. The classic 
buckling stress relation for a uniform-thickness homogeneous, isotropic circular cylindrical shell is applied to 
cylinders with elliptical cross sections. It is assumed that this relation can be used to design the wall thicknesses 
of elliptical cylinders as a function of circumferential location to compensate for the negative effects of the 
variation of the radius of curvature with circumferential location. Three variable-thickness elliptical cylinder 
designs are proposed, and analytical expressions for the thickness variation, cross-sectional area, axial buckling 
stress, axial buckling stress resultant, and axial buckling load for each design are derived. Predictions from the 
analytical development are then compared with finite element analyses of the three designs. So-called small and 
large cylinders with three values of eccentricity are considered. The comparisons between the finite element 
results and the analytic predictions are quite good. It is shown that considerable improvement in axial buckling 
capacity can be achieved with the thickness-tailoring technique, and in some cases the axial capacity of the 
circular cylinder with the same circumference is achieved. 
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cylinder: Application to orthogrid concept”, International Journal of Solids and Structures, Vol. 46, No. 10, 
May 2009, pp. 2151-2171, Special Issue in Honor of Professor Liviu Librescu, 
doi:10.1016/j.ijsolstr.2008.08.033 
ABSTRACT: A novel re-defining of the orthotropic material properties in terms of a so-called associated 
geometric mean isotropic (GMI) material is used to develop a thorough buckling analysis of an axially-loaded 
orthotropic circular cylinder. A membrane prebuckling condition is assumed and an expression for the buckling 
stress is derived in terms of cylinder geometry, orthotropic material properties, and the number of waves in the 
buckling deformation pattern in the axial and circumferential directions. By assuming the number of waves in 
each direction are real-valued variables, as opposed to integers, conditions which result in stationary values of 
the buckling stress are sought, and once found, examined for their character as regards representing minima, 
maxima, or saddle points. Three quite different buckling characteristics are predicted, the particulars depending 



on the shear modulus of the orthotropic material relative to that of the associated GMI material. It is shown that 
if the shear modulus of the orthotropic material is greater than the shear modulus of the associated GMI 
material, the cylinder buckles into a unique axisymmetric deformation pattern. If the shear modulus of the 
orthotropic material is less than the shear modulus of the associated GMI material, the cylinder buckles into a 
unique nonaxisymmetric deformation pattern. If the shear modulus of the orthotropic material is exactly equal 
to the shear modulus of the associated GMI material (this is the situation for an isotropic cylinder), the cylinder 
can buckle into either axisymmetric or nonaxisymmetric deformation patterns. Moreover it is shown that, in this 
case, there exists a number of deformation patterns, all at essentially the same stress level. Closed-form lower-
bound expressions for the buckling stress are developed using the adopted notation, the value of the shear 
modulus relative to the shear modulus of the GMI material determining which expression is applicable. The 
results of this analysis are applied to a circular cylinder constructed of a lattice structure consisting of helical 
and circumferential ribs, a so-called orthogrid lattice cylinder, where it is assumed that the ribs of the lattice 
structure are dense enough to be able to represent the elastic properties of the lattice with an equivalent 
homogenized orthotropic material. An isogrid cylinder, where the helical rib angle is 30° relative to the axial 
direction, is a special case. The orthotropic cylinder analysis is reformulated in terms of the material properties 
of the ribs and the angle of the helical ribs. For this situation the isogrid case is the GMI material, and the rib 
angle determines whether the shear modulus of the equivalent orthotropic material is greater than or less than 
the GMI material. This translates into the character of the buckling deformations depending directly on the rib 
angle. 
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ABSTRACT: The equations for the free vibration of an elliptic cylindrical shell of constant thickness were 
derived using a Ritz approach. A higher order shell theory is employed that includes the effects of shear 
deformation, rotary inertia, and symmetric and antisymmetric thickness stretch deformations. The frequency-
wavenumber spectrum has seven branches: flexural, extensional, torsional, two thickness shear, and two 



thickness stretch. The resulting seven coupled algebraic equations are symmetric and positive definite. The shell 
has a constant thickness, h, finite length, L, and is “simply supported” at its ends, (z = 0,L), where z is the axial 
coordinate. The elliptic cross-section is defined by the shape parameter, a, and the half-length of the major axis, 
I. The modal solutions are expanded in a doubly infinite series of comparison functions in terms of circular 
functions in the angular and axial coordinates. Numerical results for the natural frequencies were obtained for 
two values of h/I and L/I, and various shape parameters, including the limiting case of a simply supported 
cylindrical shell (a ≈ 100). 
 
 
Luc Wullschleger, “Numerical investigation of the buckling behavior of axially compressed circular cylinders 
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Zurich,  2006 
ABSTRACT: Accurate analysis concerning static instability and reliable appointment of the buckling loads is 
important for safe design of thin-walled shell structures. Real shells contain geometric imperfections and other 
deviations from nominal values which have to be considered, as for buckling analyses on the basis of ideal 
conditions extreme discrepancies between prediction and test data can result. This thesis deals with the buckling 
behaviour of thin-walled, unstiffened cylinders under pure axial compression because of their extraordinary 
sensitivity to imperfections in the shell geometry. The parameters required for an application of real 
imperfections in a buckling analysis are difficult to be specified. And measured values of real imperfections for 
the design of any new cylinder shell are hardly available. In the absence of such data in most cases buckling 
patterns are used that result for perfect geometry and whose buckling patterns can be described with harmonic 
displacement functions. For safe shell design that imperfection shape is significant which yields the minimum 
buckling load. But, in general neither the geometry nor the amplitudes of the buckling patterns which contribute 
to the most damaging imperfection shape are known a priori. In addition, the monotone wavelike dimples 
forming the buckling patterns of perfect cylinders enclose the entire shell surface, and hence localized 
irregularities like single dents or bulges of different amplitude are insufficiently included. Consequently, due to 
the lack of adequate imperfections parameters, cylindrical shells still have to be designed by use of reduction 
factors to be applied to the analytical buckling loads for perfect cylinders. These reduction factors consider 
smallest empirical values and therefore provide critical loads which appear to be rather conservative. Moreover, 
such instructions exist for steel and other isotropic shell materials but not for laminated composite cylinders, for 
instance.  
For these reasons the thesis on hand focusses on cylinders having localized imperfections in form of local 
inward or outward dimples. To investigate the influences of a single initial dimple on the instability behaviour 
of such cylinders, and separate from any effect of other irregularities, discrete parametric dents or bulges were 
added to FE models of unstiffened circular cylinders of otherwise perfect geometry. The chosen shape of a 
parametric dimple allowed to investigate the influence of its initial amplitude, its initial axial height, its initial 
circumferential width, and its axial position systematically and independently of other parameters. With regard 
to the absence of practical design recommendations for laminated composite cylinders the thesis on hand covers 
analyses of isotropic as well as of laminated CFRP shells.  
Several parameter studies were conducted for a number of cylinders having dimples of different  initial 
amplitude but fixed initial circumferential width and axial height. In addition, for a few cylinders and for some 
predefined initial amplitudes the initial axial height and circumferential width to the dimple was searched which 
reduce the axial cylinder stability the most. Finally the influence of the relative position of a second identical 
dent to the load carrying capacity was investigated. These series of analyses aimed at investigating whether 
there are single, localized initial dimples which reduce the nominal axial buckling load of an unstiffened 
circular cylinder more than imperfections derived from classical buckling patterns of ideal shells, and whether 
there is a worst geometry of such a single dimple imperfection. Further: is the instability behaviour  the same 
for isotropic shells as for laminated composite shells having such a localized dimple imperfection? And, is there 
an important interaction between two initial dimples?  
The dimple-parameter studies required a large amount of static and transient dynamic FE analyses. Most of the 
calculations performed were nonlinear buckling analyses, i.e. nonlinear static stress analyses under 
consideration of large displacements and rotations using Updated Lagrangian formulations with additional 
linear eigenvalue calculations, conducted after a selected number of small loading steps to determine the 



stability of pre-buckling states of stress and deformation. To manage the large number of shells with different 
bucking loads and behaviour considered, the nonlinear buckling analysis was adapted for an adaptive load step 
control which utilizes the intermediately extracted eigenvalues. For a selection of cylinders and dimples 
additional nonlinear transient dynamic analyses were conducted in order to research into the particular 
deformation processes of such shells under axial loading. Because of the relatively slow compression velocities 
assumed the implicit "single-step Houbolt” method for time integration was preferred to the more common 
explicit operators. To reduce the number of time increments needed for stepwise convergence significant inertia 
damping was introduced.  
In a classical analysis, for ideal, thin-walled unstiffened isotropic circular cylinders of medium length under 
pure axial compression the load-carrying capacity can be predicted analytically by means of simple equations. 
These equations follow from solving the coupled partial differential equations for equilibrium and compatibility 
in simply-supported cylinder with harmonic functions. There are also closed-form solutions of the Donnell-type 
shell equations available for thin-walled orthotropic composite cylinders. Such a classical analysis, however, is 
applicable exclusively for perfect cylinder geometry.  
For the imperfection shapes and sizes considered no test results were available against which the FE analysis 
results could have been benchmarked. Instead, they are supported by convincing results of such calculations for 
similar cylinders with perfect geometry and for laminated CFRP cylinders with their measured imperfections 
included. The results of the ideal cylinders could be compared with values achieved with classical analyses, 
whereas for the analysis results of the CFRP shells with measured imperfections test data was available for 
comparisons.  
The asymmetrically laminated CFRP cylinders analysed stem from a preceding European project which focused 
on the correlation of measured buckling loads of test cylinders with analytical and numerical buckling load 
predictions. The FE analyses of these shells have shown that for such cylinders calculated buckling loads close 
to test values may be attained if measured imperfections are included in the analysis. It was further found that 
the consideration of imperfections requires the use of FE analysis methods which take geometric nonlinearity 
into account. The nonlinear buckling and transient dynamic FE analyses of these  CFRP cylinders with perfect 
geometry and with measured imperfections applied finally provided the basis for the FE analyses of such 
cylinders having a single localized dimple.  
The FE analyses of cylinders with an initial local dent or bulge yielded particular deformation processes 
including different local buckling phenomena which were hardly known from unstiffened circular cylinders 
with neither perfect geometry nor with imperfections distributed over the entire shell surface. Nevertheless, by 
means of systematic parameter variation some interrelationships between the results and the nominal 
dimensions of the cylinder and the dimple could be derived.  
The initial circumferential curvature of a shell in the dimple plays a decisive role in the deformation process of 
the cylinders and in the run of their FE analyses. The differences in the behaviour pattern and the initial 
curvature led to a distinction between "shallow" and "deep" dents. Shallow dents with an initial amplitude 
smaller than a certain marginal depth provoke a distinct local buckling with a sudden snapping inwards of the 
dent to form a local flattened shell strip of reduced geometric axial stiffness. Deep dents, in turn, result in a 
continuous local flattening of the shell without any dynamic local-buckling incident prior to the total cylinder 
collapse.  
Localized, shallow dents of particular initial circumferential width and axial height reduce the buckling load as 
much as axisymmetric inward dimples of identical initial amplitude. And a non-axisymmetric, shallow dent of 
adequate initial width and height may be as damaging as an imperfection-pattern that is given by a classical 
buckling mode of initial amplitude that is half the initial amplitude of the dent. Further, localized non-
axisymmetric bulges impair the load carrying capacity less than localized dents of the same absolute initial 
amplitude, width, and height. Finally, the buckling load of a cylinder with single localized dent is only little 
different from that of a cylinder having two dents of identical size.  
For isotropic cylinders the initial axial heights of dimples that reduces the buckling load the most for a 
preselected initial depth is close to the wavelength for classical axisymmetric buckling of a perfect cylinder. 
The initial circumferential widths of the worst dent is between two to three times the initial height, whereas the 
worst bulge is always axisymmetric.  
The studies yielded that the cylinder length is also decisive for the local deformation processes of the shell in 
and in the adjacency of the initial dimples (local buckling) observed. The design recommendations in standards 



and literature considered for thin-walled, unstiffened isotropic cylinders under axial compression are 
conservative if the nominal radius and wall-thickness as well as the nominal cylinder length are taken into 
account.  
For the laminated cylinders investigated accurate and general predictions of minimal buckling loads and of 
critical dimple dimensions could not be derived on basis of the cylinder geometry alone as the buckling 
behavior patterns of such shells depend strongly on the laminate stacking. However, there was no indication that 
any laminated cylinder with any non-axisymmetric dimple results in a lower buckling load than anisotropic 
cylinder of identical radius, length and wall thickness also having a non-axisymmetric dimple. 
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ABSTRACT: The implementation of the element free Galerkin method (EFG) for spatial thin shell structures is 
presented in this paper. Both static deformation and free vibration analyses are considered. The formulation of 
the discrete system equations starts from the governing equations of stress resultant geometrically exact theory 
of shear flexible shells. Moving least squares approximation is used in both the construction of shape functions 
based on arbitrarily distributed nodes as well as in the surface approximation of general spatial shell geometry. 
Discrete system equations are obtained by incorporating these interpolations into the Galerkin weak form. The 
formulation is verified through numerical examples of static stress analysis and frequency analysis of spatial 
thin shell structures. For static load analysis, essential boundary conditions are enforced through penalty method 
and Lagrange multipliers while boundary conditions for frequency analysis are imposed through a weak form 
using orthogonal transformation techniques. The EFG results compare favorably with closed-form solutions and 
that of finite element analyses. 
 
 
Maurizio Paschero, “Improvement of the axial buckling capability of elliptical cylindrical shells”, Dissertation 
submitted to Virginia Polytechnic Institute and State University, March 2008 (See also, AIAA Journal, Vol. 47, 
No. 1, 2009, pp. 142-156) 
ABSTRACT: A rather thorough and novel buckling analysis of an axially-loaded orthotropic circular 
cylindrical shell is formulated. The analysis assumes prebuckling rotations are negligible and uses a unique re-
defining of the orthotropic material properties in terms of a so-called geometric mean isotropic (GMI) material. 
Closed-form expressions for the buckling stress in terms of cylinder geometry and orthotropic material 
properties are presented, the particular closed form depending on the specific character of the orthotropic 
material relative to the GMI material. With the formulation, the specific character of the buckling deformations 
- e.g., axisymmetric or nonaxisymmetric, the number of axial and circumferential waves - can be established. 
By using the maximum radius of curvature of an elliptical cross section in this formulation, the analysis is used 
to demonstrate the detrimental effects of an elliptical cross section on axial buckling capacity when compared to 
a circular cross section with the same circumference. Using the circumferentially-varying radius of curvature of 
an elliptical cross section, the analysis is then further used as the basis for developing two methods for 
improving the axial buckling capacity of elliptical cylinders. The first approach involves varying the wall 
thickness of an isotropic elliptical cylinder with circumferential position. Uniformly stable elliptical cross 
sections which preserve the same critical stress, critical load, or volume of an axially loaded circular cylinder of 
the same circumference are designed with the formulation. The second approach involves maintaining a 
uniform wall thickness but varying the orthotropic material properties with circumferential position. This 
approach is applied to a cylindrical lattice structure where it is assumed that the ribs are dense enough to be able 
to describe the lattice structure by means of an equivalent homogenized material. The orthotropic properties of 
the homogenized material are varied by varying the lattice rib angle with circumferential position. Considerable 
recovery of the axial buckling capacity of the variable-rib-angle design elliptical cylinder compared to the same 
cylinder constructed in isogrid fashion is demonstrated. In fact, recovery relative to an isogrid circular cylinder 



of the same circumference is demonstrated. For both approaches confirming finite element models are used to 
verify the findings. The two different approaches are compared, and finally the two approaches are recognized 
as special cases of a more general design philosophy. 
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ABSTRACT: Large amplitude vibration tests of thin-walled aluminum cylindrical shells were performed to 



validate results of theoretical analysis. The tests were carried out on four shells with practically clamped-
clamped boundary conditions, two of them were perfect and the other two with built-in imperfections. The 
vibration behaviors of shell responses at large amplitudes of interest are the dependence of resonant frequency 
on the response levels and the possibility of response in the form of traveling waves. Parameters of the study 
were axial loads, geometric imperfections of the shell, excitation levels and direction of excitation frequency 
sweep. Comparison between the experimental and the theoretical results showed good agreements qualitatively.  
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Nicole L. Breivik, “Thermal and Mechanical Response of Curved Composite Panels”, PhD Dissertation, 
Department of Engineering Mechanics, Virginia Polytechnic Institute and State University, Blacksburg, 
Virginia, USA, June 1997, 
URN: etd-06112003-202738 
ABSTRACT: Curved panels constructed of laminated graphite-epoxy composite material are of potential 
interest in airframe fuselage applications. An understanding of structural response at elevated temperatures is 
required for anticipated future high speed aircraft applications. This study concentrates on the response of 
unstiffened, curved composite panels subjected to combinations of thermal and mechanical loading conditions. 
Mechanical loading is due to compressive end-shortening and thermal loading is due to a uniform temperature 
increase. Thermal stresses, which are induced by mechanical restraints against thermal expansions or 
contractions, cause buckling and postbuckling panel responses. Panels with three different lamination sequences 
are considered, including a quasi-isotropic laminate, an axially soft laminate, and an axially stiff laminate. 
These panels were chosen because they exhibit a range of stiffnesses and a wide variation in laminate 
coefficients of thermal expansion. The panels have dimensions of 10 in. by 10 in. with a base radius of 60 in. 
The base boundary conditions are clamped along the curved ends, and simply supported along the straight 
edges. Three methods are employed to study the panel response, including a geometrically nonlinear Rayleigh-
Ritz solution, a finite element solution using the commercially available code STAGS, and an experimental 
program. The effects of inplane boundary conditions and radius of curvature are studied analytically, along with 
consideration of order of application in combined loading. A substantial difference is noted in the nonlinear 
load vs. axial strain responses of panels loaded in end-shortening and panels loaded with uniform temperature 
change, depending on the specific lamination sequence, boundary conditions, and radius of curvature. 
Experiments are conducted and results are presented for both room temperature end-shortening tests and 
elevated temperature tests with accompanying end-shortening. The base finite element model is modified to 
include measured panel thicknesses, boundary conditions representative of the experimental apparatus, 
measured initial geometric imperfections, and measured temperature gradients. With these modifications, and 
including an inherent end displacement of the panel present during thermal loading, good correlation is obtained 
between the experimental and numerically predicted load vs. axial strain responses from initial loading through 



postbuckling. 
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“Buckling and Postbuckling Behavior of Curved Composite Panels Due to Thermal and Mechanical Loading”,  
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doi: 10.1177/073168449801701404 
ABSTRACT: The buckling and postbuckling responses of unstiffened cylindrically curved composite panels 
are studied using the finite element code STAGS and a geometrically nonlinear Rayleigh-Ritz solution. Loading 
is either through axial end-shortening at a fixed spatially uniform temperature, or it is temperature-induced due 
to the thermal stresses that arise when the spatially uniform temperature is increased while axial end 
displacement is restrained to be zero. Comparisons are made between two sets of boundary conditions and three 
laminates. Buckling and postbuckling responses are found to be strongly dependent on material orthotropy and 
are substantially affected by the amount of circumferential restraint along the straight edge boundaries. 
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Laminated Plates Subjected to Shear and Linearly Varying Axial Edge Loads”, NASA Technical Paper 3659, 
July 1997 
ABSTRACT: A parametric study of the buckling behavior of infinitely long symmetrically laminated 
anisotropic plates that are subjected to linearly varying edge loads, uniform shear loads, or combinations of 
these loads is presented. The study focuses on the effects of the shape of linearly varying edge load distribution, 
plate orthotropy, and plate flexural anisotropy on plate buckling behavior. In addition, the study examines the 
interaction of linearly varying edge loads and uniform shear loads with plate flexural anisotropy and orthotropy. 
Results obtained by using a special purpose non-dimensional analysis that is well suited for parametric studies 
of clamped and simply supported plates are presented for [±theta]s thin graphite-epoxy laminates that are 
representative of spacecraft structural components. Also, numerous generic buckling-design charts are 
presented for a wide range of nondimensional parameters that are applicable to a broad class of laminate 
constructions. These charts show explicitly the effects of flexural orthotropy and flexural anisotropy on plate 
buckling behavior for linearly varying edge loads, uniform shear loads, or combinations of these loads. The 
most important finding of the present study is that specially orthotropic and flexurally anisotropic plates that are 
subjected to an axial edge load distribution that is tension dominated can support shear loads that are larger in 
magnitude than the shear buckling load. 
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“Compressive failure of composites, part I: Testing and micromechanical theories”, Progress in Aerospace 
Sciences, Vol. 32, No.1, 1996, pp. 1-42, doi:10.1016/0376-0421(94)00002-3 
ABSTRACT: When structures made of composite materials are designed to be used in load bearing 
applications, a primary consideration is the evaluation of their load carrying capacity in compression. To this 
end, a vast number of research investigations, whose main objective is linked to ascertaining the compressive 
strength of a composite structure has been carried out and/or is currently being performed. Apart from its 
practical significance, the complexity associated with the task of predicting compression strength is the main 
reason for the overt attention this problem is receiving. One such difficulty has been associated with testing. 
When laboratory tests are carried out to determine compression strength, structural instabilities dictated by the 
geometry of the structure may interfere with material strength dictated by the mechanical properties of the 
constituents and their alignment and geometry (needed to describe the microstructure of the material). In 
addition stress concentrations may occur at undesirable locations. In Part I, issues pertaining to compression 
testing and micromechanical failure theories are reviewed. 
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“Compressive failure of composites, part II: Experimental studies”, Progress in Aerospace Sciences, Vol. 32, 
No. 1, 1996, pp. 43-78, doi:10.1016/0376-0421(94)00003-4 
ABSTRACT: In Part I of this two part sequence, issues related to compression testing of composites and 
micromechanical failure models were reviewed. The present paper (Part II) is written with a focus on 
understanding experimental studies that have been carried out to illuminate those micromechanical influences 
that affect compression strength. The use of model composites to study compression failure is discussed. The 
advantages and disadvantages of the many different experimental techniques to measure fiber strengths are 
presented. Many suggestions for future investigations are given. 
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22 April 2004, Palm Springs, California 
ABSTRACT: Thin-walled cylinders, used in a variety of engineering applications, are often subjected to 
situations where the applied loading is not limited to a single loading type. The introduction of multiple loads 
alters the stability characteristics of the system in a manner that must be understood to maintain structural 
integrity and abide by safety regulations. The present study investigates the elastic buckling response of thin-
walled cylindrical shells under a combination of torsional loads and circumferentially-varying thermal loads.  
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“Stability and finite strain of homogenized structures soft in shear: sandwich or fiber composites, and layered 
bodies”, International Journal of Solids and Structures, Vol. 43, pp 1571-1593, 2006 
ABSTRACT: The stability theories energetically associated with different finite strain measures are equivalent 
if the tangential moduli are transformed as a function of the stress. However, for homogenized soft-in-shear 
composites, they can differ greatly if the material is in small-strain and constant elastic moduli measured in 
small-strain tests are used. Only one theory can then be correct. The preceding variational energy analysis 
showed that, for sandwich columns and elastomeric bearings, respectively, the correct theories are Engesser’s 
and Haringx’s, associated with Green’s and Almansi’s Lagrangian strain tensors, respectively. This analysis is 
reviewed, along with supporting experimental and numerical results, and is then extended to arbitrary 
multiaxially loaded homogenized soft-in-shear orthotropic composites. It is found that, to allow the use of 
constant shear modulus when the material is in small strain, the correct stability theory is associated with a 
general Doyle–Ericksen finite strain tensor of exponent m depending on the principal stress ratio. Further it is 
shown that the standard updated Lagrangian algorithm for finite element analysis, which is associated with 
Green’s Lagrangian finite strain, can give grossly incorrect results for homogenized soft-in-shear structures and 
needs to be generalized for arbitrary finite strain measure to allow using constant shear modulus for critical 
loads at small strain.  
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“Postcritical imperfection sensitivity of sandwich or homogenized orthotropic columns soft in shear and in 
transverse deformation”, International Journal of Solids and Structres, Vol. 43, pp 5501-5t24, 2006 
ABSTRACT: The previous energetic variational analysis of critical loads and of the choice of finite strain 
measure for structures very weak in shear, remaining in a state of small strain, is extended to the initial 
postcritical behavior. For this purpose, consideration of the transverse deformation is found to be essential. It is 
shown that imperfection sensitivity of such structures, particularly laminate-foam sandwich plates, can arise for 
a certain range of stiffness and geometric parameters, depending on the proper value of parameter m of the 
Doyle–Ericksen finite strain tensor, as determined in the previous analysis. The bifurcation is symmetric and 
Koiter’s 2/3-power law is followed. The analytical predictions of maximum load reductions due to imperfection 
sensitivity are verified by finite element simulations. The possibility of interaction between different instability 
modes, particularly lateral deflection and bulging, is also explored, with the conclusion that lateral deflection 
dominates in common practical situations.� 
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of circular honeycombs”, Proc. of the Royal Soc. A, May 2012, DOI: 10.1098/rspa.2011.0722 
ABSTRACT: The dynamic axial crush response of circular cell polycarbonate honeycombs was studied for 3-
cell and 7-cell specimens experimentally and through finite-element (FE) simulation. The experiments were 
conducted using two loading methods: (i) the wave loading device (WLD) method and (ii) the direct impact 
method (DIM). The specimens were subjected to crush velocities of about 12000 mm per second in the WLD 
method and 5000 mm per second in the DIM. The two methods were used to obtain a fairly wide range of input 
velocities. The collapse sequence and displacement information of the specimens were captured using a high-
speed camera. The mode of collapse was through progressive concertina-diamond fold formation over a fairly 
constant state of load, which is referred to as the crush load. The crushing was simulated using an explicit FE 
analysis using ABAQUS, with geometrically imperfect 3-cell and 7-cell honeycomb models that incorporated 
the rate-dependent properties of polycarbonate. The FE results were found to agree well with the experimental 
results in terms of overall force-displacement plots, thus providing a basis to extract energy absorption estimates 
from the models and to draw comparisons between the 3-cell and 7-cell response behaviour. Moreover, the 
dynamic crush results were compared against a quasi-static axial crush response to demonstrate the presence of 
rate effects. 
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ABSTRACT: A sandwich beam buckling problem is studied here using two-dimensional elasticity to model the 
beam constituents. The global and local instability of such a beam with orthotropic constituents under various 
boundary conditions are investigated. The face sheet and the core are assumed to be linear elastic orthotropic 
continua. General buckling deformation modes of the sandwich beam subjected to uniaxial compressive loading 
are considered. The appropriate incremental stress and conjugate incremental finite-strain measure for the 
instability problem of the sandwich beam, and the corresponding constitutive model are addressed. It is shown 
that a sandwich beam having a core with a negligible stiffness compared to the face sheets is prone to fail by 
edge buckling. The present analysis is compared with several previous analytical studies and corresponding 
experimental results. Finite-element analyses are carried out for comparison against the theoretical predictions. 
The formulation used in the finite-element code is discussed in relation to the formulation adopted in the 
theoretical derivation.  
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“On the importance of work-conjugacy and objective stress rates in finite deformation incremental finite 
element analysis”, Journal of Applied Mechanics, Vol. 80, 041024-1-9, Joly 2013, DOI: 10.1115/1.4007828 
ABSTRACT: This paper is concerned with two issues that arise in the finite element analysis of 3D solids. The 
first issue examines the objectivity of various stress rates that are adopted in incremental analysis of solids. In 
doing so, it is revealed that large errors are incurred by an improper choice of stress rate. An example problem 
is presented to show the implications of the choice of stress rate. The second issue addresses the need to 
maintain work-conjugacy in formulating and solving bifurcation buckling problems of 3D elastic solids. Four 
popular commercial codes are used to obtain buckling loads of an axially compressed thick sandwich panel, and 
it is shown that large errors in buckling load predictions are incurred as a result of violating the requirement of 
work-conjugacy. Remedies to fix the errors in the numerical solution strategy are given. 
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ABSTRACT: This paper is concerned with the elastic stability of a sandwich beam panel using classical 
elasticity. An exact solution for the buckling problem of a sandwich panel (wide beam) in uniaxial compression 
is presented. Various formulations that correspond to the use of different pairs of energetically conjugate stress 
and strain measures for the infinitesimal elastic stability of the sandwich panel are discussed. Results from the 
present two-dimensional analyses to predict the global and local buckling of a sandwich panel are compared 
with previous theoretical and experimental results. A new finite element formulation for the bifurcation 
buckling problem is also introduced. In this new formulation, terms that influence the buckling load, which 
have been omitted in popular commercial codes are pointed out and their significance in influencing the 
buckling load is identified. The formulation and results presented here can be used as a benchmark solution to 
establish the accuracy of numerical methods for computing the buckling behavior of thick, orthotropic solids. 
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Conclusions and suggestions for further work: 



An analytical method for predicting global and wrinkling instabilities of a sandwich beam is presented. The 
sandwich beam is modeled as a 2D-linear elastic continuum. Field equations representing a solid slightly 
deformed from a state of initial stress and under conditions of plane strain is adopted in the analysis. The results 
obtained yield the buckling stress and the associated wavelength. The results have shown that the buckling 
stress for the anti-symmetrical deformation mode is always lower that that of the symmetrical one. The buckling 
behavior of the two modes is parameterized according to the ratio of core thickness to the face sheet thickness. 
The results are compared with previous experimental results, theoretical analyses, and a finite element analysis 
prediction. Since the present analysis has fewer assumptions than previous analyses, the limitations of previous 
investigation are discussed for different combination of geometry and material properties. The results presented 
here, which have been verified by finite element analysis and compared against experimental results, reproduce 
the buckling behavior accurately for a wide range of material and geometric parameters. The results that have 
been presented here are a good prediction of the overall behavior of a sandwich beam in a uniaxial compressive 
load environment regardless of the core modulus and thickness ratio. In particular, for thick face sheets and for 
relatively stiff cores, the present model is found to be more accurate than previous models that assume beam 
like behavior for the face sheets and neglect the axial load carrying capability of the core. The results from finite 
element analysis have verified the findings of the present analytical model. In addition the correct formulation 
of the 2D elastic sandwich column problem has been presented along with a FE formulation of the problem. 
The latter has revealed deficiencies in the formulation adopted by popular commercial codes (for example 
ABAQUS). An analytical prediction of dynamic buckling is also presented in this thesis. Dynamic buckling of a 
structure under uniaxial impact compression is studied. Fully coupled equations of inplane and out-of-plane 
motions are solved to find the condition of the onset of dynamic buckling. There exists a critical time for the 
axial strain to satisfy the emergence of the buckling deformation. The bifurcation condition is derived for the 
simple Euler-Bernoulli beam as well as the sandwich beam. Experimental studies are also performed to 
investigate the failure mechanism of the sandwich structure under axial impact loading. The sequential 
responses of the sandwich specimens reveal that the structure initially experiences the axial deformation only 
until the buckling deformation emerges at a certain load value corresponding to the critical time. FE analysis is 
also performed to simulate the dynamic response and it is found that there exist a sudden increase of the 
bending deformation after numerous superpositions of axial strain waves. The dynamic buckling analysis 
presented here has numerous potential applications in various fields. The analysis is not dependent on the beam 
response, but is derived quantitatively so that it is adaptable to various engineering applications. The dynamic 
buckling analysis can be extended further for better understanding of more complex material under dynamic 
loading. The analysis can be improved considering inelastic behavior of the material, orthotropic material, shear 
deformation, and various combinations of material and geometric properties for the sandwich structure. The 
analysis combined with fracture mechanics can be used to explain the failure mechanism of the sandwich 
structure under axial loading. The latter is suggested for future work. In addition, extension of the Euler-
Bernoulli model to a Timoshenko beam model is suggested for the impact buckling problem, so that shear 
deformation effects can be accounted for. Adopting the work of Von Karman [34], the effects of column 
plasticity on the “critical time to buckle” can be captured and this is also suggested for future work. Finally, it is 
possible to develop a sandwich beam FE model that includes cohesive zone models for the face sheet-core 
interface. Such a model in conjunction with an explicit FE code can be used to obtain a comprehensive response 
model for the sandwich beam impact problem.  
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University of Michigan, Ann Arbor, MI 48109), “The two-dimensional elasticity solution for the buckling of a 
thick orthotropic ring under external pressure loading”, Journal of Applied Mechanics, Vol. 81, 011005-1-12, 
January 2014, DOI: 10.1115/1.4023682 
ABSTRACT: This paper is concerned with the 2D elasticity solution for the buckling of a thick orthotropic ring 
under external hydrostatic pressure loading. The bifurcation buckling problem is first formulated using two 
methods, distinguished by the manner in which the external work done by the pressure loading during the 
buckling transition is treated. In doing so, the correct buckling equations and associated traction boundary 
conditions are derived. The resulting sets of equations and associated boundary conditions are then cast in a 
weak form, amenable to a numerical solution using the finite element method. The necessity of using the correct 
pairs of energetically conjugate stress and strain measures for the buckling problem is pointed out. Errors in 
using the incorrect traction boundary condition and terms that influence the buckling load and that have been 
omitted in popular commercial codes are pointed out and their significance in influencing the buckling load is 
identified. Results from the present two-dimensional analysis to predict the critical pressure are compared with 
previous theoretical results. The formulation and results presented here can be used as the correct benchmark 
solution to establish the accuracy in computing the buckling load of thick orthotropic composite structures, of 
contemporary interest, due to the increased use of thick-walled composite shell type structures in diverse 
engineering applications. 
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ABSTRACT: Results from a study of the effects of cutouts and laminate construction on the prebuckling and 
initial postbuckling stiffnesses, and the effective widths of compression-loaded laminated-composite and 
aluminum square plates are presented. An effective-width concept is derived for plates with and without 
cutouts, and experimental and nonlinear finite-element analysis results are presented. Behavioral trends are 
compared for seven plate families and for cutout-diameter-to-plate-width ratios up to 0.66. A general compact 
design curve that can be used to present and compare the effective widths for a wide range of laminate 
constructions is also presented. A discussion of how the results can be used and extended to include certain 
types of damage, cracks, and other structural discontinuities or details is given. Several behavioral trends are 
described that initially appear to be nonintuitive. The results demonstrate a complex interaction between cutout 
size and plate orthotropy that affects the axial stiffness and effective width of a plate subjected to compression 
loads. 
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cylindrical shells with reinforced cutouts”, International Journal of Non-Linear Mechanics, Vol. 40, No. 7, 
September 2005, pp. 1005-1021, doi:10.1016/j.ijnonlinmec.2005.02.001 
ABSTRACT: Results from a numerical study of the response of thin-walled compression-loaded quasi-isotropic 
laminated composite cylindrical shells with unreinforced and reinforced square cutouts are presented. The 
effects of cutout reinforcement orthotropy, size, and thickness on the non-linear response of the shells are 
described. A high-fidelity non-linear analysis procedure has been used to predict the non-linear response of the 
shells. The analysis procedure includes a non-linear static analysis that predicts stable response characteristics 
of the shells and a non-linear transient analysis that predicts unstable dynamic buckling response characteristics. 
The results illustrate the complex non-linear response of a compression-loaded shell with an unreinforced 
cutout. In particular, a local buckling response occurs in the shell near the cutout and is caused by a complex 
non-linear coupling between local shell-wall deformations and in-plane destabilizing compression stresses near 
the cutout. In general, reinforcement around a cutout in a compression-loaded shell can retard or eliminate the 
local buckling response near the cutout and increase the buckling load of the shell. However, results are 
presented that show how certain reinforcement configurations can cause an unexpected increase in the 
magnitude of local deformations and stresses in the shell and cause a reduction in the buckling load. Specific 
cases are presented that suggest that the orthotropy, thickness, and size of a cutout reinforcement in a shell can 
be tailored to achieve improved buckling response characteristics. 
 
 
Mark W. Hilburger (NASA Langley Research Center, Hampton, Virginia 23681-2199, USA), “Buckling and 
failure of compression-loaded composite laminated shells with cutouts”, One of the AIAA Structures Meetings 
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ABSTRACT: Results from a numerical and experimental study that illustrate the effects of laminate orthotropy 
on the buckling and failure response of compression-loaded composite cylindrical shells with a cutout are 
presented. The effects of orthotropy on the overall response of compression-loaded shells is described. In 
general, preliminary numerical results appear to accurately predict the buckling and failure characteristics of the 
shell considered herein. In particular, some of the shells exhibit stable post-local-buckling behavior 
accompanied by interlaminar material failures near the free edges of the cutout. In contrast another shell with a 
different laminate stacking sequence appears to exhibit catastrophic interlaminar material failure at the onset of 
local buckling near the cutout and this behavior correlates well with corresponding experimental results. 
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methods to predict lower bound buckling loads of cylinders under axial compression”. In: 51st 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference, Orlando, FL, 
[AIAA-2010-2532], 2010 
ABSTRACT: Results from a numerical study of the buckling response of two different orthogrid stiffened 
circular cylindrical shells with initial imperfections and subjected to axial compression are used to compare 
three different lower bound buckling load prediction techniques. These lower bound prediction techniques 
assume different imperfection types and include an imperfection based on a mode shape from an eigenvalue 
analysis, an imperfection caused by a lateral perturbation load, and an imperfection in the shape of a single 
stress-free dimple. The STAGS finite element code is used for the analyses. Responses of the cylinders for 
ranges of imperfection amplitudes are considered, and the effect of each imperfection is compared to the 
response of a geometrically perfect cylinder. Similar behavior was observed for shells that include a lateral 
perturbation load and a single dimple imperfection, and the results indicate that the predicted lower bounds are 
much less conservative than the corresponding results for the cylinders with the mode shape imperfection 
considered herein. In addition, the lateral perturbation technique and the single dimple imperfection produce 
response characteristics that are physically meaningful and can be validated via testing.  
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University of Michigan, Ann Arbor, MI 48109-2140, U.S.A.), “Optimally reinforced cutouts in laminated 
circular cylindrical shells”, International Journal of Mechanical Sciences, Vol. 38, No. 2, February 1996, 
pp.121-140, doi:10.1016/0020-7403(95)00046-Z 
ABSTRACT: The problem of designing a cutout in a load bearing structural member in the form of a shell, such 
that the cut structure maintains its stress state with a minimal departure from the stress state of the uncut 
structure is addressed herein. Symmetrically laminated composite circular cylindrical shells under hydrostatic 
compression and axial pressure are considered. Shallow thin shell (Donnell shell theory) lamination theory is 
utilized. The original (uncut) stiffness of the shell structures is recovered considerably by appropriately 
designing an edge reinforcement around the cutout. The buckling load of the designed shells are analyzed via 
the finite element method. An experimental investigation has been carried out to verify some of the results 
obtained from the finite element analysis. In the work presented, the reinforcement is modeled as a one-
dimensional rod/beam type structural element. 
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signatures”, in Buckling and Postbuckling Structures: Experimental, Analytical and Numerical Studies 
(Computational and Experimental Methods in Structures): Edited by B. G. Falzon and M. H. Aliabadi, Imperial 
College Press, ISBN: 1860947948 | 2008-05-23, 2008 
ABSTRACT: An analysis-based approach for developing shell buckling design factors for cylindrical shells 
that accurately accounts for the effects of initial geometric imperfections is presented. To develop this approach, 
measured initial geometric imperfection data from six laboratory-scale graphite-epoxy shells are used to 
determine a manufacturing-process-specific imperfection signature for these shells. This imperfection signature 
is then used as input into nonlinear finite element analyses. The imperfection signature represents a “first 
approximation” mean imperfection shape that is suitable for developing preliminary design data. Comparisons 
of test data and analytical results obtained by using several different imperfection shapes are presented for 
selected shells. These imperfection  shapes include the actual measured imperfection shape of the test 
specimens, a “first approximation” mean imperfection shape with plus or minus one standard deviation in the 
shape, and a linear-bifurcation-mode imperfection shape. In addition, buckling interaction curves for composite 
shells subjected to combined axial compression and torsion loading are presented that were obtained by using 
the various imperfection shapes in the analyses. A discussion on the development of experimentally validated 
nonlinear finite element analyses is also presented. Overall, the results indicate that the proposed analysis-based 
approach presented herein, for developing reliable preliminary design criteria, has the potential to provide 
improved, less conservative buckling load estimates, and to reduce the weight and cost of developing buckling-
resistant shell structures. 
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“Buckling Behavior of Compression-Loaded Quasi-Isotropic Curved Panels With a Circular Cutout,” 
International Journal of Solids and Structures, Vol. 38, 2001, pp. 1495-1522, 
doi:10.1016/S0020-7683(00)00114-1 
ABSTRACT: Results from a numerical and experimental study of the response of compression-loaded quasi-
isotropic curved panels with a centrally located circular cutout are presented. The numerical results were 
obtained by using a geometrically nonlinear finite element analysis code. The effects of cutout size, panel 
curvature and initial geometric imperfections on the overall response of compression-loaded panels are 



described. In addition, results are presented from a numerical parametric study that indicate the effects of elastic 
circumferential edge restraints on the prebuckling and buckling response of a selected panel and these 
numerical results are compared to experimentally measured results. These restraints are used to identify the 
effects of circumferential edge restraints that are introduced by the test fixture that was used in the present 
study. It is shown that circumferential edge restraints can introduce substantial nonlinear prebuckling 
deformations into shallow compression-loaded curved panels that can result in a significant increase in buckling 
load. 
 
 
Hilburger, M. W. (NASA - Langley Research Center, Hampton, VA, USA). “Static Buckling Tests of 
Aerospace Vehicle Structures”. Encyclopedia of Aerospace Engineering, 2010, 
doi: 10.1002/9780470686652.eae178 
ABSTRACT: Guidelines on the development of a successful test plan for large-scale, aerospace vehicle shell 
buckling tests with particular attention given to defining test objectives and requirements are presented. In 
addition, some of the more challenging aspects of test planning, test operations, test article, and test apparatus 
design are discussed, and recommendations on instrumentation and control system setup for buckling tests and 
including state-of-the-art measurement approaches and technologies are provided. In many cases, actual 
examples are given. This chapter is intended to provide the first time as well as the experienced test engineer or 
project manager with experiences and lessons learned from recent large-scale aerospace vehicle development 
test activities at NASA. 
 
 
Mark W. Hilburger (NASA Langley Research Center, Hampton, VA, USA), “Developing the next generation 
shell buckling design factors and technologies”, AIAA Paper AIAA 2012-1686, 53rd AIAA Structures, 
Structural Dynamics and Materials Meeting, Honolulu, Hawaii, April 2012 
ABSTRACT: NASA’s Shell Buckling Knockdown Factor (SBKF) Project was established in the spring of 2007 
by the NASA Engineering and Safety Center (NESC) in collaboration with the Constellation Program and 
Exploration Systems Mission Directorate. The SBKF project has the current goal of developing less-
conservative, robust shell buckling design factors (a.k.a. knockdown factors) and design and analysis 
technologies for light-weight stiffened metallic launch vehicle (LV) structures. Preliminary design studies 
indicate that implementation of these new knockdown factors can enable significant reductions in mass and 
mass-growth in these vehicles and can help mitigate some of NASA’s LV development and performance risks. 
In particular, it is expected that the results from this project will help reduce the reliance on testing, provide 
high-fidelity estimates of structural performance, reliability, robustness, and enable increased payload 
capability. The SBKF project objectives and approach used to develop and validate new design technologies are 
presented, and provide a glimpse into the future of design of the next generation of buckling-critical launch 
vehicle structures. 
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Saullo Giovani Pereira Castro, “Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical 
and Conical Imperfect Shells under Various Loading and Boundary Conditions”, PhD dissertation, Faculty of 
Natural and Material Science, Clausthal University of Technology, 2014 
ABSTRACT: The non-linear buckling of unstiffened laminated composite cones and cylinders will be 
investigated and new semi-analytical models capable to predict the static and the instability response of these 
shells under various loads and boundary conditions will be proposed. An introduction is given to the reader in 
order to present and discuss some of the main deterministic approaches currently used for the design of 
imperfection sensitive structures. From this introduction it will become clear the need for non-linear tools that 
are able to take into account both geometric and load imperfections, which are recognized to be among the main 



factors affecting the load carrying capacity of the shells under discussion.  
The complete non-linear strain equations are derived using two Equivalent Single-Layer Theories: the Classical 
Laminated Plate Theory and the First-order Shear Deformation Theory. The non-linear terms will be identified 
corresponding to Donnell’s, Sanders’ and Timoshenko and Gere’ assumptions, but the discussion will focus on 
Donnell’s and Sanders’ equations. The resulting strain- displacement equations will then be applied to the 
stationary conditions of the total potential energy in order to obtain the non-linear static equations and the 
eigenvalue problem that can be used to predict the instability behavior, the latter using the neutral equilibrium 
criterion.  
The Ritz method is selected to solve the non-linear set of equations and a new set of appropriate approximation 
functions for the displacement field is proposed, in order to simulate axial compression, torsion, pressure, load 
asymmetry, any arbitrary surface or concentrated loads; and any load case combining these loads. Elastic 
constraints are used to produce a wide range of boundary conditions, covering the four types of boundary 
conditions commonly used in the literature.  
Two methods to solve the non-linear static equations are discussed: Newton-Raphson with line search and Riks; 
both presented in the full form, where the tangent stiffness matrix is calculated at every iteration; and in the 
modified form, where the tangent stiffness matrix is updated at the beginning of each load increment (or arc-
length increment) and kept constant along the iterations.  
An analytical integration scheme is proposed for the linear stiffness matrices and a numerical integration 
scheme proposed for the non-linear stiffness matrices. The analytical integration schemes assume constant 
laminate properties over the whole conical/cylindrical surface. For conical shells a novel approximation is 
proposed in order to efficiently perform the analytical integration of the linear stiffness matrices.  
Detailed convergence analyses are presented and the proposed models are verified with finite element results, 
models available from the literature and test results from the literature. All the developed tools and algorithms 
are presented in detail and made available to the reader online.  
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“Geometric imperfections and lower-bound methods used to calculate knock-down factors for axially 
compressed composite cylindrical shells”, Thin-Walled Structures, Vol. 74, pp 118-132, 2014, 
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ABSTRACT: The important role of geometric imperfections on the decrease of the buckling load for thin-
walled cylinders had been recognized already by the first authors investigating the theoretical approaches on 



this topic. However, there are currently no closed-form solutions to take imperfections into account already 
during the early design phases, forcing the analysts to use lower-bound methods to calculate the required knock-
down factors (KDF). Lower-bound methods such as the empirical NASA SP-8007 guideline are commonly 
used in the aerospace and space industries, while the approaches based on the Reduced Stiffness Method (RSM) 
have been used mostly in the civil engineering field. Since 1970s a considerable number of experimental and 
numerical investigations have been conducted to develop new stochastic and deterministic methods for 
calculating less conservative KDFs. Among the deterministic approaches, the single perturbation load approach 
(SPLA), proposed by Hühne, will be further investigated for axially compressed fiber composite cylindrical 
shells and compared with four other methods commonly used to create geometric imperfections: linear buckling 
mode-shaped, geometric dimples, axisymmetric imperfections and measured geometric imperfections from test 
articles. The finite element method using static analysis with artificial damping is used to simulate the 
displacement controlled compression tests up to the post-buckled range of loading. The implementation of each 
method is explained in details and the different KDFs obtained are compared. The study is part of the European 
Union (EU) project DESICOS, whose aim is to combine stochastic and deterministic approaches to develop less 
conservative guidelines for the design of imperfection sensitive structures. 
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“Investigation of buckling behavior of composite shell structures with cutouts”, Applied Composite Materials, 
pp 623-636, December 2015 
ABSTRACT: Thin-walled cylindrical composite shell structures can be applied in space applications, looking 
for lighter and cheaper launcher transport system. These structures are prone to buckling under axial 
compression and may exhibit sensitivity to geometrical imperfections. Today the design of such structures is 
based on NASA guidelines from the 1960’s using a conservative lower bound curve generated from a database 
of experimental results. In this guideline the structural behavior of composite materials may not be 
appropriately considered since the imperfection sensitivity and the buckling load of shells made of such 
materials depend on the lay-up design. It is clear that with the evolution of the composite materials and 
fabrication processes this guideline must be updated and / or new design guidelines investigated. This need 
becomes even more relevant when cutouts are introduced to the structure, which are commonly necessary to 
account for access points and to provide clearance and attachment points for hydraulic and electric systems. 
Therefore, it is necessary to understand how a cutout with different dimensions affects the buckling load of a 
thin-walled cylindrical shell structure in combination with other initial geometric imperfections. In this context, 
this paper present some observations regarding the buckling load behavior vs. cutout size and radius over 
thickness ratio, of laminated composite curved panels and cylindrical shells, that could be applied in further 
recommendations, to allow identifying when the buckling of the structure is dominated by the presence of the 
cutout or by other initial imperfections. 
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Britt, Vicki Owen, “Assessment of preliminary design approaches for metallic stiffened cylindrical shell 
instability problems”, ProQuest Dissertations And Theses; Thesis (Ph.D.)--Old Dominion University, 2007.; 
Publication Number: AAI3272616; ISBN: 9780549122470; Source: Dissertation Abstracts International, Vol. 
68-07, Section: B, page: 4619.; 231 p. 
ABSTRACT: A preliminary design tool for metallic stiffened fuselage cylindrical panels subjected to 
longitudinal compression has been developed and validated by comparison to test results. Several 
methodologies for stiffened panel buckling and failure predictions were examined and evaluated. An 
appropriate level of analysis fidelity was determined for different failure modes and design details. Results from 
panel tests conducted to verify analytical methods used to design the Gulfstream V aircraft were presented. The 
panels were representative of four general skin/stringer configurations on the aircraft. Finite Element analyses 
and standard analytical methods were used to predict panel failure loads. The accuracy of the finite element 
analysis predictions was dependent upon the level of detail included in the model. The inclusion of such details 
as fasteners had a significant effect on the predicted failure load. The omission of such complexities from the 
finite element model led to unconservative failure predictions. Standard analytical methods were found to be 
more efficient than finite element methods and produced conservative panel failure loads. Improvements for a 
preliminary design tool were identified to reduce conservatism in failure predictions and thereby reduce 
structural weight. 
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to Account for the Effects of Imperfections on the Buckling Response of Composite Shell Structures”,  March 
2003, http://handle.dtic.mil/100.2/ADP014170  
ABSTRACT: The results of an experimental and analytical study of the effects of initial imperfections on the 
buckling response of unstiffened thin-walled compression-loaded graphite-epoxy cylindrical shells are 
presented. The analytical results include the effects of traditional and nontraditional initial imperfections and 
uncertainties in the values of selected shell parameters on the buckling loads of the shells. The nonlinear 



structural analysis results correlate very well with the experimental results. The high-fidelity nonlinear analysis 
procedure used to generate the analytical results can also be used to form the basis of a new shell design 
procedure that could reduce the traditional dependence on empirical results in the shell design process. 
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ABSTRACT: The results of an experimental and analytical study of the effects of initial imperfections on the 
buckling and postbuckling response of three unstiffened thin-walled compression-loaded graphite-epoxy 
cylindrical shells with different orthotropic and quasi-isotropic shell-wall laminates are presented. The results 
identify the effects of traditional and non-traditional initial imperfections on the non-linear response and 
buckling loads of the shells. The traditional imperfections include the geometric shell-wall mid-surface 
imperfections that are commonly discussed in the literature on thin shell buckling. The non-traditional 
imperfections include shell-wall thickness variations, local shell-wall ply-gaps associated with the fabrication 
process, shell-end geometric imperfections, non-uniform applied end loads, and variations in the boundary 
conditions including the effects of elastic boundary conditions. A high-fidelity non-linear shell analysis 
procedure that accurately accounts for the effects of these traditional and non-traditional imperfections on the 
non-linear responses and buckling loads of the shells is described. The analysis procedure includes a non-linear 
static analysis that predicts stable response characteristics of the shells and a non-linear transient analysis that 
predicts unstable response characteristics. 
 
 
Mark W. Hilburger and James H. Starnes, Jr. (NASA Langley Research Center, MS 190, Hampton, VA 23681-
2199, USA), “Effects of imperfections of the buckling response of composite shells”, Thin-Walled Structures 
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ABSTRACT: The results of an experimental and analytical study of the effects of initial imperfections on the 
buckling response and failure of unstiffened thin-walled compression-loaded graphite-epoxy cylindrical shells 
are presented. The shells considered in the study have six different shell-wall laminates two different shell-
radius-to-thickness ratios. The shell-wall laminates include four different orthotropic laminates and two 
different quasi-isotropic laminates. The shell-radius-to-thickness ratios include shell-radius-to-thickness ratios 
equal to 100 and 200. The numerical results include the effects of traditional and nontraditional initial 
imperfections and selected shell parameter uncertainties. The traditional imperfections include the geometric 
shell-wall mid-surface imperfections that are commonly discussed in the literature on thin shell buckling. The 
nontraditional imperfections include shell-wall thickness variations, local shell-wall ply-gaps associated with 
the fabrication process, shell-end geometric imperfections, nonuniform applied end loads, and variations in the 
boundary conditions including the effects of elastic boundary conditions. The cylinder parameter uncertainties 
considered include uncertainties in geometric imperfection measurements, lamina fiber volume fraction, fiber 
and matrix properties, boundary conditions, and applied end load distribution. Results that include the effects of 
these traditional and nontraditional imperfections and uncertainties on the nonlinear response characteristics, 
buckling loads and failure of the shells are presented. The analysis procedure includes a nonlinear static analysis 
that predicts the stable response characteristics of the shells, and a nonlinear transient analysis that predicts the 
unstable response characteristics. In addition, a common failure analysis is used to predict material failures in 
the shells. 
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212659, May 2004, see also AIAA Journal, Vol. 44, No. 3, March 2006 
ABSTRACT: An analysis-based approach for developing shell buckling design criteria for laminated-composite 
cylindrical shells that accurately account for the effects of initial geometric imperfections is presented. With this 
approach, measured initial geometric imperfection data from six graphite-epoxy shells are used to determine a 
manufacturing-process-specific imperfection signature for these shells. This imperfection signature is then used 
as input into nonlinear finite-element analyses. The imperfection signature represents a "first-approximation" 
mean imperfection shape that is suitable for developing preliminary-design data. Comparisons of test data and 
analytical results obtained by using several different imperfection shapes are presented for selected shells. 
These shapes include the actual measured imperfection shape of the test specimens, the "first-approximation" 
mean imperfection shape, with and without plus or minus one standard deviation, and the linear-bifurcation-
mode imperfection shape. In addition, buckling interaction curves for composite shells subjected to combined 
axial compression and torsion loading are presented that were obtained by using the various imperfection 
shapes in the analyses. A discussion of the nonlinear finite-element analyses is also presented. Overall, the 
results indicate that the analysis-based approach presented for developing reliable preliminary-design criteria 
has the potential to provide improved, less conservative buckling-load estimates, and to reduce the weight and 
cost of developing buckling-resistant shell structures. 
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ABSTRACT: This study addresses the effect of thickness variation on the stability of the composite cylindrical 
shells under axial compression. Various lamination configurations and three commonly used composite 
materials are considered. Numerical results show that certain types of thickness variation patterns can greatly 
reduce the classical buckling load. Results indicate that the most detrimental effect of the thickness variation 
occurs when the wave number of the thickness variation is twice that of the classical buckling mode. For this 
case, an asymptotic formula is established by use of a computer algebra, which relates the buckling load 
reduction rate to the thickness variation parameter. 
 
 
[72] Li, Y. W., Elishakoff, I., Starnes, J. H., Jr., and Shinozuka, M., Prediction of natural frequency and 
buckling load variability due to uncertainty in material properties by convex modeling, Fields Institute 
Communications, American Mathematical Society, Vol. 9, pp. 139-154 (1996) 
 
[73] Elishakoff, I., Li, Y. W., and Starnes, J. H., Jr., Nonclassical Problems in the Theory of Elastic 
Stability , Cambridge University Press, New York, January 2001 
 
[74] Abramovich, H., Weller, T., and Bisagni, C., Buckling behavior of composite laminated stiffened panels 
under combined shear and axial compression, Collected Papers in Structural Mechanics Honoring 
Dr. James H. Starnes, Jr ., NASA/TM-2006-214276, compiled by Norman F. Knight, Jr., Michael P. 
Nemeth, and John B. Malone, pp. 213-229, February 2006, see also Journal of Aircraft, Vol. 45, No. 2, pp 402-
408, 2008 
ABSTRACT: (cannot cut and paste) 
 
 
Abramovich, H. and Zarutskii, V., “Stability of open circular cylindrical shells reinforced with longitudinal 
ribs”, International Applied Mechanics, Vol. 44, No. 12, p1389, December 2008 
ABSTRACT: We obtain exact and approximate solutions to buckling problems for circular cylindrical open 
shells hinged at all edges and quasiregularly reinforced with discrete longitudinal ribs. It is shown that 



analogous solutions to natural-vibration problems for such shells can easily be found. 
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V.M. Ryaboy and T. Weller (Technion – Israel Institute of Technology, Haifa, Israel), “A simple model of a 
stiffened shell-type structure for an investigation into the vibration-buckling correlation”, J. Appl. Mech., Vol. 
63, No. 2, pp 517-522, June 1996 
ABSTRACT: A nonlinear two-degree-of-freedom system is considered to simulate the peculiar behavior of 
stringer-stiffened cylindrical shells under nonuniform axial compression, which was observed in recent tests 
where the characteristic curves (eigenfrequency squared versus load) were nonmonotonic and decreasing 
steeply when approaching the critical load. Correlation is traced between the characteristic curves and 
equilibrium paths. It is shown that for particular nonzero values of load eccentricity, bifurcations are observed 
instead of the usual limit points. Nonunique stable post-buckling equilibrium paths are pointed out. The general 
properties of characteristic curves are discussed. 
 
 
Haim Abramovich and Tanchum Weller, “Repeated buckling and postbuckling behavior of laminated stringer-
stiffened panels with and without damage”, International Journal of Structural Stability and Dynamics, Vol. 10, 
No. 4, September 2010 
ABSTRACT: Eight curved blade stringer-stiffened composite panels were tested under axial compression to 
obtain the "first" buckling and postbuckling behavior till collapse. Except for one panel, used as a reference 
panel, all of the panels had stringers without dropoff layers. Four panels contained either artificial damage or 
both artificial and impact-induced damage. Cyclic/repeated buckling was applied well in a relatively "deep" 
postbuckling region. It was demonstrated that neither repeated buckling, within the number of cycles applied in 
the present program, nor artificial damage and impact-induced damage, which were introduced into the panels, 
resulted in stiffness degradation of the panels. No premature failure of any of the tested panels was observed 
within their expected life cycle, i.e. exposure to a few hundred cycles deep in the postbuckling region, even in 
the presence of either type or a combination of the damage. All of the tested panels sustained repeated 
postbuckling loading till they were subjected to static loading aimed at determining their collapse loads. In spite 
of the present design, i.e. stiffeners with no dropoff plies aimed amongst others at providing a mechanism for 
initiating stiffener debonding, no skin-stringer separation was encountered till collapse of the panels. It was 
found that composite stringer-stiffened panels can be safely and repeatedly loaded in their deep postbuckling 



range with no degradation in their stiffness. Damage, due to either manufacturing or impact, which usually will 
result in rejection of a structural element, affected neither the load-carrying capacity nor the capability to 
withstand repeated loading in the relatively very deep postbuckling range within the present designed life cycle 
of the element. It was realized that manufacturing complexities and consequently costs can be reduced by 
employing a simplified design configuration where the use of a dropoff ply of the stringer base has been 
eliminated. 
 
 
Haim Abramovich and Tanchum Weller, “Buckling and postbuckling behavior of laminated composite stringer 
stiffened curved panels under axial compression”, 2nd Int. Conference on Buckling…, 2008, Journal of 
Mechanics of Materials and Structures, Vol. 4, Nos. 7-8, 2009 
ABSTRACT: An extensive test series on circular cylindrical laminated composite stringer-stiffened 
panels subjected to axial compression, shear loading introduced by shear and combined axial 
compression and shear was carried out at the Technion, Israel. The test program was an essential part 
of an ongoing effort undertaken by the POSICOSS project (improved postbuckling simulation for 
design of fibre composite stiffened fuselage structures) aiming at design of low cost, low weight 
airborne structures that was initiated and supported by the Fifth European Initiative Program.  
The first part of this test series, dealing with panels PSC1–PSC9 (blade-stiffened), has already been 
summarized and published. The results of the tests with panels BOX1–BOX4 (blade- and J-stiffened) 
have also been reported and published. These tests dealt with two identical stiffened panels, combined 
together by two flat nonstiffened aluminum webs, to form a torsion box, thus enabling application of 
shear tractions, through introduction of torsion, and combined axial compression and shear. The 
present manuscript aims at describing test results and relevant numerical studies on the buckling and 
postbuckling behavior of another set of four panels, AXIAL1–AXIAL4, stiffened by J-type stringers. 
Based on the experimental studies carried out within the framework of the POSICOSS project and 
reported in the literature and on the present study design guidelines were formulated and presented. 
Accompanying supporting calculations were presented as well; they were performed with a “fast” 
calculation tool developed at the Technion, and based on the effective width method modified to 
handle laminated circular cylindrical stringer-stiffened composite panels.  
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ABSTRACT: Experimental results obtained on four carbon fiber composite stiffened curved panels subjected to 
static and cyclic compression and shear loadings are discussed. Two of the four panels presented an initial 
delamination obtained with Teflon inserts between stringers and skin. Panels were assembled in two closed 
boxes using flat aluminum plates. This solution allows the application of shear on each panel by applying torque 
on the box. The first box was obtained using undamaged panels, while the second one assembling damaged 
panels. Results are described in terms of axial load vs. shortening curve, torque vs. rotation curve, deformed 
shape and strain measurements. Boxes were subjected to a cyclic post-buckling torque, allowing the 
investigation of the effect of cyclic buckling in terms of global and local behavior. The obtained results show 
that this kind of structures can well work in the post-buckling field even if during their operative life the 
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PARTIAL ABSTRACT: Experimental results on the behavior of nine single panels and of four torsion boxes, 
each comprising of two stringer-stiffened cylindrical graphite-epoxy composite panels are presented. These 
were tested under axial compression, torsion and combined loading. The buckling and postbuckling behavior of 
these single panels and torsion boxes demonstrated consistent results. Prior to performing the buckling tests, the 
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torispherical or hemispherical end closures”, International Journal of Pressure Vessels and Piping, Vol. 1, No. 2, 
April 1973, pp. 139-154, doi:10.1016/0308-0161(73)90019-7 
ABSTRACT: In a number of applications, the actual boundary conditions at the ends of a cylinder are not taken 
into account properly when the structure is being designed against buckling. For example, in the design of 
submersibles the older theoretical treatments assume that bulkheads are present at the ends of the cylinders, 
whereas this form of construction is not always used. The purpose of the investigation described here is to study 
the effect of realistic boundary conditions on the elastic buckling pressure of unstiffened cylinders with 
torispherical or hemispherical end closures. In the present study only perfect, initially stress-free, structures are 
considered and their theoretical buckling pressures are obtained from a variational finite-difference program 
written for the digital computer. The numerical results presented were obtained from a limited parametric 
survey of the problem. In the main, linear buckling theory was used. However, as is shown, this can sometimes 
lead to unsafe predictions. The buckling pressures for the cylinders with hemispherical end closures, as 
predicted by the variational finite-difference technique, are also compared with a modified von Mises formula 
with corrections for the end closures. The agreement between the two sets of predictions was good within the 
range of the survey. 
 
 
G. D. Galletly (The University of Liverpool, Liverpool, England), “Elastic and Elastic-Plastic Buckling of 
Internally Pressurized 2:1 Ellipsoidal Shells”, Journal of Pressure Vessel Technology, Vol. 100, No. 4, pp. 335-
343, November 1978, DOI: 10.1115/1.3454478 
ABSTRACT: Elastic and elastic-plastic buckling pressures for internally-pressurized 2:1 ellipsoidal shells with 
diameter-thickness ratios in the range 750 < D/t < 1500 are given in the paper. The effects of sigmayp , E and 
linear strain hardening on the buckling pressures were investigated and both flow and deformation theories 
utilized. Some experimental/theoretical correlations are also given. The elastic pcr  _s differ from some which 
have been published recently and the elastic-plastic pcr  _s are believed to be new. For steel shells, flow and 
deformation theories sometimes gave contradictory buckling predictions but this was not the case with the 
aluminum shells which were investigated.  
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Technology, Vol. 101, No. 3, pp. 216-225, August 1979, DOI: 10.1115/1.3454626 
ABSTRACT: The elastic-plastic buckling of internally pressurized torispherical shells is considered in some 
detail in the paper. The effects of geometric parameters (r/D, RS/D and D/t) and material properties (sigmayp , 
E and the strain-hardening coefficient) on the elastic-plastic internal buckling pressures were investigated using 
the BOSOR5 program. Based on the results of the parametric study, approximate formulas for predicting the 
elastic-plastic internal buckling pressures are suggested. These should be useful to designers. 
 
 
R.W. Aylward and G.D. Galletly (Applied Mechanics Division, Department of Mechanical Engineering, 
University of Liverpool, Liverpool, Great Britain), “Elastic buckling of, and first yielding in, thin torispherical 
shells subjected to internal pressure”, International Journal of Pressure Vessels and Piping, Vol. 7, No. 5, 
September 1979, pp. 321-336, doi:10.1016/0308-0161(79)90025-5 
ABSTRACT: With the aid of the non-linear shell buckling computer program BOSOR4, the internal pressures 



at which elastic circumferential buckling (or wrinkling) take place in thin torispherical shells have been 
calculated. The maximum equivalent (or effective) stresses in the shells in the axisymmetric pre-buckled state 
were also obtained… 
 
 
G D Galletly (Department of Mechanical Engineering, University of Liverpool), “Plastic buckling of 
torispherical and ellipsoidal shells subjected to internal pressure”, Proceedings of the Institution of Mechanical 
Engineers 1847-1996, Volume 195 / 1981, pp. 329-345, doi: 10.1243/PIME_PROC_1981_195_034_02 
ABSTRACT: Thin metallic torispherical shells are used frequently in many industries as end closures on 
cylinders subjected to internal pressure and, for those torispheres which have diameter/thickness ratios greater 
than 400, elastic–plastic internal pressure buckling may occur. As yet, however, code rules to assist the designer 
with this buckling problem are not available in either the UK or the USA and one of the aims of this paper is to 
help to correct this situation.Elastic–plastic internal buckling pressures, for a range of perfect torispherical 
geometries and obtained with the aid of a sophisticated computer program, are given in the first part of the 
paper. These pcr's are then utilized (a) to develop a relatively simple equation for predicting the internal 
buckling pressures of torispherical shells and (b) to assess the accuracy of another, even simpler, approximate 
buckling equation which was suggested recently…. 
 
 
G. D. Galletly, “A comparison of the plastic buckling behavior of 2:1 ellipsoidal and 2:1 torispherical shells 
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ABSTRACT: The elastic-plastic buckling pressures of three (the ‘optimum’ and two others) 2:1 torispherical 
shells subjected to internal pressure are compared with the corresponding pcr for the 2:1 ellipsoidal shell. This is 
done for 207 N/mm2 ⩽σyp ⩽ 620 N/mm2 and over the diameter-thickness range 750 <D/t < 1250. The result of the 
comparison is that the 2:1 ellipsoidal shape appears to have about 25% more buckling resistance than the 2:1 
torispherical shape. Whether one can rely on this 25% margin in practice depends on the accuracy of the shape 
verification procedure. Some examples are discussed to illustrate the problem. 
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SUMMARY: Some simple approximate equations for predicting the buckling pressures of internally-pressurised 
perfect torispheres are given and compared with experimental results obtained on (i) small machined aluminium 
alloy models and (ii) large ‘as-manufactured’ stainless steel heads. The agreement between theory and test was 
reasonably satisfactory. Based on these results, a possible procedure for the design of these ‘as-fabricated’ 
heads is outlined and evaluated. The axisymmetric plastic collapse mode in these heads is also discussed briefly. 
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ABSTRACT: Vertical liquid-filled cylindrical shells which are subjected to horizontal seismic loads can fail by 
buckling in shear. One example where this might arise in the nuclear industry is with the primary vessel in a fast 
breeder reactor (LMFBR) and design criteria are, therefore, needed to prevent its occurrence. In the present 
paper, the static analogue of the foregoing problem is considered and experimental results on the plastic 
buckling of short, steel cantilevered cylindrical shells subjected to transverse edge shearing loads are presented. 
In addition, a simple quadratic equation is suggested for predicting the plastic shear buckling loads. The 
agreement between the experimental shear loads at the inception of buckling and the predictions of the proposed 
design equation is excellent for the limited range of geometries investigated. 
 
 
G D Galletly and J Blachut (Department of Mechanical Engineering, University of Liverpool), “Torispherical 
shells under internal pressure—failure due to asymmetric plastic buckling or axisymmetric yielding”, 
Proceedings of the Institution of Mechanical Engineers 1847-1996, Vol. 199, No. C3 / 1985, pp. 225-238, 
DOI: 10.1243/PIME_PROC_1985_199_117_02 
ABSTRACT: In the diameter-to-thickness range 250 < D/t < 1000, internally pressurized torispherical shells 
can fail either by plastic buckling or by axisymmetric yielding. However, the present Code rules cater only for 
the axisymmetric yielding mode and they also restrict the D/t ratios to being less than 500. The rules are based 
on limit analysis results and these can be conservative for this problem. With regard to internal pressure 
buckling, there are as yet no design rules in either the American or the British pressure vessel Codes to prevent 
its occurrence.To provide guidance for a more accurate formulation of design rules for both of these failure 
modes over the range 300 < D/t < 1500, the authors have made a series of calculations to determine the values 
of Pcr (the internal buckling pressure) and Pc (the axisymmetric yielding pressure) for perfect torispherical 
shells. The availability of these results, obtained with a finite-deflection shell theory, enables curves to be drawn 
showing when buckling is the controlling failure mode and when axisymmetric yield controls. … 
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ABSTRACT: The buckling of welded steel cylindrical shells under the combined action of external pressure 
and axial compressive loads is of considerable interest to the offshore oil and nuclear industries. However, test 
results on this subject are scarce and some design rules which have been proposed recently have not been 
validated experimentally, especially in the plastic buckling region. In order to check these rules, and suggest 
others, interactive buckling tests were conducted at Liverpool University on cylindrical shells having R/t "H 



100. One series of tests consisted of 19 machined and stress-relieved steel models having L/R ratios of 0.33, 
0.74 and 1.45. The results obtained on these near-perfect machined models were compared with theoretical 
predictions of the behaviour of perfect cylindrical shells and the agreement between the two was good. The 
other series consisted of 21 welded steel models and had geometric ratios which were similar to the machined 
ones. The linear interaction equation Sp + Sx = 1 was used to predict the failure loads of these welded steel 
models and the predictions were safe in all cases. However, for some combined loading cases the linear 
equation was rather conservative and, in consequence, some non-linear interaction equations were investigated. 
These seem promising for design purposes. Irrespective of whether a linear or a non-linear equation is chosen 
for design, more tests will be needed to establish the scatter bands of the interactive buckling curves for various 
values of R/t.Some tests were also carried out on (a) the effect of the loading path on the failure loads and (b) 
models with localized dents. Other topics discussed in the paper are: the effects of residual stresses and initial 
geometric imperfections, the general procedure adopted by Codes to predict buckling loads and some 
discrepancies between the predictions of various Codes.  
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doi: 10.1243/PIME_PROC_1987_201_103_02 
ABSTRACT: Plastic buckling/collapse pressures for externally pressurized imperfect hemispherical shells were 
calculated for several values of the yield point, the radius-thickness ratio, and the amplitude of the initial 
imperfections at the pole. The well-known elastic-plastic shell buckling program, BOSOR5, was used in the 
calculations, and two axisymmetric initial imperfection shapes were studied, a localized increased-radius type 
and a Legendre polynomial…. 
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ABSTRACT: The test results obtained on 24 externally-pressurised torispherical steel shells are given in this 
paper. The knuckle radius-to-diameter ratio of the domes varied from 0.06 to 0.18 and the spherical cap radius-
to-thickness ratios were between 75 and 335. Initial shape and thickness measurements were carried out on all 
the torispheres and a summary of this information is given. The BOSOR5 shell buckling program was 
employed to predict the buckling/collapse pressures of all the domes; both perfect domes and those with 
axisymmetric imperfections were considered. The correlation between the theoretical predictions and the 
experimental results was, in general, very good. The main conclusions of the present investigation are: (i) that 
some of the experimental buckling pressures were lower than those obtained by multiplying the BS 5500 design 
values by a safety factor of 1.5, and (ii) that those torispheres with sharp knuckle radii failed by plastic collapse 
in the knuckle region and the collapse pressures were not very sensitive to initial geometric imperfections. It 
thus appears that the BS 5500 rules relating to the strength of shallow torispheres subjected to external pressure 
need to be amended, and that the tolerances on geometric shape for cases which are likely to be imperfection-



insensitive should be reconsidered. 
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ABSTRACT: Perfect clamped torispherical shells subjected to external pressure are analysed in the paper using 
the BOSOR5 shell buckling program. Various values of the knuckle radius-to-diameter ratio (r/D) and the 
spherical cap radius-to-thickness ratio (Rs/t) were studied, as well as four values of sigmayp, the yield point of 
the material. Buckling/collapse pressures, modes of failure and the development of plastic zones in the shell 
wall were determined. A simple diagram is presented which enables the failure mode in these shells to be 
predicted. The collapse pressures, pc, were also plotted against the parameter…. 
 
 
G D Galletly and A Muc (Department of Mechanical Engineering, University of Liverpool), “1082Buckling of 
fibre-reinforced plastic steel torispherical shells under external pressure”, Proceedings of the Institution of 
Mechanical Engineers 1847-1996, Vol. 202, No. C6, 1988, pp. 409-420,  
doi:10.1243/PIME_PROC_1988_202_143_02 
ABSTRACT: (cannot cut and paste abstract) 
 
 
G D Galletly and A Muc (Department of Mechanical Engineering, University of Liverpool), “1082Buckling of 
externally pressurized composite torispherical domes”, Proceedings of the Institution of Mechanical Engineers 
1847-1996, Vol. 203, No. E1, 1989, pp. 41-56, doi: 10.1243/PIME_PROC_1989_203_187_02 
ABSTRACT: (cannot cut and paste abstract) 
 
 
Gerard D. Galletly, “Recent shell buckling research at Liverpool”, chapter in Applied Stress Analysis, pp 371-
385, 1990 
ABSTRACT: Various shell buckling problems have been studied in the Department of Mechanical Engineering 
at Liverpool over the past decade. The background to these problems, and the work carried out on them at 
Liverpool, is discussed briefly in this paper. The shell types which have been investigated are doubly-curved 
shells (torispheres and hemispheres) and cylinders (mainly unstiffened but some with ring stiffeners). The 
principal applied loading has been uniform pressure (internal or external) but transverse edge shear and axial 
compression loads on cylinders have also been studied. 
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ABSTRACT: (cannot cut and past abstract) 
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(1) Department of Mechanical Engineering, University of Liverpool, PO Box 147, Liverpool L69 3BX, U.K. 
(2) Deparmment of Engineering, University of Cambridge, Cambridge CB2 1PZ, U.K. 
“Buckling of complex toroidal shell structures”, Thin-Walled Structures, Vol. 26, No. 3, November 1996, 
pp.195-212, doi:10.1016/0263-8231(96)00023-7 
ABSTRACT: A recent innovation in the design of submersibles is the employment of a series of circular pipes 
to form part of the pressure hull. These pipes serve as storage for gaseous oxygen, which is mixed with fuel oil 
to drive a diesel engine in a closed-cycle mode. One of the structural design problems with these vessels is the 
calculation of the local buckling pressure of the hull and in this paper this is tackled by isolating a short section 
of the vessel. Two adjacent toroids were considered first, together with their connecting annular segments. Then 
three toroids were considered. The loading was external pressure on the external surface of the vessel plus the 
axial thrust caused by the pressure on the end closures. The stress distributions, elastic plastic buckling 
pressures and mode shapes were determined using the variational finite-difference BOSOR5 program. Factors 
investigated for the 2-torus case were: the shape of the connecting segments, the constraint conditions at the 
contact point between the toroids and the influence of the yield stress. The results of the investigation showed 
that: (i) the local buckling pressure of the 3-torus structure was almost the same as that of the 2-torus case; and 
(ii) cylindrical connecting segments gave a higher buckling pressure than circular toroidal ones. A simple 
approximate method for calculating the local buckling pressure of the 2-torus shell structure was also checked. 
It turned out to be conservative, giving a buckling pressure which was about three-quarters of the BOSOR5 



value. 
 
 
G.D Galletly (Department of Mechanical Engineering The University of Liverpool, Brownlow Street, Liverpool 
L69 3GH, UK), “Elastic buckling of imperfect circular toroidal shells under external pressure”,  Proceedings of 
the Institution of Mechanical Engineers, Part E: Journal of Process Mechanical Engineering,  Volume 212, No. 
3, 1998, pp. 197-209, doi: 10.1243/0954408981529411 
ABSTRACT: When perfect, externally pressurized complete circular toroidal shells buckle, the minimum 
buckling pressure pcr usually occurs in the axisymmetric n = 0 mode, with pcr  for n = 2 being only slightly 
larger. In the present paper, the effects of axisymmetric initial geometric imperfections on reducing pcr  for the 
perfect shell are investigated. Various types of imperfection are studied, i.e. localized flat spots, smooth 
dimples, sinusoids and buckling mode shapes. The principal geometry investigated was R/b  = 10, b/t = 100, 
although other geometries were also considered. The maximum decrease in buckling resistance…. 
 
 
G.D Galletly (Department of Mechanical Engineering The University of Liverpool, Brownlow Street, Liverpool 
L69 3GH, UK), “Elastic buckling of complete toroidal shells of elliptical cross-section subjected to uniform 
internal pressure”, Thin-Walled Structures, Vol. 30, Nos. 1-4, January 1998, pp. 23-34, 
doi:10.1016/S0263-8231(97)00030-X 
ABSTRACT: It was predicted recently that some complete toroidal shells of elliptical cross-section would 
buckle when subjected to internal pressure. As yet there is no experimental evidence for this, so two 
independent shell buckling programs (BOSOR and INCA) were employed to calculate the internal buckling 
pressures for some test cases. The agreement between the results of the two programs is very good, with both 
programs predicting that buckling occurs. Calculations were also carried out by using BOSOR on complete 
toroids having cross-sections in the form of prolate (k=a/b>1.0) ellipses. The ranges of the parameters were: 
R/b=4 and 10, b/t=50, 100 and 200, and 1.3<k<2.5. The shells were assumed to be perfect, made from steel and 
to behave elastically. The buckling pressures and circumferential wavenumbers are given in tabular form and 
some are plotted graphically. The deformed shapes of some typical cross-sections prior to buckling are also 
illustrated, along with the buckling modes. 
 
 
Gerard D. Galletly (Department of Engineering, The University of Liverpool, Liverpool L69 3GH, UK), 
“Elastic Buckling of Externally-Pressurized Imperfect Toroidal Shells”, Int. J. Str. Stab. Dyn., 01, 31 (2001). 
DOI: 10.1142/S0219455401000081 
ABSTRACT: This paper summarizes the results of numerical studies into the effects of initial geometric 
imperfections on the elastic buckling behaviour of steel circular and elliptic toroidal shells subjected to 
follower-type external pressure. The types of initial imperfection studied are (a) axisymmetric localized ones 
and (b) sinusoidal buckling modes. The principal localized imperfections studied are (i) circular increased-
radius "flat spots" and (ii) smooth dimples. The buckling pressures pcr of circular toroidal shells were not very 
sensitive to initial imperfections. With elliptic toroids, whether the shell was sensitive to initial imperfections or 
not depended on the ratio k(a/b) of major to minor radii of the section. The shells on the ascending part of the 
pcr versus k curve behaved like circular toroidal shells, i.e. they were not sensitive to initial imperfections. 
However, the behaviour of elliptic toroids on the descending part of the versus k curve was very different. The 
numerical results quoted in the paper are for limited ranges of the geometric parameters. It would be useful to 
extend these ranges, to explore the effects of plasticity and to conduct model tests on imperfect steel models to 
verify the conclusions of the numerical studies. 
 
J. Blachut (Department of Mechanical Engineering, University of Liverpool, P.O. Box 147, Liverpool L69 
3BX, UK), “Externally pressurized filament wound domes—scope for optimization”, Computers & Structures, 
Vol. 48, No. 1, July 1993, pp. 153-160, doi:10.1016/0045-7949(93)90466-Q 
ABSTRACT: Optimal meridional shape and thickness distributions in a filament wound dome closure were 
investigated in order to increase shell buckling strength under static external pressure. The meridional shape 
was sought amongst generalized ellipses. The variable thickness profile was obtained through appropriate 



stacking sequence of continuously wound pre-preg carbon in polar mode. Significant increases in the collapse 
pressures were obtained for some analysed configurations. The collapse strength of optimally wound domes 
was then compared with quasi-isotropic lay-up of woven and vacuum bagged closures having the same mass 
and meridional shape. The latter models were, in many cases, stronger than their wound counterparts. The 
complex method of Box was used as an optimizer. Bifurcation buckling, axisymmetric snap-through and first 
ply failure were included in the evaluation procedure. 
 
J. Blachut and G. Galletly, “Progressive collapse of composite shells”, March 1994-October 1997 research 
project at the University of Liverpool, Engineering and Physical Sciences Research Council (EPSRC) 
Reference: GR/J14622/01 
ABSTRACT: Progressive collapse of this externally-pressurised doubly-curved composite shells, from woven 
cloth, is to be investigated. This includes development of theoretical/numerical model(s) for the post first ply 
failure region. The numerical predictions of the difference in strength between the first-ply failure (FPF) and the 
last-ply failure pressures will be compared with experiments. The behaviour of composite shells in the post FPF 
region is of great practical importance. We aim here to capture the correct mechanisms of failure and reliable 
predictions of same backed by experiment. 
 
J. Blachut and P. Wang, “Buckling of Barreled Shells Subjected to External Hydrostatic Pressure”, J. Pressure 
Vessel Technology, Vol. 123,  No. 2, May 2001, 232 (8 pages), doi:10.1115/1.1357160 
ABSTRACT: The paper considers barreling of a mild steel cylindrical shell as a way of improving its load 
carrying capacity when subjected to static external pressure. Numerical results show that the load carrying 
capacity can be increased from 1.4 to 40 times above the load capacity of mass equivalent cylinders. The effect 
of end boundary conditions on the ultimate load is examined together with sensitivity of buckling loads to initial 
geometric imperfections. 
 
 
Blachut, J, “Optimal barrel-shaped shells under buckling constraints”, AIAA Journal, Vol. 25, pp. 186-188, Jan. 
1987 
ABSTRACT: An effort is made to parametrically establish the maximal compressive axial buckling load of a 
'bowed out' shell whose wall thickness and shell volume are maintained constant. Buckling load increase is due 
to the change in the shell meridional curvature. While there is no dramatic increase in the buckling load, gains 
of up to 20 percent can be achieved through curvature shaping of the kind presently employed. 
 
 
J. Blachut (Department of Mechanical Engineering, University of Liverpool, P.O. Box 147, Liverpool L69 
3BX, U.K.), “Combined axial and pressure buckling of shells having optimal positive Gaussian curvature”, 
Computers & Structures, Vol. 26, No. 3, 1987, pp. 513-519, doi:10.1016/0045-7949(87)90051-4 
ABSTRACT: The optimal curvature of a monocoque toroidal, clamped-clamped shell under axial compression 
and external pressure is sought under static stability constraints. The material is assumed to be either elastic or 
elastic-plastic and nonlinear prebuckling effects are included. The results of this parametric study are presented 
for length/radius ratios varying from 0.5 to 4.0 and radius/thickness varying from 100 to 1000. 
 
 
J. Blachut (Department of Mechanical Engineering, University of Liverpool, P.O. Box 147, Liverpool L69 
3BX, U.K.), “Optimally shaped torispheres with respect to buckling and their sensitivity to axisymmetric 
imperfections”, Computers & Structures, Vol. 29, No. 6, 1988, pp. 975-981, 
doi:10.1016/0045-7949(88)90323-9 
ABSTRACT: A discrete version of dynamic programming is used to optimise elastic-plastic externally 
pressurised torispheres. Step-wise redistribution of mass along the meridian is allowed with an arbitrary number 
of segments. The optimally shaped torispheres seem to be sensitive to initial axisymmetric geometrical 
imperfections to the same extent as spherical caps/hemispheres—unlike torispheres with uniform thickness. The 
full advantage of 15–50% increase in buckling pressure requires shape control to a considerable degree of 
accuracy. 



 
 
J. Blachut (Department of Mechanical Engineering, University of Liverpool, P.O. Box 147, Liverpool L69 
3BX, U.K.), “Search for optimal torispherical end closures under buckling constraints”, International Journal of 
Mechanical Sciences, Vol. 31, No. 8, 1989, pp. 623-633, doi:10.1016/0020-7403(89)90069-6 
ABSTRACT: The optimal geometries of externally-pressurized torispherical end closures, having a prescribed 
weight, are sought under static stability criteria. End closures are obtained which will withstand maximum or 
minimum buckling pressures. Their response to initial axisymmetric imperfections is examined and compared 
to that of hemispherical closures of the same weight and material properties. A direct search technique, known 
as the complex method of Box (Comput. J.8,  45–52, 1965), is used together with the BOSOR5 Code as a 
solver. 
 
 
J. Blachut, “Influence of meridional shaping on the collapse strength of frp domes”, Engineering Optimization, 
Vol. 19, No. 1, 1992, pp. 65 – 80, doi: 10.1080/03052159208941221 
ABSTRACT: Parabolic and cubic splines together with circular arcs are used to approximate the meridional 
shapes of multisegmental, axisymmetric, externally pressurized domes. Bifurcation buckling, axisymmetric 
collapse and fibre first ply failure are considered as possible mechanisms of dome collapse. The objective is to 
maximize the lowest collapse pressure for a constant wall thickness, given the material and the through 
thickness lamination sequence. The optimization procedure is based on the complex method of Box and the 
geometrically nonlinear analysis uses the classical lamination theory. The largest increase in the failure load is 
obtained for segments made out of circular arcs. A generalized ellipse is also used as a possible meridional 
profile. 
 
 
J. Blachut and L. Dong (Department of Mechanical Engineering, The University of Liverpool, Brownlow 
Street, Liverpool L69 3GH, UK), “Use of woven CFRP for externally pressurized domes”, Composite 
Structures, Vol. 38, Nos.1-4, May-August 1997, pp. 553-563, Special Issue: Ninth International Conference on 
Composite Structures, doi:10.1016/S0263-8223(97)00091-3 
ABSTRACT: Sensitivity of bifurcation buckling, first-ply failure (FPF) and last-ply failure (LPF) to the 
different modelling methods of woven cloth is examined numerically for a range of torispherical shells. 
Axisymmetric and two two-dimensional models are used for externally pressurized multi-ply domes. In the first 
two-dimensional model, angles between warp and weft directions on torispheres are obtained through an optical 
projection of an initially orthogonal woven net. In the second type of modelling, a planar/orthogonal mapping is 
preserved on the torispherical geometry. Bifurcation buckling seems to be insensitive to the method of 
modelling. Results for FPF show that differences between axisymmetric and planar models can be as high as 
50%, whilst the differences for optical and planar models can reach 30%. The magnitude of LPF pressures is 
also sensitive to the two-dimensional modelling method adopted. Ultimate collapse loads, associated with LPFs 
and based on optical modelling, are up to 30% higher than those obtained for planar modelling for carbon cloth. 
 
 
Blachut, J.  (Department of Mechanical Engineering, University of Liverpool, Liverpool L69 3GH, UK), 
“Buckling of sharp knuckle torispheres under external pressure”, Thin-Walled Structures, Vol. 30, Nos. 1-4, 
January 1998, pp. 55-77, doi:10.1016/S0263-8231(97)00032-3 
ABSTRACT: The effect of knuckle size and length of the cylindrical flange on the buckling strength of 
externally pressurised torispheres with a sharp knuckle is examined numerically. Both elastic and elastic–
perfectly plastic modelling is used. It is illustrated how sensitivity of the load-carrying capacity to the boundary 
conditions can be removed by the adoption of a large enough knuckle or a cylindrical flange of appropriate 
length. Experimental results available for the sharp knuckle domes are collected and 10 new tests are carried out 
on machined steel domes. Two tests on spun torispheres are also included. The tests demonstrate that the safety 
margin as used for externally pressurised hemispheres and deep torispheres is inadequate for sharp knuckle 
torispheres with a 6% knuckle. 
 



 
Blachut, J.  (Department of Mechanical Engineering, University of Liverpool, Liverpool L69 3GH, UK), 
“Pressure vessel components: some recent developments in strength and buckling”, Progress in 
Structural Engineering and Materials, 1998, Vol.1: 415–421. doi: 10.1002/pse.2260010410 
ABSTRACT: This article contains a survey of some of the recent literature on the structural integrity of metallic 
and composite domed closures subjected to external or internal pressure. The article refers to other recent 
reviews and gives a general overview of recent and current research with which the author has been directly or 
indirectly concerned. For externally pressurized heads this includes correlation between experimental and 
numerical results, imperfection sensitivity, low buckling resistance of shallow torispheres, and modelling of 
wound and handdraped multi-ply composite domes. For internally pressurized heads, the topics include the 
plastic buckling paradox, plastic loads and first cycle shakedown pressures. Structural optimization of vessel 
closures is also mentioned in the article. 
 
 
J. Blachut and O.R. Jaiswal (Applied Mechanics Division, Department of Mechanical Engineering, The 
University of Liverpool, Liverpool L69 3GH, UK), “On buckling of toroidal shells under external pressure”, 
Computers & Structures, Vol. 77, No. 3, June 2000, pp. 233-251, doi:10.1016/S0045-7949(99)00226-6 
ABSTRACT: The paper presents results of a numerical study into the buckling resistance of geometrically 
perfect and imperfect steel toroidal shells with closed cross-sections. Elastic and elastic-plastic buckling 
analyses of shells subjected to uniform external pressure were carried out for a range of geometries, boundary 
conditions and material properties. Toroids with circular and elliptical cross-sections were investigated. Elastic-
plastic analyses carried out for toroids with circular cross-sections allowed identifying shell configurations, 
which fail by bifurcation buckling or by collapse. An appropriate equation is proposed for identification of 
configurations for which either bifurcation or collapse governs the shell's stability. The proposed equation 
supplements Jordan's long-standing design formula, which is applicable to elastic buckling only. The obtained 
results show that toroids with an elliptical cross-section can be much stronger than shells with a circular cross-
section. Calculations identified geometries possessing the largest load carrying capacity. It was found 
numerically that on both sides of ‘the peak performance geometry’ there is a different failure mechanism which 
in turn, as it is discussed in the paper, leads to different imperfection sensitivity. A simple design curve is 
provided for the separation of these two regions. Within each region, the paper provides simple design 
equations for the elastic buckling strength of geometrically perfect toroids with elliptical cross-sections. 
Imperfection sensitivities of elastic and elastic-plastic buckling loads to initial, localised and global shape 
deviations from perfect geometry are given for typical shells with circular and elliptical cross-sections. Initial 
geometric imperfections in the form of the eigenmode, ‘a single wave’ extracted from the eigenmode and 
inward dimple modelled by a cosine function in both R-circumferential and r-meridional directions are studied. 
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Liverpool L69 3GH, UK), “Application of simulated annealing to optimal barreling of externally pressurised 
shells”, ICAAISE '01 Proceedings of the eighth international conference on The application of artificial 
intelligence to civil and structural engineering computing, Civil-Comp Press, 2001 
ABSTRACT: The load carrying capacity, of externally pressurised and optimally shaped metallic shell, has 
been increased by 40 % over the performance of an equivalent cylinder. The optimal geometry has been sought 
within a class of generalised ellipses by the application of simulated annealing algorithm.The optimal solution 
has been verified experimentally by collapsing two, nominally identical, CNC-machined, mild steel shells at 
about 17 MPa. The wall thickness of the optimal shell was about 2.6 mm, its height was about 100 mm and its 
diameter was 200 mm. The effect of initial geometric imperfections on the ultimate load is also discussed. The 
comparison of theoretical and experimental results is good. 
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Multidisciplinary Optimization, Vol 425 of the series: International Centre for Mechanical Sciences, pp 53-105 
ABSTRACT: Current interest in non-gradient optimization can be attributed to two, distinct developments. The 



first stems from studying natural processes and the second from fast progress in the computing environment. 
The first has resulted in new optimization techniques like simulated annealing, tabu search and genetic 
algorithms whilst the second has made many of the existing zero order methods computationally affordable. 
This chapter discusses simulated annealing, tabu search, dynamic programming, random methods and other 
heuristics. A variety of illustrative examples is provided together with practical examples drawn from structural 
mechanics. 
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J. Blachut (Department of Mechanical Engineering, Applied Mechanics Division, The University of Liverpool, 
Liverpool L69 3GH, UK), “Buckling of externally pressurised barrelled shells: a comparison of experiment and 
theory”, International Journal of Pressure Vessels and Piping, Vol. 79, No. 7, 1 July 2002, pp. 507-517, 
doi:10.1016/S0308-0161(02)00040-6 
ABSTRACT: Details of collapse tests of two cylindrical and four bowed out mild steel shells are provided. The 
diameter of the tested shells was about 200 mm, their length varied from 75 to 100 mm whilst the wall thickness 
was about 3 mm. Experimental buckling/collapse pressures varied from 8 to 22 MPa. Zero radial displacements 
and zero rotations have been implemented at both ends of all tested shells. The sensitivity of buckling/collapse 
pressures to the initial, eigenmode type geometric imperfections has been assessed for both cylindrical and 



bowed out geometries. It appears that barrelling does not necessarily increase the sensitivity of buckling 
pressure to shape deviations from perfect geometry. Good agreement has been obtained between experimental 
results on these computer numerically controlled (CNC)-machined models and numerical predictions. Results 
show that, on a like-for-like basis, barrels were able to support a pressure 85% higher than mass equivalent 
cylinders. 
 
 
J. Blachut (Department of Mechanical Engineering, Applied Mechanics Division, The University of Liverpool, 
Liverpool L69 3GH, UK), “Collapse Tests on Externally Pressurized Toroids”, J. Pressure Vessel Technology, 
Vol. 125,  No. 1, February 2003, pp. 91-95, doi:10.1115/1.1522417 
ABSTRACT: The paper discusses the load-carrying capacity of toroidal shells with closed circular cross section 
and loaded by static external pressure. Details about the manufacturing, pre-experiment measurements and 
testing of three, nominally different, steel toroids are provided. Two of them were manufactured from mild steel 
by spinning two halves and then welding them around the inner and outer equatorial perimeters. The third one 
has been assembled by welding four 90-deg stainless elbows. The outer diameter of these models was about 300 
mm and the wall thickness varied from 2.0 to 3.0 mm. The hoop radius-to-thickness ratio, r/t, varied from about 
15 to  30. The experimental collapse pressures were in the range from  4 to 8 MPa. Comparisons with numerical 
results are also provided. 
 
 
J. Blachut (Department of Mechanical Engineering, Applied Mechanics Division, The University of Liverpool, 
Liverpool L69 3GH, UK), “Optimal barreling of steel shells via simulated annealing algorithm”, Computers & 
Structures. Vol. 81, Nos 18-19, August 2003, pp.. 1941-1956. Special Issue: Civil Comp., 
doi:10.1016/S0045-7949(03)00214-1 
ABSTRACT: The load carrying capacity, of externally pressurised and optimally shaped metallic shell, has 
been increased by 40% over the performance of an equivalent cylinder. The optimal geometry has been sought 
within a class of generalised ellipses by the application of simulated annealing algorithm. The optimal solution 
has been verified experimentally by collapsing two, nominally identical, CNC-machined, mild steel shells at 
about 17 MPa. The wall thickness of the optimal shell was about 2.6 mm, its height was about 100 mm and its 
diameter was 200 mm. The effect of initial geometric imperfections on the ultimate load is also discussed. The 
comparison of theoretical and experimental results is good. 
 
 
J. Blachut (Dept. of Engineering, The University of Liverpool, UK), “Buckling of shallow spherical caps 
subjected to external pressure”, J. Appl. Mech., Vol. 72, No. 5, pp 803-806, February 2006 
ABSTRACT: This contribution details buckling tests and numerical results for shallow spherical caps subjected 
to static and uniform external pressure. Six mild steel caps were carefully CNC-machined from a solid billet. 
Three caps were designed to fail elastically with the remaining three failing within the plastic range. Caps’ 
shallowness parameter, λ, varied from 3.5 to 5.5, and radius-to-thickness ratio varied from 300 to 1800. 
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J. Blachut, “Strength and bifurcation of barreled composite cylinders”,  in Shell Structures: Theory and 
Applications, edited by Wojciech Pietraszkiewicz and Czeslaw Szymczak, 2006, Taylor & Francis Group, 



London, ISBN 0 415 38390 0 
ABSTRACT: Results of a parametric study into buckling and first ply failure of bowed out cylinders, subjected 
to static external pressure, are discussed. It is shown that substantial pressure increases can be achieved through 
barreling. This can be further enhanced by varying the lamination angles. The effect of imperfections in 
lamination angles, and the effect of top/bottom edge boundary condtions on the buckling strength are also 
discussed. 
 
 
J. Blachut and P. Smith (Mechanical Engineering, The University of Liverpool, Brownlow Hill, Liverpool L69 
3GH, UK) “Buckling of multi-segment underwater pressure hull”, Ocean Engineering, Vol. 35, No. 2, February 
2008, pp. 247-260, doi:10.1016/j.oceaneng.2007.08.003 
ABSTRACT: Results of a numerical and experimental study into buckling performance of multi-segment 
pressure hull subjected to uniform hydrostatic pressure are discussed. Constituents of multi-segment 
configurations are bowed-out cylindrical shells with, and without flanges. Details about five collapse tests of 
laboratory scale mild steel, CNC machined models are given. Segments were about 200 mm diameter, 100 mm 
long and had uniform wall thickness of 3 mm. Experimental collapse pressures were in the range from 12 to 20 
MPa. Numerical collapse pressures agreed well with those obtained during experiments. 
 
 
P. Smith and J. Blachut (Mechanical Engineering, The University of Liverpool, Liverpool L69 3GH, UK), 
“Buckling of Externally Pressurized Prolate Ellipsoidal Domes”, ASME J. Pressure Vessel Technol., Vol. 130,  
No. 1, February 2008, p. 011210 (9 pages), doi:10.1115/1.2834457 
ABSTRACT: Details are given of a numerical and experimental study into buckling of steel ellipsoidal domes 
loaded by static external pressure. A range of geometries and thicknesses of domes is examined, as is the 
influence of different boundary conditions. Shells are examined on the basis of having the same mass. The main 
focus of the study is on prolate domes, i.e., those taller than a hemisphere of the same base radius. Numerical 
predictions are confirmed by pressurizing six laboratory scale prolate domes to destruction. Details are given of 
the manufacture and test procedure for the domes. The adverse effects of variations in shape and wall thickness 
are discussed, and finite element predictions are made for geometrically imperfect domes. Correlation between 
the two sets of results is good. Numerically and experimentally obtained results are related to the current design 
codes: ASME Boiler and Pressure Vessel Code, Sec. VIII, Division 2 (described hereon as ASME VIII), 
PD5500, and ECCS recommendations (ASME B&PV Code, 2004 ed., Sec. 8, Division 2, New York, NY; BSI 
2003 “Published Document PD5500: Specification for Unfired Pressure Vessels,” BSI London; European 
Convention for Constructional Steelwork Recommendations, 1988 “Buckling of Stell Shells-European 
Recommendations,” ECCS-TWG 8.4, 4th ed., Brussels), which at present make no provision for prolate domes. 
Suggestions are made for the possible inclusion of such domes into the standards. 
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Jan Blachut (The University of Liverpool, Mechanical Engineering, Liverpool, UK), “Elastic buckling of 
vertical cantilevered cylinders”, Journal of Theoretical and Applied Mechanics, Vol. 46, No. 4, pp. 741-761, 
Warsaw 2008 
ABSTRACT: The paper details numerical and experimental study on elastic buckling of cylindrical shells 
caused by external pressure, a horizontal edge force and combined action of both. The following three 
geometries of vertical cylinders are considered: (i) circular cylinders, (ii) concentric circular cylinders, and (iii) 
cylinders with elliptical cross-section. In total, test results on nineteen shells are given. The experimental data is 
benchmarked against the FE predictions of buckling loads. Good agreement has been obtained between the 
experimental results and numerical predictions for all tested shells except for buckling of the concentric 
cylinders loaded by the horizontal edge force. Possible reasons for discrepancies are discussed. 
The paper offers insight into buckling performance of vertical cylinders subjected to combined loading, and in 
the case of concentric cylinders, into the interaction between the inner and outer shells. Some of the interaction 
features, not immediately obvious, are discussed. 
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J. Blachut (The University of Liverpool, Mechanical Engineering, Liverpool, L69 3GH, UK), “Buckling of 
axially compressed cylinders with imperfect length”, Computers & Structures, Vol. 88, Nos. 5-6, March 2010, 
pp. 365-374, doi:10.1016/j.compstruc.2009.11.010 
ABSTRACT: The load bearing capacity has been computed for axially compressed mild steel cylinders with 



non-uniform axial length. The initial geometric imperfection had a sinusoidal shape along the compressed edge. 
Computations were carried out for the radius-to-thickness ratio, 165 less-than-or-equals, slant R/t less-than-or-
equals, slant 1000, the length-to-radius ratio, L/R "a 2.4, and the ratio of axial amplitude of imperfections to the 
wall thickness, 0 less-than-or-equals, slant A/t less-than-or-equals, slant 6.0. The contact problem between a 
rigid plate and a deformable cylinder was successfully benchmarked against experimental data on axially-
perfect aluminium cylinders and also against predictions of other proprietary software. Buckling strength 
showed an astonishing sensitivity to axial imperfections in cylinders. Within the studied range, this could be 
nearly five times more severe than in the case of geometric imperfections in the shell’s generator, modelled with 
eigenmode type shape deviations of the same amplitude. The usual sequence of failure modes seen in 
compressed cylinders, i.e. asymmetric bifurcation followed by axisymmetric collapse is also no longer the case 
for some geometrical configurations. In particular, asymmetric bifurcation buckling can appear on the post-
collapse path. This in turn can lead to  mode jumping, i.e. the shell might not reach collapse and instead it can 
snap to the asymmetric mode at a much lower load than the predicted collapse. This has not been reported for 
metallic shells but it has recently been actively pursued for composite shells. 
 
Blachut, J., 2013, “Buckling of Cylinders With Imperfect Length,” Proceedings of the ASME 2013 Pressure 
Vessel and Piping Conference PVP2013, Paris, Paper No. PVP2013-97316, ASME, New York, pp. 1–9. Also: 
Journal of Pressure Vessel Technology, Vol. 137, No. 1, September 2014 
ABSTRACT: Eighteen mild steel cylinders with the length-to-radius ratio, L/R ≈ 2.4 and with the radius-to-wall 
thickness ratio, R/t ≈ 185 were collapsed by axial compression. Cylinders had variable length at one end of 
sinusoidal profile. The magnitude of axial imperfection-to-wall thickness ratio, 2A/t, was varied between 0.05 
and 1.0. Experimental results show that buckling strength strongly depends on the axial amplitude of 
imperfection. On average imperfect cylinders, with 2A/t = 1.0, are able to support 49% of experimental 
buckling load obtained for geometrically perfect model. The largest sensitivity of buckling strength was 
associated with small amplitude of imperfection in axial length. For example, for axial length imperfection 
amounting to 25% of wall thickness the buckling strength was reduced by 40%. It appears that the number of 
sinusoidal waves in the imperfection profile plays a secondary role, i.e., its role in reducing the buckling 
strength is not a dominant factor. The paper provides experimental details and comparisons with numerical 
results. 
 
 
Vu Truong Vu and J. Blachut (The University of Liverpool, Mechanical Engineering, Liverpool, L69 3GH, 
UK), “Plastic instability pressure of toroidal shells”, Journal of Pressure Vessel Technology, 10/2009, 131(5),  
DOI: 10.1115/1.3148824 
ABSTRACT: This paper considers the determination of plastic instability pressure in toroidal shells 
under internal uniform pressure. Analytical and numerical approaches, as well as verification by experiments, 
are presented. This work is inspired by Mellor’s treatment (1983, Engineering Plasticity, Ellis Horwood Ltd., 
Chichester; 1960, “The Ultimate Strength of Thin-Walled Shells and Circular Diaphragms Subjected to 
Hydrostatic Pressure,” Int. J. Mech. Sci., 1, pp. 216–228; 1962, “Tensile Instability in Thin-Walled Tubes,” J. 
Mech. Eng. Sci., 4(3), pp. 251–256), which assumed that plastic instability occurs at the maximum load. A 
closed-form formula of plastic instability condition is derived analytically. This expression for toroidal shells 
turns out to be the general case of spherical and cylindrical shells given by Mellor. Then the corresponding 
pressure is obtained by semianalytical analysis for a material with the strain hardening characteristic, s= 
A(B+e)^n. For the numerical approach, plastic instability pressure is the maximum pressure at which a small 
pressure increment causes a very large deformation. This is identified by the slope of pressure—change of 
volume curve approaching zero. Both approaches predict the onset of instability at the inner equator point. 
Experimental results of two nominally identical stainless steel toroidal shells correlated well to both approaches 
in terms of the magnitude of pressure and failure location. 
 
 
J. Blachut (The University of Liverpool, Mechanical Engineering, Liverpool, L69 3GH, UK), “Buckling of 
multilayered metal domes”, Thin-Walled Structures, Vol. 47, No. 12, December 2009, pp. 1429-1438, 



doi:10.1016/j.tws.2009.07.011 
ABSTRACT: The paper provides results of a numerical and experimental investigation into static stability of 
externally pressurised hemispherical and torispherical domes. Hybrid wall of considered domes includes steel–
aluminium, titanium–aluminium and copper–steel–copper configurations. Buckling/collapse tests were 
conducted on domes manufactured from copper–steel–copper layered material. Details are provided of 
manufacture of domes, pre-test measurements, testing, and the FE analysis of measured geometries of domes. 
Five pairs of laboratory scale domes were tested. Each pair had nominally identical geometry. Total wall 
thickness of copper–steel–copper domes was about 1.1 mm. Inner and outer layers were copper, each 0.05 mm 
thick. Both types of heads, i.e., hemispherical and torispherical were manufactured from flat sheets using 
spinning. The (radius-to-wall-thickness)-ratio, R/t, was in the range from 40 to 200. Two values of the (knuckle-
radius-to-diameter)-ratio in torispheres were used, i.e., 10% and 17%. Single, quasi-static incremental loading 
was applied in all cases. The end of load carrying capacity was sudden and well defined. Values of experimental 
buckling pressures varied from 1.7 to 10 MPa. 
 
 
J. Blachut and O. Ifayefunmi (Department of Mechanical Engineering, University of Liverpool, Liverpool L69 
3GH, UK), “Plastic Buckling of Conical Shells”, ASME Journal of Offshore Mechanics and Arctic 
Engineering, Vol. 132, No. 4, 041401, September 2010, (11 pages), DOI: 10.1115/1.4001437 
ABSTRACT: This paper studies the static stability of metal cones subjected to combined, simultaneous action 
of the external pressure and axial compression. Cones are relatively thick; hence, their buckling performance 
remains within the elastic-plastic range. The literature review shows that there are very few results within this 
range and none on combined stability. The current paper aims to fill this gap. Combined stability plot, 
sometimes called interactive stability plot, is obtained for mild steel models. Most attention is given to buckling 
caused by a single type of loading, i.e., by hydrostatic external pressure and by axial compression. Asymmetric 
bifurcation bucklings, collapse load in addition to the first yield pressure and first yield force, are computed 
using two independent proprietory codes in order to compare predictions given by them. Finally, selected cone 
configurations are used to verify numerical findings. To this end four cones were computer numerically 
controlled-machined from a solid steel billet of 252 mm in diameter. All cones had integral top and bottom 
flanges in order to mimic realistic boundary conditions. Computed predictions of buckling loads, caused by 
external hydrostatic pressure, were close to the experimental values. But similar comparisons for axially 
compressed cones are not so good. Possible reasons for this disparity are discussed in the paper. 
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J. Blachut (The University of Liverpool, Mechanical Engineering, Liverpool, L69 3GH, UK), “On elastic–
plastic buckling of cones”, Thin-Walled Structures, Vol. 49, No. 1, January 2011, pp. 45-52, 
doi:10.1016/j.tws.2010.08.005 
ABSTRACT: The paper considers the buckling of short, and relatively thick, mild steel conical shells subjected 
to the combined action of external pressure and axial compression. Past results on axially compressed cones and 
on cones subjected to hydrostatic external pressure are compared with fresh test results on equivalent, axially 
compressed cylinder and with the equivalent cylinder subjected to external hydrostatic pressure. The paper 
contains both numerical and experimental results. Details about experiments, numerical modelling and 
computed estimates of the load carrying capacity of analyzed shells are given. Results of this study suggest that 
the concept of equivalent cylinders is not applicable to short master-cones. Combined stability plots have also 
been derived for the master-cone and equivalent cylinders. They provide not only the failure envelopes but also 
the yield envelopes and spread of plastic zones. The paper also brings into the light a useful design tool 
proposed by Esslinger and van Impe [8], and applicable to elastic–plastic buckling of cones subjected to 
external hydrostatic pressure. 
 
 
J. Blachut, O. Ifayefunmi and M. Corfa (The University of Liverpool, Mechanical Enginnering, UK), “Collapse 



and buckling of conical shells”, Proceedings of the 21 International Offshore and Polar Engineering 
Conference, Maui, Hawaii, USA, June 19-24, 2011 
ABSTRACT: Five laboratory scale models have been machined from 250 mm steel billet. The nominal wall 
thickness was, t = 2 mm, the semi-vertex angle, beta = 14 deg. Their (large radius, r2, to-wall-thickness)-ratio 
was r2/t ≈ 50, and the (height, h, to large-radius)-ratio was h/r2 ≈ 1.0. Under axial compression, two nominally 
identical cones collapsed at Fcoll ≈ 230 kN. Further two models were subjected to lateral pressure, and one shell 
to hydrostatic pressure. The magnitudes of their bifurcation pressure were, pbif ≈ 4.7 MPa. Experimental results 
compare very well with numerical estimates of collapse and asymmetric bifurcation buckling. But the goodness 
of the comparison strongly depends on the modeling strategy.  
 
 
Jan Blachut, “Buckling of Externally Pressurized Shallow Spherical Caps from Composites”, Mechanics of 
Advanced Materials and Structures, Vol. 18, No. 2, 2011, pp. 96 – 105, doi: 10.1080/15376494.2010.496061 
ABSTRACT: Buckling of shallow spherical shells subjected to external pressure has been exploited, for 
example, in pressure safety devices. Shallow spherical caps have also been used as mirrors and more recently 
they have been considered as energy concentrators in space applications. Hence there is a renewed interest in 
their static stability performance. This paper addresses two issues: (1) buckling performance of caps, with 
shallowness parameter, lambda, varying from 3.5 to 7.5, and (2) the effect of boundary conditions on the 
buckling strength. In the first case, for elastic buckling of caps, there is a sudden drop in the buckling strength 
for small magnitude of cap's geometrical parameter lambda, i.e., for lambda ≈ 4.0. This has recently been re-
confirmed for steel caps. However, it is not clear whether this drop can be eliminated or reduced in caps made 
from composites mainly through the lamination sequence and also by appropriate supporting of the caps 
perimeter—as typically used in inflatable space antenna. The current paper examines spherical caps made from 
composites subjected to quasi-static external pressure. The effect of different lamination sequences on the 
buckling strength is examined for a range of the shallowness parameter. In the second part, it is proposed to use 
a closed toroidal shell as means of supporting the cap's perimeter. The supporting toroidal shells can be of 
different cross-section, i.e., circular or elliptical. The toroids can also be internally pressurized, differently 
laminated, etc. Additionally the point of attachment can be chosen in such a way that buckling load is as large 
as possible. The effect of some of these parameters on the buckling pressures is quantified. This is an entirely 
numerical study. 
 
 
O. Ifayefunmi, J. Blachut (The University of Liverpool, Liverpool, UK), “The Effect of Shape, Thickness and 
Boundary Imperfections on Plastic Buckling of Cones”, Paper No. OMAE2011-49055, pp. 23-33, ASME 2011 
30th International Conference on Ocean, Offshore and Arctic Engineering, Volume 2: Structures, Safety and 
Reliability, Rotterdam, The Netherlands, June 19–24, 2011, ISBN: 978-0-7918-4434-2 
ABSTRACT: Three types of imperfections are analysed in the current paper, and they are: (i) Initial geometric 
imperfections, i.e., deviations from perfect geometry, (ii) Variations in the wall thickness distribution, and (iii) 
Imperfect boundary conditions. It is assumed that cones are subject to: (a) axial compression only, (b) radial 
pressure only, and (c) combined loading, i.e., axial compression and external pressure acting simultaneously. 
Buckling strength of imperfect cones is obtained for all of the cases above. It is shown that the buckling strength 
is differently affected by imperfections, when cones are subjected to axial compression or to radial external 
pressure. The response to imperfections along the combined stability envelope is also provided, and these 
results are first of this type. The finite element analysis, using the proprietary code is used as the numerical tool. 
Cones are assumed to be from mild steel and the material is modelled as elastic perfectly plastic. Geometrical 
imperfection profiles are affine to eigenshapes. A number of them are tried in calculations, as well as the effect 
of them being superimposed. The results indicate that imperfection amplitude and its shape strongly affect the 
load carrying capacity of conical shells. Also, it is shown that the buckling loads of analyzed cones are more 
sensitive when subjected to combined loading as compared to their sensitivity under single load conditions. At 
the next stage, uneven thickness distribution along the cone slant was considered. Variation of wall thickness 
was assumed to vary in a piece-wise constant fashion. This appears to have a large effect on the buckling 
strength of cones under axial compression only as compared with that of cones subjected to radial external 
pressure only. Finally, the effect of variability of boundary conditions on failure load of cones was investigated 



for two loading conditions, i.e., for axial compression and for radial pressure, only. Results indicate that change 
of boundary conditions influences the magnitude of buckling load. For axially compressed cones the loss of 
buckling strength can be large (about 64% for the worst case (beta = 30 deg, the cone not restrained at small 
radius end). Calculations for radial pressure indicate that the loss of buckling strength is not as acute — with 
34% for the worst case (beta = 40 deg, relaxed boundary conditions at the larger radius end). This is an entirely 
numerical study but references to accompanying experimental programme are provided. 
 
 
J. Blachut and O. Ifayefunmi (The University of Liverpool Mechanical Engineering, Liverpool, L69 3GH, UK), 
“Buckling of Unstiffened Steel Cones Subjected to Axial Compression and External Pressure”, Journal of 
Offshore Mechanics and Arctic Engineering, Vol. 134, No. 3, 031603, February 2012, DOI: 10.1115/1.4004953 
ABSTRACT: This is the first study into elastic-plastic buckling of unstiffened truncated conical shells under 
simultaneously acting axial compression and an independent external pressure. This is both a numerical and 
experimental study. Domains of combined stability are obtained using the finite element method for a range of 
geometrical parameters. Cones are clamped at one end and free to move axially at the other end, where all the 
other degrees of freedom remain constrained. Shells are assumed to be from mild steel and the material is 
modeled as elastic perfectly plastic. The FE results indicate that the static stability domains remain convex. The 
failure mechanisms, i.e., asymmetric bifurcation and axisymmetric collapse are discussed together with the 
spread of plastic strains through the wall thickness. Also, the combined stability domains are examined for 
regions of purely elastic behavior and for regions where plastic straining exists. The latter is not convex and 
repercussions of that are discussed. The spread of plastic strain is computed for a range of the (radius-to-wall-
thickness) ratios. Experimental results are based on laboratory scale models. Here, a single geometry was 
chosen for validation of numerically predicted static stability domain. Parameters of this geometry were 
assumed as follows: the ratio of the bigger radius, r2 , to the smaller radius, r1 , was taken as (r2 /r1 ) = 2.02; the 
ratio of radius-to-wall-thickness, (r2 /t), was 33.0, and the cone semiangle was 26.56 degrees, while the axial 
length-to-radius ratio was (h/r2 ) = 1.01. Shells were formed by computer numerically controlled machining 
from 252 mm diameter solid steel billet. They had heavy integral flanges at both ends and models were not 
stress relieved prior to testing. Details about the test arrangements are provided in the paper. 
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“Plastic Buckling of Cones Subjected to Axial Compression and External Pressure”, ASME Journal of Pressure 
Vessel Technology, Vol. 1352, No. 1, 011205 (9 pages), December 2012, DOI: 10.1115/1.4006903 
(This paper received at the Pressure Vessels and Piping Conference in Anaheim in July 2014 the Journal of 
Pressure Vessel Technology G.E.O. Widera Literature Award for the Outstanding Technical Paper.) 
ABSTRACT: The paper provides details about tests on six steel cones. Test models were machined from 250 
mm diameter billet. All cones had substantial and integral top and bottom flanges in order to secure well 
defined boundary conditions. Experimental data were obtained for: (i) two cones subjected to axial 
compression, (ii) two cones subjected to external pressure, and (iii) the remaining two models subjected to 
combined action of external pressure and axial compression. Apart from axisymmetric modeling of tested 
cones, true geometry with true wall thickness was also used in calculations. Theoretical failure loads were 
obtained for: (i) elastic perfectly plastic, (ii) engineering stress–strain, and (iii) true stress–true strain modeling 
of steel. The latter approach coupled with measured geometry and wall thickness secured safe predictions of the 
collapse loads in all cases. Comparisons of experimental collapse loads with estimates given by ASME and 
ECCS design codes are included. It is seen here that the ASME and ECCS rules provide a safety margin of 
about 100% against the collapse (except 50% for axial compression in the case of the ECCS). 
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Liverpool L69 3BX, UK), “Combined stability of geometrically imperfect conical shells”, Thin-Walled 
Structures, Vol. 67, pp. 121-128, June 2013, DOI: 10.1016/j.tws.2013.02.007 
ABSTRACT: The paper examines the influence of axisymmetric, bulge-type shape imperfections in conical 



shells on buckling strength. Mild steel cones are subjected to axial load, lateral pressure, and any combination 
of both. Imperfection sensitivity of buckling load along the entire interactive plot for (i) inward shape 
deviations, (ii) outward shape deviations and (iii) both inward and outward shape imperfections is examined 
numerically. For all three cases the worst possible scenario is sought through the application of structural 
optimization. The latter employs Tabu search algorithm coupled with the FE re-analysis tool. It is shown that 
both inward and outward imperfections can significantly reduce the load carrying capacity. But the largest 
shrinkage of the interactive diagram is obtained for the case of co-existing inward and outward initial shape 
imperfections. 
 
 
Andreas Taras, “Contribution to the development of consistent stability design rules for steel members”, Ph.d 
dissertation, Technical University of Graz, Austria, 2010 
ABSTRACT: This thesis is concerned with open questions relating to the accuracy and safety of buckling 
design rules for steel members. It identifies a series of inconsistencies in the current practice of design of these 
members against instability and comes up with novel solutions to overcome them.  
The accuracy of design rules is addressed for the buckling modes of lateral-torsional, torsional-flexural and in-
plane beam-column buckling. It is shown that the load-carrying capacity of steel members for these modes can 
be assessed with great accuracy on the basis of simple, case-specific second order (Ayrton-Perry) equations. 
Thereby, it is of paramount importance that the proposed design equations are calibrated to accurately reflect 
the results of materially and geometrically non-linear GMNIA FEM calculations. For the purposes of 
determining how accurately a formulation reflects the true mechanical behaviour of a certain member in a 
buckling mode, these GMNIA calculations are inevitably of deterministic nature, but are conveniently carried 
out on “model members” that inherently reflect a certain,desired safety level through their assumptions 
regarding imperfections and geometry. By doing so, the same, consistent procedure was finally adopted for the 
development of design rules for these buckling modes as for the most-studied and best-understood benchmark 
case of flexural column buckling. Accordingly, also the resulting design formulae are both formally and 
mechanically consistent with the benchmark case.  
Aspects of safety were addressed both implicitly through the above-mentioned development procedure and 
explicitly by the use of reliability assessments on the basis of Monte Carlo simulations and First Order 
Reliability Methods. Random number generation and numerical tests were used to answer some questions 
related to the nexus between fabrication tolerances and specified imperfections for design. Specifically, the 
impact of changes to the curvature tolerances of compression members was quantified by the use of these 
methods. Additionally, the possibility was addressed to move away from “semi-deterministic” buckling rules 
calibrated onto “model member” GMNIA calculations, and to directly base the calibration of buckling rules on 
“constant reliability curves”. Such curves can be obtained from a combination of numerical GMNIA and 
probabilistic FORM calculations.  
Finally, a systematic development procedure for buckling design rules for steel members is proposed, which 
allows for a consistent expansion of the findings of this thesis to other buckling modes.  
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Olawale Friday Ifayefunmi (University of Liverpool), “Combined stability of conical shells”, Ph.D dissertation, 
Liverpool University, 2011 
ABSTRACT: This thesis is concerned with the study of the elastic-plastic buckling of short and relatively thick 
conical shells subjected to combined loading, i.e., axial compression and external pressure acting 
simultaneously. This is both numerical and experimental study. Within the context of numerical study, a 
nonlinear finite element calculations were carried out in order to obtain: (i) the failure loads of cones under axial 
compression only, external pressure only and under combined loading, (ii) the spread of plastic strain and the 
effect of strain hardening of the material on failure loads, and (iii) the sensitivity of buckling loads to initial 
geometric imperfections or to structural defects under various loading conditions. The thesis provides results of 
extensive FE calculations. An experimental programme involved tests on thirteen conical specimens CNC 
machined with integral top and bottom flanges from 252mm diameter steel billet. The specimens were made 
from mild steel material with average yield stress of 230.6 MPa, Young's modulus of 21 0490 MPa and 
Poisson's ratio of 0.28l. Prior to tests, the existing test rig had to be significantly modified and instrumented in 
order to accommodate independent/combined loadings. The test procedure has been developed and successfully 
implemented. Two models were subjected to axial compression, with further two subjected to external pressure. 
The remaining nine cones were subjected to combined action of axial compression and external pressure. 
Experimental results were compared with predictions of failure loads obtained from the existing design codes. 



For the case of axial compression an extension of the design rules is outlined in order to widen the range of 
applicability. For the case of external pressure, the test data compared well with the theoretical work by 
Esslinger and Van Impe, [40]. At the same time the test data highlighted how inadequate estimates of the load 
carrying capacity are given by the design codes. The case of combined loading, i.e., axial compression and 
external pressure is only covered by ASME code case 2286-2, [157], and experimental data does not exist. The 
current study provides the first and much needed test data. The thesis also looks into the concept of equivalent 
cylinder. Numerical results point out to the fact that this approach is unsuitable for combined stability scenario 
(axial compression and external pressure). Experimental data is also compared with predictions given by the 
Finite Element calculations. Details about various approaches to modeling material properties, shape, wall 
thickness distribution, and boundary conditions are discussed. The quality of FE models is assessed by 
comparing the FE predictions of the load carrying capacity with the test data. 
 
 
O. Ifayefunmi, “Effect of prebuckling and edge support on bifurcation buckling of torisphere, cylinder and 
cone”, Journal of Engineering and Technology (JET), Vol. 4, No. 2, 2013 
ABSTRACT: This paper considers the buckling behaviour of commonly used shell structures in the offshore 
and oil industry. Three types of shells subjected to external pressure were examined, and they are: (i) 
torispheres, (ii) circular cylinders and (iii) truncated cones. It is assumed that shells are made from steel and the 
material is modeled as elastic material behaviour. Buckling strength for cases of different 
prebuckling/perturbation load and different edge support were obtained. In the case of transfer, results indicate 
that the magnitude of prebuckling/pertubation load has a significant effects on the bifurcation pressure. Whilst, 
changing the edge support has no effect on the buckling load. For the case of circular cylinder and cone, 
numerical calculation reveals that the magnitude of the prebuckling/pertubation load does not affect the 
bifurcation pressure. Whereas, in the case of different edge support, for a convergent solution to be obtained, 
the edge support must be either pinned or fully clamped at both ends. This is purely numerical study but the 
results of bifurcation pressure were compared with available data in open literature. 
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Iran), “Numerical analysis of the effect of torispherical head on the buckling of pressure vessels”, 7th 
International Conference on Modern Practice in Stress and Vibration Analysis, Journal of Physics: Conference 
Series 181 (2009) 012040, doi:10.1088/1742-6596/181/1/012040 
Abstract: Effect of torispherical head on the buckling of pressure vessels was investigated by finite element 
(FE) method. The FE method with use of nonlinear buckling analysis was applied to predict the critical 
buckling Load. The influences of geometrical parameter such as thickness, knuckle radius and diameter of 
cylindrical part, on the buckling of heads have been studied. The Arc Length method which can control the load 
level, the length of the displacement increment and the maximum displacement was been used. By verification 
performed with the European Convention for Constructional Steelwork (ECCS) code, it was confirmed that the 
nonlinear buckling analysis could assure accurate results for buckling strength. It was shown that geometrical 
imperfections had little effect on buckling strength. 
 
 
Wenjing Xia, P. C. J. Hoogenboom (Delft University of Technology, Delft, The Netherlands), “Buckling 
Analysis of Offshore Jackets in Removal Operations”, Paper No. OMAE2011-49601, pp. 449-454, ASME 2011 
30th International Conference on Ocean, Offshore and Arctic Engineering, Volume 2: Structures, Safety and 
Reliability, Rotterdam, The Netherlands, June 19–24, 2011, doi:10.1115/OMAE2011-49601 
ABSTRACT: In analysis of the removal of offshore jackets an important failure mode is buckling. In current 
practice, a buckling check involves manual determination of the buckling lengths of each frame member. It is 
estimated that 5 to 10% of the man-hours in structural analysis of removal projects is spend on checking and 
correcting buckling lengths. Fortunately, an alternative method is available that does not require determining 
buckling lengths. In this paper it is shown how this method can be derived from the NORSOK standard for 
tubular steel frame structures. The method is demonstrated in a removal analysis of an offshore jacket. It is 
concluded that this method can be successfully applied. 
 
 
J. Mistry (Department of Mechanical Engineering, University of Liverpool, PO Box 147, Brownlow Hill, 
Liverpool L69 3BX, UK), “Theoretical investigation into the effect of the winding angle of the fibres on the 
strength of filament wound GRP pipes subjected to combined external pressure and axial compression”, 
Composite Structures, Vol. 20, No. 2, 1992, pp. 83-90, doi:10.1016/0263-8223(92)90064-J 
ABSTRACT: Finite element analysis has been carried on composite pipes of length-to-internal diameter ratio of 
5 and internal diameter-to-thickness ratio of 20 to assess their strength when subjected to a combination of 
external pressure and axial compression. The effect of the winding angle of the fibre reinforcements on the 
buckling and first-ply failure loads of the pipes have been examined. It is shown that the optimum winding 
angle of the fibres varies according to the ratio of hoop-to-axial membrane stresses in the pipes. In the case of 
hydrostatic external pressure loading of the pipes, the optimum angle is close to 80° instead of 55° reported 
elsewhere for internal pressure loading. 
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“A procedure for analyzing the strength of composite domes by axisymmetric shell finite elements”, 
Composites Engineering, Vol. 4, No. 2, 1994, pp. 169-171, 173-180, doi:10.1016/0961-9526(94)90025-6 
ABSTRACT: The outline of a procedure to calculate the buckling and material failure loads of axisymmetric 
composite shells and cylinders subjected to uniform pressure is presented. It is shown that conventional 
axisymmetric shell analysis programs have to overcome the limitation of the uniform thickness and fibre 
orientation circumferentially. The procedure uses this limitation to useful effect by modelling a given problem 
as a series of shells having uniform thickness and material properties associated with the different meridians of 
the shell. It is thus possible to employ one-dimensional axisymmetric shell analysis to solve effectively three-
dimensional shell problems. In order to demonstrate the viability of the proposed method, three hemispherical 
domes prepared from two, four and six layers of woven carbon rovings in epoxy resin matrix were tested to 
failure under the action of external pressure loading. The domes were selected to give both buckling and 



material modes of failure and their failure loads were compared with those predicted by the method described 
herein. It is shown that for the thinnest dome having only two layers, the failure mode is bifurcation buckling 
with a high number of circumferential waves. The mode of failure changes to snap-through axisymmetric 
collapse when the number of layers is increased to four. A further addition of two layers in the dome changes 
the failure mode to material collapse. Theoretical prediction of the failure loads based on geometrically perfect 
structures and average compression properties tended to vary in the range 1.37–1.83 of the experimental values. 
Thus there was a reasonable agreement between the two sets of results after allowing for the scatter in 
compressive properties of the material and the sensitivity to geometric imperfections of thin domes. 
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“Necking of biaxially stretched elastic-plastic circular plates”, Journal of the Mechanics and Physics of Solids, 
Vol. 25, No. 3, June 1977, pp. 159-183, doi:10.1016/0022-5096(77)90021-7 
ABSTRACT: The necking of an elastic-plastic circular plate under uniform radial tensile loading is investigated 
both within the framework of the three-dimensional theory and within the context of the plane-stress 
approximation. Attention is restricted to axisymmetric deformations of the plate. The material behavior is 
described by two different constitutive laws. One is a finite-strain version of the simplest flow-theory of 
plasticity and the other is a finite-strain generalization of the simplest deformation theory, which is employed as 
a simple model of a solid with a vertex on its yield surface. For an initially uniform plate made of an 
incompressible material, bifurcation from the uniformly stretched state is studied analytically. The regimes of 
stress and moduli where the governing axisymmetric three-dimensional equations are elliptic, parabolic or 
hyperbolic are identified. The plane-stress local-necking mode emerges as the appropriate limiting mode from 
the bifurcation modes available in the elliptic regime. In the elliptic regime, the main qualitative features of the 
bifurcation behavior are revealed by the plane-stress analysis, although three-dimensional effects delay the 
onset of necking somewhat. For the deformation theory employed here, the first bifurcation modes are 
encountered in the parabolic regime if the hardening-rate is sufficiently high. These bifurcations are not 
revealed by a plane-stress analysis. For a plate with an initial inhomogeneity, the growth of an imperfection is 
studied by a perturbation method, by a plane-stress analysis of localized necking, and by numerical 
computations within the framework of the three-dimensional theory. When bifurcation of the corresponding 
perfect plate takes place in the elliptic regime, the finite element results show that the plane-stress analysis gives 
reasonably good agreement with the numerical results. When bifurcation of the corresponding perfect plate first 
occurs in the parabolic regime, then a bifurcation of the imperfect plate is encountered, that is, the finite element 
stiffness matrix ceases to be positive definite. 
 
 
Viggo Tvergaard (Department of Solid Mechanics, The Technical University of Denmark, Lyngby, Denmark), 
“Buckling of elastic-plastic cylindrical panel under axial compression”, International Journal of Solids and 
Structures, Vol. 13, No. 10, 1977, pp. 957-970, doi:10.1016/0020-7683(77)90008-7 
ABSTRACT: The buckling behaviour is investigated for an axially compressed elastic-plastic cylindrical panel 
of the type occurring in stiffened shells. The bifurcation stress is determined analytically and an asymptotically 
exact expansion is obtained for the initial post-bifurcation behaviour in the plastic range. For panels with small 
initial imperfections the behaviour is analysed asymptotically on the basis of the hypoelastic theory that results 
from neglecting the effect of elastic unloading. The imperfection-sensitivity of an elastic-plastic panel is also 
computed numerically by a linear incremental method, and the results are compared with the results of the 
asymptotic analysis. For a low hardening material the panel is found to be imperfection-sensitive in the whole 
range of curvatures considered, whereas for a high hardening material the panel is only imperfection-sensitive if 
the curvature exceeds a certain value. 
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“Creep buckling of rectangular plates under axial compression”, International Journal of Solids and Structures, 



Vol. 15, No. 6, 1979, pp. 441-456, doi:10.1016/0020-7683(79)90046-5 
ABSTRACT: The creep buckling behaviour is investigated for simply supported rectangular plates under axial 
compression. In addition to creep also elastic and plastic deformations are accounted for. The initial creep 
buckling behaviour at small deflections is analysed by a perturbation method, and this solution is used to obtain 
a simple, rough estimate of the life time. Numerical solutions for the plate creep buckling are obtained by an 
iterative incremental method. Based on these results the effect of the creep exponent and various effects of 
plasticity are discussed. The failure times obtained numerically are compared with the time estimates based on a 
symptotic theory and with critical times predicted in earlier investigations. 
 
 
Viggo Tvergaard (Department of Solid Mechanics The Technical University of Denmark, DK-2800 Lyngby, 
Denmark), “Plastic buckling of axially compressed circular cylindrical shells”, Thin-Walled Structures, Vol. 1, 
No. 2, 1983, pp. 139-163, doi:10.1016/0263-8231(83)90018-6 
ABSTRACT: For elastic-plastic cylindrical shells with initial axisymmetric imperfections bifurcation into a 
non-axisymmetric shape is analysed. The shell material is represented by a phenomenological plasticity theory 
that accounts for the formation of a vertex on subsequent yield surfaces. The influence of various geometric and 
material parameters is investigated for a wide range of radius-to-thickness ratios. It is shown that for the thicker 
shells bifurcation generally occurs beyond the maximum axial compressive load. A few analyses for shells with 
additional non-axisymmetric imperfections show the unstable post-bifurcation behaviour and the sensitivity to 
imperfections of more general shapes. 
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“On the transition from a diamond mode to an axisymmetric mode of collapse in cylindrical shells”, 
International Journal of Solids and Structures, Vol. 19, No. 10, 1983, pp. 845-856, 
doi:10.1016/0020-7683(83)90041-0 
ABSTRACT: The influence of buckling pattern localization on the collapse mode of axially compressed elastic-
plastic circular cylindrical shells is investigated. Initial imperfections are assumed to be axisymmetric and the 
possibility of bifurcation into a non-axisymmetric shape is analysed. For sufficiently thin-walled shells 
bifurcation occurs before the load maximum: but in more thick-walled shells the axisymmetric deformations are 
stable beyond the maximum load, at which localization into a single outward buckle takes place. It is found that 
localization delays bifurcation considerably, such that sufficiently thick-walled shells will collapse in an 
axisymmetric mode. The theoretical predictions are compared with a number of published experimental results. 
 
 
Viggo Tvergaard, “Effect of plasticity on post-buckling behaviour”, Buckling and Post-Buckling: Lecture Notes 
in Physics, 1987, Vol. 288/1987, 1987, pp. 143-183, doi: 10.1007/BFb0009199 
ABSTRACT: Plastic buckling theory is presented, starting with the general theory of uniqueness and 
bifurcation for elastic-plastic solids. Also asymptotic procedures for estimating the initial post-bifurcation 
behaviour and the imperfection-sensitivity are presented, based on the classical elastic-plastic solid. The effect 
of other elastic-plastic constitutive descriptions on bifurcation and post-bifurcation behaviour is discussed. 
Several numerical analyses of the plastic buckling of plate — or shell structures are reviewed, and special 
attention is given to the localization of buckling patterns that often occurs as a secondary bifurcation. Finally, 
the effect of material strain-rate sensitivity on the prediction of plastic instabilities is discussed in some detail. 
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“Buckling localization in a cylindrical panel under axial compression”, International Journal of Solids and 
Structures, Vol. 37, Nos. 46-47, November 2000, pp. 6825-6842, doi:10.1016/S0020-7683(99)00316-9 
ABSTRACT: Localization of an initially periodic buckling pattern is investigated for an axially compressed 



elastic–plastic cylindrical panel of the type occurring between axial stiffeners on cylindrical shells. The 
phenomenon of buckling localization and its analogy with plastic flow localization in tensile test specimens is 
discussed in general. For the cylindrical panel, it is shown that buckling localization develops shortly after a 
maximum load has been attained, and this occurs for a purely elastic panel as well as for elastic–plastic panels. 
In a case where localization occurs after a load maximum, but where subsequently the load starts to increase 
again, it is found that near the local load minimum, the buckling pattern switches back to a periodic type of 
pattern. The inelastic material behavior of the panel is described in terms of J2 corner theory, which avoids the 
sometimes unrealistically high buckling loads predicted by the simplest flow theory of plasticity. 
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“Effect of residual stresses on plastic buckling of cylindrical shell structures”, International Journal of Solids 
and Structures, Vol. 26, Nos. 9-10, 1990, pp. 993-1004, doi:10.1016/0020-7683(90)90013-L 
ABSTRACT: Weld-induced residual stresses in shell structures tend to give earlier onset of plastic yielding and 
to reduce the critical buckling load. Geometrical imperfections may also have a detrimental effect on the load 
carrying capacity. The interaction between these two kinds of imperfections is studied here for various 
longitudinally welded cylindrical shell structures, with focus on short wave local buckling modes. It is found 
that structures with reduced bifurcation loads due to residual stresses show less sensitivity to geometrical 
imperfections, and after buckling mode deflections of the order of the shell thickness, the residual stresses play 
no role at all. 
 
 
Kim Ravn-Jensen (The Technical University of Denmark, Lyngby, Denmark), “A shell analysis of turbine 
blade vibrations”, International Journal of Mechanical Sciences, Vol. 24, No. 10, 1982, pp. 581-587, 
doi:10.1016/0020-7403(82)90001-7 
ABSTRACT: Free vibrations of turbine blades are analysed numerically by means of a general shell theory. 
The effect of centrifugal force is taken into account, and it is found possible to examine a wide class of blades. 
The continuous shell problem is discretized through a finite difference energy method, working on a simple 
rectangular grid mapped onto the blade surface by parameter functions. Three examples are shown, all of which 
are compared with previous investigations. One example considers an actual blade from the last stage of a steam 
turbine, while another considers a compressor blade. 
 
 
M.V.A. Lima, J.M.F. Lima and P.R.L. Lima (Universidade Estadual de Feira de Santana, Programa de Pós-
graduação em Engenharia Civil e Ambiental, Feira de Santana, Bahia, Brasil), “Finite difference energy method 
for nonlinear numerical analysis of reinforced concrete slab using simplified isotropic damage model”, Rev. 
IBRACON Estrut. Mater. Vol. 7, No. 6, November/December 2014 
ABSTRACT: This work presents a model to predict the flexural behavior of reinforced concrete slabs, 
combining the Mazars damage model for simulation of the loss of stiffness of the concrete during the cracking 
process and the Classical Theory of Laminates, to govern the bending of the structural element. A variational 
formulation based on the principle of virtual work was developed for the model, and then treated numerically 
according to the Finite Difference Energy Method, with the end result a program developed in Fortran. To 
validate the model thus proposed have been simulated with the program, some cases of slabs in flexure in the 
literature. The evaluation of the results obtained in this study demonstrated the capability of the model, in view 
of the good predictability of the behavior of slabs in flexure, sweeping the path of equilibrium to the rupture of 
the structural element. Besides the satisfactory prediction of the behavior observed as positive aspects of the 
model to its relative simplicity and reduced number of experimental parameters necessary for modeling. 
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ABSTRACT: The derivation for the nonlinear bending response of finite length composite tubes exhibiting 
cross-sectional deformations associated with Brazier's flattening effect is presented using classical shell theory. 
Semi-membrane constitutive theory is used to simplify the analysis and local buckling on the compressive side 
of the tube is investigated based on the axial stress and local curvature on the compressive side of the cylinder. 
The nonlinear system is solved numerically and results are obtained for various combinations of material and 
geometric parameters as well as end conditions. Results of the present investigation are compared with 
published finite element solutions and approximate analytical solutions for the Brazier effect of finite length 
tubes. 
 
 
I. V. Orynyak and S. A. Radchenko, “Analytical solution of the Brazier problem for thin-wall pipes with initial 
cross-sectional shape imperfection in the case of action of pressure”, Strength of Materials, Vol. 40, No. 3, 
2008, pp. 356-374, doi: 10.1007/s11223-008-9022-2 
ABSTRACT: An analytical method is proposed for the solution of geometrically nonlinear Brazier problem for 
thin-mall pipes with initial cross-sectional shape imperfection in the case of action of pressure. Geometrical 
equations relating displacement components to strains and equilibrium equations taking into account change in 
the curvature of pipe cross section and axis have been derived. A solution in a first approximation for 
dimensionless flexibility parameter is presented, the exactness of which is illustrated by numerous examples. 
For the case of joint action of external bending moment and pressure, a limit curve of the critical moment value 
as a function of pressure value has been obtained. 
 
 
Brian F. Tatting (Department of Engineering Mechanics, VPISU), “Analysis and Design of Variable Stiffness 
Composite Cylinders”, PhD. Dissertation, October 1998, ETD etd-10198-11378 
PARTIAL ABSTRACT: An investigation of the possible performance improvements of thin circular cylindrical 
shells through the use of the variable stiffness concept is presented. The variable stiffness concept implies that 
the stiffness parameters change spatially throughout the structure. This situation is achieved mainly through the 
use of curvilinear fibers within a fiber-reinforced composite laminate, though the possibility of thickness 
variations and discrete stiffening elements is also allowed. These three mechanisms are incorporated into the 
constitutive laws for thin shells through the use of Classical Lamination Theory. The existence of stiffness 
variation within the structure warrants a formulation of the static equilibrium equations from the most basic 
principles. The governing equations include sufficient detail to correctly model several types of nonlinearity, 
including the formation of a nonlinear shell boundary layer as well as the Brazier effect due to nonlinear 
bending of long cylinders. Stress analysis and initial buckling estimates are formulated for a general variable 
stiffness cylinder. Results and comparisons for several simplifications of these highly complex governing 
equations are presented so that the ensuing numerical solutions are considered reliable and efficient enough for 



in-depth optimization studies. Four distinct cases of loading and stiffness variation are chosen to investigate 
possible areas of improvement that the variable stiffness concept may offer over traditional constant stiffness 
and/or stiffened structures. 
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ABSTRACT: The past developments on tow-placement technology led to the production of machines capable 
of controlling fibre tows individually and placing them onto the surface of a laminate with curvilinear topology. 
Due to the variation of properties along their surface, such structures are termed variable-stiffness composite 
panels. In previous experimental research tow-steered panels have shown increased buckling load capacity as 
compared with traditional straight-fibre laminates. Also, numerical analyses by the authors showed that first-ply 
failure occurs at a significant higher load level. The focus of this paper is to extend those analyses into the 
postbuckling progressive damage behaviour and final structural failure due to accumulation of fibre and matrix 



damage. A user-developed continuum damage model implemented in the finite element code ABAQUS is 
employed in the simulation of damage initiation and material stiffness degradation. In order to correctly predict 
the buckling loads of tow-steered panels under compression, it is of crucial importance to take into account the 
residual thermal stresses resulting from the curing process. Final failure of tow-steered panels in postbuckling is 
predicted to within 10% difference of the experimental results. Curvilinear-fibre panels have up to 56% higher 
strength than straight-fibre laminates and damage initiation is also remarkably postponed. Tow-steered designs 
also show more tolerance to central holes than traditional laminates. 
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“Progressive damage analysis of tow-steered composite panels in postbuckling”, 16th International Conference 
on Composite Materials, July 2007 
ABSTRACT: Machines capable of individually controlling fibre tows and placing them onto the surface of a 
laminate with curvilinear topology are available nowadays. Due to the variation of properties along their 
surface, such structures are termed variable-stiffness composite panels. Experimental research demonstrated 
that properly designed tow-steered panels buckle at higher loads than traditional straight-fibre laminates. Also, 
numerical analyses by the authors demonstrated that first-ply failure of these designs is remarkably postponed. 
The focus of this paper is to extend those analyses into the postbuckling progressive damage behaviour and 
final structural failure. A user-developed continuum damage model implemented in the finite element code 
ABAQUS is employed in the characterisation of damage initiation and propagation. As with damage initiation, 
failure of curvilinear-fibre panels is remarkably postponed as compared with straight-fibre laminates. Tow-
steered panels also show to be more tolerant to notches than traditional laminates. By taking into account the 
residual thermal stresses, not only predicted and experimented buckling loads show remarkable agreement but 
also predicted final failure loads of tow-steered panels in postbuckling are within 12% of the experimental 
results. 
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“Variable stiffness composite panels: Effects of stiffness variation on the in-plane and buckling response”, 
Composites Part A: Applied Science and Manufacturing, Vol. 39, No. 5, pp. 911-922, May 2008 
ABSTRACT: Descriptions of fiber orientation variation for flat rectangular composite laminates that possess 
variable stiffness properties are introduced. The simplest definition employs a unidirectional variation based on 
a linear function for the fiber orientation angle of the individual layers. Analyses of variable stiffness panels for 
in-plane and buckling responses are developed and demonstrated for two distinct cases of stiffness variations. 
The first case assumes a stiffness variation in the direction of the loading, and numerical results indicate small 
improvements in buckling load for some panel configurations due to favorable distribution of the transverse 
stresses over the panel planform. The second case varies the stiffness perpendicular to the loading, and provides 
a much higher degree of improvement due to the re-distribution of the applied loads. It is also demonstrated that 
the variable stiffness concept provides a flexibility to the designer for trade-offs between overall panel stiffness 
and buckling load, in that there exist many configurations with equal buckling loads yet different global 
stiffness values, or vice versa. 
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“Variable-stiffness composite panels: Buckling and first-ply failure improvements over straight-fibre 
laminates”, Computers & Structures, Vol. 86, No. 9, May 2008, pp. 897-907, Special Issue: Composites, 
doi:10.1016/j.compstruc.2007.04.016 
ABSTRACT: One of the primary advantages of using fibre-reinforced laminated composites in structural 
design is the ability to change the stiffness and strength properties of the laminate by designing the laminate 
stacking sequence in order to improve its performance. This procedure is typically referred to as laminate 
tailoring. Traditionally, tailoring is done by keeping the fibre orientation angle within each layer constant 
throughout a structural component. Allowing the fibres to follow curvilinear paths within the plane of the 
laminates constitutes an advanced tailoring option that can lead to modification of load paths within the 
laminate to result in more favourable stress distributions and improve the laminate performance. 
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“Variable-Stiffness Composite Panels: Effects Of Stiffness Variation On The Buckling And Failure 
Responses”, 7th EUROMECH Solid Mechanics Conference J. Ambrosio et.al. (eds.) Lisbon, Portugal, 7–11 
September 2009 
ABSTRACT: The traditional approach to the problem of stress concentrations around cutouts in composite 
structures is to locally increase the laminate thickness in order to smooth out the stress peak. Often, this practice 
attracts more loads to the cutout region besides increasing part weight. A more effective solution is to avoid the 
stress concentrations altogether by using fibre-steered laminates. The production of composites in this format is 
practical nowadays due to capabilities of advanced fibre-placement technology. This paper shows that it is 
possible to design and manufacture composite panels whose buckling and failure responses are insensitive to 
the existence of a central hole. This cutout insensitivity does not involve an increase in structural mass, but only 
the steering of the fibres in the plane of the laminate, in order to promote the redistribution of the loading 
towards the supported edge sections of the panel. 
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variable-stiffness composite panels for maximum buckling load”, Composite Structures, Vol. 87, No. 1, January 
2009, pp. 109-117, doi:10.1016/j.compstruct.2008.01.008 
ABSTRACT: A generalized reciprocal approximation is presented for design of variable-stiffness laminated 
composite panels for maximum buckling load. The buckling load is expanded in terms of the inverse of the 
stiffness tensor. For discretized panels such an approximation has the important property of being separable, 
which allows the maximization to be carried out at each discrete node separate from the others. This makes the 
algorithm particularly suited to parallel computations. The sensitivity analysis is performed exactly using an 
adjoint method, requiring only one back substitution using the already factored inplane stiffness matrix with 
different right hand sides to compute the sensitivities for all design variables. A conforming CLPT finite 
element is used for the buckling analysis of rectangular plates and the proposed reciprocal approximation is 
used to update fiber orientation angles at each finite element node. Numerical results obtained for rectangular 
plates show that significant improvements can be gained in the buckling load by allowing the stiffness 
properties to vary spatially. The case of repeated eigenvalues is handled using a dual formulation. 
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conical shells for maximum fundamental eigenfrequency”, Computers & Structures, Vol. 86, No. 9, May 2008, 
pp. 870-878, Special Issue: Composites, doi:10.1016/j.compstruc.2007.04.020 
ABSTRACT: Fiber-reinforced composite conical shells with given geometry and material properties are 
optimized for maximum fundamental frequency. The shells are assumed to be built using an advanced tow-
placement machine, which allows in-plane steering of the fibers, resulting in a variable-stiffness structure. In 
this paper, different path definitions for variable-stiffness shells are provided and used to optimize conical shells 
for maximum fundamental frequency, while manufacturing constraints that apply for tow placement are taken 
into account in the process. The influence of manufacturing constraints on the performance is shown; and 
improvements of variable-stiffness conical shells over conventional, constant-stiffness shells are demonstrated. 
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“Optimization of a composite cylinder under bending by tailoring stiffness properties in circumferential 
direction”, Composites Part B: Engineering, Vol. 41, No. 2, March 2010, pp. 157-165, 
doi:10.1016/j.compositesb.2009.10.004 
ABSTRACT: A fiber-reinforced cylindrical shell with given geometry and material properties is optimized for 
maximum load-carrying capability under bending. The shell is assumed to be built using an advanced fiber-
placement machine, which allows in-plane steering and overlapping of fibers, resulting in a so-called variable-
stiffness shell. The design methodology for strength and stiffness variation in circumferential direction by 
means of fiber placement is explained and restrictions on the manufacturability are specified. Implementation in 
the commercially available finite element package ABAQUS® for structural analysis is described. 
Subsequently, the cylinder is optimized to carry a maximum buckling load under bending, while applying a 
strength constraint. Constraints on the global stiffness are imposed by means of comparison with a baseline 
quasi-isotropic shell, while a matrix dominated lay up is avoided at all locations in the laminate in order to 
ensure that the laminate is strong enough in all directions in case a hole is present. Optimization is done using a 
surrogate model in order to minimize the amount of finite element analyses. Improvements of up to 17% are 
obtained by changing the load path. The tension side is made stiffer and the compression side softer in 
longitudinal direction by changing the fiber orientation from near zero at the upper (tension) side to higher fiber 
angles at the lower (compression) side, such that load is relieved from the compression side. This results in a 
higher load-carrying capability of the cylinder. 
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Cho, “Buckling analysis of filament-wound thick composite cylinder under hydrostatic pressure”, International 
Journal of Precision Engineering and Manufacturing, Vol. 11, No. 6, December 2010, pp. 909-913,  
doi: 10.1007/s12541-010-0110-4 
ABSTRACT: Underwater vehicles that operate in deep waters require a pressure hull to maintain the sufficient 
strength and stiffness against external hydrostatic pressure. We investigated the validity of the finite element 
method (FEM) that is applied to a buckling analysis of the filament-wound composite cylinder, subjected to an 
external hydrostatic pressure. Two methods were suggested for the buckling analysis of a filament-wound thick 
composite cylinder under hydrostatic pressure: using the equivalent properties of the composite, and using 
stacking sequence. The hydrostatic pressure test was conducted to verify the FEA. Test results were compared 
with the previous results obtained by FEM on the buckling of a filament-wound composite cylinder under 
hydrostatic pressure. FEM analysis results were in good agreement with the test results. The difference between 
FEM results and the test results was approximately 1 to 5%. 
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ABSTRACT: The buckling and failure characteristics of moderately thick-walled filament-wound carbon–
epoxy composite cylinders under external hydrostatic pressure were investigated through finite element analysis 
and testing for underwater vehicle applications. The winding angles were [±30/90]FW, [±45/90]FW and 
[±60/90]FW. ACOS, an in-house finite element program, successfully predicted the buckling pressure of 



filament-wound composite cylinders with 2 to 23% deviation from the test results. The analysis and test results 
showed that the cylinders do not recover the initial buckling pressure after buckling and that this leads directly 
to the collapse. Major failure modes in the test were dominated by the helical winding angles. 
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1773-1776, January 2006, DOI: 10.4028/www.scientific.net/KEM.326-328.1773 
ABSTRACT:  
Progressive failure analysis based on the complete unloading method was conducted to investigate the crippling 
failure of carbon/epoxy composite stiffeners under axial compression. A modified arc-length algorithm was 
incorporated into a nonlinear finite element method to trace the equilibrium path after local buckling. For the 
validation of the finite element method, several carbon/epoxy Z-section stiffeners were tested in compression. 
The finite element results on the buckling and crippling stresses showed good agreement with the experimental 
results. 
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Han-Gi Son, Deepak Kumar, Yong-Bin Park, Jin-Hwe Kweon and Jin-Ho Choi, “Structural design and analysis 
of composite aircraft fuselage used to develop AFP technology”, Proceedings of the Seventh International 
Symposium on Mechanics, Aerospace and Information Engineering, Hakone Pax Yoshino, Japan, February 21-
23, 2013 
ABSTRACT: Increasing use of composite materials in aircraft structure aims in reducing the structural weight 
significantly. In order to exploit the advantage of composite materials especially to manufacture fuselage 
structure can be efficiently developed by Automatic Fiber Placement (AFP) technology. In this regard, design 
of composite materials for fuselage structure has been needed. In this study, stacking sequence of skin, stringer 
and frame has been designed. The skin and frame stacking sequence are designed as [45/90/-45/0/45/0/-45]s and 
[90/45/-45]s, respectively. The numbers of stringer have been decided on the basis of already published papers. 
Material selected for fuselage is T800/3900-2 tape lamina. The sizing of stringer (T-shape) and frame (C-shape) 
has been decided on the basis of Denis Howe’s methods. One ply thickness is taken as 0.1905 mm. The design 
is modeled in CATIA V5 and imported in FEM code MSC. Patran and Nastran. The meshing is critical near the 
joint, so, mesh transition between the skin and stringer and skin and frame has been matched. The analysis has 
been done for internal pressure, shear load, bending moment, torsional load and axial compressive buckling, 
respectively. It has been observed from the analysis that designed fuselage can withstand internal pressure 75.5 
kPa, shear load 13.86×106 N, bending moment 8.05x106 N-m and buckling due to axial compressive force 
504.150 kN, individually.  
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honeycomb core carbon/Epoxy composite sandwich panels”, Journal of Computational and Theoretical 
Nanoscience, August 2012, DOI: 10.1166/asl.2012.4164  
ABSTRACT: This work is concerned with the finite element modeling of Nomex honeycomb core and 
carbon/epoxy composite laminate face sandwich panel structures. One objective is the identification of a 
material model for the honeycomb’s constituent material by model comparison with experimental test results. A 
detailed model of the panel structure, including the geometry of the honeycomb, was constructed. This model 
was loaded in the same fashion as corresponding 3-point flexure, 4-point flexure and compression experimental 
load tests. Linear isotropic and orthotropic Nomex material models were evaluated by comparing simulation 
results with test results. Both the isotropic and orthotropic linear material model can make the model agree 
reasonably well with 3-point flexion test results alone. When those 3-point flexion test identified material model 
parameters are used in the 4-point flexion and compression test models, they yield about 60% and 90% stiffer 
results than experiment, respectively. The modeling strategy used in this work along with the material models 
evaluated thus appears to provide unsatisfactory precision. In spite of this, the orthotropic material model gave 
the best fit to experimental results from the parameter sets evaluated.  
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Rene Roy, J.H. Kweon and J.H. Choi, “Meso-scale finite element modeling of Nomex (TM) honeycomb cores”, 
Advanced Composite Materials, Vol. 23, No. 1, pp 17-29, January 2014, DOI: 10.1080/09243046.2013.862382 
ABSTRACT: Nomex honeycomb core composite sandwich panels are widely used in aircraft structures. 
Detailed meso-scale finite element modeling of the honeycomb geometry can be used to analyze sandwich 
inserts, vibration response, and complex combined loading cases. The accuracy of a meso-scale honeycomb 
modeling technique for static load cases was evaluated. A rectangular honeycomb core was modeled with 
perfect hexagon honeycomb cells. Compression and shear tests simulations with linear and non-linear solutions 
were performed for four core densities. The simulated moduli and buckling strengths were recorded. These 
results were compared to property data published by honeycomb manufacturers. The simulated maximum 
honeycomb wall stresses at the manufacturer predicted core strengths were also recorded. The honeycomb 



walls’ first compression deformation mode shape was observed. Sinusoidal small imperfections were then 
introduced in the honeycomb geometry based on that deformation mode shape. These imperfections provided a 
better match to manufacturer compressive modulus data while having a limited impact on the shear moduli. The 
simulated properties did not exactly match manufacturers’ shear and compression data together for all the core 
densities. Modeling the honeycomb cells with rounded corners and with increased thickness at the cell junctions 
are potential strategies to improve the accuracy. 
 
 
Bushnell, D., “Automated optimum design of shells of revolution with application to ring-stiffened cylindrical 
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pressure”, AIAA Paper 2009-2702, 50th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and 
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Bushnell, D. and Thornburgh, R. P.: “Use of GENOPT and BIGBOSOR4 to optimize weld lands in axially 
compressed stiffened cylindrical shells and evaluation of the optimized designs by STAGS”, AIAA Paper 2010-
2927, 51st AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics & Materials Conference, April, 
2010 
ABSTRACT: BIGBOSOR4 is used in an optimization loop in which the dimensions of a typical axially 
oriented weld land and the cross-section dimensions of reinforcing Tee-shaped stringers along the two straight 
edges (generators) of the weld land are decision variables. The optimization is carried out in a GENOPT 
context. Any number of equally spaced identical T-stiffened weld lands in a 360-degree cylindrical shell can be 
accommodated. The weld lands are embedded in an internally stiffened "acreage" cylindrical shell that has been 
previously optimized by PANDA2. The previously optimized "acreage" cylindrical shell has internal "acreage" 
stringers and internal "acreage" rings with rectangular cross sections. The spacings, heights, and thicknesses of 
the internal "acreage" stiffeners are not decision variables for the optimization problem in which the weld land 
and its reinforcing edge Tstringers are optimized. The design constraints for the cylindrical shell with the T-
stiffened weld lands are: 1. general buckling, 2. inter-ring buckling, and 3. stress. The prebuckled state is 
assumed to be uniform end shortening, with the membrane axial compression in each segment of the structure 
proportional to the axial membrane stiffness of that segment. The prebuckled state is assumed to be a membrane 
state: no prebuckling bending. The entire shell structure is fabricated of the same material. In the model for 
general buckling the previously optimized "acreage" rings and stringers are smeared out and the cylindrical 
shell is simply supported at its ends. In the model for inter-ring buckling adjacent "acreage" rings are replaced 
by simple supports, that is, a length of shell equal to the ring spacing is analyzed, and the previously optimized 
"acreage" stringers are smeared out. The maximum stress in the weld-land-edge-stringer region is computed as 
if there were no prebuckling bending (membrane compression only). The cylindrical shell is modeled as a 180-
degree segment of a huge torus, with symmetry conditions applied along the generators at zero and at 180 
degrees. In the GENOPT examples studied here there are three identical T-stiffened weld lands spaced at 120 
degree intervals. The adequacy of the optimized "acreage" cylindrical shell with and without the optimized T 
stiffened weld lands is evaluated with various STAGS finite element models. There is good agreement between 
predictions from the GENOPT/BIGBOSOR4 model and the various STAGS models. 
 
 
 
--------References from the CV of Professor Y. Goldfeld of the Technion, Haifa, Israel 
 
Goldfeld, Y. 'An Alternative Formulations in Linear Bifurcation Analysis of Laminated Shells', Thin Walled 
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Goldfeld, Y. and Ejgenberg, E. A 'On the Different Formulations in Linear Bifurcation Analysis of Laminated 
Cylindrical Shells', International Journal of Solid and Structure, Vol. 44, Issues 25-26, pp. 8613-8626, 
December 2007, doi:10.1016/j.ijsolstr.2007.06.026 
ABSTRACT: The stability pattern of shells is governed by a set of nonlinear partial differential equations. The 
solution procedure can be simplified, and fast and accurate predictions of the critical buckling load obtained, 
with the aid of a multilevel approach. Under this approach the lower levels are implemented by means of the 
perturbation technique, with the nonlinear prebuckling deformation disregarded, and a linear set of equations 
solved for each state. It turns out, however, that in these circumstances the prediction may differ depending on 
the chosen formulation. In an attempt to find the reasons for these differences, the linear bifurcation buckling 
behavior of laminated cylindrical shells was examined via two well-known formulations, with u–v–w and w–F 
as the unknowns. A third, mixed formulation, was found the most reliable in predicting the buckling behavior. 
 
Goldfeld, Y. 'Elastic Buckling and Imperfection Sensitivity of Generally Stiffened    Conical Shells', AIAA 
Journal, Vol. 45, No. 3, pp.721-729, March 2007. 
 
Goldfeld, Y. 'Imperfection Sensitivity of Laminated Conical Shells', International Journal of Solid and 
Structure, Vol. 44, Issue 3-4, pp. 1221-1241, February 2007, DOI: 10.1016/j.ijsolstr.2006.06.016 
ABSTRACT: The sensitivity of laminated conical shells to imperfection is considered, via the initial post-
buckling analysis, on the basis of three different shell theories: Donnell’s, Sanders’, and Timoshenko’s. Unlike 
isotropic conical shells or laminated cylindrical shells, in the case of laminated conical shells the thickness and 
the material properties vary with the shell coordinates, which complicates the problem considerably. The main 
objective of the study is to investigate the influence of the variation of the stiffness coefficients on the buckling 
behavior and on the imperfection sensitivity of laminated conical shells. It is felt that by finding the various 
parameters that influence the shell’s imperfection sensitivity, it is possible to improve the behavior of the whole 
structure. A special Level-1 computer code ISOLCS (Imperfection Sensitivity of Laminated Conical Shells) had 
been developed. ISOLCS calculates the classical buckling load and the imperfection sensitivity via Koiter’s 
theory of laminated conical shells with consideration to the variation of the material properties in the shell’s 
coordinates. The range of validity of the Level-1 predictions by ISOLCS is verified by the Level-3 code 
STAGS-A. 
 
 
Yiska Goldfeld and Johann Arbocz (Delft University of Technology, The Netherlands), "Buckling of Laminated 
Conical Shells Given the Variations of the Stiffness Coefficients", AIAA Journal, Vol. 42, No. 3 (2004), pp. 
642-649 
ABSTRACT: The buckling behavior of a filament-wound laminated conical shell is thoroughly investigated by 
consideration of the variation of the stiffness coefficients. To date, all analyses of laminated conical shells have 
been undertaken with constant stiffness coefficients in the laminate constitutive relations, usually under the 
assumption of nominal material properties taken from the midlength of the cone. The main object of the study is 
to investigate the influence of the variation of the stiffness coefficients on the buckling behavior of laminated 
conical shells. An analytical and computational model was developed to calculate the variation of the stiffness 
coefficients under the assumption that, in the case of filament-wound truncated conical shells, the fiber 
orientation changes using a geodesic path. The model was added to the computer code STAGS-A to calculate 
the buckling behavior of the laminated conical shell. 
 
 
Goldfeld, Y. and Arbocz, J. 'Elastic Buckling of Conical Shells Using a Hierarchical High-Fidelity Analysis 
Procedure', ASCE Journal of Engineering Mechanics, Vol. 132, No. 12, pp. 1335-1344, December 2006, 
doi:10.1061/(ASCE)0733-9399(2006)132:12(1335) 
ABSTRACT: A hierarchical high-fidelity analysis procedure is adopted for predicting the critical buckling load 
of filament wound laminated conical shells. This hierarchical procedure includes three levels of fidelity for the 
analysis. Level-1 assumes that the shell buckling load can be predicted by using simply supported boundary 
condition with a linear membrane prebuckling solution. Level-2 includes the effects of a nonlinear prebuckling 
solution and the effects of different boundary conditions. Level-3 includes the nonlinear interaction between 



nearly simultaneous buckling modes and the effects of boundary imperfections. For the Level-1 analysis a 
computer code BOLCS had been developed. BOLCS calculates the buckling load of laminated conical shells by 
a linear bifurcation analysis. The buckling behavior obtained by BOLCS is compared for various load cases 
with Level-3 solutions calculated by the two-dimensional nonlinear code STAGS-A. The effects of the 
assumptions and approximations used for the two solutions are discussed. In addition, the influence of the in-
plane boundary condition on the buckling behavior of laminated conical shells under axial compression is 
investigated. It is found that the in-plane boundary condition at the large end of the shell has a major effect on 
the buckling behavior. 
 
 
Goldfeld, Y., Verenne. K., Arbocz, J. and Van Keulen, F. (Faculties of Civil, Aerospace and Mechanical 
Engineering, Technical University of Delft), “Multi-Fidelity Optimization of Laminated Conical Shells for 
Buckling”, Structural and Multidisciplinary Optimization, Vol. 30, No. 2, pp. 128-141, August 2005, 
10.1007/s00158-004-0506-9 
ABSTRACT: Optimum laminate configuration for minimum weight of filament-wound laminated conical 
shells is investigated subject to a buckling load constraint. In the case of a composite laminated conical shell, 
due to the manufacturing process, the thickness and the ply orientation are functions of the shell coordinates, 
which ultimately results in coordinate dependence of the stiffness matrices (A,B,D). These effects influence 
both the buckling load and the weight of the structure and complicate the optimization problem considerably. 
High computational cost is involved in calculating the buckling load by means of a high-fidelity analysis, e.g. 
using the computer code STAGS-A. In order to simplify the optimization procedure, a low-fidelity model based 
on the assumption of constant material properties throughout the shell is adopted, and buckling loads are 
calculated by means of a low-fidelity analysis, e.g. using the computer code BOCS. This work proposes 
combining the high-fidelity analysis model (based on exact material properties) with the low-fidelity model 
(based on nominal material properties) by using correction response surfaces, which approximate the 
discrepancy between buckling loads determined from different fidelity analyses. The results indicate that the 
proposed multi-fidelity approaches using correction response surfaces can be used to improve the computational 
efficiency of structural optimization problems. 
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“Optimization of geometrically nonlinear thin-walled structures using the multipoint approximation method”, 
Structural Optimization, Vol. 9, No. 2, pp 105-116, April 1995 
ABSTRACT: The present study concentrates on the optimization of geometrically nonlinear shell structures 
using the multipoint approximation approach. The latter is an iterative technique, which uses a succession of 
approximations for the implicit objective and constraint functions. These approximations are formulated by 
means of multiple regression analysis. In each iteration the technique enables the use of results gained at several 
previous design points. The approximate functions obtained are considered to be valid within a current 
subregion of the space of design variables defined by move limits. A geometrically nonlinear curved triangular 
thin shell element with the corner node displacements and the mid-side rotations as degrees of freedom is used 
for the FE analysis. The influence of initial shape imperfections on the optimum designs is investigated. 
Imperfections are considered as a shape distortion proportional to the lowest buckling modes of the perfect 
structure. Displacement, stress, and stability constraints are taken into account. To prevent finite element 
solutions from becoming unstable during the optimization process, a simple strategy for avoiding passage of 
stability points is applied. Some numerical examples are solved to show the practical use and efficiency of the 
technique presented. 
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Adriaan Bout, “A finite element approach to nonlinear thin shell analysis”, Ph.D dissertation, Delft University 
of Technology, The Netherlands, 1992 
SUMMARY: In this thesis a curved triangular finite shell element is described based on the Kirchhoff-Love 
hypothesis. Using this element, thin shell strutures can be analysed in the nonlinear field. The element has 
twelve degrees of freedom, namely, nine displacement components and three rotations about the element sides. 
The membrane strains and the changes of curvature, just like the tangential stress resultants and the tangential 
stress couples, are taken to be consant over the element. In addition to a comprehensive discussion of 
geometrical nonlinearities, it is also pointed out how to incorporate time independent plasticity in a consistent 
way. In Chapter 1 a general introduction is given, in which a number of finite element approaches to shell 
analysis are mentioned, while further some historical background of the present study is outlined. In Chapter 2 a 
short review of the usual nonlinear shell theory is presented. By introducing a number of error estimates, 
suitable expressions for a shallow part of a shell are derived. In Chapter 3 the just-mentioned expressions are 
applied to obtain the actual finite element formulation. A key role is played by a second-order interpolation for 
the initial geometry and the displacement component in the direction perpendicular to the plane determined by 
the vertices of the element. Furthermore, attention is paid to inter-element continuity of the displaceents and the 
rotations of the normal to the shell middle surface, while the requirement that rigid body motions must be 
described correctly is also emphatically taken into consideration. Due to the way of calculating the changes of 
curvature, the incremental rotations have to remain moderate. In Chapter 4 a recapitulation of constitutive rate 
equations for time-independent small strain elastoplasicity is given, together with a discussion of possible 
solution strategies. The three-dimensional nature of the fraction model is illustrated and the implications of 
using a three-dimensional stress state instead of a two-dimensional one are taken into account. In Chapter 5 a 
number of demonstrative examples are shown. They deal with a variety of analysis types, from linear to both 
geometrically and physically nonlinear, including dynamics. All solutions are compared with semi-analytical or 
other finite element solutions known from the literature. In the Appendices A.1 and A.2 an alternative method 
for calculating the changes of curvature, which is also valid for finite rotational increments, and some aspects 
concerning the Tresca yield criterion are mentioned, respectively. 



 
 
A. Bout and F. Van Keulen (Faculty of Mechanical Engineering and Marine Technology, Dept. of Engineering 
Mechanics, Delft University of Technology, The Netherlands), “A mixed element for geometrically and 
physically nonlinear shell problems”, (publisher and date not given in the pdf file; most recent citation is dated 
1991) 
ABSTRACT: A triangular element for geometrical and physical nonlinear shell problems is described. The 
degrees of freedom are 18 displacement components and 6 rotation-like scalars. A key role in the description is 
played by a flat reference triangle through the vertices of the element. The governing equations are derived by 
means of the principle of virtual work, using constitutive equations based on a layered model. The performance 
of the element is illustrated by two sample problems. 
 
 
S.N. Timergaliyev, “Investigation of solvability of variational prolems in the nonlinear theory of thin shells”, 
Russian Mathematics (Is. VUZ), Vol. 45, No. 9, pp 62-70, 2001 
ABSTRACT: The objective of this article is to study the solvability of variational problems of both 
geometrically and physically nonlinear theory of thin non-sloping shells of zero Gaussian curvature with rigidly 
fixed edge. The characteristic property of this article is the fact that the solvability of problems is proved in a 
functional space which differs from spaces of displacements and forces. Solvability conditions of the problem 
are obtained without assumptions on smallness of components of the outer load. Similar problems for sloping 
shells were considered in [1]. The physically nonlinear problems for non-sloping shells whose middle surface is 
formed by rotation, a convex developable surface, were studied in [2], [3].  
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“Benchmark case studies in optimizaiotn of geometrically nonlinear structures”, Structural and 
Multidisciplinary Optimization, Vol. 30, No. 4, pp 273-296, October 2005 
ABSTRACT: A structural optimization algorithm is developed for truss and beam structures undergoing large 
deflections against instability. The method combines the nonlinear buckling analysis using the displacement 
control technique, with the optimality criteria approaches. Several benchmark case studies illustrate the 
procedure and the results are compared with examples reported in the literature. It is shown that a design based 
on the generalized eigenvalue problem (linear buckling) highly underestimates the optimum mass or 
overestimates the buckling load for these types of structures, so a design based on the linear buckling analysis 
may result in catastrophic failure. The effect of geometrical nonlinearities and element imperfections has also 
been studied. 
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ABSTRACT: The sensitivity of laminated cylindrical shell to imperfection is considered, via the initial post-
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buckling behavior of the shell, thereby improving its behavior. 
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ABSTRACT: Bifurcation buckling analysis of laminated cylindrical shells is presented on the basis of three 
different shell theories: Donnell's (Donnell, L. H., Stability of Thin-Walled Tubes under Torsion, NACA TR-
479, 1933), Sanders's (Sanders, J. L., Jr., Nonlinear Theories of Thin Shells, Quarterly Journal on Applied 
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ABSTRACT: Most of the previous research on buckling and stability of shell structures is confined to u–v–w or 
w–F formulation, which are limited either by accuracy or by the chosen kinematic theory. In this work, an 
alternative mixed formulation is proposed for general laminated shells of revolution and calculated for different 



shell theories. Its principle consists in choosing the set of unknown functions as the obtainable boundary 
conditions from the variational formulation. The main advantage of the mixed formulation is direct involvement 
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ABSTRACT: A reduced stiffness theoretical analysis of imperfection sensitive elastic buckling for end 
supported cooling tower-type shells, provides lower bounds of experimentally recorded buckling pressures. 
Classical analysis of these shells with the same empirically realistic boundary support conditions, in contrast, 
provides unreliable upper bounds of test buckling pressures. By attempting to attribute this imperfection 
sensitivity to notionally weakened boundary conditions, past interpretations may have provided non-
conservative advice for the estimation of design buckling pressures. The reduced stiffness method provides a 
simple, alternative basis for designing against imperfection sensitive buckling. 
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ABSTRACT: This paper shows how the analysis of minimum, quasi-static, buckle propagation pressures for 
subsea pipelines may be exactly formulated in terms of the characteristics of ring collapse. A simple 
mechanistic approach to ring collapse is described which enables the rational incorporation of the effects of 
material strain hardening. Theoretical predictions resulting from this analysis are shown to reproduce past 
empirically observed propagation pressures; they also successfully predict the variations in the forms of ring 
collapse modes resulting from differing strain-hardening properties. Upon suitable non-dimensionalisation this 
analysis shows how predicted propagation pressures may be represented in terms of just one composite material 
and geometric ‘propagation parameter’. This eliminates the need for recourse to empirically fitted design curves 



and allows resolution of certain anomalies experienced in past analyses. It emphasises the need for more 
complete information regarding material strain-hardening properties if test results are to be properly interpreted. 
Most importantly, the present analysis offers the potential for future design of pipelines being at once more 
rationally and parametrically complete, and yet compact and simple to apply. 
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ABSTRACT: A recently developed procedure for predicting the elastoplastic axisymmetric collapse of 
cylinders subjected to combinations of axial compression and pressure loading is described. This allows the 
modelling of radial pressure induced deformations, boundary effects and initial geometric imperfections in 
terms of an equivalent imperfection in a “column type” bifurcation analysis. Together with the incorporation of 
a more rational means of specifying initial geometric tolerances, it is used to develop compact design-orientated 
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known that axially compressed cylindrical shells have buckling behaviour which is very sensitive to initial 
geometric imperfections. However, current approaches using mathematical algorithms to optimise the linearised 
classical critical loads with respect to many design variables, generally ignore the potential reductions in elastic 
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nonlinear buckling analysis and the reduced stiffness analysis, it suggested that the reduced stiffness method 
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applications, especially in marine engineering. Imperfection sensitive buckling is a critical design factor when 
these structures are loaded in compression. Traditional experimental design method depends on deriving lower 
bounds to the scatter of large sets of test results. This paper aims to present an analytical approach, the so-called 
reduced stiffness method (RSM) to the lower-bound buckling of thin-metallic shells. The validity of the RSM 
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stiffness criteria are shown to provide close lower bounds to the imperfection sensitive elastic buckling loads. 
The potential benefits in the use of the reduced stiffness theoretical results to allow specification of the optimal 
designs are illustrated.  
References listed at the end of the paper: 
[1] Vinson, J. R., and Sierakowski, R. L., 1986, The Behavior of Structures Composed [of Composite] Materials, Martinus Nijhoff, 
Dordrecht. � 
[2] Singer, J., Arbocz, J., and Weller, T., 2002, “Composite Structures,” Buckling Experiments, Vol. 2, Wiley, pp. 1164–1242. � 
[3] Samuelson, L. A., and Eggwertz, S., 1992, “Shells of Composite Materials,” Shell Stability Handbook, Elsevier, New York, pp. 
222–227. � 
[4] Tennyson, R. C., and Hansen, J. S., 1983, “Optimum Design for Buckling of Laminated Cylinders,” Collapse: The Buckling of 
Structures in Theory and Practice, Cambridge University Press, Cambridge, pp. 409–430. � 
[5] Johns, R. M., and Morgan, S., 1975, “Buckling and Vibration of Cross-Ply Laminated Circular Cylindrical Shells,” AIAA J., 13, 
pp. 664–671. � 
[6] Kobayashi, S., Koyama, K., Seko, H., and Hirose, K., 1982, “Compressive Buckling of Graphite-Epoxy Composite Circular 
Cylindrical Shells,” ICCM-IV, pp. 555–564. � 
[7] Card, M. F., 1966, “Experiments to Determinate the Strength of Filament Wound Cylinders Loaded in Axial Compression,” 
Report No. NASA TN D-3522. � 
[8] Tennyson, R. C., and Muggeridge, D. B., 1973, “Buckling of Laminated Anisotropic Imperfect Circular Cylinders Under Axial 
Compression,” J. Spacecr. Rockets, 10, pp. 143–148. � 
[9] Tennyson, R. C., and Muggeridge, D. B., 1971, “Buckling of Circular Cylindrical Shells Having Axisymmetric Imperfection 
Distributions,” AIAA J., 9, pp. 924–930. � 
[10] Geir, B., Klein, H., and Zimmermann, R., 1991, “Buckling Tests With Axially Compressed Unstiffened Cylindrical Shells Made 
From CFRP,” Buckling of Shell Structures, on Land, in the Sea and in the Air, Elsevier, New York, pp. 498–507. � 
[11] Yamaki, N., 1984, Elastic Stability of Circular Cylindrical Shells, North-Holland, Amsterdam. � 
[12] Yamada, S., and Komiya, I., 1996, “Elastic Deflection Behavior of a Box-Shaped Pultruded Composite Member and its Collapse, 
Fiber Composites in Infrastructure,” ICCI’96, University of Arizona, Tucson, pp. 699–707. � 
[13] Yamada, S., Takashima, H., Tadaka, R., and Komiya, I., 1998, “Experiments on the Buckling and Collapse of Pultruded 
Composite Columns Under Axial Compression,” Fiber Composites in Infrastructure, ICCI’98, Arizona, Tucson, Vol. 2, pp. 236–247. � 
[14] Donnell, L. H., 1934, “A New Theory for the Buckling of Cylinders Under Axial Compression and Bending,” Trans. ASME, 56, 
pp. 795–806. � 
[15] Koiter, W. T., 1945, The Effects of Axisymmetric Imperfections on the Buckling of Cylindrical Shells Under Axial Compression, 
Lockhead Missile and Space Co., Sunnyvale.  
[16] Yamada, S., and Croll, J. G. A., 1989, “Buckling Behavior of Pressure Loaded Cylindrical Panels,” J. Eng. Mech., 115(2), pp. 
327–344. � 
[17] Yamada, S., and Croll, J. G. A., 1993, “Buckling and Postbuckling Characteristics of Pressure Loaded Cylinders,” ASME J. 
Appl. Mech., 60, pp. 290–299. � 
[18] Yamada, S., and Croll, J. G. A., 1999, “Contributions to Understanding the Behavior of Axially Compressed Cylinders,” ASME 
J. Appl. Mech., 66, pp. 299–309.  
[19] Batista, R. C., 1979, “Lower Bound Estimates for Cylindrical Shell Buckling,” �Ph.D. thesis, UCL, University of London. � 
[20] Ellinas, C. P., and Croll, G. G. A., 1983, “Experimental and Theoretical Correlations for Elastic Buckling of Axially Compressed 
Ring Stiffened Cylinders,” J. Strain Anal., 18, pp. 81–93. � 
 
 
Seishi Yamada, “Theory and application of shell buckling mechanics”, (Publisher and Date unknown, possibly 
2011, The most recent citation is dated 2008) 



ABSTRACT: (Cannot cut and paste it.) 
 
 
Krishna Kumar Bhetwal (1), Seishi Yamada (1), Yukihiro Matsumoto (1) and James G. A. Croll (2) 
(1) Department of Civil Engineering, Toyohashi University of Technology, Toyohashi 441-8580, Japan  
(2) Department of Civil Engineering, University College London, London WC1E 6BT, UK  
“Nonlinear elastic buckling of CFRP reinforced steel cylinders under axial compression”, Journal of Civil 
Engineering and Architecture, Vol. 6, No. 8, pp 933-943, August 2012 
ABSTRACT: In this paper, the strengthening of thin-walled metallic shells with the application of CFRP 
(carbon fibre reinforced polymer) has been investigated. To lower down the downside of the lower stiffness 
exhibited by CFRP shells and to diminish the major problem associated with steel shells, a new composite 
sandwich structure has been introduced in this paper and effect of CFRP reinforcements under axial 
compression has been studied through three kinds of analytical procedures; the linear Eigen value problem, the 
modified RS (reduced stiffness) analysis and the fully nonlinear numerical experiment. With these multiple 
treatments it has been suggested that recently developed modified RS analysis which effectively compute the 
lower bounds provides the significant information to evaluate the buckling capacity of reinforced shells that 
display the unstable behaviour and imperfection-sensitivity than the general RS Analysis. This paper also 
illustrates the application of the methodology to cases of axially loaded shells with varying thickness of veneers 
of CFRP.  
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ABSTRACT: The imperfection sensitive buckling loads of fibre reinforced polymeric (FRP) composite 
cylindrical shells under axial compression can be optimised with respect to many material and geometric 
parameters. Current approaches, using mathematical algorithms to optimise the linearised classical critical loads 
with respect to many design variables, generally ignore the potential reductions in elastic load carrying 
capacities that result from the severe sensitivities of buckling loads to the effects of initial imperfections. This 
paper applies a lower-bound design philosophy called the reduced stiffness method (RSM) to the optimisation 
design of FRP shell buckling. A physical optimisation in terms of parametric studies is carried out for simply 
supported, 6-ply symmetric, glass-epoxy circular cylindrical shells under uniform axial load. It is shown that 
under the guidance of RSM, safe lower-bound buckling loads can be enhanced greatly by choosing appropriate 
combinations of design parameters. It is demonstrated how this approach encourages the delineation of those 



components of the shell’s membrane and bending stiffness that are important and those that are unimportant 
within each of the prospective buckling modes. On this basis, it is argued that the RSM provides not only a safe 
but also a more rational strategy for better design decision making. 
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ABSTRACT: Methods are proposed for the determination of the optional ply angle variation through the 
thickness of symmetric angle-ply shells of uniform thickness. These methods use continuous piecewise-linear 
segment approximations or discontinous piecewise-constant segment approximations to the ply angle function. 
A mathematical programming (MP) problem is formulated using segment ply angles and thicknesses as design 
variables. A special MP algorithm, capable of treating multiple objective functions, combined with a critical 
mode search is used to solve this problem. The procedure is applied to the maximization of the minimum 
natural frequency or buckling load of a thin, simply supported, circular, cylindrical, angle-ply shell. Results 
show large performance gains result from the use of optimal variable ply angle configurations, compared to an 
optimal constant ply angle. The continuously variable ply angle approximation is particularly effective. 
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ABSTRACT: The free vibration characteristics of a submarine hull have an important influence on the noise 
signature. A submarine hull, or portion of one, can frequently be idealised as a ring stiffened cylinder subjected 
to external loading from the surrounding water, for the purposes of vibration analysis. The modal behaviour of 
ring stiffened cylinders is reviewed, including the effect of external pressure loading and added mass effects 
from surrounding fluid. The existing unclassified literature is inadequate in its coverage of the problem and 
these shortcomings are discussed, in order to identify the requirements for further work in order to be able to 
satisfactorily analyse a submarine hull structure. 
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Anonymous, “Dynamic Buckling of Shells” (an abstract, not a paper) 
ABSTRACT: SRI performed experiments and analyses on impulsively loaded thin cylindrical aluminum shells. 
The cosine distributed external impulsive loads drive the shell inward producing compressive circumferential 
stresses and pulse buckling on the loaded side of the shell. These buckles produce strain concentrations that 
govern the eventual fracture of the structure. Thus the buckling response needs to be correctly modeled to 
predict failure. Predicting the buckling response of thin shells is difficult because most finite element models do 
not include the physical characteristics of the problem that initiate instabilities. A methodology was developed 
to accurately predict the buckling response of the thin shell structures by incorporating either the measured 
imperfections in the structure and loading, or accurate statistical approximations to the imperfections. A cross 
section of a dynamically pulse buckled thin cylindrical shell and the calculated response are shown in Figure 1. 
In the calculation, we used the measured imperfections in the cylinder shape to initiate the buckling. The 
buckling response can clearly seen on the loaded (front) side of the cylinder and is accurately reproduced in the 
calculation. These modeling techniques, developed for analysis of pulse buckling of thin aerospace shell 
structures, have been used in other structural applications. These include analysis of crash energy management 
structures for vehicles, static axial collapse of cylinders, and dynamic buckling of thick shells. One example 
application for thick shells is the buckling that occurs in explosively formed penetrators (EFPs) as shown in 
Figure 2. Understanding and modeling the processes that lead to dynamic plastic buckling in EFP liners allows 
the designer to control the buckling process to gain enhanced aerostability. 
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ABSTRACT: Thin cylindrical shells were tested under axial compression beyond the critical huckling load. 
Both pretest and posttest finite element calculations were performed to calculate the huckling loads and post-
buckling deformations. Finite element simulations of the shell included pretest measured imperfections in shell 
geometry and asymmetry in the axial load. Results show that the axial collapse load is sensitive to imperfections 
in both the shell geometry and the load distribution. Careful modeling of the imperfections resulted in accurate 
predictions of the buckling load and postbuckling deformations for the shells.  
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Huang Chengyi, Liu Tuguang and Zheng Jijia (Department of Naval Architecture and Ocean Engineering, 
Huazhong University of Science and Technology, 430074, Wuhan, P. R. China), “Elastic pulse buckling of 
cylindrical shells under radial impulsive loading”, Applied Mathematics and Mechanics, Vol. 17, No. 8, pp 781-
788, August 1996 
ABSTRACT: When a cylindrical shell is subjected to dynamic implusive loading in radial direction and the 
ratio of radius-to-thickness exceeds a special value, the cylindrical shell will produce elastic dynamic buckling. 
This paper which is based on the results of some relative experiments, assumes deformation mode and utilizes 
Lagrange method to analyse the elastic pluse buckling of a thin cylindrical shell with a finite length under a 
cosine impulse. The dynamic buckling equations are derived and solved by numerical method. The results of 
calculation are compared with some relative calculation results which were obtained by other authors. 
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V. Piscopo, “Refined buckling analysis of rectangular plates under uniaxial and biaxial compression”, World 
Academy of Science, Engineering and Technology, Vol. 4, 2010-10-27 
ABSTRACT: In the traditional buckling analysis of rectangular plates the classical thin plate theory is generally 
applied, so neglecting the plating shear deformation. It seems quite clear that this method is not totally 
appropriate for the analysis of thick plates, so that in the following the two variable refined plate theory 
proposed by Shimpi (2006), that permits to take into account the transverse shear effects, is applied for the 
buckling analysis of simply supported isotropic rectangular plates, compressed in one and two orthogonal 
directions. The relevant results are compared with the classical ones and, for rectangular plates under uniaxial 
compression, a new direct expression, similar to the classical Bryan’s formula, is proposed for the Euler 
buckling stress. As the buckling analysis is a widely diffused topic for a variety of structures, such as ship ones, 
some applications for plates uniformly compressed in one and two orthogonal directions are presented and the 
relevant theoretical results are compared with those ones obtained by a FEM analysis, carried out by ANSYS, to 
show the feasibility of the presented method. 
 
 
V. Piscopo, “Buckling analysis of rectangular plates under the combined action of shear and uniaxial stresses”, 
World Academy of Science, Engineering and Technology, Vol. 4, 2010-10-4 
ABSTRACT: In the classical buckling analysis of rectangular plates subjected to the concurrent action of shear 
and uniaxial forces, the Euler shear buckling stress is generally evaluated separately, so that no influence on the 
shear buckling coefficient, due to the in-plane tensile or compressive forces, is taken into account. In this paper 
the buckling problem of simply supported rectangular plates, under the combined action of shear and uniaxial 
forces, is discussed from the beginning, in order to obtain new project formulas for the shear buckling 
coefficient that take into account the presence of uniaxial forces. Furthermore, as the classical expression of the 
shear buckling coefficient for simply supported rectangular plates is considered only a “rough" approximation, 
as the exact one is defined by a system of intersecting curves, the convergence and the goodness of the classical 
solution are analyzed, too. Finally, as the problem of the Euler shear buckling stress evaluation is a very 
important topic for a variety of structures, (e.g. ship ones), two numerical applications are carried out, in order 



to highlight the role of the uniaxial stresses on the plating scantling procedures and the goodness of the 
proposed formulas. 
 
 
Yong Chen (Dept. of Aerospace Engineering, Virginia Polytechnical Institute and State University, Blacksburg, 
Virginia), “Ultimate strength analysis of stiffened panels using a beam-column method”, Ph.D. dissertation, 
January 2003 
ABSTRACT: An efficient beam-column approach, using an improved step-by-step numerical method, is 
developed in the current research for studying the ultimate strength problems of stiffened panels with two load 
cases: 1) under longitudinal compression, and 2) under transverse compression.  
Chapter 2 presents an improved step-by-step numerical integration procedure based on (Chen and Liu, 1987) to 
calculate the ultimate strength of a beam-column under axial compression, end moments, lateral loads, and 
combined loads. A special procedure for three-span beam-columns is also developed with a special attention to 
usability for stiffened panels. A software package, ULTBEAM, is developed as an implementation of this 
method. The comparison of ULTBEAM with the commercial finite element package ABAQUS shows very 
good agreement.  
The improved beam-column method is first applied for the ultimate strength analysis of stiffened panel under 
longitudinal compression. The fine mesh elasto-plastic finite element ultimate strength analyses are carried out 
with 107 three-bay stiffened panels, covering a wide range of panel length, plate thickness, and stiffener sizes 
and proportions. The FE results show that the three-bay simply supported model is sufficiently general to apply 
to any panel with three or more bays. The FE results are then used to obtain a simple formula that corrects the 
beam-column result and gives good  
agreement for panel ultimate strength for all of the 107 panels. The formula is extremely simple, involving only 

one parameter: the product λΠorth
2.  

Chapter 4 compares the predictions of the new beam-column formula and the orthotropic-based methods with 
the FE solutions for all 107 panels. It shows that the orthotropic plate theory cannot model the “crossover” 
panels adequately, whereas the beam-column method can predict the ultimate strength well for all of the 107 
panels, including the “crossover” panels.  
The beam-column method is then applied for the ultimate strength analysis of stiffened panel under transverse 
compression, with or without pressure. The method is based on a further extension of the nonlinear beam-
column theory presented in Chapter 2, and application of it to a continuous plate strip model to calculate the 
ultimate strength of subpanels. This method is evaluated by comparing the results with those obtained using 
ABAQUS, for several typical ship panels under various pressures.  
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“Experimental analysis of buckling in aircraft skin panels by fibreoptic sensors”, Smart Materials and 
Structures, Vol. 10, p 490, 2001, DOI: 10.1088/0964-1726/10/3/310 
ABSTRACT: Three blade-stiffened CFRP panels with co-cured stiffener webs, manufactured by means of an 
elastomeric mould, have been tested under compressive load. Several Bragg grating sensors have been surface 
bonded on two of the stiffened panels and have been embedded into the stiffener webs of the third panel. The 
Bragg grating sensors measured the strain distribution in the stiffener web and in the skin panels. The bucking 
onset was clearly detected in every case, the post-buckling behaviour can be tracked, but the information is 
heavily dependent on the right choice of the sensor position and the buckling mode. To calibrate the system, and 
to evaluate the influence of different curing pressures, and the use of unidirectional or fabric prepreg material, 
tensile test specimens were made on flat panels. The strain measurements provided by the optical fibre sensors 
in tensile tests were compared with the strain measurements provided by conventional clamp extensometers. 
 
 
Mark A. Bradford, “Buckling of longitudinally stiffened plates in bending and compression”, Canadian Journal 
of Civil Engineering, Vol. 16, No. 5, pp 607-614, 1989 
ABSTRACT: The nonlinear stiffness equations that predict local and post-local buckling of plates and plate 
assemblies are given. These equations are validated by accurate predictions of independent test results. The 



elastic local buckling of longitudinally stiffened web plates in combined bending and compression is 
considered. Graphs which may be used to predict the optimum position of a stiffener are presented. The 
relationship between the area and second moment of area of a stiffener of finite dimensions that optimizes the 
local buckling coefficient is given for various eccentricities of end load. The post-local buckling of a 
longitudinally stiffened plate in uniform compression and pure bending is also considered. It is shown that the 
provision of a longitudinal stiffener, of proportions to enforce a node at the plate–stiffener junction, enhances 
significantly the postbuckling response of the plate with regard to the serviceability limit state, particularly for 
the case of pure bending. 
 
 
H. Luo and C. Pozrikidis (Dept. of Mechanical and Aerospace Engineering, University of California, San 
Diego), “Buckling of a flush-mounted plate in simple shear flow”, Archive of Applied Mechanics, Vol. 76, No. 
9, pp 549-566, December 2006 
ABSTRACT: The buckling of an elastic plate with arbitrary shape flush-mounted on a rigid wall and deforming 
under the action of a uniform tangential load due to an overpassing simple shear flow is considered. Working 
under the auspices of the theory of elastic instability of plates governed by the linear von Kármán equation, an 
eigenvalue problem is formulated for the buckled state resulting in a fourth-order partial differential equation 
with position-dependent coefficients parameterized by the Poisson ratio. The governing equation also describes 
the deformation of a plate clamped around the edges on a vertical wall and buckling under the action of its own 
weight. Solutions are computed analytically for a circular plate by applying a Fourier series expansion to derive 
an infinite system of coupled ordinary differential equations and then implementing orthogonal collocation, and 
numerically for elliptical and rectangular plates by using a finite-element method. The eigenvalues of the 
resulting generalized algebraic eigenvalue problem are bifurcation points in the solution space, physically 
representing critical thresholds of the uniform tangential load above which the plate buckles and wrinkles due to 
the partially compressive developing stresses. The associated eigenfunctions representing possible modes of 
deformation are illustrated, and the effect of the Poisson ratio and plate shape is discussed. 
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“Linear buckling analysis of orthotropic inhomogeneous rectangular plates under uniform in-plane 
compression”, Acta Mechanica, Vol. 187, No. 1, pp 219-229, November 2006 



SUMMARY: A linear buckling analysis is carried out for orthotropic inhomogeneous rectangular plates under 
uniform in-plane compression. It is assumed that material inhomogeneities of Young's modulus and shear 
modulus of elasticity are continuously changed in the thickness direction with the power law of the coordinate 
variable, while Poisson's ratio is assumed to be constant. The buckling equation can be successfully constructed 
as the linearized von Kármán plate model by introducing the newly defined position of the reference plane 
which enables us to easily deal with the problem. The critical buckling loads of the simply supported 
rectangular plate are presented using the derived fundamental relations. Effects of material inhomogeneity, 
material orthotropy, aspect ratio, width-to-thickness ratio and load ratio are discussed. 
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Theodore R. Tauchert (Dept. of Mechanical Engineering, University of Kentucky, Lexington, Kentucky, USA), 
“Large plate deflections, von Karman theory, dynamical problems”, Encyclopedia of Thermal Stresses, pp 
2692-2697, 2014 
OVERVIEW: Whereas the classical theory of plates is limited to situations in which deflections of the plate are 
small compared with the plate thickness, the von Kármán theory considered here has been shown to be valid for 
problems in which the transverse deflection is of the same order as the plate thickness, although small in 
comparison with the other plate dimensions. This theory makes use of the nonlinear strain–displacement 
relations in which quadratic terms in the slopes of the plate middle surface are retained but is otherwise 
consistent with the basic assumptions of the classical theory. The associated governing equations of motion for 
homogeneous isotropic plates and heterogeneous anisotropic plates are presented. Both the displacement 
formulation and the stress-function formulation addressed here entail coupled, nonlinear differential equations, 
and due to their complexity, it is generally necessary to employ approxima ... 
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N. N. Huang and T. R. Tauchert, "Large deflections of laminated cylindrical and doubly-curved panels under 
thermal loading", Computers and Structures, Vol. 41, No. 2, pp. 303-312, (1991), 
doi:10.1016/0045-7949(91)90433-M 
ABSTRACT: Thermally-induced large-deflection behaviors of laminates, including flat plates and cylindrical 
and doubly-curved panels, are investigated. The finite element technique based on the first-order shear 
deformation theory is employed to predict the shell response. Post-critical equilibrium paths are traced using the 
arc-length and the Riks methods. Laminate strength is also predicted, based upon the Tsai-Wu criterion. 
 
 
T.R. Tauchert, “Temperature and absorbed moisture”, Chapter in Buckling and Postbuckling of Composite 
Plates, edited by Turvey and Marshall, Springer 1995, pp 190-226 
ABSTRACT: The presence of elevated temperature and absorbed moisture can alter significantly the structural 
response of fibre-reinforced laminated composites. A hygrothermal environment causes degradation in both 
strength and constitutive properties, particularly in the case of fibre-reinforced polymeric composites. 
Furthermore, associated hygrothermal expansion, either alone or in combination with mechanically induced 
deformation, can result in buckling, large deflections, and excessively high stress levels. Consequently, it is 
often imperative to consider environmental effects in the analysis and design of laminated systems. 
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ABSTRACT: Based on both moderate and finite rotation bending theories of thin elastic shells including shear 
deformation, adaptive non-linear static finite element analysis is treated within a displacement approach and h-
adaptivity. The a posteriori error indicator given by Rheinboldt, gained by linearization, is investigated in order 
to decide whether the deformations influence the indicator explicitely and how parameter dependent problems 
(like the Reissner-Mindlin model) behave in the process of adaptation. In order to achieve overall consistency, 
dimensional adaptivity (to 3-D elasticity) is implemented within disturbed subdomains, especially at supports. 
Results are that Rheinboldt’s error indicator is valid under certain restrictions but not directly at bifurcation 
points and that robustness is not improved by adaptation. Nested quadrilateral finite elements are used for 
studying pre- and post-buckling states of plates and shells. 
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ABSTRACT: Power generation is one of the thrust areas for priority investment in developing countries. 
Cooling towers have become essential structures in many of the super thermal and nuclear power plants. Much 
technology transfer is taking place at an international level in the areas of thermal and structural design of 
natural draught cooling towers in concrete. One of the more controversial topics in such technology transfer is 
buckling safety of the hyperboloidal cooling tower shell. This paper presents a comparative evaluation of the 
recommendations, in this area, of some of the important national and international codes of practice, by way of 
case studies on five different cooling towers. 
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ABSTRACT: Analyses to predict inelastic buckling of axially loaded thin cylindrical shells are carried out 
using the finite element technique. The analyses use a bilinear elastic-perfectly plastic material response based 
upon the associated flow rule of plasticity. Nonlinear geometric effects, combined with initial imperfections, 
produce load-deflection curves with descending branches for which the limit points are imperfection sensitive. 
Results from these analyses are compared with two tests of axially loaded cylinders fabricated from 10-gauge 
(3.4-mm) and 5-mm plate and approximately 1525 mm in diameter. These tests were carried out in the 
Structural Engineering Laboratory at the University of Alberta. A rational technique for using measured 
imperfections to obtain effective initial imperfections for use in the analyses is investigated, and is shown to 



result in accurate predictions of ultimate load. 
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ABSTRACT: Solution procedures based on arc-length control have been among the most successful to be 
applied in nonlinear structural analysis. However, in the course of applying this type of procedure to 
postbuckling analysis of pipe segments, the writers experienced difficulties with the occurrence of complex 
roots arising from the arc-length constraint equation and with determining the direction of the load increment. 
In this paper, modified formulations of the arc-length control criterion and the loading criterion are proposed to 
address these problems. Applications of the procedures are shown to be successful for postbuckling analysis of 
pipe segments. Their effectiveness in following and advancing on the equilibrium path for both snap-through 
and snap-back behavior is illustrated. 
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ABSTRACT: A method is presented to incorporate the local buckling behavior of line pipe, determined from 
three-dimensional large deformational elastic-plastic shell analysis, into an interactive soil-structure beam 
model of a pipeline. The finite element model for the analysis of the pipe as a shell is described and the 
influence on the results of the buckling analysis of various load combinations are examined from the point of 
view of buckling configurations, moment-curvature curves and cross-sectional deformations. A method of 
extracting the stiffness properties of the pipe from these analyses is then described and a technique for 
determining stiffness coefficients from these properties is developed. 
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ABSTRACT: A quasi-bifurcation theory of dynamic buckling and a simple flow theory of plasticity are 
employed to analyze the axisymmetric, elastic-plastic buckling behavior of buried pipelines subject to seismic 
excitations. Using the seismic records of the 1971 San Fernando earthquake, a series of numerical results have 
been obtained, which show that, at strain rates prevalent in earthquakes, the dynamic buckling axial stress or 
strain of a buried pipe is only slightly higher than that of static buckling. 
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ABSTRACT: The paper proposes a new approach of predicting the bifurcation points of elastic-plastic buckling 
of plates and shells, which is obtained from the natural combination of the Lyaponov's dynamic criterion on 
stability and the modified adaptive Dynamic Relaxation (maDR) method developed recently by the authors. 
This new method can overcome the difficulties in the applications of the dynamic criterion. Numerical results 
show that the theoretically predicted bifurcation points are in very good agreement with the corresponding 
experimental ones. The paper also provides a new means for further research on the plastic buckling paradox of 
plates and shells. 
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ABSTRACT: Initial imperfections have long been acknowledged as having an effect on the behavior of shell 
structures, affecting both the global and local behavior. Yet, despite their significance, initial imperfections are 
rarely included in analytical models for pipelines. This is usually because of the complicated nature of initial 
imperfections, the difficulty in measuring them, and the small amount of available literature that describes their 
geometry. Some recent investigations at the University of Alberta in Edmonton have focused on the effect of 
initial imperfections on the behavior of segments of line pipe. Imperfections measured across the inside surface 
of pipe test specimens were incorporated into a finite element model that was developed to predict the 
experimental behavior of the specimens tested under combined loads of internal pressure, axial load and 
bending moment. Test-to-predicted  ratios for the load carrying capacity of the test specimens had a mean value 
of 1.035 with a coefficient of variation of 0.047. The improvements in the accuracy of the finite element 
analysis models that include the initial imperfection pattern indicate their importance in modeling the 
experimental behavior. Once the importance of initial imperfections was established, idealized patterns were 
developed to simplify numerical modeling. This paper presents the results of different patterns investigated for 
both plain and girth-welded segments of line pipe and provides recommended simplified assumed initial 
imperfection patterns. 
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ABSTRACT: The buckling of buried pipeline induced by compressive ground failure was investigated. Both 
the beam mode of buckling and local shell mode of buckling, and their interactions were studied. The pipeline 
response was analyzed numerically. The results agree qualitatively with past researches and possess satisfactory 
comparisons with actual case histories. The relations of critical buried depth versus ratio of pipe diameter to 
thickness for buried pipe with different imperfections and various soil foundations were established. 
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ABSTRACT: A shell model which takes into account the dynamic interaction terms for the earthquake 
behaviour of buried pipes is presented. A more realistic ground motion input for seismic waves is chosen in the 
analysis. Then a parametric study is conducted to investigate the effects of pipe radius, slenderness of the pipe, 
soil stiffness and wave propagation velocity on the modal amplitudes. 
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ABSTRACT: The Donnell and Flügge forms of the stability equations of cylindrical shells are employed to 
analyze the axisymmetric, elastic quasi-static buckling of buried pipelines subject to seismic excitations. Using 
shell dimensions and the stiffness of the soil medium surrounding the pipe as parameters, a series of numerical 
results are obtained, which shows that no significant half sine wave occurring in the circumferential direction 
for relatively long pipes when axial buckling load reaches its minimum. It also is shown that for a given 
pipeline an increase in soil stiffness causes a decrease in wavelength of the critical-load instability mode and, 
consequently, causes an increase in axial critical load. 
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ABSTRACT: This paper deals with the tensile failure of buried pipelines subject to abrupt fault movements. 
The pipe is modeled as a thin cylindrical shell which is essentially semi-infinite. The Sanders nonlinear shell 
theory is used with the inclusion of soil effects, and a simple flow theory of plasticity. A number of parametric 
studies are carried out and discussed to identify some design parameters of buried pipelines. 
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ABSTRACT: An analysis method for the buckling process of a pipe section with a random pipelay imperfection 
is proposed. Four basic lateral modes, acquired by finite-element (FE) eigenvalue buckling analysis, are 
combined to provide the needed grid configurations for describing a real pipelay imperfection and an arc-length 
algorithm is used to analyze the snap-through process of the shell-element-grid model under nonlinear frictional 
boundary conditions. This paper also presents evaluation methods for the lateral buckling of two types of pipe-
in-pipe systems that are used in the offshore oil and gas industry. For evaluating the buckling and postbuckling 
of compliant pipe-in-pipe systems FE analyses were carried out to judge the occurrence of the system buckling 
and furthermore to check postbuckling stresses induced in the buckles. The calculated results of the modified 
Riks algorithm indicate that only when high temperature would not trigger an abrupt short-wavelength buckle 
and when no yielding has been induced in the unavoidable long-wavelength buckles, the thermal stability and 
safety of compliant pipe-in-pipe systems can be proved. In the non-compliant pipe-in-pipe systems, firstly 
small-amplitude buckles of the carrier pipe may occur in the annulus between carrier pipe and casing pipe and 
the contact forces between the spacers and the casing pipe may drive the buckle of the pipe-in-pipe systems on 
the seabed. Based on the classical analytical solution of pipe buckling, four potential buckling modes 
corresponding to finite-element models are developed to evaluate the stability and the postbuckling strength of 
such pipe-in-pipe systems. 
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“Elasto-Plastic Behavior And Buckling Analysis Of Steel Pipelines Exposed To Internal Pressure And 
Additional Loads”, 24th International Conference on Offshore Mechanics and Arctic Engineering (OMAE 
2005) June 12-17, 2005, Halkidiki, Greece, OMAE2005-67303 
ABSTRACT: The currently valid worldwide standards allow for taking into consideration plastic deformations 
in order to achieve a higher degree of utilization. The maximum plastic strains, which can be allowed for steel 
pipes subjected to internal pressure and additional loads, are particularly interesting. In this paper results of 
investigations on the elasto-plastic bearing behavior of steel pipelines subjected to internal pressure and bending 



are presented. Four-point bending tests on eight steel pipes were carried out in order to make the buckling 
analysis in the elasto-plastic range possible. Finite-element-models were checked by test results for the 
application on buried pipelines. Taking into account bedding conditions of the pipeline in the soil was made 
possible. Furthermore, an analytical method based on the differential equation for beams with longitudinal 
tensile force and variable bending stiffness was developed. It is suitable to determine the elasto-plastic bearing 
capacity for internal pressure and bending. The collapse due to plastic shell buckling is considered by a limit 
criterion based on critical strains. 
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ABSTRACT: A new kind of tower construction, calling hybrid tower, is developed for offshore wind energy 
converters. The tower sections consist of two steel shells which are bonded together with a core material. The 
core between the inner an outer steel face increases the stability of the shells. In comparison with linear 
buckling analyses the validity of a laminate composite shell theory was proven. With model scale tests the 
stability of sandwich shells was analyzed against shell buckling due to axial compression and compared to tests 
with steel shells. Optical measurements were used to record the geometrical imperfections and to import the 
imperfect geometry of such shells in FE-models. Furthermore, a comparison of critical buckling loads was 
carried out with numerical solutions. The test series show a significant increase in bearing capacity for 
sandwich cylinders, which depends on the compressive strength of the core materials. The sandwich shells with 
a grout as core material show a catastrophic post buckling like steel shells. In contrast to this the elastomer core 
supports a ductile post buckling. The failure criteria for all variants of tested sandwich shells is more a local 
failure due to the steel faces called face wrinkling and not a global shell buckling. 
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Chamber’s Shell Under Uniform Axial Compression”,  2011 Third International Conference on Measuring 
Technology and Mechatronics Automation, January, 2011, pp. 649-653. 
ABSTRACT: The cylindrical shell with rectangle stiffeners was usually utilized in coal mine refuge chambers. 
Aiming at the buckling deformation of thin cylindrical shell under uniform axial compression, finite element 
analysis software ANSYS was employed to set up the optimization model of stiffened cylindrical shell, and the 
sequential linear programming method was executed to optimize the thickness of shell and the sizes of stiffener. 
The mechanical property after optimization was compared with the theoretical value of no-stiffener shell with 
equal volume, and reasonable stiffener distribution was obtained while the optimization results of five different 
longitudinal and circumferential stiffener patterns were gained. The results showed that the shell’s mechanical 
capacity of axial compression was basically not improved when the stiffeners were too sparse or overcrowded. 
Nevertheless, in the condition of reasonable stiffeners distribution, it could be improved by approximately 50%. 



The stiffener pattern and optimal results obtained in this paper are useful for refuge chamber’s shell design. 
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“Catastrophic vs gradual collapse of thin-walled nanocrystalline Ni hollow cylinders as building blocks of 
microlattice structures”, Nano Letters, Vol. 11, No. 10, pp 4118-4125, 2011, DOI: 10.1021/nl202475p 
ABSTRACT: Lightweight yet stiff and strong lattice structures are attractive for various engineering 
applications, such as cores of sandwich shells and components designed for impact mitigation. Recent 
breakthroughs in manufacturing enable efficient fabrication of hierarchically architected microlattices, with 
dimensional control spanning seven orders of magnitude in length scale. These materials have the potential to 
exploit desirable nanoscale-size effects in a macroscopic structure, as long as their mechanical behavior at each 
appropriate scale – nano, micro, and macro levels – is properly understood. In this letter, we report the 
nanomechanical response of individual microlattice members. We show that hollow nanocrystalline Ni 
cylinders differing only in wall thicknesses, 500 and 150 nm, exhibit strikingly different collapse modes: the 
500 nm sample collapses in a brittle manner, via a single strain burst, while the 150 nm sample shows a gradual 
collapse, via a series of small and discrete strain bursts. Further, compressive strength in 150 nm sample is 
99.2% lower than predicted by shell buckling theory, likely due to localized buckling and fracture events 
observed during in situ compression experiments. We attribute this difference to the size-induced transition in 
deformation behavior, unique to nanoscale, and discuss it in the framework of “size effects” in crystalline 
strength. 
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ABSTRACT: The John equations are used to model the buckling of a simply-supported elastic spherical cap 
that is subjected to a constant uniform external load λ. The Liapunov-Schmidt method is used to solve these 
equations. We show that solutions possessing circular, pear-shaped, elliptical, triangular, square-shaped, 
pentagonal and a variety of other symmetries branch from the unbuckled state of the shell. The stability of these 
solutions is discussed. Some numerics that complement the analytical results are also included. 
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“Exploring the stability landscape of constant-stress pumpkin balloon designs”, Journal of Aircraft, Vol. 47, No. 
3, pp 849-857, 2010 
ABSTRACT: Pumpkin balloon designs such as the constant-bulge-angle design, the constant-bulge-radius 
design, and hybrids of these design schemes have been used in an attempt to achieve a cyclically symmetric 
pumpkin-like shape when fully inflated. A number of flight balloons that were built based on these three design 
concepts encountered deployment problems. . . . Currently, NASA’s approach to superpressure balloon design 
uses a constant-stress model developed at NASA Goddard Space Flight Center. To fully understand the 
mechanism behind cleft formation in pumpkin balloons and to explore the constant-stress design space, 
NASA’s Balloon Program Office carried out a series of inflation tests in 2007 involving four 27-meter-diameter 
200-gore pumpkin balloons. . . . In an effort to gauge constant-stress design susceptibility to deployment 
problems, we carry out a number of parametric studies and assess the stability landscape of the constant-stress 
design space.  In our studies, we examine two types of top end-fitting boundary conditions, one restrictive and 
one less restrictive, that help to define a cleft-free design envelope. . . .  To study scaling effects, we consider a 
14-million-cubic-foot design. Our analysis suggest that as one scales up the balloon, the size of the cleft-free 
envelope shrinks. 
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investigation of the complete post-buckling behaviour of axisymmetric spherical shells”, J. Appl. Math. Phys., 
36, 803-821, 1985 
SUMMARY: The post-buckling behavior of an elastic spherical shell is studied for large axisymmetric 
deformations. The complete post-buckling path is given for the experimentally confirmed single dimple solution 
in a load-deformation diagram, making use of the methods of local bifurcation theory, singular perturbation 



analysis and numerical analysis. From the specific form of the post-buckling path with its predominating 
unstable part follows the strong imperfection sensitivity of the shell structure. 
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ABSTRACT: In this work a post-buckling analysis of a thin spherical Shell under the action of uniform external 
pressure is given. A similar investigation was done by Knightly & Sather (|1|) using a more functional analytic 
approach. Further in this paper a versal unfolding (see |2|) of the bifurcation equations is carried out. 
Nevertheless these results have a limited practical importance, as the range of validity is restricted to a small 
neighborhood of the bifurcation point. This is caused by the fact that the eigenvalues lie closely spaced. Lange 
& Kriegsmann applied asymptotic integration techniques to overcome these troubles. They obtained results, 
which are valid at larger distances of the bifurcation point and which give together with the classical bifurcation 
Solution a nearly total understanding of the complete axisymmetric buckling behavior of the perfect Shell. I will 
shortly comment on this at the end of the paper. 
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162, edited by E.L. Axelrad and F.A. Emmerling, 1984 
ABSTRACT: For the axisymmetric buckling problem of a complete spherical shell we are able to give a 
complete imperfection sensitivity analysis for the most complicated case to occur, namely that of a double 
eigenvalue, if we restrict our analysis to nonlinear terms of quadratic order, which is correct mathematically as 
the bifurcation system turns out to be two determinate. As we make a classical bifurcation analysis our results 
are strictly local and therefore are of restricted practical importance in two respects. Firstly we do not take care 
of the fact that we have closely spaced eigenvalues. We comment on this in chapter 7. Secondly we are not able 
to show that the experimentally observed single dimple solution (Fig. 8) is one of the stable solutions found 
from our bifurcation equations up to terms of third order. 
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ABSTRACT: A constructive method is developed to establish the existence of buckled states of a thin, flat 
elastic plate that is rectangular in shape, simply supported along its edges, and subjected to a constant 
compressive thrust applied normal to its two short edges. Under the assumption that the stress function and the 
deformation of the plate are described by the nonlinear von Kármán equations, the approach used yields 
information regarding not only the number of buckled states near an eigenvalue of the linearized problem, but 
also the continuous dependence of such states on the load parameter and the possible selection of that buckled 
state “preferred” by the plate. In particular, the methods used provide a rigorous approach to studying the 
existence of buckled states near the first eigenvalue of the linearized problem (that is, near the “buckling load”) 
even when the first eigenvalue is not simple. 
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ABSTRACT: A method is outlined to obtain the “preferred” buckled states of a (complete) spherical shell under 
uniform external pressure. The shell model investigated is that of the John equations, a system of six nonlinear 
partial differential equations. Methods in bifurcation theory and group representations are used to reduce the 
problem to a finite-dimensional problem whose solutions generate buckled states that are “preferred” in a 
certain least-energy sense. Asymptotic methods and Newton's method are used in some special cases to relate 
the “preferred” buckled states obtained by the above approach to actual buckled states observed in experimental 
studies. 
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ABSTRACT: In preparing a Swedish handbook on stability of shell structures it was contended that present 
design codes and recommendations, with few exceptions, employ rather crude rules and also severe tolerance 
limits especially concerning spherical domes manufactured on site. A re-evaluation of test results available for 
metal domes subjected to external pressure was made with the aim of establishing a more refined procedure to 
determine a safe knock-down function to be applied to classical linear buckling strength. In the treatment of the 
test results a computer program was used allowing a statistical analysis. 
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ABSTRACT: A variational formulation of doubly curved shallow shells is presented. The analysis used 
Reissner’s two-field variable variational principle with the transverse displacement w and Airy stress function F 
as field variable. Euler-Lagrange equations and boundary conditions are obtained. A finite element based on 
this variational principle preserving C(1) continuity is formulated, and your eigenvalues for free vibrations and 
buckling analyses are abtained. Applications for free vibrations and buckling analysis in MSC/NASTRAN 
model are given as well as their respective geometry shape. Several numerical calculations are presented. The 
results obtained are discussed and are compared with previous analytical solutions and numerical calculations.  
References listed at the end of the paper: 
1. REISSNER, E., “On a variational theorem for finite elastic deformations”, Journal of Mathematics and Physics, Vol. 32, No. 2-3, 
pp.129-135, 1953-1954.  
2. REISSNER, E., “On transverse vibrations of thin, shallow elastic shells”,Q. Appl. Maths., Vol.13, No. 2, pp. 169-176, 1955. 
�3. BISMARCK-NASR, M. N., “Buckling analysis of cylindrically curved panels based on a two-field variables variational principle”, 
International Journal Computers & Structures, Vol. 51, No. 4, pp. 453-457, 1994.  
4. BISMARCK-NASR, M. N., “Analysis of cylindrically curved panels based on a two-field variables variational principles”, Applied 
Mechanics Review, Vol. 46, No. 11, part. 2, November 1993. � 
5. Carson, W.G., & Newton, R.E., “Plate Buckling Analysis Using a Fully Compatible Finite Element”, AAIA Journal, Vol. 7, No. 3, 
pp. 527-529, 1969.  
15  
6. PIFKO, A & ISAKSON, G., “A Finite Element Method for the Plastic Buckling Analysis of Plates”, AAIA Journal, Vol. 7, No. 10, 
pp. 1950-1957, 1969. � 
7. BISMARCK-NASR, M. N., “On the sixteen degree of freedom rectangular plate element”, International Journal Computers & 
Structures, Vol. 40, No. 4, pp.1059-1060, 1991.  



8. BISMARCK-NASR, M. N., “Finite Elements in Applied Mechanics”, São José dos Campos, S.P., Abaeté, 1993. 
�9. BISMARCK-NASR, M. N., “On vibrations of thin cylindrically curved panels”, III PACAM, Third Pan American Congress of 
Applied Mechanics, São Paulo, Brazil, Jan, 4-8, pp. 696-699, 1993  
10. Allman, D. J., “Finite Element Analysis of Plate Buckling Using a Mixed Variational Principle”, Proc. 3rd Conf. Matrix Meth. 
Mech., Wright-Patterson AFB, Ohio, October 19-21, 1971. 
�11. Clough, R. W. and Fellipa, C. A, “A Refined Quadrileteral Element for Analysis of Plate Bending”, Proc. 2nd Conf. Matrix 
Methods Struct. Mech., Wright Patterson AFB, Dayton, Ohio, 1968.  
12. Bruhn, E. F., “ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES” Tri-State Offset Company, U.S.A, 1973. � 
13. TIMOSHENKO, S.P. and GERE, J.M.,”Theory of Elastic Stability”, Mc Graw-Hill, 2nd ed., New York, 1961.  
14. Leissa, A .W. and Kad, A .S.,”Curvature effects on shallow shell vibrations”, Journal of Sound and Vibrations, Vol. 16, No 2, 
pp.173-187, 1971. � 
15. Olson, M.D.,”Dynamic Analysis of Shallow Shells With a Doubly Curved Triangular Finite Element”, Journal of Sound and 
Vibrations, Vol. 19, No 3, pp. 229-318, 1971.  
16. BISMARCK-NASR, M. N., “Dynamic Stability of Shallow Shells Subjected to Follower Forces”, AIAA Journal, Vol. 33, No 2, 
pp. 355-360, Fevereiro 1995. � 
17. Leissa, A .W.,”Vibration of Shells”, NASA SP-288, 1973 � 
18. Cook, R.D., “Finite Element Modeling for Stress Analysis”, University of Wisconsin-Madison, USA 1995  
19. “MSC/Nastran for Windows CAD Integration Module”, MSC Version 3.0  
 
 
C.S. Collier, “Stiffness, thermal expansion, and thermal bending formulation of stiffened, fiber-reinforced 
composite panels”, AIAA Paper-93-1569, 34th AIAA Structures, Structural Dyanmics, and Materials 
Conference, La Jolla, California, April 1993 
ABSTRACT: A method is presented for formulating stiffness terms and thermal coefficients of stiffened, fiber-
reinforced composite panels. The method is robust enough to handle panels with general cross sectional shapes, 
including those which are unsymmetric and/or unbalanced. Nonlinear, temperature and load dependent 
constitutive material data of each laminate are used to 'build-up' the stiffened panel membrane, bending, and 
membrane-bending coupling stiffness terms and thermal coefficients. New thermal coefficients are introduced 
to quantify panel response from through-the-thickness temperature gradients. A technique of implementing this 
capability with a single plane of shell finite elements using the MSC/NASTRAN analysis program (FEA) is 
revealed that provides accurate solutions of entire airframes or engines with coarsely meshed models. An 
example of a composite, hat-stiffened panel is included to demonstrate errors that occur when an unsymmetric 
panel is symmetrically formulated as traditionally done. The erroneous results and the correct ones produced 
from this method are compared to analysis from discretely meshed three-dimensional FEA. 
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DTIC Accession Number: ADA443229, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA443229 
ABSTRACT: The benefits of a software package which couples with the MSC/NASTRAN FEA program is 
presented. The software, called HyperSizer, performs panel and beam structural sizing optimization with 
metallic and composite materials. Applications in the aerospace and transportation industries are presented. The 
aerospace application, an X-34x experimental vehicle, emphasizes capabilities and accuracy required for a high 
speed flight, thermomechanical environment. The transportation application emphasizes practical and 
inexpensive capabilities suitable for a cost driven, manufacturing oriented environment. 
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Abstract  Thin cylindrical shells are widely used in modern structures. When the structures are under axial 
compression, inflectional destruction happens early. In order to design reasonable and reliable shell structures, 
stiffened cylindrical shells are applied in the dissertation, ANSYS, an valid finite element analysis software, is 
employed to redevelop and set up parameter calculation model, subjected to volume and variables value range 
restriction, the structure’s critical buckling load is the objective, and the serial linear programming optimization 
procedure is executed as well as the optimized thickness of shell and the size of stiffeners are gained 
accordingly. The critical buckling load of the structure is obviously increased after optimization, and the 
feasibility of this method is validated due to the comparison with the numerical and theoretical result. 
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Labeas, G. and Kermanidis, T. H. (Laboratory of Technology and Strength of Materials, Department of 
Mechanical Engineering & Aeronautics, University of Patras, Patras 26500, Greece), “Crushing behaviour of 
the energy absorbing ‘tensor skin’ panels”, Fatigue & Fracture of Engineering Materials & Structures, Vol. 26, 
No. 5, May 2003, pp. 449–457, doi: 10.1046/j.1460-2695.2003.00646.x 
ABSTRACT: Research results concerning the simulation of the crushing behaviour of composite systems with 
energy absorption characteristics are presented in the present work. The study is focused on the ‘tensor skin’ 
concept, an energy absorbing composite system that was originally developed to improve the crashworthiness 
of helicopters under water impact and which is promising for utilization in the construction of the lower part of 
composite fuselage aircraft. The ‘tensor skin’ concept comprises a folded or corrugated composite construction, 
which upon loading unfolds by forming ‘plastic hinges’, leading to an increase in the load bearing capability of 
the structure. The numerical modelling issues and the critical aspects of the simulation are discussed. 
Verification of the numerical simulation procedure is performed by experimental work. The experimental 
results utilized to assess and validate the numerical procedure were derived within the European Research 
Project ‘Design for Crash Survivability – CRASURV’ (BRITE – Aeronautics Area). The results of the 
simulations are generally in good agreement with experimental data. 
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S. Belesis, G. Labeas, (2010) "Development of an efficient engineering methodology for non-linear damage and 
post-buckling analysis of large-scale structures", International Journal of Structural Integrity, Vol. 1 No. 2, pp. 
126 – 139, doi: 10.1108/17579861011053862 (Permanent URL) 



ABSTRACT: The purpose of this paper is to present an efficient engineering methodology for solving the 
problem of non-linear (NL) damage and post-buckling of large-scale structures, which is of high importance 
mainly for the aircraft industry. The methodology takes advantage of the capabilities of finite element 
substructuring technique in the simulation of large/complex structures and exploits the advantages of local-
global analysis logic. The main innovation deals with the appropriate modification of superelement method, 
such that it can  deal with NL behaviour and efficiently model the entire large-scale structure. In this study, the 
proposed methodology is demonstrated in the treatment of geometrical non-linearity and its efficiency is 
assessed in the case of a large-scale fuselage section. 
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“Analytical calculation of local buckling and post-buckling behavior of isotropic and orthotropic stiffened 
panels”, Thin-Walled Structures, Vol. 49, No. 3, March 2011, pp. 422-430, doi:10.1016/j.tws.2010.11.008 
ABSTRACT: A methodology for the analytical assessment of local buckling and post-buckling behavior of 
isotropic and orthotropic stiffened plates is presented. The approach considers the stiffened panel segment 
located between two stiffeners, while the remaining panel is replaced by equivalent transverse and rotational 
springs of varying stiffness, which act as elastic edge supports. A two-dimensional Ritz displacement function 
(pb-2 Ritz) is utilized in the solution of the local buckling problem of isotropic and laminated symmetric 
composite panels with arbitrary edge boundary conditions. The buckling analysis of the segment provides an 
accurate and conservative prediction of the panel local buckling behavior. Consequently, the developed 
methodology is extended in the prediction of the post-buckling response of stiffened panels of which the skin 
has undergone local buckling. Of high importance for the calculation of the post-buckling behavior is the 
selection of appropriate boundary conditions for the structural members analyzed. A comparison of the present 
methodology results to respective finite element (FE) results has shown a satisfactory agreement. 
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“The behaviour of thin-walled columns after local buckling”, 8th International Specialty Conference on cold-
Formed Steel Structures, St. Louis, Missouri, USA, 11-12 November, 1986, Paper 2 
ABSTRACT: In this paper an outline is given of a theoretical approach which is able to predict the equilibrium 
behaviour of thin-walled, pin-ended, I-section columns after local buckling. The extreme changes in cross-
sectional shape that occur during overall bending of the locally buckled column are accounted for quite easily in 
the analysis by the inclusion of several local deflection shape functions. The changes in cross-sectional shape 
that occur during the pure compressional phase of behaviour, prior to overall bifurcation, are also accounted for 
in the analysis. The Rayleigh-Ritz method is used to obtain local buckling loads and a semi-energy method is 
employed to describe post-buckling interaction behaviour. It is shown that, although all columns exhibit stable 
equilibrium behaviour after local buckling, the quality of the equilibrium at failure due to overall bifurcation, 
can be unstable to varying degrees depending on geometry. It is also shown that the theoretical predictions of 
equilibrium behaviour and ultimate loads are significantly influenced by the number of local deflection shape 



functions incorporated in the post-buckling analysis. If insufficient functions are employed in the solution, a 
considerable overestimate of stiffness and hence ultimate load can result. The analysis is able to accommodate 
eccentricity of applied loading and column axis imperfection in which case, overall bending would occur from 
the onset of loading. A study is made of the effect of column axis imperfection on the ultimate carrying 
capability of thin-walled I-section columns and it is shown that, I-sections are appreciably sensitive to this mode 
of imperfection over a wide design range. Results are presented in the paper in the form of load-deflection 
equilibrium curves and ultimate load-slenderness plots. A comparison of the theory with independent 
experimental work is also included and agreement is seen to be good.  
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V. K. Mantzaroudis, D.G. Stamatelos (Hellenic Air Force Academy), “Closed-form local skin buckling solution 
for orthotropic and anisotropic stiffened panels braced with omega stringers”, Third International Conference on 
Buckling and Postbuckling behavior of Composite Laminated Shell Structures with DESICOS Workshop, 25-
27 March, 2015 
ABSTRACT: In the present contribution a novel fast design tool is developed to enable the calculation of 
critical buckling loads of large structural components comprising stiffened composite panels. In more detail the 
development of analytical closed form solution for the local buckling problem of a stiffened plate is treated as 
the buckling of the skin segment enclosed by two consecutive stringers. In this case the effect of the stringers to 
the skin is modeled by applying appropriate elastic restraints as boundary conditions. The elastic restraints are 
derived and determined considerting the bending and torsional stiffness of the stringers. The solution of the skin 
local buckling problem is obtained utilizing the Rayleigh-Ritz method. Additionally, the developed closed form 
solution is extended to the interesting case of anisotropic stiffened panels. Finally, the validation of the 
analytical results is obtained comparing them with the respective numerical, and a satisfactory correlation is 
achieved. 
 
 
Andrew Woloszyn and Dave Howse (TWI, Granta Park, Great Abington, Cambridge, UK), “Nd: YAG Laser 
welding of a stiffened panel demonstration component”, 8th NOLAMP Conference, Copenhagen 13-15 August, 
2001 



ABSTRACT: A stiffened panel demonstrator component typical of that used in the shipbuilding industry was 
conceived to demonstrate the advantages of three dimensional laser processing using robot manipulated 4kW 
Nd:YAG lasers. BS EN 10025:1991 Grade S275JR (formally BS 4360: Grade 43D) material in the 6-8mm-
thickness range was used. Initial parameter development preceded the fabrication of a 1mx1m test panel and the 
eventual production of a 4.8mx1.9m full size panel section for destructive testing. Equipment set-up, joint 
design, effect of fit-up, processing techniques and distortion are described. The completed panel was used to 
compare the level of distortion induced between laser and conventional arc welding processes, before being 
used to conduct a similar buckling test comparison. 
 
 
J.M. Rotter, Q. Zhang and J.G. Teng, “Corrugation collapse in circumferentially corrugated steel cylinders”, 
First National Structural Engineering Conference, Melbourne, Victoria, Australia, pp 377-383, 1987 
ABSTRACT: The design wall thickness of many corrugated silos and tanks is governed by the vertical 
compressive strength of the wall. This paper presents a precise theoretical study of the collapse strengths of 
cylindrical corrugated shells under axial compression and axial compression combined with internal pressure. 
Two simple models to describe the collapse strength are proposed, and each is shown to be approximately valid 
for a certain range of geometries. The true collapse strength is determined using a large displacement elastic-
plastic finite element analysis for doubly curved shells of revolution. The form of the corrugation profile is 
accurately modelled and the collapse strength is found precisely by following the complete loading and 
unloading paths of the load-deflection curve. Simple design recommendations are given. 
 
 
J. Michael Rotter  (Institute for Infrastructure and Environment, King's Buildings, University of Edinburgh, 
Edinburgh EH9 3JU, UK), “Shell Buckling and Collapse Analysis for Structural Design”, in New Approaches 
to Structural Mechanics, Shells and Biological Structures, edited by H. R. Drew and S. Pellegrino, Kluwer 
Academic Publishers, Dordrecht, The Netherlands, 2002, pp 355-378, DOI: 10.1007/978-94-015-9930-6_28 
ABSTRACT: A very large literature exists on the static analysis of thin shell structures, covering elastic stress 
states, elastic buckling, plastic collapse and elasticplastic failures. Modern approaches to these problems usually 
involve the use of computer programs to perform a variety of different alternative types of calculation. 
However, the way in which different analyses should be used in the design process has received much less 
attention until recently. The new European Standard for the Strength and Stability of Shells sets out a 
philosophical framework that accommodates the results of both algebraic analysis and different levels of 
sophistication in computer analyses. This paper describes the philosophy on which the new standard is based, 
and outlines the way in which the various analyses should be used, when applied in design practice. It also 
identifies some of the remaining difficulties which pose challenges of definition and interpretation, and which 
need debate in the scientific community. 
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Rotter, J. M., and Teng, J. G. (1989). ‘‘Elastic stability of cylindrical shells with weld depressions.’’ J. Struct. 
Engrg., ASCE, 115(5), 1244–1263. Permalink: http://dx.doi.org/10.1061/(ASCE)0733-9445(1989)115:5(1244) 
ABSTRACT: Metal silos and tanks are subject to axial compressive stresses in their cylindrical shell walls. The 
buckling strength is very sensitive to geometric imperfections in the wall. The most regular and well-defined 
imperfection is the local depression adjacent to a circumferential weld, caused by the plate rolling process and 
shrinkage of the weld. This paper examines the elastic buckling strengths of thin cylindrical shells under axial 
compression, with imperfections arising at circumferential welded joints. The effects of the welded joint 
depression amplitude, the shell radius-to-thickness ratio, a change of shell plate thickness at the weld, and 
internal pressurization are all examined. The study is confined to cylinders with a radius-to-thickness ratio in 
excess of 100, as thicker shells are rare for these structures. It is shown that a welded joint depression is one of 
the most deleterious practical imperfection forms currently known. 
 
 
J.G. Teng (Department of Civil and Systems Engineering, James Cook University of North Queensland, 
Townsville, Queensland 4811, Australia), “Elastic buckling of cone-cylinder intersection under localized 
circumferential compression”, Engineering Structures, Vol. 18, No. 1, pp 41-48, January 1996, 
DOI: 10.1016/0141-0296(95)00114-3 
ABSTRACT: Conical shells are often joined to cylindrical shells as end closures, reducers or roofs. Under a 
variety of loading conditions, the intersection between the large end of a cone and a cylinder is subject to a large 
circumferential compressive force which can lead to its failure by buckling. The problem may be idealized as a 
cone-cylinder intersection under a radial inward ring load. This paper first investigates the elastic buckling 
strength of thin cone-cylinder intersections under a radial inward ring load and develops simple and accurate 
equations for the prediction of buckling mode and strength. The ability of ring-loaded intersections to 
conservatively represent intersections under a variety of other loading conditions for their buckling behaviour is 
then explored. The ring load idealization is shown to be generally conservative, but may become rather 
conservative for some loading conditions such as uniform internal pressure. The strength of cone-cylinder 
intersections under uniform internal pressure is examined in detail in the final part of the paper and approximate 
strength equations are also developed, as this loading condition is important for pressure vessel and piping 
applications. 
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(2) Department of Civil and Systems Engineering, James Cook University of North Queensland, Townsville, 
Queensland 4811, Australia 
“Shell restraint to ring buckling at cone-cylinder intersections”, Engineering Structures, Vol. 19, No. 6, pp 425-
431, June 1997, 
DOI: 10.1016/S0141-0296(96)00087-9 
ABSTRACT: A study is presented of the out-of-plane buckling strength of rings attached to cone-cylinder 
intersections. Simple formulae which can be used to estimate the stiffness of the rotational restraint provided by 
adjacent shell walls are first developed from a finite element parametric study. These formulae are then 
combined with an existing closed-form solution based on thin-walled member theory to predict the flexural-
torsional buckling strength of rings with an elastic rotational restraint. Numerical results are obtained for angle 
section rings from the closed-form solution and a finite element shell buckling analysis which is able to model 
cross-section distortion. Comparisons between the two approaches show that when the restraint stiffness is 
small, they agree with each other closely. Beyond a certain level of restraint stiffness, the buckling strength 
predicted by the finite element analysis falls increasingly below that given by the closed-form solution due to 
cross-section distortion and approaches the strength of an inner edge clamped ring. The paper concludes with 
suggestions for safely approximating the stiffness of the shell wall rotational restraint for use in design. 
 
 
Y.F. Luo and J.G. Teng (Department of Civil and Structural Engineering, The Hong Kong Polytechnic 
University, Hung Hom, Kowloon, Hong Kong, People’s Republic of China), “Stability analysis of shells of 
revolution on nonlinear elastic foundations”, Computers & Structures, Vol. 69, No. 4, pp 499-511, November 
1998 
ABSTRACT: In many practical applications, thin shells are in contact with soils or other solids. Such situations 
arise in cylindrical bulk solid storage silos, above-ground and underground liquid storage tanks, underground 
pipelines, ballistic missiles filled with solid propellants, and concrete-filled steel tubular columns. As a result, 
many studies have been carried out on the analysis and behavior of shells on elastic foundations. However, little 
has been done on shells on nonlinear elastic foundations, despite the fact that foundation behavior is generally 
nonlinear. This paper presents a finite element formulation for the buckling analysis of shells of revolution on 
nonlinear elastic foundations. To achieve a versatile foundation model, the foundation reaction–displacement 
relationship is represented by a number of discrete data points (referred to as the Discrete-Point or DP Model in 
this paper). Any specific nonlinear functions such as polynomials can be treated as special cases of this model 
and accurately represented by a sufficiently large number of data points. The validity and capability of the 
present analysis are demonstrated through numerical comparisons. The paper also presents the first set of 
verified numerical results for buckling of shells on nonlinear elastic foundations, which can be used to 
benchmark results from other sources in the future. 
 
 
J. G. Teng and J. M. Rotter (School of Civil and Mining Engineering, University of Sydney, New South Wales 
2006, Australia), “Buckling of rings in column-supported bins and tanks”, Thin-Walled Structures, Vol. 7, Nos. 
3-4, 1989, pp. 257-280, doi:10.1016/0263-8231(89)90028-1 
ABSTRACT: Theories for the out-of-plane buckling of rings under uniform circumferential compression are 
well established. However these theories are not applicable to rings in column-supported bins where the 
circumferential stress in the ring varies significantly over the cross-section and around the circumference. This 
paper deals with the out-of-plane buckling of annular plate rings in column-supported bins and tanks. The stress 
distributions in such rings are first examined using a finite element shell analysis. A closed-form solution for the 
buckling of rings under non-uniform circumferential stresses is then derived. Numerical results from the closed-
form solution are compared with those from a finite element shell buckling analysis, and close agreement is 
found. The significant effect of stress non-uniformity on the buckling predictions is demonstrated. Finally, 
simplified equations are given which are suitable for structural design purposes, and which closely model the 
predictions of the more rigorous solution. 
 
 



Zhang, Q., “Stability behavior of steel silos filled with bulk solids”, Ph.D. dissertation, University of Sydney, 
1990?, (Thesis advisor: J.M. Rotter) 
ABSTRACT: Large modern steel silos are either elevated or supported on the ground. The main structural 
components are a cylindrical body, stiffeners (rings and stringers etc), a roof, and in the case of elevated silos, a 
hopper and supporting column. Silo structures are designed chiefly as containers, therefore the load from the 
contained material comprises the major part of the load which silos experience. The stored bulk solid exerts 
both internal pressure and downward frictional drag on the wall, the latter causing a potential for buckling of the 
wall. In addition to loading the wall by gravity, the bulk solid has a strengthening effect against buckling under 
axial compression. This is because, unlike fluids, bulk solids have finite strength and stiffness. The effect of 
imperfections on the buckling strength of cylinders under axial compression has been studied extensively in the 
past, as has the effect of internal pressure. The stiffening effect due to bulk solids in silos has, however, not 
been systematically studied. In this thesis a study of the stability of thin-walled steel silos is presented. The 
strengthening effect of the bulk solid is modelled theoretically using a Winkler foundation. The theoretical 
studies are carried out using the finite element technique. The formulation of an isoparametric doubly curved 
shell element for the linear elastic static analysis of shells of revolution with attached elastic restraints along the 
three curvilinear directions is described first. Non-symmetric loads are decomposed into Fourier components. 
The linear elastic buckling analysis is followed by the analysis of the shell-spring system under axisymmetric 
load, and nonlinear large-displacement and material analysis. Linear analysis is often not sufficient to describe 
the real behaviour of shells. Non-linear effects from both the change of geometry and stresses which exceed the 
elastic limit may need to be considered. This formulation, including the effect of restraints, is given. The 
analysis includes full non-linearity on both shell geometry and material. The effect of non-linear springs is 
taken into account in the formulation. Recently-developed non-linear strain-displacement relations for thin 
shells of revolution are used. An efficient and accurate state determination algorithm is adopted. The arc-length 
method implemented by other researchers is used to trace both the pre- and post-collapse load deflection curve. 
Non-symmetric bifurcation including prebuckling large deflections is given, after the primary equilibrium state 
is reached. The linear and non-linear analyses are applied to a number of example problems of restrained shells. 
Results are compared with published theoretical and numerical results, wherever it is possible. Several 
comprehensive theoretical studies of the buckling and collapse of steel silo shells are performed using the finite 
element analysis developed in this thesis. A study of silos filled with bulk solids with axisymmetric 
imperfections caused by weld joint depressions is firstly given. Attempt is made to relate any buckling strength 
gain of the shell wall by bulk solids to the mechanical properties of bulk solids, which has been a difficult task. 
A comprehensive study of the collapse failure of light gauge steel silos made of thin corrugated sheets is made. 
One of the common failure modes in thin corrugated silos is that in which a few corrugations are squashed 
together to form a fold. Two simple collapse mechanisms are presented, each valid for a range of geometry. The 
proposed theories are verified using the finite element technique. Another common failure mode for silos built 
of thin corrugated sheets is buckling of wall under axial or circumferential compression. The wall is idealised as 
an orthotropic shell. The orthotropic properties are therefore important to the stability analysis of corrugated 
shells. A number of expressions have been proposed in the past for the orthotropic properties of a flat 
corrugated sheet. The circumferential curvature influences these properties. A numerical study using the finite 
element analysis is given in this thesis for the accurate definition of these properties, and the results are 
compared with existing proposals. Finally, tests of thin steel model cylinders filled with different bulk materials 
are conducted under several load conditions. The purpose of the experiments is to measure the strength gains of 
cylinders filled with bulk solids and compare with predictions of the finite element studies of restrained 
cylinders. Three series of tests were conducted: (a) Empty cylinders under axial compression; (b) Cylinders 
filled with pressurised water under axial compression; and (c) Cylinders filled with bulk solids under axial 
compression. Two types of bulk solids are selected; one is the relatively softer wheat~ and the other the stiffer 
Sydney sand. The bulk solids inside the models are stressed to different levels to achieve different ratios of axial 
and hoop stress in the wall. The results indicate that the buckling strength of the wall can be increased 
significantly by the presence of bulk solids, and in some cases, it can be well above the classical buckling stress 
for a perfect cylinder under axial compression. Information on the quasi-elastic behaviour of bulk solids inside 
silos is limited. A study is presented here to add to the available data. The mechanical properties of sand and 
wheat inside silos are given and compared with predictions suggested in the design specifications and in the 
literature. 



 
 
J.M. Rotter and P.T. Jumikis (School of Civil and Mining Engineering, University of Sydney), “Nonlinear 
strain-displacement relations for axisymmetric thin shells”, Research report / University of Sydney, School of 
Civil and Mining Engineering ; no. R563, 1988 
ABSTRACT: Nonlinear deformation and stability analyses are based on nonlinear relations between the strains 
and the corresponding displacements of the body. Many attempts have been made to develop nonlinear strain-
displacement relations for thin shells, and many of these are quoted in specialised form for shells of revolution. 
Shells of revolution have many more applications than most other shell forms, so it is natural that specialised 
analyses should be developed for them. The differences between existing nonlinear relations for thin shell lie 
principally in the number of terms which have been rejected using the assumption that they would be 
unimportant. The purpose of rejecting these small terms has usually been to produce simple relations which 
could be used in algebraic or classical theories. In modern finite element analysis, there is little advantage in 
reducing the number of terms slightly, but a theory which has omitted a term which is vital in even a small 
number of practical structures has a major flaw. This paper describes a new set of nonlinear strain-displacement 
relations for thin shells, subject to large displacements with moderate rotations, and which retains more terms 
than most existing theories. The new relations are proposed only for use in finite element calculations. The chief 
difference between the new relations and previous work is the recognition that nonlinear strains arising from 
products of in-plane strain terms may be important in certain buckling problems. It is shown that the widely-
used relations of Sanders (1963) lead to the wrong answer for a simple practical problem, and that this 
disadvantage is overcome by the present formulation. 
 
 
Rotter, J.M., "Local Inelastic Collapse of Pressurised Thin Cylindrical Steel Shells under Axial Compression", 
Journal of Structural Engineering, ASCE, Vol. 116, No. 7, July 1990, pp 1955-1970. 
A Review of the paper dated 19 May, 2009: 
This is the first known study that defines the strength of a cylindrical shell under internal pressure and axial load 
leading to an elastic-plastic stability failure in the Elephant's Foot mode. The paper gives design equations that 
have been widely adopted into standards to cover this failure mode. It is easy to read and is worth studying if 
you are concerned with elephant's foot buckling. 
 
 
Teng, J. and Rotter, J. (1991). “Collapse Behavior and Strength of Steel Silo Transition Junctions. Part I: 
Collapse Mechanics.” ASCE J. Struct. Eng., 117(12), 3587–3604. 
ABSTRACT: Elevated steel silos commonly consist of a cylindrical shell, a conical hopper, and a skirt. At the 
intersection of these shell segments, a ring is often provided to sustain the high circumferential compressive 
stress developed. The cone/cylinder/skirt/ring junction, known as the transition, may fail by plastic collapse 
under the large circumferential compression. In this paper, an elastic-plastic large-deflection finite element 
analysis is employed to study the plastic collapse behavior of this junction. A typical structure is first examined 
to study the distribution of stresses, the effect of large deflections, the formation of a plastic collapse 
mechanism, and the collapse process. A simple theory proposed by Rotter, which is based on a reinterpretation 
of the classical limit analysis of ring-loaded cylinders, is next outlined and its background further clarified. An 
improved version of Rotter's equation, which applies to a wider range of geometries, is then proposed for use in 
design. 
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“Buckling in thin elastic cylinders on column supports”, in Buckling of shell structures on land, in the sea, and 
in the air, edited by J. F. Jullien, Elsevier, 1991 



PARTIAL ABSTRACT: Elevated silos and tanks are often supported on a number of columns. The discrete 
supports of the columns induce high stresses adjacent ot the column terminations. In particular very high 
meridional compressive stresses arise above the dolumn termination, and these can lead to buckling of the shell 
at a load much lower than that for a uniformly supported shell. This paper presents a brief summary of recent 
theoretical work on the elastic buckling strength of column-supported cylinders… 
 
 
J.G. Teng and Hong-Wei Ma (Department of Civil and Structural Engineering, The Hong Kong Polytechnic 
University, Hung Hom, Kowloon, Hong Kong, China), “Elastic buckling of ring-stiffened cone–cylinder 
intersections under internal pressure”, International Journal of Mechanical Sciences, Vol. 41, No. 11, November 
1999, pp 1357-1383 
ABSTRACT: Cone–cylinder intersections are commonly found in pressure vessels and piping. Examples 
include conical end closures to cylindrical vessels and conical reducers between cylinders of different radii. In 
the case of a cone large end-to-cylinder intersection under internal pressure, the intersection is subject to a large 
circumferential compressive force. Both the cone and the cylinder may be thickened near the intersection to 
resist this compression, but it is often convenient and necessary to augment further the strength of the 
intersection using an annular plate ring stiffener. Under this large circumferential compression, the intersection 
may fail by elastic buckling, plastic buckling or plastic collapse. This paper describes an investigation of the 
elastic buckling strength of ring-stiffened cone–cylinder intersections. Two buckling modes are identified: a 
shell mode for thin intersections with a shallow cone (a cone with its apex half angle approaching 90°) and/or a 
relatively stocky ring stiffener, and a ring mode for other cases. An existing elastic buckling approximation for 
annular plate rings in steel silos is found to be applicable to the intersection when it buckles in the ring mode. 
New approximate design equations are also established for the shell mode. In addition, simple expressions are 
identified which relate the number of circumferential buckling waves to the geometric parameters of the 
intersection. 
 
 
 
J.G. Teng and Y.M. Hu (Department of Civil and Structural Engineering, The Hong Kong Polytechnic 
University, Hong Kong, China), “Behaviour of FRP-jacketed circular steel tubes and cylindrical shells under 
axial compression”, Construction and Building Materials 21 (2007) 827–838  
ABSTRACT: Fibre-reinforced polymer (FRP) jackets have been widely used to confine reinforced concrete 
(RC) columns for enhancement in both strength and ductility. This paper presents the results of a recent study in 
which the benefit of FRP confinement of hollow steel tubes was explored. Axial compression tests on FRP-
confined steel tubes are first described. Finite element modelling of these tests is next discussed. Both the test 
and the numerical results show that FRP jacketing is a very promising technique for the retrofit and 
strengthening of circular hollow steel tubes. In addition, finite element results for FRP-jacketed thin cylindrical 
shells under combined axial compression and internal pressure are presented to show that FRP jacketing is also 
an effective strengthening method for such shells failing by elephant’s foot collapse near the base.  
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J. Michael Rotter  (Institute for Infrastructure and Environment, King's Buildings, University of Edinburgh, 
Edinburgh EH9 3JL, UK), “Shell structures: the new European standard and current research needs”, Thin-
Walled Structures, Vol. 31, Nos. 1-3, May 1998, pp. 3-23, doi:10.1016/S0263-8231(98)00005-6 
ABSTRACT: Shell structures are widely used in a great variety of applications from space rockets to domestic 
food and drink containers. Civil engineers are principally concerned with steel shell structures such as silos, 
tanks, pipelines, chimneys, towers and masts, though other examples may be found in offshore structures and 
stadium roofs. This paper describes the treatment of terrestrial shell structures in Eurocode 3: Steel structures. It 
outlines the principles which are guiding the development of the standard, the range of applications covered, 
and some details of the current proposals. The axially compressed cylindrical shell is then chosen as an example 
illustrating the range of real problems which need to be addressed, and the paucity of current data on many 
aspects of these problems. This example is also used to outline the complexity involved even in this one area, 
recent progress and current needs. 
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“Pressures, Stresses and Buckling in Metal Silos containing Eccentrically Discharging Solids”, Greiner Institute 
for Steel and Shell Structures, TU Graz, 2001 
ABSTRACT: The eccentric discharge of stored solids from moderately slender metal silos has caused many 
dramatic and catastrophic buckling failures. Despite these many failures, eccentric discharge failures are poorly 
understood even by specialists in shell structures, and the cause of failure is often misinterpreted. In particular, 
buckles occurring well up the wall of a silo are often thought to be difficult to explain. This paper sets out the 
theory of pressures occurring in silos under eccentric pipe flow where part of the flow channel is in contact with 
the silo wall. It then uses pressures predicted by this theory to analyse an example structure, with different flow 
channel geometries. The stress patterns are seen to be such that local axial compression buckles are likely to 
occur well up the wall, and it is found that certain sizes of flow channel are critically dangerous to the structural 
integrity of the silo shell. 
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Edinburgh EH9 3JL, UK), “Shell Buckling and Collapse Analysis for Structural Design”, in New Approaches 
to Structural Mechanics, Shells and Biological Structures, edited by H. R. Drew and S. Pellegrino, Kluwer 
Academic Publishers, Dordrecht, The Netherlands, 2002 (could not access the section of this book in which the 
paper by J. Rotter appears.) 
 
 
J. Michael Rotter (School of Engineering and Electronics, University of Edinburgh, Edinburgh EH9 3JL, UK), 
“Advanced computer calculations in the design of shell structures”, Advances in Steel Structures (ICASS '02), 
Proceedings of the Third International Conference on Advances in Steel Structures 9–11 December 2002, Hong 
Kong, China, 2002, pp. 27-42, doi:10.1016/B978-008044017-0/50006-8 
ABSTRACT: The high efficiency of shell structures leads them to be widely used in a huge variety of 
applications: food and drink containers, cars and vehicles, aircraft and spacecraft, and large storage structures. 
Steel shell structures are most used in civil engineering as silos, tanks, pipelines, chimneys, towers and masts. 
Offshore structures present another example. 
 
 
J. M. Rotter, “Cylindrical shells under axial compression”, Chapter 2 in Buckling of thin metal shells, Edited by 
J. G. Teng, J. Michael Rotter, Spon Press, 11 New Fetter Lane, London EC4P 4EE, 2004 
PARTIAL ABSTRACT: Cylindrical shell structures are often subjected to compressive stresses in the direction 
of the cylinder axis, which can be either uniform or varying throughout the cylinder. The buckling strength of a 
thin cylindrical shell under axial compression is particularly sensitive to imperfections in the shell, and the 
changing patterns of behaviour with changing geometry, loading and boundary conditions make the axially 
compressed cylinder a classical exemplar for behaviours that may be found in a less marked form in other 
structures or in shells under other loading conditions. For these reasons, the axially compressed cylinder has 
probably been the most extensively studied of all shell buckling comditions, giving a wealth of evidence from 
both experimental and theoretical work…. 
 
 
Rotter, J. M. (University of Edinburgh, Edinburgh EH9 3JL, UK), “Elephant's foot buckling in pressurised 
cylindrical shells”, Stahlbau, Vol. 75, September 2006, pp. 742–747. doi: 10.1002/stab.200610079 
ABSTRACT: Metal cylindrical bins, silos and tanks are thin shell structures subject to internal pressure from 
stored materials together with axial compression from the frictional drag of stored materials on the walls and 
horizontal loads. The governing failure mode is frequently buckling under axial compression. The internal 
pressure exerted by the stored fluids or solids can significantly enhance the buckling strength, but high internal 
pressures lead to severe local bending near the base. Local yielding then precipitates an early elastic-plastic 
buckling failure. This failure mode, commonly known as “elephant's foot buckling”, has received relatively 
little attention to date and until recently was often ignored in tank and silo design. This problem is an unusual 
buckling condition, because it involves very high tensile stresses in one direction, coupled with rather small 
compressive stresses in the orthogonal direction. Thus, although it is a buckling failure involving considerable 
plasticity, it occurs at low buckling stresses and under conditions that appear to be classically “slender”. The 



normal concatenation of “slender” with “elastic” in buckling formulations does not apply at all here. This paper 
describes alternative approaches to the formulation of design rules for the elastic-plastic instability and collapse 
of axially-loaded internally-pressurised thin cylindrical shells adjacent to the base support. The differences 
between the different approaches arise from different conceptual models for the manner in which an elastic-
plastic slender structure instability should be treated. 
References listed at the end of the paper: 
1. Bushnell, D. (1976) “BOSOR5 - Program for Buckling of Elastic-Plastic Shells of Revolution including Large Deflections and 
Creep”, Computers and Structures, 6, 221-239.  
2. ECCS (1988) European Recommendations for Steel Construction: Buckling of Shells, 4th edition, European Convention for 
Constructional Steelwork, Brussels.  
3. EN 1993-1-6 (2006) Eurocode 3: Design of steel structures, Part 1.6: Strength and stability of shell structures, CEN, Brussels.  
4. EN 1993-4-1 (2006) Eurocode 3: Design of steel structures Part 4.1: Silos, CEN, Brussels. � 
5. ENV 1998-4 (1999) Eurocode 8: Design provisions for earthquake resistance of structures- �Part 4: Silos, tanks and pipelines, CEN, 
Brussels.  
6. Gaylord, E.H. and Gaylord, C.N. (1984) Design of Steel Bins for the Storage of Bulk Solids, Prentice-Hall, Englewood Cliffs.  
7. Harris, L.A., Suer, H.S., Skene, W.T. and Benjamin, R.J. (1957) “The Stability of Thin-Walled Unstiffened Circular Cylinders 
under Axial Compression including the Effects of Internal Pressure”, J. Aeronaut. Sci., 24(8), 587-596.  
8. Hutchinson, J.W. (1965) “Axial Buckling of Pressurised Imperfect Cylindrical Shells”, AIAA Journal, 3, 1461-1466.  
8. NZS 2654:1989 Specification for manufacture of vertical steel welded non-refrigerated storage tanks with butt-welded shells for the 
petroleum industry, Standards New Zealand, Wellington, New Zealand.  
9. Priestley, M.J.N., Davidson, B.J., Honey, G.D., Hopkins, D.C., Martin, R.J., Ramsay, G., Vessey, J.V. and Wood, J.H. (1986) 
“Seismic Design of Storage Tanks”, Recommendations of a Study Group, New Zealand National Society for Earthquake Engineering, 
December, 180pp.  
10. Rotter, J.M. (1989) “Stress Amplification in Unstiffened Cylindrical Steel Silos and Tanks”, Civil Engg Transactions, Institution 
of Engineers, Australia, Vol. CE31, No. 3, Dec., pp 142-148.  
11. Rotter, J.M. (1990) “Local Inelastic Collapse of Pressurised Thin Cylindrical Steel Shells under Axial Compression”, Journal of 
Structural Engineering, ASCE, Vol. 116, No. 7, July 1990, pp 1955-1970.  
12. Rotter, J.M. (1997) “Design standards and calculations for imperfect pressurised axially compressed cylinders”, Proc., Int. Conf. 
on Carrying Capacity of Steel Shell Structures, Brno, 1-3 October 1997, pp 354-360.  
13. Rotter, J.M. (1999) “Proposal for generalisation of the elastic-plastic buckling interaction rule from Eurocode 3 Part 1.6”, 
submission to CEN TC250/SC3/PT4 and ECCS TWG8.4 Buckling of Shells, 8pp.  
14. Rotter, J.M. (2004) “Buckling of cylindrical shells under axial compression”, in Buckling of Thin Metal Shells, eds J.G. Teng & 
J.M. Rotter, Spon, London, pp 42-87.  
15. Rotter, J.M. (2005) “The Practical Design of Shell Structures Exploiting Different Methods of Analysis”, in Shell Structures: 
Theory and Applications, Eds W. Pietraszkiewicz & C Szymczak, Taylor and Francis, London, pp. 71-86.  
16. Rotter, J.M and Seide, P. (1987) “On the Design of Unstiffened Cylindrical Shells Subject to Axial Load and Internal Pressure”, 
Proc., International Colloquium on Stability of Plate and Shell Structures, Ghent, pp 539-548.  
17. Rotter, J.M. and Teng, J.G. (1989) “Elastic Stability of Cylindrical Shells with Weld Depressions”, Journal of Structural 
Engineering, American Society of Civil Engineers, Vol 115, No. 5, May, pp 1244-1263.  
18. Teng, J.G. and Rotter, J.M. (1989) “Non-Symmetric Bifurcation of Geometrically Non-Linear Elastic-Plastic Axisymmetric Shells 
subject to Combined Loads including Torsion”, Computers and Structures, Vol. 32, No. 2, pp 453-477.  
19. Timoshenko, S.P. (1910) “Einige Stabilitätsprobleme der Elasticitätstheorie”, Zeitschrift für Mathematik und Physik, Vol 58, pp 
378-385.  
20. Trahair, N.S., Abel, A., Ansourian, P., Irvine, H.M. and Rotter, J.M. (1983) Structural Design of Steel Bins for Bulk Solids, 
Australian Institute of Steel Construction, Sydney.  
21. Weingarten, V.I., Morgan, E.J. and Seide, P. (1965) “Elastic Stability of Thin-Walled Cylindrical and Conical Shells under 
Combined Internal Pressure and Axial Compression”, AIAA Journal, 3(6), 1118-1125.  
22. Yamaki, N. (1984) “Elastic Stability of Circular Cylindrical Shells”, North-Holland, Amsterdam.  
 
 
 
M. Batikha, J.F. Chen & J.M. Rotter (Institute for Infrastructure and Environment, Edinburgh University, 
Edinburgh, Scotland, UK), “Elastic buckling of FRP-strengthened cylinder with axisymmetric imperfections”, 
Asia-Pacific Conference on FRP in Structures (APFIS 2007), S.T. Smith (editor), 2007 
ABSTRACT: Externally bonding of fibre reinforced polymer (FRP) composites has become a popular 
technique for retrofitting existing structures worldwide. Extensive research has been conducted in the last two 
decades on various topics such as strengthening concrete, masonry and timber structures as well as metallic 
structures. The vast majority of these studies have focussed on the failure strength, rather than on stability 
considerations. A study is currently being conducted at Edinburgh University on the strengthening of thin metal 
shell structures using FRP composites. This paper presents a numerical study of the buckling behaviour of FRP 



strengthened thin cylindrical shells with an axisymmetric imperfection. The results show that the buckling 
strength of the shell under axial loading can be significantly increased by using only a small amount of FRP in 
the critical area of the imperfection. This outcome indicates that this technique is indeed very effective and 
economical for enhancing the buckling strength of thin shell structures, especially under conditions where a 
local defect causes the shell to fail the tolerance requirement.  
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ABSTRACT: Thin metallic shell structures such as silos and tanks are susceptible to buckling failure which is 
usually very sensitive to local imperfections. The strengthening of such thin shells has previously been rather 
difficult if not impossible. Welding additional metal plates to the existing structure is not easy and can be 
prohibitive for health and safety reasons if the structure contains materials like harmful chemicals, flammables, 
explosive liquids or gases. Welding also introduces imperfections and residual stresses which may reduce the 
buckling strength of the structure. The authors have recently proposed to strengthen such structures using 
externally bonded FRP. This paper presents a numerical study of the buckling behavior of cylindrical metal 
shells with a dent and strengthened with FRRP. The results show that the cheme is very effective and 
economical. 
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ABSTRACT: Thin metal cylindrical shell structures such as silos and tanks are susceptible to an elastic–plastic 
instability failure at the base boundary known as elephant's foot buckling, due to its characteristic deformed 
shape. This form of buckling occurs under high internal pressure accompanied by axial compression in the shell 
structure. This is a common failure mode for tanks under earthquake loading. Another common situation is in a 
silo where the silo wall is subjected to both normal pressures from the stored granular solid and vertical 
compressive forces developed from the friction between the stored solid and the silo wall. This paper presents a 
novel method of strengthening cylindrical shells against elephant's foot buckling in which a small amount of 
fibre-reinforced polymer (FRP) composite, used at a critical location, can effectively eliminate the problem and 
increase the buckling strength. The strengthened shell is analysed using linear elastic bending theory in this 
preliminary study. Within the scope of this research, the strengthening effect is shown to be sensitive to the 
thickness, height and location of the FRP sheet. The issue of optimal FRP strengthening to allow the shell to 
attain pure membrane-state deformation is examined in detail as strengthening with too much and too little FRP 
are both undesirable. Both pinned-based and fixed-based shells are examined and their responses are compared. 
 
 
J. M. Rotter (Institute for Infrastruture and Environment, University of Edinburgh, Scotland, UK), “Silos and 
tanks in research and practice: state of the art and current challenges”. In: Proceedings of the International 
Association for Shell and Spatial Structures (IASS) Symposium 2009, Valencia. Evolution and Trends in 
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ABSTRACT: Silos and tanks are probably the commonest form of large engineering shell structure in service, 
but their placement on industrial sites and out of the public eye often leads them to be neglected by researchers 
and the public alike. The high rate of structural failure in these structures is a strong indication of the extensive 
range of issues that must be understood by the designer and the complexity of their behavior. This paper 
outlines some of the most critical aspects of the loading, structural behavior and failure modes of silos and 
tanks, and points in many places towards the need for additional research to permit better regulation of these 
very varied and complex structures.  
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Eccentric Discharge Flows of Stored Solids”, ASCE Journal of Engineering Mechanics, Vol. 136, No. 6, June 
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ABSTRACT:  The most serious loading condition for slender thin-walled metal silos has long been recognized 
to be the condition of discharge, with eccentric discharge causing more catastrophic failures than any other. 
Two key reasons for this high failure rate are the difficulties in characterizing the pressure distribution caused 
by eccentric solids flow, and in understanding the associated unsymmetrical stresses in the silo wall. Few 
studies have addressed either the linear elastic behavior of such a silo or its buckling failure under eccentric 
discharge. In this study, the eccentric discharge pressures are characterized using the new rules of the European 
Standard EN 1991-4 on Silos and Tanks. This novel description of unsymmetrical pressures permits a study of 
the structural behavior leading to buckling during eccentric discharge, including the critical effects of change of 
geometry and imperfection sensitivity, to be undertaken using geometrically and materially nonlinear 
computational analyses. The mechanics of the behavior are found to be quite complicated. A silo which is safe 
under axisymmetric loading is found to be susceptible to catastrophic stability failure under eccentric discharge. 
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ABSTRACT: Eccentric discharge in slender metal silos is known to be one of the most critical load conditions, 
responsible for many silo buckling disasters in the past. The high failure rate may be significantly attributed to 
difficulties in devising a suitable wall pressure representation for this condition. Where the flow of stored solids 
is eccentric and has partial contact with the wall in a slender silo, the solid exerts much lower pressures than the 
adjacent stationary solid. This pressure drop leads to very high local axial compression and causes buckling 
failure. Experimentally measured pressures indicate that a significant rise in pressure may occur just outside the 
flow channel, but its form and magnitude are not yet well understood because very detailed and expensive 
instrumentation is needed to obtain data that can define it. This paper explores the nonlinear structural 
behaviour and buckling of a slender metal silo with and without specific inclusion of an adjacent rise in 
pressure, to determine whether it is a necessary part of any design pressure representation. To assist this 
investigation, the mechanics of the nonlinear behaviour of a cylindrical silo under this load condition is 
explored using the analogy of a propped cantilever slice-beam. Advantage is taken of a particular load condition 
that leads, by chance, to buckling at the same load factor for both linear and geometrically nonlinear analyses. 
This special case permits the detrimental effect of wall flattening and the beneficial effect of the changing 
prebuckling stress pattern to be explored to give a deeper insight into the behaviour. The slice-beam analogy 
may also be generalised to describe the nonlinear behaviour of any thin-walled cylindrical shell under 
meridional strip-like loads acting on part of the circumference. 
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ABSTRACT: Modern procedures for the design of shell structures against buckling have their basis in 
analytical studies of axisymmetric shell geometries under the very simple load cases of uniform compression, 
external pressure and torsion. Studies of more complex but realistic stress states were based on prebuckling 
analyses using either membrane theory or linear bending theory because even these involved considerable 
mathematical complexity. As a result, only limited conclusions for practical design could be drawn and the 
effects of geometric nonlinearity could not be assessed. With recent advances in computing power and 
nonlinear finite element programs, it is now possible to undertake nonlinear analyses of complex load patterns 
that would have been very difficult to do only a decade or so ago.  
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“On the relationship between mesh and stress field orientations in linear stability analyses of thin plates and 
shells”, Finite Elements in Analysis and Design, 73C, pp 42-54, October 2013, DOI: 
10.1016/j.finel.2013.05.004  
ABSTRACT: Many problems in structural mechanics involve complex principal stress fields that are not 
orthogonal to the geometric axis of the structure. Such problems are often analysed with finite elements, but the 
quality of a finite element solution may be sensitive to the orientation of the mesh with respect to the principal 
axes of stress. This paper presents the outline of a procedure to generate well-structured inclined quadrilateral 
finite element meshes for the analysis of thin plate and shell structures. The procedure was developed using the 
commercial FE pre-processor ABAQUS CAE and the Python script language, though it may readily be applied 
in any pre-processor which supports an external scripting functionality. A set of mesh convergence studies 
using linear buckling analyses are presented on four benchmark problems with known analytical solutions to 
illustrate the effect of inclined meshes on the accuracy of the computed solution. These illustrations are 
intended to raise an awareness of the subtle but important relationship between mesh and stress field orientation 
and are presented for the benefit of practising finite element analysts in structural engineering.  
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Sadowski A.J. & Rotter J.M. (2011a). "Membrane theory treatment of eccentric flows in concentric hoppers" 
Thin-Walled Structures, 49(7), 902-912. 
ABSTRACT: This paper presents an initial study of the effects of an accidental eccentric flow channel that 
sometimes develops in the conical hopper of a metal storage silo. A simple assumed pressure regime is adopted, 
based on studies of eccentric discharge in cylindrical silos, and the structural actions are analysed using shell 
membrane theory. The results are verified against a finite element analysis. A set of equations is derived which 
give the complete membrane stress state in the hopper under such an unsymmetrical pressure regime. Under 
symmetrical loading, silo hoppers are subject to biaxial tension, with failure normally governed by material 
rupture due to tensile meridional membrane stresses. It is found that the eccentric flow channel leads to 
dramatically increased meridional membrane stresses at the transition. Compressive membrane stresses are also 
found near the hopper outlet and at the sides of the flow channel near the transition. A reasonably close 



correlation is found between the derived membrane theory equations in a right circular conical hopper and 
linear elastic finite element predictions.  
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Cai M., Holst J.M.F.G. & Rotter J.M. (2002). "Buckling strength of thin cylindrical shells under localised axial 
compression" 15th ASCE Engineering Mechanics Conference, Columbia University, New York, USA. 
ABSTRACT: The buckling strength of a thin cylindrical shell is important in many applications in civil 
engineering. On the one hand, current design rules are principally based on an empirical interpretation of test 
data and hence very simple loading conditions are applied. On the other hand, experimental and theoretical 
observations show significant stress non-uniformity and hence a deviation from the buckling strength expected 
under uniform load. Reliable quantification of this effect is still challengingly difficult. This paper explores a 
typical thin cylindrical silo shell under localized axial compression. Two different buckling phenomena are 
identified with corresponding, and distinct, buckling mode forms. The influence of geometric imperfections on 
the buckling strength of the shell is also considered. INTRODUCTION Cylindrical silo shells are subject to 
vertical stresses in their walls as a consequence of friction between the stored solid and the wall. Shell buckling 
under axial compression is normally the controlling design consideration especially for steel silos. The classical 
buckling strength (Lorenz, 1908; Timoshenko, 1910; Southwell, 1914) continues to be treated as a practical 
reference load for such shells. On the one hand, Janssen theory (1895) remains the dominant method of defining 



silo pressures for design. On the other hand, more recent experimental (Pieper, on silo loading show significant 
non-uniform deviations from the classical theory even under careful symmetrical filling. Unsymmetrical loads 
on silo walls lead to high local axial compression (Rotter, 1986a; Rotter, 1998). The buckling strength under an 
axial compression that acts over only a part of the circumference is significantly reduced, but has been scarcely 
explored at all (Rotter, 1986a; Rotter, 1986b; Ansourian, 1992; Rotter, 1997). A recent investigation by Cai et 
al. (2002) is the first known study to examine this problem systematically. The present paper details some of the 
results from their study. 
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ABSTRACT: This paper explores the results of full-scale bending tests of thick spiral welded steel tubes in the 
slenderness range of d/t = 73.5 to 101.5. The experimental investigations reveal unused bending capacities for 
such tubes compared to existent design rules and support the need for the development of improved and more 
efficient design recommendations. The results of the bending tests together with the investigations of the initial 
geometric quality of the specimens' surfaces suggest that the influence of spiral welding on the bearing 
behaviour is negligible in case of the investigated thick-walled specimens.  
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INTRODUCTION: Recent work in the field of semi-analytical methods used for the nonlinear analysis and 
design of stiffened plates with buckling problems have shown an important and alternative tool that provide an 
efficient and understandable response [1-4].�Nowadays two computational programs use the semi-analytical 
method to analyse the post-buckling behaviour of plates and to predict their ultimate strength. The computer 
program ALPS/ULSAP [5], which uses a semi-analytical method previously known as the incremental Galerkin 
method [6] and the computer program PULS [7] developed at Det Norske Veritas (DNV) and accepted as 
general buckling code for ship and offshore platform structures as part of the DNV specifications [8]. The 
existing semi-analytical models are restricted to stiffened plates supported by rigid transverse and longitudinal 
girders. This type of arrangement is typical in ship, aircraft, tanks and offshore platform structures where it is 
assumed that the analysed stiffened plate is simply supported and the in-plane displacements perpendicular to 
the edges are constrained to remain straight in all edges. Generally, in bottom flanges of steel box girder bridges 
there are no neighbouring panels in the longitudinal edges to provide this kind of constraint and it is more 
conservative to consider the longitudinal edges with fully free in-plane displacements that are characteristic of 
edges free from stresses. This paper presents a computational semi-analytical model for the post-buckling 
analysis and ultimate strength prediction of stiffened plates under longitudinal uniform compression. The 
possibility of considering fully free in-plane displacements at longitudinal edges (or unloaded edges) is the 
innovation of this model over existing models. Comparisons between the semi-analytical model and nonlinear 
finite element model results are presented.  
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ABSTRACT: A solution for the elastic and inelastic local buckling of flat rectangular plates with centerline 
boundary conditions subjected to non-uniform in-plane compression and shear stress is presented. The loaded 
edges are simply supported, the longitudinal edges may have any boundary conditions and the centerline is 
simply supported with a variable rotational stiffness. The Galerkin method, an effective method for solving 
differential equations, is applied to establish an eigenvalue problem. In order to obtain plate buckling 
coefficients, combined trigonometric and polynomial functions that satisfy the boundary conditions are used. 
The method is programmed, and several numerical examples including elastic and inelastic local buckling, are 
presented to illustrate the scope and efficacy of the procedure. The variation of buckling coefficients with aspect 
ratio is presented for various stress gradient ratios. The solution is applicable to stiffened plates and the flange 
of the I-shaped beams that are subjected to biaxial bending or combined flexure and torsion and shear stresses, 
and is important to estimate the reduction in elastic buckling capacity due to stress gradient. 
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“Buckling and strength characteristics of some CFRP stiffened curved panels”, Thin-Walled Structures, Vol. 
11, Nos. 1-2, pp 149-176, 1991, DOI: 10.1016/0263-8231(91)90015-B 
ABSTRACT: This paper describes the initial and post-buckling behaviour of CFRP stringer-stiffened curved 
panels. The panels are of 500-mm radius, 2-mm thickness and have either three or four blade stringers. Initial 
buckling loads were calculated using the finite strip code VIPASA within the design optimisation program 
PASCO. An unstiffened, externally supported panel is also considered. Stringer stiffening gave higher buckling 
loads than external supports. The initial buckling behaviour was influenced by geometric imperfections, and 
methods of modelling these with PASCO are discussed. The imperfections caused scatter in buckling load, but 
there was minimal scatter in failure load, despite the presence of impact damage in some cases. The failure 
loads were about 50% higher than the buckling loads. 
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ABSTRACT: This paper outlines key aspects of the new European Standard on the Strength and Stability of 
Metal Shells EN 1993-1-6 with its extended commentary and expansion in the fifth edition of the European 
Recommendations on Shell Buckling. This European design standard is the first to be strongly oriented toward 
numerical analyses in design, with clear distinctions between different classes of both analysis and fabrication. 
It presents a different style of standard: Each limit state is defined in a separate chapter, but all shell geometries 
are treated and all analysis types are used within each chapter. The strength evaluation criteria differ according 
to the calculation that has been made. This new structure, with its new paradigm that permits generalization of 
the design procedure for all thin shells, geometries, load cases, boundary conditions, and qualities, represents a 
major step forward. It also offers the opportunity for future research studies of shell structures to be undertaken 
within a coherent conceptual framework that is completely general. The EN 1993-1-6 standard goes a long way 
toward bridging the gap between the computational engineering mechanics and structural engineering design 
communities. Unfortunately, this European standard EN 1993-1-6 has a complex and extensive background that 
cannot be stated within the document so the European Recommendations on Shell Stability, now published in 
its fifth edition, gives an extensive commentary, many expanded rules, and many additional geometries and load 
cases that are not formally presented within the standard itself. The development of both EN 1993-1-6 and the 
recommendations has been the work of the Eurocode shell structures development committee 
CEN/TC250/SC3/PT4 and the European Convention for Constructional Steelwork committee (ECCS) TWG 
8.4. It is presented here by the convener of these two committees. This paper explains the reasoning behind 
several particular choices that have been taken in developing the standard, occasionally running counter to 
traditional views. It also identifies several tricky issues that have not been addressed well in the shell buckling 
literature but that have arisen through the attempts to achieve completely general rules and which need 
imaginative answers to ensure a fully consistent treatment of all systems. It is hoped that this paper will assist 
researchers and designers to understand the rules and recommendations and will encourage researchers to 
undertake and present their work in a manner that permits its rapid adoption into the new standardized design 
procedures. 
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Adam J. Sadowski and J. Michael Rotter (University of Edinburgh, Scotland, UK), “Buckling of very slender 
metal silos under eccentric discharge”, Engineering Structures, Vol. 33, No. 4, April 2011, pp. 1187-1194, 
doi:10.1016/j.engstruct.2010.12.040 
ABSTRACT: Metal silos used to store granular solids often take the form of a cylindrical shell with an aspect 
ratio in the range 2<H/D<6. It has long been recognised that the most serious load case for all silos is probably 
the condition of eccentric discharge of its stored solid, but in circular metal silos this is especially true. More 
failures have occurred under this condition than any other. This high failure rate is chiefly due to the complexity 
of the pressures exerted by an eccentrically discharging granular material, and the difficulty in understanding 
the pattern of stresses that develops in a shell wall under such unsymmetrical pressure regimes. The 
nonsymmetric behaviour of a shell structure under unsymmetrical pressures is not at all well described in the 
voluminous shell structures literature, and only a few studies have explored the mechanics leading to high local 
stresses which in turn lead to buckling failure under eccentric discharge. This study follows an earlier initial 
exploration by Sadowski and Rotter (2010) [2], in which buckling in a moderately slender perfect silo was 
explored. Here, the work is taken further to explore a very slender structure, and to investigate the imperfection 
sensitivity of this failure mode. The pressures caused by eccentric discharge are characterised using the new 
rules of the European Standard EN 1991-4 (2006) [1] that define the actions in silos and tanks. Using this new 
improved description of unsymmetrical eccentric discharge pressures, it is now possible to perform relatively 
realistic calculations relating to this common but complicated shell buckling condition. The shell buckling 
calculations described here employ a pressure distribution formulated with the assumption of a parallel-sided 
flow channel and are undertaken using geometrically and materially nonlinear analyses in accordance with the 
European Standard EN 1993-1-6 (2007) [25] on the strength and stability of shells. The paper explores the 
structural behaviour of a slender silo under eccentric discharge, leading to buckling and including the critical 
effects of changes of geometry and imperfection sensitivity. 
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ratios: I — Behaviour under concentric discharge”, Journal of Constructional Steel Research, Vol. 67, No. 10, 
October 2011, pp. 1537-1544, doi:10.1016/j.jcsr.2011.03.028 
ABSTRACT: The current European standards for the design of thin-walled metal silos require the designer to 
use a complex combination of rules covering many different aspects of loading, structural behaviour and 
strength. Each individual rule was often developed autonomously, usually with implicit and undocumented 
conservative assumptions. When combined, the overall factor of safety of a designed silo may be significantly 
different from that guaranteed by the standard, making it difficult to reproduce the design rules in a numerical 
calculation that does not include the same implicit assumptions. This paper explores the behaviour of five thin-
walled cylindrical silos with stepwise-varying wall thickness and aspect ratios varying from very squat to very 
slender, all custom-designed for and analysed under the EN 1991–4 concentric discharge loading condition. The 
aspect ratio plays a deciding role in both the behaviour and design of silos, and it is important to ascertain that a 
finding that is valid for one is transferable to the others. The nonlinear finite element analyses reveal that the 
computed load factor exceeds the partial safety factor in design by a large factor over a wide range of aspect 
ratio, suggesting that the overall design process is particularly conservative. The reasons for these discrepancies 
are explored. This paper is the first of a pair. The second paper explores the behaviour of the same set of 
example silos under the EN 1991–4 eccentric discharge loads, with fundamentally different conclusions. 
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ABSTRACT: The phenomenon of eccentric discharge is widely recognised as the most dangerous condition for 
thin-walled metal silos and the cause of many catastrophic buckling failures. A realistic pressure model for this 
condition appears in a regulating standard for the first time in EN 1991-4 (2006) on Actions on Silos and Tanks. 
However the structural consequences of its application are currently largely unknown. The behaviour of a silo 
subjected to these pressures is certainly very dependent on the aspect ratio of the silo, the granular solid 
properties and the discharge channel geometry. This paper explores the behaviour of four thin-walled 
cylindrical silos with stepwise-varying wall thickness and aspect ratios varying from intermediate to very 
slender, subject to the codified EN 1991-4 eccentric discharge pressures. It is shown that a silo design that was 
found to be very safe under the EN 1991-4 concentric discharge pressures becomes very unsafe under eccentric 
discharge. Further, as it is known that the aspect ratio has an important effect on the flow pattern in discharging 
granular solids, and that slender silos exhibit very different flow patterns from squat silos, it is currently not 
certain whether a suitable range of aspect ratio over which the codified eccentric discharge model is to be 
applied has been prescribed in the standard. This paper is the second of a pair. In the first, the behaviour of a set 
of example silos under the EN 1991-4 concentric discharge condition was studied. The same example silos are 
studied here under eccentric discharge. 
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Cornelia Doerich (2007) “Strength and Stability of locally supported cylinders.” PhD thesis, Institute of 
Infrastructure and Environment, University of Edinburgh, Edinburgh (Supervisors J. Michael Rotter and Jin 
Ooi) 
ABSTRACT: Large quantities of particulate solids and fluids are stored in cylindrical metal shell silos and 
tanks with a vertical axis. Such metal silos and tanks are often required to be elevated above ground level to 
permit trains, trucks or conveying systems to be placed beneath a hopper from which the solid or fluid is 
withdrawn. Elevated silos must be supported, and access requirements often mean that the supports must be 
local (either on columns or supported from an elevated floor system). The connection of a local support to an 
elevated cylindrical metal silo shell is a long-standing difficult problem in shell analysis, and most designs are 
based on simple ideas using past experiences of successes and failures. Smaller silo structures are often 
supported on local brackets attached to the side of the shell, but very few investigations of the behaviour or 
strength of such an arrangement have ever been made. This thesis presents a comprehensive investigation into 
the behaviour of a cylindrical steel shell that is discretely supported on several brackets, each rigidly connected 
to a stiff column or floor. The study has been conducted within the framework of the European Standard for 
Shell Structures (EN1993-1-6, 2006), which requires that the two reference strengths of the small displacement 
theory plastic collapse resistance and the linear bifurcation critical elastic resistance should both be evaluated to 
establish the context in which more sophisticated analyses are judged, and to provide a rapid means of 
producing reliable but simple design information. Therefore this thesis begins with a thorough investigation of 
the predictions of these two reference strengths for these structures, discovering the challenges inherent in this 
methodology and finally developing equations that can be used in hand calculations intended for the simple 
evaluation of the reference strengths for a wide variety of geometries. The influence of geometric nonlinearity is 
next explored, both with and without geometric imperfections. The results pose some interesting questions 
concerning the relative importance of geometric nonlinearity and geometric imperfections in shell buckling 
problems where the stress field is far from uniform. In the final part of the investigation, analyses are conducted 
that include both material and geometric nonlinearity with and without geometric imperfections. The results of 
these analyses are presented and analysed in the context of interaction capacity curves.� Following this extensive 
parametric investigation using linear and nonlinear analyses of all kinds, design recommendations are 
formulated so that bracket supports of this type can be used on thin cylindrical shells of any thickness and with 
any bracket dimensions necessary to transmit the loads. Finally, proposals are made for key future research 
investigations.  
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Lei Chen, J. Michael Rotter and Cornelia Doerich (School of Engineering, The University of Edinburgh), 
“Buckling of cylindrical shells with stepwise variable wall thickness under uniform external pressure”, 
Engineering Structures, Vol. 33, No. 12, pp. 3570-3578, December 2011, DOI: 10.1016/j.engstruct.2011.07.021 
ABSTRACT: Cylindrical shells of stepwise variable wall thickness are widely used for cylindrical containment 
structures, such as vertical-axis tanks and silos. The thickness is changed because the stress resultants are much 
larger at lower levels. The increase of internal pressure and axial compression in the shell is addressed by 
increasing the wall thickness. Each shell is built up from a number of individual strakes of constant thickness. 
The thickness of the wall increases progressively from top to bottom. Whilst the buckling behaviour of a 
uniform thickness cylinder under external pressure is well defined, that of a stepped wall cylinder is difficult to 
determine. In the European standard EN 1993-1-6 (2007) and Recommendations ECCS EDR5 (2008), stepped 
wall cylinders under circumferential compression are transformed, first into a three-stage cylinder and thence 
into an equivalent uniform thickness cylinder. This two-stage process leads to a complicated calculation that 
depends on a chart that requires interpolation and is not easy to use, where the mechanics is somewhat hidden, 
which cannot be programmed into a spreadsheet leading to difficulties in the practical design of silos and tanks. 
This paper introduces a new "weighted smeared wall method", which is proposed as a simpler method to deal 
with stepped-wall cylinders of short or medium length with any thickness variation. Buckling predictions are 
made for a wide range of geometries of silos and tanks (unanchored and anchored) using the new hand 
calculation method and compared both with accurate predictions from finite element calculations using 
ABAQUS and with the current Eurocode rules. The comparison shows that the weighted smeared wall method 
provides a close approximation to the external buckling strength of stepped wall cylinders for a wide range of 
short and medium-length shells, is easily programmed into a spreadsheet and is informative to the designer. 
 
 
Lei Chen, “Buckling of circular steel cylindrical shells under different loading conditions”, Ph.D. dissertation, 
University of Edinburgh, Scotland, UK, February 2011 
ABSTRACT: Cylindrical shells are widely used in civil engineering. Examples include cooling towers, 
pipelines, nuclear containment vessels, steel silos and tanks for storage of bulk solids and liquids, and pressure 
vessels. The loading condition for these shells is quite varied depending on the function of the shell. Axial 
compression, global bending, external or internal pressure and wind loading are some of the most common 
loading forms for realistic structures. The failure of these cylindrical shell structures is often controlled by 
elastic or elastic-plastic buckling failure. Yield failure may occur in thick cylinders in some situations. A 
cylindrical shell under different loading conditions may display quite different buckling behaviour. The 
objective of this thesis is to investigate the characteristics of different buckling behaviours of cylindrical shell 
structures under axial compression, global bending, uniform external pressure and wind pressure. Some 
challenging practical problems in the design of these shell structures are explored. This thesis is expected to 
have some far-reaching impacts in defining how to design cylindrical shell structures to give them adequate 
strength to resist extreme events. Many aspects will be based on the latest Eurocode (EN 1993-1-6, 2007) and 
Recommendations (ECCS EDR5, 2008). The results show both some strength and some weaknesses in the 
Eurocode in design of shell structures. New methods are proposed for some practical problems. Some new 



conclusions and suggestions are derived and are expected to provide some useful knowledge for the 
improvement of the Eurocode in cylindrical shell design in general.  
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Hongyu Li (University of Edinburgh), “Analysis of steel silo structures on discrete supports”, Ph.D. 
dissertation, University of Edinburgh, College of Science & Engineering, School of Engineering & Electronics, 
1994 
ABSTRACT: The objective of this thesis is to broaden current knowledge of the strength and buckling/collapse 
of shells, with special reference to steel silo structures on discrete supports, and thus to provide design guidance 
of practical value for future silo design and construction and to develop new research aspects for further 
investigation. A linear elastic solution of the cylindrical shell bending equations is presented for local loadings, 
with special attention to local longitudinal distributed loadings. Algebraic expressions for the displacements and 
stresses induced by a rectangular patch of longitudinal load on a simply supported cylindrical shell are derived 
using double Fourier series. The solution of this problem is general, and therefore can be applied to cylindrical 
shells under local I loadings in any direction and with different boundary conditions. Linear elastic analyses of 
discretely supported perfect cylinders under axial compression are presented using the finite element method. 
The pre-buckling meridional membrane stress distribution above the support centreline is examined in detail, 
and is followed by investigations of the linear bifurcation behaviour of the cylinders. The effects on the stress 



distribution and the buckling strength of different loading patterns and different geometric configurations are 
extensively examined. Geometrically nonlinear elastic buckling analyses are also performed using large 
deflection theory. Both perfect and imperfect cylinders are studied with various geometric configurations and 
under different loading conditions. The nonlinear elastic buckling behaviour, the buckling strength and the 
buckling configuration are thoroughly investigated for discretely supported cylinders Further studies extend the 
work into the plastic range. Discretely supported cylinders obeying the von Mises yield criterion are analysed. 
Limit analyses of perfect cylinders are first conducted using small deflection theory. Geometrically nonlinear 
elastic-plastic collapse analyses of both perfect and imperfect cylinders are performed next. Studies of different 
loading conditions and parametric studies of varying geometries and material strengths are presented in both 
types of analysis. The nonlinear elastic-plastic behaviour of discretely supported cylinders is thus explored. A 
complete silo which consists of a cylindrical shell, a conical roof hopper and a conical discharge hopper is 
briefly examined, with the aim of exploring the applicability of the established cylinder model in the elastic 
buckling analysis of silo structures. Finally, the conclusions drawn from this research are summarised and 
recommendations are also made for further research on locally supported shells. 
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Mustafa Batikha, “Strengthening of thin metallic cylindrical shells using fibre reinforced polymers”, Ph.D. 
dissertation, University of Edinburgh, 2008 
ABSTRACT: Steel silos are widely used as long-term or short-term containers for the storage of granular 
solids, of which a huge range are stored, from flour to iron ore pellets, coals, cement, crushed rocks, plastic 
pellets, chemical materials, sand, and concrete aggregates. The radius to thickness ratio for silos is in the range 
of 200 to 3000, so they fall into the category of thin shells, for which failure by buckling is the main concern 
and requires special attention in design. The primary aim of this thesis is to investigate the possible application 
of Fibre Reinforced Polymer (FRP) as a new repair and strengthening technique to increase the buckling 
capacity of thin metallic cylindrical shells. Extensive research has been conducted on the use of fibre reinforced 
polymer (FRP) composites to strengthen concrete, masonry and timber structures as well as metallic beams. 
However, all these studies were concerned with failure of the structure by material breakdown, rather than 
stability. As a result, this thesis marks a major departure in the potential exploitation of FRP in civil engineering 
structures. Many analyses of cylindrical shells are presented in the thesis. These are all focussed on 
strengthening the shell against different failure modes. Two loading conditions were explored: uniform internal 
pressure accompanied by axial load near a base boundary, and axial loads with geometric imperfections. For the 
latter, local imperfections are usually critical, and two categories of imperfection were studied in detail: an 
inward axisymmetric imperfection and a local dent imperfection. For the first loading condition, which leads to 
elephant’s foot buckling, an analytical method was used to derive general equations governing the linear elastic 
behaviour of a cylindrical shell that has been strengthened with FRP subject to internal pressure and axial 
compression. It was used to identify optimal application of the FRP. All the later studies were conducted using 
nonlinear finite element analysis (using the ABAQUS program) to obtain extensive predictions of many 
conditions causing shell buckling and the strengthening effect of well-placed FRP. In all the cases studied in 
this thesis, it was shown that a small quantity of FRP composite, applied within a small zone, can provide a 
significant enhancement of the resistance to buckling failure of a thin metal cylinder. These calculations 
demonstrate that this new technique is of considerable practical value. However, it is clear that not all the 
relevant questions have been fully answered, so the author poses appropriate questions and makes suggestions 
for future work.  
References listed at the end of the dissertation: 
ABAQUS, Version 6.5-4 (2005). ABAQUS/Standard User’s Manual, ABAQUS Inc, USA.  
Ashton JE, Halpin JC and Petit PH (1969). “Primer on composite materials”. Analysis Technonic Publishing Co., Inc., Stamford, 
Conn., P.113.  
Åström BT (1997). “Manufacturing of polymer composites”. Chapman and Hall, London, UK.  
Baker EH, Kovalevsky L, Rish FL (1986). “Structural analysis of shells”. Robert E. Krieger publishing company, third edition, 
Florida.  
Batikha M, Chen JF and Rotter JM (2007a). “FRP strengthening of metallic cylindrical shells against elephant‘s foot buckling.” Proc. 
Of the Conference on Advanced composites in Construction, ACIC 07, 2-4 April, Bath, UK, 157-164.  
Batikha M, Chen JF and Rotter JM (2007b). “Numerical modelling of shells repaired using FRP”, Proc. Of the 3rd  
international Conference on steel and composites structures, ICSCS07, 30July-1 August, Manchester, UK, 1065-1069.  
Batikha M, Chen JF, Rotter JM (2007c). “Elastic buckling of FRP-strengthened cylinders with axisymmetric imperfections”. Proc., 
Asia-Pacific Conference on FRP in Structures, APFIS2007, 12-14 December, Hong Kong, 1011-1016.  
Batikha M, Chen JF, Rotter JM (2008). “Strengthening metallic shells with FRP against buckling”, Proc. of the 4th  
international conference on FRP composites in civil engineering, CICE2008, 22-24 July, Zurich, Switzerland, accepted.  
Berry PA, Rotter JM and Bridge RQ (2000). “Compression tests on cylinders with circumferential weld depressions”. Jnl of 



Engineering Mechanics, 126(4), 405-413.  
BS EN 1991-4 (2006). Eurocode 1- Actions on structures, Part 4: silos and tanks. Brussels; CEN.  
Cadei. JMC, Stratford TJ, Hollaway LC and Duckett WG (2004). Strengthening metallic structures using externally bonded fibre-
reinforced polymers. CIRIA, C595, London.  
Chaallal O, Hassan M and LeBlank M (2006). “Circular columns confined with FRP: Experimental versus predictions of models and 
guidelines”. Journal of Composites for Construction, 10(1), 4-12.  
Chajes A (1985). “Stability and collapse of axially compressed cylindrical shells”. In: Narayanan, R. editor. “Shell structures- Stability 
and strength”. Elsevier science publishing, Essex, UK, 1-17.  
Chen JF and Teng JG (2001). “Anchorage strength models for FRP and steel plates bonded to concrete”. Journal of Strctural 
Engineering, 127(7), 784-791.  
Chen JF (2002). “Load-bearing capacity of masonry arch bridges strengthened with fibre reinforced polymer composites”. Advances 
in Structural Engineering, 5(1), 37-44.  
Chen JF, Rotter JM and Teng JG (2005). “Strengthening silos and tanks against elephant’s foot buckling”, Proc. 4th  
International Conference on Advances in Steel Structures, ICASS 05, 13-15 June, Shanghai, China, 459-466.  
Chen JF, Rotter JM and Teng JG (2006). “A simple remedy for elephant's foot buckling in cylindrical silos and tanks”. Advances in 
Structural Engineering, 9(3), 409-420.  
Concrete Society (2004). “Design guidance for strengthening concrete structures using fibre composite materials “. Technical Report 
55, second edition, Camberley, UK.  
Cripps A (2002). “Fibre-reinforced polymer composites in construction”. CIRIA, C564, London.  
Ebead U, Marzouk H (2004). “Fiber-reinforced polymer strengthening of two way slabs”. ACI Structural Journal, 101(5), 650-659.  
EN 1993-1-6 (2007) Eurocode 3: Design of steel structures—Part 1-6: Strength and stability of shell structures. Brussels: CEN.  
Enochsson O, Lundqvist J, Täljsten B, Rusinowski P, Olofsson T (2007). “CFRP strengthened openings in two-way concrete slabs –
An experimental and numerical study”. Construction and Building Materials, 21, 810-826.  
Flügge W (1973). “Stresses in shells”. Springer-Verlag, second edition, Berlin.  
Gavrilenko GD (2007). “Transformed initial dent as a trigger of the post-buckling process”. Thin-walled structures, 45(10-11), 840-
844. � 
Gavrilenko GD and Krasovskii VL (2004). “Stability of circular cylindrical shells with a single local dent”. Jnl of strength of 
materials, 36(3),260-268. � 
Geier B and Singh G (1997). “Some simple solutions for buckling loads of thin and moderately thick cylindrical shells and panels 
made of laminated composite material”.Aerospace Science and Technology, no 1, 47-63.  
Geier B, Meyer-Piening HR and Zimmermann (2002). “On the influence of laminate stacking on buckling of composite cylindrical 
shells subjected to axial compression”. Composite Structures, 55, 467-474.  
Gilfillan JR, Gilbert SG and Patrick GRH (2003). “The use of FRP composites in enhancing the structural behavior of timber beams”. 
Journal of Reinforced Plastics and Composites, 22(15), 1373-1388.  
Gillie M and Rotter JM (2002). “The effects of patch loads on thin-walled steel silos”. Jnl of Thin-Walled Structures, 40 ,835-852.  
Greiner R and Derler P (1995). “Effect of Imperfections on Wind-Loaded Cylindrical Shells”. Thin-Walled Structures, 23, 271-281.  
Greiner R (1998). “Cylindrical shell: wind loading”. In: Brown CJ and Nielsen J, editors. “silos: Fundamentals of theory, behaviour 
and design”. E & FN Spon, London, 378-399.  
Greiner R (2004). “Cylindrical shells under uniform external pressure”. In: Teng JG, Rotter JM, editors. “Buckling of thin metal 
shells”. Spon press, London, 154-174.  
Greiner R and Guggenberger W (2004). “Tall cylindrical shells under wind pressure”. In: Teng JG, Rotter JM, editors. “Buckling of 
thin metal shells”. Spon press, London, 198-206.  
Highways Agency (2002). “Strengthening of concrete bridge supports using fibre reinforced polymers”. BD 84/02, Design manual for 
roads and bridges. Volume 1, Highway structures: approval procedures and general design. Section 3, General design. Part 16, 
Department of Transport, London. � 
Jamal M, Midani M, Damil N and Potier-Ferry M (1999). “Influence of localized imperfections on the buckling of cylindrical shells 
under axial compression”. International Journal of Solids and Structures, 36(3), 441-464. � 
Jamal M, Lahlou L, Midani M, Zarouni H, Limam A, Damil N and Potier-Ferry M (2003). “A semi-analytical buckling analysis of 
imperfect cylindrical shells under axial compression”. International Journal of Solids and Structures, 40(5), 1311-1327. � 
Koiter W. (1945). "On the stability of elastic equilibrium". Ph.D. Thesis, Delft, English translation, NASA Techn. Trans. F10, 1967. � 
Lorenz R (1908). “Achsensymmetrische Verzerrungen in Duennwandigen Holhlzylindern.” Zeitschrift VDI, 52, 1706-1713. 
�McCrum NG, Buckley CP and Bucknall CB (1997). “Principles of polymer engineering”. Oxford University press, second edition, 
Oxford, UK. � 
Mirmiran A, Shahawy M, Samaan M, Echary HEI, Mastrapa JC and Pico O (1997). “Effect of column parameters on FRP-confined 
concrete”. Journal of Composites for construction, 2(4), 175-185. � 
Photiou NK, Hollaway LC and Chryssanthopoulos MK (2006). “Buckling Strengthening of an artificially degraded steel beam 
utilising a carbon/glass composite system”. Construction and Building Materials , 20, 11-21. � 
Pircher M and Bridge RQ (2001). “Buckling of thin-walled silos and tanks under axial load—some new aspects”. Journal of Structural 
Engineering, 127(10), 1129-1136. � 
Riks E (1979). “An incremental approach to the solution of snapping and buckling proplems”. International Journal of Solids and 
Structures, 15(7), 529-551. 
�Rotter JM (1985a). “Membrane theory of shells for bins and silos”, Design of Steel bins for the Storage of Bulk Solids, School of 
Civil and Mining Engineering, University of Sydney, 58-70. � 
Rotter JM ( 1985b). “Bending theory of shells for bins and silos”, Design of Steel bins for the Storage of Bulk Solids, School of Civil 



and Mining Engineering, University of Sydney, pp 71-81.  
Rotter JM (1989). “Stress amplification in unstiffened cylindrical steel silos and tanks”. Institution of Engineers, Australia, Civil 
Engrg Transactions, CE31(3), 142-148.  
Rotter JM and Teng JG (1989). “Elastic stability of cylindrical shells with weld depressions”. Journal of Structural Engineering, 
115(5), 1244-1263.  
Rotter JM and Zhang Q (1990). “Elastic buckling of imperfect cylinders containing granular solids”. Journal of Structural 
Engineering, 116(8), 2253-2271.  
Rotter JM (1990). “Local collapse of axially compressed pressurized thin steel cylinders”. Journal of Structural Engineering, 116(7), 
1955-1969.  
Rotter JM (1996). “Buckling and collapse internally pressurised axially compressed silo cylinders with measured axisymmetric 
imperfections: imperfections, residual stresses and local collapse”. The international workshop on imperfections in metal silos: 
Measurements, Characterisations, and strength analysis. CA-Silo, Lyon, France, 119-140.  
Rotter JM (1997). “Design standards and calculations for imperfect pressurised axially compressed cylinders”. Proc., Int. Conf. on 
Carrying Capacity of Steel structures. Brno, 354-360.  
Rotter JM (1998). “Cylindrical shells: Symmetrical solids loadings”. In: Brown CJ and Nielsen J, editors. “silos: Fundamentals of 
theory, behaviour and design”. E & FN Spon, London, 346-366.  
Rotter JM (2001). “Guide for the economic design of circular metal silos”. Spon press, London.  
Rotter JM (2004). “Cylindrical shells under axial compression”. In: Teng JG, Rotter JM, editors. “Buckling of thin metal shells”. Spon 
press, London, 42-87.  
Seible F, Priestley MJN, Hegemier GA and Innamorato D (1997). “Seismic retrofit of RC columns with continuous carbon fiber 
jackets”. Journal of composites for construction, 1(2), 52-62.  
Singer J, Baruch M and Harari O (1966). “Inversion of the eccentricity effect in stiffened cylindrical shells buckling under external 
pressure”. Journal of Mechanical Engineering Science, 8(4), 363-373.  
Singer J, Baruch M and Harari O (1967). “On the stability of eccentrically stiffened cylindrical shells under axial compression”. 
International Journal of Solids and Structures, 3(4), 445-470.  
Singer J, Arbocz J and Weller T (1998). “Buckling experiments- Experiments methods in buckling of thin-walled structures ”. John 
Wiley and Sons, New york, volume 1.  
Singer J, Arbocz J and Weller T (2002). “Buckling experiments- Experiments methods in buckling of thin-walled structures ”. John 
Wiley and Sons, New york, volume 2.  
Singer J (2004). “Stiffened cylindrical shells”. In: Teng JG, Rotter JM, editors. “Buckling of thin metal shells”. Spon press, London, 
286-343.  
Smith ST and Teng JG (2002). “FRP-strengthened RC beams. I: review of debonding strength models”. Engineering structures, 24, 
385-395.  
Southwell RV (1914). “On the General Theory of Elastic Stability.” Phil. Trans. Roy. Soc. of London, Series A, 213, 187-244.  
Spagnoli A. (2003). "Koiter circles in the buckling of axially compressed conical shells". International Jnl of Solids and structures, 
40(22), 6095-6109.  
Stratford T and Cadei J (2006). “Elastic analysis of adhesion stresses for the design of a strengthening plate bonded to a beam”. 
Construction and Building Materials , 20, 34-45.  
Teng JG and Rotter JM (1992). “Buckling of pressurized axisymmetrically imperfect cylinders under axial loads”. Journal of 
Engineering Mechanics, 118(2), 229-247.  
Teng JG, Lam L, Chan W and Wang J (2000). “Retrofitting of deficient RC cantilever slabs using GFRP strips”. Journal of 
composites for construction, 4(2), 75-84.  
Teng JG, Cao SY and Lam L (2001). “Behaviour of GFRP strengthened RC cantilever slabs”. Construction and Building Materials, 
15, 339-349.  
Teng JG, Chen JF, Smith ST and Lam L (2002). “FRP Strengthened RC Structures”. John Wiley and Sons, Chichester, UK.  
Teng JG and Lam L (2004). “Behavior and modeling of fiber reinforced polymer-confined concrete”. Journal of Structural 
Engineering, 130(11), 1713-1723.  
Teng JG and Hu YM (2004).”Suppression of local buckling in steel tubes by FRP jacketing”, Proc. of the 2nd  
International Conference on FRP Composites in Civil Engineering. Adelaide, Australia, 8-10 December, 749-753.  
Teng JG and Rotter JM (2004). “Buckling of thin shells- An overview”. In: Teng JG, Rotter JM, editors. “Buckling of thin metal 
shells”. Spon press, London, 1-41.  
Teng JG and Zhao Y (2004).“Rings at shell junctions”. In: Teng JG, Rotter JM, editors. “Buckling of thin metal shells”. Spon press, 
London, 409-454.  
Teng JG, Hu YM (2007). “Behaviour of FRP-jacketed circular steel tubes and cylindrical shells under axial comparison”. 
Construction and Building Materials, 21, 827-838.  
Teng JG, Huang YL, Lam L and Ye LP (2007). “Theoretical Model for Fiber-Reinforced Polymer-Confined Concrete”. Journal of 
composites for construction, 11(2), 201-210.  
Thomsen H, Spacone E, Limkatanyu S and Camata G (2004). “Failure Mode Analyses of Reinforced Concrete Beams Strengthened in 
Flexure with Externally Bonded Fiber-Reinforced Polymers”. Journal of composites for construction, 8(2), 123-131.  
Timoshenko S (1910). “Einige Stabilitaetsprobleme Der Elastizitaetstheorie.” Zeitschrift Mathematik und Physik, 58, 337-385.  
Timoshenko S (1936). “Theory of elastic stability”. McGraw-Hill book company, New York.  
Toutanji H, Saxena P, Zhao L and Ooi T (2007). “Prediction of Interfacial Bond Failure of FRP–Concrete Surface”. Journal of 
composites for construction, 11(4), 427-436.  
Triantafillou TC (1997). “Shear reinforcement of wood using FRP materials”. Journal of Materials in Civil Engineering, 9(2), 65-69.  



Triantafillou TC (1998). “Strengthening of masonry structures using epoxy-bonded FRP laminates”. Journal of composites for 
construction, 2(2), 96-104.  
Tsai CT and Palazotto AN (1990). “A modified Riks approach to composite shell snapping using a high-order shear deformation 
theory”. Computers and structures, 35(3), 221-226.  
Tsai CT and Palazotto AN (1991). “Nonlinear and multiple snapping responses of cylindrical panels comparing displacement control 
and Riks method”. Computers and structures, 41(4), 605-610.  
Vinson JR, Sierakowski RL (1986). “The behaviour of structures composed of composite materials”. Martinus Nijhoff publishers, 
Dordrecht, Netherlands.  
Wang LM and Wu YF (2008). “Effect of corner radius on the performance of CFRP-confined square concrete columns: test ”. 
Engineering structures, 30, 493-505.  
Wullschleger L (2006). “Numerical Investigation of the buckling behaviour of axially compressed circular cylinders having 
parametric initial dimple imperfections”. PhD thesis, Swiss Federal Institute of Technology, Zurich.  
Yamaki N (1984).”Elastic stability of circular cylindrical shells”. North-Holland,Amesterdam.  
Zienkiewicz OC (1971). “The finite element method in engineering science”. McGraw-Hill publishing company limited, second 
edition, London.  
 
 
R. Delpak, “A linearized analysis of buckling of thin rotational shells using the finite eement method”, 
International Journal for Numerical Methods in Engineering, Vol. 20, No. 12, pp 2235-2252, December 1984 
DOI: 10.1002/nme.1620201207 
ABSTRACT: An isoparametric shell element has been developed capable of linear response to the imposed 
loads. The original formulation, which was written for static and dynamic analyses, was extended to embrace 
linear buckling problems. A variety of numerical examples were attempted in order to assess the adaptability of 
the element to different geometrical representations. Despite serious size limitations of the computer, the 
accuracy of the predicted buckling loads was found to be satisfactory. 
 
 
---------Fatih Bazman, Monday, 17 August 2009 blog:  
Shell Buckling Calculations 
The buckling behaviour of shells is not widely known and simple procedures for analysis of buckling of shells 
are avaliable only to a very limited extent in design codes. Although AWWA D100 considers the buckling 
effects in itself, API 650 doesn't investigate any buckling behaviour of shell structure. 
Storage tank designers must be consider the buckling behaviour due to self weight, vacuum load, wind load and 
seismic load effects on shell. At the present time, several papers or standards are available : 
    * Det Norske Veritas: DNV-RP-C202 : Buckling Strength of Shells 
    * DIN 1880 Part 4: Structural Steelwork Analysis of Safety Against Buckling of Shells 
    * ASME Code Case N-284: Metal Containment Shell Buckling Design Methods, Miller C.D. 1991, 
In my opinion, DIN 1880 Part 4 has more practical solutions instead of others. 
 
 
Fuat Tinis, Fatih Bazman, GAMA Industrial Plants Manufacturing & Erection Corp., 06791, Ankara, Turkey. 
“Stiffening of thin cylindrical silo shell against buckling loads, 12th International Conference on Machine 
Design and Production, September 2006, Kusadasi, Turkey 
ABSTRACT: Buckling is one of the important criteria to be checked in silo design. Buckling behaviour of silos 
can be analyzed with finite element methods or analytical methods which are developed for cylindrical shells. 
In this study, buckling analysis of a silo which is also supporting another structure is analyzed with eigenvalue 
solution by using finite element method and one of these analytical methods. The results obtained by using 
these two methods are compared.  
 
 
--------Glenn A. Hrinda, NASA Langley Research Center 
Effects of Shell-Buckling Knockdown Factors in Large Cylindrical Shells, AIAA Paper-2012-1605, 53rd 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference; 23-26 Apr. 2012; 
Honolulu, HI; United States 
ABSTRACT: Shell-buckling knockdown factors (SBKF) have been used in large cylindrical shell structures to 
account for uncertainty in buckling loads. As the diameter of the cylinder increases, achieving the 



manufacturing tolerances becomes increasingly more difficult. Knockdown factors account for manufacturing 
imperfections in the shell geometry by decreasing the allowable buckling load of the cylinder. In this paper, 
large-diameter (33 ft) cylinders are investigated by using various SBKF's. An investigation that is based on 
finite-element analysis (FEA) is used to develop design sensitivity relationships. Different manufacturing 
imperfections are modeled into a perfect cylinder to investigate the effects of these imperfections on buckling. 
The analysis results may be applicable to large-diameter rockets, cylindrical tower structures, bulk storage 
tanks, and silos. 
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Buckling Analysis of Shell Structures 
Predicting the buckling response of thin shells in structural simulations is difficult because most models do not 
include the physical characteristics of the problem that initiate instabilities. For shell structures, the character of 
the buckling and load levels that lead to instability are governed by the nonuniformities or imperfections in 
either the structure or loading. A methodology was developed to accurately predict the buckling response of the 
thin shell structures by incorporating either the measured imperfections in the structure and loading or accurate 
statistical approximations to the imperfections. This analysis approach has been applied successfully to a variety 
of buckling problems. One application is the analysis of dynamic pulse buckling of impulsively loaded thin 
cylindrical aluminum shells. The cosine distributed external impulsive loads drive the shell inward, producing 
compressive circumferential stresses and pulse buckling on the loaded side of the shell. These buckles produce 
strain concentrations that govern the eventual fracture of the structure. Thus, the buckling response needs to be 
correctly modeled to predict failure. A cross section of a dynamically pulse buckled thin cylindrical shell and 
the calculated response are shown in Figure 1. In the calculation, we used the measured imperfections in the 
cylinder shape to initiate the buckling. The buckling response can clearly be seen on the loaded (front) side of 
the cylinder and is accurately reproduced in the calculation. These modeling techniques have also been applied 
to other structural applications, including analysis of crash energy management structures for vehicles, static 
axial collapse of cylinders, and dynamic buckling of thick shells. One example application for thick shells is the 
buckling that occurs in explosively formed penetrators (EFPs), as shown in Figure 2. Understanding and 
modeling the processes that lead to dynamic plastic buckling in EFP liners allows the designer to control the 
buckling process to gain enhanced aerostability. 
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D. Larom, C.T. Herakovich and J. Aboudi (Department of Civil Engineering, University of Virginia, 
Charlottesville, VA 22903, U.S.A.), “Dynamic response of pulse loaded laminated composite cylinders”, 
International Journal of Impact Engineering, Vol. 11, No. 2, 1991, pp. 233-248, 
doi:10.1016/0734-743X(91)90009-5 
ABSTRACT: A finite difference solution is presented for elastic wave propagation in laminated composite 
hollow tubes under axial plane strain, subjected to a radially symmetric pressure pulse at the inner surface. The 
solution is applied to two-layered cross-ply and angle-ply AS4/3501-6 graphite/epoxy cylinders, and to 



homogeneous monoclinic cylinders. The effects of pulse time duration, stacking sequence, ply angle and 
stiffnesses on the resulting displacement, stresses (radial, hoop, axial and shear) and dynamic stress 
concentration factor are studied. 
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(1) Department of Naval Architecture and Ocean Engineering, Shanghai Jiao Tong University, Shanghai 
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(2) Department of Naval Architecture and Ocean Engineering, Huazhong University of Science and 
Technology, Wuhan 430074, China 
“Dynamic Pulse Buckling of Cylindrical Shells Subjected to External Impulsive Loading”, Journal of Pressure 
Vessel Technology, Vol. 118, No. 1, pp. 33-37, February 1996, doi:10.1115/1.2842159 
ABSTRACT: The dynamic plastic buckling of cylindrical shells (rings) subjected to general initial impulsive 
velocity and subjected to impulsive loading is studied based on the energy criterion. A simple analysis method 
is given and the formulas of critical mode numbers, n cr, and critical impulsive velocity, v cr, are obtained. 
 
 
O. Thomas, Cyril Touzé, Antoine Chaigne, “Non-linear vibrations of free-edge thin spherical shells: Modal 
interaction rules and 1:1:2 internal resonance”, International Journal of Solids and Structures, Elsevier, 2005, 42 
(11-12), pp.3339-3373. DOI: 10.1016/j.ijsolstr.2004.10.028 
ABSTRACT:  This paper is devoted to the derivation and the analysis of vibrations of shallow spherical shell 
subjected to large amplitude transverse displacement. The analog for thin shallow shells of von Ka �rma �nÕs 
theory for large deflection of plates is used. The validity range of the approximations is assessed by comparing 
the analytical modal analysis with a numerical solution. The specific case of a free edge is considered. The 
governing partial differential equations are expanded onto the natural modes of vibration of the shell. The 
problem is replaced by an infinite set of coupled second-order differential equations with quadratic and cubic 
non-linear terms. Analytical expressions of the non-linear coefficients are derived and a number of them are 
found to vanish, as a consequence of the symmetry of revolution of the structure. Then, for all the possible 
internal resonances, a number of rules are deduced, thus predicting the activation of the energy exchanges 
between the involved modes. Finally, a specific mode coupling due to a 1:1:2 internal resonance between two 
companion modes and an axisymmetric mode is studied.  
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ABSTRACT: This study is devoted to the experimental validation of a theoretical model of large amplitude 
vibrations of thin spherical shells described in Thomas et al.[1]. A specific mode coupling due to a 1:1:2 
internal resonance between an axisymmetric mode and two companion asymmetric modes is especially 
addressed. The structure is forced with a sinusoidal signal of frequency close to the natural frequency of the 
axisymmetric mode. The experimental setup, which allows precise measurements of the vibration amplitudes of 
the three involved modes, is presented. Experimental resonance curves showing the amplitude of the modes as 
functions of the driving frequency are compared to the theoretical ones. A good qualitative agreement is 
obtained with the predictions given in the model. The quantitative discrepancies are discussed and an 
improvement of the model is proposed.  
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ABSTRACT: The aim of the present paper is to compare two different methods available for reducing the 
complicated dynamics exhibited by large amplitude, geometrically nonlinear vibrations of a thin shell. The two 
methods are: the proper orthogonal decomposition (POD), and an asymptotic approximation of the nonlinear 
normal modes (NNMs) of the system. The structure used to perform comparisons is a water-filled, simply 
supported circular cylindrical shell subjected to harmonic excitation in the spectral neighbourhood of the 
fundamental natural frequency. A reference solution is obtained by discretizing the partial differential equations 
(PDEs) of motion with a Galerkin expansion containing 16 eigenmodes. The POD model is built by using 
responses computed with the Galerkin model; the NNM model is built by using the discretized equations of 
motion obtained with the Galerkin method, and taking into account also the transformation of damping terms. 



Both the POD and NNMs allow to reduce significantly the dimension of the original Galerkin model. The 
computed nonlinear responses are compared in order to verify the accuracy and the limits of these two methods. 
For vibration amplitudes equal to 1.5 times the shell thickness, the two methods give very close results to the 
original Galerkin model. By increasing the excitation and vibration amplitude, significant differences are 
observed and discussed. The response is investigated also for a fixed excitation frequency by using the 
excitation amplitude as bifurcation parameter for a wide range of variation. Bifurcation diagrams of Poincare � 
maps obtained from direct time integration and calculation of the maximum Lyapunov exponent have been used 
to characterize the system.  
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Marco Amabili, “Reduced-order models for nonlinear vibrations, based on natural modes: the case of the 
circular cylindrical shells”, Philosophical Transactions of the Royal Society A, May 2013 
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ABSTRACT: Reduced-order models are essential to study nonlinear vibrations of structures and structural 
components. The natural mode discretization is based on a two-step analysis. In the first step, the natural modes 
of the structure are obtained. Because this is a linear analysis, the structure can be discretized with a very large 
number of degrees of freedom. Then, in the second step, a small number of these natural modes are used to 
discretize the nonlinear vibration problem with a huge reduction in the number of degrees of freedom. This 
study finds a recipe to select the natural modes that must be retained to study nonlinear vibrations of an angle-
ply laminated circular cylindrical shell that the author has previously studied by using admissible functions 
defined on the whole structure, so that an accuracy analysis is performed. The higher-order shear deformation 
theory developed by Amabili and Reddy is used to model the shell. 
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“Axisymmetric buckling of a spherical shell embedded in an elastic medium under uniaxial stress at infinity”, 
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ABSTRACT: The problem of a thin spherical linearly-elastic shell, perfectly bonded to an infinite linearly-
elastic medium is considered. A constant axisymmetric stress field is applied at infinity in the matrix, and the 
displacement and stress fields in the shell and matrix are evaluated by means of harmonic potential functions. In 
order to examine the stability of this solution, the buckling problem of a shell which experiences this 
deformation is considered. Using Koiter's nonlinear shallow shell theory, restricting buckling patterns to those 
which are axisymmetric, and using the Rayleigh–Ritz method by expanding the buckling patterns in an infinite 
series of Legendre functions, an eigenvalue problem for the coefficients in the infinite series is determined. This 
system is truncated and solved numerically in order to analyse the behaviour of the shell as it undergoes 
buckling, and to identify the critical buckling stress in two cases — namely where the shell is hollow and the 
stress at infinity is either uniaxial or radial. 
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factors, known as "knockdown" factors, were determined from these test data and were to be used in 
conjunction with linear bifurcation analyses for simply supported shells to adjust or "knockdown" the 
unconservative analytical prediction. This approach to shell design remains prominent in industry practice, as 
evidenced by the extensive use of the NASA space vehicle design recommendations. Recent advancements in 
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technology developments and their implementation in ongoing NASA Shell Buckling Knockdown Factor 
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determined. In an analogy with continuum mechanics, mechanical laws of geometric similitude are presented. A 
parametric map is constructed for a variety of nanotube geometries as a guide for the applicability of different 
models. The continuum assumptions made in representing a nanotube as a homogeneous thin shell are analyzed 
to identify possible limitations of applying shell theories and using their bifurcation-buckling equations at the 
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ABSTRACT: The buckling behaviors of double-walled carbon nanotubes (DWCNTs) under torsion are 
investigated by using molecular dynamics (MD) simulations. The effect of length on the torsional buckling 
behaviors of DWCNTs is examined for the first time. The simulation results show that the DWCNTs experience 
gradual or simultaneous buckling deformations depending on their lengths. In addition, the effect of the inner 
tube in a DWCNT on its torsional buckling behavior is also examined. The presence of the inner tube triggers 
van der Waals (vdW) interactions between it and the outer tube and thus leads to a stiffening effect of the 
DWCNT against torsional deformation. Whether the ends of the inner tube are free or fixed and whether it is 
subject to a torque or not, the critical torque and the critical torsional angle of the outer tube are only marginally 
affected. 
 
 
C.M. Wang, A.N. Roy Chowdhury, S.J.A. Koh, Y.Y. Zhang, Molecular dynamics simulation and continuum 
shell model for buckling analysis of carbon nanotubes. in Modeling of Carbon Nanotubes, Graphene and their 
Composites, ed. by K.I. Tserpes, N. Silvestre. Springer Ser. Mater. Sci. 188, 239 (2014),  
DOI: 10.1007/978-3-319-01201-8  
ABSTRACT: Carbon nanotubes (CNTs) have potential applications in various fields of science and engineering 
due to their extremely high elasticity, strength, and thermal and electrical conductivity. Owing to their hollow 
and slender nature, these tubes are susceptible to buckling under a compressive axial load. As CNTs can 
undergo large, reversible post-buckling deformation, one may utilize this postbuckling response of CNT to 
manufacture mechanical energy storage devices at the nano-scale, or use it as a nano-knife or nano-pump. It is 
therefore important to understand the buckling behavior of CNTs under a compressive axial load. Experimental 
investigations on CNT buckling are very expensive and difficult to perform. As such, researchers often rely on 



molecular dynamics (MD) simulations, or continuum mechanics modeling to study their mechanical behaviors. 
In order to develop a good continuum mechanics model for buckling analysis of CNTs, one needs to possess 
adequate experimental or MD simulation data for its calibration. For ‘‘short’’ CNTs with small aspect ratios 
(B10), researchers have reported different critical buckling loads/strains for the same CNTs based on MD 
simulations. Moreover, existing MD simulation data are not sufficiently comprehensive to allow rigorous 
benchmarking of continuum-based models. This chapter presents extensive sets of MD critical buckling 
loads/strains for armchair single-walled CNT (SWCNTs) and double-walled CNTs (DWCNTs), with various 
aspect ratios less than 10. These results serve to address the discrepancies found in the existing MD simulations, 
as well as to offer a comprehensive database for the critical buckling loads/strains for various armchair 
SWCNTs and DWCNTs. The Adaptive Intermolecular Reactive Bond Order (AIREBO) potential was adopted 
for MD simulations. Based on the MD results, the Young’s modulus, Poisson’s ratio and thickness for an 
equivalent continuum cylindrical shell model of CNTs are calibrated. The equivalent continuum shell model 
may be used to calculate the buckling loads of CNTs, in-lieu of MD simulations. 
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C.Q. Ru (Department of Mechanical Engineering, University of Alberta, 4-9 Mechanical Engineering Building,  
Edmonton, Alberta, Canada T6G 2G8), “Axially compressed buckling of a doublewalled carbon nanotube 
embedded in an elastic medium”, Journal of the Mechanics and Physics of Solids, Vol. 49, pp 1265-1279, 2001 
ABSTRACT: An elastic double-shell model is presented for infinitesimal buckling of a double-walled carbon 
nanotube embedded in an elastic matrix under axial compression. The analysis is based on a Winkler model for 
the surrounding elastic medium and a simplified model for the van der Waals interaction between the inner and 
outer nanotubes. An explicit formula is derived for the critical axial strain, which indicates the effects of the 
surrounding elastic matrix combined with the intertube van der Waals forces. In particular, the present model 
predicts that the critical axial strain of the embedded double-walled nanotube is lower than that of an embedded 
single-walled nanotube under otherwise identical conditions. This implies that inserting an inner tube lowers the 
critical axial strain of an embedded single-walled carbon nanotube, although the total critical compressive force 
could be increased due to the increase in the cross-sectional area of the nanotube. The reduced critical axial 
strain is attributed to the intertube slips between the inner and outer tubes. This result indicates that embedded 
multi-walled carbon nanotubes could be even more susceptible to infinitesimal axial buckling than embedded 
single-walled carbon nanotubes. 
 
 
C. Y. Wang, C. Q. Ru and A. Mioduchowski (Department of Mechanical Engineering, 4-9 Mechanical 
Engineering Bldg., University of Alberta, Edmonton, Alberta., Canada T6G 2G8), “Axially compressed 



buckling of pressured multiwall carbon nanotubes”, International Journal of Solids and Structures, Vol. 40, 
No.15, July 2003, pp. 3893-3911, doi:10.1016/S0020-7683(03)00213-0 
ABSTRACT: This paper studies axially compressed buckling of an individual multiwall carbon nanotube 
subjected to an internal or external radial pressure. The emphasis is placed on new physical phenomena due to 
combined axial stress and radial pressure. According to the radius-to-thickness ratio, multiwall carbon 
nanotubes discussed here are classified into three types: thin, thick, and (almost) solid. The critical axial stress 
and the buckling mode are calculated for various radial pressures, with detailed comparison to the classic results 
of singlelayer elastic shells under combined loadings. It is shown that the buckling mode associated with the 
minimum axial stress is determined uniquely for multiwall carbon nanotubes under combined axial stress and 
radial pressure, while it is not unique under pure axial stress. In particular, a thin N-wall nanotube (defined by 
the radius-to-thickness ratio larger than 5) is shown to be approximately equivalent to a single layer elastic shell 
whose effective bending stiffness and thickness are N times the effective bending stiffness and thickness of 
singlewall carbon nanotubes. Based on this result, an approximate method is suggested to substitute a multiwall 
nanotube of many layers by a multilayer elastic shell of fewer layers with acceptable relative errors. Especially, 
the present results show that the predicted increase of the critical axial stress due to an internal radial pressure 
appears to be in qualitative agreement with some known results for filled singlewall carbon nanotubes obtained 
by molecular dynamics simulations. 
 
 
C. Y. Wang, C. Q. Ru, and A. Mioduchowski (Department of Mechanical Engineering, University of Alberta, 
Edmonton T6G 2G8, Canada), “Applicability and Limitations of Simplified Elastic Shell Equations for Carbon 
Nanotubes”, J. Appl. Mech., Vol. 71, No. 5, September 2004, pp. 622 – 631, doi:10.1115/1.1778415 
ABSTRACT: This paper examines applicability and limitations of simplified models of elastic cylindrical shells 
for carbon nanotubes. The simplified models examined here include Donnell equations and simplified Flugge 
equations characterized by an uncoupled single equation for radial deflection. These simplified elastic shell 
equations are used to study static buckling and free vibration of carbon nanotubes, with detailed comparison to 
exact Flugge equations of cylindrical shells. It is shown that all three elastic shell models are in excellent 
agreement (with relative errors less than 5%) with recent molecular dynamics simulations for radial breathing 
vibration modes of carbon nanotubes, while reasonable agreements for various buckling problems have been 
reported previously for Donnell equations. For general cases of buckling and vibration, the results show that the 
simplified Flugge model, which retains mathematical simplicity of Donnell model, is consistently in better 
agreement with exact Flugge equations than Donnell model, and has a significantly enlarged range of 
applicability for carbon nanotubes. In particular, the simplified Flugge model is applicable for carbon nanotubes 
(with relative errors around 10% or less) in almost all cases of physical interest, including some important cases 
in which Donnell model results in much larger errors. These results are significant for further application of 
elastic shell models to carbon nanotubes because simplified shell models, characterized by a single uncoupled 
equation for radial deflection, are particularly useful for multiwall carbon nanotubes of large number of layers. 
Discussion by J. G. Simmonds (Department of Civil Engineering, University of Virginia, Charlottesville, 
VA 22904), “Discussion: "Applicability and Limitations of Simplified Elastic Shell Equations for Carbon 
Nanotubes" (Wang, C. Y., Ru, C. Q., and Mioduchowski, A., 2004, ASME J. Appl. Mech., 71, pp. 622–631), J. 
Appl. Mech., Vol. 72,  No. 6, November 2005, 981 (1 pages) doi:10.1115/1.2040451 
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C.Y. Wang and A. Mioduchowski (Department of Mechanical Engineering, University of Alberta, Edmonton 
T6G 2G8, Canada), “The effect of dimensional factors on buckling of multiwall carbon nanotubes”, Journal of 
Applied Physics, Vol. 101, No. 1, June 2009, pp. 014306 – 014306-12, doi: 10.1063/1.2403865 
ABSTRACT: Based on a multiple-shell model, a comprehensive investigation has been performed on the effect 
of three dimensional factors, i.e., aspect ratio, the innermost radius, and the number of layers, on buckling 
behavior of multiwall carbon nanotubes (MWCNTs) under axial compression or radial pressure. In contrast to 
previous shell models, which use the single Donnell equation [Wang etal, ASME J. Appl. Mech. 71, 622 
(2004)] and thus are only adequate for buckling of MWCNTs of relatively small aspect ratio (e.g., not larger 
than 10), the present shell model based on the simplified Flugge equation [Wang etal, ASME J. Appl. Mech. 71, 
622 (2004)] allows for the study of buckling behavior of MWCNTs without any limitation on their aspect ratios. 
In addition, the pressure dependence of the interlayer van der Waals interaction coefficient (defined as the 
second derivative of the interlayer potential energy-interlayer spacing relation) has been considered for 
pressure-induced buckling of MWCNTs. The relevance of the present shell model for buckling of MWCNTs 
has been confirmed by the good agreement between the present shell model and available discrete models or 



experiments. Here, distinct buckling behaviors under axial compression or radial pressure are identified for long 
and short MWCNTs, separated by a certain critical value of aspect ratio. On the other hand, while the critical 
buckling load usually changes monotonically with the innermost radius an optimum value of the number of 
layers associated with the maximum critical buckling pressure is obtained for MWCNTs under radial pressure. 
In particular, the present shell model shows that the three dimensional factors effecting buckling of MWCNTs 
are generally interacting with, rather than being independent of, one another. 
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“Buckling instabilities in multiwalled carbon nanotubes under uniaxial compression”, Applied Physics Letters, 
Vol. 85, No. 10, pp. 1787-1789, September 2004, DOI: 10.1063/1.1790602 
ABSTRACT: We report experimental observations of shell buckling instabilities in freestanding, vertically 
aligned multiwalled carbon nanotubes subjected to uniaxial compression. Highly ordered and uniform arrays of 
carbon nanotubes embedded in an alumina matrix were fabricated and subjected to uniaxial compression using 
a nanoindenter. The buckling load was found to be on the order of 2 _ºN for nanotubes with 25 nm outer radius, 
13 nm inner radius, and heights of 50 and 100 nm. Good agreement was found between the experimental 
observations and the predictions of linear elastic shell buckling theory. 
 
 
Waters, J. F., Guduru, P. R., Jouzi, M., Xu, J. M., Hanlon, T. and Suresh, S. (Division of Engineering, Brown 
University, Providence, Rhode Island 02912), “Shell buckling of individual multiwalled carbon nanotubes using 
nanoindentation”, Applied Physics Letters, Vol. 87, No. 10, September 2005, 
http://dx.doi.org/10.1063/1.2012530  
ABSTRACT: Although the mechanical behavior of carbon nanotubes has been studied extensively in recent 
years, very few experimental results exist on the shell buckling of nanotubes, despite its fundamental 
importance in nanotube mechanics and applications. Here we report an experimental technique in which 
individual multiwalled carbon nanotubes were axially compressed using a nanoindenter and the critical shell-
buckling load was measured. The results are compared with predictions of existing continuum theories, which 
model multiwalled carbon nanotubes as a collection of single-walled shells, interacting through van der Waals 
forces. The theoretical models significantly underpredict the experimental buckling load. 
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J F Waters , P R Guduru , J M Xu, “Nanotube mechanics - Recent progress in shell buckling mechanics and 
quantum electromechanical coupling”, Composites Science and Technology 66  (2006) 
ABSTRACT: In this article, we present recent progress in selected areas of carbon nanotube mechanics. First, 
we present the authors’ experimental work on shell buckling mechanics of multi-walled carbon nanotubes using 
nanoindentation. A comparison with existing elastic theories showed that the shell theories under-predict the 
buckling loads by as much as 50%. We then present an investigation of electromechanical coupling in carbon 
nanotubes by focusing on phonon frequency shifts as a result of charge injection. Raman spectroscopic 
measurements of the electromechanical couplings under varied but controlled charge injection conditions are 
analyzed, and the close agreement between the model results and the measured Raman peak shifts suggests that 
geometrical changes of charged carbon nanotubes previously observed or speculated in different experiments 
can indeed originate from the simple quantum effects described herein. 
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University, Sakai, Japan), “Buckling of carbon nanotubes under axial compression”, International Conference 
on Microprocesses and Nanotechnology, 25-28 October 2005, pp. 74-75, DOI: 10.1109/IMNC.2005.203744 
ABSTRACT: We have investigated the axial buckling of a multiwall nanotube by changing its number of 
layers. Young's moduli of nanotubes with different inner hollow diameters are estimated to be 0.77 TPa and 
0.80 TPa from the Euler's buckling model, respectively. This good agreement implies that the Euler's buckling 
model is applicable to the analysis of the axial buckling behaviors of the nanotubes. The MD simulations for the 
buckling behaviors of the triple- and the double-walled nanotubes are also consistent with the continuum 
analysis. Consequently, the multi-shells composing multiwall nanotubes can be treated as a single shell with a 
thickness for whole shells. 
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ABSTRACT: Experiments were conducted in which multiwalled carbon nanotubes were subjected to uniaxial 
compression and shell-buckling loads were measured. A comparison with existing theoretical models shows 
that the predictions are about 40–50% smaller than the experimentally measured buckling loads. This is in 
contrast to the classical elastic shell studies in which the experimental values were always substantially lower 
than the predicted values due to imperfection sensitivity. It is proposed that the discrepancy between the 
predicted and measured value might be due to imperfections in the multiwalled nanotubes in the form of sp3 
bonds between the tube walls, which introduce shear coupling between them. An analytical model is presented 
to estimate the effect of the shear coupling on the critical buckling strain, which shows that the contribution 
from shear coupling increases linearly with the effective shear modulus between the walls. Further, this 
contribution increases with the number of walls; the increment from each additional wall progressively 
decreases. 
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rope”, Acta Mechanica, Vol. 192, No. 1, pp 65-75, August 2007 
ABSTRACT: Debonding of a single CNT (carbon nanotube) from the midway or one end of a CNT rope is 
studied in this paper. The analysis of buckling-driven debonding of an individual CNT is based on an elastic 
beam model, while the local debonding growth, stability and arrest are explained by the energy release rate 
criterion. The debonding from a preloaded CNT rope is driven by excess energy released from the unbuckled to 
the buckled state of an individual CNT. Some interesting debonding behaviors are displayed for varying 
dimensions, compression strain and van der Waals (vdW) adhesive energy. The growth of the debonding may 
be stable, unstable or unstable growth followed by a stable growth when an initial debonding CNT rope is 
loaded. 
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A. Garg and S.B. Sinnott (Dept. of Chemical and Materials Engineering, The University of Kentucky, 
Lexington, Kentucky, USA), “Engineering of nanostructures from Carbon Nanotubules”, Fifth Foresight 
Conference on Molecular Nanotechnology, submitted to Nanotechnology (Date not given; most recent 
reference is 1997). 
ABSTRACT: Proximal probe technology has provided researchers with new ways to investigate and 
manipulate matter on the nanometer scale. We have studied, through molecular dynamics simulations, using a 
many-body empirical potential, the indentation of a hydrogen-terminated, diamond (111) surface, with a 
proximal probe tip that consists of an open, hydrogen-terminated, (10,10) carbon nanotubule. The simulations 
showed that upon indenting 1.8 Å, the tubule deforms but returns to its original shape upon retraction. The 
Young’s modulus of the tubule was determined using the predicted Euler buckling force and was found to be 
comparable to measured and calculated values. In a second series of simulations, an open (10, 10) nanotubule 
was heated to 4500 K and allowed to close. We find that at this temperature the resulting cap contains numerous 
imperfections, including some not mentioned previously in the literature. 
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“Stressed triangular lattices on microsized spherical surfaces and their defect management”, Appl. Phys. Lett. 
Vol. 93, 034108 (2008); doi:10.1063/1.2959822 
ABSTRACT: Triangular lattices were assembled on spherical surfaces and caps via thermal stress engineering 
on core/shell microstructures. The lattices on a complete spherical surface, when the total number is small, 
contain uniquely fivefold disclinations, whereas scars consisting of pentamer-heptamer chains emerged when 
more vertices are available (>360). Disclination-free pattern were obtained on caps, revealing the defect 
management strategy in nature. All the experimental observations can be explained by numerical studies to 
Thomson’s problem [ J. J. Thomson, Philos. Mag. 7, 237 (1904) ]. These results can help understand the various 
patterns assembled on curved surfaces, and be of essential importance for the en masse fabrication of 
nanostructures on pliable substrates. 
 
 



Abu-Salih, Samy; Moussa, Walied A., “Electromechanical Buckling and Postbuckling of Micro Cylindrical 
Shells”, Journal of Computational and Theoretical Nanoscience, Vol. 5, No. 10, October 2008 , pp. 2045-
2053(9), doi: 10.1166/jctn.2008.1012 
ABSTRACT: In this work the electromechanical buckling and postbuckling responses of a circular cylindrical 
shallow shell are analyzed. The cylindrical shell is subjected to a radial axi-symmetric electrostatic field that is 
generated by setting voltage difference between an exterior elastic thin shallow cylinder and an inner infinitely 
stiff solid cylinder. The nonlinear prebuckling state of the cylinder is considered in order to increase the 
accuracy of the analysis. The prebuckling, buckling and postbuckling states are solved by implementing the 
perturbation asymptotic approach. The critical electromechanical buckling voltage and the stability of the 
postbuckling states are solved for a wide range value of the geometrical parameters of the elastic shell, such as 
radius-thickness ratio, the radius-length ratio and the ratio between the radius of the interior stiff cylinder and 
the exterior cylindrical shell. The numerical results show that the initial electromechanical postbuckling of the 
shell is unstable for all the considered range of parameters. 
 
 
 
Markus J. Buehler, Yong Kong, and Huajian Gao (Max Planck Institute for Metals Research, Heisenbergstr. 3, 
70569 Stuttgart, Germany), “Deformation Mechanisms of Very Long Single-Wall Carbon Nanotubes Subject to 
Compressive Loading”, ASME J. Eng. Mater. Technol., Vol. 126,  No. 3, July 2004, pp. 245 – 249, 
doi:10.1115/1.1751181 
ABSTRACT: Author(s): 
Markus J. Buehler, Yong Kong, and Huajian Gao 
Max Planck Institute for Metals Research, Heisenbergstr. 3, 70569 Stuttgart, Germany 
We report atomistic studies of single-wall carbon nanotubes with very large aspect ratios subject to compressive 
loading. These long tubes display significantly different mechanical behavior than tubes with smaller aspect 
ratios. We distinguish three different classes of mechanical response to compressive loading. While the 
deformation mechanism is characterized by buckling of thin shells in nanotubes with small aspect ratios, it is 
replaced by a rod-like buckling mode above a critical aspect ratio, analogous to the Euler theory in continuum 
mechanics. For very large aspect ratios, a nanotube is found to behave like a flexible macromolecule which 
tends to fold due to vdW interactions between different parts of the carbon nanotube. This suggests a shell-rod-
wire transition of the mechanical behavior of carbon nanotubes with increasing aspect ratios. While continuum 
mechanics concepts can be used to describe the first two types of deformation, statistical methods will be 
necessary to describe the dynamics of wire-like long tubes. 
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“Controlled buckling of semiconductor nanoribbons for stretchable electronics”, Nature Nanotechnology, Vol. 
1, pp 201-207, December 2006, doi:10.1038/nnano.2006.131 
ABSTRACT: Control over the composition, shape, spatial location and/or geometrical configuration of 
semiconductor nanostructures is important for nearly all applications of these materials. Here we report a 
mechanical strategy for creating certain classes of three-dimensional shapes in nanoribbons that would be 
difficult to generate in other ways. This approach involves the combined use of lithographically patterned 
surface chemistry to provide spatial control over adhesion sites, and elastic deformations of a supporting 
substrate to induce well-controlled local displacements. We show that precisely engineered buckling geometries 
can be created in nanoribbons of GaAs and Si in this manner and that these configurations can be described 
quantitatively with analytical models of the mechanics. As one application example, we show that some of these 
structures provide a route to electronics (and optoelectronics) with extremely high levels of stretchability (up to 
~100%), compressibility (up to ~25%) and bendability (with curvature radius down to ~5 mm). 
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“Molecular Scale Buckling Mechanics in Individual Aligned Single-Wall Carbon Nanotubes on Elastomeric 
Substrates”, Nano Lett., 2008, 8 (1), pp 124–130, doi: 10.1021/nl072203s 
ABSTRACT: We have studied the scaling of controlled nonlinear buckling processes in materials with 
dimensions in the molecular range (i.e., about1 nm) through experimental and theoretical studies of buckling in 
individual single-wall carbon nanotubes on substrates of poly(dimethylsiloxane). The results show not only the 
ability to create and manipulate patterns of buckling at these molecular scales, but also, that analytical 
continuum mechanics theory can explain, quantitatively, all measurable aspects of this system. Inverse 
calculation applied to measurements of diameter-dependent buckling wavelengths yields accurate values of the 
Young's moduli of individual SWNTs. As an example of the value of this system beyond its use in this type of 
molecular scale metrology, we implement parallel arrays of buckled SWNTs as a class of mechanically 
stretchable conductor. 
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“Local versus global buckling of thin films on elastomeric substrates”, Applied Physics Letters, Vol. 93, 
023126, 2008, DOI: 10.1063/1.2956402  
ABSTRACT: Local buckling can form microcorrugations in thin films on elastomeric substrates, to yield an 
effective type of mechanical stretchability in otherwise rigid, brittle materials, with many application 
possibilities. For large area films or relatively thin substrates, however, global �Euler buckling, as opposed to 
local buckling, can be observed in experiments. This paper describes analytically the mechanics of local and 
global buckling of one-dimensional thin films or two-dimensional thin membranes on elastomeric substrates. 
The critical condition separating these two buckling modes is obtained analytically, and it agrees well with 
experiments and numerical simulations.  
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ABSTRACT: Based on the finite-deformation shell theory for carbon nanotubes established from the 
interatomic potential and the continuum model for van der Waals (vdW) interactions, we have studied the 
buckling of double-walled carbon nanotubes subjected to compression or torsion. Prior to buckling, the vdW 
interactions have essentially no effect on the deformation of the double-walled carbon nanotube. The critical 
buckling strain of the double-wall carbon nanotubes is always between those for the inner wall and for the outer 
wall, which means that the vdW interaction decelerates buckling of one wall at the expenses of accelerating the 
buckle of the other wall. 
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ABSTRACT: This paper discusses the size dependence of the hardness with respect to the depth and the radius 
of the indenter for multiple walled carbon nanotubes. Results show a peculiar size influence on the hardness, 
which is explained via the shear resistance between the neighboring walls during the buckling of the 
multiwalled nanotubes.  
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ABSTRACT: We use Reddy's third order plate theory to study buckling and steady state vibrations of a simply 
supported functionally gradient isotropic polygonal plate resting on a Winkler–Pasternak elastic foundation and 
subjected to uniform in-plane hydrostatic loads. Young's modulus and the Poisson ratio for the material of the 
plate are assumed to vary only in the thickness direction. Effects of rotary inertia are considered. The problem 
of determining the critical buckling load or the vibration frequency of the plate is found to be analogous to that 
of ascertaining the frequency of a membrane clamped at the edges and whose shape coincides with that of the 
plate. The critical buckling load and the vibration frequency are shown to be positive. Some available results for 
plates symmetric about the mid-plane can be retrieved from the present analysis. 
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ABSTRACT: Results of molecular-mechanics simulations of axial and torsional deformations of a single wall 
carbon nanotube are used to find Young’s modulus, the shear modulus, and the wall thickness of an equivalent 
continuum tube made of a linear elastic isotropic material. These values are used to compare the response of the 
continuum tube in bending and buckling with that obtained from the molecular mechanics simulations. It is 
found that the strain energy of bending deformation computed from the Euler-Bernoulli beam theory matches 
well with that obtained from the molecular-mechanics simulations. The molecular-mechanics predictions of the 
critical strains for axial buckling and shell wall buckling do not match well with those derived from the Euler 
buckling formula and the Donnell shell theory. 
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ABSTRACT: The dynamic buckling of thin isotropic thermoviscoplastic cylindrical shells compressed with a 
uniform axial velocity prescribed at the end faces is investigated analytically and numerically. In the first part of 
the paper, the stressed/deformed state of a shell is assumed to have buckled if infinitesimal perturbations 
superimposed upon it grow. Cubic algebraic equations are derived for both the initial growth rate of the 
perturbation and its wavenumber. The wavenumber corresponding to the maximum initial growth rate of a 
perturbation introduced at an axial strain of 0.1 is taken to determine the buckling mode. The computed 
buckling modes are found to match well with those listed in the available experimental data. A 
thermoviscoplastic constitutive relation is used to delineate the influence of material parameters on the buckling 
behavior. In the second part of the paper, the finite element method is used to analyze the collapse of an 
imperfect circular cylindrical tube with axial velocity prescribed at one of its flat end faces with the other end 
face kept fixed. The influence of initial randomly located imperfections on the buckling behavior is investigated 
and discussed. 
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ABSTRACT: Buckling of single-walled and multiwalled carbon nanotubes (SWNTs and MWNTs, 
respectively) due to axial compressive loads has been studied by molecular mechanics simulations, and results 
compared with those from the analysis of equivalent continuum structures using Euler buckling theory and the 
finite element method. It is found that a MWNT of large aspect ratio (length/diameter) buckles as a column with 
axial strain at buckling given reasonably well by the Euler buckling theory applied to the equivalent continuum 
structure. However, a MWNT of low aspect ratio buckles in shell wall buckling mode with the axial strain at 
buckling corresponding to the highest axial strain at buckling of one of its constituent SWNTs. A finite element 
model has been developed that simulates van der Waals forces by truss elements connecting nodes on adjacent 
walls of a MWNT; the axial strain at buckling from it is close to that obtained from the MM simulations but the 
two sets of mode shapes are different. 
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Structures, Vol. 44, No.10, October 2006, pp. 1039-1047, doi:10.1016/j.tws.2006.10.006 
ABSTRACT: Buckling of a simply supported three-layer circular cylindrical shell under axial compressive load 
is studied. The inner and outer layers of the shell are comprised of the same homogeneous and isotropic 
material, and the middle layer is made of an isotropic functionally graded (FG) material whose Young's 
modulus varies either affinely or parabolically in the thickness direction from its value for the material of the 
inner layer to that of the outer layer. The solution is expressed in terms of trigonometric functions that 
identically satisfy displacement type boundary conditions at the edges. Buckling loads for different values of the 
geometric parameters and the variation in material parameters of the middle layer are computed. Numerical 
results show that buckling modes are symmetric in the circumferential coordinate, and the buckling load 
decreases with an increase in the radius to thickness ratio, and increases with an increase in the average value of 
Young's modulus of the middle layer. The increase in the length to radius ratio has no effect on the buckling 
load, and it increases the axial wave number of the buckled shapes. 
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ABSTRACT: We use molecular statics simulations with the embedded atom method potential to delineate 
yielding (material instability) and buckling (structural instability) in gold nanowires deformed axially in 
compression. It is found that both local (stacking faults) and global instabilities occur when the gold nanowire 
yields but only global instabilities occur when the nanowire buckles. Furthermore strong surface effects reorient 
the lattice structure which significantly increases Young’s modulus in the axial direction and cause a nanowire 
of relatively small slenderness ratio (e.g., 14) to buckle. Upon complete unloading of the nanowires, the average 
axial stress and the total potential energy revert to their values in the reference configuration for the nanowires 
that buckled but not for the one that yielded.  
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“Relations between buckling loads of functionally graded Timoshenko and homogeneous Euler–Bernoulli 
beams”, Composite Structures, Vol. 95, pp. 5-9, 2013 
DOI: 10.1016/j.compstruct.2012.07.027 
ABSTRACT: Analytical relations between the critical buckling load of a functionally graded material (FGM) 
Timoshenko beam and that of the corresponding homogeneous Euler–Bernoulli beam subjected to axial 
compressive load have been derived for clamped–clamped (C–C), simply supported–simply supported (S–S) 
and clamped–free (C–F) edges. However, no such relation is found for clamped–simply supported (C–S) 
beams. For C–S beams, the transcendental equation has been derived to find the critical buckling load for the 
FGM Timoshenko beam which is similar to that for a homogeneous Euler–Bernoulli beam. For the FGM beams 
Young’s modulus, E, and Poisson’s ratio, m, are assumed to vary through the thickness. The significance of this 
work is that for the C–C, S–S and C–F FGM Timoshenko beams, the critical buckling load can be easily found 
from that of the corresponding homogeneous Euler–Bernoulli beam and two constants whose values depend 
upon the through-the-thickness variations of E and m. For the C–S FGM Timoshenko beam the transcendental 
equation for the determination of the critical buckling load is similar to that for the corresponding homogeneous 
Euler–Bernoulli beam. 
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W. Wojewódzki and P. Lewinski (Instytut Mechaniki Konstrukcji Inzynierskich, Politechnika Warszawska, 
Warsaw, Poland), “Viscoplastic axisymmetrical buckling of spherical shell impulse subjected to radial 
pressure”, Engineering Structures, Vol. 3, No. 3, July 1981, pp. 168-174, doi:10.1016/0141-0296(81)90025-0 
ABSTRACT: The solution of viscoplastic axisymmetrical buckling of a complete thin spherical shell subjected 
to radial pressure impulse is presented. Analytically, the problem is formulated as a superposition of small 
perturbations on the basic unperturbed motion. The amplitudes of perturbed motion are restricted to be so small 
that the homogeneous compressive deformation predominates over the local bending. This condition allows the 
constitutive equations to be linearized by the expansion into Taylor's series in the vicinity of unperturbed 
motion. As a result, a set of two linear partial differential equations of the fifth order is obtained for describing 
the perturbed motion of the shell. The functional coefficients of these equations are determined by the solution 
for the unperturbed motion. The governing set of equations is solved using the series of Legendre's functions. 
As a result, for the time-dependent amplitudes in the series, the set of two ordinary equations with variable 
coefficients is arrived at. It turns out that certain harmonics grow very rapidly and cause the shell to exhibit a 
characteristic wrinkled shape which is characterized by a critical mode number. This property of the amplitudes 
is used to determine the threshold impulse that a shell can tolerate without excessive deformation. The influence 
of the meridional displacement on the magnitude of radial displacement, buckling mode and critical impulse is 
investigated. Also, the influence of the viscosity and the initial imperfections of the geometry and loading is 
shown. The numerical results for a steel shell are presented diagrammatically. 
 
 
Miroslav Silhavy, “A direct approach to nonlinear shells with application to surface-substrate interactions”, 
Mathematics and Mechanics of Complex Systems, Vol. 1, No. 2, 2013, DOI: 10.2140/memocs.2013.1.211 



ABSTRACT: The paper develops a direct, intrinsic approach to the equilibrium equations of bodies coated by a 
thin film with a nonlinear shell like structure. The forms of the equations in the reference and actual 
configurations are considered. The equations are shown to coincide with those obtained by using coordinate 
systems on the film or on the thin shell.  
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ABSTRACT: The solution of viscoplastic buckling of a complete thin spherical shell subjected to impulse 
pressure is given. The nonlinear flow law is assumed and the influence of elevated temperature on the 
magnitude of displacements, buckling mode and threshold impulse is discussed. The special cases of bucking 
modes are also considered. The numerical results are presented diagrammatically for a steel shell loaded by a 
radial impulse. 
 
 



S. R. Bodner, M. Naveh and A. M. Merzer (Faculty of Mechanical Engineering, Technion—Israel Institute of 
Technology, Haifa 32000, Israel), “Deformation and buckling of axisymmetric viscoplastic shells under 
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1924, doi:10.1016/0020-7683(91)90185-I 
ABSTRACT: Viscoplastic material behavior could influence the inelastic collapse and buckling loads of shell 
structures due to the strain rate dependence of the flow stress and through pre-buckling creep deformations and 
inelastic unloading. An examination of these effects is performed by incorporating the unified elastic-
viscoplaslic constitutive equations of Bodner-Parton into the BOSOR-5 computer program of Bushnell for the 
deformation and buckling of axisymmetric shells subjected to both pressure and thermal loadings. The 
combined computer program enables consideration of both time-dependent geometrical and material effects on 
the pre-buckled state and the instability condition. In particular, the procedure enables the determination of a 
bifurcation-type lower bound on the buckling load A few numerical exercises were performed to illustrate the 
various effects, including that of temperature dependence of the viscoplastic properties. 
 
 
M. B. Rubin and S. R. Bodner (Faculty of Mechanical Engineering, Technion-Israel Institute of Technology, 
32000, Haifa, Israel), “An incremental elastic-viscoplastic theory indicating a reduced modulus for non-
proportional buckling”, International Journal of Solids and Structures, Vol. 32, No. 20, October 1995, pp. 2967-
2987, doi:10.1016/0020-7683(94)00302-D 
ABSTRACT: The small deformation elastic-viscoplastic constitutive equations of Bodner-Partom are modified 
to model strong non-proportional loading paths such as experienced in corner turning tests and certain cases of 
inelastic buckling. An essential generalization is made to the flow rule, causing the magnitude and direction of 
plastic strain rate to become an explicit function of deviatoric total strain rate as well as of stress and hardening 
variables. With this and other modifications, the equations indicate some of the important characteristics of the 
response to abrupt changes in the loading direction. These are: (a) a reduced effective shear modulus; (b) a 
transient drop in the effective stress; and (c) a transient non-coaxiality of the plastic strain rate relative to the 
deviatoric stress. Predictions of the modified theory compare reasonably well with experimental values for 
inelastic torsional buckling of axially compressed cruciform columns and for corner turning tests. 
 
 
S. R. Bodner (Faculty of Mechanical Engineering, Technion – Israel Institute of Technology, Haifa, Israel), “A 
lower bound on bifurcation buckling of viscoplastic structures”, Chapter in Advances in Dynamic Systems and 
Stability, Volume 3 of the series Acta Mechanica, pp 181-190, 1992 
ABSTRACT: The buckling of structures of elastic-viscoplastic materials is a stability problem that does not 
admit a realistic bifurcation formulation in the classical manner. In the absence of imperfections and inertial 
effects, the standard bifurcation criterion leads only to elastic buckling since an instantaneous jump in strain rate 
would develop at the critical condition. However, an expression for the “short time” inelastic tangent modulus 
at the pre-buckling strain rate can be developed from an appropriate incremental constitutive theory and this can 
be used in the quasi-static bifurcation buckling condition appropriate to the structure and loading. Such a 
buckling value can be interpreted as a lower bound on the actual instability condition. For the case of structures 
with initial imperfections, the calculation of local inelastic tangent moduli at the current state should lead to 
close correspondence between bifurcation and instability. Under creep conditions, the procedure gives 
approximate creep buckling times for both perfect and initially imperfect structures. For situations where the 
buckling mode generates abrupt changes in the multiaxial stress state, modifications to the reference 
constitutive theory are required to properly represent the governing physics. In this manner, the procedure 
seems capable of indicating buckling values consistent with test results without relying on a “deformation” type 
plasticity theory. 
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ABSTRACT: Large deformation behavior and post-buckling modes of single-walled carbon nanotubes are 
studied numerically by using traditional continuum shell theory and eigenvalue buckling methodology with 
elasticity parameters obtained by atomistic methods incorporated. Comparison with molecular mechanics and 
an atomistic-based continuum membrane method shows that the continuum shell theory is convenient and 
efficient in predicting the post-buckling behavior of the nanotubes subjected to axial compression, torsion and 
bend loads, providing that the elasticity parameters of the tube are obtained from atomistic theory. Higher-order 
buckling modes, which are difficult to be obtained by molecular mechanics, have been analyzed as well. 
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ABSTRACT: Buckling of nanotubes has been studied using many methods such as molecular dynamics (MD), 
molecular mechanics, and continuum-based shell theories. In MD, motion of the individual atoms is tracked 
under applied temperature and pressure, ensuring a reliable estimate of the material response. The response thus 
simulated varies for individual nanotubes and is only as accurate as the force field used to model the atomic 
interactions. On the other hand, there exists a rich literature on the understanding of continuum mechanics-
based shell theories. Based on the observations on the behavior of nanotubes, there have been a number of shell 
theory-based approaches to study the buckling of nanotubes. Although some of these methods yield a 
reasonable estimate of the buckling stress, investigation and comparison of buckled mode shapes obtained from 
continuum analysis and MD are sparse. Previous studies show that the direct application of shell theories to 
study nanotube buckling often leads to erroneous results. The present study reveals that a major source of this 
error can be attributed to the departure of the shape of the nanotube from a perfect cylindrical shell. Analogous 
to the shell buckling in the macro-scale, in this work, the nanotube is modeled as a thin-shell with initial 
imperfection. Then, a nonlinear buckling analysis is carried out using the Riks method. It is observed that this 
proposed approach yields significantly improved estimate of the buckling stress and mode shapes. It is also 
shown that the present method can account for the variation of buckling stress as a function of the temperature 
considered. Hence, this can prove to be a robust method for a continuum analysis of nanosystems taking in the 
effect of variation of temperature as well. 
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Bodner S. R. And Rubin M. B. (Technion-Israel Institute of Technology, 32000 Haifa, Israel), “Modeling the 
buckling of axially compressed elastic cylindrical shells”, AIAA Journal, Vol. 43, No. 1, 2005, pp. 103-110, 
doi: 214, 35400012650009.0090 
ABSTRACT: This exercise is intended to provide a direct correlation between the axial compressive buckling 
of elastic thin-walled cylinders and the response of a mechanical model that exhibits a peak load at large 
deformation. The model is similar, but more general, to those used by Budiansky and Hutchinson and by 
Kounadis and associates to illustrate dynamic buckling behavior of imperfection sensitive nonlinear systems. 
Here, an empirical relation between observed static shell buckling loads and the shell geometry is used to 
characterize the restraining spring parameter of the model. The resulting model indicates realistic imperfection 
sensitivity of the load-deflection relation and, as a good physical analogy, provides insight into the shell 
buckling mechanism. Specifically, from the perspective of the model, shell buckling is viewed as a local event 
governed by shallow arch-like behavior where the extent of the arch depends on the shell geometry. This 
implies that the specific geometry of local axial imperfections of the shell (out of straightness) might be more 
important than that of circumferential imperfections (out of roundness) for shell buckling under axial loading. 
Moreover, use of an imperfection slope factor rather than an imperfection displacement term might be more 
suitable for actual shells in some cases. In addition, the model analogy indicates that the buckling (peak) load 
also depends on the shell geometry and that the bifurcation load serves only as a reference value. A comparison 
is made to Koiter's approximate formula for axially compressed isotropic shells. 
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“Torsional buckling of a double-walled carbon nanotube embedded in an elastic medium”, European Journal of 
Mechanics – A/Solids, Vol. 22, No. 6, pp 875-883, November-December 2003,  
DOI: 10.1016/j.euromechsol.2003.07.001 
ABSTRACT: The torsional buckling of a double-walled carbon nanotube embedded in an elastic medium is 
studied in this paper. The effects of surrounding elastic medium and van der Waals forces between the inner and 
outer nanotubes are taken into account. Using continuum mechanics, an elastic double-shell model is presented 
for the torsional buckling of a double-walled carbon nanotube. Based on the model, a condition is derived in 
terms of the buckling modes of the shell and the parameters describing the effect of van der Waals interaction 
and surrounding elastic medium. A simplified analysis is also carried out estimate the critical torque for 
torsional buckling of the double-walled carbon nanotube. 
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ABSTRACT: (cannot easily cut and paste) 
 
 
Wang, C. Y., Ru, C. Q., & Mioduchowski, A. (Department of Mechanical Engineering, University of Alberta, 
Edmonton, Canada T6G 2G8), “Orthotropic elastic shell model for buckling of microtubules”, Physical Review 
E - Statistical, Nonlinear and Soft Matter Physics, 74(5 Pt 1), 052901, 2006, doi: 10.1103/PhysRevE.74.052901 
ABSTRACT: In view of the fact that microtubules exhibit strong anisotropic elastic properties, an orthotropic 
elastic shell model for microtubules is developed to study buckling behavior of microtubules. The predicted 
critical pressure is found to agree well with recent unexplained experimental data on pressure-induced buckling 
of microtubules [Needleman et al., Phys. Rev. Lett. 93, 198104 (2004); Biophys. J. 89, 3410 (2005)] which are 
lower than that predicted by the isotropic shell model by four orders of magnitude. General buckling behavior 
of microtubules under axial compression or radial pressure is studied. The results show that the isotropic shell 
model greatly overestimates the bucking loads of microtubules, except columnlike axially compressed buckling 
of long microtubules (of length-to-diameter ratio larger than, say, 150). In particular, the present results also 
offer a plausible explanation for the length dependency of flexibility of microtubules reported in the literature. 
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doi: 10.1088/0964-1726/14/1/029 
ABSTRACT: This paper presents the research on the stability analysis of carbon nanotubes (CNTs) via elastic 
continuum beam and shell models. The estimation of the flexural stiffness of a single-walled nanotube (SWNT) 
via the elastic beam model is proposed based on the postulate analyzed and provided in the paper. The 
validation of the stiffness is conducted with the ab initio calculations of the vibration of a SWNT. Based on the 
stiffness proposed, the stability analysis of CNTs is further conducted and validated with the well-cited research 
results by Yakobson and his collaborators. In addition, more predictions of various buckling phenomena of 
carbon nanotubes by beam and shell models are provided and studied. Finally, the kink phenomenon in a 
SWNT under pure bending is discussed via the continuum model. It is hoped that this paper will pave the way 
toward a better understanding of the application of continuum models in the stability and dynamics analysis of 
carbon nanotubes. 
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“Small scale effect on elastic buckling of carbon nanotubes with nonlocal continuum models”, Physics Letters 
A, Vol. 357, No. 2, September 2006, pp. 130-135, doi:10.1016/j.physleta.2006.04.026 
ABSTRACT: Nonlocal elastic beam and shell models are developed and applied to investigate the small scale 
effect on buckling analysis of carbon nanotubes (CNTs) under compression. General and explicit solutions are 
derived and expressed in terms of the solutions via local or classical elastic models, in which the scale effect is 
not accounted, to reveal the small scale effect on CNTs buckling results. The dependence of the scale effect 
with respect to the length, radius, and buckling modes of CNTs is clearly established and observed from the 
universal solutions derived in the manuscript. It is clearly seen from the results that the buckling solutions for 
CNTs via local continuum mechanics are overestimated and hence the scale effect is indispensable in providing 
more accurate results for mechanical behaviors of CNTs via continuum mechanics. 
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“Torsional buckling of carbon nanotubes”, Physics Letters A, Vol. 367, Nos. 1-2, July 2007, pp.135-139, 
doi:10.1016/j.physleta.2007.02.099 
ABSTRACT: Continuum mechanics models for the torsional buckling of carbon nanotubes (CNTs) are 
developed in the Letter. The applicability of these models is investigated for CNTs with different aspect ratios. 
In particular, molecular dynamics simulations are conducted to verify the feasibility of the models for 
moderately long CNTs. 
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Manitoba R3T 5V6, Canada), “Instability analysis of double-walled carbon nanotubes subjected to axial 
compression”, Journal of Applied Physics, Vol. 104, No. 3, 2008, pp. 036102-036102-3,  
doi: 10.1063/1.2955740 
ABSTRACT: The buckling of short double-walled carbon nanotubes subjected to compression is investigated 
through molecular dynamics in the paper. The inner wall is discovered to have helically aligned buckling mode 
while the outer wall is reported to have shell buckling mode with kinks. Such buckling modes are attributed to 
the interaction of the two walls via the van der Waals effect. In addition, a buckling strain higher than the 
buckling strains of two constituent inner and outer walls is found in the double-walled tube within a certain size 
range. The causes for such a phenomenon are analyzed and discussed. 
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“Small-scale effect on torsional buckling of multi-walled carbon nanotubes”, European Journal of Mechanics 
A/Solids, Vol. 29, pp 49-55, 2010 
ABSTRACT: The small-scale effect on the torsional buckling of multi-walled carbon nanotubes coupled with 
temperature change is investigated in this paper. A nonlocal multiple-shell model for the multi-walled carbon 
nanotubes surrounded an elastic medium under torsional and thermal loads is established, and then general 
solutions are obtained from the governing equations. The influence of the nonlocal effect on critical shear force 
and change in temperature is investigated. It is demonstrated that the critical shear force could be overestimated 
by the classical continuum theory and the nonlocal effect on critical buckling force decreases as the change in 
temperature increases at room or low temperature but increases as the change in temperature increases at higher 
temperature. Meanwhile, the effect of small size-scale is dependent on the buckling mode under different 
thermal environments. It is also shown that the innermost radius and the number of layer can affect the small-
scale effect on critical change in temperature and buckling shear force. When the ratio of tube length and 
outmost radius are given, the critical shear force in each layer decreases and the nonlocal effect on the critical 
shear force becomes weaker as the innermost radius and the layer number increase.  
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Zhang, C. L. and Shen, H. S., “Buckling and postbuckling analysis of single-walled carbon nanotubes in 
thermal environments via molecular dynamics simulation”, Carbon, 44(13), 2608-2616, 2006 
ABSTRACT: Buckling and postbuckling analysis of single-walled carbon nanotubes (SWCNTs) with (n,n)- 
and (n,0)-helicity, when acted upon by the destabilizing loads of axial compression, torsion and external 
pressure, is presented by using molecular dynamics simulation. Based on the interatomic interactions given by 
Brenner and Lennard–Jones potentials, the molecular dynamics method is used to determine the postbuckling 
equilibrium paths as well as the variation of strain energy. Temperature changes and van der Waals interaction 
forces between the opposite walls of SWCNTs are both taken into account. Comprehensive numerical results 
for armchair (12,12)- and zigzag (21,0)-tubes are presented. The results reveal that the effect of van der Waals 
interactions on the postbuckling behavior of SWCNTs under axial compression can be negligible, while the 
additional van der Waals forces will affect the postbuckling equilibrium paths of SWCNTs under torsion and 
external pressure when the deformation of the tube is sufficiently large. The results also show that the 
temperature change has a significant effect on the postbuckling response of SWCNTs under axial compression, 
but it has a small effect in the loading case of torsion. In contrast, it only has a less effect on the postbuckling 
response of SWCNTs under external pressure. 
 
 
A.R. Ranjbartoreh, A. Ghorbanpour and B. Soltani (Department of Mechanical Engineering, University of 
Kashan, Ghotb Ravandi Avenue, Kashan, 87317-51167, Iran), “Double-walled carbon nanotube with 
surrounding elastic medium under axial pressure”, Physica E: Low-dimensional Systems and Nanostructures, 
Vol. 39, No. 2, September 2007, pp. 230-239, doi:10.1016/j.physe.2007.04.010 
ABSTRACT: In this paper, the buckling behavior and critical axial pressure of double-walled carbon nanotubes 
(DWCNTs) with surrounding elastic medium are investigated. A double-shell (circular cylindrical shell) model 
is presented and the effects of surrounding elastic medium on the outer tube and the van der Waals forces 
between two adjacent tubes are taken into account. The analysis and the numerical solution method are based on 
the classical theory of plates and shells and the Galerkin method. Equations are derived for the critical axial 
forces and pressures of DWCNTs; the critical axial forces and pressures are calculated for different axial half 
sine wavenumbers and circumferential sine wavenumbers and compared with those for single-walled carbon 



nanotubes (SWCNTs). Results indicate that the critical axial force of a DWCNT is higher than that of an 
SWCNT, but the critical axial pressure of a DWCNT is lower than the critical axial pressure of a SWCNT. 
Although the critical axial force of a DWCNT decreases as the axial half sine wavenumbers increase, it rises as 
the circumferential sine wavenumbers increase. 
 
 
A. Ghorbanpour Arani, R. Rahmani and A. Arefmanesh (Department of Mechanical Engineering, Faculty of 
Engineering, University of Kashan, Kashan, I.R., Iran), “Elastic buckling analysis of single-walled carbon 
nanotube under combined loading by using the ANSYS software”, Physica E: Low-dimensional Systems and 
Nanostructures, Vol. 40, No. 7, May 2008, pp. 2390-2395, Special Issue: Proceedings of the E-MRS 2007 
Symposia L and M: Electron Transport in Low-Dimensional Carbon Structures and Science and Technology of 
Nanotubes and Nanowires, doi:10.1016/j.physe.2007.11.011 
ABSTRACT: This paper studies the pure axially compressed buckling and combined loading effects of a 
cylindrical shell and an individual single-walled carbon nanotube (SWCNT). The results of finite element (FE) 
simulations of SWCNT using the ANSYS software are presented, and are compared with the classical (local) 
and continuum (nonlocal) mechanical theories. Critical axial stress and deflections are calculated for all the 
cases. Two types of buckling are considered in this study, namely, the shell buckling which depends on the 
radius-to-thickness ratio, and the column buckling which is controlled by the length-to-diameter ratio. 
 
 
Ghorbanpour Arani A., Rahmani R., Arefmanesh A., Golabi S. (Department of Mechanical Engineering, 
Faculty of Engineering, University of Kashan, Kashan, I.R. of Iran), “Buckling analysis of multi-walled carbon 
nanotubes under combined loading considering the effect of small length scale”, Journal of Mechanical Science 
and Technology, Vol. 22, No. 3, 2008, pp. 429-439, doi: 10.1007/s12206-007-1045-2 
ABSTRACT: The torsional and axially compressed buckling of an individual embedded multi-walled carbon 
nanotube (MWNTs) subjected to an internal and/or external radial pressure was investigated in this study. The 
emphasis is placed on new physical phenomena which are due to both the small length scale and the 
surrounding elastic medium. Multiwall carbon nanotubes which are considered in this study are classified into 
three categories based on the radius to thickness ratio, namely, thin, thick, and almost solid. Explicit formulas 
are derived for the van der Waals (vdW) interaction between any two layers of an MWNT based on the 
continuum cylindrical shell model. In most of the previous studies, the vdW interaction between two adjacent 
layers was considered only and the vdW interaction among other layers was neglected. Moreover, in these 
works, the vdW interaction coefficient was treated as a constant that was independent of the radii of the tubes. 
However, in the present model the vdW interaction coefficients are considered to be dependent on the change of 
interlayer spacing and the radii of the tubes. The effect of the small length scale is also considered in the present 
formulation. The results show that there is a unique buckling mode (m,n) corresponding to the critical shear 
stress. This result is obviously different from what is expected for the pure axially compressed buckling of an 
individual multi-walled carbon nanotube. 
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“Assessment of continuum mechanics models in predicting buckling strains of single-walled carbon 
nanotubes”, Nanotechnology Vol. 20, No. 39, 2009, 395707,  doi: 10.1088/0957-4484/20/39/395707 
ABSTRACT: This paper presents an assessment of continuum mechanics (beam and cylindrical shell) models 
in the prediction of critical buckling strains of axially loaded single-walled carbon nanotubes (SWCNTs). 
Molecular dynamics (MD) simulation results for SWCNTs with various aspect (length-to-diameter) ratios and 
diameters will be used as the reference solutions for this assessment exercise. From MD simulations, two 
distinct buckling modes are observed, i.e. the shell-type buckling mode, when the aspect ratios are small, and 
the beam-type mode, when the aspect ratios are large. For moderate aspect ratios, the SWCNTs buckle in a 
mixed beam–shell mode. Therefore one chooses either the beam or the shell model depending on the aspect 
ratio of the carbon nanotubes (CNTs). It will be shown herein that for SWCNTs with long aspect ratios, the 
local Euler beam results are comparable to MD simulation results carried out at room temperature. However, 
when the SWCNTs have moderate aspect ratios, it is necessary to use the more refined nonlocal beam theory or 
the Timoshenko beam model for a better prediction of the critical strain. For short SWCNTs with large 
diameters, the nonlocal shell model with the appropriate small length scale parameter can provide critical strains 
that are in good agreement with MD results. However, for short SWCNTs with small diameters, more work has 
to be done to refine the nonlocal cylindrical shell model for better prediction of critical strains. 
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A. Ghorbanpour Arani, M. Shokravi, M. Mohammadimehr (Department of Mechanical Engineering, University 
of Kashan, Ravand, Kashan, Iran (A. Ghorbanpour Arani).), “Buckling Analysis of a Double-Walled Carbon 
Nanotube Embedded in an Elastic Medium Using the Energy Method”, Archive of SID, Journal of Solid 
Mechanics Vol. 1, No. 4 (2009) pp. 289-299 
ABSTRACT: The axially compressed buckling of a double-walled carbon nanotabe surrounded by an elastic 
medium using the energy and the Rayleigh-Ritz methods is investigated in this paper. In this research, based on 
the elastic shell models at nano scale, the effects of the van der Waals forces between the inner and the outer 
tubes, the small scale and the surrounding elastic medium on the critical buckling load are considered. Normal 
stresses at the outer tube medium interface are also included in the current analysis. An expression is derived 
relating the external pressure to the buckling mode number, from which the critical pressure can be obtained. It 
is seen from the results that the critical pressure is dependent on the outer radius to thickness ratio, the material 
parameters of the surrounding elastic medium such as Young’s modulus and Poisson’s ratio. Moreover, it is 
shown that the critical pressure descend very quickly with increasing the half axial wave numbers. 
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Faramarz Ashenai Ghasemi, Sedigh Raissi and Keramat Malekzadehfard, “Analytical and mathematical 
modeling and optimization of fiber metal laminates (FMLs) subjected to low-velocity impact via combined 
response surface regression and zero-one programming:, Latin American Journal of Solids and Structures, Vol. 
10, pp 391-408, 2013 
ABSTRACT: (FMLs) subjected to low-velocity impact. The deflection to thickness (w/h) ratio has been 
identified through the governing equations of the plate that are solved using the first-order shear deformation 
theory as well as the Fourier series method. With the help of a two degrees-of-freedom system, consisting of 
springs-masses, and the Choi’s linearized Hertzian contact model the interaction between the impactor and the 
plate is modeled. Thirty-one experiments are con- ducted on samples of different layer sequences and volume 
fractions of Al plies in the composite Structures. A reliable fitness function in the form of a strict linear 
mathematical function constructed. Using an ordinary least square method, response regression coefficients 
estimated and a zero-one programming technique proposed to op- timize the FML plate behavior subjected to 
any technological or cost restrictions. The results indicated that FML plate behavior is highly affected by layer 
sequences and volume fractions of Al plies. The results also showed that, embedding Al plies at outer layers of 
the structure significantly results in a better response of the structure under low-velocity impact, instead of 
embedding them in the middle or middle and outer layers of the structure.  
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“Vibration analysis of multi-walled carbon nanotubes embedded in elastic medium”, Frontiers of Structural and 
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ABSTRACT: We propose a method to estimate the natural frequencies of the multi-walled carbon nanotubes 
(MWCNTs) embedded in an elastic medium. Each of the nested tubes is treated as an individual bar interacting 
with the adjacent nanotubes through the inter-tube Van der Waals forces. The effect of the elastic medium is 
introduced through an elastic model. The mathematical model is finally reduced to an eigen value problem and 
the eigen value problem is solved to arrive at the inter-tube resonances of the MWCNTs. Variation of the 
natural frequencies with different parameters are studied. The estimated results from the present method are 
compared with the literature and results are observed to be in close agreement. 
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“Torsional buckling of a DWCNT embedded on winkler and pasternak foundations using nonlocal theory”, 
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0331-6 
ABSTRACT: The small-scale effect on the torsional buckling of a double-walled carbon nanotube (DWCNT) 
embedded on Winkler and Pasternak foundations is investigated in this study using the theory of nonlocal 
elasticity. The effects of the surrounding elastic medium, such as the spring constant of the Winkler type and the 
shear constant of the Pasternak type, as well as the van der Waals (vdW) forces between the inner and the outer 
nanotubes are taken into account. Finally, based on the theory of nonlocal elasticity and by employing the 
continuum models, an elastic double-shell model is presented for the nonlocal torsional buckling load of a 
DWCNT. It is seen from the results that the shear constant of the Pasternak type increases the nonlocal critical 
torsional buckling load, while the difference between the presence and the absence of the shear constant of the 
Pasternak type becomes large. It is shown that the nonlocal critical buckling load is lower than the local critical 
buckling load. Moreover, a simplified analysis is carried out to estimate the nonlocal critical torque for the 
torsional buckling of a DWCNT. 
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ABSTRACT: In this article, the buckling analysis of a double-walled carbon nanotube (DWCNT) subjected to a 
uniform internal pressure in a thermal field is investigated. The effects of the temperature change, the 
surrounding elastic medium based on the Winkler model, and the van der Waals forces between the inner and 
the outer tubes are considered using the continuum cylindrical shell model. The small-length scale effect is also 
included in the present formulation. The results show that there is a unique buckling mode corresponding to 
each critical buckling load. Moreover, it is shown that the non-local critical buckling load is lower than the local 
critical buckling load. It is concluded that, at low temperatures, the critical buckling load for the infinitesimal 
buckling of a DWCNT increases as the magnitude of temperature change increases whereas at high 
temperatures, the critical buckling load decreases with the increasing of the temperature. 
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ABSTRACT: In this paper, an elastic shell model is presented for postbuckling prediction of a long thin-walled 
cylindrical shell under axial compression. The Ritz method is applied to solve the governing equilibrium 
equation of a cylindrical shell model based on the von-Karman type nonlinear differential equations. The 
postbuckling equilibrium path is obtained using the energy method for a long thin-walled cylindrical shell. 



Furthermore, the postbuckling relationship between the axial stress and end-shortening is investigated with 
different geometric parameters. Also, this theory is used for postbuckling analysis of a single-walled carbon 
nanotube without considering the small scale effects. Numerical results reveal that the single-walled carbon 
nanotube under axial compression has an unstable postbuckling behavior. 
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ABSTRACT: Thermoelastic buckling behavior of thick rectangular plate made of functionally graded materials 
is investigated in this article. The material properties of the plate are assumed to vary continuously through the 
thickness of the plate according to a power-law distribution. Three types of thermal loading as uniform 
temperature raise, nonlinear and linear temperature distribution through the thickness of plate are considered. 
The coupled governing stability equations are derived based on the Reddy’s higher-order shear deformation 
plate theory using the energy method. The resulted stability equations are decoupled and solved analytically for 
the functionally graded rectangular plates with two opposite edges simply supported subjected to different types 
of thermal loading. A comparison of the present results with those available in the literature is carried out to 
establish the accuracy of the presented analytical method. The influences of power of functionally graded 
material, plate thickness, aspect ratio, thermal loading conditions and boundary conditions on the critical 
buckling temperature of aluminum/alumina functionally graded rectangular plates are investigated and 
discussed in detail. The critical buckling temperatures of thick functionally graded rectangular plates with 
various boundary conditions are reported for the first time and can be served as benchmark results for 
researchers to validate their numerical and analytical methods in the future. 
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ABSTRACT: In this paper, the dynamic stability of single- and double-walled carbon nanotubes (SWCNT and 
DWCNT) under dynamic axial loading is investigated using the continuum mechanics model and the minimum 
total energy method. The natural frequencies of the SWCNT and the critical dynamic axial load of the SWCNT 
and DWCNT are obtained using the Rayleigh-Ritz method. The effects of the elastic medium and the van der 
Waals forces between the two layers in the DWCNT are taken into account using the Winkler model and 
Lennard-Jones theory, respectively. The effect of the small length scale is also considered using the Eringen 
Model. The critical dynamic axial load is increased by inserting an inner carbon nanotube (CNT) into an 
isolated CNT embedded in an elastic medium. 
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ABSTRACT: Buckling analysis of laminated composite beams with piezoelectric layers subjected to thermal 
loading and constant voltage is studied. The material properties are assumed to be homogeneous in any layer 
through the beam thickness. The first-order beam theory and nonlinear strain-displacement relation are used to 
obtain the governing equations of the composite beam. The beam is assumed under uniform type of thermal 
loading and various types of boundary conditions. For each case of boundary conditions, closed-form solutions 
are obtained. The effects of the applied actuator voltage, beam geometry, and boundary conditions on the 
buckling temperature are investigated. 
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ABSTRACT: Using principle of minimum total potential energy approach in conjunction with Rayleigh-Ritz 
method, the electro-thermo-mechanical axial buckling behavior of piezoelectric polymeric cylindrical shell 
reinforced with double-walled boron-nitride nanotube (DWBNNT) is investigated. Coupling between electrical 
and mechanical fields are considered according to a representative volume element (RVE)-based 
micromechanical model. This study indicates how buckling resistance of composite cylindrical shell may vary 
by applying thermal and electrical loads. Applying the reverse voltage or decreasing the temperature, also, 
increases the critical axial buckling load. This work showed that the piezoelectric BNNT generally enhances the 
buckling resistance of the composite cylindrical shell. 
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ABSTRACT: This paper investigates the effect of partially filled foam core on the behavior of buckling in a 
thin-walled cylindrical shell. Previous studies have focused on 100% infill or simply used a fixed thickness of 
foam core. However, this may not be the optimum arrangement in terms of design. To further investigate this, a 
theoretical analysis is carried out using the Rayleigh–Ritz approximation, and a new formula is proposed to 
predict the critical buckling stress of an infill ranging from 0% up to 100% rigid. The proposed formula agrees 
well with works reported in the literature. It also shows that filling a foam core in a thin-walled cylindrical shell 
can enhance its resistance to buckling failure. Meanwhile, a simplified formula is provided to the practicing 
engineer. The paper concludes that an excessive increase in foam core thickness beyond 10% of outer radius is 
inefficient due to extra cost and weight. 
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ABSTRACT: Using principle of minimum total potential energy approach in conjunction with Rayleigh-Ritz 
method, the electro-thermo-mechanical axial buckling behavior of piezoelectric polymeric cylindrical shell 
reinforced with double-walled boron-nitride nanotube (DWBNNT) is investigated. Coupling between electrical 
and mechanical fields are considered according to a representative volume element (RVE)-based 
micromechanical model. This study indicates how buckling resistance of composite cylindrical shell may vary 
by applying thermal and electrical loads. Also, applying the reverse voltage or decreasing the temperature, 
increases the critical axial buckling load. This work showed that the piezoelectric BNNT enhances on the whole 
the buckling resistance of the composite cylindrical shell. 
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ABSTRACT: Using harmonic differential quadrature (HDQ) method, nonlinear vibrations and instability of a 
smart composite cylindrical shell made from piezoelectric polymer of polyvinylidene fluoride (PVDF) 
reinforced with boron nitride nanotubes (BNNTs) are investigated while clamped at both ends and subjected to 
combined electro-thermo-mechanical loads and conveying a viscous-fluid. The mathematical modeling of the 
cylindrical shell and the resulting nonlinear coupling governing equations between mechanical and electrical 
fields are derived using Hamilton’s principle based on the first-order shear deformation theory (FSDT) in 
conjunction with the Donnell's non-linear shallow shell theory. The governing equations are discretized via 
HDQ method, and solved to obtain the resonant frequencies and critical flow velocities associated with 
divergence and flutter instabilities as well as re-stabilization of the system. Results indicate that the internal 
moving fluid plays an important role in the instability of the cylindrical shell. Application of a smart material 
such as PVDF improves significantly the stability and vibration of the system.  
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University, Khomein, Iran), “Magneto-thermo nonlinear vibration analysis of pipes reinforced with CNTs”, 
International Journal of Advanced and Applied Sciences, Vol. 2, No. 11, pp 47-55, 2015 
http://www.science‐gate.com/IJAAS.html  
ABSTRACT: Nonlinear vibration of embedded polymeric pipes reinforced with single- walled carbon 
nanotubes (SWCNTs) is investigated in the present work. The classical cylindrical shell theory is used for 
mathematical modeling of structure. The pipe is subjected to thermal and magnetic loads. The surrounding 
elastic foundation is simulated with spring constant of Winkler-type and shear constant of Pasternak-type. Mori-
Tanaka model is applied in order to obtain the characteristics of the equivalent composite. Based on energy 
method and Hamilton's principal, the motion equations are derived and solved numerically for calculating the 
nonlinear frequency utilizing the differential quadrature method (DQM). The effects of different parameters 
such as volume percent of SWCNTs, geometrical parameters of shell and elastic foundation on the vibration of 
pipe are investigated. Results showed that with increasing the volume percent of SWCNTs in pipe, the 
frequency of structure increases.  
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“Two-dimensional models for geometrically nonlinear thin piezoelectric shells”, Asymptotic Analysis, Vol. 31, 
No. 2, pp 113-151, 2002 



ABSTRACT: In this paper, we apply the asymptotic analysis to thin piezoelectric shells in the framework of 
geometrically exact formulation. The formal mathematical approach used here is based neither on geometrical 
nor on mechanical assumptions and rigorously justifies the limiting constitutive nonlinear-two-dimensional 
equations. More precisely, we formally obtain two-dimensional membrane and flexural models written on the 
middle surface of the shell. We show that the coupling between the limit displacement field and the limit 
electric potential inherent to piezoelectricity appears in the membrane model but not in the flexural model. 
Finally, we suggest a “full” new model for piezoelectric shells using membrane and flexural effects. 
 
 
Zenon Rychter  (Politechnika Bialostocka), “Nonlinear equations of shells of slowly varying curvatures”, 
Meckanika Teoretyczna I Stosowana, Vol. 2, No. 26, 1988 
PARTIAL INTRODUCTION: This paper aims at extending the range of applicability of the now classic 
equations of quasi-shallow shells. To this end, the condition of quasi-shallowness is replaced by the weaker 
assumption of slow variation of curvatures over the middle surface — an assumption first proposed by Duddeck 
[4] in the context of linear theory and then exploited by Łukasiewicz (see [5]) in a series of papers concerning 
both linear and nonlinear shell problems. We borrow from Duddeck his refined expression for membrane forces 
in terms of a strain function which, contrary to quasi-shallow shells, takes account of the Gaussian curvature. 
The second of Duddeck's variables, the normal deflection of the midsurface, turns out to be unsuitable for the 
intended here displacement-free theory and is not used. Instead, we express the bending strains through a strain 
function, finding the appropriate formula from Duddeck's stress function by noting a static-geometric analogy 
between membrane forces and bending strains. Compared with Koiter's [1] strain function ("curvature function" 
in his terminology), our new formula is only slightly more complicated…. 
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“A nonlinear theory for shells with slowly varying thickness”, (Publisher/date not given in the pdf file. The 
most recent date cited is 2006 or 2008) 
ABSTRACT: We study the Γ-limit of 3d nonlinear elasticity for shells of small, variable thickness, around an 
arbitrary smooth 2d surface.  
INTRODUCTION: The following question receives large attention in the current literature on elasticity [1]: 
which theories of thin objects (rods, plates, shells) are predicted by the 3d nonlinear theory? For plates, this 



problem has been extensively studied through Γ-convergence; first by LeDret and Raoult [5], leading to a 
rigorous derivation of the membrane theory, and later by Friesecke, James and Mueller [4], for the Kirchhoff, 
von Karman and linear theories. In this framework, much less has been done for shells. The membrane and the 
bending theories were obtained in [6] and [2], respectively. More recently, the generalized von Karman and 
linear theories have been rigorously introduced and justified by the authors in [7]. In this paper, we present 
these last new results, in an extended version for shells with variable thickness and mid-surface.  
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M. Lewicka, M.G. Mora, M.R. Pakzad, Shell theories arising as low energy Γ-limit of 3d �nonlinear elasticity, 
after 2006 � 
ABSTRACT: We discuss the limiting behavior (using the notion of Γ-limit) of the 3d nonlinear elasticity for 
thin shells around an arbitrary smooth 2d surface. In particular, under the assumption that the elastic energy of 
deformations scales like h4, h being the thickness of a shell, we derive a limiting theory which is a 
generalization of the von K �arm �an theory for plates. 
 
 
Marta Lewicka (Dept. of Mathematics, University of Minnesota, Minneapolis), “A note on convergence of low 
energy critical points of nonlinear elasticity functionals, for thin shells of arbitrary geometry”, ESAIM: Control, 
Optimization and Calculus of Variations, Vol. 17, No. 2, pp 493-505, 2011, DOI: 10.1051/cocv/2010002  
ABSTRACT: We prove that the critical points of the 3d nonlinear elasticity functional on shells of small 
thickness h and around the mid-surface S of arbitrary geometry, converge as h & 0 to the critical points of the 
von Kármán functional on S, recently proposed in [Lewicka et al., Ann. Scuola Norm. Sup. Pisa Cl. Sci. (to 
appear)]. This result extends the statement in [Müller and Pakzad, Comm. Part. Differ. Equ.33 (2008) 1018–
1032], derived for the case of plates when S ⊂ ℝ 2 . The convergence holds provided the elastic energies of the 
3d deformations scale like h^4 and the external body forces scale like h^3. 
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ABSTRACT: We use a variational convergence method to study the consistency of various Cosserat hypotheses 
in shell theory with the limit nonlinear membrane model derived from three-dimensional elasticity. In the 
course of the analysis, we introduce a generalization of quasiconvexity that is suitable for problems of the 
calculus of variations with two vectorial unknowns, one of which appears through its gradient, the other one 
through its value, in a weak W1,p × Lp framework.  
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J.-J. Li and C.-J. Cheng (Department of Mechanics, Shanghai Institute of Applied Mathematics and Mechanics, 
Shanghai University, Shanghai, 200072, P.R. China), “Differential quadrature method for analyzing nonlinear 
dynamic characteristics of viscoelastic plates with shear effects”, Nonlinear Dynamics, Vol. 61, No. 1, pp 57-
70, July 2010 
ABSTRACT: The integro-partial differential equations governing the dynamic behavior of viscoelastic plates 
taking account of higher-order shear effects and finite deformations are presented. From the matrix formulas of 
differential quadrature, the special matrix product and the domain decoupled technique presented in this work, 
the nonlinear governing equations are converted into an explicit matrix form in the spatial domain. The dynamic 
behaviors of viscoelastic plates are numerically analyzed by introducing new variables in the time domain. The 
methods in nonlinear dynamics are synthetically applied to reveal plenty and complex dynamical phenomena of 
viscoelastic plates. The numerical convergence and comparison studies are carried out to validate the present 
solutions. At the same time, the influences of load and material parameters on dynamic behaviors are 
investigated. One can see that the system will enter into the chaotic state with a paroxysm form or quasi-
periodic bifurcation with changing of parameters. 
References listed at the end of the paper: 
1. Cederbaum, G., Aboudi, J., Elishakoff, I.: Dynamic instability of shear-deformable viscoelastic laminated plates by Lyapunov 
exponents. Int. J. Solids Struct. 28(3), 317–327 (1991)  
2. Touati, D., Cederbaum, G.: Dynamic stability of nonlinear viscoelastic plates. Int. J. Solids Struct. 31(17), 2367–2376 (1994)  
3. Touati, D., Cederbaum, G.: Influence of large deflections on the dynamic stability of nonlinear viscoelastic plates. Acta Mech. 113, 
215–231 (1995)  
4. Cheng, C.J., Zhang, N.H.: Variational principles on static-dynamic analysis of viscoelastic thin plates with applications. Int. J. 
Solids Struct. 35(33), 4491–4505 (1998)  
5. Zhang, N.H., Cheng, C.J.: Non-linear mathematical model of viscoelastic thin plates with its applications. Comput. Meth. Appl. 
Mech. Eng. 165(4), 307–319 (1998)  
6. Zhang, N.H., Cheng, C.J.: Two-mode Galerkin approach in dynamic stability. Appl. Math. Mech. 24(3), 247–255 (2003)  
7. Sheng, D.F., Cheng, C.J.: Dynamical behaviors of nonlinear viscoelastic thick plates with damage. Int. J. Solids Struct. 41, 7287–
7308 (2004)  
8. Bert, C.W., Malik, M.: Differential quadrature method in computational mechanics: a review. Appl. Mech. Rev. 49, 1–28 (1996)  
9. Bert, C.W., Wang, X., Striz, A.G.: Differential quadrature for static and free vibrational analyses of anisotropic plates. Int. J. Solids 
Struct. 30, 1737–1744 (1993)  
10. Wang, X., Bert, C.W.: A new approach in applying differential quadrature to static and free vibrational analyses of beams and 
plates. J. Sound Vib. 162, 566–572 (1993)  
11. Wang, X., Bert, C.W.: Differential quadrature analysis of deflection, buckling and free vibrations of beams and rectangular plates. 
Comput. Struct. 48, 473–479 (1993)  
12. Chen, W.: Differential quadrature method and its applications in engineering. Ph.D. dissertation, Shanghai Jiao Tong University, 
China (1996)  
13. Chen, W., Shu, C., He, W., Zhong, T.: The applications of special matrix products to differential quadrature solution of 
geometrically nonlinear bending of orthotropic rectangular plates. Comput. Struct. 74, 65–76 (2000)  
14. Liew, K.M., Han, J.B., Xiao, Z.M.: Differential quadrature method for thick symmetric cross-ply laminates with first-order shear 
flexibility. Int. J. Solids Struct. 33, 2647–2658 (1996)  
15. Han, J.B., Liew, K.M.: An eight-node curvilinear differential quadrature formulation for Reissner/Mindlin plates. Comput. Meth. 
Appl. Mech. Eng. 141, 265–280 (1997)  
16. Liew, K.M., Teo, T.M., Han, J.B.: Comparative accuracy of DQ and HDQ methods for three-dimensional vibration analysis of 
rectangular plates. Int. J. Num. Meth. Eng. 45, 1831–1848 (1999)  
17. Teo, T.M., Liew, K.M.: Three-dimensional elasticity solutions to some orthotropic plate problems. Int. J. Solids Struct. 36, 5301–
5326 (1999)  
18. Liu, F.L., Liew, K.M.: Analysis of vibrating thick rectangular plates with mixed boundary constraints using differential quadrature 
element method. J. Sound Vib. 225(5), 915–934 (1999)  
19. Liu, F.L., Liew, K.M.: Free vibration analysis of Mindlin sector plates: Numerical solutions by differential quadrature method. 
Comput. Meth. Appl. Mech. Eng. 177, 77–92 (1999)  
20. Liew, K.M., Teo, T.M., Han, J.B.: Three-dimensional static solutions of rectangular plates by variant differential quadrature 
method. Int. J. Mech. Sci. 43, 1611–1628 (2001)  
21. Liew, K.M., Huang, Y.Q.: Bending and buckling of thick symmetric rectangular laminates using the moving least-squares 
differential quadrature method. Int. J. Mech. Sci. 45, 95–114 (2003)  
22. Liew, K.M., Yang, J., Kitipornchai, S.: Postbuckling of the piezoelectric FGM plates subjected to thermo-electro-mechanical 
loading. Int. J. Solids Struct. 40, 3869–3892 (2003)  
23. Yang, J., Liew, K.M., Kitipornchai, S.: Dynamic stability of laminated FGM plates based on higher-order shear deformation 
theory. Comput. Mech. 33, 305–315 (2004)  
24. Li, J.J., Cheng, C.J.: Differential quadrature method for nonlinear vibration of orthotropic plates with finite deformations and 
transverse shear effect. J. Sound Vib. 281, 295–309 (2005)  



25. Malekzadeh, P., Karami, G.: Differential quadrature nonlinear analysis of skew composite plates based FSDT. Eng. Struct. 28, 
1307–1318 (2006)  
26. Karami, G., Malekzadeh, P., Mohebpour, S.R.: DQM free vibration analysis of moderately thick symmetric laminated plates with 
elastically restrained edges. Compos. Struct. 74, 115–125 (2006)  
27. Malekzadeh, P., Sctoodch, A.R.: Large deformation analysis of moderately thick laminated plates on nonlinear elastic foundation 
by DQM. Compos. Struct. 80, 569–579 (2007)  
28. Malekzadeh, P.: A differential quadrature nonlinear free vibration analysis of laminated composite skew thin plates. Thin-Walled 
Struct. 45, 237–250 (2007)  
29. Wang, X., Gan, L., Zhang, Y.: Differential quadrature analysis of the buckling of thin rectangular plates with cosine-distributed 
compressive loads on two opposite sides. Adv. Eng. Softw. 39, 497–504 (2008)  
30. Reddy, J.N.: A refined nonlinear theory of plates with transverse shear deformation. Int. J. Solids Struct. 20(9/10), 881–896 (1984)  
 
 
Mosallaie Barzoki, A.A.; Ghorbanpour Arani, A.; Kolahchi, R.; Mozdianfard, M.R.; Loghman, A., “Nonlinear 
buckling response of embedded piezoelectric cylindrical shell reinforced with BNNT under electro–thermo-
mechanical loadings using HDQM”, Composites: Part B, Vol. 44, pp. 722-727, 2013 
ABSTRACT: Nonlinear buckling response of a composite cylindrical shell made of polyvinylidene fluoride 
(PVDF), is investigated. A two-dimensional smart model surrounded by an elastic foundation subjected to 
combined electro-thermo-mechanical loading is considered. The nonlinear strain terms based on Donnell’s 
theory are taken into account using the first shear deformation theory. The Hamilton’s  principle is employed to 
obtain coupled differential equations, containing displacement and electric potential terms. Harmonic 
differential quadrature method (HDQM) is applied to obtain the critical buckling load for clamped supported 
mechanical and free eletric potential boundary conditions at both ends of the smart cylinder. Results indicate 
that the critical buckling load increases when piezoelectric effect is considered. 
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“Electro-thermo–mechanical nonlinear buckling of Pasternak coupled DWBNNTs based on nonlocal piezoelasticity 
theory”, Turkish Journal of Engineering & Environmental Sciences, doi: 10.3906/muh-1212-13 
ABSTRACT: Nonlinear buckling of bonded double-walled boron nitride nanotubes (DWBNNTs) under 
combined electro-thermo–mechanical loadings based on the nonlocal piezoelasticity theory and Euler–Bernoulli 
beam (EBB) model is presented in this paper. Coupled DWBNNTs are embedded in an elastic medium that is 
simulated as a Pasternak foundation. Using the Lennard-Jones model, the van der Waals interaction between 2 
layers of DWBNNTs is taken into account. Considering the von Kármán geometric nonlinearity, Hamilton’s 
principle, and charge equation, higher order governing equations are derived and solved by differential 
quadrature method (DQM). The detailed parametric study is conducted, focusing on the remarkable effects on 
the behavior of nonlinear buckling loads. The results indicated that the small-scale parameter, elastic medium, 
boundary conditions, electric potential, aspect ratio, and different vibration phases play an important role in the 
nonlinear buckling of smart elastically coupled systems. In addition, it is found that the trend of figures has 
good agreement with those of previous research. The results of this work could be used in the design and 
manufacture of nano/micro-electro–mechanical systems. 
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ABSTRACT: Unlike widely used carbon nanotubes, boron nitride nanotubes (BNNTs) have shown to possess 
stable semiconducting behavior and strong piezoelectricity. Such properties along with their outstanding 
mechanical properties and thermal conductivity, make BNNTs promising candidate reinforcement materials for 
a verity of applications especially nanoelectronic and nanophotonic devices. Motivated by these abilities, we 
aim to study the buckling behavior of BNNT-reinforced piezoelectric polymeric composites when subjected to 
combined electro-thermo-mechanical loadings. For this, the multi-walled structure of BNNT is considered as 
elastic media and a set of concentric cylindrical shells with van der Waals interaction between them. Using 
three-dimensional equilibrium equations, Donnell shell theory is utilized to show that the axially compressive 
resistance of BNNT varies with applying thermal and electrical loads. Also, a new equivalent spring constant 
model of piezoelectric matrix under electro-thermo-mechanical loadings is developed according to the concept 
of Whitney–Riley model. Results indicate that the support of piezoelectric matrix significantly enhances the 
buckling resistance of BNNT. Alternatively, the effect of BNNT piezoelectric property on the buckling 
behavior of composites is demonstrated. Furthermore, it is demonstrated that the supporting effect of elastic 



medium depends on the direction of applied voltage and thermal flow. More specifically, it is shown that 
applying direct and reverse voltages to BNNT changes the buckling loads for any axial and circumferential 
wavenumbers. Such capability could be uniquely utilized when designing BNNT-reinforced composites for 
structural vibration control applications. 
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Engineering, University of Kashan, Kashan, Iran), “Influence of the Elastic Foundation on the Free Vibration 
and Buckling of Thin-Walled Piezoelectric-Based FGM Cylindrical Shells Under Combined Loadings”, Journal 
of Solid Mechanics, Vol. 6, No. 4 pp 347-365, 2014 
ABSTRACT: In this paper, the influence of the elastic foundation on the free vibration and buckling of thin-
walled piezoelectric-based functionally graded materials (FGM) cylindrical shells under combined loadings is 
investigated. The equations of motion are obtained by using the principle of Hamilton and Maxwell's equations 
and the Navier's type solution used to solve these equations. Material properties are changed according to power 
law in the direction of thickness. In this study, the effects of Pasternak elastic foundation coefficients and also 
the effects of material distribution, geometrical ratios and loading conditions on the natural frequencies are 
studied. It is observed that by increasing Pasternak elastic medium coefficients, the natural frequencies of 
functionally graded piezoelectric materials (FGPM) cylindrical shell always increases. The mode shapes of 
FGPM cylindrical shell has been shown in this research and the results show that the distribution of the radial 
displacements is more significant than circumferential and longitudinal displacements. 
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Zhang, X.W. and Yu, T.X., “Experimental and numerical study on the dynamic buckling of ping-pong balls 
under impact loading”, International Journal of Nonlinear Sciences and Numerical Simulations. vol. 13, No. 1, 
2012, p. 81-92 
ABSTRACT: By means of ping-pong balls, the dynamic buckling behaviours of thin-walled spherical shells 
under impact loading are studied both experimentally and numerically. First, the quasi-static tests were 
conducted on an MTS tester, in which the ball was compressed onto a PMMA plate. Apart from the force-
displacement relationship, the evolution of the contact zone between the ball and the plate was obtained by a 
digital camera. In the impact tests, ping-pong balls were accelerated by an air-gun and then impinged onto a 
rigid plate with the velocity ranging 10-45 m=s. The local dynamic buckling processes of the ball were recorded 
by a high-speed digital camera, from which the impact duration, the maximum contact diameter, as well as the 
contact diameter at snap-through buckling under different impact velocities were obtained. It is found that with 
the same size of contact zone, the dynamic energy absorption of the ball is much larger than that in the quasi-
static tests. To understand the dynamic effects in the impact process, numerical simulations were performed by 
using different material properties and different impact velocities. The comparison between the experimental 
and numerical results show that the kinetic energy absorption of the ball is induced by the strain-rate effect, 
local vibration of the ball and viscous-elastic effect, respectively. 
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ABSTRACT: This paper considers the elastic buckling of rectangular Mindlin plates that are subjected to 
partially distributed in-plane edge loadings. A numerical algorithm based on the radial point interpolation 
method (RPIM) is proposed for the solution of such plates. The pre-buckling stresses are first determined using 
the RPIM based on a two-dimensional (2-D) elastic plane stress problem. The buckling load intensity factors for 
rectangular plates that incorporate these predetermined pre-buckling stresses are then computed via the RPIM 
based on the Mindlin plate theory. Numerical examples of the plates with various boundaries and subjected to 
different partially distributed in-plane edge loadings are presented. Shear-locking of the buckling load is 
studied. The results demonstrate the high accuracy of the proposed RPIM. 
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“Critical Strain of Carbon Nanotubes: An Atomic-Scale Finite Element Study”, J. Appl. Mech., Vol. 74,  No. 2, 
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ABSTRACT: This paper employs the atomic-scale finite element method (AFEM) to study critical strain of 
axial buckling for carbon nanotubes (CNTs). Brenner et al. “second-generation” empirical potential is used to 
model covalent bonds among atoms. The computed energy curve and critical strain for (8, 0) single-walled CNT 
(SWNT) agree well with molecular dynamics simulations. Both local and global buckling are achieved, two 
corresponding buckling zones are obtained, and the global buckling behavior of SWNT with a larger aspect 
ratio approaches gradually to that of a column described by Euler's formula. For double-walled CNTs with 
smaller ratio of length to outer diameter, the local buckling behavior can be explained by conventional shell 
theory very well. AFEM is an efficient way to study buckling of CNTs. 
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Lett. Vol. 76, pp. 2511–2514 (1996), doi: 10.1103/PhysRevLett.76.2511 
ABSTRACT: Carbon nanotubes subject to large deformations reversibly switch into different morphological 
patterns. Each shape change corresponds to an abrupt release of energy and a singularity in the stress-strain 
curve. These transformations, simulated using a realistic many-body potential, are explained by a continuum 
shell model. With properly chosen parameters, the model provides a remarkably accurate “roadmap” of 
nanotube behavior beyond Hooke's law. 
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ABSTRACT: Graphene is an ultimate membrane that mixes both flexibility and mechanical strength, together 
with many other remarkable properties. A good knowledge of the elastic properties of graphene is prerequisite 
to any practical application of it in nanoscopic devices. Although this two-dimensional material is only one 
atom thick, continuous-medium elasticity can be applied as long as the deformations vary slowly on the atomic 
scale and provided suitable parameters are used. The present paper aims to be a critical review on this topic that 
does not assume a specific pre-knowledge of graphene physics. The basis for the paper is the classical 
Kirchhoff-Love plate theory. It demands a few parameters that can be addressed from many points of view and 
fitted to independent experimental data. The parameters can also be estimated by electronic structure 
calculations. Although coming from diverse backgrounds, most of the available data provide a rather coherent 
picture that gives a good degree of confidence in the classical description of graphene elasticity. The theory can 
than be used to estimate, e.g., the buckling limit of graphene bound to a substrate. It can also predict the size 
above which a scrolled graphene sheet will never spontaneously unroll in free space. 
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ABSTRACT: This paper presents the buckling analysis of functionally graded carbon nanotube-reinforced 
composite (FG-CNTRC) plates under various in-plane mechanical loads, using the element-free kp-Ritz 
method. The first-order shear deformation plate theory is applied and a set of mesh-free kernel particle 
functions are used to approximate two-dimensional displacement fields. Effective properties of materials of the 
plates reinforced by single-walled carbon nanotubes (SWCNTs) are estimated through a micromechanical 
model based on either the Eshelby–Mori–Tanaka approach or the extended rule of mixture. Comparison study 
and numerical simulations with various parameters are conducted to assess efficacy and accuracy of the present 
method for analysis of buckling of SWCNT-reinforced composite plates. Results demonstrate that the change of 
carbon nanotube volume fraction, plate width-to-thickness ratio, plate aspect ratio, loading condition and 
temperature have pronounced effects on buckling strength of CNTRC plates as well as the boundary condition.  
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“Nonlocal shell model for elastic wave propagation in single- and double-walled carbon nanotubes”, Journal of 
the Mechanics and Physics of Solids, Vol. 56, No. 12, December 2008, pp. 3475-3485, 
doi:10.1016/j.jmps.2008.08.010 
ABSTRACT: This paper investigates the transverse and torsional wave in single- and double-walled carbon 
nanotubes (SWCNTs and DWCNTs), focusing on the effect of carbon nanotube microstructure on wave 
dispersion. The SWCNTs and DWCNTs are modeled as nonlocal single and double elastic cylindrical shells. 
Molecular dynamics (MD) simulations indicate that the wave dispersion predicted by the nonlocal elastic 
cylindrical shell theory shows good agreement with that of the MD simulations in a wide frequency range up to 
the terahertz region. The nonlocal elastic shell theory provides a better prediction of the dispersion relationships 
than the classical shell theory when the wavenumber is large enough for the carbon nanotube microstructure to 
have a significant influence on the wave dispersion. The nonlocal shell models are required when the 
wavelengths are approximately less than 2.36x10^-9 and 0.95x10^-9 m for transverse wave in armchair (15,15) 
SWCNT and torsional wave in armchair (10,10) SWCNT, respectively. Moreover, an MD-based estimation of 
the scale coefficient e0 for the nonlocal elastic cylindrical shell model is suggested. Due to the small-scale 
effects of SWCNTs and the interlayer van der Waals interaction of DWCNTs, the phase difference of the 
transverse wave in the inner and outer tube can be observed in MD simulations in wave propagation at high 
frequency. However, the van der Waals interaction has little effect on the phase difference of transverse wave. 
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ABSTRACT: The instability of a carbon nanotube containing a polyethylene molecule subjected to 
compression is investigated using molecular dynamics. A decrease up to 35% in the buckling strain of the (6,6) 
and (10,10) carbon nanotube/polymer structures due to the attractive van der Waals interaction between the tube 
wall and the polymer molecule is reported. In particular, the decrease in the buckling strain of the (6,6) carbon 
nanotube/polymer structure is attributed to the initiation of two flattenings on the tube wall. Simulations show 
that the buckling strain of the structure is insensitive to the number of units of the polymer molecule. 
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ABSTRACT: The discovery of a buckling instability of a single-walled carbon nanotube wrapped by a 
polyethylene molecule subjected to compression is reported through molecular mechanics simulations. A 
decrease up to 44% in the buckling strain of the nano-structure owing to the van der Waals interaction between 
the two molecules is uncovered. A continuum model is developed to calculate both the interaction between the 
tube and the polymer and the decreased buckling strain of the structure by fitting the molecular mechanics 
results. 
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and armchair single-walled carbon nanotubes”, Journal of Nano Research, Vol. 16 (2011) pp 153-160, 
doi:10.4028/www.scientific.net/JNanoR.16.153 
ABSTRACT: In this study, single-walled carbon nanotubes were generated in their perfect state as finite 
element models in the MSC.Marc software. The buckling behaviour and resonant frequency modes of the two 
limiting cases of carbon nanotubes, i.e. the armchair and zigzag models, were studied. The obtained results were 
compared with the classical analytical solutions related to a similar continuum structure of a hollow cylinder. 
The buckling behaviour of single-walled carbon nanotubes under cantilever boundary conditions proved to be 
almost identical to the prediction of the classical Euler equation. Furthermore, there was very good agreement 
between the analytical and finite element results of the studied single-walled carbon nanotubes; though the 
achieved value of the first mode of frequency, obtained from the finite element results, was more accurate than 
the higher modes.  
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A.N. Guz (S.P. Timoshenko Institute of  Mechanics, National Academy of Sciences of Ukraine, Kiev), “Three-
dimensional theory of stability of a carbon nanotube in a matrix”, International Applied Mechanics, Vol. 42, 
No.1, 2006, pp. 19-31, doi: 10.1007/s10778-006-0055-6 
ABSTRACT: The three-dimensional theory of stability of a carbon nanotube (CNT) in a polymer matrix is 
presented. The results are obtained on the basis of the three-dimensional linearized theory of stability of 
deformable bodies. Flexural and helical (torsional) buckling modes are considered. It is proved that the helical 
(torsional) buckling modes occur in a single CNT (the interaction of neighboring CNTs is neglected) and do not 
occur in nanocomposites (the interaction of neighboring CNTs is taken into account). 
 
 
A. N. Guz, “Setting up a theory of stability of fibrous and laminated composites”, International Applied 
Mechanics; Jun 2009, Vol. 45 Issue 6, p587 
ABSTRACT: The results obtained in setting up a theory of stability of fibrous and laminated composites in the 
case where the plane ? is in an arbitrary position are analyzed. The plane ? is formed by the points of a buckling 
mode that have equal phases relative to the line of compression. This theory follows from the linearized three-
dimensional theory of stability of deformable bodies and is used to determine the critical compressive load and 
the associated position of the plane ?. Numerical examples are presented. A brief historical sketch is given. 
 
 
Chunyu Li and Tsu-Wei Chou (Center for Composite Materials, Department of Mechanical Engineering, 
University of Delaware, 126 Spencer Laboratory, Newark, DE 19716-3140, USA), “Modeling of elastic 
buckling of carbon nanotubes by molecular structural mechanics approach”, Mechanics of Materials, Vol. 36, 
No. 11, November 2004, pp. 1047-1055, doi:10.1016/j.mechmat.2003.08.009 
ABSTRACT: This paper reports the elastic buckling behavior of carbon nanotubes. Both axial compression and 
bending loading conditions are considered. The modeling work employs the molecular structural mechanics 
approach for individual nanotubes and considers van der Waals interaction in multi-walled nanotubes. The 
effects of nanotube diameter, aspect ratio, and tube chirality on the buckling force are investigated. 
Computational results indicate that the buckling force in axial compression is higher than that in bending, and 
the buckling forces for both compression and bending decrease with the increase in nanotube aspect ratio. The 
trends of variation of buckling forces with nanotube diameter are similar for single-walled and double-walled 
carbon nanotubes. Compared to a single-walled nanotube of the same inner diameter, the double-walled carbon 
nanotube shows a higher axial compressive buckling load, which mainly results from the increase of cross-
sectional area, but no enhancement in bending load-bearing capacity. The buckling forces of nanotubes 
predicted by the continuum beam or column models are significantly different from those predicted by the 
atomistic model. 
 
 
Liew, K. M., Wang J., Ng, T. Y. and Tan, M. J. (Nanyang Centre for Supercomputing and Visualisation, 
Nanyang Technological University, Singapore), “Free vibration and buckling analyses of shear-deformable 
plates based on FSDT meshfree method”, Journal of Sound and Vibration Vol 276, Nos 3-5, pp 997-1017, 
September, 2004, DOI: 10.1016/j.jsv.2003.08.026 
ABSTRACT: A meshfree method based on the reproducing kernel particle approximate is employed for the 
free vibration and buckling analyses of shear-deformable plates. In this approach, the first order 
Mindlin/Reissner plate theory (FSDT) is used, and the displacement shape functions are constructed using the 
reproducing kernel approximation satisfying the consistency condition. The essential boundary conditions are 
enforced by a transformation method. Numerical examples considering various aspect ratios, skew angles and 
boundary conditions are demonstrated to show the validity of the proposed method, and satisfactory results 
were obtained when comparisons are made with the exact and other available numerical results existing in the 
literature. 
 
 
Ahakouri, A, Ng TY and Lin RM (School of Mechanical and Aerospace Engineering, Nanyang Technological 



University, Singapore), “A new REBO potential based atomistic structural model for graphene sheets”, 
Nanotechnology, Vol. 22, No. 29, 2011 DOI: 10.1088/0957-4484/22/29/295711. 
ABSTRACT: A new atomistic structural model is developed here for graphene sheets based on the stiffnesses 
from the REBO potential. Using this model, the flexural vibration natural frequencies and buckling loads of 
rectangular single-layer graphene sheets of different sizes, chiralities and boundary conditions are calculated. 
The newly developed atomistic structural model is verified by comparing the calculated fundamental natural 
frequencies for small-sized graphene sheets with those obtained from ab initio density functional theory (DFT) 
frequency analysis. The vibration and buckling analysis results are also compared with those of an earlier 
atomistic structural model based on the AMBER potential as well as the equivalent continuum model for 
graphene sheets. Through this study, it is observed that graphene sheets display very slight anisotropic 
characteristics in flexural vibration and buckling. Also, it is shown that the atomistic structural model cannot be 
replaced by a classical equivalent continuum model such as a plate model. Most significantly, we verify that the 
new atomistic structural model based on the REBO potential predicts more accurate natural frequencies and 
buckling loads for graphene sheets, which are considerably lower than those predicted by the earlier atomistic 
structural model based on the AMBER potential. 
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Hong Kong 
(2) School of Mechanical and Production Engineering, Nanyang Technological University, Nanyang Avenue, 
Singapore 639798, Singapore 
(3) Nanyang Centre for Supercomputing and Visualisation, Nanyang Technological University, Nanyang 
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“Buckling analysis of multi-walled carbon nanotubes: a continuum model accounting for van der Waals 
interaction”, Journal of the Mechanics and Physics of Solids, Vol. 53, No. 2, February 2005, pp. 303-326, 
doi:10.1016/j.jmps.2004.08.003 
ABSTRACT: Explicit formulas are derived for the van der Waals (vdW) interaction between any two layers of 
a multi-walled carbon nanotube (CNT). Based on the derived formulas, an efficient algorithm is established for 
the buckling analysis of multi-walled CNTs, in which individual tubes are modeled as a continuum cylindrical 
shell. The explicit expressions are also derived for the buckling of double-walled CNTs. In previous studies by 
Ru (J. Appl. Phys. 87 (2000b) 7227) and Wang et al. (Int. J. Solids Struct. 40 (2003) 3893), only the vdW 
interaction between adjacent two layers was considered and the vdW interaction between the other two layers 
was neglected. The vdW interaction coefficient was treated as a constant that was not dependent on the radii of 
the tubes. However, the formulas derived herein reveal that the vdW interaction coefficients are dependent on 
the change of interlayer spacing and the radii of the tubes. With the increase of radii, the coefficients approach 
constants, and the constants between two adjacent layers are about 10% higher than those reported by Wang et 
al. (Int. J. Solids. Struct. 40 (2003) 3893). In addition, the numerical results show that the vdW interaction will 
lead to a higher critical buckling load in multi-walled CNTs. The effect of the tube radius on the critical 
buckling load of a multi-walled CNT is also examined. 
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(2) Department of Mechanics, Tianjin University Tianjin, 300072, China 
(3) Department of Engineering Australian National University Canberra, Australia 
(4) Engineering Science Programme and Department of Civil Engineering National University of Singapore, 
Kent Ridge, Singapore 119260 
“Buckling and Postbuckling Analysis of Multi-Walled Carbon Nanotubes Based on the Continuum Shell 
Model”, International Journal of Structural Stability and Dynamics Vol. 7, No. 4 (2007) pp. 629–645 
ABSTRACT: Buckling and postbuckling behaviors of multi-walled carbon nanotubes (MWCNTs) under a 
compressive force are studied. MWCNTs are modeled by Donnell’s shallow shell nonlinear theory with the 
allowance of van der Waals (vdW) interaction between the walls. It is shown herein that the buckling load 



decreases while the buckling strain increases as the innermost radius of MWCNT increases. For the 
postbuckling behavior, the shortening-load curves show an initial steep gradient that gradually level up when 
the radius of the innermost tube changes from a small value to a large value. However, the deflection-load 
curves are almost level for various radii of MWCNTs. In addition, the analytical results showed that the 
shortening-load curves are almost linear but the deflection-load curves are nonlinear and the stability of 
MWCNTs can be enhanced by adding tubes. 
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Liew, K. M., Wang, J. B., He, X. Q. and Zhang, H. W. (Department of Building and Construction, City 
University of Hong Kong, Kowloon, Hong Kong), “Buckling analysis of abnormal multiwalled carbon 
nanotubes”, Journal of Applied Physics, Vol. 102, No. 10, September 2007, pp. 053511-053511-6,  
doi: 10.1063/1.2777893 
ABSTRACT: Abnormal multiwalled carbon nanotubes (MWNTs) with an interlayer distance of less than 0.34 
nm are proposed and optimized based on molecular dynamics simulation, in which the second-generation 
Tersoff-Brenner potential and Lennard-Jones (12-6) potential are used to characterize the intratube interatomic 
interaction and the intertube van der Waals (vdW) interaction, respectively. Then, a multishell continuum model 
that is combined with a refined vdW force model is used to carry out the buckling analysis of abnormal 
MWNTs (including two-, four-, and six-walled MWNTs) and to investigate the effect of the vdW interaction of 
abnormal MWNTs. The numerical results show that the effect of the vdW interaction is more significant for 
abnormal MWNTs than for normal MWNTs and that the vdW interaction of abnormal MWNTs cannot be 
neglected. The critical buckling strains of abnormal MWNTs are greatly enhanced compared with those of 
normal MWNTs, which suggests that abnormal MWNTs may be excellent candidates as enforced fibers of 
nanocomposites. 
 
 
F. Khademolhosseini , R.K.N.D. Rajapakse , A. Nojeh, “Torsional buckling of carbon nanotubes based on 
nonlocal elasticity shell models”, Computational Materials Science, Elsevier, Vol. 48, pp.736-742 (2010) 
Abstract: This paper investigates size-effects in the torsional response of single walled carbon nanotubes 
(SWCNTs) by developing a modified nonlocal continuum shell model. The purpose is to facilitate the design of 
devices based on SWCNT torsion by providing a simple, accurate and efficient continuum model that 
can predict the corresponding buckling loads. To this end, Eringen’s equations of nonlocal elasticity are 
incorporated into the classical models for torsion of cylindrical shells given by Timoshenko and Donnell. 
In contrast to the classical models, the nonlocal model developed here predicts non-dimensional buckling 
torques that depend on the values of certain geometric parameters of the CNT, allowing for the inclusion 
of size-effects. Molecular dynamics simulations of torsional buckling are also performed and the results 
of which are compared with the classical and nonlocal models and used to extract consistent values of 
shell thickness and the nonlocal elasticity constant (e0). A thickness of 0.85 Å and nonlocal constant values 
of approximately 0.8 and 0.6 for armchair and zigzag nanotubes respectively are recommended for 
torsional analysis of SWCNTs using nonlocal shell models. The size-dependent nonlocal models together 
with molecular dynamics simulations show that classical shell models overestimate the critical buckling 
torque of SWCNTs and are not suitable for modeling of SWCNTs with diameters smaller than 1.5 nm. 
 
 
Mark W. Hilburger, Michael P. Nemeth, and James H. Starnes, Jr. Langley Research Center, Hampton, 
Virginia, “Shell Buckling Design Criteria Based on Manufacturing Imperfection Signatures”, NASA/TM-2004-
212659, May 2004. 
Abstract 
An analysis-based approach for developing shell-buckling design criteria for laminated-composite cylindrical 
shells that accurately accounts for the effects of initial geometric imperfections is presented. With this approach, 



measured initial geometric imperfection data from six graphite-epoxy shells are used to determine a 
manufacturing-process-specific imperfection signature for these shells. This imperfection signature is then used 
as input into nonlinear finite-element analyses. The imperfection signature represents a "first-approximation" 
mean imperfection shape that is suitable for developing preliminary-design data. Comparisons of test data and 
analytical results obtained by using several different imperfection shapes are presented for selected shells. 
Overall, the results indicate that the analysis-based approach presented for developing reliable preliminary-
design criteria has the potential to provide improved, less conservative buckling-load estimates, and to reduce 
the weight and cost of developing buckling-resistant shell structures 
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Meeting, Indianapolis, Ind ; United States; 16-19 Oct. 1973. 38 pp. 1973 
ABSTRACT: Description of a casting technique for fabricating high-quality plastic structural models, and 
review of results regarding the use of such specimens to parametrically study the effect of base ring stiffness on 
the critical buckling pressure of a ring-stiffened conical shell. The fabrication technique involves machining a 
metal mold to the desired configuration and vacuum-drawing the plastic material into the mold. A room-
temperature curing translucent thermoset epoxy was the casting material selected. A shell of revolution 
computer program which employs a nonlinear axisymmetric prebuckling strain field to obtain a bifurcation 
buckling solution was used to guide the selection of congifurations tested. The shell experimentally exhibited 
asymmetric collapse behavior, and the ultimate load was considerably higher than the analytical bifurcation 
prediction. The asymmetric buckling mode shape, however, initially appeared at a pressure near the analysis 
bifurcation solution. 
 
 
J. G. Williams and R. C. Davis, “Buckling experiments on stiffened cast-epoxy conical shells 
A casting technique for manufacturing high-quality shell specimens with complex geometry is described and 
experimental and theoretical results are presented for a pressure-loaded ring-stiffened conical shell”, 
Experimental Mechanics, Vol. 15, No. 9, 1975, pp. 329-338, DOI: 10.1007/BF02318873 
ABSTRACT: This paper describes a casting technique for fabricating high-quality plastic structural models and 
presents results on the use of such specimens to parametrically study the effect of base-ring stiffness on the 
critical buckling pressure of a ring-stiffened conical shell. The fabrication technique involves machining a metal 
mold to the desired configuration and vacuum drawing the plastic material into the mold. A room-temperature-
curing translucent thermoset epoxy was the casting material selected. The casting technique allows many high-
quality specimens to be produced and each specimen is capable of being repeatedly tested without failure. The 
conical shell was modified for successive tests by machining the epoxy base-ring configuration to reduce its 
stiffness. A shell-of-revolution computer program which uses a nonlinear axisymmetric prebuckling strain field 
to obtain a bifurcation-buckling solution was used to guide the selection of configurations tested. The shell 



experimentally exhibited asymmetric collapse behavior and the ultimate load was considerably higher than the 
analyticalbifurcation prediction. The asymmetric buckling-mode shape, however, initially appeared at a 
pressure near the analysis-bifurcation solution. Comparison of experimental and analytical prebuckling strains 
at pressure magnitudes below the initiation of asymmetric collapse showed good agreement. 
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Randall C. Davis, “Buckling Test of a 3-Meter-Diameter Corrugated Graphite-Epoxy Cylindrical Shell”, NASA 
Technical paper, July 1982, proxy Url : http://handle.dtic.mil/100.2/ADA302796 
ABSTRACT: A 3-m-diameter by 3-m-long corrugated cylindrical shell with external stiffening rings was tested 
to failure by buckling. The corrugation geometry for the graphite-epoxy composite cylinder wall was optimized 
to withstand a compressive load producing the relatively low maximum load intensity of 157.6 kN/m without 
buckling. The resulting mass per unit of shell-wall area, including stiffening rings and fasteners, 2 was 1.96 
kg/sq m. The cylinder test-load achievement of 101 percent of design ultimate demonstrates a substantial mass-
saving potential over available data for corrugated aluminum shell designs. Future space missions will require 
low-mass structures to achieve maximum payloads. For such structures that must carry compression loads 
without buckling, graphite-epoxy materials offer an attractive approach to providing the needed low-mass 
structural components. Preliminary design studies of lightly loaded shells, using minimum-mass structural-
sizing codes, indicate that ring-stiffened graphite-epoxy corrugated shells can, like corrugated graphite epoxy 
panels offer a mass-saving potential of 20 to 40 percent over aluminum shell-wall design concepts. To evaluate 
the merits of a corrugated graphite-epoxy cylindrical shell and to develop a design data base for lightweight 
space structures, a program was initiated to design, fabricate, and test a 3-m-diameter by 3-m-long corrugated 
ring-stiffened graphite-epoxy cylinder. The preliminary design for the cylinder was generated using a 
minimum-mass structural-sizing code to carry an ultimate axial-compression loading intensity of 157.6 kN/m. 
The preliminary design for the shell was modified and verified by testing subcomponent specimens as 
described. The purpose of this paper is to present the results from the test of the cylinder. 
 
 



Anonymous, “Investigation of Buckling of Thin Shells”, Indira Gandhi Centre for Atomic Research, 
2004, igcar.ernet.in/igc2004/reg/neg/smspdfs/... 
Buckling analysis is carried out in compliance with the French design code RCC-MR. As per this, it is required 
to determine the critical buckling load multipliers for the various load combinations and ensure that these 
multipliers should be more than the minimum values specified…..For the theoretical buckling analysis, the 
computer codes available at Indira Gandhi Centre for Atomic Research such as CAST3M….. 
From citation given on the website, http://www.ebook2you.net/ebook/shell-buckling-pdf.php 
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heating and torque: A test program, with optical measurements of growth of prebuckling deflections, is 
presented for a thermal buckling problem that includes interaction with mechanical load”,  Experimental 
Mechanics, Vol. 19, No. 11, 1979, pp. 406-410, doi: 10.1007/BF02324506 
ABSTRACT: Thin aluminum-alloy cylinders were tested under different combinations of torque and 
circumferentially varying axial thermal stress. The methods of application of the required loads and the 
measuring techniques employed are discussed. The buckling process is described and interaction curves are 
presented. 
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“Laminated conical shells – considerations for the variations of the stiffenss coefficients”, AIAA Paper No. 94-
1634-CP, 35th AIAA Structures, Structural Dynamics and Materials Conference, 1994 
ABSTRACT: The stiffness coefficients of a laminated conical shell, orthotropic, or in some more general mode, 
are usually assumed to be constant. It is shown that due to the geometry of the conical surface, in connection 
with the filament winding process necessary to build the laminated conical shell, this can never be achieved. To 
calculate the varying stiffness coefficients of a laminated conical shell the geometry of the shell and the winding 
process needed to build the shell must be taken into account. A method to calculate those stiffness coefficients 
is proposed. The geodesic paths, which are the practical ways to position the fibers, are especially examined. Of 



course stiffeners can also be placed on these paths. However, other paths are also examined. Stiffeners, for 
example, can be placed on these paths for optimization purposes. The stiffness coefficients of a laminated 
conical shell vary always and are functions of the coordinates of the shell. It is shown that by proper filament 
winding process these functions can be made to be functions of the longitudinal coordinate only. 
 
 
V. N. Kislookii, N. V. Koval’chuk, A. D. Degostaev and N. A. Solovei, “Stability analysis of reinforced slightly 
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A.I. Golovanov and V.N. Paimushin, “Stress-strain state and stability of composite sandwich shells with a 
scaling zone between the core and facings”, Mechanics of Composite Materials, Vol. 29, No. 5, pp 473-484, 
September-October, 1993 
ABSTRACT: A finite element model is presented for analyzing the strength and stability of sandwich shells of 
arbitrary configuration with an adhesion failure zone between the core and one of the facings. The model is 
based on the assumptions that both facings are laminated Timoshenko-type composite shells, only transverse 
shear stresses in the core and normal stresses in the thickness direction have nonzero values, a free slip in the 
tangential plane in the adhesion failure zone and unilateral contact along the normal are possible, and the 
prebuckling state in the stability problem is linear. Biquadratic nine-node approximations for all functions and 
numerical integration were used. The displacements and rotation angles of the normals toward the facings as 
well as stresses in the core are taken as global degrees of freedom. The algebraic problem is solved using a 
special step-by-step procedure of determining the contact area in the scaling zone and employing unilateral 
constraints for some of the unknowns. Numerical examples are also given. 
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Spatial Structures: Computational Aspects edited by De Roeck, Wuiroga, Van Laethem and Backx, Springer, pp 
315-328, 1987, DOI: 10.1007/978-3-642-83015-0_29 
ABSTRACT: This paper presents computational models for simulating the behaviour of reinforced concrete 
structures which exhibit a combination of geometric and material nonlinearity. The nonlineer finite element 
model is described and methodes are presented for the solution of the nonlineer equilibrium equations using arc-
length procedures. In order to examine the the performance of the finite element model end the solution 
procedures, examples are presented which involve material and geometric nonlinearity with snap-through 
and/or snap-back behaviour. 
References listed at the end of the paper: 
[1] Oliver J. and Onate E. ‘A total Lagrangian formulation for the geometrically nonlinear analysis of structures using finite elements. 
Part two. Shell and plate structures ’ , Int.J.Num.Meth.Engng., 20, 2253–2281, 1984.  
[2] Cervera M. ‘Finite element techniques for nonlinear static and transient dynamic analysis of reinforced concrete structures’, 
Ph.D.Thesis. University College of Swansea. (to be submitted 1986) 
[3] Ahmad S. Irons B.M. and Zienkiewicz O.C. ‘Analysis of thick and thin shells by curved shell elements’, Int.J.Num.Meth.Engng., 
2, 419–451, 1970.  
[4] Huang H.C. and Hinton E. ‘A nine noded lagrangian Mindlin plate element with enhenced shear interpolation’, Engineering 
Computations, 1, 369–379, 1984.  
[5] Owen D.R.J. Figueiras J.A. ‘Ultimate load analysis of reinforced concrete plates and shells including nonlinear effects’, Finite 
Element Software for Plates and Shells. (ed. E. Hinton and D.R.J. Owen) Pineridge Press, Swansea U.K. 1984. 
[6] Riks E. ‘An incremental approach to the solution of buckling problems . ’ Int.J.Solids end Structures, 15, 524–551, 1972. 
[7] Crisfield M.A. ‘A fast solution procedure that handles snap-through’, Computers and Structures, 13, 55–62, 1982.  
[8] Ramm E. ‘Strategies for tracing nonlinear responses near limit points’, Nonlinear Finite Element Analysis in Structural Mechanics. 
Springer, New York, 1984. 
[9] Kent A.J. ‘The use of arc-Length solution techniques in the geometrically nonlinear finite element analysis of plate and shell 
structures’, Internal Report, Department of Civil Engineering, University College of Swansea, 1986. 
[10] Sabir A.B. and Lock A.C. ‘The application of finite elements to the large deflection geometrically nonlinear behaviour of shells. ’ 
Variational Methods in Engineering, 7/54–7/65, Southampton University Press, 1972. 
[11] Mueller G. ‘Numerical problems in nonlinear analysis of reinforced concrete’ , Report No.UC SESM 77-5 Department of 
Struct.Eng.Mech. 1977. 
[12] Swertz S.E. Rossbrough V.H. and Berman M.Y. ‘Buckling tests on rectangular concrete panels’, J.Amer.Cone.Inst., 71, 33–39, 
1974. 
[13] Park R. ‘Ultimate strength of rectangular concrete slabs under short term loading with edges restrained against lateral movement’, 
Proc.Instn .Civ.Engng., 28, 125–150, 1964. 



[14] Ganaba T.H. ‘Nonlinear finite element analysis of plates end slabs’, Ph.D.Thesis, Department of Engng., University of Werwick, 
1985. 
 
 
V.A. Bazhenov, A.S. Sakharov, N.A. Solovei, O.P. Krivenko and N. Ayat, “Moment scheme of the finite-
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ABSTRACT: We propose a method for investigation of the stability of shells under the action of forces and 
thermal factors that is based on relations of the geometrically nonlinear theory of elasticity and the moment 
scheme of finite elements. For the case of uniformly heated restrained cylinders, we demonstrate the efficiency 
of the method and the validity of the results obtained. We analyze the distinctive features of deformation of the 
investigated class of shells. 
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A. Kadir Yavuz and S. Leigh Phoenix (Cornell University), “Buckling stability of adhesively bonded composite 
conical shells under both axial compressive and external pressure loads”, Paper No. IMECE2006-14409, pp 
163-164, 2006, doi:10.1115/IMECE2006-14409 
ABSTRACT: A mathematical model is developed for buckling stability of an adhesively bonded composite 
conical shell system consisting of carbon fiber in a polyimide (PI) matrix. The conical shell is modeled by two 
orthotropic layers bonded together with a PI adhesive. In-plane compressive and external surface pressure loads 
are applied. The adhesive layer is modeled by mechanical linear normal and shear springs. The Galerkin method 
is applied to analyze the buckling stability of the structure as an eigenvalue problem to give critical buckling 
loads and corresponding mode shapes. Parametric studies are performed to show effects of system parameters 
on buckling stability of the system. 
 
 
Wang Hu and Wang Tsun-kuei, “A Donnell type theory for finite deflection of stiffened thin conical shells 
composed of composite materials”, Applied Mathematics and Mechanics, Vol. 11, No. 9, pp 857-868, 
September 1990 
ABSTRACT A Donnell type theory is developed for finite deflection of closely stiffened truncated laminated 
composite conical shells under arbitrary loads by using the variational calculus and smeared-stiffener theory. 
The most general bending-stretching coupling and the effect of eccentricity of stiffeners are considered. The 
equilibrium equations, boundary conditions and the equation of compatibility are derived. The new equations of 
the mixed-type of stiffened laminated composite conical shells are obtained in terms of the transverse deflection 
and stress function. The simplified equations are also given for some commonly encountered cases. 
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laminated composite circular conical shells under external pressure”, Applied Mathematics an Mechanics, Vol. 
12, No. 12, December 1991 
ABSTRACT: In this paper, based on the mixed-type theory developed by the same authors[1], a theoretical 
analysis is presented for the stability of laminated composite circular conical shells under external pressure. The 
formulas for critical external pressure are obtained by using the potential energy variation principle. Very good 
agreement is shown between the theoretical prediction of critical external pressure and the experimental data. 
Finally, the influence of some parameters on critical external pressure is discussed numerically. The mixed-type 
theory developed by the same authors[1] and the results obtained in this paper are very useful in aerospace 
engineering design.  
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Tadeusz Niezgodzinski and Jacek Swiniarski (Technical University of Lodz), “Numerical calculations of 
stability of spherical shells”, Mechanics and Mechanical Engineering, Vol. 14, No. 2, pp 325-337, 2010 
ABSTRACT: The results of FEM calculations of stability of thin–walled spherical shells are presented. A static 
and dynamic stability analysis was conducted. Hemispherical shells and spherical caps with various dilation 
angles, subjected to external pressure, were considered. For each shell calculated, various boundary conditions 
of support were analyzed: joint, fixed and elastically fixed support. In the calculations, an axisymmetric and 
random discretization of the model was accounted for As a result of the calculations conducted for static loads, 
values of upper critical pressures and buckling modes of the shells were obtained. The results were presented 



for various shell thicknesses. The FEM solutions were compared to the available results obtained with analytical 
and numerical methods, showing a good conformity. Dynamic calculations were conducted for a triangular 
pulse load. On the basis of the Budiansky–Roth dynamic criterion of stability loss, values of upper dynamic 
critical pressures were obtained. Shell buckling modes were determined as well.  
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Lodz, Poland), “Dynamic response of the truncated conical shell subjected to pressure pulse loading”, 
Mechanics and Mechanical Engineering, Vol. 14, No.. 2, pp 215-222, 2010 
ABSTRACT: The paper deals with an analysis of the dynamic response of the isotropic conical shell subjected 
to rectangular or triangular pulse loading. This problem was solved with the Bubnov–Galerkin analytical–
numerical method, using a two–parameter function of deflection. In the equations of dynamic equilibrium, an 
orthotropic material was taken into consideration. Moreover, pressure loading and compression force were 
included. The solution results were compared with the finite element method, using ANSYS 11.  
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and Spherical Shell Structures Subjected to Blast Pressure”, SDSS’Rio 2010 Stability And Ductility Of Steel 
Structures E. Batista, P. Vellasco, L. de Lima (Eds.) Rio de Janeiro, Brazil, September 8 - 10, 2010, pp. 1193-
1200 
ABSTRACT: The thin conical and spherical shell structures subjected to pulse loading were considered. The 
influence of shell geometrical parameters and pulse loading parameters such as its amplitude, direction and 
duration on the dynamic response was analyzed. The calculations were conducted for two material models: 
linearly elastic and elastic plastic. To solve the problem of dynamic response of shell structures the ANSYS 
software based on finite element method was employed. 
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Plate Theory for Postbuckling Behaviour of Thin-Walled Structures Under Static and Dynamic Load”, Chapter 
9 in Nonlinearity, Bifurcation and Chaos - Theory and Applications, edited by Jan Awrejcewicz and Peter 
Hagedorn, INTECH, October 2012 
INTRODUCTION: A thin plate or thin-walled constructions are used in the sports industry, automotive, 
aerospace and civil engineering. As an example of such structural elements snowboard, skis, poles may be 
mentioned, as well as all kinds of crane girders, structural components of automobiles (car body sheathing or all 
longitudinal members), aircraft fuselages and wings, supporting structures of the walls and roofs of large halls 
and warehouses. All the above structures, as well as many others which can be regarded as a thin, exhaust 
carrying capacity not by exceeding the allowable stresses but by the stability loss. Therefore, not only critical 
load but also the postbuckling behaviour of thin-walled structures subjected to static and dynamic load is 
essential knowledge for designers. The use of more accurate mathematical models allows to explore the 
phenomena occurring after the loss of stability and to describe more precisely their behaviour. Engineers and 
designers need guidelines to construct as well as quick and easy software to use for analyse the behaviour of 
thin-walled structures. Therefore, the author of this chapter decided to explore this issue, propose a 
mathematical model and the method of analysis of orthotropic thin-walled structures subjected to static and 
dynamic load. 
 
 
Tomasz Kubiak, “Introduction”, Chapter in Static and Dynamic Buckling of Thin-Walled Plate Structures, 
edited by T. Kubiak, Springer, June 2013, pp 1-25 
ABSTRACT: The subject of this monograph is a study of buckling and postbuckling behaviour of thin plates 
and thin-walled structures with flat walls, subjected to static and dynamic load. 
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90-924, Lodz, Poland), “Analytical-Numerical method”, Chapter 3 in Static and Dynamic Buckling of Thin-
Walled Plate Structures, edited by Tomasz Kubiak, Springer, 2013, pp 47-65 
ABSTRACT: The method proposed and explained below allows one to determine critical loads, natural 
frequencies and coefficients of the equation describing the postbuckling equilibrium path for thin orthotropic 
plates or girders, columns and beams composed of flat orthotropic plates (walls). This method also allows one 
to analyse a dynamic response of the plate structure subjected to pulse loading. Taking the deflections as a 
function of time and applying the relevant dynamic buckling criteria, it is possible to determine the dynamic 
critical load. 
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ABSTRACT: The finite element method is used here to validate the analytical–numerical method presented in 
Chapter 3 [See the previous entry]. The basic assumption and the used equations for thin plates in both the 
methods (ANM—the analytical–numerical method, FEM—the finite element method) are identical, but the way 
of solution is different. To apply a program based on the finite element method as a numerical experiment, 
confirming or validating the theoretical analysis or the analysis based on the analytical–numerical method, it is 
important to create an appropriate model. A properly chosen finite element type, a rational mesh density and 
appropriate boundary conditions play a significant role in obtaining the calculation results close to the reality. 
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ABSTRACT: Dynamic stability, or better, dynamic buckling (sometimes referred to as a dynamic response) 
means a loss of stability of the structure subjected to pulse load. Especially, it can act along the axis of the 
column or in the plane of the plate. It should be mentioned that for the ideal uniformy compressed structures 
(without any geometrical imperfection) the critical buckling amplitude of pulse loading leads to infinity. 
Therefore, the dynamic buckling can be analysed only for structures with initial geometrical imperfections. In 
such a case, the critical value of dynamic load does not have a bifurcation character, thus it has to be determined 
on the basis of the assumed criterion. Some the most popular and some new criterion allowing to determine 
dynamic buckling is presented in this chapter. 
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Structures, edited by Tomasz Kubiak, Springer, 2013, pp 141-158 
ABSTRACT: The chapter deals with static buckling, postbuckling behaviour and dynamic buckling of thin-
walled column with open cross-section made of isotropic and orthotropic material. The analysed columns were 
subjected to compressed load. The results was obtained using finite element method and analytical-numerical 
method. 
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90-924, Lodz, Poland), “Thin-walled girders subjected to torsion”, Chapter in Static and Dynamic Buckling of 
Thin-Walled Plate Structures, edited by Tomasz Kubiak, Springer, 2013, pp 173-182 
ABSTRACT: The results of the dynamic buckling analysis of girders subjected to torsion are presented in this 
chapter. All the results of numerical calculations to be discussed further were obtained with finite element 
method commercial software. Girders with square cross-sections and different lengths were considered. A little 
attention is paid to thin-walled structures with flat wall subjected to bending or torsion. It was therefore decided 
to fill this gap by conducting an analysis of thin-walled girders with closed cross-section and behaviour of such 
structures subjected to torsion impulse of finite duration. 
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“Strain-rate effect in dynamic buckling of thin-walled isotropic columns”, Mechanics and Mechanical 
Engineering, Vol. 12, No. 3, pp 189-200, 2008 
ABSTRACT: The aim of this paper is the analysis of strain–rate sensitivity in dynamic stability of thin–walled 
isotropic columns of closed rectangular cross–section, subjected to in–plane pulse loading of finite duration. 
The analysis is performed with the FE Method application. The full Lagrange strain tensor is assumed and 
various material characteristics are applied. The First Shear Deformation Theory displacement field is employed 
for the solution as well as the viscoplasticity constitutive model for material behavior under high strain rate 
loading. In the performed analysis the strain–rate effect influence on the dynamic buckling load is examined 
and also the initial imperfections of walls, pulse shape and pulse duration. The applications of some dynamic 
criteria are compared as well.  
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“Thermal bifurcation buckling of piezoelectric carbon nanotube reinforced composite beams”, Computers & 
Mathematics with Applications, Vol. 66, No. 7, pp 1147-1160, October 2013,  
DOI: 10.1016/j.camwa.2013.04.031 
ABSTRACT: The nonlinear thermal bifurcation buckling behavior of carbon nanotube reinforced composite 
(CNTRC) beams with surface-bonded piezoelectric layers is studied in this paper. The governing equations of 
piezoelectric CNTRC beam are obtained based on the Euler–Bernoulli beam theory and von Kármán geometric 
nonlinearity. Two kinds of carbon nanotube-reinforced composite (CNTRC) beams, namely, uniformly 
distributed (UD) and functionally graded (FG) reinforcements, are considered. The material properties of FG-
CNTRC beam are assumed to be graded in the thickness direction. The SWCNTs are assumed aligned, straight 
and with a uniform layout. Exact solutions are presented to study the thermal buckling behavior of beams made 
of a symmetric single-walled carbon nanotube reinforced composite with surface-bonded piezoelectric layers. 
The critical temperature load is obtained for the nonlinear problem. The effects of the applied actuator voltage, 
temperature, beam geometry, boundary conditions, and volume fractions of carbon nanotubes on the buckling 
of piezoelectric CNTRC beams are investigated. 
 
 
G. Hafeez, A.M. El Ansary, A.A. El Damatty (Dept of Civil and Environmental Engineering, The University of 
Western Ontario, London, Ontario, Canada), “Effect of wind loads on the stability of conical tanks”, Canadian 
Journal of Civil Engineering, Vol. 38, No. 4, pp 444-454, 2011, DOI: 10.1139/l11-017 
ABSTRACT: During the past few decades, a number of conical tanks have collapsed in various locations 
around the globe. Previous studies attributed the reason of collapse to inadequate thickness of the conical vessel 
especially at the bottom part. Most of the previous studies focused on studying the stability of conical tanks 
under the effect of only hydrostatic pressure. The current study focuses on studying the combined effect of wind 
loading and hydrostatic pressure on the stability of conical tanks. The study is conducted numerically, using a 
three-dimensional finite element model that is developed in-house. The critical imperfection shapes leading to 
minimum buckling capacity of conical shells under wind load alone, and under the combined effect of wind 
load and hydrostatic pressure, are determined. The study shows that a non-axisymmetric imperfection shape 
leads to minimum buckling capacity of empty conical tanks subjected to wind loads, while an axisymmetric 
distribution is noticed in the case of conical tanks under the combined effect of wind loads and hydrostatic 
pressure. In addition, the current study assesses the adequacy of an existing design procedure, which accounts 
for hydrostatic pressure, when the combination of hydrostatic pressure and wind load is considered. 
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Doubravka Stredova and Petr Tomek (Department of Mechanics, Materials and Machine Parts, University of 
Pardubice, Czech Republic), “Experimental model of conical shell under external pressure”, Special Issue 2, 
Vol. VI, May 2011 
ABSTRACT: This article deals with the loss of stability of the experimental model of the conical shell 
subjected to an external pressure. Experiment with real specimens is based on the numerical analysis, which it 
was performed in (3). The problem is limited to a case of the simply supported conical shell. The main task is to 
verify the numerical analysis results and the method of the preparation of the experimental models. Fully 
nonlinear analysis of the conical shells GMNA is performed in a computer program COSMOS/M based on the 
Finite Element method (FEM).  
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Republic), “Influence of the initial imperfections on the strength and stability of thin-walled structures”, Ph.D. 
Dissertation, 2012 
PARTIAL SUMMARY: Doctoral dissertation focuses on the influence of initial geometric imperfections on the 
loss of stability spherical caps stiffened by circumferential ring. Investigated area is limited to simply supported 
spherical caps with the final stiffness in the radial direction. The described problem is mostly solved by 
numerical analyses in the environment of program COSMOS/M [5] and CosmosWorks [6]. Verification of 
the results of numerical analysis performing the experiment is currently still ongoing. Preparation of 
experiments and the development of the test equipment are described in the doctoral dissertation. First tests of 
the loss of stability test specimens were performed on the test equipment. [To date] results of the experiments 
[have been] used to modify test equipment and method of production of test specimens.  
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J. C. Xu, C. Deng, H. Wang, "Nonlinear Stability Analysis for FGM Shallow Conical Shells Subjected to 
Thermal and Mechanical United Loads", Advanced Materials Research, Vols. 476-478, pp. 2515-2522, Feb. 
2012, doi: 10.4028/www.scientific.net/AMR.476-478.2515  
ABSTRACT: Based on the Von Karman large deflection theory of shallow shell, the problem of nonlinear 
stability of symmetrically FGM shallow conical shells under the action of mechanical and thermal loads is 
investigated. The nonlinear governing equation under the united action of mechanical and thermal loads of 
FGM shallow conical shells whose physical parameters change with the power rate is derived and solved by the 
modified iteration method. The nonlinear characteristic relation of load, deflection and temperature is obtained. 
The extremum buckling principle is employed to determine the critical buckling load. The influences of 
gradient constants, geometric parameters and temperature differences on buckling are discussed as well. 
 
 
Litvinov V.V., Andreev V.I., Chepurnenko A.S. Ustoychivost’ usechennoy krugovoy konicheskoy obolochki 
pri osevom szhatii [Stability of Truncated Circular Conical Shell Exposed to Axial Compression]. Vestnik 
MGSU [Proceedings of Moscow State University of Civil Engineering]. 2012, no. 10, pp. 95—101.  
ABSTRACT: The problem of stability of a freely supported truncated circular conical shell, compressed by the 
upper base of a uniformly distributed load per unit length t, referred to the median shell surface and directed 
along the generatrix of the cone, was solved by the Ritz-Timoshenko energy method. The orthogonal system of 
curvilinear coordinates of the points of the middle surface of the shell was adopted to solve the problem. 
Possible displacements were selected in the form of double series approximation functions. The physical 
principle of inextensible generatrix of the cone exposed to buckling at the moment of instability was employed. 
In addition, the fundamental principle of continuum mechanics, or the principle of minimal total potential 
energy of the system, was taken as the basis. According to the linear elasticity theory, energy methods make it 
possible to replace the solution of complex differential equations by the solution of simple linear algebraic 
equations. As a result, the problem is reduced to the problem of identifying the eigenvalues in the algebraic 
theory of matrices. The numerical value of the critical load was derived through the employment of the 
software.  
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Haifa, Israel),” Repeated Buckling Tests of Stiffened Thin Shear Panels”, August 1981 
DTIC Accession Number: ADA111964, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA111964 
ABSTRACT: An experimental study of repeated buckling of shear panels, which represents the first phase of a 
more comprehensive program is presented. Two similar typical Wagner beams were tested under cyclic loading 
not exceeding 70% of the predicted ultimate static load, one tested as a cantilever and one loaded symmetrically 
at three points. The aim of these pilot tests was better understanding of the physical phenomena and evaluation 
of the experimental methods for future tests. The appropriate location and precautions for use of strain gages to 
measure the stress concentrations at the edges of the diagonal of tension were determined, and the suitability of 
the shadow moire technique for deflection measurements was ascertained. It was found that cyclic loading at a 
fairly high load level causes significant structural changes in the shear panels that affect the failure of the beam. 
 
 
J. Singer, O. Rand and A. Rosen (Department of Aeronautical Engineering, Technion-Israel Institute of 
Technology, Haifa, Israel), “Vibrations of axially loaded stiffened cylindrical panels with elastic restraints”, 
Journal of Sound and Vibration, Vol. 93, No. 3, April 1984, pp. 397-408, doi:10.1016/0022-460X(84)90337-7 
ABSTRACT: A method has been developed for analysis of the vibration and buckling of preloaded stiffened 
cylindrical panels with different boundary conditions along the straight edges, including elastic restraints. In the 
analysis linear, “smeared” stiffener, Flügge type theory is used. A computer program VIBUPAL has been 
developed. The method has been verified by comparison with results available for limited cases and very good 
agreement has been obtained. 
 
 
H. Abramovich, R. Yaffe and J. Singer (Department of Aeronautical Engineering, Technion-Israel Institute of 
Technology), “Evaluation of stiffened shell characteristics from imperfection measurements”, The Journal of 
Strain Analysis for Engineering Design,  January1987 vol. 22 no. 1 pp.17-23, 
doi: 10.1243/03093247V221017 
ABSTRACT: The measurement of initial geometric imperfections of stringer-stiffened cylindrical shells on a 
laboratory scale is reviewed and recent results are presented. Buckling loads are predicted by the multimode 
analysis and are compared with experimental results. The concept and purpose of an international imperfection 
data bank is outlined and the activity of the Technion branch is described. An evaluation of the characteristics 
of shells from their measured imperfection record is attempted. 
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Institute of Technology, Haifa 32, Israel), “Dynamic buckling of beams and plates subjected to axial impact”, 
Computers & Structures, Vol. 32, Nos. 3-4, 1989, pp. 835-851, doi:10.1016/0045-7949(89)90368-4 
ABSTRACT: Analytical studies with the ADINA computer code were performed to determine the Dynamic 
Load Amplification Factor (DLF) of metal beams and plates subjected to axial in-plane impact compression 
loading. The results were compared with experimental ones and those yielded by self developed finite 
differences programs. The influences of initial geometric imperfections, as well as duration of loading on the 
DLP were evaluated. As anticipated, the DLFs were usually higher than unity. However, in a few cases, in the 
presence of certain magnitudes of initial geometric imperfection and for loading durations close to the first 
natural period in bending, DLFs smaller than unity were observed. 
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of-the-Art Colloquium,” Stuttgart, ed. E. Ramm, Springer-Verlag, Berlin, 501–534 (1982). 
ABSTRACT: The recent developments in shell buckling experiments are surveyed and related to a review of 
the progress in the seventies. Model fabrication, imperfection measurements, boundary conditions, 
nondestructive testing, combined loading, postbuckling behavior, composite shells and other aspects of shell 
buckling tests are discussed. The motivation for experiments and the conclusions drawn in the previous review 
are reassessed. 
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ABSTRACT: The vibration-correlation technique, VCT for definition of real boundary conditions, and the 
method of repeated buckling were employed for nondestructive generation of improved interaction curves for 
buckling of stringer-stiffened circular-cylindrical shells subjected to a combined axial compression and 
external-pressure state of loading. Thirteen shells were tested, five on clamped boundary conditions and eight 
on norminal simple supports. The study also included an assessment of the influence of the order of loading on 
the behavior of the shells before and at buckling as a result of the nonlinear interaction. It has been shown that 
the VCT and repeated buckling approach are feasible for closely stiffened shells and are adequate tools for the 
derivation of more realistic buckling interaction curves. It appears that the sequence of loading, constant axial 
compression first and then increasing the external pressure until buckling occurs, or the reverse order of 
loading, does not influence the buckling loads. 
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ABSTRACT: The role of experiments in buckling and postbuckling studies of structures is examined. The 
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32000 Haifa, Israel), “ The influence of initial imperfections on the buckling of stiffened cylindrical shells 
under combined loading”, in Buckling of shell structures, on land, in the sea, and in the air, edited by J. F. 
Jullien, Elsevier Applied Science Publishing Co., Inc., New York, 1991 
ABSTRACT: The present experimental study aims at providing better inputs for improvement of the buckling 
load predictions of stiffened cylindrical shells subjected to combined loading. The work focuses on two main 
factors which considerably affect the combined buckling load of stiffened shells, namely initial geometric 
imperfections and boundary conditions. Six shells with nominal simple supports were tested under various 
combinations of combined loading. The Vibration Correlation Technique (VCT) is employed to define the real 
boundary conditions. The initial geometric imperfections of the integrally stiffened shells are measured in the 
present experiments in situ and are used as inputs to a multimode analysis which yields the appropriate 
“knockdown” factor for various combinations of axial compression and external pressure. Thus when 
employing the repeated buckling method for obtaining interaction curves, each point on the curve is adjusted 
(using the multimode analysis) for the measured degradation of the shell and this results in improved interaction 
curves and reduced experimental scatter. The measured geometrical imperfections of the preloaded shells can 
also serve as a contribution to International Imperfection Data Bank for future studies on the correlation 
between the manufacturing method of the shell and its geometric imperfections. 
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32000, Israel), “Cubic B-spline collocation method for nonlinear static analysis of panels under mechanical and 
thermal loadings”, Computers & Structures, Vol. 49, No. 1, October 1993, pp. 89-96, 
doi:10.1016/0045-7949(93)90127-Y 
ABSTRACT: This study presents the cubic B-spline collocation method for solution of one- and two-
dimensional nonlinear boundary problems, describing the behavior of panels subjected to mechanical and 
thermal loadings. Snap-through of panels under pressure loading. and nonlinear thermally-induced response of 
panels are considered. Available results, yielded by other solution methods, were compared with those obtained 
by the proposed method. The accuracy, as well as efficiency of the present approach are verified. 
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Haifa 32000, Israel), “Two-dimensional spline collocation method for nonlinear analysis of laminated panels”, 
Computers & Structures, Vol. 57, No. 1, October 1995, pp. 131-139, doi:10.1016/0045-7949(94)00802-A 
ABSTRACT: The application of the spline collocation method, using the cubic B-splines technique, was 
extended to solve two-dimensional problems, and employed to determine the pre- and postbuckling behavior of 
laminated panels subjected to mechanical and heating induced loadings. Transverse shear deformation effects 
were included in the analysis. The accuracy of the method was validated and its efficiency and adequacy to 



solve problems, concerned with moderate and thin-walled (which may experience “shear-locking”) shell type 
structures under the above types of loadings, were shown. Examples, demonstrating the capability of the 
method to satisfactorily provide the buckling loads and postbuckling branches of multilayered panels under 
axial, pressure and uniform heating type loadings, are presented. 
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12, pp 1156-1165, December 1990 
ABSTRACT: The buckling and postbuckling behaviors of perfect and imperfect antisymmetrically angle-ply 
laminated composite plates under uniaxial compression have been studied by perturbation technique which 
takes deflection as its perturbation parameter. 
In this paper, the effects of in-plane boundary conditions, angles, total number of layers and initial geometric 
imperfection on the postbuckling behavior of laminated plates have been discussed. 
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ABSTRACT: Buckling and postbuckling behaviors of perfect and imperfect, stringer and orthotropically 
stiffened cylindrical shells have been studied under axial compression. Based on the boundary layer theory for 
the buckling of thin alastic shells suggested in ref. [1], a theoretical analysis is presented. The effects of material 
properties of stiffeners and skin, which are made of different materials, on the buckling load and postbuckling 
behavior of stiffened cylindrical shells have also been discussed. 
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Singer, Josef, Experimental Studies in Shell Buckling, Stability Analysis of Plates and Shells, NASA/CP-1998-
206280, Jan. 1998, AIAA Paper 97-1075 
Recent developments in shell buckling experiments are reviewed and related to earlier investigations. The 
motivation for buckling experiments on shells in the era of the digital computer, analysed by the author in two 
previous reviews, is re-examined and evaluated. The historical development of shell buckling tests is briefly 
traced and the interaction of theory, experiments and numerical studies in developing better understanding of 
buckling and postbuckling phenomena is emphasized. Some significant measurement problems are briefly 
discussed. The role of initial imperfections and their measurement is outlined, as well as the effect of boundary 
conditions. Nondestructive test methods for shell buckling are briefly mentioned. Finally, areas of shell 
buckling experimentation that deserve attention in coming years are enumerated. 
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Josef Singer and Haim Abramovich (Faculty of Aerospace Engineering, Technion-Israel Institute of 
Technology, Haifa 32000, Israel), “The development of shell imperfection measurement techniques”, Thin-
Walled Structures, Vol. 23, Nos. 1-4, 1995, pp. 379-398, Special Issue: Buckling Strength of Imperfection-
sensitive Shells, doi:10.1016/0263-8231(95)94361-V 
ABSTRACT: The development of techniques for measuring geometric imperfections is traced from the sixties 
to the present day. First, the early laboratory experiments that initiated the concepts and developed the basic 
techniques are outlined. Imperfection measurements of large and full-scale shells are then considered, including 
those performed in industry. Modern, more sophisticated, semi-automated measurement techniques as well as 
imperfection data banks are discussed. Finally, a design methodology which includes the correlation of realistic 
imperfections with manufacturing techniques is outlined, and ways are indicated of inclusion of the relevant 
imperfection data into design methods. 
 
 
Josef Singer, Haim Abramovich and Tanchum Weller (Faculty of Aerospace Engineering, Technion – Israel 
Institute of Technology, Haifa 32000, Israel), “The prerequisites for an advanced design methodology in shells 
prone to buckling”, in New approaches to structural mechanics, shells, and biological structures, edited by 
Horace R. Drew and Sergio Pellegrino, Kluwer Academic Publishers, Dordrecht, The Netherlands, 2002. 
Special volume produced for the retirement of Professor Chris Calladine, 2002 
ABSTRACT: The performance goals of future aerospace vehicles will require an unprecedented degree of 
structural efficiency, which can be obtained by an advanced design methodology, often called “high-fidelity 
analysis”. Such a methodology combines accumulated geometrical, material and loading imperfections and 
boundary-condition data with the available computer codes. The prerequisite for a successful application of 
such a high fidelity analysis to shell type structures is the existence of data banks of measured imperfections and 
data on the effecive boundary conditions. These data banks have to be not only extensive, but also well 
correlated with the relevant manufacturing processes, loading conditions and practical end fixtures. The 
experimental work on stiffened metal shells that produced the available data banks is briefly reviewed and their 
present limitations are emphasized. The urgent need for coordinated extensive international efforts by industry 
and research laboratories to measure imperfections and effective boundary conditions, and correlate them with 
experimental buckling loads as well as fabrication processes, is emphasized. Nondestructive vibration 
correlation techniques are also briefly discussed as a means for determining the effective boundary conditions. 
Finally, assuming that the necessary prerequisites will become available, the consecutive stages of the advanced 
design methodology are outlined. 
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imperfections of stiffened cylindrical shells under combined loading”, International Journal of Non-Linear 
Mechanics, Vol. 37, Nos. 4-5, June 2002, pp. 577-588, Special Issue: Stability & Vibration in Thin-Walled 
Structures, doi:10.1016/S0020-7462(01)00085-3 
ABSTRACT: The present experimental study aims at providing better inputs for improvement of the buckling 
load predictions of stiffened cylindrical shells subjected to combined loading. The work focuses on two main 
factors which considerably affect the combined buckling load of stiffened shells, namely geometric 
imperfections and boundary conditions. Six shells with nominal simple supports were tested under various 
combinations of axial compression and external pressure. The vibration correlation technique is employed to 
define the real boundary conditions. The geometric imperfections of the integrally stiffened shells are measured 
in the present experiments in situ and are used as inputs to a multimode analysis which yields the corresponding 
“knockdown” factor for various combinations of loading. Thus, when employing the repeated buckling 
procedure for obtaining interaction curves, each point on the curve is adjusted (using the multimode analysis) 
for the measured “new” surface of the shell and this results in more realistic interaction curves. The geometrical 
imperfections of the preloaded shells can also serve as an input to the International Imperfection Data Bank for 
future studies on the correlation between the manufacturing method of the shell and their geometric 
imperfections. 
 
 
R. Yaffe and H. Abramovich (Faculty of Aerospace Engineering, Technion, Israel Institute of Technology, 
Haifa 32000, Israel), “Dynamic buckling of cylindrical stringer stiffened shells”, Computers & Structures, Vol. 
81, Nos. 8-11, May 2003, pp. 1031-1039, Special Issue: K.J Bathe 60th Anniversary Issue, 
doi:10.1016/S0045-7949(02)00417-0 
ABSTRACT: The dynamic buckling of cylindrical stringer stiffened shells was investigated both numerically 
and experimentally. A new criterion to define the numerical “dynamic” buckling load was developed yielding 
consistent results. The ADINA finite element code was applied to simulate the static and dynamic buckling 
loads of the shells. It was shown numerically that when the period of the applied loading (half-wave sine) 
equals half the lowest natural period of the shell, there is a slight drop in the dynamic load amplification factor 
(DLF). The DLF is defined, as the ratio of the dynamic buckling to the static buckling of the shell. This factor 
drops below unity, when the ratio of the given sound speed in solids, c, to the velocity developed axially due to 
the applied dynamic loading, approaches unity. It means that, for this particular loading period, the dynamic 
buckling load would be lower than the static one. It was shown numerically that the shape of the loading period, 
half-wave sine, a shape encountered during the tests, as well as the initial geometric imperfections have a great 



influence on the dynamic buckling of the shells. The relatively simple test set-up design to cause a shell to 
buckle dynamically did not fulfill our expectations. Although, the process leading to eventually the dynamic 
buckling of the shell worked properly, still no test results were obtained to form a sound experimental database 
for this phenomenon. Based on the numerical predictions, correct guidelines were formulated for better test 
procedures to be applied in future tests, which will be reported in due time. 
 
 
J. Singer, “Chapter 11 Stiffened cylindrical shells”, in Buckling of thin metal shells, edited by J. G. Teng and J. 
Michael Rotter, Spon Press, 11 New Fetter Lane, London EC4P 4EE, 2004 
PARTIAL ABSTRACT: Stiffened shells, and in particular stiffened circular cylindrical shells, are usually very 
efficient structures that have many applications in civil, aerospace, marine, petrochemical and mechanical 
engineering… 
 
 
R. Levy and E. Gal (Faculty of Civil Engineering, Technion – Israel Institute of Technology, Technion City, 
Haifa 32000, Israel), “Geometrically nonlinear three-noded flat triangular shell elements”, Computers & 
Structures, Vol. 79, Nos. 26-28, November 2001, pp. 2349-2355, doi:10.1016/S0045-7949(01)00066-9 
ABSTRACT: This paper provides a novel approach to the geometrically nonlinear analysis of shells by deriving 
the geometric stiffness matrix by load perturbing the linear equilibrium equations in their finite element 
formulation. Rotations are considered as finite, and rigid body motion is elegantly removed to result in pure 
elastic deformations that enable stress retrieval via linear constitutive relations. Simple three-noded triangular 
elements that have proven successful in linear analysis will thus transform to powerful nonlinear elements. 
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“Buckling analysis of composite panels”, Composite Structures, Vol. 73, No. 2, May 2006, pp. 179-185, Special 
Issue: International Conference on Buckling and Postbuckling Behavior of Composite Laminated Shell 
Structures, doi:10.1016/j.compstruct.2005.11.052 
ABSTRACT: The aim of this paper is to present the buckling analysis of a laboratory tested composite panel 
under axial compression by means of a simple shell finite element that is developed and presented herein. The 
tests were performed in the Aircraft Structure Laboratory of the Faculty of Aerospace Engineering at the 
Technion. Buckling is achieved via incremental geometrically nonlinear analysis and monitoring of the tangent 
stiffness matrix at each increment. The performance of the finite element is further validated by solving a 
complex multi-snap example from the literature. 
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Israel 
“The geometric stiffness of thick shell triangular finite elements for large rotations”, International Journal for 
Numerical Methods in Engineering, Vol. 65, No. 9, February 2006, pp. 1378–1402, 
doi: 10.1002/nme.1491 
ABSTRACT: This paper is concerned with the development of the geometric stiffness matrix of thick shell 
finite elements for geometrically nonlinear analysis of the Newton type. A linear shell element that is comprised 
of the constant stress triangular membrane element and the triangular discrete Kirchhoff Mindlin theory 
(DKMT) plate element is ‘upgraded’ to become a geometrically nonlinear thick shell finite element. 
Perturbation methods are used to derive the geometric stiffness matrix from the gradient, in global coordinates, 



of the nodal force vector when stresses are kept fixed. The present approach follows earlier works associated 
with trusses, space frames and thin shells. It has the advantage of explicitness and clear physical insight. A 
special procedure, tailored to triangular elements is used to isolate pure rotations to enable stress recovery via 
linear elastic constitutive relations. Several examples are solved. The results compare well with those available 
in the literature. 
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“Dynamic Buckling Behaviour of Thin Walled Composite Circular Cylindrical Shells under Axial Impulsive 
Loading”, Twelfth Australian Aeronautical Conference. Melbourne: Engineers Australia, 2007: [647]-[666]. 
Availability: <http://search.informit.com.au/documentSummary;dn=559169188481613;res=IELENG> ISBN: 
9780980321500. 
ABSTRACT: The present study deals with "dynamic buckling", where a composite cylindrical shell, which is 
subjected to an axial impact load, loses its stability once its lateral transient behaviour becomes unbounded in 
response to the applied impulsive load. Under this type of loading, a structure may survive suddenly applied 
loads, the amplitudes of which may exceed by many times its static buckling capacity before reaching its critical 
conditions, provided the loading duration is short enough. Hence, the load intensity is loading duration 
dependent, where the prescribed loading amplitude determines its maximum safe time of application. In the 
case under consideration, triggering of "dynamic buckling" is only possible in presence of relatively small 
lateral initial geometric imperfections, or lateral coupled deformations stemming from the cylinder skin 
constitutive relations. Instability in these cases results from continuous amplification of either the imperfections 
or the coupled deformations once they exceed permissible critical arbitrarily prescribed values of stress/strains 
or deformations. Therefore, definition of "dynamic buckling" is arbitrary and consequently there is no unique 
criterion as yet for determination of "dynamic buckling", nor guidelines for design of dynamic buckling 
resistant structures exist. A criterion that lends itself to a rational definition of "dynamic buckling" has been 
proposed by Budiansky and Hutchinson. It defines simplified means for determination of the critical dynamic 
loading, and in essence is analogous to ones employed in the definition of static buckling load of an imperfect 
structure. Thus, it provides means for comparison between static and dynamic buckling loads corresponding to 
a given structure; however the analogy is incomplete since in the dynamic case the loading and the structural 
response are time dependent. In light of the above discussion wide range parametric numerical studies have 
been undertaken in the present study to assess the influence of shell wall configuration and its initial 
geometrical imperfections on the dynamic buckling capacity and behaviour of thin walled composite shells, as 
well as on the loading duration of the shell, which in turn also affects the critical load capacity. In performing 
these evaluations the Budiansky and Hutchinson criterion has been adopted for determination of the shell 
critical dynamic load. Cylindrical structures are very sensitive to the presence of initial geometric imperfections. 
The effect of identical imperfections on dynamic buckling is compared with their influence on static buckling. 
For this purpose, initial geometric imperfections, the shapes of which correspond to the first static buckling 
mode of the perfect shell have been employed. The amplitude of this mode is treated as a free parameter in this 
assessment. Previous theoretical and experimental studies on dynamic buckling of beams and plates have 
indeed demonstrated that the shorter the duration n of loading, the higher the resistance to dynamic buckling of 
these structural elements, and significantly higher than the respectively static buckling load, i.e. there exists a 
dynamic load amplification factor, D.L.F. However, in the neighbourhood of loading durations corresponding to 
the period of the first natural bending vibration D.L.F.'s smaller than one have been observed, namely the 
dynamic buckling load is smaller than the static one. Consequently, special attention is given in the present 
study to the buckling behaviour of cylinders subjected to axial impacts of duration in this particular range. 
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curved panel–An engineering approach”, Composite Structures, Vol. 83, No. 4, June 2008, pp. 341-353, 
doi:10.1016/j.compstruct.2007.05.001 
ABSTRACT: The effective width method that is widely applied for the analysis of isotropic planar stringer-
stiffened panels has been extended to laminated composite stringer-stiffened circular cylindrical panels. The 



approach was modified and adapted to handle curved composite structures. Panels stiffened by blade type 
stiffeners, J-form stiffeners and T-form stiffeners were considered in the present study. Bending buckling of the 
stiffeners, their torsional buckling, combined bending and torsion buckling and local buckling of the stringers 
were accounted for in the investigation. Using the proposed extended effective width method, a MATLAB 
based software code TEW1 was developed and implemented. To validate this code, predictions obtained by it 
were compared with experimental results and with finite element calculations. Good agreement between the 
present proposed method, experiments and finite element simulations was found, thus yielding an efficient, 
simple to apply and fast engineering code to be used in design and optimization stages. 
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“Repeated Buckling and Postbucking Behavior of Laminated Stringer Stiffened Composite Panels with and 
without Damage”, Int. J. Struct. Stab. Dyn. (2008? Latest ref. is 2007), cocomat.de 
ABSTRACT: The performances of the air transport sector as a whole have almost reached a stage of leveling 
off. New breakthrough design concepts and technologies are needed to introduce a new era of air flight. Air 
transport demands are predicted to double in the next 10 – 15 years and triple in 20 years time. Involved with it, 
both the European and American aeronautical industries expect an operating cost reduction of 20% in the mean 
period followed by a further reduction of 50% in the long run [1]. 
These extreme expectations can be understood and realized based on the actual and future design scenarios of 
basic aeronautical structures – a laminated composite stringer stiffened panel presented in Figure 1, where the 
axial compression load vs. end shortening behaviors of such a structure is depicted. This schematic figure 
summarizes the vision of the COCOMAT consortium [1-2], namely improved material exploitation of 
laminated composite airframe structures by accurate simulation of postbuckling and collapse. 
It is only natural to attempt achieving the above expectations by narrowing the large conservative gap 
traditionally accepted between the ultimate and the collapse load capacities, thus, yielding the future design 
scenario as depicted in Fig.1. To realize this target, it is necessary to develop the appropriate tools tobe able to 
correctly predict the behavior of a laminated composite stringer stiffened shell in the deep postbuckling region, 
at the collapse load, which is characterized by separation between the skin and the stringers, delaminations, 
crack propagations and matrix failure, as well as to understand its behavior under repeated buckling. During its 
normal service life, a fuselage, which is composed of many curved laminated composite stringer stiffened 
panels, may experience a few hundreds of buckling-postbuckling cycles. Although it is well recognized that 
CFRP stiffened structures are capable of withstanding very deep post-buckling, yielding collapse loads equal to 
three - four times their buckling load (see for example typical Refs. [4-6]), there exists scarce knowledge in the 
literature about the effects of repeated buckling on the global behavior of the panels composing such fuselages. 
The data found in the literature is dealing with simple structures and loadings [7-8]. Very few results are 
available (for example [9, 20] on how repeated buckling under combined loading influences the non-linear 
behavior of aluminum cylindrical shells and CFRP aeronautical panels and their collapse modes, and on how far 
into the post-buckling region it is possible to increase loading without loosing structural safety. 
Therefore, in light of the above, it is the aim of the present manuscript, to contribute to the basic understanding 
and knowledge of the above topic, by summarizing the experimental and numerical results that were 
experienced and obtained within the COCOMAT consortium, during the years 2003-2008. 
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3200, Israel), “Durability of stiffened composite panels under repeated buckling”, International Journal of 
Solids Structures, Vol. 26, No. 9, 1990, pp. 1037-1069., DOI: 10.1016/0020-7683(90)90016-O 
ABSTRACT: An experimental study of the durability under repeated buckling of Graphite/Epoxy stiffened 
panels subjected to shear and axial compression was carried out. The shear panels were hybrid Wagner beams 
with composite webs bonded to an aluminum alloy frame, whereas the axial compression specimens were “I” 
and “J” stiffened cocured composite panels.The test results demonstrate that composite stiffened panels are less 
fatigue sensitive than comparable metal ones. In the shear panels repeated buckling, even when causing 
extensive damage, does not reduce the residual strength by more than 20 percent. For the axial compression 
panels no reduction in residual strength was observed. Safe design of stiffened Graphite/Epoxy panels well 
beyond their initial buckling is therefore feasible. This can lead to more efficient structures. 
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“Buckling and Postbucking Behavior of Laminated Composite Stringer Stiffened Curved Panels under Axial 
Compression-Experiments and Design Guidelines”, Proc. of 2nd Int. Conference on Buckling and…, 2008 – 
cocomat.de 
ABSTRACT: It is well known [1] that non-closely stiffened panels can have considerable postbuckling reserve 
strength, enabling them to carry loads significantly in excess of their initial buckling load. If appropriately 
designed, their load carrying capacity will even appreciably exceed that corresponding to an equivalent weight 
unstiffened shell (i.e. a shell of identical radius and thicker skin and which is also more sensitive to geometrical 
imperfections). In these shells, initial buckling of their panels takes place in a local mode, i.e. skin buckling 
between stiffeners, and not in an overall mode, i.e., an Euler or wide column mode. 
The design of aerospace structures places great emphasis on exploiting the behavior and on mass minimization 
of such panels to reduce lifecycle costs. An optimum (minimum mass) design approach based on initial 
buckling, stress or strain, and stiffness constraints, typically yields an idealized structural configuration 
characterized by almost equal critical loads for local and overall buckling. This, of course, results in little 
postbuckling strength capacity and susceptibility to premature failure. However, an alternative optimum design 
approach can be imposed to achieve lower mass designs for a given loading by requiring the initial local 
buckling to occur considerably below the design load and allowing for the response characteristics known to 
exist in postbuckled panels [2] ,i.e. capability to carry loads higher than their initial buckling load. To meet the 
requirements of low structurally weight, advanced lightweight laminated composite elements are increasingly 
being introduced into new designs of modern aerospace structures for enhancing both their structural efficiency 
and performance. In recognition of the numerous advantages that composites offer, there is a steady growth in 
replacement of metallic components by composite ones in marine structures, ground transportation, robotics, 
sports and other fields of engineering. Many theoretical and experimental studies have been performed on 
buckling and postbuckling behavior of flat stiffened composite panels (see for example Refs.3-8). Recently, a 
wide body of description and detailed data on buckling and postbuckling tests has been compiled [9] (see 
chaps.12-14). However, studies on cylindrical composite shells and curved stiffened composite panels are still 



quite scarce (see for example Refs.10-15). Most of them have been discussed in detail in Ref. 9 (see chap. 14). 
In light of the above discussion, it has been suggested that permitting postbuckling to take place under ultimate 
load of fuselage structures, i.e. alleviation of design constraints, may provide a means for meeting the objectives 
for the design of next generation aircraft, where the demand is reduction of weight without prejudice to cost and 
structural life (see paper Vision 2020 of the European Community). This approach has been undertaken in an 
experimental study (Improved POstbuckling SImulation for Design of Fibre COmposite Stiffened Fuselage 
Structures - POSICOSS project) as a part of an ongoing effort on design of low cost low weight airborne 
structures initiated by the 5th European Initiative Program. It was aimed at supporting the development of 
improved, fast and reliable procedures for analysis and simulation of postbuckling behavior of fiber composite 
stiffened panel of future generation fuselage structures and their design. Within the POSICOSS project, the 
Technion performed a long test series, on curved laminated composite stringer stiffened panels under axial 
compression, shear load introduced by torsion and combined axial compression and shear. The buckling and 
postbuckling behavior of these panels was recorded till their final collapse. The first part of this test series, 
dealing with panels PSC1-PSC9 was summarized in Ref. 16. The results of the tests with panels BOX1-BOX4, 
which deal with two identical panels, combined together by two flat non-stiffened aluminum panels, to form a 
torsion box,… 
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composite panels under axial compression, torsion and combined loading”, in Buckling and postbuckling 
structures: experimental, analytical and numerical studies, edited by B. G. Falzon and M. H. Aliabadi, Imperial 
College Press, London, 2008, ISBN-10 1-86094-794-8 
PARTIAL ABSTRACT: Experimental results on the behavior of nine single panels and of four torsion boxes, 
each comprising of two stringer-stiffened cylindrical graphite-epoxy composite panels are presented. These 
were tested under axial compression, torsion, and combined loading. The buckling and postbuckling behavior of 
these single panels and torsion bxes demonstrated consistent results. Prior to performing the buckling tests, the 
initial geometric imperfections of the panels and boxes were scanned and recorded. The tests were 
complemented by finite element calculations, which were performed for each panel and box… 
 
 
A. Montazeri and R. Naghdabadi, Institute for Nano Science and Technology, Sharif University of Technology, 
14588-89694 Tehran, Iran, “Investigating the Effect of Carbon Nanotube Defects on the Column and Shell 
Buckling of Carbon Nanotube-Polymer Composites Using Multiscale Modeling”, International Journal for 
Multiscale Computational Engineering, Vol. 7, pp 431-444, 2009, 
doi: 10.1615/IntJMultCompEng.v7.i5.50 
ABSTRACT: Carbon nanotube (CNT)-reinforced polymer composites have attracted great attention due to their 
exceptionally high strength. Their high strength can be affected by the presence of defects in the nanotubes used 
as reinforcements in practical nanocomposites. In this article, a new three-phase molecular structural 
mechanics/finite element (MSM/FE) multiscale model is used to study the effect of CNT vacancy defects on the 
stability of single-wall (SW) CNT-polymer composites. The nanotube is modeled at the atomistic scale using 
MSM, whereas the interphase layer and polymer matrix are analyzed by the FE method. The nanotube and 
polymer matrix are assumed to be bonded by van der Waals interactions based on the Lennard-Jones potential. 
Here, two of the most commonly used buckling regimes of CNTs, called column and shell buckling, are 
considered. To study the stability of the nanocomposites, the buckling onset strain is calculated for perfect and 
defected CNTs in the polymer nanocomposites. The results reveal that the presence of vacancy defects causes a 
decrease in the axial buckling strain of SWCNT-polymer composites. Meanwhile, this decrease is much more 
noticeable in the case of the column buckling mode. Also, it is shown that decreasing the CNT diameter causes 
a reduction in the onset buckling strain of defected nanocomposites. Finally, the role of the interphase layer on 
the stability behavior of these nanocomposites is discussed. It is concluded that the existence of a more compact 
layer than the polymer chains coated on the nanotube can enhance drastically the buckling behavior of these 
nanocomposites (about 35%). 
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Sadeghi, M., Ozmaeian, M., and Naghdabadi, R. (Sharif University of Technology, Tehran, Iran), “Stability 
analysis of carbon nanotubes under electric fields and compressive loading”, J. Phys. D: Applied Physics, Vol. 
41, 2008, 205411, (8 pp), DOI: 10.1088/0022-3727/41/20/205411 
ABSTRACT: The mechanical stability of conductive, single-walled carbon nanotubes (SWCNTs) under applied 
electric field and compressive loading is investigated. The distribution of electric charges on the nanotube 
surface is determined by employing a method based on the classical electrostatic theory. For mechanical 
stability analysis, a hybrid atomistic-structural element is proposed, which takes into account the nonlinear 
features of the stability. Nonlinear stability analysis based on an iterative solution procedure is used to 
determine the buckling force. The coupling between electrical and mechanical models is accomplished by 
adding Coulomb interactions to the mechanical model. The results show that in the presence of uniform axial 
electric fields, stability of SWCNTs under compressive axial loading increases. Also, the effects of CNT 
geometry on the mechanical stability in the presence of electric fields are studied and the dependence of the 



increase in the stability of the nanotube on length and diameter is shown.  
 
 
M. Jabbarzadeh, R. Naghdabadi and M. Tahani, “Corotational Lagrangian formulation for elastic and elastic-
plastic large deformation analysis using FEM”, Archive of SID, 2006 
ABSTRACT: In this paper a corotational Lagrangian finite element method is presented to analyze the 
geometric and material nonlinearity problems using degenerated shell and solid elements. The formulation is 
based on the updated Lagrangian conjugate stress and strain tensors with the linear and nonlinear terms to 
eliminate the approximation of the Cauchy stress in the finite element formulation. Linear work hardening and 
the Prandtl-Reuss flow rule along with the von-Mises yield criterion are used to model material nonlinearity. To 
investigate the accuracy and computational efficiency of the formulation some examples in the elastic and 
elastic-plastic regime are presented. Also, the results obtained from this method are compared with those 
available using other corotational finite element formulations. (in Arabic) 
 
 
JinSong Yang and PinQi Xia (Nanjing University of Aeronautics and Astronautics, Nanjing, China), “Finite 
element corotational formulation for geometric nonlinear analysis of thin shells with large rotation and small 
strain”, Science China Technological Sciences, Vol. 55, No. 11, pp 3142-3152, November 2012 
DOI: 10.1007/s11431-012-4995-2 
ABSTRACT: Based on the consistent symmetrizable equilibrated (CSE) corotational formulation, a linear 
triangular flat thin shell element with 3 nodes and 18° of freedom, constructed by combination of the optimal 
membrane element and discrete Kirchhoff triangle (DKT) bending plate element, was extended to the geometric 
nonlinear analysis of thin shells with large rotation and small strain. Through derivation of the consistent 
tangent stiffness matrix and internal force vector, the corotational nonlinear finite element equations were 
established. The nonlinear equations were solved by using the Newton-Raphson iteration algorithm combined 
with an automatic load controlled technology. Three typical case studies, i.e., the slit annular thin plate, top 
opened hemispherical shell and cylindrical shell, validated the accuracy of the formulation established in this 
paper. 
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JinSong Yang and PinQi Xia (Nanjing University of Aeronautics and Astronautics, Nanjing, China), “Energy 
conserving and decaying algorithms for corotational finite element nonlinear dynamic responses of thin shells”, 
Science China Technological Sciences, Vol. 55, No. 12, pp 3311-3321, 2012, DOI: 10.1007/s11431-012-5002-7 
ABSTRACT: On the basis of the finite element corotational formulation for geometric nonlinear static analysis 
of thin shells with large rotation and small strain established before and from the generalized-α time integration 
algorithm, the energy conserving and decaying algorithms for corotational formulation nonlinear dynamic 
response analysis of thin shells are established in this paper. Responses are solved by means of a predictor-
corrector procedure. In the case of ignoring the structural damping, the conserving or decaying total energy of 
structure and the controllable numerical damping for high frequency responses can ensure the numerical 
stability of the algorithm. The inertial parts are linearly interpolated directly in the fixed global coordinate 
system by using the element nodal displacement in the global coordinate system for obtaining the constant mass 
matrix, while the elastic parts adopt the corotational formulation. Hence, the whole formulation obtained in this 
paper is element independent. Through three typical numerical examples, the performances of the algorithm in 
this paper were compared with those of the classical Newmak and HHT-α algorithms to indicate that the 
algorithm in this paper could accurately solve nonlinear dynamic responses of thin shells with large 
displacements and large rotations. 
 
 
Waleed F. Faris, “Nonlinear dynamics of annular and circular plates under thermal and electrical loadings”, 
Ph.D. dissertation, Engineering Mechanics, Virginia Polytechnic Institute and State University, Blacksburg, 
Virginia, 2003 
ABSTRACT: The nonlinear static and dynamic response of circular and annular plates under electrostatic, 
thermal, and combined loading is investigated. The main motivation for the study of these phenomena is 
providing fundamental insights into the mechanics of micro-electro-mechanical-systems (MEMS). MEMS 
devices are usually miniaturization of the corresponding macro-scale devices. The basic mechanics of the 
components of many MEMS devices can be modeled using conventional structural theories. Some of the most 
used and actively researched MEMS devices - namely pressure sensors and micropumps - use circular or 
annular diaphragms as principle components. The actuation and sensing principles of these devices are usually 
electrostatic in nature. Most MEMS devices are required to operate under wide environmental conditions, thus, 
a study of thermal effects on the performance of these devices is a major design consideration. There exists a 
wide arsenal of analytic, semi-analytic, and numerical tools for nonlinear analysis of continuous systems. The 
present work uses different tools for the analysis of different types of problems. The selection of the analysis 
tools is guided by two principles. The first consideration is that the analysis should reveal the fundamental 
mechanics and dynamics of the problem rather than simply generating numerical data. The second 
consideration is numerical efficiency. Guided by the same principles, the basic structural model adopted in this 
work is the von-Karman plate model. This model captures the basic nonlinear phenomena in the plate with 
minimal complexity in the equations of motion, thus providing a balance between simplicity and accuracy. We 
address a wide array of problems for a variety of loading and boundary conditions. We start by analyzing 
annular plates under static electrostatic loading including the variation of the plate natural frequencies with the 
applied voltage. We also analyze parametric resonances in plates subjected to sinusoidally varying thermal 
loads. We investigate the prebuckling and postbuckling static thermal response and the corresponding variation 
of the natural frequencies. Finally, we close by investigating the problem of a circular plate under a combination 



of thermal and electrostatic loading. The results of this investigation demonstrate the importance of including 
nonlinear phenomena in the modeling of MEMS devices both for correct quantitative predictions and for 
qualitative description of operations.  
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“Popular benchmark problems for geometric nonlinear analysis of shells”, Finite elements in analysis and 
design 40, 1551–1569, 2004 
ABSTRACT: In most, if not all, of the previous work on finite element formulation and nonlinear solution 
procedures, results of geometric nonlinear benchmark problems of shells are presented in the form of load-
deflection curves. In this paper, eight sets of popularly employed benchmark problems are identified and their 
detailed reference solutions are obtained and tabulated. It is hoped that these solutions will form a convenient 
basis for subsequent comparison and that the tedious yet inaccurate task of reconstructing data points by 
graphical measurement of previously reported load-deflection curves can be avoided. Moreover, the relative 



convergent difficulty of the problems are revealed by the number of load increments and the total number of 
iterations required by an automatic load incrementation scheme for attaining the converged solutions under the 
maximum loads.  
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Box 603, 100080 Beijing, China), “Triangular and Fibonacci Number Patterns Driven by Stress on Core/Shell 
Microstructures”, Science 5 August 2005: Vol. 309 no. 5736 pp. 909-911, doi: 10.1126/science.1113412 
ABSTRACT: Fibonacci number patterns and triangular patterns with intrinsic defects occur frequently on 
nonplanar surfaces in nature, particularly in plants. By controlling the geometry and the stress upon cooling, 
these patterns can be reproduced on the surface of microstructures about 10 micrometers in diameter. Spherules 
of the Ag core/SiOx shell structure, possessing markedly uniform size and shape, self-assembled into the 
Fibonacci number patterns (5 by 8 and 13 by 21) or the triangular pattern, depending on the geometry of the 
primary supporting surface. Under proper geometrical constraints, the patterns developed through self-assembly 
in order to minimize the total strain energy. This demonstrates that highly ordered microstructures can be 
prepared simultaneously across large areas by stress engineering. 
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3123, New York, USA), “Particle self-assembly on soft elastic shells”, Soft Matter, 2011,7, 1874-1878, DOI: 
10.1039/C0SM01143F 
ABSTRACT: We use numerical simulations to show how noninteracting hard particles binding to a deformable 
elastic shell may self-assemble into a variety of linear patterns. This is a result of the nontrivial elastic response 
to deformations of shells. The morphology of the patterns can be controlled by the mechanical properties of the 
surface, and can be fine-tuned by varying the binding energy of the particles. We also repeat our calculations for 
a fully flexible chain and find that the chain conformations follow patterns similar to those formed by the 
nanoparticles under analogous conditions. We propose a simple way of understanding and sorting the different 
structures and relate it to the underlying shape transition of the shell. Finally, we discuss the implications of our 
results. 
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“Metric between buckling structures and elastic properties in physisorbed polymer-tethered lipid monolayers”, 
Soft Matter, Vol. 8, pp 5873-5880, 2012, DOI: 10.1039/C2SM25150G 
ABSTRACT: The current study reports the use of buckling structures as a measure of film elasticity on 
physisorbed, solid-supported polymer-tethered lipid monolayers consisting of phospholipids and poly(ethylene 
glycol) (PEG) lipopolymers. These monolayer systems, built using the Langmuir–Blodgett (LB) technique, 
exhibit buckles over a wide range of lipopolymer concentrations. Systematic quantitative analysis of the 
buckling structures using epifluorescence microscopy and atomic force microscopy reveals that increased 
lipopolymer concentrations are associated with higher area fractions of buckling regions. Quantitative analyses 
of buckling profiles show, furthermore, that enhanced lipopolymer concentrations lead to increased buckling 
widths without notably altering buckling amplitude. On the basis of these experimentally determined buckling 
parameters, we are able to derive a metric between elastic properties and buckling structures in the polymer-
tethered lipid monolayer system. This is achieved by combining mean-field calculations of elastic properties of 
polymer-tethered lipid membranes with buckling theory of an Euler column. Our findings are significant 
because they provide new insight into the fascinating materials properties of polymer-lipid supramolecular 
assemblies and represent a tool for the characterization of elastic properties in complex biomembrane-
mimicking film architectures with buckling structures. 
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ABSTRACT: Many natural fruits and vegetables adopt an approximately spheroidal shape and are 
characterized by their distinct undulating topologies. We demonstrate that various global pattern features can be 
reproduced by anisotropic stress-driven buckles on spheroidal core/shell systems, which implies that the 
relevant mechanical forces might provide a template underpinning the topological conformation in some fruits 
and plants. Three dimensionless parameters, the ratio of effective size/thickness, the ratio of equatorial/polar 
radii, and the ratio of core/shell moduli, primarily govern the initiation and formation of the patterns. A distinct 
morphological feature occurs only when these parameters fall within certain ranges: In a prolate spheroid, 
reticular buckles take over longitudinal ridged patterns when one or more parameters become large. Our results 
demonstrate that some universal features of fruit/vegetable patterns (e.g., those observed in Korean melons, silk 
gourds, ribbed pumpkins, striped cavern tomatoes, and cantaloupes, etc.) may be related to the spontaneous 
buckling from mechanical perspectives, although the more complex biological or biochemical processes are 
involved at deep levels. 
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“Herringbone Buckling Patterns of Compressed Thin Films on Compliant Substrates”, Journal of Applied 
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ABSTRACT: A thin metal film vapor deposited on thick elastomer substrate develops an equi-biaxial 
compressive stress state when the system is cooled due to the large thermal expansion mismatch between the 
elastomer and the metal. At a critical stress, the film undergoes buckling into a family of modes with short 
wavelengths characteristic of a thin plate on a compliant elastic foundation. As the system is further cooled, a 
highly ordered herring-bone pattern has been observed to develop. Here it is shown that the herringbone mode 
constitutes a minimum energy configuration among a limited set of competing modes. 
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ABSTRACT: The wrinkling of a stiff thin film bonded on a soft elastic layer and subjected to an applied or 
residual compressive stress is investigated in the present paper. A three-dimensional theoretical model is 
presented to predict the buckling and postbuckling behavior of the film. We obtained the analytical solutions for 
the critical buckling condition and the postbuckling morphology of the film. The effects of the thicknesses and 
elastic properties of the film and the soft layer on the characteristic wrinkling wavelength are examined. It is 
found that the critical wrinkling condition of the thin film is sensitive to the compressibility and thickness of the 
soft layer, and its wrinkling amplitude depends on the magnitude of the applied or residual in-plane stress. The 
bonding condition between the soft layer and the rigid substrate has a considerable influence on the buckling of 
the thin film, and the relative sliding at the interface tends to destabilize the system. 
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ABSTRACT: When exploring the buckling mechanism in indium antimonide (InSb) detector, the global square 
checkerboard buckling pattern reappears in finite element simulation results. The contributions from the three 
layered materials to the deformations along the Z-direction are systematically analyzed. Analysis of results 
shows that the buckling deformation originated from the thermal difference between silicon readout integrated 
circuits (silicon-ROIC) and the intermediate layer directly above. Furthermore, the buckling pattern is 
determined by indium bumps array. After passing through the 10 μm intermediate layer, the deformation 
amplitude is significantly reduced from 2.23 μm to 0.24 μm. Afterwards, passing upward through the 10 μm 
InSb chip, the maximal deformation is further decreased to 0.09 μm. 
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ABSTRACT: The English-language dictionary defines wrinkles as ‘‘small furrows, ridges, or creases on a 
normally smooth surface, caused by crumpling, folding, or shrinking’’. In this paper we review the scientific 
aspects of wrinkling and the related phenomenon of buckling. Specifically, we discuss how and why 
wrinkles/buckles form in various materials. We also describe several examples from everyday life, which 
demonstrate that wrinkling or buckling is indeed a commonplace phenomenon that spans a multitude of length 
scales. We will emphasize that wrinkling is not always a frustrating feature (e.g., wrinkles in human skin), as it 
can help to assemble new structures, understand important physical phenomena, and even assist in 
characterizing chief material properties.  
References listed at the end of the paper: 
1  Y. Lamir, Skin Mechanics, in Handbook of Bioengineering, ed. R. Skalak, McGraw-Hill, New York, 1987. � 
2  C. Escoffier, J. de Rigal and A. Rochefort, Age related mechanical properties of human skin, J. Invest. Dermatol., 1980, 93, 353–
357. � 
3  Y. Takema, Y. Yorimoto and M. Kawai, Are related changes in the elastic properties and thickness of human facial skin, Br. J. 
�Dermatol., 1994, 131, 641–648. � 
4  D. Battise, R. Bazin and T. Baldeweck, Age Related Changes in the �Folding Capacity of the Skin, European Academy of 
Dermatology �and Venereology, Geneva, 2000, pp. 11–15. � 
5  M. Viaud and H. Yahia, Facial animation of wrinkles, Third �Workshop on Animation, Eurographics, Cambridge, Springer– �Verlag, 
Heidelberg, 1992. � 
6  L. Boissieuzm, G. Kiss, N. Magnenat Thalmann and P. Karla, �Simulation of skin ageing and wrinkles with cosmetics insight, 
�Computer Animation & Simulation, 2000, 15–27. � 
7  N. Magnenat Thalmann, P. Karla, J. L. Le �veˆque, R. Bazin, �D. Batisse and B. Quarleux, A computational skin model: Folds 
and wrinkles formation, IEEE Trans. Inf. Technol. Biomed., 2002, 6, 317–323. � 
8  Handbook of Non-Invasive Methods and the Skin, ed. J. Serup and G.B.E. Gemec, CRC Press, Boca Raton, FL, 1995. � 
9  B. F. van Duzee, The influence of water content, chemical treatment and temperature on the rheological properties of stratum 
corneum, J. Invest. Dermatol., 1978, 71, 40–44. � 
10  http://www.nasm.si.edu/research/aero/aircraft/dehavilland_mos- quito.htm. � 
11  B. Imhof, Modern sandwich core materials offer new attractive design possibilities, Aircraft Eng. Aerosp. Technol., 1997, 69, 
332–333. � 
12  M. A. Biot, Folding instability of a layered viscoelastic medium under compression, Proc. R. Soc. London, Ser. A, 1957, 242, 
444–454. � 
13  M. A. Biot, Mechanics of Incremental Deformation, Wiley, New York, 1965. � 
14  L. D. Landau and E. M. Lifshitz, Elasticity Theory, Nauka, Moscow, 1965. � 
15  S. Timoshenko, Theory of Elastic Stability, McGraw-Hill, New York, 1988. � 
16  D. O. Bush and B. O. Almroth, Buckling of Bars, Plates and Shells, McGraw-Hill, New York, 1975. � 
17  H. G. Allen, Analysis and Design of Structural Sandwich Panels, Pergamon, New York, 1969. � 
18  J. Groenewold, Wrinkling of plates couples with soft elastic media, Physica A, 2001, 298, 32–45. � 
19  E. Cerda, K. Ravi-Chandar and L. Mahadevan, Wrinkling of an elastic sheet under tension, Nature, 2002, 419, 579–598. � 
20  E. Cerda and L. Mahadevan, Geometry and physics of wrinkling, Phys. Rev. Lett., 2003, 90, Art. No. 074302. � 
21  N. Uchida, Orientational order in buckling elastic membranes, Physica D, 2005, 205, 267–274. � 
22 M. S. Freeman, Microdermabrasion, Facial Plast. Surg. Clin. North Am., 2001, 9, 257–266.  
23 D. Drollette, New wrinkle on fighting crow’s feet, Phys. Rev. Focus, 2003, 11, story 7.  
24 W. J. Babler, Embryologic Development of Epidermal Ridges and Their Configurations, Birth Defects: Orig. Art. Ser., 1991, 27, 
95–112.  
25 M. Ku �cken and A. C. Newell, A model for fingerprint formation, Europhys. Lett., 2004, 68, 141–146.  
26 N. J. Price and J. W. Cosgrove, Analysis of Geological Structures, Cambridge University Press, Cambridge, 1990.  
27 P. J. Huddleston and L. Lan, Information from fold shapes, J. Struct. Geol., 1993, 15, 253–264.  
28 O. Lourie, D. M. Cox and H. D. Wagner, Buckling and Collapse of Embedded Carbon Nanotubes, Phys. Rev. Lett., 1998, 81, 
1638–1641.  
29 B. W. Rosen and N. F. Dow, Mechanics of failure of fibrous composites, in Fracture, An Advanced Treatise, ed. H. Liebowitz, 
Academic Press, New York, 1972, vol. 7, ch. 8, pp. 612–672.  
30 L. Mahadevan and S. Rica, Self-organized origami, Science, 2005, 307, 1740 and supplemental online material.  
31 R. C. Hedden, H. Saxena and C. Cohen, Mechanical properties and swelling behavior of end-linked poly(diethylsiloxane) 
networks, Macromolecules, 2000, 33, 8676–8684.  
32 N. Bowden, W. T. S. Huck, K. E. Paul and G. M. Whitesides, The controlled formation of ordered, sinusoidal structures by plasma 
oxidation of an elastomeric polymer, Appl. Phys. Lett., 1999, 75, 2557–2559.  
33 D. B. H. Chua, H. T. Ng and S. F. Y. Li, Spontaneous formation of complex and ordered structures on oxygen-plasma-treated 
elastomeric polydimethylsiloxane, Appl. Phys. Lett., 2000, 76, 721–723.  



34 G. C. Martin, T. T. Su, I. H. Loh, E. Balizer, S. T. Kowel and P. Kornreich, The metallization of silicone polymers in the rubbery 
and the glassy state, J. Appl. Phys., 1982, 53, 797–799.  
35 N. Bowden, S. Brittain, A. G. Evans, J. W. Hutchinson and G. M. Whitesides, Spontaneous formation of ordered structures in thin 
films of metals supported on an elastomeric polymer, Nature, 1998, 393, 146–149.  
36 X. Chen and J. W. Hutchinson, Herringbone buckling patterns of compressed thin films on compliant substrates, J. Appl. Mech., 
Trans. ASME, 2004, 71, 597–603.  
37 W.T.S. Huck, N. Bowden, P. Onck, T. Pardoen, J.W. Hutchinson and G. M. Whitesides, Ordering of spontaneously formed buckles 
on planar surfaces, Langmuir, 2000, 16, 3497–3501.  
38 T. Ohzono, S. I. Matsushita and M. Shimomura, Coupling of wrinkle patterns to microsphere-array lithographic patterns, Soft 
Matter, 2005, 1, 227–230.  
39 T. Ohzono and M. Shimomura, Ordering in microwrinkle patterns by compressive stress, Phys. Rev. B: Condens. Matter, 2004, 69, 
Art. No. 132202.  
40 T. Ohzono and M. Shimomura, Simulation of strain-induced microwrinkle pattern dynamics with memory effect, Jpn. J. Appl. 
Phys., 2005, 44, 1055–1061.  
41 T. Ohzono and M. Shimomura, Effect of thermal annealing and compression on the stability of mcrowrinkle patterns, Phys. Rev. E: 
Stat. Phys., Plasmas, Fluids, Relat. Interdiscip. Top., 2005, 72, 025203(R.  
42 H. Hillborg, J.F. Anker, U.W. Gedde, G.D. Smith, H.K. Yasuda and K. Wilstro �m, Crosslinked polydimethylsiloxane exposed to 
oxygen plasma studied by neutron reflectometry and other surface specific techniques, Polymer, 2000, 41, 6851–6863.  
43 J. Genzer, D. A. Fischer and K. Efimenko, Fabricating two-dimensional molecular gradients via asymmetric deformation of 
uniformly-coated elastomer sheets, Adv. Mater., 2003, 15, 1545–1547.  
44 K. Efimenko, M. Rackaitis, E. Manias, A. Vaziri, L. Mahadevan and J. Genzer, Nested self-similar wrinkling patterns in skins, Nat. 
Mater., 2005, 4, 293–297.  
45 M. Ouyang, C. Yuan, R. J. Muisener, A. Boulares and J. F. Koberstein, Conversion of some siloxane polymers to silicon oxide by 
UV/ozone photochemical processes, Chem. Mater., 2000, 12, 1591–1596.  
46 K. Efimenko, W. E. Wallace and J. Genzer, Surface modification of Sylgard-184 poly(dimethyl siloxane) networks by ultraviolet 
and ultraviolet/ozone treatment, J. Colloid Interface Sci., 2002, 254, 306–315.  
47  R. Huang and Z. Suo, Wrinkling of a compressed elastic film on a �viscous layer, J. Appl. Phys., 2002, 91, 1135–1142. � 
48  Z. Huang, W. Hong and Z. Suo, Evolution of wrinkles in hard films on soft substrates, Phys. Rev. E: Stat. Phys., Plasmas, Fluids, 
�Relat. Interdiscip. Top., 2004, 70, 030601(R. � 
49  Z. Y. Huang, W. Hong and Z. Suo, Nonlinear analyses of wrinkles �in a film bonded to a compliant substrate, J. Mech. Phys. 
Solids, �2005, 53, 2101–2118. � 
50  R. Huang and Z. Suo, Very thin solid-on-liquid structures: The �interplay of flexural rigidity, membrane force, and interfacial force, 
�Thin Solid Films, 2003, 429, 273–281. � 
51  K. Dalnoki-Veress, B. G. Nickel and J. R. Dutcher, Dispersion-driven morphology of mechanically confined polymer films, Phys. 
�Rev. Lett., 1999, 82, 1486–1489. � 
52  P. J. Woo, S. Y. Park, K. Y. Suh and H. H. Lee, Physical self-assembly of microstructures by anisotropic buckling, Adv. Mater., 
�2002, 14, 1383–1387. � 
53  P.J. Woo,  S.Y. Park, S.J. Kwon, K.Y. Suhand H.H. Lee, �Microshaping metal surfaces by wave-directed self-organization, �Appl. 
Phys. Lett., 2003, 83, 4444–4446. � 
54  S. J. Kwon, P. J. Yoo and H. H. Lee, Wave interactions in �buckling: Self-organization of a metal surface on a structured �polymer 
layer, Appl. Phys. Lett., 2004, 84, 4487–4489. � 
55  P. J. Yoo and H. H. Lee, Evolution of a stress-driven pattern in thin bilayer films: Spinodal wrinkling, Phys. Rev. Lett., 2003, 91, 
�154502. � 
56  P. J. Yoo, K. Y. Suh, H. Kang and H. H. Lee, Polymer-elasticity-driven wrinkling and coarsening in high temperature buckling of 
metal-sapped polymer thin films, Phys. Rev. Lett., 2004, 93, 034301. � 
57  T. Okayasu, H. L. Zhang, D. G. Bucknall and G. A. D. Briggs, Spontaneous formation of ordered lateral patterns in polymer thin- 
film structures, Adv. Funct. Mater., 2004, 14, 1081–1088. � 
58  T. Ohzono and M. Shimomura, Geometry-dependent stripe rearrangement processes induced by strain on preorderd micro- 
wrinkle patterns, Langmuir, 2005, 21, 7230–7237. � 
59  M. Seul and D.D. Andelman, Domain shapes and patterns: The phenomenology of modulated phases, Science, 1995, 267, 476–
483. � 
60  C. Bowman and A. C. Newell, Natural patterns and wavelets, Rev. �Mod. Phys., 1998, 70, 289–301. � 
61  P. Ball, The Self-Made Tapestry, Oxford University Press, Oxford, �2001. � 
62  S. P. Lacour, S. Wagner, Z. Huang and Z. Suo, Stretchable gold �conductors on elastomeric substrates, Appl. Phys. Lett., 2003, 82, 
�2404–2406. � 
63  S. P. Lacour, Z. Huang, Z. Suo and S. Wagner, Deformable �interconnects for conformal integrated circuits, Mater. Res. Soc. 
�Symp. Proc., 2002, 736, D4.8/1–6. � 
64  J. Jones, S.P. Lacour, Z. Suo and S. Wagner, A method for making �elastic metal interconnects, Mater. Res. Soc. Symp. Proc., 
2003, �736, H6. 12/1–6. � 
65  S. Wagner, S. P. Lacour, J. Jones, P. I. Hsu, J. Sturm, T. Li and �Z. Suo, Electronic skin: Architecture and components, Physica E, 
�2004, 25, 326–334. � 
66  M. Watanabe, H. Shirai and T. Hirai, Wrinkled polypyrrole �electrode for electroactive polymer actuators, J. Appl. Phys., 2002, 92, 
4631–4637. � 
67 C. M. Stafford, C. Harrison, K. L. Beers, A. Karim, E. J. Amis, M. R. Vanlandingham, H.-C. Kim, W. Volksen, R. D. Miller and E. 



E. Simonyi, A buckling-based metrology for measuring the elastic moduli of polymeric thin films, Nat. Mater., 2004, 3, 545–550.  
68 C. Harrison, C. M. Stafford, W. Zhang and A. Karim, Sinusoidal phase grating created by a tunably buckled surface, Appl. Phys. 
Lett., 2004, 85, 4016–4018.  
69 A. I. Texeira, G. A. Abrams, P. J. Bertics, C. J. Murphy and P. F. Nealey, Epithelial contact guidance on well-defined micro- and 
nanostructured substrates, J. Cell Sci., 2003, 116, 1881–1892 and references therein.  
70 R. G. Fleming, C. J. Murphy, G. A. Abrams, S. L. Goodman and P. F. Nealey, Effect of synthetic micro- and nanostructured 
surfaces on cell behavior, Biomaterials, 1999, 20, 573–588.  
71 K. Efimenko and J. Genzer, work in progress. � 
72 J. A. Lewis, Biofouling and fouling protection: A defense perspective, in Biofouling: Problems and solutions, ed. S. Kjelleberg and 
P. Steinberg, Proc. Int. Workshop, UNSW: Australia, 1994, pp. 39–43.  
73 M.A. Champ, A review of organotin regulatory strategies, pending actions, related costs and benefits, Sci. Tot. Environ., 2000, 
258, 21–71.  
74 M. Wahl, Marine epibiosis: I. Fouling ad antifouling: Some basic aspects, Mar. Ecol.: Prog. Ser., 1989, 58, 175.  
75 L. Hoipkemeier-Wilson, J. Schumacher, M. Carman, A. Gibson, A. Feinbers, M. Callow, J. Finlay and A. Brennan, Antifouling 
Potential of Lubricious, Micro-engineered, PDMS Elastomers against Zoospores of the Green Fouling Alga Ulva (Enteromorpha), 
Biofouling, 2004, 20, 53.  
76 K. Efimenko, M. E. Callow, J. Callow, J. Finlay and J. Genzer, in preparation.  
77 A. K. Harris, P. Wild and D. Stopak, Silicone rubber substrata: A new wrinkle in the study of cell locomotion, Science, 1980, 208, 
177–179.  
78 K. Burton, J. H. Park and D. L. Taylor, Keratocytes generate traction forces in two phases, Mol. Biol. Cell, 1999, 10, 3745–3769.  
79 A. Walter, H. Rehage and H. Leonhard, Shear induced deforma- tion of microcapsules: shape oscillations and membrane folding, 
Colloids Surf., A, 2001, 183–185, 123–132. � 
80 F. Cirak, J. E. Cisternas, A. M. Cuitino, G. Ertl, P. Holmes, I. G. Kevrekidis, M. Ortiz, H. H. Rotermund, M. Schunack and J. 
Wolff, Oscillatory thermomechanical instability of an ultrathin catalyst, Science, 2003, 300, 1932–1936.  
81 A. Lobkovsky, S. Gentges, H. Li, D. Morse and T. A. Witten, Scaling Properties of Stretching Ridges in a Crumpled Elastic Sheet, 
Science, 1995, 270, 1482–1485.  
82 G. Gompper, Patterns of stress in crumpled sheets, Nature, 1997, 386, 439–441.  
83 E. Cerda, S. Chaieb, F. Melo and L. Mahadevan, Conical dislocations in crumpling, Nature, 1999, 401, 46–49.  
84 K. Matan, R. Williams, T. A. Witten and S. R. Nagel, Crumpling a Thin Sheet, Phys. Rev. Lett., 2002, 88, Art. No. 076101.  
85 E. Sharon, B. Roman, M. Marder, G. S. Shin and H. L. Swinney, Buckling Cascades in Free Sheets, Nature, 2002, 419, 579–579. � 
86 B. Audoly and A. Boudaoud, Self-similar structures near boundaries in strained systems, Phys. Rev. Lett., 2003, 91, Art. No. 
086105. � 
87 E. Sharon, M. Marder and H. L. Swinney, Leaves, Flowers and Garbage Bags: Making Waves, Am. Sci., 2004, 92, 254–261.  
 
 
Sharon, E., Roman, B. and Swinney, H. L. (2007) Geometrically driven wrinkling observed in free plastic 
sheets and leaves. Phys. Rev. E Stat. Nonlin. Soft Matter Phys. 75(4 Pt 2): 046211. 
ABSTRACT: We have measured the multi-scale wrinkling that occurs along the edge of torn plastic sheets.  
The plastic deformations induced by tearing define a new metric on the sheet, which then relaxes  
elastically. The resultant patterns of wrinkles correspond to a superposition of waves of different  
wavelengths. Measurements of the variation of the pattern as a function of the distance from the  
edge reveal a set of transitions, each of which adds a new mode to the cascade. The wavelengths  
λ in the cascade depend on both a geometrical length scale, Lgeo, given by the metric near the  
sheet’s margin, and the sheet thickness t: λ ∝ t0.3L0.7 . This scaling implies vanishingly short geo  
wavelengths in the limit t → 0. A possible geometrical origin of this behavior is discussed. Finally, we show that 
our measurement and analysis techniques are applicable to the study of some wavy patterns of leaves. 
Measurements of metric properties of leaves indicate that some leaves form waves through a spontaneous 
wrinkling like that in the plastic sheets, rather than through an explicit three-dimensional construction.  
References listed at the end of the paper: 
[1] A. Pogorelov, Bending of Surfaces and Stability of Shells (American Mathematical Society, Providence, 1988). � 
[2] E. Cerda, K. Ravi-Chandar, and L. Mahadevan, Nature 419, 579 (2002). � 
[3] E. Cerda and L. Mahadevan, Phys. Rev. Lett. 90, 074302 (2003). � 
[4] K. Efimenko, M. Rackaitis, E. Manias, A. Vaziri, L. Mahadevan, and J. Genzer, Nature Materials 4, 293 (2005).  
[5] M. Ortiz and G. Gioia, J. Mech. Phys. Solids 42, 531 (1994). � 
[6] H. Ben Belgacem, S. Conti, A. DeSimone, and S. Muller, J. Nonlinear Sci. 10, 661 (2000). � 
[7] W. Jin and R. V. Kohn, J. Nonlinear Sci. 10, 355 (2000)  
[8]  H. Ben Belgacem, S. Conti, A. DeSimone, and S. Muller, Archive Rational Mech. Analysis 164, 1 (2002). � 
[9]  E. Sharon, B. Roman, M. Marder, G. S. Shin, and H. Swinney, Nature 419, 579 (2002). � 
[10]  S. Nechaev and R. Voituriez, J. Phys. A 34, 11069 (2001). � 
[11]  U. Nath, B. Crawford, R. Carpenter, and E. Coen, Sci- �ence 299, 1404 (2003). � 



[12]  E. Sharon, M. Marder, and H. L. Swinney, American �Scientist 92, 254 (2004). � 
[13]  M. Marder, Foundations of Physics 33, 1743 (2003). � 
[14]  B. Audoly and A. Boudaoud, C. R. Mecanique 330, 1 �(2002). � 
[15]  M. Marder, E. Sharon, B. Roman, and S. Smith, Euro. �Phys. Lett. 62, 498 (2003). � 
[16]  B. Audoly and A. Boudaoud, Phys. Rev. Lett. 91, 086105 �(2003). � 
[17]  A. V. Pogorelov, Differential Geometry (P. Noordhoff nv, �Groningen, The Netherlands, 1956). � 
[18]  In power spectra of profiles z(x,y), such as in Fig. 3(b), � peaks corresponding to higher modes appear less and less well defined. 
These modes are not periodic with respect to the lab’s x coordinate but are periodic modulations of the curved base-line formed by the 
longer wavelengths, on which they are superimposed. Therefore, we obtain the amplitude of a given mode An, by comparing two 
profiles: The first - the “base line” - is the surface profile at a given y that consists of modes of lower order than n (obtained by 
filtering all i ≥ n modes out of z(x)). The second is the same profile with the nth mode (obtained by filtering out all i > n modes). The 
root mean square of distances between the two curves (measured perpendicularly to the local tangent to the “base line”) gives the 
amplitude when divided by √2. � 
[19] D. Hilbert, Trans. Am. Math. Soc. 2, 87 (1901).  
[20] N. V. Efimov, Mat. Sbornik 64, 286 (1964). � 
[21] N. H. Kuiper, Nederl. Akad. Wetensch. Proc.-Indig. Math. A 58, 683 (1955).  
 
 
Reza Ansari, Saeed Rouhi and Ayoub Shahnazari, “Vibrational analysis of single-walled carbon 
nanotube/graphene junctions using finite element modeling”, “The European Physical Journal Applied Physics, 
Vol. 76, 20402, 2016, DOI: 10.1051/epjap/2016160173  
ABSTRACT: Current study concerns the vibrational behavior of single-walled carbon nanotube/graphene 
junctions using the finite element method. The effects of different parameters including nanotube and graphene 
geometry/boundary conditions on the vibrations of nanotube/graphene junction are investigated. Two types of 
junctions are considered. In the first type, the nanotube is connected to one side of graphene, while in the 
second type, both sides of the graphene are connected to nanotubes. It is shown that increasing the height-to-
length ratio of graphene results in decreasing the fundamental natural frequency of the junctions. When the 
boundary conditions are imposed on the graphene, increasing the radius of carbon nanotube leads to decreasing 
the frequency. Moreover, the frequencies of the second type models are larger than those of the first type. 
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Solomon Mikael, Jung-Hun Seo, Alireza Javadi, Shaoqin Gong and Zhenqiang Ma, “Wrinkled bilayer graphene 
with wafer scale mechanical strain”, Applied Physics Letters, Vol. 108, No. 18, 183101, 2016, 
https://doi.org/10.1063/1.4948602 
ABSTRACT: Wafer-scale strained bilayer graphene is demonstrated by employing a silicon nitride (Si3N4) 
stressor layer. Different magnitudes of compressive stress up to 840 MPa were engineered by adjusting the 
Si3N4 deposition recipes, and different strain conditions were analyzed using Raman spectroscopy. The strained 
graphene displayed significant G peak shifts and G peak splitting with 16.2 cm−1 and 23.0 cm−1 of the G band 
and two-dimensional band shift, which corresponds to 0.26% of strain. Raman mapping of large regions of the 
graphene films found that the largest shifts/splitting occurred near the bilayer regions of the graphene films. The 
significance of our approach lies in the fact that it can be performed in a conventional microfabrication process, 
i.e., the plasma enhanced chemical vapor deposition system, and thus easily implemented for large scale 
production. 
 
 
Qiming Wang and Xuanhe Zhao, “A three-dimensional phase diagram of growth-induced surface instabilities”, 
Scientific Reports, Vol. 5, 8887, March 2015, DOI: 10.1038/srep08887 
ABSTRACT: A variety of fascinating morphological patterns arise on surfaces of growing, developing or aging 
tissues, organs and microorganism colonies. These patterns can be classified into creases, wrinkles, folds, 
period-doubles, ridges and delaminated-buckles according to their distinctive topographical characteristics. One 
universal mechanism for the pattern formation has been long believed to be the mismatch strains between 
biological layers with different expanding or shrinking rates, which induce mechanical instabilities. However, a 
general model that accounts for the formation and evolution of these various surface-instability patterns still 
does not exist. Here, we take biological structures at their current states as thermodynamic systems, treat each 
instability pattern as a thermodynamic phase, and construct a unified phase diagram that can quantitatively 
predict various types of growth-induced surface instabilities. We further validate the phase diagram with our 
experiments on surface instabilities induced by mismatch strains as well as the reported data on growth-induced 
instabilities in various biological systems. The predicted wavelengths and amplitudes of various instability 
patterns match well with our experimental data. It is expected that the unified phase diagram will not only 
advance the understanding of biological morphogenesis, but also significantly facilitate the design of new 
materials and structures by rationally harnessing surface instabilities. 
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Xudong Liang and Shengqiang Cai, “Gravity induced crease-to-wrinkle transition in soft materials”, Applied 
Physics Letters, Vol. 106, No. 4, 041907, 2015, https://doi.org/10.1063/1.4906933 
ABSTRACT: Creasing and wrinkling instability are two distinct surface instability modes characterized by 
localized singular folds and continuous smooth undulations, respectively. In this article, we show that the 
surface of a soft elastomer may develop wrinkles or creases under compression and the action of gravitational 
force, depending on the magnitude of gravitational force. Using linear perturbation analysis and numerical 
calculations, we establish a phase map with respective creasing domain, wrinkling domain and the domain of 
homogenous deformation. When the gravitational force is small, the surface of the elastomer forms creases 
when the compressive strain is beyond a critical value, while the surface of the elastomer forms wrinkles under 
compression when the gravitation force is large. 
 
 
Rabee Shamass, Giulio Alfano and Federico Guarracino, “An analytical insight into the buckling paradox for 
circular cylindrical shells under axial and lateral loading”, Mathematical Problems in Engineering, Vol. 2015, 
Article ID 514267, 10 pages, 2015, http://dx.doi.org/10.1155/2015/514267, 2015 
ABSTRACT: A large number of authors in the past have concluded that the flow theory of plasticity tends to 
overestimate significantly the buckling load for many problems of plates and shells in the plastic range, while 
the deformation theory generally provides much more accurate predictions and is consequently used in practical 
applications. Following previous numerical studies by the same authors focused on axially compressed 
cylinders, the present work presents an analytical investigation which comprises the broader and different case 
of nonproportional loading. The analytical results are discussed and compared with experimental and numerical 
findings and the reason for the apparent discrepancy on the basis of the so-called “buckling paradox” appears 
once again to lie in the overconstrained kinematics on the basis of the analytical and numerical approaches 
present in the literature.  
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Lan Meng, Ying Su, Dechao Geng, Gui Yu, Yunqi Liu, Rui-Fen Dou, Jia-Cai Nie, and Lin He, “Hierarchy of 
graphene wrinkles induced by thermal strain engineering”, Applied Physics Letters, Vol. 103, No. 25, 251610, 
2013, https://doi.org/10.1063/1.4857115 
ABSTRACT: Here, we study hierarchy of graphene wrinkles induced by thermal strain engineering and 
demonstrate that the wrinkling hierarchy can be accounted for by the wrinklon theory. We derive an equation 
λ = (ky)0.5, explaining evolution of wrinkling wavelength λ with the distance to the edge y observed in our 
experiment by considering both bending energy and stretching energy of the graphene flakes. The prefactor k in 
the equation is determined to be about 55nm. Our experimental result indicates that the classical membrane 
behavior of graphene persists down to about 100nm of the wrinkling wavelength. 
 
 
Wenjuan Zhu, Tony Low, Vasili Perebeinos, Ageeth A. Bol, Yu Zhu, Hugen Yan, Jerry Tersoff, and Phaedon 
Avouris (IBM Thomas J. Watson Research Center, Yorktown Heights, New York), “Structure and electronic 
transport in graphene wrinkles”, Nano Letters, Vol. 12, No. 7, pp 3431-3436, 2012, DOI: 10.1021/nl300563h 
ABSTRACT: Wrinkling is a ubiquitous phenomenon in two-dimensional membranes. In particular, in the large-
scale growth of graphene on metallic substrates, high densities of wrinkles are commonly observed. Despite 
their prevalence and potential impact on large-scale graphene electronics, relatively little is known about their 
structural morphology and electronic properties. Surveying the graphene landscape using atomic force 
microscopy, we found that wrinkles reach a certain maximum height before folding over. Calculations of the 
energetics explain the morphological transition and indicate that the tall ripples are collapsed into narrow 
standing wrinkles by van der Waals forces, analogous to large-diameter nanotubes. Quantum transport 
calculations show that conductance through these “collapsedwrinkle” structures is limited mainly by a density-
of-states bottleneck and by interlayer tunneling across the collapsed bilayer region. Also through systematic 
measurements across large numbers of devices with wide “foldedwrinkles”, we find a distinct anisotropy in 
their electrical resistivity, consistent with our transport simulations. These results highlight the coupling 
between morphology and electronic properties, which has important practical implications for large-scale high-
speed graphene electronics. 
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“Surface energy as a barrier to creasing of elastomer films: An elastic analogy to classical nucleation”, Physical 
Review Letters, Vol. 109, No. 3, 038001, 2012, DOI: 10.1103/PhysRevLett.109.038001  
ABSTRACT: In a soft elastic film compressed on a stiff substrate, creases nucleate at preexisting defects and 
grow across the surface of the film like channels. Both nucleation and growth are resisted by the surface energy, 
which we demonstrate by studying creases for elastomers immersed in several environments—air, water, and an 
aqueous surfactant solution. Measurement of the position where crease channeling is arrested on a gradient 



thickness film provides a uniquely characterized strain that quantitatively reveals the influence of surface 
energy, unlike the strain for nucleation, which is highly variable due to the sensitivity to defects. We find that 
these experimental data agree well with the prediction of a scaling analysis.  
 
 
L. Jin, S. Cai, Z. Suo, Creases in soft tissues generated by growth, Europhys. Lett., 95 (6) (2011), p. 64002 
ABSTRACT: Soft tissues growing under constraint often form creases. We adopt the model of growth that 
factors the deformation gradient into a growth tensor and an elastic deformation tensor, and show that the 
critical conditions for the onset of creases take a remarkably simple form. The critical conditions are illustrated 
with tubes of tissues growing either inside a rigid shell or outside a rigid core. By comparing the critical 
conditions for the onset of wrinkles, we show that the creases are the preferred type of instability. Furthermore, 
deep creases in a tube are simulated by using the finite-element method, and the number of creases in the tube is 
estimated by minimizing the free energy.  
 
 
Vitor M. Pereira, A. H. Castro Neto, H. Y. Liang, and L. Mahadevan, “Geometry, mechanics, and electronics of 
singular structure and wrinkles in graphene”, Phys. Rev. Lett. 105, 156603 – Published 5 October 2010 
ABSTRACT: As the thinnest atomic membrane, graphene presents an opportunity to combine geometry, 
elasticity, and electronics at the limits of their validity. We describe the transport and electronic structure in the 
neighborhood of conical singularities, the elementary excitations of the ubiquitous wrinkled and crumpled 
graphene. We use a combination of atomistic mechanical simulations, analytical geometry, and transport 
calculations in curved graphene, and exact diagonalization of the electronic spectrum to calculate the effects of 
geometry on electronic structure, transport, and mobility in suspended samples, and how the geometry-
generated pseudomagnetic and pseudoelectric fields might disrupt Landau quantization. 
 
 
Li Yunliang, Tan Huifeng, Wang Changguo and Lu Ming yu, “Membrane buckling patterns and secondary 
buckling analysis”, International Journal of Space Structures, Vol. 23, No. 3, pp 183-191, 1 September 2008, 
https://doi.org/10.1260/026635108786260965 
ABSTRACT: In this paper, the shear wrinkles of a rectangular membrane under the pretension were analyzed 
firstly. A critical shear distance was then obtained based on the tension field theory. An expression between the 
wavelength and the amplitude of the membrane wrinkles were developed using the Von Karman large 
deflection formula. The simulation flow of the membrane wrinkles were also established using the nonlinear 
post-buckling analytical method. The results indicated that the wrinkle was firstly generated on both sides of the 
membrane and then extended to the center. The wrinkle amplitude increased with the shear distance increases. 
The wrinkle formation and expansion were effectively resisted by increasing the initial pretension. Buckling 
mode of the shear membrane was unstable in the post-buckling process and the secondary buckling 
phenomenon was obviously observed. The theoretical and numerical results were compared to verify the 
rationality of the theoretical and simulation results. 
 
 
Pil J. Yoo, Kahp Y. Suh, Hyewon Kang, and Hong H. Lee (Seoul National University, Korea), “Polymer 
elasticity-driven wrinkling and coarsening in high temperature buckling of metal-capped polymer thin films”, 
Physical Review Letters, Vol≥ 93, No. 3, 16 July 2004 
ABSTRACT: We report the critical effects the deformational stress from the elastic nature of a confined 
polymer layer has during the relaxation process on the buckling of thin metal-polymer bilayer systems (less than 
100 nm) even above the temperature at which the polymer is in the liquid flow region. In contrast with what is 
generally believed, the dispersion force does not play a significant role in the buckling. We also find that the 
final wrinkled waves take on the shape of wormlike islands. The coarsening leading to the island structure is 
driven by the growth in amplitude of the dominant wave at the expense of less dominant ones.  
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Yu-Cheng Chen and Alfred J. Crosby, “Wrinkling of inhomogeneously strained thin polymer films”, Soft 
Matter, Vol. 9, pp 43-47, 2013 
ABSTRACT: Wrinkles occur due to a mechanical instability when sufficient strain is applied to an 
incompressible thin film attached to a deformable substrate. For wrinkles made with a polymer film supported 
on a soft elastomer, the amplitude is directly proportional to the wavelength and the square root of the applied 
strain. This dependence has been confirmed with ideal substrates where the global strain is homogeneously 
distributed, but the influence of strain inhomogeneity has not been considered previously. We use the contact 
line wrinkling technique to prepare polystyrene thin films with periodic regions of different wrinkle amplitudes, 
hence strains, on soft substrates. We find that an inhomogeneously strained surface approaches amplitude 
homogeneity globally upon the application of sufficiently large strains. We derive relationships to describe this 
process, providing fundamental knowledge of the wrinkling mechanism. 
 
 
Derek Breid and Alfred J. Crosby, “Curvature-controlled wrinkle morphologies”, Soft Matter, Vol. 9, pp 3624-
3630, 2013 
ABSTRACT: Wrinkling of spherical surfaces represents a promising pathway for the formation of complex 
hierarchical structures and patterns. Using a swelling-based approach, we demonstrate the relationship between 
applied compressive stress, radius of curvature, and wrinkle pattern morphology. Surface features with spherical 
curvature are fabricated on poly(dimethylsiloxane) elastomers and a stiff surface oxide layer is generated using 
UV–ozone treatment. Swelling of this surface layer with ethanol vapor results in the formation of periodic 
wrinkles on the spherical caps. The radius of curvature is found to influence the critical wrinkling stress of the 
system, allowing cap size to independently dictate wrinkle morphology from non-wrinkled caps at small radii, 
through hexagonal dimple and long ridge structures as the cap radius increases. A similar transition is observed 
at constant radius by varying the UV–ozone treatment time, which affects the oxide film thickness and 
composition. The influence of curvature on the critical wrinkling stress is confirmed by modulating the 
atmospheric concentration of ethanol, and measuring the applied stress for the lowest concentration for which 
wrinkling occurs. 
 
 
Guillaume Miquelard-Garnier, Andrew B. Croll, Chelsea S. Davis and Alfred J. Crosby, “Contact-line 
mechanics for pattern control”, Soft Matter, Vol. 6, No. 22, pp 5789-5794, 2010 



ABSTRACT: Wrinkled surfaces are ubiquitous in Nature and can be used in a large range of applications such 
as improved adhesives, microfluidic patterns, or as metrology instruments. Despite wide-ranging applications, 
existing methods do not permit local pattern control since all existing methods impose extensive compressive 
strains. In this article, we describe a new process that exploits the local deformation of a soft substrate as it 
stretches to form an adhesive interface with a thin polymer film. The wrinkle pattern is effectively a 
measurement of the strain-field created during the adhesion process, which shows a strong dependence on the 
speed of attachment. We develop simple scaling arguments to describe this velocity dependence and a critical 
velocity above which wrinkles do not form. Notably, our approach allows us to define the surface pattern 
“wrinkle-by-wrinkle”, thus permitting the creation of single wrinkles. Intricate patterns on laterally extensive 
length scales can also be produced by exploiting the shape of the contact line between the film and the substrate. 
This level of control—the placement of single features of prescribed trajectory—which is not present in any 
other method of thin film wrinkling, is absolutely necessary for any realistic, scalable application. 
 
 
Derek Breid and Alfred J. Crosby, “Surface wrinkling behavior of finite circular plates”, Soft Matter, Vol. 5, 
No. 2, pp 425-431, 2009 
ABSTRACT: Osmotically-driven surface buckling is a simple method for introducing controlled micro- and 
nano-scale topography onto material surfaces. To achieve a fundamental understanding of the buckling process 
and a library of the equilibrium and kinetically-trapped structures that can be attained, we observe the growth 
processes of a buckling silicate plate rigidly attached to an elastomeric substrate. The primary variable is the 
lateral extent of the silicate plate which is shown to dictate the location of buckle initiation, and thus the 
resulting morphology of the final buckled structure. We present a model to qualitatively describe the radial 
stress profile within the plate, based on both the diffusion-controlled local osmotic stress and the ability of the 
plate to transfer this stress to the relatively unconfined region surrounding it. These results and insights provide 
lessons for controlling the order and arrangement of buckled microstructures. 
 
 
Davis, C.S., Crosby, A.J.: Mechanics of wrinkled surface adhesion. Soft Matter 7, 5373–5381 (2011) 
ABSTRACT: urface buckling instabilities, particularly wrinkles, are spontaneously occurring surface patterns 
that can cover large areas and have the potential to modify the adhesion of surfaces in a systematic manner; 
however, the impact of these wrinkled features is not understood quantitatively. We utilize a novel fabrication 
process to form aligned wrinkles from polystyrene and polydimethylsiloxane and quantify their adhesion using 
contact adhesion tests. Wrinkle amplitudes range from 0.3 μm to 11.4 μm and wavelengths range from 6.2 μm 
to 74.0 μm, and these two parameters are tuned independently. The maximum separation force of a flat 
cylindrical probe from a wrinkled surface depends nonlinearly on the wrinkle geometry, as described by both 
amplitude and wavelength. Additionally, results are presented for a set of adhesion experiments conducted on 
single, macroscopic cylinders using small circular flat probes to mimic the contact of individual wrinkles. A 
simple scaling is presented that incorporates geometric parameters, testing geometry and materials properties to 
predict the separation force. This relationship is shown to be in good agreement with the experimental data. 
 
 
Ebata, Y., Croll, A.B., Crosby, A.J., Wrinkling and strain localizations in polymer thin films. Soft Matter 8, 
9086–9091, 2012 
ABSTRACT: Wrinkles and strain localized features are observed in many natural systems and are useful 
surface patterns for a wide range of applications, including optical gratings and microfluidic devices. However, 
the transition from sinusoidal wrinkles to more complex strain localized features, such as delaminations or 
folds, is not well understood. In this paper, we investigate the onset of wrinkling and strain localizations in a 
model system of a glassy polymer film attached to a surface of an elastomeric substrate. We show that careful 
measurement of feature amplitude as a function of applied strain allows not only the determination of wrinkle, 
fold, or delamination onset but also allows clear distinction between each type of feature. We observe that 
amplitude increases discontinuously as delamination occurs; whereas, the amplitude for a fold deviates 
gradually compared to the amplitude for a nearby wrinkle as a function of applied strain. The folds observed in 
these experiments have an outward morphology from the surface, in contrast to folds that form into the plane 



for a film floating on a liquid substrate. A deformation mode map is presented, where the measured critical 
strain for localization is compared for films with thickness ranging from 5 nm to 180 nm. 
 
 
Kyeongsik Woo and Christopher  H. Jenkins. "Analysis of Wrinkling Behavior of Creased Thin Membranes", 
48th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference, Structures, 
Structural Dynamics, and Materials Conference, AIAA Paper 2007-1818, 2007 
http://dx.doi.org/10.2514/6.2007-1818 
ABSTRACT: In this study, geometrically non-linear shell element post-buckling analysis was performed to 
study the wrinkling behavior of creased square membranes under corner loads. To instigate the out-of-plane 
wrinkle deformation, the finite element meshes were seeded with semi-random geometrical imperfection, and 
“STATIC,STABILIZE” option was used to stabilize the solution procedure. A pristine membrane and creased 
membranes with various initial deployment angles were considered. The local and global wrinkle formation was 
studied as increasing the ratio of corner loads. The effect of load level and the development of separate wrinkles 
along the crease line were also discussed. 
 
 
Kyeongsik Woo and Christopher H. Jenkins. "Thickness Effect on Wrinkle-Crease Interaction for Thin Sheets", 
49th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference, 16th 
AIAA/ASME/AHS Adaptive Structures Conference,10th AIAA Non-Deterministic Approaches Conference, 
9th AIAA Gossamer Spacecraft Forum, 4th AIAA Multidisciplinary Design Optimization Specialists 
Conference, Structures, Structural Dynamics, and Materials Conference, 2008, AIAA Paper 2008-2136 
http://dx.doi.org/10.2514/6.2008-2136  
ABSTRACT: In this paper, geometrically non-linear post-buckling analyses were performed to study the effect 
of sheet thickness on the crease-wrinkle interaction. A square sheet configuration with a aingle transverse crease 
was modeled using thin shell elements. The analysis proceeded by initially providing a realistic deployed state 
of a creased membrane sheet. Then an uneven corner loading was applied to introduce wrinkling. The effects of 
the induced anisotropy from the crease on the fine-scale detail of the wrinkle evolution, as a function of sheet 
thickness, loading, and crease deployment angle were systematically investigated. 
 
 
Kyeongsik Woo and Christopher Jenkins. "Effect of Crease Orientation on Wrinkle-Crease Interaction in Thin 
Sheets", 50th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference, 
Structures, Structural Dynamics, and Materials Conference, 2009, AIAA Paper 2009-2162 
http://dx.doi.org/10.2514/6.2009-2162 
ABSTRACT: The present paper provides insight into the crease-wrinkle interaction through a numerical 
analysis of a square sheet configuaration, i.e., a thin membrane with small but finite bending stiffness (induced 
here by the crease) The analysis proceeds by initially providing a realistic deployed state of a creased membrane 
sheet. Then an uneven corner loading is applied to introduce wrinkling. The effects of the induced anisotropy 
from the crease on the fine-scale detail of the wrinkle evolution, as a function of crease orientation, loading, and 
crease deployment angle are presented. Then a brief study is performed by replacing selected crease cases with 
a seam. The results of the study have ramifications for the surface topology, global static shape, and dynamic 
response of large, lightly-loaded membranes in gossamer spacecraft. 
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(2) Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, 370141, Baku, 
Azerbaijan 
“Near-surface buckling instability of a system consisting of a moderately rigid substrate, a viscoelastic bond 
layer, and an elastic covering layer”, Mechanics of Composite Materials, Vol. 42, No. 4, pp 363-372, July 2006 
ABSTRACT: Within the frame work of the three-dimensional linearized theory of stability of deformable 



bodies (TLTSDB), the near-surface buckling instability of a system consisting of a half-plane (substrate), a 
viscoelastic bond layer, and an elastic covering layer is suggested. The equations of the TLTSDB are obtained 
from the three-dimensional geometrically non linear equations of viscoelasticity theory by using the boundary-
form perturbation technique. By employing the Laplace transform, a method for solving the problem is 
developed. It is supposed that the covering layer has an insignificant initial imperfection. The stability of the 
system is considered lost if the imperfection starts to increase and grows indefinitely. Numerical results for the 
critical compressive force and the critical time are presented. 
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“Delamination buckling of a rectangular orthotropic composite plate containing a band crack”, Mechanics of 
Composite Materials, Vol. 46, No. 5, pp 493-504, December 2010 
ABSTRACT: The delamination buckling problem for a rectangular plate made of an orthotropic composite 
material is studied. The plate contains a band crack whose faces have an initial infinitesimal imperfection. The 
subsequent development of this imperfection due to an external compressive load acting along the crack is 
studied through the use of the three-dimensional geometrically nonlinear field equations of elasticity theory for 
anisotropic bodies. A criterion of initial imperfection is used in determining the critical forces. The 
corresponding boundary-value problems are solved by employing the boundary-form perturbation technique 
and the FEM. Numerical results for the critical force are presented. 
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elastomer places the gold film under compressive stress. The buckles relieve this compressive stress. The 
distribution of stresses and buckle patterns is described during the pre- and postbuckling regimes using 
solutions from calculations describing a model comprising a thin stiff plate resting on a thick elastic foundation. 
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ABSTRACT: Upon cooling, a thin metal film deposited on compliant elastomer substrate undergoes equi-
biaxial compression and begins to buckle at a critical stress. As further cooling occurs, a highly ordered 
herringbone pattern self-assembles. The preference for the herringbone pattern over other potential modes is 
demonstrated based on minimum energy arguments. Control of the pre-buckling in-plane stress components 
may be one way to influence the pattern formation, possibly giving rise to a family of unbalanced herringbone 
modes that links one-dimensional modes with the balanced herringbone mode. 
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B. D. Hull, “Analysis of fibre wrinkling during squeezing flows of fibre-reinforced composites”, Journal of 
Engineering Mathematics, Vol. 27, No. 4, pp 433-442, September 1993, doi: 10.1007/BF00128765 
ABSTRACT: An analysis of the stability of squeezing flows between flat plates (consolidation flows) of 
viscous liquids reinforced by continuous fibres is presented. The ideal linear fibre-reinforced fluid model is used 
to model the composite as an incompressible Newtonian fluid reinforced with inextensible fibres. The 
development of small fibre wrinkles initially present in the preimpregnated plies is analysed using linear 
stability theory. It is shown that when the flows are lubricated by resin rich layers, two perturbation modes are 
possible. In the first mode, the wrinkles are of the same form throughout the thickness of the sample while in 
the second mode they vary linearly with distance from the platens. In both cases the stability depends on the 
normal components of the applied stress. If the only traction acting in addition to hydrostatic pressure is that 
due to the squeezing force then the first perturbation mode is stable. This prediction is in agreement with 
experimental results. 
 
 
F.-K. Chen and Y.-C. Liao, “An analysis of draw-wall wrinkling in a stamping die design”, The International 
Journal of Advanced Manufacturing Technology, Vol. 19, No. 4, pp 253-259, February 2002 
doi: 10.1007/s001700200031 
ABSTRACT: Wrinkling that occurs in the stamping of tapered square cups and stepped rectangular cups is 
investigated. A common characteristic of these two types of wrinkling is that the wrinkles are found at the draw 
wall that is relatively unsupported. In the stamping of a tapered square cup, the effect of process parameters, 
such as the die gap and blank-holder force, on the occurrence of wrinkling is examined using finite-element 
simulations. The simulation results show that the larger the die gap, the more severe is the wrinkling, and such 
wrinkling cannot be suppressed by increasing the blank-holder force. In the analysis of wrinkling that occurred 
in the stamping of a stepped rectangular cup, an actual production part that has a similar type of geometry was 



examined. The wrinkles found at the draw wall are attributed to the unbalanced stretching of the sheet metal 
between the punch head and the step edge. An optimum die design for the purpose of eliminating the wrinkles is 
determined using finite-element analysis. The good agreement between the simulation results and those 
observed in the wrinkle-free production part validates the accuracy of the finite-element analysis, and 
demonstrates the advantage of using finite-element analysis for stamping die design. 
 
 
Gangyao Zhao, Yuli Liu and He Yang, “Effect of clearance on wrinkling of thin-walled rectangular tube in 
rotary draw bending process”, The International Journal of Advanced Manufacturing Technology, Vol. 50 Nos 
1-4, pp 85-92, September 2010, doi: 10.1007/s00170-009-2508-7 
ABSTRACT: The clearances between tube and various dies have a significant and complicated influence on the 
onset of wrinkling during the rotary draw bending process. To study the effect of clearance on wrinkling, a 3D 
finite element (FE) model of the process for thin-walled rectangular aluminum alloy tube has been built using 
the explicit code ABAQUS/Explicit and validated by comparing the experiment. Then, simulation and analysis 
of the process have been carried out based on the model. The influence laws of clearances between tube and 
various dies on wrinkling have been studied and the reasonable combination of clearances obtained using the 
combination method of 3D FE simulation and orthogonal experimental design. The results show that with the 
increase of tube mandrel clearance, Δc m, and tube bending die clearance, Δc b, the wrinkling wave number 
decreases rapidly, whereas the wrinkling wave height increases sharply. The effects of tube wiper die clearance, 
Δc w, and tube pressure die clearance, Δc p, on wrinkling are not significant. The reasonable combination of 
clearances is Δc m = 0.15 mm, Δc b = 0 mm, Δc w = 0 mm, and Δc p = 0 mm. These achievements are 
helpful to the design and optimization of the process. 
 
 
M. Watson, H. Long and B. Lu, “Investigation of wrinkling failure mechanics in metal spinning by Box-
Behnken design of experiments using finite element method”, The International Journal of Advanced 
Manufacturing Technology, Vol. 78, Nos. 5-8, pp 981-995, May 2015, doi: 10.1007/s00170-014-6694-6 
ABSTRACT: An investigation into material wrinkling failure mechanics of conventional metal spinning and 
the effects of process parameters and material properties are presented in this paper. By developing finite 
element (FE) models using the Box-Behnken design of experiments, the effects of six key process and material 
parameters on the start of material wrinkling have been investigated. These key factors include roller feed per 
pass, feed rate, blank thickness, tool path profile, material Young’s modulus, yield stress and strain hardening 
exponent. The results of FE simulation are validated by comparing the modelled roller tool forces and spun part 
end shape with those measured during a spinning experiment. From FE simulations, large residual stresses in 
the form of bending moments are found to be present in the flange of the blank, induced by the roller contact. It 
is found that material wrinkling failure begins when a plastic hinge is formed between the roller and the edge of 
the blank. It is found that both roller feed per pass and feed rate produce the most significant effect on the 
initiation of wrinkling failure, as they increase the bending stresses causing a plastic hinge to form more rapidly, 
thus wrinkling to occur more quickly. 
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China), “A new model for wrinkling and collapse analysis of membrane inflated beam”, Acta Mechanica 
Sinica, Vol. 26, No. 4, pp 617-623, August 2010, 
doi: 10.1007/s10409-010-0348-1 
ABSTRACT: A new model is proposed to accurately predict the wrinkling and collapse loads of a membrane 
inflated beam. In this model, the pressure effects are considered and a modified factor is introduced to obtain an 
accurate prediction. The former is achieved by modifying the pressure-related structural parameters based on 
elastic small strain considerations, and the modified factor is determined by our test data. Compared with 
previous models and our test data, the present model, named as shell-membrane model, can accurately predict 
the wrinkling and collapse loads of membrane inflated beams. 
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and paper”, The Visual Computer, Vol. 27, Nos 6-8, pp 417-427, June 2011, doi: 10.1007/s00371-011-0575-x 
ABSTRACT: The burning of a sheet of cellulose-based material, such as paper or cloth, involves uneven 
shrinkage which causes wrinkling. We simulate this geometrically complicated phenomenon by modeling the 
effects of heat transfer, shrinkage and partial ablation on a thin shell. A strain-limitation technique is applied to 
a two-layer structure of springs arranged as a body-centered square. Although this structure is over-constrained, 
convergence can be achieved using a new successive fast projection method. We also remesh the shells 
dynamically to deal with the topological changes that occur as regions burn away. 
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simulations”, Journal of Applied Physics, Vol. 106, No. 11, December 2009, pp. 114313-114313-5, 
doi: 10.1063/1.3260239 
ABSTRACT: Various geometric sizes and helical types (i.e., armchair, zigzag, and chiral) of single-walled 
carbon nanotubes (CNTs) are considered in molecular dynamics simulations in order to systematically examine 
the length-to-radius ratio and chirality effects on the buckling mechanism. The buckling strain is getting smaller 
as the CNT becomes slender for most nanotubes, which implies that the slender nanotubes have lower buckling 
resistance regardless of the radius of the CNTs. The applicability of the continuum buckling theory, which has 
been well developed for thin tubes, on predicting the buckling strain of the CNT is also examined. In general, 
the corresponding buckling strain and buckling type predicted by the continuum buckling theory could agree 
reasonably well with simulation results except at the transition region due to the competition of two buckling 
mechanisms. 
 
 
I-Ling Chang (National Cheng Kung University, Taiwan), “Structural Instability of Carbon Nanotube, Chapter 
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PARTIAL INTRODUCTION: Since Iijima reported MWCNTs in 1991, CNTs have captured the intensive 
attention of researchers worldwide due to the combination of their expected structural perfection, small size, 
low density, high stiffness, high strength, and excellent electronic properties. CNTs have been widely adopted 
as microscopic probing tips (Dai et al., 1996; Hafner et al., 2001), nanocomposites reinforcements (Bower et al., 
1998; Jin et al., 1998), nanotweezers (Kim & Lieber, 1999), and nanoactuators (Baughman et al., 1999; 
Fennimore et al., 2003) due to their slender and high aspect ratio structures. Meanwhile, nanotubes are also 
highly susceptible to buckling under compression, which is a structural instability. Once the buckling of CNTs 
occurs, the load-carrying capability would suddenly reduce and lead to possible catastrophic failure of the 
nanotubes, which significantly limit the loading strengths of the probing tips and compressive strengths of 
nanocomposite structures. Even the physical properties such as conductance of carbon nanotube can be 
influenced by the occurrence of buckling (Postma et al., 2001). Hence, it is crucial to understand the mechanism 
of nanotube buckling and even predict the onset of buckling in order to improve the nanotube applications. A 
review of the relevant literature shows that significant studies have employed both experimental (Falvo et al., 
1997; Iijima et al., 1996; Thostenson & Chou, 2004; Waters et al., 2004) and theoretical (Ru, 2000; Yakobson 
& Avouris, 2001) approaches to investigate the bucking behaviors of CNTs.  
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displacement increment on the axial compressive buckling behaviours of single-walled carbon nanotubes”, 
Nanotechnology Vol. 17, No. 15, 2006, p.3844,  
doi: 10.1088/0957-4484/17/15/040 
ABSTRACT: We carry out systematic molecular mechanics (MM) analyses to study the effect of the 
displacement increment on the critical buckling strain of single-walled carbon nanotubes (SWCNTs) under 
axial compression. The SWCNT geometric parameters, such as the tube length, diameter, and chirality, are 
varied in the numerical studies. The results show that the critical buckling strain of the SWCNTs deduced from 
the atomistic analyses is highly sensitive to the displacement increment used in the numerical simulation, and 
such an effect is more obvious for tubes with smaller diameters. Therefore, a reasonable compressive 
displacement increment should be selected in the atomistic simulations in order to obtain the intrinsic values of 
the critical buckling strain, which is suggested in this paper. The studies in this paper may be used to explain the 
contradicting results of the critical compressive buckling strains computed by other MM analyses in the 
literature. 
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nanotubes upon bending: Molecular dynamics simulations and finite element method”, Phys. Rev. B Vol. 73,  
2006, 155435 [10 pages], doi: 10.1103/PhysRevB.73.155435 
ABSTRACT: The bending buckling behaviors of single-walled carbon nanotubes (SWCNTs) are systematically 
investigated by using both molecular dynamics (MD) simulation and finite element method (FEM), to analyze 
the relationships between critical bending buckling curvature, critical buckling strain and nanotube geometry 
parameters (e.g., tube diameter, length and chirality). The postbuckling shape of SWCNT and the effect of 
loading boundary conditions are also discussed. The comparison between MD and FEM simulations shows that 
the continuum shell model provides some useful insights into the bending buckling mechanisms, yet it cannot 
quantitatively reproduce the bending buckling behavior of SWCNTs, since the continuum model does not 
account for the geometrical imperfections in the atomic system that are critical to the onset of buckling. 
Improvements of continuum models are suggested based on the findings. 
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Engineering Mechanics, Columbia University, New York, New York 10027-6699, USA), “Buckling behavior 
of single-walled carbon nanotubes and a targeted molecular mechanics approach”, Phys. Rev. B 74, 165422 
(2006) [10 pages], doi: 10.1103/PhysRevB.74.165422 
ABSTRACT: During the general (conventional) molecular mechanics (GMM) simulation of the buckling of 
single-walled carbon nanotubes (SWCNTs), the load is displacement controlled and the calculated critical 
buckling strain is very sensitive to the specific displacement increment and convergence threshold chosen in 
molecular dynamics (MD) simulations, which may have led to the contradictory and diverged results in the 
previous studies. In this paper, a targeted-molecular mechanics (TMM) simulation method is proposed to study 
the buckling behavior of SWCNTs under axial compression, bending, and torsion. Comparing with the GMM 
method, the TMM technique is independent of the displacement increment and thus the solution is converged. 
The critical buckling strain computed from the TMM is higher than that from the GMM under axial 
compression and torsion, and the TMM results are similar to the GMM results upon bending. The TMM result 
approaches to the intrinsic critical buckling strain of a perfect tube; in addition, the TMM significantly reduces 
the computational cost and thus may be more efficient to study larger systems with atomistic simulations. 
 
 
P. Waters and A.A. Volinsky (Department of Mechanical Engineering, University of South Florida, 4202 E 
Fowler Ave ENB118, Tampa, FL, 33620, USA), “Stress and moisture effects on thin film buckling 
delamination”, Experimental Mechanics, Vol. 47, No. 1, pp 163-170, February 2007 
ABSTRACT: Deposition processes control the properties of thin films; they can also introduce high residual 
stresses, which can be relieved by delamination and fracture. Tungsten films with high 1–2 GPa compressive 
residual stresses were sputter deposited on top of thin (below 100 nm) copper and diamond-like carbon (DLC) 
films. Highly stressed films store large amounts of strain energy. When the strain energy release rate exceeds 
the films' interfacial toughness, delamination occurs. Compressive residual stresses cause film buckling and 
debonding, forming open channels. Profiles of the buckling delaminations were used to calculate the films' 
interfacial toughness and then were compared to the adhesion results obtained from the superlayer indentation 
test. Tests were conducted in both dry and wet environments and a significant drop in film adhesion, up to 100 
times was noticed due to the presence of moisture at the film/substrate interface. 
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ShiBin Wang, HaiKun Jia, LinAn Li, Heng Sun, DiQiang Cui, ZhenShan Guo and XiuLi Xue (Department of 
Mechanics, Tianjin University, Tianjin, 300072, China), “Experimental investigation on cumulative 
propagation of thin film buckling under cyclic load”, Science China Technological Sciences, Vol. 54, No. 6, pp 
1371-1375, June 2011 
ABSTRACT: As instrument technology is needed for rapid determination of the smaller, thinner and lighter 
specimens, more stringent demands are related to thin films such as micro-electro-mechanical systems 
(MEMS), dielectric coatings and electronic packaging. Therefore, the requirement for testing platforms for 
rapidly determine the mechanical properties of thin films is increasing. Buckling of a film/substrate system 
could offer a variety of applications, ranging from stretchable electronics to micro-nanoscale metrology. In this 
paper, a fatigue-loading device has been designed to make the cyclic loading available for investigating the 
cumulative propagation of thin film buckling. The straight side buckling of thin compressed titanium film with 
the thickness of 50 nm deposited on organic glass substrates is investigated by using an optical microscope. The 
cumulative buckling propagation under the cyclic loading of a sequence of peak compression with the 
frequency 1 Hz is recorded by CCD camera. The buckling extension lengths are calculated by digital image 
measurement technology. 
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ABSTRACT: We investigated the possibility of controlling thin film buckling patterns by varying the substrate 



curvature and the stress induced therein upon cooling. The numerical and experimental studies are based on a 
spherical Ag core/SiO2 shell system. For Ag substrates with a relatively larger curvature, the dentlike triangular 
buckling pattern comes out when the film nominal stress exceeds a critical value. With increasing film stress 
and/or substrate radius, the labyrinthlike buckling pattern takes over. Both the buckling wavelength and the 
critical stress increase with the substrate radius. 
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ABSTRACT: Wrinkling is a common everyday occurrence. Over the last decade wrinkling in thin films has 
become an interesting topic. Nearly all studies to date have focused on the underlying physics or how the 
wrinkles can be used for a specific application. With more and more devices being created from stacked 
materials, a need for ways to prevent buckling has arisen. In this article we highlight the prevention of wrinkling 
in nanoscale thin films. 
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“Buckling patterns of thin films on curved compliant substrates with applications to morphogenesis and three-
dimensional micro-fabrication” (Review article, part of the collection: “The Physics of Buckling”), Soft Matter, 
2010, Vol. 6, pp. 5667-5680, doi: 10.1039/C0SM00401D 
ABSTRACT: Self-assembled buckling patterns of thin films on compliant substrates have been subjected to 
extensive studies and shown great promise in micro-fabrication. However, most previous studies were limited to 
planar substrates, and the study of buckling of films on curved substrates has not received sufficient attention. 
With the constraining effect from various types of substrate curvature, numerous new types of buckling 
morphologies may emerge which not only enable true three-dimensional (3D) fabrication of microstructures 
and microdevices, but also have important implications for the morphogenesis of quite a few natural and 
biological systems. We review the scientific aspects of elastic buckling of thin films on several representative 
curved substrates, emphasizing the critical effect of substrate curvature, its interaction with other 
material/system parameters, ways to control the buckles based on mechanical and physical principles, and 
bridge them with prospective applications in biology, biomedical engineering, and small-scale fabrication. 
 
 
R. Vetter, F.K. Wittel and H.J. Herrmann (Computational Physics for Engineering Materials, IfB, ETH Zurich, 
Stefano-Franscini-Platz 3, CH-8093 Zurich, Switzerland), “Morphogenesis of filaments growing in flexible 
confinements”, Nature Communications, Vol. 5, Article number 4437, July 2014, DOI: 10.1038/ncomms5437 
ABSTRACT: Space-saving design is a requirement that is encountered in biological systems and the 
development of modern technological devices alike. Many living organisms dynamically pack their polymer 
chains, filaments or membranes inside deformable vesicles or soft tissue-like cell walls, chorions and buds. 
Surprisingly little is known about morphogenesis due to growth in flexible confinements—perhaps owing to the 
daunting complexity lying in the nonlinear feedback between packed material and expandable cavity. Here we 
show by experiments and simulations how geometric and material properties lead to a plethora of morphologies 
when elastic filaments are growing far beyond the equilibrium size of a flexible thin sheet they are confined in. 
Depending on friction, sheet flexibility and thickness, we identify four distinct morphological phases emerging 
from bifurcation and present the corresponding phase diagram. Four order parameters quantifying the 
transitions between these phases are proposed. 
 
 
Gautam Munglani, Roman Vetter, Falk K. Wittel and Hans J. Herrmann, “Orthotropic rotation-free thin shell 
elements”, arXiv:1508.00347v1 [math.NA] 3 Aug 2015, https://www.semanticscholar.org/paper/Orthotropic-
rotation-free-thin-shell-elements-Munglani-Vetter/9976b01a53f02de2e4a966d82070855871773302 
ABSTRACT: A method to simulate orthotropic behaviour in thin shell finite elements is proposed. The 
approach is based on the transformation of shape function derivatives, resulting in a new orthogonal basis 
aligned to a specified preferred direction for all elements. This transformation is carried out solely in the 
undeformed state leaving minimal additional impact on the computational effort expended to simulate 
orthotropic materials compared to isotropic, resulting in a straightforward and highly efficient implementation. 
This method is implemented for rotation-free triangular shells using the finite element framework built on the 
Kirchhoff–Love theory employing subdivision surfaces. The accuracy of this approach is demonstrated using 
the deformation of a pinched hemispherical shell (with a 18-degree hole) standard benchmark. To showcase the 
efficiency of this implementation, the wrinkling of orthotropic sheets under shear displacement is analyzed. It is 



found that orthotropic subdivision shells are able to capture the wrinkling behavior of sheets accurately for 
coarse meshes without the use of an additional wrinkling model.  
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A. Venkatesh and K. P. Rao (Department of Aeronautical Engineering, Indian Institute of Science, Bangalore 
560012, India), “A doubly curved quadrilateral finite element for the analysis of laminated anisotropic thin 
shells of revolution”, Computers & Structures, Vol. 12, No. 6, December 1980, pp. 825-832, 
doi:10.1016/0045-7949(80)90020-6 
ABSTRACT: The details of development of the stiffness matrix for a doubly curved quadrilateral element 
suited for static and dynamic analysis of laminated anisotropic thin shells of revolution are reported. Expressing 
the assumed displacement state over the middle surface of the shell as products of one-dimensional first order 
Hermite polynomials, it is possible to ensure that the displacement state for the assembled set of such elements, 
is geometrically admissible. Monotonic convergence of total potential energy is therefore possible as the 
modelling is successively refined. Systematic evaluation of performance of the element is conducted, 
considering various examples for which analytical or other solutions are available. 
 
 
K.P. Rao (USAF Materials Laboratory AFWAL/MLBM WPAFB, Dayton, Ohio 45433),” Buckling of 
Composite Sandwich Rectangular Panels (Grid Core)”, Journal of Reinforced Plastics and Composites, Vol. 7  
No. 1, January 1988, pp. 72-89, doi: 10.1177/073168448800700105 
ABSTRACT: Laminated composite sandwich panels are extensively used in many engineering indus tries. 
Stability studies are needed to achieve good structural performance with minimum weight. The work presented 
in this paper deals with the prediction of elastic buckling loads for composite sandwich rectangular panels with 
a grid core subjected to axial com pression. Kirchhoff-Love assumptions are used and each of the edges is 
considered to be clamped (C) or simply supported(S). The given panel is idealised as a homogeneous 
orthotropic plate whose equivalent properties are determined based on the given param eters of the panel. The 
boundary conditions considered are SCSC, CSCS, SCSS, CSSS, CCCC, CCCS, CCSC and CCSS. Critical 
buckling loads are obtained using conventional orthotropic plate theory. A large class of 0°/90°/45°/-45° 
lamination schemes leading to quadridirectional, tridirectional and bidirectional T300/N5208 sandwich Panals 
is ex amined and merit listed from buckling point of view. Results indicate that by proper choice of lamination 
scheme, very significant increases in buckling loads compared to quasi isotropic case can be obtained when a/b 
< 1 (the lower the value of a/b, the higher the gain) and for a/b  > 2, the corresponding gains are smaller. For a/b 
> 3, having more 45° layers is found to be more advantageous from buckling point of view, whereas for a/b < 
0.75 having more 0° layers is more advantageous. 
 
 
B. Tripathy and K.P. Rao (Department of Aerospace Engineering, Indian Institute of Science, Bangalore 560 
012, India), “Curved composite beams—optimum lay-up for buckling by ranking”, Computers & Structures, 
Vol. 41, No. 1, 1991, pp. 75-82, doi:10.1016/0045-7949(91)90157-H 
ABSTRACT: Instability of laminated curved composite beams made of repeated sublaminate construction is 
studied using finite element method. In repeated sublaminate construction, a full laminate is obtained by 
repeating a basic sublaminate which has a smaller number of plies. This paper deals with the determination of 
optimum lay-up for buckling by ranking of such composite curved beams (which may be solid or sandwich). 
For this purpose, use is made of a two-noded, 16 degress of freedom curved composite beam finite element. The 
displacements u, v, w of the element reference axis are expressed in terms of one-dimensional first-order 
Hermite interpolation polynomials, and line member assumptions are invoked in formulation of the elastic 
stiffness matrix and geometric stiffness matrix. The nonlinear expressions for the strains, occurring in beams 
subjected to axial, flexural and torsional loads, are incorporated in a general instability analysis. The computer 



program developed has been used, after extensive checking for correctness, to obtain optimum orientation 
scheme of the plies in the sublaminate so as to achieve maximum buckling load for typical curved 
solid/sandwich composite beams. 
 
 
K.P. Rao and Biswajit Tripathy (Department of Aerospace Engineering, Indian Institute of Science, Bangalore 
560012, India), “Composite cylindrical panels—optimum lay-up for buckling by ranking”, Computers & 
Structures, Vol. 38, No. 2, 1991, pp. 217-225, doi:10.1016/0045-7949(91)90098-7 
ABSTRACT: Fibre-reinforced composite cylindrical panels are a typical subcomponent used in various 
aerospace structures. Buckling is one of the important modes of failure of such a panel. Repeated sublaminate 
construction is often used in practice to reduce manufacturing errors and to produce more damage-tolerant 
laminates. In this type of construction, the full laminate is obtained by repeating the basic sublaminate, which 
has a smaller number of plies. This paper deals with the determination of optimum lay-up for buckling by 
ranking of such fibre-reinforced plastic composite cylindrical panels (which may be solid, sandwich or 
stiffened) using the finite element method. The particularized form of a four-noded, 48-dof doubly curved 
quadrilateral laminated anisotropic thin shell finite element is used. The core/stiffener can be a corrugated 
composite sheet or a regular grid. The computer program developed has been used, after extensive checking for 
correctness, to obtain the optimum orientation scheme of the plies in the sublaminate so as to achieve maximum 
buckling load for typical composite cylindrical panels. 
 
 
B. Tripathy and K. P. Rao (Department of Aerospace Engineering, Indian Institute of Science, Bangalore 
560012, India), “Stiffened composite cylindrical panels—Optimum lay-up for buckling by ranking”, Computers 
& Structures, Vol. 42, No. 4, February 1992, pp. 481-488, doi:10.1016/0045-7949(92)90115-G 
ABSTRACT: Buckling of discretely stiffened composite cylindrical panels made of repeated sublaminate 
construction is studied using a finite element method. In repeated sublaminate construction, a full laminate is 
obtained by repeating a basic sublaminate, which has a smaller number of plies. This paper deals with the 
determination of the optimum lay-up for buckling by ranking of such stiffened (longitudinal and hoop) 
composite cylindrical panels. For this purpose we use the particularized form of a four-noded, 48 degrees of 
freedom doubly curved quadrilateral thin shell finite element together with a fully compatible two-noded, 16 
degrees of freedom composite stiffener element. The computer program developed has been used, after 
extensive checking for correctness, to obtain an optimum orientation scheme of the plies in the sublaminate so 
as to achieve maximum buckling load for a specified thickness of typical stiffened composite cylindrical panels. 
 
 
Biswajit, Tripathy and Rao, KP (1993) Optimum design for buckling of plain and stiffened composite 
axisymmetric shell panels/shells. In: Seventh International Conference on Composite Structures, July 1993, 
Paisley, UK, pp. 459-467. 
ABSTRACT: The buckling of plain and discretely stiffened composite axisymmetric shell panels/shells made 
of repeated sublaminate construction is studied using the finite element method. In repeated sublaminate 
construction, a full laminate is obtained by repeating a basic sublaminate, which has a smaller number of plies. 
The optimum design for buckling is obtained by determining the layup sequence of the plies in the sublaminate 
by ranking, so as to achieve maximum buckling load for a specified thickness. For this purpose, a four-noded 
48-dof quadrilateral composite thin shell element, together with fully compatible two-noded 16-dof composite 
meridional and parallel circle stiffener elements are used. 
 
 
K.P. Rao and H.R. Gopalkrishna (Department of Aerospace Engineering, Indian Institute of Science, Bangalore 
560 012, India), “Optimization of composite cylindrical panels for buckling by ranking”, Composite Structures, 
Vol. 21, No. 3, 1992, pp. 131-140, doi:10.1016/0263-8223(92)90013-3 
ABSTRACT: Fibre-reinforced composites are used in many engineering structures with cylindrical panels 
being a typical component. Buckling is one of the important modes of failure of such a panel. The work 
presented in this paper deals with optimizing the orientation of plies in a simply supported composite cylindrical 



panel so as to achieve maximum buckling load. The panel is assumed to be composed of a repeated sublaminate 
construction. In this type of construction the basic sublaminate has a smaller number of plies, for example, 8, 6, 
4 or 2, and the full panel is obtained by repeating the basic sublaminate. Such a construction is used to avoid 
manufacturing errors and to produce damage-tolerant panels resulting from maximum splicing of plies. The 
buckling loads have been found using an energy method, and optimization of ply orientations in the basic 
sublaminate is achieved by using the ranking technique proposed by Tsai. The following configurations are 
considered in the paper: (i) solid laminated panel, (ii) sandwich panel, and (iii) stiffened panel. The sandwich or 
stiffened panel may have sinusoidally corrugated sheet, hat-type corrugated sheet or regular grid as core or 
stiffener respectively. The computer program developed was first checked for accuracy by comparing with 
results available in the literature for isotropic and orthotropic cylindrical panels. Then it was used to optimize 
the ply orientation in the sublaminate for any specified geometry, material, loading and boundary conditions. It 
was found that significant gains in buckling loads can be had by choosing the optimum lay-up scheme and that 
quasi-isotropic lay-up in many cases is far from the optimum. 
 
 
Biswajit Tripathy and K.P. Rao  (Department of Aerospace Engineering, Indian Institute of Science, Bangalore-
560 012, India), “Stiffened composite axisymmetric shells—Optimum lay-up for buckling by ranking”, 
Computers & Structures, Vol. 46, No. 2, January 1993, pp. 299-309, doi:10.1016/0045-7949(93)90194-I 
ABSTRACT: Linear bifurcation buckling of FRP axisymmetric shells with fully compatible FRP meridional 
and hoop stiffeners is studied using the finite element method. Eccentricity of the stiffeners is taken into 
account. The composite shell and the stiffener are assumed to be made of a repeated sublaminate construction. 
This type of construction is used in industry to reduce manufacturing errors and to produce more damage-
tolerant laminates. In this type of construction, the sublaminate consists of smaller number of plies and the 
required thickness of the laminate is obtained by repeating the sublaminate many times. This paper deals with 
the determination of the optimum lay-up scheme in the sublaminate of a composite axisymmetric shell with 
composite stiffener elements so as to achieve maximum buckling load for a given geometry, loading and 
boundary conditions using the finite element method. A four-noded, 48-DOF doubly curved quadrilateral 
laminated anisotropic thin shell finite element with fully compatible two-noded, 16-DOF meridional stiffener 
elements (MSE) and parallel circle stiffener elements (PCSE) is used. The buckling loads computed for several 
cases of shells (solid/stiffened) of positive and negative Gaussian curvatures with different applied loads and 
boundary conditions compare well with existing results in the literature. Subsequently the computer program 
has been used to find the optimum lay-up scheme of the plies in the sublaminate so as to achieve maximum 
buckling load for typical composite solid/stiffened shells. 
 
 
Biswajit, Tripathy and Rao, KP (1993) Optimum design for buckling of plain and stiffened composite 
axisymmetric shell panels/shells. In: Seventh International Conference on Composite Structures, July 1993, 
Paisley, UK, pp. 459-467. 
ABSTRACT: The buckling of plain and discretely stiffened composite axisymmetric shell panels/shells made 
of repeated sublaminate construction is studied using the finite element method. In repeated sublaminate 
construction, a full laminate is obtained by repeating a basic sublaminate, which has a smaller number of plies. 
The optimum design for buckling is obtained by determining the layup sequence of the plies in the sublaminate 
by ranking, so as to achieve maximum buckling load for a specified thickness. For this purpose, a four-noded 
48-dof quadrilateral composite thin shell element, together with fully compatible two-noded 16-dof composite 
meridional and parallel circle stiffener elements are used. 
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Nico de and Lohse, Detlef and Versluis, Michel (2009) “Shell buckling increases the nonlinear dynamics of 
ultrasound contrast agents at low acoustic pressures”. Journal of the Acoustical Society of America, 125 (4). p. 
2680. ISSN 0001-4966 
PARTIAL ABSTRACT: The key feature of ultrasound contrast agents in distinguishing blood pool and tissue 
echoes is based on the nonlinear behavior of the bubbles. Here we investigate the nonlinear properties of the 



shell which lead to an increased nonlinear bubble response, especially at low acoustic pressures. The 
microbubbles were studied in free space away from the wall using the Brandaris camera coupled to an optical 
tweezers setup. The microbubble spectroscopy method (Van der Meer et al., JASA, 121, 648, 2007) was 
employed to characterize BR-14 microbubbles (Bracco, Geneva). For increasing applied pressures the bubble 
resonance curves become asymmetrical and the frequency of maximum response decreases, up to 50% at a 
pressure of 25 kPa. It was found that the skewing of the nonlinear resonance curve is the origin of the so-called 
thresholding behavior below resonance. Traditional bubble models account for a purely elastic shell predict 
linear behavior, whereas the shell buckling model by Marmottant et al. . . . 
 
 
Michel Versluis, Physics of Fluids Group and MIRA Institute for Biomedical Technology and Technical 
Medicine, University of Twente, The Netherlands, “Nonlinear behavior of ultrasound contrast agent 
microbubbles and why shell buckling matters”, Proceedings of 20th International Congress on Acoustics, ICA 
2010 
23-27 August 2010, Sydney, Australia 
ABSTRACT: Contrast-enhanced ultrasound imaging relies on the nonlinear scattering of microbubbles 
suspended in an ultrasound contrast agent. The bubble dynamics is described by a Rayleigh-Plesset-type 
equation, and the success of harmonic imaging using contrast agents has always been attributed to the nonlinear 
behavior predicted by this equation. A surfactant layer of phospholipids stabilizes the microbubbles and it has 
always been assumed that the visco-elastic properties of the coating lead to an increased stiffness and additional 
damping of the radial dynamics, hence to a reduction of the nonlinear response of the bubbles. Here we show 
that the coating material in fact leads to an increased nonlinear bubble response even at low acoustic pressures 
where the traditional models for coated as well as uncoated bubbles would only predict linear behavior. For a 
selection of bubbles we show a pronounced skewness of the resonance curve for increasing pressures to be the 
origin of the ‘threshold’ behavior, where it appears as if the bubbles are activated only at elevated pressures. 
Another set of bubbles shows a ‘compression-only’ behavior, where the bubbles are observed to efficiently 
compress, while their expansion is highly reduced. Moreover, the majority of these bubbles display a very 
strong subharmonic response. The shell-buckling model by Marmottant et al. accounts for buckling and rupture 
of the shell and captures all of the above cases for a unique set of the shell parameters, the relevant parameter 
being the phospholipid concentration at the bubble interface. 
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and Michel Versluis (Phys. of Fluids Group, Univ. of Twente, Enschede, The Netherlands), “Shell buckling 
enhances subharmonic behavior of phospholipid coated ultrasound contrast agent microbubbles”, J. Acoust. 
Soc. Am., Vol. 125, 2680, 2009, http://dx.doi.org/10.1121/1.4784236  
ABSTRACT: Subharmonic behavior of coated microbubbles can greatly enhance the contrast in ultrasound 
imaging. The threshold driving pressure above which subharmonic oscillations are initiated can be calculated 
from a linearized Rayleigh-Plesset type equation. Earlier experimental studies on a suspension of phospholipid-
coated microbubbles showed a lower threshold than predicted from traditional elastic shell models. Here we 
present an experimental study of the subharmonic behavior of individual BR-14 microbubbles (Bracco 
Research) with initial radii between 1.6 and 4.8 micro-m. The subharmonic behavior was studied as a function 
of the amplitude and the frequency of the driving pressure pulse. The radial response of the microbubbles was 
recorded with the Brandaris ultrahigh-speed camera, while the resulting acoustic response was measured with a 
calibrated transducer. It is shown that the threshold pressure is minimum near a driving frequency equal to half 
the resonance frequency of the bubble, as expected. We found a threshold pressure as low as 10 kPa for certain 
bubble sizes, which can be explained by the shell buckling model proposed by [Marmottant et al., JASA 
(2005)]. We show that the origin of subharmonic behavior is a result of the discontinuous transition within the 
bubble shell from the elastic state to the tensionless buckling state. 
 
 
Marmottant, Phillippe (1), Bouakaz, Ayache (2), Jong, Nico De. (3) and Quilliet, Catherine (4),  
(1) Laboratoire Interdisciplinaire de Physique, CNRS-Université de Grenoble, 140 av de la Physique, 38402 
Saint Martin d’Hères, France 
(2) UMR INSERM U930 CNRS ERL, 3106, Université François Rabelais, 2, Boulevard Tonnellé, 37044 
Tours, France 
(3) Biomedical Engineering, Erasmus Medical Center, P.O. Box 2040, 3000CA Rotterdam, The Netherlands 
(4) Laboratoire Interdisciplinaire de Physique, CNRS-Université de Grenoble, 140 av de la Physique, 38402 
Saint Martin d’Hères, France 
“Buckling resistance of solid shell bubbles under ultrasound”, Journal of the Acoustical Society of America, 
Vol. 129, No. 3, pp. 1231-1239, March 2011, DOI: 10.1121/1.3543943 
ABSTRACT: Thin solid shell contrast agents bubbles are expected to undergo different volume oscillating 
behaviors when the acoustic power is increased: small oscillations when the shell remains spherical, and large 
oscillations when the shell buckles. Contrary to bubbles covered with thin lipidic monolayers that buckle as 
soon as compressed: the solid shell bubbles resist compression, making the buckling transition abrupt. 
Numerical simulations that explicitly incorporate a shell bending modulus give the critical buckling pressure 
and post-buckling shape, and show the appearance of a finite number of wrinkles. These findings are 
incorporated in a model based on the concept of effective surface tension. This model compares favorably to 



experiments when adjusting two main parameters: the buckling tension and the rupture shell tension. The 
buckling tension provides a direct estimation of the acoustic pressure threshold at which buckling occurs. 
 
 
S. J. Britvec (Institute for Mechanics, University of Bundeswehr, Munich, Germany), “Static and dynamic 
buckling of complex hyperstatic pin-connected elastic systems”, in Stability and Optimization of Flexible Space 
Structures, pp 157-271, 1995 
ABSTRACT: In this chapter we consider hyperstatic lattices composed of three-dimensional space elements 
such as tetrahedrons, octahedrons, combinations of cubes and tetrahedrons etc., in which each element is made 
of light flexible members joined together by hinged or quasi-hinged (hinge-like) connectors at the nodes. By 
giving these members appropriate lengths, the lattice may be shaped into any curved three dimensional array of 
space elements, as demonstrated in Fig. 3.1.1. Curved three-dimensional arrays of space elements constitute 
shell-type geometrical configurations. Lattices and, in general, structures of this type are called reticulated 
shells. 
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“The geometrically nonlinear stability analysis of the composite reticulated spherical shell”, Spatial Structures, 
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ABSTRACT: The geometrically nonlinear stability analysis of the composite reticulated spherical shell is 
studied in this paper by nonlinear finite element method of composite structure.The tangent stiffness matrices of 
spaal beach element and "discrete Kirchhoff" shell element are derived, and the nonlinear load-deflection 
response of the structure is analyzed by the cylindrical arc-length method. Finally taking a composite reticulated 
spherical shell with 40m span as an example, the load-deflection response, deflection shapes and critical load 
are studied in details. The comparison of computed results of composite reticulated spherical shell with those of 
spherical ribbed shell, plain shell and reticulated shell is also studied. Some useful conclusions are obtained. 
 
 
Jia-Hua Zhang; and Guo-Jian Wang, “Nonlinear Buckling Analyses on Single-Layered Reticulated Shell of 
Science and Technology City of Shanghai”, ASCE Computing in Civil and Building Engineering (2000): pp. 



756-763. 
doi: 10.1061/40513(279)99 
ABSTRACT: This paper was based on the design of Space City, Science & Technology City of Shanghai 
(STCS). The Space City, the shape of which looks like an ovum, is a single-layered reticulated shell, so the 
buckling problem should be paid attention to. In this paper, Some nonlinear buckling analyses on two 
arrangements of the structure were used to solve the puzzle of engineers on the stable problems existing in the 
structure system of STCS. And the results were used to direct the design and construction. 
 
 
S. Rajasekaran, “Geometrically Nonlinear Analysis of Funicular Reticulated Domes”, International Journal of 
Space structures, Vol. 15, No. 2, June 2000, pp. 111-117, doi: 10.1260/0266351001495017 
ABSTRACT: Contrary to the usual procedure, a desired state of stress is assumed and that corresponding 
funicular shells shape is obtained. The reticulated domes that are developed from these equivalent shells are 
called Funicular domes. For shallow shells the governing equation is a Poisson's equation and for deep shells 
the governing equation is a nonlinear partial differential equation. The Boundary Integral Element method is 
used to obtain the shape of the funicular reticulated domes. Nonlinear analysis is carried out to investigate the 
snap through buckling and load deformation response. Numerical examples are solved using the program 
"NLA" developed. 
 
 
H.Z. Zhou, F. Fan and E.C. Zhu (School of Civil Engineering, Harbin Institute of Technology, Harbin 150090, 
China), “Buckling of reticulated laminated veneer lumber shells in consideration of the creep”, Engineering 
Structures, Vol. 32, No. 9, September 2010, pp. 2912-2918, doi:10.1016/j.engstruct.2010.05.010 
ABSTRACT: The constitutive model of laminated veneer lumber dealing with the creep and suitable for FE 
modeling was developed, based on the year-long tension and compression tests of laminated veneer lumber. 
The constitutive model was incorporated into the commercial FE software ABAQUS by developing a user-
defined subroutine UMAT. FE models to predict the long-term behaviour of reticulated laminated veneer 
lumber shells, buckling in particular, were developed. Buckling analysis of single layer reticulated laminated 
veneer lumber shells with three-directional mesh was conducted. The interdependent relationship between the 
creep buckling load and the buckling time of the shells was revealed through the analysis, and the safety load 
against buckling during service life of the shells was defined. 
 
 
Zhang Yu-li and Zeng Guang-wu (Dept. of Naval Architecture and Ocean Engineering, Huazhong University of 
Science and Technology), “Analysis and experiment of a vessel’s shell cover in submarine structure”, Journal 
of Marine Science and Application, Vol. 3, No. 1, pp 14-19, June 2004, DOI: 10.1007/BF02918640 
ABSTRACT: This paper aims to achieve analysis and experiment results that relate to mechanics capability and 
structural parameter of a special saddle shell of revolution. Theoretically speaking, the saddle shell of revolution 
consists of a toroidal shell and a spherical shell. The shells simultaneous equations can be solved with 
harmonious terms. Where, the fundamental equations can be solved by asymptotic exponential perturbation 
method. The equations of special solution can be solved by Hovozhilovs special solution. This new idea is from 
a study of some existing solutions of the toroidal shell. The results have been proved by compared with some 
experimental results. The experiments aims to study the effect caused by change of material parameter, or by 
change of different geometric dimensions of the saddle shell, which include the change of thickness, the change 
of radius of shell, and the change of ribs. Finally, the accepted product of the saddle shell were reinforced by a 
toroidal rib has been submitted. 
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Said Jaamei, Francois Frey and Philippe Jetteur (IREM, Civil Engineering Department, Swiss Federal Institute 
of Technology, Lausanne, CH-1015 Lausanne, Switzerland), “Nonlinear thin shell finite element with six 
degrees of freedom per node”, Computer Methods in Applied Mechanics and Engineering, Vol. 75, Nos 1-3, pp 
251-266, October 1989, DOI: 10.1016/0045-7825(89)90028-5 
ABSTRACT: This paper describes the features of the JET shell element, a new thin shell curved finite element, 
based on Marguerre's theory. The element is quadrilateral with corner nodes only; each node has six degrees of 
freedom, i.e. three translations and three rotations. We emphasize here the physical aspects rather than the 
equations and give an explanation of the element, choice, difficulties encountered and their solutions, the 
resulting element and its capabilities, through various examples in linear, nonlinear and instability analysis. 
 
 
Shizhao Shen, Jihui Xing and Feng Fan, “Dynamic behavior of single-layer latticed cylindrical shells subjected 
to seismic loading”, Earthquake Engineering and Engineering Vibration, Vol. 2, No. 2, pp 269-279, December 
2003, DOI: 10.1007/s11803-003-0010-z 
ABSTRACT: The single-layer latticed cylindrical shell is one of the most widely adopted space-framed 
structures. In this paper, free vibration properties and dynamic response to horizontal and vertical seismic waves 
of single-layer latticed cylindrical shells are analyzed by the finite element method using ANSYS software. In 
the numerical study, where hundreds of cases were analyzed, the parameters considered included rise-span 
ratio, length-span ratio, surface load and member section size. Moreover, to better define the actual behavior of 
single-layer latticed shells, the study is focused on the dynamic stress response to both axial forces and bending 
moments. Based on the numerical results, the effects of the parameters considered on the stresses are discussed 
and a modified seismic force coefficient method is suggested. In addition, some advice based on these research 
results is presented to help in the future design of such structures. 
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H. T. Zhou, Y. G. Zhang, D. B. Yang, J. Z. Wu, "Simulation Method on Progressive Collapse of Shell Model 
under Severe Earthquake", Advanced Materials Research, Vols. 163-167, pp. 544-549, Dec. 2010  



ABSTRACT: To analysis progressive collapse behavior of single-layer reticulated shell under severe 
earthquake, based on spatial fiber beam element failure criteria, a simulation method on progressive collapse of 
shell is presented, which account of mechanical properties of components after buckling and damage 
accumulation effect of combine hardening material. And a computation program is developed correspondingly. 
At last the method and program proves to be applicable by an example. 
 
 
Xudong Zhi, Feng Fan and Shizhao Shen, “Elasto-plastic instability of single-layer reticulated shells under 
dynamic actions”, Thin-Walled Structures, DOI: 10.1016/j.tws.2010.04.005, 2010 
PARTIAL ABSTRACT: According to the responses of the single-layer reticulated shell under dynamic loads, 
this study discusses the relationship between the failure model and the corresponding dynamic load 
parameters… 
 
 
Mingfei Yang and Zhaodong Xu (Key Lab. of C&PC Struct. of the Minist. of Educ., Southeast Univ., Nanjing, 
China), “Research on dynamic collapse model of reticulated shell structures”, International Conference on 
Remote Sensing, Environment and Transortation Engineering (RSETE), pp 644-647, June 2011 
DOI: 10.1109/RSETE.2011.5964359 
ABSTRACT: The collapse model and state judgment of reticulated shell structures is one of the research 
focuses of spatial structures. With structure double nonlinearity and material failure strain taken into account 
and based on LS-DYNA software, the collapse processes of three typical reticulated shell structures are 
simulated in this paper. And different states are defined in the dynamic collapse processes, including dynamic 
local buckling, dynamic overall buckling and dynamic whole collapse. By the simulation results, collapse 
model of reticulated shell structures is proposed, and a reference for space structures design and construction is 
provided. 
 
 
Zhiwei Yu, Xudong Zhi, Feng Fan and Chen Lu, “Failure mechanism of single-layer saddle-curve reticulated 
shells with material damage accumulation considered under severe earthquake”, International Journal of Steel 
Structures, Vol. 12, No. 1, pp 125-137, March 2012 
ABSTRACT: This paper presents the study on failure mechanism of single-layer saddle-curve reticulated shells 
subjected to severe earthquake. Failure mode of single-layer saddle-curve reticulated shells is illustrated with 
the consideration of material damage accumulation. The effects of different parameters on failure characteristics 
of single-layer saddle-curve reticulated shells are discussed. The influence of substructure upon failure 
behaviors of single-layer saddle-curve reticulated shells is particularly investigated. It is observed that dynamic 
strength failure is the failure mode of single-layer saddle-curve reticulated shells. The substructure has great 
influence on failure characteristics of single-layer saddle-curve reticulated shells subjected to the severe 
earthquake. 
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“Buckling Load of Thin Spherical Shells and Single-Layer Reticulated Spherical Shells”, Information 
Engineering Letters, ISSN: 2160-4114 Vol. 2, No. 3, September, 2012, DOI: 10.5729/iel.vol2.issue3.35 
ABSTRACT: The purpose of this study is to determine the buckling load of both continuous spherical shells 
and reticulated spherical shells using the continuum analogy method empirically and numerically. During the 
non-linear analysis, a post-buckling plateau and the appearance of a dimple in the shell wall identified the 
buckling load. By applying the theorem of work and energy to the dimple, an empirical formula to predict the 
buckling load of thin spherical shells was derived then extended to single-layer reticulated shells. It was 
observed that the buckling load is proportional to the thickness raised to exponential 2.5. Several finite element 
modeling and simulations using ABAQUS were conducted to validate the results. 
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Mechanics, Tongji University, Shanghai, 200092, China), “Nonlinear analysis of imperfect squarely-reticulated 
shallow spherical shells”, Sci.China, Ser G. vol. 50, pp. 109-117, 2007. 
ABSTRACT: Nonlinear behavior of single-layer squarely-reticulated shallow spherical shells with geometrical 
imperfections subjected to a central concentrated (joint) load has been studied in this paper. Using the 
asymptotic iteration method, an analytical characteristic relationship between the non-dimensional load and 
central deflection is obtained. The resulting asymptotic solution can be used readily to perform the analysis of 
parameters and predict the buckling critical load. Meanwhile, numerical examples are presented and effects of 
imperfection factor and boundary conditions on buckling of the structures are discussed. Comparisons with data 
based on the finite element method show good exactness of the resulting solution. 
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M. J. Han, Y. T. Li, P. Qiu, X. Z. Wang, "Non-Linear Dynamic Stability of Shallow Reticulated Spherical 
Shells", Applied Mechanics and Materials, Vol. 142, pp. 107-110, Nov. 2011, 
DOI: 10.4028/www.scientific.net/AMM.142.107 
ABSTRACT: The nonlinear dynamical equations are established by using the method of quasi-shells for three-
dimensional shallow spherical shells with circular bottom. Displacement mode that meets the boundary 
conditions of fixed edges is given by using the method of the separate variable. A nonlinear forced vibration 
equation containing the second and the third order is derived by using the method of Galerkin. The stability of 
the equilibrium point is studied by using the Floquet exponent. 
 
 
Chen Dong, Wang Xiu-xing and Xu Zhao-dong (Dept. of Civil Engineering, Anhui University of Architecture, 
Hefei, China), “Stability of single-layer spherical reticulated shell with imperfections”, Electric Technology and 
Civil Engineering (ICETCE), 2011 International Conference on …, Lushan, 22-24 April, 2011, pp 5454-5458, 
DOI: 10.1109/ICETCE.2011.5776132 
ABSTRACT: The single-layer spherical reticulated shell is the structure which is sensitive to imperfections. 



The initial imperfections reducing structural stability included initial curvature and residual stress of element 
and installation deviation of nodes. The stress-strain curve concerning the residual stress was got by model 
CRC, the influence of initial curvature was got by the half-sinusoid and the programs about them were 
programmed by ANSYS secondary exploitation. Then the stochastic imperfections method about installation 
deviation of nodes was advanced, meanwhile, a new method was put forward for stability of the single-layer 
spherical reticulated shell. Comparing with the consistent imperfect buckling analysis method, the precision of 
the new method was higher. So the new method is better to the stability analysis of single-layer spherical 
reticulated shell. 
 
 
Lin Qi, Zhao Wei Huang, Xue Ying Hu, Xin Huang, Tao Liu, Hao Liang Cai and Xu Dong Zhu, "Refined 
Member Calculating Model for Dynamic Damage Process Simulation of Single Layer Latticed Shell", Applied 
Mechanics and Materials, Vols. 353-356, pp. 3391-3398, 2013 
ABSTRACT: Based on mechanical characteristics of the single layer latticed shell member, two buckling types 
of structural compression members are summarized. The pre-buckling and post-buckling mechanical behaviors 
of the member are simulated by different calculating model, and the member calculating model are founded by 
which the likely buckle-straighten processes of the member and the form-disappear processes of the plastic 
hinge can be simulated. Numerical computing results indicate that based on the member calculating model 
presented in this paper, the changes of member mechanical behaviors and the consequent complex changes of 
structural bearing capacity in the seismic dynamic responses process of single layer latticed shell can be 
calculate accurately, and the refined simulation of the full-range dynamic response process for single layer 
latticed shell subject to dynamic excitation are realized. 
 
 
Ming-Fei Yang, Zhao-Dong Xu, Xin-Huai Huang and Han-Hu Ye (Key Laboratory of C&PC Structures of the 
Ministry of Education, Southeast University, Nanjing 210096, China), “Analysis of the collapse of long-span 
reticulated shell structures under multi-dimensional seismic excitations”, International Journal of Acoustics and 
Vibration, Vol. 19, No. 1, pp 21-30, 2014 
ABSTRACT: The collapse processes of three typical long-span reticulated shell structures were simulated using 
nonlinear dynamic finite element analysis under strong seismic excitations. The plastic kinematic hardening 
model, which considers failure stain, was adopted for simulating steel. Both geometric and contact 
nonlinearities were considered in this study. The three failure states—i.e., dynamic local bucking, dynamic 
overall buckling, and whole collapse—were identified in accordance with the analysis results. Taking the 
Schwedler reticulated shell structure as an example, seismic waves were applied to the structure in three 
directions. The critical loads were obtained by the incremental dynamic analysis method (IDAM), and some 
critical state indices were obtained according to the dynamic responses. The results showed that all the critical 
indices need to be considered simultaneously in order to judge the dynamic collapse states.  
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Road, Harbin 150090, China), “Buckling Load of Thin Spherical Shells Based on the Theorem of Work and 
Energy”, IACSIT International Journal of Engineering and Technology, Vol. 5, No. 3, pp. 392-394, June 2013, 
DOI: 10.7763/IJET.2013.V5.581 
ABSTRACT: Thin spherical shells usually fail due to buckling. An empirical equation to predict their buckling 
load is derived based on the theorem of work done and energy released in the inversion of a section of a shell 
and nonlinear finite element (FE) modeling done using ABAQUS to determine their post-buckling behavior. It 
is observed that the initial buckling is sensitive to initial geometrical imperfections but the post-buckling load is 
little influenced. Therefore, the post-buckling load is used to predict a more realistic load as compared to 
classical buckling theory prediction. 
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ABSTRACT: The critical load of structures sensitive to initial imperfections may be considerably less then the 
classical buckling load. A method to evaluate the critical load of reticulated shells with rigid joint. based on 
Koiter's general post-buckling theory is introduced. The use of generalized strain-displacement relationships 
and vector algebra leads to a polynomial representation of the static, buckling and post-buckling equation. As a 
result, the numerical solution is simplified and consists of solution of systems of linear equations and an 
eigenvalue problem. The slope of the post-buckling curve is obtained by the aid of which the critical load is 
computed. 
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ABSTRACT: In order to produce efficient, reliable design and to avoid unexpected catastrophic failure of 
structures, the engineer must understand the behaviour of buckling of large span reticu1ated shell structures. 
The function and the feature of the Code DDJTJQ, which is a computer program for static and buckling analysis 
of complex structures using finite element method, and the Code PPTJQ, which is a pre-post processing of 
DDJTJQ, are briefly introduced. The system has been implemented on microcomputers. An engineering 
structure, whose thin plate, thin shell and beam are important components, with 2965 degrees of freedom and 
655 max. semi-bendwidth is analyzed. The numerical results of global buckling of reticulated shell structure of 
Jinan Zoo which was designed by Jinan Architectural Designing and Research Institute are given. 
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Y.Z. Xhu, S.P. Meng and W.W. Sun, “Lateral pressure in squat silos under eccentric discharge”, Worl 
Academy of Science, Engineering and Technology, Vol. 6, 2012-07-21 
ABSTRACT: The influence of eccentric discharge of stored solids in squat silos has been highly valued by 
many researchers. However, calculation method of lateral pressure under eccentric flowing still needs to be 
deeply studied. In particular, the lateral pressure distribution on vertical wall could not be accurately recognized 
mainly because of its asymmetry. In order to build mechanical model of lateral pressure, flow channel and flow 
pattern of stored solids in squat silo are studied. In this passage, based on Janssen-s theory, the method for 
calculating lateral static pressure in squat silos after eccentric discharge is proposed. Calculative formulae are 
deduced for each of three possible cases. This method is also focusing on unsymmetrical distribution 
characteristic of silo wall normal pressure. Finite element model is used to analysis and compare the results of 
lateral pressure and the numerical results illustrate the practicability of the theoretical method. 
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Technology, Haifa 32000, Israel, “Buckling behaviour of electrospun microtubes: a simple theoretical model 
and experimental observations”, 2009 J. Phys. D: Appl. Phys. Vol. 42, No. 1, 2009 
doi: 10.1088/0022-3727/42/1/015507 
ABSTRACT: The final form of tubular nanofibres produced by the co-electrospinning of two solutions 
(core/shell) is largely determined by the kinetics governing the buckling phenomenon. The buckling mechanism 
involves the evaporation of the core solution through a solidified shell resulting in a pressure difference across 
the fibre shell. Buckling can take place when the pressure drop across the fibre shell exceeds a critical value. In 
this work the physical conditions leading to fibre buckling are analysed from a kinetic point of view. A time 
interval, _ît, during which buckling may occur, is introduced as a single criterion determining the buckling 
probability. Different core/shell systems were spun by varying the surface tension, viscosity, flow rate, electric 
field and the diffusion coefficient of the core solvent through the fibre shell. The imaged as-spun nanofibres 
were analysed statistically to determine the buckling probability, and the corresponding _ît values were 
calculated using the values of the spinning parameters. The obtained data were fitted with an exponential 
distribution function which afforded determination of the characteristic time to buckling, tb. The results provide 
a means of predicting the buckling of tubular nanofibres. In particular, one can conclude that the dominant 
parameter determining the final form of the as-spun tubular nanofibres is the diffusion coefficient of the core 
solvent through the fibre shell. 
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ABSTRACT: This paper presents a formulation for analysis of thin elastic membranes using a rotation-free 
shell element within an explicit time integration strategy. The applications presented are isotropic/anisotropic 
rectangular membranes under shear forces and fabric drapes falling over a pedestal. Results are compared with 
other numerical results existing in the literature. 
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“Geometric discontinuities in thin shell finite element formulations”, Computers & Structures, Vol. 14, Nos. 1-
2, 1981, pp. 37-41, doi:10.1016/0045-7949(81)90081-X 
ABSTRACT: The implementation of equilibrium and compatibility conditions along discontinuities in the 
geometry of thin shells is considered for finite element displacement formulations in which the displacements 
and their first derivatives are specified as generalised coordinates. A method is proposed in which the 
transformations of generalised coordinates affect only the element stiffness matrix. Applied to the solution of a 
rotationally symmetric shell with discontinuities in the geometric curvature the method is shown to eliminate 
the numerical disturbances that can otherwise occur in the solution. 
 
 



Luis A. Godoy (1), Sergio R. Idelsohn (2) and Ever Barbero (3) 
(1) Departamento de Estructuras, Universidad Nacional de Córdoba, Casilla de Correo 916, 5000 Córdoba, 
Argentina 
(2) INTEC, Universidad Nacional del Litoral, Guemes 3450, Santa Fe 3000, Argentina 
(3) Mechanical and Aerospace Engineering, West Virginia University, Morgantown, W.V., U.S.A. 
“On load interaction in the non linear buckling analysis of cylindrical shells”, Advances in Engineering 
Software and Workstations, Vol. 13, No. 1, January 1991, pp. 46-50, doi:10.1016/0961-3552(91)90045-6 
ABSTRACT: The elastic stability of shells or shell-like structures under two independent load parameters is 
considered. One of the loads is associated to a limit point form of buckling, whereas the second is a bifurcation. 
A simple one degree of freedom mechanical system is first investigated, for which an analytical solution is 
possible. Next, a cylindrical shell under the combined action of axial load and localised lateral pressure is 
studied via a non linear, two-dimensional, finite element discretization. It is shown that both problems display 
the same general behaviour, with a stability boundary in the load space which is convex towards the region of 
stability. The results show the need of performing a full non-linear analysis to evaluate the stability boundary 
for the class of interaction problems considered. 
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ABSTRACT: A study is presented of the elastic buckling of pressurized complex shells of revolution which are 
formed by the intersection of cylindrical with spherical or conical shells. The studies are based on the general 
theory of elastic stability using an asymptotic approximation to the secondary path. An axisymmetric finite 
element is used for the discretization of the shell. First, the behaviour of the individual components is presented 
for simply supported and clamped boundary conditions. Next, the complex shells are investigated in terms of 
the buckling load, the meridional and circumferential shape of the buckling mode, and the initial characteristics 
of the post-buckling path. The results show that the bifurcation loads of complex shells are lower than those of 
the individual components; but the post-critical path does not decrease as severely as in the isolated shells. 
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symmetric or asymmetric structural systems”, Journal of Sound and Vibration, Vol. 147, No. 1, May 1991, 
pp.105-114, doi:10.1016/0022-460X(91)90686-E 
ABSTRACT: Dynamic instability of simple one-degree-of-freedom systems is studied under two loading 
parameters: lambda1, associated to a static load, and lambda2, which represents a dynamic load. Two models 
are considered which correspond to quadratic and cubic non-linearities. The static buckling response of the 
system shows unstable post-buckling behaviour (bifurcation for lambda2 and limit point for lambda2). Three 
forms of dynamic load lambda2 are studied: a step, a rectangular and an impulsive loading. The results are 
represented in terms of interaction curves, which show the relation between the parameters that lead to a critical 
state. An equivalent problem is also studied to allow for a generalization of the results to arbitrary dynamic 
loads of finite duration. 
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ABSTRACT: The damage due to buckling in thin-walled, short cylindrical aboveground tanks is discussed in 
this paper. Various sources of buckling are considered, including wind, earthquake, support settlement and 
vacuum during emptying of the tank. In all cases the tanks were modeled using finite elements, and the results 
include the buckling load and associated buckling mode, and the postbuckling equilibrium path. The results 



have been obtained using the computer packages ABAQUS and ALGOR. Experiments on flexible small-scale 
tanks with settlement of the supports on a sector of the foundation were conducted. Also, wind tunnel tests were 
carried out on rigid tanks with and without a roof to evaluate the pressure distribution due to wind. 
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Casilla de Correos 916, 5000 Córdoba, Argentina), “Elastic postbuckling analysis via finite element and 
perturbation techniques. Part 1: Formulation”, International Journal for Numerical Methods in Engineering, 
Vol. 33, No. 9, 1992, pp.1775–1794. doi: 10.1002/nme.1620330902 
ABSTRACT: The main equations for the equilibrium, stability and critical state analysis of discrete elastic 
systems are presented following the works of Thompson, but in such a way that the original set of generalized 
coordinates and loads are preserved in the Total Potential Energy. This introduces differences in the resulting 
equations in bifurcation analysis but does not introduce any new feature regarding the physics of the problem. 
The new formulation is approximated by means of a standard finite element approach based on interpolation of 
displacements, in which the derivatives of the potential energy are approximated. The terms retained are those 
of moderately large rotation theory. The energy analysis is finally related to the more conventional finite 
element notation in terms of stiffness matrices, and it is shown how in such a way it can be included in present 
day codes. 
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Casilla de Correos 916, 5000 Córdoba, Argentina), “Elastic postbuckling analysis via finite element and 
perturbation techniques part II: Application to shells of revolution”. International Journal for Numerical 
Methods in Engineering, Vol. 36, No. 2, 1993, pp. 331–354. doi: 10.1002/nme.1620360211 
ABSTRACT: The general theory developed in Part 1 of this paper for the finite element stability analysis of 
structural systems, using perturbation expansions in the vicinity of a critical point, is applied here to the analysis 
of shells of revolution. The discretization of the shell is performed by means of a semianalytical approximation, 
and the matrices required for the evaluation of critical points and postcritical equilibrium paths are obtained. 
Two cases are presented: bifurcation in axisymmetric and in asymmetric buckling modes. The derivatives 
required for an imperfection analysis are also obtained. A technique of switching between two paths using 
continuation methods is also discussed, in which the switch is performed using derivatives of the perturbation 
expansion. Results are presented for bifurcation in axisymmetric and in non-axisymmetric modes, and 
compared with known solutions or with results from changing the path using continuation methods; good 
correlation is shown. For structures displaying unstable bifurcation, the influence of load and geometric 
imperfections is evaluated. 
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Vol. 119, No. 1, January 1993, pp. 186-190, doi  10.1061/(ASCE)0733-9399(1993)119:1(186) 
ABSTRACT:  The equations that define the load equivalent to an imperfection in the geometry (in the form 
of a deviation from the as-designed midsurface) of a thin shallow shell are considered. The present formulation 
defines initial displacements and an initial strain field in order to model the imperfection. It is assumed that 
deviations involve only initial displacements in the out-of-plane direction. Nonlinear terms in displacements due 
to the loads are neglected. The complete displacement field is introduced into the equilibrium equations to 
isolate the equivalent load. It is shown that the complete equivalent load obtained in this way differs from the 
simplified one employed in the literature due to the presence of nonlinear terms in the initial displacements. 
(The simplified load is the product of the membrane stress resultants multiplied by the error in geometric 
curvature of the shell.) An exmaple illustrates the differences of stress resultants obtained from these linear and 
nonlinear approximations. 
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buckling analysis. I—The W-formulation”, Computers & Structures, Vol. 56, No. 6, September 1995, pp. 1009-
1017, doi:10.1016/0045-7949(94)00572-K 
ABSTRACT: This paper presents a convenient formulation for the stability analysis of structures using the 
finite element method. The main assumptions are linear elasticity, a linear fundamental path, and the existence 
of distinct critical loads (i.e. no coupling between buckling modes occurs). The formulation developed is known 
as W-formulation, in which the energy is written in terms of a sliding set of incremental coordinates measured 
with respect to the fundamental path. In the presentation developed here, the only ingredients required to carry 
out the analysis are the strain-displacement and the constitutive matrices at the element level. The present 
formulation is compared with the so called V-formulation, in which the displacements refer to the unloaded 
state. It is shown that under the present assumptions of linear fundamental path, the advantages of the V-
formulation are lost and both approaches are similar. An example of a circular plate under in-plane loading 
illustrates the procedures. Part II of this paper deals with the application to the post buckling analysis of plate 
assemblies made of composite materials. 
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buckling analysis. II—Application to composite plate assemblies”, Computers & Structures, Vol. 56, No. 6, 
September 1995, pp. 1019-1028, doi:10.1016/0045-7949(94)00573-L 
ABSTRACT: In a companion paper the authors presented a convenient formulation for the stability analysis of 
structures using the finite element method. The main assumptions are linear elasticity, a linear fundamental path 
and the existence of distinct critical loads. The formulation developed is known as the W-formulation, where 
the energy is written in terms of a sliding set of incremental coordinates measured with respect to the 
fundamental path. In the present paper a number of applications of finite elements for post-buckling analysis on 
composite plate assemblies are presented. Thin-walled composite plates, I-beams, angle sections, and a 
specially designed box-beam with flanges (unicolumn) are studied in post-buckling when axially loaded. The 
results are in good agreement with previous studies. Moreover, a parametric study involving critical buckling 
load and geometry is presented for the case of the unicolumn. 
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ABSTRACT: An analytical approximate model, leading to a closed form solution, is presented to account for 
buckling mode interaction in composite I section columns. Three buckling modes are considered in the analysis: 
a global mode (Euler mode about the weak axis); a primary local mode (rotation of the flanges and bending of 
the web); and a secondary local mode (bending of the flanges), which are modeled using analytical functions 
and four degrees of freedom. The fundamental state is shown to be linear and the three critical states for the 
isolated modes are found to be stable symmetric bifurcations. Mode interaction analysis in terms of the 
amplitudes of first order fields is carried out, for the first time, for prismatic sections of composite material. The 
tertiary (coupled) path involves coupling between the two local modes and it describes the sensitivity to 
imperfections of the buckling behavior of the composite column. A salient feature of the model presented is the 
closed form of the resulting solution, which enables the designer to easily perform parametric studies. Also, this 
is the first buckling mode interaction study for thin-walled composite columns. Numerical examples are 
presented to validate the results and to show the influence of the geometry and properties of the composite on 
the interaction phenomenon. 
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E. J. Barbero, I. G. Raftoyiannis and L. A. Godoy (Mechanical and Aerospace Engineering, Constructed 
Facilities Center, West Virginia University, Morgantown, WV 26506-6106, U.S.A.), “Finite elements for post-
buckling analysis. II—Application to composite plate assemblies”, Computers & Structures, Vol. 56, No. 6, 
September 1995, pp. 1019-1028, doi:10.1016/0045-7949(94)00573-L 
ABSTRACT: In a companion paper the authors presented a convenient formulation for the stability analysis of 
structures using the finite element method. The main assumptions are linear elasticity, a linear fundamental path 
and the existence of distinct critical loads. The formulation developed is known as the W-formulation, where 
the energy is written in terms of a sliding set of incremental coordinates measured with respect to the 
fundamental path. In the present paper a number of applications of finite elements for post-buckling analysis on 
composite plate assemblies are presented. Thin-walled composite plates, I-beams, angle sections, and a 
specially designed box-beam with flanges (unicolumn) are studied in post-buckling when axially loaded. The 
results are in good agreement with previous studies. Moreover, a parametric study involving critical buckling 
load and geometry is presented for the case of the unicolumn. 
 
 
Alejandro T. Brewer and Luis A. Godoy (Department of Structures, National University of Cordoba, 
Argentina), “Dynamic buckling of discrete structural systems under combined step and static loads”, Nonlinear 
Dynamics, Vol. 9, No. 3, pp 249-264, March 1996 
ABSTRACT: The dynamic instability of discrete, elastic, multiple degree of freedom (d.o.f.) systems under a 
combination of static and step loads is studied. Conservative, autonomous and holonomic systems are 
considered, in which the associated static response is a bifurcation under one load parameter, and a limit point 
under the second parameter. A review of different criteria and algorithms obtained from them for the 
computation of dynamic buckling loads is first presented, followed by a procedure derived from previous 
investigations on one d.o.f. systems. The different procedures are applied to a two d.o.f. problem under axial 
and lateral load, with quadratic and cubic non-linearities. The response in time shows that the system oscillates 
about the static equilibrium position before dynamic buckling is reached, with the kinetic energy tending to zero 
as assumed in the static (energy) procedures of stability. 
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“Post-buckling and first-ply failure of thin-walled frames and columns made of composite materials”, in Thin-
walled structures: research and development, edited by N. E. Shanmugam, J Y. Richard Liew, Viviane 
Theveendran, Elsevier, 1998 
ABSTRACT: First-ply failure (FPF) of composite thin-walled columns and frames is investigated in the 
buckled structure. Elastic behavior is assumed during the pre-buckling and buckling states, and along part of the 
post-buckling equilibrium path. The Tsai-Hill criterion is employed to identify failure of one ply at one specific 
location. The technique of analysis is based on evaluation of the post-buckling elastic path, and using FPF as a 
constraint in the analysis. The structure is modeled using a few degrees of freedom to include local and/or 
overall buckling modes. The theoretical results are compared with experimental bounds and show good 
agreement for local buckling of isolated columns. There are no experimental results for frames in the literature, 
but theoretical results are presented for a simple case with asymmetric bifurcation. 
 
 
Ever Barbero and John Tomblin, “Euler buckling of thin-walled composite columns”, Thin-Walled Structures, 



Vol. 17 (1993) 237-258 
ABSTRACT: Pultruded composite structural members with open or closed thin-walled sections are being 
extensively used as columns for structural applications where buckling is the main consideration in the design. 
In this paper, global buckling is investigated and critical loads are experimentally determined for various fiber 
reinforced composite I-beams of long column length. Southwell's method is used to determine the critical 
buckling load about strong and weak axes. The experimentally determined buckling load is compared with 
theoretical predictions. A number of observations about testing methodology and data reduction techniques are 
presented.  
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Ever J. Barbero, Edgar K. Dede and Shannon Jones (315 Engineering Science Building, West Virginia 
University, Morgantown, WV 26506-6106, USA), “Experimental verification of buckling-mode interaction in 
intermediate-length composite columns”, International Journal of Solids and Structures, Vol. 37, No. 29, July 
2000, pp. 3919-3934, doi:10.1016/S0020-7683(99)00172-9 
ABSTRACT: Column buckling is a major design concern for pultruded composite columns. Interaction 
between the local (flange) and global (Euler) buckling modes occurs in intermediate length thin-walled columns 
with near coincident buckling loads. The interaction of more than one buckling mode induce an unstable tertiary 
post-buckling path, causing imperfection sensitivity and premature failure. In this work, the existence of 
buckling-mode interaction is experimentally verified for intermediate length pultruded wide-flange columns 
subjected to uniaxial compression. Characterization of the interaction mode is done using both conventional 
testing techniques and the shadow moiré optical technique, allowing for non-contact, full field measurement of 
the buckling modes. 
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Mayagüez, PR 00681-9041, Puerto Rico), “On the collapse of a reinforced concrete digester tank”, (publisher 
and date not given in the pdf file. Most recent citation is dated 1999.) 
ABSTRACT: The investigation following the collapse of a large reinforced concrete dome, which was part of a 
digester tank, is presented. The shell was constructed in 1987, and had construction errors related to the location 
of the single layer of reinforcement, which were discovered as a consequence of the collapse. The shell 
collapsed without the occurrence of any natural hazard. It is believed that a high internal pressure developed on 
the day of the collapse because of a problem with a valve, which allowed the discharge of large quantities of 
sewage inside the tank and filled the structure completely. A finite element analysis of the structure shows the 
stress levels in the structure, and support the hypothesis of a failure mechanism which coupled the construction 
errors with the internal pressure. Finally, the strengthening of the shell with externally bonded fiber composite 
sheets is described as a possibility to improve the safety of other tanks in similar situations.  
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Luis A. Godoy, “A primer on buckling of tanks”, (chapter in an unidentified book (no publisher nor date given, 
but latest reference is 2000) 
Topics summarized in the paper: 1. What is buckling? 2. Equilibrium paths and critical states 3. Influence of 
imperfections 4. Plastic buckling 5. Approaches to evaluate buckling 6. Dynamic buckling 
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“Design sensitivity of post-buckling states including material constraints”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 188, No. 4, August 2000, pp. 665-679, Special Issue: IVth World Congress on 
Computational Mechanics. (II). Optimum…, doi:10.1016/S0045-7825(99)00354-0 
ABSTRACT: This paper reports theoretical studies on the design sensitivity of problems with geometrically 
non-linear behavior leading to buckling and post-buckling of thin-walled structural members. For the class of 
problems considered, buckling occurs in the form of a stable bifurcation, and it is assumed that changes in the 
design parameters do not break the bifurcation behavior. The specific focus of the research is the first yield or 
first failure of the material as part of the sensitivity study of equilibrium states along the post-critical path. The 
investigation employs a discrete model of a structure in terms of generalized coordinates (suitable for finite 
element analysis) and a single load parameter; and perturbation techniques to classify the critical state and to 
approximate the post-critical path. The problem of material behavior is modeled by means of constraints on the 
post-critical path, based on a yield criterion. For simplicity, the presentation uses the von Mises yield criterion, 
but other more complex criteria, such as those employed in composite materials (first-ply failure) can also be 
represented. Two forms of the constraints are formulated, and the problem of sensitivity with respect to changes 
in a design parameter is discussed. A simple example of a circular plate is presented to illustrate the use of the 
formulation for the sensitivity with respect to a single design parameter. 
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GENERAL OVERVIEW: The Caribbean Islands are heavily exposed to hurricanes due its geographical 
location in the Atlantic and Caribbean Seas. Damage due to wind pressure of tanks used for storage different 
liquids have been observed and studied by different authors (Flores and Godoy (1998), Godoy and Mendez 
(2001)). Some of the cases studied were found in St. Croix, St. Thomas, and Puerto Rico during Hugo (1989), 
Marilyn (1995), and Georges (1998), respectively. Studies of wind pressures have taken place since early in the 
20th century. During this era, air flow effects were investigated by different authors (H. L. Dryden et. al., 
1930,). A common problem is the variation of wind pressures depending on tank geometry. Both external wall 
pressure, as external roof pressure distribution is strongly dependent of the tank geometry. Detailed 
studies concerning to wind loads on cylinders include wind tunnel tests performed by Maher (1966) to dome-
cone and dome-cylinder tanks. The height of hemisphere and spherical dome roofs mounted on cylinders with 
base diameters of 12 in. or 24 in., was changed to account variation of wind on the roof and wall of the shell. 
Pressures were measured both in the meridian and parallel axes of the cylinders and different pressure patterns 
were developed. Purdy et. al. (1967), studied wind pressure distributions on flat-top cylinders. The aspect ratio 
(h/D) was varied from short (tanks) to long (silos) cylinders to quantify the dimensional effects in pressure 
distribution. The cylinder diameters were 12 and 24 in., and the heights were increased from 6 in. Numerical 
approximations were developed based in Fourier cosines series on the surface of the flat roof diameter and 
along the parallel and meridian axes of the shell. More recent studies concerning to pressure variations around 
the shells were accomplished by Esslinger et.al. (1971), Gretler (1978), Gorenc (1986), Greiner (1998), and 
Pircher (1998). Studies based on wind distribution on conical roof tanks were accomplished by Sabransky et.al 
(1986), and MacDonald et.al (1988). Variations in aspect ratios were considered in the experimental tests and 
the authors give contours of different pressure coefficients found at different tank sections. 
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ABSTRACT: Shell buckling problems belong to the class of geometrically nonlinear behavior, and may be 
coupled with material nonlinearity of the shell. There are many general-purpose finite element programs that 
perform geometric and material nonlinear analysis of shells; however, this does not mean that a user can feed 
data and collect reliable results without a full understanding of the physics of the problem. This paper discusses 
the theories involved in the explanation and classification of phenomena, and in the prediction of results. Next, 
those approaches are considered in the practical analysis of one shell form, namely thin-walled steel tanks used 
to store oil. Results have been obtained with the general-purpose package ABAQUS, and they tend to show that 
their interpretation requires the use of Koiter’s theory in order to make sense of what is obtained. Some 
thoughts on possible ways to implement Croll’s lower bound reduced energy approach in practice are given. 
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ABSTRACT: An experimental/computational strategy is used in this paper to evaluate the buckling behavior of 
steel tanks with a dome roof under exposure to wind. First, wind tunnel experiments using small scale rigid 
models were carried out, from which pressure distributions due to wind on the cylindrical part and on the roof 
were obtained. Second, a computational model of the structure (using the pressures obtained in the experiments) 
was used to evaluate buckling loads and modes and to study the imperfection sensitivity of the tanks. The 
computational tools used were bifurcation buckling analysis (eigenvalue analysis) and geometrical nonlinear 
analysis (step-by-step incremental analysis). Geometric imperfections and changes in the buckling results due to 
reductions in the thickness were also included in the study to investigate reductions in the buckling strength of 
the shell. For the geometries considered, the results show low imperfection sensitivity of the tanks and buckling 
loads associated with wind speeds 45% higher than those specified by the ASCE 7-02 standard. 
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ABSTRACT: We investigate dynamic buckling of aboveground steel tanks with conical roofs and anchored to 
the foundation, subjected to horizontal components of real earthquake records. The study attempts to estimate 
the critical horizontal peak ground acceleration (Critical PGA), which induces elastic buckling at the top of the 
cylindrical shell, for the impulsive hydrodynamic response of the tank–liquid system. Finite elements models of 
three cone roof tanks with height to diameter ratios (H/D) of 0.40, 0.63 and 0.95 and with a liquid level of 90% 
of the height of the cylinder were used in this study. The tank models were subjected to accelerograms recorded 
during the 1986 El Salvador and 1966 Parkfield earthquakes, and dynamic buckling computations (including 
material and geometric non-linearity) were carried out using the finite element package ABAQUS. For the El 
Salvador accelerogram, the critical PGA for buckling at the top of the cylindrical shell decreased with the H/D 
ratio of the tank, while similar critical PGAs regardless of the H/D ratio were obtained for the tanks subjected to 
the Parkfield accelerogram. The elastic buckling at the top occurred as a critical state for the medium height and 
tallest models regardless of the accelerogram considered, because plasticity was reached for a PGA larger than 
the critical PGA. For the shortest model (H/D=0.40), depending on the accelerogram considered, plasticity was 
reached at the shell before buckling at the top of the shell. 
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of Puerto Rico at Mayaguez, Puerto Rico), “A static nonlinear procedure for the evaluation of the elastic 
buckling of anchored steel tanks due to earthquakes”, Journal of Earthquake Engineering, 08/2008, Vol. 12, No. 
6, pp 999-1022, 2008, DOI: 10.1080/13632460701672714 
ABSTRACT: Ground-supported steel tanks experienced extensive damage in past earthquakes. The failure of 
tanks in earthquakes may cause severe environmental damage and economic losses. This study deals with the 
evaluation of the elastic buckling of above-ground steel tanks anchored to the foundation due to seismic 
shaking. The proposed nonlinear static procedure is based on the capacity spectrum method (CSM) utilized for 
the seismic evaluation of buildings. Different from the standard CSM, the results are not the base shear and the 
maximum displacement of a characteristic point of the structure but the minimum value of the horizontal peak 
ground acceleration (PGA) that produces buckling in the tank shell. Three detailed finite element models of 
tank-liquid systems with height to diameter ratios H/D of 0.40, 0.63, and 0.95 are used to verify the 
methodology. The 1997 UBC design spectrum and response spectra of records of the 1986 El Salvador and 
1966 Parkfield earthquakes are used as seismic demand. The estimates of the PGA for the occurrence of first 
elastic buckling obtained with the proposed nonlinear static procedure were quite accurate compared with those 
calculated with more elaborate dynamic buckling studies. For all the cases considered, the proposed 
methodology yielded slightly smaller values of the critical PGA for the first elastic buckling compared to the 
dynamic buckling results. 
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“Challenges in the computation of lower-bound buckling loads for tanks under wind pressures”, Thin-Walled 
Structures, Vol. 48, No. 12, December 2010, pp. 935-945, doi:10.1016/j.tws.2010.06.004 
ABSTRACT: This paper reports on the implementation of a lower-bound approach for the buckling of 
imperfection-sensitive shells using general purpose finite element codes. The stability of cylindrical steel tanks 
under wind pressure is evaluated for two tank configurations: conical roof tanks and open top tanks. For both 
tank configurations, several geometric relations are considered in order to find the variation of the knock-down 
factor as the geometry changes. The reduced energy method is implemented to compute a lower-bound for 
critical wind pressures and the results are compared with the static non-linear analysis carried out on the same 



models. An alternative way to implement the reduced energy method is presented to improve the results 
obtained with the proposed methodology. 
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“Wind buckling of metal tanks during their construction”, Thin-Walled Structures, Vol. 48, No. 6, June 2010, 
pp. 453-459, doi:10.1016/j.tws.2010.01.001 
ABSTRACT: Shell structures are usually designed by considering their final shape and configuration, so that it 
is assumed that stability during the construction will be satisfied without further thought. However, evidence 
from recent collapses of metal tanks under moderate winds shows that this is a matter that requires special 
attention. This paper reports analytical studies of tanks for the oil industry that failed during their construction 
in the Argentinean Patagonia under moderate winds. The cylindrical part of the tanks was set up in place with 
point welding, but the roof was not yet in place at the time of collapse. To understand the mechanism of failure, 
static, geometrically nonlinear finite element modeling of the tanks was carried out, in which the shell was 
represented as close as possible to the actual conditions during the construction stage at which it failed. The 
results show that for the wind velocities prevalent at the time of collapse, an explanation of the failure 
mechanism can only be achieved by taking into account several special features of the structure under 
construction, i.e. the localized nature of welding and the influence of the incomplete junction with the bottom 
plate. 
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“Reduced Stiffness Buckling Analysis of Aboveground Storage Tanks with Thickness Changes”, Advances in 
Structural Engineering Vol. 14 No. 3 2011, pp. 475-487 
ABSTRACT: The Reduced Stiffness Analysis (RSA) to compute lower bounds to buckling loads of shells has 
been employed by a number of researchers as a simple way to evaluate the buckling capacity of shells that 
display unstable behavior and imperfection-sensitivity. It allows the use of simple eigenvalue analysis, without 
having to perform incremental nonlinear analysis, and is based on the physical behavior of the shell which 
recognizes that a significant contribution to the stability of a shell under lateral pressure is provided by its 
membrane stiffness. Unstable post-critical behavior is associated with the loss of this stabilizing membrane 
contribution. Past use of the approach has been mainly restricted to cases of uniform shell thickness and 
uniform pressures in the circumferential direction, in which case analytical solutions are possible. Recent 
applications by the authors and other researchers have shown ways to compute the lower bounds using finite 
element analysis, for which a modified eigenvalue analysis is constructed by neglecting the membrane 
contributions to the matrix containing the initial stresses. This paper illustrates the application of the 
methodology to cases of pressure loaded shells with thickness changes in the meridional direction. A semi-
analytical finite element code has been employed for the buckling analysis when uniform pressures act on 
aboveground steel tanks. The tanks are representative of those constructed for the oil industry, with diameter to 
thickness ratios of the order of 3000, and height to diameter ratios lower than one. 
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ABSTRACT: This paper reviews the research on the theory of elastic stability published at the end of the 19th 
century, with emphasis on the work by G. H. Bryan in Cambridge. The state of the studies on structural stability 
previous to Bryan is reviewed, and two lines of work are identified: one is a general stability of rigid bodies and 
the other is a collection of case studies of elastic stability. Bryan's theory is discussed next, presenting his 
arguments based on first energy principles, which led him to strong conclusions. The importance of the word 
“general” and the idea of having solved the problem in each case are explained. The impact of the contributions 
made by Bryan, together with the critiques that this generated, is also discussed.  
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ABSTRACT: Advances in computational methods to model the nonlinear elastic behavior of shell structures 
have generated new computer capabilities to solve complex industrial problems. Shell buckling involves a 
number of specific features not present in other structural forms, such as imperfection-sensitivity, load-
sensitivity, mode interaction, and exchange of energy contributions along a nonlinear equilibrium path. 
However, rather than using increasingly complex tools, it is also desirable to have methods in which the physics 
of the problem is taken into account to set theoretically loaded models, which can be solved using simpler 
computational tools. The authors have recently investigated one such strategy, known as Reduced Stiffness 
Method, in which selected energy components are eroded as a consequence of mode interaction and 
imperfection-sensitivity. This physical interpretation allows the formulation as an eigenvalue problem, in which 
the critical loads are lower bounds to experiments or to nonlinear incremental analysis. This paper considers the 
computational implementation of a reduced stiffness approach to the buckling of axisymmetric shell structures 
under wind loads. The structural configurations of interest in this work are cylindrical storage tanks with a roof 
(either flat or conical roof), in which case the thickness is decreased from the bottom to the top of the 
cylindrical part. A reduced stiffness approach has been implemented in a finite element code for shells of 
revolution, in which stabilizing membrane components are eliminated on the assumption that they will be 
eroded due to imperfection-sensitivity and mode interaction. Several strategies are considered depending on the 
zone of the shell in which elimination of membrane components is made. The code is employed to estimate 
buckling loads and modes in tanks with various roof configurations. It is shown that there are two aspects that 
influence the results: first, the existence of zones with different stiffness in the structure, and second, a load with 
a circumferential variation. The present results are compared with geometrically nonlinear analysis including 
shape imperfections and with experimental results. The results indicate that a reduction in meridional and 
torsional membrane components applied on a zone of the shell leads to good results in terms of limit point loads 



and modes. 
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Batista-Abreu, J. and Godoy, L. (Facultad de Ciencias Exactas, Físicas y Naturales, National Univ. of Cordoba, 
P.O. Box 916, 5000 Cordoba, Argentina), ”Thermal Buckling Behavior of Open Cylindrical Oil Storage Tanks 
under Fire.” ASCE Journal of Performance of Constructed Facilities, Vol. 27, SPECIAL ISSUE: Analysis of 
Structural Failures Using Numerical Modeling, pp. 89–97, 2013 
ABSTRACT: This paper reports the computational results of an investigation of oil storage tanks with the shape 
of an open cylindrical shell under thermal loads induced by fire. Interest in this problem has arisen as a 
consequence of a catastrophic fire that affected an oil storage facility in Puerto Rico in 2009 that caused the 
failure of 21 large tanks. To identify patterns of deformations that could be expected under various fire 
conditions, computer modeling has been carried out for one tank geometry. It is assumed that fire occurs outside 
the tank and induces an increasing temperature field affecting part of the external surface in the circumferential 
direction. The nonlinear shell response is modeled using finite elements under thermal loads and self-weight. 
The nonlinear behavior is computed to identify thermal buckling of the shell as a limit point. The response is 
initially computed for empty tanks, and the influence of various factors is investigated, including the liquid 



stored, a temperature gradient across the thickness, the circumferential zone affected by fire, and the shell 
thickness. The results for open tanks show that the location of large out-of-plane displacements attributable to 
thermal buckling coincides with the heated zone. The importance of thermal gradients in the thickness to the 
buckling load and mode are shown. 
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“A penalty approach to obtain lower bound buckling loads for imperfection-sensitive shells”, Thin-Walled 
Structures, Vol. 95, pp 183-195, October 2015 
ABSTRACT: The strategy of Reduced Stiffness (or Reduced Energy) Analysis, in which selected energy 
components are eliminated to account for mode interaction and imperfection-sensitivity in a simplified way, 
was developed by Croll and co-workers since the early 1980s. This physical interpretation allows the 
formulation as an eigenvalue problem, in which the eigenvalue (critical load) is a lower bound to experiments 
and to nonlinear incremental analysis. This paper considers the computational implementation of both reduced 
stiffness and reduced energy approaches to the buckling of shell structures by means of perturbation techniques 
and penalty parameter methods. The structural configurations of interest in this work are cylindrical shells with 
or without a roof. The reduced stiffness approach has been implemented in a special purpose finite element code 
for shells of revolution, whereas the reduced energy methodology was implemented in a general purpose finite 
element code. The present results are compared with geometrically nonlinear analysis including geometric 
imperfections. Achievements and difficulties in extending the methodologies to complex problems in 
engineering practice are highlighted. 
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in full-size steel underground storage tanks”, Presented June 20, 1994 to The American Society of Mechanical 
Engineers (ASME), Pressure Vessels & Piping Conference, Minneapolis, Minnesota 
ABSTRACT: Buckling pressures were measured by collapsing thirteen 4000-gallon steel underground storage 
tanks using water to generate external pressure. These tanks were built using the minimum shell thickness 
specified in Underwriter Laboratories Standards UL-58 and UL-1746, reduced wall thickness. The effects on 
buckling pressure of shell thickness and shell-to-shell weld geometry were measured, as was the effect of 
internal stiffeners. These buckling pressures were compared with calculated values using standard formulas 
available in the literature. A predeformation force was applied to the bottom of the test tanks to induce uniform 
failure modes. A tank “stiffness” was determined from these measurements and correlated with buckling 
pressure. Measurements wre also made on single-wall tanks with a surface coating of fiberglass reinforced 
plastic andon double-wall steel tanks. 
 
 
Sukhvarsh Jerath and Habib Sadid (Department of Civil and Environmental Engineering, Washington State 
University, Pullman, Washington 99164, USA), “Buckling of Orthotropic Cylinders due to Wind Load”, ASCE 
Journal of Engineering Mechanics, Vol. 111, No. 5, May 1985, pp. 610-622,  
doi:  http://dx.doi.org/10.1061/(ASCE)0733-9399(1985)111:5(610) 
ABSTRACT: In many practical problems, e.g., storage bins, oil tanks, missile shells, launch vehicles, etc., 
cylindrical shells are subjected to unsymmetrical lateral external load. These shells are usually made of thin 
sheets of metal; therefore, in many instances these structures have failed due to buckling. In this paper, the 
stability of cylindrical shells under the action of wind load is investigated. Often these shells are constructed of 
corrugated steel sheets; therefore, the shells are analyzed by considering the material as orthotropic. This 
analysis can also be used for other orthotropic materials. The principle of minimum potential energy in 
conjunction with Ritz’s approach is used. The buckling loads, as well as the buckling configurations, are 
obtained for short cylinders made of corrugated steel sheets subjected to wind pressure. The present study is 
made on cylindrical shells of various dimensions, which are simply supported at the base and are open or closed 
at the top. For practical use, buckling load curves for these shells are given for different length-to-radius and 
radius-to-thickness ratios. 
 
 
Zhou Fang, Zhi Ping Chen, Chu Lin Lu, Ming Zeng, “Effect of Weld on Axial Buckling of Cylindrical Shells”, 
Advanced Materials Research (Volumes 139 - 141), pp 171-175, October 2010, 
DOI: 10.4028/www.scientific.net/AMR.139-141.171 
ABSTRACT: Large oil storage tank (oil tank for short) shells are vulnerable to buckling damage when suffering 
the seismic loads. Numerical simulation analysis was taken to estimate the effects of the weld form, number and 
their location to axial buckling stress of cylindrical shells, considering not only the characteristic of welding 
processes, but also the effects probably caused by magnitude of residual stress and deformation on elephant foot 
buckling to oil tanks. It is revealed that the existence of circumferential welds had obvious negative effect on 
axial buckling critical stress compared with the structure without welds, while the effects of weld number and 
location were not as much; longitudinal welds had no visible effect on axial buckling critical stress; controlling 
the residual stress and deformation range caused by circumferential welds should be the key point during the 
tanks welding process. 
 
 
Sukhvarsh Jerath and Steven R. Porter, “Finite Element Large Deflection Analysis of Cylindrical Shells with 
Different Types of Cutouts”, ASCE Conference proceeding paper, 1992, pp. 912-915, ASCE Journal of 
Engineering Mechanics (no abstract) 
 



 
Ingolf Nachtigall (1), Norbert Gebbeken (1) and José Luis Urrutia-Galicia (2) 
(1) University of the Federal Armed Forces, Institute of Engineering Mechanics and Structural Mechanics, 
85577, Munich-Neubiberg, Germany 
(2) National Autonomous University of Mexico, Engineering Institute, Applied Mechanics Department, Mexico 
D.F. 
“On the analysis of vertical circular cylindrical tanks under earthquake excitation at its base”, Engineering 
Structures, Vol. 25, No. 2, January 2003, pp. 201-213, doi:10.1016/S0141-0296(02)00135-9 
ABSTRACT: Based on two international well accepted design standards, Eurocode 8 Part 4—Tanks, Silos and 
Pipelines and API Standard 650—Seismic Design of Storage Tanks, the structural response of seismically 
excited vertical circular cylindrical tanks is analysed from a novel perspective. The common basic assumption, 
adopted from Haroun-Housner and Veletsos, that a circular cylindrical tank containing liquid behaves like a 
cantilever beam without deformation of its cross-section is obsolete. Instead the authors consider the shell 
modal forms in order to generate a refined model. Emphasis is laid on the analysis of the fundamental 
frequencies for the tank-liquid-system. They are calculated by a new method, based on Galerkin’s 
approximations for cylindrical shells. As the results differ significantly from those calculated by the proposed 
formulae in both EC8 and API Standard 650, the new results are compared with tank failures during recent 
earthquakes. This comparison is astonishing. It can be seen from recent examples of tank damage that most 
failures are caused by resonance effects, which are taken into account neither in EC8 nor in API Standard 650. 
And, therefore, we take into account a high safety risk. This leads to the conclusion that the basic assumptions 
for current design provisions are no longer tenable under the present knowledge of shell theory and shell design, 
and, therefore should be reconsidered. 
 
 
Niwa, A. and Clough, R. W. (University of California, Berkeley, Calif., U.S.A.), “Buckling of cylindrical 
liquid-storage tanks under earthquake loading”, Earthquake Engineering & Structural Dynamics, Vol. 10, 1982, 
pp. 107–122. doi: 10.1002/eqe.4290100108 
ABSTRACT: The earthquake response behaviour of a cylindrical wine storage tank similar to many that were 
damaged in Livermore, California during the January 1980 earthquake was studied on the University of 
California shaking table. Tests of the 9.5 ft diameter by 20 ft high tank, with simulated earthquake accelerations 
up to 0.95 g, induced buckling patterns similar to those observed after the actual earthquake. Observed peak 
axial compression stresses in the test tank wall were substantially higher than those assumed in typical design 
standards, demonstrating the need for further study of the buckling problem in tanks free to uplift during 
earthquake excitation. 
 
 
Manos, George. C. (1) and Clough, Ray. W. (2) 
(1) Department of Civil Engineering, University of Thessaloniki, Greece 
(2) University of California, Berkeley, California, U.S.A. 
“Tank damage during the May 1983 Coalinga earthquake”. Earthquake Engineering & Structural Dynamics, 13: 
1985, pp. 449–466. doi: 10.1002/eqe.4290130403 
ABSTRACT: The magnitude M = 6.5 Coalinga earthquake of 2 May 1983 caused intense ground shaking 
throughout the epicentral region. Unanchored cylindrical ground supported tanks located at six sites within this 
oil producing area were damaged; damages included elephant's foot buckling at the base of three moderate sized 
tanks, joint rupture and top shell buckling in one large old rivetted tank, bottom plate rupture of a relatively new 
welded tank and damage to the floating roofs of 11 tanks. Also oil spilled over the top of many tanks and 
secondary damages occurred in pipe connections, ladders, etc. In this paper an estimate is made of the intensity 
of ground motion at each of the tank sites, based on strong motion records made during the main shock and the 
strongest aftershock. Then response parameters specified by current codes are correlated with the damages 
observed at each tank site. Based on this comparison, it is concluded that current U.S. practice under-estimates 
the sloshing response of tanks with floating roofs and does not adequately address the uplifting mechanism of 
unanchored ground supported tanks. 
 



 
Manos, G. C. (1), Shibata, H. (2) and Shigeta, T. (2)  
(1) Department of Civil Engineering, Aristotle University, Thessaloniki, Greece 
(2) Institute of Industrial Science, University of Tokyo, Japan 
“Correlation of cylindrical tank wall buckling with an earthquake motion recorded at a small distance from the 
tank”, Earthquake Engineering & Structural Dynamics, Vol. 18, No. 2, February 1989, pp. 169–184. doi: 
10.1002/eqe.4290180204 
ABSTRACT: The bulging observed on the wall of a ground supported cylindrical storage tank, located at the 
Chiba Experimental Station of the University of Tokyo, is investigated. This damage is correlated with a ground 
motion recording obtained very near the tank base during a moderately strong earthquake that occurred on 
September 25, 1980 not far from the Chiba Experimental Station. From this correlation the importance of the 
horizontal excitation in amplitude and direction is clearly established. In addition, good agreement can be seen 
between the predicted tank wall earthquake performance, derived by an empirical approach proposed by the 
first author, and the shell deformation observed at the Chiba Experimental Station. 
 
 
Manos, G. C. (Structural Division, Department of Civil Engineering, Aristotle University, Thessaloniki 54006, 
Greece), “Evaluation of the earthquake performance of anchored wine tanks during the San Juan, Argentina, 
1977 earthquake”. Earthquake Engineering & Structural Dynamics, Vol. 20, No. 12, 1991, pp.1099–1114, 
doi: 10.1002/eqe.4290201202 
ABSTRACT: This paper details the damage sustained by a number of wine tanks during the San Juan, 
Argentina, 1977 earthquake. The available ground motion information is used to compare the actual tank 
performance with that predicted. Two of the tanks examined were located quite near the two accelerographs that 
recorded the ground motion in the city of San Juan for the main shock. An empirical attenuation formula which 
describes the intensity of the shaking was derived for this earthquake and used in a quantitative evaluation of 
the performance of a number of other tanks. By correlating and comparing the observed performance of the 
anchors and what was predicted we see the predictions are upheld by the actual damage. When the anchoring 
system failed during the earthquake the tanks were rendered effectively unanchored. Consequently, the state of 
stress that results from their base uplift was then examined in conjunction with the tank wall stability approach 
proposed by the author, and seen to give results consistent with the observed tank wall performance. 
 
 
Zibin Li, Wu Nie and Jiping Xu (Harbin Shipbuilding Engineering Institute, Harbin, China), “The maximum 
buckling load of ring-stiffened cylinder shell”, Proc. of the Second (1992) International Offshore and Polar 
Engineering Conference, San Francisco, 14-19 June 1992 
ABSTRACT: Generally, we increase the cross sectional area of circular transverse frames or decrease the 
overall buckling lenth for increasing the critical buckling load of the ring-stiffened cylindrical shells. However, 
it is of no use to a large submarine. The curve r-p and formula are presented here, which determines whether the 
result of ordinary calculated methods is correct or not, estimates the maximum buckling load, determines the 
thickness of the shell, decides the reinforcements of the structure. There is only one curve. Therefore it is 
convient to use. The curve has been checked by both model experiment and exact solution. 
 
 
Raouf A. Ibrahim, Chapter 9 – “Nonlinear interaction under external and parametric excitations”, in Liquid 
Sloshing Dynamics by Raouf A. Ibrahim, Cambridge University Press, 2005, pp 538-606 
Chapter DOI: http://dx.doi.org/10.1017/CBO9780511536656.011 
INTRODUCTION: The dynamic analysis of a cylindrical shell experiencing elastic deformation that is 
comparable to its wall thickness cannot be described within the framework of the linear theory. The same is 
applied if the liquid free-surface amplitude is relatively large. In both cases, nonlinear analysis should be carried 
out. The presence of nonlinearities may result in nonlinear resonance conditions that cause complex response 
characteristics. One of the main difficulties in nonlinear problems of shell–liquid systems is that the boundary 
conditions are essentially nonlinear. This is in addition to the fact that the strain state of an elastic shell and the 
shape of the liquid free surface are not known a priori. The treatment of the nonlinear interaction of a liquid–



shell system is a nonclassical boundary-value problem and relies on mechanics of deformable solids, fluid 
dynamics, and nonlinear mechanics. With reference to nonlinear vibrations of cylindrical shells in vacuo, the 
literature is very rich and reports some controversies regarding the influence of nonlinearities on the shell 
dynamic behavior. The main results have been reviewed by Vol'mir (1972, 1979), Leissa (1973), Evensen 
(1974), Kubenko, et al. (1984), Amiro and Prokopenko (1997), and Amabili, et al. (1998b). Some attempts have 
been made to reconcile the reported discrepancies (see, e.g., Dowell, 1998, Evensen, 1999, and Amabili, et al. 
1999c). It is believed that Reissner (1955) made the first attempt to study the influence of large-amplitude 
vibration for simply supported shells. 
 
 
H. Moghaddam and S. Sangi (Faculty of Civil Engineering, Sharif University of Technology, Tehran, Iran), 
“Elephant’s Foot Buckling of Cylindrical Steel Storage Tanks Subjected to Earthquake Excitation”, 6th 
National Congress on Civil Engineering, April 26-27, 2011, Semnan University, Semnan, Iran 
ABSTRACT: Thin metal cylindrical shell structures such as silos and tanks are susceptible to an elastic–plastic 
instability failure at the base boundary known as elephant’s foot buckling, due to its characteristic deformed 
shape. This form of buckling occurs under high internal pressure accompanied by axial compression in the shell 
structure. This work concerns with Theoretical studies on elephant's foot buckle failure of ground-supported, 
cylindrical liquid storage tanks under horizontal excitation. The buckling loads are obtained from finite 
elements models and codes and are compared. Theoretical nonlinear seismic analyses are carried out using 
ANSYS package. Studies are conducted on 13 models of cone roof tanks with height to diameter ratios (H/D) 
between 1 and 2, and a liquid level of 85% of the height of the cylinder with and without axial constraint at the 
point diametrically opposite the loading. The results are compared to which of the codes API 650, NZSEE 
guidelines and Eurocode 8. The comparisons of analytical buckling loads and those obtained by the codes 
reveal the following. Tanks designed by the codes API650 and Eurocode 8 tend to be unsafe due to elastic-
plastic buckling occurrence of the shell. However, NZSEE guidelines have a near coherence to the analysis 
results. It is also obtained from the results that constraints at the base of the tank reduces sloshing height While 
cause the buckling capacity to rise up. 
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Medhat A. Haroun and Hossam S. Badawi (Department of Civil Engineering, University of California, Irvine, 
California, USA), “Seismic Behavior of Unanchored Ground-Based Cylindrical Tanks”, Proceedings of Ninth 
World Conference on Earthquake Engineering, August 2-9, 1988, Tokyo-Kyoto, Japan (Vol. VI) 
SUMMARY: A review of the methods of seismic analysis of unanchored liquid storage tanks is presented along 
with an outline of an ongoing study to model the complex response mechanism of these structures. The study 
includes: 1. nonlinear static and dynamic analyses of the tank’s base plate under uplifting forces considering the 
nonlinear contact with the foundation and the underlying soil, the large deformation, and the inelastic response; 
2. an analysis of the large-amplitude motion of the liquid and the corresponding hydrodynamic pressures; and 3. 
an analysis of the coupled response of the liquid, the shell, and the base plate under moderate to severe 
earthquake motions. 
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(2) Division of Engineering and Applied Science, California Institute of Technology, Pasadena, CA 91125, 
U.S.A. 
“Simplified analysis of unanchored tanks. Earthquake Engineering & Structural Dynamics, Vol. 16, No. 7, 
October 1988, pp. 1073–1085. doi: 10.1002/eqe.4290160709 
ABSTRACT: Local uplift of the tank wall is perhaps the most important characteristic of the seismic behaviour 
of unanchored liquid storage tanks made out of steel. Such uplift is necessary, because unanchored tanks rely 
primarily on the weight of the liquid resting on an uplifted portion of the base plate to balance the overturning 
moments that occur during strong shaking. A simplified method of analysis for static lateral loads is developed, 
based on the assumption that the restraining action of the base plate can be modelled with equivalent, non-linear 
springs. This assumption, together with a Fourier decomposition of the displacements, simplifies the problem to 
the extent that it can be solved on a personal computer. The solutions are compared with those from 
experiments and those from current U.S. design analysis methods. 
 
 
Wing Kam Liu and Dennis Lam (Department of Mechanical Engineering, Northwestern University, Evanston, 
IL 60208, U.S.A.), “Numerical analysis of diamond buckles”, Finite Elements in Analysis and Design, Vol. 4, 
No. 4, February 1989, pp. 291-302, doi:10.1016/0168-874X(89)90024-3 
ABSTRACT: The diamond - modes of collapse are studied with finite element methods. Both linear and 
nonlinear analyses are performed on the buckling of a cylindrical shell under axial compression. Among the 
postbuckling shapes of the cylindrical shell, a number of diamond modes (cos(Ntheta); N = 0, 14, 18, 10, 24 
and 28) are found to be possible. The analysis is compared to those conducted by Maewal and Nachbar, 
Crisfield, and Yoshida et al. Agreement is established in conceiving the deformed shape with circumferential 
number of 14 as the stable postbuckling mode of the cylindrical shell. The transition from the axisymmetric 
mode to a diamond mode of collapse is shown to be an instantaneous process triggered in the proximity of the 
critical state by a small perturbation of the load increment. 
 
 
Uras, R. A. and Liu, W. K. (Northwestern University, Department of Mechanical Engineering, Evanston, 
Illinois 60208, U.S.A.), “Dynamic stability characteristics of liquid-filled shells”, Earthquake Engineering & 
Structural Dynamics, Vol. 18, No. 8, November 1989, pp. 1219–123, doi: 10.1002/eqe.4290180811 
ABSTRACT: A Galerkin Finite Element formulation for the dynamic stability analysis of liquid-filled shells is 
given in this paper. The coupling among the axial and circumferential modes is investigated. The dynamic 
stability characteristics of two liquid-filled storage tanks subjected to vertical, horizontal and rocking seismic 
excitations are presented. It is shown that a tall tank tends to buckle at distinct frequencies; and for cos theta-
type ground excitation, cos 2theta, cos 3theta and cos 4theta are the dominant modes of failure. On the other 
hand, in a broad tank, buckling regions overlap each other. In particular, for cos theta-type ground excitation, 
the dominant buckling modes are cos 6theta to cos 9theta, and also cos 12theta to cos 14theta. 
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“Buckling of Force-Excited Liquid-Filled Shells”, Journal of Pressure Vessel Technology, Vol. 113, No. 3, 
pp418-422, August 1991, DOI: 10.1115/1.2928776 
ABSTRACT: The matrix equation of motion for liquid-filled shells with a particular reference to the influence 
of ground excitation are derived through a Galerkin/finite element discretization procedure. The modal coupling 
among the various combinations of axial and circumferential modes are identified. The equations for the 
dynamic buckling analysis of liquid-filled shells are presented. The buckling criteria of liquid-filled shells 
subjected to horizontal ground excitation are established. A comparison to available experimental results gives 
strikingly good agreement. The importance of modal interaction in the axial as well as circumferential 



directions is also demonstrated. This provides guidelines for a better understanding of dynamic buckling of 
liquid-filled shells. 
 
 
S. Li, W. Hao and W. K. Liu (Department of Mechanical Engineering, Northwestern University, 2145 Sheridan 
Road, Evanston, Illinois 60208, USA), “Numerical simulations of large deformation of thin shell structures 
using meshfree methods”, Computational Mechanics, Vol. 25, Nos. 2-3, 2000. pp. 102-116,  
doi: 10.1007/s004660050463 
ABSTRACT: In this paper, meshfree simulations of large deformation of thin shell structures is presented. It 
has been shown that the window function based meshfree interpolants can be used to construct highly smoothed 
(high order “manifold”) shape functions for three-dimensional (3-D) meshfree discretization/interpolation, 
which can be used to simulate large deformation of thin shell structures while avoiding ill-conditioning as well 
as stiffening in numerical computations. The main advantage of such 3-D meshfree continuum approach is its 
simplicity in both formulation and implementation as compared to shell theory approach, or degenerated 
continuum approach. Moreover, it is believed that the accuracy of the computation may increase because of 
using 3-D exact formulation. Possible mechanism to relieve shear/volumetric locking due to the meshfree 
interpolation is discussed. Several examples have been computed by using a meshfree, explicit, total Lagrangian 
formulation. Towards to developing a self-contact algorithm, a novel meshfree contact algorithm is proposed in 
the end. 
References listed at the end of the paper: 
1. Atluri SN, Zhu T (1988) A new meshfree local Petrov-Galerkin(mlpg) approach in computational mechanics. Comput. Mech. 
22:117-127 
2. Atluri SN, Zhu T (1998) A new meshfree local Petrov-Galerkin(mlpg) approach to nonlinear problems in computer modeling and 
simulation. Comp. Modeling and Simulation in Eng. 3:187-196 
3. Basar Y, Itskov M (1988) Finite element formulation of the ogden material model with application to rubber-like shells. Int. J. 
Num. Meth. Eng. 42:1279-1305 
4. Belytschko T, Krongauz Y, Organ D, Fleming M, Krysl P (1996) Meshless methods: An overview and recent developments. Comp. 
Meth. App. Mech. Eng. 139:3-48  
5. Chen JS, Pan C, Wu CT (1997) Reproducing kernel particle methods for rubber hyperelasticity Comput. Mech. 19:211-227  
6. Chen JS, Pan C, Wu CT, Liu WK (1997) Reproducing kernel particle methods for large deformation analysis of nonlinear 
structures. Comp. Meth. Appl. Mech. Eng. 139:195-229  
7. Donning B, Liu WK (1998) Meshless methods for shear-deformable beams and plates. Comp. Meth. Appl. Mech. Eng. 47-72  
8. Fired I, Johnson AR (1988) A note on elastic energy density function for largely deformed compressible rubber solids. Comp. 
Meth. Appl. Mech. Eng. 53-64  
9. Güther FC, Liu WK (1998) Implementation of boundary conditions for meshless methods. Comp. Meth. Appl. Mech. Eng. 
163:205-230  
10. Simo JC, Hughes TJR (1998) Computational inelasticity. Springer, New York  
11. Hughes TJR (1984) Numerical implementation of constitutive models: Rate-independent deviatoric plasticity. In: S. Nemat-Nasser 
(ed.) Theoretical Foundations for Large Scale Computations of Nonlinear Material Behavior, pp 29-57. Martinus Nijhoff Publishers 
12. Hughes TJR, Liu WK (1981) Nonlinear finite element analysis of shells: Part i. Three-dimensional shells. Comp. Meth. App. 
Mech. Eng. 26:331-362 
13. Hughes TJR, Liu WK (1981) Nonlinear finite element analysis of shells: Part ii. Two-dimensional shells. Comp. Meth. App. 
Mech. Eng. 27:167-181 
14. Li S, Liu WK, Hao W, Belytschko T (1999) Meshfree simulations of the propagation of dynamic shear band. Technical Report 99-
04, Dept. of Mechanical Engineering, Northwestern University 
15. Li S, Liu WK (1999) Numerical simulations of strain localization in inelastic solids using meshfree methods. Accepted for 
pubilcation in: International Journal of Numiercal Methods for Engineering 
16. Li S, Liu WK (1999) Reproducing kernel hierarchical partition of unity Part i: Formulation & theory. Int. J. Num. Meth. Eng. 
45:251-288 
17. Li S, Liu WK (1999) Reproducing kernel hierarchical partition of unity Part ii: Applications. Int. J. Num. Meth. Eng. 45:251-288 
18. Li S, Qian D, Liu WK, Belytschko T (1999) A meshfree impact-contact algorithm and its applications. Submitted to Comp. Meth. 
Appl. Mech. Eng. 
19. Liu WK, Chen Y, Chang CT, Belytschko T (1996) Advances in multiple scale kernel particle methods. Comput. Mech. 18:73-111 
20. Liu WK, Chen Y, Jun S, Chen JS, Belytschko T, Pan C, Uras RA, Chang CT (1996) Overview and applications of the reproducing 
kernel methods. Archives of Computational methods in Engineering: State of the art review 3:3-80 
21. Liu WK, Guo Y, Tang S, Belytschko T (1998) A multiple-quadrature eight-node hexahedral ®nite element for large deformation 
elastoplastic analysis. Comp. Meth. App. Mech. Eng. 154:69-132 
22. Liu WK, Hu YK, Belytschko T (1994) Multiple quadrature underintegrated finite elements. Int. J. Num. Meth. Eng. 37:3263-3290 
23. Liu WK, Jun S, Zhang S (1995) Reproducing kernel particle methods. Int. J. Num. Meth. Fluids 20:1081-1106 
24. Liu WK, Li S, Belytschko T (1997) Moving least square reproducing kernel method Part i: Methodology and convergence. Comp. 



Meth. Appl. Mech. Eng. 143:422-433 
25. MacNeal RH, Harder RL (1985) A Proposed standard set of problems to test finite element accuracy. Finite Element Analysis and 
Design, 11:3-20 
26. Needleman A (1988) Material rate dependent and mesh sensitivity in localization problems. Comp. Meth. Appl. Mech. Eng. 68-85 
27. Pan J (1993) Perturbation analysis of shear strain localization in rate sensitive materials. Int. J. Solids and Struct. 19:153-164 
28. Peirce D, Shih CF, Needleman A (1984) A tangent modulus method for rate dependent solids. Comp. Struct. 875-887 
29. Shawki TG, Clifton RJ (1989) Shear band formation in thermal viscoplastic materials. Mechanics of Materials, 8:13-43  
30. Simo JC, Rifai MS (1990) A Class of mixed assumed strain methods and the methods of incompatible modes. Int. J. Num. Meth. 
Eng. 29:1595-1638  
31. Stanley GM (1985) Continuum-based shell elements. PhD thesis, Stanford University  
32. Stolarski H, Belytschko T (1983) Shear and membrane locking in curved shell elements. Comp. Meth. Appl. Mech. Eng. 41:279-
296  
33. Zeng Q, Combescure A (1998) A new one-point quadrature general nonlinear quadrilateral shell element with physical 
stabilization. Int. J. Num. Meth. Eng. 42:1307±1338  
34. Zhu T, Zhang J, Atluri SN (1998) A meshless local boundary integral equation (lbie) method for solving nonlinear problems. 
Comput. Mech. 22:174-186 
 
 
Hongsheng Lu, Hang Shawn Cheng, Jian Cao and Wing Kam Liu (Department of Mechanical Engineering, 
Northwestern University, 2145 Sheridan Road, Evanston, IL 60208, United States), “Adaptive enrichment 
meshfree simulation and experiment on buckling and post-buckling analysis in sheet metal forming”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 194, Nos. 21-24, June 2005, pp. 2569-2590, Special 
Issue: Computational Methods for Shells, doi:10.1016/j.cma.2004.07.046 
ABSTRACT: Sheet buckling, a form of instability, is one of the major considerations in the design of part 
shape, die geometry and processing parameters of sheet metal forming. In this study, an adaptive enrichment 
meshfree method is developed to capture wrinkling and post-buckling behavior in sheet metal forming. A three-
dimensional meshfree continuum approach is applied to the large deformation of plate/shell structures. A stress-
based wrinkling predictor is used to predict the onset of buckling within effective compressive regions. 
Enrichment particles with a proper enrichment function are inserted/deleted in those regions to capture the 
buckling mode and therefore post-buckling behavior. For verification of the simulation results, a high-resolution 
wedge strip test is designed to study the onset and post-buckling behavior of a sheet under different boundary 
conditions. 
 
 
Rui P. R. Cardoso and Jeong-Whan Yoon, “One point quadrature shell elements for sheet metal forming 
analysis”, Archives of Computational Methods in Engineering, Vol. 12, No. 1, pp 3-66, March 2005 
ABSTRACT: Numerical simulation of sheet metal forming processes is overviewed in this work. Accurate and 
efficient elements, material modelling and contact procedures are three major considerations for a reliable 
numerical analysis of plastic forming processes. Two new quadrilaterals with reduced integration scheme are 
introduced for shell analysis in order to improve computational efficiency without sacrificing accuracy: the first 
one is formulated for plane stress condition and the second designed to include through-thickness effects with 
the consideration of the normal stress along thickness direction. Barlat’s yield criterion, which was reported to 
be adequate to model anisotropy of aluminum alloy sheets, is used together with a multi-stage return mapping 
method to account for plastic anisotropy of the rolled sheet. A brief revision of contact algorithms is included, 
specially the computational aspects related to their numerical implementation within sheet metal forming 
context. Various examples are given to demonstrate the accuracy and robustness of the proposed formulations. 
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310058, China), “Dynamic stability analysis of liquid storage tanks based on Floquet theory”, Journal of 
Zhejiang University (Engineering Science), Vol. 47, No. 2, pp 378-384, 2013 
ABSTRACT: To determine the relationship between dynamic instability phenomenon of liquid storage tanks 
and excitation parameters, from fluid-solid coupling equations with displacement-pressure form, the dynamic 
stability equations were established for liquid storage tanks under harmonic ground acceleration, in which the 
fluid-solid coupling effect was considered with added mass matrix and the shell stress change was considered 
with period-varying geometric stiffening matrix. After order reduction by modal truncation method, above 
equations were then solved based on Floquet theory to recursively search for the dynamic instability boundary 



described by the excitation parameters. The Chiba test models were analyzed by the proposed Floquet method, 
and the analysis results were reexamined based on B-R criterion. The results show that, the dynamic instability 
boundaries obtained by the Floquet method were consistent with Chiba test results, and agreed well with the 
estimates of B-R method. Floquet method can obviously improve the computational efficiency of dynamic 
instability boundary and eliminates the influence of half-wave assumption of shell vibration modes. 
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“Nonlinear stability of revolutionary shells with arbitrary variable thickness subjected to axisymmetric 
distributed line load” Journal of Tianjin University, 2007-07 
ABSTRACT: To simplify the complexity of calculating the large deflection of a plate or shell with variable 
thickness under the action of distributed line load, the solutions of nonlinear stability of revolutionary shells 
with variable thickness are obtained using the point collocation method with the cubic B-spline function as a 
trial function. Under the action of distributed line load, upper and lower critical loads of conical shells, spherical 
shells or quartic polynomial shells with linearly or polynomially variable thickness are obtained. Most solutions 
are compared with those obtained by other methods (including the finite elements method). As the rise of a 



spherical shell with uniform thickness reaches 6052 times its thickness, upper critical load of the shell subjected 
to distributed line load remains convergent. The program written by the spline collection method are accurate 
and universal. 
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ABSTRACT: We examine the axisymmetric buckling of a generalized Kirchhoff cylindrical shell under an 
axial wrench. If the shell is non-linear elastic, we provide a boundary value problem amenable to the bifurcation 
theory of Poincaré. Using this theory we prove a non-uniqueness theorem and obtain the critical loads and 
critical states. In the hyperelastic case, by exploiting the variational character of the problem, a global existence 
and non-uniqueness theorem is also proved. 
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T.Y. Ng and K.Y. Lam, “Dynamic stability analysis of cross-ply laminated cylindrical shells using different thin 
shell theories”, Acta Mechanica, Vol. 134, Nos. 3-4, pp 147-167, 1999 
SUMMARY: The dynamic stability of thin, laminated cylindrical shells under combined static and periodic 
axial forces is studied here using three common thin shell theories, namely Donnell's, Love's and Flügge's shell 
theories. A normal-mode expansion of the equations of motion yields a system of Mathieu-Hill equations the 
stability of which is examined using Bolotin's method. The present study examines and compares the effects of 
the use of the various shell theories on the dynamic stability analysis. 
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“Imperfections and buckling in cylindrical shells with consistent residual stresses”, Journal of Constructional 
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ABSTRACT: Metal silo walls are often constructed from isotropic plates, and the controlling design condition 
is buckling under axial compression. It has long been recognised that this buckling strength is highly sensitive 
to imperfections in the cylindrical shell, but most attention has been paid to geometric imperfections and 
imperfect boundary conditions. Imperfections in the form of residual stresses have only rarely been 
investigated, and the challenges facing a rigorous treatment of them have often not been faced. This paper 
adopts a rigorous treatment technique to investigate residual stresses and their effect on the axial compression 
buckling strength under elastic conditions. It achieves this by considering consistent stress and displacement 
fields arising from local geometrical incompatibilities, and adopting their consequent geometric imperfections. 
The calculations of the strength of imperfect shells with residual stresses are compared with corresponding 
calculations for the same imperfections but with the residual stresses ‘annealed’ out of the analysis. The results 
show that consistent residual stresses generally appear to strengthen a thin shell relative to the corresponding 
strength with only geometric imperfections present. 
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DOI: 10.1007/978-94-015-9930-6_25, Vol. 104 of Solid Mechanics and its Applications, edited by H.R. Drew 
and S. Pellegrino 
ABSTRACT: Several criteria are given in design standards for determining the failure load of cylindrical shell 
structures. When the loading is nonuniform, a nonlinear finite element analysis is required to capture fully the 
deformation characteristics of the shell and to obtain a true estimate of the failure load. However, even if a fully 
nonlinear analysis is performed, the determination of the strength of the shell is not always easily achievable. 



Several different forms of nonlinear load-deformation behaviour are found. The adequacy of existing design 
guidelines for obtaining an estimate of the design strength is examined. For certain types of behaviour 
alternative methods are suggested that may provide a more definitive measure. The numerical results are based 
on silos supported locally on brackets. The results are, however, more widely applicable to shells under a 
general set of loads. The bracket-supported silo is used in the calculations as it provides a good example of a 
simple design, but with a relatively complex pattern of deformations leading to a highly nonuniform stress state. 
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A.S. Usmani, J.M. Rotter, S. Lamont, A.M. Sanad and M. Gillie (School of Civil and Environmental 
Engineering, University of Edinburgh, Scotland, UK), “Fundamental principles of structural behaviour under 
thermal effects”. Fire Safety Journal, Vol. 36, pp 721-744, 2001 
ABSTRACT: This paper presents theoretical descriptions of the key phenomena that govern the behaviour of 
composite framed structures in fire. These descriptions have been developed in parallel with large scale 
computational work undertaken as a part of a research project (The DETR-PIT Project, Behaviour of steel 
framed structures under fire conditions) to model the full-scale fire tests on a composite steel framed structure at 
Cardington (UK). Behaviour of composite structures in fire has long been understood to be dominated by the 
effects of strength loss caused by thermal degradation, and that large deflections and runaway resulting from the 
action of imposed loading on a ‘weakened’ structure. Thus ‘strength’ and ‘loads’ are quite generally believed to 
be the key factors determining structural response (fundamentally no different from ambient behaviour). The 
new understanding produced from the aforementioned project is that, composite framed structures of the type 
tested at Cardington possess enormous reserves of strength through adopting large displacement configurations. 
Furthermore, it is the thermally induced forces and displacements, and not material degradation that govern the 
structural response in fire. Degradation (such as steel yielding and buckling) can even be helpful in developing 
the large displacement load carrying modes safely. This, of course, is only true until just before failure when 
material degradation and loads begin to dominate the behaviour once again. However, because no clear failures 
of composite structures such as the Cardington frame have been seen, it is not clear how far these structures are 
from failure in a given fire. This paper attempts to lay down some of the most important and fundamental 
principles that govern the behaviour of composite frame structures in fire in a simple and comprehensible 
manner. This is based upon the analysis of the response of single structural elements under a combination of 
thermal actions and end restraints representing the surrounding structure.� 
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University, New York, NY (See also: J. Michael Rotter, Minjie Cai and J. Mark F.G. Holst, “Buckling of thin 
cylindrical shells under locally elevated compressive stresses”, Journal of Pressure Vessel Technology, Vol. 
133, No. 1, December 2010) 



ABSTRACT: The buckling strength of a thin cylindrical shell is important in many applications in civil 
engineering. On the one hand, current design rules are principally based on an empirical interpretation of test 
data and hence very simple loading conditions are applied. On the other hand, experimental and theoretical 
observations show significant stress non-uniformity and hence a deviation from the buckling strength expected 
under uniform load. Reliable quantification of this effect is still challengingly difficult. 
This paper explores a typical thin cylindrical silo shell under localized axial compression. Two different 
buckling phenomena are identified with corresponding, and distinct, buckling mode forms. The influence of 
geometric imperfections on the buckling strength of the shell is also considered. 
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J.M.F.G. Holst and J.M. Rotter, “Settlement beneath cylindrical shells”, Chapter 4 in Buckling of thin metal 
shells, edited by J. G. Teng and J. Michael Rotter, 2004, Spon Press, ISBN 0-203-30160-9 
PARTIAL INTRODUCTION: Storage containers are frequently constructed at ports in coastal regions or on 
reclaimed land where large settlements arise due to poor soil conditions. Uneven settlement beneath a ground-
supported tank may occur, leading to several possible failure modes. The commonest causes are the use of non-
uniform fill beneath the vessel and the construction of only part of the vessel on ground that has been 
consolidated by the earlier presence of a tank…. Each failure mode is closely related to a different component 



of the total settlement. Although the description given in the following outline review is mostly in terms of tank 
structures, it is equally applicable to all forms of cylindrical metal shells with the axis vertical…If buckling 
occurs in the tank wall, is it potentially catastrophic or only unsightly… 
 
 
J. Mark F.G. Holst and J. Michael Rotter (Institute for Infrastructure and Environment, The University of 
Edinburgh, Edinburgh EH9 3JN, UK), “Axially compressed cylindrical shells with local settlement”, Thin-
Walled Structures, Vol. 43, No. 5, May 2005, pp. 811-825, doi:10.1016/j.tws.2004.10.011 
ABSTRACT: The design of cylindrical metal silos and tanks is often controlled by considerations of buckling 
under axial compression. Whilst the effects of geometric imperfections on the buckling strength have been 
extensively explored, few studies have explored the effects of defects in the boundary conditions and the effects 
of residual stresses have received even less attention. This paper investigates the initiation and development of 
imperfections caused by local differential settlement at the supported base and their effect on the elastic 
buckling of a thin cylindrical shell under axial compression. The shells were treated as initially perfect with 
perfect support, but developing geometric imperfections and residual stresses as a consequence of local 
displacement at the supported edge and with residual stresses consistent with the induced geometric 
imperfections. The results raise interesting questions concerning the criteria of failure and appropriate tolerance 
measurements for constructed cylindrical shells. 
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in Steel Structures (ICASS ’05), edited by Z.Y. Shen, G.Q. Li and S.L. Chan, 13–15 June 2005, Shanghai, 
China, 2005, Pages 389-394, Elsevier,  
doi:10.1016/B978-008044637-0/50056-1 
ABSTRACT: Thin cylindrical shells used in civil engineering applications are often susceptible to failure by 
elastic buckling. Most information on shell buckling relates to simple and uniform load cases, but most practical 
load cases involve stresses that vary very significantly throughout the structure. The buckling strength of an 
imperfect shell under relatively uniform stresses is much lower than that under locally high stresses, so design 
proposals have often suggested that designers use the uniform buckling stress strength even for local stresses. 
However, this leads to enormous overdesign, and many knowledgeable designers use their own very simple 
rules of thumb to produce safe but unverifiable designs. Unfortunately, very few scientific studies of shell 
buckling under locally elevated stresses have ever been undertaken. The most critical case is that of a locally 
axially compressed cylinder. This paper explores the buckling strength of an elastic cylinder in which a locally 
high, axial membrane stress state is produced far from the boundaries (which can elevate the buckling strength 
further) and adjacent to a serious geometric imperfection. Care is taken to ensure that there is relatively little 
influence from local bending phenomena, so that the stress state can mimic that produced by much more 
complex load cases. The study includes explorations of different geometries, different localisation of the 
loading and different imperfection amplitudes. The results show an interesting distinction between narrower and 
wider zones of elevated stresses. The study is a necessary precursor to the development of a complete design 
rule for the buckling strength under local axial compression. 
 
 
J. Michael Rotter (1), Minjie Cai (2), J. Mark F.G. Holst (3) 
(1) Institute for Infrastructure & Environment, University of Edinburgh, Edinburgh EH8 9YL, UK 
(2) Scott Wilson Ltd, Buchanan House, 58 Port Dundas Road, Glasgow G4 0HF, UK 
(3) Ingenieurbüro Holst, Philosophenweg 31, 22763 Hamburg, Germany 
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Vessel Technology, Bol. 133, No. 1, 011204 (11 pages), December 2010 
ABSTRACT: Thin cylindrical shells used in engineering applications are often susceptible to failure by elastic 



buckling. Most experimental and theoretical research on shell buckling relates only to simple and relatively 
uniform stress states, but many practical load cases involve stresses that vary significantly throughout the 
structure. The buckling strength of an imperfect shell under relatively uniform compressive stresses is often 
much lower than that under locally high stresses, so the lack of information and the need for conservatism have 
led standards and guides to indicate that the designer should use the buckling stress for a uniform stress state 
even when the peak stress is rather local. However, this concept leads to the use of much thicker walls than is 
necessary to resist buckling, so many knowledgeable designers use very simple ideas to produce safe but 
unverified designs. Unfortunately, very few scientific studies of shell buckling under locally elevated 
compressive stresses have ever been undertaken. The most critical case is that of the cylinder in which locally 
high axial compressive stresses develop extending over an area that may be comparable with the characteristic 
size of a buckle. This paper explores the buckling strength of an elastic cylinder in which a locally high axial 
membrane stress state is produced far from the boundaries (which can elevate the buckling strength further) and 
adjacent to a serious geometric imperfection. Care is taken to ensure that the stress state is as simple as possible, 
with local bending and the effects of internal pressurization eliminated. The study includes explorations of 
different geometries, different localizations of the loading, and different imperfection amplitudes. The results 
show an interesting distinction between narrower and wider zones of elevated stresses. The study is a necessary 
precursor to the development of a complete design rule for shell buckling strength under conditions of locally 
varying axial compressive stress. 
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a tank due to shrinkage effects”, in Structures and Granular Solids, edited by Chen et al, 2008 Taylor & Francis 
Group, London, ISBN 978-0-415-47594-5 
ABSTRACT: The strength of metal cylinders is well known to be highly sensitive to the presence of 
imperfections. Attention has long been focused on geometric imperfections, but some recent studies have 
examined the effect of including the residual stress state relating to the formation of these imperfections in 
assessing the buckling strength of the shell. This paper looks first at how the imposition of a local geometrical 
incompatibility on a long narrow circumferential region of the shell surface leads to the formation of dimple 
imperfections and how these, in turn, affect the buckling strength of the shell. As an example, a case study of a 
thin cylindrical steel tank is presented, where lack of fit and weld shrinkage have caused local dimpling of the 
shell. Some results are presented from an analysis of this tank, which successfully uses several of the 
procedures applied in studying the fundamental cases of misfits. 
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Journal of Mecdhanics & Applied Mathematics, Vol. 40, No. 3, pp. 415-429, 1987, doi: 
10.1093/qjmam/40.3.415  
ABSTRACT: The general theory of an elastic Cosserat surface due to Green and Naghdi, along with some 
kinematic results from the theory of superposed small deformations on a large deformation of an elastic 
Cosserat surface, are applied to study axisymmetric buckling of a cylindrical elastic shell under axial 
compression. An eigencondition is determined for a sinusoidal buckling mode in an infinitely long shell which 
illustrates the dependence of the buckling load on the pre-buckling deformation and on shear deformation in the 
superposed buckling deformation. 
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doi:10.1016/0045-7825(94)00054-Q 
ABSTRACT: Relying on the concept of a Cosserat continuum, the reduction of the three-dimensional equations 
of a shell body to two-dimensions is carried out in a direct manner by considering the Cosserat continuum to be 
a two-dimensional surface. By that, a non-linear shell theory, including transverse shear strains, with exact 



description of the kinematical fields is derived. The strain measures are taken to be the first and the second 
Cosserat deformation tensors allowing for an explicit use of a three parametric rotation tensor. Thus, inplane 
rotations, also called drilling degrees of freedom, are included in a natural way. The structure of the 
configuration space is discussed and two possible definitions of it are given equipped once with a Killing metric 
and once with an Euclidean one. A partially mixed variational principle is proposed on the base of which an 
efficient hybrid finite-element formulation, which does not exhibit locking phenomena, is developed. Various 
numerical examples of shell deformations at finite rotations, with excellent element performance, are presented. 
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Nos. 1-2, 3 August 1998, pp. 1-18, doi:10.1016/S0045-7825(97)00306-X 
ABSTRACT: This paper is concerned with the constitutive modelling of large elastic strains with applications 
to shells. The shell theory itself is characterized by seven degrees of freedom and enjoys the following features: 
(1) it circumvents the use of a rotation tensor preserving the Euclidean structure of the configuration space and 
(2) it is capable to the application of a three-dimensional constitutive law. In addition, an elastic finite strain 
constitutive law is developed which: (1) covers the whole range of deformation experimentally given by Treloar 
and (2) is formulated in terms of invariants avoiding the use of principal stretches. The second feature means 
that the model is generalizable to anisotropic material behaviour, and that it allows for straightforward 
computations of the tangent operator making the whole theory well suited for large strain computations. In 
addition to the four-node and nine-node displacement-based finite elements, an enhanced strain finite element is 
examined. Its efficiency is compared with that of displacement-based element formulations. Different examples 
of large strain shell deformations are presented. It is shown that the application of the enhanced strain concept 
in the nonlinear constitutive range limits severely the stability of computation. 
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ABSTRACT: In recent times, scale effects have been given great attention due to the fact that they characterise 
the material behaviour at lower scales. The later being considered an important area of research in material 
sciences and engineering. Many applications, however, are concerned with so-called thin domains (e.g. thin 
films, nano tubes) which makes it more effective to run the computations via a shell theory. Hence the 
motivation to develop a shell theory which includes in a natural way scale effects. This is done by extending 
and modifying previous 3-d generalized formulations of the authors [5] to accommodate for the shell. 
Applications are discussed for the buckling of thin shells at small scales. 
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techniques and computational stability”, Chapter in Progress in Computational Analysis of Inelastic Structures, 
Volume 321 of the series International Centre for Mechanical Sciences, edited by E. Stein, Springer, 1993, pp 
245-287 
ABSTRACT: This three lectures course will give a modern concept of finite-element-analysis in nonlinear solid 
mechanics using material (Lagrangian) and spatial (Eulerian) coordinates. Elastic response of solids is treated as 
an essential example for the geometrically and material nonlinear behavior. Furthermore a brief introduction in 
stability analysis and the associated numerical algorithms will be given. A main feature of these lectures is the 
derivation of consistent linearizations of the weak form of equilibrium within the same order of magnitude, 
taking also into account the material laws in order to get Newton-type iterative algorithms with quadratic 
convergence. The lectures are intended to introduce into effective discretizations and algorithms based on a well 
founded mechanical and mathematical analysis. 
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J.C. Simo and N. Tarnow, “A new energy and momentum conserving algorithm for the non-linear dynamics of 
shells”, Numerical Methods in Engineering, Vol. 37, No. 15, pp 2527-2549, August 1994 
DOI: 10.1002/nme.1620371503 
ABSTRACT: A numerical time-integration scheme for the dynamics of non-linear elastic shells is presented 
that simultaneously and independent of the time-step size inherits exactly the conservation laws of total linear, 
total angular momentum as well as total energy. The proposed technique generalizes to non-linear shells recent 
work of the authors on non-linear elastodynamics and is ideally suited for long-term/large-scale simulations. 
The algorithm is second-order accurate and can be immediately extended with no modification to a fourth-order 
accurate scheme. The property of exact energy conservation induces a strong notion of non-linear numerical 



stability which manifests itself in actual simulations. The superior performance of the proposed scheme method 
relative to conventional time-integrators is demonstrated in numerical simulations exhibiting large strains 
coupled with a large overall rigid motion. These numerical experiments show that symplectic schemes often 
regarded as unconditionally stable, such as the mid-point rule, can exhibit a dramatic blow-up in finite time 
while the present method remains perfectly stable. 
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computation of singular points”, Chapter in Nonlinear Stability of Structures, Vol. 342 of the series 
International Centre for Mechanical Sciences, edited by A.N. Kounadis and W.B. Kratzig, Springer, 1995, pp 
271-311, DOI: 10.1007/978-3-7091-4346-9_8 
ABSTRACT: Investigation of nonlinear static and dynamic response of solids and structures requires 
knowledge about the stability behaviour. In general we have to detect singular points (e.g. limit or bifurcation 
points) or the global loss of stability and furthermore one has to be able to follow nonlinear solution paths. 
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“Large strain analysis of soft biological membranes: Formulation and finite element analysis”, Computer 
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doi:10.1016/0045-7825(96)00999-1 
ABSTRACT: This paper presents a general formulation of thin incompressible membranes and investigates the 
behavior of soft biotissues using the finite element method. In particular the underlying hyperelastic model is 
chosen to examine the highly non-linear constitutive relation of blood vessels which are considered to be 
perfectly elastic, homogeneous and (nearly) incompressible. First, the stress-deformation relation and the elastic 
tangent moduli are derived in a very general material setting which is subsequently specified for blood vessels 



in terms of Green-Lagrangian strains. Based on the principle of virtual work the finite element equations are 
provided and briefly discussed. Consistent linearization of the weak form of equilibrium and the external 
pressure term ensures a quadratic convergence rate of the iterative solution procedure. On the computational 
side of this work an effort was undertaken to show a novel approach on the investigation of soft tissue 
biomechanics. Representative numerical analyses of problems in vascular mechanics are discussed that show 
isochoric finite deformations (large rotations and large strains). In particular, a numerical simulation of the 
interaction between an inflated balloon catheter and a plaque deposit on the wall of a blood vessel is presented. 
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8363-461-5,  pp. 39-50, Alberto Domingo and Carlos Lazaro (editors) 
ABSTRACT: Author's own experimental and theoretical researches on buckling of shells of revolution are 
summarized with special emphasis on the conceptual approach behind them. Effect of the biaxial stress states is 
depicted in form of interaction diagrams. Design formulas based on these concepts and computations carried out 
for reinforced concrete hyperboloidal cooling tower shells allow the erection of very large and thin cooling 
towers which meanwhile have reached the 200m limit in height. 
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ABSTRACT: An analytical/numerical method involving a small number of generalized coordinates is presented 
for the analysis of the non-linear vibration and dynamic stability behaviour of imperfect anisotropic cylindrical 
shells. The small amplitude vibration mode is characterized by m axial half-waves and n circumferential full 
waves. The radial excitation is assumed to have the same spatial distribution as the small amplitude vibration 
mode. For large excitations, a coupled mode response can occur, consisting of the directly excited  “driven 
mode” and the so-called  “companion mode”. The latter has the same spatial form as the driven mode, but is 
circumferentially 90 degrees out-of-phase. Donnell-type governing equations are used and classical laminate 
theory is employed. The assumed modes approximately satisfy  “simply supported” boundary conditions. A 
formulation is used which can account for a possible skewedness of the asymmetric modes. Certain 
axisymmetric modes which are essential for a satisfactory description of the non-linear behaviour are also 
included in the assumed deflection function. The effect of axial and torsional inertia, including the inertia effect 
of a ring or disk at the loaded end of the shell, can be taken into account approximately. Viscous modal 
damping is included in the analysis. The shell is statically loaded by axial compression, radial pressure, and 



torsion. A two-mode imperfection model, consisting of an axisymmetric and an asymmetric mode, is used. The 
static state response is assumed to be affine to the given imperfection. In order to find approximate solutions for 
the dynamic state equations, Hamilton's principle is applied to derive a set of modal amplitude equations. The 
dynamic response is obtained via numerical time integration of the set of non-linear ordinary differential 
equations. The coupled mode non-linear vibration behaviour of an axially loaded isotropic shell is simulated 
using this approach. Non-stationary vibrations, where the response drifts between single mode and different 
types of coupled mode solutions, are observed in a small frequency region near resonance. 
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Buckling Analysis of General Shell Structures Using the Finite Element Method”, 25th International Congress 
of the Aeronautical Sciences, ICAS 2006. 
ABSTRACT: We present in this paper a simple finite element implementation of Koiter’s perturbation analysis 
for initial post-buckling of general shell structures. The calculation of post-buckling curvature coefficients 
shows converge problems when careless finite element implementation of Koiter’s analysis is carried out. 
Instead of using special formulations, we show that reasonably accurate results can be obtained by extending an 
existing linear triangular shell element with a nonlinear strain contribution derived from simple linear 
displacement shape functions. The resulting constant strains alleviate locking phenomena in the calculation of 
the post-buckling coefficients. Numerical results are shown to validate the proposed approach. 
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ABSTRACT: Analytical–numerical models to analyse the flexural vibration behaviour of anisotropic 
cylindrical shells are presented. The two models (denoted as Level-1 and Level-2 Analysis) have different 
levels of complexity and can be used to study the influence of important parameters, such as geometric 
imperfections, static loading, and boundary conditions. A specific anisotropic shell is used in the calculations in 
this paper. The influence of the imperfection shape and amplitude on the natural frequency is investigated for 
this shell via both the Level-1 and the Level-2 Analysis. Imperfections with the shape of the “lowest vibration 
mode” give a decrease of the natural frequency with increasing imperfection amplitude. The results of the 
Level-2 Analysis for the effect of imperfections on the natural frequency are in reasonable agreement with 
Finite Element calculations. 
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2557 4 - 7 May 2009, Palm Springs, California  
ABSTRACT: In this paper a multi-mode finite element implementation of Koiter’s initial post-buckling theory 
with the inclusion of the pre-buckling nonlinearity is presented. Using this implementation a multi-mode initial 
post-buckling analysis of an axially loaded composite cylindrical shell has been carried out with a small number 
of representative modes. The implementation has been done in a general purpose finite element code. Results 
are compared with results from semi-analytical perturbation analysis and from finite element based fully 
nonlinear analysis.  
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ABSTRACT: This paper presents a finite element formulation of Koiter's initial post-buckling theory using a 
multi-mode approach. Initial post-buckling theory provides direct information about the imperfection sensitivity 
of a structure under compressive loading, and is also the basis of a nonlinear reduced order model. The 
objective of the present work is to illustrate the capability of the implementation for buckling analysis of shell 
structures including modal interaction. A coupled mode initial post-buckling analysis for a composite 
cylindrical shell under axial compression, including the effect of a nonlinear pre-buckling state, has been carried 
out using a small number of representative modes. For small imperfection amplitudes the limit-point buckling 
loads obtained with the reduced order model compare reasonably well with full model nonlinear analysis, 
illustrating that a fast prediction of the coupled mode response of imperfect shells is possible using the approach 
proposed. 
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ABSTRACT: A finite element formulation of a reduction method for dynamic stability analysis of 
imperfection-sensitive shell structures is presented. The reduction method makes use of a perturbation 
approach, initially developed for static buckling and later extended to dynamic buckling analysis. The single 
mode dynamic buckling analysis and its extension to parametric excitation analysis are described. The approach 
is available within a general purpose finite element code. Characteristic results for the parametric excitation 
analysis of a composite cylindrical shell are shown.  
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ABSTRACT: In this paper a finite element formulation of a reduction method for dynamic buckling analysis of 



imperfection-sensitive shell structures is presented. The reduction method makes use of a perturbation 
approach, initially developed for static buckling and later extended to dynamic buckling analysis. The 
implementation of a single-mode dynamic buckling analysis in a general purpose finite element code is 
described. The effectiveness of the approach is illustrated by application to the dynamic buckling of composite 
cylindrical shells under axial and radial step loads. Results of the reduction method are compared with results 
available in the literature. The results are also compared with full model finite element explicit dynamic 
analysis, and a reasonable agreement is obtained. 
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ABSTRACT: This paper aims to show that effective and reliable computer codes can be obtained by a suitable 
finite element implementation of the Koiter's perturbation method. However, careful attention has to be paid to 
all the implementation details in order to avoid kinematical inconsitencies that can strongly affect the results. 
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“The direct prediction of buckling loads of shells under axial compression using VCT – Towards an upgraded 
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ABSTRACT: The availability of a Vibration Correlation Technique (VCT) for nondestructive determination of 
buckling loads of cylindrical shells has obvious advantages. Earlier, a semi-empirical VCT approach has been 
developed and applied successfully for the prediction of the buckling load of closely stiffened aluminum shells. 
In the present paper, a possibility to support and improve the estimates of this semi-empirical VCT approach by 
means of the application of analysis tools is proposed. Two semi-analytical models with different levels of 
complexity will be used for this purpose. In the two approaches employed, both the nonlinear effect of the static 
state and the nonlinear effect of the geometric imperfections are represented. These two methods form the basis 
of an extension of the existing semi-empirical Vibration Correlation Technique for shells, to a VCT in which 
vibration measurements and analysis tools are combined. In this paper, the capability of the analysis tools which 
can be used to improve the VCT is illustrated.  
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ABSTRACT: A method of localization is proposed to lower the high order of equations in FEM calculation for 
the stability of a complex thin-walled structure. The localized analysis enables us to obtain both the upper and 
lower limits for the bifurcating point in a whole linear-elastic structural system, as well as an approximate 
solution to asymptotic post-buckling problem. Some numerical examples are included. 
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ABSTRACT: This paper presents a perturbation approach for analyzing the (initial) post-buckling behavior of 
elastic structures. In this perturbation a small number of buckling modes is taken into account. This approach 
results in a potential energy function which is defined in terms of amplitudes of the selected modes. The post-
buckling displacement field is solved from the reduced set of equilibrium equations where the unknowns are the 
amplitudes of the Euler modes which are selected for the asymptotic expansion. To perform this technique the 
segment PERTUR in module *EULER is designed in DIANA 6.0. The theory of this segment and two 
calculating examples are demonstrated. 
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ABSTRACT: The objective of this paper is to predict the buckling pressure of a composite cylindrical shell 
using buckling formulas (ASME 2007, NASA SP 8007) and finite element analysis. The model in this study 
uses a stacking angle of [0/90]12t and USN 125 composite material. All specimens were made using a prepreg 
method. First, finite element analysis was conducted, and the results were verified through comparison with the 
hydrostatic pressure buckling experiment results. Second, the values obtained from the buckling formula and 
the buckling pressure values obtained from the finite element analysis were compared as the stacking angle was 
changed in increments from to . The linear and nonlinear results of the finite element analysis were consistent 
with the results of the experiment, with a safety factor of 0.85-1. Based on the above result, the ASME 2007 
formula, a simplified version of the NASA SP-8007 formula, is regarded as a buckling formula that provides a 
reliable safety factor. 
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ABSTRACT: The non-linear dynamic behavior of suddenly loaded composite shells is the subject of this 
research. The objective of the research is two-fold: (1) to characterize the apparently random physical behavior 
sometimes observed in the finite element analysis as either numerical instability, chaotic behavior, or both; and 
(2) to develop criteria for choosing time steps for the finite element model, referred to as DSHELL. This 
displacement based finite element code is capable of dynamic analysis of plates, arches, and cylindrical shells 
undergoing large displacements and moderately large rotations during deformation. DSHELL uses a 36-DOF 
isoparametric shell element to obtain numerical results. A simplified shell model (MSHELL) is developed to 
provide a shell analog that requires much less computer time to run than the full-up finite element model. The 
results of the investigations using this simplified model are then applied toward understanding behavior seen in 
the finite element code. The simplified model and the composite shell exhibit chaotic behavior after collapse. 
For loads not sufficient to cause collapse, the composite shell experiences oscillations at the panel edges of a 
type associated with near-chaotic behavior. Significant in-plane oscillations (parametric resonances) are 
exhibited by the suddenly-loaded composite shell. Extensive use of the Fast Fourier Transform (FFT) is made to 
investigate behavior of the MSHELL and DSHELL models in the frequency domain. The composite shell is 
compared to an isotropic shell of identical physical dimensions and static collapse strength, showing the 
primary effect of isotropy to be increased flexibility in all displacement directions. A method is developed using 
MSHELL for choosing appropriate time steps for analyses using DSHELL. 
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ABSTRACT: The Implicit Corotational Method or simply ICM is a powerful tool for defining geometrically 
nonlinear structural models. Its main feature is the possibility of obtaining nonlinear models starting from linear 
ones in an easy and automatic fashion. This has great potential because the literature is full of linear theories 
while, conversely, satisfactory nonlinear models are not widely available. (text omitted) Our aim is to show that 
the ICM, by decoupling the kinematical coherency from the elastic response, can make a useful contribution to 
this also allow us to directly recover the results provided by the tradition. The method is based on the polar 
decomposition theorem and the corotational description of motion, which is directly applied at the continuum 
level. (text omitted) The theoretical features of the ICM are presented and its main items are discussed referring 
to some implementations to planar and spatial beam and thin plate models. (text omitted) The FEM 
implementation is provided for both nonlinear 3D beam and plate models. For the beam model (based on Saint 
Venánt theory) the assumptions about the rotation parameters and the details on handling finite rotations are 
given clearly. The accuracy of some finite elements that differ for the interpolation laws assumed for the 
kinematics and statics fields and for the interpolations strategy is pointed out. For the plate model (based on 
Kirchoff hypothesis) the proposed finite element is implemented in asymptotic FEM code. A large amount of 
numerical analysis is performed, also comparing beam and plate based solutions. The good agreement between 
them shows the accuracy and capability of the proposed approach for numerical implementations. 
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ABSTRACT: In our previous paper the implicit corotational method (ICM) was presented as a general 
procedure for recovering objective nonlinear models fully reusing the information obtained by the 
corresponding linear theories. The present work deals with the implementation of the ICM as a numerical tool 
for the finite element analysis of nonlinear structures using either a path-following or an asymptotic approach. 
Different aspects of the FEM modeling are discussed in detail, including the numerical handling of finite 
rotations, interpolation strategies, and equation formats. Two mixed finite elements are presented, suitable for 
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recent reference is dated 2009) 
ABSTRACT: In some recent works, it has been shown that the Implicit Corotational Method (or simply ICM) is 
a powerful and consolidated approach for recovering nonlinear models starting from the corresponding linear 
ones both in the cases of continuum and discrete problems (see [1, 2, 3]). The method is based on the polar 
decomposition theorem and the corotational description of motion, which is directly applied at the continuum 
level. By referring to the linear stress solution as Biot tensor in corotational frame and using a mixed variational 
formulation, we obtain an automated way of using the information gained by the linear model in the nonlinear 
context. Since linearized model are always available it is easy to obtain, by this way, the corresponding 
nonlinear models in a form convenient for numerical implementations. A similar picture holds when the 
approach is directly applied to the finite element discretization. In this case, starting from a linear finite element, 
the methods give the corresponding nonlinear, frame indifferent, finite element interpolation. As good and 
accurate is the linear finite element as good will be the corresponding nonlinear one. On the other hand, in the 
last years high-performance plate finite elements, based on hybrid stress formulation and which exhibit a good 
behavior in the linear/elastic context, have been developed (see [4, 5, 6] and references therein) showing that 
they are in general simple, stable, locking–free. On the contrary, the developments of so good finite elements 
for the geometrically nonlinear case is in general more difficult. The idea of the present work is then to reuse 
these finite elements in a nonlinear context using the ICM. For this purpose, the format of the element has been 
rearranged to be suitable for ICM implementation and a specialized corotational algebra for the plate model has 
been developed [7]. The implementations are carried out in both contexts of path–following and asymptotic 
approaches, extending the FE codes KASP and RASP already available and aimed at asymptotic and path–
following analysis, respectively, of slender panels assemblages (see [8] and related references). 
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“Extrapolation locking and its sanitization in Koiter's asymptotic analysis”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 180, Nos. 1-2, November 1999, pp. 137-167, 
doi:10.1016/S0045-7825(99)00053-5 
ABSTRACT: This paper shows that the FEM implementation of Koiter's asymptotic method [W.T. Koiter, On 
the stability of elastic equilibrium, 1970, Ph.D. Thesis, Delft, 1945. English transl. NASA TT-F10, 883, 1967, 
AFFDL-TR70-25] outlined by Casciaro et al. [Finite element asymptotic analysis of slender elastic structures: a 
simple approach, Int. J. Num. Meth. Eng. 35 (1992) 1397–1426] provides accurate and reliable results in the 
critical and post-critical analysis of non-linear elastic structures. Care, however, does have to be taken in 
implementing (apparently) minor details to avoid locking effects which adversely affect accuracy and which can 
destroy the method reliability. As the effects related to the finite element interpolation have been discussed 
before this paper focuses on the non-linear locking due to the use, implicit in the method, of finite distance 
extrapolations. Within this scope, it is shown that perturbation algorithms based on compatible formulations can 
imply a strong critical and post-critical locking when analysing structures characterized by high stiffness ratios 
in the presence of moderate pre-critical rotations. On the contrary, perturbation algorithms based on 
independent extrapolations of displacements and stresses furnish reliable results in excellent agreement with 
those provided by step-by-step analysis, at a small fraction of its computational cost. 
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ABSTRACT: Finite element asymptotic post-buckling analysis, being based on fourth-order expansions of the 
strain energy, requires that nonlinear structural modeling be accurate to same order, at least with respect to the 
rigid motions of the elements. A corotational description is proposed here as a general tool to satisfy this 
requirement of objectivity, by referring each element to a local frame which moves (rotates) with the element, 
so filtering its rigid motion. In this description nonlinearity of the problem derives essentially from the change 
of reference, from the global fixed frame to the local one, the strain energy being governed by their relative 
rotations. In finite kinematics, this noticeably complicates the algebra for obtaining exact expressions of its 
variations. Quite simple, basic expressions for the first four corotational derivatives of the strain energy are 
provided, allowing the set up of a fourth-order accurate asymptotic analysis starting from standard finite 
elements based on linear or simplified nonlinear local modelings. The formulation is implemented for the 
analysis of 3D beam assemblages and several numerical results are presented and discussed showing the 
effectiveness and robustness of the proposed approach in reproducing the nonlinear equilibrium path in both 
cases of monomodal and coupled multimodal buckling. 
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asymptotic post-critical solutions”, International Journal for Numerical Methods in Engineering, Vol. 55, 2002, 
pp. 73–100. doi: 10.1002/nme.494 
ABSTRACT: A path-following non-linear elastic analysis for structures composed of assemblages of flat 
slender elastic panels is presented. The proposed path-following method employs FEM technology and a 
kinematical model to analyse these structures using a Koiter asymptotic approach. As a result it is possible to 
verify the accuracy achieved by the asymptotic method. The proposed mixed path-following formulation is both 
efficient and robust with regards to the locking extrapolation phenomenon that strongly affects compatible 
formulations. The use of an HC finite element makes it possible to avoid the problem of the finite rotations in 
the space, maintaining a high degree of continuity and making the numeric formulation simple and efficient. 
 
 
Giovanni Garcea, Antonio Madeo, Giuseppe Zagari, Emira Lanari (Dipartimento di modellistica per 
l’ingegneria, University of Calabria, Italy), “Implicit Corotational Method: FEM implementation”, ECSM 2009, 
Lisbon, Portugal 
ABSTRACT: The Implicit Corotational Method (ICM) is a powerful and consolidated approach for recovering 
objective and suitable for FEM implementation nonlinear models fully reusing the corresponding linear ones [1, 
2]. An appropriate stress/strain (Biot) representation for the description of the nonlinear elastic continuum, the 
use of corotational algebra for splitting the body motion into rigid and deformative parts and some assumptions 
on the reinterpretation of linear theory in the nonlinear context, constitute the basis of the ICM. An important 
feature of the method is the possibility of obtaining a tool that allow an easy FEM implementation. Different 
kinds of interpolation strategies (Total and Updated Lagrangian, Corotational) are used within the approach. A 
standard format and an automated way of implementing the nonlinear models into the FEM context based on 
the use of algebraic manipulator and aimed at path-following or asymptotic analyses have been developed [3]. 
The FEM implementation is provided for 3D beam and plate models recovered using ICM. For the 3D beam 
model, based on Saint Venant theory [2], the assumptions about the rotation parameters and the details on 
handling finite rotations are given clearly. The accuracy of some mixed finite elements that differ for the 
interpolation laws assumed for the kinematics and statics fields and for the interpolations strategy is pointed out. 
For the thin plate model, based on Kirchoff hypothesis [1], the proposed finite element is implemented as 
specialized one in asymptotic FEM code (see [7]). A numerical investigation has been performed, also 
comparing beam and plate based solutions in the case of thin–walled beams. The good agreement between the 
recovered results with the theoretical ones and the numerical benchmarks, shows clearly the correctness and 
capability of the proposed approach for numerical implementations. 
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frame invariant nonlinear models. An appropriate stress/strain (Biot) representation for the description of the 
nonlinear elastic continuum, the application of corotational algebra for splitting the body motion into rigid and 
deformative parts and a reinterpretation of linear theory in the nonlinear context, constitute the basis of the 
ICM. An important feature of the method is the possibility of obtaining a tool that allows an easy FEM 
implementation. Different kinds of interpolation strategies (Total and Updated Lagrangian and Corotational) are 
used within the ICM. A standard format and an automated way of implementing the nonlinear models into the 
FEM context have been developed and used for path-following or asymptotic analyses. The work presents some 
FEM applications regarding 3D beam and plate models recovered using ICM. A numerical investigation has 
been performed, also comparing beam and plate based solutions in the case of thin-walled beams. The good 
agreement between the recovered results with the theoretical ones and the numerical benchmarks, clearly shows 
the suitability and capability of the proposed approach for numerical implementations. 
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ABSTRACT: In this work we consider geometrically exact shell model subjected to finite rotations. We present 
some developments on handling constrained finite rotations that are of direct use in nonlinear static and 
dynamic finite element analysis of smooth shells. Relationships between different preferred parametrizations of 
constrained finite rotations are first given in a form of commutative diagrams. Incremental rotation vector for 
smooth shells is presented as the most suitable parameter for the standard incremental solution strategy as well 
as for the construction of the time-stepping schemes. An appropriate consideration is given to construct the 
corresponding Newmark implicit time stepping schemes for constrained rotations.  
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Brank B., Peric D., Damjanic F. B., “On implementation of a nonlinear four node shell finite element for thin 
multilayered elastic shells”, Computational Mechanics 16, 1995, 341–359, DOI: 10.1007/BF00350723 
ABSTRACT: A simple non-linear stress resultant four node shell finite element is presented. The underlying 
shell theory is developed from the three dimensional continuum theory via standard assumptions on the 
displacement field. A model for thin shells is obtained by approximating terms describing the shell geometry. In 
this work the rotation of the shell director is parameterized by the two Euler angles, although other approaches 
can be easily accomodated. A procedure is provided to extend the presented approach by including the through-
thickness variable material properties. These may include a general non-linear elastic material with varied 
degree of orthotropy, which is typical for fibre reinforced composites. Thus a simple and efficient model 
suitable for analysis of multilayered composite shells is attained. Shell kinematics is consistently linearized, 
leading to the Newton-Raphson numerical procedure, which preserves quadratic rate of asymptotic 
convergence. A range of linear and non-linear tests is provided and compared with available solutions to 
illustrate the approach. 
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the imperfection sensitivity analysis of thin-walled structures with residual stresses”, Thin-Walled Structures, 
Vol. 37, No. 1, May 2000, pp. 77-95, doi:10.1016/S0263-8231(00)00008-2 
ABSTRACT: This paper suggests a strategy for the imperfection sensitivity analysis of elastic thin-walled 
structures with notable residual stresses. The analysis is carried out by means of a Koiter's perturbation 
approach. The concept of imperfection, traditionally associated with geometric and load factors, is extended in 
this paper to the residual stresses. The strategy is implemented in a FEM code. A comparison of the obtained 
results allows a discussion on the accuracy and the influence of the different coefficients connected to the 
asymptotic analysis of the residual stresses. 
 
 
Song Chang-yong, Dept. of Civil Engineering, Zhejiang University, Hangzhou 310027, China, “Buckling of un-
stiffened cylindrical shell under non-uniform axial compressive stress”, Journal of Zhejiang University 
SCIENCE Vol.2, No. 5, pp. 520-531, Nov.-Dec. 2002. 
ABSTRACT: This paper provides a review of recent research advances and trends in the area of stability of 
unstiffened circular cylindrical shells subjected to general non-uniform axial compressive stresses. Only the 
more important and interesting aspects of the research, judged from a personal viewpoint, are discussed. They 
can be crudely classified into four categories: (1) shells subjected to non-uniform loads; (2) shells on discrete 
supports; (3) shells with intended cutouts/holes; and (4) shells with non-uniform settlements. 
cutouts/holes; and (4) shells with non-uniform settlements. 
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ABSTRACT: This paper presents a finite element study of the non-linear buckling behaviour of column-
supported steel cylinders. Both perfect and imperfect shells are examined. High compressive stresses develop in 
the vicinity of the column support and these can lead to buckling of the shell at a load much lower than that for 
a uniformly supported shell. Imperfections are shown to play an important role in reducing the buckling load 
even when the structure is supported on a small number of columns. 
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ABSTRACT: The static buckling of a cylindrical shell of a four-lobed cross section of variable thickness 
subjected to non-uniform circumferentially compressive loads is investigated based on the thin-shell theory. 
Modal displacements of the shell can be described by trigonometric functions, and Fourier's approach is used to 
separate the variables. The governing equations of the shell are reduced to eight first-order differential equations 
with variable coefficients in the circumferential coordinate, and by using the transfer matrix of the shell, these 
equations can be written in a matrix differential equation. The transfer matrix is derived from the nonlinear 
differential equations of the cylindrical shells by introducing the trigonometric series in the longitudinal 
direction and applying a numerical integration in the circumferential direction. The transfer matrix approach is 
used to get the critical buckling loads and the buckling deformations for symmetrical and antisymmetrical 
shells. Computed results indicate the sensitivity of the critical loads and corresponding buckling modes to the 
thickness variation of cross section and the radius variation at lobed corners of the shell. 
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ABSTRACT: The transfer matrix approach is used and the Flügge’s shell theory is modeled to investigate the 
free vibration behaviour of a cylindrical shell with a four-lobed cross-section with reduced thickness over part 
of its circumference. Modal displacements of the shell can be described by trigonometric functions and 
Fourier’s approach is used to separate the variables. The vibration equations of the shell are reduced to eight 
first-order differential equations in the circumferential coordinate, and by using the transfer matrix of the shell, 
these equations can be written in a matrix differential equation. The transfer matrix is derived from the 
nonlinear differential equations of the cylindrical shells by introducing the trigonometric functions in the 
longitudinal direction and applying a numerical integration in the circumferential direction. The proposed 
method is used to get the vibration frequencies and the corresponding mode shapes of symmetrical and 
antisymmetrical type-modes. Computed results indicate the sensitivity of the frequency parameters and the 
bending deformations to the geometry of the non-uniformity of the shell, and also to the radius of curvature at 
the lobed corners. 
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ABSTRACT: The objective of this paper is to study the elastic buckling characteristics of an axially loaded 
cylindrical shell of a three lobed cross section of variable thickness subjected to combined compression and 
bending loads based on the thin-shell theory and using the computational transfer matrix method. Modal 
displacements of the shell can be described by trigonometric functions and Fourier’s approach is used to 
separate the variables. The governing equations of the shell are reduced to eight first-order differential equations 
with variable coefficients in the circumferential coordinate, and by using the transfer matrix of the shell, these 
equations can be written in a matrix differential equation. The transfer matrix is derived from the non-linear 
differential equations of the cylindrical shells by introducing the trigonometric function in the longitudinal 
direction and applying a numerical integration in the circumferential direction. The computational transfer 
matrix method is used to get the critical buckling loads and the buckling deformations for symmetrical and 
antisymmetrical buckling-modes. Computed results indicate the sensitivity of the critical loads and 
corresponding buckling modes to the thickness variation of cross-section and the radius variation at lobed 
corners of the shell. 
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ABSTRACT: This paper presents the transfer matrix analysis of nonlinear dynamic response of stiffened thin 
shells in resonance regions of vibration. Considered is the interaction of geometric and physical nonlinearities. 
Direct time integration procedures to solve the equations of motion are used. Corresponding incremental 



transfer matrices are formulated in an updated Lagrangian reference mesh. Illustrative numerical example is 
presented, showing the influence of studied nonlinear interactions in resulting dynamic response of thin shells. 
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ABSTRACT: The present paper is concerned with the nonlinear finite solution of the postbuckling instability 
behaviour of thin shell structures in resonance regions of vibration. The development of reliable and efficient 
techniques for handling the dynamic postbuckling behaviour is emphasized. An illustrative solution associated 
with the postbuckling resonance response of thin shells is presented. 
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845 03 Bratislava, Slovak Republic), “Failure process of carbon fiber composites”, Building Research Journal, 
Vol. 60, Nos 3-4, 2012 
ABSTRACT: Some research results of failure behaviour of carbon fiber composites are presented. The solution 
of material instability on the basis of fiber kinking theory is adopted for the treatment of the failure process. The 
micromechanical modeling adopting the FETM-approach is used for a numerical analysis of the problem. Some 
numerical and experimental results with an actual application are submitted in order to demonstrate the 
efficiency of the approaches suggested.  
 
 
M.K. Ahmed, “Buckling analysis of non-uniform cylindrical shells of a four lobed cross section under uniform 
axial compression”, Journal of Applied Mathematics and Mechanics (ZAMM), Vol. 90, No. 12, pp 954-965, 
December 2010 
ABSTRACT: In this paper, the Flügge's shell theory is modeled and the transfer matrix approach is used to 
investigate the elastic buckling behaviour of a cylindrical shell with a four lobed cross section with reduced 
thickness over part of its circumference under axial compressive loads. Modal displacements of the shell can be 
described by trigonometric functions and Fourier's approach is used to separate the variables. The buckling 
equations of the shell are reduced to eight first-order differential equations in the circumferential coordinate, 
and by using the transfer matrix of the shell, these equations can be written in a matrix differential equation. 
The transfer matrix is derived from the differential equations of the cylindrical shells by introducing the 
trigonometric functions in the longitudinal direction and applying a numerical integration in the circumferential 
direction. The method is used to get the critical buckling loads and the buckling deformations for symmetrical 
and antisymmetrical shells. Computed results indicate the sensitivity of the buckling loads and the 
corresponding buckling deformations to the geometry of the non-uniformity of the shell, and also to the radius 
of curvature at the lobed corners. 
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Egypt), “Vibration and Buckling Approximation of an Axially Loaded Cylindrical Shell with a Three Lobed 
Cross Section Having Varying Thickness”, Applied Mathematics, Vol. 2, No. 3, March 2011, 
doi: 10.4236/am.2011.23039 
ABSTRACT: On the basis of the thin-shell theory and on the use of the transfer matrix approach, this paper 
presents the vibrational response and buckling analysis of three-lobed cross-section cylindrical shells, with 
circumferentially varying thickness, subjected to uniform axial membrane loads. A Fourier approach is used to 
separate the variables, and the governing equations of the shell are formulated in terms of eight first-order 
differential equations in the circumferential coordinate, and by using the transfer matrix of the shell, these 
equations are written in a matrix differential equation. The transfer matrix is derived from the non-linear 
differential equations of the cylindrical shells with variable thickness by introducing the trigonometric series in 
the longitudinal direction and applying a numerical integration in the circumferential direction. The natural 
frequencies and critical loads beside the mode shapes are calculated numerically in terms of the transfer matrix 
elements for the symmetrical and antisymmetrical vibration modes. The influences of the thickness variation of 



crosssection and radius variation at lobed corners of the shell on the natural frequencies, mode shapes and 
critical loads are examined. 
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ABSTRACT: The objective of this paper is to study the elastic buckling characteristics of an axially loaded 
cylindrical shell of a three-lobed cross section of variable thickness subjected to combined compression and 
bending loads based on the thin-shell theory and using the computational transfer matrix method. Modal 
displacements of the shell can be described by trigonometric functions and Fourier’s approach is used to 
separate the variables. The governing equations of the shell are reduced to eight first-order differential equations 
with variable coefficients in the circumferential coordinate, and by using the transfer matrix of the shell. These 
equations can be written in a matrix differential equation. The transfer matrix is derived from the non-linear 
differential equations of the cylindrical shells by introducing the trigonometric function in the longitudinal 
direction and applying a numerical integration in the circumferential direction. The computational transfer 
matrix method is used to get the critical buckling loads and the buckling deformations for symmetrical and 
antisymmetrical buckling modes. Computed results indicate the sensitivity of the critical loads and 
corresponding buckling modes to the thickness variation of cross-section and the radius variation at lobed 
corners of the shell. 
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ABSTRACT: In this paper, the framework of the Flügge's shell theory, the transfer matrix approach and the 
Romberg integration method has been employed to investigate the buckling analysis of radial loaded oval 
cylindrical shell with parabolically varying thickness along of its circumference. Trigonometric functions are 
used to form the modal displacements of the shell and Fourier's approach is used to separate the variables. The 
mathematical analysis is formulated to overcome the difficulties related to mode coupling of variable curvature 
and thickness of the shell. Using the transfer matrix of the shell, the buckling equations of the shell are reduced 
to eight first-order differential equations in the circumferential coordinate and rewritten in a matrix form and 
solved numerically. The proposed model is adopted to get the critical buckling loads and the corresponding 
buckling deformations for the symmetrical and antisymmetrical modes of buckling. The influences of the shell 
geometry, orthotropic parameters, ovality parameter, and thickness ratio on the buckling parameters and the 
bending deformations are presented for different type-modes of buckling. 
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ABSTRACT: For the first time, a new cross-section profile and efficient method are developed for the vibration 
analysis of isotropic and orthotropic cylindrical shells having circumferentially varying profile of a cardioid 
cross-section expressed as an arbitrary function, under thermal gradient effect. The governing equations of 
orthotropic cylindrical shells with varying thermal gradient around its circumference are derived as a boundary-
value problem and solved numerically as an initial-value problem, based on the framework of Flügge's shell 
theory, transfer matrix approach and Romberg integration method. As a semi-analytical procedure, the 
trigonometric functions are used with Fourier's approach to approximate the solution in the longitudinal 
direction and also to reduce the two-dimensional problem to one-dimensional one. The thermal gradient is 
assumed to arise due to the variation of Young's moduli and shear modulus, along the circumferential direction 
of the shell. The results are obtained to indicate the effects of cardioid cross-section on the natural frequencies 
and corresponding mode shapes in the thermal environment as well as the sensitivity of the vibration behavior 
to the thermal gradient ratio and the orthotropy of the shell is also investigated for different types of vibration 
modes. In general, close agreement between the obtained results and those of other researchers has been found. 
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“How the thermal gradient affects the vibration behavior of a spinning orthotropic oval cylindrical shell”, 
International Journal of Applied Mechanics, Vol. 7, No. 4, August 2015 
ABSTRACT: Based on the framework of Flügge's shell theory, transfer matrix approach and Romberg 
integration method, we investigated how the thermal gradient affects the vibration behavior of rotating isotropic 
and orthotropic oval cylindrical shells. The governing equations of orthotropic oval cylindrical shells, under 
parabolically varying thermal gradient around its circumference, with consideration of the effects of initial hoop 
tension and centrifugal forces due to the rotation are derived, and they are put in a matrix differential equation 
as a boundary-value problem. As a semianalytic solution, the trigonometric functions are used with Fourier's 
approach to approximate the solution in the longitudinal direction, and also to reduce the two-dimensional 
problem in to an one-dimensional one. Using the transfer matrix approach, the equations can be written in a 
matrix differential equation of first-order and solved numerically as an initial-value problem. The proposed 
model is applied to get the natural frequencies and vibratory displacement of the symmetrical and 
antisymmetrical vibration modes. The sensitivity of the vibration behavior to the rotational speed, the thermal 
gradient, the ovality and orthotropy of the shell is studied for different type-modes of vibration. The present 
method is found to be accurate when compared with the results available in the literature. 
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“Application of Nonlocal Elasticity Shell Model for Axial Buckling of Single-Walled Carbon Nanotubes”, 
MEMS: From  Micro Devices to Wireless Systems, Vol. 7, Special Issue, October 2009, pp.88-100. 
ABSTRACT:  
Recently, nano devices have been developed which use Carbon Nanotubes (CNTs) as structural elements. To 
define the range of applicability of CNTs in such devices, it is important to investigate failure modes such as the 
axial buckling limit. Classical continuum models are inaccurate as they are unable to account for the size-effects 
in such devices. In this work, a modified nonlocal continuum shell model for the axial buckling of CNTs is 
proposed and compared with a nonlocal model for torsional buckling. This is done through modifying classical 
continuum models by incorporating basic concepts from nonlocal elasticity. Furthermore, molecular dynamics 
(MD) simulations are performed on a range of nanotubes with different diameters. Compared to classical 
models, the modified nonlocal models provide a much better fit to MD simulation results. Using MD simulation 
results for axial buckling, values of the nonlocal constant and shell thickness are calculated. 
 
 
C. W. Lim and K. M. Liew (Dynamics and Vibration Centre, School of Mechanical and Production 
Engineering, Nanyang Technological University, Nanyang Avenue, Singapore 2263), “Vibratory behaviour of 
shallow conical shells by a global Ritz formulation”, Engineering Structures, Vol. 17, No. 1, January 1995, 
pp.63-70, doi:10.1016/0141-0296(95)91041-X 
ABSTRACT: The development of a new approach based on the energy principle is presented to study the free 
vibration of shallow conical shells. In the numerical procedure, a set of orthogonally generated and 
kinematically oriented shape functions, which satisfies the geometric boundary conditions at the outset, is 
proposed to overcome the mathematical complexity in expressing the geometry and variable surface curvature 
of these shells. To establish the accuracy of this method, convergence and comparison studies have been carried 
out. In this study, the effects of various shell parameters on the fundamental and higher mode frequencies are 
investigated. It is found that monotonic increases in the fundamental nondimensional frequency parameter 
occurs when the cone vertex angle or base subtended angle is increased independently for the cantilever conical 
shell. The fundamental frequency parameter also becomes higher for the fully clamped conical shell with higher 
panel-length to cone-length (a/s) ratio. A set of first published vibration mode shapes is also presented. 
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“Mesh-free radial basis function method for buckling analysis of non-uniformly loaded arbitrarily shaped shear 
deformable plates”, Computer Methods in Applied Mechanics and Engineering, Vol. 193, Nos. 3-5, January 
2004, pp. 205-224, doi:10.1016/j.cma.2003.10.002 
ABSTRACT: A mesh-free radial basis function (RBF) method is employed for the buckling analysis of non-
uniformly loaded thick plates. The field variables are approximated using a set of scattered nodes in the problem 
domain. The number of nodes and nodal distribution in the problem domain can be easily changed without a 
complex procedure for desired computational accuracy. The shape functions possess the ‘partition of unity’ 
properties. Based on the two-dimensional (2D) plane stress problem, a variational form of the static system of 
equations is formulated in terms of displacements, and is discretised. The initial (i.e., pre-buckling) stresses are 
obtained by solving the discrete system of equations. Based on the first-order shear deformation plate theory, a 
variational form of the plate problem with previously obtained initial stresses is established and discretised as 
the eigenvalue equation. The buckling loads of circular, trapezoidal and skew plates are presented. The present 
results have good convergence and are in good agreement with the finite element solutions. The present mesh-
free radial basis function method is effective for the buckling analysis of non-uniformly loaded plates. 
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“Nanomechanics of single and multiwalled carbon nanotubes”, Phys. Rev. B 69, 115429 (2004) [8 pages], 
doi: 10.1103/PhysRevB.69.115429 
ABSTRACT: Buckling behavior of single-walled and multiwalled carbon nanotubes is studied under axial 
compression in this work. Brenner’s “second generation” empirical potential is used to describe the many-body 
short-range interatomic interactions for single-walled carbon nanotubes, while the Lennard Jones model for the 
van der Waals potential is added for multiwalled carbon nanotubes. Single-, two-, three-, and four-walled 
nanotubes are considered in the simulations in order to examine the effects of the number of layers on the 
structural properties of the multiwalled nanotubes. Results indicate that there exists an optimum diameter for 
single-walled nanotubes at which the buckling load reaches its maximum value. The buckling load increases 
rapidly with the increase of the diameter up to the optimum diameter. A further increment beyond this diameter 
results in a slow decline in buckling load until a steady value is reached. The effects of layers on the buckling 
load of multiwalled nanotubes are also examined. 
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“Thermal Post-Buckling of Laminated Plates Comprising Functionally Graded Materials With Temperature-
Dependent Properties”, J. Appl. Mech., Vol. 71,  No. 6, November 2004, pp. 839 – 850, doi:10.1115/1.1795220 
ABSTRACT: This paper presents thermal buckling and post-buckling analyses for moderately thick laminated 
rectangular plates that contain functionally graded materials (FGMs) and subjected to a uniform temperature 
change. The theoretical formulation employs the first-order shear deformation theory and accounts for the effect 



of temperature-dependent thermoelastic properties of the constituent materials and initial geometric 
imperfection. The principle of minimum total potential energy, the differential quadrature method, and iterative 
algorithms are used to obtain critical buckling temperatures and the post-buckling temperature-deflection 
curves. The results are presented for both symmetrically and unsymmetrically laminated plates with 
ceramic/metal functionally graded layers, showing the effects of temperature-dependent properties, layup 
scheme, material composition, initial imperfection, geometric parameters, and boundary conditions on buckling 
temperature and thermal post-buckling behavior. 
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“Second-order statistics of the elastic buckling of functionally graded rectangular plates”, Composites Science 
and Technology, Vol. 65, Nos. 7-8, June 2005, pp. 1165-1175, doi:10.1016/j.compscitech.2004.11.012 
ABSTRACT: The material properties of functionally graded materials (FGMs) possess inherent randomness 
due to their complicated fabrication process, in which the total control of various design parameters is often 
impossible. The present work investigates the effect of this randomness on the elastic buckling of FGM 
rectangular plates which are resting on an elastic foundation and subjected to uniform in-plane edge 
compressions. The interaction between the plate and foundation is included in the formulation with a two-
parameter Pasternak model. The elastic material properties (including the Young’s modulus and Poisson’s ratio 
of each constituent material) and the foundation stiffness parameters are modeled as independent random 
variables. First-order shear deformation plate theory and a mean-centered first-order perturbation procedure are 
used to examine the stochastic characteristics of the buckling load. Typical results are presented for plates with 
aluminum/zirconia two-phase functionally graded material to show the influence of variation in material 
constants and foundation stiffness parameters, volume fraction index, edge in-plane forces, side-to-thickness 
ratio, and plate aspect ratio on the second-order statistics of buckling loads. 
 
 
J. Yang (1), K.M. Liew (2), Y.F. Wu (1) and S. Kitipornchai (1),  
(1) Department of Building and Construction, City University of Hong Kong, Tat Chee Avenue, Kowloon, 
Hong Kong 
(2) Nanyang Centre for Supercomputing and Visualization, School of Mechanical and Production Engineering, 
Nanyang Technological University, Nanyang Avenue, Singapore 639798, Singapore 
“Thermo-mechanical post-buckling of FGM cylindrical panels with temperature-dependent properties” 
International Journal of Solids and Structures, Vol. 43, No. 2, January 2006, pp. 307-324, 
doi:10.1016/j.ijsolstr.2005.04.001 
ABSTRACT: This paper presents thermo-mechanical post-buckling analysis of cylindrical panels that are made 
of functionally graded materials (FGMs) with temperature-dependent thermo-elastic properties that are graded 
in the direction of thickness according to a simple power law distribution in terms of the volume fractions of the 
constituents. The panel is initially stressed by an axial load, and is then subjected to a uniform temperature 
change. The theoretical formulations are based on the classical shell theory with von-Kármán–Donnell-type 
nonlinearity. The effect of initial geometric imperfection is also included. A differential quadrature (DQ) based 
semi-analytical method combined with an iteration process is employed to predict the critical buckling load 
(where it is applicable) and to trace the post-buckling equilibrium path of FGM cylindrical panels under thermo-
mechanical loading. Numerical results are presented for panels with silicon nitride and nickel as the ceramic 
and metal constituents. The effects of temperature-dependent properties, volume fraction index, axial load, 
initial imperfection, panel geometry and boundary conditions on the thermo-mechanical post-buckling behavior 
are evaluated in detail through parametric studies. 
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“Buckling and free vibration analyses of stiffened plates using the FSDT mesh-free method”, Journal of Sound 
and Vibration, Vol. 289, No. 3, January 2006, pp. 421-449, doi:10.1016/j.jsv.2005.02.023 
ABSTRACT: This paper presents a mesh-free Galerkin method for the free vibration and stability analyses of 
stiffened plates via the first-order shear deformable theory (FSDT). The model of a stiffened plate is formed by 
(1) regarding the plate and the stiffener separately, (2) imposing displacement compatible conditions between 
the plate and the stiffener so that displacement fields of the stiffener can be expressed in terms of the mid-
surface displacement of the plate, and (3) superimposing the strain energy of plate and stiffener. Because there 
are no meshes used in this method, the stiffeners can be placed anywhere on the plate and need not be placed 
along the mesh lines. Several numerical examples are computed by this method to show its accuracy and 
convergence. The present results demonstrate good agreement with the existing solutions given by other 
researchers and the ANSYS. Influences of support size and order of the complete basis functions on the 
numerical accuracy are also investigated. 
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“Postbuckling analysis of laminated composite plates using the mesh-free kp-Ritz method”, Computer Methods 
in Applied Mechanics and Engineering, Vol. 195, Nos. 7-8, January 2006, pp. 551-570 
doi:10.1016/j.cma.2005.02.004 
ABSTRACT: A Ritz method based on kernel particle approximation for the field variables is proposed for the 
postbuckling analysis of laminated composite plates. The first-order shear deformation plate theory (FSDT) is 
employed to model the plate flexure. The Ritz method is used to obtain the discretized non-linear equations. A 
geometrically non-linear analysis is used to trace the postbuckling paths of the plate. Typical numerical 
examples including isotropic plates, and cross-ply and angle-ply laminated composite plates have been solved 
using the proposed method. The results are in close agreement with the series solution as well as previous finite 
element results available in the literature. 
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“Modeling of the mechanical instability of carbon nanotubes”, Carbon, Vol. 46, No. 2, February 2008, pp. 285-
290, doi:10.1016/j.carbon.2007.11.022 
ABSTRACT: A hybrid continuum mechanics and molecular mechanics model is developed to predict the 
compressive buckling strain and load for the inelastic buckling of armchair and zigzag carbon nanotubes. The 
effectiveness of the hybrid model is demonstrated by comparisons of buckling results from the model, 
molecular dynamics simulations, and continuum models by other work. 
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“Geometrically nonlinear analysis of cylindrical shells using the element-free kp-Ritz method”, Engineering 
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doi:10.1016/j.enganabound.2007.01.003 
ABSTRACT: In this paper, the geometrically nonlinear analysis of cylindrical shells is carried out using the 
element-free kp-Ritz method. The first-order shear deformation shell theory, which can cater for both thin and 
relatively thick shells, is utilized in the present study. Meshfree kernel particle functions are employed to 
approximate the two-dimensional displacement field. The nonlinear equilibrium equations are formulated by 
applying the Ritz procedure to the energy functional of shells. The Newton–Raphson method and the arc length 
technique are used to determine the load–displacement path. To validate the accuracy and stability of this 
method, convergence studies based on the support size and number of nodes were performed. Comparisons 
were also made with the existing results available in the open literature, and good agreement is obtained. 
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gradient continuum and mesh-free method”, Computer Methods in Applied Mechanics and Engineering, Vol. 
197, Nos. 33-40, 1 June 2008, pp. 3001-3013, doi:10.1016/j.cma.2008.02.003 
ABSTRACT: The bending buckling of single-walled carbon nanotubes (SWCNTs) is studied in the theoretical 
scheme of the higher order gradient continuum. The deformation of the underlying lattice vectors is 
approximated with an extended Cauchy–Born rule in which the effect of the second order deformation gradient 
is considered, and the continuum constitutive responses are determined by minimizing the energy of the 
representative cell. A mesh-free method is developed to implement the numerical modeling of SWCNTs, and 
their bending buckling behavior is numerically simulated with the developed method. The results are compared 
with those obtained with a full atomistic simulation, and it is revealed that the developed mesh-free method can 
accurately exhibit the bending deformation of SWCNTs. Different types of carbon nanotubes (CNTs) are 
studied, and the buckling mechanism is investigated. 
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“Bending Buckling of Single-Walled Carbon Nanotubes by Atomic-Scale Finite Element”, Composite: Part B, 
39, pp. 202-208, DOI: 10.1016/j.compositesb.2007.02.025  
ABSTRACT: This paper employs the atomic-scale finite element method to study bending buckling of single-
walled carbon nanotubes (SWNTs). As the bending angle increases, kinks will appear and the morphology of 
the SWNT will change abruptly. The (15, 0) SWNT changes into a one-kinked structure, and finally contains 
two kinks; while the (10, 0) SWNT changes into a one-kinked structure, then into a two-kinked one, and finally 
contains three kinks. Strain energy grows initially as a quadratic function of bending angle, then increases 
gradually slowly, and finally changes approximately linearly. The energy releases suddenly at morphology 
bifurcations and the amount depends on degree of morphology change. The simulation shows that the 
appearance of kinks associated with the large deformation nearby reduces the slope of the strain energy curve in 
the post-buckling stages and hence increases the flexibility of the SWNTs.� 
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X. Zhao, G.R. Liu, K.Y. Dai, Z.H. Zhong, G.Y. Li and X. Han, “Geometric nonlinear analysis of plates and 
cylindrical shells via a linearly conforming radial point interpolation method”, Computational Mechanics, Vol. 
42, No. 1, pp 133-144, April 2008, DOI: 10.1007/s00466-008-0242-x 
ABSTRACT: In this paper, the linearly conforming radial point interpolation method is extended for geometric 
nonlinear analysis of plates and cylindrical shells. The Sander’s nonlinear shell theory is utilized and the arc-
length technique is implemented in conjunction with the modified Newton–Raphson method to solve the 
nonlinear equilibrium equations. The radial and polynomial basis functions are employed to construct the shape 
functions with Delta function property using a set of arbitrarily distributed nodes in local support domains. 
Besides the conventional nodal integration, a stabilized conforming nodal integration is applied to restore the 
conformability and to improve the accuracy of solutions. Small rotations and deformations, as well as finite 
strains, are assumed for the present formulation. Comparisons of present solutions are made with the results 
reported in the literature and good agreements are obtained. The numerical examples have demonstrated that the 
present approach, combined with arc-length method, is quite effective in tracing the load-deflection paths of 
snap-through and snap-back phenomena in shell problems. 
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X. Zhao and K. M. Liew, “A mesh-free method for analysis of the thermal and mechanical buckling of 
functionally graded cylindrical shell panels”, Computational Mechanics, Vol. 45, No. 4, 2010, pp. 297-310,  
doi: 10.1007/s00466-009-0446-8 
ABSTRACT: The buckling response of functionally graded ceramic-metal cylindrical shell panels under axial 
compression and thermal load is presented here. The formulation is based on the first-order shear deformation 
shell theory and element-free kp-Ritz method. The material properties of shell panels are assumed to vary 
through their thickness direction according to a power-law distribution of the volume fraction of constituents. 
Approximations of the displacement field are expressed in terms of a set of mesh-free kernel particle functions. 
A stabilized conforming nodal integration approach is employed to estimate the bending stiffness, and the shear 
and membrane terms are evaluated using a direct nodal integration technique to eliminate membrane and shear 
locking for very thin shells. The mechanical and thermal buckling responses of functionally graded shell panels 
are investigated, and the influences of the volume fraction exponent, boundary conditions, and temperature 
distribution on their buckling strengths are also examined. 
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Zhao, X. and Liew, K. M. (Department of Building and Construction, City University of Hong Kong, Tat Chee 
Avenue, Kowloon, Hong Kong),  “An element-free analysis of mechanical and thermal buckling of functionally 
graded conical shell panels”,  International Journal for Numerical Methods in Engineering, Vol. 86, No. 3, April 
2011, pp. 269–285. doi: 10.1002/nme.3059 
ABSTRACT: This paper presents a mechanical and thermal buckling analysis of metal and ceramic functionally 
graded conical shell panels using the element-free kp-Ritz method. The formulation is based on the first-order 
shear deformation shell theory, which accounts for the transverse shear strains and rotary inertia, and mesh-free 
kernel particle functions are employed to approximate the two-dimensional displacement fields. The effective 
material properties of the functionally graded conical shell panels are assumed to be smooth and continuous 
through their thickness direction, and are determined according to a power-law distribution of the volume 
fractions of their constituents. Convergence studies are performed in terms of the number of nodes, and 
comparisons between the current solutions and those reported in the literature are provided to verify the 
accuracy of the proposed method. Three types of functionally graded conical shell panels, Al/ZrO2, 
SUS304/Si3N4, and Al2O3/TI-6Al-4V are selected for study, and the effects of the volume fraction, boundary 
condition, semi-vertex angle, length-to-thickness ratio, and temperature-dependent material properties on the 
buckling strength are discussed in detail. 
 
 
V. N. Paimushin, Scientific and Technical Center for Problems in Dynamics and Strength, Tupolev Kazan State 
Technical University, K. Marksa 10, Kazan, 420111, Russia,  Received December 26, 2005, “Torsional, 
Flexural, and Torsional-Flexural Buckling Modes of a Cylindrical Shell under Combined Loading”, DOI: 
10.3103/S0025654407030120 
ABSTRACT: Stability problems for cylindrical shells under various loading modes were considered in 
numerous papers. A detailed analysis of such problems can be found, e.g., in the monograph [1]. We refer to the 
solutions presented in this monograph as classical. For long cylindrical shells in axial compression, one of the 
buckling modes is the purely beam flexural mode similar to the classical buckling mode of a straight rod. It is 
well known that it can be studied by using the nonlinear or linearized equations of the membrane theory of 
shells. In [2], it was shown that, on the basis of such equations constructed starting from the noncontradictory 
version of geometrically nonlinear elasticity relations in the quadratic approximation [3], under the separate 
action of the axial compression, external pressure, and torsion, there are also previously unknown nonclassical 
buckling modes, most of which are shear ones. 
In the present paper, we show that the use of the above equations for cylindrical shells under compression and 
external pressure with simultaneous pure torsion or bending permits revealing the earlier unknown torsional, 
beam flexural, and beam torsional-flexural buckling modes, which are nonclassical, just as those found in [2]. 
The second of these buckling modes is realized when axially compressing forces are formed in the shell with 
simultaneous torsion, and the third of them is realized under compression combined with pure bending. 
It was found that, earlier than the classical buckling modes, the torsional buckling modes can be realized for 
relatively short shells with small shear rigidity in the tangent plane, while the second and third buckling modes 
can be realized for relatively long shells. 
 
 
A. Jamal and E. Karyadi (Aerospace Engineering, Delft University of Technology), “Collapse of composite 
cylindrical shells under pure bending”, Report LR-739 Delft University of Technology, October 1993 
ABSTRACT: (cannot cut and paste) 
 
 
K. T. Hautala Consulting KORTES Ltd., Finland, 2003 The Steel Construction Institute, “Buckling Reduction 
Factors for Stainless Steel Shell Structures” 
ABSTRACT: The material behaviour of stainless steel strongly differs from that of mild steel beyond the 
proportional limit. Consequently, the buckling behaviour of mild steel structures and stainless steel structures 
will differ from each other in so far as for any given stainless steel structure of medium slenderness, i.e. 



belonging to the ‘elastic-plastic’ region, the buckling capacity is lower than for a comparable mild steel 
structure of identical shape and area. This paper shows numerical buckling reduction factors for stainless steel 
shell structures. Firstly some buckling strength curves of European standards are numerically reproduced using 
simple substitute imperfections. Proposals are then made for modification of standards in order to include 
stainless steels. Preliminary new proposals are made for modelling of material behaviour of stainless steels and 
buckling design of shell structures under meridional compression. 
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Peter Knoedel (Versuchsanstalt fuer Stahl, Holz und Steine, University of Karlsruhe, Kaiserstrasse 12, W-7500 
Karlsruhe 1, Germany), “Cylinder-cone-cylinder intersections under axial compression”, in Buckling of shell 
structures, on land, in the sea, and in the air, edited by J. F. Jullien, Elsevier Applied Science Publishing Co., 
Inc., New York, 1991 
ABSTRACT: In the construction of chimneys and tubular masts adjacent cylindrical shells often have to be 
built with different radii according to the global bending moment or operational requirements. With a steep 
conical shell in between a cylinder-cone-cylinder intersection is built. This paper reports on a numerical study 
on the buckling stability of these structures. Unstiffened and ring-stiffened structures are considered, where the 
rings are attached to the edges of the cone or set off into the adjacent cylindrical shells. It is shown that the 
critical load of the entire structure remains under the critical load of a straight cylinder, even if heavy stiffeners 
are used and local buckling is relevant. 
 
 
Peter Knoedel, Thomas Ummenhofer and Ulrich Schulz (Versuchsanstalt für Stahl, Holz and Steine, University 
of Karlsruhe, Karlsruhe, Germany), “On the modelling of different types of imperfections in silo shells”, Thin-
Walled Structures, Vol. 23, Nos. 1-4, 1995, pp. 283-293, Spedial Issue: Buckling Strength of Imperfection-
sensitive Shells, doi:10.1016/0263-8231(95)00017-8 
ABSTRACT: The assessment of imperfections is most important for determining the load-bearing capacity of a 
thin-walled shell structure. Different ways of modelling imperfections are discussed in this paper and steel silo 
shells are used as an application. Buckling tests were performed on different types of model shell - standard 
quality and high quality with reduced heat input during welding. For the numerical studies two different 
approaches were used as well: an axisymmetric approach with substitute geometric imperfections and an FEM 



approach, where the nodal coordinates were derived from surveying the specimen. It was found that there is 
considerable gain in the buckling strength due to the presence of the granular solid. The larger the initial 
imperfections in the shell the greater the gain in strength compared to the empty cylinder. The modelling of the 
uneveness of the edges with uneven dead loading is also discussed. 
 
 
Peter Knoedel and Thomas Ummenhofer, “An engineering model for checking the stability of cylindrical shell 
structures on local supports”, Stahlbau, Vol. 67, No. 6, pp 425-429, June 1998 
ABSTRACT: The stress distribution in thinwalled shell structures with concentrated edge loads was 
investigated by means of FEA. Using the concept of effective width an 'angle of load spread' can be defined 
under which the load spreads from the loaded edge into the shell. Due to the usual constraints along the bottom, 
there is a non-critical zone along the edge, where no buckles will develop. If the stress peak remains limited to a 
small non-critical strip above the support it cannot trigger buckling and can be excluded from further 
considerations as well. Using this information the critical locus can be determined where the first buckle will 
form. The format of the stability check is according to German Standard DIN 18800 part 4. Because the effects 
of the concentrated edge loads are followed explicitly in the model, the empirical knock-down factor does not 
need to account for uneven edge load distribution. Therefore it is suggested, to increase K2 by a factor of 1.67. 
For plastic buckling special advice is given.  
 
 
Thomas Ummenhofer and Peter Knoedel, “Modelling of boundary conditions for cylindrical steel structures in 
natural wind”, in Computational Methods for Shell and Spatial Structures, IASS-IACM 2000, M. Papadrakakis, 
A. Samartin and E. Onate (Editors), Athens, Greece 2000 
ABSTRACT: This paper reports on wind loaded shell structures. The description of the wind pressure 
distribution around the shell circumference is discussed. Five different structural models to determine the 
relevant axial membrane stresses of wind loaded shells are presented. An example is presented for which the 
axial membrane stress distributions are calculated according to the given models. The results are compared and 
discussed.  
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Peter Knoedel and Thomas Ummenhofer, “Ankerkräfte bei kurzen Zylinderschalen” (Anchor forces with short 
cylindrical shells), Stahlbau, Vol. 75, No. 9, pp 723-728, September 2006 
ABSTRACT: Thin walled short cantilever cylinders, such as supply-air-chimneys, silos or tanks, develop a 
shell-type distribution of membrane forces when subjected to natural wind. A structural analysis by hand 
involves a Fourier decomposition of the circumferential wind pressure distribution and a separate calculation for 
each harmonic, using an appropriate shell theory. With this classical method simple boundary conditions at the 
bottom edge of the shell, such as ‘pinned’ or ‘clamped’, can be modelled only. The use of a finite element code 
– if available – gives possibility to account for more realistic conditions at the bottom of the structure, such as 
elastic flanges and anchors or unilateral contact. In designing silos, tanks or chimneys however, as often 



encountered by the authors, structural engineers use beam theory to determine stress resultants and anchor 
forces, may this be due to lack of time or due to ignorance. Those who determine ‘real’ anchor forces obtain 
dimensions, which they feel to be inadequate and which are so much in excess of beam-theory-anchors that 
there should be much more failures with ‘beam-designed-anchors’. In the present paper some evidence on this 
apparent contradiction is given and a practical design approach is suggested.  
 
 
Peter Knoedel and Thomas Ummenhofer, “Rules for the analysis of tanks and silos using FEA”, Stahlbau, Vol. 
86, No. 4, pp 325-339, April 2017, DOI: 10.1002/stab.201710479 
ABSTRACT: Commercial FEA packages became increasingly wide spread in design offices. Being general 
purpose software, these packages may easily be used to model a tank or a silo by an engineer, who might not be 
sufficiently experienced to do proper strength and stability checks by hand. Thus, the authors see very often FE-
based design, which does not meet the state of the art. This was the motivation for the present article. Based on 
the needs of practical design of a steel or aluminium tank or silo, rules are given for the application of the finite 
element method. These include general considerations about deriving a structural model. As well, hints are 
given as to when a hand calculation (DBF = design by formulae) could be less time consuming than a FEA. For 
practical application of FEA, issues are covered like modelling and meshing of the global structure, modelling 
of imperfections, material properties, welds and loads. The specific needs of documentation for shell structures 
is discussed, i. e. splitting the obtained stresses in membrane and bending and in meridional and circumferential 
parts. Finally, three examples of industrial applications are described shortly.  
 
 
H. Schmidt, B. Binder and H. Lange (Department of Civil Engineering, University of Essen, D-45117 Essen, 
Germany), “Postbuckling strength design of open thin-walled cylindrical tanks under wind load”, Thin-Walled 
Structures, Vol. 31, Nos. 1-3, May 1998, pp. 203-220, doi:10.1016/S0263-8231(98)00009-3 
ABSTRACT: Open cylindrical steel tanks for the storage of liquids tend to be rather thin-walled because they 
are primarily designed for the circumferential tensile stresses from hydrostatic internal pressure. It is desirable 
to take advantage of the postbuckling strength of the thin cylindrical wall when designing the empty tank 
against wind load. The theoretical external pressure carrying behaviour of edge-stiffened thin-walled cantilever 
shells is discussed with regard to both bifurcation and postbuckling phenomena. For experimental verification, a 
series of postbuckling tests on cylindrical PVC and steel specimens with large radius/thickness ratio (r/t=2500) 
under internal underpressure and under a “wind-like” load arrangement has been carried out. Based on the 
numerical and experimental results, recommendations are put forward for an economic postbuckling strength 
design strategy. They are compared with existing design rules in tank codes. 
 
 
Herbert Schmidt (Department of Civil Engineering, University of Essen, D-45117 Essen, Germany), “Stability 
of steel shell structures: General Report”, Journal of Constructional Steel Research, Vol. 55, Nos. 1-3, July 
2000, pp. 159-181, doi:10.1016/S0143-974X(99)00084-X 
ABSTRACT: The state-of-the-art of available knowledge about the stability design of steel shell structures is 
discussed. Specific stress is put on the various approaches to a numerically based stability design. The European 
Prestandard ENV 1993-1-6 (the “Shell Eurocode”) is briefly described. 
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Th. A. Winterstetter and H. Schmidt (Institute for Steel Structures, University of Essen, Germany), “Shell 
buckling strength of tubes under combined axial, radial and shear loading”, in Tubular Structures IX, edited by 
R. Puthli and S. Herion, 2001, Swets & Zeitlinger, Lisse, The Netherlands, ISBN 90-5809-191-0 
ABSTRACT: Tubular structural components are used in a large variety of civil engineering structures, e.g. for 



off-shore platforms, chimneys, pipelines, bridge arches or wind turbine towers. They are often subjected to 
combined loading inducing membrane compressive stress states which – in case they are not thick-walled – 
implies the danger of loss of local structural stability (shell buckling). However, existing design codes show 
significant shortcomings for interactive shell buckling. Therefore, a comprehensive experimental and numerical 
study on cylindrical shells has been performed which leads to an improved design proposal for interactive 
buckling under combined loading. 
 
 
Th. A. Winterstetter and H. Schmidt (Department of Civil Engineering, University of Essen, D-45117, Essen, 
Germany), “Stability of circular cylindrical steel shells under combined loading”, Thin-Walled Structures, Vol. 
40, No. 10, October 2002, pp. 893-910, doi:10.1016/S0263-8231(02)00006-X 
ABSTRACT: Circular cylindrical shells made of steel are used in a large variety of civil engineering structures, 
e.g. in off-shore platforms, chimneys, silos, tanks, pipelines, bridge arches or wind turbine towers. They are 
often subjected to combined loading inducing membrane compressive and/or shear stress states which endanger 
the local structural stability (shell buckling). A comprehensive experimental and numerical investigation of 
cylindrical shells under combined loading has been performed which yielded a deeper insight into the real 
buckling behaviour under combined loading . Beyond that, it provided rules how to simulate numerically the 
realistic buckling behaviour by means of substitute geometric imperfections. A comparison with existing design 
codes for interactive shell buckling reveals significant shortcomings. A proposal for improved design rules is 
put forward. 
 
 
H. Schmidt and Th. A. Winterstetter, “Cylindrical shells under torsional and transverse shear”, Chapter 8 in 
Buckling of thin metal shells, edited by J.G. Geng and J. Michael Rotter, 2004, Spon Press, 11 New Fetter 
Lane, London EC4P 4EE 
 
H. Schmidt and Th. A. Winterstetter, “Cylindrical shells under combined loading: Axial compression, external 
pressure and torsional shear”, Chapter 10 in Buckling of thin metal shells, edited by J.G. Geng and J. Michael 
Rotter, 2004, Spon Press, 11 New Fetter Lane, London EC4P 4EE 
PARTIAL INTRODUCTION: Circular cylindrical shells made of steel are used in a variety of engineering 
structures, for example, tanks, chimneys, offshore platforms, pipelines, silos or wind turbine towers. The design 
against tensile hoop stresses (containments) or against tubular bending stresses (tower-type structures) often 
results in very thin shell walls which implies the danger of failure by instability due to compressive and/or shear 
forces (shell buckling). The behavior of cylindrical shells under each of the fundamental loads of axial 
compression, external pressure and pure torsion…. is well understood. However, in almost all cases the actions 
on the structure do not induce such a simple fundamental membrane stress state, but a combination of them, 
including membrane stress variations in axial and circumferential direction and stress peaks at different 
locations…. 
 
 
Ahmed M. Reda and Gareth L. Forbes (Dept. of Mechanical Engineering, Curtin University, Perth, Australia), 
“Investigation into the dynamic effects of lateral buckling of high temperature / high pressure offshore 
pipelines”, Proceedings of Acoustics 2012, Freemantle, Australia, 21-23 November, 2012 
ABSTRACT: A subsea pipeline laid onto a flat seabed will buckle laterally from a combination of pressure and 
temperature due to the pipeline’s ‘out-of-straightness’. The pipeline will tend to buckle laterally due to 
horizontal imperfections associated with the pipeline laying process, and the horizontal frictional restraint force 
is less than the pipeline submerged weight. The lateral buckling may take place as a dynamic ‘snap’ if the out-
of-straightness, or imperfection, in the pipeline length is small. The pipeline ‘snap’ will result in dynamic 
motion. Seabed soil friction factors, in both axial and lateral directions, are also parameters which govern the 
lateral buckling, beside the size of the initial out-of-straightness. All of these parameters will influence the 
lateral buckling, and under which conditions dynamic buckling behaviour can occur. This paper investigates the 
influence of these different parameters and their effect on the onset of dynamic buckling.  
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Sang Jin Lee and Ha Ryong Kim (ADOPT Research Group, Dept. of Architectural Engineering, Gyeongsang 
National University, Korea), “Vibration and buckling of thick plates using isogeometric approach, Architectural 
Research, Vol. 15, No. 1, pp 35-42, March 2013 
ABSTRACT: A study on the free vibration and linear buckling analyses of thick plates is described in this 
article. In order to determine the natural frequencies and buckling loads of plates, a plate element is developed 
by using isogeometric approach. The Non-uniform B-spline surface (NURBS) is used to represent both plate 
geometry and the unknown displacement field of plate. All terms required in isogeometric formulation are 
consistently derived by NURBS definition. The capability of the present plate element is demonstrated by using 
several numerical examples. From numerical results, it is found to be that the present isogeometric element can 
predict accurate natural frequencies and buckling loads of plates.  
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concerning stability under different loading conditions”, Computational Mechanics, Vol. 37, No. 6, 2006, 507-
522, doi: 10.1007/s00466-005-0733-y 
ABSTRACT: In standard stability investigations of structures applying the finite element method usually the 
bifurcation and snap-through points – so-called stability points – are detected. However, for practical design 



purposes not only the stable state of equilibrium itself is significant but also the robustness of the state against 
finite perturbations in contrast to infinitesimal perturbations. The sensitivity measure, which quantifies this 
robustness, can be investigated by introducing perturbations at certain load levels and considering the perturbed 
motion. Some sensitivity studies are performed for simple stability problems as well as for realistic structures 
(cylindrical shells) under different loading conditions. Further scalar parameters based on Liapunov 
Characteristic Exponents are developed to allow a better judgment of the motion after introducing perturbations 
and a more efficient analysis of the complex response (see Ewert/Schweizerhof[7]). 
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Considering Imperfections and Contact”, 8th. World Congress on Computational Mechanics (WCCM8) 5th 
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30 –July 5, 2008 Venice, Italy. 
ABSTRACT: In standard stability investigations of structures applying the finite element method usually 
bifurcation and snap-through loads – so-called singular or stability points – are detected, see e.g. [4],[6],[7]. It is 
well-known that for complex structures like cylindrical shells these loads depend strongly on the geometrical 
and other imperfections, see [8],[9],[10]. It has been shown in [1] that the singular points and the corresponding 
modes vary significantly for small deviations of the approximated geometry using different ansatz-functions. 
Furthermore investigations in [1] have shown that the converging behavior for imperfect structures is non-
monotone. Particular limitations exist for the stability analysis of shell structures which involve contact between 
parts or with surrounding objects. In the end it could be followed that stability points and the corresponding 
loading determined numerically by static stability analysis are often of limited use for design purposes. In 
contrast to the loading obtained for singular points the so-called post-buckling loads, which are the stable 
equilibrium states in the post-buckling region, are rather independent of geometrical imperfections and of 
approximation order, see [1]. Therefore it is advantageous to use post-buckling loads for design purposes 
instead of loads obtained for singular points. Since the applicability of static analyses in the computation of 
post-buckling paths like proposed e.g. in [5] is rather limited, it is favorable to model the complete loading and 
deformation behavior by a time dependent process, see [3], [2], [11], [12]. The major advantage of a purely 
transient analysis is the complete simulation of the buckling process as it happens in reality. This is possible 
with moderate numerical effort, since the matrices used in the solution are usually better conditioned compared 
to pure static analysis. In addition, this allows to take the changing boundary conditions as found in contact 
situations properly into account. For practical design purposes not only the equilibrium state itself is significant 
but also the ”robustness” of such states against finite perturbations in contrast to infinitesimal perturbations. In 
the case of systems with many equilibrium states at a defined load level finite perturbations can transfer the 
mechanical system from a stable equilibrium state to another equilibrium state or in some cases even to an 
unbounded motion initiating buckling. Then a sensitivity measure can be defined as the reciprocal value of the 
minimum perturbation energy, necessary for this transfer S = 1/Wper,min, see [2]. In the present paper stability 
and sensitivity studies are performed for simple stability problems (beams) and finally for rather general shell 
structures involving geometrical imperfections and in particular contact. 
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ABSTRACT: The nonlinear response of an aircraft panel due to acoustic and thermal loading is 
computationally expensive using traditional finite element methods. This has lead to the use of several reduced-
order modal model development methods for such systems. In this paper, we first provide a historical review of 
the nonlinear phenomenon associated with the post-buckling response due to thermal-acoustic loading with 
specific emphasis on snap-through response. Next, a parametric space investigation is presented to study the 
effect of thermal gradient and/or preload on the post-buckling dynamic behavior of a clamped-clamped beam 
system. This paper studies a single mode approximation of the clamped-clamped beam. These reduced order 
models are based on the implicit condensation method. First the parametric space investigation is conducted to 
identify the stability of the periodic solutions for both models. The effect of harmonic excitation is presented in 



terms of the bifurcation diagram with specific focus on the effect of initial pre-load parameter. Finally, some 
conclusions about the response to multi-frequency excitation are presented in terms of the numerical bifurcation 
diagrams. 
References listed at the end of the paper: 
1. Arnold, L., Namachchivaya N. S., and Schenk-Hoppe, 1996, “Toward an understanding of the stochastic Hopf bifurcation: a case 
study”, Int. J. Bifurcation Chaos, 6, 11, 1947-1979. 
2. Bolotin, V.V. Dynamic Stability of Elastic Systems, Holden-Day, San Francisco, 1964.  
3. Chen, H, Virgin, L.N., “Finite element analysis of post-buckling dynamics in plates- Part 1: asymptotic analysis and part 2: a non-
stationary analysis”, International Journal of Solids and Structures, 43, 3983-4027, 2006.  
4. Chien, C.S., S.Y. Gong, Z. Mei, “Mode jumping in the von karman equations”, SIAM Journal of Scientific Computing 22 (2000) 
1354–1385.  
5. Chilver, A. H., ‘Design philosophy in structural stability’, in Buckling of Structures, IUTAM Symposium, Cambridge, MA, 1974, 
B. Budiansky (ed.), Springer-Verlag, Berlin, 1976, pp. 331–345.  
6. Dowell, E.H., Aeroelasticity of Plates and Shells, Noordhoff International Publishing, Leyden, The Netherlands, 1975.  
7. Everall, P.R., G.W. Hunt, “Arnold tongue predictions of secondary buckling in thin elastic plates”, Journal of the Mechanics and 
Physics of Solids , 47 (1999) 2187–2206.  
8. Everall, P.R., G.W. Hunt, Mode jumping in the buckling of struts and plates: a comparative study, 
International Journal of Non-Linear Mechanics 35 (2000) 1067–1079.  
9. Everall, P.R., G.W. Hunt, Quasi-periodic buckling of an elastic structure under the influence of changing boundary conditions, 
Proceedings of the Royal Society of London, Series A 455 (1999) 3041–3051.  
10. Holmes and Marsden, 1981, “Melnikov's Method and Arnold Diffusion for Perturbations of Integrable Hamiltonian Systems”, J. 
Math. Phys., 23, 669-675.  
11. Gowda, R. M. Siddaveere and K. A. V. Pandalai, Thermal Buckling of Orthotropic Plates, Studies in Structural Mechanics, Hoff's 
65th Anniversary Volume, Indian Institute of Technology, Madras-36, India, 1970, pp. 9–44.  
12. Hollkamp J.J, and Gordon R.W., "Modeling Membrane Displacements in the Sonic Fatigue Response Prediction Problem," 
AIAA-2005-2095, presented at the 46th AIAA/ASME/ASCE/AHS Structures, Structural Dynamics and Materials Conference, Austin 
TX, April 2005.  
13. Hollkamp J.J, Gordon R.W., and Spottswood S.M., "Nonlinear Sonic Fatigue Response Prediction from Finite Element Modal 
Models: A Comparison with Experiments," AIAA-2003-1709, presented at the 44th AIAA/ASME/ASCE/AHS Structures, Structural 
Dynamics and Materials Conference, Norfolk Va, April 2003. 
14. Hollkamp J.J., Gordon R.W., and Spottswood S.M., "Nonlinear modal models for sonic fatigue response prediction: a comparison 
of methods," J. of Sound and Vibration, Vol. 284 (3-5), pp. 1145-1163, 21 June 2005. 
15. Hollkamp, J.J., Gordon, R.W. and Spottswood, S.M., “Nonlinear Sonic Fatigue Response Prediction from Finite Element Modal 
Models: A Comparison with Experiments,” AIAA-2003-1709, 2003. 
16. Huang, N.N. and T.R. Tauchert, “Postbuckling Response of Antisymmetric Angle-Ply Laminates to Uniform Temperature 
Loading,” Acta Mechanica, Vol. 72, 1988, pp. 173–183. 
17. Hunt, G.W., and P.R. Everall, Arnold tongues and mode-jumping in the supercritical post-buckling of an archetypal elastic 
structure, Proceedings of the Royal Society of London, Series A 445 (1999) 125–140.  
18. Hunt, G.W., Peletier,M. A., Champneys, A. R.,Woods, P. D.,Wadee, M. A., Budd, C. J., and Lord, G. J., ‘Cellular buckling in 
long structures’, Nonlinear Dynamics 21(1), 2000, 3–29.  
19. Kim, K., Yang, B., and Mignolet, M. P., 2003, "Fatigue life prediction of panels subjected to thermo-acoustic loading," Collection 
of Technical Papers - AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference, 5, 3430-3438.  
20. Ko, William L. and Raymond H. Jackson, “Combined Compressive and Shear Buckling Analysis of Hypersonic Aircraft 
Structural Sandwich Panels,” AIAA Paper No. 92-2487-CP. Presented at the 33rd AIAA/ASME/ASCE/AHS/ASC Structures, 
Structural Dynamics and Materials Conference, Dallas, Texas, April 13–15, 1992; also NASA TM-4290, 1991. 
21. Ko, William L. and Raymond H. Jackson, “Compressive and Shear Buckling Analysis of Metal Matrix Composite Sandwich 
Panels under Different Thermal Environments,” Composite Structures, Vol. 25, July 1993, pp. 227–239. 
22. Ko, William L. and Raymond H. Jackson, Combined-Load Buckling Behavior of Metal-Matrix Composite Sandwich Panels 
Under Different Thermal Environments, NASA TM-4321, 1991. 
23. Ko, William L. and Raymond H. Jackson, Mechanical and Thermal Buckling of Rectangular Sandwich Panels Under Different 
Edge Conditions, NASA TM-4535, 1994. 
24. Ko, William L. and Raymond H. Jackson, Thermal Behavior of a Titanium Honeycomb-Core Sandwich Panel, NASA TM-
101732, 1991. 
25. Ko, William L., “Mechanical and Thermal Buckling Analysis of Sandwich Panels Under Different Edge Conditions,” Proc. 1st 
Pacific International Conference on Aerospace Science and Technology, Tainan, Taiwan, Dec. 6–9, 1993. 
26. Kreider, W., and Nayfeh, A.H., “Experimental investigation of single-mode responses in a fixed-fixed buckled beam”, Nonlinear 
Dynamics, 15, 155-177, 1998. 
27. Lai, H.-Y. , C.-K. Chen, Y.-L. Yeh, “Double-mode modeling of chaotic and bifurcation dynamics for a simply supported 
rectangular plate in large deflection”, International Journal of Non-Linear Mechanics 37 (2002) 331–343. 
28. Leissa, A.W., Vibration of plates, NASA Technical Report SP-160, National Aeronautics and Space Administration, 1969. 
29. Markov, A.N. (1949). The Dynamic Stability of Anisotropic Cylindrical Shells, Prikladnaya Matematika i Mekhanika, 13: 145–
150 (in Russian). 
30. McEwan, M.I., “A Combined Modal/Finite Element Technique for the Non-Linear Dynamic Simulation of Aerospace Structures”, 



Ph.D. Dissertation, School of Engineering, University of Manchester, Manchester, UK, 2001. American Institute of Aeronautics and 
Astronautics 
31. McEwan, M.I., Wright, J.R., Cooper, J.E., and Leung, A.Y.T., “A Finite Element/Modal Technique for Nonlinear Plate and 
Stiffened Panel Response Prediction,” AIAA-2001-1595, 2001. 
32. Mei, C. and Wentz, K.R., “Analytical and experimental nonlinear response of rectangular panels to acoustic excitation”, AIAA-
8200733, 1982. 
33 Mignolet., M.P., and Radu, A.G., “Validation of Reduced Order Modeling for the Prediction of the Response and Fatigue Life of 
Panels Subjected to Thermo-Acoustic Effects”, Proceedings of the VIII International Conference on Recent Advances in Structural 
Dynamics, edited by M. Brennan, et al., The Institute of Sound and Vibration Research, University of Southampton, 
34. Muravyov, A.A., and Rizzi, S.A., “Determination of Nonlinear Stiffness with Application to Random Vibration of Geometrically 
Nonlinear Structures,” Computers and Structures, Vol. 81, 2003, pp. 1513-1523. 
35. Murphy, K. D., Virgin, L. N., and Rizzi, S. A., 1996, "Experimental Snap-through Boundaries for Acoustically Excited, Thermally 
Buckled Plates," Experimental Mechanics, 36(4) pp. 312-317. 
36. Murphy, K.D., D. Ferreira, Thermal buckling of rectangular plates, International Journal of Solids and Structures 38 (2001) 3979–
3994. 
37. Nakamura, T., K. Uetani, “The secondary buckling and post-secondary-buckling behaviors of rectangular plates”, International 
Journal of Mechanical Science 21 (1979) 265–286. 
38. Nash, M., “Nonlinear Structural Dynamics by Finite Element Modal Synthesis,” Ph.D. Dissertation, Dept. of Aeronautics, 
Imperial College, The University of London, London, UK, 1977. 
39. Ng , C.F., Nonlinear and snap-through responses of curved panels to intense acoustic excitation Journal of Aircraft 15, 170-177 . 
40. Peletier, L. A. and Troy, W. C., Spatial Patterns: Higher Order Models in Physics and Mechanics, Birkhauser, 2001. 
41. Przekop, A. and S. Rizzi, 2004, "Reduced order methods for prediction of thermal-acoustic fatigue," Proceedings of The Seventh 
International Conference on Computational Structures Technology, Topping, B.H.V. and Mota Soares, C.A., Eds., Civil-Comp Press, 
Stirling, United Kingdom, 2004. 
42. Riks, E., C.C. Rankin, F.A. Brogan, “On the solution of mode jumping phenomena in thin-walled shell structures”, Computer 
Methods in Applied Mechanics and Engineering 136 (1996) 59–92. 
43. Rizzi, S.A., and Przekop, A., “The Effect of Basis Selection on Thermal-Acoustic Random Response Prediction using Nonlinear 
Modal Simulation,” AIAA-2004-1554, 2004. 
44. Schaeffer, D.G., M. Golubitsky, “Boundary conditions and mode jumping in the buckling of rectangular plate”, Communications 
in Mathematical Physics 69 (1979) 209–236. 
45. Shen, H.S., Thermo-mechanical post-buckling analysis of imperfect laminated plates using a higher-order shear deformation 
theory, Computers and Structures 66 (1998) 395–409. 
46. Shi, Y., and Mei, C., “A Finite Element Time Domain Modal Formulation for Large Amplitude Free Vibrations of Beams and 
Plates,” Journal of Sound and Vibration, Vol. 193, 1996, pp. 453-464. 
47. Simiu, E., Chaotic transitions in Chaotic Transitions in Deterministic and Stochastic Dynamical Systems: Applications of 
Melnikov Processes in Engineering, Physics, and Neuroscience, Princeton University Press, 2002. 
48. Stein, M. , Loads and deformations of buckled rectangular plates, NASA Technical Report R-40, National Aeronautics and Space 
Administration, 1959. 
49. Stoll, F., “Analysis of the snap phenomenon in buckled plates”, International Journal of Non-Linear Mechanics 29 (1994) 123–
138. 
50. Stoll, F., S.E. Olson, “Finite element investigation of the snap phenomenon in buckled plates”, in: Proceedings of the 1997 38th 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference, Vol. 4, 1997, pp. 2703–2712. 
51. Supple, W.J. , “On the change in buckle pattern in elastic structures”, International Journal of Mechanical Sciences 10, (1968) 
737–745. 
52. Tauchert, T. R. and N. N. Huang, “Thermal Buckling and Postbuckling Behavior of Antisymmetric Angle-Ply Laminates,” Proc. 
International Symposium on Composite Materials and Structures, Beijing, China, June 1986, pp. 357–362. 
53. Tauchert, T. R. and N. N. Huang, “Thermal Buckling of Symmetric Angle-Ply Laminated Plates,”Composite Structures, I. H. 
Marshall-editor, Elsevier Applied Science, London, 1987, pp. 1424– 1435. 
54. Tauchert, Theodore R., “Thermal Stresses in Plates—Statical Problems,” in Thermal Stresses I, Vol. 1, Elsevier Sciences 
Publishing Co., New York, 1986, pp. 23–141. 
55. Tenney, D. R., W. B. Lisagor, and S. C. Dixon, “Materials and Structures for Hypersonic Vehicles,” J. Aircraft, Vol. 26, no. 11, 
Nov. 1989, pp. 953–970. 
56. Thangaratnam, Kari R., Palaninathan, and J. Ramachandran, “Thermal Buckling of Composite Laminated Plates,” Computers and 
Structures, Vol. 32, No. 5, 1989, pp. 1117–1124. 
57. Thompson, J. M. T. and Hunt, G. W., A General Theory of Elastic Stability, Wiley, London, 1973.  
58. Troger, H., A. Steindl, Non-linear Stability and Bifurcation Theory—An Introduction to Engineers and Applied Scientists, 
Springer, Vienna, 1991.  
59. Uemura, M., O. Byon, “Secondary buckling of a flat plate under uniaxial compression—part 1: theoretical analysis of simply 
supported flat plate”, International Journal of Non-Linear Mechanics 12 (1977) 355–370.  
60. Virgin, L.N., H. Chen, The dynamics of mode jumping in thermally buckled plates, in: Eighth International Conference on Recent 
Advances in Structural Dynamics, Southampton, UK, July 2003.  
61. Volmir, A.S. (1958). On the Stability of Dynamically Loaded Cylindrical Shells, Dokladi Akademii Nauk SSSR, 123: 806–808. 
Translation in: Soviet Physics Doklady, 3: 1287–1289, 1958.  
62. White, R.G., “A comparison of some statistical properties of the responses of aluminum allow and CFRP plates to acoustic 



excitation”, Journal of Composites, October 1978, pp. 251-258. 
63. Wolfe, H.F., Shroyer, C.A., Brown, D.L., Simmons, L.W., “An experimental investigation of nonlinear behavior of beams and 
plates excited to high levels of dynamic response”, Wright Laboratory Technical Report, WL-TR-9-3057, 1995. 
64. Yang, B., Mignolet, M. P., and Spottswood, S. M., 2004, "Modeling of damage accumulation for Duffing-type systems under 
severe random excitations," Prob.Eng.Mech., 19, 1, 185-194. 
65. Yoshimura, Y., ‘On the mechanics of buckling of a circular cylindrical under axial compression’, Technical Report 5, University 
of Tokyo. Reports of the Institute of Science and Technology of the University of Tokyo (English translation: Technical 
Memorandum No 1390 of the National Advisory Committee for Aeronautics, Washington, DC), 1955. 
 
  
R. Kutylowski, K. Myslecki, “Buckling Study of Cylindrical Shell Using Mathematica Computing System”,   
Zeitschrift feur Angewandte Mathematik und Mechanik, Vol. 75, No. 2, pp.539-540, 1995. 
ABSTRACT: Linear stability of the cylindrical shell with the strong cover filled by the soft core is investigated. 
Such structures are usually elements of the vehicle bumpers. They are used for dissipating the crash energy. The 
analysis is focused on finding the most waved buckling form due to the parameters of the structure. An 
analytical approach is employed in this investigation instead of a numerical one. The standard Lagrangean 
energy algorithm is expressed in Mathematica formalism. 
 
 
Kato Shiro (Toyohashi Univ. of Technol.)   Yamashita Tetsuo (Tomoe Corp.)   Shibata Ryoichi (Gifu Natl. 
Coll. of Technol.), “Evaluation of Buckling Strength of Two-way Grid Shell using Continuum Analogy”, 
Journal of Structural Engineering. B, Vol. 46B, pp. 167-174, 2000, (in Japanese) 
ABSTRACT: The present paper discusses a method to estimate the elasto-plastic buckling loads of two-way 
grid shells. The method first applies the concept of shell analogy to derive linear buckling loads in a 
mathematical form, second calculates the generalized slenderness of buckling of members using linear buckling 
loads, and finally estimates the elasto-plastic buckling loads based on the concept of column strength curves in 
terms of generalized slenderness. In the mathematical form for linear bucking loads, the in-plane shear rigidity 
is reconfirmed to be the most important together with the out-of-plane bending rigidities. The buckling strength 
in elasto-plastic region, based on the present method, is compared with those obtained by elasto-plastic 
nonlinear analysis and verified very accurate. nonlinear analysis and verified very accurate. 
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“Elasto-plastic analysis of orthogonally stiffened plates with initial imperfections under uniaxial compression”, 
Computers & Structures, Vol. 11, No. 5, May 1980, pp. 429-437, doi:10.1016/0045-7949(80)90109-1 
ABSTRACT: In general, the stiffened plates consisting of steel plate elements are unavoidably accompanied by 
initial imperfections such as residual stresses and initial deflections, which have considerable effects on their 
ultimate strength. Therefore, it is needed for designing them to develop more rational method taking the 
ultimate strength influenced by initial imperfections into account rather than the conventional design method 
being on the basis of the linear elastic buckling theory. From this point of view, this study aims to evaluate 
rigorously the ultimate strength of orthogonally stiffened plate with initial imperfections under uniaxial in-plane 
compression. The elasto-plastic finite element method is applied to attain this purpose. By a happy combination 
of modal analytical technique and conventional finite element method, much reduction of the degree of freedom 
can be expected to be realized herewith. Some numerical calculations are performed by means of this rigorous 
method to examine the exactness of the analysis. Moreover, the numerical results are compared with the 
experimental ones. 
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10.1260/026635102321049510 
Abstract: The present paper aims to propose a method to evaluate elasto-plastic buckling strength of two-way 
grid shells, using mathematical formulas for linear buckling derived based on the continuum shell analogy. The 



paper is organised from two principal points of view. In the first discussion, we derive two formulas for linear 
buckling of two-way grid shells by substituting the equivalent continuum rigidity into the buckling formulas for 
orthotropic shells. The applicability of the formulas is verified using several structural examples by comparison 
with the other proposed formulas and FEM results. In the second discussion, based on the concept of column 
buckling, an effective approach to estimate elasto-plastic buckling strength of two-way grid shells is 
demonstrated. In the estimation procedure, the buckling formulas derived in the first discussion are effectively 
applied to obtain the generalised slenderness. 
 
 
K. Shirakawa and M. Morita (Department of Mechanical Engineering, University of Osaka Prefecture, Mozu-
Umemachi, Sakai, Osaka 591, Japan), “Vibration and buckling of cylinders with elliptical cross section”, 
Journal of Sound and Vibration, Vol. 84, No. 1, September 1982, pp. 121-131, 
doi:10.1016/0022-460X(82)90436-9 
ABSTRACT: A study of the free vibration of finite cylinders with elliptical cross section under external 
pressure is presented. The bucklng pressure is obtained as a special case in the free vibration analysis. The 
elliptical cross section is considered to be composed of two circular arcs, and the equations of a circular 
cylindrical shell are applied. Numerical examples are presented to examine the effect of out-of-roundness on the 
natural frequencies and the buckling pressure. 
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Sakai, Osaka 591, Japan), “Effects of shear deformation and rotatory inertia on vibration and buckling of 
cylindrical shells”, Journal of Sound and Vibration, Vol. 91, No. 3, December 1983, pp. 425-437, 
doi:10.1016/0022-460X(83)90289-4 
ABSTRACT: The vibration of cylindrical shells subjected to initial stresses is studied on the basis of a shell 
theory including shear deformation and rotatory inertia. The original equation system with five unknowns is 
reduced to one in three unknowns. An analysis is carried out for cylindrical shells with simply supported ends 
and the effects of initial stresses as well as shear deformation and rotatory inertia on the frequencies and the 
buckling forces are examined, and results are compared with those obtained by using classical thin shell theory. 
Results for initially unstressed shells are compared with those obtained by using the Mirsky-Herrmann theory. 
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ABSTRACT: The vibration problems of finite cylindrical shells under external pressure are studied based on 
the equations developed by Flugge. The buckling pressure is obtained as a special case in the vibration analysis. 
Numerical results are presented for nine different sets of boundary conditions, and their effects on the 
characteristics of vibration and buckling are examined with regard to the mode shapes and the geometrical 
parameters of cylindrical shells. 
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Giezen, Jurgen J. (1988) Plastic buckling of cylinders under biaxial loading. Dissertation (Ph.D.), California 
Institute of Technology. http://resolver.caltech.edu/CaltechETD:etd-11212007-083506  
ABSTRACT: An experimental investigation is carried out to study the effects of nonproportional loading in the 
plastic range on a buckling load. The discrepancy between experimental and theoretical results points to some 
principal shortcoming in the analysis. The problem has been simplified by applying axial tensile load and 
external press to simple cylindrical shell specimen and observing the buckling load for various nonproportional 
load-paths. Results are compared to numerical predictions (BOSOR5) using classical type plasticity models 
such as [...] deformation and [...] incremental theory. Significant discrepancy was found an attributed to 
inadequate modeling of the nonlinear material behavior. The effects of geometrical imperfections and large 
deflections were found to insignificant, thereby leading to an idea [...] of the discrepancy between test and 
theory is due to a use of inadequate plastic model. The introduction of the Southwell plot into elastic shell 
buckling problem reduced the already minor effects of geometric imperfections. The Christoffersen-Hutchinson 
corner theory model was introduced into BOSOR5 in its simplest form as presented by Poh-Sang Lam. Results 
obtained with this model, which allows corners to form on an initially smooth yield surface, displayed better 
agreement with experimental data. However, increased computational time and problems related to abrupt 
changes in load-path at the corner are a major concern at this present time 
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Experimental Mechanics, Vol. 31, No. 4, 1991, pp. 337-343, doi: 10.1007/BF02325990 
ABSTRACT: The predictions for plastic buckling of shells are significantly affected by the plasticity model 
employed, in particular in the case of nonproportional loading. A series of experiments on plastic buckling of 
cylindrical aluminum alloy shells under biaxial loading (external pressure and axial tension), with well-defined 
loading and boundary conditions, was therefore carried out to provide experimental data for evaluation of the 
suitability of different, plasticity models. In the experiments, initial imperfections and their growth under load 
were measured and special attention was paid to buckling detection and load path control. The Southwell plot 
was applied with success to smooth the results. The results show that axial tension decreases resistance to 
buckling under external pressure in the plastic region due to lsquosofteningrsquo of the material behavior. 
Comparison with numerical calculations using J2 deformation and incremental theories indicate that both 
theories do not predict correctly plastic buckling under nonproportional loading. 
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“On plastic buckling of cylindrical shells struck axially with a mass”, International Journal of Non-Linear 
Mechanics, Vol. 33, No. 2, March 1998, pp. 235-246, doi:10.1016/S0020-7462(97)00005-X 
ABSTRACT: Buckling of elastic-plastic cylindrical shells axially struck with a mass is discussed. The effect of 
stress wave fronts travelling along the shell is taken into account. This allows us to cast some more light on the 
mechanism of progressive buckling. Only axisymmetric buckling modes are considered. The analysis is based 
on the Kirchhoff-Love hypotheses. As a constitutive law, the rate independent elasto-plastic relations with 
linear strain hardening and von Mises yield condition are adopted. A method for calculating bifurcation times 
and buckling modes is presented. Numerical examples are given. 
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NAGOYA Repository, 25 March 1986. 
http://hdl.handle.net/2237/12518 
ABSTRACT: The buckling phenomena of the subducting lithosphere due to the sphericity or the earth are 
studied by a nonlinear finite element method, and the results are compared with the buckling experiments by 
Yamaoka et a1. (1986b). The subduction or the lithosphere is modeled by a hemispherical shell squeezed at its 
circumferential edge. For simplicity, two parameters are employed in scaling the subducting lithosphere. One is 
the thickness or the lithosphere and the other is the length or its deformable portion (i.e. , the length of the 
descending slab). Uniform inward load is applied to the free circumferential edge or the deformable portion. At 
the opposite edge (i.e., at the trench), built-in boundary condition is imposed; no displacements and no rotations 
are allowed. Investigations are made mainly on the following three subjects: (I) How do the two parameters 
control the wavelength of buckling? The results show that shorter waves are associated with thinner and shorter 
shells. The irregularities such as tears or seamounts do not alter the buckling wavelength very much. (2) How 
do shells deform in their postbuckling state. Sharp cusps pointing outward appear in the postbuckling 
undulation without any irregularities in shell property and in applied loadˇeThe shape or the cuspidal undulation 
is quite similar t.o that of the actual subducting lithosphere. (3) Can buckling take place in the subducting 
lithospbere under likely conditions in the earth? The examination is made with respect to the buckling load, the 
shell deflection, and the buckling wavelength. The results strongly suggest that the arcuate shapes of subduction 
zones are in fact generated by buckling or the subducting lithosphere. 
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“Spherical shell tectonics: buckling of subducting lithosphere”, Physics of the Earth and Planetary Interiors, 
Vol. 45, No. 1, January 1987, pp. 59-67, doi:10.1016/0031-9201(87)90197-X 
ABSTRACT: The lithospheric plate is a spherical shell rather than a plane plate. A spherical shell must buckle 
when it is bent inward. We examined the possibility of lithospheric buckling upon subduction. The lithosphere 
with its subducted portion is simulated by a hemispherical elastic shell bent inward at its circumferential edge 
by a uniform radial load. The buoyancy force acting on the lithosphere seaward of the trench is simulated by 
clamping the shell along a parallel. The deformable portion between the loaded and clamped edges corresponds 
to the subducting slab of lithosphere. Buckling analyses were made using the techniques of a linear stability 
analysis and a finite element method. The wavelength of buckling depends on the thickness of the shell and the 
length of its deformable portion: a longer wavelength is associated with a thicker shell and a longer deformable 
portion. By scaling the shell thickness and the length of the deformable portion to the elastic thickness of 
lithosphere and the length of subducting slab, respectively, the wavelength of buckling can be compared 
favourably to the length of one unit of arcuate trench in a chain-like continuation of island arcs. The load to be 



applied for initiation of buckling is called the critical load: a lower critical load is associated with a thinner shell 
with a longer deformable portion. The excess weight of subducting slab provides a load large enough to initiate 
lithospheric buckling at a relatively early stage of subduction. Radial displacement of the circumferential edge 
at the critical state is an order of magnitude smaller than the depth of the leading edge of the Wadati-Benioff 
zone, indicating that most of the present subducting lithospheres are under a postbuckling state. Undulation of 
the shell in the postbuckling state is not purely sinusoidal but a successive continuation of arcs with cusps in 
between, invoking the continuation of arcuate deep-sea trenches with cusps at their junctions. The cuspate 
feature of island arc chains is thus a natural consequence of lithospheric buckling and does not require any such 
irregularities as seamounts colliding with a trench. Collision of seamounts, however, can aid buckling greatly if 
they are aligned along a trench at an interval not very different from the inherent buckling wavelength. 
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“Buckling of a pervasively faulted lithosphere”, Pure and Applied Geophysics, Vol. 142, No. 2, p p 239-261, 
June 1994 
ABSTRACT: We investigated the buckling response of a faulted elastic plate under horizontal compression 
using the finite element technique to better understand the effect of faults on the elastic behavior of a plate. We 
studied the effect of changes in fault spacing, depth and dip on the effective Young's modulus, buckling stress 
and wavelength. Our model consists of a thick elastic plate whose entire upper surface is cut by evenly spaced 
faults. We impose either an initial sinusoidal deformation with a fixed wavelength or a random deformation to 
the grid. A fault is represented as a free surface with no resolved shear stress and is allowed to slip in a specified 
direction using the method of ‘slippery nodes’. With the assumption of free slip on the faults, our model results 
represent an end member case in which the buckling wavelength and buckling stress are minimized by the 
presence of the faults. 
In our models, fault depth was varied from 0 to 75% of the plate thickness. As strain increases, the grid deforms 
by antisymmetric flexural folding and the initial imposed wavelength of deformation is modified such that the 
new buckling wavelength emerges. Our results show that the effective Young's modulus is a decreasing 
function of fault depth and an increasing function of fault spacing. In addition, buckling of the plate occurs at a 
lower stress for greater fault depths. Buckling wavelength is independent of the initial deformation wavelength 
however, it is modified by the presence of faults. For a plate with closely spaced faults extending through at 
least 75% of the plate, buckling occurs at a wavelength one half as large as that for a continuous plate. Buckling 
stress is not independent of the intial deformation wavelength, rather it increases slightly with increasing 
difference between the initial deformation wavelength and the buckling wavelength. 
Analytical models that approximate or ignore the effect of faulting can have large errors in calculation of the 
buckling stress. More importantly, modeling the observed wavelength of deformation in a faulted region with 
analytical solutions for continuous plates may result in a significant underestimate of elastic thickness. Fault dip 
does not strongly affect either the effective Young's modulus or the buckling wavelength. Thus, the buckling 
response should be the same for a plate cut by a low angle fault or a high angle fault. 
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International Journal of Solids and Structures, Vol. 21, No. 1, 1985, pp. 79-95 
doi:10.1016/0020-7683(85)90106-4 
ABSTRACT: Numerical methods for the computation of singular points of nonlinear equations G(u, lambda, 
mu) = 0 are discussed, where lambda and mu are real parameters. Simple and double limit points are treated in 
some detail and numerical algorithms are presented and applied to elastic shell stability problems. The case of 
simple symmetry breaking bifurcation points is also treated with applications to nonsymmetric bifurcation from 
axisymmetric states of deformation of shells of revolution. 
 
 
C. R. Calladine (Peterhouse, Cambridge), “The static–geometric analogy in the equations of thin shell 
structures”, Mathematical Proceedings of the Cambridge Philosophical Society (1977), Vol. 82, No. 2, pp. 335-
351, doi: 10.1017/S0305004100053974 
ABSTRACT: The ‘static-geometric analogy’ in thin shell structures is a formal correspondence between 
equilibrium equations on the one hand and geometric compatibility equations on the other. It is well known as a 
fact, but no satisfactory explanation of its basis has been given. The paper gives an explanation for the analogy, 
within the framework of shallow-shell theory. The explanation is facilitated by two innovations: (i) separation 
of the shell surface conceptually into separate stretching (S) and bending (B) surfaces; (ii) use of change of 



Gaussian curvature as a prime variable. Various limitations of the analogy are pointed out, and a scheme for 
numerical calculation which embodies the most useful features of the analogy is outlined. 
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CB2 1PZ, England), “Classical buckling of a thin-walled tube subjected to bending moment and internal 
pressure”, International Journal of Mechanical Sciences, Vol. 20, No. 9, 1978, pp. 641-650, 
doi:10.1016/0020-7403(78)90022-X 
ABSTRACT: The classical buckling of a thin-walled circular cylindrical shell which is subjected 
simultaneously to uniform bending moment and internal pressure is investigated in an approximate fashion by 
assuming an appropriate eigenmode and obtaining a “best-fit” solution of the resulting equations. In this way, 
explicit formulae are derived for critical loading combinations and for the characteristics of the modal form. 
These formulae agree reasonably well with a wide range of numerical data previously obtained by Seide and 
Weingarten. A feature of the scheme is that it is feasible to interpret the results in physical terms, and to 
envisage the roles of bending, twisting and stretching in the critical solution. 
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of shell structures Aims and methods”, International Journal of Mechanical Sciences, Vol. 24, No. 4, 1982, 
pp.219-230, doi:10.1016/0020-7403(82)90076-5 
ABSTRACT: This paper discusses in a general way some aspects of the theory of shell structures, and the 
nature of the theory itself. It emphasises the importance of the interaction between bending and stretching 
effects in shells, and shows that the “two surface” model of shells provides a useful way of investigating this 
interaction at both the conceptual and the computational level. A cylindrical shell under various simple kinds of 
loading demonstrates how the key dimensionless groups emerge from this type of analysis. 
 
Some fresh light is thrown on the famous controversy between Love and Rayleigh on the vibration of simple 
shells. Various problems which arise in the numerical computation of shell structures are discussed. The paper 
concludes with some general remarks. 
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202, No. A3, 1988, pp. 141-149, doi: 10.1243/PIME_PROC_1988_202_020_02 
ABSTRACT: This paper commemorates the publication in 1888 of A.E.H. Love’s paper on thin elastic shells. It 
discusses Love’s relationship with Rayleigh and others, and assesses the historical significance of the work. 
 
 
E. T. Hambly and C. R. Calladine (Department of Engineering, University of Cambridge, Cambridge CB2 IPZ, 
U.K.), “Buckling experiments on damaged cylindrical shells”, International Journal of Solids and Structures, 
Vol. 33, No. 24, October 1996, pp. 3539-3548, doi:10.1016/0020-7683(95)00194-8 
ABSTRACT: It is well known that the buckling load of a thin cylindrical shell under axial compression depends 
significantly on the initial imperfection of the specimen. In this paper we focus attention on the effect of 
imperfections in the form of a particular kind of damage  on the load-carrying capacity of a thin cylindrical 
shell. The study is an experimental one. The specimens used were steel drinks cans having a radius/thickness 
ratio of about 350. The damage was introduced by pressing in an indentation by hand and then pushing it out 
again: this left two locally damaged regions in the shell; and the level of damage could be characterised by the 
width of the initial indentation. The specimens were tested under eccentric axial compression. Careful visual 
observations were made of the behaviour of the shells in the damaged regions. In general, as the load increased 
a small dimple near the damaged zone grew in size, and turned gradually into a diamond shape. When the width 
of such a dent reached 25 mm, the can collapsed catastrophically. The nominal stress level in the region of the 
dent at buckling was around 0.24 of the classical buckling stress, whereas the buckling stress level for 
undamaged cans was 0.5±0.1 of the classical value. 



 
 
P. Mandal and C. R. Calladine (Department of Engineering, University of Cambridge, Cambridge, CB2 1PZ, 
UK), “Buckling of thin cylindrical shells under axial compression”, International Journal of Solids and 
Structures, Vol. 37, No. 33, August 2000, pp. 4509-4525, doi:10.1016/S0020-7683(99)00160-2 
ABSTRACT: Simple experiments on self-weight buckling of thin, open-top, fixed-base, small-scale silicone 
rubber cylindrical shells are presented in this article. The buckling heights were found to be proportional to 
thickness raised to the power of approximately 1.5, compared to 1.0 as in the classical theory. A non-linear 
finite-element analysis of self-weight buckling showed that there is a ‘post-buckling plateau’ load 
corresponding to the experimental buckling loads. Moreover, the results of the present experiments showed very 
little ‘scatter’ in the buckling heights, compared to the large scatter in the experimental data from the literature 
on the buckling of thin cylindrical shells under axial compressive load (which also have buckling stress 
proportional to thickness raised to the power of approximately 1.5), although there were measurable 
imperfections in terms of thickness variations. These observations somehow defy the accepted hypothesis of 
‘imperfection-sensitivity’ in shell buckling. The most obvious explanation of the difference is that the open-
topped shells of the present study are statically determinate, whereas the usual closed-ended shells of tests 
reported in the literature are statically indeterminate; the possibility of high initial stresses may explain the 
scatter in the experimental observations in the literature. 
 
 
E. R. Lancaster, C. R. Calladine, S. C. Palmer (Department of Engineering, Universityh of Cambridge, 
Cambridge CB2 IPZ, UK), “Paradoxical buckling behaviour of a thin cylindrical shell under axial 
compression”, International Journal of Mechanical Sciences, Vol. 42 (2000) pp. 843-865 
ABSTRACT: The widely accepted theory of buckling of thin cylindrical shells under axial compressive loading 
emphasises the sensitivity of the buckling load to the presence of initial imperfections. These imperfections are 
conventionally taken to be minor geometric perturbations of a shell which is initially stress-free. The original 
aim of the present study was to investigate the e!ect on the buckling load of imperfections in the form of local 
initial stress, which are probably more typical of practice than purely geometric ones. Experiments were 
performed on a vertical `melinex” cylinder of diameter about 0.9 m and height about 0.7 m, with 
radius/thickness ratio about 1800. The upper and lower edges of the cylinder were clamped to end discs by 
means of circumferential belts, an arrangement that allowed states of self-stress to be introduced to the shell 
readily by means of local “uplift” at the base. The upper disc was made sufficiently heavy to buckle the shell, 
and it was supported by a vertical central rod under screw control. Many buckling tests were performed. 
Surprisingly, the buckling loads were generally at the upper end of the range of fractions of the classical 
buckling load that have been found in many previous experimental studies. Even when the local uplift at the 
base caused a local `dimplea to be formed before the shell was loaded, the buckling load was relatively high. A 
surface-scanning apparatus allowed the geometric form of the shell to be monitored, and the progress of such a 
dimple to be followed; and it was found that a dimple generally grew in size and migrated in a stable fashion up 
the shell as the load increased, until a point was reached when unstable buckling occurred. These unexpected 
and paradoxical features of the behaviour of the experimental shell may be attributed to the particular boundary 
conditions of the shell, which provide in effect statically determinate support conditions. This study raises some 
new issues in the field of shell buckling, both for the understanding of buckling phenomena and for the rational 
design of shells by engineers against buckling. 
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“Buckling of thin cylindrical shells: an attempt to resolve a paradox”, International Journal of Mechanical 
Sciences, Vol. 44, No. 8, August 2002, pp. 1583-1601, doi:10.1016/S0020-7403(02)00065-6 
ABSTRACT: The classical theory of buckling of axially loaded thin cylindrical shells predicts that the buckling 
stress is directly proportional to the thickness t, other things being equal. But empirical data show clearly that 
the buckling stress is actually proportional to t1.5, other things being equal. As is well known, there is wide 
scatter in the buckling-stress data, going from one half to twice the mean value for a given ratio R/t. Current 
theories of shell buckling explain the low buckling stress—in comparison with the classical—and the 
experimental scatter in terms of “imperfection-sensitive”, non-linear behaviour. But those theories always take 
the classical analysis of an ideal, perfect shell as their point of reference. Our present principal aim is to explain 
the observed t1.5 law. So far as we know, no previous attack has been made on this particular aspect of thin-shell 
buckling. Our work is thus breaking new ground, and we shall deliberately avoid taking the classical analysis as 
our starting point. We first point out that experiments on self-weight buckling of open-topped cylindrical shells 
agree well with the mean experimental data mentioned above; and then we associate those results with a well-
defined post-buckling “plateau” in load/deflection space, that is revealed by finite-element studies. This plateau 
is linked with the appearance of a characteristic “dimple” of a mainly inextensional character in the deformed 
shell wall. A somewhat similar post-buckling dimple is also found by quite separate finite-element studies when 
a thin cylindrical shell is loaded axially at an edge by a localised force; and it turns out that such a dimple grows 
under a more-or-less constant force that is proportional to t2.5, other things being equal. This 2.5-power law can 
be explained by analogy with the inversion of a thin spherical shell by an inward-directed force. Thus, the 
deformation of such a shell is generally inextensional except for a narrow “knuckle” or boundary layer in which 
the combined local elastic energy of bending and stretching is proportional to t2.5, other things being equal. 
Similarly, the modes of deformation in the post-buckling dimples in a cylindrical shell are practically 
independent of thickness, except in the highly deformed boundary-layer regions which separate the 
inextensionally distorted portions of the shell. These ideas lead in turn to an explanation of the t1.5 law for the 
post-buckling stress of open-topped cylindrical shells loaded by their own weight. We attribute the absence of 
experimental scatter in the self-weight buckling of open-topped cylindrical shells to the statical determinacy of 
the situation, which allows a post-buckling dimple to grow at a well-defined “plateau load”. Conversely, the 
large experimental scatter in tests on cylinders with closed ends may be attributed to the lack of statical 
determinacy there. Our paper contains several arguments that are not mathematically water-tight, in contrast to 
many reports in the field of mechanics of structures. We plead that the problem which we have tackled is so 
difficult that the only way forward is one of “over-simplification”. We hope that our work will be judged not 
with respect to its absence of mathematical precision, but by the light which it sheds upon the problem under 
investigation. 
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Solid Mechanics and Its Applications, 2002, Volume 88, 119-134, doi: 10.1007/0-306-46954-5_8 
ABSTRACT: This paper is concerned with the buckling of uniform thin-walled cylindrical shell under uniform 
axial compressive loading. 
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“Buckling Optimization of a Lattice Cylindrical Shell”, The 41st Annual SES Technical Meeting, Lincoln, 
Nebraska, October, 2004. 
ABSTRACT: Lattice structures are often made in the form of thin-walled cylindrical shells reinforced with 
helical and circumferential ribs. In this research, an integrated equivalent stiffness model is developed to 
describe such a structure. The structure is defined by the following independent design variables: thickness of 
the lattice layer, angle of helical ribs, spacing of helical ribs, thichnesses of ribs, thickness of the skin, angle-ply 
of the skin. Method of Moving Asymptotes (MMA) is used to model a cylindrical lattice shell with external 
laminated skin. Compression axial force and global and local buckling of the shell are considered. Solution 
methodology is described. A numerical example of optimization of the design variables to provide the minimum 
value of the shell mass and to satisfy the following constraint: acting compression axial force should not cause 
the general buckling of the shell neither the local buckling of the helical ribs, is given. The proposed model 
allows analysis of the lattice structures and is not based on the finite element method which is still of little use 
for overall design due to model complexity and the inability to easily changes rib geometry (angle, spacing). 
 



 
Qiang Liu, Wei Che and Huajin Yu (CEFR Res. Center, China Inst. of Atomic Energy, Beijing, China), “Study 
on nonlinear dynamic buckling of single-layer elliptical paraboloid latticed shells under impact load”, 
International Conference on Electric Technology and Civil Engineering (ICETCE), 2011 
ABSTRACT: This paper simulates dynamic responses of single-layer elliptical paraboloid latticed shells under 
impact based on rate-dependent isotropic hardening material model, master-slave contact point searching 
method and penalty function method. Node displacement and structural energy are analyzed under impact of 
freely falling with certain initial height. The dynamic buckling of plasticity is judged according to the dynamic 
responses. The effects of all kinds of parameters (such as span, rise-to-span ratio and cross-sectional areas of 
members etc.) are analyzed on the structural dynamic buckling. The results show that the displacements of 
characteristic nodes, stain energy and total energy of the structure increase all of a sudden. The vertical stiffness 
of the latticed shells strengthens and critical momentums are enhanced with rise-to-span ratio's aggrandizement, 
and cross-sectional areas of members increasing. Supporting condition has a slight effect on critical loads and 
the latticed shells are sensitive highly to initial geometric imperfection. 
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“Dynamic instability of shell-like shallow trusses considering damping”, Computers & Structures, Vol. 64, 
Nos.1-4, July-August 1997, pp. 481-489, Special Issue: Computational Structures Technology, 
doi:10.1016/S0045-7949(96)00141-1 
ABSTRACT: Many papers which treat the dynamic instability of shell structures under step load have been 
published, but there are few papers which deal with dynamic buckling under a load with periodic 
characteristics, especially considering damping. Dynamic buckling behavior under periodic excitation is 
different from that of step excitation. In this paper, the damping influence on dynamic buckling for shell-like 
shallow trusses is numerically investigated under up-and-down excitation, that is, step, sinusoidal and seismic 
excitations, and compared with the static critical load. The results show that, considering the damping, dynamic 
buckling loads become higher than the case of no damping, and the indirect snapping responds more sensitively 
than the direct snapping by the damping effect, except in the vicinity of the main resonance region. 
 
 
H.L. Zhao, W.M. Huang and C.Q. Zhao (Southeast University, P.R. China),”A method to calculate the critical 
loads of single layer shallow lattice domes with initial imperfections”, Chapter 14 in Space structures 4, Vol. 1, 
edited by G.A.R. Parke and C.M. Howard, 1993, Thomas Telford Services Ltd, London, ISBN: 0 7277 1968 8 
SYNOPSIS: An iterative approach is suggested to calculate the critical loads of single-layer shallow domes 
with initial stochastic geometrical imperfections. The tangent stiffness matrix of an element with a small initial 
curvature is also presented in this paper. 
 
 
T. Nishimura , K. Morisako and S. Ishida, “Numerical analysis of rotational buckling in gusset plate type joints 
of timber lattice dome under several loading conditions”,  Journal of the International Association for Shell and 
Spatial Structures (J. IASS), Vol. 39, No. 2, April 1998 
ABSTRACT: Numerical study of critical behaviors of a timber lattice dome with steel gusset plate type joints 
under several loading conditions is conducted using the spatial beam-column FEM developed by the authors. 
The good accuracy of this numerical method is verified by the simulation of the full-scale physical test of the 
timber lattice dome in EXPO’90 Osaka, in which the rotational buckling of the node joint composed of six steel 
gusset plates has previously been observed. The numerical data of strain in one of the steel plates suggest that 
the rotational buckling was induced by lateral elastic buckling of plates. Under the loading conditions adopted 
here, the initial critical behavior of the lattice dome was neither overall snap-through of the dome nor buckling 
of individual wooden members but was invariably the rotational buckling of the node joints. 
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“Models and finite elements for thin-walled structures”, Chapter 3 in Encyclopedia of Computational 
Mechanics, Edited by Erwin Stein, Rene de Borst and Thomas J.R. Hughes. Volume 2: Solids, Structures and 
Coupled Problems, John Wiley & Sons, 2004 
PARTIAL ABSTRACT: This paper concentrates on the mathematical modeling of nonlinear mechanics of thin-
walled structures in view of associated finite element formulations. This means that we will primarily focus on 
formulations for structural models as prerequisite for derivation of finite elements, rather than specific 
‘elementology’. The main emphasis is put on shells, including the special case of flat plates, turning into shells 
anyway in the nonlinear regime. The derivations are kept as general as possible, including thick and layered 
shells (laminated or sandwich structures), as well as anisotropic and inhomogeneous materials from the outset. 
Throughout Section 4.4, we will specify the corresponding restrictions and assumptions to obtain the classical 
5-parameter shell formulation predominantly used for standard shell problems in the context of finite element 
analysis. In most part of the text, we restrict ourselves to static problems within the framework of geometrically 
nonlinear elasticity, neglecting time dependence and inertia effects. The extension into the materially nonlinear 
area is a straightforward procedure. It is believed that this does not mean a too strong restriction in view of the 
underlying motivation. It is a well cultivated tradition to let review articles start with the remark that a complete 
overview of existing methods and appropriate literature is utterly impossible. The multitude of existing 
concepts, methods, and implementations, as well as scientific papers, text books, and yet other review articles 
would effectively prohibit an exhaustive overview… 
 
 
Sang-Eul, H., Myung-Chae, C., Jin-Seop, L. and Hyun-Jae, K., “The elasto-plastic buckling analysis of ball-
jointed single layer latticed domes considering characteristics of the connector”, IASS Symposium 2001: 
International Symposium on Theory, Design and Realization of Shell and Spatial Structures, Nagoya, Japan, 9-
13 Oct. 2001 , pp. 196-197. 2001 
ABSTRACT: The purpose of this study is to investigate the characteristics of the connector having an influence 
on the elasto-plastic buckling load of ball-jointed single layer latticed domes. As analytic model, domes are 
composed of tubular member elements, balls and joints. The joint system of members in the single layer latticed 
domes has an influence on buckling load. Generally, the joint is assumed to be pin or rigid joint for the 
simplification of analysis. But the mero system that is used mostly for the spatial structures has intermediate 
properties between pin joint and rigid joint. Several studies based on the property of this semi-rigid joint are 
"Experiment and elasto-plastic buckling analysis of ball-jointed single layer reticulated domes" by Suzuki, 
"Elasto-plastic buckling loads of latticed shells with elastic springs at both ends of members" by Kato and 
"Loading test and elasto-plastic buckling analysis of a single layer latticed dome" by Ueki and so on. 
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“Optimum topological design of geometrically nonlinear single layer latticed domes using coupled genetic 
algorithm”, Computers & Structures, Vol. 85, Nos. 21-22, November 2007, pp. 1635-1646, 
doi:10.1016/j.compstruc.2007.02.023 
ABSTRACT: Single layer latticed domes are lightweight and elegant structures that provide cost-effective 
solutions to cover the large areas without intermediate supports. The topological design of these structures 
present difficulty due to the fact that the number of joints and members as well as the height of the dome keeps 
on changing during the design process. This makes it necessary to automate the numbering of joints and 
members and the computation of the coordinates of joints in the dome. On the other hand the total number of 
joints and members in a dome is function of the total number of rings exist in the dome. Currently no study is 
available that covers the topological design of dome structures that give the optimum number of rings, the 
optimum height of crown and the tubular cross-sectional designations for the dome members under the given 



general external loading. The algorithm presented in this study carries out the optimum topological design of 
single layer lattice domes. The serviceability and strength requirements are considered in the design problem as 
specified in BS5950. The algorithm takes into account the nonlinear response of the dome due to effect of axial 
forces on the flexural stiffness of members. The optimum solution of the design problem is obtained using 
coupled genetic algorithm. Having the total number of rings and the height of crown as design variables 
provides the possibility of having a dome with different topology for each individual in the population. It is 
shown in the design example considered that the optimum number of joints, members and the optimum height 
of a geodesic dome under a given external loading can be determined without designer’s interference. 
 
 
Amir H. Hashemian, Mohammad H. Kargarnovin and Jafar E. Jam, “Optimization of geometric parameters of 
latticed structures using genetic algorithm”, Aircraft Engineering and Aerospace Technology: An International 
Journal, Vol. 83, No. 2, 2011 , pp. 59-68, doi: 10.1108/00022661111120944 
ABSTRACT: The purpose of this paper is to analyze a squared lattice cylindrical shell under compressive axial 
load and to optimize the geometric parameters to achieve the maximum buckling load. Also a comparison 
between buckling loads of a squared lattice cylinder and a solid hollow cylinder with equal weight, length and 
outer diameter is performed to reveal the superior performance of the squared lattice cylindrical shells. A 
cylindrical lattice shell includes circumferential and longitudinal rods with geometric parameters such as cross-
section areas of the rods, distances and angles between them. In this study, the governing differential equation 
for buckling load which can be presumed as a criterion for designing lattice structures with a specific weight is 
derived and is used as an objective function in genetic algorithm (GA) method to calculate the optimum 
geometric parameters of the shell. The optimum parameters were modelled in finite element method (FEM) in 
order to verify the buckling loads obtained from GA. In another effort, the FEM was applied to analyze the 
solid hollow cylinders. The results demonstrate relatively close agreement between the buckling loads obtained 
from GA and FEM for such shells. It was also shown that latticed cylinders have better performance to carry 
compressive axial loads than the equivalent solid hollow cylinders with equal weights, lengths and outer 
diameters. The studies reported in this paper have been carried out for a single squared lattice shell without 
using two-side skins. However, using skins can give better performance in carrying compressive axial loads. 
The results in this paper show that this type of effective, economical lightweight and functional structures could 
be applied as inter-stages, inter-tanks, aircraft fuselage, rocket motor cases, pressure vessels and other elements 
of civil engineering structures in order to have greater strength and lower weight. Squared lattice cylindrical 
shell with optimum geometric design could provide the chance for eliminating the stiffeners of shells in 
aerospace structures in order to decrease the weight and increase the load-bearing capacity. 
 
 
Mohammad Hossein Kargarnovin, Mehdi Hashemi, “Buckling Analysis of Multilayered Functionally Graded 
Composite Cylindrical Shells”, Applied Mechanics and Materials, Vol. 108, pp. 74-79, October 2011, 
DOI: 10.4028/www.scientific.net/AMM.108.74 
ABSTRACT: In this paper, the buckling analysis of a multilayered composite cylindrical shell which volume 
fraction of its fiber varies according to power law in longitudinal direction, due to applied compressive axial 
load is studied. Rule of mixture model and reverse of that are employed to represent elastic properties of this 
fiber reinforced functionally graded composite. Strain displacement relations employed are based on Reissner-
Naghdi-Berry’s shell theory. The displacement finite element model of the equilibrium equations is derived by 
employing weak form formulation. The Lagrangian shape function for in-plane displacements and Hermitian 
shape function for displacement in normal direction to the surface of mid-plane are used. Then, finite element 
code is written in MATLAB based on stated method to obtain the critical axial buckling load. Numerical results 
show that despite having the same layout and average volume fraction of fibers, the critical axial buckling load 
of functionally graded composite cylindrical shell is more than that of traditional composite in which the 
volume fraction of its fiber is constant throughout the shell. 
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“Buckling Analysis of a Composite Cylindrical Shell with Fiber’s Material Properties Changing Lengthwise 
Using First-Order Shear Deformation Theory”, International Conference on Mechanical, Automotive and 
Materials Engineering (ICMAME'2012) Jan. 7-8, 2012 Dubai 
ABSTRACT: This paper presents the formulation and numerical buckling analysis of a circular cylindrical 
composite shell comprising of fibers made of functionally graded material (FGM). The material properties of 
the fibers vary through the shell length according to a power-law distribution of the volume fraction. That is the 
fiber material properties vary from the metal on the one end to the ceramic up to the middle of the shell then 
from the ceramic to the metal towards the other end of the shell. Based on the first order shear deformation 
theory (FSDT) the governing equations of the shells are derived. Then to determine the buckling load of the 
composite shell over simply supported edges these equations are solved using the generalized differential 
quadrature method. The obtained results for an isotropic shell are compared with those given in the literature. 
Very good agreement is seen. Then, the effects of geometric parameters and FG power index are also 
investigated on the magnitude of the buckling load through number of examples. The study of the obtained 
results shows that any decrease in the value of FG power index will lead to a better buckling behavior of the 
composite shell. 
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wrinkling in thin-walled tube bending via an energy-based wrinkling prediction model”, Modelling and 
Simulation in Materials Science and Engineering, Vol. 17, No. 3, February 2009,  
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ABSTRACT: Thin-walled tube bending is an advanced technology for producing precision bent tube parts in 



aerospace, aviation and automobiles, etc. With increasing demands of bending tubes with a larger tube diameter 
and a smaller bending radius, wrinkling instability is a critical issue to be solved urgently for improving the 
bending limit and forming quality in this process. In this study, by using the energy principle, combined with 
analytical and finite element (FE) numerical methods, an energy-based wrinkling prediction model for thin-
walled tube bending is developed. A segment shell model is proposed to consider the critical wrinkling region, 
which captures the deformation features of the tube bending process. The dissipation energy created by the 
reaction forces at the tube–dies interface for restraining the compressive instability is also included in the 
prediction model, which can be numerically calculated via FE simulation. The validation of the model is 
performed and its physical significance is evaluated from various aspects. Then the plastic wrinkling behaviors 
in thin-walled tube bending are addressed. From the energy viewpoint, the effect of the basic parameters 
including the geometrical and material parameters on the onset of wrinkling is identified. In particular, the 
influence of multi-tools constraints such as clearance and friction at various interfaces on the wrinkling 
instability is obtained. The study provides instructive understanding of the plastic wrinkling instability and the 
model may be suitable for the wrinkling prediction of a doubly-curved shell in the complex forming process 
with contact conditions. 
 
 
Buckling of Steel Shells European Design Recommendations, No. 125, 5th Edition, Revised Second Impression, 
J. Michael Rotter and Herbert Schmidt, Editors, September 2013, Published by: ECCS – European Convention 
for Constructional Steelwork, publications@steelconstruct.com, www.steelconstruct.com  
PREFACE: This document is described as the 5th Edition of the ECCS European Recommendations for the 
Buckling of Steel Shells. It is the successor to the 4th Edition, published in 1988, which was very different in 
style, format and content, though some of the regulatory requirements of the 4th Edition are here retained in the 
5th Edition. In the 20 years since the publication of the 4th Edition in 1988, much has changed in the field of 
metal shell buckling. Extensive research has been undertaken, much new knowledge has been developed, and 
powerful computational modelling has transformed the field, though much design is still conducted by hand 
calculation. These changes are reflected in this 5th Edition.  
 
 
Aleksandrs Korjakins, Institute of Materials and Structure, Riga Technical University, 
Patricia Kara, Kaspars Kalnins, “ Buckling and post-buckling analyses of stiffened composite shells with inter-
laminar damages”, 5th European LS-DYNA Users Conference, (year? 2004 or after) (Not allowed to copy 
portions of the document without a password from the owner, and I’m not willing to type the abstract or the list 
of references). 
 
 
Babak Haghpanah, Abdelmagid Hamouda, and Ashkan Vaziri. (2014). Characterization And Mechanical 
Performance Of Ultralight Metallic Lattice Core Composite Sandwich Shell. Qatar Foundation Annual 
Research Conference Proceedings: Vol. , EEPP0338. DOI: 10.5339/qfarc.2014.EEPP0338 
ABSTRACT: In this study sandwich-walled cylindrical shells with aluminum pyramidal truss core of constant 
curvature suitable for functional applications were fabricated employing an interlocking fabrication technique 
for the metallic core. The skins were made of carbon-fiber reinforced composites and co-cured with the metallic 
truss core. Thereafter, axial compression tests on some representative samples were carried out to investigate 
the failure modes of these structures and compared with an analytical failure map developed to account for 
Euler buckling, shell buckling, local buckling between reinforcements and face-crushing. The experimental data 
closely matched the analytically predicted behavior of the cylinders. In particular, it was found that local 
buckling and face crushing modes can exist together and are the most important modes of failure of the 
fabricated structure. In addition, a study on the bending response of semi-cylindrical samples is also presented 
using a combination of analytical modeling, three-point bending experiments and finite element (FE) based 
simulations. The aluminum pyramidal cores of these samples were also constructed using the novel interlocking 
method before curing them with composite face sheets to fabricate the final structure. A theoretical model was 
developed to analyze the experiments and develop failure criteria. Three failure modes: i) Face wrinkling, ii) 
Face crushing, and iii) Debonding between face sheet and truss cores, were considered and theoretical 



relationships for predicting the collapse load associated with each mode were developed. The experiments were 
carried out on two sets of specimens with differing face sheet thickness which clearly indicated the important 
role played by core debonding in determining the peak load of the structure. Localized buckling instabilities 
were also reported for samples with thinner face sheets. The role of debonding in determining strength was 
further highlighted by a comparison with FE simulations with suppressed debonding. This study highlighted the 
superior structural performance and failure properties of these structures thus demonstrating their suitability for 
their integration into the next generation of ultralight multifunctional systems. 
 
 
P.K. Gupta and N.K. Gupta, “Computational and experimental studies of crushing of metallic hemispherical 
shells”, Archive of Applied Mechanics, Vol. 76, No. 9, pp 511-524, December 2006 
DOI: 10.1007/s00419-006-0053-5 
ABSTRACT: Axial compression of aluminium spherical shells of R/t values ranging from 25 to 43 was 
performed under central loading. Quasi-static tests were conducted on an INSTRON machine (model 1197) of 
50 T capacity. Spherical shells were tested to identify their modes of collapse and to study the associated energy 
absorption capacity. In experiments all the spherical shells were found to collapse due to formation of an 
axisymmetric inward dimple associated with a rolling plastic hinge. A Finite Element computational model of 
development of the axisymmetric mode of collapse is also presented. Experimental and computed results of the 
deformed shapes and their corresponding load–compression and energy–compression curves were presented 
and compared to validate the computational model. The computed variations of the different strains and stresses 
were also studied. On the basis of the computational results mechanics of the development of the axisymmetric 
inward dimple mode of collapse has been presented, analysed and discussed. 
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D. Tumino, F. Cappello and G. Catalanotti (Dipartimento di Meccanica, Universita' degli Studi di Palermo, V.le 
delle Scienze - 90128 Palermo, Italy), “A continuum damage model to simulate failure in composite plates 
under uniaxial compression”, eXPRESS Polymer Letters, Vol. 1, No. 1, pp 15-23, 2007, DOI: 
10.3144/expresspolymlett.2007.4  
ABSTRACT: Experimental investigations and numerical simulations are performed in order to numerically 
predict the buckling behaviour of thin composite laminated specimens. Experiments are aimed at two 
objectives: the first is to completely characterize the carbon/epoxy material under simple loading 
configurations, the second is to test this material in buckling and post-buckling situations. The data collected 
with the first campaign of experiments are used to obtain the strength parameters required to define a damage 
model based on the failure theory by Tsai-Wu. This model is implemented in a Finite Element (FE) code and 
numerical simulations of buckling are executed for unidirectional and cross-ply laminates; results are in good 
agreement with experiments both in terms of determination of the critical loads and prediction of failure during 
post-buckling.  
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T. Subramani and Athulya Sugathan (VMKV Engineering College, Vinayaka Missions University, Salem, 
India), “Finite element analysis of thin walled-shell structures by ANSYS and LS-DYNA”, International 
Journal of Modern Engineering Research (IJMER), Vol. 2, No. 4, pp 1576-1587, July-August 2012 
ABSTRACT: Buckling is a critical phenomenon in structural failure. Buckling is the failure of structures under 
compression load. Also buckling strength of structures depends on many parameters like supports, linear 
materials, composite or nonlinear material etc. Also buckling behavior is influenced by thermal loads and 
imperfections. Analyzing all these conditions is difficult task. So few parameters are considered for the present 
work. Due to the advances in the Finite element techniques, analysis of these problems is possible which is 
difficult in earlier days. Formulae’s are available based on experimental techniques for linear range and not 
available for nonlinear range. So these problems are solved by the advances in computer technology with Finite 
element techniques in the nonlinear domain. In the present work both cylindrical and elliptical members are 
considered for buckling strength. Initially both the members are created using Ansys top down approach. 
Scaling options are used to built the elliptical members. The structure is divided to ease map meshing. Initially 
one end constrained and other free condition is considered for analysis. The structure is fine meshed to get 
better results. Both Shell63 in elastic range and shell43 in plastic range are used for analysis. The elliptical 
results are compared with theoretical results to check Finite element validity. The results are very close and 
analysis is extended for circular members. The stresses and loads are very high with linear analysis. But the 
stresses and loads are considerably reduced with nonlinear analysis. The effect of thickness on buckling load 
and stresses are plotted. The buckling load is increasing with increase in thickness. The hinged boundary 
conditions shows higher buckling strength compared to the initial boundary conditions for both elliptical and 
cylindrical members. The problem executed in the time domain also indicates the stresses reaching to the yield 
point and converging towards the critical loads. All results are represented with necessary graphical and 
pictorial plots . 
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Latvia), “A fast simulation procedure for ribbed composite structures with material degradation”, Mechanics of 
Composite Materials, Vol. 43, No. 3, pp 225-232, May 2007 
ABSTRACT: A fast simulation procedure for axially loaded ribbed composite structures is suggested based on 
the response surface methodology (RSM). The assessment of material degradation in terms of stiffness 
reduction in the skin-stringer zone is carried out to ensure the design reliability, thus acquiring a fast simulation 
procedure for an efficient and reliable analysis of the behaviour of axially loaded ribbed composite panels in 
their postbuckling state. 
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cylinders”, Mechanics of Composite Materials, Vol. 46, No. 5, 2010, pp. 483-492, doi: 10.1007/s11029-010-
9165-7 
ABSTRACT: The buckling of imperfect composite cylinders under concentric and eccentric compression is 
investigated experimentally and numerically, with particular attention given to the imperfection sensitivity of 
the shells. A series of glass-fiber-reinforced plastic cylinders have been tested under different load eccentricities 
to validate the corresponding nonlinear numerical analyses performed in this study. A good agreement between 
the experimental and numerical results was achieved through use of the ABAQUS/Explicit finite-element code 
and the introduction of initial imperfections. Both the experimental and the numerical results show that the 
knockdown factor increases as the loading eccentricity grows. 
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“Study On Buckling Behaviour Of Laminated Shells Under Pulse Loading”, ICAS 2010, 27th International 
Congress Of The Aeronautical Sciences, 2010 
ABSTRACT: This experimental and numerical study focuses on the buckling problem of cylindrical composite 
shells under pulse loads. Series of experiments have been performed to determine buckling loads of the 
laminated cylinders under different axial loading rates. Numerical models of the tested specimens have been 
elaborated and good agreement between experimental and numerical results has been achieved. The numerical 
models have been used to study the buckling behavior of the cylinders at loading rates much higher than could 
be achieved experimentally. Additionally, the influence of imperfections on dynamic buckling behavior of the 
laminated shells has been studied numerically. 
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Edgars Eglitis, Dynamic buckling of composite shells, PhD Thesis, Riga Technical University, Latvia; (2011) 
ABSTRACT: This thesis is focused on the investigation of the changes in the buckling behaviour of various 
composite shells due to dynamic, rapid loading. Currently, the structural design procedures of lightweight 
structures incorporate assumption of the loads as quasistatic, while maintaining reliability by applying 
conservative safety coefficients. Different investigations show that in various cases of dynamic loading the 



buckling loads can be both higher and lower than the static buckling load. Therefore, correct consideration of 
the load dynamics in the design procedure would lead to safer and more efficient structures. A reliable, 
experimentally validated analysis approach is required in order to benefit from the weight-saving potential of 
dynamically loaded composite structures, while maintaining the reliability. However, only few experimental 
investigations on dynamic buckling of composite structures have been performed because of the complexity of 
such experiments. In present thesis, the dynamic buckling of composite shells has been investigated 
experimentally and numerically, and an appropriate experimentally validated modelling approach has been 
proposed. Chapter 1 gives review of the accumulated knowledge in dynamic buckling of thin-walled structures. 
The key pioneering research has been reviewed along with the publications describing the current state-of-the-
art in the field. It has been revealed that surprisingly few experimental studies have been attempted in dynamic 
buckling of composite shells, with most researchers resorting to the analytical and numerical investigations 
only. Chapter 2 contains the relevant information about the experimental and numerical methods used within 
this thesis. The experimental investigations have been performed on cylindrical composite shells using 
hydraulically actuated loading frames and a drop tower. The main numerical tool used in this thesis is the 
ABAQUS/Explicit finite element software. Chapter 3 describes the static buckling behaviour of the selected 
specimens as a reference for the comparison with the dynamic buckling behaviour. The imperfection sensitivity 
of the cylindrical shells has been addressed by measuring the geometrical imperfections of the specimens and 
using this data in the numerical analyses. Chapter 4 contains the results of experimental and numerical 
investigations of dynamic buckling of composite cylinders. Gradually and suddenly applied loads, as well as 
half-sine shaped pulse loads have been considered and the influence of the load parameters on the buckling 
behaviour of the shells has been revealed. Chapter 5 expands the research to stiffened curved composite panels. 
The results have been obtained for various loading patterns using numerical models validated with the results of 
static buckling experiments.  
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“Experimental and numerical simulations of buckling problems in lightweight structures”, Chapter in 
Computational Mechanics 1995, edited by S.N. Atluri, G. Yagawa, T. Cruse, Singer, 1995 
ABSTRACT: It has been long recognized that the buckling behaviour of thin-walled pressure vessels, subjected 
to axial loading, is characterized by a bifurcation on an asymmetrical mode. It is also known that the carrying 
capacity of this type of structure greatly depends on geometrical imperfections characterizing the surface. This 
drastic effect of geometrical faults leads to a conservative design in most cases. In the design of the principal 
cryotechnic stage of the launcher Ariane 5, a thin-walled vessel was studied under complex loading conditions 
combining: pressurization, axial loading and a shear force coupled to a bending moment. Thus, the risk of 
buckling requires a precise estimation of pressure effects on geometrical imperfections. This is performed in 
two different cases: in the case of a non-stiffened configuration, and with the presence of axial stiffeners. 
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Abdellatif Khamlichi, Mohammed Bezzazi, Larbi Elbakkali, and Ali Limam, “Effet des imperfections 
géométriques sur la stabilité des coques élastiques cylindriques, Canadian Journal of Civil Engineering; Feb 
2004, Vol. 31 Issue 1, p27 
ABSTRACT: The effects of geometrical imperfections on the critical load of elastic cylindrical shells when 
subjected to axial compression are studied through analytical modelling. In addition to distributed defects of 
both axisymmetric or asymmetric forms, emphasis is put on the more severe case of localized defects satisfying 
the axial symmetry. The Von Kármán - Donnell shell equations were used. The obtained results show that shell 
strength at buckling varies very much with the defect amplitude. These variations are not monotonic in general. 
They indicate however a clear reduction of the shell critical load for some defects revealed as the most 
dangerous ones. The proposed method does not consider the complete coupled situation that may arise from 
interactions between several localized defects. It facilitates nevertheless straightforward initializing of closer 
analyses if such couplings are to be taken into account by means of special numerical approaches, because it 
enables fast a priori selection of the most hazardous isolated defects. 
 
 
A. Khamlichi (1), M. Bezzazi (2) and A. Limam (3) 
(1) Testing Department, Plastex Maroc SA, BP 342 Zone Industrielle, Tangier 90000, Morocco 
(2) LGCMS, Département de Physique, FSTT, BP 416, Tangier 90000, Morocco 
(3) URGC-Structures, INSA de Lyon, 20 Ave Albert Einstein, 69 621, Villeurbanne, France 
“Buckling of elastic cylindrical shells considering the effect of localized axisymmetric imperfections”, Thin-
Walled Structures, Vol. 42, No. 7, July 2004, pp. 1035-1047, doi:10.1016/j.tws.2004.03.008 
ABSTRACT: The effect of localized axisymmetric initial imperfections on the critical load of elastic cylindrical 
shells subjected to axial compression is studied through analytical modeling. Some classical results regarding 
sensitivity of shell buckling strength with respect to distributed defects having axisymmetric or asymmetric 
forms are recalled. Special emphasis is placed after that on the more severe case of localized defects satisfying 
axial symmetry by displaying an analytical solution to the Von Kármán–Donnell shell equations under specific 
boundary conditions. The obtained results show that the critical load varies very much with the geometrical 
parameters of the localized defect. These variations are not monotonic in general. They indicate, however, a 
clear reduction of the shell critical load for some defects recognized as the most hazardous isolated ones. 
Reduction of the critical load is found to reach a level which is up to two times lower than that predicted by 
general distributed defects. 
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“Reliability Assessment of Buckling Strength for Compressed Cylindrical Shells with Interacting Localized 
Geometric Imperfections”, American J. of Engineering and Applied Sciences 3 (4): 620-628, 2010. 
ABSTRACT: Elastic cylindrical shells are common structures in the fields of civil engineering and engineering 
mechanics. These thin-walled constructions may undergo buckling when subjected to axial compression. 
Buckling limits to large extent their strength performance. This phenomenon depends hugely on the initial 
distributed or localized geometric imperfections that are present on the shell structure. Localized geometric 
imperfections result in general from the operation of welding strakes to assemble the shell structure. In this 
study, reliability of buckling strength as it could be affected by shell material and geometry parameters was 
investigated. The localized geometric imperfections were chosen to be entering and having either a triangular or 
a wavelet form. Interaction between three localized imperfections had also been considered. Approach: A 



special software package which was dedicated to buckling analysis of quasi axisymmetric shells was used in 
order to compute the buckling load via the linear Euler buckling procedure. A set of five factors including shell 
aspect ratios, defect characteristics and the distance separating the localized initial geometric imperfections had 
been found to govern the buckling problem. A parametric study was performed to determine their relative 
influence on the buckling load reduction. Reliability analysis was carried out by using first order reliability 
method. Results: Wavelet imperfection was found to be more severe than triangular form in the range of low 
amplitude imperfections. It was shown also by comparison with the single imperfection case that further 
diminution of the critical load is obtained for three interacting imperfections. The interval distance separating 
the localized geometric imperfections was found to have important influence on the reliability index. 
Conclusion/Recommendations: In the he range of investigated parameters, reliability was found to increase with 
the distance separating the localized geometric imperfections. This can help performing optimal design of 
assembled strakes. 
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“Buckling strength of axially compressed thin axisymmetric shells as affected by localized initial geometric 
imperfections”, International Review of Applied Sciences and Engineering, Vol. 3, No. 1, June 2012, 
DOI: 10.1556/IRASE.3.2012.1.1 
ABSTRACT: Buckling analysis of axially compressed cylindrical shells having one or two localized initial 
geometric imperfections was performed by using the finite element method. The imperfections of entering 
triangular form were assumed to be positioned symmetrically at the mid shell length. The buckling load was 
assessed in terms of shell aspect ratios, imperfection amplitude and wavelength, and the distance separating the 
imperfections. The obtained results have shown that amplitude and wavelength have major effects, particularly 
for short and thin shells. Two interacting imperfections were found to be more severe than a single 
imperfection, but the distance separating them has small influence. 
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Villeurbanne Cedex, France), “Experimental collapse of thin cylindrical shells submitted to internal pressure 
and pure bending”, Thin-Walled Structures, Vol. 44, No.1, January 2006, pp. 39-50, 
doi:10.1016/j.tws.2005.09.006 
ABSTRACT: A thin-walled pressurised cylindrical shell is sensitive to buckling phenomena when it 
experiences locally a compressive stress. It is often considered that its behaviour under bending is rather similar 
to pure compression, but very few are the experimental investigations that precise the real behaviour of a thin 
pressurised cylinder submitted to a bending load. A large amount of experimental results is presented here, 
obtained on thin shells (550<R/t<1450) of moderate length (L/R≈2). The evolution of the cylinders' behaviour 
that has been recorded when internal pressure increases is outlined. It is shown that one must distinguish 
between local buckling and global collapse of the structure. A comparison of our experimental data to design 
recommendations given by two standards (NASA SP8007 and Eurocode 3) is finally achieved, putting in 
advance safety margins provided by these codes. 
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Walled Structures, Vol. 31, Nos. 1-3, May 1998, pp. 187-202, doi:10.1016/S0263-8231(98)00003-2 
ABSTRACT: Experimental and numerical methods are used to study the stability problem of cylindrical shells 
with cut-outs. The paper presents parametric research of the shape (square, rectangular, circular), the 
dimensions (axial and circumferential sizes, diameter) of the hole. The effect of the location and the number of 
the holes are also studied. The analysis indicates that the critical load is sensitive to the opening angle or 
circumferential size of the hole. The function (critical load-opening angle) is linear for large openings and 
independent of the geometrical imperfections of the shell. However for small openings, it is necessary to take 
into account the coupling between the initial geometrical imperfections and the openings. The linear approach 
does not fit because of the importance of the evolution of the displacements near the openings. These results 
will be used for the development of European rules. 
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Shells Buckling Under External Pressure — Influence of Localised Thickness Variation”, Advances in Steel 
Structures (ICASS '99), Proceedings of The Second International Conference on Advances in Steel Structures 
15–17 December 1999, Hong Kong, China, 1999, pp. 613-619, doi:10.1016/B978-008043015-7/50072-5 
ABSTRACT: Aggressive environments can provoke corrosion of thin cylindrical shells widely used in different 
engineering applications. Localised decrease of shell thickness usually causes buckling load reduction. Recently 
in 1994, Koiter et al. investigated the influence of modal thickness variation on a buckling load of an axially 
compressed shell. The thickness variation is assumed to be axisymmetrical and sufficiently small. In this paper 
Koiter et al. show that thickness imperfection can provoke a loss of buckling load which is, for small 
imperfection amplitude, a linear function. 
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“Effect of multiple localized geometric imperfections on stability of thin axisymmetric cylindrical shells under 
axial compression”, International Journal of Solids and Structures, Vol. 48, No. 6, March 2011, pp. 1034-1043, 
doi:10.1016/j.ijsolstr.2010.12.007 
ABSTRACT: Stability of imperfect elastic cylindrical shells which are subjected to uniform axial compression 
is analyzed by using the finite element method. Multiple interacting localized axisymmetric initial geometric 
imperfections, having either triangular or wavelet shapes, were considered. The effect of a single localized 
geometric imperfection was analyzed in order to assess the most adverse configuration in terms of shell aspect 
ratios. Then two or three geometric imperfections of a given shape and which were uniformly distributed along 
the shell length were introduced to quantify their global effect on the shell buckling strength. It was shown that 
with two or three interacting geometric imperfections further reduction of the buckling load is obtained. In the 
ranges of parameters that were investigated, the imperfection wavelength was found to be the major factor 
influencing shell stability; it is followed by the imperfection amplitude, then by the interval distance separating 
the localized imperfections. In a wide range of parameters this last factor was recognized to have almost no 
effect on buckling stresses. 
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“Reliability Assessment of Buckling for Stiffened Panels by Considering Localized Geometric Imperfections”,  
Australian Journal of Basic and Applied Sciences, 7(8): 616-624, 2013 
ABSTRACT:  Reliability assessment of buckling limit state for imperfect stiffened panels made from elastic 
homogenous and isotropic material and subjected to uniform axial compression was performed in this work. 
The stiffened panel was assumed to suffer a single localized geometric imperfection having the form of a 
rectangular depression patch that is situated either on a web or a segment of the panel. A parametric study was 
performed with regards to the buckling strength variations for both perfect and imperfect panels as affected by 
the defect depth and position. Imperfect panels were generated by placing a depression square of fixed size and 
variable depth at various locations of the web and the plate. The obtained results have shown that buckling 
strength of stiffened panels is largely affected by the system geometric parameters and the defect characteristics. 
For an imperfect stiffened panel with a defect present either on a web or a segment, a drastic reduction of the 
buckling stress was obtained. The relative influence of defect position and depth was found to depend on 
whether the defect is located on a web or a segment of the stiffened panel. For a given configuration of the 
panel, focus was done on the effect of uncertainties affecting the plate geometric dimensions, the defect 
characteristics and the applied loading. These parameters were assumed to be random variables. Their means 
and standard deviations were assumed to be known, while no prior information is available about their densities 
of probabilities. First Order Reliability Method was applied to a response surface representation of the buckling 
limit state which was derived through quadratic polynomial regression of finite element results that were 
collected according to a full factorial design of experiment table built on the key intervening factors. The 
influence of the distributions of probabilities chosen to model the problem uncertainties for the perfect and 
imperfect stiffened panels was analyzed. It was found that these modify significantly reliability results. 
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R. L. Roche, B. Autrusson (Département des Etudes Mécaniques et Thermiques, IRDI C.E.N. Saclay, Gif, 
France), “Experimental Tests on Buckling of Torispherical Heads and Methods of Plastic Bifurcation 
Analysis”, Journal of Pressure Vessel Technology, Vol. 108, No. 2, pp. 138-145, May 1986, 
DOI: 10.1115/1.3264761 
ABSTRACT: Sixteen torispherical heads were tested under internal pressure. These heads, which were 500 mm 
in diameter, had diameter/thickness ratios ranging from 330 to 1000. They were all prepared by spinning mild 



steel plates. Deflections along the axis and in the knuckle area were recorded. The most practical result is the 
buckling pressure and this can be exceeded without fracturing the head. The tests show that the buckling 
pressure is relatively unaffected by geometric imperfections. These experimental results are used to assess the 
validity of the different plastic bifurcation analysis methods. Five different methods were employed using the 
CASTEM general-purpose computer program. The method based on the incremental theory of plasticity proved 
to be incapable of correctly predicting head buckling. If this method is modified by replacing the elastic shear 
modulus by the secant modulus, the results obtained show good agreement with experimental results. 
 
 
B. Autrusson, D. Acker and A. Hoffmann (C.E.A.-DEMT, Commissariat à l'Energie Atomique, C.E.N. Saclay, 
Gif-sur-Yvette, France), “Discussion and validation of a simplified analysis against buckling”, Nuclear 
Engineering and Design, Vol. 98, No. 3, January 1987, pp. 379-393, doi:10.1016/0029-5493(87)90017-3 
ABSTRACT: The Liquid Metal Fast Breeder Reactor poses special problems in the design and construction of 
its important components. Its low pressures permit utilization of less expensive, thin cross-sections. But the high 
temperatures result in serious thermal stress and buckling problems. This paper describes the buckling design 
rules for the French Fast Reactor design for Class I and II components. The paper contains a simplified analysis 
method, offers experimental validation, and a comparison with the ASME Section III code. 
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(1) National Nuclear Corporation Limited, Risley, Warrington, UK 
(2) CEA, Centre d’Etudes de Saclay, Gif-sur-Yvette, France 
(3) ISMES, Bergamo, Italy 
“Shear buckling of cylindrical vessels benchmark exercise”, in Fast reactor core and coolant circuit structures: 
transactions of the 9th International Conference on Structural Mechanics in Reactor Technology (SMiRT 9),  
edited by Folker H. Wittmann, Yao-wen Chang and Michel Livolant, 1987, A.A. Balkema, Rotterdam, The 
Netherlands, ISBN 90-6191-762-X 
PARTIAL INTRODUCTION: In Liquid Metal Fast Breeder Reacgtors (LMFBR) potential shear buckling 
failures of the primary vessel, induced through seismic excitations, have to be considered. The problem is 
particularly severe in pool type reactors due to their large size, radius of approximately 10 m, coupled with 
small wall thicknesses of 50 mm and less. In addition, the primary vessel material, typically 316 stainless steel, 
has a low yield strength at the normal operating temperatures of around 400 degrees C to 500 degrees C. These 
charactieristics tend to maike the structure relatively flexible and subject to potential elasto-plastic shear 
buckling failure… 
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“Dynamic buckling of stiffened cylindrical shells of revolution under a transient lateral pressure shock wave”, 
Thin-Walled Structures, Vol. 23, Nos. 1-4, 1995, pp. 85-105, Special Issue: Buckling Strength of Imperfection-
sensitive Shells, doi:10.1016/0263-8231(95)00006-Y 
ABSTRACT: A modal method of analysis is used to determine the response of an infinitely long stiffened 
cylindrical shell of revolution to a transient lateral pressure produced by an underwater explosion and 
propagating in an acoustic fluid. The shell is initially immersed, hence prestressed by the external hydrostatic 
pressure. A theory of dynamic buckling is then developed for cylindrical shells subjected to transverse pressure 
pulses of different durations. 
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“Plastic buckling of complete toroidal shells of elliptical cross-section subjected to internal pressure”, Thin-



Walled Structures, Vol. 34, No. 2, June 1999, pp. 135-146, doi:10.1016/S0263-8231(99)00006-3 
ABSTRACT: The plastic bifurcation buckling pressures of 60 internally-pressurised, perfect, complete toroidal 
shells of elliptical cross-section are given in the present paper, assuming elastic, perfectly plastic, material 
behaviour. The shell buckling programs employed in the computations were BOSOR5 and INCA. Denoting the 
major-to-minor axis ratio by k, the numerical results show that the plastic buckling pressures are considerably 
lower than their elastic counterparts in the range 1.25≤k≤1.5 and are approximately equal to them for k=2.5. A 
limited study of the effects of non-axisymmetric initial geometric imperfections on the buckling pressures of the 
shells was also carried out using the INCA code. For the four cases studied the post-buckling behaviour was 
stable. This means that designers can use the buckling pressures given herein for perfect shells as a basis for 
their initial designs. 
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(2) LMT ENS-Cachan, 61 Bd du Président WILSON, 94235 Cachan Cedex, France 
“The influence of circumferential thickness variations on the buckling of cylindrical shells under external 
pressure”, Computers & Structures, Vol. 74, No. 4, February 2000, pp. 461-477, 
doi:10.1016/S0045-7949(99)00053-X 
ABSTRACT: Imperfection sensitivity of thin shells of constant thickness was widely studied during the last 50 
years (J.G. Teng, Appl. Mech. Rev. 1996:49(4)). Recently, Koiter et al. (Int. J. Solids Struct. 1994:31(6):797–
805) investigated the influence of axisymmetric modal thickness variation on the buckling load of an axially 
compressed shell. In this paper, the influence of harmonic thickness variation in the circumferential direction on 
thin cylindrical shell buckling under external pressure is analysed by means of FE bifurcation analysis. Two 
different FE codes were used, one with quasi-axisymmetrical multimodal Fourier analysis (A. Combescure, 
Etude de la stabilité des coques minces sous chargements complexes dans INCA. Rapport DMT/94-460, in 
French, 1994; Modélisation des coques axisymétriques avec imperfection quelconque: L’élément COMI (in 
French). Rapport DMT/97-189, 1997; Schauder B. Flambage des Coques Cylindriques en Fléxion. Thèse de 
doctorat, INSA de Lyon, in French, 1997), and the second one with 3D shell elements. A new quasi-
axisymmetric element (COMI) is presented. It uses Fourier series expansion in the circumferential direction 
coupled with a full numerical integration around the circumference, which allows any variation of thickness or 
of initial imperfections. 
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“Nonlinear buckling of cylinders under external pressure with nonaxisymmetric thickness imperfections using 
the COMI axisymmetric shell element”, International Journal of Solids and Structures, Vol. 38, Nos. 34-35, 
August 2001, pp. 6207-6226, doi:10.1016/S0020-7683(00)00359-0 
ABSTRACT: This paper concerns the influence of thickness imperfections on the nonlinear buckling of 
cylinders under uniform external pressure. The material is assumed to behave elastically. A parametric study is 
performed using the COMI finite element, which allows to perform nonlinear analyses of shells of revolution 
with any kind of nonaxisymmetric initial imperfection. Let us assume that the perfect shell buckles with a 
Fourier mode m and that the initial thickness imperfection is on Fourier mode 1, m or 2m. As shown in a 
previous study on linear buckling of cylinders with thickness imperfections, 1 and 2m are the most harmful 
thickness imperfections. We show that the nonlinear pre-buckling does not affect the buckling pressures very 
much. We then study the coupling with geometrical imperfections. We show that the geometry and thickness 
imperfections have a multiplicative effect on the decrease in buckling load in the nonlinear range. Finally, we 
show that if one uses only the measured outer radius of a shell to input initial imperfections, very different 
nonlinear buckling pressures can be obtained under the assumptions that the imperfection is purely geometric, 
purely thickness, or a combination of both. 
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“Buckling of thin-walled pressurized cylinders under bending load”, in Structures and Granular Solids edited by 
Chen, et al, Taylor & Francis Group, London, 2008, ISBN 978-0-415-47594-5 
ABSTRACT: The buckling behavior of thin-walled pressurized cylinders under bending load is investigated 
through an intensive experimental campaign on thin shells (550 < R/t < 1450) of moderate length (L/R about 
equal to 2.0). The experimental buckling behavior of pressurized shells under bending is somewhat similar to 
the behavior under axial compression: for low pressurization cases, the load-carrying capacity is strongly 
sensitive to geometrical imperfections, whereas above a sufficiently high level of pressure, the buckling occurs 
for a stress value close to the theoretical prediction. A major difference between bending and pure compression 
lies in the post-critical behavior; the reaching of the critical load under bending is accompanied by wrinkles or 
buckles confined to a small area around the (maximally) compressed fiber. It allows, in the case of sufficiently 
pressurized cases, stress redistribution around the buckling zone. Therefore the collapse moment is much higher 
than the bifurcation moment, in contrast to the case of pure axial compression. In a second section, non-linear 
finite element analyses are carried out to simulate the conducted tests. The numerical model correctly follows 
the experimental results. 
 
 
Alain Combescure and Ute Rayling, “Pitfalls in the finite element modeling of the buckling of sandwich shells 
of revolution”, Thin-Walled Structures Vol. 63, pp 91-97, February 2013, DOI: 10.1016/j.tws.2012.09.006 
ABSTRACT: The objective of this work is to answer the following question: Is a multilayer shell model always 
appropriate for the prediction of the buckling of a thin structure? In order to do that, we chose to analyze the 
buckling of a three-layer cylindrical tube in uniform axial compression. We compared three approaches for the 
calculation of the theoretical buckling load: a fully analytical formula, a Fourier series buckling model of a 
multilayer axisymmetric shell and a calculation based on a mechanical mesh of the axisymmetric medium of the 
middle layer. This analysis shows that two buckling modes are in competition: a global beam mode and a local 
skin buckling mode (wrinkling) which develops when the stiffness of the middle layer is quite small. The 
critical loads can be estimated analytically for both types of modes, leading to a critical length under which the 
cylinder fails by skin buckling; otherwise, it fails in beam mode. Then the problem was solved by finite 
elements using two models: first, a multilayer axisymmetric shell model, then a model with two types of 
elements in each section (an 8-node axisymmetric element for the middle layer, and axisymmetric shell 
elements for the two skins). We showed that both models can predict the beam mode, but only the latter was 
capable of predicting the skin buckling mode. Similar results are proposed for the prediction of the buckling of 
a three-layer cone under internal pressure. We also compared the formulations for geometrically nonlinear 
problems with nonlinear materials and showed that in such problems the nonlinearities cause even more 
pronounced differences. This clearly raises the question of the choice of the type of finite element for the 
prediction of buckling in a multilayer structure in which some layers have only a small relative stiffness. The 
analytical solution and the analysis of the nonlinear response in the case of the cone confirm that the poor 
prediction of the skin buckling mode is due to a failure to account for the flexibility perpendicular to the mean 
surface. 
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“Buckling of Fabric-Reinforced Concrete Shells”, ASCE Journal of Structural Engineering, Vol. 114, No. 4, 
April 1988, pp. 765-782, doi  http://dx.doi.org/10.1061/(ASCE)0733-9445(1988)114:4(765) 
ABSTRACT: A series of fabric-reinforced concrete shells are tested for buckling under uniform normal 
pressure in an air chamber. The test results are compared with previous experimental results for steel-reinforced 
concrete shells, and are used to provide a tentative design procedure for fabric-reinforced spherical shells. The 
design procedure is illustrated with an example, comparing results with the results obtained by design methods 
for steel-reinforced shells described in earlier studies. Experiments to maximize buckling stiffness per unit 
material cost in the shell cross section are summarized. Practical limitations on shapes of fabric-reinforced 



shells are described as well as their buckling sensitivity to variables in construction procedure. 
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(2) Ph.D Candidate, Civ. Engrg., Univ. of Delaware, Newark, DE  
“Nondestructive Load Predictions of Concrete Shell Buckling”, ASCE J. Struct. Engrg. 115, 1191 (1989 ); 
doi:10.1061/(ASCE)0733-9445(1989)115:5(1191). 
ABSTRACT: Nondestructive test methods are evaluted for predicting the buckling capacity and buckling 
location of fabric-reinforced concrete shells. The load-deformation methods consist of measuring vertical 
deflections of 10-20 points on the shell surface under increasing vacuum pressures, curve fitting of the 
deflectionpressure response at each point, calculating a characteristic pressure on each curve, and using the 
lowest such calculated pressure as a predictor of shell buckling capacity. The curve fits are updated at each 
pressure increment and the test is continued to a pressure equal to a safe fraction of predicted buckling load, 
based on prior testing experience. Predicted and actual buckling pressures are compared for six experimental 
shells. The chosen method was selected from a comparison of four extrapolation methods, based on its least 
standard deviation between predicted and actual buckling pressures for the six shells. Vacuum tests can also 
indicate approximate buckling locations, for installing reinforcing arches before placing shells in service, and 
provide an inexpensive means for proof loading shells to any specified overload factor. 
 
 
Uchiyama, M and Yamada, S, “Nonlinear Buckling Simulations Of Imperfect Shell Domes By Mixed Finite 
Elements”,  ASCE Journal of Engineering Mechanics, Vol. 129, No. 7, pp. 707-714. 
ABSTRACT: A degenerated 9-node-shell element and interpolation formulation for stress resultant vectors 
were utilized in this work. Selected experiments previously performed by the second author on the elastic 
buckling of clamped thin-walled shallow spherical shells under external pressure are compared with the present 
finite element analytical results. The measured geometric initial imperfection distributions are incorporated in 
the finite element analytical procedure. Good agreement between the numerical simulations and the 
experimental measurements of not only maximum loads but also displacement distributions were obtained. 
 
 
Seishi Yamada (Department of Architecture and Civil Engineering, Toyohashi University of Technology, 
Toyohashi 441, Japan), “Buckling analysis for design of pressurized cylindrical shell panels”, Engineering 
Structures, Vol. 19, No. 5, May 1997, pp. 352-359, Special Issue: Stability of structures. 
doi:10.1016/S0141-0296(96)00093-4 
ABSTRACT: In contrast with the pressure buckling of a complete cylinder, even a perfect cylindrical shell 
panel displays a complex form of nonlinear snap buckling behaviour. The prebuckling nonlinearity has been 
understood to be induced by the total equivalent imperfections involving the potential-load-induced 
imperfection and the actual geometric imperfection. Based on this concept, an alternative estimation procedure 
of the elastic and elastoplastic buckling load-carrying capacities is proposed and the resulting simple equations 
and formulae for design are represented. 
 
 
Seishi Yamada (1) and J.G.A. Croll (2) 
(1) Toyohashi University of Technology, Toyohashi 441-8580, Japan 
(2) Dept. of Civil Engineering, University College London, London WC1E 68T, UK 
“Contributions to understanding the behavior of axially compressed cylinders”, Journal of Applied Mechanics, 
Vol. 66, pp 299-309, June 1999 
ABSTRACT: An elastic nonlinear Ritz analysis is used to investigate the behavior of axially loaded imperfect 
cylindrical shells. It is shown how the initially positive contributions arising from the shells membrane energy 
are eroded with increasing levels of both deformations and imperfections. This loss of membrane energy is 
shown to be responsible for the notoriously imperfection sensitive buckling of the shell. Extensive parameter 
studies demonstrate the existence of a well-defined lower bound to buckling loads and the dominance of 



characteristic incremental deformation modes as this lower bound is approached. For the first time the 
physically based hypotheses of the reduced stiffness method are theoretically demonstrated. Furthermore, it is 
shown how a slightly modified form of the reduced stiffness method provides very close predictions of the 
lower bounds to buckling loads. 
 
 
Seishi Yamada (Dept. of Architecture and Civil Engineering, Toyohashi University of Technology, Japan), 
“Buckling load evaluation method for single layer cylindrical lattice shells”, Journal of Civil Engineering and 
Architecture, Vol. 6, No 3, pp. 268-279, March 2012 
ABSTRACT: A rational design evaluation procedure is investigated for the elastic overall buckling load 
carrying capacity of single layer cylindrical lattice shell roof structures. The nature of the imperfection 
sensitivity of these structures is for the first time reviewed in this paper. This allows the development of the 
reduced stiffness buckling analytical concept for the lattice shells based upon the introduction of a simple lower 
bound estimation equation through the use of the so-called continuum shell analogy theory. The linear and 
nonlinear buckling loads found from conventional finite element analyses are compared with the present 
estimations. Finally, the elastic-plastic load carrying capacity estimation method through the use of the present 
elastic lower bound criteria is also proposed. 
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Dan Li; Zhi-ping Tang; Hui-jie Zhang, “Experimental investigation on dynamic buckling of the TiNi cylindrical 
shell under single loading (Proceedings Paper)”, ICEM 2008: International Conference on Experimental 
Mechanics 2008, http://spie.org/x648.html?product_id=839372 , doi: 10.1117/12.839372 
ABSTRACT: In this paper, dynamic buckling of a martensitic transformation dominated super-elastic TiNi thin 
cylindrical shell under single loading was studied and analyzed. The results showed that the buckling mode was 
mainly the non-axisymmetric diamond model, and recovered when unloading, and related with martensitic 
transformation and the behavior of the transformation hinge, and was significantly different from the traditional 
elastic-plastic cylindrical shell. The article also discussed that the influence of the length-to-diameter rate and 
boundary conditions on buckling mode, specific energy, critical instability threshold, and so on. The study 
showed, as length and boundary conditions changed, TiNi thin cylindrical shells showed a variety of buckling 
modal development. Under the same boundary condition, Se was reduced as length-diameter ratio increased, 
had the similar law with the quasi-static compression experiments. But the specific energy of a TiNi thin 
cylindrical shell was greater than that in the quasi-static compression experiments. 
 
 
K. Fujita & T. Ito (Takasago R&D Center, Mitsubishi Heavy Industries), K. Baba & M. Ochi (SI 2nd Center, 
Mitsubishi), K. Nagata (Kobe Shipyard and Machinery Works, Mitsubishi), “Dynamic buckling analysis for 
cylindrical shell due to random excitation”, Earthquake Engineering, Tenth World Conference, Balkema, 
Rotterdam, 1992, ISBN 90 5410 0605. 
ABSTRACT: The containment vessel of a nuclear power plant, the LMFBR reactor vessel, and a tall cylindrical 
tower are thin cylindrical shell structures with large diameter. Therefore, development of an evaluation 
technology for dynamic buckling for these structures due to wind or seismic loading is becoming very 
important. Some research works are found recently, but the analysis generally needs unpractival huge CPU 
time. The development and the utility of a practical dynamic buckling analysis code using FEM, in which 
lumped masses and initial imperfection etc. can be taken into account, are reported here. 
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Dániel Vetö and István Sajtos (Budapest University of Technology and Economics Department of Mechanics, 
Materials and Structures), “Application of geometric method to determine the buckling load of spherical shells”, 
Akadémiai Kiadó, Vol. 4, No. 2, August 2009, doi: 10.1556/Pollack.4.2009.2.13 
ABSTRACT: The paper considers the buckling of complete spherical shells. The main purpose could be, as a 
basis for real design, to find the lower critical load. Three scientists developed the idea that the buckled shape of 
the shell is the isometrically transformed shape of the original shell surface. Applying this idea using 
rotationally symmetric buckled shape the lower critical load can be calculated fairly easily for spherical shells. 
In reality the buckled shape has rather discrete rotation symmetry. Considering this kind of buckled shape is the 
main task of our research. Some preliminary results related to this buckling form will be presented here. 
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A. J. Sadowski and Rotter, J. Michael, “Eccentric discharge buckling of a very slender silo”,  Symposium of the 
International Association for shell and spatial structures – IASS; Evolution and trends in design, analysis and 
construction of shell and spatial structures. Proceedings IASS, December 11, 2009, Universitat Politécnica de 
Valencia: Proceedings edited by Alberto Domingo and Carlos Lázaro, pp. 2557-2568. 
http://hdl.handle.net/10251/6590 
ABSTRACT: Metal silos used to store granular solids often take the form of a cylindrical shell with an aspect 
ratio in the range 2 < H/D < 6. It has long been recognized that the most serious load case for silos is the 
condition of eccentric discharge of its stored solid, and more failures have occurred under this condition than 
any other. Two of the chief reasons for this high failure rate are the difficulty in characterizing the pressure 
distribution caused by eccentric solids flow, and the difficulty in understanding the pattern of stresses that 
develops in a shall wall under such unsymmetrical pressure regimes. The nonsymmetric behavior of a shell  
structure under such a loading condition is not at all well described in the voluminous shell structures literature, 
and only a few studies have explored the mechanics leading to high local stresses which in turn lead to buckling  
failure under eccentric discharge. In this study, the pressures caused by eccentric discharge are characterized 
using the new rules of the European Standard EN 1991-4 [5] that defines the Actions in Silos and Tanks. Using 
this new improved description of unsymmetrical pressures, it is now possible to perform relatively realistic 
calculations relating to this common but complicated shell buckling condition. The calculations described here 
are part of a wider study believed to be the first of its kind and are undertaken using geometrically and 
materially nonlinear analyses in accordance with the European Standard EN 1993-1-6 [6] on Strength and 
Stability of Shells. The paper explores the structural behavior leading to buckling during eccentric discharge, 
including the critical effects of changes of geometry and imperfection sensitivity. 
 
 
Seung-Eock Kim, Chang-Sung Kim, Department of Civil and Environmental Engineering, Construction Tech. 
Research Institute, Sejong University, 98 Kunja-dong, Kwangjin-ku, Seoul 143-747, South Korea, “Buckling 
strength of the cylindrical shell and tank subjected to axially compressive loads”, Thin-Walled Structures 40 
(2002) 329–353. 
ABSTRACT: This paper aims to develop practical design equations and charts estimating the buckling strength 
of the cylindrical shell and tank subjected to axially compressive loads. Both geometrically perfect and 
imperfect shells and tanks are studied. Numerical analysis is used to evaluate buckling strength. The modeling 
method, appropriate element type and necessary number of elements to use in numerical analysis are 
recommended. According to the results of the parametric study of the perfect shell, the buckling strength 
decreases significantly as the diameter-to-thickness ratio increases, while it decreases slightly as the height-to-
diameter ratio increases. These results are different from those in the case of columns. The buckling strength of 
the perfect tank placed on an extremely soft foundation and a stiff foundation increases by up to 1.6% and 5.6%, 
respectively, compared with that of the perfect shell. The buckling strength of the shell and tank decreases 
significantly as the amplitude of initial geometric imperfection increases. Convenient and sufficiently accurate 
design equations and charts used for estimating buckling strength are provided. 
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vibration of cross-ply laminated circular cylindrical panels”, Zeitschrift für Angewandte Mathematik und 
Physik (ZAMP), Vol. 33, No. 2, March 1982, pp. 230-240, doi: 10.1007/BF00944973 
ABSTRACT: The free vibration problem of a thin cross-ply composite laminated circular cylindrical panel 
subjected to arbitrary combinations of axial and circumferential initial compressions is studied. The equations 
of motion are derived, in the framework of the Donnell-type theory, in terms of the panel middle surface 
displacements components. Closed form solutions are obtained, for simply-supported panels, and numerical 
results for both antisymmetric and unsymmetric laminated cross-ply panels are presented. 
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K.P. Soldatos and G.J. Tzivanidis (Department of Mechanics, University of Ioannina, Greece), “Journal of 
Sound and Vibration, Vol. 82, No. 3, June 1982, pp. 425-434, doi:10.1016/S0022-460X(82)80023-0 
ABSTRACT: The free vibration problem of a thin composite cross-ply laminated non-circular cylindrical shell 
subjected to an axial compression is studied. The equations of motion are derived, in the framework of the 
Donnell-type theory, in terms of the shell middle surface displacement components. The differential equations 
of motion have variable coefficients and they are solved by employing Galerkin's method. As an application, 
the problem of the free vibrations and buckling of cross-ply laminated oval cylinders is studied. Numerical 
results for antisymmetric and unsymmetric cross-ply laminated shells of graphite-epoxy are presented and 
discussed. 
 
 
Kostas P. Soldatos (Department of Mechanics, University of Ioannina, Greece), “On the buckling and vibration 
of antisymmetric angle-ply laminated circular cylindrical shells”, International Journal of Engineering Science, 
Vol. 21, No. 3, 1983, pp. 217-222, doi:10.1016/0020-7225(83)90023-X 
ABSTRACT: The buckling and free vibration problem of a thin composite antisymmetric angle-ply laminated 
circular cylindrical shell is studied. The Donnell-type equations of motion, in terms of the shell middle surface 



displacement components, are used and solved approximately by means of Galerkin's method. Numerical 
results are presented and the expectation that the bending-stretching coupling phenomenon rapidly dies out as 
the number of layers increases is confirmed. 
 
 
Kostas P. Soldatos (Department of Mechanics, University of Ioannina, Greece), “A flugge-type theory for the 
analysis of anisotropic laminated non-circular cylindrical shells”, International Journal of Solids and Structures, 
Vol. 20, No. 2, 1984, pp. 107-120, doi:10.1016/0020-7683(84)90002-7 
ABSTRACT: For a generally anisotropic laminated thin elastic non-circular cylindrical shell, subjected to a 
combined loading, the equations of motion of a second approximation Flugge-type theory are derived and 
expressed in terms of the shell middle-surface displacement components. As an application, for the free 
vibration problem of a cross-ply laminated non-circular cylindrical shell subjected to S2 simply supported edge 
boundary conditions, these equations are solved by employing the method of Galerkin. For a family of regular 
antisymmetric cross-ply laminated oval shells, numerical results are obtained and discussed. Comparisons are 
also made between some of the obtained results and corresponding results obtained from the solution of the 
quasi-shallow shell Donnell-type equations of motion. 
 
 
K. P. Soldatos (Department of Applied Mathematics, University of Ioannina, Ioannina, Greece), “A comparison 
of some shell theories used for the dynamic analysis of cross-ply laminated circular cylindrical panels”, Journal 
of Sound and Vibration, Vol. 97, No. 2, November 1984, pp. 305-319, doi:10.1016/0022-460X(84)90324-9 
ABSTRACT: The free vibration problem of thin elastic cross-ply laminated circular cylindrical panels is 
considered. For this problem, a theoretical unification as well as a numerical comparison of the thin shell 
theories most commonly used (in engineering applications) is presented. In more detail, the problem is 
formulated in such a way that by using some tracers, which have the form of Kronecker's deltas, the stress-
strain relations, constitutive equations and equations of motion obtained produce, as special cases, the 
corresponding relations and equations of Donnell's, Love's, Sanders' and Flugge's theories. By using a closed 
form solution, obtained for simply supported panels, a comparison of corresponding numerical results obtained 
on the basis of all of the aforementioned shell theories is attempted. 
 
 
K. P. Soldatos (Department of Mathematics, University of Ioannina, Ioannina, Greece 45110), “A refined 
laminated plate and shell theory with applications”, Journal of Sound and Vibration, Vol. 144, No. 1, January 
1991, pp. 109-129, doi:10.1016/0022-460X(91)90736-4 
ABSTRACT: The present paper is concerned with the development and certain applications of a refined shear 
deformable theory suitable for the dynamic analysis of laminated anisotropic plates as well as cylindrical shells 
of either circular or non-circular configuration. The theory accounts for parabolic variation of transverse shear 
strains and it is capable of satisfying zero shear traction boundary conditions at the external shell or plate 
surfaces, and makes no use of transverse shear correction factors. It can be considered as a transverse shear 
deformable analogue of the classical laminate Donnell-type and Love-type shell theories while, through certain 
new definitions of force and moment resultants, the higher order moment and transverse shear force resultants 
occurring acquire some pysical substance. Under certain conditions, some dynamical problems studied earlier 
by the present author are considered as applications of the refined theory developed. As a further application, 
the present theory is employed for the study of the free vibration problem of antisymmetric angle-ply laminated 
closed circular cylindrical shells. This problem is solved by two different mathematical techniques; namely, the 
helical modal pattern approach and an approach based on Galerkin's method. Numerical results based on both 
solutions obtained are presented and compared and the efficiency of both approaches, with regard to the 
prediction of the natural frequencies of vibration, is discussed. 
 
 
Kostas P. Soldatos (Department of Mathematics, University of Ioannina, Ioannina, 45110, Greece), “A general 
laminated plate theory accounting for continuity of displacements and transverse shear stresses at material 
interfaces”, Composite Structures, Vol. 20, No. 4, 1992, pp. 195-211, doi:10.1016/0263-8223(92)90026-9 



ABSTRACT: A general two-dimensional theory, suitable for the static and/or the dynamic analysis of 
transverse shear deformable laminated plates, is presented. This displacement-based theory is capable of 
satisfying continuity of both displacements and transverse shear stresses at the plate material interfaces. The 
derivation of its governing differential equations is based on the application of Hamilton's principle in 
conjunction with the method of Lagrange multipliers. Moreover, this new theory is capable of accounting for 
unlimited multiple choices of continuous displacement distributions, through the plate thickness, while, starting 
with the smallest possible number of independent displacement components (five, for a shear deformation 
theory), it is capable of further operating with as many degrees of freedom as desired. With such a double-
infinite freedom, it is concluded that for the analysis of the particular laminated plate considered one may start 
with the solution of the governing equations of the 5-degrees-of-freedom theory derived for relatively simple 
choices of through-the-thickness displacement distributions. Then, either increasing the number of the degrees 
of freedom or reforming, suitably, the aforementioned displacement distributions, one may iteratively improve 
the efficiency of the theory until a sufficient degree of accuracy is achieved for the results obtained. 
 
 
K.P. Soldatos ((Department of Theoretical Mechanics, University of Nottingham, Nottingham NG7 2RD, UK), 
“Buckling of shear deformable antisymmetric angle-ply laminated cylindrical panels under axial compression”, 
ASME Journal of Pressure Vessel Technology, Vol. 114, August 1992, pp. 353-357 
ABSTRACT: This paper deals with the buckling problem of antisymmetric angly-ply laminated circular 
cylindrical panels subjected to a uniform axial compression. Since a flat plate configuration occurs as a 
particular case of the cylindrical panel geometry (zero shallow angle parameter), the corresponding flat plate 
problem is studied as a particular cas of the problem considered. The theoretical analysis is based on a nonlinear 
theory developed in a previous paper (Soldatos, 1992), which accounts for parabolically distributed transverse 
shear strains through the shell thickness. The linearized differential equations, governing the buckling behavior 
of a simply supported panel, are solved on the basis of Galerkin’s method. Comparisons of corresponding 
numerical results, based on both the refined shell theory employed and a classical Love-type shell theory, show 
the influence of transverse shear deformation on the buckling loads of such laminated composite panels. 
 
 
Kostas P. Soldatos (Department of Theoretical Mechanics, University of Nottingham, Nottingham NG7 2RD, 
UK), “A nonlinear transverse shear deformable plate theory allowing a multiple choice of trial displacement and 
stress distributions”, Composites Engineering, Vol. 3, No. 9, 1993, pp. 885-897, 
doi:10.1016/0961-9526(93)90046-M 
ABSTRACT: This paper deals with a refined formulation of a general, geometrically nonlinear, shear 
deformable, static plate theory which allows a multiple choice of trial displacement and, consequently, stress 
distributions through the plate thickness. This is achieved with the incorporation, into a basic trial displacement 
approximation, of a general function of the transverse coordinate. An appropriate choice of the derivative of that 
function is, essentially, adequate for an a posteriori control of the transverse shear strain and stress distributions. 
However, a particular choice of that general function is not provided, leaving, therefore, the theory in its most 
general form. The development of the theory is based on the concept of small strains and moderate rotations. Its 
force and moment equilibrium equations are derived variationally, on the basis of the principle of the total 
potential energy. Under certain conditions, the present nonlinear theory becomes analogous to several linear and 
nonlinear plate theories available in the literature, in the sense that it can easily adopt and make use of their 
main characteristics. 
 
 
Kostas P. Soldatos and Jian-Qiao Ye (Department of Theoretical Mechanics, University of Nottingham, 
Nottingham, NG7 2RD, UK), “Three-dimensional static, dynamic, thermoelastic and buckling analysis of 
homogeneous and laminated composite cylinders”, Composite Structures, Vol. 29, No. 2, 1994, pp. 131-143, 
doi:10.1016/0263-8223(94)90095-7 
ABSTRACT: A successive approximation method proposed and applied in connection with static and dynamic 
analyses of homogeneous isotropic, orthotropic and cross-ply laminated hollow cylinders and cylindrical 
panels1–6 is outlined and its applicability is extended in connection with corresponding thermoelastic analyses. 



Nevertheless, the method is further applied in connection with the buckling problem of simply supported hollow 
cylinders and cylindrical panels subjected to certain external mechanical loadings. To deal with finite cylinders 
subjected to more complicated loading that simply supported edge conditions, an approach is outlined which is 
suitable for corresponding analyses of hollow cylinders having fixed edge boundaries. 
 
 
K.P. Soldatos and J.Q. Ye (Department of Theoretical Mechanics, University of Nottingham, Nottingham, ND7 
2RD, UK), “Three-dimensional buckling analysis of orthotropic cylinders subjected to thermo-mechanical 
loading”, Chapter in IUTAM Symposium on Anisotropy, Inhomogeneity and Nonlinearity in Solid Mechaics, 
Vol 39 of the series Solid Mechanics and Its Applications, edited by D.F. Parker and A.H. England, Springer, 
1995, pp 299-304, DOI: 10.1007/978-94-015-8494-4_41 
ABSTRACT: It is well known that composite thin-walled structures are considerably more sensitive in 
transverse deformation effects than corresponding structures made from isotropic materials. However, buckling 
studies of composite cylinders and cylindrical shells are mainly based on two-dimensional shell theories. It is 
only very recently that three-dimensional buckling analyses of composite cylinders subjected to certain 
mechanical loading have appeared in the literature [1–4]. 
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(2) University of Nottingham, Pope Building, Nottingham, NG7 2RD, England 
“Ritz-Type Dynamic Analysis Of Cross-Ply Laminated Circular Cylinders Subjected To Different Boundary 
Conditions”, Journal of Sound and Vibration, Vol. 227, No.4, November 1999, pp. 749-768, 
doi:10.1006/jsvi.1999.2347 
ABSTRACT: This paper extends the applicability of the Ritz-type method presented in a previous publication 
[1] towards an advanced study of the influence of the edge boundary conditions on the vibration characteristics 
of complete, cross-ply laminated cylindrical shells. The analysis is based on a combination of the Ritz method 
with appropriate, complete bases of orthonormal polynomials and its subsequent application on the energy 
functional of the love-type version of a unified shear-deformable shell theory. As a result, two different kinds of 
shear deformable Love-type shell theories are employed, including versions that either fulfil or violate the 
continuity of the interlaminar stresses through the shell thickness. Apart from the study of the physical problem 
itself, several features related to the theoretical model as well as to the analytical procedure are further 
addressed and investigated. As far as the modelling is concerned, particular emphasis is given to the version of 
the parabolic shear deformable shell theory that considers continuity of interlaminar stresses. Moreover, the 
relation of this version of the theory as well as its performance with respect to the corresponding older version 
that violates this continuity requirement [8] is further investigated. It is concluded that the accurate modelling of 
the interlaminar stress distribution may become a serious issue for further investigation, as it already is for the 
stress analysis of laminated composite structural elements. 
 
 



Kostas P. Soldatos (1) and Xiaoping Shu (2) 
(1) University of Nottingham, Pope Building, Nottingham NG7 2RD, UK 
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“On the stress analysis of cross-ply laminated plates and shallow shell panels”, Composite Structures, Vol. 46, 
No. 4, 1 December 1999, pp. 333-344, doi:10.1016/S0263-8223(99)00061-6 
ABSTRACT: This paper extends the applicability of a new stress analysis method (Soldatos KP, Watson PA. 
Acta Mech 1997;123:163–186) towards the accurate prediction of stresses within cross-ply laminated doubly 
curved shell segments having a rectangular plan-form. The method is based on the successful incorporation of 
three-dimensional elasticity information for stress distributions into a two-dimensional five-degrees-of-freedom 
shallow shell theory. This successful matching is achieved by means of a set of two shape functions, which are 
incorporated within the two-dimensional shell model whereas their form depends on the particular problem 
considered. In the present case, two different sets of shape functions are developed and tested, one of which is 
more accurate than the other is, the later being however simpler than the former. 
 
 
Kostas P. Soldatos (Theoretical Mechanics Division, Pope Building, University of Nottingham, Nottingham 
NG7 2RD, UK), “Complex potential formalisms for bending of inhomogeneous monoclinic plates including 
transverse shear deformation”, Journal of the Mechanics and Physics of Solids, Vol. 52, No. 2, February 2004, 
pp. 341-357, doi:10.1016/S0022-5096(03)00102-9 
ABSTRACT: This paper develops complex potential formalisms for the solution of the bending problem of 
inhomogenoeus anisotropic plates, on the basis of the most commonly used refined plate theories. Being an 
initial step in that direction, it works out such formalisms only in connection with the bending problem of shear 
deformable homogeneous plates as well as plates having a special type of inhomogeneity along their thickness 
direction. The adopted type of inhomogeneity is however still general enough to include certain classes of plates 
made of functionally graded material as well as the classes of cross- and angle-ply symmetric laminates as 
particular cases. The basic formalism, similar to that developed by Stroh in plane strain elasticity, is detailed in 
relation with the equilibrium equations of a generalized plate theory that accounts for the effects of transverse 
shear deformation and includes conventional, refined theories as particular cases. Some interesting 
specializations, related to the most important of those conventional plate theories, are then presented and 
discussed separately. Hence, the outlined formalisms provide, for the first time in analytical form, the general 
solution of the partial differential equations associated with the most commonly used refined, elastic plate 
theories. 
 
 
Ralf Peek (Department of Civil Engineering, 2340 G. G. Brown Laboratory, The University of Michigan, Ann 
Arbor, MI 48109, U.S.A), “Worst shapes of imperfections for space trusses with multiple global and local 
buckling modes”, International Journal of Solids and Structures, Vol. 30, No. 16, 1993, pp. 2243-2260, 
doi:10.1016/0020-7683(93)90085-L 
ABSTRACT: The initial postbuckling behavior and imperfection sensitivity of truss-type structures in which 
the joints do not transmit moments is determined by means of the Lyapunov-Schmidt-Koiter approach. Such 
structures possess local buckling modes involving the buckling of individual members, and global modes 
involving axial deformations of all members but no member buckling. Of particular interest is the case in which 
through optimization (or otherwise) a number of local and global modes are coincident. The worst shape of 
imperfection for this case is determined from the bifurcated equilibrium branch on which the load drops most 
rapidly. It is shown that this critical bifurcated branch initially involves the buckling of one member only. The 
general theory is illustrated by a number of examples involving two- and three-dimensional lattice columns. The 
leading order asymptotic results for these examples are compared to exact results obtained by tracking the 
appropriate equilibrium branch numerically. 
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Schmidt-Koiter approach”, Computer Methods in Applied Mechanics and Engineering, Vol. 108, Nos. 3-4, 
September 1993, pp. 261-279, doi:10.1016/0045-7825(93)90005-I 
ABSTRACT: Beginning with the work of Koiter in 1945, valuable insights into the postbuckling behavior of 
structures have been gained by Lyapunov-Schmidt decomposition of the displacements followed by an 
asymptotic expansion about the bifurcation point. Here this methodology is generalized to include nonlinear 
prebuckling behavior, as well as multiple, not necessarily coincident buckling modes. The expansion of the 
reduced equilibrium equations is performed about a reference point (which need not coincide with any of the 
bifurcation points), and applies no matter whether the modes are coincident, closely spaced, or well separated. 
From a variety of possible decompositions of the admissible space of displacements, two are incorporated into a 
finite element program. Theoretical considerations, and numerical examples in which asymptotic results are 
compared to ‘exact’ results, indicate that one of the decompositions has some important advantages over the 
other. Examples include a shallow arch, and a beam on elastic foundation problem exhibiting symmetry-
breaking modal interaction. 
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ABSTRACT: Buckling and imperfection sensitivity are the primary considerations in analysis and design of 
thin shell structures. The objective here is to develop accurate and efficient capabilities to predict the 
postbuckling behavior of shells, including imperfection sensitivity. The approach used is based on the 
Lyapunov–Schmidt–Koiter (LSK) decomposition and asymptotic expansion in conjunction with the finite 
element method. This LSK formulation for shells is derived and implemented in a finite element code. The 
method is applied to cylindrical and spherical shells. Cases of linear and nonlinear prebuckling behavior, 
coincident as well as non-coincident buckling modes, and modal interactions are studied. The results from the 
asymptotic analysis are compared to exact solutions obtained by numerically tracking the bifurcated equilibrium 
branches. The accuracy of the LSK asymptotic technique, its range of validity, and its limitations are illustrated. 
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ABSTRACT: The problem of a tube under pure bending is first solved as a generalised plane strain problem. 
This then provides the prebifurcation solution, which is uniform along the length of the tube. The onset of 
wrinkling is then predicted by introducing buckling modes involving a sinusoidal variation of the displacements 
along the length of the tube. Both the prebuckling analysis and the bifurcation check require only a two-
dimensional finite element discretisation of the cross-section with special elements. The formulation does not 
rely on any of the approximations of a shell theory, or small strains. The same elements can be used for pure 
bending and local buckling a prismatic beam of arbitrary cross-section. Here the flow theory of plasticity with 
isotropic hardening is used for the prebuckling solution, but the bifurcation check is based on the incremental 
moduli of a finite strain deformation theory of plasticity. For tubes under pure bending, the results for limit 
point collapse (due to ovalisation) and bifurcation buckling (wrinkling) are compared to existing analysis and 
test results, to see whether removing the approximations of a shell theory and small strains (used in the existing 
analyses) leads to a better prediction of the experimental results. The small strain analysis results depend on 
whether the true or nominal stress–strain curve is used. By comparing small and finite strain analysis results it is 
found that the small strain approximation is good if one uses (a) the nominal stress–strain curve in compression 



to predict bifurcation buckling (wrinkling), and (b) the true stress–strain curve to calculate the limit point 
collapse curvature. In regard to the shell theory approximations, it is found that the three-dimensional 
continuum theory predicts slightly shorter critical wrinkling wavelengths, especially for lower diameter-to-wall-
thickness (D/t) ratios. However this difference is not sufficient to account for the significantly lower 
wavelengths observed in the tests. 
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Production Engineering, Vol. 4, No. 4, pp 421-426, August 2010, doi: 10.1007/s11740-010-0243-4 
ABSTRACT: Wrinkle formation at electromagnetic tube compression was simulated using finite element (FE) 
method. Three-dimensional (3D) calculations were performed using a staggered coupling scheme between the 
electromagnetic and structural sides of the problem. Introducing the tube’s contour imperfections into the FE 
model makes the simulation of the wrinkle formation possible. The results show good correspondence with the 
experiments. 
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“Sensitivity of buckling loads of anisotropic shells of revolution to geometric imperfections and design 
changes”, Computers & Structures, Vol. 31, No. 6, 1989, pp. 985-995, doi:10.1016/0045-7949(89)90283-6 
ABSTRACT: Buckling load sensitivity calculations in the shell-of-revolution program FASOR are discussed. 
This development is based on Koiter's initial postbuckling theory, which has been generalized to include the 
effect of stiffness changes, as well as geometric imperfections. The implementation in FASOR is valid for 
anisotropic, as well as orthotropic, shells. Examples are presented for cylindrical panels under axial 
compression, complete cylindrical shells in torsion, and antisymmetric angle-ply cylindrical panels under edge 
shear. 
 
 
WANG, Zong-li, WANG, Xi, and HAO, Wen-hua, Dept. of Engineering Mechanics, Shanghai Jiaotong 
University, P. R. China, “Weighted solution of small-deflection buckling equation of thin shell”,  Applied 
Mathematics and Mechanics, Vol. 22, No 12, Dec. 2001, published by Shanghai University. 
ABSTRACT:  Based on small-deflection buckling equation, a weighted solution for critical load is presented. 
Usually, it is very difficult to solve the equation for general problems, especially those with complicated 
boundary conditions. Axisymmetric problem was studied as an example. Influencing factors were found from 
the equation and averaged as the buckling load by introducing weights. To determine those weights, some 
special known results were applied. This method solves general complicated problems by using the solutions of 
special simple problems, simplifies the solving procedure and expands the scope of solvable problem. 
Compared with numerical solution, it also has fine precision. 
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Structures” (publisher and date not given) 
www.ifl.tu-braunschweig.de/pdf/Ki_Ho_06_DGLR.pdf 
ABSTRACT: Usually, fuselage structures are stiffened by longitudinal and circumferential structural elements 
in a way that rectangular fields evolve. In the case of modern manufacturing technologies for aircraft structures, 
new topologies can be produced and possibly replace a conventional fuselage design. This paper deals with the 
buckling analysis of metallic non-rectangular stiffened structures with triangular skin panels. In order to assess 
the benefits, the buckling behaviour of triangular and rectangular stiffened structures due to various load 
combinations is compared. 
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ABSTRACT: Purpose – In former work, test results of cracks in aluminium panels under cyclic shear buckling 
showed that cracks in the tensile stress field of a buckle propagate. The main influencing factor for the crack 
growth rate is the maximum principle stress. A simplified approach for crack propagation analyses based on this 
finding showed limitations for application on larger cracks because it disregarded the increasing out-of-plane 
deformation for larger cracks as well as stress redistributions. The purpose of this paper is to improve the results 
of the simplified approach with the help of finite element method (FEM). 
Design/methodology/approach – An approach for crack propagation based on FEM is presented taking 
into account the mutual interaction of cracks and buckling. The finite element (FE) model, which is described in 
detail, respects the boundary conditions of the test-set-up. Different initial crack positions, loads and panel 
thicknesses are analyzed. Results of the stress intensity factors KI calculated by the ABAQUS FE model 
provide a function which is used to run a crack propagation analysis based on Forman law. 
Findings – The results of the FE-based crack propagation solution are in good agreement with test results and 
improve the prediction of the simplified approach. It is not restricted in terms of panel thickness, crack position 
or applied shear load. 
Research limitations/implications – Limitations of the FE-based crack propagation solution compared to 
the experimental results are discussed. These are, the sensitivity of crack propagation analyses to initial crack 
length and deviations of the experimental settings from the ideal FE model. 
Originality/value – The interaction of cracks and buckling in aluminium shells is mainly disregarded both in 
research and industrial work, but can be of interest considering, accidental damages in fuselage side shells. 
Cracks propagate under shear load as it was shown in former work. The FE modeling of the tests presented in 
this paper proves the mutual interactions of crack propagation and buckling deformation. 
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of the experimental buckling of thin-walled cylindrical shell under an axial load”, Thin-Walled Structures, Vol. 
49, No. 3, March 2011, pp. 409-421, doi:10.1016/j.tws.2010.11.009 
ABSTRACT: Reliable and accurate method of the experimental buckling prediction of thin-walled cylindrical 
shell under an eccentric load is presented. The experimental arrangement and specimens are discussed in detail, 
including the measurement of the geometric imperfections of the specimen's surface using a coordinate 
measuring machine. Different FE models, in terms of complexity, are used to simulate the experiment 
arrangement in an attempt to get a good agreement with the experimental buckling loads and study the effect of 
measured initial geometric imperfections, load eccentricity, load eccentricity position along the shell's 



circumferential direction and different experimental arrangement that influence the boundary conditions. It has 
been demonstrated that FE models with simplified rigid support conditions overestimate the prediction of the 
experimental buckling load even though these models included the effects of the measured initial geometric 
imperfections and load eccentricity. By contrast, FE models with realistically modeled support conditions 
achieved the best result. The average deviation "_1.59% from the experimental buckling loads was achieved 
using the FE model simulating the mounting devices as elastic bodies and with surface-to-surface contact 
interaction behavior on the support. The presented work also demonstrated the strong influence of the eccentric 
load position along the imperfect shell's circumferential direction on the buckling of the thin-walled shell. 
 
 
Robert Sliz, Prof. Ing. Stanislav Holy, CSc., Ing. Miroslav Spaniel, Czech Technical University, Technická 4, 
Praha 6, 166 36 , Czech Republic, “Numerical Analysis of Buckling of Thin-walled Shell”,  (publisher and date 
not given). 
ABSTRACT: The aim of this study is numerical investigation of the sensitivity of buckling load of thin-walled 
shell under uniform axial compression load on different kinds of initial geometric imperfection and comparison 
with the experimental results [1]. Finite Element Method has been used in this research followed the method 
from [1] and general conclusions applied for thin-walled structures, especially about element types used for 
such problem, describes in [2]. 
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W. P. Prema Kumar and R. Palaninathan (Department of Applied Mechanics, Indian Institute of Technology, 
Madras 600 036, India), “Finite element analysis of laminated shells with exact through-thickness integration”, 
Computers & Structures, Vol. 63, No.1, April 1997, pp. 173-184, doi:10.1016/S0045-7949(96)00297-0 
ABSTRACT: The conventional degenerated shell element which involves numerical integration in three 
dimensions becomes inefficient when applied to multilayered shells. For the computational efficiency, layered 
element based on the explicit integration through thickness assumes importance. The explicit integration 
becomes possible due to the assumption concerning the variation of inverse Jacobian through the thickness. 
Depending on the level of approximation, whether linearly varying or constant Jacobian inverse along the 
thickness, three models are discussed. Examples of stress analysis and classical buckling are considered for the 
comparative studies relating to the computational efficiency and numerical accuracy. The model, which 
assumes linear variation of Jacobian inverse through thickness with further approximations is seen to be the best 
from numerical accuracy and computational efficiency points of view. 
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Technology – Madras, Chennai 600 036, India, “Experimental investigations on buckling of cylindrical shells 
under axial compression and transverse shear”, Sadhana Vol. 29, Part 1, February 2004, pp. 93–115.  
ABSTRACT: This paper presents experimental studies on buckling of cylindrical shell models under axial and 
transverse shear loads. Tests are carried out using an experimental facility specially designed, fabricated and 
installed, with provision for in-situ measurement of the initial geometric imperfections. The shell models are 
made by rolling and seam welding process and hence are expected to have imperfections more or less of a kind 
similar to that of real shell structures. The present work thus differs from most of the earlier investigations. The 
measured maximum imperfections àmax are of the order of plus or minus 3 x thickness . The buckling loads 
obtained experimentally are compared with the numerical buckling values obtained through finite element 
method (FEM). In the case of axial buckling, the imperfect geometry is obtained in four ways and in the case of 



transverse shear buckling, the FE modelling of imperfect geometry is done in two ways. The initial geometric 
imperfections affect the load carrying capacity. The load reduction is considerable in the case of axial 
compression and is marginal in the case of transverse shear buckling. Comparisons between experimental 
buckling loads under axial compression, reveal that the extent of imperfection, rather than its maximum value, 
in a specimen influences the failure load. Buckling tests under transverse shear are conducted with and without 
axial constraints. While differences in experimental loads are seen to exist between the two conditions, the 
numerical values are almost equal. The buckling modes are different, and the experimentally observed and 
numerically predicted values are in complete disagreement. 
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ABSTRACT: This work concerns with experimental studies on buckling of thin-walled circular cylindrical 



shells under transverse shear. The buckling loads are also obtained from finite element models, empirical 
formulae and codes and are compared. Experiments are conducted on 12 models made of stainless steel by 
rolling and longitudinal seam welding. In situ initial geometric imperfection surveys are carried out. The tests 
are conducted with and without axial constraint at the point diametrically opposite the loading. Theoretical 
analyses are carried out using ABAQUS finite element code. Two finite element models considered are: (i) 
geometry with real imperfection (FES-I) and (ii) critical mode imperfect geometry (FES-II). In the former, the 
imperfections are imposed at all nodes and in the latter, the imperfection is imposed by renormalizing the eigen 
mode, using the maximum measured imperfection. General nonlinear option is employed in both the cases for 
estimating the buckling load. Galletly and Blachut’s expressions, design guidelines of Japan for LMFBR main 
vessel expressions (empirical formulae), ASME and aerospace structural design codes are used for comparing 
with experimental loads. The comparisons of experimental, numerical and analytical buckling loads reveal the 
following. The numerical results are always higher than the experimental values; the percentage difference 
depends on the wall thickness. FES-II predicts somewhat a lower load than that of the FES-I. The Japanese 
guidelines predict the lowest load, which is conservative. Experimental loads are lower than that predicted by 
both ASME and aerospace structural design codes 
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ABSTRACT: Thin cylindrical shells in large civil engineering steel shell structures such as steel silos and tanks 
are subject to both axial compression and internal pressure. Buckling under axial compression often governs 
their design. These shells are commonly constructed by joining a large number of rolled panels using many 
short vertical welds and continuous circumferential welds. This fabrication method leads to unique geometric 
imperfections which have been argued to be severely detrimental to the shell axial buckling strength. In 
addition, welding-induced residual stresses in these shells may also have a significant effect on this buckling 
strength. A review of the existing literature reveals that few previous studies have examined the buckling 
behavior of these shells with a rigorous treatment of the geometric imperfections and residual stresses in these 
shells. This thesis presents both theoretical and experimental studies aimed at correcting this important 
deficiency in existing knowledge. The first part of the thesis, consisting of Chapters 3-5, presents the results of 
theoretical studies into the characteristics of geometric imperfections measured in three large steel silos at Port 
Kembla, Australia, and their effect on buckling strength. In order to accurately represent these imperfections 
measured at non-uniformly spaced sampling points, a new iterative Fourier decomposition method was 
proposed. The traditional Fourier decomposition method cannot produce accurate Fourier representations, and 
the reasons for this difficulty are clarified in the thesis. This new iterative method was then employed in 
deducing accurate Fourier series representing the measured imperfections. It is explained in the thesis that these 
real imperfections, due to their non-zero values at the boundaries, can only be accurately represented using half-
wave cosine series in the meridional direction, an important phenomenon overlooked by all previous 
researchers. The characteristics of the imperfections are next examined by studying the spectra of the deduced 
Fourier series, including both ID and 2D Fourier series. It is shown that the dominant components of the 
imperfections in each shell are in the lower Fourier terms, with some of these components being closely 
associated with the weld pattern. Finite element analyses of the three silo shells (referred to as Shells A, B, and 
C) showed that these shells have buckling strengths which are much lower than those of shells with many 
known forms of imperfections. A systematic parametric study revealed that the buckling strength of Shell A is 
dominated by significant axisymmetric imperfections, while those of Shells B and C are governed by highly 
non-symmetric imperfections. Based on the specification of Eurocode 3, an automated computer procedure was 
developed to numerically 'measure' the local dimples and out-of-roundness of these shells. This was undertaken 
to determine the quality classes of the three shells so that their buckling strengths as predicted by Eurocode 3 
could be found. A comparison between the predictions of the code and finite element results from nonlinear 
analyses reveals that the existing rule in Eurocode 3 is too optimistic about shells of Class A but too pessimistic 
about shells of Classes B and C. While detailed measurements of imperfections are available for the three large 
silos, the residual stresses in these shells due to welding are unknown. As residual stresses may have a 
significant effect on the buckling strength, an experimental study aimed at an indirect evaluation of this effect is 
presented in Chapters 6-8. In this experimental study, an innovative two-stage model fabrication technique was 



proposed and implemented with a sophisticated experimental set up for the fabrication of small models 
simulating large cylindrical shells with many welds. Three model shells were fabricated and tested under axial 
compression, each of which had a different weld pattern. The initial geometric imperfections in these model 
shells were precisely measured and decomposed into Fourier series. The imperfections were also found to be 
dominated by lower Fourier terms and closely associated with the weld patterns. The buckling loads of the 
model shells are very low compared to the value of a corresponding perfect shell, demonstrating the serious 
deleterious effect of the imperfections in these shells. Finite element buckling loads obtained from non-linear 
analyses with the measured imperfections accurately modeled are also presented. These buckling loads are close 
but slightly lower than the experimental buckling loads, indicating that the effect of residual stresses and other 
factors in these shells is small but beneficial, and may be safely ignored. Finally, a parametric study is presented 
in Chapter 9, in which the buckling behavior and strength of the three real silo shells under the combined action 
of axial compression and internal pressure were explored. Nonlinear finite element analyses revealed that the 
strengths of Shell A are considerably lower than those of Shells B and C, as the dominant imperfection 
components are significantly axisymmetric in Shell A, but are highly non-symmetric in Shells B and C. 
Comparisons between the finite element results and the predictions of Eurocode 3 indicate that the code 
overestimates the failure strengths of Shell A considerably. Modifications to the existing design rule are thus 
presented to achieve safe predictions. 
 
 
Vishwanath Hegadekatte and Yahai Shi, “Buckling of beverage cans under axial loading”, SIMULIA India 
Regional Users Meeting, 2011 
ABSTRACT: Wrinkling is one of the major defects in sheet metal forming processes. It may become a serious 
obstacle to implementing forming process and assembling the parts, and may also play a significant role in the 
wear of the tool. Wrinkling is a local buckling phenomenon that results from compressive stresses (compressive 
instability) e.g., in the hoop direction for axisymmetric systems such as beverage cans. In the present work, we 
have studied the buckling of ideal (no imposed imperfections like dents) beverage cans under axial loading both 
by laboratory testing and finite element analysis. Our laboratory test showed that 2 out of 11 cans fail by 
sidewall buckling. We have developed finite element models to study the effect of a couple of manufacturing 
parameters on the buckling of beverage cans. Further we have studied the buckling of dented beverage cans 
under axial compression through both laboratory testing and finite element analysis using Abaqus and LS-Dyna. 
Our results show that Abaqus did not predict sidewall buckling during axial compression of beverage cans 
while LS-Dyna predicted buckling in a few cases. 
 
 
Pattaramon Jongpradist, Rattharong Rojbunsongsri, Thoatsanope Kannerdtong and Somchai Wongwises (Dept. 
of Mechanical Engineering, King Mongkut’s University of Technology Thonburi, Bangkok, Thailand), 
“Parametric study and optimization of a food can corrugation design using a response surface method”, Journal 
of Mechanical Science and Technology, Vol. 27, No. 7, pp 2043-2052, July 2013 
ABSTRACT: This paper presents the parametric design and functional optimization of a thin-walled food 
container with a corrugated surface. The configuration of the can corrugation should be designed to minimize 
the use of raw material subject to the constraints of the targeted structural performance. In the present study, the 
failure behaviors and the buckling strengths of a commercial food can under paneling pressure and axial loading 
are investigated with a series of experiments and finite element analyses. Full factorial design is implemented to 
study the effects of the geometric parameters of the corrugation (e.g., depth, radius, spacing and number of 
beadings) on its strength. Parameter optimization using a rotatable central composite design is employed to 
identify an optimal corrugation design by approximating the response surfaces of the can strength in terms of 
the significant design variables. The obtained surfaces are derived through the analysis of variance, and the 
suitability of the response is justified. A light-weight can body is then achieved by reduction of the can body 
thickness according to the required strength characteristics. Finite element analysis of the optimal model is also 
performed to confirm the predicted results. By using the proposed procedure, the can-body weight can be 
reduced by up to 12% compared with the original design. 
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Caitríona de Paor, Department of Civil and Environmental Engineering, University College Cork (UCC), 
“Buckling of thin-walled cylinders: experimental and numerical investigation”, The Boolean, 2010, p. 
ABSTRACT: Thin-walled structures, also known as shells, combine light weight with high strength and are 
used in a diverse range of fields including aerospace engineering, civil engineering and chemical engineering. 
Common applications of these shells include oil and gas storage tanks, powder or liquid storage tanks in 
pharmaceutical plants as well as airplane frames and ship bodies. Although these thin-walled shells have a wide 
variety of uses, this research is motivated by storage tank collapse in the process industry. Thin-walled 
cylindrical tanks common in the food and biotechnology sectors are prone to buckling (or inward collapse) due 
to accidentally induced internal vacuum. During the sterilisation process, steam can condense, causing a 
reduction in volume. This results in an equivalent increase in external pressure, triggering collapse, or buckling 
of the tank. Such a collapse, if it occurs, tends to be catastrophic resulting in the complete destruction of the 
vessel (see Fig.1). Notwithstanding that the basis of this type of failure is understood and can generally be 
averted, it is still a regular occurrence, often due to the inadvertent closure of line control valves during a 
sterilisation cycle. 
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“The Computation of Accurate Buckling Pressures of Imperfect Thin-Walled Cylinders”, Paper number 
PVP2010-25806, Proceedings of the ASME 2010 Pressure Vessels & Piping Division / K-PVP Conference, 
PVP2010 July 18-22, 2010, Bellevue, Washington, USA 
ABSTRACT: The buckling capacity of thin cylindrical shells subject to uniform external pressure is 
investigated in this paper. Thin cylindrical shells are known to be highly sensitive to geometric and material 
imperfections such as wall thickness variation, non-circularity and random geometric imperfections. The effect 
of imperfection on the buckling load is studied using finite element (FE) models and laboratory experiments. 
Imperfection measurements are taken on small scale steel cans and these measurements are modelled and 
analysed using a geometrically non-linear static finite element analysis. The cans are then tested in the 
laboratory and the results compared with those predicted by the FE models and theory. 
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John D. Reid, Robert W. Bielenberg and Brian A. Coon (Mechanical Engineering, University of Nebraska–
Lincoln, N104 WSEC (0656), Lincoln, NE 68588, USA), “Indenting, buckling and piercing of aluminum 
beverage cans”, Finite Elements in Analysis and Design, Vol. 37, No. 2, February 2001, pp. 131-144, 
doi:10.1016/S0168-874X(00)00027-5 
ABSTRACT: Analysis of indenting, buckling and piercing of aluminum beverage cans using both physical 
testing and computer simulation was performed in order to develop a better understanding of the sidewall 
structural strength of the cans. This understanding can be used to help design better cans and/or improve 
manufacturing processes.Simulation of the sidewall indentation was done with an impacting sphere. Parameters 
investigated included the sphere size and velocity, and the impact height along the sidewall. Buckling 
simulation of the dented can was then performed. Results from the deformed can buckling model compared 
well with physical testing based on buckled geometry, buckling load, and external work to buckle. Severe 
damage to a can that might occur during the manufacturing process was investigated by studying piercing of the 
can sidewall. Impacts of 5 and 10 m/s were performed with both blunt (flat) and sharp (45° tip) steel rods. It 
was found that separated elements with tied nodal constraints more accurately represent the failure behavior of 
the can subjected to a piercing load than merged element nodes. It was also found that the more crushing a can 
undergoes before piercing occurs, the more energy the can material absorbs. However, there is an upper limit to 
the crushing based on the speed and shape of the impactor. 
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“Model validation for the collapse of spherical shells” (publisher and date not given in the pdf file. The most 
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ABSTRACT: There is a growing need to quantify the level of credibility that can be associated with model 
predictions. Model verification and validation (V&V) is a methodology for the development of models that can 
be used to make engineering predictions with quantified confidence. Model V&V procedures are needed by 
government and industry to reduce the time, cost and risk associated with component and full-scale testing of 
products, materials, and weapons. Consequently, the development of guidelines and procedures for conducting 
a V&V program are currently being defined by a broad spectrum of researchers. This paper describes an on-
going effort to validate a model that predicts the collapse load of a spherical shell structure. Inherent variations 
in geometric shape and material parameters are included in the uncertainty model. Results from a recently 
completed probabilistic validation test to measure the variation in collapse load are compared to the predicted 
collapse load variation.  
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“Invagination during the collapse of an inhomogeneous spheroidal shell”, Europhysics Letters, Vol. 66, No. 5, 
pp 667-673, 2004, DOI: 10.1209/epl/i2003-10242-8  
ABSTRACT: The collapse of shell-shaped membranes due to buckling is investigated experimentally using 
droplets of latex suspension left to dry. The evaporation of water, limited by diffusion in air, first leads to the 
formation, on the surface, of a spheroidal envelope of gel. During the later evolution, spontaneous buckling of 
this envelope occurs. The later evolution leads to a large-amplitude invagination and for certain concentrations 
to a transition to a toroidal shape. This specific evolution of a spheroidal envelope, linked with its 
inhomogeneous mechanical properties, is similar to that observed during the gastrulation of sea-urchin embryos.  
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Nowon-gu, Seoul 139-701, Korea), “Spontaneous buckling in flexible organic light-emitting devises for 
enhanced light extraction”, Optics Express, Vol. 19, No. S5, pp. A1117-A1125, 2011 
ABSTRACT: We herein present the results of a study of the direct fabrication of buckled patterns in flexible 
organic light-emitting devices (FOLEDs) that had a conducting polymer anode on a polyethersulfone substrate. 
These patterns were produced spontaneously by the thermal deposition of an aluminum cathode on an 
electroluminescent (EL) composite layer. The polymer used for the anode was modified poly(3,4-
ethylenedioxythiophene):poly(styrene sulfonate) and the EL layer was composed of a solution-processable 
small molecular composite including phosphorescent Iridium complex mixed with a poly(vinylcarbazole) host. 
It is shown that FOLEDs produced with buckled patterns can exhibit a luminance as high as ca. 14,900 cd/m2 
with a peak efficiency of 50.5 cd/A. The patterned structure formed by the buckling of the EL layer allows 
FOLEDs to be produced with a high peak external quantum efficiency of 15% with an increase in light 



extraction by a factor of ca. 3.1. These results show that spontaneous buckling yields patterned structures that 
offer considerable promise for the production of high performance, reproducible and reliable FOLEDs. 
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International Conference on Composites: Characterization, Fabrication and Application, 1983 (should the date 
be 2013?). 
ABSTRACT: This research inspects the elastic buckling of FGM cylindrical shell, resting on two-parameters 
elastic foundation, subjected to external pressure load. Material properties of functionally graded cylindrical 
shell are graded in the thickness direction according to a power law direction. Theoretical formulations are 
derived based on the classical shell theory. The effects of shell geometry, volume fraction exponent, and 
foundation parameters on critical buckling load of FGM cylindrical shells are investigated. It is inferred from 
the results that the elastic foundation postpones the critical buckling load and swifts mode shapes of elastic 
buckling. 
 
 
Mohammad Komijani, Yasser Kiani and Mohammad R. Eslami, “Non-linear thermoelectrical stability analysis 
of functionally graded piezoelectric material beams”, Journal of Intelligent Material Systems and Structures, 
Vol. 24, No. 4, pp 399-410, March 2013 
ABSTRACT: In this article, non-linear stability analysis of monomorph functionally graded piezoelectric 
material beams is investigated based on the Ritz formulation of the finite elements method. Each thermo–
electro–mechanical property of the beam is assumed to be graded across the thickness based on a power law 
form. Geometrically non-linear behaviour of the structures is included based on the von-Karman simplifications 
of the complete Green strain tensor. Timoshenko beam theory and trigonometric distribution of electrical 
potential assumptions are held to obtain the governing equations, describing the equilibrium state of the beam. 
Non-linear equilibrium equations are solved based on both Newton–Raphson and Picard iterative techniques. It 
is shown that response of a monomorph functionally graded piezoelectric material beam cannot be considered 
as a bifurcation-point behaviour. While in some types of boundary conditions, there are critical temperatures 
through the load–deflection path of the beam. 
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“Buckling Of Heated Temperature Dependent FGM Cylindrical Shell Surrounded By Elastic Medium”, Journal 
of Theoretical and Applied Mechanics, Vol. 52, No. 4, pp 869-881, Warsaw 2014 
ABSTRACT: Based on the Donnell theory of shells combined with the von-Karman type of geometrical 
nonlinearity, three coupled equilibrium equations for a through-the-thickness functionally graded cylindrical 
shell embedded in a two parameter Pasternak elastic foundation are obtained. Equivalent properties of the shell 
are obtained based on the Voigt rule of mixture in terms of a power law volume fraction for the constituents. 
Properties of the constituents are considered to be temperature dependent. The temperature profile through the 
shell thickness is obtained by means of the central finite difference method. Linear prebuckling analysis is 
performed to obtain the prebuckling forces of the cylindrical shell. Stability equations are derived based on the 
well-known adjacent equilibrium criterion. Three coupled partial differential stability equations are solved with 
the aid of a hybrid Fourier-GDQ method. After validating the numerical results, some parametric studies are 
conducted to investigate the influence of various parameters, especially foundation interaction. It is shown that 
elastic foundation enhances the critical buckling temperature difference of the shell and violates the buckled 
pattern.  
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“Stacking sequence optimization of laminated cylindrical shells for buckling and free vibration using genetic 
algorithm and neural networks”, 2nd International Conference on Engineering Optimization 
September 6 - 9, 2010, Lisbon, Portugal 
ABSTRACT: In the present work, genetic algorithm (GA) and artificial neural networks (NN) are used to 
optimize the stacking sequence of a laminated cylindrical shell with natural frequency and buckling load as the 
objective functions. Vibration analysis is based on fully three dimensional elasticity equations and the stability 
solution is presented using equations governed by the Donnell type of approximation. Artificial neural network 
models are developed and tested to predict the natural frequency and buckling load of the structure. A genetic 
algorithm then uses the trained neural network prediction models to obtain the maximum fundamental 
frequency and critical buckling load, simultaneously. Optimization is performed for the shell geometry with 
different sets of thickness to radius and length to radius ratios. The results obtained, using the NN-GA 
combination are compared with those using the GA directly. A satisfactory verification is observed meanwhile a 
considerable reduction is achieved in computational time. 
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M.M. Najafizadeh, A. Hasani and P. Khazaeinejad (Department of Mechanical Engineering, Arak Branch, 
Islamic Azad University, Arak 38135-567, Iran), “Mechanical stability of functionally graded stiffened 
cylindrical shells”, Applied Mathematical Modelling, Vol. 33, No. 2, February 2009, pp. 1151-1157, 
doi:10.1016/j.apm.2008.01.009 
ABSTRACT: This paper is concerned with the elastic buckling of stiffened cylindrical shells by rings and 
stringers made of functionally graded materials subjected to axial compression loading. The shell properties are 
assumed to vary continuously through the thickness direction. Fundamental relations, the equilibrium and 
stability equations are derived using the Sander’s assumption. Resulting equations are employed to obtain the 
closed-form solution for the critical buckling loads. The results show that the inhomogeneity parameter and 
geometry of shell significantly affect the critical buckling loads. The analytical results are compared and 
validated using the finite element method. 
 
 
M. Karami Khorramabadi and P. Khazaeinejad (Department of Mechanical Engineering, Islamic Azad 
University, Arak Branch, Arak, Iran), “On Stability of Stiffened Cylindrical Shells with Varying Material 
Properties”,  World Academy of Science, Engineering and Technology, Vol. 3, August 2009 
ABSTRACT: The static stability analysis of stiffened functionally graded cylindrical shells by isotropic rings 
and stringers subjected to axial compression is presented in this paper. The Young's modulus of the shell is 
taken to be function of the thickness coordinate. The fundamental relations, the equilibrium and stability 
equations are derived using the Sander's assumption. Resulting equations are employed to obtain the closed-
form solution for the critical axial loads. The effects of material properties, geometric size and different material 
coefficient on the critical axial loads are examined. The analytical results are compared and validated using the 
finite element model.  
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order formulation for functionally graded stiffened cylindrical shells under axial compression”, Journal of Solid 
Mechanics, Vol. 1, No. 4, 2009, pp. 358-364 
ABSTRACT: The buckling analysis of stiffened cylindrical shells by rings and stringers made of functionally 
graded materials subjected to axial compression loading is presented. It is assumed that the material properties 
vary as a power form of the thickness coordinate variable. The fundamental relations, the equilibrium and 
stability equations are derived using the first order shear deformation theory. Resulting equations are employed 
to obtain the critical buckling loads. The effects of the material properties and geometry of shell on the critical 
buckling loads are examined. Excellent agreement with the results in the literature indicates the correctness of 
the proposed closed form solution. 
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M. R. Eslami; A. R. Ziaii; A. Ghorbanpour, “Thermoelastic buckling of thin cylindrical shells based on 
improved stability equations”, Journal of Thermal Stresses, Vol. 19, No. 4, 1996, pp. 299 – 315, DOI: 
10.1080/01495739608946177 
ABSTRACT: The nonlinear strain-displacement relations in general cylindrical coordinates are simplified by 
Sander's assumptions for the cylindrical shells and substituted into the total potential energy function for 
thermoelastic loading. The Euler equations are then applied to the functional of energy, and the general 
thermoelastic equations of nonlinear shell theory are obtained and compared with the Donnel equations. An 
improvement is observed in the resulting equations as no length limitations are imposed on a thin cylindrical 
shell. The stability equations are then derived through the second variation of potential energy, and the same 
improvements are extended to the resulting thermoelastic stability equations. Based on the improved 



equilibrium and stability equations, the magnitude of thennoelastic buckling of thin cylindrical shells under 
different thermal loadings is obtained. The results are extended to short and long thin cylindrical shells. 
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“Buckling Of Composite Cylindrical Shells Under Mechanical And Thermal Loads”, Journal of Thermal 
Stresses, Vol. 22, No. 6, 1999, pp. 527 – 545, 
doi: 10.1080/014957399280733 
ABSTRACT: In this article the buckling of specially orthotropic laminated composite cylindrical shells is 
investigated. The nonlinear equilibrium equations based on the Sander's assumption of simplified nonlinear 
strain-displacement relations and the linearized stability equations for a circular cylindrical thin shell are 
considered. The equations include the rotations and transverse shear force. The resulting equations are improved 
compared to the Donnell stability equations. The mechanical and thermal buckling loads of a thin composite 
circular cylindrical shell based on Donnell and improved stability equations are obtained. 
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“Thermoelastic Buckling of Isotropic and Orthotropic Plates with Imperfections”, Journal of Thermal Stresses, 
Vol. 23, No. 9, pp. 853-872, 2000, 
DOI: 10.1080/014957300750040113 
ABSTRACT: The nonlinear strain-displacement relations for thin orthotropic plates are considered and 
substituted into the potential energy function of thermoelastic loadings. The Euler equations are then applied to 
the functional of energy, and the general thermoelastic equations of thin orthotropic plates are obtained. The 
stability equations are then derived through the second variation of the potential energy function. The thermal 
loadings include the uniform temperature rise, axial temperature difference, and the gradient temperature 
through the thickness. The thermoelastic buckling of a thin plate under these thermal loadings is investigated. 
The results are extended to isotropic and orthotropic thin plates with and without imperfections. 
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“Isogeometric simulation for buckling, free and forced vibration of orthotropic plates”, International Journal of 
Applied Mechanics, Vol. 5, No. 2, June 2013, DOI: 10.1142/S1758825113500178 
ABSTRACT: Buckling, free and forced vibration analyses of orthotropic plates are studied numerically using 
Isogeometric analysis. The present formulation is based on the classical plate theory (CPT) while the NURBS 
basis function is employed for both the parametrization of the geometry and the approximation of plate 
deflection. An efficient and easy-to-implement technique is used for imposing the essential boundary 
conditions. Numerical examples for free and forced vibration and buckling of orthotropic plates with different 
boundary conditions and configurations are considered. The numerical results are compared with other existing 
solutions to show the efficiency and accuracy of the proposed approach for such problems. 
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Thermal Stresses, Vol. 24, No. 12, 2001, pp. 1177 – 1198, doi: 10.1080/014957301753251746 



ABSTRACT: Thermoelastic stability of thin perfect spherical shells based on deep and shallow shell theories is 
presented. To derive the equilibrium and stability equations according to deep shell theory, Sanders's nonlinear 
kinematic relations are substituted into the total potential energy function of the shell and the results are 
extremized by the Euler equations in the calculus of variation. The same equations are also derived based on 
quasi-shallow shell theory. An improvement is obtained for equilibrium and stability equations related to the 
deep shell theory in comparison with the same equations related to shallow shell theory. Approximate one-term 
solutions that satisfy the boundary conditions are assumed for the displacement components. The Galerkin-
Bubnov method is used to minimize the errors due to this approximation. The eigenvalue solution of the 
stability equations is obtained using computer programs. For several thermal loads it is found that the deep shell 
theory results are slightly more stable as compared to the shallow shell theory results under the same thermal 
loads. The results are compared with the Algor finite element program and other known data in the literature. 
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“Buckling analysis of circular plates of functionally graded materials under uniform radial compression”, 
International Journal of Mechanical Sciences, Vol. 44, No. 12, December 2002, pp. 2479-2493, 
doi:10.1016/S0020-7403(02)00186-8 
ABSTRACT: This study presents the buckling analysis of radially loaded solid circular plate made of 
functionally graded material. The edge of the plate is either simply supported or clamped and the plate is 
assumed to be geometrically perfect. The equilibrium and stability equations, derived through variational 
formulation, are used to determine the prebuckling forces and critical buckling loads. The equations are based 
on Love–Kirchhoff hypothesis and the Sander's non-linear strain-displacement relation. The results are verified 
with the known results in the literature. 
 
 
R. Javaheri and M. R. Eslami, "Thermal Buckling of Functionally Graded Plates", AIAA Journal, Vol. 40, No. 
1 (2002), pp. 162-169. January 2001 
ABSTRACT: Equilibrium and stability equations of a rectangular plate made of functionally graded material 
under thermal loads are derived, based on the classical plate theory. When it is assumed that the material 
properties vary as a power form of the thickness coordinate variable, z, and when the variational method is 
used, the system of fundamental differential equations is established. The derived equilibrium and stability 
equations for functionally graded plates are identical with the equation for homogenious plates. Buckling 
analysis of functionally graded plates under four types of thermal loads is carried out, resulting in closed-form 
solutions. The buckling loads are reduced to the critical buckling temperature relations for functionally graded 
plates with linear composition constituent materials and homogeneous plates. The results are validated with the 
reduction of the buckling relations for functionally graded plates to those of isotropic homogeneous plates given 
in the literature. 
 
 
R. Javaheri and M. R. Eslami, "Thermal Buckling of Functionally Graded Plates Based on Higher Order 
Theory”, Journal of Thermal Stresses, Vol. 25, No. 7, pp 603 – 625, 2002 
ABSTRACT: Equilibrium and stability equations of a rectangular plate made of functionally graded material 
(FGM) under thermal loads are derived, based on the higher order shear deformation plate theory. Assuming 
that the material properties vary as a power form of the thickness coordinate variable z and using the variational 
method, the system of fundamental partial differential equations is established. The derived equilibrium and 
stability equations for functionally graded plates (FGPs) are identical to the equations for laminated composite 
plates. A buckling analysis of a functionally graded plate under four types of thermal loads is carried out and 
results in closed-form solutions. The critical buckling temperature relations are reduced to the respective 
relations for functionally graded plates with a linear composition of constituent materials and homogeneous 
plates. The results are compared with the critical buckling temperatures obtained for functionally graded plates 



based on classical plate theory given in the literature. The study concludes that higher order shear deformation 
theory accurately predicts the behavior of functionally graded plates, whereas the classical plate theory 
overestimates buckling temperatures. 
 
 
R. Shahsiah and M. R. Eslami, “Thermal Buckling Of Functionally Graded Cylindrical Shell”, Journal of 
Thermal Stresses, Vol. 26, No. 3, 2003, pp. 277 – 294, doi: 10.1080/713855892 
ABSTRACT: In this article, the thermal buckling loads of cylindrical shells of functionally graded material are 
considered. Derivation of equations are based on the first-order shell theory and the Sanders kinematic 
equations. The derived equilibrium and stability equations for the functionally graded cylindrical shell are 
identical with the equations for homogeneous shells expressed in the form of forces and moments per unit 
length. Assuming that the material properties vary linearly through the thickness direction, the system of 
fundamental partial differential equations in terms of the displacement components is established. Buckling 
analysis of functionally graded cylindrical shells under two types of thermal loads with simply supported 
boundary conditions are carried out. Results are obtained in the analytical form. The results are validated with 
the known data in the literature. 
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B. Mirzavand and M. R. Eslami, “Thermal Buckling of Imperfect Functionally Graded Cylindrical Shells Based 
on the Wan-Donnell Model”, Journal of Thermal Stresses, Vol. 29, No. 1, 2006, pp. 37 – 55, 
doi: 10.1080/01495730500257409 
ABSTRACT: A thermal buckling analysis of an imperfect functionally graded cylindrical shell is considered 
using the Wan-Donnell model for initial geometrical imperfections. Derivation of the equations is based on the 
first-order classical shell theory using the Sanders nonlinear kinematic relations. Results for the buckling loads 
are obtained in the closed form. The effects of shell geometry and volume fraction exponent of functionally 
graded material on the buckling load are investigated. The results are validated with known data in the 
literature. 
 
 
R. Shahsiah, M. R. Eslami and  R. Naj, “Thermal Instability of Functionally Graded Shallow Spherical Shell”, 
Journal of Thermal Stresses, Vol. 29, No. 8, 2006, pp. 771 – 790, doi: 10.1080/01495730600705406 
ABSTRACT: In this paper, thermal instability of shallow spherical shells made of functionally graded material 
(FGM) is considered. The governing equations for a thin spherical shell based on the Donnell-Mushtari-Vlasov 
theory are obtained. The equations are derived using the Sanders simplified kinematic relations and variational 
method. It is assumed that the mechanical properties vary linearly through the shell thickness. The constituent 
material of the functionally graded shell is assumed to be a mixture of ceramic and metal. Analytical solutions 
are obtained for three types of thermal loading including Uniform Temperature Rise (UTR), Linear Radial 
Temperature (LRT), and Nonlinear Radial Temperature (NRT). The results are validated with the known data in 
the literature. 
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“Thermal Buckling of Simply Supported Piezoelectric FGM Cylindrical Shells”, Journal of Thermal Stresses, 
Vol. 30, No. 11, 2007, pp. 1117 – 1135, doi: 10.1080/01495730701416036 
ABSTRACT: A thermal buckling analysis is presented for functionally graded cylindrical shells that are 
integrated with surface-bonded piezoelectric actuators and are subjected to the combined action of thermal load 
and constant applied actuator voltage. The material properties are assumed to vary as a power form of the 
thickness coordinate. Derivation of the equations is based on the higher-order shear deformation shell theory 



using the Sanders nonlinear kinematic relations. Results for the buckling temperatures are obtained in the closed 
form solution. The effects of the applied actuator voltage, shell geometry, and volume fraction exponent of 
functionally graded material on the buckling temperature are investigated. The results for simpler states are 
validated with known data in the literature. 
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ABSTRACT:  Elastic buckling analysis of imperfect FGM cylindrical shells under axial compression in thermal 
environments is carried out, using two different models for geometrical imperfections. The material properties 
of the functionally graded shell are assumed to vary continuously through the thickness of the shell according to 
a power law distribution of the volume fraction of the constituent materials, also temperature dependency of the 
material properties is considered. Derivation of equations is based on classical shell theory using the Sanders 
nonlinear kinematic relations. The stability and compatibility equations for the imperfect FGM cylindrical shell 
are obtained, and the buckling analysis of shell is carried out using Galerkin’s method. The novelty of the 
present work is to obtain closed form solutions for critical buckling loads of the imperfect FGM cylindrical 
shells, which may be easily used in engineering design applications. The effects of shell geometry, volume 
fraction exponent, magnitude of initial imperfections, and environment temperature on the buckling load are 
investigated. The results reveal that initial geometrical imperfections and temperature dependency of the 
material properties play major roles in dictating the bifurcation point of the functionally graded cylindrical 
shells under the action of axial compressive loads. Also results show that for a particular value of environment 
temperature, critical buckling load is almost independent of volume fraction exponent.  
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ABSTRACT: Thermal and mechanical instability of truncated conical shells made of functionally graded 
material (FGM) is studied in this paper. It is assumed that the shell is a mixture of metal and ceramic that its 
properties changes as a function of the shell thickness. The governing equations are based on the first-order 
shell theory and the Sanders nonlinear kinematics equations. The results are obtained for a number of thermal 
and mechanical loads and are validated with the known data in the literature. 
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ABSTRACT: The thermomechanical instability of truncated conical shells made of functionally graded material 
under different uniform temperature rises is studied in this paper. It is assumed that the shell is a mixture of 
metal and ceramic, where its properties change as functions of the shell thickness. The mechanical properties of 
metal and ceramic are assumed to be temperature dependent. The governing equations are based on the first-
order theory of shells and the Sanders non-linear kinematics equations. The results are obtained under different 
thermal conditions for three types of mechanical loading, namely hydrostatic pressure, axial compressive 
loading, and their combination. The results are validated with the known data in the literature. 
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spherical shells with temperature-dependent material”, Archive of SID, ISME (publisher and date not given in 
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ABSTRACT: The thermomechanical buckling of simply supported thin shallow spherical shells made of 
functionally graded material is presented in this paper. A metal-ceramic functionally graded shell with a power 
law distribution for volume fraction is considered, where its properties vary gradually through the shell 
thickness direction from pure metal on the inner surface to pure ceramic on the outer surface. The mechanical 
properties of the metal and ceramic are assumed to be temperature dependent. The governing equations are 
derived using the first-order shell theory of Love and Kirchhoff, the Donnell-Mushtari-Vlasov kinematics 
equations, and the calculus of variations. The analytical results are obtained for various types of loadings. The 
detailed results are compared and validated with the known data in the literature.  
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ABSTRACT: Thermal instability of deep spherical shells made of functionally graded material (FGM) is 
studied in this paper. The governing equations are based on the first-order theory of shells and the Sanders 
nonlinear kinematics equations. It is assumed that the mechanical properties are linear functions of thickness 
coordinate. The constituent material of the functionally graded shell is assumed to be a mixture of ceramic and 
metal. The analytical solutions are obtained for three types of thermal loadings including the uniform 
temperature rise (UTR), the linear radial temperature (LRT), and the nonlinear radial temperature (NRT). 
Results are validated with the known data in literature. 
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rectangular plates with temperature-dependent properties”, Acta Mechanica, Vol. 218, Nos. 1-2, 2011, pp.87-
101, doi: 10.1007/s00707-010-0402-x 
ABSTRACT: A thermal buckling analysis is presented for functionally graded rectangular plates that are 
integrated with surface-bonded piezoelectric actuators and are subjected to the combined action of thermal load 
and constant applied actuator voltage. The temperature-dependent material properties of the functionally graded 
plate are assumed to vary as a power form of the thickness coordinate. Derivation of the equations is based on 
the third-order shear deformation plate theory. Results for the critical buckling temperatures are obtained in 
closed-form solution, which are convenient to be used in engineering design applications. The effects of the 
applied actuator voltage, plate geometry, and volume fraction exponent of the functionally graded material on 
the buckling temperature are investigated. 
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buckling of functionally graded material cylindrical shells surrounded by Pasternak elastic foundation”, 
Composite Structures, Vol. 93, No. 11, October 2011, pp. 3063-3071, doi:10.1016/j.compstruct.2011.04.022 
ABSTRACT: In this study, the mechanical buckling of functionally graded material cylindrical shell that is 
embedded in an outer elastic medium and subjected to combined axial and radial compressive loads is 
investigated. The material properties are assumed to vary smoothly through the shell thickness according to a 
power law distribution of the volume fraction of constituent materials. Theoretical formulations are presented 
based on a higher-order shear deformation shell theory (HSDT) considering the transverse shear strains. Using 
the nonlinear strain–displacement relations of FGMs cylindrical shells, the governing equations are derived. 
The elastic foundation is modelled by two parameters Pasternak model, which is obtained by adding a shear 
layer to the Winkler model. The boundary condition is considered to be simply-supported. The novelty of the 
present work is to achieve the closed-form solutions for the critical mechanical buckling loads of the FGM 
cylindrical shells surrounded by elastic medium. The effects of shell geometry, the volume fraction exponent, 
and the foundation parameters on the critical buckling load are investigated. The numerical results reveal that 
the elastic foundation has significant effect on the critical buckling load. 
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“Thermal buckling of imperfect deep functionally graded spherical shell”, Journal of Thermal Stresses, Vol. 35, 
pp. 921-946, 2012, DOI: 10.1080/01495739.2012.720534 
ABSTRACT: Thermal buckling analysis of deep imperfect functionally graded (FGM) spherical shell is 
considered in this paper. A mixture of ceramic and metal is considered for the FGM shell and the material 
properties, such as the modulus of elasticity and coefficient of thermal expansion, vary by a power law function 
through the thickness. Employing the Sanders non-linear kinematic relations, total potential energy function is 
derived and the equilibrium and stability equations are obtained for the imperfect shell. Approximate solutions 
satisfying the simply supported boundary condition are assumed and using the Galerkin method the error due to 
the approximation is minimized. The geometrically imperfect shell is considered and three types of thermal 
loadings, such as the uniform temperature rise (UTR), linear temperature rise through the thickness (LTR), and 
non-linear temperature rise through the thickness (NLTR) are considered and their associated buckling 
temperatures are obtained. The effects of different temperature functions and the magnitude of initial geometric 
imperfection are examined on the thermal buckling loads of the shell. 
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Vol. 48, No. 4, pp. 887-899, May 2013, published online November, 2012, DOI: 10.1007/s11012-012-9642-2 
ABSTRACT: Thermal instability of shallow spherical shells made of functionally graded material (FGM) and 
surface-bonded piezoelectric actuators is studied in this paper. The governing equations are based on the first 
order theory of shells and the Sanders nonlinear kinematics equations. It is assumed that the property of the 
functionally graded materials vary continuously through the thickness of the shell according to a power law 
distribution of the volumne fraction of the constituent materials. The constituent material of the functionally 
graded shell is assumed to be a mixture of ceramic and metal. The analytical solutions are obtained for three 
types of thermal loadings and constant applied actuator voltage. Results for simpler states are validated with the 
known data in the literature. 
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spherical shells”, Journal of Strain Analysis for Engineering Design, Vol. 49, No. 1, pp 51-62, January 2014, 
DOI: 10.1177/0309324713484905 
ABSTRACT: Thermal instability of deep spherical shells made of functionally graded material and surface-
bonded piezoelectric actuators is studied in this article. The governing equations are based on the classical shell 
theory and the Sanders nonlinear kinematic equations. It is assumed that the property of the functionally graded 
materials varies continuously through the thickness of the shell, according to a power law distribution of the 
volume fraction of the constituent materials. The constituent material of the functionally graded shell is 
assumed to be a mixture of ceramic and metal. The analytical solutions are obtained for three types of thermal 
loadings and constant applied actuator voltage. Results for simpler states are validated with the known data in 
the literature. 
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ABSTRACT: In this paper, linear thermal buckling of a thin functionally graded material (FGM) truncated 
conical shell subjected to the uniform temperature rise loading is presented. Material properties of the FGM 
shell are assumed to vary continuously through the thickness direction. Equilibrium and stability equations are 
obtained based on the variational approach considering the first order shell theory and Sander's nonlinear 
kinematics equations. Galerkin method is adopted to obtain the critical buckling temperature difference of the 
conical shell. The results are compared with the known data in the literature. Upon the numerical results, effects 
of various parameters such as semi-vertex angel and FG parameter of material distribution are investigated on 
thermal instability of the conical shell. 
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piezoelectric layers”, Encyclopedia of Thermal Stresses, pp 2778-2785, 2014 
DEFINITIONS: One of the failure phenomena in thin circular shells is instability due to buckling. When the 
conical shells with simply supported boundary conditions are subjected to thermal loads, due to the temperature 
changes, compressive stresses may be produced and lead to the buckling of the shell. Recent achievements in 
material engineering are the development of smart materials, such as piezoelectric structures. In this entry, 
thermal buckling analysis of isotropic conical shells embedded with piezoelectric layers and subjected to 
uniform temperature rise is investigated. The governing equations are obtained based on the variational 
approach and the Donnell and Sanders shell theories. Immovable simply supported boundary conditions are 
assumed at both ends of the cone. Considering membrane solutions of linear equilibrium equations and the 
effect of piezoelectric layers, the prebuckling force resultants are obtained. Finally, the Galerkin method is 
applied to stability equ .. 
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Steven L. Braune, PE Tank Industry Consultants, Inc., “Preparing Tanks for Hurricanes”, API 2006 Storage 
Tank Conference Tulsa, Oklahoma. 
“ABSTRACT”: API Standard 650 has provisions for addressing some of the storm related issues that affect 
storage tanks. Storage Tanks Vulnerabilities: 
•Wind Issues... –Shell Buckling –Tank Overturning –Roof Damage 
•Flooding Issues... –Floating Off of Foundation –Shell Buckling 
Summary: 
•Design for the expected conditions (primarily wind) 
•Maintain your tanks 
•A well maintained tank will fair better than a ragged tank. 
•Add liquid to prevent flotation, overturning, wind buckling, & shell buckling from external pressure (rising 
water) 
•A full tank will fair better than an empty tank. 
Some very nice photographs of very large buckled tanks. 
 
 
Heinz Duddeck and Walter Wagenhuber (Institut für Statik, Technical Univeristy Braunschweig, Beethovenstr. 
51, 3300 Braunschweig, Germany), “A concept of disturbance energy for the buckling analysis of imperfect 
shells”, in Buckling of shell structures, on land, in the sea, and in the air, edited by J. F. Jullien, Elsevier 
Applied Science Publishing Co., Inc., New York, 1991 
ABSTRACT: The buckling of thin shells is in general very sensitive to imperfections. A consistent numerical 
analysis for the determination of the buckling load has to consider the “correct” imperfections. Instead of 
assuming load or deformation imperfections, a new approach is presented which applies to the minimum of 
perturbation energy with respect to all possible disturbance patterns as criteria for the stability degree of the 
shell. Thus, by starting from the perfect shell the engineer may compute the least energy necessary to reach the 
critical state of equilibrium and may introduce this approach for determining safety against buckling. A 
nonlinear eigenvalue problem is solved to find the adjacent buckling mode of smallest energy. The concept has 
been developed so far only for elastically buckling shells of arbitrary shape. As examples to demonstrate the 
method, cylindrical shells under axial loads are investigated. 
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“Cylinder buckling: the mountain pass as an organizing center”, SIAM J. Appl. Math. Vol. 66 No. 5, 2006, pp. 
1793-1824, arXiv.math/0507263 (Cornell University Library), DOI: 10.1137/050635778 
ABSTRACT: We revisit the classical problem of the buckling of a long thin axially compressed cylindrical 
shell. By examining the energy landscape of the perfect cylinder we deduce an estimate of the sensitivity of the 



shell to imperfections. Key to obtaining this is the existence of a mountain pass point for the system. We prove 
the existence on bounded domains of such solutions for all most all loads and then numerically compute 
example mountain pass solutions. Numerically the mountain pass solution with lowest energy has the form of a 
single dimple. We interpret these results and validate the lower bound against some experimental results 
available in the literature.  
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Jiri Horák, “Buckling of a Cylinder” (self-published, 2009?) 
ABSTRACT: Everybody knows how to make a Coke can ready for recycling - step on it, squash it. One also 
knows that the can resists the squashing up to a certain point, then it suddenly buckles. The can is an example of 
a thin cylindrical shell. The process of buckling of such shells has not yet been completely understood. One of 
the main questions is how big is the load that the shell can withstand before it buckles. . . 
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Germany), “A creep type strategy used for tracing the load path in elastoplastic post buckling analysis”, 
Computer Methods in Applied Mechanics and Engineering, Vol. 32, Nos. 1-3, September 1982, pp. 365-376, 
doi:10.1016/0045-7825(82)90076-7 
ABSTRACT: A strategy is presented, in which the common load incrementation is replaced by a creep type 
process. The load path approximation is governed by an artificial damping, which is outlined for direct search 
for stable equilibrium states, detailed path tracing and stability check of the solution by perturbated damping. 
The damping schemes are shown on examples of snapping structures in the elastic and plastic range. 
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“Computer Methods in Applied Mechanics and Engineering, Vol. 52, Nos. 1-3, September 1985, pp. 885-897, 
doi:10.1016/0045-7825(85)90019-2 
ABSTRACT: A perturbation strategy is outlined, which enables systematic calculation of secondary solution 
paths in the nonlinear solution manifold of thin-walled imperfection-sensitive structures. The strategy consists 



of three steps. First, the perturbation pattern is determined, second its critical amplitude is calculated to reach a 
secondary path and third the iteration to the secondary path itself is performed. The steps are formulated by 
means of constraints in the solution space. Examples are given for application to arches, plate strips and shells. 
 
 
Sima Ziaee, Khosro Jafarpur, “Effect of Shell Dimensions on Buckling Behavior and Entropy Generation of 
Thin Welded Shells”, World Academy of Science, Engineering and Technology, Vol. 5,  2011, 01-26. 
ABSTRACT: Among all mechanical joining processes, welding has been employed for its advantage in design 
flexibility, cost saving, reduced overall weight and enhanced structural performance. However, for structures 
made of relatively thin components, welding can introduce significant buckling distortion which causes loss of 
dimensional control, structural integrity and increased fabrication costs. Different parameters can affect 
buckling behavior of welded thin structures such as, heat input, welding sequence, dimension of structure. In 
this work, a 3-D thermo elastic-viscoplastic finite element analysis technique is applied to evaluate the effect of 
shell dimensions on buckling behavior and entropy generation of welded thin shells. Also, in the present work, 
the approximated longitudinal transient stresses which produced in each time step, is applied to the 3D-
eigenvalue analysis to ratify predicted buckling time and corresponding eigenmode. Besides, the possibility of 
buckling prediction by entropy generation at each time is investigated and it is found that one can predict time 
of buckling with drawing entropy generation versus out of plane deformation. The results of finite element 
analysis show that the length, span and thickness of welded thin shells affect the number of local buckling, 
mode shape of global buckling and post-buckling behavior of welded thin shells. 
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and Technology, Manchester, England), “Experiments on the buckling under internal pressure of thin 
torispherical ends of cylindrical pressure vessels”, International Journal of Mechanical Sciences, Vol. 20, No.3, 
1978, pp. 159-175, doi:10.1016/0020-7403(78)90003-6 
ABSTRACT: Ten cylindrical pressure vessels with torispherical ends, all of the same constant nominal 
thickness, were tested under internal pressure to observe the buckling behaviour of the toroidal knuckle. All 
specimens were of constant internal cylinder diameter to thickness ratio of 531·5. The sphere radius was equal 
to the cylinder diameter and only the torus radius was varied. Buckling was detected by rotating probes at the 



sphere/torus junction and at the mid-point of the torus. The buckling pressure increased with increasing torus 
radius and the two specimens with the largest torus radii did not buckle. For all specimens, the change of 
meridional shape with increase in pressure was measured. For one specimen, strain gauges were used to study 
the variation of circumferential strain on the inside and outside surface at the sphere/torus junction due to 
variation in thickness round the circumference. A simple theoretical expression for the buckling pressure, 
similar to the Rankine formula for a strut, is suggested. 
 
 
Cheng-ti Zhou and Lie-dong Wang (Dalian University, Economic & Technical Development Zone , Dalian 
116622 , P R China) , “Nonlinear theory of dynamic stability for laminated composite cylindrical shells”, 
Applied Mathematics and Mechanics, Vol. 22, No. 1, January 2001 
ABSTRACT: Hamilton Principle was used to derive the general governing equations of nonlinear dynamic 
stability for laminated cylindrical shells in which factors of nonlinear large deflection, transverse shear and 
longitudinal inertia force were included. Equations were solved by variational method. Analysis reveals that 
under the action of dynamic load, laminated cylindrical shells will fall into a state of parametric resonance and 
enter into the dynamic unstable region that causes dynamic instability of shells. Laminated shells of three 
typical composites were computed: i.e. T300/5 208 graphite epoxy, E-glass epoxy, and ARALL shells. Results 
show that all factors will induce important influence for dynamic stability of laminated shells. So, in research of 
dynamic stability for laminated shells, to consider these factors is important. 
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“Theoretical studies on dynamic stability of composite laminated cylindrical shells subjected to periodic 
loading”, Proceedings of the School of Engineering of Tokai University, 26, 50, 2001, Tokai University 
ABSTRACT: This paper deals with the problem of dynamic stability of angle-ply and cross-ply laminated 
cylindrical shells subjected to periodic axial compressive loading, external pressure and hydrostatic pressure. 
Several cases of the dynamic stability problem for composite laminated cylindrical shells are solved explicitly. 
The solutions for the prebuckling motion and the perturbated motion are obtained by the use of Galerkin's 
method. Calculations are carried out for composite laminated cylindrical shells and the instability regions are 
determined by utilizing Mathieu's equation. The inevitability of dynamically unstable behavior is proved 
analytically and the effects of various factors, such as static buckling, load ratio, number of layers, stacking 
sequence, vibrated amplitude, fundamental frequency, lamination angle, dimension of cylinder and dynamic 
unstable mode, are clarified. 
 
 
S. K. Sahu and P. K. Datta (Department of Aerospace Engineering, Indian Institute of Technology, (I.I.T.), 
Kharagpur, 721302, India), “Parametric Instability of Doubly Curved Panels Subjected to Non-Uniform 
Harmonic Loading”, Journal of Sound and Vibration, Vol. 240, No. 1, February 2001, pp. 117-129, 
doi:10.1006/jsvi.2000.3187 
ABSTRACT: The parametric instability characteristics of doubly curved panels subjected to various in-plane 
static and periodic compressive edge loadings, including partial and concentrated edge loadings are studied 
using finite element analysis. The first order shear deformation theory is used to model the doubly curved 
panels, considering the effects of transverse shear deformation and rotary inertia. The theory used is the 
extension of dynamic, shear deformable theory according to the Sander's first approximation for doubly curved 
shells, which can be reduced to Love's and Donnell's theories by means of tracers. The effects of static load 
factor, aspect ratio, radius-to-thickness ratio, shallowness ratio, boundary conditions and the load parameters on 
the principal instability regions of doubly curved panels are studied in detail using Bolotin's method. 
Quantitative results are presented to show the effects of shell geometry and load parameters on the stability 
boundaries. Results for plates and cylindrical shells are also presented as special cases and are compared with 
those available in the literature. 
 



 
S.K. Sahu and P.K. Datta (Department of Aerospace Engineering, I.I.T., Kharagpur-721302, India), “Parametric 
Resonance Characteristics of Laminated Composite Doubly Curved Shells Subjected to Non-Uniform 
Loading”, Journal of Reinforced Plastics and Composites, December 2001, vol. 20, no. 18, pp. 1556-1576, doi: 
10.1177/073168401772679057 
ABSTRACT: The parametric resonance characteristics of laminated composite doubly curved panels subjected 
to various in-plane static and periodic compressive edge loadings, including partial and concentrated edge 
loading are studied using finite element analysis. The first order shear deformation theory is used to model the 
doubly curved panels, considering the effects of transverse shear deformation and rotary inertia. The theory 
used is the extension of dynamic, shear deformable theory according to the Sander’s first approximation for 
doubly curved laminated shells, which can be reduced to Love’s and Donnell’s theories by means of tracers. 
The effects of number of layers, static load factor, side to thickness ratio, shallowness ratio, boundary 
conditions, degree of orthotropy, ply orientations and various load parameters on the principal instability 
regions of doubly curved panels are studied in detail using Bolotin’s method. Quantitative results are presented 
to show the effects of shell geometry, lamination details and load parameters on the stability boundaries. Results 
of plates and cylindrical shells are also presented as special cases and are compared with those available in the 
literature. 
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At/P.O. Kharagpur, 721302 (W.B.), India), “Dynamic Stability Of Curved Panels With Cutouts”, Journal of 
Sound and Vibration, Vol. 251, No. 4, April 2002, pp. 683-696, doi:10.1006/jsvi.2001.3961 
ABSTRACT: The parametric instability behaviour of curved panels with cutouts subjected to in-plane static and 
periodic compressive edge loadings are studied using finite element analysis. The first order shear deformation 
theory is used to model the curved panels, considering the effects of transverse shear deformation and rotary 
inertia. The theory used is the extension of dynamic, shear deformable theory according to Sanders' first 
approximation for doubly curved shells, which can be reduced to Love's and Donnell's theories by means of 
tracers. The effects of static and dynamic load factors, geometry, boundary conditions and the cutout parameters 
on the principal instability regions of curved panels with cutouts are studied in detail using Bolotin's method. 
Quantitative results are presented to show the effects of shell geometry and load parameters on the stability 
boundaries. Results for plates are also presented as special cases and are compared with those available in the 
literature. 
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“Dynamic Stability of Laminated Composite Curved Panels with Cutouts”, ASCE J. Engrg. Mech. Vol.129, pp. 
1245-1253, 2003, doi:10.1061/(ASCE)0733-9399(2003)129:11(1245) 
ABSTRACT: The present investigation deals with the dynamic stability behavior of laminated composite 
curved panels with cutouts subjected to in-plane static and periodic compressive loads, analyzed using the finite 
element method. A generalized shear deformable Sanders’ theory with tracers is used in this study. Numerical 
results obtained for vibration and buckling of composite panels with cutouts compare well with literature. The 
principal dynamic instability region of composite perforated panels is obtained using Bolotin’s approach. The 
study reveals that curved panels with cutouts depict higher stiffness with the addition of curvatures. The 
laminated hyperbolic paraboloid panel shows the highest stiffness with the onset of instability at higher 
excitation frequencies. The effect of curvature in laminated composite curved panels is reduced with an increase 
in size of the cutout. The principal instability regions are influenced by the lamination parameters. Thus, the 
laminate construction, coupled with cutout geometry, can be used to the advantages of tailoring during design of 
composite structures for practical applications. 
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ABSTRACT: The dynamic stability behavior of laminated composite shells subjected to hygrothermal loadings 
are studied in the present investigation. A simple laminated model is developed for the vibration and stability 
analysis of laminated composite shells subjected to hygrothermal conditions. A computer program based on 
FEM in MATLAB environment is developed to perform all necessary computations. An eight-node 
isoparametric element is employed in the present The analysis with five degrees of freedom per node. Element 
elastic stiffness matrices, mass matrices, geometric stiffness matrix due to mechanical and hygrothermal loads 
and load vectors are derived using the principle of minimum potential energy. Quantitative results are presented 
to show the effects of curvature, ply-orientation, degrees of orthotropy and static load factors of laminate on 
dynamic stability of composite shells for different temperatures and moisture concentrations.  
References listed at the end of the paper: 
[1] L. Librescu, W. Lin: Jou. Spacecraft Rockets, Vol.33 (2) (1996), p. 285.  
[2] P.K. Parhi, S.K.Bhattacharyya and P.K.Sinha : Jou. Sound and Vibration Vol.248(2) (2001), p. 195.  
[3] Hui-Shen Shen: Int. Jou. of Solids and Structures Vol.38 (2001), p. 6357. � 
[4] V.V. Bolotin: The Dynamic stability of elastic systems. Holden Day, San Francisco,1964  
[5] C.W. Bert and V. Birman: Acta Mechanica, Vol.71, (1988), p.61. � 
[6] A. Argento and R.A. Scott: Jou. of Sound and Vibration Vol.162(2) (1992), p. 323.  
[7] V. Balamurugan, M. Ganapathi, and T.K. Varadan: Comput. and Struct., Vol.60(1), (1996).p.125. 
�[8] T.Y. Ng, K.Y. Lam and J.N. Reddy: Int, J. Mech.Sci. Vol.40. No.8. (1998), p.805  
[9] S.K. Sahu and P.K. Dutta: Jou. of Engineering Mechanics, (ASCE) (2003),p. 1245  
[10] K.S. Sairam and P.K. Sinha: Jou of Sound and vibration, Vol. 158, (1992), p.133.  
[11] Xiao-Lin Huang, Hui-Shen Shen, and Jain-Jun Zheng: Composites Science and Technology, Vol. 64, (2004), p. 1419.  
 
 
S.K. Sahu, A.V. Asha and R.N. Mishra (Department of Civil Engineering, NIT, Rourkela - 769 008, India), 
“Stability of Laminated Composite Pretwisted Cantilever Panels”, Journal of Reinforced Plastics and 
Composites, August 2005, vol. 24, no. 12, pp. 1327-1334, 
doi: 10.1177/0731684405049856 
ABSTRACT: This article deals with the stability analysis of angle-ply laminated composite twisted panels 
using the finite element method. Here, a eight-noded isoparametric quadratic shell element is used to develop 
the finite element procedure. To investigate the vibration and stability behavior of twisted panels, the effect of 
various geometrical parameters like angle of twist, aspect ratio, lamination parameters, shallowness ratio, etc. 
are studied. The influence of various parameters on the vibration and stability characteristics of twisted panels 
have been examined. Numerical results are presented to show the effects of pretwist angles, geometry, and 
lamination details on the stability characteristics of twisted plates. 
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S.K. Sahu and A.V. Asha, “Dynamic Stability of Laminated Composite Twisted Curved Panels”, Proceedings 
of the IX International Conference on Recent Advances in Structural Dynamics, Southampton, UK 17-19 July 
2006, http://hdl.handle.net/2080/317  
PARTIAL ABSTRACT: The twisted cantilever panels have significant applications in wide chord turbine 
blades, compressor blades, fan blades, particularly in gas turbines. This range of practical applications demands 
a proper understanding of their vibration, static and dynamic stability characteristics. Due to its significance, a 
large number of references deal with the free vibration of twisted plates. Structural elements subjected to in-
plane periodic forces may lead to parametric resonance, due to certain combinations of the values of load 
parameters. The instability may occur below the critical load of the structure under compressive loads over wide 
ranges of excitation frequencies. Composite materials are being increasingly used in turbo-machinery blades 
because of their specific strength, stiffness and these can be tailored through the variation of fiber orientation 
and stacking sequence to obtain an efficient design. Thus the parametric resonance characteristics of laminated 
composite twisted canti... 
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“Buckling of curved panels subjected to non-uniform loading using finite element method”, Presented in 
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ABSTRACT: The static stability of the curved panels subjected to varieties of non-uniform loading including 
partial and concentrated in-plane compressive edge loading is studied using finite element method, considering 
the effects of transverse shear deformation and rotary inertia. An eight nodded quadratic isoparametric element 
is employed in the present analysis. The study reveals that the stability behaviour of the flat and curved panels is 
greatly influenced by the geometry, boundary conditions, the type and position of loads. 
 
 
S. K. Sahu and A. V. Asha (Department of Civil Engineering, National Institute of Technology, Rourkela-
769008, India), “ Parametric Resonance Characteristics of Angle-ply Twisted Curved Panels”, International 
Journal of Structural Stability and Dynamics, Vol 8, No. 1, 2007, pp.  61 – 76, 
http://dx.doi.org/10.1142/S0219455408002557 
ABSTRACT: The present study deals with the dynamic stability of laminated composite pre-twisted cantilever 
panels. The effects of various parameters on the principal instability regions are studied using Bolotin's 
approach and finite element method. The first-order shear deformation theory is used to model the twisted 
curved panels, considering the effects of transverse shear deformation and rotary inertia. The results on the 
dynamic stability studies of the laminated composite pre-twisted panels suggest that the onset of instability 
occurs earlier and the width of dynamic instability regions increase with introduction of twist in the panel. The 
instability occurs later for square than rectangular twisted panels. The onset of instability occurs later for pre-
twisted cylindrical panels than the flat panels due to addition of curvature. However, the spherical pre-twisted 
panels show small increase of nondimensional excitation frequency. 
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Rourkela-769008, India), “Vibration And Stability Of Cross-Ply Laminated Twisted Cantilever Plates”, 
Vibration Problems ICOVP-2007, Springer Proceedings in Physics, 2009, Vol/ 126, 2009, pp. 347-355,  
doi: 10.1007/978-1-4020-9100-1_36 
ABSTRACT: The buckling and vibration analysis of cross-ply laminated cantilever twisted plates are 
investigated. The analysis is carried out using the finite element method with first order shear deformation 
theory. An eight-nodded isoparametric quadratic element is employed in the present analysis with five degrees 
of freedom per node. The element elastic stiffness matrix, mass matrix and load vector are derived using the 
principle of Stationery Potential Energy. Plane stress analysis is carried out using the finite element method to 
determine the stresses and these are used to formulate the geometric stiffness matrix. The overall stiffness and 
mass matrices are obtained by assembling the corresponding element matrices using skyline technique. The 
eigenvalues are determined using subspace iteration scheme. Extensive results are presented to show the effects 
of various parameters such as aspect ratio, number of layers, angle of twist, ply orientation, etc on the buckling 
and vibration behavior of cross-ply laminated twisted cantilever plates. It was noticed that both the non-
dimensional buckling and frequency parameter decreased with the increase in the angle of twist of the plate. 
The non-dimensional frequency parameters as well as buckling loads also increase with increase in the number 
of layers of the plate. There is significant decrease in the buckling load of the plate with increase of aspect ratio 
unlike the frequencies of vibration. These can be used to advantage in tailoring of laminated cross-ply twisted 
cantilever plates. 
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“Parametric instability of twisted cross-ply laminated panels”, Aerospace Science and Technology 
Article in Press, Corrected Proof, 2011, doi:10.1016/j.ast.2010.09.010 
ABSTRACT: The present paper deals with the study of the vibration, buckling and parametric instability 
characteristics of general laminated cross-ply pre-twisted cantilever flat and curved panels. The effects of angles 
of pre-twist, aspect ratio, static load factor, and the lamination parameters of the cross-ply twisted curved panels 
on the principal instability regions are studied using Bolotin's approach. An eight-noded isoparametric quadratic 
shell element with five degrees of freedom per node is used to develop the finite element procedure. The first 
order shear deformation theory is used to model the twisted cross-ply curved panels considering the effects of 
transverse shear deformation and rotary inertia. The linear part of the strain is used to derive the elastic stiffness 
matrix and the non-linear part of the strain is used to derive the geometric stiffness matrix. The global matrices 
are obtained by assembling the corresponding element matrices using skyline technique. Subspace iteration 
method is used throughout to solve the eigenvalue problem. Reduced integration technique is adopted in order 
to avoid possible shear locking. Based on the parametric studies, it is found that the instability behavior of 
twisted cross-ply cantilever panels is greatly influenced by the geometry, material, angle of twist and lamination 
parameters. So, this can be used to advantage in tailoring during design of crossply twisted cantilever panels. 
 
 
Prosun Kumar Datta and Sauvik Biswas (Department of Aerospace Engineering, Indian Institute of 
Technology, Kharagpur, 721302, India), “Research advances on tension buckling behaviour of aerospace 
structures: a review”, Int. J. of Aeronautical & Space Sciences, Vol. 12, No. 1, 2011, pp. 1-15, 
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ABSTRACT: This paper reviews most of the research done in the field of tensile buckling characteristics 
pertaining to aerospace structural elements with special attention to local buckling and parametric excitation due 
to periodic loading on plate and shell elements. The concepts of buckling in aerospace structures appear as the 
result of the application of a global compressive applied load or shear load. A less usual situation is the case, in 
which a global tensile stress creates buckling instability and the formation of complex spatial buckling pattern. 
In contrast to the case of a pure compression or shear load, here the applied macroscopic load has no 
compressive component and is thus globally stabilizing. The instability stems from a local compressive stress 
induced by the presence of a defect, such as a crack or a hole, due to partial or non-uniform applied load at the 
far end. This is referred to as tensile buckling. This paper discusses all aspects of tensile buckling, theoretical 
and experimental. Its far reaching applications causing local instability in aerospace structural components are 
discussed. The important effects on dynamic stability behaviour under locally induced periodic compression 
have been identified and influences of various parameters are discussed. Experimental results on simple and 
combination resonance characteristics on plate structures due to tensile buckling effects are elaborated. 
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compression” (Experimental results are presented for circular cylinderical shells with both reinforced and 
unreinforced holes under axial compression), Experimental Mechanics, Vol. 23, No. 4, 1982, pp. 414-417,  
doi: 10.1007/BF02330057 
ABSTRACT: An experimental study was carried out to clarify the effects of circular holes on the buckling of 
circular cylinders under axial compression. The effect of reinforcements was also examined by placing thin 
annular plates around the cutouts. Tests were performed on polyester shells with radius-to-thickness ratio of 400 
and 100 and with two diametrically opposed circular holes. If a hole is small enough, there are no appreciable 
effects on the buckling strength of the cylinder. However larger cutouts result in a significant reduction of the 
buckling load. When doublers are placed around the holes, the buckling load approaches the value for the 
complete cylinder with no cutouts as the stiffening volume increases. 
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“Parametric Instability of Composite Curved Panel Subjected to Concentrated Edge Loading”, Advances in 
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ABSTRACT: The parametric resonance characteristics of laminated composite curved panels subjected to 
various in-plane periodic concentrated edge loadings are studied using finite element analysis. The first order 
shear deformation theory is used to model the curved panels, considering the effects of transverse shear 
deformation and rotary inertia. The effects of number of layers, static load factor, boundary conditions and ply 
orientations for different positions of loading on the principal instability regions of curved panels are studied in 
detail using Bolotin's method. Quantitative results are presented to show the effects of shell geometry, 
lamination details and load parameters on the stability boundaries. 
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“Tension buckling and dynamic stability behaviour of laminated composite doubly curved panels subjected to 
partial edge loading”, Composite Structures, Vol. 60, No. 2, May 2003, pp. 171-181, 
doi:10.1016/S0263-8223(02)00314-8 
ABSTRACT: This paper deals with the study of tensile buckling, vibration and dynamic stability behaviour of 
multilaminated curved panels subjected to uniaxial in-plane point and patch tensile edge loadings by using the 
finite element method. The effect of first order shear deformation theory is used to model the doubly curved 
panels. Numerical results have been established through convergence and comparison with the published data 



from the literature. The effects of load position, number of layers, lamination angles, thickness ratio, aspect 
ratio and shell geometries of the panel are considered in the analysis and results are discussed. 
 
 
L. Ravi Kumar (1), P.K. Datta (1) and D.L. Prabhakara (2) 
(1) Department of Aerospace Engineering, Indian Institute of Technology, Kharagpur 721 302, West Bengal, 
India  
(2) Department of Civil Engineering, Malnad College of Engineering, Hassan 573 201, Karnataka, India  
“Tensile buckling and vibration behavior of curved panels”, in Proceedings of the Second International 
Conference on Structural Stability ... edited by C. M. Wang, G. R. Liu, K. K. Ang, 2003, World Scientific 
Publishing, ISBN 981-238-254-2 
ABSTRACT: The tensile buckling and vibration behaviour of curved panels of square planform subjected to 
combinations of tension-tension, tension-compression and compression-compression edge loadings have been 
studied using the finite element method. The first order shear deformation theory is used to model the doubly 
curved panels, considering the effects of transverse shear deformation and rotary inertia. The theory used is 
extended from the dynamic, shear deformable theory based on the Sander’s first approximation for doubly 
curved shells, which can be reduced to Love’s and Donnell’s theories by means of tracers. The in-plane non-
uniform stress field has been analysed under plane-stress conditions with reasonable accuracy. The effects of 
biaxial concentrated and patch loading on the edges are also considered in the analysis. 
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“Dynamic instability characteristics of laminated composite doubly curved panels subjected to partially 
distributed follower edge loading”, International Journal of Solids and Structures, Vol. 42, No. 8, April 2005, 
pp. 2243-2264, doi:10.1016/j.ijsolstr.2004.09.024 
ABSTRACT: This paper deals with the study of vibration and dynamic instability characteristics of laminated 
composite doubly curved panels, subjected to non-uniform follower load, using finite element approach. First 
order shear deformation theory is used to model the doubly curved panels, considering the effects of shear 
deformation and rotary inertia. The formulation is based on the extension of dynamic, shear deformable theory 
according to Sanders’ first approximation for doubly curved laminated shells, which can be reduced to Love’s 
and Donnell’s theories by means of tracers. The modal transformation technique is applied to reduce the 
number of equilibrium equations for subsequent analysis. Structural damping is introduced into the system in 
terms of viscous damping. Instability behaviour of curved panels have been examined considering the various 
parameters such as width of edge load, load direction control, damping, influence of fiber orientation and lay up 
sequence etc. The results show that under follower loading the panel may lose its stability due to either flutter or 
divergence, depending on the system parameters. 
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“Buckling and dynamic instability analysis of stiffened shell panels”, Thin-Walled Structures, 2006; 44 (3):321-
333, doi: 10.1016/j.tws.2006.03.004 
ABSTRACT: The static and dynamic instability characteristics of stiffened shell panels subjected to uniform in-
plane harmonic edge loading are investigated in this paper. The eight-noded isoparametric degenerated shell 
element and a compatible three-noded curved beam element are used to model the shell panels and the 
stiffeners, respectively. As the usual formulation of degenerated beam element is found to overestimate the 
torsional rigidity, an attempt has been made to reformulate it in an efficient manner. Moreover, the new 
formulation for the beam element requires five degrees of freedom per node as that of shell element. The 
method of Hill's infinite determinant is applied to analyze the dynamic instability regions. Numerical results are 



presented through convergence and comparison with the published results from the literature. The effect of 
various parameters like shell geometry, stiffening scheme, static and dynamic load factors, stiffener size and 
position, and boundary conditions are considered in buckling and dynamic instability analysis of stiffened 
panels subjected to uniform in-plane harmonic loads along the boundaries. 
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“Dynamic instability analysis of stiffened shell panels subjected to partial edge loading along the edges”, 
International Journal of Mechanical Sciences, Vol. 49, No. 12, December 2007, pp. 1309-1324, 
doi:10.1016/j.ijmecsci.2007.04.006 
ABSTRACT: The dynamic instability characteristics of stiffened shell panels subjected to partial in-plane 
harmonic edge loading are investigated in this paper. The eight-noded isoparametric degenerated shell element 
and a compatible three-noded curved beam element are used to model the shell panels and the stiffeners, 
respectively. As the usual formulation of degenerated beam element is found to overestimate the torsional 
rigidity, an attempt has been made to reformulate it in an efficient manner. Moreover, the new formulation for 
the beam element requires five degrees of freedom per node as that of shell element. The method of Hill's 
infinite determinant is applied to analyze the dynamic instability regions. Numerical results are presented 
through convergence and comparison with the published results from the literature. The effects of parameters 
like loading type and shell geometry are considered in the dynamic instability analysis of stiffened panels 
subjected to non-uniform in-plane harmonic loads along the boundaries. The tension buckling aspect of the 
stiffened panels are also considered and the dynamic stability behavior due to tensile in-plane edge loading is 
studied for the concentrated load. 
 
 
Li Dao-Kui, Zhou Jian-ping, School of Astronautic and Material Engineering, National University of Defense 
Technology, Changsha 410073, China, “Buckling Analysis Of Delaminated Shell For The First Order Shear 
Deformation Theory”, AMCS 2002, 19(1) 80-84. 
ABSTRACT: Delaminations may reduce the buckling load of the laminated structure greatly. In this paper, 
various examples were analyzed by using the model in part I. First, by comparing with the results of the 
classical theory and first-order shear-deformation theory, the model was validated and the usable range of each 
theory was pointed out. Three different buckling modes of delaminated shell were considered. The influence of 
different ratios of radius to thickness, boundary condition and length, depth and position of the delamination on 
the buckling load was analyzed. Finally, the buckling analysis of delaminated orthotropic shell and the 
influences of ply orientation of the material on the buckling load of a delaminated shell were given. 
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Hyonny Kim and Keith T. Kedward (Department of Mechanical and Environmental Engineering, University of 
California, Santa Barbara, CA 93106, USA), “A method for modeling the local and global buckling of 
delaminated composite plates”, Composite Structures, Vol. 44, No. 1, January 1999, pp. 43-53, 
doi:10.1016/S0263-8223(98)00117-2 
ABSTRACT: An analytical methodology is presented for predicting the buckling initiation of delaminated 
composite plates. Both global and local sublaminate buckling deformation modes are predicted for rectangular 
plates of any thickness. The global behavior of the delamination zone is accounted for by summing the 
individual stiffness contributions of each sublaminate constituting the delamination zone. This allows for the 
delamination zone to be treated as a single plate when performing global buckling predictions. Local buckling 
predictions are obtained by modeling a sublaminate adjacent to the surface as a separate elliptical plate. These 
analytical predictions compare closely with the results of detailed finite element models investigating several 
cases of delaminated plates. The methodology presented is found to be accurate for the cases considered and 
versatile as it can accommodate plates of any aspect ratio and having arbitrarily sized and located 
delaminations. 
 



 
Hyonny Kim and Hyukbong Kwon (School of Aeronautics and Astronautics, Purdue University, 315 N. Grant 
St., West Lafayette, IN 47907, USA), “Buckling of Composite Flanges in Partially Disbonded Adhesive Joints”, 
Journal of Composite Materials, December 2004, vol. 38, no. 24, pp. 2213-2230 
doi: 10.1177/0021998304045592 
ABSTRACT: This paper contributes newly developed closed-form buckling solutions for generic one-edge-free 
problems common to partially disbonded composite structures. These solutions are shown to be accurate by 
comparison with experimentally measured buckling loads which are also reported in this paper. The buckling of 
partially disbonded regions in adhesive joints is a safety concern due to the potential for ensuing buckling-
driven disbond growth. In order to design structures to be tolerant to these flaws, closed-form expressions that 
predict buckling load have been developed based on a one-edge-free buckling model. Comparison of the closed-
form predictions with the finite element results verifies the accuracy of the solutions. Validation of these 
analyses was achieved by comparison with the experimentally determined buckling loads. These were measured 
to fall within a range of predicted values, as defined by the choice of boundary condition opposite the disbonded 
flange-free-edge: either clamped or simply-supported. Assumption of either boundary condition provides upper- 
and lower-bound predictions of buckling in partially disbonded joint flange configurations. 
 
 
Tomas Grahn (Aeronautics Division, FFA, SE-17290 Stockholm, Sweden), “Effects of geometrical 
imperfections on postbuckling behaviour of delaminated composite plates”, FOI Swedish Defence Research 
Agency Scientific Report FOI-R-0791-SE, January 2003, ISSN 1650-1942 
PARTIAL ABSTRACT: This paper investigates how geometrical imperfections, which in most cases are 
present for impacted laminates, affect the posbuckling behaviour of delaminated composite plates under 
compression. Delaminations are one of the most frequently appearing material damage due to impact. The 
influence of different shapes of the geometrical imperfections on the response has been studied. The program 
system, DEBUGS, which is developed and specialized to simulate delamination buckling and growth, is used 
for the analyses. DEBUGS is based on the finite element program ADINA. It is found that the geometrical 
imperfections influence the buckling behaviour, and thus also possibly the initiation of delamination growth. A 
more accurate model of delamination buckling of impact-damaged laminated composites should thus include a 
feature where the initial shape of the composite may be varied, e.g. in a model where the material degradation in 
the impact damaged zone is modeled. 
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Tashan Engineering Center, Ben Gurion International Airport), “Impact damage assessment of composites”, 
STP1128-EB, ASTM International, January 1992, DOI: 10.1520/STP14574S 
ABSTRACT: The influence of impact damage on the structural performance of composite laminates was 
investigated by a joint effort and included nondestructive evaluation (NDE), mechanical testing and analysis. 
The impacted NASA Industry Standard Compression After Impact test specimen was chosen. Damage 
characterization incorporated ultrasonic and radiographic methods. Computerized and manual ultrasonic testing 
from both sides of the test panels provided accurate information on the damaged area. The findings were 
confirmed by a destructive X-ray microfocus technique combined with an opaque penetrant for damage 
enhancement. From the NDE data, a simplified damage model was constructed and analyzed for strength and 
stability. Failure loads and modes were predicted and compared to compression after impact test results. 
Preliminary tests showed very good agreement. 
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Mechanical Engineering UK), “Energy method for modelling delamination buckling in geometrically 
constrained systems”, Proceedings of the Institution of Mechanical Engineers, Part C: Journal of Mechanical 
Engineering Science, September 1, 2003, vol. 217, no. 9, pp. 1015-1026 
doi: 10.1243/095440603322407254 
ABSTRACT: Delamination buckling analysis of laminates is of considerable interest to the mechanical and 



materials engineering sectors, as well as having wider applications in geology and civil engineering. With 
advances in computing power, the ability to model ever increasingly complex problems at more detailed levels 
becomes more of a reality. However, many of the common finite element packages, with the exception of all 
but the most specialized, do not perform particularly well where complex non-linear problems are dealt with. In 
many cases, these packages can fail to determine the full range of solutions or accurately predict the properties 
and geometry of the final state. This is particularly the case where large deformations and buckling of laminates 
are considered. Because of this, many researchers prefer to use what they perceive to be more reliable 
techniques, such as the symbolic computation of the underlying differential equations, rather than finite element 
approaches. The use of finite element packages is further frustrated by the steep learning curve and implicit 
restrictions imposed by using third-party software. In this paper, a finite element approach and an energy 
formulation method are considered and used to model the delamination buckling in a geometrically constrained 
system. These methods are compared with experimental results and their relative merits are discussed. In 
particular, the accuracy and the ability to represent the geometry of the buckled system are discussed. Both the 
finite element approach and the energy formulation are described in detail and the numerical results are 
compared. 
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GA 30332-0150), “The initial post-buckling behavior of face-sheet delaminations in sandwich composites”, J. 
Appl. Mech., Vol. 70, No. 2, pp 191-199, March 2003 
ABSTRACT (None given) 
 
 
Yoontae Kim (Northeastern University), “Buckling of a cracked cylindrical shell reinforced with an elastic 
liner”, Master’s thesis, Department of Mechanical Engineering, Northeastern University, Boston, MA, August 
2011 
ABSTRACT: Shell structures have been widely used in engineering applications such as pipelines, aerospace 
and marine structures, and cooling towers. Occurring suddenly and generally inadvertently due to its nature, 
buckling is one of the main failure considerations in the design of these structures. Presence of defects, such as 
cracks, corrosion pits, blow-out holes, in shell structures may severely compromise their buckling behavior and 
jeopardize the structural integrity. 
In this study, a numerical investigation on the buckling behavior of a cracked cylindrical shell reinforced with 
an elastic liner and subjected to combined axial compression was carried out. The effect of supporting liner on 
the buckling behavior of the cracked shell at different crack sizes and orientations were investigated. In the next 
step, the buckling behavior of a cracked cylindrical shell with an elastic liner subjected to the internal pressure 
and axial compression was studied. Different buckling modes of the cracked shell, including global, transition 
and locales modes are identified for different loading conditions. 
The results showed that longitudinal crack has a more detrimental effect on the buckling strength of the 
cylindrical shell in cylinders with no elastomeric liner or with elastomeric liners with low relative stiffness. In 
addition, cylinders with elastomeric liners of high relative stiffness circumferential crack have a more 
detrimental effect on the buckling strength of the cylindrical shell. 
The finite element analysis also showed that increasing the thickness of the supporting layer or increasing its 
stiffness, can significantly increase the critical crack size at each angle. The shells reinforced with elastic liners 
subjected to the internal pressure and axial compression shown that the internal pressure does not affect the 
overall buckling behavior of perfect cylindrical shells. For circumferential crack, the internal pressure increases 
the buckling load of the cylindrical shell. In contrast, for longitudinal crack, the internal pressure decreases the 
buckling load of the cylindrical shell. We found that the critical buckling load of the cracked cylinder with 
various thicknesses of the elastomeric liner can be expressed at each crack angle by a single parameter, namely 
stretching stiffness ratio of liner and shell layers.  
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“Buckling of cracked cylindrical thin shells under combined internal pressure and axial compression”, Thin-
Walled Structures, Vol. 44, No. 2, February 2006, pp. 141-151, doi:10.1016/j.tws.2006.02.004 
ABSTRACT: Linear eigenvalue analysis of cracked cylindrical shells under combined internal pressure and 
axial compression is carried out to study the effect of crack type, size and orientation on the buckling behavior 
of cylindrical thin shells. Two types of crack are considered; through crack and thumbnail crack. Our 
calculations indicate that depending on the crack type, length, orientation and the internal pressure, local 
buckling may precede the global buckling of the cylindrical shell. The internal pressure, in general, increases 
the buckling load associated with the global buckling mode of the cylindrical shells. In contrast, the effect of 
internal pressure on buckling loads associated with the local buckling modes of the cylindrical shell depends 
mainly on the crack orientation. For cylindrical shells with relatively long axial crack, buckling loads associated 
with local buckling modes of the cylindrical shell reduce drastically on increasing the shell internal pressure. In 
contrast, the internal pressure has the stabilizing effect against the local buckling for circumferentially cracked 
cylindrical shells. A critical crack length for each crack orientation and loading condition is defined as the 
shortest crack causing the local buckling to precede the global buckling of the cylindrical shell. Some insight 
into the effect of internal pressure on this critical crack length is provided. 
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United States, “On the buckling of cracked composite cylindrical shells under axial compression”, Composite 
Structures 80 (2007). 152–158. 
ABSTRACT: Potential sensitivity of the buckling behavior of cracked composite cylindrical shells to service 
life cracking is explored by carrying out linear buckling analysis. Computational models of cracked composite 
cylindrical shells are developed by exploiting a special meshing scheme in which the element size is reduced 
incrementally from the element size employed in the uncracked region by approaching the crack tip. The effect 
of crack size and orientation, as well as the composite ply angle on the buckling behavior of cylindrical shells 
under axial compression is investigated. The results provide some insight into designing a composite laminate, 
which enhances the load capacity of cylindrical shells and minimizes their potential sensitivity to the presence 
of defects. 
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(Europhysics Letters), Vol. 77, No. 4, 2007, p. 40003, doi: 10.1209/0295-5075/77/40003 
ABSTRACT: The response of low-dimensional solid objects combines geometry and physics in unusual ways, 
exemplified in structures of great utility such as a thin-walled tube that is ubiquitous in nature and technology. 



Here we provide a consequence of this confluence of geometry and physics in tubular structures: our analysis 
shows that the persistence of a localized pinch in an elastic pipe whose effect decays as an oscillatory 
exponential with a persistence length that diverges as the thickness of the tube vanishes, which we confirm 
using simulations and simple experiments. The result is more a consequence of geometry than material 
properties, and is thus equally applicable to carbon nanotubes as it is to oil pipelines. 
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doi: 10.1073/pnas.0707364105 
ABSTRACT: The dried raisin, the crushed soda can, and the collapsed bicycle inner tube exemplify the 
nonlinear mechanical response of naturally curved elastic surfaces with different intrinsic curvatures to a variety 
of different external loads. To understand the formation and evolution of these features in a minimal setting, we 
consider a simple assay: the response of curved surfaces to point indentation. We find that for surfaces with 
zero or positive Gauss curvature, a common feature of the response is the appearance of faceted structures that 
are organized in intricate localized patterns, with hysteretic transitions between multiple metastable states. In 
contrast, for surfaces with negative Gauss curvature the surface deforms nonlocally along characteristic lines 
that extend through the entire system. These different responses may be understood quantitatively by using 
numerical simulations and classified qualitatively by using simple geometric ideas. Our ideas have implications 
for the behavior of small-scale structures. 
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02115, USA), “Mechanics of highly deformed elastic shells”, Thin-Walled Structures, Vol. 47, Nos. 6-7, June-
July 2009, pp. 692-700, doi:10.1016/j.tws.2008.11.009 
ABSTRACT: Emergence of new technological applications, in addition to the constantly growing interest in 
biological materials has accentuated the importance of studying the mechanics of highly deformed shells. The 
key challenge is the intricate interplay of physics and geometry, which leads to a mechanical response much 
different from the response of solid objects. The quest to understand the underlying phenomena has spawned 
theoretical and experimental studies, which have helped in understanding the underlying mechanisms of 
deformation and response of shells. Here, we use numerical simulations to study the response of shells when 
they are deformed deeply into the nonlinear regime. We use computational models to study the mechanics of 
highly deformed elastic shells in several classical problems: indentation of elastic spherical caps by a flat rigid 
plate and a rigid sharp indenter and pure bending of circular and oval cylinders. These assays are used to 
highlight some of the key aspects of the mechanics of highly deformed elastic shells, while an overview of the 
current state-of-the-art and suggestions for future research on this subject are also provided. 
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Vella D, Ajdari A, Vaziri A, Boudaoud A. (OCCAM, Mathematical Institute, University of Oxford, 24-29 St 
Giles', Oxford, OX1 3LB, United Kingdom), “Wrinkling of pressurized elastic shells”, Phys. Rev. Lett., Vol. 
107, No. 17, 174301, October 2011 
ABSTRACT: We study the formation of localized structures formed by the point loading of an internally 
pressurized elastic shell. While unpressurized shells (such as a ping-pong ball) buckle into polygonal structures, 
we show that pressurized shells are subject to a wrinkling instability. We study wrinkling in depth, presenting 
scaling laws for the critical indentation at which wrinkling occurs and the number of wrinkles formed in terms 
of the internal pressurization and material properties of the shell. These results are validated by numerical 
simulations. We show that the evolution of the wrinkle length with increasing indentation can be understood for 
highly pressurized shells from membrane theory. These results suggest that the position and number of wrinkles 
may be used in combination to give simple methods for the estimation of the mechanical properties of highly 
pressurized shells. 
 
 
Brighenti, R. (Department of Civil and Environmental Engineering & Architecture, University of Parma, Viale 
G.P. Usberti 181/A, Parma, 43100, Italy), “Buckling sensitivity analysis of cracked thin plates under membrane 
tension or compression”, Nucl. Eng. Des. Vol. 239, pp 965–980 (2009), DOI: 10.1016/j.nucengdes.2009.01.008  
ABSTRACT: Thin-walled structural components such as plates and shells are commonly used in practical 
applications such as aerospace, naval, nuclear power plant, pressure vessels, mechanical and civil engineering 
structures and so on, and the safety assessment of such structures must carefully consider all the phenomena 
which can decrease the bearing capacity of such elements. Among them, the presence of cracks in thin-walled 
structures can heavily affects their safety factor with respect to the more common modes of failure such as 
buckling or fracture. For very thin plate, buckling collapse under compression or even under tension, apart 
fracture or plastic failure in this last case, can easily take place: the presence of flaws such as through-the-
thickness cracks can sensibly modify such ultimate loads. In the paper the effects of cracks’ length and 
orientation on the buckling loads of rectangular elastic thin-plates – characterised by different boundary 
conditions and by various Poisson’s ratio – under tension and compression, is considered. For tensioned flawed 



plates a fracture-buckling and a plastic-buckling collapse maps are obtained. After a short explanation of the 
buckling phenomena in plates, several FE numerical parametric analyses results are presented in terms of 
critical load multiplier in compression or in tension in cracked plates. The obtained results are discussed and 
some interesting and useful conclusions regarding the sensitivity to cracks’ presence of buckling loads of thin 
plates under compression or tension (or fracture in this last case) are explained. The interesting case of 
tensioned cracked plates is considered by studying the easiest collapse between fracture, plastic flow and 
buckling: in such cases some failure-type maps are finally determined  
 
 
Roberto Brighenti (Department of Civil and Environmental Engineering & Architecture, University of Parma, 
Viale G.P. Usberti 181/A, Parma, 43100, Italy), “Influence of a central straight crack on the buckling behaviour 
of thin plates under tension, compression or shear loading”, International Journal of Mechanics and Materials in 
Design, Vol. 6, No. 1, pp 73-87, March 2010 
ABSTRACT: Thin-walled structural components, such as plates and shells, are used in several aerospace, naval, 
nuclear power plant, pressure vessels, mechanical and civil structures. Due to their high slenderness, the safety 
assessment of such structural components requires to carefully assess the buckling collapse which can strongly 
limit their bearing capacity. For very thin plate, buckling collapse can occur under shear, compression or even 
under tension. In the latter case, fracture or plastic failure can also take place instead of elastic instability. In the 
present paper, the effects of a central straight crack on the buckling collapse of rectangular elastic thin-plates—
characterized by different boundary conditions, crack length and orientation—under compression, tension or 
shear loading are analysed. Accurate FE numerical parametric analyses have been performed to get the critical 
load multipliers in such loading cases. Moreover the effect of crack faces contact is examined and discussed. 
Some useful conclusions related to the sensitivity to cracks of the buckling loads for thin plates, especially in 
the case of shear stresses, are drawn. Cracked plates under tension are finally considered in order to determine 
the most probable collapse mechanism among fracture, plastic flow or buckling and some failure-type maps are 
determined. 
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Babak Haghpanah Jahromi and Ashkan Vaziri (Department of Mechanical and Industrial Engineering, 
Northeastern University, Boston, MA 02115, USA), “Instability of cylindrical shells with single and multiple 
cracks under axial compression”, Thin-Walled Structures Vol. 54 (2012) 35–43, doi:10.1016/j.tws.2012.01.014 
ABSTRACT: Linear eigenvalue buckling analysis was carried out for singly and doubly cracked cylindrical 
thin shells under axial compression using the finite element method. First, the effect of crack size and 
orientation on the buckling behavior of an axially loaded shell with a single crack was studied. Then, the 
buckling behavior of a cylinder with two parallel longitudinal cracks was investigated. Two different buckling 
shapes with cross-sectional deformation profiles that resemble letters M (symmetric) and N (anti-symmetric) 
were identified as the first buckling modes of the cylinder. The exchange between these local buckling modes 
due to variation of crack size and spacing was illustrated. The transition between these two buckling shapes can 
be used to estimate the ‘maximum interaction distance’ of the cylinder cracks—the separation distance beyond 
which the two cracks do not interact in affecting the buckling load of the cylindrical shell. The influence of shell 
thickness and crack length on the maximum interaction distance was quantified for cylinders with two co-
centered (i.e., parallel offset) or collinear longitudinal cracks. Additional simulations were carried out for 
cylinders with multiple symmetrically spaced longitudinal cracks to show how the behavior of single and 
double cracks can give the buckling load and mode shape of cylinders with multiple cracks. 
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A. Nasto, A. Ajdari, A. Lazarus, A. Vaziri, and P.M. Reis, "Localization of deformation in thin shells under 
indentation" Soft Matter, DOI: 10.1039/C3SM50279A (2013). (Special Themed Issue on "Emerging 
Investigators in Soft Matter"). 
ABSTRACT: More recently, we have been studying the emergence and evolution of point and linear-like loci 



of localization on thin shells indented well into the nonlinear regime.  For large enough indentation, sharp 
points of localized curvature form, which we refer to as ‘s-cones’ (for shell-cones), in contrast with their 
developable cousins in plates, ‘d-cones’. Through experiments and FEM, e have found that the shape of the 
indenter has a significant effect on the mechanical response and that there is a qualitative different between 
sharp and blunt indenters. Given the importance of geometry and the scale-invariance of this problem, our 
results should find uses at the microscale, e.g. for AFM, where it is crucial to understand how the curvature of 
the tip, relative to the object being indented, affects the mechanical response. 
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(1) Department of Mechanical and Industrial Engineering, Northeastern University, Boston, MA 02115, USA 
(2) FM Global, Norwood, MA 02062, USA � 
(3) Mechanical and Industrial Engineering, Qatar University, Doha, Qatar  
“Instability of a cracked cylindrical shell reinforced by an elastic liner”, Thin-Walled Structures, Vol. 70, pp 39-
48, 2013 
ABSTRACT: Elastic liners are used for in situ repair and retrofitting of pipes as a cost effective alternative to 
the replacement of damaged parts and sections. In this paper, we studied the role of an elastic liner on the 
buckling behavior of a cracked cylindrical shell using finite element method. A special meshing scheme that 
could mimic the stress singularity at the crack tip was employed to model the cracked shells. Linear eigenvalue 
analysis was carried out to study the effect of crack geometry (length and orientation) as well as the material 
properties and thickness of the elastic liner on the buckling load and buckling shape of the cylindrical shell. We 
considered a combination of axial compression and internal pressure which is a typical loading for pipelines and 
pressurized liquid-retaining structures. Our results show that cracked shell's strength and mode of buckling for 
different crack length and orientations can be largely influenced by thickness and relative stiffness of the liner 
layer. In particular we report a gradual transition from local to global instability due to these size and orientation 
effects. Finally, the role of internal pressure on structural stability and local buckling of cracked shells, which 
strongly depends on the crack orientation and liner thickness, is discussed.  
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of regular, chiral and hierarchical honeycombs under a general macroscopic stress state”, Proc. R. Soc. A 2014 
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ABSTRACT: An approach to obtain analytical closed-form expressions for the macroscopic ‘buckling strength’ 
of various two-dimensional cellular structures is presented. The method is based on classical beam-column end-
moment behaviour expressed in a matrix form. It is applied to sample honeycombs with square, triangular and 
hexagonal unit cells to determine their buckling strength under a general macroscopic in-plane stress state. The 
results were verified using finite-element Eigenvalue analysis.  
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“Elastic Response, Buckling, and Instability of Microtubules under Radial Indentation”, Biophysical Journal, 
Vol. 91, No. 4, August 2006, pp. 1521-1531, doi:10.1529/biophysj.105.077826 
ABSTRACT: We tested the mechanical properties of single microtubules by lateral indentation with the tip of 
an atomic force microscope. Indentations up to about 3.6 nm, i.e., 15% of the microtubule diameter, resulted in 
an approximately linear elastic response, and indentations were reversible without hysteresis. At an indentation 
force of around 0.3 nN we observed an instability corresponding to an approximately 1-nm indentation step in 
the taxol-stabilized microtubules, which could be due to partial or complete rupture of a relatively small number 
of lateral or axial tubulin-tubulin bonds. These indentations were reversible with hysteresis when the tip was 
retracted and no trace of damage was observed in subsequent high-resolution images. Higher forces caused 
substantial damage to the microtubules, which either led to depolymerization or, occasionally, to slowly 
reannealing holes in the microtubule wall. We modeled the experimental results using finite-element methods 
and find that the simple assumption of a homogeneous isotropic material, albeit structured with the 
characteristic protofilament corrugations, is sufficient to explain the linear elastic response of microtubules. 
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ABSTRACT: The purpose of this work is to provide a theoretical analysis of the mechanical behavior of the 
growth of soft materials under geometrical constraints. In particular, we focus on the swelling of a gel layer 



clamped to a substrate, which is still the subject of many experimental tests. Because the constrained swelling 
process induces compressive stresses, all these experiments exhibit surface instabilities, which ultimately lead 
to cusp formation. Our model is based on fixing a neo-Hookean constitutive energy together with the 
incompressibility requirement for a volumetric, homogeneous mass addition. Our approach is developed 
mostly, but not uniquely, in the plane strain configuration. We show how the standard equilibrium equations 
from continuum mechanics have a similarity with the two-dimensional Stokes flows, and we use a nonlinear 
stream function for the exact treatment of the incompressibility constraint. A free energy approach allows the 
extension both to arbitrary hyperelastic strain energies and to additional interactions, such as surface energies. 
We find that, at constant volumetric growth, the threshold for a wavy instability is completely governed by the 
amount of growth. Nevertheless, the determination of the wavelength at threshold, which scales with the initial 
thickness of the gel layer, requires the coupling with a surface effect. Our findings, which are valid in proximity 
of the threshold, are compared to experimental results. The proposed treatment can be extended to weakly 
nonlinearities within the aim of the theory of bifurcations. 
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ABSTRACT: Static deflection as well as free and forced nonlinear vibration of thin square plates made of 
hyperelastic materials are investigated. Two types of materials, namely rubber and soft biological tissues, are 
considered. The involved physical nonlinearities are described through the Neo-Hookean, Mooney-Rivlin, and 
Ogden hyperelastic laws; geometrical nonlinearities are modeled by the Novozhilov nonlinear shell theory. 
Dynamic local models are first built in the vicinity of a static configuration of interest that has been previously 
calculated. This gives rise to the approximation of the plate’s behavior in the form of a system of ordinary 
differential equations with quadratic and cubic nonlinear terms in displacement. Numerical results are compared 
and validated in the static case via a commercial finite element software package: they are found to be accurate 
for deflections reaching 100 times the thickness of the plate. The frequency shift between low- and large-
amplitude vibrations weakens with an increased initial deflection.  
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“Static and dynamic behaviors of circular cylindrical shells made of hyperelastic arterial materials”, ASME 
Journal of Applied Mechanics, Vol. 85, No. 5, pp 051002, 2016, DOI: 10.1115/1.4032549  
ABSTRACT: Static and dynamic responses of a circular cylindrical shell made of hyperelastic arterial material 
are investigated. The material is modeled as a combination of Neo-Hookean and Fung hyperelastic materials. 
Two pressure loads are implemented: distributed radial force and deformation-dependent pressure. The static 
responses of the shell under these two different loads differ essentially at moderate strains, while the behavior is 
similar for small loads. The main difference is in the axial displacements that are much larger under distributed 
radial forces. Free and forced vibrations around pre-loaded configurations are analyzed. In both cases the 
nonlinearity of the single-mode (driven mode) response of the pre-loaded shell is quite weak but a resonant 
regime with co-existing driven and companion modes is found with more complicated nonlinear dynamics.  
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plates: A constitutive theory of biological growth in the Foppl-von Karman limit”, Journal of the Mechanics and 
Physics of Solids, Vol. 57, No. 3, pp 458-471, March 2009, DOI: 10.1016/j.jmps.2008.11.011 
ABSTRACT: The shape of plants and other living organisms is a crucial element of their biological 
functioning. Morphogenesis is the result of complex growth processes involving biological, chemical and 
physical factors at different temporal and spatial scales. This study aims at describing stresses and strains 
induced by the production and reorganization of the material. The mechanical properties of soft tissues are 
modeled within the framework of continuum mechanics in finite elasticity. The kinematical description is based 
on the multiplicative decomposition of the deformation gradient tensor into an elastic and a growth term. Using 
this formalism, the authors have studied the growth of thin hyperelastic samples. Under appropriate 
assumptions, the dimensionality of the problem can be reduced, and the behavior of the plate is described by a 
two-dimensional surface. The results of this theory demonstrate that the corresponding equilibrium equations 
are of the Föppl–von Kármán type where growth acts as a source of mean and Gaussian curvatures. Finally, the 
cockling of paper and the rippling of a grass blade are considered as two examples of growth-induced pattern 
formation. 
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Lhomond, 75005 Paris, France), “Elastic growth in thin geometries”, Origins of Life: Self-Organization and/or 
Biological Evolution?, pp79-84, September 2009, http://dx.doi.org/10.1051/orvie/2009007  
ABSTRACT: Generation of shapes in biological tissues is a complex multiscale phenomenon. Biochemical 
details of cell proliferation, death and mobility can be incorporated within a continuum mechanical framework 
by specifying locally the amplitude and direction of growth. For tissues exhibiting an elastic behavior, 
equilibrium shapes of growing bodies can be evaluated through the minimization of an appropriate energy. This 
model is applied to thin shells and plates, a geometry relevant to nuts and pollen grains but also leaves, petals 
and algae. 
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Lhomond, 75005 Paris, France), “Localized growth of layered tissues”, IMA Journal of Applied Mathematics, 
Vol. 75, No. 4, pp 571-580, April 2010, DOI: 10.1093/imamat/hxq023 
ABSTRACT: Due to their structural heterogeneity, stratified media usually lose their initial symmetry when 
they grow. Mismatching expansions between distinct layers create elastic stresses that lead to the emergence of 
wavy patterns. In the context of morphogenesis, this process of constrained growth has been used to explain 
patterns in biological soft-layered tissues such as the fingerprints of the skin. Discovery of morphogens has 



however revealed that growth is not always a homogeneous process and can be highly localized. Spatially 
concentrated growth processes are thought to be responsible for the formation of various structures, from 
placodes in the chicken embryo to nevus and skin tumours. On a different ground, the processing of complex 
textured surfaces requires to understand the connection between the local variation of mass and the resulting 
surface profile. In this paper, we investigate a model of a locally growing thin sheet bound to a soft infinite 
substrate. We show that, in two dimensions, bending effects select the shape of the growing sheet, therefore 
preventing the fabrication of an arbitrary surface. In three dimensions, the high energetic cost of stretching sets 
a stronger constraint on the attainable patterns and provides a simple relation between the profile of the surface 
and the local properties of the growth process. 
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“Self-contact and instabilities in the anisotropic growth of elastic membranes”, Physics Review Letters, Vol. 
105, 068101, August 2010, http://dx.doi.org/10.1103/PhysRevLett.105.068101 
ABSTRACT: We investigate the morphology of thin discs and rings growing in the circumferential direction. 
Recent analytical results suggest that this growth produces symmetric excess cones (e cones). We study the 
stability of such solutions considering self-contact and bending stress. We show that, contrary to what was 
assumed in previous analytical solutions, beyond a critical growth factor, no symmetric e cone solution is 
energetically minimal any more. Instead, we obtain skewed e cone solutions having lower energy, characterized 
by a skewness angle and repetitive spiral winding with increasing growth. These results are generalized to discs 
with varying thickness and rings with holes of different radii. 
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“Shape transition in artificial tumors: from smooth buckles to singular creases”, Physics Review Letters, Vol. 
107, 018103, July 2011, http://dx.doi.org/10.1103/PhysRevLett.107.018103 
ABSTRACT: Using swelling hydrogels, we study the evolution of a thin circular artificial tumor whose growth 
is confined at the periphery. When the volume of the outer proliferative ring increases, the tumor loses its initial 
symmetry and bifurcates towards an oscillatory shape. Depending on the geometrical and elastic parameters, we 
observe either a smooth large-wavelength undulation of the swelling layer or the formation of sharp creases at 
the free boundary. Our experimental results as well as previous observations from other studies are in very good 
agreement with a nonlinear poroelastic model. 
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“Patterns in biofilms: from contour undulations to fold focusing”, EPL, Vol. 108, 38003, 2014, 
DOI: 10.1209/0295-5075/108/38003  
ABSTRACT: Morphologies of soft materials in growth, swelling or drying have been extensively studied 



recently. Shape modifications occur as the size varies transforming ordinary spheres, cylinders and thin plates 
into more or less complex objects. Here we consider the genesis of biofilm patterns when a simple disc 
containing initially bacteria with moderate adhesion to a rigid substrate grows according to very simple rules. 
The initial circular geometry is lost during the growth expansion, contour undulations and buckling appear, 
ultimately a rather regular periodic focussing of folds repartition emerges. We theoretically predict these 
morphological instabilities as bifurcations of solutions in elasticity, characterized by typical driving parameters 
established here. The substrate plays a critical role limiting the geometry of the possible modes of instabilities 
and anisotropic growth, adhesion and toughness compete to eventually give rise to wrinkling, buckling or both. 
Additionally, due to the substrate, we show that the ordinary buckling modes, vertical deviation of thin films, 
are not observed in practice and a competitive pattern with self-focussing of folds can be found analytically. 
These patterns are reminiscent of the blisters of delamination in material sciences and explain recent 
observations of bacteria biofilms. The model presented here is purely analytical, is based on a neo-Hookean 
elastic energy, and can be extended without difficulties and applied to polymer materials.  
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ABSTRACT: The stability of the wrinkling mode experienced by a compressed half-space of neo-Hookean 
material is investigated using analytical and numerical methods to study the post-bifurcation behavior of 
periodic solutions. It is shown that wrinkling is highly unstable due to the nonlinear interaction among the 
multiple modes associated with the critical compressive state. Concomitantly, wrinkling is sensitive to 
exceedingly small initial imperfections that significantly reduce the compressive strain at which the instability 
occurs. The study provides insight into the connection between wrinkling and an alternative surface mode, the 
finite amplitude crease, or sulcus. The shape of the critical combination of wrinkling modes has the form of an 
incipient crease, and a tiny initial imperfection can trigger a wrinkling instability that collapses into a crease. 
Reference cited at the end of the paper: 
1. ABAQUS analysis user's manual, version 6.8, (2008).  
2. Allen, H. G. 1969, Analysis and design of sandwich panels. Pergamon Press, New York. 
3. Biot, M.A. 1963 Surface instability of rubber in compression. Appl. Sci. Res. 12, 168-182. 
4. Biot, M.A. 1965 Mechanics of incremental deformation. New York, US: Wiley. 
5. Brush, D.O. & Almroth, B.O. 1975 Buckling of bars, plates and shells. New York, US: McGraw Hill. 
6. Cai, S., Breid, D., Crosby, A.I., Suo, Z. & Hutchinson, J.W. 2011 Periodic patterns and energy states of buckled films on compliant 
substrates. J. Mech. Phys. Solids 59, 1094-1114. 
7. Cai, S., Chen, D., Suo, Z. & Hayward, R.C. 2011 Creasing instability of elastomer films. Submitted for publication. 
8. Carlson, R.L., Sendelbeck, R.L. & Hoff, N.J. 1967 Experimental studies of the buckling of complete spherical shells. Exp. Mech. 7, 
281-288. 
9. Gent, A.N. & Cho, I.S. 1999 Surface instabilities in compressed or bent rubber blocks. Rubber Chemistry and Technology 72, 253-
262. 
10. Hohlfeld, E.B. 2008 Creasing, post-bifurcations, and the spontaneous breakdown of scale invariance. PhD thesis, Harvard 
University, Cambridge, MA, US. 
11. Holfeld, E.B. & Mahadevan, L. 2011 Unfolding the sulcus. Phys. Rev. Letters 106, 105702-1-4. 
12. Hong, W., Zhao, X. & Suo, Z. 2009 Formation of creases on the surfaces of elastomers and gels. App. Phys. Letters 95, 111901-1-
3. 
13. Hutchinson, J.W. 1967 Imperfection sensitivity of externally pressurized spherical shells. J. Appl. Mech. 48-55. 
14. Koiter, W.T. 1945 On the stability of elastic equilibrium (in Dutch with English summary). Thesis Delft, H.J. Paris, Amsterdam. 
An English translation is available online: http://imechanica.org/node/1400 . 
15. Koiter, W.T., 2009. Elastic stability of solids and structures. A.M. van der Heijden (Ed.), Cambridge, UK: Cambridge University 
Press. 
16. Soft Matter 6 2010 Theme issue: The physics of buckling. Tanaka, T., Sun, S-T., Hirokawa, Y., Katayama, S., Kucera, J., Hirose, 
Y. & Amiya, T. 1987 Mechanical instability of gels at phase transformation. Nature 325, 796-798.  
17. Tikhonov, A. N., Arsenin, V. Y. 1977. Solutions of Ill-Posed Problems, John Wiley & Sons, New York. 
18. Trujillo, V., Kim, J. & Hayward, R.C. 2008 Creasing instability of surface-attached hydrogels. Soft Matter 4, 564-569. 
 
 
Christoph Keplinger (1,2), Tiefeng Li (2,3), Richard Baumgartner (1), Zhigang Suo (2) and Siegfried Bauer (1) 
(1) Soft Matter Physics, Johannes Kepler University, Altenbergerstrasse 69, A-4040 Linz, Austria. � 
(2) School of Engineering and Applied Sciences, Harvard University, Cambridge, Massachusetts, 02138, USA  
(3) Institute of Applied Mechanics, Zhejiang University, 38 Zheda Road, Hangzhou, Zhejiang, 310027, China  
“Harnessing snap-through instability in soft dielectrics to achieve giant voltage-triggered deformation”, Soft 
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ABSTRACT: A soft dielectric membrane is prone to snap-through instability. We present theory and 
experiment to show that the instability can be harnessed to achieve giant voltage-triggered deformation. We 
mount a membrane on a chamber of a suitable volume, pressurize the membrane into a state near the verge of 
the instability, and apply a voltage to trigger the snap without causing electrical breakdown. For an acrylic 
membrane we demonstrate voltage-triggered expansion of area by 1692%, far beyond the largest value reported 
in the literature. The large expansion can even be retained after the voltage is switched off.  
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“Creasing instability of elastomer films”, Soft Matter, Vol. 8, pp1301-1304, 2012, DOI: 10.1039/c2sm06844c  
ABSTRACT: The creasing instability of elastomer films under compression is studied by a combination of 
experiment and numerical simulation. Experimentally, we attach a stress-free film on a much thicker and stiffer 
pre-stretched substrate. When the substrate is partially released, the film is uniaxially compressed, leading to 
formation of an array of creases beyond a critical strain. The profile of the folded surface is extracted using 
confocal fluorescence microscopy, yielding the depths, spacings, and shapes of creases. Numerically, the onset 
and development of creases are simulated by introducing appropriately sized defects into a finite-element mesh 
and allowing the surface of the film to self-contact. The measurements and simulations are found to be in 
excellent agreement.  
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Zhigang Suo, “Mechanics of stretchable electronic and soft machines”, Materials Research Society (MRS) 
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ABSTRACT: In the emerging field of soft machines, large deformation of soft materials is harnessed to provide 
functions such as regulating flow in microfluidics, shaping light in adaptive optics, harvesting energy from 
ocean waves, and stretching electronics to interface with living tissues. Soft materials, however, do not provide 
all of the requisite functions; rather, soft machines are mostly hybrids of soft and hard materials. In addition to 
requiring stretchable electronics, soft machines often use soft materials that can deform in response to stimuli 
other than mechanical forces. Dielectric elastomers deform under a voltage. Hydrogels swell in response to 
changes in humidity, pH, temperature, and salt concentration. How does mechanics meet geometry, chemistry, 
and electrostatics to generate large deformation? How do molecular processes affect the functions of 
transducers? How efficiently can materials convert energy from one form to another? These questions are 
stimulating intriguing and useful advances in mechanics. This review highlights the mechanics that enables the 
creation of soft machines.  
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“Controlled formation and disappearance of creases”, Materials Horizons, Vol. 1, No. 2, pp 207-213, 2014, 
DOI: 10.1039/C3MH00107E 
ABSTRACT: Soft, elastic materials are capable of large and reversible deformation, readily leading to various 
modes of instability that are often undesirable, but sometimes useful. For example, when a soft elastic material 
is compressed, its initially flat surface will suddenly form creases. While creases are commonly observed, and 
have been exploited to control chemical patterning, enzymatic activity, and adhesion of surfaces, the conditions 
for the formation and disappearance of creases have so far been poorly controlled. Here we show that a soft 
elastic bilayer can snap between the flat and creased states repeatedly, with hysteresis. The strains at which the 
creases form and disappear are highly reproducible, and are tunable over a large range, through variations in the 
level of pre-compression applied to the substrate and the relative thickness of the film. The introduction of 
bistable flat and creased states and hysteretic switching is an important step to enable applications of this type of 
instability. 
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ABSTRACT: Theory and experiment are presented to show that an interface between two soft materials under 
compression can form creases, a type of bifurcation distinct from wrinkles. While creases bifurcate from a state 
of flat interface by a deformation localized in space and large in amplitude, wrinkles bifurcate from a state of 
flat interface by a deformation nonlocal in space and infinitesimal in amplitude. The interfacial creases set in at 
a lower critical compression than interfacial wrinkles, but higher than surface creases. The condition for the 
onset of interfacial creases is scale-free, and is calculated in terms of elastic moduli, pre-strains and applied 
strains.  
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“Buckling of elastomeric beams enables actuation of soft machines”, Advanced Materials, 2015, 
DOI: 10.1002/adma.201503188  
ABSTRACT: This article demonstrates the utility of a special type of non-linear behavior-the reversible, 
cooperative torsion, and collapse of a set of elastomeric beams (fabricated as one connected piece) under 
pressure. Understanding the motions exhibited in these systems started with observations and analyses by 
Boyce and co-workers of cooperative transformations in the shapes of patterns of through-holes cut into 
elastomeric slabs, on applying external pressure to these structures in the plane of the slab. Our work extends 
these studies, and greatly increases the ability of this kind of system, by using negative pressure (e.g., vacuum) 
applied to an elastomeric structure containing a number of elastic beams and interconnected, deformable 
cavities sealed within a thin elastomeric membrane. When negative pressure is applied, cooperative interactions 
among the components of the structure cause its elements (beams) to bend and buckle in ways that produce a 
range of useful motions. Buckling of materials is ordinarily considered an undesired mode of mechanical and 
structural failure, as it often causes permanent damage to structural components (e.g., metal frames, concrete 
pillars). The buckling of elastomeric materials, however, is reversible, and can provide useful new functions 
when designed properly. One such useful function is a rotary motion that provides a torque.  
References listed at the end of the paper: 
[1] S. Vogel, Cats’ Paws and Catapults: Mechanical Worlds of Nature and People, WW Norton & Company, New York 2000.  
[2] C. C. De Wit, G. Bastin, B. Siciliano, Theory of Robot Control, Springer-Verlag, New York 1996.  
[3] M. W. Spong, S. Hutchinson, M. Vidyasagar, Robot Modeling and Control, Vol. 3, Wiley, New York 2006.  
[4] S. Kim, C. Laschi, B. Trimmer, Trends Biotechnol. 2013, 31, 287. � 
[5] F. Ilievski, A. D. Mazzeo, R. F. Shepherd, X. Chen, G. M. Whitesides, Angew. Chem. Int. Ed. 2011, 123, 1930. � 
[6] K. Suzumori, S. Iikura, H. Tanaka, Proc. IEEE Int. Conf. MEMS, IEEE, Piscataway, NJ, USA 1991. 
�[7] K. Suzumori, S. Iikura, H. Tanaka, Proc. IEEE Int. Conf. Rob. Autom., IEEE, Piscataway, NJ, USA 1991. 
�[8] K. Suzumori, A. Koga, H. Riyoko, Proc. IEEE Int. Conf. MEMS, IEEE, Piscataway, NJ, USA 1994. � 
[9] R. F. Shepherd, F. Ilievski, W. Choi, S. A. Morin, A. A. Stokes, A. D. Mazzeo, X. Chen, M. Wang, G. M. Whitesides, Proc. Natl. 
Acad. Sci. USA 2011, 108, 20400. � 
[10] R. V. Martinez, J. L. Branch, C. R. Fish, L. Jin, R. F. Shepherd, R. Nunes, Z. Suo, G. M. Whitesides, Adv. Mater. 2013, 25, 205. 
�[11] R. V. Martinez, C. R. Fish, X. Chen, G. M. Whitesides, Adv. Funct. Mater. 2012, 22, 1376. � 
[12] S. A. Morin, R. F. Shepherd, S. W. Kwok, A. A. Stokes, A. Nemiroski, G. M. Whitesides, Science 2012, 337, 828. 
�[13] B. Mosadegh, P. Polygerinos, C. Keplinger, S. Wennstedt, R. F. Shepherd, U. Gupta, J. Shim, K. Bertoldi, C. J. Walsh, G. M. 
Whitesides, Adv. Funct. Mater. 2014, 24, 2163. � 
[14] D. P. Holland, E. J. Park, P. Polygerinos, G. J. Bennett, C. J. Walsh, Soft Robotics 2014, 1, 224. � 
[15] C. Keplinger, M. Kaltenbrunner, N. Arnold, S. Bauer, Proc. Natl. Acad. Sci. USA 2010, 107, 4505. 
[16] C. Keplinger, T. Li, R. Baumgartner, Z. Suo, S. Bauer, Soft Matter 2012, 8, 285. 
�[17] J.-S. Plante, S. Dubowsky, Int. J. Solids Struct. 2006, 43, 7727. � 
[18] X. Zhao, W. Hong, Z. Suo, Phys. Rev. B 2007, 76, 134113. � 
[19] X. Zhao, Z. Suo, Appl. Phys. Lett. 2007, 91, 061921. � 
[20] C. Wright, A. Johnson, A. Peck, Z. McCord, A. Naaktgeboren, P. Gianfortoni, M. Gonzalez-Rivero, R. Hatton, H. Choset, Proc. 
IEEE Int. Conf. IROS, IEEE, Piscataway, NJ, USA 2007. � 
[21] T. Mullin, S. Deschanel, K. Bertoldi, M. Boyce, Phys. Rev. Lett. 2007, 99, 084301 . � 
[22] K. Bertoldi, M. Boyce, S. Deschanel, S. Prange, T. Mullin, J. Mech. Phys. Solids 2008, 56, 2642. � 
[23] R. Bruzek, L. Biess, L. Al-Nazer, Proc. ASME Jt. Rail Conf. ASME, New York 2013. 
�[24] J. Gordo, C. Guedes Soares, D. Faulkner, J. Ship Res. 1996, 40, 60. 
�[25] S. Timoshenko, J. M. Gere, Theory of Elasticity Stability, McGraw-Hill, New York 1961. 
�[26] G. K. Klute, J. M. Czerniecki, B. Hannaford, Proc. IEEE Int. Conf. Adv. Intell. Mechatron., IEEE, Piscataway, NJ, USA 1999. 
 
 



Anesia Auguste (1), Lihua Jin (2), Zhigang Suo (2) and Ryan C. Hayward (1) 
(1) Department of Polymer Science & Engineering, University of Massachusetts, Amherst, MA, 01003, USA � 
(2) School of Engineering and Applied Sciences, Kavli Institute for Nanobio Science and Technology, Harvard 
University, Cambridge, MA, 02138, USA  
“The role of substrate pre-stretch in post-wrinkling bifurcations”, Soft Matter, Vol. 10, 6520, 2014, 
DOI: 10.1039/c4sm01038h� 
ABSTRACT: When a stiff film on a soft substrate is compressed, the surface of the film forms wrinkles, with 
tunable wavelengths and amplitudes that enable a variety of applications. As the compressive strain increases, 
the film undergoes post-wrinkling bifurcations, leading to period doubling and eventually to formation of 
localized folds or ridges. Here we study the post-wrinkling bifurcations in films on pre-stretched substrates. 
Through a combination of experiments and simulations, we demonstrate that pre-stretched substrates not only 
show substantial shifts in the critical strain for the onset of post-wrinkling bifurcations, but also exhibit 
qualitatively different post-wrinkled states. In particular, we report on the stabilization of wrinkles in films on 
pre-tensioned substrates and the emergence of ‘chaotic’ morphologies in films on pre-compressed substrates.  
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“Bifurcation diagrams for the formation of wrinkles or creases in soft bilayers”, Journal of Applied Mechanics, 
Vol. 82, 061008, June 2015, DOI: 10.1115/1.4030384  
ABSTRACT: Subject to compression, elastic materials may undergo bifurcation of various kinds. A 
homogeneous material forms creases, whereas a bilayer consisting of a stiff film and a compliant substrate 
forms wrinkles. Here, we show several new types of bifurcation behavior for bilayers consisting of films and 
substrates of comparable elastic moduli. Depending on the ratios of moduli and thicknesses of the two 
materials, the critical strain for the onset of creases can be either smaller or larger than that for the onset of 
wrinkles. When the critical strain for the onset of creases is lower than that of wrinkles, creases can be 
subcritical or supercritical. When the critical strain for the onset of wrinkles is lower than that of creases, 
wrinkles can further channel to creases at a strain much lower than the critical strain for the onset of creases in a 
homogeneous material. Experiments, conducted with bilayer polydimethylsiloxane (PDMS) structures subject 
to compressive loading, show that the different types of bifurcation behavior agree with the theoretical 
predictions.  
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Michael Kücken and Alan C. Newell, “Fingerprint formation”, Journal of Theoretical Biology 235, 71-83 
(2005), DOI: 10.1016/j.jtbi.2004.12.020  
ABSTRACT: Fingerprints (epidermal ridges) have been used as a means of identifications for more than 2000 
years. They have also been extensively studied scientifically by anthropologists and biologists. However, 
despite all the empirical and experimental knowledge, no widely accepted explanation for the development of 
epidermal ridges on fingers, palms and soles has yet emerged. In this article we argue that fingerprint patterns 
are created as the result of a buckling instability in the basal cell layer of the fetal epidermis. Analysis of the 
well-known von Karman equations informs us that the buckling direction is perpendicular to the direction of 
greatest stress in the basal layer. We propose that this stress is induced by resistance of furrows and creases to 
the differential growth of the basal layer and regression of the volar pads during the time of ridge formation. 
These ideas have been tested by computer experiments. The results are in close harmony with observations. 
Specifically, they are consistent with the well-known observation that the pattern type is related to the geometry 
of the fingertip surface when fingerprint patterns are formed.  
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ABSTRACT: Cortical folding, characterized by convex gyri and concave sulci, has an intrinsic relationship to 
the brain's functional organization. Understanding the mechanism of the brain's convoluted patterns can provide 
useful clues into normal and pathological brain function. In this paper, the cortical folding phenomenon is 
interpreted both analytically and computationally, and, in some cases, the findings are validated with 
experimental observations. The living human brain is modeled as a soft structure with a growing outer cortex 
and inner core to investigate its developmental mechanism. Analytical interpretations of differential growth of 
the brain model provide preliminary insight into critical growth ratios for instability and crease formation of the 
developing brain. Since the analytical approach cannot predict the evolution of cortical complex convolution 
after instability, non-linear finite element models are employed to study the crease formation and secondary 
morphological folds of the developing brain. Results demonstrate that the growth ratio of the cortex to core of 
the brain, the initial thickness, and material properties of both cortex and core have great impacts on the 
morphological patterns of the developing brain. Lastly, we discuss why cortical folding is highly correlated and 
consistent by presenting an intriguing gyri-sulci formation comparison. 
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Yang, S., Khare, K. & Lin, P. C. Harnessing surface wrinkle patterns in soft matter. Adv. Funct. Mater. 20, 
2550–2564 (2010). 
ABSTRACT: Mechanical instabilities in soft materials, specifically wrinkling, have led to the formation of 
unique surface patterns for a wide range of applications that are related to surface topography and its dynamic 
tuning. In this progress report, two distinct approaches for wrinkle formation, including mechanical 
stretching/releasing of oxide/PDMS bilayers and swelling of hydrogel films confined on a rigid substrate with a 
depth-wise modulus gradient, are discussed. The wrinkling mechanisms and transitions between different 
wrinkle patterns are studied. Strategies to control the wrinkle pattern order and characteristic wavelength are 
suggested, and some efforts in harnessing topographic tunability in elastomeric PDMS bilayer wrinkled films 
for various applications, including tunable adhesion, wetting, microfluidics, and micro- lens arrays, are 
highlighted. The report concludes with perspectives on the future directions in manipulation of pattern 
formation for complex structures, and potential new technological applications.  
 
 
P.J. Yoo, K.Y. Suh, S.Y. Park and H.H. Lee, “Physical self-assembly of microstructures by anisotropic 
buckling”, Advanced Materials, Vol. 14, No. 19, pp 1383-1387, October 2002 
ABSTRACT: Physically self‐assembled microstructures can be realized by utilizing the stress relief process in 
buckling that usually leads to the formation of random wrinkles. This physical self‐assembly occurs when the 



wrinkle formation is guided by a periodic pattern on an elastomeric mold that is simply placed on the surface of 
a bilayer of metal on polymer, which is then heated above its glass‐transition temperature. 
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“Surface wrinkling and folding of core-shell soft cylinders”, Soft Matter, Vol. 8, No. 2, pp 556-562, 2012, DOI: 
10.1039/C1SM06354E 
ABSTRACT: Constrained swelling or shrinkage of such soft materials as elastomers, polymeric hydrogels, and 



biological tissues can create various surface patterns through surface wrinkling and subsequent morphological 
evolution. Here we study, both theoretically and numerically, the swelling-driven surface wrinkling and pattern 
evolution of cylindrical elastomers with core–shell structure. The results demonstrate that the system may 
buckle into different morphologies under different geometric and material parameters. When the swelling of the 
shell or the shrinkage of the core reaches a threshold, the cylindrical surface will first buckle into a periodically 
buckling pattern. With further swelling/shrinkage, wrinkle-to-fold transition may occur, rendering a period-
doubling surface topography. The energetic mechanisms underlying this process of wrinkling pattern evolution 
are analyzed. This study not only benefits the understanding of the morphogenesis in soft materials and tissues 
(e.g., tumors), but also opens a new avenue for the fabrication of multi-periodic or aperiodic patterns on curved 
surfaces through self-organization. 
 
 
Vishnesh Ranjan Kar, Nonlinear Thermoelastic Static Vibration and Buckling Behaviour of Functionally 
Graded Shell Panel. PhD thesis, Biju Patnaik Central Library, National Institute of Technology, Rourkela, 
Odisha, 2015 (Supervisor: Dr. Subrata Kumar Panda) 
ABSTRACT: Functionally graded material (FGM) has created the interest of many researchers due to its tailor-
made material properties. FGMs are the advanced form of composites that exhibit an inhomogeneous character 
especially designed for the high-temperature applications such as aircraft engines, rocket heat shields, thermal 
barrier coatings, heat exchanger tubes, etc. This material has been developed by taking the gradual variation of 
metal and ceramic constituents in a very efficient manner to suit the needs of the engineering structure. The 
effective material properties of the FGM follow the rule-based grading of two counterparts as discussed above, 
metals and ceramics. Shell structures made of FGMs are subjected to different kind of loading during their 
service life, and the structural responses (deformations, buckling/post-buckling, and linear/nonlinear natural 
frequencies) are affected considerably due to that. In this regard, a general nonlinear mathematical model has 
been developed for the FGM doubly curved shell panel using Green-Lagrange geometrical nonlinear kinematics 
in the framework of the higher-order shear deformation theory. The effective material properties of FGM shell 
panels are evaluated using Voigt’s micromechanical model via the power-law distribution. The material 
properties each constituent are assumed to be temperature-dependent. In addition, to achieve the true flexure of 
the structure, all the nonlinear higher-order terms are included in the mathematical model. The system 
governing equation of the FGM structure is obtained using the variational principle, and the direct iterative 
method is employed to compute the desired nonlinear responses in conjunction with suitable isoparametric 
finite element steps. The convergence behaviour of the proposed numerical model has been checked and 
validated further by comparing the responses with those available published literature. The linear and the 
nonlinear flexural, free vibration and the buckling responses of the FGM single/doubly curved shell panels are 
examined under thermo-mechanical loading. Finally, the effects of different geometrical and material 
parameters, support conditions, loading types on the deflection, frequency and critical buckling load parameter 
of the FGM single/doubly curved shell panels are examined and discussed in detail. This is also believed that 
the present study would be beneficial to the analysis and the design of FGM structure and/or structural 
component for real-life problems. 
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ABSTRACT: This work focuses on the static analysis of functionally graded (FGM) and laminated doubly-curved 
shells and panels resting on nonlinear and linear elastic foundations using the Generalized Differential 
Quadrature (GDQ) method. The First-order Shear Deformation Theory (FSDT) for the aforementioned 
moderately thick structural elements is considered. The solutions are given in terms of generalized displacement 
components of points lying on the middle surface of the shell. Several types of shell structures such as doubly-
curved shells (elliptic and hyperbolic hyperboloids), singly-curved (spherical, cylindrical and conical shells), 
and degenerate panels (rectangular plates) are considered in this paper. The main contribution of this paper is 
the application of the differential geometry within GDQ method to solve doubly-curved FGM shells resting on 
nonlinear elastic foundations. The linear Winkler-Pasternak elastic foundation has been considered as a special 
case of the nonlinear elastic foundation proposed herein. The discretization of the differential system by means 
of the GDQ technique leads to a standard nonlinear problem, and the Newton-Raphson scheme is used to obtain 
the solution. Two different four-parameter power-law distributions are considered for the ceramic volume 
fraction of each lamina. In order to show the accuracy of this methodology, numerical comparisons between the 
present formulation and finite element solutions are presented. Very good agreement is observed. Finally, new 
results are presented to show effects of various parameters of the nonlinear elastic foundation on the behavior of 
functionally graded and laminated doubly-curved shells and panels. 



References listed at the end of the paper: 
S. Timoshenko, S. Woinowsky-Krieger, Theory of Plates and Shells, McGraw-Hill, 1959. 
W. Flügge, Stresses in Shells, Springer-Verlag, 1960. 
A.L. Gol’denveizer, Theory of Elastic Thin Shells, Pergamon Press, 1961. 
V.V. Novozhilov, Thin Shell Theory, P. Noordhoff, 1964. 
V.Z. Vlasov, General Theory of Shells and its Application in Engineering, NASA-TT-F-99, 1964. 
S.A. Ambartusumyan, Theory of Anisotropic Shells, NASA-TT-F-118, 1964. 
H. Kraus, Thin Elastic Shells, John Wiley & Sons, 1967. 
A.W. Leissa, Vibration of Plates, NASA-SP-160, 1969. 
A.W. Leissa, Vibration of Shells, NASA-SP-288, 1973. 
Š. Markuš, The Mechanics of Vibrations of Cylindrical Shells, Elsevier, 1988. 
E. Ventsel, T. Krauthammer, Thin Plates and Shells, Marcel Dekker, 2001. 
W. Soedel, Vibrations of Shells and Plates, Marcel Dekker, 2004. 
J.N. Reddy, Theory and Analysis of Plates and Shells, 2nd ed., CRC Press, Boca Raton, FL, 2007. 
P.L. Gould, Finite Element Analysis of Shells of Revolution, Pitman Publishing, 1984. 
P.L. Gould, Analysis of Plates and Shells, Prentice-Hall, 1999. 
M.S. Qatu, Accurate Theory for Laminated Composite Deep Thick Shells, Int. J. Solids Struct. 36 (1999) 2917–2941. 
M.S. Qatu, Vibration of Laminated Shells and Plates, Elsevier, 2004. 
J.N. Reddy and C.F. Liu, “A higher-order shear deformation theory for laminated elastic shells,” Int. J. Engng. Sci., 23 (1985), 319–
330. 
M.H. Toorani, A.A. Lakis, General equations of anisotropic plates and shells including transverse shear deformations, rotary inertia 
and initial curvature effects, J. Sound Vib. 237 (2000), 561–615. 
J.N. Reddy, Mechanics of Laminated Composites Plates and Shells, 2nd ed., CRC Press, New York, 2004. 
D.N. Paliwal, R.K. Pandey, T. Nath, Free vibration of circular cylindrical shell on Winkler and Pasternak foundations, Int. J. Press. 
Ves. Piping 69 (1996), 79–89. 
O. Civalek, Geometrically nonlinear dynamic analysis of doubly curved isotropic shells resting on elastic foundation by a combination 
of harmonic differential quadrature-finite difference methods, Int. J. Press. Ves. Piping 82 (2005), 753–761. 
G.B. Golovko, P.Z. Lugovoi, V.F. Meish, Solution of axisymmetric dynamic problems for cylindrical shells on an elastic foundation, 
Int. Appl. Mech. 43 (2007), 785–793. 
A.H. Sofiyev, The buckling of FGM truncated conical shells subjected to axial compressive load and resting on Winkler-Pasternak 
foundations, Int. J. Press. Ves. Piping 87 (2010), 753–761. 
A.H. Sofiyev, Buckling analysis of FGM circular shells under combined loads and resting on Pasternak type elastic foundations, 
Mech. Res. Commun. 37 (2010), 539–544. 
A.H. Sofiyev, N. Kuruoglu, Natural frequency of laminated orthotropic shells with different boundary conditions and resting on the 
Pasternak type elastic foundation, Compos. Part B Eng. 42 (2011), 1562–1570. 
H.-T. Thai, D.-H. Choi, A refined shear deformation theory for free vibration of functionally graded plates on elastic foundation, 
Compos. Part B Eng. 43 (2012), 2335–2347. 
Y. Kiani, M.R. Eslami, An exact solution for thermal buckling of annular FGM plates on an elastic medium, Compos. Part B Eng. 45 
(2013), 101–110. 
Ö. Civalek, Nonlinear dynamic response of laminated plates resting on nonlinear elastic foundations by the discrete singular 
convolution-differential quadrature coupled approaches, Compos. Part B Eng. 50 (2013) 171–179. 
L.F. Qiana, R.C. Batra, L.M. Chen, Static and dynamic deformations of thick functionally graded elastic plates by using higher-order 
shear and normal deformable plate theory and meshless local Petrov–Galerkin method, Compos. Part B Eng. 35 (2004), 685–697. 
C.M.C. Roque, A.J.M. Ferreira, R.M.N. Jorge, Modelling of composite and sandwich plates by a trigonometric layerwise deformation 
theory and radial basis functions, Compos. Part B Eng. 36 (2005), 559–572. 
J.R. Xiao, D.F. Gilhooley, R.C. Batra, J.W. Gillespie Jr., M.A. McCarthy, Analysis of thick composite laminates using a higher-order 
shear and normal deformable plate theory (HOSNDPT) and a meshless method, Compos. Part B Eng. 39 (2008), 414–427. 
E. Carrera, S. Brischetto, M. Cinefra, M. Soave, Effects of thickness stretching in functionally graded plates and shells, Compos. Part 
B Eng. 42 (2011), 123–133. 
A.J.M. Ferreira, C.M.C. Roque, A.M.A. Neves, R.M.N. Jorge, C.M.M. Soares, K.M. Liew, Buckling and vibration analysis of 
isotropic and laminated plates by radial basis functions, Compos. Part B Eng. 42 (2011), 592–606. 
G. Giunta, F. Biscani, S. Belouettar, E. Carrera, Hierarchical modelling of doubly curved laminated composite shells under distributed 
and localised loadings, Compos. Part B Eng. 42 (2011), 682–691. 
A.J.M. Ferreira, E. Carrera, M. Cinefra, C.M.C. Roque, O. Polit, Analysis of laminated shells by a sinusoidal shear deformation theory 
and radial basis functions collocation, accounting for through-the-thickness deformations, Compos. Part B Eng. 42 (2011), 1276–
1284. 
C. Shu, Differential Quadrature and Its Application in Engineering, Springer, Berlin, 2000. 
C. Bert, M. Malik, Differential quadrature method in computational mechanics, Appl. Mech. Rev. 49 (1996), 1–27. 
C. Shu, H. Du, Free vibration analysis of composites cylindrical shells by DQM, Compos. Part B Eng. 28B (1997), 267–274. 
L. Hua, K.Y. Lam, Frequency characteristics of a thin rotating cylindrical shell using the generalized differential quadrature method, 
Int. J. Mech. Sci. 40 (1998), 443–459. 
K.M. Liew, T.M. Teo, Modeling via differential quadrature method: Three-dimensional solutions for rectangular plates, Comput. 
Methods Appl. Mech. Engrg. 159 (1998), 369–381. 



J.-B. Han, K.M. Liew, Static analysis of Mindlin plates: The Differential Quadrature Element Method (DQEM), Comput. Methods 
Appl. Mech. Engrg. 177 (1999), 51–75. 
K.Y. Lam, L. Hua, On free vibration of a rotating truncated circular orthotropic conical shell, Compos. Part B Eng. 30 (1999) 135–
144. 
S. Moradi, F. Taheri, Delamination buckling analysis of general laminated composite beams by differential quadrature method, 
Compos. Part B Eng. 30 (1999), 503–511. 
K.M. Liew, F.-L. Liu, Differential quadrature method for vibration analysis of shear deformable annular sector plates, J. Sound Vib. 
230 (2000), 335–356. 
L. Hua, Influence of boundary conditions on the free vibrations of rotating truncated circular multi-layered conical shells, Compos. 
Part B Eng. 31 (2000), 265–275. 
L. Hua, K.Y. Lam, Orthotropic influence on frequency characteristics of rotating composite laminated conical shell by the generalized 
differential quadrature method, Int. J. Solids Struct. 38 (2001), 3995–4015. 
G. Karami, P. Malekzadeh, A new differential quadrature methodology for beam analysis and the associated differential quadrature 
element method, Comput. Methods Appl. Mech. Engrg. 191 (2002), 3509–3526. 
K.M. Liew, T.Y. Ng, J.Z. Zhang, Differential quadrature-layerwise modeling technique for three dimensional analysis of cross-ply 
laminated plates of various edge supports, Comput. Methods Appl. Mech. Engrg. 191 (2002), 3811–3832. 
K.M. Liew, Y.Q. Huang, Bending and buckling of thick symmetric rectangular laminates using the moving least-squares differential 
quadrature method, Int. J. Mech. Sci. 45 (2003) 95–114. 
K.M. Liew, Y.Q. Huang, J.N. Reddy, Moving least squares differential quadrature method and its applications to the analysis of shear 
deformable plates, Int. J. Numer. Methods Eng. 56 (2003) 2332–2351. 
K.M. Liew, Y.Q. Huang, J.N. Reddy, Vibration analysis of symmetrically laminated plates based on FSDT using the moving least 
squares differential quadrature method, Comput. Methods Appl. Mech. Engrg. 192 (2003) 2203–2222. 
T.Y. Wu, Y.Y. Wang, G.R. Liu, A generalized differential quadrature rule for bending analyses of cylindrical barrel shells, Comput. 
Methods Appl. Mech. Engrg. 192 (2003), 1629–1647. 
J. Yang, H.-S. Shen, Nonlinear bending analysis of shear deformable functionally graded plates subjected to thermo-mechanical loads 
under various boundary conditions, Compos. Part B Eng. 34 (2003), 103–115. 
Y.Q. Huang, Q.S. Li, Bending and buckling analysis of antisymmetric laminates using the moving least square differential quadrature 
method, Comput. Methods Appl. Mech. Engrg. 193 (2004), 3471–3492. 
X. Wang, Y. Wang, Free vibration analyses of thin sector plates by the new version of differential quadrature method, Comput. 
Methods Appl. Mech. Engrg. 193 (2004), 3957–3971. 
P. Malekzadeh, G. Karami, M. Farid, A semi-analytical DQEM for free vibration analysis of thick plates with two opposite edges 
simply supported, Comput. Methods Appl. Mech. Engrg. 193 (2004), 4781–4796. 
Ö. Civalek, Geometrically nonlinear dynamic analysis of doubly curved isotropic shells resting on elastic foundation by a combination 
of HDQ-FD methods, Int. J. Press. Ves. Piping 82 (2005), 470–479. 
E. Viola, F. Tornabene, Vibration analysis of damaged circular arches with varying cross-section, Struct. Integr. Durab. (SID-SDHM) 
1 (2005), 155–169. 
Z. Zong, K.Y. Lam, Y.Y. Zhang, A multidomain differential quadrature approach to plane elastic problems with material 
discontinuity, Mathematical and Computer Modelling 41 (2005), 539–553. 
E. Viola, F. Tornabene, Vibration analysis of conical shell structures using GDQ method, Far East J. Appl. Math. 25 (2006), 23–39. 
Ö. Civalek, Linear vibration analysis of isotropic conical shells by Discrete Singular Convolution (DSC), Int. J. Struct. Eng. Mech. 25 
(2007), 127–130. 
F. Tornabene, Modellazione e Soluzione di Strutture a Guscio in Materiale Anisotropo (Modelling and Solution of Shell Structures 
made of Anisotropic Materials), PhD Thesis, University of Bologna—DISTART Department, 2007. 
F. Tornabene, E. Viola, Vibration analysis of spherical structural elements using the GDQ method, Comput. Math. Appl. 53 (2007), 
1538–1560. 
E. Viola, M. Dilena, F. Tornabene, Analytical and numerical results for vibration analysis of multi-stepped and multi-damaged 
circular arches, J. Sound Vib. 299 (2007), 143–163. 
X. Wang, Nonlinear stability analysis of thin doubly curved orthotropic shallow shells by the differential quadrature method, Comput. 
Methods Appl. Mech. Engrg. 196 (2007), 2242–2251. 
X. Wang, X. Wang, X. Shi, Accurate buckling loads of thin rectangular plates under parabolic edge compressions by the differential 
quadrature method, Int. J. Mech. Sci. 49 (2007), 447–453. 
A. Marzani, F. Tornabene, E. Viola, Nonconservative stability problems via generalized differential quadrature method, J. Sound Vib. 
315 (2008), 176–196. 
F. Tornabene, E. Viola, 2-D solution for free vibrations of parabolic shells using generalized differential quadrature method, Eur. J. 
Mech. A-Solid 27 (2008), 1001–1025. 
A. Alibeigloo, R. Modoliat, Static analysis of cross-ply laminated plates with integrated surface piezoelectric layers using differential 
quadrature, Compos. Struct. 88 (2009), 342–353. 
F. Tornabene, Free vibration analysis of functionally graded conical, cylindrical and annular shell structures with a four-parameter 
power-law distribution, Comput. Methods Appl. Mech. Engrg. 198 (2009), 2911–2935. 
F. Tornabene, E. Viola, Free vibrations of four-parameter functionally graded parabolic panels and shell of revolution, Eur. J. Mech. 
A-Solid 28 (2009), 991–1013. 
F. Tornabene, E. Viola, Free vibration analysis of functionally graded panels and shells of revolution, Meccanica 44 (2009), 255–281. 
F. Tornabene, E. Viola, D.J. Inman, 2-D differential quadrature solution for vibration analysis of functionally graded conical, 
cylindrical and annular shell structures, J. Sound Vib. 328 (2009) 259–290. 



E. Viola, F. Tornabene, Free vibrations of three parameter functionally graded parabolic panels of revolution, Mech. Res. Commun. 
36 (2009), 587–594. 
L. Yang, S. Zhifei, Free vibration of a functionally graded piezoelectric beam via state-space based differential quadrature, Compos. 
Struct. 87 (2009), 257–264. 
F. Tornabene, A. Marzani, E. Viola, I. Elishakoff, Critical flow speeds of pipes conveying fluid by the generalized differential 
quadrature method, Adv. Theor. Appl. Mech. 3 (2010), 121–138. 
A. Alibeigloo, V. Nouri, Static analysis of functionally graded cylindrical shell with piezoelectric layers using differential quadrature 
method, Compos. Struct. 92 (2010), 1775–1785. 
A. Andakhshideh, S. Maleki, M.M. Aghdam, Non-linear bending analysis of laminated sector plates using generalized differential 
quadrature, Compos. Struct. 92 (2010), 2258–2264. 
Sh. Hosseini-Hashemi, M. Fadaee, M. Es’haghi, A novel approach for in-plane/out-of-plane frequency analysis of functionally graded 
circular/annular plates, Int. J. Mech. Sci. 52 (2010), 1025–1035. 
P. Malekzadeh, A. Alibeygi Beni, Free vibration of functionally graded arbitrary straight-sided quadrilateral plates in thermal 
environment, Compos. Struct. 92 (2010), 2758–2767. 
O. Sepahi, M.R. Forouzan, P. Malekzadeh, Large deflection analysis of thermo-mechanical loaded annular FGM plates on nonlinear 
elastic foundation via DQM, Compos. Struct. 92 (2010) 2369–2378. 
M.H. Yas, B. Sobhani Aragh, Three-dimensional analysis for thermoelastic response of functionally graded fiber reinforced 
cylindrical panel, Compos. Struct. 92 (2010), 2391–2399. 
F. Tornabene, Free vibrations of laminated composite doubly-curved shells and panels of revolution via the GDQ method, Comput. 
Methods Appl. Mech. Engrg. 200 (2011), 931–952. 
F. Tornabene, 2-D GDQ solution for free vibrations of anisotropic doubly-curved shells and panels of revolution, Compos. Struct. 93 
(2011), 1854–1876. 
F. Tornabene, Free vibrations of anisotropic doubly-curved shells and panels of revolution with a free-form meridian resting on 
Winkler-Pasternak elastic foundations, Compos. Struct. 94 (2011), 186–206. 
F. Tornabene, A. Liverani, G. Caligiana, FGM and laminated doubly curved shells and panels of revolution with a free-form meridian: 
A 2-D GDQ solution for free vibrations, Int. J. Mech. Sci. 53 (2011), 446–470. 
X. Zhao, K.M. Liew, Free vibration analysis of functionally graded conical shell panels by a meshless method, Compos. Struct. 93 
(2011), 649–664. 
F. Tornabene, A. Liverani, G. Caligiana, Laminated composite rectangular and annular plates: A GDQ solution for static analysis with 
a posteriori shear and normal stress recovery, Compos. Part B Eng. 43 (2012), 1847–1872. 
F. Tornabene, A. Liverani, G. Caligiana, Static analysis of laminated composite curved shells and panels of revolution with a 
posteriori shear and normal stress recovery using Generalized Differential Quadrature Method, Int. J. Mech. Sci. 61 (2012), 71–87. 
F. Tornabene, A. Liverani, G. Caligiana, General anisotropic doubly-curved shell theory: A Differential Quadrature Solution for free 
vibrations of shells and panels of revolution with a free-form meridian, J. Sound Vib. 331 (2012), 4848–4869. 
F. Tornabene, Meccanica delle Strutture a Guscio in Materiale Composito. Il Metodo Generalizzato di Quadratura Differenziale, 
Esculapio, 2012. 
F. Tornabene, A. Ceruti, Free-form laminated doubly-curved shells and panels of revolution resting on Winkler-Pasternak elastic 
foundations: a 2-D GDQ solution for static and free vibration analysis, World J. Mech. 3 (2013), 1–25. 
F. Tornabene, A. Ceruti, Mixed Static and Dynamic Optimization of Four-Parameter Functionally Graded Completely Doubly Curved 
and Degenerate Shells and Panels Using GDQ Method, Math. Probl. Eng., vol. 2013, Article ID 867079, 1–33. 
F. Tornabene, E. Viola, Static analysis of functionally graded doubly-curved shells and panels of revolution, Meccanica 48 (2013), 
901–930. 
F. Tornabene, E. Viola, N. Fantuzzi, General higher-order equivalent single layer theory for free vibrations of doubly-curved 
laminated composite shells and panels, Compos. Struct. 104 (2013), 94–117. 
F. Tornabene, N. Fantuzzi, E. Viola, A.J.M. Ferreira, Radial basis function method applied to doubly-curved laminated composite 
shells and panels with a general higher-order equivalent single layer formulation, Compos. Part B Eng. (2013), doi: 
http://dx.doi.org/10.1016/j.compositesb.2013.07.026. 
F. Tornabene, N. Fantuzzi, E. Viola, J.N. Reddy, Winkler-Pasternak foundation effect on the static and dynamic analyses of laminated 
doubly-curved and degenerate shells and panels, Compos. Part B Eng. (2013), doi: 
http://dx.doi.org/10.1016/j.compositesb.2013.06.020. 
E. Viola, F. Tornabene, N. Fantuzzi, General higher-order shear deformation theories for the free vibration analysis of completely 
doubly-curved laminated shells and panels, Compos. Struct. 95 (2013), 639–666. 
E. Viola, F. Tornabene, N. Fantuzzi, Static analysis of completely doubly-curved laminated shells and panels using general higher-
order shear deformation theories, Compos. Struct. 101 (2013), 59–93. 
E. Viola, F. Tornabene, N. Fantuzzi, Generalized differential quadrature finite element method for cracked composite structures of 
arbitrary shape, Compos. Struct. (2013), doi: http://dx.doi.org/10.1016/j.compstruct.2013.07.034. 
E. Viola, F. Tornabene, N. Fantuzzi, DiQuMASPAB Software, DICAM Department, Alma Mater Studiorum—University of Bologna 
(http://software.dicam.unibo.it/diqumaspab-project). 
 
 
Gulshan Taj and Anupam Chakrabarti (Department of Civil Engineering, Indian Institute of Technology, 
Roorkee-247 667, India), “Dynamic response of functionally graded skew shell panel”, Latin American Journal 
of Solids and Structures, Vol. 10, No. 6, 2013 



ABSTRACT: The dynamic response of functionally graded skew shell is investigated using a C0 finite element 
formulation. Reddy's higher order theory has been employed to perform the analysis and the volume fractions of 
the ceramic and metallic components are assumed to follow simple linear distribution law. The present study 
attempts to focus mainly on the influence of skew angle on frequency parameter and displacement of shell panel 
with various geometries. Comprehensive numerical results are demonstrated for cylindrical, spherical and hypar 
shells for different boundary conditions and skew angles.The findings obtained for functionally graded skew 
shell panels are new and can be used as bench mark for researchers in this field. 
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ABSTRACT: Creasing in soft polymeric films is a result of substantial compressive� stresses that trigger 
instability beyond a critical strain and have been directly related �to failure mechanisms in different materials. 
However, it has been shown that �programming these instabilities into soft materials can lead to new 
applications, such� as particle sorting, deformable capillaries, and stimuli-responsive interfaces. In this �work, we 
present a method for fabricating reproducible nanoscale surface instabilities � using reactive microcontacting 
printing (μCP) on activated ester polymer brush layers �of poly(pentafluorophenyl acrylate). The sizes and 
structures of the nanoscale creases �can be modulated by varying the grafting density of the brush substrate and 
pressure �applied during μCP. Stress is generated in the film under confinement due to the �molecular weight 
increase of the side chains during post-polymerization modification, �which results in substantial in-plane growth 
in the film and leads to the observed nanoscale creases. 
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“Buckling instabilities in periodic composite polymeric materials”, Soft Matter, Vol. 6, pp 5681-5692, 2010, 
DOI: 10.1039/C0SM00374C 
ABSTRACT: Although buckling instabilities in elastic solids have been known for a long time, high interest in 
this phenomenon is relatively recent. The current and prospective applications in flexible electronics, materials 
with tunable surface properties (adhesion and wettability), responsive photonic and phononic structures, and 
reinforced nanocomposites led to a surge in the interest in buckling instabilities. In fact, some of the 
applications, such as flexible electronics and metrology, have advanced at a tremendous pace only within the 
past few years. In this review, we discuss some of the most recent progress in the fundamental understanding of 
buckling instabilities in periodic multi-component polymer materials and porous polymer structures. We also 
discuss how the buckling can be localized to predetermined regions and hence form periodic instability patterns. 
Finally, we present several recent examples where buckling instabilities have been employed as a patterning 
tool to realize complex surface arrays of various materials. 
 
 
Eran Sharon and Efi Efrati (The Racah Institute of Physics, The Hebrew University of Jerusalem, Israel), “The 
mechanics of non-Euclidean plates”, Soft Matter, Vol. 6, No. 22, pp 5693-5704, 2010,  
DOI: 10.1039/C0SM00479K 
ABSTRACT: Non-Euclidean plates are plates (“stacks” of identical surfaces) whose two-dimensional intrinsic 
geometry is not Euclidean, i.e. cannot be realized in a flat configuration. They can be generated via different 
mechanisms, such as plastic deformation, natural growth or differential swelling. In recent years there has been 
a concurrent theoretical and experimental progress in describing and fabricating non-Euclidean plates (NEP). In 
particular, an effective plate theory was derived and experimental methods for a controlled fabrication of 
responsive NEP were developed. In this paper we review theoretical and experimental works that focus on 
shape selection in NEP and provide an overview of this new field. We made an effort to focus on the governing 
principles, rather than on details and to relate the main observations to known mechanical behavior of ordinary 
plates. We also point out to open questions in the field and to its applicative potential. 
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Singapore, 9 Engineering Drive 1, Singapore 117576, Singapore 
(3) Department of Mechanical Engineering, Massachusetts Institute of Technology, 77 Massachusetts Avenue, 
Cambridge, MA 02139, USA 
“Mechanics of the human red blood cell deformed by optical tweezers”, Journal of the Mechanics and Physics 
of Solids, Vol. 51, Nos. 11-12, November-December 2003, pp. 2259-2280, Special Issue: Proceedings of a 
Symposium on Dynamic Failure and Thin Film Mechanics, honoring Professor L.B. Freund 
ABSTRACT: The mechanical deformation characteristics of living cells are known to influence strongly their 
chemical and biological functions and the onset, progression and consequences of a number of human diseases. 
The mechanics of the human red blood cell (erythrocyte) subjected to large deformation by optical tweezers 
forms the subject of this paper. Video photography of the cell deformed in a phosphate buffered saline solution 
at room temperature during the imposition of controlled stretching forces, in the tens to several hundreds 
picoNewton range, is used to assess experimentally the deformation characteristics. The mechanical responses 
of the cell during loading and upon release of the optical force are then analysed to extract the elastic properties 
of the cell membrane by recourse to several different constitutive formulations of the elastic and viscoelastic 
behavior within the framework of a fully three-dimensional finite element analysis. A parametric study of 
various geometric, loading and structural factors is also undertaken in order to develop quantitative models for 
the mechanics of deformation by means of optical tweezers. The outcome of the experimental and 
computational analyses is then compared with the information available on the mechanical response of the red 



blood cell from other independent experimental techniques. Potential applications of the optical tweezers 
method described in this paper to the study of mechanical deformation of living cells under different stress 
states and in response to the progression of some diseases are also highlighted. 
 
 
J. N. Zhang, "Post-Buckling Behavior of Z-Shaped Columns under Variables of Lengths and Initial 
Imperfections", Applied Mechanics and Materials, Vol. 437, pp. 62-65, Oct. 2013  
ABSTRACT: This paper conducts three-dimensional, nonlinear finite element analysis to investigate the results 
of using different solution methods and the influence of initial imperfections and material plasticity on failure 
modes and maximum load of various Z-shaped column lengths; it also compares the column buckling responses 
between various lengths, each with different initial imperfections. Further analyses include investigating the 
element suitability and computational costs. Results showed that both displacement control method and Riks 
method are fully capable of receiving promising results from this analysis. In terms of the effects of initial 
imperfection and material plasticity on the maximum load that column could carry, the imperfection is the 
major contributing factor when the column is long whereas the plasticity is the major contributing factor when 
the column is short. 
 
 
 
Luo Pei-Lin, “Stability analysis of columns and spherical shells by using limit analysis method”, Journal of 
Harbin Engineering University, 1981-02 
ABSTRACT: In this papcr it has been shown that the buckling strength of Columns may be evaluated by a 
function of ultimate stress, which is obtained by using Limit Analysis Method to analyse the function of 
bending moment resulted from the axial compressive forces and transverse load acting on the columns. Because 
of the effects of column's initial deflection and the nonlinear relationship between stress and strain on the 
bending moment are accounted for in this paper by some proper mathematical-pbysical parameters, therefore 
the ultimate stress function established on the basis of strength point of view can illustrate the buckling problem 
of columns more simply and completely than classical theory of stability. In this paper the ultimate stress 
function is expressed in nondimensional form, so it may be used as principle of model experiment to evaluate 
the stability of various structures, such as beams, plates, cylindrical and spherical shells and etc. The good 
agreement between the experimental data of spherical shells and the nondimentional ultimate stress 
demonstrates that the difficulty in evaluating stability of spherical shells, which exists in classical theory of 
stability for a long time, may be solved. 
 
 
Bantle, S. (Gesellschaft fuer Technisch Orientiertes Rechnen m.b.H. (TOR), Nuernberg (Germany, F.R.)); Calli, 
H.; Jeschke, J. (Kraftwerk Union A.G., Offenbach am Main (Germany, F.R.), “Local stability at nozzles in 
spherical shells subjected to bending moments and axial forces”, Seventh International Seminar on 
Computational Aspects of the Finite Element Method (CAFEM-7) in conjunction with the Seventh International 
Conference on Structural Mechanics in Reactor Technology (SMiRT-7), Chicago, IL, USA,  22-26 August, 
1983 
ABSTRACT: The stability of spherical shells including nozzles and reinforced rounds has been investigated 
theoretically for the loading external force and overturning moment. Limit loads have been established for 
several geometries emphasizing the overturning moment. 
 
 
Kohji Sumino, Kazuo Mitsui and Yoshitaka Ozawa (College of Industrial Technology, Nihon University), “An 
elastic stability analysis for spherical shells”, Bulletin of JSME, Vol. 27, No. 224, pp 153-158, 1984 
ABSTRACT: In this paper an elastic stability analysis has been developed for spherical shell segments with 
fixed or horizontally removable edges. The shells are subjected to external hydrostatic pressure or the 
combination load, namely, hydropressure and frictional resistance. And when these forces act 
nonconservatively on the surfaces of the shells. It is shown, the dynamic (flutter type) instabilities as well as 
static (divergence type) instabilities often take place. The authors consider that these analytical results give 



some contributions to the study of elastic shell stability. 
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“Dynamic Buckling of Inelastic Spherical Shells”, Journal of Pressure Vessel Technology, Vol. 104, No. 2, pp. 
79-87, May 1982, DOI: 10.1115/1.3264192 
ABSTRACT: The dynamic buckling behavior of a complete spherical shell made of a bilinear or work-
hardening material and under a uniform external impulsive loading is investigated. A quasi-bifurcation theory 
and a minimum principle are employed to determine, respectively, the onset of the dynamic buckling process 
and the post-bifurcation nonlinear behavior. Numerical results are obtained for a number of elastic and elastic-
plastic cases. The results indicate there is a softening effect in the plastic deviated stress-strain relationship 
which makes the spherical shell less stable. Furthermore, the higher order terms in stress and strain measures 
and the coupling of symmetric and asymmetric modes of motion cannot be neglected in the post-bifurcation 
analysis. 
 
 
Liu-Ren-Huai (Jinan University, Guangzhou 510632, People’s Republic of China), “Nonlinear stability of 
symmetrically laminated cylindrically orthotropic spherical shells including transverse shear”, Science China 
Mathematics, Received 17 September, 1990, http://math.scichina.com:8081/sciAe/EN/ 
ABSTRACT: In this paper, a theory for large deflection of symmetrically laminated composite cylindrically 
orthotropic shallow spherical shells including transverse shear is proposed. The nonlinear stability of the 
symmetrically laminated cylindrically orthotropic shallow spherical shell with a rigidly clamped edge under the 
action of a uniform pressure is studied by the modified iteration method. The analytic solution for critical loads 
of the shell is obtained, and it can be applied directly to engineering. 
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“Stability analysis of axisymmetric thin shells”, ASCE Journal of Engineering Mechanics, Vol. 122, No. 3, pp 
276-281, March 1998, http://dx.doi.org/10.1061/(ASCE)0733-9399(1996)122:3(278) 
ABSTRACT: Thin shells are prone to fail by buckling. In most of the practical situations, shell structures have 
membrane stresses as well as bending stresses and the response of these shells becomes nonlinear. Linearization 
of the nonlinear equilibrium equations gives rise to an algebraic eigenvalue problem, solving which, buckling 
load is obtained. Eigenvalue buckling analysis is computationally much cheaper than nonlinear analysis 
involving tracing the load-deflection path and finding the corresponding collapse load. But buckling loads 
obtained by eigenvalue buckling analysis are always overestimated, and for systems with large prebuckling 
rotations this approach may give highly unconservative results. For better prediction of the actual buckling load 



of a structure, a new methodology involving the proper combination of eigenvalue buckling analysis and 
geometric nonlinear analysis is used here. This method is computationally cheaper than nonlinear buckling 
analysis but more reliable than linear buckling analysis. The methodology is used to calculate the buckling load 
of shells of revolution. The conical frustum shell element with two nodal circles is used in the present study. 
Also discussed is how to include the effect of initial geometric imperfection in buckling analysis. 
 
 
Sun Suya and Zhang Zhimin (Beijing University of Aeronautics and Astronautics, Dept.of Flight Vehicle 
Design and Applied Mechanics), “Nonlinear stability of orthotropic composite conical shell under external 
pressure”, Journal of Beijing University of Aeronautics and Astronautics, 1996-03 
ABSTRACT: The nonlinear stability of composite conical shell under external pressure was studied. The 
Donnell type governing equations were developed for general anisotropic composite conical shells. The partial 
differential equations with variable coefficients were changed into differential equations with constant 
coefficients by means of selecting appropriate displacement function and changing coordinate system which can 
be solved easily. The stress functions were strictly deduced from compatiable equations by the displacement 
function selected. The stability of orthotropic composite conical shell under external pressure was calculated by 
means of Galerkin method and the formulas were obtained for the post buckling equilibrium displacement 
figure curves.  
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“Non-linear dynamic extension of consistent shell element and analysis of liquid-filled conical tanks”,  
1995 Ph.D Dissertation, McMaster University, http://hdl.handle.net/11375/6741  
ABSTRACT: Conical steel shells are fairly widely used as elevated water tanks. However, the current code of 
practice in North America for the design of such reservoir structures provides an obsolete method for 
ascertaining their adequacy to resist hydrostatic loadings. Moreover, there are no provisions available for 
handling liquid-filled conical tanks subjected to seismic forces. The lack of appropriate design methods could 
not have been demonstrated more vividly when in December of 1990, an elevated conical water tower failed by 
buckling when being filled for the first time. The steel vessel, located in Fredericton, New Brunswick, is 
claimed to have "exploded" by eyewitnesses. The work of this thesis, then, was motivated by this failure. It 
involves non-linear stability analysis of liquid-filled conical steel vessels possessing geometric imperfections 
and residual stresses, and which can be subjected to hydrostatic and seismic loading. To achieve this, a finite 
element formulation is developed based on a consistent shell element which is free from spurious shear modes 
known to exist in the isoparametric shell elements. The consistent shell element employed also exhibits 
excellent performance in the analysis of plates and shells in the small displacement range. This element is 
extended to include both geometric and material non-linearities as well as non-linear dynamic analysis. The 
non-linear finite element model developed is general and can be applied to any thin or thick shell problem. 
Numerical testing of the non-linear model through static and dynamic analysis of different plate and shell 
problems indicates the continued excellent performance of the consistent shell element in the non-linear range. 
Hydrostatically loaded conical steel vessels are modelled using the consistent shell element. Static stability 
analyses of conical shells with different geometric imperfection patterns are undertaken and the results indicate 
that the presence of axisymmetric imperfections leads to the lowest limit load for the structure. The sensitivity 
of the hydrostatically loaded conical vessels to geometric imperfections and residual stresses is investigated by 
considering three cases: (i) analysis of perfect vessels, (ii) same as case (i) but with axisymmetric geometric 
imperfections of the order of the thickness of the shell, (iii) same as case (ii) but with the addition of residual 
stresses due to welding. The results from these analyses indicate that the liquid-filled conical shells are 
significantly sensitive to geometric imperfections, and that yielding precedes elastic buckling for tanks having 
practical dimensions. The non-linear dynamic (stability) analysis of elevated liquid-filled conical vessels 
subjected to both horizontal and vertical accelerations, but free from rocking motion, is then considered. The 
boundary integral method is used to formulate the fluid added-mass matrix resulting from the impulsive 
component of the hydrodynamic pressure. This is added to the mass matrix of the shell structure to perform free 



vibration as well as nonlinear time history analyses for elevated liquid-filled conical tanks treated as either 
perfect or axisymmetrically imperfect. Tanks with different dimensions and imperfection levels are subjected to 
an appropriately scaled real input ground motion. Some of these elevated structures exhibit inelastic behaviour 
and generally develop a localized buckle near the bottom of the vessel which leads to the overall instability of 
the structure. In general, time history analyses indicate that liquid-filled conical tanks, often possessing 
apparently adequate safety factors under hydrostatic loading, may not be safe under seismic loading. Therefore, 
a proper modelling procedure along with time dependent analysis must be followed in order to design such 
tanks safely. The finite element model developed in this thesis is a means provided for such a purpose. 
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“Stability of Imperfect Steel Conical Tanks under Hydrostatic Loading.” ASCE J. Struct. Eng., 123(6), 703–
712, 1997. 
ABSTRACT: The work presented in this paper was motivated by the collapse of an elevated conical shaped 
water tower structure in Fredericton, Canada, in December of 1990. It is analytically based and involves 
nonlinear stability analysis of liquid-filled conical steel vessels possessing geometric imperfections and residual 
stresses. A finite-element formulation based on a newly developed consistent shell element that includes both 
geometric and material nonlinearities is used. Elastic stability analyses of conical shells with different geometric 
imperfection patterns are undertaken, and the results indicate that the presence of axisymmetric imperfections 
leads to the lowest limit load for the structure. The sensitivity of the hydrostatically loaded conical vessels to 
geometric imperfections and residual stresses is investigated by considering inelastic analyses of three cases: (1) 
perfect vessels; (2) same as case 1, but with axisymmetric geometric imperfections of the order of the thickness 
of the shell; and (3) same as case 2, but with the addition of residual stresses due to welding. Results of these 
analyses indicate that liquid-filled conical shells are quite sensitive to geometric imperfections and that yielding 
precedes elastic buckling for tanks having practical dimensions. 
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“Stability of elevated liquid-filled conical tanks under seismic loading, Part I – Theory”, Earthquake 
Engineering Structural Dynamics, Vol. 26, No. 12, pp 1191-1208, December 1997 
ABSTRACT: Conical steel shells are widely used as water containments for elevated tanks. However, the 
current codes for design of water structures do not specify any procedure for handling the seismic design of 
such structures. In this paper, a numerical model is developed for studying the stability of liquid-filled conical 
tanks subjected to seismic loading. The model involves a previously formulated consistent shell element with 
geometric and material non-linearities included. A boundary element formulation is derived to obtain the 
hydrodynamic pressure resulting from both the horizontal and the vertical components of seismic motion acting 
on a conical tank which is prevented from rocking. The boundary element formulation leads to a fluid added-
mass matrix which is incorporated with the shell element formulation to perform non-linear dynamic stability 
analysis of such tanks subjected to both horizontal and vertical components of ground motion. Although, the 
formulation was developed for conical vessels, it is general and can be easily modified to study the stability of 
any liquid-filled shell of revolution subjected to seismic loading. The accuracy of fluid added-mass formulation 
was verified by performing the free vibration analysis of liquid-filled cylindrical tanks and comparing the 
results to those available in the literature. 
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Chowdavaram, Guntur 522 019, India), “Buckling of laminated composite shells under transverse load”, 
Composite Structures, Vol. 55, No. 2, February 2002, pp. 157-168, doi:10.1016/S0263-8223(01)00143-X 
ABSTRACT: The buckling of laminated composite shells subjected to transverse load is investigated. The 



geometrical non-linear analysis is carried out using the finite element method based on a higher-order shear 
deformation theory. An eight noded degenerated isoparametric shell element with nine degrees of freedom at 
each node is considered. The geometric non-linear behaviour and the collapse pressures with the associated 
mode shapes are presented for simply supported symmetrically and anti-symmetrically laminated spherical shell 
panels subjected to uniform normal pressure. 
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“Buckling Load Characteristic of Conical Shells under Various End Conditions”, 17th Annual Conference of 
Mechanical Engineering Network of Thailand, 15-17 October 2003, Prachinburi, Thailand  
ABSTRACT: This paper is aimed to investigate the buckling load characteristic of conical shells subjected to 
axial loading. It was focused on the effect of end conditions, which are believed to promote the buckling 
resistance of structures. The study was carried out by means of experiment and structural model (FEA). The 
experimental result was, then, compared with the FEA and good agreement was achieved. The result suggested 
the strength of conical shells may be enhanced by constraining at the end. Particularly, the top constrained 
cones provide considerable high strength improvement (3%-10%).  
References listed at the end of the paper: 
[1] Thinvongpituk C and El-Sobky H, “The Effect of End Conditions on the Buckling Load Characteristic of Conical Shells Subjected 
to Axial Loading” Proceeding of the ABAQUS Users’ Conference 2003, 3-5 June 2003, Munich, Germany  
[2] Seide P. “Axisymmetrical Buckling of Circular Cones under Axial Compression” Trans. ASME, Journal of Applied Mechanics, 
1956 pp.625-628 � 
[3] Seide P. “Calculations for the Stability of Thin Conical Frustums Subjected to External Uniform Hydrostatic Pressure and Axial 
Load.” Journal of Aerospace Science, vol. 29(8), 1962, pp.951-955  
[4] Lackman L., Penzien J. “Buckling of Circular Cones under Axial Compression.” Trans. ASME, 1960, pp.458-460 � 
[5] Singer J. “Buckling of Circular Conical Shells under Axisymmetrical External Pressure”. Journal of Mechanical Engineering 
Science, vol. 3(4), 1961, pp.330-339  
[6] Singer J. “Buckling of Circular Conical Shells under Uniform Axial Compression.” AIAA, vol. 3(5), May 1965, pp.985-987 � 
[7] Weingarten V.I., Morgan E.J., Seide P. “Elastic Stability of Thin-Walled Cylindrical and Conical under Combined Internal 
Pressure and Axial Compression.” AIAA, vol. 3(6), 1965, pp.1118-1125  
[8] Lukasiewicz S. and Szyszkowski, W. “Geometrical Analysis of Large Elastic Deflections of Axially Compressed Cylindrical and 
Conical Shells.” International Journal of Non-linear Mechanics, vol. 14, 1979, pp.273-284  
[9] Esslinger M and Geier B. “Buckling and Postbuckling Behaviour of Conical Shells Subjected to Axisymmetric Loading and of 
Cylinders Bubjected to Bending.” Theory of Shells, 1980, pp.263-288 (Edited by Koiter, W.T. and Mikhalov, BK.) North Holland 
Publishing Comp. Amsterdam  
[10] Singer J. “The effect of Axial Constraint on the Instability of Thin conical shells under external pressure.” Trans. ASME, Journal 
of applied Mechanics, March 1962, pp.212-214 � 
[11] Thurston G.A. “Effect of Boundary Conditions on the Buckling of Conical Shells under Hydrostatic Pressure.” ASME, Journal of 
Applied Mechanics, 1965, pp208-209  
[12] Tani J. and Yamaki N. “Buckling of Truncated Conical Shells under Axial Compression”. AIAA Journals, vol. 8(3), 1970, 
pp.568-571 
�[13] Petsios, M. “Buckling of Thin Truncated Conical Shells (Frusta) under Quasi-Static and Dynamics Axial Load” MSc. 
Dissertation, 1993, University of Manchester Institute of Science and Technology (UMIST), Manchester, UK  
[14] Pariatmono N., Chryssanthopoulos M.K. “Asymmetric Elastic Buckling of Axially Impressed Conical Shells with Various end 
Conditions.” AIAA Journals, vol. 33(11), 1995, pp.2218-2227 � 
[15] Schneider M.H. “Investigation of the Stability of Imperfection Cylinders Using Structural Model.” Engineering and Structures, 
vol. 18(10), 1996, pp.792-800  
[16] Chryssanthopoulos M.K. and Spagnols A. “The Influence of Radial Edge Constraint on the Stability of Stiffened Conical Shells 
in Compression” Thin-walled structures, vol. 27(2), 1997, pp.147-163  
[17] Psimolophitis, S.E. “An Investigation of Axisymmetric Shells under Axial Loading” Ph.D. Thesis 1997, University of 
Manchester Institute of Science and Technology (UMIST), Manchester, UK  
[18] Donnell L.H and Wan C.C. “Effect of Imperfection on Buckling of Thin Cylinder and Columns under Axial Compression.” Trans 
ASME, Journal of Applied Mechanics, March 1950, pp.73-83  
[19] El-Sobky H., Singace A.A. and Petsios M. “Mode of Collapse and Energy Absorption Characteristics of Constrained Frusta 
Under Axial Impact Loading” International Journal of Mechanical Science, vol. 43, 2000, pp.743-757  
[16] Chryssanthopoulos M.K. and Spagnols A. “The Influence of Radial Edge Constraint on the Stability of Stiffened Conical Shells 
in Compression” Thin-walled structures, vol. 27(2), 1997, pp.147-163  



[17] Psimolophitis, S.E. “An Investigation of Axisymmetric Shells under Axial Loading” Ph.D. Thesis 1997, University of 
Manchester Institute of Science and Technology (UMIST), Manchester, UK  
[18] Donnell L.H and Wan C.C. “Effect of Imperfection on Buckling of Thin Cylinder and Columns under Axial Compression.” Trans 
ASME, Journal of Applied Mechanics, March 1950, pp.73-83  
[19] El-Sobky H., Singace A.A. and Petsios M. “Mode of Collapse and Energy Absorption Characteristics of Constrained Frusta 
Under Axial Impact Loading” International Journal of Mechanical Science, vol. 43, 2000, pp.743-757  
 
 
Hou, C., Yin, Y., and Wang, C. (Dept. of Civil Engineering Tianjin University, China), “Axisymmetric 
Nonlinear Stability of a Shallow Conical Shell with a Spherical Cap of Arbitrary Variable Shell Thickness.” 
ASCE J. Eng. Mech., 132(10), 1146–1149, 2006, Permalink: http://dx.doi.org/10.1061/(ASCE)0733-
9399(2006)132:10(1146) 
ABSTRACT: The axisymmetric nonlinear stability of a shallow conical shell with a spherical cap was studied 
using the point collocation method with the cubic B-spline function as a trial function. Formulas were set up to 
consider arbitrary variable shell thickness and different boundary and loading conditions. A FORTRAN 
program was written to determine the critical loads and trace the stable parts of the equilibrium paths of the 
shell by method of gradually applied load. The upper and lower critical loads obtained in this technical note for 
some specific cases with constant shell thickness are of very good accuracy and agree very well with known 
solutions and finite-element method results. The method was then expanded successfully to arbitrary variable 
shell thickness and different boundary and loading conditions. 
 
 
Ji-Hye Woo, Jin-Ho Rho and In Lee (Dept. of Aerospace Engineering, Korea Advanced Institute of Science and 
Technology, Daejeon, Korea), “Thermal buckling characteristics of composite conical shell structures”, KSAS 
International Journal, Vol. 8, No. 2, November 2007 
ABSTRACT: Thermal buckling and free vibration analyses of multi-layered composite conical shells based on 
a layerwise displacement theory are performed. The Donnell’s displacement-strain relationships of conical shell 
structure are applied. The natural frequencies are compared with the ones existing in the previous literature for 
laminated conical shells with several cone semi-vertex angles. Moreover, the thermal buckling behaviors of the 
laminated conical shell are investigated to consider the effect of the semi-vertex angle, subtended angle, and 
radius to thickness ratio on the structural stability. 
 
 
Dong Baosheng, Zhao Xinwei, Luo Jinheng, Chen Hongda,� Chen Zhixin, Zhang Hua, Zhang Guangli� (Tubular 
Goods Rsearch Center of China National Petroleum Corporation, Xi’an 710065, China), “Nonlinear Stability 
Analysis of the Shallow Spherical Shells with Elastic Supports under Uniform External Pressure”, 2008 
International Symposium & World Conference on Safety of Oil & Gas Industry 
 ABSTRACT: The vaulted roofs of oil storage tank are usually designed as shallow spherical shells subjected to 
external pressure, and have been widely observed that these shallow spherical shells undergo varying degrees of 
corrosion in service periods. It is important to assessment the stability of these local thinned shallow spherical 
roofs due to corrosion for preventing them from occurring unexpected buckling failure. In this paper, the 
uniform eroded part of a shallow spherical oil tank vaulted roof is simplified as a shallow spherical shell with 
elastic supports. Based on the simplification, a general approach to compute critical pressure of eroded shallow 
spherical shell is proposed. The modified iteration method that considers the large deformation of shell is used 
to solve the problem of nonlinear stability of the shallow spherical shells, and then a second-order approximate 
analytical solution is obtained. The critical pressure calculated by this method is consistent with the classical 
numerical results and nonlinear finite element method, and the computing errors are less than 10%. It shows 
that the presented method is feasible.  
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“Stability of elastic icosadeltahedral shells under uniform external pressure:  
Application to viruses under osmotic pressure”, Physical Review E 79, 011919 (2009),  
DOI: 10.1103/PhysRevE.79.011919  
ABSTRACT: We discuss the stability of icosadeltahedral shells subjected to a uniform external load in the form 
of an isotropic pressure. We demonstrate that there exists a universal critical buckling pressure scaling form that 
defines a locus of buckling instabilities. The parameter that uniquely determines this scaling form is shown to 
be the Föppl–von Karman number of nonpressurized shells. Numerical results are interpreted in terms of scaling 
forms for buckling instabilities of spheres and cylinders under isotropic mechanical pressure, and are applied to 
the case of viruses under osmotic pressure.  
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J. T. Mottram, N. D. Brown and D. Anderson (School of Engineering, University of Warwick), “Physical 
testing for concentrically loaded columns of glass fibre reinforced plastic profile”, Proceedings of the ICE – 
Structures and Building, Vol. 156, No. 2, pp 205-219, May 2003 
ABSTRACT: This paper concerns polymeric composite columns manufactured by the pultrusion process. The 
behaviour of such members is investigated to provide a basis for future assessment of design methods. The 
minor-axis buckling characteristics of twelve wide-flange columns are presented. The main parameters varied 
are height (6·3 m, 4·8 m and 3·3 m) and nominal cross-sectional dimensions (152 × 152 × 9·53 mm, 203 × 203 
× 9·53 mm and 203 × 203 × 12·7 mm). Deformation and failure characteristics are presented. It is found that 
theoretical Euler critical buckling loads generally correlate well with maximum test loads and critical loads 
derived from Southwell plots. A detailed discussion is presented to show that differences are due to 
imperfections in the column specimens and the test rig. At the shortest column height, the onset of local 
compression flange buckling is found to lower resistance by way of modal-coupling with the global bending 
deformation. 
 
 
Gurinder Singh Brar, Buckling Load Predictions in Pressure Vessels Utilizing Monte Carlo Method, Ph.D. 
Dissertation, University of North Carolina-Charlotte, 2009, 113 pages 
ABSTRACT: In practice, large diameter, thin wall shells of revolution are never fabricated with constant 
diameters and thicknesses over the entire length of the assembly. These initial geometric imperfections have 
significant effect on the load carrying capacity of cylindrical shells. The cylindrical shell in the study is flue gas 



desulphurization (FGD) “vessel” which is a large hybrid tank-vessel-stack assembly in a major Canadian 
refinery. The function of the FGD vessel is to contain and support a proprietary process that utilizes an 
ammonium sulphate scrubbing system to produce environmentally friendly air emissions. FGD vessel stack has 
internal diameter of 6.1m, height of 45.34m and wall thickness of 9.525mm. Initial imperfections in FGD vessel 
is in the form of wall thickness variations. FGD wall thickness at 144 points along the circumference and 
elevation are measured. Monte Carlo method is employed to generate the measured data again. Test of 
significance is carried out to see the accuracy of the data generated. This Monte Carlo algorithm can be used to 
create data for any type of shell without spending time in actual measurements. Next, load carrying capacity of 
shell is determined considering imperfections to be axisymmetric and then asymmetric. Fourier decomposition 
is used to interpret imperfections as structural features can be easily related to the different components of 
imperfections. Further, double Fourier series is used to represent asymmetric initial geometric imperfections. 
The ultimate objective of these representations is to achieve a quantitative assessment of the critical buckling 
load considering the small axisymmetric and asymmetric deviations from the nominal cylindrical shell wall 
thickness. Analysis of cylindrical shells when used as pressure vessels and are under external pressure is also 
carried out. Comparison of reliability techniques that employ Fourier series representations of random 
axisymmetric and asymmetric imperfections in axially compressed cylindrical shells and shells under external 
pressure with evaluations prescribed by ASME Boiler and Pressure Vessel Code, Section VIII, Division 1 and 2 
is also carried out.  
References listed at the end of the dissertation: 
1. Bazant, Z. P. and Cedolin, L., “Stability of Structures: Elastic, Inelastic, Fracture and Damage Theories”, Oxford Univ. Press, New 
York 1991, 2nd ed. Dover, N.Y. 2002. � 
2. Koiter, W. T., “On the stability of elastic equilibrium”, Ph.D. Thesis, Delft University, 1945. � 
3. Wang, C. M., Wang C. Y., Reddy, J. N., “Exact Solutions for Buckling of Structural Members”, CRC Press, 2004. � 
4. Euler, L., “Methodus inveniendi lineas curvas maximi minimive propietate gaudentes, (Appendix, De curvis elasticis)”,Lausanne 
and Geneva, 1774. � 
5. Bryan, G. H., “On the Stability of Elastic Systems”, Proc. Cambridge Phil. Soc., Vol. VI, 1888. � 
6. Southwell, R. V., “On the General Theory of Elastic Stability”, Phil. Trans. Roy. Soc. London, Ser. A, Vol. 213, 1913. � 
7. Trefftz, E., “Derivation of Stability Criteria of Elastic Equilibrium from the Elastic Theory of Finite Deformations”, Proc. Third 
Intern. Congr. Appl. Mech., Vol. III, Stockholm, 1930. � 
8. Kappus, R., “Theory of Elasticity of Finite Displacements”, Z. Angew. Math. Mech., Vol. 19, 1939. � 
9. Biot, M., “Theory of Elasticity of the Second Order, with Practical Applications”, Z. Angew. Math. Mech., Vol. 20, 1940. � 
10. Teng, J. G. and Rotter, J. M. (Eds), “Buckling of Thin Metal Shells”, Spon Press, UK, 2004, pp. 41-87. � 
11. Donnell, L. H. and Wan, C. C., “Effect of Imperfections on Buckling of Thin Cylinders and Columns under Axial Compression”, 
Journal of Applied Mechanics, March, 1950, pp. 73-83. � 
12. Koiter, W. T., “The Effect of Axisymmetric Imperfections on the Buckling of Cylindrical Shells under Axial Compression”, ,” 
Proceedings of Royal Netherlands Academy of Sciences, Amsterdam, Series 13, Vol. 66, 265-79, 1963, pp. 265-279. � 
13. Tennyson, R. C., Muggeridge, D. B., and Caswell, R. D., “Buckling of Circular Cylindrical Shells Having Axisymmetric 
Imperfection Distributions”, AIAA Journal, Vol. 9, No. 5, May, 1971, pp. 924-930. � 
14. Roorda, J. and Hansen, J. S., “Random Buckling Behavior in Axially Loaded Cylindrical Shells with Axisymmetric 
Imperfections”, Journal of Spacecraft, Vol. 9, No. 2, 1972, pp. 88-91. � 
15. Elishakoff, I. and Arbocz, J., “Reliability of Axially Compressed Cylindrical Shells with Random Axisymmetric Imperfections”, 
International Journal of Solids and Structures, Vol. 18, No. 7, 1982, pp. 563-585. � 
16. Imbert, J. F., “The Effect of Imperfections on the Buckling of Cylindrical Shells”, Aeronautical Engineering Thesis, California 
Institute of Technology, Pasadena, California, June, 1971. � 
17.Arbocz, J. and Babcock, C. D., “Prediction of Buckling Loads based on Experimentally Measured Initial Imperfections”, In 
Buckling of structures, Budiansky B., ed., IUTAM Symposium, Cambridge, Mass., 1974, Springer Verlag, Berlin 1976, pp. 291-311.  
18. Hansen, J., “Influence of General Imperfections in Axially Loaded Cylindrical Shells”, International Journal of Solids and 
Structures, Vol. 11, 1975, pp. 1223-1233. � 
19. Arbocz, J. and Williams, J. G., “Imperfection Surveys on a 10-ft-Diameter Shell Structure”, AIAA Journal, Vol. 15, No. 7, July, 
1977, pp. 949-956. � 
20. Elishakoff, I. and Arbocz, J., “Reliability of Axially Compressed Cylindrical Shells with General Nonsymmetric Imperfections”, 
Journal of Applied Mechanics, Vol. 52, March, 1985, pp. 122-128. � 
21. Fung, Y. C., and Sechler, E. E., “Instability of Thin Elastic Shells”, First Symposium on Naval Structural Mechanics (edited by J. 
Norman Goodier and N. J. Hoff), Pergamon Press, New York, 115-68, 1960. � 
22. Amazigo, J. C., and Budiansky, B., “Asymptotic Formulas for the Buckling Stresses of Axially Compressed Cylinders with 
Localized or Random Axisymmetric Imperfections,” Journal of Applied Mechanics, 39, 1972, pp. 179-184. � 
23. Roark, R. J., and Young, W. C., Formulas for Stress and Strain”, McGraw-Hill, 5th ed., 1975. � 
24. Metropolis, N. and Ulam, S., “The Monte Carlo Method”, Journal of the American Statistical Association, Vol. 44, No. 247, 
September, 1949, pp. 335-341. � 
25. Marsulex, 2003, “2003 Annual Meeting: 2002 Operating Review,” www.marsulex.com, Toronto, Ontario. � 



26. API, 1998, Welded Steel Tanks for Oil Storage, API Standard 650, Tenth Edition, November 1998, American Petroleum Institute, 
Washington, DC. � 
27. Williams, D. K., 2004, “Buckling Considerations and the Use of Code Case 2286-1 for Analyzing a Flue Gas Desulphurization 
Vessel,” Design & Analysis of Pressure Vessels, Heat Exchangers & Piping Components, ASME PVP Vol. 477, New York. � 
28. ASME, 2007, ASME Boiler & Pressure Vessel Code, Section VIII, Division 1 and 2, American Society of Mechanical Engineers, 
New York. � 
29. ASME, 2000, ASME STS-1-2000, Steel Stacks, American Society of Mechanical Engineers, New York. � 
30. Williams, D. K., Williams, J. R., and Hari, Y., “Buckling of Imperfect Axisymmetric Homogeneous Shells of Variable Thickness: 
Perturbation Solution”, International Conference & Exhibition on Pressure Vessels and Piping “OPE 2006 – CHENNAI” February, 7-
9, 2006, Chennai, India. � 
31. Elishakoff, I., Li, Y., and Starnes, J. H., Jr., 2001, Non-Classical Problems in the Theory of Elastic Stability, Cambridge 
University Press, Cambridge, UK. � 
32. Elishakoff, I., “Buckling of a Stochastically Imperfect Finite Column on a Nonlinear Elastic Foundation – A Reliability Study,” 
Journal of Applied Mechanics, Vol. 46, 411-6, June, 1979. � 
33. Massey, F. J., Jr., “The Kolmogorov-Smirnov test for goodness of fit,” Journal of American Statistical Assessment, Vol. 46, 68-
78, 1951. � 
34. Godoy, L. A., “Theory of Elastic Stability – Analysis and Sensitivity”, Taylor and Francis, Philadelphia, 1999. � 
 
 
A. Stavref, D. Stefanov, D. Shillinger and E. Rank (Dept. of Civil Engineering and Surveying, Technical 
University of Munich, Germany), “Comparison of eigenmode based and random field based imperfection 
modeling for the stochastic buckling analysis of I-section beam-columns”, WSPC, Vol. 5, No. 4, 2013 
(accepted draft; full publisher name is not given in the pdf file.) 
ABSTRACT: The uncertainty of geometric imperfections in a series of nominally equal I-beams leads to a 
variability of corresponding buckling loads. Its analysis requires a stochastic imperfection model, which can be 
derived either by the simple variation of the critical Eigenmode with a scalar random variable, or with the help 
of the more advanced theory of random fields. The present paper first provides a concise review of the two 
different modeling approaches, covering theoretical background, assumptions and calibration, and illustrates 
their integration into commercial finite element software to conduct stochastic buckling analyses with the 
Monte Carlo method. The stochastic buckling behavior of an example beam is then simulated with both 
stochastic models, calibrated from corresponding imperfection measurements. The simulation results show that 
for different load cases, the response statistics of the buckling load obtained with the Eigenmode based and the 
random field based models agree very well. A comparison of our simulation results with corresponding 
Eurocode 3 limit loads indicates that the design standard is very conservative for compression dominated load 
cases.  
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Nguyen, T. T. (Tien Thuy), Chan, T. M. and Mottram, J. Toby (James Toby), 1958-. (2013) Influence of 
boundary conditions and geometric imperfections on lateral–torsional buckling resistance of a pultruded  
FRP I-beam by FEA. Composite Structures, Volume 100, 2013 . pp. 233-242. ISSN 0263-8223 
ABSTRACT: Presented are results from geometric non-linear finite element analyses to examine the lateral 
torsional buckling (LTB) resistance of a Pultruded fibre reinforced polymer (FRP) I-beam when initial 
geometric imperfections associated with the LTB mode shape are introduced. A data reduction method is 
proposed to define the limiting buckling load and the method is used to present strength results for a range of 
beam slendernesses and geometric imperfections. Prior to reporting on these non-linear analyses, Eigenvalue FE 
analyses are used to establish the influence on resistance of changing load height or displacement boundary 
conditions. By comparing predictions for the beam with either FRP or steel elastic constants it is found that the 
former has a relatively larger effect on buckling strength with changes in load height and end warping fixity. 
The developed finite element modelling methodology will enable parametric studies to be performed for the 
development of closed form formulae that will be reliable for the design of FRP beams against LTB failure. 
 



 
Jin Y. Park and Jeong Wan Lee, “Shear buckling of a large pultruded composite I-section under asymmetric 
loading”, World Academy of Science, Engineering and Technology, International Journal of Civil, 
Environmental, Structural Construction and Architectural Engineering, Vol. 9, No. 5, 2015 
ABSTRACT: An experimental and analytical research on shear buckling of a comparably large polymer 
composite I-section is presented. It is known that shear buckling load of a large span composite beam is difficult 
to determine experimentally. In order to sensitively detect shear buckling of the tested I-section, twenty strain 
rosettes and eight displacement sensors were applied and attached on the web and flange surfaces. The tested 
specimen was a pultruded composite beam made of vinylester resin, E-glass, carbon fibers and micro-fillers. 
Various coupon tests were performed before the shear buckling test to obtain fundamental material properties of 
the Isection. An asymmetric four-point bending loading scheme was utilized for the shear test. The loading 
scheme resulted in a high shear and almost zero moment condition at the center of the web panel. The shear 
buckling load was successfully determined after analyzing the obtained test data from strain rosettes and 
displacement sensors. An analytical approach was also performed to verify the experimental results and to 
support the discussed experimental program. 
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Leili Javidpour, Anže Lošdorfer Božič, Ali Naji, Rudolf Podgornik, “Multivalent ion effects on electrostatic 
stability of virus-like nano-shells”, J. Chem. Phys. Vol. 139, 154709, 2013, DOI: 10.1063/1.4825099 
ABSTRACT: Electrostatic properties and stability of charged virus-like nano-shells are examined in ionic 
solutions with monovalent and multivalent ions. A theoretical model based on a thin charged spherical shell and 
multivalent ions within the "dressed multivalent ion" approximation, yielding their distribution across the shell 
and the corresponding electrostatic (osmotic) pressure acting on the shell, is compared with extensive implicit 



Monte-Carlo simulations. It is found to be accurate for positive or low negative surface charge densities of the 
shell and for sufficiently high (low) monovalent (multivalent) salt concentrations. Phase diagrams involving 
electrostatic pressure exhibit positive and negative values, corresponding to an outward and an inward facing 
force on the shell, respectively. This provides an explanation for the high sensitivity of viral shell stability and 
self-assembly of viral capsid shells on the ionic environment. 
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Physics, 2001, Vol. 80, 2001, pp. 81-112, doi: 10.1007/3-540-39947-X_5 
ABSTRACT: The inorganic analogs of carbon fullerenes and nanotubes, like MoS2 and BN, are reviewed. It is 
argued that nanoparticles of 2D layered compounds are inherently unstable in the planar configuration and 
prefer to form closed cage structures. The progress in the synthesis of these nanomaterials, and, in particular, 
the large-scale synthesis of BN, WS2 and V2O5 nanotubes, are described. Some of the electronic, optical and 
mechanical properties of these nanostructures are reviewed. The red-shift of the energy gap with shrinking 
nanotube diameter is discussed as well as the suggestion that zigzag nanotubes exhibit a direct gap rather than 
an indirect gap, as is prevalent in many of the bulk 2D materials. Some potential applications of these 
nanomaterials are presented as well, most importantly the superior tribological properties of WS2 and MoS2 
nested fullerene-like structures (onions). 
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“Enhanced critical pressure for buckling of carbon nanotubes due to an inserted linear carbon chain”, 
Nanotechnology, Vol. 19, No. 30, 305703, 2008, DOI: 10.1088/0957-4484/19/30/305703 
ABSTRACT: Recent findings of linear carbon-atom chains (C-chains) inside carbon nanotubes have stimulated 
considerable interest. In this work, molecular dynamics (MD) simulation and an elastic string–elastic shell 
model is adopted to study radial pressure-induced buckling of single-walled carbon nanotubes (SWCNT) filled 
with a C-chain. The continuum model predicts that the C-chain increases critical buckling pressure considerably 
(about 40%–160%) for SWCNTs of diameters ranging from 0.68 to 0.72 nm, in reasonable quantitative 
agreement with the prediction of MD simulation. In particular, the MD simulation confirms that the originally 
circular cross section of filled SWNTs becomes elliptical after buckling, as predicted by the continuum model. 
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52425, Germany 
“Compression, crumpling and collapse of spherical shells and capsules”, New J. Phys. Vol. 13, April 2011,  
045020 doi: 10.1088/1367-2630/13/4/045020 
ABSTRACT: The deformation of thin spherical shells by applying an external pressure or by reducing the 
volume is studied by computer simulations and scaling arguments. The shape of the deformed shells depends on 
the deformation rate, the reduced volume V/V0 and the Foppl - von Karman number gamma. For slow 
deformations the shell attains its ground state, a shell with a single indentation, whereas for large deformation 
rates the shell appears crumpled with many indentations. The rim of the single indentation undergoes a shape 
transition from smooth to polygonal for gamma approximately 7000(deltaV/V0)^(-3/4). For the smooth rim the 
elastic energy scales like gamma^(1/4) whereas for the polygonal indentation we find a much smaller exponent, 
even smaller than the exponent 1/6 that is predicted for stretching ridges. The relaxation of a shell with multiple 
indentations towards the ground state follows an Ostwald ripening type of pathway and depends on the 
compression rate and on the Foppl - von Karman number. The number of indentations decreases as a power law 



with time t following ….(formula with lots of symbols and powers). 
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Mathias Buenemann and Peter Lenz, “Mechanical limits of viral capsids”, Proceedings of the National 
Academy of Sciences of the USA (PNAS), Vol. 104, No. 24, pp 9925-9930, June 2007, 
https://doi.org/10.1073/pnas.0611472104 
ABSTRACT: We studied the elastic properties and mechanical stability of viral capsids under external force-
loading with computer simulations. Our approach allows the implementation of specific geometries 
corresponding to specific phages, such as φ29 and cowpea chlorotic mottle virus. We demonstrate how, in a 
combined numerical and experimental approach, the elastic parameters can be determined with high precision. 
The experimentally observed bimodality of elastic spring constants is shown to be of geometrical origin, namely 
the presence of pentavalent units in the viral shell. We define a criterion for capsid breakage that explains well 
the experimentally observed rupture. From our numerics we find a crossover from γ2/3 to γ1/2 for the dependence 
of the rupture force on the Föppl-von Kármán number, γ. For filled capsids, high internal pressures lead to a 
stronger destabilization for viruses with buckled ground states versus viruses with unbuckled ground states. 
Finally, we show how our numerically calculated energy maps can be used to extract information about the 
strength of protein–protein interactions from rupture experiments. 
 
 
Dennis Lensen, Erik C. Gelderblom, Dennis M. Vriezema, Philippe Marmottant, Nico Verdonschot, Michel 
Versluis, Nico de Jong and Jan C.M. van Hest (from 8 different institutions), “Biodegradable polymeric 
microcapsules for selective ultrasound-triggered drug release”, Soft Matter, Vo. 7, pp 5417-5422, 2011, DOI: 
10.1039/C1SM05324H 
ABSTRACT: A series of hollow biodegradable polymeric microcapsules were prepared, of which their 
susceptibility to ultrasound was used for triggered release. High speed imaging of the ultrasound experiments 
showed a strong correlation between the acoustic pressure needed to activate these microcapsules and their shell 
thickness to diameter ratio. Based on this information a selective triggering of capsules with two different shell 
thickness to diameter ratios was successfully performed. The capsules were mixed in a single system and were 
activated independently from each other by a differentiation in acoustic pressure levels. This application is of 
great interest in the field of drug delivery, since this system allows for localized multiple drug releases in a 
selective fashion. 
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“From creases to conical deflections in a buckled thin sheet: stress focusing vs singularities in strong 



deformations of a thin elastic sheet”, Journal of the Mechanics and Physics of Solids, Vol. 48, No. 3, March 
2000, pp. 565-579, doi:10.1016/S0022-5096(99)00047-2 
ABSTRACT: The localization of deformation is a simple consequence of the fact that bending a thin sheet is 
energetically cheaper than stretching it. Thus, on examining a crumpled piece of paper, we find that it is made 
of nearly-planar or cylindrically curved regions folded along line-like stretched ridges or point-like conical 
singularities. Since the real crumpled paper problem is fairly difficult to deal with, we investigate two simple 
model experiments where one or two singularities are isolated and studied. When a cylindrical panel is axially 
compressed, a crease terminated by two conical type singularities appears. The length of this crease is selected 
by the width of the panel when the length and the thickness of the panel are kept constant. We study also a 
single conical singularity. This is achieved by pushing a thin sheet into a hollow cylinder similar to pushing 
coffee-filter paper in a funnel. We measured the singularity energy of the plate, or the work required to form a 
scar in the sheet. A simple model is proposed to understand the energetics of the crease formation. 
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“Discrete element simulations of crumpling of thin sheets”, Computer Physics Communications, Vol. 180, 
No.4, April 2009, pp. 512-516, Special Issue: Conference on Computational Physics 2008 - CCP 2008, 
doi:10.1016/j.cpc.2008.12.036 
ABSTRACT: Forced crumpling of stiff self-avoiding sheets is studied by discrete element simulations. 
Simulations display stress condensation and scaling of ridge energy in agreement with theoretical expectations 
for elastic and frictionless sheets, and extends such behavior to elasto-plastic sheets. Crumpling of ideally 
elastic and frictionless sheets is compared to that of elasto-plastic sheets and sheets with friction. 
 
 
B.A. DiDonna (Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, Pennsylvania 
19104), “Scaling of the buckling transition of ridges in thin sheets”, Phys. Rev. E, Vol. 66, No. 1, p. 016601 
(2002) [25 pages], doi: 10.1103/PhysRevE.66.016601 
ABSTRACT: When a thin elastic sheet crumples, the elastic energy condenses into a network of folding lines 
and point vertices. These folds and vertices have elastic energy densities much greater than the surrounding 
areas, and most of the work required to crumple the sheet is consumed in breaking the folding lines or “ridges.” 
To understand crumpling it is then necessary to understand the strength of the ridges. In this work, we consider 
the buckling of a single ridge under the action of inward forcing applied at its ends. We demonstrate a simple 
scaling relation for the response of the ridge to the force prior to buckling. We also show that the buckling 
instability depends only on the ratio of strain along the ridge to the curvature across it. Numerically, we find for 
a wide range of boundary conditions that ridges buckle when our forcing increases their elastic energy by 20% 
over their resting state value. We also observe a correlation between neighbor interactions and the location of 
initial buckling. Analytic arguments and numerical simulations are employed to prove these results. 
Implications for the strength of ridges as structural elements are discussed. 
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DOI: 10.1103/PhysRevLett.90.074302  
ABSTRACT: The wrinkling of thin elastic sheets occurs over a range of length scales, from the fine scale 
patterns in substrates on which cells crawl to the coarse wrinkles seen in clothes. Motivated by the wrinkling of 
a stretched elastic sheet, we deduce a general theory of wrinkling, valid far from the onset of the instability, 
using elementary geometry and the physics of bending and stretching. Our main result is a set of simple scaling 
laws; the wavelength of the wrinkles lambda approximately K^(-1/4), where K is the stiffness due to an "elastic 
substrate" effect with a multitude of origins, and the amplitude of the wrinkle A approximately lambda. These 
could form the basis of a highly sensitive quantitative wrinkling assay for the mechanical characterization of 
thin solid membranes. 
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Z.Y. Huang, W. Hong and Z. Suo  (Division of Engineering and Applied Sciences, Harvard University, 
Cambridge, MA 02138, USA), “Nonlinear analyses of wrinkles in a film bonded to a compliant substrate”, 
Journal of the Mechanics and Physics of Solids, Volume 53, Issue 9, September 2005, Pages 2101–2118, 
doi:10.1016/j.jmps.2005.03.007 
ABSTRACT: Subject to a compressive membrane force, a film bonded to a compliant substrate often forms a 
pattern of wrinkles. This paper studies such wrinkles in a layered structure used in several recent experiments. 
The structure comprises a stiff film bonded to a compliant substrate, which in turn is bonded to a rigid support. 
Two types of analyses are performed. First, for sinusoidal wrinkles, by minimizing energy, we obtain the 
wavelength and the amplitude of the wrinkles for substrates of various moduli and thicknesses. Second, we 
develop a method to simultaneously evolve the two-dimensional pattern in the film and the three-dimensional 
elastic field in the substrate. The simulations show that the wrinkles can evolve into stripes, labyrinths, or 
herringbones, depending on the anisotropy of the membrane forces. Statistical averages of the amplitude and 
wavelength of wrinkles of various patterns correlate well with the analytical solution of the sinusoidal wrinkles. 
 
 
Vlado A. Lubarda (Department of Mechanical and Aerospace Engineering, University of California, San Diego, 
La Jolla, CA, 92093-0411, USA), “Radial stretching of a thin hollow membrane: biaxial tension, tension field 
and buckling domains”, Acta Mechanica, Vol. 217, No. 3, pp 317-334, March 2011 
ABSTRACT: The radial stretching of a hollow thin membrane without compressive strength is considered 
within the framework of the small strain tension field theory. For each type of the uniform boundary conditions, 
the loading plane is partitioned into the domains of biaxial tension, tension field and buckling. The extent of 
these domains critically depends on the value of the Poisson’s coefficient and on the aspect ratio of the 



membrane. The stress and displacement fields are determined at an arbitrary stage of loading, when the outer 
biaxially stressed (taut) annulus surrounds the inner (tension field) portion of the membrane, characterized by 
continuously distributed infinitesimal wrinkles. The growth of the tension field as the loading increases is 
analyzed. It is shown that, depending on the Poisson’s coefficient and the aspect ratio of the membrane, the 
tension field may or may not spread throughout the whole membrane. For the fixed outer boundary, and the 
applied tension or a negative displacement at the inner boundary, and for a particular combination of the 
material and geometric parameters, the tension field instantly spreads to a specific depth within the membrane, 
dependent on the Poisson’s ratio and the outer radius of the membrane, remaining constant during further 
increase of the loading. 
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Davidovitch B, Schroll RD, Cerda E. (Physics Department, University of Massachusetts, Amherst, 
Massachusetts 01003, USA.), “Nonperturbative model for wrinkling in highly bendable sheets”, Phys. Rev. E 
Stat. Nonlin. Soft Matter Phys, Vol. 6, No. 2, 066115, June 2012 
ABSTRACT: The wrinkled geometry of thin films is known to vary appreciably as the applied stresses exceed 
their buckling threshold. Here we derive and analyze a minimal, nonperturbative set of equations that captures 
the continuous evolution of radial wrinkles in the simplest axisymmetric geometry from threshold to the far-
from-threshold limit, where the compressive stress collapses. This description of the growth of wrinkles is 
different from the traditional post-buckling approach and is expected to be valid for highly bendable sheets. 
Numerical analysis of our model predicts two surprising results. First, the number of wrinkles scales 
anomalously with the thickness of the sheet and the exerted load, in apparent contradiction with previous 
predictions. Second, there exists an invariant quantity that characterizes the mutual variation of the amplitude 
and number of wrinkles from threshold to the far-from-threshold regime. 
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Karamanos SA, Tassoulas JL (Dept. of Civil Engineering, University of Texas at Austin). Tubular members I: 
stability analysis and preliminary results. J Eng Mech 1996;122(1):64–71 
ABSTRACT: This paper presents a finite-element technique for the analysis of tubular member stability under 
combined external pressure and structural loads. A tube element is developed for the purposes of this research. 



While polynomial (quadratic) interpolation is used in the longitudinal direction, Fourier series expansions of the 
displacement components are adopted at the nodal cross sections. The formulation accounts for large inelastic 
deformation and recognizes initial imperfections and residual stresses. To trace unstable equilibrium paths, arc-
length procedures are implemented. A simple, yet effective estimate of the contribution of external pressure to 
the tube element stiffness matrix, particularly significant in the analysis of slender tubes, is included. 
Preliminary results regarding the behavior of tubular members subjected to pressure and bending are reported 
and discussed. The effects of initial imperfections and residual stresses on the response to pressure along with 
bending are summarized. Finally, the influence of residual stresses on thrust-moment interaction in tubular 
beam-columns is examined briefly. 
 
 
Spyros A. Karamanos (Department of Mechanical and Industrial Engineering, University of Thessaly, 38334 
Volos, Greece), “Bending instabilities of elastic tubes”, International Journal of Solids and Structures, Vol. 39, 
No. 8, April 2002, pp. 2059-2085, doi:10.1016/S0020-7683(02)00085-9 
ABSTRACT: The present paper examines instabilities of long thin elastic tubes. Both initially straight and 
initially bent tubes are analyzed under in-plane bending. Tube response, a combination of ovalization instability 
and bifurcation instability (buckling), is investigated using a nonlinear finite element (FE) technique, which 
employs polynomial functions in the longitudinal tube direction and trigonometric functions to describe cross-
sectional deformation. It is demonstrated that the interaction between the two instability modes depends on the 
value and the sign of the initial tube curvature. The ovalization of initially bent tubes is examined in detail and, 
in particular, the case of opening moments. Furthermore, the paper emphasizes on bifurcation instability. It is 
shown that buckling may occur prior to or beyond the ovalization limit point, depending on the value of the 
initial curvature. Using the nonlinear FE formulation, the location of bifurcation on the primary path is detected, 
post-buckling equilibrium paths are traced, and the corresponding wavelengths of the buckled configurations 
are calculated. Moreover, results over a wide range of initial curvature values are presented, extending the 
findings of previous works. Finally, several analytical approaches, introduced in previous research works, are 
also employed to estimate the moments causing ovalization and bifurcation instability. These approaches are 
based on nonlinear flexible shell theory or simplified ring analysis. The efficiency and accuracy of those 
analytical methods with respect to the nonlinear FE formulation are examined. 
 
 
N. Silvestre and D. Camotim, “Vibration behaviour of axially compressed cold-formed steel members”, Steel 
and Composite Structures, Vol. 6, No. 3, pp 221-236, 2006 
ABSTRACT: (Cannot cut and paste it) 

 
N. Silvestre and D. Camotim (University of Lisbon), “Bending instabilities of carbon nanotubes”, Chapter in 
book that is not identified in the pdf file, January 2009, DOI: 10.1007/978-3-642-00980-8_49  
ABSTRACT: This paper presents an investigation on the buckling behaviour of single-walled carbon nanotubes 
(NTs) under bending and unveils several aspects concerning the dependence of critical bending curvature on the 
NT length. The buckling results are obtained by means of non-linear shell finite element analyses using 
ABAQUS code. It is shown that eigenvalue analyses do not give a correct prediction of the critical curvature of 
NTs under bending. Conversely, incremental-iterative non-linear analyses provide a better approximation to the 
molecular dynamics results due to the progressive ovalization of the NT cross- section under bending. For short 
NTs, the limit curvature drops with the increasing length mostly due to the decreasing influence of end effects. 
For moderate to long tubes, the limit curvature remains practically constant and independent on the tube length. 
An approximate formula based on the Brazier expression is proposed to predict the limit curvature.  
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Evangelos Giakoumatos (Dept. of Mechanical Engineering, University of Thessaly, Greece), “Nonlinear finite 
element analysis of steel pipe elements under pressure and bending”, Diploma Thesis, July 2002 
ABSTRACT: The work investigates the response of elbows under in-plane bending and pressure, through 
nonlinear finite element tools, supported by experimental results from real-scale tests. The finite element 
analysis is mainly based on a nonlinear three-node "tube element", capable of describing elbow deformation in a 
rigorous manner, considering geometric and material nonlinearities. Furthermore, a nonlinear shell element 
from a general-purpose finite element program is employed in some special cases. Numerical results are 
compared with experimental data from steel elbow specimens. The comparison allows the investigation of 
important issues regarding deformation and ultimate capacity of elbows, with emphasis on relatively thin-
walled elbows. The results demonstrate the effects of pressure and the influence of straight pipe segments. 
Finally, using the numerical tools, failure of elbows under bending moments is examined (cross-sectional 
flattening or local buckling), and reference to experimental observations is made. 
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(2) Faculty of Civil Engineering and Geosciences, Delft University of Technology, 2600 GA Delft, The 
Netherlands 
“Nonlinear Response and Failure of Steel Elbows Under In-Plane Bending and Pressure”, ASME J. Pressure 
Vessel Technol., Vol. 125,  No. 4, November 2003, pp. 393-402,  doi:10.1115/1.1613949 
ABSTRACT: The paper investigates the response of elbows under in-plane bending and pressure, through 
nonlinear finite element tools, supported by experimental results from real-scale tests. The finite element 
analysis is mainly based on a nonlinear three-node "tube element," capable of describing elbow deformation in a 
rigorous manner, considering geometric and material nonlinearities. Furthermore, a nonlinear shell element 
from a general-purpose finite element program is employed in some special cases. Numerical results are 
compared with experimental data from steel elbow specimens. The comparison allows the investigation of 
important issues regarding deformation and ultimate capacity of elbows, with emphasis on relatively thin-
walled elbows. The results demonstrate the effects of pressure and the influence of straight pipe segments. 
Finally, using the numerical tools, failure of elbows under bending moments is examined (cross-sectional 
flattening or local buckling), and reference to experimental observations is made. 
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“Ultimate Bending Capacity and Buckling of Pressurized 90 deg. Steel Elbows”, ASME J. Pressure Vessel 
Technol., Vol. 128,  No. 3, July 2005, pp. 348-356, doi:10.1115/1.2217967 
ABSTRACT: The paper examines the nonlinear elastic-plastic response of internally pressurized 90 deg pipe 
elbows under in-plane and out-of-plane bending. Nonlinear shell elements from a general-purpose finite 
element program are employed to model the inelastic response of steel elbows and the adjacent straight parts. 
The numerical results are successfully compared with real-scale experimental measurements. The paper also 
presents a parametric study, aimed at investigating the effects of diameter-to-thickness ratio and moderate 
pressure levels on the ultimate bending capacity of 90 deg elbows, focusing on the failure mode (local buckling 



or cross-sectional flattening) and the maximum bending moment. Special attention is given to the response of 
90 deg elbows under out-of-plane bending moments. 
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“Failure of locally buckled pipelines”, ASME Journal of Pressure Vessel Technology, Vol. 129, No. 2, pp 272-
279, July 2006, DOI: 10.1115/1.2716431 
ABSTRACT: Mechanical damage in steel pipelines in the form of local buckles due to excessive bending 
deformation may severely threaten their structural integrity. The present paper describes experimental and 
numerical research conducted to assess the structural condition of buckled pipes, subjected to both bending and 
internal pressure. Fatigue failure under repeated loading is mainly investigated, whereas pipe burst due to 
internal pressure is also examined. Three full-scale buckled pipe specimens are tested under pressure and 
bending loads to determine their structural capacity. In addition, using nonlinear finite element tools, an 
extensive parametric study is conducted to determine the critical locations at the buckled area at which 
maximum strain variation occurs, as well as to investigate the influence of several geometrical and mechanical 
parameters. Using the maximum strain range from the finite element computations and a simple S-N approach, 
reasonable predictions are obtained for the number of cycles to failure observed in the tests. The results of the 
present study demonstrate that, under repeated loading, fatigue failure occurs in the buckled area at the location 
of maximum strain range. It is also found that the burst pressure may not be affected by the presence of buckles. 
 
 
Spyros A. Karamanos (Associate professor, Department of Mechanical Engineering, University of Thessaly, 
Greece), “Computational techniques in structural stability of thin-walled cylindrical shells”, PhD thesis, 2003-
2008, http://www.mie.uth.gr/labs/mex-lab/Computational_Techniques1-1.html  
SUMMARY: The research examines instabilities of long pressurized thin elastic tubes. The material is isotropic 
or transversely-isotropic, and it is modeled through a hypo-elastic constitutive equation. Both initially straight 
and initially bent tubes are analyzed under in-plane bending and pressure. Tube response, a combination of 
ovalization instability and bifurcation instability (buckling), is investigated using a nonlinear finite element 
technique, which employs polynomial functions in the longitudinal tube direction and trigonometric functions to 
describe cross-sectional deformation. It is demonstrated that the interaction between the two instability modes 
depends on the value and the sign of the initial tube curvature. The work emphasizes on bifurcation instability. 
It is shown that buckling may occur prior to or beyond the ovalization limit point, depending on the value of the 
initial curvature. Using the nonlinear finite element formulation, the location of bifurcation on the primary path 
is detected, post-buckling equilibrium paths are traced, and the corresponding wavelengths of the buckled 
configurations are calculated for a range of initial curvature values and in terms of pressure. Results over a wide 
range of initial curvature values are presented. The effects of anisotropy on the buckling moment, the buckling 
mode and the post-buckling response are also examined. Finally, an analytical approach is also employed to 
estimate the bending moment causing bifurcation instability. The approach is based on the DMV shell equations 
considering pre-buckling solutions from simplified ring analysis. The efficiency and accuracy of the analytical 
method with respect to the nonlinear finite element formulation are examined. 
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“Buckling of thin laminated orthotropic composite rings/long cylinders under external pressure”, International 
Journal of Structural Stability and Dynamics, Vol. 1, No. 4, December 2001 
ABSTRACT: The buckling of isotropic rings under external pressure has attracted the interest of researchers 
since late 1950s. The formula for critical fluid buckling pressure of thin rings is very well known. This formula 
was directly extended to account for homogeneous orthotropic rings as well. The buckling of orthotropic 
cylindrical shells was also a subject of interest since the 1960s. However, the formulations developed, to date, 



require numerical solutions to obtain the critical pressure. In this work, a generalized closed form analytical 
formula for the buckling of thin orthotropic multi-angle laminated rings/long cylinders is developed. Standard 
energy based formulation is used to express the kinematics and equilibrium equations. Classical lamination 
theory is implemented to introduce the constitutive equations of thin shells. These equations are statically 
condensed, in terms of the ring's boundary conditions, to produce effective axial, coupling and flexural rigidities 
for the cases of rings and long cylinders. The critical buckling pressure may be calculated by hand using the 
derived equation in terms of these effective elastic rigidities. Comparisons are made with some existing results. 
Parametric studies are conducted to compare the present results with those of the buckling equations 
implemented by design standards. Various fiber orientations and stacking sequences are considered. 
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“Stability of tubes and pipelines”, Chapter 8 in Buckling and postbuckling structures: experimental, analytical 
and numerical studies, edited by B. G. Falzon and M. H. Aliabadi, 2008, Imperial College Press,  
ISBN-10 1-86094-794-8 
ABSTRACT: An overview of buckling and postbuckling behavior of pipes and tubes is presented, with 
particular emphasis on nonlinear finite element modeling. Classical bifurcation solutions for isotropic elastic 
cylinders under external pressure and bending are presented first. Subsequently, the stability of metal tubes and 
pipes under bending and external pressure is examined, and comparison with available experimental data is 
conducted. Finally, the behavior of composite cylinders under external pressure is presented, and the important 
issue of delamination is thoroughly discussed. 
 
 
S. Houliara and S.A. Karamanos (Department of Mechanical and Industrial Engineering, University of 
Thessaly, Volos 38334, Greece), “Buckling and post-buckling of long pressurized elastic thin-walled tubes 
under in-plane bending”, International Journal of Non-Linear Mechanics, Vol. 41, No. 4, May 2006, pp. 491-
511, doi:10.1016/j.ijnonlinmec.2005.11.002 
ABSTRACT: The present paper focuses on the structural stability of long uniformly pressurized thin elastic 
tubular shells subjected to in-plane bending. Using a special-purpose non-linear finite element technique, 
bifurcation on the pre-buckling ovalization equilibrium path is detected, and the post-buckling path is traced. 
Furthermore, the influence of pressure (internal and/or external) as well as the effects of radius-to-thickness 
ratio, initial curvature and initial ovality on the bifurcation moment, curvature and the corresponding 
wavelength, are examined. The local character of buckling in the circumferential direction is also demonstrated, 
especially for thin-walled tubes. This observation motivates the development of a simplified analytical 
formulation for tube bifurcation, which considers the presence of pressure, initial curvature and ovality, and 
results in closed-form expressions of very good accuracy, for tubes with relatively small initial curvature. 
Finally, aspects of tube bifurcation are illustrated using a simple mechanical model, which considers the 
ovalized pre-buckling state and the effects of pressure. 
References listed at the end of the paper: 
[1] L.G. Brazier, On the flexure of thin cylindrical shells and other “thin” sections, Proc. R. Soc. Ser. A 116 (1927) 104–114.  
[2] S. Ijima, C. Bradec, A. Maiti, J. Bernholc, Structural flexibility of carbon nanotubes, J. Chem. Phys. 104 (5) (1996) 2089–2092. 
[3] T. Vodenitcharova, L.C. Zhang, Mechanism of bending with kinking of a single-walled carbon nanotubes, Phys. Rev. B 69 (2004) 
115410.  
[4] B.I. Yacobson, C.J. Bradec, J. Bernholc, Nanomechanics of carbon tubes: instabilities beyond linear response, Phys. Rev. Lett. 79 
(14) (1996) 2511–2514. 
[5] P. Seide, V.I. Weingarten, On the buckling of circular cylindrical shells under pure bending, J. Appl. Mech. ASME 28 (1961) 112–
116.  
[6] J. Kempner, Y.N. Chen, Buckling and Initial Post-buckling of Oval Cylindrical Shells under Combined Axial Compression and 
Bending, Transactions of the New York Academy of Sciences, 1974, pp. 171–191.  
[7] B. Budiansky, J.W. Hutchinson, Dynamic Buckling and Imperfection-Sensitive Structures, in: Congress of Applied Mechanics, 
Munich, Springer, Berlin, 1964, pp. 636–651. 
[8] D.O. Brush, B.O. Almroth, Buckling of Bars, Plates, and Shells, McGraw-Hill, New York, 1975. 
[9] E.L. Axelrad, Refinement of buckling-load analysis for tube flexure by way of considering precritical deformation, Izvestiya 
Akademii Nauk SSSR, Otdelenie Tekhnicheskikh Nauk, Mekhanika i Mashinostroenie 4 (1965) 133–139 (in Russian). 



[10] F.A. Emmerling, Nichtlineare Biegung und Beulen von Zylindern und krummen Rohren bei Normaldruck, Ingenieur–Archiv 52 
(1982) 1–16 (in German). 
[11] W.B. Stephens, J.H. Starnes Jr., B.O. Almroth, Collapse of long cylindrical shells under combined bending and pressure loads, 
AIAA J. 13 (1) (1975) 20–25. 
[12] O. Fabian, Collapse of cylindrical, elastic tubes under combined bending, pressure and axial loads, Int. J. Solids Struct. 13 (1977) 
1257–1270. 
[13] J. Fitch, The buckling and post-buckling behavior of spherical caps under concentrated load, Int. J. Solids Struct. 4 (1968) 421–
446. 
[14] G.T. Ju, S. Kyriakides, Bifurcation and localization instabilities in cylindrical shells under bending II: predictions, Int. J. Solids 
Struct. 29 (1992) 1143–1171. 
[15] S.A. Karamanos, Bending instabilities of elastic tubes, Int. J. Solids Struct. 39 (8) (2002) 2059–2085. 
[16] S.A. Karamanos, J.L. Tassoulas, Tubular members I: stability analysis and preliminary results, J. Eng. Mech. ASCE 122 (1) 
(1996) 64–71. 
[17] A. Needleman, Finite elements for finite strain plasticity problems, in: E.H. Lee, R.L. Mallet (Eds.), Plasticity of Metals at Finite 
Strain: Theory, Experiment and Computation, Rensselaer Polytechnic Institute, Troy, New York, 1982, pp. 387–436. 
[18] M.A. Crisfield, An arc-length method including line searches and accelerations, Int. J. Numer. Meth. Eng. 19 (1983) 1269–1289. 
[19] R.C. Tennyson, Buckling of circular cylindrical shells in compression, AIAA J. 2 (7) (1964) 1351–1353. 
[20] B. Tatting, Z. Gürdal, V. Vasiliev, Nonlinear response of long orthotropic tubes under bending including the Brazier effect, 
AIAA J. 34 (9) (1996) 1934–1940. 
[21] E.L. Axelrad, On local buckling of thin shells, Int. J. Nonlinear Mech. 20 (4) (1985) 249–259. 
[22] T. Von Kármán, G. Dunn, H. Tsien, The influence of curvature on the buckling characteristics of structures, J. Aeronaut. Sci. 7 
(7) (1940) 276–289. 
[23] S.A. Karamanos, Stability of pressurized long inelastic cylinders under radial transverse loads, Comput. Mech. 18 (6) (1996) 
444–453. 
[24] Z.P. Bazant, L. Cedolin, Stability of Structures: Elastic, Inelastic, Fracture and Damage Theories, Oxford University Press, 
Oxford, 1991. 
[25] E. Reissner, On finite bending of pressurized tubes, J. Appl. Mech. ASME 26 (1959) 386–392. 
[26] J.T. Boyle, The finite bending of curved pipes, Int. J. Solids Struct. 17 (1981) 515–529. 
[27] E.L. Aksel’rad (Axelrad), Flexure and instability of thin-walled pressurized tubes, Izvestiya Akademii Nauk SSSR, Otdelenie 
Tekhnicheskikh Nauk, Mekhanika i Mashinostroenie 1 (1962) 98–114 (in Russian). 
[28] S.V. Levyakov, Equations of finite bending of thin-walled curvilinear tubes, J. Appl. Mech. Tech. Phys. 52 (5) (2001) 898–901. 
 
 
Sotiria Houliara and Spyros A. Karamanos (Department of Mechanical Engineering, University of Thessaly, 
38334 Volos, Greece), “Stability of long transversely-isotropic elastic cylindrical shells under bending”, 
International Journal of Solids and Structures, Vol. 47, No. 1, January 2010, pp. 10-24, 
doi:10.1016/j.ijsolstr.2009.09.004 
ABSTRACT: The present paper investigates buckling of cylindrical shells of transversely-isotropic elastic 
material subjected to bending, considering the nonlinear prebuckling ovalized configuration. A large-strain 
hypoelastic model is developed to simulate the anisotropic material behavior. The model is incorporated in a 
finite-element formulation that uses a special-purpose “tube element”. For comparison purposes, a hyperelastic 
model is also employed. Using an eigenvalue analysis, bifurcation on the prebuckling ovalization path to a 
uniform wrinkling state is detected. Subsequently, the postbuckling equilibrium path is traced through a 
continuation arc-length algorithm. The effects of anisotropy on the bifurcation moment, the corresponding 
curvature and the critical wavelength are examined, for a wide range of radius-to-thickness ratio values. The 
calculated values of bifurcation moment and curvature are also compared with analytical predictions, based on a 
heuristic argument. Finally, numerical results for the imperfection sensitivity of bent cylinders are obtained, 
which show good comparison with previously reported asymptotic expressions. 
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38334 Volos, Greece), “Buckling of Thin-Walled Long Steel Cylinders Subjected to Bending”, ASME Journal 
of Pressure Vessel Technology, Vol. 133, No. 1, 011201 (9 pages), December 2010, doi: 10.1115/1.4002902 
ABSTRACT: The present paper investigates structural response and buckling of long unstiffened thin-walled 
cylindrical steel shells, subjected to bending moments, with particular emphasis on stability design. The 
cylinder response is characterized by cross-sectional ovalization, followed by buckling (bifurcation instability), 
which occurs on the compression side of the cylinder wall. Using a nonlinear finite element technique, the 
bifurcation moment is calculated, the post-buckling response is determined, and the imperfection sensitivity 



with respect to the governing buckling mode is examined. The results show that the buckling moment capacity 
is affected by cross-sectional ovalization. It is also shown that buckling of bent elastic long cylinders can be 
described quite accurately through a simple analytical model that considers the ovalized prebuckling 
configuration and results in very useful closed-form expressions. Using this analytical solution, the 
incorporation of the ovalization effects in the design of thin-walled cylinders under bending is thoroughly 
examined and discussed, considering the framework of the provisions of the new European Standard EN1993-
1-6. 
 
 
Daniel Vasilikis and Spyros A. Karamanos (Department of Mechanical and Industrial Engineering, University 
of Thessaly, 38334 Volos, Greece), “Stability of confined thin-walled steel cylinders under external pressure”, 
International Journal of Mechanical Sciences, Vol. 51, No. 1, January 2009, pp. 21-32, 
doi:10.1016/j.ijmecsci.2008.11.006 
ABSTRACT: The present paper investigates the structural stability of thin-walled steel cylinders surrounded by 
an elastic medium, subjected to uniform external pressure. A two-dimensional model is developed, assuming no 
variation of load and deformation along the cylinder axis. The cylinder and the surrounding medium are 
simulated with nonlinear finite elements that account for both geometric and material nonlinearities. Cylinders 
of elastic material within a rigid boundary are considered first, and the numerical results are compared 
successfully with available closed-form analytical predictions. Subsequently, the external pressure response of 
confined thin-walled steel cylinders is examined, in terms of the initial out-of-roundness of the cylinder, the 
initial gap between the cylinder and the medium, and the stiffness of the surrounding medium. Numerical 
results are presented in the form of pressure-deformation equilibrium paths, and show a rapid drop of pressure 
after reaching the maximum pressure level, as well as a significant imperfection sensitivity. A plastic-hinge 
mechanism is developed that results in a closed-form expression and illustrates the post-buckling response of 
the cylinder in an approximate manner. The distributions of plastic deformation, as well as the variation of 
cylinder-medium contact pressure around the cylinder cross-section are also depicted and discussed. 
Furthermore, the effects of uniform vertical preloading on the maximum pressure sustained by the cylinder are 
examined. Finally, the numerical results show good comparison with a simplified closed-form expression, 
proposed elsewhere, which could be used for design purposes. 
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Volos 38334, Greece), “Buckling Design of Confined Steel Cylinders Under External Pressure”, ASME J. 
Pressure Vessel Technology, Vol. 133,  No. 1, February 2011, 011205 (9 pages), doi:10.1115/1.4002540 
ABSTRACT: Thin-walled steel cylinders surrounded by an elastic medium, when subjected to uniform external 
pressure may buckle. In the present paper, using a two-dimensional model with nonlinear finite elements, which 
accounts for both geometric and material nonlinearities, the structural response of those cylinders is 
investigated, toward developing relevant design guidelines. Special emphasis is given on the response of the 
confined cylinders in terms of initial imperfections; those are considered in the form of initial out-of-roundness 
of the cylinder and as an initial gap between the cylinder and the medium. Furthermore, the effects of the 
deformability of the surrounding medium are examined. The results indicate significant imperfection sensitivity 
and a strong dependency on the medium stiffness. The numerical results are employed to develop a simple and 
efficient design methodology, which is compatible with the recent general provisions of European design 
recommendations for shell buckling and could be used for design purposes. 
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Daniel Vasilikis, “Structural behavior and stability of cylindrical steel shells with lateral confinement”, Ph.D. 
dissertation, University of Thessaly (UTH), 2013 
ABSTRACT: Motivated by practical engineering applications, the present study investigates the structural 
behavior and stability of thin-walled steel cylindrical shells with lateral confinement under two main types of 
loading, namely external pressure and longitudinal bending, both resulting in structural failure. The present 
work emphasizes on structural stability in terms of buckling, post-buckling and imperfection sensitivity. The 
investigation is computational using advanced finite element tools through the employment of a general-
purpose finite element program. The cylindrical shells under consideration and the corresponding confinements 
are simulated with nonlinear finite elements that account for both geometric and material nonlinearities. An 
extensive literature review on the examined mechanical issues is conducted for the evaluation and assessment of 
available analytical solutions and experimental data. A numerical simulation methodology is developed and 
verified in order to model the shell and the interaction with the confinement. Shells of elastic material are 
considered first, offering the possibility of comparing the numerical results with available closed-form or 
simplified analytical predictions. Subsequently, the buckling response of steel shells is examined and the results 
are compared with available experimental data.For the case of external pressure loading, the numerical results 
are presented in the form of pressure-deformation equilibrium paths, and show an unstable post-buckling 
response beyond the point of ultimate pressure capacity, indicating significant imperfection sensitivity on the 
value of the maximum pressure. The effects of the diameter-to-thickness ratio (D/t), the yield stress, the 
interface friction, and the medium deformability on the structural response are examined. It is demonstrated that 
even for rigid confinement medium, the maximum (buckling) pressure is well below the pressure that causes 
plastification of the entire cylinder (referred to as yield pressure). Finally, based on the numerical results, a 
simplified and efficient methodology is developed which is compatible with the recent general provisions of 
European design recommendations for shell buckling, and could be used for design purposes.For the case of 
longitudinal bending loading of confined cylinders, the analysis refers to the case of the so-called lined pipes, 



focusing on the behavior of the thin-walled inner pipe (liner) which interacts with the outer pipe. Using a 
numerical simulation, the stresses and deformations in the compression zone are monitored, with emphasis on 
possible detachment of the liner from the confining medium, and on the formation of wrinkles. Furthermore, the 
development of liner ovalization, bending moment, local hoop curvature, axial stress, and hoop stress with 
increasing level of bending are investigated. The effects of liner thickness, friction, liner prestressing, and 
stiffness of the confining medium on the buckling curvature and wavelength are examined. The sensitivity of 
response on the presence of initial wrinkling imperfections is investigated. Finally, the effect of external 
pressure on the mechanical response is discussed.The present study aims at establishing the theoretical basis for 
understanding and solving a significant number of structural instabilities related to confined cylindrical shells, 
which are encountered often in numerous practical engineering applications. 
 
 
Daniel Vasilikis and Spyros A. Karamanos (Dept. of Mechanical Engineering, University of Thessaly, Volos, 
Greece), “Mechanics of confined thin-walled cylinders subjected to external pressure”, Applied Mechanics 
Reviews, Vol. 66, No. 1, November 2013 
ABSTRACT: Motivated by practical engineering applications, the present paper examines the mechanical 
response of thin-walled cylinders surrounded by a rigid or deformable medium, subjected to uniform external 
pressure. Emphasis is given to structural stability in terms of buckling, postbuckling, and imperfection 
sensitivity. The present investigation is computational and employs a two-dimensional model, where the 
cylinder and the surrounding medium are simulated with nonlinear finite elements. The behavior of cylinders 
made of elastic material is examined first, and a successful comparison of the numerical results is conducted 
with available closed-form analytical solutions for rigidly confined cylinders. Subsequently, the response of 
confined thin-walled steel cylinders is examined. The numerical results show an unstable postbuckling response 
beyond the point of maximum pressure and indicate severe imperfection sensitivity on the value of the 
maximum pressure. A good comparison with limited available test data is also shown. Furthermore, the effects 
of the deformability of the surrounding medium are examined. In particular, soil embedment conditions are 
examined, with direct reference to the case of buried thin-walled steel pipelines. Finally, based on the numerical 
results, a comparison is attempted between the present buckling problem and the problem of “shrink buckling.” 
The differences between those two problems of confined cylinder buckling are pinpointed, emphasizing the 
issue of imperfection sensitivity. 
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Summary of the work described in the 5 papers just listed: 
The research examines the mechanical behavior of lined pipes and investigates extensively the wrinkling of 
such pipes under bending loading with or without the presence of external pressure. Lined pipe, also referred to 
as “mechanically clad pipe”, is a new and promising technological solution in energy pipeline applications 
where the structural integrity of oil and gas steel pipelines requires erosion damage protection from oil or gas 
pollutants. Lined pipe is a double-wall pipe, consisting of a load-bearing high-strength, low-alloy carbon steel 
outer pipe, lined with a thin-walled sleeve made from a corrosion-resistant material referred to as “liner” pipe. 
Lined pipes are produced through an appropriate manufacturing procedure, consisting of heating the outer pipe, 
inserting the liner and pressurizing it until both pipes come to contact, and finally cooling the outer pipe. 
Considering the liner pipe as a thin-walled cylindrical shell prone to buckling, the lateral confinement due to the 
deformable outer pipe constitutes a paramount parameter for its mechanical behavior. In the present 
investigation, the problem is solved numerically, using nonlinear finite elements capable at simulating the lined 
pipe and the interaction between the liner and the outer pipe. Nonlinear geometry with large strains is taken into 
account, and the material of both pipes is elastic-plastic. The lined pipe is considered either stress-free (snug-fit 
pipe, SFP) or with an initial stress (tight-fit pipe, TFP). The thermo-hydraulic manufacturing process of the 
lined pipe is simulated to determine the liner hoop prestressing. First, an ovalization bending analysis of the 
lined pipe is conducted, where a slice of the pipe between two adjacent cross-sections is considered excluding 
the possibility of buckling. In this analysis, the stress and deformation of the liner in the compression zone is 
monitored, with emphasis on possible detachment of the liner from the outer pipe. Using a simple buckling 
hypothesis, it is possible to estimate the curvature at which liner wrinkling would occur. Subsequently, a three-
dimensional analysis is conducted to examine buckling of the liner in the form of a uniform wrinkling pattern. 
The curvature at which buckling occurs and the corresponding buckling wavelength are determined for different 
thicknesses of the liner and outer pipe. Furthermore, the transition from a uniform wrinkling configuration to a 
secondary bifurcation with more localized deformations is investigated, and reference to experimental 
observations is made. Next, the effects of initial imperfections on the structural behavior of lined pipes are 
investigated. Subsequently, the effect of the prestressing on the critical wavelength and the buckling curvature 
is examined. A comparison with available experimental results is conducted in terms of wrinkle height 
development and the corresponding buckling wavelength. Finally, the structural behavior of lined steel pipes 
under bending in the presence of external pressure is examined. The results of the present research can be used 
for safer design of lined pipes in pipeline applications. 
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“On the seismic behavior and design of liquid storage tanks”, COMPDYN2011, III ECCOMAS Thematic 
Conference on Computational Methods in Structural Dynamics and Earthquake Engineering, M. Papadrakakis, 
M. Fragiadakis and V. Plevris (Editors), Corfu, Greece, 25-28 May, 2011 
ABSTRACT: The paper examines some special issues on the structural behaviour of upright cylindrical liquid 
storage tanks, which are widely used in industrial facilities and for water storage. Two main design standards 
are considered: EN 1998-4, a relatively new standard, and Appendix E of API 650, which has been through 
substantial amendments and revisions in its new version (11th edition, 2007). There are significant differences 
between the two specifications, which are due to the fact that there exist several controversial issues on this 
subject, open to further research. These issues are (a) the number of modes necessary to estimate accurately the 
convective seismic force due to the hydrodynamic behaviour of the liquid containment; (b) the appropriate 
combination of the impulsive and the convective component of seismic force; (c) the uplifting behaviour of 
unanchored tanks, with emphasis on the base plate behaviour and the increase of meridional compression; (d) 
the choice of an appropriate reduction (behaviour) factor for calculating both the impulsive and the convective 



force; (e) the calculation of hydrodynamic hoop stresses due to liquid hydrodynamic motion; (f) the design of 
tanks against buckling at the top due to liquid sloshing; (g) the importance of nonlinear wave sloshing effects. 
The present paper is aimed at addressing the above issues based mainly on numerical simulations. To simulate 
the tank shell and its structural behaviour, general-purpose finite element software ABAQUS is employed, 
whereas to examine hydrodynamic effects, an in-house numerical technique is developed. Existing data from 
previous investigations are also considered. The results are aimed at better understanding of liquid storage tank 
seismic behaviour, bridging the gap between the two major design standards (EN 1998-4 and API 650- 
Appendix E), towards safer seismic design of industrial facilities.  
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doi:10.1016/S0308-0161(98)00059-3 
ABSTRACT: The purpose of this study is to investigate the large strain and stress analysis for pipe elbows 
subjected to in-plane bending moments. A finite element model for the bend was constructed and loaded taking 
geometric and material nonlinearities into account using (ABAQUS) nonlinear finite element code. The 
initiation of yielding for the opening and closing cases appears at the inside surface of the elbow crown. 
However, further loading causes a significant difference in strain distribution and deformed shapes. The limit 
moment for the opening cases is higher than that for closing due to the geometric stiffening effects. 
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and Internal Pressure”, J. Pressure Vessel Technol., Vol. 124,  No.1, February 2002, pp. 32-37, 
doi:10.1115/1.1425807 
ABSTRACT: The purpose of this work is to study the load-carrying capacity of pipe bends, with different pipe 
bend factor (h) values, under out-of-plane moment loading; and to investigate the effect of internal pressure on 
the limit moments in this loading mode. The finite element method is used to model and analyze a standalone, 
long-radius pipe bend with a 16-in. nominal diameter, and a 24-in. bend radius. A parametric study is performed 
in which the bend factor takes ten different values between 0.0632 and 0.4417. Internal pressure is incremented 
by 100 psi for each model, until the limit pressure of the model is reached. The limit moments were found to 
increase when the internal pressure is incremented. However, beyond a certain value of pressure, the effect of 
pressure is reversed due to the additional stresses it engenders. Expectedly, increasing the bend factor leads to 
an increase in the value of the limit loads. The results are compared to those, available in the literature, of a 
similar analysis that treats the in-plane loading mode. Pipe bends are found to have the lowest load-carrying 
capacity when loaded in their own plane, in the closing direction. They can sustain slightly higher loads when 
loaded in the out-of-plane direction, and considerably higher loads under in-plane bending in the opening 
direction. 
 
 
Andrea Catinaccio (CERN, Geneva, Switzerland), “Pipes under internal pressure and bending”, PH-EP-Tech-
Note-2009-004, 04/02/2010 
ABSTRACT: This article covers the general behaviour of a straight uniform pipe, with built-in open ends, 
subject to internal pressure and in plane bending or curvature.� It is intended as a summary of the basic equations 
driving the unintuitive phenomena of bending and instability of pipes under internal pressure. The analysis 
covers in addition the investigation of opposite pressure stabilisation effects that can be observed in some 
orthotropic material pipes like composite pressure hoses.  
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buckling of tubes under cyclic bending”, ASME  Journal of Pressure Vessel Technology, Vol. 109, No. 2, pp. 
169-178, May 1987, DOI: 10.1115/1.3264891 
ABSTRACT: The experimental part of a study which deals with the response and stability of thin-walled tubes 
under cyclic bending histories is presented (see [7] for theory). Aluminum and steel tubes are cyclically bent in 
pure bending into the plastic range. It is found that under curvature-symmetric loading histories the tube 
progressively ovalizes to a critical value at which it buckles. This critical value of ovalization is approximately 
equal to the value obtained just prior to buckling under monotonic bending. The influence of the material and 
geometric parameters of the tubes on the phenomenon is studied. It is shown that for the materials studied, the 
phenomenon can drastically reduce the life expectancy of tubes in the range of D /t of 15 to 80. 



 
 
Daniel Peter Miller, “Buckling failure boundary for cylindrical tubes in pure bending”, Master’s thesis, 
Mechanical Engineering, Brigham Young University, April 2012 
ABSTRACT: Bending of thin-walled tubing to a prescribed bend radius is typically performed by bending it 
around a mandrel of the desired bend radius, corrected for spring back. By eliminating the mandrel, costly setup 
time would be reduced, permitting multiple change of radius during a production run, and even intermixing 
different products on the same line. The principal challenge is to avoid buckling, as the mandrel and shoe are 
generally shaped to enclose the tube while bending. Without the shaped mandrel, buckling will likely occur 
sooner, that is, at larger bend radii. A test apparatus has been built for arborless bending. It has been used to 
determine the limits of bend radius, wall thickness, material properties, etc. on buckling. Key to the process is a 
set of moveable clamps, which grip the tube and rotate to produce the bend. A complex control system moves 
the clamps radially to maintain pure bending, without superimposing tension or compression. A series of tests 
were performed to document the safe region of operation to avoid buckling. Charts have been created to assist 
the operator, as well as the design engineer, in determining the minimum bend radius. Similar tests will be 
required for each additional tube size, thickness, material, etc.  
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December 2013, DOI: 10.1016/j.tws.2013.08.014 
ABSTRACT: Thin-walled steel circular hollow sections (CHSs) are widely used in wind turbine towers. The 
tower tubes are mainly subjected to bending. There have been a few experimental studies on the bending 
behavior of thin-walled CHS steel tubes. This paper describes a series of bending tests to examine the influence 
of section slenderness on the inelastic and elastic bending properties of thin-walled CHS. In addition, the 
influence of stiffeners welded in the steel tube is considered. Sixteen bending tests were performed up to failure 
on different sizes of CHS with diameter-to-thickness ratio (D/t) varying from 75 to 300. The experimental 
results showed that the specimens with small diameter-to-thickness ratios failed by extensive plastification on 
the central part of the tube. With the increase of diameter-to-thickness ratio, the local buckling phenomena 
became more pronounced. The stiffeners in the steel tubes increased the load carrying capacity and improved 
the ductility of the specimens. The experimental results were compared with current design guidelines on thin-
walled steel members in AISC-LRFD, AS4100 and European Specification. It was found that the test results 
agreed well with the results based on AS4100 design code. 
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“Flexure analysis of spoolable reinforced thermoplastic pipes for offshore oil and gas applications”, Journal of 
Reinforced plastics and Composites, Vol. 33, No. 6, pp 533-542, March 2014 
DOI: 10.1177/0731684413491442 
ABSTRACT: This article is concerned with the numerical modelling and analysis of the mechanical behaviour 
of composite pipes used for offshore oil and gas applications. Specifically, the bending of the reinforced 
thermoplastic pipes during the reeling process of reel-lay installation is modelled using non-linear finite-
element procedures. In particular, the possible buckling of the reeled composite pipes has been investigated. 
Composite pipes reinforced with one angle-ply and two angle-ply layers are considered and the effects of 
different diameter-to-thickness ratios and different angle-ply combinations on the mechanical behaviour of 
these pipes have been studied. 
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“Buckling analysis of high-temperature pressurized pipelines with soil-structure interaction”, Journal of the 
Brazilian Society of Mechanical Sciences and Engineering, Vol. 25, No. 2, June 2003 
ABSTRACT: High-temperature pressurized pipelines design requires special attention, as restrained thermal 
stresses are high. Due consideration should be given to thermal expansion, as stresses in bends of expansion 
loops are significant. Also, the modelling of the soil-pipe interaction using soil characteristics, especially 
friction and lateral resistance, is important when analyzing high-temperature pipelines. This paper describes a 
numerical procedure for the analysis of global and local buckling behavior of high temperature pressurized 
buried pipelines. Results of finite element calculations are presented and discussed. 
 
 



K Tamura, S Komura and T Kato (Department of Chemistry, Faculty of Science, Tokyo Metropolitan 
University, Tokyo 192-0397, Japan), “Adhesion induced buckling of spherical shells”, Journal of Physics: 
Condensed Matter, Vol. 16, L421-L428, 2004, DOI: 10.1088/0953-8984/16/39/L01 
ABSTRACT: Deformation of a spherical shell adhering onto a rigid substrate due to van der Waals attractive 
interaction is investigated by means of numerical minimization of the sum of the elastic and adhesion energies. 
The conformation of the deformed shell is governed by two dimensionless parameters Cs/epsilon and 
Cb/epsilon, where Cs and Cb are respectively the stretching and the bending constants, and epsilon is the depth 
of the van der Waals potential. As a function of Cb/epsilon, we find both continuous and discontinuous 
buckling transitions for small and large Cs/epsilon, respectively, which is analogous to van der Waals fluids or 
gels. Some scaling arguments are employed to explain the adhesion induced buckling transition. 
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S. Komura, K. Tamura and T. Kato (Department of Chemistry, Faculty of Science, Tokyo Metropolitan 
University, Tokyo 192-0397, Japan), “Buckling of spherical shells adhering onto a rigid substrate”, The 
European Physical Journal E: Soft Matter and Biological Physics, Vol. 18, No. 3, 2005, pp. 343-358, 
doi: 10.1140/epje/e2005-00038-5 
ABSTRACT: Deformation of a spherical shell adhering onto a rigid substrate due to van der Waals attractive 
interaction is investigated by means of numerical minimization (conjugate gradient method) of the sum of the 
elastic and adhesion energies. The conformation of the deformed shell is governed by two dimensionless 
parameters, i.e., Cs/epsilon and Cb/epsilon where Cs and Cb are respectively the stretching and the bending 
constants, and epsilon is the depth of the van der Waals potential between the shell and substrate. Four different 
regimes of deformation are characterized as these parameters are systematically varied: (i) small deformation 
regime, (ii) disk formation regime, (iii) isotropic buckling regime, and (iv) anisotropic buckling regime. By 
measuring the various quantities of the deformed shells, we find that both discontinuous and continuous 
bucking transitions occur for large and small Cs/epsilon, respectively. This behavior of the buckling transition is 
analogous to van der Waals liquids or gels, and we have numerically determined the associated critical point. 
Scaling arguments are employed to explain the adhesion induced buckling transition, i.e., from the disk 
formation regime to the isotropic buckling regime. We show that the buckling transition takes place when the 
indentation length exceeds the effective shell thickness which is determined from the elastic constants. This 
prediction is in good agreement with our numerical results. Moreover, the ratio between the indentation length 
and its thickness at the transition point provides a constant number (2–3) independent of the shell size. This 
universal number is observed in various experimental systems ranging from nanoscale to macroscale. In 
particular, our results agree well with the recent compression experiment using microcapsules. 
 
 
 “Dynamics of Snapping Beams and Jumping Poppers”, A. Pandey, D.E. Moulton, D. Vella, and D.P. Holmes, 
(from Holmes’ website: http://www2.esm.vt.edu/~dpholmes/ EPL (Europhysical Letters), Vol. 105, 24001, 
2014)  
ABSTRACT: We consider the dynamic snapping instability of elastic beams and shells. We show that the 
stretchability of the arch plays a critical role in determining not only the post-buckling mode of deformation, but 
also the timescale of snapping, and the frequency of the arch's vibrations about its final equilibrium state. We 
show that the growth rate of the snap-through instability, and its subsequent ringing frequency, can both be 
interpreted physically as the result of a sound wave in the material propagating over a distance comparable to 
the radius of curvature of the arch. Finally, we extend our analysis of the ringing frequency of indented arches 
to understand the 'pop' heard when everted shell structures snap-through to their stable state. Remarkably, we 
find that not only are the scaling laws for the ringing frequencies in these two scenarios identical, but also the 
respective prefactors are numerically close; this allows us to develop a master curve for the frequency of ringing 
in snapping beams and shells. 
 



D.P. Holmes, iMechanica - Journal Club, February 2012 
Welcome to February 2012's Journal club, which will include a discussion on elastic instabilities for form and 
function. Not long ago, the loss of structural stability through buckling generally referred to failure and disaster. 
It was a phenomenon to be designed around, and rarely did it provide functionality*. The increasing focus on 
soft materials, from rubbers and gels to biological tissues, encouraged scientists to revisit the role of elastic 
instabilities in the world around us and inspired their utilization in advanced materials. Now the field of elastic 
instabilities, or extreme mechanics, brings together the disciplines of physics, mechanics, mathematics, biology, 
and materials science to extend our understanding of structural instabilities for both form and function. In this 
journal club, we're going to look at research on the wrinkling, crumpling, and snapping of soft or slender 
structures. 
 
“Bending and Twisting of Soft Materials by Non-Homogenous Swelling”, D.P. Holmes, M. Roché, T. Sinha, 
and H.A. Stone, Soft Matter, 7, 5188, 2011 
ABSTRACT: Soft materials, e.g. biological tissues and gels, undergo morphological changes, motion, and 
instabilities when subjected to external stimuli. Tissues can exhibit residual internal stresses induced by growth, 
and generate elastic deformations to move in response to light or touch, curl articular cartilage, aid in seed 
dispersal, and actuate hygromorphs, such as pine cones. Understanding the dynamics of such osmotically driven 
movements, in the influence of geometry and boundary conditions, is crucial to the controlled deformation of 
soft materials. We examine how thin elastic plates undergo rapid bending and buckling instabilities after 
exposure to a solvent that swells the network. A circular disc bends and buckles with multiple curvatures, and a 
large-amplitude traveling wave rotates azimuthally around the disc. 
 
“Draping Films: A Wrinkle to Fold Transition”, D.P. Holmes and A.J. Crosby, Physical Review Letters, 105, 
038303, 2010 
ABSTRACT: A polymer film draping over a point of contact will wrinkle due to the strain imposed by the 
underlying substrate.  The wrinkle wavelength is dictated by a balance of material properties and geometry; 
most directly the thickness of the draping film.  At a critical strain, the stress in the film will localize, causing 
hundreds of wrinkles to collapse into several discrete folds.  In this paper, we examine the deformation of an 
axisymmetric sheet and quantify the force required to generate a fold. The onset of folding, in terms of a critical 
force or displacement, scales as the thickness to the four-ninth power, which we predict from the energy balance 
of the system.  The folds increase the tension in the remainder of the film causing the radial stress to increase, 
thereby decreasing the wavelength of the remaining wrinkles. 
 
D.P. Holmes, M. Ursiny, and A.J. Crosby, “Crumpled Surface Structures”,  Soft Matter, Vol. 4, 82-85, 2008. 
ABSTRACT: The topographic control of pattern features is of great interest for a range of applications 
including the generation of ultrahydrophobic surfaces, microfluidic devices, and the control and tuning of 
adhesion. In these areas, surface patterning is achieved by a variety of techniques including: photolithography, 
imprint lithography, and surfaces wrinkling. In this paper, we present a scalable patterning method based on 
surface plate buckling, or crumpling, to generate a variety of topographies that can dynamically change shape 
and aspect ratio in response to stimuli. 
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“Snapping Surfaces”, D.P. Holmes and A.J. Crosby. Advanced Materials, 19, 3589, 2007 
ABSTRACT: The responsive mechanism of the Venus flytrap has captured the interest of scientists for 
centuries.  Although a complete understanding of the mechanism controlling the Venus flytrap movement has 
yet to be determined, a recent publication highlights the importance of geometry and material properties for this 
fast, stimuli-responsive movement.  Specifically, the movement is attributed to a snap-through elastic instability 
whose sensitivity is dictated by the length scale, geometry, and materials properties of the features.  Here, we 
use lessons from the Venus flytrap to design surfaces that dynamically modify their topography.  We present a 
simple, biomimetic responsive surface based on an array of microlens shells that snap from one curvature to 
another when a critical stress develops in the shell structure. 
 
 
S-L Fok, University of Manchester Manchester School of Engineering UK, 
D J Allwright. Mathematical Institute OCIAM Oxford, UK, “Buckling of a spherical shell embedded in an 
elastic medium loaded by a far-field hydrostatic pressure”, The Journal of Strain Analysis for Engineering 
Design, Vol. 36, No. 6 / 2001, pp. 535-544, doi: 10.1243/0309324011514692 
ABSTRACT: Elastic buckling of a spherical shell, embedded in an elastic material and loaded by a far-field 
hydrostatic pressure is analysed using the energy method together with a Rayleigh—Ritz trial function. For 
simplicity, only axisymmetric deformations are considered and inextensional buckling is assumed. The strains 
within the structure that are pre-critical are assumed to be small for the linear theory to be applicable. An 
expression is derived relating the pressure load to the buckling mode number, from which the upper-bound 
critical load can be determined. It is found that the presence of the surrounding elastic medium increases the 
critical load of the shell and the corresponding buckling mode number. However, the results also show that the 
strain of the shell at the point of instability may not be small for typical values of material and geometric 
constants. 
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S.L. Fok (University of Manchester Manchester School of Engineering Simon Building, Oxford Road, 
Manchester M13 9PL, UK), “Analysis of the buckling of long cylindrical shells embedded in an elastic medium 
using the energy method”, The Journal of Strain Analysis for Engineering Design, Vol. 37, No. 5, 2002, pp. 
375-383, doi: 10.1243/030932402760203847 
ABSTRACT: Buckling of a long cylindrical shell, embedded in an elastic material and loaded by a far-field 
hydrostatic pressure, is reanalysed using the energy method together with a Rayleigh-Ritz trial function. For 
simplicity, linear elasticity theory is employed and inextensional buckling is assumed. An expression is derived 
relating the pressure load to the buckling mode number, from which the critical load can be determined. The 
solution is similar to that given by Forrestal and Hermann using a more elaborate approach. However, the 
present solution predicts lower buckling load if Poisson's ratio of the surrounding medium is less than 0.5 and 
hence seems to provide better agreement with experiments. 
 
 
N.J. Mallon, R.H.B. Fey, H. Nijmeijer, Department of Mechanical Engineering, Eindhoven University of 
Technology, “Dynamic buckling of a base-excited thin cylindrical shell carrying a top mass”, Artic Summer 
Conference on Dynamics, Vibrations and Control, August 6-10, 2007, Ivalo, Finland. See also: International 
Journal of Solids and Structures, Vol. 45, No. 6, March 2008, pp. 1587-1613, doi:10.1016/j.ijsolstr.2007.10.011 
ABSTRACT: This paper considers dynamic buckling of a harmonically base-excited vertical cylindrical shell 
carrying a top mass. Based on Donnell’s nonlinear shell theory, a semi-analytical model is derived which 
exactly satisfies the (in-plane) boundary conditions. This model is numerically validated through a comparison 
with quasi-static and modal analysis results obtained using finite element modelling. The steady-state nonlinear 
dynamics of the base-excited cylindrical shell with top mass are examined using both numerical continuation of 
periodic solutions and standard numerical time integration. In these dynamic analyses the cylindrical shell is 
preloaded by the weight of the top mass. This preloading results in a single unbuckled stable static equilibrium 
state. A critical value for the amplitude of the harmonic base-excitation is determined. Above this critical value, 
the shell exhibits an instationary beating type of response with time intervals showing severe out-of-plane 
deformations (it buckles dynamically). Similar as for the static buckling case, the critical value highly depends 
on the initial imperfections present in the shell. 
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“Dynamic stability of a base-excited thin orthotropic cylindrical shell with top mass: Simulations and 
experiments”, Journal of Sound and Vibration, Vol. 329, No. 15, July 2010, pp. 3149-3170, 
doi:10.1016/j.jsv.2010.02.007 
ABSTRACT: Considering both an experimental and a numerical approach, the dynamic stability of a 
harmonically base-excited thin orthotropic cylindrical shell carrying a top mass is examined. To be able to 
compare the experimentally obtained results with numerical results, a semi-analytical coupled shaker-structure 
model is derived. Using the semi-analytical model, it is shown that the dynamic stability analysis of the base-
excited cylindrical shell with top mass should be concentrated near a low frequency resonance, corresponding to 
a mode, in which axial vibrations of the (cylindrical shell with) top mass dominate. In this frequency region, the 
shell may exhibit an aperiodic beating type of response, if some critical value of the amplitude of the harmonic 
base-excitation is exceeded. This beating response is characterized by severe out-of-plane deformations. The 
experimental results qualitatively confirm the numerical observations. 
 
 
Liu, D. K., ‘Nonlinear Vibrations of Imperfect Thin-Walled Cylindrical Shells’, Ph.D. Thesis, Faculty of 
Aerospace Engineering, Delft University of Technology, The Netherlands, 1988 
ABSTRACT: In this thesis a theoretical investigation of the nonlinear vibrations of imperfect thin-walled 
cylindrical shells is presented, which is aimed at two objectives. The first one is to investigate the influence of 
initial geometric imperfections on the nonlinear vibration behaviour of shells, while the second one is to 
investigate the effect of different boundary conditions. Donnell shallow shell equations are used with the 
appropriate damping, inertial and initial geometric imperfection terms included. Galerkin's procedure and the 
method of averaging are employed in order to reduce the problem to the solution of nonlinear algebraic and 
nonlinear ordinary differential equations, respectively. Numerical solutions indicate that the initial geometric 
imperfections have strong influence on the nonlinear vibrations of shells if certain coupling conditions are 
satisfied. The imperfections may not only significantly change the natural frequencies and the degree of non-
linearity, but also may change the vibration behaviour. Results show that the effect of boundary conditions on 
the nonlinear vibrations of shells may be significant especially for shorter shells .  
 
 
Z. M. Ye (Department of Civil Engineering, Shanghai University, 149 Yan Chang Road, Shanghai, 200072, 
People's Republic of China), “The Non-Linear Vibration And Dynamic Instability Of Thin Shallow Shells”, 
Journal of Sound and Vibration, Vol. 202, No. 3, May 1997, pp. 303-311, 
doi:10.1006/jsvi.1996.0827 
ABSTRACT: In this paper, the non-linear vibration and dynamic instability of thin shallow spherical and 



conical shells subjected to periodic transverse and in-plane loads are investigated. The Marguerre type dynamic 
equations used for the analysis of shallow shells, when treated by the Galerkin method, will result in a system of 
total differential equations in the time functions, known as Duffing and Mathieu equations, from which the 
various kinds of non-linear vibration and dynamic instability are determined by using numerical methods. 
Numerical results are presented for axisymmetric vibrations and dynamic instabilities of shallow spherical and 
conical shells with (a) clamped and (b) supported edge conditions. As numerical examples, non-linear vibration 
frequencies and instability regions for shells are determined. The effects of static load as well as static snap-
through buckling on the instability are also investigated. 
 
 
H. Ohnabe (Ishikawajima-Harima Heavy Industries Co. Ltd, 3-5 Mukodai-cho, Tanashi-shi, Tokyo, 188, 
Japan), “Non-linear vibration of heated orthotropic sandwich plates and shallow shells”, International Journal of 
Non-Linear Mechanics, Vol. 30, No. 4, July 1995, pp. 501-508, doi:10.1016/0020-7462(95)00010-L 
ABSTRACT: A system of governing equations for non-linear vibrations of heated sandwich shallow shells is 
derived using Hamilton's principle in combination with Reissner-Hellinger's variational principle. The system 
contains four unknown functions which characterize the deflection, the Airy stress function and the shearing 
displacements. For a rectangular simply supported shallow shell due to a temperature difference between the 
upper and lower faces and prevented from inplane motions on the contour, the governing time equation is 
derived by means of a Galerkin procedure applied to the field equation of the vertical motion. Numerical results 
are shown in the graphs. 
 
 
S.C. Shrivastava (Department of Civil Engineering and Applied Mechanics, McGill University, Montreal, 
Quebec, Canada), “Inelastic buckling of rectangular sandwich plates”, International Journal of Solids and 
Structures, Vol. 32, Nos 8-9, pp 1099-1120, April-May 1995 
ABSTRACT: An analytical study of buckling of rectangular sandwich plates, stressed uniaxially by uniform 
shortening beyond the elastic limits of component materials, is presented. The analysis is based on the inelastic 
behavior according to both the J2-incremental and J2-deformation theories of plasticity. Taking the loaded edges 
as simply supported, the governing equations are solved for (a) plates simply supported on all four sides, and (b) 
plates simply supported on three sides and free on the fourth side. The theory gives rise to two sets of boundary 
conditions, each representing “simple support”. It is shown that these alternative choices lead to significantly 
different predictions of the buckling load in the case of sandwich plates simply supported on three sides and free 
on the fourth, unloaded side. The presented analysis can be specialized to elastic buckling of sandwich plates, 
and also to elastic or plastic buckling of homogeneous (one-material) plates with or without the transverse shear 
effects. 
 
 
S. Shrivastava and J. Tang (Department of Civil Engineering and Applied Mechanics, McGill University, 
Montreal, Canada), “Large deformation finite element analysis of non-linear viscoelastic membranes with 
reference to thermoforming”, The Journal of Strain Analysis for Engineering Design, Vol. 28, No. 1, pp 31-51, 
January 1993, DOI: 10.1243/03093247V281031 
ABSTRACT: This paper reports on the development of finite element formulations and computer programs for 
modelling free and constrained inflation of thin polymeric sheets in the context of thermoforming of plastic 
articles. In recognition of the generally time-dependent viscoelastic behaviour of polymers, and the large strains 
encountered in thermoforming applications, the material is modelled as non-linear visoelastic. For this purpose 
the constitutive relation proposed by Christensen is adopted, assuming the relaxation function to be exponential. 
Most of the published work on non-linear viscoelastic membranes deals with simple axisymmetric geometries, 
while the finite element formulations presented in this work are for both axisymmetric and non-axisymmetric 
membrane inflations, including contact against constraining surfaces. Both frictionless and slipless idealizations 
of contact conditions are studied. The finite element solutions of free and constrained inflations of circular 
membranes serve as illustrative examples for the axisymmetric case, while those for elliptical membranes 
demonstrate the non-axisymmetric cases. Comparison of the finite element results with the analytical solutions 
obtained (Appendix 1) for some simple free and constrained inflation problems shows good agreement.  



 
 
Irena Lasiecka (1) and Rich Marchand (2) 
(1) Dept. of Mathematics, University of Virginia, Charlottesville, Virginia, USA 
(2) Dept. of Mathematics Sciences, United States Military Academy, West Point, NY, USA 
“Optimal error estimates for FEM approximations of dynamic nonlinear shallow shells”, Mathematical 
Modelling and Numerical Analysis, Vol. 34, No. 1, pp 63-84, 2000 
ABSTRACT: Finite element semidiscrete approximations on nonlinear dynamic shallow shell models is 
considered. It is shown that the algorithm leads to global optimal rates of convergence. The result presented in 
the paper improves upon the existing literature where the rates of convergence were derived for small initial 
data only [19]. 
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“The nonlinear instability modes of dished shallow shells under circular line loads”, Mathematical Problems in 
Engineering, Vol. 2011, Article ID 793798, 21 pages, doi:10.1155/2011/793798  
ABSTRACT: This paper investigated the nonlinear stability problem of dished shallow shells under circular 
line loads. We derived the dimensionless governing differential equations of dished shallow shell under circular 
line loads according to the nonlinear theory of plates and shells and solved the governing differential equations 
by combing the free-parameter perturbation method (FPPM) with spline function method (SFM) to analyze the 
nonlinear instability modes of dished shallow shell under circular line loads. By analyzing the nonlinear 
instability modes and combining with concrete computational examples, we obtained the variation rules of the 
maximum deflection area of initial instability with different geometric parameters and loading action positions 
and discussed the relationship between the initial instability area and the maximum deflection area of initial 
instability. The results obtained from this paper provide some theoretical basis for engineering design and 
instability prediction and control of shallow-shell structures.  
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“On asymmetric vibrations of layered orthotropic shells of revolution”, Journal of Sound and Vibration, 
Vol.148, No. 2, July 1991, pp. 265-277, doi:10.1016/0022-460X(91)90575-5 
ABSTRACT: A simple and computationally efficient numerical approach is employed in this study for free 
vibrations of complicated shaped layered shells of revolution. Each layer of the shell is assumed to be 
constructed from an orthotropic material. The effects of shear deformation and rotary inertia have been included 
in the formulation, where stiffness and consistent mass matrices are evaluated using reduced integration 
technique. The approach yields accurate results for shells, if the mid-surfaces are represented by a series of 
mutually tangential circular arcs. Numerical examples include the natural frequencies and corresponding mode 
shapes of three-layered freely supported circular cylindrical shells, clamped shallow spherical shells and a 
cylindrical shell closed by a torispherical head. 
 
 
A. V. Singh (Department of Mechanical and Materials Engineering, The University of Western Ontario, 
London, Ontario, N6A 5B9, Canada), “Linear and geometrically nonlinear vibrations of fiber reinforced 



laminated plates and shallow shells”, Computers & Structures, Vol. 76, Nos. 1-3, June 2000, pp. 277-285, 
doi:10.1016/S0045-7949(99)00155-8 
ABSTRACT: This paper deals with the free flexural vibration of laminated quadrilateral plates and shallow 
shells using the Rayleigh–Ritz method. Equations are derived using the first order shear deformation theory of 
plates and shells. Nonlinearity is present only in the in-plane strain components. The transverse shear strains, 
curvature and inertial terms are linear. The geometry is mapped using the natural coordinates. Admissible 
displacement fields are constructed by taking the product of two simple polynomials in each of the two 
parametric coordinates. By controlling the coefficients of these polynomials, the geometric boundary conditions 
are satisfied. Numerical results are presented for the four-layer angle-ply plates and cylindrical shallow shells 
supported on trapezoidal boundary. The influences of the large amplitude and also of the geometry on the 
natural frequency are examined. 
 
 
T. Irie, G. Yamada and T. Kanada (Department of Mechanical Engineering, Hokkaido University, Sapporo, 060 
Japan), “Vibration and stability of a circular cylindrical shell subjected to a torque”, Journal of Sound and 
Vibration, Vol. 91, No. 1, November 1983, pp. 37-44, doi:10.1016/0022-460X(83)90449-2 
ABSTRACT: An analysis is presented for the vibration and stability of a circular cylindrical shell subjected to a 
torque. The displacements of a circular shell are written in a series of beam eigenfunctions satisfying the 
boundary conditions. The kinetic and strain energies of the shell are evaluated analytically, and the frequency 
eauation of the shell is derived by the Ritz method. The method is applied to circular cylindrical shells under 
two types of boundary conditions at the edges; the natural frequencies and the divergence torques are calculated 
numerically, and the effects of the thickness ratio, length ratio and edge conditions on the vibration and stability 
are studied. 
 
Gen Yamada, Toshihiro Irie and Mitsuo Tsushima (Department of Mechanical Engineering, Faculty of 
Engineering, Hokkaido University, Sapporo, 060 Japan), “Vibration and stability of orthotropic circular 
cylindrical shells subjected to axial load”, J. Acoust. Soc. Am. 75, 842 (1984); 
http://dx.doi.org/10.1121/1.390594  
ABSTRACT: An analysis is presented for the vibration and stability of an orthotropic circular cylindrical shell 
subjected to an axial static load by use of the transfer matrix approach. The applicability of the thin-shell theory 
is assumed, and the governing equations of free vibration of the shell are written in a matrix differential 
equation by using the transfer matrix of the shell. Once the matrix has been determined by a solution to the 
equation, the natural frequencies and the critical loads are calculated numerically in terms of the elements of the 
matrix for a given set of boundary conditions at the edges. This method is applied to orthotropic circular 
cylindrical shells simply supported at the edges, and the effects of the length ratio, orthotropy, and axial load on 
the vibration and stability are studied. 
 
 
A. Abe (1), Y. Kobayashi (2) and G. Yamada (2) 
(1) Department of Mechanical Engineering, Fukui University, Fukui, 910-8507, Japan 
(2) Division of Mechanical Science, Hokkaido University, Sapporo, 060-8628, Japan 
“Non-Linear Vibration Characteristics of Clamped Laminated Shallow Shells”, Journal of Sound and Vibration, 
Vol. 234, No. 3, July 2000, pp. 405-426, doi:10.1006/jsvi.1999.2877 
ABSTRACT: This paper examines non-linear free vibration characteristics of first and second vibration modes 
of laminated shallow shells with rigidly clamped edges. Non-linear equations of motion for the shells based on 
the first order shear deformation and classical shell theories are derived by means of Hamilton's principle. We 
apply Galerkin's procedure to the equations of motion in which eigenvectors for first and second modes of 
linear vibration obtained by the Ritz method are employed as trial functions. Then simultaneous non-linear 
ordinary differential equations are derived in terms of amplitudes of the first and second vibration modes. 
Backbone curves for the first and second vibration modes are solved numerically by the Gauss–Legendre 
integration method and the shooting method respectively. The effects of lamination sequences and transverse 
shear deformation on the behavior are discussed. It is also shown that the motion of the first vibration mode 
affects the response for the second vibration mode. 
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“One-to-One Internal Resonance of Symmetric Crossply Laminated Shallow Shells”,  J. Appl. Mech., Vol. 68,  
No. 4, July 2001, pp. 640-649, doi:10.1115/1.1356416 
ABSTRACT: This paper presents the response of symmetric crossply laminated shallow shells with an internal 
resonance omega2 approximately equal to omega3, where omega2 and omega3 are the linear natural 
frequencies of the asymmetric vibration modes (2,1) and (1,2), respectively. Galerkin's procedure is applied to 
the nonlinear governing equations for the shells based on the von Kármán-type geometric nonlinear theory and 
the first-order shear deformation theory, and the shooting method is used to obtain the steady-state response 
when a driving frequency Omega is near omega2. In order to take into account the influence of quadratic 
nonlinearities, the displacement functions of the shells are approximated by the eigenfunctions for the linear 
vibration mode (1,1) in addition to the ones for the modes (2,1) and (1,2). This approximation overcomes the 
shortcomings in Galerkin's procedure. In the numerical examples, the effect of the (1,1) mode on the primary 
resonance of the (2,1) mode is examined in detail, which allows us to conclude that the consideration of the 
(1,1) mode is indispensable for analyzing nonlinear vibrations of asymmetric vibration modes of shells. 
 
 
T.L.C. Chen and C.W. Bert (Mechanical Engineering, The University of Oklahoma, Norman, Oklahoma), 
“Dynamic stability of isotropic or composite-material cylindrical shells containing swirling fluid flow”, Journal 
of Applied Mechanics, Vol. 44, No. 1, pp 112-116, March 1977 
ABSTRACT: A linear stability analysis is presented for a thin-walled, circular cylindrical shell of orthotropic 
material conveying a swirling flow. Shell motion is modeled by using the dynamic orthotropic version of the 
Sanders shell theory and fluid forces are described by inviscid, incompressible flow theory. The critical flow 
velocities are determined for piping made of composite and isotropic materials conveying swirling water. Fluid 
rotation strongly degrades the stability of the shell/fluid system, i.e. increasing the fluid rotating speed severely 
decreases the critical flow velocity. 
 
 
Yu. G. Gubarev and N.A. Sokolov, “On stability of inertial collapse of shells filled with viscous fluid”, Journal 
of Engineering Physics and Thermophysics, Vol. 85, No. 2, pp 313-316, March 2012 
ABSTRACT: Consideration is given to problems of nonlinear stability of inertial collapse of spherical and 
cylindrical shells filled with a viscous incompressible fluid homogeneous in density. Using Lyapunov’s direct 
method, we determine: 1) the necessary and sufficient condition for stability of spherically symmetrical inertial 
collapse of a thick spherical shell with respect to finite disturbances of symmetry of the same type and 2) 
absolute stability of cylindrically symmetrical inertial collapse of a cylindrical shell relative to finite 
disturbances of the same symmetry. 
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M. P. Païdoussis and S. Suss (Department of Mechanical Engineering, McGill University, Montreal, Quebec, 
Canada), “Stability of a cluster of flexible cylinders in bounded axial flow”, Journal of Applied Mechanics, Vol. 
44, No. 3, pp 401-408, September 1977 
ABSTRACT: This paper deals with the dynamics of a cluster of parallel flexible cylinders in a cylindrical 
channel in the presence of an axially flowing fluid. The equations of motion are derived, taking into account 
inviscid and viscous hydrodynamic coupling of small arbitrary motions of the cylinders. Solutions of the 
equations of motion yield the eigenfrequencies and modal shapes of the system. For sufficiently high flow 



velocities the system loses stability by divergence and flutter, similarly to a solitary cylinder in unbounded flow; 
however, the critical flow velocities are much lower, as proximity to other cylinders and to the channel wall 
severely destabilize the system. 
 
 
M. P. Païdoussis, S. P. Chan and A. K. Misra (Department of Mechanical Engineering, McGill University, 
Montreal, Quebec, Canada), “Dynamics and stability of coaxial cylindrical shells containing flowing fluid”, 
Journal of Sound and Vibration”, Vol. 97, No. 2, November 1984, pp. 201-235, 
doi:10.1016/0022-460X(84)90319-5 
ABSTRACT: This paper presents an analytical model for the dynamics and stability of coaxial cylindrical 
shells conveying incompressible or compressible fluid in the inner shell and in the annulus between the two 
shells. Shell motions are described by Flügge's thin-shell equations and the fluid forces are determined by 
means of linearized potential flow theory and formulated with the aid of generalized force Fourier transform 
techniques. Calculations have been conducted with two flexible shells or with one replaced by an identical rigid 
cylinder, with inner or annular flow, or both, mainly with incompressible flows but also with compressible 
ones; with steel or rubber shells conveying either water or air. It is found that, for the systems studied, annular 
flow destabilizes the system at lower flow velocities than flow in the inner shell and that the stability threshold 
is lower when both shells are flexible. The critical flow velocities are in the range of interest for industrial 
systems. The effect of compressibility is found to be small. 
 
 
M. P. Païdoussis, A. K. Misra and S. P. Chan (Department of Mechanical Engineering, McGill University, 
Montreal, Quebec, Canada), “Dynamics and stability of coaxial cylindrical shells converying viscous fluid”, 
Journal of Applied Mechanics, Vol. 52, No. 2, pp 389-396, June 1985 
ABSTRACT: In this paper the dynamics and stability characteristics of coaxial cylindrical shells containing 
incompressible, viscous fluid flow are examined in contrast to previous studies where the fluid has been 
considered to be inviscid. Specifically, upstream pressurization of the flow (to overcome frictional pressure 
drop) and skin friction on the shell surfaces are taken into account, generating time-mean normal and tangential 
loading on the shells. Shell motions are described by Flügge’s thin shell equations, suitably modified to 
incorporate the time-mean stress resultants arising from viscous effects. The fluctuating fluid forces, coupled to 
shell vibration, are determined entirely by means of linearized potential flow theory and formulated with the aid 
of generalized-force Fourier-transform techniques. It is found that the effect of viscosity in the annular flow 
generally tends to destabilize the system, vis-à-vis inviscid flow, whereas viscous effects in the inner flow 
stabilize the system. These effects can be quantitatively very important, so that, generally, neglect of viscous 
effects cannot be justified. 
 
 
M. P. Païdoussis, D. Mateescu and W.-G. Sim (Department of Mechanical Engineering, McGill University, 
Montreal, Quebec, Canada), “Dynamics and stability of a flexible cylinder in a narrow coaxial cylindrical duct 
subject to annular flow”, Journal of Applied Mechanics, Vol. 57, No. 1, pp 232-240, March 1990 
ABSTRACT:  This paper considers analytically the dynamics of a flexible cylinder in a narrow coaxial 
cylindrical duct, subjected to annular flow. In the present analysis, in contrast to existing theory, the viscous 
forces are not derived by an adaptation of Taylor’s unconfined-flow relationships, but by a systematic, albeit 
approximate, solution of the Navier-Stokes equations, which accounts for the unsteady viscous effects much 
more fully than heretofore; it is found that, for very narrow annuli, the contribution of these unsteady viscous 
forces to the overall unsteady forces on the cylinder can be much larger than that of the steady skin friction and 
pressure-drop effects alone. The present analysis also differs from existing theory in that the in-viscid forces are 
not derived via the slender-body approximation, and hence the analysis is also applicable to bodies of relatively 
small length-to-radius ratio. The dynamics and stability of typical systems with fixed ends is investigated, 
concentrating mainly on viscous effects and comparing the results with those of previous work. It is found that, 
as the annular gap becomes narrower, the system loses stability by divergence at smaller flow velocities, 
provided the gap size is such that inviscid fluid effects are dominant. For very narrow annuli, however, where 
viscous forces predominate, this trend is reversed, and further narrowing of the annular gap has a stabilizing 



effect on the system; furthermore, in some cases the system loses stability by flutter rather than divergence. 
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“Low-dimensional model for nonlinear vibration of circular cylindrical shells”, (publisher and date not given in 
the pdf file. Most recent reference is dated 1998.) 
ABSTRACT: The response-frequency relationship in the vicinity of a resonant frequency, the occurrence of 
travelling wave response and the presence of internal resonances are investigated for simply supported, circular 
cylindrical shells. Donnell's nonlinear shallow-shell theory is used. The boundary conditions on radial 
displacement and the continuity of circumferential displacement are exactly satisfied. The problem is reduced to 
a system of ordinary differential equations by means of the Galerkin method. The mode shape is expanded by 
using four degrees of freedom. The effect of internal dense fluid is studied. The solution is obtained by the 
Method of Normal Forms. Comparison of a three and a four degree-of-freedom model is performed. A water-
filled shell presenting the phenomenon of I:1:1:2 internal resonances is investigated; specific Normal Forms  
are developed for this study.  
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ABSTRACT: The non-linear vibration of simply supported, circular cylindrical shells is analysed. Geometric 
non-linearities due to finite-amplitude shell motion are considered by using Donnell's non-linear shallow-shell 
theory; the effect of viscous structural damping is taken into account. A discretization method based on a series 
expansion of an unlimited number of linear modes, including axisymmetric and asymmetric modes, following 



the Galerkin procedure, is developed. Both driven and companion modes are included, allowing for travelling-
wave response of the shell. Axisymmetric modes are included because they are essential in simulating the 
inward mean deflection of the oscillation with respect to the equilibrium position. The fundamental role of the 
axisymmetric modes is confirmed and the role of higher order asymmetric modes is clarified in order to obtain 
the correct character of the circular cylindrical shell non-linearity. The effect of the geometric shell 
characteristics, i.e., radius, length and thickness, on the non-linear behaviour is analysed: very short or thick 
shells display a hardening non-linearity; conversely, a softening type non-linearity is found in a wide range of 
shell geometries. 
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ABSTRACT: The study presented is an investigation of the non-linear dynamics and stability of simply 
supported, circular cylindrical shells containing inviscid incompressible fluid flow. Non-linearities due to large-
amplitude shell motion are considered by using the non-linear Donnell's shallow shell theory, with account 
taken of the effect of viscous structural damping. Linear potential flow theory is applied to describe the fluid–
structure interaction. The system is discretized by Galerkin's method, and is investigated by using a model 
involving seven degrees of freedom, allowing for travelling wave response of the shell and shell axisymmetric 
contraction. Two different boundary conditions are applied to the fluid flow beyond the shell, corresponding to: 
(i) infinite baffles (rigid extensions of the shell), and (ii) connection with a flexible wall of infinite extent in the 
longitudinal direction, permitting solution by separation of variables; they give two different kinds of dynamical 
behaviour of the system, as a consequence of the fact that axisymmetric contraction, responsible for the 
softening non-linear dynamical behaviour of shells, is not allowed if the fluid flow beyond the shell is 
constrained by rigid baffles. Results show that the system loses stability by divergence. 
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“Non-linear dynamics and stability of circular cylindrical shells containing flowing fluid. Part II: Large-
amplitude vibrations without flow”, Journal of Sound and Vibration Vol. 228, No. 5, pp 1103-1124, 1999 
ABSTRACT: The non-linear response of empty and fluid-filled circular cylindrical shells to harmonic 
excitations is investigated. Both modal and point excitations have been considered. The model is suitable to 
study simply supported shells with and without axial constraints. Donnell's non-linear shallow-shell theory is 
used. The boundary conditions on radial displacement and the continuity of circumferential displacement are 
exactly satisfied. The radial deflection of the shell is expanded by using a basis of seven linear modes. The e!ect 
of internal quiescent, incompressible and inviscid fluid is investigated. The equations of motion, obtained in 
Part I of this study, are studied by using a code based on the collocation method. The validation of the present 
model is obtained by comparison with other authoritative results. The effect of the number of axisymmetric 
modes used in the expansion on the response of the shell is investigated, clarifying questions open for a long 
time. The results show the occurrence of travelling wave response in the proximity of the resonance frequency, 
the fundamental role of the first and third axisymmetric modes in the expansion of the radial deflection with one 
longitudinal half-wave, and limit cycle responses. Modes with two longitudinal half-waves are also 
investigated.  
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“Non-linear dynamics and stability of circular cylindrical shells containing flowing fluid. Part III: Truncation 
effect without flow and experiments”, Journal of Sound and Vibration, Vol. 237, No. 4, pp 617-640, 2000 
ABSTRACT: The response of simply supported circular cylindrical shells to harmonic excitation in the spectral 
neighbourhood of one of the lowest natural frequencies is investigated by using improved mode expansions 
with respect to those assumed in Parts I and II of the present study. Two cases are studied: (1) shells in vacuo; 
and (2) shells filled with stagnant water. The improved expansions allow checking the accuracy of the solutions 
previously obtained and giving definitive results within the limits of Donnell's non-linear shallow-shell theory. 
The improved mode expansions include: (1) harmonics of the circumferential mode number n under 
consideration, and (2) only the principal n, but with harmonics of the longitudinal mode included. The effect of 
additional longitudinal modes is absolutely insignificant in both the driven and companion mode responses. The 
effect of modes with 2n circumferential waves is very limited on the trend of non-linearity, but is significant in 
the response with companion mode participation in the case of lightly damped shells (empty shells). In 
particular, the travelling wave response appears for much lower vibration amplitudes and presents a frequency 
range without stable responses, corresponding to a beating phenomenon. A liquid (water) contained in the shell 
generates a much stronger softening behaviour of the system. Experiments with a water-filled circular 
cylindrical shell made of steel are in very good agreement with the present theory.  
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“Non-linear dynamics and stability of circular cylindrical shells conveying flowing fluid”, Computers & 
Structures, 05/2002; 80:899-906, DOI: 10.1016/S0045-7949(02)00055-X 
ABSTRACT: The non-linear dynamics and stability of simply supported, circular cylindrical shells containing 
inviscid, incompressible fluid flow is analyzed. Geometric non-linearities of the shell are considered by using 
the Donnell's non-linear shallow shell theory. A viscous damping mechanism is considered in order to take into 
account structural and fluid dissipation. Linear potential flow theory is applied to describe the fluid–structure 
interaction. The system is discretized by Galerkin's method and is investigated by using two models: (i) a 
simpler model obtained by using a base of seven modes for the shell deflection, and (ii) a relatively high-
dimensional dynamic model with 18 modes. Both models allow travelling-wave response of the shell and shell 
axisymmetric contraction. Boundary conditions on radial displacement and the continuity of circumferential 
displacement are exactly satisfied. Stability, bifurcation and periodic responses are analyzed by means of the 
computer code AUTO for the continuation of the solution of ordinary differential equations. Non-stationary 
motions are analyzed with direct integration techniques. An accurate analysis of the shell response is performed 
by means of phase space representation, Fourier spectra, Poincaré sections and their bifurcation diagrams. A 
complex dynamical behaviour has been found. The shell bifurcates statically (divergence) in absence of external 
dynamic loads by using the flow velocity as bifurcation parameter. Under harmonic load a shell conveying flow 
can give rise to periodic, quasi-periodic and chaotic responses, depending on flow velocity, amplitude and 
frequency of harmonic excitation.  
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ABSTRACT: In the present study, the dynamic stability of simply supported, circular cylindrical shells 
subjected to dynamic axial loads is analysed. Geometric nonlinearities due to finite-amplitude shell motion are 
considered by using the Donnell’s nonlinear shallow-shell theory. The effect of structural damping is taken into 
account. A discretization method based on a series expansion involving a relatively large number of linear 
modes, including axisymmetric and asymmetric modes, and on the Galerkin procedure is developed. 



Axisymmetric modes are included; indeed, they are essential in simulating the inward deflection of the mean 
oscillation with respect to the equilibrium position and in describing the axisymmetric deflection due to axial 
loads. A finite length, simply supported shell is considered; the boundary conditions are satisfied, including the 
contribution of external axial loads acting at the shell edges. The effect of a contained liquid is investigated. The 
linear dynamic stability and nonlinear response are analysed by using continuation techniques and direct 
simulations. 
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Parco Area delle Scienze 181/A, 43100, Parma, Italy), “Experiments on large-amplitude vibrations of a circular 
cylindrical panel”, Journal of Sound and Vibration, Vol. 260, No. 3, February 2003, pp. 537-547, 
doi:10.1016/S0022-460X(02)00959-8 
ABSTRACT: The vibration response of a thin circular cylindrical panel to harmonic excitation in the 
neighborhood of the first three natural frequencies has been measured for different force levels. The 
experimental boundary conditions approximate (i) on the curved edges: zero radial, axial and circumferential 
displacements; all rotations were allowed; (ii) on the straight edges: zero radial and axial displacements; all 
rotations and circumferential displacements were allowed. The different levels of excitation permitted 
reconstruction of the relatively strong, softening type non-linearity of the panel. 
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Parma 43100, Italy), “A comparison of shell theories for large-amplitude vibrations of circular cylindrical 
shells: Lagrangian approach”, Journal of Sound and Vibration, Vol. 264, No. 5, July 2003, pp. 1091-1125, 
doi:10.1016/S0022-460X(02)01385-8 
ABSTRACT: Large-amplitude (geometrically non-linear) vibrations of circular cylindrical shells subjected to 
radial harmonic excitation in the spectral neighbourhood of the lowest resonances are investigated. The 
Lagrange equations of motion are obtained by an energy approach, retaining damping through Rayleigh's 
dissipation function. Four different non-linear thin shell theories, namely Donnell's, Sanders–Koiter, Flügge–
Lur’e-Byrne and Novozhilov's theories, which neglect rotary inertia and shear deformation, are used to calculate 
the elastic strain energy. The formulation is also valid for orthotropic and symmetric cross-ply laminated 
composite shells. The large-amplitude response of perfect and imperfect, simply supported circular cylindrical 
shells to harmonic excitation in the spectral neighbourhood of the lowest natural frequency is computed for all 
these shell theories. Numerical responses obtained by using these four non-linear shell theories are also 
compared to results obtained by using the Donnell's non-linear shallow-shell equation of motion. A validation 
of calculations by comparison with experimental results is also performed. Both empty and fluid-filled shells 
are investigated by using a potential fluid model. The effects of radial pressure and axial load are also studied. 
Boundary conditions for simply supported shells are exactly satisfied. Different expansions involving from 14 
to 48 generalized co-ordinates, associated with natural modes of simply supported shells, are used. The non-
linear equations of motion are studied by using a code based on an arclength continuation method allowing 
bifurcation analysis. 
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Computational Mechanics (WCCM XI), 5th European Conference on Computational Mechanics (ECCM V), 
6th European Conference on Computational Fluid Dynamics (ECFD VI) E. Oñate, J. Oliver and A. Huerta 
(Eds), Barcelona, Spain, 2014 
ABSTRACT: The present paper focuses on the theory and experiments for geometrically nonlinear vibrations 
of shell type structures made of traditional and advanced materials. Closed shells, curved panels and rectangular 
plates made of isotropic, sandwich and laminated composite materials are studied. Several original aspects of 
nonlinear vibrations of shells and panels including the effects of geometric imperfections, geometry and 
boundary conditions have been addressed and consistent reduced-order models essential to capture shell 
dynamics are obtained. The numerical analysis is based on multi-dimensional Lagrangian approach and pseudo 
arc-length continuation technique is used for bifurcation analysis. Moreover, the experimental analysis, an 
example of the set-up is shown in Figure 1, is carried out following a stepped-sine testing procedure and by 
increasing and decreasing the excitation frequency in very small steps at specific force amplitudes controlled in 
a closed-loop. Comparisons between experimental results and numerical simulations are performed and show 
good agreement for shells and panels oscillating at large-amplitude vibrations.  
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K. N. Karagiozis, M. P. Païdoussis, E. Grinevich, A. K. Misra and M. Amabili, “Stability and Non-Linear 
Dynamics of Clamped Circular Cylindrical Shells in Contact with Flowing Fluid”, IUTAM Symposium on 
Integrated Modeling of Fully Coupled Fluid Structure Interactions Using Analysis, Computations and 
Experiments, Fluid Mechanics and Its Applications, 2004, Vol. 75, pp. 375-390,  
doi: 10.1007/978-94-007-0995-9_27 
ABSTRACT: This study presents experimental results on the non-linear dynamics and stability characteristics 
of a thin-walled clamped-clamped circular cylindrical shell in contact with fluid. It also discusses theoretical 
results for simply-supported shells conveying inviscid and incompressible fluid. The non-linear Donnell 
shallow shell theory, with structural damping, is used to describe the large-amplitude shell vibrations. The 
interaction between the flowing fluid and the shell structure is formulated with linear potential flow theory. The 
aim of the experimental study was to gather for the first time important data points of the critical flow velocity 
for instability and maximum flexural displacement, and to analyze the experimental results to validate the 
theoretical model. The experimental study involved two set-ups: one containing a clamped-clamped silicone 
rubber shell and flowing air in internal and external flow configurations, and the second an aluminum shell and 
water as the flowing fluid. The interaction between the shell and the fully developed flow, in both cases, gives 
instabilities in the form of divergence at sufficiently high flow velocities. The experimental results show a 
softening type nonlinear behaviour with a large hysteresis in the velocity for the onset and cessation of 
divergence. 
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Vol.281, Nos. 3-5, March 2005, pp. 509-535, doi:10.1016/j.jsv.2004.01.021 
ABSTRACT: Large-amplitude (geometrically nonlinear) vibrations of circular cylindrical panels with 
rectangular base, simply supported at the four edges and subjected to radial harmonic excitation in the spectral 
neighbourhood of the lowest resonances are investigated. Two different nonlinear strain–displacement 
relationships, from the Donnell's and Novozhilov's shell theories, are used to calculate the elastic strain energy. 
In-plane inertia and geometric imperfections are taken into account. The solution is obtained by Lagrangian 
approach. The nonlinear equations of motion are studied by using (i) a code based on arclength continuation 
method that allows bifurcation analysis and (ii) direct time integration. Numerical results are compared to those 
available in the literature and convergence of the solution is shown. Interaction of modes having integer ratio 



among their natural frequencies, giving rise to internal resonances, is also discussed. 
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Parma, 43100, Italy), “Non-linear vibrations of doubly curved shallow shells”, International Journal 
of Non-Linear Mechanics, Vol. 40, No. 5, June 2005, pp. 683-710, doi:10.1016/j.ijnonlinmec.2004.08.007 
ABSTRACT: Large amplitude (geometrically non-linear) vibrations of doubly curved shallow shells with 
rectangular base, simply supported at the four edges and subjected to harmonic excitation normal to the surface 
in the spectral neighbourhood of the fundamental mode are investigated. Two different non-linear strain–
displacement relationships, from the Donnell's and Novozhilov's shell theories, are used to calculate the elastic 
strain energy. In-plane inertia and geometric imperfections are taken into account. The solution is obtained by 
Lagrangian approach. The non-linear equations of motion are studied by using (i) a code based on arclength 
continuation method that allows bifurcation analysis and (ii) direct time integration. Numerical results are 
compared to those available in the literature and convergence of the solution is shown. Interaction of modes 
having integer ratio among their natural frequencies, giving rise to internal resonances, is discussed. Shell 
stability under static and dynamic load is also investigated by using continuation method, bifurcation diagram 
from direct time integration and calculation of the Lyapunov exponents and Lyapunov dimension. Interesting 
phenomena such as (i) snap-through instability, (ii) subharmonic response, (iii) period doubling bifurcations and 
(iv) chaotic behaviour have been observed. 
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Parma 43100, Italy), “Theory and experiments for large-amplitude vibrations of circular cylindrical panels with 
geometric imperfections”, Journal of Sound and Vibration, Vol. 298, Nos. 1-2, November 2006, pp. 43-72, 
doi:10.1016/j.jsv.2006.04.038 
ABSTRACT: Large-amplitude vibrations of circular cylindrical panels (open shells) subjected to harmonic 
excitation are numerically and experimentally investigated. The Donnell nonlinear strain–displacement 
relationships are used to describe the geometric nonlinearity; in-plane inertia is taken into account. Specific 
boundary conditions, with zero transverse displacement at the panel edges and free or elastically restrained in-
plane displacements, not previously considered, have been introduced in order to model the experimental 
boundary conditions. The nonlinear equations of motion are obtained by the Lagrange equations with multi-
mode approach, and are studied by using a code based on the pseudo-arclength continuation method. Two thin 
circular cylindrical panels of different dimensions and made of stainless steel have been experimentally tested 
in the laboratory for several excitation amplitudes in order to characterize the nonlinearity. The dimensions of 
the two panels have been chosen in order to have the fundamental mode with one and two circumferential half-
waves, respectively. Numerical results are able to reproduce the experimental results with high accuracy for 
both panels. The effect of geometric imperfections on the trend of nonlinearity and on natural frequencies is 
shown; convergence of the solution with the number of generalized coordinates is numerically verified. 
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ABSTRACT: In this paper, the nonlinear stability of circular cylindrical shells subjected to internal 
incompressible flow is studied by means of the Donnell nonlinear shallow shell equations and a linear fluid–
structure interaction model. Specifically, the effect of varying the thickness-to-radius (h/R) and length-to-radius 
(L/R) ratios is investigated. In general, the system loses stability by a subcritical pitchfork bifurcation, leading 
to a stable divergence of increasing amplitude with flow; no oscillatory solutions are found. Increasing the value 
of the circumferential wavenumber for shells with the same h/R ratio reduces the natural frequency and 
enhances the subcritical behaviour of the shell. Interesting results are found for different L/R cases in which the 



solution changes from subcritical to supercritical nonlinear behaviour. 
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circular cylindrical shells”, pp 212-233 in Nonlinear Vibrations and Stability of Shells and Plates, Cambridge 
University Press, 2008, Chapter DOI: http://dx.doi.org/10.1017/CBO9780511619694.009 
INTRODUCTION: Most of studies on large-amplitude (geometrically nonlinear) vibrations of circular 
cylindrical shells used Donnell's nonlinear shallow-shell theory to obtain the equations of motion, as shown in 
Chapter 5. Only a few used the more refined Sanders-Koiter or Flügge-Lur'e-Byrne nonlinear shell theories. 
The majority of these studies do not include geometric imperfections, and some of them use a single-mode 
approximation to describe the shell dynamics. This chapter presents a comparison of shell responses to radial 
harmonic excitation in the spectral neighborhood of the lowest natural frequency computed by using five 
different nonlinear shell theories: (i) Donnell's shallow-shell, (ii) Donnell's with in-plane inertia, (iii) Sanders-
Koiter, (iv) Flügge-Lur'e-Byrne and (v) Novozhilov theories. These five shell theories are practically the only 
ones applied to geometrically nonlinear problems among the theories that neglect shear deformation. Donnell's 
shallow-shell theory has already been used in Chapter 5, and the numerical results presented there are used for 
comparison. Shell theories including shear deformation and rotary inertia are not considered in this chapter. The 
results presented are based on the study by Amabili (2003). 
Some of the references listed at the end of the paper: 
1. D. Chapelle and K. J. Bathe 2003 The Finite Element Analysis of Shells – Fundamentals. Springer, Berlin, Germany. 
2. M. Amabili 2003 Journal of Sound and Vibration 264, 1091–1125. Comparison of shell theories for large-amplitude vibrations of 
circular cylindrical shells: Lagrangian approach. 
3. M. Amabili and M. P. Païdoussis 2003 Applied Mechanics Reviews 56, 349–381. Review of studies on geometrically nonlinear 
vibrations and dynamics of circular cylindrical shells and panels, with and without fluid-structure interaction. 
4. B. Budiansky 1968 Journal of Applied Mechanics 35, 393–401. Notes on nonlinear shell theory. 
5. A. L. Cauchy 1828 Exercises de Mathematique 3, 328–355. Sur l'équilibre et le mouvement d'une plaque solid. 
6. H-N. Chu and G. Herrmann 1956 Journal of Applied Mechanics 23, 532–540. Influence of large amplitude on free flexural 
vibrations of rectangular elastic plates. 
7. S. T. Dennis and A. N. Palazotto 1990 International Journal of Non-Linear Mechanics 25, 67–85. Large displacement and rotation 
formulation for laminated shells including parabolic transverse shear. 
8. L. H. Donnell 1934 Transactions of the ASME 56, 795–806. A new theory for the buckling of thin cylinders under axial 
compression and bending 
9. Y. C. Fung 1965 Foundations of Solid Mechanics. Prentice-Hall, Englewood Cliffs, NJ, USA. 
10. J. H. Ginsberg 1973 ASME Journal of Applied Mechanics 40, 471–477. Large-amplitude forced vibrations of simply supported 
thin cylindrical shells. 
11. L. N. B. Gummadi and A. N. Palazotto 1999 AIAA Journal 37, 1489–1494. Nonlinear dynamic finite element analysis of 
composite cylindrical shells considering large rotations. 
12. T. von Kármán 1910 Festigkeitsprobleme im Maschinenbau. Encyklopadie der Mathematischen Wissenschaften. Vol. 4, Heft 4, 
311–385. 
13. T. von Kármán and H.-S. Tsien 1941 Journal of the Aeronautical Sciences 8, 303–312. The buckling of thin cylindrical shells 
under axial compression. 
14. G. Kirchhoff 1850 Journal für die Reine und Angewandte Mathematik (Crelle's) 40, 51–88. Uber das gleichgewicht und die 
bewegung einer elastischen scheibe. 
15. Y. Kobayashi and A. W. Leissa 1995 International Journal of Non-Linear Mechanics 30, 57–66. Large-amplitude free vibration of 
thick shallow shells supported by shear diaphragms. 
16. W. T. Koiter 1966 Proceedings Koninklijke Nederlandse Akademie van Wetenschappen B 69, 1–54. On the nonlinear theory of 
thin elastic shells. I, II, III. 
17. A. Libai and J. G. Simmonds 1988 The Nonlinear Theory of Elastic Shells, 2nd edition 1998. Academic Press, London, UK. 
18. L. Librescu 1987 Quarterly of Applied Mathematics 45, 1–22. Refined geometrically nonlinear theories of anisotropic laminated 
shells. 
19. Kh. M. Mushtari and K. Z. Galimov 1957 Non-Linear Theory of Thin Elastic Shells. Academy of Sciences (Nauka), Kazan'; 
English version, NASA-TT-F62 in 1961. 
20. P. M. Naghdi and R. P. Nordgren 1963 Quarterly of Applied Mathematics 21, 49–59. On the nonlinear theory of elastic shells 
under the Kirchhoff hypothesis. 
21. V. V. Novozhilov 1953 Foundations of the Nonlinear Theory of Elasticity. Graylock Press, Rochester, NY, USA (now available 
from Dover, NY, USA). 
22. P. F. Pai and A. H. Nayfeh 1994 Nonlinear Dynamics 6, 459–500. A unified nonlinear formulation for plate and shell theories. 
23. S. D. Poisson 1829 Mémoires de l'Académie Royale des Sciences de l'Institut 8, 357–570. Mémoire sur l'eguilibre et le 
mouvement des corp élastique. 
24. J. N. Reddy 1984 Journal of Engineering Mechanics 110, 794–809. Exact solutions of moderately thick laminated shells. 
25. J. N. Reddy 1990 International Journal of Non-Linear Mechanics 25, 677–686. A general non-linear third-order theory of plates 
with moderate thickness. 
26. J. N. Reddy 2003 Mechanics of Laminated Composite Plates and Shells: Theory and Analysis, 2nd edition. CRC Press, Boca 
Raton, FL, USA. 
27. J. N. Reddy and K. Chandrashekhara 1985 International Journal of Non-Linear Mechanics 20, 79–90. Geometrically non-linear 



transient analysis of laminated, doubly curved shells. 
28. J. N. Reddy and C. F. Liu 1985 International Journal of Engineering Science 23, 319–330. A higher-order shear deformation 
theory of laminated elastic shells. 
29. J. L. Sanders Jr. 1963 Quarterly of Applied Mathematics 21, 21–36. Nonlinear theories for thin shells. 
30. C. Sansour, P. Wriggers and J. Sansour 1997 Nonlinear Dynamics 13, 279–305. Nonlinear dynamics of shells: theory, finite 
element formulation, and integration schemes. 
31. K. P. Soldatos 1992 Journal of Pressure Vessel Technology 114, 105–109. Nonlinear analysis of transverse shear deformable 
laminated composite cylindrical shells. Part I: derivation of governing equations. 
32. J. J. Stoker 1968 Nonlinear Elasticity. Gordon and Breach, New York, USA. 
33. C. T. Tsai and A. N. Palazotto 1991 International Journal of Non-Linear Mechanics 26, 379–388. On the finite element analysis of 
non-linear vibration for cylindrical shells with high-order shear deformation theory. 
34. I. I. Vorovich 1999 Nonlinear Theory of Shallow Shells. Springer-Verlag, New York, USA. 
35. N. Yamaki 1984 Elastic Stability of Circular Cylindrical Shells. North-Holland, Amsterdam. 
36. Y.-H. Zhou and H. S. Tzou 2000 International Journal of Solids and Structures 37, 1663–1677. Active control of nonlinear 
piezoelectric circular shallow spherical shells. 
(NOTE: Many additional citations are given, but several of them seem to be repetitions of the citations just listed.) 
 
 
Marco Amabili,  Chapter 10 – “Nonlinear vibrations and stability of doubly curved shallow-shells: Isotropic and 
laminated materials”, pp 272-297, in Nonlinear Vibrations and Stability of Shells and Plates, Cambridge 
University Press, 2008, Chapter DOI: http://dx.doi.org/10.1017/CBO9780511619694.012 
INTRODUCTION: Doubly curved shells are largely used in aeronautics and aerospace and are subjected to 
dynamic loads that can cause vibration amplitudes of the order of the shell thickness, giving rise to significant 
nonlinear phenomena. In order to reduce the weight, traditional materials are often substituted with laminated 
panels. This justifies the study of nonlinear vibrations of isotropic and laminated curved panels. 
Nonlinear (large amplitude) forced vibrations of doubly curved shallow-shells are initially studied by using 
Donnell's theory retaining in-plane inertia and the Lagrange equations. The effect of the geometry and curvature 
are investigated for isotropic shells. Then, nonlinear free vibrations of laminated composite shells are studied by 
using both the Donnell and the first-order shear deformation theories in order to compare numerical results. It is 
observed that a shear deformation theory should be adopted for moderately thick laminated shells for which the 
ratio between the thickness and the largest of the in-plane curvilinear dimensions is equal or larger than 0.04. 
The stability of a spherical shell under static normal load is discussed. Finally, the example of buckling analysis 
of the external tank of the NASA space shuttle, taking into account the effect of initial geometric imperfections, 
is performed following the study of Nemeth et al. (2002). 
 
 
Marco Amabili, Chapter 13 – “Nonlinear stability of circular cylindrical shells under static and dynamic axial 
loads”, pp 325-337, in Nonlinear Vibrations and Stability of Shells and Plates, Cambridge University Press, 
2008, Chapter DOI: http://dx.doi.org/10.1017/CBO9780511619694.015 
INTRODUCTION: Circular cylindrical shells are very stiff structural elements with optimal use of the material. 
Therefore, they are also very light. This is one of the reasons why they are used for rockets (see Figure 13.1). 
Similarly to other thin-walled structures, the main strength analysis of circular cylindrical shells is a stability 
analysis; in fact, these structural elements buckle much before the failure stress of the material is reached. 
In this chapter, the stability and the postcritical behavior of circular cylindrical shells under the action of axial 
static and periodic loads are investigated. Because of the strongly subcritical nature of the pitchfork bifurcation 
associated with buckling, even if the static compression load is much smaller than the critical load, shells 
collapse under small perturbation with a jump from the trivial equilibrium configuration to the stable bifurcated 
solution. Moreover, circular cylindrical shells subjected to axial loads are highly sensitive to geometric 
imperfections. 
Periodic axial loads generate large-amplitude asymmetric vibrations due to period-doubling bifurcation of 
axisymmetric small-amplitude vibration. Period-doubling bifurcation arises for frequency of axial load close to 
twice the natural frequency of an asymmetric mode; this is usually referred as parametric instability. In fact, 
most of the studies are based on Donnell's nonlinear shallow-shell theory, so that axial loads do not appear 
directly in the equations of motion obtained with this shell theory, where only radial loads are directly inserted. 
They appear through boundary conditions, giving the so-called parametric excitation in the equation of motion. 
 



 
Marco Amabili (Department of Mechanical Engineering, McGill University, Macdonald Engineering Building, 
817 Sherbrooke Street West, Montreal, PQ, Canada H3A 2K6), “Nonlinear vibrations of laminated circular 
cylindrical shells: Comparison of different shell theories”, Composite Structures, Article in Press,  
doi:10.1016/j.compstruct.2011.07.001 
ABSTRACT: The geometrically nonlinear forced vibrations of laminated circular cylindrical shells are studied 
by using the Amabili–Reddy higher-order shear deformation theory. An energy approach based on Lagrange 
equations, retaining modal damping, is used in order to obtain the equations of motion. An harmonic point 
excitation is applied in radial direction and simply supported boundary conditions are assumed. The equations 
of motion are studied by using the pseudo-arclength continuation method and bifurcation analysis. A one-to-one 
internal resonance is always present for a complete circular cylindrical shell, giving rise to pitchfork 
bifurcations of the nonlinear response with appearance of a second branch with travelling wave response and 
quasi-periodic vibrations. The numerical results obtained by using the Amabili–Reddy shell theory are 
compared to those obtained by using an higher-order shear deformation theory retaining only nonlinear term of 
von Kármán type and the Novozhilov classical shell theory. 
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“A three-layer model for buckling of a human aortic segment under specific flow-pressure conditions”,  
ABSTRACT: Human aortas are subjected to large mechanical stresses because of blood flow pressurization and 
through contact with the surrounding tissue. It is essential that the aorta does not lose stability by buckling with 
deformation of the cross-section (shell-like buckling) (i) for its proper functioning to ensure blood flow and (ii) 
to avoid high stresses in the aortic wall. A numerical bifurcation analysis employs a refined reduced-order 
model to investigate the stability of a straight aorta segment conveying blood flow. The structural model 
assumes a nonlinear cylindrical orthotropic laminated composite shell composed of three layers representing the 
tunica intima, media and adventitia. Residual stresses because of pressurization are evaluated and included in 
the model. The fluid is formulated using a hybrid model that contains the unsteady effects obtained from linear 
potential flow theory and the steady viscous effects obtained from the time-averaged Navier–Stokes equations. 
The aortic segment loses stability by divergence with deformation of the cross-section at a critical flow velocity 
for a given static pressure, exhibiting a strong subcritical behaviour with partial or total collapse of the inner 
wall. Preliminary results suggest directions for further study in relation to the appearance and growth of 
dissection in the aorta. 
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Modena I-41100, Italy 
(3) Department of Mechanical Engineering, McGill University, 817 Sherbrooke Street West, Montreal, Canada, 
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“Non-linear dynamics and stability of circular cylindrical shells conveying flowing fluid”, Computers & 
Structures, Vol. 80, Nos. 9-10, April 2002, pp. 899-906, doi:10.1016/S0045-7949(02)00055-X 
ABSTRACT: The non-linear dynamics and stability of simply supported, circular cylindrical shells containing 
inviscid, incompressible fluid flow is analyzed. Geometric non-linearities of the shell are considered by using 
the Donnell's non-linear shallow shell theory. A viscous damping mechanism is considered in order to take into 
account structural and fluid dissipation. Linear potential flow theory is applied to describe the fluid–structure 
interaction. The system is discretized by Galerkin's method and is investigated by using two models: (i) a 
simpler model obtained by using a base of seven modes for the shell deflection, and (ii) a relatively high-
dimensional dynamic model with 18 modes. Both models allow travelling-wave response of the shell and shell 
axisymmetric contraction. Boundary conditions on radial displacement and the continuity of circumferential 



displacement are exactly satisfied. Stability, bifurcation and periodic responses are analyzed by means of the 
computer code AUTO for the continuation of the solution of ordinary differential equations. Non-stationary 
motions are analyzed with direct integration techniques. An accurate analysis of the shell response is performed 
by means of phase space representation, Fourier spectra, Poincaré sections and their bifurcation diagrams. A 
complex dynamical behaviour has been found. The shell bifurcates statically (divergence) in absence of external 
dynamic loads by using the flow velocity as bifurcation parameter. Under harmonic load a shell conveying flow 
can give rise to periodic, quasi-periodic and chaotic responses, depending on flow velocity, amplitude and 
frequency of harmonic excitation. 
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(1) Dipartimento di Ingegneria Meccanica e Civile, Università di Modena e Reggio Emilia, Via Vignolese 905, 
41100 Modena, Italy 
(2) Dipartimento di Ingegneria Industriale, Università di Parma, Parco Area delle Scienze 181/A, 43100 Parma, 
Italy 
“Parametric instability of a circular cylindrical shell with geometric imperfections”, Computers & Structures, 
Vol. 82, Nos. 31-32, December 2004, pp. 2635-2645, Special Issue: Nonlinear Dynamics of Continuous 
Systems, doi:10.1016/j.compstruc.2004.07.006 
ABSTRACT: The static and dynamic behavior of a compressed circular cylindrical shell having geometric 
imperfections is analyzed. The analysis is mainly performed by means of the Donnell’s nonlinear shallow-shell 
theory. However, the refined Sanders shell theory is also used for comparison. A suitable expansion of the 
radial displacement, able to describe both buckling and dynamic behaviors is developed; the effect of geometric 
imperfections is accounted for by means of a modal representation. The response of the shell subjected to a 
sinusoidal axial excitation at its ends, giving rise to a parametric excitation, is considered. The effect of 
imperfections on the critical value of the dynamic load, that causes the loss of stability of the system, is 
analyzed. Interesting nonlinear dynamic phenomena are observed: direct resonance with softening behavior and 
parametric instability with period doubling response. 
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ABSTRACT: In the present paper the dynamic stability of circular cylindrical shells subjected to static and 
dynamic axial loads is investigated. Both Donnell's nonlinear shallow shell and Sanders–Koiter shell theories 
have been applied to model finite-amplitude static and dynamic deformations. Results are compared in order to 
evaluate the accuracy of these theories in predicting instability onset and post-critical nonlinear response. The 
effect of a contained fluid on the stability and the post-critical behaviour is analyzed in detail. Geometric 
imperfections are considered and their influence on the dynamic instability and post-critical behaviour is 
investigated. Chaotic dynamics of pre-compressed shells is investigated by means of nonlinear time-series 
techniques, extracting correlation dimension and Lyapunov exponents. 
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“Linear and nonlinear dynamics of a circular cylindrical shell connected to a rigid disk”, Communications in 
Nonlinear Science and Numerical Simulation, Vol. 12, No. 4, July 2007, pp. 496-518, 
doi:10.1016/j.cnsns.2005.04.004 
ABSTRACT: The dynamics of a circular cylindrical shell carrying a rigid disk on the top and clamped at the 
base is investigated. The Sanders–Koiter theory is considered to develop a nonlinear analytical model for 
moderately large shell vibration. A reduced order dynamical system is obtained using Lagrange equations: 
radial and in-plane displacement fields are expanded by using trial functions that respect the geometric 
boundary conditions. The theoretical model is compared with experiments and with a finite element model 
developed with commercial software: comparisons are carried out on linear dynamics. The dynamic stability of 
the system is studied, when a periodic vertical motion of the base is imposed. Both a perturbation approach and 
a direct numerical technique are used. The perturbation method allows to obtain instability boundaries by means 
of elementary formulae; the numerical approach allows to perform a complete analysis of the linear and 
nonlinear response. 
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Vignolese 905, 41100 Modena, Italy), “Dynamic stability and sensitivity to geometric imperfections of strongly 
compressed circular cylindrical shells under dynamic axial loads”, Communications in Nonlinear Science and 
Numerical Simulation, Vol. 14, No. 8, August 2009, pp. 3449-3462, doi:10.1016/j.cnsns.2009.01.018 
ABSTRACT: In the present paper, the dynamic stability of circular cylindrical shells is investigated; the 
combined effect of compressive static and periodic axial loads is considered. The Sanders–Koiter theory is 
applied to model the nonlinear dynamics of the system in the case of finite amplitude of vibration; Lagrange 
equations are used to reduce the nonlinear partial differential equations to a set of ordinary differential 
equations. The dynamic stability is investigated using direct numerical simulation and a dichotomic algorithm 
to find the instability boundaries as the excitation frequency is varied; the effect of geometric imperfections is 
investigated in detail. The accuracy of the approach is checked by means of comparisons with the literature. 
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under base excitation: Experiments and theory”, International Journal of Solids and Structures, Vol. 48, Nos. 3-
4, February 2011, pp. 408-427, doi:10.1016/j.ijsolstr.2010.09.024 
ABSTRACT: The present paper is focused on the experimental and theoretical analysis of circular cylindrical 
shells under base excitation. The shell axis is vertical, it is clamped at the base and connected to a rigid body on 
the top; the base provides a vertical seismic-like excitation. The goal is to investigate the shell response when a 
resonant harmonic forcing is applied: the first axisymmetric mode is excited around the resonance at relatively 
low frequency and low amplitude of excitation. A violent resonant phenomenon is experimentally observed as 
well as an interesting saturation phenomenon close to the previously mentioned resonance. A theoretical model 
is developed to reproduce the experimental evidence and provide an explanation of the complex dynamics 
observed experimentally; the model takes into account geometric shell nonlinearities, electrodynamic shaker 
equations and the shell shaker interaction. 
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“Axisymmetric Buckling of Pressure-Loaded Spherical Caps”, ASCE Journal of Structural Engineering, Vol. 
118, No. 4, April 1992 
ABSTRACT: The axisymmetric buckling behavior of clamped shallow spherical shells under uniform pressure 
is investigated using Marguerre's shallow-shell equations of 1939. The deflected shape of the shell as well as 
the stress function are described by linear combinations of Bessel functions and modified Bessel functions that 
satisfy all the relevant boundary and continuity conditions. The buckling characteristics of these caps are 
examined using a fully nonlinear Galerkin solution procedure, a classical bifurcation analysis, and a reduced-
stiffness bifurcation analysis. This allows the elucidation of the imperfection sensitivity and nonlinear behavior 
of this important class of shell structures. A systematic parametric analysis highlights the interplay between 
these contrasting approaches, and demonstrates the lower boundedness of the reduced-stiffness analytical 
procedure for predicting imperfection-sensitive elastic-collapse pressures and its potential importance as a 
design methodology. A simple closed-form solution is given for this analytical lower bound. This compares 
favorably with a large collection of available experimental results but demonstrates the variability and possible 
inadequacies in some of the existing design rules for spherical shell structures 
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Excited Cylindrical Shells”, Meccanica, Vol. 37, No. 6, 2002, pp. 569-597, doi: 10.1023/A:1020972109600 
ABSTRACT: Based on Donnell shallow shell equations, the nonlinear vibrations and dynamic instability of 
axially loaded circular cylindrical shells under both static and harmonic forces is theoretically analyzed. First 



the problem is reduced to a finite degree-of-freedom one by using the Galerkin method; then the resulting set of 
coupled nonlinear ordinary differential equations of motion are solved by the Runge–Kutta method. To study 
the nonlinear behavior of the shell, several numerical strategies were used to obtain Poincaré maps, Lyapunov 
exponents, stable and unstable fixed points, bifurcation diagrams, and basins of attraction. Particular attention is 
paid to two dynamic instability phenomena that may arise under these loading conditions: parametric excitation 
of flexural modes and escape from the pre-buckling potential well. Calculations are carried out for the principal 
and secondary instability regions associated with the lowest natural frequency of the shell. Special attention is 
given to the determination of the instability boundaries in control space and the identification of the 
bifurcational events connected with these boundaries. The results clarify the importance of modal coupling in 
the post-buckling solution and the strong role of nonlinearities on the dynamics of cylindrical shells. 
References listed at the end of the paper: 
1. Yamaki, N., Elastic Stability of Circular Cylindrical Shells, Elsevier, Netherlands, 1984. 
2. Roth, R.S. and Klosner, J.M., ‘Nonlinear response of cylindrical shells subjected to dynamic axial loads’, AIAA J. 2 (1964) 1788–
1794. 
3. Tamura, Y.S. and Babcock, C.D., ‘Dynamic stability of cylindrical shells under step loading’, J. Appl. Mech. 42 (1975) 190–194. 
4. Simitses, J.G., ‘Effect of static preloading on the dynamic stability of structures’, AIAA J. 21 (1982) 1174–1180. 
5. Bolotin, V.V., The Dynamic Stability of Elastic Systems, Holden-Day, San Francisco, CA, 1964. 
6. Hsu, C.S., ‘On parametric excitation and snap-through stability problems of shells’, in: Fung, Y.C. and Sechler, E.E. (eds) Thin-
Shell Structures: Theory, Experiments and Design, Prentice-Hall, New Jersey, 1974. 
7. Nagai, K. and Yamaki, N., ‘Dynamic stability of circular cylindrical shells under periodic compressive forces’, J. Sound Vibr. 58 
(1978) 425–441. 
8. Argento, A. and Scott, R.A., ‘Dynamic instability of layered anisotropic circular cylindrical shells, Part II. Numerical_results’, J. 
Sound Vibr. 162(2) (1993) 323–332. 
9. Lam, K.Y. and Ng, T.Y., ‘Dynamic stability of cylindrical shells subjected to conservative periodic axial loads using different shell 
theories’, J. Sound Vibr. 207(4) (1997) 497–520. 
10. Yang, X.M. and Shen, Y.P., ‘Dynamic instability of laminated piezoelectric shell’, Int. J. Solids Struct. 38 (2001) 2291–2303. 
11. Yao, J.C., ‘Nonlinear elastic buckling and parametric excitation of a cylinder under axial loads’, ASME J. Appl.Mech. 32 (1965) 
109–115. 
12. McIvor, I.K. and Lovell, E.G., ‘Dynamic response of finite-length cylindrical shells to nearly uniform radial impulse’, AIAA J. 
6(12) (1968) 2346–2351. 
13. Volmir, A.S., Nonlinear Dynamics of Plates and Shells (in Russian), Nauka, Moscow, 1972. 
14. Baumgarten, R., Kreuzer, E. and Popov, A.A., ‘A bifurcation analysis of the dynamics of a simplified shell model’, Nonlinear 
Dyn. 12 (1997) 307–317. 
15. Popov, A.A., Thompson, J.M.T. and Croll, J.G.A., ‘Bifurcation analyses in the parametrically excited vibrations of cylindrical 
panels’, Nonlinear Dyn. 17 (1998) 205–225. 
16. Popov, A.A., Thompson, J.M.T. and McRobie, F.A., ‘Low-dimensional models of shell vibrations: parametrically excited 
vibrations of shells’, J. Sound Vibr. 209 (1998) 163–186. 
17. McRobie, F.A., Popov, A.A. and Thompson, J.M.T., ‘Auto-parametric resonance in cylindrical shells using geometric averaging’, 
J. Sound Vibr. 227(1) (1999) 65–84. 
18. Gonçalves, P.B. and Del Prado, Z.J.G.N., ‘The role of modal coupling on the nonlinear response of cylindrical shells subjected to 
dynamic axial loads’, in: Nonlinear Dyn. Plates Shells ASME, AMD, Vol. 238 (2000) 105–116. 
19. Chu, H.N., ‘Influence of large amplitudes on flexural vibrations of a thin circular cylindrical shell’, J. Aerospace Sci. 28 (1961) 
602–609. 
20. Evensen, D.A., ‘Nonlinear vibrations of circular cylindrical shells’, in: Fung, Y.C. and Sechler, E.E. (eds) Thin Walled Structures: 
Theory, Experiments and Design, Prentice-Hall, Englewood Cliffs, NJ, 1974, pp. 133–155. 
21. Dowell, H. and Ventres, C.S., ‘Modal equations for the nonlinear flexural vibrations of a cylindrical shell’, Int. J. Solids Struct. 4 
(1968) 975–991. 
22. Atluri, S., ‘A perturbation analysis of nonlinear free flexural vibrations of a circular cylindrical shell’, Int. J. Solids Struct. 8 
(1972) 549–569 
23. Ginsberg, J.H., ‘Nonlinear axisymmetric free vibration in simply supported cylindrical shells’, ASME J. Appl. Mech. 41 (1974) 
310–311. 
24. Chen, J.C. and Babcock, C.D., ‘Nonlinear vibration of cylindrical shells’, AIAA J. 13 (1975) 868–876. 
25. Evesen, D.E., ‘Nonlinear vibrations of cylindrical shells – logical rationale’, J. Fluids Struct. 13 (1999) 161–164. 
26. Dowell, E.H., ‘Comments on the nonlinear vibrations of cylindrical shells’, J. Fluids Struct. 12 (1998) 1087–1089. 
27. Varadan, T.K., Prathap, G. and Ramani, H.V., ‘Nonlinear free flexural vibration of thin circular cylindrical shells’, AIAA J. 27 
(1989) 1303–1304. 
28. Gonçalves, P.B. and Batista, R.C., ‘Nonlinear vibration analysis of fluid-filled cylindrical shells’, J. Sound Vibr. 127 (1988) 133–
143. 
29. Amabili, M., Pellicano, F. and Païdoussis, M.P., ‘Nonlinear vibrations of simply supported, circular cylindrical shells, coupled to 
quiescent fluid’, J. Fluids Struct. 12 (1998) 883–918. 
30. Amabili, M. and Pellicano, F., ‘Nonlinear supersonic flutter of circular cylindrical shells’, AIAA J. 39 (2001) 564–573. 
31. Croll, J.G.A. and Batista, R.C., ‘Explicit lower bounds for the buckling of axially loaded cylinders’, Int. J. Mech. Sci. 23 (1981) 



331–343. 
32. Hunt, G.W., Williams, K.A.J.E. Cowell, R.G., ‘Hidden symmetry concepts in the elastic buckling of axially loaded cylinders’, Int. 
J. Solid Struct. 22 (1986) 1501–1515. 
33. Santee, D.M., ‘Influence of Modal Coupling, Symmetry Breaking and Energy Distribution on the Loss of Stability of Cylindrical 
Shells under Lateral and Axial Loads’, M.ScDissertation, Catholic University, PUCRio, Rio de Janeiro, Brazil, 1988. 
34. Olson, M.D., ‘Some experimental observations on the nonlinear vibration of cylindrical shells’, AIAA J. 3 (1965) 1775–1777. 
35. Amabili, M., Pellicano, F. and Païdoussis, M.P., ‘Nonlinear vibrations of fluid-filled, simply supported circular cylindrical shells: 
theory and experiments’, Nonlinear Dyn. Plates Shells ASME, AMD, Vol. 238 (2000) 73–84. 
36. Soliman, M.S., ‘Global transient dynamics of nonlinear parametrically excited systems’, Nonlinear Dyn. 6 (1994) 317–329. 
37. Evensen, D.A., ‘The influence of initial stresses and boundary restrains on the nonlinear vibrations of cylindrical shells’, in: 
Nonlinear Dyn. Plates Shells ASME, AMD, Vol. 238 (2000) 47–59. 
38. Wolf, A., Swift, J.B., Swinney, H.L. and Vastano, J.A., ‘Determining Lyapunov exponents from a time series’, Physica D 16 
(1985) 285–317. 
39. Allgower, E. and Georg, K., Numerical Continuation Methods. An Introduction, Springer, Berlin, 1990. 
 
 
P.B. Gonçalves (1) and Z.G. del Prado (2) 
(1) Department of Civil Engineering, Catholic University, PUC-Rio 22453-900 Rio de Janeiro, Brazil 
(2) Department of Civil Engineering Department, Federal University of Goiás, UFG 74605-220 Goiânia, Brazil 
“Effect of non-linear modal interaction on the dynamic instability of axially excited cylindrical shells”, 
Computers & Structures, Vol. 82, Nos. 31-32, December 2004, pp. 2621-2634, Special Issue: Nonlinear 
Dynamics of Continuous Systems, doi:10.1016/j.compstruc.2004.04.020 
ABSTRACT: The non-linear vibrations and instabilities of cylindrical shells under pulsating axial loads are 
investigated using Donnell’s shallow shell equations. Based on physical and mathematical reasoning, a 
meaningful low dimensional model is derived and used together with Galerkin method to obtain a set of 
coupled non-linear equations of motion. Particular attention is paid to the investigation of modal interaction 
between non-linear vibration modes with equal or nearly equal natural frequencies and to its influence on 
parametric instability and snap-through buckling. A parametric analysis using continuation techniques identifies 
the relevant bifurcations connected with the modal interaction and highlights their relevance in design. 
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ABSTRACT: This paper discusses the non-linear oscillations and dynamic instabilities of thin walled shells 
subjected to harmonic loads. Due to the presence of strong non-linearities and high sensitivity to small 
variations in control parameters, thin shells may display a complex dynamic behavior and, despite the recent 
advances in this field, there is still a lack of satisfactory solutions to this class of problems. There are several 
complicated issues relating to the dynamics of such structures. In this work some of these topics are addressed, 
namely shell discretization processes, influence of modal coupling on non-linear vibration modes, modal 
interaction between different non-linear vibration modes, imperfection sensitivity and fractal basin boundaries. 
To this end, the theory for quasi-shallow shells is used to study the non-linear vibrations and instabilities of thin 
cylindrical shells under axial load. 
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ABSTRACT: This paper discusses the derivation of discrete low-dimensional models for the non-linear 
vibration analysis of thin shells. In order to understand the peculiarities inherent to this class of structural 
problems, the non-linear vibrations and dynamic stability of a circular cylindrical shell subjected to dynamic 
axial loads are analyzed. This choice is based on the fact that cylindrical shells exhibit a highly non-linear 
behavior under both static and dynamic axial loads. Geometric non-linearities due to finite-amplitude shell 
motions are considered by using Donnell’s nonlinear shallow shell theory. A perturbation procedure, validated 



in previous studies, is used to derive a general expression for the non-linear vibration modes and the discretized 
equations of motion are obtained by the Galerkin method. The responses of several low-dimensional models are 
compared. These are used to study the influence of the modelling on the convergence of critical loads, 
bifurcation diagrams, attractors and large amplitude responses of the shell. It is shown that rather low-
dimensional and properly selected models can describe with good accuracy the response of the shell up to very 
large vibration amplitudes. 
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ABSTRACT: The transient and steady-state instability of an axially loaded cylindrical shell is discussed in the 
present paper. Donnell's shallow shell theory is used and the shell spatial discretization is obtained by the 
Galerkin method. First, an alternative vision of the buckling problem through the evolution and erosion of safe 
basins using energy and geometric considerations is presented, using an autonomous conservative low 
dimensional but qualitatively consistent model. Then, the response of the corresponding dissipative system is 



studied in terms of transient and steady-state behavior. Based on these results, the behavior of the shell under 
harmonic axial load is investigated through the evolution of basins of attraction. Both parametric instability and 
escape from a safe pre-buckling well are considered. It is shown that damping has a beneficial influence on the 
magnitude of the steady-state basins of attraction but must be considered with care when transient stability is of 
concern. Basin boundaries of forced dissipative systems usually become fractal leading to a complex 
topological structure and swift erosion under increasing forcing amplitude. We argue that the analysis of the 
evolution of safe steady-state and transient basins and the specification of appropriate measures of their 
robustness is an essential step in the derivation of safe design procedures for multi-well and multi-attractor 
systems. The methodology presented in this work is particularly suited to structural systems liable to unstable 
bifurcation. 
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ABSTRACT: This paper investigates the large deformations of an extended thick cylindrical tube under internal 
pressure, with emphasis on the static nonlinear behavior and instabilities of the shell. Thick elastic tubes that 
undergo large elastic deformations under internal pressure can exhibit novel instabilities. After some 
deformation, part of the tube becomes highly deformed taking the form of a bulge, while the remainder appears 



almost unchanged. This local instability phenomenon corresponds to a limit point along the nonlinear 
equilibrium path. After the onset of these highly nonuniform deformations, the local bulge initially grows with a 
marked decrease in internal pressure while the rest of the tube unloads. First, a detailed experimental analysis is 
carried out involving different geometries and initial axial forces and the influence of the axial force and of the 
internal pressure on the critical pressure is investigated. The shell used in the experiments is composed of an 
isotropic, homogeneous and hyperelastic rubber, which is modeled as a Mooney–Rivlin incompressible 
material, described by two elastic constants. These constants are obtained by comparing the experimental and 
numerical solutions for the shell under axial tension. The governing shell equations are solved numerically 
using the finite-element method, using the program ABAQUS. The experimental results are, as shown in the 
paper, in satisfactory agreement with the numerical analysis. 
 
 
Paulo B. Gonçalves (1) and Donald Mark Santee (2) 
(1) Departamento de Engenharia Civil, Pontifıcia Universidade Católica do Rio de Janeiro (PUC-Rio), Rua 
Marquês de São Vicente 225, Gávea, 22453-900 Rio de Janeiro, Brazil  
(2) Department of Mathematics, Federal University of Goiás (UFG), Campus of Catalão, Brazil 
“Influence of Uncertainties on the Dynamic Buckling Loads of Structures Liable to Asymmetric Postbuckling 
Behavior”, Mathematical Problems in Engineering Volume 2008, Article ID 490137, 24 pages 
doi:10.1155/2008/490137 
ABSTRACT: Structural systems liable to asymmetric bifurcation usually become unstable at static load levels 
lower than the linear buckling load of the perfect structure. This is mainly due to the imperfections present in 
real structures. The imperfection sensitivity of structures under static loading is well studied in literature, but 
little is know on the sensitivity of these structures under dynamic loads. The aim of the present work is to study 
the behavior of an archetypal model of a harmonically forced structure, which exhibits, under increasing static 
load, asymmetric bifurcation. First, the integrity of the system under static load is investigated in terms of the 
evolution of the safe basin of attraction. Then, the stability boundaries of the harmonically excited structure are 
obtained, considering different loading processes. The bifurcations connected with these boundaries are 
identified and their influence on the evolution of safe basins is investigated. Then, a parametric analysis is 
conducted to investigate the influence of uncertainties in system parameters and random perturbations of the 
forcing on the dynamic buckling load. Finally, a safe lower bound for the buckling load, obtained by the 
application of the Melnikov criterion, is proposed which compare well with the scatter of buckling loads 
obtained numerically. 
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ABSTRACT: In formulating mathematical models for dynamical systems, obtaining a high degree of 
qualitative correctness (i.e. predictive capability) may not be the only objective. The model must be useful for 
its intended application, and models of reduced complexity are attractive in many cases where time-consuming 
numerical procedures are required. This paper discusses the derivation of discrete low-dimensional models for 
the nonlinear vibration analysis of thin cylindrical shells. In order to understand the peculiarities inherent to this 
class of structural problems, the nonlinear vibrations and dynamic stability of a circular cylindrical shell 
subjected to static and dynamic loads are analyzed. This choice is based on the fact that cylindrical shells 
exhibit a highly nonlinear behavior under both static and dynamic loads. Geometric nonlinearities due to finite-
amplitude shell motions are considered by using Donnell's nonlinear shallow-shell theory. A perturbation 
procedure, validated in previous studies, is used to derive a general expression for the nonlinear vibration modes 
and the discretized equations of motion are obtained by the Galerkin method using modal expansions for the 
displacements that satisfy all the relevant boundary and symmetry conditions. Next, the model is analyzed via 
the Karhunen–Loève expansion to investigate the relative importance of each mode obtained by the perturbation 
solution on the nonlinear response and total energy of the system. The responses of several low-dimensional 
models are compared. It is shown that rather low-dimensional but properly selected models can describe with 
good accuracy the response of the shell up to very large vibration amplitudes. 
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ABSTRACT: In this work, Donnell’s nonlinear shallow shell equations are used to study the dynamic buckling 
and bifurcations of simply supported cylindrical shells subjected to axial or lateral load. A modal expansion 
with eight degrees of freedom containing the fundamental, companion, axially asymmetric and five axi-
symmetric modes is used to describe the lateral displacement of the shell. The Galerkin method is used to obtain 
the nonlinear equations of motion which are, in turn, solved by the Runge-Kutta method. Several studies on the 
nonlinear dynamics of cylindrical shells are found in literature but they are restricted to specific geometries. In 
this paper we intend to study through a detailed parametric analysis the influence of the shell geometry, 
specifically Batdorf’s parameter, length to radius ratio and radius to thickness ratio on the main nonlinear 
dynamic characteristics of the shell. 
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ABSTRACT: In this work, Donnell’s non-linear shallow shell equations are used to study the dynamic 
instability of perfect simply supported orthotropic cylindrical shells with internal flowing fluid and subjected to 
either a compressive axial static pre-load plus a harmonic axial load or a harmonic lateral pressure. The fluid is 
assumed to be non-viscous and incompressible and the flow, isentropic and irrotational. An expansion with 
eight degrees of freedom, containing the fundamental, companion, gyroscopic, and four axi-symmetric modes is 
used to describe the lateral displacement of the shell. The Galerkin method is used to obtain the non-linear 
equations of motion which are solved by the Runge–Kutta method. A detailed parametric analysis clarifies the 
influence of the orthotropic material properties on the non-linear buckling and vibration characteristics of the 
shell. Numerical methods are used to identify the effect of the fluid flow and applied loads control parameters 
on the bifurcations and stability of the shell motions. 
References listed at the end of the paper: 
[1] Jain RK. Vibration of fluid-filled, orthotropic cylindrical shells. Journal of Sound and Vibration 1974;37:379–88.  
[2] Warburton GB, Soni SR. Resonant response of orthotropic cylindrical shells. Journal of Sound and Vibration 1977;53:1–23.  
[3] Bradford LG, Dong SB. Lateral vibrations of orthotropic cylinders under initial stress. Journal of Sound and Vibration 
1978;60:157–75.  
[4] Ip KH, Chan WK, Tse PC, Lai TC. Vibration analysis of orthotropic thin circular shells with free end by the Rayleigh–Ritz 
method. Journal of Sound and Vibration 1996;195(1):117–35.  
[5] Chen WQ, Ding HJ, Guo YM, Yang QD. Free vibrations of fluid-filled orthotropic cylindrical shells. Journal of Engineering 
Mechanics 1997;123:1130–3.  
[6] Chen WQ, Ding HJ. Natural frequencies of fluid-filled transversely isotropic cylindrical shells. International Journal of 
Mechanical Sciences 1999;41: 677–84.  
[7]  Selmane A, Lakis AA. Non-linear dynamic analysis of orthotropic open cylindrical shells subjected to a flowing fluid. Journal of 
Sound and Vibration 1997;202(1):67–93. � 
[8]  Lakis AA, Selmane A, Toledano A. Non-linear free vibration analysis of laminated orthotropic cylindrical shells. International 
Journal of Mechanical Sciences 1998;4(1):27–49. � 
[9]  Mao R, Williams F. Post-critical behaviour of orthotropic circular cylindrical shells under time-dependent axial compression. 
Journal of Sound and Vibration 1998;210(3):307–27. � 
[10]  Li X, Chen Y. Transient dynamic response analysis of orthotropic circular cylindrical shell under external hydrostatic pressure. 
Journal of Sound and Vibration 2002;257(5):967–76. � 
[11]  N. Mallon. Dynamic stability of thin-walled structures: a semi-analytical and experimental approach. Ph.D. Thesis, Einhhoven 
University of Technology, The Netherlands, 2008. � 
[12]  Chevalier L. Influence of microstructure evolution on mechanical strength of blown poly(ethylene terephthalate), plastics. 
Rubber and Composites 1999;28(8):385–92. � 
[13]  Daneshjou K, Nouri A, Talebitooti R. Analytical model of sound transmission through orthotropic cylindrical shells with 
subsonic external flow. Aerospace Science and Technology 2009;13:18–26. � 
[14]  Andrianov IV, Verbonol VM, Awrejcewicz J. Buckling analysis of discretely stringer-stiffened cylindrical shells. International 
Journal of Mechanical Sciences 2006;48:1505–15. � 
[15]  Shen Hui-Shen. Postbuckling analysis of stiffened laminated cylindrical under combined external liquid pressure and axial 
compression. Engineering Structures 1998;20:738–51. � 
[16]  Torkamani Sh, Navazi HM, Jafari AA, Bagheri M. Structural similitude in free vibration of orthogonally stiffened cylindrical 
shells. Journal of Thin-walled Structures 2009;47:1316-30. � 
[17]  Briassoulis D. Equivalent orthotropic properties of corrugated sheets. Computers & Structures 1986;23(2):129–38. � 
[18]  Wang XZ, Wang LX, Hu XF. Non-linear vibration of circular corrugated plates. Applied Mathematics and Mechanics 1987; 
8(3):241–50. � 
[19]  Liu RH, Li D. On the non-linear bending and vibration of corrugated circular plates. International Journal of Non-Linear 
Mechanics 1989;24(3):165–76. � 
[20]  Larbi S. Buckling of thin-walled orthotropic cylindrical shells under uniform external pressure: application to corrugated tin 
cans. Thin-Walled Structures 1999;35(2):101–15. � 
[21] Yin J, Chen X, Sheinman I. Anisotropic buckling patterns in spheroidal film/substrate systems and their implications in some 
natural and biological systems. Journal of the Mechanics and Physics of Solids 2009;57: 1470–84.  
[22] Paıdoussis MP. Fluid structure interactions. Slender Structures and Axial Flow, vol. 2. London: Elsevier Academic Press; 2004.  
[23] Amabili M. Non-linear Vibrations and Stability of Shells and Plates. Cambridge, UK: Cambridge University Press; 2008.  
[24] Soedel W. Vibrations of Plates and Shells. New York: Marcel Dekker; 2004.  
[25] Amabili M, Pellicano F, Paıdoussis MP. Non-linear dynamics and stability of circular cylindrical shells containing flowing fluid. 
Part I: stability. Journal of Sound and Vibration 1999;225:655–99. � 
[26] Pellicano F, Amabili M. Dynamic instability and chaos of empty and fluid-filled circular cylindrical shells under periodic axial 
loads. Journal of Sound and Vibration 2006;293:227–52. � 
[27] Gonc-alves PB, Del Prado ZJGN. Non-linear oscillations and stability of parametrically excited cylindrical shells. Meccanica 
2002; 37: 569–97. � 
[28] Lekhnitskii SG. Theory of Elasticity of an Anisotropic Elastic Body. San Francisco: Holden-Day Inc.; 1963. 



[29] Brush DO, Almroth BO. Buckling of Bars, Plates and Shells.. New York: McGraw Hill Book Company; 1975. � 
[30] Goncalves PB, Batista RC. Non-linear vibration analysis of fluid-filled cylindrical shells. Journal of Sound and Vibration 
1988;127:133–43. 
[31] Del Prado Z, Goncalves PB, Paıdoussis MP. Non-linear vibrations and imperfection sensitivity of a cylindrical shell containing 
axial fluid flow. Journal of Sound and Vibration, 327. Elsevier; 2009. 211–230. � 
[32] Goncalves PB, Del Prado ZJGN. Low-dimensional Galerkin Models for non-linear vibration and instability analysis of 
cylindrical shells. Non-linear Dynamics (Special Issue on Reduced Order Models: Methods and Applications) 2005;41(1–3):129–45. 
[33] Kubenko VD, Koval’chuk PS, Kruk LA. On free nonlinear vibrations of fluid-filled cylindrical shells with multiple natural 
frequencies. International Applied Mechanics 2005;41:1193–203. � 
[34] Pellicano F, Amabili M, Paıdoussis MP. Effect of the geometry on the non-linear vibration of the circular cylindrical shells. 
International Journal of Non-linear Mechanics 2002;37:1181–98. 
[35] Batista RC, Goncalves PB. Non-linear lower bound for shell buckling design. Journal of Constructional Steel Research 1994; 
28:101–20.  
 
F.M.A. Silva, P.B. Goncalves and Z.J.G.N. del Prado, “Parametric instability and snap-through of partially 
fluid-filled cylindrical shells”, Procedia Engineering, Vol. 14, pp 598-605, 2011 
ABSTRACT: The aim of the present paper is to study the parametric instability and snap-through buckling of 
an axially pre-loaded, partially fluid-filled cylindrical shell. The Donnell non-linear shallow shell theory is used 
to study the nonlinear vibrations of the shell. For this, the Galerkin method is used, together with a suitable 
expansion that takes into account the main nonlinear interactions, to discretize the shell. The resulting nonlinear 
equations of motion are solved by numerical integration. The fluid is assumed to be non-viscous and 
incompressible and its inertial effects on the shell surface are obtained by the potential flow theory. A detailed 
parametric analysis is carried out to demonstrate the influence of the fluid height within the shell on the 
parametric instability load and on the snap-through buckling load in the main parametric resonance region. 
Using bifurcations diagrams, the main bifurcation events associated with these stability boundaries are 
identified. The influence of the different types of bifurcation and fluid height on the safety is also discussed.  
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ABSTRACT: In this work, Donnell’s non-linear shallow shell equations are used to study the dynamic 
instability of imperfect simply supported orthotropic cylindrical shells with internal flowing fluid and subjected 
to a compressive axial static pre-load plus a harmonic axial load. The fluid is assumed to be non-viscous and 
incompressible and the flow isentropic and irrotational. An expansion with eight degrees of freedom, containing 
the fundamental, companion, gyroscopic and five axi-symmetric modes is used to describe the lateral 



displacement of the shell. The geometric imperfections are described by the same expansion as the lateral 
displacement and the Galerkin method is used to obtain the non-linear equations of motion which are, in turn, 
solved by the Runge-Kutta method. Numerical methods are used to identify the most important bifurcations as 
the fluid flow is varied, special attention is given to the influence of the material properties and the influence of 
initial geometric imperfection on the global stability of the system.  
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“Non-linear vibration analysis of fluid-filled cylindrical shells”, Journal of Sound and Vibration, Vol. 127, 
No.1, November 1988, pp. 133-143, doi:10.1016/0022-460X(88)90354-9 
ABSTRACT: A theoretical analysis is presented for determining the elastic non-linear vibrations of a 
prestressed thin-walled cylindrical shell filled with an ideal fluid. For the vibrations of the shell itself, the 
dynamic version of the Sanders non-linear equations for the case of moderately small rotations is employed. 
Modal expansions are used for the displacements of the shell middle surface that are required to satisfy the 
“classical simply supported” boundary conditions and the circumferential periodicity condition. The fluid is 
taken as non-viscous and incompressible, and the coupling between the deformable shell and this medium is 
taken into account. The velocity potential is expanded in terms of harmonic functions which satisfy the Laplace 
equation term by term. The Galerkin method is used to reduce the problem to a system of coupled algebraic 
non-linear equations for the modal amplitudes. Solutions are presented to show the effects of fluid and shell 
parameters on the non-linear vibrations of the shell. 
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model of a parametrically excited cylindrical shell", Nonlinear Dynamics, Vol. 63, pp. 61-82 
ABSTRACT: In this paper the global dynamics and topological integrity of the basins of attraction of a 
parametrically excited cylindrical shell are investigated through a two-degree-of-freedom reduced order model. 
This model, as shown in previous authors’ works, is capable of describing qualitatively the complex nonlinear 
static and dynamic buckling behavior of the shell. The discretized model is obtained by employing Donnell 
shallow shell theory and the Galerkin method. The shell is subjected to an axial static pre-loading and then to a 
harmonic axial load. When the static load is between the buckling load and the minimum post-critical load, a 
three potential well is obtained. Under these circumstances the shell may exhibit pre- and post-buckling 
solutions confined to each of the potential wells as well as large cross-well motions. The aim of the paper is to 
analyze in a systematic way the bifurcation sequences arising from each of the three stable static solutions, 
obtaining in this way the parametric instability and escape boundaries. The global dynamics of the system is 
analyzed through the evolution of the various basins of attraction in the four-dimensional phase space. The 
concepts of safe basin and integrity measures quantifying its magnitude are used to obtain the erosion profile of 
the various solutions. A detailed parametric analysis shows how the basins of the various solutions interfere 
with each other and how this influences the integrity measures. Special attention is dedicated to the topological 
integrity of the various solutions confined to the pre-buckling well. This allows one to evaluate the safety and 
dynamic integrity of the mechanical system. Two characteristic cases, one associated with a sub-critical 
parametric bifurcation and another with a super-critical parametric bifurcation, are considered in the analysis.  
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PARTIAL ABSTRACT: Using Donnell non-linear shallow shell equations in terms of the displacements and 
the potential flow theory, this work presents a qualitatively accurate low dimensional model to study the non-
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ABSTRACT: This work investigates the influence of physical and geometrical system parameters uncertainties 
and excitation noise on the nonlinear vibrations and stability of simply-supported cylindrical shells. These 
parameters are composed of both deterministic and random terms. Donnell's non-linear shallow shell theory is 
used to study the non-linear vibrations of the shell. To discretize the partial differential equations of motion, 
first, a general expression for the transversal displacement is obtained by a perturbation procedure which 
identifies all modes that couple with the linear modes through the quadratic and cubic nonlinearities. Then, a 
particular solution is selected which ensures the convergence of the response up to very large deflections. 
Finally, the in-plane displacements are obtained as a function of the transversal displacement by solving the in-
plane equations analytically and imposing the necessary boundary, continuity and symmetry conditions. 
Substituting the obtained modal expansions into the equation of motion and applying the Galerkin's method, a 
discrete system in time domain is obtained. Several numerical strategies are used to study the nonlinear 
behavior of the shell considering the uncertainties in the physical and geometrical system parameters. Special 
attention is given to the influence of the uncertainties on the parametric instability and escape boundaries. 
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ABSTRACT: A smart laminate model developed using the nonlinear piezoelectric model, i.e., electroelastic and 
electrostrictive effects, and von Kármán type geometric nonlinearity is proposed. On the basis of the proposed 
model, the analytical solutions for extensional and bending deformations of symmetrically constructed 
piezoelectric laminates under large electric fields are calculated. A comparison between the present nonlinear 
extension deformation of a piezoelectric laminated plate and the induced strain model shows that more realistic 
results are obtained with the present model. Numerical simulation reveals that the calculated results agree well 
with the experimental data. 
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ABSTRACT: In this paper, a detailed analysis is conducted to study the influence of the geometric parameters, 
boundary conditions as well as initial imperfections on the nonlinear response and imperfection sensitivity of L-
frames. An efficient nonlinear finite element formulation for the analysis of planar elastic frames is used 
together with incremental-iterative strategies. This enables one to obtain the highly nonlinear equilibrium paths 
exhibited by L-frames under certain loading conditions and identify the bifurcation and limit points along these 
equilibrium paths. These results provide some insight as to the source and mechanism of asymmetric bifurcation 
and imperfection sensitivity in frames thus helping engineers to evaluate the importance of geometric 
nonlinearities in the analysis and design of slender elastic frames. 
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ABSTRACT: In this work the nonlinear behavior of a simply supported cylindrical shell under a sudden axial 
step load of infinite duration is investigated. The shell is modelled through the nonlinear shell theory of Donnell 
and the discretized equations of motion are obtained by the method of Galerkin based on a low dimensional 
modal solution derived in previous publications by the authors. The shell is initially considered to be at rest 
inside a potential well associated with the stable pre-buckling configuration. The effects of small initial 
geometric imperfections on the shell behavior is presented. The variation of the dynamic buckling load as a 
function of the geometric imperfection using Budiansky’s stability criterion is evaluated. It is observed that the 
escape occurs in the neighborhood of the saddle point that defines the frontier of the stable region. The erosion 
of the safe region of the basin of attraction with the load increment is also investigated. The sudden reduction of 
the safe region highlights the imperfection sensitivity of the shell under this type of load.  
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Gonçalves, P. B., Silva, F. M. and Del Prado, Z. J. G. N., 2007a, "Global stability analysis of parametrically 
excited cylindrical shells through the evolution of basin boundaries", Nonlinear Dynamics, Vol. 50, pp 121-145, 
2007. 
ABSTRACT: In the present study, the large-amplitude vibrations and stability of a perfect circular cylindrical 
shell subjected to axial harmonic excitation in the neighborhood of the lowest natural frequencies are 
investigated. Donnell’s shallow shell theory is used and the shell spatial discretization is obtained by the Ritz 
method. An efficient low-dimensional model presented in previous publications is used to discretize the 
continuous system. The main purpose of this work is to discuss the use of basins of attraction as a measure of 
the reliability and safety of the structure. First, the nonlinear behavior of the conservative system is discussed 
and the basin structure and volume is understood from the topologic structure of the total energy and its 
evolution as a function of the system parameters. Then, the behavior of the forced oscillations of the 
harmonically excited shell is analyzed. First the stability boundaries in force control space are obtained and the 
bifurcation events connected with these boundaries are identified. Based on the bifurcation diagrams, the 
probability of parametric instability and escape are analyzed through the evolution and erosion of basin 
boundaries within a prescribed control volume defined by the manifolds. Usually, basin boundaries become 
fractal. This together with the presence of catastrophic subcritical bifurcations makes the shell very sensitive to 
initial conditions, uncertainties in system parameters, and initial imperfections. Results show that the analysis of 
the evolution of safe basins and the derivation of appropriate measures of their robustness is an essential step in 
the derivation of safe design procedures for multiwell systems.  
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“The influence of internal resonances on the dynamics of fluid-filled cylindrical shells”, 10th World Congress on 
Computational Mechanics, Vol. 1, No. 1, May 2014, Blucher Mechanical Engineering Proceedings. 
ABSTRACT: Cylindrical shells exhibit a dense frequency spectrum, especially near the lowest frequency range. 
In addition, due to the circumferential symmetry, frequencies occur in pairs. So, in the vicinity of the lowest 
natural frequencies, several equal or nearly equal frequencies may occur, leading to a complex dynamic 
behavior. The aim of this paper is to investigate the influence of these internal resonances on the nonlinear 
dynamics and instabilities of axially loaded fluid-filled cylindrical shells. For this, a modal solution that takes 
into account the modal interaction among the relevant modes and satisfies the boundary and continuity 
conditions of the shell is derived. The shell is modeled using the Donnell nonlinear shallow shell theory and the 
discretized equations of motion are obtained by applying the Galerkin method. The shell is assumed to be 



completely filled with a dense fluid. The fluid is assumed to be incompressible and non-viscous and its 
irrotational motion is described by a velocity potential that satisfies the Laplace equation and relevant boundary 
and continuity conditions. Solving numerically the governing equations of motion, a detailed parametric 
analysis is conducted to clarify the influence of the internal resonances on the bifurcations, stability boundaries 
and nonlinear vibration modes. 
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Frederico Martins Alves da Silva, Augusta Finotti Brazao and Paulo Batista Goncalves, “Influence of physical 
and geometrical uncertainties in the parametric instability load of an axially excited cylindrical shell”, 
Mathematical Problems in Engineering, Vol. 2015, Article ID 758959, 2015 
ABSTRACT: This work investigates the influence of Young’s modulus, shells thickness, and geometrical 
imperfection uncertainties on the parametric instability loads of simply supported axially excited cylindrical 
shells. The Donnell nonlinear shallow shell theory is used for the displacement eld of the cylindrical shell and 
the parameters under investigation are considered as uncertain parameters with a known probability density 
function in the equilibrium equation. The uncertainties are discretized as Hermite-Chaos polynomials together 
with the Galerkin stochastic procedure that discretizes the stochastic equation in a set of deterministic equations 
of motion. Then, a general expression for the transversal displacement is obtained by a perturbation procedure 
which identifies all nonlinear modes that couple with the linear modes. So, a particular solution is selected 
which ensures the convergence of the response up to very large deflections. Applying the standard Galerkin 
method, a discrete system in time domain that considers the uncertainties is obtained and solved by fourth-order 
Runge-Kutta method. Several numerical strategies are used to study the nonlinear behavior of the shell 
considering the uncertainties in the parameters. Special attention is given to the influence of the uncertainties on 



the parametric instability and time response, showing that the Hermite-Chaos polynomial is a good numerical 
tool.  
 
 
Frederico M.A. Silva and Paulo B. Goncalves, “The influence of uncertainties and random noise on the 
dynamic integrity analysis of a system liable to unstable buckling”, Nonlinear Dynamics, July 2015, DOI: 
10.1007/s11071-015-2021-5  
ABSTRACT: Slender structural systems liable to unstable buckling usually become unstable at load levels 
lower than the linear buckling load of the perfect structure. In some cases, experimental buckling loads can be 
just a small fraction of the theoretical critical load. This is mainly due to the imperfections present in real 
structures. The imperfection sensitivity of structures under static loading is well studied in the literature, but 
little is known on the sensitivity of these structures under dynamic conditions. In a dynamic environment not 
only geometric imperfections but also initial conditions (disturbances), physical and geometrical system 
parameters uncertainties and excitation noise influence the bifurcation scenario and basins of attraction. The 
aim of this work is to investigate the influence of inherent uncertainties of real systems and load noise on the 
dynamic integrity and stability of their solutions in a dynamic environment. To illustrate the system sensitivity, 
an archetypal model of slender systems liable to unstable buckling is used. Special attention is given to the 
influence of uncertainties and random noise on the basins of attraction of the system and consequently on the 
integrity measures of the unforced and forced system. The Melnikov criterion, erosion profiles based on 
different integrity measures and stochastic differential equations and polynomial chaos are discussed as possible 
tools to obtain reliable lower bounds for design.  
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nonlinear oscillations of viscoelastic cylindrical shells”, ECCOMAS Congress 2016, VII European Congress on 
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and V. Plevris (editors), Crete Island, Greece, June 5-10 2016 
ABSTRACT: In this work the influence of geometry, load and material properties on the non-linear vibrations 
of a simply supported viscoelastic circular cylindrical shell subjected to lateral harmonic load is studied. 
Donnell’s non-linear shallow shell theory is used to model the shell, assumed to be made of a Kelvin-Voigt 
material type, and a modal solution with six degrees of freedom is used to describe the lateral displacements. 
The Galerkin method is applied to derive a set of coupled non-linear ordinary differential equations of motion. 
Obtained results show that the viscoelastic dissipation parameter has significant influence on the instability 
loads and resonance curves.  
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Colin G. Foster (Department of Civil and Mechanical Engineering, University of Tasmania, GPO Box 252C, 
Hobart, Tasmania, 7001, Australia), “Interaction of buckling modes in thin-walled cylinders” (Results of 
combined load tests in buckling thin-walled cylinders show that existing published data may be inadequate), 
Experimental Mechanics, Vol. 21, No. 3, 1981, pp. 124-128, doi: 10.1007/BF02326369 
ABSTRACT: This paper presents a summary of some recent buckling tests conducted on thin-walled cylinders. 
These tests were made with the cylinders in axial compression, hoop compression, torsion and combinations of 
all three. Results show that presently available design material on the interaction of buckling modes may need 
to be updated. 
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ABSTRACT: Collapse loads for thin walled cylinders loaded in axial compression can be estimated by 
considering the buckling failure of equivalent space frames. These loads are presented in the form of a design 
chart where the collapse load for any cylinder can be determined provided the radius to thickness ratio of the 
cylinder and the size of the shape defects in the cylinder are known. It is demonstrated how these defects can be 
evaluated by an optical examination of a proof loaded cylinder. There is good agreement between estimated 
collapse loads for cylinders with known shape defects and measured collapse loads. 
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Hobart, Tasmania, 7001, Australia), “Axial compression buckling of conical and cylindrical shells”, 
Experimental Mechanics, Vol. 27, No. 3, 1987, pp. 255-261, doi: 10.1007/BF02318091 
ABSTRACT: Experiments on the axial compression buckling of high-quality epoxy cylindrical shells with 
imposed dimpletype defects are described. Additionally, a technique for the manufacture of high-quality epoxy 
conical shells which buckle at loads approaching the classical critical load is presented. For both types of shells, 
prebuckling deformations have been monitored optically. The sizes of defects determined from the optical 
examination when applied in the space-frame approach to shell buckling have led to predicted knock-down 
factors which are remarkably consistent with measured knock-down factors (i.e., the ratio of actual collapse to 
classical critical load). 
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“Whole-field optical examination of cylindrical shell deformation”, Experimental Mechanics, Vol. 29, No. 1, 
1989, pp. 16-22, doi: 10.1007/BF02327776 
ABSTRACT: In this paper an optical technique for the measurement of radial deformation in circular 
cylindrical shells is discussed. The technique is a modification and improvement on an earlier method, using a 
conical mirror of simple geometry to view a grating reflected from the inner surface of the shell. The new 
system allows more precise alignment of the components of the optical system with the shell. Fringes obtained 
by superposition as in the Ligtenberg moiré method, or deviations of lines from a regular pattern in a 
photographic image provide a measure of the slope changes on the surface of the shell. Theoretical relations are 
presented for three grid orientations, at least two of which have to be used in conjunction to determine the two 
components of slope. Illustrations for the use and accuracy of the technique are presented for two cases. In the 
first, deflections due to a tilt of the axis of the test shell are measured; in the second, deformations associated 
with a radial point load applied at the free end of a cylindrical shell with one end built in are determined. 
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“Measurement of axisymmetric prebuckling deformations in axially compressed cylindrical shells”, 
Experimental Mechanics, Vol. 31, No. 1, 1991, pp. 47-51, doi: 10.1007/BF02325723 
ABSTRACT: This paper describes tests that were conducted on high-quality circular cylindrical shells loaded in 
axial compression. During the loading sequence the shells were continuously examined by an optical technique 
employing reflected grid lines. Because of the high sensitivity of the optical system, axisymmetric-ripple-type 
prebuckling deformations were detected even though the shells collapsed into the conventional dimple-type 
buckle pattern. Although this axisymmetric-type deformation is predicted by theoretical considerations only 
limited evidence of its existence has been previously reported. 
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“Buckling of axially compressed cylindrical shells with local geometric imperfections”, in Buckling of shell 
structures, on land, in the sea, and in the air, edited by J. F. Jullien, Elsevier Applied Science Publishing Co., 
Inc., New York, 1991 
ABSTRACT: The influence of large localized geometric imperfections on the stability and axial load carrying 
capacity of thin isotropic circular cylindrical shells was investigated experimentally. Diamond shaped 
“Yoshimura facet type” dimples were introduced in otherwise near perfect cylinders, and their behavior under 
compressive load was monitored using a whole-field grid reflection technique. Buckling tests were conducted to 
determine the effects of shell geometry and variations in the size and njumber of defects. An empirical formula 
was developed for estimating the degradation in buckling strength caused by single or multiple local facet type 
defects. 
 
 
S. Krishnakumar and C. G. Foster, “Axial load capacity of cylindrical shells with local geometric defects” 
Experimental Mechanics, Vol. 31, No. 2, June 1991, pp.104-110, doi: 10.1007/BF02327560 
ABSTRACT: The effect of local geometric defects on the buckling load of axially compressed thin circular 
cylindrical shells is investigated experimentally. Defects, in the form of diamond-shaped local dimples, similar 
to the buckles of the Yoshimura pattern, were introduced in otherwise near perfect isotropic epoxy shells by 
locally heating the shell wall. The behavior of the defects under load was monitored optically using a special 
whole-field grid-reflection technique. The effects of variations in shell geometry and defect size are also 



investigated. In general, the results indicate that the effect of local diamond-shaped defects on the stability of 
the axially loaded cylinder is not as detrimental as that of the global initial imperfections hitherto investigated. 
 
 
Anonymous, “Buckling and ultimate strength assessment for offshore structures”, American Bureau of Shipping 
(ABS), April 2004, updated March 2013, updated February 2014, updated January 2018 
FOREWORD: This Guide for the Buckling and Ultimate Strength Assessment of Offshore Structures is referred 
to herein as “this Guide”. This Guide provides criteria that can be used in association with specific Rules and 
Guides issued by ABS for the classification of specific types of Offshore Structures. The specific Rules and 
Guides that this Guide supplements are the latest editions of the following. 
• Rules for Building and Classing Offshore Installations [for steel structure only] 
• Rules for Building and Classing Mobile Offshore Drilling Units (MODUs) 
• Rules for Building and Classing Single Point Moorings (SPMs) 
• Rules for Building and Classing Floating Production Installations (FPIs) [for non ship-type hulls]. 
In case of conflict between the criteria contained in this Guide and the above-mentioned Rules, the latter will 
have precedence. 
 
 
Tung-Yueh Wu (Mechanical System Engineering Program, Institute of Nuclear Energy Research ROC AEC, 
Taiwan, ROC), “Dynamic nonlinear analysis of shell structures using a vector form intrinsic finite element”, 
Engineering Structures, Vol. 56, pp 2028-2040, November 2013, DOI: 10.1016/j.engstruct.2013.08.009 
ABSTRACT: The objective of this paper is to perform dynamic nonlinear analysis of shell structures using a 
vector intrinsic finite element (VFIFE). The procedures of VFIFE are designed to carry out a vector-mechanics-
based theory, vector form analysis in which a fundamental concept called point value description is proposed. It 
enables VFIFE to deliberately treat the shell problems with large deflections, large overall motions and even 
fragmentations. The interaction forces amid particles are complemented by the generalized forces evaluated by 
a triangular element of VFIFE family recently developed using physical modeling procedures. In this paper, the 
problems with large overall motion, large deflection, nonlinear material property and contact/impact are further 
tested to justify the performance of the element on highly nonlinear analysis. It is reveals that the VFIFE 
element has good reliability and accuracy on solving shell problems with multiple nonlinearities. 
 
 
Hai-Hong Sun and Pao-Lin Tan, American Bureau of Shipping, “Background of ABS Buckling Strength 
Assessment Criteria for Cylindrical Shells in Offshore Structures”, Proceedings of OMAE 2006 25th 
International Conference on Offshore Mechanics and Arctic Engineering June 4 - 9, 2006, Hamburg, Germany, 
OMAE 2006 – 92408. 
ABSTRACT: Cylindrical shells, unstiffened or stiffened with rings and/or stringers are commonly used in 
offshore structures as main loading-carrying members. Comprehensive theoretical work and experimental 
studies on the buckling behavior of cylindrical shells have been carried out in the past. The increasing offshore 
application of stiffened cylindrical shells has raised some new challenges that need to be addressed. 
This paper provides the fundamental principles and technical background of the ABS buckling strength 
assessment criteria for cylindrical shells applied in offshore structures. The accuracy of ABS buckling criteria 
for assessing the cylindrical shells is established by benchmarking the results against an extensive database of 
test results assembled by American Bureau of Shipping. The results are also compared against current 
recognized offshore standards, such as API Bulletins 2U and DnV CN30.1. It is demonstrated that the ABS 
criteria provide very effective and sufficiently accurate predictions for the cylindrical shell buckling 
calculations. 
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Clarence D. Miller (Consulting Engineer, Bloomington, Indiana), “Shell Structures”, in Structural Engineering 
Handbook, Chen Wai-Fah (editor), CRC Press, 1999 
OUTLINE: 
11.1 Introduction 
Overview • Production Practice • Scope • Limitations • Stress Components for Stability Analysis and Design • 
Materials • Geometries, Failure Modes, and Loads • Buckling Design Method • Stress Factor • Nomenclature  
11.2  Allowable Compressive Stresses for Cylindrical Shells �Uniform Axial Compression • Axial Compression 
Due to Bending Moment • External Pressure • Shear • Sizing of Rings (General Instability) � 
11.3  Allowable Compressive Stresses For Cones �Uniform Axial Compression and Axial Compression� Due to 
Bending • External Pressure • Shear • Local Stiffener Buckling � 
11.4  Allowable Stress Equations For Combined Loads �For Combination of Uniform Axial Compression and 
Hoop Compression • For Combination of Axial Compression Due to Bending Moment, M, and Hoop 
Compression • For Combination of Hoop Compression and Shear • For Combination of Uniform Axial 
Compression, Axial Compression Due to Bending Moment, M, and Shear, in the Presence of Hoop 
Compression, • For Combination of Uniform Axial Compression, Axial Compression Due to Bending Moment, 
M , and Shear, in the Absence of Hoop Compression � 
11.5  Tolerances for Cylindrical and Conical Shells �Shells Subjected to Uniform Axial Compression and Axial 
Compression Due to Bending Moment • Shells Subjected to External Pressure • Shells Subjected to Shear � 
11.6  Allowable Compressive Stresses �Spherical Shells • Toroidal and Ellipsoidal Heads � 
11.7  Tolerances for Formed Heads � 
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“Application of reliability theory to structural design and assessment of submarines and other externally 
pressurized cylindrical structures”, in Integrity of offshore structures-4, edited by D. Faulkner, M. J. Cowling, 
and A. Incecik, 1991, Elsevier, 1994, Spon Press, 11 New Fetter Lane, London, EC4P 4EE 
ABSTRACT: The pressure hulls of submersibles are frequently designed to BS5500 which evolved from RN 
submarine design. In this, failure by local interframe shell collapse is sought as a basis for design since the 
strength predictions are based on good experimental data. Overall modes of failure involving frame bending or 
tripping are avoided because of their greater shape sensitivity. This is achieved by a combination of higher 
safety factors and/or conservative assumptions. 
 
 
Alberto Ceravolo Morandi, “Computer aided reliability based design of ring-stiffened cylindrical shells under 
external pressure”, Ph.D. dissertation, Dept. of Naval Architecture and Ocean Engineering, University of 
Glasgow, September 1994 
ABSTRACT: A Level 1 code format is proposed for the buckling design of ring-stiffened cylindrical shells 
under external pressure. Depth independent partial safety factors to be applied to the resistance (collapse 
pressures) are proposed for the four relevant collapse modes (Interframe Shell Collapse, Frame Yield, Plate 
Yield and Frame Tripping), covering design and fabrication factors. A partial safety factor to be applied to the 
load (external pressure), and varying with the design pressure and the maximum expected overdiving, is 
proposed to cover operational factors. For deep diving vessels or in cases in which the risk of overdiving is not 
relevant, it is proposed that the overall safety factors used in design may be smaller than those presently 
recommended. In order to obtain such partial safety factors, different aspects of strength modeling and 
Structural Reliability had to be addressed. On the strength modeling side, the work was focused on the fram 
collapse modes. Seventy two experimental results were compiled, corresponding to machined models failing by 
elastic General Instability. Finite Element (FE) meshes were validated in view of mesh studies and experimental 
results and further used in parametric studies. The effect of boundary conditions on the elastic General 
Instability pressure p(n) was investigated in view of both experiments and results of the FE models. Statistical 
properties were obtained for the model uncertainty associated with p(n). Thirty five experimental results were 
compiled corresponding to welded models failing by General Instability. FE models were validated in view of 
the most relevant of these experiments as well as in view of other numerical results found in the literature. A 
closed form solution for the elastic Frame Tripping pressure, based on energy methods and showing dood 
agreement with FE and other numerical results, was introduced. FE parametric studies showed the effects of 
initial tilting angles of up to 4 degrees to be considerably less harmful than an initial o-o-c of 0.5%R, supporting 
the use of a modified Tangent Modulus approach for inelastic Tripping. On the Structural Reliability side, 
different reliability methods were reviewed, implemented and compared and the possibility of obtaining the 
failure probability in case of overdiving (or as a function of the external pressure in general) was verified, using 
any of the above methods. Notional safety levels of various types of existing structures wre reviewed and target 
safety levels were proposed for externally pressurized, internally ring-stiffened cylinders in the four modes 
under consideration. Finally, partial safety factor optimization was carried out to obtain the partial safety 
factors. 
 
 
A.C. Morandi, P.K. Das and D. Faulkner (U. of Glasgow), “Ring Frame Design in Orthogonally Stiffened 
Cylindrical Structures”, Offshore Technology Conference, 1-4 May 1995, Houston, Texas, Paper No. 7801-MS, 
doi: 10.4043/7801-MS 
ABSTRACT: Ring frame design is the aspect least well treated in the available design codes for orthogonally 
stiffened cylinders, particularly where axial load is dominant. Recent advances in this particular area are 
reviewed, together with the relevant theory and experiments. Detailed Finite Element analyses of a typical TLP 
column, as well as of its redesigned version, are presented and the results are compared with present prediction 
methods. 
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Building, University of Glasgow, Glasgow, G12 8QQ, UK), “Frame tripping in ring stiffened externally 
pressurised cylinders”, Marine Structures, Vol. 9, No. 6, 1996, pp. 585-608, 
doi:10.1016/0951-8339(95)00020-8 
ABSTRACT: This paper addresses the problem of designing ring frames in externally pressurised cylinders to 
avoid sidesway tripping. A closed form solution is proposed for the elastic tripping pressure, including the 
effect of the rotational constraint provided by the shell to the toe of the web as well as the web deformation 
effect. Such theory compared reasonably well with numerical results given by ABAQUS as well as BOSOR4 
and N9E. The differences become unimportant when a column curve is used for inelastic tripping, calculated 
with a structural tangent modulus approach. A safety factor for preliminary design is proposed based on 
parametric studies. 
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“Buckling and ultimate strength criteria of stiffened shells under combined loading for reliability analysis”, 
Thin-Walled Structures, 41:69–88, 2003, doi:10.1016/S0263-8231(02)00093-9  
ABSTRACT: The work presented in this paper forms part of a broader task in establishing a guide to serve as 
technical documentation for buckling and ultimate strength assessment of various types of marine structural 
components using the best state-of-the-art knowledge for extreme environmental loading. This paper 
concentrates on buckling and ultimate strength assessment of ring stiffened shells and ring and stringer stiffened 
shells involving various modes of buckling and under various loading like axial compression, radial pressure 
and combined loading. Comparisons are made with screened test data, which have realistic imperfections and 
various radius to thickness ratio values in the range generally used in offshore structures. The statistical data of 
model uncertainty factors in terms of bias and coefficient of variation (COV) are calculated and may be used in 
a further reliability study. Comparisons are also made with the codified rules, API BUL 2U and DNV buckling 
strength of shells.  
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Cylindrical Shell Under Axial Impact- An Experimental Study”, Acta Mechanica Sinica, 1983-05. doi: 
cnki:ISSN:0459-1879.0.1983-05-009 
ABSTRACT: The paper gives the results of an experimental study on three sets of AM aluminum alloy 
cylindrical shells under axial impact. The length of the shell is 100 mm. Three different thicknesses 1.00mm, 
1.42mm. and 2.00mm. are used, and the shell is fixed on a jig and struck by a moving mass M (54gm.). The 
influence of different impact velocities on buckling behavior is discussed (see Pig. 2 and photograghs 1, 2). It is 
found that when the impact velocity is less than a certain critical value Vc1, eq. (4), the shell will only exhibit 
uniform plastic deformation in both the axial and radial directions and does not produce sinusoidal waves. Vc1 
is the critical velocity usually discussed in the literature, when this velocity is exceeded, the shell buckles. When 
the impact velocity exceeds another critical value Vc2. the shell will further change from the axisymmetric 
mode into a non-uniform type of large deformation. The shell shortens greatly and it begins to lose its load 
carrying capacity. We believe that this second critical velocity is also quite important in the study of dynamic 
plastic buckling characteristics. An approximate theoretical formula for estimating Vc2 based on strain rate 
reversal (violation of eq. 5) is given by eq. (7). 
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ABSTRACT: A dynamic plastic buckling analysis of three AMT aluminum alloy circular cylindrical shell with 
different thickness under external pressure and axial impact is presented in this paper. Experiments discover the 
presence of a critical speed vc2. which is corresponding to the collapse of the shell with large deformation and 
not the same as usually mentioned the critical speed vc1. In this paper the emphases of study are buckling mode 
and the relationship between vc2 and parameters of the axial deformation and the thickness of the shell. 
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Compression”, Advances in Structural Engineering, Vol. 10, No. 5, October 2007, pp. 581-591, 
doi: 10.1260/136943307782417735 
ABSTRACT: Generally, thin cylindrical shells are susceptible for geometrical imperfections like non-
circularity, non-cylindricity, dents, swellings etc. All these geometrical imperfections decrease the static 
buckling strength of thin cylindrical shells, but in this paper only effect of a dent on strength of a short (L / D 
"<1 and R/t = 280) stainless steel cylindrical shell is considered for analysis. The dent is modeled on the FE 
surface of perfect cylindrical shell for different angles of inclination and sizes at half the height of cylindrical 
shell. The cylindrical shells with a dent are analyzed using non-linear static buckling analysis. From the results 
it is found that in case of shorter dents, size and angle of inclination dents do not have much effect on static 
buckling strength of thin cylindrical shells, where as in the case of long dents, size and angle of inclination of 
dents have significant effect. But both short and long dents reduce the static buckling strength drastically. 
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Engineering College, Pondicherry-605014, India, “Finite Element Analysis of Buckling of Thin Cylindrical 
Shell Subjected to Uniform External Pressure”, Journal of Solid Mechanics Vol. 1, No. 2 (2009) pp.148-158. 
ABSTRACT: One of the common failure modes of thin cylindrical shell subjected external pressure is buckling. 
The buckling pressure of these shell structures are dominantly affected by the geometrical imperfections present 
in the cylindrical shell which are very difficult to alleviate during manufacturing process. In this work, only 
three types of geometrical imperfection patterns are considered namely (a) eigen affine mode imperfection 
pattern, (b) inward half lobe axisymmetric imperfection pattern extended throughout the height of the 
cylindrical shell and (c) local geometrical imperfection patterns such as inward dimple with varying wave 
lengths located at the mid-height of the cylindrical shell. ANSYS FE non-linear buckling analysis including 
both material and geometrical non-linearities is used to determine the critical buckling pressure. From the 
analysis it is found that when the maximum amplitude of imperfections is 1t, the eigen affine imperfection 
pattern gives out the lowest critical buckling pressure when compared to the other imperfection patterns 
considered. When the amplitude of imperfections is above 1t, the inner half lobe axisymmetric imperfection 
pattern gives out the lowest critical buckling pressure when compared to the other imperfection patterns 
considered. 
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Edge and Center Cracks on Static Buckling Strength of Thin Plates under Uniform Axial Compression”, Journal 
of Solid Mechanics Vol. 1, No. 2 (2009) pp. 118-129 
ABSTRACT: Thin plate structures are more widely used in many engineering applications as one of the 
structural members. Generally, buckling strength of thin shell structures is the ultimate load carrying capacity of 
these structures. The presence of cracks in a thin shell structure can considerably affect its load carrying 
capacity. Hence, in this work, static buckling strength of a thin square plate with a centre or edge crack under 
axial compression has been studied using general purpose Finite Element Analysis software ANSYS. 
Sensitivity of static buckling load of a plate with a centre or a edge crack for crack length variation and its 
vertical and horizontal orientations have been investigated. Eigen buckling analysis is used to determine the 
static buckling strength of perfect and cracked thin plates. First, bifurcation buckling loads of a perfect thin 
plate with its mode shapes from FE eigen buckling analysis are compared with analytical solution for validating 
the FE models. From the analysis of the cracked thin plates, it is found that vertical cracks are more dominant 
than horizontal cracks in reducing buckling strength of the thin plates. Further, it is also found that as the crack 
length increases, buckling strength decreases. 
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Pondicherry, India), “Parametric study on buckling behaviour of thin stainless steel cylindrical shells for 
circular dent dimensional variations under uniform axial compression”, International Journal of Engineering, 
Science and Technology Vol. 2, No. 4, 2010, pp. 134-149. 
ABSTRACT: It is well known that thin cylindrical shell structures have wide applications as one of the 
important structural elements in many engineering fields and its load carrying capacity is decided by its 
buckling strength which in turn predominantly depends on geometrical imperfections present in it. Geometrical 
imperfections can be classified as local and distributed geometrical imperfections. But in this work, only local 
geometrical imperfection namely dent is considered for analysis. The main aim of this study is to determine the 
more influential dimensional parameter out of two dent dimensional parameters, one is the extent of dent 
present over a surface area and the other is dent depth, which affect the buckling strength of the cylindrical 
shells drastically. To account for the parameter “extent of dent present over an area”, the dent is considered as 
circular dent and its amplitude is considered as dent depth. For this purpose, finite element (FE) models of 
cylindrical shells with a circular dent at half the height of cylindrical shells having different dent sizes are 
generated. These FE models are analyzed using ANSYS non-linear buckling analysis. It is concluded that extent 
of dent present over an area is more influential than dent depth. To verify this conclusion further, FE models of 
cylindrical shells with two circular dents at half the height of cylindrical shell placed at 180 degrees apart 
having different dent sizes are generated and analyzed. 
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doi:10.1016/j.tws.2010.02.009 
ABSTRACT: Generally, thin cylindrical shells are susceptible for geometrical imperfections like non-
circularity, non-cylindricity, dents, swellings, etc. All these geometrical imperfections decrease the static 
buckling strength of thin cylindrical shells, but in this paper only effect of a dent on strength of a short 
(Lc/Rcnot, vert, similar1, Rc/t=117, 175, 280) cylindrical shell is considered for analysis. The dent is modeled 
on the FE surface of perfect cylindrical shell for different angles of inclination and sizes at half the height of 
cylindrical shell. The cylindrical shells with a dent are analyzed using non-linear static buckling analysis. From 
the results it is found that in case of shorter dents, size and angle of inclination of dents do not have much effect 
on static buckling strength of thin cylindrical shells, whereas in the case of long dents, size and angle of 
inclination of dents have significant effect. But both short and long dents reduce the static buckling strength 



drastically. It is also found that the reduction in buckling strength of thin cylindrical shell with a dent of same 
size and orientation increases with increase in shell thickness. 
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College, India), “Ultimate strength of a square plate with a longitudinal/transverse dent under axial 
compression”, Journal of Mechanical Science and Technology, Vol. 25, No. 9, pp 2377-2384, September 2011 
ABSTRACT: Thin shell structures are efficient structures because of their high load-carrying capacity and 
small weight. Thin plates are one of the common structural elements. Their load-carrying capacity mainly 
depends on their buckling behavior, which is in turn affected by the imperfections present in them. Dent is one 
of the common geometrical imperfections in thin shell structures, which may be formed in the plate as an 
impact of sharp objects, among other reasons. Using ANSYS nonlinear FEA, the present work conducts a 
numerical study of the effect of various dent parameters on the ultimate strength of a thin plate, with a 
longitudinal or a transverse dent located centrally on the plate, under uniaxial compressive loading with simply 
supported boundary conditions. 
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“Neighbourhood effect of two short dents on buckling behaviour of short thin stainless steel cylindrical shells”, 
Int. J. Computer Aided Engineering and Technology, Vol. 4, No. 2, 2012 
ABSTRACT: Generally, thin cylindrical shells are susceptible for geometrical imperfections like non-
circularity, non-cylindricity, dents, swellings etc. All these geometrical imperfections decrease the static 
buckling strength of thin cylindrical shells. In this work, neighbourhood effect of two circumferential short 
dents on the buckling behaviour of thin short stainless steel cylindrical shell is studied in detail. The dents are 
modelled on the FE surface of perfect cylindrical shell at half the height of the cylindrical shell by varying the 
centre distance between the dents. These cylindrical shells are analysed using non linear FE static buckling 
analysis and their buckling behaviours are compared with that of cylindrical shell with a short circumferential 
dent. It is found that the effect of two short dents and its nearness effect seem to be negligible compared with 
the effect of single dent in reducing the buckling strength of cylindrical shell. 
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combined distributed and local geometrical imperfections under uniform axial compression”, International 
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DOI: 10.1504/IJCAET.2012.047813 
ABSTRACT: In this paper, individual and combined effects of distributed and local geometrical imperfections 
on the limit load of an isotropic, thin-walled cylindrical shell under axial compression are investigated. First 
eigen affine mode shape imperfection pattern (FEAMSIP) is taken as distributed geometrical imperfections and 
dent as local geometrical imperfections. Limit load of the cylindrical shells are determined using non-linear 
static finite-element analysis module of general purpose FE software ANSYS. A parametric study on the effect 
of both imperfection patterns is done by varying the size and orientation of the dent. From the numerical results 
obtained, it is found that distributed geometrical imperfections namely, FEAMSIP have more influence on 
buckling strength than local geometrical imperfections namely dent. 
 
 
N. Rathinam and B. Prabu, “Static buckling analysis of thin cylindrical shell with centrally located dent under 
uniform lateral pressure”, International Journal of Steel Structures, Vol. 13, No. 3, pp. 509 – 518, 2013 
Doi: 10.1007/s13296-013-3010-5 
ABSTRACT: One of the common failure modes of thin cylindrical shell subjected to external pressure is 
buckling. The buckling pressure of these shell structures are dominantly affected by the geometrical 
imperfections present in the cylindrical shell which are very difficult to alleviate during manufacturing process. 
Dent is one of the common geometrical imperfections present in thin shell structures which may be formed due 
to mechanical damage caused by accidental loading or impact. In this work, influence of various dent 
parameters (dent length, dent width, dent depth and angle of orientation of the dent) on the critical buckling 
pressure of thin cylindrical shells with a centrally located dent is studied using non-linear static finite-element 
analysis of ANSYS under external pressure with simply supported boundary conditions at the top and bottom 
edges of the thin cylindrical shell. 
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ABSTRACT: Generally, thin cylindrical shells are susceptible for geometrical imperfections like non-
circularity, non-cylindricity, dents, swellings etc. All these geometrical imperfections decrease the static 
buckling strength of thin cylindrical shells. In this work, neighbourhood effect of two circumferential short 
dents on the buckling behaviour of thin short stainless steel cylindrical shell is studied in detail. The dents are 
modelled on the FE surface of perfect cylindrical shell at half the height of the cylindrical shell by varying the 
centre distance between the dents. These cylindrical shells are analysed using non linear FE static buckling 
analysis and their buckling behaviours are compared with that of cylindrical shell with a short circumferential 
dent. It is found that the effect of two short dents and its nearness effect seem to be negligible compared with 
the effect of single dent in reducing the buckling strength of cylindrical shell.  
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square plates.” Thin-Walled Structures, Vol. 58, pp. 32–39, DOI: 10.1016/j.tws.2012.04.009 
ABSTRACT: Thin steel plates are widely used in many structural applications because of its high load carrying 
capacity with less weight. The load carrying capacity of thin plates mainly depends on its buckling behavior 
which in turn is affected by the imperfections present in it. Dent is one of the common geometrical 
imperfections present in thin shell structures which may be formed due to mechanical damage caused by 
accidental loading or impact. In this work, influence of various dent parameters (dent length, dent width, dent 
depth and angle of orientation of the dent) on the static ultimate strength of thin square plates of different 
thicknesses under uniaxial compressive loading is studied. The dent is modeled on the FE surface of perfect thin 
square plate of size 1000 mm (of different thickness) for different sizes and angles of orientation of the dent at 
the center of the plate. These dented plates are analyzed using non-linear static buckling analysis of general 
purpose FE software ANSYS V12. From the results obtained, it is found that both shorter and longer dents 
reduce the ultimate strength drastically. But in case of shorter dents, variation of ultimate strength of dented 
plates due to variation of size and angle of orientation of dents is insignificant, whereas in the case of longer 



dents, size and angle of orientation of dents have significant effect. It is also found that the reduction in ultimate 
strength of thin plates with a dent of same size and orientation increases with increase in shell thickness. 
 
Prabu, B., Raviprakash, A.V. and Rathinam, N., “Numerical buckling analysis of thin cylindrical shells with 
combined distributed and local geometrical imperfections under uniform axial compression”, International 
Journal of Computer Aided Engineering and Technology, Vol. 4, No. 4, July 2012 , pp. 295-320, DOI: 
10.1504/IJCAET.2012.047813 
 
B. Prabu, “Numerical Investigation Of Influencing Parameter Of Imperfections On Thin Short Carbon Steel 
Cylindrical Shell Under Axial Compression”, International Journal of Modeling, Simulation, and Scientific 
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N. Rathinam, B. Prabu, “Numerical study on influence of dent parameters on critical buckling pressure of thin 
cylindrical shell subjected to uniform lateral pressure”, Thin-Walled Structures, 03/2015; 88:1-15. 
DOI: 10.1016/j.tws.2014.11.020 
ABSTRACT: One of the common failure modes of thin cylindrical shells subjected to external pressure is 
buckling. The critical buckling pressures of these shell structures are mainly affected by the geometrical 
imperfections present in the cylindrical shell which are very difficult to alleviate during manufacturing process. 
Dent is one of the common geometrical imperfections present in thin shell structures which may be formed due 
to mechanical damage caused by accidental loading or impact. In this work, numerical parametric study is 
carried out to study the influence of dent parameters of centrally located dent (dent length, dent width, dent 
depth and angle of orientation of the dent), cylindrical shell parameters (L/R ratio and R/t ratio) and yield stress 
on the critical buckling pressure of externally pressurized thin dented cylindrical shells with simply supported 
boundary conditions at both top and bottom edges using non-linear static finite-element analysis of ANSYS.  
 
 
Huang Yan and Tang Guojin (College of Astronautics and Material Engineering, National Univeristy of 
Defense Technology, Changha, China), “Nonlinear deformation theory of thin shell”, Applied Mathematics and 
Mechanics, Vol. 21, No. 6, pp 673-680, June 2000, DOI: 10.1007/BF02460186 
ABSTRACT: The exact relation between strain and displacement is given for nonlinear deformation of thin 
shell. The fundamental formula of large deformation when the deflection is on the same class with the thickness 
of the shell is derived after simplified rationally. The fundamental formula of large deformation when the 
deflection is on the same class with the length of the shell is derived exactly for cylinder shell deformed 
cylindrical shaped. 
References listed at the end of the paper: 
[1] Novozhilov V. V.:Foundation of the Nonlinear Theory of Elasticity[M]. Rechester N Y: Graylock Press, 1953. 
[2] Washizu Kyuichiro.Variational Methods in Elasticity and Plasticity[M]. Second Edition. Oxford: Pergamon Press, 1975. 
[3] Huang Yan. Large deformation problems of straight bars in plane bending [J].Journal of Changzhou Industrial Technology 
College, 199811(2):21–26 (in Chinese). 
 
 
Shenglin Di (1) and Y.K. Cheung, Y. (2) 
(1) Institut fuer Baustatik, Universitaet Stuttgart, F.R. Germany 
(2) Dept. of Civil & Structural Engineering, University of Hong Kong, Hong Kong 
"Nonlinear Analysis of RC Shell Structures Using Laminated Element. II."  ASCE J. Struct. Eng., Vol. 119, No. 
7, July 1993 
DOI: 10.1061/(ASCE)0733-9445(1993)119:7(2074), 2074-2094. 
ABSTRACT: An incremental variational formulation and a curved‐shell element were proposed in the 
companion paper. In this part, the material model and solution techniques are discussed in detail. The strain‐
hardening plastic approach is employed to model the compressive behavior of the concrete. A dual criterion is 
considered for yielding and crushing in terms of stresses and strains, which is completed with a tension cut‐off 
representation. Both the crack interface effects and dowel action are accounted for by using an average shear 



modulus, and a full bond is assumed at the steel‐concrete interface. A total Lagrangian approach making use of 
the second Piola‐Kirchhoff stress tensor is employed in this analysis. An incremental and iterative modified 
Newton‐Raphson scheme is used for the solution of nonlinear problem. An energy criterion in terms of both 
forces and displacements is implemented. The applicability and validity of this analytical model incorporating 
both geometrical and material nonlinearities is amply demonstrated through several numerical examples. The 
solution technique proposed in this paper has been shown to be successful in preventing the drifting of the 
solution in incremental process. 
 
 
Lei Chen "Nonlinear Stability Analysis of Elastic Cylinders under Global Bending", Applied Mechanics and 
Materials, Vols. 638-640, pp. 1754-1757, 2014, 10.4028/www.scientific.net/AMM.638-640.1754 
ABSTRACT: The cylindrical shells under global bending with different geometric parameters display different 
failure behavior. The size of typical buckles under axial compressive stress regimes is rather small and extends 
over a very small zone, with the axial compressive stress reaching the critical value. The first estimate of the 
elastic buckling strength in bending is the condition in which the most compressed fiber reaches the buckling 
stress for uniform axial compression. For short cylinders, local bifurcation buckling occurs at the middle of the 
most compressed side of the shell, and geometric nonlinearity has a little effect on the buckling strength, while 
for medium-length and long cylinders, the geometric nonlinearity and the ovalization of the cross-section 
should be considered. This paper explores the failure behavior in elastic cylinders in pure bending. 
 
 
L. C. Pan, D. F. Wang, "Buckling of Thin-Walled Cylindrical Shells of Desulphurizing Tower under Wind 
Loading", Applied Mechanics and Materials, Vol. 662, pp. 147-152, 2014,  
DOI: 10.4028/www.scientific.net/AMM.662.147  
ABSTRACT:  On the project background of the large-scale thin-walled cylindrical shells of a practical 
desulphurizing absorption tower, the investigations are conducted into the buckling mode and buckling capacity 
of the large-scale thin-walled cylindrical shells under wind loading by nonlinear finite element methods. In the 
buckling path, it firstly presents the buckling mode similar to that of the stocky cylinder under uniform external 
radial compression. In the post-buckling stage, the snap-through takes place, the buckling mode turns to being 
similar to the axial compressive buckling mode of the medium-height cylinder that horizontal buckles occur in 
the upper half of the front area. The buckling capacity of the cylindrical shells of desulphurizing tower is some 
more than the linear elastic buckling pressure of the cylinder under uniform radial pressure. 
References listed at the end of the paper: 
[1] Pircher, M. (2004a). The influence of a weld-induced axi-symmetric imperfection on the buckling of a medium-length silo under 
wind loading, International Journal of Solids and Structures, Vol. 41, pp.5595-5610. DOI: 
https://doi.org/10.1016/j.ijsolstr.2004.05.001 
[1] Pircher, M. (2004b). Medium-Length thin-Walled cylinder under wind loading-case Study, Journal of Structural Engineering, 
ASCE, Vol. 130, No. 12, p.2062-(2069). DOI: https://doi.org/10.1061/(asce)0733-9445(2004)130:12(2062) 
[2] Pircher, M., Lechner, B. and Trutnovsky, H. (2005). The buckling of thin-walled cylinders under wind-loading-an experimental 
study, Advances in Steel Structures, Shen, Z. Y., eds, Tongji University, Shanghai, China, Vol. 2, pp.1689-1694. DOI: 
https://doi.org/10.1016/b978-008044637-0/50252-3 
[3] Greiner, R. and Derler, P. (1995). Effect of imperfections on wind-loaded cylindrical shells, Thin-Walled Structures, Vol. 23, 
pp.271-281. DOI: https://doi.org/10.1016/0263-8231(95)00016-7 
[4] Rotter, J.M. and Teng, J.G. (1989). Elastic stability of cylindrical shells with weld depressions, Journal of Structural Engineering, 
ASCE, Vol. 115, No. 5, pp.1244-1263. DOI: https://doi.org/10.1061/(asce)0733-9445(1989)115:5(1244) 
[5] Teng, J.G. and Rotter, J.M. (1992). Buckling of pressurized axisymmetrically imperfect cylinders under axial loads, Journal of 
Engineering Mechanics, ASCE, Vol. 118, No. 2, pp.229-247. DOI: https://doi.org/10.1061/(asce)0733-9399(1992)118:2(229) 
[6] Macdonald, P.A., Kwok, K.C.S. and Holmes, J.D. (1988). Wind loads on circular storage bins, silos and tanks: I. Point pressure 
measurements on isolated structures, Journal of Wind Engineering and Industrial Aerodynamics, Vol. 31, pp.165-188. DOI: 
https://doi.org/10.1016/0167-6105(88)90003-7 
[7] GB 50009－2001 (2002). Load code for the design of building structures, Press of Chinese constructional industry, Beijing, China 
(in Chinese).  
[8] DIN 18800-4 (1990). Structural Steelwork Analysis of Safety against Buckling of Shells, Deutsches Institut fur Normung, Berlin, 
German.  



[9] Karamanos, A.K. (2002). Bending instabilities of elastic tubes, International Journal of Solids and Structures, Vol. 39, p.2059-
(2085). DOI: https://doi.org/10.1016/s0020-7683(02)00085-9 
 
 
H.-R. Meyer-Piening (1), M. Farshad (2), B. Geier (3), and R. Zimmermann (3),  
(1) ETH Zürich, Switzerland 
(2) Swiss Federal Laboratories for Materials Testing and Research (EMPA) Dübendorf, Switzerland 
(3) DLR, Braunschweig, Germany 
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ABSTRACT: During the years 1994 – 1999 a European research project under the title “Design and Validation 
of Imperfection-Tolerant Laminated Shells” (DEVILS) was carried out. In this project 11 European partners 
were involved. A goal of the project was an analytical and experimental study of the buckling behavior of thin-
walled carbon fibre reinforced polymer (CFRP) laminated shells under combined axial and torsion loading. An 
additional aim was to compose a guideline for the dimensioning of such shells. This paper deals with the 
experimental and the analytical work conducted by DLR (Institute of Structural Mechanics, Braunschweig), 
ETH Zurich (former Institute of Lightweight Structures and Ropeways) and EMPA Dübendorf (Department of 
Polymers/Composites) in that project. The study was aimed at the determination of buckling loads of circular 
cylindrical shells of different laminate lay-ups. Nine shells were tested at DLR in Braunschweig for axial 
compression and at EMPA in Dübendorf under axial load and under combined axial compression and 
superimposed torsion. To determine the geometrical quality the internal and external surfaces of the specimens 
were mapped. ETH used photogrammetry and laser scanning prior to loading, while EMPA applied coordinate 
measurements for the unloaded shells and Moire projection to monitor the lateral deflection of the cylindrical 
wall during loading and after buckling. At DLR strain measurements were performed to assess regularity of the 
load distribution throughout the loading. The investigation showed that buckling loads of cylinders which are 
imperfection-sensitive under axial loading may not be so sensitive to combined loads. Furthermore, it was 
found that the stiffness eccentricity of the laminate played a significant role on the magnitude of the axial 
buckling load, while for combined loads this effect was somewhat reduced. This paper contains the results of 
those tests and also the comparison with results of analytical investigations and FE modeling. The obtained data 
can be used as benchmark reference. 
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Thin-Walled Structures, doi:10.1016/S0020-7462(01)00089-0 
ABSTRACT: On the basis of extensive buckling tests and analytical and numerical buckling analyses for 
composite cylinders it became desirable to provide a recommendation for the most reliable evaluation of 
stability limits for imperfect CFRP cylinders subjected to axial compression. This paper reports on different 
approaches including linear, non-linear and dynamic non-linear FE analysis results and discusses the related 
effects and potential difficulties. 
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8, No. 5, pp. 281-394, September 2006, DOI: 10.1177/1099636206064825 
ABSTRACT: This article deals with the linear static and buckling analysis of an asymmetric square sandwich 
plate with orthotropic stiffness properties in the face layers. Two analytical formulations related to thin and 
thick face layers, respectively, have been taken from (Zenkert, D. (1995). An Introduction to Sandwich 
Construction, Chameleon Press Ltd, London, UK (ISBN 0 947817 77 8)), slightly modified to account for 
unequal faces, orthotropic properties in the face layers, and individual Poisson’s ratios, and applied to square 
sandwich plates of 1 m lateral dimension and a variety of different face layer thickness. All cases assume 



simply supported edges. The obtained deflections and buckling loads are compared with the results of a 3D 
analysis (Meyer-Piening, H.-R. (2004). Application of the Elasticity Solution to Linear Sandwich Beam, Plate 
and Shell Analyses, J. of Sandwich Structures & Materials, 6(4): 295-312) and of finite element calculations. 
The objectives of this study are to gain insight into the limits of validity of the published formulas in view of 
unequal thick face layers and orthotropic properties. The obtained results are meant to serve as a benchmark for 
further studies. 
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PARTIAL INTRODUCTION: In systems with a large aspect ratio, a band of solutions with different 
wavenumbers q may exist above the instability threshold. … 
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compute perturbed bifurcations: Application to the buckling of imperfect elastic structures”, International 
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ABSTRACT: We present a new asymptotic-numerical method for the buckling analysis of imperfect elastic 
structures. It improves the classical estimate given by the theories of postbuckling or of perturbed bifurcation. 
By this way, we are able to compute numerically a class of nonlinear problems by inverting only one stiffness 
matrix. 
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“Influence of distributed and localized imperfections on the buckling of cyindrical shells under external 
pressure”, International Journal of Solids and Structures, Vol. 29, No. 1, 1992, pp. 1-25, 
doi:10.1016/0020-7683(92)90092-8 
ABSTRACT: The influence of distributed and/or localized imperfections on the buckling load is analysed 
within the framework of cellular bifurcation theory. We propose analytical formulae for the reduction of the 
critical buckling pressure of those shells in the presence of various types of imperfections. 
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“Singular perturbation analysis of the buckling of circular cylindrical shells”, European Journal of Mechanics - 
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ABSTRACT: This paper deals with the buckling of thin cylindrical shells with very large Batdorf parameters 
under external pressure. We first perform a simplified analysis from which we obtain explicit formulae for the 
critical load. An asymptotic analysis is carried out with a view to determining the effects of the boundary 
conditions on the critical loads and buckling shapes. The inverse of the Batdorf parameter is the convenient 
small parameter of the analysis. Among the whole set of boundary conditions, the axial boundary conditions are 
found to be have crucially important at the first order. This analysis also shows the existence of boundary layers 
in which the remaining boundary conditions are only significant at the second order, at the very most. 
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“Buckling Analysis Based on Polycristalline Plasticity”, Revue de Mecanique Appliquee et Theorique, Vol. 1, 
No. 1, 2000, pp. 41-61 
ABSTRACT: We revisit the delicate problem of choosing an appropriate constitutive law to model buckling of 
thin walled structures. The classical flow and deformation theories are compared with a micromechanical 
model. We establish that a polycrystalline modelling is able to explain why the deformation theory is better than 
the flow theory to predict plastic buckling. This comparison is achieved for a simple buckling problem, with a 
view to design characterization tests for the evaluation of the tangent stiffness matrix. 
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ABSTRACT: Severe thin strip cold rolling conditions usually induce heterogeneity of in-bite plastic 
deformation always translated to irregular stress field. This stress field may dwell sufficiently compressive in 
several out-of-bite areas to cause buckling (flatness defects) which generates stress reorganisation in rolled strip 
and probably affects the bite zone. Hence, out-of-bite buckling, in-bite elastic-(visco)plastic deformation and 
thermo-mechanical roll-stack/strip interaction may be strongly coupled. However, a completely coupled model 
providing realistic rolled strip shape specially when flatness defects occur is not easy to establish. This call for 
two ways of flatness defect modelling in thin strip rolling: with a completely coupled approach but using a 
simple buckling criterion, or using an uncoupled approach by chaining strip rolling model calculation with shell 
element models presenting good buckling computing capabilities. Our objective is the improvement of the flat 
product rolling – specialized FEM software Lam3/Tec3 [1] using Counhaye simple buckling criterion [3] and 
Asymptotic Numerical Method (ANM) for shell element model [9,10] respectively with coupled and uncouple 
approaches detailed in the present paper. These two approaches bring computed stress profiles to very good 
agreement with experiments and the most important result at this stage is the weak influence of buckling on in-
bite stress and strain fields providing a more rigorous justification of the traditional decoupled methods [2,5-8].  
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“Numerical Study of Cracked Titanium Shell under Compression”, Advanced Materials Research (Volumes 
264 - 265), June 2011, pp. 490-495, doi: 10.4028/www.scientific.net/AMR.264-265.490 
ABSTRACT: In many industrial conditions, light thin titanium shells are well used under various severe 
loading conditions. It is of interest to know the real conditions that govern the instability of a cracked panel 
subject to buckling loads in order to conserve as maximum as possible the strength of the structure. Several 
parameters can be varied in order to achieve this objective. The aim of this study is to determine the evolution 
of these parameters in order to achieve optimal crack propagation conditions while keeping these parameters 
within “reasonable” limits of physical and economic feasibility. For the purpose of the current study the 
considered structure can be regarded as thin cylindrical shell of radius r, thickness t with an initial through crack 
of length a. The titanium cylindrical shell is sealed on one edge and compression is applied on the other. An 
additional applied pressure can generates a stress and deformation field around the crack tip that has bending 
stresses and membrane stresses and appears as a bulge around the crack area. This paper give details of a 
simulation with FEA numerical analysis that determine governing instability conditions of a Titanium shell 
under particular loading conditions and to put in light the effect of bulging on the stress intensity factor at the 
crack tips. This bulging factor measures the severity of the stress intensity in the bulged crack compared to a 
plane shell subjected to equivalent loading conditions. 
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ABSTRACT: In this paper we present the elastic postbuckling theory, but we introduce two modifications with 
respect to its classical statement. First, we account for the influence of symmetries. Second, the singularities 
will be classified according to their robustness, what was introduced by Catastrophe Theory. Various recent 
progresses are discussed ; mathematical foundations of the energy criterion, buckling of structures with a large 
aspect ratio, contribution of catastrophe theory ... 
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Vol. 37, Nos. 46-47, November 2000, pp. 6981-7001, doi:10.1016/S0020-7683(99)00323-6 
ABSTRACT: A continuation algorithm is presented with a new predictor, which is based on a rational 
representation of the solution path. This algorithm belongs to the class of asymptotic numerical methods that 
connect perturbation techniques with a discretization principle without the use of a correction process. Several 
examples from shell buckling and from contact mechanics are analyzed, to assess the efficiency and the 
reliability of the method. 
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ABSTRACT: In the framework of the cellular bifurcation theory, we investigate the effect of distributed and/or 
localized imperfections on the buckling of long cylindrical shells under axial compression. Using a double scale 
perturbative approach including modes interaction, we establish that the evolution of amplitudes of instability 
patterns is governed by a non-homogeneous second order system of three non-linear complex equations. The 
localized imperfections are included by employing jump conditions for their amplitude and permitting 
discontinuous derivatives. By solving these amplitude equations, we show the influence of distributed and/or 
localized imperfections on the reduction of the critical load. To assess the validity of the present method, our 
results are compared to those given by two finite element codes. 
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(ACOMEN 2002), doi:10.1016/j.cam.2003.05.010 
ABSTRACT: In this paper the buckling and post-buckling of elastic structures taking into account large 
rotations are investigated using an asymptotic-numerical method. The critical points are detected by two 
different ways: first by a bifurcation indicator, second by analysing the poles of a Padé approximant. The first 
step of the post-buckling branch is computed starting from the bifurcation point and using an extended system. 
The remaining bifurcating branch is followed by the same algorithm as for the fundamental path. Several 
examples are tested to show the effectiveness of the proposed method. 
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“Buckling of a functionally graded coating with an embedded crack bonded to a homogeneous substrate”, 
International Journal of Fracture, Vol. 142, Nos. 1-2, 2006, pp. 137-150,  
doi: 10.1007/s10704-006-9031-8 
ABSTRACT: In an attempt to simulate buckling of nonuniform coatings, we consider the problem of an 
embedded crack in a functionally graded coating bonded to a homogeneous substrate subjected to a 
compressive loading. The coating is graded in the thickness direction and the material gradient is orthogonal to 
the crack direction which is parallel with the free surface. The loading consists of a uniform compressive strain 
applied away from the crack region. The graded coating is modeled as a nonhomogeneous medium with an 
isotropic stress-strain law. Using a nonlinear continuum theory and a suitable perturbation technique, the plane 
strain problem is reduced to an eigenvalue problem describing the onset of buckling. Using integral transforms, 
the resulting plane elasticity equations are converted analytically into singular integral equations which are 
solved numerically to give the critical buckling strain and the corresponding crack opening displacement 
shapes. The main objective of the paper is to study the influence of material nonhomogeneity on the buckling 
resistance of the graded layer for various crack positions and coating thicknesses. 
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F. Khouli, R.G. Langlois and F.F. Afagh (Department of Mechanical and Aerospace Engineering, Carleton 
University, Ottawa, Ontario, Canada), “Anslysis of active closed cross-section slender beams based on 
asymptotically correct thin-wall beam theory”, Smart Materials and Structures, Vol. 18, No. 1, January 2007 
ABSTRACT: An asymptotically correct theory for multi-cell thin-wall anisotropic slender beams that includes 
the shell bending strain measures is extended to include embedded active fibre composites (AFCs). A closed-
form solution of the asymptotically correct cross-sectional actuation force and moments is obtained. Active 
thin-wall beam theories found in the literature neglect the shell bending strains, which lead to incorrect 
predictions for certain cross-sections, while the theory presented is shown to overcome this shortcoming. The 
theory is implemented and verified against single-cell examples that were solved using the University of 
Michigan/Variational Beam Sectional Analysis (UM/VABS) software. The stiffness constants and the actuation 
vector are obtained for two-cell and three-cell active cross-sections. The theory is argued to be reliable for 
efficient initial design analysis and interdisciplinary parametric or optimization studies of thin-wall closed 
cross-section slender beams with no initial twist or obliqueness. 
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“Lateral buckling of thin-walled beam-column elements under combined axial and bending loads”, Thin-Walled 
Structures, Vol. 46, No. 3, March 2008, pp. 290-302, doi:10.1016/j.tws.2007.07.017 
ABSTRACT: Based on a non-linear stability model, analytical solutions are derived for simply supported 
beam-column elements with bi-symmetric I sections under combined bending and axial forces. An unique 
compact closed-form is used for some representative load cases needed in design. It includes first-order bending 
distribution, load height level, pre-buckling deflection effects and presence of axial loads. The proposed 
solutions are validated by recourse to non-linear FEM software where shell elements are used in mesh process. 
The agreement of the proposed solutions with bifurcations observed on non-linear equilibrium paths is good. It 
is proved that classical linear stability solutions underestimate the real resistance of such element in lateral 
buckling stability especially for I section with large flanges. Numerical study of incidence of axial forces on 
lateral buckling resistance of redundant beams is carried out. When axial displacements of a beam are prevented 
important tension axial forces are generated in the beam. This results in important reduction of displacements 
and for some sections, the beam behaviour becomes non-linear without any bifurcation. 
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Numerical Methods in Engineering, Vol. 50, No. 5, pp 1017-1038, February 2001 
DOI: 10.1002/1097-0207(20010220)50:5<1017::AID-NME47>3.0.CO;2-2 
ABSTRACT: New results are presented for the finite element analysis of wrinkling in curved elastic 
membranes under-going large deformation. Concise continuum level governing equations are derived in which 
singularities are eliminated. A simple and efficient algorithm with robust convergence properties is established 
to find the real strain and stress of the wrinkled membrane for Hookean materials. The continuum theory is 
implemented into a finite element code. Explicit formulas for the internal forces and the tangent stiffness matrix 
are derived. Numerical examples are presented that demonstrate the effectiveness of the new theory for 
predicting wrinkling in membranes undergoing large deformation. 
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Joseph R. Blandino, John D. Johnston and Umil K. Dharamsi, “Corner wrinkling of a square membrane due to 
symmetric mechanical loads”, AIAA Journal of Spacecraft and Rockets, Col. 39, No. 5, September-October 
2002 
ABSTRACT: Thin-film membrane structures are under consideration for use in many future gossamer 
spacecraft systems. Examples include sunshields for large-aperture telescopes, solar sails, and membrane optics. 
The development of capabilities for testing and analyzing pretensioned, thin-film membrane structures is an 
important and challenging aspect of gossamer spacecraft technology development. Results are presented from 
experimental and computational studies performed to characterize the wrinkling behavior of thin-film 
membranes under mechanical loading. The test article is a 500-mm-square Kapton membrane subjected to 
symmetric corner loads. Data are presented for loads ranging from 0.49 to 4.91 N. The experimental results 
show that as the load increases the number of wrinkles increases, while the wrinkle amplitude decreases. The 
computational model uses a finite element implementation of Stein–Hedgepeth membrane wrinkling theory to 
predict the behavior of the membrane. Comparisons were made with experimental results for the wrinkle angle 
and wrinkled region. There was reasonably good agreement between the measured wrinkle angle and the 
predicted directions of the major principle stresses. The shape of the wrinkled region predicted by the finite 
element model matches that observed in the experiments; however, the size of the predicted region is smaller 
that that determined in the experiments.  
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square membrane under tensile loading. 44th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, 
and Materials Conference, Norfolk, USA. AIAA, Reston, USA, AIAA Paper No. 2003-1982. 
ABSTRACT: A buckling solution and a non-linear post buckling solution were employed for the wrinkling 
analysis of a tensioned Kapton square membrane. The buckling solution with significantly reduced bending 
stiffness creates localized buckling modes accounting for the wrinkle formation in the membrane. The non-
linear post buckling solution with an updated Lagrangian scheme describes the detailed wrinkle evolution 
during the loading process. Simulations show wrinkle amplitudes decrease as the tension load increases. The 
wrinkle number and distribution remain stable until loads exceed a certain level, then new wrinkles occur 
usually by splitting from existing wrinkles. The evolution of existing wrinkles and formation of new wrinkles in 
simulations are consistent with experimental observations.  
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Methods in Engineering, Vol. 58, No. 12,  pp 1785-1801, November 2003, DOI: 10.1002/nme.832 
ABSTRACT: In this paper three fundamental issues regarding modeling and analysis of wrinkled membranes 
are addressed. First, a new membrane model with viable Young's modulus and Poisson's ratio is proposed, 
which physically characterizes stress relaxation phenomena in membrane wrinkling, and expresses taut, 
wrinkled and slack states of a membrane in a systematic manner. Second, a parametric variational principle is 
developed for the new membrane model. Third, by the variational principle, the original membrane problem is 
converted to a non-linear complementarity problem in mathematical programming. A parametric finite element 
discretization and a smoothing Newton method are then used for numerical solution. The proposed membrane 
model and numerical method are capable of delivering convergent results for membranes with a mixture of 
wrinkled and slack regions, without iteration of membrane stresses. Three numerical examples are provided. 
 
 
Riccardo Rossi, Massimiliano Lazzari, Renato Vitaliani and Eugenio Onate, “Simulation of light-weight 
membrane structures by wrinkling model”, Numerical Methods in Engineering, Vol. 62, No. 15, pp 2127-2153, 
April 2005, DOI: 10.1002/nme.1266 
ABSTRACT: The computational challenge in dealing with membrane systems is closely connected to the lack 
of bending stiffness that constitutes the main feature of this category of structures. This manifests numerically 
in badly conditioned or singular systems requiring the use of stabilized solution procedures, in our case of a 
‘pseudo-dynamic’ approach. The absence of the flexural stiffness makes the membrane very prone to local 
instabilities which manifest physically in the formation of little ‘waves’ in ‘compressed’ areas. Current work 
presents an efficient, sub-iteration free ‘explicit’, penalty material based, wrinkling simulation procedure 
suitable for the solution of ‘static’ problems. The procedure is stabilized by taking full advantage of the pseudo-
dynamic solution strategy, which allows to retain the elemental quadratic convergence properties inside the 
single solution step. Results are validated by comparison with published results and by setting up ‘numerical 
experiments’ based on the solution of test cases using dense meshes. 
 
 
Yasuyuki Miyazaki, “Wrinkle/slack model and finite element dynamics of membrane”, Numerical Methods in 
Engineering, Vol. 66, No. 7, pp 1179-1209, May 2006, DOI: 10.1002/nme.1588 
ABSTRACT: This paper reviews conventional wrinkle models for anisotropic membrane and shows the 
relation between the models. A new wrinkle model is proposed which assumes virtual shear as well as virtual 
elongation of the membrane to estimate the real strain in the wrinkled region. This model coincides with the 
other models if the virtual shear and elongation is determined so that the strain energy is minimized. Another 
wrinkle/slack model is proposed for the dynamic analysis of thin isotropic membrane undergoing large overall 
motion with wrinkle and slack. It can take into account the residual compressive stress in the wrinkled and slack 
regions, i.e. the stiffness in the post-buckling state. It is shown that the proposed model is a generalization of the 
conventional ones. Finite element formulation of the proposed model is described. Furthermore, the energy 
momentum conservation framework is constructed for the proposed membrane element, which achieves the 
unconditionally stable time integration. The total of the proposed method enables us to compute the overall 
motion of thin isotropic membrane such as the deployment of folded membrane, which has been one of the 
most difficult problems in aerospace engineering. 
 
 
T. Akita, K. Nakashino, M.C. Natori and K.C. Park, “A simple computer implementation of membrane wrinkle 
behaviour via a projection technique”, Numerical Methods in Engineering, Vol. 71, No. 10, pp 1231-1259, 
September 2007, DOI: 10.1002/nme.1990 
ABSTRACT: A simple computer implementation of membrane wrinkle behaviour is presented within the 
classical elastic plane stress constitutive model. In the present method, a projection technique is utilized for 
modelling of the wrinkle mechanisms, in which the total strains in wrinkled membranes are decomposed into 
elastic and zero-strain energy parts, and a projection matrix that extracts the elastic parts from the total strains is 
derived. The resulting modified elasticity matrix that represents the stress–strain relations in wrinkled 
membranes is thus obtained as product of the classical elasticity matrix and the projection matrix. The modified 
elasticity matrix is straightforward to implement within the context of the finite element method. Numerical 



examples are presented to demonstrate the accuracy and effectiveness of the proposed method. 
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“Influence of local wrinkling on membrane behaviour: A new approach by the technique of slowly variable 
Fourier coefficients”, Journal of the Mechanics and Physics of Solids, Vol. 58, No. 8, August 2010, pp. 1139-
1153, doi:10.1016/j.jmps.2010.04.002 
ABSTRACT: In this paper, a new technique using slowly variable Fourier coefficients and the asymptotic 
Landau–Ginzburg approach are re-discussed and compared. The aim is to define simple macroscopic models 
describing the influence of local wrinkling on membrane behaviour. This question is analyzed by considering 
the simple example of a beam resting on a non-linear Winkler foundation. 
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ABSTRACT: This paper presents a detailed experimental study of the formation and evolution of the wrinkle 
pattern that form in flat elastic and isotropic membranes under the action of in-plane tension. The experiments 
were carried out on a cruciform specimen stretched along two uncoupled axes using various loading paths. The 
wrinkled shapes of the membrane were digitized by using a full-field measurement based on the fringe analysis 
method. Over this experiment, several phenomena were observed: the mechanism of wrinkle division, the 
influence of the membrane thickness on the wrinkle pattern, and the reproducibility of a kinematic configuration 
of wrinkles. The main result is that non-unique wrinkle shapes have been observed over repeated experiments 



for nominally identical boundary conditions. The uncertainty of the experimental wrinkle shape has been 
explained using comparison with the results of a post-buckling finite element analysis. 
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ABSTRACT: Membrane modeling in the presence of wrinkling is revisited from a multi-scale point of view. In 
the engineering literature, wrinkling is generally accounted at a macroscopic level by nonlinear constitutive 
laws without compressive stiffness, but these models ignore the properties of wrinkles, such as their 
wavelength, their size and spatial distribution. A new multi-scale approach is discussed that belongs to the 
family of Ginzburg- Landau bifurcation equations. By using the method of Fourier series with variable 
coefficients, several nonlinear macroscopic models are derived that couple the membrane response with 
equations governing the evolution of the wrinkles. Contrary to previous approaches, these macroscopic models 



are completely deduced from the “microscopic” shell model without any phenomenological assumptions. Some 
analytical and numerical solutions are discussed that prove the relevance of the presented modeling. A new 
class of models has been established. It permits to predict the characteristics of the wrinkles and their influence 
on membrane behavior. 
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and shear loading”, Columbia International Publishing, Journal of Vivbration Analysis, Measurement, and 
Control, Vol. 3, No. 1, pp 17-33, 2015, DOI: 10.7726/jvamc.2015.1002  
ABSTRACT: This paper presents a detailed Finite Element Analysis study of the formation and evolution of 
wrinkle pattern that observed in stretched thin membranes. The model problem is set up under the various load 
conditions. As a precondition for wrinkling, development of compressive stresses in the transverse direction is 
found to depend on both the length-to-width aspect ratio & thickness of the rectangular membrane. Shape and 
size of wrinkle also depends on applied tensile strain and shear strain. The analysis has been done in two parts; 
in first part we see the effect of thickness of membrane and number of element variation on number of wrinkles 
and eigenvalue frequency. In second part, two-dimensional stress analysis is performed under the plane-stress 
condition to finding out stretch-induced stress distribution patterns in the elastic membrane. The analysis has 
been carried out on the rectangular membrane with tensile loading with assuming imperfections in the structure 
with the ABAQUS a commercially available finite element package. Wrinkling patterns are presented to show 
how wrinkle formation with increasing shear loads, tensile loads, membrane thickness and number of elements.  
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“Wrinkling of tympanic membrane under unbalanced pressure”, ASME Journal of Applied Mechanics, Vol. 84, 
No. 4, 041002, February 2017, Paper No. JAM-16-1622, DOI: 10.1115/1.4035858 
ABSTRACT: Mechanics of tympanic membrane (TM) is crucial for investigating the acoustic transmission 
through the ear. In this study, we studied the wrinkling behavior of tympanic membrane when it is exposed to 
mismatched air pressure between the ambient and the middle ear. The Rayleigh–Ritz method is adopted to 
analyze the critical wrinkling pressure and the fundamental eigenmode. An approximate analytical solution is 
obtained and validated by finite element analysis (FEA). The model will be useful in future investigations on 
how the wrinkling deformation of the TM alters the acoustic transmission function of the ear. 
 
 
Sia Nemat-Nasser, Jeom Yong Choi, Jon B. Isaacs, and David W. Lischer (University of California, San Diego, 
Center of Excellence for Advanced Materials 9500 Gilman Drive, La Jolla, CA 92093-0416), “Experimental 
Observation of High-rate Buckling of Thin Cylindrical Shape-memory Shells”, Smart Structures and Materials 
2005: Active Materials: Behavior and Mechanics, 347 Edited by William D. Armstrong, Proceedings of SPIE 
Vol. 5761 (SPIE, Bellingham, WA, 2005) doi: 10.1117/12.600238 
ABSTRACT: We investigate the buckling behavior of thin cylindrical shape-memory shells at room 
temperature, using a modified split Hopkinson bar and an Instron hydraulic testing machine. The quasi-static 
buckling response is directly observed using a digital camera with a close-up lens and two back mirrors. A high-
speed Imacon 200 framing camera is used to record the dynamic buckling modes. The shape-memory shells 
with an austenite-finish temperature less than the room temperature, buckle gradually and gracefully in quasi-
static loading, and fully recover upon unloading, showing a superelastic property, whereas when suitably 
annealed, the shells do not recover spontaneously upon unloading, but they do so once heated, showing a shape-
memory effect. The gradual and graceful buckling of the shape-memory shells is associated with the stress-
induced martensite formation and seems to have a profound effect on the unstable deformations of thin 
structures made from shape-memory alloys. 
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dynamic buckling of thin cylindrical shape-memory shells”, Journal of Applied Mechanics, Vol. 73, No. 5, pp 
825-, August 2006, DOI: 10.1115/1.2165241 
ABSTRACT: To investigate the buckling behavior of thin and relatively thick cylindrical shape-memory shells, 
uniaxial compression tests are performed at a 295 K initial temperature, using the CEAM/UCSD's modified 
split Hopkinson bar systems and an Instron hydraulic testing machine. The quasi-static buckling response of the 
shells is directly observed and recorded using a digital camera with a close-up lens and two back mirrors. To 
document the dynamic buckling modes, a high-speed Imacon 200 framing camera is used. The shape-memory 
shells with an austenite-finish temperature of A(f) = 281 K, buckle gradually and gracefully in quasi-static 
loading, and fully recover upon unloading, showing a superelastic property, whereas when suitably annealed, 
the shells do not recover spontaneously upon unloading, but they do so once heated, showing a shape-memory 
effect. The thin shells had a common thickness of 0.125 mm a common outer radius of 2.25 mm (i.e., a common 
radius, R, to thickness, t, ratio, R/t, of 18). A shell with the ratio of length, L, to diameter D (L/D) of 1.5 
buckled under a quasi-static load by forming a nonsymmetric chessboard pattern, while with a L/D of 1.95 the 
buckling started with the formation of symmetrical rings which then changed into a nonsymmetric chessboard 
pattern. A similar buckling mode is also observed under a dynamic loading condition for a shell with L/D of 2. 
However thicker shells, with 0.5 mm thickness and radius 4 mm (R/t = 8), buckled under a dynamic loading 
condition by the formation of a symmetrical ring pattern. For comparison, we have also tested shells of similar 
geometry but made of steel and aluminum. In the case of the steel shells with constrained end conditions, the 
buckling, which consists of nonsymmetric (no rings) folds (chessboard patterns), is sudden and catastrophic, 
and involves no recovery upon unloading. The gradual buckling of the shape-memory shells is associated with 
the stress-induced martensite formation and seems to have a profound effect on the unstable deformations of 
thin structures made from shape-memory alloys. 
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“Experimental and computational evaluation of compressive response of single and hex-arrayed aluminum 
tubes”, Journal of Mechanics of Materials and Structures, Vol. 2, No. 10, December 2007 
ABSTRACT: We report experiments and simulations of the dynamic and quasistatic compressive response of 
single and hex-arrayed thick aluminum tubes. The investigation aims to further characterize how tube-based 
sandwich structures absorb energy. First, we study by compression tests the quasistatic buckling of single tubes 
of 7075 aluminum, an alloy showing sufficient ductility and plasticity to make it potentially a good choice for 
energy absorbing devices. The experiments show geometry-dependent buckling modes. The corresponding 
finite element numerical simulations correlate well and will help estimate the maximum load level, and the 
buckling and postbuckling responses. Second, we study the dynamic buckling of sandwiched, hex-arrayed 3003 
aluminum tubes. The simulations and experimental results correlate well and show a remarkable increase in 
energy absorbing capacity, which is caused by the postbuckling interaction of neighboring tubes. They also 
show that, as the tube spacing is decreased, the overall energy absorbed increases significantly. We also 
simulate how varying tube length and thickness affect the buckling of the array under dynamic loading.  
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“Quasi-static and dynamic buckling of thin cylindrical shape-memory shells”, Journal of Applied Mechanics, 
Vol. 73, September 2006, DOI: 10.1115/1.2165241 
ABSTRACT: To investigate the buckling behavior of thin and relatively thick cylindrical shape-memory shells, 
uniaxial compression tests are performed at a 295 K initial temperature, using the CEAM/UCSD’s modified 
split Hopkinson bar systems and an Instron hydraulic testing machine. The quasi-static buckling response of the 
shells is directly observed and recorded using a digital camera with a close-up lens and two back mirrors. To 
document the dynamic buckling modes, a high-speed Imacon 200 framing camera is used. The shape-memory 
shells with an austenite-finish temperature of Af =281 K, buckle gradually and gracefully in quasi-static 
loading, and fully recover upon unloading, showing a superelastic property, whereas when suitably annealed, 
the shells do not recover spontaneously upon unloading, but they do so once heated, showing a shape-memory 
effect. The thin shells had a common thickness of 0.125 mm a common outer radius of 2.25 mm (i.e., a common 
radius, R, to thickness, t, ratio, R/t, of 18). A shell with the ratio of length, L, to diameter, D L/D of 1.5 buckled 
under a quasi-static load by forming a nonsymmetric chessboard pattern, while with a L/D of 1.95 the buckling 
started with the formation of symmetrical rings which then changed into a nonsymmetric chessboard pattern. A 
similar buckling mode is also observed under a dynamic loading condition for a shell with L/D of 2. However, 
thicker shells, with 0.5 mm thickness and radius 4 mm R/t=8, buckled under a dynamic loading condition by the 
formation of a symmetrical ring pattern. For comparison, we have also tested shells of similar geometry but 
made of steel and aluminum. In the case of the steel shells with constrained end conditions, the buckling, which 
consists of nonsymmetric (no rings) folds (chessboard patterns), is sudden and catastrophic, and involves no 
recovery upon unloading. The gradual buckling of the shape-memory shells is associated with the stress-
induced martensite formation and seems to have a profound effect on the unstable deformations of thin 
structures made from shape-memory alloys.  
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“Thermal post-buckling analysis of shape memory alloy hybrid composite shell panels”, Smart Materials and 
Structures, Vol. 13, No. 6, 1337, 2004 , doi:10.1088/0964-1726/13/6/006 
ABSTRACT: The thermal post-buckling responses of shape memory alloy hybrid composite (SMAHC) shell 
panels are investigated using a finite element method formulated on the basis of the layerwise theory. The von 
Karman nonlinear displacement–strain relationships are applied to consider large deflections due to thermal 
loads. The cylindrical arc-length method is used to take account of the snapping phenomenon which is an 
unstable behavior observed in the shell panels. A nonlinear finite element procedure based on Brinson's model 
is developed to investigate the behaviors of shape memory alloy (SMA) wire. The results of numerical analysis 
show that the recovery stresses of SMA wires can enhance the stiffness of structure and the SMAHC shell panel 
exhibits superior behaviors of thermal post-buckling compared to the conventional composite panel. It is also 
shown that embedding SMA wires in a composite structure can prevent the unstable post-buckling behavior.  
 
 
Xinzhen He, Huadong Yong and Youhe Zhou (Key Laboratory of Mechanics on Disaster and Environment, 
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University, Lanzhou, Gansu 730000, People's Republic of China), “The characteristics and stability of a 
dielectric elastomer spherical shell with a thick wall”, Smart Materials and Structures, Vol. 20, No. 5, 2011, 
doi:10.1088/0964-1726/20/5/055016 
ABSTRACT: When a voltage is applied between the internal and external surface of a dielectric elastomer 
spherical shell, positive charges appear on one surface and negative charges on the other. This gives rise to 
Coulomb forces between opposite charges, generating a pressure. Thus, the shell reduces in thickness and 
stretches in area, and a higher electric field is produced. This positive feedback may make the shell continually 
thin down, eventually causing electrical instability. In this paper we use the neo-Hookean model and the 
Arruda–Boyce model to analyze the electromechanical instability of the thick-walled shell respectively. The 
electric field in the shell is inhomogeneous and varies with the radius of the shell. The instability in spherical 
shells with different thicknesses and boundary conditions is discussed. When the elastomer obeys the Arruda–
Boyce model, the stability is related to the parameter n. The spherical shell will appear with snap-through 
instability and pull-in instability for different values of the parameter n. 
 
 
Guanghui Shi, Qingsheng Yang and Qiang Zhang (Beijing Univ. of Technology, China), “Investigation of 
buckling behavior of carbon nanotube/shape memory polymer composite shell”, Proc. SPIE 8409, Third 
International Conference on Smart Materials and Nanotechnology in Engineering, 840916 (April 2, 2012); 
doi:10.1117/12.923313 
ABSTRACT: Shape memory polymer (SMP) is a class of smart materials used in intelligent biomedical devices 
and industrial application as sensors or actuators for their ability to change shape under a predetermined 
stimulus. Carbon nanotube (CNT)/shape memory polymer (SMP) composites demonstrate good mechanical 
properties and shape memory effect. In this work, a model of CNT/SMP composite shell with a vaulted cross-
section was established. This composite shell structure could further elevate the recovery stress of CNT/SMP 
composites. The folding properties of CNT/SMP composite shell structure were analyzed by finite element 
method and the influence of structural parameters on the buckling behavior of the shell was studied using the 
energy conservation principle. The results indicate that vaulted cross-section shell had unique mechanical 
properties. The structural parameters, such as the vaulted radius and the total length have a great impact on 
buckling moment of the shell. This shell structure is expected to achieve effective control of buckling and 
deploying process, relying on the special shape memory property of SMP and high elastic modulus CNTs. 
Moreover, it could also largely avoid the vibration problem during the deploying process. 
 
 
Mahmoud Reza Amini and Sia Nemat-Nasser (Center of Excellence for Advanced Materials Department of 
Mechanical and Aerospace Engineering University of California, San Diego, 9500 Gilman Drive, La Jolla, CA 
92093-0416), “Dynamic Buckling and Recovery of Thin Cylindrical Shape Memory Shells”, Smart Structures 
and Materials 2005: Active Materials: Behavior and Mechanics, edited by William D. Armstrong. Proceedings 
of SPIE Vol. 5761 (SPIE, Bellingham, WA, 2005). 0277-786X/05/$15. doi: 10.1117/12/601178 
ABSTRACT: Shape-memory alloys can sustain relatively large strains and fully recover without noticeable 
residual strains. This is referred to as superelasticity. We have been studying quasi-static and dynamic buckling 
of relatively thin circular cylindrical shells consisting of shape-memory alloys in order to understand the 
response when used as the core of the sandwich structures. The work consists of experimental characterization 
of the buckling process, as well as numerical simulation. For comparison, we have also studied both dynamic 
and quasi-static buckling of aluminum tubes of similar dimensions. This presentation will focus on numerical 
simulation of dynamic buckling of these tubes and correlation with experimental observations. 
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G.J. Simitses and I. Sheinman, “Static and Dynamic Buckling of Pressure-Loaded, Ring-Stiffened Cylindrical 
Shells”, Journal of Ship Research, Vol. 27, No. 2, pp 113-120, June 1983 
ABSTRACT: The analysis of imperfect, stiffened, thin circular cylindrical shells, subjected to suddenly applied 
pressure, is presented. Moreover, a solution scheme for the complete (including post-limit point behavior) static 
analysis is described. The concept of dynamic stability is discussed for suddenly loaded structures. In addition, 
a fairly complete review of the reported works on the subject is presented. Results are presented for a ring-
stiffened geometry. These include critical dynamic loads, critical static loads (limit point loads), as well as 
minimum post-limit point loads. 
 
 
A. Tabiei and G. Simitses (Department of Aerospace Engineering and Engineering Mechanics, University of 
Cincinnati, Cincinnati, OH 45221, U.S.A.), “Imperfection sensitivity of shear deformable moderately thick 
laminated cylindrical shells”, Computers & Structures, Vol. 62, No. 1, January 1997, pp. 165-174, 
doi:10.1016/S0045-7949(96)00237-4 
ABSTRACT: The problem of instability of imperfect, laminated, circular cylindrical shells under the action of 
uniform axial compression is investigated. The analysis is based on nonlinear kinematic relations where the 
effect of transverse shear deformation is taken into account. The buckling is assumed to be elastic and the 
geometry to have initial geometric imperfections. The kinematic relations, governing equations and the related 
boundary conditions for the nonlinear analysis are derived and presented. A solution methodology has been 
developed and employed in generating results. The imperfection sensitivity is investigated. The results obtained 
indicate that geometric imperfections have little effect on the limit point load for moderately thick cylindrical 
shells. 
 
 
A. Tabiei and Y. Jiang (Department of Aerospace Engineering and Engineering Mechanics, University of 
Cincinnati, Cincinnati, OH 45221-0070, U.S.A.), “Instability of laminated cylindrical shells with material non-
linear effect”, International Journal of Non-Linear Mechanics, Vol. 33, No. 3, May 1998, pp. 407-415, 
doi:10.1016/S0020-7462(97)00030-9 
ABSTRACT: An analytical methodology is presented to study the post-buckling behavior of laminated 
cylindrical shells under axial compression and lateral pressure. Non-linear inplane stress-strain relations for 
transverse (E22) and shear (G12) modulus is considered. The user defined material subroutine UMAT in finite 
element analysis package, ABAQUS, with an updated Lagrangian formulation, and large displacement and 
small strain kinematic relations, is employed in this study. Numerical analyses are conducted to demonstrate the 
effect of material non-linearity and stacking sequence on the post-buckling behavior of laminated shells. 
 
 
Romil Tanov and Ala Tabiei (Center of Excellence in LS-DYNA Analysis University of Cincinnati, Cincinnati, 
OH 45221-00700, “Static and Dynamic Buckling of Laminated Composite Shells”, Mechanics of Composite 
Materials and Structures, 1999, 6:195-206. 
ABSTRACT: This paper presents the results from numerical investigation of the behavior of cylindrical 



laminated shells subjected to suddenly applied loading. A numerical approach is used combining the finite 
element method with two different stability criteria namely the Budiansky-Roth and the phase-plane buckling 
criteria. In the finite element analysis an explicit time integration scheme is used implemented in the LS-DYNA 
commercial code. The response of the composite shells has been investigated at the presence and absence of 
static preloading. Results are presented for different values of the shell length, imperfection factors, stacking 
sequence, and laminae orientation, and for different static preloading magnitudes. Based on the presented 
results important conclusions can be drawn concerning the shell behavior and its sensitivity to different system 
parameter variations. 
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ABSTRACT: The present work concentrates on the development of correct representation of the transverse 



shear strains and stresses in Mindlin-type displacement-based shell finite elements. The formulation utilizes the 
robust standard first-order shear deformation shell finite element for implementation of the proposed 
representation of the transverse shear stresses and strains. In this manner the need for the shear correction factor 
is eliminated. In addition, modification to any existing shell finite element for the correct representation of 
transverse shear quantities is minimal. Some modifications to correct Mindlin-type elements are presented in 
the literature. These modifications correct the distribution of the transverse shear stresses only and use the 
constant transverse shear strains through the thickness. As compared to the above, the present formulation uses 
the correct distribution and is consistent for both transverse shear stresses as well as transverse shear strains. 
 
 
Romil R. Tanov (Department of Aerospace Engineering, University of Cincinnati), “A Contribution to the 
Finite Element Formulation for the Analysis of Composite Sandwich Shells”, PhD Dissertation, 2000 
ABSTRACT: The ultimate goal of the present research is to come up with an accurate and efficient analysis 
approach for composite and sandwich shells, which is simple enough to be capable of implementing into a FE 
code without significantly affecting its computational efficiency, and at the same time gives good accuracy in 
predicting the behavior of layered shells. It has to be capable of accurately modeling both overall behavior, and 
the local distribution of strains and stresses in all layers and all constituents in the composite laminae. Two 
different approaches are utilized in the attempt to fulfill the final research objective of the present work. First, a 
homogenization procedure for the FE analysis of sandwich shells is developed. The procedure works on the 
material constitutive level. A homogenization of the sandwich shell is performed at each call of the 
corresponding constitutive subroutine. Thus the sandwich nature of the problem is hidden from the main FE 
program. As a consequence there is no need to develop a new shell element formulation, but instead the 
available homogeneous shell elements in the utilized FE code can be used for the analysis of sandwich shells. 
However, the defined homogenization procedure works with first order shear deformable shell elements, which 
sets a limit to the accuracy with which the transverse distribution of the unknowns is represented. To overcome 
this, a higher order shear deformable shell element is formulated and implemented into a general nonlinear 
explicit FE code. Using the differential equilibrium equations and the interlayer requirements, special treatment 
is developed for the transverse shear, resulting in a continuous, piecewise quartic distribution of the transverse 
shear stresses through the shell thickness. A similar approach is applied to the transverse normal stresses, which 
are represented by a continuous piecewise cubic function. The FE implementation is cast into a 4-noded 
quadrilateral shell element with 9 degrees of freedom per node. Only C0 continuity of the displacement 
functions is required in the shell plane, which makes the present formulation applicable to the most popular 4-
noded bilinear isoparametric shell elements. Expressions are developed for the critical time step of the explicit 
time integration for orthotropic homogeneous and layered shells based on the developed third order 
formulation. Finally, to be able to analyze shells with woven composite layers, two micromechanical models for 
analysis of woven fabric composites are developed. Both models utilize the representative volume cell approach 
and divide a representative unit of the woven lamina into sub-cells of homogeneous material. Starting with the 
average strains in the representative volume cell and based on continuity requirements at the sub-cell interfaces, 
the strains and stresses in the composite constituents are determined as well as the average stresses in the 
lamina. Equivalent homogenized material properties are also determined. Their very good accuracy together 
with the simplicity of formulation makes these models attractive for the nonlinear FE analysis of composite 
laminates and can be efficiently utilized in explicit and implicit FE codes. The formulations developed within 
the research provide an efficient analysis approach to layered shells including sandwich shells with composite 
facings. Furthermore, the developed micromechanical models can be used to determine the stress and strain 
fields in the composite layer constituents. This would enable important strength and durability phenomena as 
failure, damage, and property degradation of the constituents to be included into the FE analysis of layered 
shells. 
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10.4028/www.scientific.net/KEM.306-308.49 
ABSTRACT: The presence of cracks or similar imperfections can considerably reduce the buckling load of a 



shell structure. In this paper, buckling analysis of cylindrical shells with a longitudinal crack is presented. 
Numerical buckling analyses of cylindrical shells were performed using FEM, and verified by experiment. The 
numerical analyses and experiments were conducted for several crack lengths and radius of curvature, and two 
different boundary conditions were applied, i.e. simply support and clamp in all sides. The results show the 
effect of the presence of crack to the critical buckling load of the shells. There are good agreements between 
experimental and numerical results. 
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ABSTRACT: The presence of cracks or similar imperfections can considerably reduce the buckling load of a 
shell structure. In this paper, buckling analysis of cylindrical shells with a longitudinal crack is presented. 
Numerical buckling analyses of cylindrical shells were performed using FEM, and verified by experiment. The 
numerical analyses and experiments were conducted for several crack lengths and radius of curvature, and two 
different boundary conditions were applied, i.e. simply support and clamp in all sides. The results show the 
effect of the presence of crack to the critical buckling load of the shells. There are good agreements between 
experimental and numerical results. 
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International Conference on….,  ISBN 978-1-4244-2692-8, 9-12 Aug. 2009, pp. 4267-4271, 
doi: 10.1109/ICMA.2009.5246529 
ABSTRACT: The theoretical analysis of finite element method for buckling phenomenon to finite-sized shell 
structure is first introduced. Then, a real application using a probe for detecting the pressure inside turboprops is 
analyzed thoroughly with ANSYS10.0, including section profile, dimensions, and local characteristics. Based 
on the solved results, several rules between critical load and influence factors are obtained, which would be 
helpful for similar structures design and application. Finally, several useful conclusions about the best profile 
and ratio between dimensions are obtained. 
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“Reduced stiffness axial load buckling of cylinders”, International Journal of Solids and Structures, Vol. 19, 
No.5, 1983, pp. 461-477, doi:10.1016/0020-7683(83)90056-2 
ABSTRACT: A reduced stiffness method is presented for the estimation of lower bounds to the imperfection 
sensitive general buckling of axially loaded, orthotropcally stiffened, elastic cylinders. It predicts many 
previously inexplicable empirical observations and provides lower bounds to the scatter of available test 
buckling loads, thus becoming useful as a design tool. 
 
 
Yamada, S. and Croll, J. (1989), ”Buckling Behavior of Pressure Loaded Cylindrical Panels.”, ASCE J. Eng. 
Mech., 115(2), 327–344. 
ABSTRACT: Buckling of pressure loaded cylindrical panels is investigated using a fully nonlinear Ritz solution 
procedure and a classical bifurcation analysis of an idealized model. The dialectic between these two 
contrasting approaches is shown to produce greater understanding than if either one of them were to be used 
alone. Apart from illuminating the specific buckling behavior of the pressure loaded panel and demonstrating 
the lower boundedness of the reduced stiffness analytical procedure, the paper suggests that a similar interplay 
between classical and numerical analysis could be useful in elucidating behavior and providing design analysis 
procedures for many other shell buckling problems. 
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“Buckling and Post-buckling Characteristics of Pressure-Loaded Cylinders”, Journal of Applied Mechanics, 
Vol. 60, No. 2, pp. 290-299, June 1993, DOI: 10.1115/1.2900792 
ABSTRACT: Nonlinear Ritz analysis is used to investigate the elastic buckling behavior of pressure loaded 
cylinders. Careful analysis of the energy changes during the buckling process allows definition of a reduced 
stiffness theoretical model. This reduced stiffness model provides a convenient means for estimating lower 
bounds to the imperfection sensitive elastic buckling behavior. 
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Structures, Vol. 23, Nos. 1-4, 1995, pp. 67-84, Special Issue: Buckling Strength of Imperfection-sensitive 
Shells, doi:10.1016/0263-8231(95)00005-X 
ABSTRACT: The ‘reduced stiffness method’ for the analysis of shell buckling was developed to overcome a 
trend towards increasingly sophisticated analysis that has become divorced from its basically simple underlying 
physics. This paper outlines the developments of the reduced stiffness method from its origins in the late 1960s, 
through its experimental confirmation, generalisation and elaboration over the past 20 years, to its more recent 
consolidation using carefully controlled non-linear numerical experiments. It is suggested that the method has 
now reached a stage where it could profitably be adopted as a basis for an improved shell buckling design 
methodology. 
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“Reduced-stiffness method in the theory of buckling of stiffened shells”, Strength of Materials, Vol. 32, No. 2, 
2000, pp. 168-177, doi: 10.1007/BF02511677 
ABSTRACT: The reduced-stiffness method is used to establish the lower bounds of buckling loads for stringer- 
or ring-stiffened cylindrical shells. The numerical results obtained by using this method are compared with the 
experimental data. We also consider the problem of applicability of the reduced-stiffness method in design 
practice as well as the prospects for its development and generalization. 
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J.G.A. Croll: The following text is most of a July 8, 2013, email message from J. G. A. Croll to Chris Calladine 
and Mike Thompson, with copies to Allan McRobie, John Hutchinson, Isaac Elishakoff, Giles Hunt, Alan 
Champneys, Gert Van Der Heijden, Mark Peletier, David Bushnell: 
I have been arguing the case for the remarkably simple and effective reduced stiffness method for more than 40 
years. For the first 15 or so years the theory was founded upon simple mechanics reasoning and some 



remarkably good correlations between its predictions and experimental observation, for wide classes of shell 
buckling problem. You may also recall that at the IUTAM Symposium we held in London (1982) Professor 
Yamaki brought over a number of his co-workers who presented to the best of my understanding the first fully 
non-linear analysis of axial load shell buckling; this reproduced in every detail carefully conducted 
experimental observation on shells for which the precise form of the initial geometric imperfections had been 
recorded. After the IUTAM Symposium I contacted Prof Yamaki to suggest we undertake a joint research 
programme to see if the predictions from reduced stiffness theory could be reproduced through carefully 
controlled numerical experiment in which the levels and forms of initial imperfection could be systematically 
varied in order to accurately identify the lower bounds. Yamaki’s response was to send to London one of the 
young researchers, Dr Seishi Yamada, who had developed their so successful non-linear shell buckling analysis 
algorithm. Seishi spent a year working with me in I think 1986 and we had been working together since in what 
I believe has been an extremely successful collaboration. This has allowed the identification of the imperfection 
sensitive lower bounds for most of the classical shell buckling problems, and most gratifyingly the relevance of 
the reduced stiffness theory in predicting these lower bounds. For his remarkable contributions Seishi was 
awarded a Gold medal by the Japan Architectural Institute.    

Were it not for Seishi’s tragic and untimely death a few weeks ago I would probably have not taken the time to 
respond to the dialogue your very interesting paper has generated. After all, if more than 200 papers by 
increasingly large numbers of independent workers has not convinced you and others of the relevance of the 
RSM [Reduced Stiffness Method], it is unlike any short email within the context of this discussion will change 
too many minds! But I have to say I have found it difficult to understand why so many good friends and 
colleagues have found it so difficult to accept the beautiful simplicity of the RSM and the remarkable 
effectiveness of its predictions. 

I would of course welcome the chance to enter into any discussion as to the relevance of the RSM with your 
contributors. 

Ciao, Jim 

ps  here is a selection of articles describing various contributions showing the relevance of the RSM; some of 
these might be of interest.          
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A. A. Popov, J. M. T. Thompson and J. G. A. Croll, “Bifurcation Analyses in the Parametrically Excited 
Vibrations of Cylindrical Panels”, Nonlinear Dynamics, Vol. 17, No. 3, 1998, pp. 205-225, 
doi: 10.1023/A:1008396603655 
ABSTRACT: We consider parametrically excited vibrations of shallow cylindrical panels. The governing 
system of two coupled nonlinear partial differential equations is discretized by using the Bubnov–Galerkin 
method. The computations are simplified significantly by the application of computer algebra, and as a result 
low dimensional models of shell vibrations are readily obtained. After applying numerical continuation 
techniques and ideas from dynamical systems theory, complete bifurcation diagrams are constructed. Our 
principal aim is to investigate the interaction between different modes of shell vibrations under parametric 
excitation. Results for system models with four of the lowest modes are reported. We essentially investigate 
periodic solutions, their stability and bifurcations within the range of excitation frequency that corresponds to 
the parametric resonances at the lowest mode of vibration. 
 
 
S.M. Vereshchaka, “Buckling stability of multilayer plates and shells with interfacial structural defects under 
axial compression”, Mechanics of Composite Materials, Vol. 43, No. 4, pp 345-358, July 2007 
DOI: 10.1007/s11029-007-0032-0 
ABSTRACT: Based on the discrete-structural theory of thin plates and shells, a variant of the equations of 
buckling stability, containing a parameter of critical loading, is put forward for the thin-walled elements of a 
layered structure with a weakened interfacial contact. It is assumed that the transverse shear and compression 
stresses are equal on the interfaces. Elastic slippage is allowed over the interfaces between adjacent layers. The 
stability equations include the components of geometrically nonlinear moment subcritical buckling conditions 
for the compressed thin-walled elements. The buckling of two-layer transversely isotropic plates and cylinders 
under axial compression is investigated numerically and experimentally. It is found that variations in the 
kinematic and static contact conditions on the interfaces of layered thin-walled structural members greatly affect 
the magnitude of critical stresses. In solving test problems, a comparative analysis of the results of stability 
calculations for anisotropic plates and shells is performed with account of both perfect and weakened contacts 
between adjacent layers. It is found that the model variant suggested adequately reflects the behavior of layered 
thin-walled structural elements in calculating their buckling stability. 
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Niladri Kanta, “Design of a thin concrete shell roof”, Master’s thesis, Delft University of Technology, June 
2015 
ABSTRACT: This master thesis involves the design of a roof for a basketball arena, which has a capacity of 
20,000 spectators and it needs to be designed as a concrete shell structure. The size of the stadium is large 
enough to demand a long spanned shell structure. This thesis attempts to find an elegant solution to this 
problem, which combines aesthetic and structural beauty with efficiency during construction. These points are 
judged to be important aspects of a complete structural design. A literature study is done in an attempt to create 
a plan for the design of the shell roof. The general theory of shells is studied to understand their forms, 
structural behaviour and modes of failure. This helps the designer to understand the mechanics of shells which 
heavily influence the design procedure. Prominent shell designers of yesteryears and some of their projects are 
the next object of interest. Existing basketball arenas are also examined to find out the loading requirements for 
the roof in this thesis. The literature study is concluded by gathering details of high strength concrete and finite 
element software, both of which are relatively new in the shell industry. A design procedure is defined based on 
the findings of the studies mentioned above. The shell is chosen to be designed as a spherical dome. The initial 
geometrical details are stipulated after conducting sightline analysis, capacity calculations and hanging model 
analysis. Varying values of the span and thickness are chosen, leading to multiple design formulation, one of 
which is chosen based on a linear stability analysis. The selected design is then structurally investigated with 
inclusion of nonlinear effects and imperfections. The above mentioned process is executed using a combination 
of different softwares, for modelling, meshing and analyzing. Once the structural behaviour of has been 
verified, the stresses are checked and the design is finalized by defining the structural framework, and proposing 
the paneling and connection details.  
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“Auto-Parametric Resonance in Cylindrical Shells Using Geometric Averaging”, Journal of Sound and 
Vibration, Vol. 227, No. 1, October 1999, pp. 65-84, 
doi:10.1006/jsvi.1999.2325 
ABSTRACT: A study is presented of internal auto-parametric instabilities in the free non-linear vibrations of a 
cylindrical shell, focussed on two modes (a concertina mode and a chequerboard mode) whose non-linear 
interaction breaks the in–out symmetry of the linear vibration theory: the two mode interaction leads to 
preferred vibration patterns with larger deflection inwards than outwards, and at internal resonance, significant 
energy transfer occurs between the modes. A Rayleigh–Ritz discretization of the von Kármán–Donnell 
equations leads to the Hamiltonian and transformation into action-angle co-ordinates followed by averaging 
provides readily a geometric description of the modal interaction. It was established that the interaction should 
be most pronounced when there are slightly less than 2√N square chequerboard panels circumferentially, where 
N is the ratio of shell radius to thickness. 
 
 
A. A. Popov (School of Mechanical, Materials, Manufacturing Engineering and Management, University of 
Nottingham, University Park, Nottingham NG7 2RD, UK), “Parametric resonance in cylindrical shells: a case 
study in the nonlinear vibration of structural shells”, Engineering Structures, Vol. 25, No. 6, May 2003, pp. 789-
799, doi:10.1016/S0141-0296(03)00006-3 
ABSTRACT: The aim of this work is to demonstrate in a tutorial fashion how recent ideas and methods of 
bifurcation theory and nonlinear dynamics have improved the understanding of structural buckling under 
dynamic loads and vibration of shells under parametric excitation. The paper focuses on geometrically 
nonlinear forced vibrations of circular cylindrical shells. The emphasis is on fundamental issues and differences 
between results obtained by linear and nonlinear analysis. Analytical and numerical results for shell models are 
presented and discussed in the light of nonlinear mode interaction and parametric resonance. The main 
conclusion from the case studied is that linear theory provides only incomplete and in some cases inaccurate 
results, when the vibration amplitude becomes comparable to the shell thickness. 
 
 
A.A. Popov (School of Mechanical, Materials and Manufacturing Engineering and Management, University of 
Nottingham, University Park, Nottingham NG7 2RD, UK), “The application of Hamiltonian dynamics and 
averaging to nonlinear shell vibration”, Computers & Structures, Vol. 82, Nos. 31-32, December 2004, 
pp.2659-2670, Special Issue: Nonlinear Dynamics of Continuous Systems,  
doi:10.1016/j.compstruc.2004.03.078 
ABSTRACT: Internal auto-parametric instabilities in the nonlinear vibration of undamped and unloaded 
cylindrical shells are discussed. The focus is on the coupling between a few simple modes that can combine to 
break the in–out symmetry and give an energetically favourable pattern of deformation. When the ratio of the 
natural frequencies is close to a resonance, internal auto-parametric instability triggers energy transfer between 
some of the modes. A Rayleigh–Ritz discretization of the von Kármán–Donnell equations leads to the 
Hamiltonian and transformation into action-angle coordinates followed by averaging provides readily a 
geometric description of the modal interaction. It is established that the interaction should be most pronounced 
between concertina and chequerboard modes with no energy transfer between the chequerboard modes. A 



simple mechanical system that exhibits similar dynamics is the extensible (spring) spherical pendulum. 
 
 
J. G. A. Croll and G. D. Gavrilenko, “Substantiation of the method of reduced stiffness”, Strength of Materials, 
Vol. 30, No. 5, 1998, pp. 481-496, doi: 10.1007/BF02522630 
ABSTRACT: We suggest the theoretical fundamentals of the method of reduced stiffness for the determination 
of the lower bounds of sensitivity of longitudinally compressed shells whose shapes are close to cylindrical to 
imperfections of the shape under the conditions elastic buckling. The theoretical and experimental data 
demonstrating the validity of the method of reduced stiffness are also presented. 
 
 
J. G. A. Croll and G. D. Gavrilenko, “Reduced-stiffness method in the theory of smooth shells and the classical 
analysis of stability (review)”, Strength of Materials, Vol. 31, No. 2, 1999, pp. 138-154,  
doi: 10.1007/BF02511103 
ABSTRACT: We present a promising method for the investigation of the load-carrying capacity of imperfect 
shells based on simple analytic approaches. This method is called the reduced-stiffness method. In many cases, 
it enables one to obtain analytic relations for the estimation of the lower bounds of buckling loads for actual 
shells. We present the exact lower bounds of the buckling loads for compressed smooth cylindrical shells. For 
comparison, we also used the classical approach to the analysis of the critical loads for shells. 
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(1) Department of Civil and Environmental Engineering, Ehime University, 3, Bunkyo-cho, Matsuyama 790-
8577, Japan 
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“Reduced stiffness buckling of sandwich cylindrical shells under uniform external pressure”, Thin-Walled 
Structures, Vol. 43, No. 8, August 2005, pp. 1188-1201, doi:10.1016/j.tws.2005.03.006 
ABSTRACT: A reduced stiffness lower bound method for the buckling of laterally pressure loaded sandwich 
cylindrical shell is proposed. Also, an attempt is made to assess the validity of the proposed reduced stiffness 
lower bound with FEM numerical examples. In addition, the proposed method is compared with classical and 
Plantema's approaches of the buckling of the laterally pressure loaded sandwich cylindrical shell. Comparison 
of the proposed reduced stiffness lower bound with that obtained from non-linear FEM analysis verifies that it 
indeed provides a safe lower bound to the buckling of laterally pressure loaded sandwich cylindrical shells. The 
attractive feature of the proposed reduced stiffness method is that it can be readily used in designing laterally 
pressure loaded sandwich cylindrical shells without being concerned about geometrical imperfections. 
 
 
J. G. A. Croll, “Stability in shells,” Nonlinear Dynamics, vol. 43, no. 1-2, pp. 17–28, January 2006. 
DOI: 10.1007/s11071-006-0744-z 
ABSTRACT: This paper charts the various ways in which a close working relationship with Michael 
Thompson, during our early years within the Stability Research Group at UCL, came to have such a profound 
influence on the direction of my own research activities. In particular, his fascination with energy and its use in 
providing a systematic framework for looking at the initial post-buckling of systems was especially contagious, 
opening up for me new ways of approaching the interpretation of shell buckling. In a sense my own work 
moved from chaos to stability in shells while Mike's was the reverse. 
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“Lower bound buckling strength of axially loaded sandwich cylindrical shell under lateral pressure”, Thin-
Walled Structures, Vol. 44, No. 7, July 2006, pp. 800-807, doi:10.1016/j.tws.2006.04.013 
ABSTRACT: Effects of the lateral pressure on the FEM and reduced stiffness lower bound buckling strength of 
axially loaded sandwich cylindrical shell are examined. Further, a reduced stiffness lower bound buckling 
strength for the axially loaded sandwich cylindrical shell under lateral pressure is proposed. The effect of the 
lateral pressure on the FEM and reduced stiffness lower bounds are corresponding; it causes them to reduce 
slightly. However, reduced stiffness buckling mode shape remains the same. In addition, the proposed reduced 
stiffness lower bound buckling strength is shown to provide effective and valid for cores having different shear 
stiffness. It provides comparatively close lower bounds to short axially loaded sandwich cylindrical shells under 
lateral pressure. Further, it provides a safe lower bound that does not depend on precise geometrical 
imperfection spectra and lateral pressure and it is simple and easy to employ. 



 
 
E. G. Banchio and L. A. Godoy (Structures Department, National University of Cordoba, Cordoba, Argentina), 
“A new approach to evaluate imperfection sensitivity in asymmetric bifurcation buckling analysis,” Journal of 
the Brazilian Society of Mechanical Sciences, vol. 23, no. 1, pp. 23–40, 2001. 
ABSTRACT: A direct procedure for the evaluation of imperfection sensitivity in bifurcation problems is 
presented. The problems arise in the context of the general theory of elastic stability for discrete structural 
systems, in which the energy criterion of stability of structures and the total potential energy formulation are 
employed. In cases of bifurcation buckling the sensitivity of the critical load with respect to an imperfection 
parameter e is singular at the state given by e = 0, so that, a regular perturbation expansion of the solution is not 
possible. In this work we describe a direct procedure to obtain the relations between the critical loads, the 
generalized coordinates at the critical state, the eigenvector, and the amplitude of the imperfection, using 
singular perturbation analysis. The expansions are assumed in terms of arbitrary powers of the imperfection 
parameter, so that both exponents and coefficients of the expansion are unknown. The solution of the series 
exponents is obtained by searching the least degenerate solution. The formulation is here applied to asymmetric 
bifurcations, for which explicit expressions of the coefficients are obtained. The use of the method is illustrated 
by a simple example, which allows consideration of the main features of the formulation. 
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“Computation of lower-bound elastic buckling loads using general-purpose finite element codes”, Computers & 
Structures, Vol. 84, Nos. 29-30, November 2006, pp. 1934-1945, doi:10.1016/j.compstruc.2006.08.016 
ABSTRACT: This paper investigates ways to have a computational implementation of a lower bound approach 
for the buckling of imperfection-sensitive shells using general purpose finite element codes. This approach was 
developed by Croll and others, and has been mainly employed by developing special purpose programs or 
analytical solutions. However, it is felt that this limits the possibilities of the user, and this shortcoming is 
addressed in the paper. First, the formulation is presented in a way to highlight what computations can be done 
following a reduced energy approach. Then, a methodology is implemented in conjunction with a general 
purpose program to compute the lower bound buckling load for cylindrical shells with different geometric 
configurations under uniform pressure. The accuracy of the procedure and the difficulties in the 



implementation, depending on the finite element chosen for the discretization are shown. Results demonstrate 
that the proposed reduced energy model can predict the lower bound load for cylindrical shells under uniform 
pressure distributions. 
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“A reduced stiffness approach for the buckling of open cylindrical tanks under wind loads”, Thin-Walled 
Structures, Vol. 45, No. 9, September 2007, pp. 727-736, doi:10.1016/j.tws.2007.07.001 
ABSTRACT: This paper reports on the implementation of a lower bound approach to the buckling analysis of 
cylindrical shells for tanks subjected to wind loads. The formulation is based on a reduced energy model of the 
shell adapted to a special purpose, semi-analytical, finite element program in which it is possible to separately 
compute the membrane and bending energy contributions. First, the energy components are investigated, in 
order to identify stabilizing and destabilizing contributions. Second, an eigenvalue analysis is carried out using 
a reduced value of the stiffness, in which membrane components are eliminated on the basis that they are 
assumed to be eroded as a result of mode coupling catalyzed by imperfections. The methodology is employed 
for thin-walled, above ground, tanks under wind pressures. It is shown that the resulting critical loads constitute 
lower bounds to those obtained using a nonlinear analysis of the shell, including imperfections, and also to 
those obtained from experiments. 
 
 
Hongtao Wang and James G.A. Croll (Department of Civil and Environmental Engineering University College 
London, WC1 E 6BT), “Optimisation of shell buckling using lower bound capacities”, Thin-Walled Structures, 
Vol. 46, Nos. 7-9, July-September 2008, pp. 1011-1020, Special issue to mark the Retiral of Professor Jim 
Rhodes, Founding Editor, doi:10.1016/j.tws.2008.01.035 
ABSTRACT: In the context of aerospace and marine applications there are considerable incentives for 
designers to adopt thin shells, whose performances are enhanced by appropriately chosen rib stiffeners or using 
high-performance composite materials. Imperfection-sensitive buckling in these circumstances is controlled by 
extremely high numbers of independent material and geometric parameters. As a basis for design, traditional 
reliance upon scatter of test results is suggested to be untenable and the increasing tendency to replace this 
approach by use of nonlinear finite elements is argued to bring with it all sorts of other quite considerable 
practical problems. This paper describes how the long established and very simple “reduced stiffness method” 
(RSM) is able to provide an alternative design strategy. It shows how a very straightforward extension of 
classical critical load analysis allows the definition of lower bounds to the potential imperfection sensitivity in 
each mode and consequently the delineation of the mode and load likely to provide the controlling influence on 
design. Reliability of its predictions is briefly demonstrated through comparisons with extensive test 
programmes and confirmation through carefully controlled nonlinear numerical studies. Use of the RSM is 
shown to offer scope for identifying material and geometric parameters that result in improved and even 
“optimum” buckling loads. Case studies from past and a current programme of research looking at the buckling 
of composite shells are used to illustrate this design potential. 
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University College London, London, WC1E 6BT, UK), “Finite Element Validation of s Lower-Bound Design 
Method for Optimising Buckling Capacities of FRP Shells”, (cocomat.de, publisher and date not given in the 
pdf file; most recent reference is 2007) 
ABSTRACT: The buckling loads of thin FRP laminated shells are sensitive to initial geometric imperfections. 
A large number of geometric and material variables prohibit the traditional lower-bound experimental design 
methodology for isotropic shells from being applied to composite shells. As an alternative, a so-called “reduced 



stiffness method” (RSM) has been applied to the lower-bound buckling analysis of FRP laminated shells. The 
RSM analysis has shown that the classical critical mode which gives the lowest reduced stiffness critical load is 
often different from the mode giving the minimum classical critical load. This paper presents a series of finite 
element numerical experiments to test the validity of the RSM. By examining the effects of initial imperfections 
in the form of the recognised classical critical modes, it is shown that the RSM provide a reliable lower-bound 
method for buckling design of FRP shells. 
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University of Illinois, Urbana, IL 61801, “Optimization for buckling resistance of fiber-composite laminate 
shells with and without cutouts”, Computers & Structures, Vol 22 (1992) 3-13 
ABSTRACT: A sequential linear programming method with a simple move-limit strategy is used to investigate 
the following three important buckling optinmization problems of composite shells: (1) optimization of fiber 
orientations for maximizing buckling resistance of composite shells without cutouts; (2) optimization of fiber 
orientations for maximizing buckling resistance of composite shells with circular cutouts; and (3) optimization 
of cutout geometry for maximizing buckling resistance of a composite shell. From the results of optimization 
study, it has been shown that, given a structural geometry, loading condition and material system, the buckling 
resistance of a cylindrical composite shell is strongly influenced by fiber orientations, end conditions, the 
presence of cutout and the geometry of cutout. 
 
 
Langhaar, Henry Louis and Boresi, Arthur Peter, “Buckling and post-buckling behavior of a cylindrical shell 
subjected to external pressure”, TAM Report 93, Dept. of Theoretical and Applied Mechanics (UIUC), April 
1956, http://www.ideals.illinois.edu/handle/2142/18754. 
ABSTRACT: In an earlier report (TAM Report No. 80), the authors considered the buckling and post-buckling 
behavior of an ideal elastic cylindrical shell loaded by uniform external pressure on its lateral surface, and by an 
axial compressive force. Assumptions were introduced which reduced the shell to a system with one degree of 
freedom. The present investigation is a generalization and a refinement of this theory. The shell is treated as a 
system with 21 degrees of freedom. By the imposition of constraints on the 21 generalized coordinates, various 
end conditions can be realized; for example, simply supported ends with flexible end plates (no axial 
constraint), simply supported ends with rigid end plates, and clamped ends. Also, effects of reinforcing rings 
have been incorporated in a more general way than in TAM Report No. 80. The restrictive assumption that the 
centroidal axis of a ring coincides with the middle surface of the shell has been eliminated. A pressure-
deflection curve for an ideal cylindrical shell that is loaded by external pressure has the general form shown in 
Figure 1. The falling part of the curve (dotted in the figure) represents unstable equilibrium configurations. 
Also, the continuation of line OE (dotted) represents unstable unbuckled configurations. Actually, the shell 
snaps from some configuration A to another configuration B, as indicated by the dashed line in Figure 1. 
Theoretically, point A coincides with the maximum point E on lhe curve, but initial imperfections and 
accidental disturbances prevent the shell from reaching this point. Point E is the buckling pressure of the 
classical infinitesimal theory (called the "Euler crítical pressure", since Euler applied the infinitesimal theory to 
columns). To some extent, point A is indeterminate, but it is presumably higher than the minimum point C 
unless the shell has excessive initial dents or lopsidedness. In TAM Report No. 80. a hypothesis of Tsien was 
used to locate point A. In the present investigation, point A is not considered. Rather, attention is focused on the 
development of a theory that will determine the en tire load-deflection curve. For short thick shells, such as the 
inter-ring bays of a submarine hull, the Euler critical pressures, determined by TAM Report No. 80, are too 
high, presumably because the assumption that the shell buckles without incremental hoop strain is inadmissible 
in this range. The present report corrects this error. Numerical data on the Euler critical pressures of shells with 



simply supported ends and flexible end plates have been obtained with the aid of lhe Illiac, an electronic digital 
computer. The data are tabulated at the end of this reporto For short shells without rings, the buckling pressures 
are appreciably lower than those determined by von Mises' theory. The numerical data for the Euler buckling 
pressures of sheUs with uniformly spaced reinforcing rings are sufficiently extensive to permit interpolation to 
estimate effects of various ring sizes. Some exploratory numerical investigations of post-buckling behavior have 
been conducted with the Illiac. lt is not feasible, at the present time, to handle nonlinear equilibrium problems 
for systems with 18 degrees of freedom. Consequently, for the numerical work, some higher harmonics were 
discarded so that the system was reduaed to 7 degrees of freedom. Even then, the numerical problem is 
formidable. The calculations were confined principally to the determination of the minimum point C on the 
post-buckling curve (Figure 1). The pressure at point C is the minimum pressure at which a buckled form can 
exist. It is found that the ordinate of point C, determined by TAM report No. 80, is somewhat too high. The two 
theories are compared by a table anq curves at the end of this report. 
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Technische Mechanik, Band 25, Heft 3-4, (2005), 218– 229 Manuskripteingang: 04. Juni 2005. 
ABSTRACT: Free vibrations and buckling under uniform external lateral pressure of a thin conic shell are 
analyzed. The asymptotic and finite element methods are used to obtain the vibration frequencies, critical loads, 
and vibrations and buckling modes. 
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SUMMARY: High-temperature thin-shell leading-edge buckling test data are analyzed using NASA 
STRUCTURAL ANALYSIS (NASTRAN) as a finite element tool for predicting thermal buckling 
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characteristics of cylindrical composite panels using layerwise theory”, Composite Structures, Vol. 51, No. 1, 
January 2001, pp. 49-61, doi:10.1016/S0263-8223(00)00123-9 
ABSTRACT: The thermal snapping and vibration analysis of cylindrical laminated panel subject to thermal 
load and pressure is performed using layerwise finite elements. To consider large deflections due to 
thermomechanical loads, von-Kármán nonlinear displacement–strain relationships based on the layerwise 
theory are applied. Cylindrical arc-length method is used to take into account the snapping phenomena. Thermal 
snapping and vibration characteristics versus various parameters such as thickness ratio, shallowness, boundary 
conditions and loading type are investigated. The present results show that thermal snapping changes vibration 
characteristics as well as static deformations. 
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“Non-linear static and dynamic instability of complete spherical shells using mixed finite element formulation”, 
International Journal of Non-Linear Mechanics, Vol. 38, No. 6, September 2003, pp. 923-934, 
doi:10.1016/S0020-7462(02)00038-0 
ABSTRACT: The finite element method based on the total Lagrangian description of the motion and the 
Hellinger–Reissner principle with independent strain is applied to investigate the non-linear static and dynamic 
responses of spherical laminated shells under external pressure. The non-linear dynamic problem is solved by 
employing the implicit time integration method. The critical load of thin spherical laminated panels is 
investigated by examining the static and dynamic responses. The critical dynamic load is determined by the 
phase-plane and the Budiansky–Roth criteria. The effect of the artificial coefficient of Rayleigh damping on the 
dynamic response is considered. The dynamic response with damping included converges to the static response. 
The damping coefficient greatly affects a highly non-linear dynamic response. For a thin spherical panel with 
the snapping phenomena, the critical dynamic load is lower than the static one. 
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“Thermal post-buckling analysis of shape memory alloy hybrid composite shell panels”, Smart Mater. Struct. 
13 1337 doi: 10.1088/0964-1726/13/6/006 
ABSTRACT: The thermal post-buckling responses of shape memory alloy hybrid composite (SMAHC) shell 
panels are investigated using a finite element method formulated on the basis of the layerwise theory. The von 
Kármán nonlinear displacement–strain relationships are applied to consider large deflections due to thermal 
loads. The cylindrical arc-length method is used to take account of the snapping phenomenon which is an 
unstable behavior observed in the shell panels. A nonlinear finite element procedure based on Brinson's model 
is developed to investigate the behaviors of shape memory alloy (SMA) wire. The results of numerical analysis 
show that the recovery stresses of SMA wires can enhance the stiffness of structure and the SMAHC shell panel 
exhibits superior behaviors of thermal post-buckling compared to the conventional composite panel. It is also 
shown that embedding SMA wires in a composite structure can prevent the unstable post-buckling behavior. 
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R.O.C.), “A finite element procedure for inelastic dynamic analysis of cylindrical structures”, Computers & 
Structures, Vol. 48, No. 3, August 1993, pp. 481-486, doi:10.1016/0045-7949(93)90325-8 
ABSTRACT: A finite element procedure for the inelastic dynamic analysis of cylindrical structures subjected to 
lateral dynamic load and axial thrust is given. The plastic strains developed in the structure are treated as 
fictitious equivalent loads and the neutral axis at each section is determined by using a subsection concept. 
Equations of motion are then solved numerically by the direction integration method. The finite element 
procedure is verified by the exact solution using a continuum analysis. Application of the procedure is made to 
investigate the effects of axial thrust on the inelastic dynamic response of a tall cylindrical structure. The 
present method may be applied to the analysis of practical designs of cylindrical structures. 
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“Buckling analysis of shape memory alloy reinforced composite laminates”, Composite Structures, Vol. 90, 
No.2, September 2009, pp. 188-195, doi:10.1016/j.compstruct.2009.03.007 
ABSTRACT: The effect of shape memory alloy (SMA) on the buckling behavior of a rectangular composite 
laminate was investigated by the finite element method. The influence of SMA on buckling of composite 
laminates by varying the SMA fiber spacing was studied. The formulation of the location-dependent stiffness 
matrix due to non-homogeneous material properties and the temperature-dependent recovery stress stiffness 
matrix were derived. The results show that the Active Strain Energy Tuning method is much better than the 
Active Property Tuning method in improving the buckling performance of the plate. When the SMA fibers are 
concentrated in the center area of the plate, the buckling load of the plate will be improved significantly. If the 
stiffness of the SMA layer is lower than other layers, the influence of the SMA on the buckling load of the plate 
will become subordinate. 
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“Snap-through dynamics of buckled IPMC actuator”, Sensors and Actuators A: Physical, Vol. 158, No. 2, 
March 2010, pp. 300-305, doi:10.1016/j.sna.2010.01.030 
ABSTRACT: The snap-through dynamics of bi-stable buckled IPMC actuators with double clamped boundary 



conditions was investigated to generate much larger displacement and periodical stable locomotion based on 
jumping phenomena with relative low input power. Among square, convex, and concave buckled IPMC 
actuators, the jumping phenomenon of the concave IPMC actuator was remarkably observed in the harmonic 
responses of high input voltage and low excitation frequency. Present results show that the end-shortening, the 
driving voltage and the excitation frequency of the double clamped IPMC actuators strongly affect the large 
deformation, rapid jumps, and low power consumption due to the snap-through phenomena. 
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“Thermal Post-buckling and Vibration Characteristics of Composite Conical Shell Structures”, (publisher and 
date not given in the pdf file; latest reference is 2006) 
ABSTRACT: The vibration and the thermal post-buckling responses of the composite conical shell structures 
are investigated. The nonlinear finite element formulations of the composite conical shell are derived based on 
the layerwise displacement theory. The von Karman nonlinear displacement strain relationships are applied to 
consider large deflections due to thermal loads. The cylindrical arc-length method is used to account for the 
snapping phenomenon. The effect of structural parameters, such as the semi-cone angle, thickness ratio, and 
shallowness angle (curvature), on the structural stability of composite conical shell subjected to thermal load is 
observed. 
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Theory”, Journal of Thermal Stresses, Vol. 32, Nos. 1 & 2, 2009, pp. 41-64, 
doi: 10.1080/01495730802540031 
ABSTRACT: The thermal post-buckling and vibration characteristics of composite conical shells are 
investigated using a finite element method. Based on the layerwise theory and the von Kármán displacement 
strain relationships, the nonlinear finite element equations of motion are derived for the thermoelastic response 
of the composite conical shell structure. The cylindrical arc-length method is used to account for the snapping 
phenomenon. The influence of the structural parameters, such as the semi-cone angle, thickness ratio, and 
shallowness angle (curvature), on the structural stability of the composite conical shell subjected to the thermal 
load is also observed. 
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“Helical Buckling of Pipes in Extended Reach and Horizontal Wells—Part 1: Preventing Helical Buckling”, 
ASME Journal of Energy Resources Technology, Vol. 115, No. 3, pp190-195, September 1993, 
doi:10.1115/1.2905992 
ABSTRACT: This paper studies the helical buckling of pipes (drillstring and tubing) in extended reach and 
horizontal wells, theoretically and experimentally, resulting in new equations to correctly predict and effectively 
prevent the helical buckling of pipes in such wells. The theoretical study shows that the so-called helical 
buckling load that appears in the current literature is only the average axial load in the helical buckling 
development process. The laboratory experiments confirm the theoretical analysis. The new helical buckling 
load equations are formalized by combining the theoretical analysis and the experimental results, thereby 
resolving the existing assumption-and-result inconsistency in the current literature. The new equation predicts 
the true helical buckling load to be about 1.3 times the so-called helical buckling load in the current literature, 
and about 1.8 times the critical buckling load that predicts the onset of sinusoidal buckling. Consequaently, 
larger bit weights or packer setting loads can be applied to increase the drilling rate or to ensure a proper seal, 
before the helical buckling of the pipes can occur. 
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“Helical Buckling of Pipes in Extended Reach and Horizontal Wells—Part 2: Frictional Drag Analysis”, ASME 
Journal of Energy Resources Technology, Vol. 115, No. 3, pp196-201, September 1993, doi:10.1115/1.2905993 
ABSTRACT: This paper studies the frictional drag of helically buckled pipes (drillstring and tubing) in 
extended reach and horizontal wells to correctly predict the actual bit weight or packer load, in cases where 
helical buckling of pipes may have occurred. Helical buckling of pipes in such wells may occur, since large 
axial loads are often required. The differential equation of axial force balance with considration of the axial 
friction for helically buckled pipes is resolved, and the solution shows that when the pipes are helically buckled, 
the frictional drag will become very large. The actual bit weight for drilling or packer load for well completion 
may therefore  become much smaller than estimated under the unbuckled pipe conditions. The analytical 



solution is also shown to agree with the results from laboratory experiments, which simulate the real wellbore-
pipe conditions. An example is provided to show the calculation procedure and the importance of the results. 
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“Buckling and Lockup of Tubulars in Inclined Wellbores”, Journal of Energy Resources Technology, Vol. 117, 
No. 3, pp. 208-213e, September 1995, DOI: 10.1115/1.2835342 
ABSTRACT: This paper studies sinusoidal and helical buckling of tubulars in inclined wellbores and the 
“lockup” of tubulars due to buckling. The results show that tubular buckling starts from the tubular bottom in 
low-inclination wellbores, where the axial compressive load is largest due to tubular weight. In high-inclination 
wellbores it may start from the top portion of the tubular, where the axial compressive load is largest due to 
frictional drag. This clarifies the confusion on whether or not the tubular buckles at once on its entire length in 
inclined wellbores. New sinusoidal and helical buckling load equations are presented to better predict tubular 
buckling in inclined wellbores (0–90 deg). The lower the wellbore inclination angle, the smaller the axial 
compressive load required to initiate tubular buckling. However, a certain nonzero axial compressive load is 
still needed to buckle the tubulars in vertical wellbores. When tubulars buckle helically, a large wall contact 
force will be generated, and the “slack-off” weight at the surface will not be fully transmitted to the tubular 
bottom due to large resultant frictional drag. The “lockup” of tubulars may even occur, where the tubular 
bottom load cannot be increased by slacking-off weight at the surface. 
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“Theoretical analyses of thermal post-buckling problems of liner shells”, Nuclear Engineering and Design, Vol. 
180, No. 3, April 1998, pp. 243-250, doi:10.1016/S0029-5493(97)00327-0 
ABSTRACT: The buckling of liner shells is a major problem in reactor containment design. In this paper, the 
local liner shell is considered as the liner plate with special initial imperfection form, based on which, Koiter's 
asymptotic theory of initial post-buckling is used to obtain expressions for the post-buckling equilibrium paths 
and post-buckling minimum loads for perfect and imperfect liner shells. The post-buckling behaviors of three 
liner shell models (four point-supported liner shell, clamped liner shell, and five-point-supported liner shell) are 
investigated. The influence of the initial imperfection stud spacing and liner thickness on the post-buckling 
minimum loads is also given. 
 
 
C.D. Babcock (Department of Aeronautical Engineering, California Institute of Technology), “The Propagating 
Buckle In Marine Pipelines”, Paper No. 82-M001, Annual Meeting Papers, Divison of Production, April 4 - 7, 
1982 , San Antonio, TX, Americal Petroleum Institute 
ABSTRACT AND INTRODUCTION: An investigation has been carried out in order to understand the 
dynamics of the propagating buckle and to find a basis for designing efficient and effective arresting devices. 
The velocity of propagation was measured as a function of diameter to thickness ratio and pressure. These were 
carried out in different pressure media. It was found that the propagation velocity is affected by the pressurizing 
medium used as well as the pressure. A methodology for experimentally studying the efficiency of arrestors was 
established. the so called \"Slip-On\" arrestor was studied using this method. An empirical formula is derived 
for the efficiency of this arrestor. It was also found that quasi-static design criteria underestimate the arrestor 
efficiency under dynamic conditions. Any gap between the arrestor and the pipe greatly reduces the efficiency. 
Introduction: The propagating buckle is one of the new problems that has appeared as a result of the increased 
interest in offshore natural resources. the problems can occur during offshore pipelaying operations when the 
pipe is under combination of loads such as external pressure and bending moment. A local buckling initiated by 
these loads can propagate down the pipeline if the external pressure is above a critical pressure known as the 



propagation pressure. A number of investigators (ref. 1, L) have studied the problem. Their studies resulted in 
empirical relations for the propagation pressure. Tests on some buckle arrestors designs (ref. 3) were also 
carried out. 
 
 
S. Kyriakides and P.K. Shaw (Department of Aerospace Engineering and Engineering Mechanics, The 
University of Texas at Austin, Austin, TX 78712, U.S.A.), “Response and stability of elastoplastic circular 
pipes under combined bending and external pressure”, International Journal of Solids and Structures, Vol. 18, 
No. 11, 1982, pp. 957-973, doi:10.1016/0020-7683(82)90086-5 
ABSTRACT: The response and stability of elastoplastic circular pipes under combined bending and external 
pressure are investigated both analytically as well as experimentally. A virtual work approach is used to 
formulate the problem, which results in a set of nonlinear algebraic equations which are solved numerically. 
The maximum moment and curvature for different pressures are determined as a function of the material and 
geometric parameters of the problem. For the range of parameters where limit load instability dominates, the 
results compare very well with experimental results for both steel and aluminium pipes. 
 
 
S. Kyriakides and S.-K. Youn (Department of Aerospace Engineering and Engineering Mechanics, The 
University of Texas at Austin, Austin, TX 78712, U.S.A.), “On the collapse of circular confined rings under 
external pressure”, International Journal of Solids and Structures, Vol. 20, No. 7, 1984, pp. 699-713, 
doi:10.1016/0020-7683(84)90025-8 
ABSTRACT: The paper presents a study of the large deflection collapse of circular rings confined in a rigid 
cavity under external pressure. The ring is assumed to be inextensional and to have an initial localized 
imperfection which causes a small section of its circumference to be detached from the confining wall. The 
cavity formed is pressurized and its growth examined. The formulation is general enough to allow for large 
deflections of the ring as well as material nonlinearities. The pressure versus change in volume response of the 
confined ring is found to be characterized by a limit load for both elastic and inelastic material behavior. The 
limit load is shown to be dependent on both the geometry of the initial imperfection as well as the yield and post 
yield characteristics of the ring material. The response beyond the limit load is unstable until the crown of the 
ring touches the opposite side after which it becomes stable again. 
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Texas at Austin, Austin, TX 78712, U.S.A), “Propagating buckles in long confined cylindrical shells”, 
International Journal of Solids and Structures, Vol. 22, No. 12, 1986, pp. 1579-1597, 
doi:10.1016/0020-7683(86)90064-8 
ABSTRACT: In many practical engineering applications, relatively stiff, long, circular cavities are lined with 
more compliant liner shells. Pressure applied through the porous walls of the confining medium can cause 
buckling of the shells. Such buckling is usually local in nature and occurs at a section with the biggest 
geometric imperfection. The paper presents experimental evidence which demonstrates that, once such a shell 
has been locally dented, a buckle which propagates within the confines of the cavity can be initiated. Such a 
buckle has the potential of completely collapsing the liner. The lowest pressure at which this buckle will 
propagate is established experimentally through a parametric study of the problem. The phenomenon is found to 
be physically similar to the propagating buckle problem which can develop in offshore pipelines. A difference 
is that in the case of the confined shell, the instability is shown to have a strong geometric dependence and, as a 
result, it can be developed in the case of thin elastic as well as elasto-plastic shells. 
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U.S.A.), “On the inflation of a long elastic tube in the presence of axial load”, International Journal of Solids 
and Structures, Vol. 26, Nos. 9-10, 1990, pp. 975-991, doi:10.1016/0020-7683(90)90012-K 
ABSTRACT: When inflating long circular tubes made from some rubber compounds it is possible for a 



localization type of instability to occur. The localization takes the form of a bulge which forms somewhere 
along the length of the tube. Further inflation results in axial enlargement of the bulged section. This occurs at a 
value of pressure which is substantially lower than the pressure at which the bulge was first initiated. The paper 
presents experimental and analytical results which show how the initiation and steady state propagation of such 
bulges in latex rubber tubes is affected by the presence of axial tensile load. 
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USA), “An experimental investigation of the degradation and buckling of circular tubes under cyclic bending 
and external pressure”, Thin-Walled Structures, Vol. 12, No. 3, 1991, pp. 229-263, 
doi:10.1016/0263-8231(91)90048-N 
ABSTRACT: Cyclic bending of tubes into the plastic range of the material leads to a progressive accumulation 
of ovalization of the tube cross-section. Persistent cycling leads to local catastrophic buckling of the tube. This 
paper presents an experimental study of the problem. The main objective of the study was to establish the effect 
of the cyclic bending history and of the external presdure on the rate of accumulation of ovalization and on the 
onset of instability. The cyclic loading histories examined include curvature symmetric bending, bending about 
a mean value of curvature and moment-controlled bending about a mean value of moment. The rate at which 
ovalization accumulates in curvature-controlled cyclic bending was found not to be significantly affected by a 
mean curvature in the cycles. Moment-controlled bending about a mean moment leads to ratcheting in curvature 
as well as in ovalization. External pressure accelerates the accumulation of ovalization and leads to buckling in 
fewer cycles than in the corresponding pure bending cases. This was found to be true for all bending histories 
considered. Significant similarities were observed between the response and onset of instability in the 
monotonic bending case and all cyclic bending cases. For a group of aluminum tubes instability was found to 
occur when the ovalization of the cross-section reached a critical value. This critical value was found to be 
relatively independent of the bending history followed. 
 
 
Stelios Kyriakides and Chang Yu-Chung (Engineering Mechanics Research Laboratory, Department of 
Aerospace Engineering and Engineering Mechanics, The University of Texas at Austin, Austin, TX 78712, 
U.S.A.), “The initiation and propagation of a localized instability in an inflated elastic tube”, International 
Journal of Solids and Structures, Vol. 27, No. 9, 1991, pp. 1085-1111, doi:10.1016/0020-7683(91)90113-T 
ABSTRACT: A thin elastic tube, when inflated, first expands to a cylindrical shape. after some deformation, 
this is interrupted by the development of a bulge somewhere along the length of the tube. For some rubber 
materials, the bulge initially grows with decreasing pressure, whereas the rest of the tube unloads. after growing 
to a certain diameter, the bulge starts spreading axially. This can occur at a well defined value of pressure which 
is much lower than the pressure required to initiate the bulge. the mechanisms through which the bulge is 
initiated, its initial growth and its eventual propagation along the length of the tube are studied experimentally 
and analytically. The results vividly illustrate localization and propagation types of instabilities which govern 
the mechanical behavior of a variety of solids and structures. 
 
 
S. Kyriakides and Y.C. Chang (Engineering Mechanics Research Laboratory, Department of Aerospace 
Engineering and Engineering Mechanics, The University of Texas at Austin, Austin, TX 78712, U.S.A.), “On 
the effect of axial tension on the propagation pressure of long cylindrical shells”, International Journal of 
Mechanical Sciences, Vol. 34, No. 1, January 1992, pp. 3-15, doi:10.1016/0020-7403(92)90049-M 
ABSTRACT: Local imperfections induced to long tubes subjected to high external pressures can lead to local 
collapse from which a propagating buckle can be initiated. This can result in catastrophic collapse of large 
sections of the structure. The lowest pressure at which such a buckle will propagate, known as the propagation 
pressure of the tube, is typically half an order of magnitude lower than the collapse pressure of the intact tube. 
In a number of modern deep water applications, long tubular structures are subject to high axial tension in 
addition to external pressure. The paper describes the results of an experimental study in which the propagation 
pressure of long metal tubes was measured in the presence of a constant, axial tensile force. Tension was found 



to significantly reduce the propagation pressure. A parametric study of the problem, augmented by a simple 
model of the phenomenon, has yielded approximate expressions for the propagation pressure in the presence of 
axial tension. 
 
 
J.Y. Dyau and S. Kyriakides (Engineering Mechanics Research Laboratory, Department of Aerospace 
Engineering and Engineering Mechanics, The University of Texas at Austin, Austin, TX 78712-1085, U.S.A.), 
“On the propagation pressure of long cylindrical shells under external pressure”, International Journal of 
Mechanical Sciences, Vol. 35, No. 8, August 1993, pp. 675-713, doi:10.1016/0020-7403(93)90018-P 
ABSTRACT: Local imperfections induced in long tubes subjected to high external pressures can lead to local 
collapse, from which a propagating buckle can be initiated. This can result in catastrophic collapse of large 
sections of the structure. The propagation pressure is the lowest pressure at which such a buckle will propagate. 
For common structural metal tubes with diameter-to-thickness ratios of less than 100, the propagation pressure 
is typically half an order of magnitude lower than the collapse pressure of the intact tubes. As a result, the 
design of several tubular structures with external pressure loading requires that the collapse and propagation 
pressures be accurately known. This paper deals with the experimental and analytical challenges of establishing 
the propagation pressure. A special purpose three-dimensional analysis, in combination with experimental 
observations and results, is used to demonstrate a mechanism of initiation of propagating buckles in long tubes, 
to study the parametric dependence of the propagation pressure and to illustrate the effect of axial tension on the 
propagation pressure. Propagation pressures predicted with this analysis are used to evaluate the strengths and 
weaknesses of simpler models developed in the past. 
 
 
S. Kyriakides, R. Arseculeratne, E. J. Perry and K. M. Liechti (Engineering Mechanics Research Laboratory, 
Department of Aerospace Engineering and Engineering Mechanics, The University of Texas at Austin, Austin, 
TX 78712, U.S.A.), “On the compressive failure of fiber reinforced composites”, International Journal of Solids 
and Structures, Vol. 32, Nos. 6-7, March-April 1995, pp. 689-738, Special Issue: Time Dependent Problems in 
Mechanics, doi:10.1016/0020-7683(94)00157-R 
ABSTRACT: In this paper a combination of experimentation and analysis is used to identify and study the 
mechanisms that govern the failure of unidirectional fiber composites under compression. The experimental part 
includes experiments in which the compressive strength and the prevalent failure mechanisms of AS4/PEEK 
composite are established, tests for establishing the constitutive properties of the composite and its constituents, 
and an evaluation of the extent of misalignment of fibers in manufactured composites. The failure load of the 
composite was confirmed to be affected by geometric imperfections in the form of fiber waviness, and failure 
was found to lead to kink bands with distinct orientations and widths. Motivated by the experimental findings, 
the composite was idealized as a two-dimensional solid with alternating fiber and matrix layers, each having the 
measured properties of the two constituents. The compressive responses of microsections of finite width with 
imperfections of various spatial distributions were established numerically. The calculated responses are 
characterized by an initially stiff, stable regime terminated by a limit load instability which is associated with 
the strength of the composite. Following the limit load, the deformation localized into inclined bands with 
distinct widths. It has been verified that, as the localization process progresses, the fiber bending stresses at the 
ends of these bands grow to values comparable to those of the fiber strength. The sensitivity of the calculated 
response to the geometric characteristics of the imperfections was studied parametrically. 
 
 
T. L. Power and S. Kyriakides (Engineering Mechanics Research Laboratory, Department of Aerospace 
Engineering and Engineering Mechanics, The University of Texas at Austin, Austin, Texas 78712, U.S.A.), 
“Circumferential stiffeners as buckle arrestors in long panels”, International Journal of Solids and Structures, 
Vol. 33, No. 13, May 1996, pp. 1837-1851, doi:10.1016/0020-7683(95)00133-6 
ABSTRACT: It is well known that certain larger structures are susceptible to a type of collapse which starts 
locally but under favorable conditions can spread and has the potential of affecting the whole structure. The 
lowest load which can sustain this spreading of collapse propagation load is usually significantly lower than the 
critical buckling load of the geometrically intact structure. As a result, the option of avoiding the potentiality of 



propagating collapse by using the propagation load as the design criterion can result in significant penalties in 
cost and weight. An alternative is to base the design on the critical buckling load of the structure while 
including periodic stiffeners to arrest potential propagating collapse and keep its effect local. This paper 
illustrates this new design philosophy through an example involving a long pressure-loaded panel with sparsely 
spaced circumferential stiffeners cast in the role of buckle arrestors. An analysis is presented which models the 
process of quasi-static buckle penetration through such a stiffener. A general measure of arresting performance 
is defined, based on the maximum pressure experienced during the penetration process. A general framework 
for establishing the dependence of the stiffener arresting efficiency on the problem parameters is developed. 
Furthermore, fundamental concepts regarding limiting values for stiffener length and thickness are introduced, 
and results are presented which indicate that in this problem short, thick stiffeners provide the most arresting 
capacity for a given amount of stiffener material. 
 
 
T.-D. Park and S. Kyriakides (Engineering Mechanics Research Laboratory, Department of Aerospace 
Engineering and Engineering Mechanics, The University of Texas at Austin, Austin, TX 78712, U.S.A.), “On 
the collapse of dented cylinders under external pressure”, International Journal of Mechanical Sciences, Vol. 38, 
No. 5, May 1996, pp. 557-578, doi:10.1016/0020-7403(95)00065-8 
ABSTRACT: In this paper the reduction in the collapse pressure of long cylinders which have local dents is 
evaluated through a combination of experiment and analysis. A number of stainless steel tubes, with diameter-
to-thickness ratios of approximately 33, 24 and 19, were indented to various degrees with spherical indentors of 
two diameters. The geometry of each dent was recorded using an imperfection scanning system and the 
cylinders were subsequently collapsed under external pressure. Denting reduces the local collapse resistance of 
the cylinder. For larger dents the collapse pressure was found to approach the propagation pressure of the tube. 
Collapse was found to be relatively insensitive to the detailed geometry of a dent but to be critically dependent 
on the maximum ovalization of its most deformed cross section (delta0d). The collapse pressures of tubes with 
dents produced by indentors of different diameters could be well correlated through this measure of the dent 
geometry. The denting and collapse processes were simulated numerically using appropriately nonlinear 
elastoplastic shell analyses. Both steps of such simulations were shown to be in good agreement with 
experimental results for a broad variation of the parameters of the problem. The key role of the geometric 
parameter delta0d was exploited in order to generate a Universal Collapse Resistance Curve for dented 
cylinders. It was possible to show that the post-limit load response (P - delta0d) of a cylinder, with a small but 
axially uniform initial ovality, provides a very good lower bound to the collapse pressures of the dented 
cylinders plotted against the dent parameter delta0d. The significance of this curve is that it can be used to 
estimate the reduction in the collapse pressure of a cylinder with any dent geometry from only one relatively 
simple measurement of the geometry of the dented section. 
 
 
T. J. Vogler and S. Kyriakides (Research Center for Mechanics of Solids, Structures & Materials, The 
University of Texas at Austin, Austin, TX 78712, U.S.A.), “Initiation and axial propagation of kink bands in 
fiber composites”, Acta Materialia, Vol. 45, No. 6, June 1997, pp. 2443-2454, 
doi:10.1016/S1359-6454(96)00350-3 
ABSTRACT: The failure of fiber-reinforced composites in compression is sudden, uncontrolled and results in 
the dynamic formation of narrow zones of inclined kinked fibers and in a drastic reduction in load bearing 
capacity. Experimental results are presented which demonstrate that such materials do maintain significant post-
failure strength and “ductility.” Following the onset of failure, kink bands which were initiated dynamically 
could be made to propagate (broaden) in the fiber direction. Under displacement controlled loading, the 
propagation of the bands takes place in a steady-state manner. In the case of the APC-2/AS4 composite 
analyzed, quasi-static propagation of this failure took place at a stress level which was 40% of the strength of 
the intact material. The propagation of the band involved progressive addition of narrow zones of fibers from 
the adjacent intact material by rotation and breaking. This new characteristic stress of such materials has been 
called propagation stress. Several requirements and guidelines for establishing the true value of this material 
property, free of influence from experimental conditions and specimen geometry, are outlined. 
 



 
S. Kyriakides, T. -D. Park and T. A. Netto (Research Center for Mechanics of Solids, Structures and Materials, 
The University of Texas at Austin, WRW 110, Austin, TX 78712, USA), “On the design of integral buckle 
arrestors for offshore pipelines”, Applied Ocean Research, Vol. 20, Nos. 1-2, February-April 1998, pp. 95-104, 
Special Issue: Offshore Technology in Focus, doi:10.1016/S0141-1187(98)00007-8 
ABSTRACT: A common method of limiting the extent of damage induced by a propagating buckle to a deep 
water pipeline is to periodically install along the line thick rings welded between adjacent strings of the pipe 
(integral buckle arrestor). The rings locally increase the resistance to collapse and, when properly designed, 
arrest an incoming buckle. The effectiveness of this type of local reinforcement as a buckle arrestor was studied 
through a series of full-scale experiments and through a numerical model. The model was first proven to be 
capable of accurately simulating the quasi-static crossing of such arrestors by a buckle and was then used to 
study the arresting efficiency of this device as a function of the pipe and arrestor geometric and material 
parameters. This paper briefly summarizes these results which are subsequently used to establish some bounds 
for the arrestor thickness and length and to develop empirical design formulae for such devices. 
 
 
T. J. Vogler and S. Kyriakides (Research Center for Mechanics of Solids, Structures and Materials The 
University of Texas at Austin, WRW 110, Austin, TX 78712, USA), “On the axial propagation of kink bands in 
fiber composites : Part I experiments”, International Journal of Solids and Structures, Vol. 36, No. 4, February 
1999, pp. 557-574, doi:10.1016/S0020-7683(98)00029-8 
ABSTRACT: In many fiber composites, longitudinal compressive failure leads to the formation of kink bands. 
It has been found that these kink bands, once formed, can be made to propagate (broaden) in a steady-state 
manner at a constant stress level called the propagation stress (sigmaP) . This is a characteristic stress of the 
material which, for the AS4/PEEK composite used in the study reported here, is approximately 40% of its 
compressive strength. This phenomenon is investigated experimentally using a special confining set-up that 
allows direct observation of the propagation process. For the composite studied, the kink bands have a 
repeatable inclination (beta) of approximately 15 degrees, and the fibers within the bands are rotated to about 30 
degrees in the absence of a load. When loaded to sigmaP, however, they are found to rotate further to 40 
degrees, that is, substantially greater than the 2beta reported elsewhere. The mechanism of propagation is found 
to be a bend-break-rotate sequence undergone by short segments of fibers at the edge of the kink band. It is well 
known that polymeric matrix composites such as the one used in this study exhibit rate-dependent behavior. 
Experimental results are presented which show that the kink band propagation stress is also rate dependent. 
 
 
S. -Y. Hsu, T. J. Vogler and S. Kyriakides (Research Center for Mechanics of Solids, Structures and Materials, 
The University of Texas at Austin, WRW 110, Austin, TX 78712, USA), “On the axial propagation of kink 
bands in fiber composites : Part II analysis”, International Journal of Solids and Structures, Vol. 36, No. 4, 
February 1999, pp. 575-595, doi:10.1016/S0020-7683(98)00030-4 
ABSTRACT: A new micromechanical model is presented to simulate the steady-state axial propagation of kink 
bands investigated experimentally in the accompanying paper (Part I) . The fibers are in a hexagonal array and 
are assumed to be isotropic and linearly elastic, while the matrix is modeled as an elastic-powerlaw viscoplastic 
solid. Matrix properties for the model are determined from shear tests on the composite and compression tests 
on neat PEEK. The model is used to predict the propagation stress (sigmaP) of the AS4/ PEEK composite and 
to investigate the sensitivity of sigmaP to band inclination, matrix properties, and loading rate. A simple model 
recently reported in the literature is calibrated to the current material system and compared with the present 
experimental data and model predictions. The micromechanical model is found to predict the propagation stress 
reasonably well and to capture the rate dependence of the composite. The simple model is found to capture the 
trends of the behavior. 
 
 
T. J. Vogler and S. Kyriakides (Research Center for Mechanics of Solids, Structures and Materials, The 
University of Texas at Austin WRW 110/C0600, Austin, TX 78712-1085, USA), “On the initiation and growth 
of kink bands in fiber composites: Part I. experiments”, International Journal of Solids and Structures, Volume 



38, No. 15, April 2001, pp. 2639-2651, doi:10.1016/S0020-7683(00)00174-8 
ABSTRACT: The initiation and growth of a kink band in a uniaxial composite is investigated experimentally. 
Experiments on unidirectional plates of AS4/PEEK were conducted using a custom biaxial testing device. A 
relatively stable post-failure response which occurs for displacement controlled shearing under a compressive 
preload is exploited to observe quasi-static kink band growth. The band initiates from a stress concentration on 
one of the free edges and grows across the specimen with a constant inclination of about 12°. Detailed in situ 
measurements show that the fiber rotation and band width at a point increase as the band goes past it. After 
traversing the specimen, the band propagates (broadens) with constant fiber rotation. The observed kink band 
characteristics were similar to those of kink bands which grew dynamically in the same composite tested under 
pure compression. A difference is that the ends of the bands formed under combined compression and shear are 
highly bent but not broken. 
 
 
T. J. Vogler, S. -Y. Hsu and S. Kyriakides (Research Center for Mechanics of Solids, Structures and Materials, 
University of Texas at Austin, WRW 110/C0600, Austin, TX 78712-1085, USA), “On the initiation and growth 
of kink bands in fiber composites. Part II: analysis”, International Journal of Solids and Structures, Vol. 38, 
No.15, April 2001, pp. 2653-2682, doi:10.1016/S0020-7683(00)00175-X 
ABSTRACT: Motivated by the experimental findings in Part I, the growth of a kink band in a uniaxial 
composite is investigated using two- and three-dimensional micromechanical models. The models include both 
a local and a global imperfection and were preloaded in compression and then sheared under displacement 
control. An inclined kink band initiates from the local imperfection and grows across the specimen. Similar 
results were obtained for pure compression loading. The simulated kink bands are quite similar to those 
observed experimentally; though, when J2 plasticity is used to model the inelastic matrix, their inclination is 
lower than in experiments. The calculated band inclination is shown to be insensitive to many model parameters 
including imperfection characteristics, fiber diameter, volume fraction, and matrix yield stress. However, it is 
quite sensitive to the dilatancy of the matrix as demonstrated by the use of the Drucker–Prager constitutive 
model for the matrix. It was found that the ability of the matrix to deform in the direction transverse to the fibers 
plays an important role in allowing larger, more realistic kink band inclinations to be obtained. 
 
 
J.R. Fowler (1) and C.G. Langner (2) 
(1) Streess Engineering Service Inc. 
(2) Shell Development Co. 
“Performance Limits for Deepwater Pipelines”, Paper Number 6757-MS,  Offshore Technology Conference, 6 
May-9 May 1991, Houston, Texas, doi: 10.4043/6757-MS 
ABSTRACT: This paper highlights the differences between onshore and offshore pipeline design. It then 
summarizes the results of combined external pressure, tension, and bending testing on full scale 6 5/8" and 16" 
pipe, and uses these results to support suggestions for appropriate design formulas for combined external 
pressure, tension, and bending loads. Finally, purchasing suggestions for pipe subjected to severe deepwater 
loadings are presented. 
 
 
Carl G. Langner (Langner & Associates), “Buckle Arrestors for Deepwater Pipelines”, Paper Number 10711-
MS, Offshore Technology Conference, 3 May-6 May 1999, Houston, Texas, doi:  10.4043/10711-MS 
ABSTRACT: Progress has been made in the design of buckle arrestors, or more precisely collapse arrestors, for 
deepwater pipelines. Empirical relationships have been developed for the design of both integral ring and 
grouted sleeve arrestors, forming the basis of a simple and straightforward design procedure. The good 
agreement between the latest design formulas and the crossover pressure data obtained from large scale tests by 
Shell E&P Technology Company and by Professor Kyriakides at U.T. Austin over the past few years, should 
result in more efficient and reliable buckle arrestors for deepwater pipelines. 
 
 
T. A. Netto and S. Kyriakides (Research Center for Mechanics of Solids, Structures & Materials, The 



University of Texas at Austin, WRW 110/C0600, Austin, Texas 78712, USA), “Dynamic performance of 
integral buckle arrestors for offshore pipelines. Part I: Experiments”, International Journal of Mechanical 
Sciences, Vol. 42, No. 7, July 2000, pp. 1405-1423, doi:10.1016/S0020-7403(99)00052-1 
ABSTRACT: A design methodology for integral buckle arrestors for deepwater pipelines was presented in a 
previous study (Park TD, and Kyriakides S., International Journal of Mechanical Sciences 1997;39:643–69). It 
was based on experiments and analyses in which buckles engaged the arrestors quasi-statically. In this two-part 
paper series, the performance of the same arrestors is reevaluated under the more realistic dynamic buckle 
propagation conditions encountered in the sea. The experimental program described in Part I involves tubes 
with D/t=27.9 and arrestors with La /D=0.5. The quasi-static arresting efficiency of buckle arrestors is first 
established experimentally as a function of the arrestor thickness. The same arrestor designs are then tested 
again in constant pressure environments where buckles propagate at velocities of 400–1100 ft/s. Experiments 
are conducted using both water and air as pressurizing media. A typical test specimen involves a relatively long 
upstream section of tube welded to an arrestor and to a downstream tube. The buckle is initiated in the upstream 
tube, accelerates to steady-state propagation, engages the arrestor and is either arrested or crosses over. For each 
arrestor design several such tests are required in order to bracket the dynamic crossover pressure. For all cases 
considered, the dynamic crossover pressure was found to exceed the corresponding quasi-static value. The 
reasons for this enhancement in performance are discussed in Part II in the light of results from numerical 
simulations of this process. 
 
 
T. A. Netto and S. Kyriakides (Research Center for Mechanics of Solids, Structures & Materials, The 
University of Texas at Austin, WRW 110/C0600, Austin, TX 78712-1085, USA), “Dynamic performance of 
integral buckle arrestors for offshore pipelines. Part II: Analysis”, International Journal of Mechanical Sciences, 
Vol. 42, No. 7, July 2000, pp. 1425-1452, doi:10.1016/S0020-7403(99)00053-3 
ABSTRACT: In the second part of this study we present models for simulating the quasi-static and dynamic 
propagation and arrest of buckles in pipelines. The models are developed within the framework of the nonlinear 
finite element ABAQUS and are used to simulate the quasi-static and dynamic arrest experiments in Part I. 
They are based on finite deformation kinematics and properly treat the contact that develops in the collapsed 
tube behind the propagating buckle. In the quasi-static model, the tube and arrestor materials are modeled as J2 
flow theory solids with isotropic hardening. In the dynamic model, the rate dependence of SS-304 is assumed to 
exhibit an overstress power–law dependence. The pressurizing medium is assumed to be vacuum. The dynamic 
model is shown to reproduce accurately the conditions of steady-state buckle propagation as well as the 
dynamic engagement of a buckle with an arrestor. For buckle velocities of interest, the buckle profile was found 
to have sharpened considerably compared to the quasi-static one. The numerical results showed the same 
dynamic enhancement of arrestor performance observed in the experiments. When the much sharper dynamic 
buckle profile engages an arrestor, it initially induces to it and to the downstream tube significant reverse 
ovality. This tends to obstruct and delay the flattening of the arrestor and tube which is the cause of the crossing 
of arrestors with quasi-static efficiencies of less than 0.7. The net result is that a higher pressure is required to 
cross the arrestors when the buckle is running. As in the experiments, the biggest dynamic enhancement was 
found to occur for arrestors of efficiencies in the range of 0.35–0.6. Based on the results of this study it is 
concluded that quasi-static design procedures for integral buckle arrestors proposed previously are conservative. 
 
 
S. Kyriakides and T. A. Netto (Research Center for Mechanics of Solids, Structures and Materials, WRW 110, 
The University of Texas at Austin, Austin, TX 78712-1085, USA), “On the dynamics of propagating buckles in 
pipelines”, International Journal of Solids and Structures, Vol. 37, Nos. 46-47, November 2000, pp. 6843-6867, 
doi:10.1016/S0020-7683(99)00317-0 
ABSTRACT: A combined experimental and analytical study of the dynamic propagation of buckles initiated in 
long pipes under external pressure is presented. The experiments involve measurement of the steady-state 
velocity of buckles initiated in stainless steel tubes with D/t=27.9. Results from tubes pressurized by air or 
water are presented for pressure levels ranging from the propagation pressure to the collapse pressure of the 
tube. The buckle velocity in air was found to be significantly higher than in water at the same pressure. The 
flip–flop mode of buckle propagation was found to take place for pressure levels 13% below the collapse 



pressure and higher. A finite element model, capable of simulating the dynamic initiation and propagation of 
such buckles has been developed. The model accounts for the inertia of the pipe, the nonlinearity introduced by 
contact between the collapsing walls of the pipe while the material is modeled as a finitely deforming elastic–
viscoplastic solid. The buckling and collapse are assumed to take place in vacuum. The model is shown to 
reproduce well the dynamic initiation and propagation of buckles in air and the predicted velocities are in good 
agreement with those measured in this medium. The buckle was found to sharpen significantly with pressure. 
This sharpening, coupled with higher pressure, causes an increase in the amplitude of reverse ovality in a zone 
just ahead of the propagating buckle front. At higher pressures, the reverse ovality is shown to be high enough 
to initiate collapse at a new site. The new collapse is at 90° to the original one. This sequence of events is 
repeated, resulting in the flip–flop mode of buckle propagation. 
 
 
Stelios Kyriakides (Research Center for Mechanics of Solids, Structures and Materials, University of Texas at 
Austin, WRW 110/C0600 Austin, TX 78712, USA), “Buckle propagation in pipe-in-pipe systems.: Part I. 
Experiments”, International Journal of Solids and Structures, Vol. 39, No. 2, January 2002, pp. 351-366, 
doi:10.1016/S0020-7683(01)00163-9 
ABSTRACT: Pipe-in-pipe systems are extensively used in offshore pipeline applications in which thermal 
insulation of the pipeline is necessary. Typically, the space between the two pipes is either empty or contains 
insulation material which provide minimal mechanical support to the system. In deepwater applications, the 
carrier pipe must be designed to resist collapse due to the ambient external pressure while the design of the 
inner pipe is usually governed by the pressure of the hydrocarbons it carries. The integrity of the two-pipe 
system in the event of accidental collapse of the carrier pipe is an issue of concern. In Part I of this two-part 
report, the results of an extensive experimental study of the problem are presented. The experiments were 
carried out on two-inch diameter carrier tubes with D/t values of 24.1, 21.1 and 16.7 and inner tubes of several 
diameters and wall thicknesses. In most cases local collapse of the outer tube led to simultaneous collapse of the 
inner one. Subsequently, the collapse propagated simultaneously collapsing both pipes. The propagation 
pressure of the two-pipe system (PP2) has been quantified parametrically. An interesting second mode of 
collapse propagation was also discovered in which the carrier pipe collapses leaving the inner one intact. 
Propagation of collapse affecting both pipes is still possible but usually at a higher pressure level. The pressure 
at which this switch takes place has been found to closely correspond to the propagation pressure of a carrier 
pipe with a solid rod insert (PPS) of the same diameter as the inner pipe. The parametric dependence of PPS has 
also been established experimentally. Part I finishes with a discussion of how these new critical pressures of 
pipe-in-pipe systems should influence the design of such pipelines. 
 
 
Stelios Kyriakides and Tracy J Vogler (Research Center for Mechanics of Solids, Structures and Materials, 
University of Texas at Austin, WRW 110/C0600, Austin, TX 78712-1085, USA), “Buckle propagation in pipe-
in-pipe systems.: Part II. Analysis”, International Journal of Solids and Structures, Vol. 39, No. 2, January 2002, 
pp. 367-392, doi:10.1016/S0020-7683(01)00164-0 
ABSTRACT: In Part II we examine and evaluate the performance of three levels of models for estimating the 
two new propagation pressures of pipe-in-pipe systems introduced in Part I (PP2 and PPS). The first type of 
model involves uniform collapse of the system through a kinematically admissible mechanism resulting from 
the formation of plastic hinges. Closed-form expressions for PP2 and PPS are derived which provide a valuable 
qualitative view on how they depend on the main parameters of the problem. The predictions, however, 
significantly underpredict the measured values. The second type of model also involves uniform collapse but is 
conducted numerically instead. An energy balance between prebuckling and collapsed configurations obtained 
from a uniform collapse model yields approximate values of PP2 and PPS. It is demonstrated that such 
predictions are within acceptable engineering accuracy. The third type of model involves fully three-
dimensional numerical simulation of the initiation and steady-state propagation of collapse. It is demonstrated 
that, provided the geometric and material characteristics of the pipes used are accurately represented in such 
models, both PP2 and PPS can be predicted to great accuracy. Such models are, however, numerically intensive. 
Part II finishes with conclusions and design recommendations drawn from both the experimental and analytical 
parts of the study. 



 
 
Erlend Olso and Stelios Kyriakides (Research Center for Mechanics of Solids, Structures & Materials, WRW 
110, The University of Texas at Austin, Austin, TX 78712, USA),” Internal ring buckle arrestors for pipe-in-
pipe systems”, International Journal of Non-Linear Mechanics, Vol. 38, No. 2, March 2003, pp. 267-284, 
doi:10.1016/S0020-7462(01)00112-3 
ABSTRACT: A new buckle arrestor concept for pipe-in-pipe systems is introduced and the results of a 
systematic study of its performance is presented. The concept involves either one single ring or a number of 
closely packed narrow rings placed in the annulus between the two pipes. Its effectiveness has been studied 
through a combination of experiments and analyses. The experiments involved two inch carrier tubes of three 
different D/t values and internal rings of various dimensions. A number of experiments were first conducted 
using pipe-in-pipe systems. It was found that the inner tube had only a small effect on the crossover pressure of 
this arrestor and, as a result, in many of the following experiments inner tubes were not included. The crossover 
pressure of the ring arrestors was studied by varying their length, wall thickness and yield stress. Other 
parameters varied were the dimensions and properties of the two tubes and the gap between the arrestor and the 
carrier tube. The process resulted in an empirical design formula for the arresting efficiency expressed as a 
function of the key nondimensional variables of the problem. Large-scale finite element models which simulate 
the buckle crossover process have also been developed. They have been shown capable of reproducing 
experiments accurately. Such models can be used to prove an arrestor design developed through the empirical 
process described in the report. 
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“On the dynamic propagation and arrest of buckles in pipe-in-pipe systems”, International Journal of Solids and 
Structures, Vol. 41, No. 20, October 2004, pp. 5463-5482, doi:10.1016/j.ijsolstr.2004.04.035 
ABSTRACT: Experiments and large scale numerical simulations are used to study the dynamics and the arrest 
of propagating buckles in pipe-in-pipe systems. In the first set of experiments the velocity of buckles initiated in 
a constant pressure environment is measured as a function of pressure using first water and then air as 
pressurizing media. For the outer and inner pipe parameters used, the buckle velocities correlated well with 
values measured in single pipes. The dynamic propagation experiments in air were then simulated numerically. 
Calculated buckle velocities followed the same trend as the measured values although they were somewhat 
higher. In the second set of experiments the effectiveness of internal ring buckle arrestors designed with 
previously developed quasi-static design procedures is re-evaluated under dynamic buckle propagation. In all 
cases examined the dynamic arresting efficiency was found to be higher than the quasi-static one. The same 
behavior was also observed in corresponding numerical simulations. This indicates that design of such devices 
using quasi-static design criteria should be conservative. 
 
 
S. Kyriakides and L.-H. Lee (Center for Mechanics of Solids, Structures and Materials, WRW 110, University 
of Texas at Austin, Austin, TX 78712, USA), “Buckle propagation in confined steel tubes”, International 
Journal of Mechanical Sciences, Vol. 47, Nos. 4-5, April-May 2005, pp. 603-620, Special Issue in Honour of 
Professor Stephen R. Reid's 60th Birthday, doi:10.1016/j.ijmecsci.2004.11.009 
ABSTRACT: It is well known that tubular liners of stiff cavities such as grouted oil-well casing can be 
collapsed by external pressure. Collapse is initially local but can propagate at a relatively low pressure with 
catastrophic results. The paper presents a quantitative study of the lowest pressure at which confined collapse 
can propagate known as confined propagation pressure. Experiments and analysis are used to develop an 
improved expression relating this critical pressure to the material and geometric parameters of the liner tube. It 
is shown that these include the yield stress and post-yield characteristics of the material, and the tube D/t. The 
new empirical relationship developed can provide engineering type estimates of the confined propagation 



pressure. The quasi-static initiation and propagation of confined collapse was also modeled using three-
dimentional finite elements. The model accounts for the finite deformations and addresses the contact 
nonlinearities which govern the phenomenon. The material is modeled as a finitely deforming elastic–plastic 
solid. It is demonstrated that the model can predict the confined propagation pressure to a very significant 
degree of accuracy. It is thus a viable tool for obtaining accurate predictions of this critical pressure. 
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Axial Compression: Effect of Anisotropy”, J. Appl. Mech., Vol. 72,  No. 2, March 2005. 301 (5 pages), 
doi:10.1115/1.1839590 
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Francois Claude Bardi, “Plastic buckling and collapse of circular cylinders under axial compression”, Ph.D. 
dissertation, The University of Texas at Auston, August 2006 
ABSTRACT: This study is concerned with the plastic buckling of relatively thick tubes and the ensuing 
succession of instabilities leading to their failure. The first instability is uniform axisymmetric wrinkling that is 
treated as a plastic bifurcation. As the wrinkles grow, the axial rigidity of the shell is gradually reduced. This 
eventually leads to a limit load instability beyond which failure in the form of localized deformation takes place. 
The problem is studied using experiments and analyses. Stainless steel specimens with D/t of 23-52 were 
custom-designed to avoid stress concentrations and reproduce long uniform pipe conditions. The specimens 
were compressed to failure under displacement control. In all cases, a second bifurcation involving non-
axisymmetric mode of deformation preceded the limit load. The bifurcation into axisymmetric wrinkling was 
determined by monitoring the development of wrinkles on the surface of the tubes. This critical state was 
successfully predicted using an anisotropic deformation theory of plasticity. The anisotropy of the material was 
established experimentally and modeled using Hill's quadratic anisotropic yield criterion. The problem was first 
modeled as uniform axisymmetric wrinkling. The model uses Sanders’ shell kinematics assuming small strains 
and moderately small rotations and includes a modified flow theory of plasticity to accommodate the anisotropy 
observed in the tubes. Small axisymmetric imperfections based on the critical half-wavelength were integrated 
into the model. The problem was formulated through the principle of virtual work and solved using Newton’s 
method. The solution correctly simulates the growth of wrinkles resulting in a limit load instability. The model 
included second bifurcation calculations from axisymmetric to non-axisymmetric configuration. Second 
bifurcation instabilities were found to occur before the limit load developed. For this reason, a second model 
was developed in which non-axisymmetric deformation of the shell was simulated by introducing both 
axisymmetric and non-axisymmetric imperfections. Non-axisymmetric responses were found to be highly 
sensitive to the imperfections. Each experiment was first reproduced accurately by choosing the right 
combination of imperfections. However, to achieve a satisfactory prediction of the limit state over the whole 
range of D/t, a thorough parametric study of the imperfection sensitivity was performed. The relative amplitude 
of the axisymmetric imperfection to the non-axisymmetric imperfection was found to define whether the shell 
deforms axisymmetrically or not. Furthermore, if one of the imperfections governs the deformation 
configuration, then the effect of the second onto the response is negligible. Thus, a constant axisymmetric 

imperfection of 0.05% of the pipe wall thickness and a non-axisymmetric imperfection proportional to (D/t)2 / 

m3 yielded accurate predictions of both mode of deformation and limit load.  
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J.A. Paquette and S. Kyriakides (Research Center for Mechanics of Solids, Structures & Materials, WRW 110, 
C0600, The University of Texas at Austin, Austin, TX 78712, USA), “Plastic buckling of tubes under axial 
compression and internal pressure”, International Journal of Mechanical Sciences, Vol. 48, No. 8, August 2006, 
pp. 855-867, doi:10.1016/j.ijmecsci.2006.03.003 
ABSRACT: The plastic buckling and collapse of long cylinders under combined internal pressure and axial 
compression was investigated through a combination of experiments and analysis. Stainless-steel cylinders with 
diameter-to-thickness values of 28.3 and 39.8 were compressed to failure at fixed values of internal pressure up 
to values 75% of the yield pressure. The first effect of internal pressure is a lowering of the axial stress–strain 
response. In addition, at some plastic strain level, the cylinder develops uniform axisymmetric wrinkling. Under 
continued compression, the wrinkles grow stably, gradually reducing the axial rigidity of the structure and 
eventually lead to a limit load instability. All pressurized cylinders remained axisymmetric until the end of the 
test past the limit load. The critical stress and wavelength were established using classical plastic bifurcation 
theory based on the deformation theory of plasticity. The evolution of wrinkling, and the resultant limit state, 
were established by modeling a periodic domain that is one half of the critical wavelength long. The domain 
was assigned an initial imperfection corresponding to the axisymmetric buckling mode calculated through the 
bifurcation check. The inelastic material behavior was modeled through the flow theory of plasticity with 
isotropic hardening. The variations of the axial response and of the limit strain with pressure observed in the 
experiments were reproduced well by the model. Inclusion of Hill-type anisotropic yielding in all constitutive 
models was required for good agreement between predictions and experiments. 
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“Yield anisotropy effects on buckling of circular tubes under bending”, International Journal of Solids and 
Structures, Vol. 43, Nos. 22-23, November 2006, pp. 7099-7118, doi:10.1016/j.ijsolstr.2006.03.005 
ABSTRACT: Relatively thin-walled tubes bent into the plastic range buckle by axial wrinkling. The wrinkles 
initially grow stably but eventually localize and cause catastrophic failure in the form of sharp local kinking. 
The onset of axial wrinkling was previously established by bifurcation analyses that use instantaneous 
deformation theory moduli. The curvatures at bifurcation were predicted accurately, but the wrinkle 
wavelengths were consistently longer than measured values. The subject is revisited with the aim of resolving 
this discrepancy. A set of new bending experiments is conducted on aluminum alloy tubes. The results are 
shown to be in line with previous ones. However, the tubes used were found to exhibit plastic anisotropy, which 
was measured and characterized through Hill’s quadratic anisotropic yield function. The anisotropy was 
incorporated in the flow theory used for prebuckling and postbuckling calculations as well as in the deformation 
theory used for bifurcation checks. With the anisotropy accounted for, calculated tube responses are found to be 
in excellent agreement with the measured ones while the predicted bifurcation curvatures and wrinkle 
wavelengths fall in line with the measurements also. The postbuckling response is established using a finite 
element model of a tube assigned an initial axisymmetric imperfection with the calculated wavelength. The 
response develops a limit moment that is followed by a sharp kink that grows while the overall moment drops. 
The curvature at the limit moment agrees well with the experimental onset of failure. From parametric studies 
of the various instabilities it is concluded that, for optimum predictions, anisotropy must be incorporated in both 
bifurcation buckling as well as in postbuckling calculations. 
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“Integral buckle arrestors for offshore pipelines: Enhanced design criteria”, International Journal of Mechanical 
Sciences, Vol. 50, No. 6, June 2008, pp. 1058-1064, doi:10.1016/j.ijmecsci.2008.02.008 
ABSTRACT: Integral buckle arrestors are relatively thick wall rings periodically welded in an offshore pipeline 
at intervals of several hundred meters in order to safeguard the line in case a propagating buckle initiates. They 
provide additional circumferential rigidity and thus impede downstream propagation of collapse, limiting the 
damage to the length of pipe separating the two arrestors. The effectiveness of such devices was studied 
parametrically through experiments and numerical simulations in Park and Kyriakides [On the design of 
integral buckle arrestors for offshore pipelines. International Journal of Mechanical Sciences 1997;39(6):643–
69]. The experiments involved quasi-static propagation of collapse towards an arrestor, engagement of the 
arrestor, temporary arrest, and the eventual crossing of collapse to the downstream pipe at a higher pressure. 
The same processes were simulated with finite element models that included finite deformation plasticity and 
contact. The experimental crossover pressures enriched with numerically generated values were used to develop 
an empirical design formula for the arresting efficiency of such devices. A recent experimental extension of this 
work revealed that for some combinations of arrestor and pipe yield stresses, the design formula was overly 
conservative. Motivated by this finding, a new broader parametric study of the problem was undertaken, which 
demonstrated that the difference between the pipe and the arrestor yield stress affects significantly the arrestor 
performance. The original arrestor design formula was then modified to include the new experimental and 
numerical results producing an expression with a much wider applicability. 
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C0600, The University of Texas at Austin, Austin, TX 78712, USA), “Ratcheting, wrinkling and collapse of 
tubes under axial cycling”, International Journal of Solids and Structures, Vol. 46, Nos.14-15, July 2009, pp. 
2856-2870, doi:10.1016/j.ijsolstr.2009.03.018 
ABSTRACT: Circular tubes compressed into the plastic range first buckle into axisymmetric wrinkling modes. 
Initially the wrinkle amplitude grows with increasing load. The wrinkles gradually induce a reduction in axial 
rigidity eventually leading to a limit load instability followed by collapse. The two instabilities can be separated 
by strain levels of a few percent. This work investigates whether a tube that develops small amplitude wrinkles 
can be subsequently collapsed by persistent cycling. The problem is first investigated experimentally using SAF 
2507 super-duplex steel tubes with D/t of 28.5. The tubes are first compressed to strain levels high enough for 
mild wrinkles to form; they are then cycled axially under stress control about a compressive mean stress. This 
type of cycling usually results in material ratcheting or accumulation of compressive strain; here it is 
accompanied by accumulation of structural damage due to the growth of the amplitude of the initial wrinkles. 
The tube average strain initially grows nearly linearly with the number of cycles, but as a critical value of 
wrinkle amplitude is approached, wrinkling localizes, the rate of ratcheting grows exponentially and the tube 
collapses. The rate of ratcheting and the number of cycles to failure depend on the initial compressive pre-strain 
and on the amplitude of the stress cycles. However, collapse was found to occur when the accumulated average 
strain reaches the value at which the tube localizes under monotonic compression. A custom shell model of the 
tube with initial axisymmetric imperfections, coupled to a cyclic plasticity model, are presented and used to 
simulate the series of experiments performed successfully. A sensitivity study of the formulation to the 
imperfections and to key constitutive model parameters is then performed. 
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Appl. Mech., Vol. 77,  No. 3, May 2010, 031012 (11 pages), doi:10.1115/1.4000431 
ABSTRACT: Circular tubes compressed into the plastic range first buckle into axisymmetric wrinkling. 
Initially, the wrinkle amplitude grows with increasing load, but induces a gradual reduction in axial rigidity that 
eventually leads to a limit load instability and collapse. For lower D/t tubes, the two instabilities can be 
separated by strain levels of a few percent. Persistent stress-controlled cycling can cause accumulation of 
deformation by ratcheting. Here, the interaction of ratcheting and wrinkling is investigated. In particular, it is 
asked if compressive ratcheting can first initiate wrinkling and then grow it to amplitudes associated with 
collapse. Experiments on SAF2507 super-duplex steel tubes with D/t of 28.5 have shown that a geometrically 
intact tube cycled under stress control initially deforms uniformly due to material ratcheting. However, in the 
neighborhood of the critical wrinkling  strain under monotonic loading, small amplitude axisymmetric wrinkles 
develop. This happens despite the fact that the maximum stress of the cycles can be smaller than the critical 
stress under monotonic loading. In other words, wrinkling appears to be strain rather than stress driven, as is 
conventionally understood. Once the wrinkles are formed, their amplitude grows with continued cycling, and as 
a critical value of amplitude is approached, wrinkling localizes, the  rate of ratcheting grows exponentially, and 
the tube collapses. Interestingly, collapse was also found to occur when the accumulated average strain reaches 
the value at which the tube localizes under monotonic compression. A custom shell model with small initial 
axisymmetric imperfections, coupled to a cyclic plasticity model, is used to simulate these cyclic phenomena 
successfully. 
 
 
Edmundo Corona and Ashok Rodrigues (University of Notre Dame, Department of Aerospace and Mechanical 
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Composites Engineering, Vol. 5, No. 2, 1995, pp. 163-179, 181-182, doi:10.1016/0961-9526(95)90711-J 
ABSTRACT: The response of long, thin-walled, cross-ply composite tubes subjected to pure bending was 
studied analytically. The formulation includes three parts: pre-buckling response, material failure and 
bifurcation buckling. The pre-buckling response is analyzed using nonlinear kinematics to accommodate the 
ovalization of the cross-section. The formulation is based on the principle of virtual work and is used to 
generate a numerical solution procedure. The Tsai-Wu failure criterion is used to detect material failure in the 
pre-buckling response. The maximum stress criterion was also considered for comparison. Finally, the buckling 



analysis considers the possibility of bifurcation into modes containing periodic displacements along the axis of 
the tube. The tubes are assumed to be geometrically perfect and free of residual stress. Three materials-AS3501 
graphite-epoxy, Kevlar 49-epoxy, and E-glass-epoxy-and three diameter-to-thickness ratios-50, 100 and 400-are 
considered. The moment-curvature response of the tubes is non-linear due to the ovalization of the cross-section 
(Brazier effect) which induces a limit moment instability. Either material failure or bifurcation buckling always 
occurs prior to the limit moment in the cases considered. Little difference was observed between the failure 
loads predicted by the Tsai-Wu and the maximum stress criteria. Tubes with plies of circumferentially oriented 
fibers in the outermost and innermost positions in the wall proved superior in strength compared with the other 
cases considered. 
 
 
Edmundo Corona (Department of Aerospace and Mechanical Engineering,  University of Notre Dame, 365 
Fitzpatrick Hall of Engineering, Notre Dame, IN 46556), “Buckling mode localization in restrained columns 
under cyclic loading”, J. Appl. Mech., Vol. 72, No. 4, pp 620-622, October 2004, DOI: 10.1115/1.1938203 
ABSTRACT: The buckling mode localization of a multiply supported column subjected to fully reversed, 
displacement-controlled cyclic loading is studied numerically. The results show that localization can take place 
and lead to limit loads similar to those reported in other structural members in the literature. Analysis of the 
results reveals the mechanisms by which localization takes place. 
 
 
Edmundo Corona, “Plastic Buckling and Collapse Under Axial Compression”, Chapter 11 in Mechanics of 
Offshore Pipelines: Buckling and Collapse, Vol. 1 (Elsevier, 2007) 
OVERVIEW: Long cylindrical tubes and pipes under axial compression will usually bend, behaving as beam 
columns. Shell-type localized buckling occurs mainly when the structure is restrained from lateral movement. 
This, for example, is the case for a pipeline buried in a trench (Figure 11.1) or resting on a deformable 
foundation. Compression can be caused by the passage of hot hydrocarbons carried from the well to a central 
gathering point by buried flowlines in offshore operations [11.1]. Foundation motion caused by fault movement, 
landslides, ground subsidence, permafrost melting, or soil liquefaction can also result in severe compression of 
the lines [11.2 11.6]. Both loading scenarios can impose compressive strains high enough to result in shell-type 
buckling. In most onshore and offshore pipeline operations, diameter-to-thickness ratios ( D/t) and steel grades 
are such that buckling occurs in the plastic range. In this chapter, the main features of plastic buckling under 
axial compression are first illustrated experimentally. The formulation for predicting the onset of plastic 
wrinkling is then developed, followed by a study of how wrinkles grow, localize and lead to collapse. 
 
 
Edmundo Corona, “Chapter 9: Buckling and Collapse Under Combined Bending and External Pressure”, From 
Mechanics of Offshore Pipelines: Buckling and Collapse, Vol. 1 (Elsevier, 2007) 
ABSTRACT: Bending in the presence of external pressure is experienced by pipelines during their installation 
and also subsequently during their operation. In installation methods such as S-lay (Figure 2.15), J-lay (Figure 
2.19), and reeling (Figure 2.4), the pipe is bent under relatively high external pressure in the sagbend [9.1, 9.2]. 
The pipeline is also bent under external pressure as it conforms to surface undulations on the seafloor. Bending 
at the sea floor can also be experienced due to snaking resulting from pipe expansion caused by the passage of 
hot hydrocarbons (in some cases purposely induced, in others accidentally). It is also a condition that can 
develop in case of upheaval buckling of a section of a buried pipe. Bending ovalizes the pipe cross section, 
which of course reduces its resistance to external pressure. This interaction through ovalization is aggravated by 
inelastic material effects, which usually come into play in lower D/t pipes used for offshore applications. This 
chapter deals with the mechanics of inelastic bending in the presence of external pressure and the associated 
limit states. The development of this interaction starts with the behavior under pure bending and pure external 
pressure. The reader would benefit from exposure to Chapters 4 and 8 before embarking on the following 
material. 
 
 
Edmundo Corona, “Chapter 12: Combined Internal Pressure and Axial Compression”, From Mechanics of 



Offshore Pipelines: Buckling and Collapse, Vol. 1 (Elsevier, 2007) 
ABSTRACT: Offshore as well as onshore pipelines in operation are under internal pressure. The scenarios for 
developing axial compression outlined in Chapter 11 also apply to a pressurized pipeline. The general features 
of plastic buckling under axial compression and internal pressure are similar to those of pure axial loading, 
presented in Figure 11.2. The cylinder first wrinkles at an increasing load. The wrinkle amplitude grows, 
leading eventually to a limit load instability. A pipeline will fail by localized collapse at this strain, and as a 
result this constitutes a limit state. The biaxial state of stress lowers the axial stress levels of the various critical 
events described in Figure 11.2 but, as will be demonstrated, has a smaller effect on the corresponding strains. 
In addition, the pressure has a stabilizing effect on the axisymmetric mode, making a switch to non-
axisymmetric modes more difficult. These features of the problem are first illustrated experimentally. The 
formulation for predicting the onset of plastic wrinkling is then developed, followed by a study of how wrinkles 
grow, localize and lead to collapse. 
 
 
Edmundo Corona, “Chapter 4: Buckling and Collapse Under External Pressure”, From Mechanics of Offshore 
Pipelines: Buckling and Collapse, Vol. 1 (Elsevier, 2007) 
ABSTRACT: Offshore pipelines are commonly installed empty in order to reduce the installation tension due to 
the weight of the suspended section (see Chapter 2). In addition, during operation they are periodically 
depressurized for maintenance. Thus, external pressure is an important load parameter in design; indeed, it is 
often the prime parameter. This chapter deals with the mechanics of buckling and collapse of long pipes under 
external pressure. Thinner pipes used in shallower waters buckle elastically, but collapse due to postbuckling 
inelastic action. The classical elastic buckling pressure is derived in Section 4.1, followed by the derivation of 
Timoshenko's design formula for the onset of collapse of an initially ovalized pipe. Thicker pipes used in deeper 
waters buckle and collapse in the plastic range. In Section 4.2, plastic buckling equations are derived. Their 
relative simplicity makes them useful tools in design. Practical factors that affect collapse include initial 
imperfections such as ovality and wall thickness variations. Other factors include residual stresses, yield 
anisotropy, etc. The influence of such factors is best treated numerically. Section 4.3 presents the external 
pressure part of the formulation and solution procedure of the custom computer code BEPTICO [4.1], capable 
of including these aspects of the problem. Section 4.4 presents a parametric study of buckling and collapse of 
elastic-plastic pipe under external pressure. Section 4.5 outlines how actual pipe imperfections can be measured. 
Examples of typical shape and wall thickness imperfections in seamless pipes are presented and used in collapse 
calculations. 
 
 
Carl T.F. Ross, Marcus Engelhardt and Andrew Little (Dept. of Mechanical and Design Engineering, University 
of Portsmouth, UK), “Collapse of glass/carbon fibre circular cylinders under uniform external pressure”, 
Applied Mechanics and Materials, Vols. 7-8, pp 203-208, 2007,  
doi:10.4028/www.scientific.net/AMM.7-8.203  
ABSTRACT: This paper describes an experimental and an analytical and numerical investigation into the 
buckling behaviour of cylindrical composite tubes under external hydrostatic pressure. The investigations 
concentrated on fibre reinforced plastic tube specimens made from a mixture of three carbon and two E-glass 
fibre layers. The lay-up was 0°/90°/0°/90°/0; the carbon fibres were laid lengthwise (0°) and the E-glass fibres 
circumferentially (90°). The theoretical investigations were carried out using a simple solution for isotropic 
materials, namely a well-known formula by “von Mises” and also by finite element analyses using ANSYS. The 
experimental investigations showed that the composite specimens behaved similarly to isotropic materials tested 
by various other researchers. The specimens failed by the common modes associated with this study, namely 
due to elastic buckling, inelastic buckling and axisymmetric yield failure. Furthermore it was discovered that 
the specimens failed at changes of the composite lay-up due to the manufacturing process of these specimens. 
These changes seem to be the weak points of the specimens. For the theoretical investigations two different 
types of material properties were used to analyse the composite. These were calculated properties derived from 
the properties of the single layers given by the manufacturer and experimentally obtained properties.�Two 
different approaches were chosen for the investigation of the theoretical buckling pressure, a program called 
“MisesNP”, based on a well-known formula by von Mises for single layer isotropic materials, and two finite 



element analyses using the famous computer package called “ANSYS”. This latter analyses simulated the 
composite with a single layer orthotropic element (Shell93) and also with a multi layer element (Shell99). It was 
found out that the results obtained with ANSYS predicted questionable buckling pressures that could not be 
reproduced logically. Nevertheless this report provides Design Charts for all approaches and material types. 
These Design Charts allow the possibility of obtaining a ‘plastic knockdown factor’. The theoretical buckling 
pressures obtained using MisesNP or ANSYS can then be divided by the plastic knockdown factor, to give 
predicted buckling pressures. This method can be used for the design of full-scale vessels.  
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Ross, Carl, Little, Andrew, Short, D. and Brown, G. (2008) “Inelastic buckling of geometrically imperfect tubes 
under external hydrostatic pressure”, Journal of Ocean Technology, 3 (1). pp. 75-90. ISSN 0099-4529 
PARTIAL ABSTRACT: The paper reports on the buckling of twelve thin-walled geometrically imperfect tubes, 
which were tested to destruction under uniform external hydrostatic pressure. The paper also reports on other 
similar tests to destruction, carried out on a large number of geometrically imperfect tubes. Theoretical studies 
were also carried out with well-known analytical solutions, together with a numerical solution using a finite 
element computer package, namely ANSYS. Whereas the theoretical analyses agreed with each other, they did 
not agree with the experimental data for the shorter tubes; this was because the shorter tubes collapsed by 
inelastic instability due to initial geometrical imperfections of the tubes. Exact analysis of slightly geometrically 
imperfect tubes, with random distribution has so far defied reliable theoretical solutions. However, the paper 
presents a design chart, which can cater for these geometrical imperfections. The design chart may also be 
suitable for large vessels such as submarines, off-shore drilling rigs, silos, etc. Circular cylinders under external 
pressure, often appear in the form of submarine pressure hulls, torpedoes, off-shore drilling rigs, silos, tunnels, 
immersed tubes, rockets, medical equipment, food cans, etc. Such vessels are good for resisting internal or 
external pressure, however under uniform external pressure they can collapse at a fraction of the pressure that 
will cause failure under internal pressure. Failure of these vessels under uniform external pressure is called non-
symmetric bifurcation buckling or shell instability [1,2,3]. To improve the resistance of these vessels to the 
effects of uniform external pressure, the vessels are usually stiffened by ring stiffeners spaced at near equal 
distances apart. If, however, the ring stiffeners are not strong enough, the entire flank of the vessel can collapse 
bodily by a mode called general instability. Another mode of failure is known as axisymmetric deformation, 
where the cylinder implodes axisymmetrically, so that its cross-section keeps its circular form while collapsing. 
In this study, we will be concerned with elastic and inelastic shell instability; as such vessels can collapse at 
pressures of a fraction of that which cause the vessels to fail under internal… 
 
 
Andrew P.F. Little, Carl T.F. Ross, David Flowers, Graham X. Brown and Stefan Arndt, “A theoretical and 
experimental investigation of externally ring stiffened cylindrical pressure vessels subjected to external 
pressure”, Proceedings of the International Conference on Computing in Civil and Building Engineering, W. 
Tizani (Editor), ICCBE2010, 2010 (not sure of date; it is not too legible in the pdf file.) 
ABSTRACT: The best shape for withstanding external pressure is a sphere. However, this is not a very efficient 



shape for payload, and so submarine structures are often based on cylinders. Long cylinders perform worse than 
short cylinders under external pressure, and so ring-stiffeners are often introduced to reduce the effective length, 
and increase the resistance to buckling. Under hydrostatic pressure, cylinders fail by lobar buckling. This is 
where lobes are formed around the circumference, and the number of lobes formed is a characteristic of the 
vessel. This paper describes an investigation into the buckling of UPVC ring-stiffened pressure vessels 
subjected to external pressure. Buckling experiments were carried out on five laboratory sized vessels. Two 
were approximately 50% longer than the other three, but all of them were otherwise identical. Accurate 
geometric data was obtained from a co-ordinate measuring machine, and this was used to produce finite element 
models of the vessel. Two finite element packages were used to model the vessel. One was an in-house program 
CONBUCR which utilises axisymmetric truncated conical elements, with the facility to add nodal stiffness. The 
second was the commercial code Ansys, where shell elements were used to model the cylinder and beam 
elements to model the external rings. Reasonable agreement was obtained between the theoretical and 
experimental results, given the scatter inherent in the determination of experimental buckling pressures. The 
axisymmetric program was shown to be much quicker to use than Ansys, with little compromise in accuracy. 
Inhomogeneous material possibly due to the inclusion of impurities can greatly reduce the buckling resistance 
of a vessel. In addition, cylinders are never perfectly round, and so the practical test results were expected to 
show buckling resistances less than the theoretical models.  
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Carl T.F. Ross, Terry Whittaker & Andrew P.F. Little (University of Portsmouth, UK), “Design of submarine 
pressure hulls to withstand buckling under external hydrostatic pressure”, Proceedings of the International 
Conference on Computing in Civil and Building Engineering, W. Tizani (Editor), ICCBE2010, 2010 (not sure 
of date; it is not too legible in the pdf file.) 
ABSTRACT: The paper presents an investigation into various methods of calculating the theoretical collapse 
loads for a pressure vessel, under uniform external hydrostatic pressure; based on different design codes. The 
design codes used for the investigation were BS 5500, for vessels under external pressure and also, the design 
charts of Ross of the University of Portsmouth. It is the opinion of the present authors that the current design 
methodology, namely BS 5500 was difficult to use and gave inaccurate collapse pressures for some large-scale 
pressure vessels. Moreover, BS 5500 appeared to be too pessimistic for one mode of failure and too optimistic 
for another mode of failure. For the present study, a full-scale ‘theoretical’ pressure vessel was used and the fore 
mentioned methodologies applied in its design to see if there were any similarities that each method may have 
had.� From the results obtained, it became apparent that some methodologies were more accurate than others, 
depending on the mode of collapse. Moreover, it also became apparent that some of the methods themselves 
were outdated, user-unfriendly and in some cases, may have even been dangerous.  
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C.T.F. Ross, K.O. Okoto and A.P.F. Little (Dept. of Mechanical Engineering, University of Portsmouth, UK), 
“Buckling by general instability of cylindrical components of deep sea submersibles”, Applied Mechanics and 
Materials, Vols. 13-14, pp 289-296, 2008, doi:10.4028/www.scientific.net/AMM.13-14.289  
ABSTRACT: This paper reports on theoretical and experimental investigations into the buckling characteristics 
of a series of six ring-stiffened circular cylinders that experienced general instability when subjected to external 
hydrostatic pressure. Each study used between 3-5 designs with the same internal and external diameters, but 
with different numbers and sizes of ring-stiffeners. Four used designs that were machined to a high degree of 
precision from steel, while the other two were machined from aluminium alloy. The theoretical investigations 
focused on obtaining critical buckling pressure values, namely Pcr, for each design from the well-known 
Kendrick’s Part I and Part III theories, together with an ANSYS finite element prediction. The thinness ratio λ, 
which was originally derived by the senior author, was calculated together with a dimensionless quantity called 
the plastic knockdown factor (PKD), for each model. The plastic knockdown factor was calculated by dividing 
the theoretical critical buckling pressures Pcr, by the experimental buckling pressures Pexp. The thinness ratio 
was used because vessels such as these, which have small but significant random out-of-circularity, defy 
“exact” theoretical analysis and it is because of this that the design charts were produced. Three design charts 
were constructed by plotting the reciprocal of the thinness ratio (1/ λ) against the plastic knockdown factor 
(Pcr/Pexp), using results from Kendrick Part I, Kendrick Part III, and ANSYS. Comparison of the results 
obtained using Kendrick’s theories and experimentally obtained results was good.  
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A. Mutch (Dept. of Architecture, Meijo University, Nagoya, Japan), “A study of the effect of three-dimensional 
imperfections on the nonlinear behaviour of hyperboloid reinforced concrete cooling towers”, in B.H.V. 
Topping, M. Papadrakakis, (Editors), "Proceedings of the Ninth International Conference on Computational 
Structures Technology", Civil-Comp Press, Stirlingshire, UK, Paper 232, 2008. doi:10.4203/ccp.88.232 
SUMMARY: A number of reinforced concrete (RC) towers constructed in the 1940s to 1970s are still used. In 
China and India, the construction of towers in power plants has increased and the scale of the tower has also 
enlarged. Investigations of the collapse accidents in the past and examination of the countermeasures are 
developing areas of study, and the evaluation of the safety of the existing facilities has become an important 
topic of research. With respect to the thin RC shells of these towers, much of the research has analysed the 



buckling-vibration problem and the effect of initial imperfections on structural properties. Several design 
guidelines have been proposed. To begin with, useful knowledge of the fundamental phenomenon and analysis 
method was obtained by studying the initial imperfections of a distribution idealized axisymmetrically and 
asymmetrically. Recommendations for the tolerance limit of the magnitude of the initial imperfections were 
proposed. According to the results of many leading research studies, the fluctuation in the in-plane stress in the 
meridian direction caused by the initial imperfections was inversely proportional to the shell thickness due to 
dead weight and wind load within the elastic stress analysis, and that it largely affects in-plane stress in 
meridian direction and bending stress in circumferential direction for the circumferential curvature error. In 
addition, partial initial imperfections with small amplitudes play a major role in meridian and circumferential 
stresses. In this paper, three-dimensional geometric errors in a collapsed RC cooling tower shell (Ardeer Nylon 
Works, 1973) were reproduced and analyzed numerically in detail. Further, the effect of the geometric 
imperfection of the reproduced shape on the elastic stress distribution due to dead weight was examined, and the 
effect on the wind resistance performance was examined using elasto-plastic FE analysis. The results of this 
study are as follows:  
1. The reproduced geometric imperfection widely exists on the shell full face, and it becomes a waveform that 
recurs in the circumferential and meridian directions.  
2. The hoop stress under the action of the dead load can be changed from tension to compression as a result of 
the imperfection.  
3. Due to wind load, the bending cracks develop in the windward direction of the imperfect shell; this leads to 
the failure of the tower due to the tension that arises because of the bending in the meridian direction.  
4. In the model with the imperfection, it is concluded that the turbulence in the remarkable section forces 
extends further than that in the case of a perfect shell. Moreover, the maximum reduction in the load bearing 
capacity is predicted to be approximately 18%. The effect of the difference between the wind directions is 
considered to be a remarkable result (The shape measurement value used in the analysis includes the effect of 
existing cracks, repetition of wind/thermal stresses and creep).  
5. The effect of the comparatively small temperature loading on the lowering of the rigidity and the ultimate 
strength may be remarkable, and this fact is contrary to the usual behaviour of an RC member. In the case of a 
thin-shell cooling tower, the temperature crack may become a significant factor in the lowering of the ultimate 
strength. Therefore, this relationship needs to be examined prudently in the future.  
6. In the design and safety assessment of existing towers, an elasto-plastic analysis seems to be necessary.  
 
 
Andrea P. Assanelli,  Rita G. Toscano and  Eduardo N. Dvorkin (Center for Industrial Research, FUDETEC, 
Av. Córdoba 320, 1054 Buenos Aires, Argentina), “Analysis of the Collapse of Steel Tubes Under External 
Pressure” (1998), http://sanlab.dlut.edu.cn/Proceeding/Wccm98/html/t , Computational Mechanics: New Trends and 
Applications, edited by S. Idelshon, E. Oñate, and E. Dvorkin, CIMNE, Barcelona, Spain, 1998) 
ABSTRACT: The collapse of steel tubes under external pressure is described using finite element models. The 
models are validated comparing their predictions against the results of collapse tests performed in our 
laboratory. 2 1 INTRODUCTION The external collapse pressure of very thin steel tubes is governed by 
classical elastic buckling formulas 1,2 ; however, for thicker tubes more involved elasto-plastic considerations 
have to be taken into account. There are many factors that have some degree of influence on the external 
pressure that produce the collapse of a steel tube, among them 3-9 : 1. The relation (outside diameter/thickness) 
(D/t ratio). 2. The yield stress of the tube steel (s y ). 3. The work - hardening of the tube steel. 4. The shape of 
the tube sections (outside diameter shape and thickness distribution). 5. The residual stresses locked in the tube 
steel. 6. The localized imperfections introduced either... 
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“Collapse Behavior of Casings: Measurement Techniques, Numerical Analyses and Full Scale Testing”, Paper 
Number 51314-MS, SPE Applied Technology Workshop on Risk Based Design of Well Casing and Tubing, 7-
8 May 1998, The Woodlands, Texas, doi: 10.2118/51314-MS 
ABSTRACT: The production of steel OCTG products with guaranteed external collapse pressure (high collapse 
casing) requires the implementation of an accurate process control. To develop that process control it is 
necessary to investigate how different parameters affect the external collapse pressure of pipes. Two 
dimensional finite element models provide an useful tool for performing the “first approach” parametric studies; 
however a bidimensional representation of the tube geometry (as used in many analytical and semi-empirical 
formulas) is not enough for determining the external collapse pressure of casings. We use three dimensional 
models to further investigate the effects of the casing geometry on its external collapse pressure. To acquire the 
data that describes the geometry of casing samples, we have developed an imperfections measurement system 
following previous developments by Yeh and Kyriakides. We also present finite element models of OCTG 
connections which are used as a tool for the evaluation of connections collapse pressure. 
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FUDETEC, Buenos Aires, Argentina), “Experimental/numerical analysis of the collapse behavior of steel 
pipes”, Engineering Computations, Vol. 17,  No. 4, 2000, pp.459 – 486, doi: 10.1108/02644400010334856 
ABSTRACT:  The production of steel pipes with guaranteed external collapse pressure (e.g. high collapse 
casings for oil wells) requires the implementation of an accurate process control. To develop that process 
control it is necessary to investigate how different parameters affect the external collapse pressure of the pipes. 
Experimental/numerical techniques implemented to investigate the collapse behavior of steel pipes are 
presented. The discussion of the experimental techniques includes the description of the facilities for 



performing external pressure collapse tests and the description of an imperfections measuring system. The 
numerical techniques include 2D and 3D finite element models. The effects on the value of the pipes’ external 
collapse pressure of their shape, residual stresses and material properties are discussed. 
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“A new shell element for elasto-plastic finite strain analysis. Application to the collapse and post-collapse 
analysis of marine pipelines”, Proceedings of the 6th International Conference on Computation of Shell and 
Spatial Structures IASS-IACM 2008: “Spanning Nano to Mega” 28-31 May 2008, Cornell University, Ithaca, 
NY, USA John F. ABEL and J. Robert COOKE (eds.)  
ABSTRACT: The infinitesimal strain version of the MITC4 shell element (Dvorkin and Bathe [6]) was 
previously successfully used for the analysis of deep-water applications of steel marine pipelines. The collapse 
and post collapse responses were modeled and compared with experimental results (Toscano et al. [12]). Even 
though in those verifications the matching between numerical and experimental results was excellent, it was 
also noticed that in the post–collapse regime very high strains are developed in the steel shell. In Ref. [12] a 
version of the MITC4 that uses a posteriori updates of the shell thickness was used to incorporate into the model 
the finite strain behavior. The results indicated that even though the consideration of finite strains improves the 
solution, the room for improvement - when the overall equilibrium paths are considered - is so small that it 
hardly justifies the use of a more expensive numerical model. However, if local strains are sought, the finite 
strain model produces much better approximations to the actual situation. Hence, the motivation for shell 
element formulations apt for finite strain elasto-plastic analyses is still opened. In previous publications we 
presented a new shell element formulation, the MITC4-3D that we developed for finite strain analysis (Toscano 
and Dvorkin [13, 14]) using the MITC4 strains interpolation (Dvorkin and Bathe [6]) and 3D constitutive 
relations. In this paper we are going to discuss the basic features of the MITC4-3D element and present further 
verification / validation.  
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Toscano (Editors), Part of the series, SpringerBriefs in Applied Sciences and Technology, pp 9-21, April 2013 
ABSTRACT: In 1970, Ahmad et al. [1] presented a shell element formulation that after many years still 
constitutes the basis for modern finite element analysis of shell structures. The original formulation was 
afterwards extended to material and geometric nonlinear analysis under the constraint of the infinitesimal strains 
assumption [2–4]. 
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INTRODUCTION: The design of High-Pressure/High-Temperature (HP/HT) pipelines on an uneven seabed 
has become an important issue in the recent years. The need to gain further insight into how expansion, seabed 



friction and free spans influence on the pipeline behavior through selected load cases is the background for this 
chapter. The behavior of such pipelines is largely characterized by the tendency to undergo global buckling, 
either vertically if trenched or covered, or laterally if the pipeline is left fully exposed on the seabed. The main 
concern in the design of slender pipelines operating under HP/HT conditions is to control global buckling at 
some critical axial force. The large horizontal and/or vertical displacements induced by global buckling may 
result in high stresses and strains in the pipe wall that exceed code limits. The simulation of the designed 
pipeline in a realistic three-dimensional environment obtained by measurements of the seabed topography, 
allows the engineers to exploit any opportunities that the pipeline behavior may offer to develop both safe and 
cost-effective solutions. For example, the designer can first analyze the pipeline behavior on the original seabed. 
If some of the load cases result in unacceptably high stress or strain, seabed modification can be simulated in 
the finite-element model and the analysis re-run to confirm that the modifications have lead to the desired 
decrease in stress or strain. The finite element model may be a tool for analyzing the in-situ behavior of a 
pipeline. By the pipeline in-situ behavior it is here meant the... 
 
 
Rita G. Toscano, “Collapse and post-collapse behavior of steel pipes under external pressure and bending. 
Application to deep water pipelines”, Ph.D. Thesis, Faculty of Engineering, University of Buenos Aires, 
Argentina, March 2009 
ABSTRACT: The production of oil and gas from offshore oil fields is, nowadays, more and more important. As 
a result of the increasing demand of oil, and being the shallow water reserves not enough, the industry is pushed 
forward to develop and exploit more difficult fields in deeper waters. In this Thesis, a methodology for using 
the finite element method as a robust engineering tool for analyzing the effect of the manufacturing tolerance on 
the collapse and post collapse behavior of steel pipes was discussed and illustrated with practical examples. 
Even though, using a small strain formulation, the matching between numerical and experimental results was 
excellent, the model results showed high strains in some areas of the collapsed pipes. Therefore, we developed a 
new shell element, MITC4-3D, incorporating elasto-plastic finite strains, based in the MITC4 formulation. It 
was implemented for the analyses of elasto-plastic shell structures and the results indicate that it is a very 
effective element.  
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of Technology, Tiruchirappalli, India), “Effect of cross section on collapse load in pipe bends subjected to in-
plane closing moment”, International Journal of Engineering, Science and Technology, Vol. 3, No. 6, pp 247-
256, 2011, DOI: 10.4314/ijest.v3i6.20  
ABSTRACT: A comparison between pipe bends with assumed cross sections, namely elliptic and semi oval to 
include ovality along with wall thinning, was performed to determine the plastic collapse load under in-plane 
closing bending moment using finite element limit analysis based on an elastic-perfectly plastic material 
considering geometric nonlinearity. Twice-elastic-slope method was used to obtain collapse load from the 
moment-rotation curve drawn for each pipe bend model considered. The effect of ovality on collapse load is 
significant and higher for elliptic cross sections for almost all cases while the thinning effect is negligible for 
both the cross sections. The study concludes that the use of elliptic cross section is suitable for analyzing pipe 
bend with ovality. Therefore, a closed-form solution is proposed to determine collapse load of pipe bend based 
on the finite element results of elliptic cross sections.  
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ABSTRACT: Thin-walled shell structures like circular cylindrical shells are prone to buckling. Imperfections 
which are defined as deviations from perfect shape and perfect loading distributions can reduce the buckling 
load drastically compared to that of the perfect shell. Design criteria monographs like NASA-SP 8007 
recommend that the buckling load of the perfect shell shall be reduced by using a knock-down factor. The 
existing knock-down factors are very conservative. Furthermore, the structural behaviour of composite material 
is not considered. A new experimental approach to determine the lower bound of the buckling load of thin-
walled cylindrical composite shells is presented. Based on test results the numerical analysis is validated. 
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ABSTRACT: A fast semi-analytical model for the post-buckling analysis of stiffened cylindrical panels is 
presented. The panel is comprised of a skin (shell) and stiffeners in both longitudinal (stringers) and 
circumferential direction (frames). Local buckling modes are considered where the skin may buckle within a 
bay and may induce rotation of the stiffeners. Stringers and frames are considered as structural elements and are 
thus not ‘smeared’ onto the skin. Large out-of-plane deflections and thus non-linear strain–displacement 
relations of skin and stiffeners are taken into account. The displacements of skin and stiffeners are 
approximated by trigonometric functions (Fourier series). First, a linear buckling eigenvalue analysis is carried 
out and some combination of buckling eigenmodes is chosen as imperfection. Then the load history is started 
and the Fourier coefficients are determined by minimizing the stiffened panel's energy at each load level. A 
curve-tracing algorithm, the Riks method, is used to solve the equations. The present model can be used to 
assess the post-buckling behavior of stiffened panels, for example, aircraft fuselage sections. 
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7, 38108 Braunschweig, Germany), “Development and experimental verification of FE-model for stringer-
stiffened fibre composite panels under combined thermal and mechanical loading conditions”  (Proceedings 
European Conference on…, 1998, no publisher given)  
ABSTRACT: In this paper a buckling design rule for stringer stiffened curved CFRP panels subjected to 
combined mechanical and thermal loading is derived by parametric studies with the finite element system 
ANSYS. At first a finite element model to simulate the buckling behaviour of such panels is established and 
validated with test results from a former study. Then loading and boundary conditions are adapted to those of 
the Thermex B testing site at DLR in Braunschweig, and results of linear bifurcation analyses with constant 



material properties under combined mechanical and thermal load are presented. Additional nonlinear 
computations with temperature-dependent material properties confirm the results of the linear computations. 
The results of all computations are summarized as the design rule looked for, and then verified by tests. 
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“Remarks on the effective-width concept for orthotropic thin shells”, in Buckling of shell structures on land, in 
the sea and in the air, edited by J. F. Jullien, Elsevier Applied Science Publishing Co., Inc., New York, 1991 
ABSTRACT: Thin-walled stiffened panels tend to buckle under compressive and/or shear loads with resulting 
redistriution of stresses in the structure. Provided that the stiffeners are capable of sustaining the additional load, 
such conditions are acceptable in many structures. Since a complete postbuckling analysis for each state of 
loading is prohibitive, simple approximations are in use. With the appearance of orthotropic panels it is deemed 
desireable to extend such approximations to panels with orthotropic properties. A short review of available 
recommendations is given and a one term approach is used to demonstrate the effect of orthotropy. Further, 
recent panel test results from ETH Zurich are reviewed accordingly, and two different FE-based postbuckling 
analyses (postbuckling at Zurich and initial postbuckling at Braunschweig) are performed to provide 
confirmation that the quality of a crude and simplifying formula is acceptable. 
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“Some simple solutions for buckling loads of thin and moderately thick cylindrical shells and panels made of 
laminated composite material”, Aerospace Science and Technology, Vol. 1, No. 1, January 1997, pp. 47-63, 
doi:10.1016/S1270-9638(97)90023-7 
ABSTRACT: The objective of the present paper is to present a simple analytical solution for computing 
bifurcation buckling loads of thin and moderately thick orthotropic cylindrical shells and panels subjected to 
axial compression and normal pressure. That solution does not necessarily make use of the simplifying 
assumptions of shallow shell theory, and takes the flexibility with respect to transverse shear loads into account, 
which is supposed to be relatively high with laminated composite structures. The analysis is based on the 
governing nonlinear equations and boundary conditions of deep and shallow shell theory. They are linearised to 
yield the differential equations for bifurcation buckling. The linearised set admits a single-term analytical 
solution when the cylinder ends or panel edges are simply supported. It reduces the task to a small size (3*3) 
algebraic eigenvalue problem that can be solved by standard methods. A computer program BOSCAP 
(Buckling of Orthotropic Shear-flexible Cylinders And Panels) is developed based on the above mentioned 
formulation which is very quick and easy to use during design trials or in automated optimization. A series of 
numerical examples is presented to demonstrate effects of transverse shear flexibility and curvature. Good 
agreement with some test results is shown. 
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panel—A new exact closed-form procedure”, Journal of Sound and Vibration, Vol. 330, No. 17, August 2011, 
pp. 4352-4367, Special Issue: Computational Aero-Acoustics (CAA) For Aircraft Noise Prediction – Part B, 
doi:10.1016/j.jsv.2011.04.011 
ABSTRACT: A new exact closed-form procedure for free vibration analysis of moderately thick spherical shell 
panel is presented based on the first-order shear deformation theory. The strain–displacement relations of 
Donnell and Sanders theories are used to illustrate the procedure. The shell has two opposite edges simply 
supported (i.e., Lévy-type). Based on the present solution, the governing equations of the vibrated spherical 



shell panel were exactly solved by introducing the new auxiliary and potential functions as well as using the 
separation method of variables. The accuracy and superiority of the formulations are validated by comparing the 
results with those available in the literature and the 3D finite element analysis. The effects of various 
stretching–bending couplings on the frequency parameters are discussed. Finally, the validity and the range of 
applicability of the Sanders and Donnell shell theories are investigated. 
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Structural Mechanics, Germany, “Sensitivities to geometrical and loading imperfections on buckling of 
composite cylindrical shells”, in Proceedings European Conference on Spacecraft Structures, Materials and 
Mechanical Testing, 2002, p. 12. 
ABSTRACT: Thin-walled shell structures prone to buckling are sensitive to imperfections. The influence of 
loading and geometrical imperfecdtions on buckling loads of unstiffened composite cylindrical shells is 
investigated based on tests and computations. It is shown that their effect depends on laminate set-up. The 
results show that unification of imperfection sensitivity is allowed; systems sensitive to geometrical 
imperfections are also sensitive to loading imperfections. The results can be used to define lower limits for 
knock-down factors of composite shells. 
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walled aerospace structures regarding postbuckling, robust design and dynamic loading”, in Thin-Walled 
Structures: Advances in Research, Design and Manufacturing ... edited by J. Loughlan, Fourth International 
Conference on Thin-Walled Structures, 2004, IOP Publishing Ltd. 
ABSTRACT: Exploitation of structural reserves in thin-walled composite aerospace structures requires accurate 
and experimentally validated stability analysis of real structures under realistic loading conditions. For stringer-
stiffened panels experimental validation of postbuckling analyses and behavior under dynamic loading is 
presented. For unstiffened cylindrical shells a robust design method relying on b-factors is suggested. 
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ABSTRACT: European aircraft industry demands for reduced development and operating costs, by 20% and 
50% in the short and long term, respectively. Structural weight reduction by exploitation of structural reserves 
in composite aerospace structures contributes to this aim, however, it requires accurate and experimentally 
validated stability analysis of real structures under realistic loading conditions. This paper presents different 
advances from the area of computational stability analysis of composite aerospace structures which contribute 
to that field. For stringer stiffened panels main results of the finished EU project POSICOSS and the running 
follow-up EU project COCOMAT are given. Both projects deal with exploitation of reserves in primary fibre 
composite fuselage structures through an accurate and reliable simulation of postbuckling and collapse. Next, 
experimental validation of postbuckling analyses, development of two different fast tools for the postbuckling 
simulation and findings on the structural behaviour under dynamic loading is presented. Finally, for unstiffened 
cylindrical shells problems of a robust design method are. 
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R. Degenhardt, H. Klein, A. Kling, H. Temmen, R. Zimmermann (DLR Institute of Structural Mechanics, 
Braunschweig, Germany), “Buckling and postbuckling analysis of shells under quasi-static and dynamic loads”, 
undated pdf file; no references; possibly created about 2001. 
Subject structures are stringer-stiffened CFRP cylindrical panels under axial compression and in-plane shear. 
ABSTRACT: Thin-walled fuselage structures, partly subjected to compression and shear (torsion), are 
endangered by buckling. Present design procedures rest upon nonconservative conditions as to dynamic 



loading, e.g. landing impact, and on too conservative assumptions, if buckling due to quasi-static loading is 
considered. With dynamic loading like landing impact a distinction should be made between relatively short and 
long, quasistatic loading durations, and loadings the durations of which are in the order of the longest lateral 
period (lowest eigenfrequency) of the structure. A particular problem is to be expected under the later loadings 
where the interaction of loading dynamics with the dynamics of the buckling process may lead to substantially 
reduced dynamic buckling loads, as compared with the buckling loads predicted by quasi-static loading. This 
load reduction actually is not considered in the design process. In order to overcome that problem, a fast and 
reliable simulation procedure has to be developed. With buckling due to quasi-static loading, experiments have 
shown that the potential exists for further weight savings with stiffened composite structures by allowing 
postbuckling of the skin to occur during operation. Proper design enables the structures to act far within the 
postbuckling regime without any damage. This demand requires the development of an appropriate fast and 
reliable simulation procedure. 
 
R. Zimmermann, H. Klein, and A. Kling, “Buckling and postbuckling of stringer stiffened fibre composite 
curved panels: tests and computations”, Compos. Struct. 73:2 (2006), 150–161, 
doi:10.1016/j.compstruct.2005.11.050 
ABSTRACT: The European Commission was funding within its 5th Framework Programme the project 
POSICOSS, which coped with the demand to design fibre composite fuselage structures for postbuckling under 
ultimate load. The main objective of the work was the development of improved, fast and reliable procedures 
for postbuckling analysis and design of fibre composite stiffened panels of future fuselage structures. Another 
substantial objective was the creation of comprehensive experimental data bases for the purpose of validation. 
This paper deals with the buckling and postbuckling experiments on axially compressed, stiffened CFRP 
(carbon fiber reinforced plastics) curved panels, performed by DLR within the POSICOSS project for validation 
purposes, and it compares experimental results with computations. 
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30167 Hannover, Germany), “POSICOSS—improved postbuckling simulation for design of fibre composite 
stiffened fuselage structures”, Composite Structures, Vol. 73, No. 2, pp. 171-174, May 2006 
ABSTRACT: The European Commission was funding within its fifth Framework Programme the project 
POSICOSS, which coped with the demand to design fibre composite fuselage structures for postbuckling under 
ultimate load. The main objective of the work was the development of improved, fast and reliable procedures 
for postbuckling analysis and design of fibre composite stiffened panels of future fuselage structures. They were 
essential, because so far postbuckling calculations were extremely time consuming and as such not applicable 
for design. Another substantial objective was the creation of comprehensive experimental data bases for the 
purpose of validation. The paper presents an introduction to the POSICOSS project; it derives the main 
objective of the project from the main general objectives for the design of the next generation of aircraft 
structures, and it summarizes the work done. The results achieved are only touched, because details of them can 
be found by consulting the references given. 
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Richard Degenhardt (1) and Jean-Pierre Delsemme (2) 
1 DLR, Institute of Structural Mechanics, Braunschweig, Germany  
2 SAMTECH, s.a. Liège Belgium 
“Buckling and Postbuckling Analysis of a CFRP Stiffened Panel for a Better Material Exploitation”, (no 
publisher or date given in the pdf file, 2005?; latest reference is dated 2004) 
ABSTRACT: This paper will present main results of post-buckling analyses led during the activity of the 
GARTEUR action group. A CFRP curved stringer stiffened panel under axial compression has been studied. 
The panel, tested by DLR, has been impacted inducing skin-stringer separation. Partners have carried out 
several analyses with various in-house and main commercial FE software to identify their abilities and 
deficiencies. The simulation tools and analysis methods will be compared together with available experimental 
results. 
References listed at the end of the paper: 
[1] Degenhardt R., Wagner W., Delsemme J.-P. and David A. (2003), GARTEUR Open, SM AG25, "Postbuckling and Collapse 
Analysis - Benchmark 3 Evaluation Report and Collected Contributions", IB – 131-2003/29, Braunschweig, DLR, 2003 
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Degenhardt, Richard and Bethge, Arne and Kling, Alexander and Zimmermann, Rolf and Rohwer, Klaus and 
Teßmer, Jan and Calvi, Adriano (2007), “Probabilistic approach for improved buckling knock-down factors of 
CFRP cylindrical shells”, First CEAS European Air and Space Conference, 2007-09-10 - 2007-09-13, Berlin, 
Deutschland. 
ABSTRACT: Aerospace industry demands for significantly reduced development and operating costs. 
Reduction of structural weight at safe design is one avenue to achieve this objective. The running ESA 
(European Space Agency) study Probabilistic Aspects of Buckling Knock Down Factor acts on this route. It 
concentrates on thin-walled circular cylindrical CFRP shells subjected to axial compression. It is well known 
that such structures exhibit not only a high load carrying capacity but also are prone to buckling which is highly 
imperfection sensitive. Imperfections are defined as deviations from perfect parameters like shape, thickness, 
material properties and loading distributions, they can reduce the buckling load drastically compared to a 
perfect shell. In order to account for these imperfections the theoretical buckling load of a perfect cylinder must 
be multiplied, and therefore reduced, by a knock-down factor (the ratio of buckling loads of imperfect and 
perfect cylindrical shell). Thus the closer the knock-down factor reflects the effect of imperfections the better is 
the prediction of the real buckling load. In the still used NASA SP-8007 design guideline from 1968 a lower 
bound curve for the knock-down factor is proposed. The factor depends on the slenderness (the ratio of radius 
and wall thickness) and decreases with increasing slenderness. This factor is rather conservative and the 
structural behaviour of composite material is not considered adequately. Advanced thin-walled cylindrical shell 
structures under compression are therefore penalized if the knock-down factor based on this early NASA report 
must be applied. The current ESA study started in May 2006 and will run for 18 months. Its main objective is to 



achieve a better buckling knock-down factor for unstiffened CFRP cylindrical shells and to validate the linear 
and non-linear buckling simulations by test results. The main results will comprise an experimental data base 
(material properties, measured thicknesses, full scale shape imperfections, load-shortening curves, strains, and 
deformations) obtained by testing of 10 nominally identical axially compressed CFRP cylindrical shells, 
sensitivity analyses using Monte-Carlo simulation, validation with tests and a design guideline for that type of 
structure with a less conservative knock-down factor than taken from NASA SP-8007. All tasks of the ESA 
study are performed at the Institute of Composite Structures and Adaptive Systems of DLR Braunschweig, 
which has a rich body of experience in design, manufacturing, testing and analysis of shells prone to buckling. 
The paper outlines the objectives and expected results of the running ESA study and presents the results 
achieved so far. 
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(1) DLR, Institute of Composite Structures and Adaptive Systems, Lilienthalplatz 7, 38108 Braunschweig, 
Germany 
(2) University of Stuttgart, Institute of Polymer Technology (IKT), Department of Non-destructive Testing 
(ZfP), Pfaffenwaldring 32, 70569 Stuttgart (Vaihingen), Germany 
“Experiments on Buckling and Postbuckling of Thin-Walled Cfrp Structures Using Advanced Measurement 
Systems”, International Journal of Structural Stability and Dynamics, Vol. 7, No. 2, June 2007 
DOI: 10.1142/S0219455407002253 
ABSTRACT: The aircraft and space industry strives for significantly reduced development and operating costs. 
Reduction of structural weight at safe design is one possibility to reach this objective which is aimed by the 
following two running research projects: the EC project "COCOMAT" and the ESA study "Probabilistic 
Aspects of Buckling Knock Down Factors". These projects develop improved concepts and tools for a fast and 
reliable simulation of the buckling and the postbuckling behavior of thin-walled structures up to collapse, 
respectively, which allow the exploitation of considerable reserves in primary fibre composite structures in 
aerospace applications. For the validation of the concepts and tools, a sound database of experiments is needed 
which is also performed within these projects. This paper focuses on the experimental activities within these 
projects performed at the buckling test facility of the Institute of Composite Structures and Adaptive Systems 
(DLR). It presents an overview about the DLR buckling, postbuckling and collapse tests which are already 
finished and gives an outlook to the results which are expected until the end of the running projects. This paper 
explains the working of the buckling test facility, the advanced measurement systems, which are running in 
parallel to the tests, and gives exemplarily two test results. The structures considered are unstiffened cylinders 
(ESA study) as well as panels, which are understood as sections of cylinders, stiffened by stringers 
(COCOMAT project). The unstiffened cylinders are more related to space applications (e.g. Ariane busters or 
parts of the international space station ISS) and the stiffened panels focus more on aircraft structures (e.g. 
fuselage). The load case considered for all investigations presented in this paper is axial compression under 
static loading although the test facility is also ready to apply torsion and internal pressure, as well as dynamic 
axial impact. 
 
 
R. Degenhardt, A. Kling, K. Rohwer, A.C. Orifici and R.S. Thomson, Design and analysis of stiffened 
composite panels including post-buckling and collapse”, Computers & Structures, Vol. 86, No. 9, May 2008, pp 
919-929, doi:10.1016/j.compstruc.2007.04.022 
ABSTRACT: The European aircraft industry demands reduced development and operating costs, by 20% and 
50% in the short and long term, respectively. Contributions to this aim are provided by the completed project 
POSICOSS (5th FP) and the running follow-up project COCOMAT (6th FP), both supported by the European 
Commission. As an important contribution to cost reduction a decrease in structural weight can be reached by 
exploiting considerable reserves in primary fibre composite fuselage structures through an accurate and reliable 
simulation of post-buckling up to collapse. The POSICOSS team developed fast procedures for the post-
buckling analysis of stiffened fibre composite panels, created comprehensive experimental data bases and 
derived suitable design guidelines. COCOMAT builds up on the POSICOSS results and considers in addition 



the simulation of collapse by taking degradation into account. The results comprise an extended experimental 
data base, degradation models, and improved certification and design tools as well as extended design 
guidelines. 
One major task of POSICOSS and COCOMAT is the development of improved analysis tools that are validated 
by experiments performed within the framework of the projects. Because the new tools must comprise a wide 
range of various aspects a considerable number of different structures had to be tested. These structures were 
designed under different objectives (e.g. large post-buckling region). For the design process, the consortiums 
applied state-of-the-art simulation tools and brought in their own design experience. This paper deals with the 
design process as performed within both projects and with the applied analysis procedures. It is focused on the 
DLR experience in the design and analysis of stringer-stiffened CFRP panels gained within the scope of these 
two projects. 
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(1) DLR, Institute of Composite Structures and Adaptive Systems, Braunschweig, Germany 
(2) ESA/ESTEC, Structures Section TEC-MCS, Noordwijk, Netherlands 
(3) Private University of Applied Sciences Göttingen, Composite Engineering Campus State, Germany 
“Investigations on imperfection sensitivity and deduction of improved knock-down factors for unstiffened 
CFRP cylindrical shells”, Composite Structures, Vol. 92, No. 8, July 2010, pp. 1939-1946, 
doi:10.1016/j.compstruct.2009.12.014 
ABSTRACT: In the field of aerospace engineering but also in the fields of civil and mechanical engineering the 
industry demands for significantly reduced costs for development and operating. Reduction of structural weight 
at safe design is one avenue to achieve this objective. In many cases it results in thin-walled structures, which 
are prone to buckling if subjected to compression or shear. The presented paper is based on a recent European 
Space Agency (ESA) study, conducted at DLR Braunschweig, on Probabilistic Aspects of Buckling Knock-
Down Factors and contributes to this goal by striving for an improved buckling knock-down factor (the ratio of 
buckling loads of imperfect and perfect structures) for unstiffened CFRP cylindrical shells. Buckling tests and 
buckling simulations were performed to investigate the imperfection sensitivity and to validate the applied 
simulation methodologies. Test results as well as deterministic and probabilistic buckling simulation results are 
presented and compared. Finally, improved knock-down factors are deduced and discussed. 
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(2) PFH, Private University of Applied Sciences Göttingen, Composite Engineering Campus Stade, Germany 
(3) Dept Civil Eng, UFOP, Ouro Preto, MG, Brazil 
“Dealing with Imperfection Sensitivity of Composite Structures Prone to Buckling”,  DOI: 10.5772/45810, 
Chapter 1 in Advances in Computational Stability Analysis, edited by Safa Rozkurt Coskun, ISBN 
978-953-51-0673-9, INTECH open science/open minds, August 1, 2012 
INTRODUCTION: Currently, imperfection sensitive shell structures prone to buckling are designed according 
the NASA SP 8007 guideline using the conservative lower bound curve. This guideline dates from 1968, and 
the structural behaviour of composite material is not appropriately considered, in particular since the 
imperfection sensitivity and the buckling load of shells made of such materials depend on the lay-up design. 
This is not considered in the NASA SP 8007, which allows designing only so called "black metal" structures. 
There is a high need for a new precise and fast design approach for imperfection sensitive composite structures 
which allows significant reduction of structural weight and design cost. For that purpose a combined 
methodology from the Single Perturbation Load Approach (SPLA) and a specific stochastic approach is 
proposed which guarantees an effective and robust design. The SPLA is based on the observation, that a large 
enough disturbing load leads to the worst imperfection; it deals with the traditional (geometric and loading) 
imperfections [1]. The stochastic approach considers the non-traditional ones, e.g. variations of wall thickness 
and stiffness. Thus the combined approach copes with both types of imperfections. A recent investigation 



demonstrated, that applying this methodology to an axially loaded unstiffened cylinder is leading directly to the 
design buckling load 45% higher compared with the respective NASA SP 8007 design [2]. This chapter 
presents in its first part the state-of-the-art in buckling of imperfection sensitive composite shells. The second 
part describes current investigations as to the SPLA, the stochastic approach and their combination. In a third 
part an outlook is given on further studies on this topic, which will be performed within the framework of the 
running 3-year project DESICOS (New Robust DESIgn Guideline for Imperfection Sensitive COmposite 
Launcher Structures) funded by the European Commission; for most relevant architectures of cylindrical and 
conical launcher structures (monolithic, sandwich - without and with holes) the new methodology will be 
further developed, validated by tests and summarized in a handbook for the design of imperfection sensitive 
composite structures. The potential will be demonstrated within different industrially driven use cases. 
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Structures, Chapter 2 in Advances in Computational Stability Analysis, edited by Safa Rozkurt 
Coskun, ISBN 978-953-51-0673-9, INTECH open science/open minds, August 1, 2012 
PARTIAL INTRODUCTION: Numerous applications of numerical optimization to various structural design 
problems have been addressed in the literature. A comprehensive survey on this issue was given in [1], 
presenting a historical review and demonstrating the future needs to assimilate this technology into the 
practicing design environment. Different approaches were applied successfully by several investigators for 
treating stress, displacement, buckling and frequency optimization problems. In general, design optimization 
seeks the best values of a set of n design variables represented by the vector, Xnx1, to achieve, within certain m 
constraints, Gmx1(X), its goal of optimality defined by a set of k objective functions, Fkx1(X), for specified 
environmental conditions. Mathematically, design optimization may be cast in the following standard form: 
Find the design variables Xnx1 that minimize . . . 
 
Jen-San Chen and Wei-Chia Ro, Vibration method in stability analysis of planar constrained elastica”, 
Chapter 3 in Advances in Computational Stability Analysis, edited by Safa Rozkurt Coskun, ISBN 
978-953-51-0673-9, INTECH open science/open minds, August 1, 2012 
INTRODUCTION: The primary goal of the research in constrained elastica is to understand the behavior of a 
thin elastic strip under end thrust when it is subject to lateral constraints. It finds applications in a variety of 
practical problems, such as in compliant foil journal bearing, corrugated fiberboard, deep drilling, structural 
core sandwich panel, sheet forming, non-woven fabrics manufacturing, and stent deployment procedure. By 
assuming small deformation, Feodosyev (1977) included the problem of a buckled beam constrained by a pair 
of parallel walls as an exercise for a university strength and material course. Vaillette and Adams (1983) 
derived a critical axial compressive force an infinitely long constrained elastica can support. Adams and Benson 
(1986) studied the post-buckling behavior of an elastic plate in a rigid channel. Chateau and Nguyen (1991) 
considered the effect of dry friction on the buckling of a constrained elastica. Adan et al. (1994) showed that 
when a column with initial imperfection positioned at a distance from a plane wall is subject to compression, 
contact zones may develop leading to buckling mode transition. Domokos et al. (1997), Holms et al. (1999), and 
Chai (1998, 2002) investigated the planar buckling patterns of an elastica constrained inside a pair of parallel 
plane walls. It was observed that both point contact and line contact with the constraint walls are possible. Kuru 
et al. (2000) studied the buckling behavior of drilling pipes in directional wells. Roman and Pocheau (1999, 
2002) used an elastica model to investigate the post-buckling response of bilaterally constrained thin plates 
subject to a prescribed height reduction. Chen and Li (2007) and Lu and Chen (2008) studied the deformation of 
a planar elastica inside a circular channel with clearance. Denoel and Detournay (2011) proposed an Eulerian 
formulation of the constrained elastica problem. The emphasis of these studies was placed on the static 
deformations of the constrained elastica. Very often, multiple equilibria under a specified set of loading 
condition are possible. Since only stable equilibrium configurations can exist in practice, there is a need to 
determine the stability of each of these equilibria in order to predict the behavior of the constrained elastica as 
the external load varies. For an unconstrained elastica, vibration method is commonly used to determine its 
stability; see Perkins (1990), Patricio et al. (1998), Santillan, et al. (2006), and Chen and Lin (2008). This 
conventional method, however, becomes useless in the case of constrained elastica.  The difficulty of the 
conventional vibration method arises from the existence of unilateral constraints. A unilateral constraint is 
capable of exerting compressive force onto the structure, but not tension. Mathematically, this type of 
constraints can be represented by a set of inequality equations. This poses challenges in determining the critical 
states of the loaded structure. In order to overcome this difficulty, the conventional stability analysis needs 
modification. In this chapter, we introduce a vibration method which is capable of determining the stability of a 
constrained elastica once the equilibrium configuration is known. The key of solving the vibration problem in 
constrained elastica is to take into account the sliding between the elastica and the space-fixed unilateral 
constraint during vibration. In this chapter, we consider the vibration of an elastica constrained by a space-fixed 
point constraint. This particular constrained elastica problem is used to demonstrate the vibration method which 
is suitable to analyze the stability of a structure under unilateral constraint. In Section 2, we describe the studied 
problem in detail. In Section 3, we describe the static load-deflection relation. In Section 4, we introduce the 
theoretical formulation of the vibration method. In Section 5 an imperfect system when the point constraint is 
not at the mid-span is analyzed. In Section 6, several conclusions are summarized. 
 



 
Huu-Tai Thai, “Advanced analysis of space steel frames”, Chapter 4 in Advances in Computational 
Stability Analysis, edited by Safa Rozkurt Coskun, ISBN 978-953-51-0673-9, INTECH open science/open 
minds, August 1, 2012 
INTRODUCTION: This chapter presents advanced analysis methods for space steel frames which consider 
both geometric and material nonlinearities. The geometric nonlinearities come from second-order P−Δ and P−δ 
effects as well as geometric imperfections, while the material nonlinearities are due to gradual yielding 
associated with residual stresses and flexure. The P−Δ effect results from the axial force acting through the 
relative displacement of the ends of the member, so it is referred to as a member chord rotation effect. The P−Δ 
effect is accounted in the second-order analysis by updating the configuration of the structure during the 
analysis process. The P−δ effect is caused by the axial force acting through the lateral displacement of the 
member relative to its chord, so it is referred to as a member curvature effect. The P−δ effect can be captured by 
using stability functions. Since the stability functions are derived from the closed-form solution of a beam-
column subjected to end forces, they can accurately capture the P−δ effect by using only one element per 
member. Another way to capture the P−δ effect without using stability functions is to divide the member into 
many elements, and consequently, the P−δ effect is transformed to the P−Δ effect. Geometric imperfections 
result from unavoidable errors during the fabrication or erection. There are three methods to model the 
geometric imperfections: (1) the explicit imperfection modeling, (2) the equivalent notional load, and (3) the 
further reduced tangent modulus. The explicit imperfection modeling for braced and unbraced members is 
illustrated in... For braced members, out-of-straightness is used instead of out-of-plumbness. This is due to the 
fact that the P−Δ effect due to the out-of-plumbness is vanished by braces. The limitation of this method is that 
it requires the determination of the direction of geometric imperfections which is often difficult in a large 
structural system. In the equivalent notional load method, the geometric imperfections are replaced by 
equivalent notional lateral loads in proportion to the gravity loads acting on the story as described in ... The 
drawback of this method is that the gravity loads must be known in advance to determine the notional loads 
before analysis. Another way to account for the geometric imperfections is to further reduce the tangent 
modulus. The advantage of this method over the explicit imperfection modeling and equivalent notional load 
methods is its convenience and simplicity because it eliminates the inconvenience of explicit imperfection 
modeling and equivalent notional load methods. 
 
 
Seval Pinarbasi Cuhadaroglu, Erkan Akpinar, Fuad Okay, Hilal Meydanli Atalay and Sevket Ozden, Analytical, 
numerical and experimental on stability of three-segment compression members with pinned ends”, Chapter 5 
in Advances in Computational Stability Analysis, edited by Safa Rozkurt Coskun, ISBN 978-953-51-
0673-9, INTECH open science/open minds, August 1, 2012 
INTRODUCTION: In earthquake resistant structural steel design, there are two commonly used structural 
systems. “Moment resisting frames” consist of beams connected to columns with moment resisting (i.e., rigid) 
connections. Rigid connection of a steel beam to a steel column requires rigorous connection details. On the 
other hand, in “braced frames”, the simple (i.e., pinned) connections of beams to columns are allowed since 
most of the earthquake forces are carried by steel braces connected to joints or frame elements with pinned 
connections. The load carrying capacity of a braced frame almost entirely based on axial load carrying 
capacities of the braces. If a brace is under tension in one half-cycle of an earthquake excitation, it will be 
subjected to compression in the other half cycle. Provided that the connection details are designed properly, the 
tensile capacity of a brace is usually much higher than its compressive capacity. In fact, the fundamental limit 
state that governs the behavior of such steel braces under seismic forces is their global buckling behavior under 
compression.  After detailed evaluation, if a steel braced structure is decided to have insufficient lateral 
strength/stiffness, it has to be strengthened/stiffened, which can be done by increasing the load carrying 
capacities of the braces. The key parameter that controls the buckling capacity of a brace is its “slenderness” 
(Salmon et al., 2009). As the slenderness of a brace decreases, its buckling capacity increases considerably. In 
order to decrease the slenderness of a brace, either its length has to be decreased, which is usually not possible 
or practical due to architectural reasons, or its flexural stiffness has to be increased. Flexural stiffness of a brace 
can be increased by welding steel plates or by wrapping fiber reinforced polymers around the steel section. 
Analytical studies (e.g., Timoshenko & Gere, 1961) have shown that it usually leads to more economic designs 



if only the partial length, instead of the entire length, of the brace is stiffened. This also eliminates possible 
complications in connection details that have to be considered at the ends of the member. Nonuniform structural 
elements are not only used in seismic strengthening and rehabilitation of existing structures. In an attempt to 
design economic and aesthetic structures, many engineers and architects nowadays prefer to use nonuniform 
structural elements in their structural designs. However, stability analysis of such nonuniform members is 
usually much more complex than that of uniform members (e.g., see Li, 2001). In fact, most of the design 
formulae/charts given in design specifications are developed for uniform members. Thus, there is a need for a 
practical tool to analyze buckling behavior of nonuniform members. This study investigates elastic buckling 
behavior of three-segment symmetric stepped compression members with pinned ends (Fig. 1) using three 
different approaches: (i) analytical, (ii) numerical and (iii) experimental approaches. As already mentioned, 
such a member can easily be used to strengthen/rehabilitate an existing steel braced frame or can directly be 
used in a new construction. Surely, the use of stepped elements is not only limited to the structural engineering 
applications; they can be used in many other engineering applications, such as in mechanical and aeronautical 
engineering. In analytical studies, first the governing equations of the studied stability problem are derived. 
Then, exact solution to the problem is obtained. Since exact solution requires finding the smallest root of a 
rather complex characteristic equation which highly depends on initial guess, the governing equation is also 
solved using a recently developed analytical technique by He (1999), which is called Variational Iteration 
Method (VIM). Many researchers (e.g., Abulwafa et al., 2007; Batiha et al., 2007; Coskun & Atay, 2007, 2008; 
Ganji & Sadighi, 2007; Miansari et al., 2008; Ozturk, 2009 and Sweilan & Khader, 2007) have shown that 
complex engineering problems can easily and successfully be solved using VIM. Recently, VIM has also been 
applied to stability analysis of compression and flexural members. Coskun and Atay (2009), Atay and Coskun 
(2009), Okay et al. (2010) and Pinarbasi (2011) have shown that it is much easier to solve the resulting 
characteristic equation derived using VIM. In this paper, by comparing the approximate VIM results with the 
exact results, the effectiveness of using VIM in determining buckling loads of multi-segment compression 
members is investigated. The problem is also handled, for some special cases, using widely known structural 
analysis program SAP2000 (CSI, 2008). After determining the buckling load of a uniform member with a 
hollow rectangular cross section, the stiffness of the member is increased along its length partially in different 
length ratios and the effect of such stiffening on buckling load of the member is investigated. By comparing 
numerical results with analytical results, the effectiveness of using such an analysis program in stability analysis 
of multi-segment elements is also investigated. Finally, buckling loads of uniform and three-segment stepped 
steel compression members with hollow rectangular cross section are determined experimentally. In the 
experiments, the “stiffened” columns are prepared by welding additional steel plates over two sides of the 
member in such a way that the addition of the plates predominantly increases the smaller flexural rigidity of the 
cross section, which governs the buckling behavior of the member. By changing the length of the stiffening 
plates, i.e., by changing the stiffened length ratio, the degree of overall stiffening is investigated in the 
experimental study. The experimental study also shows in what extent the ideal conditions assumed in 
analytical and numerical studies can be realized in a laboratory research. 
 
 
Saullo G. P. Castro, Rolf Zimmermann, Mariano A. Arbelo and Richard Degenhardt, “The single perturbation 
load approach compared with linear buckling mode-shaped, geometric dimple and measured imperfections for 
the buckling of cylindrical shells”, to be published in Thin-Walled Structures (2015 or 2016?) 
ABSTRACT: The important role of geometric imperfections on the decrease of the buckling load for thin-
walled cylinders had been recognized by the first authors investigating the theoretical approaches on this topic. 
Until nowadays there is no closed solution to take imperfections into account already during the early design 
phases, forcing the analysts to use empirically based lower-bound methods such as the NASA SP-8007 
guideline to calculate the required knock-down factors (KDFs). Since 1970s a considerable number of 
experimental and numerical observations have been found to support new stochastic and deterministic methods 
for calculating more realistic KDFs. Among the deterministic approaches the single perturbation load approach 
(SPLA) originally developed by Hühne will be further investigated. Its capability for predicting KDF is 
compared with three other methods to create an initial geometric imperfection: linear buckling mode-shaped, 
geometric dimple and real measurements. The implementation of each method is explained in details and their 
limitations are compared. The study is part of the European Union (EU) project DESICOS, whose aim is to 



combine stochastic and deterministic approaches for developing less conservative design guidelines for 
imperfection sensitive structures. 
 
 
Professor Dr.-Ing Richard Degenhardt [German Aerospace Center, Institute of Composite Structures and 
Adaptive Systems, Structural Mechanics, Braunschweig (DLR)], Words about Professor Degenhardt’s research 
group concerned with STABILITY  
(see the website: http://www.dlr.de/fa/en/desktopdefault.aspx/tabid-1462/2063_read-3525/ ) 
Stability of thin-walled composite structures: 
Light weight structures in the aerospace, mechanical engineering or civil engineering are on the one hand under 
compression or shear loading susceptible for buckling but on the other hand they have large reserve capacities 
in the postbuckling region. In order to save weight in these fields the use of materials made of Carbon-Fibre-
Reinforced-Plastics (CFRP) is increasing. However, the design and computation of composite structures is more 
challenging than using classic materials. Stability, non-linear computations and degradation have therefore here 
an essential relevance. The structural behaviour of stability and deformations is simulated by nonlinear 
numerical simulations and experiments. Figure 1 illustrates the comparison of an experiment and simulation of 
a buckled, stringer-stiffened (on the reverse side) CFRP panel. The institute has in the field of stability of thin-
walled composite structures competence in the following 4 main topics: Postbuckling behaviour, Imperfection 
tolerance, Buckling due to dynamic loading, Thermo-mechanical buckling. The objective is to develop fast and 
reliable software tools in order to simulate the buckling and postbuckling behaviour up to collapse. These 
software tools can then be incorporated into a design process as well as to deduce simple design rules. To fulfil 
these tasks numerical and experimental work is essential. The experimental examination is employed to provide 
a better understanding of the physical behaviour of the structure and to validate the developed software tools. 
 
Our competence: 
    Postbuckling  
    Imperfection tolerance 
    Dynamic buckling 
    Thermal buckling 
 
Running projects:  
    COCOMAT (Co-ordinator, Improved Material Exploitation of Safe Design of Composite Structures by Accurate Simulation of 
Collapse, EC 6th FP) 
    ALCAS (Advanced low cost Airframe Structures, EC 6th FP) 
    MUSCA (Nonlinear static MUltiSCAle analysis of large aero-structures, EC 6th FP) 
    Design of optimal CFRP panels for fuselage structures (DLR - China) 
    Advanced Aerospace Structures (Fortschrittliche Flugzeugstrukturen, DLR - EADS) 
    Composite Fuselage Demonstrator (DLR-Airbus) 
    Probabilistic aspects of buckling knock down factors, Tests and analysis (ESA) 
    Buckling Handbook (ESA, ECSS-E-30-24) 
 
Some finished projects:  
    IBUCK - a fast semi-analytical design tool for stiffened panels (DLR - Airbus Deutschland) 
    POSICOSS (Coordinator, Improved Post-buckling Simulation for Design of Fibre Composite Stiffened Fuselage Structures, EC 5th 
FP) 
    Robust Design (DLR - Airbus Germany) 
    GARTEUR SM AG 25 (WP-leader, Postbuckling and Collapse Analysis, established recommendations for buckling, postbuckling 
and collapse analysis of CFRP shells) 
    Globales Tragverhalten (Virtual testing of stringer and frame stiffened shells, Airbus Germany) 
    Multiobjective optimisation of fibre composite structures endangered by buckling (DLR - China) 
    Identification of the Stiffnesses of Stringer Stiffened Laminated Materials (DLR - China) 
    Schwarzer Rumpf (Black fuselage, DLR - Airbus Deutschland) 
    Buckling under dynamic loading(German - Israeli foundation) 
    FESTIP (Refinement of Buckling Prediction Techniques for Large Thin Shells Under Mechanical and Thermal Load Conditions, 
ESA) 
    Fracture Mechanics of Composites (Damage tolerance of CFRP panels and cylinders prone to buckling, ESA) 
    EDAVCOS (Efficient Design and Verification of Composite Structures, EC 5th FP) 
    DEVILS (Design and Validation of Imperfection-Tolerant Laminated Shell Structures, EC 4th FP) 
    GARTEUR SM AG05 (Chairman, Buckling and Postbuckling Behaviour of Composite Panels) 



    Composite Bulkhead (Stability investigation of an Airbus CFRP bulkhead, A340-500 and A340-600) 
 
 
Arbelo, Mariano and Zimmermann, R. and Castro, Saullo and Degenhardt, Richard (2013) “Comparison of new 
Design Guidelines for Composite Cylindrical Shells prone to Buckling”. ICCST-9 Conference, 24.-26.April 
2013, Sorrento, Italy. 
ABSTRACT: Currently, imperfection sensitive shell structures prone to buckling are designed according to the 
NASA SP-8007 guideline, from 1968, using its conservative lower-bound curve. In this guideline the structural 
behavior of composite materials is not appropriately considered, since the imperfection sensitivity and the 
buckling load of shells made of such materials depend on the lay-up design. Due to the fact that this approach is 
outdated for preliminary design purposes, several authors are investigating less conservative methodologies. 
Some authors propose a new lower-bound curve approach based only on statistical analysis of experimental test 
on composite cylinders. The problem with this approach is that the range of applicability is limited to the 
database extension. Finite element models are also used by many researchers to characterize the behavior of 
cylindrical shell considering different types of material and geometrical imperfections. A representative finite 
element model allows studying a widespread area of possibilities from the design point of view. In this context 
a numerical investigation about the different methodologies to characterize the behavior of imperfection 
sensitive composite structures subjected to compressive loads up to buckling is presented in this paper. A 
comparative study is addressed between new deterministic methodologies, such as the “Single Perturbation 
Load Approach” proposed by the European project DESICOS and new statistical approaches based on 
experimental test on composite cylinders. The aim of this work is to define the range of applicability of these 
methodologies for unstiffened composite cylinders, advantage and disadvantage to use as a design tool, to 
provide means to calculate less conservative knock-down factors than the obtained with the NASA SP-8007 
guideline. 
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Zimmermann, R. [German Aerospace Center, Institute of Composite Structures and Adaptive Systems, 
Structural Mechanics, Braunschweig (DLR)] (1993) “Multiobjective optimization of fiber composite shells for 
maximum buckling load and imperfection tolerance”. In: Advances in Design Automation, - 1993 - DE-Vol. 
65-1. Eds. B.J. Gilmore; D.A. Hoeltzel; S. Azarm; H.E. Eschenauer., pp. 631-636. American Society of 
Mechanical Engineers.. 19th Design Automation Conference, Albuquerque/New Mexico, USA, 19.-22. Sept. 
1993.. 
ABSTRACT: The performance of thin-walled structures, which are endangered by buckling, is often strongly 
influenced by geometrical imperfections. It is impossible to know in advance the imperfections,which will be 
present in the real structure. Nevertheless, their influence has to be taken into account already at the design 
process. Attempts to indentify characteristic imperfections due to specific manufacturing processes overcome 
this difficulty only partly, as they do not consider imperfections coming into existence after fabrication. The 
remedy is, to build imperfection tolerant structures. For that purpose, a simple means to measure imperfection 
tolerance is defined and a multiobjective optimization formulation is proposed to design fiber composite shell 
structures, which simultaneously exhibit high imperfection tolerance and high buckling load. By example of 
axially compressed CFRP cylindrical shells first computational and experimental results are given to 
demonstrate the feasibility of the concept, and to identify needs for further research. 
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(1) Institute of Structural Mechanics, DLR, German Aerospace Center, P.O. Box 3267, D-38022, 
Braunschweig, Germany 
(2) Research Center for Multidisciplinary Analyses and Applied Structural Optimization (FOMAAS), 
University of Siegen, D-57068, Siegen, Germany 
“Optimization and experimental investigations of stiffened, axially compressed CFRP-panels”, Structural and 
Multidisciplinary Optimization, Vol. 15, No. 2, 1998, pp. 124-131, doi: 10.1007/BF01278498 
ABSTRACT: Thin-walled, unstiffened and stiffened shell structures made of fibre composite materials are 
frequently applied due to their high stiffness/strength to weight ratios in all fields of lightweight constructions. 
One major design criterion of these structures is their sensitivity with respect to buckling failure when subjected 



to inplane compression and shear loads. This paper describes how the structural analysis program BEOS 
(Buckling of Eccentrically Orthotropic Sandwich shells) is combined with the optimization procedure SAPOP 
(Structural Analysis Program and Optimization Procedure) to produce a tool for designing optimum CFRP-
panels against buckling. Experimental investigations are used to justify the described procedures. 
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Q. F. Chen, M. Y. Liu, "Buckling Analysis of Stiffened Plate with Local Imperfections under In-Plane 
Bending", Applied Mechanics and Materials, Vols. 351-352, pp. 290-296, 2013,  
DOI: 10.4028/www.scientific.net/AMM.351-352.290  
ABSTRACT: Elastic buckling of stiffened plate with local imperfections were presented in this paper. As its 
difficult to analysis buckling character of the stiffened plate with local imperfections by using elastic plate 
theory, this paper used finite element method (FEM) to model 30 different cases of local imperfections in 
stiffened plate, and analysed how the size, depth and direction of local imperfections affect the critical buckling 
coefficient of the stiffened plate. Results shown that, the size, depth and direction of local imperfections are 
have significant impact to the buckling behavior of stiffened plate, the largest decrease of critical buckling 
coefficient due to the local imperfection reaches 30% in this paper, and the critical buckling coefficient of 
stiffened plate with smaller stiffness ratio is more susceptible to the local imperfections. 
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“Buckling instabilities in GaN nanotubes under uniaxial compression”, Institute Of Physics Publishing: 
Nanotechnology 16 (2005) 2203–2208. 
ABSTRACT: We report experimental observations of shell buckling instabilities in free-standing, vertically 
aligned GaN nanotubes subjected to uniaxial compression. Highly uniform arrays of the GaN nanotubes 
standing on a GaN template were fabricated and subjected to uniaxial compression using a nanoindenter. The 
buckling load was found to be of the order of 150 μN for the GaN nanotubes with an outer radius of 40 nm, an 
inner radius of 20 nm, and heights of 500 and 300 nm. Good agreement was found between the experimental 
observations, the stress–strain relation equation study findings and the predictions from the cylindrical shell 
buckling theory. 
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Michael J Forrestal, George Herrmann, “Buckling of a long cylindrical shell surrounded by an elastic medium”, 
International Journal of Solids and Structures (1965, Vol. 1, No. 3, pp. 297-309, doi: 10.1016/0020-
7683(65)90035-1 
ABSTRACT: A long, thin, circular, cylindrical shell is subjected to uniform external pressure exerted by a 
surrounding elastic medium. The stability of equilibrium of the shell is examined by considering possible 
neighboring equilibrium states. The loading exerted by the elastic medium on the shell in the deformed state is 



found by solving an associated boundary value problem of the linearized theory of elasticity in the presence of 
initial stress. Expressions are derived which give the critical pressure for the cases of a bonded and a smooth 
interface. 
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ABSTRACT: This article addresses the issue of buckling failure of shell structures. We argue that a good 
understanding of the shell behavior near the limit state can and should be addressed through sensitivity analysis, 
that is, the assessment of the impact of individual input parameters (loads, material constants, geometry) or sets 
of input parameters on the failure of the structure. A major challenge in most applications lies in the fact that 
high computational costs have to be faced. Methods have to be developed that admit assertions about the 
sensitivity of the output with as few computations as possible. This articles presents a number of sensitivity 
indices based on Monte Carlo simulation techniques. We developed these methods in a project from aerospace 
engineering with light weight shell structures. We believe that the methods will be useful in composite 
laminated structures, where equally high computational costs are the rule. A thorough understanding of the 
sensitivities of a structure can ultimately serve as a robust basis for design guidelines. 
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Ding Haixu, Department of Marine Structures, China Ship Scientific Research Center, Wuxi, Jiangsu 214082, 
People’s Republic of China, “Strength and stability of double cylindrical shell structure subjected to hydrostatic 
external pressure—II: stability”, Marine Structures 16 (2003) 397–415, doi:10.1016/S0951-8339(03)00035-2 
ABSTRACT: This paper is the second part of the structure study of double cylindrical shell subjected to 
hydrostatic external pressure. The author makes researches on the relationship between inner and outer shells of 
pressurized double cylinders using equilibrium conditions of forces and deformation compatibility conditions 
with ring plate orthogonally connected to inner and outer shells and puts forward the expressions of longitudinal 
and circumferential forces of double pressurized cylinder. In this paper, equilibrium equations are established 
for a double cylindrical shell stiffened longitudinally and transversely and subjected to uniform hydrostatic 
external pressure by using an adjacent equilibrium method and a solution with high accuracy is presented to 
calculate theoretically critical pressures of panel buckling and interframe shell buckling. The solution can be 
used to both the double and single cylindrical shells without longitudinal stiffeners and therefore, it may be 
applied widely with higher accuracy. Also, some simplified formulae for the engineering application are given 
to calculate the panel buckling and the interframe shell buckling strengh. 
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of Generally Stiffened Conical Shells”, 47th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, 
and Materials Conference,  AIAA 2006-2275 1 - 4 May 2006, Newport, Rhode Island. 
ABSTRACT: The sensitivity of stiffened conical shells to imperfection is considered, via the initial post-
buckling analysis. Unlike stiffened cylindrical shells, in the case of generally stiffened conical shells the 
stiffeners inclination and the distance between the stiffeners vary with the shell coordinates, which complicates 
the problem considerably. The main objective of the study is to investigate the influence of the stiffeners on the 
buckling load and on the imperfection sensitivity. Thus, by finding the parameters that influence the shell’s 
imperfection sensitivity, it is possible to improve the behavior of the whole structure. 
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Goldfeld, Y. and Arbocz J., “Elastic Buckling of Laminated Conical Shells using a Hierarchical High-Fidelity 
Analysis Procedure”, ASCE Journal of Engineering Mechanics, Vol. 132, No. 12, December 2006 
ABSTRACT: A hierarchical high-fidelity analysis procedure is adopted for predicting the critical buckling load 
of filament wound laminated conical shells. This hierarchical procedure includes three levels of fidelity for the 
analysis. Level-1 assumes that the shell buckling load can be predicted by using simply supported boundary 
condition with a linear membrane prebuckling solution. Level-2 includes the effects of a nonlinear prebuckling 
solution and the effects of different boundary conditions. Level-3 includes the nonlinear interaction between 



nearly simultaneous buckling modes and the effects of boundary imperfections. For the Level-1 analysis a 
computer code BOLCS had been developed. BOLCS calculates the buckling load of laminated conical shells by 
a linear bifurcation analysis. The buckling behavior obtained by BOLCS is compared for various load cases 
with Level-3 solutions calculated by the two-dimensional nonlinear code STAGS-A. The effects of the 
assumptions and approximations used for the two solutions are discussed. In addition, the influence of the in-
plane boundary condition on the buckling behavior of laminated conical shells under axial compression is 
investigated. It is found that the in-plane boundary condition at the large end of the shell has a major effect on 
the buckling behavior. 
 
 Wedad I. Alazzawy (Mechanical Engineering Dept., Baghdad University), “Analytical solution for buckling of 
laminated conical shells”, Nahrain University College of Engineering Journal (NUCEJ), Vol. 22, No. 2, pp 129-
146, 2009 
ABSTRACT: Buckling analysis of laminated conical shells under axial compressive load are investigated 
analytically using high order and Love’s shell theories. Power series are used to solve the developed equations 
of motion for conical shells with different semi vertex angles, length-to-radius ratio, number of layers and 
boundary conditions. The validity of the presented procedure is confirmed. 
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the beam and shell modes of buckling of buried pipelines”, Soil Dynamics and Earthquake Engineering 
Vol. 9, No. 4, July 1990, pp. 179-193 doi: 10.1016/S0267-7261(05)80009-0 
ABSTRACT: The paper identifies and analyzes the so-called ‘beam’ and ‘shell’ modes of buckling of buried 
pipelines. Such failures have occurred as a result of compressive loads induced to pipelines by large ground 
movements in seismically active areas. In the beam mode of buckling, the pipeline tears through the ground and 
lifts off in a characteristic Ω configuration. The shell mode of buckling is a more localized failure characteristic 
of shell type structures. The two types of instability are simulated numerically using appropriate nonlinear 
kinematics, inelastic material behaviour and approximate modelling of the soil-structure interaction 
mechanisms. Parametric sensitivity studies are presented. It is demonstrated that initial geometric imperfections 
can strongly influence the critical loads and strains of both types of instability. Conditions under which the two 
modes of buckling interact are also discussed. 
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conference on lifeline earthquake engineering, San Francisco, CA (United States), 10-12 Aug 1995 
ABSTRACT: The buckling of buried pipeline induced by compressive ground failure was investigated. Both 
the beam mode of buckling and local shell mode of buckling, and their interactions were studied. The pipeline 
response was analyzed numerically. The results agree qualitatively with past researches and possess satisfactory 



comparisons with actual case histories. The relations of critical buried depth versus ratio of pipe diameter to 
thickness for buried pipe with different imperfections and various soil foundations were established. 
 
 
S. Kyriakides and Ju G.T. (Engineering Mechanics Research Laboratory, Department of Aerospace Engineering 
and Engineering Mechanics, The University of Texas at Austin, Austin, TX 78712, U.S.A.), “Bifurcation and 
localization instabilities in cylindrical shells under bending—I. Experiments”, International Journal of Solids 
and Structures, Vol. 29, No. 9, 1992, pp. 1117-1142, doi:10.1016/0020-7683(92)90139-K 
ABSTRACT: This two-part series of papers is concerned with the response and various instabilities which 
govern the behavior of circular cylindrical shells under pure bending. Part I describes the experimental part of 
the study and Part II presents the numerical simulation of the various phenomena observed experimentally. 
Experiments were conducted on long aluminum 6061-T6 shells with II different diameter-to-thickness ratios 
ranging from 60.5 to 19.5. For such geometries, the structural response and inherent instabilities are strongly 
influenced by the plastic characteristics of the material. Thinner shells were found to develop short wavelength 
periodic ripples on the compressed side of the shell. The shells buckled locally and collapsed soon after the 
appearance of the ripples. Thicker shells were found to exhibit a limit load instability as a direct consequence of 
the ovalization of the shell cross-section caused by bending. Following the limit load, the ovalization was found 
to localize, leading to the eventual collapse of the shells. For shells with intermediate D/t values, short 
wavelength ripples developed at the same time as localization of ovalization was recorded. The shells buckled 
locally and catastrophically following the development of a limit load. 
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localization instabilities in cylindrical shells under bending—II. Predictions”, International Journal of Solids 
and Structures, Vol. 29, No. 9, 1992, pp.1143-1171, doi:10.1016/0020-7683(92)90140-O 
ABSTRACT: The second part of this study is concerned with the prediction of the response and various 
instabilities found in Part I to govern the elastic-plastic flexure of circular cylindrical shells. Sanders' shell 
kinematics and the principle of virtual work were used to formulate the problem. A Rayleigh-Ritz procedure 
was used to discretize the problem. The resultant non-linear equations were solved iteratively using Newton's 
method. The three types of behavior involving bifurcation into short wavelength ripples, localization following 
the attainment of a natural limit load and interaction of the two were studied. In each case the predicted 
response was found to be in very good agreement with the experimental result. 
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Structures, Vol. 30, No. 4, 1993, pp. 463-482, doi:10.1016/0020-7683(93)90181-6 
ABSTRACT: It is well known that long cylindrical shells used in many practical applications involving external 
pressure loading collapse catastrophically due to a limit load instability. The limit load is due to interaction 
between geometric nonlinearities and material nonlinearities due to plasticity. This paper addresses the 
mechanism of collapse triggered by the limit load instability. It is found that following the limit load the 
collapse quickly localizes to a section of the shell a few diameters long. The deformations and stresses in the 
region of localization grow with a decreasing overall pressure whereas the rest of the structure remains intact 
and retains only a small residual effect from the limit load instability as it unloads. However, under favorable 
conditions the localized collapse triggers an instability which propagates along the length of the shell and has 



the potential of catastrophically collapsing the whole structure. The characteristics of the localization are 
studied parametrically through experiment and analysis. 
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crushing of circular tubes under axial compression”, International Journal of Solids and Structures, Vol. 40, No. 
12, June 2003, pp. 3137-3155, doi:10.1016/S0020-7683(03)00111-2 
ABSTRACT: Moderately thick circular tubes under compression crush progressively by axisymmetric folding. 
The paper presents a combined experimental analytical study of the onset of collapse, its localization and the 
subsequent progressive folding. Results from four displacement controlled crushing experiments are presented 
on tubes of various radius-to-thickness ratios made of different metal alloys. The experimental results include 
the crushing response, careful measurements of the geometric characteristics of the folds and the mechanical 
properties of the alloys. A finite element model of the crushing process has been developed and results from 
simulations are directly compared with the experiments. The model is found to reproduce the crushing response 
to a significant degree of accuracy. The mean crushing load is essentially the same as in the experiments; the 
calculated wavelength of the folds are within a few percent from measured values as are other geometric 
variables considered. Thus, the crushing energy per unit length of tube is predicted to a very good accuracy. In 
addition, the model was used to demonstrate that changes in the loading cycles which take place as the number 
of folds increases, are due to small differences between the inner and outer folds which in turn affect the self 
contact of the fold walls. Three simpler models taken from the literature in which steady-state folding is 
modeled by kinematically admissible collapse mechanisms are critically reviewed by comparing predictions of 
key variables to measured values. 
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compression—part I: Experiments”, International Journal of Mechanical Sciences, Vol. 48, No. 8, August 2006, 
pp. 830-841, doi:10.1016/j.ijmecsci.2006.03.005 
ABSTRACT: Elastic buckling of cylindrical shells due to axial compression results in sudden and catastrophic 
failure. By contrast, for thicker shells that buckle in the plastic range, failure is preceded by a cascade of events, 
where the first instability and failure can be separated by strains of 1–5%. The first instability is uniform 
axisymmetric wrinkling that is typically treated as a plastic bifurcation. The wrinkle amplitude gradually grows 
and, in the process, reduces the axial rigidity of the shell. This eventually leads to a limit load instability, 
beyond which the cylinder fails by localized collapse. For some combinations of geometric and material 
characteristics, this limit load can be preceded by a second bifurcation that involves a non-axisymmetric mode 
of deformation. Again, this buckling mode localizes resulting in failure. The problem is revisited using a 
combination of experiments and analysis. In Part I, we present the results of an experimental study involving 
stainless steel specimens with diameter-to-thickness ratios between 23 and 52. Fifteen specimens were designed 
and machined to achieve uniform loading conditions in the test section. They were subsequently compressed to 
failure under displacement control. Along the way, the evolution of wrinkles was monitored using a special 
surface-scanning device. Bifurcation buckling based on the J2 deformation theory of plasticity was used to 
establish the onset of wrinkling. Comparison of measured and calculated results revealed that the wrinkle 
wavelength was significantly overpredicted. The cause of the discrepancy is shown to be anisotropy present in 
the tubes used. Modeling of the postbuckling response and the prediction of the limit load instability follows in 
Part II. 
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Mechanical Sciences, Vol. 48, No. 8, August 2006, pp. 842-854, doi:10.1016/j.ijmecsci.2006.03.002 
ABSTRACT: In the second part of this study, the evolution of uniform axisymmetric wrinkling in axially 
compressed cylinders is modeled using the principle of virtual work. A version of this formulation also allows 
localization of wrinkling. The model domain is assigned an initial axisymmetric imperfection of a chosen 
amplitude and the wavelength yielded by the first bifurcation check. The solution correctly simulates the growth 
of wrinkles and results in a limit load instability. The limit strain is influenced by the amplitude of the 
imperfection. Beyond the limit load, wrinkling tends to localize, eventually leading to local folding. The 
possibility of bifurcation of the axisymmetric solution to non-axisymmetric buckling modes is examined by 
using a dedicated bifurcation check. The bifurcation check was found to yield such buckling modes correctly. 
The evolution of such buckling modes is simulated by a separate non-axisymmetric model assigned 
imperfections with axisymmetric and nonaxisymmetric components. The domain analyzed is one characteristic 
wavelength long (2_ªC). Initially, compression activates mainly axisymmetric deformation. In the neighborhood 
of the bifurcation point, non-axisymmetric deformation starts to develop, eventually leading to a limit load 
instability. Experimental responses were simulated with accuracy by assigning appropriate values to the two 
imperfection amplitudes. Prediction of the limit strains for the whole range of diameter-to-thickness ratios (D/t) 
considered in the experiments was achieved by making the amplitude of the non-axisymmetric imperfection 
proportional to (D/t)2/m3 (m is the circumferential wavenumber). Matching all aspects of the experiments 
required inclusion of the anisotropy measured in the tubes tested through Hill's yield criterion in all models. 
 
 
Stelios Kyriakides and Edmundo Corona, “11 - Plastic Buckling and Collapse Under Axial Compression”, 
Mechanics of Offshore Pipelines, Vol. I Buckling and Collapse, 2007, Pages 280-318, 
doi:10.1016/B978-008046732-0/50011-8 
ABSTRACT: Long cylindrical tubes and pipes under axial compression will usually bend, behaving as beam 
columns. Shell-type localized buckling occurs mainly when the structure is restrained from lateral movement. 
This, for example, is the case for a pipiline buried in a trench or resting on a deformable foundation. 
Compression can be caused by the passage of hot hydrocarbons carried from the well to a central gathering 
point by buried flowlines in offshore operations. Foundation motion caused by fault movement, landslides, 
ground subsidence, permafrost melting, or soil liquefaction can also result in severe compression of the lines. 
Both loading scenarios can impose compressive strains high enough to result in shell type buckling… 
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80125, Napoli, Italy), “On the analysis of cylindrical tubes under flexure: theoretical formulations, experimental 
data and finite element analyses”, Thin-Walled Structures, Vol. 41, Nos. 2-3, February 2003, pp. 127-147, 
doi:10.1016/S0263-8231(02)00083-6 
ABSTRACT: In the present paper the behaviour of cylindrical elastic tubes under pure bending is discussed. 
This behaviour is characterised by a smooth global maximum on the load-deflection curve which is due to the 
well-known von Kármán effect, that is to the progressive flattening of the cross section of the tube under 
bending moment. However, during the loading process another type of failure may also occur before the limit 
load is reached, that is, at a certain stage the compressed region of the bent tube wrinkles axially and can give 
origin to a localised instability. Even if these phenomena have been extensively investigated in many classical 
works, nevertheless the analysis of experimental data shows that there are still some points which seem to be 
worthy of further considerations, especially from an engineering standpoint and for design purposes. To this 
aim, a straightforward treatment of the problem is presented which can be employed to give clear reason for 
several experimental findings by means of plain expressions and with a clear physical meaning. Finally, the 
results are compared to those obtained by means of a commercially available non-linear finite element code. 
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shell models via frequency-domain methods”, (No publisher or date or abstract are given. Latest reference is 
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“We study the stability and dissipativity of viscoelastic plates with constant thickness under dynamic loads 
given by the equations ([1, 7])… 
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“Dynamic buckling of elastic-plastic cylindrical shells and axial stress waves”, Science China Mathematics, Vol. 38, 
No. 4, pp. 472-480, 1995, http://math.scichina.com:8081/sciAe/EN/  
ABSTRACT: The mechanism for bifurcation of elastic-plastic buckling of the semi-infinite cylindrical shell under 
impacting axial loads is proposed based on the theory of stress wave. Numerical results on three kinds of end 
supports and step and impulse loads are given. 
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“Dynamic buckling of cylindrical shells subject to an axial impact in a symplectic system”, International 
Journal of Solids and Structures, Vol. 43, No. 13, June 2006, pp. 3905-3919, doi:10.1016/j.ijsolstr.2005.03.005 
ABSTRACT: This paper discusses the dynamic pre-buckling of finite cylindrical shells in the propagation and 
reflection of axial stress waves. By introducing the Hamiltonian system into dynamic buckling of structures, the 
problem can be described mathematically in a symplectic space. The solutions of Hamiltonian dual equations 
shown in canonical variables are obtained. The problem is reduced to the determination of eigenvalues and 
eigensolutions, with the former indicating critical buckling loads and the latter buckling modes. Numerical 
example presented shows phenomena of axisymmetric and non-axisymmetric dynamic buckling subject to 
impacts of axial load. 
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“Hamiltonian System for Dynamic Buckling of Transversely Isotropic Cylindrical Shells Subjected to an Axial 
Impact”, International Journal of Structural Stability and Dynamics, Vol. 8, No. 3, September 2008, 



DOI: 10.1142/S0219455408002764 
ABSTRACT: This paper investigates the prebuckling dynamics of transversely isotropic thin cylinder shells in 
the context of propagation and reflection of axial stress waves. By constructing the Hamiltonian system of the 
governing equation, the symplectic eigenvalues and eigenfunctions are obtained directly and rationally without 
the need for any trial shape functions, such as the classical semi-inverse method. The critical loads and buckling 
models are reduced to the problem of eigenvalues and eigensolutions, in which zero-eigenvalue solutions and 
nonzero-eigenvalue solutions correspond to axisymmetric buckling and nonaxisymmetric buckling, 
respectively. Numerical results reveal that energy is concentrated at the unconstrained free ends of the shell and 
the buckling modes have bigger bell-mouthed shapes at these positions. 
 
 
Xinsheng Xu (1), Jianqing Ma (1), C.W. Lim (2) and Hongjie Chu (1) 
(1) State Key Laboratory of Structure Analysis of Industrial Equipment and Department of Engineering 
Mechanics, Dalian University of Technology, Dalian, 116024, China 
(2) Department of Building and Construction, City University of Hong Kong, Hong Kong, China 
“Dynamic local and global buckling of cylindrical shells under axial impact”, Engineering Structures, Vol. 31, 
No. 5, May 2009, pp. 1132-1140, doi:10.1016/j.engstruct.2009.01.009 
ABSTRACT: In this paper, the local and global buckling of cylindrical shells under axial, compressive impact 
loads is studied. A Hamiltonian system is introduced in the problem. The fundamental problem in the system 
can be described mathematically by the Hamiltonian dual equations, which are expressed in four pairs of dual 
variables. The problem is reduced to a problem of eigenvalues and eigensolutions for critical loads and buckling 
modes, respectively. The buckling modes can be described by their respective orders and they are grouped into 
two classes, the short-wave or local buckling and the long-wave or global buckling. The solutions are obtained 
analytically and numerically, and some rules observed are indicated. 
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“A Symplectic Hamiltonian Approach For Thermal Buckling Of Cylindrical Shells”, International Journal of 
Structural Stability and Dynamics, Vol. 10, No. 2, June 2010, DOI: 10.1142/S0219455410003506 
ABSTRACT: The paper deals with the thermal buckling of cylindrical shells in a uniform temperature field 
based on the Hamiltonian principle in a symplectic space. In the system, the buckling problem is reduced to an 
eigenvalue problem which corresponds to the critical temperatures and buckling modes. Unlike the classical 
approach where a predetermined trial shape function satisfying the geometric boundary conditions is required at 
the outset, the symplectic eigenvalue approach is completely rational where solutions satisfying both geometric 
and natural boundary conditions are solved with complete reasoning. The results reveal distinct axisymmetric 
buckling and nonaxisymmetric buckling modes under thermal loads. Besides, the influence for different 
boundary conditions is discussed. 
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ABSTRACT: The stability of structure is an important research subject in modern solid mechanics and much 
attention has been focused on the problem in industry equipments. Since cylindrical shell is a basic structure, its 
buckling problems play an important role in the theories of structural stability. Many researches have been 
carried out and great progress has been made in solving many practical problems. Some phenomena which deal 
with local buckling of a cylindrical shell in experiments are reported. To explain these, it is necessary to 
consider basic theories and a new method is needed. It is well known that an object can be impacted or heated. 
The buckling phenomena of a cylindrical shell subjected to an impact load or a thermal load are not the same 
because of their different characters. When a shell is impacted, the internal forces caused by the impact will be 
propagated and reflected in a stress wave form. Becuase stress waves are affected locally, the shell will be 



overall bucked and accompanied with local wrinkles, if both loads are applied. High-order partial differential 
equations often occur when one solves problems which deal with pre-buckling of a cylindrical shell. Sometimes 
traditional separation of variables is not work anymore if the problem is presented in a Lagrangian system. 
When this happens, it is necessary to introduce a new system. This paper deals with pre-buckling of a shell 
subjected to thermal load, impact load or coupling load. By introducing a Hamiltonian function, the 
Hamiltonian system for the problem is established. This means that the transformation from a Lagrangian 
system to a Hamiltonian system is finished. In a symplectic space, eigenvalues and eigenfunctions take the 
place of the critical buckling loads and buckling modes of the problem. The zero-eigenvalues describe 
axisymmetric buckling and non-zero eigenvalues mean non-axisymmetric bucking. In pre-buckling problems, 
small deformation theories are used,while lager deformation theories are applied in solving post-buckling 
problems. Based on the complete solutions obtained in the pre-buckling problems,  a symplectic eigenfunction 
expansion method is developed and the whole progress from prebuckling to postbuckling are described. A new 
method for solving such nonlinear problems is presented. Stress waves play an important role in the local 
buckling of a shell when the waves propogate, reflect and transmit in the shell. After studying these effects, 
critical loads and buckling modes of a shell subjected to impact loads, thermal loads and coupling loads with 
different boundary condtions are presented. Numerical results show that when a shell is impacted, local 
buckling is unavoidable due to the local effects of the stress waves. There will be overall buckling if a shell is 
heated. When a shell is impacted, a big open is tend to occur at the impact end in the beginning and when the 
stress waves are reflected, the big open may appear at the reflect end. If a pulse is imposed, a bamboo-node type 
will come up in the middle of the shell. The pulse usually is pruduced by the propagation, reflection and 
transmission of the stress waves in the bullet.  In fact, local buckling of a shell is a type of energy concentration 
in the shell. It can be concluded that local buckling in a shell are mainly caused by the propagation, reflection 
and transmission of stress waves. Local buckling have something to do with not only the phisical properties of 
the shell but also its geometric feature parameters. The length of a pulse and the wave impedence are of major 
signifance on a bamboo node-type. In post-buckling problems, an intial mode which is in the form of pre-
buckling solutions is adopted, and the effects of the initial mode to the post-buckling are discussed in three 
ways, that is,its amplitudes, circular orders and axial branches. It is found that the shell is not sensitive to the 
intial mode. In post-buckling process, a thinner shell is inclined to a higher circular order and a longer shell 
tends to a higher axial order. These provide important rules for structure stability design in engineering. 
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International Journal of Structural Stability and Dynamics, Vol. 14, No. 1, 1350048 (24 pages), 
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ABSTRACT: Based on Hamilton's principle, a new accurate solution methodology is developed to study the 
torsional bifurcation buckling of functionally graded cylindrical shells in a thermal environment. The effective 
properties of functionally graded materials (FGMs) are assumed to be functions of the ambient temperature as 
well as the thickness coordinate of the shell. By applying Donnell's shell theory, the lower-order Hamiltonian 
canonical equations are established, from which the eigenvalues and eigenvectors are solved as the critical loads 
and buckling modes of the shell of concern, respectively. The effects of various aspects, including the combined 
in-plane and transverse boundary conditions, dimensionless geometric parameters, FGM parameters and 
changing thermal surroundings, are discussed in detail. The results reveal that the in-plane axial edge supports 
do have a certain influence on the buckling loads. On the other hand, the transverse boundary conditions only 
affect extremely short shells. With increasing thermal loads, the material volume fraction has a different 
influence on the critical stresses. It is concluded that the optimized FGM mixtures to withstand thermal 
torsional buckling are Si3N4/SUS304 and Al2O3/SUS304 among the materials studied in this paper. 
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“Buckling of Functionally Graded Cylindrical Shells Under Combined Thermal and Compressive Loads”, 
Journal of Thermal Stresses, Vol. 37, No. 3, pp. 340-362, 2014, DOI: 10.1080/01495739.2013.869143 
ABSTRACT: This article focuses on analytical solutions for bifurcation buckling of FGM cylindrical shells 
under thermal and compressive loads. A new solution methodology is established based on Hamilton's 
principle. The fundamental problem is subsequently transformed into the solutions of symplectic eigenvalues 
and eigenvectors, respectively. Then, by applying a unidirectional Galerkin method, imperfection sensitivity of 
an imperfect FGM cylindrical shell is discussed in detail. The solutions reveal that boundary conditions, volume 
fraction exponent, FGM properties, and temperature rise distribution significantly influence the buckling 
behavior. Critical stresses are reduced greatly due to the existence of initial geometric imperfections. 
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“Buckling of cylindrical shells under external pressure in a Hamiltonian system”, Journal of Theoretical and 
Applied Mechanics, Vol. 52, No. 3, pp. 641-653, 2014 
ABSTRACT: In this article, the elastic buckling behavior of cylindrical shells under external pressure is studied 
by using a symplectic method. Based on Donnell’s shell theory, the governing equations which are expressed in 
stress function and radial displacement are re-arranged into the Hamiltonian canonical equations. The critical 
loads and buckling modes are reduced to solving for symplectic eigenvalues and eigenvectors. The buckling 
solutions are mainly grouped into four categories according to the natures of the buckling modes. The effects of 
geometrical parameters and boundary conditions on the buckling loads and modes are examined in detail. 
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and Construction of Shell and Spatial Structures : Proceedings / Alberto Domingo and Carlos Lázaro, eds., pp. 
2523-2534, 2009-12-11, Universitat Politécnica de Valencia, doi: dspace.upv.es:10251/6587 
ABSTRACT: The effect of two localized axisymmetric initial imperfections on the critical load of elastic 
cylindrical shells subjected to axial compression is studied through finite element modelling. This was carried 
out by means of the specialized shell buckling package Stanlax. First, a single defect having a triangular 
geometry is considered in order to determine the most adverse defect configuration, then two defects having this 
arrangement and which are symmetrically distributed along the shell length are introduced in the problem in 
order to assess their global interacting effect on the buckling load reduction. A statistical approach which is 
based on full factorial design of experiment tables and analysis of variance is used to quantify the relative 
influence of all the intervening factors. It is shown that two interacting defects yield further reduction of the 
shell critical load. 
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Technology, Cambridge, MA 02139, U.S.A.), “Axisymmetric and bifurcation creep buckling of externally 
pressurised spherical shells”, International Journal of Solids and Structures, Vol. 16, No. 2, 1980, pp. 131-148, 
doi:10.1016/0020-7683(80)90030-X 
ABSTRACT: The creep buckling behavior of a geometrically imperfect complete spherical shell subjected to a 
uniform external pressure is examined using Sanders' equilibrium and kinematic equations appropriately 
modified to include the influence of initial stress-free imperfections in the radius. The Norton-Bailey 
constitutive equations are used to describe the secondary creep behavior and elastic effects are retained. The 
initial imperfections have the same shape as the classical axisymmetric elastic buckling mode and the initial 
elastic response is obtained analytically for external pressures smaller than the corresponding static collapse 
pressure. Numerical finite-difference procedures are used to obtain the axisymmetrical creep buckling behavior 
and to determine when a bifurcation or loss of uniqueness into a non-axisymmetric deformation state occurs. 
The numerical results for the creep buckling behavior of complete spherical shells are similar for hydrostatic 
and deadweight-type external pressures, at least for the particular parameters examined herein, and demonstrate 



that initial imperfections exercise an important influence on the critical times. It turns out from a practical 
viewpoint that axisymmetric creep buckling governs the behavior of the spherical shells examined in this 
article. It was observed from the present results that the creep buckling times of externally pressurised complete 
spherical shells are longer than those for “equivalent” axially loaded cylindrical shells. 
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ABSTRACT: A perturbation method of analysis has been used to examine the dynamic plastic buckling of a 
stringer-stiffened cylindrical shell subjected to an axial impact. It transpires that it is more efficient to place 
stiffeners on the outer shell surface rather than on the inner surface. Various results are presented to demonstrate 
the influence of the second moment of area, eccentricity, cross-sectional area and number of stiffeners on the 
dynamic plastic response. 
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ABSTRACT: The dynamic elastic buckling behavior of a geometrically imperfect complete spherical shell that 
is subjected to a uniform external step pressure is examined using Sander's equilibrium and kinematic 
equations, appropriately modified to include the influence of inertia forces and initial stress-free imperfections 
in the radius. A finite-difference procedure with either the Houbolt or Park methods of time integration is used 
to predict the axisym-metric dynamic elastic buckling pressures and associated critical mode numbers. The 
dynamic buckling pressure is significantly smaller than the corresponding static value for small initial 
imperfections, but is less imperfection. 
 
 
Boquan Song and Norman Jones (Department of Mechanical Engineering, The University of Liverpool, P.O. 
Box 147, Liverpool L69 3BX, U.K), “Dynamic buckling of elastic-plastic complete spherical shells under step 
loading”, International Journal of Impact Engineering, Vol. 1, No. 1, 1983, pp. 51-71, 
doi:10.1016/0734-743X(83)90012-X 
ABSTRACT: The dynamic axisymmetrical behaviour of a perfect complete spherical shell made from a bilinear 
or work hardening material and subjected to a uniform external step pressure loading is investigated. A 
perturbation method of analysis leads to a Mathieu equation which gives the dynamic buckling pressure and 
associated mode for a complete spherical shell. The influence of the plastic parameter and damping on the 
dynamic buckling pressure and mode number are also discussed. 
 
 
W. Wojewodzki and P. Lewinski, “Viscoplastic axisymmetrical buckling of spherical shell subjected to radial 
pressure impulse, Engineering Structures, Vol. 3, pp 168-174, 1981 
(No abstract) 
 
 
Wlodzimierz Abramowicz and Norman Jones (Department of Mechanical Engineering, The University of 
Liverpool, P.O. Box 147, Liverpool L69 3BX, U.K.), “Dynamic axial crushing of square tubes”, International 
Journal of Impact Engineering, Vol. 2, No. 2, 1984, pp. 179-208, doi:10.1016/0734-743X(84)90005-8 



ABSTRACT: Eighty-four dynamic tests on thin-walled square steel tubes having two different cross-sections 
with c/h = 30.25 and c/h = 32.18 and various lengths were crushed axially on a drop hammer rig. Approximate 
theoretical predictions were developed for the axial progressive crushing of square box columns using a 
kinematically admissible method of analysis. This theoretical study predicts four deformation modes which 
govern the behaviour for different ranges of the parameter c/h. New asymmetric deformation modes were 
predicted theoretically and confirmed in the experimental tests. These asymmetric modes cause an inclination of 
a column which could lead to collapse in the sense of Euler even for relatively short columns. The effective 
crushing distance is considered in the approximate theoretical analysis together with the influence of material 
strain rate sensitivity, which is important for steel even when the loadings are quasi-static. The simple equations 
presented herein for the design of axially crushed spuare box columns give reasonable agreement with the 
corresponding experimental results. 
 
 
Wlodzimierz Abramowicz and Norman Jones (Department of Mechanical Engineering, The University of 
Liverpool, P.O. Box 147, Liverpool L69 3BX, U.K.), “Dynamic axial crushing of circular tubes”, International 
Journal of Impact Engineering, Vol. 2, No. 3, 1984, pp. 263-281, doi:10.1016/0734-743X(84)90010-1 
ABSTRACT: A series of axial crushing tests on steel circular cylindrical shells loaded either statically or 
dynamically is reported and compared with various theoretical predictions and empirical relations. A modified 
version of Alexander's theoretical analysis for axisymmetric, or concertina, deformations gives good agreement 
with the experimental results when the effective crushing distance is considered and provided that the influence 
of material strain rate sensitivity is retained in the dynamic crushing case. 
 
 
W. Abramowicz and N. Jones (Department of Mechanical Engineering, The University of Liverpool, P.O. Box 
147, Liverpool L69 3BX, U.K.), “Dynamic progressive buckling of circular and square tubes”, International 
Journal of Impact Engineering, Vol. 4, No. 4, 1986, pp. 243-270, doi:10.1016/0734-743X(86)90017-5 
ABSTRACT: A series of over 120 axial crushing tests were conducted on circular and square steel tubes loaded 
either statically or dynamically. Approximate theoretical predictions for static and dynamic progressive 
buckling are developed. Fair agreement with the experimental results is achieved provided the effective 
crushing distance is taken into account and the infuence of material strain rate sensitivity is retained for 
dynamic loads. 
 
 
Jian Yao and Boquan Song (Department of Civil Engineering, Zhejiang University, Hangzhou, Zhejiang 
Province, 310027, P.R.C.), “The dynamic elastic buckling of a circular arch with finite displacements and initial 
imperfections”, International Journal of Impact Engineering, Vol. 11, No. 4, 1991, pp. 503-513, 
doi:10.1016/0734-743X(91)90016-9 
ABSTRACT: The equilibrium equations for elastic circular arches are established using the principle of virtual 
work. The nonlinear partial differential equations of motion are solved using a finite difference method (Park's 
method for time difference). The dynamic stability of a hinged and a clamped elastic circular arch with a 
uniform step load is analysed with finite deformations and initial geometric imperfections. Results show that the 
buckling mode varies with the value of the arch half angle, theta0. The boundary condition and initial 
imperfection amplitude also effect the buckling mode. A nearly perfect arch usually buckling with a  “direct” _ 
buckling form, while an imperfect arch with an  “indirect” _ buckling form. The effect of theta0 on the ratio 
pd/ps (pd is the dynamic critical load and ps the static critical load) is shown for different initial imperfections 
and different boundary conditions. 
 
 
R.S. Birch and Norman Jones (Impact Research Centre, Faculty of Engineering, University of Liverpool, PO 
Box 147, Liverpool L69 3BX, UK), “Dynamic and static axial crushing of axially stiffened cylindrical shells”, 
Thin-Walled Structures, Vol. 9, Nos. 1-4, 1990, pp. 29-60, Special Volume on Thin-Walled Structures: 
Developments in Theory and Practice, doi:10.1016/0263-8231(90)90038-Z 
ABSTRACT: The axial impact of cylindrical tubes, which incorporate axial stiffeners, is examined in this 



paper. For comparison purposes, the effect of static loading is also studied. An examination is made into the 
influence of stiffener depth (T), number of stiffeners (N) and the effect of placing the stiffeners externally or 
internally. The experimental results on mild steel specimens show that there are considerable differences 
between the static and dynamic modes of failure, and that an optimum T/D ratio may exist for a given value of 
N. 
 
 
Jorge A.C. Ambrosio (Instituto Superior Técnico, Portugal), “Dynamic Axial Crushing”, Chapter 4 in 
Crashworthiness, J.A.C. Ambrosio, Editor, Vol. 423 of the series, International Centre for Mechancal Sciences, 
pp 49-66, 2001, DOI: 10.1007/978-3-7091-2572-4_4 
ABSTRACT: The structural members examined in the previous chapters responded in a stable manner when 
subjected to dynamic loads. However, in practice, dynamic loads may cause an unstable response. This chapter 
examines the dynamic progressive buckling phenomenon [4.1], which is illustrated in figure 4.1 for a circular 
tube. 
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ABSTRACT: The use of a simple imperfection-sensitive elastic-plastic model for studying the non-linear 
buckling of short columns and cylndrical shells under dynamic axial compression is discussed in this paper. The 
axial impact loading of the model by a mass with an initial velocity is considered as a particular example. The 
critical impact velocities are determined for wholly elastic and elastic-plastic materials with linear strain 
hardening characteristics. The results show that the maximum initial kinetic energy at the transition between 
stable and unstable behaviour after impact is sensitive to the magnitude of the material strain hardening 
parameter. It is also evident from the results that impact due to larger masses leads to larger lateral 
displacements at buckling and that the instability of a column is more sensitive to the presence of initial 
imperfections at higher impact velocities. Some guidance is offered on the choice of the various parameters in 
the idealized model for the analysis of practical engineering structures. 
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“Chaotic phenomena in the dynamic buckling of an elastic-plastic column under an impact”, Nonlinear 
Dynamics, Vol. 9, No. 3, pp 265-280, March 1996 
ABSTRACT: The present study is concerned with the dynamic anomalous response of an elastic-plastic column 
struck axially by a massm with an initial velocityv 0. This simple example is considered in order to clarify the 
influence of the impact characteristics and the material plastic properties on the dynamic buckling phenomenon 
and particularly on the final vibration amplitudes of the column when it shakes down to a wholly elastic 
behaviour. The material is assumed to have a linear strain hardening with a plastic with a plastic reloading 
allowed. These material properties are the reason a number of elastic-plastic cycles to be realized prior to any 
wholly elastic stable behaviour, which causes different amounts of energy to be absorbed due to the plastic 
deformations. The column exhibits two types of behaviour over the range of the impact masses — a quasi-
periodic and a chaotic response. The chaotic behaviour is caused by the multiple equilibrium states of the 
column when any small changes in the loading parameters cause small changes in the plastic strains which 
result in large changes in the response behaviour. The two types of behaviour are represented by displacement-
time and phase-plane diagrams. The sensitivity to the load parameters is illustrated by the calculation of a 
Lyapunov-like exponent. Poincaré maps are shown for three particular cases. 
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“Strain-rate effects in the dynamic buckling of a simple elastic-plastic model”, Journal of Applied Mechanics, 
03/1997, Vol. 64, No. 1, DOI: 10.1115/1.2787272 
ABSTRACT: The phenomenon of dynamic buckling is examined when the influence of material strain-rate 
sensitivity is retained in the basic equations for a simple elastic-plastic model with linear strain hardening when 
subjected to an impact by a mass. Two approaches are proposed for taking into account the material strain-rate 
effects and both use the Cowper-Symonds constitutive equation. The critical impact velocities depend on the 
impact mass and are determined for a wholly elastic material, a strain-rate insensitive elastic-plastic material 
and an elastic-plastic material with a dynamic yield force together with linear or nonlinear hardening due to the 
strain-rate effects. The results obtained show that both strain-rate sensitive models predict impact velocities 
which are higher than those predicted by the strain-rate insensitive idealization and that the influence of any 
initial imperfections is important for the three material models considered. 
 
 
D. Karagiozova and N. Jones, “Stress wave effects on the dynamic axial buckling of cylindrical shells under 
impact”, WIT Transactions on the Built Environment, Structures under Shock & Impact V, Vol. 35, 1998 
PARTIAL ABSTRACT: Dynamic axisymmetric buckling of cylindrical shells, loaded dynamically by a Kolsky 
bar, is studied in order to analyse the influence of stress wave propagation on the initiation of buckling. The 
considered specimens are made of an aluminium alloy which has linear strain hardening and displays the 
Bauschinger effect. The acceleration wave speeds are obtained assuming the Tresca yield criterion. The 
deformation process is analysed by a numerical simulation using a discrete model for the shell and the 
theoretical predictions are compared with some published experimental data. It is shown that the different 
modes of… 
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Solids and Structures, Vol. 37, No. 14, April 2000, pp. 2005-2034, doi:10.1016/S0020-7683(98)00343-6 
ABSTRACT: Dynamic axisymmetric buckling of circular cylindrical shells struck axially by a mass is studied 
in order to clarify the initiation of buckling and to provide some insight into the buckling mechanism as a 
transient process. It is assumed that the material is elastic–plastic with linear strain hardening and displaying the 
Bauschinger effect. The deformation process is analysed by a numerical simulation using a discrete model. 
Particular attention is paid to the influence of stress wave propagation on the initiation of buckling. It is found 
that the development of the buckling shape depends strongly on the inertia properties of the striker and on the 
geometry of the shell. The theoretical method is used to clarify some experimental data and good agreement is 
obtained with results on aluminium alloy tubes. 
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“Inertia effects in axisymmetrically deformed cylindrical shells under axial impact”, International Journal of 
Impact Engineering, Vol. 24, No. 10, November 2000, pp. 1083-1115, doi:10.1016/S0734-743X(00)00028-2 
ABSTRACT: The axisymmetric buckling of elastic–plastic cylindrical shells subjected to axial impact are 
studied using a finite element analysis. This study reveals that shells, subjected to axial impact, are both velocity 
and mass sensitive, so that larger energies can be absorbed by a shell for high-velocity impacts when decreasing 
the striking mass. It is shown that the inertia characteristics of the shell, together with the material properties, 
determine particular patterns of the axial stress wave propagation, thus, causing either dynamic plastic or 
dynamic progressive buckling to develop during the initial phase of the shell response. Domains of the load 
parameters, where the different buckling phenomena develop, are obtained for two particular shells. Strain rate 
effects are also considered when discussing the energy absorbing properties of the shells. 
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“Dynamic effects on buckling and energy absorption of cylindrical shells under axial impact”, Thin-Walled 
Structures, Vol. 39, No. 7, July 2001, pp. 583-610, doi:10.1016/S0263-8231(01)00015-5 
ABSTRACT: The crushing behaviour of aluminium and steel cylindrical shells, when subjected to an axial 
impact, is examined using a numerical simulation. The influence of the material properties, shell geometry, 
boundary conditions and loading techniques on the energy absorbed and the buckling shapes is explored. 
Various shell response characteristics, such as the peak load, fold lengths, axial compression and energy 
absorption are studied. An examination is also made of the influence of filtering on the accuracy of data 
obtained usually in dynamic tests. 
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ABSTRACT: A new concept is presented for the dynamic elastic–plastic axisymmetric buckling of circular 
cylindrical shells under axial impact. The phenomena of dynamic plastic buckling (when the entire length of the 
shell wrinkles before the development of large radial displacements) and dynamic progressive buckling (when 
the shell folds form sequentially) are analysed from the viewpoint of stress wave propagation resulting from an 
axial impact. The conditions for the development of dynamic plastic buckling are obtained. A numerical 
analysis of the buckling phenomena reveals that the material properties together with the geometrical 
characteristics of the shell determine the particular type of response for high velocity impacts. It is concluded 
that shells made of strain rate insensitive materials can respond either by dynamic plastic buckling or dynamic 
progressive buckling, depending on the inertia properties of the shell, while those shells made of strain rate 
sensitive materials respond always by dynamic progressive buckling. It is shown that the prediction for the peak 
load, which can develop in a shell for a high velocity impact, depends on the particular yield criterion used in 
the analysis. 
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Non-Linear Mechanics, Vol. 37, No. 7, October 2002, pp. 1223-1238, doi:10.1016/S0020-7462(01)00146-9 
ABSTRACT: Some characteristic features of the dynamic inelastic buckling behaviour of cylindrical shells 



subjected to axial impact loads are discussed. It is shown that the material properties and their approximations 
in the plastic range influence the initial instability pattern and the final buckling shape of a shell having a given 
geometry. The phenomena of dynamic plastic buckling (when the entire length of a cylindrical shell wrinkles 
before the development of large radial displacements) and dynamic progressive buckling (when the folds in a 
cylindrical shell form sequentially) are analysed from the viewpoint of stress wave propagation resulting from 
an axial impact. It is shown that a high velocity impact causes an instantaneously applied load, with a maximum 
value at t=0 and whether or not this load causes an inelastic collapse depends on the magnitude of the initial 
kinetic energy. 
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ABSTRACT: This article discusses the dynamic plastic instability of various basic structural members, 
subjected to large axial impact loads, which is relevant to the fields of structural impact and structural 
crashworthiness. In particular, studies on the dynamic axial response of idealised elastic–plastic models, rods, 
cylindrical shells and square tubes, is discussed in some detail. The analyses for some of the rods, shells and 
tubes retain the simultaneous influence of elastic and plastic stress waves (axial inertia) and the structural 
response (lateral inertia). The predictions reveal the profound influence of stress wave propagation phenomena 
which explain the characteristics of many of the experimental results obtained in laboratories over the years. 
These more complete analyses are vital for the higher velocity impact scenarios encountered increasingly in 
designs and for comparing properly the relative merits of different ductile materials in potential energy 
absorbing systems. 
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Poland 
Summary The dynamic transition from progressive buckling to global bending collapse of a long circular tube 
under an axial impact is studied in order to obtain the energy absorption characteristics. The developed 
theoretical modes are used to analyse the influence of various parameters on the buckling transition. The 
analysis reveals a specific impact velocity, which causes a counterintuitive response of a tube. An empirical 
criterion for the lower and upper bounds to the critical lengths for buckling transition is proposed. 
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ABSTRACT: A review of major research activities in North America with respect to the crashworthiness of 



composite aircraft structures was performed with the goal of identifying potential Canadian contribution to 
R&D areas where effort would be required to complement the on-going programs in the United States. 
Recommendations include a study on the effect of aircraft size on crashworthiness design requirements; the 
implementation of the KRASH code in Canada to establish commonality in analytical methods with major U.S. 
and European users; an investigation on the energy absorption capabilities of the design features for small 
aircraft containing composite and/or composite/hybrid structures; and a parametric study on the crashworthiness 
design of composite-to-composite and composite-to-metal joints. 
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Dirk Mohr, Tomasz Wierzbicki (Impact and Crashworthiness Laboratory,  Massachusetts Institute of 
Technology, Cambridge, MA 02139), “On the Crashworthiness of Shear-Rigid Sandwich Structures”, Journal 
of Applied Mechanics, Vol. 73, No. 4, pp. 633-641, November 2005, doi:10.1115/1.2165232 
ABSTRACT: This paper deals with the evaluation of the crashworthiness of thin-walled sandwich box 
structures for automotive applications. Quasi-static crushing simulations are carried out to estimate the energy 
absorption of prismatic box columns made from sandwich sheets. The sandwich sheets have perforated cores of 
different densities with staggered holes perpendicular to the panel faces. It is found that the specific energy 
absorption of columns made of sandwich sheets is approximately the same as that of conventional columns 
composed of homogeneous sheets of the same total wall thickness. Furthermore, theoretical analysis indicates 
that by increasing the core thickness, sandwich structures could be up to 50% lighter while providing the same 
mean crushing force. However, these gains may not be achieved in practical applications since increasing the 



core thickness also increases the likelihood of premature face sheet fracture during crushing. 
 
 
Vivek B. Mariyanna (Department of Mechanical Engineering, College of Engineering, Wichita State 
University, Wichita, Kansas, USA), “Energy absorption characteristics of stitched corrugated sandwich panels”, 
Master’s Thesis, December 2005, URI:  http://hdl.handle.net/10057/762  
ABSTRACT: The tailorability of composite sandwich structure with their strength-to-weight ratio interests in 
all field of crashworthiness application. An investigation of sandwich structure under static and high speed 
condition will provide useful information for wide variety of applications. In this present thesis, the 
characteristics of stitched corrugated sandwich panels as an energy absorption mechanism are evaluated, using 
experimental and numerical methods. Edgewise compression tests under static and dynamic loading conditions 
are performed on unstitched and stitched corrugated sandwich specimens made of glass/epoxy face sheets and 
polyurethane foam core. Parameters affecting the instability of specimens under compressive edge loads are 
studied for different ply orientations, corrugation wavelengths, and ply material. The local buckling phenomena 
are then characterized for a particular corrugation configuration. The parametric studies of this thesis using 
experimental methods indicate a strong dependence of the different instability modes on the stitch configuration 
and the test rate on the sandwich panels. 
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M. Parsapour (Mechanical Engineering Department, Bu-Ali Sina University, Hamedan, Iran), “Experimental 
and numerical studies on the energy absorption characteristics of simple and multi-cell shapes of quasi-
hemisphere thin-walled structures”, International Journal of Engineering, Transactions B: Applications, Vol. 27, 
No. 8, pp 1307-1316, August 2014, DOI: 10.5829/idosi.ije.2014.27.08b.17  
ABSTRACT: Energy absorbers are used to reduce accident induced damages. Thin-walled energy absorbers are 
widely used in modern industries due to their high efficiency and ease of manufacturing. In this study, thin-
walled stainless steel structures in quasi-hemisphere geometry were subjected under quasi-static loading using 
Santam 150KN apparatus. Experimental results were compared with the results of numerical simulations by LS-
DYNA and it was shown that there is a good agreement between experimental and numerical results. Two 
different collapse types in radial and circumferential directions were observed. Also, the multi-cell quasi-
hemisphere specimens from 3 to 6 cells were numerically investigated and it is observed that increasing the 
number of cells increases the absorbed energy. Increasing the thickness of the quasi-hemisphere sample in 
smaller diameter specimens is more effective. The results showed that Six-cell specimen with the largest 
diameter and the minimum thickness has the most increase of Specific Absorbed Energy (SAE) with respect to 
simple section.  
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Najafi, A. and Rais-Rohani, M., "Mechanics of axial plastic collapse in multi-cell, multi-corner crush tubes", 
Thin-Walled Structures, Vol. 49, No. 1, pp 1-12, January 2011 
ABSTRACT: Quasi-static nonlinear finite element simulations are performed to study the energy absorption 
characteristics of axially crushed thin-walled aluminum tubes with different multi-cell, multi-corner 
configurations. By considering the kinematically consistent representation of plastic collapse as observed in the 
crush simulations, an analytical formula for the mean crush force is derived using the super folding element 
theory. In this model, the isotropic material is treated as rigid-perfectly plastic and the total internal energy is 
calculated by considering both bending and membrane deformation during the folding process. The simulation 
results show a strong correlation between the cross-sectional geometry and the crush response of the tubes. The 
analytical predictions for the mean crush force are compared with the FE results as well as other analytical 
models reported in the literature. 
 
 
E. Acar, M.A. Guler, B. Gereker, M.E. Cerit and B. Bayram, “Multi-objective crashworthiness optimization of 
tapered thin-walled tubes with axisymmetric indentations”, Thin-Walled Structures, Vol. 49, No. 1, pp 94-105, 
January 2011 
ABSTRACT: In this paper, the effects of tapering and introducing axisymmetric indentations on the crash 
performances of thin-walled tubes are investigated. The crash performances of the tubes are evaluated using two 
metrics: the crush force efficiency (CFE, the ratio of the average crushing load to the peak load), and the 
specific energy absorption (SEA, absorbed energy per unit mass). The optimum values of the number of the 
axisymmetric indentations, the radius of the indentations, the taper angle and the tube thickness are sought for 
maximum CFE and maximum SEA using surrogate based optimization. In addition, multi-objective 
optimization of the tubes is performed by maximizing a composite objective function that provides a 
compromise between CFE and SEA. The CFE and SEA values at the training points of surrogate models 
(metamodels) are computed using the finite element analysis code LS-DYNA. Polynomial response surfaces, 
radial basis functions, and Kriging are the different surrogate models used in this study. Surrogate based 
optimization of the tubes showed that the tubes with indentations have better crush performance than tubes 
without indentations. It is found that maximum CFE requires large number of indentations with high radius, 
small thickness, and medium taper angle, while maximum SEA requires small number of indentations with low 
radius, large thickness and small taper angle. It is also found that the globally most accurate surrogate model 
does not necessarily lead to the optimum. 
 
 
Shujuan Hou, Xu Han, Guangyong Sun, Shuyao Long, Wei Li, Xujing Yang and Qing Li, “Multiobjective 
optimization for tapered circular tubes”, Thin-Walled Structures, Vol. 49, No 7, pp 855-863, July 2011 
ABSTRACT: As more and more new functional requirements are placed, some novel development of sectional 



configurations of the structural members has been increasingly introduced. This paper presents the optimal 
design for tapered tubes of three different configurations, namely hollow single, foam-filled single and collinear 
double tubes. To represent complex crashworthiness objective functions, a surrogate model method, more 
specifically, response surface method (RSM), was adopted in this study. The design of experiments (DoEs) of 
the factorial design and Latin Hypercube Sampling techniques is employed to construct the response surface 
models of specific energy absorption (SEA) and the maximum impact load (MaxL), respectively. In this paper, 
the linearly weighted average, geometrical average and particle swarm optimization methods are utilized in the 
multiobjective optimization for these three different tapered tube cases, respectively. A comparison is made 
among the different tapered profiles with the different optimization algorithms, and the crashworthiness merits 
of foam-filled tapered tubes are identified 
 
 
Ali Ghamarian, Hamid Reza Zarei and Mohammad Taha Abadi, “Experimental and numerical crashworthiness 
investigation of empty and foam-filled end-capped conical tubes”, Thin-Walled Structures, Vol. 49, No. 10, pp 
1312-1319, October 2011 
ABSTRACT: Foam-filled thin-wall structures exhibit significant advantages in light weight and high energy 
absorption. They have been widely applied in automotive, aerospace, transportation and defense industries. 
Quasi-static tests were done to investigate the crash behavior of the empty and polyurethane foam-filled end-
capped conical tubes. Non-linear dynamic finite element analyses were carried out to simulate the quasi-static 
tests. The predicted numerical crushing force and fold pattern were found to be in good agreement with the 
experimental results. The energy absorption capacities of the filled tubes were compared with the empty end-
capped conical tubes. The results showed that the energy absorption capability of foam-filled tube is somewhat 
higher than that of the combined effect of the empty tube and the foam alone. Finally, the crash performance of 
the empty and foam filled conical and cylindrical tubes were compared. Results from this study can assist 
aerospace industry to design sounding rocket carrier payload based on foam-filled conical tubes. 
 
 
Schafer, B. (Johns Hopkins University, Baltimore, Maryland, USA). "Local, Distortional, and Euler Buckling of 
Thin-Walled Columns." ASCE J. Struct. Eng., 10.1061/(ASCE)0733-9445(2002)128:3(289), 289-299, 2002 
ABSTRACT: Open cross-section, thin-walled, cold-formed steel columns have at least three competing 
buckling modes: local, distortional, and Euler (i.e., flexural or flexural-torsional) buckling. Closed-form 
prediction of the buckling stress in the local mode, including interaction of the connected elements, and the 
distortional mode, including consideration of the elastic and geometric stiffness at the web/flange juncture, are 
provided and shown to agree well with numerical methods. Numerical analyses and experiments indicate 
postbuckling capacity in the distortional mode is lower than in the local mode. Current North American design 
specifications for cold-formed steel columns ignore local buckling interaction and do not provide an explicit 
check for distortional buckling. Existing experiments on cold-formed channel, zed, and rack columns indicate 
inconsistency and systematic error in current design methods and provide validation for alternative methods. A 
new method is proposed for design that explicitly incorporates local, distortional and Euler buckling, does not 
require calculations of effective width and/or effective properties, gives reliable predictions devoid of 
systematic error, and provides a means to introduce rational analysis for elastic buckling prediction into the 
design of thin-walled columns. 
 
 
V.M. Zeinoddini and B.W. Schafer, “Simulation of geometric imperfections in cold-formed steel members 
using spectral representation approach”, Thin-Walled Structures, Vol. 60, pp 105-117, November 2012 
DOI: 10.1016/j.tws.2012.07.001 
ABSTRACT: In this paper, a summary of the available imperfection measurements for cold-formed steel 
members is presented. Three methods to simulate imperfection fields are introduced: the first is the classical 
approach employing a superposition of eigenmode imperfections, but scaled to match peaks in the measured 
physical measurements. The second is a method based on the multi-dimensional spectral representation method, 
in which imperfections are considered as a two-dimensional random field and simulations are performed taking 
a spectra-based approach. The third is a novel combination of modal approaches and spectral representation that 



directly considers the frequency content of the imperfection field, but employs a spectral representation method 
driven by the cross-sectional eigenmode shapes to generate the imperfection fields. The effect of these different 
approaches on the simulated strength and collapse behavior of members is investigated using material and 
geometric nonlinear finite element collapse modeling. The third imperfection generation method, termed the 1D 
Modal Spectra Method, provides an intriguing new tool in the simulation of thin-walled members. 
 
 
Nursafarina, A., Hanizah, A.H., Nurbaiah, M.N. and Clotilda, P. (Faculty of Civil Engineering, Universiti 
Teknologi Mara Malaysia, 40450 Shah Alam, Selangor, Malaysia), “Buckling profile on thin walled steel 
columns”, International Conference on Business, Engineering and Industrial Applications (ICBEIA), 2011 
ABSTRACT: Thin-walled steel sections are usually fabricated with flat plates which are welded along the 
connection between the plates. Hence, this process of welding can extremely introduce geometric imperfection 
and residual stresses which can affect the structural behaviour of a loaded thin walled steel structure. This paper 
presents an experimental study on the buckling profile of thin-walled steel tube columns due to welding. A 
measuring of buckling profile has been developed with ziq zaq method using a Web Deflection Transducer Bar 
on six thin-walled columns. This investigation consists of two different weld patterns. Three of which are with 
full weld and the remaining are with intermittent weld. The patterns of buckling profile due to welding were 
measured and the results are presented in this paper.  
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H. C. Wang, X. Q. Xu, L. J. Zhou, H. Y. Zhang, F. L. Yang, "The Experimental Study on Concrete-Filled Thin-
Walled Square Steel Tube Short Columns Fixed U-Shaped Steel Bars", Applied Mechanics and Materials, Vols. 
94-96, pp. 962-969, 2011  
DOI: 10.4028/www.scientific.net/AMM.94-96.962 
ABSTRACT: Based on the compression characteristics of the concrete-filled thin-walled square steel tube short 
columns, the U-shaped tie bars are designed in this paper. The U-shaped tie bars and steel pipe walls are 
connected with each other in T-shape in order to enhance the local stability of the walls under pressure. 
According to the concrete strength C30/C35/C40 and the thickness of the steel plates 
1.25mm/1.75mm/2.5mm,42 short-column specimens are made, and the size of all specimens is 
200mm×200mm×690mm.The bearing capacity test is done by the 500-ton electro-hydraulic serve testing 
machine. The strain of U-shaped tie bar and thin-walled steel are tested, and then the whole curve of 
compression process is obtained. The results show that the U-shaped tie bar has a very good role in bonding, 
and has good effects on improving buckling mode and the ductility of the components significantly. Concrete-
filled thin-walled square steel tube short column fixed U-shaped tie bar has advantages on stronger post-
deformability and more applicable to configuration compared with existing research achievements, and can 
provide a reference for engineering design. 
 
 
Alireza Bahrami, Wan Hamidon Wan  Badaruzzaman, Siti Aminah Osman (Dept. of Civil and Structural 
Engineering, Universiti Kebangsaan, Malaysia, Bangi, Selanngor, Malaysia), “Behaviour of stiffened concrete-



filled steel composite (CFSC) stub columns”, Latin American Journal of Solids and Structures, Vol. 10, No. 2, 
March 2013 
ABSTRACT: This paper investigates the behaviour of axially loaded stiffened concrete-filled steel composite 
(CFSC) stub columns using the finite element software LUSAS. Modelling accuracy is established by 
comparing results of the nonlinear analysis and the experimental test. The CFSC stub columns are extensively 
developed using different special arrangements, number, spacing, and diameters of bar stiffeners with various 
steel wall thicknesses, concrete compressive strengths, and steel yield stresses. Their effects on the columns 
behaviour are examined. Failure modes of the columns are also illustrated. It is concluded that the parameters 
have considerable effects on the behaviour of the columns. An equation is proposed based on the obtained 
results to predict the ultimate load capacity of the columns. Results are compared with predicted values by the 
design code EC4, suggested equation of other researchers, and proposed equation of this study which is 
concluded that the proposed equation can give closer predictions than the others. 
 
 
L. S. Wang, B. S. Li, "Built-In Spiral Ripe Thin-Walled Square Steel Tube Concrete Column of Nonlinear 
Finite Element Analysis", Advanced Materials Research, Vols. 690-693, pp. 678-681, 2013, DOI: 
10.4028/www.scientific.net/AMR.690-693.678 
ABSTRACT: For the problem of square concrete-filled steel tube (CFST) under the action of axial pressure, 
concrete received local compression and buckling occurred in the application of thin-walled steel pipe.Using 
built-in spiral reinforcement to strengthen the constraints of thin-walled square steel tube to core concrete. And 
by using ANSYS program established the built-in spiral reinforcement of thin-walled square steel tube concrete 
composite column 3 d finite element model, and the results show that spiral reinforcement strengthen the 
constraint effect, increase the ultimate bearing capacity of the composite columns of square steel tube by 7.41%; 
And with stiffening rib and rod measures were compared, built-in spiral ripe construction is convenient, easily 
applied. 
 
 
Sergio Seiji Teramoto and Marcílio Alves (Department of Mechatronics and Mechanical Systems Engineering, 
Group of Solid Mechanics and Structural Impact, University of São Paulo, AV Prof Mello Moraes, 2231 Cidade 
Universitaria, Butanta, São Paulo 05508-900, Brazil), “Buckling transition of axially impacted open shells”, 
International Journal of Impact Engineering, Vol. 30, Nos. 8-9, September-October 2004, pp. 1241-1260, 
Special Issue: Eighth International Symposium on Plasticity and Impact Mechanics (IMPLAST 2003), 
doi:10.1016/j.ijimpeng.2004.06.001 
ABSTRACT: The transition between global and progressive buckling is explored in this paper for three 
different open cross-section shells. The shells were simply supported or clamped at the bottom and were 
submitted to axial quasi-static loads and to the impact of different drop masses. The experiments were 
complemented by a detailed finite element analysis, which required a quasi-static material characterisation 
based on tensile and three point bending tests. It was found that buckling transition from a global to a 
progressive mode cannot be clearly characterised for these open shells by considering only the overall final 
bucking shape. Using the finite element analysis, a more meaningful parameter to indicate the collapse mode, 
the specific energy, was calculated, allowing a better distinction among the most crashworthy profiles. 
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“Impact And Crash Modelling Of Composite Structures: A Challenge For Damage Mechanics”, (publisher and 
date of publication is not given in the pdf file) 
ABSTRACT: The paper describes recent progress on the materials modelling and numerical simulation of the 
impact and crash response of fibre reinforced composite structures. The work is based on the application of 
explicit finite element (FE) analysis codes to composite aircraft structures under both low velocity crash and 
high velocity impact conditions. Detailed results are presented for the crash response of helicopter subfloor box 
structures using a strain based damage and failure criterion for fabric reinforced composites. In order to obtain 



better agreement with measured impact response, an improved composites damage mechanics model with 
damage parameters as internal state variables is presented. Improved models for predicting delamination are 
also considered and a novel approach is presented in which a composite laminate is modelled numerically by 
stacked shell elements with contact interfaces whose delamination is controlled by fracture mechanics criteria.  
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“Crushing and crashing of tubes with implicit time integration”, International Journal of Impact Engineering, 
Vol 42, pp 80-88, 2012 
ABSTRACT: The axial crushing and crashing of thin-walled high-strength steel tubes is performed using 3D-
shell finite elements and an implicit time integration scheme. The calculated results are compared with 
published experimental data and results obtained using explicit time integration. The objective is to show that, 
while for such analyses generally explicit time integration is used, with the current state of the art also an 
implicit time integration solution should be considered, and such solution approach can provide an effective 
alternative for a simulation.  
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Hsu, S S and Jones, N. (Impact Research Centre, Dept. of Engineering, University of Liverpool, UK), “Quasi-
Static and Dynamic Axial Crushing of Circular and Square Stainless Steel Tubes”, proceedings 7th International 
Conference on Structures Under Shock and Impact, Structures Under Shock and Impact VII, Ed. N. Jones, C. A. 
Brebbia and A. M. Rajendran, WIT Press, Southampton and Boston, pp. 169-178, 2002. 
ABSTRACT: Twenty-five quasi-static and forty-three dynamic axial crushing tests have been performed on 
square and circular stainless steel type 304 specimens in order to investigate the transitions between dynamic 
progressive buckling and global bending of thin-walled tubes. The columns consisted of three different circular 
(mean diameter/ thickness, 2R/H = 7,5, 22, 47) and three different square (mean width/ thickness, C/H = 7.7, 
24, 42) cross-sections, which are representative of ‘thick’, ‘intermediate’ and ‘thin’ shells, and have a range of 
different lengths, L, (3.38 < L/2R <15.45 and 3.37 s L/C < 20.8) that encompass the two failure modes. 
Standard collapse modes were identified for the structures and the associated energy absorbing characteristics 
have been examined and compared with previous studies on mild steel tubes. Empirical formulae for the critical 
slenderness ratios for the transition between modes are suggested and the material properties of the stainless 
steels obtained by standard static and dynamic tensile tests are also reported.  
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S.S. Hsu and N. Jones, “Quasi-static and dynamic axial crushing of thin-walled circular stainless steel, mild 



steel and aluminium alloy tubes”, International Journal of Crashworthiness, Vol. 9, No. 2, pp 195-217, March 
2004, DOI: 10.1533/ijcr.2004.0282 
ABSTRACT: Quasi-static and dynamic axial crushing tests have been performed on circular thin-walled 
sections made of three materials: 304 stainless steel, aluminium alloy 6063-T6, and mild steel. The tests were 
arranged to investigate the mode transitions during the impact crushing of thin-walled tubes and the three 
materials were chosen for their distinctive individual characteristics, such as strain rate sensitive properties, 
pronounced strain hardening, etc. The stainless steel, aluminium alloy and mild steel shells have moderate 
diameter-to-thickness ratios, 2R/H, of 22, 33 and 26, respectively, and were examined over a range of different 
axial lengths that encompassed both classical progressive buckling and the global bending modes of failure. The 
tests were conducted at a standardised energy of 9 kJ, approximately, with a few tests repeated at a higher 
energy of 18 kJ. The shells were impacted at velocities up to 13.4 m/s with masses up to 502 kg. Standard 
collapse modes developed in the tubes and the associated energy absorbing characteristics have been examined 
and compared with previous studies on mild steel. Quasi-static and dynamic tensile test results on the materials 
are also reported and the critical slenderness ratios at the transition between the two principal modes of failure 
are identified. The effects of strain hardening, strain rate as well as inertia effects due to the individual 
characteristics of the three materials are explored. 
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“Impact of thin-walled high-strength steel structural sections”, Journal of Automobile Engineering, Vol. 218, 
No. 2, pp 131-158, February 2004, DOI: 10.1243/095440704772913927 
ABSTRACT: An experimental programme is reported which examines the progressive collapse behaviour of 
some thin-walled closed-section structural sections made from high-strength steels under quasi-static and 
impact axial loads. A comparison is made with theoretical formulae, which have been used successfully for 
predicting the behaviour of mild steel thin-walled structures. Ten quasi-static crush tests and 46 impact tests 
were conducted on spot-welded top-hat and laser-welded square sections. The thin-walled sections were made 
from two different types of high-strength steel and one mild steel, the mechanical properties of which were 
determined experimentally from quasi-static and dynamic tensile tests. Although no specific change in the 
collapse mode was observed, the limited weight-specific energy absorption efficiency of the high-strength steels 
under dynamic loadings hinders the weight-reduction potential of crashworthy designs. An unexpected 
difference in the structural effectiveness of spot-welded top-hat sections made from mild steels and high-
strength steels was identified, but was not present for similar square sections. This difference further 
accentuated the loss in the advantage of high-strength steels over mild steels, especially for spot-welded top-hat 
sections, and led to differences in the agreement between the experimental results and the theoretical 
predictions.  
 
 
D. Karagiozova (Institute of Mechanics, Bulgarian Academy of Sciences, Acad. G. Bonchev St., Block 4, Sofia 
1113, Bulgaria), “’Dynamic plastic’ and ‘dynamic progressive’ buckling of elastic-plastic circular shells – 
revisited”, Latin America Journal of Solids and Structures, Vol. 1, No. 4, 2004, pp. 423-441 
ABSTRACT: Two typical buckling patterns of circular cylindrical shells, which can occur due to axial impact 
loadings, are discussed. The phenomena of ”dynamic plastic” buckling (when the entire length of a cylindrical 
shell wrinkles before the development of large radial displacements) and ”dynamic progressive” buckling 
(when the folds in a cylindrical shell form sequentially) are analyzed from the viewpoint of stress wave 
propagation resulting from an axial impact. It is shown that the particular impact velocity, which 
instantaneously causes stresses that exceed the elastic limit of the material at the proximal end of a shell, and 
therefore can cause the initial instability pattern within a sustained axial plastic flow, depends on the material 
properties. The present analysis reveals that ”dynamic plastic” buckling can develop for relatively low impact 
velocity, too provided that a shell has certain inertia characteristics. The latter conclusion is in contrast with the 
established perception that the high impact velocity is a necessary condition for the initial shell instability 
within a sustained axial plastic flow. A phenomenological approach is used to predict the buckling mode of a 
circular shell under axial impact with a given initial velocity. 
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“On the mechanics of the global bending collapse of circular tubes under dynamic axial load—Dynamic 
buckling transition”, International Journal of Impact Engineering, Vol. 35, No. 5, May 2008, pp. 397-424, 
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ABSTRACT: The common features of the deformation of long circular tubes made from different aluminium 
alloys and subjected to various axial impact loadings are established and used to develop simplified structural 
models for global bending collapse and progressive buckling. A two-phase deformation model for axially 
loaded structural elements is proposed, which retains the characteristic features of the initial compression and 
subsequent bending/buckling phases. It is shown that the velocity histories in the two principal collapse modes 
of long tubes play an important role for the formation of the particular deformation pattern. The simplified 
structural models are verified with some numerical finite-element results and their behaviour is shown to be 
adequate. A parametric analysis of the models is further performed in order to divulge the major factors, which 
influence the dynamic buckling transition. The analysis reveals that there is a specific impact velocity 
associated with the particular geometric and material properties of a circular tube, which causes a counter-
intuitive response. An empirical criterion for the lower and upper bounds to the critical impact velocity for a 
buckling transition is proposed. Further, the upper bound to the impact velocity is used to formulate a criterion 
for the dynamic buckling transition. 
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“Dynamic crushing of thin-walled spheres: An experimental study”, International Journal of Impact 
Engineering, Vol. 35, No. 8, August 2008, pp. 717-726, Special Issue: Twenty-fifth Anniversary Celebratory 
Issue Honouring Professor Norman Jones on his 70th Birthday, doi:10.1016/j.ijimpeng.2007.11.004 
ABSTRACT: Experimental studies on dynamic behavior of thin-walled spheres and sphere arrays in response 
to different impact velocity are presented. Ping pong balls are selected to study the collapse of thin-walled 
spheres. The tests were carried out by a modified Split Hopkinson Pressure Bar (SHPB) test system. The 
experimental results show that the deformation of thin-walled spherical shells depends on the impact velocity. 
The dynamic force in the range of small elastic deformation is larger than its quasi-static counterpart, but 
significantly below the latter after snap-through of the shell. The deformation and buckling mode are sensitive 
to the loading rate. It is noted that the strain rate effect of the materials and the inertia effect of the shell should 
be considered in the analysis of the shells response to dynamic loading. 
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Research (Volumes 33 - 37), March 2008, pp. 719-724, doi: 10.4028/www.scientific.net/AMR.33-37.719 
ABSTRACT: Plastic crushing behavior of thin-walled spheres under various loading cases is studied using 
Finite Element Method. The entire plastic deformation process is tracked during the post-buckling process. The 
results are compared with the experimental results reported in literature [13], and very good agreements 
between the numerical simulation and the experimental result are achieved. 
 
 
A.G. Mamalis, Dimitrios Manolakos, G.A. Demosthenous and M.B. Ionnidis, “Analytical modeling of the static 
and dynamic axial collapse of thin-walled fiberglass composite conical shells”, International Journal of Impact 
Engineering, Vol. 19, Nos 5-6, pp 477-492, April 1997 
ABSTRACT: A theoretical analysis of the observed stable collapse mechanism of thin-walled circular frusta 
and tubes, crushed under axial static and/or dynamic loading, for calculating crushing loads and the energy 
absorbed during collapse, is reported. The analysis is based on experimental observations regarding the energy-
absorbing collapse mechanisms developed during the crushing process. The proposed theoretical model was 
experimentally verified and proved to be very efficient for theoretically predicting the energy-absorbing 
capability of the conical shells. 



 
 
A.G. Mamalis, K.N. Spentzas, D.E. Manolakos, M.B. Ioannidis, and D.P. Papapostolou, “Experimental 
investigation of the collapse modes and the main crushing characteristics of composite sandwich panels 
subjected to flexural loading”, International Journal of Crashworthiness, Vol. 13, No. 4, 2008, pp 349-362 
DOI: 10.1080/13588260801933691 
ABSTRACT: The flexural properties, collapse modes and crushing characteristics of various types of composite 
sandwich panels – that were candidate materials for the manufacture of the front-end bumper of transportation 
vehicles – were investigated in a series of three-point bending tests that were performed in accordance with the 
American Society for Testing and Materials International Standard D790. The tested hybrid composites were 
constructed trying four types of polymer foam core (more specifically polymethacrylimide foam, cross-linked 
and linear polyvinyl chloride foam and polyurethane foam) and two types of fibreglass reinforced polyester 
faceplate laminates made of glass fibre reinforcements impregnated in modified acrylic resin, in eight different 
material combinations. Two modes of collapse were recorded in the series of flexural tests: the first was foam 
core shear failure and the second was local indentation collapse mode. The influence of the most important 
material properties of the faceplate laminates and foam core and the sandwich construction geometry on the 
flexural response and the crushing characteristics of the tested sandwich panels such as the peak load, crash 
energy absorption and collapse modes is extensively analysed. Particular attention is paid to the analysis of the 
mechanics of progressive deformation and crumpling of the sandwich panels in each of the collapse modes 
emphasising the mechanisms related to the crash energy absorption during the bending of the sandwich panels. 
 
 
A.G. Mamalis, T.A. Varvarigou, A.O. Litke, D.E. Manolakos, M.B. Ioannidis, P.K. Kostazos, V.I. Andronikou 
and E.A. Karanastasis, “Bending of cylindrical steel tubes: numerical simulation using Grid computing”, 
International Journal of Crashworthiness, Vol. 13, No. 1, 2008, DOI: 10.1080/13588260701731757 
ABSTRACT: Crashworthy structural elements may be subjected to various types of loading, such as axial or 
lateral compression and bending; consequently, extensive theoretical and experimental research work has been 
performed exploring the collapse mechanisms occurred under such loading conditions. However, the designer 
needs theoretical tools ranging from simple analytical calculations to full finite element analysis using non-
linear, large deformation codes. The main objective of this paper is to apply the explicit FE code LS-DYNA 
through a Grid computing platform in order to simulate the crash behaviour of thin-walled cylindrical steel 
tubes subjected to three-point bending test in various cases of the position and direction of the imposed load. 
The simulation has been carried out through the GRIA computing platform that advances the computational 
performance of the executed tests, and additionally enables the remote and collaborative conduction of the 
experiments. The results taken from the simulation allow in drawing useful concluding remarks pertaining to 
the design of the crushing process. 
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ABSTRACT: As emissions regulations tighten worldwide, automotive manufacturers must look for ways to 
reduce structural vehicle weight. While employing alloys and exotic metals may provide a degree of weight 
reduction, a more significant reduction can be achieved through the use of composite materials. Importantly, 
composites have shown an ability to improve vehicle crashworthiness through higher levels of specific energy 
absorption and almost ideal crush characteristics. These advantages have not been exploited in mass-produced 
vehicles, due primarily to the high cost of component manufacture and lack of computational methods for 
simulation of the crash behavior of such materials. While development of rapid, inexpensive production 
processes can increase the production volume and reduce cost, manufacturers will still be required to prototype 
components. The provision of accurate computational models for the failure behavior of composite materials 
will reduce the demand on manufacturers to prototype designs and ultimately result in structures of higher 



performance. Herein, a phenomenological Finite Element (FE) modeling methodology is presented, the 
development of which focused on the accurate consideration of the experimentally observed failure mechanisms 
typical of the splaying mode of failure. LS-DYNA has been employed to validate a multi-shell model of 
Continuous Filament Random Mat (CFRM) glass/polyester tubes. This modeling approach utilizes a spotweld 
approach to modeling delamination with deformable beam elements. Typical constraint-type delamination 
approaches do not allow shear deformation prior to delamination and result in an inaccurate representation of 
laminate stiffness. Spotweld validation simulations were performed on 3-point-bend, Double Cantilever Beam 
(DCB) and End Notch Flexure (ENF) tests with excellent correlation before application in full-tube simulations. 
Initiation of the splaying mode of failure was accomplished by pre-definition of a debris wedge, the geometry of 
which was based on micrograph images of the experimental crush zone. Additionally, the methodology was 
applied to simulations of plug initiator tube crush experiments and the results are presented. In general, the 
load-displacement correlation of full-tube simulations is poor demonstrating the difficulty with representing the 
continuous fracture and delamination processes with discrete elements. Future work will be aimed at improving 
the simulated delamination behavior to enhance the observed failure mechanisms. 
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“Axial compression and energy absorption characteristics of high-strength thin-walled cylinders under impact 
load”, Theoretical and Applied Fracture Mechanics, Vol. 53, pp 1-8, 2010 
ABSTRACT: Non-linear finite element software LS-DYNA is used to analyze the axial compression behavior 
and energy absorption of a high-strength thin-walled member under an impact load. To elucidate the effect of 
dynamic impact on the strain rate, the Cowper–Symonds equation is applied to analyze the plastic state of stress 
and the onset of dynamic yielding under different strain rates, such that the modeled deformation behavior of 
the member is consistent with the actual situation. Results for the thin-walled members made of mild steel and 
dual phase steel are compared. Assuming two different materials with equal sectional areas, an analysis 
confirms that the energy absorption of high-strength steel thin-walled component is better than the mild steel 
thin-walled component. Hence, thin-walled tubes made of high-strength steel are investigated using a series of 
analysis. The relationships between displacement and load, average load and energy absorption properties are 
obtained.  
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Defence Science Journal, Vol. 59, No. 3, May 2009, pp. 230-238. 
ABSTRACT: Hexagonal lattice pattern formed by helical and circumferential ribs is the most common among 
different possible lattice patterns. An energy-based smeared stiffener model (SSM) is developed to obtain 
equivalent stiffness coefficients of a composite lattice cylindrical shell with such hexagonal lattice patterns. 
Using the equivalent stiffness coefficients, Ritz buckling analysis was carried out. Extensive finite element 
modelling covering different representative sizes have been carried out. SSM is validated by comparing the 
estimated buckling loads. Variation of material properties of rib unidirectional composites from those of normal 
unidirectional composites is accounted for in the energy formulations. 
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ABSTRACT: Light weight thin walled cylindrical shells subjected to external loads are prone to buckling rather 
than strength failure. In this paper, buckling investigation of thin walled cylindrical shells under axial 
compression is presented. Buckling failure is studied using analytical, numerical and semi empirical models. 
Analytical model is developed using Classical Shell small deflection theory. A Semi empirical model is 
obtained by employing experimental correction factors based on the available test data to the theoretical model. 
A finite elements model is built using ANSYS FEA Code for the same shell. Finally, the different results 
obtained using the three analysis methods are compared. The comparison reveals that analytical and numerical 
linear model results match closely with each other but are higher than the empirical values. To investigate this 
discrepancy, non linear buckling analysis with large deflection effect, is carried out. The effect of geometric 
imperfection is also studied through a nonlinear model. These nonlinear analyses show that the effects of 
nonlinearity and geometric imperfections are responsible for the difference between theoretical and 
experimental results. 
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ABSTRACT: Lightweight thin-walled cylindrical shells subjected to external loads are prone to buckling rather 
than strength failure. The buckling of an axially compressed shell is studied using analytical, numerical and 
semi-empirical models. An analytical model is developed using the classical shell small deflection theory. A 



semi-empirical model is obtained by employing experimental correction factors based on the available test data 
in the theoretical model. Numerical model is built using ANSYS finite element analysis code for the same shell. 
The comparison reveals that the analytical and numerical linear model results match closely with each other but 
are higher than the empirical values. To investigate this discrepancy, non-linear buckling analyses with large 
deflection effect and geometric imperfections are carried out. These analyses show that the effects of non-
linearity and geometric imperfections are responsible for the mismatch between theoretical and experimental 
results. The effect of shell thickness, radius and length variation on buckling load and buckling mode has also 
been studied. 
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“Transition from progressive buckling to global bending of circular shells under axial impact––Part I: 
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ABSTRACT: The influence of impact velocity and material characteristics on the dynamic buckling response of 
circular shells subjected to axial impact loads is studied. It is shown experimentally that the critical buckling 
length, which marks the transition between progressive and global buckling of aluminium alloy circular tubes, 
is significantly influenced by the axial impact velocity. A finite element analysis is undertaken to further 
explore the effects of material yield stress, strain hardening and strain rate sensitivity on the transition 
phenomenon. It is observed that circular tubes made of ductile alloys with a high yield stress and low strain 
hardening characteristics have a better performance as energy absorbers than tubes made of alloys with a low 
yield stress and high strain hardening characteristics. Theoretical analysis of some particular features of the 
dynamic buckling transition is presented in Part II [International Journal of Solids and Structures (2004)]. 
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ABSTRACT: This is the second paper of a two-part paper investigating the complex phenomenon of the 
dynamic transition from progressive buckling to global bending collapse of a long circular cylindrical shell 
subjected to an axial impact. The paper focuses on the theoretical analysis of the phenomenon. The two-phase 
concept for the deformation of ‘Type II’ structures is employed to explore the influence of the loading 
parameters and the material and geometrical characteristics of a shell on the critical length that marks the 
transition between the two collapse modes. Simple models for the initial compressive phase in the case of global 
bending and for the development of a single axisymmetric wrinkle in a circular shell, are used to analyse some 
numerical results presented in Part I of this study [International Journal of Solids and Structures 41 (2004) 
1565]. 
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revisited”, Latin American Journal of Solids and Structures, Vol. 1 (2004) pp. 423–441. 
ABSTRACT: Two typical buckling patterns of circular cylindrical shells, which can occur due to axial impact 
loadings, are discussed. The phenomena of ”dynamic plastic” buckling (when the entire length of a cylindrical 
shell wrinkles before the development of large radial displacements) and ”dynamic progressive” buckling 
(when the folds in a cylindrical shell form sequentially) are analyzed from the viewpoint of stress wave 
propagation resulting from an axial impact. It is shown that the particular impact velocity, which 
instantaneously causes stresses that exceed the elastic limit of the material at the proximal end of a shell, and 
therefore can cause the initial instability pattern within a sustained axial plastic flow, depends on the material 



properties. The present analysis reveals that ”dynamic plastic” buckling can develop for relatively low impact 
velocity, too provided that a shell has certain inertia characteristics. The latter conclusion is in contrast with the 
established perception that the high impact velocity is a necessary condition for the initial shell instability 
within a sustained axial plastic flow. A phenomenological approach is used to predict the buckling mode of a 
circular shell under axial impact with a given initial velocity. 
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ABSTRACT: Several experiments were performed with a Kolsky Bar (Split Hopkinson Pressure Bar) device to 
investigate the dynamic axial buckling of cylindrical shells. The Kolsky Bar is a loading as well as a measuring 
device which can subject the shells to a fairly good square pulse. An attempt is made to understand the 
interaction between the stress wave and the dynamic buckling of cylindrical shells. It is suggested that the 
dynamic axial buckling of the shells, elastic or elasto-plastic, is mainly due to the compressive wave rather than 
the flexural or bending wave. The experimental results seem to support the two critical velocity theory for 
plastic buckling, withV c1 corresponding to an axisymmetric buckling mode andV c2 corresponding to a non-
symmetric buckling mode. 
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“A Consistent Nonlinear Shell Element Based On A Corotational Formulation For Hyperelastic Material 
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ABSTRACT: The corotational (CR) kinematic description is the most recent of the formulations proposed for 
geometrically nonlinear structural analysis. Because of this novelty, it has not reached the same level of 
maturity of the older Lagrangian formulations (Total and Updated). Much work remains to be done, particularly 
in material nonlinearities. Therefore, the aim of this paper is to develop an efficient shell element for 
hyperelastic analysis with two important assumptions: (i) strains from a corotated configuration are small while 
(ii) the magnitude of rotations from a base configuration is not restricted. The assumed natural deviatoric strain 
(ANDES) three nodes triangular shell element is implemented for hyperelastic material models and its 
application to different constitutive models is discussed. Results provided by the proposed shell element are 
compared with the results presented by other authors in the literature in order to show the adequacy of the 
presented theory and the effectiveness of the numerical procedure and shell element employed in this work. 
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ABSTRACT: This paper deals with an experimental study on the dynamic plastic post-buckling behaviour of a 
stationary AM_ì aluminium alloy cylindrical shell under axial impact. According to current theory, it is 
believed that within a certain velocity range, the shell will buckle in a uniform axisymmetrical sinusoidal mode. 
However, we found that when the impact velocity is less than a certain critical value Vc1, the shell will exhibit 
only uniform plastic deformation in both the axial and radial directions and does not produce the sinusoidal 
waves. On the other hand, when the impact velocity exceeds another critical value Vc2, the shell will change 
from the axisymmetric mode into a nonuniform type of large deformation, the number of waves decreases 
slightly and the shell begins to lose its load-carrying capacity. Experimental results on cylinders with three 
different thicknesses are presented and discussed. An approximate theoretical formula for estimating Vc2 based 
on strain rate reversal is also given. 
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ABSTRACT: This paper presents a unified theoretical framework for the corotational (CR) formulation of finite 
elements in geometrically nonlinear structural analysis. The key assumptions behind CR are: (i) strains from a 
corotated configuration are small while (ii) the magnitude of rotations from a base configuration is not 
restricted. Following a historical outline the basic steps of the element independent CR formulation are 
presented. The element internal force and consistent tangent stiffness matrix are derived by taking variations of 
the internal energy with respect to nodal freedoms. It is shown that this framework permits the derivation of a 
set of CR variants through selective simplifications. This set includes some previously used by other 
investigators. The different variants are compared with respect to a set of desirable qualities, including self-
equilibrium in the deformed configuration, tangent stiffness consistency, invariance, symmetrizability, and 
element independence. We discuss the main benefits of the CR formulation as well as its modeling limitations. 
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M.L. Szwabowicz (Institute of Fluid-Flow Machinery of the Polish Academy of Sciences, 80-952 Gdansk, 
Poland), “Variational formulation in the geometrically nonlinear thin elastic shell theory”, International Journal 
of Solids and Structures, Vol. 22, No. 11, 1986, pp. 1161-1175, doi:10.1016/0020-7683(86)90073-9 
ABSTRACT: The variational formulation for thin elastic shells undergoing large deflections is discussed. No 
restrictions are imposed on the magnitude of the rotational part of the deformation gradient, yet it is assumed 
that the strains remain small everywhere in the shell. Ten functional and associated variational principles are 
derived, including the Hu-Washizu, the Hellinger-Reissner, the generalized complementary energy and the 
stationary potential energy principles. The total Lagrangian description (TLD) is exclusively used. 
 
 
Endre Dulácska, Lajos Kollár, “Buckling Analysis of Reticulated Shells”, International Journal of Space 
Structures, Vol. 15, Nos. 3 - 4 / December 2000, pp. 195-203, doi: 10.1260/0266351001495134 
ABSTRACT: The paper presents a comparatively simple method for assessing the global stability of single- and 
double-layer reticulated shells, assuming rigid connections between the bars. With knowledge of the rigidities 
of the reticulated shell, a statically equivalent replacement solid shell is established, the buckling of which is 
extensively treated in the literature. The critical load of this replacement continuum is determined by taking into 
account the influences of geometric imperfections (eccentricity), plasticity, (local) bar buckling and – in the 
case of double-layer reticulated shells – of transverse shear deformation. All these are presented in detail for 
isotropic shells, but the method can also be used for anisotropic ones. Finally, for dimensioning reticulated 
shells, a unique safety factor based on the theory of probabilities is recommended, which depends on the 
uncertainties of the various effects. Numerical values for the safety factor are also given. The method proposed 
provides a transition from shells to plane plates, from surface to bar structures, and from reticulated to solid 
shells, thus ensuring identical safety levels for all these structures. 
 
 
A talk by: Emeritus Prof Chris Calladine (CUED), “Understanding The Buckling of Cylindrical Shells”, Friday 
19 January 2007, 15:00-16:00, Engineering Department – LR6. This talk is part of the Engineering Department 
Structures Research Seminars series. 
INITIAL REMARKS: The classical theory of buckling of axially-loaded thin cylindrical shells predicts that the 
buckling stress is directly proportional to the thickness t, other things being equal. But empirical data show 
clearly that the buckling stress is actually proportional to t1.5, other things being equal. As is well known, there 
is wide scatter in the buckling-stress data, ranging from one half to twice the mean value. Current theories of 
shell buckling attribute both the scatter and the low buckling stress – in comparison with the classical – to 
“imperfection-sensitive”, non-linear structural behaviour. But those theories always take the classical analysis 
of an ideal, perfect shell as their point of reference. My aim in this talk is to explain directly the observed t1.5 
law, including the scatter, without the need to invoke the misleading classical theory. 
 
 
Li Zhi-min (School of Ocean and Civil Engineering,Shanghai Jiao Tong University,Shanghai 200030,China), 
“Buckling analysis of three dimensional braided composite cylindrical shells under axial compression”, 
Structure & Environment Engineering, 2007-04, doi: CNKI:SUN:QDHJ.0.2007-04-003 
ABSTRACT: A buckling and postbuckling analysis of clamped supported 3D braided shells of finite length 
subjected to axial compression is presented.The governing equations are based on Reddy’s higher order shear 
deformation shell theory with von Kármán-Donnell type of kinematic nonlinearity,which includes the effects of 



nonlinear prebuckling deformations,large deflections in the postbuckling range and initial geometric 
imperfections of the shell.Asymptotic solutions of a boundary layer theory of shell buckling are analyzed by 
singular perturbation method.The influence exercised by the fiber volume fraction,and the shell geometric 
parameter of the cylindrical shell on the buckling behavior of the braided composite shell is investigated.It is 
concluded that the fiber volume fraction and the shell geometric parameter have a significant effect on the 
buckling load and postbuckling behavior of braided composite cylindrical shells. 
 
 
Zeng, Tao (a); Gu, Yu (b); Yan, Shi (a); Jiang, Lili (a); Fang, Daining (b),  
(a) Department of Engineering Mechanics, Harbin University of Science and Technology, P. R. China, 
(b) Department of Mechanics and Aerospace Technology, Peking University, 
“Buckling Analysis of 3D Braided Composite Cylindrical Shells under Axial Loads”, International Journal of 
Nonlinear Sciences and Numerical Simulation. Vol. 10, No. 10, 2009, pp. 1291–1300, ISSN (Online) 2191-
0294, ISSN (Print) 1565-1339, doi: 10.1515/IJNSNS.2009.10.10.1291 
ABSTRACT: A simplified theoretical method is presented for analyzing the buckling behavior of a 3D braided 
composite cylindrical shell. The method is based on the refined anisotropic plate model. The buckling load with 
different values of geometric parameter is described. In order to verify the proposed model, the finite element 
package ANSYS is used to calculate the buckling load. Predictions from the proposed model correlate well with 
the simulation results. The results reveal that geometric parameters and braid angle have a significan effect on 
the buckling load. 
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Wang, Y.Q., Guo, X.H., Chang, H.H. and Ba, Y., “Nonlinear vibration characteristics of rotating thin-walled 
circular cylindrical shell with precession of vibration mode”, Acta Mechanica Solida Sinica-Chinese Edition, 
Vol. 30, No. 3, pp 267-279, 2009 
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Wang, Y.Q., Guo, X.H., Chang, H.H. and Li, H.Y., “Nonlinear dynamic response of rotating circular cylindrical 
shells with precession of vibrating shape-Part I: Numerical solution”, International Journal of Mechanical 
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Tong University Shanghai 200240, P.R. China 
(2) School of Naval Architecture Ocean and Civil Engineering, Shanghai Jiao Tong University Shanghai 
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“Thermal Postbuckling Analysis Of 3d Braided Composite Cylindrical Shells”, Journal of Mechanics, Vol. 26, 
No. 2, June 2010, pp. 113-122 
ABSTRACT: Thermal postbuckling analysis is presented for 3D braided composite cylindrical shell of finite 
length subjected to a uniform temperature rise. Based on a micro-macro-mechanical model, a 3D braided 
composite may be as a cell system and the geometry of each cell is deeply dependent on its position in the 
cross-section of the cylindrical shell. The material properties of epoxy are expressed as a linear function of 
temperature. The governing equations are based on Reddy's higher order shear deformation shell theory with a 
von Kármán-Donnell-type of kinematic nonlinearity and including thermal effects. A singular perturbation 
technique is employed to determine the buckling temperatures and postbuckling behaviors of 3D braided 
composite cylindrical shells. The numerical illustrations concern the postbuckling behavior of perfect and 
imperfect, braided composite cylindrical shells with different values of geometric parameter and of fiber 
volume fraction. The results show that the shell has lower buckling temperatures and postbuckling equilibrium 
paths when the temperature-dependent properties are taken into account. The results reveal that the fiber volume 
fraction, braiding angle and the shell geometric parameter have a significant effect on the thermal buckling and 
postbuckling behavior of braided composite cylindrical shells. 
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ABSTRACT: Nonlinear buckling and postbuckling behavior for a 3D braided composite cylindrical shell of 
finite length subjected to lateral pressure, hydrostatic pressure, or external liquid pressure in thermal 
environments have been presented in this paper. Based on a new micromacromechanical model, a 3D braided 
composite may be treated as a cell system and the geometry of each cell is deeply dependent on its position in 
the cross section of the cylindrical shell. The material properties of the epoxy are expressed as a linear function 
of temperature. The governing equations are based on Reddy’s higher order shear deformation shell theory with 
a von Kármán–Donnell type of kinematic nonlinearity and including thermal effects. A singular perturbation 
technique is employed to determine the buckling pressure and postbuckling equilibrium paths. The numerical 
illustrations concern the postbuckling behavior of perfect and imperfect braided composite cylindrical shells 
with different values of geometric parameter and of fiber volume fraction in different cases of thermal 
environmental conditions. The results show that the shell has lower buckling pressures and postbuckling paths 
when the temperature-dependent properties are taken into account. The results reveal that the temperature 
changes, the fiber volume fraction, and the shell geometric parameter have a significant effect on the buckling 
pressure and postbuckling behavior of braided composite cylindrical shells. 
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ABSTRACT: The nonlinear buckling behavior of a 3D-braided composite cylindrical shell of finite length 
subjected to internal pressure in thermal environments is considered. According to a new 
micromacromechanical model, a 3D-braided composite may be treated as a cell system where the geometry of 
each cell strongly depends on its position in the cross section of the cylindrical shell. The material properties of 
the epoxy matrix are expressed as linear functions of temperature. The governing equations are based on 
Reddy’s higher-order shear deformation theory of shells with a von Karman–Donnell-type kinematic 
nonlinearity and include thermal effects. The singular perturbation technique is employed to determine the 
buckling pressure and the postbuckling equilibrium paths of the shell. 
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ABSTRACT: This paper investigates numerically and experimentally the influence of initial geometric 
imperfections on the critical loads of initially stretched thick hyperelastic cylindrical shells under increasing 
uniform internal pressure. Imperfections in shells can have a global or local character. First, two types of local 
imperfections are considered: (1) a local axially symmetric imperfection in the form of a ring and (2) a small 
rectangular imperfection. The influence of the imperfection thickness, position and size are analysed in detail. 
Results show that the critical load decreases as the imperfections increase in size or thickness and as they move 
from the boundaries to the centre of the shell. The influence of multiple local imperfections is also studied in the 
present paper. Finally, the influence of global imperfections is considered with the imperfections described as a 
variation of the shell curvature in the axial direction. The results show that thick hyperelastic shells may be 
sensitive to local and global imperfections. In all cases the experimental results are in good agreement with the 
numerical ones, corroborating the conclusions.  
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China), “Post-buckling analysis of stiffened braided cylindrical shells under combined external pressure and 
axial compression”, Composite Structures, Vol. 60, No. 4, June 2003, pp. 455-466,  
doi:10.1016/S0263-8223(03)00018-7 
ABSTRACT: A post-buckling analysis is presented for a stiffened braided thin shell subjected to combined 
loading of external pressure and axial compression. The effects of the nonlinear large deflection and the initial 
geometrical imperfection are considered in the formulations. The analysis uses perturbation method to 
determine the interactive buckling loads and the post-buckling equilibrium paths and a three-cell model are used 
to obtain the elastic constants of braided shell. Some effects such as imperfection parameter, stiffened and 



Braiding parameters on the post-buckling path are discussed in the article. 
 
 
 
A. Ghorbanpour, Department of Mechanical Engineering, University of Kashan, Kashan, Iran, “Critical 
Temperature of Short Cylindrical Shells Based on Improved Stability Equation”, Pakistan Journal of Applied 
Sciences Vol. 2 No. 4, pp 448-0452, 2002. 
ABSTRACT: The nonlinear strain-displacement relations in general cylindrical coordinates are simplified by 
Sander’s assumptions for the cylindrical shells and substituted into the total potential energy function for 
thermoelastic loading. … An improvement is observed in the resulting equations as no length limitations are 
imposed on a thin cylindrical shell…. Based on the improved equilibrium and stability equations, the magnitude 
of thermoelastic buckling of thin cylindrical shells under defferent thermal loading is obtained. The results are 
extended to short and long thin cylindrical shells. 
 
 
A. Ghorbanpour Arani, S. Golabi, A. Loghman and H. Daneshi, “Investigating elastic stability of cylindrical 
shell with an elastic core under axial compression by energy method”, Journal of Mechanical Science and 
Technology, Vol. 21, No. 7, 2007, pp. 983-996, doi: 10.1007/BF03027648 
ABSTRACT: In this paper, the elastic axisymmetric buckling of a thin, isotropic and simply supported 
cylindrical shell with an elastic core under axial compression has been analyzed using energy method. The 
nonlinear strain-displacement relations in general cylindrical coordinates are simplified using Sanders kinematic 
relations (Sanders, 1963) for axial compression. Equilibrium equations are obtained by using minimum 
potential energy together with Euler equations applied for potential energy function in cylindrical shell. To 
acquire stability equation of cylindrical shell with an elastic core, minimum potential energy theory and Trefftz 
criteria are implemented. Stability and compatibility equations for an imperfect cylindrical shell with an elastic 
core are also obtained by the energy method, and the buckling analysis of shell is carried out using Galerkin 
method. Critical load curves versus the aspect ratio are obtained and analyzed for a cylindrical shell with an 
elastic core. It is concluded that the application of an elastic core increases elastic stability and significantly 
reduces the weight of cylindrical shells. 
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“Electro-thermo-torsional buckling of an embedded armchair DWBNNT using nonlocal shear deformable shell 
model”, Composites Part B: Engineering, Vol. 51, August 2013, pp 291–299 
doi: 10.1016/j.compositesb.2013.03.017 
ABSTRACT: Electro-thermo-torsional buckling response of a double-walled boron nitride nanotube 
(DWBNNT) has been investigated based on nonlocal elasticity and piezoelasticity theories. The effects of 
surrounding elastic medium such as the spring constant of the Winkler-type and the shear constant of the 
Pasternak-type are taken into account. The van der Waals (vdW) forces are considered between inner and outer 
layers of nanotube. According to the relationship between the piezoelectric coefficient of armchair boron nitride 
nanotubes (BNNTs) and stresses, the first order shear deformation theory (FSDT) is used. Energy method and 
Hamilton’s principle are employed to obtain coupled differential equations containing displacements, rotations 
and electric potential terms. The detailed parameter study is conducted to investigate the effects of nonlocal 
parameter, elastic foundation modulus, temperature change, piezoelectric and dielectric constants on the critical 
torsional buckling load. Results indicate that the critical buckling load decreases when piezoelectric effect is 
considered. 
 
 
Mahmood Rabani Bidgoli (1), Mohammad Saeed Karimi (1) and Ali Ghorbanpour Arani (2) 
(1) Faculty of Civil Engineering, Semnan University, Semnan, Iran 
(2) Faculty of Mechanical Engineering, Kashan University, Kashan, Iran 



“Nonlinear vibration and instability analysis of functionally graded-CNT-reinforced cylindrical shells 
conveying viscous fluid resting on orthotropic Pasternak medium”, Mechanics of Advanced Materials and 
Structures, in press, Accepted May 2015, DOI: 10.1080/15376494.2015.1029170 
ABSTRACT: In this study, nonlinear vibration and instability of embedded temperature-dependent cylindrical 
shell conveying viscous fluid resting on temperature-dependent orthotropic Pasternak medium are investigated. 
The equivalent material properties of nanocomposite are estimated using rule of mixture. Both cases of uniform 
distribution (UD) and functionally graded (FG) distribution patterns of reinforcements are considered. Based on 
orthotropic Mindlin shell theory, the governing equations are derived. Generalized differential quadrature 
method (GDQM) is applied for obtaining the frequency and critical fluid velocity of system. The effects of 
different parameters such as distribution type of SWCNTs, volume fractions of SWCNTs and Pasternak 
medium are discussed. 
 
 
K. Magnucki, T. Wegner  and W. Szyc (Inst. Of Applied Mechanics, Technical University of Poznan, Poland), 
“On buckling of ellipsoidal cups under internal pressure”, Archive of Applied Mechanics, Vol. 58, No. 5, 1988, 
pp. 339-342, doi: 10.1007/BF00534353 
ABSTRACT: A method for the calculation of the critical load for a semi-ellipsoidal shell with a stiffening rib at 
the edge is presented. The external and internal buckling energy of the shell is described. The Rayleigh quotient 
is used as the static buckling criterion, assuming the deflection function to depend on four shape parameters. 
Some numerical examples are presented showing the influence of the rib stiffness and the shell dimensions on 
the critical pressure value. 
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Poland, “Elastic buckling of an axially compressed open circular cylindrical shell”, PAMM · Proc. Appl. Math. 
Mech. 4, 546–547 (2004) / DOI 10.1002/pamm.200410254 
ABSTRACT: The paper is devoted to stability problem of an axially compressed open elastic circular 
cylindrical shell. Two curvilinear edges of the open cylindrical shell are simply supported while two straight 
edges are free. Two load cases of the shell are assumed. The first load case - was the invariable axially normal 
force intensity, and the second load case - the linearly varying axially normal force intensity. Critical loads of 
the shell for both load cases are determined. These critical loads are compared with a classical load for closed 
circular cylindrical shell. 
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ABSTRACT: The subject of the paper is a simply supported sandwich beam with a metal foam core. 
Mechanical properties of the core vary through its depth. A nonlinear hypothesis of deformation of a plane cross 
section of the beam is assumed and described. The elastic potential energy and the work of the load are 



formulated. The system of differential equations of the equilibrium is derived on the basis of the theorem of 
minimum total potential energy. The system of equations is analytically solved. The stress state and the critical 
force for the beam are determined. The optimal dimensionless parameters of the beam are calculated. Results of 
the numerical investigations are presented in figures.  
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“Dynamic stability of a metal foam circular plate”, Journal of Theoretical and Applied Mechanics, Vol. 47, No. 
2, pp 421-433, Warsaw 2009 
ABSTRACT: The study is devoted to a radial compressed metal foam circular plate. Properties of the plate vary 
across its thickness. The middle plane of the plate is its symmetry plane. First of all, a displacement field of any 
cross-section of the plate was defined. Afterwards, the components of strain and stress states were found. The 
Hamilton principle allowed one to formulate a system of differential equations of dynamic stability of the plate. 
This basic system of equations was approximately solved. The forms of unknown functions were assumed and 
the system of equations was reduced to a single ordinary differential equation of motion. The equation was then 
numerically processed that allowed one to determine critical loads for a family of metal foam plates. The results 
of studies are shown in figures. They show the effect of porosity of the plate on the critical loads. The results 
obtained for porous plates were compared to homogeneous circular plates.  
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ABSTRACT: The paper is devoted to a simply supported thin-walled beam. The critical state of the beam under uniformly distributed 
transverse load, an axial force and two different moments located at its both ends is analytically studied. The elastic potential energy 
and the work of loads for the beam are described. Basing on the stationary of the total potential energy the general algebraic equation 
of the critical state for the beam is obtained. The equation describes a convex hyper-surface. Particularly simple load cases are studied. 
Based on the general equation of the critical state numerical investigations are realized. The results are shown in Figures.  
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Double-box Flanges in Pure Bending”, Strain, Vol. 48, No. 4, pp 317-325, August 2012,  
DOI: 10.1111/j.1475-1305.2011.00825.x 
ABSTRACT: This paper provides the results of numerical and experimental investigations of buckling 
problems of cold-formed, thin-walled channel beams with double-box flanges under pure bending. A local and 
global buckling analysis is realised numerically with the use of the finite strip method. A local buckling has 
been experimentally studied and also numerically with the use of the finite element method. Experimental tests 
of beams subjected to pure bending are conducted. The results of numerical and experimental investigations are 
presented and compared. A fundamental influence of double-box flanges on the critical load is shown. 
 
 
Zbigniew Kolakowski (Technical University of Lodz, Boland), “Static and dynamic interactive buckling 
regarding axial extension mode of thin-walled channel”, Journal of Theoretical and Applied Mechanics, Vol. 
48, No. 3, pp 703-714, 2010 
ABSTRACT: The present paper deals with an influence of the axial extension mode on static and dynamic 
interactive buckling of a thin-walled channel with imperfections subjected to uniform compression when the 
shear lag phenomenon and distortional deformations are taken into account. A plate model is adopted for the 
channel. The structure is assumed to be simply supported at the ends. Equations of motion of component plates 
were obtained from Hamilton’s principle taking into account all components of inertia forces. In the frame of 
first order nonlinear approximation, the dynamic problem of modal interactive buckling is solved by the 
transition matrix using the perturbation method and Godunov’s orthogonalization  
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Lodz, PL-90-924 Lodz, ul. Stefanowskiego 1/15, Poland), “Modal coupled instabilities of thin-walled 
composite plate and shell structures”, Compos Struct. Vol. 76:303–313, December 2006, DOI: 
10.1016/j.compstruct.2005.02.022 
ABSTRACT: The problem of buckling and initial post-buckling equilibrium paths of thin-walled structures 
built of plate and/or shell elements subjected to compression and bending has been solved. Plate and shell 
elements can be made of multi-layer orthotropic materials. A method of the modal solution to the coupled 
buckling problem within the first-order approximation of Koiter’s asymptotic theory, using the transition matrix 
method, has been presented. In the solution obtained, the effect of cross-sectional distortions and a shear lag 
phenomenon is included. The calculations are carried out for a few thin-walled structures. 
 
 
Krolak M, Kowal-Michalska K, Mania RJ, Świniarski J (2009) Stability and load carrying capacity of multi-cell 
thin-walled columns of rectangular cross-sections. J Theor Appl Mech 47(1):435–456 
ABSTRACT: The paper concerns theoretical, numerical and experimental analysis of the stability and ultimate 
load of multi-cell thin-walled columns of rectangular and square cross-sections subjected to axial compression 
(uniform shortening of the column). The theoretical analysis deals with the local and global stability of multi-
cell orthotropic columns of a rectangular profile with rectangular cells. It has been shown that for a multi-cell 
column made of the same material and having the same cross-section area, the value of local buckling stress of 
the column walls grows rapidly with an increase of the cell number. The experiment conducted for isotropic 
columns has also proved a significant growth of the ultimate load with the increase of the cell number. The 
paper gives some conclusions which can be useful in design of thin-walled box columns.  
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Lodz, Poland), “Local dynamic buckling of C-shape profile subjected to bending”, Mechanics and Mechanical 
Engineering, Vol. 15, No. 2, pp 133-148, 2011 
ABSTRACT: This paper deals with local dynamic buckling of thin–walled girder segments (short beam–
columns) subjected to bending. Various shapes of pulse loading (triangle, trapezoid and rectangle) with a 
duration corresponding to the fundamental period of vibration were taken into account. Assumed boundary 
conditions correspond to a simple support, this agrees with conditions that exist in the place of the diaphragm in 
a long spar. The problem was solved by finite element method. In order to determine the critical load pulse 
amplitudes Volmir, Budiansky–Hutchinson, Ari–Gur and Simonetta criteria were employed.  
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“Analytical and Experimental Studies of Stability of Cylindrical Shells with a Cut–Out”, Mechanics and 
Mechanical Engineering, Vol. 17, No. 2 (2013) 167–176� 
ABSTRACT: Thin–walled structure, by its nature, is subjected to loss of stability. In addition, the shell has a 
cutout, which reduces the critical load. The aim of this study is to determine critical stress of the shell under 
pure bending. The goal was achieved in two ways: experimentally and analytically. Experimental studies were 
carried out on a specially designed test bench with the use of a resistive strain gauge. In the analytical solution 
the form of buckled shell was assumed, and then Bubnov–Galerkin method was applied.  
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No. 4, pp. 859-868, Warsaw 2004 
ABSTRACT: The work deals with the problem a straight beam of a rectangular cross-section pivoted at both 
ends and loaded with a lengthwise compressive force. The beam is made of an isotropic porous material. Its 
properties vary through thickness of the beam. The modulus of elasticity is minimal on the beam axis and 
assumes maximum values at its top and bottom surfaces. The principle of stationarity of the total potential 
energy enables one to define a system of differential equations that govern the beam stability. The system is 
analytically solved, which leads to an explicit expression for the critical load of the compressed beam. Results 
of the solution are verified on an example beam by means of the Finite Element Method (COSMOS). 
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“Elastic buckling of barrelled shell under external pressure”, Thin-Walled Structures, Vol. 45, No. 4, April 
2007, pp. 393-399, doi:10.1016/j.tws.2007.04.001 
ABSTRACT: The aim of the paper is to present a procedure for design of a family of shells of revolution of 
constant mass and, as a next step, of constant volume. As a reference a cylindrical shell is taken into 
consideration. By decreasing the value of the meridional radius of curvature R1, which for cylindrical shell 
equals infinity, barrelled shells are created up to the spherical shell for which both meridional and 
circumferential radii of curvature are equal (R1=R2). A numerical example of using the presented procedure is 
considered. Then for the family of shells of revolution of constant mass a buckling analysis using FEM method 
is carried out. Results of the analysis show the relationship between the radius of curvature of the shell R1 and 
the critical load pcr in the case of uniform external pressure. 
 
 
P. Jasion and K. Magnucki, "Buckling Analysis of Shells of Revolution Under Bending Loads", in B.H.V. 
Topping, M. Papadrakakis, (Editors), "Proceedings of the Ninth International Conference on Computational 
Structures Technology", Civil-Comp Press, Stirlingshire, UK, Paper 233, 2008. doi:10.4203/ccp.88.233 
SUMMARY: The present work is devoted to the elastic stability of shells of revolution in the pure bending 
state. Buckling shapes are presented and the dependency between the shape of a shell and its critical stress is 
described. The ABAQUS system based on the finite elements method was used to obtain the results. Examples 
of works concerning stability of shells under bending can be easily found in the literature. However they are 
usually limited to cylindrical shells. Brush and Almroth [1] and Volmir [2] present analytical solutions of the 
problem and a state of the art in this field. In the paper presented here the authors extend the investigation to 
shells of revolution other than cylindrical ones including a cylinder as a reference point. A family of shells of 
revolution of the same volume and length is investigated including shells with positive (barrel) and negative 
Gaussian curvature. The model of a shell is simply supported at both ends. To introduce a pure bending 
conditions a non-uniform axial load is applied to the edge of the shell. The results obtained from the analyses 
confirm the advantages of barrelled shells presented for example by Blachut [3]. A barrelled shell can bear 
about 75% higher load than a cylinder if pure bending conditions are assumed. The gain in buckling strength 
grows monotonically with decreasing the meridional radius of curvature R. The buckling shape is of the form of 
short wrinkles concentrated near the edge of the shell where the load is applied. Shells with negative Gaussian 
curvature buckle in a global way and the buckling load decreases with decreasing radius R. Since buckling of 
thin, middle-length bending shells is caused by compressive stresses the buckling analysis under axial 
compression was also carried out. The results are similar to those obtained for bending load. Critical stresses are 
slightly higher, up to 5.5%, for bending.  
References listed at the end of the paper: 
1. D.O. Brush, B.O. Almroth, "Buckling of Bars, Plates, and Shells", McGraw-Hill, New York, 1975.  
2. A.S. Volmir, "Stability of deformation systems", Nauka, Moscow, 1967. (in Russian)  
3. J. Blachut, P. Wang, "Buckling of barrelled shells subjected to external hydrostatic pressure", JPVT, Trans ASME, 123, 232-239, 
2001. doi:10.1115/1.1357160  
 
 



P. Jasion and K. Magnucki (Institute of Applied Mechanics, Poznan University of Technology, Poznan, 
Poland), “Elastic buckling of Cassini ovaloidal shells under external pressure – theoretical study”, Arch. Mech., 
Vol. 67, No. 2, pp 179-192, 2015 
ABSTRACT: The paper is devoted to shells of revolution with positive and negative Gaussian curvature. The 
meridian of shells is a plane curve in the Cassini oval form. Geometrical properties of the middle surface of the 
shell of revolution based on this curve are presented. The membrane state of stress of a family of shells with 
constant capacity and mass under uniform pressure is described analytically and numerically with the use of the 
FEM (the ANSYS system). The critical pressure, buckling modes and equilibrium paths of analysed shells are 
calculated numerically. The advantages of a pressure vessel made in the form of Cassini ovaloidal shell, such as 
the lack of edge effect and a stable post-buckling behaviour, are pointed out. The results of the analytical and 
numerical investigations are compared and presented in tables and figures.  
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E. Magnucka-Blandzi (Institute of Mathematics, Poznan University of Technonogy, ul. Piotrowo 3a, 60-965, 
Poznan, Poland), “Axi-symmetrical deflection and buckling of circular porous-cellular plate”, Thin-Walled 
Structures, Vol. 46, No. 3, March 2008, pp. 333-337, doi:10.1016/j.tws.2007.06.006 
ABSTRACT: The main goal of this paper is a solution of the problem of buckling and deflection. A circular 
porous plate with simply supported edge under radial uniform compression and uniformly distributed load 
(pressure) is considered. Mechanical properties of the isotropic porous material vary across the thickness of the 



plate. Middle plane of the plate is its symmetry plane. A field of displacements (geometric model of nonlinear 
hypothesis) is described. The principle of stationarity of the total potential energy allowed to get a system of 
differential equations that govern the plate stability. A critical load and a deflection are determined. The results 
obtained for porous plates are compared to homogeneous circular plates. 
 
 
M. Malinowski, K. Magnucki, "Buckling of an Isotropic Porous Cylindrical Shell", in B.H.V. Topping, 
(Editor), "Proceedings of the Tenth International Conference on Civil, Structural and Environmental 
Engineering Computing", Civil-Comp Press, Stirlingshire, UK, Paper 53, 2005. doi:10.4203/ccp.81.53 
ABSTRACT: This paper considers an isotropic porous shell loaded by axial compression shown in Figure 53.1. 
The effects of varying porous material and geometric parameters of the cylindrical shell, on the elastic buckling 
load are studied. The shell is made of an isotropic porous material which varies only across the thickness of the 
shell wall. Banhart [1] reviewed the possibilities of manufacturing metal foams or other porous metallic 
structures as well as ways for characterizing the properties of cellular metals. In the present paper the porous 
shell is a generalization of a sandwich construction. 
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Technology, ul. Piotrowo, 3, PL 60-965, Poznan, Poland), “Elastic Buckling of Selected Flanges of Cold-
Formed Thin-Walled Beams”, (journal, publisher and date not given in the pdf file), ISSN 1816-1545, Vol. 3, 
pp. 116 – 128, 2006 
ABSTRACT: The paper is devoted to five different flanges of cold-formed thin-walled beams. Mathematical 
models of each of the flanges are formulated and solved. The theory of elastic stability of plates and cylindrical 
shallow shells is applied for this purpose. Critical stress for each flange of the beam is determined. Results of 
analytical solutions are discussed and compared with numerical (FEM) and experimental investigations. The 
formulas of critical stresses may be used in practical applications. 
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“Dynamic Stability of an Isotropic Metal Foam Cylindrical Shell Subjected to External Pressure and Axial 
Compression”, J. Appl. Mech., Vol. 78,  No. 4, July 2011, 041003 (8 pages), doi:10.1115/1.4003768 
ABSTRACT: This paper presents a nonlinear approach with regard to the dynamic stability of an isotropic 
metal foam circular cylindrical shell subjected to combined loads. The mechanical properties of metal foam 
vary in the thickness direction. Combinations of external pressure and axial load are taken into account. A 
nonlinear hypothesis of deformation of a plane cross section is formulated. The system of partial differential 
equations of motion for a shell is derived on the basis of Hamilton's principle. The system of equations is 
analytically solved by Galerkin's method. Numerical investigations of dynamic stability for the family of 
cylindrical shells with regard to analytical solution are carried out. Moreover, finite element model analysis is 
presented, and the results of the numerical calculations are shown in figures. 
 
 
Xhang Yinyi (Institute of Engineering Mechanics, Nanchang University, P.R. China), “Torsional buckling of 
spherical shells under circumferential shear loads”, Applied Mathematics and Mechanics, Vol. 20, No. 4, April 
1999 
ABSTRACT: By the aid of differential geometry analysis on the initial buckling of shell element, a set of new 
and exact buckling bifurcation equations of the spherical shells is derived. Making use of Galerkin variational 
method, the general stability of the hinged spherical shells with the circumferential shear loads is studied. 
Constructing the buckling mode close to the bifurcation point deformations, the critical eigenvalues, critical 
load intensities and critical stresses of torsional buckling ranging from the shallow shells to the hemispherical 
shell are obtained for the first time.  
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stability problem of spherical shell loaded with torque”, Journal of Theoretical and Applied Mechanics, Vol. 41, 
No. 3, pp 537-544, 2003 
ABSTRACT: A thin-walled spherical shell is pivoted at both edges. One of the edges may rotate around 
the shell axis. Moreover, it is loaded with a torque. The problem of shell stability is considered. The 
system of equations characterizing the problem consists of a non-linear equation of equilibrium and 
non-linear compatibility equation. Both equations are solved with Bubnov-Galerkin’s method, 
assuming beforehand the form of deflection and force-functions. As a result of the solution, an 
algebraic equation is obtained, with respect to a dimensionless load parameter. The critical load 
parameter corresponding to the minimal critical load value is determined from this equation. The 
number m at which the load parameter has the minimum value determines the mode of stability loss. 
The paper is supplied with a numerical example.  
References listed at the end of the paper: (cannot cut and paste. There are 5 references.) 
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method of solving the stability problem of a semi-spherical shell loaded with torque”, Journal of theoretical and 
Applied Mechanics, Vol. 42, No. 2, pp 349-356, 2004 
ABSTRACT: A thin-walled spherical shell is pivoted at both ends. The upper edge of the shell, loaded with a 
torque, may rotate around the shell axis. The problem of the loss of stability of the shell is solved with an 
energetic method. The change in the total energy of the shell while losing stability is determined. This requires 
the forms of the deflection and force functions to be assumed, according to actual boundary conditions. 
Coefficients of the force function are determined from the solution to the inseparability equation with the 
Bubnov-Galerkin method. The stability equation of the shell is formulated as a result of application of the Ritz 
method to the total energy variation. It is an algebraic equation serving for determination of the critical load. It 
is equal to the minimal value of the load. The work ends with a numerical example.  
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“Buckling Study of Steel Open Circular Cylindrical Shells in Pure Bending”, Strain, Vol. 47, No. 3, pp. 209-
214, June 2011, DOI: 10.1111/j.1475-1305.2009.00669.x 
ABSTRACT: The subject of the study are open circular cylindrical thin shells with two edges supported and 
two edges free. The elastic buckling and limit load of these shells in pure bending state are investigated. The 
study includes simple analytical description, numerical analysis with the use of the Finite Element Method 



(FEM), and laboratory tests for shells. The results of these three investigation methods are compared and 
presented in figures. The critical load and limit load for these shells are described in detail. Moreover, an 
analytical formula of critical stresses for open circular cylindrical thin shells in pure bending state is proposed. 
The main goal of the paper is comparison of the results of critical load values obtained by analytical, numerical 
(FEM), and experimental methods. 
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“Comparison of limit load, linear and nonlinear FE analysis of a typical vessel nozzle”, (publisher and date not 
given in the pdf file. Latest reference is 2000. Paper probably published in 2001) 
ABSTRACT: A limit load analysis of a vessel nozzle with pressure and external force loading was conducted. 
The limit load was defined by increasing the pressure and the nozzle external loads proportionally until collapse 
occurred. The evaluation of the limit load analysis was conducted in accordance with ASME BPVC Section 
VIII Division 2 [1]. The limit load analysis provides insight into the collapse load and failure mode. The results 
of the limit load analysis and a plastic analysis are compared to the results obtained by linear and nonlinear shell 
and plate element analyses of the same nozzle. The authors discuss the comparison of the results as there is 
some variance between the different methodologies. 
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“Critical load of an axially compressed sandwich cylindrical panel”,  PAMM,  Vol. 6, 2006, pp. 239–240, 
doi: 10.1002/pamm.200610100 
ABSTRACT: The problem of critical load of an axially compressed open sandwich cylindrical shell with two 
straightlinear edges free is presented. Large angle of the shell sector, geometrical and physical symmetry of the 
facings are assumed. The simply formula for calculation critical stress in the shell is presented. 
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“Elastic buckling of an axially compressed sandwich cylindrical panel with three edges simply supported and 
one edge free”, Thin-Walled Structures, Vol. 44, No. 8, August 2006, pp. 910-918, 
doi:10.1016/j.tws.2006.07.004 
ABSTRACT: The problem of elastic buckling of an open sandwich cylindrical thin-walled panel with three 
edges simply supported and one edge free under axial compression is considered in the paper. The classical 
broken line hypothesis is replaced by its modified generalized version. On the basis of force and moment 
equilibrium conditions for the shell element, a set of the fundamental equations is derived. The set is solved 
with the help of the orthogonalizational Bubnov–Galerkin method. The nonlinear algebraic equation is 
obtained. Physical and geometrical parameters of the shell, deflection factor and loading are connected in the 
equation. It is possible, among others, to obtain from here the critical load value. 
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Poznan, Poland), “The influence of axial load on elastic buckling of shells of revolution”, The Archive of 
Mechanical Engineering, Vol LV, No. 2, 2008 
ABSTRACT: In this paper, the authors consider the influence of axial load on the stability of shells of 
revolution subjected to external pressure. Shells of different geometry are investigated with emphasis to 
barrelled shells. The variable quantities are length L and meridional radius of curvature R1 of a shell. The 
constant parameters are: thickness of the shell h, mass ms and reference radius r0. The material of shells is steel. 
Numerical calculations were performed in the ABAQUS system. All the shells considered in this paper were 
subjected to axial compression to determine the force corresponding to the loss of stability in such conditions. A 
part of this force is then used to preload shell before the buckling analysis in the conditions of external pressure 
is started. The buckling shapes for shells of different geometry are presented with and without the influence of 
axial load. The ability of controlling the buckling strength and shape is discussed.  
 
 
Pawel Jasion and Krzysztof Magnucki (Poznan University of Technology, Institute of Applied Mechanics, 
Poznan, Poland), “Face Wrinkling of Sandwich Beams under Pure Bending”, Journal of Theoretical and 
Applied Mechanics, Vol. 50, No. 4, pp. 933-941, Warsaw 2012, 50th Anniversary of JTAM 
ABSTRACT: The paper is devoted to sandwich beams under pure bending. The local buckling problem is 
analysed. The analytical description of the upper face wrinkling is proposed. From the principle of stationary 
total potential energy, formulae describing critical stresses in the faces of the beam are derived. The algorithm 
for determining the critical stresses is shown. Two particular cases of the solution following the core properties 
are mentioned. The finite element model of the sandwich beam is formulated. The comparison of the results 
obtained from the proposed analytical model and from FEM analysis is shown for a family of sandwich beams 
with different thicknesses and core properties. 
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“Global and local buckling of sandwich circular and beam-rectangular plates with metal foam core”, Thin-
Walled Structures, Vol. 61, pp. 154-161, December 2012, DOI: 10.1016/j.tws.2012.04.013 
ABSTRACT: The paper is devoted to the analytical, numerical and experimental studies of the global and local 
buckling–wrinkling of the face sheets of sandwich beams and sandwich circular plates. A mathematical model 
of displacements, which includes a shear effect, is presented. The governing differential equations of sandwich 
plates are derived. The equations are analytically solved and the critical loads are obtained. Finite element 
models of the plates are formulated and the critical loads and buckling modes are calculated. Moreover, 
experimental investigations are carried out for the family of sandwich beam-plates. The values of the critical 
load obtained by the analytical, numerical (FEM), and experimental methods are compared. 
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“Strength and Buckling of Sandwich Beams with Corrugated Core”, Journal of Theoretical and Applied 
Mechanics, Vol. 51, No. 1, pp. 15-24, Warsaw 2013 
ABSTRACT: The subject of the paper is a sandwich beam with a crosswise or lengthwise corrugated core. The 
beam is made of an aluminium alloy. The plane faces and the corrugated core are glued together. Geometrical 
properties and rigidities of the beams are described. The load cases investigated in the work are pure bending 
and axial compression. The relationship between the applied bending moment and the deflection of the beam 
under four-point bending is discussed. The analytical and numerical (FEM) calculations as well as experimental 
results are described and compared. Moreover, for the axial compression, the elastic global buckling problem of 
the analysed beams is presented. The critical loads for the beams with the crosswise and lengthwise corrugated 
core are determined. The comparison of the analytical and FEM results is shown. 
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“Failure assessment of CFRP skinned honeycomb sandwich beam with delamination using cohesive zone 
model”, International Journal of Engineering Research and Applications (IJERA), Vol. 1, No. 3, pp 1040-1050, 
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ABSTRACT: Cohesive zone model to capture the failure behaviour and strength of CFRP skinned cantilever 
sandwich beam with delamination is carried out and verified through test. The inputs required to represent the 
interfacial behaviour between the skin and honeycomb core in cohesive zone model are determined by standard 
tests. Acoustic emission was monitored during the test. Comparison of the load-displacement response obtained 
shows a good agreement with the experimental result. Both the test and analysis show a buckling induced 
delamination resulting earlier buckling failure of the specimen. Prediction of failure load based on nonlinear 
buckling analysis with CZM and without CZM approach shows a deviation of 6 % and 9% respectively with the 
test. The present study reveals that coupled buckling induced delamination failure of bonded sandwich 
structures can be accurately predicted by cohesive zone model which incorporates debond growth and buckling 
simultaneously. Parametric study reveals that the interfacial strength plays a key role in failure load of 
adhesively bonded sandwich structures in comparison to the delamination fracture toughness.  
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“Buckling of sandwich cylindrical shell with corrugated main core and three-layer faces”, ACS Applied 
Computer Science, Vol. 10, No. 4, 2014 
ABSTRACT: The subject of numerical research is a seven-layer cylindrical shell subjected uniformly 
distributed external pressure. The shell is thin-walled sandwich structure composed of main corrugated core 
(made of a thin metal sheet) and two three-layer faces. The cores of the faces are porous and made of isotropic 
metal foam. The corrugation of the main core is along longitudinal axis of the shell. The shell is simply 



supported at its all outer edges. Numerical FEM model of the shell is elaborated. Critical pressure for the family 
of these shells are calculated. Furthermore, developed a model of an equivalent single-layer shell wherein 
diameter, and weight are the same as the seven-layer shell. It has been shown several times higher resistance to 
buckling of a seven-layer shell compared to the single-layer shell. 
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J. Xiong, R. Ghosh, L. Ma, A.Vaziri, Y. Wang, and L. Wu,“Sandwich-walled cylindrical shells with lightweight 
metallic lattice truss cores and carbon fiber-reinforced composite face sheets,” Composites A, vol. 56, pp. 226–
238, 2014. 
ABSTRACT: We manufactured sandwich-walled cylindrical shells with aluminum pyramidal truss core of 
constant curvature employing an interlocking fabrication technique for the metallic core. The skins were made 
of carbon-fiber reinforced composites and co-cured with the metallic truss core. Thereafter, we carried out axial 
compression tests on some representative samples to investigate the failure modes of these structures and 
compared with an analytical failure map developed to account for Euler buckling, shell buckling, local buckling 
between reinforcements and face-crushing. The experimental data closely matched the analytically predicted 
behavior of the cylinders. In particular, we found that local buckling and face crushing modes can exist together 
and are the most important modes of failure of the fabricated structure. 
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ABSTRACT: A plate model for analysis and design of laminated composite structures subjected to large 
deflections is considered. The model is based on a facet approximation of the midsurface and Reissner–
Mindlin–Von Kármán type plate equations. The potential energy functional where the linearized strain tensor 



has been replaced by nonlinear functions, i.e., the Von Kármán model for large deformation is formulated. The 
nonlinear equations are solved iteratively by Riks’ method with Crisfield’s elliptical constraint for arc length. 
The linearized equations are discretized by the finite element method. Load–displacement behavior of the 
structure as well as failure prediction and identification of critical areas of the FE-model are illustrated with a 
numerical example. 
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ABSTRACT: In this paper post-buckling analysis of carbon fibre reinforced plastic cylindrical shells under 
axial compression is considered. Reissner–Mindlin–Von Kármán type shell facet model is used in the 
computations. The effect of geometric imperfection shape and amplitude on nonlinear analysis results is 
discussed. Numerical–experimental correlation is performed using the results of experimental buckling tests 
found in the literature. Results show that bringing the diamond shape geometric imperfection in the model 
significantly improves the correlation and gives good accuracy in simulating cylindrical shell post-buckling 
behaviour. 
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10.1080/15376494.2010.496063 (7th EUROMECH Solid Mechanics Conference J. Ambrosio et.al. (eds.) 
Lisbon, Portugal, 7–11 September 2009) 
ABSTRACT: Design of thin-walled cylindrical shells fabricated from composite materials leads to the 
requirement of validated simulation procedures for the buckling simulation of realistic, geometrically imperfect 
shells. In this work, the simulation is performed with a geometrically nonlinear analysis using Reissner-
Mindlin-Von Kármán type shell facet model. A diamond shaped geometric imperfection pattern is applied in 
the computational model. Based on the simulation, limits of buckling loads are estimated for the cylindrical 
CFRP shells and compared to the test results from the literature. 
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“Reissner-Mindlin-Von Kármán Type Plate Model for Postbuckling Analysis of Laminated Composite 
Structures”, 2011, (publisher not given in pdf file; apparently in a book edited by W. Gutkowski and T.A. 
Kowalewski.) 
ABSTRACT: Postbuckling behaviour of laminated composite structures using Reissner-Mindlin-Von Kármán 
type plate model is considered. The potential energy functional where the linearized strain tensor has been 
replaced by nonlinear Von Kármán model for large deformation is formulated. The stabilized MITC-technique 
is used to discretize the problem by finite elements. Load-displacement behaviour of the structure as well as the 
failure prediction and the identification of the critical areas of the model are illustrated with numerical 
examples. 
References listred at the end of the paper: 
[1] ELMER web site at www.csc.fi/elmer.  
[2] Brezzi F., Fortin M., and Stenberg R.: Error analysis of mixed-interpolated elements for Reissner-Mindlin plates. Math. Models 
Methods Appl. Sci. 1: 125-151, 1991.  
[3] Lyly M.: On the connection between some linear triangular Reissner-Mindlin plate bending elements. Numer. Math. 85: 77-107, 
2000.  
[4] Hughes T. J. R. and Brezzi F.: On drilling degrees of freedom. Computer Methods in Applied Mechanics and Engineering 72: 105-
121, 1989.  
[5] Minguet P. J., Dugundji J., and Lagace P.: Postbuckling Behavior of Laminated Plates Using a Direct Energy-Minimization 
Technique. AIAA Journal 27: 1785-1792, 1989. 
 
 
D. Poorveis and M. Z. Kabir (Department of Civil and Environmental Engineering, Amirkabir University of 
Technology, Tehran, Iran), “Buckling of Discretely Stringer-Stiffened Composite Cylindrical Shells uner 
Combined Axial Compression and External Pressure”, Scientia Iranica, Vol. 13, No. 2, pp. 113 – 123, April 
2006 
ABSTRACT: In this paper, the static buckling of especially orthotropic stringer-stiffened composite cylindrical 
shells subjected to combined axial compression and external pressure is investigated, based on geometrical non-



linear analysis with considering pre-buckling deformations. The kinematic relation of shells is based on the 
Donnell non-linear theory and First Order Shear Deformation (FOSD) is adopted for both shell and stiffeners. 
Displacements, rotations and interacting forces are expressed in terms of Fourier series expansions as 
independent approximate solution  unctions. Unknown coefficients of shell and stringers are related by 
satisfying continuity conditions of displacements at their contact areas using Lagrange multipliers. The non-
linear equilibrium equations are obtained using the Ritz method. The effects of sensitivity parameters, e.g., shell 
lay-ups, different numbers of stringers in the circumference, location of stiffeners (outside vs. inside) and the 
discrete versus smeared approach on interaction buckling curves are considered. Results indicate remarkable 
differences between outside and inside stringer-stiffened cylinder buckling loads and also illustrate the 
fundamental role of shell stacking sequences and stiffened shell geometry on the applicability range of the 
smeared stiffener approach. 
 
 
M.Z. Kabir and A. Rojhani Shirazi (Civil and Environment Engineering AmirKabir University of Technology, 
Tehran, Iran), “Optimum design of filament-wound laminated conical shells for buckling using the penalty 
function”, Archive of SID,  Journal of Aerospace Science and Technology (JAST), Vol. 5, No. 3, September 
2008 
ABSTRACT: Optimum laminate configuration for minimum weight of filament wound laminted conical shells 
subject to buckling load constraint is investigated. In the case of a laminated conical shell, the thickness and the 
ply orientation (the design variables) are functions of the shell coordinates, influencing both the buckling load 
and its weight. These effects complicate the optimization problem considerably. The first level of complexity is 
attributed to the correlation between the volume and the buckling load and their dependence on the fiber 
configuration. The second level of complexity is associated with the high computational cost involved in 
calculation of the buckling load. Thus, the main objective of this study is to solve the optimization problem as 
well as to reduce the computational cost associated with it. Based on the characteristic buckling behavior of 
laminated conical shells, the usual penalty function method is used. 
 
 
M.Z. Kabir and A.R. Nazari (Department of Civil and Environmental Engineering, Amirkabir University of 
Technology, Tehran, Iran), “Numerical study on reinforcing of thin walled cracked metal cylindrical columns 
using FRP patch”, Archive of SID, Transaction A: Civil Engineering, Vol. 17, No. 5, pp 407-414, October 2010 
ABSTRACT: In this paper a new technique was proposed for the repair of defected metal columns. The finite 
element method was chosen to find out the adequacy of the proposed method, regarding, the load carrying 
capacity of two types of thin walled cylindrical columns with L=D = 10 and 20 along with circumferential and 
longitudinal cracks. The study considers the non linearity behavior in both material as well as geometrical 
characteristics. Various configurations of the composite patches made from carbon-epoxy were assumed on the 
cracked region and the influence of a patch on the load carrying capacity of the columns was examined. The 
obtained results indicate that composite material can not only compensate the effect of damage on column 
buckling load, but also increase buckling strength to a level even greater than in an intact one.  
 
 
M.Z. Kabir and A.E. Seif (Department of civil engineering, Amirkabir University of Technology (Tehran 
Polytechnic), Tehran, Iran), “Lateral torsional buckling of steel I-beam retrofitted using FRP sheets: Analytical 
solution and optimization”, Chapter in Advances in FRP Composites in Civil Engineering, pp 915-918, 
Springer, 2011, DOI: 10.1007/978-3-642-17487-2_202 
ABSTRACT: This paper presents an analytical investigation on lateral stability of steel metal beam which is 
retrofitted using FRP patch. The methodology is based on implementing total potential energy and Rayleigh 
Ritz method. The laminate theory including first order shear deformation is included in this study. The linear 
elasticity solution is considered for determining of buckling critical load. The compound beam is assumed a 
simply supported under pure bending. Some combinations of FRP sheets on single or both sides of flanges and 
web are applied as different cases of section retrofitting in order to investigate the effectiveness of strengthening 
pattern on the lateral torsional buckling of the metal beam. The FRP sheet can be extended to the total or partial 
length, full or partial patch, of the beam. In each case, parametric study with variation of fiber orientation is 



examined to find out the optimum fiber direction for design purposes. The results of this study would be 
benefitted for retrofitting of existing steel bridges which many of them are exposed to the harsh environment. 
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Zdenek P. Bazant and Alessandro Beghini (Civil Engineering, Northwestern University, Evanston, Illinois, 
USA), “Sandwich buckling formulas and applicability of standard computational algorithm for finite strain”, 
Composites: Part B, Vol. 35, pp 573-581, 2004 
ABSTRACT: Although, for homogeneous columns, the differences between Engesser’s and Haringx’s formulas 
for shear buckling have been explained in 1971 by the dependence of shear modulus on the axial stress, for soft-
core sandwich columns the choice of the correct formula has baffled engineers for half a century. Recently, 
Bazˇant explained this difference by a variational analysis which showed that an agreement is achieved if the 
shear modulus of the light core is considered to depend on the compressive stress in the skins even when small-
strain elasticity applies. To clarify this paradoxical dependence, first the variational framework is briefly 
reviewed. Subsequently, the mathematical results from Bazˇant’s recent study are physically reinterpreted, with 
the conclusion that only the Engesser-type theory (rather than Haringx-type theory) corresponds to constant 
shear moduli as obtained, for example, by the torsional test of a tube made from the foam. This is a rather 
fundamental point for applications because the discrepancy between these two theories can be very large in the 
case of short columns with thin skins. The implications for standard finite element programs are then explored 
by computing the critical loads of several sandwich columns with different material and geometric properties. 
The finite element computations show agreement with the Engesser-type formula predictions, while the 
Haringx-type prediction can be obtained with the finite element program somewhat artificially—by updating 
the core modulus as a function of the axial stress in the skins.� 
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Earthquake Loadings”, talk given in 2002. Some nice photographs of buckled tanks. This citation consists of vu 
foils (like a PowerPoint presentation). No abstract nor references are given. 
 
 
X. Wang, H.K. Yang and K. Dong (Department of Engineering Mechanics, School of Naval Architecture, 
Ocean and Civil Engineering, Shanghai Jiaotong University, Shanghai 200240, PR China), “Torsional buckling 
of multi-walled carbon nanotubes”, Materials Science and Engineering: A, Vol. 404, Nos. 1-2, September 2005, 
pp. 314-322, doi:10.1016/j.msea.2005.05.071 
ABSTRACT: This paper investigates torsional buckling of an individual multi-walled carbon nanotubes. The 
multiple shell model is adopted and the effect of van der Waals forces between adjacent nanotubes is taken into 
account. According to the ratio of radius-to-thickness, multi-walled carbon nanotubes discussed here are 
classified into three cases: thin, thick, and nearly solid. The critical shear stress and the torsional buckling mode 
are calculated for various radius-to-thickness ratios. Results carried out show that the buckling mode (m, n) 
corresponding the critical shear stress is sole, which is obviously different from the axially compressed buckling 



of an individual multi-walled carbon nanotubes. The investigation on torsional buckling of multi-walled carbon 
nanotubes in this paper may be used as a useful reference for the designs of nano-oscillators, nano-drive devices 
and actuators in which multi-walled carbon nanotubes act as basic elements. 
 
 
Y.J. Lu and X. Wang (Department of Engineering Mechanics, School of Naval Architecture, Ocean and Civil 
Engineering, Shanghai Jiaotong University, Shanghai 200240, People's Republic of China), “Combined 
torsional buckling of multi-walled carbon nanotubes”, J. Phys. D: Appl. Phys. Vol. 39, 2006, p. 3380 doi: 
10.1088/0022-3727/39/15/024 
ABSTRACT: This paper reports the results of an investigation on combined torsional buckling of an individual 
multi-walled carbon nanotube (MWNT) under combined torque and axial loading. Here, a multiple shell model 
is adopted and the effect of van der Waals forces between two adjacent tubes is taken into account. According 
to the ratio of radius to thickness, MWNTs discussed in this paper are classified into three types: thin, thick and 
nearly solid. The critical shear stress and the combined buckling mode are calculated for three types of MWNTs 
under combined torque and axial loading. Results carried out show that the buckling mode (m, n) corresponding 
to the critical shear stress is unique, which is obviously different from the purely axial compression buckling of 
an individual MWNT. Numerical results also show that the critical shear stresses and the corresponding 
buckling modes of MWNTs under combined torque and axial loading are dependent on the axial loading form 
and the types of MWNTs. The new features and meaningful numerical results in the present work on combined 
buckling of MWNTs under combined torque and axial loading may be used as a useful reference for the designs 
of nano-drive devices and rotational actuators in which MWNTs act as basic elements. 
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“Buckling of embedded multi-walled carbon nanotubes under combined torsion and axial loading”, 
International Journal of Solids and Structures, Vol. 44, No. 1, January 2007, pp. 336-351, 
doi:10.1016/j.ijsolstr.2006.04.031 
ABSTRACT: This paper describes an investigation into elastic buckling of an embedded multi-walled carbon 
nanotube under combined torsion and axial loading, which takes account of the radial constraint from the 
surrounding elastic medium and van der Waals force between two adjacent tube walls. Depending on the ratio 
of radius to thickness, the multi-walled carbon nanotubes discussed here are classified as thin, thick, and nearly 
solid. Critical buckling load with the corresponding mode is obtained for multi-walled carbon nanotubes under 
combined torsion and axial loading, with various values of the radius to thickness ratio and surrounded with 
different elastic media. The study indicates that the buckling mode (m, n) of an embedded multi-walled carbon 
nanotube under combined torsion and axial loading is unique and it is different from that with axial 
compression only. New features for the buckling of an embedded multi-walled carbon nanotube under 
combined torsion and axial loading and the meaningful numerical results are useful in the design of nanodrive 
device, nanotorsional oscillator and rotational actuators, where multi-walled carbon nanotubes act as basic 
elements. 
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instability of multi-wall carbon nanotubes embedded in an elastic medium”, Modelling and Simulation in 
Materials Science and Engineering, Vol. 14, No. 1, January 2006, https://doi.org/10.1088/0965-0393/14/1/008 
ABSTRACT: This paper investigates the bending stability of a multi-wall carbon nanotube (MWNT) embedded 
in an elastic medium, based on a multiple shell model. The effects of the surrounding elastic medium and the 
van der Waals forces between two adjacent tubes are taken into account. The critical bending moment and the 
corresponding buckling mode for three types of MWNTs with different layer numbers and ratios of radius to 



thickness are calculated. Results obtained show that the bending buckling mode corresponding to the critical 
bending moment is unique, which is obviously different from the purely axial compression buckling of an 
individual MWNT. On the other hand, a simplified method is applied to calculate the bending stability of 
MWNTs with larger layers, embedded in an elastic medium, by substitution of a multiple shell with fewer 
layers. The new features of the bending stability of MWNTs embedded in an elastic medium and some 
meaningful results in this paper are helpful for the application and the design of nanostructures in which 
MWNTs act as basic elements. 
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Civil Engineering, Shanghai Jiaotong University, Shanghai 200240, People’s Republic of China), “Torsional 
buckling of multi-wall carbon nanotubes embedded in an elastic medium”, Composite Structures, Vol. 77, No.2, 
January 2007, pp. 182-192, doi:10.1016/j.compstruct.2005.06.013 
ABSTRACT: This paper investigates torsional buckling of a multi-wall carbon nanotube embedded in an elastic 
medium. The effects of surrounding elastic medium and van der Waals forces from adjacent nanotubes are 
taken into account. Using continuum mechanics, an elastic laminated shell model is presented to study the 
torsional buckling of a multi-wall carbon nanotube embedded in an elastic medium. A laminated cylinder 
composed of a multi-wall carbon nanotube and a surrounding elastic medium is used to describe the effect of 
elastic medium on the multi-wall carbon nanotubes. According to the ratio of radius-to-thickness, multi-wall 
carbon nanotubes discussed here are classified into three cases: thin, thick, and nearly solid. The critical shear 
stress and the torsional buckling mode are calculated for various radius-to-thickness ratios and elastic medium 
effects. Results carried out show that the buckling mode (m, n) corresponding the critical shear stress is sole, 
which is obviously different from the axially compressed buckling of multi-wall carbon nanotubes. The 
investigation on torsional buckling of multi-wall carbon nanotubes embedded in an elastic medium in this paper 
may be used as a useful reference for the designs of nano-oscillators and actuators in which multi-wall carbon 
nanotubes act as torsional springs. 
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Civil Engineering, Shanghai Jiaotong University Shanghai 200240, P.R. China), “Torsional Buckling of Multi-
walled Carbon Nanotubes Subjected to Torsional Loads”, Journal of Reinforced Plastics and Composites, 
March 2007, vol. 26, no. 5, pp. 479-494, doi: 10.1177/0731684406072538 
ABSTRACT: The torsional buckling of an individual multi-walled carbon nanotube under two different loading 
conditions is studied in this article. The multiple shell model is adopted and the effects of van der Waals forces 
between adjacent nanotubes are taken into account. An examination with an individual double-walled carbon 
nanotube shows that the effect of the change of interlayer spacing on the torsional buckling force can be 
neglected if only the innermost radius is larger than a certain value. Under this condition, single buckling 
equations are derived and explicit formulas for the critical torsional loads in terms of the buckling modes are 
obtained. It is found that the critical torsional load of a multi-walled carbon nanotube with torque exerted on the 
outermost tube is higher than that of the same multi-walled carbon nanotubes under the torques being 
proportionally applied to each individual layer of the multi-walled carbon nanotubes. For thin multi-walled 
carbon nanotubes with large radii, the critical torque linearly scales with its thickness, but the critical shear 
force (per unit length) of the multi-walled carbon nanotubes uniformly twisted along the cross section does not 
increase as its layer number (thickness) increases, which is due to the interlayer slips between adjacent 
nanotubes. 
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Madison, Wisconsin 53706), “Mechanical Instabilities of Individual Multiwalled Carbon Nanotubes under 
Cyclic Axial Compression”, Nano Letters, 2007, Vol. 7, No. 5, pp. 1149-1154, doi: 10.1021/nl062763b 
ABSTRACT: Individual multiwalled carbon nanotubes with a range of aspect ratios are subjected to cyclic 
axial compression to large strains using atomic force microscopy. Distinct elastic buckling and postbuckling 



phenomena are observed reproducibly and are ascribed to Euler, asymmetric shell buckling (i.e., kinking), and 
symmetric shell buckling. These show agreement with continuum theories that range from approximate to 
remarkable. Shell buckling yields reproducible incremental negative stiffness in the initial postbuckled regime. 
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London, London SW7 2AZ, UK), “Cellular buckling from mode interaction in I-beams under uniform bending”, 
Proceedings of the Royal Society A, Vol. 468, No. 2137, pp. 245-268, January 2012, doi: 10.1098/rspa.2011.0400 
ABSTRACT: Beams made from thin-walled elements, while very efficient in terms of the structural strength and 
stiffness to weight ratios, can be susceptible to highly complex instability phenomena. A nonlinear analytical 
formulation based on variational principles for the ubiquitous I-beam with thin flanges under uniform bending is 
presented. The resulting system of differential and integral equations are solved using numerical continuation 
techniques such that the response far into the post-buckling range can be portrayed. The interaction between global 
lateral-torsional buckling of the beam and local buckling of the flange plate is found to oblige the buckling 
deformation to localize initially at the beam midspan with subsequent cellular buckling (snaking) being predicted 
theoretically for the first time. Solutions from the model compare very favourably with a series of classic 
experiments and some newly conducted tests which also exhibit the predicted sequence of localized followed by 
cellular buckling. 
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“Modeling of Interactive Buckling in Sandwich Struts with Functionally Graded Cores.” J. Eng. Mech. 139, 
Special Issue: Stability of Composite Structures, 952–960, 2013 
ABSTRACT: An analytical pilot model for interactive buckling in sandwich struts with cores made from a 
functionally graded material based on total potential energy principles is presented. Using a Timoshenko beam 
approach, a system of nonlinear differential and integral equations is derived that predicts critical and secondary 



instabilities. These are validated against numerical simulations performed within the commercial finite-element 
package Abaqus. Good agreement is found, and this offers encouragement for more elaborate models to be 
devised that can account for face-core delamination—a feature where functionally graded materials are known 
to offer distinct advantages. 
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London, London SW7 2AZ, UK), “Cellular buckling in stiffened plates”, Proceedings of the Royal Society A, 
Vol. 470, No. 2168, May 2014, DOI: DOI: 10.1098/rspa.2014.0094 
ABSTRACT: An analytical model based on variational principles for a thin-walled stiffened plate subjected to 
axial compression is presented. A system of nonlinear differential and integral equations is derived and solved 
using numerical continuation. The results show that the system is susceptible to highly unstable local–global 
mode interaction after an initial instability is triggered. Moreover, snap-backs in the response showing 
sequential destabilization and restabilization, known as cellular buckling or snaking, arise. The analytical model 
is compared to static finite element models for joint conditions between the stiffener and the main plate that 
have significant rotational restraint. However, it is known from previous studies that the behaviour, where the 
same joint is insignificantly restrained rotationally, is captured better by an analytical approach than by standard 
finite element methods; the latter being unable to capture cellular buckling behaviour even though the 
phenomenon is clearly observed in laboratory experiments. 
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Bath, Bath, BA2 7AY, UK), “Experiments on interactive buckling in optimized stiffened panels”, Struct. 
Multidisc. Optim., 23(1), 40–48. 2001, DOI: 10.1007/s00158-001-0164-0. 
ABSTRACT: Five aluminium blade stiffened panels of three different geometries were tested in compression in 
a displacement controlled loading apparatus. Panel designs were achieved using VICONOPT, a fast-running 
optimization package based on linear eigenvalue buckling theory, and embrace two different design 
philosophies. The panels were loaded beyond initial buckling to collapse, and the effects of initial overall 
imperfections were monitored. In all cases the final failure showed evidence of significant interaction between 
buckling modes. The tests draw particular attention to a violently unstable and unpredictable form of failure, 
involving a combination of overall and stiffener buckling, which can occur even when initial buckling in the 
skin has the effect of pushing the panel in the opposite sense. 
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http://www.scirp.org/journal/PaperInformation.aspx?paperID=17690 
ABSTRACT: We investigate the cross-sectional buckling of multi-concentric tubular nanomaterials, which are 
called multiwalled carbon nanotubes (MWNTs), using an analysis based on thin-shell theory. MWNTs under 
hydrostatic pressure experience radial buckling. As a result of this, different buckling modes are obtained 
depending on the inter-tube separation d as well as the number of constituent tubes N and the innermost tube 
diameter. All of the buckling modes are classified into two deformation phases. In the first phase, which 
corresponds to an elliptic deformation, the radial stiffness increases rapidly with increasing N. In contrast, the 
second phase yields wavy, corrugated structures along the circumference for which the radial stiffness declines 
with increasing N. The hard-to-soft phase transition in radial buckling is a direct consequence of the core-shell 
structure of MWNTs. Special attention is devoted to how the variation in d affects the critical tube number Nc, 
which separates the two deformation phases observed in N -walled nanotubes, i.e., the elliptic phase for N < Nc 
and the corrugated phase for N > Nc. We demonstrate that a larger d tends to result in a smaller Nc, which is 
attributed to the primary role of the interatomic forces between concentric tubes in the hard-to-soft transition 
during the radial buckling of MWNTs. 
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Barcelona 08034, Spain), “Size-Dependent Nonlinear Elastic Scaling of Multiwalled Carbon Nanotubes”, Phys. Rev. 
Lett., Vol. 100, 085503 (2008) [4 pages], doi: 10.1103/PhysRevLett.100.085503 
ABSTRACT: We characterize through large-scale simulations the nonlinear elastic response of multiwalled carbon 
nanotubes (MWCNTs) in torsion and bending. We identify a unified law consisting of two distinct power law 
regimes in the energy-deformation relation. This law encapsulates the complex mechanics of rippling and is 
described in terms of elastic constants, a critical length scale, and an anharmonic energy-deformation exponent. The 
mechanical response of MWCNTs is found to be strongly size dependent, in that the critical strain beyond which 
they behave nonlinearly scales as the inverse of their diameter. These predictions are consistent with available 
experimental observations. 
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H. Delingette (Asclepios Research Project, INRIA, Sophia Antipolis, France), “Triangular springs for modeling 
non-linear membranes”, Publisher and date not given in the pdf file; most recent citation is dated 2006) 
ABSTRACT: This paper provides a formal connexion between springs and continuum mechanics in the context 
of one-dimensional and two-dimensional elasticity. In a first stage, the equivalence between tensile springs and 
the finite element discretization of stretching energy on planar curves is established. Furthermore, when 
considering a quadratic strain function of stretch, we introduce a new type of springs called tensile biquadratic 
springs. In a second stage, we extend this equivalence to non-linear membranes (St Venant-Kirchhoff materials) 
on triangular meshes leading to triangular biquadratic and quadratic springs. Those tensile and angular springs 
produce isotropic deformations parameterized by Young modulus and Poisson ratios on unstructured meshes in 
an efficient and simple way. For a specific choice of the Poisson ratio, 0.3, we show that regular spring-mass 
models may be used realistically to simulate a membrane behavior. Finally, the different spring formulations are 
tested in pure traction and cloth simulation experiments.  
 
 
Daniel Millan, “Point-set manifold processing for computational mechanics: Thin shells, reduced order 
modeling, cell motility and molecular conformations”, Ph.D. Dissertation, Departament de Matemàtica 
Aplicada III (MA3), Universitat Politècnica de Catalunya (UPC), Barcelona, Spain, July 2012 
ABSTRACT: In many applications, one would like to perform calculations on smooth manifolds of low-
dimension d embedded in a high-dimensional space of dimension D. Often, a continuous description of such 
manifold is not known, and instead it is sampled by a set of scattered points in high dimensions. This poses a 
serious challenge. In this thesis, we approximate the point-set manifold as an overlapping set of smooth 
parametric descriptions, whose geometric structure is revealed by statistical learning methods, and then 
parametrized by meshfree methods. This approach avoids any global parameterization, and hence is applicable 
to manifolds of any genus and complex geometry. It combines four ingredients: (1) partitioning of the point set 
into subregions of trivial topology, (2) the automatic detection of the geometric structure of the manifold by 
nonlinear dimensionality reduction techniques, (3) the local parameterization of the manifold using smooth 
meshfree (here local maximum-entropy) approximants, and (4) patching together the local representations by 
means of a partition of unity. We show the generality, flexibility, and accuracy of the method in four different 
problems. First, we exercise it in the context of Kirchhoff-Love thin shells, (d = 2, D = 3). We test our 
methodology against classical linear and non linear benchmarks in thin-shell analysis, and highlight its ability to 
handle point-set surfaces of complex topology and geometry. We then tackle problems of much higher 
dimensionality. We perform reduced order modeling in the context of finite deformation elastodynamics, 
considering a nonlinear reduced configuration space, in contrast with classical linear approaches based on 
Principal Component Analysis (d = 2, D = 10, 000’s). We further quantitatively unveil the geometric structure 
of the motility strategy of a family of micro-organisms called Euglenids from experimental videos (d = 1, D ≈ 
30,000’s). Finally, in the context of enhanced sampling in molecular dynamics, we automatically construct 
collective variables, which characterize molecular conformations (d = 1 . . . 6, D ≈ 30 to 1,000’s).  
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ABSTRACT: A finite element formulation is presented for modelling geometrically nonlinear thin shells which 
exploits standard Lagrange finite element basis functions without introducing rotation degrees of freedom. The 
classical regularity requirements associated with thin bending problems are circumvented by introducing special 
integrals over inter-element edges. The use of Lagrange finite element basis functions and the absence of 
rotation degrees of freedom make the formulation relatively simple, and discontinuities in material properties 
and non-smooth shell geometry can be incorporated trivially. The variational problem can be exactly linearised, 



leading to an efficient Newton–Raphson solution process. The performance of the approach is demonstrated via 
a range of numerical benchmarks for both geometrically linear and nonlinear problems. It is shown that cubic 
elements perform particularly well. 
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SUMMARY: Calculations on general point-set surfaces are attractive because of their flexibility and simplicity 
in the preprocessing but present important challenges. The absence of a mesh makes it nontrivial to decide if 
two neighboring points in the three-dimensional embedding are nearby or rather far apart on the manifold. 
Furthermore, the topology of surfaces is generally not that of an open two-dimensional set, ruling out global 
parametrizations. We propose a general and simple numerical method analogous to the mathematical theory of 
manifolds, in which the point-set surface is described by a set of overlapping charts forming a complete atlas. 
We proceed in four steps: (1) partitioning of the node set into subregions of trivial topology; (2) automatic 
detection of the geometric structure of the surface patches by nonlinear dimensionality reduction methods; (3) 
parametrization of the surface using smooth meshfree (here maximum-entropy) approximants; and (4) gluing 
together the patch representations by means of a partition of unity. Each patch may be viewed as a meshfree 
macro-element. We exemplify the generality, flexibility, and accuracy of the proposed approach by numerically 
approximating the geometrically nonlinear Kirchhoff–Love theory of thin-shells. We analyze standard 
benchmark tests as well as point-set surfaces of complex geometry and topology.  
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Richard Superfine, Michael Falvo, Russell M. Taylor, II and Sean Washburn (Department of Physics and 
Astronomy, North Carolina University at Chqpel Hill), “Nanomanipulation: Buckling, Transport and Rolling at 
the Nanoscale”, Research Report, 2002 
DTIC Accession Number: ADA466718, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA466718 
ABSTRACT: The study of novel materials produces many challenges in the areas of synthesis, modeling and 
characterization. For the latter, one would like to be able to determine mechanical, electrical and dynamical 
properties, and correlate them with structure. In the following chapter, we describe work performed at the 
University of North Carolina-Chapel Hill (UNC) in the development of microscopy instrument systems, 
including a natural interface for scanned probe microscopy we call the nanoManipulator. We describe the 
principle design features of the instrument system including the visual display of data, the haptic (force-
feedback) control and display capabilities. Second, we describe the combination of microscopy and 
manipulation in a joint Scanning Electron Microscopy/Scanning Probe Microscopy system. These systems have 
been used for studies of nanotube mechanical dynamical and electrical properties,8 and for the study of 
biological macromolecular structures such as viruses, fibers (pili, fibrin, microtubules, etc.) and molecules 
(DNA). We describe examples of these studies drawn from our work on nanotubes and viruses. 
 



 
1900 L. J. Sudak (Department of Mechanical and Manufacturing Engineering, University of Calgary, Calgary, 
Alberta T2N-1N4, Canada), “Column buckling of multiwalled carbon nanotubes using nonlocal continuum 
mechanics”, J. Appl. Phys. 94, 7281 (2003); doi:10.1063/1.1625437 (7 pages), 
ABSTRACT: A model, based on the theory of nonlocal continuum mechanics, on the column buckling of 
multiwalled carbon nanotubes is presented. The present analysis considers that each of the nested concentric 
tubes is an individual column and that the deflection of all the columns is coupled together through the van der 
Waals interactions between adjacent tubes. Based on this description, a condition is derived in terms of the 
parameters that describe the van der Waals forces and the small internal length scale effects. In particular, an 
explicit expression is derived for the critical axial strain of a double walled carbon nanotube which clearly 
demonstrates that small scale effects contribute significantly to the mechanical behavior of multiwalled carbon 
nanotubes and cannot be ignored. 
 
 
C.Q. Ru (Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta T6G 2G8, Canada), 
“Column buckling of multiwalled carbon nanotubes with interlayer radial displacements”, Phys. Rev. B, Vol. 62, 
pp.16962–16967 (2000), doi: 10.1103/PhysRevB.62.16962 
ABSTRACT: An elastic model is presented for column buckling of a multiwalled carbon nanotube embedded within 
an elastic medium. The emphasis is placed on the role of interlayer radial displacements between adjacent nanotubes. 
In contrast to an existing model which treats the entire multiwalled nanotube as a single column, the present model 
treats each of the nested tubes as an individual column interacting with adjacent nanotubes through the intertube van 
der Waals forces. Based on this model, a condition is derived in terms of the parameters describing the van der 
Waals interaction, under which the effect of the noncoincidence of all deflected column axes is so small that it does 
not virtually affect the critical axial strain. In particular, this condition is met for carbon multiwalled nanotubes 
provided that the half-wavelength of the buckling mode is much larger than the outermost diameter. In this case, the 
critical axial strain can be predicted correctly by the existing single-column model. On the other hand, the existing 
model could overestimate the critical axial strain when the half-wavelength of the buckling mode is close to or 
smaller than the outermost radius. 
 
 
C. Q. Ru (Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta T6G 2G8, Canada), 
“Degraded axial buckling strain of multiwalled carbon nanotubes due to interlayer slips”, J. Appl. Phys. 89, 3426 
(2001); doi:10.1063/1.1347956 (8 pages) 
ABSTRACT: A multiple-shell model is presented for infinitesimal axially compressed buckling of a multiwalled 
carbon nanotube embedded within an elastic matrix. In contrast to an existing single-shell model which treats the 
entire multiwalled nanotube as a singlelayer elastic shell, the present model assumes that each of the nested 
concentric tubes is an individual elastic shell and the deflections of all shells are coupled through the van der Waals 
interaction between adjacent nanotubes. By examining a doublewalled carbon nanotube, it is found that the change 
in interlayer spacing has a negligible effect on the axial buckling strain provided that the innermost radius is at least 
a few nanometers. Under this condition, a single equation is derived which determines the deflection of the 
multiwalled carbon nanotube, and it is shown that infinitesimal axial buckling of a N-walled carbon nanotubes is 
equivalent to that of a single layer elastic shell whose bending stiffness is approximately N times the effective 
bending stiffness of a single walled carbon nanotube. As a result, the axial buckling strain of a N-walled carbon 
nanotube is about 5 N times lower than that predicted by the existing single-shell model. The degraded axial 
buckling strain is attributed to the interlayer slips between adjacent nanotubes, which represents an essential feature 
of mechanical behavior of multiwalled carbon nanotubes 
 
 
C.Q. Ru (Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta T6G 2G8, Canada), 
“Buckling of empty spherical viruses under external pressure”, Journal of Applied Physics, Vol. 105, No. 12, June 
2009, pp. 124701 – 124701-6, doi: 10.1063/1.3141753 
ABSTRACT: Motivated by structural heterogeneity and thickness nonuniformity of protein shells (such as 
microtubules and viral capsids), a refined elastic shell model is suggested to study the effect of transverse shear and 
effective bending thickness on buckling of an empty spherical viral shell under external pressure. A key feature of 
the model is that the transverse shear modulus of viral shells is allowed to be much lower than the in-plane shear 



modulus, in accordance with the weak resistance of two-dimensional protein assemblies to transverse shear. The 
results show that the transverse shear-induced critical pressure drop could be as big as 50%–70% for smaller-radius 
viral shells when the transverse shear modulus is about one order of magnitude smaller than the in-plane shear 
modulus, although the effect of transverse shear is negligible if the transverse shear modulus is equal to or larger 
than the in-plane shear modulus. These results suggest that the classical homogeneous shell model widely used in the 
literature would overestimate the strength of viral shells against buckling under external pressure. The refined model 
suggested here could extend the applicability of homogeneous elastic shell models from larger-radius viral shells to 
small-radius ones. 
 
 
Ciprian D. Coman, Andrew P. Bassom and M. Khurram Wadee, “Elasto-plastic localised responses in one-
dimensional structural models”, Journal of Engineering Mathematics, Vol. 47, No. 2, 2003, pp. 83-100,  
doi: 10.1023/A:1025856602682 
ABSTRACT: This work complements recent developments concerning the buckling of beams lying on a 
nonlinear (non-convex) elastic foundation, and also reports on some investigations on the role of material 
nonlinearity. Two structural models are studied using a simple elasto-plastic constitutive relationship, and 
buckling problems are formulated as reversible fourth-order differential equations. It is demonstrated that 
modulated responses are possible under certain circumstances. Some numerical simulations are presented 
supporting the analytical findings. 
 
 
Ciprian D. Coman and David M. Haughton (Dept. of Mathematics, University of Glasgow, Scotland, UK), “On 
some approximate methods for the tensile instabilities of thin annular plates”, Journal of Engineering Mathematics, 
Vol. 56, No. 1, pp 79-99, September 2006 
ABSTRACT: A thin annular plate is subjected to a uniform tensile field at its inner edge which leads to 
compressive circumferential stresses. When the intensity of the applied field is strong enough, elastic buckling 
occurs circumferentially, leading to a wrinkling pattern. Using a linear non-homogeneous pre-bifurcation state, 
the linearised eigenvalue problem describing this instability is cast as a fourth-order linear differential equation 
with variable coefficients. This problem is investigated numerically and it is shown that the simple application 
of the Galerkin technique reported in the literature leads to gross errors in the corresponding approximations. 
Several novel mathematical features of the eigenvalue problem are included as well. 
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of the Mechanics and Physics of Solids, Vol. 55, No. 8, pp. 1601-1617, August 2007, 
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ABSTRACT:  
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“Boundary layers and stress concentration in the circular shearing of annular thin films”, Proceedings of the Royal 
Society A, Vol. 463, No. 2087, pp. 3037-3053, November 2007, DOI: 10.1098/rspa.2007.0106 
ABSTRACT: This work addresses a generalization of Dean's classical problem, which sought to explain how an 
annular thin elastic plate buckles under uniform shearing forces applied around its edges. We adapt the original 
setting by assuming that the outer edge is radially stretched while the inner rim undergoes in-plane rotation through 
some small angle. Boundary-layer methods are used to investigate analytically the deformation pattern which is set 
up and localized around the inner hole when this angle reaches a well-defined critical wrinkling value. Linear 
stability theory enables us to identify both the critical load and the preferred number of wrinkles appearing in the 
deformed configuration. Our asymptotic results are compared with a number of direct numerical simulations. 
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Ciprian D. Coman (University of Glasgow, Department of Mathematics, University Gardens, Glasgow, G12 8QW, 
United Kingdom), “Remarks on elastic buckling for sectorial plates”, International Journal of Engineering Science 
Vol. 47, No. 10, October 2009, pp. 1002-1013, doi:10.1016/j.ijengsci.2009.04.004 
ABSTRACT: This work investigates the edge-buckling experienced by a sectorial plate in a uniform bi-axial state of 
stress and subject to in-plane bending. Since the governing differential equations have variable coefficients, it turns 
out that the neutrally stable eigenfunctions can be qualitatively quite different as the mode number varies. Our 
interactive boundary-layer analysis succeeds in capturing the most dangerous mode associated with the global 
minimum of the marginal stability curve, while a complementary WKB route supplies an explanation for the 
morphological transitions experienced by the eigenmodes. The validity of our analysis is confirmed by direct 
numerical simulations of the full fourth-order buckling equation, which are in excellent agreement with the 
theoretical considerations. 
 
 
D. M. Haughton (Department of Mathematics, University of Glasgow, University Gardens, Glasgow G12 
8QW), “Inflation and bifurcation of thick-walled compressible elastic spherical shells”, IMA Journal of Applied 
Mathematics, Vol. 39, No. 3, pp 259-272, 1987, doi: 10.1093/imamat/39.3.259 
ABSTRACT: The problem of inflation for a thick-walled compressible, isotropic, hyperelastic, spherical shell is 
considered. First we give a new class of strain–energy functions for which analytic solutions to the spherically 
symmetric problem can be obtained. These solutions are compared with the existing solutions for harmonic 
materials. Secondly we obtain numerical results for the aspherical bifurcation problem. A number of different 
strain–energy functions are considered and all show the same qualitative features as those demonstrated by 
incompressible materials. We show that a decrease in the bulk modulus of the material has a stabilizing effect, 
in that critical values of the deformation are increased. 



 
 
C. D. Coman and D. M. Haughton, “Localized wrinkling instabilities in radially stretched annular thin films”, Acta 
Mechanica, Vol. 185, Nos 3-4, pp 179-200, September 2006, doi: 10.1007/s00707-005-0307-2 
SUMMARY: We investigate a pre-stressed annular thin film subjected to a uniform displacement field along its 
inner boundary. This loading scenario leads to a variable stress distribution characterized by an orthoradial 
component that may change sign along a concentric circle within the annular domain. When the intensity of the 
applied field is strong enough, elastic buckling occurs circumferentially, leading to a localized wrinkling pattern 
near the inner edge. Using a linear non-homogeneous pre-bifurcation state, the eigenvalue problem describing 
this instability is cast as a singularly-perturbed fourth-order linear differential equation with variable 
coefficients. The dependence of the lowest eigenvalue on various non-dimensional quantities is numerically 
investigated using the compound matrix method. These results are complemented by a WKB analysis which 
suggests that the qualitative and quantitative features of the full model can be described by a simplified second-
order eigenvalue problem which takes into account the finite stiffness of the system. 
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“Higher-order asymptotics for edge-buckling of pre-stressed thin plates under in-plane bending”, Journal of 
Engineering Mathematics, Vol. 63, No. 2, pp 327-338, April 2009 
ABSTRACT: Singular perturbation techniques are used to investigate the linear eigenvalue problem that 
describes the partial wrinkling of a pre-stressed rectangular thin elastic plate under in-plane bending. The 
dependence of the critical load and the wavelength of the localised oscillatory pattern on the non-dimensional 
bending rigidity of the plate is captured with a higher-order boundary-layer analysis. Comparisons with direct 
numerical simulations of the original eigenproblem confirm the accuracy and versatility of the asymptotic 
technique explored in this work. 
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ABSTRACT: Analogy between the post-buckling equilibrium form of complete spherical shells with the 
mandrel inside and the form of living spherical honeycomb structures is investigated. The primary aim of this 
paper is to describe the typical topological-geometrical properties of the multi-dimple buckling pattern of a 
complete spherical shell on the basis of this analogy. It was found that, although the sphere itself is the most 
symmetrical form, the buckling pattern on it (consisting of pentagons, hexagons and heptagons) is asymmetric. 
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ABSTRACT: We show that the icosahedral packings of protein capsomeres proposed by Caspar and Klug for 
spherical viruses become unstable to faceting for sufficiently large virus size, in analogy with the buckling 
instability of disclinations in two-dimensional crystals. Our model, based on the nonlinear physics of thin elastic 
shells, produces excellent one-parameter fits in real space to the full three-dimensional shape of large spherical 
viruses. The faceted shape depends only on the dimensionless Foppl - von Karman number y=YR2/kappa, where 
Y is the two-dimensional Young’s modulus of the protein shell, kappa  is its bending rigidity, and R  is the 
mean virus radius. The shape can be parametrized more quantitatively in terms of a spherical harmonic 



expansion. We also investigate elastic shell theory for extremely large y, 103<y<108, and find results applicable 
to icosahedral shapes of large vesicles studied with freeze fracture and electron microscopy. 
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ABSTRACT: The shape and mechanical properties of viral capsids play an important role in several biological 
processes during the virus life cycle. In particular, to become infective, many viruses require a maturation stage 
where the capsid undergoes a buckling transition, from an initial spherical procapsid into a final icosahedral 
faceted shell. Here we study, using a minimal physical model, how the capsid shape and the buckling transition 
depend on the triangulation number T and the icosahedral class P of the virus structure. We find that, for small 
shells, capsids with P = 1 are most likely to produce polyhedral shapes that minimize their energy and 
accumulated stress, whereas viruses with P = 3 prefer to remain spherical. For big capsids, all shells are more 
stable adopting an icosahedral shape, in agreement with continuum elastic theory. Moreover, spherical viruses 
show a buckling transition to polyhedral shells under expansion, in consonance with virus maturation. The 
resulting icosahedral shell is mechanically stiffer, tolerates larger expansions and withstands higher internal 
pressures before failing, which could explain why some dsDNA viruses, which rely on the pressurization of 
their genetic material to facilitate the infection, undergo a buckling transition. We emphasize that the results are 
general and could also be applied to non-biological systems. 
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shells subjected to volume conservation constraint and pressure: Relations to virus maturation”, Phys. Rev. E 
73, 061915 (2006) [10 pages], doi: 10.1103/PhysRevE.73.061915 
ABSTRACT: Minimal energy shapes of closed, elastic shells with 12 pentagonal disclinations introduced in 
otherwise hexagonally coordinated crystalline lattice are studied. The geometry and the total energy of shells 
are studied as a function of the elastic properties of the material they are made of. Particular emphasis is put on 
the buckling transition of the shells, that is, a strong preference of the shell shapes to “buckle out” in spatial 
regions close to the pentagonal disclinations for a certain range of the elastic parameters of the problem. The 
transition effectively increases the mean square aspherity of shapes, making them look more like an icosahedron 
rather than a sphere, which is a preferred shape prior to the onset of the transition. The properties of the 
buckling transition are studied in cases when (i) the total volume enclosed by the elastic shell has to be fixed 
and when (ii) there is an internal pressure acting on the shell. This may be related to the maturation process in 
nonenveloped dsDNA viruses, where the insertion of the genetic material in a preformed protein shell (viral 
coating) may effectively impose the fixed volume and/or pressure constraint. Several scenarios that may explain 
the experimentally observed feature of mature viruses being more aspherical (facetted) from their immature 
precursors are discussed, and predictions for the elastic properties of viral coatings are obtained on the basis of 
the presented studies. 
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of California, Los Angeles, California 90095, USA), “Nonlinear finite-element analysis of nanoindentation of 
viral capsids”, Phys. Rev. E 75, 031901 (2007) [11 pages], doi: 10.1103/PhysRevE.75.031901 
ABSTRACT: Recent atomic force microscope (AFM) nanoindentation experiments measuring mechanical 
response of the protein shells of viruses have provided a quantitative description of their strength and elasticity. 
To better understand and interpret these measurements, and to elucidate the underlying mechanisms, this paper 
adopts a course-grained modeling approach within the framework of three-dimensional nonlinear continuum 
elasticity. Homogeneous, isotropic, elastic, thick-shell models are proposed for two capsids: the spherical 
cowpea chlorotic mottle virus (CCMV), and the ellipsocylindrical bacteriophage phi29. As analyzed by the 
finite-element method, these models enable parametric characterization of the effects of AFM tip geometry, 
capsid dimensions, and capsid constitutive descriptions. The generally nonlinear force response of capsids to 
indentation is shown to be insensitive to constitutive particulars, and greatly influenced by geometric and 
kinematic details. Nonlinear stiffening and softening of the force response is dependent on the AFM tip 
dimensions and shell thickness. Fits of the models capture the roughly linear behavior observed in experimental 
measurements and result in estimates of Young’s moduli of approximately 280-360 MPa for CCMV and 
approximately 4.5 GPa for phi29. 
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“Influence of Nonuniform Geometry on Nanoindentation of Viral Capsids”, Biophysical Journal, Vol. 95, No. 
8, October 2008, pp. 3640-3649, doi:10.1529/biophysj.108.136176 
ABSTRACT: A series of recent nanoindentation experiments on the protein shells (capsids) of viruses has 
established atomic force microscopy (AFM) as a useful framework for probing the mechanics of large protein 
assemblies. Specifically these experiments provide an opportunity to study the coupling of the global assembly 
response to local conformational changes. AFM experiments on cowpea chlorotic mottle virus, known to 
undergo a pH-controlled swelling conformational change, have revealed a pH-dependent mechanical response. 
Previous theoretical studies have shown that homogeneous changes in shell geometry can play a significant role 
in the mechanical response. This article develops a method for accurately capturing the heterogeneous geometry 
of a viral capsid and explores its effect on mechanical response with a nonlinear continuum elasticity model. 
Models of both native and swollen cowpea chlorotic mottle virus capsids are generated from x-ray crystal 
structures, and are used in finite element simulations of AFM indentation along two-, three-, and fivefold 
icosahedral symmetry orientations. The force response of the swollen capsid model is observed to be softer by 
roughly a factor of two, significantly more nonlinear, and more orientation-dependent than that of a native 
capsid with equivalent elastic moduli, demonstrating that capsid geometric heterogeneity can have significant 
effects on the global structural response. 
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INTRODUCTION: By “spherical shell”, we mean complete spherical configurations, hemispherical heads 
(such as pressure vessel heads), and shallow spherical caps. In analyses, a spheical cap may be used to model 
the behavior of a complete spherical vessel with thickness discontinuities, reinforcements, and penetrations. 
Although the response of a spherical shell to external pressure has received considerable attention from 
analysts, the calculation of collapse pressure still presents substantial difficulties in the presence of geometrical 
discontinuities and manufacturing imperfections. The bulk of the theoretical work carried out so far has had a 
rather limited effect on the method of engineering design, and therefore much experimental support is still 
needed. At the same time, the application of spherical geometry to the optimum vessel design has continued to 
be attractive in many branches of industry dealing with submersibles, satellite probes, storage tanks, pressure 
domes, diaphragms, and similar systems. This chapter deals with the mechanical response and working 
formulas for spherical shell design in the elastic and plastic ranges of collapse, which could be used for 
underground and aboveground applications. The material presented is based on state-of-the-art knowledge in 
pressure vessel design and analysis. 
 
 
Shahin Nayyeri Amiri (Dept. of Civil Engineering, Kansas State University), “Elastic and plastic buckling of 
spherical shells under various loading conditions”, Ph.D dissertation, Dept. of Civil Engineering, Kansas State 
University, Advisor Hayder A. Rasheed, August 2011, URL: http://hdl.handle.net/2097/10855 
ABSTRACT: Spherical shells are widely used in aerospace, mechanical, marine, and other industrial 
applications. Accordingly, the accurate determination of their behavior becomes more and more important. One 
of the most important problems in spherical shell behavior is the determination of buckling loads either 
experimentally or theoretically. Therefore, in this study some elastic and plastic buckling problems associated 
with spherical shells are investigated. The first part of this research study presents the analytical, numerical, and 
experimental results of moderately thick and thin hemispherical metal shells into the plastic buckling range 
illustrating the importance of geometry changes on the buckling load. The hemispherical shell is rigidly 
supported around the base circumference against horizontal translation and the load is vertically applied by a 
rigid cylindrical boss (Loading actuator) at the apex. Kinematics stages of initial buckling and subsequent 
propagation of plastic deformation for a rigid-perfectly plastic shell models are formulated on the basis of 
Drucker-Shield's limited interaction yield condition. The effect of the radius of the boss used to apply the 
loading, on the initial and subsequent collapse load is studied. In the numerical model, the material is assumed 
to be isotropic and linear elastic perfectly plastic without strain hardening obeying the Tresca or Von Mises 
yield criterion. Finally, the results of the analytical solution are compared and verified with the numerical 
results using ABAQUS software and experimental findings. Good agreement is observed between the load-
deflection curves obtained using three different fundamental approaches. In the second part, the Southwell’s 
nondestructive method for columns is analytically extended to spherical shells subjected to uniform external 
pressure acting radially. Subsequently finite element simulation and experimental work shown that the theory is 
applicable to spherical shells with an arbitrary axi-symmetrical loading too. The results showed that the 
technique provides a useful estimate of the elastic buckling load provided care is taken in interpreting the 
results. The usefulness of the method lies in its generality, simplicity and in the fact that, it is non-destructive. 
Moreover, it does not make any assumption regarding the number of buckling waves or the exact localization of 
buckling.  
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P.C. Dumir, G.P. Dube and A. Mallick, “Axisymmetric buckling of laminated thick annular spherical cap”, 
Communications in Nonlinear Science and Numerical Simulation, Vol. 10, pp 191-204, 2005 
ABSTRACT: Axisymmetric buckling analysis is presented for moderately thick laminated shallow annular 
spherical cap under transverse load. Buckling under central ring load and uniformly distributed transverse load, 
applied statically or as a step function load is considered. The central circular opening is either free or plugged 
by a rigid central mass or reinforced by a rigid ring. Annular spherical caps have been analysed for clamped and 
simple supports with movable and immovable inplane edge conditions. The governing equations of the 
Marguerre-type, first order shear deformation shallow shell theory (FSDT), formulated in terms of transverse 
deflection w, the rotation w of the normal to the midsurface and the stress function U, are solved by the 
orthogonal point collocation method. Typical numerical results for static and dynamic buckling loads for FSDT 
are compared with the classical lamination theory and the dependence of the effect of the shear deformation on 
the thickness parameter for various boundary conditions is investigated.  
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ABSTRACT: In this paper, we present an analytical method for analysis of nano-scale spherical shell subjected 
to thermo-mechanical shocks based on nonlocal elasticity theory. Thermo-mechanical properties of nano sphere 
is assumed to be temperature dependent. Governing partial differential equation of motion is solved analytically 
by using Laplace transform for time domain and power series for spacial domain. The results in Laplace domain 
is transferred to time domain by employing the fast inverse Laplace transform (FLIT) method. Accuracy of 
present approach is assessed by comparing the the numerical results with the results of published work in 
literature. Furtheremore, the effects of non-local parameter and wall thickness on the dynamic characteristics of 
the nano-sphere are studied.  
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ABSTRACT: The nonlinear response of multi-layered composite cylindrical shell panels subjected to 
thermomechanical loads are studied in this article. The structural model is based on the first order shear 
deformation theory incorporating geometric nonlinearities. The nonlinear equilibrium paths are traced using the 
arc-length control algorithm within the framework of finite element method. Hashin’s failure criterion has been 
adopted to predict the first-ply failure of cylindrical laminates. Both temperature independent and temperature 
dependent elastic properties are considered in the analysis. Specific numerical results are reported to show the 
effect of radius-to-span ratio, thickness-to-span ratio, laminate stacking sequence, and boundary condition on 
stability characteristics of laminated cylindrical shell panels subjected to combined thermal and mechanical 
transverse loads. 
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ABSTRACT: Stability characteristics of composite skew plates subjected to in-plane compressive load are 
investigated here using the shear deformable finite element approach. The influences of high prebuckling 
stresses at the corner regions of isotropic and composite skew plates on their stability characteristics are 
emphasized for different load direction, boundary condition and laminate stacking sequence. The non-linear 
governing equations based on von Kármán's assumptions are solved by Newton–Raphson technique to get the 
hitherto unreported postbuckling equilibrium paths of composite skew plates loaded between two rigid flat 
platens. The variation of out-of-plane deformation and end-shortening with compressive in-plane load are 
examined for simply supported and clamped skew plates made of isotropic, symmetric and unsymmetric 
laminates. Marguerre's shallow shell theory is employed to study the effect of sinusoidal imperfection on the 
non-linear behavior of composite skew plates. 
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ABSTRACT: Stability characteristics of isotropic and composite plates subjected to partial or concentrated 
compressive edge loads are investigated here using a four-noded shear-flexible quadrilateral high-precision 
plate-bending element. A complete cubic polynomial shape function is used to interpolate the in-plane 
displacements for better accuracy in capturing the high-stress zone near the locally distributed edge load. The 
influences of location and distribution of in-plane edge compression on the buckling load of composite plates 
are studied. The nonlinear governing equations based on von Kármán's assumptions are solved by Newton–
Raphson technique to get the hitherto unreported postbuckling equilibrium paths of partially loaded plates made 
of isotropic, symmetric, and unsymmetric laminates. Marguerre's shallow-shell theory is employed to study the 
effect of sinusoidal imperfection on the nonlinear behavior of composite plates under partial in-plane load. 
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Technology, Kharagpur 721302, India), “Nonlinear transient response of laminated composite shells”, ASCE 
Journal of Engineering Mechanics, Vol. 134, pp 983-990, 11/2008, DOI: 10.1061/(ASCE)0733-
9399(2008)134:11(983) 
ABSTRACT: This paper first compares the writers’ results of static and dynamic analyses of plates, cylindrical 
and spherical shells employing four-, eight-, and nine-noded elements with different integration rules with those 
of earlier investigators and including some of the recent composite theories. Thereafter, the nonlinear transient 
responses of laminated composite cylindrical and spherical shell panels with cutouts are investigated taking up 
additional examples that are yet to appear in the published literature. For these, the finite-element model is 
employed using eight-noded Co continuity, an isoparametric quadrilateral element considering von Karman 
large deflection assumptions. In the time integration, the Newmark average acceleration method is used in 
conjunction with a modified Newton–Raphson iteration scheme. Important conclusions with respect to 
nonlinear transient responses are summarized for cylindrical and spherical shells with and without cutouts. 
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Kharagpur 721302, India), “Geometrically nonlinear transient analysis of laminated composite shells using the 
finite element method”, Journal of Sound and Vibration, Vol. 325, Nos. 1-2, 7 August 2009, pp. 174-185, 
doi:10.1016/j.jsv.2009.02.044 
ABSTRACT: The nonlinear transient response of composite shells with/without cutouts and initial geometric 
imperfection is investigated using the finite element method. The present formulation considers doubly curved 
shells incorporating von Kármán type nonlinear strains into the first order shear deformation theory. The 
analysis is carried out using quadratic C0 eight-noded isoparametric element. The governing nonlinear 
equations are solved by using the Newmark average acceleration method in the time integration in conjunction 
with modified Newton–Raphson iteration scheme. The validity of the model is demonstrated by comparing the 
present results with those available in the literature. Parametric studies are carried out varying the radius of 
curvature to width ratio and amplitude of initial geometric imperfection of laminated composite cylindrical, 
spherical and hyperbolic paraboloid shells with/without cutouts. 
 
 
S. Pradyumna and J.N. Bandyopadhyay, (National Institute of Technology, Rourkela), “Buckling and 
Parametric Instability Behavior of Functionally Graded Shells”, Proceedings ICCMS09, IIT Bombay, 
December 2009, http://hdl.handle.net/2080/1101 
ABSTRACT: The concept of functionally graded (FG) materials was first introduced in 1984 by a group of 
material scientists in Japan, as ultrahigh temperature resistant materials for aircraft, space vehicles and other 
engineering applications. FG materials are a class of composites that have a continuous variation of material 
properties from one surface to another and thus eliminate interface problems found in laminated composites. 
The gradation in properties of the material reduces thermal stresses, residual stresses and stress concentration 
factors. The gradual variation results in a very efficient material tailored to suit the needs of the structure and, 



therefore, designated as a FG material. FG materials are typically manufactured from isotropic components such 
as metals and ceramics since they are used as thermal barrier structures in environments with severe thermal 
gradients. FG materials have the advantage of heat and corrosion resistance typical of ceramics and mechanical 
strength and t... 
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“Buckling of laminated composite hypars and conoids using a higher-order theory”, The IES Journal Part A: 
Civil & Structural Engineering, Vol. 3, No. 2, 2010, pp. 85 – 95, doi: 10.1080/19373260903491958 
ABSTRACT: A C0 finite element formulation using a higher-order shear deformation theory (HSDT) is 
developed and used to analyse the buckling behaviour of laminated hypar and conoids. Higher order terms in 
the Taylor's series expansion are used to represent the higher-order transverse cross-sectional deformation 
modes. The formulation includes Sanders' approximation for doubly curved shells considering the effect of 
transverse shear. A realistic parabolic distribution of transverse shear strains through the shell thickness is 
assumed and the use of shear correction factor is avoided. The accuracy of the formulation is validated by 
carrying out convergence study and comparing the results with those available in the literature. 
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“Geometrically nonlinear transient analysis of functionally graded shell panels using a higher-order finite 
element formulation”, Journal of Mechanical Engineering Research Vol. 2(2), pp. 39-51, March 2010 Available 
online at http://www.academicjournals.org/jmer � 
ABSTRACT: Nonlinear transient analysis of functionally graded curved panels is carried out employing a 
higher-order C0 finite element formulation. The element consists of nine degrees-of-freedom per node with 
higher-order terms in the Taylor’s series expansion which represents the higher-order transverse cross sectional 
deformation modes. The formulation includes Sanders’ approximation for doubly curved shells considering the 
effects of rotary inertia, transverse shear and moderately large rotations in the von Kárman sense. A realistic 
parabolic distribution of transverse shear strains through the shell thickness is assumed and the use of shear 
correction factor is avoided. The accuracy of the formulation is validated by comparing the results with those 
available in the literature. The transient dynamic responses of the functionally graded shell panels are 
investigated by varying the volume fraction index using a simple power law distribution. Material properties are 
assumed to be temperature-independent and graded in the thickness direction according to a simple power law 
distribution in terms of the volume fractions of the constituents. Heat conduction between ceramic and metal 
constituents is neglected. Effects of different panel geometry parameters, boundary conditions and loadings are 
studied.  
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ABSTRACT: This paper investigates the free vibration and buckling behavior of singly and doubly curved shell 
panels made of functionally graded materials (FGMs). A higher-order shear deformation theory is used for the 
analysis of five shell panels, namely, cylindrical (CYL), spherical (SPH), hyperbolic paraboloid (HPR), hypar 
(HYP), and conoid (CON). The shell panels are subjected to a temperature field and in the case of buckling 
analysis, the shell panels are also subjected to a uniaxial compressive load. The properties of FGMs are 
considered to be temperature dependent and graded in the thickness direction according to a simple power law 
distribution in terms of the volume fractions of the constituents. The accuracy of the formulation is validated by 
comparing the results with those available in the literature. The effects of geometric properties, material 
composition, and boundary conditions on the free vibration and buckling are studied. 
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“Dynamic Instability of Functionally Graded Shells Using Higher-Order Theory”, ASCE J. Eng. Mech., 136(5), 
551–561. 
ABSTRACT: This paper reports the dynamic instability behavior of functionally graded (FG) shells subjected 
to in-plane periodic load and temperature field using a higher-order shear deformation theory in conjunction 
with the finite-element approach. Properties of FG materials are assumed to be temperature dependent and 
graded in the thickness direction according to the power-law distribution in terms of volume fraction of the 
constituents. Five forms of shells considered in this investigation are singly curved cylindrical, doubly curved 
spherical, and hyperbolic paraboloid having two principal curvatures, doubly curved hypar having twist 
curvature only, and doubly curved conoid having one curvature and twist curvature. The boundaries of dynamic 
instability regions are obtained using Bolotin’s approach. The structural system is considered to be undamped. 
The correctness of the formulation is established by comparing the writers’ results with those of problems 
available in the published literature. Effects of material composition and geometrical parameters are studied on 
the dynamic instability characteristics of the aforementioned five forms of shells having practical applications in 
many engineering disciplines. 
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721302, India), “Thermomechanical postbuckling analysis of symmetric and antisymmetric composite plates 
with imperfections”, Composite Structures, Vol. 67, No. 4, March 2005, pp. 453-460, 
doi:10.1016/j.compstruct.2004.02.004 
ABSTRACT: In the present paper the postbuckling response of symmetrically and antisymmetrically laminated 
composite plates subjected to a combination of uniform temperature distribution through the thickness and in-
plane compressive edge loading is presented. The structural model is based on a higher-order shear deformation 
theory incorporating von Karman nonlinear strain displacement relations. Adopting the Galerkin procedure, the 
governing nonlinear partial differential equations are converted into a set of nonlinear algebraic equations, 
which are solved using the Newton–Raphson iterative procedure. The critical buckling temperature is obtained 
from the solution of the linear eigenvalue problem. Postbuckled equilibrium paths are obtained for 
symmetrically laminated cross-ply, quasi-isotropic and antisymmetric angle-ply composite plates with and 
without initial geometric imperfections. Modal participation of each mode in the postbuckling deflection is 
reported using a multi-term Galerkin procedure. 
 
 
Namita Nanda, S.K. Sahu, J.N. Bandyopadhyay, (2010) "Effect of delamination on the nonlinear transient 
response of composite shells in hygrothermal environments", International Journal of Structural Integrity, Vol. 
1, No: 3, pp.259 – 279, DOI: http://dx.doi.org/10.1108/17579861011092382 
ABSTRACT: The purpose of this paper is to study the nonlinear forced vibration response of delaminated 
composite shells in hygrothermal environments. Finite element method using an eight-noded C0 continuity, 
isoparametric quadrilateral element is employed. The theoretical formulations are based on the first-order shear 
deformation theory and von Kármán type nonlinear kinematics. For modeling the delamination, multipoint 
constraint algorithm is incorporated in the finite element code. The paper finds that the effect of presence of 
delaminations on the nonlinear transient response of composite shells is dependent not only on the size, but also 
on the location of the delaminations and the hygrothermal environments. The present study is limited to 
cylindrical and spherical shells having rectangular planform containing single delamination. Studies on different 
shell forms having non-rectangular planforms containing multiple delaminations can be taken up for future 
research. The value in this paper lies in that nonlinear transient response of delaminated shells in hygrothermal 



environments is studied for the first time. It will assist researchers of nonlinear dynamic behavior of elastic 
systems. 
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721302, India), “Thermal postbuckled vibrations of symmetrically laminated composite plates with initial 
geometric imperfections”, Journal of Sound and Vibration, Vol. 282, Nos. 3-5, April 2005, pp. 1137-1153, 
doi:10.1016/j.jsv.2004.04.005 
ABSTRACT: In the present paper the postbuckling and postbuckled vibrations of symmetrically laminated 
composite plate subjected to a uniform temperature distribution through the thickness is presented. The 
structural model is based on a higher-order shear deformation theory incorporating von Kármán nonlinear 
strain–displacement relations and initial geometric imperfections. Adopting a multi-term Galerkin's 
approximation, the governing nonlinear partial differential equations are converted into a set of nonlinear 
algebraic equations in the case of postbuckling analysis and nonlinear ordinary differential equations in the case 
of free vibration analysis. The critical buckling temperatures are obtained from the solution of the 
corresponding linear eigenvalue problems. Postbuckled equilibrium paths are traced by solving the nonlinear 
algebraic equations, via the Newton–Raphson iterative procedure. The free vibration frequencies of a thermally 
postbuckled plate are reported by solving the eigenvalue problem for different postbuckled deflections. 
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Mech. Vol. 132, 133 (2006); doi:10.1061/(ASCE)0733-9399(2006)132:2(133) (8 pages) 
ABSTRACT: The postbuckling analysis of symmetric and antisymmetric cross-ply laminated cylindrical shell 
panels subjected to thermomechanical loading is examined in this paper. The formulation is based on an 
extension of Reissner’s shallow shell simplifications and accounts for parabolic distribution of transverse shear 
strains. Adopting a multiterm Galerkin’s method, the governing nonlinear partial differential equations are 
reduced into a set of nonlinear algebraic equations. The nonlinear equilibrium paths through limit points are 
traced using the Newton–Raphson method in conjunction with Riks approach. Numerical results are presented 
for symmetric [?start0/90/0end?] and antisymmetric [?start0/90end?] cross-ply laminated cylindrical shell 
panels, that illustrate the influence of mechanical edge loads, lateral distributed load, initial imperfection, and 
temperature field on the limit loads and snap-through behavior. 
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“Stability and Vibration Behavior of Composite Cylindrical Shell Panels Under Axial Compression and 
Secondary Loads”, J. Appl. Mech., Vol. 75,  No. 4, 041007 (11 pages), July 2008, doi:10.1115/1.2910772 
ABSTRACT: The nonlinear static response and vibration behavior of cross-ply laminated cylindrical shell 
panels subjected to axial compression combined with other secondary loading are examined. The shell theory 
adopted in the present case is based on a higher-order shallow shell theory, includes geometric imperfection and 
von Kármán-type geometric nonlinearity. The solutions to the governing nonlinear partial differential equations 
are sought using the multiterm Galerkin technique. The nonlinear equilibrium paths through limit points and 
bifurcation points are traced using the Newton–Raphson method coupled with the Riks approach. The free 
vibration frequencies of post-buckled cylindrical panels about the static equilibrium state are reported by 
solving the associated linear eigenvalue problem. Results are presented for  simply supported cross-ply 
laminated cylindrical shell panels, which illustrates the influence of initial geometric imperfection, temperature 
field, lateral pressure loads, and mechanical edge loads on the static response and vibration behavior of the shell 
panel. 
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India), “Nonlinear Stability Analysis of Laminated Composite Simply Supported Circular Cylindrical Shells 
Subjected to Partial Axial Loading”, ASCE Journal of Engineering Mechanics, Vol. 140, No. 8, August 2014 
ABSTRACT: The present investigation deals with the nonlinear stability behavior of cross-ply laminated 
composite circular cylindrical shells subjected to partial and complete edge loading along with uniform external 
pressure. The shell is modeled using Donnell’s shell theory including the first-order shear deformation theory 
(FSDT). The analysis uses the simply supported boundary condition (at x=0, LNxx=N⎯⎯⎯xx, 
w=Mxx=v=ϕθ=0). The equations governing the nonlinear stability behavior of cylindrical shells are derived in 
terms of displacements (u-v-w) and rotations (ϕx, ϕθ). The applied partial edge loading is expressed in terms 
of Fourier series, and stress distributions within the cylindrical shell are determined by prebuckling analysis. 
The study uses multiterm Galerkin’s method along with the Newton-Raphson method to solve the governing 
partial differential equations of the shell nonlinear stability. With the help of numerical investigations, the 
authors present the number of modes required for the postbuckling analysis and the influence of initial 
geometric imperfections on the equilibrium path in the presence of partial edge loading. They have developed a 
simple algorithm based on potential theory to locate the exact location of bifurcation and limit points on the 
equilibrium path using the bisection method. 
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India), “Linear and nonlinear parametric instability behavior of cylindrical sandwich panels subjected to various 
mechanical edge loadings”, Mechanics of Advanced Materials and Structures, Vol. 23, No. 1, 2016 
ABSTRACT: Linear and nonlinear dynamic instability behavior of cylindrical sandwich panels subjected to 
combined static and dynamic nonuniform in-plane loadings is studied in this article. The core compressibility 
effects are considered in the model by assuming fourth and fifth order expansions for the transverse and 
tangential displacement of the core. The exact stress distributions within the panel are determined by panel 
prebuckling analysis for the applied parabolic and partial edge loadings. Galerkin's method is used to reduce the 
governing partial differential equations of the shell panel into a set of nonlinear ordinary differential equations. 
Dropping the nonlinear term, dynamic instability regions are obtained by solving the Mathieu-type differential 
equation by the method of Fourier series. The characteristics feature of the stable and unstable regions are 
investigated by linear and nonlinear time history responses and phase plots of the shell panel in those regions 
using Newmark's time integration. Incremental harmonic balance (IHB) method is used to study the nonlinear 
frequency amplitude responses of the cylindrical sandwich panels. 
 
 
Tanish Dey and L.S. Ramachandra (Department of Civil Engineering, Indian Institute of Technology 
Kharagpur, Kharagpur 721302, India), “Static and dynamic instability analysis of composite cylindrical shell 
panels subject to partial edge loading”, International Journal of Non-Linear Mechanics, Vol. 64, pp 46-56, 
September 2014, DOI: 10.1016/j.ijnonlinmec.2014.03.014 
ABSTRACT: The postbuckling and dynamic instability behavior of simply supported composite cylindrical 
shell panels subjected to dynamic partial edge loadings and transverse patch loadings is studied in this paper 
considering von Kármán type of non-linearity. The stress distribution within the panel due to the applied partial 
edge loadings is evaluated by panel׳s membrane analysis. Subsequently using these stress distribution and via 
Hamilton׳s variational principle, the equations governing the instability behavior of shell panel are derived. 
Neglecting inertia terms, governing equations for the postbuckling analysis of panel are obtained. Galerkin׳s 
method is used in the solution procedure. It is observed from the postbuckling analysis that the cylindrical shell 
panel subjected to partial edge compression behaves as an imperfect shell panel as the partial edge compression 
in the x-direction induces tensile stress in the y-direction which makes the shell panel to deflect out-of-plane. It 
is also observed that by suitably adjusting the lamina number and lamina layup, the snap through behavior of 
shells can be altogether avoided. Dynamic instability regions of simply supported composite shell panels are 
traced by the method suggested by Bolotin. The linear and non-linear dynamic responses of the shell in stable 
and unstable regions are studied. This brings out various features of the instability problem such as, existence of 



beats and its dependence on forcing frequency and initial conditions, and effect of non-linearity on the response. 
It is found that for certain value of dynamic partial edge loading, the panel exhibits chaotic behavior. 
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ABSTRACT: The problem of stability and buckling of plates under creep conditions has been studied in the 
fundamental papers [1–4]. In the papers [5, 6], the theory of buckling of rods and plates is developed in the 
framework of the dominating bending model [7], where the forces in the midplane of the plate were determined 
independently of the solution of the bending problem. In what follows, we use the Kármán scheme [8] to derive 
two basic differential equations of the coupled theory of the plane stress state and bending. We solve the 
problem of buckling of a rectilinear plate for linearly viscous (Newtonian) medium and show that the Kármán 
scheme gives an essential correction to the solution of the bending problem for initial deflections comparable 
with the plate thickness. 
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ABSTRACT: This paper discusses the structural optimization problem of finding the optimal wall fhickness of 
an axisymmetric cylindrical shell so as to maximize the buckling load when the volume of material is fixed. An 
optimality condition is derived and then the method of truncated Fourier series is used to find an optimal design 
which indicates an 83% increase in buckling load over the classical critical buckling load for the case of 
uniform thickness. 
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“Hydrostatic buckling of shells with various boundary conditions”, Journal of Constructional Steel Research, 



Vol. 56, No. 1, October 2000, pp. 1-16, doi:10.1016/S0143-974X(99)00104-2 
ABSTRACT: Eigenvalue buckling of cylindrical shells with various boundary conditions under hydrostatic load 
is examined, using an energy method. Results are compared to known solutions, where these solutions exist. It 
is found that, for shells of intermediate length, buckling loads for different end conditions may be determined 
by applying a simple, scalar multiplier to the pin-ended case. This does not apply to long shells, where the 
circumferential wave number n≤3. For n=2, the ring equation may be applied to all cases, as the boundary 
conditions no longer influence the solution. It is seen for the case of a shell with one end pinned and the other 
end free that the buckling solution collapses to the long shell solution, for geometries of practical interest. The 
effect of radial elastic restraint at the open end is also examined, as an intermediate case between pinned and 
free ends. The work has application to the design of suction caissons, where cylinder dimensions are usually in 
the range of intermediate length shells. 
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ISBN 1-880653-51-6 (set) 
ABSTRACT: Suction caissons are a type of foundation which is penetrated into the seabed using net external 
water pressure rather than more conventional techniques. The geometry of these foundations is such that, 
structurally, they fall into the category of shell structures. Due to the type of loading experienced by these 
foundations, which is predominantly hydrostatic, buckling of the caisson shell during suction installation 
becomes a consideration. This paper examines the factors influencing the buckling load of the caisson, 
including the boundary conditions of the shell, geometric imperfections, material plasticity, embedment ratio 
and the amount of lateral restraint offered by the surrounding soil. Results are obtained from three dimensional 
finite element analyses. (References not available.) 
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loading and end conditions”, Proceedings of the ICE – Structures and Buildings, Vol. 156, No. 2, pp. 183-191, 
May 2003, DOI: 10.1680/stbu.2003.156.2.183 
ABSTRACT: Shell eigen buckling behaviour is investigated for combined axial and lateral pressure loading and 
with various end conditions. In addition to the more common pinned (P) and clamped (C) end conditions, 
particular emphasis is placed on shells where one or both of the ends are free (F). The physical behaviour in 
different geometry ranges is used to develop simple, approximate eigenvalue formulae, which are verified 
against the predictions of linear shell buckling theory using the method of variations. The different end 



conditions are treated through multipliers to the well-known pin-ended (P–P) case. It is found that, for practical 
geometries, P–F shells are very much weaker than C–F shells due to the lack of warping restraint. The results 
have application to the design of suction caisson foundations for offshore platforms. 
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end pinned and the other end free”, Thin-Walled Structures, Vol. 41, No. 6, June 2003, pp. 507-527,  
doi:10.1016/S0263-8231(03)00006-5 
ABSTRACT: Using finite element analysis, this paper examines the linear bifurcation buckling loads, and 
nonlinear collapse loads, of cylindrical shells with one end pinned and the other end free, under a variety of 
axial and pressure load combinations. The pinned end is formulated so as to provide no axial restraint. For the 
bifurcation analysis, loads are related back to the classical solutions for cylinder buckling loads, to explain the 
very low values found for this set of boundary conditions. The nonlinear analysis includes both imperfections 
and material plasticity. In this analysis, it is found that cylindrical shells with pinned-free boundary conditions 
are notably imperfection insensitive, and for a range of geometries are able to reach collapse loads significantly 
greater than their bifurcation load. For other geometries, collapse loads very close to the bifurcation load are 
found. This unusual imperfection insensitivity for a cylindrical shell is explained in terms of the large flexibility 
engendered by the pinned-free boundary conditions and the oval buckling mode. 
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Australia, 35 Stirling Hwy, Crawley 6009, Australia), “Buckling and collapse of cylinders with one end open 
and one end simply supported with varying axial restraint”, International Journal of Mechanical Sciences, Vol. 
46, No. 4, April 2004, pp. 541-559, doi:10.1016/j.ijmecsci.2004.05.002 
ABSTRACT: his paper examines the buckling and collapse of cylindrical shells under axial load with one end 
radially and tangentially fixed, with varying axial fixity, and the other end free. The bifurcation loads are found 
for elastic cylinders, while collapse loads are found for both elastic and elastic-perfectly plastic cylinders. The 
varying axial restraint is applied in the form of linear springs. The eigenvalue buckling loads are calculated with 
conditions matching those of a classical analysis. Bifurcation loads are shown to be a function of the axial 
restraint; as the axial restraint is increased, the bifurcation load increases dramatically, until it reaches that of a 
semi-infinite, open ended cylinder. A non-dimensional form of the axial spring stiffness is proposed, and shown 
to be applicable across a range of geometries. The collapse load and imperfection sensitivity of cylinders with 
the boundary conditions examined here is also found to be a function of the axial restraint. Cylinders with low 
axial restraint are shown to be imperfection insensitive, with collapse loads above, or close to, the bifurcation 
load. As the amount of axial restraint increases, the collapse behaviour displays a degree of imperfection 
sensitivity associated with more usual boundary conditions. 
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Steel Shells”, ECCM-2001, European Conference on Computational Mechanics, June 26-29, 2001 Cracow, 
Poland 
ABSTRACT: The paper presents a contribution to find adverse imperfections at the example of slender wind-
loaded cylindrical shells. Quasi-collapse-affine imperfections, i.e. imperfections which are orientated by the 
failure mode of the perfect shell, have an especially strong influence on the load-bearing capacity. Enlargements 
of the FE analysis are proposed in order to receive worst imperfections. Also failure modes of the perfect shell 
with a higher limit load, which appear by suppressing the failure mode of an accurate static analysis, are to be 
included in the investigation, if they lead to a lower post buckling load. 
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doi:10.1016/j.jcsr.2003.08.002 
ABSTRACT: This paper presents the results of physically and geometrically nonlinear analyses of the load-
bearing capacity of slender wind-loaded cylindrical shells. These structures do not, even though their geometry 
is beam-like, behave as beams. The reason for this behaviour deviating from classic beam theory lies in the non-
uniform wind pressure along the circumference, which leads to an ovalization of the cross section. There are 
two global and one local failure modes. The global failure modes are fundamentally different from those of 
squat shells with h/r<15. The top-stiffened shell in the geometrical transition range of shell-beam does not 
present the worst case. Additional ring-stiffeners lead to a loss of load baring capacity. Some conclusions are 
drawn from nonlinear parameter studies for the design practice. 
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of Steel Shell Structures”, Computational Mechanics, WCCM VI in conjunction with APCOM’04, Sept. 5-10, 
2004, Beijing, China; in Computational Mechanics, Vol. 37, No. 6, pp 530-536, May 2006 
ABSTRACT: Currently the most sophisticated and the near future accurate method of a numerical buckling 
strngth verification is a geometrically and materially nonlinear analysis with imperfections included (GMNIA). 
By this way, equivalent geometric imperfections, which have to cover the influence of all deviations from the 
nominal data of the resistance parameters, are fundamental. The problem of consistent equivalent geometric 
imperfections includes the problems of their shape and size. It is recommended to start from the failure modes 
of the perfect structure in order to get imperfection patterns which are unfavorable with respect to buckling 
resistance, relevance referring to manufacture and easy to use. The influence of the imperfedtion length is not 
sufficiently attended in the present design codes. It is proposed to use the full wave length of the ideal ring 
buckling mode as the imperfection length of the equivalent geometric imperfection for the basic buckling case 
of the axially compressed cylindrical shell. Finally, proposals are made for consistent equivalent geometric 
imperfection amplitudes of this buckling case.  



References listed at the end of the paper: 
1. EN 1993-1-6: Eurocode 3, Design of steel structures - Part 1–6: General rules - Supplementary rules for the shell structures, CEN, 
Brussels (2005) 
2. Rotter JM (1997) Design Standards and Calculations for Imperfect Pressurised Axially Compressed Cylinders. In: Proceedings of 
International Conference on Carrying Capacity of Steel Shell Structures, Brno, Czech Republic pp 354–360 
3. Schneider W, Höhn K, Timmel I, Thiele R (2001) Quasi-Collapse-Affine Imperfections at Slender Wind-Loaded Cylindrical Steel 
Shells. In: Proceedings of second European Conference on Computational Mechanics - ECCM-2001, Cracow, Poland CD-Rom 
4. Schneider W (2002) Kollapsanalyse quasistatisch belasteter stählerner Schalentragwerke (Collapse analysis of quasi-static loaded 
steel shell structures). ShakerVerlag, Aachen, Germany , (in German) 
5. Schneider W (2005) Quasi-Collapse-Affine Imperfections – An Approach to Unfavourable Imperfections of Thin Metal Shells. In: 
Proceedings of IASS-IACM-2005 – fifth International Conference on Computation of Shell & Spatial Structures, Salzburg, Austria 
6. Schneider W (2002) Modelling of the Collapse Process of Quasi-Static Loaded Shell Structures. In: Proceedings of fifth World 
Congress on Computational Mechanics – WCCM V, Wien, Austria 
7. Dinkler D, Knoke O, Spohr I (2000) Elastic-plastic Limit Loads of Cylindrical Shells. In: Proceedings of IASS – IACM 2000 – 
Fourth Int. Colloquium on Computation of Shell & Spatial Structures, Chania-Crete, Greece 
8. Hutchinson JW, Tennyson RC, Muggeridge DB (1971) Effect of a Local Axisymmetric Imperfection on the Buckling Behaviour of 
a Circular Cylindrical Shell under Axial Compression. AIAA Journal 9(1): 48–52 
9. Rotter JM, Teng JG (1989) Elastic Stability of Cylindrical Shells with Weld Depressions. J Struct Eng ASCE 115(5): 1244–1263 
10. Knödel P, Ummenhofer T (1996) Substitute Imperfections for the Prediction of Buckling Loads in Shell Design. In: Proceedings 
of International Workshop Imperf. in Metal Silos, INSA, Lyon, France, pp 87–101 
11. Winterstetter T, Schmidt H (2002) Stability of circular cylindrical steel shells under combined loading. Thin-Walled Structures 
40(10): 893–909 
12. Schmidt H (2000) Stability of steel shell structures – General Report. J Constr. Steel Res 55(1–3): 159–181 
13. Teng JG, Rotter JM (1992) Buckling of Pressurized Axisymmetrically Imperfect Circular Cylinders under Axial Loads. J Eng 
Mech–ASCE, Vol. 118(2): 229–247 
14. Schneider W (2002) Unsafe Basic Statements about the Imperfection Sensitivity of Steel Shell Structures. In M. Ivanyi (Ed.), 
Stability and Ductility of Steel Structures, Akademiai Kiado, Budapest, Hungary pp 491–498 
15. Schneider W, Ribakov Y (2004) Collapse analysis of thin walled cylindrical steel shells subjected to constant shear stress. Comput 
Struct 82(29–30): 2463–2470 
 
 
Werner Schneider, Ingo Timmel and Karsten Höhn (Institute for Structural Mechanics, University of Leipzig, 
Marschnerstr. 31, 04109 Leipzig, Germany), “The conception of quasi-collapse-affine imperfections: A new 
approach to unfavourable imperfections of thin-walled shell structures”, Thin-Walled Structures, Vol. 43, No. 8, 
August 2005, pp. 1202-1224, doi:10.1016/j.tws.2005.03.003 
ABSTRACT: Despite of the intensive research effort of the last decades there are considerable gaps of 
knowledge concerning the imperfection sensitivity of steel shell structures, even with regard to the basic 
buckling cases. It is explained in the presented paper why the most unfavourable imperfection pattern does not 
exist for shell structures but only different unfavourable patterns depending on the imperfection amplitude. This 
amplitude-depending pattern cannot be determined with certainty because of the substantial influence of the 
material non-linearity and because of the numerous post-buckling paths which cross each other. However, the 
method of quasi-collapse-affine imperfections allows a reasonable approximation to the most unfavourable 
imperfection pattern. The basic thoughts of this concept are presented. The application of the concept to slender 
wind-loaded shells illustrates its capability. 
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ABSTRACT: A geometrically and materially nonlinear analysis with imperfections included (GMNIA) is 
currently the most sophisticated and perspectively the most accurate method of a numerical buckling strength 
verification. By this way, equivalent geometric imperfections, which have to cover the influence of all 
deviations from the nominal data of the resistance parameters, are fundamental. The problem of consistent 
equivalent geometric imperfections includes the problems of their shape and size. It is recommended to start 
from the failure modes of the perfect structure in order to get imperfection patterns, which are unfavourable 
with respect to buckling resistance, relevant referring to manufacture and easy to use. The influence of the 
imperfection length is not sufficiently attended in the present design codes. It is proposed to use the full wave 
length of the ideal ring buckling mode as the imperfection length of the equivalent geometric imperfection for 



the basic buckling case of the axially compressed cylindrical shell. Finally, proposals are made for consistent 
equivalent geometric imperfection amplitudes of this buckling case. 
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Venice, Italy. 
ABSTRACT: The strong load drop in the post buckling area and the huge number of possible buckling modes 
at almost the same load level cause a considerable imperfection sensitivity of thin-walled shell structures. Thus, 
the inevitable deviations from the nominal resistance parameters have to be explicitly included in the numerical 
simulation. Because of the big dimensions of the structures of civil engineering and plant engineering, 
experiments at original structures are very expensive and are only exceptionally maintainable. Data from 
buckling experiments are available only for some basic buckling cases of fundamental shell geometries. 
However in the most cases, only the buckling loads but not the imperfections are documented well. 
In order to assess the carrying capacity of buckling cases which are not yet sufficiently investigated, the new 
shell buckling code EN 1993-1-6:2007 allows numerical buckling strength verifications. Bearing in mind the 
complexity, diversity and sensitivity of shell buckling phenomena, it is not astonishing, that a number of 
application problems have not been solved yet [4]. Existing regulation deficiencies may be explored best at the 
basic buckling cases because of the available comparative experimental data. In the presentation, experiences 
and research needs are presented which result from performing geometrically and materially nonlinear 
calculations with imperfections included for the basic buckling case of a circular cylindrical shell subject to 
hoop compression. The mentioned Eurocode advises the use of equivalent geometric imperfections in order to 
cover the effect of different accidental imperfections in a safe manner. 
In the first part of the presentation, the challenge of equivalent geometric imperfections is discussed. This 
problem divides up into the questions about the imperfection pattern and the imperfection size. Imperfection 
modes which have the most detrimental effect should be used according to the Eurocode. It is reasoned in the 
presentation, that eigenmode-affine imperfections are not appropriate for the buckling case hoop compression. 
Moreover, the most unfavourable imperfection pattern does not exist for shell structures but only different 
unfavourable patterns depending on the imperfection amplitude [3]. This amplitude-depending pattern can not 
be determined with certainty because of the substantial influence of the material non-linearity and because of 
the numerous postbuckling paths which cross each other. However, the method of quasi-collapse-affine 
imperfections allows a reasonable approximation to the most unfavourable imperfection pattern [3]. Single 
longitudinal predeformations resulting from this concept are well suited as equivalent imperfections. Regarding 
the imperfection amplitude, the question is addressed, what imperfection amplitudes are necessary to gain 
numerically the experimentally based lower bound buckling resistance of the stress design. Using the 
imperfection amplitudes recommended in the Eurocode, partly considerable discrepancies result from a 
numerical analysis of the circular cylindrical shell subject to hoop compression [2]. In order to overcome the 
knowledge gaps and to relate the accidental imperfections to the buckling resistance, for the first time extensive 
experimental series of test cylinders with the same nominal data have been performed at the Gdansk University 
of Technology. The geometric imperfections and the buckling process are well documented. 
The numerical simulation of these experiments is dealt with in the second part of the contribution. Using static 
analyses, only the imperfection parts which initiate the buckling process may be reliably detected. In contrast, 
this statement is not valid for the buckling pattern. The inert forces must not be neglected performing a 
numerical simulation of the buckling process, because the collapse takes place with high velocities even though 
the load is increased very slowly. Therefore, a dynamic analysis is necessary in order to simulate the buckling in 
a mechanically consistent manner [1]. By means of a dynamic analysis, the arising buckling pattern is closely 
captured. Dynamic analyses are especially reasonable at the basic buckling case hoop compression, because the 
buckling process takes place by a sequence of several local buckling phenomena. The succession of stable and 
unstable areas of the load-displacement path of a static analysis, which is connected with loading and unloading, 
does not correspond to mechanical reality. Finally, the minor differences between experiments and numerical 
simulations, which underline the high imperfection sensitivity of shell buckling, are discussed in detail. 



Summarising, conclusions are drawn concerning the imperfection parts initiating the buckling process as well as 
concerning the equivalent imperfection modes and amplitudes which should by used performing a numerical 
buckling strength verification. 
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E. Kebadze, S. D. Guest and S. Pellegrino (Department of Engineering, University of Cambridge, Trumpington 
Street, Cambridge CB2 1PZ, UK), “Bistable prestressed shell structures”, International Journal of Solids and 
Structures, Vol. 41, Nos. 11-12, June 2004, pp. 2801-2820, doi:10.1016/j.ijsolstr.2004.01.028 
ABSTRACT: The paper investigates a cylindrical shell which has two stable configurations, due to a particular 
distribution of residual stresses induced by plastic bending. The basic mechanics of the bistability are explained, 
along with details of the plastic forming. A comprehensive analytical model is developed which predicts the 
residual stress distribution and bistable configurations of the shell. Good correlation has been found between 
experimental results and predictions from this model. 
 
Y. W. Wong and S. Pellegrino. Wrinkled Membranes Part II: Analytical Models. J. Mech. Mater. Struct., 
1(1):27–61, 2006. 
ABSTRACT: We present a general analytical model for determining the location and pattern of wrinkles in thin 
membranes and for making preliminary estimates of their wavelength and amplitude. A rectangular membrane 
under simple shear and a square membrane subject to corner loads are analysed. In the first problem, our model 
predicts the wavelength and the wrinkle amplitude to be respectively inversely proportional and directly 
proportional to the fourth root of the shear angle. Both values are directly proportional to the square root of the 
height and thickness of the membrane, and are independent of the Young’s modulus. In the second problem two 
wrinkling regimes are identified. The first regime is characterised by radial corner wrinkles and occurs for load 
ratios less than √�1/( 2−1); the number of wrinkles is proportional to the fourth root of the radius of the wrinkled 
region and the magnitude of the corner force, and inversely proportional to the Young’s modulus and thickness 
cubed. The amplitude of these wrinkles is inversely proportional to their number, directly proportional to the 
square root of the radius of the wrinkled region and the magnitude of the corner force, and inversely 
proportional to the square root of the Young’s modulus and √�thickness. The second regime occurs for load 
ratios larger than 1/( 2 − 1), and is characterised by a large diagonal wrinkle, plus small radial wrinkles at all 
four corners. Analytical expressions for the variation of the width and amplitude of the large wrinkle with the 
load ratio are obtained for this case also. All analytical predictions are compared with experimental and 
computational results from the other two papers in this series.  
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Y. Wesley Wong and Sergio Pellegrino, “Wrinkled membranes Part III: Numerical simulations”, Journal of 
Mechanics of Materials and Structures, Vol. 1, No. 1, January 2006 
ABSTRACT: This is the third and final part of a study of wrinkles in thin membrane structures. High-fidelity, 
geometrically nonlinear finite element models of membrane structures, based on thin-shell elements, are used to 
simulate the onset and growth of wrinkles. The simulations are carried out with the ABAQUS finite element 
package. The accuracy of the results is demonstrated by computing the characteristics of the wrinkles in two 
specific membrane structures that were investigated experimentally and analytically in the first two papers in 
this series.  
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Lin Tze Tan and Sergio Pellegrino.  "Thin-Shell Deployable Reflectors with Collapsible Stiffeners Part 1: 
Approach", AIAA Journal, Vol. 44, No. 11 (2006), pp. 2515-2523. 
ABSTRACT: Thin-shell deployable reflector structures that are folded elastically in a nearly inextensional 
mode have been recently realized, exploiting the recent availability of high-modulus, ultrathin composite 
materials. An inherent and significant limitation of this approach is that these structures remain “floppy” in their 
deployed configuration. This paper presents a general concept for increasing the deployed stiffness of such 
structures, through the addition of a collapsible edge stiffener around the rim of a reflector dish. Ananalytical 
expression of the frequency/stiffness related to the softest deformation mode of a thin-shell reflector structure is 
presented, both with and without the stiffener. During folding, the stiffener collapses elastically, and this 
behavior is facilitated by the introduction of suitable discontinuities within the stiffener, or between the dish and 
the stiffener. A detailed study of a range of different options is presented, and one particular scheme is selected 
and optimized. For a specific example, a stiffness increase by a factor of 31 and a fundamental frequency 
increase by a factor of 4 are achieved, with a mass increase of only 16%. 
 
 



S. D. Guest and S. Pellegrino (Department of Engineering, University of Cambridge, Trumpington Street, 
Cambridge CB2 1PZ, UK), “Analytical models for bistable cylindrical shells”, Proceedings of the Royal 
Society A, Vol. 462, pp 839-854, 2006, doi: 10.1098/rspa.2005.1598  
ABSTRACT: Thin cylindrical shell structures can show interesting bistable behaviour. If made unstressed from 
isotropic materials they are only stable in the initial configuration, but if made from fibre-reinforced composites 
they may also have a second, stable configuration. If the layup of the composite is antisymmetric, this 
alternative stable configuration forms a tight coil; if the layup is symmetric the alternative stable configuration 
is helical. A simple two-parameter model for these structure is presented that is able to distinguish between 
these different behaviours.  
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M. Pagitz and S. Pellegrino (Department of Engineering, University of Cambridge Trumpington Street, 
Cambridge, CB2 1PZ, UK), “Buckling pressure of “pumpkin” balloons”, International Journal of Solids and 
Structures, Vol. 44, No. 21, October 2007, pp. 6963-6986, doi:10.1016/j.ijsolstr.2007.03.021 
ABSTRACT: This paper presents a computational study of the critical buckling pressure of pumpkin balloons, 
which consist of a thin, compliant membrane constrained by stiff meridional tendons. The n-fold symmetric 
shape of a pumpkin balloon with n identical lobes is exploited by adopting a symmetry-adapted coordinate 
system, which leads to the tangent stiffness matrix in an efficient block-diagonal form; the smallest eigenvalue 
of a particular block leads to the buckling pressure for the balloon. Two different types of balloon design are 
considered. Extensive results are obtained for the buckling pressures of a set of 10 m diameter experimental 
balloons and also for an 80 m diameter flight balloon. The key findings are as follows: the same type of 
buckling mode, forming four circumferential waves is critical for most of the balloons that have been analysed; 
balloons with flatter lobes are more stable, and the buckling pressure varies with an inverse power-law of the 
number of lobes; increasing the Young’s modulus, the Poisson’s ratio of the membrane, or the diameter of the 
end fitting has the effect of increasing the buckling pressure; but increasing the axial stiffness of the tendons has 
the effect of decreasing the buckling pressure. 
 
 
Francisco Lopez Jimenez, “Mechanics of thin carbon fiber composites with a silicone matrix”, Ph.D 
dissertation, California Institute of Technology, January 2011 
ABSTRACT: This thesis presents an experimental, numerical and analytical study of the behavior of thin fiber 
composites with a silicone matrix. The main difference with respect to traditional composites with epoxy matrix 
is the fact that the soft matrix allows the fibers to microbuckle without breaking. This process acts as a stress 
relief mechanism during folding, and allows the material to reach very high curvatures, which makes them 
particularly interesting as components of space deployable structures. The goal of this study is to characterize 
the behavior and understand the mechanics of this type of composite.  
Experimental testing of the bending behavior of unidirectional composites with a silicone matrix shows a highly 



non-linear moment vs. curvature relationship, as well as strain softening under cyclic loading. These effects are 
not usually observed in composites with an epoxy matrix. In the case of tension in the direction transverse to the 
fibers, the behavior shows again non-linearity and strain softening, as well as an initial stiffness much higher 
than what would be expected based on the traditional estimates for fiber composites.  
The micro mechanics of the material have been studied with a finite element model. It uses solid elements and a 
random fiber arrangement produced with a reconstruction process based on micrographs of the material cross 
section. The simulations capture the macroscopic non-linear response, as well as the fiber microbuckling, and 
show how microbuckling reduces the strain in the fibers. The model shows good agreement for the bending 
stiffness of specimens with low fiber volume fraction, but it overestimates the effect of the matrix for more 
densely packed fibers. This is due to the high matrix strain that derives from the assumption of perfect bonding 
between fiber and matrix. In the case of tension transverse to the fibers, the model shows a much better 
agreement with experiments than traditional composite theory, and shows that the reason for the observed high 
stiffness is the incompressibility of the matrix. In order to capture the strain softening due to fiber debonding, 
cohesive elements have been introduced between the fibers and the matrix. This allows the model to capture 
quantitatively the non-linear behavior in the case of loading transverse to the fibers, and the damage due to 
cyclic loading. A single set of parameters for the cohesive elements produce good agreement with the 
experimental results for very different values of the fiber volume fraction, and could also be used in the analysis 
of more complicated loading cases, such as bending or biaxial tension.�In addition to the simulations, a 
homogenized analytical model has also been created.  
It extends previous analysis of composites with a soft matrix to the case of very thin composites. It provides a 
good qualitative description of the material behavior, and it helps understand the mechanics that take place 
within the material, such as the equilibrium of energy terms leading to a finite wave length, as opposed to 
microbuckling under compression.  
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ABSTRACT: The paper presents detailed micromechanical finite element simulations of composite materials 
with soft materials undergoing large macroscopic bending deformation. The simulations allow the study of fibre 
microbuckling under bending, including the kinematics of the fibres, as well as the strains in the matrix. These 
simulations lead to a simple analytical model that allows a quite accurate estimation of the buckling 
wavelength. It also provides the moment-curvature relationship. Finally, the model is also able to predict the 
maximum strain in the fibres for a given curvature.  
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“Maximally stable lobed balloons”, International Journal of Solids and Structures, Vol 47, Nos. 11-12, June 
2010, pp. 1496-1507, doi:10.1016/j.ijsolstr.2010.02.013 
ABSTRACT: This paper is concerned with the optimization of the cutting pattern of n-fold symmetric super-
pressure balloons made from identical lobes constrained by stiff meridional tendons. It is shown that the critical 
buckling pressure of such balloons is maximized if the unstressed surface area of the balloon is minimized 
under a stress constraint. This approach results in fully stressed balloon designs that in some cases have a 
smaller unstressed surface area than the corresponding axisymmetric surface that is in equilibrium with zero 
hoop stress. It is shown that, compared to current designs, the buckling pressures can be increased by up to 
300% without increasing the maximum stress in the lobe. 
 
 
Deng, X., and Pellegrino, S. (California Institute of Technology, Pasadena, California 91125) (2012) Wrinkling 
of orthotropic viscoelastic membranes. AIAA Journal, 50(3), 668-681. 
ABSTRACT: This paper presents a simplified simulation technique for orthotropic viscoelastic membranes. 
Wrinkling is detected by a combined stress-strain criterion and an iterative scheme searches for the wrinkle 
angle using a pseudo-elastic material stiÆness matrix based on a non-linear viscoelastic constitutive model. 
This simplified model has been implemented in ABAQUS/Explicit and is able to compute the behavior of a 
membrane structure by superposition of a small number of response increments. The model has been tested 
against a published solution for a time-independent isotropic membrane under simple shear and also against 
experimental results on StratoFilm 420 under simple shear. 
 
 
 
Ning, X., and Pellegrino, S. (California Institute of Technology, Pasadena, CA 91225), (2012). “Design of 
lightweight structural components for direct digital manufacturing”. 53rd AIAA/ASME/ASCE/AHS/ASC 
Structures, Structural Dynamics and Materials Conference, 23-26 April 2012 Honolulu, Hawaii. 
ABSTRACT: The rapid growth in direct digital manufacturing technologies has opened the challenge of 
designing optimal micro-structures for high-performance components. Current topology optimization 
techniques do not work well for this type of problems and hence in this paper we propose a technique based on 
an implicit representation of the structural topology. The detailed microstructure is designed by a continuous 
variable, the size distribution field, defined over the design domain by chosen shape functions. We can optimize 
the structural topology by optimizing only the weights of the size distribution and, for any given size 
distribution, we use standard meshing software to determine the actual detailed micrstructure. We have 
implemented the optimization loop using commercial CAD and FEA software, running under a genetic 



algorithm in MATLAB. Application this novel technique to the design of a sandwich beam has produced 
designs that are superior to any standard solid beam or even optimized truss structure. 
 
 
Xin Ning, “Imperfection insensitive thin shells”, Ph.D dissertation, California Institute of Technology, 2015 
ABSTRACT: The buckling of axially compressed cylindrical shells and externally pressurized spherical shells 
is extremely sensitive to even very small geometric imperfections. In practice this issue is addressed by either 
using overly conservative knockdown factors, while keeping perfect axial or spherical symmetry, or adding 
closely and equally spaced stiffeners on shell surface. The influence of imperfection-sensitivity is mitigated, but 
the shells designed from these approaches are either too heavy or very expensive and are still sensitive to 
imperfections. Despite their drawbacks, these approaches have been used for more than half a century. This 
thesis proposes a novel method to design imperfection-insensitive cylindrical shells subject to axial 
compression. Instead of following the classical paths, focused on axially symmetric or high-order rotationally 
symmetric cross-sections, the method in this thesis adopts optimal symmetry-breaking wavy cross-sections 
(wavy shells). The avoidance of imperfection sensitivity is achieved by searching with an evolutionary 
algorithm for smooth cross-sectional shapes that maximize the minimum among the buckling loads of 
geometrically perfect and imperfect wavy shells. It is found that the shells designed through this approach can 
achieve higher critical stresses and knockdown factors than any previously known monocoque cylindrical 
shells. It is also found that these shells have superior mass efficiency to almost all previously reported stiffened 
shells. Experimental studies on a design of composite wavy shell obtained through the proposed method are 
presented in this thesis. A method of making composite wavy shells and a photogrametry technique of 
measuring full-field geometric imperfections have been developed. Numerical predictions based on the 
measured geometric imperfections match remarkably well with the experiments. Experimental results confirm 
that the wavy shells are not sensitive to imperfections and can carry axial compression with superior mass 
efficiency. An efficient computational method for the buckling analysis of corrugated and stiffened cylindrical 
shells subject to axial compression has been developed in this thesis. This method modifies the traditional Bloch 
wave method based on the stiffness matrix method of rotationally periodic structures. A highly efficient 
algorithm has been developed to implement the modified Bloch wave method. This method is applied in 
buckling analyses of a series of corrugated composite cylindrical shells and a large-scale orthogonally stiffened 
aluminum cylindrical shell. Numerical examples show that the modified Bloch wave method can achieve very 
high accuracy and require much less computational time than linear and nonlinear analyses of detailed full finite 
element models. This thesis presents parametric studies on a series of externally pressurized pseudo-spherical 
shells, i.e., polyhedral shells, including icosahedron, geodesic shells, and triambic icosahedra. Several 
optimization methods have been developed to further improve the performance of pseudo-spherical shells under 
external pressure. It has been shown that the buckling pressures of the shell designs obtained from the 
optimizations are much higher than the spherical shells and not sensitive to imperfections.  
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Xin Ning and Sergio Pellegrino (Caltech), “Bloch wave buckling analysis of axially loaded periodic cylindrical 
shells”, Computers & Structures, Vol. 177, pp 114-125, 2016, 
http://dx.doi.org/10.1016/j.compstruc.2016.09.006  
ABSTRACT: This paper presents an efficient computational method for predicting the onset of buckling of 
axially loaded, corrugated or stiffened cylindrical shells. This method is a modification of the Bloch wave 
method which builds on the stiffness matrix method. A numerical method and an efficient algorithm have been 
developed to implement the proposed method in the commercial finite element package Abaqus. Numerical 
examples have shown that, compared to the nonlinear buckling analyses based on detailed full finite element 
models, the proposed method can obtain highly accurate buckling loads and buckling modes and can achieve 
very significant reductions in computational time.  
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Xin Ning and Sergio Pellegrino (California Institute of Technology, Pasadena, CA 91125), “Buckling Analysis 
of Axially Loaded Corrugated Cylindrical Shells”. AIAA ??th Structures, Structural Dynamics and Materials 
Meeting, (year not given in the pdf file. The most recent reference is 2014.) 
ABSTRACT: Buckling analyses of heavily corrugated cylindrical shells based on detailed full finite element 
models are usually computationally expensive. To address this issue, we have proposed an efficient 
computational method of predicting the onset of buckling for corrugated cylindrical shells which builds on the 
Bloch wave method for infinitely periodic structures. We modified the traditional Bloch wave method in order 
to analyze the buckling of rotationally periodic shell structures. We have developed an efficient algorithm to 
perform our modified Bloch wave method. The buckling behavior of composite corrugated cylindrical shells 
with a range of numbers of corrugations was analyzed. Linear and nonlinear buckling analyses of detailed full 
finite element models were also performed and compared to our method. Comparisons showed that our 
modified Bloch wave method was able to obtain highly accurate buckling loads and it was able to capture both 
global and local buckling modes. It was also found that the computational time required by our modified Bloch 
wave method did not scale up as the number of corrugations increased.  
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Xin Ning and Sergio Pellegrino (Caltech Engineering & Applied Science), “Buckling of cylindrical shells: 
avoidance of imperfection sensitivity through shape optimization”, 2014 IASS Symposium, Brasilia, Brasil 
INTRODUCTION: 
•  Form-finding is a central problem in the design of modern shell structures (Adriaenssens, Block, 
Veenendaal, Williams 2014). 
•  Transition from analytically defined “classical” shells to free-form shells initiated by Isler. 
•  Numerical studies of free-form shells made by Ramm and many others. 
•  Two form-finding optimization problems: 
 1.  Find shape with minimal strain energy 



 2.  Modify shape from optimization 1 for minimal sensitivity to imperfections 
 
 
Sergio Pellegrino (Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, CA 91125), 
“Folding and deployment of thin shell structures”. Pellegrino writes: “Last year I gave a series of lectures on the 
folding and deployment of thin shell structures, as part of a course at CISM (in Udine, Italy) on Extremely 
Deformable Structures organized by Davide Bigoni. These lectures provided an opportunity to revisit the work 
that I had done over a period of about 15 years, with many students and collaborators. My write-up of the 
lectures will appear as a book to be edited by Davide. There is also a downloadable pdf file on my website 
( http://pellegrino.caltech.edu/publications.html )” 
ABSTRACT: Thin shells made of high modulus material are widely used as lightweight deployable space 
structures. The focus of this chapter is the most basic deployable thin shell structure, namely a straight, 
transversely curved strip known as a tape spring. Following a review of the materials used for the construction 
of deployable thin shell structures, including constitutive models and failure criteria developed specifically for 
this type of structures, this chapter provides an introduction to the mechanics of tape springs and tape spring 
hinges. Finite element techniques to model deployable structures containing tape springs are presented and the 
ability of these models to accurately simulate experimentally observed behavior is demonstrated. These tools 
can be used to design structures able to achieve specific behaviors. As an example, the design of a two-hinge 
boom that can be wrapped around a small spacecraft without any damage, and can dynamically deploy and 
smoothly latch into the deployed configuration is presented.  
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ABSTRACT: This study is concerned with the equilibrium shapes of orthotropic, elliptical plates and shells 
deforming elastically without initial stresses. The aim is to explore potential bistable configurations and their 
dependencies on material parameters and initial shape for elucidating novel morphing structures. A strain 
energy formulation gives way to a compact set of governing equations of deformation, which can be solved in 
closed form for some isotropic and orthotropic conditions. It is shown that bistability depends on the change in 
Gaussian curvature of the shell, in particular, for initially untwisted shells, isotropy precludes bistability, where 
there is negative initial Gaussian curvature, but orthotropic materials yield bistability irrespective of the sign of 
the initial Gaussian curvature. This improved range of performance stems from increasing the independent 
shear modulus, which imparts sufficient torsional rigidity to stabilize against perturbations in the deformed 
state. It is also shown that the range of bistable configurations for initially twisted shells generally diminishes as 
the degree of twist increases. 
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A.D. Norman, K.A. Seffen and S.D. Guest (Department of Engineering, University of Cambridge, Trumpington 
Street, Cambridge CB2 1PZ, UK), “Morphing of curved corrugated shells”, International Journal of Solids and 
Structures, Vol. 46, Nos. 7-8, April 2009, pp.1624-1633, doi:10.1016/j.ijsolstr.2008.12.009 
ABSTRACT: Thin sheet materials of low bending stiffness but high membrane stiffness are often corrugated in 
order to achieve improvements of several orders of magnitude in bending stiffness with only minimal increases 
in weight and cost. If these corrugated sheets are initially curved along the corrugations, much of this stiffness 
gain is lost. In return, the sheets are then capable of significant elastic changes in shape overall, including large 
changes in overall Gaussian curvature. These shape changes are described here by non-linear and coupled 
kinematical relationships, which are verified against experiment and finite-element simulations. It is found that 
gross simplifications can be made about the large displacement behaviour of such shells without a loss of 
accuracy. 
 
 
Keith A. Seffen and Simon D. Guest (Department of Engineering, University of Cambridge, Trumpington 
Street, Cambridge CB2 1PZ, UK ), “Pre-stressed Morphing Bistable and Neutrally Stable Shells”, J. Appl. 
Mech., Vol. 78,  No. 1, January 2011, pp. 011002 (6 pages), doi:10.1115/1.4002117 
ABSTRACT: This study deals with prestressed shells, which are capable of “morphing” under large deflexions 
between very different load-free configurations. Prestressing involves plastically curving a flat, thin shell in 
orthogonal directions either in the opposite or same sense, resulting in two unique types of behavior for 
isotropic shells. Opposite-sense prestressing produces a bistable, cylindrically curved shell provided the 
prestress levels are large enough and similar in size: This effect forms the basis of a child's “flick” bracelet and 
is well known. On the other hand, same-sense prestressing results in a novel, neutrally stable shell provided the 
levels are also sufficiently large but identical: The shell has to be made precisely, otherwise, it is monostable 
and is demonstrated here by means of a thin, helically curved strip. The equilibrium states associated with both 
effects are quantified theoretically and new expressions are determined for the requisite prestress levels. 
Furthermore, each stability response is revealed in closed form where it is shown that the neutrally stable case 
occurs only for isotropic materials, otherwise, bistability follows for orthotropic materials, specifically, those, 
which have a shear modulus different from the isotropic value. Finally, prestressing and initial shape are 
considered together and, promisingly, it is predicted that some shells can be neutrally stable and bistable 
simultaneously. 
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ABSTRACT: Creasing in thin shells admits large deformation by concentrating curvatures while relieving 
stretching strains over the bulk of the shell: after unloading, the creases remain as narrow ridges and the rest of 
the shell is flat or simply curved. We present a helically creased unloaded shell that is doubly curved 
everywhere, which is formed by cylindrically wrapping a flat sheet with embedded fold-lines not axially 
aligned. The finished shell is in a state of uniform self-stress and this is responsible for maintaining the 
Gaussian curvature outside of the creases in a controllable and persistent manner. We describe the overall shape 
of the shell using the familiar geometrical concept of a Mohr’s circle applied to each of its constituent 
features—the creases, the regions between the creases, and the overall cylindrical form. These Mohr’s circles 
can be combined in view of geometrical compatibility, which enables the observed shape to be accurately and 
completely described in terms of the helical pitch angle alone.  
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ABSTRACT: We consider the axial buckling of a thin-walled cylinder fitted onto a mandrel core with a 
prescribed annular gap. The buckling pattern develops fully and uniformly to yield a surface texture of regular 
diamond-shaped buckles, which we propose for novel morphing structures. We describe experiments that 
operate well into the postbuckling regime, where a classical analysis does not apply; we show that the size of 
buckles depends on the cylinder radius and the gap width, but not on its thickness, and we formulate simple 
relationships from kinematics alone for estimating the buckle proportions during loading. 
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ABSTRACT: This paper presents research on the calculating analysis and experimental observations of shell 
buckling in individual gallium nitride hollow nanocolumns using nanoindentation. By using the experiment 
results of critical buckling strain under compression, we investigated the stiffness of hollow nanocolumns which 
were vertically aligned on a template by using linear elastic shell  buckling theory. In addition, more studies of 
various possible nanomechanical behavior modes of gallium nitride hollow nanocolumns by shall model are 
provided. Furthermore, there was a comparison between nanocolumns by molecular dynamics simulation (one 
dimensional structure) and thin film by nanoindentation experiment (two dimensional structures). Finally, the 
buckling energy of compression for an individual gallium nitride hollow nanocolumn was also discussed. 
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Peter Ansourian, “On the buckling analysis and design of silos and tanks”, Journal of Constructional Steel 
Research, 01/1992; 23(s 1–3):273–294. DOI: 10.1016/0143-974X(92)90047-I 
ABSTRACT: Buckling considerations arise in the design of steel silos and tanks because the slender shell wall 
is subjected to compressive stresses, most commonly from the action of wind on the empty structure causing 



circumferential stresses, and combinations of wall friction forces, roof loads, non-uniform filling and discharge, 
and non-uniform settlement of the foundation causing meridional stresses. In this paper, recent research work of 
the author and graduate students relevant to buckling behaviour is briefly reviewed. Problems relevant to 
buckling behaviour, and which arose in several major tanks and silos with which the author was concerned 
either at the design stage or arising from operational problems, are discussed. The buckling behaviour and 
design of slender steel silos and tanks has been reviewed, with particular reference to buckling under wind 
loading, and under meridional compression. The benefits to be obtained by refined finite element analysis at the 
design stage have been emphasised, and several examples of buckling phenomena in the design of major 
structures reviewed. The occurrence of uplift of large emoty tanks under severe wind loadings has been 
detected. A simplified design method for wind buckling has been given, which includes an approximate 
consideration of the effects of imperfections, meridional end restraints and form of the wind pressure 
distributions. Situations under which meridional compression can govern the design have been explored. The 
beneficial effects of a bulk solid content against buckling have been investigated. 
 
 
P. Ansourian, “Cylindrical shells under non-uniform external pressure”, Chapter 6 in "Buckling of Thin Metal 
Shells", J.G. Teng and J.M. Rotter, , Spon Press, 11 New Fetter Lane, London EC4P 4EE,  ISBN 0-419-24190-
6, 2004. 
PARTIAL INTRODUCTION: In Chapter 5, cylindrical shells under uniform external pressure with particular 
reference to short, medium-long and long cylinders, boundary conditions, stepped wall thicknesses and ring 
stiffeners were discussed. This chapter deals with buckling under non-uniform external pressure, examples of 
which abound in civil/mechanical engineering, marine, ballistic and aerospace structures. Earlier work on the 
stability of cylinders under external pressure was based on the Donnell stability equations, modified by Batdorf 
(1947)…. 
 
Peter Ansourian, “Shell Structures”, Center for Advanced Structural Engineering – CASE, Department of Civil 
Engineering, The University of Sidney, 2002 
ABSTRACT: This project is concerned with the buckling failure of metal structures generally formed of curved 
plates. These structures are typically used in the liquid and bulk material storage industries, pressure vessels, 
aerospace vehicles, and in many other contexts. The analysis and design of pressure vessel closures may 
surprisingly sustain buckling failure under internal pressure. This is followed by a consideration of buckling 
under external pressure, firstly in the context of the Donnell stability equations which provide solutions of good 
accuracy in many cases, but secondly using the more rigorous and generally more accurate Flügge equations in 
coupled form. The latter theory is applied to cases of uniform and non-uniform pressure such as wind and patch 
loading. A further advantage of the theory is that solutions are possible for non-classical boundary conditions. 
Solutions are tabulated for uniform, hydrostatic, wind and patch loadings. Buckling under in-plane compressive 
forces is also briefly considered. Experimental and prototype responses under several loading regimes are 
examined and the significance to design considered; included are buckling problems associated with corrugated 
plates. When tank structures are supported on soils of non-uniform stiffness, differential settlement may occur, 
causing possible overstress or even buckling failure. Analyses based on inextensional theory are valid at low 
harmonic number in open-top tanks, while finite element analysis is the most general and accurate tool for the 
linear and non-linear stress and buckling response. The non-linear behaviour and coupled instabilities of steel 
cylindrical tank shells subjected to meridional edge deformation of harmonic pattern are investigated. The 
harmonic number n is shown to have a strong influence on the shear and meridional buckling interaction. 
Practical applications are related to the design and maintenance of storage tanks and silos. The shear buckling 
mode is observed at small harmonic number n (<5) in shells of uniform thickness; with increasing n, the mode 
is dominated by axial buckling. As the shell deforms in the shear buckling mode, it continues to carry higher 
load until local buckling occurs near the base. In tapered shells, shear buckling occurs in the upper region of the 
shell at high n. (No references are given.) 
 
 
Eiichi Watanabe, Kunitomo Sugiura and Takeshi Yamaguchi (Kyoto University, Japan), “Strength and ductility 
of thin-walled beam-columns with low yield steel”, Earthquake Engineering. Tenth World Conference, 



Rotterdam, 1992 
ABSTRACT: Discussed herein is the load-deformation relationship of bridge piers considering the local failure 
characteristics. Firstly, the strength and ductility of thin tubular beam-column segments are investigated by two 
series of experiments keeping a focus on the cross sectional shape and inelastic characteristics of material. 
Assuming bridge piers subjected to strong ground motions, monotonic bending tests under the constant axial 
compressive force are carried out. The effect of the yield ratio and use of round cornsers on the strength and 
ductility is evaluated. It is found that the box section with round corners and the use of structural steel with low 
yield ratio is desirable for the ductility improvement. Secondly, by modeling the plastic hinge behavior 
considering the local instability based on the experimental observation, the deformation characteristic of steel 
bridge piers are investigated by numerical simulation. It is concluded that the effect of local instability on the 
strength deterioration is significant and the P-delta effect accelerates the degradation. 
 
 
Chawalit Machimdamrong, Eiichi Watanabe and Tomoaki Utsunomiya (Department of Civil Engineering, 
Kyoto University), “Global elastic shear buckling analysis of corrugated plates with edges elastically restrained 
against rotation”, ASCE Journal of Structural Engineering, Vol. 48A, March 2002, pp. 51-58 
ABSTRACT: This paper presents an estimation of global elastic shear buckling strength of corrugated plates 
considering the influence of elastically rotational restraint on boundary edges. The corrugated plate possesses 
higher shear buckling strength compared to a flat one and it has been used to replace concrete web in PC box 
girder in recent bridge construction in Japan. In this study, the corrugated plate is considered as an orthotropic 
flat plate. Thick rectangular plate theory is used and Rayleigh-Ritz method is utilized in extracting eigenvalues. 
Elastically rotational restraint on boundary edges is taken into account in the form of rotational spring in the 
analysis. Prediction of buckling strengths of corrugated plates is carried out using the Rayleigh-Ritz method, 
which was proved to be consistent with those as predicted by a proposed formula using a design manual and 
was found also to cover the more general cases of elastically rotational restraint on the boundary edges showing 
transition curve of plate buckling strengths from the case of simple support to the case of clamped support. A 
finite element analysis was also carried out to verify the accuracy of the proposed method. As a result, a 
discrepancy is found between the buckling strength by the finite element analysis and that by the proposed 
analysis; however, the formula adopted in the design manual may be thought to be conveniently used because it 
can lead to the conservative design. 
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“Compressive Instability of Carbon Nanotubes”, Key Engineering Materials Vols. 353-358 (2007) pp. 2187-
2190 online at http://www.scientific.net Online available since 2007/09/10 
ABSTRACT: Abstract. Based on both molecular mechanics and computational structural mechanics, a three-
dimensional (3D) equivalent beam element is developed to model a C-C covalent bond on carbon nanotubes 
(CNTs) whereas the van der Waals forces between atoms in the different walls of multi-walled CNTs are 
described using a rod element. The buckling characteristics of CNTs are conveniently analyzed by using the 
traditional finite element method (FEM) of a 3D beam and rod model, termed as molecular structural mechanics 
approach (MSMA). Moreover, to model the CNTs with large length or large diameter, the validity of Euler’s 
beam buckling theory and a shell model with proper properties defined from the results of MSMA is 
investigated. The predicted results by this simple continuum mechanics approach agree well with the reported 
experimental data. 
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of Michigan, Ann Arbor, MI 48109, USA), “Buckling analysis of carbon nanotubes modeled using nonlocal 
continuum theories”, J. Appl. Phys. 103, 073521 (2008); doi:10.1063/1.2901201 (8 pages) 
ABSTRACT: In this paper, the buckling of carbon nanotubes, modeled as nonlocal one dimensional continua 
within the framework of Euler–Bernoulli beams, is considered. Both a stress gradient and a strain gradient 
approach are considered and a variational approach is adopted to obtain the variationally consistent boundary 
conditions. The dependence of the buckling load on the nonlocal parameter has been determined using the 
boundary conditions obtained from the variational analysis. Results indicate significant dependence of nonlocal 
parameter on buckling load for particular types of boundary conditions. These findings are important in 
mechanical design considerations of devices that use carbon nanotubes. 
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Won-Hong Lee and Sung-Cheon Han (Civil Engineering, Korea), “Free and forced vibration analysis of 
laminated composite plates and shells using a 9-node assumed strain shell element”, Computational Mechanics, 
Vol. 39, No. 1, 2006, pp. 41-58, doi: 10.1007/s00466-005-0007-8 
ABSTRACT: The natural frequencies of isotropic and composite laminates are presented. The forced vibration 



analysis of laminated composite plates and shells subjected to arbitrary loading is investigated. In order to 
overcome membrane and shear locking phenomena, the assumed natural strain method is used. To develop a 
laminated shell element for free and forced vibration analysis, the equivalent constitutive equation that makes 
the computation of composite structures efficient was applied. The Mindlin-Reissner theory which allows the 
shear deformation and rotary inertia effect to be considered is adopted for development of nine-node assumed 
strain shell element. The present shell element offers significant advantages since it consistently uses the natural 
co-ordinate system. Results of the present theory show good agreement with the 3-D elasticity and analytical 
solutions. In addition the effect of damping is investigated on the forced vibration analysis of laminated 
composite plates and shells. 
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“Geometrically non-linear analysis of laminated composite structures using a 4-node co-rotational shell element 
with enhanced strains”, International Journal of Non-Linear Mechanics, Vol. 42, No. 6, July 2007, pp. 864-881, 
doi:10.1016/j.ijnonlinmec.2007.03.011 
ABSTRACT: To demonstrate the solutions of linear and geometrically non-linear analysis of laminated 
composite plates and shells, the co-rotational non-linear formulation of the shell element is presented. The 
combinations of an enhanced assumed strain (EAS) in the membrane strains and assumed natural strains (ANS) 
in the shear strains improve the behavior of 4-node shell element. To secure computational efficiency in the 
incremental non-linear analysis, the present element uses the form of the resultant forces pre-integrated through 
the thickness. The transverse shear stiffness of the laminates is defined by an equilibrium approach instead of 
the shear correction factor. Numerical examples of this study show very good agreement with the references. 
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“A 4-node co-rotational ANS shell element for laminated composite structures”, Composite Structures, Vol. 80, 
No. 2, September 2007, pp. 234-252, doi:10.1016/j.compstruct.2006.05.003 
ABSTRACT: The formulation of a non-linear composite 4-node co-rotational resultant shell element is 
presented for the solution of bending, free vibration, critical buckling and postbuckling analysis of composite 
plates and shells. Using the ANS (assumed natural strain) method the present shell element generates shear 
locking behavior, and such element performs very well as much as shells get thin. The formulation of the 
geometrical stiffness presented here is exactly defined on the mid-surface and is efficient for analyzing stability 
problems of thin and thick laminated plates, and shells by incorporating bending moment and transverse shear 
resultant forces. The transverse shear stiffness is defined by an equilibrium approach instead of using the shear 
correction factor. The adoption of a second-order co-rotational formulation makes it computationally efficient 
compared to the most existing composite shell elements. The proposed formulation is computationally efficient 
and the test results showed good agreement. 
 
 
ZHOU, Lingyuan, LI, Tongmei, and LI, Qiao, (School of civil Engineering, Southwest Jiaotong University, 
Chengdu 610031, China) “ Co-rotational formulation-based analysis of shell buckling”, Journal of Southwest 
Jiaotong University, Vol. 45, No. 6, December 2010,  
doi: 10.3969/j.issn.0258-2724.2010.06.012 
ABSTRACT: In order to solve the nonlinear problem in analyzing the buckling of thin-walled structures, an 
updated Lagrangian co-rotational method for the nonlinear analysis of shell structures was presented. A 
program based on this method was developed, and two numerical examples of the buckling analysis of shell 
structures were given. In this method, an updated Lagrangian formulation is adopted to build the equilibrium 



equation of shell elements under large displacements, and then the tangent stiffness matrix is obtained with the 
energy theory. The polar decomposition theory is applied in the computations of the new co-rotational 
coordinates of elements and the rigid body rotations of nodes, and the finite rotation theory is introduced to 
separate rigid displacements from total displacements to get deformations of the nodes. As a result, stresses of 
an element can be calcularted based on the deformations by using the small-strain theory to obtain the element 
state for the current load step. The numerical examples indicate that the nonlinear analysis method based on co-
rotational (CR) formulation is efficient and accurate in solving the buckling of shell structures. [15 references, 
including one by Rankin and Brogan (1986) and one by Rankin (1998)]. (paper is in Chinese.) 
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“Limit-point buckling analyses using solid, shell and solid-shell elements”, Journal of Mechanical Science and 
Technology, Vol. 25, No. 5, pp 1105-1117, May 2011 
doi: 10.1007/s12206-011-0305-3 
ABSTRACT: In this paper, the recently-developed solid-shell element SHB8PS is used for the analysis of a 
representative set of popular limit-point buckling benchmark problems. For this purpose, the element has been 
implemented in Abaqus/Standard finite element software and the modified Riks method was employed as an 
efficient path-following strategy. For the benchmark problems tested, the new element shows better 
performance compared to solid elements and often performs as well as state-of-the-art shell elements. In 
contrast to shell elements, it allows for the accurate prescription of boundary conditions as applied to the actual 
edges of the structure. 
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“An accelerated incremental algorithm to trace the nonlinear equilibrium path of structures”, Latin American 
Journal of Solids and Structures, Vol. 9, No. 4, August 2012 
ABSTRACT: This paper deals with the convergence acceleration of iterative nonlinear methods. An effective 
iterative algorithm, named the three–point method, is applied to nonlinear analysis of structures. In terms of 
computational cost, each iteration of the three–point method requires three evaluations of the function. In this 
study the effective functions have been proposed to accelerate the convergence process. The proposed method 
has a convergence order of eight, and it is important to note that its implementation does not require the 
computation of higher order derivatives compared to most other methods of the same order. To trace the 
equilibrium path beyond the limit point, a normal flow algorithm is implemented into a computer program. The 
three–point method is applied as an inner step in the normal flow algorithm. The procedure can be used for 
structures with complex behavior, including: unloading, snap–through, elastic post–buckling and inelastic post–
buckling analyses. Several numerical examples are given to illustrate the efficiency and performance of the new 
method. Results show that the new method is comparable with the well–known existing methods and gives 
better results in convergence speed. 
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India), “Inelastic post-buckling analysis of truss structures by dynamic relaxation method”, International Journal 
for Numerical Methods in Engineering, 11/1994, Vol. 37, No. 21, pp 3633-3657,  
DOI: 10.1002/nme.1620372105 
ABSTRACT: The paper presents the inelastic post-buckling analysis of truss structures by the Dynamic 
Relaxation (DR) method. A simplified inelastic finite element formulation for truss element and new algorithms 
are proposed for Elastic Post-Buckling (EPB) analysis and Inelastic Post-Buckling (IEPB) analysis using the 
DR method. The post-buckling paths for elastic, EPB and IEPB analyses are completely traced using the 



variable-arc-length method. Four numerical examples are presented to illustrate the application of the proposed 
algorithms. 
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file; the most recent reference is 2009) 
ABSTRACT: Geometrically nonlinear truss structures with snap-through behavior are demonstrated by using 
an arc length approach within a finite element analysis. The instability patterns are equilibrium paths that are 
plotted throughout the snap-through event. Careful observation of these patterns helps to identify weak designs 
in large space structures, as well as identify desirable snap-through behavior in the miniaturization of electronic 
devices known as microelectromechanicalsystems (MEMS). Examples of highly nonlinear trusses that show 
snap-through behavior are examined by tracing their equilibrium paths.  
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Izzuddin, B. A. (Department of Civil and Environmental Engineering, Imperial College, London SW7 2AZ, 
U.K.), “An enhanced co-rotational approach for large displacement analysis of plates”, International Journal for 
Numerical Methods in Engineering, Vo.. 64, 2005, pp. 1350–1374. doi: 10.1002/nme.1415 
ABSTRACT: This paper presents a new co-rotational approach for the large displacement analysis of plates 
employing 4-noded quadrilateral flat shell elements. The proposed approach benefits from (i) a simple local co-
rotational system invariant to the element nodal ordering, (ii) the choice of the two smallest components of the 
nodal normal vector as global rotational degrees of freedom, and (iii) the use of hierarchic freedoms, that are 
unaffected by the co-rotational transformations, for higher-order accuracy. Important additional benefits that 
arise from the aforementioned features include symmetry of the tangent stiffness matrix and complete 
insensitivity of the large displacement transformations to the size of the incremental step. The applicability of 
the new approach to moderately thick as well as thin plates is illustrated by considering two alternative local 
formulations based on the Reissner–Mindlin and discrete Kirchhoff hypotheses. Several examples are finally 
presented which demonstrate the accuracy, step-insensitivity and computational benefits of the proposed co-
rotational approach for large displacement analysis of plate structures. 
 
 



Z. X. Li, B. A. Izzuddin and L. Vu-Quoc, “A 9-node co-rotational quadrilateral shell element”,  
Computational Mechanics, Vol. 42, No. 6, 2008, pp. 873-884, DOI: 10.1007/s00466-008-0289-8 
ABSTRACT: A new 9-node co-rotational curved quadrilateral shell element formulation is presented in this 
paper. Different from other existing co-rotational element formulations: (1) Additive rotational nodal variables 
are utilized in the present formulation, they are two well-chosen components of the mid-surface normal vector 
at each node, and are additive in an incremental solution procedure; (2) the internal force vector and the element 
tangent stiffness matrix are respectively the first derivative and the second derivative of the element strain 
energy with respect to the nodal variables, furthermore, all nodal variables are commutative in calculating the 
second derivatives, resulting in symmetric element tangent stiffness matrices in the local and global coordinate 
systems; (3) the element tangent stiffness matrix is updated using the total values of the nodal variables in an 
incremental solution procedure, making it advantageous for solving dynamic problems. Finally, several 
examples are solved to verify the reliability and computational efficiency of the proposed element formulation. 
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“A stabilized co-rotational curved quadrilateral composite shell element”,  International Journal for Numerical 
Methods in Engineering, Vol. 86, No. 8, May 2011, pp. 975–999. doi: 10.1002/nme.3084 
ABSTRACT: A new curved quadrilateral composite shell element using vectorial rotational variables is presented. 
An advanced co-rotational framework defined by the two vectors generated by the four corner nodes is employed to 
extract pure element deformation from large displacement/rotation problems, and thus an element-independent 
formulation is obtained. The present line of formulation differs from other co-rotational formulations in that (i) all 
nodal variables are additive in an incremental solution procedure, (ii) the resulting element tangent stiffness is 
symmetric, and (iii) is updated using the total values of the nodal variables, making solving dynamic problems 
highly efficient. To overcome locking problems, uniformly reduced integration is used to compute the internal force 
vector and the element tangent stiffness matrix. A stabilized assumed strain procedure is employed to avoid spurious 
zero-energy modes. Several examples involving composite plates and shells with large displacements and large 
rotations are presented to testify to the reliability, computational efficiency, and accuracy of the present formulation. 
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buckling of thin cylindrical shells under external pressure”, Applied Mathematics and Mechanics, Vol. 9, No. 6, 
pp 557-571, June 1988 
ABSTRACT: Based on the boundary layer theory for the buckling of thin elastic shells suggested in ref. [14]. 
the buckling and postbuckling behavior of clamped circular cylindrical shells under lateral or hydrostatic 
pressure is studied applying singular perturbation method by taking deflection as perturbation parameter. The 
effects of initial geometric imperfection are also considered. Some numerical results for perfect and imperfect 
cylindrical shells are given. The analytical results obtained are compared with some experimental data in detail, 
which shows that both are rather coincident. 
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plates under uniaxial compression,Appl. Math. and Mech.,9, 8 (1988), 793–804 
ABSTRACT: n this paper, applving perturbation method to von Kármán nonlinear large deflection equations of 
plates by taking deflection as perturbation parameter, the posibuckling behavior of simply supported rectangular 
plates under uniaxial compresion is investigated. Two types of in-plane boundary conditions are now 
considered and the effects of initial imperfections are also studied. It is found that the theoretical results are in 
good agreement with experiments. The method suggested in this paper which has not been found in previous 
papers is rather simple and easy for the postbuckling analysis of rectangular plates. 
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ABSTRACT: Full-range analysis for the buckling and postbuckling of rectangular plates under inplane 
compression has been made by perturbation technique which takes deflection as its perturbation parameter. 
In this paper the effects of initial geometric imperfection on the postbuckling behavior of plates have been 
discussed. It is seen that the effect of initial imperfection on the inelastic postbuckling of plates is sensitive. By 
comparison, it is found that the theoretical results of this paper are in good agreement with experiments. 
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ABSTRACT: Buckling and postbuckling behaviour of perfect and imperfect cylindrical shells of finite length 
subject to combined loading of external pressure and axial compression are considered. Based on the boundary 
layer theory which includes the edge effect in the buckling of shells, a theoretical analysis for the buckling and 
postbuckling of circular cylindrical shells under combined loading is presented using a singular perturbation 
technique. Some interaction curves for perfect and imperfect cylindrical shells are given. The analytical results 
obtained are compared with some experimental data in detail, and it is shown that both agree well. The effects 
of initial imperfection on the interactive buckling load and postbuckling behaviour of cylindrical shells have 
also been discussed. 
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(1)Department of Civil Engineering Shanghai Jiao Tong University, Shanghai 200030, People's Republic of 
China 
(2) Department of Naval Architects and Ocean Engineering, Shanghai Jiao Tong University, Shanghai 200030, 
People's Republic of China 
“Postbuckling analysis of stiffened cylindrical shells under combined external pressure and axial compression”, 
Thin-Walled Structures, Vol. 15, No. 1, 1993, pp. 43-63, doi:10.1016/0263-8231(93)90012-Y 
ABSTRACT: A new approach is extended to investigate the buckling and postbuckling behaviour of perfect 
and imperfect, stringer and ring stiffened cylindrical shells of finite length subject to combined loading of 
external pressure and axial compression. The formulations are based on a boundary layer theory which includes 
the edge effect in the postbuckling analysis of a thin shell. The analysis uses a singular perturbation technique to 



determine the buckling loads and the postbuckling equilibrium paths. Some interaction curves for perfect and 
imperfect stiffened cylindrical shells are given and compared well with experimental data. The effects of initial 
imperfection on the interactive buckling load and postbuckling behaviour of stiffened cylindrical shells have 
also been discussed. 
 
 
Hui-Shen Shen (Department of Civil Engineering, Shanghai Jiao Tong University, Shanghai 200030, People's 
Republic of China), “Post-buckling analysis of imperfect stiffened laminated cylindrical shells under combined 
external pressure and axial compression”, Computers & Structures, Vol. 63, No. 2, April 1997, pp. 335-348, 
doi:10.1016/S0045-7949(96)00341-0 
ABSTRACT: A post-buckling analysis is presented for a stiffened laminated cylindrical shell of finite length 
subject to combined loading of external pressure and axial compression. The formulations are based on a 
boundary layer theory of shell buckling which includes the effects of the nonlinear pre-buckling deformation, 
the nonlinear large deflection in the post-buckling range and the initial geometrical imperfection of the shell. 
The “smeared stiffener” approach is adopted for the stiffeners. The analysis uses a singular perturbation 
technique to determine the interactive buckling loads and the post-buckling equilibrium paths. Numerical 
examples cover the performances of perfect and imperfect, stiffened and unstiffened cross-ply laminated 
cylindrical shells. Typical results are presented in dimensionless graphical form. 
 
 
Hui-Shen Shen (Department of Civil Engineering, Shanghai Jiao Tong University, Shanghai 200030, People's 
Republic of China), “Postbuckling analysis of cylindrical shells under combined external liquid pressure and 
axial compression”, Thin-Walled Structures, Vol. 25, No. 4, August 1996, pp. 297-317, 
doi:10.1016/0263-8231(96)00005-5 
ABSTRACT: A postbuckling analysis is presented for a circular cylindrical shell of finite length which is 
subjected to combined loading of external liquid pressure and axial compression. The formulations are based on 
a boundary layer theory which includes effects of the nonlinear prebuckling deformation, the nonlinear large 
deflection in the postbuckling range and the initial geometrical imperfection of shells. The analysis uses a 
singular perturbation technique to determine interactive buckling loads and postbuckling equilibrium paths. 
Numerical examples are presented that relate to the performances of perfect and imperfect cylindrical shells. 
Typical results are presented in dimensionless graphical form. 
 
 
Hui-Shen Shen (Department of Civil Engineering, Shanghai Jiao Tong University, Shanghai 200030, People's 
Republic of China), “Thermal postbuckling analysis of imperfect stiffened laminated cylindrical shells”, 
International Journal of Non-Linear Mechanics, Vol. 32, No. 2, March 1997, pp. 259-275, 
doi:10.1016/S0020-7462(96)00054-6 
ABSTRACT: A thermal postbuckling analysis is presented for a stiffened laminated cylindrical shell of finite 
length subjected to a uniform or non-uniform parabolic temperature distribution varying in the circumferential 
or axial direction. The formulations are based on a boundary layer theory of shell buckling which includes the 
effects of non-linear prebuckling deformations, non-linear large deflections in the postbuckling range, and 
initial geometrical imperfections of the shell. The “smeared stiffener” approach is adopted for the stiffeners. 
The analysis uses a singular perturbation technique to determine thermal buckling loads and postbuckling 
equilibrium paths. Numerical examples are presented that relate to the performances of perfect and imperfect, 
stiffened and unstiffened cross-ply laminated cylindrical shells. Typical results are presented in dimensionless 
graphical form and exhibit two different types of thermal postbuckling response. 
 
 
Hui-Shen Shen, (Prof., Dept. of Civ. Engrg., Shanghai Jiao Tong Univ., Shanghai 200030, China), 
“Thermomechanical Postbuckling of Stiffened Laminated Cylindrical Shell”, Journal of Engineering 
Mechanics, Vol. 123, No. 5, May 1997, pp. 433-443, (doi  10.1061/(ASCE)0733-9399(1997)123:5(433)) 
ABSTRACT: A postbuckling analysis is presented for a stiffened laminated cylindrical shell of finite length 
subjected to combined axial compression and uniform temperature loading. The two cases of compressive 



postbuckling of initially heated shells and of thermal postbuckling of initially compressed shells are considered. 
The formulations are based on a boundary layer theory of shell buckling, which includes the effects of the 
nonlinear prebuckling deformation, the nonlinear large deflection in the postbuckling range and the initial 
geometrical imperfection of the shell. The “smeared-stiffener” approach is adopted for the stiffeners. The 
analysis uses a singular perturbation technique to determine buckling loads and postbuckling equilibrium paths. 
Numerical examples cover the performances of perfect and imperfect, stiffened and unstiffened cross-ply 
laminated cylindrical shells with or without initial thermal or compressive stress. Typical results are presented 
in dimensionless graphical form, and they indicate that the postbuckling response of initially compressed 
laminated cylindrical shells under thermal load is different from that of mechanically loaded shells with and 
without initial thermal stress. 
 
 
Hui-Shen Shen (Department of Civil Engineering, Shanghai Jiao Tong University, Shanghai 200030, People's 
Republic of China), “Postbuckling analysis of imperfect stiffened laminated cylindrical shells under combined 
external pressure and thermal loading”, International Journal of Mechanical Sciences, Vol. 40, No. 4, April 
1998, pp. 339-355, doi:10.1016/S0020-7403(97)00037-4 
ABSTRACT: A postbuckling analysis is presented for a stiffened laminated cylindrical shell of finite length 
subjected to combined loading of external pressure and a uniform temperature rise. The formulation is based on 
a boundary layer theory of shell buckling which includes the effects of nonlinear prebuckling deformations, 
nonlinear large deflections in the postbuckling range and initial geometrical imperfections of the shell. The 
“smeared stiffener” approach is adopted for the stiffeners. The analysis uses a singular perturbation technique to 
determine the interactive buckling loads and the postbuckling equilibrium paths. Numerical examples are 
presented that relate to the performance of perfect and imperfect, stiffened and unstiffened cross-ply laminated 
cylindrical shells. Typical results are presented in dimensionless graphical form for different parameters and 
loading conditions. 
 
 
Hui-Shen Shen (Department of Civil Engineering, Shanghai Jiao Tong University, Shanghai 200030, People's 
Republic of China), “Postbuckling analysis of stiffened laminated cylindrical shells under combined external 
liquid pressure and axial compression”, Engineering Structures, Vol. 20, No. 8, August 1998, pp. 738-751, 
doi:10.1016/S0141-0296(97)00069-2 
ABSTRACT: A postbuckling analysis is presented for a stiffened, laminated, thin cylindrical shell of finite 
length subjected to combined loading of external liquid pressure and axial compression. The formulations are 
based on a boundary layer theory of shell buckling, which includes the effects of nonlinear prebuckling 
deformations, nonlinear large deflections in the postbuckling range and initial geometrical imperfections of the 
shell. The ‘smeared stiffener’ approach is adopted for the stiffeners. The analysis uses a singular perturbation 
technique to determine the interactive buckling loads and postbuckling equilibrium paths. Numerical examples 
cover the performances of perfect and imperfect, stiffened and unstiffened cross-ply laminated cylindrical 
shells. Typical results are presented in dimensionless graphical form. 
 
 
Hui-Shen Shen (Department of Civil Engineering, Shanghai Jiao Tong University, Shanghai 200030, People's 
Republic of China), “Postbuckling analysis of stiffened laminated cylindrical shells under combined external 
liquid pressure and axial compression”, Engineering Structures, Vol. 20, No. 8, August 1998, pp. 738-751, 
doi:10.1016/S0141-0296(97)00069-2 
ABSTRACT: A postbuckling analysis is presented for a stiffened, laminated, thin cylindrical shell of finite 
length subjected to combined loading of external liquid pressure and axial compression. The formulations are 
based on a boundary layer theory of shell buckling, which includes the effects of nonlinear prebuckling 
deformations, nonlinear large deflections in the postbuckling range and initial geometrical imperfections of the 
shell. The ‘smeared stiffener’ approach is adopted for the stiffeners. The analysis uses a singular perturbation 
technique to determine the interactive buckling loads and postbuckling equilibrium paths. Numerical examples 
cover the performances of perfect and imperfect, stiffened and unstiffened cross-ply laminated cylindrical 
shells. Typical results are presented in dimensionless graphical form. 



 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, People's Republic of China), “Hygrothermal effects on the postbuckling of composite 
laminated cylindrical shells”, Composites Science and Technology, Vol. 60, No. 8, June 2000, pp. 1227-1240, 
doi:10.1016/S0266-3538(00)00062-2 
ABSTRACT: The influence of hygrothermal effects on the buckling and post-buckling of composite laminated 
cylindrical shells subjected to combined loading of external pressure and axial compression has been 
investigated by using a micro-to-macro-mechanical analytical model. The material properties of the composite 
are affected by the variation of temperature and moisture, and are based on a micro-mechanical model of a 
laminate. The governing equations are based on the classical laminated-shell theory, including hygrothermal 
effects. The non-linear prebuckling deformations and initial geometric imperfections of the shell are both taken 
into account. A boundary layer theory of shell buckling is extended to the case of laminated cylindrical shells 
under hygrothermal environments and a singular perturbation technique is employed to determine the 
interactive buckling loads and post-buckling equilibrium paths. The numerical illustrations concern the post-
buckling behaviour of perfect and imperfect, cross-ply laminated cylindrical shells under different sets of 
environmental conditions. The results show that the hygrothermal environment has a significant effect on the 
interactive buckling load as well as post-buckling response of the shell. In contrast, it has a small effect on the 
imperfection sensitivity. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, People's Republic of China), “Buckling and postbuckling of laminated thin cylindrical 
shells under hygrothermal environments”, Applied Mathematics & Mechanics; Mar2001, Vol. 22 Issue 3, p270 
ABSTRACT: The influence of hygrothermal effects on the buckling and postbuckling of composite laminated 
cylindrical shells subjected to axial compression is investigated using a micro-to-macro-mechanical analytical 
model. The material properties of the composite are affected by the variation of temperature and moisture, and 
are based on a micromechanical model of a laminate. The governing equations are based on the classical 
laminated shell theory, and including hygrothermal effects. The nonlinear prebuckling deformations and initial 
geometric imperfections of the shell were both taken into account. A boundary layer theory of shell buckling 
was extended to the case of laminated cylindrical shells under hygrothermal environments, and a singular 
perturbation technique was employed to determine buckling loads and postbuckling equilibrium paths. The 
numerical illustrations concern the postbuckling behavior of perfect and imperfect, cross-ply laminated 
cylindrical shells under different sets of environmental conditions. The influences played by temperature rise, 
the degree of moisture concentration, fiber volume fraction, shell geometric parameter, total number of plies, 
stacking sequences and initial geometric imperfections are studied. 
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Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, People's Republic of China), “Postbuckling of shear deformable cross-ply laminated 
cylindrical shells under combined external pressure and axial compression”, International Journal of 
Mechanical Sciences, Vol. 43, No. 11, November 2001, pp. 2493-2523, 
doi:10.1016/S0020-7403(01)00058-3 
ABSTRACT: A postbuckling analysis is presented for a shear deformable cross-ply laminated cylindrical shell 
of finite length subjected to combined loading of external pressure and axial compression. The governing 
equations are based on Reddy's higher order shear deformation shell theory with von Kármán–Donnell type of 
kinematic nonlinearity. The nonlinear prebuckling deformations and initial geometric imperfections of the shell 
are both taken into account. A boundary layer theory of shell buckling, which includes the effects of nonlinear 
prebuckling deformations, large deflections in the postbuckling range, and initial geometric imperfections of the 
shell, is extended to the case of shear deformable laminated cylindrical shells under combined loading cases. A 
singular perturbation technique is employed to determine interactive buckling loads and postbuckling 
equilibrium paths. The numerical illustrations concern the postbuckling response of perfect and imperfect, 
unstiffened or stiffened, moderately thick, antisymmetric and symmetric cross-ply laminated cylindrical shells 
for different values of load-proportional parameters. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, China), “The effects of hygrothermal conditions on the postbuckling of shear 
deformable laminated cylindrical shells”, International Journal of Solids and Structures, Vol. 38, Nos. 36-37, 
September 2001, pp. 6357-6380, doi:10.1016/S0020-7683(01)00123-8 
ABSTRACT: The effect of hygrothermal conditions on the buckling and postbuckling of shear deformable 
laminated cylindrical shells subjected to combined loading of axial compression and external pressure is 
investigated using a micro-to-macro-mechanical analytical model. The material properties of the composite are 
affected by the variation of temperature and moisture, and are based on a micro-mechanical model of a 
laminate. The governing equations are based on Reddy's higher order shear deformation shell theory with von 
Kármán–Donnell-type of kinematic nonlinearity and including hygrothermal effects. The nonlinear prebuckling 
deformations and initial geometric imperfections of the shell are both taken into account. A boundary layer 
theory of shell buckling is extended to the case of shear deformable laminated cylindrical shells under 
hygrothermal environments and a singular perturbation technique is employed to determine the interactive 
buckling loads and postbuckling equilibrium paths. The numerical illustrations concern the postbuckling 
behaviour of perfect and imperfect, moderately thick, cross-ply laminated cylindrical shells under different sets 
of environmental conditions. The results show that the hygrothermal environment has a significant effect on the 
interactive buckling load as well as postbuckling response of the shell. In contrast, it has a small effect on the 
imperfection sensitivity of the shell with a very small geometric imperfection. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, People's Republic of China), “Thermal postbuckling analysis of laminated cylindrical 
shells with piezoelectric actuators”, Composite Structures, Vol, 55, No. 1, January 2002, pp. 13-22, 
doi:10.1016/S0263-8223(01)00128-3 
ABSTRACT: Thermal postbuckling analysis is presented for a cross-ply laminated cylindrical shell with 



piezoelectric actuators subjected to the combined action of thermal and electric loads. The temperature field 
considered is assumed to be a uniform distribution over the shell surface and through the shell thickness and the 
electric field is assumed to be the transverse component EZ only. The material properties are assumed to be 
independent of the temperature and the electric field. The governing equations are based on the classical shell 
theory with von Kármán–Donnell-type of kinematic nonlinearity. The nonlinear prebuckling deformations and 
initial geometric imperfections of the shell are both taken into account. A boundary layer theory of shell 
buckling, which includes the effects of nonlinear prebuckling deformations, large deflections in the 
postbuckling range, and initial geometric imperfections of the shell, is extended to the case of hybrid laminated 
cylindrical shells. A singular perturbation technique is employed to determine buckling temperatures and 
postbuckling load-deflection curves. The numerical illustrations concern thermal postbuckling behavior of 
perfect and imperfect, cross-ply laminated cylindrical thin shells with fully covered or embedded piezoelectric 
actuators under thermal and electric loads. The results show that the control voltage has a significant effect on 
the buckling temperature as well as thermal postbuckling response of the shell. In contrast, it has a very small 
effect on the imperfection sensitivity of (0/90)2S  laminated cylindrical shells with piezoelectric actuators. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, People's Republic of China), “Postbuckling of laminated cylindrical shells with 
piezoelectric actuators under combined external pressure and heating”, International Journal of Solids and 
Structures, Vol. 39, No.16, August 2002, pp. 4271-4289, doi:10.1016/S0020-7683(02)00262-7 
ABSTRACT: A postbuckling analysis is presented for a cross-ply laminated cylindrical shell with piezoelectric 
actuators subjected to the combined action of external pressure and heating and under electric loading cases. 
The temperature rise considered is assumed to be a uniform distribution over the shell surface and through the 
shell thickness and the electric field is assumed to be the transverse component EZ  only. The material 
properties are assumed to be independent of the temperature and the electric field. The governing equations are 
based on the classical shell theory with von Kármán–Donnell type of kinematic nonlinearity. The nonlinear 
prebuckling deformations and initial geometric imperfections of the shell are both taken into account. A 
boundary layer theory of shell buckling, which includes the effects of nonlinear prebuckling deformations, large 
deflections in the postbuckling range, and initial geometric imperfections of the shell, is extended to the case of 
hybrid laminated cylindrical shells. A singular perturbation technique is employed to determine the interactive 
buckling loads and postbuckling equilibrium paths. The numerical illustrations concern the postbuckling 
behavior of perfect and imperfect, cross-ply laminated cylindrical thin shells with fully covered or embedded 
piezoelectric actuators subjected to combined action of external pressure and heating and under different sets of 
electric loading cases. The effects played by applied voltage, shell geometric parameter, stacking sequence, as 
well as initial geometric imperfections are studied. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, People's Republic of China), “Postbuckling analysis of axially-loaded functionally 
graded cylindrical shells in thermal environments”, Composites Science and Technology, Vol. 62, Nos. 7-8, 
June 2002, pp. 977-987, doi:10.1016/S0266-3538(02)00029-5 
ABSTRACT: A postbuckling analysis is presented for a functionally graded cylindrical thin shell of finite 
length subjected to compressive axial loads and in thermal environments. Material properties are assumed to be 
temperature-dependent, and graded in the thickness direction according to a simple power law distribution in 
terms of the volume fractions of the constituents. The governing equations are based on the classical shell 
theory with von Kármán–Donnell-type of kinematic nonlinearity. The nonlinear prebuckling deformations and 
initial geometric imperfections of the shell are both taken into account. A boundary layer theory of shell 
buckling, which includes the effects of nonlinear prebuckling deformations, large deflections in the 
postbuckling range, and initial geometric imperfections of the shell, is extended to the case of functionally 
graded cylindrical shells. A singular perturbation technique is employed to determine the buckling loads and 
postbuckling equilibrium paths. The numerical illustrations concern the postbuckling response of axially-
loaded, perfect and imperfect, cylindrical thin shells with two constituent materials and under different sets of 
thermal environments. The effects played by temperature rise, volume fraction distribution, shell geometric 



parameter, and initial geometric imperfections are studied. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, China), “Postbuckling analysis of axially loaded functionally graded cylindrical panels 
in thermal environments”, International Journal of Solids and Structures, Vol. 39, No. 24, December 2002, 
pp.5991-6010, doi:10.1016/S0020-7683(02)00479-1 
ABSTRACT: A postbuckling analysis is presented for a functionally graded cylindrical panel of finite length 
subjected to axial compression in thermal environments. Material properties are assumed to be temperature 
dependent, and graded in the thickness direction according to a simple power law distribution in terms of the 
volume fractions of the constituents. The governing equations of a functionally graded cylindrical panel are 
based on Reddy’s higher order shear deformation shell theory with a von Kármán–Donnell-type of kinematic 
nonlinearity and including thermal effects. Two cases of the in-plane boundary conditions are considered. The 
nonlinear prebuckling deformations and initial geometric imperfections of the panel are both taken into account. 
A boundary layer theory of shell buckling, which includes the effects of nonlinear prebuckling deformations, 
large deflections in the postbuckling range, and initial geometric imperfections of the shell, is extended to the 
case of functionally graded cylindrical panels under axial compression. A singular perturbation technique is 
employed to determine the buckling loads and postbuckling equilibrium paths. The numerical illustrations 
concern the postbuckling behavior of axially loaded, perfect and imperfect, functional graded cylindrical panels 
with two constituent materials and under different sets of thermal environments. The influences played by 
temperature rise, volume fraction distributions, the character of in-plane boundary conditions, transverse shear 
deformation, panel geometric parameters, as well as initial geometric imperfections are studied. 
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“Thermomechanical postbuckling of shear deformable laminated cylindrical shells with local geometric 
imperfections”, International Journal of Solids and Structures, Vol. 39, No. 17, August 2002, pp. 4525-4542, 
doi:10.1016/S0020-7683(02)00351-7 
ABSTRACT: The effect of local geometric imperfections on the buckling and postbuckling of shear deformable 
laminated cylindrical shells subjected to combined axial compression and uniform temperature loading is 
investigated. Two cases of compressive postbuckling of initially heated shells and of thermal postbuckling of 
initially compressed shells are considered. The governing equations are based on Reddy's higher order shear 
deformation shell theory with a von Kármán–Donnell-type of kinematic nonlinearity and including thermal 
effects. The material properties are assumed to be independent of the temperature. The nonlinear prebuckling 
deformations and initial geometric imperfections of the shell are both taken into account. A boundary layer 
theory of shell buckling is extended to the case of shear deformable cross-ply laminated cylindrical shells and a 
singular perturbation technique is employed to determine the buckling loads and postbuckling equilibrium 
paths. The numerical illustrations concern the compressive or thermal postbuckling behavior of moderately 
thick, cross-ply laminated cylindrical shells with local or modal geometric imperfections. The results show that, 
for the same value of amplitude, the local geometric imperfection has a small effect on the buckling load as well 
as postubuckling response of the shell than a modal imperfection does. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, Shanghai 200030, 
People's Republic of China), “Hygrothermal effects on the postbuckling of axially loaded shear deformable 
laminated cylindrical panels”, Composite Structures, Vol. 56, No. 1, April 2002, pp. 73-85, 
doi:10.1016/S0263-8223(01)00187-8 
ABSTRACT: The effect of hygrothermal conditions on the buckling and postbuckling of shear deformable 
laminated cylindrical panels subjected to axial compression is investigated using a micro-to-macro-mechanical 
analytical model. The material properties of the composite are affected by the variation of temperature and 



moisture, and are based on a micro-mechanical model of a laminate. The governing equations are based on 
Reddy's higher order shear deformation shell theory with von Kármán–Donnell-type of kinematic nonlinearity 
and including hygrothermal effects. The nonlinear prebuckling deformations and initial geometric imperfections 
of the panel are both taken into account. A boundary layer theory of shell buckling is extended to the case of 
shear deformable laminated cylindrical panels under hygrothermal environments and a singular perturbation 
technique is employed to determine the buckling loads and postbuckling equilibrium paths. The numerical 
illustrations concern the postbuckling behavior of perfect and imperfect, moderately thick and thin, cross-ply 
laminated cylindrical panels under different sets of environmental conditions. The results show that the 
hygrothermal environment has a significant effect on the buckling load as well as postbuckling response of the 
panel. In contrast, it has a small effect on the imperfection sensitivity of symmetric cross-ply laminated 
cylindrical thin panels. 
 
 
J. Yang and Hui-Shen Shen, “Nonlinear analysis of functionally graded plates under transverse and in-plane 
loads”, International Journal of Non-Linear Mechanics, Vol. 38, No. 4, June 2003, pp 467-482 
doi:10.1016/S0020-7462(01)00070-1 
 ABSTRACT: Large deflection and postbuckling responses of functionally graded rectangular plates under 
transverse and in-plane loads are investigated by using a semi-analytical approach. Material properties are 
assumed to be temperature-dependent, and graded in the thickness direction according to a simple power law 
distribution in terms of the volume fractions of the constituents. The plate is assumed to be clamped on two 
opposite edges and the remaining two edges may be simply supported or clamped or may have elastic rotational 
edge constraints. The formulations are based on the classical plate theory, accounting for the plate-foundation 
interaction effects by a two-parameter model (Pasternak-type), from which Winkler elastic foundation can be 
treated as a limiting case. A perturbation technique in conjunction with one-dimensional differential quadrature 
approximation and Galerkin procedure are employed in the present analysis. The numerical illustrations concern 
the large deflection and postbuckling behavior of functional graded plates with two pairs of constituent 
materials. Effects played by volume fraction, the character of boundary conditions, plate aspect ratio, 
foundation stiffness, initial compressive stress as well as initial transverse pressure are studied. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, Shanghai 200030, 
People's Republic of China), “Postbuckling analysis of pressure-loaded functionally graded cylindrical shells in 
thermal environments”, Engineering Structures, Vol. 25, No. 4, March 2003, pp. 487-497, 
doi:10.1016/S0141-0296(02)00191-8 
ABSTRACT: A postbuckling analysis is presented for a functionally graded cylindrical thin shell of finite 
length subjected to external pressure and in thermal environments. Material properties are assumed to be 
temperature-dependent, and graded in the thickness direction according to a simple power law distribution in 
terms of the volume fractions of the constituents. The governing equations are based on the classical shell 
theory with von Kármán-Donnell-type of kinematic nonlinearity. The nonlinear prebuckling deformations and 
initial geometric imperfections of the shell are both taken into account. A boundary layer theory of shell 
buckling, which includes the effects of nonlinear prebuckling deformations, large deflections in the 
postbuckling range, and initial geometric imperfections of the shell, is extended to the case of functionally 
graded cylindrical shells. A singular perturbation technique is employed to determine the buckling loads and 
postbuckling equilibrium paths. The numerical illustrations concern the postbuckling response of pressure-
loaded, perfect and imperfect, cylindrical thin shells with two constituent materials under different sets of 
thermal environments. The effects played by temperature rise, volume fraction distribution, shell geometric 
parameter, and initial geometric imperfections are studied. The results reveal that the postbuckling behavior of 
the FGM shell is stable under external pressure and in thermal environments. 
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“Postbuckling of Pressure-Loaded Functionally Graded Cylindrical Panels in Thermal Environments”, ASCE J. 
Engrg. Mech. Vol. 129, pp. 414 – 425, (2003); doi:10.1061/(ASCE)0733-9399(2003)129:4(414) 
ABSTRACT: A postbuckling analysis is presented for a functionally graded cylindrical panel of finite length 
subjected to lateral pressure in thermal environments. Material properties are assumed to be temperature 
dependent, and graded in the thickness direction according to a simple power-law distribution in terms of the 
volume fractions of the constituents. The governing equations of a functionally graded cylindrical panel are 
based on Reddy’s higher-order shear deformation shell theory with von Kármán–Donnell-type of kinematic 
nonlinearity and include thermal effects. The two straight edges of the panel are assumed to be simply 
supported and two curved edges are either simply supported or clamped. The nonlinear prebuckling 
deformations and initial geometric imperfections of the panel are both taken into account. A boundary layer 
theory of shell buckling, which includes the effects of nonlinear prebuckling deformations, large deflection in 
the postbuckling range, and initial geometric imperfections of the shell, is extended to the case of functionally 
graded cylindrical panels. A singular perturbation technique is employed to determine the buckling loads and 
postbuckling equilibrium paths. The numerical illustrations concern the postbuckling behavior of simply 
supported, pressure-loaded, perfect and imperfect, functionally graded cylindrical panels with two constituent 
materials under different sets of thermal environments. The influences played by temperature rise, volume 
fraction distributions, transverse shear deformation, panel geometric parameters, as well as initial geometric 
imperfections, are studied. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, PR China), “Thermal postbuckling behavior of functionally graded cylindrical shells 
with temperature-dependent properties”, International Journal of Solids and Structures, Vol. 41, No. 7, April 
2004, pp. 1961-1974, doi:10.1016/j.ijsolstr.2003.10.023 
ABSTRACT: Thermal postbuckling analysis is presented for a functionally graded cylindrical thin shell of 
finite length. The temperature field considered is assumed to be a uniform distribution over the shell surface and 
through the shell thickness. Material properties are assumed to be temperature-dependent, and graded in the 
thickness direction according to a simple power law distribution in terms of the volume fractions of the 
constituents. The governing equations are based on the classical shell theory with a von Kármán–Donnell-type 
of kinematic nonlinearity. The nonlinear prebuckling deformations and initial geometric imperfections of the 
shell are both taken into account. A boundary layer theory of shell buckling, which includes the effects of 
nonlinear prebuckling deformations, large deflections in the postbuckling range, and initial geometric 
imperfections of the shell, is extended to the case of functionally graded cylindrical shells of finite length. A 
singular perturbation technique is employed to determine buckling temperature and postbuckling load–
deflection curves. The numerical illustrations concern the thermal postbuckling response of perfect and 
imperfect, cylindrical thin shells with two constituent materials. The effects played by volume fraction 
distribution, and initial geometric imperfections are studied. 
 
 
Hui-Shen Shen (School of Civil Engineering and Mechanics, Shanghai Jiao Tong University, 1954 Hua Shan 
Road, Shanghai 200030, People's Republic of China), “Postbuckling prediction of double-walled carbon 
nanotubes under hydrostatic pressure”, International Journal of Solids and Structures, Vol. 41, Nos. 9-10, May 
2004, pp. 2643-2657, doi:10.1016/j.ijsolstr.2003.11.028 
ABSTRACT: An elastic double-shell model is presented for the buckling and postbuckling of a double-walled 
carbon nanotube subjected to external hydrostatic pressure. The analysis is based on a continuum mechanics 
model in which each tube of a double-walled carbon nanotube is described as an individual elastic shell and the 
interlayer friction is negligible between the inner and outer tubes. The governing equations are based on higher 
order shear deformation shell theory with a von Kármán–Donnell-type of kinematic nonlinearity. The van der 
Waals interaction between the inner and outer nanotubes and the nonlinear prebuckling deformations of the 
shell are both taken into account. A boundary layer theory of shell buckling is extended to the case of double-
walled carbon nanotubes under hydrostatic pressure. A singular perturbation technique is employed to 
determine the buckling loads and postbuckling equilibrium paths. Numerical results reveal that the single-
walled carbon nanotube has a stable postbuckling path, whereas the double-walled carbon nanotube has an 



unstable postbuckling behavior due to the presence of van der Waals interaction forces. 
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“Postbuckling of Axially Loaded Functionally Graded Cylindrical Panels with Piezoelectric Actuators in 
Thermal Environments”. J. Engrg. Mech. Vol. 130, 982 (2004);  
doi:10.1061/(ASCE)0733-9399(2004)130:8(982) (14 pages) 
ABSTRACT: A compressive postbuckling analysis is presented for a functionally graded cylindrical panel with 
piezoelectric actuators subjected to the combined action of mechanical, electrical, and thermal loads. The 
temperature field considered is assumed to be of uniform distribution over the panel surface and through the 
panel thickness and the electric field considers only the transverse component EZ. The material properties of the 
presently considered functionally graded materials (FGMs) are assumed to be temperature-dependent, and 
graded in the thickness direction according to a simple power law distribution in terms of the volume fractions 
of the constituents, whereas the material properties of the piezoelectric layers are assumed to be independent of 
the temperature and the electric field. The governing equations are based on a higher-order shear deformation 
theory with a von Kármán-Donnell-type of kinematic nonlinearity. A boundary layer theory for shell buckling is 
extended to the case of hybrid FGM cylindrical panels of finite length. The nonlinear prebuckling deformations 
and initial geometric imperfections of the panel are both taken into account. A singular perturbation technique is 
employed to determine the buckling loads and postbuckling equilibrium paths. The numerical illustrations 
concern the compressive postbuckling behavior of perfect and imperfect FGM cylindrical panels with fully 
covered piezoelectric actuators, under different sets of thermal and electrical loading conditions. The effects due 
to temperature rise, volume fraction distribution, applied voltages, panel geometric parameters, in-plane 
boundary conditions, as well as initial geometric imperfections are studied. 
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Republic of China 
(2) Department of Mechanical Engineering, Shizuoka University, Johoku 3-5-1, Hamamatsu 432-8561, Japan 
“Postbuckling of FGM cylindrical shells under combined axial and radial mechanical loads in thermal 
environments”, International Journal of Solids and Structures, Vol. 42, Nos. 16-17, August 2005, pp. 4641-
4662, doi:10.1016/j.ijsolstr.2005.02.005 
ABSTRACT: A postbuckling analysis is presented for a shear deformable functionally graded cylindrical shell 
of finite length subjected to combined axial and radial loads in thermal environments. Heat conduction and 
temperature-dependent material properties are both taken into account. The temperature field considered is 
assumed to be a uniform distribution over the shell surface and varied in the thickness direction only. Material 
properties are assumed to be temperature-dependent, and graded in the thickness direction according to a simple 
power law distribution in terms of the volume fractions of the constituents. The formulations are based on a 
higher order shear deformation shell theory with von Kármán–Donnell-type of kinematic nonlinearity. A 
boundary layer theory of shell buckling, which includes the effects of nonlinear prebuckling deformations, large 
deflections in the postbuckling range, and initial geometric imperfections of the shell, is extended to the case of 
functionally graded cylindrical shells. A singular perturbation technique is employed to determine the 
interactive buckling loads and postbuckling equilibrium paths. The numerical illustrations concern the 
postbuckling response of perfect and imperfect cylindrical shells with two constituent materials subjected to 
combined axial and radial mechanical loads and under different sets of thermal environments. The results reveal 
that the temperature field and volume fraction distribution have a significant effect on the postbuckling 
behavior, but they have a small effect on the imperfection sensitivity of the functionally graded shell. 
 
 



Hui-Shen Shen (School of Ocean and Civil Engineering, Shanghai Jiao Tong University, 1954 Hua Shan Road, 
Shanghai 200030, PR China), “Postbuckling of axially loaded FGM hybrid cylindrical shells in thermal 
environments”, Composites Science and Technology, Vol. 65, Nos. 11-12, September 2005, pp. 1675-1690, 
doi:10.1016/j.compscitech.2005.02.008 
ABSTRACT: A postbuckling analysis is presented for a functionally graded cylindrical shell with piezoelectric 
actuators subjected to axial compression combined with electric loads in thermal environments. Heat 
conduction and temperature-dependent material properties are both taken into account. The temperature field 
considered is assumed to be a uniform distribution over the shell surface and varied in the thickness direction 
and the electric field is assumed to be the transverse component EZ only. The material properties of functionally 
graded materials (FGMs) are assumed to be graded in the thickness direction according to a simple power law 
distribution in terms of the volume fractions of the constituents, and the material properties of both FGM and 
piezoelectric layers are assumed to be temperature dependent. The governing equations are based on a higher 
order shear deformation theory with a von Kármán-Donnell-type of kinematic nonlinearity. A boundary layer 
theory of shell buckling is extended to the case of FGM hybrid laminated cylindrical shells of finite length. A 
singular perturbation technique is employed to determine the buckling load and postbuckling equilibrium paths. 
The numerical illustrations concern the postbuckling behavior of axially loaded, perfect and imperfect, FGM 
cylindrical shells with fully covered piezoelectric actuators under different sets of thermal and electric loading 
conditions. The results reveal that temperature dependency, temperature change and volume fraction 
distribution have a significant effect on the buckling load and postbuckling behavior of FGM hybrid cylindrical 
shells. In contrast, the control voltage has a very small effect on the buckling load and postbuckling behavior, 
and it has almost no effect on the imperfection sensitivity of the FGM hybrid cylindrical shells. 
 
 
Hui-Shen Shen (1) and N. Noda (2) 
(1) School of Ocean and Civil Engineering, Shanghai Jiao Tong University, 1954 Hua Shan Road, Shanghai 
200030, People’s Republic of China 
(2) Department of Mechanical Engineering, Shizuoka University, Johoku 3-5-1, Hamamatsu 432-8561, Japan 
“Postbuckling of pressure-loaded FGM hybrid cylindrical shells in thermal environments”, Composite 
Structures, Vol. 77, No. 4, February 2007, pp. 546-560, doi:10.1016/j.compstruct.2005.08.006 
ABSTRACT: A postbuckling analysis is presented for a functionally graded cylindrical shell with piezoelectric 
actuators subjected to lateral or hydrostatic pressure combined with electric loads in thermal environments. Heat 
conduction and temperature-dependent material properties are both taken into account. The temperature field 
considered is assumed to be a uniform distribution over the shell surface and varied in the thickness direction 
and the electric field considered only has non-zero-valued component EZ. The material properties of 
functionally graded materials (FGMs) are assumed to be graded in the thickness direction according to a simple 
power law distribution in terms of the volume fractions of the constituents, and the material properties of both 
FGM and piezoelectric layers are assumed to be temperature-dependent. The governing equations are based on 
a higher order shear deformation theory with a von Kármán–Donnell-type of kinematic nonlinearity. A 
boundary layer theory of shell buckling is extended to the case of FGM hybrid laminated cylindrical shells of 
finite length. A singular perturbation technique is employed to determine the buckling pressure and 
postbuckling equilibrium paths. The numerical illustrations concern the postbuckling behavior of pressure-
loaded, perfect and imperfect, FGM cylindrical shells with fully covered piezoelectric actuators under different 
sets of thermal and electric loading conditions. The results reveal that temperature dependency, temperature 
change and volume fraction distribution have a significant effect on the buckling pressure and postbuckling 
behavior of FGM hybrid cylindrical shells. In contrast, the control voltage only has a very small effect on the 
buckling pressure and postbuckling behavior of FGM hybrid cylindrical shells. 
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“Postbuckling analysis of axially loaded piezolaminated cylindrical panels with temperature dependent 
properties”, Composite Structures, Vol. 79, No. 3, July 2007, pp. 390-403, 
doi:10.1016/j.compstruct.2006.02.018 
ABSTRACT: A postbuckling analysis is presented for a shear deformable laminated cylindrical panel with 
piezoelectric actuators subjected to the combined action of mechanical, electric and thermal loads. The 
temperature field considered is assumed to be a uniform distribution over the panel surface and through the 
panel thickness and the electric field considered only has non-zero-valued component EZ. The material 
properties are assumed to be dependent of the temperature. The governing equations are based on a higher order 
shear deformation theory with a von Kármán–Donnell-type of kinematic non-linearity. The non-linear 
prebuckling deformations and initial geometric imperfections of the panel are both taken into account. A 
boundary layer theory of shell buckling is extended to the case of hybrid laminated cylindrical panels of finite 
length. A singular perturbation technique is employed to determine the buckling loads and postbuckling 
equilibrium paths. The numerical illustrations concern the compressive postbuckling behavior of perfect and 
imperfect, cross-ply laminated cylindrical panels with fully covered or embedded piezoelectric actuators under 
different sets of thermal and electric loading conditions. The results reveal that the temperature dependency and 
temperature rise have a significant effect on the buckling load and postbuckling behavior of piezolaminated 
cylindrical panels, but they only have a very small effect on the imperfection sensitivity of the thin panels. In 
contrast, the control voltage has a small effect on the buckling load, postbuckling behavior and imperfection 
sensitivity of piezolaminated cylindrical panels. 
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“Boundary layer theory for the buckling and postbuckling of an anisotropic laminated cylindrical shell. Part I: 
Prediction under axial compression”, Composite Structures, Vol. 82, No. 3, February 2008, pp. 346-361, 
doi:10.1016/j.compstruct.2007.01.024 
ABSTRACT: A boundary layer theory for the buckling and postbuckling of anisotropic laminated thin shells is 
developed. The material of each layer of the shell is assumed to be linearly elastic, anisotropic and fiber-
reinforced. It is also assumed that the well-known von Kármán nonlinear strain–displacement relationships are 
valid. The governing equations with transverse displacement and stress function as independent variables are 
deduced to a boundary layer type, which includes the effects of nonlinear prebuckling deformations, large 
deflections in the postbuckling range, and initial geometric imperfections of the shell. A postbuckling analysis 
is presented for axially loaded, perfect and imperfect, anisotropic laminated cylindrical shells with different 
values of shell parameters and stacking sequence. A singular perturbation technique is employed to determine 
the buckling loads and postbuckling equilibrium paths. The joint effects played by anisotropy, nonlinear 
prebuckling deformations, as well as initial geometric imperfections are studied. The new finding is that there 
exists a compressive stress along with an associate shear stress and twisting when the anisotropic laminated 
cylindrical shell is subjected to axial compression, and all the results published previously need to be re-
examined. 
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“Boundary layer theory for the buckling and postbuckling of an anisotropic laminated cylindrical shell. Part II: 
Prediction under external pressure”, Composite Structures, Vol. 82, No. 3, February 2008, pp. 362-370, 
doi:10.1016/j.compstruct.2007.01.018 
ABSTRACT: A boundary layer theory for the buckling and postbuckling of anisotropic laminated thin shells is 
extended to the loading case of external pressure. A singular perturbation technique is employed to determine 
the buckling pressure and postbuckling equilibrium paths. The numerical illustrations concern the postbuckling 
behavior of pressure-loaded, perfect and imperfect, anisotropic laminated cylindrical shells with different values 
of shell parameters and stacking sequence. The new finding is that there exists a circumferential stress along 



with an associate shear stress and twisting when the anisotropic shell is subjected to lateral pressure, and all the 
results published previously need to be re-examined. The results confirm that the effect of the boundary layer on 
the solution of a pressurized shell is of the order _µ3/2. The postbuckling equilibrium path is stable for the 
moderately long shell under external pressure and the shell structure is virtually imperfection-insensitive, 
whereas the postbuckling equilibrium path is unstable for a very short cylindrical shell under the same loading 
case. 
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“Boundary layer theory for the buckling and postbuckling of an anisotropic laminated cylindrical shell. Part III: 
Prediction under torsion”, Composite Structures, Vol. 82, No. 3, February 2008, pp. 371-381, 
doi:10.1016/j.compstruct.2007.01.013 
ABSTRACT: A boundary layer theory for the buckling and postbuckling of anisotropic laminated thin shells is 
extended to the loading case of torsion. A singular perturbation technique is employed to determine the 
buckling load and postbuckling equilibrium paths. The numerical illustrations concern the postbuckling 
behavior of twist, perfect and imperfect, anisotropic laminated cylindrical shells with different values of shell 
parameters and stacking sequence. The new finding is that there exists a shear stress along with an associate 
compressive stress when the anisotropic shell is subjected to torsion, and all the results published previously 
need to be re-examined. The results confirm that the effect of the boundary layer on the solution of a twist shell 
is of the order _µ5/4. The postbuckling equilibrium path is unstable for the moderately long shell subjected to 
torsion and the shell structure is less sensitive to initial imperfections than in the case of axial compression. 
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“Buckling and postbuckling of anisotropic laminated cylindrical shells under combined axial compression and 
torsion”, Composite Structures, Vol. 84, No. 4, August 2008, pp. 375-386,  
doi:10.1016/j.compstruct.2007.10.002 
ABSTRACT: A postbuckling analysis is presented for an anisotropic laminated cylindrical shell of finite length 
subjected to combined loading of axial compression and torsion. The governing equations are based on classical 
shell theory with von Kármán–Donnell-type of kinematic nonlinearity and including the extension–twist, 
extension–flexural and flexural–twist couplings. The nonlinear prebuckling deformations and initial geometric 
imperfections of the shell are both taken into account. A singular perturbation technique is employed to 
determine interactive buckling loads and postbuckling equilibrium paths. The numerical illustrations concern 
the postbuckling response of perfect and imperfect, anisotropic laminated cylindrical shells for different values 
of load-proportional parameters. The results show that the postbuckling characteristics depend significantly 
upon the load-proportional parameter. The results reveal that in combined loading cases the postbuckling 
equilibrium path is unstable and the shell structure is imperfection-sensitive. 
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buckling Behavior for FGM Cylindrical Shells With Piezoelectric Fiber Reinforced Composite Actuators”, J. 
Eng. Mater. Technol., Vol. 131,  No. 3, July 2009, 031010 (11 pages), doi:10.1115/1.3120408 
ABSTRACT: Compressive post-buckling under thermal environments and thermal post-buckling due to 
uniform temperature field or heat conduction are presented for a shear deformable functionally graded 
cylindrical shell with piezoelectric fiber reinforced composite (PFRC) actuators. The material properties of 
functionally graded materials (FGMs) are assumed to be graded in the thickness direction according to a simple 



power law distribution in terms of the volume fractions of the constituents, and the material properties of both 
FGM and PFRC layers are assumed to be temperature-dependent. The governing equations are based on a 
higher order shear deformation shell theory that includes thermopiezoelectric effects. The nonlinear prebuckling 
deformations and initial geometric imperfections of the shell are both taken into account. A singular 
perturbation technique is employed to determine buckling loads (temperature) and post-buckling equilibrium 
paths. The numerical  illustrations concern the compressive and thermal post-buckling behavior of perfect and 
imperfect FGM cylindrical shells with fully covered PFRC actuators under different sets of thermal and electric 
loading conditions, from which results for monolithic piezoelectric actuators are obtained as comparators. The 
results reveal that, in the compressive buckling case, the control voltage only has a small effect on the post-
buckling load-deflection curves of the shell with PFRC actuators, whereas in the thermal buckling case, the 
effect of control voltage is more pronounced for the shell with PFRC actuators, compared with the results of the 
same shell with monolithic piezoelectric actuators. 
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ABSTRACT: A postbuckling analysis is presented for a three-dimensional textile composite cylindrical shell of 
finite length subjected to axial compression in thermal environments. Based on a micro–macro-mechanical 
model, a three-dimensional textile composite may be as a cell system and the geometry of each cell is deeply 
dependent on its position in the cross-section of the cylindrical shell. The material properties of epoxy are 
expressed as a linear function of temperature. The governing equations are based on a higher order shear 
deformation shell theory with a von Kármán–Donnell-type of kinematic nonlinearity and including thermal 
effects. A singular perturbation technique is employed to determine the buckling loads and postbuckling 
equilibrium paths. The numerical illustrations concern the postbuckling behavior of perfect and imperfect, 
braided composite cylindrical shells with different values of geometric parameter and of fiber volume fraction 
in different cases of thermal environmental conditions. The results show that the shell has lower buckling load 
and postbuckling path when the temperature-dependent properties are taken into account. The results reveal that 
the temperature changes, the fiber volume fraction, and the shell geometric parameter have a significant effect 
on the buckling load and postbuckling behavior of textile composite cylindrical shells. 
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Torsion”, Mechanics of Advanced Materials and Structures, Vol. 16, No. 1, 2009, pp. 46 – 62, 
doi: 10.1080/15376490802544194 
ABSTRACT: A postbuckling analysis is presented for a shear deformable anisotropic laminated cylindrical 
shell of finite length subjected to torsion. The material of each layer of the shell is assumed to be linearly 
elastic, anisotropic and fiber-reinforced. The governing equations are based on a higher order shear deformation 
shell theory with von Kaacutermaacuten-Donnell-type of kinematic nonlinearity and including the 
extension/twist, extension/flexural and flexural/twist couplings. The nonlinear prebuckling deformations and 
initial geometric imperfections of the shell are both taken into account. A singular perturbation technique is 
employed to determine the buckling loads and postbuckling equilibrium paths. The numerical illustrations 
concern the postbuckling response of perfect and imperfect, moderately thick, anisotropic laminated cylindrical 
shells with different values of shell parameters and stacking sequence. The results confirm that there exists a 
shear stress along with an associate compressive stress when the shell is subjected to torsion. The postbuckling 
equilibrium path is stable for a moderately thick laminated cylindrical shell under torsion and the shell structure 
is virtually imperfection-insensitive. 
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Composite Structures, Vol. 87, No. 3, February 2009, pp. 242-256, doi:10.1016/j.compstruct.2008.01.013 
ABSTRACT: A postbuckling analysis is presented for a 3D braided composite cylindrical shell of finite length 
subjected to torsion in thermal environments. Based on a micro–macro-mechanical model, a 3D braided 
composite may be as a cell system and the geometry of each cell is deeply dependent on its position in the cross 
section of the cylindrical shell. The material properties of epoxy are expressed as a linear function of 
temperature. The governing equations are based on a higher-order shear deformation shell theory with a von 
Kármán–Donnell-type of kinematic nonlinearity and including thermal effects. A singular perturbation 
technique is employed to determine the buckling loads and postbuckling equilibrium paths. The numerical 
illustrations concern the postbuckling behavior of perfect and imperfect, braided composite cylindrical shells 
with different values of geometric parameter and of fiber volume fraction in different cases of thermal 
environmental conditions. The results show that the shell has lower buckling loads and postbuckling paths when 
the temperature-dependent properties are taken into account. The results reveal that the temperature changes, 
the fiber volume fraction, and the shell geometric parameter have a significant effect on the buckling load and 
postbuckling behavior of braided composite cylindrical shells. They also confirm that the torsional postbuckling 



equilibrium path of a moderately thick shell is stable and the shell structure is virtually imperfection–
insensitive. 
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Republic of China and State Key Laboratory of Ocean Engineering, Shanghai Jiao Tong University, Shanghai, 
People's Republic of China), “Post-buckling of internal-pressure-loaded laminated cylindrical shells surrounded 
by an elastic medium”, The Journal of Strain Analysis for Engineering Design August 1, 2009 vol. 44 no. 6 
439-458, DOI: 10.1243/03093247JSA505 
ABSTRACT: This paper presents a study on the post-buckling response of an anisotropic laminated cylindrical 
shell of finite length embedded in a large outer elastic medium and subjected to internal pressure in thermal 
environments. The surrounding elastic medium is modelled as a tensionless Pasternak foundation reacting in 
compression only. The governing equations are based on higher-order shear deformation shell theory with von 
Kármán–Donnell kinematic non-linearity and including extension–twist, extension–flexural, and flexural–twist 
couplings. The thermal effects are also included, and the material properties are assumed to be temperature 
dependent. Non-linear prebuckling deformations and the initial geometric imperfections of the shell are both 
taken into account. A singular perturbation technique is employed to determine the post-buckling response of 
the shells, and an iterative scheme is developed to obtain numerical results without using any assumption 
concerning the shape of the contact region between the shell and the elastic medium. Numerical illustrations 
concern the buckling and post-buckling response of cross-ply and symmetric angle-ply laminated shells 
surrounded by an elastic medium of tensionless foundation of the Pasternak type, from which results for 
conventional elastic foundations are obtained as comparators. The results reveal that unilateral constraints have 
a significant effect on the post-buckling response of shells subjected to internal pressure in thermal 
environments when the foundation stiffness is sufficiently large. 
 
 
H.-S. Shen (Department of Engineering Mechanics, Shanghai Jiao Tong University, Shanghai and State Key 
Laboratory of Ocean Engineering, Shanghai Jiao Tong University, Shanghai, 200030, People’s Republic of 
China), “Application of nonlocal shell models to microtubule buckling in living cells,” in Advances in Cell 
Mechanics, S. Li and B. Sun, Eds., pp. 257–316, Higher Education Press; Beijing, China, Springer, Heidelberg, 
Germany, 2011. 
ABSTRACT: A version of nonlocal elasticity theory is employed to develop a nonlocal shear deformable shell 
model. The governing equations are based on higher order shear deformation shell theory with a von Kármán-
type of kinematic nonlinearity and include small scale effects. These equations are then used to solve buckling 
problems of microtubules (MTs) embedded in an elastic matrix of cytoplasm subjected to bending. The 
surrounding elastic medium is modeled as a Pasternak foundation. The thermal effects are also included and the 
material properties are assumed to be temperature-dependent. The small scale parameter e0a is estimated by 
matching the buckling curvature of MTs observed from measurements with the numerical results obtained from 
the nonlocal shear deformable shell model. The numerical results show that buckling loads are decreased with 
the increasing small scale parameter e0a. The results reveal that the lateral constraint has a significant effect on 
the buckling moments of a microtubule when the foundation stiffness is sufficiently large. 
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ABSTRACT: Based on theory of nonlocal elasticity, a nonlocal double-elastic beam model is developed for the 
free transverse vibrations of double-walled carbon nanotubes. The effect of small length scale is incorporated in 
the formulation. With this nonlocal double-elastic beam model, explicit expressions are derived for natural 
frequencies and associated amplitude ratios of the inner to the outer tubes for the case of simply supported 
double-walled carbon nanotubes. The effect of small length scale on the properties of vibrations is discussed. It 
is demonstrated that the natural frequencies and the associated amplitude ratios of the inner to the outer tubes 
are dependent upon the small length scale. The effect of small length scale is related to the vibrational mode and 
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ABSTRACT: Elastic buckling of a long double-walled carbon nanotube embedded in an elastic medium and 
subjected to a far-field hydrostatic pressure is analyzed using the energy method. The study is on the basis of 
elastic-shell models at nano-scale, and the effect of van der Waals forces on the buckling is considered. The 
double-walled carbon nanotube is assumed to be thin and the tube is taken to be perfectly bonded to the 
surrounding medium. Both normal and shear stresses at the outer tube-medium interface are included. The 
difference between the Poisson's ratio of the tube and that of the elastic medium is taken into account. An 
expression is derived relating the external pressure to the buckling mode number, from which the critical 
pressure can be obtained. As a result, the critical pressure is dependent on the inner radius-to-thickness ratio, the 
material parameters of the elastic medium, and the van der Waals force. 
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ABSTRACT: A nonlocal multiple-shell model is developed for the elastic buckling of multi-walled carbon 
nanotubes under uniform external radial pressure on the basis of theory of nonlocal elasticity. The effect of 
small length scale is incorporated in the formulation. An explicit expression is derived for the critical buckling 
pressure for a double-walled carbon nanotube. The influence of the small length scale on the buckling pressure 
is examined. It is concluded that the critical buckling pressure for a carbon nanotube could be overestimated by 
the classic (local) shell model due to ignoring the effect of small length scale. 
 
 
Hui-Shen Shen and Chen-Li Zhang (Department of Engineering Mechanics, Shanghai Jiao Tong University, 
Shanghai 200030, People's Republic of China), “Nonlocal Shear Deformable Shell Model for Post-Buckling of 
Axially Compressed Double-Walled Carbon Nanotubes Embedded in an Elastic Matrix”, J. Appl. Mech., Vol. 
77,  No. 4, July 2010, 041006 (12 pages), doi:10.1115/1.4000910 
ABSTRACT: Buckling and post-buckling analysis is presented for axially compressed double-walled carbon 
nanotubes (CNTs) embedded in an elastic matrix in thermal environments. The double-walled carbon nanotube 
is modeled as a nonlocal shear deformable cylindrical shell, which contains small scale effects and van der 
Waals interaction forces. The surrounding elastic medium is modeled  as a tensionless Pasternak foundation. 
The post-buckling analysis is based on a higher order shear deformation shell theory with the von Kármán–
Donnell-type of kinematic nonlinearity. The thermal effects are also included and the material properties are 
assumed to be temperature-dependent and are obtained from molecular dynamics (MD) simulations. The 
nonlinear prebuckling deformations of the shell and the initial local point defect, which is simulated as a dimple 
on the tube wall, are both taken into account. A singular perturbation technique is employed to determine the 
post-buckling response of the tubes and an iterative scheme is developed to obtain numerical results without 
using any assumption on the shape of the contact region between the tube and the elastic medium. The small 
scale parameter e0a is estimated by matching the buckling loads of CNTs observed from the MD simulation 
results with the numerical results obtained from the nonlocal shear deformable shell model. Numerical solutions 
are presented to show the post-buckling behavior of CNTs surrounded by an elastic medium of conventional 
and tensionless Pasternak foundations. The results show that buckling and post-buckling behavior  of CNTs is 
very sensitive to the small scale parameter e0a. The results reveal that the unilateral constraint has a significant 
effect on the post-buckling response of CNTs when the foundation stiffness is sufficiently large. 
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ABSTRACT: Buckling and postbuckling analysis is presented for axially compressed microtubules (MTs) 
embedded in an elastic matrix of cytoplasm. The microtubule is modeled as a nonlocal shear deformable 
cylindrical shell which contains small scale effects. The surrounding elastic medium is modeled as a Pasternak 
foundation. The governing equations are based on higher order shear deformation shell theory with a von 
Kármán-Donnell-type of kinematic nonlinearity and include the extension-twist and flexural-twist couplings. 
The thermal effects are also included and the material properties are assumed to be temperature-dependent. The 
small scale parameter e (0) a is estimated by matching the buckling load from their vibrational behavior of MTs 
with the numerical results obtained from the nonlocal shear deformable shell model. The numerical results show 
that buckling load and postbuckling behavior of MTs are very sensitive to the small scale parameter e (0) a. The 
results reveal that the MTs under axial compressive loading condition have an unstable postbuckling path, and 
the lateral constraint has a significant effect on the postbuckling response of a microtubule when the foundation 
stiffness is sufficiently large. 
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pp.2496-2503, doi:10.1016/j.compstruct.2011.04.005 
ABSTRACT: A postbuckling analysis is presented for nanocomposite cylindrical shells reinforced by single-
walled carbon nanotubes (SWCNTs) subjected to lateral or hydrostatic pressure in thermal environments. The 
multi-scale model for functionally graded carbon nanotube-reinforced composite (FG-CNTRC) shells under 
external pressure is proposed and a singular perturbation technique is employed to determine the buckling 
pressure and postbuckling equilibrium path. Numerical results for pressure-loaded, perfect and imperfect, FG-
CNTRC cylindrical shells are obtained under different sets of thermal environmental conditions. The results for 
uniformly distributed CNTRC shell, which is a special case in the present study, are compared with those of the 
FG-CNTRC shell. The results show that the linear functionally graded reinforcements can increase the buckling 
pressure as well as postbuckling strength of the shell under external pressure. The results reveal that the carbon 
nanotube volume fraction has a significant effect on the buckling pressure and postbuckling behavior of 
CNTRC shells. 
 
 
V. Jayachandran and J.Q. Sun, “Modeling shallow-spherical-shell piezoceramic actuators as acoustic boundary 
control elements”, 1998 Smart Mater. Struct. Vol. 7, 1998, p. 72,  doi: 10.1088/0964-1726/7/1/009 
ABSTRACT: There has been a growing interest in the active suppression of noise in aircraft interiors in the 
recent past. While there are already many different technical solutions available in the form of active noise 
controllers using loudspeakers and structural sources, there is a need for low-profile acoustic sources that could 
be used for generating large volume velocities with high efficiency and low control effort. This paper presents 
an investigation into the potential usage of shallow-spherical-shell actuators (also known as RAINBOW 



actuators), made of piezoelectric materials supported on a flexible foundation along the edge, for such 
applications. The actuators have been modeled analytically and the effects of curvature, mount stiffness, mass 
and other parameters on the natural frequencies, linear stroke and volume velocity have been studied. 
Simulation results are presented and the potential for using the actuator as an efficient acoustic source has been 
discussed. 
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De Boelelaan 1081, 1081 HV Amsterdam, The Netherlands), “Deformation and collapse of microtubules on the 
nanometer scale. Phys Rev Lett 2003;91:098101, DOI: 10.1103/PhysRevLett.91.098101 
ABSTRACT: We probe the local mechanical properties of microtubules at the nanometer scale by radial 
indentation with a scanning force microscope tip. We find a linear elastic regime that can be described by both 
thin-shell theory and finite element methods, in which microtubules are modeled as hollow tubes. We also find 
a nonlinear regime and catastrophic collapse of the microtubules under large loads. The main physics of protein 
shells at the nanometer scale shows simultaneously aspects of continuum elasticity in their linear response, as 
well as molecular graininess in their nonlinear behavior. 
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“Non-linear buckling and postbuckling of shear deformable anisotropic laminated cylindrical shell subjected to 



varying external pressure loads”, Composite Structures, Vol. 92, No. 2, January 2010, pp. 553-567, 
doi:10.1016/j.compstruct.2009.08.048 
ABSTRACT: Non-linear buckling and postbuckling of a moderately thick anisotropic laminated cylindrical 
shell of finite length subjected to lateral pressure, hydrostatic pressure and external liquid pressure has been 
presented in the paper. The material of each layer of the shell is assumed to be linearly elastic, anisotropic and 
fiber-reinforced. The governing equations are based on a higher order shear deformation shell theory with von 
Kármán–Donnell-type of kinematic non-linearity and including the extension/twist, extension/flexural and 
flexural/twist couplings. The non-linear prebuckling deformations and initial geometric imperfections of the 
shell are both taken into account. A singular perturbation technique is employed to determine the buckling 
pressure and postbuckling equilibrium paths. The numerical illustrations concern the postbuckling response of 
perfect and imperfect, moderately thick, anisotropic laminated cylindrical shells with different values of shell 
parameters and stacking sequence. The results confirm that there exists a circumferential stress along with an 
associate shear stress when the shell is subjected to external pressure. 
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“Torsional buckling and postbuckling of double-walled carbon nanotubes by nonlocal shear deformable shell 
model”, Composite Structures, Vol. 92, No. 5, April 2010, pp. 1073-1084, 
doi:10.1016/j.compstruct.2009.10.002 
ABSTRACT: This paper presents an investigation on the buckling and postbuckling of double-walled carbon 
nanotubes (CNTs) subjected to torsion in thermal environments. The double-walled carbon nanotube is modeled 
as a nonlocal shear deformable cylindrical shell which contains small scale effects and van der Waals 
interaction forces. The governing equations are based on higher order shear deformation shell theory with a von 
Kármán–Donnell-type of kinematic nonlinearity and include the extension-twist and flexural-twist couplings. 
The thermal effects are also included and the material properties are assumed to be temperature-dependent and 
are obtained from molecular dynamics (MD) simulations. The small scale parameter e0a is estimated by 
matching the buckling torque of CNTs observed from the MD simulation results with the numerical results 
obtained from the nonlocal shear deformable shell model. The results show that buckling torque and 
postbuckling behavior of CNTs are very sensitive to the small scale parameter e0a. The results reveal that the 
size-dependent and temperature-dependent material properties have a significant effect on the torsional buckling 
and postbuckling behavior of both single-walled and double-walled CNTs. 
 
 
Shen, HS., Department of Engineering Mechanics, Shanghai Jiao Tong University, Shanghai 200030, People's 
Republic of China, “Buckling and postbuckling of radially loaded microtubules by nonlocal shear deformable 
shell model”, J Theor Biol, 2010 May 21; 264(2): 386-94, Epub 2010 Feb 16. 
ABSTRACT: This paper presents an investigation on the buckling and postbuckling of microtubules (MTs) 
subjected to a uniform external radial pressure in thermal environments. The microtubule is modeled as a 
nonlocal shear deformable cylindrical shell which contains small scale effects. The governing equations are 
based on higher order shear deformation shell theory with a von Kármán-Donnell-type of kinematic 
nonlinearity and include the extension-twist and flexural-twist couplings. The thermal effects are also included 
and the material properties are assumed to be temperature-dependent. A singular perturbation technique is 
employed to determine the buckling pressure and postbuckling equilibrium paths. The small scale parameter 
e(0)a is estimated by matching the buckling pressure of MTs measured from the experiments with the numerical 
results obtained from the nonlocal shear deformable shell model. The numerical results show that buckling 
pressure and postbuckling behavior of MTs are very sensitive to the small scale parameter e(0)a. The results 
reveal that the 13_3 microtubule has a stable postbuckling path, whereas the 13_2 microtubule has an unstable 
postbuckling behavior due to the presence of skew angles. 
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Shanghai 200030, People's Republic of China), “Modeling And Simulation Of Buckling And Postbuckling Of 
Plant Stems Under Combined Loading Conditions”, International Journal of Applied Mechanics, Vol. 3, No. 1, 
March 2011, DOI: 10.1142/S1758825111000907 
ABSTRACT: Numerical simulations for local buckling and postbuckling behavior of plant stems are presented 
under two combined loading cases: (1) axial compression (caused by axial grains) combined with wind 
pressure; and (2) bending moment (caused by eccentric axial grains) combined with wind pressure. Based on its 
microstructure, a hollow plant stem is modeled as a stringer stiffened multiwalled shell. The material properties 
of the stem are assumed to be orthotropic. The nonlinear governing equations for buckling and postbuckling of 
plant stems are solved through arc-length method along with Newton–Raphson technique. The numerical 
calculations are carried out using the finite element package ABAQUS. The results show that the postbuckling 
equilibrium path is unstable for plant stems subjected to axial compression or bending combined with relatively 
low values of wind pressure. Large reduction in buckling load and in postbuckling strength can be found even if 
the applied wind pressure is relatively small, which results in the easy occurrence of stem lodging. 
 
 
D. Dinkler and J. Pontow (Instutüt fur Static, Technische Universität, Braaunschweig, Germany), “A Model to 
Evaluate Limit Loads of Imperfection Sensitive Shells”, Computational Mechanics, WCCM VI in conjunction 
with APCOM’04, Sept 5-10, 2004, Beijing, China, published by Tsinghua Univerrsityh Press and Springer-
Verlag 
ABSTRACT: The paper deals with the development and application of stability estimates for structures under 
time{dependent loads. Applications to bars and shell structures show the variety of the phenomena in 
dynamic buckling behaviour of elastic structures in case of impulsive loading. The judgement of the 
stability is based on energy norms, that may be used for investigation of safety against loss of stability by 
buckling. Static analysis is used to compute the critical strain energy which is necessary to e®ect the 
transition from the pre{ to the postbuckling range. Starting from a stable state of equilibrium the presented 
procedure allows to decide whether the structure stays for a certain load history within the critical bounds, 
which separate the motion around the prebuckling state from the motion in a postbuckling region. The stability 
is proved by comparing the load induced energy and the critical strain energy. 
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Summary: The paper deals with the stability of perturbation sensitive shells. The perturbation energy concept 
developed by Dinkler/Kro �plin [2] is applied to estimate the static and kinetic limit loads of different 
perturbation sensitive shells by a single energy value, the perturbation energy. The material behaviour is 
described by a rate-independent model for elasto-plasticity. 
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ABSTRACT: The paper presents a procedure for computation of the limit loads of imperfection-sensitive shells 
including plastic deformations. On the basis of strain energy of shells, the worst case scenario for critical 
perturbations at fixed load levels is investigated. Limit loads of cylindrical and conical shells under combined 
actions are compared to European design rules. The concept is applied to more general buckling cases of 
combined shell structures. 
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ABSTRACT: The paper deals with the perturbation energy concept and its application to stability of 
imperfection sensitive structures under time-dependent loads. The evaluation of the stability is based on energy 
norms, which may be used for investigation of safety against buckling. Starting from a stable state of 
equilibrium the presented procedure allows to decide whether the structure stays for a certain load history 
within critical bounds, which separate the motion round the prebuckling state from a motion in the postbuckling 
region. The stability is proved by comparing the critical energy calculated by a static analysis and the load 
induced energy. Applications to a truss and a spherical shell illustrate the variety of the phenomena in dynamic 
buckling behaviour of elastic structures in case of impulsive loading and the accuracy of the proposed method. 
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Conference on Earthquake Engineering, Computational Mechanics, Geotechnical and Transportation 
Engineering, Addis Ababa, Ethiopia - January 8-9, 2003. 
ABSTRACT: Due to their high stiffness to mass ratio, stiffened cylindrical composite shells are major 
components of Aerospace and Aircraft industries. These structures are employed in fuselage and fuel tank 
applications, and are usually subjected to combinations of compressive, shear or transverse loads. Usually the 
failure mode associated with these structures is buckling. This failure mode is further subdivided into ‘local skin 
and/or stiffener buckling’, and ‘universal buckling’. 
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ABSTRACT: This paper discusses the recent experimental and analytical studies related to buckling of 
fabricated steel cylinders subjected to combinations of axial compression load and external pressure. The effects 
of initial imperfections and residual stresses are being investigated. A description of the test facilities and model 
geometries are given. The D/t ratios of the models range from 48 to 1000. The test programs include ring and 
stringer stiffened as well as ring stiffened cylinders. 
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ABSTRACT: This paper discusses the recent experimental and analytical studies related to buckling design of 
fabricated steel shells. The effects of initial imperfections and residual stresses on buckling are under 
investigation. The test programs include ring and stringer stiffened as well as ring stiffened cylinders subject to 
combinations of axial compression and external pressure. Proposed modifications to ASME Code Case N-284, 
“Metal Containment Shell Buckling Design Methods,” as well as the need for additional research, are discussed. 
 
 
J.G. Bennett (1), B.S. Browzin (2) and J.J. Burns (2) 
(1) Los Alamos National Laboratory, Los Alamos, NM 87545, USA 
(2) Office of Nuclear Regulatory Research, US Nuclear Regulatory Commission, Washington, DC 20555, USA 
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ABSTRACT: An outline and the status of the NRC research program with the Los Alamos National Laboratory 
is presented. 
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“Investigation of steel containment buckling under dynamic loads”, Nuclear Engineering and Design, Vol. 94, 
No. 1, June 1986, pp. 31-39, doi:10.1016/0029-5493(86)90151-2 
ABSTRACT: Buckling of freestanding nuclear steel containment buildings from dynamic base excitation was 
investigated in a combined experimental/numerical program. A polycarbonate scale model of a containment 
building was excited with scaled earthquake transients and single-frequency harmonic transients to determine 
the peak base acceleration levels required to induce buckling. Buckling was identified using recorded signals 
from strain gages and accelerometers, with high-speed video records, and by audibility. Experimental results are 
compared with numerical results obtained by using a freezing-in-time technique. The results are preliminary, 
since several more tests are to be performed. However, the limited data obtained indicate that the freezing-in-
time technique approximates the required acceleration levels reasonably well, although not conservatively. 
Additional experiments are described that will take containment asymmetries into account, as well as use 
instrumentation that will provide more accurate measures of the occurrence of buckling. 
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doi:10.1016/0029-5493(87)90157-9 
ABSTRACT: Two aspects of buckling of a free-standing nuclear steel containment building were investigated 
in a combined experimental and analytical program. In the first part of the study, the response of a scale model 
of a containment building to dynamic base excitation is investigated. A simple harmonic signal was used for 
preliminary studies followed by experiments with scaled earthquake signals as the excitation source. The 
experiments and accompanying analyses indicate that the scale model response to earthquake-type excitations is 
very complex and that current analytical methods may require that a dynamic capacity reduction factor be 
incorporated. The second part of the study quantified the effects of framing at large penetrations on the static 
buckling capacity of scale model containments. Results show little effect from the framing for the scale models 
constructed from the polycarbonate, Lexan. However, additional studies with a model constructed of the 
prototypic steel material are recommended. 
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ABSTRACT: Buckling test and linear buckling analysis has been performed on the spherical steel shell 
structure. Measured buckling loads are less than the values obtained by analysis and the knock-down factors are 
usually defined as the ratios of the experimental buckling load to the analytical values. The knock-down factors 
derived from the study are: for horizontal direction: 0.47 ∼ 0.57 and for vertical direction: 0.40 ∼ 0.60. The 
allowable buckling stress can be evaluated by using a knock-down factor and a safety factor. A simple and 
practical method for evaluating the allowable buckling stress for spherical shell has been proposed as a result of 
the study. 
 
 
C. R. Farrar, T. A. Duffey, P. A. Goldman and J. G. Bennett, “Dynamic Buckling of Containments: The 
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structures”, Nuclear Engineering and Design, Vol. 158, No. 1, September 1995, pp. 31-45, 
doi:10.1016/0029-5493(95)01018-D 
ABSTRACT: A simplified method is presented for evaluating the seismic buckling capacity of unstiffened, 
free-standing steel containment structures. The method is consistent with current US Nuclear Regulatory 
Commission seismic design standards and with containment buckling interaction equations given in the 
American Society of Mechanical Engineers Boiler and Pressure Vessel Code which includes the influence of 
geometrical imperfections of the shell on buckling. Stresses to be considered in the interaction equations are 
determined from beam theory using standard response spectrum analysis. An empirical correction factor is 
developed to account for hoop stresses that are not explicitly represented in the beam theory. As the results of 
these analyses are very sensitive to the damping that is assumed, the extensive three-dimensional finite element 
analyses that were performed to develop the hoop stress reduction factor were also used to study the sensitivity 
of containment buckling to the assumed damping. Experiments on model containment structures were then 
performed to further investigate the damping properties exhibited by these structures. The study in concluded by 
showing that the simplified method reasonably predicts seismic buckling capacities when compared with 
independently determined predictions from detailed finite element analyses. 
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Atomic Research, Kalpakkam, India), “Buckling behaviour of PFBR main vessel and its thermal baffles under 
seismic loadings”, SmiRT, edited by K. Kussmaul, 1993, Elsevier 
PARTIAL INTRODUCTION: The special feature of pool type fast breeder reactor is the usage of very large 
sized thin shell structures for its reactor vessels. Due to the large diameter to thickness ratio (around 700 to 
900), design of these vessels poses challenging structural mechanics problems particularly under seismic 
loading. An important threat to structural integrity of reactor vessels is the buckling risk during seismic 
events… 
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 “Buckling investigations on a nuclear reactor inner vessel model”, Experimental Mechanics, Vol. 41, No. 2, 
2001, pp.144-150,  
doi: 10.1007/BF02323190 
ABSTRACT: This paper presents the results of an experimental study on the buckling of scaled-down models 
of the inner vessel used in nuclear reactor structures. The inner vessel, a shell of composite geometry, consists 
of two cylindrical shells connected by conical and torus shells. There are six stand-pipes on the conical portion 
of the vessel carrying heat exchangers and pumps. Scaled-down models of the inner vessel are made by the 
conventional fabrication methods (rolling, welding) and are tested in the present study. The test setup consists 



of a loading system for applying concentrated load on the stand-pipes, an air compressor for applying internal 
pressure and the related instrumentation. Imperfection scans are carried out in a specially fabricated 
experimental setup using linear variable differential transformers (LVDTs) before and during loading. Using the 
scanned raw data, the initial geometric imperfections and eccentricity between the LVDTs and the specimen 
axes at different axial locations are calculated. The results show that the maximum initial imperfections are on 
the order of 1.75 times the wall thickness; generally, the growth of deformation patterns with loading resembles 
the shapes of initial imperfections, and the growth is predominant on lower cylinder and torus regions. The 
general purpose, finite element-based software, ABAQUS, is used to obtain the analytical values. The initial 
imperfections measured on the experimental models are incorporated into the finite element models. The 
agreement between experimental and analytical buckling loads is within about 30 percent error. 
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India), “Investigation on buckling of FBR vessels under seismic loadings with fluid structure interactions”, 
Nuclear Engineering and Design, Vol. 238, No. 12, December 2008, pp. 3208-3217, 
doi:10.1016/j.nucengdes.2008.08.009 
ABSTRACT: The critical thin walled shell structures in the reactor assembly of a pool type fast breeder reactor 
(FBR) are the main vessel, inner vessel and thermal baffles. On these structures, the seismic events impose 
major forces by developing high dynamic pressures, thereby causing a concern on structural integrity due to 
buckling. An integrated analysis for determining realistic forces and critical buckling loads at any instant during 
the seismic event has been carried out for the vessels of a typical 500 MWe pool type fast breeder reactor. The 
dynamic forces including pressure distributions generated on the vessel surfaces are extracted from the seismic 
analysis carried out for the reactor assembly. The seismic forces thus computed from axisymmetric analysis are 
transmitted appropriately to 3D shell geometries for the buckling analysis. In view of high computational time 
needed for carrying out buckling analysis at every time increment, the elastoplastic analysis is carried out only 
at a few critical time steps which are identified based on strain energies that are associated with the shear and 
compressive stresses developed at the portions of the vessels prone to buckle. The shear buckling of main vessel 
straight portion and buckling of toroidal portion of inner vessel and thermal baffles are found to be important. 
The possible randomness of support excitation time histories is accounted for by compressing as well as 
expanding the nominal time histories by 10%. Buckling strength reduction factors due to the initial geometrical 
imperfections are adopted from the literature. The inner vessel is found to be the most critical component which 
buckles under seismic forces induced by a safe shutdown earthquake with a load multiplier of 1.52, which is 
higher than the minimum factor of safety of 1.3 required as per the design code RCC-MR [RCC-MR: edition, 
2002. Design and construction rules for mechanical components for FBR nuclear islands, vol. 1, section I, 
subsection B. AFCEN, Paris, in press] for service level D conditions. 
 
 
“Buckling of Steel Shells – European Design Recommendations”, TWG 8.4 – Shells, ISBN 92-9147-000-92, 
2008 
ABSTRACT: This document is described as the 5th Edition of the ECCS European Recommendations for the 



Buckling of Steel Shells. It is the successor to the 4th Edition, published in 1988. In the 20 years since the 
publication of the 4th Edition in 1988, much has changed in the field of metal shell buckling. Extensive research 
has been undertaken, much new knowledge has been developed, and powerful computational modelling has 
transformed the field, though much design is still conducted by hand calculation. These changes are reflected in 
this 5th Edition. The 5th Edition quotes extensively from the Eurocode EN 1993-1-6 (2007) and is completely 
compatible with that standard. However, the Eurocode has no commentary, so the meaning, limitations and 
origins of many rules are not always clear. This 5th Edition provides an extensive commentary on the existing 
rules related to buckling in the Eurocode, but extends far beyond it in giving recommendations, expansions, 
advice and warnings, explanations and examples, all of which should give the user considerably more insight 
and confidence in applying the rules of EN 1993-1-6. 
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structural members”, Journal of Constructional Steel Research, Vol. 67, No. 12, December 2011, pp. 1789-
1796, doi:10.1016/j.jcsr.2011.05.003 
ABSTRACT: Plastic zone method of advanced analysis, which uses shell elements to model the entire 
structure, is the most accurate method available to predict the ultimate strength and behavior of steel frames. 
The disadvantage of such full shell plastic zone models is that it is computationally expensive and hence its use 
is limited to small structures. Beam elements in commercial finite element packages can model residual stress 
and capture spread of plasticity, but cannot model local buckling of plates that the member is made up of, which 
leads to unloading and failure in steel frames. A hybrid model using shell elements only in the regions 
vulnerable to elastic or inelastic local buckling and beam elements in other locations could overcome this 
limitation of full beam element model. The issues in using this hybrid model are, knowing a priori the location 
and length of the shell element region and connecting the beam and shell regions without any artificial stress 
concentrations or incompatible displacements. In this study, in addition to addressing these issues, the hybrid 
model is systematically evaluated by studying its performance in structural elements. It is seen that the hybrid 
model strength predictions has an average error of only 0.91% but requires on an average 83% less 
computational time when compared to the full shell plastic zone models. 
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Steel Research, Vol. 63, no. 3, pp 396-405, March 2007, DOI: 10.1016/j.jcsr.2006.05.004  
ABSTRACT: The availability of high strength steels and concrete leads to the use of thin steel plates in 
concrete-filled steel tubular beam–columns. However, the use of thin steel plates in composite beam–columns 
gives a rise to local buckling that would appreciably reduce the strength and ductility performance of the 
members. This paper studies the critical local and post-local buckling behavior of steel plates in concrete-filled 
thin-walled steel tubular beam–columns by using the finite element analysis method. Geometric and material 
nonlinear analyses are performed to investigate the critical local and post-local buckling strengths of steel plates 
under compression and in-plane bending. Initial geometric imperfections and residual stresses presented in steel 
plates, material yielding and strain hardening are taken into account in the nonlinear analysis. Based on the 
results obtained from the nonlinear finite element analyses, a set of design formulas are proposed for 
determining the critical local buckling and ultimate strengths of steel plates in concrete-filled steel tubular 
beam–columns. In addition, effective width formulas are developed for the ultimate strength design of clamped 
steel plates under non-uniform compression. The accuracy of the proposed design formulas is established by 
comparisons with available solutions. The proposed design formulas can be used directly in the design of 
composite beam–columns and adopted in the advanced analysis of concrete-filled thin-walled steel tubular 



beam–columns to account for local buckling effects. 
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“Behaviour and design of high strength steel-concrete filled columns”, The 2013 World Congress on Advances 
in Structural Engineering and Mechanics (ASEM13), Jeju, Korea, September 8-12, 2013 
ABSTRACT: This paper considers the behaviour and design of high strength steel-concrete composite columns 
used in major infrastructure engineering systems. The paper will highlight the major applications where high 
strength steel has been used in Australia and internationally. Current codes of practice will then be considered, 
highlighting the latest developments in Australian and International Standards for the use of high strength steel 
and high strength concrete in composite structural forms of construction. This paper also presents the results of 
an experimental study of the use of high strength steel-concrete composite columns which evaluates the in-
plane residual stresses. This study uses high strength steel with nominal yield stress of 690 MPa coupled with 
high strength concrete of characteristic compressive strength of 100 MPa. The concrete used in this study 
adopts a reduction of 30% of the use of cement content by using high volume fly ash. The use of both of these 
high strength materials satisfies the Green Building Council of Australia objectives to reduce materials and the 
impact of construction materials on carbon emissions. This paper focuses on a number of the technical aspects 



which the combination of these two materials allows. The improved local buckling resistance of the use of steel 
in contact with concrete is taken into account. Furthermore, the effect of increased confining effect due to the 
larger elastic range of steel is also considered.  
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“Behaviour of steel tubular stub and slender columns filled with concrete using recycled aggregates”, Journal of 
the South African Institution of Civil Engineering, Vol. 53, No. 2, October 2011 
ABSTRACT: This paper is based on a study that was done by utilising construction and demolition debris that 
had been effectively recycled, in structural members. The steel tubular columns were filled with different types 
of waste material, as well as recycled aggregate concrete, instead of normal conventional concrete. The results 
were subsequently analysed. The behaviour of circular and square concrete-filled steel tubular sections (CFSTs) 
under axial load, in which coarse aggregate had been partially replaced by recycled aggregates, is presented. 
The effects of steel tube dimensions, shapes and the confinement of concrete are also examined. Measured 
column strengths are compared with the values predicted by Eurocode 4, Australian Standards and American 
Codes. Twelve specimens were tested with 20 MPa concrete and steel sections with diameter-to-thickness ratios 
of 18,5, 25,3 and 36,0. The columns were of two different shapes - a circular-shaped set with diameters of 76 
mm and 89 mm, and a square-shaped set with sizes 72 mm and 91 mm. The circular-shaped columns of 76 mm 
diameter and the square-shaped columns with 72 mm diameter are 900 mm long. The circular columns with a 
diameter of 89 mm and the square columns of 91 mm diameter are 350 mm long. Eurocode 4 (EC4) gives the 
best estimation for both conventional and recycled aggregate concrete. However, the American Concrete 
Institute (ACI) / Australian Standards (AS) equation predicted lower values than measured during the 
experiments. Hence the ACI/AS equation has been modified by introducing a multiplying factor 'k' to predict 
good results for columns of L/D < 12. The values of k factor for L/D ratio varying from 4 to 12 are suggested in 
this study. From the results it has been noted that square columns save 30% of steel when compared with 
circular columns. It was also observed that the ultimate load of steel tubular columns filled with recycled 
aggregate concrete is higher than that of conventional concrete and columns filled with recycled aggregate 
concrete, and can result in a 10% saving in the cost of concrete. This research therefore proposes a solution for 
effective solid waste management, which will also prove to be cost effective. 
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China), “Elastic analysis on post-local buckling of steel plates in thin-walled rectangular concrete-filled steel 
tube columns”, Applied Mechanics and Materials, Vols. 204-208, pp 912-916, 2012 
ABSTRACT: With the wide application of high-strength concrete and thin-wall steel tube in concrete-filled 
steel tube, it is essential to study the post-local buckling behavior of rectangle steel plates. Based on large 
deflection theory of plate, the post-local buckling behavior of steel plates in concrete-filled steel tube is 
analyzed in this paper. At the same time, the post-local stress of steel plates is obtained. The results indicate that 
the post-local buckling behavior of steel plates can be effectively utilized in large width-to-thickness ratios of 
steel plates.  
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K. Uchiyama, Y. Uematsu and T. Orimo (Department of Architecture, Tohoku University, Sendai 980 Japan), 
“Experiments on the deflection and buckling behavior of ring-stiffened cylindrical shells under wind pressure”, 
Journal of Wind Engineering and Industrial Aerodynamics, Vol. 26, No. 2, 1987, pp. 195-211, 
doi:10.1016/0167-6105(87)90044-4 
ABSTRACT: Buckling behavior of thin circular cylindrical shells stiffened by one or two rings has been 
studied in a wind tunnel. Both the prebuckling deflection and the buckling load were measured with a variety of 



a specimens in a smooth flow, and the effects of the stiffeners on them were examined. For comparison 
purposes, the buckling load of each specimen under hydrostatic pressure was also measured. The results 
indicate that the prebuckling deflection and ovalling oscillation can be significantly suppressed by relatively 
light stiffeners. As the flexural rigidity, EsIs, of the ring increases, the axial buckling mode changes from a 
symmetric one accompanied by ring deflection to another one with the rings acting as nodes, at a critical value 
of EsIs. This critical value was found to be nearly equal to that for the hydrostatic pressure. On the other hand, 
contrary to the hydrostatic pressure case, the buckling load gradually increases with an increase in EsIs, even 
for values of EsIs greater than the critical value. 
 
 
Portela Gauthier, Genock,  Ph.D., University Of Puerto Rico, Mayaguez , 2004, 526 pages; 3141791 
(dissertation?), “Wind pressures and buckling of metal cantilever tanks”, Department of Civil Engineering, 
DAI-B 65/08, p. 4174, Feb 2005 
ABSTRACT: This thesis reports work done to evaluate wind pressure distributions on aboveground tanks 
formed by a cylinder and a roof, and to assess shell buckling due to such pressures. First, wind tunnel 
experiments were performed to obtain wind pressure distributions developed on the wall and on the roof of 
circular short steel tanks, including different geometries and group configurations. The geometries considered 
were selected from typical cylindrical tanks located in the Caribbean Region (including Puerto Rico), with 
conical, shallow-dome, and deep-dome roofs. The pressure distributions measured on the cylinder of the 
isolated tanks were similar to pressure values on silos obtained by other authors. However, shielding arrays 
revealed increments in windward pressures on the cylinder, and group arrays generated changes to the pressure 
distributions with respect to the isolated tanks. Second, linear bifurcation and nonlinear step-by-step buckling 
analyses were performed on tanks using the pressure distributions measured from the wind tunnel experiments, 
in order to obtain buckling loads and their associated modes of deformation. Changes to the initial geometry of 
tanks using the first mode of deformation obtained from an eigenvalue analysis were investigated to compute 
the sensitivity due to imperfections. The magnitudes of the imperfections applied varied from 10% to 200% the 
thickness of the shell. From the results, it seems that bifurcation analyses represent adequately the buckling 
behavior of isolated tanks with conical roofs, but not of tanks with dome roofs based on the selected dimensions 
of short tanks. Results also showed that corrosion effects reduce the buckling capacity of steel tanks. On the 
other hand, ring stiffeners around the cylinder of the tanks provide additional buckling capacity that depends on 
the elevations at which they are located. About imperfections, it seems that tanks with roofs have higher 
buckling loads but at the same time are more sensitive to imperfections than open-top tanks. 
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“Numerical simulation on buckling of combined multilayered unequal-thickness cylindrical shell”, Journal of 
Zhejiang University (Engineering Science), 2009 –09 
ABSTRACT: The influence of the characteristic factor of unequal-thickness on critical buckling load was 
analyzed by numerical simulation method based on geometric features of large vertical combined cylindrical 
shell.The character of unequal-thickness was considered as geometrical defect,which decreases the critical 
stress of classical shell buckling to some extent.Finite element analysis(FEA) models of combined multilayered 
unequal-thickness cylindrical shell were built to analyze the buckling of combined cylindrical shell under 
different loadings.Critical loads of instability buckling under different loadings were obtained to verify the 
influence regularity of hoop stress on the buckling of combined cylindrical shell.Results show that the 
characteristic factor of unequal-thickness can largely decrease the critical load of classical shell buckling.And 
the number of layers and the thickness difference of adjacent shell courses have the biggest influence on critical 
buckling load. 
 
 
Wardle, Brian L., “Buckling and damage resistance of transversely-loaded composite shells”, NASA Langley 
Research Center, Document ID: 19980232333, 288 pages, Final report: April 1996 – May 1998 



ABSTRACT: Experimental and numerical work was conducted to better understand composite shell response 
to transverse loadings which simulate damage-causing impact events. The quasi-static, centered, transverse 
loading response of laminated graphite/epoxy shells in a [+/-45(sub n)/O(sub n)](sub s) layup having geometric 
characteristics of a commercial fuselage are studied. The singly-curved composite shell structures are hinged 
along the straight circumferential edges and are either free or simply supported along the curved axial edges. 
Key components of the shell response are response instabilities due to limit-point and/or bifurcation buckling. 
Experimentally, deflection-controlled shell response is characterized via load-deflection data, deformation-
shape evolutions, and the resulting damage state. Finite element models are used to study the kinematically 
nonlinear shell response, including bifurcation, limit-points, and postbuckling. A novel technique is developed 
for evaluating bifurcation from nonlinear prebuckling states utilizing asymmetric spatial discretization to 
introduce numerical perturbations. Advantages of the asymmetric meshing technique (AMT) over traditional 
techniques include efficiency, robustness, ease of application, and solution of the actual (not modified) 
problems. The AMT is validated by comparison to traditional numerical analysis of a benchmark problem and 
verified by comparison to experimental data. Applying the technique, bifurcation in a benchmark shell-buckling 
problem is correctly identified. Excellent agreement between the numerical and experimental results are 
obtained for a number of composite shells although predictive capability decreases for stiffer (thicker) 
specimens which is attributed to compliance of the test fixture. Restraining the axial edge (simple support) has 
the effect of creating a more complex response which involves unstable bifurcation, limit-point buckling, and 
dynamic collapse. Such shells were noted to bifurcate into asymmetric deformation modes but were undamaged 
during testing. Shells in this study which were damaged were not observed to bifurcate. Thus, a direct link 
between bifurcation and atypical damage could not be established although the mechanism (bifurcation) was 
identified. Recommendations for further work in these related areas are provided and include extensions of the 
AMT to other shell geometries and structural problems. 
 
 
Wardle, Brian L., “Solution to the Incorrect Benchmark Shell-Buckling Problem”, AIAA Journal, vol. 46, no 2, 
pp. 381-387, February 2008 
ABSTRACT: A benchmark, geometrically nonlinear, shell-buckling problem is reviewed and the correct 
solution is identified and discussed vis-à-vis the incorrect solution from the open literature. The problem is that 
of a hinged, thin, isotropic cylindrical shell section, point-loaded transversely at the center, undergoing large 
deformations (5 x thickness). This benchmark problem and solution were introduced in 1972 and have been 
reproduced in at least 30 journal articles and books in the more than three decades since that time. The 
benchmark problem is of interest because it demonstrates many features possible in shell buckling, including a 
load-limit point (snap-through buckling) and a deflection-limit point (snap-down, or snap-back). The 
benchmark problem is typically used to demonstrate the capability of commercial/private finite element codes 
to traverse such complicated nonlinear load paths. The existing incorrect benchmark solution involves the 
nonlinear growth of only symmetric deformation modes. The correct solution to this benchmark problem 
involves bifurcation from the nonlinear load path into a simple asymmetric deformation mode. Experimental 
data do not exist for verification of the calculated benchmark response, and so a similar problem using a 
laminated composite shell is suggested as an alternative benchmark problem for shell stability analysis. 
 
 
I.S. Putra, T. Dirgantara, Firmansyah, M. Mora, Department of Aeronautics and Astronautics Engineering, 
Institut Teknologi Bandung, Jl. Ganesha 10 Bandung 40132, Indonesia, “Buckling Analysis of Shells with a 
Circumferential Crack”, Key Engineering Materials (Volumes 306 - 308), pp. 55-60, March 2006,  
DOI:  10.4028/www.scientific.net/KEM.306-308.55 
ABSTRACT: In this paper, buckling analysis of cylindrical shells with a circumferential crack is presented. The 
analyses were performed both numerically using FEM and experimentally. The numerical analyses and 
experiments were conducted for several crack lengths and radius of curvature, and two different boundary 
conditions were applied, i.e. simply support and clamp in all sides. The results show the effect of the presence 
of crack to the critical buckling load of the shells. There are good agreements between experimental and 
numerical results. 
 



 
Roh Jin-Ho, Lee In, Han Jae-Hung (Korea Advanced Inst. Sci. And Technol.), “Thermal Post-buckling 
Analysis of Adaptive Composite Shell Structures with SMAs”, Fukugo Zairyo Shinpojiumu Koen Yoshishu, 
Vol. 30, No. ? pp. 119-120, 2005 (published in Japan, Language=English, 2 references, no abstract given.) 
 
 
Henrik Myhre Jensen (Department of Solid Mechanics, Technical University of Denmark, DK-2800, Lyngby, 
Denmark), “Collapse of hydrostatically loaded cylindrical shells”, International Journal of Solids and 
Structures, Vol. 24, No. 1, 1988, pp. 51-64, doi:10.1016/0020-7683(88)90098-4 
ABSTRACT: A long circular cylindrical shell subjected to external pressure may collapse through the 
development of a propagating buckle. In this work a method has been developed for the theoretical prediction of 
the smallest propagation pressure in the case of path-dependent material descriptions. The method is illustrated 
by comparing predictions of the propagation pressure based on J2 flow theory with predictions based on J2 
deformation theory for two different radius to thickness ratios. The modelling is based on thin shell theory and 
small strain approximations, allowing for large deformations. Results for two different non-linear bending strain 
measures are compared, and the effect of using a finite strain J2 flow theory is investigated. 
 
 
Henrik Myhre Jensen (Technical University of Denmark, Department of Solid Mechanics, Building 404, DK-
2800 Lyngby, Denmark), “Analysis of compressive failure of layered materials by kink band broadening”, 
International Journal of Solids and Structures, Vol. 36, No. 23, August 1999, pp. 3427-3441, 
doi:10.1016/S0020-7683(98)00158-9 
ABSTRACT: Failure by steady state kink band broadening in uni-directional fibre composites or layered 
materials is analysed. An incremental scheme for calculation of kink band broadening stresses and lock-up 
conditions in the band for arbitrary material behaviour is presented. The method is illustrated by material data 
which are representative for polymer matrix composites for which experimental work exists. 
 
 
Henrik Myhre Jensen (Department of Solid Mechanics, Technical University of Denmark, Building 404, DK-
2800 Lyngby, Denmark), “Models of failure in compression of layered materials”, Mechanics of Materials, 
Vol.31, No. 9, September 1999, pp. 553-564, doi:10.1016/S0167-6636(99)00019-8 
ABSTRACT: Compressive failure of fibre reinforced or layered materials by fibre kinking, matrix splitting and 
fibre/matrix debonding is analysed. The main focus is on brittle matrix composites, however, the analysis of 
effects due to debonding is carried out in a general framework allowing for arbitrary time-independent plasticity 
of the layers. Fibre kinking and matrix splitting are regarded as competing failure modes with the conditions 
governing the active mode depending on the biaxial stress state in the composite and a combination of micro 
mechanical parameters. Two criteria for matrix splitting, and two models for the evolution of micro cracks in 
the matrix have been discussed. 
 
 
Kim D. Sørensen and Henrik M. Jensen (Department of Civil Engineering, Aalborg University, DK-9000 
Aalborg, Denmark), “Buckling-driven delamination in layered spherical shells”, Journal of the Mechanics and 
Physics of Solids, Vol. 56, No. 1, January 2008, pp. 230-240, Special Issue: Bridging scales in mechanics - 
"Where are the bottom and the top?" The Needleman-Tvergaard Solid Mechanics Symposium, 
doi:10.1016/j.jmps.2007.03.006 
ABSTRACT: An analysis of buckling-driven delamination of a layer in a spherical, layered shell has been 
carried out. The effects of the substrate having a double curvature compared to previous studies of delamination 
on cylindrical substrates turn out to be non-trivial in the sense that additional to the effect of the shape of the 
substrate, a new non-dimensional geometrical parameter enters the conditions for steady-state delamination. It 
is shown that this additional geometrical parameter in most cases of practical relevance has insignificant 
influence on the fracture mechanical parameters involved for the problem. The consequence is that solutions 
need to be mapped as a function of one rather than two dimensionless parameters. Furthermore, the shape of the 
substrate has profound influence especially on initiation of delamination growth. 
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“Mechanisms and Modelling of Delamination Growth and Failure of Carbon-Fibre Reinforced Skin-Stringer 
Panels”,  in “Composite Structures: Theory and Practice” STP 1383, 2001 
ABSTRACT: The main objective of this work was to investigate and predict the behaviour of damaged 
structural elements (skin-stringer panels). The study combined characterisation through testing with 
fractographic analysis, and analysis of delamination using the finite element method. The experimental studies 
entailed investigation of damage growth from embedded skin defects in panels under compressive load, and the 
subsequent structural failure. Parameters such as defect size, location with respect to sub-structure and through-
thickness position were studied. Local delamination and global panel buckling were modelled, and the resulting 
delamination growth was simulated using a moving mesh technique. The results illustrated the importance of 
the location of the 90° plies to the damage evolution, and the criticality of global buckling and stringer 
detachment in the structural failure. The understanding gained from both the experimental investigations and 
numerical simulations have led to guidelines for realistic modelling and rules for designing damage tolerant 
structures. 
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“Delamination Criticality in Slender Compression-Loaded Composite Panels”, Key Engineering Materials 
(Volumes 221 - 222), Experimental Techniques and Design in Composite Materials 5, 2002, pp. 3-16, doi: 
10.4028/www.scientific.net/KEM.221-222.3 
PARTIAL ABSTRACT: In this paper a damage tolerance model based on the assumption of delamination 
criticality in compression-loaded slender composite panels is outlined. In particular, the verification of the 
model by comparison between numerical predictions and experimental results is reviewed. Growth of shallow 



delaminations in slender panels is shown to be promoted by the global buckling of the panel. Consequently, 
care must be taken if structures with delaminations are to be allowed to buckle…. 
 
 
Oliver Martin, Karl-Fredrik Nilsson and Nikola Jaksic, “On plastic collapse analysis of KBS-3 canister mock-
up”, JRC Scientific and Technical Reports, EUR 23224 EN, Joint Research Center (JRC), European 
Communities, 2007 
ABSTRACT: This report describes an in-depth finite element simulation of a spent fuel canister for geological 
disposal loaded in iso-static pressure until plastic collapse. The canister consists of a copper overpack and a 
ductile cast iron insert with steel cassettes where the spent fuel is placed. The higgly non-linear finite element 
analysis is based on the explicit formulation and includes large deformations, non-linear material behaviour and 
contact between the canister components. The analysis includes comparison between two-and three dimensional 
models and assessment of the different geometrical features such as corner radius of the cassette, cassette off-
set, different bonding/dedonding conditions between insert and steel cassette. The analysis shows that the 
bonding cassette/insert has a large impact on the collapse load. Two large-scale mock-ups test that had been 
performed earlier are also simulated by the developed finite element models. There is a very good agreement 
between measured and computed deformations versus applied load and collapse load.  
 
 
F. Shen, K. H. Lee and T. E. Tay (Department of Mechanical Engineering, National University of Singapore, 10 
Kent Ridge Crescent, Singapore 119260, Singapore), “Modeling delamination growth in laminated 
composites”, Composites Science and Technology, Vol. 61, No. 9, July 2001, pp. 1239-1251, 
doi:10.1016/S0266-3538(01)00023-9 
ABSTRACT: This paper deals with the computational modeling of delamination and the prediction of 
delamination growth in laminated composites. In the analysis of post-buckled delaminations, an important 
parameter is the distribution of the local strain-energy release rate along the delamination front. A study using 
virtual crack closure technique is made for three-dimensional finite-element models of circular delaminations 
embedded in woven and non-woven composite laminates. The delamination is embedded at different depths 
along the thickness direction of the laminates. The issue of symmetry boundary conditions is discussed. It is 
found that fibre orientation of the plies in the delaminated part play an important role in the distribution of the 
local strain-energy release rate. This implies that the popular use of quarter models in order to save 
computational effort is unjustified and will lead to erroneous results. Comparison is made with experimental 
results and growth of the delamination front with fatigue cycling is predicted. A methodology for the prediction 
of delamination areas and directions using evolution criteria derived from test coupon data is also described. It 
is found that evolution criteria based on components of the strain-energy release rate predict the rate of 
delamination growth much better than evolution criteria based on the total strain energy release rate. 
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Ridge Crescent, Singapore), “Analysis of Delamination Growth in Laminated Composites with Consideration 
for Residual Thermal Stress Effects”, Journal of Composite Materials June 2002 vol. 36 no. 11 pp.1299-1320, 
doi: 10.1177/0021998302036011592 
ABSTRACT: This paper presents the results of a buckling and postbuckling analysis and modeling of 
embedded delaminations, and the prediction of delamination growth in laminated composites with consideration 
for residual thermal stresses. The distribution of the local strain energy release rate along the delamination front 
is obtained via the virtual crack closure technique applied to three-dimensional (3D) finite element models of 
circular delaminations embedded in woven and nonwoven composite laminates. In each case, the delamination 
is embedded at a different depth along the thickness direction of the laminates. The fibre orientation of the plies 
bounding the delamination significantly influences the distribution of the local strain energy release rate. There 
is general qualitative agreement between the predicted directions of delamination growth and C-scan results of 
the embedded delaminations. It is found that residual thermal stresses have a significant effect on the onset of 
buckling of the delaminated sublaminate, but negligible influence on the distribution of the local strain energy 
release rate in the postbuckled regime. Furthermore, the effect of residual thermal stresses is more pronounced 



for delaminations that are closer to the surface. A method for the prediction of delamination areas and directions 
using fatigue growth criteria derived from test coupon data is also presented. It is found that growth criteria 
based on components of the strain energy release rate predict the rate of delamnation growth much better than 
those based on the total strain energy release rate. 
 
 
Christian Cordts, Dr Matthias Schmutz, Prof Dr Rudolf Preisinger (Cuxhaven, Germany), “New alternatives for 
improving egg shell stability through breeding”, Lohman Information, No. 26, 2002 
INTRODUCTION: Egg shell quality is of considerable economic significance for commercial egg production. 
Eggs with shell defects lead to a direct reduction in yield and damage the image of eggs with the end user. 
Possible causes of these quality reductions are age, housing conditions, feeding, egg handling technology and 
genetic predisposition. The shell is the outer covering of the egg and performs several important functions and 
tasks. Each individual egg is unique with its own microstructure which provides a wealth of information about 
the environment in which it was created. The shell protects the contents of the egg from mechanical impact to 
some extent and allows a controlled exchange of fluid and gas through the pores. The egg shell also provides 
protection against microbial entry from the environment and serves as a scource of calcium for the development 
of the embryonal skeleton. Because of its central importance for the egg as a commercial product, breeders and 
producers are continuously seeking to improve the quality and consistency of the egg shell. In this paper we 
propose to concentrate on breeding approaches and alternative measuring techniques which have a direct impact 
on product quality at the producer level and which indicate possibilities for improving shell stability.  
 
 
Maxime Laville, Jérôme Babin, Isabel Londono, Mélanie Legros, Cécile Nouvel, Alain Durand, Régis 
Vanderesse, Michèle Leonard, Jean-Luc Six (Université de Lorraine and CNRS, Laboratoire de Chimie 
Physique Macromoléculaire LCPM, UMR 7568, Nancy F-54000, France), “Polysaccharide-covered 
nanoparticles with improved shell stability using click-chemistry strategies”, Carbohydrate polymers 04/2013, 
93(2), pp 537-46, DOI: 10.1016/j.carbpol.2012.11.050 
ABSTRACT: Dextran-covered PLA nanoparticles have been formulated by two strategies. On one hand, 
dextran-g-PLA copolymers have been synthesized by click-chemistry between azide-multifunctionalized 
dextran (DexN3) and alkyne end-functionalized PLA chains (α-alkyne PLA); then nanoprecipitated without any 
additional surfactants. On the other hand, DexN3 exhibiting surfactant properties have been emulsified with 
unfunctionalized or α-alkyne PLA, which are dissolved in organic phase with or without CuBr. Depending on 
the o/w emulsion/evaporation process experimental conditions, dextran-g-PLA copolymers have been produced 
in situ, by click chemistry at the liquid/liquid interface during the emulsification step. Whatever the process, 
biodegradable core/shell polymeric nanoparticles have been obtained, then characterized. Colloidal stability of 
these nanoparticles in the presence of NaCl or SDS has been studied. While the physically adsorbed 
polysaccharide based shell has been displaced by SDS, the covalently-linked polysaccharide based shell ensures 
a permanent stability, even in the presence of SDS.  
 
 
P. Cervellera, M. Zhou and U. Schramm (Altair Engineering), “Optimization driven design of shell structures 
under stiffness, strength and stability requirements”, 6th World Congresses of Structural and Multidisciplinary 
Optimization, Rio de Janeiro, 30 May – 03 June, 2005, Brazil 
ABSTRACT: (cannot cut and paste the abstract) 
 
 
Yin, Y, Yeh, H.-Y. and Yin, J. (Dept. of Engineering Mechanics, Tsinghua University, China), “Stability 
similarities between shells, cells and nano carbon tubes”, Nanobiotechnology, IEE Proceedings, Vol. 153, No. 
1, pp 7-10, February 2006, DOI: 10.1049/ip-nbt:20050021 
ABSTRACT: The similarity in stability characteristics between multiscale circular cylindrical structures is 
revealed. Two detailed structures are explored. One is the circular cylindrical shell on an engineering scale, and 
another is the circular cylindrical lipid bilayer vesicle on a micro- or nanoscale. The critical stability of the 
vesicle acted on by uniformly distributed radial pressure is analysed. The critical load of the vesicle is derived 



and compared with that of the thin shell. The astonishing similarity between them is disclosed. The possible 
applications of such similarity to biophysics, biology and biomedicine are presented. 
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“Application and Analysis of Sandwich Elements in the Primary Structure of Large Wind Turbine Blades”, 
Journal of Sandwich Structures and Materials, November 2007, vol. 9, no. 6, pp. 525-552, 
doi: 10.1177/1099636207069071 
ABSTRACT: The present work studies the advantages of applying a sandwich construction as opposed to 
traditional single skin composites in the flanges of a load carrying spar in a future 180 m wind turbine rotor. A 
parametric finite element model is used to analyze two basic designs with single skin and sandwich flanges, 
respectively. Buckling is by far the governing criterion for the single skin design. Introducing a sandwich 
construction results in a globally more flexible structure making tower clearance the critical criterion. 
Significant weight reduction up to 22.3% and increased buckling capacity is obtained. Moreover, the study 
showed that proper choice of core material is important to prevent face wrinkling. Geometric nonlinear analysis 
showed sensitivity to imperfections. A consistent submodeling technique is presented for verifying the response 
from the global model in any section of interest. 
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ABSTRACT: (cannot cut at paste and the small font showing on the screen is too small for an old man to see.) 
 
 
Erik Lund (1), Lennart Kuhlmeier (2) and Jan Stegmann (1) 
(1) Institute of Mechanical Engineering, Aalborg University, Pontoppidanstraede 101, DK-9220 Aalborg East, 
Denmark  
(2) Vestas Wind Systems A/S, Smed Sørensens Vej 5, 6950 Ringkøbing, Denmark 
“Buckling Optimization of Laminated Hybrid Composite Shell Structures Using Discrete Material 
Optimization”, 6th World Congress on Structural and Multidisciplinary Optimization Rio de Janeiro, 30 May - 
03 June 2005, Brazil 
ABSTRACT: The design problem of maximizing the buckling load factor of laminated hybrid composite shell 
structures is investigated using the so-called Discrete Material Optimization (DMO) approach. The design 
optimization method is based on ideas from multi-phase topology optimization where the material stiffness is 
computed as a weighted sum of candidate materials, thus making it possible to solve discrete optimization 
problems using gradient based techniques and mathematical programming. The potential of the DMO method to 
solve the combinatorial problem of proper choice of material, stacking sequence and fiber orientation 
simultaneously is illustrated for two benchmark plate examples, and ongoing work on buckling optimization of 
a wind turbine blade test section is outlined. 
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Symposium on Topological Design Optimization of Structures, Machines and Materials. Solid Mechanics and 
Its Applications, vol 137. Springer, Dordrecht, https://doi.org/10.1007/1-4020-4752-5_15 
ABSTRACT: The design problem of maximizing the lowest eigenfrequency or the buckling load factor of 
laminated composite shell structures is investigated using the so-called Discrete Material Optimization (DMO) 
approach. The design optimization method is based on ideas from multi-phase topology optimization where the 
material stiffness is computed as a weighted sum of candidate materials, thus making it possible to solve 
discrete optimization problems using gradient based techniques and mathematical programming. The potential 
of the DMO method to solve the combinatorial problem of proper choice of material, stacking sequence and 
fiber orientation simultaneously is illustrated for two multi-layered multi-material plate examples. 
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Vol. 10, 2008, pp. 243-260, doi: 10.1007/978-1-4020-8584-0_12 
ABSTRACT: The design of composite structures such as wind turbine blades is a challenging problem due to 
the need for pushing the material utilization to the limit in order to obtain light and cost effective structures. As 
a consequence of the minimum material design strategy the structures are becoming thin-walled, such that 



buckling problems must be addressed, and in this work the aim is to obtain buckling optimized multi-material 
designs of wind turbine blades. The design problem consists of distributing multiple materials within a given 
design domain, and the candidate materials may be fiber-reinforced materials, oriented at given discrete fiber 
angles, together with isotropic materials like foam materials used for sandwich structures. The discrete design 
optimization problem is converted to a continuous problem using the so-called Discrete Material Optimization 
(DMO) approach based on ideas from multi-phase topology optimization where interpolation functions with 
penalization are introduced. In this way traditional gradient based optimization techniques including efficient 
methods for design sensitivity analysis and mathematical programming can be used for solving the multi-
material distribution problem. The multi-material topology optimization approach is demonstrated for buckling 
optimization of a 9 m generic wind turbine blade test section. 
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Aalborg East, Denmark), “Buckling topology optimization of laminated multi-material composite shell 
structures”, Composite Structures, Vol. 91, No. 2, November 2009, pp. 158-167, 
doi:10.1016/j.compstruct.2009.04.046 
ABSTRACT: The design problem of maximizing the buckling load factor of laminated multi-material 
composite shell structures is investigated using the so-called Discrete Material Optimization (DMO) approach. 
The design optimization method is based on ideas from multi-phase topology optimization where the material 
stiffness is computed as a weighted sum of candidate materials, thus making it possible to solve discrete 
optimization problems using gradient based techniques and mathematical programming. The potential of the 
DMO method to solve the combinatorial problem of proper choice of material and fiber orientation 
simultaneously is illustrated for multilayered plate examples and a simplified shell model of a spar cap of a 
wind turbine blade. 
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Structural and Multidisciplinary Optimization, Vol. 43, No. 5, 2010, pp. 631-646,  
doi: 10.1007/s00158-010-0593-8 
ABSTRACT: This paper focuses on criterion functions for gradient based optimization of the buckling load of 
laminated composite structures considering different types of buckling behaviour. A local criterion is 
developed, and is, together with a range of local and global criterion functions from literature, benchmarked on 
a number of numerical examples of laminated composite structures for the maximization of the buckling load 
considering fiber angle design variables. The optimization formulations are based on either linear or 
geometrically nonlinear analysis and formulated as mathematical programming problems solved using gradient 
based techniques. The developed local criterion is formulated such it captures nonlinear effects upon loading 
and proves useful for both analysis purposes and as a criterion for use in nonlinear buckling optimization. 
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structures”, Computer Methods in Applied Mechanics and Engineering, Vol. 199, Nos. 37-40, 1 August 2010, 
pp. 2319-2330, doi:10.1016/j.cma.2010.02.005 
ABSTRACT: The paper presents an approach to nonlinear buckling fiber angle optimization of laminated 
composite shell structures. The approach accounts for the geometrically nonlinear behaviour of the structure by 
utilizing response analysis up until the critical point. Sensitivity information is obtained efficiently by an 



estimated critical load factor at a precritical state. In the optimization formulation, which is formulated as a 
mathematical programming problem and solved using gradient-based techniques, a number of the lowest 
buckling factors are included such that the risk of “mode switching” during optimization is avoided. The 
presented optimization formulation is compared to the traditional linear buckling formulation and two 
numerical examples, including a large laminated composite wind turbine main spar, to clearly illustrate the 
pitfalls of the traditional formulation and the advantage and potential of the presented approach. 
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International Journal of Solids and Structures, Vol. 47, Nos. 22-23, November 2010, pp. 3186-3202, 
doi:10.1016/j.ijsolstr.2010.07.020 
ABSTRACT: Nonlinear buckling optimization is introduced as a method for doing laminate optimization on 
generalized composite shell structures exhibiting nonlinear behaviour where the objective is to maximize the 
buckling load. The method is based on geometrically nonlinear analyses and uses gradient information of the 
nonlinear buckling load in combination with mathematical programming to solve the problem. Thin-walled 
optimal laminated structures may have risk of a relatively high sensitivity to geometric imperfections. This is 
investigated by the concepts of “worst” imperfections and an optimization method to determine the “worst” 
shape imperfections is presented where the objective is to minimize the buckling load subject to imperfection 
amplitude constraints. The ability of the nonlinear buckling optimization formulation to solve the laminate 
problem and determine the “worst” shape imperfections is illustrated by several numerical examples of 
composite laminated structures and the application of both formulations gives useful insight into the interaction 
between laminate design and geometric imperfections. 
 
 
Esben Lindgaard and Erik Lund (Department of Mechanical Engineering, Aalborg University, 
Pontoppidanstraede 101, DK-9220 Aalborg East, Denmark), “A unified approach to nonlinear buckling 
optimization of composite structures”, Computers & Structures, Vol. 89, Nos. 3-4, February 2011, pp. 357-370, 
doi:10.1016/j.compstruc.2010.11.008 
ABSTRACT: A unified approach to nonlinear buckling fiber angle optimization of laminated composite shell 
structures is presented. The method includes loss of stability due to bifurcation and limiting behaviour. The 
optimization formulation is formulated as a mathematical programming problem and solved using gradient-
based techniques. Buckling of a well-known cylindrical shell benchmark problem is studied and the solutions 
found in literature are proved to be incorrect. The nonlinear buckling optimization formulation is benchmarked 
against the traditional linear buckling optimization formulation through several numerical optimization cases of 
a composite cylindrical shell panel which clearly illustrates the advantage and potential of the presented 
approach. 
 
 
Esben Lindgaard and Jonas Dahl (Department of Mechanical and Manufacturing Engineering, Aalborg 
University, Fibigerstraede 16, DK-9220, Aalborg East, Denmark), “On compliance and buckling objective 
functions in topology optimization of snap-through problems”, Structural and Multidisciplinary Optimization, 
Vol. 47, No. 3, pp 409-421, March 2013 
ABSTRACT: This paper deals with topology optimization of static geometrically nonlinear structures 
experiencing snap-through behaviour. Different compliance and buckling criterion functions are studied and 
applied for topology optimization of a point loaded curved beam problem with the aim of maximizing the snap-
through buckling load. The response of the optimized structures obtained using the considered objective 
functions are evaluated and compared. Due to the intrinsic nonlinear nature of the problem, the load level at 
which the objective function is evaluated has a tremendous effect on the resulting optimized design. A well-
known issue in buckling topology optimization is artificial buckling modes in low density regions. The typical 



remedy applied for linear buckling does not have a natural extension to nonlinear problems, and we propose an 
alternative approach. Some possible negative implications of using symmetry to reduce the model size are 
highlighted and it is demonstrated how an initial symmetric buckling response may change to an asymmetric 
buckling response during the optimization process. This problem may partly be avoided by not exploiting 
symmetry, however special requirements are needed of the analysis method and optimization formulation. We 
apply a nonlinear path tracing algorithm capable of detecting different types of stability points and an 
optimization formulation that handles possible mode switching. This is an extension into the topology 
optimization realm of a method developed, and used for, fiber angle optimization in laminated composite 
structures. We finally discuss and pinpoint some of the issues related to buckling topology optimization that 
remains unsolved and demands further research. 
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“An algorithm for estimating minimum strength of thin-walled structures to resist elastic buckling under 
pressure”, Strength of Materials, Vol. 44, No. 2, pp 205-211, March 2012 
ABSTRACT: Elastic buckling, which occurs in shell structures, is a major design issue because it can cause 
failures of structures. In particular, the variation in buckling load caused by a decrease in the thickness of the 
walls of structures is a key issue for safe design. The arc-length method, which is a finite element method, is 
generally applied to solve this type of problem. However, it has been reported that there are some cases in 
which the path of the buckling load cannot be solved using this method. We verified the problem by applying 
the arc-length method to elastic buckling that occurs in a shallow partial spherical shell. To solve the problem, 
we formulated a novel algorithm used in the explicit finite element method for estimating minimum strength of 
thin-walled structures. In this algorithm, initial deformation is given by pressing a rigid wall to the vertical 
direction of buckling mode. We anticipate that the proposed method will prove to be a practical way of 
calculating the minimum load for partial elastic buckling that occurs in a general shell structure under pressure. 
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Marco Cerini and Brian George Falzon, "Use of the Arc-Length Method for Capturing Mode Jumping in 
Postbuckling Aerostructures", AIAA Journal, Vol. 43, No. 3 (2005), pp. 681-689. 
ABSTRACT: The arc-length method has become a widely established solution technique for studying nonlinear 
structural behavior. By augmenting the set of nonlinear equilibrium equations with a constraint equation, which 
is a function of both the displacements and load increment, it is capable of tranversing limit points. Numerous 
investigations have shown that highly nonlinear behavior such as sharp “snap-backs” can still lead to numerical 
difficulties. Two practical examples are presented to assess the effectiveness of this solution technique in 
capturing secondary instabilities in postbuckling structures, which present themselves as abrupt mode jumps. 
Although the first example poses no special difficulties, in the second case the nonlinear procedure fails to 
converge. An improvement to the method’s formulation is suggested, which accounts for the residual forces that 



are usually neglected, which proceeding to the next increment once convergence is reached on the current 
increment. The choice of a correct load increment at the first iteration, within a predictor-corrector scheme, is 
central to the method’s effectiveness. Current strategies for a choice of this load increment are discussed and are 
shown to be no longer consistent with the modified formulation; therefore, a new approach is proposed. 
 
 
S K Panda, B N Singh (Department of Aerospace Engineering, Indian Institute of Technology Campus, 
Kharagpur, West Bengal, India), “Thermal post-buckling analysis of a laminated composite spherical shell 
panel embedded with shape memory alloy fibres using non-linear finite element method”,  Proceedings of the 
Institution of Mechanical Engineers, Part C: Journal of Mechanical Engineering Science, Vol. 224, No. 4 / 
2010, pp. 757-769, DOI: 10.1243/09544062JMES1809 
ABSTRACT: In this article, the buckling and post-buckling behaviours of a laminated composite spherical 
shallow shell panel embedded with shape memory alloy (SMA) fibres are studied under a thermal environment. 
System equations for a laminated composite spherical shell panel embedded with SMA fibres are for the first 
time derived by modelling the geometric non-linearity in the Green–Lagrange sense and the material non-
linearity in SMA fibres in the framework of the higher-order shear deformation theory. The shell panel model is 
discretized by using a non-linear finite-element approach. The governing algebraic equations are then derived 
by the variational approach and solved using a direct iterative technique. Influences of the thickness ratio, 
boundary condition, aspect ratio, curvature ratio, lamination scheme, SMA volume fraction, percentage of 
prestrain, and amplitude ratio on the buckling and post-buckling temperatures of a laminated composite shell 
panel with and without SMA have been examined in detail. The results are computed using the present model 
and compared with those available in the literature. 
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Farkas, J., Jarmai, K., Orban, F.: Cost minimization of a ring-stiffened conical shell loaded by external pressure. 
Welding in the World 52 (5-6), 110_115 (2008) 
ABSTRACT: A ring-stiffened slightly conical shell is optimized for external pressure according to the design 
rules of Det Norske Veritas. The whole length and the different two end radii are given. The shell is divided into 
n equidistant segments with one stiffener in each segment. Each segment has a different shell thickness 
determined using a buckling constraint, and each ring-stiffener of welded square box section is designed by 
means of the required moment of inertia. The optimal number of shell segments (n opt) is determined by means of 
costs calculated for a series of n. The cost function includes the material, fabrication and painting costs. The 
shell normal stresses are determined also by finite element method. 
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Zoltán Virág (University of Miskolc Department of Equipments for Geotechnics H-3515 Miskolc-
Egyetemváros Hungary), “Determination of optimum diameter of a welded stiffened cylindrical shell”, Pollack 
Periodica, Vol. 4, No. 1/April 2009. pp. 41-52. doi: 10.1556/Pollack.4.2009.1.5 
ABSTRACT: In this overview of loaded a longitudinally stiffened welded circular cylindrical steel shell is 
investigated. The halved rolled I-section stringers are welded outside to the shell. The simply supported belt-
conveyor bridge is loaded by bending with a uniformly distributed normal load. The design constraints are 
related to the shell buckling, panel stiffener buckling and the maximum deflection of the bridge. The optimum 
shell thickness as well as the dimensions and number of stringers are sought, which minimize the cost function. 
The cost function includes the material, fabrication and painting costs. For the comparison an unstiffened shell 
is also optimized. The cost comparison shows that the cost of stiffened version is smaller than that of the 



unstiffened one only in those cases when the allowable deflection is strict enough. 
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G.I. Makhasev, “Free and parametric vibrations of cylindrical shells under static and periodic axial loads”, 
Technische Mechanik, Band 17, Heft , 1997, pp. 209-216 
ABSTRACT: This study examines free and parametric vibrations of cylindrical shells subjected to axial loads. 
In the case of free vibrations, the loading is static. Parametric vibrations are excited by a combined load 
consisting of one static and two periodic load components. The load is assumed to be nonuniform in the 
circumferential direction, and the shell is noncircular so that vibrations are concentrated near the “weakest” 
generatrix on the shell surface. By using Tovstik’s asymptotic method in combination with the multiple scale 
method with respect to time, the solutions of the governing equations are found in the form of functions 
localized near the “weakest” line and growing with time in the case of dynamic instability. The dependence of 
fundamental frequencies upon the static nonuniform axial force is studied. For the weak parametric excitation, 
the region of instability of a cylinder is determined directly in terms of its geometry, load intensity, and 
frequency. 
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G.I. Mikhasev and S.P. Kuntsevich, “Thermoparametric vibrations of noncircular cylindrical shell in a 
nonstationary temperature field”, Technische Meckanik, Bund 17, Heft 2,pp 113 – 120, 1997 
ABSTRACT: Low-frequency vibrations of an elastic noncircular cylindrical shell in a nonstationary 
temperature field is investigated. By using the method of multiple scales, the solutions of the shell equations are 
constructed in the form of functions localized near “the weakest” generatrix. The equations for definition of the 
vibration amplitude are derived. The main region of instability of the shell equilibrium is established. 
 
 
S.P. Kuntsevich and G.I. Mikhasev, “Parametric vibrations of viscoelastic cylindrical shell under static and 
periodic axial loads”, Technische Mechanik, Band 19, Heft 3, 1999, pp. 187-195 
ABSTRACT: Low-frequency parametric vibrations of a viscoelastic cylindrical shell subjected to axial static 
and additional periodic loads are studied. It is assumed that the shell is noncircular and the load is non-uniform 
in the circumferential direction. It is supposed that for the weak parametric excitation the shell vibrations are 
localized near the weakest generatrix on the shell surface. By using Fourier transformations over the 
circumferential coordinate and the multiple scale method with respect to time, the solutions of the shell 
equations are constructed in the form of functions that decrease quickly outside a small neighbourhood of the 
weakest line. The region of instability of the shell is determined with regard to the viscosity. 
 
 
G. Mikhasev, F. Seeger, U. Gabbert, (Vitebsk State University, 33 Moskovsky Ave., Belarus – 210038) “Local 
buckling of composite laminated cylindrical shells with oblique edges under external pressure: Asymptotic and 



finite element simulations”, Technische Mechanik, Band 21, Heft 1, (2001), pp. 1-12 
ABSTRACT: The problem of local buckling of a thin composite laminated cylindrical shell under external 
pressure is studied. Each layer of the shell is assumed to be isotropic. The special case of the shell being non-
circular and/or having no plane edges is considered here. Presupposing that buckling takes place in the 
neighborhood of some so-called “weakest” generator, the asymptotic Tovstik’s method is applied finding the 
critical pressure and the eigenmodes. As an example, buckling of a three-layered circular thin cylinder with a 
sloped edge is investigated. Besides the asymptotic approach the finite element simulation is applied to facilitate 
the estimation of the range to which the results obtained can be applied. (13 References; cannot cut and paste 
them) 
 
 
S. P. Kuntsevich and G. I. Mikhasev, “"Local parametric vibrations of a noncircular conical shell subjected to 
nonuniform pulsating pressure”, Mechanics of Solids, A journal of the Russian Academy of Sciences, Vol. 37 
(3), 134-139 (2002) 
ABSTRACT: The problem of parametric instability is studied for a thin conical shell subjected to nonuniform 
pulsating pressure. The edges of the shell (not necessary planar curves) are simply supported. The excitation 
frequency is assumed to be close to the twice the fundamental natural frequency of the shell. By using the WKB 
method combined with the method of multiple time scales we construct solutions of the governing equations as 
functions decreasing away from a certain "most weak" generatrix and slowly increasing in time in the case of 
parametric resonance. Taking into account the viscous friction, we find the boundaries of the principal domain 
of local parametric instability. 
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ABSTRACT: This paper is a continuation of [3-6] and it is devoted to a stability analysis of multilayered 
vibrating viscoelastic spheres, both in vacuo and in an acoustical fluid. The analysis is done by investigating the 
effect of viscoelastic damping on the (continuous) Ladyzenskaya-Babuˇska-Brezzi (LBB) constants for the 
related boundary-value problems. The sphere is modeled using both 3-D viscoelasticity and the Kirchhoff-Love 
shell theory.  
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cylindrical shells taking into account shear deformation and rotatory inertia”, Applied Mathematics and 
Mechanics (English Edition), 2007, 28(10):1319–1330  
ABSTRACT: The present work discusses the problem of dynamic stability of a viscoelastic circular cylindrical 
shell, according to revised Timoshenko theory, with an account of shear deformation and rotatory inertia in the 
geometrically nonlinear statement. Proceeding by Bubnov-Galerkin method in combination with a numerical 
method based on the quadrature formula the problem is reduced to a solution of a system of nonlinear integro-
differential equations with singular kernel of relaxation. For a wide range of variation of physical mechanical 
and geometrical parameters, the dynamic behavior of the shell is studied. The influence of viscoelastic 
properties of the material on the dynamical stability of the circular cylindrical shell is shown. Results obtained 
using different theories are compared. 
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P.E. Tovstik (St Petersburg, USSR), “Axially symmetric deformation of thin shells of revolution made of a non-
linearly elastic material”, Journal of Applied Mathematics and Mechanics, Vol. 61, No. 4, 1997, pp. 639-651, 
doi:10.1016/S0021-8928(97)00082-8 
ABSTRACT: Approximate elasticity relations are derived for the axially symmetric deformation of a thin shell 
of revolution made of a nonlinearly elastic material using the three-dimensional equations of the theory of 
elasticity. The deformations are assumed to be of the order of a small parameter which is proportional to the 
square root of the dimensionless thickness of the shell. Terms of the second order of smallness with respect to 
the deformations are retained in the elasticity relations, as a result of which the equations obtained have an error 
of the order of the dimensionless thickness of the shell, which is customary in the linear theory of shells. The 
Kirchhoff-Love hypotheses are satisfied only in the first approximation. The axial compression of a shell, 
assuming that one of the extreme parallels can freely slide along a plane of support, which is perpendicular to 
the axis of revolution, is considered as an example. A formula is obtained for the limiting load, which 
physically and geometrically takes account of nonlinear effects in the first approximation. 
 
 
S.M. Bauer and P.E. Tovstik, “Buckling of spherical shells under concentrated load and internal pressure”, 
Technische Mechanik, Band 18, Heft 2, (1998), pp. 135-139, September 1997 
ABSTRACT: Stability of a complete spherical shell under concentrated load was first considered by D. 
Bushnell (1967) by means of a finite difference method. In the present paper the effect of the internal pressure 
on the critical value of a concentrated load is studied by means of a combination of asymptotic and numerical 
methods.  
References listed at the end of the paper: 
1. Bushnell D. Bifurcation Phenomena in Spherical Shells under Concentrated and Ring Loads// AIAA Journ., Vol.5., Nov. 1967, No 
11, pp. 2034 -2040. � 
2. Tovstik P.E. The Post-buckling Axisymmetrical Deflections of Thin Shells of Revolution under Axial Loading // Technische 
Mechanik. 1996. B. 16. Helf 2. 117–132. � 
3. Koroteeva P.V., Tovstik P.E., Shuvalkin S.P.: On the axial force value at the post-buckling ax- isymmetric deflections of a shell of 
revolution// Vestnik S.-Peterburg. Univ. Mat.Mekh. Astron,. 1995. No. 3. p. 58-61. � 
4. Shilkrut D.I. The problems of qualitative theory of nonlinear shells. –: Kishinev, 1974. 144 p. � 



 
 
P. E. Tovstik, “Stability of a transversally isotropic cylindrical shell under axial compression”, Mechanics of 
Solids, Vol. 44, No. 4, 2009, pp. 552-564, doi: 10.3103/S0025654409040074 
ABSTRACT: We consider the stability of a thin transversally isotropic circular cylindrical shell under axial 
compression. We use a local approach according to which the buckling deflection is sought in the form of a 
doubly periodic function of curvilinear coordinates and the boundary conditions are ignored. We compare the 
solutions obtained according to the two-dimensional Kirchhoff-Love (KL) and Timoshenko-Reissner (TR) 
models with the solutions constructed according to the three-dimensional theory. Attention is mainly paid to the 
case of very small shear stiffness in the transverse direction. 
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N.F. Morozov and P.E. Tovstik (St. Petersburg State University, Russia), “Buckling modes of a compressed 
plate on an elastic substrate”, Mechanics of Solids, Vol. 47, No. 6, pp 622-627, November 2012 
ABSTRACT: The buckling modes of a homogeneously compressed elastic plate on a soft elastic substrate are 
studied. The critical compression is uniquely determined by the bifurcation equation, but this compression is 
associated with a wide set of buckling modes. It was proved that any solution of the Helmholtz equation 
satisfies the bifurcation equation. At the same time, in microelectronics, it is required to know which buckling 



mode is realized. Experimental and theoretical investigations show that the chessboard-like buckling mode 
should be expected. In what follows, this problem is discussed theoretically. The expected buckling mode can 
be found by analyzing the energy of the initial postcritical deformation, and the desired mode is determined 
from the condition of its minimum. The analytic expression of this energy is obtained. Its minimization results 
in the chessboard-like buckling mode. 
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compressed transversely isotropic cylindrical shell with a weakly supported curvilinear edge”, Vestnik St. 
Petersburg University: Mathematics, Vol. 48, No. 2, pp 109-118, April 2015 
ABSTRACT: The critical load and the buckling modes of a transversely isotropic circular cylindrical shell 
under axial compression are found. It is assumed that the curvilinear shell edge is free or weakly supported. In 
these cases, the buckling mode can be localized near this edge and the critical load can be lower than in the case 
of clamped edges. The transverse shear modulus is assumed to be small, so the solution is based on the 
Timoshenko–Reissner (TR) model. The deformations of the edge element are described using five general 
coordinates. Therefore, 25 = 32 possible combinations of boundary conditions are considered, depending on the 
restraint conditions imposed on these coordinates. In 15 cases, there is a chance of buckling near the shell edge 
and the corresponding behavior of the functions λ(q, g) is investigated. The role of the fifth boundary condition 
in the TR model, which does not exist in the Kirchhoff–Love (KL) model is studied. It is shown that, if the 
boundary condition H = 0 holds and g→0, then the results based on the TR and KL models coincide. If the 
restraint φ2 = 0 is imposed and g→0, then the TR model produces new results as compared with the KL model. 
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“ABAQUS FEM Analysis of the Postbuckling Behaviour of Composite Shell Structures”, (publisher, year not 
given; most recent reference is 2008)  
ABSTRACT: For the design of stiffened composite shell structures the knowledge of the structural response in 
the postbuckling region is an important topic. Accordingly, tools are required that enable an accurate and 
reliable prediction of the postbuckling behaviour. In this paper it is shown how the finite element code Abaqus 
can be used for this purpose. When performing finite element simulations, a large amount of time is often 
needed to build up the finite element model - in particular if the model consists of several parts with complex 
geometries. For this reason the preprocessing tool Abaqus/CAE provides an interface which allows the user to 
automate repetitive tasks. Based on this interface, a tool simplifying the pre- and postprocessing of shell 
structures stiffened by stringers and frames was developed by Abaqus Deutschland for the company Airbus. 
Next to a summary of the abilities of this tool, the main focus of this paper is on discussing several modelling 
techniques that are used to enable a realistic idealisation of the physical problem and on presenting simulation 
results for an exemplary structure. Based on this example, the influence of modelling details like mesh density 
and geometric imperfections on the prediction of the failure load is discussed. 
References listed at the end of the paper: 
1. Costamagna, K., Frenk, A., Emmel, T., Virtual Testing of Aircraft Panels, Abaqus Benutzerkonferenz, Baden-Baden, 2007. 
2. Dassault Systèmes Simulia Corp., Abaqus Analysis User's Manual, Version 6.8, Providence, RI, USA, 2008. 3. Hashin, Z., Failure 
Criteria for Unidirectional Fiber Composites, Journal of Applied Mechanics, vol. 47, pp. 329–334, 1980.  
4. Puck, A., Festigkeitsanalyse von Faser-Matrix-Laminaten, Carl Hanser Verlag, München, Wien, 1996. 
 
 
Chun Tang, Jeremy Feliciano, Changfeng Chen, (Department of Physics and Astronomy and High Pressure 
Science and Engineering Center, University of Nevada, Las Vegas, NV 89154), “Aspect Ratio Dependant 
Buckling Mode Transition in Single-Walled Carbon Nanotubes under Compression”, Bulletin of the American 
Physical Society, APS March Meeting 2011, Vol. 56, No. 1, March 21–25, 2011; Dallas, Texas 
ABSTRACT: We have conducted molecular dynamics simulations on compressing behaviors of single-walled 
carbon nanotubes (SWCNTs) with a large variaty of aspect ratios. It is found that SWCNTs with large aspect 
ratios experience column buckling behavior at low strain levels, in contrast to commonly observed shell 
buckling of short SWCNTs. Further compression leads to a transition to a shell buckling mode, which is distinct 
from those of short SWCNTs under compression. It originates from the column buckling induced bending 
loadings. We extract the scaling law with respect to the aspect ratio of SWCNTs based on an analytical model 
of bending buckling. 
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(2) School of Engineering, University of Western Sydney, Penrith South DC, NSW, Australia 
“Aspect ratio dependent buckling mode transition in single-walled carbon nanotubes under compression”, J. 
Appl. Phys., Vol. 109, 084323 (2011); doi:10.1063/1.3569616 (5 pages) 
ABSTRACT: Using molecular dynamics simulations, we study axial compressive behavior of single-walled 
carbon nanotubes (SWCNTs) with a wide range of aspect ratios (length to diameter ratio). It is shown that the 
difference in aspect ratio leads to distinct buckling modes in SWCNTs. Small-aspect-ratio SWCNTs primarily 
exhibit shell buckling; they switch to a column buckling mode with increasing aspect ratio. Further compression 
of the already column buckled large-aspect-ratio SWCNTs results in a shell buckling. This shell buckling mode 
is distinct from that of small-aspect-ratio SWCNTs in that it originates from the column buckling induced 
bending deformation. The transition strain from column buckling to shell buckling of large-aspect-ratio 
SWCNTs is predicted using an analytical expression. The underlying mechanism is discussed by analyzing the 
variation of C-C bond lengths and angles. 
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I. K. Oh, J. H. Han And I. Lee (Department of Aerospace Engineering, KAIST 373-1 Kusong-dong, Yusong-
gu, TAEJON, 305-701, Korea), “Postbuckling And Vibration Characteristics Of Piezolaminated Composite 
Plate Subject To Thermo-Piezoelectric Loads”, Journal of Sound and Vibration, Vol. 233, No. 1, 25 May 2000, 
pp. 19-40, doi:10.1006/jsvi.1999.2788 
ABSTRACT: Postbuckling and vibration analyses considering large thermopiezoelastic deflections are 
performed for fully symmetric and partially eccentric piezolaminated composite plates. Non-linear finite 
element equations based on the layerwise displacement theory are formulated for piezolaminated plates subject 
to thermal piezoelectric loads. The results demonstrate a methodology for raising the thermal buckling 
temperature and decreasing the thermal postbuckled deflection. Vibration characteristics under complex 
thermopiezoelectric loads are investigated in the prebuckling and postbuckling regions. For fully distributed 
piezolaminates, this study shows that excessive bending moments for the suppression of thermally buckled 
deflection may cause another type of structural instability. In addition, the effective placement of piezoceramic 



patches is studied to improve suppression of thermally buckled deflection for the partially segmented 
piezolaminates. 
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B. N. Singh; Jibumon B. Babu, (Department of Aerospace Engineering, IIT, Kharagpur, India ),“Thermal 
buckling of laminated composite conical shell panel with and without piezoelectric layer with random material 
properties”, International Journal of Crashworthiness, Vol. 14, No. 1, First published 2009, pp. 73 – 81, DOI: 
10.1080/13588260802517352 
ABSTRACT: In this paper, the sensitivity of randomness in material parameters on the thermal buckling of 
conical shells embedded with and without piezoelectric layer is examined. A higher order shear deformation 
theory is used to model the system behaviour of the conical shell. The lamina material properties are modelled 
as basic random variables. A deterministic finite element method in conjunction with the first-order perturbation 
technique is employed to handle the randomness in the material properties. Typical numerical results for the 
second order statistics of the linear thermal buckling load of the composite conical shells/panels with and 
without piezoelectric layer are obtained. Mean value results are validated with those available in the literature 
and standard deviation results are also validated with an independent Monte Carlo simulation. 
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“Effect of Geometric Imperfection on Buckling Strength of Cylindrical Shells”, Failure of Engineering 
Materials & Structures, UET Taxila, Mechanical Engineering Department (no date; most recent reference is 
2003) 
ABSTRACT: In this research paper, effect of geometric imperfection on buckling of cylindrical shell subjected 
to different types of loadings has been investigated using Finite element analysis and compared with analytical 
model by Donnell and semi Empirical model based on experimentation [1,2] of a perfect shell. In finite element 
analysis Newton Raphson and Arc length methods are used. Based on the presented results conclusions can be 
drawn concerning the shell behavior and its sensitivity to different loadings. 
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Michel Bernadou (Institut National de Recherche en Informatique et en Automatique, Domaine de Voluceau, 
Rocquencourt, BP105, 78153 Le Chesnay Cedex, France), “Numerical analysis of thin shell problems: 
Approximation and shape optimization”, Rapports de Recherche, No. 744, November 1987. See also, 
Proceedings of the 3rd Theoretical and applied mechanics course: “Optimal Design, Foundations and 
Applications”, held in Rio de Janeiro, July 6-31, 1987 
ABSTRACT: This report constitutes a synthesis of different results of numerical analysis of thin shell problems. 
The first part involves a general geometric definition of thin shells which is illustrated by different concrete 
examples. Next, one records the mechanical and the mathematical formulations of the problems and one gives 
some existence results. The second part presents some results obtained or under study concerning the 
approximation of these problems by finite element methods. They include conforming methods, flat plate 
element methods, mixed methods and D.K.T. methods. Finally, the third part contains basic results to solve the 
optimal design problem of a thin shell (joint work with F. Palma and B. Rousselet). 
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“Optimal Design for Axisymmetric Cylindrical Shell Buckling”,  ASCE   
Journal of Engineering Mechanics, Vol.115, No. 8, p 1683, 1989 
(You have to pay for abstract, references) 
Related papers: 
1. Analysis of optimized plates for buckling 
R Levy… - Computers & structures, 1991 - Elsevier 
This paper is concerned with the analysis of optimized plates for buckling. The Rayleigh-Ritz 



technique is used to solve variable thickness rectangular plates. A double sine series is used 
to represent the lateral displacements and convergence is attained for a six term series. 
2. Buckling optimization of variable thickness prismatic folded plates 
M Özakça, N Tayi… - Thin-walled structures, 2003 - Elsevier 
This paper deals with the structural shape optimization of prismatic folded plates under buckling 
load consideration. Buckling loads are determined using linear, quadratic and cubic, variable 
thickness, C(0) continuity, Mindlin-Reissner finite strips. The whole structural optimization ... 
3. Optimal design of plates for shear buckling 
R Levy… - Computers & structures, 1997 - Elsevier 
This paper is concerned with the structural optimization problem of maximizing the shear buckling 
load of rectangular plates for a given volume of material. Optimality conditions are first derived 
via variational calculus and a double cosine thickness varying plate and a hybrid double ... 
 
 
Wahhaj Uddin (Department of Mechanical Engineering, Bangladesh University of Engineering and 
Technology, Dhaka, Bangladesh), “A computer program for nonlinear analysis of pressure vessels”, 
International Journal of Pressure Vessels and Piping, Vol. 22, No. 4, 1986, pp. 271-309, 
doi:10.1016/0308-0161(86)90008-6 
ABSTRACT: This paper describes the nonlinear analysis of pressure vessels necessary for taking into account 
the large deformations that take place at the junctions of shells of different geometries. Specifically, a computer 
program has been developed, based on both the linear and nonlinear theories of shells, which obtains numerical 
solutions for the most commonly used types of pressure vessels, namely those with spherical, ellipsoidal or 
conical heads and also flat-end pressure vessels. A multisegment integration technique has been used to obtain 
the solutions of the governing equations. The computed solutions are found to be highly accurate when 
compared with the known results of simple shells, as no nonlinear analysis is reported in the literature on the 
shell junctions in pressure vessels. 
 
 
Wahhaj Uddin (Mechanical Engineering Department, Bangladesh University of Engineering and Technology, 
Dhaka, Bangladesh), “Buckling of general spherical shells under external pressure”, International Journal of 
Mechanical Sciences, Vol. 29, No. 7, 1987, pp. 469-481, doi:10.1016/0020-7403(87)90009-9 
ABSTRACT: Theoretical studies of critical pressures for spherical shells are primarily limited to shallow ones. 
The present work is devoted to the investigation of stability of general spherical shells under external pressure 
with various end-conditions. The governing non-linear differential equations for the axisymmetric deformations 
of spherical shells, which defines the unique states of lowest potential energy under given pressures, are solved 
exactly by using the method of multisegment integration, developed by Kalnins and Lestingi [J. appl. Mech. 34, 
59 (1967)]. The critical pressure for a particular shell is interpreted from the fact that any further increase in 
pressure, no matter how small, will cause enormous shell deformation indicating that the state of lowest 
potential energy for any increase in pressure is far from that at the critical pressure. Numerical results for a few 
shells, ranging from shallow to hemispherical, are presented here as examples and compared with others, where 
available. 
 
 
Wahhaj Uddin and Monzurul Haque (Department of Mechanical Engineering, Bangladesh University of 
Engineering and Technology, Dhaka-1000, Bangladesh),  “Instability of semi-ellipsoidal shells”, International 
Journal of Pressure Vessels and Piping, Vol. 58, No.1, 1994, pp. 65-74, doi:10.1016/0308-0161(94)90009-4 
ABSTRACT: This paper deals with the analysis of axisymmetric elastic buckling of semi-ellipsoidal shells 
under external pressure. Reissner's non-linear equations for the axisymmetric deformations of shells of 
revolution are specialized here for ellipsoidal shells and used in this analysis. The geometric singularity of these 
equations at the apex of shells is avoided through further modifications by imposing the conditions of continuity 
of the shell parameters and other variables across the apex. A multisegment method of integration, as developed 
by Kalnins and Lestingi, has been used to solve the non-linear equations of ellipsoidal shells. The critical 
pressure of a shell is interpreted from the fact that the mode of primary deformation along the fundamental 



equilibrium path of a structure cannot change without a change in its status of stability. The appearance of a 
secondary deformation on the fundamental equilibrium path is always hinted by a substantial increase in the 
deformation rate with respect to the load parameter. Specifically, for shells at the critical equilibrium, any 
further increase in loading, however small, causes the shell enormous deformation indicating that the state of 
deformation of the shell which corresponds to the lowest potential energy is far from that at critical pressure. 
Extensive numerical results on the buckling of semi-ellipsoidal shells with completely restrained edges and for 
varying thickness ratios have been obtained. It is observed that the critical pressure increases with an increase in 
the ratio of minor to major axes of the ellipsoidal shell and decreases with an increase in its thickness ratio. 
 
 
M.S. Anderson, R.E. Fulton,  W.L. Heard Jr,  and J.E. Walz (NASA Langley Research Center, Hampton, 
Virginia 23365, U.S.A.), “Stress, buckling, and vibration analysis of shells of revolution”, Computers & 
Structures, Vol. 1, No. 1-2, August 1971, pp. 157-192, doi:10.1016/0045-7949(71)90009-5 
ABSTRACT: This paper summarizes the major computer programs in existence for the analysis of shells of 
revolution by numerical integration and finite difference procedures. The report describes programs for (1) 
linear and nonlinear analysis of shells subjected to axisymmetric and asymmetric static loads, (2) buckling and 
vibration behavior including effects of axisymmetric nonlinear prestress, and (3) transient response. Extensions 
of these programs which are currently underway and some of the primary assets of both the numerical 
integration and finite difference procedures are discussed. In addition, a summary of the shell theory 
formulation, the numerical approximation, and the solution techniques of a set of programs denoted SALORS 
(Structural Analysis of Layered Orthotropic Ring-Stiffened Shells), developed at the NASA Langley Research 
Center, are described. Stress, vibration, and buckling results from the SALORS program are given for several 
shell configurations having a variety of structural complexities that illustrate the current capability of shell of 
revolution programs. 
 
 
P. Slysh, J.E. Dyer, J.H. Furman and J.E. Key, “Isogrid structural tests and stability analyses”, Journal of 
Aircraft, 10/1976; 13(10); 778-785, DOI: 10.2514/3.58710 
ABSTRACT: Test results and related structural instability analyses are presented for a 10-ft-diam, 37-in. -long 
cylinder, and a 10-ft-diam, 40-in. -long, 45-deg. conical frustum. Both structures are based upon flanged 
isogrids and are fabricated in 2024-T851 aluminum. Peak edge load intensities at failure were 1,654 lb/in. for 
the cylinder and 1,457 lb/in. at the small diam of the frustum. General instability cylindrical-monocoque-
structure equivalent knockdown factors for both were in good agreement ( gamma equals 0. 48). Design 
analysis is also derived for estimating critical cylinder instability edge loads from the performance of two 
tandem isogrid members. Evaluation is made of effective skin contributing to isogrid load-carrying cross-
section. 
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“An engineering procedure for calculating compressive strength of isogrid cylindrical shells with buckled skin”, 
NASA TN D-8239, June 1976 
ABSTRACT: An engineering procedure is presented for calculating the compressive buckling strength of 
isogrid cylinders using shell-of-revolution techniques and accounting for loading behond the material 
proportional limit and/or local buckling of the skin prior to general buckling. A general nondimensional chart 
(based on a nonlinear postbuckling analysis of a typical skin element) is presented which can be used in 
conjunction with formulas based on simple deformation plasticity theory to calculate postbuckling stiffnesses of 
the skin. The stiffening grid system is treated as an equivalent isotropic grid layer. Stiffnesses are determined 
for this grid layer, when loaded beyond the proportional limit, by the same plasticity theory used for the skin 
and a nonlinear stress-strain curve constructed from simple isogrid-handbook formulas and standard-reference-
manual stress-strain curves for the material involved. Comparison of prebuckling strains and buckling results 
obtained by this procedure with data from a large isogrid-cylinder test is excellent, with the calculated buckling 



load no more than 4 percent greater than the test value. 
 
 
Thomas D. Kim, “Postbuckled behavior of composite isogrid stiffened shell structure”, Advanced Composite 
Materials, Vol. 9, No. 3, September 2000 , pp. 253-263(11), doi: 10.1163/15685510051033467 
ABSTRACT: This paper investigated reliability of a postbuckled composite isogrid stiffened shell structure 
under a compression load. The outside diameter of the isogrid cylinder was 624.8 mm, the length was 368.3 mm 
and the total weight of the cylinder was 3.24 kg. A finite element buckling analysis result was compared with 
the axial compression experimental data. The average critical buckling load of 186.56 kN was obtained by using 
the Patran finite element analysis (FEA). The isogrid shell was modeled using 3-node triangular elements and 
the stiffeners were modeled using 4-node quad elements with a total of 504 nodes and 900 elements. The 
postbuckled isogrid cylinder was compression tested to the failure load of 177.35 kN. The postbuckled cylinder 
continued to resist compression loading even after one or more stiffeners had fractured. The testing evaluation 
revealed that the stiffener buckling was the critical failure mode and it has been demonstrated to be tolerant to 
structural damage due to the multiplicity of load paths. The lower experimental bucking load was due to the 
small imperfections in the cylinder but this problem can be overcome by advancement in the manufacturing 
methods. 
 
 
P. J. Aston and J. R. Whiteman (Institute of Computational Mathematics, Department of Mathematics and 
Statistics, Brunel University, Uxbridge, Middlesex UB8 3PH, U.K.), “Analysis of two-way snap of shells of 
revolution”, International Journal of Engineering Science, Vol. 26, No. 7, 1988, pp. 687-702, 
doi:10.1016/0020-7225(88)90088-2 
ABSTRACT: The problem of determining the snap and snap back pressures of thin shallow shells of revolution 
subject to uniform loading is considered. The deformation is modelled using Marguerre's equations and 
bifurcation and postbuckling analyses are undertaken. A finite element model of the deformation is given and 
results for snap and snap back are presented. 
 
 
D. -Y. Tan (School of Civil Engineering, The University of Birmingham, Edgbaston, Birmingham B15 2TT, 
England), “Free Vibration Analysis of Shells of Revolution”, Journal of Sound and Vibration, Vol. 213, No. 1, 
28 May 1998, pp. 15-33, doi:10.1006/jsvi.1997.1406 
ABSTRACT: An efficient substructuring analysis method is presented for predicting the natural frequencies of 
shells of revolution which may have arbitrary shape of meridian, general type of material property and any kind 
of boundary condition. This method is developed in the context of first order shear deformation shell theory as 
well as the classical thin shell theory. The vibrational behaviours of a circular cylinder, an elliptic hyperboloid 
shell (modelling a cooling tower) and a complete spherical shell are investigated using this method. 
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laminated composite beams based on higher-order shear deformation theory”, Meccanica, Vol. 46, No. 6, pp 
1299-1317, December 2011 
ABSTRACT: The dynamic stiffness matrix method is introduced to solve exactly the free vibration and 
buckling problems of axially loaded laminated composite beams with arbitrary lay-ups. The Poisson effect, 
axial force, extensional deformation, shear deformation and rotary inertia are included in the mathematical 
formulation. The exact dynamic stiffness matrix is derived from the analytical solutions of the governing 
differential equations of the composite beams based on third-order shear deformation beam theory. The 
application of the present method is illustrated by two numerical examples, in which the effects of axial force 
and boundary condition on the natural frequencies, mode shapes and buckling loads are examined. Comparison 
of the current results to the existing solutions in the literature demonstrates the accuracy and effectiveness of the 
present method 
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folded plates”, Computing Systems in Engineering, Vol. 5, No. 2, April 1994, pp. 179-191 
doi:10.1016/0956-0521(94)90049-3 
ABSTRACT: This paper deals with the development and application of reliable, creative and efficient 
computational tools for the structural optimisation of variable thickness axisymmetric and prismatic shells and 
folded plates using computer-aided analysis and design procedure. The problem of finding optimal forms and 
thickness variations for such structures is solved by integrating computer aided geometry modelling tools, 
automatic mesh generation, structural analysis, sensitivity evaluation and mathematical programming methods. 
The shape and thickness variation of the structures are defined using parametric cubic splines and the structural 
analysis is carried out with either finite element or finite strip methods in which Mindlin-Reissner assumptions 
are adopted. In static situations, the composition of the strain energy is monitored during the optimisation 
process to obtain insight into the energy distribution for the optimum structures. This allows us to demonstrate 
that, in the majority of cases, the optimum shells are membrane energy dominated as might be expected. For the 
vibrating structures, the mode shapes of the initial and optimum solutions are presented. A set of carefully 
defined, unambiguous benchmark examples is presented and studied with independent verification to test the 
various features of the structural optimisation process. 
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shells against buckling subjected to combined loadings”,  Structural and Multidisciplinary Optimization, Vol. 
31, No. 3, 2008, pp. 211-222, doi: 10.1007/s00158-005-0576-3 
ABSTRACT: In this paper, the problem of optimal design of shells against instability is considered. A thin-
walled shell is loaded, in general, by overall bending moment, constant or varying along an axis of a shell, by 
the appropriate shearing force and by an axial force and a constant torsional moment. We look for the shape of 
middle surface as well as the thickness of a shell, which ensures the maximum critical value of the loading 
parameter. The volume of material and the capacity of a shell are considered as equality constraints. The 
concept of a shell of uniform stability is applied. 
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ABSTRACT: In this paper, the problem of optimal design of shells against instability is considered. A thin-
walled shell is loaded, in general, by an external pressure and lateral forces causing overall bending moment 
(which varies along the axis of a shell) and the appropriate shearing force. We look for the shape of meridian as 
well as the thickness of a shell, which ensure the maximal critical value of the loading parameter. As the 
equality constraints, the volume of material and the capacity of a shell are considered. The concept of a shell of 
uniform stability is applied. 
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ABSTRACT: In this paper, the problem of optimal design of shells against instability under combined state of 
loadings is considered. We look for the shape of a meridian as well as the thickness of a shell, which ensures the 
maximal critical value of the loading parameter. The equality constraining the volume of material and the 
capacity of a shell are considered. The concept of a shell of uniform stability is applied. 
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critical load was determined and presented on the graph. Non-linear analysis allowed to create equilibrium paths 
showing the behaviour of shells in a post-critical state. As can be seen from a number of plots convex barrelled 
shells are not stable after exceeding the critical load. Some concave barrelled shells on the contrary have stable 
equilibrium paths in the post-critical range. 
 
Atis A. Liepins, “Asymmetric nonlinear dynamic response and buckling of shallow spherical shells”, NASA 
Contractor Report NASA CR-1376, June, 1969  
The purpose of this report's analysis is to develop a numerical method and computer program for the calculation 
of the large deflection dynamic response of simply supported shallow spherical shells subjected to a class of 
spatially asymmetric and timewise step loadings. The program is then used to calculate asymmetric dynamics 
buckling loads for a few geometries and load durations, which is of importance in the design of spacecraft 
structures. 
 
Bryan P. Strohman and Atis A. Liepins, “Snap through of a shallow spherical dome of a prestressed concrete 
tank”, ASCE Practice Periodical on Structural Design and Construction, VOl. 14, No. 4, November 2009, 
https://doi.org/10.1061/(ASCE)SC.1943-5576.0000003 
ABSTRACT:  An investigation of the stability of the roof of an 85-ft diameter cylindrical prestressed concrete 
wastewater treatment tank is presented. The roof of the tank is a very thick, shallow spherical dome. With a 
1/16 rise to span ratio, 2 ft thickness, and an 18 ft diameter central opening at its pole, the dome falls outside the 
range of parameters for which the thickness design equation for domes in the ACI 350 code applies. The 
shallowness parameter of the dome is in the range where axisymmetric snap-through buckling can be expected. 
A finite-element model was used to compute the nonlinear axisymmetric deflection of the dome up to its limit 
point, the snap-through to its inverted configuration, and the post snap-through load deflection. Bifurcation 
from the symmetric deformation to a nonsymmetric buckling mode below the limit point was investigated with 
a different finite-element model than was used for the evaluation of the snap-through. The finite-element results 
are compared to a form of the design equation for dome thickness in ACI 350. The dome thickness equation in 
ACI 350 was used to calculate dome load capacity, given the thickness, and was found to be significantly higher 
than the capacity computed with the finite-element model. 
 
 
Nori Kumai and Megumi Sunakawa, “Response of viscoelastic shallow spherical shells to dynamic pressures”, 
Aeronautical and Space Sciences Japan, Vol. 19, No. 213, pp 452-465, 1971, 
https://doi.org/10.2322/jjsass1969.19.452 
ABSTRACT: On the basis of nonlinear theory, the axisymmetric dynamic deformations produced in 
viscoelastic clamped shallow spherical sheils by transient pressure loading are analyzed. Two types of loading 
condition, that is, a step loading and a graded loading, are considered and the three-element model is used to 
describe the viscoelastic characteristics of the material considered. The governing equations derived by the 
authors are solved numerically, and the critical loads and the effects of viscoelasticity and loading speed on the 
dynamic behavior of the shell are discussed. And it is pointed out that Che buckling phenomena have to be 
analyzed paying an attention to the connection with the time, because the dynamic, static and creep bucklings 
are related with one another as a function of time. From the results of the present numerical solutron, the quasi-
static buckling load also is obtained immediately, which differs little from the static buckling load reported so 
far. The procedure adopted in the present analysis can be applied easily to the problems of elastic shells. The 
dynamic behavior of elastic shallow spherical shell obtained, by the present procedure is compared with the 
previous results and an excellent agreement between them is seen. 
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Akkas N., Note on the dynamic buckling loads of shallow spherical shells from static analysis. J. Struct. Mech. 
9 (1981). 
ABSTRACT: If it is assumed that, during its forced vibrations which lead to dynamic axisymmetric snap-
through buckling, a dynamically loaded spherical cap passes through one of its corresponding static, unstable 
equilibrium configurations, then it is possible to estimate the dynamic axisymmetric snap-through buckling load 
from a simple static analysis only, without resorting to an elaborate dynamic analysis. It is shown, through 
numerical analysis of the spherical cap subjected to a timewise step load, that dynamic axisymmetric snap-
through buckling loads obtained from the static approach are comparable to those obtained from the dynamic 
approach. 
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M. Ganapathi and T. K. Varadan (Department of Aeronautics, Indian Institute of Technology, Madras 600 036, 
India), “Dynamic buckling of orthotropic shallow spherical shells”, Computers & Structures, Vol. 15, No. 5, 



1982, pp. 517-520, doi:10.1016/0045-7949(82)90003-7 
ABSTRACT: The dynamic axisymmetric behaviour of clamped orthotropic shallow spherical shell subjected to 
instantaneously applied uniform step-pressure load of infinite duration, is investigated here. The available 
modal equations, based on an assumed two-term mode shape for the lateral displacement, for the free flexural 
vibrations of an orthotropic shallow spherical shell is extended now for the forced oscillations. The resulting 
modal equations, two in number, are numerically integrated using Runge-Kutta method, and hence the load-
deflection curves are plotted. The pressure corresponding to a sudden jump in the maximum deflection (at the 
apex) is considered as the dynamic buckling pressure, and these values are found for various values of 
geometric parameters and one value of orthotropic parameter. The numerical results are also determined for the 
isotropic case and they agree very well with the previous available results. It is observed here that the dynamic 
buckling load increases with the increase in the orthotropic parameter value. The effect of damping on the 
dynamic buckling load is also studied and this effect is found to increase the dynamic buckling load. It is further 
observed that this effect is more pronounced with increase in the rise of the shell. 
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“Dynamic instability of laminated composite curved panels using finite element method”, Computers & 
Structures, Vol. 53, No. 2, October 1994, pp. 335-342, doi:10.1016/0045-7949(94)90206-2 
ABSTRACT: The dynamic instability of laminated composite cylindrical shells due to periodic loads is studied 
using a C0 shear flexible QUAD-9 shell element. The boundaries of the principal instability region are 
conveniently represented in the nondimensional excitation frequency-nondimensional load amplitude plane. 
The effects of various parameters such as ply-angle, number of layers, thickness and radius-to-side ratio on 
dynamic stability are brought out. 
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“Dynamic Buckling of Laminated Anisotropic Spherical Caps”, Journal of Applied Mechanics, Vol. 62, No. 1, 
pp. 13-19, March 1995, DOI: 10.1115/1.2895879 
ABSTRACT: The dynamic axisymmetric behavior of clamped laminated composite spherical caps subjected to 
suddenly applied loads is investigated using an eight-noded quadrilateral doubly curved shear flexible shell 
element based on the field-consistency approach. Geometric nonlinearity is considered using von Karman _s 
strain-displacement relations. The solution is obtained using the Wilson-_∏ numerical integration scheme. The 
pressure corresponding to a sudden jump in the maximum average deflection in the time history of the shell 
structure is taken as dynamic buckling pressure. A detailed parametric study is carried out to bring out the 
effects of shell geometries and material properties, number of layers, lamination schemes, and type of loading 
on a dynamic buckling load.  
 
 
S. Kamat, M. Ganapathi and B.P. Patel (Institute of Armament Technology, Girinagar, Pune, India), “Analysis 
of parametrically excited laminated composite joined conical-cylindrical shells”, Computers & Structures, Vol. 
79, pp 65-76, 2001 
ABSTRACT: The dynamic instability analysis of a joined conical and cylindrical shell subjected to periodic in-
plane load is investigated using C0 two-noded shear flexible shell element. The formulation is based on first-
order shear deformation theory. The present model accounts for in-plane and rotary inertia effects. The 
instability regions are determined based on the principle of Bolotin’s method. The boundaries of the principal 
instability region obtained here are conveniently represented in the non-dimensional excitation frequency - non-
dimensional load amplitude plane. The influence of various parameters such as orthotropicity, cone angle, lay-
up, combinations of different sections, thickness ratio, circumferential wave number, static load, and external 



pressure on the dynamic stability regions of cross-ply laminates is brought out.  
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“Nonlinear axisymmetric dynamic buckling of laminated angle-ply composite spherical caps”, Composite 
Structures, Vol. 59, No. 1, January 2003, pp. 89-97, doi:10.1016/S0263-8223(02)00227-1 
ABSTRACT: Here, the nonlinear axisymmetric dynamic behavior of clamped laminated angle-ply composite 
spherical caps under suddenly applied loads of infinite duration is studied. The formulation is based on first-
order shear deformation theory and it includes the in-plane and rotary inertia effects. Geometric nonlinearity is 
introduced in the formulation using von Kármán’s strain–displacement relations. The governing equations 
obtained are solved employing the Newmark’s integration technique coupled with a modified Newton–Raphson 
iteration scheme. The load corresponding to a sudden jump in the maximum average displacement in the time 
history of the shell structure is taken as the dynamic buckling pressure. The performance of the present model is 
validated against the available analytical/three-dimensional finite element solutions. The effect of shell 
geometrical parameter and ply angle on the axisymmetric dynamic buckling load of shallow spherical shells is 
brought out. 
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M. Ganapathi, B. P. Patel, H. G. Patel and D. S. Pawargi (Institute of Armament Technology, GM Faculty, 
Girinager, Pune 411 025, India), “Vibration analysis of laminated cross-ply oval cylindrical shells”, Journal of 
Sound and Vibration, Vol. 262, No. 1, April 2003, pp. 65-86, doi:10.1016/S0022-460X(02)01025-8 
ABSTRACT: Here, free vibrations and transient dynamic response analyses of laminated cross-ply oval 
cylindrical shells are carried out. The formulation is based on higher order theory that accounts for the 
transverse shear and the transverse normal deformations, and includes zig-zag variation in the in-plane 
displacements across the thickness of the multi-layered shells. The contributions of inertia effect due to in-plane 
and rotary motions, and the higher order function arising from the assumed displacement models are included. 
The governing equations obtained using Lagrangian equations of motion are solved through finite element 
approach. A detailed parametric study is conducted to bring out the influence of different shell geometry, 
ovality parameter, lay-up and loading environment on the vibration characteristics related to different modes of 
vibrations of oval shell. 
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“Application of higher-order finite element for elastic stability analysis of laminated cross-ply oval cylindrical 
shells”, Finite Elements in Analysis and Design, Vol. 40, Nos. 9-10, June 2004, pp. 1083-1104, 
doi:10.1016/j.finel.2003.06.001 
ABSTRACT: Here, linear elastic stability behavior of laminated cross-ply oval cylindrical shells under axial 
compression is studied through finite element approach. The formulation is based on higher-order theory that 
accounts for the transverse shear and transverse normal deformations, and incorporates realistic through the 
thickness approximations of the in-plane displacements. The strain–displacement relations are accurately 
introduced in the formulation. The contributions of work done by applied loads due to the higher-order function 
arising from the assumed displacement models are also included. The governing equations are obtained using 
the principle of minimum potential energy. The combined influence of higher-order shear deformation, shell 
geometry and ovality, and lay-up on the buckling loads of cylindrical shells is examined. 
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“Free vibration analysis of functionally graded elliptical cylindrical shells using higher-order theory”, 
Composite Structures, Vol. 69, No. 3, July 2005, pp. 259-270, doi:10.1016/j.compstruct.2004.07.002 
ABSTRACT: Here, the free vibration characteristics of functionally graded elliptical cylindrical shells are 
analyzed using finite element formulated based on the theory with higher-order through the thickness 
approximations of both in-plane and transverse displacements. The power law variation of properties is 
assumed in the thickness direction. The finite element employed in the study is based on field-consistency 
approach and free from shear and membrane locking problems. The strain–displacement relations are accurately 
introduced in the formulation without making any approximation in the thickness co-ordinate to radius ratio 
terms. The detailed parametric studies are carried out to study the influences of non-circularity, radius-to-
thickness ratio, material composition and material profile index on the free vibration frequencies and mode 
shape characteristics of functionally graded elliptical shells. The significance of thickness stretch/contraction 
terms is highlighted through the mode shape study. 
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Hauz Khas, New Delhi, India), “Effect of foundation nonlinearity on the nonlinear transient response of 
orthotropic shallow spherical shells”, Ingenieur-Archiv, Vol. 56, No. 4, pp 295-300, July 1986 
ABSTRACT: Interaction of clamped orthotropic shallow spherical shells with nonlinear elastic foundations is 
studied under transient loads. The effect of softening and hardening foundation nonlinearities on the response 
behaviour of shallow shells has been investigated. Detailed analysis depicting the influence of hardening type 
foundation nonlinearity on the maximum response of orthotropic shallow spherical shells has been conducted. 
The numerical results suggest that for the shell-foundation interaction problems undergoing moderately large 
deformations, the nonlinear model for the foundation must be considered. 
References listed at the end of the paper: 
1. Winkler, E.: Die Lehre von der Elastizität und Festigkeit. Prag: Dominicus 1867 
2. Pasternak, P. L.: On a new method of analysis of an elastic foundation by means of two foundation constants (in Russian). Moscow: 
Gosudarstvennoe Izdatelstvo Literaturi Po Stroitelstou i Arkhitekture 1954 
3. Hetényi, M.: Beams on elastic foundations. Ann Arbor: The Univ. of Michigan 1946 
4. Kerr, A. D.: Elastic and viscoelastic foundation models. J. Appl. Mech. 31 (1964) 491–498 
5. Levinson, M.; Bharatha, S.: Elastic foundation models — a new approach. Proc. 4th Symp. on Eng. Appl. Solid Mech., Canadian 
Society of Mechanical Engineering (R & D), Sheridan Park Research Community, Canada 1978, pp. 177–189 
6. Fraser, W. B.; Budiansky, B.: The buckling of a column with random initial deflections. J. Appl. Mech. 36 (1969) 233–240 
7. Amazigo, J. C.; Budiansky, B.; Carrier, G. F.: Asymptotic analyses of the buckling of imperfect columns on nonlinear elastic 
foundations. Int. J. Solids Struct. 6 (1970) 1341–1356 
8. Elishakoff, I.: Buckling of a stochastically imperfect finite column on a non-linear elastic foundation. J. Appl. Mech. 46 (1979) 
411–416 
9. Massalas, C.: Fundamental frequency of vibration of a beam on a non-linear elastic foundation. J. Sound Vib. 54 (1977) 613–615 
10. Massalas, C.; Soldatos, K.; Tzivanidis, G.: Vibration and stability of a thin elastic plate resting on a non-linear elastic foundation 
when the deformation is large. J. Sound Vib. 67 (1979) 284–288 
11. Massalas, C.; Kafousias, N.: Non-linear vibrations of a shallow cylindrical panel on a non-linear elastic foundation. J. Sound Vib. 
66 (1979) 507–512 
12. Beaufait, F. W.; Hoadley, P. W.: Analysis of elastic beams on nonlinear foundations. Comput. Struct. 12 (1980) 669–676 
13. Nath, Y.; Jain, R. K.: Non-linear dynamic analysis of orthotropic annular plates resting on elastic foundations. Earthquake Eng. 
Struct. Dyn. 11 (1983) 785–796 
14. Nath, Y.; Jain, R. K.: Non-linear dynamic analysis of shallow spherical shells on elastic foundations. Int. J. Mech. Sci. 25 (1983) 
409–419 
15. Houbolt, J. C.: A recurrence matrix solution for the dynamic response of elastic aircraft. J. Aero. Sci. 17 (1950) 540–550 
16. Fox, L.; Parker, I. B.: Chebyshev polynomials in numerical analysis. London: Oxford Univ. Press 1968 



 
 
K. Sandeep (1) and Y. Nath (2) 
(1) Mechanical Engineering Department, B.I.T.S., Pilani, India  
(2) Applied Mechanics Dept, I.I.T. Delhi, India 
“Nonlinear Dynamic Response of Axisymmetric Thick Laminated Shallow Spherical Shells”, International 
Jorunal of Nonlinear Sciences and Numerical Simulation, Vol. 1, pp 225-238, 2000  
ABSTRACT: The axisymmetric moderately thick laminated shallow spherical shells undergoing moderately 
large deflection subjected to dynamic loading are analyzed. Including the effects of transverse shear and 
rotatory inertia, the equations of dynamic equilibrium are formulated in terms of normal deflection , slope and 
stress function. Nonlinear governing equations of motion are linearized using quadratic extrapolation technique 
and the resulting linear differential equations are discretized in space and time domain using fast converging 
Chebyshev polynomials and the implicit Houbolt time marching scheme, respectively. Considering step 
function and sinusoidal loadings, both clamped and simply supported immovable laminated spherical shells are 
analyzed. The effect of control space variables, viz., transverse shear, rotatory inertia, material properties, shell 
parameter, base radius to thickness ratio, boundary conditions, number of layer and damping on the central 
response have been studied.  
 
 
S. Singh, B. P. Patel, A. Sharma, K. K. Shukla, Y. Nath, “Nonlinear stability and dynamics of laminated 
composite plates and shells”, Vibration Problems ICOVP 2005, Springer Proceedings in Physics, Vol. 111, pp 
415-427, 2007 
ABSTRACT: The stability and dynamic characteristics of laminated plates (rectangular, sector) and shells 
(cylindrical/conical/circular/noncircular) are studied using analytical solutions employing chebyshev 
polynomials and finite element method. The detailed parametric studies are carried out to highlight the effects 
of geometrical parameters, lamination schemes, loading and boundary conditions on the stability and dynamic 
response characteristics of plates and shells undergoing large deformation. Few results are presented. 
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B.P. Patel, S. Singh and Y. Nath, “Stability and nonlinear dynamic behaviour of cross-ply laminated heated 
cylindrical shells”, Latin American Journal of Solids and Structures, 01/2006; 3:245-261 
ABSTRACT: The stability of postbuckled equilibrium configurations and the nonlinear dynamic char-
acteristics of cross-ply laminated heated cylindrical shells are investigated employing semi-analytical shell 
finite element. The presence of asymmetric perturbation in the form of small magnitude load spatially 
proportional to the linear buckling mode shape is considered to initiate the bifurcation of the shell deformation 



from axisymmetric mode to asymmetric one. The frequencies of small oscillations about equilibrium 
configuration are obtained by solving the eigenvalue problem formulated using tangent stiffness matrix of the 
converged equilibrium configuration and mass matrix. The study reveals that the prediction of the postbuckling 
equilibrium configuration from nonlinear static analysis depends on the nature (longitudinally 
symmetric/antisymmetric) of initial disturbance. The longitudinally antisymmetric postbuckled equilibrium 
configuration is stable whereas the longitudinally symmetric one is unstable. The nonlinear dynamic response 
shows that the shell with longitudinally sym-metric disturbance jumps from symmetric mode to antisymmetric 
mode and the predicted equilibrium configuration is of antisymmetric nature irrespective of the type of initial 
distur-bance. The nonlinear forced dynamic response of the heated shell in the prebuckling region differs 
significantly from that in the postbuckling region.  
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“Thermo-elastic buckling characteristics of angle-ply laminated elliptical cylindrical shells”, Composite 
Structures, Vol. 77, No. 1, January 2007, pp. 120-124, doi:10.1016/j.compstruct.2005.06.001 
ABSTRACT: Here, the thermo-elastic buckling characteristics of angle-ply laminated elliptical cylindrical 
shells subjected to uniform temperature rise are studied to highlight the combined influences of non-circularity 
and ply-angle on the critical temperature parameter and buckling mode shapes. It is brought out that the rate of 
change of the critical temperature parameter with respect to ply-angle reduces significantly with the increase in 
the non-circularity parameter. Further the shells in the optimum ply-angle range are found to be highly sensitive 
to non-circularity whereas their sensitivity is very less away from the optimum ply-angle range. 
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066, India), “Dynamic stability characteristics of functionally graded materials shallow spherical shells”, 
Composite Structures, Vol. 79, No. 3, July 2007, pp. 338-343, doi:10.1016/j.compstruct.2006.01.012 
ABSTRACT: Here, the dynamic stability behavior of a clamped functionally graded materials spherical shell 
structural element subjected to external pressure load is studied. The material properties are graded in the 
thickness direction according to the power-law distribution in terms of volume fractions of the constituents of 
the material. The effective material properties are evaluated using a homogenization method. The structural 
model is based on shear deformation theory and geometric non-linearity is considered in the formulation using 
von Karman’s assumptions. The governing equations obtained are solved employing the Newmark’s integration 
technique coupled with a modified Newton–Raphson iteration scheme. The load corresponding to a sudden 
jump in the maximum average displacement in the time history of the shell structure is taken as the dynamic 
buckling pressure. The present model is validated against the available isotropic cases. A detailed numerical 
study is carried out to bring out the effects of power-law index of functional graded material on the 
axisymmetric dynamic stability characteristics of shallow spherical shells. 
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“On the nonlinear axisymmetric dynamic buckling behavior of clamped functionally graded spherical caps”, 
Journal of Sound and Vibration, Vol. 299, Nos. 1-2, January 2007, pp. 36-43, 
doi:10.1016/j.jsv.2006.06.060 
ABSTRACT: Here, the dynamic thermal buckling behavior of functionally graded spherical caps is studied 
considering geometric nonlinearity based on von Kármán's assumptions. The formulation is based on first-order 
shear deformation theory and it includes the in-plane and rotary inertia effects. The material properties are 
graded in the thickness direction according to the power-law distribution in terms of volume fractions of the 



material constituents. The effective material properties are evaluated using homogenization method. The 
governing equations obtained using finite element approach are solved employing the Newmark's integration 
technique coupled with a modified Newton–Raphson iteration scheme. The pressure load corresponding to a 
sudden jump in the maximum average displacement in the time history of the shell structure is taken as the 
dynamic buckling load. The present model is validated against the available isotropic case. A detailed numerical 
study is carried out to highlight the influences of shell geometries, power law index of functional graded 
material and boundary conditions on the dynamic buckling load of shallow spherical shells. 
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“Nonlinear Dynamic Thermal Buckling of Functionally Graded Spherical Caps”, AIAA JOURNAL Vol. 45, 
No. 2, February 2007, doi: 10.2514/1.21578 
PARTIAL INTRODUCTION: Recent research works on improved performance materials have addressed new 
materials, known as functionally graded materials [1](FGMs), in which the material properties vary smoothly 
and continuously from one surface of the material to the other surface. These are high-performance, heat-
resistant materials that are able to withstand the ultrahigh temperatures and extremely large thermal gradients 
that are used in fusion reactors and aerospace industries. They maintain their structural integrity and avoid the 
interface problem that exists in homogeneous composites. Thin-walled structural members of aerospace and 
defense that are subjected to dynamic load could encounter deflections of the order of the shell thickness. The 
dynamic response of such shells may lead to the phenomenon of dynamic snapping or dynamic buckling. 
Hence, the nonlinear behavior of thin structural members, in particular, spherical shells that form an important 
class of structural components, has to be understood for their optimum design. 
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Mu Jian-chun, Wu Wen-zhou and Yang Gui-tong (Taiyuan University of Technology, Taiyuan), “A numerical 
calculation of dynamic buckling of a thin shallow spherical shell under impact”, Applied Mathematics and 
Mechanics, Vol. 13, No. 2, 1992, pp. 125-134, doi: 10.1007/BF02454235 
ABSTRACT: Assuming the deformation of the shell has an axial symmetrical form, we transform Marguerre’s 
equations [1] into difference equations, and use these equations to discuss the buckling of an elastic thin shallow 
spherical shell subjected to impact loads. The result shows when impact load acts on the shells, a jump of the 
shell takes place dependent on the values lambda and the critical buckling load increases with the enlargement 
of the loading area. 
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August 1993, pp. 441-444, doi:10.1016/0045-7949(93)90320-D 
ABSTRACT: The non-linear buckling strength of clamped spherical caps under uniform step loading was 
investigated. To simplify the finite element formulation of the geometrically non-linear behavior of snap-
through buckling, the geometric coordinates of spherical caps are updated at every time step. Thus, a linearized 
finite element incremental equation based on the principle of virtual work can be derived. A three-dimensional 
shell element with arbitrary geometry was used in the finite element formulation, and the whole process was 
accomplished according to the Newmark method as the time integration scheme. Two alternative criteria of 
critical load, the apex displacement and the average deflection, were utilized to determine the dynamic buckling 
loads. The results agree well with previously published work. 
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“Dynamic snap-through and snap-buckling of shear-deformable panels in a random environment”, Chapter in 
Probabilistic Structural Mechanics: Advances in Structural Reliability Methods; Part of the series: International 



Union of Theoretical and Applied Mechanics, edited by P.D. Spanos and Y.-T. Wu, Springer 1994, pp 595-610 
ABSTRACT: Random vibrations are considered for the cases of shear-deformable plates with initial curvature 
and of elastically buckled plates. The nontrivial generalization of the flat plate vibrations is expressed by the 
fact that “small amplitude” vibrations exist about the curved equilibrium position together with the snap-
through and snap-buckling type large amplitude vibrations about the flat position. The problem of snap-
buckling in the large deflection random response, i.e., the loss of stability accompanied in simple and regular 
structures by the change from a symmetric to an antimetric configuration, is studied in detail. The geometrically 
nonlinear panel vibrations are treated by applying Berger’s approximation to the generalized von Karman-type 
plate equations considering hard hinged supports of the straight boundary segments of skew or even more 
generally shaped polygonal plates. Shear deformation is considered by means of Mindlin’s kinematic 
hypothesis. A distributed lateral force loading is applied, and additionally, the influence of thermal prestress is 
taken into account as well as a randomly fluctuating temperature. A multi-mode approach and the Galerkin 
procedure are applied to the boundary value problem. The result of the projection and of a transformation is a 
set of nonlinearly coupled ordinary differential equations (ODEs) driven effectively by random forces and with 
potential restoring forces. For reasons of convergence, a light viscous modal damping is added at this stage. By 
means of a nondimensional formulation and introducing the eigen-time of the basic mode of the associated 
linearized problem renders a unifying result with respect to the planform of the panel. With the simplifying 
approximation of the action of the random environment by effective forces modeled by uncorrelated, zero-mean 
wide-band noise processes, and by considering the set of modal equations to be finite, the Fokker-Planck-
Kolmogorov (F.P.K.-) equation for the transition probability density of the generalized coordinates and 
velocities is derived. The probability of first dynamic snap-through is derived for a single mode approximation 
with the influence of higher modes taken into account. Using the two-mode expansion, the probability 
distribution of the asymmetric snap-buckling is also evaluated. All probabilistic results obtained for the 
complex panel structures to be considered hold independently (in the sense of similitude) of their special 
planform. They are cast in the form of graphs with a structural parameter varying in a wide range. 
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“Effect of Shell Geometry and Material Constants on Dynamic Buckling Load of Elastic Perfect Clamped 
Spherical Caps”, Asian Journal of Civil Engineering (Building and Housing) Vol. 6, No. 4 (2005) pp. 303-315 
ABSTRACT: A numerical experiment using the finite element method to show that the nondimensional 
dynamic buckling pressure of deep elastic isotropic clamped perfect spherical caps subjected to suddenly 
applied uniform pressure is represented by a function of the geometric parameter and the thickness to radius 
ratio of caps. Three definitions of geometric parameter are considered. The effects of material properties are 
also taken to consideration. 
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ABSTRACT: An analytical method for the elasto/visco-plastic dynamic problems of axisymmetrical thin shells 



subjected to mechanical or thermal loads or both is developed. The equations of motion and the relations 
between the strains and displacements are derived by extending Sanders' elastic-shell theory. For the 
constitutive relations, Perzyna's elasto/visco-plastic equations, including the temperature effect, are employed. 
The derived fundamental equations are numerically solved by the finite-difference method. As numerical 
examples, simply supported cylindrical shells made of mild steel are treated, and the following two cases are 
analyzed: a non-uniformly heated cylindrical shell subjected to impulsive internal pressure, and an internally 
pressurized cylindrical shell subjected to impulsive thermal load. In both cases, the variations of displacements 
and internal forces with time are discussed. 
 
 
Qiu Zhiping and Gu Yuanxian (Research Institute of Engineering Mechanics, Dalian University of Technology, 
116024, Dalian, China), “Extension of convex models and its improvement on the approximate solution”, Acta 
Mechanica Sinica, Vol 12, No. 4, pp 349-357, November 1996 
ABSTRACT: In this paper, by means of combining non probabilistic convex modeling with perturbation 
theory, an improvement is made on the first order approximate solution in convex models of uncertainties. 
Convex modeling is extended to largely uncertain and non-convex sets of uncertainties and the combinational 
convex modeling is developed. The presented method not only extends applications of convex modeling, but 
also improves its accuracy in uncertain problems and computational efficiency. The numerical example 
illustrates the efficiency of the proposed method. 
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ABSTRACT: Traditional reliability analysis requires probability distributions of all the uncertain parameters. 
However, in many practical applications, the variation bounds can be only determined for the parameters with 
limited information. A complex hybrid reliability problem then will be caused when the random and interval 
variables coexist in a same structure. In this paper, by introducing the response surface technique, we develop a 
new hybrid reliability method to efficiently compute the interval of the failure probability of the structure due to 
the probability-interval hybrid uncertainty. The present method consists of a sequence of iterations. At each 
step, a response surface model is constructed for the limit-state function by using a quadratic polynomial and a 
modified axial experimental design method. An approximate hybrid reliability problem is created based on the 



response surface model, which is subsequently solved by an efficient decoupling approach. An updating 
strategy is suggested to improve the quality of the response surface and whereby ensure the reliability analysis 
precision. A computational procedure is then summarized for the whole iterations. Four numerical examples 
and also a practical application are provided to demonstrate the effectiveness of the present method. 
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Oyedele Oluwaseun Oyekoya, “Structural integrity of engineering components made of functionally graded 
materials”,  
Ph.D. Dissertation, School of Engineering, Cranfield University, 2008, URI: http://hdl.handle.net/1826/3802 
ABSTRACT: Functionally graded materials (FGM) are composite materials with microstructure gradation 
optimized for the functioning of engineering components. For the case of fibrous composites, the fibre density 
is varied spatially, leading to variable material properties tailored to specific optimization requirements. There is 
an increasing demand for the use of such intelligent materials in space and aircraft industries. The current 
preferred methods to study engineering components made of FGM are mainly modelling particularly those that 
are finite element (FE) based as experimental methods have not yet sufficiently matured. Hence this thesis 
reports the development of a new Mindlin-type element and new Reissner-type element for the FE modelling of 
functionally graded composite (FGC) structures subjected to various loadings such as tensile loading, in-plane 
bending and out-of-plane bending, buckling and free vibration. The Mindlin-type element formulation is based 
on averaging of transverse shear distribution over plate thickness using Lagrangian interpolation. Two types of 
Mindlintype element were developed in this report. The properties of the first Mindlin-type element (i.e. 
Average Mindlin-type element) are computed by using an average fibre distribution technique which averages 
the macro-mechanical properties over each element. The properties of the second Mindlin-type element (i.e. 
Smooth Mindlin-type element) are computed by using a smooth fibre distribution technique, which directly uses 
the macro-mechanical properties at Gaussian quadrature points of each element. The Reissner-type element 
formulation is based on parabolic transverse shear distribution over plate thickness using Lagrangian and 
Hermitian interpolation. Two types of Reissner-type element were developed in this report, which include the 
Average and Smooth Reissner-type elements. There were two types of non-linearity considered in the 
modelling of the composite structures, which include finite strain and material degradation. The composite 
structures considered in this paper are functionally graded in a single direction only, but the FE code developed 
is capable of analysing composite structures with multidirectional functional gradation. This study was able to 
show that the structural integrity enhancement and strength maximisation of composite structures are achievable 
through functional gradation of material properties over the composite structures. 
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050043, Hebei Province, China), “Thermal buckling of a simply supported moderately thick rectangular FGM 
plate”, Composite Structures, Vol. 64, No. 2, May 2004, pp. 211-218, doi:10.1016/j.compstruct.2003.08.004 
ABSTRACT: Equilibrium and stability equations of a moderately thick rectangular plate made of functionally 
graded materials under thermal loads are derived based on the first order shear deformation theory. It is 
assumed that the material properties vary as a power form of thickness coordinate variable z. The derived 
equilibrium and buckling equations are then solved analytically for a plate with simply supported boundary 
conditions. Two types of thermal loading, uniform temperature rise and gradient through the thickness are 
considered, and the buckling temperatures are derived. The influences of the plate aspect ratio, the relative 
thickness, the gradient index and the transverse shear on buckling temperature difference are all discussed. 
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Delhi, India), “Axisymmetric static and dynamic buckling of orthotropic shallow spherical caps with flexible 
supports”, Acta Mechanica, Vol. 52, Nos. 1-2, 1984, pp. 93-106, 
doi: 10.1007/BF01175967 
ABSTRACT: This investigation deals with the static and dynamic axisymmetric buckling of elastic orthotropic 
thin shallow spherical shells with elastically restrained edge for inplane and rotational displacements. 
Governing equations in terms of normal displacementw and stress function psi have been employed. Orthogonal 
point collocation method is used for spatial discretisation and Newmark-beta scheme is used for time-marching. 
The uniformly distributed static and step function conservative loadings normal to the underformed surface are 
considered. The present results are in good agreement with the available results. The influence of orthotropicity 
parameter beta and the support stiffness parameters on the static and dynamic buckling loads has been 
investigated. 
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Delhi, India), “Nonlinear static and dynamic analysis of circular plates and shallow spherical shells using the 
collocation method”, International Journal for Numerical Methods in Engineering, Vol. 21, No. 3, March 1985, 
pp. 565–578, doi: 10.1002/nme.1620210314 
ABSTRACT: The present work investigates the efficacy and applicability of interior global orthogonal point 
collocation method to the axisymmetric nonlinear analysis of elastic circular plates and shallow spherical shells 
subjected to uniformly distributed transverse load. Spacewise discretisation has been carried out using a 
polynomial expansion with the zeros of a Chebyshev polynomial as collocation points. Timewise integration 
has been carried out with Newmark k-beta scheme corresponding to average acceleration method. The static 
response and snap-through buckling results, as well as, the dynamic response and dynamic buckling results 
under a uniformly distributed step load have been obtained and found to agree closely with the available results. 
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“Non-linear dynamic response of a doubly curved shallow shell on an elastic foundation”, Journal of Sound and 
Vibration, Vol. 112, No. 1, January 1987, pp. 53-61, doi:10.1016/S0022-460X(87)80093-7 
ABSTRACT: This paper deals with the moderately large dynamic response of a doubly curved shallow 
spherical shell of rectangular plan form, supported on a two parameter elastic subgrade and subjected to 



uniformly distributed step and sinusoidal loadings. Von Kármán-Donnell type non-linear partial differential 
equations of motion are employed and solved by using finite difference and Houbolt time marching techniques. 
Two boundary conditions are considered. The influence of stiffnesses and mass of the elastic subgrade on the 
moderately large amplitude of response of the shell has been investigated. 
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“Effect of transverse shear on static and dynamic buckling of antisymmetrically laminated polar orthotropic 
shallow spherical shells”, Composite Structures, Vol. 40, No. 1, December 1997, pp. 67-72, 
doi:10.1016/S0263-8223(97)00153-0 
ABSTRACT: This paper deals with the static and dynamic buckling of polar orthotropic antisymmetrically 
laminated, moderately thick shallow spherical shells under uniformly distributed loading. Considering the 
effects of transverse shear and rotatory inertia, the governing equations of motion for shells undergoing large 
deformations are derived and expressed in terms of normal deflection W, slope theta and stress function psi. the 
Chebyshev series technique is used for spatial discretization and the Houbolt scheme is used for temporal 
discretization. Considering step function loading, both clamped and simply supported immovable laminated 
spherical shells are analyzed. The effects of transverse shear, rotatory inertia, shell rise, base-radius-to-thickness 
ratio and material properties on the static and dynamic snap-through buckling of antisymmetrically laminated 
shells have been studied. 
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Hauz Khas, New Delhi 110 016, India), “Postbuckling of angle-ply laminated cylindrical shells with meridional 
curvature”, Thin-Walled Structures, Vol. 47, No. 3, March 2009, pp. 359-364 
doi:10.1016/j.tws.2008.07.002 
ABSTRACT: The influence of meridional curvature on the postbuckling behaviour of angle-ply laminated 
cylindrical shells subjected to external pressure, torsional load, axial compression and uniform temperature rise 
is investigated using the semi-analytical finite element approach. The nonlinear governing equations are solved 
using Newton–Raphson iterative technique coupled with the adaptive displacement control method. The 
presence of asymmetric perturbation in the form of a small magnitude load spatially proportional to the linear 
buckling mode shape is considered to trace the postbuckling path. The variation of ply-angle and ply-thickness 
along the meridional direction is considered. The results presented reveal that the imperfection sensitivity of the 
cylindrical shells having negative Gaussian curvature decreases with the increase in the magnitude of H/r0 ratio 
for all the loading cases considered. The imperfection sensitivity of the positive Gaussian curvature shells 
increases for external pressure, torsional and thermal loading cases, whereas it decreases for axial loading case 
with the increase in H/r0 ratio 
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“Buckling characteristics of cross-ply elliptical cylinders under axial compression”, Composite Structures, Vol. 
62, No. 1, October 2003, pp. 7-17, doi:10.1016/S0263-8223(03)00079-5 
ABSTRACT: Here, the elastic buckling characteristics of laminated cross-ply elliptical cylindrical shells under 
axial compression is studied through finite element approach. The formulation is based on higher-order theory 
that accounts for the transverse shear and transverse normal deformations, and incorporates realistic through the 
thickness approximations of the in-plane displacements. The strain-displacement relations are accurately 
accounted for in the formulation. The contributions of work done by applied load due to the higher-order 
function arising from the assumed displacement models are also incorporated. The governing equations 
obtained using the principle of minimum potential energy are solved through eigenvalue approach. The 
combined influence of higher-order shear deformation, shell geometry and elliptical cross-sectional parameter, 



and lay-up on the buckling loads of elliptical cylindrical shells is examined. 
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large elastic curve of buckled bars and the singular perturbation method for its imperfect bifurcation problem”, 
Applied Mathematics and Mechanics, Vol. 8, No. 4, pp 345-354, April 1987 
ABSTRACT: This paper presents the large deflection elastic curve of buckled bars through perturbation 
method, and the bifurcation diagrams including the influence of the imperfection at the base by using singular 
perturbation method of imperfect bifurcation theory. The physical meaning of the bifurcation diagrams is 
discussed. 
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Existence and multiplicity results”, Journal of Global Optimization, Vol. 17, No. 1, pp 387-402. September 
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ABSTRACT: The present paper deals with an eigenvalue problem for a hemivariational inequality, arising in 
the study of a mechanical problem: the buckling of a von Kármán plate adhesively connected to a rigid support 
with delamination effects. For this eigenvalue problem an existence result is obtained by applying a critical 
point method suitable for nonconvex nonsmooth functions. Further, a result concerning the multiplicity of 
solutions is proved. The mechanical interpretation of these results is briefly discussed. 
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“Work conjugacy error in commercial finite-element codes: Its magnitude and how to compensate for it”, The 
Royal Society Proceedings A, 23 May, 2012, DOI: 10.1098/rspa.2012.0167 
ABSTRACT: Most commercial finite-element programs use the Jaumann (or co-rotational) rate of Cauchy 



stress in their incremental (Riks) updated Lagrangian loading procedure. This rate was shown long ago not to be 
work-conjugate with the Hencky (logarithmic) finite strain tensor used in these programs, nor with any other 
finite strain tensor. The lack of work-conjugacy has been either overlooked or believed to cause only negligible 
errors. Presented are examples of indentation of a naval-type sandwich plate with a polymeric foam core, in 
which the error can reach 28.8 per cent in the load and 15.3 per cent in the work of load (relative to uncorrected 
results). Generally, similar errors must be expected for all highly compressible materials, such as metallic and 
ceramic foams, honeycomb, loess, silt, organic soils, pumice, tuff, osteoporotic bone, light wood, carton and 
various biological tissues. It is shown that a previously derived equation relating the tangential moduli tensors 
associated with the Jaumann rates of Cauchy and Kirchhoff stresses can be used in the user’s material 
subroutine of a black-box commercial program to cancel the error due to the lack of work-conjugacy and make 
the program perform exactly as if the Jaumann rate of Kirchhoff stress, which is work-conjugate, were used.  
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“Elastic soft-core sandwich plates: Critical loads and energy errors in commercial codes due to choice of 
objective stress rate”, Journal of Applied Mechanics, Vol. 80, No. 4, May 2013 
ABSTRACT: Most commercial finite element codes, such as ABAQUS, LS-DYNA, ANSYS and NASTRAN, 
use as the objective stress rate the Jaumann rate of Cauchy (or true) stress, which has two flaws: It does not 
conserve energy since it is not work-conjugate to any finite strain tensor and, as previously shown for the case 
of sandwich columns, does not give a correct expression for the work of in-plane forces during buckling. This 
causes no appreciable errors when the skins and the core are subdivided by several layers of finite elements. 
However, in spite of a linear elastic behavior of the core and skins, the errors are found to be large when either 
the sandwich plate theory with the normals of the core remaining straight or the classical equivalent 
homogenization as an orthotropic plate with the normals remaining straight is used. Numerical analysis of a 
plate intended for the cladding of the hull of a light long ship shows errors up to 40%. It is shown that a 
previously derived stress-dependent transformation of the tangential moduli eliminates the energy error caused 
by Jaumann rate of Cauchy stress and yields the correct critical buckling load. This load corresponds to the 
Truesdell objective stress rate, which is work-conjugate to the Green–Lagrangian finite strain tensor. The 
commercial codes should switch to this rate. The classical differential equations for buckling of elastic soft-core 



sandwich plates with a constant shear modulus of the core are shown to have a form that corresponds to the 
Truesdell rate and Green–Lagrangian tensor. The critical in-plane load is solved analytically from these 
differential equations with typical boundary conditions, and is found to agree perfectly with the finite element 
solution based on the Truesdell rate. Comparisons of the errors of various approaches are tabulated. 
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“Energy-conservation error due to use of Green-Nagdhi objective stress rate in commercial finite-element codes 
and its compensation”, J. Appl. Mech., Vol. 81, No. 2, 021008, September 2013 
ABSTRACT: The objective stress rates used in most commercial finite element programs are the Jaumann rate 
of Kirchhoff stress, Jaumann rates of Cauchy stress, or Green–Naghdi rate. The last two were long ago shown 
not to be associated by work with any finite strain tensor, and the first has often been combined with tangential 
moduli not associated by work. The error in energy conservation was thought to be negligible, but recently, 
several papers presented examples of structures with high volume compressibility or a high degree of 
orthotropy in which the use of commercial software with the Jaumann rate of Cauchy or Kirchhoff stress leads 
to major errors in energy conservation, on the order of 25–100%. The present paper focuses on the Green–
Naghdi rate, which is used in the explicit nonlinear algorithms of commercial software, e.g., in subroutine 
VUMAT of ABAQUS. This rate can also lead to major violations of energy conservation (or work 
conjugacy)—not only because of high compressibility or pronounced orthotropy but also because of large 
material rotations. This fact is first demonstrated analytically. Then an example of a notched steel cylinder made 
of steel and undergoing compression with the formation of a plastic shear band is simulated numerically by 
subroutine VUMAT in ABAQUS. It is found that the energy conservation error of the Green–Naghdi rate 
exceeds 5% or 30% when the specimen shortens by 26% or 38%, respectively. Revisions in commercial 
software are needed but, even in their absence, correct results can be obtained with the existing software. To 
this end, the appropriate transformation of tangential moduli, to be implemented in the user's material 
subroutine, is derived. 
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University of Alabama at Birmingham, USA), “Debonding of composites structural insulated sandwich 
panels”,Journal of Reinforced Plastics and Composites, August 2010, DOI: 10.1177/0731684410380990 
ABSTRACT: A new type of composites structural insulated panels (CSIPs) is presented in this article. These 
panels are proposed for structural floor and wall applications. The developed composite panels are made of low-
cost orthotropic thermoplastic glass/polypropylene laminate as facesheets and expanded polystyrene foam as a 
core. CSIPs have a considerably high facesheet/core moduli ratio. The common mode of failure of these panels 
is facesheet/core debonding. Accordingly, this investigation presents models for interfacial tensile stress and 
critical wrinkling in-plane stress associated with debonding of CSIPs. The facesheet in compression was 
modeled as a beam on a Winkler foundation. The proposed models were validated using full-scale experimental 
testing for CSIPs floor and wall panels. Both type of panels failed by facesheet/debonding with natural half-
wavelength approximately equal to the core thickness. 
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“Large displacement behaviors of foam-insulated concrete sandwich panels subjected to uniform pressure”, 
Journal of the Korean Society for Advanced Composite Structures, Vol. 2, No. 4, pp 35-43, 2011 
ABSTRACT: This study examined the structural behaviors of foam insulated concrete sandwich panels 
subjected to uniform pressure. Finite element models were used to simulate the detailed shear resistance of 
connectors and the nonlinear behaviors of concrete, foam and rebar components. The models were then 



validated using data from static tests performed at the University of Missouri. Both composite and non-
composite action had a significant effect on the response of the foam insulated concrete sandwich panels, 
indicating that the simulated shear tie resistance should indeed be incorporated in numerical analyses. The 
modeling approach used here conveniently simulated the structural behaviors during all loading stages (elastic, 
yielding, ultimate and post-failure) and was compatible with the American Concrete Institute (ACI) Code and 
existing design practices. The results of this study will therefore provide useful guidelines for the analysis and 
design of foam insulated sandwich panels under both static and dynamic loadings. 
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ABSTRACT: Buckling analysis of sandwich plate was investigated using layerwise method. The formulation 
was based on the first-order shear deformation theory, and the Rayleigh-Ritz method was used for 
approximating and determining the displacement field. The results obtained from layerwise theory was 
compared with finite element results and showed good agreement. This study demonstrated that layerwise 
theory could describe buckling behavior of sandwich plates with high accuracy and represents a more realistic 
and acceptable description of behavior of the plates with much less computational cost. 
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ABSTRACT: In this paper, for a rectangular sandwich plate with edges simply supported and subjected to a 
constant compressive thrust λ along two opposite edges; the secondary bifurcation points and the secondary 
buckled states that bifurcate from the primary buckled states are determined by a perturbation method. These 
results are useful for their numerical calculation and can be used to explain the phenomenon of “mode-
jumping”. 
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325-329, April 1992 
ABSTRACT: A method of determining bifurcation directions at a double eigenvalue is presented by combining 
the finite element method with the perturbation method. By using the present method, the buckled states of 
rectangular plates at a double eigenvalue are numerically analyzed. The results show that this method is 
effective. 
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ABSTRACT: Nonlinear boundary-value problems of axisymmetric buckling of simply supported and clamped 
plates under radial compression are formulated for a system of six first-order ordinary differential equations 
with independent fields of finite displacements and rotations. Multivalued solutions are obtained by the 
shooting method with specified accuracy. Bifurcation of the solutions of the problem is studied, and a 
parametric bifurcation diagram is constructed for various values of the loading parameter. Curves of buckling 
modes are given for three branches of the solution. The numerical results agree with available theoretical data. 
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College Station, TX 77843, USA), “Similitude study for a laminated cylindrical tube under tensile, torsion, 
bending, internal and external pressure. Part I: governing equations”, Composite Structures, Vol. 44, No. 4, 
April 1999, pp. 221-229, doi:10.1016/S0263-8223(98)00068-3 
ABSTRACT: A general analytical model is developed for the stresses and displacements of an assembly of 
several coaxial laminated hollow circular cylinders made of orthotropic layers, and subjected to internal and 
external pressure, tensile, torsion and bending loads. Slip and friction conditions at the interfaces are not 
considered in lieu of perfect bonding. The model results are compared to the experimental tensile test of a 
composite tube. Displacements and stresses are evaluated for different angle-ply layers and radius-tothickness 
ratios. 
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College Station, TX 77843, USA), “Similitude study for a laminated cylindrical tube under tension, torsion, 
bending, internal and external pressure Part II: scale models”, Composite Structures, Vol. 44, No. 4, April 1999, 
pp. 231-236, doi:10.1016/S0263-8223(98)00069-5 
ABSTRACT: The aim of this study is to demonstrate the validity of scale model development testing and 
predict the laminated cylindrical tube behavior under tensile, torsion, bending, internal and external pressure 
load. Similitude theory is used to develop the necessary similarity conditions. In the amplitude approach, the 
coefficients of the governing differential equation for the prototype and the model of the prototype are 
compared to develop scaling laws. For composites, these scaling laws depend not just on geometry, but also on 
constituent properties and the laminate stacking sequences. The model tubes were loaded under scaled test 
conditions until catastrophic failure. Data acquired included load, strain measurements and non destructive 
evaluation of damage mechanisms. 
 
 
A.A. Jafari, S.M.R. Khalili and R. Azarafza (Department of Mechanical Engineering, K.N.Toosi University of 
Technology, P.O. Box 16765-3381, Tehran, Iran), “Transient dynamic response of composite circular 
cylindrical shells under radial impulse load and axial compressive loads”, Thin-Walled Structures, Vol. 43, No. 
11, November 2005, pp. 1763-1786, doi:10.1016/j.tws.2005.06.009 
ABSTRACT: Free and forced vibration of composite circular cylindrical shells are investigated based on the 
first love's approximation theory using the first-order shear deformation shell theory. The boundary conditions 
(BCs) are considered as clamped-free edges. The dynamic response of the composite shells is studied under 
transverse impulse and axial compressive loads. The axial compressive load was less than critical buckling 
loads. The modal technique is used to develop the analytical solution of the composite cylindrical shell. The 
solution for the shell under the given loading conditions can be found using the convolution integrals. The effect 
of fiber orientation, axial load, and some of the geometric parameters on the time response of the shells has 
been shown. The results show that dynamic responses are governed primarily by natural period of the structure. 
The accuracy of the analysis has been examined by comparing results with those available in the literature and 
experiments. 
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“Structural similitude in free vibration of orthogonally stiffened cylindrical shells”, Thin-Walled Structures 
Vol. 47, No. 11, November 2009, pp. 1316-1330, doi:10.1016/j.tws.2009.03.013 
ABSTRACT: In this paper, the necessary similarity conditions, or scaling laws, for free vibrations of 
orthogonally stiffened cylindrical shells are developed using the similitude theory. The Donnell-type nonlinear 
strain–displacement relations along with the smearing theory are used to model the structure. Then the principle 



of virtual work is used to analyze the free vibration of the stiffened shell. After non-dimensionalizing the 
derived formulations, the scaling laws are developed, using the similitude theory. Then, different examples are 
solved to validate the scaling laws numerically and experimentally. The obtained results show the effectiveness 
of the derived formulations. 
 
 
M. Tavakolian, A.A. Jafari and S.M.R. Khalili (K.N. Toosi University of Technology, Tehran, Iran), “Nonlinear 
Vibration of Functionally Graded Cylindrical Shells under Radial Harmonic Load”, ISME (publisher and date 
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ABSTRACT: In this paper, the nonlinear vibration of functionally graded (FGM) cylindrical shells subjected to 
radial harmonic excitation is investigated. The nonlinear formulation is based on a Donnell’s nonlinear shallow-
shell theory, in which the geometric nonlinearity takes the form of von Karman strains. The Lagrange equations 
of motion were obtained by an energy approach. In order to reduce the system to finite dimensions, the middle 
surface displacements were expanded by using trial functions. These functions were expressed in terms of 
Fourier series containing linear mode shapes, which were obtained from free vibration analysis. The large-
amplitude response and amplitude frequency curves of shell were computed by using numerical method for 
both linear and nonlinear analysis.  
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“Stability analysis of carbon nanotubes using a hybrid atomistic-structural element”, International Journal of 
Nanomanufacturing”, Vol. 5, Nos. 3-4, 2010, pp. 366-375, doi: 10.1504/IJNM.2010.033879 
ABSTRACT: In this paper, a hybrid atomistic-structural element for studying the mechanical behaviour of 
carbon nanotubes is introduced. Non-linear formulation for this element is derived based on empirical inter-
atomic potentials. This hybrid element is capable of taking into account the non-linear nature of inter-atomic 
forces as well as the non-linearity arising from large deformations. Using these capabilities, the stability 
analysis of carbon nanotubes under axial compressive loading is performed and the post-buckling behaviour is 
predicted. Also, the dependence of axial buckling force on nanotube radius is shown. 
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laminated cylindrical shells with nonuniform eccentricity”, Archive of Applied Mechanics, (no vol., no. or pp. 
given) Springer-Verlag, 2010, doi: 10.1007/s00419-010-0457-0 
ABSTRACT: In this study, the influence of nonuniformity of eccentricity of stringers on the general axial 
buckling load of stiffened laminated cylindrical shells with simply supported end conditions is investigated. The 
critical loads are calculated using Love’s First-order Shear Deformation Theory and solved using the Rayleigh-
Ritz procedure. The effects of the shell length-to-radius ratio, shell thickness-to-radius ratio, number of 
stringers, and stringers depth-to-width ratio on the buckling load of nonuniformly eccentric shells, are 
examined. The research demonstrates that an appropriate nonuniform distribution of eccentricity of stringers 
leads the buckling load to increase significantly. 
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shells for axial and radial buckling loads”, Archive of Applied Mechanics, 2011, 
doi: 10.1007/s00419-011-0507-2 
ABSTRACT: In this research, the general axial and radial buckling optimization of ring-stiffened cylindrical 
shells is implemented by the genetic algorithm (GA). The stiffened shell is subjected to four constraints 
including the fundamental frequency, the structural weight, the axial buckling load, and the radial buckling 
load. In addition, six design variables including shell thickness, number of stiffeners, stiffeners width and 
height, stiffeners eccentricity distribution order, and stiffeners spacing distribution order are considered. In 
analytical solution, the Ritz method is applied and stiffeners are treated as discrete elements. The effect of the 
weighting coefficients of the objective functions on the optimum solution is studied. The results show that 
optimized stiffening a cylindrical shell leads to a lower structural weight, higher natural frequencies, and larger 
axial and radial buckling loads, simultaneously. In addition, the upper and lower bounds of the design variables 
influence the optimum results considerably. It is also found that the distributions of eccentricity and spacing of 
the stiffeners influence the magnitudes of the axial and radial buckling loads considerably. 
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ABSTRACT: The problem of stability of shells of positive Gaussian curvature subjected to a concentrated load, 
internal or external pressure and an accumulating ponding fluid in the depression caused by the load is the 
subject of this paper. Critical values of the load are calculated by a so called “geometrical method”, using 
variational Lagrangian principles. The shape of the shell is assumed to be nearly isometrical to the initial shape 
and its bending rigidity is taken into account. Simple relations for the critical load are obtained and the results 
presented in graphical form. The expressions and diagrams presented facilitate calculation of critical loads and 
describe the behaviour of the shell undergoing very large deflections. 
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doi:10.1016/0020-7403(93)90069-7 
ABSTRACT: The present paper gives the results of numerical solutions for non-linear problems concerning 
transverse bending of flexible shallow hyperbolic paraboloid shells with elastic edge elements and tie-
connecting lower corners. Perfect and imperfect shells are analysed. To solve the system of non-linear 
differential equations, the method of finite differences combined with the method of differentiation with respect 
to a parameter is used. These methods reduce the boundary value problem to Cauchy's problem which is solved 
with the use of Runge-Kutta's method. It has been shown that the buckling of a flexible shallow hypar under 
transverse load occurs in the vicinity of the upper corner zones under the effect of principal compressive 
membrane forces caused by surface shear. The values of critical loads are given here. They depend significantly 
on the surface curvature and stiffness of the edge elements and tie. For imperfect shells the position and shape 
of the initial irregularities influence greatly the value of the critical load. 
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ABSTRACT: The stability of linearly viscoelastic flexible shallow hyperbolic paraboloid shell is analysed 
under transverse load. Allowances are made for geometrical nonlinearity and initial imperfections of the surface 
shape. By application of the method of finite differences with respect to geometrical variables and the method 
of differentiation with respect to a parameter (time) the solution for the system of equilibrium non-linear 
integro-differential equations is reduced to Cauchys problem which can be solved numerically. The critical time 
was shown to depend on the load, curvature, initial imperfections and edge elements compressibility. Critical 
loads for an outlying time moment are determined. 
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ABSTRACT: The stability analysis of stiffened plates by means of the finite strip method is presented. The 
studies are based on the thin shallow theory, giving nonlinear strain displacement relations, but linear curvature 
displacement relations. The nonlinear equilibrium equations are obtained by the principle of incremental virtual 
work, using finite strip discretization. The higher order strip with one internal nodal line is applied. It is shown 
that considerable improvements can be obtained using this kind of strip. It is especially true for the postbuckling 
analysis. Numerical examples of the strength of stiffened plates in compression are carried out, covering a range 
of plate and stiffener slenderness. 
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ABSTRACT: The purpose of this paper is to examine the two fundamental questions in the finite element 
analysis of shells; namely, the rates of convergence resulting from different interpolation schemes for the 
inplane and normal displacements, and the dependence of the condition number of the resulting algebraic 
system on the various parameters both of the shell and of the discretization. 
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ABSTRACT: A cubic-cubic finite element is derived for the thin shell of revolution undergoing large axisym-
metrical Kirchhoff deformation. Application is made to the nonlinear elastic distortion of a spherical shell under 
surface pressure and polar forces. 
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ABSTRACT: In the present paper the mechanical interpretation of the Berger's hypothesis is considered. Using 
the geometrical method of Pogorelov and the asymptotic representation of the solutions of the non-linear partial 
differential equations, the values of the first and second invariants of the strain tensor are evaluated. This 
method confirms the hypothesis of Berger for the class of non-linear problems of shells under static loading. 
The result obtained is valid for isotropic and anisotropic shells. 
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ABSTRACT: The global stability of thin elasto-plastic shells subject to static loading is investigated using the 
variational principle. With the aid of the assumptions of the geometric method the asymptotic of the energy of 
deformation on the class of partially-regular surfaces, isometric to the initial ones is obtained. The plastic 
properties of the material are properly described by the deformation theory of plasticity. The variational 
principle is applied to cylindrical elasto-plastic shells subject to axial compression. The theoretical results for 
the minimum critical loading, compared with the experimental ones, show the difference to be not more than 
10%  
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doi:10.1016/0263-8231(95)00012-3 
ABSTRACT: This paper presents an attempt to evaluate theoretically the influence of initial geometric 
imperfections in the shell surface on the value of the upper critical load of a strictly convex shell of revolution 
which is subjected to uniform pressure. Pogorelov's geometric method for nonlinear stability problems of thin 
shells is applied to obtain an analytical formula for the upper critical load, dependent on the initial 
imperfections. A probabilistic solution of the problem is presented. As a result, the stochastic influence of the 
initial deviations in the shell surface on the probability density function of the critical load and on the shell 
reliability are estimated and presented graphically. An example is given for an ellipsoidal shell of revolution. 
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bl.4, 1113, Sofia, Bulgaria), “A stochastic approach to the problem of stability of a spherical shell with initial 
imperfections”, Probabilistic Engineering Mechanics, Vol. 7, No. 4, 1992, pp. 227-233, 
doi:10.1016/0266-8920(92)90026-E 
ABSTRACT: A probabilistic method is applied to the problem of stability of a spherical shell with initial 
imperfections, subjected to uniform external pressure. The distribution law of the normal deflections of the shell 
is obtained following the Smoluchovsky equation, at a given density of the initial deflections. On this basis the 
probability for the deflections to be in a given interval is found. A relation for the probability for a jump 
transition to a new stability form is obtained for a spherical shell with a given probability distribution of the 
initial imperfections. The relations obtained can be used for solving different kinds of reliability problems, as 



well as problems for prediction of the shell stability forms together with the probability for their realization. 
 
 
L. S. Srubshchik, “Influence of initial imperfections on the buckling of elastic shells under multiple critical 
loads”, Journal of Applied Mathematics and Mechanics, Vol. 44, No. 5, 1980, pp. 629-637, 
doi:10.1016/0021-8928(80)90065-9 
ABSTRACT: The buckling and post-critical behavior of elastic conservative, shallow shells with very small 
initial imperfections in the middle-surface shape are investigated for several coincident critical loads. In this 
case the buckling mode of the shell in the initial post-critical stage is a linear combination of many eigenmodes 
and a computation of the critical loads is related to the need to solve systems of nonlinear algebraic equations 
/1,2/. The analysis is on the basis of the Mushtari—Donnell — Vlasov equations /3/ by the Liapunov-Schmidt 
operator method /4–9/. In the case of shells of arbitrary shape, asymptotic representations are constructed of 
new equilibria in the initial post-critical stage, a system of bifurcation, equations and formulas to determine its 
coefficients are obtained, and equations of the critical load surfaces are also derived as functions of the shell 
imperfection parameters. A complete solution of the problem is given for the non-axisymmetric buckling of the 
axisymmetric equilibrium of shells of revolution. Computational formulas are written down for the coefficients 
of the system of bifurcation equations and an algorithm is constructed to determine all its solutions. It is shown 
that taking account of the connectedness of the eigenmodes yields a substantial reduction in the upper critical 
pressure. Results of computations are presented for spherical and conical shells in two eigenmodes. According 
to the computations and experiments, the divergence of the theoretical values of the upper critical loads and the 
actual snap-through loads of a broad class of elastic shells is related mainly to small initial deviations of their 
shape from the assumed geometric surface /10–12/.Koiter was the first to investigate the buckling of imperfect 
shells, and his researches were continued by a number of authors using variational principles (see the surveys 
/1,2,13–16/, almost all the papers cited in these surveys are limited to a study of buckling in one eigenmode). 
 
 
Mosch M. Domb (Bombardier Aerospace, Stgrategic Technology Group, Downsview, Ontario, Canada M3K 
1Y5, “Nonlinear buckling predictions of curved panels under combined comnpression and shear loading”, 
ICAS2002 Congress, 2002 
ABSTRACT: The present work deals with implementation of a nonlinear buckling analysis technique for the 
prediction of the initial buckling in simply supported curved panels subjected to a combined loading state of 
compression and shear. Interaction buckling curves are generated for a wide range of curved panels. The curves 
include the effect of a pre-existing level of imperfection in the panel on the combined buckling characteristics. 
Good correlation with the parabolic naca interaction curve was obtained for the entire combined loading range 
when the model predictions are presented through the buckling stress ratios relative to the nonlinear pure 
compression and pure shear cases. The results presented in this work show the high sensitivity of curved panel 
buckling to the degree of initial imperfection in the panel, especially when compression loading is present. The 
magnitude of imperfection in a given panel would be dependent on the panel configuration parameters and its 
radius to thickness ratio. Detailed knowledge of this dependency would lead to better prediction of the buckling 
characteristics of the panel. 
 
 
Binbin Pan and Weicheng Cui (China Ship Scientific Research Center, P.O. Box 116, No. 222 East Shanshui 
Road, Wuxi, Jiangsu 214082, China), “An overview of buckling and ultimate strength of spherical pressure hull 
under external pressure”, Marine Structures, Vol. 23, No. 3, July 2010, pp. 227-240, 
doi:10.1016/j.marstruc.2010.07.005 
ABSTRACT: The load-carrying capability of spherical shells under external pressure has been the subject of a 
long history and many theoretical and experimental studies have been carried out. However, from a comparative 
study on the design rules for the minimum thickness of the deep manned spherical shells from various 
classification societies, significant differences have been found. This indicates that these design rules need to be 
updated and unified like Common Structural Rules for tankers and bulk carriers. In order to lay a foundation for 
this target, a systematic study is carried out to develop a consistent calculation method for predicting the 
ultimate strength of spherical pressure hull under external pressure. This is the first paper of a series of three for 



reporting this study and in this paper, a critical review on the buckling and ultimate strength of spherical 
pressure hulls is carried out and further problems to be studied are identified. This could lay a solid foundation 
for the further study. 
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Li Li-juan, Mei Zhan-xin, Wan Hong and Liu Feng (Xi'an Institute of Metallurgy and Construction 
Engineering, Xi'an, China), “Nonlinear strain components of general shells with initial geometric 
imperfections”, Applied Mathematics and Mechanics, Vol. 13, No. 7, pp 675-681, 
DOI: 10.1007/BF02456092 
ABSTRACT: On the basis of nonlinear strain component formulations of three-dimensional continuum, this 
paper has derived the nonlinear strain component formulations of shells with initial geometric imperfections. 
The derivation is not confined to a special shell, therefore they possess general properties. These-formulations 
provide the theoretical basis of the strain analysis for geometric nonlinear problems of shells with initial 
geometric imperfections. 
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Jakub Marcinowski (Technical University of Wrocaw, Institute of Civil Engineering, Wybrzee Wyspiaskiego 
27, 50-370, Wrocaw, Poland), “Large deflections of shells subjected to an external load and temperature 
changes”, International Journal of Solids and Structures, Vol. 34, No. 6, February 1997, pp. 755-768, 
doi:10.1016/S0020-7683(96)00045-5 
ABSTRACT: Shell stability in geometrically nonlinear range is considered. Influence of the temperature change 
on the value of the critical force is examined. The whole analysis is performed numerically using the Finite 
Element Method. To solve the problem, nonlinear equilibrium paths for given temperature change and various 
load values must be calculated. These are cross-sections of the nonlinear equilibrium surface. From such paths 
the critical value of the load for given temperature change can be determined and stability boundary can be 
found as the main purpose of the procedure. The detailed numerical analysis was performed in reference to the 
semi cylindrical shell segment subjected to temperature changes and loaded by the concentrated force. 
 
 
J. Marcinowski (Institute of Structural Engineering, University of Zielona Góra, Zielona Góra, Poland), 
“Stability of a spherical cap loaded by the external pressure”, in Shell structures: theory and applications : 
proceedings of the 8th SSTA…, edited by Wojciech Pietraszkiewicz, Czeslaw Szymczak, 2006 Taylor & 
Francis Group, London, ISBN 0-415-38390-0 
ABSTRACT: The stability phenomenon of elastic, spherical shells is examined numerically by the finite 
element method. The attention is focused on spherical caps clamped along the periphery and pressurized 
externally. The stability phenomenon depends on the cap rise. Very shallow shells do not exhibit instability 
symptoms. Shells of higher rise exhibit typical snap-through buckling. When the rise is greater the bifurcation 
phenomenon appears as well. The spherical shell of a particular rise is analysed in detail in the paper. The 
fundamental path and all bifurcation paths splitting from the fundamental one are calculated. Secondary 



bifurcations are registered in this particular case as well. The most desired forms of geometrical imperfections 
are indicated. The ‘worst’ imperfections are determined as well. 
 
 
J. Marcinowski (Institute of Structural Engineering, University of Zielona Góra, Podgórna 50, 65-246 Zielona 
Góra, Poland), “Stability of relatively deep segments of spherical shells loaded by external pressure”, Thin-
Walled Structures, Vol. 45, Nos. 10-11, October-November 2007, pp. 906-910, doi:10.1016/j.tws.2007.08.034 
ABSTRACT: The buckling of shells in the form of spherical segment depends strictly on its rise. Determination 
of full equilibrium paths for shells of higher rise is very laborious and evokes many numerical problems. 
Spherical caps loaded by the external pressure and clamped along the base circle are the subject of a detailed 
analysis. The stability analysis for shells of relative slenderness of interval Lambda=3.5 - 12 was performed and 
is presented in the paper. Three critical points, and namely the primary bifurcation point, the primary higher 
limit point and the primary lower limit point were basis for the plot of relative critical pressure versus 
slenderness parameter. This plot has big practical significance. One can read off from it the value of critical 
pressure being the basis of designing procedure, which takes into account stability criterion. The author's 
program based on FEM and taking into account all singularities characteristic for nonlinear elastic stability, was 
used in calculations. The correctness of the approach was verified on the example of spherical segment of 
slenderness Lambda=8 solved before by other authors. 
 
 
Jakub Marcinowski (Institute of Building Engineering, Civil and Environmental Engineering Faculty, 
University of Zielona Góra, Szafrana 1, 65-516 Zielona Góra, Poland), “Buckling Resistance Assessment of a 
Slender Cylindrical Shell Axially Compressed”, Mechanics and Mechanical Engineering, Vol. 14, No. 2, pp. 
309-316, 2010 
ABSTRACT: The paper deals with some considerations focused on resistance assessment of slender cylindrical 
shells subjected to the axial compression. The load carrying capacity of such shells is determined by stability 
criterion. It is not enough to determine the critical load in order to assess the load carrying capacity. It is 
necessary to apply the whole procedure recommended by designing codes and other design recommendations. 
Details of this procedure were presented in the paper. The correctness of the resistance assessment was 
verified experimentally on segments of cylindrical shells made of stainless steel. 
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Pawel Blazejewski and Jakub Marcinowski (University of Zielona Góra, Institute of Building Engineering, 
Poland), “Buckling capacity curves for steel spherical shells loaded by the external pressure”, Civil and 
Environmental Engineering Reports, CEER Vol. 15, No. 4, pp 43-55, 2014, doi: 10.1515/ceer-2014-0034  
ABSTRACT: Assessment of buckling resistance of pressurised spherical cap is not an easy task. There 
exist two different approaches which allow to achieve this goal. The first approach involves performing 
advanced numerical analyses in which material and geometrical nonlinearities would be taken into 
account as well as considering the worst imperfections of the defined amplitude. This kind of analysis 
is customarily called GMNIA and is carried out by means of the computer software based on FEM. 
The other, comparatively easier approach, relies on the utilisation of earlier prepared procedures which 
enable determination of the critical resistance pRcr, the plastic resistance pRpl and buckling parameters 
α, β, η, λο needed to the definition of the standard buckling resistance curve. The determination of the 
buckling capacity curve for the particular class of spherical caps is the principal goal of this work. The 



method of determination of the critical pressure and the plastic resistance were described by the authors 
in [1] whereas the worst imperfection mode for the considered class of spherical shells was found in 
[2]. The determination of buckling parameters defining the buckling capacity curve for the whole class 
of shells is more complicated task. For this reason the authors focused their attention on spherical steel 
caps with the radius to thickness ratio of R/t = 500, the semi angle phi = 30o and the boundary condition 
BC2 (the clamped supporting edge). Taking into account all imperfection forms considered in [2] and 
different amplitudes expressed by the multiple of the shell thickness, sets of buckling parameters 
defining the capacity curve were determined. These parameters were determined by the methods 
proposed by Rotter in [3] and [4] where the method of determination of the exponent η by means of 
additional parameter k was presented. As a result of the performed analyses the standard capacity 
curves for all considered imperfection modes and amplitudes 0.5t, 1.0t, 1.5t. 
 
 
A. Yapici, “Thermal Buckling Behavior of Hybrid-Composite Angle-Ply Laminated Plates with an Inclined 
Crack”, Mechanics of Composite Materials; Mar 2005, Vol. 41 Issue 2, p131 
ABSTRACT: A thermal buckling analysis of symmetric and antisymmetric angle-ply laminated hybrid 
composite plates with an inclined crack subjected to a uniform temperature rise is presented in this paper. The 
first-order shear deformation theory in conjunction with the variational energy method is employed in 
mathematical formulations. The eight-node Lagrange finite-element technique is used for determining the 
thermal buckling temperatures of hybrid laminates. The effect of crack size and stacking sequences on the 
temperatures is investigated. 
 
 
V.N. Paimushin, V.A. Ivanov, S.A. Lukankin and A.A. Bushkov, “Research in the flexural buckling modes of a 
cylindrical sandwich shell under the action of a temperature field inhomogeneous across its thickness”, 
Mechanics of Composite Materials; Nov 2004, Vol. 40 Issue 6, pp 461-472 
ABSTRACT: A solution to the problem on the stability according to the flexural buckling mode is given for a 
cylindrical sandwich shell with a transversely soft core of arbitrary thickness. The shell is under the action of a 
temperature field inhomogeneous across the thickness, and its end faces are fastened in such a way (in the axial 
direction, the face sections of the external layer are fixed, but of the internal one are free) that an 
inhomogeneous subcritical stress-strain state arises in the shell across the thickness of its layers. It is shown 
that, under such conditions, the buckling mode of the shell is mixed flexural. To reveal and investigate this 
mode, equations of subcritical equilibrium and stability of a corresponding degree of accuracy are needed. 
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V.Ye. Vyalkov, V.A. Ivanov and V.N. Paimushin (Kazan, USSR), “Modes of loss of stability and critical loads 
of a three-layer spherical shell under a uniform external pressure”, Journal of Applied Mathematics and 
Mechanics, Vol. 69, No. 4, 2005, pp. 628-645, doi:10.1016/j.jappmathmech.2005.07.012 
ABSTRACT: Problems of the modes of loss of stability of a three-layer spherical shell, consisting of thin 
external layers and a transversely soft filler of arbitrary thickness, which is under conditions of a uniform 
external pressure, are considered. The two-dimensional equations of the Kirchhoff-Love theory of the moderate 
flexure of thin shells are used. These equations are set up for the external layers, taking account of the 
interaction with the filler and, in the case of the filler, using the geometrically non-linear equations of the theory 
of elasticity, which correspond to the introduction of the assumption that the stretching deformations are small 



and the shear deformation are finites, which enables the purely shear modes of loss of stability in the filler to be 
described correctly. An exact analytical solution is found for the problem of an initial centro-symmetric 
deformation of a shell, which depends linearly on the external pressure. It is shown that the three-dimensional 
equations for the filler, which have been linearized in the neighbourhood of this solution, can be integrated with 
respect to the radial coordinate, and reduce to two two-dimensional differential equations, in addition to the six 
equations by which the neutral equilibrium of the external layers is described. It is established that the system of 
eight differential equations of stability, constructed for a shell with isotropic layers, when new unknowns in the 
form of scalar and vortex potentials are introduced, decomposes into two unconnected systems of equations. 
The first of these systems has two forms of solutions by which the shear modes of loss of stability are described 
for the same value of the critical load. A mixed flexural mode, the realization of which is possible for certain 
combinations of the governing parameters of the shell for high values of the external pressure compared with 
the shear modes, is described by the second system. 
 
 
S. A. Lukankin and V. N. Paimushin, “Static and dynamic buckling modes of a cylindrical shell under external 
pressure”, Mechanics of Solids, Vol. 49, No. 1, pp 83-98, January 2014, DOI: 10.3103/S0025654414010105 
ABSTRACT: We consider the problem of static and dynamic buckling modes of thin shells under external 
hydrostatic pressure. If the statement of the problem uses the linearized equations of motion obtained in the 
moderately large bending theory of shells according to the classical or refined model, then part of terms related 
to the external load in these equations are assumed to be conservative, and the other terms are assumed to be 
nonconservative. In this connection, we study four statements of the elastic stability problem for a cylindrical 
shell with hinged faces. The first of them is the statement of the static boundary value problem in the sense of 
Euler, where the action of external pressure is assumed to be conservative. The second statement is used to 
study small vibrations near the static equilibrium by a dynamic method for the same conservative load. The 
third and fourth statements of the problem correspond to the action of a nonconservative load and are similar to 
the first and second statements, respectively. They use the linearized equations of equilibrium and motion 
constructed earlier in a consistent version on the basis of a Timoshenko type model and allowing one to reveal 
all classical and nonclassical shell buckling modes. 
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C. R. Calladine (Department of Engineering, University of Cambridge, Cambridge, UK, CB2 1PZ), 
“Understanding imperfection-sensitivity in the buckling of thin-walled shells”, Thin-Walled Structures, Vol. 23, 
Nos. 1-4, 1995, pp. 215-235, Special Issue: Buckling Strength of Imperfection-sensitive Shells, 
doi:10.1016/0263-8231(95)00013-4 
ABSTRACT: The buckling of thin-walled shell structures under load is still imperfectly understood, in spite of 
much research over the past 50 years. In this paper the author traces the history of the ideas which have been 
deployed in order to shed light on what is often referred to as ‘imperfection-sensitive’ buckling behaviour of 
shells. The ideas, which recur in various combinations, involve interaction of competing buckling modes, 
nonlinear behaviour, the growth of initial geometric imperfections under load and the alteration of the 
distribution of membrane stress as imperfections grow. The author claims that there are strong grounds for 
supposing that ‘locked in’ initial stresses on account of imperfect initial geometry and the static indeterminacy 
of boundary conditions of real shells have a pronounced effect on the buckling performance. This effect has 
been ignored in the past, and is the subject of a current experimental study. 
 
 
Martin Pircher, Prof. Russell Bridge (School of Civic Engineering and Environment University of Western 
Sydney, Nepean PO Box 10, Kingswood, NSW 2747, Australia), “The Influence of Circumferential Weld-
induced Imperfections on the Buckling of Silos and Tanks”, Advances in Steel Structures (ICASS '99) 
Proceedings of The Second International Conference on Advances in Steel Structures 15–17 December 1999, 
Hong Kong, China, 1999, pp. 639-646, doi:10.1016/B978-008043015-7/50075-0 
ABSTRACT: The load carrying behaviour of cylindrical thin-walled shell structures under axial load is strongly 
dependent on imperfections invariably caused by various manufacturing processes. Axisymmetric imperfections 
have been recognised to result in particularly severe reductions in strength. Imperfections in the vicinity of 
circumferential welds in steel silos and tanks fall into this category and therefore deserve special attention. A 
detailed bifurcation and post-buckling finite elements analysis was performed on imperfect cylindrical shells. 
Special care was taken to model the weld-induced circumferential imperfection. The geometry was calibrated 
against data gained from measuring such imperfections on existing silos and residual stresses were taken into 
account. Interaction between neighbouring weld imperfections and the role of the strake height in this 
interaction was investigated. Weld-induced residual stresses were found to have a small strengthening influence 
on the buckling load. Interaction between neighbouring imperfections was found to reduce the buckling strength 
of the structures. A post-buckling analysis was undertaken to investigate the load-carrying behaviour of the 
structure after initial bifurcation. 
 
 
M. Pircher, W. Guggenberger, R. Greiner, “Stresses in Elastically Supported Cylindrical Shells under Wind 
Load and Foundation Settlement”, Advances in Structural Engineering, Vol. 4, No. 3, July 2001, pp. 159-167,  
doi: 10.1260/1369433011502453 
ABSTRACT: Thin-walled shell structures of a circular cylindrical shape are widely used in structural 
engineering to serve in applications such as silos, tanks or chimneys. The design of such structures poses some 
considerable challenges to structural engineers as the load carrying behaviour of cylindrical shells is quite 
complex, especially for non-axisymetric load cases. Very often a comprehensive analysis causes considerable 
expenses and the vast amounts of results which are typically generated make it hard to understand the 
underlying load-carrying principles of the structure. The introduction of an engineering method to handle two 
typical non-axisymetric load cases on circular cylindrical thin-walled shell structures is the goal of this paper. 
The proposed method offers a quick way to generate critical section forces and displacements. The load cases 
discussed herein are wind-loading and foundationsettlement. Ground support for many cylindrical steel 
structures is often realised by anchoring the lower shell boundary to a concrete foundation. This is 
accomplished by steel bolts that can be looked at as spring elements providing elastic support for the shell 
structure. The influence of this type of support on the section forces and displacements under wind loading can 
be modelled by combining the two abovementioned load cases via an interaction diagram also given in this 
paper. 
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(2) Univ. of Western Sydney, School of Engrg. and Industrial Des., Locked Bag 1797, South Penrith, New 
South Wales 1797, Australia 
“Buckling Of Thin-Walled Silos And Tanks Under Axial Load—Some New Aspects”, Journal Of Structural 
Engineering, October 2001, pp. 1129 – 1136  
ABSRACT: The strength of thin-walled cylindrical shell structures is highly dependent on the nature and 
magnitude of imperfections. Most importantly, circumferential imperfections have been reported to have an 
especially detrimental effect on the buckling resistance of these shells under axial load. Due to the 
manufacturing techniques commonly used during the erection of steel silos and tanks, specific types of 
imperfections are introduced into these structures, among them circumferential weld-induced imperfections 
between strakes of steel plates. A study on several factors influencing the buckling of silos and tanks was 
carried out using the finite-element method. The interaction between neighboring circumferential weld 
imperfections was investigated, and it was found that the influence on the buckling behavior depended on the 
strake height in relation to the linear meridional bending half-wavelength and the depth of the imperfection. The 
shape of localized circumferential weld imperfections was found to influence the buckling behavior of silos and 
tanks. The influence of a recently developed shape function on the buckling behavior has been examined. The 
strengthening effect of weld-induced residual stress fields was also studied, and the extent of the increase in 
buckling strength was derived for a large range of cylinder geometries. 
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Martin Pircher, Russell Q. Bridge, “A Model for the Post-Buckling of Thin-Walled Silos and Tanks Under 
Axial Load”, Advances in Structural Engineering, Vol. 5, No. 1, January 2002, pp. 23-36, 
doi: 10.1260/1369433021502515 
ABSTRACT: Steel silos and tanks are constructed from plates which are rolled to the correct curvature and 
welded together to form strakes. Several strakes of curved plates, placed on top of each other then form the 
completed structure. At each circumferential weld, a slight hourglass depression occurs essentially forming 
axisymmetric imperfections which are known to be most deleterious. The detrimental influence of this 
particular type of imperfection on the buckling of axially compressed cylindrical shells such as silos and tanks 
is well known. Axial compression onto silos or tanks is commonly generated by roof structures, snow loads or, 
in the case of silos, by friction forces generated by the content. However, very little is known about the post-
buckling of thin-walled cylinders with a circumferential weld imperfection. A post-buckling load bearing model 
was developed and the influence of weld imperfection amplitude, weld-induced residual stress-fields, different 
boundary-conditions and elastic-plastic material behaviour was studied. Different modelling techniques, taking 
into account various symmetries of the problem, are also discussed. 
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“The influence of the fabrication process on the buckling of thin-walled steel box sections”, Thin-Walled 
Structures, Vol. 40, pp 109-123, 2002 
ABSTRACT: Steel box sections are usually fabricated from flat plates which are welded at the corners. The 
welding process can introduce residual stresses and geometric imperfections into the sections which can 
influence their strength. For some thin-walled sections, large periodic geometric imperfections have been 
observed in manufactured sections. Subsequent investigations have indicated that the imperfections are in fact 
buckling deformations i.e. the box section has buckled due to welding residual stresses prior to any application 
of external load. The welding procedure and the behaviour of the box sections under load has been modelled 
using a finite element analysis that accounts for both geometric and material non-linearities. Tests have been 
carried out on box sections with a range of width to thickness ratios for the plate elements. Modelling has been 
shown to give good correlation with the test results. The conditions for buckling to take place as a result of the 
welding process have been established. A design method has been proposed.  
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University of Western Sydney, Australia), “Elastic buckling of a centrally loaded simply supported I-Section”, 
Australian Journal of Structural Engineering,, Vol. 5, No. 1, 2003, DOI: 10.1080/13287982.2003.11464922 
ABSTRACT: Beams with an I-shaped cross-section (I-sections) are widely used in the building industry 
throughout Australia and internationally. The Australian Standard AS4100 provides guidelines for the design of 
such beams. Numerous failure modes are taken into account in these design rules including stability failure 
modes where such beams buckle out of their plane of loading. Recent failures of beams which have been 
designed according to the Australian Standard AS4100 have been documented and concerns have been raised 
that critical out-of-plane failure modes might not be included in the current version of this Australian Standard. 
A preliminary study on one such I-section was performed at the Centre of Construction Technology and 
Research (CCTR), University of Western Sydney. This preliminary study revealed that, for short beams, a 
failure mode exists that is not covered by the current design rules. The current paper documents these findings 
and proposes a simple failure model which could become the basis for the design against this failure mode. 
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Study”, ASCE J. Struct. Eng. Vol. 130, 2004, pp. 2062-2069,   
doi:10.1061/(ASCE)0733-9445(2004)130:12(2062)  
ABSTRACT: Depending on the geometry of a thin-walled cylindrical structure, three different stability failure 
modes under wind loading can be observed. In low cylinders, the radial compression at the windward meridian 
causes a buckling mode similar to cylinders under constant radial compression while very long cylinders 
display a failure mode characterized by buckling in the lower third of the structure at the side which faces away 
from the wind. Both of these failure modes have received a certain amount of interest by the research 
community, and design rules and proposals against both these failure modes exist. The failure of medium-height 
cylinders is characterized by a number of horizontal ripplelike buckles in an area around the upper half of the 
windward meridian. Comparatively little attention has been paid to this failure mode in the existing literature. A 
case study using a finite element model of a cylinder displaying this particular failure mode will be presented in 
this paper. The governing parameters for this rather unexpected behavior are identified and an explanation for 
the structural response is given. It is shown that the critical bifurcation mode is strongly dependent on 
prebuckling deformations. An imperfection sensitivity analysis for various imperfection types is also presented. 
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induced axi-symmetric imperfection on the buckling of a medium-length silo under wind loading”, International 
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ABSTRACT: For particular geometrical constellations of thin-walled cylindrical structures under wind-loading, 
a peculiar stability failure mode has been observed. This failure mode is characterised by the occurrence of 
multiple horizontal ripple-like buckles in an area around the upper half of the windward meridian. A recent case 
study of a cylinder undergoing this type of buckling revealed the strong influence of localised axi-symmetric 
imperfections on this particular buckling behaviour. For the present paper a detailed investigation into the 
nature of this influence of such imperfections on the buckling behaviour under wind loading has been 
performed using finite elements models. A cylinder with a geometry that displayed the particular buckling 
pattern in question was considered for this study. The parameters describing the nature of the axi-symmetric 
weld imperfection were varied and their influence on the buckling of these cylinders was studied in detail. The 
present study draws from insights gained from similar studies for cylinders under axial loading. Many 
similarities between the two loading cases can be observed and the influence of weld-induced imperfections on 
the buckling under the two loading types were compared for this paper. 
 
 
Eun-Young Cho and Dong-Ku Shin (Department of Civil and Environmental Engineering, Myongji University, 
Yongin, Gyeonggi, 449-728, Korea), “Elastic web bend-buckling analysis of longitudinally stiffened I-section 
girders”, International Journal of Steel Structures, Vol. 11, No. 297, September 2011 
DOI: 10.1007/s13296-011-3005-z 
ABSTRACT: The linear elastic web bend-buckling behavior of I-section girders with a longitudinal stiffener is 
investigated by a threedimensional finite element analysis in which the web, top and bottom flanges, and 
transverse and longitudinal stiffeners are modeled as thin shell elements. After obtaining the bend-buckling 
moment for an I-section girder by finite element analysis, the buckling stress and subsequently the buckling 
coefficient of a rectangular web panel with a longitudinal stiffener are calculated and compared with those 
obtained by AASHTO LRFD and Eurocode 3. To observe the effect of various parameters on the buckling 
behavior of an I-section girder under pure bending, the following aspects are considered: the non-symmetry of 
the cross-section, the location of the longitudinal stiffener, the boundary conditions along the transverse and 
longitudinal stiffeners and flanges, the flexural rigidity of the longitudinal stiffener, the spacing of the 
transverse web stiffeners, and the slenderness of the web. Based on the numerical results, new design equations 
for the bend-buckling coefficient of a longitudinally stiffened I-girder are proposed. 
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Beijing, China), “Influence of Multiple Cutouts on the Buckling of Large-Scale Thin-Walled Cylindrical Shells 
of Desulphurizing Tower under Wind Loading”, International Conference on Computer Distributed Control and 
Intelligent Environmental Monitoring (CDCIEM), 19-20 February, 2011, DOI: 10.1109/CDCIEM.2011.541 
ABSTRACT: The desulphurizing tower used in the power plant is the key environmental protection facility to 
eliminate the air pollution. Multiple cutouts are opened on the tower wall because of the technology 
requirement. The presence of multiple cutouts will influence the stability of tower under wind loading. On the 
project background of the large-scale thin-walled cylindrical shells of a practical desulphurizing tower, the 
investigations are conducted into the buckling mode and buckling capacity of the large-scale thin-walled 
cylindrical shells with multiple circular cutouts under wind loading by nonlinear finite element methods. The 
influences a reinvestigated of the cutout position and the number of cutouts on the buckling behavior of 
cylindrical shells under wind loading. The comparison is conducted between the buckling response of the 
cylinder with a single cutout and that of the cylinder with multiple cutouts. On the basis of comparison results, 
the proposal is produced for the buckling check against wind loading of large-scale thin-walled cylindrical 
shells structure as desulphurizing tower. 
 
 
W. Guggenberger, “Elastic stability and imperfection sensitivity of axially loaded cylindrical shells on narrow 
supports”, Computational Mechanics; June 2006, Vol. 37 Issue 6, p537 
ABSTRACT: In this paper the elastic stability and imperfection sensitivity of axially loaded cylindrical shells 
on narrow discrete supports is explored. This is done by parametric geometrically nonlinear finite element 
analyses of the perfect and imperfect cylinders up to the critical load maxima. In addition, classical buckling 
eigenvalues are computed for reference purposes. The obtained numerical results are plotted in a systematic 
unified way and related curve-fit expressions are developed for the critical load maxima in dependency of the 
geometrical parameters of the problem. The support width, the shell slenderness and the type of local support, 
i.e. flexible versus rigid local support conditions, are varied. The present basic investigation is restricted to 
shells with linear-elastic material behaviour. The study of the buckling behaviour for narrow local supports, 
including the limiting case of point supports is of special concern. Strictly speaking, point supports exist only in 
the mathematical limit, since the stress singularities which occur in this case are mere artefacts and have no 
direct physical significance. But it turns out that the local buckling behaviour, like shape and evolution of 
buckles, magnitude of buckling loads etc. tends to an invariant typical limiting scenario, which is surprising but 
understandable at the same time. This typical local mono-modal buckling scenario, which is also investigated 
and presented in this paper, may be viewed as the counterpart to the well-known multi-modal characteristic 
global buckling scenario which occurs under uniform axial compression. 
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Architecture and Technology, Xi’an, Shanxi, 710055, China), “Comparison for Different Circumferential Weld-
Induced Imperfections on Steel Silos”, Advanced Materials Research (Volumes 250 - 253), May 2011, pp. 
3734-3737, doi: 10.4028/www.scientific.net/AMR.250-253.3734 
ABSTRACT: As the thin-walled structure, the buckling of steel silos is very sensitive to the initial geometric 
imperfections. However, these imperfections are uncertain to the shape and amplitude, so the studies of the 
initial geometric imperfections have important practical significance. Over the years, the circumferential 
imperfections have been known to result in the most important influence on the buckling of steel silos, which is 
also the most common defect in practical engineering. Using the existing research results, this paper analyzes 
three different imperfection shape functions and compare to the result of experiment in order to identify a 
function for the finite element analysis. 
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Structures, Vol. 317 of the series International Centre for Mechanical Sciences edited by F. Casciati and J.B. 
Roberts, Springer, 1991, pp 237-271 
ABSTRACT: This paper represents a brief review of the concepts of the reliability of structures. Some closed 
form solutions, as well as approximate methods are elucidated. Different attempts to describe probabilistically 
the so-called “safety factor” are described and some instructive counter-examples are given. High sensitivity 
exhibited by the reliability of the structure is documented in a model structure. The same structure is also 
analyzed on the basis of non-probabilistic, convex modelling. The latter is complementary to the probabilistic 
methods when only limited information is available on uncertain variables and functions. 
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doi:10.1016/0020-7683(94)90078-7 
ABSTRACT: This paper focuses on the buckling of cylindrical shells with small thickness variations. Two 
important cases of thickness variation pattern are considered. Asymptotic formulas up to the second order of the 
thickness variation parameter _µ are derived by the combination of the perturbation and weighted residual 
methods. The expressions obtained in this study reduce to Koiter's formulas, when only the first-order term of 
the thickness variation parameter is retained in the analysis. Results from the asymptotic formulas are compared 
with those obtained through the purely numerical techniques of the finite difference method and the shooting 
method. 
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Buckling Strength of Imperfection-sensitive Shells, doi:10.1016/0263-8231(95)00018-9 
ABSTRACT: Thin-walled shell structures are likely to buckle under axial loading way below the classical 
value. In the presence of granular solids (e.g. sand) in cylindrical shells the stiffness of the contents has a 
positive influence on the buckling load, similar to internal pressure. In practical silo design this effect is not 
considered. This is because not much is known about the interaction between the shell and the flexible granular 
contents and about how to handle this in a computational model. The present study will focus on some simple 
interaction models. It will be seen that the presence of a granular solid can increase the buckling load 



remarkably, and also that small modifications in the interaction assumptions have a major influence on the 
buckling loads. 
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“Experimental evidence of imperfection influence on the buckling of thin cylindrical shell under uniform 
external pressure”, Nuclear Engineering and Design, Vol. 239, No. 2, February 2009, pp. 193-200, 
doi:10.1016/j.nucengdes.2008.09.004 
ABSTRACT: The load carrying behaviour of cylindrical thin-walled shell structures under pressure load is 
strongly dependent on the nature and magnitude of the imperfections invariably caused by various 
manufacturing processes. The present paper examines instabilities of long homogeneous and isotropic thin 
elastic tubes, characterized by geometric imperfections like eccentricity or ovality, on the buckling behaviour in 
conditions for which, at present, a complete theoretical analysis was not found in literature. Moreover, the 
additional aspect of the influence of the welded joint geometry and position is investigated over a wide range of 
diameter to thickness ratio, extending the findings of previous works. The problem of buckling for variable load 
conditions is relevant in the context of NPP applications as, for instance the optimisation of an integrated and 
innovative LWR Steam Generator (SG) tubes, according to the updated ASME rules. To the purpose, at Pisa 
University a rather intense research activity is being carried out on the buckling of thin walled metal specimens 
in the dimensional range suitable for the above mentioned application. Therefore a test equipment (with the 
necessary data acquisition facility), suitable for carrying out test series on this issue, as well as numerical 
models implemented on the MARC FEM code, were set up. The experiments were conducted on test specimens 
with different materials, e.g. A-316 ASTM (with and without seam weld) and Inconel 690 TT, as well as 
different loading conditions (lateral and hydrostatic external pressure). A validation of numerical evaluations by 
comparison with test results is also performed. A good agreement has been observed between the experimental 
data and the elasto-plastic finite element analyses results, highlighting also the different influence of the 
mentioned imperfections on the buckling loads. 
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Special Issue: Stability & Vibration in Thin-Walled Structures, doi:10.1016/S0020-7462(01)00087-7 
ABSTRACT: Buckling tests were performed with four tank structures under vacuum pressure with diameters 
ranging from 10 to 70 m. After discussion of geometric imperfections tolerated by the standards and methods of 
measuring geometric imperfections of that size the results of the measurements are reported. Some of these 
results are far beyond the tolerance criteria of standards for stability design of shells. However, the loads where 
a buckling failure of the tank occurs is underestimated with the application of these standards. Numerical 
investigations of the buckling behaviour of the shell with geometric imperfections of eigenmode-shape show 
that with the size recommended for this purpose by standards the analysis will miss the buckling phenomenon. 
Different shapes of imperfections are investigated in the numerical analysis with a sector model of the tank 
shell. Only the numerical investigation with a model of the complete tank shell with the measured imperfections 
gave results which agreed with the buckling phenomenon observed in the tests as well for the loads as for the 
location of the buckling loads. 
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subjected to external pressure”, Thin-Walled Structures, Vol. 45, No. 1, January 2007, pp. 1-7, 
doi:10.1016/j.tws.2007.01.014 
ABSTRACT: This paper highlights the discrepancies found in design codes for very long externally pressurized 
cylindrical shells subjected to uniform external pressure: although the failure is identical to the column buckling 
of a ring subjected to an external compressive line load, design codes provide far smaller design values of the 
buckling load for the cylindrical shell in comparison to the ring. Based on the Eurocode 3 (EN 1993-1-6) on 
shell buckling this situation is pointed out and validated by numerical studies. The results are interpreted and 



compared to findings from experimental studies for providing an adopted design proposal for very long 
cylindrical shells subjected to external pressure. The numerical findings are verified by a set of experimental 
tests with a series of small cylindrical shells subjected to external pressure. The tests provide the fundamental 
basis for the proposed improved assessment procedure for cylindrical shells. 
 
 
Misiek, T., Kä�pplein, S., Dürr, M. and Saal, H, “Stabilisation of beams by sandwich panels – New regulations 
and recent research results”, Proceedings, W056 – Special Track, 18th CIB World Building Congress, May 2010, 
Salford, UK, CIB Publication 342 
ABSTRACT: Sandwich panels are modern pre-fabricated construction components used as cladding elements 
for different types of buildings. Sandwich panels consist of an insulating core material covered by two faces 
which are typically made of thin metal sheets. In standard applications, the panels are mounted and fixed on a 
load-bearing substructure of beams or purlins. Sandwich panels can reduce the problem of lateral torsional 
buckling of this substructure of beams or purlins by providing stabilization either by shear stiffness or by 
torsional restraint. The new edition of the German standard for the design of steel structures DIN 18800 gives 
formulae for the calculation of the stiffness of the torsional spring for restraint of the substructure under vertical 
downward loading. These new regulations are based on experimental investigations and parametric finite 
element analyses. These formulae only apply for sandwich panels with steel facings and polyurethane and 
mineral wool as core material. The paper explains the load-bearing mechanisms of the stabilisation effect by the 
sandwich panel. A mechanical model is developed for extending the range of application of the design formulae 
and to include the effects of creep and elevated ambient temperature. It presents the new regulations of DIN 
18800 and explains the tests on which these regulations are based.The spectrum of applications not yet 
examined is investigated by tests and accompanying numerical calculations within the framework of the EASIE 
project. As a result of these investigations the torsional restraint of panels with facings made of aluminium and 
glass fibre reinforced plastics (GFRP) and with cores made of EPS are dealt with. The load case wind suction is 
discussed in addition. The increase of the torsional restraint obtained by fixing roof panels at the upper flange 
(which is mainly with saddle washers) is also explained and quantified by these investigations.  
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ABSTRACT: Experimental investigations and parametric finite element analyses show that the moment-
rotation characteristic of sandwich panels providing support against the lateral torsional buckling of beams 
subjected to gravity loading can be represented as tri-linear. Formulae for calculating the parameters of this 
characteristic are given for different types of beam combined with sandwich panels for roofs and walls. 
According to available design codes, the torsional restraint coefficient for rotational stiffness required for design 
against lateral torsional buckling of beams is governed by the rotational stiffness of the connection, which can 
be obtained from the characteristic mentioned as the secant stiffness for all common types of sandwich panel 
and different types of structural arrangement. These values allow the maximum spans of beams to be increased 
and help to improve the economy of lightweight structures. 
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Applied Mechanics. Vol. 49, pp. 666-669. Sept. 1982 
ABSTRACT: A method is presented for solving the problem of both prelimit and postlimit point behavior of 
axially loaded stiffened and unstiffened cylindrical shells. The proposed solution makes it possible to obtain 



postlimit point equilibrium paths for every desired wave number, n (number of full waves around the 
circumference). The governing equations are expressed in terms of normal displacement components and Airy 
stress functions. Numerical results are presented for an unstiffened cylindrical shell and for a ring and stringer-
stiffened cylindrical shell. 
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“Dynamic buckling of shell structures Concepts and applications”, Acta Astronautica, Vol. 9, No. 3, March 
1982, pp. 179-182, doi:10.1016/0094-5765(82)90087-X 
ABSTRACT: The analysis of imperfect, thin, circular, cylindrical shells, subjected to suddenly applied uniform 
axial compression, is presented. The concept of dynamic stability is discussed and critical conditions for such 
configurations are obtained. Results are presented for unstiffened configurations. The effects of several 
parameters on dynamic critical conditions are assessed. 
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Technology, Atlanta, Georgia, U.S.A), “Nonlinear analysis of axially-loaded laminated cylindrical shells”, 
Computers & Structures, Vol. 16, Nos. 1-4, 1983, pp. 131-137, doi:10.1016/0045-7949(83)90155-4 
ABSTRACT: The nonlinear analysis of geometrically imperfect, thin, laminated, circular, cylindrical shells 
subjected to uniform axial compression, and for various in-plane and transverse supports, is presented. 
Moreover, the solution methodology is described, and results are generated for imperfect laminated 
(Boron/Epoxy) cylinders with symmetric, antisymmetric and asymmetric stacking of lamina. The applications 
deal with imperfection sensitivity studies and investigation of the effect of lamina stacking on the critical 
conditions. Finally, for some of the chosen geometries, experimental data is available and therefore these 
geometries serve as (partial) benchmarks for the developed solution scheme. 
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6, May-June 1983, pp. 395-400, doi:10.1016/0094-5765(83)90089-9 
ABSTRACT: An imperfect, laminated, circular, cylindrical thin shell, simply supported at the boundaries, and 
subjected to a uniform axial compression and torsion (individually applied and in combination) is analyzed. The 
analysis is based on nonlinear, Donnell-type, kinematic relations, linearly elastic material behavior, and usual 
lamination theory. The laminate consists of orthotropic laminae, which typically characterize fiber reinforced 
composites. Numerical results (critical loads) are generated for several geometries and some of these results are 
compared to available experimental data. The imperfection sensitivity of the various geometries is studied. It is 
clearly shown that the laminated shell is more imperfection sensitive under pure axial compression than under 
pure torsion (same as for the isotropic geometry). The effect of the orientation of the laminae (stacking 
sequence) on the critical load is also studied. 
 
 
G. J. Simitses, D. Shaw and I. Sheiman, “Imperfection sensitivity of laminated cylindrical shells in torsion and 
axial compression”, Composite Structures, Vol. 4, pp 335-360, 1985 
 
 
Izhak Sheinman and Shoshana Greif (Faculty of Civil Engineering Technion-Israel Institute of Technology), 
“Dynamic Analysis of Laminated Shells of Revolution”, Journal of Composite Materials, November 1984, vol. 
18, no. 3, pp. 200-215, doi: 10.1177/002199838401800301 
ABSTRACT: A general analytical and numerical procedure is developed for free and forced vibra tion of thin-



walled shells of revolution made of arbitrarily laminated orthotropic elastic material. The equations of motion 
are derived with the aid of Hamilton's variational principle. A numerical solution is obtained by expanding the 
variables in Fourier series in the circumferential direction, and using conical finite elements in the meridional 
direction. Several examples involving different shell geometries are considered, including the effects of fiber 
orientation and boundary conditions. 
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“Imperfection sensitivity of fiber-reinforced, composite, thin cylinders”, Composites Science and Technology, 
Vol. 22, No. 4, 1985, pp. 259-276, doi:10.1016/0266-3538(85)90064-8 
ABSTRACT: The imperfection sensitivity of thin cylindrical shells, made out of fiber-reinforced composite 
material and subjected to uniform axial compression, and the effects upon it of certain parameters, are 
investigated. The methodology is based on linear constitutive relations, nonlinear kinematic shell equations 
(Donnell-type) and the usual lamination theory. The laminate consists of orthotropic laminae, stacked in a 
general manner (asymmetric laminate). The uniform axial compression is applied eccentrically, and the 
geometrically imperfect cylindrical shell can be supported in various ways at the boundaries. In this 
investigation a number of parametric studies are performed. The scope of these studies is to establish the effect 
of (a) in-plane and transverse boundary conditions and (b) load eccentricity, on the imperfection sensitivity of 
typical boron/epoxy laminated cylindrical shells with various stacking sequences of laminate. The sensitivity is 
established by calculating critical loads for various imperfection amplitudes and shapes. 
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accuracy of Donnell's equations for axially-loaded, imperfect orthotropic cylinders”, Computers & Structures, 
Vol. 20, No. 6, 1985, pp. 939-945, doi:10.1016/0045-7949(85)90013-6 
ABSTRACT: The accuracy of Donnell's equations for the buckling analysis of imperfect (limit point 
instability), circular, cylindrical, thin orthotropic shells under axial compression is investigated. This is 
accomplished by comparing critical loads obtained by employing Donnell-type kinematic equations with those 
based on the more accurate Sanders-type. For this purpose, a solution methodology is developed and described 
in the body of the paper. This methodology is then employed to generate critical loads for several orthotropic 
geometries, which cover a wide but practical range of parameters. These include cylinder length to radius ratios, 
radius to thickness ratios, two positions of the strong direction relative to the cylinder axis (_∏=0 and 90∞) and 
two shapes of the initial geometric imperfection, axisymmetric and symmetric. Classical simply supported 
boundaries are used for all configurations for which results are generated. 
 
 
Simitses, G. J., Shaw, D. and Sheinman, I. (Georgia Tech and Technion), “Stability of Cylindrical Shells, by 
Various Nonlinear Shell Theories”,  ZAMM - Journal of Applied Mathematics and Mechanics / Zeitschrift für 
Angewandte Mathematik und Mechanik, Vol. 65, No. 3, 1985, pp. 159–166. doi: 10.1002/zamm.19850650311 
ABSTRACT: The buckling of axially-loaded, imperfect, circular, cylindrical, thin shells is studied. A solution 
methodology, based on two different shell theory approximations to the kinematic relations, is developed and 
described. The two approximations are those of Sanders and Donnell. Critical loads (limit point loads) are 
obtained for two shell geometries, one isotropic and one laminated. Several parametric studies are performed in 
order to establish the accuracy of the Donnell approximation. This is accomplished by comparison to the results 
obtained by the Sanders kinematic relations, which are considered to be very accurate for thin shells. The 
parametric studies include the effect of cylinder to radius ration on the critical loads, as well as the effect of the 
radius to thickness ratio. Moreover, the imperfection sensitivity of the two geometries is investigated by both 
shell theory approximations. 
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32000, Israel), “Nonlinear equations of laminated panels with laminated stiffeners”, Composite Structures, 
Vol.8, No. 4, 1987, pp. 287-292, doi:10.1016/0263-8223(87)90020-1 
ABSTRACT: The nonlinear equations for a stiffened laminated panel, which modeled by plate and beam 
elements, are derived by applying the variational principle on the potential energy. The equations include the 
equation for the panel sections between the stiffeners, the continuity requirements and the boundary conditions. 
These nonlinear equations by which the post-buckling behavior is characterized are exact in terms of Von 
Karman's kinematic relations. 
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Deformation on Post-Buckling Behavior of Laminated Beams”, J. Appl. Mech., Vol. 54,  No. 3, September 
1987, pp. 558-562, doi:10.1115/1.3173069 
ABSTRACT: A geometrical nonlinear theory of composite laminated beams is derived with the effect of 
transverse shear deformation taken into account. The theory is based on a high-order kinematic model, with the 
nonlinear differential equations solved by Newton's method and a special finite-difference scheme. A 
parametric study of the shear effect involving several kinematic approaches was carried out for isotropic and 
anisotropic beams. 
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Materials, November 1987, vol. 21, no. 11, 988-1007, doi: 10.1177/002199838702101101 
ABSTRACT: An analytical-numerical procedure is applied for composite laminated shells of revolution in 
investigating the coupling effect between symmetric and antisymmetric modes and its overall influence. The 
numerical solution is based on separating the variables in Fourier series in the circumferential direction and 
conical finite elements in the meridional direction. The contribution of the coupling effect is examined by 
means of parametric analysis. 
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“Post-Buckling Analysis of Stiffened Laminated Panel”, J. Appl. Mech., Vol. 55,  No. 3, September, 1988, 
pp.635-640, doi:10.1115/1.3125841 
ABSTRACT: An analytical-numerical procedure is applied to investigate the post-buckling behavior of a 
composite laminated stiffened panel. The panel is modeled by plate elements for which the nonlinear equations 
are derived (via a variational principle) in terms of the lateral displacement and Airy stress function, and treated 
by resolving the variables into eigenfunctions in conjunction with a finite-difference scheme. 
 
 
Izhak Sheinman (1), Mordechai Bass (1) and Ori Ishai (2) 
(1) Faculty of Civil Engineering, Technion-Israel Institute of Technology, Haifa, Israel 
(2) Faculty of Mechanical Engineering, Technion-Israel Institute of Technology, Haifa, Israel 
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pp. 227-242, doi:10.1016/0263-8223(89)90060-3 
ABSTRACT: A general one-dimensional model of a composite delaminated elongated strip (wide beam) under 
arbitrary axial and transverse loading and boundary conditions is used for predicting the classical buckling load, 
with the bending-stretching coupling effect as well as the prebuckling geometrical nonlinearity taken into 
account. The differential equations are solved by Newton's method, using a finite-difference scheme. The 
contribution of the coupling effect is examined by means of parametric analysis. 
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Mater. Technol., Vol. 112,  No. 4, October 1990, pp. 393-397, doi:10.1115/1.2903348 
ABSTRACT: This paper presents a parametric study of the effect of delamination, and of initial imperfection, 
on the overall nonlinear behavior of laminated composite beams. The study is based on geometrical nonlinear 
analysis with the Von-Karman kinematic approach. It is shown that the bifurcation point provides not more than 
an indication of the buckling behavior, and that the full nonlinear analysis is needed for predicting the load-
carrying capacity. It was also found that the delaminated beam is sensitive to initial imperfection. 
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Vol. 116, 1990, pp. 2223-2237, doi:10.1061/(ASCE)0733-9399(1990)116:10(2223) 
ABSTRACT: An analytical solution is presented for the postbuckling behavior of composite laminated 
stiffened curved panels, whether curved in a longitudinal or lateral direction (not both). The nonlinear equations 
for the model are based on the Von Karman kinematic approach and consist of equilibrium equations for curved 
plate, continuity requirements, and boundary conditions. These equations are expressed in terms of the out-of -
plane displacement and Airy stress functions. The characteristic behavior in the pre- and postlimit positions is 
exploited by using an eigenfunction series in the longitudinal direction (direction of the stiffeners) and a finite 
difference scheme in the other direction. A modified Galerkin procedure is used to minimize errors involved in 
the truncated series and the nonfulfillment of the boundary conditions. The solution obtained through this 
procedure proved to be very efficient compared to general purpose finite element codes, especially when mode 
interactions and parametric studies are involved. 
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ABSTRACT: A nonlinear analysis of stiffened laminated composite panels under various boundary conditions 
is presented. The nonlinear differential equations, expressed in terms of the out-of-plane displacement and the 
Airy stress function, are solved by separating the variables into eigenfunctions in conjunction with a finite-
difference scheme. The vibration and buckling eigenfunctions of an isotropic beam are examined as the 
displacement functions, and a modified Galerkin procedure are used to minimize the error involved in the field 
equations, the continuity requirements and the boundary conditions. Results are presented for the isotropic and 
anisotropic cases, with different boundary conditions. 
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ABSTRACT: An analytical tool for buckling and vibration analysis of laminated shallow curved panels is 
presented. The equations in terms of transverse displacement and Airy stress function are derived via the Hu -
Washizu mixed formulation and solved by the Ritz method, using the eigenfunctions of an isotropic beam. The 
effect of the prebuckling state and out-of-plane natural boundary conditions is examined. The approximate 
reduced bending stiffness method is evaluated for cross-ply and angle-ply laminates. 
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Woodhead Publishing Limited, Abington Hall, Abington, Cambridge CB1 6AH, England 
ABSTRACT: An analytical-numerical procedure is applied to investigate the buckling and post-buckling 
behavior of laminated cylindrical shells with non-circular cross-section of arbitrary closed shape. The buckling 
and post-buckling analysis are based on Donnell’s nonlinear kinematic relations. The curvature, which is a 
function of the circumferential coordinate, is expanded in Fourier series. The numerical procedure is based on 
separation of variables and their expansion into Fourier series. Through the Galerkin procedure, the field and 
boundary equations, written in terms of the transverse displacement and Airy stress function, are reduced to a 
system of ordinary differential equations, which are solved by a finite difference scheme. The configuration 
aspect is investigated parametrically. Unlike the circular cylindrical shells, coupling of the wave number in the 
circumferential direction is significantly high. 
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ABSTRACT: The equations, in terms of the normal displacement and Airy stress function, of the Donnell type, 
are derived via the Hu-Washizu mixed formulation. The curvature, which is a function of the circumferential 
coordinate, is expanded in Fourier series. The circumferential dependence is eliminated by a combination of 
Fourier expansion and Galerkin's method. The resulting ordinary differential equations are then reduced to 
matrix equations by the use of finite differences. The configurational aspect is investigated parametrically. 
Unlike the circular cylindrical shells, coupling of the wave number in the circumferential direction is 
significantly high. 
 
 
Marina Firer and Izhak Sheinman (Faculty of Civil Engineering, Technion-Israel Institute of Technology, 
Technion City 32000, Israel), “Nonlinear analysis of laminated non-circular cylindrical shells”, International 
Journal of Solids and Structures, Vol. 32, No. 10, May 1995, pp. 1405-1416, 
doi:10.1016/0020-7683(94)00191-X 
ABSTRACT: The nonlinear analysis of laminated initially imperfect non-circular cylindrical shells is presented. 
The analytical model is based on Donnell's nonlinear kinematic relations. The equations are derived via the Hu-
Washizu mixed formulation, and are expressed in terms of the transverse displacement and the Airy stress 
function. The curvature of the non-circular cross-section is expanded into a Fourier series, allowing for 
representation of arbitrary closed cross-sections. The solution procedure is based on expansion of the variables 
into truncated trigonometric series in the circumferential direction and a finite difference scheme in the 
longitudinal one. Errors introduced by the truncated series are minimized by the Galerkin procedure and the 
equations are linearized by the Newton-Raphson method. Solutions beyond the limit point are obtained by Riks' 
constant arc-length algorithm. Results of both isotropic and laminated, axially loaded oval and elliptic shells are 
presented. The non-circular configurations are found to be less imperfection sensitive than the circular ones, and 
for largely eccentric cross-sections the shells are insensitive to initial imperfections. 
 
 
I. Sheinman (Faculty of Civil Engineering, Technion—Israel Institute of Technology, Haifa, Israel), “Damage 
detection and updating of stiffness and mass matrices using mode data”, Computers & Structures, Vol. 59, 
No.1, April 1996, pp. 149-156, doi:10.1016/0045-7949(95)00227-8 
ABSTRACT: A new simple and efficient algorithm for damage detection and for updating of stiffness and mass 
matrices is presented, based on minimum static and/or dynamic measured modes and preserving connectivity. A 
special algorithm was written for grouping uncoupled damage regions, significantly reducing the order of the 
problem and suitable for any structure size. A mode-scanning procedure is employed for finding the minimum 
measured modes needed for completing the process. Three illustrative examples are provided 
 
 
G. A. Kardomateas and M. S. Philobos (Georgia Institute of Technology, USA), “Buckling of thick orthotropic 



cylindrical shells under combined external pressure and axial compression”, AIAA Journal, Vol. 33, No. 10, 
October 1995 
ABSTRACT: A formulation based on the three-dimensional theory of elasticity is employed to study the 
buckling of an orthotropic cylindrical sbell under combined external pressure and axial compression. A properly 
defined load interaction parameter expresses the ratio of axial compression and external pressure loading, and 
critical loads are thus derived for a given load interaction. The results from this elasticity solution are compared 
with the critical loads predicted by the orthotropic Donnell and Timoshenko nonshallow classical shell 
formulations. Two cases of orthotroplc material are considered with stiffness constants typical of glass/epoxy 
and graphite/epoxy. Furthermore, two cases of load interaction are considered, representing a relatively hlgh 
and a relatively low axial load. For both load interaction cases considered and for both materials, the Donnell 
and the Timoshenko bifurcation points are higher than the elasticity solution, which means that both shell 
theories are nonconservative. However, the bifurcation points from the Tlmoshenko formulation is always 
found to be closer to the elasticity predictions than the one from the Donnell formulation. An additional 
common observation is that, for a high value of the load interaction parameter (relatively high axial load), the 
Timoshenko shell theory is performing remarkably well, approaching closely the elasticity solution, especially 
for thick construction. Finally, a comparison with some available results from higher order shell tbeories for 
pure external pressure indicates that these improved shell theories seem to be adequate for the example cases 
that were studied.  
 
 
Izhak Sheinman, George A. Kardomateas and Assimina A. Pelegri (School of Aerospace Engineering, Georgia 
Institute of Technology, Atlanta, GA 30332-0150, U.S.A.), “Energy release rate and stress intensity factors for 
delaminated composite laminates”, Int. J. Solids Structures, Vol. 34, No. 4, pp 451-459, 1997 
ABSTRACT: A procedure of total energy release rate and stress intensity factors is developed for general non-
homogeneous laminated composite laminates. The total energy release rate is obtained by using the J-integral 
for a one dimensional model of plane stress, plane strain and cylindrical bending. Decomposition of it into 
mode I and mode II, by which the mode mixity calculation is carried out, is based on the assumption of 
equivalent orthotropic properties through the laminate thickness. The process is straightforward and can be used 
as a criterion for delamination onset and growth of one dimensional structural model under general loading in 
the pre- and post-buckling states.  
 
 
Izhak Sheinman, George A. Kardomateas and Assimina A. Pelegri (School of Aerospace Engineering, Georgia 
Institute of Technology, Atlanta, GA 30332-0150, U.S.A.), “Delamination growth during pre- and post-
buckling phases of delaminated composite laminates”, International Journal of Solids and Structures, Vol. 35, 
Nos. 1-2, January 1998, pp. 19-31, doi:10.1016/S0020-7683(97)00058-9 
ABSTRACT: The delamination growth during the pre- or post-buckling phases in composites with a single 
delamination (one-dimensional model) is investigated. For that purpose, a general nonlinear analysis, using 
variational principle, with a new set of relations for the decomposition of the total energy release rate, is used 
for an arbitrary one-dimensional composite laminate structure. A computer code is developed and used for the 
parametric study of delamination growth during buckling. The effects of a wide range of parameters, like 
imperfection, layup, location of delamination, theory type and length-to-thickness ratio, were intensively 
studied. It is found that a dominant parameter, in terms of the level of energy release rate, is the length-to-
thickness ratio. 
 
 
G.A. Kardomateas (General Motors Research Laboratories, Warren, Michigan), “Theory of elasticity of 
filament wound anisotropic ellipsoids with specialization to torsion of orthotropic bars”, Journal of Applied 
Mechanics, Vol. 110, December 1988 
ABSTRACT: The problem of determining the state of stress in a homogeneous ellipsoidal body (as can be 
produced by filament winding on a mandrel of elliptical cross-section) is formulated. The material is assumed to 
possess curvilinear anisotropy, referred to the coordinate system that is inherent to the geometry of the filament 
wound body. The differential equations that govern the stress functions are derived for the general anisotropy 



and loading cases. Then the results for the special case of torsion of an orthotropic body are derived.  

 
 
George A. Kardomateas, “Postbuckling characteristics in delaminated Kevlar/Epoxy laminates: an experimental 
study”, Journal of Composites Technology & Research (JCTRER), Vol. 12, No. 2, Summer 1990, pp 85-90 
ABSTRACT: Compression tests on delaminated kevlar/epoxy specimens wcre conducted in order to determine 
the buckling and postbuckling behavior of thc system and observe the characteristics of the deformation 
including growth of the delamination. A broad range of geometric configurations, as far as the location of the 
delamination through the thickness, was considered. Both the initiation resistance, defined as the applied 
displacement per specimen length and the growth resistance, defined as the applied displacement per unit 
delamination growth during the postbuckling stage were quanlified for each configuration. For the particular 
case studied, it was found that the growth resistance is infinite (that is, no growth) for delamination 
thiekness/total thickness ratio H/T = 1/15, becoming 0.52 for HIT = 2/15 and dropping to a value of only 0.07 
for HIT = 4/15. Thc initiation resistance is also lowered as the delamination is located further away from the 
specimen surface and for H/T = 4/15 growth initiation occured before peak load. The experimental program 
investigates also the development of the deformation regarding the postbuckled shape, the load-displacement 
curve and the corresponding growth of the delamination. Furthermore, a companson with analytical solutions 
for the postbuckling behavior at large applied displacements is performed.  
 
 
Haiying Huang and George A. Kardomateas (School of Aerospace Engineering, Georgia Institute of 
Technology, Atlanta Georgia, USA), “Buckling of orthotropic beam-plates with multiple central 
delaminations”, Int. J. Solids Structures, Vol. 35, No. 13, pp 1355-1362, 1998 
ABSTRACT: A closed form solution is developed for predicting the critical load of a composite beam plate 
with multiple delaminations. The characteristic equation is derived by using non-linear beam theory, perfornling 
proper linearization and by imposing the appropriate kinematical continuity and equilibrium conditions. The 
effects of the dimensions and locations of the delaminations on the critical load are investigated and the results 
are compared with previously published data. 
 
 
R. Li, Y. Frostig, and G. A. Kardomateas.  "Nonlinear High-Order Response of Imperfect Sandwich Beams 
with Delaminated Faces", AIAA Journal, Vol. 39, No. 9 (2001), pp. 1782-1787.  
doi: 10.2514/2.1509  
ABSTRACT: (AIAA format does not permit cutting and pasting) 
 
 
George A. Kardomateas and George J. Simitses (Georgia Institute of Technology), “Comparative studies on the 
buckling of isotropic, orthotropic, and sandwich columns”, Mechanics of Advanced Materials and Structures, 
Vol. 11, pp 309-327, 2004 
ABSTRACT: Advanced composite and sandwich construction has raised the issue of accuracy of the column 
buckling formulas currently used in structural design. In these advanced material systems, transverse shear 
effects are significant and cannot be ignored. The objective of this paper is to answer the question of how 
accurate the simple column buckling formulas by Euler or the transverse shear correction formulas by Engesser 
and by Haringx or other direct column buckling formulas in the literature are when composite or sandwich 
construction and moderate thickness are involved. For this purpose, a three-dimensional elasticity solution is 
presented along with finite element results. For the elasticity solution, which is performed for the monolithic 
orthotropic material, the column is considered to be in the form of a hollow, circular cylinder and the direct 
column buckling formulas are based on the axial modulus. As an example, the cases of an orthotropic material 
with stiffness constants typical of glass/epoxy or graphite/epoxy and the reinforcing direction along the 
periphery or along the cylinder axis are considered. Finite element results are presented for the sandwich 
columns, which are of metallic (aluminum) and laminated (boron/epoxy, graphite/epoxy, and Kevlar/epoxy) 
facings and alloy-foam or glass/phenolic honeycomb core. Sandwich columns are especially critical with the 



Euler load being, in some cases of typical design, as much as almost five times the critical load from the finite 
elements and, therefore, in these cases of sandwich construction, the classical Euler load calculations cannot be 
relied upon.  
 
 
Izhak Sheinman and Yiska Goldfeld (Faculty of Civil Engineering, Technion-Israel Institute of Technology, 
Haifa 3200, Israel), “Imperfection Sensitivity of Laminated Cylindrical Shells According to Different Shell 
Theories”, J. Engrg. Mech. 129, 1048 (2003); doi:10.1061/(ASCE)0733-9399(2003)129:9(1048) (6 pages) 
ABSTRACT: The imperfection sensitivity of laminated cylindrical shells is considered—via the initial 
postbuckling analysis—on the basis of three different shell theories: Donnell in 1933; Sanders in 1963; and 
Timoshenko in 1961. The procedure involves nonlinear partial differential equations, which are converted into a 
sequence of three linear sets. The equations are solved with the variables expanded in Fourier series in the 
circumferential direction and in finite differences in the axial directions. A general code is developed and used 
in studying the effect of higher exactness of the shell theory on the sensitivity behavior, and in a parametric 
study of the sensitivity of anisotropic angle-ply cylindrical shells. 
 
 
Yiska Goldfeld, Izhak Sheinman and Menahem Baruch (Technion-Israel Institute of Technology, 32000 Haifa, 
Israel), “Imperfection sensitivity of conical shells”, AIAA Journal, 2003, vol. 41, no. 3, pp. 517-524, 
doi: 214, 35400010394857.0200 
ABSTRACT: The sensitivity of isotropic conical shells to imperfection is considered, via the initial 
postbuckling analysis, on the basis of three different shell theories: Donnell's, Sanders's, and Timoshenko's. The 
conical shell was chosen as a representative case exhibiting the entire range of imperfection sensitivity. The 
procedure involves nonlinear partial differential equations, which are converted into a sequence of three linear 
sets. The latter are solved with the variables expanded in Fourier series in the circumferential direction and in 
finite differences in the axial directions. A general code is developed and used in studying the effect of higher 
exactness of the shell theory on the sensitivity behavior and in parametric analyses of the sensitivity of conical 
shells, especially with respect to the cone semivertex angle. 
 
 
Izhak Sheinman, Mahmood Jabareen (Technion-Israel Institute of Technology), “Imperfection Sensitivity of 
Laminated Cylindrical Shells by Full and Initial Post-Buckling Analyses”, Paper No. IMECE2004-62344, pp. 
449-462; doi:10.1115/IMECE2004-62344, From: ASME 2004 International Mechanical Engineering Congress 
and Exposition, Aerospace, Anaheim, California, USA, November 13 – 19, 2004 
ISBN: 0-7918-4700-4 | eISBN: 0-7918-4178-2, 0-7918-4179-0, 0-7918-4180-4 
ABSTRACT: Laminated cylindrical shells are already commonly used in structural engineering, and their 
buckling and post-buckling behavior is of vital importance in the design of such structures. The validity of 
linear buckling analysis in this context, has been questioned because of the discrepancy observed between 
theoretical prediction and test results. The cause of this discrepancy is the fact that the nonlinear behavior of 
shell-like structures is generally characterized by a limit point rather than by a bifurcation point. For such 
structures, the load-carrying capacity depends on the level of imperfection (hence the concept “imperfection 
sensitivity”). The motivation is, therefore, to reduce the sensitivity rather than preventing the imperfection. For 
that purpose insight into the post-buckling state is called for. 
 
 
Mahmood Jabareen and Izhak Sheinman (Faculty of Civil and Environmental Engineering, Technion—Israel 
Institute of Technology, Haifa 32000, Israel), “Buckling and Sensitivity to Imperfection of Conical Shells 
Under Dynamic Step-Loading”, J. Appl. Mech., Vol. 74,  No. 1, January 2005, pp. 74–80,  
doi:10.1115/1.2178836 
ABSTRACT: A general nonlinear dynamic analysis, based on Donnell's shell-type theory, is developed for an 
arbitrary imperfect isotropic conical shell. It is used for studying dynamic stability and imperfection sensitivity 
under dynamic step loading. The nonlinear dynamic time history and the sensitivity behavior are examined in 
parametric terms over a wide range of aspect ratios. A general symbolic code (using the MAPLE compiler) was 



programmed to create the differential operators. By this means the Newmark discretization, Galerkin procedure, 
Newton-Raphson iteration, and finite difference scheme are applied for automatic development of an efficient 
FORTRAN code for the parametric study, and for examining the correlation of the sensitivity behavior between 
two different dynamic stability criteria. An extensive parametric study of the effect of the cone semi-vertex 
angle on the stability and sensitivity to imperfection under dynamic step loading was carried out. It was found 
that the dynamic buckling can indeed be derived from the nonlinear static solution. 
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M. Jabareen, I. Sheinman, "Postbuckling analysis of geometrically imperfect conical shells", ASCE Journal of 
Engineering Mechanics, 132(12), 2006, 1326 - 1334.  
http://dx.doi.org/10.1061/(ASCE)0733-9399(2006)132:12(1326) 
ABSTRACT: A suitable postbuckling analysis, based on geometrically nonlinear behavior, is developed for 
arbitrary imperfect conical shells. The conical shell was chosen as a representative case exhibiting the entire 
range of sensitivity to imperfection. A general symbolic code (using the MAPLE compiler) was programmed to 
create the differential operators of the nonlinear partial differential equations, based on Donnell’s type shell 
theory. The code then uses the Galerkin procedure, the Newton-Raphson and arc-length procedures, and a 
finite-differences scheme for automatic development of an efficient FORTRAN code. The code is used for 
parametric study of the nonlinear behavior and yields the sensitivity characteristic for a wide range of cone 
semivertex angles. A typical nonlinear behavior of a conical shell is investigated. Comparison with a simpler 
procedure, based on the initial postbuckling analysis (Koiter’s theory), confirms the need for the present more 
accurate one, especially for shells with prebuckling nonlinear behavior. The present investigation summarizes 
the sensitivity behavior with respect to imperfection shapes and amplitudes for the entire range of cone 



semivertex angles. 
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“Stability of imperfect stiffened conical shells”, International Journal of Solids and Structures, Volume 46, 
No.10, May 2009, pp. 2111-2125, Special Issue in Honor of Professor Liviu Librescu 
doi:10.1016/j.ijsolstr.2008.07.029 
ABSTRACT: A general procedure is developed for stability of stiffened conical shells. It is used for studying 
the sensitivity behavior with respect to the stiffener configurations. The effect of the pre-buckling nonlinearity 
on the bifurcation point, as well as the limit-point load level, is examined. The unique algorithm presented by 
the authors is an extended version of an earlier one, adapted for determination of the limit-point load level of 
imperfect conical shells. The eigenvalue problem is iteratively solved with respect to the nonlinear equilibrium 
state up to the bifurcation point or to the limit-point load level. A general symbolic code (using MAPLE) was 
programmed to create the differential operators based on Donnell’s type shell theory. Then the code uses the 
Galerkin procedure, the Newton–Raphson procedure, and a finite difference scheme for automatic development 
of an efficient FORTRAN code which is used for the parametric study. 
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“Snap-through buckling of eccentrically stiffened shallow spherical caps”, International Journal of Solids and 
Structures, Vol. 11, No. 9, September 1975, pp. 1035-1049, doi:10.1016/0020-7683(75)90046-3 
ABSTRACT: The problem of snap-through buckling of a clamped, eccentrically stiffened shallow spherical cap 
is considered under quasi-statically applied uniform pressure and a special case of dynamically applied uniform 
pressure. This dynamic case is the constant load infinite duration case (step time-function) and it represents an 
extreme case of blast loading-large decay time, small decay rate. The analysis is based on the nonlinear shallow 
shell equations under the assumption of axisymmetric deformations and linear stress-strain laws. The eccentric 
stiff eners are disposed orthogonally along directions of principal curvature in such a way that the smeared 
mass, and extensional and flexural stiffnesses are constant. The stiffeners are also taken to be one-sided with 
constant eccentricity, and the stiffener-shell connection is assumed to be monolithic. The method developed in 
an earlier paper is employed. In this method, critical pressures are associated with characteristics of the total 
potential surface in the configuration space of the generalized coordinates. In addition, buckling of the complete 
thin eccentrically stiffened spherical shell under uniform quasi-statically applied pressure is considered, and 
these results are used to check the numerical answers. The complete spherical shell is stiffened in the same 
manner as the shallow cap. The results are presented in graphical form as load parameter vs initial rise 
parameter. Geometric configurations corresponding to isotropic, lightly stiffened, moderately stiffened and 
heavily stiffened geometries are considered. By lightly stiffened geometry one means that most of the 
extensional stiffness is provided by the thin shell. A computer program was written to solve for critical 
pressures. The Georgia Tech Univac 1108 high speed digital computer was used for this purpose. 
 
 
George J. Simitses (Georgia Institute of Technology, Atlanta, GA 30332, U.S.A.) and Izhak Sheinman 
(Technion-Israel Institute of Technology, Haifa, Israel), “Optimization of geometrically imperfect stiffened 
cylindrical shells under axial compression”, Computers & Structures, Vol. 9, No. 4, October 1978, pp. 377-381, 
doi:10.1016/0045-7949(78)90124-4 
ABSTRACT: A procedure is outlined for optimizing stiffened, thin, circular, cylindrical shells under uniform 
axial compression against general instability, in the presence of initial geometric imperfection. The procedure 
consists of two parts (a) optimization on the basis of a linear buckling analysis and perfect geometry, and (b) 
parametric studies on a reasonable region in the design space surrounding the optimum point (as obtained from 
part (a)) to assess the effect of initial geometric imperfections. This procedure is demonstrated through two 
design examples, for which it is concluded, that the presence of initial geometric imperfections does not alter 
the optimum weight and the corresponding design variables appreciably. 
 
 
I. Sheinman and G. J. Simitses (Georgia Institute of Technology, Atlanta, GA 30332, U.S.A), “Buckling and 
postbuckling of imperfect cylindrical shells under axial compression”, Computers & Structures, Vol. 17, No. 2, 
1983, pp. 277-285, doi:10.1016/0045-7949(83)90016-0 
ABSTRACT: A solution methodology is described for the complete analysis of a geometrically imperfect, thin, 
circular, cylindrical shell loaded by a uniform axial compression. The analysis includes pre-limit point behavior, 
the establishment of critical conditions (limit point) and post-limit point behavior. The solution scheme is then 
utilized to study the effects of various geometrical parameters (radius to thickness and length to radius ratios) on 
the response characteristics of an imperfect, unstiffened, thin, cylindrical shell. These effects are assessed for a 
virtually axisymmetric-type of geometric imperfection. 
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ABSTRACT: The imperfection sensitivity of thin cylindrical shells, made out of fiberreinforced composite 



material and subjected to either uniform axial compression or torsion, and the effects upon it of certain 
parameters, are investigated. The sensitivity is established through plots of critical loads (limit point loads) 
versus imperfection amplitude. The larger the drop in critical load value with increasing amplitude, the greater 
the sensitivity. Results are presented for four- and six-ply laminates with simply supported boundaries and 
various stacking sequences. These sequences lead to symmetric, antisymmetric and asymmetric configurations 
with respect to the laminate midsurface. The material for all configurations is boron/epoxy. The parametric 
studies include primarily the effect of lamina stacking and length-to-radius ratio on the critical loads. Among 
the important findings are that (a) laminated cylindrical shells are more imperfection sensitive under axial 
compression than under torsion, (b) the imperfection sensitivity decreases as the length-to-radius ratio increases 
and (c) lamina stacking has a pronounced effect on the imperfection sensitivity of the laminated shell. 
 
 
S. Sallam and G. J. Simitses (School of Engineering Science and Mechanics, Georgia Institute of Technology, 
Atlanta, Georgia, USA), “Delamination buckling of cylindrical shells under axial compression”, Composite 
Structures, Vol. 7, No. 2, 1987, pp. 83-101, doi:10.1016/0263-8223(87)90001-8 
ABSTRACT: A model is developed for the study of delamination buckling of axially loaded cylindrical shells. 
Delamination is assumed to exist before load application, it spans the entire circumference, and it lies on the 
contact surface of neighboring laminae. The mathematical model employs Donnell-type kinematic relations and 
linearly elastic material behavior. Furthermore, each lamina is assumed isotropic, and the emphasis is on 
studying the effect of delamination size and position on the critical load. Two sets of boundary conditions are 
used with the model: simply supported and clamped. The study reveals several important conclusions. Among 
them, one may list the following: (a) the critical load is primarily controlled by the position of the delamination 
from the reference surface, provided that the delamination is not very close to the boundaries; and (b) for long 
delaminations (relative to the cylinder length), the critical load is not appreciably affected by the boundary 
conditions. 
 
 
G.J. Simitses and Z.Q. Chen (School of Aerospace Engineering, Georgia Institute of Technology, Atlanta, GA 
30332, U.S.A.), “Delamination buckling of pressure-loaded thin cylinders and panels”, Chapter in Composite 
Structures 4, edited by I.H. Marshall, Springer, 1987, pp 294-308 
ABSTRACT: Delamination buckling of long complete cylindrical shells and curved panels, when acted upon 
by uniform lateral loading, is being investigated. The geometry is such that it covers a wide range of length to 
radius ratios, as well as panels of different widths. Results, though, are presented only for very long 
configurations and a limited number of widths. The boundaries of the panels are either clamped or simply 
supported, along the straight edges. Finally, the geometry is free of initial geometric imperfections, and all parts 
of the shell are assumed to be virtually isotropic. The emphasis of the investigation concerns the effect of 
several factors and parameters on the critical load. These include, load behavior during buckling, width of 
delamination, position of delamination and panel width. 
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ABSTRACT: Delamination is one of the basic defects inherent to laminar materials. The investigation of the 
buckling characteristics of delaminated cylindrical shells or panels, when subjected to external pressure, is 
presented herein. The geometry is such that it covers a wide range of length to radius ratios as well as panels of 
different widths. Results are presented only for very long cylinders and panels. The boundaries are either simply 
supported or clamped. Furthermore, the material is such that it leads to (quasi) isotropic laminates for all 
sections involved, the overall as well as the ones separated by the delamination. Finally, the geometry is free of 
initial geometric imperfections. Because of the last two assumptions, a primary membrane state exists and 
bifurcational buckling is possible. Buckling loads are calculated for a wide range of parameters. The width and 
the through-the-thickness position of delamination greatly affect the bifurcation load. 
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ABSTRACT: The paper deals with buckling of complete and annular circular plates, made of symmetric 
laminates with general orientation of the lamina fibers. The plate is subjected to an in-plane, symmetric, 
destabilizing load. The load is applied at the outer edge for the complete plate and at the outer and inner edges 
for the annular one. The plate is supported in various ways along its boundaries. The paper includes the 
derivation of the governing equations and discusses the various methods of solution. Numerical results are 
presented for a clamped plate. 
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ABSTRACT: The analysis of laminated cylindrical shells of general stacking, but of symmetric construction 
(there is no coupling between extension and bending), when acted upon by the destabilizing heads of lateral 
pressure, hydrostatic pressure, uniform axial compression and torsion, is presented. Sanders-type equations are 
employed in deriving the buckling equations. A solution procedure is developed for computer-generated 
numerical results. This procedure is based on the Galenkin method. Extensive parametric studies are performed 
and presented in Part II. Justification for the work is provided in the Introduction section of the paper. 
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ABSTRACT: A higher-order theory is developed (kinematic relations, constitutive relations, equilibrium 
equations and boundary conditions), which includes initial geometric imperfections and transverse shear effects, 
for a laminated cylindrical configuration, under the actions of lateral pressure, axial compression and torsion. 
Through the perturbation technique, buckling equations and boundary conditions are derived for a symmetric 
laminated configuration, for a higher-(third) order shear-deformation theory as well as for the cases of first-



order shear-deformation theory and classical theory. Critical axially-compressive loads are computed for finite 
length cylinders for several stacking sequences, several radius-to-total-thickness ratios and length-to-radius 
ratios and for all the above three theories. The material that was employed in generating results was 
boron/epoxy. 
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ABSTRACT: Models for predicting delamination buckling of laminated complete thin cylindrical shells and 
cylindrical panels are presented. The load cases are uniform axial compression and uniform pressure, applied 
individually. The models are different for the two load cases and by design they are kept as simple as possible, 
to keep the mathematical representation of the model and the associated solution simple enough to permit 
extensive parametric studies. Through these studies one can identify important structural parameters and fully 
assess their effect on the critical load. Among the general conclusions are the following: (a) the most influential 
parameters for a given laminated geometry are the size of the delamination and its through-the-thickness 
position for both load cases; and (b) the effect of boundary conditions (along the straight edges) is important for 
the case of pressure, whereas for axial compression the effect of boundary conditions (ends) is small for large 
delaminations. 
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Structures, Vol. 17, No. 1, 1991, pp. 67-85, doi:10.1016/0263-8223(91)90061-3 
ABSTRACT: A general one-dimensional model of a delaminated composite structural element under axial 
loading is used for predicting the classical buckling load, with the bending-stretching coupling effect. Two 
cases are examined. In the first case the delamination is such that it does not cause any resistance in the motion 
of the two detached laminae, due to the applied axial loads. In the second case, the delamination is such that 
both laminae feel the existence of a spring distribution along the length of the delamination. 
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ABSTRACT: A higher order theory is developed (kinematic relations, constitutive relations, equilibrium 
equations, and boundary conditions), which includes initial geometric imperfections and transverse shear effects 
for a laminated cylindrical configuration under the actions of lateral pressure, axial compression, and 
eccentrically applied torsion. Equilibrium equations and boundary conditions are presented for the higher order 
shear deformation theory. The perturbation technique is employed and buckling equations are derived for 
symmetric laminates under the action of uniform axial compression and lateral pressure. Buckling loads are 
computed for axially compressed cylindrical laminates of finite length and pressure-loaded very long 
configurations. 
 
 
G.J. Simitses, A. Tabiei and J.S. Anastasiadis (Department of Aerospace Engineering and Engineering 
Mechanics, University of Cincinnati, Cincinnati, OH 45221, U.S.A.), “Buckling of moderately thick, laminated 
cylindrical shells under lateral pressure”, Composites Engineering, Vol. 3, No. 5, 1993, pp. 409-417, 
doi:10.1016/0961-9526(93)90078-X 
ABSTRACT: The problem of instability of laminated circular cylindrical shells under the action of lateral 
pressure is investigated. The analysis is based on higher-order shear-deformation theory where the effect of 
transverse shear is taken into account. The buckling is elastic for moderately thick composite shells and the 
geometry is assumed to be free of initial imperfections. The equilibrium equations and the related boundary 
conditions are derived by variational methods. The buckling equations are derived through the perturbation 
technique. Critical lateral pressures are computed for finite- and infinite-length cylinders for several stacking 



sequences and several radius-to-thickness ratios. The numerical results are presented in tabular and in graphical 
form. 
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“Buckling of pressure-loaded, long, shear deformable, cylindrical laminated shells”, Composite Structures, Vol. 
23, No. 3, 1993, pp. 221-231, doi:10.1016/0263-8223(93)90224-E 
ABSTRACT: A higher-order shell theory was developed (kinematic relations, constitutive relations, 
equilibrium equations and boundary conditions), which includes initial geometric imperfections and transverse 
shear effects for a laminated cylindrical shell under the action of pressure, axial compression and in-plane shear. 
Through the perturbation technique, buckling equations are derived for the corresponding ‘perfect geometry’ 
symmetric laminated configuration. Critical pressures are computed for very long cylinders for several stacking 
sequences, several radius-to-total-thickness ratios, three lamina materials (boron/epoxy, graphite/epoxy, and 
Kevlar/epoxy), and three shell theories: classical, first-order shear deformable and higher- (third-) order shear 
deformable. The results provide valuable information concerning the applicability (accurate prediction of 
buckling pressures) of the various shell theories. 
 
G.J. Simitses, “Delamination buckling of flat laminates”, Chapter 9 in Buckling and postbuckling of composite 
plates, edited by G. J. Turvey and I. H. Marshall, 1995, Chapman & Hall, ISBN 0 412 59120 0 
ABSTRACT: The constant demand for lighter and more efficient structural configurations has led the structural 
engineer to the use of new man-made materials. At the same time, this demand has forced upon him very 
sophisticated methods of testing, analysis and design, as well as of fabrication and manufacturing. The recent 
explosive progress in the production and use of composite materials has pointed toward the clear possibility of 
man creating specific materials for specific applications. At the same time, it has been realized that there arise 
demands for: a complete understanding of the behaviour of composite materials and the influences on this 
behaviour; establishment of design criteria upon which proper use of composites can rest; and the training of 
engineers in the design and use of composite structures. For all three items, it is important to recognize that, 
with the advent of composite media, certain new material imperfections can be found in composite structures in 
addition to the better-known imperfections that one finds in metallic structures. Thus, broken fibres, 
delaminated regions, cracks in the matrix material, as well as holes, foreign inclusions and small voids 
constitute material and structural imperfections that can exist in composite structures. Imperfections have 
always existed and their effect on the structural response of a system has been very significant in many cases. 
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George J. Simitses (University of Cincinnati, Cincinnati, OH 45221., USA), “Buckling of moderately thick 
laminated cylindrical shells: a review”, Composites Part B: Engineering, Vol. 27, No. 6, 1996, pp. 581-587, 
Special Issue on Thick Composites, doi:10.1016/1359-8368(95)00013-5 
ABSTRACT: The present paper is a review article on the problem of buckling of moderately thick, laminated, 
composite shells subjected to destabilizing loads. The loads consist of uniform axial compression, uniform 
lateral pressure and torsion applied individually or in combination. In all the works reported in the literature, the 
analysis is based on higher-order shear deformation (HOSD) shell theory and/or first-order shear deformation 
(FOSD) shell theory with or without a shear correction factor. Results obtained by these two shell theories and 
by employing classical thin shell theory are compared to determine the range of applicability of each in 
predicting critical conditions. The effect of stacking sequence, radius-to-thickness ratio and length-to-radius 
ratio is assessed. Typical numerical results are presented in tabular form. Moreover, some limited results, which 
are based on limit point analysis are also presented (imperfection sensitivity studies). 
 
 
J. Rezaeepazhand, G. J. Simitses, J. H. Starnes Jr,  “Scale models for laminated cylindrical shells subjected to 
axial compression”, Composite Structures, Vol. 34, No. 4, April 1996, pp. 371-379, doi:10.1016/0263-
8223(95)00154-9 
ABSTRACT: This study investigates problems associated with the design of scaled down models. Such study is 
important since it provides the necessary scaling laws, and the factors which affect the accuracy of the scale 
models. For better understanding the applicability of scaled down models in designing laminated composite 
structures, an analytical investigation was undertaken to assess the feasibility of their use. Employment of 
similitude theory to establish similarity among structural systems can save considerable expense and time, 
provided that the proper scaling laws are found and validated. In this study the limitation and acceptable interval 
of all parameters and corresponding scale factors are investigated. Particular emphasis is placed on the case of 
buckling of cross-ply cylindrical shells under uniaxial compressive loads. Both complete and partial similarity 
are discussed. This analytical study indicates that distorted models with a different number of layers and 
geometries than those of the prototype can predict the behavior of the prototype with good accuracy. However, 
it is shown that a scaled down model with different material properties than those of the prototype is incapable 
of predicting the response of the prototype. 
 
 
George J. Simitses, “Buckling of Pressure-Loaded, Delaminated, Cylindrical Shells and Panels”, Key 
Engineering Materials,  Vols. 120-121, 1996, pp. 407-426, doi: 10.4028/www.scientific.net/KEM.120-121.407 
ABSTRACT: This work deals primarily with the question of buckling of delaminated curved structural 
elements subjected to external pressure, and how the presence of the delamination affects the global load 
carrying capacity of the structure. A review of the effect of the presence of imperfections and defects on 
buckling in laminated configurations is presented. The emphasis is then placed on delaminations, and the simple 
mathematical models that have been used for the buckling analysis of delaminated shells. Through these models 
the parameters that have the largest effect on the buckling load are identified. It is concluded that the two most 
influencing parameters are the size of delamination and the through-the-thickness position of the delamination. 
Areas of future research are identified, through the critical review of the reported studies. 
 
 
J. Rezaeepazhand and G. J. Simitses (Department of Aerospace Engineering and Engineering Mechanics, 
University of Cincinnati, Cincinnati, OH 45221-0070, USA), “Structural similitude for vibration response of 
laminated cylindrical shells with double curvature”, Composites Part B: Engineering, Vol. 28, No. 3, 1997, pp.  



195-200, doi:10.1016/S1359-8368(96)00046-7 
ABSTRACT: In order to understand the applicability of scaled down models in designing laminated composite 
structures, an analytical investigation was undertaken to assess the feasibility of their use. Employment of 
similitude theory to establish similarity among structural systems can save considerable expense and time, 
provided the proper scaling laws are found and validated. The developed methodology is demonstrated through 
application of similitude theory to laminated cylindrical shells. Particular emphasis is placed on the case of free 
vibration of cross-ply laminated cylindrical shells with double curvature. The results presented herein indicate 
that, for free vibration responses of laminated cylindrical shells of double curvature, based on structural 
similitude, a set of scaling laws can be found which are used to develop design rules for designing small scale 
models. This analytical study indicates that distorted models with a different number of layers, geometries and 
material properties than those of the prototype can predict the behavior of the prototype with good accuracy. 
However, it is shown that a scaled down model with distorted curvature is incapable of predicting the response 
of the prototype. 
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“Structural similitude and scaling laws for plates and shells: A review”, Chapter in Advances in the Mechanics 
of Plates and Shells, Vol. 88 of the series Solid Mechanics and its Applications edited by D. Durban, D. Givoli, 
J.G. Simmonds, Springer 2002, pp 285-310 
ABSTRACT: This paper deals with the development and use of scaled-down models in order to predict the 
structural behavior of large prototypes. The concept is fully described and examples are presented which 
demonstrate its applicability to beam-plates, plates and cylindrical shells of laminated construction. The concept 
is based on the use of field equations, which govern the response behavior of both the small model as well as 
the large prototype. The conditions under which the experimental data of a small model can be used to predict 
the behavior of a large prototype are called scaling laws or similarity conditions and the term that best describes 
the process is structural similitude. Moreover, since the term scaling is used to describe the effect of size on 
strength characteristics of materials, a discussion is included which should clarify the difference between 
“scaling law” and “size effect”. Finally, a historical review of all published work in the broad area of structural 
similitude is presented for completeness. 
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Xiaozhi Huyan and George J. Simitses (University of Cincinnati, Cincinnati, Ohio).  "Dynamic Buckling of 
Imperfect Cylindrical Shells Under Axial Compression and Bending Moment", AIAA Journal, Vol. 35, No. 8 
(1997), pp. 1404-1412. doi: 10.2514/2.250 
ABSTRACT: The dynamic stability of circular metallic and laminated cylindrical shells is investigated. The 
cylinders are geometrically imperfect and subjected to axial compression or pure bending moment. These loads 
are suddenly applied with constant magnitude and finite or infinite duration. The finite element method is 
employed to generate dynamic responses and the equations of motion approach to determine dynamic critical 
loads. The effects of load duration and imperfection amplitude on critical loads are discussed. It is found that 
the dynamic critical loads decrease with increasing load duration and converge to those for the load case of 
infinite duration. The convergence rate is related to the fundamental frequency of the cylinder. In addition, both 
the static and dynamic critical loads decrease with increasing imperfection amplitude. 
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“Imperfection sensitivity of moderately thick composite cylindrical shells”, (ICCM, publisher/date not given, 
1998?) 
ABSTRACT: The problem of instability of imperfect, moderately thick, circular cylindrical shells 
under the action of uniform lateral pressure is investigated. Two approaches are followed: First, an 
analysis is done based on nonlinear kinematic relations, where the effect of transverse shear is 
taken into account and an imperfection function is assumed. The Galerkin procedure is employed 
to solve the resulting partial differential equations. The second method is based on applying 
Koiter's general postbuckling theory. To this extent, the objective is the calculation of imperfection 
sensitivity by relating to the initial post-buckling behavior of the perfect structure. Again, a shear 
deformation theory which accounts for transverse shear strains and rotations about the normal to 
the shell midsurface is employed to formulate the shell equations. The initial postbuckling analysis 
indicates that the range of imperfection sensitivity depends strongly on the material anisotropy, and 
also on the shell thickness and whether the end pressure loading is included or not. 
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G.A. Kardomateas (School of Aerospace Engineering, Georgia Institute of Technology, Atlanta, Georgia, 
USA), “Effect of an elastic foundation on the buckling and postbuckling of delaminated composites under 
compressive loads”, Journal of Applied Mechanics, Vol. 55, March 1988 
PARTIAL INTRODUCTION: Consider a composite boxed beam filled with a soft elastic medium such as foam 
or a sandwich beam consisting of two fiber-reinforced sheets separated by a low-stiffness core. A bending load 
on these structures is equivalent to a compressive force on one face and a tensile force on the other. 
Furthermore, a delamination may be present on the compressively loaded composite face. In those cases the 



composite face rests on an elastic “foundation” which imposes reaction forces on the beam that are proportional 
to the deflection of the “foundation”. . .  
 
 
G. A. Kardomateas (School of Aerospace Engineering, Georgia Institute of Technology, Atlanta, Georgia, 
USA), “Asymptotic analysis considerations on the initial postbuckling behavior of delaminated composites”, 
Acta Mechanica, Vol. 83, No. 3, pp 165-175, September 1990 
SUMMARY: An asymptotic analysis for the initial postbuckling behavior of delaminated beam/plates is 
performed. Under the assumptions of inextensional deformation, the exact expressions that govern the plane 
elastic deformation of the different parts of the system are expanded in a Taylor series in terms of the distortion 
variable. Order of magnitude arguments are used to relate the distortion variables and these are subsequently 
used in an asymptotic solution for the deflections and the load. Finally, a comparison with experiments is 
performed. 
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G.A. Kardomateas, “The initial post-buckling and growth behavior of internal delaminations in composite 
plates”, Journal of Applied Mechanics, Vol. 60, December 1993 
ABSTRACT: The initial post-buckling and growth behavior of delaminations in plates is studied by a 
perturbation procedure. In this work. no restrictive assumptions regarding the delamination thickness and plate 
length are made, i.e., the usual thin film assumptions are relaxed. The perturbation procedure is based on an 
asymptotic expansion of the load and deformation quantities in terms of the distortion parameter of the 
delaminated layer, the latter being considered a compressive elastica. Closed-form solutions for the load and 
midpoint delamination deflection versus applied compressive displacement during the initial post-buckling 
phase are derived. Moreover, closed-form expressions for the energy release rate and the mixity ratio (i.e. Mode 
II versus Mode I) at the delamination tip are produced. A higher Mode I component is found to be present 
during the initial post-buckling phase for delaminations of increasing ratio of delamination thickness over plate 
thickness. h/T (i.e. delaminations further away from the surface). Moreover. The energy release rate 
corresponding to the same applied strain is larger for a higher h/T ratio. The reduced growth resistance of these 
configurations is verified by experimental results on unidirectional composite specimens with internal 
delaminations.  
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Technology, Atlanta, Georgia, USA), “Growth of internal delaminations under cyclic compression in composite 
plates”, J. Mech. Phys. Solids., Vol. 43, No. 6, pp 847-868, 1995 
ABSTRACT: The growth of internal delaminations in composite plates subjected to cyclic compression is 
investigated. Due to the compressive loading. these structures undergo repeated buckling-unloading of the 
delaminated Iayer with a resulting reduction of the interlayer resistance. An imporunt characteristic of the 
problem is that the state of stress near the delamination tip is of mixed mode, I and II. Equations describing the 
growth of the delaminations under cyclic loads are obtained on the basis of a combined delamination buckling-
post-buckling and fracture mechanics model. The latter is based on a mode-dependent critical fracture energy 



concept and is expressed in terms of the spread in the energy release rate in the pre- and post-buckling state. It is 
shown that such a model allows for the accumulation of microdamage at the delamination front. The growth 
laws developed in this manner are integrated numeric:ally, in order to produce the delamination groth vs 
number of cycles curves. Furthermore. the investigation includes the possibility of unstable delamination 
growth. The study does not impose any restrictive assumptions regarding the delamination thickness and plate 
length (as opposed to the usual thin fiIm assumptions). The results show that for a given value of delamination 
thickness h the fatigue delamination growth is strongly affected by the relative location of the delamination 
through the plate thickness T. the fatigue growth being slower for a smaller value of h T (delaminations located 
closer to the surface). These theoretical predictions are confirmed by experimenta1 results that are obtained for 
the growth of delaminations in graphite-epoxy unidirectional specimens under cyclic constant amplitude 
compressive loading. The test data, which were obtained for several different locations of the delamination 
through the thickness (hence different degrees of mode mixity), and different applied maximum compressive 
displacement, seem be well correlated with the theory.  
 
 
G.A. Kardomateas (Georgia Institute of Technology, Atlanta, Georgia, USA), “Three-dimensional elasticity 
solution for the buckling of moderately thick orthotropic columns”, Chapter in Contemporary Research in 
Engineering Science, edited by Romesh C. Batra, Springer, 1995, pp 238-253 
ABSTRACT: The buckling of an axially compressed orthotropic column is investigated by using a three-
dimensional elasticity formulation. In this manner, an assessment of the thickness and othotropy effects can be 
accurately performed. The column is in the form of a hollow circular cylinder. The critical loads from this 
elasticity solution are compared with the ones from the Euler or Timoshenko transverse shear correction 
formulas based on the axial modulus. Furthermore, a comparison is made with a recenly suggested new formula 
for column buckling that adds a second term to the Euler load expression and is supposed to account for 
thickness effects. As an example, the cases of an orthotropic material with stiffness constants typical of 
glass/epoxy and the reinforcing direction along the periphery or along the cylinder axis are considered. It is 
found that the elasticity approach predicts in all cases a lower than the Euler value critical load. Moreover, the 
degree of non-conservatism of the Euler formula is strongly dependent on the reinforcing direction; the axially 
reinforced columns show the highest deviation from the elasticity value. The first Timoshenko shear correction 
formula is in all cases examined conservative. The second Timoshenko shear correction formula is in most 
cases (but not always) conservative. However, the second estimate is always closer to the elasticity solution 
than the first one. For the istotropic case both Timoshenko formulas are conservative estimates. The recent new 
formula for column buckling that adds a second term to the Euler load expression is a non-conservative estimate 
but performs very well with very thick sections, being closest to the elasticity solution; for moderate thickness it 
is in general no better than the Timoshenko formulas. 
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G.A. Kardomateas (Georgia Institute of Technology, Atlanta, Georgia, USA), “Three-dimensional elasticity 
solution for the buckling of transversely isotropic rods: the Euler load revisited”, Journal of Applied Mechanics, 
Vol. 62, pp 346-355, June 1995 
ABSTRACT: The bifurcation of equilibrium of a compressed transversely isotropic bar is invetigated by using 
a three-dimensional elasticity formulation. In this manner, an assessment of the thickness effects can be 
accurately performed. For isotropic rods of circular cross-section, the bifurcatiun value of the compressive force 
turns out to coincide with the Euler critical load for values of the length-over-radius ratio approximately greater 
than 15. The elasticity approach predicts always a lower (than the Euler value) critical load for isotropic bodies; 
the two examples of transversely isotropic bodies considered show also a lower critical load in comparison with 
the Euler value based on the axial modulus, and the reduction is larger than the one corresponding to isotropic 
rods with the same length-over-radius ratio. However, for the isotropic material, both Timoshenko’s formulas 
for transverse shear correction are conservative; i.e., they predict a lower critical load than the elasticity 
solutions. For a generally transversely isotropic material only the first Timoshenko shear correction formula 
proved to be a conservative estimate in all cases considered. However, in all cases considered, the second 
estimate is always closer to the elasticity solution than the first one and therefore, a more precise estimate of the 
transverse shear effects. Furthermore, by performing a series expansion of the terms of the resulting 
characteristic equation from the elasticity formulation for the isotropic case, the Euler load is proven to be the 
solution in the first approximation; consideration of the secod approximation gives a direct expression for the 
correction to the Euler load, therefore defining a new, revised, yet simple formula for column buckling. Finally, 
the examination of a rod with  different end conditions, namely a pinned-pinned rod, shows that the thickness 
effects depend also on the end fixity. 
 
 
G.A. Kardomateas and M.S. Philobos (Georgia Institute of Technology, Atlanta, Georgia, USA), “Buckling of 
thick orthotropic cylindrical shells under combined external pressure and axial compression”, AIAA Journal, 
Vol. 33, No. 10, October 1995 
ABSTRACT: A formulation based on the three-dimensional theory of elasticity Is employed to study the 
buckling of an orthotropic cylindrical sbell under combined external pressure and axial compression. A properly 
defined load interaction parameter expresses the ratio of axial compression and external pressure loading, and 
critical loads are thus derived for a given load interaction. The results from this elasticity solution are compand 
with the critical loads predicted by the orthotropic Donnell and Timoshenko nonshallow classical shell 
formulations. Two cases of orthotropic material are considered with stiffness constants typical of glass/epoxy 
and grapblte/epoxy. Furthermore. two cases of load interaction are considered, representing a relatively high 
and a relatively low axial load. For both load interaction cases considered and for both materials, the Donnell 
and the Timoshenko bifurcation points are higher than the elasticity solution, which means that both shell 
theories are nonconservative. However, the bifurcation points from the Timoshenko formulation are always 
found to be closer to the elasticity predictions than the ones from the Donnell formulation. An additional 
common observation is that, for a high value of the load interaction parameter (relatively high axial load), the 
Timoshenko shell theory is performing remarkably well, approaching closely the elasticity solution, especially 
for thick construction. Finally, a comparison with some available results from higher order shell tbeories for 
pure external pressure indicates that these improved shell theories seem to be adequate for the example cases 
that were studied.  
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of Technology, Atlanta, GA 30332), “Buckling of Thick Orthotropic Cylindrical Shells Under Torsion”, Journal 
of Applied Mechanics, Vol. 66, No. 1, pp. 41-50, March 1999, DOI: 10.1115/1.2789167 
ABSTRACT: A three-dimensional elasticity solution to the problem of buckling of orthotropic cylindrical 
shells under torsion is presented. A mixed form of the Galerkin method with a series of Legendre polynomials 
in the thickness coordinate has been applied to solve the governing differential equations. The accuracy of 
existing shell theory solutions has been assessed through a comparison study for both isotropic and orthotropic 
cylinders. For isotropic cylinders the solutions based on the Donnell shell theory were found to predict 
nonconservative values for the critical loads. As the circumferential wave numbers increase, shell theory 
solutions provide more accurate values. For orthotropic cylinders, the classical shell theory predicts much 
higher critical loads for a relatively short and thick cylinder, while the shear deformation theories provide 
results reasonably close to the elasticity solutions. Detailed data are also presented for the critical torsional loads 
over a wide range of length ratios and radius ratios for isotropic, glass/epoxy, and graphite/epoxy cylinders. 
 
 
G.A. Kardomateas (School of Aerospace Engineering, Georgia Institute of Technology, Atlanta, GA, 30332-
0150, USA), “Wrinkling of wide sandwich panels/beams with orthotropic phases by an elasticity approach”, J. 
Appl. Mech., Vol. 72, No. 6, pp 818-825, November 2004, DOI: 10.1115/1.1978919 
ABSTRACT: There exist many formulas for the critical compression of sandwich plates, each based on a 
specific set of assumptions and a specific plate or beam model. It is not easy to determine the accuracy and 
range of validity of these rather simple formulas unless an elasticity solution exists. In this paper, we present an 
elasticity solution to the problem of buckling of sandwich beams or wide sandwich panels subjected to axially 
compressive loading (along the short side). The emphasis on this study is on the wrinkling (multi-wave) mode. 
The sandwich section is symmetric and all constituent phases, i.e., the facings and the core, are assumed to be 
orthotropic. First, the pre-buckling elasticity solution for the compressed sandwich structure is derived. 
Subsequently, the buckling problem is formulated as an eigen-boundary-value problem for differential 
equations, with the axial load being the eigenvalue. For a given configuration, two cases, namely symmetric and 
anti-symmetric buckling, are considered separately, and the one that dominates is accordingly determined. The 
complication in the sandwich construction arises due to the existence of additional “internal” conditions at the 
face sheet⁄core interfaces. Results are produced first for isotropic phases (for which the simple formulas in the 
literature hold) and for different ratios of face-sheet vs core modulus and face-sheet vs core thickness. The 
results are compared with the different wrinkling formulas in the literature, as well as with the Euler buckling 
load and the Euler buckling load with transverse shear correction. Subsequently, results are produced for one or 



both phases being orthotropic, namely a typical sandwich made of glass⁄polyester or graphite⁄epoxy faces and 
polymeric foam or glass⁄phenolic honeycomb core. The solution presented herein provides a means of 
accurately assessing the limitations of simplifying analyses in predicting wrinkling and global buckling in wide 
sandwich panels⁄beams. 
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“Structural integrity of composite columns subject to fire”, Journal of Composite Materials, Vol. xx, No. xx, 
2008, DOI: 10.1177/002199830897733 
ABSTRACT: This article investigates the thermal response of an axially restrained composite column, which is 
exposed to a heat flux due to fire. The heat damage, the charred layer formation and nonuniform transient 
temperature distribution in the column exposed to fire from one side are calculated by the thermal model 
developed by Gibson et al. [1]. For the thermal response analysis, the mechanical properties of the fire-damaged 
(charred) region are considered negligible, while the degradation of the elastic properties with temperature in 
the undamaged layer (especially near the glass transition temperature of the matrix) is accounted for using 
experimental data for the elastic moduli. Due to the nonuniform stiffness distribution through the thickness and 
the effect of the ensuing thermal moment, the structure behaves like an imperfect column, and responds by 
bending rather than buckling in the classical Euler (bifurcation) sense. Another important effect of the non-
uniform temperature is that the neutral axis moves away from the centroid of the cross-section, resulting in an 
additional moment due to eccentric mechanical loading, which tends to bend the structure. The compressive 
behavior of a column subjected to simultaneous high intensity surface heating and axial compressive loading 
was investigated experimentally to verify the anticipated theoretical response. All specimens exhibited bending 
and subsequent catastrophic failure, even at compressive stresses well below these corresponding to the Euler 
load. 
 
 
Yeoshua Frostig (Technion – Israel Institute of Technology, Haifa, Israel), “Elastica of sandwich panels with a 
transversely flexible core – a high-order theory approach”, International Journal of Solids and Structures, Vol. 
46, pp 2043-2059, 2009 
ABSTRACT: The elastica behavior of an extensional sandwich panel with a ‘‘soft” core when subjected to in-
plane compressive loads is presented and it is compared with the response of its extensional equivalent single 
layer (ESL) with shear deformations model. The field equations along with the appropriate boundary conditions 
for the sandwich and the ESL panels have been derived through a variational approach following the High-order 
SAndwich Panel Theory (HSAPT) approach that takes into account the vertical flexibility of the core. The 
governing equations include the effects of the extension of the mid-surfaces of the face sheets of the sandwich 
panel or the mid-plane of the ESL model which the classical elastica approach misses. The results of the elastica 
response of a clamped-simply-supported sandwich panel and its ESL counterpart are presented and compared. 
They include the response along the panel, deformed shapes and equilibrium curves of in-plane loads versus 
structural quantities such as displacements and internal stress resultants and stresses. These results reveal that 
the predicted buckling load of the ESL panel is larger than that of the sandwich panel and that deep in the non-
linear range the upper face sheet wrinkles with increasing overall and edge displacements and a release of the 
load. Hence, the use of an equivalent single layer panel especially when a sandwich panel with a compliant core 
is considered may lead to unsafe and unreliable predictions when large displacements and large rotations are 
considered.  
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C.G. Koh, K.K. Ang and P.F. Chan (Department of Civil Engineering, National University of Singapore, 10 
Kent Ridge Crescent, Singapore), Dynamic analysis of shell structures with application to blast resistant doors”, 
Shock and Vibration, Vol. 10, pp 269-279, 2003 
ABSTRACT: This paper concerns the dynamic analysis of shell structures, with emphasis on application to 
steel and steel-concrete composite blast resistant doors. In view of the short duration and impulsive nature of the 
blast loading, an explicit integration method is adopted. This approach avoids time-consuming computations of 
structural stiffness matrix and solving of simultaneous nonlinear equations. Single-point quadrature shell 



elements are used, with numerical control to suppress spurious hourglass modes. Composite shells are handled 
by an appropriate integration rule across the thickness. Both material and geometric nonlinearities are accounted 
for in the formulation. Contact and gap problems are considered using bilinear spring elements in the finite 
element analysis. Numerical examples are presented for some benchmark problems and application study to 
blast resistant doors. Good correlation is generally obtained between the numerical results based on the software 
developed and the results obtained by other means including field blast tests. 
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G.Q. Liu, Nonlinear and Transient Finite Element Analysis of General Reinforced Concrete Plates and Shells, 
Ph.D. Thesis, University College of Swansea, UK, 1985. 
ABSTRACT: The present work is concerned with the development of finite element techniques for nonlinear 
transient dynamic analysis of reinforced concrete plates and shells. Computational models have been developed 
and coded, which are applied to various engineering problems under static and dynamic loading conditions. The 
first part of the thesis deals with some aspects of linear-elastic, geometric and material nonlinear finite element 
formulations of general thin and thick shell analysis under static or quasistatic loading. A generalized 



displacement method is proposed to overcome the 'shear locking' problem for the degenerated thick shell 
element when used in the context of thin shell structures. The basic concept and mathematical formulation of 
the generalized displacement method are detailed and its application is illustrated by numerical examples. The 
method is also extended to the geometrically nonlinear analysis of thin shells based on both Updated and Total 
Lagrangian formulation. An elasto-viscoplastic analysis of anisotropic plates and shells is developed by means 
of the finite element displacement method. A discrete layered approach is adopted to represent different 
material properties and gradual plastification through the thickness. Viscoplastic yielding is based on the Huber-
Mises criterion extended by Hill for anisotropic material and special consideration is given to the evaluation of 
the viscoplastic strain increment for anisotropic situations. The second part of this thesis is concerned with 
nonlinear dynamic transient analysis of reinforced concrete shell structures. Direct integration methods are 
reviewed and discussed. In particular, the general single step explicit, implicit and implicit-explicit algorithms 
with predictor - corrector forms are presented and corresponding stability conditions are deduced by invoking 
the energy method. The modelling of reinforced concrete behaviour in shell structures under fast loading 
conditions is considered. Both a strain rate sensitive elasto-viscoplastic model and a strain rate sensitive elasto-
plastic model are presented for describing concrete nonlinearities due to multiaxial compressive or tensile 
yielding under dynamic loads. The models are used in conjuction with a tensile crack monitoring algorithm to 
trace concrete crack opening and closing. Various reinforced concrete plates and shells are analyzed and 
reported in detail, with the results obtained being compared with those from other sources. 
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“Blast response of metal composite laminate fuselage structures using finite element modeling”, Composite 
Structures, Vol. 93, No. 2, January 2011, pp. 665-681, doi:10.1016/j.compstruct.2010.08.012 
ABSTRACT: The aircraft fuselage is a complex structure with relatively low margins of safety, operating in a 
highly demanding dynamic environment. In the present work, the loading scenario of an on board explosion is 
investigated. The main scope is to assess the damage induced on an operating fuselage by an explosive charge. 
Finite element models of a typical commercial fuselage were generated for two material configurations, 
aluminium and GLARE. The simulation was performed in three stages; initialization phase, where the flight 
loads are applied on the structure, the blast phase and the final phase where the flight loads are applied on the 
damaged structure. Simulations were performed for different charge locations for both material configurations. 
The extent and location of damage allowed the generation of a vulnerability index. 
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“Analysis of sandwich beams with a compliant core and with in-plane rigidity – extended high-order sandwich 
panel theory versus elasticity”, Journal of Applied Mechanics, Vol. 79, No. 4, May 2012 
ABSTRACT: A new one-dimensional high-order theory for orthotropic elastic sandwich beams is formulated. 
This new theory is an extension of the high-order sandwich panel theory (HSAPT) and includes the in-plane 
rigidity of the core. In this theory, in which the compressibility of the soft core in the transverse direction is also 
considered, the displacement field of the core has the same functional structure as in the high-order sandwich 
panel theory. Hence, the transverse displacement in the core is of second order in the transverse coordinate and 
the in-plane displacements are of third order in the transverse coordinate. The novelty of this theory is that it 
allows for three generalized coordinates in the core (the axial and transverse displacements at the centroid of the 
core and the rotation at the centroid of the core) instead of just one (midpoint transverse displacement) 
commonly adopted in other available theories. It is proven, by comparison to the elasticity solution, that this 
approach results in superior accuracy, especially for the cases of stiffer cores, for which cases the other 
available sandwich computational models cannot predict correctly the stress fields involved. Thus, this theory, 
referred to as the “extended high-order sandwich panel theory” (EHSAPT), can be used with any combinations 
of core and face sheets and not only the very “soft” cores that the other theories demand. The theory is derived 
so that all core/face sheet displacement continuity conditions are fulfilled. The governing equations as well as 



the boundary conditions are derived via a variational principle. The solution procedure is outlined and 
numerical results for the simply supported case of transverse distributed loading are produced for several typical 
sandwich configurations. These results are compared with the corresponding ones from the elasticity solution. 
Furthermore, the results using the classical sandwich model without shear, the first-order shear, and the earlier 
HSAPT are also presented for completeness. The comparison among these numerical results shows that the 
solution from the current theory is very close to that of the elasticity in terms of both the displacements and 
stress or strains, especially the shear stress distributions in the core for a wide range of cores. Finally, it should 
be noted that the theory is formulated for sandwich panels with a generally asymmetric geometric layout. 
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“Global Buckling of Sandwich Beams Based on the Extended High-Order Theory”, AIAA Journal, Vol. 50, No. 
8, August 2012, pp. 1707-1716. 
ABSTRACT: The focus of this paper is the application of the recently introduced extended high-order sandwich 
panel theory to the global buckling of a sandwich beam/wide panel. Three different solution approaches using 
the extended high-order sandwich panel theory are presented to investigate the effects of simplifying the 
loading case by applying loads just on the face sheets and by including or excluding nonlinear axial strains in 
the core. The results are also compared with results from a benchmark elasticity solution and, furthermore, from 
the simple sandwich bucking formula by the earlier extended high-order sandwich panel theory. It is found that 
all three theories are close to the elasticity solution for “soft” cores with E(core)/E(facesheet) < 0.001. However, 
for “moderate” cores, i.e., with E(core)/E(facesheet) > 0.001, the theories diverge and the extended high-order 
sandwich panel theory is the most accurate. 
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“Blast response of a sandwich beam/wide plate based on the extended high-order sandwich panel theory and 
comparison with elasticity”, J. Appl. Mech., Vol. 80, No. 6, August 2013 
ABSTRACT: This paper presents a one-dimensional analysis for the blast response of a sandwich beam/wide 
plate with a compressible core. The dynamic version of the recently developed extended high-order sandwich 
panel theory (EHSAPT) is first formulated. Material, geometric, and loading parameters are taken from blast 
experiments reported in literature. The novelty of EHSAPT is that it includes axial rigidity of the core and 
allows for three generalized coordinates in the core (the axial and transverse displacements at the centroid of the 
core and the rotation at the centroid of the core) instead of just one (shear stress in the core) of the earlier high-
order sandwich panel theory (HSAPT). The solution procedure to determine the dynamic response to a general 
load applied on the top face sheet of a general asymmetric simply supported configuration is outlined. Although 
the dynamic EHSAPT is formulated in its full nonlinear version, the solution is for the linear problem so the 
accuracy of EHSAPT, along with the other theories, can be assessed by comparison to an available dynamic 
elasticity solution. Results show that the EHSAPT is very accurate and can capture the complex dynamic 
phenomena observed during the initial, transient phase of blast loading. 
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Mechanics of Materials and Structures, Vol. 4, Nos. 7-8, 2009 
ABSTRACT: The initiation of failure in composite sandwich beams is heavily dependent on properties of the 
core material. Several core materials, including PVC foams and balsa wood were characterized. The various 
failure modes occurring in composite sandwich beams are described and their relationship to the relevant core 
properties is explained and discussed. Under flexural loading of sandwich beams, plastic yielding or cracking of 
the core occurs when the critical yield stress or strength (usually shear) of the core is reached. Indentation under 
localized loading depends principally on the square root of the core yield stress. The critical stress for facesheet 



wrinkling is related to the core Young’s and shear moduli in the thickness direction. Experimental mechanics 
methods were used to illustrate the failure modes and verify analytical predictions.  
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“Wrinkling of sandwich wide panels/beams based on the extended high-order sandwich panel theory: 
formulation, comparison with elasticity and experiments”, Archive of Applied Mechanics, Vol. 82, No. 10, pp 
1585-1599, October 2012 
ABSTRACT: There exist several high-order sandwich panel theories, most notably, the first to be introduced 
high-order sandwich panel theory (HSAPT) assumes a constant shear stress in the core. Recently, the extended 
high-order sandwich panel theory (EHSAPT) was introduced, its novelty being that it allows for three 
generalized coordinates in the core (the axial and transverse displacements at the centroid of the core, and the 
rotation at the centroid of the core) instead of just one (shear stress in the core) of the earlier theory. In this 
paper, the EHSAPT formulation for predicting the critical wrinkling load is presented for a simply supported 
sandwich of general asymmetric construction. The cases of (i) applying the loading just on the face sheets with 
a linear core assumption and (ii) applying uniform strain loading throughout the thickness of the panel and a 
nonlinear core assumption are examined. The results are compared with a benchmark elasticity solution. In 
addition, edgewise compression experiments were conducted on glass face/Nomex honeycomb core and the 
ensuing wrinkling point is compared with the theoretical predictions. A comparison is also made with earlier 
edgewise compression experiments on aluminum face/granulated-cork core reported in literature. Other 
wrinkling formulas that are included in the comparison are: Hoff–Mautner and the HSAPT. 
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Composites, Vol. 121 of the series Solid Mechanics and its Applications, Springer 2011, pp 331-364 
ABSTRACT: The face/core debond is justifiably considered to be a weak link in the use of sandwich structures. 
This is because such debonds tend to grow and eventually completely delaminate the face sheet. The most 
common cause of these defects is poor or missing bonding due to careless manufacturing or a mismatch in the 
geometry. Similar defects may also arise during service due to thermo-mechanical loads, impact events, or 
structural fatigue. Debonds or delaminations are susceptible to the phenomenon of “delamination buckling” 
which occurs when local compressive loading is introduced at the debond site. 
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“Global buckling of sandwich columns and wide panels”, Chapter in Structural and Failure Mechanics of 
Sandwich Composites, Vol. 121 of the series Solid Mechanics and Its Applications, Springer, 2011, pp 165-204 
ABSTRACT: The most important issue regarding buckling of sandwich structures is the effect of transverse 
shear which can significantly reduce the Euler critical load. Simply put, the effect of transverse shear absolutely 
cannot be neglected. Therefore, all formulas for sandwich buckling are essentially ways to include this effect 
into the Euler formulas. Two basic ways for including transverse shear in column buckling are the Engesser 
(1891) and the Haringx (1948, 1949) approaches. Both of these approaches are also outlined by Timoshenko 
(1936). 
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121 of the series Solid Mechanics and its Applications, edited by Carlsson and Kardomateas, Springer, 2011, pp 
205-229 
ABSTRACT: Compression loaded faces of sandwich members are sometimes subject to local instability 
phenomena, the most prominent being the wrinkling or rippling and the intracell buckling or dimpling. This 
chapter presents the mechanics associated with these phenomena and the classical formulas that predict the 
conditions for inducing these forms of local instability. 
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Chapter in Sandwich Structures 7: Advancing with Sandwich Structures and Materials, pp 57-66, Springer, 
2005 
ABSTRACT: There exist several formulas for the global buckling of sandwich plates, each based on a specific 
set of assumptions and a specific plate or beam model. It is not easy to determine the accuracy and range of 
validity of these rather simple formulas unless an elasticity solution exists. In this paper, we present an elasticity 
solution to the problem of global buckling of wide sandwich panels (equivalent to sandwich columns) subjected 
to axially compressive loading (along the short side). The emphasis on this study is on the global (single-wave) 
rather than the wrinkling (multi-wave) mode. The sandwich section is symmetric and all constituent phases, i.e., 
the facings and the core, are assumed to be orthotropic. The buckling problem is formulated as an eigen-
boundary-value problem for differential equations, with the axial load being the eigenvalue. The complication 
in the sandwich construction arises due to the existence of additional “internal” conditions at the face sheet/core 



interfaces. Results are produced for a range of geometric configurations and these are compared with the 
different global buckling formulas in the literature.  
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Renfu Li and George A. Kardomateas, “Thermal buckling of multi-walled carbon nanotubes by nonlocal 
elasticity”. J Appl Mech 74: 399–405, 2007, DOI: 10.1115/1.2200656 
ABSTRACT: The small internal length scales of nanomaterials/nano-devices may call the direct application of 
classical continuum models into question. In this research, a nonlocal elastic shell model, which takes the small 
scale effects into account, is developed to study the thermal buckling behavior of multi-walled carbon 
nanotubes. The multi-walled carbon nanotubes are considered as concentric thin shells coupled with the van der 
Waals forces between adjacent nanotubes. Closed form solutions are formulated for two types of thermal 
buckling of a double-walled carbon nanotube: Radial thermal buckling (as in a shell under external pressure) 
and axial thermal buckling. The effects of small scale effects are demonstrated, and a significant influence of 
internal characteristic parameters such as the length of the C-C bond has been found on the thermal buckling 
critical temperature. The study interestingly shows that the axial buckling is not likely to happen, while the 
“radial” buckling may often take place when the carbon nanotubes are subjected to thermal loading. 
Furthermore, a convenient method to determine the material constant, “e0” and the internal characteristic 
parameter, “a,” is suggested.  
 
 
Renfu Li and George A. Kardomateas, “Vibration characteristics of multiwalled carbon nanotubes embedded in 
elastic media by a nonlocal elastic shell model”, Journal of Applied Mechanics, Vol. 74, No. 6, pp 1087-1094, 
July 2007 
ABSTRACT: In this paper, the vibrational behavior of the multiwalled carbon nanotubes (MWCNTs) 
embedded in elastic media is investigated by a nonlocal shell model. The nonlocal shell model is formulated by 
considering the small length scales effects, the interaction of van der Waals forces between two adjacent tubes 
and the reaction from the surrounding media, and a set of governing equations of motion for the MWCNTs are 
accordingly derived. In contrast to the beam models in the literature, which would only predict the resonant 
frequencies of bending vibrational modes by taking the MWCNT as a whole beam, the current shell model can 
find the resonant frequencies of three modes being classified as radial, axial, and circumferential for each 
nanotube of a MWCNT. Big influences from the small length scales and the van der Waals’ forces are 
observed. Among these, noteworthy is the reduction in the radial frequencies due to the van der Waals’ force 
interaction between two adjacent nanotubes. The numerical results also show that when the spring constant k0 



of the surrounding elastic medium reaches a certain value, the lowest resonant frequency of the double walled 
carbon nanotube drops dramatically. 
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George A. Kardomateas, “An elasticity solution for the global buckling of sandwich beams/wide panels with 
orthotropic phases”, J. Appl. Mech., Vol. 77, March 2010 
ABSTRACT: There exist several formulas for the global buckling of sandwich plates, each based on a specific 
set of assumptions and a specific plate or beam model. It is not easy to determine the accuracy and range of 
validity of these rather simple formulas unless an elasticity solution exists. In this paper, we present an elasticity 
solution to the problem of global buckling of wide sandwich panels (equivalent to sandwich columns) subjected 
to axially compressive loading (along the short side). The emphasis on this study is on the global (single-wave) 
rather than the wrinkling (multiwave) mode. The sandwich section is symmetric, and all constituent phases, i.e., 
the facings and the core, are assumed to be orthotropic. The buckling problem is formulated as an 
eigenboundary-value problem for differential equations, with the axial load being the eigenvalue. The 
complication in the sandwich construction arises due to the existence of additional “internal” conditions at the 
face-sheet/core interfaces. Results are produced for a range of geometric configurations, and these are compared 
with the different global buckling formulas in the literature. 
References listed at the end of the paper: 
1. Allen, H. G., 1969, Analysis and Design of Structural Sandwich Panels, Pergamon, Oxford, Chap. 8.  
2. Bazant, Z. P., and Cedolin, L., 1991, Stability of Structures, Oxford University Press, New York, pp. 30–35.  
3. Engesser, F., 1891, “Die Knickfestigheit gerader Stabe,” Zentralblatt der Bauverwaltung, 11, pp. 483–486.  
4. Huang, H., and Kardomateas, G. A., 2002, “Buckling and Initial Postbuckling Behavior of Sandwich Beams Including Transverse 
Shear,” AIAA J., 40(11), pp. 2331–2335.  
5. Haringx, J. A., 1948, “On Highly Compressible Helical Springs and Rubber Rods, and Their Application for Vibration-Free 
Mountings, I,” Philips Res. Rep., 3, pp. 401–449.  
6. Haringx, J. A., 1949, “On Highly Compressible Helical Springs and Rubber Rods, and Their Application for Vibration-Free 
Mountings, II,” Philips Res. Rep., 4, pp. 49–80.  
7. Hoff, N. J., and Mautner, S. F., 1945, “The Buckling of Sandwich-Type Panels,” J. Aeronaut. Sci., 12(3), pp. 285–297.  
8. Ji, W., and Waas, A. M., 2008, “Wrinkling and Edge Buckling in Orthotropic Sandwich Beams,” J. Eng. Mech., 134, pp. 455–461.  
9. Kardomateas, G. A., 1993, “Buckling of Thick Orthotropic Cylindrical Shells Under External Pressure,” ASME J. Appl. Mech., 60, 
pp. 195–202.  
10. Kardomateas, G.A., 1993, “Stability Loss in Thick Transversely Isotropic Cylindrical Shells Under Axial Compression,” ASME J. 
Appl. Mech., 60, pp. 506–513.  
11. Kardomateas, G. A., 1995, “Bifurcation of Equilibrium in Thick Orthotropic Cylindrical Shells Under Axial Compression,” 
ASME J. Appl. Mech., 62, pp. 43–52.  
12. Kardomateas, G. A., and Simitses, G. J., 2005, “Bucking of Long Sandwich Cylindrical Shells Under External Pressure,” ASME J. 
Appl. Mech., 72(4), pp. 493–499.  
13. Lekhnitskii, S. G., 1963, Theory of Elasticity of an Anisotropic Elastic Body, Holden Day, San Francisco, CA.  
14. Kardomateas, G. A., 2001, “Elasticity Solutions for a Sandwich Orthotropic Cylindrical Shell Under External Pressure, Internal 
Pressure and Axial Force,” AIAA J., 39(4), pp. 713–719.  
15. Kardomateas, G. A., 2005, “Wrinkling of Wide Sandwich Panels/Beams With Orthotropic Phases by an Elasticity Approach,” 
ASME J. Appl. Mech., 72, pp. 818–825.  
16. Bazant, Z. P., 1971, “A Correlation Study of Formulations of Incremental Deformation and Stability of Continuous Bodies,” 
ASME J. Appl. Mech.,  
38(4), pp. 919–928. 
�17. Bazant, Z. P., and Beghini, A., 2006, “Stability and Finite Strain of Homogenized Structures Soft in Shear: Sandwich or Fiber 
Composites, and Layered Bodies,” Int. J. Solids Struct., 43, pp. 1571–1593. 
�18. Bažant, Z. P., and Beghini, A., 2004, “Sandwich Buckling Formulas and Applicability of Standard Computational Algorithm for 
Finite Strain,” Composites, Part B, 35, pp. 573–581. 
�19. Novozhilov, V. V., 1953, Foundations of the Nonlinear Theory of Elasticity, Graylock, Rochester, NY. 
�20. Press, W. H., Flannery, B. P., Teukolsky, S. A., and Vetterling, W. T., 1989, Numerical Recipes, Cambridge University Press, 
Cambridge, MA. � 
21. Goens, E., 1931, “Uber die Bestimmung des Elastizitätsmoduls von Stäben mit Hilfe von Biegungsschwingungen,” Ann. Phys., 
403, pp. 649–678. � 



22. Reissner, E., 1945, “The Effect of Transverse Shear Deformation on the Bending of Elastic Plates,” ASME J. Appl. Mech., 12, pp. 
A69–A77.  
 
 
Cody H. Nguyen (1), Ramanjaneya R. Butukuri (2), K. Chandrashekhara (2) and Victor Birman (2) 
(1) Boeing, St. Louis, Missouri 
(2) Dept. of Mechanical and Aerospace Engineering, Missouri University of Science and Technology (Formerly 
University of Missouri-Rolla), St. Louis, Missouri 
“Dynamics and buckling of sandwich panels with stepped facings”, International Journal of Structural Stability 
and Dynamics, Vol. 11, No. 4, pp 697-715, 2011 
ABSTRACT: Sandwich panels have been developed to either produce lighter structures capable of carrying 
prescribed loads or increase the load-carrying capacity subject to limitations on weight. In these panels, facings 
carry bending and in-plane loads while the core functions similarly to the web of a beam, mostly resisting 
transverse shear. Improvements in the load-carrying capacity of sandwich panels can be achieved through 
modifications in their geometry, boundary conditions, and material distribution. One of the methods recently 
considered by the authors is based on using facings with a step-wise variable thickness that increases at the 
critical region of the structure. It was illustrated that the strength of a sandwich panel can be considerably 
enhanced using such stepped facings, without a detrimental increase of the weight. The present paper expands 
the study of the feasibility of the stepped-facing sandwich panel concept concentrating on three structural 
problems, i.e. a possible improvement in stability, changes in the natural frequencies, and forced dynamic 
response to the explosive blast. It is illustrated that the stepped-facing design can improve stability of the panel 
and its response to blast loading. However, fundamental frequencies of stepped-facing panels decrease 
compared to those in their conventional equal-weight counterparts. Such decrease is detrimental in the majority 
of engineering applications representing a limitation of stepped-facing panels. Nevertheless, the usefulness of 
the stepped-facing design is proven in the problems of bending, stability, and blast loading. Numerous examples 
presented in the paper validate our suggestion that the combination of a relatively simple manufacturing process 
and an improved structural response of sandwich panels with stepped facings may present the designer with an 
attractive alternative to conventional sandwich structures.  
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“Compressive response of composites under combined fire and compression loading”, Fire Technology, Vol. 
47, No. 4, pp 985-1016, October 2011 
ABSTRACT: The thermal buckling of an axially restrained composite column that is exposed to a heat flux due 
to fire is studied by both analytical and experimental means. The column is exposed to fire from one-side and 
the resulting heat damage, the charred layer formation and non-uniform transient temperature distribution are 
calculated by the thermal model developed by Gibson et al. (Revue de l’Institute Francais du Petrole 50:69–74, 
1995). For the thermal buckling analysis, the mechanical properties of the fire-damaged (charred) region are 
considered negligible; the degradation of the elastic properties with temperature (especially near the glass 
transition temperature of the matrix) in the undamaged layer, is accounted for by using experimental data for the 
elastic moduli. Due to the non-uniform stiffness and the effect of the ensuing thermal moment, the structure 
behaves like an imperfect column, and responds by bending rather than buckling in the classical Euler 
(bifurcation) sense. Another important effect of the non-uniform temperature is that the neutral axis moves 
away from the centroid of the cross section, resulting in another moment due to eccentric loading, which would 
tend to bend the structure away from the fire. In order to verify the mechanical response, the compressive 
buckling behavior of the same material subjected to simultaneous high intensity surface heating and axial 
compressive loading were investigated experimentally. Fire exposure was simulated by subjecting the surface of 
rectangular specimens to radiant heating in a cone calorimeter. Heat flux levels of 25 kW/m2, 50 kW/m2 and 
75 kW/m2 were studied. All specimens exhibited buckling and subsequent catastrophic failure, even at 
compressive stresses as low as 3.5 MPa under a surface heat flux of 25 kW/m2. Details of the experimental 
procedure, including modifications made to a cone calorimeter to allow simultaneous mechanical loading are 
presented. 
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“Energy-release rate and mode mixity of face/core debonds in sandwich beams”, AIAA Journal, Vol. 51, No. 4 
(2013), pp. 885-892. doi: 10.2514/1.J051765  
ABSTRACT: Closed-form algebraic expressions for the energy-release rate and the mode mixity are obtained 
for a debonded sandwich (trimaterial). The most general case of an “asymmetric” sandwich is considered (i.e., 
the bottom face sheet not necessarily of the same material or thickness as the top face sheet). The energy-release 
rate is obtained by use of the J-integral, and the expression is derived in terms of the forces and moments at the 
debond section. Regarding the mode mixity, a closed-form expression is derived in terms of the geometry, 
material, and applied loading, and it is proven that, in the trimaterial case, just as in the bimaterial case, the 
mode mixity can be obtained in terms of a single scalar quantity ω, which is independent of loading; the ω 
value for a particular geometry and material can be extracted from a numerical solution for one loading 
combination. Thus, this analysis extends the existing formulas in the literature, which are for either a 
delamination in a homogeneous composite or an interface crack in a bimaterial. These new “trimaterial with a 
crack” formulas are also proven to yield the formulas for the limits of a bimaterial or for a homogeneous section 
with a crack. 
 
 
Zhangxian Yuan, George A. Kardomateas, and Yeoshua Frostig.  "Finite Element Formulation Based on the 
Extended High-Order Sandwich Panel Theory", AIAA Journal, Vol. 53, No. 10 (2015), pp. 3006-3015. doi: 
10.2514/1.J053736  
ABSTRACT: The extended high-order sandwich panel theory was formulated in its one-dimensional version 
for orthotropic elastic sandwich beams. This theory includes the in-plane rigidity of the core, and the 
compressibility of the soft core in the transverse direction is also considered. The novelty of this theory is that it 
allows for three generalized coordinates in the core (the axial and transverse displacements at the centroid of the 
core, and the rotation at the centroid of the core) instead of just one (midpoint transverse displacement) 
commonly adopted in other available theories. The theory was derived so that all core/face displacement 
continuity conditions are fulfilled. It is proven, by comparison to the elasticity solution, that this approach 
results in superior accuracy, especially for the cases of stiffer cores, for which cases of the other available 
sandwich computational models cannot correctly predict the stress fields involved. In this paper, a linear finite 
element is formulated based on the extended high-order sandwich panel theory. The element equations are 
outlined, and numerical results for the simply supported case of transverse distributed loading are produced for 
several typical sandwich configurations. These results are compared with the corresponding ones from the 
elasticity solution. The comparison among these numerical results shows that, with a relatively small number of 
elements, the results are very close to the elasticity ones in terms of both the displacements and stress or strains. 
Thus, the finite element version of the extended high-order sandwich panel theory constitutes a very powerful 
analytical tool for sandwich panels. 
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“Elliptical and Circular Cylindrical Sandwich Shells with Different Facings”, Journal of Sandwich Structures 
and Materials, April 2000, vol. 2, no. 2, pp. 152-176, doi: 10.1177/109963620000200204 
ABSTRACT: The Sanders-type theory of elliptical sandwich shells with different facings is formulated. The 
governing equations account for transverse shear strains and for rotations about the normal to the middle surface 
of the shell. The constitutive equations correspond to a sandwich shell where each facing is formed of an even 
number of regular symmetrically laminated layers. Accordingly, the matrix of extensional, coupling and 
bending stiffnesses is fully populated, except for the elements A16 and A26 that are equal to zero. In addition, a 
geometrically nonlinear formulation is presented for an elliptical facing resting on an elastic foundation, based 
on the Sanders nonlinear shell theory. In this formulation, the rotations about the normal to the middle surface 
as well as transverse shear strains are disregarded. Both the governing equations for the sandwich shell and the 
nonlinear solution for a facing are reduced to the corresponding results for a circular cylindrical shell if the 
radius of curvature of the shell is constant. Numerical examples are presented for the problem of buckling of a 
long cylindrical shell subjected to a lateral pressure. This solution, developed by using the energy method, 
illustrates the penalty involved in using different facings, which may nevertheless be necessary to improve the 
design by reinforcing the facing exposed to low-velocity impact and other loads. 
 
 
V. Birman (1), S. Griffin (2) and G. Knowles (3) 
(1) Eng. Education Center, University of Missouri-Rolla, 8001 Natural Bridge Rd., 63121, St. Louis, MO, USA 
(2) Air Force Research Lab., Kirtland Air Force Base, 87117, Albuquerque, NM, USA 
(3) QorTek, Inc., 4121 Jacks Hollow Rd., 17702, Williamsport, PA, USA 
“Axisymmetric dynamics of composite spherical shells with active piezoelectric/composite stiffeners”, Acta 
Mechanica, Vol. 141, No. 1, pp 71-83, March 2000 
ABSTRACT: The paper presents a theoretical formulation for spherical shells reinforced by meridional and 
circumferential stiffeners. Active damping of the shell is introduced through control action of piezoelectric 
coupled pairs bonded to the meridional stiffeners. The induced loads can include radial pressure and a thermal 
field that are independent of the circumferential coordinate. Neglecting local deformations between adjacent 
meridional stiffeners, the response of the shell will be axisymmetric. The analysis employs the Donnell-
Mushtari-Vlasov version of Love's theory of shells together with a smeared stiffeners technique. The paper also 
considers a particular case of shell mounted piezoelectic coupled pairs without conventional stiffeners. A closed 
form solution is derived for spherical panels without conventional stiffeners within the range of the meridional 
coordinate between 75° and 90° using a version of the Geckeler approximation. 
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“Integrity of sandwich panels and beams with truss-reinforced cores”, Journal of Aerospace Engineering, July 
2002, DOI: 10.1061/︎ (ASCE︎ )0893-1321(2002)15:3(111) 
ABSTRACT: This paper outlines several issues related to the design of sandwich structures with a truss-
reinforced polymeric or hollow core. The first part of the paper employs a simple analytical model that 
illustrates the contribution of such a core to the structure’s facing stability. While the enhancement of the 
facing-stability due to truss reinforcement is shown to be considerable, the problems of local strength and truss-
element (pin) stability have to be analyzed prior to the acceptance of the design concept discussed in the paper. 
Accordingly, the second part of the paper presents the results of finite-element analysis used to pinpoint 
potentially weak elements in the considered design. The paper results in a number of practical conclusions and 
recommendations that may be useful for the development and implementation of sandwich structures with truss-
reinforced cores.  
References listed at the end of the paper: 
1. Allen, H. G. (1969). Analysis and design of structural sandwich panels, Pergamon, Oxford, U.K.  
2. Barrett, D. J. (1996). ‘‘A micromechanical model for the analysis of Z-fiber reinforcement.’’ 37th AIAA/ASCE/ASME/AHS SDM 
Conf., Salt Lake City, Paper AIAA-96-1329-CP.  
3. Birman, V. (1994). ‘‘Analytical models of sandwich plates with piezo-electric strip-stiffeners.’’ Int. J. Mech. Sci., 36, 567–578.  
4. Brewer, J. C., and Lagace, P. A. (1988). ‘‘Quadratic stress criterion for initiation of delamination.’’ J. Compos. Mater., 22, 1141–
1155.  
5. Carrera, E. (1998). ‘‘A refined multi-layered finite element model applied to linear and non-linear analysis of sandwich panel,’’ 
Compos. Sci. Technol., 58, 1553–1569.  
6. Chen, Q., and Levy, C. (1996). ‘‘Vibration characteristics of partially covered double sandwich cantilever beam.’’ AIAA J., 34, 
2622–2626.  
7. Freitas, G., Magee, C., Dardzinski, P., and Fusco, T. (1994). ‘‘Fiber insertion process for improved damage tolerance in aircraft 
laminates.’’ J. Adv. Mater., 25, 36–43. � 
8. Jones, R. M. (1999). Mechanics of composite materials, Taylor and Francis, 2nd Ed., Philadelphia. 
9. �Olsson, K.-A. (2000). ‘‘Sandwich structures for naval ships: Design and experience.’’ Mechanics of sandwich structures, Y. D. S. 
Rajapakse, G. A. Kardomateas, and V. Birman, eds., ASME Press, New York, 1–9.  
10. Palazotto, A. N., Gummadi, L. N. B., Vaidya, U. K., and Herup, E. J. (1999). ‘‘Low-velocity impact damage characteristics of Z-
fiber reinforced sandwich panels—An experimental study.’’ Compos. Struct., 43, 275–288.  
11. Vinson, J. R. (1999). The behavior of sandwich structures of isotropic and composite materials, Technomic, Lancaster, U.K.  
12. Weeks, C. A., and Sun, C. T. (1994). ‘‘Multi-core composite laminates.’’ J. Adv. Mater., 25, 28–37.  
 
 
Philippe Jetteur and Francois Frey (IREM, Dept. of Civil Engineering, Swiss Federal Institute of Technology 
Lausanne, Switzerland), “A four node Marguerre element for non-linear shell analysis”, Engineering 
Computations, Vol. 3, No. 4, pp 276-282, 1986, DOI: 10.1108/eb023667 
ABSTRACT: A non‐linear shallow thin shell element is described. The element is a curved quadrilateral one 
with corner nodes only. At each node, six degrees of freedom (i.e. three translations and three rotations) make 
the element easy to connect to space beams, stiffeners or intersecting shells. The curvature is dealt with by 
Marguerre's theory. Membrane bending coupling is present at the element level and improves the element 
behaviour, especially in non‐linear analysis. The element converges to the deep shell solution. The sixth degree 
of freedom is a true one, which can be assimilated to the in‐plane rotation. The present paper describes how 
overstiffness due to membrane locking on the one hand and to the sixth degree of freedom on the other hand can 
be corrected without making use of numerical adjusted factors. The behaviour of this new element is analysed 
in linear and non‐linear static and dynamic tests. 
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Engineering, University of Ljubljana, Aškerčeva 6, 1000, Ljubljana, Slovenia), “Local buckling and debonding 
problem of a bonded two-layer plate”, Archive of Applied Mechanics, Vol. 74, No. 10, pp 704-726, September 
2005 
ABSTRACT: The problem of local buckling, debonding initiation and growth process of the debonding of a 
bonded two-layer plate is treated. In the weaker layer of the plate, compression appears due to the external 
compressive axial force and bending moment. The conditions for local buckling of the weaker layer have been 
studied where the possibility that the stress state in the layers could be in elasto-plastic domain has been 
considered.A mathematical model is developed to determine the bending displacements of laminate layers after 
the weaker layer buckles locally, and in the state after the plate has been unloaded. The third-order theory 
introduced by Chwalla has been implemented. Mechanical properties of the layers and adhesive used in the 
numerical model were measured with experiments. Experimental work comprised the determination of 
mechanical properties of the chosen materials and experimental verification of the presented mathematical 
model. Numerically obtained results are compared with those obtained by an experimental approach, and are 
found to be in good agreement. 
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“Two-dimensional analyses of delamination buckling of symmetrically cross-ply rectangular laminates”, 
Applied Mathematics and Mechanics, Vol. 34, No. 5, pp 597-612, May 2013 
ABSTRACT: The conventional approach to analysis the buckling of rectangular laminates containing an 
embedded delamination subjected to the in-plane loading is to simplify the laminate as a beam-plate from which 
the predicted buckling load decreases as the length of the laminate increases. Two-dimensional analyses are 
employed in this paper by extending the one-dimensional model to take into consideration of the influence of 
the delamination width on the buckling performance of the laminates. The laminate is simply supported 
containing a through width delamination. A new parameter β defined as the ratio of delamination length to 
delamination width is introduced with an emphasis on the influence of the delamination size. It is found that (i) 
when the ratio β is greater than one snap-through buckling prevails, the buckling load is determined by the 



delamination size and depth only; (ii) as the ratio β continues to increase, the buckling load will approach to a 
constant value. Solutions are verified with the well established results and are found in good agreement with the 
latter. 
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USA), “Snap buckling of delaminated composites under pure bending”, Composites Science and Technology, 
Vol. 39, pp 63-74, 1990 
ABSTRACT: Delaminated composites under pure bending can undergo snap buckling under certain conditions 
of applied bending load and geometrical configuration. The phenomenon is demonstrated experimentally and is 
investigated theoretically by an energy procedure. The geometric non-linearities are intluded in the formulation. 



First, a theoretical analysis is performed to model the behavior of the system and define the conditions for snap 
buckling. The predicted buckling loads are then compared with experimentally obtained data from pure bending 
loading of Kevlar epoxy specimens with internal delaminations.  Good agreement is obtained betlreen the 
experimental and theoretical results.  
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Jea-Hyeong Han, George A. Kardomateas, George J. Simitses, “Elasticity, shell theory and finite element 
results for the buckling of long sandwich cylindrical shells under external pressure”, Composites: Part B 35 
(2004) 591–598. Also see: G.A. Kardomateas and G.J. Simitses, “Buckling of long sandwich cylindrical shells 
under external pressure, ASME Journal of Applied Mechanics, Vol. 72, No. 4, pp 493-499, 2004, 
doi:10.1115/1.1934513 . 
ABSTRACT: The buckling of a sandwich cylindrical shell under uniform external hydrostatic pressure is 
studied in three ways. The simplifying assumption of a long shell is made (or, equivalently, ‘ring’ assumption), 
in which the buckling modes are assumed to be two-dimensional, i.e. no axial component of the displacement 
field, and no axial dependence of the radial and hoop displacement components. All constituent phases of the 
sandwich structure, i.e. the facings and the core, are assumed to be orthotropic. First, the structure is considered 
a three-dimensional (3D) elastic body, the corresponding problem is formulated and the solution is derived by 
solving a set of two linear homogeneous ordinary differential equations of the second-order in r (the radial 
coordinate), i.e. an eigenvalue problem for differential equations, with the external pressure, p the 
parameter/eigenvalue. A complication in the sandwich construction is due to the fact that the displacement field 
is continuous but has a slope discontinuity at the face-sheet/core interfaces, which necessitates imposing 
‘internal’ boundary conditions at the face-sheet/core interfaces, as opposed to the traditional two-end-point 
boundary value problems. Second, the structure is considered a shell and shell theory results are generated with 
and without accounting for the transverse shear effect. Two transverse shear correction approaches are 
employed, one based only on the core, and the other based on an effective shear modulus that includes the face-
sheets. Third, finite element results are generated by use of the ABAQUS finite element code. In this part, two 
types of elements are used: a shear deformable shell element and a solid 3D (brick) element. The results from 
all these three different approaches are compared. 
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of Long Sandwich Cylindrical Shells Under External Pressure”, J. Appl. Mech., Vol. 72,  No. 4, July 2005, pp. 
493-499,  doi:10.1115/1.1934513 
ABSTRACT: An elasticity solution to the problem of buckling of sandwich long cylindrical shells subjected to 
external pressure is presented. In this context, the structure is considered a three-dimensional body. All 
constituent phases of the sandwich structure, i.e., the facings and the core, are assumed to be orthotropic. The 
loading is a uniform hydrostatic pressure, which means that the loading remains normal to the deflected surface 
during the buckling process. Results are produced for laminated facings, namely, boron/epoxy, graphite/epoxy 
and kevlar/epoxy laminates with 0  deg orientation with respect to the hoop direction, and for alloy-foam core. 
Shell theory results are generated with and without accounting for the transverse shear effect. Two transverse 
shear correction approaches are compared, one based only on the core, and the other based on an effective shear 
modulus that includes the face sheets. The results show that the shell theory predictions without transverse shear 
can produce highly non-conservative results on the critical pressure, but the shell theory formulas with 
transverse shear correction produce reasonable results with the shear correction based on the core only being in 
general conservative (i.e., critical load below the elasticity value). The results are presented for four mean radius 
over shell thickness ratios, namely 15, 30, 60, and 120 in order to assess the effect of shell thickness (and hence 
that of transverse shear). For the same thickness, the differences between elasticity and shell theory predictions 
become larger as the mean radius over thickness ratio is decreased. A comparison is also provided for the same 
shell with homogeneous composite construction. It is shown that the sandwich construction shows much larger 
differences between elasticity and shell theory predictions than the homogeneous composite construction. The 
solution presented herein provides a means of a benchmark for accurately assessing the limitations of shell 
theories in predicting stability loss in sandwich shells. 
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Atlanta, Georgia 30332), “Thin Film Modeling of Delamination Buckling in Pressure Loaded Laminated 
Cylindrical Shells”, AIAA Journal Vol. 30, No. 8, August 1992 
ABSTRACT: Delamination is one of the basic defects inherent to laminated shell structures. Under uniform 
external pressure such delaminations may buckle and subsequently propagate. This phenomenon is modeled 
here as a first approximation by considering a two-dimensional geometry (ring approximation) and a thin 
delaminated layer. Growth is studied by a fracture mechanics-based energy release rate criterion. Closed-form 
expressions for the critical pressure and growth conditions are derived, as well as for the cutoff level of the 
delmaination range below which local delaminateion buckling cannot take place. A formulation that accounts 
for the effects of transverse shearing fores is also presented. 
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G.A. Kardomateas and C.B. Chung (School of Aerospace Engineering, Georgia Institute of Technology, 
Atlanta, Georgia), “Buckling of a thick orthotropic cylindrical shell under external pressure including 
hygroscopic effects”, AMD Vol. 162, Mechanics of Thick Composites, ASME 1993 
ABSTRACT: The stability of equilibrium of an orthotropic thick cylindrical shell subjected to external pressure 
in a hygroscopic environment is investigated. In this approach, the structure is considered a three-dimensional 
elastic body rather than a shell. First, a fundamental analysis that formulates the basic buckling equations with 



the appropriate boundary conditions in the elasticity context is perfonned. Subsequently, the critical loads for 
pure mechanical loading (external pressure) are derived. Following this benchmark analysis, the particular 
emphasis is placed on examining the effect of the boundary-layer transient hygroscopic stress field on the 
critical load. Constant moisture concentrations on the inner and outer surfaces are imposed in addition to the 
external pressure. Since the moisture diffusion process is relatively slow, the hygroscopic stresses are confined 
for practical time values to a boundary-layer region near the surfaces. The analysis first uses the series 
expansion for the Bessel functions for small arguments and then the Hankel asymptotic expansions since an 
increasing number of terms is found to be needed. Compared to the classical shell theory approach, the results 
of this research show that the shell theory predictions on the critical load can be highly non-conservative when 
moderately thick construction is involved. However, thc hygroscopic boundary-layer has a negligible influence 
on the critical load.  
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“Stability loss in thick transversely isotropic cylindrical shells under axial compression”, J. Appl. Mech, Vol. 
60, June 1993, pp. 506-513 
ABSTRACT: The stability o f equilibrium of a transversely isotropic thick cylindrical shell under axial 
compression is investigated. The problem is treated by making appropriate use of the three-dimensional theory 
of elasticity. The results are compared with the critical loads furnished by classical shell theories. For the 
isotropic material cases considered, the elasticity approach predicts a lower critical load than the shell theories, 
the percentage reduction being larger with increasing thickness. However, both the F1ugge and Danielson and 
Simmonds theories predict critical loads much closer to the elasticity value than the Donnell theory. Moreover, 
the values of n, m (number ofcircumferential waves and number of axial half-waves, respectively, at the critical 
point) for both the elasticity, and the Flugge and the Danielson and Simmonds theories, show perfect 
agreement, unlike the Donnell shell theory.  
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“Bifurcation of equilibrium in thick orthotropic cylindrical shells under axial compression”, in ICCM/9,  
Composites design, Volume IV: proceedings of the Ninth International Conference on ...edited by Antonio 
Mitavete, University of Zaragoza, Woodhead Publishing Limited, 1993, ISBN 1-85573-137-1, Also see ASME 
Journal of Applied Mechanics, Vol. 62, March 1995, pp. 43-52 
PARTIAL ABSTRACT: The bifurcation of equilibrium of an orthotropic thick cylindrical shell under axial 
compression is studied by an appropriate formulation based on the three dimensional theory of elasticity. The 
results from this elasticity solution are compared with the critical loads predicted by the orthotropic Donnell and 
Timoshenko non-shallow shell formulations… 
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“Buckling of thick orthotropic cylindrical shells under external pressure”, Journal of Applied Mechanics, Vol. 
60, No. 1, pp. 195-202, March 1993, DOI: 10.1115/1.2900745 
ABSTRACT: An elasticity solution to the problem of buckling of orthotropic cylindrical shells subjected to 
external pressure is presented. In this context, the structure is considered a three-dimensional body. The results 
show that the shell theory predictions can produce nonconservative results on the critical load of composite 
shells with moderately thick construction. The solution provides a means of accurately assessing the limitations 
of shell theories in predicting stability loss. 
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based on non-planar equilibrium modes”, International Journal of Solids and Structures, Vol. 31, No. 16, 
August 1994, pp. 2195-2210, doi:10.1016/0020-7683(94)90206-2 
ABSTRACT: A formulation based on the three dimensional theory of elasticity is employed to study the 



buckling of an orthotropic cylindrical shell under external pressure. In this paper, a non-zero axial displacement 
and a full dependence of the buckling modes on the three coordinates is assumed, as opposed to the ring 
approximation employed in the earlier studies. The results from this elasticity solution are compared with the 
critical loads predicted by the orthotropic Donnell and Timoshenko non-shallow shell formulations. Two cases 
of end conditions are considered; one with both ends of the shell fixed, and the other with both ends capped and 
under the action of the external pressure. Moreover, two cases of orthotropic material are considered with 
stiffness constants typical of glass/epoxy and graphite/epoxy. For the isotropic material case, the predictions of 
the simplified (single expression) Donnell and the Flügge and the Danielson and Simmonds theories are also 
compared. In all cases, the elasticity approach predicts a lower critical load than the shell theories, the 
percentage reduction being larger with increasing thickness. The degree of non-conservatism depends strongly 
on the material properties, being smaller for the isotropic case. Furthermore, although it is a commonly accepted 
notion that the critical point in loading under external pressure occurs for n = 2 and m = 1 (number of 
circumferential waves and number of axial half-waves, respectively), it was found that this is not the case for 
the strongly orthotropic graphite/epoxy material and the moderately thick construction; for this case, the value 
of m at the critical point is greater than 1 (yet, in all cases n = 2). 
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0150, USA), “Benchmark three-dimensional elasticity solutions for the buckling of thick orthotropic cylindrical 
shells”, Composites Part B: Engineering, Vol. 27, No. 6, 1996, pp. 569-580, Special Issue: Thick Composites, 
doi:10.1016/1359-8368(95)00011-9 
ABSTRACT: Benchmark solutions to the problem of buckling of orthotropic cylindrical shells, which are based 
on the three-dimensional theory of elasticity, are presented in this review article. It is assumed that the shell is 
under external pressure or axial compression or a combination of these loadings. These solutions provide a 
means of accurately assessing the limitations of the various shell theories in predicting critical loads. A 
comparison with some classical shell theories shows that the classical shell theories may produce, in general, 
highly non-conservative results on the critical load of composite shells with thick construction. One noteworthy 
exception: the Timoshenko shell buckling equations produce conservative results under pure axial compression. 
 
 
G. A. Kardomateas and D. S. Dancila (School of Aerospace Engineering, Georgia Institute of Technology, 
Atlanta, Georgia 30332-0150, U.S.A.), “Buckling of moderately thick orthotropic columns: comparison of an 
elasticity solution with the Euler and Engesser/Haringx/Timoshenko formulae”, International Journal of Solids 
and Structures, Vol. 34, No. 3, January 1997, pp. 341-357, doi:10.1016/S0020-7683(96)00020-0 
ABSTRACT: The objective of this paper is to answer the question of how accurately the simple Euler or 
transverse shear correction Engesser/Haringx/Timoshenko column buckling formulae are, when orthotropic 
composite material and moderate thickness are involved. The column is in the form of a hollow circular 
cylinder and the Euler or Timoshenko loads are based on the axial modulus. For this purpose, a three-
dimensional elasticity solution is presented. As an example, the cases of an orthotropic material with stiffness 
constants typical of glass/epoxy or graphite/epoxy and the reinforcing direction along the periphery or along the 
cylinder axis are considered. First, it is found that the elasticity approach predicts in all cases a lower than the 
Enter value critical load. Moreover, the degree of non-conservatism of the Euler formula is strongly dependent 
on the reinforcing direction; the axially reinforced columns show the highest deviation from the elasticity value. 
The degree of non-conservatism of the Euler load for the circumferentially reinforced columns is much smaller 
and is comparable to that of isotropic columns. Second, the Engesser or first Timoshenko shear correction 
formula is in all cases examined conservative, i.e., it predicts a lower critical load than the elasticity solution. 
The Haringx or second Timoshenko shear correction formula is in most cases (but not always) conservative. 
However, in all cases considered, the second estimate is always closer to the elasticity solution than the first 
one. For the isotropic case both Timoshenko formulas are conservative estimates. Examination of a new 
formula for column buckling that adds a second term to the Euler load expression and is supposed to account 
for thickness effects, shows that this estimate is a non-conservative estimate but performs very well with very 
thick sections, being closest to the elasticity solution, but in general no better than the Timoshenko formulas for 
moderate thickness. 
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0150), “Compressive behavior of debonded composite plates and shells”, Project No. E-16-M18, 1998,  
http://hdl.handle.net/1853/9931 
ABSTRACT: Two important issues associated with structural integrity of composite shells are the prediction of 
the conditions for the loss of stability and the question of accurately assessing  the behavior of the structure in 
the presence of defects. Since the structures under consideration are subjected to high values of external 
pressure, which in turn results in both an axial and circumferential local compressive field, 
buckling/postbuckling of delaminated and pure (without delaminations) shells is an important part of the 
structural integrity concept. Two other issues that are included in this project are a study of the growth of 
internal delaminations, and an investigation of the effect of the hygroscopic environment in the context of 
predicting the combined effects of moisture sorption and external compression with respect to the stress and 
deformation fields in thick composite shells, and the possibility of local spalling (initiation of internal debonds 
and interlaminar separation). 
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George A. Kardomateas (School of Aerospace Engineering, Georgia Institute of Technology, Atlanda GA 
30332-0150), “ Effect of normal strains in buckling of thick orthotropic shells”, Journal of Aerospace 
Enginneering, July 2000, pp. 85-91 
ABSTRACT: An improved elasticity solution to the problem of buckling of orthotropic cylindrical shells sub 
jected to external pressure is presented. The 2D axisymmetric cylindrical shell is studied (ring approximation). 
Specifically, in the development of the governing equations and boundary conditions for the buckling state, the 
solution includes the tenns with the prebuckling nonnal strains and stresses as coefficients (i.e., the tenns e~ka0 
and a~e0' which were neglected in the earlier work as being too small compared to the tenns a0and a~kw;, 
respectively). The fonnulation results in a two-point boundary eigenvalue problem for ordinary differential 
equations in r, with the external pressure p as the parameter. The results show that the effect of including the 
nonnal strains and stresses is to further decrease the critical load. This decrease (versus the earlier elasticity 
solution without these tenns) depends on the shell thickness and is generally moderate, and in no event com 
parable with the (quite large) decrease of the elasticity versus the shell theory prediction. This decrease depends 
also on the degree of orthotropy, and it is smaller for the isotropic case. Finally, a fonnula is derived for the 
critical pressure based on a first-order shear defonnation fonnulation, and the comparison shows an 
improvement versus the classical shell for thick shells, but still the elasticity solution is noticeably lower than 
the first-order shear defonnation prediction. 
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for Sandwich Orthotropic Cylindrical Shells Under External/Internal Pressure or Axial Force”, AIAA Journal, 
Vol. 39, No. 4, April 2001 
ABSTRACT: The elasticity solution is constructed for a cylindrical sandwich shell under external and/or 
internal pressure and for the same shell under axial load. The solution is an extension of the one for a 
homogeneous, monolithic shell and is provided in closed form. All three phases, that is, the two face sheets and 
the core, are assumed to be orthotropic. Moreover, there are no restrictions as far as the individual thicknesses 
of the face sheets and the sandwich construction may be asymmetric. These solutions can be used as 
benchmarks for assessing the performance of various sandwich shell theories. Illustrative results are provided in 
comparison to the sandwich shell theory. 
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“Thermal buckling of a heat-exposed, axially restrained composite column”, Composites: Part A, Vol. 37, pp 
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ABSTRACT: The response of composite columns under axial compressive loading, and in which a non-
uniform temperature distribution through the thickness exists, is investigated. This non-uniform temperature 
distribution can develop when one side of the structures is exposed to heat flux. In this paper, we assume that 
this distribution is linear, which corresponds to a steady state temperature profile due to heat conduction. The 
degradation of the elastic properties with temperature (especially near the glass transition temperature of the 
matrix) is accounted for, by using experimental data for the elastic moduli. Furthermore, the formulation 
includes transverse shear and it is done first for the general non-linear case and subsequently linearized. Due to 
the non-uniform stiffness and the effect of the ensuing thermal moment, the structure behaves like an imperfect 
column, and responds by bending rather than buckling in the classical Euler (bifurcation) sense. Another 
important effect of the non-uniform temperature is that the neutral axis moves away from the centroid of the 
cross-section, resulting in another moment due to eccentric loading, which would tend to bend the structure 
away from the heat source. Simple equations for the response of the column are derived and results are 
presented for the variation of the deflection with the heat flux, as well as for the combined effects of the applied 
load and heat flux. It is found that the thermal moment would tend to bend the structure away from the heat 
source for small temperatures (small heat fluxes) but towards the heat source for large temperatures. On the 
contrary, the moment induced due to the eccentric loading would always tend to bend the structure away from 
the heat source. Results indicate the combined influences of these moments and that of axial constraint.  
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ABSTRACT: Thick composite and sandwich shells are used in many naval submersible structures and in other 



applications such as space vehicles. Stability under the prevailing high external pressure in deep ocean 
environments is of primary concern. In many other applications the loading involves a combination of external 
pressure and axial compression. It is well known that for these structures the simple classical formulas are in 
much error, due to both the large thickness and the large extensional over shear modulus ratios of modern 
composite and sandwich materials. Although there exist several advanced theories, such as first order shear and 
higher order shear theories, each based on a specific set of assumptions, it is not easy to determine the accuracy 
and range of validity of these advanced models unless an elasticity solution exists. This paper presents the 
research performed over the last 15 years on benchmark elasticity solutions to the problem of buckling of (i) 
orthotropic homogeneous cylindrical shells and (ii) sandwich shells with all constituent phases i.e., facings and 
core assumed to be orthotropic. The paper focuses on uniform external pressure loading. In this context, the 
structure is considered a three-dimensional body. The results show that the shell theory predictions can produce 
in many cases highly non-conservative results on the critical loads. A comparison with the corresponding 
formulas from shell theory with shear included, is also performed. The present solutions provide a means of 
accurately assessing the limitations of the various shell theories in predicting stability loss. 
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ABSTRACT: Ocular rigidity is the change in intraocular pressure produced by an incremental change in 
intraocular volume. Ocular rigidity was determined in 14 donor eyes by injecting small increments of a 
balanced salt solution through the limbus, while continually monitoring the intraocular pressure with a 
transducer. A buckling procedure was then performed in these eyes with the use of various solid silicone or 
stainless steel encircling elements, and the experiments were repeated. Buckled eyes were significantly less 
rigid than unbuckled eyes, and eyes with higher buckles were significantly less rigid than those with shallower 
buckles. The observed changes in rigidity are likely secondary to changes in the shape and stress distribution of 
the scleral shell and are only to a small degree related to the elasticity of the encircling element. Greater 
volumes of vitreous substitutes, gases, or antibiotics may be injected into buckled eyes compared with 
unbuckled eyes before excessive intraocular pressures are reached. 
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Composite Cylindrical Shells”, International Review of Aerospace Engineering; Aug 2009, Vol. 2 Issue 4, p235 
ABSTRACT: Thin-walled shells have wide applications as primary structural elements in simple and complex 
lightweight structures. In these applications, cylindrical shells contain several imperfections and material 
discontinuity, namely variously shaped cutout. The understanding of the effects of initial geometric 
imperfection and cutout on the buckling behavior of such shells is very important. A finite element analysis, 
using commercial finite element software, is used to study the buckling behavior of cylindrical shells with 
imperfection or circular cutouts. Particular emphasis is placed on circular cylindrical shells subjected to an axial 
compression load. Both perfect shells with cutouts and shells with initial geometric imperfection are considered. 
The main objective of this study is to investigate the buckling behavior of laminated composite shells with 
circular cutouts and initial geometric imperfection. The effect of cutout geometry and size, material properties, 
fiber angle, stacking sequences, and initial geometric imperfection are discussed. The results presented herein 
indicated that, buckling response of laminated composite shells is significantly changed by cutout size, fiber 
orientation, stacking sequences, and amplitude of initial geometric imperfections. 
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Groves and A. L. Highsmith, American Society for Testing and Materials, Philadelphia, 1994, pp. 159-174 
PARTIAL ABSTRACT: The experimental results from implosion tests of various graphite/epoxy and 
glass/epoxy cylinders are correlated with predictions from a performance model for thick composite cylinders 
subjected to external hydrostatic pressure. That performance model consists of a stress module, a stability 
module, and a material failure module…. 
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pp. 1231-1245, doi:10.1016/0020-7683(94)00145-M 
ABSTRACT: A parametric study is presented on the accuracy of stability data for axial compression and 



torsion by classical and first-order shear deformation theories for laminated composite cylinders. Comparisons 
of the data in the forms of curves of critical stress versus L/a (dimensionless wave-length/radius ratio) are made 
with those by Biot's theory, which is predicated on three-dimensional elasticity. Two thickness/radius ratios 
were considered: H/a = 0.01 and 0.1, typical of thin and thick shell geometries, respectively. First, a comparison 
of the data for a homogeneous, isotropic cylinder was given to have a baseline for understanding the role of 
material anisotropy. Then, a number of regular symmetric and antisymmetric laminates were considered, all 
laminate profiles based on one material system only, that of EL/ET = 25. The data for thin geometries (H/a 
greater-or-equal, slanted 0.01) showed that classical theory for laminated composite shells can be trusted to give 
accurate results over a reasonably wide range of L/a. For the thick shell geometry, there were regions of 
relatively good agreement and regions where classical and first-order shear deformation theories were not 
appropriate. 
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“Dynamic buckling of an imperfect composite circular cylindrical shell”, Computers & Structures, Vol. 48, No.  
3, August 1993, pp. 467-472, doi:10.1016/0045-7949(93)90323-6 
ABSTRACT: The dynamic stability of an imperfect fiber reinforced composite cylindrical shells under axial 
or/and torsional impulsive load in the form of a step function is investigated. Donnell-von Kármán type 
nonlinear equations are derived for the initially imperfect laminated composite cylinder. Two buckling criteria 
are used for comparison. Critical loads are computed for different imperfection parameters. The sensitivity is 
established through plots of critical loads versus imperfection amplitude. The larger the drop in critical load 
value with increasing amplitude, the greater the sensitivity. Compared with the static case, there is a significant 
reduction of the dynamic buckling load subject in axial direction. For the torsional load, no significant reduction 
has been found. Comparing dynamic buckling loads obtained by using the Simitses criteria and by using the 
Budiansky and Roth criteria, with the Simitses criteria one can get conservative results. 
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Greece), “Nonlinear sway-buckling of geometrically imperfect rectangular frames”, Ingenieur-Archiv, Vol. 55, 
No. 2, pp 90-97, March 1985 
ABSTRACT: By using as model an unbraced rectangular frame, the effect of geometric imperfections due to 
right angle deviations is thoroughly discussed. It is found that the value of the angle between the center lines of 
the two members is of decisive importance for the response of the frame. There is a critical angle for which the 
response of the frame changes from buckling to unbuckled states exhibiting a monotonically rising equilibrium 
path. It is shown that this critical angle depends on the column slenderness ratio as well as on the length and 
moment of inertia ratio of the two members. Moreover, formulas for direct evaluation of the critical angle as 
well as of the load-carrying capacity of the frame are established. 
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“Elastica buckling analysis of a simple frame”, Acta Mechanica, Vol. 61, No. 1, pp 153-163, August 1986 
ABSTRACT: A nonlinear stability analysis based on an analytical approach of elastic type is performed for the 
first time on a simple two-bar frame. In order to obtain an exact determination of its buckling and postbuckling 
behavior the effect of compressibility of the bar centroidal axis is taken into account. This effect implies very 
slight increase in the buckling load which can be safely ignored. Moreover, it is found that even in the most 
extreme cases of geometry and stiffness, the critical buckling displacements are of negligibly small magnitude 
contrary to existing results obtained by the nonlinear kinematic stability analysis. The two foregoing findings 
enable us to replace the limit point by a bifurcation point. Such a simplification, being correct in an asymptotic 
sense, allows the application of a stability analysis of frames by considering their bars as incompressible. 
A variety of numerical results shows the degree of accuracy and the range of applicability of the 
aforementioned nonlinear kinematic stability analysis by comparing it with the exact method of stability 
analysis proposed herein. 
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SUMMARY: A thorough study of the critical and post-critical large displacement response of simple discrete 
and continuous systems made from a nonlinear elastic material, is presented. Simple material-dependent 
stability conditions are established, whose application does not require the solution of the intractable nonlinear 
differential equations of equilibrium. The predominent role of the nonlinear component of the curvature on the 
buckling mechanism of the foregoing systems, is revealed. Moreover, it is found that elastic systems which 
were considered as exhibiting post-buckling strength might be imperfection sensitive, if the effect of material 
nonlinearity is taken into account. An approximate but very efficient analytical approach leading to very reliable 
results is derived for establishing the large displacement behavior of a nonlinear elastic cantilever bar. The 
degree of accuracy of this approach is checked by comparing it with the “exact” numerical solution of Runge 
Kutta. The numerical results presented herein contribute to our understanding of this problem and at the same 
time show the efficiency, reliability and range of applicability of the proposed approach. 
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and continuous systems made from a nonlinear elastic material, is presented. Simple material-dependent 
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buckling mechanism of the foregoing systems, is revealed. Moreover, it is found that elastic systems which 
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nonlinearity is taken into account. An approximate but very efficient analytical approach leading to very reliable 
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ABSTRACT: In this investigation the effect of two loadings interaction and right angle deviation on the 
response of a rectangular two-bar frame is thoroughly discussed. It is found that there is a critical value of the 
two loadings ratio as well as of the right angle deviation for which the physical equilibrium path and the 
physically unacceptable complementary path meet each other at an asymmetric bifurcation point. This state 
constitutes the boundary between stability and instability, since the response of the frame changes from 
snapthrough buckling to a stable equilibrium path. Moreover, a very efficient and simple to use stability 
analysis, employed for the first time at a non-rectangular frame, gives reliable results compared to those of the 
nonlinear kinematic stability analysis. 
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“Dynamic buckling of limit-point systems under step loading”, Dynamical Systems: An International Journal, 
Vol. 3, Nos. 3 & 4, 1988, pp. 219 – 234, doi: 10.1080/02681118808806057 
ABSTRACT: The nonlinear dynamic buckling response of discrete systems under step loading of infinite 
duration is thoroughly discussed by using one-degree-of-freedom models. The analysis is based on the exact 
nonlinear differential equations of motions and refers to those systems which when subjected to the same 
loading applied statically exhibit a limit-point instability. It is found that an unbounded motion may start for the 
smallest step load which forces the system to pass through an unstable equilibrium state of the postbuckling 
path with zero total potential energy. This leads to dynamic buckling criteria which allow the determination of 
exact dynamic buckling loads without solving the corresponding nonlinear differential equations of motion. A 
comparison of dynamic buckling estimates of previous works with those obtained herein shows that the latter 
are exact regardless of the magnitude of the initial imperfection. Moreover, some additional results provide a 
better insight into the actual mechanism of nonlinear dynamic buckling associated with the foregoing type of 
loading. 
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Archive of Applied Mechanics, Vol. 62, No. 4, pp 256-265, August 1992 
ABSTRACT: The large postbuckling response of a uniform cantilever beam subjected to a partial follower 
compressive load of constant magnitude is presented. The range of values of the nonconservativeness loading 
parameter for which a divergence instability occurs is theoretically established. The boundary between 
divergence and flutter instability corresponds to a double critical point where the first and second buckling loads 
(eigenvalues) coincide. It was also theoretically established that the critical points corresponding to these loads 
are stable symmetric. Except of the double critical point, the buckling loads of the first and second eigenmodes 
are distinct for the entire region of the nonconservativeness loading parameter. However, this is not true for the 
corresponding postbuckling paths. Indeed using an elastica analysis suitable for rotations up to 360°, it was 
found that at a certain critical tip rotation depending on the value of the nonconservativeness parameter the first 
and second postbuckling modes meet each other asymptotically. Numerical results have been obtained using 
various approximate analytic techniques which are checked by the method of elliptic integrals as well as the 
numerical schemes of Adams and Runge-Kutta. 
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Engineering Structures, Vol. 22, No. 8, June 2000, pp. 961-967, doi:10.1016/S0141-0296(99)00047-4 
ABSTRACT: Symmetrical buckling of steel tube-like shell structures fully filled with a softer material is 
considered. Such a compound cross-section, after assuming complete condensation of the contained material, is 
subjected to uniform axial compression by means of two rigid end plates. We further assume simple boundary 
conditions on both ends with zero radial displacements. The proposed solution allows establishment of the 
effect of hoop stresses on the load-carrying capacity of the filled tube. 
 
 
A.N. Kounadis (Civil Engineering Department, National Technical University of Athens, Athens, 10682, 
Greece), “Dynamic buckling of autonomous systems having potential energy universal unfoldings of cuspoid 
catastrophe”, Nonlinear Dynamics, Vol. 18, No. 3, pp 235-252, March 1999 
ABSTRACT: This work deals with dynamic buckling universal solutions of discrete nondissipative systems 
under step loading of infinite duration. Attention is focused on total potential energy functions associated with 
universal unfoldings of cuspoid type catastrophes with one active coordinate. The fold, dual cusp and tilted cusp 
catastrophes under statically applied loading occurring via limit points, asymmetric/symmetric bifurcations and 
nondegenerate hysteresis points are extended to the case of dynamic loading. Catastrophe manifolds of these 
types showing imperfection sensitivity under both types of loading are fully assessed. Important findings 
regarding dynamic buckling of imperfect systems generated by perfect systems associated with ‘imperfect’ 
bifurcations are explored. The analysis is supplemented by a numerical application of a system exhibiting 
imperfect bifurcation when it is perfect as well as a hysteresis point associated with a tilted cusp catastrophe, 
when it becomes imperfect. 
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ABSTRACT: The postbuckling response of perfect and geometrically imperfect elastic columns resting on an 
elastic Winkler type foundation is thoroughly discussed. This is established by employing an approximate 
analytic technique leading to very reliable results in the vicinity of the critical state. It was found that the critical 
state of perfect columns is a stable symmetric bifurcation point and consequently there is no sensitivity to initial 
geometrical imperfections. Moreover, a simple but readily analyzed mechanical model is proposed to simulate 
the salient features of buckling mechanism of the column on elastic foundation with those of the model. The 
simplicity, reliability and efficiency of the proposed analysis as well as the successful modeling of the buckling 
mechanism of the column by that of a single mode mechanical model are illustrated with the aid of numerical 
examples. 
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postbuckling analyses of thin-walled structures: Beams, frames and cylindrical shells”, Journal of 
Constructional Steel Research, Vol. 62, No. 11, November 2006, pp. 1101-1115, Special Issue: In Honour of 
Professor Patrick Dowling. Proceedings of a Symposium on Innovative and Sustainable Steel Construction held 
at the University of Surrey, doi:10.1016/j.jcsr.2006.06.014 
ABSTRACT: The lateral postbuckling response of thin-walled structures such as bars and frames with members 
having steel rolled shapes as well as circular cylindrical shells under axial compression is thoroughly 
reconsidered. More specifically via a simple and very efficient technique it is found that beams with rolled 
shapes (symmetric or non symmetric) under uniform bending and axial compression exhibit a stable lateral–
torsional secondary path with limited margins of postbuckling strength. New findings for the static and dynamic 
stability of frames with crooked steel members–due to the presence of residual stresses–are also reported. It is 



comprehensively established that the coupling effect due to initial crookedness and loading eccentricity may 
have a beneficial effect on the load-carrying capacity of the frames. Moreover, simple mechanical models are 
proposed for simulating the buckling mechanism of axially compressed circular cylindrical shells. Very recently 
Bodner and Rubin proposed an 1-DOF mechanical model whose buckling parameters correlated to those of the 
shells by using an empirical formula based on experimentally observed shell buckling loads. In the present 
analysis a new 2-DOF model for the static and dynamic buckling of axially compressed circular cylindrical 
shells, which can include mode coupling, is presented. 
 
 
Ronalds, B.F. and Dowling, P.J., “Buckling of intact and damaged offshore shell structures”, Advances in 
Marine Structures Conference, Dunfermline, Scotland, May 1986 
ABSTRACT: Compression tests are described on longitudinally stiffened cylindrical shells with denting 
damage. The behavior is compared with that of similar intact shells to ascertain the stiffness and strength 
reduction in the presence of local damage. Modes of buckling are also discussed. The results suggest a simple 
analytical procedure which may be used in estimating the consequences of ship collision damage to buoyant 
offshore platforms. 
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“Residual strength of damaged glass/epoxy tubular structures”, Journal of Composite Materials, July 2007, 
DOI: 10.1177/0021998307074144 
ABSTRACT: This article presents results from static and dynamic tests on thick filament wound glass/epoxy 
tubes. The first part involves the identification of damage initiation and its development. Ultrasonic inspection 
was employed first to determine projected damage areas. A large number of samples were then sectioned and 
polished and the true damage area was revealed by a dye penetrant technique. This has made possible detailed 
descriptions of damage development. The true damage area is roughly 10 times the projected area. The second 
part of the article is concerned with the evaluation of the influence of this damage on residual strength under 
hydrostatic pressure loading. The improved understanding of these phenomena and the development of 
predictive tools is part of an ongoing effort to improve the long-term integrity of composite structures for 
underwater applications. 
 
 
S.S. Seleim and J. Roorda (Department of Civil Engineering, University of Waterloo, Waterloo, Ontario N2L 
3G1, Canada), “Buckling behaviour of ring-stiffened cylinders; experimental study”, Thin-Walled Structures, 
Vol. 4, No. 3, pp 203-222, 1986 
ABSTRACT: The effect of the number and size of rings on the buckling strength of ring-stiffened cylinders is 
studied experimentally. The results of ten machined ring-stiffened cylinders subjected to lateral pressure are 
presented. Five of the cylinders failed by the general instability mode and the rest failed by the shell instability 
mode. A sample of the experimental results which shows longitudinal and circumferential strains as well as the 
development of the circularity contours till collapse is presented. Buckling pressures obtained from the 
experiments are shown to be within ±30% of the corresponding value obtained from the theoretical analysis 
available in the literature. 
 
 
Salam S. Seleim and John B. Kennedy (Department of Civil Engineering, University of Windsor, Windsor, 
Ontario, Canada N9B 3P4), “Imperfection sensitivity of stiffened cylinders subjected to external pressure”, 
Computers & Structures, Vol. 34, No. 1, 1990, pp. 63-69, doi:10.1016/0045-7949(90)90300-Q 
ABSTRACT: The effect of initial imperfections on the elastic-buckling behaviour of ring-stiffened cylinders 
under external pressure is examined using the potential energy approach. Experimental results in the open 
literature of four ring-stiffened cylinders tested under external pressure were used to compare and verify the 
theoretical analysis. Both the theoretical and experimental results indicate no apparent influence of initial 



imperfections on the buckling behaviour within the elastic range. This was so in spite of the presence of an 
appreciable amount of initial imperfections. The results from this work indicate that less stringent requirements 
in the manufacturing of ring-stiffened cylinders may be tolerated, leading to possible economy. 
 
 
A. Tafreshi (Aerospace Engineering, The Manchester School of Engineering, The University of Manchester, 
Simon Building, Oxford Road, Manchester M13 9PL, UK), “Buckling and post-buckling analysis of composite 
cylindrical shells with cutouts subjected to internal pressure and axial compression loads”, International Journal 
of Pressure Vessels and Piping, Vol. 79, No. 5, May 2002, pp. 351-359, 
doi:10.1016/S0308-0161(02)00026-1 
ABSTRACT: A numerical study using the finite element method has been carried out to investigate the 
response of composite shells with cutouts subjected to internal pressure and axial compression. The CAE 
package ABAQUS, has been employed for the analysis. The buckling and post-buckling responses in a series of 
shells with different size cutouts are presented. The numerical results show that the buckling load decreases as 
the size of the cutout is increased and the buckling load increases as the internal pressure is increased. Results 
also show that for the equivalent cutout areas the cutout with higher width (measurement in the circumferential 
direction) creates a lower buckling load. The results indicate that the response of a compression loaded cylinder 
with a cutout is influenced by the internal pressure, cutout area and orientation. 
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“International Journal of Pressure Vessels and Piping, Vol. 80, No. 1, January 2003, pp. 9-20, 
doi:10.1016/S0308-0161(02)00152-7 
ABSTRACT: Finite element models were developed to study global, local and mixed mode buckling behaviour 
of composite plates with embedded delaminations under compression. The global modelling results were 
compared with corresponding experimental results. It is shown that the numerical results for embedded 
delaminations agree very well with the experimental results, whereas the difference between the results was 
high for delaminations located at the edge of the plates. It is also shown that at lower loading levels the 
interaction of global and local buckling is negligible. At higher loading levels the strain energy release rate 
distribution and the delamination growth potential at the delamination front strongly depend on the shape of the 
debonded region and the local buckling mode. It was observed that the local buckling mode was highly 
influenced by the laminate stacking sequence. In the course of global buckling, a parametric study was carried 
out to investigate the influence of the delamination size, shape and alignment of a series of composite plates. 
 
 
Azam Tafreshi (Aerospace Engineering, Manchester School of Engineering, University of Manchester, Simon 
Building, Oxford Road, Manchester M13 9PL, UK), “Efficient modelling of delamination buckling in 
composite cylindrical shells under axial compression”, Composite Structures, Vol. 64, Nos. 3-4, June 2004, pp.  
511-520, doi:10.1016/j.compstruct.2003.09.050 
ABSTRACT: Composite cylindrical shells and panels are widely used in aerospace structures. These are often 
subjected to defects and damage from both in-service and manufacturing events. Delamination is the most 
important of these defects. This paper deals with the computational modelling of delamination in isotropic and 
laminated composite cylindrical shells. The use of three-dimensional finite elements for predicting the 
delamination buckling of these structures is computationally expensive. Here combined double-layer and 
single-layer of shell elements are employed to study the effect of delamination on the global load-carrying 
capacity of such systems under axial compressive load. It is shown that through-the-thickness delamination can 
be modelled and analysed effectively without requiring a great deal of computing time and memory. A 
parametric study is carried out to study the influence of the delamination size, orientation and through-the-width 
position of a series of laminated cylinders. The effect of material properties is also investigated. Some of the 
results are compared with the corresponding analytical results. It is shown that ignoring the contact between the 



delaminated layers can result in wrong estimations of the critical buckling loads in cylindrical shells under 
compressive load. 
 
Azam Tafreshi, “Delamination buckling and postbuckling in composite cylindrical shells under external 
pressure”, Thin-Walled Structures, Vol. 42, No. 10, pp 1379-1404, October 2004, 
https://doi.org/10.1016/j.tws.2004.05.008 
ABSTRACT: Composite cylindrical shells and panels are widely used in aerospace structures. These are often 
subjected to defects and damage from both in-service and manufacturing events. Delamination is the most 
important of these defects. This paper deals with the computational modelling of delamination buckling and 
postbuckling of laminated composite cylindrical shells subjected to external pressure. The use of three-
dimensional finite elements for predicting the delamination buckling and postbuckling of these structures is 
computationally expensive. Here, the combined double-layer and single-layer of shell elements are employed to 
study the effect of delamination on the global load-carrying capacity of such systems under external pressure. It 
is shown that through-the-thickness delamination can be modelled and analysed effectively without requiring a 
great deal of computing time and memory. A parametric study is carried out to investigate the influence of the 
delamination size, orientation and through-the-thickness position of a series of laminated cylinders. The effects 
of material properties and stacking sequence are also investigated. Some of the results are compared with the 
corresponding analytical results. It is shown that ignoring the contact between the delaminated layers can result 
in wrong estimations of the critical buckling loads in cylindrical shells under external pressure. 
 
Azam Tafreshi (Aerospace Engineering, School of Mechanical, Aerospace and Civil Engineering (MACE), The 
University of Manchester, P.O. Box 88, Sackville Street, Manchester M60 1QD UK), “ Delamination buckling 
and postbuckling in composite cylindrical shells under combined axial compression and external pressure”, 
Composite Structures, Vol.  72, No. 4, April 2006, pp. 401-418, doi:10.1016/j.compstruct.2005.01.009 
ABSTRACT: A series of finite element analyses on the delaminated composite cylindrical shells subject to 
combined axial compression and pressure are carried out varying the delamination thickness and length, 
material properties and stacking sequence. Based on the FE results, the characteristics of the buckling and 
postbuckling behaviour of delaminated composite cylindrical shells are investigated. The combined double-
layer and single-layer of shell elements are employed which in comparison with the three-dimensional finite 
elements requires less computing time and space for the same level of accuracy. The effect of contact in the 
buckling mode has been considered, by employing contact elements between the delaminated layers. The 
interactive buckling curves and postbuckling response of delaminated cylindrical shells have been obtained. In 
the analysis of post-buckled delaminations, a study using the virtual crack closure technique has been performed 
to find the distribution of the local strain energy release rate along the delamination front. The results are 
compared with the previous results obtained by the author on the buckling and postbuckling of delaminated 
composite cylindrical shells under the axial compression and external pressure, applied individually. 
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University of Manchester, P.O. Box 88, Sackville Street, Manchester M60 1QD, UK), “Instability of imperfect 
composite cylindrical shells under combined loading“, Composite Structures, Vol. 80, No. 1, September 2007, 
pp. 49-64, doi:10.1016/j.compstruct.2006.02.031 
ABSTRACT: A numerical study using the non-linear finite element analysis has been carried out to investigate 
the response of composite cylindrical shells subject to combined loading. The interaction buckling curves of 
perfect composite cylinders subject to different combinations of axial compression, torsion, bending and lateral 
pressure are obtained. The postbuckling analysis of composite cylinders with geometric imperfections of 
eigenmode-shape is carried out to study the effect of imperfection amplitude on the critical buckling load. The 
initial buckling load of composite shells is substantially reduced by the existence of imperfections. Here it is 
shown that the effects of imperfections are more apparent when the composite cylindrical shells are subject to 
combined loadings. The results show that the buckling and non-linear response of geometrically imperfect shell 
structures subjected to complex loading conditions may not be characterized correctly by an elastic linear 
bifurcation buckling analysis. 
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delaminated composite cylindrical shells under combined axial compression and bending”, Composite 
Structures, Vol. 82, No. 3, February 2008, pp. 422-433, doi:10.1016/j.compstruct.2007.01.021 
ABSTRACT: Composite cylindrical shells and panels are widely used in aerospace structures. These are often 
subjected to defects and damage from both in-service and manufacturing events. Delamination is the most 
important of these defects. This paper deals with the instability analysis of delaminated composite cylindrical 
shells subject to pure bending and also combined bending and axial compression, using the finite element 
method. The combined double-layer and single-layer of shell elements are employed, which in comparison with 
the three-dimensional finite elements requires less computing time and space for the same level of accuracy. 
The effect of contact in the buckling mode has been considered, by employing contact elements between the 
delaminated layers. The interactive buckling curves and postbuckling response of delaminated cylindrical shells 
have been obtained. In the analysis of post-buckled delaminations, a study using the virtual crack closure 
technique has been performed to find the distribution of the strain energy release rate along the delamination 
front. The results show that under pure bending, laminated cylindrical shells are more sensitive to the presence 
of delamination, than they are under pure axial compression. It was also observed that the effects of 
delamination are more apparent when the composite cylindrical shells are subjected to combined axial 
compression and bending. In this case, with a slight increase of the applied bending moment, the strain energy 
release rate distribution on the compressive side of the cylinder changes drastically. 
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ABSTRACT: Improved numerical models have been developed for predicting the compressive strength of 
impact-damaged sandwich composites comprised of woven-fabric graphite-epoxy facesheets and Nomex 
honeycomb cores. The proposed methodology contains three key elements: (1) the use of nondestructive 
inspection estimates of damage, (2) the incorporation of nonlinear through-the-thickness core-crush constitutive 
response to account for core failure, and importantly (3) the simulation of progressive loss of facesheet 
structural integrity based upon userspecified ply failure criteria. The finite element predictions of residual 
strength for panels impacted with relatively blunt objects correlate well with the experimental observations; this 
is in contrast to a number of estimates from literature that tend to overestimate the strength. The proposed 
approach may potentially facilitate sandwich design by providing insight into the relationships between material 
configuration and damage that lead to improved damage tolerance characteristics. 
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ABSTRACT: Nonlinear vibration and postbuckling behavior of a single layer graphene sheet (SLGS) 
embedded in a polymer matrix aroused by the nonlinear van der Waals (vdW) forces are investigated using the 



Kirchhoff plate theory. The interfacial vdW forces are described by a nonlinear function in terms of the 
graphene deflection. Through harmonic balance method, the nonlinear relation between deflection amplitudes 
and resonant frequencies of free vibrations of the SLGS and its postbuckling equilibrium path are derived. It is 
found that variation of resonant frequencies of an embedded SLGS is less dependent on the graphene aspect 
ratio and mode numbers as compared with a free-standing one. In-plane load effects upon the vibrational 
behavior of the SLGS and its postbuckling are also discussed. Simulation results have demonstrated the 
significance of considering the surrounding medium effect and its nonlinearity in the study of the vibration and 
buckling of the embedded graphene with applications in nanocomposties.  
References listed at the end of the paper: 
(hard to cut and paste) 
 
 
Behrouz Arash and Quan Wang (Department of Mechanical and Manufacturing Engineering, University of 
Manitoba, Winnipeg, MB, R3T 5V6, Canada), “A review on the application of nonlocal elastic models in 
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Composites, Vol. 188 of the series, Springer Series in Materials Science, edited by K.I. Tserpes and N. 
Silvestre, Springer, 2014, pp 57-82 
ABSTRACT: Recent research studies on the application of the nonlocal continuum theory in modeling of 
carbon nanotubes and graphene sheets are reviewed, and substantial nonlocal continuum models proposed for 
static and dynamic analyses of the nano-materials are introduced. The superiority of the nonlocal continuum 
theory to its local counterpart, and the necessity of calibration of the small-scale parameter as the key parameter 
revealing small-scale effects are discussed. The nonlocal beam, plate, and shell models are briefly presented and 
potential areas for future research are recommended. It is intended to provide an introduction to the 
development of the nonlocal continuum theory in modeling the nano-materials, survey the different nonlocal 
continuum models, and motivate further applications of the nonlocal continuum theory to nano-material 
modeling. 
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Yu Chao Zheng, Yang Yan and Pei Jun Wang, “Buckling Strength of Pressurized Cylindrical Shells under 
Axial Compression”, Applied Mechanics and Materials, Vols. 638-640, pp. 1750-1753, 2014 
ABSTRACT: A systematic parametric study was carried out to investigate the elastic and elastic-plastic 
buckling behaviors of imperfect steel shell subject to axial compression and internal pressure. Studied 
parameters include the magnitude of internal pressure, steel strength, and ratio of cylinder radius to shell 
thickness. Design equations were proposed for calculating the elastic and elastic-plastic buckling strength of 
imperfect steel shells under combination of axial compression and internal pressure. The buckling strength 
predicated by proposed equations agrees well with that from the numerical simulation.  
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Duan WH, Wang Q, Wang Q, Liew KM (2010) Modeling the instability of carbon nanotubes: from continuum 
mechanics to molecular dynamics. ASME Journal of Nanotechnol in Engineering and Medicine 1(1):011001–
011010 
ABSTRACT: A hybrid continuum mechanics and molecular mechanics model is developed in this paper to 
predict the critical strain, stress, and buckling load of the inelastic buckling of carbon nanotubes. With the 
proposed model, the beamlike and shell-like buckling behavior of carbon nanotubes can be analyzed in a 
unified approach. The buckling solutions from the hybrid model are verified from molecular dynamics 
simulations via the MATERIALS STUDIO software package and from available research findings. The 
existence of the optimum diameter, at which the buckling load reaches its maximum, and the correlation of the 
diameter with the length of carbon nanotubes, as predicted by Liew (2004, “Nanomechanics of Single and 
Multiwalled Carbon Nanotubes,” Phys. Rev. B, 69(11), pp. 115429), are uncovered by the hybrid model. The 
simplicity and effectiveness of the proposed model are not only able to reveal the chiral and size-dependent 
buckling solutions for carbon nanotubes, but also enable a thorough understanding of the stability behavior of 
carbon nanotubes in potential applications. 
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“Buckling of nano-fibre reinforced composites: A re-examination of elastic buckling”, Journal of the Mechanics 
and Physics of Solids, Vol. 50, pp 855-879, 2002 
ABSTRACT: Elastic buckling of layered/fibre reinforced composites is investigated. Assuming the existence of 
both shear and transverse modes of failure, the fibre is analysed as a layer embedded in a matrix. Interacting 
stresses, acting at the interfaces are determined from an exact derived stress field in the matrix. It is shown that 
buckling can occur only in the shear buckling mode and that the transverse buckling mode is spurious. As 
opposed to the well known Rosen shear buckling mode solution (predicated on an infinite buckling 
wavelength), shear buckling is shown to exist under two regimes: buckling of dilute composites with finite 
wavelengths and buckling of non-dilute composites with infinite wavelengths. Based on the analysis, a model is 
constructed which defines the fibre concentration at which the transition between the two regimes occurs. The 
buckling strains are shown to be (approximately) constant for dilute composites and, in the case of very stiff 
fibres, to have realistic values compatible with elastic behaviour. For the case of non-dilute composites, the 
strains are found to be in agreement with those given by the Rosen shear buckling solution. Numerical results 
for the buckling strains and stresses are presented and compared with the Rosen solution. These reveal that the 
Rosen solution is valid only for the case of non-dilute composites. The investigation demonstrates that elastic 
buckling may be a dominant failure mechanism of composites consisting of very stiff fibres fabricated in the 
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“Nonlocal elasticity effect on column buckling of multiwalled carbon nanotubes under temperature field”, Appl. 
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ABSTRACT: Based on nonlocal theory of thermal elasticity mechanics, an elastic multiple column model is 
developed for column buckling of MWNTs with large aspect ratios under axial compression coupling with 
temperature change. The present model treats each of the nested tubes as an individual column interacting with 
adjacent nanotubes through the intertube van der Waals forces. The thermal effect is incorporated in the 
formulation. In particular, an explicit expression is derived for the critical axial strain of a double-walled carbon 
nanotube which clearly demonstrates that small scale effects contribute significantly to the thermo-mechanical 
behavior of multiwalled carbon nanotubes and cannot be ignored.  
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M. Simsek and H.H. Yurtcu (Yildiz Technical University, Davutpaßsa Campus, 34210 Esenler-Istanbul, 
Turkey), “Analytical solutions for bending and buckling of functionally graded nanobeams based on the 
nonlocal Timoshenko beam theory”, Composite Structures, (volume and pp not given because the article was in 
press), 2012, DOI: 10.1016/j.compstruct.2012.10.038  
ABSTRACT: In this paper, static bending and buckling of a functionally graded (FG) nanobeam are examined 
based on the nonlocal Timoshenko and Euler–Bernoulli beam theory. This non-classical (nonlocal) nanobeam 
model incorporates the length scale parameter (nonlocal parameter) which can capture the small scale effect. 
The material properties of the FG nanobeam are assumed to vary in the thickness direction. The governing 
equations and the related boundary conditions are derived using the principal of the minimum total potential 
energy. The Navier-type solution is developed for simply-supported boundary conditions, and exact formulas 
are proposed for the deflections and the buckling load. The effects of nonlocal parameter, aspect ratio, various 
material compositions on the static and stability responses of the FG nanobeam are discussed. Some illustrative 
examples are also presented to verify the present formulation and solutions. Good agreement is observed. The 
results show that the new nonlocal beam model produces larger deflection and smaller buckling load than the 
classical (local) beam model.  
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ABSTRACT: Nonlocal elasticity theory is a popular growing technique for the mechanical analyses of MEMS 
and NEMS structures. The nonlocal parameter accounts for the small-size effects when dealing with nano-size 
structures such as single-walled carbon nanotubes (SWCNTs). In this article, nonlocal elasticity and 
Timoshenko beam theory are implemented to investigate the stability response of SWCNT embedded in an 
elastic medium. For the first time, both Winkler-type and Pasternak-type foundation models are employed to 
simulate the interaction of the (SWCNT) with the surrounding elastic medium. A differential quadrature 
approach is utilized and numerical solutions for the critical buckling loads are obtained. Influences of nonlocal 
effects, Winkler modulus parameter, Pasternak shear modulus parameter and aspect ratio of the SWCNT on the 
critical buckling loads are analyzed and discussed. The present study illustrates that the critical buckling loads 
of SWCNT are strongly dependent on the nonlocal small-scale coefficients and on the stiffness of the 
surrounding medium. 
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ABSTRACT: In this paper, the thermal buckling behavior of single-walled carbon nanotubes (SWCNTs) 
embedded in an elastic medium is studied. To this end, the SWCNTs are modeled based on the nonlocal 
Timoshenko beam theory into which the effect of the elastic medium is incorporated The generalized 
differential quadrature (GDQ) method is employed to discretize the governing differential equations and to 
consider different commonly used boundary conditions (BCs). For simply supported BCs, the results obtained 
from the present analysis are compared with the ones from the exact solution and an excellent agreement has 
been achieved. The effects of the aspect ratio, nonlocal parameter and the Winkler parameter on the 
dimensionless critical buckling temperature are carefully investigated. 
 
 
Reza Ansari, Reza Rajabiehfard and Behrouz Arash, “Thermal buckling of multiwalled carbon nanotubes using 
a semi-analytical finite element approach”, Journal of Thermal Stresses, Vol. 34, No. 8, 2011 
ABSTRACT: In this article, a semi-analytical finite element approach based on the nonlocal elastic shell model 
is proposed to study the thermal buckling of multiwalled carbon nanotubes (MWCNTs). By taking nonlocality 
into consideration, the small scale effect is incorporated into the model presented herein. Based upon the 
Eringen nonlocal elasticity, the displacement field equations coupled by the van der Waals interaction force are 
derived. Comprehensive results for the thermal buckling of multiwalled carbon nanotubes are given. The 
influences of the small scale parameter and boundary conditions on the thermal instability of MWCNTs are 
examined. It is indicated that the possibility of the radial buckling mode of deformation due to radially elevated 
temperature is significantly higher than that of axial buckling mode of deformation due to uniformly reduced 
temperature when carbon nanotubes experience thermal loads. 
 
 
R. Ansari and M. Hemmatnezhad (Department of Mechanical Engineering, University of Guilan, P.O. Box 
3756, Rasht, Iran), “Nonlinear finite element analysis for vibrations of double-walled carbon nanotubes”, 
Nonlinear Dynamics, Vol. 67, No. 1, pp 373-383, January 2012 
ABSTRACT: The large-amplitude free vibration analysis of double-walled carbon nanotubes embedded in an 
elastic medium is investigated by means of a finite element formulation. A double-beam model is utilized in 
which the governing equations of layers are coupled with each other via the van der Waals interlayer forces. 
Von-Karman type nonlinear strain-displacement relationships are employed where the ends of the nanotube are 
constrained to move axially. The amplitude-frequency response curves for large-amplitude free vibrations of 
single-walled and double-walled carbon nanotubes with arbitrary boundary conditions are graphically 
illustrated. The effects of material constant of the surrounding elastic medium and the geometric parameters on 



the vibration characteristics are investigated. For a double-walled carbon nanotube with different boundary 
conditions between inner and outer tubes, the nonlinear frequencies are obtained apparently for the first time. 
Comparison of the results with those from the open literature is made for the amplitude-frequency curves where 
possible. This comparison illustrates that the present scheme yields very accurate results in predicting the 
nonlinear frequencies. 
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“On the buckling behavior of single-walled silicon carbide nanotubes”, Scientia Iranica, Transactions F: 
Nanotechnology, Vol. 19, No. 8, pp 1984-1990, 2012, DOI: 10.1016/j.scient.2012.10.004  
ABSTRACT: Silicon carbide nanotubes possess outstanding properties which enable them to have many 
applications. The buckling behaviour of silicon carbide nanotubes have been studied here. To do this, a 3D 
finite element method, known as space frame model has been proposed. Molecular mechanics are linked to 
density functional theory to derive the properties of this finite element method. It has been shown that the 
critical buckling force will diminish with increasing aspect ratio. Also, it is represented that increasing the 
aspect ratio will result in reducing the effect of boundary conditions.  
 
 
R. Ansari, V. Mohammadi, M. Faghih Shojaei and H. Rouhi, “Thermal post-buckling analysis of nanoscale 
films based on a non-classical finite element approach”, Journal of Thermal Stresses, Vol. 38, No. 6, 2015 
ABSTRACT: A size-dependent finite element (FE) formulation including surface free energy effect is 
developed in this article to study the post-buckling behavior of nanofilms under the action of thermal loads. The 
Gurtin-Murdoch surface elasticity theory is utilized to consider the surface effects. Moreover, the principle of 
virtual work is used so as to derive the equilibrium equations. The proposed FE formulation is based on the 
first-order shear deformation theory (FSDT). The von Kármán nonlinear relations are also employed to take the 
geometric nonlinearity into account. After deriving the FE equations, the resulting set of parameterized non-
linear equations is solved using the pseudo arc-length continuation algorithm, and bifurcation diagrams of 
nanofilms are obtained. Selected numerical results are presented for the influences of surface stress on the 
thermal post-buckling characteristics of nanofilms subject to different types of boundary conditions. 
 
 
Hossein Amirabadi and Mehdi Mostofi, "Buckling Optimization of Composite Shells by Utilizing Finite Element 
Analysis, Neural Networks and Genetic Algorithm", Advanced Materials Research, Vol. 1119, pp. 207-211, 2015, DOI: 
10.4028/www.scientific.net/AMR.1119.207 
ABSTRACT: The main goal in this investigation is optimization of two, four, eight and twelve layer shells in order to 
identify optimized fiber angle in different layers aiming maximizing critical load. In order to identify critical load 
parameter, a hybrid approach including Finite Element Method (FEM) and Neural Networks (NN) is employed. To 
achieve the above results, required data for NN is supplied by FEM and the appropriate network is trained. For 
optimization of obtained function, Genetic Algorithm (GA) is utilized. In this case, GA is also employed over and over in 
order to obtain the effect of different parameters. Furthermore, existence of several close optimized points and interactions 
among layers, critical load and fiber angle are discussed.  
 
 
Hadas Ziso and Moshe Shoham (Dept. of Mechanical Engineering, Technion, Haifa, Israel), “Bending 
instability of a general cross section thin-wall tube for minimal radius of curvature passage”, Journal of Applied 
Mechanics, Vol. 81, No. 10, August 2014 
ABSTRACT: This paper describes an analytical tool for the design of thin-wall tubes for passage through 
minimal radius of curvature trajectory. The design is based on a model of thin-wall tube buckling under pure 
bending. An extended analytical solution for general initial cross section is found based on Brazier method by 



energy theory of elastic stability. The model predicts the critical moment, curvature, flattening, and stress and 
allows choosing the most suitable cross section shape for a specific purpose. For example, tubes with ocular and 
rounded-ocular cross sections were found suitable for semiflexible applications such as endoscopy, where they 
elastically cross a sharp corner. 
 
 
Y. D. Sha, F. Xu, Z. J. Gao, "Nonlinear Response of Graphite-Epoxy Composite Thin-Walled Structure under 
Elevated Thermal Environment", Advanced Engineering Forum, Vols. 2-3, pp. 865-869, Dec. 2011 
ABSTRACT: Composite materials thin-walled structures are widely used as skin panel in flight vehicles in 
recent years. These structures will encounter severe complex loading conditions, which may be a combination 
of mechanical, aerodynamic, thermal and acoustic loads. Thin-walled structures subjected to this kind of 
loadings will exhibit nonlinear response; as a result, fatigue failure will occur. High temperature may cause 
large thermal deflection and stress, for some special conditions, may cause thermal buckling. Once the thermal 
buckling appears, the stiffness will change correspondingly, it will cause significant influence on the dynamic 
response and fatigue failure. Accordingly, it is important to research the nonlinear response of this kind of 
structures under elevated thermal environment. Nonlinear response and thermal pre-buckling/post-buckling 
behavior of a Graphite-Epoxy composite plate subjected to server thermal loading is numerically investigated in 
this paper. A composite laminated plate with clamped-clamped boundary conditions is chosen as simulated 
body, nonlinear finite element model is developed using the first-order shear deformable plate theory, Von 
Karman strain-displacement relations, and the principle of virtual work. The thermal load is assumed to be a 
steady-state with different predefined temperature distribution. The thermal strain is stated as an integral 
quantity of the thermal expansion coefficient with respect to temperature. Then the modes of the plate are 
analyzed, the nature frequencies and modal shapes are obtained. The critical temperature of buckling is 
calculated. The static nonlinear equations of motions are solved by the Newton-Raphson iteration technique to 
obtain the thermal post-buckling deflection. The Riks method is used to analyze static post-buckling behavior. 
In the numerical examples, four types of situations are studied, which include i) the buckling behaviors for 
different initial imperfections, ii) the buckling behaviors for different thickness to width ratios, and iii) The 
buckling behaviors for different width to length ratios; The critical temperature, the static thermal post-buckling 
deflection and the load to displacement relation are presented respectively. The influences of different boundary 
conditions on the buckling behaviors of the plate are achieved as well. The simulation method and results 
presented in this paper can be valuable references for further analysis of the nonlinear responses of thin-walled 
structures under complex loading conditions. 
 
 
L Sarker, Y Xiang, B Uy and X Zhu (School of Engineering, University of Western Sydney Locked Bag 1797, 
Penrith South DC NSW 1797, Australia), “Damage detection of circular cylindrical shells by Ritz method”, J. 
Phys.: Conf. Ser., Vol. 305, No. 1, 2011, 012117, doi: 10.1088/1742-6596/305/1/012117 
ABSTRACT: In this study, a new technique based on Ritz method is developed for damage detection of the 
circular cylindrical shell structures. Sander's thin shell theory in association with the Ritz method is used to 
analyze the dynamic behaviour of circular cylindrical shells. By equating the strain and kinetic energy 
mathematically, the eigenvalue problem is solved which will give the natural frequencies of the circular 
cylindrical shell. The crack damage on the shell surface is modelled by a line spring along the circumference of 
the shell. Different damage scenarios are simulated by the changes of the crack locations and spring stiffness. 
The location and extent of the damage are predicted by the changes of modal parameters. Numerical 
simulations show that the method is effective and accurate to determine the crack damage in the cylindrical 
shell structures. 
 
G.A.O. Davies and D. Hitchings (Dept. of Aeronautics, Imperial College of Science and Technology, London), 
“Analytical Qualification of Composite Structures”, RTO AVT Symposium on “Reduction of Military Vehicle 
Acquisition Time and Cost through Advanced Modeling and Virtual Simulation”, Paris, France, April 2002, 
published in RTO-MP-089, March 2003,  
Accession Number: ADP014169, Handle / proxy Url : http://handle.dtic.mil/100.2/ADP014169 
ABSTRACT: The feasibility of replacing substructure and component testing by analytical "virtual testing" is 



addressed here for composite structures. The special difficulties in estimating the failure loads of composite 
structures are described, especially when initiation starts from a local stress concentration. Damage may initiate 
and then propagate, but final failure can occur at loads significantly higher than that for initiation. The separate 
modes of in-plane (fibre-dominated) and delamination (matrix dominated) are shown to need different strength 
and fracture strategies. Several examples are chosen of realistic structures, ranging from notches through to 
stiffened compression panels, starting with the easiest (in-plane dominated) and finishing with the most difficult 
mixed in-plane and debonding case. 
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G.A.O. Davies and R. Olsson (Department of Aeronautics, Imperial College, London, UK), “Impact on 
composite structures”, The Aeronautical Journal, November 2004, pp. 541- 
PARTIAL INTRODUCTION: The problem of impact damage in laminated composite structures, and the 
consequent reduction in residual strength, has been a topic of continual research for over two decades. The 
number of journal papers on the subject now runs into four figures and most have been conscientiously 
reviewed by Abrate(1991, 1994, 1998). This review is not intended to be in the academic tradition, with 
emphasis on acknowledging the authorship of all the various research initiatives. Instead we present our 
opinions so that the reader can appreciate our current understanding of the problem, our capability of predicting 
by analysis, and the scope of the design tools for avoiding structural damage, or at least designing damage 
tolerant aerospace structures. There are two types of impact, namely that when a foreign body strikes a 
structure, or in contrast that when a complete aircraft or helicopter suffers a crash landing of some sort. This 
latter case is usually discussed as ‘crashworthiness’ and has become a routine feature of automobile design 
where the energy-absorbing properties of ductile metals are exploited to the full. The objective here is to design 
a structure which can deform and absorb energy but leave the passenger compartment more or less intact…. 
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Robin Olsson, Leif E. Asp, Sören Nilsson and Anders Sjögren, “”A review of some key developments in the 
analysis of the effects of impact upon composite structures”, Composite Structures: Theory and Practice, ASTM 
STP 1383, P. Grant and C.Q. Rousseau, editors, American Society for Testing and Materials, West 
Conshohocken, Pennsylvania, 2000, pp. 12-28 
ABSTRACT: This paper reviews work at the Aeronautical Research Institute of Sweden, and addresses major 
issues of importance in evaluating the effect of impact on composite structures. Some more extensive reviews 
of work by other researchers are referenced. The paper addresses impact response and damage formation, 
damage characterization, and residual strength and stability by combination of experiments and analysis. 
Studies showing that impact response type depends on impactor-plate mass ratio are presented. Small mass 
impact is generally more critical at a given configuration and energy. Analytical models for small mass impact 
and for damage initiation and growth during large mass impact are discussed. Rate dependency of matrix-
dominated properties is briefly discussed. Geometric and constitutive characterization of impact damage zones 
is presented and the influence of degraded properties demonstrated. The use of an FE-based plate model to 
simulate delamination growth due to sublaminate buckling and panel skin buckling in stiffened panels after 
impact is described. Skin buckling causes a steep increase in delamination strain energy release rate and should 
be prevented. 
 
 
R. Craven, P. Sztefek and R. Olsson (Department of Aeronautics, Imperial College London, Prince Consort 
Road, South Kensington, London SW7 2AZ, UK), “Investigation of impact damage in multi-directional tape 
laminates and its effect on local tensile stiffness”, Composites Science and Technology, Vol. 68, No. 12, 
September 2008, pp. 2518-2525, Special Issue: Deformation and Fracture of Composites: Analytical, Numerical 
and Experimental Techniques, with regular papers, doi:10.1016/j.compscitech.2008.05.008 
ABSTRACT: This paper examines the effect of impact damage on local tensile stiffness of multi-directional 
tape laminates. A finite element model is used for parametric studies of the effect of various patterns of 
delaminations and cracks across the fibres. Regular and random crack patterns are considered for 8 and 16 ply 
quasi-isotropic laminates. The effect on local stiffness is evaluated by a recently developed inverse numerical 
approach. It is found that fibre cracks control the loss of stiffness but that delaminations are instrumental in 
extending the zone influenced by these cracks. Fractographic observations are finally used to generate a detailed 
model of the damage in a real laminate. A close agreement was found between the predicted and measured 
strain fields and the corresponding stiffness distributions obtained with the inverse method. 
 
 
R. Craven, S. Pindoria and R. Olsson (Department of Aeronautics, Imperial College London, South Kensington, 
London SW7 2AZ, UK), “Finite element study of compressively loaded fibres fractured during impact”, 
Composites Science and Technology, Vol. 69, No. 5, April 2009, pp. 586-593, 
doi:10.1016/j.compscitech.2008.11.034 
ABSTRACT: This paper examines the compressive behaviour of plies with fibres previously fractured during 
impact. The analysis is conducted using finite element (FE) modelling in ABAQUS 6.7. Two- and three-
dimensional models are used to consider the possibility of fibre penetration and “brooming” of fractured fibres, 
or fibre buckling. A parametric study of the influence of the input parameters of the Drucker Prager plasticity 
model was also conducted, to enable a better understanding of the model. This was used to capture the triaxial 



stress state in the matrix surrounding the fibres. The results suggest that fibre buckling is more likely to occur 
due to the geometry of fibres and fibre spacing in carbon fibre composites, but fibre penetration could still occur 
in regions of low fibre volume fraction. 
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(2) Swerea SICOMP AB, Box 104, SE-431 22, Mölndal, Sweden 
“Delamination buckling: A finite element study with realistic delamination shapes, multiple delaminations and 
fibre fracture cracks”, Composites Part A: Applied Science and Manufacturing, Vol. 41, No. 5, May 2010, 
pp.684-692, doi:10.1016/j.compositesa.2010.01.019 
ABSTRACT: This paper presents a finite element model of a carbon fibre composite laminate with multiple 
delaminations of realistic shape and including fibre fracture cracks loaded under compression. The modelling 
technique is initially applied on circular and elliptical delaminations of single ply sublaminates, which are 
compared with existing analytical solutions. The techniques are then applied to models with multiple 
delaminations of realistic shape and their behaviour in buckling and post-buckling is captured. An inverse 
method is used to determine the stiffness reduction caused by the damage, and shows significant stiffness 
reduction caused by peanut shaped delaminations. When fibre fracture cracks are added, their contribution to 
further stiffness reduction is minimal but they have some significant effects on the buckling shapes. 
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(1) Robert Bosch spol. s r. o., Roberta Bosche 2678, 37004 Ceske Budejovice, Czech Republic 
(2)  Brno University of Technology, Faculty of Mechanical Engineering, Technicka 2, 61669 Brno, Czech 
Republic 
“On the applicability of simple shapes of delaminations in buckling analyses”, Composites Part B: Engineering, 
Vol. 42, No. 3, April 2011, pp. 538-545, doi:10.1016/j.compositesb.2010.11.006 
ABSTRACT: The possibility to accurately analyse the buckling and postbuckling behaviour of plates with 
delaminations of irregular shapes by utilisation of circular or elliptic delaminations was studied. The behaviour 
of compressed plates with delaminations of irregular and corresponding smallest enclosing circular and elliptic 
shapes was predicted by computational analyses and compared in terms of buckling loads and maximum values 
of the energy release rates found along the delamination boundaries. The study indicates that utilisation of 
circular delaminations could provide highly inaccurate results. Moreover, for truly accurate analyses of the 
buckling and postbuckling behaviour of delaminated structures it seems to be inevitable to use as precise 
representation of the shape of delaminations as possible. 
 
 
Sarp Adali (University of Natal, Durban, South Africa), “Optimization of laminated composites and overview 
of smart material applications”, in Modern trends in composite laminates mechanics, edited by Holm Altenbach 
and Wilfried Becker, CISM Courses and Lectures No. 448, International Center for Mechanical Sciences, 
Springer, 2003, ISBN 3-211-20302-8 
ABSTRACT: The issues, problems and techniques concerning the optimization of laminated composites are 
discussed and specific cases of design optimization are presented. After a general introduction to methods of 
optimization of composites with emphasis on genetic algorithms, a discussion of design and decision variables 
is given and problem complexities are highlighted. This is followed by specific examples of composites design 
under deterministic conditions, and in particular, stiffness and strength optimization, thermal buckling, and 
optimization with mujltiple objectives are studied. The design uncertainties are the subject of the separate 
chapter where design optimization techniques such as convex modeling and anti-optimization are illustrated 
again by means of specific examples involving uncertain material, load and geometric data. Secion 6 provides 
an overview of the properties and applications of widely used smart materials which is followed by some 
specific examples of the use of smart materials in vibration control and composite design applications. It is 
noted that sections 1-5 (except the material on genetic algorithms) are an abridged version of the material in 
Adali (2003) which is being published in these Lecture Notes with the permission of CRC Press. 



 
 
Sarp Adali (University of Natal, Durban, South Africa), “Variational Principles for Buckling of Microtubules 
Modeled as Nonlocal Orthotropic Shells”, Computational and Mathematical Methods in Medicine, Vol. 2014, 
Article ID 591532, 9 pages http://dx.doi.org/10.1155/2014/591532 
ABSTRACT: A variational principle for microtubules subject to a buckling load is derived by semi-inverse 
method. The microtubule is modeled as an orthotropic shell with the constitutive equations based on nonlocal 
elastic theory and the effect of filament network taken into account as an elastic surrounding. Microtubules can 
carry large compressive forces by virtue of the mechanical coupling between the microtubules and the 
surrounding elastic filament network. The equations governing the buckling of the microtubule are given by a 
system of three partial differential equations. The problem studied in the present work involves the derivation of 
the variational formulation for microtubule buckling. The Rayleigh quotient for the buckling load as well as the 
natural and geometric boundary conditions of the problem is obtained from this variational formulation. It is 
observed that the boundary conditions are coupled as a result of nonlocal formulation. It is noted that the 
analytic solution of the buckling problem for microtubules is usually a difficult task. The variational 
formulation of the problem provides the basis for a number of approximate and numerical methods of solutions 
and furthermore variational principles can provide physical insight into the problem. 
References listed at the end of the paper: 
[1] Y. Gao and L. An, “A nonlocal elastic anisotropic shell model for microtubule buckling behaviors in cytoplasm,” Physica E: Low-
Dimensional Systems and Nanostructures, vol. 42, no. 9, pp. 2406–2415, 2010. 
[2] M. Taj and J.-Q. Zhang, “Buckling of embedded microtubules in elastic medium,” Applied Mathematics and Mechanics, vol. 32, 
no. 3, pp. 293–300, 2011. 
[3] P. Xiang and K. M. Liew, “Predicting buckling behavior of microtubules based on an atomistic-continuum model,” International 
Journal of Solids and Structures, vol. 48, no. 11-12, pp. 1730–1737, 2011. 
[4] P. Xiang and K. M. Liew, “A computational framework for transverse compression of microtubules based on a higher-order 
Cauchy-Born rule,” Computer Methods in Applied Mechanics and Engineering, vol. 254, pp. 14–30, 2013. 
[5] Y. Ujihara, M. Nakamura, H. Miyazaki, and S. Wada, “Segmentation and morphometric analysis of cells from fluorescence 
microscopy images of cytoskeletons,” Computational and Mathematical Methods in Medicine, vol. 2013, Article ID 381356, 11 
pages, 2013. 
[6] Ö Civalek and C � . Demir, “Bending analysis of microtubules using nonlocal Euler-Bernoulli beam theory,” Applied 
Mathematical Modelling, vol. 35, no. 5, pp. 2053–2067, 2011. 
[7] Y. J. Shi, W. L. Guo, and C. Q. Ru, “Relevance of Timoshenko beam model to microtubules of low shear modulus,” Physica E: 
Low-Dimensional Systems and Nanostructures, vol. 41, no. 2, pp. 213–219, 2008. 
[8] C. Y. Wang, C. Q. Ru, and A. Mioduchowski, “Orthotropic elastic shell model for buckling of microtubules,” Physical Review E. 
Statistical, Nonlinear, and Soft Matter Physics, vol. 74, no. 5, Article ID 052901, 2006. 
[9] B. Gu, Y.-W. Mai, and C. Q. Ru, “Mechanics of microtubules modeled as orthotropic elastic shells with transverse shearing,” Acta 
Mechanica, vol. 207, no. 3-4, pp. 195–209, 2009. 
[10] T. Heidlauf and O. Röhrle, “Modeling the chemoelectromechanical behavior of skeletal muscle using the parallel open-source 
software library open CMISS,” Computational and Mathematical Methods in Medicine, vol. 2013, Article ID 517287, 14 pages, 2013. 
[11] E. Ghavanloo, F. Daneshmand, and M. Amabili, “Vibration analysis of a single microtubule surrounded by cytoplasm,” Physica 
E: Low-Dimensional Systems and Nanostructures, vol. 43, no. 1, pp. 192–198, 2010. 
[12] T. Li, “A mechanics model of microtubule buckling in living cells,” Journal of Biomechanics, vol. 41, no. 8, pp. 1722–1729, 
2008. 
[13] X. S. Qian, J. Q. Zhang, and C. Q. Ru, “Wave propagation in orthotropic microtubules,” Journal of Applied Physics, vol. 101, no. 
8, Article ID 084702, 2007. 
[14] A. Tounsi, H. Heireche, H. Benhassaini, and M. Missouri, “Vibration and length-dependent flexural rigidity of protein 
microtubules using higher order shear deformation theory,” Journal of Theoretical Biology, vol. 266, no. 2, pp. 250–255, 2010. 
[15] C. Y. Wang, C. Q. Ru, and A. Mioduchowski, “Vibration of microtubules as orthotropic elastic shells,” Physica E: Low-
Dimensional Systems and Nanostructures, vol. 35, no. 1, pp. 48– 56, 2006. 
[16] C. Y. Wang, C. F. Li, and S. Adhikari, “Dynamic behaviors of microtubules in cytosol,” Journal of Biomechanics, vol. 42, no. 9, 
pp. 1270–1274, 2009. 
[17] C. Y. Wang and L. C. Zhang, “Circumferential vibration of microtubules with long axial wavelength,” Journal of Biomechanics, 
vol. 41, no. 9, pp. 1892–1896, 2008. 
[18] L. Yi, T. Chang, and C. Q. Ru, “Buckling of microtubules under bending and torsion,” Journal of Applied Physics, vol. 103, no. 
10, Article ID 103516, 2008. 
[19] T. Hawkins, M. Mirigian, M. S. Yasar, and J. L. Ross, “Mechanics of microtubules,” Journal of Biomechanics, vol. 43, no. 1, pp. 
23– 30, 2010. 
[20] B. Ji and G. Bao, “Cell and molecular biomechanics: perspectives and challenges,” Acta Mechanica Solida Sinica, vol. 24, no. 1, 
pp. 27–51, 2011. 
[21] A. C. Eringen, “Linear theory of nonlocal elasticity and dispersion of plane waves,” International Journal of Engineering Science, 



vol. 10, pp. 425–435, 1972. 
[22] A. C. Eringen, “On differential equations of nonlocal elasticity and solutions of screw dislocation and surface waves,” Journal of 
Applied Physics, vol. 54, no. 9, pp. 4703–4710, 1983. 
[23] Ö. Civalek, C �. Demir, and B. Akgöz, “Free vibration and bending analyses of Cantilever microtubules based on nonlocal 
continuum model,” Mathematical & Computational Applications, vol. 15, no. 2, pp. 289–298, 2010. 
[24] H. Heireche, A. Tounsi, H. Benhassaini et al., “Nonlocal elasticity effect on vibration characteristics of protein microtubules,” 
Physica E: Low-Dimensional Systems and Nanostructures, vol. 42, no. 9, pp. 2375–2379, 2010. 
[25] Y. Fu and J. Zhang, “Modeling and analysis of microtubules based on a modified couple stress theory,” Physica E, vol. 42, no. 5, 
pp. 1741–1745, 2010. 
[26] Y. Gao and F. Lei, “Small scale effects on the mechanical behaviors of protein microtubules based on the nonlocal elasticity 
theory,” Biochemical and Biophysical Research Communications, vol. 387, no. 3, pp. 467–471, 2009. 
[27] A. Farajpour, A. Rastgoo, and M. Mohammadi, “Surface effects on the mechanical characteristics of microtubule networks in 
living cells,” Mechanics Research Communications, vol. 57, pp. 18–26, 2014. 
[28] H.-S. Shen, “Buckling and postbuckling of radially loaded microtubules by nonlocal shear deformable shell model,” Journal of 
Theoretical Biology, vol. 264, no. 2, pp. 386–394, 2010. 
[29] H.-S. Shen, “Application of nonlocal shell models to microtubule buckling in living cells,” in Advances in Cell Mechanics, S. Li 
and B. Sun, Eds., pp. 257–316, Higher Education Press; Beijing, China, Springer, Heidelberg, Germany, 2011. 
[30] H.-S. Shen, “Nonlocal shear deformable shell model for torsional buckling and postbuckling of microtubules in thermal 
environments,” Mechanics Research Communications, vol. 54, pp. 83–95, 2013. 
[31] A. Debbouche, D. Baleanu, and R. P. Agarwal, “Nonlocal nonlinear integrodifferential equations of fractional orders,” Boundary 
Value Problems, vol. 2012, article 78, 2012. 
[32] A. Debbouche and D. Baleanu, “Controllability of fractional evolution nonlocal impulsive quasilinear delay integro-differential 
systems,” Computers and Mathematics with Applications, vol. 62, no. 3, pp. 1442–1450, 2011. 
[33] F. Daneshmand, E. Ghavanloo, and M. Amabili, “Wave propagation in protein microtubules modeled as orthotropic elastic shells 
including transverse shear deformations,” Journal of Biomechanics, vol. 44, no. 10, pp. 1960–1966, 2011. 
[34] K. M. Liew, P. Xiang, and Y. Sun, “A continuum mechanics framework and a constitutive model for predicting the orthotropic 
elastic properties of microtubules,” Composite Structures, vol. 93, no. 7, pp. 1809–1818, 2011. 
[35] X. Liu, Y. Zhou, H. Gao, and J. Wang, “Anomalous flexural behaviors of microtubules,” Biophysical Journal, vol. 102, no. 8, pp. 
1793–1803, 2012. 
[36] C. P. Brangwynne, F. C. MacKintosh, S. Kumar et al., “Microtubules can bear enhanced compressive loads in living cells 
because of lateral reinforcement,” Journal of Cell Biology, vol. 173, no. 5, pp. 733–741, 2006. 
[37] M. Das, A. J. Levine, and F. C. MacKintosh, “Buckling and force propagation along intracellular microtubules,” Europhysics 
Letters, vol. 84, no. 1, Article ID 18003, 2008. 
[38] H. Jiang and J. Zhang, “Mechanics of microtubule buckling supported by cytoplasm,” Journal of Applied Mechanics, 
Transactions ASME, vol. 75, no. 6, Article ID 061019, 9 pages, 2008. 
[39] P. Xiang and K. M. Liew, “Free vibration analysis of microtubules based on an atomistic-continuum model,” Journal of Sound 
and Vibration, vol. 331, no. 1, pp. 213–230, 2012. 
[40] M. K. Zeverdejani and Y. T. Beni, “The nano scale vibration of protein microtubules based on modified strain gradient theory,” 
Current Applied Physics, vol. 13, no. 8, pp. 1566–1576, 2013. 
[41] T.-Z. Yang, S. Ji, X.-D. Yang, and B. Fang, “Microfluid-induced nonlinear free vibration of microtubes,” International Journal of 
Engineering Science, vol. 76, pp. 47–55, 2014. 
[42] S. Adali, “Variational principles for multi-walled carbon nanotubes undergoing buckling based on nonlocal elasticity theory,” 
Physics Letters A, vol. 372, no. 35, pp. 5701–5705, 2008. 
[43] S. Adali, “Variational principles for transversely vibrating multiwalled carbon nanotubes based on nonlocal euler-bernoulli beam 
model,” Nano Letters, vol. 9, no. 5, pp. 1737–1741, 2009. 
[44] S. Adali, “Variational principles for multi-walled carbon nanotubes undergoing nonlinear vibrations by semi-inverse method,” 
Micro and Nano Letters, vol. 4, pp. 198–203, 2009. 
[45] I. Kucuk, I. S. Sadek, and S. Adali, “Variational principles for multiwalled carbon nanotubes undergoing vibrations based on 
nonlocal Timoshenko beam theory,” Journal of Nanomaterials, vol. 2010, Article ID 461252, 7 pages, 2010. 
[46] S. Adali, “Variational principles for vibrating carbon nanotubes modeled as cylindrical shells based on strain gradient nonlocal 
theory,” Journal of Computational and Theoretical Nanoscience, vol. 8, no. 10, pp. 1954–1962, 2011. 
[47] C. Y. Ahn, “Robust myocardial motion tracking for echocardiography: variational framework integrating local-to-global 
deformation,” Computational and Mathematical Methods in Medicine, vol. 2013, Article ID 974027, 14 pages, 2013. 
[48] J. He, “Semi-inverse method of establishing generalized variational principles for fluid mechanics with emphasis on turbo-
machinery aerodynamics,” International Journal of Turbo and Jet Engines, vol. 14, no. 1, pp. 23–28, 1997. 
[49] J. He, “Variational principles for some nonlinear partial differential equations with variable coefficients,” Chaos, Solitons and 
Fractals, vol. 19, no. 4, pp. 847–851, 2004. 
[50] J.-H. He, “Variational approach to (2 + 1)-dimensional dispersive long water equations,” Physics Letters A: General, Atomic and 
Solid State Physics, vol. 335, no. 2-3, pp. 182–184, 2005. 
[51] J. He, “Variational principle for two-dimensional incompressible inviscid flow,” Physics Letters A, vol. 371, no. 1-2, pp. 39–40, 
2007. 
[52] J.-H. He, “Lagrangian for nonlinear perturbed heat and wave equations,” Applied Mathematics Letters, vol. 26, no. 1, pp. 158– 
159, 2013. 
[53] Z.Tao,“Variational approach to the inviscid compressible fluid,” Acta Applicandae Mathematicae, vol. 100, no. 3, pp. 291–294, 



2008. 
[54] W. Zhang, “Generalized variational principle for long water-wave equation by He’s semi-inverse method,” Mathematical 
Problems in Engineering, vol. 2009, Article ID 925187, 5 pages, 2009. 
[55] X.-W. Zhou and L. Wang, “A variational principle for coupled nonlinear Schrödinger equations with variable coefficients and 
high nonlinearity,” Computers & Mathematics with Applications, vol. 61, no. 8, pp. 2035–2038, 2011. 
[56] Z.L.Taoand G.H.Chen,“Remark on a constrained variational principle for heat conduction,” Thermal Science, vol. 17, pp. 951– 
952, 2013. 
[57] J. He and E. W. M. Lee, “A constrained variational principle for heat conduction,” Physics Letters A, vol. 373, no. 31, pp. 2614– 
2615, 2009. 
[58] X.-W. Li, Y. Li, and J.-H. He, “On the semi-inverse method and variational principle,” Thermal Science, vol. 17, pp. 1565–1568, 
2013. 
[59] D.-D. Fei, F.-J. Liu, P. Wang, and H.-Y. Liu, “A short remark on He-Lee’s variational principle for heat conduction,” Thermal 
Science, vol. 17, pp. 1561–1563, 2013. 
[60] Z.-B. Li and J. Liu, “Variational formulations for soliton equations arising in water transport in porous soils,” Thermal Science, 
vol. 17, no. 5, pp. 1483–1485, 2013. 
[61] J.-H. He, “Asymptotic methods for solitary solutions and compactons,” Abstract and Applied Analysis, vol. 2012, Article ID 
916793, 130 pages, 2012. 
 
 
X. Liu, Y. Zhou, H. Gao, and J. Wang, “Anomalous flexural behaviors of microtubules,” Biophysical Journal, 
vol. 102, no. 8, pp. 1793–1803, 2012, DOI: 10.1016/j.bpj.2012.02.046 
ABSTRACT: Apparent controversies exist on whether the persistence length of microtubules depends on its 
contour length. This issue is particularly challenging from a theoretical point of view due to the tubular structure 
and strongly anisotropic material property of microtubules. Here we adopt a higher order continuum orthotropic 
thin shell model to study the flexural behavior of microtubules. Our model overcomes some key limitations of a 
recent study based on a simplified anisotropic shell model and results in a closed-form solution for the contour-
length-dependent persistence length of microtubules, with predictions in excellent agreement with experimental 
measurements. By studying the ratio between their contour and persistence lengths, we find that microtubules 
with length at ∼1.5 μm show the lowest flexural rigidity, whereas those with length at ∼15 μm show the highest 
flexural rigidity. This finding may provide an important theoretical basis for understanding the mechanical 
structure of mitotic spindles during cell division. Further analysis on the buckling of microtubules indicates that 
the critical buckling load becomes insensitive to the tube length for relatively short microtubules, in drastic 
contrast to the classical Euler buckling. These rich flexural behaviors of microtubules are of profound 
implication for many biological functions and biomimetic molecular devices. 
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“Minimum weight design of composite hybrid shells via symbolic computation”, Journal of the Franklin 
Institute, Vol. 334, No. 1, January 1997, pp. 47-56, doi:10.1016/S0016-0032(96)00066-X 
ABSTRACT: The best layup for a hybrid laminated cylindrical shell subject to a buckling load constraint is 
determined. The objective of the optimisation is the minimum weight design of these structures. The ply angle 
is taken as the design variable. Various configurations of graphite and boron epoxy layers are considered in 
order to determine an optimal stacking sequence. The symbolic computational software package 
MATHEMATICA is used in the implementation and solution of the problem. This approach simplifies the 
computational procedure as well as the implementation of the analysis/optimisation routine. Results are given 
illustrating the dependence of the optimal layup on the cylinder length and radius. It is shown that a general 
purpose computer algebra system like MATHEMATICA is well suited to solve structural design problems 
involving composite materials. 
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doi: 10.1108/02644409810369248 
ABSTRACT: The optimal design of a laminated cylindrical shell is obtained with the objectives defined as the 
maximisation of the axial and torsional buckling loads. The ply angle is taken as the design variable. The 
symbolic computational software package MATHEMATICA is used in the implementation and solution of the 



problem. This approach simplifies the computational procedure as well as the implementation of the 
analysis/optimisation routine. Results are given illustrating the dependence of the optimal fiber angle on the 
cylinder length and radius. It is shown that a general purpose computer algebra system like MATHEMATICA 
is well suited to solve small boundary value problems such as structural design optimisation involving 
composite materials. 
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Bristol, BS8 1TR,UK), “Computer-Aided Laminate Selection Using a Graphical Method”, ICCM12, Paris, 
France, 1999, 
ABSTRACT: This paper introduces a methodology for selection of laminates. Software that implements these 
ideas is also presented. Optimisation of laminate fibre angles is difficult for multiple load cases and objectives-
there are many local minima to assess. An alternative approach is presented here that circumvents the need for 
conventional optimisation strategies that often prove difficult and complicated to implement. The basic idea is 
to build a database that stores appropriate properties of all permutations of lay-up angles for a laminate. Rather 
than access these properties by a question and answer, black–box technique, a graphical method is introduced. 
The designer can select viable laminates by first plotting a succession of 2-D charts containing relevant 
properties. Then, using simple on-screen techniques, the number of potential laminates is visually reduced by 
selecting those with desirable properties. The optimisation of a cylindrical shell, subject to axial compression, 
that undergoes simultaneous Euler-type buckling and local buckling is examined. 
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Bristol BS8 1TR, UK), “Design of laminated composite cylindrical shells under axial compression”, 
Composites Part B: Engineering, Vol. 31, No 8, 2000, pp. 669-679, doi:10.1016/S1359-8368(00)00029-9 
ABSTRACT: Approximate expressions describing shape efficiency are derived and two charts are shown that 
help with design. The first is a failure chart that shows the complete set of possible designs (and lay-ups) that 
allow the complexity of the problem to be presented in a simple way. The second is a chart showing optimal 
lay-ups for a cylindrical shell subject to axial compression. The load-bearing efficiency of cylindrical shells 
derives from both the properties of the material of which they are made and from the shape itself. Generally, 
thin-walled or slender shapes are more efficient (meaning lighter and more economical in the use of material) 
than thick-walled or solid sections. The limit in shape efficiency is either set by manufacturing constraints or, 
ultimately, by the properties of the material from which it is made. Laminated composite materials are more 
difficult to analyse than conventional isotropic materials, such as aluminium alloys, because of the additional 
need to consider the variation of ply orientation through the thickness of the laminate. These ultimate limits are 
examined and determined by a balance between competitive failure mechanisms. 
 
 



P. M. Weaver, “Anisotropy-induced spiral buckling in compression-loaded cylindrical shells”, AIAA journal, 
Vol. 40, No. 5, 2002, pp. 1001-1007, doi: INIST-CNRS, Cote INIST : 214, 35400010064955.0240 
ABSTRACT: The study of axial compression buckling of isotropic cylinders has received much attention by 
various researchers over the years. It is commonly acknowledged that the presence of minute imperfections 
reduces potential buckling loads significantly in comparison with classical linear predictions. This approach has 
been extended by a significant, yet fewer, number of researchers to composite cylindrical shells. It is shown that 
imperfections may not he the only major factor for the discrepancy between experimentally obtained buckling 
loads and those predicted from linear bifurcation theory with orthotropic properties. Flexural/twist anisotropy, 
present in most balanced, symmetric laminates with angle ply layers is shown to play a significant role in 
reducing buckling loads from those classically predicted. Indeed, the assumption of deflections in the form of a 
double sine series appears to be questionable for such laminates. A previously unreported classical linear 
analysis including the effect of flexural/twist coupling is developed. Backed up by detailed comparison with 
finite element studies, it is shown that buckling loads can be reduced by up to 30% for a class of quasi-isotropic 
laminates and is accompanied by a change in mode form from doubly periodic to spiral in nature. 
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laminated composite cylindrical shells”, Composites Science and Technology, Vol. 62, No. 1, January 2002, pp. 
91-105, doi:10.1016/S0266-3538(01)00186-5 
ABSTRACT: This paper addresses two aspects of buckling relevant to design. The first describes the 
preliminary experimental results that validate the presence of a newly reported spiral buckling mode; whilst the 
second concerned the effects of extension/twist anisotropy on the buckling loads of cylindrical shells under 
compression. The influence of designing laminates with antisymmetric lay-ups in comparison with a 
symmetrical lay-up is also investigated. Antisymmetric quasi-isotropic laminates, based on 0, 90 and ±45° 
angles produces greater buckling loads than the equivalent symmetric lay-up. Whilst all anisotropic coupling 
effects appear to lower the buckling loads, a laminate that is 48 plies thick is necessary to eliminate them in 
thin-walled shells. Such a laminate is at least 6 mm thick. Many designs require thinner laminates, and in so 
doing, mitigate the need for guidelines on efficient anisotropic lay-ups. Neglecting the effect of prebuckling 
deformation, it is found that extension/twist coupling is less deleterious than flexural/twist coupling in this 
respect. Therefore, antisymmetric laminates appear preferable for initial buckling of quasi-isotropic laminates. 
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February 2002, pp. 195-204, doi:10.1016/S0263-8223(01)00147-7 
ABSTRACT: It is widely recognised that the optimal lay-up to resist classical local buckling of a laminated 
cylindrical shell subject to compression loading is one that is quasi-isotropic in nature. This ideal is difficult to 
achieve in practice due to manufacturing and additional design constraints. The minimum number of 
unidirectional layers, based on 0°, 90°, ±45° angles, is 48 – an example lay-up is shown. Balanced and 
symmetric laminates, that exhibit quasi-isotropic properties in-plane, are shown to give reduced buckling 
capacity depending on two factors. The first concerns the overall homogeneity of the laminate whilst the second 
is a function of the amount of flexural/torsional coupling. The former is shown to have the greater influence. In 
the absence of closed-form solutions these effects have been numerically quantified using finite element (FE) 
analysis techniques. Practical design guidelines are deduced. 
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ABSTRACT: The use of high-performance composite materials of the sort used in the aerospace and Formula 1 



industries is becoming more widespread. On one level they are exciting to work with because they give scope 
for designing the 'material' in addition to a 'structure' through judicious placement of the ply orientation. Layers 
are stiff and strong in the fibre direction while weak and compliant in the transverse direction. It is this ability to 
tailor material properties layer by layer that gives designers huge potential in design. One possible explanation 
for the prevalent use of quasi-isotropic ('black aluminium') carbon composites in structures is the lack of 
available design tools. Analysis packages exist that will predict performance, but only for a given choice of 
fibre orientation. Here a design tool is presented that aids selection of fibre orientations. Optimization of 
laminate fibre angles is difficult for multiple-load cases and objectives since there are many local minima to 
assess. The alternative approach that is presented here, for flat plates and cylindrical shells, circumvents the 
need (in the early stages of design) for conventional optimization strategies that often prove difficult and 
complicated to implement. The basic idea is to build a database that stores appropriate properties of all 
permutations of lay-up angles for a laminate. Rather than access these properties by a question and answer, 
black-box technique, a graphical method is proposed. The designer can select viable laminates by first plotting a 
succession of two-dimensional charts containing relevant properties. Then, using simple on-screen techniques, 
the number of potential laminates is visually reduced by selecting those with desirable properties. Two case 
studies are presented to illustrate the selection method. The first concerns the optimization of a spar web, 
typically found in an aircraft wing structure, while the second concerns the optimization of a cylindrical shell, 
subject to axial compression, that undergoes simultaneous Euler-type buckling and local buckling. 
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ABSTRACT: Composite materials, at one level, are exciting to work with because they give scope for 
designing the "material" in addition to a "structure" through judicious placement of the orientation of plies. It is 
their ability to tailor material properties layer by layer that give designers huge potential in design. One possible 
explanation for the prevalent use of quasi-isotropic ("black aluminium") carbon composites in structures is the 
lack of available design tools. Here a design tool is presented that aids selection of fiber orientations. 
Optimization of laminate fiber angles is difficult for multiple load cases and objectives-there are many local 
minima to assess. An alternative approach to complex/numerical optimization methods, is presented here The 
basic idea is to build a database that stores appropriate properties of all permutations of lay-up angles for a 
laminate. The designer can select viable laminates by first plotting a succession of 2-D charts containing 
relevant properties. Then, using simple on-screen techniques, the number of potential laminates is visually 
reduced by selecting those with desirable properties. Two case studies are presented. The first concerns the 
optimization of a spar web, typically found in an aircraft wing structure whilst the second considers the 
optimization of a cylindrical shell, subject to axial compression, that undergoes simultaneous Euler-type 
buckling and local buckling. 
 
 
L. S. Cecchini and P. M. Weaver, “Optimal fiber angles to resist the Brazier effect in orthotropic tubes”, AIAA 
Journal, Vol. 40, No. 10, 2002, pp. 2136-2138 
ABSTRACT: This paper provides an analytical optimization of shell composition with respect to the critical 
Brazier moment, which will be useful in the design of structures where material failure and local buckling are 
not likely to occur. The optimum configuration for a tube under bending is independent of Poisson's ratio and 
largely invariant with E11 and E22 for common highly directional composite materials. The optimal ply 
configuration for typical composite tubes is found to be 90-0-90 deg, with 62 percent 0-deg plies. Such a 
configuration increases the maximum bending moment in GFRP tubes by 42 percent compared to a quasi-
isotropic configuration. 
 
 
P.M. Weaver (Department of Aerospace Engineering, University of Bristol, Queens Building, University Walk, 
Bristol BS8 1TR, UK), “The effect of extension/twist anisotropy on compression buckling in cylindrical shells”, 



Composites Part B: Engineering, Vol. 34, No. 3, April 2003, pp. 251-260, doi:10.1016/S1359-8368(02)00100-2 
ABSTRACT: The study of axial compression buckling of isotropic cylinders has received much attention by 
various researchers over the years. It is commonly acknowledged that the presence of minute imperfections 
significantly reduces potential buckling loads in comparison with classical linear predictions. This approach, of 
including geometric imperfections, has been extended by a significant, yet fewer, number of researchers to 
composite cylindrical shells. As the current study shows, imperfections may not be the only major factor for the 
discrepancy between experimental and linear buckling loads. Flexural/twist anisotropy, present in most 
balanced, symmetric laminates with angle-ply layers, is shown to play a significant role in reducing buckling 
loads from those predicted by classical analysis. Indeed, the assumption of deflections in the form of a double 
sine series appears to be questionable for such laminates. A recently reported classically linear analysis that 
included the effects of flexural/twist coupling on buckling loads has been further developed to include the 
effects of extension/twist coupling. It is shown that buckling loads can be improved by making the laminate 
antisymmetric rather than symmetric, for the class of quasi-isotropic laminates, whilst retaining a spiral mode 
shape. 
 
 
Luca S. Cecchini and Paul M. Weaver (Department of Aerospace Engineering, Queen’s Building, University 
Walk, University of Bristol, Bristol BS8 1TR, UK), “The optimisation of foam-filled cylindrical shells subject 
to flexural loading”, AIAA-2003-1417, 44th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, 
and Materials Conference, Norfolk, Virginia, April 2003 
ABSTRACT: Work is presented to maximize the resistance of isotropic and orthotropic cylindrical tubes to the 
non-linear Brazier effect, by filling them with foam cores. Analytical approaches for the mass minimization of 
such structures, by optimizing shell wall thickness, ply lay-up and foam core density, are presented. The 
optimum configurations have been shown to have significant mass benefits compared to simple hollow tubes; 
the sample aluminum shell, aluminum foam core, tubes have been found to be up to 50 pct. lighter (for given 
Brazier failure bending moment) than their hollow equivalents. The optimization of foam filled orthotropic 
tubes has found that the increased resistance to the Brazier effect, provided by the foam core, can reduce the 
necessity for circumferentially oriented plies. The example 20mm radius tubes, CFRP shells with polymeric 
foam cores, showed theoretical reductions in mass, for given failure bending moments, of the order of 30 pct.. 
The optimization can readily be modified to accommodate alternative requirements, such as cost, to better 
reflect actual design criteria for real structures. Whilst it is noted that real structures rarely fail by the Brazier 
effect (material failure or local buckling generally precede it) this analysis will be of use to those seeking a 
minimization of non-linearities in the deformation of long hollow structures. 
 
 
Paul M. Weaver and Robin Dickenson (Department of Aerospace Engineering, Queen’s Building, University 
Walk, University of Bristol, Bristol BS8 1TR, UK), “Interactive local/Euler buckling of composite cylindrical 
shells”, Computers & Structures, Vol. 81, Nos. 30-31, November 2003, pp. 2767-2773, 
doi:10.1016/S0045-7949(03)00339-0 
ABSTRACT: Long circular cylindrical shells may locally buckle at lower loads than those predicted by 
classical linear Donnell solutions due to long range interaction between Euler and local buckling. In fact, Euler 
buckling may be viewed as a special case of local buckling in which both the longitudinal and circumferential 
wave numbers are unity. This paper investigates this phenomenon for composite tubes as a function of lay-up. 
Tubes that are reinforced in predominantly the longitudinal or circumferential directions suffer the least 
knockdown of approximately 10% for tubes that are designed to buckle concurrently by Euler and local 
mechanisms. The greatest knockdown of approximately 35% occurs for isotropic laminates. The effect of 
material lay-up has been taken account of by forming a non-dimensional length parameter that is a function of 
both tube geometry and material properties. An interaction formula is proposed to help in design situations. 
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(1) STRAERO Research Institute, Bucharest 77619, Romania 
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“Postbuckling of long unsymmetrically laminated composite plates under axial compression”, International 
Journal of Solids and Structures, Vol. 43, Nos. 22-23, November 2006, pp. 6978-6997, 
doi:10.1016/j.ijsolstr.2006.02.017 
ABSTRACT: An approximate solution is given for the postbuckling of infinitely long and unsymmetrically 
laminated composite plates. This solution is obtained by superposing a polynomial transverse displacement 
given by bending due to unsymmetric laminate configurations and a simple functional representation for the 
buckling mode in conjunction with the Galerkin method. Nondimensional parameters are used to express the 
approximate solution in a very simple and clear formulation. The results given by this solution for axial 
compression in the longitudinal direction are compared with the results given by the nonlinear finite element 
method (FEM) for finite length rectangular long plates. The influence of the boundary conditions on 
postbuckling response is also studied. For the FEM analysis, two different simply supported boundary 
conditions on the long edges of the plate are considered. It is found that these two sets of boundary conditions 
give different results for the buckling and postbuckling finite element analysis. In most cases the FEM analysis 
overestimate and, respectively, underestimate the approximate closed form solution, depending on the type of 
simply supported boundary condition considered. Thus, the approximate solution appears useful for design 
purposes as an averaged quantity between the two FEM analyses. Also, it is found that the reduced bending 
stiffness method can be successfully used for determining the approximate solution. 
 
 
F. Mattioni, A. Gatto, P.M. Weaver, M.I. Friswell and K.D. Potter (University of Bristol, Bristol, BS8 1TR, 
UK), “The application of residual stress tailoring of snap-through composites for variable sweep wings”, 47th 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Confere, AIAA Paper No. 
2006-1972 1 - 4 May 2006, Newport, Rhode Island 
ABSTRACT: In this paper an alternative design for variable sweep wings is investigated. It consists of a two-
spar, CFRP (carbon fibres reinforced plastics) wing, with truss-like ribs. The spar-web is a shell structure 
laminated using an unsymmetric stack sequence in order to take advantage of the residual stress field developed 
during the curing process, resulting in increased transverse curvature of the spar. The effect of this curvature is 
twofold: to increase the moment of inertia to withstand bending stresses and, under certain loading conditions, 
to behave like an elastic hinge to allow the sweep angle of the wing to change. 
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Interactions on Thin Circular Cylindrical Shells”, AIAA-2006-1788, 47th AIAA/ASME/ASCE/AHS/ASC 
Structures, Structural Dynamics, and Materials Conference, Newport, Rhode Island, USA, May, 2004 
ABSTRACT: A thin shell tube with different length to radius and radius to thickness ratios can buckle locally, 
globally or with interaction of local and global buckling. The current analysis is to study the dependency of the 
buckling load of a circular cylindrical shell on these ratios. Different theoretical shell models were used to 
predict the buckling load and the results were compared with finite element analysis. It was found that the 
buckling load decreases exponentially when the length to radius ratio increases and increases when the radius to 
thickness ratio increases. The length to radius ratio is crucial in determining whether the tube is in the local 
buckling, global buckling or interaction region. The extent of global buckling was predicted analytically using 
Sanders¡¯ model, and was found to depend on the Poisson¡¯s ratio of the material used. In addition, Loo¡¯s 
model is found to be the best model in predicting the buckling load in the local buckling and interaction region 
to within 10% of the finite element results while the Sanders¡¯ model converges to Euler buckling values in the 
global buckling region. 
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Bristol University, Bristol BS8 1TR, UK), “Multi-stable composites application concept for morphing aircraft”, 
in Sixteenth International Conference on Adaptive Structures And Technologies, edited by Michel Bernadou, 
John Cagnol and Roger Ohayon (Sixteenth International Conference on Adaptive Structures and Technologies), 
2006, DEStech Publications, ISBN 1-932078-57-6 
ABSTRACT: The need for aircraft that possess the ability to adapt themselves to achieve multi-objective 
mission roles is prompting designers towards the realization of “morphing” aircraft. Conventional designs for 
multi-role aircraft result in the use of advanced materials and manufacturing techniques. Often the result leads 
to both significant weight and cost penalties. The properties of bi-stable composite seem to suggest a solution 
for this problem because of their ability to have more than a single geometric configuration and also for the 
need to only supply energy to affect the snap-through from one equilibrium state to the other one. 
 
 
Herencia, J.E., Weaver, P.M. and Friswell, M.I. (University of Bristol, Bristol BS8 1TR, UK), “Morphing wing 
design via aeroelastic tailoring,” 48th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and 
Materials Conference, Waikiki, Hawaii, 23-26 April 2007, paper AIAA-2007-2217 (2007). 
ABSTRACT: An approach to design an aircraft wing with morphing capabilities employing aeroelastic 
tailoring is presented. Morphing capabilities are achieved by passive actuation, that is the aircraft wing will 



adapt itself to improve its performance during the designed flight conditions. The approach consists of an 
aeroelastic steady-state scheme with aero-structure coupling embedded within a global optimisation. The global 
optimisation is divided into two levels. At the first level, Mathematical Programming (MP) is used to optimise 
the wing under structural and aerodynamic constraints. Wing-box panels (skins and spars) are modelled using 
lamination parameters accounting for their anisotropy. Panels are assumed to be symmetric or mid-plane 
symmetric laminates with 0, 90, 45 or -45 degree ply angles. Each of the wing-box panels is subjected to a 
combined in-plane loading under strength, buckling and practical design constraints. At the second level, the 
actual lay-ups of the wing-box panels are obtained using a Genetic Algorithm (GA), accounting for manufacture 
and design practices. 
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M.I. Friswell (School of Engineering, Swansea University, UK), “The prospects for morphing aircraft”, IV 
ECCOMAS Thematic Conference on Smart Structures and Materials, (publisher and year not given in the pdf 
file; most recent reference is 2009) 
ABSTRACT: Morphing aircraft are flight vehicles that change their shape to effect both a change in the mission 
of the aircraft and to perform flight control without the use of conventional control surfaces or seams. Aircraft 
constructed with morphing technology promise the distinct advantages of being able to fly multiple types of 
missions, to perform radically new manoeuvres not possible with conventional control surfaces, to be more fuel 
efficient, and to provide a reduced radar signature. The key to morphing aircraft is the full integration of the 
shape control into the wing structure; a truly smart structure. The design of these vehicles must take full account 
of the aerodynamic loads and must carefully consider the power requirements for shape control to ensure an 
overall performance benefit. This paper will overview possible morphing concepts, discuss advantages and 
disadvantages, and indicate possible future directions for the development of morphing aircraft. 
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University, Bristol BS8 1TR, UK), “Optimization of long anisotropic laminated fiber composite panels with T-
shaped stiffeners”,  AIAA Journal, Vol. 45, No. 10, 2007, pp. 2497-2509,  
doi: INIST-CNRS, Cote INIST : 214, 35400017341869.0120 
ABSTRACT: A method to optimize long anisotropic laminated fiber composite panels with T-shaped stiffeners 
is presented. The technique splits the optimization problem into two steps. At the first step, composite 
optimization is performed using mathematical programming in which the skin and the stiffeners are 
characterized by lamination parameters accounting for their membrane and flexural anisotropy. Skin and 
stiffener laminates are assumed to be symmetric or midplane symmetric laminates with 0-, 90-, 45-, or -45- deg 
ply angles. The stiffened panel consists of a series ofskin-stiffener assemblies or superstiffeners. Each 
superstiffener is further idealized as a group of flat laminated plates that are rigidly connected. The stiffened 
panel is subjected to a combined loading under strength, buckling, and practical-design constraints. At the 
second step, the actual skin and stiffener layups are obtained using a genetic algorithm and considering the ease 
of manufacture. This approach offers the advantage of introducing numerical analysis methods such as the finite 
element method at the first step, without significant increases in processing time. Furthermore, modeling the 
laminate anisotropy enables the designer to explore and potentially use elastic tailoring in a beneficial manner. 
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“Analysis of morphing, multi stable structures actuated by piezoelectric patches”, Computers & Structures, Vol. 
86, Nos. 3-5, February 2008, pp. 347-356, Special Issue: Smart Structures 
doi:10.1016/j.compstruc.2007.01.032 
ABSTRACT: In this article a novel morphing structure concept is studied using non-linear Finite Element 
Analysis (FEA). Bi-stable asymmetrical laminates can be snapped between two geometries through a buckling 
mechanism that is activated by an applied load. A piezoelectric Macro-Fibre Composite (MFC) actuator was 
chosen to provide this activation load. Bi-stable structures will maintain a given geometrical state without the 
need for a constant actuation force. FEA was used to predict the two stable geometries, to understand the 
buckling mechanism and to evaluate the feasibility of using MFC actuators for switching between states. 
Environmental effects like moisture absorption were also included in the analysis. 
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Bristol University, Bristol BS8 1TR, UK), “The application of thermally induced multistable composites to 
morphing aircraft structures”, in Industrial and Commercial Applications of Smart Structures Technologies 
2008, edited by L. Porter Davis, Benjamin Kyle Henderson, M. Brett McMickell, Proc. of SPIE Vol. 6930, 
693012, (2008) · 0277-786X/08/$18 · doi: 10.1117/12.776226 
ABSTRACT: One approach to morphing aircraft is to use bistable or multistable structures that have two or 
more stable equilibrium configurations to define a discrete set of shapes for the morphing structure. Moving 
between these stable states may be achieved using an actuation system or by aerodynamic loads. This paper 
considers three concepts for morphing aircraft based on multistable structures, namely a variable sweep wing, 
bistable blended winglets and a variable camber trailing edge. The philosophy behind these concepts is outlined, 
and simulated and experimental results are given. 
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Bristol, Bristol BS8 1TR, UK), “Concepts for morphing airfoil sections using bi-stable laminated composite 
structures”, Thin-Walled Structures, Vol. 46, No. 6, June 2008, pp. 689-701, doi:10.1016/j.tws.2007.11.002 
ABSTRACT: The present paper investigates the potential of using bi-stable laminated composite structures for 
morphing an airfoil section. The objective of the paper is to identify geometries and lay-ups of candidate 
configurations that offer multiple stable shapes for the airfoil section. Carbon-fiber laminated composites with 
non-symmetric laminate configurations are used for morphing the airfoil section. Thermal curing is used to 
induce residual stresses into the structure in order to achieve bi-stability. Three concepts that focus on morphing 
a flap-like structure and the camber and chord of an airfoil section are proposed. Several geometries and 
laminate configurations are investigated using finite element nonlinear static analysis. The magnitude of loads 
required to actuate the airfoil section between the stable shapes is evaluated. The impact of manufacturability on 
producing viable morphing mechanisms within the airfoil section is also discussed. 
 
 
S. Daynes, K.D. Potter and P.M. Weaver (Department of Aerospace Engineering, University of Bristol, Queen’s 
Building, University Walk, Bristol), “Bistable prestressed buckled laminates”, Composites Science and 
Technology, Vol. 68, Nos. 15-16, December 2008, pp. 3431-3437, doi:10.1016/j.compscitech.2008.09.036 
ABSTRACT: The bistability of cross-ply [0n/90n]T laminates has already been investigated, both 
experimentally and analytically, in much detail. Bistability occurs due to geometric non-linearity and the 
mismatch between the thermal expansion coefficients of the constituent fibre and matrix materials. In this 
current work a new type of bistable laminate is presented which has a symmetric lay-up. Its bistability derives 
from careful manipulation of the residual stresses across the width of the laminate. This is done by applying a 
prestress to selected fibres in [0/90/90/0]T FRP prepreg laminates prior to curing. Once cured and cooled down 
this prestress is released and the resulting laminate then buckles. This buckling creates two bistable bowing 
geometries with two edges remaining relatively flat. Analytical and finite element modelling is also carried out 
to better understand this buckling mechanism. Potential applications of these new bistable composites include 
morphing aircraft skins. 
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Engineering, University of Bristol, UK), “Chapter 6: Anisotropic elastic tailoring in laminated composite plates 
and shells”, in Buckling and postbuckling structures: experimental, analytical and numerical studies, edited by 
B. G. Falzon and M. H. Aliabadi, Imperial College Press, 2008 
ABSTRACT: Significant improvements in structural efficiency are possible using specific, inhomogeneous 
laminates. These are laminates whose stacking sequence has been optimized against constraints such as 
buckling, damage tolerance and natural frequencies. Furthermore, there are many design scenarios in which 
further gains can be made by making use of anisotropy, particularly when buckling or postbuckling is 
concerned. After a brief introduction to current design practice, buckling and postbuckling formulae are derived 
for anisotropic plates and shells, subject to different loadings. From these expressions, concepts for anisotropic 



elastic tailoring are discussed and their implications for design considered. 
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BS8 1TR, UK), “Dynamic analysis of bi-stable composite plates”, Journal of Sound and Vibration, Vol. 322, 
Nos. 4-5, May 2009, pp. 987-1004, doi:10.1016/j.jsv.2008.11.032 
ABSTRACT: The static and dynamic transitions between stable states for rectangular bi-stable laminated 
composite plates are considered. The laminated composite plates have nonsymmetric laminate configurations 
and are subjected to thermal curing in order to introduce residual stresses and to achieve bi-stability. As 
geometrically nonlinear effects occur, after curing, the plates are able to take multiple stable shapes at service or 
room temperature. A simple model for dynamic analysis of the snap-through phenomena is proposed based on 
strain field approximations for the plates. Hamilton's principle is applied in conjunction with the Rayleigh–Ritz 
method in order to achieve fast results. The model is used to evaluate the initial displacements for the stable 
states and also to investigate the static and dynamic transitions from one stable state to another. Parametric 
studies are carried out for various aspect ratios, laminate configurations and actuation loads and the results are 
compared with those obtained with finite element analysis in order to evaluate the accuracy of the model. 
 
 
Enzo Cosentino and Paul Weaver, “Buckling of stiffened composite panels with stringer terminations”, Journal 
of Mechanics of Materials and Structures, Vol. 4, No. 9, 2009 
ABSTRACT: A meshless approach is developed and used to predict buckling of discretely assembled multibay 
composite panels made from skin and stiffeners. The effect of eccentricity is included in the formulation. 
Particular emphasis is given to stringer run-outs within a stiffened panel, where abrupt eccentricity can trigger 
very large transverse displacements of the skin in front of the run-out tip. The model is obtained by combining 
von Karman’s formulation for moderately large deflections in plates with an extended Timoshenko approach for 
small initial perturbations. Solutions are calculated by means of a Rayleigh–Ritz approach in conjunction with a 
Galerkin technique. Hilbert’s orthogonal eigenfunctions are employed to obtain a generalized Fourier series 
expansion of the variables of interest. Limits of applicability, convergence of results and further potential 
exploitations are discussed. Numerical results obtained are compared with finite element analysis.  
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“An enhanced single-layer variational formulation for the effect of transverse shear on laminated orthotropic 
plates”, European Journal of Mechanics - A/Solids, Vol. 29, No. 4, July-August 2010, pp. 567-590, 
doi:10.1016/j.euromechsol.2009.12.004 



ABSTRACT: A novel mixed formulation is derived by means of Reissner's variational approach-based on 
Castigliano's principle of least work in conjunction with a Lagrange multiplier method for the calculus of 
variations. The governing equations present an alternative theory for modeling the important three-dimensional 
structural aspects of plates in a two-dimensional form. By integrating the classical Cauchy's equilibrium 
equations with respect to the thickness co-ordinate, and enforcing continuity of shear and normal stresses at 
each ply interface, condenses the effect of the thickness. A reduced system of partial differential equations of 
sixth-order in one variable, is also proposed, which contains differential correction factors that formally modify 
the classical constitutive equations for composite laminates. The theory degenerates to classical composite plate 
analysis for thin configurations. Significant deviations from classical plate theory are observed when the 
thickness becomes comparable with the in-plane dimensions. A variety of case studies are presented and 
solutions are compared with other models available in the literature and with finite element analysis. 
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Bristol, Queen's Building University Walk, Bristol BS8 1TR, UK), “Bistable Prestressed Symmetric 
Laminates”, Journal of Composite Materials, May 2010, vol. 44, no. 9, pp. 1119-1137, 
doi: 10.1177/0021998309351603 
ABSTRACT: The bistability of unsymmetric cross-ply [0n/90n]T laminates has already been investigated in 
much detail. In this work a new type of bistable laminate is presented which has a symmetric lay-up. Bistability 
derives from an unsymmetric fiber prestress applied to the laminate. The experimental procedure used to apply 
this fiber prestress is presented in detail. Experimental results are compared with analytical and finite element 
models which have the ability to model fiber prestress accurately. As well as having minimal hygrothermal 
variability, it is noted that the snap-through loads for a prestressed symmetric laminate can be much higher than 
its unstressed [0n/90n]T equivalent. 
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unsymmetric CFRP–metal hybrid laminates for use in adaptive structures”, Composites Part A: Applied Science 
and Manufacturing, Vol. 41, No. 11, November 2010, pp. 1712-1718, doi:10.1016/j.compositesa.2010.08.009 
ABSTRACT: The potential of using multistable composite materials for adaptive structures is currently 
receiving interest from the aerospace community because they possess more than one single equilibrium 
configuration. Unsymmetric CFRP laminates are studied which have an inner isotropic metallic layer. These 
hybrid laminates are studied using analytical, finite element and experimental techniques. The thermal 
contraction of the isotropic layer upon cool down from cure induces large in-plane thermal loads which act 
remotely from the laminate’s neutral plane, increasing snap-through moments and out-of-plane displacements. 
The curvatures of the hybrid laminates can be doubled compared to pure unsymmetric CFRP laminates. 
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“Bistable plates for morphing structures: A refined analytical approach with high-order polynomials”, 
International Journal of Solids and Structures, Vol. 47, Nos. 25-26, December 2010, pp. 3412-3425, 
doi:10.1016/j.ijsolstr.2010.08.019 
ABSTRACT: The multistability of composite thin structures has shown potential for morphing applications. 
The present work combines a Ritz model with path-following algorithms to study bistable plates’ behaviour. 
Classic low-order Ritz models predict stable shapes’ geometry with reasonable accuracy. However, they may 
fail when modelling other aspects of the elastic structural behaviour. A refined higher-order model is here 
presented. In order to improve the inherently poor conditioning properties of Ritz approximations of slender 
structures, a non-dimensional version of Classical Plate Lamination Theory with von Kármán nonlinear strains 



is developed and presented. In the current approach, we continue numerical solutions in parameter space, that is, 
we path-follow equilibrium configurations as the control parameter varies, find stable and unstable 
configurations and identify bifurcations. The numerics are carried out using a set of in-house Matlab® routines 
for numerical continuation. The increased degrees of freedom within the model are shown to accurately reflect 
buckling loads and provide useful insight into the relative importance of different aspects of nonlinear 
behaviour. Finally, the complex, experimentally observed snap-through geometry is captured analytically for 
the first time. Results are validated against finite elements analysis throughout the course of the paper. 
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ABSTRACT: Critical failure was observed in the shear web of a wind turbine blade during a full-scale testing. 
This failure occurred immediately before the ultimate failure and was partly caused by buckling and non-linear 
cross-sectional strain. Experimental values had been used to compare and validate both numerical and semi-
analytical results in the analysis of the shear webs in the reinforced wind turbine blade. Only elastic material 
behaviour was analysed, and attention was primarily focused on the Brazier effect. The complex, geometrically 
non-linear and elastic stress–strain behaviour of the shear webs and the cap in compression were analysed using 
a balance of experimental, numerical and analytical approaches. It was noted that the non-linear distortion was 
caused by the crushing pressure derived from the Brazier effect. This Brazier pressure may have a significant 
impact on the design of new blades, and an optimized box girder had been studied to show the importance of 
including Brazier pressure in the design process for future wind turbine blades. 
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ABSTRACT: The cylindrical shell is one of the most efficient structures for resisting axial compression. They 
are found in many weight-critical engineering applications due to their low mass and large internal volume. 
Their structural efficiency is derived from surface curvature which results in large buckling loads. Ultimate 
failure is generally due to local buckling (i.e. loss of stability of the shell-wall) which is followed by global 
collapse. A consequence of this unstable non-linear behaviour is that the structures are sensitive to 
imperfections and buckle at loads that are a fraction of their linear buckling eigenvalues. In contrast, flat 
structures (such as plates and stiffened panels) display a relatively well-behaved post-buckling response.  
In this thesis an investigation into the post-buckling behaviour of variable-stiffness shell structures is presented. 
Its aim is to determine whether or not cylindrical shells can be designed to have stable post-buckling 
configurations by adopting non-uniform material properties. In order to create shells with new and novel 
responses, the design space must be expanded by removing the standard rules for laminate design. Therefore, 
the present work focuses on laminates in which the reinforcement fibres are not straight but follow curvilinear 
paths. Such structures are termed variable-stiffness composite structures, due to their smooth variations in 
anisotropy (i.e. their section stiffnesses and kinematic coupling).  
Cylinders, curved panels and flat plates are tailored for improved post-buckling performance using numerical 
methods. In the case of cylindrical shells, dynamic analyses are performed in order to capture the effects of 
instability, inertia and path switching. Here, tailoring was performed on cylinders with a circumferential fibre-
angle variation in a parametric study. The results show that a wide range of responses can be achieved by 
varying the shell’s geometry and fibre-angle distribution. New evidence is presented that cylinders with stable 
post-buckling responses are possible by using variable-stiffness laminates. Tailoring is also performed on 
curved panels through an optimisation process. Panels are modelled using Koiter’s asymptotic method and a 
quadrature-based discretisation of the domain. Optimisation is performed using a genetic algorithm with the 



objective of increasing the structure’s tangent stiffness in the vicinity of the bifurcation. An optimised shell 
design is presented which is practically unaffected by the increase in radial displacements in terms of axial 
stiffness.  
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Xavier Lachenal, Paul M. Weaver and Alberto Pirrera (Department of Aerospace Engineering, University 
of Bristol, Bristol, BS8 1TR, UK), “Concept for a deployable wing”, Proceedings of the ASME 2014 
Conference on Smart Materials, Adaptive Structures and Intelligent Systems, SMASIS2014, September 8-10, 
2014, Newport, Rhode Island, USA 
ABSTRACT: A concept for a novel folding wing is presented, which, using the Brazier effect, can snap 
from a stable, extended position to a folded configuration. A wing typical of size used in an unmanned 
aircraft vehicle (UAV) is examined, including manufacturing aspects as well as an analytical and a 
finite element model (FEM) of the structure. The wing is simply made of a glass fiber reinforced 
plastic (GFRP) skin stiffened by ribs at regular intervals. At the mid-span location, a cut-out is made in 
the leading and trailing edge in order to allow the pressure and suction sides of the wing to collapse 
inward when folding occurs (due to Brazier effect). The analytical model draws upon work from 
Brazier to predict the maximum bending moment the folding section can withstand before buckling. A 
FEM, using a quasi-static analysis and requiring a contact definition to allow the wing surfaces to meet, 
reproduces with accuracy the folding pattern seen on the prototype. A bending test of the demonstrator 
confirmed the validity of the models in terms of bending stiffness, bending snap through and folding 
radius of curvature.  
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Pontoppidanstraede 101, DK-9220 Aalborg East, Denmark), “Structural collapse of a wind turbine blade. Part 
A: Static test and equivalent single layered models”, Composites Part A: Applied Science and Manufacturing, 
Vol. 41, No. 2, February 2010, pp. 257-270, doi:10.1016/j.compositesa.2009.10.011 
ABSTRACT: The overall objective is a top-down approach to structural instability phenomena in wind turbine 
blades, which is used to identify the physics governing the ultimate strength of a generic wind turbine blade 
under a flap-wise static test. The work is concerned with the actual testing and the adoption of a 
phenomenological approach, and a discussion is conducted to assess and evaluate the wind turbine blade 
response during loading and after collapse by correlating experimental findings with numerical model 
predictions. The ultimate strength of the blade studied is governed by instability phenomena in the form of 
delamination and buckling. Interaction between both instability phenomena occurs causing a progressive 
collapse of the blade structure. 
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B: Progressive interlaminar failure models”, Composites Part A: Applied Science and Manufacturing, Vol. 41, 
No. 2, February 2010, pp. 271-283, doi:10.1016/j.compositesa.2009.10.012 
ABSTRACT: The objective of this paper is to present a geometrical nonlinear and interlaminar progressive 
failure finite element analysis of a generic wind turbine blade undergoing a static flap-wise load and 



comparisons with experimental findings. It is found that the predictive numerical models show excellent 
correlation with the experimental findings and observations in the pre-instability response. Consequently, the 
ultimate strength of the wind turbine blade studied is governed by a delamination and buckling coupled 
phenomenon, which results in a chain of events and sudden structural collapse with compressive fibre failure in 
the delaminated flange material. Finally, a parametric study of the critical load factors with respect to various 
delamination sizes and positions inside the compressive flange of the wind turbine blade is presented. 
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“Numerical analysis of linear buckling of wind turbine blade with different trailing bonding models”, 6th 
International Conference on Pumps and Fans with Compressors and Wind Turbines, IOP Publisheing, Vol. 52, 
052003, 2013, DOI: 10.1088/1757-899X/52/5/052003 
ABSTRACT: The work focus on the linear buckling analysis of wind turbine blade with different trailing 
bonding models. Based on finite element model, it has been demonstrated that there are some differences for 
buckling load factor between different models. Several different models are valid for buckling analysis. 
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“Reliability of axially compressed cylindrical shells with random axisymmetric imperfections”, International 
Journal of Solids and Structures, Vol. 18, No. 7, 1982, pp. 563-585, doi:10.1016/0020-7683(82)90040-3 
ABSTRACT: The paper is concerned with the effect of random axisymmetric imperfections on the buckling of 
circular cylindrical shells under axial compression. The initial imperfections are considered as random functions 
of the axial coordinate. This is done by expanding them in terms of the buckling modes of the associated perfect 
structure, and then treating the Fourier coefficients as random variables. Initially the probabilistic properties of 
the initial imperfections of cylindrical shells, produced by the same manufacturing process, are studied. In 
contrast to earlier works the probabilistic properties (the mean function and the autocorrelation function or the 
spectral density) are not assumed. The mean vector and the variance-covariance matrix of the Fourier 
coefficients are calculated from experimental measurements of the shell profiles. Next the Monte Carlo Method 
is applied. The Fourier coefficients of the initial imperfection representations are simulated by a special 
numerical procedure. Thus large number of shells is “created”. For each shell a deterministic analysis of 
buckling stress evaluation is carried out. Finally, the reliability function representing the probability (i.e. 
fraction of an ensemble) of the buckling stress exceeding the specified stress is calculated. The reliability 
function permits to evaluate the design stress for the whole ensemble of shells produced by a given 
manufacturing process, defined as the stress level for which the desired reliability is achieved. The paper 
represents an extension of the approach given in Ref. [1] to shell structures. 
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composite structures”, Computer Methods in Applied Mechanics and Engineering, Vol. 111, Nos. 1-2, January 
1994, pp. 155-167, doi:10.1016/0045-7825(94)90043-4 
ABSTRACT: A new, non-probabilistic method is developed in this study to predict the variability in buckling 
loads of composite plates and shells stemming from the unavoidable scatter in elastic moduli. The available 
measurements of elastic moduli are fitted by the four-dimensional uncertainty ‘box’ and appropriate ellipsoid. 
For the specific cases considered, the maximum buckling load of the composite plate exceeds by 11% the value 
of the buckling load based on the calculation using the nominal values of elastic moduli. In the case of the 
cylindrical shell, an appropriate exceedance constitutes 9%. 
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Fractals, Vol. 5, No. 8, August 1995, pp. 1517-1531, Special Issue: Integrals, Entropy and Chaos, 
doi:10.1016/0960-0779(94)00158-M 
ABSTRACT: This paper deals with the buckling of the stiffened plate under uni-axial compression. The direct 
integration of the governing differential equation is performed and the exact solution to the problem is obtained. 
As examples, a square plate with single stiffener, and a stiffened three-span, continuous plate are investigated, 
with special attention given to the influence of stiffener misplacement on the buckling load and mode shape of 
the plate. It is found that a small misplacement of the stiffeners from the nominal configuration may change the 
buckling mode from a global one to a highly localized one. 
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Vol. 56, No. 1, 3 July 1995, pp. 65-74, doi:10.1016/0045-7949(94)00527-A 
ABSTRACT: This study addresses the effect of thickness variation on the stability of the composite cylindrical 
shells under axial compression. Various lamination configurations and three commonly used composite 
materials are considered. Numerical results show that certain types of thickness variation patterns can greatly 
reduce the classical buckling load. Results indicate that the most detrimental effect of the thickness variation 
occurs when the wave number of the thickness variation is twice that of the classical buckling mode. For this 
case, an asymptotic formula is established by use of a computer algebra, which relates the buckling load 
reduction rate to the thickness variation parameter. 
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Asymptotic analysis and numerical results by BOSOR4 and PANDA2”, International Journal of Solids and 
Structures, Vol. 34, No. 28, October 1997, pp. 3755-3767, doi:10.1016/S0020-7683(96)00230-2 
ABSTRACT: This study is an extension of a previous investigation of the combined effect of axisymmetric 
thickness variation and axisymmetric initial geometric imperfection on buckling of isotropic shells under 
uniform axial compression. Here the anisotropic cylindrical shells are investigated by means of Koiter's energy 
criterion. An asymptotic formula is derived which can be used to determine the critical buckling load for 
composite shells with combined initial geometric imperfection and thickness variation. Results are compared 
with those obtained by the software packages BOSOR4 and PANDA2. 
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“Hybrid theoretical, experimental and numerical study of vibration and buckling of composite shells with 
scatter in elastic moduli”, International Journal of Solids and Structures, Vol. 46, No. 13, June 2009, pp. 2539-
2546, doi:10.1016/j.ijsolstr.2009.01.018 
ABSTRACT: Hybrid theoretical, experimental and numerical method is proposed for free vibration and 
buckling of composite shell with unavoidable scatter in elastic moduli. Based on the Goggin’s measurement 
techniques, the elastic moduli for material T300-QY8911 are measured, and a set of experimental points are 
obtained. The measurements of elastic moduli are quantified by either (1) the smallest ellipsoid and (2) the 
smallest four-dimensional uncertainty hyper-rectangle. Then uncertainty propagation in vibration and buckling 
problems of composite shell by ellipsoidal analysis and interval analysis are, respectively, studied from the 
theoretical standpoint. Comparison between these analyses is performed numerically. 
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deflection via interval analysis”, International Journal of Non-Linear Mechanics, Vol. 44, No. 10, December 
2009, pp. 1031-1038, doi:10.1016/j.ijnonlinmec.2009.08.001 
ABSTRACT: The post-buckling behavior of the thin stiffened plates with uncertain initial deflection under uni-
direction compression load is investigated based on Von-Karman large deflection theory. The uncertain initial 
deflections are considered to be unknown except that they belong to a given set in the interval range. Interval 
analysis model for computing the bounds of curves of the post-buckling deflection versus load of the plate is 
presented. Interval analysis model is compared with the stochastic model, which is taken as the benchmarks of 
accuracy for judgment. The results indicate that the non-probabilistic and stochastic methods will produce 
similar results for a large deviation of uncertainty. If the probabilistic information is unavailable, one should not 
propose the probabilistic method based on an arbitrary assumption on the distribution of the deflection 
coefficients. Rather, one should use the non-probabilistic method to uncertainty. 
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“Non-linear buckling and postbuckling of shear deformable anisotropic laminated cylindrical shell subjected to 
varying external pressure loads”, Composite Structures, Vol. 92, No. 2, January 2010, pp. 553-567, 
doi:10.1016/j.compstruct.2009.08.048 
ABSTRACT: Non-linear buckling and postbuckling of a moderately thick anisotropic laminated cylindrical 
shell of finite length subjected to lateral pressure, hydrostatic pressure and external liquid pressure has been 
presented in the paper. The material of each layer of the shell is assumed to be linearly elastic, anisotropic and 
fiber-reinforced. The governing equations are based on a higher order shear deformation shell theory with von 
Kármán–Donnell-type of kinematic non-linearity and including the extension/twist, extension/flexural and 
flexural/twist couplings. The non-linear prebuckling deformations and initial geometric imperfections of the 
shell are both taken into account. A singular perturbation technique is employed to determine the buckling 
pressure and postbuckling equilibrium paths. The numerical illustrations concern the postbuckling response of 
perfect and imperfect, moderately thick, anisotropic laminated cylindrical shells with different values of shell 
parameters and stacking sequence. The results confirm that there exists a circumferential stress along with an 
associate shear stress when the shell is subjected to external pressure. 
 



Featherston, C. A. and Ruiz, C. Buckling of curved panels under combined shear and compression. Proc. Instn. 
Mech. Engrs, Part C: J. Mechanical Engineering Science, 1998, 212(C3), 183–196. 
 
C. A. Featherston (Division of Mechanical Engineering and Energy Studies, Cardiff University, Cardiff, Wales, 
UK), “The use of finite element analysis in the examination of instability in flat plates and curved panels under 
compression and shear”, International Journal of Non-Linear Mechanics, Vol. 35, No. 3, May 2000, pp.515-
529, doi:10.1016/S0020-7462(99)00038-4 
ABSTRACT: The use of finite element buckling analysis in the stability design of thin shelled structures allows 
complex geometries and load and boundary conditions to be considered. Two approaches are possible. A linear 
bifurcation buckling analysis can be carried out to determine the bifurcation load of the perfect structure. 
Reduction factors can then be applied to account for the geometric imperfections and plasticity. Alternatively a 
fully non-linear analysis can be performed with deflections, geometric imperfections and plasticity properly 
modelled. This paper assesses the suitability of each of these methods to predict the buckling loads and post-
buckling behaviour of two structures — flat plates and curved panels under combined shear and compression — 
a load case commonly found in aeroengine structures such as vanes. Experimental data is also presented for 
comparison. 
 
 
C. A. Featherston (Cardiff School of Engineering, Cardiff University, P.O. Box 685, Cardiff CF2 3TB, UK), 
“Imperfection sensitivity of flat plates under combined compression and shear”, International Journal of Non-
Linear Mechanics, Vol. 36, No. 2, March 2001, pp. 249-259, doi:10.1016/S0020-7462(00)00009-3 
ABSTRACT: Finite element analysis allows fully non-linear analysis of shells containing geometric 
imperfections. However, such an analysis requires information on the exact size and shape of the imperfection 
to be modelled, in order to produce accurate results on which designs can be based. In the absence of such data 
it is generally recommended that the imperfection be modelled on the first eigenmode with an amplitude 
selected according to manufacturing procedure. This paper presents the effects of imperfection shape and 
amplitude on the buckling and postbuckling behaviour of one specific case, to test the accuracy of such 
recommendations. 
 
 
C. A. Featherston and W. D. Lester, “The use of automated projection interferometry in monitoring aerofoil 
buckling”, Experimental Mechanics, Vol. 42, No. 3, 2002, pp. 253-260, doi: 10.1007/BF02410980 
ABSTRACT: Projection moiré is frequently used to examine the out-of-plane displacement of thin-walled 
shells during buckling. One way of implementing this technique is to use double exposure photography to 
superimpose the initial and deformed images of a grating projected onto the surface of the specimen. This 
generates a pattern of fringes representative of points of equal displacement, thus presenting a snapshot of the 
full-field buckling behavior. This paper outlines a technique to extend this method to provide a computer 
generated real-time fringe pattern throughout the whole buckling and post-buckling process. This is achieved by 
using a CCD camera and specially developed processing software to continuously superimpose the initial image 
of the grating (i.e., the first frame of the captured video) onto subsequent frames in which this grating is 
deformed due to the displacement. This method produces series of fringes in digital format, which are ideal for 
further processing. 
 
 
C. A. Featherston (Cardiff School of Engineering, Cardiff University, PO Box 925, Cardiff, Wales CF24 0YF, 
UK), “Imperfection sensitivity of curved panels under combined compression and shear”, International Journal 
of Non-Linear Mechanics, Vol. 38, No. 2, March 2003, pp. 225-238, doi:10.1016/S0020-7462(01)00058-0 
ABSTRACT: The initial buckling load of curved panels under compressive loads is substantially reduced by the 
existence of imperfections, in particular geometric imperfections. It is therefore essential that these 
imperfections are considered in analysing components which incorporate such panels in order to accurately 
predict their buckling behaviour. Finite element analysis allows fully non-linear analysis of shells containing 
geometric imperfections, however, to obtain accurate results information is required on the exact size and shape 
of the imperfection to be modelled. In most cases this data is not available. It is therefore generally 



recommended that the imperfections are modelled on the first eigenmode and have an amplitude selected 
according to the manufacturing procedure. This paper presents the effects of varying imperfection shape and 
amplitude on the buckling and postbuckling behaviour of one specific case, a curved panel under combined 
shear and compression, to test the accuracy of such recommendations. 
 
 
C A Featherston (School of Engineering, Cardiff University, Queens Buildings, The Parade, PO Box 685, 
Cardiff CF2 3PA, Wales, UK), “Experimental buckling of a simple aerofoil under combined shear and in-plane 
bending” Proc. Institution Mechanical Engineers, Vol. 218, Part C, J. Mechanical Engineering Science, 2004 
ABSTRACT: The buckling loads and postbuckling behaviour of complex structures can only be determined 
analytically by simplifying them into a number of component parts and examining these individually using 
existing design rules. This approach does not consider the effect of geometric imperfections and large 
deflections or the interaction between overall and local buckling modes. Alternatively, finite element analysis 
can be used. This approach has the advantage of allowing geometry, boundary and loading conditions to be 
modelled more accurately. Large-scale deflections and material plasticity can be modelled, the effects of 
imperfections examined and all possible modes of failure considered. This paper outlines a series of 
experiments carried out to determine the accuracy of these two alternative techniques in predicting the buckling 
loads and postbuckling behaviour for the case of a simple aerofoil under combined shear and in-plane bending. 
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Advances in Research, Design and Manufacturing Technology edited by J. Loughlan (Fourth International 
Conference on Thin-Walled Structures), 2004, ISBN 0-7503-1006-5 
ABSTRACT: Spars in aircraft wing boxes consitute thin walled shells, providing a load path for vertical shear 
loading. Well established design rules for the prediction of the initial shear buckling load are extended to cover 



the cases of compression and in-plane bending, resulting from overall wing bending. A parametric study, 
performed using an exact strip method and verified by finite element results, for both simply supported and 
clamped longitudinal edges, shows that the stiffeners effectively provide simple support if their dimensions are 
made large enough. Using a single plate model for such cases, as simple interaction equation is shown to give 
accurate and conservative initial buckling predictions for combined loading cases, with some scope for 
improvement when the stiffener spacing is large. 
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“Buckling of optimised flat composite plates under shear and in-plane bending”, Composites Science and 
Technology, Vol. 65, No. 6, May 2005, pp. 839-853, doi:10.1016/j.compscitech.2004.07.007 
ABSTRACT: Design rules based on theoretical solutions, which allow the prediction and understanding of the 
buckling and post-buckling behaviour of homogenous thin plates, exist for only a limited number of simple 
loading and boundary conditions due to the complexity of the equilibrium equations that describe the problem. 
When considering fibre composite plates, this issue is exacerbated by the inherent coupling between bending 
and extensional strains due to unsymmetric lamination, which results in three eighth order coupled partial 
differential equilibrium equations. This paper details a series of tests carried out to investigate the behaviour of 
a number of optimised fibre composite plates of differing geometry, simply supported along two edges and built 
in along the other two, subject to a varying combination of shear and in-plane bending, for which no theoretical 
solution exists, and assesses the suitability of analytical techniques and finite element analysis to predict this 
behaviour. 
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“Buckling of optimised curved composite panels under shear and in-plane bending”, Composites Science and 
Technology, Vol. 66, No. 15, December 2006, pp. 2878-2894, doi:10.1016/j.compscitech.2006.02.028 
ABSTRACT: Due to the level of complexity of the governing equations for curved composite panels, few 
solutions, allowing the critical buckling loads and postbuckling behaviour of such structures to be determined, 
exist. Those that do are for basic problems based on single load types and simple boundary conditions. For other 
cases, such behaviour can only be determined by either grossly simplifying both the load and boundary 
conditions to those which can be predicted using these simplified equations (which may lead to overestimations 
in buckling load, and thereby premature failure or collapse), or by using alternative tools such as finite strip 
techniques or finite element analyses. This paper details a series of tests carried out to determine the behaviour 
of a number of optimised fibre composite panels of differing radii of curvature and aspect ratio, simply 
supported along two edges and built in along the other two, subject to a varying combination of shear and in-
plane bending, for which no theoretical solution exists, and assesses the suitability of finite strip techniques and 
finite element analysis to predict this behaviour. 
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ABSTRACT: Due to their complexity and large numbers of design variables, aerospace structures, such as 



aircraft wings, are best optimized using a multi-level process. In addition to simplifying the optimization 
procedure, such an approach allows a combination of different methods to be used, increasing the efficiency of 
the analysis. This paper presents a technique based on the usage of exact finite strip software, VICONOPT, with 
the finite element analysis package, ABAQUS. The computer programme VICONOPT is computationally 
efficient but provides solutions for a restricted range of geometries and loading conditions. Finite element 
analysis allows accurate models of structures with complex geometries to be created but is computationally 
expensive. By combining the two, these limitations are minimised, whilst the strengths of each are exploited. 
The fundamental principles of this multi-level procedure are demonstrated by optimizing a series of curved 
composite panels under combined shear and in-plane bending subject to buckling constraints. 
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“Introducing a discrete modelling technique for buckling of panels under combined loading”, Structural and 
Multidisciplinary Optimization, Vol. 36, No. 1, 2008, pp. 3-13, doi: 10.1007/s00158-007-0188-1 
ABSTRACT: The paper introduces a discrete model to describe the buckling of a stiffened panel beam under a 
complex loading environment. The study begins by examining the existing load interaction equation for a 
continuous panel. Experimental and finite element investigations establish the validity of considering the critical 
panel of a more complex structure in isolation. The paper then devises a discrete model for this critical panel, 
which was validated for a range of boundary conditions using anti-optimisation. The numerical results show 
that the discrete model exhibits the buckling behaviour of a continuous panel under combined loading. Recent 
studies established that the truss-lattice configuration has stable post-buckling behaviour and derived fast 
analysis technique for such a structure. It is therefore concluded that the truss-lattice model introduced in the 
present paper can offer a fast analysis formulation for buckling (and potentially post-buckling) of multiple-panel 
beams suitable for optimisation. 
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Assessment Using DIC”, Proceedings of the XIth International Congress and Exposition June 2-5, 2008 
Orlando, Florida USA, Society for Experimental Mechanics, Inc. 
ABSTRACT: This paper examines the effect of imperfections on the behaviour of a series of panels, simply 
supported along all four edges, and subject to compressive in-plane loading. In each case Digital Image 
Correlation (DIC) is used to determine the initial profile and set-up of the structure and to monitor its behaviour 
during test. The data is used to automatically generate a series of meshes representative of each of these 
specimens, suitable for analysis using Finite Element Analysis. Comparison of the results obtained from these 
analyses with those found during the experiments modelled shows an improved correlation when compared 
with standard techniques for assessing imperfection sensitivity. Set-up is straightforward and models can be 
obtained quickly based on the data collected. 
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C.A. Featherston, “Geometric imperfection sensitivity of curved panels under combined compression and in-
plane bending – a study using adaptive meshing and DIC”, Strain, Vol. 48, No. 4, pp 286-295, August 2012 
ABSTRACT: The existence of geometric imperfections, either resulting from the use of manufacturing 
tolerances or because of damage in situ is known to have a detrimental effect on the buckling and post-buckling 
behaviour of thin-walled structures, which depending upon factors such as geometry and loading, can be 
significant. This paper presents an automated technique, based on the use of topography data obtained from 
optical measurement, for creating finite meshes representative of the geometry of real structures, which can be 
analysed to obtain accurate predictions of unstable behaviour. The technique incorporates an algorithm to allow 
mesh density to be varied across the specimen according to level of curvature thus ensuring the meshes 
generated are not only accurate but also computationally efficient by reducing the number of degrees of 
freedom where appropriate. The results of applying this technique to a series of curved panels subject to 
combined shear and in-plane bending (an example of a component of an aero engine blade) are reported. 
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ABSTRACT: Thin-walled shell structures like circular cylindrical shells are prone to buckling. Imperfections, 
which are defined as deviations from perfect shape and perfect loading distributions, can reduce the buckling 
load drastically compared to that of the perfect shell. Design criteria monographs like NASA-SP 8007 
recommend that the buckling load of the perfect shell shall be reduced by using a knock-down factor. The 
existing knock-down factors are very conservative and do not account for the structural behaviour of composite 
shells. To determine an improved knock-down factor, several authors consider realistic shapes of shells in 
numerical simulations using probabilistic methods. Each manufacturing process causes a specific imperfection 
pattern; hence for this probabilistic approach a large number of test data is needed, which is often not available. 
Motivated by this lack of data, a new deterministic approach is presented for determining the lower bound of 
the buckling load of thin-walled cylindrical composite shells, which is derived from phenomenological test data. 
For the present test series, a single pre-buckle is induced by a radial perturbation load, before the axial 
displacement controlled loading starts. The deformations are measured using the prototype of a high-speed 
optical measurement system with a frequency up to 3680 Hz. The observed structural behaviour leads to a new 
reasonable lower bound of the buckling load. Based on test results, the numerical model is validated and the 
shell design is optimized by virtual testing. The results of test and numerical analysis indicate that this new 
approach has the potential to provide an improved and less conservative shell design in order to reduce weight 
and cost of thin-walled shell structures made from composite material. 
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doi:10.2495/ERES110211  
ABSTRACT: This work presents numerical methods of calculation of earthquake resistance of shells of 
revolution based on the application of the theory of random processes combined with the FEM. Probabilistic 
character of seismic effect is determined by using artificial accelerograms based on stochastic process. To 
illustrate the above methods of probabilistic analysis of seismic stability of structures, two real objects and one 
projected one are considered. Displacements, stresses, forces and moments resulting from the action of seismic 
load have been determined. Comparison of the results of calculation with those achieved using calculation of 
prescribed real accelerograms and building design codes have been made. Comparative analysis of the 
calculation results brings us to the conclusion that the difference between the results obtained using different 
methods can be quite significant. It means that when designing structures of the types of shells of revolution 
under consideration it is necessary to do calculations using all methods recommended by design codes as well 
as probabilistic methods.  
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“Dynamic stability of periodic shells with moving loads”, Proc. SPIE, Vol. 4327, Smart Structures and 
Materials 2001, doi:10.1117/12.436562 
ABSTRACT: A moving load causes the radial displacements of an axi-symmetric shell to be several times 
higher than that produced by the static application of the same load. The travel velocity of the moving load 
affects the amplitude of the radial response and a critical velocity above which the shell response becomes 
unstable can be identified. A finite element model (FEM) is developed to analyze the dynamic response of axi-
symmetric shells subjected to axially moving loads. The model accounts for the effect of periodically placing 
stiffening rings along the shell, on the dynamic response and stability characteristics of the shell. Shape 
functions obtained from the steady-state solution of the equation of motion for a uniform shell are utilized in the 
development of the FEM. The model is formulated in a reference frame moving with the load in order to enable 
studying the shell stability using wave propagation and attenuation criteria. Hence, the critical velocity can be 
identified as the minimum velocity allowing the propagation of applied perturbations. Such stability boundaries 
are conveniently identified through a transfer mis formulation. The model is used to determine the critical 
velocities of the moving load for various arrangements and geometry of the stiffening rings. The obtained 
results indicate that stiffening the shell generally increases the critical velocity and generates a pattern of 
alternating stable and unstable regions. The presented analysis provides a viable means for designing a wide 
variety of stable dynamic systems operating with fast moving loads such as crane booms, robotic arms and gun 
barrels. 
 
 
Massimo Ruzzene (School of Aerospace Engineering, Georgia Institute of Technology, 270 Ferst Drive, 
Atlanta, GA 30332-0150, USA), “Non-axisymmetric buckling of stiffened supercavitating shells: static and 
dynamic analysis”, Computers & Structures, Vol. 82, Nos. 2-3, January 2004, pp. 257-269 
doi:10.1016/j.compstruc.2003.09.003 
ABSTRACT: Supercavitating vehicles undergo high longitudinal forces as a result of their high underwater 
velocity. The drag force compresses axially the body and may cause its buckling. In addition, the time-
dependent properties of the cavity generate time-varying longitudinal loads, which are sources of parametric 
resonances. Static and dynamic buckling need to be considered as limiting factors for the operating speed of this 
class of vehicles. The stability of supercavitating underwater vehicles is here investigated through a finite 
element model that predicts the behavior of plain and stiffened shells and is used to obtain stability maps for 
varying vehicle’s velocity, as well as frequency and amplitude of the force oscillations. Periodically placed 
circumferential stiffeners are proposed as means to enhance the stability of the considered class of shells. The 
results indicate the effectiveness of the stiffening rings in extending the range of stable operating conditions, by 
increasing the critical static buckling loads, and more importantly by reducing the extension of the regions 
corresponding to dynamic instability. 
 
 
Massimo Ruzzene (School of Aerospace Engineering, Georgia Institute of Technology, 270 Ferst Drive, 
Atlanta, GA 30332-0150, USA), “Dynamic buckling of periodically stiffened shells: application to 
supercavitating vehicles”, International Journal of Solids and Structures, Vol. 41, Nos. 3-4, February 2004, 
pp.1039-1059, doi:10.1016/j.ijsolstr.2003.10.008 
ABSTRACT: Supercavitating vehicles undergo high longitudinal forces as result of their high underwater 



velocity. The drag force compresses axially the body and may cause its buckling. In addition, the unsteady 
characteristics of the system composed of cavity and vehicle generate time-varying longitudinal loads that are 
sources of parametric resonances. Supercavitating vehicles are here modeled as thin axisymmetric shells acted 
upon by time-varying axial compressive forces. A finite element model is developed to predict the shells 
behavior and to perform the buckling analysis. The longitudinal forces are considered to vary periodically in 
time. Accordingly, the stability analysis is performed using Bolotin’s method and Floquet theory. Stability maps 
for varying velocity of the vehicle, frequency and amplitude of the force oscillations are obtained. Periodically 
placed circumferential stiffeners are proposed as means to enhance the stability of the considered class of shells. 
The presented results indicate how the stiffening rings significantly extend the range of stable operating 
conditions by reducing the regions of dynamic instability, and suggest that optimal stiffened designs may be 
identified to achieve stability at given operating speeds and under periodic longitudinal forces. 
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“Minimum sensitivity design of laminated shells under axial load and external pressure”, Composite Structures, 
Vol. 54, Nos. 2-3, November-December 2001, pp. 139-142, doi:10.1016/S0263-8223(01)00081-2 
ABSTRACT: A laminated cylindrical shell of finite length under combined loads is optimized for minimum 
sensitivity of buckling load to variations in ply angles subject to a constraint on buckling load. The design 
variable is taken as the fiber orientation of individual layers. The general theory of laminated plates is employed 
to determine the buckling loads. The formulation includes the contribution of the shear deformation and the 
variation of the radius over the thickness of the shell. Numerical results are given for both thin and thick shells. 
The results are given for various values of the external pressure and different shell aspect ratios. It is shown that 
the minimum sensitivity design depends on the constraint on buckling load. 
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“Static strength comparison of riveted versus friction stir welded stiffened panels”, AIAA Paper 2006-xxxx, one 
of the AIAA SDM meetings (2006) (AIAA Paper number not given in the pdf file) 
ABSTRACT: Friction stir welding (FSW) is a rapidly emerging joining technology that is finding greater use in 
aerospace applications due to significant advancements in tooling and process development. However, basic 
performance and design parameters for aerospace structures incorporating FSW joints have typically been 
developed on a case by case basis and are not yet available for general applications. Performance and properties 
data are needed to advance FSW from coupon level research to direct application. Therefore, the National 
Institute for Aviation Research (NIAR) initiated an investigation to compare the integrity of typical airframe 
structure joined using FSW with that of riveted structure. Ultimately, the aim of this investigation is to aid in the 
development of performance specification data. The structures selected for this research were subscale flat 
stiffened panels that were based on previously developed designs from generic fuselage applications. The initial 
stiffened aluminum panels were fabricated with two hat-section stiffeners. Representative of a transport 
fuselage design, the skin panels were 0.040-in 2024-T3, and the stiffeners were 7075-T6 spaced on 8.0 inch 
centers. The 2-ft x 2-ft stiffened panels were tested statically in tension, compression, and shear. Finite element 
models were developed to evaluate the ability of modeling to predict the load carrying capability of FSW 
structures. In the presentation, test results from riveted panels with identical geometry will be compared with 
results from both the models and the FSW panels. To date the panels fabricated using FSW have shown an 
increase in overall performance including an increase in panel strength and axial displacement. The FSW shear 
panels failed less abruptly and with much less destruction than did the riveted panels, indicating an increase in 
the ability of the FSW panels to sustain damage.  
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“Buckling analysis for an integrally stiffened panel structure with a friction stir weld”, Thin-Walled Structures, 
Vol. 47, No. 12, December 2009, pp. 1608-1622, doi:10.1016/j.tws.2009.05.003 
ABSTRACT: The effect of an friction stir weld (FSW) on the buckling behavior of an integrally stiffened panel 
(ISP) structure was investigated. For proper consideration of the buckling modes, the Riks method based on 
geometric imperfection was introduced. The Ramberg–Osgood deformation plasticity model was used for the 
elasto-plastic material behavior. A basic buckling benchmark test with a simple square plate was performed to 
verify the effect of the element type, Ramberg–Osgood model and the Riks method on the critical buckling 
load. Buckling analyses with two different sectional shapes were conducted corresponding to 400 and 600 kN 
buckling loads. After confirming that the predicted results without FSW were in excellent agreement with 
known analytical solutions, finite element (FE) analyses for 2- and 3-stiffener ISP sections joined by FSW were 
performed. The simulated results with and without FSW were compared to each other. The presence of the weld 
reduced the maximum buckling load from 3% to 10% depending on the sectional shape as a result of the 
reduction in material strength in the weld zone. The reduction in buckling load was greater for the 2-stiffener 
ISP section than for the 3-stiffener ISP configuration, due to the closer spacing of the welds. For both ISP 
configurations, the percentage decrease in the buckling load for the higher load case (600 kN) was less than that 
for the lower load case (400 kN). 
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“On the influence of fsw in the elastoplastic buckling load-carrying capacity of extruded integrally stiffened 
panels for aeronautic applications”, Innovative Joining by Forming Technologies, International Journal Of 
Material Forming, Vol. 3, Supplement 1, pp 1019-1022, April 2010, DOI: 10.1007/s12289-010-0943-5 
ABSTRACT: Reinforced structures for aircraft fuselages are conventionally composed by base (skin) 
aluminium plates and reinforcement elements (stringers), joined by riveting operations. During the last decade 
more effective approaches for reinforced fuselage and wings, such as the Integrally Stiffened Panels (ISP), have 
appeared. These homogeneous reinforced structures are obtained in an integral form by extrusion, allowing for 
lower manufacturing costs. During service conditions, these structures can be subjected to extreme compressive 
loading conditions and, due to their slenderness and low weight, ISP design must account for a reliable 
determination of buckling loads. However, complexities of the cross-sectional geometrical shapes, together with 
the occurrence of elastoplastic non-linear effects prior or after buckling, completely impair the use of analytical 
tools, being the analysis by the Finite Element Method (FEM) imperative in a reliable design process. In the 
present work, the structural performance of ISP structures is assessed, accounting for buckling in the 
elastoplastic range, by means of numerical simulation with the Finite Element Method. Also, the buckling load-
carrying capacity of multiple sets of reinforced structures, composed by a finite number of ISP and joined by 
friction stir welding (FSW) operations, is also studied. In doing so, it is possible to numerically infer about the 



influence of the presence of FSW zones in the overall stiffness and mechanical behaviour of ISP structures with 
complex cross-section geometries. 
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R. M. F. Paulo, P. Carlone, R.A.F. Valente, F. Teixeira-Dias, G. S. Palazzo, "Integrated Design and Numerical 
Simulation of Stiffened Panels Including Friction Stir Welding Effects", Key Engineering Materials, Vols. 554-
557, pp. 2237-2242, 2013, DOI: 10.4028/www.scientific.net/KEM.554-557.2237  
ABSTRACT: Stiffened panels are usually the basic structural building blocks of airplanes, vessels and other 
structures with high requirements of strength-to-weight ratio. They typically consist of a plate with equally 
spaced longitudinal stiffeners on one side, often with intermediate transverse stiffeners. Large aeronautical and 
naval parts are primarily designed based on their longitudinal compressive strength. The structural stability of 
such thin-walled structures, when subjected to compressive loads, is highly dependent on the buckling strength 
of the structure as a whole and of each structural member. In the present work, a number of modelling and 
numerical calculations, based on the Finite Element Method (FEM), is carried out in order to predict the 
ultimate load level when stiffened panels are subjected to compressive solicitations. The simulation models 
account not only for the elasto-plastic nonlinear behaviour, but also for the residual stresses, material properties 
modifications and geometrical distortions that arise from Friction Stir Welding (FSW) operations. To construct 
the model considering residual stresses, their distribution in FSW butt joints are obtained by means of a 
numerical-experimental procedure, namely the contour method, which allows for the evaluation of the normal 
residual stress distribution on a specimen section. FSW samples have been sectioned orthogonally to the 
welding line by wire electrical discharge machining (WEDM). Displacements of the relaxed surfaces are then 
recorded using a Coordinate Measuring Machine and processed in a MATLAB environment. Finally, the 
residual stress distribution is evaluated by means of an elastic FE model of the cut sample, using the measured 
and digitalized out-of-plane displacements as input nodal boundary conditions. With these considerations, the 
main goal of the present work will then be related to the evaluation of the effect of FSW operations, in the 
ultimate load of stiffened panels with complex cross-section shapes, by means of realist numerical simulation 
models.   
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analysis methods for space propulsion system components”, Probabilistic Engineering Mechanics, Vol. 2, No.2, 
June 1987, pp. 100-110, doi:10.1016/0266-8920(87)90021-X 
ABSTRACT: NASA Lewis Research Center is currently developing probabilistic structural analysis 
methodology for select Space Shuttle Main Engine (SSME) components. This methodology consists of the 
following program elements: (1) composite load spectra, (2) probabilistic structural analysis methods, (3) 
probabilistic finite element theory - new variational principles, and (4) probabilistic structural analysis 
application. The methodology has led to significant technical progress in several important aspects of 
probabilistic structural analysis. The program and significant accomplishments to date are summarized in this 
paper. 
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“Structural durability of stiffened composite shells”, AIAA Paper 92-2244-CP, 33rd AIAA Structures, 



Structural Dynamics and Materials Conference, 1992 
ABSTRACT: The durability of a stiffened composite cylindrical shell panel is investigated under several 
loading conditions. An integrated computer code is utilized for the simulation of load induced structural 
degradation. Damage initiation, growth, and accumulation up to the stage of propagation to fracture are 
included in the computational simulation. Results indicate significant differences in the degradation paths for 
different loading cases. Effects of combined loading on structural durability and ultimate structural strength of a 
stiffened shell are assessed. 
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23 Apr. 1993; sponsored by AIAA, ASME, ASCE, AHS, and ASC 
ABSTRACT: A general computational simulation methodology for an integrated probabilistic assessment of 
composite structures is discussed and demonstrated using aircraft fuselage (stiffened composite cylindrical 
shell) structures with rectangular cutouts. The computational simulation was performed for the probabilistic 
assessment of the structural behavior including buckling loads, vibration frequencies, global displacements, and 
local stresses. The scatter in the structural response is simulated based on the inherent uncertainties in the 
primitive (independent random) variables at the fiber matrix constituent, ply, laminate, and structural scales that 
describe the composite structures. The effect of uncertainties due to fabrication process variables such as fiber 
volume ratio, void volume ratio, ply orientation, and ply thickness is also included. The methodology has been 
embedded in the computer code IPACS (Integrated Probabilistic Assessment of Composite Structures). In 
addition to the simulated scatter, the IPACS code also calculates the sensitivity of the composite structural 
behavior to all the primitive variables that influence the structural behavior. This information is useful for 
assessing reliability and providing guidance for improvement. The results from the probabilistic assessment for 
the composite structure with rectangular cutouts indicate that the uncertainty in the longitudinal ply stress is 
mainly caused by the uncertainty in the laminate thickness, and the large overlap of the scatter in the first four 
buckling loads implies that the buckling mode shape for a specific buckling load can be either of the four 
modes. 
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“Discontinuously Stiffened Composite Panel under Compressive Loading”, Journal of Reinforced Plastics and 
Composites, January 1995, vol. 14, no. 1, pp. 85-98, doi: 10.1177/073168449501400106 
ABSTRACT: The design of composite structures requires an evaluation of their safety and durability under 
service loads and possible overload conditions. This paper presents a computational tool that has been 



developed to examine the response of stiffened composite panels via the simulation of damage initiation, 
growth, accumulation, progression, and propagation to structural fracture or collapse. The structural durability 
of a composite panel with a discontinuous stiffener is investigated under compressive loading induced by the 
gradual displacement of an end support. Results indicate damage initiation and progression to have significant 
effects on structural behavior under loading. Utilization of an integrated computer code for structural durability 
assessment is demonstrated. 
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Composite materials: testing and design (thirteenth volume), edited by Steven J. Hooper, 1997, American 
Society for Testing and Materials, ISBN: 0-8031-2478-3 
ABSTRACT: Probabilistic composite design is described in terms of a computational simulation. This 
simulation tracks probabilistically the composite design evolution from constituent materials, fabrication 
process, through composite mechanics and structural components. Comparisons with experimental data are 
provided to illustrate selection of probabilistic design allowables, test methods/specimen guidelines, and 
identification of in situ versus pristine strength. For example, results show that: in situ fiber tensile strength is 
90 per cent of its prestine strength; flat-wise long-tapered specimens are most suitable for setting ply tensile 
strength allowables; a composite radome can be designed with a reliability of 0.999999; and laminate fatigue 
exhibits wide-spread scatter at 90 per cent cyclic-stress to static-strength ratios. 
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Nos. 1-2, January 1999, pp. 179-187, doi:10.1016/S0266-8920(98)00027-7 
ABSTRACT: A methodology is developed to simulate computationally the uncertain behavior of composite 
structures. The uncertain behavior includes buckling loads, natural frequencies, displacements, stress/strain, 
etc., which are the consequences of the random variation (scatter) of the primitive (independent random) 
variables in the constituent, ply, laminate and structural levels. This methodology is implemented in a computer 
code IPACS (integrated probabilistic assessment of composite structures). A fuselage-type composite structure 
is analyzed to demonstrate the code's capability. The probability distribution functions of the buckling loads, 
natural frequency, displacement, strain and stress are computed. The sensitivity of each primitive (independent 
random) variable to a given structural response is also identified from the analyses. 
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Computational simulation”, (publisher and date not given, ProQuest-CSA) 
ABSTRACT: Several computational levels of progressive sophistication /simplification are described to 
computationally simulate composite sandwich hygral, thermal, and structural behavior. The computational 
levels of sophistication include: (1) three-dimensional detailed finite element modeling of the honeycomb, the 
adhesive and the composite faces; (2) three-dimensional finite element modeling of the honeycomb assumed to 
be an equivalent continuous, homogeneous medium, the adhesive and the composite faces; (3) laminate theory 
simulation where the honeycomb (metal or composite) is assumed to consist of plies with equivalent properties; 
and (4) derivations of approximate, simplified equations for thermal and mechanical properties by simulating 
the honeycomb as an equivalent homogeneous medium. The approximate equations are combined with 
composite hygrothermomechanical and laminate theories to provide a simple and effective computational 
procedure for simulating the thermomechanical/thermostructural behavior of fiber composite sandwich 
structures. 
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“Future Experimental Methods Needed to Verify Composite Life-cycle Simulations”, Recent Advances in 
Experimental Mechanics, Vol. 8., 2002, pp. 631-644, doi: 10.1007/0-306-48410-2_59 
ABSTRACT: The future experimental methods needed for composite life-cycle are identified by 
computationally simulating the fracture of an integrally stiffened composite structure. The simulation describes 
events occurring during the fracture progression at all composite structure scales, the fracture modes that 
contribute to those events and the respective local failure mechanisms. The fracture modes in their respective 
scales provide opportunities to suggest future testing techniques to measure them. For example, energies 
emitted can be calibrated to identify non-destructive techniques to measure corresponding energies such as 
acoustic, thermal and even optical. Successful testing methods can then be used to implement monitoring 
systems for in-service structural life-cycles. 
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“Probabilistic evaluation of advanced ceramic matrix composite structures”, NASA/TM – 2003-212515, July 
2003 
ABSTRACT: The objective of this report is to summarize the deterministic and probabilistic structural 
evaluation results of two structures made with advanced ceramic composites (CMC): internally pressurized tube 
and uniformly loaded flange. The deterministic structural evaluation includes stress, displacement and buckling 
analyses. It is carried out using the finite element code MHOST1, developed for the 3-D inelastic analysis of 
structures that are made with advanced materials. The probabilistic evaluation is performed using the integrated 
probabilistic assessment of composite structures computer code IPACS2. The affects of uncertainties in 
primitive variables related to the material, fabrication process, and loadings on the material property and 
structural response behavior are quantified. The primitive variables considered are: thermo-mechanical 
properties of fiber and matrix, fiber and void volume ratios, use temperature, and pressure. The probabilistic 
structural analysis and probabilistic strength results are used by IPACS to perform reliability and risk evaluation 
of the two structures. The results will show that the sensitivity information obtained for the two composite 
structures from the computational simulation can be used to alter the design process to meet desired service 
requirements. In addition to detailed probabilistic analysis of the two structures, the following were performed 
specifically on the CMC tube: (1) predicted the failure load and the buckling load, (2) performed coupled non-
deterministic multi-disciplinary structural analysis, and (3) demonstrated that probabilistic sensitivities can be 
used to select a reduced set of design variables for optimization. 
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ABSTRACT: A computational simulation method is presented to evaluate the deterministic and non- 
deterministic dynamic buckling of smart composite shells. The combined use of intraply hybrid composite 
mechanics, finite element computer codes, and probabilistic analysis enable the effective assessment of the 
dynamic buckling load of smart composite shells. A universal plot is generated to estimate the dynamic 
buckling load of composite shells at various load rates and probabilities. The shell structure is also evaluated 
with smart fibers embedded in the plies right next to the outer plies. The results show that, on the average, the 
use of smart fibers improved the shell buckling resistance by about 10% at different probabilities and delayed 
the buckling occurrence time. The probabilistic sensitivities results indicate that uncertainties in the fiber 
volume ratio and ply thickness have major effects on the buckling load while uncertainties in the electric field 
strength and smart material volume fraction have moderate effects. For the specific shell considered in this 
evaluation, the use of smart composite material is not recommended because the shell buckling resistance can 
be improved by simply re-arranging the orientation of the outer plies, as shown in the dynamic buckling 
analysis results presented in this report.  
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C. C. Chamis (National Aeronautics and Space Administration, Glenn Research Center, Research and 
Technology Directorate, 21000 Brookpark Road, Cleveland, OH 44135-3191, USA), “Probabilistic simulation 
of multi-scale composite behavior”, Theoretical and Applied Fracture Mechanics, Vol. 41, Nos. 1-3, April 
2004, pp. 51-61, Special Issue: Mesofracture Mechanics: Current Approaches to Material Damage at Different 
Size and Time Scales, doi:10.1016/j.tafmec.2003.11.005 
ABSTRACT: A methodology is developed to computationally assess the probabilistic composite behavior at all 
composite scales (from micro to structural) due to the uncertainties in the constituent (fiber and matrix) 
properties, in the fabrication process and in structural variables (primitive variables). The methodology is 
computationally efficient for simulating the probability distributions of composite behavior, such as material 
properties, laminate and structural responses. Byproducts of the methodology are probabilistic sensitivities of 
the composite primitive variables. The methodology has been implemented into the computer codes: 
Probabilistic Integrated Composite ANalyzer (PICAN) and Integrated Probabilistic Assessment of Composite 
Structures (IPACS). The accuracy and efficiency of this methodology are demonstrated by simulating the 
uncertainties in composite typical laminates and comparing the results with the Monte Carlo simulation method. 
Available experimental data of composite laminate behavior at all scales fall within the scatters predicted by 
PICAN. Multi-scaling is extended to simulate probabilistic thermo-mechanical fatigue and to simulate the 
probabilistic design of a composite redome in order to illustrate its versatility. Results show that probabilistic 
fatigue can be simulated for different temperature amplitudes and for different cyclic stress magnitudes. Results 
also show that laminate configurations can be selected to increase the redome reliability by several orders of 
magnitude without increasing the laminate thickness––a unique feature of structural composites. 
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“Nonlinear dynamic buckling of a composite shell”, 46th AIAA/ASME/ASCE/AHS/ASC Structures, Structural 



Dynamics and Materials Conference, 18-21 April 2005, Austin, Texas 
ABSTRACT: A computationally effective method is described to evaluate the nonlinear dynamic buckling of 
thin composite shells. The method is a judicious combination of available computer codes for finite element, 
composite mechanics and incremental structural analysis. The solution method is an incrementally updated 
Lagrangian. It is illustrated by applying it to a thin composite cylindrical shell subjected to dynamic loads. 
Buckling loads are evaluated to demonstrate the effectiveness of the method. A universal plot is obtained for the 
specific shell that can be used to approximate buckling loads for different dynamic loading rates. Results from 
this plot show that the faster the rate, the higher the buckling load and the shorter the time. Results also show 
that the updated solution can be carried out in the post buckling regime until the shell collapses completely. 
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“Probabilistic dynamic buckling of composite shell structures”, Composites Part A: Applied Science and 
Manufacturing, Vol. 36, No. 10, October 2005, pp. 1368-1380, Special Issue Honouring Jack Vinson on his 
75th Birthday, doi:10.1016/j.compositesa.2004.11.018 
ABSTRACT: A computationally effective method is described to evaluate the probabilistic dynamic buckling 
of thin composite shells. The method is a judicious combination of available computer codes for finite element, 
composite mechanics and probabilistic structural analysis. The solution method is an incrementally updated 
Lagrangian. It is illustrated by applying it to a thin composite cylindrical shell subjected to dynamic loads. Both 
deterministic and probabilistic buckling loads are evaluated to demonstrate the effectiveness of the method. A 
universal plot is obtained for the specific shell that can be used to approximate buckling loads for different 
loading rates and different probability levels. Results from this plot show that the faster the rate, the higher the 
buckling load and the shorter the time. The lower the probability, the lower the buckling load for a specific 
time. Probabilistic sensitivity results show that the ply thickness, the fiber volume ratio, the fiber longitudinal 
modulus, dynamic load and loading rate are the dominant uncertainties in that order. 
 
 
Christos C. Chamis (National Aeronautics and Space Administration Glenn Research Center, Cleveland, OH 
44135, USA), “Polymer Composite Mechanics Review — 1965 to 2006”,  
Journal of Reinforced Plastics and Composites  July 2007, vol. 26,  no. 10, pp. 987-1019, 
doi: 10.1177/0731684407079419 
ABSTRACT: The research and development in composite mechanics are reviewed from 1965 to 2006. The 
review covers micromechanics, macromechanics failure theories, impact resistance, structural analysis, plate 
and panel buckling, shell buckling, progressive fracture, containment, and probabilistic composite simulation. A 
few remarks are included about aerodynamic loads and a new all composite engine concept. Most of the sample 
cases are from the author's own research since this research covers all aspects of composites and since this 
avoids the permissions required by other authors when their results are included. References are cited as 
appropriate so that the reader can further look in any specific area. 
 
 
Xing Chen, LianSheng Ma, YingMei Zheng, Zinxin Li and Dong-Weon Lee, “The influences of transverse 
loads on electrothermal post-buckling microbeams”, Journal of Micromechanics and Microengineering, Vol. 
22, No. 1, December 2011 
ABSTRACT: We report on a nonlinear equation-based closed-form solution for a spring-loading-enclosed 
electrothermal post-buckling microbeam that expresses (a) the relation between the compressive loads and its 
corresponding lateral deflections and (b) the threshold loads required to trigger the buckling phenomenon, under 
the condition of a variety of transverse loads. Our theoretical research reveals that the post-buckling behavior 
varies considerably under different transverse load ranges. Three types of double-clamped microbeams 
connected to microsprings with different dimensions and compliances representing transverse loads were 
fabricated and measured using microelectromechanical systems (MEMS) technology. Excellent agreement was 
found between our theoretical analysis and experimental results to confirm our exact solutions. It proves that the 



influences on thermal post-buckling behavior are dependent on different microbeam dimensions and 
microspring compliances (i.e., transverse loads). Therefore, an electrothermal buckling/post-buckling beam 
under external transverse loads can be accurately predicted using our theoretical model, which can be applied to 
either existing microdevices that are based on similar principles or other potential applications. 
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“Optimization of sandwich structures with respect to local instabilities with MBB-LAGRANGE”, in 
Optimization of large structural systems, Volume II, edited by G. I. N. Rozvany, North Atlantic Treaty 
Organization. Scientific Affairs Division, Series E: Applied Sciences – Vol. 231, Proceedings of the 
NATO/DFG Advanced Study Institute on Optimization of Large Structural Systems, Berchtesgaden, Germany, 
13 September – 4 October 1991, ISBN 0-7923-2129-4 (Vol. II), Kluwer Academic Publishers, 1993 
ABSTRACT: MBB-LAGRANGE is a powerful optimization code which allows the optimization of structures. 
To achieve the optimal design of a structure all special requirements must be fulfilled. That means that 
constraints e.g. stress, strains or displacements have to be in a feasible range whicle the objective function e.g. 
the structural weight reaches a minimum value. The results are strongly dependent on the optimization 
constraints which must be fulfilled. In this context local and global stability constraints may be essential for the 
design process. In the continuing development of MBB-LAGRANGE stability constraints are one of the major 
topics the MBB-LAGRANGE team is busy developing. One topic is the realization of local stability constraints 
of sandwich structures which will be discussed in this paper. The theoretical background and the integration 
into the optimization code MBB-LAGRANGE will be shown. An example of a helicopter sandwich structure 
will demonstrate the influence of this constraint type in the design process while optimal results are found. 
These results satisfy all requirements: local stability, stress and dynamic constraints. 
 
 
S.C. Sharma, H.N. Narasimha Murthy and M. Krishna (Research and Development R V College of Engineering 
Bangalore – 59, India), “Low-Velocity Impact Response of Polyurethane Foam Composite Sandwich 
Structures”, Journal of Reinforced Plastics and Composites, November 2004, vol. 23, no.17, pp. 1869-1882, 
doi: 10.1177/0731684404041141 
ABSTRACT: Low-velocity instrumented impact tests were carried out on sandwich panels made of glass fiber-
reinforced plastic facesheets and polyurethane foam core. The tests were carried out using a drop weight 
instrumented impact tester, connected to a data acquisition system. Four different types of sandwich samples 
using polyester/e-glass and epoxy/e-glass facesheet materials and polyurethane foam were considered for 
investigation. Two different face sheet materials were chosen to experimentally examine the effect of their 
elastic modulus on the impact response of the sandwich structures. The data acquisition system records the 
impact data such as impact force, penetration time and depth of penetration, and plots impact force versus depth 
of penetration and penetration time versus depth of penetration curves. From the recorded data the impact 
parameters such as maximum impact force, penetration time and depth of penetration versus impact energy 
were plotted to study the impact behavior. The results show that higher impact energy is required to break the 
epoxy/e-glass facesheet and backsheet sandwich specimens than other types of specimens examined. The 
impact damage caused to the facesheet, the core and the backsheet were thoroughly studied experimentally and 
the extent of damage caused to the facesheets and the core were also compared by finite element analyses. 
 
 
J.R. Vinson (Spencer Laboratories, University of Delaware, Newark, Delaware, 19716, USA), “Recent 
advances in technology for composite materials in the USA”, Materials & Design, Vol. 7, No. 1, January-
February 1986, pp. 6-13, doi:10.1016/0261-3069(86)90030-0 
ABSTRACT: In the four years since the previous review [Vinson(1)] composite materials and their use in 
structures have grown and matured considerably. In addition to the continuous & short fibre and particulate 



composites, there has been much progress in the areas of sheet moulding compounds, woven fabric & three 
dimensional composites and braided composites employing many of the same fibre materials. New 
thermoplastic polymers show real promise and progress in metal matrix composites has been made. The 
analysis of composite material structures subjected to static, vibratory, impact, environmental and long time 
loading continues to progress. Important effects such as creep, viscoelasticity, damping, postbuckling behaviour 
and delamination are better understood. However, strength and failure criteria remain areas that need much 
further investigation and agreement. There has been a rapid increase in simpler-to-use computer codes that are 
available from the government and universities that ease structural-material analysis and provide more 
comprehensive descriptions of structural behaviour. In education concerning composite materials, new 
textbooks have appeared, more universities and organisations are offering courses, and there is a trend of 
migration of professors to those institutions where composite material research is emphasised. Technology 
transfer and export controls have had an increasing affect upon the composite materials community, particularly 
with regard to metal matrix composites. These manifest themselves in sponsored research, both at universities 
and international meetings. In the aerospace industry, all composite aircraft such as the Sikorsky ACAP 
helicopter have been developed. The Grumman X-29 Forward swept wing aircraft will fly soon. New turbine 
engines using more composite materials are under study, as well as increased use of composites in many aircraft 
and spacecraft vehicles. Composites in the automotive and leisure industries continue on the increase. With 
increased volume of use and better methods of computer assisted design, analysis and manufacturing, 
application of composites will extend to other areas such as mass transport. 
 
 
Vinson, Jack R and Lovejoy, Andrew J, “Minimum weight foam core composite sandwich shells under axial 
compression”, Japan-U.S. Conference on Composite Materials, 6th, Orlando, FL; USA; 22-24 June 1992. pp. 
634-644. 1993 
ABSTRACT: Foam core sandwich cylindrical shells with specially orthotropic composite face materials are 
treated. Methods by which to analyze and design these shells are presented to prevent overstressing, overall 
buckling, core shear instability and face wrinkling. In addition, analytic methods to determine the configuration 
and materials to achieve absolute minimum weight are developed and presented herein. These procedures 
provide the means to select the face thickness, the core depth, and the optimum foam core shear modulus to 
attain minimum weight for a given face material. A factor of merit is developed for selecting the composite face 
material to attain a minimum weight sandwich. The methods clearly define the maximum loads the sandwich 
shell can withstand without buckling or overstressing of the faces. 
 
 
Jack R. Vinson, “On the optimization of composite cylindrical sandwich shells subjected to beam type 
bending”, Analysis and design issues for modern aerospace vehicles - 1997; Proceedings of the Symposia, 1997 
ASME International Mechanical Engineering Congress and Exposition, Dallas, TX; USA; 16-21 Nov. 1997. pp. 
387-399. 1997 
ABSTRACT: Sandwich construction offers several advantages over monocoque and various discretely stiffened 
structures. These include greater load carrying ability, reduced weight, higher buckling loads, and higher 
fundamental natural frequencies. Equations for the analysis and design of sandwich cylindrical shells subjected 
to beam-type bending are presented herein. These equations are then manipulated to provide the face thickness, 
core depth, and core shear modulus to produce a minimum weight structure for a given load index and face 
material system. A factor of merit to select the best face material is also presented. As examples, carbon/epoxy 
and E-glass /epoxy cross-ply composite faced sandwich shells are compared, and comparison with a 
monocoque cross-ply laminated shell is also presented. 
 
Jack R. Vinson, “Advanced Composite Materials for the New World Vistas”, Dept. of Mechanical Engineering, 
Delaware University, Newark, Final Report, 19 December 2001, 
proxy Url : http://handle.dtic.mil/100.2/ADA398644 
ABSTRACT: The study of mechanics of sandwich structures and a development of new and innovative 
structural concepts have been conducted in the course of the effort. In particular, our research was concerned 
with a development of Sanders'-type theory of cylindrical sandwich shells with different facing operating in 



hostile environment. This theory was further extended to elliptical shells. The effects of internal ribs located on 
the inner surface of the facings and the woven facing construction on the response of sandwich structures was 
studied. In particular, rib-reinforced facings were probably first suggested in the course of the present effort. 
These new structural concepts are important since woven facings can reduce the tendency to delamination, 
while rib-reinforced facing results in enhanced local strength and stiffness. Also, the effect of damage in the 
form of matrix cracks in the facings on the response and performance of sandwich panels was investigated. The 
similarity conditions for sandwich shells were formulated, jointly with Drs. Simitses, Song and Frostig. The 
study of a new concept of sandwich structures with truss-reinforced core (Z-fiber reinforced core) was 
undertaken. The latter design may prove attractive in applications where significant shear and off-axis loads are 
applied to the structures. Other subjects that were investigated include the evaluation of the shear correction 
coefficient for sandwich structures analyzed by the first-order theory. The latest effort was a development of an 
analytical model capable of predicting damping of sandwich structures. 
 
 
Eric C. Preissner and Jack R. Vinson (Department of Mechanical Engineering, University of Delaware, 
Newark, DE 19716, USA), “Application of theorem of minimum potential energy to a complex structure Part I: 
two-dimensional analysis”, International Journal of Solids and Structures, Vol. 40, No. 5, March 2003, pp.1089-
1108, doi:10.1016/S0020-7683(02)00654-6 
ABSTRACT: A non-circular shell cross-section with flat sides and circular arc corners is analyzed using the 
theorem of minimum potential energy. Two-dimensional, plane strain assumptions are utilized, and the potential 
energy (PE) expression for the structure is developed, including first-order transverse shear deformation effects. 
The unknown displacements are represented by power series, and the PE expression is rewritten in terms of the 
summation convention for the power series. The variation of the PE expression is taken, leading to a linear 
system of equations that is solved for the unknown power series coefficients. With the displacements 
determined, stresses are calculated for a composite sandwich construction. Excellent agreement is found with 
other analytical methods and with finite element analyses 
 
 
Eric C. Preissner and Jack R. Vinson (Department of Mechanical Engineering, University of Delaware, 
Newark, DE 19716, USA), “Application of theorem of minimum potential energy to a complex structure Part 
II: three-dimensional analysis”, International Journal of Solids and Structures, Vol. 40, No. 5, March 2003, 
pp.1109-1137, doi:10.1016/S0020-7683(02)00655-8 
ABSTRACT: A cylindrical shell with a non-circular cross-section consisting of flat sides and circular arc 
corners is analyzed using the theorem of minimum potential energy. The three-dimensional analysis builds on 
previous two-dimensional work. The potential energy expression for the structure is developed, including first-
order transverse shear deformation effects. All unknown displacements are represented by power series, and the 
potential energy expression is rewritten in terms of the summation convention for the power series. The 
variation of the potential energy expression is taken, leading to a linear system of equations that is solved for the 
unknown power series coefficients. With the displacements determined, stresses are calculated for a composite 
sandwich construction. An examination of both short shells (less than twice the boundary layer length) and long 
shells (more than twice the boundary layer length) is made. The MPE method with power series is found to 
predict behavior well for short shells, but not for long shells. 
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Sandwich Structures and Materials, edited by O. T. Thomsen, E. Bozhevolnaya and A. Lyckegaard, 2005, Part 
1, 3-12, doi: 10.1007/1-4020-3848-8_1 
ABSTRACT: The use of sandwich structures continues to increase rapidly for applications ranging from 
satellites, aircraft, ships, automobiles, rail cars, wind energy systems, and bridge construction to mention only a 
few. The many advantages of sandwich constructions, the development of new materials, and the need for high 
performance, low-weight structures insure that sandwich construction will continue to be in demand. The 
equations describing the behavior of sandwich structures are usually compatible with the equations developed 
for composite material thin-walled structures, simply by employing the appropriate in-plane, flexural, and 



transverse shear stiffness quantities. Only if a very flexible core is used, is a higher order theory needed. 
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(Buckling) of composite plates”, Chapter in Plate and Panel Structures of Isotropic, Composite and 
Piezoelectric Materials, Including Sandwich Construction, Vol. 120 of the series Solid Mechanics and Its 
Applications, Springer, 2005, pp 247-255 
ABSTRACT: (none given) 
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Isaac M. Daniel, “Behavior of graphite/epoxy plates with holes under biaxial loading”, Experimental 
Mechanics, 1980, Volume 20, Number 1, Pages 1-8 
ABSTRACT: An experimental investigation was conducted to study the behavior under biaxial tensile loading 
of quasiisotropic graphite/epoxy plates with circular holes and to determine the influence of hole diameter on 
failure. The specimens were 40 cm◊40 cm (16 in.◊16 in.) laminates of [0/±45/90] s  layup. Four hole diameters, 
2.54 cm (1.00 in.), 1.91 cm (0.75 in.), 1.27 cm (0.50 in.) and 0.64 cm (0.25 in.), were investigated. 
Deformations and strains were measured using strain gages and birefringent coatings. Equal biaxial loading was 
introduced by means fo four whiffle-tree grip linkages and controlled with a servohyraulic system. Initially, the 
circumferential strain is uniform around the boundary of the hole. Subsequently, with increasing load, regions 
of high strain concentration with nonlinear response develop at eight characteristic locations 22.5 deg off the 
fiber axes. Failure in the form of cracking and delamination initiates at these points. Maximum strains at failure 
on the hole boundary reach values up to twice the ultimate strain of the unnotched laminate. The effect of hole 
diameter on strength was described satisfactorily using an average biaxial-stress criterion. Good correlation was 
also obtained with theoretical predictions based on a tensor-polynomial failure criterion for the lamina and a 
progressive degradation model. 
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ABSTRACT: An experimental investigation was conducted to study the behavior under biaxial-tensile loading 
of [O2/±45] s  graphite/epoxy plates with circular holes and to determine the influence of hole diameter on 
failure. The specimens were 40-cm◊40-cm (16-in.◊16-in.) graphite/epoxy plates of [O2/±45] s  layup. Four hole 
diameters, 2.54 cm (1.00 in.), 1.91 cm (0.75 in.), 1.27 cm (0.50 in.) and 0.64 cm (0.25 in.), were investigated. 
Deformations and strains were measured using strain gages and birefringent coatings. Biaxial tension in a 
2ratio1 ratio was applied by means of four whiffle-tree grip linkages and controlled with a servohydraulic 
system. Stress and strain redistributions occur around the hole at a stress level corresponding to localized failure 
around the 67.5-deg location and nonlinear strain response at the 0-deg location. Maximum measured strains at 
failure on the hole boundary are higher (approximately 0.016) than the highest ultimate strain of the unnotched 
laminate (0.010). Two basic patterns of failure were observed: (a) horizontal cracking initiating at points off the 
horizontal axis and accompanied by extensive delamination of the subsurface ±45 deg plies, and (b) vertical 
cracking along vertical tangents to the hole and accompanied by delamination of the outer 0-deg plies. The 
strength reduction ratios are lower than corresponding values for uniaxial loading by approximately 16 percent, 
although the stress-concentration factor under biaxial loading is lower. 
 
 
Isaac M. Daniel, “Impact Response and Damage Tolerance of Composite Sandwich Structures”, in Dynamic 
Failure of Materials and Structures, Pages 191-233, 2010 
ABSTRACT: The deformation and failure response of composite sandwich beams and panels under low 
velocity impact was reviewed and discussed. Sandwich facesheet materials discussed are unidirectional and 
woven carbon/epoxy, and woven glass/vinylester composite laminates; sandwich core materials investigated 
include four types of closed cell PVC foams of various densities, aluminum honeycomb, polyurethane foam, 
foam-filled honeycomb, and balsa wood. These materials were fully characterized under quasi-static loading 
and, in some cases, under high strain loading conditions as well. Sandwich beams were tested in an 
instrumented drop tower system under various energy levels, where load and strain histories and failure modes 
were recorded for the various types of beams. Peak loads predicted by spring-mass and energy balance models 
were in satisfactory agreement with experimental measurements. Failure patterns depend strongly on the impact 



energy levels and core properties. Failure modes observed include core indentation/cracking, facesheet 
buckling, delamination within the facesheet, and debonding between the facesheet and core. Sandwich beams 
with PVC cores tend to be more stable than beams with different cores. Although sandwich beams with balsa 
wood cores perform well under static loading, they fail catastrophically under impact loading due to the low 
fracture toughness along the grain direction. Sandwich beams with honeycomb cores show early catastrophic 
failure caused by the lack of continuity of the interface between the honeycomb core and the facesheet, resulting 
in debonding failure. In the case of sandwich panels, it was shown that static and impact loads of the same 
magnitude produce very similar far-field deformations. The induced damage is localized and is lower for impact 
loading than for an equivalent static loading. Static testing in general is more conservative regarding strain and 
damage levels. The load history, predicted by a model based on the sinusoidal shape of the impact load pulse, 
was in agreement with experimental results. A finite element model was implemented to capture the full 
response of the panel indentation. The investigation of post-impact behavior of sandwich structures shows that, 
although impact damage may not be readily visible, its effects on the residual mechanical properties of the 
structure can be quite detrimental. 
 
 
Umar Farooq and Karl Gregory (Built Environment and Engineering Department, University of Bolton BL3 
5AB, United Kingdom), “Modelling and Simulation of Delamination in Fibrous Composite Panels Under Low 
Velocity Impact from Variable Shape Impactors”, European Journal of Scientific Research, Vol.25, No.4, 2009, 
pp.614-635 
ABSTRACT: This study is concerned with the modelling and simulation of delamination prediction of fibrous 
composite panels under low velocity impact of variable shape impactors. Mathematical formulations were 
developed and explained for the phenomena and simulations were carried out on ply orientations, stacking 
sequences, through-the-thickness, and width location of the delaminated areas. The delamination induced 
strategy was adopted to predict regions of high stress concentration in the vicinity of contact area leading to 
buckling load factor predictions. An eight, sixteen, and twenty four ply of codes [45/0/-45/90]S, [45/0/-
45/90]2S, [45/0/-45/90]3S quasi-isotropic lay-ups, having fabric lamina properties were analyzed using 
ProEngineer/Mechanica a general purpose finite element method (FEM) software. The software was selected as 
it is widely distributed, well documented and user-friendly and has as a shell element facilities to generate stack 
of plies. The delaminated zones are represented by a series of circular area cases with zones for 0, 20, 40, 60, 80 
and 100 mm diameters located from the top to the halfway through the thickness resulting in 4, 8, and 12 ply 
sub-laminates were studied by inducing delamination. Delamination induced models consisting of removing a 
considerable part from the specimen as well of a very thin and weaker material properties ply were tested. 
Results were compared against the normalized form of the buckling load for an undamaged virgin laminate. 
Predicted results were used to calculate and predict buckling load factors for delaminated specimens. Graphics, 
images and tables were drawn to compare the results. These predictions correlated closely with the results from 
available literature. The approach has been found to be reliable for the cases considered. 
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C.S. Smith (Admiralty Research Establishment, Dunfermline, U.K.), “Application of folded plate analysis to 
bending, buckling and vibration of multilayer orthotropic sandwich beams and panels”, Computers & 
Structures, Vol. 22, No. 3, 1986, pp. 491-497, doi:10.1016/0045-7949(86)90055-6 
ABSTRACT: A unified analysis method based on two-dimensional elasticity theory is outlined for evaluation 
of bending, buckling and vibration of multilayer orthotropic sandwich beams and panels. The effects of initial 
geometric imperfections are included. It is shown that beams or panels deforming under conditions of plain 
stress or plane strain may be treated as special instances of folded-plate structures using computer programs 
which are now widely available. Examples are given, including evaluation of stress contours in a sandwich 
panel under patch load and analysis of overall and local (face-wrinkling) buckling modes in sandwich panels 
with stiff and soft cores. 
 
 
K.H. Ha (Centre for Building Studies, Concordia University, 1455 de Maisonneuve Blvd W., Montreal, Quebec 
H3G 1M8, Canada), “Exact analysis of bending and overall buckling of sandwich beam systems”, Computers & 
Structures, Vol. 45, No. 1, September 1992, pp. 31-40, doi:10.1016/0045-7949(92)90342-W 
ABSTRACT: This paper formulates the stiffness matrix and a procedure for exact solutions of the bending and 
overall buckling problem of a general class of sandwich beam and frame structures subjected to arbitrary 
loading and boundary conditions. The solutions for deflections, stresses and buckling load are exact in the sense 
that they satisfy the governing differential equation, interelement compatibility and all boundary conditions. A 
preliminary study of the behaviour of sandwich beams using the developed theory shows that the Saint Venant 
principle may not apply to sandwich beams regarding the effects of applied end moments. Restraint against 
shear deformations will generally reduce the deflections and shear stresses in the core, and increase stresses in 
the facings and the buckling load. Quantitative assessment of these and other factors can be easily carried out 
with the present theory. 
 
 



Jong Hoon Kim and Yong Hyup Kim (Department of Aerospace Engineering, College of Engineering, Seoul 
National University, Shinrim-Dong, Kwanak-Ku, Seoul 151-742, Republic of Korea), “A predictor–corrector 
method for structural nonlinear analysis”, Computer Methods in Applied Mechanics and Engineering, Vol. 191, 
Nos. 8-10, December 2001, pp. 959-974, doi:10.1016/S0045-7825(01)00296-1 
ABSTRACT: A predictor–corrector method is presented for the efficient and reliable analysis of structural 
nonlinear behaviors. The key idea lies on modifying the starting point of iterations of the Newton iterative 
method. The conventional Newton method starts iterations at the previously converged solution point. However, 
in the present predictor–corrector method, a point close to the converged solution of the current step is predicted 
first, and then the Newton method starts iterative procedure at the predicted point. The predictor, the neural 
network in the present study, recognizes the pattern of the previously converged solutions to predict the starting 
point of the current step. Then the corrector, the standard Newton method in the present study, is used to obtain 
the converged solution by iterative computation starting at the predicted point. Numerical tests are conducted to 
demonstrate the effectiveness and reliability of the present predictor–corrector method. The performance of the 
present method is compared with the conventional Newton method and Riks' continuation method. The present 
predictor–corrector method saves computational cost significantly and yields stable results without diverging, 
for the nonlinear analysis with monotonous deformation path as well as complicated deformation path including 
buckling and post-buckling behaviors. 
 
 
Byung Chul Park, Jin Woo Park and Yong Hyup Kim (School of Mechanical and Aerospace Engineering, 
Institute of Advanced Aerospace Technology, Seoul National University, San 56-1, Shilim-dong, Kwanak-gu, 
Seoul 151-742, South Korea), “Stress recovery in laminated composite and sandwich panels undergoing finite 
rotation”, Composite Structures, Vol. 59, No. 2, February 2003, pp. 227-235, 
doi:10.1016/S0263-8223(02)00125-3 
ABSTRACT: Laminated composite and sandwich panels are susceptible to mechanical damages in the 
transverse direction due to their relatively low strength in the transverse direction. For such damages to occur, 
laminated composite and sandwich panels usually experience geometrically nonlinear deformations. Therefore, 
analysis taking large deformations into account is required for predicting mechanical damages such as 
delamination. In the present study, a nonlinear predictor–corrector procedure is adopted for the accurate 
recovery of stresses in laminated composite and sandwich panels undergoing geometrically nonlinear 
deformations. It is a post-processing procedure based on the three-dimensional stress equilibrium equations, 
combined with an 18 node assumed strain solid finite element model based on the Hellinger–Reissner principle 
tailored for large rotation analysis of laminated composite and sandwich panels. The effectiveness of the 
proposed approach is demonstrated by means of numerical examples of laminated composite and sandwich 
panels subjected to mechanical loading and uniform temperature gradient in the thickness direction. 
 
 
Ulrich Hansen (Materials Department, Riso National Laboratory, DK-4000 Roskilde, Denmark), “Compression 
Behavior of FRP Sandwich Specimens with Interface Debonds”, Journal of Composite Materials, February 
1998, vol. 32, no. 4, pp. 335-360, doi: 10.1177/002199839803200402 
ABSTRACT: Local regions of bond failure between face sheet and core are often observed when sandwich 
structures are exposed to low energy impacts. Similarly, impact loads frequently result in delaminations within 
the face sheets. In the absence of any delaminations in the sandwich structure the buckling strain of the 
debonded region is in this work shown to be the key parameter in assessing the structural integrity of a 
sandwich component in compression. The objective of this study was to predict the buckling of the debonded 
region and to investigate the parameters controlling this instability. A large number of analyses of the 
delamination buckling problem, which in many ways may appear similar to the debond problem, have been 
carried out in the past. However, the debond-buckling problem has not been addressed before and as shown in 
this work there are significant differences. The Finite Element method was found able to predict all the 
experimentally observed phenomena accurately. These calculations were expensive, and a simple one-
dimensional closed form solution is proposed for qualitative parametric investigations. Effects of material 
properties and initial imperfections were examined. Analyses of the buckling of a delamination suggest that the 
effect of the core can be ignored. In contrast, the results presented in this paper show that the core cannot be 



ignored in the case of buckling of a debond nor can it be simulated in terms of simple boundary conditions. 
 
 
J. Tomblin, T. Lacy, B. Smith, S. Hooper and A. Vizzini (Whichita State University, Kansas, USA), “Review of 
Damage Tolerance for Composite Sandwich Airframe Structures”, Final Report, DOT/FAA/AR-99/49, August 
1999, Accession Number ADA367976, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA367976 
ABSTRACT: The use of composite sandwich construction is rapidly increasing in current and future airframe 
designs especially for general aviation aircraft and rotorcraft. Typically, sandwich constructions for these 
applications use thin-gage composite facesheets (0.020" to 0.045") which are cocured to honeycomb and foam 
cores. Due to the nature of these structures, damage tolerance is more complex than conventional laminated 
structures. Besides typical damage concerns such as through penetration and delamination, additional modes 
including core crushing and facesheet debonding must also be addressed. This complicates the certification 
process by introducing undefined Allowable Damage Limits (ADL) and Critical Damage Thresholds (CDT) as 
related to the ultimate and limit load carrying capability of the structure. This document provides a background 
review of previous damage tolerance investigations including an overview of traditional metallic damage 
tolerance methodologies. illustrative summaries are presented which show the scope of previous investigation 
parameters such as impact energy, facesheet thickness, and core thickness of typical sandwich constructions. 
Also included is a compilation of damage tolerance certification procedures and regulations taken from FAR 
Part 23-29 for composite damage tolerance as well as recommendations from associated Advisory Circulars. 
Past and current airframe industry sandwich constructions which show the scope of current and future sandwich 
designs were also surveyed. In conclusion, a proposed future research approach and its methodology are 
presented which should aid in establishing certification guidelines and confidence involving the damage 
tolerance of sandwich constructions as they apply to general aviation aircraft and rotorcraft. 
 
 
R.C. Moody and Anthony J. Vizzini (University of Maryland, College Park, MD, USA), “Damage Tolerance of 
Composite Sandwich Structures”, Final Report, DOT/FAA/AR-99/91, January, 2000, Accession Number: 
ADA374568,  
Handle / proxy Url : http://handle.dtic.mil/100.2/ADA374568 
ABSTRACT: The use of sandwich structures with composite facesheets in commercial aviation is increasing. 
Such structures provide redundant load paths and high specific bending stiffness. Because of their structural 
efficiency, light-weight designs result in thin facesheets that are susceptible to impact damage. This study 
concentrated on the modeling aspects of damage tolerance of thin-gage composite sandwich structures. As such, 
it is a companion work to the FAA report "Review of Damage Tolerance for Composite Sandwich Airframe 
Structures," DOT/FAA/AR-99/49, August 1999, which contains a literature review and describes current 
technical challenges. Current analytical attempts to assess the damage tolerance of composite sandwich 
structures first characterize the damage state. Based on the type and extent of damage, models are constructed to 
determine the stress and strain distributions. A failure criterion is then implemented with the calculated stress 
and strain state. Often components of the damage are neglected to simplify the model of the sandwich structure. 
Two models to be developed are proposed. The first is a model to determine the extent of load transfer around a 
damaged area. Localized stiffness reductions will result in a shift in the neutral axis as well as load transfer in 
the damaged facesheet and to the undamaged facesheet. The amount of load transfer coupled with detailed 
models of facesheet stability and strength will provide a methodology to determine damage tolerance. The 
second model is of the specific damage resulting from low-speed impacts. This model will provide a 
methodology to predict the growth of such damage. 
 
 
L. Léotoing, S. Drapier and A. Vautrin (Mechanical and Materials Engineering Department, SMS Division, 
École, Nationale Supérieure des Mines de Saint-Étienne, 158 Cours Fauriel, 42023 Saint-Étienne Cedex 02, 
France), “Nonlinear interaction of geometrical and material properties in sandwich beam instabilities”, 
International Journal of Solids and Structures, Vol. 39, Nos. 13-14, June-July 2002, pp. 3717-3739, 
doi:10.1016/S0020-7683(02)00181-6 
ABSTRACT: The first part of this paper is dedicated to the analytical and numerical characterization of local 



and global sandwich beam instabilities in a perfect linear framework. Analytical loads are extracted from an 
original unified model and used to understand in depth, through a parametric study, the role played by each 
geometrical and material parameter in the development of global as well as local instabilities. Also, the effects 
of the combinations of these characteristics is used to draw precious design indications. A low CPU time-
consuming simplified model is then built and assessed. Critical loads and wavelengths computed from this 
model are shown to correlate very well with analytical predictions. It is established that this first approach is 
essential in order to lead to more detailed investigations in a numerical nonlinear framework which is the aim of 
the second part. The first geometrical nonlinear investigations in which linear elastic materials are considered 
permit to isolate sandwich configurations developing superor sub-critical post-buckling behaviours. As a 
general trend, unstable behaviours are rather related to the occurrence of geometrical localizations along the 
beam. This is illustrated by the drastic effects of the so-called interactive buckling onto the whole stiffness of 
the sandwich beam. Moreover, it is shown that sandwiches are very sensitive towards imperfection sizes and 
forms. Eventually, an elastoplastic constitutive law is introduced for the core. It is demonstrated that plastic 
flow and strain localization in the core, combined with the occurrence of instabilities, are associated with a 
drastic drop in the global beam stiffness and with a strong decrease of the maximum limit load for some cases. 
The phenomenon of shear crimping is also observed which can be assimilated to a post-bifurcated development 
of the global buckling mode. 
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(1) Department of Civil Engineering, Indian Institute of Technology Roorkee, Roorkee: 247667, India. 
(2) School of Civil, Environment and Mining Engineering, University of Adelaide North Terrace, Adelaide, SA 
5005, Australia 
“Buckling analysis of laminated sandwich beam with soft core”, Latin American Journal of Solids and 
Structures 9(2012) 367 – 381 
ABSTRACT: Stability analysis of laminated soft core sandwich beam has been studied by a C0 FE model 
developed by the authors based on higher order zigzag theory (HOZT). The in-plane displacement variation is 
considered to be cubic for the face sheets and the core, while transverse displacement is quadratic within the 
core and constant in the faces beyond the core. The proposed model satisfies the condition of stress continuity at 
the layer interfaces and the zero stress condition at the top and bottom of the beam for transverse shear. 
Numerical examples are presented to illustrate the accuracy of the present model. 
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Ajay Kumar, Anupam Chakrabarti and Mrunal Ketkar (Dept. of Civil Engineering, Indian Institute of 
Technology, Roorkee, India), “Analysis of laminated composite skew shells using higher order shear 
deformation theory”, Latin American Journal of Solids and Structures, Vol. 10, No. 5, Rio de Janeiro, 
September 2013 
ABSTRACT: Static analysis of skew composite shells is presented by developing a C0 finite element (FE) 
model based on higher order shear deformation theory (HSDT). In this theory the transverse shear stresses are 
taken as zero at the shell top and bottom. A realistic parabolic variation of transverse shear strains through the 
shell thickness is assumed and the use of shear correction factor is avoided. Sander's approximations are 
considered to include the effect of three curvature terms in the strain components of composite shells. The C0 

finite element formulation has been done quite efficiently to overcome the problem of C1 continuity associated 
with the HSDT. The isoparametric FE used in the present model consists of nine nodes with seven nodal 
unknowns per node. Since there is no result available in the literature on the problem of skew composite shell 
based on HSDT, present results are validated with few results available on composite plates/shells. Many new 
results are presented on the static response of laminated composite skew shells considering different geometry, 
boundary conditions, ply orientation, loadings and skew angles. Shell forms considered in this study include 
spherical, conical, cylindrical and hypar shells. 
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“Buckling of sandwich composites; Effects of core-skin debonding and core density”, Applied Composite 
Materials, Vol. 12, No. 2, March 2005 
ABSTRACT: Foam–core sandwich composites have been fabricated using innovative co-injection resin 
infusion technique and tested under in-plane compression. The sandwich construction consisted of Klegcell 
foam as core materials and S2-glass/vinyl ester composites as face sheets. Tests were conducted with various 
foam densities and also with implanted delamination between the core and the face sheet. The intent was to 



investigate the effect of core density, and the effect of core–skin debonds on the overall buckling behavior of 
the sandwich. Analytical and finite element calculations were also performed to augment the experimental 
observations. It has been observed that core density has direct influence on the global buckling of the sandwich 
panel, while embedded delamination seem to have minimal effect on both global as well as local buckling. 
Detailed description of the experimental work, finite element modeling and analytical calculations are presented 
in this paper. 
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Alexander Tessler, David W. Sleight, & John T. Wang, “Nonlinear shell modeling of thin membranes with 
emphasis on structural wrinkling”, 44th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and 
Materials Conference and Exhibit. Norfolk, VA: AIAA-2003-1931, 2003 
ABSTRACT: Thin solar sail membranes of very large span are being envisioned for near-term space missions. 
One major design issue that is inherent to these very flexible structures is the formation of wrinkling patterns. 
Structural wrinkles may deteriorate a solar sail's performance and, in certain cases, structural integrity. In this 
paper, a geometrically nonlinear, updated Lagrangian shell formulation is employed using the ABAQUS finite 
element code to simulate the formation of wrinkled deformations in thin-film membranes. The restrictive 
assumptions of true membranes, i.e. Tension Field theory (TF), are not invoked. Two effective modeling 
strategies are introduced to facilitate convergent solutions of wrinkled equilibrium states. Several numerical 
studies are carried out, and the results are compared with recent experimental data. Good agreement is observed 



between the numerical simulations and experimental data. 
 
A. Tessler, David W. Sleight and John T. Wang (NASA Langley Research Center, Hampton, VA 23681-2199), 
“Effective modeling strategies for nonlinear shell analysis of thin membranes exhibiting structural wrinkling”, 
Journal of Spacecraft and Rockets, Vol. 42, No. 2, March-April 2005, https://doi.org/10.2514/1.3915 
ABSTRACT: Thin solar sail membranes of very large span are being envisioned for near-term space missions. 
One major design issue that is inherent to these very flexible structures is the formation of wrinkling patterns. 
Structural wrinkles may deteriorate a solar sail's performance and, in certain cases, structural integrity. A 
geometrically nonlinear, updated Lagrangian shell formulation is employed using the ABAQUS finite element 
code to simulate the formation of wrinkled deformations in thin-film membranes. The restrictive assumptions of 
true membranes as defined by tension field theory are not invoked. Two effective modeling strategies are 
introduced to facilitate convergent solutions of wrinkled equilibrium states. They include 1) the application of 
small, pseudorandom, out-of-plane geometric imperfections that ensure initiation of the requisite membrane-to-
bending coupling in a geometrically nonlinear analysis and 2) the truncation of corner regions, where 
concentrated loads are prescribed, to improve load transfer, mesh quality, and kinematics and to reduce severe 
concentration of membrane stresses. The corner truncation necessitates replacing the concentrated force with a 
statically equivalent distributed traction. Several numerical studies are carried out, and the results are compared 
with recent experimental data. Good agreement is observed between the numerical simulations and 
experimental data. 
 
Alexander Tessler, David W. Sleight and (possibly) John T. Wang, “Geometrically nonlinear shell analysis of 
wrinkled thin-film membranes with stress concentrations, NASA Technical Reports Server (NTRS), 2013 
ABSTRACT: Geometrically nonlinear shell finite element analysis has recently been applied to solar-sail 
membrane problems in order to model the out-of-plane deformations due to structural wrinkling. Whereas 
certain problems lend themselves to achieving converged nonlinear solutions that compare favorably with 
experimental observations, solutions to tensioned membranes exhibiting high stress concentrations have been 
difficult to obtain even with the best nonlinear finite element codes and advanced shell element technology. In 
this paper, two numerical studies are presented that pave the way to improving the modeling of this class of 
nonlinear problems. The studies address the issues of mesh refinement and stress-concentration alleviation, and 
the effects of these modeling strategies on the ability to attain converged nonlinear deformations due to 
wrinkling. The numerical studies demonstrate that excessive mesh refinement in the regions of stress 
concentration may be disadvantageous to achieving wrinkled equilibrium states, causing the nonlinear solution 
to lock in the membrane response mode, while totally discarding the very low-energy bending response that is 
necessary to cause wrinkling deformation patterns. 
 
L. Iurlaro (1), M. Gherlone (1), M. Di Sciuva (1) and A. Tessler (2) 
(1) Department of Mechanical and Aerospace Engineering, Politecnico di Torino, Corso Duca degli Abruzazi 
24, Torino, Italy 
(2) Structural Mechanics and Concepts Branch NASA Langley Research Center, Mail Stop 190, Hampton, VA 
23681-2199, USA 
“A multi-scale refined zigzag theory for multilayered composite and sandwich plates with improved transverse 
shear stresses”, V International Conference on Computational Methods for Coupled Problems in Science and 
Engineering (COUPLED PROBLEMS 2013), S. Idelsohn, M. Papadrakakis and B. chrefler (Editors) 
ABSTRACT: The Refined Zigzag Theory (RZT) enables accurate predictions of the in-plane displacements, 
strains, and stresses. The transverse shear stresses obtained from constitutive equations are layer-wise constant. 
Although these transverse shear stresses are generally accurate in the average, layer-wise sense, they are 
nevertheless discontinuous at layer interfaces, and thus they violate the requisite interlaminar continuity of 
transverse stresses. Recently, Tessler applied Reissner’s mixed variational theorem and RZT kinematic 
assumptions to derive an accurate and efficient shear-deformation theory for homogeneous, laminated 
composite, and sandwich beams, called RZT(m), where “m” stands for “mixed”. Herein, the RZT(m) for beams 
is extended to plate analysis, where two alternative assumptions for the transverse shear stresses field are 
examined: the first follows Tessler’s formulation, whereas the second is based on Murakami’s polynomial 
approach. Results for elasto-static simply supported and cantilever plates demonstrate that Tessler’s formulation 



results in a powerful and efficient structural theory that is well-suited for the analysis of multilayered composite 
and sandwich panels.  
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Tessler, A, Gherlone, M., Versino D. and Di Sciuva, M., “Analytic and computational perspectives of multi-
scale theory for homogeneous, laminated composite and sandwich beams and plates”, NASA Technical Report, 
NASA/TP-2012-217573;  L-20141; NF1676L-14627, 2012 (See also possibly AIAA/SDM Conference, 2012) 
ABSTRACT: This paper reviews the theoretical foundation and computational mechanics aspects of the 
recently developed shear-deformation theory, called the Refined Zigzag Theory (RZT). The theory is based on a 
multi-scale formalism in which an equivalent single-layer plate theory is refined with a robust set of zigzag 
local layer displacements that are free of the usual deficiencies found in common plate theories with zigzag 
kinematics. In the RZT, first-order shear-deformation plate theory is used as the equivalent single-layer plate 
theory, which represents the overall response characteristics. Local piecewise-linear zigzag displacements are 
used to provide corrections to these overall response characteristics that are associated with the plate 
heterogeneity and the relative stiffnesses of the layers. The theory does not rely on shear correction factors and 
is equally accurate for homogeneous, laminated composite, and sandwich beams and plates. Regardless of the 
number of material layers, the theory maintains only seven kinematic unknowns that describe the membrane, 
bending, and transverse shear plate-deformation modes. Derived from the virtual work principle, RZT is well-
suited for developing computationally efficient, C0-continuous finite elements; formulations of several RZT-
based elements are highlighted. The theory and its finite elements provide a unified and reliable computational 
platform for the analysis and design of high-performance load-bearing aerospace structures. 
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“Multi-scale modelling of heterogeneous shell structures”, Computer Assisted Mechanics and Engineering 
Sciences, 18: 53–71, 2011.� 
ABSTRACT: This paper reviews multi-scale computational homogenisation frameworks for the non-linear 
behaviour of heterogeneous thin planar shells. Based on a review of some of the currently available methods, a 
computational homogenisation scheme for shells is applied on to representative volume elements for plain 
weave composites. The effect of flexural loading on the potential failure modes of such materials is analysed, 
focusing on the reinforcement-matrix delamination mechanism. The attention is next shifted toward failure 
localisation in masonry unit cells. Subsequently, a recently developed computational FE solution scheme 



accounting for damage localisation at structural scales based on RVE computations is applied.  
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“The response of honeycomb sandwich panels under low-velocity impact loading”, International Journal of 
Mechanical Sciences, Vol. 47, No. 9, September 2005, pp. 1301-1325, doi:10.1016/j.ijmecsci.2005.05.006 
ABSTRACT: This paper describes the results of an experimental investigation and a numerical simulation on 
the impact damage on a range of sandwich panels. The test panels are representative of the composite sandwich 
structure of the engine nacelle Fan Cowl Doors of a large commercial aircraft. The low-velocity impact 
response of the composites sandwich panels is studied at five energy levels, ranging from 5 to 20 J, with the 
intention of investigating damage initiation, damage propagation, and failure mechanisms. These impact energy 
levels are typically causing barely visible impact damage (BVID) in the impacted composite facesheet. A 
numerical simulation was performed using LS-DYNA3D transient dynamic finite element analysis code for 
calculating contact forces during impact along with a failure analysis for predicting the threshold of impact 
damage and initiation of delaminations. Good agreement was obtained between numerical and experimental 
results. In particular, the numerical simulation was able to predict the extent of impact damage and impact 
energy absorbed by the structure. The results of this study is proving that a correct numerical model can yield 
significant information for the designer to understand the mechanism involved in the low-velocity impact event, 
prior to conducting tests, and therefore to design a more efficient impact-resistant aircraft structure. 
 
 
Shokrieh, M.M. and Askari, A. (Composites Research Laboratory, Center of Excellence in Experimental Solid 
Mechanics and Dynamics, School of Mechanical Engineering, Iran Univ. of Science and Technology, Narmak, 
Tehran, Iran), “Similitude Study of Impacted Composite Laminates under Buckling Loading.” ASCE J. Eng. 
Mech., 139(10), 1334–1340, 2013 
ABSTRACT: In this study, critical buckling load of an impacted composite laminate is predicted, using the 
structural similitude method. Because of impact loading, damaged regions have formed in the laminate. To 
establish similarity conditions between impacted laminates for buckling loading, the idea of sequential 



similitude method is introduced. According to the sequential similitude method, similarity conditions can be 
established for a structure subjected to different loading situations, provided that each loading event is simulated 
independently. On the basis of this method, to develop similarity conditions for buckling loading of impacted 
composite laminates, similarity conditions are developed first for impact loading and then for buckling loading 
separately. Afterward, the obtained conditions are implemented in the commercial finite-element software, 
ABAQUS, to obtain the critical buckling load. Results show that sequential similitude method can be used as a 
simple and accurate method for prediction of buckling load of impacted laminates. 
 
 
Y. Frostig (Faculty of Civil Engineering, Technion, Israel Institute of Technology, Haifa, Israel), “Behavior of 
delaminated sandwich beam with transversely flexible core — high order theory”, Composite Structures, 
Vol.20, No. 1, 1992, pp. 1-16, doi:10.1016/0263-8223(92)90007-Y 
ABSTRACT: The bending behavior of a general sandwich beam, delaminated (debonded) at one of the skin-
core interfaces, with transversely flexible core, based on variational principles is analytically investigated. The 
beam construction consists of upper and lower, metallic or composite laminated symmetric skins, and a soft 
core of a foam or low-strength honeycomb type. The delamination considered is a crack (debond) in which the 
crack faces may be in contact vertically, but can slip horizontally with respect to one another. The elastic 
analysis consists of a two-dimensional formulation for the core, in longitudinal and transverse directions, 
combined with a beam theory formulation for the skins. The effects of the vertical flexibility of the core, in the 
undelaminated and the delaminated regions, with and without contact, on the behavior are considered. The use 
of a high-order theory yields a non-linear displacement field in the core, in the undelaminated region, and 
determines the shear and the peeling (normal) stresses at the skin-core interfaces in the delaminated and the 
fully bonded regions, as well as at the crack tips. Any type of loading, distributed, localized or concentrated, 
located either at the upper or the lower skin, or at both, as well as any type of boundary and continuity 
conditions differing from one skin to the other and to the core at the same section, are allowed. The effect of the 
delamination length and location on the overall behavior and on the peeling stresses at the skin-core interfaces, 
are studied. 
 
 
Perttu Jolma, Sebastian Segercrantz and Christian Berggreen, “Residual Strength of Debonded Sandwich Panels 
Loaded with Lateral Pressure, Experimental Investigation and Fracture Mechanical Modeling”, Sandwich 
Structures 7: Advancing with Sandwich Structures and Materials, 2005, Part 4, pp. 403-412,  
doi: 10.1007/1-4020-3848-8_40 
ABSTRACT: For the determination of debonded sandwich panel residual strength with lateral loading a 
parametric finite element model is developed. The parametric model allows an arbitrary positioning of the 
debond within the panel and consists of both solid and shell elements. A fracture mechanical approach using the 
crack flank displacements obtained from the FEA solution combined with measured mixed-mode fracture 
toughness values are used to determine the ultimate failure load. Experiments were conducted to compare 
against the analysis results. The comparison of numerical and experimentally achieved results showed that the 
used modeling approach predicts the failure load and failure mode well. 
 
 
Manickam Narayanan (Dept. of Aerospace Engineering, Mechanics and Engineering Science, University of 
Florida, Gainesville, Florida, USA ), “Finite element analysis of debonded sandwich beam under compression”, 
M.S. thesis, December 1999 
ABSTRACT: This thesis highlights research aimed at predicting the compressive failure of sandwich beams 
with interfacial delaminations. A nonlinear finite element analysis was performed to simulate axial compression 
of the debonded sandwich beams. The load-deflection diagrams were generated for a variety of specimens used 
in a previous experimental study. The energy release rate at the crack tip was computed using the J-integral, and 
plotted as a function of the displacement and load. A detailed stress analysis was performed and the critical 
stresses in the face sheet and the core were computed. Further, the core was modeled as a elastic, perfectly 
plastic material and a nonlinear post-buckling analysis was performed. For this model, load-deflection curves, 
energy release rate plots and von Mises stress plots were generated. By comparing the experimental failure load 



and the finite element analysis results, the conclusions were reached and the scope of future research in this 
project was defined.  
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Science, University of Florida, Gainesville, Florida, USA), “Finite element analysis of debonded sandwich 
beams under axial compression”, Journal of Sandwich Structures and Materials, Vol. 3, No. 3, pp 197-219, July 
2001 
ABSTRACT: A nonlinear finite element analysis was performed to simulate axial compression of sandwich 
beams with debonded face sheets. The load-end-shortening diagrams were generated for a variety of specimens 
used in a previous experimental study. The energy release rate at the crack tip was computed using the J-
integral, and plotted as a function of the load. A detailed stress analysis was performed and the critical stresses 
in the face sheet and the core were computed. The core was also modeled as an isotropic elastic-perfectly plastic 
material and a nonlinear post buckling analysis was performed. A Graeco-Latin factorial plan was used to study 
the effects of debond length, face sheet and core thicknesses, and core density on the load-carrying capacity of 
the sandwich composite. It has been found that a linear buckling analysis is inadequate in determining the 
maximum load a debonded sandwich beam can carry. A nonlinear post-buckling analysis combined with an 
elasto-plastic model of the core is required to predict the compression behavior of debonded sandwich beams. 
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ABSTRACT:  
Based upon the interfacial spring-layer model, a state-space approach for the energy release rate analysis of 
stiffened laminates with a planar delamination was presented. The main advantages of the present method are 
that the same mesh is used for each layer, and only the so-called state variables at the top and bottom surfaces of 
structure in the final control equation of structures are involved. On the other hand, the oscillatory singular 
stresses around the delamination front are avoided as a result. Instead, stress resultant jumps are found in the 
sublaminate across the delamination front. Morover, the technique accounts for the compatibility of 
displacements and stresses between layers and the transverse shear deformation in the control equation of 
structure. To avoid the possibility of material penetration phenomenon of the delaminated region, the unilateral 
frictionless contact interface is adopted in the interfacial spring layer between sublaminates. With the aid of the 
virtual crack closure technique, the accuracy of the method was assessed by comparing the results with existing 
examples. The effects of stiffeners were analyzed by the present method. 
 
 
Song-Jeng Huang (Department of Mechanical Engineering, National Chung Cheng University, 160 San-Hsing, 
Ming-Hsiung Chia-Yi, 621, Taiwan, ROC), “An analytical method for calculating the stress and strain in 
adhesive layers in sandwich beams”, Composite Structures, Vol. 60, No. 1, April 2003, pp. 105-114, 
doi:10.1016/S0263-8223(02)00288-X 
ABSTRACT: Various studies on stress–strain modeling of adhesively bonded sandwich beams are briefly 
described in this paper. An analytical model of sandwich beams taking into account contribution of adhesive 
layers towards the overall beam stiffness is then proposed. In this model the displacements of each of the five 
constituent layers of a sandwich beam are computed considering the overall continuity conditions of the 
sandwich beam. The Euler–Ostrogradskii equations are used to derive the equations of equilibrium, which 
contain four differential equations with 12 orders. For validation purpose, a case study of a simply supported 
three-point bending sandwich beam subjected to a load at the mid-span of the beam is carried out using the 
proposed analytical method, finite element method and a theory proposed by Allen [Analysis and Design of 
Structural Sandwich Panels, Oxford, UK, 1969]. From the comparison of results obtained from the three 
methods, there are reasons to suggest improvements in reliability and accuracy of the proposed analytical 
method, which takes the effect of the adhesive layers into account, over Allen’s theory. The proposed method 
has clearly shown that the contribution of the adhesive layers to the overall strength of a given sandwich beam 
cannot be neglected. 
 
 
Vladimir S. Sokolinsky, Hongbin Shen, Lev Vaikhanski and Steven R. Nutt (Merwyn C. Gill Foundation 
Center for Composite Materials, University of Southern California, VHE602-MC0241, Los Angeles, CA 
90089-0241, USA), “Experimental and analytical study of nonlinear bending response of sandwich beams”, 
Composite Structures, Vol. 60, No. 2, May 2003, pp. 219-229, doi:10.1016/S0263-8223(02)00293-3 
ABSTRACT: The practical value of the geometrically nonlinear higher-order theory is demonstrated using 
four-point bend tests carried out on sandwich beam specimens comprised of aluminum face sheets and a PVC 
foam core. The experimental results were compared with the predictions of classical sandwich theory, and with 
linear and geometrically nonlinear higher-order sandwich panel theory. The analytical predictions based on the 
higher-order theory are in excellent agreement with the experimental results. Response parameters show 
fundamentally distinct behavior with increasing external load, both in the particular section and along the span. 
Considering the longitudinal displacements, there is a significant geometrically nonlinear stage of the response 
that precedes the appearance of the material nonlinearity. The peeling stresses also exhibit significant 
geometrical nonlinearity in the vicinity of the internal supports. The linear higher-order theory can be used 
efficiently to estimate the vertical displacements of the soft-core sandwich beams up to high load levels with a 
great accuracy. Premature failure of sandwich beam specimens with weak adhesive layers is caused by high 
peeling stresses in the upper interface layer at the ends of the specimen, and the loading capacity decreases by 
more than 40%. 
 
 
A. Petras and M. P. F. Sutcliffe (Cambridge University, Engineering Department, Trumpington Street, 



Cambridge CB2 1PZ, UK), “Failure mode maps for honeycomb sandwich panels”, Composite Structures, 
Vol.44, No. 4, April 1999, pp. 237-252, doi:10.1016/S0263-8223(98)00123-8 
ABSTRACT: Failure modes for sandwich beams of GFRP laminate skins and Nomex honeycomb core are 
investigated. Theoretical models using honeycomb mechanics and classical beam theory are described. A 
failure mode map for loading under 3-point bending is constructed, showing the dependence of failure mode 
and load on the ratio of skin thickness to span length and honeycomb relative density. Beam specimens are 
tested in 3-point bending. The experimental data agree satisfactorily with the theoretical predictions. The effect 
of honeycomb direction is also examined. The concept of a failure mode map is extended to give a useful design 
tool for sandwich panels manufacturers and their customers. 
 
 
F. Ernesto Penado (Department of Mechanical Engineering, Northern Arizona University, Flagstaff, USA), 
“Effective elastic properties of honeycomb core with fiber-reinforced composite cells”, Open Journal of 
Composite Materials, Vol. 3, pp 89-96, 2013 
ABSTRACT: Sandwich construction incorporating a honeycomb cellular core offers the attainment of 
structures that are very stiff and strong in bending while the weight is kept at a minimum. Generally, an 
aluminum or Nomex honeycomb core is used in applications requiring sandwich construction with fiber-
reinforced composite facesheets. However, the use of a fiber-reinforced composite core offers the potential for 
even lower weight, increased stiffness and strength, low thermal distortion compatible with that of the 
facesheets, the absence of galvanic corrosion and the ability to readily modify the core properties to suit 
specialized needs. Furthermore, the material of the core itself will exhibit anisotropic material properties in this 
case. In order to design, analyze and optimize these structures, knowledge of the effective mechanical  
properties of the core is essential. In this paper, the effective three-dimensional mechanical properties of a 
composite hexagonal cell core are determined using a numerical method based on a finite element analysis of a 
representative unit cell. In particular, the geometry of the simplest repeating unit of the core as well as the 
appropriate loading and boundary conditions that must be applied is presented 
 
 
T.C. Triantafillou and L.J. Gibson (Department of Civil Engineering, Massachusetts Institute of Technology, 77 
Massachusetts Avenue, Cambridge, MA 02139, U.S.A.), “Failure mode maps for foam core sandwich beams”, 
Materials Science and Engineering, Vol. 95, November 1987, pp. 37-53, doi:10.1016/0025-5416(87)90496-4 
ABSTRACT: Sandwich panels can fail in several ways. The faces and core can yield plastically or fracture 
depending on the nature of the materials from which they are made; the compressive face can buckle locally or 
“wrinkle”, and the bond between the faces and core can fracture, causing delamination. The critical failure 
mode, which occurs at the lowest load, depends in part on the properties of the face and core materials and, in 
part, on the design of the beam. Here, we develop equations describing the load at which failure occurs for each 
possible failure mode for a sandwich beam with face and core materials that yield plastically. We then develop 
a failure mode map, with axes of core relative density and the ratio of face thickness to span length, which, for a 
given loading configuration and set of face and unfoamed solid core materials, shows the dominant failure 
mode for every possible beam design. Tests on sandwich beams with aluminum faces and rigid polyurethane 
foam cores show that the equations and map describe failure well. The map can then be used to design the 
minimum-weight sandwich beam for a given strength. Similar failure mode maps can be developed for 
sandwich beams made from face and core materials that fracture and for sandwich plates. 
 
 
T.C. Triantafillou and L.J. Gibson (Department of Civil Engineering, Massachusetts Institute of Technology, 77 
Massachusetts Avenue, Cambridge, MA 02139, U.S.A.), “Minimum weight design of foam core sandwich 
panels for a given strength”, Materials Science and Engineering, Vol. 95, November 1987, pp. 55-62, 
doi:10.1016/0025-5416(87)90497-6 
ABSTRACT: In a sandwich beam made of materials that yield plastically, the main modes of failure are 
yielding and wrinkling of the face and yielding of the core in shear. The minimum weight design of beam is 
such that the face and core fail simultaneously; otherwise, one component is overdesigned. In this paper, we 
find the minimum weight design of a foam core sandwich beam or plate of a given strength by constraining the 



face and core to fail simultaneously using the failure equations developed in the companion paper. We also 
make use of property-density relationships for foam cores to include the density of the core as one of the beam 
design parameters to be found in the optimization analysis. The results give the face and core thicknesses and 
the core density which minimize the weight of a foam core sandwich beam or plate of a given strength. 
 
 
T. M. McCormack (1), R. Miller (2), O. Kesler (3) and L. J. Gibson (3) 
(1) Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, MA 02139, 
USA 
(2) Department of Mechanical Engineering, University of Saskatchewan, Saskatoon Sask., Canada S7N5A9 
(3) Department of Materials Science and Engineering, Massachusetts Institute of Technology, 77 Massachusetts 
Avenue, Cambridge, MA 02139, USA 
“Failure of sandwich beams with metallic foam cores”, International Journal of Solids and Structures, Vol. 38, 
Nos. 28-29, July 2001, pp. 4901-4920, doi:10.1016/S0020-7683(00)00327-9 
ABSTRACT: Sandwich beams with metallic foam cores can fail by several modes: face yielding, face 
wrinkling, core yielding and indentation. We estimate the initial failure load, corresponding to the first deviation 
from linearity in the load–deflection curve as well as the peak load for each mode. Failure mode maps are 
constructed which illustrate the dominant failure mode for practical beam designs. The results of the analysis 
are compared with experiments on sandwich beams with aluminum foam cores in three-point bending. The peak 
loads and the failure modes are described well by the analysis. 
 
 
O. Kesler and L. J. Gibson (Department of Materials Science and Engineering, Massachusetts Institute of 
Technology, 77 Massachusetts Avenue, Cambridge MA 02139, USA), “Size effects in metallic foam core 
sandwich beams”, Materials Science and Engineering A, Vol. 326, No. 2, March 2002, pp. 228-234, 
doi:10.1016/S0921-5093(01)01487-3 
ABSTRACT: Foams exhibit size effects: if the specimen dimensions are of the same order as the cell size, the 
moduli and strength depend on specimen size. Metallic foams have particularly large cells (typically 2–20 mm), 
potentially giving rise to size effects when they are used in sandwich beams. Previous studies have shown that 
the shear strength of metallic foams bonded to rigid plates increases by over 50% if the specimen thickness is 
equal to the cell size. In this study, sandwich beams with aluminum alloy faces and aluminum alloy foam cores 
were tested in three-point bending to characterize the effect of the beam depth on the limit load. Beams of 
constant ratio of core thickness to span length but different absolute values of core thickness were tested, and 
the measured limit loads were compared to analytical values. The analysis gives a good description of the 
measured limit load when the shear size effect is accounted for. 
 
 
C. Chen, A-M Harte and N. A. Fleck (Department of Engineering, University of Cambridge, Trumpington 
Street, Cambridge, CB2 1PZ, UK), “The plastic collapse of sandwich beams with a metallic foam core”, 
International Journal of Mechanical Sciences, Vol. 43, No. 6, June 2001, pp. 1483-1506, 
doi:10.1016/S0020-7403(00)00069-2 
ABSTRACT: Plastic collapse modes of sandwich beams have been investigated experimentally and 
theoretically for the case of an aluminium alloy foam with cold-worked aluminium face sheets. Plastic collapse 
is by three competing mechanisms: face yield, indentation and core shear, with the active mechanism depending 
upon the choice of geometry and material properties. The collapse loads, as predicted by simple upper bound 
solutions for a rigid, ideally plastic beam, and by more refined finite element calculations are generally in good 
agreement with the measured strengths. However, a thickness effect of the foam core on the collapse strength is 
observed for collapse by core shear: the shear strength of the core increases with diminishing core thickness in 
relation to the cell size. Limit load solutions are used to construct collapse maps, with the beam geometrical 
parameters as axes. Upon displaying the collapse load for each collapse mechanism, the regimes of dominance 
of each mechanism and the associate mass of the beam are determined. The map is then used in optimal design 
by minimising the beam weight for a given structural load index. 
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“Influence of imperfections on the performance of metal foam core sandwich panels”, International Journal of 
Solids and Structures, Vol. 39, No. 19, September 2002, pp. 4999-5012, doi:10.1016/S0020-7683(02)00250-0 
ABSTRACT: Sandwich panels and beams are used in bending and compression dominated components. The 
retention of their load capacity in the presence of imperfections is a central consideration. To address this issue, 
sandwich beams with metallic foam cores have been tested in four-point bending following the introduction of 
imperfections, created by impressing the face sheets. Limit load expressions for face yielding, core shear, and 
indentation failure have been developed and used to construct failure mechanism maps. From these maps, 
specimen designs were determined. Imperfections were introduced by indenting to varying penetrations. The 
indents were located on both the compressive and tensile side of bending configurations. Experimental 
measurements of the load/deflection response are obtained and compared with finite element results. 
 
 
Craig A. Steeves and Norman A. Fleck (Cambridge University Engineering Department, Trumpington Street, 
Cambridge, CB2 1PZ, UK), “Collapse mechanisms of sandwich beams with composite faces and a foam core, 
loaded in three-point bending. Part I: analytical models and minimum weight design”, International Journal of 
Mechanical Sciences, Vol. 46, No. 4, April 2004, pp. 561-583, doi:10.1016/j.ijmecsci.2004.04.003 
ABSTRACT: Analytical predictions are made for the three-point bending collapse strength of sandwich beams 
with composite faces and polymer foam cores. Failure is by the competing modes of face sheet microbuckling, 
plastic shear of the core, and face sheet indentation beneath the loading rollers. Particular attention is paid to the 
development of an indentation model for elastic faces and an elastic–plastic core. Failure mechanism maps have 
been constructed to reveal the operative collapse mode as a function of geometry of sandwich beam, and 
minimum weight designs have been obtained as a function of an appropriate structural load index. It is shown 
that the optimal designs for composite–polymer foam sandwich beams are of comparable weight to sandwich 
beams with metallic faces and a metallic foam core. 
 
 
Craig A. Steeves and Norman A. Fleck (Cambridge University Engineering Department, Trumpington Street, 
Cambridge, CB2 1PZ, UK), “Collapse mechanisms of sandwich beams with composite faces and a foam core, 
loaded in three-point bending. Part II: experimental investigation and numerical modeling”, International 
Journal of Mechanical Sciences, Vol. 46, No. 4, April 2004, pp. 585-608, doi:10.1016/j.ijmecsci.2004.04.004 
ABSTRACT: This study focuses on the competing collapse mechanisms for simply supported sandwich beams 
with composite faces and a PVC foam core subjected to three point bending. The faces comprise Hexcel 
Fibredux 7781-914G woven glass fibre-epoxy prepreg, while the core comprises closed cell Divinycell PVC 
foam of relative density 6.6% and 13.3%. The mechanical properties of the face sheets and core are measured 
independently. Depending upon the geometry of the beam and the relative properties of the constituents, 
collapse is by core shear, face sheet microbuckling or by indentation beneath the middle loading roller. A 
systematic series of experiments and finite element simulations have been performed in order to assess the 
accuracy of simple analytic expressions for the strength. In general, the analytic expressions for peak load are 
adequate; however, simple beam theory becomes inappropriate and the analytic models are inaccurate for 
stubby beams with thick faces relative to the core thickness. A failure mechanism map is constructed to reveal 
the dependence of the dominant collapse mechanism upon the geometry of the beam. 
 
 
E. Bozhevolnaya and Y. Frostig (Institute of Mechanical Engineering, Aalborg University, Pontoppidanstraede 
101, DK-9220, Aalborg East, Denmark), “Nonlinear closed-form high-order analysis of curved sandwich 
panels”, Composite Structures, Vol. 38, Nos. 1-4, May-August 1997, pp. 383-394, Special Issue: Ninth 



International Conference on Composite Structures, doi:10.1016/S0263-8223(97)00073-1 
ABSTRACT: Closed-form high-order theory of sandwich panels, including transverse flexibility and shear 
rigidity of a core, as well as geometrical nonlinearity of unsymmetric faces is generalized for sandwich panels 
of constant curvature. Variational calculus is used to derive the set of governing equations describing a stress-
deformation response of the panel to arbitrary loads. Boundary conditions are presented both in the local and 
global formulations. The procedure for the numerical solution of the governing nonlinear differential equations 
is based on the finite-difference method with deferred corrections. The solution technique is illustrated through 
numerical examples. Influence of the geometrical nonlinearity on the overall behaviour of the sandwich panel 
and localized effects are demonstrated. 
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“Overall behaviour of shallow singly-curved sandwich panels”, Composite Structures, Vol. 37, No. 1, January 
1997, pp. 65-79, doi:10.1016/S0263-8223(97)80004-9 
ABSTRACT: A model for the load-deformation response of a shallow singly-curved sandwich panel is 
developed on the basis of Reissner plate theory. For arbitrary initial panel geometry and lateral load distribution, 
the load-deflection relations are derived in the form of two implicit equations. Explicit equations describing the 
deformation behaviour of symmetric sandwich panels subjected to symmetric loading are also presented. A 
stability analysis is performed for a simply-supported sandwich panel of constant curvature and loaded by 
uniform pressure. Structural and buckling parameters which depend on the panel geometry and material 
properties are introduced. These parameters allow the buckling behaviour of shallow sandwich panels to be 
predicted. The ideas behind the analysis and the solution technique are illustrated through numerical examples. 
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“Assessment of models for analysis of singly-curved sandwich panels”, Composite Structures, Vol. 41, Nos. 3-
4, March-April 1998, pp. 289-301, doi:10.1016/S0263-8223(98)00048-8 
ABSTRACT: Overall behaviour of a simply-supported singly-curved shallow sandwich panel under lateral 
loading is considered. Three types of linear models — general shell, shallow shell and curved plate theories — 
are employed to describe a static overall behaviour of such a panel. The shallow panel with a constant curvature 
loaded by a uniform pressure is used as a trial case to assess the accuracy of the models. A nonlinear model for 
a panel of arbitrary shape under an arbitrary loading is developed on the basis of the curved plate theory. A 
closed-form nonlinear analytic solution for the panel of constant curvature under a uniform lateral pressure is 
obtained, and its accuracy is estimated. An experimental investigation of a sandwich beam under a uniform 
lateral loading is carried out, and the data obtained are compared with the theoretical calculations. 
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“Overall behaviour of singly curved shallow sandwich panels: the case of general boundary conditions”, 
Composite Structures, Vol. 49, No. 1, May 2000, pp. 95-109, doi:10.1016/S0263-8223(99)00129-4 
ABSTRACT: The overall behaviour of the shallow sandwich panel with an arbitrary initial profile and general 
boundary conditions under an arbitrary load is discussed. The structural parameters of the panel that allow one 
to generalize description of the overall behaviour of the panel are introduced. The mathematical model based on 
the Reissner–Mindlin plate theory is developed, and the set of governing equations is derived. The implicit 



nonlinear and explicit linear solutions are obtained for the uniformly loaded panel with uniform curvature and 
similar boundary restraints. An analysis of the global stability is performed for panels that have general 
configurations. Three stability modes, namely stable deformation, symmetric and asymmetric snap-throughs are 
found possible. The influence of the structural parameters of the panel on its global behaviour is studied. 
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“Two-dimensional analysis of shallow sandwich panels”, Composite Structures, Vol. 53, No. 1, July 2001, 
pp.43-53, doi:10.1016/S0263-8223(00)00176-8 
ABSTRACT: The shallow singly curved and rectangular in-plane sandwich panels affected by lateral loads are 
considered. The set of governing equations on the basis of the Timoshenko–Reissner plate theory is derived for 
these panels in the case of general boundary conditions. Usage of any real boundary condition is ensured via an 
introduction of the Airy's function and two potentials including a potential of the vortex-type. The technique of 
the numerical solution is based on a combination of the solutions by Navier and Levy. Numerical analysis is 
carried out for the panel that is simply supported along all four edges and for the panel that is simply supported 
along its curved boundaries and has hinge-like supports along the straight boundaries. 
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of Orthotropy, Curvature and Loading”, Composite Structures, vol 70, no. 3, pp. 343-355. 
 
 
Vitaly Koissin (1), Vitaly Skvortsov (1) and Andrey Shipsha (2) 
(1) Department of Strength of Materials, State Marine Technical University, 198 262 St.-Petersburg, Russia 
(2) Department of Aeronautical and Vehicle Engineering, Royal Institute of Technology, S-100 44, Stockholm, 
Sweden 
“Stability of the face layer of sandwich beams with sub-interface damage in the foam core”, Composite 
Structures, Vol. 78, No. 4, June 2007, pp. 507-518, doi:10.1016/j.compstruct.2005.11.012 
ABSTRACT: This paper addresses the effect of local indentation/impact damage on the bearing capacity of 
foam core sandwich beams subjected to edgewise compression. The considered damage is in a form of through-
width zone of crushed core accompanied by a residual dent in the face sheet. It is shown that such damage 
causes a significant reduction of compressive strength and stiffness of sandwich beams. Analytical solutions 
estimating the Euler’s local buckling load are obtained for two typical modes of damage. These solutions are 
validated through experimental investigation of three sandwich configurations. The results of the analytical 
analysis are in agreement with the experimental data. 
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“Failure mode investigation of sandwich beams with functionally graded core”, Composite Structures, Vol. 81, 
No. 3, December 2007, pp. 323-330, doi:10.1016/j.compstruct.2006.08.030 
ABSTRACT: A failure mode criterion for piece-wise functionally graded sandwich composites is proposed and 
compared against experimental data. The average peak load for low and high density core configurations at 
upper region is 138% and 192% higher than the reference group. The proposed failure mode model predicts 
with accuracy the failure mechanisms. The best performance was obtained by the beam configuration where the 
core layer with highest density is located right below the upper face-sheet. This case not only leads to the 
highest value of normal wrinkling stress but it also prevents the core plastic collapse occurrence. However, the 
core failure by yielding will occur regardless of the core layer stacking sequence. 
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“Impact damage resistance of sandwich structure subjected to low velocity impact”, Journal of Materials 
Processing Technology, Vol. 201, Nos. 1-3, May 2008, pp. 425-430, Special Issue: 10th International 
Conference on Advances in Materials and Processing Technologies - AMPT 2007, 
doi:10.1016/j.jmatprotec.2007.11.196 
ABSTRACT: The paper aims at evaluating the damage resistance of sandwich structure, composed of Nomex® 
honeycomb core (thickness: 10 mm and 20 mm) and two kinds of facesheets (carbon/epoxy and glass/epoxy 
laminates) subjected to low velocity impact. The impact tests are performed using the instrumented impact-
testing machine and resulting impact damages are inspected by scanning acoustic microscope (SAM). Based on 
the force and energy histories, six parameters have been introduced as following: load at incipient damage, 
energy absorbed at incipient load, maximum load, total energy absorbed during impact, plastic energy absorbed 
by damage, and impact damage area. The impact resistance of the sandwich structure is greatly influenced by 
the facesheet type and core thickness. And their impact damages are mainly delamination in the facesheets, 
which is peanut-shaped with major axis along their lower fiber orientation, and their behavior is dependent on 
the facesheets. 
 
 
K.Y. Lam and T.Y. Ng (Dept. of Mechanical and Production Engineering, National University of Singapore), 
“Dynamic stability of cylindrical shells subjected to conservative periodic axial loads using different shell 
theories”, Journal of Sound and Vibration, Vol. 207, No. 4, pp 497-520, 1997, doi:10.1006/jsvi.1997.1186 
ABSTRACT: In the present paper, the dynamic stability of thin, isotropic cylindrical shells under combined 
static and periodic axial forces is studied using four common thin shell theories; namely, the Donnell, Love, 
Sanders and Flugge shell theories. For these four cases, the contribution of the stresses due to the external axial 
forces are accounted for according to the Donnell theory. In the present analysis, a normal-mode expansion of 
the equations of motion yields a system of Mathieu–Hill equations, the stability of which is examined. The 
parametric resonance responses are analyzed based on Bolotin's method and the effects of the length-to-radius 
and thickness-to-radius ratios of the cylinder on the instability regions are examined and compared using the 
four theories. The effects of variation in the magnitude of the axial forces were also examined. 
 
 
T.Y. Ng and K.Y. Lam (Centre for Computational Mechanics, Department of Mechanical & Production 
Engineering, National University of Singapore), “Effects of boundary conditions on the parametric resonance of 
cylindrical shells under axial loading”, Shock and Vibration, Vol. 5, pp 343-354, 1998 
ABSTRACT: In this paper, a formulation for the dynamic stability analysis of circular cylindrical shells under 
axial compression with various boundary conditions is presented. The present study uses Love’s first 
approximation theory for thin shells and the characteristic beam functions as approximate axial modal 
functions. Applying the Ritz procedure to the Lagrangian energy expression yields a system of Mathieu–Hill 
equations the stability of which is analyzed using Bolotin’s method. The present study examines the effects of 
different boundary conditions on the parametric response of homogeneous isotropic cylindrical shells for 
various transverse modes and length parameters.  
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composite plates subjected to low velocity impact”, Composites Part B: Engineering, Vol. 30, No. 5, July 1999, 
pp. 473-484, doi:10.1016/S1359-8368(99)00002-5 
ABSTRACT: This article deals with the transient response of a stiffened composite plate subjected to low 
velocity impact. An approximate solution for the prediction of plate response to low velocity impact is 
presented. This solution includes the combined action of the plate and stiffeners as well as the effects of the 
contact and transverse shear deformation. A finite element (FE) approach is also proposed. In the FE approach, 
an impact force function based on Hertz contact law is linked into a commercial FE code, which facilitates the 
study of a more realistic model. Results predicted by the present solution for a simplified stiffened plate are 
compared with those by the FE approach for a realistic stiffened plate. Effects of the stiffener spacing and 
thickness, anisotropic material properties, impact mass and contact stiffness on the impact response are also 
examined. 
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“Failure analysis of low velocity impact on thin composite laminates: Experimental and numerical approaches”, 
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ABSTRACT: The dynamic behavior of composite laminates is very complex because there are many 
concurrent phenomena during composite laminate failure under impact load. Fiber breakage, delaminations, 
matrix cracking, plastic deformations due to contact and large displacements are some effects which should be 
considered when a structure made from composite material is impacted by a foreign object. Thus, an 
investigation of the low velocity impact on laminated composite thin disks of epoxy resin reinforced by carbon 
fiber is presented. The influence of stacking sequence and energy impact was investigated using load–time 
histories, displacement–time histories and energy–time histories as well as images from NDE. Indentation tests 
results were compared to dynamic results, verifying the inertia effects when thin composite laminate was 
impacted by foreign object with low velocity. Finite element analysis (FEA) was developed, using Hill’s model 
and material models implemented by UMAT (User Material Subroutine) into software ABAQUS, in order to 
simulate the failure mechanisms under indentation tests. 
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“An efficient postbuckling analysis technique for composite stiffened curved panels”, Composite Structures, 
Vol. 74, No. 3, August 2006, pp. 361-369, doi:10.1016/j.compstruct.2005.04.016 
ABSTRACT: Several efficient techniques are presented for the postbuckling analysis of composite stiffened 
structures in this paper. Some aerospace structures allow local buckling in order to increase structural 
efficiency. This idea may be a very effective design concept, but it takes a great deal of time in structural 
design. Due to its geometrical and material nonlinearity, the postbuckling analysis process requires a long 
computational time. In this report, to reduce the computational time, efficient analysis techniques are proposed. 
A change in the element type used, separation of the linear response region, and the termination of the analysis 
after ultimate failure of the structure were applied to the analysis. As a result, about 80% of the computational 
time was reduced with high accuracy. 
 
 
Hao Wu and Ying Yan (School of Aeronautic Science and Engineering, Beihang University, Beijing, 100083, 
China), “A Parametric Study for the Design of Stiffened Composite Panel”, COCOMAT (publisher, date, not 
given in the pdf file, most recent reference is 2008) 
ABSTRACT: A parametric study is conducted for the design of stiffened composite panel (SCP). A SCP with 
two stiffeners, loaded under uniaxial compression load is studied, where effects of stiffener thickness and 
distance on the critical buckling behaviour of the SCP are investigated. It is illustrated that stiffener has an 
effect of boundary condition on the skin, and an optimal structural efficiency exists when this effect is 
significant enough. The boundary condition effect makes the whole SCP buckles as local skin buckling and its 
critical buckling behaviour is dominated by the local skin buckling with the lowest critical buckling load. The 
parametric study provides designer with comprehension of the stiffener/skin enhancement in the buckling 
behaviour of the SCP, serving for the design of SCP in the future. 
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Damage in Postbuckling Stiffened Panels", AIAA Journal, Vol. 45, No. 10 (2007), pp. 2520-2528. 
ABSTRACT: Composite materials are finding increasing use on primary aerostructures to meet demanding 
performance targets while reducing environmental impact. This paper presents a finite-element-based 
preliminary optimization methodology for postbuckling stiffened panels, which takes into account damage 
mechanisms that lead to delamination and subsequent failure by stiffener debonding. A global-local modeling 
approach is adopted in which the boundary conditions on the local model are extracted directly from the global 
model. The optimization procedure is based on a genetic algorithm that maximizes damage resistance within the 
postbuckling regime. This routine is linked to a finite element package and the iterative procedure automated. 
For a given loading condition, the procedure optimized the stacking sequence of several areas of the panel, 
leading to an evolved panel that displayed superior damage resistance in comparison with nonoptimized 
designs. 
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“Optimization of hybrid laminated composites using a genetic algorithm”, Journal of the Brazilian Society of 
Mechanical Sciences and Engineering, Vol. 31, No. 3, July/Sept. 2009 
ABSTRACT: This work aims at developing a genetic algorithm (GA) to pursue the optimization of hybrid 
laminated composite structures. Fiber orientation (predefined ply angles), material (glass-epoxy or carbon-
epoxy layer) and total number of plies are considered as design variables. The GA is chosen as an optimization 
tool because of its ability to deal with non-convex, multimodal and discrete optimization problems, of which the 
design of laminated composites is an example. First, the developed algorithm is detailed explained and 
validated by comparing its results to other obtained from the literature. The results of this study show that the 
developed algorithm converges faster. Then, the maximum stress, Tsai-Wu and Puck (PFC) failure criteria are 
used as constraint in the optimization process and the results yielded by them are compared and discussed. It 
was found that each failure criterion yielded a different optimal design. 
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University of Florida, 32611-6250, Gainesville, FL, USA), “Using response surface approximations in fuzzy set 
based design optimization”, Structural Optimization, Vol. 18, No. 4, pp 218-227, December 1999 
ABSTRACT: The paper focuses on modelling uncertainty typical of the aircraft industry. The design problem 
involves maximizing a safety measure of an isotropic plate for a given weight. Additionally, the dependence of 
the weight on the level of uncertainty, for a specified allowable possibility of failure, is also studied. It is 
assumed that the plate will be built from future materials, with little information available on the uncertainty. 
Fuzzy set theory is used to model the uncertainty. Response surface approximations that are accurate over the 
entire design space are used throughout the design process, mainly to reduce the computational cost associated 
with designing for uncertainty. All of the problem parameters are assumed to be uncertain, and both a yield 
stress and a buckling load constraint are considered. The fuzzy set based design is compared to a traditional 
deterministic design that uses a factor of safety to account for the uncertainty. It is shown that, for the example 
problem considered, the fuzzy set based design is superior. Additionally, the use of response surface 
approximations results in substantial reductions in computational cost, allowing the final results to be presented 
in the form of design charts. 
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“Design of hat-stiffened composite panels loaded in axial compression”, Composite Structures, Vol. 21, No. 4, 
1992, pp.205-209, doi:10.1016/0263-8223(92)90049-I 
ABSTRACT: An integrated step-by-step analysis procedure for the design of axially compressed stiffened 
composite panels is outlined. The analysis makes use of the effective width concept. A computer code, 
BUSTCOP, is developed incorporating various aspects of buckling such as skin buckling, stiffener crippling 
and column buckling. Other salient features of the computer code include capabilities for generation of data 
based on micromechanics theories and hygrothermal analysis, and for prediction of strength failure. Parametric 
studies carried out on a hat-stiffened structural element indicate that, for all practical purposes, composite 



panels exhibit higher structural efficiency. Some hybrid laminates with outer layers made of aluminium alloy 
also show great promise for flight vehicle structural applications. 
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“Finite element analysis of laminated composite paraboloid of revolution shells”, Computers & Structures, 
Vol.44, No. 3, July 1992, pp. 675-682, doi:10.1016/0045-7949(92)90400-T 
ABSTRACT: A generalized formulation for the doubly curved laminated composite shell is attempted using 
eight-noded curved quadratic isoparametric finite elements with all three radii of curvature. The formulation is 
also applied to the isotropic material as a special case. In the present investigation, only the paraboloid of 
revolution is taken up for computing the deflections and stress resultants. Various parametric studies are carried 
out and the current results for both isotropic and laminated composite shells are compared with those available 
in the published literature. The shape functions are obtained from interpolation polynomial and the element 
stiffness matrices are formed on the basis of macromechanical analysis of laminates using the principle of 
minimum potential energy. 
 
 
B. Chattopadhyay, P.K. Sinha and M. Mukhopadhyay (Department of Naval Architecture Indian Institute of 
Technology Kharagpur-721 302, West Bengal India), “Finite Element Analysis of Blade-Stiffened Composite 
Plates under Transverse Loads”, Journal of Reinforced Plastics and Composites, January 1993, vol. 12, no. 1, 
pp. 76-100, doi: 10.1177/073168449301200105 
ABSTRACT: Blade-stiffened composite plates have been analysed for transverse loads using the finite element 
method. An eight-noded isoparametric quadratic stiffened plate bending element has been employed for the 
analysis. The element can incorporate trans verse shear deformation. First order shear deformation has been 
considered in the for mulation ; the stiffener can be placed anywhere within the plate element and need not 
necessarily follow nodal lines. Therefore, mesh divisions are independent of the stiffener location within the 
plate. The stiffness matrix of the stiffener element can be appropriately modified to include stiffness properties 
for all types of open-section stiffeners. The deflec tions and bending moments have been presented for simply 
supported square laminated plates with one central stiffener and for stiffened skew plates. The results are 
compared with those obtained by modeling the stiffened plate by an assemblage of eight-noded isoparametric 
flat shell elements. The effect of the number of layers of the plate and the stiffener on the flexural response of 
the stiffened plate is presented. The element is used to show the flexural response of different open-section 
stiffened plates having the same area of the stiffener cross section. Also, the effect of depth-to-thickness ratio of 
the stiffener having the same cross section and lamination has been presented. 
 
 
Gobinda Sinha and Madhujit Mukhopadhyay (Dept. of Ocean Engineering and Naval Architecture, Indian 
Institute of Technology, Kharagpur, West Bengal, India), “Static and dynamic analysis of stiffened shells – A 
review”, Proc. Indian Natn. Sci. Acad., Vol. 61, A, Nos 3 & 4, pp 195-219, 1995 
ABSTRACT: This is a review covering the static and dynamic analysis of stiffened shells which have found 
widespread applications in a variety of engineering structures. The coverage aims at the analysis including (1) 
static, (2) free vibration, (3) transient dynamic response and (4) response under stochastic excitation. 
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Kaustav Bakshi and Dipankar Chakravorty (Civil Engineering Department, Jadavpur University Kolkata-700 
032, West Bengal, India), “First ply failure study of thin composite conoidal shells subjected to uniformly 
distributed load”, Thin-Walled Structures, 03/2014; 76:1–7. DOI: 10.1016/j.tws.2013.10.021 
ABSTRACT: The civil engineers often need to cover large column free open spaces with thin shell structures. 
The doubly curved shells are characteristically stiff and the ruled surfaces are easy to fabricate. The 



aesthetically pleasing conoidal shells satisfy both these criteria and are preferred by structural engineers. The 
engineers now look out for strong but lightweight materials and as a result the laminated composites have 
evolved. The first ply failure is very important issue for laminated composites. Such studies for plates are 
reported but similar work on thin shells is very scanty. This paper is aimed to fulfill this lacuna. 
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“Geometrically Linear and Nonlinear First-Ply Failure Loads of Composite Cylindrical Shells”, 
ASCE Journal of Engineering Mechanics, Vol. 140, No. 12, December 2014 
doi:  http://dx.doi.org/10.1061/(ASCE)EM.1943-7889.0000808 
ABSTRACT: Review of the literature on first-ply failure of composite shells shows that research reports on 
first-ply failure of moderately thin, laminated composite cylindrical shell panels, using a geometrically 
nonlinear approach, are not available. The present paper aims to fill this deficiency. It uses a finite-element code 
developed using eight-noded, doubly-curved elements combined with modified Sanders’ first-approximation 
theory for thin shells and von Kármán-type nonlinear strains. The accuracy of the present geometric nonlinear 
and first-ply failure formulations are verified separately through solutions of two benchmark problems. Failure 
loads, failure modes (for individual stress or strain failure) or tendencies (for interactive stress failures), and the 
locations from where the failures initiate are reported. The results are discussed critically to formulate design 
guidelines, suggesting practical values for factors of safety applicable to failure loads. Such suggestions also 
consider the serviceability requirements. 
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“Free vibration analysis of point-supported laminated composite doubly curved shells—A finite element 
approach”, Computers & Structures, Vol. 54, No. 2, January 1995, pp. 191-198, 
doi:10.1016/0045-7949(94)00329-2 
ABSTRACT: A finite element analysis for studying the free vibration behaviour of generalized doubly curved 
laminated composite shells is presented using eight-noded curved quadrilateral isoparametric finite elements. 
The formulation assumes first-order shear deformation theory for thin and shallow shells, and also considers the 
two principal radii of curvature and the radius of cross-curvature. Some of the results obtained are compared 
with those present in the existing literature. Several other numerical results are presented by varying fibre 
orientations, lamination schemes, support spacings, aspect ratio, lower height to higher height ratio (for 
conoids), the thickness to radius ratio and radii of curvature ratio (for elliptic and hyperbolic paraboloids), 
which are relevant to the doubly curved shells. 
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“Geometrically nonlinear analysis of composite stiffened plates using finite elements”, Composite Structures, 
Vol. 31, No. 2, 1995, pp. 107-118, doi:10.1016/0263-8223(95)00004-6 
ABSTRACT: Composite stiffened plates have been analysed for large deflection using the finite element 
method. An eight noded isoparametric laminated stiffened plate bending element developed earlier has been 
used. The element has the capability of including transverse shear deformation for the plate and the stiffener and 
incorporating one or more stiffeners anywhere within the element. The finite element analysis has been made 
using Mindlin's formulation and with the assumption of small rotation. The nonlinear equilibrium equations are 
solved by the Newton-Raphson iteration procedure. Plates and stiffened plates of isotropic and anisotropic 



material with different boundary conditions have been analysed and results have been compared with those 
available. Parametric studies have also been carried out. 
 
 
S. Goswami and M. Mukhopadhyay (Department of Ocean Engineering and Naval Architecture, Indian Institute 
of Technology, Kharagpur-721302, West Bengal, India), “Finite Element Free Vibration Analysis of Laminated 
Composite Stiffened Shell”, Journal of Composite Materials, December 1995, vol. 29, no. 18, pp. 2388-2422, 
doi: 10.1177/002199839502901802 
ABSTRACT: Free vibration analysis of composite stiffened shell panels has been carried out for the first time. 
As there is no published literature available on the problem, the finite element technique has been applied using 
two elements, namely the nine-noded Lagrangian element and the heterosis element, for obtaining new results. 
An improved version of the stiffener modelling is presented here. In this modelling, stiffeners can be placed 
anywhere inside the element and it need not pass through the nodal lines. Moreover, both elements have the 
capacity of accommodating curved boundaries and incorporating transverse shear deformation. Results for 
stiffened composite cylindrical shells and doubly curved shells with different boundary conditions and various 
laminae orientations have been presented for both concentric and eccentric stiffeners. Parametric studies 
considering different variables have also been carried out. 
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“Dynamic Behavior and Impact Induced First Ply Failure of Multiple Delaminated Composite Shells”, Journal 
of Reinforced Plastics and Composites, September 2001, vol. 20, nos. 14-15, pp. 1276-1300, 
doi: 10.1106/YQ8E-3GEL-8JA3-AXWM 
ABSTRACT: This analytical study is concerned with the free vibration, forced vibration, low velocity impact 
response as well as impact induced first ply failure of delaminated composite shells. It is based on a simple 
multiple delamination modeling which can take care of any arbitrary number and size of delaminations placed 
at any location of the laminate. Sander's shallow shell theory is applied for the shell analysis. First order shear 
deformation theory in conjunction with an eight noded isoparametric quadratic delaminated shell element with 
five degrees of freedom per node are used to develop the finite element formulation. Newmark's time 
integration algorithm is employed for solving the time dependent multiple equations of the plate and the 
impactor. Tsai-Wu failure criterion is used to predict the first ply failure of a laminate due to impact at every 
time step. Numerical results are generated for different cases by varying the size and location of delaminations 
as well as the stacking sequences. It is observed that the delaminations reduce the natural frequencies and 
increase the dynamic displacements. Critical impactor velocity to cause the first ply failure in a laminate is also 
reduced in the presence of a delamination. 
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Kharagpur 721302, India), “Nonlinear finite element analysis of laminated composite shells in hygrothermal 
environments”, Composite Structures, Vol. 69, No. 4, August 2005, pp. 387-395, 
doi:10.1016/j.compstruct.2004.07.019 
ABSTRACT: The large deflection bending behaviour of composite cylindrical shell panels subjected to 
hygrothermal environments is investigated in this paper. The present finite element formulation considers 
doubly curved thick shells and includes large deformations with Green–Lagrange strains. The analysis is carried 
out using quadratic eight-noded isoparametric element and the problem is solved using the incremental 
modified Newton–Raphson scheme. A parametric study is carried out varying the curvature ratios of composite 
cylindrical shell panels with simply supported and clamped support conditions. 
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Kharagpur 721302, India), “Nonlinear transient analysis of laminated composite shells in hygrothermal 
environments”, Composite Structures, Vol. 72, No. 3, pp 280-288, March 2006, 
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ABSTRACT: The nonlinear transient response of composite shell panels subjected to mechanical load in 
hygrothermal environments is investigated using finite element method. The present formulation considers 
doubly curved thick shells and includes large deformations with Green–Lagrange strains. The analysis is carried 
out using quadratic eight-noded isoparametric element. The nonlinear time dependent equation is solved by 
using the Newmark average acceleration method in conjunction with an incremental modified Newton–Raphson 
scheme. The validity of the model is demonstrated by comparing the present results with the solutions available 
in the literature. A parametric study is carried out varying the curvature ratios and side to thickness ratios of 
composite cylindrical, spherical and hyperbolic paraboloid shell panels with simply supported boundary 
conditions. 
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Bangalore 560 025, India), “Nonlinear free vibration analysis of laminated composite shells in hygrothermal 
environments”, Composite Structures, Vol. 77, No. 4, February 2007, pp. 475-483, 
doi:10.1016/j.compstruct.2005.08.002 
ABSTRACT: The nonlinear free vibration behaviour of laminated composite shells subjected to hygrothermal 
environments is investigated using the finite element method. The present finite element formulation considers 
doubly curved shells, and the Green–Lagrange type nonlinear strains are incorporated into the first-order shear 
deformation theory. The analysis is carried out using quadratic eight-noded isoparametric elements. The validity 
of the model is demonstrated by comparing the present results with the solutions available in the literature. A 
parametric study is carried out varying the curvature ratios and side to thickness ratios of composite cylindrical 
shell, spherical shell and hyperbolic paraboloid shell panels with simply supported boundary conditions. 
 
 
Manoj Kumar Kath, “Dynamic instability of laminated composite curved panels in hygrothermal environment”, 
Ph.D. dissertation, Dept. of Civil Engineering, National Institute of Technology, Rourkela, India 
ABSTRACT: Composite materials are increasingly used in aerospace, naval and high performance civil 
engineering structures such as aerospace, submarines, automobiles. The structural components, subjected to in-
plane harmonic loads may undergo parametric resonance or dynamic stability due to certain combinations of the 
applied in-plane forcing parameters and natural frequency of transverse vibration. The parametric instability 



itself requires investigation of vibration and buckling of structures. The present study deals with free vibration, 
buckling and parametric resonance behavior of laminated composite plates under in-plane periodic loading 
under varying temperature and moisture. In this analysis, the effects of various parameters such as number of 
layers, aspect ratios, side-to thickness ratios, ply orientations, static load factors, lamination angle and the 
degree of orthotropic are studied. A simple laminated plate model based on the first order shear deformation 
theory (FSDT) is developed for the free vibration, buckling and parametric instability effects of composite 
plates subjected to hygrothermal loading. The principal instability regions are obtained using Bolotin’s 
approach employing finite element method (FEM). An eight-node isoparametric quadratic element is employed 
in the present analysis with five degree of freedom per node. The element is modified to accommodate the 
laminated composite plates under hygrothermal environment, considering the effects of transverse shear 
deformation and rotary inertia. The element stiffness matrix, geometric stiffness matrix due to residual stresses, 
element mass matrix, geometric stiffness matrix due to applied in-plane loads and nodal load vector of the 
element are derived using the principle of minimum potential energy. They are evaluated using the Gauss 
quadrature numerical integration technique. Reduced integration technique is applied to avoid the possible shear 
locking. A computer program based on FEM in MATLAB environment is developed to perform all necessary 
computations. The basic vibration and buckling experiments are performed on the industry driven woven fiber 
Glass/Epoxy specimens subjected to hygrothermal environment. The specimens were hygrothermally 
conditioned in a humidity cabinet where the conditions were maintained at temperatures of 300K-425K and 
relative humidity (RH) ranging from 0-1.0% for moisture concentrations. The numerical and experimental 
results show that there is reduction in natural frequencies and buckling loads with increasing temperature and 
moisture concentration for laminates both for simply supported and clamped boundary conditions. The dynamic 
instability study using FEM revealed that, due to the static component of load, the instability regions tend to 
shift to lower frequencies. The onset of instability occurs earlier and the width of dynamic instability regions 
increases with rise in temperature and moisture concentration for different parameters. With increase in 
lamination angle, the width of the instability region becomes smaller. The onset of instability occurs later for 
square plates than rectangular plates with wider instability region with increase of aspect ratio. The ply 
orientation significantly affects the onset of instability. It is observed that the excitation frequency increases 
with introduction of curvatures from flat panel to doubly curved panel in hygrothermal environments. Thus the 
instability behaviour of laminated composite panels is influenced by increase in number of layers, aspect ratio, 
side to thickness ratio, increase in static and dynamic load factor, geometry, material, ply lay-up and its 
orientation. This can be utilized to tailor the design of laminated composite panels in hygrothermal 
environment.  
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Chinmay Kumar Kundu (Korea Advanced Institute of Science and Technology), “Nonlinear transient analysis 
of laminated composite shells”, Journal of Reinforced Plastics and Composites, 08/2006; 25(11):1129-1147. 
DOI: 10.1177/0731684406065196 
ABSTRACT: In this study the geometrically nonlinear transient response of the laminated composite doubly 
curved shells is investigated using the finite element method. The finite element model includes nonlinearity 
due to large deflection. A nine-noded isoparametric composite shell element including the first-order shear 
deformation is developed in curvilinear coordinates for the nonlinear transient analysis. The present formulation 
is based on the total Lagrangian approach and the material behavior is assumed to be linear and elastic. The 
governing equations have been solved by the Newton–Raphson iteration technique, wherein the Newmark 
method has been used for the time integration. The present results are found to compare well with those 
available in the literature. The nonlinear transient response of the cross-ply and three specially laminated 
spherical, cylindrical, and hyperbolic paraboloidal shell panels are also analyzed and the results are discussed.  
 
 
C. K. Kundu, D. K. Maiti, P. K. Sinha, “Nonlinear Finite Element Analysis of Laminated Composite Doubly 
Curved Shells in Hygrothermal Environment”, Journal of Reinforced Plastics and Composites, 06/2007; 
26(14):1461-1478. DOI: 10.1177/0731684407079751 
ABSTRACT: In the present investigation, the geometrically nonlinear analysis of laminated doubly curved 
shells in a hygrothermal environment is presented using the finite element method. The laminated composite 
shells may be exposed to moisture and temperature during their service life. Hygrothermal effects induce 
residual stresses and the laminated shell may undergo large bending deformation. The shell geometry used in 
the formulation is derived using the orthogonal curvilinear coordinate system. Based on the principle of virtual 
work the nonlinear finite element equations are derived. A total Lagrangian approach associated to the arc-
length method is implemented to solve the equilibrium equations. The present results are found to compare well 
with those available in the open literature and parametric studies are performed to analyze the nonlinear 
deflections of [0 degrees/45 degrees/90 degrees](s) laminated spherical, cylindrical and conoidal shell panels 
under hygrothermal condition.  
 
 
C.K. Kundu and P.K. Sinha (Department of Aerospace Engineering, Indian Institute of Technology, Kharagpur 
721 302, India), “Post buckling analysis of laminated composite shells”, Composite Structures, Vol. 78, No. 3, 
May 2007, pp. 316-324, doi:10.1016/j.compstruct.2005.10.005 
ABSTRACT: In the present investigation the geometrically nonlinear post buckling analysis of laminated 
composite doubly curved shells is presented using finite element method. The finite element model includes the 
general geometric nonlinearity due to large deflection. The present nonlinear strain displacement relations are 
expressed in the curvilinear coordinates. The material behaviour is, however, assumed to be linear and elastic. 
The principle of virtual work forms the basis to derive the nonlinear finite element equations. To solve the 
nonlinear finite element equations an incremental iterative technique based on the arc length method is 
employed. The present results are found to compare well with those available in the literature and are also able 
to capture both snap through and snap back post buckling behaviour. The nonlinear responses of three specially 
laminated spherical, cylindrical and conoidal shells are analyzed and the results are discussed. 
 
 
C.K. Kundu, D.K. Maiti, and P.K. Sinha (Department of Aerospace Engineering, Indian Institute of 
Technology, Kharagpur, India), “Post buckling analysis of smart laminated doubly curved shells”, Composite 
Structures, Vol. 81, No. 3, December 2007, pp. 314-322, doi:10.1016/j.compstruct.2006.08.023 
ABSTRACT: In the present investigation, the geometrically nonlinear post buckling analysis of piezoelectric 
laminated doubly curved shells is presented using finite element method. The piezoelectric material is used in 
the form of layers or patches embedded and/or surface bonded on laminated composite shells. The finite 



element model includes the general geometric nonlinearity due to large deflection. The shell geometry used in 
the formulation is derived using the orthogonal curvilinear coordinate system. Based on the principle of virtual 
work the nonlinear finite element equations are derived. A total Lagrangian approach associated to arc-length 
method is used to solve the equilibrium equations. Smart shells having integrated piezoelectric actuators 
undergo large displacements resulting snap through phenomenon from one equilibrium state to another. The 
present results are found to compare well with those available in the open literature and the post buckling 
responses of [±45°/minus-or-plus sign45°]s  laminated spherical, cylindrical and conoidal shell panels with 
piezoelectric layer are analyzed and the nonlinear load–deflection curves are presented. 
 
 
C. K. Kundu and Jae-Hung Han (Department of Aerospace Engineering Korea Advanced Institute of Science 
and Technology Daejeon, Republic of Korea), “Vibration Characteristics Of Pre And Post Buckled Laminated 
Composite Spherical Shells”, ICSV15, 15th International Congress on Sound and Vibration, 6-10 July 2008, 
Daejeon, Korea 
ABSTRACT: Laminated composite shell structures may experience large bending deformation resulting in pre-
buckling and post-buckling due to higher external loading and the shells may exhibit snap-through and snap-
back type post buckling behavior. The vibratory characteristics of post-bucked structures are a problem of 
primary importance in many engineering fields, including aerospace applications. The vibration characteristics 
of pre and post buckled laminated composite spherical shells are presented in this paper. The nonlinear finite 
element method is used for the analysis. The orthogonal curvilinear coordinate system is used for modeling of 
doubly curved shell geometry. The strain-displacement relations include the general nonlinear terms in the 
curvilinear coordinate. Based on the principle of virtual work the nonlinear finite element equations are derived. 
The arc-length method is implemented to capture the snapping response of laminated shells. The vibration 
characteristics of pre and post buckled shells are performed using tangent stiffness obtained from the converged 
deflection. The code is first validated and then employed to generate numerical results. Parametric studies are 
carried out to analyze the snapping and vibration characteristics. It is observed that the frequency in the pre-
snapping region decreases with increase in load. But after snap-through, the frequency increases as increase in 
load, due to the geometric nonlinearity. 
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“Vibration and Post-buckling Behavior of Laminated Composite Doubly Curved Shell Structures”, Advanced 
Composite Materials, Vol. 18, No. 1, 2009 , pp. 21-42(22), doi: 10.1163/156855108X385320 
ABSTRACT: The vibration characteristics of post-buckled laminated composite doubly curved shells are 
investigated. The finite element method is used for the analysis of post-buckling and free vibration of post-
buckled laminated shells. The geometric non-linear finite element model includes the general non-linear terms 
in the strain-displacement relationships. The shell geometry used in the present formulation is derived using an 



orthogonal curvilinear coordinate system. Based on the principle of virtual work the non-linear finite element 
equations are derived. Arc-length method is implemented to capture the load-displacement equilibrium curve. 
The vibration characteristics of post-buckled shell are performed using tangent stiffness obtained from the 
converged deflection. The code is first validated and then employed to generate numerical results. Parametric 
studies are performed to analyze the snapping and vibration characteristics. The relationship between loads and 
fundamental frequencies and between loads and the corresponding displacements are determined for various 
parameters such as thickness ratio and shallowness. 
 
 
Chinmay Kumar Kundu and Jae-Hung Han (Department of Aerospace Engineering, Korea Advanced Institute 
of Science and Technology, 373-1 Guseong-dong, Daejeon 305-701, Republic of Korea), “Nonlinear buckling 
analysis of hygrothermoelastic composite shell panels using finite element method”, Composites Part B: 
Engineering, Vol. 40, No. 4, June 2009, pp. 313-328, doi:10.1016/j.compositesb.2008.12.001 
ABSTRACT: Hygrothermal stresses due to the change in environmental condition may induce buckling and 
dynamic instability in the composite shell structures. In the present investigation, the hygrothermoelastic 
buckling behavior of laminated composite shells are numerically simulated using geometrically nonlinear finite 
element method. The orthogonal curvilinear coordinate is used for modeling a general doubly curved deep or 
shallow shell surface. The geometrically nonlinear finite element formulation is based on general nonlinear 
strain–displacement relations in the orthogonal curvilinear coordinate system. The present theory can be 
applicable to thin and moderately thick shells. The mechanical linear and nonlinear stiffnesses, and the 
nonmechanical nonlinear geometric stiffness matrices and the hygrothermal load vector are presented. It is also 
observed that during the present numerical solution of nonlinear equilibrium equation, in order to construct the 
nonlinear stiffness matrices for the first load step, the initial deformation can be assumed as zero or any 
computer generated small random number or the properly scaled fundamental buckling mode shape. To verify 
the present formulations and finite element code, the present results are compared well with those available in 
the open literature. Parametric studies such as thickness ratio and shallowness ratio on buckling are performed 
for spherical, truncated conical and cylindrical composite shell panels. The buckling behavior and deflection 
shapes are characterized by multiple wrinkles along unreinforced direction at higher moisture concentrations or 
temperature rise. 
 
 
A Vafai and H.E Estekanchi (Sharif University of Technology, P.O. Box 11365-8639, Tehran, Iran), “A 
parametric finite element study of cracked plates and shells”, Thin-Walled Structures, Vol. 33, No. 3, March 
1999, pp. 211-229, doi:10.1016/S0263-8231(98)00042-1 
ABSTRACT: The overall behavior of plates and shells as affected by the presence of a through crack in the 
elastic range has been studied. Due attention has been paid to finite element modeling aspects of the problem. 
Forty different cracked plate and shell FE models have been generated and analyzed by a special computer 
program developed for the purpose of this study. The significance of various parameters such as the order of 
mesh refining at the crack tip, the effect of boundary conditions, Poisson's ratio, crack length and shell 
curvature are studied. FE model consisting of isoparametric 4-noded shell elements moderately refined at the 
crack tip predicted the overall stress and displacement field with acceptable precision. 
 
 
H. E. Estekanchi and A. Vafai (Department of Civil Engineering, Sharif University of Technology, Tehran, 
Iran), “On the buckling of cylindrical shells with through cracks under axial load”, Thin-Walled Structures, Vol. 
35, No. 4, December 1999, pp. 255-274, doi:10.1016/S0263-8231(99)00028-2 
ABSTRACT: Presence of cracks or similar imperfections can considerably reduce the buckling load of a shell 
structure. In this paper, the buckling of cylindrical shells with through cracks has been studied. A general finite 
element model has been proposed, verified and applied to some novel cracked shell buckling problems for 
which documented results are not available. A special purpose program has been developed for generating finite 
elements models of cylindrical shells with cracks of varying length and orientation. The buckling behavior of 
cracked cylinders in tension and compression has been studied. The results of the analysis are presented in 
parametric form when it seems to be appropriate. Sensitivity of the buckling load to the crack length and 



orientation has also been investigated. 
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(2) Institute for Infrastructure and Environment, School of Engineering and Electronics, Edinburgh University, 
Edinburgh, UK 
(3) School of the Built Environment, Nottingham University, Nottingham, UK 
“Vibration, buckling and dynamic stability of cracked cylindrical shells”, Thin-Walled Structures, Vol. 42, No. 
1, January 2004, pp. 79-99, doi:10.1016/S0263-8231(03)00125-3 
ABSTRACT: The presence of cracks in a structure can considerably affect its behaviour. This paper presents a 
finite element study on the vibration, buckling and dynamic stability behaviour of a cracked cylindrical shell 
with fixed supports and subject to an in plane compressive/tensile periodic edge load. The effects of crack 
length and orientation are analysed. Under tension load, the results show that the frequency of the shell initially 
increases with the load, but then decreases as the load further increases leading to buckling due to tension load. 
The size and the orientation of the crack and the loading parameter can all have a significant effect on the 
dynamic stability behaviour of the shell under both compressive and tensile loading. The effects of these 
parameters are discussed in detail. 
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“Plastic buckling of cylindrical shells with cutouts”, Asian Journal of Civil Engineering (building and housing) 
Vol. 5, Nos 3-4 (2004) pp. 191-207 
ABSTRACT: The plastic behavior of an elastoplastic cylindrical shell with circular and rectangular cutouts 
under bending moment loads was investigated numerically and experimentally. A testing device (pure bending 
measurement) was designed and made to perform experiments on bending moment tests. The ratio of diameter 
to thickness of the stainless steel 304 specimens was 40.4 and the ratio of length to diameter was 7.94. The 
shape of the cutout on the shell was circular or rectangular. The tested specimens were categorized into five 
dissimilar groups. The effect of size, position and numbers of the cutout on the plastic moment is discussed. In 
order to investigate the strain distribution around of cutout, nine strain gauges were mounted in the longitudinal 
and circumferential directions on two specimens with different type of cutout. To investigate the accuracy of 
analytical and experimental results, numerical analysis considering the behavior of elastoplastic material were 
performed and good agreement was obtained between them. The strength of bending moment of cylindrical 
shells was decreased with increasing of sizes of cutout and it was increased with changing the location of the 
cutout from compression side to tension side. The effect of the number of cutouts (increasing from 1 to 3 
(axisymmetrical)) on bending strength of tubes is negligible. 
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R. Akbari Alashti, S. A. Latifi Rostami and G. H. Rahimi, “Buckling Analysis of Composite Lattice Cylindrical 
Shells with Ribs Defects”, Transactions A: Basics, Vol. 26, No. 4, pp. 411-420, April 2013 
ABSTRACT: In this paper, the buckling behavior of a composite lattice cylindrical shell is studied and effects 
of rib defects on the distribution of stress field and buckling response of the shell is investigated. A three 
dimensional finite element buckling analysis of the lattice shell is carried out using ANSYS suit of program. 
Geometrical data and material properties of the shell are obtained from the specimens made by filament 
winding method. Effects of various parameters including the geometrical ratios, defects of ribs on buckling 
response of the shell are studied. Buckling loads of composite lattice cylindrical shells under axial and shear 
forces have been obtained experimentally and results are compared with finite element results. 
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ABSTRACT: The paper investigates the buckling behaviour of anisogrid composite lattice cylindrical shells 
under axial compression, transverse bending, pure bending, and torsion. The lattice shells are modelled as three-
dimensional frame structures composed of curvilinear ribs subjected to the tension/compression, bending in two 
planes and torsion. The specialised finite-element model generation procedure (model generator/design 
modeller) is developed to control the orientation of the beam elements allowing the original twisted geometry of 
the curvilinear ribs to be closely approximated. The effects of varying the length of the shells, the number of 
helical ribs and the angles of their orientation on the buckling behaviour of lattice structures are examined using 
parametric analyses. Buckling of the lattice shells with cutouts is also analysed. The results of these studies 
indicate that the modelling approach presented in this work can be successfully applied to the solution of design 
problems. 
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ABSTRACT: A unified analytical approach is applied for investigating the vibrational behavior of grid-
stiffened composite cylindrical shells considering the flexural behavior of the ribs. A smeared method is 
employed to superimpose the stiffness contribution of the stiffeners with those of the shell in order to obtain the 
equivalent stiffness parameters of the whole panel. The stiffeners are modeled as a beam and considered to 
support shear loads and bending moments in addition to the axial loads. Therefore, the corresponding stiffness 
terms are taken into consideration while obtaining the stiffness matrices due to the stiffeners. Theoretical 
formulations are based on first-order shear deformation shell theory, which includes the effects of transverse 
shear deformation and rotary inertia. The modal forms are assumed to have the axial dependency in the form of 
Fourier series whose derivatives are legitimized using Stokes’ transformation. In order to validate the obtained 
results, a 3-D finite element model is also built using ABAQUS CAE software. Results obtained from two types 
of analyses are compared with each other, and good agreement has been achieved. Furthermore, the influence of 
variations in the shell thickness and changes of the boundary conditions on the shell frequencies is studied. The 
results obtained are novel and can be used as a benchmark for further studies. 
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of Guilan, P.O. Box 3756, Rasht, Iran), “Size-dependent axial buckling analysis of functionally graded circular 
cylindrical microshells based on the modified strain gradient elasticity theory”, Meccanica, Vol. 49, No. 7, pp 
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ABSTRACT: In this paper, a size-dependent first-order shear deformable shell model is developed based upon 
the modified strain gradient theory (MSGT) for the axial buckling analysis of functionally graded (FG) circular 
cylindrical microshells. It is assumed that the material properties of FG materials, which obey a simple power-
law distribution, vary through the thickness direction. The principle of virtual work is utilized to formulate the 
governing equations and corresponding boundary conditions. Numerical results are presented for the axial 
buckling of FG circular cylindrical microshells subject to simply-supported end conditions and the effects of 
material length scale parameter, material property gradient index, length-to-radius ratio and circumferential 
mode number on the size-dependent critical buckling load are extensively studied. For comparison purpose, the 
critical buckling loads predicted by modified couple stress theory (MCST) and classical theory (CT) are also 
presented. Results show that the size effect plays an important role for lower values of dimensionless length 
scale parameter. Moreover, it is observed that the critical buckling loads obtained based on MSGT are greater 



than those obtained based on MCST and CT. 
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Engineering, Babol, Iran) , “Buckling Of Imperfect Thick Cylindrical Shells And Curved Panels With Different 
Boundary Conditions Under External Pressure”, Journal of Theoretical and Applied Mechanics, Vol. 52, No. 1, 
pp 25-36, Warsaw 2014 
ABSTRACT: In this paper, the effects of initial imperfections on the buckling behavior of thick cylindrical 
shells and curved panels are investigated. It is assumed that the shell has an axisymmetric and periodic initial 
imperfection in the axial direction. The shell is assumed to have different boundary conditions and subjected to 
pure external pressure loading. Governing differential equations are developed on the basis of the second Piola-
Kirchhoff stress tensor and are reduced to a homogenous linear system of equations using the differential 
quadrature method. The effects of different boundary conditions, geometric ratios, curvature and imperfection 
parameter on the buckling behavior of isotropic thick cylindrical shells and curved panels are carefully 
discussed. The results obtained by the present method are verified with finite element solutions and those 
reported in the literature. 
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Babol, Iran) , “Buckling Analysis of Functionally Graded Thick Cylindrical Shells with Variable Thickness 
Using DQM”, Arabian Journal for Science and Engineering, August 2014 
ABSTRACT: In this paper, buckling analysis of a functionally graded thick cylindrical shell with variable 
thickness subjected to combined external pressure and axial compression is carried out. Moreover, the effect of 
an axisymmetric imperfection on the buckling load of the shell is investigated. It is assumed that material 
properties of the shell vary smoothly through the thickness according to a power law distribution of the volume 
fraction of constituent materials, while the Poisson’s ratio is assumed to be constant. The shell is considered to 
be simply supported at both ends. The governing differential equations are obtained based on the second Piola–
Kirchhoff stress tensor and are then reduced to a homogenous linear system of equations using differential 



quadrature method. Effects of several parameters of the shell including the volume fraction of constituents, 
geometric ratios, thickness variation amplitude factor, imperfection parameter and loading conditions on the 
buckling behavior of the functionally graded thick cylindrical shell are investigated. The results obtained by the 
present method are compared with results reported in the literature. 
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plastic buckling predictions”, International Journal of Mechanical Sciences, Vol. 33, No. 7, 1991, pp. 529-539, 
doi:10.1016/0020-7403(91)90015-U 
ABSTRACT: The discrepancy between the predictions of flow and deformation theories is investigated. The 
sensitivity of flow theory analysis to the interaction of multiaxial stresses in the pre-buckling state is reviewed. 
The predictions of the two theories are further examined based on critical strains at buckling, similar to the 
sheet metal forming limit curves. The extent to which the material nonlinearity of plastic flow is reflected in 



critical strains is also discussed for a variety of circumstances. 
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“Effect of axial loading on plastic buckling of long strips under pure shear”, Computers & Structures, Vol. 66, 
Nos. 2-3, January 1998, pp. 155-161, doi:10.1016/S0045-7949(97)00085-0 
ABSTRACT: A plastic buckling analysis is presented for infinitely long shear panels in the presence of tensile 
or compressive loading acting along the principal directions of the plate. Assuming a homogeneous pre-
buckling stress state with uniform axial and shear stresses, the critical state at buckling is determined by 
employing a bifurcation-of-equilibrium approach. The material is assumed elastic-plastic with non-linear strain 
hardening characteristics. Interaction buckling curves are presented for both flow and deformation theories of 
plasticity. 
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under axial compression reveals their mechanical response during buckling”, Journal of the Mechanical 
Behavior of Biomedical Materials, Vol. 39, pp 111-118, 2014 
ABSTRACT: Porcupine quills are natural structures formed by a thin walled conical shell and an inner foam 
core. Axial compression tests, differential scanning calorimetry (DSC), thermogravimetric analysis (TGA) and 
Fourier transform infrared spectroscopy (FT-IR) were all used to compare the characteristics and mechanical 
properties of porcupine quills with and without core. The failure mechanisms that occur during buckling were 
analyzed by scanning electron microscopy (SEM), and it was found that delamination buckling is mostly 
responsible for the decrease in the measured buckling stress of the quills with regard to predicted theoretical 
values. Our analysis also confirmed that the foam core works as an energy dissipater improving the mechanical 
response of an empty cylindrical shell, retarding the onset of buckling as well as producing a step wise decrease 
in force after buckling, instead of an instantaneous decrease in force typical for specimens without core. Cell 
collapse and cell densification in the inner foam core were identified as the key mechanisms that allow for 
energy absorption during buckling.  
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ABSTRACT: Thin walled cylindrical shell structures are widespread in nature; examples include plant stems, 
porcupine quills and hedgehog spines. All have an outer shell of almost fully dense material supported by a low 
density, cellular core. In nature, all are loaded in some combination of axial compression and bending; failure is 
typically by buckling. Natural structures are often optimized. Here we have analysed the elastic buckling of a 
thin cylindrical shell supported by an elastic core to show that this structural configuration achieves significant 
weight saving over a hollow cylinder. Biomimicking of natural cylindrical shell structures may offer the 
potential to increase the mechanical efficiency of engineering cylindrical shells. The results of the analysis are 
compared with data in the following, companion paper. 
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ABSTRACT: The analysis of the previous, companion paper showed that the buckling resistance of a 
cylindrical shell with a compliant core is greater than that of an equivalent weight shell without a core. Here, we 
describe uniaxial compression and four point bending tests on silicone rubber shells with and without compliant 
foam cores. The analysis describes the results of the mechanical tests well. 
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ABSTRACT: Thin-walled, cylindrical structures are found extensively in both engineering components and in 
nature. The weight to load bearing ratio is a critical element of design of such structures in a variety of 
engineering applications, including space shuttle fuel tanks, aircraft fuselages, and offshore oil platforms. In 
nature, thin-walled cylindrical structures are often supported by a honeycomb- or foam-like cellular core, as for 
example, in plant stems, porcupine quills, or hedgehog spines. Previous studies have suggested that a compliant 
core increases the buckling resistance of a cylindrical shell over that of a hollow cylinder of the same weight. In 
this paper, we extend the linear-elastic buckling theory by coupling it with basic plasticity theory to provide a 
more comprehensive analysis of isotropic, cylindrical shells with compliant cores. We examine the optimal 
design of a thin-walled cylinder with a compliant core, of given radius and specified materials, for a prescribed 
load bearing capacity in axial compression. The analysis gives the values of the shell thickness, the core 
thickness, and the core density that maximize the load bearing capacity of the shell with a compliant core over 
an equivalent weight hollow shell. The analysis also identifies the optimum ratio of the core modulus to the 
shell modulus and is supported by a Lagrangian optimization technique. The analysis further discusses the 
selection of materials in the design of a cylinder with a compliant core, identifying the most suitable material 
combinations. The performance of a cylinder with a compliant core is compared with competing designs 
(optimized hat-stiffened shell and optimized sandwich-wall shell). Finally, the challenges associated with 
achieving the optimal design in practice are discussed, and the potential for practical implementation is 
explored. 
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ABSTRACT: Structural analysis of shallow shells is performed and relatively accurate displacements and 
stresses are obtained. An energy method, which is an extension of the Ritz method, is used in the analysis. 
Algebraic polynomials are used as displacement functions. The numerical problems which resulted in 
inaccurate stresses in previous publications are improved by making use of symmetry and performing the 
computations on the CRAY Y-MP supercomputer which has 29-digit double-precision arithmatics. Curvature 
effects upon deflections and stress resultants of shallow shells with cantilever and ‘semi-cantilever’ boundaries 
are studied. 
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ABSTRACT: Laminated composite shells are frequently used in various engineering applications in the 
aerospace, mechanical, marine, and automotive industries. This article follows a previous book and review 
articles published by the leading author (Qatu, 2004, 2002, 1989, 1992, 1999 [1], [2], [3], [4]  and [5]). It 
reviews most of the research done in recent years (2000–2009) on the dynamic behavior (including vibration) of 
composite shells. This review is conducted with emphasis on the type of testing or analysis performed (free 
vibration, impact, transient, shock, etc.), complicating effects in material (damping, piezoelectric, etc.) and 
structure (stiffened shells, etc.), and the various shell geometries that are subjected to dynamic research 
(cylindrical, conical, spherical and others). A general discussion of the various theories (classical, shear 
deformation, 3D, non-linear etc.) is also given. The main aim of this review article is to collate the research 
performed in the area of dynamic analyses of composite shells during the last 10 years, thereby giving a broad 
perspective of the state of art in this field. This review article contains close to 200 references. 
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“Large rotations in first-order shear deformation FE analysis of laminated shells”, Int J Nonlinear Mech, Vol. 
41:101-123, 2006, DOI: 10.1016/j.ijnonlinmec.2005.06.009 
ABSTRACT: The paper deals with the geometrically non-linear analysis of laminated composite beams, plates 
and shells in the framework of the first-order transverse shear deformation (FOSD) theory. A central point of 
the present paper is the discussion of the relevance of five- and six-parameter variants, respectively, of the 
FOSD hypothesis for large rotation plate and shell problems. In particular, it is shown that the assumption of 
constant through-thickness distribution of the transverse normal displacements is acceptable only for small and 
moderate rotation problems. Implications inherent in this assumption that are incompatible with large rotations 
are discussed from the point of view of the transverse normal strain–displacement relations as well as in the 
light of an enhanced, accurate large rotation formulation based on the use of Euler angles. The latter one is 
implemented as an updating process within a Total Lagrangian formulation of the six-parameter FOSD large 
rotation plate and shell theory. Numerical solutions are obtained by using isoparametric eight-node Serendipity-
type shell finite elements with reduced integration. The Riks–Wempner–Ramm arc-length control method is 
used to trace primary and secondary equilibrium paths in the pre- and post-buckling range of deformation. A 
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ABSTRACT: A mixed-mode method is investigated for the dynamic analysis of partially prismatic structures, 
such as box girders with intermediate diaphragms and supports, or with variable-depth webs. Thus the prismatic 
‘main structure’ is discretised by finite strips, and the non-prismatic ‘sub-structure’ by finite elements. After 
dynamic reduction of the finite element degrees of freedom, advantage may be taken of the finite strip harmonic 
expansions in determining mode shapes. The method is tested by a variety of examples. Thus for structures with 
transverse substructures (e.g. diaphragms), the method is shown to be successful, being up to an order of 
magnitude faster than finite elements. However, for structures with longitudinal substructures (e.g. variable-
depth webs) the method is shown to be unreliable. This is because for such structures, approximations in the 
dynamic reduction procedure are found to be significant. 
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ABSTRACT: Thick shells made of composite materials have been analyzed by using a higher order shell 
theory. In this theory thickness normal strain and two transverse strains are included. A higher order three-
noded isoparametric axisymmetric finite element is used to solve the problem. Numerical experiments with the 
present element indicate that this element yields accurate vibration results with very few elements. In the 
present study, the suitability of different theories used for vibration studies has been investigated. Three theories 
are compared, viz. Love's first approximation shell theory, an improved theory with shear deformation and 
rotatory inertia, and a shell theory with thickness normal strain and shear deformations. It is found that the shear 
deformations have an appreciable effect on the vibration characteristics of comparatively thick shells, especially 
composite shells. A parametric study has been conducted to study the effects of various geometric properties of 
shell on the free vibration characteristics of conical isotropic and composite shells. The effect of mass 
distribution on the natural frequencies is also studied in the present work. 
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ABSTRACT: The Leipholz column which is having the Young modulus and mass per unit length as stochastic 
processes and also the distributed tangential follower load behaving stochastically is considered. The non self-
adjoint differential equation and boundary conditions are considered to have random field coefficients. The 
standard perturbation method is employed. The non self-adjoint operators are used within the regularity domain. 
Full covariance structure of the free vibration eigenvalues and critical loads is derived in terms of second order 
properties of input random fields characterizing the system parameter fluctuations. The mean value of critical 
load is calculated using the averaged problem and the corresponding eigenvalue statistics are sought. Through 
the frequency equation a transformation is done to yield load parameter statistics. A numerical study 
incorporating commonly observed correlation models is reported which illustrates the full potentials of the 
derived expressions. 
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S. Taeprasartsit (Infra Technology Service, Co. Ltd, Bangkok, Thailand), “A buckling analysis of perfect and 
imperfect functionally graded columns, Proceedings of the Institution of Mechanical Engineers, Part L: Journal 
of Materials, Design and Applications, December 4, 2011, DOI: 10.1177/1464420711426686 
ABSTRACT: Due to the asymmetry of the material properties about the middle plane, perfect columns made of 
functionally graded materials (FGMs) may not remain straight when a compressive axial point load is 
concentrically applied. This article analytically derives the displacement functions and the buckling load of both 
perfect and imperfect Euler–Bernoulli functionally graded columns. The method of derivation is based on the 
translation of the reference plane to the position at which the coupling between the axial and bending 
deformations is eliminated, i.e. the physical neutral surface position. Then, all the governing equations and their 
solutions turn out to have the same form as those of homogeneous columns subjected to an eccentric axial load. 
The effects of geometric imperfection are studied with the main purpose of finding imperfect shapes that make 
an imperfect column stronger than a perfect one. Further, the governing equations that are used to find those 
analytical solutions are expanded so that the equations can deal with large deformation and large strain analysis. 
These new governing equations are solved by finite element (FE) method based on linear exact shape functions. 
Then, the FE solutions are used to compare and validate the analytical solutions obtained earlier. 
 
 
K. He, S. V. Hoa and R. Ganesan (Concordia Center for Composites, Department of Mechanical Engineering, 
Concordia University, 1455 de Maisonneuve Boulevard West, Montreal, PQ, Canada H3G 1M8), “The study of 
tapered laminated composite structures: a review”, Composites Science and Technology, Vol. 60, No. 14, 
November 2000, pp. 2643-2657, doi:10.1016/S0266-3538(00)00138-X 
ABSTRACT: Following laminated composite plates and beams, tapered laminated structures, which are formed 
by dropping off some of the plies at discrete positions over the laminate, have received much attention from 
researchers because of their structural tailoring capabilities, damage tolerance, and their potential for creating 
significant weight savings in engineering applications. A review of recent developments in the analysis of 
tapered laminated composite structures with an emphasis on interlaminar stress analysis, delamination analysis 
and parametric study is presented. A discussion of various approaches to modelling and analysis of interlaminar 



response of tapered composites using finite elements and non-finite elements is given. Displacement-based 
finite elements and hybrid finite elements that are commonly used are also reviewed. A review of various 
studies on delamination failure mechanisms as a result of drop-off plies in the tapered composites is given next, 
which mainly encompasses a stress-strength approach and a fracture-mechanics approach. Lastly, a variety of 
methods that are being used in the parametric studies regarding the structural integrity is presented. Overall 
remarks drawn from the reviewed works are given in the final section of the paper. 
 
 
Peyman Khosravi, Ramin Sedaghati, and Rajamohan Ganesan.  "Optimization of Geometrically Nonlinear Thin 
Shells Subject to Displacement and Stability Constraints", AIAA Journal, Vol. 45, No. 3 (2007), pp. 684-692.  
http://dx.doi.org/10.2514/1.22714  
ABSTRACT: (cannot cut and paste the abstract) 
 
 
Shaikh Akhlaque-E-Rasul and Rajamohan Ganesan (Department of Mechanical and Industrial Engineering, 
Concordia Center for Composites, Concordia University, 1455 De Maisonneuve W., Montreal, QC, H3G 1M8, 
Canada), “ Non-linear buckling analysis of tapered curved composite plates”, Science and Engineering of 
Composite Materials. Vol. 18, No. 3, pp. 157–165, ISSN (Online) 2191-0359, ISSN (Print) 0792-1233, DOI: 
10.1515/secm.2011.026, September 2011 
ABSTRACT: Linear formulations are insufficient to take into account the effect of large deflections that occur 
after initial buckling. This effect can only be considered in the non-linear buckling analysis. In the present work, 
the non-linear analysis is carried out using the finite element method based on first-order shear deformation 
shell theories. Two non-linear shell theories, Donnell’s and Sanders’ theories, are used in the analysis. Based on 
the first-ply failure analysis and non-linear buckling analysis, the critical sizes and parameters of the tapered 
curved plates that will not fail before global buckling are determined. A parametric study that encompasses the 
effects of taper angle, critical length-to-height ratio, radius, radius-to-thickness ratio and geometric parameters 
of the plates is conducted. 
 
 
Jayaraj Kochupillai, N. Ganesan and Chandramouli Padmanabhan (Machine Dynamics Laboratory, Department 
of Applied Mechanics, Indian Institute of Technology Madras, Chennai 600 036, India), “A semi-analytical 
coupled finite element formulation for shells conveying fluids”, Computers & Structures, Vol. 80, Nos. 3-4, 
February 2002, pp. 271-286, doi:10.1016/S0045-7949(02)00008-1 
ABSTRACT: A new formulation, based on the semi-analytical finite element method, is proposed for elastic 
shells conveying fluids. The structural equations are based on the shell element proposed by Ramasamy and 
Ganesan [Comput Struct 70 (1998) 363] while the fluid model is based on velocity potential. Dynamic pressure 
acting on the walls is derived from Bernoulli's equation. Imposing the requirement that the normal components 
of velocity of the solid and fluid be equal, introduces fluid–structure coupling. The proposed technique has been 
validated using results available in the literature. This study shows that instability occurs at a critical fluid 
velocity corresponding to the shell circumferential mode with the lowest natural frequency and this 
phenomenon is also independent of the type of structural boundary conditions imposed. 
 
 
N. Ganesan and Ravikiran Kadoli (Machine Dynamics Laboratory, Department of Applied Mechanics, Indian 
Institute of Technology, Chennai 600 036, India), “Buckling and dynamic analysis of piezothermoelastic 
composite cylindrical shell”, Composite Structures, Vol. 59, No. 1, January 2003, pp. 45-60, 
doi:10.1016/S0263-8223(02)00230-1 
ABSTRACT: Piezoelectric composite cylindrical shells operating in a steady state axisymmetric temperature 
are analyzed using a semi-analytical finite element method. Numerical studies are conducted on a clamped–
clamped composite cylindrical shell for three typical length to radius ratios. The static thermal buckling analysis 
is carried out for a single layered composite cylindrical shell with different fiber orientation and hence study its 
influence on thermal buckling temperature. The influence of axisymmetric temperature on the natural 
frequencies and active damping ratio of the piezoelectric cylindrical shell is also examined. Two configurations 



of composite laminates: symmetric and antisymmetric with varying the number of plies is also considered to 
examine the effect on thermal buckling temperature. 
 
 
N. Ganesan and Ravikiran Kadoli (Machine Dynamics Laboratory, Department of Applied Mechanics, Indian 
Institute of Technology Madras, Chennai 600 036, India), “Studies on linear thermoelastic buckling and free 
vibration analysis of geometrically perfect hemispherical shells with cut-out”, Journal of Sound and Vibration, 
Vol. 277, Nos 4-5, November 2004, pp. 855-879, doi:10.1016/j.jsv.2003.09.008 
ABSTRACT: Thermoelastic buckling and free vibration analysis of geometrically perfect isotropic 
hemispherical shells subjected to axisymmetric temperature variation are presented. First order shear 
deformation theory is used to analyze the moderately thick elastic hemispherical shells. The variations of 
various field variables are assumed in the circumferential direction and the finite element matrices used in the 
numerical studies are based on the semi-analytical method. The formulation is validated for thermal buckling 
strains available in the literature. Thermal buckling temperatures are evaluated for deep shells having a cut-out 
at the apex. Parameters considered in the study include hemispherical shells with a/h ratios of 100 and 500 and 
each with cut-out angle at apex equal to 7°, 30° and 45°. Boundary conditions considered are clamped–clamped 
and clamped–free. A study on the distribution of the stress resultants due to thermal loading is examined in 
order to relate their influence on the buckling temperature of the shells with respect to above-stated geometric 
parameters. The effect of temperature on the free vibration natural frequency of the hemispherical shell is also 
analyzed. 
 
 
Ravikiran Kadoli and N. Ganesan (Department of Applied Mechanics, Machine Dynamics Laboratory, Indian 
Institute of Technology, Madras, Chennai 600 036, India), “A theoretical analysis of linear thermoelastic 
buckling of composite hemispherical shells with a cut-out at the apex”, Composite Structures, Vol. 68, No. 1, 
April 2005, pp. 87-101, doi:10.1016/j.compstruct.2004.03.003 
ABSTRACT: Numerical results on the thermal buckling temperature of geometrically perfect HS-
Graphite/Epoxy hemispherical shells with cut-out at apex subjected to uniform temperature distribution is 
presented. The numerical computation is based on the general shell of revolution semi-analytical finite element 
applicable to moderately thick shells. Studies are presented considering parameters like ratio of base radius to 
thickness of shell, size of the cut-out at apex and fibre orientation of the lamina and their effects are examined 
on the magnitude of the buckling temperature. An in-depth study on the magnitude and distribution of the total 
effective stress resultants and moment resultants is used to explain the role of these quantities on the magnitude 
of the lowest thermal buckling temperature. It is found that for a given geometry, uniform temperature rise and 
edge conditions the lowest buckling temperature of a hemispherical shell is mainly due to the large magnitude 
of the hoop stress resultant close to the edges of the hemispherical shell and also depends on the distribution of 
hoop stress resultants. 
 
 
V. Pradeep, N. Ganesan and C. Padmanabhan (Machine Dynamics Laboratory, Department of Applied 
Mechanics, Indian Institute of Technology, Madras, Chennai, India), “Buckling and Vibration Behavior of a 
Viscoelastic Sandwich Cylinder under Thermal Environment”, International Journal for Computational 
Methods in Engineering Science and Mechanics, Vol. 7, No 5, 2006, pp. 389 – 401, 
doi: 10.1080/15502280600790413 
ABSTRACT: This paper presents the buckling and vibration behavior of a viscoelastic sandwich cylinder in a 
thermal environment analyzed using the semi analytical finite element method. The analysis is carried out using 
a decoupled thermo mechanical formulation. The temperature field in the shell domain is evaluated using an 
eight-noded axisymmetric ring element. Buckling and vibration analyses are carried out using a two-noded 
sandwich shell element in the semi-analytical finite element method. Buckling temperatures are calculated for 
sandwich shells with two different core materials. The effect of temperature-dependent core shear modulus on 
buckling temperature and vibration behavior has been investigated for sandwich shells with different 
mechanical boundary conditions. Variations of natural frequencies and loss factors with temperature have also 
been examined for sandwich shells with two different core materials. 



 
 
A. Kumaravel, N. Ganesan, Raju Sethuraman, (2010) "Buckling and vibration analysis of layered and 
multiphase magneto-lectro-elastic cylinders subjected to uniform thermal loading", Multidiscipline Modeling in 
Materials and Structures, Vol. 6 Iss: 4, pp.475 – 492, http://dx.doi.org/10.1108/15736101011095145 
ABSTRACT: The purpose of the paper is to investigate the linear thermal buckling and vibration analysis of 
layered and multiphase magneto-electro-elastic (MEE) cylinders made of piezoelectric/piezomagnetic materials 
using finite element method. The constitutive equations of MEE materials are used to derive the finite element 
equations involving the coupling between mechanical, electrical, magnetic and thermal fields. The present study 
is limited to clamped-clamped boundary conditions. The linear thermal buckling is carried out for an 
axisymmetric cylinder operating in a steady state axisymmetric uniform temperature rise. The influence of 
stacking sequences and volume fraction of multiphase MEE materials on critical buckling temperature and 
vibration behaviour is investigated. The influence of coupling effects on critical buckling temperature and 
vibration behaviour is also studied. The critical buckling temperature is higher for MEE axisymmetric cylinder 
as compared to elastic cylinder. 
 
 
N. Ganesan, P.V. Indira and Anjana Santhakumar (Department of Civil Engineering, National Institute of 
Technology Calicut, India), “Prediction of ultimate strength of reinforced geopolymer concrete wall panels in 
one-way action”, Construction and Building Materials, Vol. 48, pp 91-97, November 2013 
DOI: doi:10.1016/j.conbuildmat.2013.06.090 
ABSTRACT: An experimental investigation has been carried out to study the strength and behaviour of 
Ordinary Portland cement concrete (OPC) and geopolymer concrete (GPC) wall panels. A total of 20 wall 
panels were tested under uniformly distributed axial load in one-way in-plane action. Out of these, 10 wall 
panels were made of OPC and the remaining was of GPC. The main variables considered in this study were 
slenderness ratio (SR) and aspect ratio (AR) of the walls. Also a method was proposed to predict the ultimate 
load of reinforced GPC wall panels. 
 
 
Khosravi, P., Ganesan, R. and Sedaghati, R. (Department of Mechanical and Industrial Engineering, Concordia 
University, Montreal, Quebec, Canada, H3G 1M8), “Corotational non-linear analysis of thin plates and shells 
using a new shell element”, International Journal for Numerical Methods in Engineering, 69: 859–885, 2007, 
doi: 10.1002/nme.1791 
ABSTRACT: A new three-node triangular shell element is developed by combining the optimal membrane 
element and discrete Kirchhoff triangle (DKT) plate bending element, and is modified for laminated composite 
plates and shells so as to include the membrane-bending coupling effect. Using appropriate shape functions for 
the bending and membrane modes of the element, the ‘inconsistent’ stress stiffness matrix is formulated and the 
tangent stiffness matrix is determined. Non-linear analysis of thin-walled structures with geometric non-
linearity is conducted using the corotational method. The new element is thoroughly tested by solving few 
popular benchmark problems. The results of the analysis are compared with those obtained using existing 
membrane elements. 
 
 
Peyman Khosravi, Rajamohan Ganesan and Ramin Sedaghati (Department of Mechanical and Industrial 
Engineering, Concordia University, Montreal, Quebec, Canada), “Optimization of thin-walled structures with 
geometric nonlinearity for maximum critical buckling load using optimality criteria”, Thin-Walled Structures, 
Vol. 46, No. 12, December 2008, pp. 1319-1328, doi:10.1016/j.tws.2008.04.002 
ABSTRACT: In this study, two optimality criteria are presented for shape optimization of thin-walled structures 
with geometric nonlinearity modeled by finite elements. The optimization problem considers the thickness and 
geometry design variables, and aims to maximize the critical load of the structure subject to constant total mass. 
Results of the optimization with optimality criteria are compared with those found by the gradient-based 
sequential quadratic programming method. It is shown that the optimum shape can be found using this method 
without performing the sensitivity analysis, and in less number of iterations compared to the standard gradient-



based methods of optimization. 
 
 
Peyman Khosravi, Rajamohan Ganesan and Ramin Sedaghati (Department of Mechanical and Industrial 
Engineering, Concordia University, Montreal, Quebec, Canada), “An efficient facet shell element for 
corotational nonlinear analysis of thin and moderately thick laminated composite structures”, Computers & 
Structures, Vol. 86, No. 9, May 2008, pp. 850-858, Special Issue: Composites, 
doi:10.1016/j.compstruc.2007.04.010 
ABSTRACT: In the present work, an efficient facet shell element for the geometrically nonlinear analysis of 
laminated composite structures using the corotational approach is developed. The facet element is developed by 
combining the discrete Kirchhoff–Mindlin triangular bending element (DKMT), and the optimal membrane 
triangular element (OPT). The membrane-bending coupling effect of composite laminates is incorporated in the 
formulation, and inconsistent stress stiffness matrix is formulated. Using corotational formulation and the 
proposed facet element, some example laminated composite structures with geometric nonlinearity are 
analyzed, and the results are compared with those found using other facet elements. 
 
 
S. Akhlaque-E-Rasul and R. Ganesan (Concordia Center for Composites, Department of Mechanical and 
Industrial Engineering, Concordia University, 1455 De Maisonneuve W., Montreal, QC, Canada, H3G 1M8), 
“Finite element global buckling analysis of tapered curved laminates”, (publisher and date not included in the 
pdf file; most recent reference is 2009) 
ABSTRACT: Due to the variety of configurations of tapered curved composite plates the analysis becomes 
complex. At present no existing work deals with their response to compressive loading except the other works 
of present authors. The linear and non-linear buckling analyses of tapered curved composite plates are 
conducted in the present work using SHELL99 element of ANSYS. The results obtained using ANSYS are 
compared with that of the Finite Element Analysis using a Lagrange element based on First order Shell Theory 
(FST), and Ritz solution based on Classical Shell Theory (CST) and FST. The strength characteristics and load 
carrying ability of the tapered curved plates are investigated considering first-ply failure and delamination 
failure. Based on these analyses, the critical sizes and parameters of the tapered curved plates that will not fail 
before global buckling are determined. A parametric study is also carried out. 
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“Compressive response of tapered curved composite plates”, PhD Dissertation, December 2010 
ABSTRACT: Tapered laminated structures have considerable potential for creating significant weight savings 
in engineering applications. In the present thesis, the ply failure and global buckling failure of internally-tapered 
curved laminates are considered. For the buckling analysis, four different analytical approaches are employed: 
(1) classical shell theories using Ritz method, (2) first-order shear deformation shell theories using Ritz method, 
(3) linear finite element analysis based on first-order shear deformation shell theories, and (4) non-linear finite 
element analysis. Due to the variety of tapered curved composite plates and the complexity of the analysis, no 
closed-form analytical solution is available at present regarding their response to compressive loading. 
Therefore, the Ritz method is used for the global buckling analysis considering uniaxial compressive load. 
Linear buckling analysis of the plates is carried out based on eight classical shell theories and six first-order 
shear deformation shell theories. To apply the first-order shear deformation shell theories, an appropriate set of 
shear correction factors has been determined. The buckling loads obtained using Ritz method are compared with 
the existing experimental and analytical results, and are also compared with the buckling loads obtained using 
finite element method. The strength characteristics and load carrying capability of the tapered curved plates are 
investigated considering the first-ply failure and delamination failure. The commercial software ANSYS® is 
used to analyze these failures. Based on the ply failure and buckling analyses, the critical sizes and parameters 
of the tapered curved plates that will not fail before global buckling are determined. Linear buckling analysis is 
insufficient to take into account the effect of large deflections on the buckling loads. This effect can only be 
considered in the non-linear buckling analysis. However, very large number of load steps is required to 
determine the buckling load based on the non-linear analysis in which the stability limit load is calculated from 
the non-linear load-deflection curve. In the present thesis, a simplified methodology is developed to predict the 
stability limit load that requires the consideration of only two load steps. The stability limit loads calculated 
using the present simplified methodology are shown to have good agreement with that calculated from the 
conventional non-linear load-deflection curve. Parametric studies are carried out using the above mentioned 
four different types of analytical methods. In these studies, the effects of boundary conditions, stacking 
sequence, taper configurations, radius, and geometric parameters of the plates are investigated. 
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ABSTRACT: Tapered composite shells provide considerable weight and energy savings in the engineering 
applications. Due to the advanced configurations of tapered composite shells and their complex behavior, 
closed-form analytical solutions are not available at present regarding their response to compressive loading. In 
the present work, approximate analytical solutions are developed using the Ritz method for the global buckling 
response of tapered shells considering uni-axial compression. Buckling analysis of the shells is carried out using 
the Ritz method based on six well-established First-order shear deformation Shell Theories (FST). The failure 
strength characteristics and load carrying capability of the above mentioned tapered shells are studied 
considering the first-ply failure. Based on the failure and buckling analyses, the critical values of size and shape 
parameters of the shells such that they will fail only in global buckling mode are determined. A comprehensive 
parametric study is carried out and design guidelines for the tapered shells are established based on this study. 
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“Linear and nonlinear stability analysis of cylindrical shells”, Computers & Structures, Vol. 12, No. 4, October 
1980, pp. 549-558, doi:10.1016/0045-7949(80)90130-3 
ABSTRACT: The paper describes the application of a curved isoparametric shell element to large displacement 
analyses including instability phenomena. A total Lagrangian formulation has been adopted using the standard 
incremental/iterative solution procedure. The linear stability analyses usually performed for the initial position 
were repeated at several advanced fundamental states on the nonlinear prebuckling path. Thus a current estimate 
of the final failure load is given. The method has been applied to several perfect and imperfect cylindrical shells 
under uniform pressure or wind load. Finally the example of a cylindrical panel under one concentrated 
transverse load is discussed. 
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“Linear and Nonlinear Stability Analysis of Thin Cylindrical Shells under Wind Loads”, Mechanics Based 
Design of Structures and Machines: An International Journal, Vol. 9, No. 1, 1981, pp. 91 – 113, 
doi: 10.1080/03601218108907378 
ABSTRACT: The stability of a cylindrical shell subjected to wind load is analyzed using numerical solution 
methods. The multisegment direct integration as well as the finite element method are applied in linear analysis, 
and a nonlinear finite element algorithm is used to take into account the nonlinear prebuckling effects of the 
perfect and imperfect structure. The calculated results are compared with measurements, and good agreement is 
derived with respect to both stability limit and buckling mode. 
 
 
D. F. Fischer and F. G. Rammerstorfer (Technical and Scientific Computing Division, FAT, FOEST-ALPINE 
AG, Linz, Austria), “The stability of Liquid-filled cylindrical shells under dynamic loading”, Chapter in 
Buckling of Shells, pp 569-597, 1982, DOI: 10.1007/978-3-642-49334-8_20 
ABSTRACT: In the paper we are looking at cylindrical shells fixed at the bottom and free at the top. Let us 
assume that these shells are filled with a viscous, compressible fluid of a mass density, pL, up to height, H. For 
definitions see Fig. 1. The shell is accelerated at the bottom, i.e. at position x = 0, by a horizontal acceleration, 
A(t), (t = time). 
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iterative analysis. Geometrical non-linearities in terms of large deformations and material non-linearities in 
terms of layer craccking are taken into account. Accompanying eigenvalue analyses allow the determination of 
the—sometimes rather complicated—buckling behaviour with non-linear prebuckling deformations. 
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“Computational methods in composite analysis and design”, Chapter 8 in Engineering mechanics of fibre 
reinforced polymers and composite structures, edited by Jan A. H. Hult and F. G. Rammerstorfer, CISM 
Courses and Lectures No. 348, International Centre for Mechanical Sciences, Springer-Verlag, 1994, 
ISBN 3-211-82652-1 
ABSTRACT: In this chapter formulations of special finite shell elements for the analysis of composite shell 
structures (layered fiber-composite and sandwich shells) as well as computational considerations of local effects 
are described. Nonlinearities due to large deformations and progressive damage as well as local and global loss  
of stability are treated. Finally, some practical applications of the computational procedures are described. 
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“Lamination Theory and Failure Mechanisms in Composite Shells”, Chapter 4 in Engineering mechanics of 
fibre reinforced polymers and composite structures, edited by Jan A. H. Hult and F. G. Rammerstorfer, CISM 
Courses and Lectures No. 348, International Centre for Mechanical Sciences, Springer-Verlag, 1994,  
ISBN 3-211-82652-1 
ABSTRACT: In this section the classical lamination theory is described on the basis of Mindlin-Reissner’s 
kinematics. Hygrothermal effects are included, and a formulation is achieved which can be simply specified for 
specific laminates such as symmetric, quasi-orthotropic and quasi-isotropic ones. Furthermore, interlaminar 
stresses and edge effects as well as some failure critieria and the post-failure behavior with stiffness degradation 
are considered. Based on antiplane core conditions a sandwich theory is developed, and a procedure is presented 
for estimating local instability phenomena such as different modes of face layer wrinkling or intracell buckling 
and failure due to transverse normal stresses. 
 
 
X. Wang and F.G. Rammerstorfer (Institute of Lightweight Structures and Aerospace Engineering, Vienna 
Technical University, Vienna, Austria), “Determination of effective breadth and effective width of stiffened 
plates by finite strip analyses”, Thin-Walled Structures, Vol. 26, No. 4, pp 261-286, 1996 
ABSTRACT: A finite strip (FS) method is presented for the numerical investigation of two design parameters – 
effective breadth and effective width – of stiffened plates. For the effective breadth, stiffened plates under 
bending are studied. Due to the transverse bending loads there is shear transmission through the plate from the 
stiffener which leads to a non-uniform longitudinal stress distribution across the plate width. This phenomenon, 
termed as shear lag, can be represended by the ‘effective breadth concept’, and has been extensively studied by 
analytical methods. A linear FS method is presented which utilizes the advantages of decoupling of Fourier 
terms on the one hand and, on the other hand, allows the treatment of both webs and flanges using a plate 
model. A definitely different situation exists for estimating the effectiveness of plate breadth (or width) of plates 
in the postbuckling range. The ‘concept of effective width’ is based on the fact that plates with supported 
longitudinal edges and/or stiffeners can accept additional load after buckling under longitudinal compression, 
and enables the designere to evaluate the postbuckling strength of plate structures simply by using the design 
parameter ‘effective width’. Several formulae (most of them empirically derived) exist for an approximative 
calculation of the load dependent value of the effective width. A nonlinear FS method is developed and applied 
to the investigation of the postcritical strength of locally buckled structures. An incremental successive iterative 
procedure is introduced for an effective numerical analysis. 
 
 



C. Bilik, D.H. Pahr and F.G. Rammerstorfer (Institute of Lightweight Design and Structural Biomechanics, 
Vienna University of Technology, Vienna, Austria), “A bead laying algorithm for enhancing the stability and 
dynamic behavior of thin-walled structures”, Acta Mechanica, Vol. 223, No. 8, pp 1621-1631, August 2012 
ABSTRACT: Introducing beads into thin-walled structures for enhancing bending stiffness is a common 
practice and has been used for many decades. Typically, forms and patterns of such beads are rather based on 
experience as well as practical results than on analytical or numerical investigations. Recently computational 
methods have been developed for designing or optimizing beads. The paper at hand contributes to these 
attempts. It deals with increasing the buckling resistance as well as the fundamental frequency of thin-walled 
structures by systematic bead design. The design strategy is based on the idea to disturb the buckling mode and 
the fundamental vibration mode, respectively, of a structure in an efficient way by laying beads along the 
direction of the occurring maximum principal curvature of the corresponding mode shape. Since the beads 
influence this mode shape, an incremental approach is required. Numerical investigations into plate and profile 
structures are performed by applying this new iterative design procedure in combination with the finite element 
method. 
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H.-R. Meyer-Piening and R. Anderegg, “Buckling and postbuckling investigations of imperfect curved stringer-
stiffened composite shells. Part A: Experimental investigation and effective width evaluation”, Thin-Walled 
Structures. Vol. 23, No. 1-4, 1995, pp. 323-338, Special Issue: Buckling Strength of Imperfection-sensitive 
Shells, doi:10.1016/0263-8231(95)94360-6 
ABSTRACT: A box-like stringer-stiffened thin-walled CFRP structure was subjected to load cases well beyond 
the limits of local buckling. The development of the deflection pattern was recorded via optical means and 
analysed numerically. In addition, the structure was modelled and analysed using the MARC FE program in the 
nonlinear deflection range. The geometrical imperfections of the test structure were recorded by mechanical 
scanning and optical methods and introduced into the mathematical model. For the perfect (‘ideal’) and the 
geometrically imperfect (‘real’) structural model, the results of the FE analyses were compared and used to 
judge the effect of geometric imperfections on the postbuckling behaviour of the structure. The effective axial 
stiffness for the various postbuckling states was evaluated and related to analytical estimates of effective width 
values for orthotropic sheet-like panels. 
 
 
M. A. Stiftinger, I. C. Skrna-Jakl and F. G. Rammerstorfer (Institute of Lightweight Structures and Aerospace 
Engineering, Vienna Technical University, Vienna, Austria), “Buckling and postbuckling investigations of 
imperfect curved stringer-stiffened composite shells. Part B: Computational investigations”, Thin-Walled 
Structures, Vol. 23, Nos. 1-4, 1995, pp. 339-350, Special Issue: Buckling Strength of Imperfection-sensitive 
Shells, doi:10.1016/0263-8231(95)00021-5 
ABSTRACT: Computational investigations of the buckling and postbuckling behaviour of a stringer-stiffened 
composite wing torsion box employing the finite element method are presented. Perfect and imperfect 



configurations — considering geometrical imperfections as well as initial stresses - are discussed. Two different 
loadcases are investigated: pure axial loading and axial loading with a superimposed constant torsion moment. 
The buckling behaviour is determined by tracing the load-deflection curves using Riks' path following method. 
Additional investigations, such as accompanying eigenvalue analyses and first-ply failure calculations, are 
performed for the first loadcase. Special attention is put on the modelling of the stiffened regions, where 
eccentrically placed layers have to be taken into account due to the bonding of the stiffeners to the inner surface 
of the box. The results show interesting phenomena, such as additional buckling points in the postbuckling 
region, which, however, can hardly be detected by simply considering the load-axial displacement path. 
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Engineering, Vienna Technical University, Vienna, Austria), “Numerical investigations of an imperfect 
stringer-stiffened composite wing torsion box—an analysis concept”, Composites Part B: Engineering, Vol. 27, 
No. 1, 1996, pp. 59-69, doi:10.1016/1359-8368(95)00007-0 
ABSTRACT: Computational investigations of the buckling and postbuckling behaviour of a stringer-stiffened 
composite wing torsion box employing the finite element method are presented. Perfect and imperfect 
configurations considering geometrical imperfections as well as initial stresses—are discussed. The 
determination of load-deflection curves and first-ply-failure calculations for the skin are performed for two 
different loadcases. In addition, in a global-local approach, the interlaminar stresses, the risk of delamination 
and first-ply-failure in the stiffener sections in the prebuckled and the postbuckled ranges are examined. This 
approach combining non-linear global and linear local investigations represents an analysis concept for 
stiffened composite structures, which considers the stability behaviour of the structure as well as ply failure and 
onset of delamination in the skin, the stringers and the skin-stringer transitions. 
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Daxner, T.; Rammerstorfer, F. G.; Fischer, F. D.; Ghosh, S.; Castro, J.C.; Lee, J.K., “Simulation of Material and 
Structural Instability Phenomena During the Flaring Process of Cylindrical Shells”, AIP Conference 
Proceedings, June 2004, Vol. 712 Issue 1, p1887 
ABSTRACT: Pushing a conical die into a pipe, a forming process also known as “flaring”, is a way of changing 
the shape of a thin cylindrical tube into that of a conical shell. Interest in predicting the forming limits for this 
specific process motivated the present study, in which experiments and Finite Element simulations were 
employed for the identification of two limiting mechanisms: (a) diffuse necking caused by local loss of material 
stability at the free, expanding end of the pipe, and (b) loss of global stability due to elasto-plastic “Concertina” 
buckling of the straight pipe part. The former mechanism leads to the formation of periodic necks and 
subsequent failure by strain localization and rupture, while the latter mechanism is characterized by a periodic 
buckling pattern that is similar to the one observed in typical crash elements. Whether collapse or rupture is the 
limiting factor depends on geometrical parameters and material parameters, such as, for example, the hardening 
exponent in the Ludwik law. There are some publications of analytical considerations of the flaring process, 
describing the load displacement behavior of the stamp and the development of plastic deformations in the tube. 
However, the aspect of material and structural instability requires a deeper insight into the problem, which is 
provided by the experimental results and the numerical studies presented here. It appears to be important to take 



the tridimensionality of the stress and strain states into account when reliable predictions of necking and rupture 
limits are to be made 
 
 
T. Daxner, F.G. Rammerstorfer and F.D. Fischer, “Instability phenomena during the conical expansion of 
circular cylindrical shells”, Computer Methods in Applied Mechanics and Engineering, Vol. 194, pp 2591-
2603, 2005 
ABSTRACT: Pushing a conical die into a tube is a forming process that is suitable for changing the shape of a 
thin cylindrical tube into that of a conical shell. The degree of expansion that is achievable without destroying 
the tube is limited by two mechanisms: (a) loss of global stability due to elasto-plastic ´Concertina´ buckling of 
the straight part of the tube, and (b) diffuse necking caused by local loss of material stability in the conical part 
of the tube. The former mechanism is characterized by a periodic buckling pattern, that is similar to the one 
observed in typical crash elements, while the latter mechanism leads to the formation of periodic necks and 
subsequent failure by strain localization and rupture. In this study experimental evidence for both kinds of 
instabilities is presented along with corresponding simulation results obtained with the finite element method. 
For long tube specimens ´Concertina´ buckling was found to be the dominant instability mode while for short 
tube specimens failure by necking and rupture occurred. The critical circumferential strain for the onset of 
necking at the expanding tube end was markedly higher than the one expected from uniaxial tension results. 
This finding is attributed to the supporting effect of the tube sections that are subjected to lower strains. 
 
 
Franz G. Rammerstorfer, Dieter H. Pahr, Thomas Daxner and Walter K. Vonach, “Buckling in thin walled 
micro and meso structures of lightweight materials and material compounds”, Computational Mechanics, Vol. 
37, No. 6, pp 470-478, May 2006 
ABSTRACT: Modern materials and material compounds for application in lightweight structures exhibit, in 
addition to the use of constituents of high specific stiffness and strength, very special micro- and meso-
structures. Typical representatives of such material compounds are sandwiches with thin homogeneous or 
composite face layers and structured core materials (for instance honeycombs and closed or open cell foams). 
The load carrying capacity of lightweight structures made of such materials and material compounds, 
respectively, is limited by a considerable number of rather different but interconnected instability modes 
occurring at length scales which are several orders of magnitude smaller than the size of the structural part. 
These non-global instabilities are the subject of the presented keynote paper. 
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Daxner, T., Flatscher, T. and Rammerstorfer, F.G. (Institute of Lightweight Design and Structural 
Biomechanics, Vienna University of Technology), “Optimum design of corrugated board under buckling 
constraints”, 7th World Congress on Structural and Multidisciplinary Optimization, Seoul, Korea, 21-25 May, 
2007 
ABSTRACT: Corrugated paper is produced in large volumes for packaging purposes, an application which 
places high demands on the structural stability of the employed corrugated board containers. This is taken into 
account in the optimization procedure for reducing the area-specific weight of corrugated board which is 
presented in this paper. For predicting effective properties of corrugated board designs, the geometry of the 
board is discretized by finite shell elements, and a periodic unit cell model, which contains a minimum of one 
full wave of the flute, is generated. By application of appropriate periodicity boundary conditions, the effective 
mechanical behavior of a theoretically infinite board can be predicted within the limits of linear shell theory. 
Furthermore, local loss of stability can also be calculated. It is possible to embed this model into an 
optimization procedure which attempts to reduce the area-specific weight of the board by modifying the 
governing geometrical parameters while enforcing the stiffness and buckling strength constraints. It has to be 
noted that the calculation of critical loads with respect to local buckling involves a minimization scheme within 
this optimization loop in order to find the critical buckling wavelength and adjust the unit cell size accordingly. 
We apply the proposed optimization scheme to a specific kind of corrugated board in order to determine if there 
is potential for weight-reduction. The optimization scheme gives a set of parameters which describes a new 
design of corrugated paper with the same buckling strength, but an area-specific weight that is reduced by more 
than 18% with respect to the original design. The improved corrugated board shows simultaneous buckling of 
fluting and liners under a compressive membrane load along the generatrix of the flute.  
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“Detailed modeling of delamination buckling of thin films under global tension”, Acta Materialia, Vol. 61, No. 
7, pp 2425-2433, April 2013, DOI: 10.1016/j.actamat.2013.01.014 
ABSTRACT: Tensile specimens of metal films on compliant substrates are widely used for determining 
interfacial properties. These properties are identified by the comparison of experimentally observed 
delamination buckling and a mathematical model which contains the interface properties as parameters. The 
current two-dimensional models for delamination buckling are not able to capture the complex stress and 
deformation states arising in the considered uniaxial tension test in a satisfying way. Therefore, three-
dimensional models are developed in a multi-scale approach. It is shown that, for the considered uniaxial 
tension test, the buckling and associated delamination process are initiated and driven by interfacial shear in 
addition to compressive stresses in the film. The proposed model is able to reproduce all important 
experimentally observed phenomena, like cracking stress of the film, film strip curvature and formation of 
triangular buckles. Combined with experimental data, the developed computational model is found to be 
effective in determining interface strength properties. 
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“Effect of defects on the local shell buckling and post-buckling behavior of single and multi-walled carbon 
nanotubes”, Computational Materials Science, Vol. 79, pp 736-744, November 2013 
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ABSTRACT: The local buckling behavior of perfect/defective and single/multi-walled carbon nanotubes 
(CNTs) under axial compressive forces has been investigated by the molecular dynamics approach. Effects of 
different types of defects including vacancy and Stone–Wales (SW) defects and their configurations on CNTs 
with different chiralities at room temperature are studied. Results show that defects largely reduce the buckling 
stress and the ratio of immediate reduction in buckling compressive stress of the defective CNT to the perfect 
one, but have little influence on their compressive elastic modulus. SW defects usually reduce the mechanical 
properties more than vacancy defects, and zigzag CNTs are more susceptible to defects than armchairs. In 
addition, increasing the number of defects leads to higher deterioration in mechanical properties of CNTs. The 
results of simulations show that in the case of slender single-walled CNTs, the behavior is primarily governed 
by the Euler buckling law. On the other hand, in the local shell buckling mode, two distinct behaviors are 
observed, including the primary local shell buckling mode for intermediate CNTs, and the secondary local shell 
buckling mode for short CNTs. In the local buckling response, CNTs with smaller diameters sustain higher 
buckling stresses than CNTs with larger diameters.  
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Kuo-Kuang Road, 40227 Taichung, Taiwan), “Optimum design of composite wing structures by a refined 
optimality criterion”, Composite Structures, Vol. 17, No. 1, 1991, pp. 51-65,  
doi:10.1016/0263-8223(91)90060-C 
ABSTRACT: Techniques for the optimization of composite with structures are investigated. The refined 
optimality criterion technique presented in this paper is an algorithm combining a criterion based on the Kuhn-
Tucker conditions and the technique of fully stressed design. The main advantages of this method are the 
generality of use, the efficiency in computation, and the capability of identifying automatically the set of critical 
constraints. Sensitivity analysis of constraints is based on the virtual load principle. This method is especially 
suitable for optimum design of large-scale structures. A modular type computer program, ARS 5 (Automatic 
Resizing System 5), is developed in accordance with the finite element method, refined optimality criterion, 
sensitivity analysis and Fortran-77 language for the optimization of composite wing structures subjected to 
sizes, stresses, displacements, twist and buckling constratints. Numerical results for a triple-spars composite 
wing structure reveal that the present technique is quite efficient and reliable. 
 
 
Vijay Sahadevan, Y. Bonnefon and T. Edwards (Aerospace Division, Atkins, 650 Aztec West, Almondsbury, 
BS32 4SD, UK), “A meta-heuristic based weight optimisaton for composite wing structural analysis”, Applied 
Mechanics and Materials, Vols. 5-6, 2006, pp. 305-314,  
10.4028/www.scientific.net/AMM.5-6.305 
ABSTRACT: This paper presents a two-stage meta-heuristic approach to producing weight-optimised solutions 
needed prior to the detailed finite element analysis of composite wing. Composite wing covers are assumed to 
take the form of a group of stiffened sub-panels with varying skin and stiffener geometries according to the 
wing layout and loads. A population of limited solutions satisfying various design constraints was created using 
layout (skin and stiffener geometry), selected lay-ups, rule based stacking sequence and various assumed loads. 
The closed form analytical solutions of flat stiffened orthotropic plates are used for calculating buckling reserve 
factors and strength margins. For each sub-panel, a meta-heuristic rule was imposed to search for a suitable 
combination of skin and stiffener geometry. The criterion used was minimum weight satisfying laminate 
continuity accounting for manufacturability. Later, the optimised solutions for each sub-panel are converted into 
a format supported by the conventional finite element tool (NASTRAN). The use of meta-heuristic approach 
and their automation in Visual Basic for Applications resulted in fast convergence and potential time-saving 
compared to genetic algorithms. 
 
 
Ekkehard Ramm, “Ultimate load and stability analysis of reinforced concrete shells”, IABSE reports = Rapports 
AIPC = IVBH Berichte, 1987, http://dx.doi.org/10.5169/seals-41926  
SUMMARY: The paper firstly discusses the fundamental behavior of RC-shells in the ultimate load range 
which is characterized by a strong interaction of buckling and strength. It reviews current design procedures, 
few reported structural failures as well as RC model tests and finite element formulations for geometrically and 
materially nonlinear finite element analyses of RC-shells. Finally a brief description of one specific numerical 
model is give. It is applied to the ultimate load and stability analyses of conically shaped cooling towers. 
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ABSTRACT: The paper first classifies various kinds of pressure loads, then linear and nonlinear finite element 
buckling analyses of cylindrical shells under uniform and nonuniform loads are presented. In particular the 
influence of displacement dependent loads on the buckling load of cylindrical shells under water and wind 
loading is discussed. Finally, the paper summarizes the design rules for wind loaded cylindrical tanks recently 
developed in Austria and Germany. The study has three goals: to clarify the problem and the effect of follower 
loads, to demonstrate the capability of nonlinear finite element analyses, and to discuss some results for design 
practice. 
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ABSTRACT: The optimal design of structures with distinct geometrically non-linear behavior has attracted a 
great deal of interest in the last years mainly with respect to sizing for prescribed external loads. In the present 
contribution a method is proposed to maximize the critical load under certain constraints, e.g. for a given 
volume, allowing varying shape as well as cross-sections. The combination of direct computation of the critical 
load and path-following methods is integrated into a general optimization procedure consisting of mathematical 
programming techniques, sensitivity analysis and computer aided geometric design methods. The formulation 
includes imperfection sensitivity as an important part within the optimization process. 
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doi:10.1016/0263-8231(95)00010-B 
ABSTRACT: The subject of the present study is the optimization of structures with geometrically nonlinear 
behaviour allowing the inclusion of instability phenomena and imperfection sensitivity in the structural design. 
The proposed optimization procedure is based on the methods of path following, direct computation of 
bifurcation and limit points and an accurate and efficient sensitivity analysis. The finite element method is used 
for the structural analysis. These techniques are used together with mathematical programming schemes and 
methods of computer-aided geometric, design. 
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“Simulation of buckling process of shells by using the finite element method”, Thin-Walled Structures, Vol. 31, 
Nos. 1-3, May 1998, pp. 39-72, doi:10.1016/S0263-8231(98)00002-0 
ABSTRACT: In this paper, we have tried to simulate the buckling processes of shells computationally. The two 
major tasks needed to be carried out in such a simulation, namely (1) tracing of the time history of structural 
response, and (2) application of appropriate perturbation in initial condition when a deformed state has become 
unstable in order to trigger the buckling process, are first clarified. We then proceed to the explanation about the 
tools, namely (1) path-following scheme, and (2) stability criteria, which are necessary in order to carry out the 
above two tasks. We have omitted the exposition about the path-following scheme and touched only on the 
stability criteria based on Liapunov's concept of stability. Finally, we show the results of simulation carried out 
on three examples of shell structures. From the results, it could be concluded that numerical simulation of 
buckling processes of shells is possible. 
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“Static path jumping to attain postbuckling equilibria of a compressed circular cylinder”, Computational 
Mechanics, Vol. 26, No. 3, 2000, pp. 259-266, DOI: 10.1007/s004660000170 
ABSTRACT: The postbuckling behavior of an axially compressed circular cylindrical shell is exceedingly 
complicated due to an infinite number of closely spaced postbuckling branches and bifurcation points. The 
minimum strength existing in the deep bottom of the postbuckling region may serve as a design limit. The 
primary concern in this present paper is to compute this stable postbuckling equilibrium solution by two 
different approaches: One is to repeat the procedures of tracing unstable branches, pinpointing bifurcation 
points and branch-switching in order to carefully approach to the target. The other is to trigger a static jump to 
the target by two-parametric loading. As a numerical example, a perfect circular cylindrical panel is analyzed to 
show that a direct jump from the undeformed state to a stable postbuckling solution is possible with a proper 
choice of the load perturbation. 
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“Parallel multilevel solution of nonlinear shell structures”, Computer Methods in Applied Mechanics and 
Engineering, Vol. 194, Nos. 21-24, 10 June 2005, pp. 2513-2533, Special Issue: Computational Methods for 
Shells, doi:10.1016/j.cma.2004.07.043 
ABSTRACT: The analysis of large-scale nonlinear shell problems asks for parallel simulation approaches. One 
crucial part of efficient and well scalable parallel FE-simulations is the solver for the system of equations. Due 
to the inherent suitability for parallelization one is very much directed towards preconditioned iterative solvers. 
However thin-walled-structures discretized by finite elements lead to ill-conditioned system matrices and 
therefore performance of iterative solvers is generally poor. This situation further deteriorates when the 
thickness change of the shell is taken into account. A preconditioner for this challenging class of problems is 
presented combining two approaches in a parallel framework. The first approach is a mechanically motivated 
improvement called ‘scaled director conditioning’ (SDC) and is able to remove the extra-ill conditioning that 
appears with three-dimensional shell formulations as compared to formulations that neglect thickness change of 
the shell. It is introduced at the element level and harmonizes well with the second approach utilizing a 
multilevel algorithm. Here a hierarchy of coarse grids is generated in a semi-algebraic sense using an 
aggregation concept. Thereby the complicated and expensive explicit generation of course triangulations can be 
avoided. The formulation of this combined preconditioning approach is given and the effects on the 
performance of iterative solvers is demonstrated via numerical examples. 
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France], “Buckling and wrinkling of prestressed membranes”, Finite Elements in Analysis and Design, Vol. 42, 
No. 11, July 2006, pp. 992-1001, doi:10.1016/j.finel.2006.03.003 
ABSTRACT: This paper deals with the numerical computation of buckles and wrinkles appearing in membrane 
structures by means of the total Lagrangian formulation, using genuine membrane finite elements (with zero 
bending stiffness) and a prestressed hyperelastic constitutive law. The bifurcation analysis is carried out without 
assuming any imperfections in the structure. The standard arclength method is modified by means of a specific 
solution procedure to cope with the occurrence of complex roots when solving the quadratic constraint equation. 
Applying the proposed formulation to a set of typical numerical examples shows its ability to correctly predict 
the wrinkling and buckling behaviour in membrane structures. 
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Raffaele Zinno (University of Calabria, Italy) and Ever J. Barbero (West Virginia University, USA), “A three-
dimensional layer-wise constant shear element for general anisotropic shell-type structures”, International 
Journal for Numerical Methods in Engineering, Vol. 37, pp 2445-2470, 1994 
ABSTRACT: This paper deals with the development of a new three-dimensional element with two-dimensional 
kinematic constraints capable of analysing the mechanical behaviour. of the laminated anisotropic shell-type 
structures. This element, originally developed for the linear analysis of plates, is extended for the linear analysis 
of laminated composite shells. The element can represent arbitrarily curved shells with variable number of 
layers and thicknesses, including ply drop-off problems. The element was validated in a previous work by the 
patch test. All the analytical details necessary to make possible the shell analysis are presented here. Examples 
are reported to show the capability of the element to predict the behavior of complex structures, and a refined 
computation of the stresses is carried out hy integrating the equilibrium equations. 
References listed at the end of the paper: 
1. S. A. Ambartsumyan, Theory of Anisotropic Shells, Moscow, 1961, English translation, NASA TT F-118, Dover, San Francisco, 
CA 1964. � 



2. S.B. Dong and R. L. Taylor, 'On the theory of laminated anisotropic shells and plates', J. Aerospace Sci., 29, 969-975 (1962).  
3. W. T. Koiter, 'A consistent first approximation in the general theory of thin elastic shells, accurate and simple fourth order 
governing equations', Proc. Symp. Theory of Thin Elastic Shells, North-Holland, Amsterdam 1960, pp. 12-13. � 
4. J. N. Reddy, 'Exact .solutions of moderately thick laminated shells', J. Eng. Mech. Div. ASCE, 110, 794 (1984). � 
5. J. N. Reddy and K. Chandrashekhara, 'Geometrically non-linear transient analysis of laminated, doubly-curved �shells', Int. J. Non-
Linear Mech., 20(2), 79-90 (1985). � 
6. D. Bruno, S. Lato and R. Zinno, 'Non linear analysis of doubly-curved composite shells', Compo Eng., 3, 419-435 �(1993). � 
7. J. N. Reddy, 'On the generalization of displacement-based laminate theories', Appl. Mech. Rev., 42, S213-s222 (1989). � 
8. J. N. Reddy, 'A generalization of two dimensional theories of laminated plates', Commun. apple numer. methods, 3, �113-180 
(1987). � 
9. E. J. Barbero, 'On a generalized laminate plate theory with application to bending, vibration and delamination �buckling in composite 
laminates', Ph.D. Dissertation, Virginia Polytechnic Institute, Blacksburg, VA, 1989. � 
10. E. J. Barbero, J. N. Reddy and J. L. Teply, 'General two-dimensional theory oflaminated cylindrical shells', AIAA J., �28, 544-553 
(1990). � 
11. S. Srinivas, 'Refined analysis of composite laminates', J. Sound Vib., 30, 495-507 (1973). � 
12. P. Seide, 'An improved approximate theory for the bending of laminated plates', Mech. Today, S, 451-456 (1980). � 
13. M. Epstein and P . G. Glockner, 'Non linear analysis of multilayered shells', Int. J. Solids Struct., 13,1081-1089 (1977). � 
14. M. Epstein and H. P. Huttelmajer, 'A finite element formulation for multilayered and thick plates', Comput. Struct., 16, �645-650 
(1983). � 
15. M. Murakami, 'Laminated composite plate theories with improved inplane responses', Proc. ASME Pressure Vessels �and Piping 
Con!, 1984, pp. 257-263. � 
16. R. L. Hinrichsen and A. N. Palazzotto, 'The nonlinear finite element analysis of thick composite plates using a cubic �spline 
function', AIAA J., 24, 1836-1842 (1986). � 
17. D., R. J. Owen and Z. H. Li, refined analysis of laminated plates by finite element displacement methods, �I Fundamentals and 
static II vibrations and stability', Comput. Struct., 26, 907-923 (1987). � 
18. S. Ahmad, B. M. Irons and O. C. Zienkiewicz, 'Analysis of thick and thin shell structures by curved finite elements', �Int. j. numer. 
methods eng., 2, 419-451 (1970). � 
19. E. J. Barbero, '3-D Finite element modeling of laminated composites by layer-wise constant shear elements', En. An. �Tech. Compo 
Mat., ASME, 10, NDE 229-237 (1991). � 
20. E. J. Barbero, 'A 3-D finite element for laminated composites with a 2-D kinematic constraints', Comput. Struct., 45, �263-271 
(1992). � 
21. E.1. Barbero and R. Zinno, 'Analysis of laminated composite plates with three-dimensional layer-wise constant shear �elements', 
Int. J. Eng. Anal. Des., 1993, in press. � 
22 E. J. Barbero and J. N. Reddy, 'An accurate determination of stresses in thick laminates using a generalized plate theory', Int. j. 
numer. methods eng., 29, 1-14 (1990). � 
23. R. A .. Chaudhuri, 'An equilibrium method for the prediction of transverse shear stresses in a thick laminated plate', Comput. 
Struct., 23, 139-146 (1986). � 
24. R. M. Jones, Mechanics of Composite Materials, Hemisphere Publishing Corp., New York 1975. � 
25. R. Zinno and E. J. Barbero, 'General anisotropic shell-type structures analysed by a 3-D layer-wise constant shear element', CFC 
Report No 93/156, June 1993, Constructed Facilities Center, West Virginia University, Morgantown, �WV, USA. � 
26. E. J. Barbero, J. N. Reddy and J. L. Teply, 'A plate bending element, based on the generalized laminate theory: �Implementation 
into ABAQUS computer program', CCSM-89-08, Virginia Polytechnic Institute and State Univer �sity, Blacksburg, VA (1988). � 
27. R. D. Cook, Concepts and Applications of Finite Element Analysis, 2nd Ed. Wiley, New York 1974. � 
28. NISA II Version 90.0 and DISPLA Y III, Pre- & Post-Processing program Version 91.0 User's Manuals, Eng. Mech. �Res. Corp. 
(1990-1991). � 
29. R. C. Averil, 'On the nonlinear behaviour of shear deformable plate elements', Thesis, Virginia Polithecnic Institute �and State 
University, Blacksburg, VA, 1989. � 
30. S. A. Ramaseshan, linear 3-D finite element for laminated composites with layer-wise constant shear', Master �Thesis, College of 
Engineering, West Virginia University, Morgantown, WV 26506; 1991. � 
31. J. N., Reddy, E. J. Barbero and J. L. Teply, 'A plate bending element based on a generalized laminate plate theory', Int.  
j. methods eng., 28, 2275-2292, (1989) 
32. E. J. Barbero, J. N. Reddy and J. L. Teply, 'An accurate determination of stresses in laminated plates', Int. j. numer.  
methods eng., 29, 1-14 (1990). � 
33. G. Porco, G. Spadea and R. Zinno, 'A geometrically nonlinear analysis oflaminated composite plates using a shear  
deformation theory', Aut Ace. dei Lincei (Italy), Rend. Fis. (8), LXXXIII, 159, 176 � 
34. N. J. Pagano, 'Exact solutions for composite laminates in cylindrical bending', J. Compo Mater., 3, 398-411 (1969).  
35. N. J. Pagano, 'Exact solutions for rectangular bidirectional composites and sandwich plates" J. Compo Mater., 4, 20-35 (1970).  
36. A. C. Ugural, Stresses in Plates and Shells, McGraw-Hill-New York, 1988.  
 
 
Kuo-Mo Hsiao (Department of Mechanical Engineering, National Chiao Tung University, Hsinchu, Taiwan, 
Republic of China), “Nonlinear analysis of general shell structures by flat triangular shell element”, Computers 
& Structures, Vol. 25, No. 5, 1987, pp. 665-675, doi:10.1016/0045-7949(87)90159-3 



ABSTRACT: A very simple and practical formulation and procedure to remove the restriction of small 
rotations between two successive increments for geometrically nonlinear analysis of shells using flat triangular 
shell elements are presented. The element employed here to implement the present method is the flat triangular 
element proposed by Bathe and Ho (Comput. Struct. 13, 673–681, 1981). The nonlinear formulation is based on 
the updated Lagrangian description of motion. The rotation of the coordinate system is assumed to be 
accomplished by two successive rotations: an out-of-plane rotation followed by an in-plane rotation. The 
element internal nodal forces are calculated using the total deformational in-plane displacements and nodal 
rotations. Two methods, referred to as direct method and incremental method, are proposed in this paper to 
calculate the total deformational rotations. An incremental-iterative method based on the Newton-Raphson 
method combined with arc length control is adopted. Numerical studies are presented to demonstrate the 
accuracy and efficiency of the present method. 
 
 
Kuo-Mo Hsiao and Hung-Chan Hung (Department of Mechanical Engineering, National Chiao Tung 
University, Hsinchu, Taiwan), “Large-deflection analysis of shell structure by using corotational total 
lagrangian formulation”, Computer Methods in Applied Mechanics and Engineering, Vol. 73, No. 2, May 1989, 
pp. 209-225, doi:10.1016/0045-7825(89)90113-8 
ABSTRACT: A corotational total Lagrangian (CR-TL) formulation using the Von Kármán assumption is 
presented for the analysis of nonlinear shell problems. This formulation is applicable for the nonlinear analysis 
of shell structures with large rotations but moderate deformations. The numerical algorithm used here is an 
incremental iterative method based on the Newton-Raphson method combined with constant arc length of 
incremental displacement vector. In order to improve the convergence properties of the equilibrium iterations, 
special care is taken in the calculation of the geometric stiffness matrix. Numerical examples are presented and 
compared with the results reported in the literature to demonstrate the accuracy and efficiency of the proposed 
method. 
 
 
Kuo Mo Hsiao (Department of Mechanical Engineering, National Chiao Tung University, 1001 TA Hsueh 
Road, Hsinchu, Taiwan, ROC), “A co-rotational finite element formulation for buckling and postbuckling 
analyses of spatial beams”, Computer Methods in Applied Mechanics and Engineering, Vol. 188, Nos. 1-3, July 
2000, pp. 567-594, doi:10.1016/S0045-7825(99)00284-4 
ABSTRACT: A consistent co-rotational finite element formulation and numerical procedure for the buckling 
and postbuckling analyses of three-dimensional elastic Euler beam is presented. All coupling among bending, 
twisting, and stretching deformations for a beam element is considered by consistent second-order linearization 
of the fully geometrically nonlinear beam theory. However, the third-order terms, which are relevant to the twist 
rate and curvature of the beam axis, are also considered. An incremental–iterative method based on the 
Newton–Raphson method combined with constant arc length of incremental displacement vector is employed 
for the solution of nonlinear equilibrium equations. The zero value of the tangent stiffness matrix determinant of 
the structure is used as the criterion of the buckling state. A bisection method of the arc length is proposed to 
find the buckling load. Numerical examples are presented to demonstrate the accuracy and efficiency of the 
proposed method and to investigate the effect of third-order terms on the buckling load and postbuckling 
behavior of three-dimensional beams. 
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1001 TA Hsueh Road, Hsinchu, Taiwan, ROC), “A co-rotational formulation for thin-walled beams with 
monosymmetric open section”, Computer Methods in Applied Mechanics and Engineering, Vol. 190, Nos. 8-
10, November 2000, pp. 1163-1185, doi:10.1016/S0045-7825(99)00471-5 
ABSTRACT: A consistent co-rotational total Lagrangian finite element formulation and numerical procedure 
for the geometric nonlinear buckling and postbuckling analysis of thin-walled beams with monosymmetric open 
section is presented. The element developed here has two nodes with seven degrees of freedom per node. The 
element nodes are chosen to be located at the shear centers of the end cross-sections of the beam element and 
the shear center axis is chosen to be the reference axis. The deformations of the beam element are described in 



the current element coordinate system, which is constructed at the current configuration of the beam element. In 
element nodal forces, all coupling among bending, twisting, and stretching deformations of the beam element is 
considered by consistent second-order linearization of the fully geometrically nonlinear beam theory. However, 
the third-order term of the twist rate of the beam axis is considered in element nodal forces. An incremental-
iterative method based on the Newton–Raphson method combined with constant arc length of incremental 
displacement vector is employed for the solution of nonlinear equilibrium equations. The zero value of the 
tangent stiffness matrix determinant of the structure is used as the criterion of the buckling state. A parabolic 
interpolation method of the arc length is used to find the buckling load. Numerical examples are presented to 
demonstrate the accuracy and efficiency of the proposed method. 
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Z. Cui, D. Bhattacharyya and G. Moltschaniwskyj (Department of Mechanical Engineering, Centre for 
Advanced Composite Materials, The University of Auckland, Private Bag, Auckland 92019, New Zealand), 
“Experimental and numerical study of buckling response of composite shells compressed transversely between 
rigid platens”, Composites Part B: Engineering, Vol. 36, No. 5, July 2005, pp. 478-486, 
doi:10.1016/j.compositesb.2004.06.002 
ABSTRACT: This paper aims at describing the buckling behaviour of transversely loaded composite shell 
structures. Two distinctive glass fabrics, woven and knitted, embedded in the same thermoplastic matrix, 
polypropylene, were utilised to produce the composites to be used as subject materials. Curved strips with fixed 
curvature and span, but with different number of plies and orientations, were compressed between two rigid flat 
platens. Load–displacement responses and deformed shapes were examined using experiments and numerical 
simulations based on a general finite element code, LUSAS®. As the nonlinear collapse is the buckling mode 
evident in the experimental tests, a nonlinear stress analysis technique has been adopted to simulate the 
buckling responses. Single-ply strips, both for woven and knitted, display limit point symmetrical buckling 
failure that shows good agreement with the predictions in terms of critical load and buckling mode. In the cases 
of multi-ply construction, the modes of failure for woven fabric specimens are by means of delaminations while 
the multi-ply knitted shells still exhibit similar behaviours to that of the single-ply specimens. 
 
 
K. D. Kim (Bridge Inspection Division, Korea Infrastructure Safety and Technology 1588-9, Gwanyang-Dong, 
Dongan-Ku, Anyang-Si, Kyunggi-Do, 430-060, Seoul, Korea), “Buckling behaviour of composite panels using 
the finite element method”, Composite Structures, Vol. 36, Nos. 1-2, September-October 1996, pp.. 33-43, 
doi:10.1016/S0263-8223(96)00063-3 
ABSTRACT: Buckling analyses of the laminated plates and shells under axial compression are carried out 
using the finite element method. The formulation of a geometrically non-linear composite shell element based 
on the updated Lagrangian method is presented to study the buckling behaviour. The element is capable of 
small strain and large displacement analysis with finite rotations. It has eight nodes with six degrees of freedom 
per node. Transverse shear deformation effects are included using a firstorder (Mindlin-Reissner) theory which 
allows modelling of relatively thick plates and shells. Results of buckling behaviour show that the present 
formulation has very good agreement with existing references. 
 
 
A.N. Palazotto (Mechanics & Engineering Systems Department, Air Force Institute of Technology, WPAFB, 
Dayton, OH 45433, U.S.A.), “Bifurcation and collapse analysis of stringer and ring-stringer stiffened 
cylindrical shells with cutouts”, Computers & Structures, Vol. 7, No. 1, February 1977, pp. 47-58, 
doi:10.1016/0045-7949(77)90059-1 
ABSTRACT: This paper presents results for cylindrical shell configurations using the STAGS computer 
program. Discontinuities have been imposed upon the shell's skin by incorporating symmetrical cutout 



openings. In addition, the surface is stiffened with both stringer and ring-stringer arrangements. The cutout 
problem has been shown to be highly nonlinear for smooth surface shells, but the author has found that 
bifurcation and collapse loads are close when one is considering stiffened skin configurations. In order to arrive 
at this conclusion, it was necessary to evaluate the following: 
—comparison between smeared and discrete stiffener theory for linear solutions 
—numerical finite difference convergence as directed toward buckling determination 
—collapse load results with the various skin stiffeners. 
This paper also includes a linear bifurcation study relating to stiffening effects around cutout areas present 
within stringer and ring-stringer shell surfaces. Comparisons have been made between a variety of geometric 
positions considering cutout frame and thickened skin additions. The investigation points toward an optimum 
positioning. 
 
 
M. L. Becker, A. N. Palazotto and N. S. Khot, “Experimental investigation of the instability of composite 
cylindrical panels”, Experimental Mechanics, Vol. 22, No. 10, 1982, pp. 372-376, doi: 10.1007/BF02325403 
ABSTRACT: This paper discusses the fabrication process, test methods and analytical procedures used to 
evaluate the buckling of composite curved panels. A detailed description is given of the panel fabrication steps 
and the test fixture used to apply axial loading and to achieve a variety of boundary conditions. Results are 
presented comparing analytical and experimental buckling loads for three-ply orientations. 
 
 
Mark F. Mulholland and Anthony N. Palazotto (AFIT, School of Engineering Wright-Patterson AFB, OH 
45433, U.S.A), “The non-membrane prebuckling effects on stiffened cylindrical panels”, Computers & 
Structures, Vol. 18, No. 6, 1984, pp. 1115-1120, doi:10.1016/0045-7949(84)90155-X 
ABSTRACT: The effects of various boundary conditions on the buckling of stiffened cylindrical panels is 
considered. Pre-buckling effects are included in the analysis with both external and internal stiffness. 
 
 
G. Siefert and A. Palazotto, “The effect of a centrally located midplane delamination on the instability of 
composite panels”, Experimental Mechanics, Vol. 26, No.4, 1985, pp. 330-336, doi: 10.1007/BF02320148 
ABSTRACT: The buckling loads of eight-ply graphite-epoxy cylindrical panels with midplane delamination 
were determined experimentally. The study included two different ply orientations, two different aspect ratios, 
two different delamination sizes, and one set of boundary conditions; clamped along the top and bottom edges 
and simply supported along the vertical sides. The experimental test results are compared to the linear 
bifurcation and nonlinear collapse loads of panels with square cutouts obtained from the STAGSC-1 finite-
element computer code. 
 
 
Anthony N. Palazotto and Thomas W. Tisler (Aeronautics and Astronautics Department, Air Force Institute of 
Technology, Wright-Patterson AFB, OH 45433, U.S.A.), “Considerations of cutouts in composite cylindrical 
panels”, Computers & Structures, Vol. 29, No. 6, 1988, pp. 1101-1110, doi:10.1016/0045-7949(88)90334-3 
ABSTRACT: Over the past five years the Air Force Institute of Technology has been carrying out an 
investigation of small and large unreinforced cutout effects on composite cylindrical panels acting under 
compressive axial loads. Some of the original findings are reviewed and, in addition, new results are presented 
relating to different loading conditions. In general, not only does a small cutout reduce the panel's collapse load 
by at least 50%, but the cutout's position and size have further effect. 
 
 
C. T. Tsai and A. N. Palazotto (Department of Aeronautics and Astronautics, Air Force Institute of Technology, 
WPAFB, OH 45433, U.S.A.), “The application of the Riks technique to shell snapping”, Mathematical and 
Computer Modelling, Vol. 14, 1990, pp. 868-872, doi:10.1016/0895-7177(90)90305-7 
ABSTRACT: A finite element method, incorporating a modified Riks technique and full Newton-Raphson 
method (FNR), is investigated in order to trace a highly nonlinear responses such as snap-through, and single 



and multiple snap-back phenomena of cylindrical shells. A through the thickness parabolic transverse shear 
strain of cylindrical shell is considered. An initial load increment or decrement is automatically determined at 
the beginning of each load step, then the final load increment or decrement and the corresponding 
displacements are obtained in several iterations by using the modified Riks technique. 
 
 
C. T. Tsai and A. N. Palazotto (Department of Aeronautics and Astronautics, Air Force Institute of Technology, 
WPAFB, OH 45433, U.S.A.), “A modified riks approach to composite shell snapping using a high-order shear 
deformation theory”, Computers & Structures, Vol. 35, No. 3, 1990, pp. 221-226, 
doi:10.1016/0045-7949(90)90341-X 
ABSTRACT: A modified Riks technique is applied to the finite element method to trace the nonlinear response 
from the pre-limit point into the post-limit range for a composite cylindrical shell-like structure. Parabolic 
transverse shear strain is considered through the thickness of the shell. The results are compared with results 
which did not consider a parabolic shear strain variation through the thickness of the shell. 
 
 
A. N. Palazotto and Peter E. Linnemann (Air Force Institute of Technology, Wright-Patterson AFB, OH 45433, 
U.S.A.), “Vibration and buckling characteristics of composite cylindrical panels incorporating the effects of a 
higher order shear theory”, International Journal of Solids and Structures, Vol. 28, No. 3, 1991, pp. 341-361, 
doi:10.1016/0020-7683(91)90198-O 
ABSTRACT: An analytical study is conducted to determine the fundamental frequencies and critical buckling 
loads for laminated anisotropic circular cylindrical shell panels, including the effects of transverse shear 
deformation and rotary inertia, by using the Galerkin technique. A linearized form of Sander's shell strain-
displacement relations are derived, which include a parabolic distribution of transverse shear strains. The theory 
is valid for laminate thickness to radius ratios h/R  of up to 1/5. Higher order constitutive relations are derived 
for the laminate. A set of five coupled partial differential equations of motion and boundary conditions are 
derived and then solved using the modified Galerkin technique. Simply supported and clamped boundary 
conditions are investigated. Comparisons are made with the Donnell shell solutions. The effects of transverse 
shear deformation and rotary inertia arc examined by comparing the results with classical solutions, where 
applicable. The radius of curvature is varied to determine the effects of membrane and bending coupling. The 
theory compares exactly with the Donnell solutions, which are valid up to h/R = 1/50. As expected, as length to 
thickness ratios are reduced, shear deformation effects significantly lower the natural frequencies and buckling 
loads. Analysis also shows that rotary inertia effects are very small. Finally, as h/R is varied from 0 (flat plate) 
to 1/5 (maximum limit), the frequencies and buckling loads increase due to membrane and bending coupling. 
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“Large-rotation snap-through buckling in laminated cylindrical panels”, Finite Elements in Analysis and 
Design, Vol. 9, No. 1, April 1991, pp. 65-75, doi:10.1016/0168-874X(91)90019-U 
ABSTRACT: The large-rotation snap-through characteristics of laminated cylindrical panels are investigated 
using a finite element method incorporating the “constant arc length” technique and Newton-Raphson method 
based on the assumption of through-the-thickness parabolic transverse shear strains. Comparisons with 
solutions obtained from the corotational stags code (i.e., a nonlinear finite element code which can follow large 
displacement/rotation for plate and shell structures without considering through-the-thickness transverse shear 
deformation) demonstrate the validity, accuracy and advantage of the present development. The nonlinear 
response for several laminated cylindrical panels are traced using the present method and the effects of 
anisotropy, fiber orientation, and stacking sequence, on the significance of large-rotation snap-through buckling 
are studied. 
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“Nonlinear and multiple snapping responses of cylindrical panels comparing displacement control and riks 
method”, Computers & Structures, Vol. 41, No. 4, 1991, pp. 605-610, doi:10.1016/0045-7949(91)90172-I 
ABSTRACT: A finite element method, incorporating the modified Riks technique and Newton-Raphson 
method, is used to trace a highly nonlinear response such as snap-through, single and multiple snap-back 
phenomenon of cylindrical shells. A through the thickness parabolic transverse shear strain is considered. The 
multiple snapping responses of an isotropic panel are investigated, and their results are compared with those not 
considering the transverse shear deformation. Also comparison differences are noted with respect to a 
‘displacement control’ strategy. 
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PARTIAL INTRODUCTION: The US Air Force Institute of Technology (AFIT) has been carrying out research 
related to the instability of composite cylindrical panels since 1979. This chapter is a review of the AFIT work 
and will discuss both its experimental and analytical features. Other organizations have pursued similar research 
[1,2], and the AFIT work has cited their findings. AFIT is the only organization that has continued to explore 
many of the intricacies of this interesting area. More than 150 composite graphite/epoxy cylindrical panels have 
been tested….. 
 
 
Perngjin F. Pai and Anthony N. Palazotto (Department of Aeronautics and Astronautics, Air Force Institute of 
Technology, Dayton, OH 45433, U.S.A.), “Nonlinear displacement-based finite-element analyses of composite 
shells—A new total Lagrangian formulation”, International Journal of Solids and Structures, Vol. 32, No. 20, 
October 1995, pp. 3047-3073, doi:10.1016/0020-7683(94)00273-Y 
ABSTRACT: Presented here is a new total Lagrangian finite-element formulation for general laminated 
composite shells undergoing large-displacement, large-rotation, and large-strain motion. The theory fully 
accounts for geometric nonlinearities (large rotations), large in-plane strains, general initial curvatures, 
transverse shear deformations, and interlaminar normal stresses by using Jaumann stress and strain measures, an 
exact coordinate transformation, and a new concept of orthogonal virtual rotations. In addition, with the 
inclusion of transverse normal and shear stresses, the theory accounts for three-dimensional stress effects and 
gives accurate effective structural stiffnesses. Because of the inclusion of all possible initial curvatures, the 
developed strain-displacement expressions can be used for any surface structures and are fully nonlinear, which 
contain von Kármán strains as a special case. Moreover, the theory accounts for the continuity of interlaminar 
shear and peeling stresses and the normal and shear stress conditions on the bonding surfaces by using a new 
layer-wise local displacement field, which results in a higher-order shear theory that contains most shear 
deformation theories as special cases. In this paper, we develop a fully nonlinear displacement-based finite-
element formulation based on the derived shell theory. The verification and accuracy of the theory will be 
presented in a subsequent paper by comparing obtained numerical results with some exact solutions. 
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“Progressive failure analysis of a composite shell”, Composite Structures, Vol. 53, No. 1, July 2001, pp. 117-
131, doi:10.1016/S0263-8223(00)00183-5 
ABSTRACT: The objective of this research is to determine the physical response including material failure of a 
thin, curved composite panel designed to resist transverse loading. The cause of the material failure, in the form 
of fiber, matrix and/or delamination failure, will be determined through failure criterion based on nonlinear 
movement using a finite element analysis technique. The finite element analysis technique known as the 



simplified large displacement/rotation (SLR) theory allows for large displacements but assumes small to 
moderate rotations (A.N. Palazotto, S.T. Dennis, Nonlinear Analysis of Shell Structures, American Institute of 
Aeronautics and Astronautics, Inc., Washington, DC, 1992). Third-order shell kinematics, defined relative to 
the shell mid-surface, allow for the characterization of in-plane and transverse shear effects, while neglecting 
the direct transverse effects. Data generated using the SLR theory both with and without the addition of 
progressive failure criteria, will be compared with previously published experimental data, noting where the 
SLR theory diverges from the experimental results. The inclusion of the Hashin failure criterion will provide a 
more realistic representation of the total physical response of the shell (Z. Hashin, J. Appl. Mech. 47 (1980) 
329–334). The criterion will investigate the shell, from initial loading, to further progressive composite failures. 
As the composite shell fails, the constitutive relations, or shell stiffness will be reduced. Results of the analytic 
comparison with the experimental data indicate that the SLR theory overpredicts the stiffness of the shell 
whether considering or not considering failure criteria. Results generated for the case incorporating a 
progressive failure criterion are closer to the experimental data because of the reduced stiffness due to failure as 
the deflection increases. 
 
 
 
 
 
Ali H. Nayfeh and Raouf A. Raouf (Department of Engineering Science and Mechanics, Virginia Polytechnic 
Institute and State University, Blacksburg, VA 24061, U.S.A.), “Non-linear oscillation of circular cylindrical 
shells”, International Journal of Solids and Structures, Vol. 23, No. 12, 1987, pp. 1625-1638, 
doi:10.1016/0020-7683(87)90113-2 
ABSTRACT: The method of multiple scales is used to analyze the non-linear forced response of circular 
cylindrical shells in the presence of a two-to-one internal (autoparametric) resonance to a harmonic excitation 
having the frequency OMEGA. If omegar and ar denote the frequency and amplitude of a flexural mode and 
omegab and ab denote the frequency and amplitude of the breathing mode, the steady-state response exhibits a 
saturation phenomenon when omegab is almost equal to 2omegar, if the excitation frequency OMEGA is near 
omegab. As the amplitude “f” of the excitation increases from zero, ab increases linearly whereas ar remains 
zero until a threshold is reached. This threshold is a function of the damping coefficients and omegab minus 
2omegar. Beyond this threshold ab remains constant (i.e. the breathing mode saturates) and the extra energy 
spills over into the flexural mode. In other words, although the breathing mode is directly excited by the load, it 
absorbs a small amount of the input energy (responds with a small amplitude) and passes the rest of the input 
energy into the flexural mode (responds with a large amplitude). For small damping coefficients and depending 
on the detunings of the internal resonance and the excitation, the response exhibits a Hopf bifurcation and 
consequently there are no steady state periodic responses. Instead, the responses are amplitude- and phase-
modulated motions. When OMEGA is almost equal to omegar, there is no saturation phenomenon and at close 
to perfect resonance, the response exhibits a Hopf bifurcation, leading again to amplitude- and phase-modulated 
or chaotic motions. 
 
 
Perngjin F. Pai and Ali H. Nayfeh (Department of Engineering Science and Mechanics, Virginia Polytechnic 
Institute and State University, Blacksburg, Virginia 24061, USA), “A nonlinear composite shell theory”, 
Nonlinear Dynamics, Vol. 3, No. 6, 1992, pp. 431-463, doi: 10.1007/BF00045647 
ABSTRACT: A general nonlinear theory for the dynamics of elastic anisotropic circular cylindrical shells 
undergoing small strains and moderate-rotation vibrations is presented. The theory fully accounts for 
extensionality and geometric nonlinearities by using local stress and strain measures and an exact coordinate 
transformation, which result in nonlinear curvatures and strain-displacement expressions that contain the von 
Karman strains as a special case. Moreover, the linear part of the theory contains, as special cases, most of the 
classical linear theories when appropriate stress resultants and couples are defined. Parabolic distributions of the 
transverse shear strains are accounted for by using a third-order theory and hence shear correction factors are 
not required. Five third-order nonlinear partial differential equations describing the extension, bending, and 
shear vibrations of shells are obtained using the principle of virtual work and an asymptotic analysis. These 



equations show that laminated shells display linear elastic and nonlinear geometric couplings among all 
motions. 
 
 
Ali H. Nayfeh (Virginia Polytechnic Institute and State University, Blacksburg, Virginia, USA), “Large-
Amplitude Forced Response of Dynamic Systems”, U.S. Army Research Office Report ARO 25630.32-EG, 
November 1992, DTIC Accession No: ADA260394, Handle / proxy Url : 
http://handle.dtic.mil/100.2/ADA260394 
ABSTRACT: The objective of this work was to study analytically, numerically, and experimentally the 
nonlinear dynamic behavior of metallic and composite structural elements to parametric and external 
excitations. The study was focused on resonance conditions that may produce large and possibly damaging 
motions. Special attention was given to modal coupling and consequent energy exchanges. 
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ABSTRACT: An experimental validation of the suitability of reduction methods for studying nonlinear 
vibrations of distributed-parameter systems is attempted. Nonlinear planar vibrations of a clamped-clamped 
buckled beam about its first post-buckling configuration are analyzed. The case of primary resonance of the nth 
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ABSTRACT: Introductory concepts such as those of geometric and material nonlinearities are presented 
through a rich collection of simple yet illuminating examples shedding light on the phenomenological, 
theoretical and computational aspects. Most of the basic concepts are elucidated, such as the geometric stiffness, 
the role of nonlinear constitutive laws, the linearization about a natural or prestressed equilibrium state, the 
critical conditions/limit states due to the loss of elastic stability and the postcritical behaviors beyond the limit 
states. A major focus is placed on path following techniques for the construction of equilibrium paths or for 
continuation of periodic solutions. The illustrative examples range from MEMS systems to flutter control of 
airfoils. 
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Erasmo Carrera and Horst Parisch H (DIAS, Politecnico di Torino, Italy) “An evaluation of geometrical 
nonlinear effects of thin and moderately thick multilayered composite shells”, Composite Structures, Vol. 40, 
No. 1, pp 11–24, 1997 
ABSTRACT: This paper, which deals with geometrically nonlinear analysis of multilayered shell structures, 
presents an evaluation of the approximations made when simplified models are introduced. To this purpose, a 
transverse shear deformable shell finite element formulation including finite rotations and large displacements 
is employed and von Karman, as well as moderate and small rotation theories, are obtained as particular cases. 
Classical shear deformation type-results have been improved in moderately thick shell analysis by using 
modified multilayered shear stiffnesses. These stiffnesses have been calculated through a variational technique 
which accounts for parabolic interlaminar continuous transverse shear stress fields and zig-zag form of the in-
plane displacements along the shell thickness. Stability problems of several flat and cylindrical thin and thick 
geometries, different multilayered lay-outs (cross-ply, angle-ply symmetrically and unsymmetrically laminated, 
including sandwich) and loading conditions are considered in the numerical investigations. It has been 
concluded that geometrical nonlinear effects are problem dependent, furthermore such effects become more 
significant in thick shell analysis with respect to thin structures.  
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SUMMARY: This work is an overview of available theories and finite elements that have been developed for 
multilayered, anisotropic, composite plate and shell structures. Although a comprehensive description of several 
techniques and approaches is given, most of this paper has been devoted to the so called axiomatic theories and 



related finite element implementations. Most of the theories and finite elements that have been proposed over 
the last thirty years are in fact based on these types of approaches. The paper has been divided into three parts. 
Part I, has been devoted to the description of possible approaches to plate and shell structures: 3D approaches, 
continuum based methods, axiomatic and asymptotic two-dimensional theories, classical and mixed 
formulations, equivalent single layer and layer wise variable descriptions are considered (the number of the 
unknown variables is considered to be independent of the number of the constitutive layers in the equivalent 
single layer case). Complicating effects that have been introduced by anisotropic behavior and layered 
constructions, such as high transverse deformability, zig-zag effects and interlaminar continuity, have been 
discussed and summarized by the acronimC z 

0 -Requirements. 
Two-dimensional theories have been dealt with in Part II. Contributions based on axiomatic, asymtotic and 
continuum based approaches have been overviewed. Classical theories and their refinements are first 
considered. Both case of equivalent single-layer and layer-wise variables descriptions are discussed. The so-
called zig-zag theories are then discussed. A complete and detailed overview has been conducted for this type of 
theory which relies on an approach that is entirely originated and devoted to layered constructions. Formulas 
and contributions related to the three possible zig-zag approaches, i.e. Lekhnitskii-Ren, Ambartsumian-
Whitney-Rath-Das, Reissner-Murakami-Carrera ones have been presented and overviewed, taking into account 
the findings of a recent historical note provided by the author. 
Finite Element FE implementations are examined in Part III. The possible developments of finite elements for 
layered plates and shells are first outlined. FEs based on the theories considered in Part II are discussed along 
with those approaches which consist of a specific application of finite element techniques, such as hybrid 
methods and so-called global/local techniques. The extension of finite elements that were originally developed 
for isotropic one layered structures to multilayerd plates and shells are first discussed. Works based on classical 
and refined theories as well as on equivalent single layer and layer-wise descriptions have been overviewed. 
Development of available zig-zag finite elements has been considered for the three cases of zig-zag theories. 
Finite elements based on other approches are also discussed. Among these, FEs based on asymtotic theories, 
degenerate continuum approaches, stress resultant methods, asymtotic methods, hierarchy-p,_-s global/local 
techniques as well as mixed and hybrid formulations have been overviewed. 
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Erasmo Carrera, “Theories and finite elements for multilayered plates and shells: A unified compact 
formulation with numerical assessment and benchmarking”, Archives of Computational Methods in 
Engineering, Vol. 10, No. 3, pp 215-296, September 2003 
SUMMARY: This work is a sequel of a previous author’s article: “Theories and Finite Elements for 
Multilayered. Anisotropic, Composite Plates and Shell”, Archive of Computational Methods in Engineering Vol 
9, no 2, 2002; in which a literature overview of available modelings for layered flat and curved structures was 
given. The two following topics, which were not addressed in the previous work, are detailed in this review: 1. 
derivation of governing equations and finite element matrices for some of the most relevant plate/shell theories; 
2. to present an extensive numerical evaluations of available results, along with assessment and benchmarking. 
The article content has been divided into four parts. 
An introduction to this review content is given in Part I. 
A unified description of several modelings based on displacements and transverse stress assumptions ins given 
in Part II. The order of the expansion in the thickness directions has been taken as a free parameter. Two-
dimensional modelings which include Zig-Zag effects, Interlaminar Continuity as well as Layer-Wise (LW), 
and Equivalent Single Layer (ESL) description have been addressed. 
Part III quotes governing equations and FE matrices which have been written in a unified manner by making an 
extensive use of arrays notations. Governing differential equations of double curved shells and finite element 
matrices of multilayered plates are considered. Principle of Virtual Displacement (PVD) and Reissner’s Mixed 
Variational Theorem (RMVT), have been employed as statements to drive variationally consistent conditions, 
e.g.C z 

0 -Requirements, on the assumed displacements and stransverse stress fields. The number of the nodes in 
the element has been taken as a free parameter. As a results both differential governing equations and finite 
element matrices have been written in terms of a few 3×3 fundamental nuclei which have 9 only terms each. 
A vast and detailed numerical investigation has been given in Part IV. Performances of available theories and 
finite elements have been compared by building about 40 tables and 16 figures. More than fifty available 
theories and finite elements have been compared to those developed in the framework of the unified notation 
discussed in Parts II and III. Closed form solutions and and finite element results related to bending and 
vibration of plates and shells have been addressed. Zig-zag effects and interlaminar continuity have been 
evaluated for a number of problems. Different possibilities to get transverse normal stresses have been 
compared. LW results have been systematically compared to ESL ones. Detailed evaluations of transverse 
normal stress effects are given. Exhaustive assessment has been conducted in the Tables 28–39 which compare 
more than 40 models to evaluate local and global response of layered structures. A final Meyer-Piening problem 
is used to asses two-dimensional modelings vs local effects description. 
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SUMMARY: A state-of-the-art in the development of a series of new finite elements by the addition of non-



conforming displacement modes is reviewed in this paper. These new plate finite elements are achieved by the 
combined use of the addition of non-conforming modes, the application of reduced (or selective) integration 
scheme, and the construction of substitute shear strain fields. The improvement achieved may be attributable to 
the fact that the merits of these techniques are merged into the new element in a complementary manner. It is 
shown that the results obtained by the new elements give reliable solutions without any defects for several 
benchmark problems. 
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ABSTRACT: In the present paper two main research areas of computational mechanics, namely the finite 
element development and the design of time integration algorithms are reviewed and discussed with a special 
emphasis on their combination. The finite element techniques are designed to prevent locking and the time 
integration schemes to guarantee numerical stability in non-linear elastodynamics. If classical finite element 
techniques are used, their combination with time integration schemes allow to avoid any modifications on the 
element or algorithmic level. It is pointed out, that on the other hand Assumed Stress and Enhanced Assumed 
Strain elements have to be modified if they are combined with energy conserving or decaying time integration 
schemes, especially the Energy-Momentum Method in its original and generalized form. The paper focusses on 
the necessary algorithmic formulation of Enhanced Assumed Strain elements which will be developed by the 
reformulation of the Generalized Energy-Momentum Method based on a classical one-field functional, the 
extension to a modifiedHu-Washizu three-field functional including enhanced strains and a suitable time 
discretization of the additional strain terms. The proposed method is applied to non-linear shell dynamics using 
a shell element which allows for shear deformation and thickness change, and in which the Enhanced Assumed 
Strain Concept is introduced to avoid artificial thickness locking. Selected examples illustrate the locking free 
and numerically stable analysis. 
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ABSTRACT: A survey of effective finite element formulations for the analysis of shell structures is presented. 
First, the basic requirements for shell elements are discussed, in which it is emphasized that generality and 
reliability are most important items. A general displacement-based formulation is then briefly reviewed. This 
formulation is not effective, but it is used as a starting point for developing a general and effective approach 
using the mixed interpolation of the tensorial components. The formulation of various MITC elements (that is, 
elements based on Mixed Interpolation of Tensorial Components) are presented. Theoretical results (applicable 
to plate analysis) and various numerical results of analyses of plates and shells are summarized. These illustrate 
some current capabilities and the potential for further finite element developments. 
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ABSTRACT: General criteria of instability in time-independent elastic-plastic solids and the related 
computational approaches are reviewed. The distinction between instability of equilibrium and instability of a 
deformation process is discussed with reference to instabilities of dynamic, geometric or material type. 
Comparison is made between the bifurcation, energy and initial imperfection approaches. The effect of 
incremental nonlinearity of the constitutive law, associated with formation of a yield-surface vertex, on 
instability predictions is examined. A survey of the methods of post-critical analysis is presented. 
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ABSTRACT: This paper concerns the theory and implementation of a numerical procedure that is capable of 



solving the collapse process of a structure when it is loaded past its ultimate carrying strength. The procedure is 
a combination of two generally available methods: A path following method for the quasi static part of the 
solutions and a transient method for the dynamic part. The simulation of a compression test on a thin walled 
cylindical shell with a local imperfection is provided to demonstrate the effectiveness of the strategy employed. 
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ABSTRACT: The present essay contains a general structural stability theory for discretized structural systems. 
Instabilities are essential constituents of nonlinear structural responses, the computational assessment of which 
in a modern treatment is exclusively based on incremental-iterative (step-wise) numerical techniques, applied to 
the tangential equation of motion. The paper derives this fundamental equation as first variation of the nonlinear 
equation of motion in its standard form and its phase projection. Further, it transforms the principle of virtual 
work for arbitrary nonlinear (Kelvin-Voigt) continua into its incremental variant and finally into the consistent 
tangential equation of motion. Its various applications then are demonstrated to classes of time-independent and 
time-dependent, unstable structural responses, for which suitable numerical instruments are outlined. The 
derived algorithms are based on the concepts of Lyapunow exponents and Poincaré multipliers which are 
introduced as universal stability measures. Qualitative and quantitative convergence properties of perturbations 
in the phase space enable the proper establishment of stability definitions. The validity of the received concepts 
is illustrated by several examples. 
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absorber”, Proceedings of the IMPLAST 2010 Conference, October 12-14, Providence Rhode Island, USA, 
2010 
ABSTRACT: This paper presents an innovative device to be used as an impact energy absorber. The absorber 
consists of a central thin trunk surrounded by a number of triangular webs. The entire assembly is enclosed 
outside a thin square tube that embodies the energy unit. Energy is dissipated by crumpling forces generated at 
square tube as well as the side walls of the device when the central trunk is displaced axially which 
characterizes the device as an innovative energy absorber. The results clearly illustrated the effect of absorption 
capacity of the absorber, and demonstrated the controllability and stability of the absorption rate. It is 
considered that this promising new energy absorber would be best suited as a structural fender of automobiles 
and trains’ compartment.  
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ABSTRACT: The article traces the important steps of the development of the finite element method from its 
origins in aircraft structural engineering to the present day, where it provides the essential tool for solution of a 
great variety of problems in engineering and physics. The emphasis and the choice of the “landmarks” stresses 
the aspects which are general and essentially of mathematical nature applicable to a wide range of situations. 
For this reason no mention is made of perhaps equally important developments to new application fields such as 
metal forming, electromagnetics, geomechanics etc. 
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ABSTRACT: The formulation of general shell elements using the method of mixed interpolation of tensorial 
components (MITC) is reviewed. In particular three elements that were formulated using the MITC method are 
examined: the MITC4 and MITC8 that were developed for general nonlinear analysis under the restriction of 
small strains and the MITC4-TLH that was developed for finite strain elasto-plastic analysis of shells. 
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C.A. Felippa, L.A. Crivelli and B. Haugen, “A survey of the core-congruential formulation for geometrically 
nonlinear TL finite elements”, Archives of Computational Methods in Engineering, Vol. 1, No. 1, pp 1-48, 
March 1994 
ABSTRACT: This article presents a survey of the Core-Congruential Formulation (CCF) for geometrically 
nonlinear mechanical finite elements based on the Total Lagrangian (TL) kinematic description. Although the 
key ideas behind the CCF can be traced back to Rajasekaran and Murray in 1973, it has not subsequently 
received serious attention. The CCF is distinguished by a two-phase development of the finite element stiffness 
equations. The initial phase develop equations for individual particles. These equations are expressed in terms 
of displacement gradients as degrees of freedom. The second phase involves congruential-type transformations 
that eventually binds the element particles of an individual element in terms of its node-displacement degrees of 
freedom. Two versions of the CCF, labeled Direct and Generalized, are distinguished. The Direct CCF (DCCF) 
is first described in general form and then applied to the derivation of geometrically nonlinear bar, and plane 
stress elements using the Green-Lagrange strain measure. The more complex Generalized CCF (GCCF) is 
described and applied to the derivation of 2D and 3D Timoshenko beam elements. Several advantages of the 
CCF, notably the physically clean separation of material and geometric stiffnesses, and its independence with 
respect to the ultimate choice of shape functions and element degrees of freedom, are noted. Application 
examples involving very large motions solved with the 3D beam element display the range of applicability of 
this formulation, which transcends the kinematic limitations commonly attributed to the TL description. 
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Spatially Continuous Systems”, Nonlinear Dynamics, Vol. 16, No. 2, 1998, pp. 105-125,  
doi: 10.1023/A:1008281121523 
ABSTRACT: Methods for the study of weakly nonlinear continuous (distributed-parameter) systems are 
discussed. Approximate solution procedures based on reduced-order models via the Galerkin method are 
contrasted with direct application of the method of multiple scales to the governing partial-differential equations 
and boundary conditions. By means of several examples and an experiment, Nayfeh and co-worker had shown 
that reduced-order models of nonlinear continuous systems obtained via the Galerkin procedure can lead to 
erroneous results. A method is developed for producing reduced-order models that overcomes the shortcomings 
of the Galerkin procedure. Treatment of these models yields results in agreement with those obtained 
experimentally and those obtained by directly attacking the continuous system. 
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“Postbuckling and free vibrations of composite beams”, Composite Structures, Vol. 88, No. 4, May 2009, 
pp.636-642, doi:10.1016/j.compstruct.2008.06.006 
ABSTRACT: An exact solution for the postbuckling configurations of composite beams is presented. The 
equations governing the axial and transverse deformations of a composite laminated beam accounting for the 
midplane stretching are derived. The inplane inertia and damping are neglected, and hence the two equations are 
reduced to a single nonlinear fourth-order partial–integral–differential equation governing the transverse 
deformations. We find out that the governing equation for the postbuckling of symmetric or asymmetric 
composite beams has the same form as that of beams made of an isotropic material. Composite beams with 
fixed–fixed, fixed–hinged, and hinged–hinged boundary conditions are considered. A closed-form solution for 
the postbuckling deformation is obtained as a function of the applied axial load, which is beyond the critical 
buckling load. To study the vibrations that take place in the vicinity of a buckled equilibrium position, we 
exactly solved the linear vibration problem around the first buckled configuration. Solving the resulting eigen-
value problem results in the natural frequencies and their associated mode shapes. Both the static response 
represented by the postbuckling analysis and the dynamic response represented by the free vibration analysis in 
the postbuckling domain strongly depend on the lay-up of the laminate. Variations of the beam’s midspan rise 
and the fundamental natural frequency of the postbuckling domain vibrations with the applied axial load are 
presented for a variety of lay-up laminates. The ratio of the axial stiffness to the bending stiffness was found to 
be a crucial parameter in the analysis. This control parameter, through the selection of the appropriate lay-up, 
can be manipulated to help design and optimize the static and dynamic behavior of composite beams. 
 
 
Ricardo Lessa Azevedo and Armando Miguel Awruch (Civil Engineering, Universidade Federal do Rio Grande 
do Sul, Porto Alegre, Brasil), “Geometric nonlinear dynamic analysis of plates and shells using eight-node 
hexahedral finite elements with reduced integration”, Journal of the Brazilian society of Mechanical Sciences, 
Vol. 21 No. 3, September 1999 
ABSTRACT: This work presents a geometric nonlinear dynamic analysis of plates and shells using eight-node 
hexahedral isoparametric elements. The main features of the present formulation are: (a) the element matrices 
are obtained using reduced integrations with hourglass control; (b) an explicit Taylor-Galerkin scheme is used 
to carry out the dynamic analysis, solving the corresponding equations of motion in terms of velocity 
components; (c) the Truesdell stress rate tensor is used; (d) the vector processor facilities existing in modern 
supercomputers were used. The results obtained are comparable with previous solutions in terms of accuracy 
and computational performance. 
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buckling and geometric nonlinear analysis for MSC/NASTRAN’S shell elements”, (publication not given in the 
pdf file. Most recent reference is dated 1992) 
PARTIAL ABSTRACT: This paper presents an improved approach for linear buckling and geometric nonlinear 
analysis in MSC/NASTRAN. The differential stiffness and the internal forces of the QUAD4 and TRIA3 shell 
elements have been corrected in MSC/NASTRAN Version 68…. 
 
 
Luiz A. Duarte Filho and Armando M. Awruch [Applied and Computational Mechanics (CEMACOM), 
Universidade Federal do Rio Grand do Sul, Porto Alegre, Brasil], “Geometrically nonlinear structural analysis 
using the eight-node hexahedral element with one-point quadrature and hourglass control”, Mecanica 
Computatcional, Vol. XXI, pp 1675-1692, October 2002 
ABSTRACT: An eight-node hexahedral element with uniform reduced integration, which is free of volumetric 
and shear locking and has no spurious singular modes, is implemented here for geometrically nonlinear static 
structural analysis. In the element formulation, one-point quadrature is used so that the element tangent stiffness 



matrix is given explicitly and computational time is substantially reduced in the geometrically nonlinear 
analysis. In order to avoid shear locking the generalized strain vector is written in a local corotational system 
and certain non-constant terms in the shear strain components are omitted. The volumetric locking is cured by 
setting the dilatational part of the normal strain components to be constant. A corotational procedure is 
employed to obtain the deformation part of the displacement increment in the corotational system and update 
element stresses and internal force vectors. Numerical examples verify the computational efficiency and the 
potential of the three-dimensional element in the analysis of shells, plates and beams undergoing large 
displacements and rotations. Results are compared to those employing classical plate and shell elements.  
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“Geometrically nonlinear static and dynamic analysis of composite laminates shells with a triangular finite 
element”, Journal of the Brazilian Society of Mechanical Sciences and Engineering, Vol. 30, No. 1, 
January/March 2008 
ABSTRACT: Geometrically nonlinear static and dynamic behaviour of laminate composite shells are analyzed 
in this work using the Finite Element Method (FEM). Triangular elements with three nodes and six degrees of 
freedom per node (three displacement and three rotation components) are used. For static analysis the nonlinear 
equilibrium equations are solved using the Generalized Displacement Control Method (GDCM) while the 
dynamic solution is performed using the classical Newmark Method with an Updated Lagrangean Formulation 
(ULF). The system of equations is solved using the Gradient Cojugate Method (GCM) and in nonlinear cases 
with finite rotations and displacements an iterative-incremental scheme is employed. Numerical examples are 
presented and compared with results obtained by other authors with different kind of elements and different 
schemes. 
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Al Ain, United Arab Emirates), “A static and dynamic analysis of the postbuckling of geometrically imperfect 
composite beams”, Composite Structures, Vol. 90, No. 2, September 2009, pp. 247-253, 
doi:10.1016/j.compstruct.2009.03.020 
ABSTRACT: The static and dynamic response of geometrically imperfect composite beams is presented. The 
proposed model accounts for the midplane stretching of the beam that follows the classical beam theory and its 
curvature is assumed to be shallow. The assumption of a small strain, moderate deformation is used. The 
governing equations are nonlinear integral partial-differential equations. A unified approach is used to handle 
the postbuckling response of composite beams with and without imperfection. As a result, an analytical solution 
for the beam’s static response in terms of the applied axial load, imperfection, and lay up is obtained. Moreover, 
the free vibrations in the postbuckling domain are investigated. Having the beam’s imperfection as a control 
parameter, the beam’s static and dynamic response is investigated and presented. Results show that the 
imperfection has a significant effect on the static and dynamic response of composite beams. 
 
 
P. Frank Pai (Department of Mechanical and Aerospace Engineering, University of Missouri-Columbia, 
Columbia, MO 65211, USA), “Total-Lagrangian Formulation and Finite-Element Analysis of Highly Flexible 
Plates and Shells”, Mathematics and Mechanics of Solids, April 2007, vol. 12, no. 2, pp. 213-250 
doi: 10.1177/1081286505055474 
ABSTRACT: Presented here is a new total-Lagrangian displacement-based finite-element formulation for 
plates and shells undergoing large displacements and rotations. The theory fully accounts for geometric 
nonlinearities, general initial curvatures, and extensionality by using Jaumann stress and strain measures, an 
exact coordinate transformation, and orthogonal virtual rotations. Moreover, transverse shear deformations are 
accounted for by using a first-order shear deformation theory with shear correction factors obtained by 
matching the shear strain energy and stress resultants with those of a general layerwise higher-order shear 
deformation theory. Large static deformations of several different plates and shells under different loading and 
boundary conditions are obtained. Comparison with available results in the literature reveals that the finite-
element model is accurate in predicting large deformations of highly flexible two-dimensional structures 
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“Dynamic characteristics and buckling strength of composite-repaired aluminum plates”, Finite Elements in 
Analysis and Design, Vol. 28, No. 3, January 1998, pp. 255-275, doi:10.1016/S0168-874X(97)00039-5 
ABSTRACT: A dynamic finite-element model of a cracked aluminum plate repaired with a composite laminate 
is presented and the influence of cracks and debond of the repair laminate on the static strength and dynamic 
characteristics of the repaired structure are investigated. NASTRAN is used to develop a refined two-
dimensional finite-element model that accounts for cracks in the aluminum plate, the debond of the repair 
laminate from the aluminum plate, and transverse shear deformations. The transverse shear effects are 
accounted for by using an energy-equivalent first-order shear-deformation theory derived from a new layerwise 
higher-order model of transverse shear deformations. Normal mode analysis shows that debond of the patch 
significantly reduces natural frequencies and changes the mode shapes of only the higher modes. Frequency 
response analysis shows that the debond of the patch causes a large change in the magnitudes and shapes of 
frequency response functions (FRFs) near the patch in the direction of the excitation. Moreover, linear buckling 
analysis shows that debond reduces the buckling load and may change the buckling mode shape. However, the 
critical size of debond that reduces the buckling load to a certain percentage of the healthy case is boundary-
condition-dependent. Transverse shear deformations also reduce the natural frequencies, move the FRFs to the 
low-frequency range, and reduce the buckling loads, but they have no significant influence on mode shapes and 



the shape of the FRFs. This damage characterization study provides information useful for the design of 
composite repair patches and the development of health-monitoring systems using FRFs. 
 
 
Gass, W., Dove, D. and Chalmers, D.W., “Fabrication and testing of a prototype corrugated GRP hull”, 
Accession Number 00649512, Conference paper presented at Advances in Marine Structures Conference, 
Dunfermline, Scotland, May 20-23, 1986 
ABSTRACT:  An account is given of the fabrication and proof-testing of a 26 m prototype corrugated GRP 
hull. In addition to demonstrating the feasibility of corrugated construction and confirming favorable hull cost 
predictions, a satisfactory outcome was obtained from towing tests to evaluate hull resistance, hull bending tests 
under hogging and sagging load conditions, and evaluation under a series of underwater explosions. 
Performance was compared in each case with that of a similar, conventional GRP hull. 
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ABSTRACT: A nonlinear theoretical analysis for predicting the buckling and postbuckling loads of discretely 
stiffened composite cylindrical shells is presented in this paper. Geometric and material nonlinearities, the 
effects of transverse shear and initial imperfection are considered in the analytical model. The composite 
material formulation is valid with the nonlinear behavior described by the modified Romberg-Osgood relation 
and Hill's criterion combined in an elastic-plastic model. The prebuckling analysis is obtained using the 
principle of virtual work, with the postbuckling bifurcation analysis based on Huchinson's criterion. Some shell 
examples calculated numerically show that the theoretical analysis is in good agreement with the experimental 
results and other known solutions. Thus, the nonlinear theory and analysis procedure described herein can be 
used as an aid in the design process of composite or isotropic cylindrical shells with or without stiffeners and 
rings. 
 
 
J. B. Greenberg and Y. Stavsky (Technion, Haifa, Israel), “Buckling and vibration of orthotropic composite 
cylindrical shells”, Acta Mechanica, Vol. 36, Nos. 1-2, 1980, pp. 15-29, doi: 10.1007/BF01178233 
ABSTRACT: The vibrational response of orthotropic composite cylindrical shells subjected to axial 
compression is examined, following a refined Love-type theory. Results obtained are compared with those 
predicted by Donnell-type theory, as found in the literature. Important effects due to shell lay-up, length to 
radius ratio, radius to thickness ratio and fiber reversal are noted from the calculations performed for a number 
of double and triple-layered shells. 
 
 
J. B. Greenberg and Y. Stavsky (Technion, Haifa, Israel), “Vibrations of axially compressed laminated 
orthotropic cylindrical shells, including transverse shear deformation”, Acta Mechanica, Vol. 37, Nos. 1-2, 
1980, pp.13-28, doi: 10.1007/BF01441240 
ABSTRACT: The free vibrations, buckling and the effect of initial prestress upon the frequency spectrum of 
orthotropic composite cylindrical shells are examined in the context of a theory that includes transverse shear 
deformation. Results obtained are compared with the predictions of refined Love-type theory and simplified 
Donnell-type theory that do not consider shear deformation. The calculated examples indicate that transverse 
shear deformation can be significant not only for short composite shells but even for longer shells possessing 
low shear moduli. 
 
 
J.B. Greenberg and Y. Stavsky, "Vibrations of Laminated Filament-Wound Cylindrical Shells", AIAA Journal, 
Vol. 19, No. 8 (1981), pp. 1055-1062. doi: 10.2514/3.51034  
ABSTRACT: The equations of motion, derived from a Love-type theory, are presented for laminated filament-
wound cylindrical shells in which each layer is permitted an arbitrary fixed fiber orientation. A general method 



of solution is established, based upon the use of a complex finite Fourier transform. The frequency spectra of 
free natural vibrations are investigated for numerous single, bi- and tri-layered clamped or simply supported 
generally orthotropic shells. The effect of fiber orientation on the frequency response is found to be quite 
considerable in certain composite shells; for some shells the frequency is increased by a factor of 3.1 by simply 
choosing an optimal combination of the winding angles. Similar important effects are noted due to the 
combined action of shell heterogeneity and fiber winding angle. 
 
 
Y. Stavsky, J.B. Greenberg and M. Sabag (Faculty of Aerospace Engineering, Technion—Israel Institute of 
Technology, 32000 Haifa, Israel), “Buckling of edge-damaged filament-wound composite cylindrical shells 
under combined torsional/axial loads”, Composite Structures, Vol. 13, No. 1, 1989, pp. 21-34,  
doi:10.1016/0263-8223(89)90070-6 
ABSTRACT: The stability of filament-wound composite cylindrical shells under combined torsional/axial 
loading is considered, for the case in which edge-damage is present at one end of the cylinders. The 
displacement equilibrium equations, based on Flügge's quasi-linear theory, are solved using a finite complex 
Fourier transform together with the introduction of a displacement function. The zero of a determinantal 
equation, arising from nontrivial fulfilment of the boundary conditions, furnishes the value of the critical 
torque/axial load. The edge-damage is modelled by nonuniform boundary conditions. Results indicated that for 
isotropic shells the degree of sensitivity to edge-damage decreased the lower the applied axial load, irrespective 
of the direction of the applied torque. However, for anisotropic shells certain torques can actually enhance the 
critical axial load sustainable. This effect persists in the presence of edge-damage, and, in addition, can 
desensitize the shell to edge-damage over a larger section of its circumference. 
 
 
M. Sabag, Y. Stavsky, J. B. Greenberg (Technion-Israel Institute of Technology, Haifa 32 000, Israel), 
“Buckling of Edge Damaged, Cylindrical Composite Shells”, Journal of Applied Mechanics, Vol. 56, No. 1, pp. 
121-126, March 1989, DOI: 10.1115/1.3176031 
ABSTRACT: The stability of thin composite layered anisotropic cylindrical shells under axial compression is 
considered for the case of nonuniform boundary conditions. Such conditions are employed to model the 
situation where there is edge damage to the shell. The influence of weakening or a crack at an edge on the 
critical buckling load of a variety of single and multilayered shells is investigated. Results indicate that isotropic 
shells exhibit a rather sudden steep reduction in the critical buckling load for relatively small edge damage. 
However, some anisotropic composite shells may not be so sensitive and, in contrast, only a gradual reduction 
may be brought about by the edge damage. The degree of sensitivity to edge damage appears to be dependent, 
in some complex fashion, on the various geometric and physical shell parameters. 
 
 
J.B. Greenberg, Y. Stavsky and M. Sabag (Faculty of Aerospace Engineering, Technion—Israel Institute of 
Technology, Haifa 32000, Israel), “Buckling of edge-damaged composite cylindrical shells subjected to radial 
pressure”, Composites Engineering, Vol. 3, No. 4, 1993, pp. 313-320, doi:10.1016/0961-9526(93)90063-P 
ABSTRACT: The stability of filament-wound composite cylindrical shells subjected to radial pressure is 
examined, for the case in which edge-damage is present. The displacement equilibrium equations, based on 
Flügge's quasi-linear theory, are solved using a finite complex Fourier transform together with the introduction 
of a displacement function. The zero of a determinantal equation, arising from the nontrivial fulfillment of the 
boundary conditions, furnishes the value of the critical radial pressure. The edge-damage is modeled by 
nonuniform boundary conditions. From computed results it is concluded that isotropic shells are capable of 
withstanding edge-damage up to 50% of their circumference before a reduction in the critical pressure occurs. 
Anisotropy tends to weaken this sturdiness with all single and bilayered shells considered suffering a fairly 
sharp drop in the critical pressure sustainable after only up to 20% of the edge is “loosened”. This represents a 
reversal of the roles of isotropy and anisotropy found by the authors for the case when the shells were subjected 
to axial compression. 
 
 



J. B. Greenberg and Y. Stavsky (Faculty of Aerospace Engineering, Technion — Israel Institute of Technology, 
Haifa 32000, Israel), “Buckling of composite orthotropic cylindrical shells under non-uniform axial loads”, 
Composite Structures, Vol. 30, No. 4, 1995, pp. 399-406, doi:10.1016/0263-8223(94)00057-3 
ABSTRACT: The static buckling of orthotropic composite cylindrical shells, under circumferentially non-
uniform axial loads is investigated based on Flugge-type field equations. Use of a complex finite Fourier 
transform provides a simple method for handling any arbitrary non-uniform load but introduces modal coupling 
between the transformed equations. For simply supported boundaries (conditions SS3) the determination of the 
critical buckling load reduces to finding the eigenvalues of a finite matrix. Three different non-uniform loads 
are considered, having forms proportional to (1 + 2costheta), costheta and H(theta* - theta) where H is the 
Heaviside function, theta is the circumferential coordinate and atheta* is the width of an axially loaded strip of 
the shell of radius a. Computed results indicate the sensitivity of the critical buckling loads to the type of non-
uniform load and the material lay-ups of the cylinders. 
 
 
Phillip L. Gould and Jhun-Sou Lin (Department of Civil Engineering, Washington University, St. Louis, 
Missouri, 63130, USA), “Linear Stress Analysis of Torospherical Head”, ASCE Journal of Engineering 
Mechanics, Vol. 111, No. 10, October 1985, pp. 1295-1300,  
doi  http://dx.doi.org/10.1061/(ASCE)0733-9399(1985)111:10(1295) 
ABSTRACT: An experimental investigation to determine the buckling and rupture strength of a fabricated 
torospherical head under internal pressure loading has recently (1984) been carried out under the sponsorship of 
several industrial and governmental agencies. Preliminary evaluation of the data indicates a larger than expected 
factor of safety between initial buckling and failure. An important consideration in the investigation is the 
elastic stress pattern prior to the initiation of buckling. In this paper, the results of a linear elastic stress analysis 
are presented in order to demonstrate the resulting stress patterns and to compare several different computer 
codes. This solution is also thought to be suitable as a benchmark problem for the validation of computer codes 
for thin shell analysis. The analysis demonstrates several interesting aspects of the significance of bending 
stresses for a situation where there are neither abrupt geometrical discontinuities nor locally concentrated loads, 
two classical sources of bending in thin shells. 
 
 
J. S. Lin and P. L. Gould (Department of Civil Engineering, Washington University, St. Louis, MO 63130, 
U.S.A.), “Shells of revolution with local plasticity”, Computer Methods in Applied Mechanics and Engineering, 
Vol. 65, No. 2, November 1987, pp. 127-145, doi:10.1016/0045-7825(87)90009-0 
ABSTRACT: A nonlinear finite element model that is suitable for the static analysis of shells of revolution with 
local plasticity is developed. Actually, shells of revolution always exhibit local deviations, like a cutout, a 
junction, and/or an imperfection. The stress concentration caused around a local deviation may make the 
material plastic in the surrounding region. The analytical model consists of three different types of shell 
elements: rotational, general, and transitional. The rotational shell elements are used in the region where the 
shell is axisymmetrical, and the general shell elements are deployed in the region of the deviation. The 
transitional shell elements are inserted between the two distinctively different types of elements to achieve 
continuity of displacement fields. Only the general shell element possesses the material nonlinear properties to 
capture the localized plasticity. A simple description of plastic behavior based on elastic-plastic behavior, the 
Von Mises criterion, the Prandtl-Reuss flow rule, and a layered structure, developing plastification through the 
thickness of the general shell, is used. The stress components at appropriately chosen station points covering the 
entire volume of the element are stored during the computation. A check is made for initial yielding in the 
general shell elements at the end of each step of loading. The results of three numerical studies elucidate the 
localized nonlinear material behavior in a rotational shell structure. In the first example, an axisymmetric 
junction problem is studied to check the technique against published results. Then, in the last two examples, a 
cylindrical shell with a circumferential line crack and with a circular cutout are studied. Since the selection of 
the size of the substructure and the number of harmonics are very important for the localized plasticity problem 
in the rotational shell, detailed convergence studies are presented. It is shown that the local-global analysis is an 
attractive alternative to the entirely general element style analysis for axisymmetric shell structures with local 
imperfections. 



 
 
R. V. Ravichandran, P. L. Gould and S. Sridharan (Washington University, St. Louis, MO 63130, USA), 
“Localized collapse of shells of revolution using a local-global strategy. Int. J. Numer. Meth. Engng., 35: 1153–
1170, 1992. doi: 10.1002/nme.1620350602 
ABSTRACT: The mode of collapse in many metallic shells is, oftentimes, one of localized collapse, wherein 
severe plastic deformation and high displacement gradients are localized within some region. The combined 
material and geometric non-linearity emanating from this local region is the predominant cause of instability in 
shells of revolution. In such a situation a local-global strategy is very useful for an efficient analysis. This 
strategy consists of employing two dimensional degenerated isoparametric shell elements with non-linear 
capability in a well defined 'local' zone where all the non-linearities are expected to be localized and which also 
contains some form of local deviation from axisymmetry such as a circumferential imperfection, cutouts, 
cracks, etc. Linear elastic ring type elements are employed in the remaining axisymmetric zone and the two 
zones are linked through a transformation between the degrees of freedom involved. The solution of the non-
linear problem is achieved by appropriate condensation procedures to reduce the number of active degrees of 
freedom and the load incrementation is achieved by the well known 'arc length' iterative procedure. Numerical 
exampies are presented to demonstrate that this strategy is very efficient and accurate for problems with well 
defined non-linear local zones. The capability of this strategy for treating problems with local material 
discontinuities such as cracks, cutouts, etc. as an efficient alternative to a complete two dimensional 
discretization is pointed out. 
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Louis, MO, U.S.A 
“Local-global analysis on localized non-linear shells of revolutio”,  Communications in Numerical Methods in 
Engineering, Vol. 10, 1994, pp. 933–941. doi: 10.1002/cnm.1640101109 
ABSTRACT: A finite element program is developed as a tool to analyse shells of revolution with local non-
linearities. In reality, shells of revolution often exhibit local deviations, like a cut-out, a junction and/or an 
imperfection. The stress concentration around a local deviation may produce plasticity and/or geometric non-
linearities in the surrounding region. The analytical model consists of three different types of elements: 
rotational, transitional and general. The rotational shell elements are used in the region where the shell is 
axisymmetrical and linear, while the two-dimensional general shell elements are deployed in the deviation 
region where non-linearities may occur. Transitional shell elements connect the two distinctively different types 
of elements to achieve displacement field continuities. The solution using the local-global system with 
appropriate condensation and a predicted stress incremental procedure is suggested. It is shown that the 
technique is a very attractive alternative to the entirely general element style analysis for axisymetric shell 
structures with local deviations. 
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“A local–global FE model for nonlinear analysis of column-supported shells of revolution”, Thin-Walled 
Structures, Vol. 31, Nos. 1-3, May 1998, pp. 25-37, doi:10.1016/S0263-8231(98)00004-4 
ABSTRACT: A local–global finite element model suitable for the analysis of column-supported shells of 
revolution is presented. The model combines, in a single analysis, axisymmetric shell elements, general shell 
elements, and column elements. Axisymmetric or rotational shell elements which can accommodate geometric 
nonlinearities are employed in the axisymmetric portion of the shell. In this region, the nonaxisymmetric 
behavior in loading and deformation is accounted for by including appropriate Fourier harmonics. The column-
supported area is modeled using individual column elements. The local zone is identified as the region 
consisting of the column elements and the physically and geometrically nonlinear general shell elements 



inserted between the column-support area and the axisymmetric shell portion. In addition, either deviations 
from the axisymmetric geometry of the shell, such as imperfections or cut-outs, and/or nonlinear materials can 
be easily included in the local zone. Examples which illustrate the proposed procedure are presented. 
 
 
Phillip L. Gould (The Harold D. Jolley Professor Dept. of Civil Engineering Washington University St. Louis, 
MO 63130, U.S.A.), “Recent Advances in Local-Global Fe Analysis of Shells of Revolution”, Structural 
Engineering, Mechanics and Computation: Proceedings of the International Conference on Structural 
Engineering, Mechanics and Computation 2–4 April 2001, Cape Town, South Africa, 2001, pp. 39-50 
doi:10.1016/B978-008043948-8/50005-9 
ABSTRACT: A local-global finite element technique suitable for the analysis of shells of revolution with 
localized non-axisymmetric effects such as cracks, cutouts and column supports is presented. Both material and 
geometrical nonlinearities are considered. The model combines, in a single analysis, rotational shell elements, 
general shell elements, and column elements. Rotational shell elements are employed in the axisymmetric 
portion of the shell, where the nonaxisymmetric behavior in loading and deformation is accounted for by 
including appropriate Fourier harmonics. In the local zone, where deviations from axisymmetry are contained, a 
general isoparametric shell element is employed. Continuity of displacements between the rotational and 
general shell elements is achieved either by a layer of transitional elements or by a direct coordinate 
transformation. If the shell is supported on a discrete system of columns, a standard 3-D beam element with six 
degrees-of-freedom per node is deployed. This local-global approach has been applied to a wide variety of shell 
problems. 
 
 
Osama K. Bedair (Structures, Materials and Propulsion Laboratory, Bldg M-14, Institute for Aerospace 
Research, National Research Council of Canada, 1500 Montreal Road, Ottawa, Canada K1A 0R6), “A 
Contribution to the stability of stiffened plates under uniform compression”, Computers & Structures, Vol. 66, 
No. 5, March 1998, pp. 535-570, doi:10.1016/S0045-7949(97)00102-8 
ABSTRACT: The first part of the paper presents an extensive literature review of the research done on stability 
of stiffened plates under uniform compression. The methods developed to predict the overall buckling load are 
first presented. The common methods and idealization to predict the local buckling load of stiffened plates are 
also discussed. The philosophies of the various techniques developed to compute the ultimate strength of the 
structure are then described. Finally, the optimization approaches developed for minimum weight design of the 
structure are presented. In the second part of the paper, theoretical formulations for the stability analysis of 
stiffened plates under uniform compression are presented. As a first stage, the governing differential equations 
for eccentric stiffening are derived. The transition to the orthotropic plate equation is shown through a 
simplifying assumption. It will be shown that for eccentric stiffening, three coupled differential equations need 
to be solved, while for concentric stiffening only Huber differential equation need to be considered. Then, an 
alternative energy-based approach is described for stability analysis of multi-stiffened plates under uniform 
compression. The structure is idealized as assembled plate and beam elements and rigidity connected at their 
junctions. The strain energy components for the plate and the stiffener elements are then derived in terms of the 
out-of- and in-plane displacement functions and sequential quadratic programming is then used to find the 
buckling load of the structure for given plate/stiffener geometric proportions. Efficiency of the method is 
compared with the finite element method. Finally, extensive results are presented to investigate the buckling 
behavior of multi-stiffened plates. The transition from the various buckling modes is shown by changing the 
plate/stiffener geometric parameters for various concentric and eccentric stiffening configurations. Influence of 
stiffener spacing, in-plane boundary condition on the buckling load is also highlighted. Using these results 
guidelines are proposed for efficient design of stiffened plates. 
 
 
John Roorda, “Buckling behaviour of thin-walled columns”, Canadian Journal of Civil Engineering, Vol. 15, 
No. 1, pp 107-116, 1988 
ABSTRACT: This paper describes the interactive buckling behaviour of thin-walled columns by means of a 
simple engineering analysis. After a brief review of individual column and plate buckling phenomena, the effect 



of one upon the other is investigated in the presence of initial imperfections. Estimates of the ultimate load 
capacity of such columns and the effects of material yielding are obtained. The results are compared with 
published experimental data, yielding good correspondence. The work clearly demonstrates that the interactive 
presence of Euler buckling, plate buckling, imperfections, and material yielding in thin-walled columns has a 
serious detrimental effect on their ultimate strength. 
 
 
Sridharan, S. and Ali, M.A.: An improved interactive buckling analysis of thin–walled columns having doubly 
symmetric sections. Int. J. Solids Structures, 22(4), (1986), 429–443, DOI: 10.1016/0020-7683(86)90015-6 
ABSTRACT: A comprehensive mode interaction analysis is presented for thin-walled columns having doubly 
symmetric cross-sections and carrying axial compression. It is shown that as a result of interaction of overall 
bending with the primary local mode, a “secondary” local mode having the same wavelength as the primary, is 
triggered. The problem is therefore viewed as one of interaction of three modes: viz. the overall (Euler) 
buckling mode and the two local modes. The analysis is based on Koiter's theory of mode interaction and 
employs finite strips to describe local buckling deformation. The column is treated as being loaded by a 
prescribed end compression at the centroid and a suitably prescribed end rotation to maintain concentricity of 
load application. Examples are presented to compare the results of the present theory with the currently 
available analytical results and to examine the behavior of typical cross-sections. Of particular interest is the 
considerably reduced imperfection-sensitivity of columns with well-separated critical stresses in comparison to 
that reported earlier in published literature. 
 
 
M. Ashraf Ali and Srinivasan Sridharan (Department of Civil Engineering, Washington University, St. Louis, 
MO 63130, U.S.A.), “A versatile model for interactive buckling of columns and beam-columns”, International 
Journal of Solids and Structures, Vol. 24, No. 5, 1988, pp. 481-496, doi:10.1016/0020-7683(88)90003-0 
ABSTRACT: A new formulation has been developed to study the interactive buckling of thin-walled columns 
having arbitrary cross-sections. The emphasis in this paper is, however, on columns with a single axis of 
symmetry. The formulation is designed to take into account the simultaneous interaction of the purely flexural 
and flexural-torsional overall modes of buckling with local buckling. The local buckling deformations are 
described in terms of a primary local mode together with two secondary local modes of the same wavelength. 
The latter are triggered by the interaction of bending in two perpendicular planes with the primary local mode. 
The three eigenmodes and the six second-order in-plane displacement fields are all computed using a finite-strip 
technique. The modulation of the amplitudes of the local modes and the overall displacements are described in 
terms of a one-dimensional finite element model. Thus a new beam element which has embedded in it the local 
buckling information is developed. It appears that the present analytical model is very versatile being applicable 
to members of arbitrary cross-section and end conditions. For columns with a single axis of symmetry, it is seen 
that there exists a non-linear coupling between the purely flexural and the flexural-torsional modes of buckling 
via local buckling deformation. Typical examples of channel section columns are presented. It is shown that the 
channel section columns of commonly used proportions arc highly imperfection sensitive in the context of 
combined interaction of the enumerated modes of buckling. This sensitivity remains even for columns with well 
separated overall and local critical stresses—a feature which is in stark contrast with the behavior of the 
Tvergaard panel. 
 
 
Srinivasan Sridharan and Mao-Hua Peng (Department of Civil Engineering, Washington University, Campus 
Box 1130, One Brookings Drive, St. Louis, MO 63130, U.S.A.), “Performance of axially compressed stiffened 
panels”, International Journal of Solids and Structures, Vol. 25, No. 8, 1989, pp. 879-899, 
doi:10.1016/0020-7683(89)90036-X 
ABSTRACT: The paper reviews the theoretical foundations of a new analytical model developed for the study 
of nonlinear interaction of local and overall instabilities of axially compressed stiffened plates. It is shown that: 
the mixed second order field contains within itself all the essential secondary local modes liable to be triggered 
in the interaction; any such mode having an eigenvalue of the same order of magnitude as the primary local 
critical stress must be treated as a fundamental mode fully participating in the interaction in order that the 



analytical procedure is not riddled by singularities in the evaluation of the mixed second order field; and the 
technique of amplitude modulation is an effective substitute for accounting for a set of local modes of the same 
transverse description but of slightly differing wave lengths. The computational aspects are briefly touched 
upon and the form of an explicit potential energy function derived is shown. The results obtained using the 
present model are then compared with the theoretical results obtained by Koiter and Pignataro and Tvergaard 
for several cases. The question of optimality is examined. The results confirm the earlier finding of Tvergaard 
that the optimally designed panels would have the local critical stresses higher than the overall buckling ones. A 
comparison of the present theory against the experimental results obtained by Thompson et al. for panels with 
“stocky” and “thin” stiffeners is then presented. In all cases, there is found to be very good agreement between 
the experimental and theoretical results. 
 
 
M.-H. Peng (1) and S. Sridharan (2) 
(1) Moffatt and Nichol Structural Engineers, Long Beach, California, U.S.A. 
(2) Department of Civil Engineering, Washington University in St. Louis, Campus Box 1130, 1 Brookings 
Drive, St. Louis, MO 63130-48991, U.S.A. 
“An optimization strategy for wide stiffened plates subject to interaction of local and overall buckling”, 
Computers & Structures, Vol. 41, No. 2, 1991, pp. 233-243, doi:10.1016/0045-7949(91)90427-N 
ABSTRACT: A strategy for minimum weight design of axially compressed stiffened panels is presented. It is 
first noted that the ‘naive’ criterion of simultaneous buckling in the local and overall modes, is not applicable in 
view of the severe imperfection-sensitivity of such designs. Imperfections are admitted and the required 
maximum capacity is viewed as the limit point of the nonlinear structure. The interaction of local and overall 
buckling—the central feature of the behavior of the panels—is accounted for by a well tested analytical model 
which incorporates amplitude modulation and the influence of secondary local mode(s). The optimization 
technique employed is based on Powell's algorithm (VMCON). A systematic approach has been developed for 
the selection of the trial section. This is based on appropriately ‘beefing up’ and separating the critical stresses 
of a preliminary section obtained using the ‘naive’ criterion. A reduced model is developed by utilizing the 
patterns of overall deformation and amplitude modulation obtained from the nonlinear analysis of the trial 
section. A potential energy expression is developed in terms of the geometric parameters and four degrees of 
freedom. The algorithm was found to be extremely efficient from the points of view of both computational ease 
and accuracy. It is found that the configuration of the optimum panel with blade-type stiffeners lies in a 
transition from ‘thin’ to ‘stocky’ stiffener range. The weight of the optimized panel is sensitivie to initial 
imperfections and can vary over a range of 20% due to moderate level of imperfections commonly assumed in 
the analyses. The weight of optimal panels with given values of the aspect ratios vary over a wide range and the 
careful selection of the width of the panel holds the key for successful optimal design. 
 
 
Akihito Kasagi and Srinivasan Sridharan (Department of Civil Engineering, School of Engineering and Applied 
Science, Washington University, Saint Louis, MO 63130, U.S.A.), “Buckling and postbuckling analysis of thick 
composite cylindrical shells under hydrostatic pressure”, Composites Engineering, Vol. 3, No. 5, 1993, pp. 467-
487, doi:10.1016/0961-9526(93)90082-U 
ABSTRACT: Thick composite-layered shells under hydrostatic pressure are analyzed for buckling and 
postbuckling response using axisymmetric solid elements. The numerical approach is based on p-version finite 
elements in conjunction with appropriate trigonometric functions. Particular attention is given to the evaluation 
of interlaminar stresses in the postbuckling range. The postbuckling response is determined using an asymptotic 
approach. It is found that layered shells with Z  (the modified Batdorf parameter) < 1000 are imperfection-
sensitive with respect to local buckling; shells with relatively small radius to thickness ratios develop significant 
interlaminar shearing stresses, of the order of 50% of the buckling pressure, for buckling displacements of the 
order of one-tenth of the shell thickness. Together, the imperfection-sensitivity and the high inter-laminar 
stresses can precipitate failure before the classical critical pressures are reached. These factors must be 
considered along with the potential for interaction of local and overall buckling in optimally designed, stiffened 
shell configurations. Numerical analyses demonstrate the effectiveness of the p-version approach in achieving 
rapid convergence of the buckling pressures, the imperfection-sensitivity parameter and the magnitude of 



interlaminar stresses. Wherever possible, comparisons have been made with results available currently in the 
literature. It is found that for long shells (Z> 1000), the Donnell type formulations can seriously underestimate 
the buckling pressures. The present formulation based on three-dimensional nonlinear elasticity offers an 
accurate, powerful and yet computationally effective means of analysis of thick shells. 
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“A local–global model for the non-linear analysis of locally defective shells of revolution”. International 
Journal for Numerical Methods in Engineering, Vol. 37, 1994, pp. 3057–3074. doi: 10.1002/nme.1620371804 
ABSTRACT: In this paper a local–global analysis technique is presented for the non-linear analysis of shells of 
revolution with a localized material discontinuity in the form of a crack or a cutout. The local zone is modelled 
using two-dimensional general shell elements. Axisymmetric shell elements with Fourier description in the 
circumferential direction are used away from this local zone. In contrast to the earlier work of the authors, the 
geometric non-linearity is taken into account in the axisymmetric zone as well. The harmonic coupling in the 
axisymmetric zone is efficiently handled through the pseudo-load approach. A special preconditioned conjugate 
gradient iterative method is employed in conjunction with the arc length method for achieving improved 
convergence and negotiating the limit points. The attractive features of this methodology are that the tangential 
stiffness matrix of the structure is never assembled and factorized and that most of the computations are simple 
matrix–vector multiplications which are carried out efficiently at the element level. Numerical examples are 
presented to demonstrate the applicability of this method. 
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“Mode interaction analysis of stiffened shells using “locally buckled” elements”, International Journal of Solids 
and Structures, Vol. 31, No. 17, September 1994, pp. 2347-2366, doi:10.1016/0020-7683(94)90156-2 
ABSTRACT: A novel methodology for the analysis of local and overall instabilities in stiffened plates and 
shells is proposed. The method consists of embedding the local buckling deformation—the buckling mode 
together with the associated second order fields—in an appropriate shell element. The local buckling 
deformation is controlled by a relatively small number of degrees of freedom which also allow for amplitude 
modulation. Examples of stringer-stiffened plates and shells subjected to axial compression are presented. 
Excellent agreement is found to exist between the results given by the method and those obtained from full 
blown nonlinear analysis and experiments. It is shown that the proposed technique offers a simple and 
considerably less expensive approach to mode interaction problems than conventional nonlinear finite element 
analysis. Imperfection-sensitivity under coincident buckling of axially compressed stringer-stiffened cylindrical 
shells is explored and it is shown that there can be an erosion of 50% of the load carrying capacity under 
imperfections of the kind unavoidable in practice. 
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U.S.A.), “Modal interaction in composite cylinders under hydrostatic pressure”, International Journal of Solids 
and Structures, Vol. 32, No. 10, May 1995, pp. 1349-1369, doi:10.1016/0020-7683(94)00204-A 
ABSTRACT: A novel and computationally effective procedure for the study of the overall and local 
instabilities in composite ring stiffened shells subjected to hydrostatic pressure is presented. The key feature of 
the formulation employed is a judicious combination of Koiter's amplitude modulation technique and the 
Byskov-Hutchinson asymptotic procedure for the interactive buckling analysis. A potential energy function is 
formulated in terms of a comparatively small number of degrees-of-freedom, viz. the degrees-of-freedom 
depicting the amplitude modulating function and a scaling factor of the overall buckling mode. As a result of 
the amplitude modulation, there arise in the potential energy function non-vanishing cubic interactive terms 
which control the process of mode interaction. Imperfection-sensitivity under coincident buckling is examined. 



It appears that a 50% reduction of the buckling capacity must probably be allowed for as a result of modal 
interaction under near-coincident buckling. The optimality under interactive buckling is also examined with the 
total volume of the material kept constant and the critical stress ratio varied. 
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“A structural efficiency study of isogrid-stiffened fiber composite laminate shells: buckling and postbuckling 
analyses and experiments”, Proceedings of the Tenth International Conference on Composite Materials (ICCM-
10), edited by Ken Street, Whistler, B.C., Canada, August 1995 
ABSTRACT: Recent advances in fiber composite manufacturing and structural efficiency requirements have 
led to the consideration of isogrid-stiffened fiber composite laminate shells for various aeronautical and space 
structural applications. Very little information, if any, on buckling and postbuckling of these grid-stiffened 
composite shells is currently available in the literature. In this paper, a combined analytical and experimental 
study is reported on buckling and postbuckling behavior of filament-wound fiber composite laminate cylindrical 
shells stiffened with isogrid structures made of the same composite. Buckling loads and postbuckling 
deformation characteristics of isogrid-stiffened composite shells, monocoque shells and pure composite isogrid 
stiffener structure have been obtained from linear bifurcation and geometric nonlinear postbuckling analyses 
and experiments. 
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“Effect of material nonlinearity on buckling and postbuckling of fiber composite laminated plates and 
cylindrical shells”, Composite Structures, Vol. 33, No. 1, 1995, pp. 7-15, doi:10.1016/0263-8223(95)00096-8 
ABSTRACT: An analytical study is presented in this paper on the effect of material nonlinearity on buckling 
and postbuckling of fiber composite laminate plates and shells subjected to general mechanical loading. The 
material nonlinearity of the composite is modelled by power-law type, nonlinear shear constitutive equations for 
each lamina. The nonlinear effective composite constitutive equations in an incremental form are incorporated 
into a geometrically nonlinear analysis for studying buckling and postbuckling deformations of composite 
laminate structures. A modified Riks' solution scheme with an updated Lagrangian formulation is used to 
construct the equilibrium path during composite postbuckling. Numerical examples are given to illustrate the 
effect of material nonlinearity on buckling load, postbuckling stiffness, and associated mode shape change of a 
composite structure under axial and pressure loading. Influences of lamination parameters, geometric 
imperfection, and loading mode on the postbuckling equilibrium path and load-bearing strength of the 
composite structure with the nonlinear material properties are also studied. 
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U.S.A), “Dynamic buckling of composite shells”, Computers & Structures, Vol. 59, No. 1, April 1996, pp. 43-
53, doi:10.1016/0045-7949(95)00244-8 
ABSTRACT: The dynamic instability of interior ring stiffened composite shells under hydrostatic pressure is 
investigated. A shell structure such as a submarine vessel can undergo suddenly applied overpressure or 
successive shocks. In the presence of imperfections, the dynamic instability so triggered leads to a reduction of 
the load carrying capacity of the shell from that associated with quasi-static loading. Further, the large 
amplitude vibrations that occur prior to reaching the dynamic limiting pressure can have a damaging effect on 
the material of the shell. An asymptotic procedure is used in conjunction with p-version finite elements to 
extract the buckling mode and the associated second-order field. A single differential equation involving cubic 



nonlinearity is developed to characterize the dynamic behavior of the shell structure. This is solved by the 
Newmark method for time step integration along with Newton-Raphson iterations. Attention is focused on the 
reduction of the buckling pressure of the shell under dynamic loading, as well as the shell response at various 
increasing load levels until the displacements become unbounded. 
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See Also: Finite Elements in Analysis and Design, Vol. 38, No. 2, December 2001, pp. 155-178 (with co-author 
Madjid Zeggane), doi:10.1016/S0168-874X(01)00056-7 
ABSRACT: The interaction of local and overall buckling in stiffened plates and cylindrical shells has been 
analyzed using a novel finite elements in which local buckling deformation has been embedded. Amplitude 
modulation, a key feature of the interactive buckling has been incorporated in the element formulation. The 
model has the following additional features: (i) the inclusion of a key secondary local mode where the cross-
section has complete or approximate double symmetry; and (ii) the introduction of a simple approach for 
capturing localization of local buckling; this involves incorporating a single local buckling mode in the analysis, 
but letting the amplitude modulation function to be different for different elements. Numerical examples of 
plate and shell structures are presented to throw light on these aspects of the methodology as well as to 
demonstrate the accuracy and efficiency of the model. 
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ABSTRACT: This paper presents a summary of the work carried out at Washington University in recent years 
on the buckling and associated non-linear response and collapse of moderately thick composite cylindrical 
shells. Ring elements in conjunction with a three-dimensional elasticity formulation are employed in the 
analysis. The buckling and postbuckling imperfection sensitivity in individual modes is studied first. The 



problem of interaction between local and overall instabilities is then investigated in detail. Imperfection 
sensitivity of typical ring-stiffened shells is established by using a simple and effective approach that combines 
the asymptotic procedure and the amplitude modulation technique. The influence of dynamic application of the 
hydrostatic pressure is investigated with the simplified model. The results obtained are compared with those 
produced by a two-dimensional program package which includes full-fledged non-linear analysis with ring 
elements, and commercial programs wherever possible. The study has thrown light on several issues regarding 
the modeling and behavioral aspects of thick composite shells which are summarized at the conclusion of the 
paper. 
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ABSTRACT: The paper examines the feasibility of piezo-electric control of stiffened plates carrying axial 
compression and subject to interaction of local and overall buckling. A simple control strategy involving piezo-
electric patches along the tips of the stiffeners carrying equal and opposite electric fields to resist bending of the 
stiffeners was found to effectively counteract the adverse effects of mode interaction and imperfection-
sensitivity. For the dynamic problem, this strategy needed to be supplemented with patches attached to the 
surfaces of the plate in the middle of the panel to damp out local buckling oscillations. Two panels were 
considered, these being scaled replicas of each other. This enabled an examination of the scaling laws of 
response with practical applications in view. The results demonstrate that the structural performance of 
optimally designed stiffened structures can be enhanced with minimal energy consumption by appropriately 
designed piezo-electric patch configuration. 
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ABSTRACT: Recent advances in fiber composite manufacturing and structural efficiency requirements have 
led to the consideration of isogrid-stiffened fiber composite laminate shells for various aeronautical and space 
structural applications. Very little information, if any, on buckling and postbuckling of these grid-stiffened 
composite shells is currently available in the literature. In this paper, a combined analytical and experimental 
study is reported on buckling and postbuckling behavior of filament-wound fiber composite laminate cylindrical 
shells stiffened with isogrid structures made of the same composite. Buckling loads and postbuckling 
deformation characteristics of isogrid-stiffened composite shells, monocoque shells and pure composite isogrid 
stiffener structure have been obtained from linear bifurcation and geometric nonlinear postbuckling analyses 
and experiments. 
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ABSTRACT: Filament-wound, fiber-reinforced polymer-matrix composite laminate tubes have been used for a 
wide range of engineering applications, owing to their high specific stiffness, strength and superior corrosion 
resistance. Leakage failure of composite tubes under multiaxial loading has been an important design concern. 
Extensive analytical and experimental investigations have recently been reported on leakage failure of 
composite tubes. These investigations developed deterministic estimates of leakage failure for different 
combinations of axial load and internal pressure. Effects of uncertainties in material properties and laminate 
construction on leakage failure need to be studied in detail. In this study; probabilistic analyses are performed to 
predict first-ply failure of angle-ply composite laminate tubes under combined internal pressure and axial 
loading. Randomness is considered in (1) elastic moduli along principal lamina directions; (2) uniaxial matrix-
dominated strengths of each lamina; and (3) local thickness variation of individual plies. The probabilistic finite 
element analysis is performed using the ANSYS program and Latin hypercube sampling. Influence of each 
basic variable on first-ply failure is evaluated. These are compared with experimental results available in the 
literature. 
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ABSTRACT: The buckling problem of angle-ply laminated long hollow cylinders under axial compression is 
investigated on the basis of 3D elasticity considerations. The study is based on a recursive and successive 
approximation method and the introduction of a periodic complex displacement field. By this approach, the 
composite cylinders may be composed of a number of anisotropic layers, each of which may have different 
material properties, thicknesses, and laminate profile. The eigenvalue problem, from which the buckling load is 
found, always has a dimension of 3 x ︎  3, regardless of the number of the layers. The buckling of either 
symmetric or antisymmetric angle-ply laminated cylinders under axial compression is investigated through a 
parametric study. The results are presented in graphic form for cylinders having various thicknesses and layups.  
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ABSTRACT: A procedure for failure probability evaluation of composite laminates subjected to inplane loads 
is proposed. The material properties, fiber angles and layer thicknesses of the laminates are treated as random 
variables in the reliability analysis. The statistics of first-ply failure loads and buckling strengths of the 
laminates are determined via the stochastic finite element method. The failure probabilities of the laminates 
which are susceptible to buckling and first-ply failure are computed using the statistics obtained in the 



stochastic finite element analysis. The feasibility and accuracy of the present approach are validated using the 
results obtained via the Monte-Carlo method. A number of examples of reliability analysis of composite 
laminates subject to in-plane loads are given to illustrate the applications of the procedure. 
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Mechanics of Composite Materials, Vol. 16, No. 3, 1980, pp. 341-349, doi: 10.1007/BF00608338 
PARTIAL INTRODUCTION: A large number of both theoretical and experimental papers have been devoted 
to the problem of the buckling of cylindrical shells subjected to dynamic loads. The main results which have 
been produced up to now are reflected in the monograph [1] and the articles [2-9] (for axial compression) and 
[10-13] (for external pressure). However, the problem of finding the value of the dynamic load for which the 
limiting state is reached in a shell has been solved only in [16] from among the papers known to the authors, 
where the bending and stresses in a steel shell were determined in a geometrically linear formulation upon the 
action of an axial compressive pulse of rectangular shape…The content of a procedure developed by the authors 
for the solution by the Bubnov-Galerkin method of the geometrically nonlinear equations of average bending 
under the action of dynamic axial compression or external pressure on an orthotropic cylindrical shell is briefly 
outlined in this article. Examples are given of the determination of the critical loads for multilayer shells using 
the strnngth surfaces for composites under conditions of a plane stress state… 
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ABSTRACT: A procedure has been shown for calculating the stress-strain state of cylindrical multilayer shells 
made from composite materials under the combined action of dynamic axial compression and dynamic external 
pressure, as well as with different variants of combined loading with static and dynamic forces. An investigation 
has been made of the effect on the mode of the buckled shell surface of the ratio of the application rate of 
dynamic loads; ranges of loading rates have been established in which stresses predominate caused either by 
axial compression or external pressure. It has been shown that, as a result of preliminary static loading, a 
marked change occurs in the initial imperfections of the shell mode which affects subsequent dynamic buckling. 
To calculate the time when the first defect occurs and its location in the shell body, a procedure has been 
devised for layer-by-layer strength analysis employing a tensor-polynomial criterion. It was demonstrated that 
the level of preliminary static loading noticeably affects the time until the first failure of the layer, not only a 
reduction of this time being possible with an increase in the static loads, but also an increase in it. 
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SSR, Riga), “Analysis of the buckling of cylindrical shells with a random field of initial imperfections under 
axial dynamic compression”, Mechanics of Composite Materials, Vol. 17, No. 5, 1982, pp. 552-560,  
doi: 10.1007/BF00605254 
PARTIAL ABSTRACT: The main characteristic feature of the process of buckling of cylindrical shells acted 
on by both static and dynamic axial compressive loads is its high sensitivity to initial imperfections of the shape 
of the shell. The assumption that, among the factors which reduce the carrying capacity of a shell, deviations 
from an ideal cylindrical shape of the surface play a dominant role was first advanced in [1]. It subsequently 
received convincing confirmation in numerous experimental and theoretical investigations. Two trends have 
developed in the solution of the problem of static stability… 
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SSR, Riga), “Deformation and strength of orthotropic ring-stiffened cylindrical shells under dynamic 
compressive loads”, Mechanics of Composite Materials, Vol. 19, No. 3, 1983, pp. 353-363,  
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PARTIAL INTRODUCTION: Problem of the dynamics of stiffened cylindrical shells has attracted the diligent 
attention of researchers in recent years. Questions concerning the natural and induced vibrations of stiffened 
cylindrical shells are examined in greater detail in familiar theoretical studies (A review of these investigastions 
is given in [1,2]). Results obtained to date on the problem of the determination of strengthened cylindrical shells 
under dynamic loads are meager and are clearly inadequate for both a definitive understanding of the effect of 
strengthening elements on the deformation process, and also their effective use to increase the bearing capacity 
of designs… 
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“Analytical probabilistic modeling of initial failure and reliability of laminated composite structures”, 
International Journal of Solids and Structures, Vol. 35, Nos. 7-8, March 1998, pp. 665-685, 
doi:10.1016/S0020-7683(97)00081-4 
ABSTRACT: An analytical approach based on the theory of stochastic processes is developed for the stochastic 
initial failure analysis and reliability predictions of thin-walled laminated composite structures. The probability 
of initial failure is calculated using theory of rare passages of the random strain vector field out of the 
prescribed region of allowable states. The region is limited by the ultimate strain surfaces adopted for each 
individual layer in the laminate. The surfaces, in their turn, are defined in terms of the scatters in the ultimate 
strains for the composite layer. Reliability function of a composite layer having random elastic characteristics 
and loaded with random in-plane tractions is determined through the probability of its initial failure. The 
reliability function of the laminated composite structure is then calculated through the failure probabilities of 
individual layers, using the weakest link model. The proposed approach allows one to solve diverse stochastic 
problems and requires substantially less computational expenses than Monte Carlo simulation technique. The 
approach may be invaluable for a quick evaluation of various competitive design projects when considering 
laminated composite structures under the reliability constraint. Applications of the developed approach are 
illustrated on the examples of reliability predictions of laminated composite cylindrical shells under the effect of 
random internal pressure and laminated composite plates under random biaxial loading. Numerical results 
reveal specific probabilistic phenomena related to the effects of ply lay-up, scatters in mechanical and strength 
characteristics and random loading histories. Results obtained from the developed analytical approach are 
compared to those calculated with Monte Carlo simulation technique. 
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walled cylindrical shells upon local action of an external pressure pulse”, Scientific and Technical Section, 
Strength of Materials, Vol. 27, No. 4, pp 199-204, April 1995 
ABSTRACT: We present the results of experimental investigations of dynamic instability (buckling) of thin-
walled cylindrical shells upon local action of an external pressure impulse. In order to create the local short-
term loading, we used pulsed radiation from a CO2 laser. The test pieces were smooth and reinforced shells 
made from aluminum alloys. The nature of the buckled wave in the treated region and the magnitude of the 
critical impulse correspond to the short-wave type of buckling in the shell and are determined by the amplitude 
of the pressure pulse. Axial static compression of the shell leads to a decrease in the critical impulse and an 
increase in the number of waves in the meridional direction within the treated region. 
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Ravikiran Kadoli and N. Ganesan (Machine Dynamics Laboratory, Department of Applied Mechanics, Indian 
Institute of Technology, Chennai 600 036, India), “Free vibration and buckling analysis of composite 
cylindrical shells conveying hot fluid”, Composite Structures, Vol. 60, No. 1, April 2003, pp. 19-32, 
doi:10.1016/S0263-8223(02)00313-6 
ABSTRACT: A coupled fluid structure interaction problem is analyzed using semi-analytical finite element 
method involving composite cylindrical shells conveying hot fluid for free vibration and buckling behavior. The 
system under study is assumed to have a steady flow of hot fluid and the temperature variation is axi-
symmetric. First order shear deformation theory is used to model the elastic shells of revolution. Geometric 
stiffness matrix is evaluated to consider the effects of axi-symmetric temperature variation through the shell 
continuum due to flow of hot fluid. The fluid domain is modeled using the wave equation. Numerical results of 
the studies on composite cylindrical shells made of HS-Graphite/Epoxy with two different length to radius 
ratios and clamped–clamped boundary condition conveying hot fluid are presented. The variation of the natural 
frequency of the coupled system is evaluated with the steady flow of the hot fluid. The influence of the 
temperature on the mean axial flow velocity through the shell is critically examined. The critical velocity of the 
hot fluid and cold fluid which leads to shell instability is compared thus establishing the fact that the lowest 
critical velocity of the hot fluid coincides with the mode corresponding to the lowest critical thermal buckling 
temperature. Various fibre angles are also considered in the study and its influence is also examined. 
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graded cylindrical shells subjected to a temperature-specified boundary condition”, Journal of Sound and 
Vibration, Vol. 289, No. 3, January 2006, pp. 450-480, doi:10.1016/j.jsv.2005.02.034 
ABSTRACT: Linear thermal buckling and free vibration analysis are presented for functionally graded 
cylindrical shells with clamped–clamped boundary condition based on temperature-dependent material 
properties. The material properties of functionally graded materials (FGM) shell are assumed to vary smoothly 
and continuously across the thickness. With high-temperature specified on the inner surface of the FGM shell 
and outer surface at ambient temperature, 1D heat conduction equation along the thickness of the shell is 
applied to determine the temperature distribution; thereby, the material properties based on temperature 
distribution are made available for thermal buckling and free vibration analysis. First-order shear deformation 
theory along with Fourier series expansion of the displacement variables in the circumferential direction are 
used to model the FGM shell. Numerical studies involved the understanding of the influence of the power-law 
index, r/h and l/r ratios on the critical buckling temperature. Free vibration studies of FGM shells under elevated 
temperature show that the fall in natural frequency is very drastic for the mode corresponding to the lowest 
natural frequency when compared to the lowest buckling temperature mode. 
 
 
R. S. Srinivasan and P. A. Krishnan (Department of Applied Mechanics, Indian Institute of Technology, Madras 
600036, India), “Free vibration of conical shell panels”, Journal of Sound and Vibration, Vol. 117, No. 1, 
August 1987, pp. 153-160, doi:10.1016/0022-460X(87)90441-X 
ABSTRACT: In this paper, the free vibration analysis of isotropic conical shell panel with all edges clamped 
carried out by using an integral equation technique is described. Results of a parametric study are presented. 
 



R.S. Srinivasan and P.A. Krishnan (Department of Applied Mechanics, Indian Institute of Technology, Madras 
600 036, India), “Dynamic analysis of stiffened conical shell panels”, Computers & Structures, Vol. 33, No. 3, 
1989, pp. 831-837, doi:10.1016/0045-7949(89)90257-5 
ABSTRACT: The present paper deals with the dynamic response analysis of stiffened conical shell panels using 
an integral equation method in the space domain. The smearing technique is used for closely spaced stiffeners. 
The time domain analysis has been done using the mode superposition method. The effect of eccentricity of 
stiffeners has been studied. 
 
 
R.S. Srinivasan and P.A. Krishnan (Department of Applied Mechanics, Indian Institute of Technology, Madras 
600036, India), “Dynamic response of layered conical shell panel using integral equation technique”, 
Computers & Structures, Vol. 31, No. 6, 1989, pp. 897-905, doi:10.1016/0045-7949(89)90275-7 
ABSTRACT: In this paper, the application of integral equation technique to dynamic response problem has 
been illustrated by considering the layered conical shell panel. The method consists of using the integral 
equation technique in the space domain and direct integration using the Wilson-theta method in the time 
domain. Since results are not available for layered conical shell panels, the values obtained for the particular 
case of isotropic cylindrical panel have been compared with the results obtained using a different procedure, viz 
series solution combined with mode superposition. 
 
 
Jia-chu, Xu; Cheng, Wang; Ren-huai, Liu, “Nonlinear stability of truncated shallow conical sandwich shell with 
variable thickness”, Applied Mathematics & Mechanics; Sep2000, Vol. 21 Issue 9, p977 
ABSTRACT: The theory of nonlinear stability for a truncated shallow conical shell with variable thickness 
under the action of uniform pressure was presented. The fundamental equations and boundary conditions were 
derived by means of calculus of variations. An analytic solution for the critical buckling pressure of the shell 
with a hyperbolically varying thickness is obtained by use of modified iteration method. The results of 
numerical calculations are presented in diagrams, which show the influence of geometrical and physical 
parameters on the buckling behavior. 
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S. Buesing and H.-G. Reimerdes (Department of Aerospace and Lightweight Structures, RWTH Aachen 
University, 52062 Aachen, Germany�), “A strip element with interface layer for the prediction of delamination in 
buckled composite panels”, The European Commission Project COCOMAT (Improved MATerial Exploitation 
at Safe Design of COmposite Airframe Structures by Accurate Simulation of COllapse), 2006 
ABSTRACT: An element for the prediction of delamination is presented, that is based on the combination of 
two shells with an interface layer. This interface layer enables the calculation of stresses between the shells, 
which are the input for a failure criterion indicating the onset of delamination between the shells. The element is 
implemented into a tool for the postbuckling simulation of composite stiffened panels, which is based on the 
discretisation of the structure by strip elements, while the buckling and postbuckling behaviour are described by 
trigonometric functions. As less degrees of freedom are necessary compared to a finite element formulation, the 
computational effort is reduced. Implementing the strip element with interface layer into this tool enables the 
prediction of the onset of delamination during the postbuckling analysis. In the following, the approach and its 
validation are presented.  
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Zhong, Congying and Reimerdes, Hans-Gunther, “Stability behaviour of cylindrical and conical sandwich 
shells with a flexible core”, Journal of Sandwich Structures & Materials, Vol. 9, No. 2, pp 143-166, 2007. 
ABSTRACT: A higher-order theory for the analysis of cylindrical and conical sandwich shells with flexible 
core is presented. The governing differential equations are derived on the basis of a three-layer model and 
solved by numerical integration. The theory is verified by comparison of achieved results to those published in 
the literature and to finite element computations. 
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thermoelastic buckling and free vibration behavior of functionally graded truncated conical shells”, Journal of 
Sound and Vibration, Vol. 292, Nos. 1-2, April 2006, pp. 341-371, doi:10.1016/j.jsv.2005.07.039 



ABSTRACT: In recent years, structures made up of functionally graded materials (FGMs) have received 
considerable attention for use in high-temperature applications. In this article, a finite element formulation 
based on First-Order Shear Deformation Theory (FSDT) is used to study the thermal buckling and vibration 
behavior of truncated FGM conical shells in a high-temperature environment. A Fourier series expansion for the 
displacement variable in the circumferential direction is used to model the FGM conical shell. The material 
properties of the truncated FGM conical shells are functionally graded in the thickness direction according to a 
volume fraction power law distribution. Temperature-dependent material properties are considered to carry out 
a linear thermal buckling and free vibration analysis. The conical shell is assumed to be clamped–clamped and 
has a high temperature specified on the inner surface while the outer surface is at ambient temperature. The one-
dimensional heat conduction equation is used across the thickness of the conical shell to determine the 
temperature distribution and thereby the material properties. In addition, the influence of initial stresses on the 
frequency behavior of FGM shells has also been investigated. Numerical studies involving the understanding of 
the role of power law index, r/h ratios, and semi-vertex angle on the thermal buckling temperature as well as on 
vibration have been carried out. 
 
 
W.H. Wittrick, “General sinusoidal stiffness matrices for buckling and vibration analyses of thin flat-walled 
structures”, International Journal of Mechanical Sciences, Vol. 10, No. 12, December 1968, pp. 949-966, 
doi:10.1016/0020-7403(68)90049-0 
ABSTRACT: This paper is concerned with the derivation of stiffness matrices for the buckling or vibration 
analysis of any structure consisting of a series of long, thin, flat plates rigidly connected together at their 
longitudinal edges. Each plate is assumed to be subjected to a basic state of plane stress which is longitudinally 
invariant, and it is further assumed that the mode of buckling or vibration varies sinusoidally in the longitudinal 
direction. During buckling or vibration, the edges of any individual plate are subjected to additional systems of 
forces and moments which are sinusoidally distributed along the edges, and these give rise to sinusoidally 
varying edge displacements and rotations. Spatial phase differences between the forces and displacements are 
accounted for by defining them in terms of complex quantities. The sinusoidal edge forces and displacements 
are split into two uncoupled systems, corresponding to out-of-plane and in-plane displacements, and two 
stiffness matrices are defined. The out-of-plane stiffness matrix is shown to be in general complex, and 
Hermitian in form, but the inplane stiffness matrix is real and symmetrical. Explicit expressions are derived for 
the elements of the matrices, in which all the essential destabilizing effects of the basic stresses, as well as 
dynamic effects, are included. Finally, it is shown that buckling and vibration phenomena for any structure of 
this type are closely interrelated. 
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“Computation of natural frequencies and initial buckling stresses of prismatic plate assemblies’, Journal of 
Sound and Vibration, Vol. 21, No. 1, March 1972, pp. 87-106, doi:10.1016/0022-460X(72)90208-8 
ABSTRACT: Many structures consist of a set of thin rectangular flat plates of uniform thickness which are 
rigidly connected together along their longitudinal edges. Two computer programs which are applicable to such 
structures are described. They are called gasvip  and vipal and they use an exact method of analysis, either to 
find natural frequencies in the presence of uniform longitudinal stress, or to find the initial buckling stress in 
uniform longitudinal compression. Gasvip sets up the overall stiffness matrix of the structure, whereas vipal  
enables substructures to be used. There are some types of problem which cannot be solved by using Vipal, but 
where it can be used it often takes much less computer time than gasvip. vipal also has the advantage that there 
is virtually no limit on the number of nodes (i.e., line junctions between component plates) which can be 
handled within about 4K of core store. 
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loadings”, International Journal of Mechanical Sciences, Vol. 16, No. 4, April 1974, pp. 209-239, 
doi:10.1016/0020-7403(74)90069-1 



ABSTRACT: This paper describes the underlying theory, and a general-purpose computer program, VIPASA, 
for determining the critical buckling stresses or natural frequencies of vibration of thin prismatic structures, 
consisting of a series of plates rigidly connected together along longitudinal edges. Each plate may be either 
isotropic or anisotropic and may carry a basic stress system consisting of longitudinal and transverse direct 
stress combined with shear. The structure is assumed to be subjected to a “dead load” system which does not 
cause buckling; in addition a “live load” system, defined in magnitude by a single load factor, may be applied 
and the value of the load factor at buckling is determined. Alternatively the natural frequencies of vibration of 
the structure when subjected to the dead load system are determined. Any number of critical load factors or 
natural frequencies can be obtained. The theory is based upon the assumption that all modes are sinusoidal, in 
the sense that all three components of displacement vary sinusoidally along any longitudinal line, but phase 
differences are incorporated to allow for the effects of anisotropy and shear. Apart from this assumption no 
further approximations are made other than those inherent in thin plate theory. 
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“Buckling and vibration of any prismatic assembly of shear and compression loaded anisotropic plates with an 
arbitrary supporting structure”, International Journal of Mechanical Sciences, Vol. 25, No. 8, 1983, pp. 585-
596, doi:10.1016/0020-7403(83)90050-4 
ABSTRACT: The VIPASA computer program accurately treats buckling and vibration of prismatic plate 
assemblies with a response that varies sinusoidally in the longitudinal direction. In-plane shear loading of 
component plates produces skewed mode shapes that do not conform to desired support conditions, and this has 
placed a limitation on the general applicability of VIPASA. This problem is overcome in the present paper by 
coupling the VIPASA stiffness matrices for different wavelength responses through the method of Lagrangian 
Multipliers. Supports at arbitrary locations, including support provided by any elastic structure, are included in 
the theory. Examples illustrate the accuracy and convergence of the method and some of the principal features 
of the solution. The complete generality and capability of VIPASA have been retained in a computer program 
VICON that permits constraints and a supporting structure consisting of any number of transverse beam-
columns. 
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“Incorporation of Lagrangian Multipliers into an algorithm for finding exact natural frequencies or critical 
buckling loads”, International Journal of Mechanical Sciences, Vol. 25, No. 8, 1983, pp. 579-584, 
doi:10.1016/0020-7403(83)90049-8 
ABSTRACT: An existing algorithm enables natural frequencies or critical load factors to be found with 
certainty when “exact” stiffness matrices are used. This algorithm is extended to permit Lagrangian Multipliers 
to be used to couple the “exact” stiffness matrices of component structures to represent connections between the 
structures. The new algorithm also permits coupling of the stiffness matrices for different assumed wavelengths 
of sinusoidal response of a given structure with the stiffness matrices of other structures to satisfy required 
constraint conditions. The algorithm applies to problems formulated using real or complex arithmetic. 
 
 
F. W. Williams and J. R. Banerjee (Department of Civil Engineering, University of Wales Institute of Science 
and Technology, Cardiff CF1 3 EU, U.K.), “Accurately computed modal densities for panels and cylinders, 
including corrugations and stiffeners”, Journal of Sound and Vibration, Vol. 93, No. 4, April 1984, pp. 481-488, 
doi:10.1016/0022-460X(84)90417-6 
ABSTRACT: The new computer program VISCAN enables exact modal densities to be computed very 



economically for any prismatic assembly of isotropic or anisotropic flat plates which are simply supported at 
their ends and are rigidly connected together along their longitudinal edges, so long as bending and in-plane 
displacements are uncoupled for the anisotropic plates. A description of how VISCAN was developed from the 
well established program VIPASA is followed by results for flat, corrugated and stiffened panels and for a 
cylindrical shell, a corrugated cylinder and a stiffened cylinder. Comparisons are made with existing 
experimental results for all these structures except the stiffened panel. The method used to change VIPASA into 
VISCAN could be applied to other existing computer programs to enable exact modal densities to be found for 
many additional types of structures. 
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“Inclusion of elastically connected members in exact buckling and frequency calculations”, Computers & 
Structures, Vol. 22, No. 3, 1986, pp. 395-397, doi:10.1016/0045-7949(86)90043-X 
ABSTRACT: A standard stiffness matrix procedure which permits any combination of rigid, elastic, pinned or 
sliding connections of the degrees of freedom at the ends of a member to the nodes of its parent structure is 
described, in order to show how easily it can be extended to allow an existing algorithm to be used to ensure 
that no eigenvalues of the parent structure can be missed even when “exact” member theory is used. The 
eigenvalues are the natural frequencies of undamped free vibration analyses or the critical load factors of 
buckling problems. The method preserves the exactness of the member theory and an efficient method for 
computer application is indicated. The theory also permits any combination of rigid, elastic, pinned or sliding 
connections between the freedoms of a substructure and those of its parent structure. 
 
 
F.W. Williams (University of Wales College of Cardiff, Cardiff CF2 1YF, U.K.), “Review of exact buckling 
and frequency calculations with optional multi-level substructuring”, Computers & Structures, Vol. 48, No. 3, 
August 1993, pp. 547-552, doi:10.1016/0045-7949(93)90334-A 
ABSTRACT: This review covers the many applications of the Wittrick-Williams algorithm, which ensures that 
no critical buckling loads, or natural frequencies of undamped free vibration, are missed even when using the 
‘exact’ member equations obtained by solving the appropriate differential equations. The review includes: plane 
and space frames; prismatic assemblies of isotropic or anisotropic plates, including in-plane plate shear loads; 
exact multi-level substructuring; design; damping; efficient solution of rotationally or linearly repetitive 
structures; use of Lagrangian multipliers; programmable pocket calculator methods; program listings for small 
computers and; references to large computer programs. 
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“A parametric study of optimum designs for benchmark stiffened wing panels”, Composites Engineering, Vol. 
3, Nos. 7-8, 1993, pp. 619-632, Special Issue: Use of Composites in Aircraft 
doi:10.1016/0961-9526(93)90086-Y 
ABSTRACT: Results are presented for the most heavily and lightly loaded of eight benchmark stiffened 
laminated wing panels defined from a Dornier wing by a GARTEUR (Group for Aeronautical Research and 
Technology in Europe) working party. These benchmark panels had three identical and equally spaced blade 
stiffeners. The results were chosen to help designers to understand many important aspects of the choice of 
design variables, and of the effects of changing the sophistication of modelling and theory used, for a wide 
range of wing panels. The percentage changes of (global) optimum mass are presented, along with the final 
values of the design variables. Some examples of mass histories and of (rejected) local optimum masses are also 
given. The principal design variables are skin and blade ply thicknesses and blade height. Additional factors 
considered include the effects of adding flanges to the blades whose plies either matched those of the blades or 
were allowed to vary independently, varying the number of stiffeners, allowing the stiffeners to differ from each 



other, varying stiffener spacing, varying some ply angles, including the stiffening effect of adjacent spars, 
including the effects of continuity with laterally adjacent panels, including through thickness shear deformation 
in the panel analysis and analysing the panel with its true skewed shape rather than approximating it as 
rectangular in plan. 
 
 
R. Butler and F.W. Williams, “Optimum buckling design of compression panels using VICONOPT”, In 
Structural Optimization, Vol. 6, No. 3, pp 180-185, September 1993 
ABSTRACT: The structural efficiency of a range of panels under uniaxial compression is investigated using the 
optimum buckling design program VICONOPT. The design uses very efficient VIPASA analysis to guard 
against all possible modes of failure, together with a tailored sizing strategy. The panels all have nine blades, 
zed or hat stiffeners and between three and fifteen design variables, covering traditional design using one size of 
stiffener and more sophisticated design with five sizes of stiffener. Results show that using two stiffener sizes or 
two stiffener types in alternate positions across the panel width can produce mass savings of up to 30% 
compared with traditional design. Convergence on an optimum normally occurs within six sizing cycles, but up 
to twelve sizing cycles are required for sophisticated designs when the initial configuration is poorly chosen. 
Computational efficiency and material strength constraints are also considered. 
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R. Butler, A.A. Tyler and W. Cao (School of Mechanical Engineering, University of Bath, Claverton Down, 
Bath BA2 7AY, U.K.), “Optimum design and evaluation of stiffened panels with practical loading”, Computers 
& Structures, Vol. 52, No. 6, September 1994, pp. 1107-1118, doi:10.1016/0045-7949(94)90177-5 
ABSTRACT: Optimum design of a blade-stiffened panel of composite/honeycomb sandwich construction and a 
metal T-stiffened panel is considered using the buckling and strength constraint program VICONOPT. Both 
panels have practical loadings which produce a nonlinear out-of-plane bending moment, calculated using beam-
column expressions. Large deflection finite element analysis of the optima shows that modifications to these 
expressions are necessary when the panels are shear loaded. The use of integrally machined stiffeners, as 
opposed to a conventional, built-up panel designed using PANDA2, is shown to permit 20% mass saving when 
the latter has no postbuckling strength and 3% saving when postbuckling strength is allowed for. 
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“Compression buckling of Z-stiffened aluminum panels with and without corrosion grindouts”, USAFA-TR-



2005-4, Dept. of Engineering Mechanics, U.S. Air Force Academy, Colorado Springs, Colorado, 2005 
EXECUTIVE SUMMARY: This effort is funded by the Aging Aircraft Squadron of the Aeronautical 
Enterprise Program Office (ASC/AAA, Col P.J. Clark). The prime contractor for the Air Vehicle Health 
Management program, of which this effort is a part, is S&K Technologies, Inc., Dayton, OH (Mr. Kevin Boyd). 
Twenty-seven Z-stiffened panels, intended to simulate upper wing skin panels of the Boeing 707, were tested to 
failure in compression to determine buckling strength. Pristine panels and panels with machined grindouts (with 
various depths up to 62.6% of the panel skin thickness) were tested to failure. Nine panels each of three 
configurations were fabricated for testing. The results showed a degradation of buckling strength with grindout 
depth that could be modeled with a modified Johnson-Euler method and a modified Gerard’s method for long 
and short panels respectively. The panels with the lower slenderness ratio (short panels) were degraded more by 
a given grindout depth than were their more slender counterparts. However, it was found that span-wise 
grindouts along the center stiffener—even deep ones—do not have a severe effect on strength. Even at over 
60% grindout depth, the worst degradation was less than a 12% reduction in strength. A small number of panels 
were tested with deep chord-wise grindouts. These tests showed that the strength of the panel was dramatically 
reduced by these grindouts, which were transverse to the loading direction.  
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University of Science and Technology, Trondheim, Norway), “Stiffened Aluminum Panels Subjected to Axial 
Compression,” Thin-Walled Structures, vol. 39, pp. 861–885, 2001, DOI: 10.1016/S0263-8231(01)00021-0 
ABSTRACT: This paper presents axial compression tests on longitudinally stiffened aluminium panels in alloy 
AA6082 temper T6. A specially designed test facility is presented. The panels are built up with extruded 
aluminium profiles connected by longitudinal welds. Two panel types are considered, with open section (L-
shaped) stiffeners and closed section stiffeners, respectively. The experimental programme comprises tests on 
single panels supported along all four edges and as a special case panels supported at two edges only. Tests on 



panels with lengths 1.0 m and 2.0 m are reported. Two deformation modes were observed in the tests; regular 
flexural buckling of the entire panel towards either the stiffener side or the plating side, and, for the case of the 
panels with L-shaped stiffeners, collapse initiated by stiffener tripping. The panel resistance is compared with 
the design resistance obtained from the European standard for aluminium structures, Eurocode 9. For all panels 
the experimental capacity exceeded the design value. 
 
 
C.B. York and F.W. Williams (Division of Structural Engineering, School of Engineering, University of Wales 
College of Cardiff, Cardiff, CF2 1YF, UK), “Theory and buckling results for infinitely wide, stiffened skew 
plate assemblies”, Composite Structures, Vol. 28, No. 2, 1994, pp. 189-200, 
doi:10.1016/0263-8223(94)90048-5 
ABSTRACT: Existing theory and the associated computer program VICONOPT deal with infinitely wide plate 
assemblies given that boundary conditions on all sides of each panel form a rectangle. They also deal with cases 
when the four supports form a parallelogram so that the plate is a skew plate. This is true provided the panel is 
of finite width, i.e. isolated from any adjacent panels, which is the case commonly modelled in practice. It does 
not represent what happens in the real structure, however, where normally there is continuity with the adjacent 
panel. The present paper shows how the theory and the computer program VICONOPT can be modified so that 
skewed plate assemblies that are infinitely wide and repeat at transverse intervals can now be modelled exactly. 
The paper also shows that the theory can be used, if a small measure of approximation is accepted, to model this 
situation by analysing only one of the identical stiffeners with associated panel skin in the common situations 
where the panel has equally spaced, identical, longitudinal stiffeners between each adjacent pair of longitudinal 
lines of support. Illustrative results are given. 
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College of Cardiff, Cardiff, CF2 1YF, UK), “Buckling analysis of skew plate assemblies: Classical plate theory 
results incorporating Lagrangian multipliers”, Computers & Structures, Vol. 56, No. 4, August 1995, pp. 625-
635, doi:10.1016/0045-7949(94)00568-N 
ABSTRACT: A procedure is presented for the buckling analysis of prismatic skew plate assemblies subject to 
invariant in-plane stresses. Based on the exact solution of the plate differential equations, the method of 
Lagrangian multipliers is used to enforce the transverse skew boundaries by a sufficient number of point 
constraints. Analysis assumes that the plate is infinitely long and that supports repeat at bay length intervals, 
typifying the continuity found in aircraft wing construction. Following a brief derivation of the formulation 
adopted, results are presented and comparisons are made with other analyses for an unstiffened isotropic skew 
plate, subject to pure compression loading with both simply supported and clamped boundary conditions. 
Results for four benchmark stiffened panels, i.e. plate assemblies, incorporating composite material and 
combined loading are also given for a range of skew angles. 
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“An initial post-buckling analysis for prismatic plate assemblies under axial compression”, International Journal 
of Solids and Structures, Vol. 34, No. 28, October 1997, pp. 3705-3725, doi:10.1016/S0020-7683(96)00204-1 
ABSTRACT: This paper provides a Koiter-type initial post-buckling analysis for prismatic plate assemblies 
made of isotropic materials. The structures are assumed to consist of a series of long flat strips rigidly connected 
together at their edges, subjected to longitudinal in-plane compressive stress. The transcendental eigenvalue 
problems, which arise when exact solutions to the member equations are used to form the stiffness matrix of the 
plate assemblies, are first solved to obtain the buckling load and corresponding buckling mode of the structure. 
The analysis then obtains exact solutions to the post-buckling member equations and the a-coefficient and b-
coefficient which characterize the initial post-buckling behavior. The post-buckling characteristics of the 
stiffened plate are found to be influenced significantly by the height of the stiffener. 



 
 
S.M. Powell, D. Kennedy and F.W. Williams (Cardiff School of Engineering, University of Wales Cardiff, P.O. 
Box 917, The Parade, Cardiff CF2 1XH, U.K.), “Efficient multi-level substructuring with constraints for 
buckling and vibration analysis of prismatic plate assemblies”, International Journal of Mechanical Sciences, 
Vol. 39, No. 7, July 1997, pp. 795-805, doi:10.1016/S0020-7403(96)00090-2 
ABSTRACT: The use of substructuring in the buckling and vibration analysis of large structures permits very 
substantial improvements in computational efficiency. The exact multi-level substructuring capability of the 
widely used computer program VICONOPT for the analysis and optimum design of prismatic plate assemblies 
has been extended by the inclusion of new theory, presented in this paper, which permits constraints on any of 
the internal or external nodes of substructures. The computational savings by using substructuring in this way 
are shown to be typically 50–70% compared with previous VICONOPT solutions. The theory is applicable to 
any method or computer code for structures whose buckling or vibration modes combine responses of different 
half-wavelengths, with VICONOPT being used as an example. 
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“Aircraft wing panel buckling analysis: efficiency by approximations”, Computers & Structures, Vol. 68, No. 6, 
September 1998, pp. 665-676, doi:10.1016/S0045-7949(98)00050-9 
ABSTRACT: A comparison of ‘exact’ and approximate methods for the determination of critical buckling loads 
of prismatic benchmark metal and composite panels is presented. The panels are stiffened by either J-, blade- or 
hat-stiffeners and are representative of typical aircraft wing panel configurations, with in-plane shear and 
compression load combinations. Buckling design curves and modes are illustrated, and associated CPU times 
are given to demonstrate the accuracy and efficiency of the approximations adopted. Initial results for the 
benchmarks, which are rectangular in plan-form, are compared with rigorous finite element solutions. 
Thereafter, attention is focused on results for the same panels but with parallelogram plan-form. Two analysis 
methods based on Classical Plate Theory are used as follows: an existing, ‘exact’ method, incorporating 
Lagrangian multipliers to constrain the transverse (or skew) boundary conditions; and a recently developed 
approximate infinite width technique, based on the previous one but analysing only a repeating portion of the 
plate assembly. 
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“Post-Critical Behaviour Of Orthotropic Circular Cylindrical Shells Under Time Dependent Axial 
Compression”, Journal of Sound and Vibration, Vol. 210, No. 3, February 1998, pp. 307-327, 
doi:10.1006/jsvi.1997.1151 
ABSTRACT: A non-shallow non-linear shell theory is used to analyze the parametric resonance of orthotropic 
circular cylindrical shells under harmonically varying axial compression. As special cases, post-buckling and 
non-linear vibration problems are also studied. In the analysis the non-linear terms and the inertias contributed 
by both normal displacementwand circumferential displacementvare included. Therefore the final dynamic 
system includes two equations inwandv. The transverse shear deformation is taken into account by a first order 
theory. The spatial variables in the governing equations are eliminated by the Galerkin procedure. The final 
ordinary differential equations are solved by an asymptotic method. Numerical results show the dependence of 
the post-critical behaviour on the properties of material, geometry and excitation. 
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“Nonlinear analysis of cross-ply thick cylindrical shells under axial compression”, International Journal of 
Solids and Structures, Vol. 35, No. 17, June 1998, pp. 2151-2171, doi:10.1016/S0020-7683(97)00169-8 
ABSTRACT: Buckling, postbuckling, nonlinear vibration and parametric resonance of thick circular cylindrical 
shells under axial compression are analyzed in this paper. The theory developed is based on a nonlinear and 
non-shallow thick shell theory, with its final equations involving two unknowns, the circumferential 
displacement v and the radial displacement w. The shell wall is cross-ply laminated. The plies are specially 
orthotropic, but the lamination can be unsymmetric. The axial load is assumed to be harmonically time 
dependent, or constant as a special case. The governing nonlinear partial differential equations are reduced to 
nonlinear ordinary differential equations in terms of time by the Galerkin procedure. Then, an asymptotic 
method is used to solve the resulting nonlinear ordinary differential equations. The numerical results for 
buckling loads are shown to compare very well with those of three-dimensional theories in the literature, even 
for very thick shells. The effects of lay-up and thickness on postbuckling equilibrium, nonlinear vibration and 
parametric resonance are demonstrated by examples. 
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“A post-buckling analysis for isotropic prismatic plate assemblies under axial compression”, International 
Journal of Mechanical Sciences, Vol. 42, No. 9, September 2000, pp. 1783-1803, 
doi:10.1016/S0020-7403(99)00055-7 
ABSTRACT: This paper presents a post-buckling analysis for prismatic plate assemblies made of isotropic 
materials. The structures are assumed to consist of a series of long flat strips rigidly connected together at their 
edges, subjected to longitudinal in-plane compressive load. The buckling load and corresponding buckling 
mode of the structure are first obtained as the results of transcendental eigenvalue problems, which arise when 
exact solutions to the member differential equations are used to form the stiffness matrix of the plate 
assemblies. The other post-buckling field functions are also obtained analytically as exact solutions to the 
member differential equations. Results for the load end-shortening and load–deflection relationships for long 
prismatic plate assembly examples are obtained and compared with results obtained by other authors. 
 
 
Zhu Ju-fen (1), Zhang Gang (1), W. P. Howson (2) and F. W. Williams (3) 
(1) Department of Engineering Mechanics, Dalian University of Technology, Dalian 116023, China 
(2) Cardiff School of Engineering, Cardiff University, P.O. Box 925, Cardiff CF24 0YF, UK 
(3) Department of Building and Construction, City University of Hong Kong, Kowloon, Hong Kong 
“Reference surface element modelling of composite plate/shell delamination buckling and postbuckling”, 
Composite Structures, Vol. 61, No. 3, August 2003, pp. 255-264, doi:10.1016/S0263-8223(03)00016-3 
ABSTRACT: A recently developed reference surface element technique is used to model the behaviour of the 
buckling and postbuckling of delaminated plates and shells. The technique can be easily incorporated into any 
finite element analysis programme for which the beam, plate and shell elements etc. satisfy the Reissner–
Mindlin assumption. In this paper, the reference surface element formulation of a four-node Co quadrilateral 
membrane-shear-bending element (ZQUA24) is presented and numerical investigations are performed for 
composite plates and shells with various delamination shapes. The numerical results show that the present 
technique is simple, reliable and able to model delamination buckling and postbuckling behaviour of laminated 
plates or shells. Observations of practical engineering significance are obtained from the study. 



 
 
A. Watson, D. Kennedy, F. W. Williams, C. A. Featherston, “Buckling and Vibration of Stiffened Panels or 
Single Plates with Clamped Ends”, Advances in Structural Engineering, Vol. 6, No. 2, May 2003, pp. 135-144, 
doi: 10.1260/136943303769013228 
ABSTRACT: An efficient method for the buckling and vibration analysis of plates or stiffened panels with 
clamped ends is presented. The method uses Lagrangian multipliers to couple sinusoidal modes with 
appropriate half-wavelengths of response, thereby enforcing the end conditions at discrete point supports. 
Clamped ends can usually be modelled accurately using only a few point supports, while arguments from 
symmetry often enable some of the required end conditions to be satisfied without explicitly applying 
constraints. In such cases few half-wavelengths are needed to obtain excellent accuracy. Solutions obtained for 
the simple limiting case of single plates are exact or within 1% of the classical or other reported solutions. 
Solutions obtained for stiffened panels are in close agreement with those obtained using finite element analysis. 
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 “Calculation of critical buckling loads for finite length externally constrained thin circular cylinders”, 
Communications in Numerical Methods in Engineering, Vol. 21, No. 5, May 2005, pp. 259–267. doi: 
10.1002/cnm.746 
ABSTRACT: The problem of the buckling of finite length externally constrained thin circular cylinders is 
solved to yield a generalized eigenvalue problem with constraint conditions. The solution is based on an inverse 
iteration procedure in which the non-linear complementary equation is solved by a non-smooth version of 
Newton's method that saves computer time and space when compared to a linear complementary algorithm. The 
numerical results show that the method proposed is effective and that the critical buckling load of the 
constrained cylinder is almost independent of the length of the cylinder, unlike the critical load of free 
(unconstrained) thin cylinders. In the direction of its axis, the shell is discretized by finite strips which 
circumferentially use straight bar and beam displacement functions. It is proved that when the widths of the 
strips approach zero, the geometrical relationships used in this paper approach those of Koiter–Sanders 
cylindrical shell theory. 
 
 
D Kennedy, M Fischer, C A Featherston (Cardiff School of Engineering, Cardiff University, Cardiff, UK), 
Review Paper: “Recent developments in exact strip analysis and optimum design of aerospace structures”, 
Proceedings of the Institution of Mechanical Engineers, Part C: Journal of Mechanical Engineering Science, 
Vol. 221, No. 4, 2007, pp. 399-413, doi:10.1243/0954406JMES432 
ABSTRACT: The current paper outlines recent developments to algorithms and software for critical buckling 
and natural vibration analysis and optimum design of prismatic plate assemblies, based on the exact strip 
approach and the Wittrick—Williams algorithm. The current paper acts as a single source document discussing 
recent progress and planned future explorations in: initial local postbuckling of stiffened panels; discrete 
optimization of composite structures to satisfy manufacturing requirements; discontinuous cost functions; 
constraints on fundamental natural frequencies and frequency-free bands; a feasibility study of response surface 
optimization; and multi-level optimization of composite aircraft wings. The numerous references provide fuller 
technical details and illustrative examples. 
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“A method for solving the buckling problem of a thin-walled shell”, International Journal of Pressure Vessels 
and Piping”, Vol. 81, No. 12, pp 907-912, December 2004, DOI: 10.1016/j.ijpvp.2004.06.004 
ABSTRACT: A weighted solution for the critical load of a cylindrical shell is presented. To determine the 
weights, some special known results are applied. The method can be used to solve generally complicated 
buckling problems by making use of the solutions of special simple problems. Lastly, some numerical solutions 
for the same problem are obtained by finite elements. Comparison between the solution method in this paper, 
the finite element solution and cited results in the literature, shows that the weighted solution has good 
precision. 
 
 
Flexural-torsional buckling of thin-walled beam members based on shell buckling theory”, Thin-Walled 
Structures, Vol. 42, No. 12, pp 1665-1687, December 2004, DOI: 10.1016/j.tws.2004.05.004 
ABSTRACT: This paper summarized currently available techniques of setting up flexural–torsional buckling 
theory of thin-walled members. It is found that all the existing methods introduced a nonlinear load potential in 
their total potentials, while based on the classical variational principle for stability of a solid structure, no such 
load potential should be included. This situation has led to an inconsistency between some widely referenced 
monographs in buckling theories of beams with mono-symmetrical cross-sections. This paper provides a new 
theory for flexural–torsional buckling of thin-walled members based on the classical variational principle and 
the theory for thin-walled shells. No nonlinear load potential is included, but a new term: nonlinear strain 
energy from transverse stresses, which has been neglected in previous theories of thin-walled members, is 
introduced in. It is found that the nonlinear load potential is not equivalent to the contribution of transverse 
stresses for beams with mono-symmetrical cross-sections, which causes the inconsistency mentioned above. 
The comparison shows that the proposed theory and the traditional theory are the same for most cases 
encountered in practice. 
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“A study of elastic-plastic buckling of cylindrical shells under torsion”, Thin-Walled Structures, Vol. 40, No.12, 
December 2002, pp. 1051-1071, doi:10.1016/S0263-8231(02)00058-7 
ABSTRACT: The elastic-plastic buckling of cylindrical shells under torsion is analysed with a deep thick-shell 
model under various boundary conditions. The word ‘deep’ means that in the general equations of equilibrium 
the three non-linear terms that involve the torsional force are all retained for the buckling analysis. In the 
Donnell-type shallow-shell theory, however, only one of such terms is retained. The word ‘thick’ means that in 
calculating strains and stress resultants the factor (1+z/R) is retained. This factor results from the trapezoid-like 
shape of the cross-section and is usually neglected in the thin-shell theory. For boundary conditions, not only 
the conventional geometrical boundary conditions, which are in terms of displacements and rotations, but also 
the mechanical boundary conditions, which are in terms of forces and moments, are considered. The numerical 
results of examples assess the effect of the additional non-linear terms, the effect of the factor (1+z/R), and the 
effect of the mechanical boundary conditions. 
 
 
X.W. Zhao, J.H. Luo, M. Zheng, H.L. Li and M.X. Lu, “Elastic-plastic collapse of 3-D damaged cylindrical 
shells subjected to uniform external pressure”, Metals and Materials International, Vol. 10, No. 4, pp 343-349, 
July  2004 
ABSTRACT: Hoo Fatt’s model was modified to obtain analytical solutions of plastic collapse for 3-D damaged 
cylindrical shells. To assess the effective wall thickness of a damaged pipeline, we used ASME B31G and its 
burst test results with Hauch and Bai’s approach. The effective thickness represents the corroded region of a 
pipe; it helps to transfer the response of the undamaged area near the damaged area. We propose solutions for 
the buckling of a damaged shell subjected to uniform external pressure. In these solutions, we extended 
Timoshenko’s solutions for the elastic-plastic buckle of linear elastic in a perfectly plastic cylindrical shell. The 
plastic collapse of a damaged shell is based on a modification of the interaction formula of the fully plastic 



membrane forces and bending moments in the nonuniform cylinder. 
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E. Hinton (University College, Swansea,Wales, U.K.), “Buckling of initially stressed mindlin plates using a 
finite strip method”, Computers & Structures, Vol. 8, No. 1, February 1978, pp. 99-105, 
doi:10.1016/0045-7949(78)90164-5 
ABSTRACT: The buckling of initially stressed Mindlin plates is considered using a thick finite strip method. 
The method is compared with a wide variety of published results and for both thin and moderately thick plates 
excellent accuracy is obtained. Some further results are obtained for initially stressed rectangular plates with 
two opposite edges simply supported and various support conditions on the remaining sides. In general, it is 
found that for moderately thick plates, Mindlin's plate theory gives lower buckling loads than those obtained 
using classical thin plate theory. 
 
 
D.J. Dawe (Department of Civil Engineering, University of Birmingham, Birmingham, England), “Finite strip 
buckling analysis of curved plate assemblies under biaxial loading”, International Journal of Solids and 
Structures, Vol. 13, No. 11, 1977, pp. 1141-1155, doi:10.1016/0020-7683(77)90083-X 
ABSTRACT: A finite strip method is presented for calculating the linear buckling stresses of structural 
assemblies of long, thin plate components which, in general, are curved and which are rigidly joined together at 
their longitudinal edges. It is assumed that on buckling under the action of a biaxial direct stress field the 
perturbation forces and displacements all vary sinusoidally in the longitudinal direction. A stiffness matrix 
relating the amplitudes of the perturbation forces and displacements is developed for the curved strip on the 
further assumption of relatively high-order polynomial variations of the displacement components around the 
plate width. Numerical results are presented of the application of the curved strip in calculating the buckling 
stresses of plates, cylinders, panels and formed sections. 
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“Finite strip models for vibration of mindlin plates”, Journal of Sound and Vibration, Vol. 59, No. 3, August 
1978, pp. 441-452, doi:10.1016/S0022-460X(78)80009-1 
ABSTRACT: Four finite strip models are developed for the flexural vibration analysis of rectangular plates 
based on Mindlin theory which takes account of transverse shear deformation and of rotary inertia. The strips 
are simply supported at their ends and differ one from another in the order of interpolation employed to 
represent the variation of each of the plate deflection and the two rotations across the strip. The four models are 
based in turn on quadratic, cubic, quartic and quintic interpolation. Numerical results are presented of 
applications of the strip models to the calculation of the natural frequencies of both thin and moderately thick 
plates. The influence that the assumed value of the shear coefficient has on natural frequencies is considered for 
two particular moderately thick plates. 
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ABSTRACT: The Rayleigh-Ritz method is applied to the prediction of the natural frequencies of flexural 
vibration of square plates having general boundary conditions. The analysis is based on the use of Mindlin plate 
theory so that the effects of shear deformation and rotary inertia are included. The spatial variations of the plate 
deflection and the two rotations over the plate middle surface are assumed to be series of products of 
appropriate Timoshenko beam functions. Results are presented for a number of types of plate and these 
demonstrate the manner of convergence of the method as the number of terms in the assumed series increases. 
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B15 2TT, England), “Buckling of rectangular mindlin plates”, Computers & Structures, Vol. 15, No. 4, 1982, 
pp. 461-471, doi:10.1016/0045-7949(82)90081-5 
ABSTRACT: The elastic buckling of rectangular Mindlin plates is considered using two related methods of 
analysis. These methods are the Rayleight-Ritz method and one of its piece-wise forms, the finite strip method. 
Arbitrary combinations of the standard boundary conditions of clamped, simply-supported and free edges are 
accommodated by the use in the assumed displacement fields of the normal modes of vibration of Timoshenko 
beams. The applied membrane stress field leading to buckling can comprise biaxial direct stress plus shear 
stress. A range of numerical applications is described for isotropic and transversely isotropic plates of thin and 
moderately thick geometry. The results obtained using the two methods compare closely to one another and to 
other published results where these are available. A direct relationship between unidirectional buckling stress 
and frequency of vibration is demonstrated for a category of plates having one pair of opposite edges simply 
supported. 
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2TT, England), “Vibration of curved plate assemblies subjected to membrane stresses”, Journal of Sound and 
Vibration, Vol. 81, No. 2, March 1982, pp. 229-237, doi:10.1016/0022-460X(82)90206-1 
ABSTRACT: In a previous paper [1] the finite strip method was applied to the prediction of the natural 
frequencies of vibration of longitudinally invariant, rigidly connected assemblies of circularly curved and flat 
strips having diaphragm end supports. This work is extended here to include the presence of an initial 
membrane stress field. An individual curved strip may be subjected to a biaxial direct stress field comprising a 
uniform stress acting in the circumferential direction and a non-uniform stress acting in the longitudinal 
direction. The presence of the membrane stress field is accommodated in the analysis by the inclusion of an 
initial stress or geometric stiffness matrix. A further extension included here is a facility to delete in-surface 
inertia terms. Results are presented for the application of the strip method in predicting the frequencies of 
vibration of a circular cylinder subjected to a complicated membrane stress system. 
 
 
O.L. Roufaeil and D.J. Dawe (Department of Civil Engineering, University of Birmingham, Birmingham B15 
2TT, England), “Rayleigh-Ritz vibration analysis of rectangular Mindlin plates subjected to membrane 
stresses”, Journal of Sound and Vibration, Vol. 85, No. 2, November 1982, pp. 263-275, 
doi:10.1016/0022-460X(82)90521-1 
ABSTRACT: A previously developed analysis of the flexural vibration of isotropic rectangular plates is 
extended to include the presence of a membrane stress system. The method of analysis is the Rayleigh-Ritz 
method and Mindlin plate theory is used which takes into account effects which are disregarded in the classical 
plate theory. As in the aforementioned earlier analysis the spatial variations of the deflection and two rotations 
over the plate middle surface are based on the use of Timoshenko beam functions. The membrane stress system 
comprises biaxial direct stress plus in-plane shearing stress and is uniform throughout the plate. Numerical 
results are presented for a number of types of plate and of applied stress which show the manner of variation of 
the frequencies of vibration as the intensity of stress changes. This manner of variation is similar in form to that 
demonstrated elsewhere by analyses based on the use of the classical plate theory but the magnitudes of the 
present calculated frequencies are considerably reduced for moderately thick plates. 
 
 



Z. G. Azizian and D. J. Dawe, “Analysis of the large deflection behaviour of laminated composite plates using 
the finite strip method”, Chapter 48 in Composite Structures 3, 1985, edited by I. H. Marshall 
ABSTRACT: Description is given of a finite strip method for the analysis of the geomnetrically non-linear 
behaviour of laterally loaded, rectangular, laminated composite plates. The analysis is based upon the use of a 
plate theory which includes the effects of transverse shear deformation. For particular end conditions, two types 
of finite strip model are presented, one based on linear crosswise interpolation of each of the five fundamental 
displacement-type quantities (and employing a reduced integration scheme in evaluating strip properties), the 
other based on cubic crosswise interpolation. Numerical studies reveal the good convergence properties of the 
strip models and show the importance of including shear deformation effects in the non-linear analysis. 
 
 
D. J. Dawe and T. J. Craig, “The vibration and stability of symmetrically-laminated composite rectangular 
plates subjected to in-plane stresses”, Composite Struictures, January 1986, 
DOI: 10.1016/0263-8223(86)90038-3 
ABSTRACT: Consideration is given to the twin problems of the elastic buckling of rectangular, symmetrically-
laminated composite plates and of the vibration in the presence of applied in-plane stress of such laminates. 
First-order shear deformation plate theory provides the mathematical model of plate behaviour and the 
Rayleigh-Ritz and finite strip methods are used to generate numerical results for laminates of thin and 
moderately thick geometry, with various combinations of standard plate edge conditions. The applied stresses 
include uniform shear stress as well as direct stresses, and anisotropic material properties can be included. The 
presented results demonstrate the accuracy of the numerical methods and highlight the very significant 
influence that transverse shear and related thickness effects can have in the subject problems. 
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“Vibration of shear-deformable laminated plate structures by the finite strip method”, Computers & Structures, 
Vol. 27, No. 1, 1987, pp. 61-72, doi:10.1016/0045-7949(87)90181-7 
ABSTRACT: Free vibration of prismatic plate structures of laminated composite material and having 
diaphragm end supports is considered using the finite strip method. Description is given of the development of 
stiffness and mass matrices for both out-of-plane and in-plane deformation of a family of strip models. The 
former deformation is based on first-order shear deformation plate theory, rather than classical plate theory. 
Frequency calculations are made using full sets of structure equations and using reduced sets obtained from an 
economisation procedure. Presented results demonstrate the good convergence characteristics of the finite strip 
approach and reveal the relative efficiency of particular economisation schemes. Comparison made with results 
based on the use of classical plate theory in deriving out-of-plane strip properties shows that the effects of 
through-thickness shear and rotary inertia on a natural frequency are heavily dependent upon the nature of the 
associated mode shape. 
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“Buckling and vibration of shear deformable prismatic plate structures by a complex finite strip method”, 
International Journal of Mechanical Sciences, Vol. 30, No. 2, 1988, pp. 77-99, 
doi:10.1016/0020-7403(88)90063-X 
ABSTRACT: A finite strip method is presented for the determination of buckling stresses and natural 
frequencies of vibration of prismatic plate structures assembled from plate flats, which generally are laminates 
of fibre-reinforced composite material. The finite strip method is of the single-term type, corresponding to the 
assumption of sinusoidal longitudinal spatial variation of displacement and force quantities. Anisotropic 
material behaviour and applied in-plane shear stress are accommodated by expressing the strip displacement 
field in terms of complex quantities. The out-of-plane properties of plate flats are based upon the use of first-



order shear deformation plate theory. A family of finite strip models is described and a sub-structuring 
procedure is utilised to reduce the size of the eigenvalue problem. Presented numerical results reveal the high 
accuracy and good convergence characteristics of the method, as well as indicating the influence of through-
thickness shear effects in a range of circumstances. 
 
 
V. Peshkam, “Linear and geometrically nonlinear analysis of thin rotational shells using the finite element 
method”, Ph.D. dissertation, Dept. of Civil Engineering and Building, The Polytechnic of Wales, December 
1984 
SUMMARY: The complete elastic behaviour of rotational shell structures is investigated in the thesis, being 
presented in two major parts. Energy principles are implemented throughout for the derivation of matrices 
utilizing the orthotropic strain energy expression developed by Ambartsumyan. Part One concerns the 
prediction of the small deflection behaviour in seven chapters. Initially it is attempted to analyse various shell 
structures by examining their deflection patterns, by concentrating on the distribution of stresses and moments 
in the structure. This is extended further to instability analysis in order to determine the critical load when the 
structure is subjected to compressive pressures. Economization technique both at the elemental and structural 
level is deployed based on Irons/Guyan reduction assumption in order to condense the Surplus-Functions and 
observe their influence on the natural frequencies. The section on dynamic transient response analysis is 
followed by the latter where the behaviour of structures subjected to forced vibration is studied. Two integration 
techniques, namely Newmark Beta and Mode Superposition, are used to integrate the second order time 
dependent differential equations of motion. Finally the linear analysis section is concluded by reformulating the 
conventional beam element in order to incorporate the Surplus-Functions and to investigate their absolute 
influence on the convergence of the finite element solution. The performance of the new element has proved to 
be remarkably superior to its predecessor. The geometrically nonlinear behaviour of shells of revolution 
subjected to axisymmetgric and asymmetric loads are studied in Part Two. Attention is focused on the post-
buckling behaviour of structures with particular emphasis given to orthotropic circular plates. The number of 
numerical examples were restricted due to the limitations of the available literature on the coupled nonlinear 
behaviour of these structures. However, the problems cited in Part Two with exception of one were found to be 
in excellent agreement with the other published works. 
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“A buckling analysis capability for use in the design of composite prismatic plate structures”, Composite 
Structures, Vol. 16, Nos. 1-3, 1990, pp. 33-63, Special Issue: Optimum Design of Composite Structures, 
doi:10.1016/0263-8223(90)90066-N 
ABSTRACT: The prediction of the buckling stresses of prismatic plate structures made of composite laminated 
material is considered. Recent developments which have provided an extended capability in the finite strip 
analysis of such structures are brought together and discussed. Different analysis procedures are described, 
dependent upon whether the plate structure is of finite length, with diaphragm ends, or is ‘long’, and on whether 
first-order shear deformation plate theory or classical plate theory is used in developing out-of-plane strip 
properties. Features of the analysis include a very general description of laminate material properties, the 
presence of applied shear stress, the accommodation of eccentric connections between plate flats and the use of 
multi-level substructuring techniques, including the so-called superstrip concept. The associated computer 
software is used to examine the buckling behaviour of two types of panel, with attention paid to the influence of 
through-thickness shear deformation and of bending-stretching material coupling in unsymmetric laminates. 
 
 
D.J. Dawe (1) and V. Peshkam (2) 
(1) School of Civil Engineering, The University of Birmingham, Edgbaston, Birmingham B15 2TT, U.K. 
(2) Mouchel Advanced Composite Analysis Design, L. G. Mouchel and Partners, West Hall, Parvis Road, West 



Byfleet, Weybridge, Surrey KT14 6EZ, U.K. 
“Buckling and vibration of long plate structures by complex finite strip methods”, International Journal of 
Mechanical Sciences, Vol. 32, No. 9, 1990, pp. 743-766, doi:10.1016/0020-7403(90)90026-F 
ABSTRACT: Finite strip methods are presented for the prediction of buckling stresses and natural frequencies 
of vibration of “long” prismatic plate structures which may be formed of fibre-reinforced, composite, laminated 
material with very general properties. The finite strip methods are of the single-term type with complex algebra 
employed to accommodate applied in-plane shear stress and anisotropic material behaviour. The developments, 
described here follow on very directly from an earlier paper in this Journal ([1] Dawe and Craig, Int. J. Mech. 
Sci.30, 77, 1988) to which frequent reference is made herein. The first development is the introduction of major 
improvements and extensions on the earlier work [1] which is based upon the use of first-order shear 
deformation plate theory to represent the out-of-plane properties of plate flats: the chief advance involves the 
use of multi-level substructuring procedures, including the introduction of so-called superstrips, but eccentric 
connections of component plates at their junctions is also included. The second development is the introduction 
of a new finite strip analysis which is based on the use of classical plate theory and which is complementary to 
the shear deformation analysis, with similar advanced features. Two computer programs, BAVPAS and 
BAVPAC, are introduced and description is given of some results of the application of these programs. 
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“Buckling and vibration of thin laminated composite, prismatic shell structures”, Composite Structures, Vol. 25, 
Nos. 1-4, 1993, pp. 353-362, doi:10.1016/0263-8223(93)90182-P 
ABSTRACT: A description is given of the multi-term, finite strip analysis of the free vibration and buckling, 
under a system of applied biaxial direct and shear stresses, of thin, prismatic shell structures. The walls of the 
structure may be composite laminates with a general lay-up. The analysis is based on the use of Koiter-Sanders 
thin shell theory. Combinations of diaphragm, clamped and free conditions at the two ends of a structure are 
incorporated. The displacement field of a transversely-curved finite strip utilises Bernoulli-Euler beam 
functions in the longitudinal direction and quintic polynomial representations in the circumferential direction. 
The superstrip concept is used in conjunction with the modified Sturm sequence-bisection approach to provide 
an efficient analysis capability. Several applications involving flat plates, curved plates and complete cylinders 
are detailed. 
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“Finite strip vibration analysis of composite prismatic shell structures with diaphragm ends”, Computers & 
Structures, Vol. 49, No. 5, December 1993, pp. 753-765, doi:10.1016/0045-7949(93)90024-8 
ABSTRACT: The finite strip method is developed for the free vibration analysis of prismatic shell structures 
having diaphragm end supports. In general the structure is made up of rigidly-connected, circularly-curved and 
flat plates which are composite laminates with a broad range of material properties, including bending—
stretching coupling and anisotropy. The analysis is developed in two ways, based in turn on the use of first-
order shear deformation shell theory and of thin shell theory. The finite strip approach is of the multi-term type 
and the superstrip concept is employed to produce a powerful and efficient solution capability. Results, in the 
form of calculated natural frequencies, are presented for a number of problems for which accurate alternative 
solutions exist, and close comparison of results verifies the present approach. 
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(2) Brown and Root Vickers Limited, 150 The Broadway, Wimbledon, London SW19 1RX, U.K. 
“Finite strip post-local-buckling analysis of composite prismatic plate structures”, Computers & Structures, Vol. 
48, No. 6, September 1993, pp. 1011-1023, doi:10.1016/0045-7949(93)90436-H 
ABSTRACT: A finite strip method is described for the analysis of the geometrically non-linear elastic response 
of composite laminated, orthotropic prismatic plate structures subjected to progressive uniform end shortening. 
Attention is restricted to local buckling/post-buckling behaviour so that certain simplifying assumptions related 
to the insignificance of movements of plate junctions can be invoked. Analyses are based on the use of both 
classical plate theory and first-order shear deformation plate theory and a range of finite strip models is 
available for use in the contexts of each of these plate theories. A description is given of a number of 
applications involving the post-local-buckling behaviour of box sections and top-hat-stiffened and blade-
stiffened panels. In one application considering a laminated box section, results are generated using a 
commercial finite element package and these are seen to compare closely with the predictions of the presented 
finite strip method. 
 
 
D. J. Dawe and S. Wang (School of Civil Engineering, The University of Birmingham, Edgbaston, Birmingham 
B15 2TT, U.K.), “Spline finite strip analysis of the buckling and vibration of rectangular composite laminated 
plates”, International Journal of Mechanical Sciences, Vol. 37, No. 6, June 1995, pp. 645-667, 
doi:10.1016/0020-7403(94)00086-Y 
ABSTRACT: A spline finite strip capability is presented for predicting the buckling stresses and natural 
frequencies of rectangular laminated plates. The plates may have arbitrary lay-ups and general boundary 
conditions. The spline finite strip method is first developed in the context of first-order shear deformation plate 
theory and then, by reduction, the method is also developed in the context of classical plate theory. In both 
approaches the superstrip concept is incorporated into the solution procedure. A considerable range of types of 
application is described and it is demonstrated that the spline finite strip method is versatile, with good 
convergence characteristics and accuracy. In these applications, frequent comparison is made with the results of 
other approaches which comprise a spline Rayleigh-Ritz method, a finite element method, an analytical 
Rayleigh-Ritz method and a semi-analytical finite strip method. 
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ABSTRACT: The finite strip method (FSM) is an effective procedure for the numerical analysis of single 
rectangular plates and of complicated prismatic plate structures. Figure 4.1 shows examples of such plates and 
plate structures, each modelled by a number of finite strips which run the whole length of the structure. The 
finite strips are rigidly joined at longitudinal reference lines at which the requisite compatibility conditions 
should be satisfied. With regard to Figure 4.1 it should be noted, though, that finite strips may well have 
reference lines (i.e. lines with which degrees of freedom are associated) in their interior, in addition to at their 
exterior longitudinal edges, and that in some types of analysis the length of the strips which is considered for 
analysis purposes is less than the full length of the structure. 
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ABSTRACT: A general spline finite strip capability is presented for predicting the buckling stresses and natural 
frequencies of composite laminated plates and shells which may have arbitrary lay-ups and any boundary 
conditions. This method is developed in the context of first-order shear deformation plate and shell theory as 
well as the classical plate and shell theory and the massive substructuring technique is incorporated into the 
solution procedure. A notable feature of the present capability is that the general spline integrations are carried 
out analytically by representing the basis general spline functions as a linear combination of cardinal spline 
functions. A considerable range of types of application is described and it is demonstrated that the general 
spline finite strip method is versatile and has more advantages over the usual equal spline finite strip method is 
on the buckling and vibration problems that have localized mode shapes. 
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“Buckling and vibration analysis of composite plate and shell structures using the PASSAS software package”, 
Composite Structures, Vol. 38, Nos. 1-4, May-August 1997, pp. 541-551, Special Issue: Ninth International 
Conference on Composite Structures, doi:10.1016/S0263-8223(97)00090-1 
ABSTRACT: A description is given of the PASSAS finite strip software package for predicting the buckling 
stresses and natural frequencies of composite laminated prismatic plate and shell structures of complicated 
cross-section and general lamination. The basic equations underpinning the development of the properties of a 
transversely curved finite strip are presented in the context of first-order shear-deformation shell theory and, by 
reduction, in the context of thin shell theory. The B-spline finite strip method is used and this enables the 
specification of a wide range of end conditions. The major features of the software package are described, and 
these include a range of strip models, the use of multi-level substructuring techniques across the structure, 
including superstrips, and the use of an efficient and reliable solution procedure. Results are presented of the 
application of PASSAS to the solution of a small number of shell buckling and vibration problems. 
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“Spline finite strip analysis of the buckling and vibration of composite prismatic plate structures”, International 
Journal of Mechanical Sciences, Vol. 39, No. 10, October 1997, pp. 1161-1180, 
doi:10.1016/S0020-7403(97)00011-8 
ABSTRACT: A spline finite strip capability is described for predicting the buckling stresses and natural 
frequencies of vibration of prismatic plate structures which may be of composite laminated construction with 
arbitrary lay-ups. The plate structures may have general boundary conditions. The capability embraces analyses 
based on the use of first-order shear deformation plate theory and of classical plate theory, and utilizes 
substructuring procedures which include the use of superstrips. The theoretical development is not detailed 
since the present paper reports a very direct extension of a theoretical study developed for the analysis of single 
plates in an earlier paper in this Journal. A considerable range of buckling and vibration applications is 
documented and comparison of spline finite strip numerical values of buckling stresses and frequencies is made 
with results generated using the semi-analytical finite strip method and, in some cases, the finite element 
method. Buckled and vibrational mode shapes are presented for some applications. 
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composite laminated plate and shell structures”, Composites Part B: Engineering, Vol. 29, No. 4, 1998, pp. 377-
389, doi:10.1016/S1359-8368(97)00046-2 
ABSTRACT: A general spline finite strip capability is presented for predicting the buckling stresses and natural 



frequencies of prismatic plate and shell structures which are composed of composite laminated plate and/or 
shell panels that may have arbitrary lay-ups. The prismatic structures may have general cross-sections and 
boundary conditions. This method is developed in the context of first-order shear deformation plate and shell 
theory as well as the classical plate and shell theory and a massive substructuring technique is incorporated into 
the solution procedure. A considerable range of types of application is described and a particularly interesting 
one shows that the general spline finite strip capability has great flexibility in matching the boundary conditions 
specified on the entire structures. 
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Vol. 30, No. 4, June 1999, pp. 351-364, doi:10.1016/S1359-8368(99)00005-0 
ABSTRACT: The development of an analysis capability for predicting the buckling stresses of composite 
laminated, prismatic shell structures is described. The basis of the capability is the spline finite strip method, 
which is presented in the contexts of both first-order shear deformation shell theory and thin shell theory. The 
structures considered might have arbitrary lamination and general boundary conditions, and the applied stress 
field in any component flat or curved plate may include shear stress as well as biaxial direct stresses. Multi-
level substructuring procedures are used in an efficient solution procedure. The analysis capability is 
incorporated into a computer software package called PASSAS and selected applications using this package are 
presented to show the scope and power of the new capability. 
 
 
D. J. Dawe and S. Wang, “Postbuckling analysis of composite laminated panels”, AIAA Journal, Vol. 38, No. 
11, pp. 2160-2170, November 2000, doi: 10.2514/2.880 
ABSTRACT: A description is given of the development of a spline finite strip method for predicting the 
response of composite laminated, prismatic panels to a progressive uniform end shortening. The response is 
assumed to be geometrically nonlinear, with the nonlinearity introduced in enhanced strain-displacement 
equations in a total Lagrangian approach. The set of nonlinear equilibrium equations, obtained by appropriate 
energy minimization, is solved using the Newton-Raphson method. The development of the properties of a flat 
finite strip is made in the contexts of both first-order shear deformation plate theory and classical plate theory, 
and a number of strip models is available corresponding to different displacement fields. Presented applications 
concern a box section and several longitudinally stiffened panels that include curved panels modeled as faceted 
shells. Comparison of the finite strip predictions is made, where possible, with results from other sources, and 
such comparison is shown to be close. 
 
 
D. J. Dawe and Y. S. Ge (School of Civil Engineering, The University of Birmingham, Edgbaston, Birmingham 
B15 2TT, UK), “Thermal buckling of shear-deformable composite laminated plates by the spline finite strip 
method”, Computer Methods in Applied Mechanics and Engineering, Vol. 185, Nos. 2-4, May 2000, pp. 347-
366, doi:10.1016/S0045-7825(99)00266-2 
ABSTRACT: Description is given of the development of the spline finite strip method for predicting the critical 
buckling temperatures of rectangular composite laminated plates. The analysis takes place in two distinct parts, 
namely an in-plane thermal stress analysis in the pre-buckling stage followed by a buckling analysis using the 
determined in-plane stress distribution. The buckling analysis takes place in the context of first-order shear 
deformation plate theory. The permitted lay-up of the laminates is quite general, within the constraint that the 
plate remains flat prior to buckling, and the boundary conditions are versatile. The distribution of temperature 
can be non-uniform in the plane of the plate. A range of applications of the developed procedure is presented 
and numerous comparisons are made with the results of previous studies. The spline finite strip method is 
shown to be versatile and accurate, with good convergence characteristics. 
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“Nonlinear transient analysis of rectangular composite laminated plates”, Composite Structures, Vol. 49, No. 2, 
June 2000, pp. 129-139, doi:10.1016/S0263-8223(99)00108-7 
ABSTRACT: The semi-analytical finite strip method is developed for the analysis of the geometrically 
nonlinear response to dynamic loading of rectangular composite laminated plates. The plates have simply 
supported ends and their properties are evaluated in the context of first-order shear deformation plate theory. 
The applied loading acts normal to the plate surface but otherwise may be of a general nature with respect to 
space and time. Solution to the nonlinear dynamic problem is obtained through use of the Newmark time-
stepping scheme in association with Newton–Raphson iteration. Applications are described which relate to 
isotropic and orthotropic plates, and to laminates. In general a close comparison is demonstrated between the 
predictions of the developed finite strip approach and those of a finite element method. 
 
 
D. J. Dawe, “Use of the finite strip method in predicting the behaviour of composite laminated structures”, 
Composite Structures, Vol. 57, Nos. 1-4, pp. 11-36, 2002 
ABSTRACT: A description is given of the use of the finite strip method (FSM) in determining the behaviour of 
composite laminated, prismatic plate and shell structures, with emphasis placed on relatively recent work 
conducted at The University of Birmingham. Both the semi-analytical and the spline variants of the method are 
described, and some attention is also paid to ''exact'' strips. Consideration is given to analyses conducted in the 
contexts of first-order shear deformation theory and of classical, or thin, theory. The calculation of buckling 
stresses and natural frequencies of vibration is discussed in detail for single span structures and then, using the 
spline finite strip approach with variable knot spacings, for multi-span structures and stepped structures. An 
account is given of the use of the FSM in predicting the post-buckling response of plate structures to 
progressive end-shortening strain. Brief description is given of the use of the method in predicting the thermal 
buckling and the transient response to dynamic loading of flat plates. Finally, the calculation of buckling 
stresses and natural frequencies of sandwich plate structures is considered, based on the adoption of a three-
zone plate theory. Numerous examples of the application of the FSM are included in the paper. 
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UK), “Thermomechanical postbuckling of composite laminated plates by the spline finite strip method”, 
Composite Structures, Vol. 71, No. 1, October 2005, pp. 115-129, doi:10.1016/j.compstruct.2004.12.003 
ABSTRACT: The thermomechanical postbuckling behaviour of composite laminated plates is studied with the 
aid of the B-spline finite strip method under the combination of temperature load and applied uniaxial 
mechanical stress. To account for through-thickness shear deformation effects, the thermal-elastic, first-order 
shear deformation (Reissner–Mindlin) plate theory is used in this paper. General boundary conditions and 
laminate lay-ups can be accommodated in the newly developed finite strip approach. A range of applications is 
described and the results generated by the finite strip procedure are compared with the results of previous 
studies. The spline finite strip method is shown to be versatile and accurate with good convergence qualities. 
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International Journal for Numerical Methods in Engineering, 56, No. 15, April 2003, pp. 2265–2278. doi: 
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ABSTRACT: A finite strip procedure has been developed for the post-buckling analysis of composite laminates 
when subjected to progressive end shortening. The finite strips are developed based on a higher-order shear 
deformation plate theory and there are nine variables at each nodal line. Initial imperfection expressed in the 
form of suitable trigonometric function is allowed. Examples including isotropic plates and laminates with 
arbitrary lay-up arrangement are presented. Numerical results for laminates with and without initial 
imperfection are used to illustrate the effect of imperfection. 
 
 
M. H. Luah and S. C. Fan (School of Civil and Structural Engineering, Nanyang Technological Institute, 
Nanyang Avenue, Singapore 2263, Republic of Singapore), “General free vibration analysis of shells of 
revolution using the spline finite element method”, Computers & Structures, Vol. 33, No. 5, 1989, pp. 1153-
1162, doi:10.1016/0045-7949(89)90454-9 
ABSTRACT: Free vibration analysis of shells of revolution using the spline finite element method is presented 
in this paper. The spline element, which is based on the classical thin shell theory, employs a set of B-spline 
shape functions for the interpolation of geometry as well as displacements. It has the merits of both the finite 
element method and splines interpolation. The efficiency and accuracy of the proposed element are illustrated 
by examples in the paper. 
 
 
Philemon Sphiwe Simelane (Department of Mechanical Engineering, Cape Peninsula University of 
Technology, Cape Town, South Africa), “Thermal buckling of laminated composite plates”, Master’s Thesis, 
1998 
PARTIAL SUMMARY: A thermal buckling analysis o f laminated composite plates is studied using plates with 
rectangular geometry and antisymmetric lamination with respect to the middle plane. A Dubamel-Neumann 
type constitutive model is used. The effects of transverse shear deformation are accounted for by the use of the 
Mindlin first-order shear deformation (FSDT) plate theory. An angle-ply laminated construction was used to 
generalise the formulation. Since buckling is essentially a non-linear behaviour, the intermediate class of 
deformation was employed. The buckling analysis was carried out in a series of steps; the derivation of the 
equilibrium equation, nonlinear prebuckling and linearized buckling analysis, and the evaluation of the critical 
temperature by solving the resulting eigenproblem. The first variation of the total potential energy establishes 
the equilibrium equation and the second variation analyses the stability of the laminated composite. A 
displacement-based finite element 'With five degrees of freedom in each node was used. The effects of 
lamination angle, modulus ratio, plate aspect ratio, and boundary constrains upon the critical buckling 
temperature were investigated and found to be quite significant. 
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“Analysis and modeling in mechanics: An informal view”, Computers & Structures, Vol. 16, Nos. 1-4, 1983, 
pp. 101-107, doi:10.1016/0045-7949(83)90151-7 
ABSTRACT: In the context of the maturation of finite element methodology this paper reviews solution 
approaches that combine classical analytical techniques with computer-based numerical methods. 
Developments in boundary integral equations, asymptotic postbuckling analysis, and limit point analysis are 
touched upon, as are some aspects of structural modeling. Emphasis is also placed on the importance of 
understanding both the scope and limitations of a particular structural model. This understanding has 
implications for the educator as well as for the researcher and the practicing engineer. 
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“Buckling analysis of arbitrarily shaped plates by spline finite strip method”, Computers & Structures, Vol. 36, 
No. 4, 1990, pp. 729-735, doi:10.1016/0045-7949(90)90087-I 
ABSTRACT: The spline finite strip method is applied to the buckling analysis of arbitrarily shaped plates. The 
plate is first mapped into a rectangular domain in the natural coordinate plane by the subparametric 
transformation, and the mapped plate is discretised into a number of strips. The displacements of each strip are 
described by interpolation functions which are given as products of piecewise polynomials and B-3 spline 
functions. The eigenvalue matrix equation for the buckling analysis is then formulated and solved by the same 
procedure as that of the standard finite element method. Numerical examples are presented to demonstrate the 
versatility and accuracy of the method. 
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Shanghai 200072, People's Republic of China), “Influence of loading imperfections on the stability of an axially 
compressed cylindrical shell”, Thin-Walled Structures, Vol. 10, No. 3, 1990, pp. 215-220, 
doi:10.1016/0263-8231(90)90064-6 
ABSTRACT: An important phenomenon is presented which has not been given sufficient attention in the 
stability of shell structures: the buckling of a circular cylinder subjected to a set of equally distributed discrete 
axial concentrated loads is studied. It is shown that the critical load of a circular cylinder under axial 
compression is very sensitive to imperfection of the applied loads as well as to initial geometric imperfections 
and the boundary conditions. 
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Mechanics, Vol. 61, No. 4, 991, pp. 231-235, doi: 10.1007/BF00794348 
ABSTRACT: It is well known that the buckling of a structure includes two kinds of different physical 
phenomena. One is called snap-through buckling and the other is called bifurcation. In this paper, the criteria to 
identify the two different unstable types are developed. The analysis in the present paper shows that the type of 
critical points can be directly determined by the incremental equilibrium equations in the general finite element 
analysis and that it only depends on whether or not the load increment does work through the unstable mode 
associated with the critical load. 
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Vol. 74, No. 3, December 1997, pp. 177-187, doi:10.1016/S0308-0161(97)00072-0 
ABSTRACT: This paper presents a closed-form solution of critical instability stresses for simply supported 
rectangular plates with an arbitrary number of stiffeners in longitudinal and/or transverse directions. It is shown 
that there are only two buckling modes that are coupled to each other for single direction stiffened plates and 
four for double direction stiffened plates. The coupling of buckling modes represents the feature of interactions 
of global and local buckling modes. It is also shown that stiffeners have twofold effects on the critical instability 
stress, one is by enhancing the “stiffness”, the other is by changing the buckling mode. Because of the twofold 
effects it becomes difficult to apply the conventional optimum method to design the stiffeners and the optimum 
design of stiffeners still remains a difficult problem. This paper discusses the way by which the stiffeners can 
effectively enhance the buckling resistance of plates. 
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Structures, Vol. 29, No. 6, 1988, pp. 929-941, doi:10.1016/0045-7949(88)90318-5 
ABSTRACT: A new finite strip formulation for the nonlinear analysis of stiffened plate structures subjected to 
transient pressure loadings is presented. The effects of large deflections, and strain rate sensitive yielding 
material properties are included. An explicit central difference/diagonal mass matrix time stepping method is 
adopted. Example results are presented for an I-beam, an isotropic plate and a five-bay stiffened panel and 
compared with other predictions and/or experimental results. It is observed that design level accuracy can be 
obtained for practical structures for a fraction of the cost of full finite element analyses. 
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ABSTRACT: A method of buckling analysis of thin flat-walled structures of finite length subjected to 
longitudinal compression and bending, transverse compression as well as shear is described. The analysis uses 
the spline finite strip method and allows for boundary conditions other than simply supported ends as required 
in the semi-analytical finite strip method of buckling analysis. Convergence studies with increasing numbers of 
section knots are described for plates in compression, bending and shear, and for long columns with different 
support conditions subjected to compression. A buckling analysis of a stiffened plate subjected to compression 
and shear is compared with results from a finite element analysis. 
 
 
Gregory J. Hancock (1), Andrew J. Davids (2), Peter W. Key (1), Sammy C.W. Lau (3) and Kim J.R. 
Rasmussen (1) 
(1) School of Civil and Mining Engineering, University of Sydney, Sydney, New South Wales 2006, Australia 
(2) Wargon Chapman Partners, Consulting Engineers, Sydney, New South Wales, Australia 
(3) Ove Arup and Partners, Consulting Engineers, Sydney, New South Wales, Australia 
“Recent developments in the buckling and nonlinear analysis of thin-walled structural members”, Thin-Walled 
Structures, Vol. 9, Nos. 1-4, 1990, pp. 309-338, Special Issue: Thin-Walled Structures: Developments in Theory 
and Practice, doi:10.1016/0263-8231(90)90050-9 
ABSTRACT: This paper describes recent work performed at the University of Sydney to develop buckling and 
nonlinear analyses of thin-walled structural members undergoing local, distortional and overall buckling. The 
analyses are based on the finite strip method of structural analysis and include elastic and inelastic buckling and 
the full nonlinear response with both post-local buckling and plasticity. Two variations of the finite strip method 
have been used, these being the semi-analytical and spline finite strip methods. A nonlinear beam-column 
analysis based on the influence coefficient method for including the local buckling behaviour in the overall 
member response is also described. The analytical methods are compared with tests performed at the University 
of Sydney on cold-formed rectangular hollow sections, welded I-sections, welded channel sections and cold-
formed channel sections. Spatial plastic collapse mechanismsdeveloped for the welded sections described above 
are also compared with the post-ultimate response of the test sections. 
 
 
Jacques Rondal and Kim J.R. Rasmussen, “On the strength of cast iron columns”, University of Sydney Dept. 
of Civil Engineering Research Report No. R829, May 2003 
ABSTRACT: The aim of the report is to show that modern methods of verification of steel structures can be 
used for the structural appraisal of old cast-iron columns. The proposed method of verification takes account of 
the geometrical imperfections which are typical for cast-iron columns and of the particular behaviour of the 
material which is distinct from modern structural steel in that the tension strength is significant lower than the 
compression strength, the stress-strain curve is non-linear rather than bi-linear and the Young’s modulus is 
about 2/5 the value for modern steels. The report proposes equations for calculating the strength of cast iron 
columns by checking failure by yielding in compression and fracture in tension. The proposed strength 
equations are compared with experimental results obtained by Hodgkinson (1840) and Tetmayer (1901).  
References listed at the end of the report: 
Angus H T (1976). Cast Iron, Physical and Engineering Properties. 2nd

 
ed., London, Butterworths.  

Bjorhovde R (1972). Deterministic and Probabilistic Approaches to the Strength of Steel Columns. Bethelehem, PA, Lehigh 
University.  
Blanchard J, Bussell, M, Marsden, A and Lewis, D (1997). "Appraisal of Existing Ferrous Metal Structures." Stahlbau 66(6): 333-345.  
Bussell M (1997). Appraisal of Existing Iron and Steel Structures. SCI Publication 138, Steel Construction Institute, London.  
Eurocode3-1.1 (1992). Eurocode3: Design of Steel Structures, Part 1.1: General Rules and Rules for Buildings, ENV-1993-1-1, 
European Committee for Standardisation, Brussels.  
Frey A and Kapplein, R (1993). "Beitrag zum Rechnerischen Nachweis der Tragfahigkeit alter Biegetrager aus Gusseisen." Stahlbau 
62(8).  
Goodman J (1926). Mechanics Applied to Engineering. London, Longmans - Green.  
Hodgkinson E (1840). "Experimental Researches on the Strength of Pillars of Cast Iron and other Materials." Philosophical 
Transactions of the Royal Society Part 2: 385. 
Kapplein R (1997). "Untersuchung un Beurteilung alter Guskonstruktionen." Stahlbau 66(6): 318-332. 
�London County Council (1909). Act 1909, London County Council (General Powers), HMSO. � 
Maquoi R and Rondal, J (1983). "Flambement Plan des Poutres-Colonnes en Acier a Section Monosymetrique." IABSE P-68: 213-
223. � 



Morin A (1862). Résistance des Matériaux, 3rd ed. Librairie Hachette, Paris, Tome Premier.  
Ramberg W and Osgood, WR (1943). Description of Stress Strain Curves by Three Parameters. Technical Note No. 902, National 
Advisory Committee for Aeronautics, Washington, DC. � 
Rasmussen KJR and Rondal, J (1997). "Strength Curves for Metal Columns." Journal of Structural Engineering, American Society of 
Civil Engineers 123(6): 721-728. 
Ravindra MK and Galambos, TV (1978). "Load and Resistance Factor Design for Steel." Journal of the Structural Division, American 
Society of Civil Engineers 104(ST9): 1337-1354. � 
Salmon EH (1921). Columns. London, Hazell, Watson & Viney. � 
Shanley FR (1947). "Inelastic Column Theory." Journal of the Aeronautical Sciences 14(5): 261-267. � 
Tetmayer L (1901). Die Gesetze der Knickungs- und der Zusammengesetzten Druckfestigkeit der Technisch Wichtigsten Baustoffe, 
2nd ed., Mitt. der Materialprufungs-Anstalt am Schweiz, Poly. in Zurich, Zurich. � 
Twelvetrees WN (1900). Structural Iron and Steel, Fourdrinier.  
 
 
X.-L. Zhao, “The behavior of cold-formed rectangular hollow section beams under combined actions”, Ph.D. 
dissertation, University of Sydney, 1991? (supervisor G.J. Hancock) 
ABSTRACT: The main objective of this thesis is to investigate the behaviour of Square (SHS) and Rectangular 
(RHS) Hollow Sections subject to pure concentrated force, pure moment and combined moment and 
concentrated force, where the concentrated force is applied to tubular sections either by welding a square 
hollow section branch member or by a bearing plate. The following experimental and theoretical studies have 
been performed. An extensive test program on a range of cold-formed SHS and RHS subject to pure 
concentrated force, pure moment and combined moment and concentrated force is described. The concentrated 
force was applied by either welding a square hollow section branch member (called T-joint tests) or by a 
bearing plate (called bearing tests). For the T-joint tests, the ratio (β) of the width of the branch member to the 
chord member varied from 0.5 to 1.0 in order to observe different failure mechanisms. For the bearing tests, the 
ratio (γ) of the bearing length to the width of the bearing plate varied from 0.5 to 1.0 in order to show the effect 
of the bearing length on the failure load. For both T-joint tests and bearing tests, the span of the simply 
supported beam was varied in order to determine the interaction relationship between moment and concentrated 
force. The slenderness of the member section and the shape of the section (SHS or RHS) were varied to cover a 
wide range of sections. The results of the bearing tests are compared with the T-joint tests on similar sections to 
demonstrate the significant reduction in failure loads and the more severe interaction between bending moment 
and concentrated force for the tests using bearing plates. Plastic mechanism analysis (yield line method) is 
adopted in the thesis, since the failure modes of SHS and RHS involve local collapse mechanisms. The final 
result of a plastic mechanism analysis largely depends on the plastic moment capacity of yield lines and the 
mechanism model assumed. For the plastic moment capacity of yield lines, existing formulae are reviewed. The 
lower bound solutions, which are based on the Tresca yield criterion and the von Mises yield criterion, are 
derived in the theses to determine the reduced plastic moment capacity of an inclined yield line under axial 
force. A series of experimental tests on plastic hinges under axial force were performed to verify the formulae. 
Simplified expressions for the verified formulae are given to permit easy application of the theory. The 
mechanism models developed in the thesis are based on the experimental observations obtained in the thesis. 
For T-joints in RHS under concentrated force, a modification of the Kato model is proposed for predicting the 
yield load. A more refined model is developed to predict the post-yield response and the ultimate load, where 
plastic hinges in the web, the membrane force in the flange and strain hardening of the material are considered. 
The virtual work principle is used in the derivation. For RHS under bearing force alone, a mechanism model is 
developed to predict the web yield load. The eccentric loading of the web where the corner radii meet the flange 
is considered in the model. For T-joints in RHS subject to combined bending and concentrated force, the 
mechanism model is approximated by the modified Kato model. the reduction of the plastic moment capacity of 
yield lines is considered in the derivation. The action in the chord (bending moment) rather than the chord 
normal stress is used for interaction curves. A proposed interaction formula is given, which includes the 
variation of capacity with β. For RHS subject to combined moment and bearing force, interaction formulae are 
derived based on the test result. Existing design procedures from Australia, America, Britain and Canada, both 
for cold-formed members and for hot-rolled members, are reviewed and compared with the test results. 
Improved design procedures are given for SHS and RHS under concentrated force alone and for SHS and RHS 
subject to combined moment and concentrated force. 



 
 
Y.B. Kwon, “Post-buckling behavior of thin-walled channel sections”, Ph.D. dissertation, School of Civil and 
Mining Engineering, University of Sydney, 1991? (supervisor G.J. Hancock) 
ABSTRACT: Thin-walled channel sections may undergo a mode of buckling called distortional in which a lip 
stiffened flange of the section rotates about the flange-web junction. If the sections are composed of high 
strength steel, then there may be a significant post-buckling reserve of strength beyond the elastic distortional 
buckling stress in a similar manner to that which normally occurs for local buckling. A nonlinear elastic 
analysis based on the spline finite strip method has been developed for studying the post-buckling behaviour of 
thin-walled sections. The method can handle local, distortional and overall buckling modes in the post-buckling 
range and the interaction between them. It allows for geometric imperfections, arbitrary loading and non-simple 
boundary conditions. The accuracy is confirmed by studying several plate, section and shell problems for which 
solutions are known. The results of compression tests of thin-walled channel section columns formed by brake-
pressing are described. Two different section geometries, a simple lipped channel and a lipped channel with an 
intermediate stiffener in the web, were tested between fixed-ended boundary conditions. The geometries and 
yield strength were chosen to ensure that a substantial post-buckling strength reserve occurred in the distortional 
mode and that local buckling might occur simultaneously at a shorter wavelength. The nonlinear spline finite 
strip method is applied to the prediction of the post-buckling behaviour and the influence of the interaction 
between buckling modes for the test channel columns. Design curves for the maximum strength of different 
columns undergoing distortional or mixed modes of buckling are proposed. Two basic design methods to 
account for the local and distortional buckling or mixed local-distortional buckling mode are also proposed. The 
test results are compared with the proposed methods and are also compared with the Australian Standard, the 
American Specification and European Recommendations for the design of cold-formed steel structures. 
 
 
Y. B. Kwon and G. J. Hancock (School of Civil and Mining Engineering, University of Sydney, Sydney NSW 
2006, Australia), “A nonlinear elastic spline finite strip analysis for thin-walled sections”, Thin-Walled 
Structures, Vol. 12, No. 4, 1991, pp. 295-319, doi:10.1016/0263-8231(91)90031-D 
ABSTRACT: A nonlinear elastic analysis based on the spline finite strip method has been developed for 
studying the post-buckling behaviour of thin-walled sections. The method can handle local, distortional and 
overall buckling modes in the post-buckling range and the interaction between them. It allows for geometric 
imperfections, arbitrary loading and non-simple boundary conditions. By comparison, the semi-analytical finite 
strip method is restricted to simply supported end boundary conditions and a single buckle half-wavelength. The 
two incremental-iterative strategies adopted in the nonlinear analysis are the arc-length method and the 
improved iteration method based on displacement control. Switching between load and displacement control 
can occur automatically as the need arises in an analysis. Numerical examples are presented for comparison 
with and verification against solutions for the nonlinear behaviour of plates, plate assemblies and cylindrical 
shells. 
 
 
Y.B. Kwon and G.J. Hancock (Centre for Advanced Structural Engineering, School of Civil and Mining 
Engineering, University of Sydney, N.S.W., Australia), “Post-buckling analysis of thin-walled channel sections 
undergoing local and distortional buckling”, Computers & Structures, Vol. 49, No. 3, November 1993, pp. 507-
516, doi:10.1016/0045-7949(93)90051-E 
ABSTRACT: A theoretical method for predicting the post-buckling behaviour of thin-walled sections is applied 
to study the influence of the interaction between local and distortional buckling modes for test channel columns 
described in an earlier paper. The theoretical predictions are based on a nonlinear elastic spline finite strip 
method for thin-walled sections which has recently been developed. The method can handle sections buckling 
simultaneously in local and distortional buckles at different half-wavelengths. The investigation includes 
convergence studies with different convergence criteria, strip subdivision and longitudinal subsections so as to 
determine reliable convergence criteria and the required discretizations for use in the nonlinear elastic spline 
finite strip method. 
 



 
J. P. Papangelis and G. J. Hancock (Centre for Advanced Structural Engineering, University of Sydney, NSW 
2006, Australia), “Computer analysis of thin-walled structural members”, Computers & Structures, Vol. 56, 
No.1, July 1995, pp. 157-176, doi:10.1016/0045-7949(94)00545-E 
ABSTRACT: The calculation of the stresses and failure modes in thin-walled structural members is a complex 
procedure. Structural designers will often need help in analysing these types of structures. A vehicle for 
providing this help is the computer program developed for the microcomputer. In this paper, a computer 
procedure is described for the cross-section analysis and elastic buckling analysis of thin-walled structural 
members. The cross-section analysis calculates the section properties, warping displacements, and the 
longitudinal and shear stresses for thin-walled open and closed cross-sections of any shape. The longitudinal 
stresses are used to perform an elastic finite strip buckling analysis of thin-walled structural members. The 
analysis can be done for a number of different buckle half-wavelengths of the member and the load factor and 
buckled shape are output for each length. The analysis is performed by the user-friendly computer program 
THIN-WALL, which is also described in the paper. 
 
 
K.J.R. Rasmussen (Department of Civil Engineering, University of Sydney, NSW 2006, Australia), “State of 
the art of numerical simulation and computational models in coupled instabilities”, Institut for Baerende 
Konstruktioner og Materialer – BKM, Serie R, No. 4, 1996, Department of Structural Engineering and 
Materials, Danmaks Tekniske Universitet – Technical University of Denmark 
ABSTRACT: The paper provides a report on the simulation and computational models of structures prone to 
interaction buckling. The simulation models are divided into perturbation, cell and discrete models, and all 
major contribution to the research of interaction buckling are classified using this division. The paper also 
explores current trends in the development of simulation models and likely future research areas. 
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(1) School of Civil Engineering, The University of Sydney, Sydney, NSW 2006, Australia 
(2) Department of Mechanical and Structural Engineering, Faculty of Engineering, The University of Trento, 
Via Mesiano77, I-38100 Povo (TN), Trento, Italy 
“Linear elastic isoparametric spline finite strip analysis of perforated thin-walled structures”, Thin-Walled 
Structures, Vol. 46, No. 3, March 2008, pp. 242-260, doi:10.1016/j.tws.2007.09.002 
ABSTRACT: This paper describes the application of the isoparametric spline finite strip method to the linear 
elastic analysis of tri-dimensional perforated folded plate structures. The general theory of the isoparametric 
spline finite strip method is introduced. Kinematics assumptions and the procedure for combining in-plane 
(membrane) and bending effects are set out. Particular attention is paid to the procedure for rotating the stiffness 
matrix and load vector from local to global coordinates. The reliability of the method is demonstrated by 
comparisons with finely meshed finite element analysis results. Square stiffened perforated plates in 
compression and bending are analysed. 
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(1) School of Civil Engineering, The University of Sydney, Sydney, NSW 2006, Australia 
(2) Department of Mechanical and Structural Engineering, Faculty of Engineering, The University of Trento, 
Via Mesiano77, I-38100 Povo (TN), Trento, Italy 
“Elastic buckling analysis of perforated thin-walled structures by the isoparametric spline finite strip method”, 
Thin-Walled Structures, Vol. 46, No. 2, February 2008, pp. 165-191 
ABSTRACT: This paper presents the application of the isoparametric spline finite strip method to the elastic 
buckling analysis of perforated folded-plate structures. The general theory of the isoparametric spline finite strip 
method is introduced. The kinematics assumptions, strain–displacement and constitutive relations of the 
Mindlin plate theory are described and applied to the spline finite strip method. The corresponding matrix 
formulation is utilised in the equilibrium and stability equations to derive the stiffness and stability matrices. A 



number of numerical examples of flat and folded perforated plate structures illustrate the applicability and 
accuracy of the proposed method. 
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(1) School of Civil Engineering, The University of Sydney, Sydney, NSW 2006, Australia 
(2) Department of Mechanical and Structural Engineering, Faculty of Engineering, The University of Trento, 
Via Mesiano77, I-38100 Povo (TN), Trento, Italy 
“Geometric nonlinear isoparametric spline finite strip analysis of perforated thin-walled structures”, Thin-
Walled Structures, Vol. 47, No. 2, February 2009, pp. 219-232, doi:10.1016/j.tws.2008.05.013 
ABSTRACT: This paper presents the application of the isoparametric spline finite strip method to the geometric 
nonlinear analysis of perforated folded-plate structures. The general theory of the isoparametric spline finite 
strip method is introduced. Kinematics, strain–displacements and constitutive assumptions are described and 
applied to the spline finite strip method. The derivation of the tangential and secant stiffness matrices is 
presented by applying the equilibrium condition and its incremental form. The reliability of the method is 
demonstrated by applying the method to classical nonlinear complex plate and shell problems as well as the 
geometric nonlinear analysis of perforated flat and stiffened plates. 
 
 
Amr M.I. Sweedan and Khaled M. El-Sawy (Department of Civil and Environmental Engineering, UAE 
University, P.O. Box 17555, Al-Ain, United Arab Emirates), “Elastic local buckling of perforated webs of steel 
cellular beam–column elements”, Journal of Constructional Steel Research, Vol. 67, No. 7, July 2011, pp. 1115-
1127, doi:10.1016/j.jcsr.2011.02.004 
ABSTRACT: In this study, the finite element method is employed to determine the critical in-plane longitudinal 
load at which elastic local buckling of the web of cellular beam–column elements occurs. To simplify the 
simulation of the problem, the interaction between the flanges and perforated web is approximated by modelling 
the web only as a long plate having aspect ratio (L/hw≥10) with multiple circular perforations. The utilized 
model incorporates restrained out-of-plane displacements along the four edges of the plate. Analyzed plates are 
subjected to linearly varying in-plane loads to simulate various combinations of axial and flexural stresses. The 
effect of different geometrical parameters on the elastic buckling load of perforated web plate is investigated. 
These geometrical parameters include the plate’s length and width, and the perforations’ diameter and spacing. 
Comprehensive finite element analyses are conducted to identify the behaviour of wide spectrum of perforated 
web plates at buckling under various combinations of axial compressive load and bending moment. Outcomes 
of the study are expected to enhance the understanding of the elastic local buckling of web plates of cellular 
beam–column elements. 
 
 
Abhijit Mukherjee and Madhujit Mukhopadhyay (Department of Naval Architecture, Indian Institute of 
Technology, Kharagpur 721 302, India), “Response of stiffened plated structures under stochastic excitation”, 
Computer Methods in Applied Mechanics and Engineering, Vol. 71, No. 3, December 1988, pp. 273-292, 
doi:10.1016/0045-7825(88)90036-9 
ABSTRACT: A finite element algorithm for analysis of stiffened plates by normal mode approach under 
stationary random stochastic loading has been presented. The formulations for both spatially homogeneous and 
nonhomogeneous loads have been indicated. The isoparametric quadratic stiffened plate bending element 
employed has a unique feature that the stiffeners can be positioned anywhere within the plate element and they 
need not necessarily be on the nodal lines. The element, being isoparametric quadratic, can readily 
accommodate curved boundaries, transverse shear deformation, and laminated materials. The formulation is 
applicable to thin as well as thick plates. A simple lumped load concept has been used for spatially 
homogeneous loading; for spatially nonhomogeneous loads, however, the isoparametric shape function and the 
Gaussian integration technique have been employed to form the generalized nodal cross spectral density matrix 
from the excitation. Displacement and stress response spectras for plates and stiffened plates under white noise 
and jet noise excitation have been evaluated. The results have been presented along with those of previous 
investigators. The performance of the element has been found to be very good under all circumstances. 



 
 
A.H. Sheikh and M. Mukhopadhyay (Department of Naval Architecture, Indian Institute of Technology, 
Kharagpur 721 302, India), “Analysis of stiffened plate with arbitrary planform by the general spline finite strip 
method”, Computers & Structures, Vol. 42, No. 1, January 1992, pp. 53-67, doi:10.1016/0045-7949(92)90536-
9 
ABSTRACT: The general spline finite strip method has been extended in this paper to the analysis of stiffened 
plates having arbitrary shape. The main elegance of the formulation lies in the treatment of stiffeners. It has 
been shown that the stiffener can be placed anywhere within the plate strip which introduces a considerable 
amount of flexibility in the analysis. Stiffened plates having various shapes, boundary conditions, loadings and 
also possessing various disposition of stiffeners as available in the literature, have been analysed by the 
proposed approach. Comparison obtained with existing theoretical and/or experimental values have indicated 
good accuracy. 
 
 
A. H. Sheikh and M. Mukhopadhyay (Department of Naval Architecture, Indian Institute of Technology, 
Kharagpur 721302, India), “Free Vibration Analysis Of Stiffened Plates With Arbitrary Planform By The 
General Spline Finite Strip Method”, Journal of Sound and Vibration, Vol. 162, No. 1, March 1993, pp. 147-
164, doi:10.1006/jsvi.1993.1108 
ABSTRACT: The spline finite strip method which has long been applied to the vibration analysis of bare plate 
has been extended in this paper to stiffened plates having arbitrary shapes. Both concentrically and eccentrically 
stiffened plate have been analyzed. The main elegance of the formulation lies in the treatment of the stiffeners. 
The stiffeners can be placed anywhere within the plate strip, and need not be placed on the nodal lines. 
Stiffened plates having various shapes, boundary conditions and also possessing various disposition of 
stiffeners, as available in the literature, have been analyzed by the proposed approach. Comparison with 
published results indicates excellent agreement. 
 
 
A. H. Sheikh and M. Mukhopadhyay (Department of Ocean Engineering and Naval Architecture, Indian 
Institute of Technology, Kharagpur, 721 302, India), “Geometric nonlinear analysis of stiffened plates by the 
spline finite strip method”, Computers & Structures, Vol. 76, No. 6, July 2000, pp. 765-785, 
doi:10.1016/S0045-7949(99)00191-1 
ABSTRACT: Geometric nonlinear analysis of stiffened plates is investigated by the spline finite strip method. 
von Karman’s nonlinear plate theory is adopted and the formulation is made in total Lagrangian coordinate 
system. The resulting nonlinear equations are solved by the Newton–Raphson iteration technique. To analyse 
plates having any arbitrary shapes, the whole plate is mapped into a square domain. The mapped domain is 
discretised into a number of strips. In this method, the displacement interpolation functions used are: the spline 
functions in the longitudinal direction of the strip and the finite element shape functions in the other direction. 
The stiffener is elegantly modelled so that it can be placed anywhere within the plate strip. The arbitrary 
orientation of the stiffener and its eccentricity are incorporated in the formulation. All these aspects have 
ultimately made the proposed approach a most versatile tool of analysis. Plates and stiffened plates are analysed 
and the results are presented along with those of other investigators for necessary comparison and discussion. 
 
 
A. H. Sheikh and M. Mukhopadhyay (Department of Ocean Engineering and Naval Architecture, Indian 
Institute of Technology, Kharagpur 721 302, India), “Linear and nonlinear transient vibration analysis of 
stiffened plate structures”, Finite Elements in Analysis and Design, Vol. 38, No. 6, April 2002, pp. 477-502, 
doi:10.1016/S0168-874X(01)00081-6 
ABSTRACT: The spline finite strip method has been applied to linear and nonlinear transient vibration analysis 
of plates and stiffened plates. In this method, spline functions have been used as the displacement interpolation 
functions in one direction while finite element shape functions have been used for that in the other direction. 
The von Karman's large deflection plate theory has been used and the formulation has been done in total 
Lagrangian coordinate system. The governing equations have been solved by the Newton–Raphson iteration 



technique where Newmark's method has been used for the time integration. The stiffener has been elegantly 
modelled so that it may lie anywhere within the plate strip, which helps to increase the flexibility in mesh 
generation. The formulation has been generalised to cater plates having arbitrary shapes and stiffeners having 
arbitrary orientation and eccentricity. Examples of stiffened and unstiffened plates under different loading 
history as available in the literature have been solved to study the performance and range of applicability of the 
proposed method. 
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(1) School of Naval Architecture and Ocean Engineering, Shanghai Jiao Tong University, 1954 Hua Shan Road, 
Shanghai 200030, People's Republic of China 
(2) China Ship Scientific Research Center, P.O. Box 116, Wuxi, Jiangsu 214082, People's Republic of China 
(3) Department of Naval Architecture and Offshore Engineering, Technical University of Denmark, Building 
101E, DK-2800 Lyngby, Denmark 
“Strength of ship plates under combined loading”, Marine Structures, Vol. 15, No. 1, pp 75-97, January 2002 
DOI: 10.1016/S0951-8339(01)00009-0 
ABSTRACT: Strength of ship plates plays a significant role in the ultimate strength analysis of ship structures. 
In recent years several authors have proposed simplified analytical methods to calculate the ultimate strength of 
unstiffened plates. The majority of these investigations deal with plates subjected to longitudinal compression 
only. For real ship structural plating, the most general loading case is a combination of longitudinal stress, 
transverse stress, shear stress and lateral pressure. In this paper, the simplified analytical method is generalized 
to deal with such combined load cases. The obtained results indicate that the simplified analytical method is 
able to determine the ultimate strength of unstiffened plates with imperfections in the form of welding-induced 
residual stresses and geometric deflections subjected to combined loads. Comparisons with experimental results 
show that the procedure has sufficient accuracy for practical applications in design. 
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(1) Department of Civil Engineering, Regional Engineering College, Rourkela 769 008, India 
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302, India 
“A new stiffened plate element for the analysis of arbitrary plates”, Thin-Walled Structures, Vol. 40, Nos. 7-8, 
2002, pp. 625-639, doi:10.1016/S0263-8231(02)00016-2 
ABSTRACT: In spite of the large number of finite elements developed so far, most of these lack in generality, 
and are found to be inadequate and inefficient in some way or other, when it comes to analyzing plates of 
arbitrary geometrical configurations. So far the isoparametric element has been the most successful among 
available elements because of its ability to model a curved boundary successfully. However, the shear-locking 
problem inherent in the isoparametric element makes it unsuitable for analyzing thin plates of arbitrary shapes. 
Though research has been conducted using reduced integration and stabilization to overcome the problem, the 
formulations either do not converge to the correct solution in the thin-plate limit or they make the stiffness 
matrix a singular one. In this paper, a four-noded stiffened plate element is developed. This has the advantages 
and elegance of an isoparametric element in modelling arbitrary shaped plates, but without the disadvantage of 
shear-locking phenomena. Though this element is a high-order element, only the usual degrees of freedom have 
been considered, and performance is superior to that of the low-order ones. The stiffened plate element has the 
feature of accommodating the arbitrary shape of the plate geometry, and the stiffener modelling has been done 
in a general manner, with the stiffener lying anywhere with arbitrary orientation, and not necessarily following 
the nodal lines. The new element has been successfully used for the static, free vibration and stability analyses 
of arbitrary bare and stiffened plates. The results are found to agree quite satisfactorily with those of previous 
investigators. 
 
 
C.M. Madasamy and V. Kalyanaraman (Department of Civil Engineering, Structural Engineering Laboratory, 
I.I.T., Madras-600 036, India), “Analysis of plated structures with rectangular cutouts and internal supports 



using the spline finite strip method”, Computers & Structures, Vol. 52, No. 2, July 1994, pp. 277-286, 
doi:10.1016/0045-7949(94)90280-1 
ABSTRACT: Analysis of plated structures with rectangular cutouts and internal supports by the finite element 
method is tedious and time consuming. The spline finite strip method has been developed and applied to solve 
this problem efficiently. 
 
 
D.R.H. Jones (Department of Engineering, University of Cambridge, Trumpington Street, Cambridge CB2 1PZ, 
UK), “Buckling failures of pressurised vessels—Two case studies”, Engineering Failure Analysis, Vol. 1, No.2, 
June 1994, pp. 155-167, doi:10.1016/1350-6307(94)90014-0 
ABSTRACT: In each of the two case studies described in this paper a vessel containing a pressurised fluid 
failed by the phenomenon of external-pressure buckling. In the first case study a jacketed reactor vessel 
developed an inward-facing bulge because the heat-transfer oil in the jacket had expanded during a temperature 
excursion. The second case study involved the “snap-through” of a spherical-cap partition in an oil storage tank. 
The partition had been subjected to an unacceptably high external pressure because compressed air had been 
used to propell a fresh supply of oil into the storage tank. The buckling failures were analysed using standard 
results for the external-pressure buckling of thin-walled tubes and spherical caps, and the critical collapse 
pressures were found to be of a suitable magnitude to account for the failures. 
 
 
J.G. Teng and J.M. Rotter (School of Civil and Mining Engineering, University of Sydney, N.S.W. 2006, 
Australia), “Non-symmetric bifurcation of geometrically nonlinear elastic-plastic axisymmetric shells under 
combined loads including torsion”, Computers & Structures, Vol. 32, No. 2, 1989, pp. 453-475, 
doi:10.1016/0045-7949(89)90056-4 
ABSTRACT: A finite element formulation is presented for the non-symmetric bifurcation analysis of 
geometrically nonlinear elastic-plastic shells of revolution. The shell may be branched and segmented. The 
loads are axisymmetric but may include in-plane shears (non-uniform torsion). In place of the widely used 
relations of Donnell, Novozhilov and Sanders, a new nonlinear shell theory is adopted which includes nonlinear 
strains arising from in-plane displacements. For the determination of the non-linear prebuckling load deflection 
path, the J2 flow theory of plasticity is used. For the non-symmetric bifurcation analysis, three theories are 
provided: J2 flow theory, J2 deformation theory and J2 flow theory with the shear modulus predicted by J2 
deformation theory. A new efficient and automatic solution procedure is described to determine the critical 
buckling mode, and hence the critical buckling stress. Several example problems are analysed and the 
predictions of the present analysis are compared with available theoretical and experimental results. Very close 
agreement is achieved. The effect of using different plasticity theories in the stability analysis is also briefly 
discussed. 
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“Plastic collapse of restrained steel silo hoppers”, Journal of Constructional Steel Research, Vol. 14, No. 2, 
1989, pp. 139-158, doi:10.1016/0143-974X(89)90020-5 
ABSTRACT: Elevated steel silos and tanks commonly consist of a cylindrical shell, a conical hopper and a 
skirt. Much of the total weight of the stored material is supported by the hopper, which is in biaxial tension and 
may fail by forming a plastic collapse mechanism. This paper examines the plastic collapse of hoppers which 
are sufficiently restrained by a ring at the hopper/cylinder junction for the collapse mode to be entirely confined 
to the hopper. The hopper joints are assumed to be stronger than the shell plate. An elastic-plastic finite-element 
program is used to study the plastic collapse behaviour of these hoppers. It is found that the plastic collapse 
mode is usually a local mechanism near the top of the hopper. Collapse strengths are determined for hoppers of 
both uniform thickness and varying thickness subject to internal pressure with and without frictional shear. 
Most of the calculations are performed using elastic-plastic small deflection theory, because this leads to well-
defined collapse strengths and relates to classical limit analysis. Calculations made using large deflection theory 



show that the non-linear changes of geometry have a significant stiffening and strengthening effect. The 
parametric study presented in this paper defines a simple lower bound to the strength of the hopper. 
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(1)School of Civil and Mining Engineering, University of Sydney, Australia 
(2) Thatcher Park Pty Ltd, Sydney, Australia 
(3)Wargon Chapman Partners, Sydney, Australia 
“Experiments on the buckling of thin-walled model silo structures”, Journal of Constructional Steel Research, 
Vol. 13, No. 4, 1989, pp. 271-299, doi:10.1016/0143-974X(89)90032-1 
ABSTRACT: Many experiments have been conducted to determine the distribution of pressures and frictional 
drags on silo walls. Based on this information, design calculations indicate that buckling under vertical 
compressive stresses is. usually the critical consideration for thin-walled steel silos. Many failures of silos in 
service have occurred by buckling under axial compression and eccentric discharge of the stored solids has been 
implicated in a number of them. Existing knowledge of the buckling strength of empty, uniformly compressed, 
cylindrical shells is extensive, and the effects of internal pressurisation are also quite well known. However, 
little is known about buckling failures in which the wall stresses are directly induced by stored solids, or about 
the increases in buckling strength which derive from the stiffness of a stored granular solid in contact with the 
silo wall. This paper describes experiments in which these effects were studied. Model silos were loaded to 
failure and the wall stresses and consequent buckling failure were caused solely by a stored granular solid. 
These experiments were designed to explore the buckling strength and behaviour of thin-walled, flat-bottomed 
silos on initial filling and during discharge. Both concentric and eccentric discharge conditions in funnel flow 
silos are described. Buckling failures with both stable and unstable characteristics are noted. Finally, 
conclusions are drawn for the structural design of steel silos. 
 
 
J.G. Teng and J.M. Rotter (School of Civil and Mining Engineering, University of Sydney, NSW 2006, 
Australia), “Elastic-plastic large deflection analysis of axisymmetric shells”, Computers & Structures, Vol. 31, 
No. 2, 1989, pp. 211-233, doi:10.1016/0045-7949(89)90227-7 
ABSTRACT: A new finite element formulation for elastic-plastic large deflection analysis of shells of 
revolution is presented. The new formulation contains most of the best features of nonlinear finite element 
analyses currently available in the literature, together with some new numerical schemes to improve the 
capability, accuracy and speed of the computation. It is thoroughly verified using a variety of problems. The 
doubly curved thin shell finite element used has been widely applied to linear elastic stress analysis and linear 
stability analysis by the present authors and their co-workers. In place of the widely-used relations of Donnell, 
Novozhilov or Sanders, more comprehensive nonlinear thin shell strain-displacement relations are used, which 
account for nonlinear strains caused by in-plane displacements. Unlike most previous nonlinear axisymmetric 
shell formulations, in-plane shearing is included throughout the treatment. For plastic analysis, a multi-layered 
approach is adopted, employing the Prandtl-Reuss normal flow rule with isotropic hardening or perfect 
plasticity. An efficient and accurate state determination algorithm, assuming incremental reversibility for plastic 
behaviour, is adopted and verified. Implementation of the variable arc-length method provides an efficient 
iterative procedure for tracing both the pre- and post-critical load-deflection path. Several examples demonstrate 
the accuracy, efficiency and capability of the present formulation. 
 
 
J.G. Teng and J.M. Rotter (Department of Civil Engineering and Building Science, University of Edinburgh, 
Edinburgh, EH9 3JL, UK), “Plastic buckling of rings at steel silo transition junctions”, Journal of 
Constructional Steel Research, Vol. 19, No. 1, 1991, pp. 1-18, doi:10.1016/0143-974X(91)90060-E 
ABSTRACT: Elevated steel bins and tanks typically consist of a cylindrical vessel, a conical hopper and a skirt. 
The intersection of these three shell segments is termed the transition junction and is subject to a large 
circumferential compression. A ring is often required at this junction. The high circumferential compression at 
the intersection may lead to a buckling failure of the ring. Elastic buckling of the ring at the transition junction 
has been studied recently, but very little is currently known about the plastic buckling of such a ring. This paper 



presents a theoretical investigation into the plastic buckling of the transition ring using a finite element analysis. 
Simple annular plate rings are studied first, and the results are compared with the few known predictions from 
an earlier study. The plastic buckling of T-section rings is then explored. 
 
 
J. Michael Rotter (1), Jin-Guang Teng (2) and Hong-Yu Li (1) 
(1) Department of Civil Engineering and Building Science, University of Edinburgh, Scotland, UK 
(2) Department of Civil and Systems Engineering, James Cook University of North Queensland, Townsville, Q 
4811, Australia 
“Buckling in thin elastic cylinders on column supports”, in Buckling of shell structures, on land, in the sea, and 
in the air, edited by J. F. Jullien, Spon Press, 1991, ISBN 1-85166-716-4 
PARTIAL ABSTRACT: Elevated silos and tanks are often supported on a number of columns. The discrete 
supports of the columns induce high stresses adjacent to the column terminations. In particular, very high 
meridional compressive stresses arise above the column termination and these can lead to buckling of the shell 
at a load much lower than that for a uniformly supported shell. This paper presents a brief summary of recent 
theoretical work on the elastic buckling strength of column-supported cylinders. Elastic calculations are relevan 
provided the shell is of typical practical thickness (500 < R/t < 2000). 
 
 
J. G. Teng and J. M. Rotter (Department of Civil Engineering and Building Science, University of Edinburgh, 
Scotland, UK EH9 3JL), “Linear bifurcation of perfect column-supported cylinders: Support modelling and 
boundary conditions”, Thin-Walled Structures, Vol. 14, No. 3, 1992, pp. 241-263, 
doi:10.1016/0263-8231(92)90017-Q 
ABSTRACT: Large elevated silos and tanks are generally supported on a number of columns. The discrete 
supports of the columns give rise to high stresses adjacent to the column terminations. In particular, very high 
meridional compressive stresses arise above each column termination and these can lead to buckling of the shell 
at a load much lower than that for a uniformly supported shell. This paper presents a study of the linear 
bifurcation buckling behaviour of column-supported thin elastic perfect cylinders using the finite element 
method. Cylinders on both rigid and flexible column supports are studied, and the effects of varying several 
shell parameters are examined. The effects of the top and bottom edge boundary conditions are also 
investigated. It is well recognised that the linear bifurcation load is only an upper bound on the actual elastic 
buckling load, because the effects of large deflections and initial imperfections are ignored. Nevertheless, our 
understanding of the buckling behaviour of these structures is so limited that the results obtained here provide a 
significant starting point from which more elaborate studies may follow. 
 
 
J.G. Teng and T. Hong (Department of Civil and Structural Engineering, The Hong Kong Polytechnic 
University, Hung Hom, Kowloon, Hong Kong, China), “Nonlinear thin shell theories for numerical buckling 
predictions”, Thin-Walled Structures, Vol. 31, Nos. 1-3, May 1998, pp. 89-115, 
doi:10.1016/S0263-8231(98)00014-7 
ABSTRACT: A basic building block in any numerical (geometrically) nonlinear and buckling analysis is a set 
of nonlinear strain–displacement relations. A number of such relations have been developed in the past for thin 
shells. Most of these theories were developed in the pre-computer era for analytical studies when simplicity was 
emphasized and terms judged to be small relative to other terms were omitted. With the availability of greatly 
increased computing power in recent years, accuracy rather than simplicity is given more emphasis. Additional 
complexity in the strain–displacement relations leads to only a small increase in computational effort, but the 
omission of a term which may be important in only a few complex problems is a major flaw. It is therefore 
necessary to re-examine classical shell theories in the context of numerical nonlinear and buckling analysis. 
This paper first describes a set of nonlinear strain–displacement relations for thin shells of general form 
developed directly from the nonlinear theory of three-dimensional solids. In this new theory, all nonlinear 
terms, large and small, are retained. When specialized for thin shells of revolution, this theory reduces to that 
previously derived by Rotter and Jumikis and others. Analytical and numerical comparisons are carried out for 
thin shells of revolution between Rotter and Jumikis' theory as a special case of the present theory and other 



commonly used nonlinear theories. The paper concludes with comments on the suitability of the various 
nonlinear shell theories discussed here for use in numerical buckling analysis of complex branched shells. 
 
 
J.G. Teng (Department of Civil and Structural Engineering Hong Kong Polytechnic University Hung Hom, 
Kowloon, Hong Kong, China), “Nonlinear and Buckling Analysis of Complex Branched Shells of Revolution”, 
Computational Mechanics in Structural Engineering, Recent Developments, 1999, pp. 309-324, 
doi:10.1016/B978-008043008-9/50062-4 
ABSTRACT: This paper introduces the NEPAS program which has been developed over a number of years for 
the nonlinear and buckling analysis of complex branched shells of revolution. Throughout its development, a 
strong emphasis has been placed on achieving robustness, efficiency, and accuracy. This has led to attempts to 
identify the best available numerical techniques and the development of new ones for implementation in the 
program. In this paper, the current capabilities of the NEPAS program are described and the numerical 
techniques implemented to achieve them are reviewed. A number of numerical examples are included to 
illustrate these capabilities. Further developments of the program to make it an attractive analysis tool for 
designers are also discussed. 
 
 
J. G. Teng and Y. Zhao (Department of Civil and Structural Engineering, The Hong Kong Polytechnic 
University, Hung Hom, Kowloon, Hong Kong, People's Republic of China), “On the buckling failure of a 
pressure vessel with a conical end”, Engineering Failure Analysis, Vol. 7, No. 4, August 2000, pp. 261-280, 
doi:10.1016/S1350-6307(99)00020-5 
ABSTRACT: In this paper, the most up-to-date research on the buckling of internally-pressurized cone–
cylinder intersections and state-of-the-art finite element analyses are deployed to provide another anatomy of a 
pressure vessel failure due to mis-operation overpressure recently reported and analyzed by Jones [Jones, DRH. 
Buckling failures of pressurized vessels: two case studies. Engineering Failure Analysis 1994;1:155–67]. 
Existing research on these intersections is first outlined, followed by a description of the buckling strength 
formulae recently developed to approximate finite element buckling loads of the perfect geometry. The validity 
of these formulae for real vessels with geometric imperfections is next examined through a comparison of 
theoretical predictions with experimental results, which establishes the limited sensitivity of the buckling load 
to initial imperfections. The buckling pressure of the cone–cylinder intersection in the failed vessel is then 
determined using these formulae, while the buckling pressure of the spherical partition in the vessel is evaluated 
using the ECCS rule. These calculations demonstrate that the cone–cylinder intersection buckled first, followed 
by the buckling of the spherical partition, which also released the vessel from overpressure. The buckling 
pressure of the spherical partition is therefore also the maximum pressure exerted on the vessel. This 
proposition is confirmed by postbuckling analyses of the vessel. 
 
 
J.G. Teng (Department of Civil and Structural Engineering, Hong Kong Polytechnic University, Hung Hom, 
Kowloon, Hong Kong, China), “Intersections in steel shell structures”, Progress in Structural Engineering and 
Materials, Vol. 2, No. 4, October/December 2000, pp. 459–471. doi: 10.1002/pse.58 
ABSTRACT: Cylinders, cones, spheres and tori are some of the common basic shell elements. Steel shell 
structures such as silos, tanks, pressure vessels, offshore platforms, chimneys and tubular towers generally 
consist of two or more of these basic shell elements. Axisymmetric intersections featuring meridional slope 
mismatches between the connected elements are common features in steel shell structures. High bending and 
circumferential membrane stresses are developed in these intersections, and their buckling and collapse 
strengths are a key design consideration. This paper presents a summary of recent research on the stress, 
stability and strength of axisymmetric steel shell intersections. Particular attention is paid to intersections 
formed from cylindrical and conical segments as these are more common and have been more extensively 
researched. A simple approximate method for extrapolating the knowledge gained on these intersections to 
those containing curved shell segments is also suggested. 
 
 



J. G. Teng and C. Y. Song (Department of Civil and Structural Engineering, The Hong Kong Polytechnic 
University, Hung Hom, Kowloon, Hong Kong), “Numerical models for nonlinear analysis of elastic shells with 
eigenmode-affine imperfections”, International Journal of Solids and Structures, Vol. 38, No. 18, May 2001, 
pp.3263-3280, doi:10.1016/S0020-7683(00)00222-5 
ABSTRACT: Nonlinear finite-element analysis provides a powerful tool for assessing the buckling strength of 
shells. Since shells are generally sensitive to initial geometric imperfections, a reliable prediction of their 
buckling strength is possible only if the effect of geometric imperfections is accurately accounted for. A 
commonly adopted approach is to assume that the imperfection is in the form of the bifurcation buckling mode 
(eigenmode-affine imperfection) of a suitable magnitude. For shells of revolution under axisymmetric loads, 
this approach leads to the analysis of a shell with periodically symmetric imperfections. Consequently, sector 
models spanning over one or half the circumferential wave of the imperfection may be considered adequate. 
This paper presents a study which shows that a simple nonlinear analysis of the imperfect shell may not deliver 
the correct buckling load, due to the tendency of the shell to develop mode changes in the deformation process 
before reaching the limit point. This inadequacy exists not only with short sector models (half-wave or whole-
wave models) but also with more complete models (half-structure or whole-structure models) for different 
reasons. The paper concludes with recommendations on the proper use of the four different kinds of models 
mentioned above in determining shell buckling strengths. 
 
 
T. Hong and J. G. Teng (Department of Civil and Structural Engineering, The Hong Kong Polytechnic 
University, Hong Kong, China), “Non-linear analysis of shells of revolution under arbitrary loads”, Computers 
& Structures, Vol. 80, Nos. 18-19, July 2002, pp. 1547-1568, doi:10.1016/S0045-7949(02)00109-8 
ABSTRACT: A new finite element formulation is presented for the non-linear analysis of elastic doubly curved 
segmented and branched shells of revolution subject to arbitrary loads. The circumferential variations of all 
quantities are described by truncated Fourier series with an appropriate number of harmonic terms. A coupled 
harmonics approach is employed, in which coupling between different harmonics is dealt with directly rather 
than by the use of pseudo-loads. Key issues in the formulation, such as non-linear coupling and growth of 
harmonic modes, are carefully and systematically explained. This coupled harmonics approach allows an easy 
implementation of the arc-length method. As a result, post-buckling load–deflection paths can be traced 
efficiently and accurately. The formulation also employs a non-linear shell theory more complete than existing 
classical theories. The results from the present study are independently verified using ABAQUS, while those 
from other studies are found to be inaccurate in general. 
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Germany 
(2) Department of Civil and Environmental Engineering, University of California, Berkeley, CA 94720-1710, 
USA 
“Non-linear analysis of shells of revolution with ring elements”, Engineering Structures, Vol. 24, No. 2, 
February 2002, pp. 163-177, doi:10.1016/S0141-0296(01)00090-6 
ABSTRACT: This paper presents a ring element for the static analysis of shells of revolution of arbitrary shape 
under arbitrarily distributed loads, based on a displacement formulation that includes geometric and physical 
non-linearity. The trial functions for the displacement field in the circumferential direction of the shell involve 
harmonic series, so that the dependence in the circumferential direction is removed from the formulation. For 
this element, the derivation of the internal resisting force vector and of the tangent stiffness matrix is presented. 
Furthermore, the concept of ring elements is extended to a spring ring element for modelling uplift between a 
shell of revolution and the supporting ground. After the presentation of element theory, the use of these ring 
elements is demonstrated with two application studies. 
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(2) Institute for Infrastructure and Environment, School of Engineering and Electronics, Edinburgh University, 
UK 
“Imperfection sensitivity of thin elastic cylindrical shells subject to partial axial compression”, International 
Journal of Solids and Structures, Vol. 41, Nos. 24-25, December 2004, pp. 7155-7180, 
doi:10.1016/j.ijsolstr.2004.05.040 
ABSTRACT: The paper addresses the buckling of an elastic cylinder under non-uniform axial compression 
applied at one boundary. It presents a systematic numerical investigation of the nonlinear load carrying behavior 
and imperfection sensitivity of the shell when a non-uniform axial load is applied to one end in the form of two 
equal-length uniformly loaded zones, diametrically opposite each other. Four imperfection forms are examined: 
the linear bifurcation mode, the nonlinear buckling mode, several post-buckling deformed shapes for the perfect 
shell, and a weld depression. Additional aspects, such as the influence of the weld depression position and its 
wavelength are also investigated. Special attention is given to the mesh convergence study and the sign of the 
imperfection amplitude. The numerical results demonstrate that the mode of the lowest linear bifurcation load is 
not always the ‘worst' imperfection form. It is also shown that the critical position for a weld depression can be 
approximately located by examining the nonlinear buckling mode of the perfect shell and that the weld 
depression generally causes the lowest buckling load for this load case. 
 
 
J.G. Teng and J.M. Rotter, “Buckling of thin shells”, Chapter 1 in "Buckling of Thin Metal Shells" (pp. 455-
489), J.G. Teng and J.M. Rotter, , Spon Press, 11 New Fetter Lane, London EC4P 4EE,  ISBN 0-419-24190-6, 
2004. 
PARTIAL INTRODUCTION: Thin-shell structures are widely used in many branches of engineering. 
Examples include aircraft, spacecraft, cooling towers, nuclear reactors, steel silos and tanks for storage of bulk 
solids and liquids, pressure vessels, pipelines and offshore platforms, though the latter are largely deemed to be 
outside the scope of this book. The class of shells covered here is very thin, so failure by buckling is often the 
controlling design criterion. It is therefore essential that the buckling behavior of these shells is properly 
understood so that suitable design methods can be established…. 
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Province 350002, China 
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Edinburgh, Edinburgh EH9 3JN, UK 
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“Analysis of geometric imperfections in full-scale welded steel silos”, Engineering Structures, Vol. 27, No. 6, 
May 2005, pp. 938-950, doi:10.1016/j.engstruct.2005.01.013 
ABSTRACT: The design of metal silo structures is dominated by the need to resist shell buckling failures in 
service. Shell buckling can occur in many different modes, and the strengths are very sensitive to the form and 
amplitude of very minor deviations of geometry (geometric imperfections) from the ideal shape. Many 
imperfection forms have been studied in the theoretical literature on shell buckling, but only one study appears 
to have ever extensively and rigorously measured the imperfections in real full-scale metal silos: this is the 
study of the 10,000 tonne Port Kembla grain silos in NSW, Australia. The data from this study of three 
seemingly identical silos are very extensive and cannot be assimilated without considerable processing. In this 
paper, the first attempt is made to provide a full characterisation of the imperfection set in a manner that permits 
them to be used in shell buckling analyses of the silo shell that do not rely on simplifying assumptions. 
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Kowloon, Hong Kong, China), “Fabrication of small models of large cylinders with extensive welding for 
buckling experiments”, Thin-Walled Structures, Vol. 43, No. 7, July 2005, pp. 1091-1114 
doi:10.1016/j.tws.2004.11.006 
ABSTRACT: Cylindrical shells in large steel silos and tanks are commonly constructed from a large number of 
curved panels joined by many circumferential and meridional welds (referred to as the panel method hereafter). 
The extensive use of welding in these shells is a unique feature not previously studied in laboratory buckling 
experiments due to the great difficulty in fabricating realistic small-scale model shells. This paper presents an 
innovative technique for the fabrication of small models of such large steel cylindrical shells constructed from 
many welded panels. The experimental set-ups to implement this technique in the laboratory are also described. 
The new technique consists of two stages: (a) production of a high quality model by rolling two sheets (or a 
single sheet) and welding along the meridional seams; and (b) ‘welding’ in the form of controlled heat input in a 
required pattern of circumferential and meridional ‘welds’ on the central portion of the shell surface. The 
imperfections in an example specimen are also examined to show that they have a realistic pattern. The 
observed buckling behavior of this specimen is presented and discussed. The specimen buckled at a very low 
load, confirming that the welding-induced imperfections in such shells are severely detrimental to the buckling 
strength. 
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Kong, China 
“Buckling behaviour of large steel cylinders with patterned welds”, International Journal of Pressure Vessels 
and Piping, Vol. 83, No. 1, January 2006, pp. 13-26, doi:10.1016/j.ijpvp.2005.10.003 
ABSTRACT: Steel silos and tanks are commonly constructed by welding together a large number of curved 
steel panels. The panels are first connected with short meridional welds to form circular strakes (or courses), 
which are then connected by continuous circumferential welds to form the entire shell wall. Associated with the 
large number of welds are welding-induced shrinkage deformations and residual stresses, both of which may 
have a significant effect on the buckling strength of the shell wall. In this paper, a simple method for the 
simulation of the weld depressions and associated residual stresses is first introduced. The results of a series of 
finite element buckling analyses of a typical steel cylinder with such simulated welding effects are next 
presented and discussed, leading to a number of significant conclusions. One of these conclusions is that a weld 
depression pattern produced using the present weld simulation method can offer a suitable equivalent 
imperfection form for use in the non-linear analysis of shells for stability design, as it leads to buckling loads in 
close agreement with predictions by the new European code for steel shell structures. 
 
 
J.G. Teng and T. Hong (Department of Civil and Structural Engineering, The Hong Kong Polytechnic 
University, Kowloon, Hong Kong, China), “Postbuckling analysis of elastic shells of revolution considering 
mode switching and interaction”, International Journal of Solids and Structures, Vol. 43, Nos. 3-4, February 
2006, pp. 551-568, 
doi:10.1016/j.ijsolstr.2005.06.060 
ABSTRACT: The postbuckling response of shells is known to exhibit complex phenomena including mode 
switching and interaction, particularly in the advanced postbuckling range. The existing literature contains 
many initial postbuckling analyses as well as advanced postbuckling analyses for a single buckling mode, but 
little work is available on the advanced postbuckling analysis of shells of revolution considering mode 
switching and interaction. In this paper, a numerical method for the advanced postbuckling analysis of thin 
shells of revolution subject to torsionless axisymmetric loads is presented, in which such mode switching and 
interaction are properly captured. Numerical results obtained using the present method for several typical 
problems not only demonstrate the capability of the method, but also lead to significant observations concerning 
the postbuckling behavior of thin shells of revolution. In particular, the results show that strong interaction 
between different harmonic modes may exist and the transition of deformation mode from one to another is 
gradual. Consequently, the conventional approach of finding the postbuckling path of a shell as the lower 



festoon curve of postbuckling paths of individual harmonic modes is not valid and is at best a convenient 
approximation. 
 
 
J.M. Rotter (Institute for Infrastructure and Environment, University of Edinburgh, UK), “The practical design 
of shell structures exploiting different methods of analysis”, in Shell structures: theory and applications : 
proceedings of the 8th SSTA , edited by Wojciech Pietraszkiewicz and Czeslaw Szymczak, 2006 Taylor & 
Francis Group, London, ISBN 0 415 38390 0 
ABSTRACT: This paper is concerned with the application of different types of analysis in the design of civil 
engineering shell structures which are required to satisfy national or international standards. It outlines the 
framework of design in the new Eurocode 3 Part 1.6 Strength and Stability of Sthell Structures, discusses the 
power and breadth of this standard and outlines some of its requirements. It also raises several issues that 
remain difficult to resolve, but which are worthy of careful discussion amongst the leading experts in the shell 
analysis and stability community. 
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“Imperfection sensitivity and postbuckling analysis of elastic shells of revolution”, Thin-Walled Structures, 
Vol. 46, No. 12, December 2008, pp. 1338-1350, doi:10.1016/j.tws.2008.04.001 
ABSTRACT: The imperfection sensitivity of thin shells of revolution has been a topic of great interest to 
researchers and designers. With the gradual emergence of the new approach of structural design based on 
advanced numerical simulation, the efficient and accurate prediction of the behaviour of imperfect shells has 
recently assumed new significance. This paper first presents an efficient semi-analytical finite element 
formulation for the nonlinear analysis of imperfect shells of revolution subject to general nonsymmetric loads. 
Both the applied loads and the initial geometric imperfections may take any form and are approximated by 
Fourier series expansions. Application of the analysis to study the effects of geometric imperfections on the 
behaviour of shells of revolution is then presented to demonstrate the accuracy and capability of the present 
method and the imperfection sensitivity of shell structures. As a special case of the present formulation, two 
different approaches are also presented for the postbuckling analysis of perfect thin shells of revolution under 
axisymmetric loads. The accuracy and capability of both methods are demonstrated using a number of 
numerical examples, which also allows some new insight to be gained into the postbuckling behaviour of 
perfect shells of revolution. 
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buckling of axially compressed circular cylinder”, in Shell Structures: Theory and Applications, edited by 
Pietraszkiewicz and Szymczak, 2006, Taylor & Francis Group, London, ISBN 0-415-38390-0 
ABSTRACT: The classical buckling problem of the circular cylindrical shell subjected to axial compression is 
reinvestigated using the intrinsic buckling shell equations. For the purely membrane prebuckling state and 
relaxed-type boundary conditions complex numerical analysis is performed with the help of Mathematica 
software. It is found, in particular, that the critical buckling load parameter falls to about half of the classical 
value following from the simplest Donnell type non-linear shell equations. 
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Poland), “On refined analysis of bifurcation buckling for the axially compressed circular cylinder”, 
International Journal of Solids and Structures, Vol. 46, No. 17, August 2009, pp. 3111-3123, 
doi:10.1016/j.ijsolstr.2009.03.030 
ABSTRACT: We present extensive numerical results of bifurcation buckling analysis of the axially compressed 
circular cylinder. The analysis is based on the modified displacement version of the non-linear theory of thin 



elastic shells developed by Opoka and Pietraszkiewicz [Opoka, S., Pietraszkiewicz, W., 2009. On modified 
displacement version of the non-linear theory of thin shells. International Journal of Solids and Structures, 46, 
3103 _3110.]. To solve the buckling problem we apply the separation of variables and expansion of all fields 
into Fourier series in circumferential direction, with subsequent accurate calculations of eigenvalues of 
determinants of corresponding 8 ◊ 8 complicated matrices. The numerical analysis of the buckling load is 
performed for the cylinders with length-to-diameter ratio in the range (0.05, 60), with eight sets of incremental 
work-conjugate boundary conditions analogous to those used in the literature and partly summarized in the 
book by Yamaki [Yamaki, N., 1984. Elastic Stability of Circular Cylindrical Shells. Elsevier, Amsterdam], and 
additionally with six sets of boundary conditions not discussed in the literature yet. The results allow us to 
formulate several important conclusions, such as: (a) omission in the non-linear BVP small terms of the order of 
error introduced by the error of constitutive equations leads to overestimated buckling loads for long cylinders 
with clamped boundaries; (b) for some relaxed boundary conditions the buckling load decreases for short 
cylinders with decrease of the cylinder length; (c) the results for additional six sets of boundary conditions 
reveal existence of several new cases, in which by relaxing geometric boundary conditions the buckling load 
falls down to about one half of the classical value in a wide range of the cylinder length-to-diameter ratios. 
 
 
2422S. Opoka and W. Pietraszkiewicz (Institute of Fluid-Flow Machinery, PASci, ul. Fiszera 14, 80-952 
Gda_Dsk, Poland), “On modified displacement version of the non-linear theory of thin shells”, International 
Journal of Solids and Structures, Vol. 46, No. 17, August 2009, pp. 3103-3110, 
doi:10.1016/j.ijsolstr.2009.03.029 
ABSTRACT: We discuss the non-linear theory of thin shells expressed in terms of displacements of the shell 
reference surface as the only independent field variables. The formulation is based on the principle of virtual 
work postulated for the reference surface. In our approach: (1) the vector equilibrium equations are represented 
through components in the deformed contravariant surface base, and using the compatibility conditions the 
resulting tangential equilibrium equations are additionally simplified, (2) at the shell boundary the new scalar 
function of displacement derivatives is defined and new sets of four work-conjugate static and geometric 
boundary conditions are derived, as well as (3) for prescribed shell geometry all non-linear shell relations are 
generated automatically by two packages set up in Mathematica. The displacement boundary value problem and 
the associated homogeneous shell buckling problem are generated exactly without using any additional 
approximations following from errors of the constitutive equations. Both problems are extremely complex and 
available only in the computer memory. Such an approach allows us to account also for those a few supposedly 
small terms which may be critical for finding the correct buckling load of shells sensitive to imperfections. This 
approach is used in the accompanying paper by Opoka and Pietraszkiewicz [Opoka, S., Pietraszkiewicz, W., 
2009. On refined analysis of bifurcation buckling for the axially compressed circular cylinder. International 
Journal of Solids and Structures, 46, 3111–3123.] to perform the refined numerical analysis of bifurcation 
buckling for the axially compressed circular cylinder. 
 
 
Pietraszkiewicz, W. and M. L. Szabowicz. (Gdansk University of Technology), "Entirely Lagrangian Nonlinear 
Theory of Thin Shells," Archives of Mechanics, 33: pp.273-288, (1981). 
ABSTRACT: Equations of equilibrium and appropriate four geometric and static boundary conditions are 
derived for the general nonlinear theory of thin shells. All shell relations are referred to the undeformed shell 
middle surface. A modified tensor of change of curvature is used, which is a third-degree polynomial with 
respect to displacements. A new independent parameter describing the finite rotation of the shell boundary 
element is introduced, upon which works the boundary couple. All shell equations are consistently simplified in 
the case of elastic shells undergoing small strains but finite rotations, and the Hu-Washizu variational principle 
is constructed. 
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“On modeling and non-linear elasto-plastic analysis of thin shells with deformable junctions”, (publisher and 
date not given in the “pdf” file. The most recent reference is dated 2006.) 

ABSTRACT: The undeformed base surface of the irregular thin shell is modelled by the union of a finite 
number of regular smooth surface elements joined together along spatial curvilinear surface edges. The 
equilibrium conditions are formulated by postulating an appropriate form of the principle of virtual work, where 
also deformability of shell junctions is taken into account. The PVW is then discretised by C1 finite elements 
and the incremental-iterative procedure is applied to solve the highly non-linear BVP. As an example, the 
axisymmetric deformation state is calculated in the casing of devise measuring the external pressure and having 
two pairs of circular welded junctions. The problem is solved within the elasto-plastic range of material 
behaviour with linear combination of isotropic and kinematic hardening, and deformability of the junctions is 
taken into account.  
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“On unique kinematics for the branching shells”, International Journal of Solids and Structures, Vol. 48, Nos. 
14-15, July 2011, pp. 2238-2244, doi:10.1016/j.ijsolstr.2011.03.029 
ABSTRACT: We construct the unique two-dimensional (2D) kinematics which is work-conjugate to the exact, 
resultant local equilibrium conditions of the non-linear theory of branching shells. It is shown that the 
compatible shell displacements consist of the translation vector and rotation tensor fields defined on the regular 
parts of the shell base surface as well as independently on the singular surface curve modelling the shell 
branching. Discussing relations between limits of the translation vector and rotation tensor fields when 
approaching the singular curve, and analogous fields given only along the singular curve itself, several types of 
the junctions are described. Among them are the stiff, entirely simply connected and partly simply supported 
junction as well as the elastically and dissipatively deformable junction, and the non-local elastic junction. For 
each type of junction the explicit form of the principle of virtual work is derived. 
 
 
 
 (Gdansk University of Technology, Faculty of Civil and Environmental Engineering, Department of Structural 
Mechanics and Bridge Structures, 80-233 Gdañsk, Narutowicza 11/12, Poland  
ABSTRACT: We carry out further study of the constitutive laws for Cosserat plates developed by Altenbach 
and Eremeyev. In particular, we examine the problem of choice of the micropolar material coefficients. 
Requiring that the constitutive matrix is positive definite, we establish some bounds on values of micropolar 
constants. The constitutive relations for Cosserat plates have been implemented into formulation of shell finite 
elements developed within the framework of the statically and kinematically exact, nonlinear six-parameter 
shell theory. By the linear parametric-sensitivity analysis we study the influence of the micropolar material 
constants on the response of shell structure with orthogonal intersections of branches. Such structures can 
naturally be analyzed using the six-parameter shell theory. Having established the most influential coefficients, 
we show how these values affect the behavior of the structure in the nonlinear range of deformations. 
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Center, Troy, NY 12180-3590, USA), “Composite materials: Inelastic behavior, damage, fatigue and fracture”,  
International Journal of Solids and Structures, Vol. 37, Nos. 1-2, January 2000, pp. 155-170, 
doi:10.1016/S0020-7683(99)00085-2 
ABSTRACT: Contributions of solid mechanics research to the development of composite materials and 
structures are reviewed. The main topics include the tensile and compressive strength of fibrous composites; 
transformation and residual fields in composite and laminated microstructures; plasticity and viscoplasticity of 
composites during processing, under thermomechanical service loads, and in the presence of evolving fatigue 
damage; delamination, damage and fracture; and future research needs. 
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“Recurrent Single Delaminated Beam Model for Vibration Analysis of Multidelaminated Beams.” J. Eng. 
Mech., 130(9), 1072–1082, 2004 
ABSTRACT: Free vibration analysis of a through-width multidelaminated beam is performed in the present 
study. Multiple delaminations are assumed to spread from the top through the thickness direction of the beam. 
The natural frequencies of the multidelaminated beams are obtained from a recurrent single delaminated beam 
(RSDB) model, which is the subsingle delaminated beam from the top surface of a global beam. Each frequency 
equation for the RSDB with unknown boundary conditions is obtained through continuity conditions. Then this 
result is updated to the next one. With these sequential operations, the final frequency equation of the 
multidelaminated beams is obtained for both end boundary conditions of the global beam. The numerical results 
for the beams are compared with those of finite element analysis to give the reliance on the proposed model and 
to investigate the effects of the shape, number, and size of multidelaminations on the natural frequency. It was 
shown that the variations in the natural frequency for the multidelaminated beams were significantly affected by 
the delamination length.  
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“Non-linear post buckling finite element analysis of plates and shells”, Chapter in Elasto-Plastic and Damage 
Analysis of Plates and Shells, edited by Voyiadjis and Woelke, Springer, 2008, pp 145-161 
ABSTRACT: (none given) 
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E. Chater and J.W. Hutchinson, “Mechanical analogs of coexistent phases”, in Phase Transformations and 
Material Instabilities in Solids, Academic Press, 1984, p. 21 – 36 
ABSTRACT: Certain mechanical systems display transitions between two nominally uniform solution states 
which have certain features in common with the true phase transitions. Three such examples will be discussed 
here. In order, they are the bulging of a long cylindrical balloon, neck propagation along bars of certain 
polymeric materials, and buckle propagation along externally pressurized pipes. Most of the results presented 
here were taken from two earlier papers by the authors and a colleague. 
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E. Chater and J. W. Hutchinson (Division of Applied Sciences, Harvard University, Cambridge, Mass 02138), 
“On the propagation of bulges and buckles”, Journal of Applied Mechanics, 1985, pp. 1 – 9 
ABSTRACT: Two examples illustrate the propagation of instability modes under quasi-static, steady-state 
conditions. The first is the inflation of a long cylindrical party balloon in which a bulge propagates down the 
length of the balloon. The second is the collapse of a long pipe under external pressure as a result of buckle 
propagation. In each example, there is a substantial barrier to the initiation of the instability mode. Once 
initiated, however, the mode will not arrest if the pressure is in excess of the quasi-static, steady-state 
propagation pressure. It is this critical pressure that is determined in this paper for each of the two examples. 
 
 
J. W. Hutchinson and K. W. Neale, “Wrinkling of curved thin sheet metal”, in Plastic Instability, Considère 
Memorial Symposium, Presses Ponts et Chaussées, Paris, 1985 
ABSTRACT: Conditions for the onset of wrinkling in doubly-curved sheet metal undergoing forming are 
obtained from a plastic buckling analysis for short-wavelength, shallow modes. The region of the sheet 
susceptible to wrinkling is assumed to be unconstrained by the die. When the principal axes of the membrane 
stress state coincide with the principal axes of the curvatures, simple formulas for the stresses or strains at 
wrinkling are obtained. 
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“Cellular metals”, Current Opinion in Solid State and Materials Science, Vol. 3, No. 3, June 1998, pp. 288-303, 
doi:10.1016/S1359-0286(98)80105-8 
ABSTRACT: The property profile exhibited by cellular metals identifies several applications, especially in 
technologies requiring multifunctionality. Their specific property attributes suggest implementation as: 
ultralight panels/shells, energy absorbing structures and heat dissipation media as well as for vibration control. 
Connections between the properties that govern these performance benefits and the cellular architecture, cell 
morphology and density have been made. Such structural relations facilitate choices of optimum cell 
characteristics for defined multifunctional applications. 
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“Multifunctionality of cellular metal systems”, Progress in Materials Science 43 (1999) 171-221 
ABSTRACT: Cellular metals have ranges of thermomechanical properties that suggest their implementation in 
ultralight structures, as well as for impact/blast amelioration systems, for heat dissipation media and in acoustic 
isolation. The realization of these applications requires that the properties of cellular metals be understood in 
terms of their manufacturing constraints and that their thermostructural benefits over competing concepts be 
firmly established. This overview examines the mechanical and thermal properties of this material class, relative 
to other cellular and dense materials. It also provides design analyses for prototypical systems which specify 
implementation opportunities relative to competing concepts. 
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J. W. Hutchinson, M. Y. He, “Buckling of cylindrical sandwich shells with metal foam cores”, International 
Journal of Solids and Structures, Vol. 37, Nos. 46-47, November 2000, Pages 6777-6794, 
doi:10.1016/S0020-7683(99)00314-5 
ABSTRACT: Buckling of cylindrical sandwich shells subject to axial compression is addressed for shells 
having foamed metal cores. Optimal face sheet thickness, core thickness and core density are obtained which 
minimize the weight of a geometrically perfect shell with a specified load carrying capacity. Constraints 
imposed by wrinkling and yielding of the face sheets and yielding of the core are all considered. The range of 
the structural load index is identified for which the sandwich  shells have a competitive weight advantage over 
stringer stiffened shells. In most of this range, the minimum weight design has elastic buckling simultaneous 
with face sheet yielding. Imperfection sensitivity of the shells is assessed with special emphasis on the role of 
plasticity in degrading strength, especially in light of the coincidence of elastic buckling and face sheet yielding 
in the optimally designed perfect shell. The purpose is to examine the interaction between imperfections and 
plastic yielding to see if buckling load knockdowns should be larger than those expected for elastic shells. 
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“The plastic collapse and energy absorption capacity of egg-box panels”, International Journal of Mechanical 
Sciences, Vol. 45, pp 851-871, 2003 
ABSTRACT: The plastic collapse response of aluminium egg-box panels subjected to out-of-plane compression 
has been measured and modelled. It is observed that the collapse strength and energy absorption are sensitive to 
the level of in-plane constraint, with collapse dictated either by plastic buckling or by a travelling plastic 
knuckle mechanism. Drop weight tests have been performed at speeds of up to 6 m s−1, and an elevation in 
strength with impact velocity is noted. A 3D finite element shell model is needed in order to reproduce the 
observed behaviours. Additional calculations using an axisymmetric finite element model give the correct 
collapse modes but are less accurate than the more sophisticated 3D model. The finite element simulations 
suggest that the observed velocity dependence of strength is primarily due to strain-rate sensitivity of the 
aluminium sheet, with material inertia playing a negligible role. Finally, it is shown that the energy absorption 
capacity of the egg-box material is comparable to that of metallic foams.  
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M.F. Ashby, A.G. Evans, N.A. Fleck, L.J. Gibson, J.W. Hutchinson, H.N.G. Wadley, “Chapter 10 - Sandwich 
structures”, Metal Foams, A Design Guide, 2000, Pages 113-149, doi:10.1016/B978-075067219-1/50012-X 
ABSTRACT: Sandwich panels offer high stiffness at low weight. Their cores, commonly, are made of balsa-
wood, foamed polymers, glue-bonded aluminum or Nomex (paper) honeycombs. These have the drawbacks that 



they cannot be used much above room temperature, and that their properties are moisture-dependent. The 
deficiencies can be overcome by using metal foams as cores. This chapter elaborates the potential of metal-
foam-cored sandwich structures…. 
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“The influence of imperfections on the nucleation and propagation of buckling driven delaminations”, Journal 
of the Mechanics and Physics of Solids, Vol. 48, No. 4, April 2000, pp. 709-734, 
doi:10.1016/S0022-5096(99)00050-2 
ABSTRACT: The influence of prototypical imperfections on the nucleation and propagation stages of 
delamination of compressed thin films has been analyzed. Energy release rates for separations that develop from 
imperfections have been calculated. These demonstrate two characteristic quantities: a peak that governs 
nucleation and a minimum that controls propagation and failure. These quantities lead to two separate criteria 
that both need to be satisfied to cause failure. They involve a critical film thickness for nucleation and a critical 
imperfection wavelength for buckling. Implications for the avoidance of failure are discussed. 
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02138, USA), “Delamination of compressed films on curved substrates”, Journal of the Mechanics and Physics 
of Solids, Vol. 49, No. 9, September 2001, pp. 1847-1864, doi:10.1016/S0022-5096(01)00029-1 
ABSTRACT: Delamination is considered for thin elastic films that are bonded to cylindrical substrates and 
subject to an equi-biaxial compressive pre-stress. Results for both positive and negative curvatures are obtained. 
The film buckles or deflects (depending on the sign of the curvature) away from the substrate inducing mixed 
mode stress intensities at the edge of the delamination. The energy release rate and combination of modal stress 
intensities at the delamination edges are determined. Steady-state propagation of delamination blisters is 
analyzed for both axial and circumferential propagation directions. The results depend strongly on the substrate 
curvature. Circumferential propagation is suppressed when the curvature is negative, but is favored when the 
curvature is positive. Axial propagation can occur for both positive and negative curvature substrates. 
 
 
S. Chiras (1), D. R. Mumm (1), A. G. Evans (1), N. Wicks (2), J. W. Hutchinson (2), K. Dharmasena (3), H. N. 
G. Wadley (3) and S. Fichter (4) 
(1) Princeton Materials Institute, Princeton University, Princeton, NJ 08534, USA 
(2) Division of Engineering and Applied Sciences, Harvard University, Cambridge, MA 02138, USA 
(3) Department of Materials Science and Engineering, University of Virginia, Charlottesville, VA 22903, USA 
(4) Aurora Casting & Engineering, Inc., Santa Paula, CA 93050, USA 
“The structural performance of near-optimized truss core panels”, International Journal of Solids and Structures, 
Vol. 39, No. 15, July 2002, pp. 4093-4115, doi:10.1016/S0020-7683(02)00241-X 
ABSTRACT: Theoretical studies have indicated that truss core panels with a tetragonal topology support 
bending and compression loads at lower weight than competing concepts. The goal of this study is to validate 
this prediction by implementing an experimental protocol that probes the key mechanical characteristics while 
addressing node eccentricity and structural robustness. For this purpose, panels have been fabricated from a 
beryllium–copper alloy using a rapid prototyping approach and investment casting. Measurements were 
performed on these panels in flexure, shear and compression. Numerical simulations were conducted for these 
same configurations. The measurements reveal complete consistency with the stiffness and limit load 
predictions, as well as providing a vivid illustration of asymmetric structural responses that arises because the 
bending behavior of optimized panels is dependent on truss orientation. 
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“Kagome plate structures for actuation”, International Journal of Solids and Structures, Vol. 40, No. 25, 
December 2003, pp. 6969-6980, Special issue in Honor of George J. Dvorak, 
doi:10.1016/S0020-7683(03)00348-2 
ABSTRACT: A class of planar, pin-jointed truss structures based on the ancient Kagome basket weave pattern 
with exceptional characteristics for actuation has been identified. Its in-plane stiffness is isotropic and has 
optimal weight among planar trusses for specified stiffness or strength. The version with welded joints resists 
plastic yielding and buckling, while storing minimal energy upon truss bending during actuation. Two plate 
structures are considered which employ the planar Kagome truss as the actuation plane. It is shown that these 
plates can be actuated with minimal internal resistance to achieve a wide range of shapes, while also sustaining 
large loads through their isotropic bending/stretching stiffness, and their excellent resistance to 
yielding/buckling. 
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Cambridge, MA 02138), “Sandwich Plates Actuated by a Kagome Planar Truss”, J. Appl. Mech., Vol. 71,  
No.5, September 2004, p. 652 (11 pages), doi:10.1115/1.1778720 
ABSTRACT: Kagome truss plates have properties that suggest they should be uniquely effective as an 
actuation plane for sandwich plates: a Kagome truss plate has in-plane isotropy, optimal stiffness and strength, 
and its truss members can be actuated with minimal internal resistance. In this paper, sandwich plates are 
studied that are comprised of one solid face sheet and one actuated Kagome face sheet joined by a pyramidal 
truss core. Various aspects of the actuation behavior of these plates are investigated, including internal 
resistance and strains resulting from actuation and efficiency of actuation. Single and double curvature actuation 
modes are investigated. Contact is made with analytic results for actuation modes with long wavelength. 
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“On the performance of truss panels with Kagomé cores”, International Journal of Solids and Structures, Vol. 
40, No. 25, December 2003, pp. 6981-6988, Special issue in Honor of George J. Dvorak, 
doi:10.1016/S0020-7683(03)00349-4 
ABSTRACT: The performance characteristics of a truss core sandwich panel design based on the 3D Kagomé 
has been measured and compared with earlier simulations. Panels have been fabricated by investment casting 
and tested in compression, shear and bending. The isotropic nature of this core design has been confirmed. The 
superior performance relative to truss designs based on the tetrahedron has been demonstrated and attributed to 
the greater resistance to plastic buckling at the equivalent core density. 
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Pierce Hall, Cambridge, MA 02138, USA), “A comparative study of impulse-resistant metal sandwich plates”, 
International Journal of Impact Engineering, Vol. 30, No. 10, November 2004, pp. 1283-1305, 
doi:10.1016/j.ijimpeng.2003.08.007 
ABSTRACT: The performance of metal sandwich plates under impulsive blast loads is compared to that of 
solid plates made of the same material and having the same weight. Three core geometries are considered: 
pyramidal truss, square honeycomb and folded plate. Plates of infinite length and clamped along their sides are 
subject to uniform impulsive load. The momentum impulse is applied to the face sheet towards the blast in the 
case of the sandwich plate, while it is distributed uniformly through the thickness of the solid plate. Large 
impulses are considered that are sufficient to produce lateral plate deflections more than 10% of the plate width. 
Fracture is not considered; the plates are assumed to have sufficient ductility to be able to sustain the 
deformations. A limited study of weight optimization is carried out for each of the core types with respect to the 
respective geometric parameters, including core and face sheet thickness, core member aspect ratios and relative 
density. A well-designed sandwich plate can sustain significantly larger blast impulses than a solid plate of the 
same weight. If the blast medium is water, fluid–structure interaction can reduce the momentum imparted to a 



sandwich plate by almost a factor of two relative to that imparted to a solid plate of the same weight, and, 
consequently, the relative benefit of the sandwich plate is significantly enhanced over its solid counterpart. 
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“Mechanical response of metallic honeycomb sandwich panel structures to high-intensity dynamic loading”, 
International Journal of Impact Engineering, Vol. 35, No. 9, September 2008, pp. 1063-1074, 
doi:10.1016/j.ijimpeng.2007.06.008 
ABSTRACT: Explosive tests were performed in air to study the dynamic mechanical response of square 
honeycomb core sandwich panels made from a super-austenitic stainless steel alloy. Tests were conducted at 
three levels of impulse load on the sandwich panels and solid plates with the same areal density. Impulse was 
varied by changing the charge weight of the explosive at a constant standoff distance. At the lowest intensity 
load, significant front face bending and progressive cell wall buckling were observed at the center of the panel 
closest to the explosion source. Cell wall buckling and core densification increased as the impulse increased. An 
air blast simulation code was used to determine the blast loads at the front surfaces of the test panels, and these 
were used as inputs to finite element calculations of the dynamic response of the sandwich structure. Very good 
agreement was observed between the finite element model predictions of the sandwich panel front and back 
face displacements and the experimental observations. The model also captured many of the phenomenological 
details of the core deformation behavior. The honeycomb sandwich panels suffered significantly smaller back 
face deflections than solid plates of identical mass even though their design was far from optimal for such an 
application. 
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Institute of High-Tech, Xi’an 710025, China), “Influence of the Cell Wall Thickness of Core on the Dynamic 
Response of Square Honeycomb Sandwich Plate Subjected to Blast Loading”, Advanced Materials Research 
(Volumes 160 – 162), Materials Science and Engineering Applications, November 2011, pp. 1732-1737, 
10.4028/www.scientific.net/AMR.160-162.1732 
ABSTRACT: In foregoing study, a new phenomenon of the local dent of upper face sheet occurs in the 
simulation of dynamic response of sandwich plate subjected to blast loading. The reason and the effect of local 
dent on energy absorption are not ascertained. In this paper, two kind of square honeycomb plate with the cell 
wall thickness of 1mm and 0.5mm and with the same mass are modeled. And the dynamic response of both 
plates subjected to blast loading is simulated using LS-DYNA. For the thicker cell wall (1mm), the local dent is 
obvious while for the thinner cell wall (0.5mm), the local dent is not obvious and can be ignored. In addition, 
curves of the ratio of the maximum deflection of lower face sheet of sandwich plate to monolithic solid plate vs 
the mass of TNT charge as well as the ratio of internal energy are obtained. The results indicate that the local 
dent has the contribution to the energy absorption of sandwich plate especially in early time and the sandwich 
plate with the core of thinner cell wall has more effective capacity in blast-resistance than that with the core of 
thicker cell wall. 
 
 
Shruti Deshpande, “Buckling and post buckling of structural components”, Master’s thesis, Mechanical 
Engineering, The University of Texas at Arlington, December 2010 
ABSTRACT: Structural members and components, such as shells and trusses of different geometries, form the 
intricate and deep seated parts in the manufacturing of missiles submarines, rockets, airplanes, automobiles etc 
and find applications in civil structures such as bridges. These members are comprised of components like 
conical frusta, cylindrical panels and shallow trusses. In many cases, the sole purpose of such shell structures is 
to absorb the energy generated due to impact which means, that these structures are subjected to heavy loads 
and can experience failure due to buckling. The objective of this work is to study the buckling and post buckling 
behavior of such members. The study is carried out using finite element analysis. The widely implemented 
softwares ANSYS APDL and ANSYS Workbench are used to perform the analysis. The components analyzed 



consist of shell structures such as conical frusta and cylindrical panels, and other structures like the shallow 
truss, diagonal truss and the shallow arch. These structures are analyzed for their buckling and post buckling 
behavior when subject to specific loading conditions and geometric, contact and material non-linearity. The 
results compare favorably with known solutions.  
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“Collapse mechanism maps for a hollow pyramidal lattice”, Proc. R. Soc. A, 8 April 2011 vol. 467 no. 2128 
pp.985-1011, doi: 10.1098/rspa.2010.0329 
ABSTRACT: Cellular materials with hollow lattice truss topologies exhibit higher compressive strengths than 
equivalent structures with solid trusses owing to their greater resistance to plastic buckling. Consequently, 
hollow trusses have attracted interest as the cores for sandwich panels. Finite-element calculations are used to 
investigate the elastic–plastic compressive collapse of a metallic sandwich core made from vertical or inclined 
circular tubes, made from annealed AISI 304 stainless steel. First, the dependence of the axial compressive 
collapse mode upon tube geometry is determined for vertical tubes with built-in ends and is displayed in the 
form of a collapse mechanism map. Second, the approach is extended to inclined circular hollow tubes arranged 
as a pyramidal lattice core; the collapse modes are identified and the peak compressive strength is determined as 
a function of geometry. For a given relative density of hollow pyramidal core, the inclined tube geometry that 
maximizes peak strength is identified. The predicted collapse modes and loads for the pyramidal core are in 
excellent agreement with measurements for the limited set of experimentally investigated geometries. 
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International Journal of Impact Engineering, Vol. 38, No. 5, May 2011, pp. 275-289, 
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ABSTRACT: Small scale explosive loading of sandwich panels with low relative density pyramidal lattice 
cores has been used to study the large scale bending and fracture response of a model sandwich panel system in 
which the core has little stretch resistance. The panels were made from a ductile stainless steel and the practical 
consequence of reducing the sandwich panel face sheet thickness to induce a recently predicted beneficial fluid–
structure interaction (FSI) effect was investigated. The panel responses are compared to those of monolithic 
solid plates of equivalent areal density. The impulse imparted to the panels was varied from 1.5 to 7.6 kPa s by 
changing the standoff distance between the center of a spherical explosive charge and the front face of the 
panels. A decoupled finite element model has been used to computationally investigate the dynamic response of 
the panels. It predicts panel deformations well and is used to identify the deformation time sequence and the 
face sheet and core failure mechanisms. The study shows that efforts to use thin face sheets to exploit FSI 
benefits are constrained by dynamic fracture of the front face and that this failure mode is in part a consequence 
of the high strength of the inertially stabilized trusses. Even though the pyramidal lattice core offers little in-
plane stretch resistance, and the FSI effect is negligible during loading by air, the sandwich panels are found to 
suffer slightly smaller back face deflections and transmit smaller vertical component forces to the supports 
compared to equivalent monolithic plates. 
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Africa), “The response of sandwich panels made of thin-walled tubes subjected to axial load”, International 
Journal of Protective Structures, Vol. 2, No. 4, pp 477-498, December 2011, DOI: 10.1260/2041-4196.2.4.477 
ABSTRACT: This paper presents the results of experimental and numerical work on the response of sandwich 
panels made of thin-walled tubes and mild steel plates to axial loading. The core of the sandwich panels consists 
of mild-steel square tubes, 20×20×0.9 mm in cross-section, in three different layouts comprising of four or five 
or nine tubes, (panels A, B and C respectively). Three tube configurations are investigated, as–received tubes, 
tubes with circular cut-out on opposite sides, and tubes with dents on opposite sides. The imperfections are 
located at the mid-section of the tube. The outer skin of the sandwich panel is 150×150×10 mm in cross-section 
and non-deformable. Quasi-static tests carried out on two and three tubes laid out in parallel between the skin 
indicate that the axial forces is a multiple of the axial force of a single tube, as expected. Consequently, the 
sandwich panel with the nine tubes deforms less than the sandwich panels with five and four tubes when 
subjected to similar impact energy. Triggers in the tubes improve the collapse mode of the sandwich panels. 
The Finite Element package ABAQUS/Explicit v6.7 is used to construct a ¼ symmetry model using shell 
elements to simulate the response of the sandwich panels to dynamic axial load. The Finite element simulations, 
validated using high speed photography footage, show good correlations with experiments. 
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“The effect of thermal environment on axial crushing load of sandwich tubes”, Journal of Reinforced Plastics & 
Composites, Vol. 27, No. 1, pp 83-101, January 2008, DOI: 10.1177/0731684407081359 
ABSTRACT: According to the classical Alexander solution for the axial collapse of bare metal tubes, a 
theoretical model is presented to predict the effect of thermal environment on the axial crushing load of a 
sandwich tubes with an arbitrarily fiber-reinforced layer between the two metal walls, based on a ring collapse 
mode. The mechanical property of metal walls is considered as a linear function of temperature change. A 
simple comparison, not considering thermal effect with the experiment previously obtained, is used to prove 
that the derived mean crushing load and length of the local folding mode are reasonable. The effects of 
wrapping direction of the reinforcing fibers in sandwich tubes and different thermal environments on the axial 
crushing load are investigated. The results show that the mean crushing load of a sandwich tubes gradually 
decreases as the temperature change increases, which must be considered in engineering designs. 
 
 
John W. Hutchinson, “Comments on the Buckling Assessment of the Oyster Creek Drywell Shell with 
Emphasis on the Determination of Capacity Reduction Factors”,  pbadupws.nrc.gov, October 2009 
ABSTRACT: The approach taken in assessing the integrity of the drywell shell against buckling is sound and in 
accord with the best practices. However, in reviewing the various studies, it appears to this reviewer that the 
approach set out in ASME Code Case 2286-1 accounting for transverse stress in the capacity reduction factors 
for spherical shells should be reviewed with eye to modification in the future. The emphasis of this report will 
focus on what we believe are possible shortcomings and inconsistencies of Code Case 2286-1. In spite of the 
concerns that will be spelled out about Code Case 2286-1, the capacity reduction factors generated by the 
alternative approach suggested here are in close agreement with those used in the assessment. Moreover, it will 
be argued that the alternative approach provides conservative results for the effect of transverse stress on the 
capacity reduction factor for the baseline case of large spherical shell segments. Thus, it is not our opinion that 
any possible shortcomings of Code Case 2286-1 should invalidate the conclusions of the buckling assessments. 
This report begins with a brief introduction to the use of the capacity reduction factor to account for the effect of 
imperfections on bucking of thin spherical shells with emphasis on the stabilizing role of transverse stress. It 
then reviews several prescriptions for reduction factors for spherical shells highlighting what this reviewer 
believes are the shortcomings of Code Case 2286-1. Finally, capacity reduction factors from the two approaches 
as applied to the spherical portion of the drywell shell are presented adding confidence to the conclusions of the 
drywell assessments reported. 
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“Concepts for enhanced energy absorption using hollow micro-lattices”, International Journal of Impact 
Engineering, Vol. 37, No. 9, September 2010, pp. 947-959, doi:10.1016/j.ijimpeng.2010.03.007 
ABSTRACT: We present a basic analysis that establishes the metrics affecting the energy absorbed by 



multilayer cellular media during irreversible compaction on either a mass or volume basis. The behaviors at low 
and high impulse levels are distinguished through the energy dissipated in the shock. The overall mass of an 
energy absorbing system (comprising a cellular medium and a buffer) is minimized by maximizing the non-
dimensional dissipation per unit mass parameter for the cellular medium, lambda=U(m)rho(s)/sigma(y), where 
U(m) is the dissipation per unit mass of the cellular medium, ascertained from the area under the quasi-static 
compressive stress/strain curve, sigma(y) is the yield strength of the constituent material and rho(s) is the 
density of the material used in the medium. Plots of lambda against the non-dimensional stress transmitted 
through the medium, sigma(tr)/sigma(y), demonstrate the relative energy absorbing characteristics of foams and 
prismatic media, such as honeycombs. Comparisons with these benchmark systems are used to demonstrate the 
superior performance of micro-lattices, especially those with hollow truss members. Numerical calculations 
demonstrate the relative densities and geometric configurations wherein the lattices offer benefit. Experimental 
results obtained for a Ni micro-lattice with hollow members not only affirm the benefits, but also demonstrate 
energy absorption levels substantially exceeding those predicted by analysis. This assessment highlights the 
new opportunities that tailored micro-lattices provide for unprecedented levels of energy absorption for 
protection from impulsive loads. 
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V. S. Deshpande and N. A. Fleck (Department of Engineering, Cambridge University, Trumpington Street, 
Cambridge CB2 1PZ, UK), “Energy absorption of an egg-box material”, Journal of the Mechanics and Physics 
of Solids, Vol. 51, No. 1, January 2003, pp. 187-208, doi:10.1016/S0022-5096(02)00052-2 
ABSTRACT: Conical frusta made from leaded gun-metal have been compressed axially. Collapse is either by a 
travelling plastic hinge or by tearing. An analytical model is developed for the travelling plastic hinge in a rigid, 
ideally plastic solid; its predictions are compared with the observed response, and with those of an 
axisymmetric finite element analysis. The travelling hinge mechanism is also observed in the compressive 
collapse of an egg-box material comprising a square array of conical frusta. Collapse mechanism maps are 
constructed for the egg-box material, and they show the regimes of dominance of elastic buckling, material 
tearing and the travelling plastic hinge. The maps are useful for selecting egg-box geometries that maximise the 
energy absorption per unit mass at any prescribed value of collapse stress. The optimisation indicates that the 
egg-box material has a similar energy absorption capacity to that of hexagonal honeycombs and is superior to 
that of metal foams. 
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“The compressive and shear responses of corrugated and diamond lattice materials”, International Journal of 
Solids and Structures, Vol. 43, No. 20, October 2006, pp. 6220-6242, doi:10.1016/j.ijsolstr.2005.07.045 
ABSTRACT: Corrugated and diamond lattice materials have been manufactured as the cores of sandwich 
panels by slotting together stainless steel sheets and then brazing together the assembly. The out-of-plane 
compressive, transverse shear and longitudinal shear responses of the corrugated cores have been measured at 
three relative densities 0.03 < rhobar < 0.10 and compared with analytical and finite element (FE) predictions. 
Finite element models are in good agreement with the experimental measurements while the analytical models 
over-predict the measured strength due to a neglect of manufacturing imperfections. The out-of-plane 
compressive and transverse shear responses of the diamond cores have also been measured at three relative 
densities 0.08 < rhobar < 0.25. The compressive strengths are sensitive to the aspect ratio of the specimens for 
L/H < 4 and again are below the analytical predictions due to imperfections. The longitudinal shear strength and 
energy absorption compare favorably with competing core topologies but the prismatic corrugated and diamond 
cores are weaker than the pyramidal and square-honeycomb under compression and transverse shear. 
 
 
John W. Hutchinson (School of Engineering and Applied Sciences, Harvard University, Cambridge, MA 02138, 
USA), “Knockdown factors for buckling of cylindrical and spherical shells subject to reduced biaxial membrane 
stress”, International Journal of Solids and Structures, Vol. 47, No.10, May 2010, pp. 1443-1448, 
doi:10.1016/j.ijsolstr.2010.02.009, 
ABSTRACT: Cylindrical shells under uniaxial compression and spherical shells under equi-biaxial 
compression display the most extreme buckling sensitivity to imperfections. In engineering practice, the 
reduction of load carrying capacity due to imperfections is usually addressed by use of a knockdown factor to 
lower the critical buckling stress estimated or computed without accounting for imperfections. For thin elastic 
cylindrical shells under uniaxial compression and spherical shells under equi-biaxial compression, the 
knockdown factor is typically as small as 0.2. This paper explores the alleviation of imperfection-sensitivity for 
loadings with a reduced circumferential (transverse) membrane stress component. The analysis of Koiter (1963) 
on the effect of an axisymmetric imperfection on the elastic buckling of a cylindrical shell under uniaxial 
compression is extended to both cylinders and spheres for loadings that produce general combinations of biaxial 
membrane stresses. Increases in the knockdown factor due to a reduction of the transverse membrane 
component are remarkably similar for cylindrical and spherical shells. 
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“In situ study of cracking and buckling of chromium films on PET substrates”, Experimental Mechanics, Vol. 
51, No. 2, pp 219-227, February 2011 
ABSTRACT: Chromium (Cr) films are widely used as interlayers to promote the adhesion of copper or gold to 
substrates. However, the Cr interlayer usually fractures at lower strains than the ductile metal films. In this 
paper, the cracking and buckling behavior of Cr films on polyethylene terephthalate (PET) substrates were 
studied in situ under tensile loading with the Atomic Force Microscope (AFM) and optical microscope imaging. 
Cr films with three nominal thicknesses of 15, 70 and 140 nm were studied. The depth and width of the cracks, 
as well as the height and width of the buckles, were measured from AFM images acquired at incremental 
loading steps. The buckle shapes at different strain levels were carefully examined using AFM line profile. It 
was found that at large strain levels the measured buckle shapes usually deviated from the elastic buckling 
mode shapes. Further in situ AFM imaging of the buckles at a smaller scan area revealed that in some cases the 
buckles were cracked at the apex. These in situ nanoscale measurements provided experimental observations 
and data for further model development and more accurate measurement of the interfacial fracture energy at the 
Cr-PET interface. 
References listed at the end of the paper: 
1. Andersons J, Tarasovs S, Leterrier Y (2009) Evaluation of thin film adhesion to a compliant substrate by the analysis of progressive 
buckling in the fragmentation test. Thin Solid Films 517:2007–2011 
2. Andersons J, Tarasovs S, Leterrier Y (2007) Analysis of thin film cracking and buckling on compliant substrate by fragmentation 
test. Key Eng Mat 348:329–332 
3. Cordill MJ, Taylor A, Schalko J, Dehm G (2009) Fracture and delamination of chromium thin films on polymer substrates. Met 
Mater Trans A, accepted. 
4. Frank S, Handge UA, Olliges S, Spolenak R (2009) The relationship between thin film fragmentation and buckles formation: 
Synchrotron-based in situ studies and two-dimensional stress analysis. Acta Mater 57:1442–1453 
5. Kim HJ, Moon MW, Kim DI, Lee KR, Oh KH (2007) Observation of the failure mechanism for diamond-like carbon film on 
stainless steel under tensile loading. Scripta Mater 57:1016–1019 
6. Xiang Y, Li T, Suo Z, Vlassak J (2005) High ductility of a metal film adherent on a polymer substrate. Appl Phys Lett 87: 161910-
1-3 
7. Lu N, Wang X, Suo Z, Vlassak J (2007) Metal films on polymer substrates stretched beyond 50%. Appl Phys Lett 91: 221909-1-3 
8. Olliges S, Gruber PA, Orso S, Auzelyte V, Ekinci Y, Solak HH, Spolenak R (2008) In situ observation of cracks in gold nano-
interconnects on flexible substrates. Scripta Mater 58:175–178 
9. Yu DYW, Spaepen F (2004) The yield strength of thin copper films on kapton. J Appl Phys 95:2991–2997 
10. Cordill MJ, Bahr DF, Moody NR, Gerberich WW (2007) Adhesion measurements using telephone cord buckles. Mater Sci Eng A 
443:150–155 
11. Agrawal DC, Raj R (1989) Measurement of the ultimate shear strength of a metal ceramic interface. Acta Metall 37(4):1265–1270 
12. Jobin VC, Raj R, Phoenix SL (1992) Rate effects in metal ceramic interface sliding from the periodic film cracking technique. 
Acta Metall 40(9):2269–2280 
13. Kelly A, Tyson WR (1965) Tensile properties of fiber-reinforced metals-copper/tungsten and copper/molybdenum. J Mech Phys 
Solids 13(6):329–350 
14. Hu MS, Evans AG (1989) The cracking and decohesion of thin films on ductile substrates. Acta Metall 37(3):917–925 
15. Hutchinson JW, Suo Z (1992) Mixed-mode cracking in layered materials. Adv Appl Mech 29:63–191 
16. Chasiotis I, Knauss WG (2001) A new microtensile tester for the study of MEMS materials with the aid of atomic force 
microscopy. Exp Mech 42(1):51–57 
17. Knauss WG, Chasiotis I, Huang Y (2003) Mechanical measurements at the micron and nanometer scales. Mech Mat 35:217–231 
18. Li XD, Xu WJ, Sutton MA, Mello M (2006) Nanoscale deformation and cracking studies of advanced metal evaporated magnetic 
tapes using atomic force microscopy and digital image correlation techniques. Mater Sci Tech 22(7):835–844 
19. Li XD, Xu WJ, Sutton MA, Mello M (2007) In situ nanoscale in-plane deformation studies of ultrathin polymeric films during 
tensile deformation using atomic force microscopy and digital image correlation techniques. IEEE Trans Nanotechnol 6(1):4–12 
20. Coupeau C (2002) Atomic force microscopy study of the morphological shape of thin film buckling. Thin Solid Films 406:190–
194 
21. Wang CM, Wang CY, Reddy JN (2004) Exact solutions for buckling of structural members. CRC Press 
 
 
Edwin P. Chan and Alfred J. Crosby (Polymer Science and Engineering, University of Massachusetts, Amherst, 
USA), “Spontaneous formation of stable aligned wrinkling patterns”, Soft Matter, Vol. 2, No. 4, pp 324-328, 
2006, DOI: 10.1039/B515628A 
ABSTRACT: We introduce a new methodology to produce aligned, or patterned, surface wrinkles on a soft 
elastomer sans topography. The surface buckles orient through the manipulation of the local stress distributions, 
which we control by defining specific regions of local differences in the elastic moduli of the material. 



 
 
B. Li (1), Y.-P. Cao (1), X.-Q. Feng (1,2), and H. Gao (3). “Mechanics of morphological instabilities and 
surface wrinkling in soft materials: a review”. Soft Matter, 8(21):5728-5745, May 2012, 
DOI: 10.1039/C2SM00011C 
ABSTRACT: Morphological instabilities and surface wrinkling of soft materials such as gels and biological 
tissues are of growing interest to a number of academic disciplines including soft lithography, metrology, 
flexible electronics, and biomedical engineering. In this paper, we review some of the recent progresses in 
experimental and theoretical investigations of instabilities that lead to the emergence and evolution of surface 
wrinkling, folding and creasing under various geometrical constraints (e.g., thin films, sheets, fibers, particles, 
tubes, cavities, vesicles and capsules) and loading stimuli (e.g., mechanical forces, growth, atrophy, swelling, 
shrinkage, van der Waals interactions). Some representative theoretical and numerical approaches aimed at 
modelling the onset of instabilities as well as the postbuckling evolution involving multiple bifurcations and 
symmetry-breakings are discussed along with the main characteristics and some possible applications of this 
rich phenomenon. 
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“Possible buckling phenomena in diatom morphogenesis”, Chapter in The Diatom World, Vol. 19 of the series 
Cellular Origin, Life in Extreme Habitats and Astrobiology, edited by Joseph Seckbach and Patrick Kociolek, 
Springer, 2011, pp 245-271 
ABSTRACT: We take a fresh look at diatoms, and find a reasonable visual match of some valve and girdle 
contours to various kinds of buckling phenomena, describable as corrugations, pleats and folds, and Bessel 
functions, such as describe the vibrations of a round musical drum. Buckling of raphes and costae, considered as 
buckling of columns, may account for some of their features. The matches we find will have to be tested by 
finite element method, computer simulation, time sequence microscopy, micromanipulation, and direct 
measurement of the physical (constitutive) properties of the materials from which a diatom constructs itself. The 
genome may set up boundary conditions that lead to mechanical instabilities and buckling, rather than 
controlling these diatom patterns in any direct way. This investigation also led us to propose that there is an 
electric potential in the silicalemma that may account for the generally straight course of growth of costae. 
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“Periodic patterns and energy states of buckled films on compliant substrates”, Journal of the Mechanics and 
Physics of Solids, Vol. 59, No. 5, May 2011, pp. 1094-1114, doi:10.1016/j.jmps.2011.02.001 
ABSTRACT: Thin stiff films on compliant elastic substrates subject to equi-biaxial compressive stress states 
are observed to buckle into various periodic mode patterns including checkerboard, hexagonal and herringbone. 
An experimental setting in which these modes are observed and evolve is described. The modes are 



characterized and ranked by the extent to which they reduce the elastic energy of the film–substrate system 
relative to that of the unbuckled state over a wide range of overstress. A new mode is identified and analyzed 
having nodal lines coincident with an equilateral triangular pattern. Two methods are employed to ascertain the 
energy in the buckled state: an analytical upper-bound method and a full numerical analysis. The upper-bound 
is shown to be reasonably accurate to large levels of overstress. For flat films, except at small states of 
overstress where the checkerboard is preferred, the herringbone mode has the lowest energy, followed by the 
checkerboard, with the hexagonal, triangular, and one-dimensional modes lowering the energy the least. At low 
overstress, the hexagonal mode is observed in the experiments not the square mode. It is proposed that a slight 
initial curvature of the film may play role in selecting the hexagonal pattern accompanied by a detailed analysis. 
An intriguing finding is that the hexagonal and triangular modes have the same energy in the buckled state and, 
moreover, a continuous transition between these modes exists involving a linear combination of the two modes 
with no change in energy. Experimental observations of various periodic modes are discussed with reference to 
the energy landscape. Discrepancies between observations and theory are identified and open issues are 
highlighted. 
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ABSTRACT: Wrinkles in thin films on soft substrates have been shown to self-organize into topological 
patterns, providing a possible route towards inexpensive generation of surface microstructure. However, the 
effect of the magnitude of applied stress in relation to the critical buckling stress, or overstress, on the observed 
patterns has until this point been neglected experimentally. In this paper, we investigate the effect of overstress 
using poly(dimethylsiloxane) which has been surface-oxidized with a UV-ozone oxidation technique. Using a 
swelling-based stress application technique, where the applied swelling stress in the thin film is controlled by 
changing the concentration of vapor-phase swelling agent (ethanol) in a sealed swelling chamber, we are able to 
impart swelling stresses below, at, and well above the critical stress. We observe a transition from hexagonally 
packed dimples at low overstress to ridge-based morphologies (herringbone and labyrinth) at high overstress. 
The observed dimple structures are remarkably widespread, and the hexagonal arrangement of these dimples is 
confirmed using Fourier analysis. Although analytical results predict that a square arrangement of dimples is 
preferred to hexagonal for flat wrinkling surfaces, hexagonal arrays are nonetheless unilaterally observed at low 
overstress. We attribute this observation to an inherent curvature that develops in the swelling film. The 
overstress is quantified by measuring the radius of curvature of swelling bilayer beams, both confirming the 
preferential swelling of the surface oxide layer by ethanol and quantifying the swelling extent. Effects of non-
equibiaxial stress are investigated by inducing a compressive prestress prior to swelling, and “trapped” non-
equilibrium morphologies are discussed briefly. 
 
 
Christine Heistermann, “Resistance of Friction Connections with Open Slotted Holes in Towers for Wind 
Turbines”, Ph.D dissertation, Division of Structural and Construction Engineering, Dept. of Civil, 
Environmental and Natural Resources Engineering, Lulea University of Technology, Sweden, 2014 
ABSTRACT: The most common solutions for in-situ connections of steel tubular tower segments of onshore 
wind turbines are ring flange connections. These have certain drawbacks, such as e.g. costly production, long 
delivery time and rather low fatigue endurance. Friction connections with long open slotted holes have 
previously been proven to be a competitive alternative. In this work, the new type of connection is investigated 
in various scales: segment tests, down-scaled experiments and full-scale models. The influence of tower cross-
section shape, execution tolerance (horizontal gap between the tower segments) and length of the connection on 
the bending resistance is thoroughly studied. In addition, buckling behaviour of the shell in the vicinity of 
the friction connection in towers with circular and polygonal cross-sections is analysed in order to check 
possible advantages of either cross-section. The influence of two types of the execution tolerances on the 
connection strength is investigated: inwards bent “fingers”, leading to inclined gaps, and a parallel gap created 
by different diameters of the tower segments. Based on validated finite element analyses recommendations for 
execution tolerances are proposed. A closer look is taken at the level of bolt forces under load application for 
the new friction connections as well as for the ring flange connection. For the former case, the influence of 
slotted holes on the joint resistance is checked. For both types of connections, comparison is drawn to hand 
calculation models used in engineering practice. Additionally, the distribution of meridional stresses in the shell 
in the vicinity of the connection is studied. Based on the findings from the above described investigations, 
recommendations for the design of friction connections with open slotted holes in steel tubular towers for 
onshore wind turbines are given.  
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Bjoern Andersson and Gustaf Larsson, “Verification of buckling analysis for glulam arches”, Master’s thesis, 
Division of Structural Mechanics, Lund University, 2014 
ABSTRACT: An arch structure offers an effective load carrying system for large span structures. 
Environmental and economical considerations makes glulam a good material of choice for the arch members. 
However, asymmetric loading of an arch cause bending moment that implies use of deep and narrow arch cross-
sections. Such slender section shape increases the risk of instability.  
The purpose of this master’s thesis is to gain knowledge of instability phenomena of timber arches. 
Identification and evaluation of influencing variables by non-linear numerical analysis are compared to the rules 
for structural design used in EU: Eurocode.  



Eurocode considers instability of straight beams and columns with respect to boundary conditions and cross-
section properties, while initial imperfections are considered only implicitly. For instability of curved members 
no analytical approach is provided in the code, thus some numerical method is needed.  
In structural design the load carrying capacity of arches is commonly evaluated by finite element (FE) method. 
Typically used today is linear instability FE analysis. However, this thesis also includes non-linear FE analysis 
which considers large deformations with redistribution of stresses and a material fail criterion.  
Our findings conclude that the linear analysis overestimates the critical load due to instability typically by 20-
40% for a parabolic arch. The analysis further indicates that the lateral arch support setup is a fundamental 
design aspect for the buckling behaviour for which both extrados and intrados lateral support is needed to obtain 
an effective structure.  
The variations in timber material properties and the influence of moisture and long duration of loading are 
effectively regarded in Eurocode using reduction coefficients. Non-linear FE calculations with respect to 
influence of moisture and load duration indicated reasonably good agreement with Eurocode. Reduction of 
material strength due to moisture and load duration effects does not affect the critical load as much as the 
corresponding reduction of material stiffness. Moisture induced stiffness reduction can give 20% reduction of 
critical load.  
The difficulty in Eurocode is to determine a feasible capacity reduction with respect to the risk of instability for 
an arch. The authors conclude that structural design of a parabolic arch should be conducted using critical loads 
from a non-linear FE analysis to be implemented in the Eurocode design calculations.  
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Nan Hu, “Tailoring the elastic postbuckling response of thin-walled axially compressed cylindrical shells”, Ph.d 
dissertation, Civil Engineering, Michigan State University, 2015 
ABSTRACT: Recognition of the positive features of elastic instabilities for use in smart and adaptive materials 
and structures has increased in recent years. Among many unstable events, buckling is one of the oldest and 
most well-understood types of response and yet this critical condition has been mainly regarded as a failure 
limit and the afterward response (postbuckling) as a safeguard. However, research on smart/adaptive devices 
has identified buckling and postbuckling as a favorable behavior. This dissertation explores the potential of 
cylindrical shells under axial compression, for which mode transitions during the postbuckling response lead to 
sudden and high-rate deformations from generally smaller changes in the controlling load or displacement input 
to the system. Such geometric nonlinear responses allow cylindrical shells to be considered as a viable 
structural prototype for purposes such as energy harvesting, sensing, actuation, etc.  
Experimental and numerical studies evaluated three avenues for modifying and controlling the postbuckling 
response of cylindrical shells: (1) by introducing seeded geometric imperfections (SGI); (2) by introducing non-
uniform stiffness distributions (NSD); and (3) by providing lateral constraints and interactions (LCI). An SGI 
cylinder is obtained by superposing a single mode shape from the eigenvalue analyses on a uniform cylinder to 
provide a governing role over other initial random imperfections. An NSD cylinder follows a similar concept of 
introducing artificial imperfections but by strategically placing patterned thickened regions (which alter the 
stiffness distribution) on the shell surface with the aim of triggering localized buckling events in non-thickened 
regions. Finally, an LCI cylinder is driven by the desire to gain further control of the  
postbuckling response through the interaction of multiple cylinders in nested assemblies. The numerical 
simulations were conducted through extensions on established methods for simulating nonlinear geometric 
response in slender structures. Prototyped cylinder were fabricated, first by using laminated composite materials 
and later through 3D printing and tested under cyclic loading. Further extension of these concepts was explored 
through a design optimization process.  
Numerical and experimental results suggest that SGI and NSD cylinders can attain a controllable postbuckling 
response due to the governing role of artificial imperfections. For both cases, the localized buckling events can 
be triggered in predefined regions; and careful selection of the geometry and stiffness distribution can lead to 
elastic postbuckling responses with tailorable features, which implies diverse design opportunities. Further, 
simulations and test results demonstrated that the elastic postbuckling response of SGI and NSD shells was less 
sensitive to initial (manufacturing) imperfections as well as loading variations compared to that of uniform 
cylinders. Studies on LCI cylinders showed that this concept allows the attainment of a higher number of mode 
transitions in the elastic postbuckling regime and the post-buckling stiffening behavior increases to levels that 
surpass the initial buckling load. Optimization results showcased that postbuckling response can be tailored into 
three types (softening, sustaining and stiffening) and design guidelines were developed to achieve a targeted 
behavior.  
The study has led to knowledge on the possibilities, extent and means to control (and thus design) the elastic far 
postbuckling response of cylindrical shells with the noted variations in geometry, stiffness and boundary 



conditions. Full characterization and understanding of these variables in the attainment and control of 
postbuckling response with desirable features can promote the use of the presented cylindrical shell concepts for 
a variety of purposes of emerging interest and across scales for various applications.  
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T. Prakash, “Graded plates and shells under aero-thermo-mechanical loads”, Ph.D dissertation, Dept. of Applied 
Mechanics, Indian Institute of Technology Delhi, 2010 
ABSTRACT: The present thesis addresses some of the problems dealing with the static and dynamic analyses 
of functionally graded plates and shells subjected to aero-thermo-mechanical loads using field-consistent and 
high precision plate/shell finite elements. The formulation is based on the first-order shear deformation theory 
and developed with reference to both the neutral and the mid-surfaces. The material properties vary through the 
thickness according to a power-law distribution and the locally effective material properties are evaluated using 
the Voigt rule of mixture or the Mori-Tanaka homogenization method. The geometric nonlinearity is 
incorporated using von Karman's theory. The solutions are obtained using the Newton-Raphson iterative 
method/eigenvalue approach for the static problems and using the direct time integration procedure/eigenvalue 
formulation for the dynamic cases. The methodologies employed here are assessed, wherever possible, by 
studying the problems for which the solutions are available.  
Firstly, as the position of neutral surface for FGM plates/shells varies depending on the material gradation, the 
effect of in-plane fixity and the approach of neutral/mid-surface based formulation are clearly brought out by 
investigating the bending behavior of FGM plates. Then, the post-buckling behavior of FGM plates and the 
appropriate solution procedures to obtain its characteristics depending on the boundary and loading conditions 
are discussed. The occurrence of secondary instability in the primary post-buckling path of FGM plate at higher 
load level is also established. Later, the nonlinear free and flutter vibration of FGM plates are examined under 
aero-thermal loads. The onset of change in equilibrium position, where a sudden drop occurs in the frequency 
value at higher amplitude of vibration, is also predicted. The flexural vibration of plates changing from limit 
cycle oscillation to chaotic motion with the increase in aerodynamic load is also examined using a time-
response analysis. Here, the aerodynamic force is evaluated based on the third-order piston theory. Finally, the 
nonlinear axi-symmetric dynamic buckling of shallow spherical caps is analyzed using an axi-symmetric shell 
element with a semi-analytical approach. Different loading profiles in the form of step load or triangular pulse 
of various durations are considered. In addition to the above nonlinear studies, the linear asymmetric vibration 
and buckling of FGM circular plates are also investigated as a special case by deducing the formulation of 
spherical shells. In all these problems, the parametric studies are performed considering various 
geometrictmaterial parameters, and different types of loading and boundary conditions.  
 
 
 
Derek Breid (University of Massachusetts, Amherst), “Controlling morphology in swelling-induced wrinkled 
surfaces”, Ph.D dissertation, Polymer Science and Engineering, University of Massachusetts – Amherst, 
February 2012 
ABSTRACT: Wrinkles represent a pathway towards the spontaneous generation of ordered surface 
microstructure for applications in numerous fields. Examples of highly complex ordered wrinkle structures 
abound in Nature, but the ability to harness this potential for advanced material applications remains limited. 
This work focuses on understanding the relationship between the patterns on a wrinkled surface and the 
experimental conditions under which they form. Because wrinkles form in response to applied stresses, 
particular attention is given to the nature of the stresses in a wrinkling surface. The fundamental insight gained 
was then utilized to account for observed wrinkle formation phenomena within more complex geometric and 
kinetic settings.� In order to carefully control and measure the applied stresses on a wrinkling film, a swelling-
based system was developed using poly(dimethylsiloxane) (PDMS), surface-oxidized with a UV- ozone 
treatment. The swelling of the oxidized surface upon exposure to an ethanol vapor atmosphere was 
characterized using beam-bending experiments, allowing quantitative measurements of the applied stress. The 
wrinkle morphologies were characterized as a function of the overstress, defined as the ratio of the applied 



swelling stress to the critical buckling stress of the material. A transition in the dominant morphology of the 
wrinkled surfaces from dimple patterns to ridge patterns was observed at an overstress value of ~2. The pattern 
dependence of wrinkles on the ratio of the principal stresses was examined by fabricating samples with a 
gradient prestress. When swollen, these samples exhibited a smooth morphological transition from non-
equibiaxial to equibiaxial patterns, with prestrains as low as 2.5% exhibiting non-equibiaxial characteristics. 
This transition was seen both in samples with low and high overstresses. To explore the impact of these stress 
states in more complex geometries, wrinkling hemispherical surfaces with radii of curvature ranging from 50-
1000 mm were fabricated using the same material system. Upon wrinkling, the hemispheres formed complex 
hierarchical assemblies reminiscent of naturally occurring structures. The curvature of a surface exhibited a 
correlation with its critical buckling stress, independent of other factors. This enables the surface curvature to be 
used as an independent control over the dimple-to-ridge transition which occurs as a function of overstress. As 
in the flat buckling surfaces, this transition was shown to occur at an overstress value of ~2. Surface curvature 
was also shown to improve the observed hexagonal ordering of the dimple arrays, resulting in the formation of 
regular "golf ball" structures. Geometric effects in finite flat plates were also examined. Using circular masks 
during the oxidation process, plates with radii ranging from 0.4-8.6 mm were created. Upon wrinkling, a 
dimple-to-ridge transition was observed with increasing plate size, with the morphological switch occurring at a 
radius of ~2 mm. This observed transition was not found to be due to the inherent mechanics of plates of 
different sizes, but instead to a reduction in the oxide conversion due to shadowing or stagnation caused by the 
masking process, which lowered the applied overstress. The shape of the finite plate was found to have little 
impact on the resulting wrinkle morphologies. Kinetic aspects of wrinkling were qualitatively characterized by 
observing the wrinkling process over the course of swelling. Wrinkling was observed to frontally propagate 
across the surface, and the ordering of the patterns which developed showed a qualitative correlation with the 
degree of uniformity in the advancing wrinkle front. Swelling with different solvents was found to lead to the 
formation of different patterns, based on the swelling kinetics of the UVO-treated PDMS upon exposure to each 
solvent.  
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electronic structure of a 3D topological insulator”, Nature Communications, Vol. 3, Article Number 1158, 
October 2012, doi:10.1038/ncomms2150, October 2012 
ABSTRACT: Three-dimensional topological insulators host linearly dispersing states with unique properties 
and a strong potential for applications. An important ingredient in realizing some of the more exotic states in 
topological insulators is the ability to manipulate local electronic properties. Direct analogy to the Dirac 
material graphene suggests that a possible avenue for controlling local properties is via a controlled structural 
deformation such as the formation of ripples. However, the influence of such ripples on topological insulators is 
yet to be explored. Here we use scanning tunnelling microscopy to determine the effects of one-dimensional 
buckling on the electronic properties of Bi2Te3. By tracking spatial variations of the interference patterns 
generated by the Dirac electrons we show that buckling imposes a periodic potential, which locally modulates 
the surface-state dispersion. This suggests that forming one- and two-dimensional ripples is a viable method for 
creating nanoscale potential landscapes that can be used to control the properties of Dirac electrons in 
topological insulators. 
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“Differential Growth and Instability in Elastic Shells”, Phys. Rev. Lett. 94, 198103 (2005) [4 pages], 
doi: 10.1103/PhysRevLett.94.198103 
ABSTRACT: Differential growth in elastic materials can produce stress either through incompatibility of 
growth or by interaction with the surrounding medium. In many situations, this stress can be sufficient to induce 
shape instability in the growing medium. To gain better insight in growth-induced instabilities, the growth of an 
elastic shell loaded with hydrostatic pressure or embedded in an elastic medium is studied. The residual stress 
arising from the incompatibility of growth and the contact stress arising from the interaction with the 
surrounding medium are computed with respect to growth and geometric parameters and critical values for 
instability are obtained. Depending on these parameters, different modes of instability can be obtained. 
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ABSTRACT: The buckling of hyperelastic incompressible cylindrical tubes of arbitrary length and thickness 
under compressive axial load is considered within the framework of nonlinear elasticity. Analytical and 
numerical methods for bifurcation are developed using the exact solution of Wilkes for the linearized problem 
within the Stroh formalism. Using these methods, the range of validity of the Euler buckling formula and its 
first nonlinear corrections are obtained for third-order elasticity. The values of the geometric parameters (tube 
thickness and slenderness) where a transition between buckling and barrelling is observed are also identified. 
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ABSTRACT: In many cylindrical structures in biology, residual stress fields are created through differential 
growth. In particular, if the outer and inner layers of a cylinder grow differentially, parts of the cylinder will be 
in a state of axial compression and other parts will be in tension. These tissue tensions change the overall 
material properties of the structure. Here, we study the role of tissue tension in the overall rigidity and stability 
of the cylinder. A detailed analysis, based on nonlinear elasticity, of the effect of tissue tension on the 
mechanical properties of growing cylinders reveal a subtle interplay between geometry, growth, and nonlinear 
elastic responses that help understand some of the remarkable properties of stems and other biological tissues. 
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“Axisymmetric bifurcations of thick spherical shells under inflation and compression”, International Journal of 
Solids and Structures”, Vol. xxx, 2012, DOI: 10.1016/j.ijsolstr.2012.10.004  
ABSTRACT: Incremental equilibrium equations and corresponding boundary conditions for an isotropic, 
hyperelastic and incompressible material are summarized and then specialized to a form suitable for the analysis 
of a spherical shell subject to an internal or an external pressure. A thick-walled spherical shell during inflation 
is analyzed using four different material models. Specifically, one and two terms in the Ogden energy 
formulation, the Gent model and an I1 formulation recently proposed by Lopez-Pamies. We investigate the 
existence of local pressure maxima and minima and the dependence of the corresponding stretches on the 
material model and on shell thickness. These results are then used to investigate axisymmetric bifurcations of 
the inflated shell. The analysis is extended to determine the behavior of a thick-walled spherical shell subject to 
an external pressure. We find that the results of the two terms Ogden formulation, the Gent and the Lopez-
Pamies models are very similar, for the one term Ogden material we identify additional critical stretches, which 
have not been reported in the literature before.  
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J.P. Pascom and H.B. Coda (Department of Structural Engineering, São Carlos School of Engineering, 
University of São Paulo, São Carlos, São Paulo, Brazil), “A shell finite element formulation to analyze highly 
deformable rubber-like materials”, Latin American Journal of Solids and Structures, Vol. 10, No. 6, 2013 
ABSTRACT: In this paper, a shell finite element formulation to analyze highly deformable shell structures 
composed of homogeneous rubber-like materials is presented. The element is a triangular shell of any-order 
with seven nodal parameters. The shell kinematics is based on geometrically exact Lagrangian description and 
on the Reissner-Mindlin hypothesis. The finite element can represent thickness stretch and, due to the seventh 
nodal parameter, linear strain through the thickness direction, which avoids Poisson locking. Other types of 
locking are eliminated via high-order approximations and mesh refinement. To deal with high-order 
approximations, a numerical strategy is developed to automatically calculate the shape functions. In the present 
study, the positional version of the Finite Element Method (FEM) is employed. In this case, nodal positions and 
unconstrained vectors are the current kinematic variables, instead of displacements and rotations. To model 
near-incompressible materials under finite elastic strains, which is the case of rubber-like materials, three 
nonlinear and isotropic hyperelastic laws are adopted. In order to validate the proposed finite element 
formulation, some benchmark problems with materials under large deformations have been numerically 
analyzed, as the Cook's membrane, the spherical shell and the pinched cylinder. The results show that the mesh 
refinement increases the accuracy of solutions, high-order Lagrangian interpolation functions mitigate general 
locking problems, and the seventh nodal parameter must be used in bending-dominated problems in order to 
avoid Poisson locking. 
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Giovanni Romano, Carmen Sellitto and Raffaele Barretta, “Nonlinear shell theory: A duality approach”, Journal 
of Mechanics of Materials and Structures, Vol. 2, No. 7, 2007 
ABSTRACT: The nonlinear kinematics of thin shells is developed in full generality according to a duality 
approach in which kinematics plays the basic role in the definition of the model. The Kirchhoff–Love shell 
model is the central issue and is discussed in detail but shear deformable and polar models are also considered 
and critically reviewed. The analysis is developed with a coordinate-free approach which provides a direct 
geometrical picture of the shell model. The finite and tangent Green strains of the foliated continuum are 
explicitly expressed in terms of middle surface kinematics. The new expressions contributed here do not require 
the splitting of the velocity into parallel and normal components to the middle surface, and provide a 
computationally convenient context. Finite strain measures for the shell and their tangent and secant rates are 
analyzed and consistency and nonredundancy properties are discussed. The relations between the finite Green 
strain, its tangent and secant rates and the corresponding shell strains, are provided. The differential and 
boundary equilibrium equations of the shell are given in variational terms, both in unsplit and split form. A new 



expression of the boundary equilibrium equations is contributed and its mechanical soundness with respect to 
the classical one is emphasized. Equilibrium in a reference placement for the shell model is briefly discussed.  
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Hui Tang and Sohrab Ismail-Beigi (Department of Applied Physics, Yale University, New Haven, Connecticut 
06520, USA), “First-principles study of boron sheets and nanotubes”, Physical Review B, Vol. 82, 115412, 
September 2010, DOI: 10.1103/PhysRevB.82.115412 
ABSTRACT: Based on first-principles calculations, we present various properties of single- and double-layered 
boron sheets, along with single- and double-walled boron nanotubes. Single-layered boron sheets, made of 
hexagons and triangles, have buckled ground-state geometries if the ratio of triangles to hexagons is large and 
stay flat otherwise. We demonstrate that this asymmetric behavior of buckling cannot be explained by a simple 
chemical picture based on σ−π mixing. Instead, reduction in the electronic kinetic energy is the driving force for 
buckling. In addition, we show that double-layered boron sheets can form strong interlayer bonds between two 
layers only if the precursor single-layered sheet itself prefers a buckled ground-state structure. The optimal 
double-layered boron sheet in our library is semiconducting and is more stable than any single-layered sheet. 
Next, we discuss the curvature energies, buckling behavior and soliton structural fluctuations for single-walled 
boron nanotubes and the implications for the electronic properties of these nanotubes: our main finding is that 
the semiconducting nature of small-diameter single-walled nanotubes is robust under various perturbations and 
fluctuations. We end by showing that due to strong bonds forming between walls, the optimal double-walled 
boron nanotubes have different wall structures from single-walled ones. Such double-walled nanotubes are 
always more stable than any single-walled nanotube and are furthermore metallic for the likely experimentally 
relevant diameter range. We conclude with the implications of these results for fabricated nanotube systems. 
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“Hyperelastic axial buckling of single wall carbon nanotubes”, Physica E, Bol. 44, pp 525-529, 2011 
DOI: 10.1016/j.physe.2011.10.006  
ABSTRACT: This paper proposes a hyperelastic finite element-based lattice approach for the description of 
buckling behaviour in single wall carbon nanotubes (SWCNTs). A one-term incompressible Ogden-type 
hyperelastic model is adopted to describe the equivalent mechanical response of C–C bonds in SWCNTs under 
axial compression. The material constants of the model are chosen by matching the linearised response with the 
elastic constants adopted in the AMBER force field and by establishing equivalence between the Ogden strain 
energy and the variation of the interatomic strain energy obtained from molecular mechanics simulations. 
Numerical experiments are carried out and the results are compared to atomistic simulations, demonstrating the 
predictive capabilities of the present model in capturing initial buckling strain, deformation mechanisms and 
post-buckling behaviour under very large compressive deformations.  
References listed at the end of the paper: 
[1] S. Iijima, C. Brabec, A. Maiti, J. Bernholc, Journal of Chemical Physics 104 (1996) 2089.  
[2] C. Li, T.W. Chou, International Journal of Solids and Structures 40 (2003) 2487.  
[3] B. Yakobson, C. Brabec, J. Bernholc, Physical Review Letters 76 (1996) 2511.  
[4] E. Hernandez, C. Goze, P. Bernier, A. Rubio, Physical Review 80 (1998) 4502.  
[5] K.M. Liew, C.H. Wong, X.Q. He, M.J. Tan, S.A. Meguid, Physical Review B 69 (2004) 115429. � 
[6] K. Mylvaganam, L.C. Zhang, Carbon 42 (2004) 2025. � 
[7] R. Batra, A. Sears, International Journal of Solids and Structures 44 (2007) 7577. � 
[8] X. Chen, C. Cao, Nanotechnology 17 (2006) 1004. 
�[9] N. Hu, K. Nunoya, D. Pan, T. Okabe, H. Fukunaga, International Journal of Solids and Structures 44 (2007) 6535. � 
[10] C. Li, T.W. Chou, Mechanics of Materials 36 (2004) 1047. � 
[11] K.I. Tserpes, P. Papanikos, Composites Part B: Engineering 36 (2005) 468.  
[12] F. Scarpa, S. Adhikari, C. Remillat, Nanotechnology 21 (2010) 125702. � 
[13] X. Ling, S. Atluri, Computer Modelling in Engineering and Science 21 (2007) 81. � 
[14] E.I. Saavedra Flores, S. Adhikari, M.I. Friswell, F. Scarpa, Computational Materials Science 50 (2011) 1083. � 
[15] G. Cao, X. Chen, International Journal of Solids and Structures 44 (2007) 5447.  
[16] M.M. Attard, G.W. Hunt, International Journal of Solids and Structures 45 (2008) 4322. 
�[17] S. Rahmatalla, C.C. Swan, AIAA Journal 41 (2003) 1180. � 
[18] W.D. Cornell, P. Cieplak, C.I. Bayly, I.R. Gould, K.M. Merz, D.M. Ferguson,  
D.C. Spellmeywer, T. Fox, J.W. Caldwell, P.A. Kollman, Journal of the American Chemical Society 117 (1995) 5179. � 
[19] E.A. de Souza Neto, D. Peric �, D.R.J. Owen, Computational Methods for Plasticity: Theory and Applications, Chichester, 
Wiley, 2008. � 
[20] J. Lemaitre, J.L. Chaboche, Mechanics of Solid Materials, Cambridge University Press, Cambridge, 1990. � 
[21] R.W. Ogden, Non-linear elastic deformations, Ellis Horwood, Chichester, 1984. � 
[22] A. Selvadurai, Journal of the Mechanics and Physics of Solids 54 (2006) 1093.  
[23] R. Hauptmann, K. Schweizerhof, S. Doll, International Journal for Numerical Methods in Engineering 49 (2000) 1121. 
�[24] F. Scarpa, S. Adhikari, Journal of Physics D: Applied Physics 41 (2008) 085306.  
[25] N. Hu, H. Fukunaga, C. Lu, M. Kameyama, B. Yan, Proceeding of the Royal Society A: Mathematical, Physical & Engineering 
Sciences 461 (2005) 1685.  
[26] ABAQUS, Analysis User’s Manual. Version 6.4, Hibbitt, Karlsson and Sorensen, Inc., Rhode-Island. USA, 2003. � 
[27] A. Leung, X. Guo, X. He, H. Jiang, Y. Huang, Journal of Applied Physics 99 (2006) 124308. 
�[28] N. Silvestre, International Journal of Solids and Structures 45 (2008) 4902.  
[29] C.F. Corwell, L.T. Wille, Solid State Communications 101 (1997) 555. � 
[30] D. Srivastava, M. Menon, K. Cho, Physical Review Letters 83 (1999) 2973.  
[31] D. Brenner, Physical Review B 42 (1990) 9458. � 
[32] D. Brenner, O. Shenderova, J. Harrison, S. Stuart, B. Ni, S. Sinnott, Journal of  
Physics: Condensed Matter 14 (2002) 783.  
 
 
X. Chen, C. Cao (Columbia Nanomechanics Research Center and Department of Civil Engineering and 
Engineering Mechanics, Columbia University, New York, NY 10027-6699, USA), “A structural mechanics 
study of single-walled carbon nanotubes generalized from atomistic simulation”, Nanotechnology 17 (2006) 
1004-1015. https://doi.org/10.1088/0957-4484/17/4/027 
ABSTRACT: A new structural mechanics model is developed to closely duplicate the atomic configuration and 
behaviours of single-walled carbon nanotubes (SWCNTs). The SWCNTs are effectively represented by a space 
frame, where primary and secondary beams are used to bridge the nearest and next-nearest carbon atoms, to 
mimic energies associated with bond stretching and angle variation, respectively. The elastic properties of the 
frame components are generalized from molecular dynamics (MD) simulation based on an accurate ab initio 



force field, and numerical analyses of tension, bending, and torsion are carried out on nine different SWCNTs. 
The space-frame model also closely duplicates the buckling behaviours of SWCNTs in torsion and bending. In 
addition, by repeating the same process with continuum shell and beam models, new elastic and section 
parameters are fitted from the MD benchmark experiments. As an application, all three models are employed to 
study the thermal vibration behaviours of SWCNTs, and excellent agreements with MD analyses are found. The 
present analysis is a systematic structural mechanics attempt to fit SWCNT properties for several basic 
deformation modes and applicable to a variety of SWCNTs. The continuum models and fitted parameters may 
be used to effectively simulate the overall deformation behaviours of SWCNTs at much larger length- and 
timescales than pure MD analysis.  
 
 
Wang Q., Varadan V.K.: Vibration of carbon nanotubes studied using nonlocal continuum mechanics. Smart 
Mater. Struct. 15, 659–666 (2006), https://doi.org/10.1088/0964-1726/15/2/050 
ABSTRACT: A nonlocal continuum mechanics model is developed and applied to study the vibration of both 
single-walled nanotubes (SWNTs) and double-walled nanotubes (DWNTs) via elastic beam theories. The 
small-scale effects on vibration characteristics of carbon nanotubes are explicitly derived through a complete 
mechanics analysis. A qualitative validation study shows that the results based on nonlocal continuum 
mechanics are in agreement with the published experimental reports in this field. Numerical simulations are 
conducted to quantitatively show the small-scale effect on vibrations of both SWNTs and DWNTs with 
different lengths and diameters. 
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“Mechanical properties of micro- and nanocapsules: Single-capsule measurements”, Polymer, Vol. 48, pp 7221-
7235, 2007 
ABSTRACT: Capsules of micron and sub-micron dimensions are abundant in nature in the form of bacterial or 
viral capsids and play an increasing role in modern technology for encapsulation and release of agents. The 
capsules’ mechanical properties are of great importance in this context not only for stability but as well for 
transport properties in flow, rheology or adhesion. Thus, techniques that allow for single-capsule mechanical 
char- acterization have caught much attention recently and we summarize experimental developments in this 
field as well as theoretical background of capsule deformation with special attention to small deformation 
measurements. Deformation studies on polyelectrolyte multilayer capsules are introduced as a case study, since 
they can be tailored in their geometry and composition and are thus well-suited as a model system.  
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Wang Q., Zhou G.Y., Lin K.C.: Scale effect on wave propagation of double-walled carbon nanotubes. Int. J. 
Solids Struct. 43, 6071–6084 (2006) 
 
Heireche H., Tounsi A., Benzair A. (Université de Sidi Bel Abbés, BP 89 Cité Ben M'hidi, 22000 Sidi Bel 
Abbés, Algeria), “Scale effect on wave propagation of double-walled carbon nanotubes with initial axial 
loading”, Nanotechnology 19, 185703 (2008), https://doi.org/10.1088/0957-4484/19/18/185703 
ABSTRACT: This paper studies the vibrational characteristics of double-walled carbon nanotubes (DWNTs) 
with initial stress using a nonlocal Euler–Bernoulli beam model. Both the effect of initial stress and the effect of 
small length scale are discussed in detail. The effect of van der Waals forces is incorporated in the formulation. 
The corresponding resonant vibrational characteristics are presented in detail; they are shown to be very 
different from those predicted by classical elasticity theory when nonlocal effects are significant. The influence 
of initial stress in carbon nanotubes on their flexural vibration modes is dependent on the tension or 
compression form of the initial stress. The investigation of the effects of initial stress on transverse wave 
propagation in carbon nanotubes may be used as a useful reference for the application and the design of 
nanoelectronic and nanodrive devices, nano-oscillators, and nanosensors, in which carbon nanotubes act as 
basic elements. 
 
 
Jin-Wu Jiang, Hui Tang, Bin-Shen Wang and Zhao-Bin Su (primarily from Institute of Theoretical Physics, 
Chinese Academy of Sciences, Beijing 100080, People's Republic of China), “A lattice dynamical treatment for 
the total potential energy of single-walled carbon nanotubes and its applications: relaxed equilibrium structure, 
elastic properties, and vibrational modes of ultra-narro tubes”, Journal of Physics: Condensed Matter, Vol. 20, 
No. 4, January 2008,  
https://doi.org/10.1088/0953-8984/20/04/045228 



ABSTRACT: In this paper, we propose a lattice dynamic treatment for the total potential energy of single-
walled carbon nanotubes (SWCNTs) which is, apart from a parameter for the nonlinear effects, extracted from 
the vibrational energy of the planar graphene sheet. The energetics, elasticity and lattice dynamics are treated in 
terms of the same set of force constants, independently of the tube structures. Based upon this proposal, we 
have investigated systematically the relaxed lattice configuration for narrow SWCNTs, the strain energy, the 
Young's modulus and Poisson ratio, and the lattice vibrational properties with respect to the relaxed equilibrium 
tubule structure. Our calculated results for various physical quantities are nicely in consistency with existing 
experimental measurements. In particular, we verified that the relaxation effect makes the bond length longer 
and the frequencies of various optical vibrational modes softer. Our calculation provides evidence that the 
Young's modulus of an armchair tube exceeds that of the planar graphene sheet, and that the large diameter 
limits of the Young's modulus and Poisson ratio are in agreement with the experimental values of graphite; the 
calculated radial breathing modes for ultra-narrow tubes with diameters ranging between 2 and 5 Å coincide 
with the experimental results and the existing ab initio calculations with satisfaction. For narrow tubes with a 
diameter of 20 Å, the calculated frequencies of optical modes in the tubule's tangential plane, as well as those of 
radial breathing modes, are also in good agreement with the experimental measurements. In addition, our 
calculation shows that various physical quantities of relaxed SWCNTs can actually be expanded in terms of the 
chiral angle defined for the corresponding ideal SWCNTs. 
 
 
C.Y. Wang and L.C. Zhang (The School of Aerospace, Mechanical and Mechatronic Engineering, University of 
Sydney, Sydney 2006, Australia), “A critical assessment of the elastic properties and effective wall thickness of 
single-walled carbon nanotubes”, Nanotechnology, Vol. 19, No. 7, January 2008, https://doi.org/10.1088/0957-
4484/19/7/075705 
ABSTRACT: This paper discusses the fundamental issues of the elastic properties and effective wall thickness 
of single-walled carbon nanotubes (SWCNTs). It provides an in-depth analysis based on the rationale of the 
nanoscale-to-macroscale deformation relationship of SWCNTs and carries out a critical assessment of the 
diverse theoretical predictions in the literature. It was found that the in-plane stiffness of SWCNTs is a 
mechanics quantity that has been consistently reflected by the majority of the existing models. However, a 
further systematic study is necessary to clarify the dilemma of the wall thickness of SWCNTs. 
 
 
C.Y. Wang, L.C. Zhang (The School of Aerospace, Mechanical and Mechatronic Engineering, University of 
Sydney, Sydney 2006, Australia), “An elastic shell model for characterizing single-walled carbon nanotubes”, 
Nanotechnology, 19 (2008), p. 195704 
https://doi.org/10.1088/0957-4484/19/19/195704 
ABSTRACT: This paper proposes a two-dimensional elastic shell model to characterize the deformation of 
single-walled carbon nanotubes using the in-plane rigidity, Poisson ratio, bending rigidity and off-plane torsion 
rigidity as independent elastic constants. It was found that the off-plane torsion rigidity of a single-walled 
carbon nanotube is not zero due to the off-plane change in the π-orbital electron density on both sides of the 
nanotube. It was concluded that a three-dimensional elastic shell model of single-walled carbon nanotubes can 
be established with well-defined effective thickness. 
 
 
A. Benzair, A Tounsi, A. Bessenghier, H. Heireche, N. Moulay and L. Boumia (primarily from Université de 
Sidi Bel Abbés, Département de Physique, BP 89 Cité Ben M'hidi, 22000 Sidi Bel Abbés, Algeria), “The 
thermal effect on vibration of single-walled carbon nanotubes using nonlocal Timoshenko beam theory”, 
Journal of Physics D: Applied Physics, Vol. 41, No. 22, October 2008 
https://doi.org/10.1088/0022-3727/41/22/225404 
ABSTRACT: This paper is concerned with the use of the nonlocal Timoshenko beam model for free vibration 
analysis of single-walled carbon nanotubes (CNTs) including the thermal effect. Unlike the Euler beam model, 
the Timoshenko beam model allows for the effects of transverse shear deformation and rotary inertia. These 
effects become significant for CNTs with small length-to-diameter ratios that are normally encountered in 
applications such as nanoprobes. The elastic Timoshenko beam model is reformulated using the nonlocal 



differential constitutive relations of Eringen (1972 Int. J. Eng. Sci. 10 1–16). The study focuses on the wave 
dispersion caused not only by the rotary inertia and the shear deformation in the traditional Timoshenko beam 
model but also by the nonlocal elasticity characterizing the microstructure of CNTs in a wide frequency range 
up to terahertz. Numerical results are presented using the nonlocal beam theory to bring out the effect of both 
the nonlocal parameter and the temperature change on the properties of transverse vibrations of CNTs. The 
exact nonlocal Timoshenko beam solution presented here should be useful to engineers who are designing 
microelectromechanical and nanoelectromechanical devices. 
 
 
M.X. Shi, Q.M. Li and Y. Huang (primarily from School of Mechanical, Aerospace and Civil Engineering, 
Pariser Building, University of Manchester, PO Box 88, Manchester M60 1QD, UK), “A nonlocal shell model 
for mode transformation in single-walled carbon nanotubes”, Journal of Physics: Condensed Matter, Vol. 21, 
No. 45, October 2009, https://doi.org/10.1088/0953-8984/21/45/455301 
ABSTRACT: A second-order strain gradient nonlocal shell model is established to study the mode 
transformation in single-walled carbon nanotubes (SWCNTs). Nonlocal length is calibrated carefully for 
SWCNTs in reference to molecular dynamics (MD) simulations through analysis of nonlocal length effects on 
the frequencies of the radial breathing mode (RBM) and circumferential flexural modes (CFMs) and its effects 
on mode transformation. All analyses show that only a negative second-order nonlocal shell model is 
appropriate to SWCNTs. Nonlocal length is evidently related to vibration modes and the radius-to-thickness 
ratio. It is found that a nonlocal length is approximately 0.1 nm in an average sense when RBM frequency is 
concerned. A nonlocal length of 0.122–0.259 nm is indicated for the mode transformation in a selected group of 
armchair SWCNTs. 2:1 and 1:1 internal resonances are found for the same SWCNT based on different models, 
which implies that the internal resonance mechanism depends on the model employed. Furthermore, it is shown 
that an effective thickness of approximately 0.1 nm is more appropriate to SWCNTs than 0.066 nm. 
 
 
R. Chowdhury, C.Y. Wang, S. Adhikari and F. Scarpa (primarily from School of Engineering, Swansea 
University, Singleton Park, Swansea SA2 8PP, UK), “Vibration and symmetry-breaking of boron nitride 
nanotubes”, Nanotechnology, Vol. 21, No. 36, August 2010, https://doi.org/10.1088/0957-4484/21/36/365702 
ABSTRACT: The unique features of axial, torsional, transverse and radial breathing vibrations are captured for 
armchair and zigzag singlewalled boron nitride nanotubes (BNNTs) based on molecular mechanics simulations 
and continuum mechanics theories. Equivalent Young's modulus 1 TPa and shear modulus 0.4 TPa are obtained 
independent of the chirality of BNNTs. In particular, a distorted optimized structure is observed for the first 
time for BNNTs with sufficiently large diameter and length. It is found that the deformed structures result in 
behaviours of BNNTs deviating from those of classical columns/beams. Such symmetry-breaking could also 
exert significant impacts on the structural instability (buckling) and electronic properties of BNNTs that are 
sensitive to the structural symmetry.  
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ABSTRACT: This paper presents a hyperelastic finite element-based lattice approach for the description of 
post-buckling response in single wall carbon nanotubes (SWCNTs). A one-term incompressible Ogden-type 
hyperelastic model is adopted to describe the mechanical response of SWCNTs under axial compression. 
Numerical experiments are carried out and the results are compared to atomistic simulations, demonstrating the 
predictive capabilities of the present model in capturing post-buckling behaviour and the main deformation 
mechanisms under large compressive deformations.  
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ABSTRACT: The unceasing upgrading of techniques and processes to fabricate high purity carbon nanotubes 
(CNTs) and the improvement of the available techniques to produce high performance matrix materials, have 
fostered the way to enhance composite materials and their properties, either mechanical, thermal, electrical or 
magnetic. CNTs reinforcements have been introduced into polymers, ceramics, cement-based materials and 
metals. Polymers were the first material to be exploited as matrix material being reinforced by CNTs. Up to 



now other materials have tentatively been investigated for that purpose, including metals. Today, many 
applications of CNT reinforced composites exist but CNT reinforced metals are still scarce and only found in 
very specific applications. Several reasons can be identified but the still growing demand for lighter and 
stronger metals paved the way to more fundamental research on the topic of CNT reinforced metal matrix 
composites (MMCs). This review describes the state-of-the art in this field and highlights the excellent and 
promising mechanical, thermal, electrical properties of CNT reinforced MMCs. 
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“Three-dimensional non-linear buckling of thick-walled elastic tubes under pressure”, International Journal of 
Non-Linear Mechanics, Vol. 48, pp 1-14, 2013 
ABSTRACT: This paper is concerned with numerical simulations of three-dimensional finite deformation of a 
thick-walled circular elastic tube subject to internal or external pressure and zero displacement on its ends. We 
formulate the system of equations that can accommodate large strain and displacement for the incompressible 
isotropic neo-Hookean material. The fully non-linear governing equations are solved using the Cþþ based 
object-oriented finite element library libMesh. A Lagrangian mesh is used to discretize the governing equations, 
and a weighted residual Galerkin method and Newton iteration solver are used in the numerical scheme. To 
overcome the sensitivity of the fully non-linear system to small changes in the iterations, the analytical form of 
the Jacobian matrix is derived, which ensures a fast and better numerical convergence than using a numerically 
approximated Jacobian matrix. Results are presented for different parameters in terms of wall thickness/radius 
ratio, and length/ radius ratio, as well as internal/external pressure. Validation of the model is achieved by the 
excellent agreement with the results obtained using the commercial package Abaqus. Comparison is also made 
with the previous work on axisymmetric version of the same system (Zhu et al., 2008 [34]; Zhu et al. 2010 
[43]), and interesting fully three-dimensional post-buckling deformations are highlighted. The success of the 
current approach paves the way for fluid–structure interaction studies with potential application to collapsible 
tube flows and modeling of complex physiological systems.  
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Martinez, R., C. A. Fierro, P. K. Shireman, and H. C. Han. “Mechanical buckling of veins under internal 
pressure”. Ann. Biomed. Eng. 38(4):1345–1353, 2010. 
ABSTRACT: Venous tortuosity is associated with multiple disease states and is often thought to be a 
consequence of venous hypertension and chronic venous disease. However, the underlying mechanisms of vein 
tortuosity are unclear. We hypothesized that increased pressure causes vein buckling that leads to a tortuous 
appearance. The specific aim of this study was to determine the critical buckling pressure of veins. We 
determined the buckling pressure of porcine jugular veins and measured the mechanical properties of these 
veins. Our results showed that the veins buckle when the transmural pressure exceeds a critical pressure that is 
strongly related to the axial stretch ratio in the veins. The critical pressures of the eight veins tested were 
14.2 ± 5.4 and 26.4 ± 9.0 mmHg at axial stretch ratio 1.5 and 1.7, respectively. In conclusion, veins buckle into 
a tortuous shape at high lumen pressures or reduced axial stretch ratios. Our results are useful in understanding 
the development of venous tortuosity associated with varicose veins, venous valvular insufficiency, diabetic 
retinopathy, and vein grafts. 
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“Determination of the critical buckling pressure of blood vessels using the energy approach”, Annals of 
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ABSTRACT: The stability of blood vessels under lumen blood pressure is essential to the maintenance of 
normal vascular function. Differential buckling equations have been established recently for linear and 
nonlinear elastic artery models. However, the strain energy in bent buckling and the corresponding energy 



method have not been investigated for blood vessels under lumen pressure. The purpose of this study was to 
establish the energy equation for blood vessel buckling under internal pressure. A buckling equation was 
established to determine the critical pressure based on the potential energy. The critical pressures of blood 
vessels with small tapering along their axis were estimated using the energy approach. It was demonstrated that 
the energy approach yields both the same differential equation and critical pressure for cylindrical blood vessel 
buckling as obtained previously using the adjacent equilibrium approach. Tapering reduced the critical pressure 
of blood vessels compared to the cylindrical ones. This energy approach provides a useful tool for studying 
blood vessel buckling and will be useful in dealing with various imperfections of the vessel wall. 
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ABSTRACT: Tortuous arteries are often associated with aging, hypertension, atherosclerosis, and degenerative 
vascular diseases, but the mechanisms are poorly understood. Our recent theoretical analysis suggested that 
mechanical instability (buckling) may lead to tortuous blood vessels. The objectives of this study were to 
determine the critical pressure of artery buckling and the effects of elastin degradation and surrounding matrix 
support on the mechanical stability of arteries. The mechanical properties and critical buckling pressures, at 
which arteries become unstable and deform into tortuous shapes, were determined for a group of five normal 
arteries using pressurized inflation and buckling tests. Another group of nine porcine arteries were treated with 
elastase (8 U/ml), and the mechanical stiffness and critical pressure were obtained before and after treatment. 
The effect of surrounding tissue support was simulated using a gelatin gel. The critical pressures of the five 
normal arteries were 9.52 kPa (SD 1.53) and 17.10 kPa (SD 5.11) at axial stretch ratios of 1.3 and 1.5, 
respectively, while model predicted critical pressures were 10.11 kPa (SD 3.12) and 17.86 kPa (SD 5.21), 
respectively. Elastase treatment significantly reduced the critical buckling pressure (P < 0.01). Arteries with 
surrounding matrix support buckled into multiple waves at a higher critical pressure. We concluded that artery 
buckling under luminal pressure can be predicted by a buckling equation. Elastin degradation weakens the 
arterial wall and reduces the critical pressure, which thus leads to tortuous vessels. These results shed light on 
the mechanisms of the development of tortuous vessels due to elastin deficiency. 
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ABSTRACT: Arteries are under significant mechanical loads from blood pressure, flow, tissue tethering, and 
body movement. It is critical that arteries remain patent and stable under these loads. This review summarizes 
the common forms of buckling that occur in blood vessels including cross-sectional collapse, longitudinal twist 
buckling, and bent buckling. The phenomena, model analyses, experimental measurements, effects on blood 
flow, and clinical relevance are discussed. It is concluded that mechanical buckling is an important issue for 
vasculature, in addition to wall stiffness and strength, and requires further studies to address the challenges. 
Studies of vessel buckling not only enrich vascular biomechanics but also have important clinical applications. 
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ABSTRACT: Tracheal cartilage has been widely regarded as a linear elastic material either in experimental 
studies or in analytic and numerical models. However, it has been recently demonstrated that, like other fiber-
oriented biological tissues, tracheal cartilage is a nonlinear material, which displays higher strength in 
compression than in extension. Considering the nonlinearity requires a more complex theoretical frame work 
and costs more to simulate. This study aims to quantify the deviation due to the simplified treatment of the 
tracheal cartilage as a linear material. It also evaluates the improved accuracy gained by considering the 
nonlinearity. Pig tracheal rings were used to exam the mechanical properties of cartilage and muscular 
membrane. By taking into account the asymmetric shape of tracheal cartilage, the collapse behavior of complete 
rings was simulated, and the compliance of airway and stress in the muscular membrane were discussed. The 
results obtained were compared with those assuming linear mechanical properties. The following results were 
found: (1) Models based on both types of material properties give a small difference in representing collapse 
behavior; (2) regarding compliance, the relative difference is big, ranging from 10 to 40% under negative 
pressure conditions; and (3) the difference in determining stress in the muscular membrane is small too: <5%. In 
conclusion, treating tracheal cartilage as a linear material will not cause big deviations in representing the 
collapse behavior, and mechanical stress in the muscular part, but it will induce a big deviation in predicting the 
compliance, particularly when the transmural pressure is lower than −0.5 kPa. The results obtained in this study 
may be useful in both understanding the collapse behavior of trachea and in evaluating the error induced by the 
simplification of treating the tracheal cartilage as a linear elastic material. 
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Mark C. Arokiaraj and Igor F. Palacios, “Finite element modeling of a novel self-expanding endovascular stent 
method in treatment of aortic aneurysms”, Scientific Reports 4, Article number: 3630, 2014 
DOI: 10.1038/srep03630 
ABSTRACT: A novel large self-expanding endovascular stent was designed with strut thickness of 70 μm × 
70 μm width. The method was developed and investigated to identify a novel simpler technique in aortic 
aneurysm therapy. Stage 1 analysis was performed after deploying it in a virtual aneurysm model of 6 cm wide 
× 6 cm long fusiform hyper-elastic anisotropic design. At cell width of 9 mm, there was no buckling or 
migration of the stent at 180 Hg. Radial force of the stents was estimated after parametric variations. In stage 2 
analysis, a prototype 300 μm × 150 μm stent with a cell width of 9 mm was chosen, and it was evaluated 
similarly after embedding in the aortic wall, and also with a tissue overgrowth of 1 mm over the stent. The 
300/150 μm stent reduced the peak wall stress by 70% in the aneurysm and 50% reduction in compliance after 
embedding. Stage 3 analysis was performed to study the efficacy of stents with struts (thickness/width) 70/70, 
180/100 and 300/150 μm after embedding and tissue overgrowth. The adjacent wall stresses were very minimal 
in stents with 180/100 and 70/70 μm struts after embedding. There is potential for a novel stent method in 



aortic aneurysm therapy. 
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“Nonlinear Correction to the Euler buckling formula for compressed cylinders with guided-guided end 
conditions”, Journal of Elasticity, Vol. 102, No. 2, pp 191-200, February 2011,  
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ABSTRACT: Euler’s celebrated buckling formula gives the critical load N for the buckling of a slender 
cylindrical column with radius B and length L as  
N/(π3B2) = (E/4)(B/L)2,  
where E is Young’s modulus. Its derivation relies on the assumptions that linear elasticity applies to this 
problem, and that the slenderness (B/L) is an infinitesimal quantity. Here we ask the following question: What 
is the first nonlinear correction in the right hand-side of this equation when terms up to (B/L)4 are kept? To 
answer this question, we specialize the exact solution of incremental non-linear elasticity for the homogeneous 
compression of a thick compressible cylinder with lubricated ends to the theory of third-order elasticity. In 
particular, we highlight the way second- and third-order constants —including Poisson’s ratio— all appear in 
the coefficient of (B/L)4.  
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ABSTRACT: The buckling of a thin elastic film bound to a compliant substrate is studied: we analyze the 
different patterns that arise as a function of the biaxial residual compressive stress in the film. We first clarify 
the boundary conditions to be used at the interface between film and substrate. We carry out the linear stability 
analysis of the classical pattern made of straight stripes, and point out secondary instabilities leading to the 
formation of undulating stripes, varicose, checkerboard or hexagonal patterns. Straight stripes are found to be 
stable in a narrow window of load parameters only. We present a weakly nonlinear post-buckling analysis of 
these patterns: for equi-biaxial residual compression, straight wrinkles are never stable and square checkerboard 
patterns are found to be optimal just above threshold; for anisotropic residual compression, straight wrinkles are 
present above a primary threshold and soon become unstable with respect to undulating stripes. These results 
account for many of the previously published experimental or numerical results on this geometry. 
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ABSTRACT: We study the buckling of a thin compressed elastic film bonded to a compliant substrate. We 
focus on a family of buckling patterns, such that the film profile is generated by two functions of a single 
variable. This family includes the unbuckled configuration, the classical primary mode made of straight stripes, 
as well the pattern with undulating stripes obtained by a secondary instability investigated in the first 
companion paper, and the herringbone pattern studied in last companion paper. A simplified buckling model 
relevant for the analysis of these patterns is introduced. It is solved analytically for moderate or for large 
residual compressive stress in the film. Numerical simulations are presented, based on an efficient 
implementation. Overall, the analysis provides a global picture for the formation of herringbone patterns under 
increasing residual stress. The film shape is shown to converge at large load to a developable shape with ridges. 
The wavelength of the pattern, selected in a first place by the primary buckling bifurcation, is frozen during the 
subsequent increase of loading. 
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“Buckling of a stiff film bound to a compliant substrate—Part III: Herringbone solutions at large buckling 
parameter”, Journal of the Mechanics and Physics of Solids, Vol. 56, No. 7, July 2008, pp. 2444-2458, 
doi:10.1016/j.jmps.2008.03.001 
ABSTRACT: We study the buckling of a compressed thin elastic film bonded to a compliant substrate. An 
asymptotic solution of the equations for a plate on an elastic foundation is obtained in the limit of large residual 
stress in the film. In this limit, the film's shape is given by a popular origami folding, the Miura-ori, and is 
composed of parallelograms connected by dihedral folds. This asymptotic solution corresponds to the 
herringbone patterns reported previously in experiments: the crests and valleys of the pattern define a set of 
parallel, sawtooth-like curves. The kink angle obtained when observing these crests and valleys from above are 
shown to be right angles under equi-biaxial loading, in agreement with the experiments. The absolute minimum 
of energy corresponds to a pattern with very slender parallelograms; in the experiments, the wavelength is 
instead selected by the history of applied load. 
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ABSTRACT: We consider the deformation of a thin elastic film bonded to a thick compliant substrate, when 
the (compressive) misfit is far beyond critical. We take a variational viewpoint – focusing on the total elastic 
energy, i.e. the membrane and bending energy of the film plus the elastic energy of the substrate – viewing the 
buckling of the film as a problem of energy-driven pattern formation. We identify the scaling law of the 
minimum energy with respect to the physical parameters of the problem, and we prove that a herringbone 
pattern achieves the optimal scaling. These results complement previous numerical studies, which have shown 



that an optimized herringbone pattern has lower energy than a number of other patterns. Our results are different 
because (i) we make the scaling law achieved by the herringbone pattern explicit, and (ii) we give an 
elementary, ansatz-free proof that no pattern can achieve a better law.  
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ABSTRACT: The wrinkling and delamination of stiff thin films adhered to a polymer substrate have important 
applications in “flexible electronics.” The resulting periodic structures, when used for circuitry, have 
remarkable mechanical properties because stretching or twisting of the substrate is mostly accommodated 
through bending of the film, which minimizes fatigue or fracture. To date, applications in this context have used 
substrate patterning to create an anisotropic substrate-film adhesion energy, thereby producing a controlled 
array of delamination “blisters.” However, even in the absence of such patterning, blisters appear 
spontaneously, with a characteristic size. Here, we perform well-controlled experiments at macroscopic scales 
to study what sets the dimensions of these blisters in terms of the material properties and explain our results by 
using a combination of scaling and analytical methods. Besides pointing to a method for determining the 
interfacial toughness, our analysis suggests a number of design guidelines for the thin films used in flexible 
electronic applications. Crucially, we show that, to avoid the possibility that delamination may cause fatigue 
damage, the thin film thickness must be greater than a critical value, which we determine. 
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ABSTRACT: Many ship accidents and casualties are caused by large freak ocean waves. Traditionally, the 
strength of ships against freak waves is assessed by means of ultimate strength evaluation, assuming quasi-static 
conditions, but the nonlinear dynamic structural response of ships to freak waves should be considered as well. 
This paper describes how the strength of a ship can be evaluated in terms of its nonlinear vertical bending 
moment (VBM). Linear dynamic VBM of a ship, which is derived from hydrodynamics, is calculated using a 
time-domain strip theory code under freak wave conditions, and the nonlinear dynamic VBM, which is 
dependent on structural nonlinearity, is calculated using a combination of quasi-static and dynamic nonlinear 
analyses based on the finite element method (FEM). The nonlinear and linear VBMs are then compared to 
assess how they differ. Then, the influence of freak wave height and wave speed on the VBMs and deformation 
is studied. 
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“The characterization of telephone cord buckling of compressed thin films on substrates”, Journal of the 
Mechanics and Physics of Solids, Vol. 50, pp 2355-2377, 2002 
ABSTRACT: The topology of the telephone cord buckling of compressed diamond-like carbon films (DLC) on 
glass substrates has been characterized with atomic force microscopy (AFM) and with the focused ion beam 
(FIB) imaging system. The profiles of the several buckles have been measured by AFM to establish the 
symmetry of each repeat unit, revealing similarity with a circular buckle pinned at its center. By making parallel 
cuts through the buckle in small, defined locations, straight-sided buckles have been created on the identical 
films, enabling the residual stress in the film to be determined from the profile. It has been shown that the 
telephone cord topology can be effectively modeled as a series of pinned circular buckles along its length, with 
an unpinned circular buckle at its front. The unit segment comprises a section of a full circular buckle, pinned to 
the substrate at its center. The model is validated by comparing radial profiles measured for the telephone cord 
with those calculated for the pinned buckle, upon using the residual stress in the film, determined as above. 
Once validated, the model has been used to determine the energy release rate and mode mixity, G(psi). The 
results for G(psi) indicate that the telephone cord configuration is preferred when the residual stress in the DLC 
is large, consistent with observations that straight-sided buckles are rarely observed, and, when they occur, are 



generally narrower than telephone cords. Telephone cords are observed in many systems, and can be regarded 
as the generic morphology. Nevertheless, they exist subject to a limited set of conditions, residing within the 
margin between complete adherence and complete delamination, provided that the interface has a mode II 
toughness low enough to ensure that the buckle crack does not kink into the substrate.  
INTRODUCTION: Residually compressed thin films on thick substrates may buckle. The buckles propagate 
beneath the film if the induced energy release rate exceeds the interface fracture toughness. The associated 
mechanics has been documented (Evans and Hutchinson, 1984; Hutchinson et al., 1992; Hutchinson and Suo, 
1992; Thouless et al., 1992; Jensen and Thouless, 1995; Evans et al., 1997; Chai, 1998; Hutchinson et al., 2000; 
Audoly, 2000; Hutchinson, 2001). The buckles exhibit several configurations: ranging from circular, to linear to 
telephone cord (Fig. 1) (Matuda et al., 1981; Gille and Rau, 1984; Lee et al., 1993; Colin et al., 2000; Moon et 
al., 2002). Straight buckles propagate with a curved front. The conditions at the stationary side and the circular 
front have been modeled and rationalized in terms of mode mixity and energy release rate (Hutchinson and Suo, 
1992; Hutchinson, 2001; Jensen and Sheinman, 2001). The corresponding mechanics for telephone cord buckles 
are less well developed. The purpose of this study is to gain some insight by performing measurements on thin 
films of diamond-like carbon (DLC) deposited onto nominally flat glass substrates and conducting a 
corresponding mechanics assessment. Such systems are typically subject to high residual compression (1–4 
GPa) and modest adhesion, causing them to be susceptible to telephone cord buckles. The profiles of telephone 
cord buckles are characterized along different chords, by using the atomic force microscope (AFM). To make a 
direct comparison between telephone cord and (the more completely understood) straight-sided buckles, the 
focused ion beam (FIB) imaging system has been used to create two parallel (damage free) cuts, converting a 
section of the former into the latter. Changes in the profile before and after cutting can be used to correlate the 
two configurations, with all other variables fixed. The ensuing measurements provide a direct assessment of the 
mechanics of telephone cord buckling.  
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ABSTRACT: The buckling and wrinkling of thin films has recently seen a surge of interest among physicists, 
biologists, mathematicians, and engineers. This activity has been triggered by the growing interest in 
developing technologies at ever-decreasing scales and the resulting necessity to control the mechanics of tiny 
structures, as well as by the realization that morphogenetic processes, such as the tissue-shaping instabilities 
occurring in animal epithelia or plant leaves, often emerge from mechanical instabilities of cell sheets. Although 
the most basic buckling instability of uniaxially compressed plates was understood by Euler more than two 
centuries ago, recent experiments on nanometrically thin (ultrathin) films have shown significant deviations 
from predictions of standard buckling theory. Motivated by this puzzle, we introduce here a theoretical model 
that allows for a systematic analysis of wrinkling in sheets far from their instability threshold. We focus on the 
simplest extension of Euler buckling that exhibits wrinkles of finite length—a sheet under axisymmetric tensile 
loads. The first study of this geometry, which is attributed to Lamé, allows us to construct a phase diagram that 
demonstrates the dramatic variation of wrinkling patterns from near-threshold to far-from-threshold conditions. 
Theoretical arguments and comparison to experiments show that the thinner the sheet is, the smaller is the 
compressive load above which the far-from-threshold regime emerges. This observation emphasizes the 
relevance of our analysis for nanomechanics applications. 
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“Multiple-length-scale elastic instability mimics parametric resonance of nonlinear oscillators”, Nature Physics, 
Vol. 7, pp 56-60, 2011, DOI: 10.1038/nphys1806 
ABSTRACT: Spatially confined rigid membranes reorganize their morphology in response to the imposed 
constraints. A crumpled elastic sheet presents a complex pattern of random folds focusing the deformation 
energy1, whereas compressing a membrane resting on a soft foundation creates a regular pattern of sinusoidal 
wrinkles with a broad distribution of energy2, 3, 4, 5, 6, 7, 8. Here, we study the energy distribution for highly confined 
membranes and show the emergence of a new morphological instability triggered by a period-doubling 
bifurcation. A periodic self-organized focalization of the deformation energy is observed provided that an up–
down symmetry breaking, induced by the intrinsic nonlinearity of the elasticity equations, occurs. The physical 
model, exhibiting an analogy with parametric resonance in a nonlinear oscillator, is a new theoretical toolkit to 
understand the morphology of various confined systems, such as coated materials or living tissues, for example 
wrinkled skin3, internal structure of lungs9, internal elastica of an artery10, brain convolutions11, 12 or formation of 
fingerprints13. Moreover, it opens the way to a new kind of microfabrication design of multiperiodic or chaotic 
(aperiodic) surface topography through self-organization. 
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“Buckling patterns of thin films on compliant substrates: the effect of plasticity”, J. Phys. D: Appl. Phys. 
Vol.44,  045401, 2011, doi: 10.1088/0022-3727/44/4/045401 
ABSTRACT: Most previous studies on spontaneous buckling pattern formations in thin films on compliant 
substrates were limited to elastic deformation, where the herringbone mode is the most often observed under 
equi-biaxial compression. In practice, plastic deformation is often encountered in ductile metal and polymer 
films. The effect of plasticity on buckling patterns is explored in this paper using extensive finite element 
simulations, where the film is assumed to be elastic–perfectly plastic. It is found that upon equi-biaxial 
compression, depending on the competition among the yield strain, critical buckling strain and applied strain, 
three new types of patterns may emerge: the plastic diamond-like pattern, the elastoplastic square lattice pattern 
and the elastoplastic sharp herringbone pattern, and their characteristics are compared with the elastic 
herringbone mode. Moreover, unique features including the asymmetry in crests and troughs, the sharp saw-like 
undulation profile and varying wavelengths with applied strain are observed for some types of the new patterns. 
The study may find its potential applications in the design of stretchable electronics, fabrication of 
micro/nanofluid channels or channel networks, and morphogenesis of tissues and plants, among others. 
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“Postbuckling of shear-deformable flat and curved panels under combined loading conditions”, International 
Journal of Mechanical Sciences, Vol. 37, No. 2, February 1995, pp. 121-143, 
doi:10.1016/0020-7403(94)E0000-9 
ABSTRACT: The static postbuckling of flat and doubly-curved shallow panels under the combined action of a 
system of uniaxial/biaxial compressive edge loads and a lateral pressure field is investigated, and the effects of 
transverse shear, initial geometric imperfections and tangential edge constraints upon load carrying capacity of 
curved panels are emphasized. Comparisons of the classical and shear deformable theories are made and issues 
related to the sensitivity to the snap-through behaviour are discussed. A variety of loading systems and panel 
geometries are considered in the numerical illustrations and pertinent conclusions related to the postbuckling 
response are outlined. 
 
 
L. Librescu and J. N. Reddy (Department of Engineering Science and Mechanics, Virginia Polytechnic Institute 
and State University, Blacksburg, VA 24061, U.S.A.), “A few remarks concerning several refined theories of 
anisotropic composite laminated plates”, International Journal of Engineering Science, Vol. 27, No. 5, 1989, 



pp.515-527, doi:10.1016/0020-7225(89)90004-9 
ABSTRACT: An analysis and comparison of several shear deformable bending theories of composite laminated 
anisotropic plates currently encountered in the field literature are given in this paper. Although apparently 
different, it is shown in a unitary way, that these theories constitute in fact only different formulations of a 
single theory, generically designated to as the moderately thick plate theory. Their connection with the first 
order transverse shear deformation theory is also emphasized and some conclusions concerning its 
shortcomings and field applicability are presented. 
 
 
L. Librescu, A. A. Khdeir and D. Frederick (Department of Engineering Science and Mechanics, Virginia 
Polytechnic Institute and State University, 24061, Blacksburg, VA, USA), “A shear deformable theory of 
laminated composite shallow shell-type panels and their response analysis I: Free vibration and buckling”, Acta 
Mechanica, Vol. 76, Nos. 1-2, 1989, pp. 1-33, doi: 10.1007/BF01175794 
ABSTRACT: This paper deals with the substantiation of a shear deformable theory of cross-ply laminated 
composite shallow shells. While the developed theory preserves all the advantages of the first order transverse 
shear deformation theory it succeeds in eliminating some of its basic shortcomings. The theory is further 
employed in the analysis of the eigenvibration and static buckling problems of doubly curved shallow panels. In 
this context, the state space concept is used in conjunction with the Lévy method, allowing one to analyze these 
problems in a unified manner, for a variety of boundary conditions. Numerical results are presented and some 
pertinent conclusions are formulated. 
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“Imperfection sensitivity and postbuckling behavior of shear-deformable composite doubly-curved shallow 
panels”, International Journal of Solids and Structures, Vol. 29, No. 9, 1992, pp. 1065-1083, 
doi:10.1016/0020-7683(92)90136-H 
ABSTRACT: The static postbuckling of simply-supported single and multilayered composite doublecurved 
shallow panels subjected to a system of in-plane compressive edge loads is studied. The effects caused by 
transverse shear deformation, lamination, the character of in-plane boundary conditions and transverse normal 
stress, are considered and a series of pertinent conclusions are outlined. Comparisons are made of the obtained 
results with their classical counterparts and conclusions related to their range of applicability arc presented. 
Moreover, by incorporating the initial geometric imperfections, their influence on the load carrying capacity of 
curved composite panels is discussed and the peculiarities of their effect as compared to the case of flat panels 
arc emphasized. 
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Institute and State University, Blacksburg, VA 24061-0219, U.S.A), “Postbuckling and vibration of shear 
deformable flat and curved panels on a non-linear elastic foundation”, International Journal of Non-Linear 
Mechanics, Vol. 32, No. 2, March 1997, pp. 211-225, doi:10.1016/S0020-7462(96)00057-1 
ABSTRACT: This study deals with the postbuckling and vibration behavior of flat and shallow curved panels 
resting on a Winkler linear/non-linear elastic foundation. The considered plate/shell structural model is based on 
a higher-order shear deformable theory and encompasses a number of effects such as transverse shear, 
geometric non-linearities and the initial geometric imperfection. Special emphasis is given to the influence 
played by Winkler's foundation moduli as well as by the previously mentioned effects upon the postbuckling 
and vibrational response in the pre/postbuckling ranges and a number of pertinent conclusions are outlined. 
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Institute and State University, Blacksburg, Virginia 24061-0219, USA), “Thermomechanical Postbuckling Of 
Geometrically Imperfect Shear–Deformable Flat And Curved Panels On A Nonlinear Elastic Foundation”, 
International Journal of Engineering Science, Vol. 36, No. 2, January 1998, pp. 189-206, doi:10.1016/S0020-
7225(97)00055-4 
ABSTRACT: The postbuckling behavior of flat/curved panels resting on a Winkler linear/nonlinear foundation, 
subjected to compressive edge loads and exposed to a nonuniform temperature field is investigated. Effects 
played by transverse shear, initial geometric imperfections, panel curvature and Winkler's foundation moduli 
are highlighted and a number of pertinent conclusions are outlined. 
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“Postbuckling of anisotropic flat and doubly-curved sandwich panels under complex loading conditions”, 
International Journal of Solids and Structures, Vol. 35, No. 23, August 1998, Pages 3007-3027, 
doi:10.1016/S0020-7683(97)00360-0 
ABSTRACT: A study of the postbuckling behavior of geometrically imperfect anisotropic sandwich doubly-
curved and flat panels subjected to a system of compressive edge loads and a lateral pressure is presented. The 
study is carried out in the context of the weak core sandwich shell model whose superior structural performance 
as compared to those of the strong core sandwich or standard laminated structures has resulted in its increased 
use in the design of advanced flight vehicles. A detailed investigation of the influence played by a number of 
kinematical and physical parameters as well as by the character of tangential boundary conditions on the load 
carrying capacity of sandwich structures is performed and pertinent conclusions are outlined. 
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“A nonlinear theory for doubly curved anisotropic sandwich shells with transversely compressible core”, 
International Journal of Solids and Structures, Vol. 40, No. 5, March 2003, pp. 1059-1088, 
doi:10.1016/S0020-7683(02)00656-X 
ABSTRACT: In the present paper, an advanced geometrically nonlinear shell theory of doubly curved structural 
sandwich panels with transversely compressible core is presented. The model is based on the adoption of the 
Kirchhoff theory for the face sheets and a second/third order power series expansion for the core displacements. 
The theory accounts for dynamic effects as well as for initial geometric imperfections. In the v. Kármán sense, 
large displacement theory is employed with respect to the transverse direction while the displacement gradients 
with respect to the tangential directions are assumed to be small. The equations of motion are derived by means 
of Hamilton’s principle and hold valid for all types of elastic and elastic–plastic material models. The theory is 
illustrated by an analysis of the elastic buckling and postbuckling behavior of flat and curved sandwich panels 
using an extended Galerkin scheme. Owing to the assumed transverse flexibility of the core, both the global and 
the local (face wrinkling) instability modes can be addressed. 
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Buckling of Sandwich Structures”, Sandwich Structures 7: Advancing with Sandwich Structures and Materials 
2005, Part 5, 2005, pp. 527-536, doi: 10.1007/1-4020-3848-8_53 
ABSTRACT: The present study is concerned with the analysis of the transient response of softcore sandwich 
structures in the postbuckling range using a higher-order geometrically nonlinear shell model including the 
transverse core compressibility. The transverse compressibility results in the development of a chaotic vibration 



with unpredictable wrinkling amplitudes and has significant effects on the eigenfrequency. 
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ABSTRACT: In the present study, the effect of the transverse compressibility of the core on the transient 
dynamic response of structural sandwich panels under rapid loading conditions is investigated. The analysis is 
based on a higher-order sandwich shell theory in an effective multilayer formulation. The model is based on the 
standard Kirchhoff–Love hypothesis for the face sheets whereas a first/second order power series expansion is 
employed for the core. Consistent equations of motion and boundary conditions are derived by means of 
Hamilton’s principle. An analytical solution is obtained by an extended Galerkin procedure. The theory is 
applied to the dynamic buckling and postbuckling analyses of plane and curved sandwich panels subjected to 
rapidly applied tangential and transverse loads. It is observed that the transverse compressibility of the core can 
have distinct effects on both, the frequency and the amplitudes of the resulting free oscillations. Due to 
interactions between the overall oscillation and a local oscillation in the presence of a face wrinkling instability 
mode, the dynamic response can be chaotic, resulting in oscillating face wrinkling instability modes with 
unpredictable amplitudes. 
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ABSTRACT: This paper is devoted to a study of the effects played by transverse core compressibility of 



sandwich plates and shells on their static and dynamic behavior. The analysis is based on a higher-order 
structural model using the standard Kirchhoff–Love assumption for the face sheets and a higher order 
displacement representation for the core layer. The model accounts for the geometrical nonlinearities that are 
considered in the von Kármán sense and for initial geometric imperfections. Transverse shear effects are 
included in the soft-core layer. Consistent equations of motion and boundary conditions are derived via the 
application of Hamilton’s principle. In the cases that are analyzed and presented in this paper, it was revealed 
that the static and dynamic buckling/response and postbuckling of flat and curved sandwich structures, are 
strongly affected by transverse compressibility of the core. It is also shown that in the context of this structural 
model, the wrinkling instability and response are captured directly from the derived governing equations, and 
not, as customarily, via a post-processing analysis. 
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ABSTRACT: Buckling loads of sandwich panels obtained by analytical calculations and FE-analysis are 
compared. Approximate buckling loads for panels with different boundary conditions have been derived using 
an energy method with deflection functions satisfying the boundary conditions. The comparison shows good 
agreement for panels with simply supported edges. In other cases the agreement is acceptable for panels with a 
length/ breadth ratio of 1 or greater. The approximate solutions can thus be used to estimate buckling loads of 
panels when designing sandwich structures. 
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ABSTRACT: This paper presents a method for calculating the critical buckling load of sandwich panels. Based 
on earlier ‘zig-zag’ models for through-thickness displacements, the transverse shear deformation of the faces is 
included, thus allowing the analysis of thick sandwich plates. Where possible, predictions have been compared 
with other workers. Also, the influence of face lay-up and plate aspect ratio are investigated. 
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ABSTRACT: The wrinkling analysis of anisotropic sandwich panels is found by developing Benson–Mayers 
unified theory for isotropic sandwich panels into general anisotropic sandwich panels. Both symmetrical and 
antisymmetrical wrinkling are analyzed and calculated simultaneously. The present method has been applied to 
orthotropic and antisymmetric cross-ply sandwich plates and the results are in good agreement with the 
published analytical and experimental results. 
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ABSTRACT: Solid unstiffened, sandwich and hat-stiffened rectangular orthotropic fiber reinforced plastic 
(FRP) plates were tested for buckling by in-plane compression and for stresses and deflections under uniform 
out-of-plane pressure. The solid unstiffened and hat-stiffened plates were 154 x 77 cm (1 x w) (72 x 36 in), 
while the sandwich plates were 102 x 77 cm (1 x w) (48 x 36 in). Balsa core was used in the sandwich plates 
and in the hat-stiffeners. The two short edges of the unstiffened and sandwich plates were clamped, while the 
two long edges were simply supported. The two long edges of the hat-stiffened plates were free, while the short 
edges were clamped. The buckling load, as well as stresses and deflections from the tests, were then compared 
to those from finite element analysis (FEA) and analytic solutions. There was reasonably good agreement 
between FEA, analytic, and experimental buckling stresses for the unstiffened solid plates. There was 
reasonable agreement in buckling stresses between FEA and experimental results for the hat-stiffened plate. 
There was poor agreement between FEA, analytic, and experimental elastic buckling results for the sandwich 
plates because they failed in local buckling prior to global buckling. Under out-of-plane uniform pressure, FEA 
and analytic solutions of the stresses and deflections for the unstiffened solid plates agreed well with 
experimental results. There was poor agreement between FEA and experimental results for stresses and 
deflections of the hat-stiffened or sandwich plates. Experimental error could be traced, in part, to plate 
fabrication, the method of applying out-of-plane pressure, edge support, and instrumentation accuracy. 
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(2) Department of Mechanical Engineering, The Johns Hopkins University, 3400 North Charles Street, 
Baltimore, MD 21218, USA 
(3) The United States Naval Academy, 590 Holloway Road, Annapolis, MD 21402-5042, USA 
“Experimental, numerical, and analytical results for buckling and post-buckling of orthotropic rectangular 
sandwich panels”, Composite Structures, Vol. 52, Nos. 3-4, May-June 2001, pp. 375-380, 
doi:10.1016/S0263-8223(01)00028-9 
ABSTRACT: Rectangular orthotropic sandwich fiber reinforced plastic (FRP) panels were tested for buckling 
in uniaxial compression. The panels, with either balsa or linear PVC foam cores, were tested in two sizes: 183 
cm◊92 cm (72 in.x36 in.) and 122 cm x 92 cm (48 in.x  36 in.) for aspect ratios of 2.0 and 1.3, respectively. The 
sandwich panels were fabricated using the vacuum-assisted resin transfer molding (VARTM) technique. The 
two short edges of the sandwich panels were clamped, while the two long edges were simply supported. The 
experimental elastic buckling loads of panels with an aspect ratio of 1.3 were 400 kN (90 klb) for balsa core 
panels and 267 kN (60 klb) for foam core panels. For balsa and foam core panels with an aspect ratio 2.0, the 
experimental buckling loads were 334 kN (75 klb) and 240 kN (54 klb), respectively. Experimental buckling 
results for balsa core panels of both sizes differed by 5 _8% from numerical and analytical results. Differences 
in experimental and predicted buckling loads for foam core panels ranged between 15% and 23%. Post-buckling 
collapse of balsa and foam core panels with an aspect ratio of 1.3 were 694 kN (156 klb) and 347 kN (78 klb), 
respectively. For balsa and foam core panels with an aspect ratio of 2.0, post-buckling collapse occurred at 592 
kN (133 klb) and 334 kN (75 klb), respectively. A numerical post-buckling analysis qualitatively followed that 
of the experimental results. 
 
 
J. C. Roberts (1 and 2), M. P. Boyle (1), P. D. Wienhold (1) and G. J. White (3) 
(1) Applied Physics Laboratory, The Johns Hopkins University, 11100 John Hopkins Road, Laurel, MD 20723-
6099, USA 
(2) Department of Mechanical Engineering, The Johns Hopkins University, 11100 John Hopkins Road, Laurel, 
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“Buckling, collapse and failure analysis of FRP sandwich panels”, Composites Part B: Engineering, Vol. 33, 



No. 4, June 2002, pp. 315-324, doi:10.1016/S1359-8368(02)00017-3 
ABSTRACT: Rectangular orthotropic fiber-reinforced plastic (FRP) sandwich panels were tested for buckling 
in uni-axial compression. The panels, with 0.32 cm (0.125 in.) face sheets and a 1.27 cm (0.5 in.) core of either 
balsa or linear poly(vinyl chloride) (PVC) foam, were tested in two sizes: 154x77 cm2 (72x36 in.2) and 102x77 
cm2 (48x36 in.2). The sandwich panels were fabricated using the vacuum-assisted resin transfer molding 
process. The two short edges of the sandwich panels were clamped, while the two long edges were simply 
supported for testing. The clamped panel ends were potted into a steel frame. The experimental elastic buckling 
loads were then measured using strain gauges fixed to both sides of the panels. A total of 12 panels were tested 
under uni-axial compression. Bifurcation in the load versus engineering strain curve was noted in all cases. For 
all six sandwich panels tested using balsa core, the type of failure was easily identified as face sheet 
delamination followed by core shear failure. For all six PVC foam core sandwich panels tested, the type of 
failure consisted of core shear failure with little or no face sheet delamination. In the failed balsa core panels 
there was little or no evidence of balsa remaining on the FRP face sheet, however, in the PVC foam core panels 
there were ample amounts of foam left on the FRP face sheet. It was concluded that although the buckling loads 
for the foam core panels were not as high as those for the balsa core panels, PVC foam core bonding to the FRP 
face sheets was superior to balsa core bonding. 
 
 
F. W. Zok, H. J. Rathbun, Z. Wei and A. G. Evans (College of Engineering III, Materials Department, 
University of California, Santa Barbara, CA 93106-5050, USA), “Design of metallic textile core sandwich 
panels”, International Journal of Solids and Structures, Vol. 40, No. 21, October 2003, pp. 5707-5722, 
doi:10.1016/S0020-7683(03)00375-5 
ABSTRACT: Metallic sandwich panels with textile cores have been analyzed subject to combined bending and 
shear and then designed for minimum weight. Basic results for the weight benefits relative to solid plates are 
presented, with emphasis on restricted optimizations that assure robustness (non-catastrophic failure) and 
acceptable thinness. Select numerical simulations are used to check the analytical results and to explore the role 
of strain hardening beyond failure initiation. Comparisons are made with competing concepts, especially 
honeycomb and truss core systems. It is demonstrated that all three systems have essentially equivalent 
performance. The influence on the design of a concentrated compressive stress that might crush the core has 
been explored and found to produce relatively small effect over the stress range of practical interest. “Angle 
ply” cores with members in the ±45° orientation are found to be near optimal for all combinations of bending, 
shear and compression. 
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(1) Department of Materials Science and Engineering, University of Virginia, Charlottesville, Virginia, 22903, 
USA 
(2) Engineering Department, University of Cambridge, UK 
(3) Department of Materials Science and Engineering, University of California at Santa Barbara, Santa Barbara, 
California, USA 
“Fabrication and structural performance of periodic cellular metal sandwich structures”, Composites Science 
and Technology, Vol. 63, No. 16, December 2003, pp. 2331-2343, Special Issue: Porous Materials, 
doi:10.1016/S0266-3538(03)00266-5 
ABSTRACT: Metallic sandwich panels with periodic, open-cell cores are important new structures, enabled by 
novel fabrication and topology design tools. Fabrication protocols based on the sheet forming of trusses and 
shell elements (egg-boxes) as well as textile assembly have allowed the manufacture of robust structures by 
inexpensive routes. Topology optimization enables control of failure mechanisms at the truss length scale, 
leading to superior structural performance. Analysis, testing and optimization have demonstrated that sandwich 
panels constructed with these cores sustain loads at much lower relative densities than stochastic foams. 
Moreover, the peak strengths of truss and textile cores are superior to honeycombs at low relative densities, 
because of their superior buckling resistance. Additional benefits of the truss/textile cores over honeycombs 
reside in their potentially lower manufacturing cost as well as in their multifunctionality. 
 



 
Y. Frostig (Israel Institute of Technology, Faculty of Civil Engineering, Haifa, 32000, Israel), “Buckling of 
sandwich panels with a flexible core—high-order theory”, International Journal of Solids and Structures, 
Vol.35, Nos. 3-4, January-February 1998, pp. 183-204, doi:10.1016/S0020-7683(97)00078-4 
ABSTRACT: The buckling behavior of sandwich panels with a core that is flexible in the out-of-plane 
direction, also denoted as “soft” core including high-order effects, is presented. The buckling analysis consists 
of the formulation of the linear and the nonlinear governing equations along with the boundary conditions. The 
sandwich panel construction is general and consists of two skin-panels, metallic or composite laminated 
symmetric that may be unidentical and a flexible isotropic or orthotropic core made of foam or a low strength 
honeycomb. The analysis uses a high-order theory formulation, which permits nonlinear distortions of the cross-
section plane of the core as well as changes in its height. The analysis determines the bifurcation loads along 
with the associated mode shapes, local or overall buckling modes, as well as deformations, internal resultants 
and stresses at skin-core interface layers due to imperfections. Numerical results using closed form solutions for 
simply-supported panels, with identical and non-identical skin-panels subjected to compressive inplane loads as 
well as imperfection analysis results, are presented. The results reveal that, under some structural 
configurations, the local buckling mode is a critical, rather than a global one as a result of the out-of-plane 
flexibility of the core. 
 
 
Y. Frostig (Faculty of Civil Engineering, Technion, Israel Institute of Technology, Haifa 32000, Israel), 
“Classical and high-order computational models in the analysis of modern sandwich panel”, Composites Part B: 
Engineering, Vol. 34, No. 1, January 2003, pp. 83-100, doi:10.1016/S1359-8368(02)00073-2 
ABSTRACT: The classical and the high-order computational models of unidirectional sandwich panels with 
incompressible and compressible cores are presented. The significant theoretical and practical differences are 
discussed and elaborated through some numerical examples of typical sandwich panels. The classical models 
considered for the incompressible panel consists of two variants of the well-known splitted rigidity approach. 
The first one, due to Allen and Plantema and many others, assumes that the plane section of the shear 
substructure takes a specific ‘zigzag’ pattern with no in-plane deformation in the face sheets and a vertical one 
when the flexural rigidity of the faces is ignored. The second model, due to Frostig, assumes that the plane 
section of the core in the shear substructure remains vertical and the face sheets are subjected to in-plane 
deformation as well as flexural ones. They are compared with the accurate incompressible model, denoted as 
ordinary sandwich panel theory (OSPT) and with the high-order sandwich panel theory (HSAPT) based on a 
variational approach. In case of a sandwich panel with a compressible core the elastic foundation models based 
are compared with the high-order one. The governing equations and the appropriate boundary conditions of the 
classical models have been rederived to clarify the ambiguity involved in the definition of the boundary 
conditions of the various computational models. The cases of simply supported panel, cantilevered and a two-
span panel are used to demonstrate numerically the differences in the overall response of the panel as well as in 
the near vicinity of the localized loads and supports. 
 
 
Mustafa Aslan (Penn State University, 227 Hammond Building, University Park, Philadelphia, PA 16802, 
U.S.A.), “The effect of multiple delamination on postbuckling behavior of laminated composite plates”, 
Composite Structures, Vol. 42, No. 1, May 1998, pp. 1-12, doi:10.1016/S0263-8223(98)00040-3 
ABSTRACT: When a laminated composite is subjected to compressive loads a delaminated region may buckle. 
This causes high interlaminar stresses at the delamination front and the delamination may grow. In this study, 
the effect of multiple delaminations on the postbuckling behavior of laminated rectangular plates is studied 
experimentally. In the experimental study extensive strain gauging is involved to obtain a thorough 
investigation of the behavior of the distribution of the surface strains on the plate. Results of the experimental 
investigation are compared with the theory developed by Chai. 
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Praha 1, Czech Republic), “Post-buckling range of plates in axial compression with uncertain initial geometric 



imperfections”, Applications of Mathematics, Vol. 47, No. 1, pp 25-44, January 2002 
ABSTRACT: The method of reliable solutions alias the worst scenario method is applied to the problem of von 
Karman equations with uncertain initial deflection. Assuming two-mode initial and total deflections and using 
Galerkin approximations, the analysis leads to a system of two nonlinear algebraic equations with one or two 
uncertain parameters-amplitudes of initial deflections. Numerical examples involve (i) minimization of lower 
buckling loads and (ii) maximization of the maximal mean reduced stress. 
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[1] Y. Ben-Haim, I. E. Elishakoff: Convex Models of Uncertainties in Applied Mechanics. Studies in Appl. Mech. 25. Elsevier, 
Amsterdam, 1990. 
[2] V. M. Broude: Limit States of Steel Beams. Nauka, Moskva, 1953. (In Russian.) 
[3] I. E. Elishakoff, G. Q. Cai and J.H. Starnes,Jr.: Non-linear buckling of a column with initial imperfection via stochastic and non-
stochastic convex models. Int. J. Non-Linear Mechanics 29 (1994), 71–82.  
[4] I. Hlavá?ek: Einfluss der Form der Anfangskrümmung auf das Ausbeulen der gedrücktenrechteckigen Platte. Acta Technica 
ČSAV (1962), 174–206. (In German.) 
[5] I. Hlavá?ek: Reliable solution of elliptic boundary value problems with respect to uncertain data. Proc. 2nd WCNA, Nonlin. Anal., 
Theory, Meth. & Appls. 30 (1997), 3879–3890. 
[6] W. J. Supple: Changes of wave-form of plates in the post-buckling range. Int. J. Solids Structures 6 (1970), 1243–1258. 
[7] S. P. Timoshenko, J. M. Gere: Theory of Elastic Stability. 2nd edn., McGraw Hill, Burr Ridge, 1961. 
[8] A. S. Volmir: Stability of Deformable Systems. Nauka, Moskva, 1967, 2nd edn. (In Russian.) 
 
 
Ole Thybo Thomsen (1) and William M. Banks (2) 
(1) Institute of Mechanical Engineering, Aalborg University, Pontoppidanstræde 101, DK-9220, Aalborg East, 
Denmark 
(2) Department of Mechanical Engineering, University of Strathclyde, James Weir Building, Montrose Street, 
Glasgow G11XJ, Scotland, UK 
“An improved model for the prediction of intra-cell buckling in CFRP sandwich panels under in-plane 
compressive loading”, Composite Structures, Vol. 65, Nos. 3-4, September 2004, pp. 259-268, 
doi:10.1016/j.compstruct.2003.11.002 
ABSTRACT: Local instability in the form of “intra-cell buckling” or “dimpling” is a well-known failure mode 
in honeycomb-cored sandwich panels with very thin faces. Most work reported on the subject suggests 
relatively simple design formulae for the estimation of the intra-cell buckling load. It is however widely known 
that these classical design formulae in some cases considerably underpredict the intra-cell buckling load. In this 
paper a series of experimental results obtained for different CFRP/honeycomb sandwich panel configurations 
loaded in compression are presented. The results confirm that the “classical” design formulae provide overly 
conservative results. During the tests the intra-cell buckling patterns were monitored carefully, and it was 
observed that the hitherto assumed buckling patterns did not correspond to the experimental observations. 
Based on these findings a new simplified design formula is suggested, which for the investigated 
CFRP/honeycomb sandwich panels provides significantly more accurate predictions than the “classical” design 
formulae. 
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“Non-linear behavior of delaminated unidirectional sandwich panels with partial contact and a transversely 
flexible core”, International Journal of Non-Linear Mechanics, Vol. 40, No. 5, June 2005, pp. 633-651, 
doi:10.1016/j.ijnonlinmec.2004.08.009 
ABSTRACT: The paper presents the results of an investigation of the non-linear behavior of delaminated 
sandwich panels with a compressible core. The delaminated zone, at one of the face-core interfaces, consists of 
through-the-width crack, which is free of shear stresses but is capable of accommodating partial contact with 
compressive stresses only within the debonded zone. The governing non-linear equations along with the 
appropriate boundary conditions and the continuity conditions are derived through variational principles. The 
governing equations include moderate deformations type of kinematic relations, and include the high-order 



effects due to the transverse flexibility of the core. The governing equations along with the stress and 
displacements fields for the core and the appropriate continuity conditions are presented. The effects of the non-
linear response and the partial contact are described through some numerical cases of three points bending 
typical sandwich panels with inner delaminations in the vicinity of a concentrated load, in the vicinity of a 
stiffened core and, finally, far from the load. Numerical results in the form of displacements, bending moments, 
shear stresses in the core and vertical interfacial normal stresses at the upper and lower face-core interfaces 
along the panel length and at the delamination crack tips are presented. Buckling curves of load versus various 
extreme structural parameters are included. The analyses show that a full contact type of delamination 
transforms into a partial contact area with buckling of the compressed face sheet, as the load is increased and it 
is associated with extreme large displacements and stresses. 
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9220 Aalborg East, Denmark), “Sandwich Materials for Wind Turbine Blades — Present and Future”, Journal 
of Sandwich Structures and Materials, January 2009, vol. 11, no. 1, pp. 7-26 
doi: 10.1177/1099636208099710 
ABSTRACT: Wind turbine blades are being manufactured using polymer matrix composite materials, in a 
combination of monolithic (single skin) and sandwich composites. Present day designs are mainly based on 
glass fiber-reinforced composites (GFRP), but for very large blades carbon fiber-reinforced composites are 
being used increasingly, in addition to GFRP by several manufacturers to reduce the weight. The size of wind 
turbines have increased significantly over the last 25 years, and this trend is expected to continue in the future. 
Thus, it is anticipated that wind turbines with a rated power output in the range of 8—10 MW and a rotor 
diameter about 170—180 m will be developed and installed within the next 10—15 years. The article presents 
an overview of current day design principles and materials technology applied for wind turbine blades, and it 
highlights the limitations and important design issues to be addressed for up-scaling of wind turbine blades from 
the current maximum length in excess of 61 m to blade lengths in the vicinity of 90 m as envisaged for future 
very large wind turbines. In particular, the article discusses the potential advantages and challenges of applying 
sandwich type construction to a larger extent than is currently being practiced for the load-carrying parts of 
wind turbine blades. 
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Northwestern University, Evanston, IL 60208-3111, U.S.A. ), “Homogenization of sandwich structures”, 
International Journal for Numerical Methods in Engineering, Vol. 61, 2004, pp. 1009–1027. 
doi: 10.1002/nme.1100 
ABSTRACT: A homogenization method is proposed for sandwich structures consisting of two plates interlaced 
with beams and shells in a periodic, lattice structure. The proposed method is a quasi-continuum approach 
where the constitutive response is obtained from the generalized forces of the interlacing elements. Buckling is 
studied as part of this model. Comparison of the homogenized model with fully discrete models show 
reasonable to very good agreement. 
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“Structurally optimized sandwich panels with prismatic cores”, International Journal of Solids and Structures, 
Vol. 41, Nos. 18-19, September 2004, pp. 5105-5124, doi:10.1016/j.ijsolstr.2004.04.027 
ABSTRACT: Multifunctional sandwich panels with corrugated and prismatic diamond cores have been 
analyzed and their behavior compared with panels designed using truss and honeycomb cores. Failure 
mechanism maps have been devised that account for interactions between core and face members during 
buckling. The optimal dimensions and the minimum weight have been evaluated. The load capacities predicted 
for near-optimal designs have been validated by conducting selected finite element calculations. Designs that 
use diamond prismatic cores (with corrugation order 4) are slightly more weight efficient than trusses, when 
optimized for a specific loading direction. Honeycomb cores, while somewhat more weight efficient, especially 
at lower load capacities, are not amenable to the fluid flows needed for cooling. We conclude that the diamond 
prismatic topology is the most weight efficient among designs amenable to simultaneous load bearing and 
active cooling. 
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“Structural performance of near-optimal sandwich panels with corrugated cores”, International Journal of Solids 
and Structures, Vol. 43, No. 16, August 2006, pp. 4888-4905, doi:10.1016/j.ijsolstr.2005.06.073 
ABSTRACT: An experimental and computational study of the bending response of steel sandwich panels with 
corrugated cores in both transverse and longitudinal loading orientations has been performed. Panel designs 
were chosen on the basis of failure mechanism maps, constructed using analytic models for failure initiation. 
The assessment affirms that the analytic models provide accurate predictions when failure initiation is 
controlled by yielding. However, discrepancies arise when failure initiation is governed by other mechanisms. 
One difficulty is related to the sensitivity of the buckling loads to the rotational constraints of the nodes, as well 



as to fabrication imperfections. The second relates to the compressive stresses beneath the loading platen. To 
address these deficiencies, existing models for core failure have been expanded. The new results have been 
validated by experimental measurements and finite element simulations. Limit loads have also been examined 
and found to be sensitive to the failure mechanism. When face yielding predominates, appreciable hardening 
follows the initial non-linearity, rendering robustness. Conversely, for designs controlled by buckling (either 
elastic or plastic) failure initiation is immediately followed by softening. The implication is that, when 
robustness is a key requirement, designs within the face failure domain are preferred. 
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International Journal of Solids and Structures, Vol. 42, No. 26, December 2005, pp. 6643-6661, 
doi:10.1016/j.ijsolstr.2005.06.044 
ABSTRACT: A general methodology for the design of strong, lightweight sandwich panels is described and 
implemented. Several core topologies are considered, including square-section truss members in pyramidal and 
tetrahedral configurations, square honeycombs, and corrugated sheets. When the number of independent design 
parameters is restricted to three, closed-form analytical solutions for the optimal design are obtained. 
Alternatively, when a fourth parameter is added (as needed to fully characterize the panel geometry), numerical 
routes are required. The results demonstrate that the three parameter optimizations yield design weights that are 
only slightly heavier than those of the fully optimized panels, provided the value of the fourth parameter is 
selected judiciously. The weight rankings of the various core topologies change with load capacity, although the 
differences between them are generally small, particularly upon comparison with the weight of a solid panel. 
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publisher and date not given in the pdf file; most recent reference is 1997. 
ABSTRACT: In an effort to improve structural design of corrugated board packages under compression load, 
buckling analysis of simply-supported corrugated board panels, which constitute the main load-bearing 
components of a compression-loaded box, has been performed. This paper focuses on prediction of effective 
(homogenised) properties of the corrugated core and the critical buckling load of a simply-supported board 
panel. An improved buckling load prediction has been obtained by incorporation of the additional moments 
produced by transverse shear deformation in the governing differential equation for equilibrium. The buckling 
load predictions are compared to previous analytical formulations, finite element analysis and experiments. 
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ABSTRACT: This study focuses on the mode dependence of delamination growth under cyclic compressive 
loads in cross-ply composite plates. The model proposed makes use of an initial postbuckling solution derived 
from a perturbation procedure. A mode-dependent crack growth criterion is introduced. Expressions describing 
the fatigue crack growth are derived in terms of the distribution of the mode adjusted energy release rate. The 
resulting crack growth laws are numerically integrated to produce delamination growth versus number of cycles 
diagrams. The model does not impose any restrictive assumptions on the relative thickness of the delaminated 
and the base plates, although transverse shear stress effects are not considered. Experimental results are 
presented for cross-ply graphite/epoxy specimens, and t'he results are compared with experimental results for 
unidirectional specimens. The test data are obtained for different delamination locations and for different values 
of applied compressive strain.  
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ABSTRACT: Buckling response of foam core sandwich composites with various core densities and implanted 
delaminations have been investigated. Klegcell foams with densities ranging from 75-300 kg/m^3 were used in 
the analysis. Various lengths of delaminations were introduced between the face sheets by implanting non-
porous Teflon during the construction of the sandwich. The idea was to determine the influence of a/L (Crack 
length over the length of specimen) on the critical strain. The study further investigated the effect of interface 
crack in controlling/accelerating the core shear and local buckling of the face sheet. Buckling tests were carried 
out with simple support end conditions on a newly designed test fixture. Both in- and out-of-plane 
displacements were recorded and were utilized in determining the critical buckling loads. Both FEM and 
analytical calculations were carried out to determine the initial and post-buckling responses. They were later 
compared with the experimental data. Failure modes with various core densitites have also been identified, and 
their relationship with interface crack propagation has been determined. Details of the experimental, finite 
element and analytical work are presented in this paper. 
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ABSTRACT: A three-dimensional (3D) finite element analysis has been conducted to examine the local 
buckling behavior of foam-cored composite sandwich panels containing a face-core debond. The influences of 
core stiffness and debond size and shape are examined. The core stiffness was found to have a profound 
influence on the local buckling load, especially for low modulus cores and smaller debonds. Panels with square 
debonds buckled at lower loads than those with circular debonds of the same dimension, and buckling loads for 
both circular and square debonds decreased with increased debond size. The results of the analysis were 
compared to local buckling loads determined experimentally. Reasonable agreement was found between the 
predicted and experimentally measured local buckling loads for both circular and square debonds. 
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“Post-buckling and debond propagation in sandwich panels subject to in-plane compression”, Engineering 
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ABSTRACT: Nonlinear finite element analysis is conducted to predict initiation of debond propagation in 
compression loaded foam cored sandwich panels containing a circular face/core debond embedded at the panel 
center. A three-dimensional geometrically nonlinear finite element model of the debonded sandwich panel 
combined with linear elastic fracture mechanics is used to determine the stress intensity factors KI and KII and 
energy release rate at the debond (crack) front parallel and perpendicular to the applied load. A range of core 
densities and debond sizes are analyzed. The opening mode (mode I) was found to dominate the fracture 
process. The critical load for crack propagation predicted using fracture mechanics concepts was found to agree 
with measured collapse loads for smaller debonds, but fell below measured debond propagation loads for larger 
debonds. In all cases the predicted direction of crack propagation was perpendicular to the loading direction, in 
agreement with experimental observations. 
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ABSTRACT: Failure of compression loaded sandwich columns with an implanted through-width face/core 
debond is examined. Compression tests were conducted on sandwich columns containing implemented 
face/core debonds. The strains and out-of-plane displacements of the debonded region were monitored using the 
digital image correlation technique. Finite element analysis and linear elastic fracture mechanics were employed 
to predict the critical instability load and compression strength of the columns. Energy release rate and mode 
mixity were determined and compared to fracture toughness data obtained from TSD (tilted sandwich debond) 
tests, predicting propagation loads. Instability loads of the columns were determined from the out-of-plane 
displacements using the Southwell method. The finite element estimates of debond propagation and instability 
loads are in overall agreement with experimental results. The proximity of the debond propagation loads and the 
instability loads shows the importance of instability in connection with the debond propagation of sandwich 
columns.  
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ABSTRACT: The object of the study was to optimize the shear buckling load of laminated composite plates. 
The laminates lacked coupling between bending and extension (B ij= 0) but had otherwise arbitrary selection of 
the ply angle variation through the thickness. The plates were rectangular and either simply supported or 
clamped on all edges. For orthotropic plates, it was seen that there is only one parameter necessary for finding 
the optimal design for different materials and plate aspect ratios. This parameter can be interpreted as the layup 
angle θ in a (+/−θ) orthotropic laminate. When bending-twisting coupling is present, the buckling strength 
depends on the direction of the applied load. A laminate with non-zero bending-twisting coupling stiffnesses 
can be described with four lamination parameters. The allowable region of these parameters was investigated, 
and an optimization of the buckling load within this region was performed. It was seen that even this is a one 
parameter problem. This parameter can be interpreted as the layup anlge θ in an off-axis unidirectional laminate 
(θ). 
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ABSTRACT: In this paper, the influence of initial imperfection and coupling between bending and extension on 
vibration, buckling and nonlinear dynamic stability of laminated plates is studied. The governing equation is 
derived. It is a nonlinear modified Mathieu Equation. Numerical solutions of 5 typical composite materials 
namely, Glass-epoxy Scotch-1002, Aramid-epoxy Kevlar-49, Boron-epoxy B4-5505, Graphite-epoxy T300-
5208 and AS-3501 are computed. Results reveal that the existence of initial imperfection, and also coupling 
effect, make the plates much more sensitive to entering parametric resonance with amplitude greater than that of 
perfect plates. Coupling effect for different composite laminates, especially, for that with few layers, is 
different. If coupling effect is neglected, the design of plate structures for buckling and dynamic stability would 
unconservatively be for more than 10%. 
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ABSTRACT: Compression wrinkling of composite sandwich panels with corrugated skins was investigated 
numerically, analytically and experimentally. Semi-circular and sine-wave shaped corrugations were studied. 
The corrugations significantly increased wrinkling strength when compared with equal mass flat panels. Semi-
circular corrugations proved to be highly preferable to sine-wave shaped corrugations due to localized buckling 
in the latter. Over 40 fiberglass and foam core sandwich specimens were manufactured with semi-circular skin 
corrugations. These specimens were tested to failure, providing confirmation of the numerical and analytical 
results. 
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ABSTRACT: The non-classical problem of buckling of a simply-supported rectangular plate due to various 
types of non-uniform compressive edge loads is analysed here. For each case, the elasticity solution for the 
internal in-plane stress field is obtained rigorously using a superposition of Airy’s stress functions and also 
approximately using extended Kantorovich method. Subsequently, the convergent buckling loads are obtained 
using Galerkin’s method. Results are presented to highlight the dependence of the total buckling load and the 
corresponding buckled shape on the edge load distribution, as well as to illustrate the applicability of the 
approximate plane stress solutions.  
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Bhaskar Mondal, M. Ganapathi and Amit Kalyani (Material System Technology, GRC (JFWTC), General 
Electric India Technology Centre, Bangalore 560 066, India), “On the elastic stability of simply supported 
anisotropic sandwich panels”, Composite Structures, Vol. 80, No. 4, October 2007, pp. 631-635, 
doi:10.1016/j.compstruct.2006.07.008 
ABSTRACT: Here, the elastic stability behavior of simply supported anisotropic sandwich flat panels subjected 
to mechanical in-plane loads is investigated using an analytical approach. The formulation is based on first-
order shear deformation theory and the shear correction factors employed are based on energy consideration 
that depends on the lay-up as well as material properties. The governing equations are obtained using the 
Raleigh–Ritz method assuming a combination of sine and cosine functions in the form of double Fourier series 
for the displacement fields. The effectiveness of the integrated formulation is tested for global characteristics 
considering examples related to multi-layered laminates and sandwich panels for which solutions are available. 
 
M. Ganapathi, Amit Kalyani, Bhaskar Mondal, and T. Prakash. Free vibration analysis of simply supported 
composite laminated panels. Compos. Struct, 90:100–103, 2009.  
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Fujita Katsuhisa, “Study on Elasto-plastic Deformation and Buckling Phenomena of Thin Cylindrical Shell 
Subjected to Simultaneous Horizontal and Vertical Excitations”, Dynamics & Design Conference, pp. 425, 
(2006) (in Japanese) 
ABSTRACT: This study treats the elasto-plastic deformation and buckling behavior of thin cylindrical shell 
subjected to multi-directional excitations. A steel cylindrical pier is modeled as a thin cylindrical structure with 
an attached mass on its tip. Numerical simulations are carried out, where the horizontal and the vertical seismic 
loads are applied simultaneously. The effects of the horizontal and vertical input frequencies and input 
accelerations on the dynamic behaviors are studied, under both the elastic shell assumption and the elasto-
plastic shell assumption. It is found that flattening phenomena will occur for the elastic shell and the buckling 
phenomena similar to that found in Hyogo Ken Nambu Earthquake occurs for the elasto-plastic shell. 
 
 
Katsuhisa Fujita and Makoto Kato (Mechanical Systems Engineering, Osaka Prefecture University, Japan), 
“Instability of an axial annular flow-induced vibration of thin cylindrical shells having freely supported end”, 
Transactions of the Japan Society of Mechanical Engineers Series C, Vol. 72, No. 716, pp 1100-1108, 2006 
ABSTRACT: When thin cylindrical shells having freely supported end such as heat-shielding shells of after-
burners, labyrinth air seals and annular structures in large diameter pipings are subjected to axial annular flow, 
an unstable vibration and a fatigue failure are apt to be occurred. In this paper, the unstable vibration of thin 
cylindrical shells is investigated cconsidering the fluid structure interaction between shells and fluid flowing 
through a narrow passage. The coupled equation of motion between shells and fluid is derived using Flügge's 
shell theory and Navier-Stokes equation. Especially, focusing on the higher circumferential vibrations, the 
unstable phenomenon of thin cylindrical shells is clarified by using root locus based on the complex eigenvalue 
analysis by using the mode functions obtained by the exact solution. The influence of shell-dimensions and so 
forth on the threshold of the instability of the coupled vibration of shells and flowing fluid are investigated and 
discussed. 
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Motohiro Sato and Minoo H. Patel (Hokkaido University, Kita 13 Nishi 8, Kita-ku, Sapporo, 060-8628, Japan), 
“Exact and simplified estimations for elastic buckling pressures of structural pipe-in-pipe cross sections under 
external hydrostatic pressure”, Journal of Marine Science and Technology, Vol. 12, No. 4, pp 251-262, 
November 2007 
ABSTRACT: Structural pipe-in-pipe cross sections have significant potential for application in offshore oil and 
gas production systems because they combine thermal insulation performance with structural strength and self 
weight in an integrated way. Such cross sections comprise inner and outer thin-walled pipes with the annulus 
between them fully filled by a selectable filler material to impart an appropriate combination of properties. 
Structural pipe-in-pipe cross sections can exhibit several different collapse mechanisms, and the basis of the 
preferential occurrence of one over the others is of interest. This article presents an exact analysis for predicting 
the elastic buckling behaviours of a structural pipe-in-pipe cross section when subjected to external hydrostatic 
pressure. Simplified approximations are also investigated for elastic buckling pressure and mode when the outer 
pipe and its contact with the filler material is considered as a pipe on an elastic foundation. Results are 
presented to show the variation of elastic buckling pressure with the relative elastic modulus of the filler and 
pipe materials, the filler thickness, and the thicknesses of the inner and outer pipes. Case studies based on 



realistic application scenarios are used to show that the simplified approximations are sufficiently accurate for 
practical structural design purposes. 
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James M. Hill (Department of Theoretical Mechanics, University of Nottingham, UK), “Critical Pressures for 
the Buckling of Thick-Walled Spherical Shells under Uniform External Pressure”, The Quarterly Journal of 
Mechanics & Applied Mathematics, Vol. 29, No. 2, pp. 179-196, 1976, DOI: 10.1093/qjmam/29.2.179 
ABSTRACT: For isotropic incompressible hyperelastic materials the problem of determining the critical 
pressure at which a thick-walled spherical shell buckles when subjected to a uniform external pressure involves 
solving a fourth-order system of highly non-homogeneous ordinary differential equations. Closed-form 
solutions of this system are derived here for a particular hyperelastic material which has not been studied 
previously. These solutions are used to derive the buckling criterion, and numerical values are obtained for the 
resulting critical pressures. For thin shells these values are in agreement with classical thin-shell theory while 
for thicker shells close agreement is obtained with existing results for the neo-Hookean material. However for 
thin shells the predicted buckling mode is different from that given by previous authors. It can be shown from 
previously published experimental results on simple extension and simple compression that the new strain-
energy function is a valid prototype for vulcanized rubber over a limited range of deformation and moreover 
that it agrees with the neo-Hookean theory for small strains. 
 
 
Kimio Yokota, Naochika Nanba, Yutaka Yamauchi, Yoshio Urabe and Kinji Baba, “Research on general 
instability of cylindrical shells reinforced by ring stiffeners under uniform pressure, Journal of the Society of 
Naval Architects of Japan, Vol. 1985, No. 158, pp 406-419, 1985 
ABSTRACT: General instability is one of the important collapse modes of cylindrical shells reinforced by ring 
stiffners under uniform pressure. Few research, however, has appeared in this field because of difficulties and 
complexity of the problem. Pressure hulls of deep diving submersibles have been designed on the basis of 
research works which were developed under idealized conditions for boundaries, stress-strain relations, and 
geometries. Recently, the development of high strength materials and the increase of operating pressure and 
diameter of pressure hulls have brought a change in proportion of primary structural members of cylindrical 
ring-reinforced shells, which leads to the review of the design procedure. In order to satisfy the above-
mentioned requirements, pressure hulls should be designed on a reasonable basis. In the present paper, the 
elasto-plastic analysis of the general instability of ring reinforced cylindrical shells is performed on the basis of 
the finite element method, and results obtained are compared with collapse tests using two machined models 
and one welded model, which shows good coincidence with the theory. On the basis of a series of calculation, 
the authors propose a design criteria for the pressure hulls of deep diving submersibles. Futheremore, they 
investigate the influence of boundary conditions and initial imperfections on the general instability theoretically. 
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Anonymous, “Non-deterministic dynamic instability of composite shells”, (publisher and date not given), 
NASA Technical Reports Server (NTRS) 
ABSTRACT: A computationally effective method is described to evaluate the non-deterministic dynamic 
instability (probabilistic dynamic buckling) of thin composite shells. The method is a judicious combination of 
available computer codes for finite element, composite mechanics, and probabilistic structural analysis. The 
solution method is incrementally updated Lagrangian. It is illustrated by applying it to thin composite 
cylindrical shell subjected to dynamic loads. Both deterministic and probabilistic buckling loads are evaluated 
to demonstrate the effectiveness of the method. A universal plot is obtained for the specific shell that can be 
used to approximate buckling loads for different load rates and different probability levels. Results from this 
plot show that the faster the rate, the higher the buckling load and the shorter the time. The lower the 
probability, the lower is the buckling load for a specific time. Probabilistic sensitivity results show that the ply 
thickness, the fiber volume ratio and the fiber longitudinal modulus, dynamic load and loading rate are the 
dominant uncertainties, in that order. 
 
 
Chihdar Yang, Su-Seng Pang, Yi Zhao (Department of Mechanical Engineering Louisiana State University 
Baton Rouge, LA 70803-6413), “Buckling Analysis of Thick-Walled Composite Pipe under External Pressure”, 
Journal of Composite Materials, February 1997, vol. 31, no. 4, pp. 409-426, doi: 10.1177/002199839703100405 
ABSTRACT: Composite pipe has been used in transporting corrosive fluid in many chemical processes in the 
petrochemical and pulp and paper industries. It is often subjected to external pressures due to process conditions 
(vacuum), water hammer, pump suction, and differences in elevation head. Most composite pipe designers are 
currently using traditional metallic pipe standards which do not take into account the anisotropic nature of 
composite materials. An analytical model for the buckling of orthotropic composite pipe under external pressure 
has been developed in this study. In this study, first-order laminated anisotropic plate theory was used to 
construct models of the kinematic and constitutive behavior of the composite cylinders. The Ritz Method was 
then applied to determine the buckling load under external pressure. Results obtained from the developed model 
were compared with the theory derived by Flügge for the case of metallic pipe. Due to the inclusion of shear 
deformation, the new model gave lower buckling loads than Flügge's results especially for the case of thick-



walled pipe. Good agreement was found when comparing the developed model with experimental results 
provided by Fibercast Company following ASTM D 2924 for centrifugally cast composite pipe. 
 
 
S.M. Jun and C.S. Hong (Department of Mechanical Engineering, Korea Advanced Institute of Science and 
Technology, P.O. Box 150, Chongyang, Seoul, Korea), “Buckling behavior of laminated composite cylindrical 
panels under axial compression”, Computers & Structures, Vol. 29, No. 3, 1988, pp. 479-490, 
doi:10.1016/0045-7949(88)90400-2 
ABSTRACT: The buckling behavior of [0/+theta/-theta,90]S laminated cylindrical panels under axial 
compression is investigated by a parametric study on fiber angles and panel widths. The shape of the buckled 
panel and the buckling mode are influenced by the change of fiber angles. When the fiber angle is not 0 or 90°, 
panels are deformed into the twisted shape due to the bending-twisting coupling even for symmetric laminates. 
The fiber angle for the maximum buckling stress of the laminated cylindrical panel depends upon the panel 
width 
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(2) LGMT, Bat 3PN, Université Paul Sabatier, 118 Rte de Narbonne, 31062, Toulouse, France 
(3) Eurocopter France, 13725, Marignane, France 
“Theoretical and experimental analysis of asymmetric sandwich structures”, Composite Structures, Vol. 55, 
No.3, February-March 2002, pp. 295-306, doi:10.1016/S0263-8223(01)00156-8 
ABSTRACT: A new technology known as asymmetric sandwich structures is now used for the design of 
lightweight structures. Static failure tests demonstrate the high performance of this technology and show its 
original mechanical behavior. Due to this complex mechanical behavior, the use of non-linear finite element 
models in the pre-project phase is a long, expensive process. This paper presents a specific theory which 
enables faster design loops. The theory is first validated by comparison to numerical models and is then used to 
correlate structural tests on asymmetric sandwich plate under combined compression/shear loadings. The tests 
were conducted on original test equipment designed to investigate the capabilities of this technology. 
 
 
B. Hao, C. Cho and S. W. Lee (Department of Aerospace Engineering, University of Maryland, College Park, 
MD 20742), “Buckling and postbuckling of soft-core sandwich plates with composite facesheets”, 
Computational Mechanics, Vol. 25, No. 5, 2000, pp. 421-429, doi: 10.1007/s004660050489 
ABSTRACT: Finite element analysis is conducted to investigate the effect of coupling between the stiff 
facesheets and the flexible core on the stability of sandwich plates. The facesheets and the core are treated 
separately as three-dimensional solids. Initially, linear buckling analysis was carried out to determine the 
buckling loads for a wide range of the facesheet stiffness and core stiffness. Numerical results indicate that, for 
sandwich plates with a soft core such as PVC foam, the model that smears the facesheets and core overestimates 
the initial buckling load, demonstrating the importance of treating the facesheets and the core separately. 
Subsequently, postbuckling analysis was carried out. Numerical results show that, for sandwich plates with a 
soft core, the postbuckling behavior is unstable in that static equilibrium cannot be maintained once the 
buckling initiates. 
 
 
Moy, S. S. J. (1) and Lam, S. S. E. (2),  
(1) Southampton University 
(2) Birmingham University 
“Geometrically non-linear analysis of shell structures. Communications in Applied Numerical Methods, Vol. 7, 
No. 5, July 1991, pp. 377–391. doi: 10.1002/cnm.1630070505 
ABSTRACT: The paper presents a finite element formulation for the geometrically non-linear analysis of 
shells. The formulation is based on the Hellinger—Reissner approach and uses internal transverse shear stress 
unknowns to alleviate the problem of shear locking. A ring and a quadrilateral element are presented, together 



with three examples which demonstrate the accuracy of the elements. 
 
 
Andrzej Ambroziak (Dept. of Structural Mechanics and Bridges Structures, Civil and Environmental 
Engineering, Gdansk University of Technology, Poland), “Geometrically non-linear analysis of shells”, Task 
Quarterly, Vol. 10, No. 3, pp 239-251, (date not given in the pdf file; probably 2006 or 2007. 
ABSTRACT: The work’s aim has been to verify the suitability of commercial engineering software for 
geometrically non-linear analysis of shell structures. The paper deals with static, geometrically non-linear 
analysis of shells made of isotropic materials. The Finite Element Method (FEM) has been chosen to solve the 
problem. The results of the ROBOBAT Robot Millennium v. 19.0 and MSC.Marc v. 2005r2 commercial 
software are compared with the literature results. 
 
 
Cengiz Polat and Zulfu Cinar Ulucan, Dept. of Civil Engineering, Firat University, Turkey), “Geometrically 
non-linear analysis of axisymmetric plates and shells”, International Journal of Science & Technology, Vol. 2, 
No. 1, pp 33-40, 2007 
ABSTRACT: A geometrically nonlinear formulation is presented for the axisymmetric plate and shell 
structures. The formulation is based on the total Lagrangian approach. The nonlinear equilibrium equations are 
solved using the Newton-Raphson method. Different numerical examples are performed to obtain the 
geometrically non-linear behaviour of axisymmetric plates and shells.  
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A. K. Nayak and R. A Shenoi (School of Engineering Sciences, University of Southampton, Highfield, 
Southampton SO17 1BJ, UK), “Assumed Strain Finite Elements for Buckling and Vibration Analysis of 
Initially Stressed Damped Composite Sandwich Plates”, Journal of Sandwich Structures and Materials, July 
2005, vol. 7, no. 4, pp. 307-334, doi: 10.1177/1099636205050084 
ABSTRACT: This paper deals with buckling and vibration analysis of initially stressed damped composite 
sandwich plates using assumed strain finite elements. A family of plate bending elements containing nine 
degrees of freedom per node are developed based on a refined higher-order shear deformation theory. The 
higher-order theory contains in-plane displacements that are expanded to include the higher-order terms in the 
Taylor series expansion as a result of which there is no need for shear correction factors. The popular assumed 
strain concept is used to ensure that the developed four- and nine-node elements pass the patch test and show no 
signs of shear locking and spurious zero energy modes in the present finite element formulations. Parametric 
studies are carried out to study the behavior of length to thickness ratios, boundary conditions, fiber orientations 
on vibration, and buckling of damped composite sandwich plates. 



 
 
A.K. Nayak, S.S.J. Moy and R.A. Shenoi (Ship Science, School of Engineering Sciences, University of 
Southampton, Highfield, Southampton SO17 1BJ, UK), “A higher order finite element theory for buckling and 
vibration analysis of initially stressed composite sandwich plates”, Journal of Sound and Vibration, Vol. 286, 
Nos. 4-5, September 2005, pp. 763-780, doi:10.1016/j.jsv.2004.10.055 
ABSTRACT: A simple isoparametric assumed strain finite element formulation incorporating a third-order 
polynomial displacement model for the buckling and vibration analysis of initially stressed composite sandwich 
laminates is presented. The displacement model involves a nonlinear distribution of in-plane displacements 
through the plate thickness; the theory does not require shear correction coefficients. A nine-noded quadratic 
Lagrangian two-dimensional element is used with three displacements, two rotations of the normals about the 
plate midplane, and two warps of the normals. Full integration is carried out to evaluate various terms in the 
energy formulation. A consistent mass matrix is employed to preserve the total kinetic energy of the system. 
The accuracy of the present formulation is verified with the existing results in the literature. Numerical results 
are presented for the stability and free vibration of initially stressed composite sandwich plates. 
 
 
Yetman, Joanne & Sobey, Adam & Blake, James & Shenoi, R. (2015). “Investigation into Skin Stiffener 
Debonding of Top-Hat Stiffened Composite Structures”. Composite Structures. 132. . 
10.1016/j.compstruct.2015.06.061. 
ABSTRACT: Top-hat stiffened plates provide an efficient structure for engineering applications. During service 
debonding between the stiffener and the plate is often observed and parametric studies of open section stiffeners 
have shown that debond size and location have a significant effect on the damage mode of the panel. However, 
these studies do not consider the interaction of failure modes and do not assess the ultimate failure of the 
structure. In this paper top-hat stiffened composite structures are assessed considering debond damage between 
the stiffener and plate. A non-linear finite element model is used to perform a parametric study on the effect of 
both damage and the panel’s geometry on the failure modes, ultimate strength and its damage tolerance. Results 
show that top-hat stiffened panels exhibit a trend between ultimate strength and the debond size with crack 
initiation not necessarily propagating. Geometric imperfections accelerate buckling but can provide an arrest 
point for crack propagation. 
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(1) Harbin Engineering University, China  
(2) University of Strathclyde, UK  
(3) University of Southampton, UK  
“The application of reliability methods in the design of tophat stiffened composite panels under in-plane 
loading”, (publisher and date not given in the pdf file. The latest citation is 2009. Perhaps November 2013?) 
ABSTRACT: Composite materials have been widely used in modern engineering fields such as aircraft, space 
and marine structures due to their high strength-to-weight and stiffness-to-weight ratios. However, structural 
efficiency gained through the adoption of composite materials can only be guaranteed by understanding the 
influence of production upon as-designed performance. In particular, topologies that are challenging to 
production including panels stiffened with pi or tophat stiffeners dominate many engineering applications and 
often observe complex loading. The design of stiffened composite panels against buckling is a key point of 
composite structures. While a growing number of studies are related to the reliability analysis of composites 
few of these relate to the local analysis of more complicated structures. Furthermore for the assessment of these 
structures in a design environment it is important to have models that allow the rapid assessment of the 
reliability of these local structures. This paper explores the use of a stochastic approach to the design of 
stiffened composite panels for which typical applications can be found in composite ship structures. A 
parametric study is conducted using Navier grillage theory and First-order Reliability Methods to investigate 
any detectable trend in the safety index with various design parameters. Finally, recommendations are made to 
provide guidance on applications.  
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“The application of reliability based optimization of tophat stiffened composite panels subject to bi-directional 
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ABSTRACT: Stiffened composite panels are used within many applications, from aerospace to marine 
applications. Stiffened panels are utilized for their high strength to weight ratio and flexibility of layups while 
counteracting the low stiffness exhibited by composites. Complications arise when attempting to utilize the full 
variability of layups in conjunction with reliability constraints creating a complex design problem when 
constrained by both buckling and material strength. To aid the process of optimizing the design of composite 
structures and layups, while ensuring a low mass, this paper presents a bi-level optimization scheme for 
minimization of the weight of tophat stiffened composite panels with probabilistic deflection constraints. To 



improve the computational efficiency, an energy based grillage method is formulated and applied for the 
investigation of buckling problems under bi-directional in-plane loads. The method is validated by comparing 
the results obtained from FE model calculations. The variables that have a large impact on the structural safety 
have been identified by both safety index and COV based reliability analysis. A parametric study of plate 
dimensions and loading ratios is conducted to investigate the coupling effects on critical buckling load. The 
method presented in this paper, makes it possible for engineers to improve their designs, at an early stage, with 
an integrated consideration between product performance and design parameters.  
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100 44 Stockholm, Sweden), “Optimum design of sandwich constructions”, Computers & Structures, Vol. 25, 
No. 1, 1987, pp. 51-68, doi:10.1016/0045-7949(87)90217-3 
ABSTRACT: Finite element analysis and the optimization problem of sandwich constructions are treated. The 
thicknesses of the face plates and the core are used as design variables. The hybrid approximation technique in 
combination with the dual method from mathematical programming is used. Three examples are solved using 
six-nodal triangular and eight-nodal quadrilateral sandwich shell elements. 
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Computers & Structures, Vol. 55, No. 3, May 1995, pp. 485-493, doi:10.1016/0045-7949(95)98874-P 
ABSTRACT: General buckling analysis of composite sandwich constructions is treated in this paper. Two 
modes of buckling exist in an elastic structure under certain loading cases, that is, bifurcation point buckling 
and extreme point buckling. This paper is concerned with bifurcation point buckling. The energy criterion is 
used for deriving the theoretical formulae. According to the energy criterion, the positive two-order variation of 
the general potential energy, π, for an elastic mechanics system is necessary and sufficient condition to ensure a 
stable static balance state. The sandwich construction would not support loads and would suffer failure if 
general instability occurred on it. In the general buckling analysis, the formulae are based on the finite element 
method of linearity theory. The critical stress control equations corresponding to the bifurcation point buckling 
can be obtained by commanding two-order variation of the general potential energy, π, to equal zero. The 
critical load corresponding to structural general instability can be given by solving the generalized eigenvalue 
problem. It is shown by four numerical examples that the calculated results and accuracy are satisfied under a 
set of computation equations derived in this paper. 
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University, Hsinchu, Taiwan), “Buckling of unstiffened/stiffened orthotropic foam sandwich cylindrical shells”, 
Chapter in Composite Strudtures 3, edited by I.H. Marshall, Springer, 1985, pp 452-467 
ABSTRACT: This paper presents buckling of unstiffened/stiffened orthotropic foam sandwich cylindrical shells 
simply supported at both ends. For the unstiffened cylinders, five equations of equilibrium are derived in terms 
of the mid-surface displacements and cross-section rotations according to the thick shell theory. Critical 
buckling loads are obtained by modal expansion under the loading conditions of axial compression, lateral 
pressure and torsional load with reasonable results. The stiffened cases are investigated by using the principle of 
minimum potential energy and smear-out technique typical of the fewer discrete and closely spaced small 
stiffeners. Critical buckling loads and mode shapes are obtained for cylinders with 4 and 20 stiffeners 
respectively. 
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ABSTRACT: This paper is concerned with the semi-analytical solution for the axisymmetric buckling for 
perfect complete thick orthotropic spherical shells and hemispherical shells under various edge conditions, 
subjected to uniform full external pressures. The meridional and radial mid-surface displacements and the 
circumferential cross-sectional rotation are expressed as an expansion in Legendre polynomials respectively in 
the meridional coordinate. Transverse shear strain effects are included in the energy formulation of small 
strains. The solutions are achieved directly by use of the Ritz method without considering the force and moment 
equilibrium and solving the complicated governing equations. Critical buckling loads and the various modes are 
found from the equations by use of orthogonality and some integral relations. 
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and Vibration, Vol. 230, No. 5, March 2000, pp. 1009-1030, 
doi:10.1006/jsvi.1999.2454 
ABSTRACT: A three-dimensional vibration study is presented using the three-dimensional theory developed by 
Chaoet al. [34–39] for a variety of simply supported shallow spherical, cylindrical, plate, and saddle 
(hyberbolic) panels in rectangular planform. A complete survey and comparison of existing literature have been 
made with excellent lowest frequencies via a 3-D augmented energy variational approach. In all of these shell 
configurations, natural frequencies are noted to decrease in the above-mentioned order according to minimum 
total potential energy in the natural state. 
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ABSTRACT: A simple C0 isoparametric finite element formulation based on a shear deformable model of 
higher-order theory using a higher-order facet shell element is presented for the free vibration analysis of 
isotropic, orthotropic and layered anisotropic composite and sandwich laminates. This theory incorporates a 
realistic non-linear variation of displacements through the shell thickness, and eliminates the use of shear 
correction coefficients. The validity and efficiency of the present formulation is established by obtaining 
solutions to a wide range of problems and comparing them with the available three-dimensional closed-form 
and finite element solutions. In addition, other plate and shell solutions of different kind and available in the 
literature are also compiled and tabulated for the sake of completeness. The parametric effects of degree of 
orthotropy, length-to-thickness ratio, plate aspect ratio, number of layers and fibre orientation upon the 
frequencies and mode shapes are discussed. 
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Silvestre, N. and Camotim, D. (2006). GBT-based local and global vibration analysis of loaded composite thin-
walled members. International Journal of Structural Stability and Dynamics, 6(1):1–29 
ABSTRACT: This paper begins by presenting a Generalized Beam Theory (GBT) formulation for analyzing the 
vibration behavior of loaded composite thin-walled members, which accounts for the effects of (i) cross-section 
in-plane deformation, (ii) shear deformation, (iii) geometric and material coupling, (iv) primary, secondary and 
non-linear warping, and (v) rotary inertia. This formulation is then used to investigate the local and global 
vibration behavior of lipped channel columns and beams displaying cross-ply orthotropy, focusing on issues 
dealing with the variation of the fundamental frequency and vibration mode nature with the member length and 
applied stress level. For validation purposes, some GBT-based results are also compared with values obtained 
by means of 4-node shell finite element analyses using ABAQUS. Some relevant conclusions are drawn 
concerning the dependence of the member vibration mode shape (wave number) on the compression/bending 
level (applied-to-critical ratio).  
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E. Carrera (DIAS Politecnico di Torino, 10129, Torino, Italy), “The effects of shear deformation and curvature 
on buckling and vibrations of cross-ply laminated composite shells”, Journal of Sound and Vibration, Vol. 150, 
No. 3, November 1991, pp. 405-433, doi:10.1016/0022-460X(91)90895-Q 
ABSTRACT: On the basis of Flügge's approximations and with account taken of the transverse shear 
deformation (SDT) and all rotatory inertias, the equations of in-plane buckling and free vibrations of multi-
layered, anisotropic, doubly curved shells are presented. As a particular case, the equations relative to Love's 
approximations and Donnell's approximations and as well as of the corresponding classical theories (CLT) are 
derived. Analytical exact solutions are presented for buckling under axial compression and free vibrations of 
cross-ply laminated, simply supported, circular cylindrical and spherical composite shells. Depending on 
geometric parameters of the shell (length to radius ratio a/R, length to thickness ratio a/h and radius to thickness 
ratio R/h), numerical results (in tables and figures) are quoted to compare the different theories, and some trends 
are singled out about the effects of both transverse shear deformations and curvatures of the shell. Particular 
attention is given to the application of Flügge's approximations in which are presented solutions of the 
equilibrium equations containing terms of the same order in h/R. Finally, the effects of coupled out-of-plane 
stiffnesses on the theories is investigated. 
 
 
Erasmo Carrera and Michele Villani (DIAS - Politecnico di Torino, Corso Duca degli Abruzzi, 24 - 10129, 
Torino, Italy), “Large deflections and stability FEM analysis of shear deformable compressed anisotropic flat 
panels”, Composite Structures, Vol. 29, No. 4, 1994, pp. 433-444, doi:10.1016/0263-8223(94)90112-0 
ABSTRACT: This paper deals with the non-linear analysis of multilayered axially compressed plates in the 
static elastic conservative cases. A finite element model based on a Reissner-Mindlin theory involving von 
Kármán nonlinearity is developed. Results related to the classical Kirchhoff plate approximations are obtained 
via application of a penalty technique to the shear correction factor. The numerical investigations have 
concerned the large deflections and postbuckling behaviour of symmetrically and non-symmetrically 
anisotropic flat panels. The main conclusions are: (1) the non-linear effects very much depend on lay-up and 
boundary conditions, moreover for the asymmetric laminated long plates the snapping-type instability occurs; 
(2) the shear deformation effects are very much subordinate to both multilayered lay-up and load levels, 
furthermore they are greater in the large deflections field; (3) it has been observed that in the neighbourhood of 
a singularity (of buckling point type) of the tangent stiffness matrix, the use of an arc-length type algorithm 
could lead to a new buckled path and that happens without employing an appropriate turning bifurcation 
algorithm with an accompanying eigenvalues calculation, but via a non-convergent iteration in the loadstep. 
 
 
E. Carrera (Department of Aeronautics and Aerospace Engineering, Politecnico di Torino, Corso Duca degli 
Abruzzi, 24, 10129, Torino, Italy), “A Study of Transverse Normal Stress Effect on Vibration of Multilayered 
Plates and Shells”, Journal of Sound and Vibration, Vol. 225, No. 5, September 1999, pp. 803-829, 
doi:10.1006/jsvi.1999.2271 
ABSTRACT: This paper evaluates transverse normal stress sigmazz effect on vibration of multilayered 
structures. To this purpose a mixed plate model initially introduced by Toledano and Murakami has been 
extended to dynamics analysis of double curved shells. These models allow both continuous interlaminar 
transverse shear and normal stresses as well as the zigzag form of the displacement distribution in the shell 
thickness directions to be modelled. Governing equations have been derived by employing a Reissner's mixed 
theorem. Classical models on the basis of standard displacement formulations have been considered for 
comparison purposes. The evaluations of transverse stress effects have been conducted by comparing constant, 
linear and higher order distributions of transverse displacement components in the plate thickness directions. 
Free vibrational response of layered, simply supported plates, cylindrical and spherical shells made of isotropic 
as well as orthotropic layers has been analyzed. The numerical investigation carried out and comparison with 
earlier results has concluded that: 
1. The possibility of describing interlaminar continuous transverse normal stress makes the mixed theories more 
attractive with respect to other available modelling. 



2. Any refinements of classical models are meaningless, unless the effects of interlaminar continuous transverse 
shear and normal stresses are both taken into account in a multilayered shell theory. 
 
 
E. Carrera, L. Mannella, G. Augello, et al, “A two-level optimization feature for the design of aerospace 
structures”, Proceedings of the…2003 – Prof Eng Publishing (A click on this entry takes us to a journal name, 
not to the paper. Therefore, more information about the authors and date of publication and abstract are not 
available for this citation) 
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“Refined Beam Elements for the Multiscale Analysis of Fiber-Reinforced Composite Structures”, 16th 
International Conference on Composite Structures ICCS 16, edited by  A. J. M. Ferreira, 2011 
ABSTRACT: Beam models are widely used to investigate the mechanical behavior of slender bodies such as 
aircraft wings, wind turbines, and slender bridges. Classical beam theories are those by Euler-Bernoulli and 
Timoshenko [1] which are particularly effective in analyzing the bending of compact slender structure made of 
isotropic materials. As the structure becomes thin-walled, short, or composite materials are used, classical 
model validity ceases since a number of non-classical effects has to be taken into account: warping, cross-
section distortion, shear effects, etc.. The overcome of these limitations can be obtained by adopting refined 
beam models. Interesting papers on this topic are those by Kapania and Raciti [2, 3], and Yu and Hodges [4]. 
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E. Carrera, S. Brischetto, M. Cinefra and M. Soave (Department of Aeronautics and Space Engineering, 
Politecnico di Torino, Italy), “Effects of thickness stretching in functionally graded plates and shells”, 
Composites Part B: Engineering, Vol. 42, No. 2, pp. 123-133, March 2011, 
doi:10.1016/j.compositesb.2010.10.005 
ABSTRACT: The present work evaluates the effect of thickness stretching in plate/shell structures made by 
materials which are functionally graded (FGM) in the thickness directions. That is done by removing or 
retaining the transverse normal strain in the kinematics assumptions of various refined plate/shell theories. 
Variable plate/shell models are implemented according to Carrera’s Unified Formulation. Plate/shell theories 
with constant transverse displacement are compared with the corresponding linear to fourth order of expansion 
in the thickness direction ones. Single-layered and multilayered FGM structures have been analyzed. A large 
numerical investigation, encompassing various plate/shell geometries as well as various grading rates for 
FGMs, has been conducted. It is mainly concluded that a refinements of classical theories that include 
additional in-plane variables could results meaningless unless transverse normal strain effects are taken into 



account. 
 
 
Alberto Varello and Erasmo Carrera (Aerospace Engineering, Polytechnic of Torino), “Free vibration response 
of thin and thick nonhomogeneous shells by refined one-dimensional analysis”, Journal of Vibration  and 
Acoustics, Vol. 136, No. 6, (12 pages), August 2014 
ABSTRACT: The free vibration analysis of thin- and thick-walled layered structures via a refined one-
dimensional (1D) approach is addressed in this paper. Carrera unified formulation (CUF) is employed to 
introduce higher-order 1D models with a variable order of expansion for the displacement unknowns over the 
cross section. Classical Euler–Bernoulli (EBBM) and Timoshenko (TBM) beam theories are obtained as 
particular cases. Different kinds of vibrational modes with increasing half-wave numbers are investigated for 
short and relatively short cylindrical shells with different cross section geometries and laminations. Numerical 
results of natural frequencies and modal shapes are provided by using the finite element method (FEM), which 
permits various boundary conditions to be handled with ease. The analyses highlight that the refinement of the 
displacement field by means of higher-order terms is fundamental especially to capture vibrational modes that 
require warping and in-plane deformation to be detected. Classical beam models are not able to predict the 
realistic dynamic behavior of shells. Comparisons with three-dimensional elasticity solutions and solid finite 
element solutions prove that CUF provides accuracy in the free vibration analysis of even short, 
nonhomogeneous thin- and thick-walled shell structures, despite its 1D approach. The results clearly show that 
bending, radial, axial, and also shell lobe-type modes can be accurately evaluated by variable kinematic 1D 
CUF models with a remarkably lower computational effort compared to solid FE models. 
 
Maria Cinefra, “Refined and advanced shell models for the analysis of advanced structures”, PhD Dissertation, 
Politecnico di Torino, January 2012 
ABSTRACT: Structures technology for aerospace systems includes a wide range of component technologies 
from materials development to analysis, design and testing of the structures. The main improvements in future 
aircraft and spacecraft could depend on an increasing use of conventional and unconventional multilayered 
structures. New unconventional materials could be used in the near future: e.g. piezoelectric ones, which are 
commonly used in the so-called smart structures and functionally graded materials, which have a continuous 
variation of physical properties in a particular direction. The most of multilayered structures are subjected to 
different loadings: mechanical, thermal and/or electric loads. This fact leads to the definition of multifield 
problems.  
In particular applications, the aforementioned structures appear as two-dimensional and they are known as 
shells. The advent of new materials in aerospace structures and the use of multilayered configurations has led to 
a significant increase in the development of refined theories for the modelling of shells. Classical two-
dimensional models, which were frequently used in the past, are inappropriate for the analysis of these new 
structures: their modelling involves complicated effects that are not considered in the hypotheses used in 
classical models. To overcome these limitations, a new set of two-dimensional models, which employ Carrera’s 
Unified Formulation (CUF), are presented.  
The dissertation is organized in three main parts: - the refined and advanced shell models contained in the CUF; 
- the computational methods used to calculate the solution of differential equations; - the results obtained from 
the analysis of several problems.  
In the first part, the different refined and advanced shell models contained in the CUF are presented. The CUF 
permits to obtain, in a general and unified manner, several models that can differ by the chosen order of 
expansion in the thickness direction, by the equivalent single layer or layer wise approach and by the variational 
statement used. These models are here defined directly for the shells, according to different geometrical 
assumptions. Both the cylindrical and the double-curvature geometries are considered. The constitutive 
equations of the advanced materials are provided. The constitutive equations for multi-field problems are 
obtained in a generalized way by employing thermodynamic considerations and they are opportunely rewritten 
for the case of mixed models. Depending on the variational statement used, one can define the refined theories, 
that are based on the principle of virtual displacements, and the advanced theories, based upon the Reissner’s 
mixed variational theorem, in which secondary variables are "a priori" modelled. A complete system of 
acronyms is introduced to characterize these two-dimensional models.  



The second part is devoted to the derivation of the governing equations by means of different methods: an 
analytical method, that is the Navier method, and two approximated numerical methods, that are the Finite 
Element Method (FEM) and the Radial Basis Functions (RBF)  
method. The RBF method is based on a meshless approach and it can be considered a good alternative to the 
FEM. It is demonstrated that the Unified Formulation permits to derive the governing equations in terms of 
some few basic elements called fundamental nuclei. Expanding them by means of opportune indexes and loops, 
it is possible to obtain the stiffness matrix of the global structure. The use of such nuclei permits to obtain in a 
unified manner the different refined and advanced models contained in the CUF. The governing equations can 
be obtained in weak form for the Finite Element Method or strong form for the Navier method and the Radial 
Basis Functions method. A review of these solution methods is also provided, with particular attention to the 
finite element method that is the most common method in literature and it is the main topic of this thesis.  
In the last part, different problems are analyzed. The thermo-mechanical analysis of FGM shells, the 
electromechanical analysis of piezoelectric shells and the dynamic analysis of carbon nanotubes are performed 
by means of the Navier method. The aim of this study is to demonstrate the efficiency of the models contained 
in the CUF in the analysis of multifield problems in advanced structures. Then, the CUF shell finite element, 
presented in this thesis, is tested and used for the analysis of composite and FGM shells. The superiority of this 
element in respect to finite elements based on classical theories is shown. Finally, the RBF method is combined 
with the CUF for the analysis of composite and FGM shells in order to overcome the numerical problems 
relative to the mesh that usually affect the finite elements.  
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M. Cinefra, E. Carrera and S. Valvano (Dept. of Mechanical and Aerospace Engineering, Politecnico di Torino, 
Turin, Italy), “Free-vibration analysis of delaminated shells via unified formulation”, (publisher and date not 
given in the pdf file. The most recent citation is dated 2014.) 
ABSTRACT: The present work deals with the free-vibration analysis of multilayered composite shells affected 
by localised delamintions. The delamination in composite structures may occur either during the manufacturing 
process or during service period of the structure. Delaminations can be distinguished into two types, one 
delamination at the free edges caused by high free edge stresses, and the other embedded within the body of the 
structure which may be due to manufacturing defects or voids, or due to impact loads. To facilitate the 
understanding of the effect of the delamination on the structures, and to analyze possible algorithms for 
structural health monitoring of delaminated structures, delamination models are required. Several authors have 
studied delaminated shells, like Nanda and Sahu have carried out free vibration analysis of delaminated 
composite shells [1] using different shell theories. Dynamic instability of delaminated skew plates subjected to 
static and dynamic loads based on higher order shear deformation theory was studied out by Noh and Lee [2]. 
These works used a single theory or couple of theories to carry out their studies. The proposed investigation 
tries to comprehensively carry out free vibration analysis of delaminated composite shells using refined and 
advanced shell models, contained in the Carrera’s Unified Formulation (CUF). One of the most interesting 
features of the CUF consists in the possibility to keep the order of the expansion of the state variables along the 
thickness of the plate as a parameter of the model. Finite elements with layer-wise capabilities are employed to 
ensure an accurate description of the mechanical fields in the layers. It is essential to take into account the 
discontinuity of the mechanical properties at the layer interfaces. For these reasons, the use of classical plate 
theories based on Kirchhoff and Reissner-Mindlin hypotheses can lead to inaccurate results. The Mixed 
Interpolated Tensorial Components (MITC) method is employed to contrast the membrane-shear locking 



phenomenon that usually affects shell finite elements. This formulation has already shown all its potentiality as 
a base for finite elements in the mechanical analysis of multilayered shells [3]. Some results from the free-
vibration analysis of shells will be provided, in order to show the efficiency of models presented.  
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P. Nali, E. Carrera and S. Lecca, (Department of Aeronautics and Space Engineering, Politecnico di Torino, 
Corso Duca Degli Abruzzi, 24-10129 Turin (TO), Italy), “Assessments of refined theories for buckling analysis 
of laminated plates”, Composite Structures, Vol. 93, No. 2, January 2011, pp. 456-464, 
doi:10.1016/j.compstruct.2010.08.035 
ABSTRACT: Linearized buckling analysis of laminated plates subjected to combined bi-axial/shear loading is 
described in this work. Isotropic, orthotropic and anisotropic plates are referred to. Two-dimensional plate 
modelling is considered. The Principle of Virtual Displacement (PVD) is applied. The Finite Element Method 
(FEM) is adopted in order to approximate the solution. The same cases-study are handled using different kinds 
of plate Finite Elements (FEs), with the purpose of providing some guidelines/benchmarks useful for 
identifying the most appropriate modelling for each class of buckling problem. The considered set of FEs is 
hierarchical in the sense that a variable kinematics approach is employed: both Equivalent Single Layer (ESL) 
and Layer-Wise (LW) variable descriptions are implemented, keeping the expansion order for thickness 
variables generic. FE matrices are obtained in compact form by referring to Carrera’s Unified Formulation 
(CUF). When available, exact solutions are referred to in order to assess the FEM results. 
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“Assessment Of Models For The Buckling Analysis Of Composite Plates And Shells”, 16th International 
Conference on Composite Structures ICCS 16 edited by A. J. M. Ferreira, published by  FEUP, Porto, 2011 
ABSTRACT: Buckling is one of the characteristic failure modes of slender laminated and sandwich structures 
like plates and shells. It is well known that a rational design of composite structures demands dedicated models 
in order to cope with their complex behavior due to the heterogeneous multilayered cross-section, the 
characteristic transverse shear deformability and the coupled membrane-bending-twisting response. These 
peculiarities increase the complexity of the buckling behavior of composite shells [1]. 
This paper presents a rigorous assessment of various 2D approximations against buckling of laminated and 
sandwich plate/shell models. For this, the established variable kinematics modeling technique known as 
Carrera’s Unified Formulation (CUF) is employed. CUF permits a systematic assessment of a large number of 
plate/shell models, whose accuracy has been demonstrated to range from classical 2D models to quasi-3D 
descriptions [2]. By referring to the closed-form solution of Navier, the attention is restricted to simply-
supported, orthotropic laminates and sandwich plates and cylindrical shells under axial load. Two different pre-
buckling states are addressed, i.e., a uniform initial stress and a uniform inital strain load. 
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“Buckling of thin-walled beams by a refined theory”,  Journal of Zhejiang University-Science A (Applied 
Physics & Engineering), 2012 13(10):747-759 
ABSTRACT: The buckling of thin-walled structures is presented using the 1D finite element based refined 
beam theory formulation that permits us to obtain N-order expansions for the three displacement fields over the 
section domain. These higher-order models are obtained in the framework of the Carrera unified formulation 
(CUF). CUF is a hierarchical formulation in which the refined models are obtained with no need for ad hoc 
formulations. Beam theories are obtained on the basis of Taylor-type and Lagrange polynomial expansions. 
Assessments of these theories have been carried out by their applications to studies related to the buckling of 
various beam structures, like the beams with square cross section, I-section, thin rectangular cross section, and 
annular beams. The results obtained match very well with those from commercial finite element softwares with 
a significantly less computational cost. Further, various types of modes like the bending modes, axial modes, 
torsional modes, and circumferential shell-type modes are observed. 
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De Xie and Sherrill B. Biggers, Jr. (Department of Mechanical Engineering, Clemson University, Clemson, SC 
29634, USA), “Postbuckling analysis with progressive damage modeling in tailored laminated plates and shells 
with a cutout”, Composite Structures, Vol. 59, No. 2, February 2003, pp. 199-216, 
doi:10.1016/S0263-8223(02)00233-7 
ABSTRACT: An approach to modeling inplane damage progression in postbuckled laminated composite panels 
is shown to be accurate by comparison to experimental test data from other sources. A simple tailoring concept 
is shown to be very effective in increasing compressive buckling loads and ultimate loads for flat plates and 
curved panels with a central cutout. Effects of cutout size, the degree of tailoring, and inplane restraint on the 
unloaded edges are investigated. Optimal tailoring produces relative improvements in the flat plates ranging 
from 40% to 175% in buckling load and 190–240% in ultimate load capacity when compared to uniform plates 
with the same cutout sizes. In the curved panels, tailoring lowers the imperfection sensitivity and in some cases 
produces ultimate loads greater than the theoretical undamaged buckling loads. To the contrary, the ultimate 
load for the uniform curved panel is much lower than the undamaged buckling load. Relative improvements in 
ultimate loads range from a low of about 40% to a high of about 155% compared to uniform curved panels. 
Large differences in the damage initiation locations and damage progression patterns are shown between the flat 
and the curved panels. In summary, the tailoring concept investigated here can provide excellent improvements 
in ultimate load capacity in flat and curved panels with the largest benefits occurring in thin flat panels that are 
loaded far into the compressive postbuckling regime. 
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M. Rais-Rohani and M.N. Singh, “Comparison of global and local response surface techniques in reliability-
based optimization of composite structures”, Structural and Multidisciplinary Optimization, Vol. 26, No. 5, 
333-345, DOI: 10.1007/s00158-003-0353-0 
ABSTRACT: This paper discusses the development and application of two alternative strategies, in the form of 
global and sequential local response surface (RS) techniques, for the solution of reliability-based optimization 
(RBO) problems. The problem of a thin-walled composite circular cyloinder under axial buckling instability is 
used as a demonstrative example. In this case, the global technique uses a single second-order RS model to 
estimate the axial buckling load over the entire feasible design space (FDS), whereas the local technique uses 
multiple first-order RS models, with each applied to a small subregion of the FDS. Alternative methods for the 
calculation of unknown coefficients in each RS model are explored prior to the solution of the optimization 
problem. The example RBO problem is formulated as a function of 23 uncorrelated random variables that 
include material properties, the thickness and orientation angle of each ply, the diameter and length of the 
cylinder, as well as the applied load. The mean values of the 8 ply thicknesses are treated as independent design 
variables. While the coefficients of variation of all random variables are held fixed, the standard deviations of 
the ply thicknesses can vary during the optimization process as a result of changes in the design variables. The 
structural reliability analysis is based on the first-order reliability method with the reliability index treated as the 
design constraint. In addition to the probabilkistic sensitivity analysis of the reliability index, the results of the 
RBO problem are presented for different combinations of cylinder length and diameter and laminate ply 
patterns. The two strategies are found to produce similar results in terms of accuracy, with the sequential local 
RS technique having a considerably better computational efficiency. 
 
 
 
Thomas M. Hermann, Dharmaraj Mamarthupatti and James E. Locke, (National Institute for Aviation Research, 
Wichita State University, Wichita, KS, 67260-0093), “Postbuckling analysis of a wind turbine blade 
substructure”, Journal of Solar Energy Engineering, November 2005, Vol. 127, No. 4, pp. 544-552, 
doi:10.1115/1.2037093 
ABSTRACT: Postbuckling analysis of composite laminates representative of wind turbine blade substructures, 
utilizing the commercial finite element software ANSYS, is presented in this paper. The procedure was 
validated against an existing postbuckling analysis. Three shell element formulations, SHELL91, SHELL99, 
and SHELL181, were examined. It was found that the SHELL181 element with reduced integration should be 
used to avoid shear locking. The validated procedure was used to examine the variation of the buckling 
behavior, including postbuckling, with lamination schedule of a laminate representative of a wind turbine blade 
shear web. This analysis was correlated with data from a static test. A 100% postbuckling reserve in a 
composite structure representative of a shear web was quantified through test and analysis. The buckling 
behavior of the shear web was improved by modifying the lamination schedule to increase the web bending 
stiffness. Modifications that improved the buckling load of the structure did not always equate to improvements 
in the postbuckling reserve. 
 
 
R. Rikards, A. Chate and O. Ozolinsh (Institute of Computer Analysis of Structures, Faculty of Civil 
Engineering, Riga Technical University, Kalku St. 1, LV-1658 Riga, Latvia), “Analysis for buckling and 
vibrations of composite stiffened shells and plates”, Composite Structures, Vol. 51, No. 4, April 2001, Pages 
361-370, doi:10.1016/S0263-8223(00)00151-3 
ABSTRACT: This paper deals with development of triangular finite element for buckling and vibration analysis 
of laminated composite stiffened shells. For the laminated shell, an equivalent layer shell theory is employed. 
The first-order shear deformation theory including extension of the normal line is used. In order to take into 
account a non-homogeneous distribution of the transverse shear stresses a correction of transverse shear 
stiffness is employed. Based on the equivalent layer theory with six degrees of freedom (three displacements 



and three rotations), a finite element that ensures C0 continuity of the displacement and rotation fields across 
inter-element boundaries has been developed. Numerical examples are presented to show the accuracy and 
convergence characteristics of the element. Results of vibration and buckling analysis of stiffened plates and 
shells are discussed. 
 
 
R. Rikards, K. Kalnins & O. Ozolinsh (Institute of Materials and Structures, Riga Technical University, Riga 
1658, Latvia), “Skin-Stringer Debonding and Delamination Analysis in Composite Stiffened Shells”, (no 
publisher or date given in the pdf file; most recent reference is 2002) 
ABSTRACT: In the present paper the skin-stringer delamination problem for composite stiffened shells is 
solved. The skin-stringer delamination is analyzed employing linear fracture mechanics approach. Energy 
release rates (ERR) are calculated by Modified Virtual Crack Closure Integral (MVCCI) method. The problem 
is solved not using the 3D solid finite elements, but employing the 2D shell elements. Employment of the 2D 
shell elements instead of 3D elements significantly reduces computational efforts in the case when whole 
composite stiffened structure is analyzed for post-buckling. Mode I, mode II and mixed mode I/II fracture 
properties are obtained for the fracture criterion of the carbon/epoxy composite laminate. The fracture criterion 
is used for prediction of debonding at the skin-stringer interface. 
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“Surrogate models for optimum design of stiffened composite shells”, Composite Structures, Vol. 63, No. 2, 
February 2004, pp.243-251, doi:10.1016/S0263-8223(03)00171-5 
ABSTRACT: An optimization procedure is developed for the design of composite stiffened shells subjected to 
buckling and post-buckling constraints. The optimization method is based on building surrogate models 
employing the experimental design and response surface methodology. A combined data set consisting of test 
results of stiffened shells and numerical data obtained by finite element simulation is used for building the 
surrogate models. These models are used for sensitivity analysis, evaluation of the weight saving parameters 
and for design optimization of stiffened composite panels under axial compression loading. It was shown that 
employing the surrogate models satisfactory accuracy can be achieved to describe the post-buckling behavior of 
the stiffened panels and to use these models in design optimization. 
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No.2, May 2006, pp. 244-251, Special Issue: International Conference on Buckling and Postbuckling Behavior 
of Composite Laminated Shell Structures, doi:10.1016/j.compstruct.2005.11.046 
ABSTRACT: The development of an optimization design procedure for stiffened composite shells has emerged 
as an essential component in overcoming the challenge of deriving design guidelines with a reasonable amount 
of tested structures. The optimization procedure is based on the building of surrogate models employing the 
experimental design and response surface methodology. Surrogate models are built using continuous and 
discrete quantitative parameters and approximated with global and local nonparametric approximations. The 
numerical data obtained from finite element simulations of composite stiffened shells subjected to buckling and 
post-buckling is used for the building of surrogate models. Additionally a data set of natural experiments has 
been implemented into surrogate models showing high efficiency in the estimation of the post-buckling 
behavior of the stiffened composite shells (panels). The resulting design procedure provides an effective 
optimal design tool for the preliminary study of composite stiffened shells. 
 
 
Kaspers Kalnins, Janis Auzins and Rolands Rikards (Riga Technical University, Latvia), “Metamodeling 
approach for analysis of post-buckling in composite panels with structural degradation”, AIAA Paper 2006-
7104, 11th AIAA/ISSMO Multidisciplinary Analysis and Optimization Conference, Portsmouth, Virginia, 
USA, September 2006 
ABSTRACT: The intense interest coming from the aerospace industry indicates the need of safe exploitation of 
composite materials within post-buckling region. Since stiffened curved panels are by far the most consumed 
structural component, it is important to study the behavior of structural degradation to evaluate the safe design 
guidelines. An assessment of structural degradation in terms of stiffness reduction in the skin stringer zone is 
carried out to estimate the degradation influence on the postbuckling stiffness of the axially loaded stiffened 
panels. The presented procedure is based on the building of metamodels employing experimental design and 
response surface methodology. Metamodels are built using stiffened shell geometrical variables adding 
structural degradation variables such as degradation region length ratio and material elastic property reduction 
coefficient. The numerical responses, obtained from explicit FEM simulations of composite stiffened shells 
subjected to buckling and post-buckling, are used for the building of metamodels. The resulting design 
procedure provides an effective analysis tool for the safe exploitation of composite stiffened panels under axial 
compression. 
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“Overview of Slow Computational and Fast Simulation Tools”, (COCOMAT project, publisher and date not 
given in the pdf file; most recent reference is September 2008) 
ABSTRACT: The paper overviews the progress achieved by the European Commission funded project 
COCOMAT [1] work package devoted to the development of improved simulation procedures for collapse of 
composite airframe structures, which take degradation into account. It has been identified by industrial 
applications that very accurate, but necessarily slow tools are required for the final certification, whereas 
reliable fast tools reducing design and analysis time by an order of magnitude, will allow for an economic 
design process. Twelve industrial and academic partners have been involved in the extension of commercial 
analysis software such as SAMCEF, B2000, ABAQUS, MSC.MARC, MSC.NASTRAN and improvement of 
in-house tools. In general, structural degradation has been implemented as growth of skin-stringer separation 
and delamination in the stiffened composite structures. Interlaminar fracture growth criteria have been 
implemented by means of Virtual Crack Closure Technique (VCCT) and Virtual Crack Extension (VCE) 
Method. Furthermore stress/strain based failure criteria such as Hashin, Puck and Maximum Stress have been 
introduced to model initiation and progression of the ply damage. Finally, all developed tools have been 
validated by means of the experimental results obtained from the other work packages within the COOCMAT 
project. Among the validation experiments were: double cantilever beam, end-notched flexure and mixed mode 
stiffener specimens together with stiffened panel and box structures with pre-existing and industrially pre-
selected damage. 
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Luca Lanzi (Dipartimento di Ingegneria Aerospaziale, Politecnico di Milano, Via La Masa 34, 20156, Milano, 
Italy), “A numerical and experimental investigation on composite stiffened panels into post-buckling”, Thin-
Walled Structures, Vol. 42, No. 12, December 2004, pp. 1645-1664, 
doi:10.1016/j.tws.2004.06.001 
ABSTRACT: The structural behaviour of composite stiffened flat panels under axial compression is here 
investigated up to collapse. The panel configuration is designed to buckle once the limit load is reached and to 
work in post-buckling until the ultimate load. The design phase is based on the use of four different kinds of 
finite element analyses: eigenvalue, non-linear static with modified Riks’ method and both implicit and explicit 
dynamic analyses. Once the final configuration is identified, two specimens are manufactured. The initial 
geometrical imperfections are measured and analyzed, then axial compression tests are performed until 
collapse. As foreseen by the numerical analyses, experimental results prove the ability of the panels designed to 
work in the post-buckling field until collapse which takes place due to the failure of the stiffener blades. Finally, 
the measured initial imperfections are included in the model significantly increasing the numerical–
experimental correlation 
 
 



Luca Lanzi and Vittorio Giavotto (Dipartimento di Ingegneria Aerospaziale, Politecnico di Milano, Via La 
Masa 34, 20156 Milano, Italy), “Post-buckling optimization of composite stiffened panels: Computations and 
experiments”, Composite Structures, Vol. 73, No. 2, May 2006, pp. 208-220, Special Issue: International 
Conference on Buckling and Postbuckling Behavior of Composite Laminated Shell Structures, 
doi:10.1016/j.compstruct.2005.11.047 
ABSTRACT: A multi-objective optimization procedure for the design of composite stiffened panels capable to 
operate in post-buckling is presented. The procedure is based on Genetic Algorithms and three different 
methods of global optimization: Neural Networks, Radial Basis Functions and Kriging approximation. 
Response surfaces are used to approximate the post-buckling behaviour of the panels using a limited number of 
sample points. Optimization results underline the significance of non-dominated solutions, as the best panel 
configurations inside the domain of interest. Finally, one of the non-dominated solutions is selected, 
manufactured and tested up to collapse. The analyses, performed a priori without considering any kind of 
imperfection, are closed and in good agreement with the tests in terms of pre-buckling and post-buckling 
stiffness, as well as in terms of collapse loads. The introduction of imperfections reduced the percentage errors 
between computations and tests within 5% in so far as buckling and collapse loads are concerned. The obtained 
results prove the influence of the initial imperfections not only on the first-buckling load but also in the post-
buckling range up to collapse. 
 
 
Carlos A. Coello Coello (Laboratorio Nacional de Informática Avanzada, Rébsamen 80, Xalapa, Veracruz 
91090, México), “Constraint-handling using an evolutionary multiobjective optimization technique”, (publisher 
and date not given in the pdf file) 
ABSTRACT: In this paper we introduce the concept of non-dominance (commonly used in multiobjective 
optimization) as a way to incorporate constraints into the fitness function of a genertic algorithm. Each 
individual is assigned a rank based on its degree of dominance over the rest of the population. Feasible 
individuals are always ranked higher than infeasible ones, and the degree of constraint violation determines the 
rank among infeasible individuals. The proposed technique does not require fine tuning of factors like the 
traditional penalty function and uses a self-adaptation mechanism that avoids the traditional empirical 
adjustment of the main genetic operators (e.e., crossover and mutation). 
 
 
Stevan Maksimovic [Military Technical Institute (VTI), Ratka Resanovica 1, 11132 Belgrade, SERBIA], 
“Postbuckling and Failure Analysis of Axially Compressed Composite Panels Using FEM”, Scientific 
Technical Review,Vol. LVII, Nos. 3-4, 2007 
ABSTRACT: In order to improve confidence in composite structure design, a better description of the failure of 
laminates is necessary. In this paper the buckling and postbuckling behaviour of axially compressed layered 
composite panels is studied by means of Finite Element Method (FEM). A series of experiments was conducted 
to verify the FEA-results, but also to address the stability and strength of the composite structure. Combining a 
geometric nonlinear finite element analysis (FEA) based on the von Kármán theory and High Order Shear 
Deformation Theory (HOST) are used to study the first-ply failure behavior as well as the postbuckling 
behavior of laminated type composite structures. For this purpose and for the investigation of the failure 
responses, the improved 4-node layered shell finite elements are used. The finite element formulation is based 
on the third order shear deformation theory with four-node shell finite elements having eight degrees of freedom 
per node. A simple method is proposed to predict buckling loads and the post-buckling behaviour. The 
comparisons between the numerical and the experimental results show quite a good agreement. 
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Costin Pacoste and Anders Eriksson (Structural Mechanics Group, Dept. Structural Engineering, Royal Institute 
of Technology, S-100 44, Stockholm, Sweden), “Beam elements in instability problems”, Computer Methods in 
Applied Mechanics and Engineering, Vol. 144, Nos. 1-2, May 1997, pp. 163-197, 
doi:10.1016/S0045-7825(96)01165-6 
ABSTRACT: This paper deals with the formulation of beam elements for the numerical analysis of instability 
phenomena in frame-type structures. Total versus co-rotational approaches are discussed comparatively, for 
both two-dimensional and three-dimensional problems, and the similarities between the two types are outlined. 
In the context of 3D beam elements, special attention is given to the parameterisation of the orthogonal 
transformation used to define the rotational field of the beam. The technique advocated in the paper is based on 
the so-called rotational vector. This leads to symmetric stiffness matrices and avoids the need for special 
updating procedures for the rotational variables. A set of test problems, for which the critical behaviour is 
governed by fold, cusp and butterfly catastrophes, is used to assess the performances of the considered element 
types. It is shown that analytically verified identities in element formulation, also hold in numerical application. 
The examples also show how complex instability behaviour can be reproduced by all elements, where sufficient 
accuracy is introduced into the kinematic expressions. The analytical derivation of element expressions, with 
symbolic manipulations from stated basic assumptions, is consistently used in the paper. 
 
 
Costin Pacoste (Structural Mechanics Group, Dept. Structural Engineering, Royal Institute of Technology, S-
100 44, Stockholm, Sweden), “Co-rotational flat facet triangular elements for shell instability analyses”, 
Computer Methods in Applied Mechanics and Engineering, Vol. 156, No. 1-4, April 1998, pp. 75-110, 
doi:10.1016/S0045-7825(98)80004-2 
ABSTRACT: This paper investigates the formulation of co-rotational flat facet triangular elements for the 
numerical analysis of instability phenomena in shell structures. The elements have three nodes with six degrees 
of freedom at each node. The term ‘co-rotational’ relates here to the provision of a local system that 
continuously rotates and translates with the element. Following mainly Nour-Omid and Rankin [B. Nour-Omid 
and C.C. Rankin, Finite rotation analysis and consistent linearization using projectors, Comput. Methods Appl. 
Mech. Engrg. 93 (1991) 353–384], the definition of an element resorts to a change of variables from the local 
frame to the global one. This is done through the use of a projector matrix which relates the variations of the 
local displacements to the variations of the global ones, by extracting the rigid body modes from the latter. The 
main difference from the original formulation lies in the parameterization of 3D finite rotations. In contrast to 



the paper by Nour-Omid and Rankin, a parameterization based on the rotational vector is here adopted and thus, 
an additional change of variables has to be performed. As a result, the rotational variables become additive and 
the necessity of a special updating procedure is avoided. The main feature of the adopted formulation is its 
independence of the local assumptions used to derive the internal forces and tangent stiffness in local 
coordinates. For a certain class of elements (i.e. elements with the same number of nodes and degrees of 
freedom) the main co-rotational framework is the same. Using this property, three types of local formulations 
are considered. A set of carefully chosen test problems is used in order to assess the performances of the three 
element types. 
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“Numerical analysis of complex instability behaviour using incremental-iterative strategies”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 179, Nos. 3-4, September 1999, pp. 265-305, 
doi:10.1016/S0045-7825(99)00044-4 
ABSTRACT: The paper describes how quasi-static, conservative instability problems can be analysed in a 
multi-parametric space, using generalised path-following procedures for augmented equilibrium problems. The 
general formulation of such augmented equilibrium problems is discussed in some detail. The focus is set on 
two classes of generalised 1D paths: basic equilibrium paths and fold lines, i.e. critical subset paths. The 
solution methods are seen as extensions to common incremental-iterative strategies, allowing the computation 
of subsets of equilibrium states which also fulfil some auxiliary conditions, e.g. criticality. In this context, some 
emphasis is also given to the evaluation of the properties of the problem, at a certain state; the tangential 
stiffness is here used to evaluate – possibly multidimensional – tangent spaces, and in the isolation of special 
states, i.e. vanishing variables, turning points and exchanges of stability, being important aspects of instability 
analyses. A set of carefully chosen numerical examples demonstrate on one hand the ability of the numerical 
procedures to deal with complex instability phenomena, including coincident or near coincident buckling 
modes, modal interaction, secondary bifurcations, and, on the other hand, their versatility in performing 
parameter sensitivity analyses. Finally, comparisons with alternative techniques, based on asymptotic strategies, 
are also put forth. 
 
 
Anders Eriksson (KTH, Royal Institute of Technology, Dept. Mechanics Osquars backe 18, SE-100 44 
Stockholm, Sweden), “Some Aspects Of Shell Instability Analyses”, CanCNSM Vancouver June 19-23, 2002 
ABSTRACT: This paper discusses some aspects of FEM based shell instability analyses. The primary focus is 
on the properties of different element formulations. A co-rotational setting is used for the large-displacement, 
small-strain form. Three core elements are briefly described. Numerical examples show that, although the 
elements show very similar behaviours in the linear regime, the differences in results for non-linear and 
instability problems may be considerably larger. 
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doi:10.1016/S0045-7825(02)00288-8 
ABSTRACT: In the context of instability problems in shells or shell like structures, the objective of the present 
paper is twofold. Primarily, the paper describes how quasi-static, conservative instability problems can be 
considered in a multi-parametric context, where generalized path-following procedures for augmented 
equilibrium problems are used as computational tools. These allow systematic treatment of the higher-
dimensional solution sets generated under the variations of certain parameters deemed relevant for the given 
problem. The efficient implementation of the above mentioned procedures requires however, as an essential 
ingredient, a non-linear finite element which is not only accurate but also inexpensive. To this end, a systematic 
view on a corotational Total Lagrangian formulation is described. The TRIC element of Argyris and coworkers 
is slightly modified, and introduced as core element formulation. Special emphasis is given to the alternative 
methods for treatment of finite three-dimensional rotations, with reference to both the element definition and 
solution algorithms. Numerical examples verify the element capabilities, and the possibility to completely 
describe instability phenomena of large, discretized models. 
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“Boundary conditions and mode jumping in the buckling of a rectangular plate”, Communications in 
Mathematical Physics, Vol. 69, No. 3, pp 209-236, October 1979 
ABSTRACT: We show that mode jumping in the buckling of a rectangular plate may be explained by a 
secondary bifurcation — as suggested by Bauer et al. [1] — when “clamped” boundary conditions on the 
vertical displacement function are assumed. In our analysis we use the singularity theory of mappings in the 
presence of a symmetry group to analyse the bifurcation equation obtained by the Lyapunov-Schmidt reduction 
applied to the Von Kármán equations. Noteworthy is the fact that this explanation fails when the assumed 
boundary conditions are “simply supported”. Mode jumping in the presence of “clamped” boundary conditions 
was observed experimentally by Stein [9]; “simply supported” boundary conditions are frequently studied but 



are difficult — if not impossible — to realize physically. Thus, it is important to observe that the qualitative 
post-buckling behavior depends on which idealization for the boundary conditions one chooses. 
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March 1994 
ABSTRACT: The buckling of thin elastic rectangular plates due to two arrays of edge dislocations symmetrically 
placed with respect to the longitudinal axis of the plate is studied for two different dislocation orientations. The 
analysis is based on the governing equation of plate buckling. Through a standard eigenvalue analysis the 
buckling criterion is analytically-numerically computed and numerical results are presented pertaining to cases 
of practical engineering interest such as welding. 
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ABSTRACT: This work is concerned with the numerical study of unsymmetrical buckling of clamped 
orthotropic plates under uniform pressure. The effect of material heterogeneity on the buckling load is 
examined. The refined 2D shell theory is employed to obtain the governing equations for buckling of a clamped 
circular shell. The unsymmetric part of the solution is sought in terms of multiples of the harmonics of the 
angular coordinate. A numerical method is employed to obtain the lowest load value, which leads to the 
appearance of waves in the circumferential direction. It is shown that if the elasticity modulus decreases away 
from the center of a plate, the critical pressure for unsymmetric buckling is sufficiently lower than for a plate 
with constant mechanical properties. 
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ABSTRACT: The qualitative behavior of buckled states of two different models of elastic beams is studied. It is 
assumed that random imperfections affect the governing nonlinear equations. It is shown that near the first 
critical value of the buckling load the stochastic bifurcation is described asymptotically by an algebraic equation 
whose coeffficients are Gaussian random variables. The corresponding asymptotic expansion for the 
displacement is to lowest order a Gaussian stochastic process. 
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post-buckling analysis of three-dimensional beam structures”, Computers & Structures, Vol. 61, No. 6, 
December 1996, pp. 1101-1114, doi:10.1016/0045-7949(96)00181-2 
ABSTRACT: Several geometrically nonlinear beam models are evaluated with respect to their utility in the 
analysis of buckling and post-buckling behavior of three-dimensional beam structures. The first two models are 
based on the so-called geometrically exact beam theory capable of representing finite rotations and finite 
displacements. The principal difference between these models concerns only the chosen parameterization of 



finite rotations, with the orthogonal matrix used in the first and the rotation vector used in the second one. The 
third beam model based on the second-order approximation of finite rotations is also discussed along with its 
application to constructing a consistent formulation of the linear eigenvalue problem for computing an estimate 
of the critical load. Exact linearized forms, which are crucial for facilitating the buckling load computation and 
assuring a robust performance of a Newton-method-based continuation strategy, are presented for all three 
beam models. An elaborate set of numerical simulations of buckling and post-buckling analysis of beam 
structures is given in order to illustrate the performance of each of the presented models. Finally, some 
conclusions are drawn. 
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Technologie de Compiègne, France), “Formulation and evaluation of new triangular, quadrilateral, pentagonal 
and hexagonal discrete Kirchhoff plate/shell elements”, International Journal for Numerical Methods in 
Engineering, Vol. 52, Nos. 5-6, October 2001, pp. 615–630. doi: 10.1002/nme.295 
ABSTRACT: The paper deals with the formulation of plate and shell elements based on the discrete Kirchhoff 
technique. In the first part we review the flat facet shell elements which have been formulated during the last 30 
years. In the second part, we present the formulation of a new family of discrete Kirchhoff plate/shell elements 
based on the free formulation. The triangular, quadrilateral, pentagonal andhexagonal elements belong also to 
the family of semi-Loof elements having only displacements at the corner nodes and one tangential rotation 
along each side. 
 
 
B. Labbaci, M. Djermane and F. Hammadi, “Dynamic Buckling Analysis of Thin Shells Using a Drilling Finite 
Element”, International Review of Mechanical Engineering; Jul 2009, Vol. 3 Issue 4, p436 
ABSTRACT: The mixed degenerate shell finite element DDSE, incorporating drilling degrees of freedom, is 
dedicated to solve some engineering applications directly and without any numerical tricks. This finite element 
has shown good performances in the linear and nonlinear, isotropic and anisotropic, static problems. Thanks to 
the application of shear and membrane substituted strain fields; it is also free from any locking. The very 
satisfactory results obtained by its previous application to the nonlinear dynamic regime have suggested the 
present work. The formulation of the problem, the derivation of the time integration scheme and the mass 
matrix were conducted in the most appropriate way to deal with the dynamic buckling load prediction. Both 
geometrical and material nonlinearities are considered in this study. The general stability criterion of 
Budiansky-Ruth is used, together with the phase plane control to detect the critical dynamic buckling load. In 
order to evaluate the accuracy of the element and the effect of the plasticity on the critical dynamic buckling 
value, two selected and documented examples of the critical dynamic buckling load determination were treated. 
 
 
J.H. Kweon and C.S. Hong (Department of Aerospace Engineering, Korea Advanced Institute of Science and 
Technology, Kusong-Dong, Yusong-Gu, Taejon, 305-701, Korea), “An improved arc-length method for 
postbuckling analysis of composite cylindrical panels”, Computers & Structures, Vol. 53, No. 3, November 
1994, Pages 541-549, doi:10.1016/0045-7949(94)90099-X 
ABSTRACT: An improved arc-length method based on the nonlinear finite element approach is applied to the 
postbuckling analysis of composite laminated cylindrical panels under axial compression. In the non-linear 
finite element analysis, the updated Lagrangian formulation and the eight-node degenerated shell element are 
used. The composite cylindrical panels considered as numerical examples are unidirectional, cross-ply, angle-
ply, and quasi-isotropic laminates. Experiments are conducted to verify the validity of the present analysis for a 
cross-ply laminate. Present finite element results show good agreement with experiments on buckling and 
postbuckling behaviour. There exist some differences between the initial buckling loads and the postbuckling 
load-carrying capacities of composite cylindrical panels. 
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composite structures”, Applied Mathematics and Mechanics, Vol. 23, No. 9, September 2002, pp. 1081-1088,  
doi: 10.1007/BF02437719 
ABSTRACT: Based on the conventional arc-length method, an improved arc-length method with high-
efficiency is proposed. The weighted modifications with respect to the variation of structural stiffness and extra-
interpolation modification by using the information of known equilibrium points are introduced to improve the 
incremental arc-length. An approximate expansion method for the accumulated and expected arc-length is used 
to ensure the convergence at given load levels in large range of applications. Numerical results show that the 
improved arc-length method has well adaptability and higher efficiency in the post-buckling analysis of plates 
and shells structures for tracing whole load-deflection path and obtaining the convergence values at any 
specified load levels. 
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“Buckling mode transition in hat-stiffened composite panels loaded in uniaxial compression”, Composite 
Structures, Vol. 37, No. 2, February 1997, pp. 253-267, doi:10.1016/S0263-8223(97)80017-7 
ABSTRACT: A combined experimental and analytical study of a hat-stiffened carbon-fibre composite panel 
loaded in uniaxial compression was investigated. A buckling mode transition was observed in the panel's skin 
bay which was not captured using non-linear finite-element analysis. Good correlation between experimental 
and numerical strain and displacement results was achieved in the prebuckling and initial postbuckling region of 
the loading history. A Marguerre-type Rayleigh-Ritz energy method was applied to the skin bay using 
representative displacement functions of permissible mode shapes to explain the mode transition phenomenon. 
The central criterion of this method was based on the assumption that a change in mode shape occurred such 
that the total potential energy of the structure was maintained at a minimum. The ultimate strength of the panel 
was limited by the column buckling strength of the hat-stiffeners. 
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stiffened composite panel loaded in uniaxial compression”, Composites Part A: Applied Science and 
Manufacturing, Vol. 31, No. 5, May 2000, pp. 459-468, doi:10.1016/S1359-835X(99)00085-8 
ABSTRACT: The postbuckling behaviour of a panel with blade-stiffeners incorporating tapered flanges was 
experimentally investigated. A new failure mechanism was identified for this particular type of stiffener. Failure 
was initiated by mid-plane delamination at the free edge of the postbuckled stiffener web at a node-line. This 
was consistent with an interlaminar shear stress failure and was calculated from strain gauge measurements 
using an approximate analysis based on lamination theory and incorporating edge effects. The critical shear 
stress was found to agree well with the shear strength obtained from a three-point bending test of the web 
laminate. 
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loaded in uniaxial compression”, Composites Part A: Applied Science and Manufacturing, Vol. 32, No. 9, 
September 2001, pp. 1255-1262, doi:10.1016/S1359-835X(01)00074-4 
ABSTRACT: Damage tolerant hat-stiffened thin-skinned composite panels with and without a centrally located 
circular cutout, under uniaxial compression loading, were investigated experimentally and analytically. These 
panels incorporated a highly postbuckling design characterised by two integral stiffeners separated by a large 
skin bay with a high width to skin-thickness ratio. In both configurations, the skin initially buckled into three 
half-wavelengths and underwent two mode-shape changes; the first a gradual mode change characterised by a 
central deformation with double curvature and the second a dynamic snap to five half-wavelengths. The use of 
standard path-following non-linear finite element analysis did not consistently capture the dynamic mode 
change and an approximate solution for the prediction of mode-changes using a Marguerre-type Rayleigh-Ritz 
energy method is presented. Shortcomings with both methods of analysis are discussed and improvements 
suggested. The panels failed catastrophically and their strength was limited by the local buckling strength of the 
hat stiffeners. 
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doi:10.1016/S0263-8223(03)00019-9 
ABSTRACT: A postbuckling blade-stiffened composite panel was loaded in uniaxial compression, until failure. 
During loading beyond initial buckling, this panel was observed to undergo a secondary instability characterised 
by a dynamic mode shape change. These abrupt changes cause considerable numerical difficulties using 
standard path-following quasi-static solution procedures in finite element analysis. Improved methods such as 
the arc-length-related procedures do better at traversing certain critical points along an equilibrium path but 
these procedures may also encounter difficulties in highly non-linear problems. This paper presents a robust, 
modified explicit dynamic analysis for the modelling of postbuckling structures. This method was shown to 
predict the mode-switch with good accuracy and is more efficient than standard explicit dynamic analysis. 
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Vol. 76, Nos. 1-2, October 2006, pp. 52-61, Special Issue: Fifteenth International Conference on Composite 
Materials - ICCM-15, doi:10.1016/j.compstruct.2006.06.008 
ABSTRACT: A full-scale 34 m composite wind turbine blade was tested to failure under flap-wise loading. 
Local displacement measurement equipment was developed and displacements were recorded throughout the 
loading history. Ovalization of the load carrying box girder was measured in the full-scale test and simulated in 
non-linear FE-calculations. The non-linear Brazier effect is characterized by a crushing pressure which causes 
the ovalization. To capture this effect, non-linear FE-analyses at different scales were employed. A global non-
linear FE-model of the entire blade was prepared and the boundaries to a more detailed sub-model were 
extracted. The FE-model was calibrated based on full-scale test measurements. Local displacement 
measurements helped identify the location of failure initiation which lead to catastrophic failure. Comparisons 
between measurements and FE-simulations showed that delamination of the outer skin was the initial failure 
mechanism followed by delamination buckling which then led to collapse. 
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ABSTRACT: In this report the strength of a wind turbine blade is found and compared with a full-scale test, 
made in the same project. Especially the postbuckling behaviour of the compression flange is studied. Different 
compressive failure mechanisms are discussed and the limitations in using the Finite Element Method. A 
suggestion to the further work is made.  
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Campus, London SW7 3BG, UK), “An automated hybrid procedure for capturing mode-jumping in 
postbuckling composite stiffened structures”, Composite Structures, Vol. 73, No. 2, May 2006, pp. 186-195, 
Special Issue: International Conference on Buckling and Postbuckling Behavior of Composite Laminated Shell 
Structures, doi:10.1016/j.compstruct.2005.11.053 
ABSTRACT: This paper presents a robust finite element procedure for modelling the behaviour of postbuckling 
structures undergoing mode-jumping. Current non-linear implicit finite element solution schemes, found in 
most finite element codes, are discussed and their shortcomings highlighted. A more effective strategy is 
presented which combines a quasi-static and a pseudo-transient routine for modelling this behaviour. The 
switching between these two schemes is fully automated and therefore eliminates the need for user intervention 
during the solution process. The quasi-static response is modelled using the arc-length constraint while the 
pseudo-transient routine uses a modified explicit dynamic routine, which is more computationally efficient than 
standard implicit and explicit dynamic schemes. The strategies for switching between the quasi-static and 
pseudo-transient routines are presented. 
 
 
Brian G. Falzon (Dept. of Aeronautics, Imperial College London), “Chapter 3: Mode-jumping in postbuckling 
stiffened composite panels”, in Buckling and Postbuckling Structures: Experimental, Analytical and Numerical 
Studies (Computational and Experimental Methods in Structures): Edited by B. G. Falzon and M. H. Aliabadi, 
Imperial College Press, 2008 
ABSTRACT: The phenomenon of secondary instabilities in stiffened composite panels loaded in uniaxial 
compression is studied through a number of experimental investigations. This behavior is shown to manifest 
itself as a ‘mode-jump’ – a sudden change in the out-of-ploane deformation of a buckled panel. Use of high-
speed digital speckle photogrammetry is made to gain further insight into an I-stiffened panel’s response during 
the transient phase associated with mode-jumping. At high loading, this sudden dissipation of energy will be 
shown to be able to cause failure in vulnerable structures. Predicting this structural response reliably, using the 
finite element method, poses considerable numerical challenges and the shortcomings of current non-linear 
solution schemes are discussed. A robust and efficient strategy, which utilizes an automated quasi-
static/pseudo-transient hybrid scheme, is presented and validated using a number of experimental tests. This 
approach is shown to be able to predict mode-jumping with good accuracy. 
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of Composite Materials  1969   vol. 3  no. 3  pp. 480-499, doi: 10.1177/002199836900300312 
ABSTRACT: A theoretical analysis is presented for determining the free vibra tional characteristics of thin-
walled, circular cylindrical shells with layers of anisotropic elastic material arbitrarily laminated either sym 
metrically or unsymmetrically about the shell middle surface. An arbitrarily laminated, anisotropic version of 
Love's first-approximation shell theory is used to formulate the coupled equations of motion. An exact solution 
with a classical checkerboard nodal pattern is found for the case of a shell with specially orthotropic layers 
arbitrarily laminated and with freely supported ends. For a boron/epoxy composite cylinder, the significant 
effect of omitting bending-stretching coupling is demonstrated and various lamination arrangements are 
investigated. Also, a general solution is presented for the axisymmetric modes of an arbitrarily laminated 
anisotropic shell. Finally, an approximate solution, using a combination of two helical-nodal-pattern modes, is 
obtained for the unsymmetric modes of the same general class of shell with a supported boundary condition. 
 
 
Charles W. Bert (School of Aerospace, Mechanical and Nuclear Engineering, University of Oklahoma, 
Norman, Oklahoma 73019, USA), “A critical evaluation of new plate theories applied to laminated 
composites”, Composite Structures, Vol. 2, No. 4, 1984, pp. 329-347, doi:10.1016/0263-8223(84)90004-7 
ABSTRACT: The plate theory recently developed by Levinson is extended to laminates. Closed-form solutions 
of this theory, as well as those of Reissner-Mindlin plate theory with appropriate shear correction, Seide's 
discrete-layer plate theory, and the higher-order theory of Lo et al. are all compared with Pagano's elasticity-
theory solution for the cases of cylindrical bending of a single orthotropic layer and a symmetric cross-ply 
(0°/90°/0°) laminate consisting of three equal-thickness layers. Quantities compared are maximum plate 
deflection, bending stress distribution and transverse shear stress distribution. 
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components”, AIAA Journal, Vol. 26, 1988, pp. 612-618 
 
A.G. Striz, S.K. Jang and C.W. Bert, “Nonlinear bending analysis of thin circular plates by differential 
quadrature”, Thin-Walled Struct., Vol. 6, 1988, pp. 51-62 
 
C. W. Bert and V. Birman, “Parametric instability of thick, orthotropic, circular cylindrical shells”, Acta 
Mechanica, Vol. 71, Nos. 1-4, 1988, pp. 61-76, doi: 10.1007/BF01173938 
ABSTRACT: The dynamic instability of simply supported, finite-length, circular cylindrical shells subjected to 
parametric excitation by axial loading, is investigated analytically. The shell is taken to be orthotropic, due to 
closely spaced longitudinal and/or circumferential stiffeners or to many layers of fiber-reinforced composite 
material either oriented at angles of 0° and 90° (cross-ply) or at +theta and –theta (angle-ply) with respect to the 
shell axis. The theory used is a general first-order shear deformable shell theory introduced by Hsu, Reddy, and 
Bert; it can be considered to be the thick-shell version of the popular Sanders-Koiter thin-shell theory. By 
means of tracers, this theory can be reduced to thick-shell versions of the theories of Love (and Loo) and of 
Donnell (and Morley). Quantitative results are presented to show the effects of shell geometry, materials, and 
fiber orientation on the stability boundaries. 
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ABSTRACT: Initial buckling of an elastic coating perfectly bonded to a circular-section prismatic bar subjected 
to axial extension is investigated analytically. The phenomenon is associated with the substrate Poisson 
contraction. Two different models of the coating are used: the first is based on classical thin-shell theory and the 
other is based on first-order shear-deformation shell theory. The results for typical examples are compared and 
used to explain cracking of the coating previously observed experimentally. 
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ABSTRACT: The dynamic stability of thin, multi-layered composite shells reinforced by axial and ring 
stiffeners and subjected to pulsating loads acting in the axial direction is considered. The presence of a thermal 
field is shown to affect the location of dynamic instability regions in the load amplitude-frequency plane. The 
boundaries of these regions can be evaluated as functions of static critical loads, natural frequencies, and 
thermal terms; the latter can be easily calculated. This permits straightforward conclusions to be drawn 
regarding dynamic stability of shells for which the buckling and free vibration problems have already been 
solved.  
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ABSTRACT: Effects of temperature on buckling and post-buckling behavior of reinforced and unstiffened 
composite plates or cylindrical shells are considered. First, equilibrium equations are formulated for a shell 
subjected to the simultaneous action of a thermal field and an axial loading. These equations are used to predict 
a general form of the algebraic equations describing the post-buckling response of a shell. Conditions for the 
snap-through of a shell subjected to thermomechanical loading are formulated. As an example, the theory is 
applied to prediction of post-buckling response of flat large-aspect-ratio panels reinforced in the direction of 
their short edges. 
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ABSTRACT: A new approach to apply the differential quadrature method to the deflection, buckling, and free 
vibration analysis of beams and plates with various boundary conditions is presented. A different method for 
application of the beam boundary conditions, proposed earlier by Wang and Bert, is extended to clamped-fixed, 
simply supported-fixed, and fixed-fixed beams and excellent results are obtained. It is found that the differential 
quadrature method gives less accurate results for the buckling load when the plate aspect ratio a/b exceeds 2.45 
for the cases considered and possible reasons for this are discussed. 
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ABSTRACT: Laminated composite, circular cylindrical hollow shafts are used extensively as primary load-
carrying structures in many applications under various loading configurations. Advanced composite materials 
also seem ideally suited for long, power drive-shaft applications. At the same time, from a design point of view, 
local and general instability arising from the action of torsional loads often represents the limiting load 



condition. In the present study, a theoretical analysis is presented for determining the buckling torque of a 
circular cylindrical hollow shaft with layers of arbitrarily laminated composite materials by means of various 
thin-shell theories. Comparisons with previous investigations are listed for isotropic and arbitrarily laminated 
composite material drive shafts. Consideration is also given to the various shell theories, such as those of 
Flügge, Sanders, Love (first approximation), Loo, Morley, and Donnell. The effect of the off-axis stiffnesses 
and the bending moment on buckling torque is considered. 
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ABSTRACT: Modeling the complex deformations of cylindrical tubes under external pressure is of interest in 
engineering and physiological applications. The highly nonlinear post buckling behavior of cross section of the 
tube during collapse attracted researchers for years. Major efforts were concentrated on studying the behavior of 
thin wall tubes. Unfortunately, the knowledge on post buckling of thick wall tubes is still incomplete, although 
many experimental and several theoretical studies have been performed. In this study we systematically studied 
the effect of the wall thickness on post buckling behavior of the tube. For this purpose, we utilized a 
computational model for evaluation of the real geometry of the deformed cross sectional area due to negative 
transmural (internal minus external) pressure. We also developed an experimental method to validate the 
computational results. Based on the computed cross sections of tubes with different wall thicknesses, we 
developed a general tube law that accounts for thin or thick wall tubes and fits the numerical data of computed 
cross sectional areas versus transmural pressures.  
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“Shear buckling of a composite drive shaft under torsion”, Composite Structures, Vol. 64, No. 1, April 2004, 
pp. 63-69, doi:10.1016/S0263-8223(03)00214-9 
ABSTRACT: In this research the torsional stability of a composite drive shaft torsion is studied. Composite 
materials are considered as the suitable choice for manufacturing long drive shafts. The applications of this kind 
of drive shafts are developed in various products such as cars, helicopters, cooling towers, etc. From the design 
point of view, local and global torsional instability of drive shafts limits the capability for them to transfer 
torque. After reviewing the closed form solution methods to calculate the buckling torque of composite drive 
shafts, a finite element analysis is performed to study their behavior. Furthermore, to evaluate the results 
obtained by the finite element method, a comparison with experimental and analytical results is presented. A 
case study of the effects of boundary conditions, fiber orientation and stacking sequence on the mechanical 
behavior of composite drive shafts is also performed. Finally, the reduction of the torsional natural frequency of 
a composite drive shaft due to an increase of applied torque is studied. 
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composite drive shafts”, World Applied Sciences Journal, Vol. 33, No. 3, pp 517-524, 2015 
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ABSTRACT: One interesting application of composite materials is the composite drive shafts as power 
transmission tubing which are used in many mechanical and structural systems; such as automobiles, marine 
and flight vehicles, gas and wind turbines...etc. In this paper, a composite drive shaft for an automotive 
application is optimized for maximizing the torsional buckling torque under mass constraint. Other constraints 
include bending natural frequency as well as interlaminar shear failure criterion. The selected design variables 
are the fiber volume fraction, fiber orientation angle and thickness of each composite layer. A case study for a 
simply supported drive shaft made of carbon/epoxy composite material is considered through the work of this 
paper. The attained optimum solutions are compared with a known baseline design having the same length, 
same cross section and same material properties. The optimization problem is built in a nondimensional form; 



and Global Optimization Toolbox in MATLAB program has been implemented for modeling the optimization 
problem. It was found that the cross-ply layup gives the best results for maximum buckling torque and bending 
natural frequency without mass penalty.  
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“Finite Element Torsional Buckling Analysis and Prediction for Plain Shafts”, Materials Science Forum 
(Volumes 440 - 441), November 2003, pp. 455-464, doi: 10.4028/www.scientific.net/MSF.440-441.455 
ABSTRACT: One of the challenges facing the designers of aeroengine drive shafts is to transmit higher torques 
while at the same time reducing the overall diameter of the engine in order to reduce drag. The resulting high 
performance drive shafts are smaller, lighter and have thinner walls, and it is essential that the factors affecting 
instability are known and understood. Torque is the principal load carried by these shafts, and most of the 
analytical methods for predicting torsional stability are either analytical or semi-empirical and tend not to cover 
the relevant range of geometries of interest here in terms of shaft geometry. Also, they give only limited 
information about the failure mode involved. A finite element analysis (FEA) approach has been developed to 
address this need, and this paper presents results for plain shaft sections subjected to torque loading. Geometries 
leading to elastic buckling and plastic collapse are identified, along with appropriate formulae for calculating 
the torque capacity. 
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Buckling Analysis and Damage Tolerance of Graphite/Epoxy Shafts”, Journal of Composite Materials, March 
1988, vol. 22, no. 3, pp. 258-270, doi: 10.1177/002199838802200304 
ABSTRACT: The measured torsional buckling load of Graphite/Epoxy shafts is found in good agree ment with 
theoretical predictions based on a general shell theory that includes elastic cou pling effects and transverse 
shearing deformations. The direction of the applied torque and the lay-up stacking sequence drastically affects 
the buckling load (up to 80%). Transverse shearing deformations are found significant when the number of 
circumferential waves in the buckling pattern is larger than 3. The residual strength of shafts with holes is also 
measured, and the dominant failure mode remains torsional buckling. The buckling mode patterns are 
seemingly unaffected by damage but buckling loads are lower compared to un damaged specimens. Material 
failure concentrated around the hole does not occur until the hole size is approximately one-third of the shaft's 
diameter. Teflon disks inserted between plies to simulate delaminations decrease the buckling load, but not 
significantly. In con clusion, stiffness characteristics, rather than strength characteristics dominate the behavior 
of thin-walled, undamaged shafts under torsional load, and this appears to remain true for shafts with sizable 
damage (up to about one-third of the shaft's diameter). 
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“Analysis and optimization of laminated composite circular cylindrical shell subjected to compressive axial and 
transverse transient dynamic loads”, Thin-Walled Structures, Vol. 47, Nos. 8-9, August-September 2009, pp. 
970-983, doi:10.1016/j.tws.2009.01.004 
ABSTRACT: Optimization is one of the important stages in the design process. In this paper the genetic 
algorithms method is applied for weight and transient dynamic response and two constraints including critical 
buckling loads and principle strains optimization of laminated composite cylindrical shells. The multi-objective 
function seeks the minimum structural weight and transient dynamic response. Nine design variables including 
material properties (fibre and matrix), volume fraction of fibre, fibre orientation and thickness of each layer are 
considered. In analytical solution, vibration of composite circular cylindrical shells are investigated based on the 



first-order shear deformation shell theory. The boundary conditions are assumed to be fully simply support. The 
dynamic response of the composite shells is studied under transverse impulse and axial compressive loads. The 
modal technique is used to develop the analytical solution of the composite cylindrical shell. The solution for 
the shell under the given loading conditions can be found using the convolution integrals. An example of simply 
supported laminated composite cylindrical shells is given to demonstrate the optimality of the solution obtained 
by the genetic algorithms technique. Results are shown that the weight coefficient of multi-objective function 
and the type of the constraints have considerable effect on the optimum weight and dynamic response. 
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Mechanics and Materials,  March 2011, Vols. 52-54, 1794-1799, 
doi:10.4028/www.scientific.net/AMM.52-54.1794 
ABSTRACT: In this paper, a refined model of interlocked composite grid stiffened structure and an equivalent 
model based on simplified ICG panel are built. Buckling and dynamic response of the composite panel are then 
analyzed using the models. The result is the accuracy of buckling and mode analysis of refined model is greatly 
improved compared with the equivalent model. Simulation for impact response under different impactors is 
considered. The coefficients such as material properties and structure dimension of the slot are discussed. 
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Ankara, Turkey), “Buckling, Post-Buckling And Failure Analysis Of Hat Stiffened Composite Panel”, 
Proceedings of 8th International Fracture Conference 7 – 9 November 2007 Istanbul/TURKEY 
ABSTRACT: Current use of advanced composites in aircraft structures has demonstrated the potential for 
decreasing structural weight. But, the inherent complexities associated with the design and analysis of carbon-
fiber composite structures has restricted its use in post-buckling designs. In conventional aircraft application, it 
is common practice to design stiffened metallic plate and shell structures to buckle below design ultimate limit. 
The buckling and failure characteristics of a thin composite skin reinforced by stiffeners, such as fuselage shell 
or wing components, have to be determined explicitly. Post-buckled design allows buckling before design limit 
is reached and the buckled structure can carry design ultimate load. Closed-sectioned hat stiffened panels were 
studied by several researchers in order to show significant post-buckling strength. Usually, the post-buckled 
design also results in significant weight savings when compared to buckling-resistant design. In the present 
study, the aim was to explore technologies for manufacturing integral composite structures to evaluate the 
manufacturing concepts by determining the structural behavior of hat-stiffened composite panels under 
compression loading. The experimental results of hat-stiffened panels for initial buckling and post-buckled 
response under compression loading were compared with numerical results obtained using linear and non-linear 
finite element analysis. 
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Turkey), “Buckling and Post-buckling Behavior of Compression Loaded Composite Panels with Hat 
Stiffeners”, Journal of Reinforced Plastics And Composites, Vol. 28, No. 20/2009, 2501-2509, DOI: 
10.1177/0731684408092394 
ABSTRACT: The aim of this study was to explore easy technologies for manufacturing of integral composite 
structures to evaluate the manufacturing concepts. This has been done by determining the buckling and post-
buckling behavior of hat-stiffened composite panels under compression loading. A shadow Moire � technique 
was used to monitor the out-of-plane displacement of the skin panel. The experimental results of hat-stiffened 
panels for initial buckling and post-buckled response of the panels were compared with numerical results 
obtained from linear and non-linear finite element methods. It was found to be in reasonably good agreement 
with each other. The panels showed good post-buckling strength and total failure began with the local buckling 
of the hat stiffeners. 
References listed at the end of the paper: 
1. Elaldi, F., Lee, S. and Scott, R.F. (1992). Design, Fabrication and Compression Testing of Stiffened Composite Panels for Aircraft 
Structures, National Research Center-Technical Report: NRC LTR-ST-1872, CA. 
2. Starnes, J. H., Knight, F. K. and Rouse, M. (1985). Post-Buckling of Selected Flat Stiffened Graphite Epoxy Panels Loaded in 
Uniaxial Compression, AIAA, 23(8): 1236–1246. 
3. Buskell, N., Davies, G. A. O. and Stevens, K. A. 1985. Post-Buckling Failure of Composite Panels, Proceedings of the Third 
International Conference on Composite Structures, pp. 290–294, Paisley, UK. 
4. Falzon, B. G. and Steven, G. P. (1995). Post-Buckling Behavior of Hat-stiffened Thin Skinned Carbon Fiber Composite Panels, 
AIAA/ASME/AHS/ASC: Proceedings of the 36th Structures, Structural Dynamics and Materials Conference, New Orleans, LA, 
USA. 
5. Singer, J., Arbocz, J. and Weller, T. (1998). Experimental Methods in Buckling of Thin-walled Structures, Buckling Experiments, 
Vol. 1, Wiley, New York. 
6. Stevens, K. A., Ricci, R. and Davies, G. A. O. (1995). Buckling and Post-Buckling of Composite Structures, Composites, 26(3): 
189–199. 
7. Stevens, K. A., Specht, S. and Davies, G. A. O. (1997). Post-Buckling Failure of Carbon Epoxy Compression Panels, Proceedings 
of ICCM-11, Gold Coast, Australia. 
8. Falzon, B. G. and Steven, G. P. (1997). Buckling Mode Transition in Hat-stiffened Composite Panels Loaded in Uniaxial 
Compression, Composite Structures, 37(2): 253–267. 
9. Kong, C. W., Lee, I. C., Kim, C. G. and Hong, C. S. (1998). Post-Buckling and Failure of Stiffened Composite Panels under Axial 
Compression, Composite Structures, 42(1): 13–21. 
 
 
Faruk Elaldi (Department of Mechanical Engineering University of Baskent, Ankara, Turkey), “Structural 
Efficiency and Post-buckling Strength of J- and Hat-stiffened Composite Panels”, Journal of Reinforced Plastics 
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ABSTRACT: The aim of this study was to explore post-buckling strength potential of two different stiffener 
types and evaluate structural efficiencies of those by making a comparison. This has been done by first 
determining the buckling and post-buckling behavior of J- and hat-stiffened composite panels under 
compression loading. By making a structural efficiency definition, the experimental results of J- and hat-
stiffened panels for initial buckling and post-buckled responses of the panels were compared with predicted and 
analytical results. 
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“Combined effects of in-plane boundary conditions and stiffening on buckling of eccentrically stringer-stiffened 
cylindrical panels”, Computers & Structures, Vol. 14, Nos. 5-6, 1981, pp. 427-442, 
doi:10.1016/0045-7949(81)90063-8 
ABSTRACT: Donnel type stability equations for buckling of stringer stiffened cylindrical panels under 
combined axial compression and hydrostatic pressure are solved by the displacement approach of [6], The 
solution is employed for a parametric study over a wide range of panel and stringer geometries to evaluate the 
combined influence of panel configurations and boundary conditions along the straight edges on the buckling 
behavior of the panel relative to a complete  “counter”_ cylinder (i.e. a cylinder with identical skin and stiffener 
parameters). The parametric studies reveal a “sensitivity”_ to the “weak in shear”. Nx = Nxphi= 0, along the 
straight edges, SS1 boundary conditions type where the panel buckling loads are always smaller than those 
predicted for a complete “counter” cylinder. In the case of  “classical”, SS3 B.Cs., there always exist values of 
panel width, 2phi0, for which rho = 1, i.e. the panel buckling load equals that of the complete “counter” 
cylinder. For SS2 and SS4 B.Cs. types, the nature by which the panel critical load approaches that of the 
complete cylinder appears to be panel configuration dependent. Utilization of panels for the experimental 
determination of a complete cylinder buckling load is found to be satisfactory for relatively very lightly and 
heavily stiffened panels, as well as for short panels, (L/R) = 0.2 and 0.5. Panels of moderate length and 
stiffening have to be debarred, since they lead to nonconservative buckling load predictions. 
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“Impact damage resistance of buckled carbon/epoxy panels”, Composite Structures, Vol. 73, No. 2, May 2006, 
pp. 130-137, Special Issue: International Conference on Buckling and Postbuckling Behavior of Composite 
Laminated Shell Structures, doi:10.1016/j.compstruct.2005.11.049 
ABSTRACT: Results are presented for impact tests conducted on postbuckled, thin, orthotropic carbon/epoxy 
laminates manufactured by the RTM process from preforms of uniweave fabric, some of which were stitched 
with Kevlar sewing thread. They were impacted by a 13 mm diameter 8.9 g steel projectile at velocities ranging 
to 90 m/s on their convex and concave faces. For impact velocities above a critical value, either penetration 
occurred or the specimens failed catastrophically. Their corresponding critical velocity boundaries were 
established. Their projected impact damage area increased with increased impact velocity, however, it was 
independent of preload. Their postimpact properties remained largely unchanged. Stitching reduced 
significantly the projected damage area, however none of their other impact damage resistance and tolerance 
characteristics were effected, including their critical velocities for penetration and catastrophic damage. 
Impacting on the concave face, compared to impacting on the convex face, reduced the projected damage area 



and the penetration critical velocity boundary. No catastrophic damage was observed for these specimens. 
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“Compression behavior of stitched stiffened panel with a clearly visible stiffener impact damage”, Composite 
Structures, Vol. 62, No. 2, November 2003, pp. 213-221, doi:10.1016/S0263-8223(03)00116-8 
ABSTRACT: Damage tolerance of stitched stiffened composite panels with clearly visible impact damage to a 
stiffener was investigated. Two-blade stiffened composites panels were fabricated using resin film infiltration 
technique. The effects of stitching are assessed using unstitched, selectively stitched and fully stitched panels. 
Impact damage was induced using a drop weight impact of 30 J from the skin side over the stiffener. The 
experimental results indicate that selectively stitched panels showed 14.4% improvement in compression after 
impact strength compared to both the unstitched and fully stitched panels. Post-buckling finite element analysis 
was performed to predict the buckling and failure strengths of these stiffened panels. 
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“Determination of mode II delamination toughness of stitched laminated composites”, Composites Science and 
Technology, Vol. 55, No. 3, 1995, pp. 241-253, doi:10.1016/0266-3538(95)00089-5 
ABSTRACT: Delamination as a result of low-velocity impact loading is a major cause of fibre-reinforced 
composite failure. Through-thickness reinforcement in the form of transverse stitching is an effective way to 
suppress delamination in these composite laminates. In this paper, the effect of stitching on Mode II 
delamination toughness is analysed by using two specimen geometries, namely, the end-notch flexure (ENF) 
specimen geometry and the end-notch cantilever (ENC) specimen geometry. The ENC specimen geometry 
allows larger crack propagation lengths which may be necessary to develop fully the stitch-thread bridging zone 
in the case of compliant stitch threads. Initially the energy release rate, GII(_îa), is determined by the contour 
integral method and then the use and equivalence of the stress intensity factor approach is demonstrated. The 
effect of stitching on both specimen geometries is found to be the same, and identical closed form analytical 
expressions are obtained for the potential energy release rate, GIIR(_îa), required for crack propagation. The 
effect of stitching is expressed in terms of the stitching parameters _± and _≤. The influence of friction between 
the crack surfaces is also included in the analysis. A simple design study for sizing the ENF and ENC 
specimens to minimise geometric non-linear response is presented. The effects of the stitching parameters and 
various geometric and material properties are examined. 
 
 
Jacob L. Pelletier and Senthil S. Vel (University of Maine, Orono, ME 04469, USA), “An exact solution for the 
steady-state thermoelastic response of functionally graded orthotropic cylindrical shells”, International Journal 
of Solids and Structures, Vol. 43, No. 5, March 2006, pp. 1131-1158, doi:10.1016/j.ijsolstr.2005.03.079 
ABSTRACT: We analyze the steady-state response of a functionally graded thick cylindrical shell subjected to 
thermal and mechanical loads. The functionally graded shell is simply supported at the edges and it is assumed 
to have an arbitrary variation of material properties in the radial direction. The three-dimensional steady-state 
heat conduction and thermoelasticity equations, simplified to the case of generalized plane strain deformations 
in the axial direction, are solved analytically. Suitable temperature and displacement functions that identically 
satisfy the boundary conditions at the simply supported edges are used to reduce the thermoelastic equilibrium 
equations to a set of coupled ordinary differential equations with variable coefficients, which are then solved by 
the power series method. In the present formulation, the cylindrical shell is assumed to be made of an 



orthotropic material, although the analytical solution is also valid for isotropic materials. Results are presented 
for two-constituent isotropic and fiber-reinforced functionally graded shells that have a smooth variation of 
material volume fractions, and/or in-plane fiber orientations, through the radial direction. The cylindrical shells 
are also analyzed using the Flügge and the Donnell shell theories. Displacements and stresses from the shell 
theories are compared with the three-dimensional exact solution to delineate the effects of transverse shear 
deformation, shell thickness and angular span. 
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Boardman Hall, Orono, ME 04469, USA), “Multi-objective optimization of fiber reinforced composite 
laminates for strength, stiffness and minimal mass”, Computers & Structures, Vol. 84, Nos. 29-30, November 
2006, pp. 2065-2080, doi:10.1016/j.compstruc.2006.06.001 
ABSTRACT: We present a methodology for the multi-objective optimization of laminated composite materials 
that is based on an integer-coded genetic algorithm. The fiber orientations and fiber volume fractions of the 
laminae are chosen as the primary optimization variables. Simplified micromechanics equations are used to 



estimate the stiffnesses and strength of each lamina using the fiber volume fraction and material properties of 
the matrix and fibers. The lamina stresses for thin composite coupons subjected to force and/or moment 
resultants are determined using the classical lamination theory and the first-ply failure strength is computed 
using the Tsai–Wu failure criterion. A multi-objective genetic algorithm is used to obtain Pareto-optimal 
designs for two model problems having multiple, conflicting, objectives. The objectives of the first model 
problem are to maximize the load carrying capacity and minimize the mass of a graphite/epoxy laminate that is 
subjected to biaxial moments. In the second model problem, the objectives are to maximize the axial and hoop 
rigidities and minimize the mass of a graphite/epoxy cylindrical pressure vessel subject to the constraint that the 
failure pressure be greater than a prescribed value. 
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Nurcan Asci, Habib Uysal and Uemit Uzman, “Sizing of a spherical shell of variable thickness under dynamic 
loads”, Vibration Problems ICOVP 2005, Springer Proceedings in Physics, Volume 111. ISBN 978-1-4020-
5400-6. Springer, 2007, p. 51 
ABSTRACT: In this paper, optimization of a spherical shell under various dynamic loads is investigated. The 
aim of this optimization problem is to minimize the volume of the shell. Design variables are corner thicknesses 
of each finite element. Constraints are stresses obtained from von Mises stress criterion not to exceed the yield 



stress in corner nodal points of each finite element at the top and bottom surfaces of shell and thicknesses are 
restricted not to be less than 2.5 mm. In addition to shell's own weight, the vertical loads with equal intensity are 
applied at the nodal points on the upper edge of spherical shell, varying with respect to time function P(t). Time 
varying load vector is considered three different cases such as step, step after ramp and impulse functions. A 
program is coded with MapleV for optimization of spherical shell and finite element package program ANSYS 
is used for structural analysis. Obtained results are presented in graphical and tabular form. Finally, concluded 
remarks are given. 
 
 
Reddy, J. N. (School of Aerospace, Mechanical and Nuclear Engineering, University of Oklahoma, Norman, 
Oklahoma, U.S.A.), “A penalty plate-bending element for the analysis of laminated anisotropic composite 
plates”, International Journal for Numerical Methods in Engineering, Vol.15, No. 8, August 1980, pp.1187–
1206. doi: 10.1002/nme.1620150807 
ABSTRACT: A C0 (penalty) finite element is developed for the equations governing the heterogeneous 
laminated plate theory of Yang, Norris and Stavsky. The YNS theory is a generalization of Mindlin's theory for 
homogeneous, isotropic plates to arbitrarily laminated anisotropic plates and includes shear deformation and 
rotary inertia effects. The present element can also be used in the analysis of thin plates by appropriately 
specifying the penalty parameter. A variety of problems are solved, including those for which solutions are not 
available in the literature, to show the material effects and the parametric effects of plate aspect ratio, length-to-
thickness ratio, lamination scheme, number of layers and lamination angle on the deflections, stresses, and 
vibration frequencies. Despite its simplicity, the present element gives very accurate results. 
 
 
C.W. Bert and J.N. Reddy, “Vibration and buckling of thick cylindrical shells of bimodulus composite 
materials”, 1981 advances in aerospace structures and materials; Proceedings of the Winter Annual Meeting, 
Washington, DC; United States; 15-20 Nov. 1981. pp. 109-114. 1981 
ABSTRACT: Closed-form and finite-element solutions are presented for the free vibration of axially 
compressed, thick, circular cylindrical shells laminated of bimodulus composite materials, which have different 
elastic properties depending upon whether the fiber-direction normal strain is tensile or compressive. The theory 
used is a dynamic, shear deformable theory, which is the moderately-thick-shell analog of the Sanders 'best' 
first-approximation thin-shell theory. By means of certain tracers introduced in the paper, the analysis can be 
reduced to the thick-shell analog of simpler shell theories, namely Love's first-approximation and Donnell's 
shallow-shell theory. The buckling load is found by determining the lowest value of axial compressive load for 
which the lowest natural frequency vanishes. To validate the analysis, numerical results obtained by the two 
solutions are compared with each other and with existing results (for ordinary, not bimodulus, materials) for 
special cases. The effects of shell theory, secondary buckling effects, aspect ratio, and bending-stretching 
coupling are investigated parametrically. 
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degenerated 3-D element”,  International Journal for Numerical Methods in Engineering, Vol. 20, No. 11, 
November 1984, pp. 1991–2007, doi: 10.1002/nme.1620201104 
ABSTRACT: A special three-dimensional element based on the total Lagrangian description of the motion of a 
layered anisotropic composite medium is developed, validated and employed to analyse laminated anisotropic 
composite shells. The element contains the following features: geometric nonlinearity, dynamic (transient) 
behaviour and arbitrary lamination scheme and lamina properties. Numerical results of nonlinear bending, 
natural vibration and transient response are presented to illustrate the capabilities of the element. 
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10.1061/(ASCE)0733-9399(1984)110:5(794), 794-809, 1984 



ABSTRACT: An extension of the Sanders shell theory for doubly curved shells to a shear deformation theory 
of laminated shells is presented. The theory accounts for transverse shear strains and rotation about the normal 
to the shell midsurface. Exact solutions of the equations are presented for simply supported, doubly curved, 
cross-ply laminated shells under sinusoidal, uniformly distributed, and concentrated point load at the center. 
Fundamental frequencies of cross-ply laminated shells are also presented. The exact solutions presented herein 
for laminated composite shells should serve as bench mark solutions for future comparisons. 
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laminated, doubly curved shells”, International Journal of Non-Linear Mechanics, Vol. 20, No. 2, pp 79-90, 
1985, doi:10.1016/0020-7462(85)90002-2 
ABSTRACT: A dynamic, shear deformation theory of a doubly curved shell is used to develop a finite element 
for geometrically non-linear (in the von Karman sense) transient analysis of laminated composite shells. The 
element is employed to determine the transient response of spherical and cylindrical shells with various 
boundary conditions and loading. The effect of shear deformation and geometric non-linearity on the transient 
response is investigated. The numerical results presented here for transient analysis of laminated composite 
shells should serve as references for future investigations. 
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laminates”, Computers & Structures, Vol. 25, No. 3, 1987, pp. 371-393, doi:10.1016/0045-7949(87)90130-1 
ABSTRACT: A finite-element computational procedure is developed for the first-ply failure analysis of 
laminated composite plates. The procedure is based on the first-order shear deformation theory and a tensor 
polynomial failure criterion that contains the maximum stress, maximum strain, the Hill, Tsai-Wu and Hoffman 
failure criteria as special cases. By specifying the desired criterion, a first-ply failure analysis of composite 
laminates subjected to in-plane and/or bending loads can be achieved. A number of problems are presented to 
evaluate these failure criteria when applied to laminates subjected to in-plane and or bending loads. 
 
 
J.N. Reddy, “On kinematic and constitutive models of laminated composite plates”, in Constitutive models of 
deformation, edited by J. Chandra, Ram P. Srivastav, United States. Army Research Office, 1987, SIAM 
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ABSTRACT: A review of two-dimensional (e.g., equivalent single-layer) kinematic models of laminated 
composite plates and constitutive models of fiber-reinforced composites for failure is presented. The recent 
research work of the author in the formulation of refined theories of laminated composite plates is also included. 
 
 
Rüdiger Schmidt (Bergische Universität (GH) Wuppertal, D-5600, Wuppertal 2, West Germany), “A current 
trend in shell theory: Constrained geometrically nonlinear Kirchhoff-Love type theories based on polar 
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doi:10.1016/0045-7949(85)90076-8 
ABSTRACT: The present paper deals with a novel approach to the derivation of constrained geometrically 
nonlinear shell theories which has been given in recent years by Pietraszkiewicz [1–4]. This approach has a 
distinct advantage over others in that it is theoretically well founded on exact polar decomposition of the shell 
deformation into rigid-body translation, pure stretch along the principal directions of strain and rigid-body 
rotation. Pietraszkiewicz [1–4] developed an exact theory of finite rotations in shells which allows for the 
derivation of appropriate kinematic shell relations for restricted strains and rotations of clearly defined order of 
magnitude. This approach has led already to a significant number of related publications [5–36] which cover 
various aspects of nonlinear shell theory: the derivation of first approximation theories for shells and beams 
undergoing small strains accompanied by moderate, large, or unrestricted rotations, associated variational 
principles, stability and post-buckling equations, and finite element computations. Furthermore, a similar 



approach to the derivation of a moderate rotation shell theory via the polar decomposition theorem has been 
given just recently by Naghdi and Vongsarnpigoon [37] in terms ofCosserat surface theory. Therefore, it seems 
to be justified to term these recent advances [1–37] based on exact polar decomposition of shell deformation 
with subsequent restriction of strains and rotations a new, current trend in shell theory. First, the present paper 
reviews briefly the progress obtained in Refs. [1–36]. Then, we present some foundations of large rotation shell 
theory, especially some new results which allow for the construction of variationally derivable theories. The 
general large rotation shell theory is simplified for problems in which the in-surface rotations remain moderate 
or even small. The latter variant is compared with two theories given recently by Nolte and Stumpf [9] and 
Pietraszkiewicz [14]. Then, for all these variants a set of basic variational principles is derived in a unified 
operator notation. Finally, as contribution towards the numerical justification of the present approach we present 
solutions for a spherical shell stability problem obtained together with ChróImage cielewski [63] by three-
dimensional finite element analysis and compare this reference solution with those obtained by Nolte [8] on the 
basis of large rotation shell theories. 
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No. 3, September 1988, pp. 611 – 617, doi:10.1115/1.3125837 
ABSTRACT: A general refined shell theory that accounts for the transverse deformation, small strains, and 
moderate rotations is presented. The theory can be reduced to various existing shell theories including: the 
classical (i.e., linear Kirchhoff-Love) shell theory, the Donnell-Mushtari-Vlasov shell theory, the Leonard-
Koiter-Sanders moderate rotations shell theory, the von Kármán type shear-deformation shell theory and the 
moderate-rotation shear-deformation plate theory developed by Reddy. The present theory is developed from an 
assumed displacement field, nonlinear strain-displacement equations that contain small strain and moderate 
rotation terms, and the principle of virtual displacements. The governing equations exhibit strong coupling 
between the membrane and bending deformations, which should alter the bending, stability, and post-buckling 
behavior of  certain shell structures predicted using the presently available theories. 
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University, Blacksburg, VA 24061, U.S.A.), “A generalization of two-dimensional theories of laminated 
composite plates”, Communications in Applied Numerical Methods, Vol. 3, No. 3, May/June 1987, pp.173–
180, doi: 10.1002/cnm.1630030303 
ABSTRACT: A general two-dimensional shear deformation theory of laminated composite plates is presented. 
The theory account for a desired degree of approximation of the displacements through the laminate thickness. 
As special cases, the classical, first-order (Reissner–Mindlin) and other shear deformation theories available in 
the literature can be deduced from the present theory. 
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University, Blacksburg, Virginia 24061, U.S.A.), “Free vibration and buckling of symmetric cross-ply 
laminated plates by an exact method”, Journal of Sound and Vibration, Vol. 126, No. 3, November 1988, 
pp.447-461, doi:10.1016/0022-460X(88)90223-4 
ABSTRACT: An exact mathematical tool to analyze the free vibration and buckling of symmetric cross-ply 
laminated plates is developed. The procedure, based on a generalized Lévy type solution considered in 
conjunction with the state space concept, enables one to solve exactly the equations governing the laminated 
anisotropic plate theory as considered by Reddy [3,4]. Combinations of simply supported, clamped and free 
boundary conditions are considered. Comparisons with other higher order, first order and classical plate theories 
are made. 
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buckling of cross-ply circular cylindrical shells with various shell theories”, International Journal of 
Engineering Science, Vol. 27, No. 11, 1989, pp. 1337-1351, doi:10.1016/0020-7225(89)90058-X 
ABSTRACT: Analytical solutions for displacements, natural frequencies and buckling loads of cross-ply 
circular cylindrical shells under various boundary conditions are developed using the classical, first-order and 
third-order shell theories and the state-space technique. The third-order theory of shells of Reddy accounts for 
cubic variation of surface displacements through the thickness of the laminate and there is no need for shear 
correction factors. Analytical solutions are developed for simply-supported, clamped and free boundary 
conditions, and the effect of boundary conditions, lamination schemes and shear deformation on the deflections. 
stresses, natural frequencies and buckling loads is investigated. 
 
J.N. Reddy and A. Khdeir (VPISU, Blacksburg, Virginia), “Buckling and vibration of laminated plates using 
various plate theories”, AIAA Journal, Vol. 27, No. 12 (1989), pp. 1808-1817, doi: 10.2514/3.10338 
ABSTRACT: Analytical and finite-element solutions of the classical, first-order, and third-order laminate 
theories are developed to study the buckling and free-vibration behavior of cross-ply rectangular composite 
laminates under various boundary conditions. The effects of side-to-thickness ratio, aspect ratio, and lamination 
schemes on the fundamental frequencies and critical buckling loads are investigated. The study concludes that 
shear deformation laminate theories accurately predict the behavior of composite laminates, whereas the 
classical laminate theory overpredicts natural frequencies and buckling loads. 
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University, 06531, Ankara, Turkey), “Thermoelastic analysis of cross-ply laminated circular cylindrical shells”, 
International Journal of Solids and Structures, Vol. 33, No. 27, November 1996, pp. 4007-4017, 
doi:10.1016/0020-7683(95)00229-4 
ABSTRACT: Thermal deformations and stresses in cross-ply laminated circular cylindrical shells are 
investigated. The state space approach is used to solve exactly the thermoelastic governing equations of the 
third-order, first-order and classical theories for arbitrary boundary conditions. To illustrate the thermoelastic 
behavior, exact analytical solutions for deflections and stresses are obtained for laminated circular cylindrical 
shells undergoing uniform and linearly varying temperature fields through the thickness while having sinusoidal 
distribution of thermal loading. 
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80203, Jeddah, 21589, Saudi Arabia), “Stresses in cross-ply laminated circular cylinders of axially variable 
thickness”, Acta Mechanica, Vol. 187, No. 1, pp 85-102, November 2006 
ABSTRACT: This paper presents the results from an analytical investigation of the behavior of composite 
circular cylinders subjected to internal and external surface loading. The present cylinder consists of a number 
of homogeneous ply groups of axially variable thickness. Each ply group forming a layer is treated as an 
individual thin elastic cylinder of generally orthotropic material with interfacial stresses on the inner and outer 
surfaces of the layer as boundary loading. The deformation and stresses in each layer can be expressed in terms 
of interfacial stresses along the exterior surfaces of each layer. All displacement and stresses throughout the 
composite cylinder can be determined subsequently after satisfying boundary conditions at the inside and 
outside surfaces of the cylinder in conjunction with the recurrence relationship among interfacial stresses. 
Numerical results are presented for different values of the inner-to-outer ratio, number of layers, stacking 
sequence, axially-variable-thickness parameter, and load factor. Based on the presented results, conclusions can 
be drawn concerning the cylinder behavior and its sensitivity to different parameter variations. 
References listed at the end of the paper: 
1. Timoshenko, S. P., Goodier, J. N. 1970 Theory of elasticity McGraw-Hill New York 
2. Landau, L. D., Lifshitz, E. M. 1986 Theory of elasticity Pergamon Press Oxford 
3. Lekhnitskii, S. G. 1968 Anisotropic plates Gordon and Breach New York 
4. Lekhnitskii, S. G. 1981 Theory of elasticity of an anisotropic body Mir Moscow 



5. Horgan, C. O., Chan, A. M. 1999 The pressurized hollow cylinder or disk problem for functionally graded isotropic linearly elastic 
materials J. Elasticity 554359 
6. Tarn, J. Q. 2001 Exact solutions for functionally graded anisotropic cylinders subjected to thermal and mechanical loadsInt. J. 
Solids Struct. 3881898206 
7. Rooney, F., Ferrari, M. 2001 Tension, bending, and flexure of functionally graded cylindersInt. J. Solids Struct. 38413421 
8. Ding, H. J., Wang, H. M., Chen, W. Q. 2003 A solution of non-homogeneous orthotropic cylindrical shell for axisymmetric plane 
strain dynamic thermoelastic problems J. Sound Vib. 263815829 
9. Zenkour, A. M. 2005 Analytical solutions for rotating exponentially-graded annular disks with various boundary conditions Int. J. 
Struct. Stab. Dynam. 5557577 
10. Ho, C. H. 1976 Stress focusing effect in a uniformly heated cylindrical rod J. Appl. Mech. 43464468 
11. Kalam, M. A., Tauchert, T. R. 1978 Stresses in an orthotropic elastic cylinder due to a plane temperature distribution T(r, θ) J. 
Therm. Stress. 11324 
12. Sugano, Y. 1979 Transient thermal stresses in a transversely isotropic finite circular cylinder due to an arbitrary internal heat 
generation Int. J. Engng. Sci. 17927939 
13. Kardomateas, G. A. 1989 Transient thermal stresses in a cylindrically orthotropic composite tube J. Appl. Mech. 56411417 
14. Kardomateas, G. A. 1990 The initial phase of transient thermal stresses due to general boundary thermal loads in orthotropic 
hollow cylinders J. Appl. Mech. 57719724 
15. Wang, X. 1995 Thermal shock in a hollow cylinder caused by rapid arbitrary heating J. Sound Vib. 183899906 
16. Zimmerman, R. W., Lutz, M. P. 1999 Thermal stresses and thermal expansion in a uniformly heated functionally graded cylinder 
J. Therm. Stress. 22177188 
17. Zenkour, A. M. 1998 Vibration of axisymmetric shear deformable cross-ply laminated cylindrical shells—a variational approach 
Int. J. Engng. Sci. 36219231 
18. Zenkour, A. M., Fares, M. E. 2000 Thermal bending analysis of composite laminated cylindrical shells using a refined first-order 
theory J. Therm. Stress. 23505526 
19. Zenkour, A. M., Fares, M. E. 2001 Bending, buckling and free vibration of non-homogeneous cross-ply laminated cylindrical 
shells using a refined first-order theory Composites B. 32237247 
20. Zenkour, A. M. 2001 Stress analysis of axisymmetric shear deformable cross-ply circular laminated cylindrical shells J. Engng. 
Math. 40315332 
21. Zenkour, A. M. Rotating variable-thickness orthotropic cylinder containing a solid core of uniform-thickness. Arch. Appl. Mech. 
(2006, in press). 
 
 
Reddy, J. N. (Department of Engineering Science and Mechanics, Virginia Polytechnic Institute and State 
University, Blacksburg, Virginia, U.S.A), “On refined computational models of composite laminates”. 
International Journal for Numerical Methods in Engineering, Vol. 27, 1989, pp. 361–382, 
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ABSTRACT: Finite element models of the continuum-based theories and two-dimensional plate/shell theories 
used in the analysis of composite laminates are reviewed. The classical and shear deformation theories up to the 
third-order are presented in a single theory. Results of linear and non-linear bending, natural vibration and 
stability of composite laminates are presented for various boundary conditions and lamination schemes. 
Computational modelling issues related to composite laminates, such as locking, symmetry considerations, 
boundary conditions, and geometric non-linearity effects on displacements, buckling loads and frequencies are 
discussed. It is shown that the use of quarter plate models can introduce significant errors into the solution of 
certain laminates, the non-linear effects are important even at small ratio of the transverse deflection to the 
thickness of antisymmetric laminates with pinned edges, and that the conventional eigenvalue approach for the 
determination of buckling loads of composite laminates can be overly conservative. 
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ABSTRACT: The instability of composite laminated plates under uniaxial, harmonically-varying, in-plane 
loads is investigated. Both symmetric cross-ply laminates and antisymmetric angle-ply laminates are analyzed. 
The first-order shear deformation plate theory is used to model composite laminates. The resulting linear 



equations of motion are transformed into small, uncoupled sets of equations, and instability regions in the plane 
of load amplitude versus load frequency are determined using the finite element method. The effects of 
damping, ratio of edge length to thickness of the plate, orthotropy, boundary conditions, number of layers and 
lamination angles on instability regions are examined. 
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laminates using a continuum-based shell element “, Computers & Structures, Vol. 34, No. 6, 1990, pp. 805-815, 
doi:10.1016/0045-7949(90)90351-2 
ABSTRACT: The incremental equations of motion based on the principle of virtual displacements of a 
continuous medium are formulated using the total Lagrangian description. A degenerate shell element with a 
degenerate curved beam element as a stiffener is developed for the geometric nonlinear analysis of laminated, 
anisotropic, stiffened shells. Compatibility and completeness requirements are stressed in modeling the general 
shell-type structures in order to assure the convergence of the finite-element solution. An iterative solution 
procedure, either Newton-Raphson method or modified Riks method, is employed to trace the nonlinear 
equilibrium path. A variety of numerical examples are presented to demonstrate the validity and efficiency of 
the stiffened shell element. The effects of boundary conditions, lamination scheme and geometric nonlinearity 
on deflections are also investigated. 
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characteristics of cross-ply laminated shells”, Computers & Structures, Vol. 34, No. 6, 1990, pp. 817-826, 
doi:10.1016/0045-7949(90)90352-3 
ABSTRACT: The dynamic and static behavior of cross-ply laminated shells are investigated using the third-
order shear deformation shell theory of Reddy. The theory is a modification of the Sanders shell theory and 
accounts for parabolic distribution of the transverse shear strains through the thickness of the shell and does not 
require shear correction coefficients. The Lévy-type exact solutions for bending, buckling and natural vibration 
are presented for doubly curved, cylindrical and spherical shells under various boundary conditions. 
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ply laminated circular cylindrical shells”, International Journal of Impact Engineering, Vol. 9, No. 4, 1990, 
pp.475-484, doi:10.1016/0734-743X(90)90036-U 
ABSTRACT: Transient response of simply-supported circular cylindrical shells is investigated using a higher-
order shear deformation theory (HSDT). The theory is a modification of the Sanders' shell theory and accounts 
for parabolic distribution of the transverse shear strains through thickness of the shell and tangential stress-free 
boundary conditions on the bounding surfaces of the shell. The results obtained using the classical shell theory 
(CST) and the first-order shear deformation theory (FSDT) are compared with those obtained using the higher-
order theory. The state-space approach is used to develop the analytical solutions to the equations of motion of 
the three theories. 
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Journal of Non-Linear Mechanics, Vol. 25, No. 6, 1990, pp. 687-700, doi:10.1016/0020-7462(90)90007-V 
ABSTRACT: A moderate rotation theory of laminated anisotropic shells, proposed by Schmidt and Reddy [J. 
appl. Mech. 55, 611–617.1988], is developed and its application is presented. All aspects of the derivations are 
explicitly developed and specific forms of the equations are derived in this part. The finite-element formulation 
and its applications are presented in Part 2 of the paper. 
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ABSTRACT: The finite element model of the moderate rotation theory (MRT) is developed and its application 
to composite plates and shells is presented. Comparison of results obtained by the moderate rotation theory with 
the von Kármán non-linear theory and continuum 2D theory is made. 
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ABSTRACT: Analytical solutions of the Reddy layer-wise laminate theory for buckling of composite 
cylindrical shells are presented. The layer-wise shell theory accounts for varying degrees of displacement 
expansion through the thickness of the shell. The Navier solution procedure is used to obtain exact buckling 
loads of cross-ply laminated cylindrical shells. 
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ABSTRACT: The static response of cross-ply laminated shallow shells subjected to thermal loadings is 
investigated. An exact analytical solution using the state space approach is presented in conjunction with the 
Lévy method, for doubly curved, cylindrical and spherical shells under various boundary conditions. Numerical 
results of the higher-order theory of Reddy and Liu (1985, 1987) for center deflection of cross-ply laminated 
shallow shells are compared with those obtained using classical and first-order shell theories. 
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ABSTRACT: The present study shows that the state-space concept used to generate exact solutions for various 
boundary conditions for bending, buckling and free vibration of composite laminates, can be modified easily 
and exactly and has no drawback when the laminate thickness is reduced. Numerical results for central 
deflections, axial stresses, transverse shear stresses, critical buckling loads and natural frequencies of cross-ply 
laminated plates are obtained using the classical, first- and third-order theories for large side to thickness ratios. 
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ply laminated plates using the state-space concept”, Computers & Structures, Vol. 48, No. 4, August 1993, 
pp.677-693, doi:10.1016/0045-7949(93)90261-B 
ABSTRACT: Generalized Levy-type solutions are obtained for the problems of linear vibration and stability of 
cross-ply laminated plates. The governing equations, which are derived by using the principle of virtual 
displacement and a third-order shear-deformation plate theory, are transformed into a set of first-order linear 
ordinary differential equations with constant coefficients. The general solution of these equations can be 
obtained by using the state-space concept. Then, application of the boundary conditions yields equations for the 
natural frequencies and buckling loads. Unfortunately, a straightforward application of the state-space concept 
yields numerically ill-conditioned problems as the plate thickness is reduced. Various methods for overcoming 



this problem are discussed. A combination of an initial-value method and the modified Gram-Schmidt 
orthonormalization procedure is used to overcome this problem. It is shown that this method not only yields 
results that are in excellent agreement with the results in the literature, but also it converges fast and gives all 
the frequencies and buckling loads regardless of the plate thickness. 
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2148-2154,  
ABSTRACT: The layer-wise shell theory of Reddy is used to study the postbuckling response of circular 
cylindrical shells. The Rayleigh-Ritz method is used to solve the equations by assuming a double Fourier 
expansion of the displacements with trigonometric coordinate functions. 
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ABSTRACT: An improved analytical procedure is introduced in the context of free vibration and stability 
problems of cross-ply laminated circular cylindrical shells. The Donnell shear-deformation type theory and 
Donnell's classical theory are used to illustrate the procedure. Numerical results are presented for shells with a 
variety of boundary conditions. Special attention is given to the axisymmetric problems and new results, not yet 
found in the literature, for stability and vibration are reported. It is recommended that the new technique be used 
for generating the Lévy-type solutions in vibration and stability problems of laminated shell panels and plates 
when the number and order of equations are higher than those of the classical theories. 
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ABSTRACT: Plate finite elements based on the generalized third-order theory of Reddy and the first-order 
shear deformation theory are analysed and compared on the basis of thick and thin plate modelling behaviour, 
distortion sensitivity, overall accuracy, reliability and efficiency. In particular, several four-noded Reddy-type 
elements and the nine-noded Lagrangian and heterosis (Mindlin-type) plate elements are analysed to assess their 
behaviour in bending, vibration and stability of isotropic and laminated composite plates. A four-noded Reddy-
type element is identified which is free of all spurious stiffness and zero energy modes, computationally 
efficient, and suitable for use in any general-purpose finite element program. 
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ABSTRACT: The nonlinear response of laminated composite structures subjected to thermal loads is 
investigated. Analysis is performed using a refined theory and an associated finite element model for 
geometrically nonlinear analysis of laminated composite shell structures. The model is based on a third-order 
displacement field which accounts for both transverse shear and transverse normal deformations. Numerical 
studies of simply-supported plates and cylindrical panels indicate that when the panels are free to expand or 
contract in the transverse direction, the predicted critical buckling temperatures do not depend significantly 
upon whether or not transverse normal deformations are explicitly accounted for in the analysis model. 
However, the critical buckling temperatures are strongly dependent upon whether or not the transverse normal 
deformations are restrained along the boundaries of the panels. 
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ABSTRACT: The buckling and postbuckling of stiffened laminated cylinders under uniform axial compression 
is investigated to determine the effects of shell lamination scheme and stiffeners on the reduced load-carrying 
capacity. The effect of geometric imperfection is also included. The analysis is based on the layerwise shell 
theory of Reddy for simply-supported, cross-ply laminated circular cylinders, and the smeared stiffener 
technique is used to account for the stiffener stiffness. The Rayleigh-Ritz method is used to reduce the 
continuum problem to a set of nonlinear algebraic equations, which are then solved using the Riks-Wempner 
iterative technique. Numerical results for stiffened and unstiffened, cross-ply laminated, simply-supported 
graphite-epoxy cylinders are to the number of nearly simultaneous buckling modes. 
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ABSTRACT: A new displacement-based two-dimensional theory for the analysis of multilayered plates is 
presented. The theory is based on the only kinematic constraint of transverse inextensibility, whereas no 
restrictions are imposed on the representation of the in-plane displacement components. A governing system of 
integral-differential equations is obtained which can be given a closed-form solution for a number of problems 
where no boundary layer are present. It is also shown that most of the 2-D plate models can be directly derived 
from the presented theory. The possibility of developing asymptotic solutions in the boundary layers is 
discussed with reference to the problem of a plate in cylindrical bending. Finally some numerical solutions are 
compared with those given by the plate model by Lo et al. (1977) and with F.E.M. solutions. 
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ABSTRACT: Analytical solutions for buckling loads of composite cylindrical shells with axial and 
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displacement variations through the thickness of the shell. The effect of stiffeners is averaged over the domain 
of the shell, and the effect of stiffener eccentricity is taken into account. The Navier solution procedure is used 
to develop analytical solutions for buckling of stiffened cylindrical shells. Numerical results are presented to 
illustrate the accuracy of the layerwise shell theory in comparison to single-layer shell theories. 
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“Post-buckling Behavior of Stiffened Cross-Ply Cylindrical Shells”, J. Appl. Mech., Vol. 61,  No. 4, December 
1994, pp. 998-1000, doi:10.1115/1.2901599 
ABSTRACT: The post-buckling of stiffened, cross-ply laminated, circular determine the effects of shell 
lamination scheme and stiffeners on the reduced load-carrying capacity. The effect of geometric imperfection is 
also included. The analysis is based on the layerwise shell theory of Reddy, and the “smeared stiffener” 
technique is used to account for the stiffener stiffness. Nu cylinders under uniform axial compression is 
investigated  to merical results for stiffened and unstiffened cylinders are presented, showing that imperfection-
sensitivity is strictly related to the number of nearly simultaneous buckling modes. 
 
 



I. Kreja (1), R. Schmidt (1) and J. N. Reddy (2) 
(1) University of Wuppertal, Faculty of Civil Engineering, Pauluskirchstrasse 7, 42285, Wuppertal, Germany 
(2) Texas A&M University, Department of Mechanical Engineering, College Station, TX 77843-3123, U.S.A. 
“Finite elements based on a first-order shear deformation moderate rotation shell theory with applications to the 
analysis of composite structures”, International Journal of Non-Linear Mechanics, Vol. 32, No. 6, November 
1997, pp. 1123-1142, doi:10.1016/S0020-7462(96)00124-2 
ABSTRACT: The first-order shear deformation moderate rotation shell theory of Schmidt and Reddy [R. 
Schmidt and J. N. Reddy, J. Appl. Mech. 55, 611–617 (1988)] is used as a basis for the development of finite 
element models for the analysis of the static, geometrically non-linear response of anisotropic and laminated 
structures. The incremental, total Lagrangian formulation of the theory is developed, and numerical solutions 
are obtained by using the isoparametric Lagrangian 9-node and Serendipity 8-node shell finite elements. 
Various integration schemes (full, selective reduced, and uniformly reduced integration) are applied in order to 
detect and to overcome the effects of shear and membrane locking on the predicted structural response. A 
number of sample problems of isotropic, orthotropic, and multi-layered structures are presented to show the 
accuracy of the present theory. The von Kármán-type first-order shear deformation shell theory and continuum 
2D theory are used for comparative analyses. 
 
 
 
G.N. Praveen and J.N. Reddy (Computational Mechanics Laboratory, Department of Mechanical Engineering, 
Texas A&M University, College Station, TX 77843-3123, U.S.A.), “Nonlinear transient thermoelastic analysis 
of functionally graded ceramic-metal plates”, International Journal of Solids and Structures, Vol. 35, No. 33, pp 
4457 – 4476, November 1998, doi:10.1016/S0020-7683(97)00253-9 
ABSTRACT: The response of functionally graded ceramic metal plates is investigated using a plate finite 
element that accounts for the transverse shear strains, rotary inertia and moderately large rotations in the von 
Kármán sense. The static and dynamic response of the functionally graded material (fgm) plates are investigated 
by varying the volume fraction of the ceramic and metallic constituents using a simple power law distribution. 
Numerical results for the deflection and stresses are presented. The effect of the imposed temperature field on 
the response of the fgm plate is discussed. It is found that in general, the response of the plates with material 
properties between those of the ceramic and metal is not intermediate to the responses of the ceramic and metal 
plates. 
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“Stability analysis of cylindrical composite shells in MSC/Nastran”, Archives of Civil and Mechanical 
Engineering, Vol. V, No. 3, 2005, pp. 31-41 
ABSTRACT: In the paper, the capabilities of the MSC/NASTRAN system in the field of stability analysis of 
composite laminated shells are critically tested. Two selected benchmark examples of laminated cylindrical 
panels under axial compression are examined. The MSC/NASTRAN results obtained either in buckling analysis 
or in nonlinear incremental calculations are compared with the solutions available in the literature. 
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“Layerwise theory for discretely stiffened laminated cylindrical shells”, PhD. Disssertation, December 1992 
PARTIAL ABSTRACT: The Layerwise Shell Theory is used to model discretely stiffened laminated composite 
cylindrical shells for stress, vibration, pre-buckling and post-buckling analysis. The layerwise theory reduces a 
three-dimensional problem to a two-dimensional problem by expanding the three-dimensional displacement 
field as a function of a surface-wise two dimensional displacement field and a one-dimensional interpolation 
through the shell thickness. Any required degree of accuracy can be obtained by an appropriate, independent 
selection of the one-dimensional interpolation functions through the thickness and the two-dimensional 
interpolation of the variable on the surface… 
(cannot cut and paste the references) 
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“Local behavior of discretely stiffened composite plates and cylindrical shells”, Composite Structures, Vol. 41, 
No. 1, January 1998, pp. 13-26, doi:10.1016/S0263-8223(98)00006-3 
ABSTRACT: The layerwise shell theory is used to model discretely stiffened laminated composite plates and 
cylindrical shells for stress, vibration, pre-buckling and post-buckling analyses. The layerwise theory reduces a 
three-dimensional (3-D) problem to a two-dimensional (2-D) problem by expanding the 3-D displacement field 
as a function of a surface-wise 2-D displacement field and a one-dimensional (1-D) interpolation polynomial 
through the shell thickness. Using a layerwise format, discrete axial and circumferential stiffeners are modeled 
as 2-D beam elements. Similar displacement fields are prescribed for both the stiffener and shell elements. The 
contribution of the stiffeners to the membrane stretching, bending and twisting stiffnesses of the laminated shell 
or plate, is accounted by forcing compatibility of strains and equilibrium of forces between the stiffeners and the 
skin. 
 
 
Samuel Kinde Kassegne (1), (2) and Kyoung-Sik Chun (1) 



(1) MEMS Research Lab, Department of Mechanical Engineering, College of Engineering, San Diego State 
University, 5500 Campanile Dr., San Diego, CA 92182-1323, USA  
(2) Research Institute of Engineering and Technology, BAU Consultant Co., Ltd., Daechi-dong, Gangnam-gu, 
Seoul, South Korea 
“Buckling characteristic of multi-laminated composite elliptical cylindrical shells”, International Journal of 
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DOI 10.1007/s40091-014-0074-1 
ABSTRACT: Fiber-reinforced composite materials continue to experience increased adoption in aerospace, 
marine, automobile, and civil structures due to their high specific strength, high stiffness, and light weight. This 
increased use has been accompanied by applications involving non-traditional configurations such as 
compression members with elliptical cross-sections. To model such shapes, we develop and report an improved 
generalized shell element called 4EAS-FS through a combination of enhanced assumed strain and the substitute 
shear strain fields. A flat shell element has been developed by combining a membrane element with drilling 
degree-of-freedom and a plate bending element. We use the element developed to determine specifically 
buckling loads and mode shapes of composite laminates with elliptical cross-section including transverse shear 
deformations. The combined influence of shell geometry and elliptical cross-sectional parameters, fiber angle, 
and lay-up on the buckling loads of an elliptical cylinder is examined. It is hoped that the critical buckling loads 
and mode shapes presented here will serve as a benchmark for future investigations. 
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University of Singapore, 10 Kent Ridge Crescent, Singapore 119260, Singapore), “Dynamic stability of cross-
ply laminated composite cylindrical shells”, International Journal of Mechanical Sciences, Vol. 40, No. 8, 
August 1998, pp. 805-823, doi:10.1016/S0020-7403(97)00143-4 
ABSTRACT: The dynamic stability of thin, laminated cylindrical shells under combined static and periodic 
axial forces is studied using Love’s classical theory of thin shells. A normal-mode expansion of the equations of 
motion yields a system of Mathieu–Hill equations. Bolotin’s method is then employed to obtain the dynamic 
instability regions. The present study examines the dynamic stability of antisymmetric cross-ply circular, 
cylindrical shells of different lamination schemes. The effect of the magnitude of the axial load on the 
instability regions is also examined. 
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“Dynamic stability analysis of functionally graded cylindrical shells”, International Journal of Solids and 
Structures, Vol. 38, No. 8, February 2001, pp. 1295-1309, doi:10.1016/S0020-7683(00)00090-1 
ABSTRACT: In this paper, a formulation for the dynamic stability analysis of functionally graded shells under 
harmonic axial loading is presented. A profile for the volume fraction is assumed and a normal-mode expansion 
of the equations of motion yields a system of Mathieu–Hill equations the stability of which is analyzed by the 
Bolotin’s method. The present study examines the effects of the volume fraction of the material constituents and 
their distribution on the parametric response, in particular the positions and sizes of the instability regions. 
 
 
T. Y. Ng, X. Q. He and K. M. Liew, “Finite element modeling of active control of functionally graded shells in 
frequency domain via piezoelectric sensors and actuators”, Computational Mechanics, Vol. 28, No. 1, pp 1-9, 
February 2002, 
ABSTRACT: A flat-shell element is presented for the active control of functionally graded material (FGM) 
shells through integrated piezoelectric sensor/actuator layers. The finite element formulation based on first-
order shear deformation theory (FSDT) can be applied to shells ranging from relatively thin to moderately thick 
dimensions. A constant gain displacement and velocity feedback control algorithm coupling the direct and 
inverse piezoelectric effects is applied to provide active control of the integrated FGM shell in a self-monitoring 
and self-controlling system. Frequency response characteristics of the FGM shell containing the piezoelectric 
sensors/actuators are analyzed in the frequency domain. The effects of constituent volume fraction and the 
influence of feedback control gain values on the dynamic responses of the FGM shell system are examined in 
detail. 
 
 
Senthil S. Vel and R. C. Batra.  "Exact Solution for Thermoelastic Deformations of Functionally Graded Thick 
Rectangular Plates", AIAA Journal, Vol. 40, No. 7 (2002), pp. 1421-1433. 
ABSTRACT: An exact solution is obtained for three-dimensional deformations of a simply supported 
functionally graded rectangular plate subjected to mechanical and thermal loads on its top and/or bottom 
surfaces. Suitable temperature and displacement functions that identically satisfy boundary conditions at the 
edges are used to reduce the partial differential equations governing the thermomechanical deformations to a set 
of coupled ordinary differential equations in the thickness coordinate, which are then solved by employing the 
power series method. The exact solution is applicable to both thick and thin plates. Results are presented for 
two-constituent metal–ceramic functionally graded rectangular plates that have a power law through-the-
thickness variation of the volume fractions of the constituents. The effective material properties at a point are 
estimated by either the Mori–Tanaka or the self-consistent schemes. Exact displacements and stresses at several 
locations for mechanical and thermal loads are used to assess the accuracy of the classical plate theory, the first-



order shear deformation theory, and a third-order shear deformation theory for functionally graded plates. 
Results are also computed for a functionally graded plate with material properties derived by the Mori–Tanaka 
method, the self-consistent scheme, and a combination of these two methods. 
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X. Zhao and K.M. Liew (Department of Building and Construction, City University of Hong Kong, Tat Chee 
Avenue, Kowloon, Hong Kong), “Geometrically nonlinear analysis of functionally graded shells”, International 
Journal of Mechanical Sciences, Vol. 51, No. 2, pp 131–144, February 2009, 
doi:10.1016/j.ijmecsci.2008.12.004 
ABSTRACT: The nonlinear response of functionally graded ceramic–metal shell panels under mechanical and 
thermal loading is studied. The nonlinear formulation is based on a modified version of Sander's nonlinear shell 
theory, in which the geometric nonlinearity takes the form of von Kármán strains. It is assumed that the material 
properties vary through the thickness according to a power-law distribution of the volume fraction of the 
constituents. The displacement field is expressed in terms of a set of mesh-free kernel particle functions. The 
bending stiffness is evaluated using a stabilized conforming nodal integration technique, and the shear and 
membrane terms are computed using a direct nodal integration to eliminate shear and membrane locking. The 
arc-length method, combined with the modified Newton–Raphson approach, is employed to trace the full load–
displacement path. The characteristic of the displacement and the axial stress in panels under thermal and 
mechanical loading is investigated, and the effects of the volume fraction exponent, boundary conditions, and 
material properties on the nonlinear response of shell panels are also examined. 
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(1) Institute of High Performance Computing, 89C Science Park Drive, #02-11/12, The Rutherford, Singapore 
Science Park 1, Singapore 118261, Singapore 
(2) Centre for Advanced Numerical Engineering Simulations, School of Mechanical and Production 
Engineering, Nanyang Technological University, Nanyang Avenue, Singapore 639798, Singapore 
(3) Department of Mechanical Engineering, Texas A & M University, College Station, TX 77843-3123, USA 
“Dynamic stability analysis of functionally graded cylindrical shells under periodic axial loading”, International 



Journal of Solids and Structures, Vol. 38, No. 8, pp 1295–1309, February 2001,  
doi:10.1016/S0020-7683(00)00090-1 
ABSTRACT: In this paper, a formulation for the dynamic stability analysis of functionally graded shells under 
harmonic axial loading is presented. A profile for the volume fraction is assumed and a normal-mode expansion 
of the equations of motion yields a system of Mathieu–Hill equations the stability of which is analyzed by the 
Bolotin’s method. The present study examines the effects of the volume fraction of the material constituents and 
their distribution on the parametric response, in particular the positions and sizes of the instability regions. 
 
 
J. N. Reddy and Zhen-Qiang Cheng (Department of Mechanical Engineering, Texas A&M University, College 
Station, TX 77843-3123, USA), “Three-dimensional thermomechanical deformations of functionally graded 
rectangular plates”, European Journal of Mechanics - A/Solids, Vol. 20, No. 5, September-October 2001, 
pp.841-855, doi:10.1016/S0997-7538(01)01174-3 
ABSTRACT: Three-dimensional thermomechanical deformations of simply supported, functionally graded 
rectangular plates are studied by using an asymptotic method. The locally effective material properties are 
estimated by the Mori–Tanaka scheme. The temperature, displacements and stresses of the plate are computed 
for different volume fractions of the ceramic and metallic constituents, and they could serve as benchmark 
results to assess two-dimensional approximate plate theories. 
 
 
J. N. Reddy and Zhen-Qiang Cheng (Department of Mechanical Engineering, Texas A&M University, College 
Station, TX 77843-3123, USA), “Frequency correspondence between membranes and functionally graded 
spherical shallow shells of polygonal planform”, International Journal of Mechanical Sciences, Vo. 44, No. 5, 
May 2002, pp. 967-985, doi:10.1016/S0020-7403(02)00023-1 
ABSTRACT: The present work presents further development of the linking relationships between vibration 
frequencies predicted by different theories, and they are extended from a flat plate to a spherical shallow shell. 
In analogy with the membrane vibration problem, exact correspondences are found for vibration frequencies of 
a functionally graded spherical shallow shell using the classical theory and the first-order and third-order shear 
deformation theories. Only the predominantly stretching and thickness-shear vibration of dilatational type and 
predominantly flexural vibration are considered in this work. They are decoupled from the predominantly 
stretching and thickness-shear vibration of rotational type. These results apply to a simply supported 
functionally graded spherical shallow shell of polygonal planform with arbitrarily varying material properties in 
the thickness direction. A Winkler–Pasternak elastic foundation and rotary inertias are incorporated. It is proved 
that the mathematical analogy warrants positive free vibration frequencies for the shallow shell. Mori–Tanaka's 
scheme is used to estimate the material properties in the numerical results. 
 
 
J. N. Reddy and R. A. Arciniega (Department of Mechanical Engineering, College Station, Texas, USA), 
“Shear Deformation Plate and Shell Theories: From Stavsky to Present”, Mechanics of Advanced Materials and 
Structures, Vol. 11, No. 6, 2004, pp. 535 – 582, doi: 10.1080/15376490490452777 
ABSTRACT: In this paper, a review of the shear deformation plate and shell theories is presented and a 
consistent third-order theory for composite shells is proposed. The discussion of plate and shell theories from 
Stavsky to the present is largely a review of various theories for modeling laminated shells, including shear 
effects and some analytical studies. Following this discussion, a finite element formulation of the proposed 
theory is developed. The formulation has seven displacement functions satisfying the tangential traction-free 
conditions on the inner and outer surfaces of the shell. Exact computations of stress resultants are carried out 
through numerical integration of material stiffness coefficients of the laminate. Numerical examples are 
presented for typical benchmark problems involving isotropic and composite plates, and cylindrical and 
spherical shells. 
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(2) Department of Civil Engineering, Pontifical Catholic University — PUC/Rio, Rio de Janeiro, CEP 22453-
900, Brazil 
“Buckling and Postbuckling Analysis of Laminated Cylindrical Shells Using the Third-Order Shear 
Deformation Theory”, International Journal of Structural Stability and Dynamics (IJSSD), Vol. 4, No. 3, 2004, 
pp. 293-312, doi: 10.1142/S0219455404001240 
ABSTRACT: In the present work the buckling and postbuckling behavior of laminated cylindrical shells under 
axial compression and lateral pressure loading are investigated. A nonlinear theory for thin cylinders 
incorporating the effects of transverse shear deformation is employed. A modal solution based on the Koiter 
theory is utilized to derive the nonlinear equilibrium equations for the postcritical behavior of the shell. The 
Rayleigh–Ritz method is used to obtain analytical solutions for the critical load through algebraic routines 
written in Maple. Prebuckling and postbuckling equations are also solved by using symbolic computation. The 
influence played by geometrical parameters of the cylinder and physical parameters of the laminate (i.e. fiber 
orientation of each lamina, material properties and number of layers) on the critical and postcritical behavior of 
the shell is examined. It is noticed that the stability of shells is highly dependent on laminate characteristics and, 
from these observations, it is concluded that specific configurations of laminates should be designed for each 
kind of application. 
 
 
R.A. Arciniega and J.N. Reddy (Texas A&M University, College Station, TX 77843-3123, USA), “Large 
deformation analysis of functionally graded shells”, International Journal of Solids and Structures, Vol. 44, 
No.6, March 2007, pp. 2036-2052, Special Issue: Physics and Mechanics of Advanced Materials, 
doi:10.1016/j.ijsolstr.2006.08.035 
ABSTRACT: A geometrically nonlinear analysis of functionally graded shells is presented. The two-constituent 
functionally graded shell consists of ceramic and metal that are graded through the thickness, from one surface 
of the shell to the other. A tensor-based finite element formulation with curvilinear coordinates and first-order 
shear deformation theory are used to develop the functionally graded shell finite element. The first-order shell 
theory consists of seven parameters and exact nonlinear deformations and under the framework of the 
Lagrangian description. High-order Lagrangian interpolation functions are used to approximate the field 
variables to avoid membrane, shear, and thickness locking. Numerical results obtained using the present shell 
element for typical benchmark problem geometries with functionally graded material compositions are 
presented. 
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“Nonlocal theories for bending, buckling and vibration of beams”, International Journal of Engineering Science, 
Vol. 45, Nos. 2-8, February-August 2007, pp. 288-307, doi:10.1016/j.ijengsci.2007.04.004 
ABSTRACT: Various available beam theories, including the Euler–Bernoulli, Timoshenko, Reddy, and 
Levinson beam theories, are reformulated using the nonlocal differential constitutive relations of Eringen. The 
equations of motion of the nonlocal theories are derived, and variational statements in terms of the generalized 
displacements are presented. Analytical solutions of bending, vibration and buckling are presented using the 
nonlocal theories to bring out the effect of the nonlocal behavior on deflections, buckling loads, and natural 
frequencies. The theoretical development as well as numerical solutions presented herein should serve as 
references for nonlocal theories of beams, plates, and shells. 
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“Nonlocal continuum theories of beams for the analysis of carbon nanotubes”, Journal of Applied Physics, Vol. 



103, No. 2, January 2008, doi: 10.1063/1.2833431 
ABSTRACT:  The equations of motion of the Euler–Bernoulli and Timoshenko beam theories are reformulated 
using the nonlocal differential constitutive relations of Eringen [International Journal of Engineering Science 
10, 1–16 (1972)]. The equations of motion are then used to evaluate the static bending, vibration, and buckling 
responses of beams with various boundary conditions. Numerical results are presented using the nonlocal 
theories to bring out the effect of the nonlocal behavior on deflections, buckling loads, and natural frequencies 
of carbon nanotubes. 
 
 
D D T K Kulathunga (1), K K Ang (1) and J N Reddy (2) 
(1) Department of Civil Engineering, National University of Singapore, 117576, Singapore 
(2) Department of Mechanical Engineering, Texas A&M University, College Station, TX 77843-3123, USA 
“Accurate modeling of buckling of single- and double-walled carbon nanotubes based on shell theories”, J. 
Phys.: Condensed Matter Vol. 21,  No. 43, 2009, 435301, doi: 10.1088/0953-8984/21/43/435301 
ABSTRACT: The accuracy of widely employed classical shell-theory-based formulae to calculate the buckling 
strain of single- and double-walled carbon nanotubes is assessed here. It is noted that some simplifications have 
been made in deriving these widely employed formulae. As a result critical buckling strains calculated from 
these formulae are independent of aspect ratio (length/diameter). However, molecular dynamics simulation 
results in the literature show an aspect ratio dependence of buckling strain. Therefore, analytical expressions are 
derived in this paper to calculate buckling strains of single- and double-walled carbon nanotubes based on 
classical shell theory without simplifications. Applicability of these expressions is further verified through 
molecular dynamics simulations based on the COMPASS force field. In addition, improvement in results 
achieved through a refinement of classical shell theory is assessed by calculating buckling strains based on first-
order shell theory. Results show that simplified formulae introduce a significant error at higher aspect ratios and 
smaller diameters. The formulae derived here show reasonable agreement with the molecular dynamics results 
at all aspect ratios and diameters. First-order shell theory is found to produce a slight improvement in results for 
CNTs with smaller diameters and lower aspect ratios. 
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“Molecular dynamics analysis on buckling of defective carbon nanotubes”, J. Phys.: Condensed Matter, Vol.22, 
2010, 345301 doi: 10.1088/0953-8984/22/34/345301 
ABSTRACT: Owing to their remarkable mechanical properties, carbon nanotubes have been employed in many 
diverse areas of applications. However, similar to any of the many man-made materials used today, carbon 
nanotubes (CNTs) are also susceptible to various kinds of defects. Understanding the effect of defects on the 
mechanical properties and behavior of CNTs is essential in the design of nanotube-based devices and 
composites. It has been found in various past studies that these defects can considerably affect the tensile 
strength and fracture of CNTs. Comprehensive studies on the effect of defects on the buckling and vibration of 
nanotubes is however lacking in the literature. In this paper, the effects of various configurations of atomic 
vacancy defects, on axial buckling of single-walled carbon nanotubes (SWCNTs), in different thermal 
environments, is investigated using molecular dynamics simulations (MDS), based on a COMPASS force field. 
Our findings revealed that even a single missing atom can cause a significant reduction in the critical buckling 
strain and load of SWCNTs. In general, increasing the number of missing atoms, asymmetry of vacancy 
configurations and asymmetric distribution of vacancy clusters seemed to lead to higher deterioration in 
buckling properties. Further, SWCNTs with a single vacancy cluster, compared to SWCNTs with two or more 
vacancy clusters having the same number of missing atoms, appeared to cause higher deterioration of buckling 
properties. However, exceptions from the above mentioned trends could be expected due to chemical 
instabilities of defects. Temperature appeared to have less effect on defective CNTs compared to pristine CNTs. 
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(1) Department of Building and Construction, City University of Hong Kong, Kowloon Tong, Kowloon, Hong 
Kong 
(2) Department of Mechanical Engineering, Texas A&M University, College Station TX, 77843-3123, USA 
“Postbuckling analysis of functionally graded plates subject to compressive and thermal loads”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 199, Nos. 25-28, May 2010, pp. 1645-1653, 
doi:10.1016/j.cma.2010.01.008 
ABSTRACT: Postbuckling analysis of functionally graded ceramic–metal plates under edge compression and 
temperature field conditions is presented using the element-free kp-Ritz method. The first-order shear 
deformation plate theory is employed to account for the transverse shear strains, and the von Kármán-type 
nonlinear strain–displacement relationship is adopted. The effective material properties of the functionally 
graded plates are assumed to vary through their thickness direction according to the power-law distribution of 
the volume fractions of the constituents. The displacement fields are approximated in terms of a set of mesh-
free kernel particle functions. Bending stiffness is estimated using a stabilised conforming nodal integration 
approach, and, to eliminate the membrane and shear locking effects for thin plates, the shear and membrane 
terms are evaluated using a direct nodal integration technique. The solutions are obtained using the arc–length 
iterative algorithm in combination with the modified Newton–Raphson method. The effects of the volume 
fraction exponent, boundary conditions and temperature distribution on postbuckling behaviour are examined. 
 
 
Gottfried Laschet and Jean-Pierre Jeusette (Aerospace Laboratory, University of Liège, rue E. Solvay, 21, 4000 
Liège, Belgium), “Postbuckling finite element analysis of composite panels”, Composite Structures, Vol. 14, 
No. 1, 1990, pp. 35-48, doi:10.1016/0263-8223(90)90057-L 
ABSTRACT: A three-dimensional degenerated isoparametric multilayer finite element is described in 
conjunction with an automatic incremental/iterative method to find the complete non-linear response of 
arbitrarily laminated composite panels under destabilizing loads. In the prebuckling range of the structural 
response, incremental bifurcation analyses are combined with an arclength algorithm to control the step size; for 
the postbuckling path, the increment size is determined automatically by a new recurrence formula. The good 
behaviour of this proposed procedure is illustrated on two structural applications, namely a thick hinged 
multilayer cylindrical shell subjected to a transverse load and a highly curved cylindrical composite panel under 
in-plane compression. 
 
 
Roderick H. Martin, “Local fracture mechanics analysis of stringer pull-off and delamination in a post-buckled 
compression panel”, Applied Composite Materials, 1996,Vol. 3, No. 4, 249-264, DOI: 10.1007/BF00134698 
ABSTRACT: This paper describes some of the current global/local testing and analysis approaches to 
evaluating the design of composite structure. A case study for the local, fracture mechanics analysis of failure in 
a 4-stringer compression panel is described in detail. The analysis investigates the variation of strain energy 
release rate G with debond length using a 2-D plane strain finite element analysis (FEA) of one of the stringers. 
The boundary conditions on the local model were determined from a global shell element model of the panel. 
Delamination was also modelled in the cap of the stringer using FEA and a closed form solution. The values of 
G for these two damage modes were compared with the material's fracture toughness. Using this analysis, the 
load to initiate the stringer debond and to cause edge delamination of the cap may be determined. 
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"Global/Local Postbuckling Failure Analysis of Composite Stringer/Skin Panels", AIAA Journal, Vol. 36, No. 9 
(1998), pp. 1699-1705. doi: 10.2514/2.575  
ABSTRACT: A finite element methodology for postbuckling failure analysis of composite stringer/skin panels 
is presented. The methodology employs a global two-dimensional plate finite element model for representing 
overall panel deformation and a local three-dimensional solid finite element model for representing stress within 
a critical panel region. Global and local models are connected with a two-dimensional/three-dimensional 



coupling methodology that is based on multipoint constraints. Analyses are carried out for two different panel 
designs utilizing both linear and nonlinear material models. Computational results for failure load, failure 
location, and failure mode compare favorably with results from earlier experimental test programs. The findings 
suggest that failure initiation in postbucklied composite stringer//skin panels can be effectively modeled with 
the developed finite element methodology. 
 
 
H. Zhang, J. Motipalli, Y. C. Lam and A. Baker (Comalco Research Centre, PO Box 316, Thomastown, 
Victoria 3074, Australia), “Experimental and finite element analyses on the post-buckling behaviour of repaired 
composite panels”, Composites Part A: Applied Science and Manufacturing, Vol. 29, No. 11, November 1998, 
pp. 1463-1471, doi:10.1016/S1359-835X(98)00030-X 
ABSTRACT: This paper presents experimental and numerical investigations on the performance of repaired 
thin-skinned, blade-stiffened composite panels in the post-buckling range. The results show that under the 
present repair scheme the strength of the panel can be recovered satisfactorily. Further, the repair scheme is 
seen capable of restoring the general load path in the panels as well as the general post-buckling behaviour. 
 
 
K. Swaminathan and Govind R. Sangwai (National Institute of Technology Karnataka, Surathkal, Mangalore – 
575025, India), “Transverse Stresses in Antisymmetric Angle Ply Sandwich Plates – Analytical Evaluation of 
Refined Higher Order Shear Deformation Theories”, Advanced Materials Research, Vols. 123-125, 2010, pp. 
599-602, 
10.4028/www.scientific.net/AMR.123-125.599 
ABSTRACT: In the present work two higher order computational models with 9 and 12 DOF already available 
in the literature for which analytical formulations and solutions for the stress analysis not yet reported are 
considered. In addition to these models, few higher order models and the first order model developed by other 
investigators are also considered for the evaluation. A simply supported plate subjected to sinusoidal transverse 
load with SS-2 boundary conditions is considered for the analysis. Solutions are obtained using Navier's 
technique. Transverse stresses are computed by post processing technique and the accuracy of models in 
predicting the stresses is evaluated. 
 
 
Nemi Sharan (Master’s Thesis, Department of Civil Engineering, National Institute of Technology, Rourkela, 
Odisha-769008), “Vibration and stability of laminated composite doubly curved shells by a higher order shear 
deformation theory”, May 2011 
ABSTRACT: The present study deals with a higher order shear deformation theory of laminated shells as 
suggested by Reddy and Liu. The theory is based on a displacement field in which the displacements of the 
middle surface are expanded as cubic functions of the thickness coordinate, and the transverse displacement is 
assumed to be constant through the thickness. This displacement field leads to the parabolic distribution of the 
transverse shear stresses (and zero transverse normal strain) and therefore no shear correction factors are used. 
The theory is also based on the assumption that the thickness to radius ratio of shell is small compared to unity 
and hence negligible. The governing equations are derived in orthogonal curvilinear coordinates. These 
equations are then reduced to those of doubly curved shell. All the quantities are suitably non-dimensionalised. 
The Navier solution has been used which gives rise to a generalized eigenvalue problem in matrix formulation. 
The natural frequencies for vibration and buckling loads of laminated orthotropic doubly curved shells and 
panels with simply supported ends are obtained. The eigenvalues, and hence the frequency parameters are 
calculated by using a standard computer program. To check the derivation and computer program, the 
frequencies in HZ for different layer are compares with earlier results. The lowest value of frequency parameter 
and buckling load are computed for the laminated composite doubly curved shell. The effects of various 
parameters such as number of layers, aspect ratio, modular ratio, etc on the above are studied. Frequency also 
increases as number of layers of the shell increases for symmetric cross-ply layout. But when there is 
unsymmetrical cross-ply layout, then frequency decreases. With the increasing of modular ratio, non-
dimensional frequency is also increasing. 
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ABSTRACT: The present study discusses buckling of multilayered composite plates from the standpoint of a 
natural shear deformation theory (NSDT) which is developed and shaped by means of matrix language on a 
model facet three-node triangular finite element. Isotropic, sandwich, and hybrid plates can also be treated. It is 
shown that by invoking a physical decomposition and lumping concept, evolved through the adoption of a 
natural coordinate system in harmony with the given element geometry, an assembly of three edge-beams is 
created and is solely responsible for the carrying of the transverse shear forces. Thus, three correction factors 
can directly adjust the element's transverse shear stiffness for thicker plates while retaining a direct linear strain 
distribution across the element thickness. Subsequently, the geometric stiffness, which arises mostly from the 
rigid body movements of the element is derived, and the corresponding buckling eigenvalue problem is stated. 
The complete derivation of the geometrical stiffness matrix is in principle reduced to a simple transformation of 
the nodal freedoms. The matrix formulation, as well as convergence of the triangular element are completely 
natural, and numerical experiments for simply supported plates reveal that the obtained buckling loads conform 
very well at the thin limit with results from classical plate theory, and for moderately thick plates from a higher 
order shear deformation theory, as well as from theory of elasticity. 
 
 
John Argyris and Lazarus Tenek (Institute for Computer Applications, Stuttgart, Germany), “High-temperature 
bending, buckling, and postbuckling of laminated composite plates using the natural mode method”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 117, Nos. 1-2, July 1994, pp. 105-142, 
doi:10.1016/0045-7825(94)90079-5 
ABSTRACT: In the present study, the behaviour of laminated composite plates under thermally induced loads 
is examined. A natural thermoelastic theory is developed, based on a linear through-the-thickness temperature 
variation. The material properties are assumed independent of temperature, but this assumption in no way 
restricts the generality of the formulation and the developed computer program. The theory is implemented on a 
model three-node triangular facet finite element which accounts for transverse shear deformation. The 
underlying principles of the developed methodology lie in the Natural Mode method which is a physically 
inspired and mathematically consistent method which was conceived with the intention of analyzing large and 
complex structures. The triangular element neccesitates the computation of a 12 ◊ 12 natural stiffness matrix, 
and a 12 ◊ 1 thermal (initial) load vector, which makes it probably one of the most inexpensive shell elements 
available. The effects of large displacements are included in our theory through the geometrical stiffness. In this 
regard, an Eulerian scheme conceived for the solution of geometrically nonlinear thermoelastic deformation is 
discussed. The methodology is validated with numerical examples which show the response of multilayered 
composite plates on thermally or thermomechanically induced bending, buckling, and postbuckling. All 
composite plates examined have shown remarkable resistance against high-temperature. 
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“Nonlinear free vibrations of composite plates”, Computer Methods in Applied Mechanics and Engineering, 
Vol. 115, Nos.1-2, 1994, pp. 1-51, doi:10.1016/0045-7825(94)90185-6 
ABSTRACT: The evolution of the Natural Mode Method (NMM) for finite element analysis of complex 
composite structures continues in the present study by applying its principles and formulating the kinematically 
consistent matrix of a model three-node multilayered triangular element. Both translational and rotational inertia 
are included in the mass matrix which is conceived using kinematical and geometrical arguments consistent 
with the assumed natural rigid-body and straining modes of the element. Linear eigenfrequencies are validated 
with experimental and finite element solutions. Subsequently the large-amplitude nonlinear undamped free 
vibration of composite plates is investigated. A computational scheme is conceived, whereby the structure is 
initially displaced by conducting a full geometrically nonlinear static analysis, and subsequently set to transient 
nonlinear free oscillations by removing the static loading. In this regard, we discuss the two structured Eulerian 
(convective) computational schemes employed namely, the ARIBAN scheme (accumulation of rigid-body and 
natural modes) for static nonlinear analysis, and the cubic Hermitian scheme (CUHERM) for large-
displacement transient deformation. Numerical examples demonstrate the efficiency of the formulation and the 
potential of the Natural Mode Method to deal vigorously with intricate nonlinear time-dependent phenomena, as 
well as its potential to provide answers for larger and more complex structures. The study also indicates the 



efficiency and tailoring flexibility offered by advanced composite structural systems. 
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Computer Methods in Applied Mechanics and Engineering, Vol. 128, Nos. 3-4, December 1995, pp. 419-432, 
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ABSTRACT: A novel approach to the art of optimal design of modern flying vehicles including the application 
of multiple objective functions and constraints is presented and should hopefully advance the art of modern 
aircraft design. First, the concept of system identification is used to characterize non-linear systems in terms of 
generalized state space coordinates. Next, modern optimal control theory is applied to design concurrently, the 
functional elements of an aircraft system. Furthermore, modal coordinates are used to formulate the equations 
of motion of the total system so that the computational effort is minimized. The proposed analytical concept is 
validated using simple test cases. 
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“Postbuckling of composite laminates under compressive load and temperature”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 128, Nos. 1-2, 1 December 1995, pp. 49-80,  
doi:10.1016/0045-7825(94)00901-1 
ABSTRACT: Here we study the thermo-mechanical postbuckling response of fibrous composite laminates. 
This study is based on the Natural Mode Method and invokes rigid-body and straining modes of deformation 
that are assigned to the edges of flat and shallow shell laminated triangular finite elements. Some new ideas on 
the subject are introduced and implemented in the conceived nonlinear algorithm, most notably the 
incorporation of temperature-dependent material properties (cubic variation), the decomposition of the total 
strain energy into its invariant natural components, assessing also their effect on failure initiation, the combined 
effect of load and temperature and the influence of initial imperfections on the overall behaviour, and finally 
comments on some of the intricate differences revealed for some problems by using the flat and shallow shell 
triangular elements. Comparisons with reported analytical and experimental results is attempted where 
available. Overall, the computational experiments substantiate the developed methodology and show its 
potential to treat larger and more complex panels and also contribute to their design. 
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shells”, Computer Methods in Applied Mechanics and Engineering, Vol. 166, Nos 3-4, November 1998, 
pp.211-231, doi:10.1016/S0045-7825(98)00071-1 
ABSTRACT: We present the computational performance and the achieved accuracy of the TRIC flat triangular 
shell element for nonlinear postbuckling analysis of arbitrary isotropic and composite shells. The element is 
based on the natural mode finite element method, which allows a convenient description of the current position 
of the structure. These natural modes are assigned to a convective coordinate system which follows the element 
during deformation within the framework of an Eulerian motion. With respect to this coordinate system the 
natural modes are additive. Numerical examples verify the accuracy, computational efficiency and the potential 



of the TRIC element in predicting the postbuckling behaviour of shells. Natural energy measures inform us 
about the energy allocation during nonlinear deformation and the interplay of the separate energy components. 
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“Nonlinear dynamic analysis of shells with the triangular element TRIC”, Computer Methods in Applied 
Mechanical Engineering, Vol. 192, pp 3005-3038, 2003 
ABSTRACT: TRIC is a facet triangular shell element, which is based on the natural mode method. It has been 
shown that the TRIC shell element satisfies the individual element test and in the framework of the 
nonconsistent formulation the convergence requirements are fulfilled, while it has been proved to be very 
efficient in linear and nonlinear static problems. Moreover, another major advantage in the formulation of this 
element is the incorporation of the transverse shear deformations in a way that defies the shear-locking 
phenomenon. In this work the derivation of the consistent and lumped mass matrices of the TRIC element is 
presented so that it can be used in linear and nonlinear dynamic problems. Both translational and rotational 
inertia are included in the consistent mass matrix, which is conceived, using kinematical and geometrical 
arguments consistent with the assumed natural rigid body and straining modes of the element. All the 
kinematical and geometrical arguments that are invoked for the derivation of the consistent mass matrix are 
briefly presented. Moreover, two formulations of the lumped mass matrix of TRIC are derived. The first 
formulation is based entirely on geometrical considerations whereas the second is based on lumping the 
consistent mass matrix of TRIC. Finally, the element’s robustness and accuracy will be shown by applying it to 
properly selected benchmark examples of nonlinear shell dynamics, while its computational efficiency will be 
demonstrated by comparing the CPU performance of the element with the other available shell elements.  
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ABSTRACT: In the present study, a generalization of the Energy–Momentum Method, denoted by Generalized 
Energy–Momentum Method, applied to the non-linear dynamics of shells will be developed within the 
framework of the Generalized-α Method. This algorithmic environment contains the unconditionally stable 
Energy–Momentum Method and its numerically damped version as well as the classical Newmark and α-
methods as special cases. In order to control the size of the time steps of the integration scheme with respect to 
accuracy and efficiency, an adaptive time stepping procedure based on local a posteriori error estimation will be 
improved for non-linear dynamical systems and applied to the proposed class of algorithms. The spatial 
discretization is realized by an eight noded finite shell element of Reissner/Mindlin type including an extensible 
shell director field permitting the application of three-dimensional material laws. The original formulation of 
this finite element will be developed for non-linear dynamic analysis and adapted for the employment within the 
introduced energy conserving/decaying time integration scheme. � 
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ABSTRACT: A novel integration scheme for nonlinear dynamics of geometrically exact shells is developed 
based on the inextensible director assumption. The new algorithm is designed so as to imply the strict decay of 
the system total mechanical energy at each time step, and consequently unconditional stability is achieved in the 
nonlinear regime. Furthermore, the scheme features tunable high frequency numerical damping and it is 
therefore stiffly accurate. The method is tested for a finite element spatial formulation of shells based on mixed 
interpolations of strain tensorial components and on a two-parameter representation of director rotations. The 
robustness of the scheme is illustrated with the help of numerical examples.  
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ABSTRACT: A modified time-integration method is developed for non-linear structural dynamics combining 
controllable algorithmic dissipation of higher modes and, at the same time, conservation of energy as well as 
linear and angular momentum. Although these features seem to be actually inconsistent, numerical stability with 
large time steps for dynamic buckling and snap-through problems as well as for dynamical systems with smooth 
solutions is guaranteed. Arbitrary implicit, one-step time-integration schemes with Newmark approximations 
are suitable for use as basic algorithms for the proposed method. The desired conservation attributes are 
obtained if the basic algorithm is augmented by energy and momentum constraints. The potential of the 
suggested algorithm is demonstrated by selected applications to non-linear dynamics of shell structures. 
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Structures, Vol. 14, Nos. 5-6, 1981, pp. 393-402, doi:10.1016/0045-7949(81)90059-6 
ABSTRACT: The present study is concerned with the application of two vector iteration methods in the 
investigation of the large deflection behavior of spatial structures. The dynamic relaxation and the first order 
conjugate gradient belong to this category of methods which do not require the computation or formulation of 
any tangent stiffness matrix. The convergence to the solution is achieved by using only vectorial quantities and 
no stiffness matrix is required in its overall assembled form. In an effort to evaluate the merits of the methods, 
extensive numerical studies were carried out on a number of selected structural systems. The advantages of 
using these vector iteration methods, in tracing the post-buckling behavior of spatial structures, are 
demonstrated. 
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optimal laminated composite cylindrical shells subjected to axial compression and external pressure”, Applied 
Mechanics and Materials, Vols 121-126, pp 48-54, 2012, 10.4028/www.scientific.net/AMM.121-126.48 
ABSTRACT: In this study, the buckling behavior of optimum laminated composite cylindrical shells subjected 
to axial compression and external pressure are studied. The cylindrical shells are composed of multi orthotropic 
layers that the principal axis gets along with the shell axis (x). The number of layers and the fiber orientation of 
layers are selected as optimization design variables with the aim to find the optimal laminated composite 
cylindrical shells. The optimization procedure was formulated with the objective of finding the highest buckling 
pressure. The Genetic Algorithm (GA) and Imperialist Competitive Algorithm (ICA) are two optimization 
algorithms that are used in this optimization procedure and the results were compared. Also, the effect of 
materials properties on buckling behavior was analyzed and studied. 
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ABSTRACT: Thin walled cylinders under external pressure may be affected by instability phenomena 
particularly dangerous when taking place in the elastic domain. Geometric imperfections caused by fabrication 
processes heavily influence the critical pressure. In order to investigate the relationship between the collapse 
mechanism and the various types of imperfections affecting this kind of structures a series of experimental tests 
on scale models has been carried out. The dimensional parameters of the specimens have been selected in order 
to keep the instability phenomenon in the elastic range. At the same time numerical calculations simulating the 
experimental tests have been performed by finite element method. The geometrical defects measured on the 
specimens were introduced in the correspondent numerical models. A good agreement was found in the 
comparison between experimental and numerical results. 
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ABSTRACT: Theoretical and experimental research on the ultimate strength of rigid pipelines for deepwater 
applications conducted at the Laboratory for Submarine Technology—COPPE has been reviewed. Small scale 
laboratory tests included intact pipes under external pressure combined with longitudinal bending as well as 
damaged pipes under external pressure. Results obtained from specialist computer programmes and analytical 
formulations have been correlated with experimental results in order to propose ultimate strength equations to 
be used in the design procedures. Aspects related to the pipeline installation by reeling method are considered. 
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problem in deepwater pipelines”, International Journal of Solids and Structures, Vol. 38, Nos. 46-47, November 
2001, pp. 8481-8502, doi:10.1016/S0020-7683(01)00113-5 
ABSTRACT: A theoretical explicit formulation for numerical simulation of the buckle propagation in 



deepwater pipelines is proposed. It is based on thin shell theory incorporating large rotations and material 
elastic–plastic behavior for infinitesimal strains. The equilibrium equations are solved numerically through a 
computer program using the finite difference method associated to the dynamic relaxation technique. The pipe 
post-buckling behavior is determined by the arc-length method used in convolute regions of the load–
displacement curve. The numerical results are correlated with experimental data from small scale laboratory 
tests. 
 
 
Yann Le Maoût, Philippe Brunet (Technip, Courbevoie, France), “Susceptibility to Lateral Buckling: What 
Hobbs Equations for What Flowlines”, Paper No. OMAE2011-49442, pp. 413-420, ASME 2011 30th 
International Conference on Ocean, Offshore and Arctic Engineering, Volume 4: Pipeline and Riser 
Technology, Rotterdam, The Netherlands, June 19–24, 2011, ISBN: 978-0-7918-4436-6 
ABSTRACT: The Hobbs equations have been used for years to evaluate the susceptibility of flowlines to lateral 
buckling. However these equations are sometimes used without a clear understanding of the driving mechanism 
and for some flowlines configurations care shall be taken for a direct application of these formulas. In 
particular, the infinite mode buckle shape, although widely considered in the industry, does not reflect the 
lateral buckling mechanism. Through a thorough review of the assumptions and validity of the Hobbs 
equations, this paper presents adequate formulations to evaluate the susceptibility to lateral buckling for specific 
flowlines configurations. The cases of short flowlines, medium flowlines and unbounded pipe in pipe systems 
are presented. The methodology described in Hobbs paper is analyzed in detail and the bases of the equations 
are rewritten for short and medium flowlines. The pipe length in the feed-in zone before and after buckle is 
calculated based on the strain profiles in the pipes. Then the critical buckling force is deduced by the application 
of an equation of continuity of displacements. For unbounded pipe in pipe the same principle is used with the 
addition of an uncoupled behaviour between the axial and lateral components and the share of axial force at the 
bulkhead location. The contribution of the centralizers is also incorporated in the formulation. Eventually, the 
criteria presented in the paper are compared with a more realistic probabilistic approach to evaluate their degree 
of conservatism. 
 
 
W. Fricke and R. Bronsart (Editors), Proceedings of the 18th International Ship and Offshore Structures 
Congress (ISSC 2012), 9-13 September 2012, Rostock, Germany, Volume 2, “Committee V.5 Naval Vessels”, 
ABSTRACT: Concern for structural design methods for naval ships and submarines including 
uncertainties in modeling techniques. Particular attention shall be given to those aspects that 
characterise naval ship and submarine design such as blast loading, vulnerability analysis and others, as 
appropriate.  
IN PARTICULAR WE ARE INTERESTED IN SECTION 6.2: Ring-Stiffened Cylinder Subject to 
Hydrostatic Pressure Load: This case study consisted of a round robin whereby the participants 
generated collapse predictions for two experimental models (Mackay and Pegg, 2010). Those models 
were tested under a joint project of Defence Research and Development Canada and the Netherlands 
Ministry of Defence that examined the effect of corrosion thinning on pressure hull strength and 
stability (Mackay, Smith et al., In Press). The test models are small-scale aluminium ring-stiffened 
cylinders, their nominal dimensions are shown in Figure 8. The two models chosen for the case study 
are nominally identical, except for a patch of artificial corrosion on one of the specimens that was 
introduced by machining away some of the shell material (Figure 9). The participants were allowed to 
use any method to predict the strength of the cylinders, including analytical, empirical or numerical 
methods, or some combination thereof. Each participant reported the predicted collapse pressure and 
yield pressure of each specimen, as well as predicted pressure-strain histories. The experimental results 
were withheld until after the participants submitted their results.  
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ABSTRACT: The ultimate longitudinal bending strength of thin plated steel structures such as box girder 
bridges and ship hulls can be determined using an incremental-iterative procedure known as the Smith 
progressive collapse method. The Smith method first calculates the response of stiffened panel sub-structures in 
the girder and then integrates over the cross section of interest to calculate a moment–curvature response curve. 
A suitable technique to determine the strength behaviour of stiffened panels within the Smith method is 
therefore of critical importance. A fundamental assumption of the established progressive collapse method is 
that the buckling and collapse behaviour of the compressed panels within the girder occurs between adjacent 
transverse frames. However, interframe buckling may not always be the dominant collapse mode, especially for 
lightweight stiffened panels such as are found in naval ships and aluminium high speed craft. In these cases 
overall failure modes, where the buckling mode extends over several frame spaces, may dominate the buckling 
and collapse response. To account for this possibility, an adaptation to large deflection orthotropic plate theory 
is presented. The adapted orthotropic method is able to calculate panel stress-strain response curves accounting 
for both interframe and overall collapse. The method is validated with equivalent nonlinear finite element 
analyses for a range of regular stiffened panel geometries. It is shown how the adapted orthotropic method is 
implemented into an extended progressive collapse method, which enhances the capability for determining the 
ultimate strength of a lightweight stiffened box girder.  
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ABSTRACT: Results are described of a numerical study of the initial compressive buckling and post-buckling 
behaviour of GRP panels reinforced by longitudinal hat-section stiffeners. Particular reference is made to the 
effects of interaction between local buckling of the panel laminate and overall column-like buckling involving 
bending of the stiffeners. Conclusions are reached regarding the influence of interactive effects on collapse 
strength and recommendations are made on allowance for these effects in design. 
References listed at the end of the paper: 
1. Chalmers, D. W., Osborn, R. J. and Bunny, A., Hull construction of MCMVs in the United Kingdom, International Symposium on 
Mine Warfare Vessels and Systems, RINA, London, June 1984. 
2. Smith, C. S. and Dow, R. S., Compressive strength of longitudinally stiffened GRP panels, Composite Structures—3 (Marshall, I. 
H. ed.). Elsevier Applied Science Publishers, London, 1985. 
3. Wittrick, W. H., Correlation between some stability problems for orthotropic and isotropic plates under biaxial and uniaxial direct 
stress, Aeronaut. Quarterly, 4, No. 1 (1952), 83. 
4. Smith, C. S., Elastic analysis of stiffened plating under lateral loading, Trans. RINA, 108 (1966). 
5. Smith, C. S., Bending, buckling and vibration of orthotropic plate-beam structures, J. Ship Res., 12, No. 4 (1968), 249–268. 
6. Wittrick, W. H., A unified approach to the initial buckling of stiffened panels in compression, Aeronaut. Quarterly, 19 (1968), 265–
283. 
7. Wittrick, W. H. and Williams, F. W., Buckling and vibration of anisotropic or isotropic plate assemblies under combined loadings, 
Int. J. Mech. Sci., 16 (1974), 209–239.  
8. Viswanathan, A. V., Tamekuni, M. and Tripp, L. L., Elastic stability of biaxially loaded longitudinally stiffened composite 
structures, AIAA, ASME, SAE 14th Structures, Structural Dynamics and Materials Conference, Williamsburg, VA, 1973. 
9. Atkins R&D, ASAS-NL User Manual, Version 12, December 1984. 
 
 
Shengming Zhang and Imtaz Khan (Lloyd’s Register, London, UK), “Buckling and ultimate capability of plates 
and stiffened panels in axial compression”, Marine Structures, Vol. 22, No. 4, pp 791-808, October 2009 
DOI: 10.1016/j.marstruc.2009.09.001 
ABSTRACT: This paper presents extensive non-linear finite element (FE) analysis and formulation 
development work carried out on the ultimate compressive strength of plates and stiffened panels of ship 
structures. A review of contemporary designs for large ships was carried out. The existing formulae for plate 
ultimate compressive strength were reviewed and compared with non-linear FE analysis results. A semi-
analytical formula for ultimate compressive strength assessments of stiffened panels was proposed and is 
described. The developed formula was verified against results using ABAQUS non-linear FE software for a 
series of 61 stiffened panels and a good agreement between the proposed formula and FE results were achieved. 



The method was verified against a large number of published FE results and was also compared with 58 
experimental results. The developed method was also applied to the deck and bottom structures for a range of 
various sizes oil tankers and bulk carriers. 
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ABSTRACT: An overview of current design practices for submarine pressure hulls is presented, along with the 
results of a survey of the literature that was conducted to determine standard nonlinear numerical modelling 
practices for those structures. The accuracies of the conventional submarine design formulae (SDF) and 
nonlinear numerical analyses for predicting pressure hull collapse are estimated by comparing predicted and 
experimental collapse loads from the literature. The conventional SDF are found to be accurate within 
approximately 20%, with 95% confidence, for intact pressure hulls. The accuracy of a wide range of nonlinear 
numerical methods, including axisymmetric finite difference and general shell finite element (FE) models, is 
found to be within approximately 16% with 95% confidence. The accuracy is found to be within 9% when only 
higher fidelity general shell FE models are considered. It is shown how the observations taken from the survey 
could serve as a starting point for establishing modelling guidelines, quantifying the accuracy of nonlinear FE 
analysis in pressure hull collapse calculations, and introducing this method into a design procedure by way of a 
partial safety factor. 
 
 
John R. MacKay (Defence Research and Development Canada), “Structural analysis and design of pressure 
hulls: the state of the art and future trends”, Defence R&D Canada – Atlantic, Technical Memorandum, DRDC 
Atlantic TM 2007-188, October 2007 
ABSTRACT: Pressure hulls are the main load bearing structures of naval submarines, commercial and research 
submersibles, and autonomous underwater vehicles (AUVs). The many similarities between pressure hull, 
offshore, aerospace and some civil engineering structures mean that advances in one group are often applicable 
to the others, and thus this document is sometimes concerned with the entire collection of thin-walled curved 
structures designed for instability, referred to hereafter as “buckling-critical shells.” The state-of-the-art of 
pressure hull structural analysis and design is established in this document by: 1) explaining the nature of 
structural strength, and associated weaknesses, in pressure hulls; 2) summarizing traditional and contemporary 
structural analysis and design methods for pressure hulls; 3) identifying trends with respect to numerical 
modeling of buckling-critical shell structures; and 4) reviewing novel design procedures for buckling-critical 
shell structures. It is suggested that the layered conservatism of the traditional design approach could be 
improved by the use of nonlinear numerical methods for strength predictions, and a way forward is suggested 
that would allow pressure hull design procedures to incorporate these methods.  
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O.F. Hughes and M. Ma (Department of Aerospace and Ocean Engineering, Virginia Polytechnic Institute and 
State University, Blacksburg, VA 24060, U.S.A.), “Elastic tripping analysis of asymmetrical stiffeners”, 
Computers & Structures, Vol. 60, No. 3, pp 369-389, August 1996, DOI: 10.1016/0045-7949(95)00389-4 
ABSTRACT: An energy method is developed for analyzing the flexural-torsional and lateral-torsional buckling 
(“tripping”) behavior of flanged stiffeners subjected to axial force, end moment, lateral pressure and any 
combination of these. A strain distribution is assumed and the total potential energy functional is then derived. 
The strain assumptions coincide with van der Neut's assumption. However, unlike the somewhat obscure 
differential equation approach given by van der Neut, this study provides a simple, clear, energy approach. Both 
the rigid web case and the flexible web case are studied. The study explores the effect of plate rotational 
restraint, and a previously unresolved question regarding plate mode shape is answered. The method requires 
only four degrees of freedom and therefore the solution process is rapid. A number of sample stiffened panels 
are analyzed using the ABAQUS finite-element program; the results are in quite good agreement. The method 
has also been extended to inelastic tripping, and this generalized form shows excellent agreement with 
experimental tests on typical steel panels. This work will be presented in a second paper, to avoid an overly 
long publication. 
 
 
O.F. Hughes and M. Ma (Department of Aerospace and Ocean Engineering, Virginia Polytechnic Institute and 
State University, Blacksburg, VA 24060, U.S.A.), “Inelastic analysis of panel collapse by stiffener buckling”, 
Computers & Structures, Vol. 61, No. 1, pp 107-117, August 1996, DOI: 10.1016/0045-7949(96)00002-8 
ABSTRACT: A previous paper [1] proposed an elastic tripping model using a Rayleigh-Ritz approach with 4 
d.f. This paper extends the elastic model into the inelastic range, using deformation theory and an iterative and 
incremental formulation. Nonetheless, because of the efficiency of the Rayleigh-Ritz formulation, the solution 
is very rapid, even for ordinary PCs. The method can be used for analyzing the flexural-torsional and lateral-
torsional buckling (“tripping”) behavior of flanged stiffeners subjected to axial compression, end moment, 
uniform lateral pressure and any combination of these. The effects of cross-sectional distortion, postbuckling 
behavior of the plate (incorporated by considering the plate effective width) and plasticity are included. Results 
obtained using the method are shown to be in good agreement with experimental results, and to be more 
accurate than other methods. 
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“Torsional buckling of outstands in longitudinally stiffened panels”, Thin-Wall Struct 1996;24(3):211–29 
DOI: 10.1016/0263-8231(95)00033-X 
ABSTRACT: A non-linear finite element (FE) package has been used to investigate the torsional behaviour of 
flat-bar stiffeners in longitudinally stiffened panels subject to axial loading. The effects of plate slenderness, 
stiffener slenderness and boundary conditions have been studied including the modelling of the outstand both as 
part of a stiffened panel and in isolation. A simple analytical approach is proposed by using a theoretical 
mechanism model developed by Murray combined with a simple elastic loading line to give an upper bound to 
the tripping failure load. The results are compared with existing design guidance. 
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“Tripping of thin-walled stiffeners in the axially compressed stiffened panel with lateral pressure”, Thin-Walled 
Structures, VOl. 37, No. 1, pp 1-26, May 2000, DOI: 10.1016/S0263-8231(00)00010-0 
ABSTRACT: Tripping of stiffeners in stiffened panels under combined loads of axial force and lateral pressure 
is studied. Firstly, on the basis of the Vlasov's differential equation for torsional buckling of thin-walled bars, a 
generalized eigenvalue problem for tripping of stiffeners is derived by using the Galerkin's Method. Then the 
effect of the lateral pressure (dead load) to the critical axial stress (live load) upon tripping is investigated by 
solving the eigenvalue problem. The rotational restraint provided by the plate is taken into account. The effects 
of the compressive stress in the plate and the plate buckling mode are also discussed. Finally, an approximate 
equation to estimate the critical tripping stress with the effect of the lateral pressure is proposed. After some 
modifications, it can be applied in design rules for the purpose of checking the tripping strength of the 
stiffeners. 
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compressed stiffened panel with lateral pressure and end moment”, Thin-Walled Structures, Vol. 43, No. 5, pp 
789-799, May 2005, DOI: 10.1016/j.tws.2004.10.010 
ABSTRACT: Tripping of stiffeners under combined loads of axial force, lateral pressure and end moment is 
studied. First, the neutral balance differential equation under the three combined loads is deduced. The equation 
is solved with Galerkin's method and a general eigenvalue problem is got. Second, the rotational restraint 
provided by the plate is studied. Based on the result of FEM, existing formula is modified and comparison of 
results according to different spring stiffness shows that the modified formula is more reasonable. A program 
based on the method is developed and its result has a very good coincidence with the result of FEM program 
MARC. Last, a series of calculation is conducted with above program to study the relation of the three kinds of 
loads. Regression of the results of the calculation gives out a correlativity formula of the three kinds of loads. 
 
 
D.A. Danielson and A. Wilmer (Department of Applied Mathematics, Naval Postgraduate School, Monterey, 
CA 93943, USA), “Buckling of stiffened plates with bulb flat flanges”, International Journal of Solids and 
Structures, Vol. 41, Nos 22-23, pp 6407-6427, November 2004, DOI: 10.1016/j.ijsolstr.2004.05.063 
ABSTRACT: The subject of this research is the buckling behavior of a rectangular plate, with a bulb flat 
stiffener attached to one side of the plate. The stiffener cross section has a thin web and a bulb flat flange that 
extends to one side of the web. The stiffened plate structure is subjected to axial compression that increases to 
the buckling load. Results of the investigation include planar property formulas for the asymmetric flange 
geometry, an analytic expression for the Saint-Venant torsional constant of the flange cross section, and an 
analytic expression for the buckling stress corresponding to a tripping mode of the structure. The torsional 
constant for the bulb flat stiffener is 15–23% higher than understood previously. The analytic expression for the 
buckling stress of a bulb flat stiffened plate differs by less than 4% from finite element and experimental results. 
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“Ultimate collapse tests of stiffened-plate ship structural units”, Marine Structures, Vol. 10, Nos 8-10, pp 587-
610, September 1997, DOI: 10.1016/S0951-8339(97)00010-5 
ABSTRACT: An increasingly popular approximate method for assessing ship hull girder ultimate strength is to 
combine the individual elasto-plastic load-carrying characteristics of each single stiffened-plate unit comprising 
the ship hull cross section. In order to evaluate methods (numerical and experimental) for developing the load-
carrying characteristics (load–shortening curves), a full-scale testing system was designed and constructed to 



provide data for stiffened steel plate units under combined axial and lateral loads. The system included an 
assembly of discrete plate edge restraints that were developed to represent symmetric boundary conditions 
within a grillage system. Twelve full-scale panels including ‘as-built’, ‘deformed’ and ‘damaged’ specimens 
were tested in this set-up. The specimens failed by combined plate and flexural buckling, stiffener tripping or 
local collapse, depending on the magnitude of lateral loads and local damage. Load-shortening curves 
associated with different failure modes were found to be distinctly different and it was found that a small lateral 
load could change the failure mode from flexural buckling to tripping. Current design criteria should directly 
consider effects of the lateral loads on the failure modes and the collapse loads of stiffened plates. 
 
 
Tetsuya Yao, Masahiko Fujikubo and Daisuke Yanaglhara (Hiroshima University, Higashi-Hiroshima, Japan), 
“Buckling/plastic collapse behaviour and strength of stiffened plates under thrust”, International Journal of 
Offshore and Polar Engineering, Vol. 7, No. 4, December 1997 
ABSTRACT: A series of elastoplastic large deflection analyses are performed on stiffened plates with flat-bar 
and angle-bar stiffeners subjected to thrust, and the influences of sectional geometries of stiffeners on the 
buckling/plastic collapse behaviours are investigated. It has been found that: (1) Local panel buckling strength 
among stiffeners, post-buckling inplane rigidity and ultimate strength is increased owing to the stiffener; (2) 
stiffened plates undergo elastoplastic secondary buckling after local panel buckling; (3) higher ultimate strength 
is attained by stiffeners with lower depth-to-thickness ratio of a web, but, the reduction in capacity after the 
ultimate strength is more rapid for stiffened plates with such stiffeners; (4) when stiffeners with relatively high 
depth-to-thickness ratio are provided, the ultimate strength is lower than with a lower depth-to-thickness ratio, 
but the capacity reduction after the ultimate strength is rather moderate. 
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“Elastic local buckling strength of stiffened plate considering plate/stiffener interaction and welding residual 
stress”, Marine Structures, Vol. 12, Nos. 9-10, pp 543-564, December 1999 
DOI: 10.1016/S0951-8339(99)00032-5 
ABSTRACT: An analytical formula for estimating elastic local buckling strength of a continuous stiffened plate 
subjected to biaxial thrust is derived considering the influence of plate/stiffener interaction and welding residual 
stresses. Through a comparison of calculated results with those by FEM eigenvalue analysis, high accuracy of 
the proposed formula is demonstrated. A series of buckling strength analyses is performed on the deck and 
bottom plating of actual ships. 
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“New simplified approach to collapse analysis of stiffened plates”, Marine Structures, Vol. 15, Nol. 3, pp 251-
283, May-June 2002, DOI: 10.1016/S0951-8339(01)00029-6 
ABSTRACT: A new simplified model for collapse analysis of stiffened plates is developed in the framework of 
the idealized structural unit method (ISUM). By idealizing material and geometrical nonlinearities, larger 
structural units are defined as an element in ISUM than in conventional finite element analysis (FEA). The 
proposed stiffened plate model consists of ISUM plate elements and beam-column elements. The formulation of 
the plate element is performed by introducing accurate shape functions to simulate the buckling/plastic collapse 
behaviour of plate panels. Combining plate and beam-column elements allows for both local buckling of the 
plate panel and overall buckling of the stiffener. Fundamental collapse modes of plate panels and stiffened 
plates are investigated by conventional FEA. According to the observed characteristics, the new simplified 
model is formulated. Comparisons with FEA demonstrate the accuracy of the simplified model and its high 
applicability to typical stiffened plates in marine structures. 
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“A simplified method for nonlinear failure analysis of stiffened plates”, Marine Structures, Vol. 19, Nos. 2-3, pp 
97-109, April-July 2006, DOI: 10.1016/j.marstruc.2006.10.001 
ABSTRACT: This paper shows that the application of pre-determined failure equations, derived from nonlinear 
finite element analyses, is effective in determining failure of structural components in a simpler linear finite 
element analysis. An analysis method is presented which is called simplified failure analysis. The first step of 
this method is the nonlinear determination of a component's failure limit. Next, a linear coarse-meshed finite 
element model of the component is analyzed under the failure load determined in the previous step. The 
resulting linear stress distribution is a ‘representative failure stress’ for the component because it is in 
equilibrium with the applied failure load. This ‘failure stress’ is then used in simpler linear analysis to provide a 
representative failure limit. This method is verified by an analysis of a structural grillage. 
 
 
H.D. Ji, W.C. Cui and S.K. Zhang (Department of Naval Architecture & Ocean Engineering, Shanghai Jiao 
Tong University, Shanghai 200030, People's Republic of China), “Ultimate strength analysis of corrugated 
bulkheads considering influence of shear force and adjoining structures”, Journal of Constructional Steel 
Research, Vol. 57, No. 5, pp 525-545, May 2001, DOI: 10.1016/S0143-974X(00)00032-8 
ABSTRACT: In this paper, simplified formulas to calculate the ultimate strength of corrugated bulkheads are 
derived using the beam–column theory. The formulas can take account of the influences of shear force and 
adjoining structures. By comparing the results from present formulas with those of other numerical analyses, it 
is shown that the formulas derived in this paper are accurate and reliable for engineering purposes. Thus, a more 
powerful design tool is provided. Finally the effects of the shear force and rigidities of adjoining structures on 
the ultimate strength of corrugated bulkheads are also studied. 
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“Analysis on the ultimate longitudinal strength of a bulk carrier by using a simplified method”, Marine 
Structures, Vol. 14, No. 3, pp 311-330, May 2001, DOI: 10.1016/S0951-8339(00)00063-0 
ABSTRACT: The ultimate longitudinal strength of a typical bulk carrier is analyzed by using a simplified 
method. The moment–curvature curve, the ultimate bending moment and the location of the instantaneous 
neutral axis at ultimate state are calculated for both hogging and sagging conditions of the ship under vertical 
bending. The stress distribution over the hull cross-section at ultimate state is also obtained. The ultimate 
strength of the ship hull under combined vertical and horizontal bending moments is further investigated. An 
interaction curve is obtained according to the results of a series of calculation for the hull subjected to bending 
conditions with different angles of curvature. It is found that the interaction curve is asymmetrical because the 
hull cross-section is not symmetrical about the horizontal axis and the behavior of the structural members under 
compression is different from that under tension due to the non-linearity caused by buckling. The angle of the 
resultant bending moment vector and that of the curvature vector are different in general cases. An interaction 
equation suitable for bulk carriers is proposed based on the results of the analyzed ship. 
 
 
Yufeng Zha and Torgeir Moan (Department of Marine Structures, Faculty of Marine Technology, Norwegian 
University of Science and Technology, N-7491 Trondheim, Norway), “Ultimate strength of stiffened 
aluminium panels with predominantly torsional failure modes”, Thin-Walled Structures, Vol. 39, No. 8, pp 631-
648, August 2001, DOI: 10.1016/S0263-8231(01)00027-1 



ABSTRACT: The aim of this paper is to investigate the ultimate strength of aluminium plates with flatbar 
stiffeners with a torsional buckling or tripping failure mode. The formulations for torsional buckling of 
stiffeners in steel plating are still debated. Compared with steel structures, the ultimate strength of aluminium 
structures is sensitive not only to residual stresses and initial deformations, but also to the deterioration of 
mechanical strength in heat-affected zones (HAZ). In the present paper, the ultimate strength of stiffened 
aluminium panels with predominantly torsional failure modes is investigated by experimental and theoretical 
analysis. Stiffened panels made of the aluminium alloy AA5083-H116 and AA6082-T6 are considered. Various 
height of flatbar and various thickness of plate and stiffener were studied. The test results are compared with 
numerical predictions by using the finite element code ABAQUS (ABAQUS Version 5.7 (1997)), considering 
the influence of initial deflections, welding residual stresses and HAZ. The influence of HAZ and residual 
stresses on the ultimate strength of stiffened aluminium panels with the actual failure mode is discussed in 
detail. The numerical predictions are also compared with strength of material formulations used in DNV Rules 
for Classification of High Speed and Light Craft (Rules for classification of high speed and light craft, Hull 
structural design (1996)), NORSOK (Design of steel structures (1998)) all for steel, using the relevant values of 
the modulus elasticity and yield strength of aluminium, as well as EUROCODE 9 (Eurocode 9, Part 1-1: 
General rules (1998)). 
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“Ultimate strength analysis of a bulk carrier hull girder under alternate hold loading condition – A case study: 
Part 1: Nonlinear finite element modeling and ultimate hull girder capacity”, Marine Structures, Vol. 21, No. 4. 
Pp 327-352, October 2008, DOI: 10.1016/j.marstruc.2007.12.006 
ABSTRACT: This is the first of two companion papers dealing with nonlinear finite element modelling and 
analysis of the ultimate strength of a bulk carrier hull girder under alternate hold loading (AHL) condition. The 
purpose is to contribute to establishing rational ultimate longitudinal strength criteria for the hull girder under 
combined loading. The focus is on the hogging condition. An important issue is the significant double bottom 
bending in empty holds in AHL due to combined global hull girder bending moment and local loads. The local 
loads may substantially reduce the strength of the hull girder. Different AHL conditions, i.e. fully loaded cargo 
and (partially) heavy cargo are considered. A critical review of external and internal design pressures for 
different AHL conditions is accomplished using both CSR-BC rules and DNV rules. A methodology for 
nonlinear finite element modelling of hold tanks of a bulk carrier under AHL is presented by use of ABAQUS. 
A mesh convergence study is carried out in order to find the appropriate mesh for the model. The implication of 
using different design pressures on the hull girder strength is assessed. The FE results can be used as a basis for 
establishing simplified methods applicable to practical design of ship hulls under combined loadings. This issue 
is discussed in the companion paper. 
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“Ultimate strength analysis of a bulk carrier hull girder under alternate hold loading condition, Part 2: Stress 
distribution in the double bottom and simplified approaches”, Marine Structures, Vol. 22, No. 3, pp 522-544, 
July 2009, DOI: 10.1016/j.marstruc.2008.12.005 
ABSTRACT: This is the second of two companion papers dealing with nonlinear finite element modelling and 
ultimate strength analysis of the hull girder of a bulk carrier under Alternate Hold Loading (AHL) condition. 
The methodology for nonlinear finite element modelling as well as the ultimate strength results from the 
nonlinear FE analyses was discussed in the companion paper (Part 1). The purpose of the present paper is to use 



the FE results to contribute towards developing simplified methods applicable to practical design of ship hulls 
under combined global and local loads. An important issue is the significant double bottom bending in the 
empty hold in AHL due to combined global hull girder bending moment and local loads. Therefore, the stress 
distributions in the double bottom area at different load levels i.e. rule load level and ultimate failure load level 
are presented in detail. The implication of different design pressures obtained by different rules (CSR-BC rules 
and DNV rules) on the stress distribution is investigated. Both (partially) heavy cargo AHL and fully loaded 
cargo AHL are considered. Factors of influence of double bottom bending such as initial imperfections, local 
loads, stress distribution and failure modes on the hull girder strength are discussed. Simplified procedures for 
determination of the hull girder strength for bulk carriers under AHL conditions are also discussed in light of 
the FE analyses. 
 
 
Lars Brubak and Jostein Hellesland (Mechanics Division, Department of Mathematics, University of Oslo, P.O. 
Box 1053, NO-0316 Oslo, Norway), “Strength criteria in semi-analytical, large deflection analysis of stiffened 
plates in local and global bending”, Thin-Walled Structures, Vol. 46, Nol. 12, pp 1382-1390, December 2008 
DOI: 10.1016/j.tws.2008.03.013 
ABSTRACT: Various strength criteria that may be used in semi-analytical methods for ultimate strength 
prediction of arbitrarily stiffened plates are studied. The main objective is to evaluate the applicability of the 
criteria in ultimate strength predictions of in-plane loaded plates, both in local and global bending. The 
equilibrium path is traced using large deflection theory and the Rayleigh–Ritz approach on an incremental form. 
The approach is able to account for the reserve strength of slender plates in the postbuckling region. Results are 
compared with fully nonlinear finite element analyses for a variety of plate dimensions and stiffeners with 
regular and irregular arrangements. Good agreement is obtained with a combination of a plate and a stiffener 
criterion. With the considered criteria included, the method is computationally very efficient and gives rather 
high numerical accuracy. 
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“Optimal stiffener design of moderately thick plates under uniaxial and biaxial compression”, Journal of 
Constructional Steel Research, Vol. 66, No. 10, pp 1218-1231, October 2010, DOI: 10.1016/j.jcsr.2010.04.003 
ABSTRACT: In this paper, the optimal stiffener design of moderately thick plates under uniaxial and biaxial 
compression is investigated on the premise that the plate thickness and the required ultimate strength are given. 
As the theoretical basis of stiffener design, the ultimate strength formulations of weak stiffened thick panels 
under in-plane biaxial compression are first developed on the basis of large deflection orthotropic plate theory, 
in which the post-weld initial deflection is taken into account. The von Mises yield criterion is employed to 
determine the limit state of the panel, and the Nelder–Mead simplex algorithm is used to obtain the efficient 
solution of nonlinear differential equations. The optimization method presented is based on the stiffener design 
principles of the overall instability stress and of the working stress. In the optimization formulation, the 
numbers and geometric sizes of the stiffeners are defined as design variables; the weight ratio of stiffeners to 
plate is taken as a single objective function; requirements against overall buckling of the panel, local buckling 
of the plates between the stiffeners and local buckling of the stiffeners themselves are set as constraint 
functions. Results of both design examples and parameter studies show that, for moderately thick plates, the 
stiffener weight given by the proposed optimization method is much lower than the weight determined by the 
current stiffener design method on the premise of the same requirement of structural safety. Using the present 
optimization method to obtain the lightest and the most effective stiffener layout for moderately thick plates is 
proposed. 
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(3) Department of Engineering, Osaka University, 11-1 Mihogaoka, Ibaraki-City, Osaka, Japan 
“An incremental Galerkin method for plates and stiffened plates”, Compu�ters and Structures 1987; 27(1):147–
56. 
DOI: 10.1016/0045-7949(87)90189-1 
ABSTRACT: In order to perform a detailed analysis of large deflection behavior of a rectangular plate or 
stiffened plate, an efficient semi-analytical method is developed. First, incremental forms of the governing 
differential equations of plates and stiffened plates with initial deflection are derived. These equations are 
linearized and may be easily solved. Secondly, these equations are solved for each load increment by the 
Galerkin method with a special consideration of simply supported boundaries. A procedure of equilibrium 
correction at intermediate load steps is presented such that good accuracy of the solution may be maintained 
with larger load steps. This method is successfully applied to plates with initial deflection subjected to in-plane 
as well as out-of-plane loads to obtain the whole histories of the behavior of these plates. Application of this 
method to stiffened plates with initial deflection is also presented. Comparisons of results obtained by this 
method with those obtained by other methods are made and the validity of the method is demonstrated. This 
incremental version of the Galerkin method is found to be extremely advantageous in certain types of plate and 
stiffened plate problems. These types are identified and the efficiency of the method is demonstrated. 
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“Modelling of the internal mechanics in ship collisions”, Ocean Engineering, Vol. 23, No. 2, pp 107-142, 
February 1996, DOI: 10.1016/0029-8018(95)00021-6 
ABSTRACT: A method for analysis of the structural damage due to ship collisions is developed. The method is 
based on the idealized structural unit method (ISUM). Longitudinal/transverse webs which connect the outer 
and the inner hulls are modelled by rectangular plate units. The responses are determined by taking into account 
yielding, crushing, and rupture. Some plates of the outer and the inner shell subjected to large membrane 
tensions are modelled by membrane tension triangular/rectangular plate units, while the remaining shell panels 
are modelled by the usual plate units. The effect of stiffeners on the stiffness and the strength is considered as 
well. In order to include the coupling effects between local and global failure of the structure, the usual non-
linear finite-element technique is applied. In order to deal with the gap and contact conditions between the 
striking and the struck ships, gap/contact elements are employed. Dynamic effects are considered by inclusion 
of the influence of strain-rate sensitivity in the material model. On the basis of the theory a computer program 
has been written. The procedure is verified by a comparison of experimental results obtained from test models 
of double-skin plated structures in collision/grounding situations with the present solutions. As an illustrative 
example the procedure has been used for analyses of a side collision of a double-hull tanker. Several factors 
affecting ship collision response, namely the collision speed and the scantlings/ arrangements of strength 
members, are discussed. 
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“A numerical investigation of tripping”, Marine Structures, Vol. 11, Nos 4-5, pp 159-183, May 1998 
DOI: 10.1016/S0951-8339(98)00010-0 
ABSTRACT: The twin aims of the present study are to investigate numerically the characteristics of tripping 
failure of flat-bar stiffened panels subject to uniaxial compressive loads and also to study the accuracy of two 
available design formulations. A special-purpose nonlinear finite element method capable of efficiently 
analyzing the elasto-plastic large deflection behavior of stiffened panels is developed and used in the study. A 
benefit of the application of the nonlinear finite element method is that it makes possible a rigorous accounting 
of the interacting effects of stiffener tripping and plating collapse and also the inclusion of the influence of 



elasto-plastic rotational restraint at the plate-stiffener intersection prior to and during failure. A parametric 
series of elasto-plastic large deflection analyses for stiffened panels with flat-bar type of stiffeners under 
uniaxial compressive loads are carried out varying member proportions and structural parameters. Based on the 
computed results, a basic investigation of tripping behavior of flat-bars is made, and the accuracy of design 
formulations is studied. The calculations and comparisons of this paper are for flat-bar stiffened panels under 
uniaxial compression, but the special-purpose finite element method implemented is considerably more general. 
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“The strength characteristics of aluminum honeycomb sandwich panels”, Thin-Walled Structures, Vol. 35, No. 
3, pp 205-231, November 1999, DOI: 10.1016/S0263-8231(99)00026-9 
ABSTRACT: Aluminum sandwich construction has been recognized as a promising concept for structural 
design of lightweight transportation systems such as aircraft, high-speed trains and fast ships. The aim of the 
present study is to investigate the strength characteristics of aluminum sandwich panels with aluminum 
honeycomb core theoretically and experimentally. A series of strength tests are carried out on aluminum 
honeycomb-cored sandwich panel specimen in three point bending, axial compression and lateral crushing 
loads. Simplified theories are applied to analyze bending deformation, buckling/ultimate strength and crushing 
strength of honeycomb sandwich panels subject to the corresponding load component. The structural failure 
characteristics of aluminum sandwich panels are discussed. The test data developed are documented. 
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“Large deflection orthotropic plate approach to develop ultimate strength formulations for stiffened panels 
under combined biaxial compression / tension and lateral pressure”, Thin-Walled Structures, Vol.39, No.3, 
pp.215-246, 2001, 
DOI: 10.1016/S0263-8231(00)00059-8 
ABSTRACT: This paper uses the large deflection orthotropic plate approach to develop the ultimate strength 
formulations for steel stiffened panels under combined biaxial compression/tension and lateral pressure loads, 
considering the overall (grillage) buckling collapse mode. The object panel has a number of one-sided small 
stiffeners in either one or both orthogonal directions. The stiffened panel is then modeled as an equivalent 
orthotropic plate, for which the various elastic constants characterizing structural orthotropy are determined in a 
consistent systematic manner using classical theory of elasticity. The panel edges are considered to be simply 
supported. The influence of initial deflections is taken into account. The membrane stress distribution inside the 
panel under combined uniaxial loading (in either longitudinal or transverse direction) and lateral pressure is 
analyzed by solving the nonlinear governing differential equations of large deflection orthotropic plate theory. It 
is presumed that the panel collapses when the most highly stressed boundary location yields, resulting in closed-
form expressions for the ultimate strength of the stiffened panel. Based on the insights previously developed 
through numerical studies, the panel ultimate strength interaction formulation between biaxial loads, with lateral 
pressure regarded as a secondary load component is then proposed as a relevant combination of the two sets of 
panel ultimate strength formulations, i.e. one for combined longitudinal axial load and lateral pressure and the 
other for combined transverse axial load and lateral pressure. The validity of the proposed ultimate strength 
formulations is verified by a comparison with nonlinear finite element and other numerical solutions. 
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“Ultimate strength of ship hulls under torsion”, Ocean Engineering, Vol. 28, No. 8, pp 1097-1133, August 2001 
DOI: 10.1016/S0029-8018(01)00015-4 
ABSTRACT: For a ship hull with large deck openings such as container vessels and some large bulk carriers, 
the analysis of warping stresses and hatch opening deformations is an essential part of ship structural analyses. 
It is thus of importance to better understand the ultimate torsional strength characteristics of ships with large 
hatch openings. The primary aim of the present study is to investigate the ultimate strength characteristics of 
ship hulls with large hatch openings under torsion. Axial (warping) as well as shear stresses are normally 
developed for thin-walled beams with open cross sections subjected to torsion. A procedure for calculating 
these stresses is briefly described. As an illustrative example, the distribution and magnitude of warping and 
shear stresses for a typical container vessel hull cross section under unit torsion is calculated by the procedure. 
By theoretical and numerical analyses, it is shown that the influence of torsion induced warping stresses on the 
ultimate hull girder bending strength is small for ductile hull materials while torsion induced shear stresses will 
of course reduce the ship hull ultimate bending moment. 
 
 
Jeom Kee Paik and Bong Ju Kim (Department of Naval Architecture and Ocean Engineering, Pusan National 
University, 30 Jangjeon-Dong, Gumjeong-Gu, Busan 609-735, South Korea), “Ultimate strength formulations 
for stiffened panels under combined axial load, in-plane bending and lateral pressure: A benchmark study”, 
Thin-Walled Structures, 01/2002, Vol. 40, No. 1, pp 45-83, January 2002, 
DOI: 10.1016/S0263-8231(01)00043-X 
ABSTRACT: This paper develops advanced, yet design-oriented ultimate strength expressions for stiffened 
panels subject to combined axial load, in-plane bending and lateral pressure. The collapse patterns of a stiffened 
panel are classified into six groups. It is considered that the collapse of the stiffened panel occurs at the lowest 
value among the various ultimate loads calculated for each of the collapse patterns. The panel ultimate strengths 
for all potential collapse modes are calculated separately, and are then compared to find the minimum value 
which is then taken to correspond to the real panel ultimate strength. The post-weld initial imperfections (initial 
deflection and residual stress) are included in the developed panel ultimate strength formulations as parameters 
of influence. The validity of the developed formula is confirmed by comparing with the mechanical collapse 
tests and nonlinear FEA. A comparison of the present method is also made with theoretical solutions from the 
Det Norske Veritas classification society design guideline. Important insights developed are summarized.  
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Paik, J. K., Lee, J. M., and Lee, D. H., “Ultimate strength of dented steel plates under axial compressive loads”, 
International Journal of Mechanical Sciences, 45, pp. 433–448, 2003, DOI: 10.1016/S0020-7403(03)00062-6 
ABSTRACT: In this paper the ultimate strength characteristics of dented steel plates under axial compressive 
loads are investigated using the ANSYS nonlinear finite element code. The effects of shape, size (depth, 
diameter), and location of the dent on the ultimate strength behavior of simply supported steel plates under axial 
thrust are studied. A closed-form formula for predicting the ultimate compressive strength of dented steel plates 
are empirically derived by curve fitting based on the computed results. The results and insights developed in the 
present study will be useful for damage tolerant design of steel plated structures with local denting. 
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“A concise introduction to the idealized structural unit method for nonlinear analysis of large plated structures 
and its application”, Thin-Walled Structures, Vol. 41, No. 4, pp 329-355, April 2003 
DOI: 10.1016/S0263-8231(02)00113-1 
ABSTRACT: The idealized structural unit method (ISUM) has now been widely recognized by researchers as 
an efficient and accurate methodology to perform nonlinear analysis of large plated structures such as ships, 
offshore platforms, box girder bridges or other steel structures. This paper presents a summary of pertinent 
ISUM theory and its application to nonlinear analysis of steel plated structures. Important concepts for 
development of various ISUM units which are needed to analyze nonlinear behavior of steel plated structures 
are described. Some application examples are shown, wherein comparisons of ISUM analysis predictions are 
made with numerical or experimental results for progressive collapse analysis of general types of steel plated 
structures and ship hulls, to illustrate the possible accuracy and versatility of the ISUM method. The use of 
ISUM for the analysis of internal collision/grounding mechanics of ships is also illustrated. This paper is in part 
an attempt to demystify ISUM and its applications for the benefit of a designer of steel plates structures (Paik 
and Thayambali, Ultimate limit state design of steel plated structures; 2002). 
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Gumjeong-Gu, Busan 609-735, South Korea 
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“An experimental investigation  on the dynamic ultimate compressive strength of ship plating”, International 
Journal of Impact Engineering, Vol. 28, No. 7, pp 803-811, August 2003,  
DOI: 10.1016/S0734-743X(02)00154-9 
ABSTRACT: The aim of the present study is to obtain experimental data on the ultimate strength of steel plates 
under dynamically applied axial compressive loads. A series of dynamic collapse tests were carried out on steel 
plate models under axial compressive loads, varying the loading speed. Based on the test results, the effect of 
loading speed (or strain rate) on the ultimate strength of steel plates is investigated. Relevant useful 
formulations for assessing the dynamic ultimate compressive strength of steel plates are also derived as a 
function of the strain rate by curve fitting. The test data developed are documented. 
 
 
Y.V. Satish Kumar and Jeom Kee Paik (Department of Naval Architecture and Ocean Engineering, Pusan 
National University, 30 Jangjeon-dong, Gumjeong-Gu, Busan 609 735, South Korea), “Buckling analysis of 
cracked plates using hierarchical trigonometric functions”, Thin-Walled Structures, Vol. 42, No. 5, pp 687-700, 
May 2004, DOI: 10.1016/j.tws.2003.12.012 
ABSTRACT: The present paper deals with the estimation of buckling loads of plates with cracking damages. 
The hierarchical trigonometric functions are used to define the displacement function of the cracked plate. 
Selective choosing of the trigonometric functions satisfies the various boundary conditions of a plate bounded 
by support members in a continuous plated structure. Moreover, the analysis of the cracked plate can be carried 
out with a minimum number of equations accurately. In the present paper, the buckling loads of plates with 
various types of cracks, such as edge crack and central crack, are estimated under uniaxial compressive load, 
biaxial compressive load and in-plane shear load. The results are found to correlate well with those obtained 
using a finite element method. 
 
 
Jeom Kee Paik, “Empirical formulations for predicting the ultimate compressive strength of welded aluminum 
stiffened panels”, Thin-Walled Structures, Vol. 45, No. 2, pp 171-184, February 2007 
DOI: 10.1016/j.tws.2007.02.003 



ABSTRACT: The present study was undertaken by the support from Ship Structure Committee 
(http://www.shipstructure.org), a North American-based interagency research and development committee, in 
association with SR-1446 project, and also from Alcan Marine, France. Empirical expressions are developed for 
predicting the ultimate compressive strength of welded aluminum stiffened panels used for marine applications. 
Existing data of the ultimate compressive strength for aluminum stiffened panels experimentally and 
numerically obtained by the SR-1446 project is used for deriving the formulations which are expressed as 
functions of two parameters, namely the plate slenderness ratio and the column (stiffener) slenderness ratio. The 
formulae implicitly include the effects of weld induced initial imperfections, and softening in the heat affected 
zone. 
 
 
Jeom Kee Paik, “Ultimate strength of perforated steel plates under edge shear loading”, Thin-Walled Structures, 
Vol. 45, No. 3, pp 301-306, March 2007, DOI: 10.1016/j.tws.2007.02.013 
ABSTRACT: The aim of the present study is to investigate the ultimate strength characteristics of perforated 
steel plates under edge shear loading, which is a primary action type arising from cargo weight and water 
pressure in ships and ship-shaped offshore structures. The plates are considered to be simply supported along all 
(four) edges and kept straight. The cutout is circular and located at the center of the plate. A series of ANSYS 
nonlinear finite element analyses (FEA) are undertaken with varying the cutout size (diameter) as well as plate 
dimensions (plate aspect ratio and thickness). By the regression analysis of the FEA results obtained, a closed-
form empirical formula for predicting the ultimate shear strength of perforated plates, which can be useful for 
first-cut strength estimations in reliability analyses or code calibrations, is derived. The accuracy of the ultimate 
strength formula developed is verified by a comparison with more refined nonlinear FEA results. 
 
 
Paik Jeom Kee, Ultimate strength of perforated steel plates under combined biaxial compression and edge shear 
loads, Thin-Walled Structures, 46, 207–213, (2008), DOI: 10.1016/j.tws.2007.07.010 
ABSTRACT: The present paper is a sequel to the author's papers [Paik JK, Ultimate strength of perforated steel 
plates under edge shear loading. Thin-Walled Structures 2007; 45: 301–6, Paik JK Ultimate strength of 
perforated steel plates under axial compressive loading along short edges. Ships Offshore Struct, 2007; 2(3): (in 
press)]. In contrast to the previous papers with the focus on edge shear or uniaxial compressive loads, the aim of 
the present study is to investigate the ultimate strength characteristics of perforated steel plates under combined 
biaxial compression and edge shear loads, which is a typical action pattern of steel plates arising from cargo 
weight and water pressure together with hull girder motions in ships and ship-shaped offshore structures. The 
plates are considered to be simply supported along all (four) edges, keeping them straight. The cutout is circular 
and located at the center of the plate. A series of ANSYS nonlinear finite element analyses (FEA) are 
undertaken with varying the plate dimension (thickness). Based on the FEA results obtained, closed-form 
empirical formulae of the ultimate strength interaction relationships of perforated plates between combined 
loads, which can be useful for first-cut estimations of the ultimate strength in reliability analyses or code 
calibrations, are derived. 
 
 
Jeom Kee Paik ((Department of Naval Architecture and Ocean Engineering, Pusan National University, 30 
Jangjeon-Dong, Geumjeong-Gu, Busan 609-735, Republic of Korea), “Characteristics of welding induced 
initial deflections in welded aluminum plates”, Thin-Walled Structures, Vol. 45, No. 5, pp 493-501, May 2007 
DOI: 10.1016/j.tws.2007.04.009 
ABSTRACT: It is well known that welding-induced initial deflections, among other factors, significantly affect 
the ultimate strength behavior of welded plate structures. This means that it is of vital importance to identify the 
features of plate initial deflections prior to the plate ultimate strength computations. The aim of the present 
paper is to investigate the characteristics of initial deflections that occur during welding fabrication of 
aluminum plates used for marine applications. A total of 78 single and multi-bay stiffened plate prototype 
aluminum structures which are full scale equivalent to sub-structures of an 80 m long all aluminum high speed 
vessel are constructed by metal inert gas (MIG) welding. Initial deflections of plating between stiffeners are 
then measured. A statistical analysis of the measured database is performed to determine mean and coefficient 



of variation (COV) of the plate initial deflection. The insights developed from the present study will be very 
useful for reliability analyses and code calibrations of ultimate limit state strength and fabrication quality 
control for welded aluminum plate structures. 
 
 
Jeom Kee Paik, Bong Ju Kim and Jung Kwan Seo (Department of Naval Architecture and Ocean Engineering, 
Pusan National University, 30 Jangjeon-Dong, Geumjeong-Gu, Busan 609-735, Republic of Korea), “Methods 
for ultimate limit state assessment of ships and ship-shaped offshore structures: Part I – Unstiffened plates”, 
Ocean Engineering, Vol. 35, No. 2, pp 261-270, February 2008, DOI: 10.1016/j.oceaneng.2007.08.004 
ABSTRACT: The present paper is Part I of a series of three papers prepared by the authors on the methods 
useful for ultimate limit state assessment of marine structures, that have been developed in the literature during 
the last few decades. It is considered that such methods are now mature enough to enter day-by-day design and 
strength assessment practice. The aims of the three papers are to conduct some benchmark studies of such 
methods on ultimate limit state assessment of (unstiffened) plates, stiffened panels, and hull girders of ships and 
ship-shaped offshore structures, using some candidate methods such as ANSYS nonlinear finite element 
analysis (FEA), DNV PULS, ALPS/ULSAP, ALPS/HULL, and IACS common structural rules (CSR) methods. 
As an illustrative example, an AFRAMAX-class hypothetical double hull oil tanker structure designed by CSR 
method is studied. In the present paper (Part I), the ultimate limit state assessment of unstiffened plates under 
combined biaxial compression and lateral pressure loads is emphasized using ANSYS, DNV PULS, and 
ALPS/ULSAP methods, and their resulting computations are compared. Part II will deal with methods for the 
ultimate limit state assessment of stiffened panels under combined biaxial compression and lateral pressure 
using ANSYS, DNV PULS, and ALPS/ULSAP methods, and Part III will treat methods for the progressive 
collapse analysis of the hull structure using ANSYS, ALPS/HULL, and IACS CSR methods. 
 
 
Jeom Kee Paik, Bong Ju Kim and Jung Kwan Seo (Department of Naval Architecture and Ocean Engineering, 
Pusan National University, 30 Jangjeon-Dong, Geumjeong-Gu, Busan 609-735, Republic of Korea), “Methods 
for ultimate limit state assessment of ships and ship-shaped offshore structures: Part II – Stiffened panels”, 
Ocean Engineering, Vol. 35, No. 2, pp 271-280, February 2008, DOI: 10.1016/j.oceaneng.2007.08.007 
ABSTRACT: The present paper is Part II of a series of three papers on methods useful for the ultimate limit 
state assessment of ships and ship-shaped offshore structures. In contrast to Part I [Paik et al., 2007a. Methods 
for ultimate limit state assessment of ships and ship-shaped offshore structures: Part I unstiffened plates, Ocean 
Engineering, doi:10.1016/j.oceaneng.2007.08.004] that deals with unstiffened plates, the present paper (Part II) 
is focused on methods for the ultimate limit state assessment of stiffened plate structures under combined 
biaxial compression and lateral pressure actions. The object structure is the bottom part of an AFRAMAX-class 
hypothetical double-hull oil tanker structure designed by IACS common structural rules (CSR) method, that is 
the same ship studied in Part I. Three candidate methods, namely ANSYS nonlinear finite element method, 
DNV PULS method, and ALPS/ULSAP method, are employed for the present study. The results and insights 
developed from the present study are summarized in terms of ultimate strength characteristics of bottom-
stiffened plate structures. 
 
 
Jeom Kee Paik and Bong Ju Kim (Department of Naval Architecture and Ocean Engineering, Pusan National 
University, 30 Jangjeon-Dong, Geumjeong-Gu, Busan 609-735, Republic of Korea), “Progressive collapse 
analysis of thin-walled box columns”, Thin-Walled Structures, Vol. 46, No. 5, pp 541-550, May 2008 
DOI: 10.1016/j.tws.2007.10.004 
ABSTRACT: Box columns are often used as main strength members of various types of thin-walled structures 
such as ships, ship-shaped offshore structures, and aerospace structures. Until and after the ultimate limit state is 
reached, box columns exhibit highly nonlinear structural behavior in terms of geometrical and material aspects. 
In particular, the effects of local buckling, global buckling, and their interaction play a significant role in the 
resulting consequences of box columns under extreme actions. In order to calculate the maximum load-carrying 
capacity of box columns, it is thus highly required to perform the progressive collapse analysis to take into 
account progressive failures of individual components and their interacting effects. The aim of the present study 



is to demonstrate a method that is useful for the progressive collapse analysis of thin-walled box columns in 
terms of computational efficiency and accuracy. Theoretical outline of the method is addressed. Short, medium 
and long box columns in length are studied in terms of interacting effects between local component failure 
modes and global system failure modes. The effect of unloaded edge conditions of individual plate elements is 
also studied. A comparison of the method with more refined nonlinear finite element method computations is 
made. 
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“Numerical method for predicting the elastic lateral distortional buckling moment of a mono-symmetric beam 
with web openings”, Thin-Walled Structures, Vol. 49, No. 6, pp 713-723, June 2011 
DOI: 10.1016/j.tws.2011.01.003 
ABSTRACT: When used as floor joists, the new mono-symmetric LiteSteel beam (LSB) sections require web 
openings to provide access for inspections and various services. The LSBs consist of two rectangular hollow 
flanges connected by a slender web, and are subjected to lateral distortional buckling effects in the intermediate 
span range. Their member capacity design formulae developed to date are based on their elastic lateral buckling 
moments, and only limited research has been undertaken to predict the elastic lateral buckling moments of 
LSBs with web openings. This paper addresses this research gap by reporting the development of web opening 
modelling techniques based on an equivalent reduced web thickness concept and a numerical method for 
predicting the elastic buckling moments of LSBs with circular web openings. The proposed numerical method 
was based on a formulation of the total potential energy of LSBs with circular web openings. The accuracy of 
the proposed method's use with the aforementioned modelling techniques was verified through comparison of 
its results with those of finite strip and finite element analyses of various LSBs. 
 
 
Jeom Kee Paik (1), Bong Ju Kim (1), Jung Min Sohn (2), Sung Hoon Kim (2), Jae Min Jeong (2) and June Seok 
Park (2) 
(1) The Lloyd’s Register Educational Trust Research Centre of Excellence,  Pusan National University, 30 
Jangjeon-Dong, Geumjeong-Gu, Busan 609-735, Korea 
(2) Department of Naval Architecture and Ocean Engineering,  Pusan National University, 30 Jangjeon-Dong, 
Geumjeong-Gu, Busan 609-735, Korea 
“On buckling collapse of a fusion-welded aluminum-stiffened plate structure: An experimental and numerical 
study”, J. Offshore Mech. Arctic Engineering Vol. 134, No. 2, 021402, December 2011 
ABSTRACT: The primary objective of the present paper is to experimentally examine the buckling collapse 
characteristics of fusion welded aluminum-stiffened plate structures under axial compression until and after the 
ultimate limit state is reached. The secondary objective of the paper is to study a nonlinear finite element 
method modeling technique for computing the ultimate strength behavior of welded aluminum structures. A set 
of aluminum-stiffened plate structures fabricated via gas metal arc welding is studied. The test structure is 
equivalent to a full scale deck structure of an 80 m long high speed vessel. The plate part of the structures is 
made of 5383-H116 aluminum alloy, and extruded stiffeners are made of 5083-H112 aluminum alloy. Welding 
induced initial imperfections such as plate initial deflection, column type global initial deflection of stiffeners, 
sideways initial distortion of stiffeners, welding residual stresses, and softenng in the heat-affected zone are 
measured. The ANSYS nonlinear finite element method is employed for the numerical computations of the test 
structure’s ultimate strength behavior by means of a comparison with experimental data. Insights and 
conclusions developed from the present study are documented. 
 
 
K. D. Kim, G. R. Lomboy and S. C. Han, “A co-rotational 8-node assumed strain shell element for postbuckling 
analysis of laminated composite plates and shells”, Computational Mechanics, Vol. 30, No. 4, 2003, pp.330-



342, doi: 10.1007/s00466-003-0415-6 
ABSTRACT: The formulation of a nonlinear composite shell element is presented for the solution of stability 
problems of composite plates and shells. The formulation of the geometrical stiffness presented here is exactly 
defined on the midsurface and is efficient for analyzing stability problems of thin and thick laminated plates and 
shells by incorporating bending moment and transverse shear resultant forces. The composite element is free of 
both membrane and shear locking behaviour by using the assumed natural strain method such that the element 
performs very well as thin shells. The transverse shear stiffness is defined by an equilibrium approach instead of 
using the shear correction factor. The proposed formulation is computationally efficient and the test results 
showed good agreement. In addition the effect of the viscoelastic material is investigated on the postbuckling 
behaviour of laminated composite shells. 
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“A co-rotational quasi-conforming 4-node resultant shell element for large deformation elasto-plastic analysis”, 
Computer Methods in Applied Mechanics and Engineering, Vol. 195, Nos. 44-47, September 2006, pp. 6502-
6522, doi:10.1016/j.cma.2006.02.004 
ABSTRACT: A co-rotational, quasi-conforming formulation of a 4-node stress resultant shell element is 
presented for non-linear analysis of plate and shell structures. The tangent stiffness matrix in this quasi-
conforming formulation is explicitly integrated. This makes the element computationally efficient in 
incremental, non-linear analysis. It includes drilling degrees of freedom, which improves membrane behavior 
and allows the modeling of stiffened plates and shells. It is also free of shear locking behavior. The formulation 
of the geometrical stiffness is derived using the full definition of Green strain tensor. The inclusion of the 
bending moment and transverse shear resultant forces in the geometric stiffness allows effective analysis of 
stability problems of moderately thick plates and shells. The stresses are accurately taken at the nodal points 
without extrapolation. The plasticity is traced by applying the von Mises yield condition and Prandtl–Reuss 
flow rule to discrete points through the thickness. The multi-layered approach is based on equally spaced 
stations, including extreme fibers. A modified trapezoidal rule is used for the numerical integration of the 
constitutive relation in the plasticity part. Numerous tests are carried out for the non-linear validation of present 
4-node shell element and the results are in good agreement with references. 
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“Mechanical Vibration and Buckling Analysis of FGM Plates and Shells Using a Four-Node Quasi-Conforming 
Shell Element”, International Journal of Structural Stability and Dynamics”, Vol. 08, No. 2, June 2008, 
DOI: 10.1142/S0219455408002624 
ABSTRACT: In this paper, we investigate the natural frequencies and buckling loads of functionally graded 
material (FGM) plates and shells, using a quasi-conforming shell element that accounts for the transverse shear 
strains and rotary inertia. The eigenvalues of the FGM plates and shells are calculated by varying the volume 
fraction of the ceramic and metallic constituents using a sigmoid function, but the Poisson ratios of the FGM 
plates and shells are assumed to be constant. The expressions for the membrane, bending and shear stiffness of 
FGM shell elements are more a complicated combination of material properties than a homogeneous element. 
In order to validate the finite element numerical solutions, the Navier solutions for rectangular plates based on 
the first order shear deformation theory are also presented. The present numerical solutions for composite and 
sigmoid FGM (S-FGM) plates and shells are verified by the Navier solutions and various examples of 
composite and FGM structures. The present results are in good agreement with the Navier theoretical solutions. 
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“Nonlinear Formulations of a Four-Node Quasi-Conforming Shell Element”, Archives of Computational 
Methods in Engineering, Vol. 16, No. 2, 2009, pp. 189-250, doi: 10.1007/s11831-009-9030-9 
ABSTRACT: The quasi-conforming technique was introduced in the 1980’s to meet the challenge of inter-
elements conforming problems and give a unified treatment of both conforming and nonconforming elements. 
While the linear formulation is well established, the nonlinear formulation based on the quasi-conforming 
technique that includes geometric and material nonlinearity is presented in this paper. The formulation is 
derived in the framework of an updated Lagrangian stress resultant, co-rotational approach. The geometric 
nonlinear formulation provides solutions to buckling and postbuckling behaviour while the material nonlinear 
formulation considers the spread of plasticity within the element while maintaining an explicit construction of 
element matrices. Aside from the elasto-plastic constitutive relation, formulations on laminate composites and 
reinforced concrete are also presented. 
The formulations of laminate composite and reinforced concrete material are present based on the layer concept, 
the material properties can vary throughout the thickness and across the surface of a shell element. The various 
failure criteria for laminate composite are included in the formulation which makes it possible to analyses the 
progressive failure of fibre and matrix. For the reinforced concrete material, the nonlinearities as a result of 
tensile cracking, tension stiffening between cracks, the nonlinear response of concrete in compression, and the 
yielding of the reinforcement are considered. The steel reinforcement is modeled as a bilinear material with 
strain hardening. 
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“The Rotation-Free BST Shell Element for Linearized Buckling Analysis of Steel Structures”, International 
Journal for Computational Methods in Engineering Science and Mechanics, Vol. 7, No. 3, 2006, pp. 209 – 215, 
doi: 10.1080/15502280600596646 
ABSTRACT: In this paper the ability of the basic shell triangular (BST) element to perform linearized buckling 
analysis is evaluated. The results have been compared with analytical solutions and other finite elements in the 
literature, such as ANDES3, ANDES4, QSEL, FFQC and BCIZ. This type of analysis is applied to the design 
of steel structures to obtain the collapse load of panels using the effective width of the plate. In this approach, 
which is currently recommended by most of the design standards, a semi-empirical/analytical method is used to 
take into account the nonlinear geometric and material behavior, geometric imperfections and residual stresses. 
To obtain the critical loads two methods have been mainly applied: the finite strip method and the finite element 
method, which is more appropriate to deal with any boundary condition and loading pattern. In practice, to 
obtain the local and distortional buckling, some assumptions related to the interaction between plates are made 
in order to obtain practical formulae that can be applied; these simplifications can lead to unsafe results, so the 
linearized buckling analysis must be carried out in a proper way, taking into account the interactions. It is 
concluded that the BST element presents an excellent behavior to predict the critical loads in compression and 
shear, and therefore this element must be utilized in future codes when this type of analysis turn out to be 
mandatory. 
 
 
G. R. Lomboy, K. D. Kim and Eugenio Oñate, “A Co-Rotational 8-Node Resultant Shell Element for 
Progressive Nonlinear Dynamic Failure Analysis of Laminated Composite Structures”, Mechanics of Advanced 
Materials and Structures, Vol. 14, No. 2, 2007, pp. 89 – 105, DOI: 10.1080/15376490600675299 
ABSTRACT: A nonlinear resultant shell element is developed for the solution of problems of composite plates 
and shells undergoing nonlinear static and nonlinear dynamic behavior with progressive layer failure. The 



formulation of the tangent stiffness is defined on the mid-surface and is efficient for analyzing thick laminated 
plates and shells by incorporating bending moments and transverse shear resultant forces in the geometric 
stiffness. The composite element is free of both membrane and shear locking behavior by using the assumed 
natural strain method, such that the element also performs very well as thin laminate shells. An equilibrium 
approach is used to derive the improved transverse shear stiffness, instead of using a shear correction factor. 
The proposed formulation is computationally efficient and the test results show good agreement with 
references. The composite shell element is extended to determine ply failures in laminated composite structures 
undergoing nonlinear static or dynamic behavior. The failure analysis is done by first, computing for the inter-
laminar stresses at each gauss point in an element. Having obtained the stresses in each layer, checking for 
failure is performed based on a chosen failure criterion. Four failure criteria are available to enable the user to 
adopt the appropriate criterion for the type of problem parameters present. 
 
 
D. B. Stephen and G. P. Steven (Aeronautical Engineering, Building J07, Engineering Faculty, University of 
Sydney, Broadway, N.S.W. 2006, Australia), “Error estimation for plate buckling elements”, Computers & 
Structures, Vol. 61, No. 4, November 1996, pp. 747-761, doi:10.1016/0045-7949(95)00446-7 
ABSTRACT: In computing eigenvalues for a large finite element system it has been observed that the 
eigenvalue extractors produce eigenvectors that are in some sense more accurate than their corresponding 
eigenvalues. From this observation the paper uses a patch type technique based on the eigenvector for one mesh 
quality to provide an eigenvalue error indicator. Tests show this indicator to be both accurate and reliable. This 
technique was first observed by the authors for an error estimation for the buckling and natural frequency of 
beams and for two-dimensional in plane structures. This paper produces an error indicator for the more complex 
problem of out-of-plane plate buckling analysis. 
 
 
Clinton Y.K. Chee, Liyong Tong, and Grant P. Steven (Department of Aeronautical Engineering, University of 
Sydney, Sydney, New South Wales, Australia 2006), “A Review on the Modelling of Piezoelectric Sensors and 
Actuators Incorporated in Intelligent Structures”, Journal of Intelligent Material Systems and Structures, 
January 1998, vol. 9, no. 1, pp. 3-19, doi: 10.1177/1045389X9800900101 
ABSTRACT: The main objective of this article is to present an overview of the modelling that has been 
proposed by various workers in the field of smart or intelligent structures. Before the main discussion on the 
various models, some background information will be presented in relation to intelligent structures and the 
types of adaptive materials that are available. Although there are several categories of materials that can be 
implemented in intelligent structures, this article will focus on models that use piezoelectric materials as sensors 
and/or actuators (S/A). The modelling of the intelligent structures can be categorised in terms of the structural 
configuration (e.g., rod composites, fibre composites, monolithic structures, etc.) and also according to the type 
of modelling whether by finite element modelling or by analytical exact solutions. Models in this field of work 
had incorporated concepts from different background including three-dimensional linear elastic theory and 
dielectric theory to give rise to the linear piezoelectric model. Rules of Mixture and methods for calculating 
effective properties of fibre composites were extended to include piezoelectric fibre composite models. 
Classical Laminated Plate Theory was also adopted in laminated composite models where some laminae were 
piezoelectric materials. Exact solutions were applied to simple models and illustrated the potential of using 
piezoelectrics. Finite element techniques were used for more complicated problems that included complex 
geometries, nonlinear behaviour and dynamic control of the structure. The difference between induced strain 
and actuation strain is usually not addressed when using FE techniques, instead the piezoelectric strain can be 
regarded as an equivalent external force/moment or incorporated into the strain energy. In regard to control 
algorithms, the most common form applied by investigators in this field seems to be the negative velocity 
feedback control with single input and single output and some included linear quadratic control. More advanced 
control algorithms such as using multiple input and multiple output or even neural networks are less established. 
 
 



Dimitris Varelis and Dimitris A Saravanos (Department of Mechanical Engineering and Aeronautics, 
University of Patras, Patras GR26500, Greece), “Nonlinear coupled mechanics and initial buckling of 
composite plates with piezoelectric actuators and sensors”, Smart Mater. Struct. Vol. 11, 2001, p. 330  
doi: 10.1088/0964-1726/11/3/302 
ABSTRACT: The nonlinear mechanics for piezoelectric laminates and plates is presented, including nonlinear 
effects due to large displacements and rotations. The mechanics is incorporated into the piezoelectric mixed-
field laminate theory. Using this mechanics, a nonlinear finite-element method and an incremental solution are 
formulated for the nonlinear analysis of adaptive plate structures. An eight-node-plate finite element is 
developed. The mechanics is applied to predict the buckling of piezoelectric plates induced by combined 
electromechanical loading. Application cases quantify the mechanical buckling of composite beams and plates 
with piezoelectric sensors, the piezoelectric buckling of active beams and plates, and the feasibility of active 
buckling compensation. 
 
 
Dimitris Varelis and Dimitris A. Saravanos (Department of Mechanical Engineering and Aeronautics, 
University of Patras, Patras GR 26500, Greece), “Coupled buckling and postbuckling analysis of active 
laminated piezoelectric composite plates”, International Journal of Solids and Structures, Vol. 41, Nos. 5-6, 
March 2004, pp. 1519-1538, doi:10.1016/j.ijsolstr.2003.09.034 
ABSTRACT: A theoretical framework for analyzing the pre- and postbuckling response of composite laminates 
and plates with piezoactuators and sensors is presented. The mechanics include nonlinear effects due to large 
rotations and stress stiffening, and are incorporated into a coupled mixed-field piezoelectric laminate theory. 
Using the previous mechanics, a nonlinear finite element method and an incremental-iterative solution are 
formulated for the analysis of nonlinear adaptive plate structures subject to in-plane electromechanical loading. 
A novel eight-node nonlinear plate finite element is also developed. Evaluation cases predict the buckling and 
postbuckling response of adaptive composite beams and plates with piezoelectric actuators and sensors. The 
case of piezoelectric buckling and postbuckling induced by the actuators is addressed and quantified. Finally, 
the possibility to actively mitigate the mechanical buckling and postbuckling response of adaptive 
piezocomposite plates is illustrated. 
 
 
Ishikawa, Takashi; Matsushima, Masamichi; Hayashi, Yoichi (Composite Structure Section, Airframe Division, 
National Aerospace Laboratory, 6-13-1 Ohsawa, Mitaka-.shi, Tokyo 181, Japan), “Improved correlation of 
predicted and experimental initial buckling stresses of composite stiffened panels”, Composite Structures, Vol. 
26, Nos. 1-2, 1993, pp. 25-38, doi:10.1016/0263-8223(93)90041-N 
ABSTRACT: Experimental and numerical investigations are conducted for rigorous correlation of initial 
buckling properties of stiffened panels made of carbon fiber/poly-ether-ether-ketone (CF/PEEK) and CF/epoxy. 
Decreasing longitudinal elastic modulus of unidirectional CF composites lamina in compression plays a key 
role for better numerical predictions. A consideration of end fixtures in finite element modeling plays another 
key role in correlation and both initial buckling stress and mode for the short panels used here. A quarter finite 
element model with an end fixture by hypothetical symmetry is considered as the irreducible minimum in the 
modeling. A careful setting of lamina thickness is also important for better predictions. Initial imperfection 
close to the real shape of CF/PEEK panels is taken into account and an improvement in correlation of predicted 
and experimental results is reached. A conventional Rayleigh-Ritz approach considering only a local buckling 
mode of skin is developed. This analytical prediction compares fairly well with the numerical and experimental 
results in the preceding work in which their stringers are stiff enough. 
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“Comparison of numerical analysis of linear and post-buckling behavior of CFRP T-stiffeners with 
experimental results”, Advanced Composite Materials, Vol. 7, No. 3, 1998 , pp. 263-283, 



DOI: 10.1163/156855198X00192 
ABSTRACT: Numerical predictions of linear buckling and post-buckling behavior of CFRP T-stiffeners are 
conducted by Finite Element Analysis. Such behavior is crucially important in aircraft structural design. 
Comparison between numerical predictions and experimental behavior is executed in detail. Width-to-thickness 
ratio in flange or web mainly governs linear buckling stresses. Inserted filler along the intersection line between 
flange and web also considerably affects the linear buckling behavior. By taking realistic initial imperfection 
into account, geometrical nonlinear analysis provides fairly descriptive post-buckling deflection behavior in 
flange and web. It is also possible to predict the final failure stress by assuming simple failure criteria and non-
progressive failure. 
 
 
Antonio F. Mateus and Joel A. Witz (Department of Mechanical Engineering, University College London, 
London WCIE 7JE, UK), “A parametric study of the post-buckling behaviour of steel plates”, Engineering 
Structures, Vol. 23, No. 2, pp 172-185, February 2001, DOI: 10.1016/S0141-0296(00)00005-5 
ABSTRACT: This paper investigates the sensitivity of the buckling and post-buckling behaviour of imperfect 
steel plates used in ship and related marine structures when subject to variations in their initial conditions. The 
different aspects analysed comprise of variation in aspect ratio, boundary conditions, initial out-of-plane 
imperfection and material elastic and plastic properties such as strain hardening. The analyses were carried out 
using the non-linear finite element program ABAQUS. The results obtained for the several plate models show 
that the three most relevant parameters affecting the buckling and post-buckling of uniaxially loaded plates are 
aspect ratio, unloaded edges boundary conditions and initial out-of-plane imperfection amplitude. 
 
 
C. Guedes Soares and J.M. Gordo (Unit for Marine Technology and Engineering, Instituto Superior Técnico, 
Universidade Técnica de Lisboa, Av. Rovisco Pais, 1096 Lisboa, Portugal), “Compressive strength of 
rectangular plates under biaxial load and lateral pressure”, Thin-Walled Structures, Vol. 24, No. 3, pp 231-259, 
1996, DOI: 10.1016/0263-8231(95)00030-5 
ABSTRACT: Equations are derived to assess the strength of plates subjected to biaxial compressive loads, 
including the effect of initial distortions and residual stresses. These equations are then extended to the case of 
simultaneous lateral pressure loads. In calibrating the proposed methods and in assessing their model 
uncertainty published results of experiments and of numerical calculations have been used. The proposed 
methods were shown to be unbiased as regards plate slenderness and aspect ratio. The model uncertainty of 
each method was quantified and thus can be used to derive design formulations with the desired level of safety. 
 
 
A.P. Teixeira and C. Guedes Soares (Unit of Marine Technology and Engineering, Technical University of 
Lisbon, Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa, Portugal), “Strength of compressed 
rectangular plates subjected to lateral pressure”, Journal of Constructional Steel Research, Vol. 57, No. 5, pp 
491-516, May 2001, DOI: 10.1016/S0143-974X(00)00033-X 
ABSTRACT: This paper presents the results of a parametric study to quantify the effect of lateral pressure on 
the collapse of square and rectangular steel plates under a predominantly compressive load. The load-shortening 
behaviour of square and rectangular plates under the combined effect of longitudinal compression and lateral 
pressure were obtained using a general-purpose non-linear finite element code for different breadth to thickness 
ratios. Finally design curves are proposed to predict the collapse strength of the compressed plates under lateral 
pressure. 
 
 
Hai-Hong Sun and C. Guedes Soares (Unit of Marine Technology and Engineering, Technical University of 
Lisbon, Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa, Portugal), “An experimental study of 
ultimate torsional strength of a ship-type hull girder with a large deck opening”, Marine Structures, Vol. 16, No. 
1, pp 51-67, January-February 2003, DOI: 10.1016/S0951-8339(02)00051-5 
ABSTRACT: This paper presents the results of an experimental investigation to determine the torsional 
ultimate strength of a ship-type hull girder with a large deck opening. Two models with the same dimensions 



and scantlings were designed to reflect the possible modes of failure under pure torque. A comparison between 
nonlinear finite element calculations and the experimental results for the two models is presented. The effect of 
different assumptions and of the variation of different parameters is studied. 
 
 
Nian-Zhong Chen and C. Guedes Soares (Unit of Marine Technology and Engineering, Technical University of 
Lisbon, Instituto Superior Técnico, Avenida Rovisco Pais, 1049-001 Lisboa, Portugal), “Reliability assessment 
of post-buckling compressive strength of laminated composite plates and stiffened panels under axial 
compression”, International Journal of Solids and Structures, Vol. 44, Nos. 22-23, November 2007, pp. 7167-
7182, doi:10.1016/j.ijsolstr.2007.04.002 
ABSTRACT: A method for reliability assessment of the post-buckling compressive strength of laminated 
composite plates and stiffened panels under axial compression is presented in the paper. The prediction of the 
post-buckling compressive strength is performed by a progressive failure analysis which was developed based 
on a progressive stiffness degradation model and a nonlinear finite element analysis with a new explicit 
through-thickness integration scheme. A method coupled with the finite element analysis is proposed for 
reliability assessment where a finite difference method combined with an improved first-order reliability 
algorithm that omits the non-important random variables but retains sufficient accuracy was developed for 
reliability estimation. Two numerical examples are described demonstrating the capabilities of the method 
developed. 
 
 
José Manuel Gordo and C. Guedes Soares (Center for Marine Technology and Engineering (CENTEC), 
Technical University of Lisbon, Instituto Superior Técnico, Portugal), “Compressive tests on stiffened panels of 
intermediate slenderness”, Thin-Walled Structures, Vol. 49, No. 6, June 2011, pp. 782-794, 
doi:10.1016/j.tws.2011.02.004 
ABSTRACT: Test results are presented of eight stiffened panels subjected to axial compression until collapse 
and beyond. The specimens are three-bay stiffened panels with associated plate made of very high tensile steel 
S690. The use of this very high strength steel led to the unconventional solution of using U stiffeners and this 
paper aims at understanding the difference of performance of this stiffener type as compared with the 
conventional ones. Four different configurations are considered for the stiffeners, which are made of mild or 
high tensile steel for bar stiffeners and mild steel for ‘L’ and ‘U’ stiffeners. The influence of the stiffener's 
geometry on the ultimate strength of the stiffened panels under compression is analyzed. 
 
 
José Manuel Gordo and C. Guedes Soares (Center for Marine Technology and Engineering (CENTEC), 
Technical University of Lisbon, Instituto Superior Técnico, Portugal), “Compressive tests on long continuous 
stiffened panels”, ASME Journal of Offshore Mechanics and Arctic Engineering, Vol. 134, No. 2, December 
2011, DOI: 10.1115/1.4004517 
ABSTRACT: Results of eight tests on long stiffened panels under axial compression until collapse are 
presented. The specimens are three-bay panels with associated plates made of very high tensile steel S690. Four 
different configurations are considered for the stiffeners, which are made of mild or high tensile steel for bar 
stiffeners and mild steel for L and U shape stiffeners. The influence of the stiffener’s geometry on the ultimate 
strength of the stiffened panels under compression is analyzed. This series of experiments belongs to an 
extended series of tests that include short and intermediate panels, which allows analyzing the effect of space 
framing on the strength of stiffened panels. 
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“System reliability analysis of a stiffened panel under combined uniaxial compression and lateral pressure 
loads”, Structural Safety, Vol. 39, pp 30-43, November 2012, DOI: 10.1016/j.strusafe.2012.06.002 
ABSTRACT: A system reliability analysis of an oil tanker bottom component which consists of a stiffened 
panel under combined uniaxial compression and lateral sea pressure loads is presented in this paper. The 
stiffened panel is idealized as a structural system composed by several stiffeners with attached plating in 
parallel. The structural capacity of each stiffener with attached plating or system component is described by a 
nonlinear finite element model, considering as failure criterion the buckling collapse under the combined 
uniaxial compression and lateral sea pressure loads. These load components are defined considering a typical 
seagoing operational condition of the oil tanker in ballast load. The uncertainty in the relevant design basic 
variables is quantified using stochastic models proposed in the literature. To efficiently solve the structural 
system reliability problem a Monte Carlo based reliability estimation method recently proposed is combined 
with a response surface method. The combination of these two methods has been shown to be an efficient 
technique to solve structural system reliability problems that involve computationally demanding numerical 
models to describe the structural capacity of the system components. Annual probabilities of buckling collapse 
failure of the stiffened panel are estimated using this solution technique. The effect of corrosion on the stiffened 
panel reliability is quantified. The importance of considering the lateral sea pressure and correlation between the 
local and global wave-induced loads in the reliability problem are evaluated. 
 
 
Ming Cai Xu and C. Guedes Soares (Centre for Marine Technology and Engineering (CENTEC), Instituto 
Superior Técnico, Technical University of Lisbon, Lisbon 1049-001, Portugal), “Experimental study on the 
collapse strength of wide stiffened panels”, Marine Structures, Vol. 30, pp 33-62, January 2013 
DOI: 10.1016/j.marstruc.2012.10.003 
ABSTRACT: Five specimens are tested under axial compression until collapse to investigate the ultimate 
strength of wide stiffened panels with four stiffeners. To avoid the side bays collapse and reduce the influence 
of the clamped boundary condition on the collapse behaviour, the tests are made on panels with two half bays 
plus one full bay in the longitudinal direction with simply supported condition at the end edge of loading. Initial 
loading cycles are used to release the residual stresses of the stiffened panels and the gap between the stiffened 
panels and the supported steel block. Strain gauges are installed on the plates and the stiffeners to record the 
distribution of strain. This series of experiments is compared to a series of tests with narrow panels (two 
stiffeners), which allows analysing the effect of the width on the strength of stiffened panels. 
 
 
Ming Cai Xu and C. Guedes Soares (Centre for Marine Technology and Engineering (CENTEC), Instituto 
Superior Técnico, Technical University of Lisbon, Lisbon 1049-001, Portugal), “Experimental study on the 
collapse strength of narrow stiffened panels”, ASME Journal of Offshore Mechanics and Arctic Engineering, 
Vol. 135, No. 2, February 2013, Paper No. OMAE-11-1043, DOI: 10.1115/1.4007566 
ABSTRACT: The results of five tests on narrow stiffened panels under axial compression until collapse and 
beyond are presented to investigate the collapse behaviors of stiffened panels. Tension tests were used to 
evaluate the material properties of the stiffened panels. The tests were made on panels with two half bays plus 
one full bay in the longitudinal direction. Initial loading cycles were used to eliminate the residual stresses of 
the stiffener panels. The strain gauges were set on the plates and the stiffeners to record the strain histories. The 
displacement load relationship was established. The collapse behavior, modes of failure and load-carrying 
capacity of the stiffened panels are investigated with the experiment. 
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“Influence of model geometry and boundary conditions on the ultimate strength of stiffened panels under 
uniaxial compressive loading”, Journal of Offshore Mechanics and Arctic Engineering, Vol. 135, No. 4, 
041603, September 2013 
ABSTRACT: The aim of this paper is to determine an appropriate configuration of the boundary conditions and 
geometric model to calculate the ultimate strength of a continuous stiffened panel under compressive loading in 
the finite element (FE) analysis. The 1 + 1 spans model with periodical symmetric boundary conditions is 
proposed to be used in the FE analysis, whose results are compared with the 1/2 + 1 + 1/2 span model with 
periodical symmetric and symmetric boundary condition, and the 1/2 + 1 + 1 + 1/2 span model with 
symmetric boundary conditions. The effects of the continuity of the stiffened panel with different geometric 
models and boundary conditions on its collapse mode are investigated. A beam tension test has been used to 
define the true stress-strain relationship in the FE analysis. The two-span model, either 1 + 1 or 
1/2 + 1 + 1/2, with periodical symmetric conditions give a reasonable FE modeling, which can consider both 
odd and even number half waves and, thus, have the smallest model uncertainty. 
 
 
Ming Cai Xu, Daisuke Yanagihara, Masahiko (Osaka University) Fujikubo and Carlos Guedes Soares 
(University of Lisbon), “Influence of boundary conditions on the collapse behaviour of stiffened panels under 
combined loads”, Marine Structures, Vol. 34, pp 205-225, December 2013 
DOI: 10.1016/j.marstruc.2013.09.002 
ABSTRACT: A series of finite element analyses are conducted to investigate the influence of boundary 
conditions and geometry of the model on the predicted collapse behaviour of stiffened panels. Periodic and 
symmetric boundary conditions in the longitudinal direction are used to calculate the ultimate strength of 
stiffened panels under combined biaxial thrust and lateral pressure. The calculated ultimate strength of stiffened 
panels are compared with those by different FEM (finite element method) code and are assessed. The periodic 
boundary condition in the longitudinal direction for two spans or bays model provides an appropriate modelling 
to a continuous stiffened panel and can consider both odd and even number of half waves and thus, is 
considered to introduce the smaller model uncertainty for the analysis of a continuous stiffened panel. 
 
 
S. Saad-Eldeen, Y. Garbatov and C. Guedes Soares (Centre for Marine Technology and Engineering 
(CENTEC), Instituto Superior Técnico, Technical University of Lisbon, Av. Rovisco Pais, 1049-001 Lisboa, 
Portugal), “Strength assessment of a severely corroded box girder subjected to bending moment”, Journal of 
Constructional Steel Research, Vol. 92, pp 90-102, January 2014, DOI: 10.1016/j.jcsr.2013.09.010 
ABSTRACT: This work deals with the evaluation of the ultimate bending moment of a severely corroded box 
girder subjected to uniform vertical bending moment through a series of nonlinear finite element analysis. Two 
models of corrosion degradation have been adopted, one is an average general corrosion thickness reduction, 
and the other is the real thickness of the corroded plates. New stress–strain relations have been developed to 
account for the effect of corrosion on the flexural rigidity. To validate the new developed stress–strain 
relationships, a comparison between the finite element analysis results using the existing stress–strain models, 
the newly developed ones and the experimental test results of a severely corroded box girder have been 
conducted. The comparison showed a good agreement and supported the choice of the newly developed stress–
strain relationships of corroded structures. 
 
 
T.E. Tay, G. Liu, V.B.C. Tan, X.S. Sun and D.C. Pham (Department of Mechanical Engineering, National 
University of Singapore), “Progressive Failure Analysis of Composites”, Journal of Composite Materials, 
September 2008, vol. 42, no. 18, pp. 1921-1966, doi: 10.1177/0021998308093912 
ABSTRACT: Recent developments in the aircraft industry towards substantially improving fuel economy and 
extending flight range have accelerated interest in the use of advanced composites as primary structural 
materials. The airframes of next-generation airliners will have substantial parts made of light-weight 
composites. This means that the engineering demands on the performance of fiber-reinforced composites will 



become greater. There is therefore a need to better understand and predict the multiple complex failure 
mechanisms in composite structures, and to devise more reliable failure theories and damage progression 
models. There is a large body of literature on progressive damage analysis in composites, much of which 
employs damage mechanics and material stiffness degradation methods. This article reviews some of the more 
recent work in this area and describes the issues pertinent to application in composite structures. The authors' 
ongoing research efforts in modeling and prediction of progressive damage through the relatively novel 
element-failure method (EFM), which has been coded into a user-defined UEL code in Abaqus, are discussed. 
In particular, results for notched composite laminates and pin-loaded (PL) analyses are shown and compared to 
experimental data. Although EFM is the computational platform on which the damage is advanced in the 
structure, the results are dependent on the choice of the failure criterion. Various failure criteria are used 
throughout the cases discussed herein, from the more traditional Tsai—Wu (TW) criterion to the very recently 
proposed micromechanics-based failure (MMF) criterion. The EFM may also be used with cohesive elements, 
with the former intended for modeling in-plane damage progression, while the latter for delamination onset and 
propagation. This hybrid EFM-cohesive element approach is illustrated with an analysis of double-notched 
composite laminate. The computational models are relatively robust up to and including ultimate load, and 
enable the mapping of extensive damage patterns in composite structures. They represent a suite of 
computational tools that extend the capability to model damage and failure propagation beyond initial failure 
prediction. 
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“Geometrically nonlinear theory of naturally curved and twisted rods with finite rotations”, Proc. of JSCE 
Structural Eng./Earthquake Eng., Vol. 2, No. 2, October 1985, pp. 107-117 
ABSTRACT: The object of this paper is to develop a finite displacement theory of naturally curved and twisted 
rods undergoing finite rotations. Particular attention is paid to investigate the coupling of finite rotations in 
space under the Bernoulli-Euler hypothesis. A finte rotation vector is employed to derive the displacement field 
available for finite rotations. A new variable is introduced as a fourth parameter associated with rotations of 
cross sections. Then the twist and curvatures after the deformation are expressed in terms of four parameters 
without using small-strain assumptions. The equilibrium equations and the associated boundary conditions, in 
which second order terms with respect to displacement compoinents are fully taken into account, are derived 
from the principle of virtual work. The accuracy of the present equilibrium equations is confirmed through 
comparisons with those obtained by the equilibrium method. 
 
 
M. Iura and S. N. Atluri (Center for the Advancement of Computational Mechanics, Georgia Institute of 
Technology, Atlanta, GA 30332, USA), “On a consistent theory, and variational formulation of finitely 
stretched and rotated 3-D space-curved beams”, Computational Mechanics, Vol. 4, No. 2, 1989, pp. 73-88,  
doi: 10.1007/BF00282411 
ABSTRACT: This paper deals with finite rotations, and finite strains of three-dimensional space-curved elastic 
beams, under the action of conservative as well as nonconservative type external distributed forces and 
moments. The plausible deformation hypothesis of “plane sections remaining plane” is invoked. Exact 
expressions for the curvature, twist, and transverse shear strains are given; as is a consistent set of boundary 
conditions. General mixed variational principles, corresponding to the stationarity of a functional with respect to 
the displacement vector, rotation tensor, stress-resultants, stress-couples, and their conjugate strain-measures, 
are stated for the case when conservative-type external moments act on the beam. The momentum-balance 
conditions arising out of these functionals, either coincide exactly with, or are equivalent to, those from the 
“static method”. The incremental variational functionals, governing both the Total and Updated Lagrangian 
incremental finite element formulations, are given. An example of the case of the buckling of a beam subject to 
axial compression and non-conservative type axial twisting couple, is presented and discussed. 
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Technology, 30332-0356, Atlanta, GA, USA), “Postbuckling analysis of stiffened laminated composite panels, 
using a higher-order shear deformation theory”, Computational Mechanics, Vol. 9, No. 6, pp 390-404, 1992 
ABSTRACT: The investigation aims at: (i) constructing a modified higher-order shear deformation theory in 
which Kirchhoff's hypotheses are relaxed, to allow for shear deformations; (ii) validating the present 5-
parameter-smeared-laminate theory by comparing the results with exact solutions; and (iii) applying the theory 
to a specific problem of the postbuckling behavior of a flat stiffened fiber-reinforced laminated composite plate 
under compression. The first part of this paper is devoted mainly to the derivation of the pertinent displacement 
field which obviates the need for shear correction factors. The present displacement field compares 
satisfactorily with the exact solutions for three layered cross-ply laminates. The distinctive feature of the present 
smeared laminate theory is that the through-the-thickness transverse shear stresses are calculated directly from 
the constitutive equations without involving any integration of the equilibrium equations. The second part of 
this paper demonstrates the applicability of the present modified higher-order shear deformation theory to the 
post-buckling analysis of stiffened laminated panels under compression. to accomplish this, the finite strip 
method is employed. A C 2-continuity requirement in the displacement field necessitates a modification of the 
conventional finite strip element technique by introducing higher-order polynomials in the direction normal to 
that of the stiffener axes. The finite strip formulation is validated by comparing the numerical solutions for 
buckling problems of the stiffened panels with some typical experimental results. 
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W. T. Chow  and S. N. Atluri (Computational Mechanics Center, Georgia Institute of Technology, 30332-0356, 
Atlanta, GA, USA), “Prediction of post-buckling strength of stiffened laminated composite panels based on the 
criterion of mixed-mode stress intensity factors”,  
Engineering Computational Mechanics, Vol. 18, No. 3, 1995, pp. 215-224, doi: 10.1007/BF00369939 
ABSTRACT: An analytical investigation is conducted to predict the post-buckling strength of laminated 
composite stiffened panels under compressive loads. When a stiffened composite panel buckles, the skin would 
deform into a sinusoidal mode shape, and hence induces additional moments and forces near the skin-stiffener 
interface region. These induced loads would cause the existing small edge delamination cracks to propagate 
along the skin-stiffener interface, and this in turn would lead to the global failure of the stiffened panel. To 
reduce the cost of the analytical investigation, the failure of the stiffened panel under post-buckling loads is 
modeled in two stages: a global analysis to model the post-buckling behavior of the stiffened panel; and a local 
analysis to model the onset of propagation of the edge delamination crack at the skin-stiffener interface. The 
results from this study are compared with an experimental investigation conducted by Starnes, Knight, and 
Rouse (1987). It is found that for the eight different specimens that are considered in this study, the calculated 
critical energy release rate for the propagation of the edge delamination crack in each specimen differs 
substantially from those for the others; hence it may be concluded that the total energy release rate would not be 
a suitable fracture parameter for predicting the post-buckling strength of the stiffened panels. On the other hand, 
using the fracture criterion based on the critical mixed-mode stress intensity factors, the predicted post-buckling 
strength of the stiffened panels compares quite favorably with the experimental results and the standard 
deviation of the error of prediction is less than 10%. Furthermore, by applying the criterion of critical mixed-
mode stress intensity factors on a simple damage model, the present analysis is able to predict the significant 
reduction in the post-buckling strength of stiffened panels with a damage due to a low-speed impact at the skin-
stiffener interface region. 
References listed at the end of the paper: 



1. Chow, W. T.; Atluri, S. N. 1995: Finite element calculation of stress intensity factors for interfacial crack using virtual closure 
integral. Computational Mechanics, 16: 417–425 
2. Chow, W. T.; Atluri, S. N. 1996: Stress intensity factors as the fracture parameters for delamination crack growth in thick 
composite laminates. Submitted to Composites Engg. 
3. Chow, W. T.; Beom, H. G.; Atluri, S. N. 1995: Calculation of stress intensity factors for an interfacial crack between dissimilar 
anisotropic media, using a hybrid element method and the mutual integral. Computational Mechanics, 15: 546–557 
4. Donaldson, S. L.; Mall, S. 1989: Delamination growth in graphite/epoxy composites subjected to cyclic model III loading. J. 
Reinforced Plastic and Composites 8: 91–103 
5. Lucas, J. P. 1992: Delamination fracture: Effect of fiber orientation on fracture of a continuous fiber composite laminate. Engg. 
Frac. Mech., 42: 543–561 
6. O'Brien, T. K. 1982: Characterization of delamination onset and growth in composite laminate. Damage in Composite Materials, 
ASTM STP 775, pp. 140–167 
7. Qu, J.; Bassani, J. L. 1993: Interfacial fracture mechanics for anisotropic bimaterials. J. Appl. Mech., 60: 422–431 
8. Qu, J.; Li, Q. 1991: Interfacial dislocation and its application to interface cracks in anisotropic bimaterials. J. Elasticity, 26: 169–
195 
9. Raju, I. S.; Crews, J. H.Jr.; Aminpour, M. A. 1988: Convergence of strain energy release rate components for edge-delaminated 
composite laminates. Engg. Frac. Mech. 30: 383–396 
10. Ramkumar, R. L.; Whitcomb, J. D.: Characterization of mode I and mixed-mode delamination growth in T300/5208 graphite 
epoxy. Delamination and Debonding of Materials, ASTM STP 876 985: 315–335 
11. Rice, J. R. 1988: Elastic fracture mechanics concepts for interfacial cracks. J. Appl. Mech., 55: 98–103 
12. Rice, J. R.; Sih, G. C. 1965: Plane problems of cracks in dissimilar media. J. Appl. Mech. 32: 403–410 
13. Starnes, J. H.Jr.; Knight, N. F.Jr.; Marshall 1985: Postbuckling behavior of selected flat stiffened graphite-epoxy panels loaded in 
compression. IAAA Journal, 23: 1236–1246 
14. Sun, C. T.; Jih, C. J. 1987: On strain energy release rate for interfacial cracks in bimaterial media. Engg. Fracture Mech., 28: 13–
20 
15. Suo, Z.; Hutchinson, J. W. 1990: Interface crack between two elastic layers. Int. J. of Fracture, 43: 1–18 
16. TELAC, MIT: Experimental result for T300-5208 unidirectional laminates. 
17. Wilkins, D. J.; Eisenmann, J. R.; Camin, R. A.; Margolis, W. S.; Benson, R. A. 1982: Characterizing delamination growth in 
graphite-epoxy. Damage in Composite Materials: Basic Mechanisms, Accumulation, Tolerance, and Characterization, ASTM STP 
775: 168–183 
18. Williams, M. L. 1959: The stresses around a fault or crack in dissimilar media. Bull. Seismol. Soc. America, 49: 199–204 
19. Wu, K. C. 1989: Representations of stress intensity factors by path-independent integrals. J. Appl. Mech., 56: 780–785 
 
 
M. Iura and S. N. Atluri (Computational Modeling and Infrastructure Rehabilitation Center, Georgia Institute of 
Technology, Atlanta, GA 30332-0356, U.S.A), “Dynamic analysis of planar flexible beams with finite rotations 
by using inertial and rotating frames”, Computers & Structures, Vol. 55, No. 3, May 1995, pp. 453-462, 
doi:10.1016/0045-7949(95)98871-M 
ABSTRACT: An efficient formulation for dynamic analysis of planar Timoshenko's beam with finite rotations 
is presented. Both an inertial frame and a rotating frame are introduced to simplify computational manipulation. 
The kinetic energy of the system is obtained by using the inertial frame so that it takes a quadratic uncoupled 
form. The rotating frame together with the small strain assumption is employed to derive the strain energy of 
the system. Since the exact solutions for linear static theory of Timoshenko's beam are used to obtain the strain 
energy, the present stiffness operator is free from the locking problem without using any special technique. The 
resulting equations of motion of the system are defined in terms of a fixed global coordinates system. Nonlinear 
effects appear only in the transformation of displacement components between global and local coordinates. 
This results in a drastic simplification of nonlinear dynamic analysis of flexible beams. Numerical examples 
demonstrate the accuracy and efficiency of the present formulation. 
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paths in finite element analysis”, Computers & Structures, Vol. 57, No. 3, November 1995, pp. 477-489, 
doi:10.1016/0045-7949(94)00623-B 
ABSTRACT: A simple method to follow the postbuckling paths in the finite element analysis is presented. 
During a standard path-following by means of arc-length method, the signs of diagonal elements in the 
triangularized tangent stiffness matrix are monitored to determine the existence of singular points between two 
adjacent solution points on paths. A simple approach to identify limit or bifurcation points is developed using 



the definition of limit points and the idea of generalized deflections. Instead of the exact bifurcation points, the 
approximate bifurcation points on the secants of the solution paths are solved. In order to follow the required 
postbuckling branches at bifurcation points, the asymptotic postbuckling solution at the approximate bifurcation 
points, and the initial postbuckling behavior based on Koiter's theory are given and used for the branch-
switching. Some numerical examples of postbuckling behavior of metallic as well as laminated composite 
structures are computed using a “quasi-conforming” triangular shell element to demonstrate the proposed 
method 
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Sadhana, Vol. 21, No. 5, 1996, pp. 547-575, doi: 10.1007/BF02744103, Special Issue On Computational 
Structural Mechanics 
ABSTRACT: In this paper, a unified method is presented: (i) to model delaminated stiffened laminated 
composite shells; (ii) for synthesising accurate multiple post-buckling solution paths under compressive 
loading; and (iii) for predicting delamination growth. A multi-domain modelling technique is used for 
modelling the delaminated stiffened shell structures. Error-free geometrically nonlinear element formulations — 
a 2-noded curved stiffener element (BEAM2) and a 3-noded shell element (SHELL3) — are used for the finite 
element analysis. An accurate and simple automated solution strategy based on Newton type iterations is used 
for predicting the general geometrically nonlinear and postbuckling behaviour of structures. A simple method 
derived from the 3-dimensionalJ-integral is used for computing the pointwise energy release rate at the 
delamination front in the plate/shell models. Finally, the influence of post-buckling structural behaviour and the 
delamination growth on each other has been demonstrated. 
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ABSTRACT: In this paper, a unified method is presented: (i) to model delaminated stiffened laminated 
composite shells; (ii) for synthesising accurate multiple post-buckling solution paths under compressive 
loading; and (iii) for predicting delamination growth. A multi-domain modelling technique is used for 
modelling the delaminated stiffened shell structures. Error-free geometrically nonlinear element formulations — 
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ABSTRACT: Results from an experimental and analytical study of a curved stiffened aluminum panel 
subjected to combined mechanical and internal pressure loads are presented. The panel loading conditions were 
simulated using a D-box test fixture. Analytical buckling load results calculated from a finite element analysis 
are presented and compared to experimental results. Buckling results presented indicate that the buckling load 
of the fuselage panel is significantly influenced by internal pressure loading. The experimental results suggest 
that the stress distribution is uniform in the panel prior to buckling. Nonlinear finite element analysis results 
correlates well with experimental results up to buckling. 
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ABSTRACT: An initial experimental and analytical investigation was conducted to examine the effects of the 
inherent mechanical couplings exhibited in fully anisotropic (i.e. unsymmetric) graphite/epoxy laminates on the 
buckling loads and mode shapes. Experimental techniques were devised to test 254 mm square plates of 
AS1/3501-6 graphite/epoxy under uniaxial compressive load with free, simply-supported and clamped edges. 
The results indicate that the mechanical couplings, especially those which relate stretching and bending 
behavior, cause out-of-plane deflections prior to buckling and reduce the buckling load significantly, i.e. the 



load at which out-of-plane deflections become large. The analytical results also show that the buckled mode 
shapes exhibit twisting due to the mechanical couplings. Suggestions are offered for improvements in the 
experimental and analytical techniques to better understand these phenomena. 
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ABSTRACT: A study was conducted to evaluate the reliability of a sandwich column specimen for uniaxial 
compressive tests. Both stress-strain and failure behavior were observed, and comparisons were made with 
predictions from existing techniques. The properties of the aluminum honeycomb core were also measured and 
included in the analysis to show its limited effects on the overall behavior of the specimen. Control tests were 
performed on specimens with aluminum facesheets to further quantify the effect of the honeycomb core on the 
overall behavior of the structure. The main battery of tests was conducted with graphite/epoxy facesheets of 
[theta12], [+theta/-theta/0]s, and [0/+theta/-theta]s configurations. The general excellent correlations between 
the observed moduli and Poisson’s ratios and predicted values indicate that the specimen provides true stress-
strain behavior. Moreover, consistent failure modes within the test section including both in-plane failure and 
ply buckling or delamination failure followed by in-plane failure indicate that the specimen is valid for failure 
behavior data. 
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USA), “Importance of instability in impact response and damage resistance of composite shells”, AIAA 
Journal, 1997, vol. 35, no 2, pp. 389-396, doi: 214, 35400006292180.026 
ABSTRACT: The response of laminated cylindrical composite shell structures to transverse loading was 
studied through impact and quasi-static testing. A highly nonlinear structural instability phenomenon, closely 
resembling a snap-through instability, was found to have a strong influence on the loading/impact response 
including the resulting damage. Because of this structural instability, the behavior of convex shells under static 
or dynamic (i.e., impact) transverse loading is found to be much different than that for plates. These differences 
include trends displayed in the response parameters as well as damage extent and distribution. Convex shells 
with a response instability are found to have increased impact damage resistance compared with plates. A 
concept is proposed wherein the instability provides a mechanism, not available in plates, by which shell 
structures dissipate impact energy through structural deformation and thus exhibit improved impact damage 
resistance. Conversely, convex shells with no response instability have decreased impact damage resistance 
compared with plates. The differences in composite shell and plate behavior, particularly damage resistance, 
have important ramifications to the design of damage tolerant aerospace components and are discussed. 
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ABSTRACT: The damage resistance of thin composite structures was investigated experimentally. Specifically, 
surface damage in the form of dent-depth measurements are compared with internal damage states obtained by 
the X-radiography technique to better understand the implications of "barely visible impact damage" (BVID). 
Impact and quasistatic tests were conducted on plate and shell graphite/epoxy specimens between 0.804 mm 
and 2.412 mm thick in a [45n/10n], layup configuration. Damage was measured via visual, transducer, and X-
ray methodologies. No correlation was found between internal (nonvisible) damage from the X-ray data and 
measured characteristics of the surface damage, specifically the depth of the dent. The results indicate that the 



use of dent depth as a metric can be misleading, particularly in that no dent depth can be found in some cases 
where substantial subsurface damage exists. Other examples are given wherein substantial (relative to other 
specimens) dent depths are measured with no corresponding internal damage. In previous work, peak force was 
found to correlate the resulting internal damage for both shell and plate specimens. However, dent depth shows 
no such general trend or correlation with peak force. This, coupled with previous damage tolerance work, places 
into question the use of dent-depth for thin (less than 2.4 mm, or 0.10") composite plate and shell structures in 
current damage tolerance methodologies. 
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“Bifurcation, limit-point buckling, and dynamic collapse of transversely loaded composite shells”, AIAA 
Journal, March 2000, vol. 38, no 3, pp. 507-516, doi: 214, 35400008223266.0170 
ABSTRACT: The transverse-loading response of laminated composite shell structures is studied experimentally 
and numerically. Monolithic graphitelepoxy shell structures having layups of [±45n/0n]s (n =1, 2, and 3) closely 
represent commercial fuselage structures in both geometry and boundary conditions. A combined experimental 
and numerical approach is used to assess shell response to centered transverse loading. Experimentally, load-
deflection response and mode-shape evolutions are measured and damage resistance characterized via dye-
penetrant enhanced x radiography and sectioning. Nonlinear finite element analyses including buckling and 
dynamic collapse are conducted for comparison to the experimental data. Modeling results allow a more refined 
interpretation of observed bifurcation phenomena, particularly premature transition to a secondary equilibrium 
path attributed to geometric imperfections. A novel finite element technique introduced in previous work is 
found to be superior to traditional methods for identifying and traversing bifurcation points in this work. A 
simply supported axial boundary condition is found to give a much more complex buckling response 
(bifurcation and limit-point buckling, as well as dynamic collapse) than specimens with a free axial edge 
(bifurcation or limit-point buckling). Experimental and numerical comparisons for the range of thicknesses 
considered indicate that elasticity of the in-plane boundary condition and transverse shear effects need further 
consideration. Observed shell damage is typical of that observed for composite plates. Results of this work give 
new insight into the response of composite fuselage panels to damaging transverse events, particularly in regard 
to instability/buckling behavior. 
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ABSTRACT: The transverse loading response of convex composite shell structures typical of aircraft fuselage 
sections was investigated, and the experimental work is reported. Important mechanisms in the response, 
particularly instabilities (buckling), were studied by investigation of the force-deflection response and the 
evolution of full-field deformation shapes. Quasi-static tests were conducted to simulate impact of convex 
shells. The specimens were laminated, cylindrical shell sections in [±45n/0n]s configurations, where n takes on 
values of 1, 2, and 3. The three structural parameters of radius, span, and thickness were varied according to a 
scaling relation and were chosen to represent approximate fuselage dimensions of general aviation and 
commercial transport aircraft. All specimens were evaluated for damage with dye-penetrant enhanced x 
radiography and sectioning after mechanical testing. The structural response changes both quantitatively and 
qualitatively for the different shell geometries and was categorized into three types based on the existence of the 
instability transition characteristics such as deformation shapes. The presence of the instability becomes more 
likely for deeper, thinner specimens where the ratio of membrane stiffness to bending stiffness is higher. This 
can be characterized by a structural parameter involving geometric and material factors. The majority of the 
specimens showed no damage, but the limited experimental evidence did show plate-like damage occurring in 
the shell specimens before any instability. Suggestions for further work to extend these findings are made. 
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Massachusetts 02139, USA), “Buckling response of transversely loaded composite shells, Part 2: Numerical 
analysis”, AIAA Journal, 2004, vol. 42, no 7, pp. 1465-1473, doi: 214, 35400011374213.0210 
ABSTRACT: The response of transversely point-loaded composite shells is investigated via the finite element 
method. The thin, circular cylindrical shells are hinged at a fixed distance apart on the straight edges and are 
free on the curved edges. Stability issues are considered, including nonlinear prebuckling, limit points, 
bifurcation, and posthuckling. In the finite element formulation, a novel technique is utilized to identify and 
traverse bifurcation points efficiently in the nonlinear elastic response. A classic shell buckling benchmark 
problem is solved here correctly for the first time; previous studies have found the isotropic shell to have a limit 
point, when, in fact, the shell bifurcates before reaching a limit point. Predicted results for graphite/epoxy 
laminated shells are in excellent agreement with measured load-deflection and mode-shape evolutions as 
previously reported. Two cases of extraordinarily good agreement between the data and model, particularly 
large-deflection asymmetric deformations modes through a bifurcation point and far into the postbuckling 
regime, clearly establish validated new benchmarks. Asymmetries in both directions of the shell plane, relative 
to the centrally applied point load, are discussed with regard to bifurcation and material couplings in the 
composite laminate. Asymmetric stress distributions are discussed in the context of composite damage 
resistance and previous experimental findings on atypical shell damage mode and extent. The influence of test 
fixture compliance is evaluated and briefly discussed. 
 
 



Mark A. Tudela (Paul A. Lagace, Master’s thesis advisor), “Structural response and damage development of 
cylindrical composite panels”, Master’s Thesis, Dept. of Aeronautics and Astronautics, MIT, 1997,  
http://hdl.handle.net/1721.1/49970 
ABSTRACT: The structural response, including the mechanisms associated with snap-through buckling, of 
cylindrical composite shell panels subjected to transverse loading was investigated via experiments and 
numerical analysis. Specimens of Hercules AS4/3501-6 graphite/epoxy in [±45n/On]s (n=1,2,3) configurations 
and with a planar aspect ratio of 1 were tested in static indentation with pinned-free boundary conditions. 
Structural parameters (radius, span, and thickness) were varied to encompass values utilized in the structural 
configurations of transport aircraft fuselages. Force-deflection response and panel deformation-shapes were 
determined during the tests and the damage from the tests was evaluated using x-ray photography and 
sectioning techniques. A range of experimental force-deflection responses was observed including smooth-
stable, smooth with an instability region and nonsmooth responses with an instability region. Deformation-
shapes were generally three-dimensional and exhibited both symmetry and unsymmetry. A switching between 
symmetric and unsymmetric deformation-shapes occured in some specimens corresponding with load-drops or 
the panel snapping away from the indentor. The geometric ratio of specimen height to thickness characterizes 
the structural response as specimens with larger values of this parameter were more likely to exhibit an 
instability in the force-deflection response, unsymmetric deformation-shapes, and panel snap-away. Force-
deflection and deformation-shape behavior for pinned-free and simply-supported-free boundary conditions were 
determined using a finite element analysis and the predicted results for the two boundary conditions either 
bounded the experimental response or matched the experimental response well for one of the two boundary 
conditions The existence of nonzero in-plane compliance in the test fixture accounts for the variation of the 
experimental response with respect to the predicted results as the relative magnitudes of the in-plane stiffnesses 
of the shell and of the boundary conditions is a key consideration in determining the structural response of shell 
panels. An experimental comparison of different boundary conditions along the axial edges showed that 
increased rotational restraint increases the critical snapping load, decreases the magnitude of the load reduction 
within the instability region of the force-deflection response, and prevents the formation of unsymmetric 
spanwise deformation-shapes. Damage in the form of matrix cracking and delaminations in the specimen 
backside was detected in only the deepest, thickest specimen geometry. Such damage forms near the critical 
snapping load and may be similar to that found in plates due to the localized concave configuration which 
develops beneath the loading point resulting in tensile bending stresses. Further work based on these results is 
recommended to investigate the effects of unsymmetric deformations, in-plane compliance, and various 
boundary conditions on the structural response and damage characteristics of similar shells. Further 
experimental work to pinpoint the transition in damage behavior due to the formation of localized concavity is 
also suggested. 
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Suresh P. Pai, David W. Jensen, and Steven J. Claus (The Pennsylvania State Univ. USA), “Detecting buckling 
of filament-wound cylinders with optical fibers”, Proc. SPIE 1916, Vol. 118 (1993); doi:10.1117/12.148465 
ABSTRACT: This project demonstrated the implementation of embedded optical fibers as sensors for detecting 
the onset of shell buckling instabilities and compressive failure in composite cylinders. In the present work, five 
6-inch diameter cylinders (four filament-wound and one prepreg tape) with integrated optical fiber strain 
sensors were fabricated and tested in compression. The cylinders were instrumented with an axial strain gage 
for local strain measurements and a helically wound 633 nm optical fiber for integrated strain measurement. 
The integrated strains along the optical fiber path were obtained by using a modified Mach-Zehnder 
interferometer with feedback electronics controlling PZTs in the reference arm. This distributed sensing 
technique provides a more reliable and sensitive means of detecting critical strains and the onset of pre-buckling 
deformations than the conventional local strain gage. 
 
 
Mary E. Rackliffe, David W. Jensen and Warren K. Lucas (Center for Advanced Structural Composites, 
Department of Civil and Environmental Engineering, Brigham Young University, Provo, UT 84602, USA), 
“Local and global buckling of ultra-lightweight IsoTruss structures”, Composites Science and Technology, 
Vol.66, No. 2, February 2006, pp. 283-288, Special Issue: Experimental Techniques and Design in Composite 
Materials, doi:10.1016/j.compscitech.2005.04.038 



ABSTRACT: The local and global compressive buckling behavior of stability-critical, high-aspect ratio, 
cantilevered composite IsoTruss grid structure columns was examined. The influence of local bay length and 
number of carbon fiber tows in the longitudinal and helical members on the compressive strength of IsoTruss 
columns was examined. Four 3-m (118.0 in.) long IsoTruss specimens were fabricated and tested in axial 
compression with fixed-free boundary conditions. The test results exhibit the same trend as the finite element 
predictions, although the error is higher for shorter bay lengths. Local buckling depends on bay length, with 
higher buckling loads observed for shorter bay lengths. Global buckling, on the other hand, is independent of 
bay length; although increasing the bay length reduces the weight and thus increases the overall efficiency of an 
IsoTruss structure. The Euler column buckling prediction only considers the overall diameter and the axial 
stiffness of the longitudinal members; therefore, Euler buckling predictions are accurate only for IsoTruss 
configurations that fail in global buckling. 
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Kong, China  
“Plausible cloth animation using dynamic bending model”, Progress in Natural Science, Vo. 18, pp 879-885, 
2008, DOI: 10.1016/j.pnsc.2008.02.008  
ABSTRACT: Simulating the mechanical behavior of a cloth is a very challenging and important problem in 
computer animation. The models of bending in most existing cloth simulation approaches are taking the 
assumption that the cloth is little deformed from a plate shape. Therefore, based on the thin-plate theory, these 
bending models do not consider the condition that the current shape of the cloth under large deformations 
cannot be regarded as the approximation to that before deformation, which leads to an unreal static bending. 
[This paper introduces a dynamic bending model which is appropriate to describe large out-plane deformations 
such as cloth buckling and bending, and develops a compact implementation of the new model on spring-mass 
systems. Experimental results show that wrinkles and folds generated using this technique in cloth simulation, 
can appear and vanish in a more natural way than other approaches.]  
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“A shear-flexible facet shell element for large deflection and instability analysis”, Computer Methods in 
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doi:10.1016/0045-7825(91)90251-Z 
ABSTRACT: A facet shell element based on an anisoparametric plate bending element and a quadratic plane-
stress element with vertex rotations is formulated for geometrically nonlinear analysis of shells. The updated 
Lagrangian formulation which proves to be effective for three-node elements is employed. The restriction of 
small rotation between the increments is removed by using Hsiao's finite rotation method in which the rigid 
body motion is eliminated from the total displacement. The displacement control is used to alleviate the 
singularity of the tangential stiffness matrix in the limit point type problems. Numerical solutions are presented 
for beams, plates and shells to evaluate the performance of the element. 
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under compression”, International Journal for Numerical Methods in Engineering, Vol. 37, No. 9, pp. 1499–
1510, May 1994, doi: 10.1002/nme.1620370906 
ABSTRACT: Analytical predictions of the postbuckling response of curved composite panels are difficult, 
especially under in-plane compression, because of the presence of snap-back with a steep negative slope beyond 
the bifurcation point. In this study, the pre- and postbuckling response of curved laminated panels with cutouts 
is investigated by developing a new finite element based on the free formulation. This trianguiar, flat, shell 
element, in conjunction with the updated Lagrangian form of the co-rotational approach, accounts for the 
coupling terms arising from general material anisotropy, as well as large displacements and rotations. The 
analysis predictions correlate well with the corresponding experimental data available in the literature. Review 
of the studies in this subject area reveal that none of the available methods, including the STAGS-C1 finite 
element program, is capable of providing the full description of the postbuckling phenomenon beyond 
bifurcation for curved composite panels with small cutouts. 
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composite structures”, International Journal for Numerical Methods in Engineering, Vol. 37, No. 22, 1994, pp. 
3825–3842. doi: 10.1002/nme.1620372206 
ABSTRACT: A flat shell element based on the free-formulation finite element concept is developed for 
analysing geometrically non-linear thin composite shells. A corotational form of the updated Lagrangian 
formulation is utilized. Numerical results for typical validation problems are presented in order to demonstrate 
the accuracy and validity of this element. These results are obtained by solving the incremental equilibrium 
equations through the cylindrical arc-length method. 
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Methods in Applied Mechanics and Engineering, Vol. 143, Nos. 1-2, April 1997, pp. 155-173, 
doi:10.1016/S0045-7825(96)01140-1 
ABSTRACT: This study presents a nonlinear analysis with application to a doubly curved shallow shell 
element free of ‘locking’. The ‘locking’ phenomenon is eliminated by explicitly determining the shear and 
membrane correction factors. The element formulation utilizes the Reissner-Mindlin and Marguerre theories. 
The analysis of thin and moderately thick composite shells undergoing large displacements and rotations is 
achieved by using the corotational form of an updated Lagrangian formulation. The validity of the analysis is 
established by correlating present results with various benchmark cases that involve large displacements and 
rotations, as well as elastic stability. 
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“A new stiffened shell element for geometrically nonlinear analysis of composite laminates”, Computers & 
Structures, Vol. 77, No. 1, June 2000, pp. 11-40, doi:10.1016/S0045-7949(99)00201-1 
ABSTRACT: A new stiffened shell element combining shallow beam and shallow shell elements is developed 
for geometrically nonlinear analysis of stiffened composite laminates under mechanical loading. The 
formulation of this element is based on the principle of virtual displacements in conjunction with the co-
rotational form of the total Lagrangian description of motion. In the finite element formulation, both the shell 
and the beam (stiffener) elements account for transverse shear deformations and material anisotropy. The cross 
section of the stiffener (beam) can be arbitrary in geometry and lamination. In order to combine the stiffener 
with the shell element, constraint conditions are applied to the displacement and rotation fields of the stiffener. 
These constraint conditions ensure that the cross section of the stiffener remains co-planar with the shell section 
after deformation. The resulting expressions for the displacement and rotation fields of the stiffener involve 
only the nodal unknowns of the shell element, thus reducing the total number of degrees-of-freedom. Also, the 
discretization of the entire stiffened shell structure becomes more flexible. The robustness of the stiffened shell 
element has been proven by comparison against other shell elements considered previously. 
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ABSTRACT: The response of moderately thick laminated panels experiencing large displacements and 
rotations under non-uniform thermal loading is investigated through a nonlinear finite element analysis. The 
present nonlinear thermoelastic analysis incorporates an anisoparametric, doubly curved, shallow shell element 
that is free of the ‘locking' phenomenon. The effects of large displacements and rotations, transverse shear 
deformations, the coupling between stretching and bending due to shallow geometry, and Duhamel–Neumann-
type thermoelastic material anisotropy are included in the element formulation. The equations of equilibrium 
are derived from the virtual work principle, along with the co-rotational form of the total Lagrangian 
formulation. A non-uniform temperature field across the shell surface is approximated by piecewise-uniform 
temperature distributions over individual elements. In the thickness direction, the temperature distribution is 
approximated linearly. Accuracy of the present analysis is established by comparison with benchmark solutions. 
The numerical results are presented for various configurations, including cutouts under uniform and non-
uniform temperatures. The numerical results demonstrate that the present finite element analysis is 
computationally robust and efficient. 
 
 
A. Barut and E. Madenci (Department of Aerospace and Mechanical Engineering, The University of Arizona, 
Tucson, AZ 85721, USA), “A complex potential-variational formulation for thermo-mechanical buckling 
analysis of flat laminates with an elliptic cutout”, Composite Structures, Vol. 92, No. 12, November 2010, 
pp.2871-2884, doi:10.1016/j.compstruct.2010.04.013 
ABSTRACT: A semi-analytical method is developed for pre-buckling and buckling analyses of thin, 
symmetrically laminated composite panels with an elliptical cutout at an arbitrary location and orientation under 
general thermo-mechanical loading conditions. Both the pre-buckling and buckling analyses are based on the 
principle of stationary potential energy utilizing complex potential functions and complete polynomials. The 
complex potential functions capture the steep stress gradients and local deformations around the cutout, and the 
“complete” polynomials improve the global buckling response of the laminate. The complex potential functions 
in the pre-buckling state automatically satisfy the in-plane equilibrium equations, thus reducing the first 
variation of the total potential energy in terms of line integrals only. Because the complex potential functions 
for out-of-plane displacements are augmented by the “complete” polynomials, the area integral terms in the 
second variation of the total potential energy, referred to as the Treftz criterion, are retained in the buckling 
analysis. The kinematic boundary conditions are idealized by employing extensional and rotational springs 
(elastic restraints) with appropriate stiffness values. Based on the numerous validation problems, this analysis is 
proven credible for predicting the buckling load of rectangular and non-rectangular panels with a cutout. 
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“Stress and buckling analyses of laminates with a cutout using a {3,0}-plate theory”, Journal of Mechanics of 
Materials and Structures, Vol. 6, No. 6, pp 827-868, 2011, DOI: 10.2140/jomms.2011.6.827 
ABSTRACT: A semianalytical solution method to predict stress field and structural bifurcation in laminates 
having a cutout by employing a simple {3,0}-plate theory is presented. The stress analysis includes both in-
plane and bending stress fields. In this theory, the in-plane and out-of-plane displacement fields are respectively 
assumed in the forms of cubic and uniform through-the-thickness expansions. The cubic expansion ensures the 
correct behavior of transverse shear deformations while satisfying the condition of zero transverse shear stresses 
at the laminate faces. The equations of equilibrium for the stress and buckling analysis are derived based on the 
principle of stationary potential energy. Comparison against the classical laminate and {1,2}-plate theories 
proves this semianalytical method credible. 
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finite element analyses”, Proceedings of the American Society for Composites, Seventeenth Technical edited by 
C. T. Sun and H. Kim, October 21-23, 2002 (cannot copy abstract) 
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“Finite element modeling of stiffened and unstiffened orthotropic plates”, Computers & Structures, Vol. 63, No.  
1, April 1997, pp. 105-117, doi:10.1016/S0045-7949(96)00277-5 
ABSTRACT: A finite element analysis is carried out for the bending and buckling of unstiffened, sandwich and 
hat-stiffened orthotropic, rectangular plates. Systematic calculations are performed for deflection, stress and 
critical buckling load of the plate using first order shell elements, and first and second order three-dimensional 
solid elements. The calculated results are compared with available analytical solutions for unstiffened plates. 
First-order shell and second-order three-dimensional solid elements are found to model accurately bending and 
buckling of the plate structures, but first-order three-dimensional solid elements give very inaccurate, 
inconsistent results even when the mesh density is high. For thin, unstiffened plates, one layer of second-order 
three-dimensional solid elements through-the-thickness is found to give sufficient accuracy. The same is found 
to be true for thin sandwich plates using one layer of second-order three-dimensional elements for each of the 
skins and one layer for the core. For a hat-stiffened plate clamped along the short edges and simply supported 
along the long edges, the first buckling mode occurs in the region between the stiffeners. Different approaches 
for joining the stiffeners to the plate are discussed. 
 
 
“Weight Optimization of a Composite Shell in Type 4 Pressure Vessels Using Genetic Algorithm”, 
from sid.irA Khani, A Vafaeesefat… - Mechanical And Aerospace …, 2007 - sid.ir 
Finally, the composite shell with minimum number of layers whose Tsai-Wu failure 
criterion is below one is selected as the laminate with minimum weight. .. (in Arabic?) 
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Park Ridge, New Jersey 07656, USA), “Containment vessel stability analysis”, Nuclear Engineering and 
Design, Vol. 75, No. 2, May 1983, pp. 303-318, First Special Issue on SMiRT-7, 
doi:10.1016/0029-5493(83)90026-2 
ABSTRACT: The buckling characteristics of a typical free-standing welded steel containment vessel are 
considered. The results of analyses utilizing computer codes are compared for a variety of load combinations. 
Practical conclusions of the vulnerability of such a containment vessel to buckling for a variety of load inputs 
and combinations are drawn. 
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to practice”, Engineering Structures, Vol. 18, No. 10, October 1996, pp. 801-806, Special Issue: SSRC: Link 
Between Research and Practice, doi:10.1016/0141-0296(96)00009-0 
ABSTRACT: A review of the relationship between the theory of shell stability and design is presented. The 
classic problem of buckling of a spherical shell is used to illustrate the lack of correspondence between theory 
and experiment. The influence of theory on current design codes and its application to a practical problem are 
discussed. 
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July 7–12, 2002, Vienna, Austria Eds.: H.A. Mang, F.G. Rammerstorfer, J. Eberhardsteiner 
ABSTRACT: In this paper the effect of random geometric imperfections on the critical load of isotropic, thin-



walled, cylindrical shells under axial compression with rectangular cutouts is presented. Second moment 
characteristics of geometric imperfections are estimated by data of available measurements, a simulation 
procedure based on the Karhunen-Loeve expansion is applied for generating realizations of geometric 
imperfections. Nonlinear static Finite Element analyses are carried out for the calculation of the response 
statistics of the critical load of the cylindrical shells. Histograms of the critical load as obtained by direct Monte 
Carlo simulation are presented. 
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imperfections”, International Journal of Non-Linear Mechanics, Vol. 38, No. 7, October 2003, pp. 1119-1132, 
doi:10.1016/S0020-7462(02)00057-4 
ABSTRACT: In this paper the effect of random geometric imperfections on the limit loads of isotropic, thin-
walled, cylindrical shells under deterministic axial compression is presented. Therefore, a concept for the 
numerical prediction of the large scatter in the limit load observed in experiments using direct Monte Carlo 
simulation technique in context with the Finite Element method is introduced. Geometric imperfections are 
modeled as a two dimensional, Gaussian stochastic process with prescribed second moment characteristics 
based on a data bank of measured imperfections. (The initial imperfection data bank at the Delft University of 
Technology, Part 1. Technical Report LR-290, Department of Aerospace Engineering, Delft University of 
Technology). In order to generate realizations of geometric imperfections, the estimated covariance kernel is 
decomposed into an orthogonal series in terms of eigenfunctions with corresponding uncorrelated Gaussian 
random variables, known as the Karhunen–Loéve expansion. For the determination of the limit load a 
geometrically non-linear static analysis is carried out using the general purpose code STAGS (STructural 
Analysis of General Shells, user manual, LMSC P032594, version 3.0, Lockheed Martin Missiles and Space 
Co., Inc., Palo Alto, CA, USA). As a result of the direct Monte Carlo simulation, second moment characteristics 
of the limit load are presented. The numerically predicted statistics of the limit load coincide reasonably well 
with the actual observations, particularly in view of the limited data available, which is reflected in the 
statistical estimators. 
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“Non-Linear Static Analysis”, Chapter 5 in Uncertainty Assessment of Large Finite Element Systems 
Lecture Notes in Applied and Computational Mechanics, 2005, Vol. 24, pp. 23-27, doi: 10.1007/11673941_5 
ABSTRACT: The state of the art in the capability to predict the stability behavior of shell structures refers to 
areas such as asymptotic analysis [69] and general nonlinear analysis (see e.g. [16, 30]). In both approaches, the 
solution of equilibrium equations under variation of a number of parameters such as load level, imperfection 
magnitude etc., is necessary. Of paramount interest is the determination of the so-called critical points. Two 
fundamental problems have to be distinguished in the field of structural stability: the buckling problem and the 
collapse or snap-through problem, respectively. The corresponding critical points are denoted as bifurcation 
points and limit points. By definition a bifurcation point describes the equilibrium state of a structure where 
distinct non-interacting solutions are possible. The limit point on the other hand characterizes the local 
maximum of the load-deflection curve. Contrary to perfect structures, imperfect structures do not show a clear 
separation of response modes. Instead, the response is a combination of all excited modes. Depending on the 
magnitude of the imperfection, it is possible that bifurcation points may vanish. 
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Christian A. Schenk and Gerhart I. Schuëller, Uncertainty assessment of large finite element systems, Springer, 
August 2005,  
Abstract: The treatment of uncertainties in the analysis of engineering structures remains one of the premium 
challenges in modern structural mechanics. It is only in recent years that the developments in stochastic and 
deterministic computational mechanics began to be synchronized. To foster these developments, novel 
computational procedures for the uncertainty assessment of large finite element systems are presented in this 
monograph. The stochastic input is modeled by the so-called Karhunen-Loeve expansion, which is formulated 
in this context both for scalar and vector stochastic processes as well as for random fields. Particularly for 
strongly non-linear structures and systems the direct Monte Carlo simulation technique has proven to be most 
advantageous as method of solution. The capabilities of the developed procedures are demonstrated by showing 
some practical applications. 
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“Uncertainty and reliability analysis of large aerospace structures”. In Proceedings of the European Conference 
on Spacecraft Structures, Materials and Mechanical Testing 2005, SP-581, Noordwijk, The Netherlands, 
September 2005. 
ABSTRACT: The main objective of this investigation is to gain insight into the conservatism and robustness of 
spacecraft dimensioning on the basis of known or assumed uncertainties of launcher, spacecraft and mechanical 
environment and to make this specific experience available to the spacecraft designer community. An additional 
objective is to gain experience with respect to the relative importance of uncertainties modeled by random 
variables - as well as means and ways to interpret the analysis output for practical engineering purposes. 
Considering the problem of assessment of the adequacy of the spacecraft design with respect to uncertainties, it 
is clear that possible sources of scatter affecting the design can be located in the spacecraft, in the launcher and 
external loads. Within this study a large-scale finite element model representative of a real satellite is used in 
conjunction with the Ariane 5 finite element model and dynamic load cases. In particular, these load cases 
include a frequency response analysis for harmonic excitation of the satellite only, while for the coupled system 
a transient analysis at lift-off and a frequency response analysis simulating the end-of-booster-pressure 
oscillations are considered. The ESA’s satellite INTEGRAL is used as a typical satellite structure. The 
deterministic linear MSC-NASTRAN FE model is used to compute various structural responses. This FE model 
contains a large number of input parameters, material properties and also geometric data, which are all affected 



by scatter. These uncertain input parameters are modeled by a stochastic approach as random variables. 
Consequently, the response is then also considered as random. The Monte Carlo simulation tool NASTRAN-
RV has been employed to perform the required Monte Carlo simulation. One of the actual challenges in this 
investigation from the computational as well from the theoretical point of view is the large number of uncertain 
parameters involved. Indeed, since it has not been possible to specify beforehand which uncertain input 
parameters have an insignificant influence on the response, all parameters of the INTEGRAL FE model have 
been included in the analysis. More than 1300 independent random variables have been used to model 
uncertainties of the material and geometric data. A similar approach has been applied to the Ariane 5 FE model, 
i.e. all uncertain parameters of the model have been included in the analysis. Within the study an efficient 
procedure for calculating non-exceedance probabilities of the structural response has been developed. A novel 
sampling procedure has been introduced, which allows a significant reduction of the variance of the estimator of 
the probability of failure when compared to that of direct Monte Carlo simulation. This is particularly important 
in view of the large computational effort associated with a single analysis, especially with the coupled load 
analysis where a single run could take up to 30 minutes. The only prerequisite for the application of this 
sampling procedure is an estimate of the gradient of the performance function of the structure. The calculation 
of the gradient is carried out efficiently benefiting from the correlation between a randomly chosen input and 
the corresponding output of the system. 
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ABSTRACT: In this paper, the effect of random geometric imperfections on the critical load of isotropic, thin-
walled, cylindrical shells under axial compression with rectangular cutouts is presented. Second moment 
characteristics of geometric imperfections are estimated by data of available measurements, a simulation 
procedure based on the Karhunen–Loève expansion is applied for generating realizations of geometric 
imperfections. Nonlinear static finite-element analyses are carried out for the calculation of the response 
statistics of the critical load of the cylindrical shells. Cumulative distribution functions of the critical load as 
obtained by direct Monte Carlo simulation are presented. Furthermore, the individual and combined effects of 
random boundary and geometric imperfections on the limit loads of isotropic, thin-walled, cylindrical shells 
under axial compression are also treated. Again, second moment characteristics of these imperfections are 
estimated by data of available measurements of imperfections, a simulation procedure also based on the 
Karhunen–Loève expansion is applied for generating realizations of both boundary and geometric 
imperfections. A nonlinear static finite-element analysis using the general purpose code STAGS [C.C. Rankin, 
F.A. Brogan, W.A. Loden, H.D. Cabiness. STAGS (STructural Analysis of General Shells) User Manual, 
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carried out for the calculation of the buckling response of the cylindrical shells. Finally, the cumulative 
distribution functions of the limit load using direct Monte Carlo simulation are shown. 
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ABSTRACT: A simple four-noded geometrically nonlinear shell element, which handles arbitrarily large 
displacements and rotations, is presented in this paper. Based on the assumption of small incremental strain in 
each load step, a corotational procedure is employed to extract the pure deformational displacements and 
rotations and update element stresses and internal force vectors through a piece-wise linearized strain-
displacement relation. To derive the tangent stiffness matrix, a three-dimensional degenerate, isoparametric 
shell model is employed. The ‘locking’ problem is alleviated by using mixed interpolation of tensorial 
transverse shear strain components. The approach described in this paper is ideally suited for implementation in 
existing linear finite element programs. A number of numerical examples are also presented. 
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ABSTRACT: A stiffened shell element is presented for geometrically non-linear analysis of eccentrically 
stiffened shell structures. Modelling with this element is more accurate than with the traditional equivalent 
orthotropic plate element or with lumping stiffeners. In addition, mesh generation is easier than with the 
conventional finite element approach where the shell and beam elements are combined explicitly to represent 
stiffened structures. In the present non-linear finite element procedure, the tangent stiffness matrix is derived 
using the updated Lagrangian formulation and the element strains, stresses, and internal force vectors are 
updated employing a corotational approach. The non-vectorial characteristic of large rotations is taken into 
account. This stiffened shell element formulation is ideally suited for implementation into existing linear finite 
element programs and its accuracy and effectiveness have been demonstrated in several numerical examples. 
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doi:10.1016/0168-874X(94)90097-3 
ABSTRACT: A co-rotational, updated Lagrangian formulation for geometrically nonlinear analysis of shells is 
presented. In this finite element procedure, a standard updated Lagrangian formulation is employed to generate 
the tangent stiffness matrix, and a co-rotational theory is used for updating element strain, stress and internal 
force vectors during the Newton-Raphson iterations. Large rotation theory has been accommodated to take into 
account the nonvectorial characteristic of the rotational degrees-of-freedom. The present procedure is ideally 
suited for implementation in existing linear finite element programs and its effectiveness has been demonstrated 
by a number of numerical examples. 
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“Solution method for nonlinear problems with multiple critical points”, AIAA Journal, Vol. 28, No. 12 (1990), 
pp. 2110-2116. doi: 10.2514/3.10529 
ABSTRACT: An improved method is presented for solving nonlinear problems with multiple limit points and 
snap-back points. It is formultate in N + 1 dimensional space that includes one load paramether and N 
displacements as the unknowns. To solve these unknowns, a constraint equation is needed in addition to the N 



equations of equilibrium. Whether the constraint equation is proper can be justified from the bounded nature of 
the load parameter. The method presented herein may be referred to as the “generalized displacement control 
method.” With the introduction of a general stiffness parameter, the method has been demonstrated to be 
numerically stable at the critical points, effective in adjusting the step sizes, and self-adaptive in changing the 
loading directions. Two examples with curves of the looping type have been solved by the present method for 
illustration. 
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Computers & Structures, Vol. 62, No. 6, March 1997, pp. 1059-1071, doi:10.1016/S0045-7949(96)00300-8 
ABSTRACT: Buckling of arches is studied using a corotational finite element model in conjunction with a 
modified Riks-Wempner technique. The corotational formulation allows for separation of rigid body 
displacements from deformation displacements of the element. The program can equally be applied to rigid or 
prestressed arches, as it takes into account the sequential fabrication of stressed (i.e. prebuckled) arches. 
Looping paths tracing nonlinear response of arches have been successfully obtained for several cases, including 
rigid and prestressed elastica arches with both symmetric and asymmetric modes of buckling. Comparisons are 
made with the results for prestressed arches using shooting method, and with the benchmark results for various 
rigid arches using discrete element method. When compared to a discrete element technique, the present method 
appears to be more cost-effective, as a finite element mesh with 60% fewer elements can result in virtually the 
same degree of accuracy. 
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“A computational investigation of the effects of localized corrosion on plates and stiffened panels”, Marine 
Structures, Vol. 17, No. 5, September 2004, pp. 385-402, doi:10.1016/j.marstruc.2004.08.012 
ABSTRACT: Structural components are prone to corrosion damage, especially when exposed to a sea 
environment. This article describes an investigation on the effects of local corrosion applied to plates and 
stiffened panels typically found in ship structures. Finite element investigations of initial buckling, ultimate 
collapse and post-ultimate responses are presented and described through the use of load-shortening collapse 
curves. Geometric imperfections and residual stresses were included in the model and results are compared to 
analytical calculations and available experimental measurements. This improved knowledge of the structural 
integrity of a damaged ship structure can be used to develop more efficient maintenance practices. 
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Canada), “Elastic buckling capacity of bonded and  unbonded sandwich pipes under external hydrostatic 
pressure”, Journal of Mechanics of Materials and Structures, Vol. 5, No. 3, 2010 
ABSTRACT: Sandwich pipes can be a potentially optimal system for use in deep-water applications. In recent 
years, there has been considerable interest in understanding the stability characteristics of these pipes under the 
governing loading conditions, with the aim of generating optimal design. External hydrostatic pressure is a 
critical loading condition that a submerged pipeline experiences during its installation and operational period. 
This article presents an analytical approach for estimating the bucking capacity of sandwich pipes with various 
structural configurations and core materials, subject to external hydrostatic pressure. The influence of adhesion 
between the core layer and inner or outer pipes is also a focus of this study. Beside the exact solution, two 
simplified equations are developed for estimating the buckling capacity of two configurations commonly used 
in practice. Details of both the exact and simplified analytical formulations are presented and the required 
parameters are defined. The efficiency and integrity of the proposed simplified solutions are compared with a 
solution developed by other researchers. A comprehensive series of finite element eigenvalue buckling analyses 
was also conducted to evaluate the accuracy and applicability of the proposed solutions.  
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Kaveh Arjomandi and Farid Taheri (Dalhousie University, Halifax, NS, Canada), “Influence of the material 
plasticity on the chacteristic behavior of sandwich pipes”, Paper No. IPC2010-31518, pp. 681-688; 8 pages, 
doi:10.1115/IPC2010-31518, 8th International Pipeline Conference, Vol. 3, Calgary, Alberta, Canada, September 
27-October 1, 2010 
ABSTRACT: Sandwich Pipes (SP) can be considered as an enhanced design configuration for Pipe in Pipe 
(PIP) systems. By improving the structural properties of the core layer and the components’ interface adhesion, 
SP systems can be an effective design alternative for deepwater applications. However, designing such a hybrid 
structure demands more knowledge of the response of the system under the governing loading and 
environmental conditions. A SP system would be a suitable design alternative for offshore pipelines that are 
subjected to very large hydrostatic pressure in deepwater. Therefore, full understanding of the behavior of such 
systems under the external hydrostatic pressure is a prerequisite for designing optimum SPs. In this paper a set 
of parametric models are generated based on practical design configurations. The Finite Element (FE) software 
package, ABAQUS, is used to create the models and analyze them. The FE models are analyzed through 
eigenvalue buckling and post-buckling analyses with the assumptions of linear and nonlinear buckling. 
Appropriate initial imperfections and FE parameters are administered. Moreover, the integrity of FE models is 
investigated through a mesh convergence study and also by considering various types of element locking 
mechanism. The results of these three methods of analysis are compared and the discrepancy between the 
results obtained through the linear analysis in comparison to the nonlinear post-buckling analysis is highlighted. 
Moreover, the influence of using various material plasticity models on the buckling and post-buckling responses 



is also investigated. Different models describing the materials stress-strain curves in the form of the elastic 
perfectly plastic, elastic followed by plastic exponential hardening, as well as the existence of the Lüder’s bands 
are also considered. Furthermore, the effect of core material’s stiffness on the buckling and post-buckling 
response of the system is also examined. Based on the equivalent plastic strain, it will be shown that in order to 
ensure system’s effective composite sandwich action, the core must have a certain minimal stiffness. Finally, 
the influence of the enhancement in the steel grade used to form either the internal or external pipe on the 
stability response of both PIP and SP systems will be illustrated. 
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“Optimization of panel forms for improvement in ship structures”, Structural Optimization, Vol. 11, No. 3, pp 
195-212, June 1996 
ABSTRACT: This paper presents a model for optimum design of three panel forms, namely tee stiffened, flat-
bar stiffened and corrugated panels to be used in ship structures. Scantlings of the three forms have been 
modelled as free design variables. Limit values against different possible failure modes in conjunction with 
safety factors and load effects have formed the sets of design constraints. Some production restrictions are also 
incorporated in the model. An optimization algorithm based on sequential linear programming has been used for 
optimum design of the three forms. Some special features are incorporated in the optimization algorithm to 
avoid numerical instability problems and to handle integer variables and more than one design criterion. 
The capability of the model is demonstrated in a series of practical applications against a wide range of design 
parameters such as loads, variation of span, price ratio index (labour rate to material price ratio) and design 
criteria (minimum cost, minimum weight and equal priority). Appropriate presentation and analysis of results 
have produced a practical guide to strive for improvement in the overall ship structure even satisfying 
conflicting design demands. Moreover, the designer's capability to reflect his preference level to particular 
criteria has been demonstrated through the investigation of a wide range of Pareto-optimal designs. 
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“Finite deformation post-buckling analysis involving elasticity and contact constraints”, Interntional Journal for 
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ABSTRACT: This paper is concerned with the numerical solution of large deflection structural problems 
involving finite strains, subject to contact constraints and unilateral boundary conditions, and exhibiting 
inelastic constitutive response. First, a three-dimensional finite strain beam model is summarized, and its 
numerical implementation in the two-dimensional case is discussed. Next, a penalty formulation for the solution 
of contact problems is presented and the correct expression for consistent tangent matrix is developed. Finally, 
basic strategies for tracing limit points are reviewed and a modificaiotn of the arc-length method is proposed. 
The good performance of the procedures discussed is illustrated by means of numerical examples. 
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“The Hamiltonian structure of nonlinear elasticity: The material and convective representations of solids, rods, 
and plates”, Archive for Rational Mechanics and Analysis, Vol. 104, No. 2, 1988, pp. 125-183, doi: 
10.1007/BF00251673 
PARTIAL INTRODUCTION: It is our belief that a thorough understanding of the mathematical underpinnings 
of elasticity is crucial to its analytical and numerical implementation. For example, in the analysis of rotating 
structures, the coupling of the equations for geometrically inexact models obtained by linearization or other 
approximations with those for rotating rigid bodies can easily lead to misleading artificial “softening” effects 
that can significantly alter numerical results. …. In this paper we consider fully nonlinear geometrically exact 
models for rods, plates (and shells) which take into account shear and torsion as well as the usual bending 
effects in traditional rod and plate models. These models can be obtained either from the three-dimensional 
theory by a systematic use of projection methods … or by a direct approach within the context of Cosserat 
continuum… 
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J.C. Simo, D.D. Fox and M.S. Rifai (Division of Applied Mechanics, Department of Mechanical Engineering, 
Stanford University,Stanford, CA 94304, U.S.A.), “On a stress resultant geometrically exact shell model. Part 
II: The linear theory; Computational aspects”, Computer Methods in Applied Mechanics and Engineering, Vol. 
73, No. 1, April 1989, pp. 53-92, doi:10.1016/0045-7825(89)90098-4 
ABSTRACT: Computational aspects of a linear stress resultant (classical) shell theory, obtained by systematic 
linearization of the geometrically exact nonlinear theory, considered in Part I of this work, are examined in 
detail. In particular, finite element interpolations for the reference director field and the linearized rotation field 
are constructed such that the underlying geometric structure of the continuum theory is preserved exactly by the 
discrete approximation. A discrete canonical, singularity-free  mapping between the five and the six degree of 
freedom formulation is constructed by exploiting the geometric connection between the orthogonal group 
(SO(3)) and the unit sphere (S2). The proposed numerical treatment of the membrane and bending fields, based 
on a mixed Hellinger-Reissner formulation,provides excellent results for the 4-node bilinear isoparametric 
element. As an example, convergent results are obtained for rather coarse meshes in fairly demanding, 
singularity-dominated, problems such as the classical rhombic plate test. The proposed theory and finite element 
implementation are evaluated through an extensive set of benchmark problems. The results obtained with the 
present approach exactly match previous solutions obtained with state-of-the-art implementations based on the 
so-called degenerated solid approach. 
 
 
J.C. Simo, D.D. Fox and M.S. Rifai (Division of Applied Mechanics, Department of Mechanical Engineering, 
Stanford University,Stanford, CA 94304, U.S.A.), “On a stress resultant geometrically exact shell model. Part 
III: Computational aspects of the nonlinear theory”, Computer Methods in Applied Mechanics and Engineering, 
Vol. 79, No. 1, March 1990, pp. 21-70, doi:10.1016/0045-7825(90)90094-3 
ABSTRACT: Computational aspects of a geometrically exact stress resultant model presented in Part I of this 
work are considered in detail. In particular, by exploiting the underlying geometric structure of the model, a 
configuration update procedure for the director (rotation) field is developed which is singularity free and exact 
regardless the magnitude of the director (rotation) increment. Our mixed finite element interpolation for the 
membrane, shear and bending fields presented in Part II of this work are extended to the finite deformation case. 
The exact linearization of the discrete form of the equilibrium equations is derived in closed form. The 



formulation is then illustrated by a comprehensive set of numerical experiments which include bifurcation and 
post-buckling response, as well as comparisons with closed form solutions and experimental results. 
 
 
J. C. Simo, M. S. Rifai and D. D. Fox (Division of Applied Mechanics, Department of Mechanical Engineering, 
Stanford University, Stanford, CA, U.S.A.), “On a stress resultant geometrically exact shell model. Part IV: 
Variable thickness shells with through-the-thickness stretching”, Computer Methods in Applied Mechanics and 
Engineering, Vol. 81, No. 1, July 1990, pp. 91-126, doi:10.1016/0045-7825(90)90143-A 
ABSTRACT: This paper in concerned with the extension of the shell theory and numerical analysis presented in 
Part I, II and III to include finite thickness stretch and initial variable thickness. These effects play a significant 
role in problems involving finite membrane strains, contact, concentrated surface loads and delamination (in 
composite shells). We show that a direct numerical implementation of the standard single extensible director 
shell model circumvents the need for rotational updates, but exhibits numerical ill-conditioning in the thin shell 
limit. A modified formulation obtained via a multiplicative split of the director field into an extensible and 
inextensible part is presented, which involves only a trivial modification of the weak form of the equilibrium 
equations considered in Part III, and leads to a perfectly well-conditioned formulation in the thin-shell limit. In 
sharp contrast with previous attempts in the context of the degenerated solid approach, the thickness stretch is 
an independent field, not a dependent variable updated iteratively via the plane stress condition. With regard to 
numerical implementation, an exact update procedure which automatically ensures that the thickness stretch 
remains positive is presented. For the present theory, standard displacement models would exhibit ‘locking’ in 
the incompressible limit as a result of the essentially three-dimensional character of the constitutive equations. 
A mixed formulation is described which circumvents this difficulty. Numerical examples are presented that 
illustrate the effects of the thickness stretch, the performance of the proposed mixed interpolation, and the well-
conditioned response exhibited by the present approach in the thin-shell (inextensible director) limit. 
 
 
J.C. Simo, D.D. Fox and M.S. Rifai, “Formulation and computational aspects of a stress resultant geometrically 
exact shell model”, Chapter in Computational Mechanics of Nonlinear Response of Shells (Part of the series: 
Springer Series in Computational Mechanics, pp 31-55, 1990 
ABSTRACT: This paper considers the formulation and numerical implementation of a geometrically exact 
resultant based shell model for the analysis of large deformations of thin and moderately thick shells. The model 
is essentially a single extensible director Cosserat surface. Variable thickness and thickness stretch effects are 
properly modeled via the extensibility condition on the director field. A simple linear elastic constitutive model 
is given which possesses the correct asymptotic limits as the thickness tends to zero and recovers the plane 
stress constitutive relations in the thin shell limit. On the computational side, a configuration update procedure 
for the director field is presented which is singularity free and exact regardless of the magnitude of the director 
(rotation and thickness stretch) increment. The performance of the shell model is assessed through an extensive 
set of numerical examples. 
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Nonlinear plasticity: formulation and integration algorithms”, Computer Methods in Applied Mechanics and 
Engineering, Vol. 96, No. 2, April 1992, pp. 133-171, doi:10.1016/0045-7825(92)90129-8 
ABSTRACT: The continuum basis and numerical implementation of a finite deformation plasticity model 
formulated within the framework of the geometrically exact shell model presented in Parts I and III of this 
work, is discussed in detail. The model is formulated entirely in stress resultants, and hence the expensive 
integration through the thickness associated with the traditional degenerated solid approach is entirely by-
passed. In particular, the classical Ilyushin-Shapiro plasticity model for shells is extended to accommodate 
kinematic and isotropic hardening, and consistently formulated to accommodate finite deformation. The 
corresponding closest-point-projection return mapping algorithm is shown to reduce to the solution of a system 



of two nonlinear scalar equations, and proved to be amenable to exact linearization leading to a closed form 
expression of the consistent  elastoplastic tangent moduli. Numerical simulations are presented and comparisons 
with exact and approximate solutions are made which demonstrate the excellent performance of the proposed 
methodology. 
 
 
J. C. Simo  (Division of Applied Mechanics, Department of Mechanical Engineering, Stanford University, 
Stanford, CA 94305, USA), “On a stress resultant geometrically exact shell model. Part VII: Shell intersections 
with 5/6-DOF finite element formulations”, Computer Methods in Applied Mechanics and Engineering, Vol. 
108, Nos. 3-4, September 1993, pp. 319-339, doi:10.1016/0045-7825(93)90008-L 
ABSTRACT: If the mid-surface of a shell is smooth, the classical theory describes the orientation of the 
director field attached to the mid-surface by two independent (rotational) degrees of freedom. At a shell 
intersection, where this smoothness assumption no longer holds, it is shown that the director field in the full 
nonlinear continuum shell equations must be necessarily described by three degrees of freedom. This added 
degree of freedom, however, is totally unrelated to the so-called drill rotation, widely used as a means of 
tackling the shell intersection problem. A computational procedure involving a trivial modification of the global 
singularity-free update procedure described in Part III of this work is described, which completely resolves the 
shell intersection problem without introducing ‘drill springs’ or related ad-hoc devices. The proposed approach 
leaves unchanged standard finite element formulations in terms of 5 DOF/node, affects only the global update 
formulae and exhibits excellent performance, as illustrated by representative numerical simulations. 
 
 
J. C. Wohlever and T. J. Healey (Department of Theoretical and Applied Mechanics, Cornell University, Ithaca, 
NY 14853, USA), “A group theoretic approach to the global bifurcation analysis of an axially compressed 
cylindrical shell”, Computer Methods in Applied Mechanics and Engineering, Vol. 122, Nos.3-4, May 1995, 
pp. 315-349, doi:10.1016/0045-7825(94)00734-5 
ABSTRACT: The accurate prediction of the buckling load of thin shell structures is an important yet elusive 
goal. It is particularly important in the aerospace industry where thin shell members are commonly used as 
structural elements. Due to a lack of adequate analytical results, current practices in industry put heavy reliance 
on experimental testing and empirical data to supplement theoretical analysis (see D. Bushnell, Computerized 
Buckling Analysis of Shells, Martinus Nijhoff, Dordrecht, 1985). This paper focuses on recent results of the 
group theoretic approach to a numerical, global postbuckling analysis of a perfect, axially compressed 
cylindrical shell with “built-in” end conditions. The “built-in” end conditions obviate the existence of a “trivial” 
membrane solution branch. The example of an axially compressed cylindrical shell was chosen because it is 
well known that for thin shells, the primary axisymmetric solution branch is riddled with closely spaced, 
symmetry-breaking bifurcation points. In a numerical arc-length continuation scheme, the close proximity of 
the bifurcation points on the primary path manifests itself in severe ill-conditioning of the tangent stiffness 
matrix. Group theory helps one systematically find an “optimal” set of basis vectors, or symmetry modes, which 
reflect the symmetry of a given solution path. The immediate payoff in using these symmetry modes as basis 
vectors is that the tangent stiffness matrix block-diagonalizes and the numerical ill-conditioning is avoided. 
Thus, an efficient and accurate technique for computing solution branches of a specific type and a subsequent 
diagnosis for symmetry-breaking bifurcations is made relatively simple. Understanding the global behavior of 
the perfect structure is crucial in identifying critical imperfections and will ultimately diminish the heavy 
reliance on expensive experimental verification. 
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PARTIAL ABSRTACT:  Over the past ten years there has been a growing interest withing the mechanics 
community towards the application of group theoretic methods to aid in the global buckling analysis of 
syhmmetric imperfection-free structures. Within the context of a numerical arc-length continuation procedure, 
group theory helps one systematically find an “optimal” set of basic vectiors which reflect the symmetry of a 
given problem. The immediate payoff in formulating the numerical procedure with respect to the symmetry-
adapted basis is a global de-coupling of the equilibrium equations which in turn leads to: (1) a dimensional 
reduction in the problem size; (2) improved numerical conditioning while computing solutions in the vicinity of 
singular points; (3) a systematic method for detecting and diagnosing for symmetry-breaking bifurcations. 
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plates and shells-of-revolution”, Computer Methods in Applied Mechanics and Engineering, Vol. 170, Nos. 3-4, 
March 1999, pp. 373-406, doi:10.1016/S0045-7825(98)00204-7 
ABSTRACT: Progress in the application of group theoretic methods to the nonlinear bifurcation analysis of 
symmetric structures has provided new hope in understanding the global postbuckling behavior of symmetric 
thin shell structures. However, what is still lacking in the computational mechanics community is a general 
purpose FE code with a group theoretic capability designed to take ‘optimal’ advantage of existing symmetry. 
This paper addresses some of the important issues associated with developing such a code—the long term goal 
being to provide structural analysts with new numerical tools for doing careful global analyses of imperfection 
sensitive structures which may eventually lead to more accurate predictions of the maximum load-carrying 
capacity of thin imperfection sensitive shell structures. 
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(2) FEDEM Technology a.s., N-7030 Tronheim, Norway 
“Collapse of thin shell structures: Stress resultant plasticity modeling within a co-rotated ANDES finite element 
formulation”, International Journal for Numerical Methods in Engineering, 1999 
ABSTRACT: Due to the very nonlinear behavior of thin shells under collapse, numerical simulations are 
subject to challenges. Shell finite elements are attractive in these simulations. Rotational degrees of freedom do, 
however, complicate the solution. In the present study a co-rotated formulation is employed. The deformation of 
the shell is decomposed into a contribution from large rigid body rotation and a strain-producing term. A 
triangular assumed strain shell finite element is used. Hence, a high performance elastic element is combined 
with the co-rotated formulation. In the co-rotated co-ordinate system the plasticity is accounted for by a 
simplified Ilyushin stress resultant yield surface. The stress update is determined from the backward Euler 
difference, and a consistent geometrical and material tangent stiffness is derived. Comparison with other 
published analysis results show that the present formulation gives acceptable accuracy. (27 referemces’ cannot 
cut and paste from this pdf file.) 
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“Simplified stress resultants plasticity on a geometrically nonlinear constant stress shell element”, Computers & 
Structures, Vol. 79, No. 18, July 2001, pp. 1723-1734, doi:10.1016/S0045-7949(01)00095-5 
ABSTRACT: The geometrically nonlinear constant stress triangle of Morley is implemented and extended to 
include material nonlinearity. The facet element was designed in a total Lagrangian approach and is valid for 
moderate rotations. In a search for a simple plasticity formulation, stress resultants plasticity (involving a 
solution of single scalar yield function) is employed. A modification is introduced in the Ilyushin yield surface 
such that it is rendered a hyperellipse to avoid corner discontinuities. Explicit plasticity equations are derived so 
as to avoid the most involving matrix operations and attain faster computations. In this work it is aimed to study 
the performance of the element and assess its application to practical problems such as plate buckling in 
offshore structures. The formulation appears to work well. 
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“Thin shell and surface crack finite elements for simulation of combined failure modes”, Computer Methods in 
Applied Mechanics and Engineering, Vol. 194, Nos. 21-24, June 2005, pp. 2619-2640, Special Issue: 



Computational Methods for Shells, doi:10.1016/j.cma.2004.07.049 
ABSTRACT: In this study we present a new approach to analyse cracked shell structures subjected to large 
geometric changes. It is based on a combination of a rectangular assumed natural deviatoric strain thin shell 
finite element and an improved linespring finite element. Plasticity is accounted for using stress resultants. A 
power law hardening model is used for shell and linespring material. A co-rotational formulation is employed to 
represent nonlinear geometry effects. With this, one can carry out nonlinear fracture mechanics assessments in 
structures that show instabilities due buckling (local/global), ovalisation and large rigid body motion. By 
numerical examples it is shown how geometric instabilities and fracture compete as governing failure mode. 
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(2) Center for Aerospace Structures, Colorado University, United States 
(3) Institute for Computational and Mathematical Engineering, Stanford University, United States 
(4) Department of Civil Engineering, University of Brasília, Brazil 
“Plastic buckling and collapse of thin shell structures, using layered plastic modeling and co-rotational ANDES 
finite elements”, Computer Methods in Applied Mechanics and Engineering, Vol. 198, Nos. 5-8, January 2009, 
pp. 785-798, doi:10.1016/j.cma.2008.10.013  
ABSTRACT: This study reveals an analysis of plastic buckling and collapse of thin shell structures. For this 
purpose, the co-rotational and layered plastic model as well as ANDES (Assumed Natural Deviatoric Strain) 
finite element formulations are used. The co-rotational kinematics formulation splits the translational and 
rotational deformations in a small deformation analysis. The ANDES finite element is modified to elastoplastic 
ANDES finite element by the introduction of the von Mises yield criterion elastoplastic formulation on its 
original deformation model. In order to accommodate the plasticity formulation, the Gauss point layered 
integration is inserted through of thickness of the element to produce the internal force vector and material 
stiffness matrix. Special effort is devoted to maintain the consistency of the internal forces and tangent stiffness 
as well as to enhance the robustness of element level computations. The arc-length method is used to follow the 
postbuckling equilibrium path. Results are presented for several benchmark elastoplastic shell problems 
available in the present literature, which are generally in agreement with the present work. 
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“Dynamic stiffness for thin-walled structures by power series”, Journal of Zhejiang University SCIENCE A, 
Vol. 7, No. 8, pp 1351-1357, August 2006 
ABSTRACT: The dynamic stiffness method is introduced to analyze thin-walled structures including thin-
walled straight beams and spatial twisted helix beam. A dynamic stiffness matrix is formed by using frequency 
dependent shape functions which are exact solutions of the governing differential equations. With the obtained 
thin-walled beam dynamic stiffness matrices, the thin-walled frame dynamic stiffness matrix can also be 
formulated by satisfying the required displacements compatibility and forces equilibrium, a method which is 
similar to the finite element method (FEM). Then the thin-walled structure natural frequencies can be found by 
equating the determinant of the system dynamic stiffness matrix to zero. By this way, just one element and 
several elements can exactly predict many modes of a thin-walled beam and a spatial thin-walled frame, 
respectively. Several cases are studied and the results are compared with the existing solutions of other 
methods. The natural frequencies and buckling loads of these thin-walled structures are computed. 
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Congress on Computational Mechanics (WCCM8) 5th European Congress on Computational Methods in 
Applied Sciences and Engineering (ECCOMAS 2008) June 30 –July 5, 2008 Venice, Italy 
ABSTRACT: In standard stability investigations of structures applying the finite element method usually 
bifurcation and snap-through loads – so-called singular or stability points – are detected, see e.g. [4],[6],[7]. It is 
well-known that for complex structures like cylindrical shells these loads depend strongly on the geometrical 
and other imperfections, see [8],[9],[10]. It has been shown in [1] that the singular points and the corresponding 
modes vary significantly for small deviations of the approximated geometry using different ansatz-functions. 
Furthermore investigations in [1] have shown that the converging behavior for imperfect structures is non-
monotone. Particular limitations exist for the stability analysis of shell structures which involve contact between 
parts or with surrounding objects. In the end it could be followed that stability points and the corresponding 
loading determined numerically by static stability analysis are often of limited use for design purposes. In 
contrast to the loading obtained for singular points the so-called post-buckling loads, which are the stable 
equilibrium states in the post-buckling region, are rather independent of geometrical imperfections and of 
approximation order, see [1]. Therefore it is advantageous to use post-buckling loads for design purposes 
instead of loads obtained for singular points. Since the applicability of static analyses in the computation of 
post-buckling paths like proposed e.g. in [5] is rather limited, it is favorable to model the complete loading and 
deformation behavior by a time dependent process, see [3], [2], [11], [12]. The major advantage of a purely 
transient analysis is the complete simulation of the buckling process as it happens in reality. This is possible 
with moderate numerical effort, since the matrices used in the solution are usually better conditioned compared 
to pure static analysis. In addition, this allows to take the changing boundary conditions as found in contact 
situations properly into account. For practical design purposes not only the equilibrium state itself is significant 
but also the ”robustness” of such states against finite perturbations in contrast to infinitesimal perturbations. In 
the case of systems with many equilibrium states at a defined load level finite perturbations can transfer the 
mechanical system from a stable equilibrium state to another equilibrium state or in some cases even to an 
unbounded motion initiating buckling. Then a sensitivity measure can be defined as the reciprocal value of the 
minimum perturbation energy, necessary for this transfer S = 1/Wper,min, see [2]. In the present paper stability 
and sensitivity studies are performed for simple stability problems (beams) and finally for rather general shell 
structures involving geometrical imperfections and in particular contact. 
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30167, Hannover, Germany), “Nonlinear stability analysis of shells with the finite element method”, Chapter in 
Nonlinear Analysis of Shells by Finite Elements, edited by F. G. Rammerstorfer, Springer, 1992, pp 91-130 
ABSTRACT: The investigation of the nonlinear response of shell structures requires besides knowledge about 
geometrical and material nonlinear behaviour the insight in the stability response. Here three main aspects arise. 
These are associated with the detection of singular points (e.g. limit or bifurcation points), the path-following in 
the pre- and postcritical range and a branch-switching between different paths. These problems are treated in 
this paper using the finite element method. For this purpose we summarize the necessary finite element 
formulations, where we emphasize the higher order derivatives. In a next section we present a brief overview on 
path-following methods. A main aspect of stability analysis is the detection of singular points. Thus, we 
introduce a definition of singular points, derive methods to detect the type of singular point and report 
possibilities to treat the stability considerations in an accompanying way. Furthermore we discuss modern 
concepts to calculate singular points directly using so called extended systems. Remarks on branch-switching 
procedures terminate the theoretical considerations. At the end of the paper some numerical examples are given 
to illustrate the derived methods and algorithms. 
References listed at the end of the paper: 
1. Riks, E.: The Application of Newtons Method to the Problem of Elastic Stability, J. Appl. Mech. 39 (1972) 1060–1066.  
2. Riks, E.: An Incremental Approach to the Solution of Snapping and Buckling Problems, Int. J. Solids & Struct. 15 (1979) 529–551.  
3. Crisfield, M. A.: A Fast Incremental/Iterative Solution Procedure that Handles Snap Through, Comp. amp; Struct. 13 (1981) 55–62.  
4. Ramm, E.: Strategies for Tracing the Nonlinear Response Near Limit Points. In: W. Wunderlich, E. Stein, K.-J. Bathe (eds.): 
Nonlinear Finite Element Analysis in Structural Mechanics, Springer, Berlin, Heidelberg, New-York (1981) 63–89.  
5. Bergan, P. G., Horrigmoe, G., Krakeland, B., Soreide, T. H.: Solution Techniques for Non-linear Finite Element Problems, Int. J. 
Num. Meth. Engng. 12 (1978), 1677–1696.  
6. Decker, D. W., Keller, H. B.: Solution Branching—A Constructive Technique, in: Holmes, P.(ed): New Approaches to Nonlinear 
Problems in Dynamics, SIAM (1980), 53–69. 
7. Wagner, W., Wriggers, P.: A Simple Method for the Calculation of Postcritical Branches, Engineering Computations, 5 (1988), 
103–109.  
8. Mittelmann, H.-D., Weber, H.: Numerical Methods for Bifurcation Problems–a Survey and Classification. In: Mittelmann, Weber 
(eds.): Bifurcation Problems and their Numerical Solution, ISNM 54, Birkhâuser, Basel, Boston, Stuttgart (1980) 1–45.  
9. Moore, G., Spence, A.: The Calculation of Turning Points of Nonlinear Equations, SIAM, J. Numer. Anal. Comput. 17 (1980), 
567–575.  
10. Wriggers, P., Wagner, W., Miehe, C.: A Quadratically Convergent Procedure for the Calculation of Stability Points in Finite 
Element Analysis, Comp. Meth. Appl. Mech. Engng. 70 (1988), 329–347.  
11. Wriggers, P., Simo, J.C.: A General Procedure for the Direct Computation of Turning and Bifurcation Points, Int. J. Num. Meth. 
Engng. 30 (1990), 155–176.  
12. Schweizerhof, K. H., Wriggers, P.: Consistent Linearization for Path Following Methods in Nonlinear FE Analysis, Comp. Meth. 
Appl. Mech. Engng. 59 (1986), 261–279.  
13. Keller, H. B.: Numerical Solution of Bifurcation and Nonlinear Eigenvalue Problems. In: Rabinowitz, P. (ed.): Application of 
Bifurcation Theory, Academic Press, New York (1977), 359–384. 
14. Rheinboldt, W. C.: Numerical Analysis of Continuation Methods for Nonlinear Structural Problems, Comp. & Struct. 13 (1981) 
103–113.  



15. Riks, E.: Some Computational Aspects of Stability Analysis of Nonlinear Structures, Comp. Meth. Appl. Mech. Engng. 47 (1984), 
219–260.  
16. Batoz, J. L., Dhatt, G.: Incremental Displacement Algorithms for Non-Linear Problems, Int. J. Num. Meth. Engng., 14 (1979), 
1262–1267.  
17. Fried, I.: Orthogonal Trajectory Accession to the nonlinear Equilibrium Curve, Comp. Meth. Appl. Mech. Engng. 47 (1984) 283–
297.  
18. Wagner, W.: Zur Behandlung von Stabilitätsproblemen der Elastostatik mit der Methode der Finiten Elemente, Forschungs-und 
Seminarberichte aus dem Bereich der Mechanik der Universität Hannover, F91 /1 (1991). 
19. Zienkiewicz O. C., Taylor, R. L.: The Finite Element Method, Vol.1–2, 4. Edn., Mc Graw-Hill, London, 1989/1991.  
20. Simo, J. C., Wriggers, P., Schweizerhof, K., Taylor, R. L.: Finite Deformation Postbuckling Analysis Involving Inelasticity and 
Contact Constraints, Int. J. Num: Meth. Engng., 23 (1986), 779–800.  
21. Wagner, W.: A simple Finite Element Model for Beams with Finite Rotations, in preparation. 
22. Wagner, W.: A Finite Element Model for Nonlinear Shells of Revolution with Finite Rotations, Int. J. Num. Meth. Engng. 29 
(1990), 1455–1471.  
23. Brendel, B., Ramm, E.: Nichtlineare Stabilitätsuntersuchungen mit der Methode der finiten Elemente, Ing. Archiv 51 (1982), 337–
362.  
24. Hildebrandt, T. IL, Graves, L. M.: Implicit Functions and their Differentials in General Analysis. A.M.S. Transactions 29 (1927), 
127–153.  
25. Chan, T. F.: Deflation Techniques and Block-Elimination Algorithms for Solving Bordered Singular Systems, SIAM, J. Sci. Stat. 
Comput. 5 (1984), 121–134.  
26. Koiter W. T.: On the Stability of Elastic Equilibrium, Translation of ‘Over de Stabiliteit von het Elastisch Evenwicht’, Polytechnic 
Institute Delft, H. J. Paris Publisher Amsterdam 1945, NASA TT F-10, 833, 1967. 
27. Jepson A. D., Spence, A.: Folds in Solutions of two Parameter Systems and their Calculation, SIAM, J. Numer. Anal. 22 (1985), 
347–369.  
28. Dennis, J. E., Schnabel, R. B.: Numerical Methods for Unconstrained Optimization and Nonlinear Equations, Prentice-Hall Inc., 
Englewood Cliffs, New Jersey (1983).  
29. Abbott, J. P.: An Efficient Algorithm for the Determination of certain Bifurcation Points, J. Comp. Appl. Math. 4 (1978), 19–27.  
30. Werner, B., Spence, A.: The Computation of Symmetry-Breaking Bifurcation Points, SIAM J. Num. Anal. 21 (1984), 388–399.  
31. Weinitschke, H. J.: On the Calculation of Limit and Bifurcation Points in stability Problems of Elastic Shells, Int. J. Solids Struct. 
21 (1985), 79–95.  
32. Stein, E., Wagner, W., Wriggers, P.: Concepts of Modeling and Discretization of Elastic Shells for Nonlinear Finite Element 
Analysis, in: Proceedings of the Mathematics of Finite Elements and Applications VI MAFELAP 1987 Conference, ed. J. R. 
Whiteman, Academic Press, London (1988), 205–232. 
33. Horrigmoe, G.: Finite Element Analysis of Free-Form Shells, Rep. No. 77–2, Inst. for Statikk, Division of Structural Mechanics, 
The Norwegian Instiute of Technology, University of Trondheim, Norway. 
34. Noor, A. K.: Recent Advances in Reduction Methods for Nonlinear Problems, Comp. & Struct. 13 (1981) 31–44.  
35. Belytschko, T., Tsay, C. S.: A Stabilization Procedure for the Quadrilateral Plate Element with One—Point Quadrature. Int. J. 
Num. Meth. Engng., 19 (1983), 405–419.  
36. Wagner, W.: Zur Formulierung eines Zylinderschalenelementes mit vollständig reduzierter Integration, ZAMM, 68 (1988), T430–
433. 
 
 
F. Gruttmann (1), W. Wagner (1), L. Meyer (1) and P. Wriggers (2) 
(1) Institut fuer Baumechanik und Numerische Mechanik, Universität Hannover, Applstr, 9A, D-30167, 
Hannover, Germany 
(2) Institut fuer Mechanik, Technische Hochshule Darmstadt, Hochschulstr. 1, D-64289, Darmstadt, Germany 
“A nonlinear composite shell element with continuous interlaminar shear stresses”, Computational Mechanics, 
Vol. 13, No. 3, 1993, pp.175-188, doi: 10.1007/BF00370134 
ABSTRACT: A numerical model for layered composite structures based on a geometrical nonlinear shell theory 
is presented. The kinematic is based on a multi-director theory, thus the in-plane displacements of each layer are 
described by independent director vectors. Using the isoparametric apporach a finite element formulation for 
quadrilaterals is developed. Continuity of the interlaminar shear stresses is obtained within the nonlinear 
solution process. Several examples are presented to illustrate the performance of the developed numerical 
model. 
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ABSTRACT: A numerical model for the nonlinear analysis of thick laminates is presented. Using a 



multiplicative decomposition of the displacement vector in shell space, the 3D problem is reduced to a 2D 
problem. Although the total number of degrees of freedom is comparable to 3D brick elements this approach 
provides several advantages, e.g. a simplified mesh generation due to a 2D-type data structure and a better 
bending behavior. The developed isoparametric quadrilateral finite element is capable of predicting interlaminar 
stresses and local effects. Several linear and nonlinear examples are presented to illustrate the performance of 
the developed numerical model. 
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ABSTRACT: A numerical model for the non-linear analysis of laminates is presented. The developed element 
is based on piecewise polynomial interpolation in thickness direction. Although the total number of degrees of 
freedom is comparable to a discretization with 3D brick elements this approach provides several advantages, 
e.g. a simple mesh generation due to a 2D-type data structure and a better bending behavior. The developed 
isoparametric quadrilateral finite element allows prediction of the complete stress state. Furthermore, a 
transition element is presented which is used to couple the developed element with 5-parameter shell elements. 
Several linear and non-linear examples are presented to illustrate the performance of the developed numerical 
model. 
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and Methods in Mathematical Physics. TEUBNER-TEXTE zur Mathematik. Vieweg+Teubner Verlag, 
Wiesbaden, https://doi.org/10.1007/978-3-322-85161-1_18  
ABSTRACT: Moderate and finite rotation theories [7] [4] [6] are available including the finite element analysis, 
especially the treatment of shear locking problems. The five parameter shell model used in this paper is based 
on geometrically non-linear Reissner-Mindlin kinematics where the finite element formulation may be derived 
using the Biot— or 2. Piola— Kirchhoff stress resultants, alternatively. The description of finite rotations of the 
shell normal is expressed in terms of a scew-symmetric tensor. 
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ABSTRACT: In this paper a finite shell element for large deformations is presented based on extensible director 
kinematics. The essential feature is an interface to arbitrary three-dimensional material laws. The non-linear 
Lagrangian formulation is based on the three-field variational principle, parametrized with the displacement 
vector, enhanced Green-Lagrangian strain tensor and second Piola Kirchhoff stress tensor. The developed 
quadrilateral shell element is characterized by a course mesh accuracy and distortion insensitivity compared 
with bilinear displacement approaches. Furthermore, plane stress response is approximately recovered in the 
asymptotic case of vanishing thickness. A number of example problems investigating large deformation as well 
as finite strain applications are presented. Compressible and incompressible hyperelastic materials of the St. 
Venant-Kirchhoff, Neo-Hookean and Mooney-Rivlin type are particularly used. 
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VIII Interntional Conference on Computational Plasticity (COMPLAS VIII), E. Enate and D.R.J. Owen, 
Editors, CIMNE, Barcelona, 2005 
ABSTRACT: The paper deals with the nonlinear finite element analysis of thin shells. Numerical tests show the 
advantages of the developed mixed hybrid quadrilateral element. The essential feature of the element 
formulation is the robustness in nonlinear computations with large rigid body motions. It allows very large load 
steps in comparison to standard displacement models or enhanced strain models.  
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ABSTRACT: In this paper we consider compressed flat thin films on rigid substrates. Residual compressive 
stresses arising e.g. from temperature loading are the driving quantities of the irreversible delamination process. 
A Reissner–Mindlin shell formulation is used as a model for the thin film, since small geometrical 
imperfections are considered to initiate buckling. For the interface we postulate the existence of a cohesive free 
energy as a function of the opening displacement vector and internal variables. The irreversible delamination 
process is described using a cohesive law of exponential type, where the parameters depend on the combination 
of the modes I, II and III. In order to analyse the delamination process exactly we use the energy criterion of the 
steady-state growth. 
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ABSTRACT: The delamination process of thin films on rigid substrates is investigated. Such systems are 
typically subject to high residual compression and modest adhesion causing them to buckling driven blisters. In 
certain cases buckles with the shape of telephone cords are observed. A finite element model for quasI-static 
delamination growth is developed. Applying a Reissner-Mindlin shell kinematic for the film allows C 0 -  
continuous shape functions. The traction vector at the film-substrate interface is obtained from the derivative of 
a cohesive free energy. Incorporation of loading and unloading conditions is considered for the irreversible 
process. The equilibrium state is computed iteratively in dependence of the compressive residual stresses. The 
computed telephone cord delaminations are stable asymmetric configurations whereas the symmetric 
configurations are unstable. 
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ABSTRACT: Based on the kinematic assumptions of Mindlin–Reissner a three–field variational formulation with 
independent displacements, stress resultants and shell strains is presented. Within the finite element formulation 
the interpolation of the independent shell strains consists of two parts. The first part corresponds to the 
interpolation of the stress resultants. Within the second part thickness strains are incorporated, which allows 
direct implementation of nonlinear three-dimensional constitutive equations. A mixed hybrid quadrilateral shell 
element is formulated. The essential feature of the element is the remarkable robustness in nonlinear 
applications. 
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ABSTRACT: In this paper, a practical test and finite element analysis has been undertaken to further investigate 
the effects of contact buckling. A test rig was designed and constructed to record vertical and transverse 
deflections of compressively loaded steel skin plates. The boundary conditions were modeled as fully fixed. A 
finite element analysis was also undertaken using the software package Strand7. Results from both analyses 
have been examined and compared to data established from previous studies on contact buckling. Both the 
finite element analysis and practical results correlate well with this data. The result of the investigation has 
confirmed contact buckling theories and has foreshadowed the onset of the newly observed phenomenon of 
secondary contact buckling. 
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ABSTRACT: Many engineering structures exhibit loss of stability under static and dynamic loading. Due to the 
significance of these phenomena in engineering design this topic has attracted considerable attention during the 
last decades. In recent years much effort has been made to devise algorithms within finite element analysis to 
investigate the static stability behaviour of structures. With these methods stable and unstable paths can be 
traced, and limit or bifurcation points can be computed efficiently. The associated arc-length or branch-
switching procedures are today standard tools in existing finite element codes. 
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ABSTRACT: In this paper a class of non-linear problems is discussed where stability as well as post-buckling 
behaviour is coupled with contact constraints. The contact conditions are introduced via a perturbed Lagrangian 
formulation. From this formulation the penalty and Lagrangian multiplier method are derived. Both algorithms 
are investigated together with an algorithm based on an augmented Lagrangian method. The resulting finite 
element formulation is applied to structural problems of beams and shells undergoing finite elastic deflections 
and rotations. For the examination of the post-buckling behaviour the arc-length method is used. The 
performance of the element formulation and a comparison of the different contact algorithms are demonstrated 
by numerical examples. 
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ABSTRACT: The practical behaviour of problems exhibiting bifurcation with secondary branches cannot be 
studied in general by using standard path-following methods such as arc-length schemes. Special algorithms 
have to be employed for the detection of bifurcation and limit points and furthermore for branch-switching. 
Simple methods for this purpose are given by inspection of the determinant of the tangent stiffness matrix or the 
calculation of the current stiffness parameter. Near stability points, the associated eigenvalue problem has to be 
solved in order to calculate the number of existing branches. The associated eigenvectors are used for a 
perturbation of the solution at bifurcation points. This perturbation is performed by adding the scaled 
eigenvector to the deformed configuration in an appropriate way. Several examples of beam and shell problems 
show the performance of the method. 
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ABSTRACT: In the analysis of nonlinear elastic shells often the stability and postbuckling behaviour governs 
the response. Here we discuss problems which also include contact constraints. A nonlinear cylindrical shell 
element is derived directly from the associated shell theory using one point integration and a stabilization 
technique. Within a general solution algorithm a simple but effective branch-switching procedure is presented. 
Additional considerations allow the treatment of bifurcation problems with contact constraints. Several 
examples of beam and shell problems show the performance of the developed algorithms and elements. 
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9A, D-3000 Hannover 1, Germany), “A new finite element formulation for cylindrical shells of composite 
material”, Composites Engineering, Vol. 3, No. 9, 1993, pp. 899-910, doi:10.1016/0961-9526(93)90047-N 
ABSTRACT: In this paper we discuss theoretical and numerical aspects of the formulation of a cylindrical shell 
element for composite materials. The element is based on a direct introduction of the finite element approach 
into the shell equations, especially for the base vectors, see Simo, J. C. et al. (1989–1992) [Comp. Meth. Appl. 
Mech. Engng (Part I) 72, 267–304, (Part II) 73, 53–92, (Part III) 79, 21–70, (Part IV) 81, 91–126, (Part V) 96, 
133–171] and Gruttmann et al. (1989) [Ing. Arch. 59, 54–67]. Introducing the special geometry of cylinders we 
end up with a simple but highly accurate element which can be formulated in an easy way and which shows 
excellent convergence behavior in linear and nonlinear problems. 
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buckling analysis”, Communications in Numerical Methods in Engineering, Vol. 11, No. 2, February 1995, 
pp.149–158. doi: 10.1002/cnm.1640110208 
ABSTRACT: The investigation of the non-linear response of shell-like structures requires insight into stability 
behaviour. In the paper we compare two strategies to compute singular points based on different eigenvalue 
problems. We show a simple algorithm to calculate critical load factors A used in engineering buckling analysis 
from the eigenvalues of the standard eigenvalue problem…Some numerical examples illustrate the derived 
results and algorithms. 
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Germany), “A geometrically non-linear piezoelectric solid shell element based on a mixed multi-field 
variational formulation”,  International Journal for Numerical Methods in Engineering, Vol. 65, No. 3, January 
2006, pp. 349–382. doi: 10.1002/nme.1447 
ABSTRACT: This paper is concerned with a geometrically non-linear solid shell element to analyse 
piezoelectric structures. The finite element formulation is based on a variational principle of the Hu–Washizu 
type and includes six independent fields: displacements, electric potential, strains, electric field, mechanical 
stresses and dielectric displacements. The element has eight nodes with four nodal degrees of freedoms, three 
displacements and the electric potential. A bilinear distribution through the thickness of the independent electric 
field is assumed to fulfill the electric charge conservation law in bending dominated situations exactly. The 
presented finite shell element is able to model arbitrary curved shell structures and incorporates a 3D-material 
law. A geometrically non-linear theory allows large deformations and includes stability problems. Linear and 
non-linear numerical examples demonstrate the ability of the proposed model to analyse piezoelectric devices. 
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Gothenburg, Sweden), “Buckling analysis of trapezoidally corrugated panels using spline finite strip method”, 
Thin-Walled Structures, Vol. 18, No. 3, 1994, pp. 209-224, doi:10.1016/0263-8231(94)90019-1 
ABSTRACT: Buckling of trapezoidally corrugated panels under in-plane loading is analyzed by a spline finite 
strip method. The influence on the elastic buckling load of various parameters, such as geometry. loading forms 
and boundary conditions, etc., is studied. It is found that: (1) for longitudinal compression the buckling load 
increases with the corrugation angle alpha, and for a given alpha the highest buckling load is achieved when the  
“proportion parameter” y = 1; (2) for shear loading the buckling load increases as alpha increases, and for a 
given alpha the highest buckling load is obtained when y = 2; and (3) for a combined loading of compression 
and shear, interactive curves can be approximated by unit circles when alpha = 15, 30, 45, 60 and 90 degrees. 
However, when alpha = 75 degrees a parabola seems to be a better approximation. Based on the numerical 
experiments, simplified formulae and interactive curves are suggested for practical design. 
 
 
Bo L. O. Edlund (Chalmers University of Technology, Göteborg, Sweden), “Buckling of metallic shells: 
Buckling and postbuckling behaviour of isotropic shells, especially cylinders” (a review paper), Structural 
Control and Health Monitoring, Vol. 14, No. 4, pp. 693-713, June 2007, 
doi: 10.1002/stc.202 
ABSTRACT: The large discrepancies between observed buckling loads for thin shells and the predictions of the 
classical theory have been a great challenge to many researchers since the 1920s. In this paper, the basic 
behaviour and characteristics are described and recent research, mainly from the last 10 years, is reviewed. The 
focus is on cylindrical shells and on the influence of initial imperfections on the buckling behaviour.  
 
 
M.M. Alinia and S.H. Moosavi (Department of Civil Engineering, Amirkabir University of Technology, 
Tehran, Iran), “Stability of longitudinally stiffened web plates under interactive shear and bending forces”, 



Thin-Walled Structures, Vol. 47, No. 1, pp 53-60, January 2009, DOI: 10.1016/j.tws.2008.05.005 
ABSTRACT: Local buckling of web plates having a longitudinal stiffener in different positions under 
simultaneous shear and in-plane bending is investigated. The interaction study is carried out by both numerical 
simulation of the problem utilizing finite element method, and by an analytical procedure based on energy 
method using trigonometric functions. Interaction curves show that the existence of small amounts of in-plane 
bending may increase the shear buckling capacity, and that the introduction of a longitudinal stiffener 
significantly increases the critical stress of web plates. Also a very good correlation between the proposed 
energy method and the finite element method is obtained. 
 
 
M.M. Alinia, A. Gheitasi and Maryam Shakiba (Dept. of Civil Engineering, Amirkabir University of 
Technology, Tehran, Iran), “Postbuckling and ultimate state of stresses in steel plate girders”, Thin-Walled 
Structures, Vol. 49, pp 455-464, 2011, DOI: 10.1016/j.tws.2010.12.008  
ABSTRACT: In [1], nonlinear large deflection finite element analysis was implemented to depict the 
characteristics of the shear failure mechanism of steel plate girders. That paper aimed at clarifying how–when–
why and where plastic hinges form in flanges. The present paper extends those results to the state of stresses in 
web plates. It is shown that although the principal compressive stresses in the center of the web plates remain 
constant after an elastic buckling, they do increase considerably in other regions. In addition, the angles at 
which tension fields form; and the ultimate strength of plate girders is discussed and compared to those obtained 
by different theoretical and experimental hypotheses.  
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“Buckling and postbuckling behavior of unstiffened slender curved plates under uniform shear”, Thin-Walled 



Structures, Vol. 49, No. 8, April 2011, pp. 1017-1031, doi:10.1016/j.tws.2011.03.007 
ABSTRACT: Buckling and postbuckling behavior of curved plates under in-plane shear are investigated. After 
revisiting classic elastic buckling results, the elastoplastic postbuckling behavior and the effects of curvature 
parameter and aspect ratio are simulated via geometrical and material nonlinear analyses. Imperfection 
sensitivity is studied for various imperfection shapes and magnitudes. An increase in curvature parameter raises 
the elastic buckling load, produces unstable buckling and reduces postbuckling reserves. The buckling load and 
shear capacity are higher in shorter plates. Small initial imperfections are found to have severe effects on the 
initial buckling load of plates with large curvature parameter, but little effect on ultimate postbuckling capacity. 
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“Collapse analysis of thin walled cylindrical steel shells subjected to constant shear stress”, Computers & 
Structures, Vol. 82, Nos. 29-30, November 2004, pp. 2463-2470, doi:10.1016/j.compstruc.2004.08.005 
ABSTRACT: Two principal possibilities for analyzing the structural response of quasi-statically loaded steel 
shell structures to different actions are available: the commonly used static path tracing and the dynamic 
analysis with slowly changing loads, i.e. quasi-static loading. However, the failure process of thin-walled shells 
can often not be traced into the deep post-buckling area with static methods. The current research is focused on 
a thin-walled circular cylindrical steel shell collapse analysis under constant shear loading. It is shown that it is 
possible to overcome the difficulties and inconsistencies of the static analysis by using quasi-static analysis. 
This method allows to distinguish local and global instability points and to determine too the experimentally 
observed post-buckling strength. 
 
 
M.R. Eslami and M. Shariyat (Mechanical Engineering Department, Amirkabir University of Technology, 
(Tehran Polytechnic), 424 Hafez Avenue, Tehran 15914, Iran), “A high-order theory for dynamic buckling and 
postbuckling analysis of laminated cylindrical shells”, Journal of Pressure Vessel Technology, Vol. 121, No. 1, 
pp 94-102, February 1999 
ABSTRACT: Using a high-order Reissner-Mindlin-type shear deformation theory in a power series form, the 
general large deformation form of the Green strain tensor for imperfect cylindrical shells is introduced. Then, 
based on Hamilton’s principle, the equations of motion are derived for laminated composite shells. Related 
constitutive equations are also proposed. In this formulation, temperature dependency of material properties is 
considered, too. No simplifications are made in solving the coupled nonlinear equations of motion. Finally, few 
examples of the well-known references are reconsidered for comparison purposes. 
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“Buckling of imperfect functionally graded plates under in-plane compressive loading”, Thin-Walled 
Structures, Vol. 43, No. 7, July 2005, pp. 1020-1036, doi:10.1016/j.tws.2005.01.002 
ABSTRACT: Buckling behavior of rectangular functionally graded plates with geometrical imperfections is 
studied in this paper. The equilibrium, stability, and compatibility equations of an imperfect functionally graded 
plate are derived using the classical plate theory. It is assumed that the nonhomogeneous mechanical properties 
of the plate, graded through thickness, are described by a power function of the thickness variable. The plate is 
assumed to be under in-plane compressive loading. Simultaneous solving of the stability and compatibility 
equations in conjunction with the equilibrium equations leads to the buckling relation of the plate. The critical 
buckling load of a sample plate is obtained and compared for different geometrical ratios. The results are 
reduced and compared with the results of perfect functionally graded and imperfect isotropic plates. 
 



 
B.A. Samsam Shariat and M.R. Eslami (Mechanical Engineering Department, Amirkabir University of 
Technology, Tehran 15914, Iran), “Thermal buckling of imperfect functionally graded plates”, International 
Journal of Solids and Structures, Vol. 43, Nos. 14-15, July 2006, pp. 4082-4096, 
doi:10.1016/j.ijsolstr.2005.04.005 
ABSTRACT: Thermal buckling analysis of rectangular functionally graded plates (FGPs) with geometrical 
imperfections is presented in this paper. The equilibrium, stability, and compatibility equations of an imperfect 
functionally graded plate are derived using the classical plate theory. It is assumed that the nonhomogeneous 
mechanical properties of the plate, graded through thickness, are described by a power function of the thickness 
variable. The plate is assumed to be under three types of thermal loading as uniform temperature rise, nonlinear 
temperature rise through the thickness, and axial temperature rise. Resulting equations are employed to obtain 
the closed-form solutions for the critical buckling temperature change of an imperfect FGP. The results are 
reduced and compared with the results of perfect functionally graded and imperfect isotropic plates. 
 
 
B.A. Samsam Shariat and M.R. Eslami (Mechanical Engineering Department, Amirkabir University of 
Technology, P.O. Box 15875-4413, 424 Hafez Avenue, Tehran 15914, Iran), “Buckling of thick functionally 
graded plates under mechanical and thermal loads”, Composite Structures, Vol. 78, No. 3, May 2007, pp. 433-
439, doi:10.1016/j.compstruct.2005.11.001 
ABSTRACT: Buckling analysis of rectangular thick functionally graded plates under mechanical and thermal 
loads is presented in this paper. It is assumed that the non-homogeneous mechanical properties vary linearly 
through the thickness of the plate. The plate is assumed to be under three types of mechanical loadings, namely; 
uniaxial compression, biaxial compression, and biaxial compression and tension and two types of thermal 
loadings, namely; uniform temperature rise and non-linear temperature rise through the thickness. The 
equilibrium and stability equations are derived using the third order shear deformation plate theory. Resulting 
equations are employed to obtain the closed-form solution for the critical buckling load for each loading case. 
The results are verified with the known data in the literature. 
 
 
Hemendra Kumar Jain, “Laminated Composite Stiffened Panels Application and Behaviour”, Master’s thesis, 
Dept. of Civil Engineering, Indian Institute of Technology Roorkee, August 2009 
ABSTRACT: Composite materials are formed by the combination of two or more materials that retain their 
respective characteristics when combined together to achieve desired properties (physical, chemical, etc.) that 
are superior to those of individual constituents. The main components of composites are reinforcing agents and 
matrix. Composites have high strength-to-weight ratio and high stiffness-to-weight ratio as compared to 
conventional materials. Composite are used in many sectors like civil, aerospace, automobiles, marine, medical 
and power transmission etc., but in this paper more emphasis is given on structural applications. This seminar 
presents the literature review of application and behaviour of laminated composite material in structural 
members. Being a thin walled structure, their behaviour is governed by stability criteria. Here a brief review of 
stability behaviour of laminated composite stiffened panels is presented along with addition the knowledge are 
also identified into which more comprehensive analysis is needed.  
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Mana Behnamasl, “Comparison of the behaviour of curved and straight types of steel shell roof structures”, 
Master’s thesis, Dept. of Civil Engineering, Eastern Mediterranean University, Cazimagusa, North Cyprus, 
2010 
ABSTRACT: In this research, the straight and curved models of the steel shell roof with different plates were 
analysed, designed and the results were compared with one another. Through this exercise it is aimed at 
achieving an ideal shell roof structure which could cover a larger surface. Therefore, three types of shell roofs 
were considered duopitch, cylindrical and dome and the main objective was to compare the straight and curved 
model of the shells. According to the findings of the literature review, this is the first time for such comparison 
to be carried out among the basic types (duopitch, cylindrical, dome) of shell roof structure. In addition to the 
advantage of covering large openings the shell roof structures also use the least materials to do this. Most of its 
resistance against the forces imposed on it is due to its curved surface. It is this particular characteristic of the 
shell structures that has been attracting architects and civil engineers more in the recent years. This research 
shows how effective the curved surfaced shell roof can be with different angles in helping the structure to 
resistance its self weight and applied loads. Moreover, it also indicates under which conditions a particular 
structure can be more reliable. This kind of shell roof is not common in all shapes and each model needs special 
characteristics. When all the comparisons were made, an optimal structure with the largest span of shell roof 
and resistance to loads was obtained. In this research, three different angles were used in three shell roof models 
in simple and general conditions and the results were compared in order that a structure with ideal condition can 
be obtained in future while basic conditions also need to be understood. For each shell roof type, three plates 
were considered for analyses and designed. A metal box with either 5cm or 7cm I-section edges, each box has 
0.5m length and breadth and I-section edges with either 0.05m or 0.07m height and 0.003m thickness. A metal 
box with L-section edges, each box has 0.5m length and breadth and L section edge with 0.05m height and 
0.02m edge and 0.03m thicknesses. The comparison between these plates indicates the load carrying capacity 
and span capability of the structures. When all different shell roof types are able to cover the same opening, 
then it is these plates which determine the weight and the amount of stresses in the structure. The research 
showed that it is necessary and important to consider the maximum possible loads these structures could carry 
and also to find out the maximum span and the loads that these types of structures can tolerate. This kind of 
design is very economic in shell structures and has the capability of replacement and frequent usage in different 
areas while the other structures do not have this ability.  
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University of Technology, Daneshgah Boulevard, Shahrood, Iran), “Numerical and experimental investigations 
on buckling of steel cylindrical shells with elliptical cutout subject to axial compression”, Thin-Walled 
Structures, Vol. 46, No. 11, November 2008, pp. 1251-1261, doi:10.1016/j.tws.2008.02.005 
ABSTRACT: The effect of cutouts on load-bearing capacity and buckling behavior of cylindrical shells is an 
essential consideration in their design. In this paper, simulation and analysis of thin steel cylindrical shells of 
various lengths and diameters with elliptical cutouts have been studied using the finite element method and the 
effect of cutout position and the length-to-diameter (L/D) and diameter-to-thickness (D/t) ratios on the buckling 



and post-buckling behavior of cylindrical shells has been investigated. For several specimens, buckling test was 
performed using an INSTRON 8802 servo hydraulic machine and the results of experimental tests were 
compared to numerical results. A very good correlation was observed between numerical simulation and 
experimental results. Finally, based on the experimental and numerical results, formulas are presented for 
finding the buckling load of these structures. 
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Shahroud, Iran), “Numerical and experimental investigation on ultimate strength of cracked cylindrical shells 
subjected to combined loading”, ISSN pp. 1392 - 1207. MECHANIKA. 2010. No. 4 (84) 
ABSTRACT: Shell structures have been widely used in pipelines, aerospace and marine structures, large dams, 
shell roofs, liquid-retaining structures and cooling towers [1]. Buckling is one of the main failure considerations 
when designing these structures [2]. At first, researchers focused on the determination of the buckling load in 
the linear elastic zone, but experimental studies showed that the buckling capacity of thin cylindrical shells is 
much lower than the amount determined in the classic theories [3, 4]. Shell structures, like other types of 
structures, are usually susceptible to various types of defects and damages such as initiation and propagation of 
cracks, corrosion, chemical attack and time-dependent material degradation, which impair their structural 
soundness. The presence of cracks in a shell structure can play the role of geometrical imperfection and thus 
reduce the load carrying capacity of the shell structure [5-7]…. 
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Shariati M. and Rokhi M.M. (Dept. of Mechanical Engineering, Shahrood University of Technology, Shahrood, 
Iran), “Buckling of Steel Cylindrical Shells with an Elliptical Cutout”. International Journal of Steel Structures, 
10(2), 193-205 (2010) 
ABSTRACT: Numerical simulation and analysis of steel cylindrical shells with various diameter and length 
having an elliptical cutout, subjected to axial compression were systematically carried out in this paper. The 
investigation examined the influence of the cutout size, cutout angle and the shell aspect ratios L/D and D/t on 
the pre-buckling, buckling, and post-buckling responses of the cylindrical shells. For several specimens, an 
experimental investigation was also carried out via an INSTRON 8802 servo hydraulic machine and the results 
obtained from the experiments were compared with numerical results. A very good accordance was observed 
between the results obtained from the finite element simulation and the experiments. Furthermore, some 
equations in the form of a buckling load reduction factor were developed. 
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Rasmussen, K. J. R., Burns, T., Bezkorovainy, P., and Bambach, M. R. (Department of Civil Engineering, 
University of Sydney). “Recent Research on the Local Buckling of Cold-formed Stainless Steel Sections.” 
International Journal of Steel Structures, 5(1), pp. 87–100, 2003 
ABSTRACT: Research at the University of Sydney in the stainless steel area has for the last three years 
concentrated on the local buckling strength of stainless steel plates with application to cold-formed sections. 
The research has encompassed tests on single stainless steel plates, and the finite element modelling of stainless 
steel plates. Research was also carried out to determine the stress-strain curves for stainless steel materials over 
the full strain range solely in terms of the Ramberg-Osgood parameters (n, s0.2, E0). Advanced finite element 
models have been used to derive direct expressions for the plate strength in terms of the Ramberg-Osgood 
parameters using a modified Winter curve. The explicit plate strength equations showed that as a result of 
gradual yielding, the strength of stainless steel plates is reduced below the strength of carbon steel plates, as 
predicted by the standard Winter equation, by up to 13% depending on the alloy and cold-working history. Most 
recently, the explicit strength equations were applied to cold-formed sections and design models were proposed 
for determining the strength of such sections. It was shown that the corners of cold-formed sections play a more 
important role for stainless steel sections than for carbon steel sections because the corner areas can be cold-
worked to much higher strengths than in the case of carbon steel sections. Because of the enhanced mechanical 
properties of the corners, the standard Winter equation can in many cases be used safely for the design of cold-
formed stainless steel sections. There are however a number of exceptions, which have been identified. The 
present paper summarises the research on the local buckling strength conducted at the University of Sydney 
over the last three years.  
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M.R. Bambach, H.H. Jama and Mohamed Elchalakani, “Axial capacity and design of thin-walled steel SHS 
strengthened with CFRP”, Thin-Walled Structures, Vol. 47, No. 10, pp 1112-1121, October 2009 
DOI: 10.1016/j.tws.2008.10.006 
ABSTRACT: Carbon fibre reinforced polymer (CFRP) strengthening of structures has been gaining increasing 
interest, traditionally applied to concrete structures, and more recently applied to steel structures. This paper 
describes 20 experiments on short, axially compressed square hollow sections (SHS) cold-formed from G450 
steel and strengthened with externally bonded CFRP. The SHS were fabricated by spot-welding and had plate 
width-to-thickness ratios between 42 and 120, resulting in plate slenderness ratios between 1.1 and 3.2. Two 
different matrix layouts of the CFRP were investigated. It is shown that the application of CFRP to slender 
sections delays local buckling and subsequently results in significant increases in elastic buckling stress, axial 
capacity and strength-to-weight ratio of the compression members. The experiments are an extension of a 
previous study [Bambach MR, Elchalakani M. Plastic mechanism analysis of steel SHS strengthened with 
CFRP under large axial deformation. Thin-Walled Structures 2007;45(2):159–70] in which 25 commercially 
produced SHS with plate slenderness values between 0.3 and 1.6 were strengthened with CFRP in the same 
manner. A design method is developed whereby the theoretical elastic buckling stress of the composite steel–



CFRP sections is used to determine the axial capacity, and is shown to compare well with the 45 test results. A 
reliability analysis shows the method to be suitable for design. 
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M. Shariati and H.R. Allahbakhsh (Mechanical Department, Shahrood University of Technology, Shahrood, 
Iran), “Numerical and experimental investigations on the buckling of steel semi-spherical shells under various 
loadings”, Thin-Walled Structures, Vol. 48, No. 8, August 2010, pp. 620-628, doi:10.1016/j.tws.2010.03.002 
ABSTRACT: In this paper, the buckling and post-buckling of steel thin-walled semi-spherical shells are 
investigated under different loadings, both experimentally and numerically. Various vertical compression 
loadings are applied to specimens using the following methods: a rigid flat plate and some rigid bars with 
circular, square and spherical cross sections, a rigid tube, a plate with a hole, and an indented tube. The effects 
of geometrical parameters of specimens on the buckling load, such as the diameter and thickness, are studied. 
The numerical analysis is carried out by ABAQUS software and the experimental tests are performed using an 
Instron 8802 servo-hydraulic machine. The numerical and experimental results are similar to one another. 
Therefore, the numerical results are valid. 



 
 
M. Shariati, J. Saemi, M. Sedighi and H. R. Eipakchi, “Experimental and numerical studies on buckling and 
post-buckling behavior of cylindrical panels subjected to compressive axial load”, Strength of Materials, Vol. 
43, No. 2, 2011, pp. 190-200, doi: 10.1007/s11223-011-9285-x 
ABSTRACT: The effects of the length, sector angle, and different boundary conditions on the buckling load 
and post buckling behavior of cylindrical panels have been investigated using experimental and numerical 
methods. The experimental tests have been performed using a servo-hydraulic machine, Instron 8808, and for 
numerical analysis, Abaqus finite element package has been used. The numerical results are in good agreement 
with the experimental tests. 
 
 
M. Shariati, M. Sedighi, J. Saemi and A. K. Poorfar (Mechanical Engineering Faculty, Shahrood University of 
Technology, Shahrood, Iran), “Numerical Analysis and Experimental Study of Buckling Behavior of Steel 
Cylindrical Panels”, Steel Research International, Vol. 82, No. 3, March 2011, pp. 202–212,  doi: 
10.1002/srin.201000071 
ABSTRACT: The effects of the length, sector angle and different boundary conditions on the buckling load and 
post buckling behavior of cylindrical panels have been investigated using experimental and numerical methods. 
The experimental tests have been performed using a servo hydraulic machine and for numerical analysis, 
Abaqus finite element package has been used. The numerical results are in good agreement with the 
experimental tests. 
 
 
Allahbakhsh, Hamidreza; Shariati, Mahmoud, “Buckling of cracked laminate 3d composite cylindrical shells 
subjected to combined loading”, http://adsabs.harvard.edu/abs/2012ApCM..tmp...57A, The Smithsonian/NASA 
Astrophysiucs Data System, DOI: 10.1007/s10443-012-9300-9 
ABSTRACT: A series of finite element analysis on the cracked composite cylindrical shells under combined 
loading is carried out to study the effect of loading condition, crack size and orientation on the buckling 
behavior of laminated composite cylindrical shells. The interaction buckling curves of cracked laminated 
composite cylinders subject to different combinations of axial compression, bending, internal pressure and 
external pressure are obtained, using the finite element method. Results show that the internal pressure increases 
the critical buckling load of the CFRP cylindrical shells and bending and external pressure decrease it. 
Numerical analysis show that axial crack has the most detrimental effect on the buckling load of a cylindrical 
shell and results show that for lower values of the axial compressive load and higher values of the external 
pressure, the buckling is usually in the global mode and for higher values of axial compressive load and lower 
levels of external pressure the buckling mode is mostly in the local mode. 
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“Investigation on Buckling Behavior of Tubular Shells with Circular Cutout, Subjected to Combined Loading”, 
Research Journal of Recent Sciences, Vol. 1, No. 7, pp. 68-76, July 2012 
ABSTRACT: Within this contribution, buckling of tubular steel shells with circular cutout will be analyzed. 
The experimental results will be compared by FEM simulation results within circular cutouts of the specimen. 
The experimental buckling tests have been conducted using a Servo-hydraulic machine (Instron 8802). 
Considering the broad application range of tubular thin-walled shells, prediction of the behavior of these 
elements in combined loading case (especially for buckling behavior) has gained a great level of importance. In 
this study, the influence of shell length, shell diameter, shell angle and diameter of circular cutouts on the 
predicted buckling values for the tubular shell has been explored. Numerical simulations of tubular shell 
subjected to combined loading were conducted. The analytical solutions show excellent agreement with the 
numerical results predicted by FEM. 
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buckling analysis of carbon nanotube-reinforced composite Timoshenko beams on elastic foundation”, 
International Journal of Pressure Vessels and Piping, Vol. 98, pp 119-128, October 2012 
DOI: 10.1016/j.ijpvp.2012.07.012 
ABSTRACT: This study deals with free vibrations and buckling analysis of nanocomposite Timoshenko beams 
reinforced by single-walled carbon nanotubes (SWCNTs) resting on an elastic foundation. The SWCNTs are 
assumed to be aligned and straight with a uniform layout. Four different carbon nanotubes (CNTs) distributions 
including uniform and three types of functionally graded distributions of CNTs through the thickness are 
considered. The rule of mixture is used to describe the effective material properties of the nanocomposite 
beams. The governing equations are derived through using Hamilton's principle and then solved by using the 
generalized differential quadrature method (GDQM). Natural frequencies and critical buckling load are 
obtained for nanocomposite beams with different boundary conditions. Effects of several parameters, such as 
nanotube volume fraction, foundation stiffness parameters, slenderness ratios, CNTs distribution and boundary 
conditions on both natural frequency and critical buckling load are investigated. The results indicate that the 
above-mentioned parameters play a very important role on the free vibrations and buckling characteristics of the 
beam. 
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single-walled carbon nanotubes via a structural mechanics model”, ACTA Mech, Springer-Verlag 2012, 



DOI: 10.1007/s00707-012-0711-3 
ABSTRACT: A structural mechanics model is employed for the investigation of the bending buckling behavior 
of perfect and defective single-walled carbon nanotubes (SWCNTs). The effects of different types of defects 
(vacancies and Stone-Wales defects) at various locations on the critical bending buckling moments and 
curvatures are also studied for zigzag and armchair nanotubes with various aspect ratios (length./diameter). The 
locations of defects are along the length of the nanotube and around the circumference. Moreover, the results of 
this structural mechanics model are compared with a finite element model. The simple continuum model, 
especiall, could be adopted to predict the critical buckling moments and curvatures of SWCNTs with large 
aspect ratio. Finally, the results of the present structural model are compred with those from molecular 
dynamics (MD) simulation, and there is good agreement between our model and the MD model. 
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“Buckling behavior of perfect and defective DWCNTs under axial, bending and torsional loadings via a 
structural mechanics approach”, Meccanica, Vol. 48, No. 8, pp 1959-1974, October 2013 
ABSTRACT: The buckling behavior of perfect and defective double-walled carbon nanotubes (DWCNTs) 
under axial compressive, torsional and bending loadings is investigated using a structural mechanics model. The 
effects of van der Waals (vdW) forces are further modeled using a nonlinear spring element. Critical buckling 
loads, critical buckling moments and the effects of vacancy defects were studied for armchair nanotubes with 
various aspect ratios. The results show that vacancy defects greatly reduce the critical buckling load of 
DWCNTs. The density of defects plays an important role in buckling of DWCNTs. The results of this 
numerical model are in good agreement with their comparable existing works. 
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“Buckling Load Analysis of Oblique Loaded Stainless Steel 316ti Cylindrical Shells with Elliptical Cutout”, 
Research Journal of Recent Sciences, Vol. 1, No. 8, pp. 53-63, August 2012 
ABSTRACT: This paper concerns with experimental and numerical studies on buckling of thin-walled 
cylindrical shells under oblique loading. The buckling loads are obtained from finite element models. 
Experiments are conducted on several Specimens made of stainless steel 316ti by using an INSTRON 8802 
servo-hydraulic machine. Then results are compared. A very good correlation was observed between numerical 
simulation and experimental results. Investigations on buckling and post-buckling behavior of cylindrical shells 
with cutout were carried out for shell length (L), shell diameter (D) and cutout position (CP/L ratio). The 
specimens were constrained by fixtures that design for this result and inserted at both ends, which mimics the 
fixed boundary condition used in the finite element simulations. 
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Q. Dong, Q.M. Li, J.Y. Zheng. “Interactive mechanisms between the internal blast loading and the dynamic 
elastic response of spherical containment vessels”,  International Journal of Impact Engineering, Elsevier, 2010, 
37 (4), pp.349. <10.1016/j.ijimpeng.2009.10.004>. <hal-00657578>  
ABSTRACT: The interactive mechanisms between internal blast loading and dynamic elastic response of 
spherical containment vessels are studied in this paper. The blast loading history in containment vessels can be 
divided into three periods, i.e. the primary-shock period, the shock-reflection period and the pressure-oscillation 
period. It is shown that the initial response of the containment vessel depends on both the impulse and the shape 
of the primary-shock depending on the ratio of the loading period to the breathing mode period. However, 
during the shock-reflection period, the response of the containment vessel can be coupled with the reflected 
shock waves in the vessel, especially when the dominant frequency of reflected shock waves is close to the 
breathing mode frequency of the vessel. During the pressure-oscillation period, the dynamic loading is mainly 
the oscillation of the internal pressure due to the oscillatory volume change of the vessel, which couples 
dissipatedly with the vibration of the vessel leading to reduced vibration amplitudes. The effects of the 
influential non-dimensional parameters on the resonant interaction in shock-reflection period are discussed, 
based on which guidelines are recommended for avoiding the strain growth in the shock-reflection period in the 
design of spherical containment vessels.  
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Ali Dadrasi (Department of Mechanics, Shahrood Branch, Islamic Azad University, Shahrood, Iran), “Energy 
absorption of semi-spherical shells under axial loading”, Australian Journal of Basic and Applied Sciences, 
5(11): 2052-2058, 2011  
 ABSTRACT: This paper treats the dynamic response and energy absorption of aluminum semi-spherical shells 
under axial loading using non-linear finite element techniques. Aluminum and steel spherical shells of various 
radii and thicknesses were made by spinning. The influence of geometrical, material and loading parameters on 
the impact and quasi-static response is investigated using validated numerical models. Also the axial inward 
inversions of semi-spherical shells are investigated. The research information generated will be useful in 
developing guidance towards the design of these devices in impact applications.  
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“Numerical and Experimental Investigation of Loading Band on Buckling of Perforated Rectangular Steel 
Plates”, Research Journal of Recent Sciences, Vol. 1(10), 63-71, October (2012), ISSN 2277-2502 
PARTIAL INTRODUCTION: Thin-walled members are the elements of many engineering structures. They 



become unstable and start to buckle if they subjected under a compressive loads greater than their ultimate 
buckling load. Moreover, some of these members usually have cut outs due to their applications and these 
discontinuities can affect on their stability. The stability analysis of thin-walled structures under axial 
compression has been investigated by some researchers1-3. Obviously, the stability of these structures is 
dependent on the type of support and loading. The buckling and the geometrically nonlinear elasto-plastic 
collapse of perforated plates were investigated using finite element solutions4. Elasto-plastic postbuckling of 
damaged orthotropic plates based on the elasto-plastic mechanics and continuum damage theory have been 
studied5. El-Sawy et al6 employed the FEM to determine the elasto-plastic buckling stress of uniaxially loaded 
square and rectangular plates with circular cutouts. Plates with simply supported edges in the out-of-plane 
direction and subjected to uniaxial end compression in their longitudinal direction were considered. 
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“Buckling of cracked laminated composite cylindrical shells subjected to combined loading”, Appl Compos 
Mater, 2012, DOI: 10.1007/s10443-012-9300-9 
ABSTRACT: A series of finite element analyses on the cracked composite cylindrical shells under combined 
loading is carried out to study the effect of loading condition, crack size and orientation on the buckling 
behavior of laminated composite cylindrical shells. The interaction buckling curves of cracked laminated 
composite cylinders subjected to different combinations of axial compression, bending, internal pressure and 
external pressure are obtained, using the finite element method. Results show that the internal pressure increases 
the critical buckling load of the CFRP cylindrical shells and bending and external pressure decrease it. 



Numerical analyses show that axial crack as the most detrimental effect on the buckling load of a cylindrical 
shell, and results show tht for lower values of the axial compressive load and higher values of the external 
pressure, the buckling is usually in the global mode, and for higher values of axial compressive load and lower 
levels of external pressure the buckling model is mostly in the local mode. 
References listed at the end of the paper: 
1. Hutchinson, J.W., Tennyson, R.C., Muggeridge, D.B.: Effect of local axisymmetric imperfection on the buckling of a cylindrical 
shell under axial compression. AIAA J. 9, 48–52 (1972)  
2. El Naschie, M.S.: Branching solution for local buckling of a circumferentially cracked cylindrical-shell. Int. J. Mech. Sci. 16, 689–
697 (1974)  
3. Estekanchi, H.E., Vafai, A.: On the buckling of cylindrical shells with through cracks under axial load. Thin Wall Struct. 35, 255–
274 (1999)  
4. Weaver, P.M.: Design of laminated composite cylindrical shells under axial compression. Compos. Part B 31, 669–679 (2000)  
5. Geier, B., Meyer-Peiening, H.R., Zimmermann, R.: On the influence of laminated stacking on buckling of composite cylindrical 
shells subjected to axial compression. Compos. Struct. 55, 467–474 (2002)  
6. Sun, G., Hansan, J.S.: Optimal design of laminated composite circular–cylindrical shells subjected to combined loads. J. Appl. 
Mech. 55, 136–142 (1998)  
7. Diaconu, C.G., Masaki, S., Sekine, H.: Buckling characteristics and layup optimization of long laminated composite cylindrical 
shells subjected to combined loads using lamination parameters. Compos. Struct. 58, 423–433 (2002)  
8. Meyer-Peiening, H.R., Farshad, M., Geier, B., Zimmermann, R.: Buckling loads of CFRP composite cylinders under combined 
axial and torsion loading-experiments and computations. Compos. Struct. 53, 427–435 (2001)  
9. Sai Ram, K.S., Sreedhar, B.T.: Buckling of laminated composite shells under transverse load. Compos Struct 55, 157–168 (2002)  
10. Vaziri, A., Estekanchi, H.E.: Buckling of cracked cylindrical thin shells under combined internal pressure and axial compression. 
Thin-Walled Struct. 44, 141–151 (2006)  
11. Starnes Jr., J.H., Rose, C.A.: Nonlinear response of thin cylindrical shells with longitudinal cracks and subjected to internal 
pressure and axial compression loads. AIAA 97, 1144 (1997) 
12. Vaziri, A.: On the buckling of cracked composite cylindrical shells under axial compression. Compos. Struct. 80, 152–158 (2007)  
13. Jahromi, B.H., Vaziri, A.: Instability of cylindrical shells with single and multiple cracks under axial compression. Thin-Walled 
Struct. 54, 35–43 (2012)  
14. Vafai, A., Estekanchi, H.E.: A parametric finite element study of cracked plates and shells. Thin-Walled Struct. 33, 211–229 
(1999)  
15. Vafai, A., Javidruzi, M., Estekanchi, H.E.: Parametric instability of edge cracked plates. Thin-Walled Struct. 40, 29–44 (2002)  
16. Vaziri A., Nayeb-Hashemi H., Estekanchi H.E.: Buckling of the Composite Cracked Cylindrical Shells Subjected to Axial Load 
ASME Conference Proceedings, 87–93 (2003) 
17. Estekanchi, H.E., Vafai, A., Kheradmandnia, K.: Finite element buckling analysis of cracked cylindrical shells under torsion. 
Asian J. Civ. Eng. 3, 73–84 (2002) 
18. Tafreshi, A.: Delamination buckling and post-buckling analysis of composite cylindrical shells subject to axial compression and 
external pressure. Compos. Struct. 72, 401–418 (2006)  
19. Tafreshi, A., Colin, G.: Bailey Instability of imperfect composite cylindrical shells under combined loading Bailey. Compos. 
Struct. 80, 49–64 (2007)  
20. Shariati, M., Sedighi, M., Saemi, J., Eipakchi, H.R., Allahbakhsh, H.R.: Numerical and experimental investigation on ultimate 
strength of cracked cylindrical shells subjected to combined loading. Mechanika 4, 12–19 (2010) 
21. Huyan, X., Simitses, G.J., Tabiei, A.: Nonlinear analysis of imperfect metallic and laminated cylinders under bending loads. AIAA 
J. 34, 2406–2413 (1996)  
22. Barut, A., Madenci, A., Britt, V.O., Starnes, J.H.: Buckling of a thin tension loaded composite plate with an inclined crack. Eng. 
Fract. Mech. 58, 233–248 (1997) 
 
 
Mahmoud Shariati (1), Amin Akbarpour (2) 
(1) Mechanical Department, Shahrood University of Technology, Shahrood, Iran 
(2) Young Researchers’ club, Semnan branch, Islamic Azad University, Semnan, Iran 
“Buckling and post buckling investigation of thin walled shells contain elliptical and circular cutout, subjected 
to oblique loading”, Journal of Basic and Applied Scientific Research, Vol. 2, No. 9, pp. 9548 – 9557, 2012 
ABSTRACT: In the presented work, the buckling and post buckling behavior of circular thin walled shells with 
different thickness contain elliptical cutout or circular cutout with various locations, was investigated through 
experimental and numerical studies. Finite element analysis using Abaqus software was conducted to evaluate 
the buckling load capacity of the shells. Also experiments are conducted on several specimens made of stainless 
steel 316ti by using an Instron 8802 servo-hydraulic machine. A very good correlation was observed between 
numerical simulation and experimental results. The investigation examined the influence of the shell thickness 
and cutout position on the buckling and post-buckling responses of the thin walled shells with circular and 
elliptical cutout. Also, effect of cutout shape on thin walled shells under these kinds of loadings has been 



studied. 
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M. Shariati , H. Hatami , M. Damghani Nouri, “Experimental investigations on the softening and ratcheting 
behaviors of steel cylindrical shell under cyclic axial loading”, Journal of Computational and Applied Research 
in Mechanical Engineering (JCARME), Vol. 2, No. 2, pp. 11-22, 2013 
ABSTRACT: In this research, softening and ratcheting behaviors of Ck20 alloy steel cylindrical shells were 
studied under displacement-control and force-control cyclic axial loading and the behavior of hysteresis curves 
of specimens was also investigated. Experimental tests were performed by a servo-hydraulic INSTRON 8802 
machine. The mechanical properties of specimens were determined according to ASTM E8 standard. Under 
force-control loading with non-zero mean force, ratcheting behavior occurred on cylindrical shell and plastic 
strain accumulation continued up to the collapse point of cylindrical shell. The rate of ratcheting strain became 
higher using the higher force amplitude. Softening behavior was observed under displacement control loading 
and, due to the occurred buckling in compression zone, this behavior became more extreme. The behavior of 
hysteresis curves of this alloy was not symmetrical under tensile and compressive loads. Moreover, the 
influence of loading history was studied on the behavior of hysteresis curves of the specimens under various 
types of loadings. 
 
 
H. Hatama and M. Damghani Nouri (Semnan University, Semnan, Iran), “Experimental and numerical 
investigation of lattice-walled cylindrical shell under low axial impact velocities, Latin American Journal of 
Solids and Structures, Vol. 12, No. 10, 2015 
ABSTRACT: This research was an experimental and numerical investigation of the cylindrical expanded Sheets 
under impact loading. Two types of absorbers with different cell angles were examined (i.e. α = 0 and α = 90). 
The experiments were performed using the drop hammer setup, and the numerical simulations were conducted 



by ABAQUS. In this study, the type of collapse, force-displacement diagrams, the crushing length, and the 
absorbed energy were investigated. The experimental and numerical results were compared, and it was observed 
that they were in good agreement. Results showed that the absorbers with the cell angle of α = 0 had a 
symmetric collapse and a high energy absorption capacity. Also, various heights of fall were considered for the 
impact mass to examine the type of collapse in the models. The crushing amounts of the models were also 
compared in different heights. Multi-walled expanded metal tubes were studied, and the effect of being multi-
walled in collapse was examined. 
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“Buckling analysis of carbon nanotube bundles under axial compressive, bending and torsional loadings via a 
structural mechanics model”,  Journal of Physics and Chemistry of Solids, Accepted 19 June 2012, 
DOI: 10.1016/j.jpcs.2012.06.014 
ABSTRACT: A structural mechanics model is employed for the investigation of the buckling behavior of 
carbonnanotube bundles of three single-walled carbon nanotubes (SWCNTs) under axial compressive, 
bendingand torsional loadings. The effects of van der Waals (vdW) forces are further modeled using a 
nonlinearspring element. The effects of different types of boundary conditions are studied for nanotubes with 
various aspectratios. The results reveal that bundles comprising longer SWCNTs exhibit lower critical buckling 
load.Moreover, for the fixed-free boundary condition the rate of critical buckling load reduction is highest,while 
the lowest critical buckling load occurs. Simulations show good agreement between our modeland molecular 
dynamics results. 
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H. Torabi and M. Shariati, “Buckling analysis of steel semi-spherical shells with square cutout under axial 
compression”, Strength of Materials, Vol. 46, No. 4, July 2014 
ABSTRACT: Buckling of steel thin-walled semi-spherical shells with square cutout due to axial compressive 
loads has been studied by numerical simulations, and results were compared with those from the experiments. 
Three vertical compression loadings were applied to specimens using the following methods: a rigid flat plate 
and a rigid bar with circular and spherical cross sections. The main aim of this study is to determine the 
influence of the cut out size-to-location (a/H) and the thickness-to-diameter (t/D) on the mean collapse load of 
the semi-spherical shells. The finite element models were analyzed using ABAQUS nonlinear buckling analysis 
and the experimental tests were performed using an INSTRON 8802 servo-hydraulic machine. Finally, the 
different results obtained using the two analysis methods were compared. The comparison reveals that 



experimental and numerical nonlinear model results match closely with each other. 
 
 
H.R. Allahbakhsh and Mahmoud Shariati, “Instability of cracked CFRP composite cylindrical shells under 
combined loading”, Thin-Walled Structures, 01/2014; 74:28–35. DOI: 10.1016/j.tws.2013.09.007 
ABSTRACT: Numerical analysis of cracked composite cylindrical shells under combined loading is carried out 
to study the effect of crack size and orientation on the buckling behavior of laminated composite cylindrical 
shells. The interaction buckling curves of cracked laminated composite cylinders subject to different 
combinations of axial compression, torsion, internal pressure and external pressure are obtained, using the finite 
element method. In general, the internal pressure increases the critical buckling load of the CFRP cylindrical 
shells while torsion and external pressure decrease it. Numerical analyses show that axial crack has the most 
detrimental effect on the buckling load of a cylindrical shell while for cylindrical shells under combined 
external pressure and axial load, the global buckling shape is insensitive to the crack length and crack 
orientation.  
 
 
Hamidreza Allahbakhsh and Ali Dadrasi (Mechanical Department, Islamic Azad University, Shahrood Branch, 
Shahrood,  Iran), “Buckling Analysis of Laminated Composite Panel with Elliptical Cutout Subject to Axial 
Compression”,  Modelling and Simulation in Engineering, Vol. 2012 (2012), Article ID 171953, 10 pages, 
doi:10.1155/2012/171953 
ABSTRACT: A buckling analysis has been carried out to investigate the response of laminated composite 
cylindrical panel with an elliptical cutout subject to axial loading. The numerical analysis was performed using 
the Abaqus finite-element software. The effect of the location and size of the cutout and also the composite ply 
angle on the buckling load of laminated composite cylindrical panel is investigated. Finally, simple equations, 
in the form of a buckling load reduction factor, were presented by using the least square regression method. The 
results give useful information into designing a laminated composite cylindrical panel, which can be used to 
improve the load capacity of cylindrical panels. 
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Aaron Thomas Sears, “Experimental validation of finite element techniques for buckling and postbuckling of 
composite sandwich shells”, Master’s thesis, Montana State University-Bozeman, December 1999 
ABSTRACT: This thesis reports on a series of experimental and finite element modeling studies of sandwich 
panels typical of wind turbine blade construction. Buckling is a common failure mode in composite structures 
such as fiberglass wind turbine blades and sandwich construction is often employed in sensitive areas to 
increase buckling resistance with minimum weight and cost. The panels were flat or curved with fiberglass 
facesheets and balsa cores. The primary objective of the study was to investigate the accuracy of linear and 
nonlinear finite element buckling predictions for panels of this type. Modeling procedures used for composite 
structures like blades often utilize linear eigenbuckling and geometrically nonlinear incremental buckling 
analyses. Often, the nonlinear model used the linear mode shape to perturb the model and to produce a buckling 
shape on the perfect geometry. The present study uses the random nodal displacement perturbation method for 
the nonlinear analysis which is entirely independent of the linear mode shape. The random perturbation method 
can be used for complicated structures and does not impose a mode shape on the model which may or may not 
be correct. Both methods, linear and nonlinear, were validated with buckling experiments on idealized blade 
substructures: curved and flat fiberglass/balsa sandwich shells. Five different series of panels were tested 
incorporating changes to four parameters: support conditions (simple-free-simple-free and four sided simply 
supported), radius of curvature (flat, shallow and deep), facesheet lay-up, and core thickness. Good correlation 
between tests and shell element FE modeling was found for both the linear and nonlinear cases for the critical 
buckling loads for most models. Good correlation was also found for the early postbuckling response, with late 
postbuckling strains becoming invalid and deflections being rough approximations after some response shift 
(mode shift or mesh rippling). Certain combinations of numerical and/or structural parameters were found to 
present problems to some of the analysis techniques. The combination of curvature and free side edges caused 
problems for predicting the correct critical buckling mode for both the linear and nonlinear analyses. Deep 
curvatures and high mesh densities also caused problems predicting the correct mode shape for four sided 
simply supported panels. Complex boundary conditions tended to compound these problems. Proper modeling 
of the boundary conditions was found to be critical for accurate results, especially for the curved panels. In this 
study, this required modeling the load supports of the test fixture. Finally, closed form solutions found in the 
literature had poor correlation for both critical buckling loads and mode shapes. The random nodal displacement 
perturbation method was found to have several general characteristics. First, it tended to give conservative 
results as compared to the linear models. A statistical study demonstrated relatively consistent results with a 
standard deviation of 3.7% (down to 2.2% for smooth responses). The random method also tended to exacerbate 
any problems encountered with all nonlinear models, such as snap-through critical buckling responses, mode 
shifts to non-symmetric shapes and mesh rippling behavior. Additionally, a model would occasionlly pass the 
critical buckling mode and continue loading until finally buckling into a higher mode shape. These last two 
problems were a function of the average size of the perturbations (slight for the mode shifts, significant for 
snap-through and higher buckling modes). Finally, large perturbations would sometimes violate curvature 



requirements for sandwich modeling due to high local curvatures caused by the random displacements.  
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ABSTRACT: The numerical implementation of nonlinear finite element procedures for flexible thin-walled 
structures using incompressible hyper-elastic shells is indispensable in the application of practical engineering 
and medical fields to predict and evaluate the behaviors of rubber-like shell structures and biological soft 
tissues. The investigation of a flexible thin-walled tube under bending is especially important in various 
branches of modern technology such as the forming limit of bent pipe, manufacturing of medical tubes, 
elastomer seals and numerical model for blood vessels. When a long thin-walled tube, such as a hydraulic hose, 
is subjected to a bending moment, its cross-section becomes distorted. Due to the reduction of the geometrical 
moment of inertia as its cross-section flattens, the stiffness of the tube decreases with the increase of load. With 
further moment, the tube collapses with a local kink in its longitudinal direction. The ovalization phenomenon 
of the cross-section in bending thin-walled tubes was first investigated by Brazier. However, since this work 
was based on the assumption of infinitesimal strain, his theory could not cope with the kink phenomenon which 
is shown physically. The pre/post buckling analysis of this kink instability of thin-walled tubes under bending is 
still an open issue due to its strong nonlinearity. In order to conduct finite element analysis of the above flexible 
thin-walled tube, not solid elements but shell structure elements which can treat the constitutive law for rubber-
like materials allowing large elastic strains are required in view of computational efficiency, modeling effort 
and accuracy. In recent years, these finite strain shell elements accounting for thickness change have been 
presented. The elements use additional degrees of freedom for thickness change and three dimensional 
constitutive relations. However, these additional degrees violate computational efficiency and simplicity of 
modeling which are primary advantages of shell structure elements, and then derive the complicated 
formulations. In order to overcome this difficulty, a lot of formulations for the large strain shell elements are 
still being developed. The objective in this study is to present a new formulation for robust and efficient finite 
shell elements to investigate the instability problem which shows strong nonlinearity such as buckling analysis 
of flexible thin-walled tube under bending. Firstly, a high-accurate incompressible hyper-elastic shell element 
using two dimensional constitutive relations is developed. Then, the performance of the presented shell element 
is illustrated by its applications to several numerical examples including bending analysis of a thin-walled tube. 
Finally, the nonlinear mechanism of kink phenomenon of flexible thin-walled tube under bending is clarified.  
The composition of this thesis and the contents in each chapter are shown as follows.� In chapter 1, the 
background and the purpose of the present study are described.� In chapter 2, definition of hyper-elasticity and 
derivation of the constitutive law are summarized as the fundamental review  
of this study.� In chapter 3, a finite strain shell element with its material restricted to hyper-elasticity is 
developed. This shell element is based on the MITC shell element developed by Bathe to perform locking-free 
behavior using assumed transverse shear strains. In addition to this MITC formulation, an assumed transverse 
normal strain is introduced to treat thickness change. In this formulation, the transverse normal strain is 
assumed to be uniform throughout the element, and evaluated at the middle surface using the incompressibility 
condition. Indeterminate pressure, which occurs in incompressible materials, is eliminated at the element level 
using the plane stress condition. The advantage of this technique is that well-conditioned tangent stiffness for a 
large strain shell element can be obtained without any additional variables. In chapter 4, a numerical 
implementation of the solid element and shell element with the Ogden material model is presented. This 
formulation derives the efficient constitutive law of Ogden material using invariants of the right Cauchy-Green 
tensor in the extension form of the Mooney-Rivlin’s law, without solving eigenvalue problems or coordinate 
system transformations. This chapter also validates the relationship between the present expression of the 
constitutive law and numerical stability. In chapter 5, buckling analysis of thin-walled tube under bending is 
investigated using the present hyper-elastic shell elements. Firstly, in order to compare with Brazier’s solution, 
the numerical analysis of a Hookean cylindrical tube is conducted using MITC4 shell elements that neglect 
thickness changes. From the numerical analyses, it is revealed that there are two critical points, a bifurcation 
point and a limit or turning point that causes the snap-back phenomenon before the limit point that Brazier 
estimated. The critical point where the bifurcation point coincides with the limit point is called the "hilltop 



branching point". Symmetrical kinks are observed along the primary path in the final, largely deformed, 
configuration, while only one kink is observed along the bifurcation path. Then, by using the developed large 
strain shell elements in which the Ogden material model is utilized, the pre/post buckling behavior of a rubber 
tube under bending with thickness changes is thoroughly investigated. It is revealed that there is hilltop 
branching point consisting of one turning point that causes the snap-back phenomenon and two bifurcation 
points. The results of Ogden material model also shows two symmetrical kinks in the final deformed 
configuration, which are located on the inside of the tube relative to the results of the Hookean model. In 
chapter 6, the concluding remarks of this thesis and the future works are given.  
 
 
Fernando Pedro Simões da Silva Dias Simão, “Post-buckling bifurcational analysis of thin-walled prismatic 
members in the context of the generalized beam theory”, Ph.D. dissertation, Department of Civil Engineering, 
University of Coimbra, Portugal, May 2007 
ABSTRACT: This thesis presents a series of analytical models, based on the Generalized Beam Theory (GBT), 
to describe the buckling and post-buckling behaviour of thin-walled prismatic cold-formed steel structural 
members under compression and/or bending. GBT has a unique feature of enabling an theoretical significance 
to the structural analysis of these members, which can not be achieved by any other known method. Initially, a 
review of the current state of the art in GBT is carried out, together with a review on the most recent 
bibliography of alternative methods for post-buckling analysis of thin-walled structures, allowing to define the 
specific goal of the present work – the setting up of a consistent GBT-based methodology for post-buckling 
analysis. Next, a consistent formulation based on the concept of Total Potential Energy in the framework of the 
classical GBT theory, for post-buckling analysis, was created, enabling the rigorous study of open non-branched 
and closed mono-cellular sections. Subsequently, a series of refinements in the GBT theory and in the adopted 
numerical strategies, namely in the Rayleigh-Ritz method and in the bifurcational calculus techniques, were 
made in order to analyze the perfect structural member, without making resource to imperfections, made by 
plane plates rigidly connected along the folding lines with a general cross section. Finally, the developments 
were illustrated and validated by the resolution of several examples, which were compared to other methods of 
analysis for the critical behaviour and for the post-buckling equilibrium paths, like the Finite Strip and the Finite 
Elements Method.  
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A. Sabik and I. Kreja,  “Stability analysis of multilayered composite shells with cut-outs”, Archives of Civil and 
Mechanical Engineering, vol. 11, no. 1, pp. 195-207, 2011.  
ABSTRACT: A numerical stability analysis of an axially compressed multilayered composite shell is presented. 
The authors examine how the stability performance of a panel can be influenced by a centrally located square 
cut-out. The computations are performed within FEM computer program NX-Nastran (ver. 6.0). The stability is 
investigated by means of a linearized buckling analysis as well as of a non-linear large deformations 
incremental analysis. To get more insight into the performance of the layered structure, the failure index 
according to Tsai–Wu criterion is monitored in the study.  
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“Buckling of a thin, tension-loaded, composite plate with an inclined crack”, Engineering Fracture Mechanics, 
Vol. 58, No. 3, October 1997, pp. 233-248, doi:10.1016/S0013-7944(97)00064-7 
ABSTRACT: A numerical study of the local buckling and fracture response of a thin composite plate with an 
inclined crack and subjected to tension is presented. Local buckling of the unsupported edges of the crack 
occurs due to compressive stresses caused by a Poisson effect in the neighborhood of the crack. The relationship 
between fracture of a plate with a crack and the local buckling and postbuckling responses of the plate is 
established through a geometrically nonlinear finite-element analysis in conjunction with concepts from fracture 
mechanics. The analysis is based on a co-rotational form of the updated Lagrangian formulation that is 
implemented with a triangular shell element that includes transverse shear deformation effects. The potential 
energy release rate results are computed for a predetermined radial crack propagation direction that coincides 
with the location of the maximum stationary strain energy density near the crack tip. The results indicate that 
the local buckling load increases and the potential energy release rate decreases as the crack orientation changes 
from a transverse crack to a longitudinal crack aligned with the direction of the applied tension load. The effect 
of stacking sequence on the local buckling load and on the energy release rate for specific crack orientations is 
also discussed. 
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doi: 10.1007/s10778-006-0062-7 
ABSTRACT: A nonlinear boundary-value problem for shells is formulated. The problem statement permits us 
to analyze the behavior of the postbuckling solutions in a finite-dimensional space with the dimension 
independent of the discretization technique. A branching pattern is established for the solutions of the problem 
in the case of a uniform external pressure. Four characteristic types of solution are recognized in the case of an 
arbitrary external pressure. The associated buckling loads are determined. It is found out that five significant 
parameters are sufficient for a qualitative analysis of a cylindrical shell 
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“Nonlinear behavior and buckling of cylindrical shells subjected to localized external pressure”, J. Eng. Math 
(2013) 78:239-248, DOI: 10.1007/s10665-012-9553-1 
ABSTRACT: Buckling loads and postbuckling behavior of cylindrical shells subjected to localized external 
pressure are considered. The modified extended Kantorovich method with path-tracing technique is applied to 
determine the buckling loads of the cylindrical shells. It is found that the load is dependent nonmonotonically 
on geometrical parameters of the area subjected to external pressure. Respective postbuckling shapes show 
correlation with the shapes corresponding to secondary bifurcation paths for the cases of a cylindrical shell 
under uniform external pressure and a cylindrical shell under uniform axial load. 
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ABSTRACT: In this article, the bucking of cylindrical shells with longitudinal joint has been investigated 
through the experimental and numerical analysis. It was clarified that the buckling behavior of cylindrical shells 
with longitudinal joints under lateral external pressure is not only related to its dimension, but also longitudinal 
joint and an imperfection. The buckling of cylindrical shells with rigid joint buckles only once and in multi-lobe 
buckling, whereas one with flexible joints buckles twice and firstly in single-lobe buckling in the vicinity of the 
joint, secondly in multi-lobe buckling in remaining undeformed area. And the more flexible the longitudinal 
joint, the lower the critical pressure, with respect to the same dimension of jointed cylindrical shells and 
imperfection condition. Moreover the numerical analysis approaches were also presented and verified, by which 
the imperfection can greatly enlarge the effect of joint on buckling has been demonstrated.  
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T.T. Chau [AREVA (Technicatome), Aix-en-Provence Numerical Simulation of Welding Committee 
(AFM/SNS), Paris, France], “Welding Effects On Thin Stiffened Panels”, Chapter in Proceedings of a Special 
Symposium held within the 16th European Conference of Fracture – ECF16, Alexandroupolis, Greece, 3-7 July 
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ABSTRACT: The major problems due to welding effects are the residual stresses and distortions of which the 
levels affect more or less the resistance and lifetime of welded structure. In steel industry and particularly in 
shipbuilding, during these last few decades, thin plates are used more and more in ship construction in order to 
lighten the structure weight. Unfortunately, excessive distortions occurred on these thin stiffened panels and 
straightening works must be executed in respecting the limit tolerance fixed by the Quality Standard of Ship 
Construction. These futil works reduce Productivity and Quality, increase Construction Cost and get longer 
Fabrication Delay. Thus, it is necessary to evaluate, control and minimize the distortion and stress levels of thin 
welded panels before welding assembly operations. In this paper, a short presentation of the Methodology and 
its industrial applications in shipbuilding are presented for two panels of a Chemical Parcel Tanker (1996) and a 
large ‘‘Testing’’ Panel in full scale of a Passsengers Ship (2002). The numerical results due to welding effects 
so obtained within short computer-time (three hours and half for a 3D FE model of more than two million of 
degrees of freedom) ) on a linear FEM software were verified with measured stress values and identified with 
the buckling state of the ‘‘Testing’’ Panel before and after welding operations by photographies. 
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ABSTRACT: A simplified method to estimate the ultimate strength of a continuous plate, typical in ship bottom 
plating, subjected to combined transverse thrust and lateral pressure is developed. A series of 
elastic/elastoplastic large deflection finite element analysis (FEA) of a continuous plate supported along the 
lines of longitudinal stiffeners and transverse frames is performed. Attention is focused on the effect of a 
continuity of plating on its buckling and ultimate strengths, while the previous studies are mainly concerned 
with an isolated plate. Based on the FEA results, a set of formulae has been derived for the estimation of the 
ultimate strength of a continuous plate under combined transverse thrust and lateral pressure. An increase of 
elastic buckling strength and a change in the collapse mode from a simply supported mode to a clamped mode 
are considered as an effect of a continuity of plating. It has been proven from a comparison with FEA that the 
proposed formulae give very accurate predictions of the ultimate strength. 
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ABSTRACT: A set of design formulae to estimate the ultimate strength of a continuous stiffened panel 
subjected to combined transverse thrust and lateral pressure is presented, extending the basic idea proposed for 
a continuous plate in Part-1 study. The effect of plate/stiffener interaction on the elastic buckling strength of 
local plate panel is introduced in the formulation as well as the effect of continuity of plating. The overall 
collapse of stiffeners under lateral pressure is included in the possible failure modes. It has been proven from a 
comparison with FEA results that the proposed formulae give a good prediction of the ultimate strength of a 
continuous stiffened panel. 
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ABSTRACT: The main objective of this paper is to present the results of the finite element method for non-
linear analysis of stiffened plates subjected to axial compression load considering post-buckling behaviour up to 
collapse. For this purpose two series of well executed experimental data on longitudinally stiffened steel plates 
with and without transversal stiffeners subjected to uniform axial in-plane load carried out to study the buckling 
and post-buckling up to final failure have been chosen. The first series are those of Ghavami where the 
influences of stiffener cross-section of the type rectangular (R), L and T, their spacing and the presence of rigid 
transversal stiffeners have been studied. The second series of Tanaka & Endo, where the behaviour of stiffened 
plates having three and two flat bars for longitudinal and transversal stiffeners respectively were analysed. For 
the purpose a well-established commercially available Finite Element program ANSYS has been chosen. The 
selected element was SHELL43, which can trace the full-range, elastic-plastic behaviour of the stiffened plates. 
It is seen that the simulated results of FEM are in good consistency with the test results. 
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ABSTRACT: The ultimate strength and ductility characteristics of the intermittently welded stiffened plates 
under the action of in-plane axial compression are investigated in this paper. A series of detailed numerical 
analyses of longitudinally stiffened steel plates subjected to in-plane compressive load is performed using the 
ADINA commercial finite element code. Complete equilibrium paths are traced up to collapse for a nonlinear 
elastic-plastic response of stiffened plates. Analyzed stiffened plates are imperfect and their aspect ratio, plate 
slenderness, and column slenderness are changed in a systematic manner. Different types of stiffener are chosen 
for stiffened plate models. Three different stiffener-to-plate welding procedures are considered: continuous, 
chain intermittent, and staggered intermittent fillet welding. 
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“A comparative study on three different construction methods of stiffened plates-strength behaviour and 
ductility characteristics”, Rem: Revista Escola de Minas, Vol. 60, No. 2, April/June 2007 
ABSTRACT: Strength and ductility characteristics of non–continuously welded stiffened plates under in plane 
axial compression are the main focus of this research. A series of detailed numerical analyses of stiffened steel 
plates subjected to in plane compressive load is performed. Complete equilibrium paths are traced up to 
collapse for non–linear elastoplastic response of stiffened plates. Stiffened plates are selected from the deck 
structure of real sea–going ships and inland waterway vessels. Three different stiffener–to–plate welding 
procedures are considered: continuous, chain intermittent and staggered intermittent fillet welding. Special 
attention is paid to the finite element modeling of the fillet welds in either of welding practices. Some available 
tests are simulated applying finite element method. 
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ABSTRACT: Intermittent fillet welding of stiffeners to plates and its influence on the collapse behaviour of 
stiffened plates is investigated applying the finite element method. Special attention is paid to the modelling of 



the fillet welds at the plate-to-stiffener junction. Some available experimental results are simulated in order to 
obtain reliable numerical results. A series of numerical analyses of stiffened steel plates subjected to an in plane 
axial compressive load has been performed. Stiffened plates are selected from the deck structure of real sea-
going ships and inland waterway vessels. Complete equilibrium paths are traced up to collapse for the non-
linear elastoplastic response of stiffened plates. Finally a proposal is presented for the permissible gap of welds 
in intermittent fillet welding of stiffened plates. 
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ABSTRACT: Cracks of any size may occur at various locations and orientations throughout thin-walled 
structures. The presence of cracks in such structures can considerably affect their load bearing behaviour. This 
paper addresses a finite element study on the buckling strength of a cracked plate with simple supports 
subjected to an axial compressive edge load. The effects of crack location, crack orientation, crack length and 
plate aspect ratio are analysed. The size of the crack as well as its location and orientation are shown to have 
significant effects on the buckling behaviour of the plate under compressive loading. Some new results are also 
discussed in detail. 
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ABSTRACT: In this paper, the results of an investigation into the post-buckling behaviour of high-strength 
aluminium alloy stiffened plates subjected to combined axial compression load and different magnitudes of 
lateral pressure using non-linear finite element approach is presented. Both material and geometric non-
linearities have been taken into account. The principal variables studied are the plate thickness, boundary 
conditions and the stiffener geometries beside the geometrical imperfection, the width of the welding heat-
affected zone (HAZ) and welding residual stresses. The influence of these variables on the post-buckling 
behaviour and ultimate strength of such stiffened plates has been investigated in details. 
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ABSTRACT: The main target of this research is to identify the merits and disadvantages of the application of a 
newly proposed design of stiffened aluminium plates incorporating transverse floating frames, from 
buckling/ultimate strength points of view. In order to achieve this, an extensive investigation into the buckling 
and ultimate strength of orthogonally stiffened aluminium plates with different structural arrangements of 
transverse frames is presented in this paper. The transverse frames are assumed to be either in fixed or floating 
position. Other combined placements of the transverse frames are also proposed and included in the 
comparative study. Nonlinear finite element analyses are performed on the models. Average stress–average 
strain relationships and also stress and deflection contours are obtained from the analyses. Buckling and 
ultimate strength characteristics of all models are identified and compared to each other. 
The key findings show that the model with transverse floating frames does not necessarily has the highest 
buckling strength as is believed in common practice. Also, the mixed or complex pattern of the installation of 
the transverse frames may lead to the highest ultimate strength. 
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ABSTRACT: The present research was undertaken based on the results obtained by the same authors in a 
sensitivity study on the buckling and ultimate strength of continuous stiffened aluminium plates. Empirical 
expressions are developed for predicting ultimate compressive strength of welded stiffened aluminium plates 
used in marine applications under combined in-plane axial compression and different levels of lateral pressure. 
Existing data of the ultimate compressive strength for stiffened aluminium plates numerically obtained by the 
authors through the previously performed sensitivity analysis are used for deriving formulations that are 
expressed as functions of two parameters, namely the plate slenderness ratio and the column (stiffener) 
slenderness ratio. Regression analysis is used in order to derive the empirical formulations. The formulae 
implicitly include effects of the weld on initial imperfections, and the heat-affected zone. 
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strength of unstiffened/stiffened steel plates due to both-sides randomly distributed corrosion wastage”, Latin 
American Journal of Solids and Structures, Vol. 7, No. 3, September 2010 
ABSTRACT: The paper addresses the problem of the influence of randomly distributed corrosion wastage on 
the collapse strength and behaviour of unstiffened/stiffened steel plates in longitudinal compression. A series of 
elastic-plastic large deflection finite element analyses is performed on both-sides randomly corroded steel plates 
and stiffened plates. The effects of general corrosion are introduced into the finite element models using a novel 
random thickness surface model. Buckling strength, post-buckling behaviour, ultimate strength and post-
ultimate behaviour of the models are investigated as results of both-sides random corrosion. 
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ABSTRACT: The main targets of this research are mainly divided in to two parts: (1) identifying the effects of 
parabolic curvature on the buckling strength and behaviour of stiffened plates under in-plane compression, (2) 
generating practical graphs for extracting eigenvalue buckling stress of parabolic curved stiffened plate to 
dimensionless parameters. A parametric model for study of the problem is created. The model includes different 
parameters related to plate, stiffeners and also parabolic curvature. Three distinct sensitivity cases are assumed. 
In each sensitivity case, many different models are analysed and their buckling strengths are obtained using a 
finite element commercial program (ANSYS). Buckling strength and behaviour of all models with different 
ratios of parabolic curvature are compared to each other. 
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PARTIAL INTRODUCTION: Stiffened plates are basic structural members in marine structures as shown in 
Figure 1, and include also aeronautic and space shuttles among other structures. Due to the simplicity in their 



fabrication and high strength-to-weight ratio, stiffened plates are also widely used for construction of land based 
structures such as box girder and plate girder bridges. The stiffened plate has a number of one-sided stiffeners in 
either one or both directions, the latter configuration being also called a grillage ( Figure 2). Ultimate limit state 
design of Stiffened plates’ structures requires accurate knowledge about their behaviour when subjected to 
extreme loading conditions. One of the most important loads applied on stiffened plates is the longitudinal in 
plane axial compression arising for instance from longitudinal bending of the ship hull girder as presented in 
Figure 3. The need to improve our knowledge of the buckling modes of such plates was emphasised after the 
collapse of several offshore structures and some ships in Brazil as well as the failure of several box girder 
bridges in the seventies of the twentieth century, Merrison Committee [ 1], Crisfield [ 2], Murray [ 3], Frieze, 
et.al. [ 4]. Stiffened plates are efficient structures, as a large increment of the strength is created by a small 
addition of weight in the form of stiffeners. However the collapse mechanisms of stiffened plates under 
predominantly compressive load present a complex engineering problem due to the large number of possible 
combinations of plate and stiffener geometry, materials, boundary conditions and loading. The design of such 
structure has to meet several requirements such as minimization of the weight and maximization of the buckling 
load. Thus, the designer of this structure is confronted with the problem of satisfying two conflicting objectives; 
such problems are called multi-objective or vector optimisation problems. In general, the objective-functions do 
not attain their optimum in a common point of the feasible points, Brosowski & Ghavami [ 5, 6]. 
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strength characteristics of a ship’s deck stiffened plate structure in the presence of camber parabolic curvature”, 
ASME Journal of Offshore Mechanics and Arctic Engineering, Vol. 135, No. 3, May 2013 
ABSTRACT: The main target of this research is to identify the effects of camber parabolic curvature on the 
ultimate strength and behavior of stiffened plates under in-plane compression. A parametric model for the study 
of the problem is created. The model includes different parameters related to plate, stiffeners, and also parabolic 
camber curvature. Three distinct sensitivity cases are assumed. In each sensitivity case, many different models 
are analyzed and their ultimate strengths are obtained using an in-house finite element program. Ultimate 
strength and behavior of the models with different ratios of parabolic curvature are compared to each other and 
interpreted. 
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ABSTRACT: The post-buckling behavior of composite ships' stiffened plate panels has been studied. In this 
study, the average strain-average stress curves for these panels are derived using progressive failure method as 
well as nonlinear finite element method. The boundary conditions are appropriate for the continuous plate 
panels used in shipbuilding. The effects of the aspect ratio, initial geometrical imperfection and stiffener size on 
the post-buckling of these stiffened panels are evaluated. 
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ABSTRACT: Within the last years, a wide variety of complicated geometrically and physically nonlinear shell 
problems was approximately solved using mainly the Finite Element Method (FEM). Complex engineering 
structures need large systems of nonlinear equations for incremental load paths. Own investigations, using the 
SHEBA-element with 63 DOF’s /4/, /8/, have shown that the limit capacity even of large and fast scalar 
computers (in our case a Cyber 76/73 configuration) may be exceeded in the case of critical and postcritical 
calculations. 
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Graz, Austria), “Hermitian-method for the nonlinear analysis of arbitrary thin shell structures”, Computational 
Mechanics, Vol. 8, No. 4, pp 279-290, July 1991, DOI: 10.1007/BF00577381 
ABSTRACT: The present paper couples the geometrically nonlinear shear deformation theory of thin shell 
structures [finite rotations; small strains; Başar (1987)] with the Hermitian-method (Collatz 1966; Almannai 
1976). It presents a brief review of a nonlinear theory considering shear deformations by means of an operator 
formulation and the transformation of partial differential equations into algebraic equations by means of 
appropriate two-dimensional finite-difference operators. The nonlinearity can be treated by an incremental-
iterative procedure. Finally the efficiency of the developed numerical method will be demonstrated by selected 
examples. Special attention is focussed on the convergence behaviour and the reliability of geometrically 
interpretable forces with respect to engineering applications. 
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Rome “Tor Vergata”, Rome, Italy), “Corotational flat triangular elements for the nonlinear analysis of thin shell 
structures”, Proc. Appl. Math. Mech. (PAMM), Vol. 15, pp 177-178, 2015, 10.1002/pamm.201510079  
ABSTRACT: This contribution shows the effectiveness and versatility of the corotational formulation in the 
development of shell finite elements for geometric and material nonlinear analysis of thin structures. In 
particular, flat triangular elements especially suited to shell structures made of shape memory alloys (SMA) or 
soft biological tissues are dealt with.  
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“On the nonlinear analysis of thin shells by the generalized moving-least squares approximation”, 8th. World 
Congress on Computational Mechanics (WCCM8); 5th European Congress on Computational Methods in 
Applied Sciences and Engineering (ECCOMAS 2008); June 30 –July 5, 2008 Venice, Italy  
ABSTRACT: In the present contribution a geometrically exact thin shells formulation is presented. An analysis 
procedure based on a meshfree approximation is outlined. As no restrictions are imposed on the rotational 
fields, the present formulation falls on the category of the geometrically exact structural theories. The derivation 
is made by imposing the kinematic hypothesis on the three-dimensional continuum. Contrary to previously 
presented works [1,2], where shear deformation was accounted, here only the bending deformation is included. 
We define energetically conjugated cross sectional stresses and strains based on the first Piola-Kirchhoff stress 
tensor and the deformation gradient, respectively. The complete linearization of the weak form is presented. For 
hyperelastic materials and conservative loadings the tangent bilinear form, i. e., the generalized stiffness matrix, 



is always symmetric even in points far from the generalized equilibrium positions. Initially curved shells are 
regarded as a stress-free deformed state from a chosen plane reference configuration [3]. The mapping between 
both configurations allows the exact consideration of the initial configuration. As the variational basis of the 
formulation requires the use of C1 approximations, the generation of compatible of finite elements is not trivial 
in the present case. In order to circumvent this inconvenience, meshless approximations are used. The first-
order Generalized Moving-Least Squares Approximation has been successfully used in the solution of thin plate 
bending problems [4,5,6]. Although it increases the number of degrees-of-freedom per node, its performance is 
clearly superior to the conventional Moving-Least Squares Approximation in this specific class of problems. As 
the approximation does not possess the Kronecker-delta property, the imposition of the essential boundary 
conditions is not immediate. These are enforced using a hybrid-displacement version of the shell formulation. 
To this end, the steps indicated in [7] are followed. This thin shell formulation has the basic advantage over 
their shear-deformable counterpart: no special devices have to be taking into account in order to avoid shear-
locking.  
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Nonlinear Thin Shell Model of Kirchhoff-Love Type”, Chapter in New Trends in Thin Structures: Formulation, 
Optimization and Coupled Problems, Edited by Paulo De Mattos Pimenta and Peter Wriggers, pp 29-58, 2010 
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ABSTRACT: This work presents a fully nonlinear Kirchhoff-Love shell model. In contrast with shear flexible 
models, our approach is based on the Kirchhoff-Love theory for thin shells, so that transversal shear 
deformation is not accounted for. We define energetically conjugated cross-sectional generalized stresses and 
strains. The fact that both the first Piola-Kirchhoff stress tensor and the deformation gradient appear as primary 
variables is also appealing. The weak form of the equilibrium equations and their boundary conditions of the 
model are consistently derived. Elastic constitutive equations are obtained from fully three-dimensional finite 
strain constitutive models in a consistent way. A genuine plane-stress condition is enforced by the vanishing of 
the mid-surface normal nominal stress (first Piola-Kirchhoff stress), yet rendering a symmetric linearized weak 
form. A plane reference configuration is assumed for the shell mid-surface, but, initially curved shells can be 
accomplished, if one regards the initial configuration as a stress-free deformed state from the plane position. As 
a consequence, the use of convective non-Cartesian coordinate systems is not necessary and only components 
on orthogonal frames aie employed. 
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Congress on Computational Mechanics (WCCM XI); 5th European Conference on Computational Mechanics 
(ECCM V); 6th European Conference on Computational Fluid Dynamics (ECFD VI); July 20–25, 2014, 
Barcelona, Spain  
ABSTRACT: The current work discusses the application of the TUBA finite elements [1,2], initially developed 
for thin plates problems, to geometrically exact thin shell analysis. The proposed geometrically exact shell 
model is derived from the 3D continuum mechanics. The shell kinematics is based on the Kirchhoff-Love 
assumption and is characterized by the deformation gradient, which yielded the generalized cross-section strain 
measures — stretches and curvatures, written in terms of first- and second-order derivatives of displacements 
[3]. As the energetically conjugate quantity, the first Piola-Kirchhoff stress tensor is chosen. The shell’s initial 
geometry is exactly represented using a mapping from a reference configuration. A neo-Hookean material 
functional, supplemented by the plane stress condition, is incorporated in the constitutive level of the model. 
The theory is derived independently from the specific numerical method to be used, thus allowing any available 
approximation of C1 type to be used for the implementation. Special attention is given to the treatment of the 
natural and essential boundary conditions. The TUBA family of plate finite elements is considered for the 
discretization of the displacement vector field. These triangular elements, with necessarily straight sides in the 
reference configuration, provide C1 continuous approximations, mandatory for the proper implementation of 
the Kirchhoff-Love model. The family contains 3 pairs of elements (primary and reduced), which provide 
polynomial approximants of degrees k = 5, 6 and 7 respectively. The reduced elements have a simpler structure 
and a smaller number of nodes, but still guaranty C1 continuity [4]. The boundary normal derivative of the 
approximation in these elements is constrained, such that its order is reduced by one unit, from (k − 1), as for 
the primary elements, to (k − 2). Due to complexity of the elements degrees of freedom (which are the function 
value, its first- and second-order derivatives), the imposition of the essential boundary conditions is not trivial 
and needs some preliminary analysis of the boundary behavior. The proposed model is assessed by means of 
numerical nonlinear shells problems examples.  
References listed at the end of the paper: 
[1]  Argyris, J. H., I. Fried and D. W. Scharpf (1968). The TUBA family of plate elements for the matrix displacement method. The 
Aeronautical Journal of the Royal Aeronautical Society, 72(692), 701–709. � 
[2]  Argyris, J. H. and K. E. Buck (1968). A sequel to the technical note 14 on the TUBA family of plate elements. The Aeronautical 
Journal of the Royal Aeronautical Society, 72(695), 977–983. � 
[3]  Pimenta, P. M., E. S. Almeida Neto and E. M. B. Campello (2010). New Trends in Thin Structures: Formulation, Optimization 
and Coupled Problems, volume 519 of CISM International Centre for Mechanical Sciences, chapter A fully nonlinear thin shell model 
of Kirchhoff-Love type, pages 29–58. Springer. � 
[4]  Tiago, C. (2012). A new C1 triangular interpolation: application to Kirchhoff plate bending. In 10th. World Congress on 
Computational Mechanics (WCCM). Sa �o Paulo, Brazil. � 
 
 



Paulo M. Pimenta, “Fully nonlinear Kirchhoff-Love shells: Theory and numeric with C1 finite elements”, April 
2014 seminar given at Gottfried Wilhelm Leibniz Universität Hannover, Germany 
ABSTRACT: The current work discusses the application of the TUBA finite elements, initially developed for 
linear thin plates problems, to geometrically exact thin shell analysis. The proposed geometrically exact shell 
model is derived from the 3D continuum mechanics. The shell kinematics is based on the Kirchhoff-Love 
assumption and is characterized by the deformation gradient, which yielded the generalized cross-section strain 
measures — stretches and curvatures, written in terms of first- and second-order derivatives of displacements. 
As the energetically conjugate quantity, the first Piola-Kirchhoff stress tensor is chosen. The shell’s initial 
geometry is exactly represented using a mapping from a reference configuration. A neo-Hookean material 
functional, supplemented by the plane stress condition, is incorporated in the constitutive level of the model. 
The theory is derived independently from the specific numerical method to be used, thus allowing any available 
approximation of C1 type to be used for the implementation. Special attention is given to the treatment of the 
natural and essential boundary conditions. The TUBA family of plate finite elements is considered for the 
discretization of the displacement vector field. These triangular elements, with necessarily straight sides in the 
reference configuration, provide C1 continuous approximations, mandatory for the proper implementation of 
the Kirchhoff-Love model. The family contains 3 pairs of elements (primary and reduced), which provide 
polynomial approximants of degrees k = 5, 6 and 7 respectively. The reduced elements have a simpler structure 
and a smaller number of nodes, but still keep C1 continuity. The boundary normal derivative of the 
approximation in these elements is constrained, such that its order is reduced by one unit, from (k − 1) to (k − 
2). Due to complexity of the elements degrees of freedom (which are the function value, its first- and second-
order derivatives), the imposition of the essential boundary conditions is not trivial and needs some preliminary 
analysis of the boundary behavior. The proposed model is assessed by means of numerical nonlinear shells 
problems examples. 
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ABSTRACT: Nowadays aluminum stiffened plates are one of the major constituents of the marine structures, 
especially high-speed vessels. On one hand, these structures are subject to various forms of loading in the harsh 
sea environment, like hydrostatic lateral pressures and in-plane compression. On the other hand, fusion welding 
is often used to assemble those panels. The common marine aluminum alloys in the both 5,000 and 6,000 series, 
however, lose a remarkable portion of their load carrying capacity due to welding. This paper presents the 
results of sophisticated finite-element investigations considering both geometrical and mechanical 
imperfections. The tested models were those proposed by the ultimate strength committee of 15th ISSC. The 
presented data illuminates the effects of welding on the strength of aluminum plates under above-mentioned 
load conditions.  
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ABSTRACT: This paper presents the results of an extensive sensitivity analysis carried out by the Committee 
III.1 “Ultimate Strength” of ISSC’2003 in the framework of a benchmark on the ultimate strength of aluminium 
stiffened panels. 
Previously, different benchmarks were presented by ISSC committees on ultimate strength. The goal has 
typically been to give guidance to the designer on how to predict the ultimate strength and to indicate what level 
of accuracy would be expected. This time, the target of this benchmark is to present reliable finite element 
models to study the behaviour of axially compressed stiffened aluminium panels (including extruded profiles). 
Main objectives are to compare codes/models and to perform quantitative sensitivity analysis of the ultimate 
strength of a welded aluminium panel on various parameters (typically the heat-affected zone). Two phases 
were planned. In Phase A, all members analysed the same structure with a defined set of parameters and using 
different codes. It was expected that all the codes/models predict the same results. In Phase B, to boost the 
scope of the analysis, the different members (using their own model) performed FE analyses for a range of 
variation of different parameters (sensitivity analysis). 
 
 
C.S. Smith and R.S. Dow (Admiralty Research Establishment, St Leonard’s Hill, Dunfermline, Fife, KY11 
5PW, Scotland), “Compressive strength of longitudinally stiffened GRP panels”, Composite Structures 3, I.H. 
Marshall (Editor), Springer, 1985, pp 468-490, DOI: 10.1007/978-94-009-4952-2_33 
ABSTRACT: Results are presented of compression tests on two large-scale longitudinally stiffened GRP panels 
representing ships’ deck structures. Two distinct types of collapse are demonstrated, one involving debonding 
of stiffeners precipitated by local, interframe buckling of the laminate and the other resulting from outer-fibre 
failure of the stiffeners caused by overall column-like buckling. Test results are correlated with theoretical 
analysis, including estimates of initial buckling stress using accurate folded plate analysis together with 
evaluation of large-displacement postbuckling behaviour using non-linear finite element analysis. 
Recommendations are made regarding design procedure and safety factors. 
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A. Khvyiuzov, Y. M. Xu, "Initial Buckling of Compressed Rectangular Panels with Variable Stiffener Sizes", 
Advanced Materials Research, Vols. 915-916, pp. 150-164, 2014,  
DOI: 10.4028/www.scientific.net/AMR.915-916.150  
ABSTRACT: Recent advancement in manufacturing technology has initiated a new phase of buckling 
structures analysis and structural design research development. As the ability to manufacture stiffeners in 
complex shapes has become increasingly more sophisticated, researchers are able to further enhance the design 
of thin-walled stiffeners. This paper presents an attempt to discover a structural design which employs the use 
of sub-stiffeners and the ability to retain maximal buckling load. FEM analysis was performed on compression 
loaded rectangular stiffened panels clamped on all sides to determine optimal attributes of two panel concepts: 
(1) stiffeners height changes according to sinusoidal law across the panel width, (2) stiffeners area changes 
according to sinusoidal law across the panel width. In both cases, total volume of the material was held 
constant. Non-dimensional parameters of the optimal panels were obtained. It was found that there was a 
positive correlation between the amount of change in buckling patterns caused by a sub-stiffener, and the 
amount of initial buckling load which could be obtained. 
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“Analysis and reversal of dry and hydroelastic vibration modes of stiffened plates”, Ocean Engineering, Vol.38, 
Nos. 8-9, June 2011, pp. 1014-1026, doi:10.1016/j.oceaneng.2011.04.002 
ABSTRACT: This work describes the theoretical modal analysis model for the stiffened bottom plate of a tank 
that is filled with fluid having an undisturbed free surface. In the analysis model, the effects of bending, 
transverse shear and rotary inertia in both the plate and the stiffener are considered. Analytical results 
concerning the natural frequencies of the stiffened plate correlate well with experimental modal testing (EMT) 
results for above the second mode. To overcome the complexities in the modal analysis of the fluid–structure 
interaction, the Mindlin plate theory and the potential flow theory are applied; the velocity potential is also 
expressed using double finite Fourier transforms. Additionally, a parametric study was also performed for 
eigenfrequencies of the plate with a stiffener, in terms of the ratio of the depth of the stiffener to the thickness of 
the plate and that of the width of the stiffener to the thickness of the plate. Analysis results revealed the 
phenomenon of “mode reversal”, i.e. the first and second mode shapes of the plate with a deep stiffener in 
contact with air and water, respectively, are reversed. An occurring condition of “mode reversal” is derived and 
verified by both finite element analysis and EMT. 
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“Buckling Design Studies of Inverted, Oblate Bulkheads for a Propellant Tank”, 43rd AIAA Structures, 
Structural Dynamics, and Materials Conference, AIAA-2002-1525, 2002 
ABSTRACT: An investigation of the deformation and buckling characteristics of a composite, oblate bulkhead 
that has an inverted geometry and is subjected to pressure-only loading is presented for three bulkhead 



geometries and thicknesses. The effects of a stiffening support ring at the bulkhead to cylinder interface are also 
evaluated. Buckling analyses conducted using the axisymmetric shell code BOSOR4 are discussed for several 
bulkhead configurations. These results are analytically verified using results from the Structural Analysis of 
General Shells (STAGS) code for a selected bulkhead configuration. The buckling characterization of an 
inverted, oblate bulkhead requires careful attention as small changes in bulkhead parameters can have a 
significant effect on the critical buckling load. Comparison of BOSOR4 and STAGS results provided a very 
good correlation between the two analysis methods. In addition, the analysis code BOSOR4 was found to be an 
efficient sizing tool that is useful during the preliminary design stage of a practical shell structure. Together, 
these two aspects should give the design engineer confidence in sizing these stability critical structures. 
Additional characterization is warranted, especially for a composite tank structure, since only one bulkhead 
configuration was examined closely. 
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M.M. Alinia (Department of Civil and Environmental Engineering, Amirkabir University of Technology -
Tehran Polytechnic, Hafez Ave., Tehran 15875-4413, Iran), “A study into optimization of stiffeners in plates 
subjected to shear loading”, Thin-Walled Structures, Vol. 43, No. 5, May 2005, pp. 845-860, 
doi:10.1016/j.tws.2004.10.008 
ABSTRACT: A great deal of attention has been focused on plates subjected to shear loading over the past 
decades. One main fact in design of such elements, which fall in the category of thin-walled structures, is their 
buckling behavior. Plate girders and recently shear walls are being widely used by structural engineers, as well 
as ship and aircraft designers. The role of stiffeners is proved to be vital in design of such structures to minimize 
their weight and cost. In this work, by using ANSYS finite element method of analysis, some 1200 plates are 
analyzed in order to study the role of stiffeners and to come up with some limits for an optimized design 
procedure. This eigenvalue method of analysis is first validated with the theoretical calculations and known 
cases for a wide range of typical panel geometries. The results show that the number of panels produced by 
intermediate transverse stiffeners should not be less than the value of plate's aspect ratio. In other words, the 
transverse stiffeners should divide the length of the plate to portions equal or less than its width. It is also shown 
that the optimum geometric properties of the stiffeners correspond to the point when the buckling shape of a 
plate changes from the overall mode to local mode. Furthermore, all stiffened plates, with a similar aspect ratio 
and number of stiffeners, have a specific value of EIs/aD, for which the critical shear stress is optimal. In 
addition, some expressions to predict these properties are presented. 
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buckling behaviour of shear panels”, Thin-Walled Structures, Vol. 45, No. 4, April 2007, pp. 422-431, 
doi:10.1016/j.tws.2007.03.003 
ABSTRACT: It is generally accepted that cracks degrade the load bearing capacity of thin plates. The aim of 
the present paper is to investigate the influence of central cracks on the residual strength and stiffness 
degradation of shear panels using numerical finite element analysis. Various geometrical and mechanical 
characteristics of cracked panels such as the crack length, crack angle of inclination, panel aspect ratio, 
slenderness of panel, boundary conditions, Poisson's ratio, and Young's modulus are considered in the analyses. 
It is shown that the length and the angle of cracks may change the buckling behaviour of shear panels, and their 
combinational effects can result in substantial degradation. 
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of Technology, 424 Hafez Ave., Tehran 15875-4413, Iran), “Numerical modelling for buckling analysis of 
cracked shear panels”, Thin-Walled Structures, Vol. 45, No. 12, December 2007, pp. 1058-1067, 
doi:10.1016/j.tws.2007.07.004 
ABSTRACT: Utilizing shear panels is a common practice in civil, naval and aerospace engineering structures 
and the performance of the one with thin steel plate shear walls is an interesting issue of ongoing related 
researches. It is a well-recognized phenomenon that the behaviour, and consequently the design procedure, of 
shear panels are mostly dominated by pre-yield buckling occurrence. However the existence of crack defects 
due to corrosion, fatigue, welding or mishandling may shed more complexities to such panels in terms of 
bearing capacity degradation. In this paper, a procedure for modelling and analysis of shear panels containing 
central or edge cracks, using the finite element method, is presented. Results can be incorporated to recognize 
the required mesh refinements around the crack tips and edges. In addition, the effect of relative crack length on 
buckling capacity of shear panels is investigated. 
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ABSTRACT: A perturbation method for determining the buckling strength of imperfection-sensitive structures 
is presented. The method is based on an extended system which was first used by Seydel in computation of limit 
points of nonlinear systems. The effects of various possible sources of structural imperfections on perfect 
structures with simple buckling loads are investigated by the method. The derivations and results of the present 
exposition are equally applicable to discrete and continuous systems. In the finite element implementation of the 
new formulation, the perturbation expansions are determined by solving numerically several linear problems 
with a single positive-definite sub-stiffness matrix. The method is illustrated with its application to the analyses 
of imperfection-sensitivity of a simply supported column on a linear-elastic foundation subjected to axial 
compression. 
 
 
Wu Baisheng (Department of Mathematics, Jilin University, 130023, Changchun, China), “An asymptotic-
numerical analysis for the lower bound dynamic buckling estimates”, Acta Mechanica Sinica, Vol. 13, No. 2, 
May 1997, pp. 165-170, DOI: 10.1007/BF02487923 
ABSTRACT: A finite element asymptotic analysis for determining the lower bound dynamic buckling 
estimates of imperfection-sensitive structures under step load of infinite duration is presented. The lower bound 
dynamic buckling loads and the corresponding displacements are sought in the form of asymptotic expansions 
based on the static stability criterion and they can be determined by solving numerically (FEM) several linear 
problems with a single nonsingular sub-stiffness matrix. 
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China), “Direct calculation of buckling strength of imperfect structures”, International Journal of Solids and 
Structures, Vol. 37, No. 11, March 2000, pp. 1561-1576, doi:10.1016/S0020-7683(98)00311-4 
ABSTRACT: This paper is concerned with the direct calculation of buckling strength of an imperfect structure. 
The main assumptions are that, for the perfect structure, there is a symmetric or a linear fundamental path and 
the corresponding first critical point is a simple symmetry-breaking or a simple bifurcation point. An extended 
system of limit points is proposed for which the newly introduced scaling parameters are regular solution and 
thus standard methods can be used to compute them. Using the extended system, one can directly obtain the 
exact buckling loads without tracing the postbuckling paths. An efficient implementation of Newton’s method 
solving the extended system is presented and numerical examples are given. 
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ABSTRACT: This paper presents analytical approximations to large post-buckling deformation of a circular, 
elastic, and inextensional ring under uniform hydrostatic pressure. By combining the Newton's method with the 
method of harmonic balance, we establish analytical approximations to large deformation of the ring. Unlike the 
classical method of harmonic balance, the linearization is performed prior to proceeding with harmonic 
balancing thus resulting in a set of linear algebraic equations instead of one of non-linear algebraic equations. 
We are hence able to establish analytical approximate solutions. These approximate solutions show excellent 
agreement with the exact solution, and are valid for small as well as large difference of the curvatures of the 
undeformed and the deformed ring. 
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“Nonlinear response of shell structures: effects of plasticity modelling and large rotations”, Thin-Walled 
Structures, Vol. 39, No. 6, June 2001, pp. 463-482, doi:10.1016/S0263-8231(01)00014-3 
ABSTRACT: Many structural applications require nonlinear finite element analyses in order to assess response 
and capacity. Plastic deformations may be accounted for by means of thickness integration or stress resultants. 
The stress resultant model employed herein is based on Ilyushins' linear yield criterion for thin shells. The 
corners present with this criterion are circumvented by means of a simplification, hence, there is no need for 
multi-surface stress resultant updates. A backward Euler difference is employed in the stress resultant update, 
and a consistent tangent is used in the Newton–Raphson iterations on the global equilibrium. Limit points are 
traversed by means of an orthogonal trajectory method. The response of compression dominated shells with 
imperfections typically corresponds to limit point behaviour. For stress resultant plasticity, the nonlinear 
transition from initial yield to full plasticity in shell bending is missed. Hence, the efficiency obtained by 
eliminating thickness integration is countered by some inaccuracy in the response simulation. This is 
investigated by means of comparison with finite element simulations employing integration through thickness 
(with linear or nonlinear hardening). Both steel and aluminium alloys are considered. In collapse response of 
slender structures, the straining of the material may be moderate, but the motion may be governed by large rigid 
body translations and rotations. A way of accounting for this by means of the co-rotated approach is presented. 
Triangular high-performance facet shell elements are employed. By example computations, the importance of 
nonlinear geometry contributions is illustrated. 
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SSR, Riga, Latvia), “Investigation of the stability of anisotropic composite panels with the aid of geometrically 
nonlinear degenerate finite shell element”, Mechanics of Composite Materials, Vol. 25, No. 4, 1990, pp. 493-
499, doi: 10.1007/BF00610704 
PARTIAL INTRODUCTION: In the designing of plates and shells, especially in calculations of their stability, 
it is of particular importance to take into account their geometrically nonlinear behavior. The most widely used 
mthod of stress analysis of structures is the finite element method. However, the literature has not dealt 
adequately with shells of anisotropic composite materials in geometrically nonlinear statements: the finite 
elements are usually constructed by proceeding from an actual theory of shells [1,2], and this does not provide 
the possibility of endowing them with a universally valid nature. This problem can be solved with the so-called 
degenerate finite elements of shells: finite element discreitzation is applied to three-dimensional equations of 
equilibrium in which the magnitudes are expressed in accordance with the adopted hypotheses through the 
magnitudes on the surface of the reference shells corresponding to them. In the present work we generalize the 
above-mentioned type of element [3,4] in relation to the calculation of anisotrpic composite shells in 



geometrically nonlinear statement… 
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panels in axial compression”, Composite Structures, Vol. 29, No. 4, 1994, pp. 457-462, 
doi:10.1016/0263-8223(94)90114-7 
ABSTRACT: The post-buckling behaviour of composite cylindrical panels in axial compression is investigated 
using the nonlinear finite element theory. A branch switching algorithm with an ‘eigenmode injection’ is 
discussed. The effect of the reinforcement angle on the buckling load, as well as the post-buckling behaviour of 
the panels, are analysed. Examples are considered for separated and closely spaced bifurcation points. By 
varying the reinforcement angle of the panels from 0 to 90°, two kinds of buckling modes are discovered for 
asymmetric and unstable symmetric lowest points of bifurcation. Local minima for the secondary branches of 
geometrically perfect panels are no less than 15% of their buckling loads, while values of the buckling loads 
alter more than twice in this region. A 16-node degenerated shell element with full integration scheme is used. 
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“Nonlinear localization strategies for domain decomposition methods: Application to post-buckling analyses”, 
Computer Methods in Applied Mechanics and Engineering, Vol. 196, No. 8, January 2007, pp. 1436-1446, 
Special Issue: Domain Decomposition Methods: recent advances and new challenges in engineering, 
doi:10.1016/j.cma.2006.03.013 
ABSTRACT: In this paper, we explore the capabilities of some nonlinear strategies based on domain 
decomposition for nonlinear analyses, and more particularly for post-buckling analyses of large slender 
structures. After having recalled the classical Newton–Krylov–Schur methods, chosen here to serve as a 
reference, we propose two versions specifically developed to treat nonlinear phenomena at the most relevant 
scale through nonlinear localizations per substructure. All these different strategies lead to solving similar 
condensed problems on which we apply classical Domain Decomposition Methods. Performances are discussed 
and comparative results in terms of convergence are presented in the case of beam frames with large rotations 
and local buckling. 
 
 
K. Saavedra, O. Allix and P. Gosselet (LMT Cachan. 61, Avenue du Président Wilson, 94235 Cachan, France), 
“On a multiscale strategy and its optimization for the simulation of combined delamination and buckling”, 
International Journal for Numerical Methods in Engineering, Vol. 91, No. 7, pp 772-798, August 2012 
ABSTRACT: This paper investigates a computational strategy for studying the interactions between multiple 
through-the-width delaminations and global or local buckling in composite laminates taking into account 
possible contact between the delaminated surfaces. To achieve an accurate prediction of the quasi-static 
response, a very refined discretization of the structure is required, leading to the resolution of very large and 
highly nonlinear numerical problems. In this paper, a nonlinear finite element formulation along with a parallel 
iterative scheme based on a multiscale domain decomposition is used for the computation of three-dimensional 
mesoscale models. Previous works by the authors already dealt with the simulation of multiscale delamination 
assuming small perturbations. This paper presents the formulation used to include geometric nonlinearities into 
this existing multiscale framework and discusses the adaptations that need to be made to the iterative process to 
ensure the rapid convergence and the scalability of the method in the presence of buckling and delamination. 
These various adaptations are illustrated by simulations involving large numbers of DOFs. 
 
 
Roberto Brighenti (Department of Civil Engineering, Environment and Architecture, University of Parma, 
Parco Area delle Scienze 181/A, 43100 Parma, Italy), “Numerical buckling analysis of compressed or tensioned 
cracked thin plates”, Engineering Structures, Vol. 27, No. 2, January 2005, pp. 265-276, 
doi:10.1016/j.engstruct.2004.10.006 
ABSTRACT: Buckling failure is quite a common occurrence in plates under compression, in particular when 
the plate’s thickness is sufficiently small with respect to others plates’ sizes; such a mode of crisis can often 
precede strength failure. Buckling failure under tension loading can also be a practical occurrence, especially in 
cracked plates in which it often takes place as a local buckling phenomenon, due to compression stresses 
transverse to the loading direction which develop around such imperfections. The aim of the present paper is to 
analyse the buckling phenomena of variously cracked rectangular elastic thin plates under tension or 
compression, by considering the effects of various geometrical, mechanical and boundary characteristics of the 
problem. A short explanation of the buckling phenomena in plates is recalled and several numerical parametric 
analyses are performed, employing the finite element method, in order to determine the critical load multiplier, 
in compression or in tension, by varying some of the problem’s geometrical and mechanical parameters. In 
particular, the buckling critical load multiplier is determined for different crack lengths, crack orientations and 
material Poisson coefficients and by varying the plate’s boundary conditions. Furthermore, some cracked 
configurations are analysed by means of a fully geometrical non-linear analysis, with contact between crack 
faces taken into account, in an effort to understand the effective whole structural behaviour also beyond the 



critical load. The results obtained are summarised graphically in figures and some interesting and useful 
conclusions are drawn on the sensitivity to the above-mentioned parameters to the buckling failure of variously 
restrained cracked compressed or tensioned plates. 
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90245, USA 
“Fracture mechanics of plates and shells applied to fail-safe analysis of fuselage Part I: Theory”, Theoretical 
and Applied Fracture Mechanics, Vol 27, No. 3, August 1997, pp. 221-236, 
doi:10.1016/S0167-8442(97)00024-4 
ABSTRACT: In this paper, a general theory on the asymptotic field near the crack tip for plates and shells with 
and without shear deformation effect is established. It is found that four stress intensity factors, two for 
symmetrical and antisymmetrical stretching and two for symmetrical and antisymmetrical bending, are required 
to describe arbitrary asymptotic fields near the crack tip for plates without shear deformation. An additional 
stress intensity factor is required for the transverse shearing force induced by antisymmetrical bending when the 
shear deformation is included in the analysis. It is also proven by means of the complex variable technique that 
for problems of plates with shear deformation, there exist similarities in the asymptotic expressions of moments 
and membrane forces and also in the asymptotic expressions of in-plane displacements and rotations of the mid-
surface. The energy release rate associated with crack growth in the direction of the crack line can be expressed 
in terms of stress intensity factors by means of Irwin's method of work and energy associated with a virtual 
crack extension. A combined stress intensity factor can be defined through the total energy release rate. The 
theory of the fracture of plates is generalized and applied to the study of problems in the fracture of shells. An 
example of an infinitely long cylindrical shell with a circumferential crack subjected to remote axial tension is 
given to demonstrate the application of the theory and to test the accuracy of the numerical analysis used for the 
problem. 
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(1) Department of Aerospace and Mechanical Engineering, University of Notre Dame, Notre Dame, IN 46556, 
USA 
(2) Northrop Grumman Corporation, Military Aircraft System Division, One Hornet Way, El Segundo, CA, 
USA 
“Fracture mechanics of plates and shells applied to fail-safe analysis of fuselage Part II: Computational results”, 
Theoretical and Applied Fracture Mechanics, Vol. 27, No. 3, August 1997, pp. 237-253, 
doi:10.1016/S0167-8442(97)00025-6 
ABSTRACT: In this paper, the problem of the fracture of a fuselage stiffened by longitudinal longerons and 
circumferential frames is analyzed by means of the finite element method. Our research is motivated by the fail-
safety design concept of fuselage for civil aircraft. In this study, the total energy release rate are evaluated for 
five types of basic loading, namely, axial extension, pure bending, twisting, transverse shearing, and radial 
expansion due to internal pressure. The crack is located either at the mid-point or near the end of the fuselage. It 
extends in two bays with the stiffener at its center. The stiffener which bisects the crack is assumed to be broken 
at the location of the crack. Computational results indicate that the total energy release rate Gt increases with 
the increasing crack length. However, when the crack tip approaches the stiffener, the value of Gt decreases as a 
result of the reinforcement from the stiffener. For a crack near the end of the fuselage, as a result of boundary 
effect, the value of Gt is larger in comparison with the case of the crack at the mid-point of the fuselage. We 
also find that the effect of geometrical nonlinearity can reduce the value of Gt for the fuselage under axial 
tension or pure bending. For the fractured fuselage under pure bending, shell buckling can occur at the concave 
side of the fuselage prior to crack growth. The maximum tensile stress in the stiffener in front of the crack tip is 
also investigated. 
 



 
Jean-Marc Battini, and Costin Pacoste (Department of Mechanics, KTH, Royal Institute of Technology, SE-100 
44 Stockholm, Sweden), “Co-rotational beam elements with warping effects in instability problems”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 191, Nos. 17-18, February 2002, pp. 1755-1789, 
doi:10.1016/S0045-7825(01)00352-8 
ABSTRACT: The present paper investigates the formulation of 3D co-rotational beam elements for the 
buckling and post-buckling analysis of frame structures. Following Pacoste and Eriksson [Comput. Methods 
Appl. Mech. Engrg. 144 (1997) 163], the term co-rotational relates here to the provision of a local reference 
frame that continuously rotates and translates with the element. Within this context, several issues are 
emphasised. The first one refers to the parameterisation of finite 3D rotations. The alternative put forth in the 
paper is based on the spatial form of the incremental rotational vector. The second issue concerns warping 
effects which are introduced by adding a seventh degree of freedom at each node. Different types of local 
formulations are considered and it is shown that at least some degree of non-linearity must be introduced in the 
local strain definition in order to obtain correct results for certain classes of problems. Within the present 
approach the centroid and shear center of the cross-section are not necessarily coincident. Finally, in the context 
of instability problems, a method for the direct computation of critical points is also briefly discussed. This is 
based on a minimal augmentation procedure as developed by Eriksson [Comput. Methods Appl. Mech. Engrg. 
156 (1998) 45; Comput. Methods Appl. Mech. Engrg. 179 (1999) 265; Int. J. Struct. Stability Dynamic 1 (1) 
(2001)]. Ten examples, including large displacement and stability problems, are used in order to assess the 
performances of the elements. 
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“On the choice of local element frame for corotational triangular shell elements”, Communications in 
Numerical Methods in Engineering, Vol. 20, No. 10, October 2004, pp.819–825.  
doi: 10.1002/cnm.710 
ABSTRACT: In the context of corotational triangular shell elements, the objective of this paper is to show that 
for certain stability problems it is interesting to choose a local element frame invariant to the element node 
ordering. Two methods of obtaining such a local frame are presented. These two methods, already proposed by 
other authors, are reformulated. For the first one, based on the minimisation of local nodal displacements, it is 
shown that the iterative process can be avoided. 
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“On the choice of the linear element for corotational triangular shells”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 195, Nos. 44-47, September 2006, pp. 6362-6377, 
doi:10.1016/j.cma.2006.01.007 
ABSTRACT: The corotational formulation for triangular thin shell elements presented in [A. Eriksson, C. 
Pacoste, Element formulation and numerical techniques for stability problems in shells, Comput. Methods Appl. 
Mech. Engrg. 191 (2002) 3775–3810] is further developed in order to incorporate elasto-plastic deformations. 
Several local formulations are implemented and tested. These local elements are geometrically linear and are 
obtained by the by superposition of a membrane and a plate part. Eleven elastic and elasto-plastic examples are 
presented. Both the incremental and deformation theories of plasticity are considered. The first objective is to 
assess the performance of the present formulation in modelling elasto-plastic instability problems. The second 
objective is to compare the different linear local formulations: it is shown that some of them give better results 
in instability problems. 
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Sweden), “A modified corotational framework for triangular shell elements”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 196, Nos. 13-16, March 2007, pp. 1905-1914, 
doi:10.1016/j.cma.2006.10.006 
ABSTRACT: The corotational framework for triangular shell elements has been presented by different authors 
(see the Introduction). The purpose of this paper is to introduce three modifications in this approach. The first 
one is a simplified definition of the local rotations. The second one is a reduction of the number of local degrees 
of freedom from 18 to 15. The third and principal one concerns the parameterisation of the global finite 
rotations. A new approach based on Euler parameters (quaternion) is proposed. In particular, it is shown that 
only three parameters are required. The purpose of these three modifications is to obtain a formulation which 
gives the same numerical results but which is computationally more efficient than the original one. This aspect 
is illustrated in several numerical examples. 
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“Numerical–experimental investigation on post-buckled stiffened composite panels”, Composite Structures, 
Vol. 55, No. 3, February-March 2002, pp. 347-357, doi:10.1016/S0263-8223(01)00162-3 
ABSTRACT: The present work deals with a numerical–experimental investigation into the post-buckling 
behavior of two demonstrators representative of the bottom skin panel of an unpressurized aircraft fuselage: one 
represents an undamaged reference structure, the other includes debonding and impact damage. Tests have been 
developed for static compression loading up to the ultimate load. The recorded data from five transducers and 
one strain gauge have been utilized to obtain numerical–experimental correlation. Numerical analyses have 
been developed using two available commercial codes and by different modeling approaches and analytical 
procedures. Further results have been obtained and compared with each other and with experimental evidence in 
order to assess the capability and feasibility of numerical predictions in the post-buckling field. 
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BV, U.K. 
“A stabilized 9-node non-linear shell element. International Journal for Numerical Methods in Engineering, 35: 
37–61. 1992, doi: 10.1002/nme.1620350104 
ABSTRACT: A non-linear 9-node stress resultant shell finite element with six degrees of freedom per node is 
formulated. The material non-linearity is based on an implicit integration scheme using the von Mises yield 
criterion and linear isotropic bardening. The small strain geometric non-linearity is formulated using the polar 
decomposition theorem of continuum mechanics via a corotational updated Lagrangian method, which 
represents finite rotations with accuracy. Reduced integration is used to remove locking and calculate the 
stresses at their optimal stress accuracy points. A practical procedure is employed to stabilize the troublesome 
spurious zero energy modes. A number of tests covering the non-linear material and geometry ranges and 
buckling show the good performance of the new element. 
 
 
D. Huang, C. H. Duan, "Buckling Analysis of Carbon Fiber Reinforced Plastics Cylinders under Axial 
Compression", Applied Mechanics and Materials, Vols. 395-396, pp. 76-79, Sep. 2013  
ABSTRACT: In this paper, the stability of carbon fiber reinforced plastics (CFRP) cylinders under axial 
compression was studied by the finite element analysis method. According to the Riks method, compressive 
capacity of the composite structures was investigated by nonlinear analysis, in which the eigen buckling modes 
were considered in the form of initial defects. And the post-buckling performances of different structures were 
also compared. 
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“The computational post-buckling analysis of fuselage stiffened panels loaded in shear”, Thin-Walled 
Structures, Vol. 43, No. 9, September 2005, pp. 1455-1474, doi:10.1016/j.tws.2005.03.010 
ABSTRACT: Fuselage panels are commonly fabricated as skin-stringer constructions, which are permitted to 
locally buckle under normal flight loads. The current analysis methodologies used to determine the post-
buckling response behaviour of stiffened panels relies on applying simplifying assumptions with semi-
empirical/empirical data. Using the Finite Element method and employing non-linear material and geometric 
analysis procedures it is possible to model the post-buckling behaviour of stiffened panels without having to 
place the same emphases on simplifying assumptions or empirical data. Previous work has demonstrated that 
using a commercial implicit code, the Finite Element method can be used successfully to model the post-
buckling behaviour of flat riveted panels subjected to uniform axial compression. This paper expands the 
compression modelling procedures to flat riveted panels subjected to uniform shear loading, investigating 
element, mesh, idealisation and material modelling selection, with results validated against mechanical tests. 
The work has generated a series of guidelines for the non-linear computational analysis of flat riveted panels 
subjected to uniform shear loading, highlighting subtle but important differences between shear and 
compression modelling requirements. 
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“Stiffened panels in compression: redirecting loads toward high-strength stiffeners”, 45th AIAA/ASME 
/ASCE/AHS/ASC Structures, Structural Dynamics & Materials Conference, AIAA Paper No. 2004-2051, 19 
Reliability Based Buckling Analysis of Composite Panels22 April 2004, Palm Springs, California  
ABSTRACT: New skin alloys are being developed that are both damage tolerant and strong in compression. At 
the same time, stiffener alloys are still getting stronger. Stiffened panel designs need to be optimized in new 
ways to fully benefit from these new material properties. FEA has shown that, provided the joint between skin 
and stiffeners is good and stringers are strong enough, the overall efficiency of a stiffened panel with large 
attach flanges is greater than that of a panel which has very high quadratic section moment. Stringer pitches can 
thus be kept at economic levels while panel buckling performance is increased by the use of new higher 
strength, high damage tolerance skin and the next generation of high strength stiffeners. The tangent modulus 
curves of the new materials mentioned are generally steeper than those of current materials. The present 
analyses have demonstrated that because the strain in a post-buckled stiffened panel is far from uniform, this 
does not present any particular risks with respect to sudden loss of stiffness of the panel.  
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“Buckling And Post-Buckling Of Sub-Stiffened Or Locally Tailored Aluminium Panels”, ICAS 2006, 25th 
International Congress Of The Aeronautical Sciences 
ABSTRACT: Today's high-strength and damage tolerant materials permit significant increases in working- and 
limit stresses. In order to fully exploit these stress increases as weight savings on aircraft, it is important to 
improve the buckling stability of stiffened panels. The (post-)buckling performance of panels with sub-



stiffening or local tailoring of the skin thickness (“skin sculpting”) was investigated using linear variable 
thickness finite strip analysis, (non-linear) finite element analysis and experiments on stiffened panels. Four 
different slender, high post-buckling ratio aluminium panels were crushed, revealing gains in post-buckling 
collapse loads of more than 10%. Gains in initial skin buckling were over 15%, accompanied by a gain in post-
buckling stiffness. Non-linear FEA helped to understand the behaviour of these panels and select the most 
promising designs. Linear finite strip analysis allowed optimisation of one of these, revealing a potential for 
further improvement of the initial buckling load by over 10%. Design rules for sub-stiffened panels were 
derived. Using these design rules, the concept of sub-stiffening was successfully transposed to more optimised, 
stockier sections, and non-linear FEA was used to predict the associated gains in post-buckling performance. In 
spite of extensive plasticity, the gain was still of the order of 10% on the post-buckling collapse load, with good 
post-buckling stiffness. The better understanding of the behaviour of locally tailored structures led to the 
evaluation of two other new concepts for stiffened panels: one with gradually increasing skin thickness toward 
the pad-ups under stiffeners (“sculpted skins”) and one with curved sub-stiffening patterns, resulting in skins 
with varying stiffness in both of the in-plane directions. For the sculpted skins, variable thickness finite strip 
optimisation was used to obtain insight into the importance of different design variables, and derive a method 
for sizing. Non-linear FEA of an application of this concept to realistic, optimised aircraft panels loaded in 
slight bi-compression confirmed initial buckling gains of up to 30% and predicted post-buckling performance 
gains of the order of 10%. For the variable stiffness sub-stiffening, a numerical experiment was designed in 
order to study linear eigenmodes of various configurations. The potential improvement in buckling performance 
over unstiffened plates of equal weight was as high as 450%. More relevantly, the effect of variable stiffness 
sub-stiffening was estimated over two times higher than that of orthogonal sub-stiffening. 
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ABSTRACT: Recent advances in aeronautics and material science allow for a significant increase in load 
capacity; consequently, structural parts are more stressed than in the past. In most cases, stresses and strains 
cannot be determined accurately enough using conventional closed form engineering formulae. Therefore, even 
if much more time-consuming, finite element analysis is used. Because of a high ratio between panel length and 
adhesive thickness, models need a large number of elements. Thus, computing time can be very long. The aim 



of this paper is to present a global-local approach to reduce this time. First, a global shell elements model is 
developed. Second, a local solid elements model is generated from the displacement obtained in the global 
model. Finally, global-local FEA enables greater precision. 
References listed at the end of the paper: 
[1] A. Murphy, M. Price, P. Wang. The integration of strength and process modeling of friction-stir-welded fuselage panels. American 
Institute of Aeronautics and Astronautics, AIAA 2005-2026:1–15, 2005. 
[2] Jeff W.H. Yap, Murray L. Scott, Rodney S. Thomson, Dieter Hachenberg. The analysis of skin-to-stiffener debonding in 
composite aerospace structures. Composite Structures, 57:425–435, 2002. 
[3] Sjoerd van der Veen, Adrian Murphy, Rinze Benedictus. Post-buckling failure of welded aluminium panels. 
[4] Edward W. Thrall, Raymond W. Shannon. Adhesive bonding of aluminum alloys. Dekker, 1985. 
[5] John Tomblin, Waruna Seneviratne, Paulo Escobar, Yap Yoon-Khian. Shear stress-strain data for structural adhesives. Technical 
Report DOT/FAA/AR-02/97, Office of Aviation Research, November 2002. 
[6] Kwang-Soo Kim, Jae-Seok Yoo, Yeong-Moo Yi, Chun-Gon Kim. Failure mode and strength of uni-directional composite single 
lap bonded joints with different bonding methods. Composite Structures, 72:477–485, 2006. 
[7] Eduard Riks, Charles C. Rankin, Francis A. Brogan. On the solution of mode jumping phenomena in thin-walled shell structures. 
Computer Methods in Applied Mechanics and Engineering, 136:59–92, 1996. 
[8] Wilhelm Rust, Karl Schweizerhof. Finite element limit load analysis of thin-walled structures by ansys (implicit), ls-dyna (explicit) 
and in combination. Thin-Walled Structures, 41:227–244, 2003. 
[9] MSC.Marc Volume A: Theory and User Information, 2005. 
[10] MSC.Marc Volume C: Program Input.  
[11] Phil Yarrington, James Zhang, Craig Collier, Brett A. Bednarcyk. Failure analysis of adhesively bonded composite joints. 
American Institute of Aeronautics and Astronautics, AIAA 2005-2376:1–23, 2005.  
[12] R.B. Heslehurst, L. Hart-Smith. The science and art of structural adhesive bonding. SAMPE Journal, 38:60–71, 2002. 
[13] D. M. Hoyt, Stephen H. Ward, Pierre J. Minguet. Strength and fatigue life modeling of bonded joints in composite structure. 
Journal of Composites Technology and Research, 24, 2002. 
[14] L. Tong, G.P. Steven. Analysis and Design of Structural Bonded Joints. Kluwer Academic Publishers, 1999. 
[15] Peter Chalkley , John van den Berg. On obtaining design allowables for adhesives used in the bonded-composite repair of 
aircraft. Technical Report DSTO-TR-0608, Defence Science and Technology Organisation, January 1998. 
[16] R.D. Adams, N.A. Peppiatt. Stress analysis of adhesive-bonded lap joints. Journal of Strain Analysis, 9:185–196, 1974. 
[17] A. Higgins. Adhesive bonding of aircraft structures. International Journal of Adhesion and Adhesives, 20:367–376, 2000. 
 
 
D. Quinn (1), A. Murphy (1), W. McEwan (1) and F. Lemaitre (2) 
(1) School of Mechanical and Aerospace Engineering, Queen's University Belfast, Ashby Building, Belfast BT9 
5AH, N. Ireland, UK 
(2) Unité Aéronautique et Laminés Technique, Centre de Recherche de Voreppe Centr’Alp, BP 27, 38341 
Voreppe Cedex, France 
“Stiffened panel stability behaviour and performance gains with plate prismatic sub-stiffening”, Thin-Walled 
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ABSTRACT: To increase the structural efficiency of integrally machined aluminium alloy stiffened panels, it is 
plausible to introduce plate sub-stiffening to increase the local stability and thus panel static strength 
performance. Reported herein is the experimental validation of prismatic sub-stiffening, and the computational 
verification of such concepts within larger recurring structure. The experimental work demonstrates the 
potential to ‘control’ plate buckling modes. For the tested sub-stiffening design, an initial plate buckling 
performance gain of +89% over an equivalent mass design was measured. The numerical simulations, 
modelling the tested sub-stiffening design, demonstrate equivalent behaviour and performance gains (+66%) 
within larger structures consisting of recurring panels. 
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“Non-prismatic sub-stiffening for stiffened panel plates—Stability behaviour and performance gains”, Thin-
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ABSTRACT: Previous work has demonstrated the potential to introduce plate element sub-stiffening to 
increase the local stability and thus static strength performance of integrally machined aluminium alloy 



stiffened panels. The introduction of plate element prismatic sub-stiffening modifies local plate buckling 
behaviour and within realistic design constraints, may produce sizable performance gains with equivalent mass 
designs. This article examines through experimental and computational analysis the potential of non-prismatic 
sub-stiffening for tailoring local plate stability performance. Using non-prismatic sub-stiffening, the 
experimental work demonstrates potential initial buckling performance gains with equivalent mass designs 
(+185%), and computationally, potential mass savings with equivalent static strength performance designs (–
9.4%). 
 
 
B. R. Seshadri and J. C. Newman, Jr. (Langley Research Center, Hampton, Virginia), “Analyses of Buckling 
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ABSTRACT: This paper was to verify the STAGS (general shell, geometric and material nonlinear) code and 
the critical crack-tip-opening angle (CTOA) fracture criterion for predicting stable tearing in cracked panels that 
fail with severe out-of-plane buckling. Materials considered ranged from brittle to ductile behavior. Test data 
used in this study are reported elsewhere. The STAGS code was used to model stable tearing using a critical 
CTOA value that was determined from a cracked panel that was “restrained” from buckling. The analysis 
methodology was then used to predict the influence of buckling on stable tearing and failure loads. Parameters 
like crack-length to-specimen-width ratio, crack configuration, thickness, and material tensile properties had a 
significant influence on the buckling behavior of cracked thin-sheet materials. Experimental and predicted 
results showed a varied buckling response for different crack-length-to-sheet-thickness ratios because different 
buckling modes were activated. Effects of material tensile properties and fracture toughness on buckling 
response were presented. The STAGS code and the CTOA fracture criterion were able to predict the influence 
of buckling on stable tearing behavior and failure loads on a variety of materials and crack configurations. 
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“Fracture Analysis of The FAA/NASA Wide Stiffened Panels”, (no publisher or date given. Perhaps it is an 
FAA/DOT “AR” report. Most recent reference cited is 1998) 
ABSTRACT: This paper presents the fracture analyses conducted on the FAA/NASA stiffened and unstiffened 
panels using the STAGS (STructural Analysis of General Shells) code with the critical crack-tip-opening angle 
(CTOA) fracture criterion. The STAGS code with the “plane-strain” core option was used in all analyses. 
Previous analyses of wide, flat panels have shown that the high-constraint conditions around a crack front, like 
plane strain, has to be modeled in order for the critical CTOA fracture criterion to predict wide panel failures 
from small laboratory tests. In the present study, the critical CTOA value was determined from a 
wide(unstiffened)panelwithanti-bucklingguides. Theplane-straincoresizewasestimatedfromprevious fracture 
analyses and was equal to about the sheet thickness. Rivet flexibility and stiffener failure was based on methods 
and criteria, like that currently used in industry. STAGS and the CTOA criterion were used to predict load-
against-crack extension for the wide panels with a single crack and multiple-site damage cracking at many 
adjacent rivet holes. Analyses were able to predict stable crack growth and residual strength within a few 
percent (5%) of stiffened panel tests results but over predicted the buckling failure load on an unstiffened panel 
with a single crack by 10%. 
References listed at the end of the paper: 
[1] Swift, T., “Damage Tolerance in Pressurized Fuselages”, New Materials and Fatigue Resistant Aircraft Design, D. L. Simpson, 
ed., EMAS Ltd., 1987, pp. 1-77. 
[2] Maclin, J., “Performance of Fuselage Pressure Structure,” International Conference on Aging Aircraft and Structural 
Airworthiness, C. E. Harris, ed., NASA CP-3160, Washington, D.C., 1992, pp. 67-75.  
[3] McGuire, J. F. and Goranson, U. G., “Structural Integrity of Future Aging Airplanes”, 1991 International Conference on Aging 
Aircraft and Structural Airworthiness, C. E. Harris, ed., NASA 
CP-3160, Washington, D.C., 1992, pp. 33-48.  
[4] Harris, C. E.; Newman, J. C., Jr.; Piascik, R. and Starnes, J. H., Jr., “Analytical Methodology for Predicting the Onset of 
Widespread Fatigue Damage in Fuselage Structure”, Journal of Aircraft, Vol. 
35, No. 2, 1998, pp. 307-317.  
[5] Dawicke, D. S.; Gullerud, A. S.; Dodds, R. H. and Hampton, R., “Residual Strength Predictions with Crack Bulging,” 2nd Joint 
NASA/FAA/DoD Conference on Aging Aircraft, Williamsburg, VA, 1998.  
[6] Young, R. D.; Rouse, M.; Ambur, D. R. and Starnes, J. H., Jr., “Residual Strength Pressure Tests and Nonlinear Analyses of 
Stringer- and Frame-Stiffened Aluminum Fuselage Panels with Longitudinal Cracks,” Second Joint NASA/FAA/DoD Conference on 
Aging Aircraft, Williamsburg, VA., 1998.  
[7] Dawicke, D. S.; Newman, J. C., Jr. and Tan, P. W., “FAA/NASA Wide Panel Fracture Tests - Part I Executive Summary,” NASA 
TM (in progress), 1998.  
[8] Johnston, W. M. and Helm, J. D., “FAA/NASA Wide Panel Fracture Tests - Part II Experimental Test Program,” NASA CR (in 
progress), 1998.  
[9] Kanninen, M.; Rybicki, E.; Stonesifer, R.; Broek, D.; Rosenfield, A. and Nalin, G., “Elastic-Plastic Fracture Mechanics for Two-
Dimensional Stable Crack Growth and Instability Problems”, ASTM STP 668, 1979, pp. 121-150.  
[10] Dawicke, D. S.; Sutton, M. A.; Newman, J. C., Jr. and Bigelow, C. A., “Measurement and Analysis of Critical CTOA for Thin-
Sheet Aluminum Alloy Materials”, Fracture Mechanics: 25th Volume, ASTM STP 1220, F. Erdogan, ed., 1995, pp. 358-379.  
[11] Newman, J. C., Jr. and Dawicke, D. S., “Fracture Analysis of Stiffened Panels under Biaxial Loading with Widespread 
Cracking,” AGARD CP-568, 1995, pp. 3.1-3.16.  
[12] Dawicke, D. S.; Newman, J. C., Jr. and Bigelow, C. A., “Three-Dimensional CTOA and Constraint Effects during Stable Tearing 
in a Thin-Sheet Material,” Fracture Mechanics: 26th Volume, ASTM STP 1256, W. G. Reuter, J. H. Underwood and J. C. Newman, 
Jr., eds., 1995, pp. 223-242.  
[13] Seshadri, B. R. and Newman, J. C., Jr., “Analyses of Buckling and Stable Tearing in Thin-Sheet Materials,” Fatigue and Fracture 
Mechanics: 29th Volume, ASTM STP 1332, T. L. Panontin and S. 
D. Sheppard, eds., 1998.  
[14] Almroth, B.; Brogan, F. and Stanley, G., “User’s Manual for STAGS”, NASA CR 165670, 1978.  
[15] Rankin, C. C.; Brogan, F. A.; Loden, W. A. and Cabiness, H. D., “STAGS User Manual – Version 2.4,” Lockheed Martin 
Advanced Technology Center, Report LMSC P032594, 1997.  
[16] Newman, J. C., Jr.; Booth, B. C. and Shivakumar, K. N., “An Elastic-Plastic Finite-Element Analysis of the J-Resistance Curve 
using a CTOD Criterion”, Fracture Mechanics: 18th Volume, ASTM STP 945, D. T. Read and R. P. Reed, eds., 1988, pp. 665-685.  



[17] Atluri, S. N. and Tong, P., “Computational Schemes for Integrity Analyses of Fuselage Panels in Aging Airplanes,” Structural 
Integrity of Aging Airplanes, Springer-Verlag, 1991, pp. 33.  
[18] Dawicke, D. S. and Newman, J. C., Jr., “Residual Strength Predictions for Multiple-Site Damage Cracking using a CTOA 
Criterion,” Fatigue and Fracture Mechanics: 29th Volume, ASTM STP 1332, T. L. Panontin and S. D. Sheppard, eds., 1998. 
 
 
D. S. Dawicke, J. C. Newman, Jr., J. H. Starnes, Jr., C. A. Rose, R. D. Young (NASA Langley Research Center) 
and B. R. Seshadri (National Research Council),  “Residual Strength Analysis Methodology: Laboratory 
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ABSTRACT: The NASA Aircraft Structural Integrity (NASIP) and Airframe Airworthiness Assurance/Aging 
Aircraft (AAA/AA) Programs have developed a residual strength prediction methodology for aircraft fuselage 
structures. This methodology has been experimentally verified for structures ranging from laboratory coupons 
up to full-scale structural components. The methodology uses the critical crack tip opening angle (CTOA) 
fracture criterion to characterize the fracture behavior and a material and a geometric nonlinear finite element 
shell analysis code to perform the structural analyses. The present paper presents the results of a study to 
evaluate the fracture behavior of 2024-T3 aluminum alloys with thickness of 0.04 inches to 0.09 inches. The 
critical CTOA and the corresponding plane strain core height necessary to simulate through-the-thickness 
effects at the crack tip in an otherwise plane stress analysis, were determined from small laboratory specimens. 
Using these parameters, the CTOA fracture criterion was used to predict the behavior of middle crack tension 
specimens that were up to 40 inches wide, flat panels with riveted stiffeners and multiple-site damage cracks, 
18-inch-diameter pressurized cylinders, and full scale curved stiffened panels subjected to internal pressure and 
mechanical loads. 
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“Residual strength analyses of stiffened and un-stiffened panels––Part I: laboratory specimens”, Engineering 
Fracture Mechanics, Vol. 70, Nos. 3-4, February-March 2003, pp. 493-507, 
doi:10.1016/S0013-7944(02)00133-9 
ABSTRACT: This paper presents the results of residual strength analyses on stiffened and un-stiffened panels 
using the STructural Analysis of General Shells (STAGS) finite-element shell code and the critical crack-tip-
opening angle (CTOA) fracture criterion. Previous analyses of wide, flat panels have shown that high-constraint 
conditions around a crack front must be modeled in order for the critical CTOA fracture criterion to predict 
wide panel failures from small laboratory tests. Thus, the STAGS code with the  _plane-strain _ core option was 
used in all analyses. In the present study, the critical CTOA (_®c) value and the plane-strain core height were 
determined from a fit to the experimental load-against-crack-extension results from a series of middle-crack 
tension specimens (76 _1016 mm wide) tested with anti-buckling guides. In the residual strength analyses of the 
305-mm wide stiffened panels with a single crack, modeling of the sheet, stiffeners, rivet flexibility and 
buckling were based on methods and criteria, like that currently used in industry. STAGS and the CTOA 
criterion were used to predict load-against-crack extension for the single stiffened panels for both intact and cut 
stiffeners. Analyses were able to predict stable crack growth and residual strength of the single stiffened panels 
within about ±5% of the test failure loads. 
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“Residual strength analyses of stiffened and unstiffened panels––Part II: wide panels”, Engineering Fracture 
Mechanics, Vol. 70, Nos. 3-4, February-March 2003, pp. 509-524, doi:10.1016/S0013-7944(02)00134-0 
ABSTRACT: This paper highlights the results from fracture analyses conducted on the FAA/NASA wide 
panels (with and without stiffeners) using structural analysis of general shells code and the critical crack-tip-
opening angle (CTOA) fracture criterion. The critical CTOA and plane-strain core height values, calibrated 
from a fit to the experimental load-against-crack-extension results from a series of unstiffened panels (76–1016 
mm wide) tests with anti-buckling guides (Part I of this paper), were used in the analyses of wide stiffened and 
unstiffened panels. As discussed in Part I of this paper, high constraint around the crack front like plane strain 
has been accounted for by using the “plane-strain core” option in all analyses. By accounting for high constraint 
around crack front, it was possible for the critical CTOA fracture criterion to predict wide panel failures from 
small laboratory tests. As followed in Part I of this paper, rivet flexibility and stiffener failures in the analyses of 
wide panels were based on methods and criteria like that currently used in the industry. Analyses were able to 
predict stable crack growth and residual strength of both stiffened and unstiffened panels with various amounts 
of multiple-site damage within ±10% of the test results. Finally, it has been demonstrated that, it is possible to 
predict the residual strength of wide stiffened and unstiffened panels with critical CTOA calibrated from small 
laboratory coupons. 
 
 
Richard D. Young, Marshall Rouse, Damodar R. Ambur, and James H. Starnes, Jr. (NASA Langley Research 
Center Hampton, VA 23381), “Residual Strength Pressure Tests and Nonlinear Analyses of Stringer- and 
Frame-Stiffened Aluminum Fuselage Panels with Longitudinal Cracks”, (no publisher or date given. 1998?) 
ABSTRACT: The results of residual strength pressure tests and nonlinear analyses of stringer- and frame-
stiffened aluminum fuselage panels with longitudinal cracks are presented. Two types of damage are 
considered: a longitudinal crack located midway between stringers, and a longitudinal crack adjacent to a 
stringer and along a row of fasteners in a lap joint that has multiple-site damage (MSD). In both cases, the 
longitudinal crack is centered on a severed frame. The panels are subjected to internal pressure plus axial 
tension loads. The axial tension loads are equivalent to a bulkhead pressure load. Nonlinear elastic-plastic 
residual strength analyses of the fuselage panels are conducted using a finite element program and the crack-tip-
opening-angle (CTOA) fracture criterion. Predicted crack growth and residual strength results from nonlinear 
analyses of the stiffened fuselage panels are compared with experimental measurements and observations. Both 



the test and analysis results indicate that the presence of MSD affects crack growth stability and reduces the 
residual strength of stiffened fuselage shells with long cracks. 
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ABSTRACT: This paper presents a state of the art review on geometrically nonlinear analysis of shell structures 
that is limited to the co-rotational approach and to flat triangular shell finite elements. These shell elements are 
built up from flat triangular membranes and plates. We propose an element comprised of the constant strain 
triangle (CST) membrane element and the discrete Kirchhoff (DKT) plate element and describe its formulation 
while stressing two main issues: the derivation of the geometric stiffness matrix and the isolation of the rigid 
body motion from the total deformations. We further use it to solve a broad class of problems from the literature 
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doi:10.1016/S0045-7825(02)00388-2 
ABSTRACT: In the context of the geometrically nonlinear analysis of structures by continuation methods, a 
technique for the determination of the imperfection sensitivity is carried out. The technique is based on 
Galerkin's reduction of equilibrium equations in the subspace of extrapolation branches emanating from the 
bifurcation points. The pre- and post-critical behaviour in the neighbourhood of bifurcation points, however, is 
well approximated provided that extrapolations have a large convergence domain. To this end an efficient 
asymptotic representation of the primary and secondary equilibrium paths and procedures that overcome the ill-
conditioning of the systems defined in the critical points is used here. 
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ABSTRACT: A finite element method is presented for the transient analysis of large-displacement, small-strain 
problems with material non-linearities. The method employs a convected coordinate technique and a direct 
nodal force computational scheme of considerable efficiency. Detailed formulations are given for a plane, 
constant strain triangular element and a Euler-Bernoulli beam element. Results are presented for several 
example problems and compared with experimental data and other numerical solutions. 
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Cosenza, Italy), “Statical and dynamical structural analysis by a kinematical description of the small strains 
involving finite rotations”, Laboratorio di Meccanica Computazionale Rapporto Interno, Report n. 52, 
November 2008 
ABSTRACT: A geometrically nonlinear formulation to analyse structures in the hypotheses of large 
displacements and rotations and small strains is presented. In this formulation, applied to low-order elements 
and based on the total Lagrangian kinematics, the use of the rotation matrices is bypassed. A selective based 
definition of the strain tensor, used in order to avoid shear-locking problems, is effected by the linear definition 
of deformations because it is element reference system independent. In addition, complex manipulations 
required to obtain conservative descriptions and well-posed transformation matrices are avoided. Numerical 
tests have been carried out to evaluate the validity of the developed technique both in the statical and in the 
dynamical context. 
References listed at the end of the report: 
[1] Belytschko T., Hsieh B.J., Non-linear transient finite element analysis with convected coordinates, Int. J. Numer. Methods Eng., 
1973; 7; 255-271. 
[2] Argyris J., An excursion into large rotations, Comput. Methods Appl. Mech. Engrg., 1982; 32; 85-155. 
[3] Rankin C.C., Nour-Omid B., The use of projectors to improve finite element performance, Comp. Struct., 1988; 30; 257-267. 
[4] Crisfield M.A., A consistent co-rotational formulation for nonlinear three-dimensional beam elements, Comput. Methods Appl. 
Mech. Engrg., 1990; 81; 131-150. 
[5] Peng X., Crisfield M.A., A consistent co-rotational formulation for shells using the constant stress/constant moment triangle, Int. J. 



Numer. Methods Eng., 1992; 35; 1829-1847. 
[6] Pacoste C., Co-rotational flat facet triangular elements for shell instability analyses, Comput. Methods Appl. Mech. Engrg., 1998; 
156; 75-110. 
[7] Zienkiewicz O.C., Taylor R.L., Too J.M., Reduced integration technique in general analysis af plates and shells, Int. J. Numer. 
Methods Eng., 1971; 3; 275-290. 
[8] Kavanagh K.T., Key S.W., A note on selective and reduced integration techniques in finite element method, Int. J. Numer. 
Methods Eng., 1972; 4; 148-150. 
[9] Kosloff D., Frazier G.A., Treatment of hourglass patterns in loworder finite element codes, Int. J. Numer. Anal. Methods 
Geomech., 1978; 2; 57-72. 
[10] Flanagan D.P.,Belytschko T., A uniform strain hexahedron and quadrilateral with orthogonal hourglass contol, Int. J. Numer. 
Methods Eng., 1983; 17; 679-706. 
[11] Belytschko T., Ong J.S.J., Liu W.K., Kennedy J.M., Hourglass control in linear and nonlinear problems, Comput. Methods Appl. 
Mech. Engrg., 1984; 43; 251-276. 
[12] Liu W.K., Ong J.S.J., Uras R.A., Finite element stabilization matrices-a unification approach, Comput. Methods Appl. Mech. 
Engrg., 1985; 53; 13-46. 
[13] Liu W.K., Hu Y. K., Belytschko T., Multiple quadrature unterintegrated finite elements, Int. J. Numer. Methods Eng., 1994; 37; 
3263-3289. 
[14] Lopez S., An effective parametrization for asymptotic extrapolations, Comput. Methods Appl. Mech. Engrg., 2000; 189; 297-
311. 
[15] Lopez S., Detection of bifurcation points along a curve traced by a continuation method, Int. J. Numer. Methods Eng., 2002; 53; 
983-1004. 
[16] Simo J.C., Vu-Quoc L., A three-dimensional finite strain rod model, Part II: Computer aspects, Comput. Methods Appl. Mech. 
Engrg., 1986; 58; 79-116. 
[17] Kouhia R., Mikkola M., Tracing the equilibrium path beyond simple critical points, Int. J. Numer. Methods Eng., 1989; 28; 2923-
2941. 
[18] Cardona A., Huespe A., Evaluation of simple bifurcation points and post-critical path in large finite rotation problems, Comput. 
Methods Appl. Mech. Engrg., 1999; 175; 137-156. 
[19] Eriksson A., On improved predictions for structural equilibrium path evaluations, Int. J. Numer. Methods Eng., 1993; 36; 201-
220. 
[20] Eriksson A., On a thin shell element for non-linear analysis based on the isoparametric concept, Comp. Struct., 1992; 42; 927-
939. 
 
 
S. Lopez and G. La Sala (Dipartimento di Modellistica per l’Ingegneria, Università della Calabria, Arcavacata, 
87030 Rende, Italy), “A finite element approach to statical and dynamical analysis of geometrically nonlinear 
structures”, Finite Elements in Analysis and Design, Vol. 46, No. 12, December 2010, pp. 1093-1105, 
doi:10.1016/j.finel.2010.08.001 
ABSTRACT: A geometrically nonlinear formulation to analyse structures in the hypotheses of large 
displacements and rotations and small strains is presented. In this formulation, applied to low-order elements 
and based on the total Lagrangian kinematics, the use of the rotation matrices is bypassed. A selective based 
definition of the strain tensor, used in order to avoid shear-locking problems, is effected by the linear definition 
of deformations because it is element reference system independent. In addition, complex manipulations 
required to obtain conservative descriptions and well-posed transformation matrices are avoided. Numerical 
tests have been carried out to validate the developed technique both in the statical and in the dynamical context. 
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thermally buckled plates”, Journal of Sound and Vibration, Vol. 278, Nos. 1-2, 22 November 2004, pp. 233-
256, doi:10.1016/j.jsv.2003.10.054 
ABSTRACT: Both analytical and finite element investigations are performed for the various static and dynamic 
aspects of the mode jumping phenomenon of a simply-supported rectangular plate heated deeply into the post-
buckling regime. For the analytical method, the von Kármán plate equation is reduced to a system of non-linear 
ODEs by expressing the transverse deflection as a series of linear buckling modes. The ODEs, combined with 
the non-linear algebraic constraint equations obtained from in-plane boundary conditions, are then solved 
numerically under the parametric variation of the temperature. The results are checked by the finite element 
method, where a hybrid static–dynamic scheme is implemented. The contribution of each assumed (buckling) 
mode component is studied systematically. Characterized by the strong geometrical non-linearity, the secondary 



bifurcation point of the thermally loaded plate with fixed in-plane boundary conditions occurs far beyond the 
primary buckling point, and the jump behavior cannot be predicted correctly without sufficient assumed modes. 
Stationary bifurcation analysis indicates that while the post-buckling deflection before mode jumping is 
composed of pure symmetric modes, additional pure antisymmetric modes will appear after the occurrence of 
the snapping and they play the role of destabilizing the equilibrium. Furthermore, by monitoring natural 
frequencies and modal shapes, we find that a mode shifting phenomenon (the exchanging of vibration modes) 
exists in the primary post-buckling regime. Breaking of the symmetry of the dynamic modes is also found. By 
introducing a linear temperature sweeping scheme, transient analysis is performed to capture the snapping 
phenomenon dynamically, which occurs with moderate heating ratio. Comparison between the analytic and 
finite element results shows good agreement. 
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University, Durham, NC 27708-0300, USA), “Finite element analysis of post-buckling dynamics in plates—
Part I: An asymptotic approach”, International Journal of Solids and Structures, Vol. 43, No. 13, June 2006, pp. 
3983-4007, doi:10.1016/j.ijsolstr.2005.04.036 
ABSTRACT: Various static and dynamic aspects of post-buckled thin plates, including the transition of buckled 
patterns, post-buckling dynamics, secondary bifurcation, and dynamic snapping (mode jumping phenomenon), 
are investigated systematically using asymptotical and non-stationary finite element methods. In part I, the 
secondary dynamic instability and the local post-secondary buckling behavior of thin rectangular plates under 
generalized (mechanical and thermal) loading is investigated using an asymptotic numerical method which 
combines Koiter’s nonlinear instability theory with the finite element technique. A dynamic multi-mode 
reduction method—similar to its static single-mode counterpart: Liapunov–Schmidt reduction—is developed in 
this perturbation approach. Post-secondary buckling equilibrium branches are obtained by solving the reduced 
low-dimensional parametric equations and their stability properties are determined directly by checking the 
eigenvalues of the resulting Jacobian matrix. Typical post-secondary buckling forms—transcritical, supercritical 
and subcritical bifurcations are observed according to different combinations of boundary conditions and load 
types. Geometric imperfection analysis shows that not only the secondary bifurcation load but also changes in 
the fundamental post-secondary buckling behavior are affected. The post-buckling dynamics and the global 
analysis of mode jumping of the plates are addressed in part II. 
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II: A non-stationary analysis”, International Journal of Solids and Structures, Vol. 43, No. 13, June 2006, pp. 
4008-4027, doi:10.1016/j.ijsolstr.2005.04.037 
ABSTRACT: With the secondary bifurcation and the local post-secondary buckling behavior being analyzed in 
Part I, Part II of this study consists of developing an adaptive non-stationary load sweeping algorithm to 
investigate post-buckling dynamics and mode jumping phenomena of generally (mechanically and thermally) 
loaded thin plates in a global context. The non-stationary sweeping procedure has the merits of adapting large 
load steps to capture static characteristics of stable equilibrium paths both before and after mode jumping and 
reduce automatically the step size to ensure a dynamic transition between the two stable branches. Thus, it is 
computationally effective. Furthermore, by adopting the non-stationary sweeping scheme, this procedure can 
avoid spurious convergence of the transient response to an unstable equilibrium. Corresponding to different 
post-secondary bifurcation forms, which are determined using asymptotical finite element analysis developed in 
Part I, subsequent buckling patterns of various complexity occurring after mode jumping are obtained using the 
method developed in this article. Qualitative changes in post-buckled patterns are observed after the occurrence 
of the secondary bifurcation or the mode jumping. Free vibration analysis using the tangent stiffness matrix 
obtained from the converged static or dynamic solutions shows a vibration modal shifting phenomena occurs 
during the process of the load sweep. The spurious convergence phenomenon caused by the application of the 
traditional hybrid static–dynamic method is found and explained. 
 
 



Hui Chen and Wenbin Yu (Department of Mechanical and Aerospace Engineering, Utah State University, 
Logan, UT 80322-4130, USA), “Postbuckling and mode jumping analysis of composite laminates using an 
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ABSTRACT: An analytic method is presented in this paper to study the postbuckling and mode jumping 
behavior of bi-axially compressed composite laminates. The governing partial differential equations (PDEs) are 
derived rigorously from an asymptotically correct, geometrically non-linear theory. A novel and relatively 
simpler solution approach is developed to solve the two coupled fourth-order PDEs, namely, the compatibility 
equation and the dynamic governing equation. The generalized Galerkin method is used to solve boundary 
value problems corresponding to antisymmetric angle-ply and cross-ply composite plates, respectively. The 
variety of possible modal interactions is expressed in an explicit and concise form by transforming the coupled 
non-linear governing equations into a system of non-linear ordinary differential equations (ODEs). The 
comparison between the present method and the finite element analysis (FEA) shows a pretty good match in 
their numerical results in the primary postbuckling region. While the FEA may lose its convergence when 
solution comes close to the secondary bifurcation point, the analytic approach has the capability of exploring 
deeply into the post-secondary buckling realm and capture the mode jumping phenomenon for various 
combinations of plate configurations and in-plane boundary conditions. Free vibration along the stable primary 
postbuckling and the jumped equilibrium paths are also studied. 
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Chapter 2 in Composite Materials Research Progress, edited by Lucas P. Durand, 2008, ISBN: 1-60021-994-2, 
pp. 51-107, Nova Science Publishers, Inc. 
ABSTRACT: In this chapter the optimal design of laminated composite structures is considered. A review of 
the literature is proposed. It aims at giving a general overview of the problems that a designer must face when 
he works with laminated composite structures and the specific solutions that have been derived. Based on it and 
on the industrial needs an optimization method specially devoted to composite structures is developed and 
presented. The related solution procedure is general and reliable. It is based on fiber orientations and ply 
thicknesses as design variables. It is used daily in a European industrial context for the design of composite 
aircraft box structures located in the wings, the center wing box, and the vertical and horizontal tail planes. This 
approach is based on sequential convex programming and consists in replacing the original optimization 
problem by a sequence of approximated sub problems. A very general and self adaptive approximation scheme 
is used. It can consider the particular structure of the mechanical responses of composites, which can be of a 
different nature when both fiber orientations and ply thicknesses are design variables. Several numerical 
applications illustrate the efficiency of the proposed approach. 
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ABSTRACT: In this paper, the buckling optimization of thin-walled stiffened composite panels is studied. 
Some important issues are recalled, and an efficient solution procedure is discussed. It is shown how to properly 
represent the buckling behavior with the finite element method. Several approximations of the Sequential 
Convex Programming method (SCP) are compared on an industrial test case consisting in the optimization of a 
curved stiffened composite panel submitted to compression and shear. 
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subjected to thermal residual stresses”, MSC Software Presentation Number 2007-21, 2007 
ABSTRACT: Composite material structures are completely stress free during curing or consolidating process, 
under high temperatures that vary between 120 deg. C and 400 deg. C. After this process, temperature decreases 
and material starts to get stiffer. As material physical properties are different in transverse and longitudinal 
direction, thermal residual stresses appear due to this difference, mainly because of thermal expansion 
coefficient. Thermal residual stresses effects can be null if the structure is a uniform (not stiffened) square plan 
panel symmetrically laminated, without external constraints. However, if the panel is reinforced or not 
symmetrically laminated, the resultant stresses can be not null and affect the panel mechanical behavior. This 
research studies post-buckling behavior of graphite-epoxy reinforced panels under compression in the presence 
of thermal residual stresses, considering two different stringer types and three different stringer widths. 
According to the results found, thermal residual stresses can affect the panel mechanical behavior - depending 
on type and width of the stringers - increasing stiffness and changing buckling modes, mainly for smaller loads 
and wider stringers.  
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Mal. Eduardo Gomes 50, 12228-900 São José dos Campos-SP, Brazil), “A Three-Dimensional Ply Failure 
Model for Composite Structures”, International Journal of Aerospace Engineering Volume 2009, Article ID 
486063, 22 pages doi:10.1155/2009/486063 
ABSTRACT: A fully 3D failure model to predict damage in composite structures subjected to multiaxial 
loading is presented in this paper. The formulation incorporates shear nonlinearities effects, irreversible strains, 
damage and strain rate effects by using a viscoplastic damageable constitutive law. The proposed formulation 
enables the prediction of failure initiation and failure propagation by combining stress-based, damage 
mechanics and fracture mechanics approaches within an unified energy based context. An objectivity algorithm 
has been embedded into the formulation to avoid problems associated with strain localization and mesh 
dependence. The proposed model has been implemented into ABAQUS/Explicit FE code within brick elements 
as a userdefined material model. Numerical predictions for standard uniaxial tests at element and coupon levels 
are presented and discussed. 
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stiffening to enhance buckling of laminated plates”, Latin American Journal of Solids and Structures, Vol. 7, 
No. 2, Rio de Janeiro 2010 
ABSTRACT: A technique for enhancement of buckling loads of composite plates is proposed. The technique 
relies on using stress stiffening to create a non-zero tensile force acting along the plate plane which ultimately 
permits the application of higher external compressive forces that lead to traditional buckling instabilities. The 
idea is to completely restrain the plate movements in its plane direction, at all edges, and to apply voltages to 
pairs of symmetrically bonded piezoelectric patches. This voltage is applied such that the piezoelectric patches 
contract resulting in a uniform tensile force over the plate plane. 
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Aeronáutica-ITA, CTA-ITA-IEM, Pça Mal. Eduardo Gomes 50, CEP 12228-900, São José dos Campos-SP, 
Brazil), “An experimental and numerical analysis for the post-buckling behavior of composite shear webs”, 
Composite Structures, Vol. 93, No. 2, January 2011, pp. 465-473, doi:10.1016/j.compstruct.2010.08.034 
ABSTRACT: This paper presents a detailed experimental and numerical investigation on the structural behavior 
of stiffened composite panels subjected to in-plane shear loads. The experimental work includes the 
development of a test device for post-buckling analyses of laminated panels subjected to shear loads. The panels 
out-of-plane displacement field in the post-buckling regime was experimentally characterized using a non-
contact 3-D optical device. A test procedure was proposed to obtain reliable and reproducible results. The 
following parameters were established: geometry and instrumentation of the specimens, test mechanisms, data 
acquisition procedures and analysis procedures for test data. The numerical objective of this work is to 
implement a modeling methodology for analysis of composite stiffened panels using finite elements. The 
proposed methodology takes into account large displacements and material nonlinearity effects by using a 
damage mechanics based progressive failure model. Preliminary results for tested specimens with the proposed 
configuration indicate that the stiffened composite shear webs have significant post-buckling strength. 
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“Buckling behaviour of laminated composite structures using a discrete higher-order displacement model”, 
Composite Structures, Vol. 35, No. 1, May 1996, pp. 75-92, Special Issue: Stability of Composite Structures, 
doi:10.1016/0263-8223(96)00025-6 
ABSTRACT: A higher-order theory is used to develop a discrete finite element model for the linear buckling 
analysis of multilaminated composite plate-shell structures. This model is based on an eight node isoparametric 
element with 10 degrees of freedom per node. The geometric stiffness matrix is developed by taking into 
consideration the effects of the higher order terms on the initial in-plane and transverse shear stresses. The 
model is applied to study several cases that take into consideration different number of layers, lamination 
angles, length-to-thickness ratio, as well as symmetry and non-symmetry on the laminates. The accuracy of the 
present formulation is evaluated by comparing the present results with alternative solutions. 
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“The post-critical analysis of axisymmetric hyper-elastic membranes by the finite element method”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 135, Nos. 3-4, 1 September 1996, pp. 265-281, 
doi:10.1016/0045-7825(96)01047-X 
ABSTRACT: An axisymmetric finite element that can model rubber-like hyper-elastic material has been 
employed to study post-critical response in the inflation of axisymmetric membranes. An extensive parametric 
study has been performed to investigate the non-linear response of a tube under internal pressure. The issue of 
combined proportional and non-proportional loading in the context of incremental-iterative solution is 
discussed. Further, a robust bracketing procedure, useful to compute clustered bifurcation points, is proposed. 
Finally, the eigen-mode injection method is used to branch into the post-critical paths. Contrary to previous 
findings, the Newton-Raphson method worked satisfactorily in all the cases tested. 
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“Non-linear finite element analysis of thin composite structures”, Composite Structures, Vol. VI, 1997, pp. 808-
818 
PARTIAL ABSTRACT: A non-conforming three-node triangular finite elemnt with 18 degrees of freedom is 
used in conjunction with the Kirchhoff theory for the non-linear analysis  of thin composite plate-shell 
structures. The formulation of the geometrically non-linear analysis is based on an updated Lagrangian 
formulation associated with the Newton-Raphson iterative technique, which incorporates an automatic arc-
length control procedure…. 
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“Buckling and dynamic behaviour of laminated composite structures using a discrete higher-order displacement 
model”, Computers & Structures, Vol. 73, Nos. 1-5, 12 October 1999, pp. 407-423, 
doi:10.1016/S0045-7949(98)00270-3 
ABSTRACT: This paper deals with buckling and free vibrations of multilaminated structures of arbitrary 
geometry and lay-up using a single layer higher order shear deformation theory discrete model. This model is 
based on an eight-node C0 serendipity finite element with 10 degrees of freedom per node to contemplate 
general applications. The present model is tested on the evaluation of buckling loads and free vibrations of 
multilaminated plates and shells. The effects of different number of layers, lamination angles, material 
anisotropy, and length or radius to thickness ratios are studied. 
 
 
H. C. Mateus, H. C. Rodrigues, C. M. Mota Soares and C. A. Mota Soares, “Sensitivity analysis and 
optimization of thin laminated structures with a nonsmooth eigenvalue based criterion”, Structural and 
Multidisciplinary Optimization, Vol. 14, No. 4, 1997, pp. 219-224, doi: 10.1007/BF01197943 
ABSTRACT: This paper presents a discrete model for the design sensitivity analysis of thin laminated angle-
ply composite structures using a plate shell element based on a Kirchhoff discrete theory for the bending effects. 
To overcome the nondifferentiability of multiple eigenvalues, which may occur during a structural optimization 
involving free vibrations or buckling design situations, a nonsmooth eigenvalue based criterion is implemented. 
Angle-ply design variables and vectorial distances from the laminated midle surface to the upper surface of each 
layer are considered as design variables. The design sensitivities and the directional derivatives are evaluated 
analytically. The efficiency and accuracy of the model developed is discussed with two illustrative cases which 
show the need to compute sensitivities of multiple eigenvalues as directional derivatives for laminated 
composite structures. 
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“Buckling sensitivity analysis and optimal design of thin laminated structures”, Computers & Structures, Vol. 
64, Nos. 1-4, July-August 1997, pp. 461-472, Special Issue: Computational Structures Technology, 
doi:10.1016/S0045-7949(96)00130-7 
ABSTRACT: This paper presents a discrete model for the buckling sensitivity analysis of thin multi-layered 
angle-ply composite structures. The model is based on a simple and efficient plate-shell element with 18 d.f. 
using the discrete Kirchhoff theory for the bending effects. Angle-ply design variables and vectorial distances 
from the middle surface to the upper surface of each layer, indirectly the thickness of each layer, are considered 
as design variables. The objective of the design is the maximization of the constrained or unconstrained 



buckling load parameter. The optimization process can be carried out using a two-level approach. The design 
sensitivities are evaluated analytically, quasi-analytically and by global finite difference. The efficiency and 
accuracy of the model developed is discussed with reference to several applications. 
 
 
George Papadakis (King’s College London, UK), “Buckling sensitivity analysis and optimal design of two-
layered shells under circumferential strain load”, ASME 2010 Pressure Vessels and Piping Conference, 
Bellevue, Washington, USA, July 18-22, 2010 
ABSTRACT: Shell buckling under circumferential strain loading appears often in many biomedical problems, 
such as collapse of asthmatic airways, esophagus etc. Currently there is no analytic solution from which the 
critical buckling load can be calculated from the geometrical and material properties of the shell layers. The 
theoretical analysis leads to the numerical solution of a generalized eigenvalue problem. The purpose of the 
present paper is to present a method with which the sensitivity of the buckling load (minimum positive 
eigenvalue) to uncertainties of the geometrical and material parameters can be calculated. It is shown that the 
sensitivity can be evaluated with the aid of the left (adjoint) eigenvectors. The proposed method is validated 
against separate global computations using the finite difference method. Finally, we employ the information on 
sensitivity to optimize the thickness of the outer shell layer in order to maximize the buckling load. 
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“Sensitivity analysis and optimal design of geometrically non-linear laminated plates and shells”, Computers & 
Structures, Vol. 76, Nos. 1-3, June 2000, pp. 407-420, doi:10.1016/S0045-7949(99)00164-9 
ABSTRACT: A high order shear deformation theory is used to develop a discrete model for the sensitivity 
analysis and optimization of laminated plate and shell structures in non-linear response. The geometrically non-
linear analysis is based on an updated Lagrangian formulation associated with the Newton–Raphson iterative 
technique, which incorporates an automatic arc-length procedure. Fiber orientation angles and vectorial 
distances from middle surface to the upper surface of each layer are considered as the design variables. 
Different objectives, such as generalized displacements at specified nodes, volume of structural material, and 
limit load, and constraints of displacement and stress failure criterion are considered. The design sensitivities 
are evaluated analytically and are compared with sensitivities evaluated by the global finite difference. 
Numerical examples are given to show the accuracy of the proposed model in the non-linear response and the 
corresponding design sensitivity analysis, and to show the applicability in the optimal design. 
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Lisboa, Portugal 
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“Analysis of laminated conical shell structures using higher order models”, Composite Structures, Vol. 62, Nos. 
3-4, 2003, pp. 383-390, doi:10.1016/j.compstruct.2003.09.009 
ABSTRACT: In this paper is presented a numerical method for the structural analysis of laminated conical shell 
panels using a quadrilateral isoparametric finite element based on the higher order shear deformation theory. 
The displacement expressions used for the longitudinal and circumferential components of the displacement 
field are given by power series of the transversal coordinate and the condition of zero stresses in the top and 
bottom surfaces of the shell is imposed. The shape functions used for the transversal displacement are C1 
conforming and the finite element is a conical/cylindrical panel with 8 nodes and 40 degrees of freedom. The 
model presented performs static analysis with arbitrary boundary conditions and loads, as well eigenvalue 
problems (free vibration and buckling). Illustrative examples are presented and discussed. 
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ABSTRACT: A general semi-analytical finite element model is developed for bending, free vibration and 
buckling analysis of shells of revolution made of laminated orthotropic elastic material. The 3D elasticity theory 
is used and the equations of motion are obtained by expanding the displacement field and load in the Fourier 
series in terms of the circumferential coordinate, _∏. The coefficients of the expansion are functions of (r, z), 
and they are approximated using the finite element method. This leads to a semi-analytical finite element in the 
(r, z) plane. The element is validated by comparing the present results with the analytical and numerical 
solutions available in the literature. 
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ABSTRACT: This paper presents the development of a semi-analytical axisymmetric shell finite element model 
with piezoelectric layers using the 3D linear elasticity theory. The piezoelectric effect of the material could be 



used as sensors and/or actuators in way to control shell deformation. In the present 3D axisymmetric model, the 
equations of motion are expressed by expanding the displacement field using Fourier series in the 
circumferential direction. Thus, the 3D elasticity equations of motion are reduced to 2D equations involving 
circumferential harmonics. In the finite element formulation the dependent variables, electric potential and 
loading are expanded in truncated Fourier series. Special emphasis is given to the coupling between symmetric 
and anti-symmetric terms for laminated materials with piezoelectric rings. Numerical results obtained with the 
present model are found to be in good agreement with other finite element solutions. 
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ABSTRACT: This paper addresses the bending and free vibrations of multilayered cylindrical shells with 
piezoelectric properties using a semi-analytical axisymmetric shell finite element model with piezoelectric 
layers using the 3D linear elasticity theory. In the present 3D axisymmetric model, the equations of motion are 
expressed by expanding the displacement field using Fourier series in the circumferential direction. Thus, the 
3D elasticity equations of motion are reduced to 2D equations involving circumferential harmonics. In the finite 
element formulation the dependent variables, electric potential and loading are expanded in truncated Fourier 
series. Special emphasis is given to the coupling between symmetric and anti-symmetric terms for laminated 
materials with piezoelectric rings. Numerical results obtained with the present model are found to be in good 
agreement with other finite element solutions. 
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ABSTRACT: In the present work, a study of thermoelastic analysis of functionally graded cylindrical shells 
subjected to transient thermal shock loading is carried out. A semi-analytical axisymmetric finite element model 
using the three-dimensional linear elasticity theory is developed. The three-dimensional equations of motion are 
reduced to two-dimensional ones by expanding the displacement field in Fourier series in the circumferential 
direction involving circumferential harmonics. The material properties are graded in the thickness direction 
according to a power law. The model has been verified with the results of simple analytical isotropic cylindrical 
shells subjected to a transient thermal loading. Additional FGM results for stresses and displacements are 
presented. 
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ABSTRACT: In the present work, a study of free vibrations of functionally graded cylindrical shells made up of 
isotropic properties is carried out. A semi-analytical axisymmetric finite element model using the 3D linear 
elastic theory is developed. The 3D equations of motion are reduced to 2D by expanding the displacement field 



in Fourier series in the circumferential direction, involving circumferential harmonics. The material properties 
are graded in the thickness direction according to a power law. The model has been verified with simple 
benchmark problems and the results show that the frequency characteristics are found to be close to published 
results of isotropic cylindrical shells. New results are included for FGM shells 
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ABSTRACT: This paper focuses on the development of the partitioned solution method (PSM) for analyzing 
the stability behavior of doubly-curved shallow orthotropic panels under external pressure, covering both the 
buckling and postbuckling responses. Adjacent equilibrium method (AEM) is used to verify the developed PSM 
method and the associated stability results. The equilibrium and compatibility equations are derived using 
Donnell-type thin shell theory, with the Airy stress function and the out-of-plane displacement as unknowns. 
Based on AEM and PSM, both an eigenvalue problem and non-linear algebraic equations are obtained which 
are used as the basis for the stability criteria, respectively. Results obtained from those two methods are 
presented and compared with each other for a few arbitrary sets of system parameters, wherein no postbuckling 
solutions are presented with AEM. The influence of the boundary conditions on the stability behavior is also 
investigated using the PSM. 
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ABSTRACT: The focus of this paper is on the investigation of the mathematical nature of buckling from the 
point of view of bifurcation theory. For the doubly curved orthotropic panels subjected to quasi-static uniform 
load and with hinged boundary conditions, the solution to the non-linear partial differential equation is 
partitioned into two parts and projected onto the complete space spanned by the eigenfunctions of the linear 
operator of the governing equation. Furthermore, the fundamental branch, from which a new solution will 
emanate, is approximated by the first single mode pair which is close to the real membrane state. Whereas the 
ensuing bifurcated branch is approximated by the other single mode pair, under the assumption that the 
coupling between modes can be neglected. The present analysis could give a deep insight into the mechanism of 
the instability of panel structures, and show that there exists a mode transition at the critical point and the snap-
through, then results from saddle-node bifurcation on the bifurcated branch. As a conclusion, the buckling of 
the system studied can be stated as: a bifurcated branch emanates from the fundamental branch at a critical 
point, and a saddle-node bifurcation, behaving as jumping, then occurs on the ensuing bifurcated branch. 
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ABSTRACT: In the frame of the geometrically nonlinear theory of thin elastic shells with moderate rotations a 
set of consistent equations for the nonlinear stability analysis is derived by application of energy criteria. Some 
methods of functional analysis are used which enable to prove the symmetry of the stability equations and to 
calculate bifurcation buckling from linear and nonlinear equilibrium branches and also snap-through buckling 



loads by variational approximating procedures. 
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description variational statements as well as associated sets of shell equations including boundary conditions are 
derived to determine the fundamental equilibrium path, critical points of snap-through or bifurcation buckling 
and also the post-buckling deformations. To present these equations in a compact form a unified operator 
description is introduced. It also allows one to prove some important properties, which are needed to construct 
appropriate approximation procedures like finite element methods. A shell example is calculated numerically by 
using a simple Rayleigh-Ritz approximation. It is shown that for a two-parameter loading the collection of 
critical snap-through buckling points is a catastrophe of the ‘cusp’ type. 
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eigenvalue problem of shell buckling. Furthermore post-buckling equations are obtained by application of the 
static perturbation technique. If the rotations of the shell elements can be restricted to be moderate, essential 
simplifications in the prebuckling, buckling and post-buckling equations are achieved, which is shown in the 
second part. 
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modified Kirchhoff hypothesis is used which accounts for thickness changes as well as for a shift in the location 
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ABSTRACT: A rigorous theory of small deformation superimposed on finite deformation is developed within a 
fully general theory of elastic shells. The mathematical structure of the configuration space and its associated 
tangent space is examined for the underlying shell model. Essential features of the theory are examined in the 
context of applications to the buckling analysis of specific problems. 
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ABSTRACT: The paper is concerned with the nonlinear theory and finite element analysis of shell structures 
with an arbitrary geometry, loading and boundary conditions. A complete set of shell field equations and side 
conditions (boundary and jump conditions) is derived from the basic laws of continuum mechanics. The 
developed shell theory includes the so-called drilling couples as well as the drilling rotation. It is shown that this 
property is crucial in the analysis of irregular shell structures, such as those containing folds, branches, column 
supports, stiffeners, etc. The relevant variational principles with relaxed regularity requirements are also 
presented. These principles provide the mathematical basis for the formulation of various classes of shell finite 
elements. The developed finite elements include a displacement/rotation based Lagrange family, a stress 
resultant based mixed and a semi-mixed family as well as so-called assumed strain elements. All elements have 
six degrees of freedom at each node, three translational and three rotational ones, including the drilling rotation 
formulated on the foundation of an exact (in defined sense) shell theory. As such, they are equally applicable to 
smooth as well as to irregular shell structures. The general applicability of the developed elements is illustrated 
through an extensive numerical analysis of the representative test examples. In order to obtain a still deeper 
insight into the problem a Lagrange family of standard degenerated shell elements with five degrees of freedom 



per node and an element with six degrees of freedom per node based on the von Kármán plate theory are 
considered as well. The presented numerical results include complex plate and doubly-curved shell structures. 
Linear and non-linear solutions with a pre- and post-buckling analysis are discussed. 
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stress state reveal that the buckling leads to a weaker crack tip singularity than the one of linear elastic fracture 
mechanics. The change of the singularity has been studied in this work by post-buckling analysis using FE 
method. The weaker singularity has been taken into account in a modified fracture mechanical theory. The 
implications for fracture mechanical predictions are discussed. 
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The method is applied to the collapse analysis of box-girder bridges. 
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ABSTRACT: The paper compares the overall performance of a wide range of numerical procedures that can be 
used to integrate through the thickness of plates and shells. Results are presented for the accuracy of the 
calculations when there are discontinuities in the stress through the depth of the plate, and the available methods 
are ranked according to their accuracy. 
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examples show that the element provides an excellent numerical performance. 
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Both end-point and mid-point formulations are presented. The latter can be considered as an `approximately 
energy conserving algorithm'. A new method is described for introducing numerical damping. Finally some 
numerical examples are presented in order to illustrate the differences in performance of the different 
integration schemes. 
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triangle with a constant-curvature bending triangle. The paper describes a technique whereby this facet-
formulation is extended to handle geometric non-linearity by means of a co-rotational procedure. Emphasis is 
placed on the derivation of a technique that is increment-independent with both the internal force vector and 
tangent stiffness matrix being derived from the 'total strain measures' in a 'consistent manner'. Numerical 
examples are presented which demonstrate an excellent numerical performance. 
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dealing with plasticity. Finally, the paper considers some recent developments in relation to path-following for 
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ABSTRACT: The paper describes a unified framework for applying the co-rotational method to the analysis of 
solids, shells and beams. The general method stems from an unusual application of the technique which 
involves solid elements. The proposed framework allows a formulation that is simpler than many of the earlier 
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triangle with a constant-curvature bending triangle. The paper first describes an alternative co-rotational 
procedure to the one initially proposed by Peng and Crisfield in 1992. This new formulation introduces a spin 
matrix which allows a simpler formulation for the consistent tangent stiffness matrix. The paper then moves to 
the dynamics of the element. To obtain stable solutions, an energy-conserving mid-point time-integration 
scheme is developed. This scheme exactly conserves the total energy when external forces are constant and 
when the physical system does not present any damping. The performance of this scheme is compared with 
other more conventional implicit schemes through a set of numerical examples involving large-scale rotations. 
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ABSTRACT: The paper describes a simple corotational formulation applied to one-dimensional interface 
elements which embed a fracturing procedure for mixed-mode delaminations. Having thereby introduced 
geometric non-linearity, the technique can be applied to situations involving a combination of buckling and 
delamination. Detailed comparisons are made with experimental results for such a problem. 
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ABSTRACT: This paper deals with the computation of buckling behaviour and with the prediction of 
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of three plates with account for geometric non-linearities. Both local and global bucklings are investigated. We 
propose analytical formulae for computing the energy release rate along the delamination front. Our approach 
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instead of singularities. Numerical results are discussed and compared to experiments. 
 
 
Sébastien Baguet and Bruno Cochelin (Laboratory of Mechanics and Acoustics, Marseille, France), “Stability 
of thin-shell structures and imperfection sensitivity analysis with the asymptotic numerical method”, Revue 
Européenne des Eléments Finis, Hermès, 2002, 11/2-3-4, pp.493-509. <10.3166/reef.11.493-509>.  
ABSTRACT: This paper is concerned with stability behaviour and imperfection sensitivity of thin elastic shells. 
The aim is to determine the reduction of the critical buckling load as a function of the imperfection amplitude. 
For this purpose, the direct calculation of the so-called fold line connecting all the limit points of the 
equilibrium branches when the imperfection varies is performed. This fold line is the solution of an extended 



system demanding the criticality of the equilibrium. The Asymptotic Numerical Method is used as an 
alternative to Newton-like incremental-iterative procedures for solving this extended system. It results in a very 
robust and efficient path-following algorithm that takes the singularity of the tangent stiffness matrix into 
account. Two specific types of imperfections are detailed and several numerical examples are discussed.  
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ABSTRACT: A wide column test of a composite isogrid panel subjected to quasi-static, axial compression is 
modeled with a hybrid-static dynamic computational method. The data from the test panel exhibited 
discontinuous responses in the compressive load for slowly increased end-shortening. The computational model 
was developed to corroborate these discontinuities with the phenomenon of mode jumping. Mode jumping 
refers to the transient response of the panel from an unstable bifurcation point on a postbuckled equilibrium 
path to a second stable equilibrium state on a new equilibrium path. On the new equilibrium path, both the 
analysis and test show that the panel can resist increased end-shortening beyond that of the unstable critical 



point. Fair agreement is achieved between the analysis and test. 
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ABSTRACT: Bifurcation of an initially longitudinal through crack in an internally pressurized cylindrical shell 
at a circumferential stiffener is investigated using a finite element analysis. The finite element model is 
developed from a fracture test of an aluminum shell having a 22.9 cm radius, a 1.02 mm wall thickness, and 
stiffened by two externally bonded circumferential straps spaced 40.6 cm apart. After initial stable crack growth 
in the longitudinal direction with increasing pressure, the crack propagated dynamically toward the strap, 
bifurcated near the strap into circumferential branches running parallel to the straps. Stable and unstable crack 
growth curves of pressure versus half-crack length are determined from the nonlinear analysis using a critical 
value of the crack tip opening angle as the criterion to predict crack growth. Although the crack growth curves 



are determined from a static analysis, they corroborate the test results for the location of crack path bifurcation. 
Also, the principal stress criterion for predicting crack turning is consistent with the test. 
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spline finite-strip method”, Computers & Structures, Vol. 40, No. 5, 1991, pp. 1193-1201, Special Issue: 
Computational Structures Technology, doi:10.1016/0045-7949(91)90390-8 
ABSTRACT: A numerical method is presented for the initial post-buckling analysis of folded plate structures. 
The method combines Koiter's initial post-buckling theory with the spline finite-strip method. Splines replace 
the often used Fourier series, in order to facilitate the description of both local non-periodic buckles which may 
occur under concentrated transverse loading, and of oblique buckling modes pertaining to shear. Because 
determination of the shape of the buckle in axial direction requires more unknowns than in the classical finite-
strip method, this method can be placed mid-way between the semi-analytical finite-strip method and a full 
finite element method. A numerical example pertaining to a thin-walled beam loaded by a concentrated 
transverse force, demonstrates the interactions between two distortional buckling modes. 
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“An investigation into non-linear interaction between buckling modes”, Thin-Walled Structures, Vol. 19, Nos. 
2-4, 1994, pp. 129-145, doi:10.1016/0263-8231(94)90025-6 
ABSTRACT: This paper is a contribution to the understanding of the interaction between overall lateral-
torsional buckling and local buckling of a beam under transverse loading. It concentrates on the case where the 
critical load for local buckling is smallest. Three approaches have been used: numerical analysis using the 
asymptotic theory; a qualitative analysis using an a priori simple discrete model; and experiments. The study 
suggests that just three modes in the asymptotic analysis are adequate to describe the interactive behaviour. The 
resulting reduced potential energy expression is quite similar to that of the a priori simple discrete model and 
provides insight into the destabilizing phenomenon. The experiments confirm these results. 
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ABSTRACT: Second-order post-buckling fields emanate from the solutions of a constrained minimization 
problem. Two iterative solution algorithms for this specific type of constrained problem are described. A 
classical augmented Lagrangian algorithm is compared with a simpler one utilizing the specific feature of the 
initial post-buckling analysis. Numerical examples of prismatic plate-type structures are presented 
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ABSTRACT: Testing and analysis has been performed on square steel thin-walled tubes fabricated using 
symmetrically-overlapping U-channels and foam. This research analyzes flange-to-flange attachment, effect of 
foam in the columns, effect of adhesive stiffness, and influence of steel thickness, as related to the local 
buckling loads, global buckling loads, and crippling loads. Four 14-foot (4.27 m) foam-filled, thin-walled, 
galvanized steel columns were manufactured by Novatek, Inc. and tested in axial compression with pinned 
boundary conditions. For three of the four configurations, the two-piece 4-in. (10.2-cm) square shell surrounded 
prefabricated polystyrene foam inserts; the fourth column had no foam insert. The column outer shells were 
composed of two 16-gauge galvanized steel channels with overlapping flanges and the webs on opposite sides 
of the column. The two adjacent flanges on each side of the columns were adhesively bonded together in all 
cases. In addition to the adhesive, two columns had either periodic screws or short welds spaced evenly along 
the length of the columns to delay the onset of flange buckling of the outer channel, and potentially increase the 
compression strength. The other two columns had adhesive only bonding the flanges, one of which had no foam 
filler. The various configurations all exhibited similar compression strengths. Failure for all columns initiated 
with local buckling, followed by global buckling and local crippling, which occurred simultaneously. The 
method of flange attachment, the effect of the foam in the columns, and flange thicknesses were isolated and 
analyzed using mechanics-based analysis, parametric studies, and finite element analysis. The results show the 
ideal spacing of screws or short-welds, if used, is less than or equal to 5 in (12.7 cm) for the given column 
length. This increases the local buckling load to the Euler buckling load and preserves the original shape of the 
cross- section. The adhesive needs only a tensile strength of approximately 1 ksi (6.4 kPa) to prevent local 
buckling for any spacing of screws or short-welds, but needs to be applied uniformly (much of the adhesive in 
the column tests had been scraped off of the flanges during assembly). The results also show that foam core 
does not increase the Euler buckling load, but does increase the crippling load by delaying inward buckling of 
the column webs and flanges. Using foam with the given stiffness and a yield strength of 50 psi (345 kPa), 
uniform foam-to-steel bonding could increase the crippling strength up to 21% even without adhesive between 
the flanges. Using adhesive with the given stiffness between the flanges could increase the crippling strength by 
up to 63% without foam. The crippling strength could increase up to 72% if both adhesive between the flanges 
and a foam insert are used.  
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SUMMARY: Aluminium extrusions applied in daily practice are often thin-walled with complex cross-
sectional shapes. These shapes are based on a variety of demands that are in general non-structural. As a result, 
several types of instability may occur, including overall and cross-sectional instability modes as well as mode 
interactions. Research on overall buckling is usually based on simple and symmetrical cross-sections, whereas 
cross-sectional instability is simplified to buckling of individual plates. It is therefore highly unlikely that these 
design rules provide an accurate description of the actual buckling behaviour of arbitrary cross-sections. As 
predicted failure modes not necessarily agree with actual ones, the outcome of the results may be overly 
conservative but could be unsafe as well. In order to investigate the actual cross-sectional stability behaviour of 
aluminium extrusions, a large experimental program is executed at Eindhoven University of Technology. This 
program consists of aluminium extrusions under uniform axial compression. Test specimens with rectangular 
hollows (SHS), U-sections (US), as well as very complex cross-sectional shapes (CS) have been tested. A 
detailed investigation is made into the influence of the test set-up, initial imperfections, as well as the material 



characteristic. This results in is a large set of test data on the actual buckling behaviour of aluminium extrusions, 
including local, distortional, flexural and flexural-torsional buckling, as well as mode interaction. To support the 
findings of the experiments, a numerical program using the finite element (FE) method is executed. Most 
experiments are simulated using the actual geometry, material, and imperfections. Comparison of the 
experimental and numerical results shows that an accurate prediction is achieved. Furthermore, the FE-analyses 
allow a detailed investigation of specific aspects like the bifurcation load, the influence of imperfections and 
materials, the test set-up, and mode interaction. The FE-results enable the development of a new and general 
prediction model for the local buckling behaviour of aluminium extrusions. Based on the actual local buckling 
behaviour of cross-sections, it is derived for uniformly compressed aluminium extrusions with arbitrary cross-
sections consisting of flat plates. As such, it allows an accurate and conservative prediction of the strength and 
stiffness of a large range of commercial extrusions. The promising results of this model may result in design 
rules that enable more economical designs and are able to include distortional buckling and mode interaction. 
This combination of experimental, numerical (FE), and analytical work results in a thorough investigation on 
the actual local buckling behaviour of aluminium extrusions with arbitrary and complex cross-sections.  
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V.V. Kuznetsov and S.V. Levyakova (Department of Engineering Mathematics, Novosibirsk State Technical 
University, 630092 Novosibirsk, Russia), “Phenomenological invariant-based finite-element model for 
geometrically nonlinear analysis of thin shells”, Computer Methods in Applied Mechanics and Engineering, 
Vol. 196, Nos. 49-52, 1 November 2007, pp. 4952-4964, doi:10.1016/j.cma.2007.06.015 
ABSTRACT: A Kirchhoff–Love type curved triangular finite element is proposed for geometrically nonlinear 
analysis of elastic isotropic shells undergoing small strains but large displacements. The finite-element 
formulation is based on the expression of the strain energy in terms of invariants of the strain and curvature-
change tensors of the shell middle surface. The element sides are chosen as three independent directions for 
determining the strains and curvature changes. The emphasis is put on improvement of the bending behavior of 
the element so that the element is able to undergo finite curvature changes. Recursive relations are obtained for 
exactly calculating the coefficients of the first- and second-order variations of the strain energy of the finite 
element which are necessary to formulate the equilibrium and stability conditions of the discrete model of a 
shell. A shell finite element with 15 degrees of freedom is developed and tested. Numerical examples are 
presented to demonstrate the accuracy and mesh convergence of the finite-element solutions. 
 
 
V.V. Kuznetsov and S.V. Levyakov (Department of Engineering Mathematics, Novosibirsk State Technical 
University, 630092 Novosibirsk, Russian Federation), “Geometrically nonlinear shell finite element based on 
the geometry of a planar curve”, Finite Elements in Analysis and Design, Vol. 44, No. 8, May 2008, pp. 450-
461, doi:10.1016/j.finel.2008.01.002 
ABSTRACT: An engineering approach for constructing a curved triangular finite element of a thin shell is 
considered. The approach is based on the assumption that the triangle sides are planar nearly circular curves 
before and after deformation. A geometrically nonlinear formulation of a triangular finite element of a thin 
Kirchhoff–Love shell is given. The predictive capabilities of the element are tested using benchmark problems 
of nonlinear deformation of elastic plates and shells. 
 
 
P.T.G. Volgers (SMR Engineering & Development, Switzerland), “Improvements in the B2000 code for the 
simulation of stiffened composite panels”, 5th B2000 Workshop, 7-8 April 2005, DLR Braunschweig,  
ABSTRACT: This paper describes the improvements in the B2000 system in order to simulate the behaviour of 
composite stiffened panels. For improved non-linear numerical behaviour, use was made of shell elements 
following the theory from Bathe with a total Lagrangian formulation. The non-linear Newton-Raphson 
processor required modification to jump past the initial buckling point into the post-buckling domain. Examples 
are presented to demonstrate the new capabilities. 
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ABSTRACT: A finite element based hybrid subspace analysis procedure to predict the non-linear behaviour of 
statically loaded structures is presented. The basic idea is to reduce the total number of degrees of freedom 
significantly, utilizing global shape functions like buckling modes and path derivatives in a so-called Rayleigh–
Ritz approach. The transformation from the full into the reduced system and vice versa as well as the 
calculation of the global shape functions is detailed. The presented flow-chart of the computational procedure 
has been implemented in a finite element environment. Numerical examples provide an insight into the potential 
of the approach to solve accurately and efficiently non-linear problems within the design phase. 
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ABSTRACT: European aircraft industry demands for reduced development and operating costs, by 20% and 
50% in the short and long term, respectively. Structural weight reduction by exploitation of structural reserves 
in composite aerospace structures contributes to this aim, however, it requires accurate and experimentally 
validated stability analysis of real structures under realistic loading conditions. This paper presents new 
achievements from the area of computational and experimental stability research of composite aerospace 
structures which contribute to that field. The first four topics focus on stringer stiffened panels and the last one 
on imperfection sensitive unstiffened cylinders. 
Section 1 presents new results achieved so far in the running EU (European) project COCOMAT, which deals 
with an accurate and reliable simulation of collapse. The main objective of COCOMAT is a future design 
scenario which exploits considerable reserves in fibre composite fuselage structures by accurate simulation of 
collapse. The project results comprise an experimental data base, improved slow and fast computational tools as 
well as design guidelines. 
Section 2 deals with validated postbuckling simulation of stiffened CFRP-panels by experiments. The validation 
procedure to ensure reliable numerical simulations requires extensive experimental data, especially in the case 
of nonlinear calculations with the possibility of several bifurcation and limit points in the postbuckling region. 
Therefore, the experiments have to be planned carefully, to ensure a reliable and goal-oriented validation with 



respect to the numerical analysis. 
Section 3 presents the fast tool IBuck for the simulation of the postbuckling behaviour. It is a semi-analytical 
tool for the simulation of axially loaded panels that are stiffened in both axial and circumferential direction. 
In today’s design process dynamic loading, e.g. due to gusts or landing impact, is assumed to be uncritical, 
since the dynamic process increases buckling stability. Section 4 shows that rapidly applied loading of stiffened 
panels can yield critical dynamic behavior in the postbuckling regime. When applying the new design 
philosophy it has either to be assured that these critical interactions do not occur under the loading velocities to 
be expected, or they have to be taken into consideration. 
Section 5 presents a recently developed approach for unstiffened shells which are usually susceptible to 
imperfections. This robust design approach is based on a single buckle as the worst imperfection mode leading 
directly to the load carrying capacity of a cylinder. It also promises to improve the knock-down factors which 
are according the current guidelines very conservative. 
Future work should facilitate full applicability of the analysis methods in preliminary design. For that purpose 
speed of the collapse analysis of stiffened panels needs to be increased and for collapse simulation degradation 
must be taken into account. The application field of the robust design method should be widened towards 
imperfection sensitive stiffened shells (skin-dominant designs). 
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Chapter in Fibre Metal Laminates, pp 281-297, 2001 
ABSTRACT: Laminates can be sensitive to delamination buckling, which occurs when a partially delaminated 
panel is subjected to a compressive load. The interaction of local buckling and extension of the delaminated 
zone typically results in a decrease of the residual strength and, eventually, in a collapse of the structure. 
Fortunately, this phenomenon has never been observed in experimental tests with Glare. Although the 
delaminated layers buckle locally, the delamination front does not propagate within the range of compressive 
stresses that can be expected in typical aerospace structures. Numerical analyses can give more insight into the 
mechanisms that prevent Glare panels from collapsing. In this paper, some experimental observations regarding 
delamination in Glare are discussed and, based on these observations, a numerical model is constructed at a 
meso-mechanical level. In this approach, solid-like shell elements are used to model the individual layers. They 
are connected by interface elements, which are capable of modelling delamination between the layers. These 
numerical techniques are used to simulate two classical delamination-buckling tests of a Glare laminate. 
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laminates”, Composites Science and Technology 61 (2001) pp. 2207–2213 
ABSTRACT: A fibre–metal laminate is a composite of metal and fibre-reinforced prepreg layers. An example 
of such a material is Glare. It consists of alternating layers of aluminium and glass-fibre-reinforced prepreg. The 
material can be sensitive to delamination buckling, which occurs when a partially delaminated panel is 
subjected to a compressive force. The interaction of local buckling and extension of the delaminated zone 
typically results in a decrease of the residual strength and, eventually, in a collapse of the structure. This 
phenomenon can be observed in experimental tests, but numerical analyses are needed to obtain a better 
understanding of the mechanisms and the critical parameters. In this paper, some experimental observations are 
discussed regarding delamination buckling in Glare and, on the basis of these observations, a numerical model 
is constructed at a meso-mechanical level. In this approach, solid-like shell elements are used to model the 
individual layers. They are connected by interface elements, which are capable of modelling delamination 
between the layers. 
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“Mesh-independent discrete numerical representations of cohesive-zone models” (a review), Engineering 
Fracture Mechanics, Vol. 73, No. 2, January 2006, pp. 160-177, Special Issue: Advanced Fracture Mechanincs 
for Life Safety Assessments, doi:10.1016/j.engfracmech.2005.05.007 
ABSTRACT: The importance of the cohesive-zone approach to analyse localisation and fracture in engineering 
materials is emphasised and ways to incorporate the cohesive-zone methodology in computational methods are 
discussed. Until recently, numerical implementations of cohesive-zone models have suffered from a certain 
mesh bias. For discrete representations this is caused by the initial mesh design, while for smeared 
representations it is rooted in the ill-posedness of the rate boundary value problem that arises upon the 
introduction of decohesion. A proper representation of the discrete character of cohesive-zone formulations 



which avoids any mesh bias is obtained by exploiting the partition-of-unity property of finite element shape 
functions. The recently developed cohesive segments method, which is well-suited for simulating the entire 
process of crack nucleation, growth and coalescence is reviewed. The effectiveness of this approach is 
illustrated by some examples for crack nucleation and growth in heterogeneous materials and for fast crack 
growth. 
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ABSTRACT: Lithographic techniques applied to a substrate prior to film deposition can create areas of low 
interface adhesion surrounded by regions of high adhesion. If the film is under compression and if buckle 
delamination is nucleated, conditions can be controlled such that delaminations are confined to the patterned 
areas of low adhesion. When the area of low adhesion is a strip, the width of the strip controls the buckle 
morphology: smooth Euler buckles for narrow strips, asymmetric telephone cord buckles for wider strips, and 
symmetric varicose buckles under a very limited range of conditions. Results for the elastic energy in the 
buckled state show that above a critical stress the telephone cord morphology is the preferred morphology. 
Energy release rates for propagating delaminations are determined for each of the three morphologies. Tapered 
strips provide an accurate means of measuring interface adhesion based on the width of the strip where the 
delamination arrests. 
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ABSTRACT: It is shown that unless the substrate is at least as stiff as the film, the energy stored in the substrate 
contributes significantly to the energy release rate of film delamination under compression either with or 
without cracking. For very compliant substrates, such as polyethylene terephthalate (PET) with a indium tin 
oxide (ITO) film, the energy release rate allowing for the deformation of the substrate can be more than an order 
of magnitude greater than the value obtained neglecting the substrate's deformation. The argument that buckling 
delaminations tunnel at the tip rather than spread sideways because of increase in mode-mixity may need 
modification; it is still true for stiff substrates, but for compliant substrates the average energy release rate 
decreases with delamination width and the limitation in buckled width may be due to this stability as much as 
the increase in mode-mixity. 
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ABSTRACT: Recent developments in the variational modeling of nonlinear interactive buckling phenomena 
found in compression sandwich panels are presented. Strong interactions between local and global modes are 
found to lead to localized buckling in the more compressed face-plate after the global instability. Important 



features such as the effect of using orthotropic core materials and face-plates of differing thicknesses, the 
potential for face-core delamination, panels under combined bending and compression, and the sensitivity to 
imperfections are discussed. The combination of modal interactions and the introduction of initial geometric 
imperfections in the struts shows that the critical buckling loads from linear analysis can significantly 
overestimate their true elastic strength. 
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buckling driven delamination in uniaxially compressed damaged plates”, IMA J Appl Math., Vol. 76 (1), 2011, 
pp. 120-145. doi: 10.1093/imamat/hxq062 
ABSTRACT: A geometrically nonlinear model is developed to investigate the buckling behaviour of plates 
with a pre-existing delamination under uniaxial compression. The Rayleigh–Ritz procedure, based on 
trigonometric out-of-plane displacement functions, is used in conjunction with potential energy principles to 
describe the buckling and postbuckling response. The formulation is enhanced with the introduction of a 
discrete cohesive zone model to allow the delamination to grow under further loading. Different cases are 
investigated with residual capacities of the plates being evaluated in the neighbourhood of a transitional depth 
of delamination, where the postbuckling behaviour changes from thin film to mixed mode to global buckling. 
The model is validated with the commercial finite-element code Abaqus and criteria are proposed such that the 
component may be exploited beyond the critical loads. 
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ABSTRACT: A finite-difference method was proposed and used for analysis of critical loads of shells that have 
initial imperfections of different types, both regular and local. Ribbed shells were analyzed with allowance for 
the discreteness in the arrangement of the ribs. 
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ABSTRACT: The paper proposes a new approach to the problem of stability of imperfect shells, which is used 
to assess their quality. Numerical results for ribbed shells with initial deflections of two types are presented. 
Comparing them allows assessing the quality of shells. The approach is used to determine the minimum critical 
load of a smooth shell, which was experimentally examined before 
 
Critical loads of shells with high-modulus reinforcement 
G. D. Gavrilenko and V. I. Matsner 
International Applied Mechanics, 2009, Volume 45, Number 6, Pages 654-659 
 
Free vibration of shells with axisymmetric dimples and bulges under axial compression 
G. D. Gavrilenko, V. I. Matsner and O. A. Kutenkova 
Strength of Materials, 2009, Volume 41, Number 2, Pages 209-218 
 
Free vibrations of ribbed cylindrical shells with local axisymmetric deflections 
G. D. Gavrilenko, V. I. Matsner and O. A. Kutenkova 
International Applied Mechanics, 2008, Volume 44, Number 9, Pages 1006-1014 
 
Stability of imperfect cylindrical shells, 2008 Springer Science+Business Media / 0039-2316 
G. D. Gavrilenko (Timoshenko Institute of Mechanics, National Academy of Sciences of Ukraine, Kiev, 
Ukraine) 
ABSTRACT: A procedure of approximate evaluation of the critical loads of shells proposed earlier on the basis 
of the nonlinear theory of shells is used to analyze the influence of initial imperfections of any shape on the 
parameters of the critical loads. The numerical results are compared with the available experimental and 
theoretical data corresponding to the complete loss of stability of shells and exhaustion of their load-carrying 
capacity. 
References listed at the end of the paper: 
1. R. Lorentz, “Die nicht achsensymmetrische Knickung dünnwandiger Hohlzylinder,” Phys. Zeitschrift, 12, No. 7, 241–260 (1911). 
2. S. P. Timoshenko, Stability of Rods, Plates, and Shells [in Russian], Nauka, Moscow (1971). 
3. R. Southwell, “On the collapse of tubes by external pressure,” Phil. Mag., 25, No. 149, 687–697 (1913). 
4. É. I. Grigolyuk and V. V. Kabanov, Stability of Shells [in Russian], Nauka, Moscow (1978). 
5. É. I. Grigolyuk and V. V. Kabanov, Stability of Circular Cylindrical Shells [in Russian], Itogi VINITI, Ser. Mechanics of Deformed 
Solids, VINITI, Moscow (1969). 
·  6. L. H. Donnell, “A new theory for the buckling of thin cylinders under axial compression and bending,” Trans. ASME, 56, 795–
806 (1934). 
7. K. Marguerre, “Theorie der gekrümmten Platte grosser Formänderung,” in: Proc. of the 5 Int. Congr. on Applied Mechanics, Wiley, 
New York (1939), pp. 93–101. 
8. T. L. Karman and H. S. Tsien, “The buckling of thin cylindrical shells under axial compression,” J. Aeronaut. Sci., 8, No. 8, 303–
312 (1941). 



9. L. Donnell and C. C. Wan, “Effect of imperfections on buckling of thin cylinders and columns under axial compression,” J. Appl. 
Mech., 17, No. 1, 73–83 (1950). 
10. I. Ya. Amiro, V. A. Zarutskii, and P. S. Polyakov, Ribbed Cylindrical Shells [in Russian], Naukova Dumka, Kiev (1973). 
11. I. Ya. Amiro and V. A. Zarutskii, Methods for the Numerical Analysis of Shells. Vol. 2. Theory of Ribbed Shells [in Russian], 
Naukova Dumka, Kiev (1980). 
12. J. Hutchinson, “Axial buckling of pressurized imperfect cylindrical shells,” AIAA, 3, 1461–1466 (1965).  
13. J. Arbocz and C. D. Babcock, “The effect of general imperfections on the buckling of cylindrical shells,” J. Appl. Mech., Ser. E, 
No. 1, 28–38 (1969). 
14. J. Arbocz and C. D. Babcock, Jr., Experimental Investigation of the Effect of General Imperfections on the Buckling of 
Cylindrical Shells, NASA Contractor Report, CR-1163 (1968). 
15. J. Arbocz, The Effect of General Imperfections on the Buckling of Cylindrical Shells, PhD Thesis, California Institute of 
Technology (1962). 
16. I. Ya. Amiro, P. S. Polyakov, and V. G. Palamarchuk, “Stability of cylindrical shells of imperfect shape,” Prikl. Mekh., 7, No. 8, 
9–15 (1971). 
17. V. A. Zarutskii, “Specific features of the loss of stability of ribbed shells,” Prikl. Mekh., 36, No. 5, 3–32 (2000). 
18. V. G. Palamarchuk and P. S. Polyakov, “On the rational reinforcement of a stringer shell with initial deflections,” Prikl. Mekh., 12, 
No. 3, 21–27 (1976). 
19. V. A. Zarutskii, “On complex experimental investigations of the stability and vibrations of structurally inhomogeneous shells,” 
Prikl. Mekh., 37, No. 8, 38–67 (2001). 
20. G. D. Gavrilenko, A. S. Pal’chevskii, and Yu. E. Yakubovskii, “Determination of the critical loads of nonideal shell models,” 
Strength Mater., 17, No. 6, 811–815 (1985).  
21. G. D. Gavrilenko, Stability of Ribbed Cylindrical Shells in the Inhomogeneous Stress-Strain State [in Russian], Naukova Dumka, 
Kiev (1989). 
22. G. D. Gavrilenko, Stability of Ribbed Shells of Imperfect Shape [in Russian], Institute of Mathematics, National Academy of 
Sciences of Ukraine, Kiev (1999). 
23. G. D. Gavrilenko, “Stability of cylindrical shells with local imperfections of form,” Int. Appl. Mech., 38, No. 12, 1496–1500 
(2002).  
24. G. D. Gavrilenko, “Stability and load-carrying capacity of ribbed shells with imperfections of form,” Arch. Civil Eng., XLIX, No. 
3, 255–264 (2003). 
25. G. D. Gavrilenko, “Influence of the location of discrete ribs on the stability of shells with local depressions,” Dokl. AN Ukr., No. 
4, 44–48 (2003). 
26. G. D. Gavrilenko, “Development of numerical and experimental methods of carrying-capacity estimation of shells and comparison 
of their results,” in: Proc. of the X Symp. on Stability of Structures (Sept. 8–12, 2003, Zakopane), pp. 145–150. 
 
 
Strength of Materials, 2008, Volume 40, Number 4, Pages 463-468 
 
Influence of axisymmetric dents in ribbed shells on minimum critical loads 
G. D. Gavrilenko and V. I. Matsner 
International Applied Mechanics, 2007, Volume 43, Number 5, Pages 534-538 
 
On lower-bound estimates of critical loads for cylindrical shells 
G. D. Gavrilenko, A. S. Sitnik and V. I. Matsner 
International Applied Mechanics, 2006, Volume 42, Number 10, Pages 1145-1150 
ABSTRACT: The paper proposes a new approach to estimate the lower bounds of critical loads for circular 
cylindrical shells. These bounds are compared with the ordinary lower bound of critical load under which a 
shell with initial deflections loses stability. The lower bound produced by the approach is higher than the 
ordinary bound and can be used in design. 
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ABSTRACT: The method developed for determining the upper and lower bounds of the critical load parameters 
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ABSTRACT: A technique for stability analysis of stringer shells is proposed. It is used to analyze the minimum 
critical stresses. The dependence of the dimensionless parameters σcr/σcl on the number of stringers is plotted. 
The linear and nonlinear theories of ribbed shells are used to examine the features of how stringer shells lose 
stability. It is shown that the minimum critical stresses determined using the theory of ribbed shells and a 
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ABSTRACT: A method for analysis of the stability and load-bearing capacity of imperfect smooth and ribbed 
shells is developed. This method is based on the finite-difference method and is implemented as an algorithm 
for fast calculation of critical forces, as opposed to the finite-element method. The theoretical results discussed 
include both early and recent results. The emphasis is on shells with local dents. The numerical results are 
successively corrected and compared with available experimental data for shells with a single dent and with 
other data. The method enables us to discover new features in the behavior of thin-walled structures under 
loading: development of precritical state, change in the dent shape, and exhaustion of load-bearing capacity. 
The lower local critical loads and upper stresses are determined. They correspond to general buckling and agree 
well with available experimental data. 
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ABSTRACT: The phenomenon of the local loss of stability (buckling) earlier discovered by the authors 
experimentally was simulated theoretically. An approach to assessing the load-carrying capacity of circular 
cylindrical shells with periodic dents is presented. The authors show that application of the linear theory or 
solution of the problem in the nonlinear formulation with few iterations (when calculating the subcritical state) 
results in large quantitative errors. To get more accurate and reliable numerical data, one needs to solve the 
problem of the nonuniform subcritical state in the nonlinear formulation with many iterations. The local 
buckling loads determined numerically are lower than the experimental values, i.e., the errors are on the safe 
side. The loads characterizing the overall buckling are either close to the experimental values or also lower. 
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ABSTRACT: The fundamentals of the reduced-stiffness method, which is used in buckling analysis of 
reinforced and perfect and imperfect nonreinforced shells, are set out. The method is validated analytically and 
experimentally. The lower bound determined by this method is very close to the experimental lower bound. 
Some aspects of the current state and prospects for development and generalization of the method are discussed 
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ABSTRACT: The theoretical-and-experimental investigation has been performed on the stability of smooth 
cylindrical shells of steel with a single local dent. All the shells manufactured using the same process were 
tested with the fulfillment of identical conditions for observations and measurements. Theoretical calculations 
were carried out by the mesh method with the use of the nonlinear theory of shells. A comparison of the 
experimental and theoretical values of the critical loads has been made. The theoretical-and-experimental 
approach proposed enables one to evaluate the quality of shells by studying local dents and other specific 
imperfections. 
 
 
G. D. Gavrilenko, “Stability of Cylindrical Shells with Local Imperfections”, International Applied Mechanics, 
Vol. 38, No. 12, 2002, pp. 1496-1500, doi: 10.1023/A:1023218009879 
ABSTRACT: We propose a nonlinear approach to the stability analysis of imperfect cylindrical shells under 



axial compression. The approach takes into account the initial deflections (imperfections) of the shell shape 
from cylindrical. A series of typical initial deflections is analyzed: local and longitudinal bulges (dents) and 
unilateral annular corrugations. A nonlinear stability problem is solved. The results are represented as plots of 
the nondimensional stress versus the nondimensional amplitude of initial deflections. It is shown that the 
capabilities of the nonlinear theory for estimating the critical stresses for thin shells have not been exhausted yet 
and that it could be used in future to explain some phenomena experimentally observed in shells 
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ABSTRACT: Two new approaches are proposed for the numerical and analytical stability analyses of imperfect 
shells. One approach is based on the generalized mesh method, whereas the other employs a modified reduced-
stiffness method. Both approaches apply to shells with initial geometrical imperfections. Numerical results are 
compared with experimental data for shells with a single dent. Analytical results are also presented and 
compared. 
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Str. 3, 03057 Kiev, Ukraine), “On a fast method for buckling load calculations of incomplete ribbed shells”, 
Chapter in Theories of Plates and Shells (Vol. 16 of the series Lecture Notes in Applied and Computational 
Mechanics, pp 45-52), 2004 
ABSTRACT: A small number of studies (Gavrylenko, 1989,1999) are devoted to the evaluation of the critical 
loading of incomplete ribbed shells. There are only a few calculations (Singer et al., 1971) for ribbed shells. 
New approaches are given in Arbocz et al., (2001), and Gavrylenko & Croll, (2001). 
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G.D. Gavrilenko (S.P. Timoshenko Institute of Mechanics, Ukrainian Academy of Sciences, Kiev, Nesterova 
Str. 3, 03057 Kiev, Ukraine), “Transformed initial dent as a trigger of the post-buckling process”, Thin-Walled 
Structures, Vol. 45, Nos. 10-11, October-November 2007, pp. 840-844, Special Issue: Stability of Structures 
doi:10.1016/j.tws.2007.08.003 
ABSTRACT: A procedure for determination of critical loads of imperfect shells is proposed with allowance for 
the technique of stability and load carrying capacity of incomplete shells in an inhomogeneous stress–strain 
state developed earlier in the monographs [Gavrylenko GD. Stability of ribbed cylindrical shells in 
inhomogeneous stress–strain state. Kiev: Nauk. Dumka; 1989. 176pp [in Russian]; Gavrylenko GD. Stability of 
ribbed shells of incomplete form. Ukraine: Institute of Mathematics of NAS; 1999. 190pp [in Russian]]. New 
method of numerical estimation of carrying capacity of a shell is suggested and realized. Results from a joint 
theoretical and experimental investigation of the buckling of cylindrical shells containing localized dent damage 
are presented. 
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0429, USA), “The second generation FETI methods and their application to the parallel solution of large-scale 
linear and geometrically non-linear structural analysis problems”, Computer Methods in Applied Mechanics 
and Engineering, Vol. 184, Nos. 2-4, April 2000, pp. 333-374, doi:10.1016/S0045-7825(99)00234-0 
ABSTRACT: The FETI algorithms are a family of numerically scalable domain decomposition methods. They 
have been designed in the early 1990s for solving iteratively and on parallel machines, large-scale systems of 
equations arising from the finite element discretization of solid mechanics, structural engineering, structural 
dynamics, and acoustic scattering problems, and for analyzing complex structures obtained from the assembly 
of substructures with incompatible discrete interfaces. In this paper, we present the second generation of these 



methods that operate more efficiently on large numbers of subdomains, offer greater robustness, better 
performance, and more flexibility for implementation on a wider variety of computational platforms. We also 
report on the application and performance of these methods for the solution of geometrically non-linear 
structural analysis problems. We discuss key aspects of their implementation on shared and distributed memory 
parallel processors, benchmark them against optimized direct sparse solvers, and highlight their potential with 
the solution of large-scale structural mechanics problems with several million degrees of freedom. 
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 “Numerically simulating the sandwich plate system structures”, Journal of Marine Science and Application, 
Vol. 9, No. 3, 2010, pp. 286-291,  doi: 10.1007/s11804-010-1009-2 
ABSTRACT: Sandwich plate systems (SPS) are advanced materials that have begun to receive extensive 
attention in naval architecture and ocean engineering. At present, according to the rules of classification 
societies, a mixture of shell and solid elements are required to simulate an SPS. Based on the principle of 
stiffness decomposition, a new numerical simulation method for shell elements was proposed. In accordance 
with the principle of stiffness decomposition, the total stiffness can be decomposed into the bending stiffness 
and shear stiffness. Displacement and stress response related to bending stiffness was calculated with the 
laminated shell element. Displacement and stress response due to shear was calculated by use of a 
computational code write by FORTRAN language. Then the total displacement and stress response for the SPS 
was obtained by adding together these two parts of total displacement and stress. Finally, a rectangular SPS 
plate and a double-bottom structure were used for a simulation. The results show that the deflection simulated 
by the elements proposed in the paper is larger than the same simulated by solid elements and the analytical 
solution according to Hoff theory and approximate to the same simulated by the mixture of shell-solid elements, 
and the stress simulated by the elements proposed in the paper is approximate to the other simulating methods. 
So compared with calculations based on a mixture of shell and solid elements, the numerical simulation method 
given in the paper is more efficient and easier to do. 
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Technology, CH-1015 Lausanne, Switzerland), “A four node Marguerre element for non-linear shell analysis”, 
Engineering Computations, Vol. 3, No. 4, 1986, pp. 276-282, doi: 10.1108/eb023667 
ABSTRACT: A non-linear shallow thin shell element is described. The element is a curved quadrilateral one 
with corner nodes only. At each node, six degrees of freedom (i.e. three translations and three rotations) make 
the element easy to connect to space beams, stiffeners or intersecting shells. The curvature is dealt with by 
Marguerre's theory. Membrane bending coupling is present at the element level and improves the element 
behaviour, especially in non-linear analysis. The element converges to the deep shell solution. The sixth degree 
of freedom is a true one, which can be assimilated to the in-plane rotation. The present paper describes how 
overstiffness due to membrane locking on the one hand and to the sixth degree of freedom on the other hand can 
be corrected without making use of numerical adjusted factors. The behaviour of this new element is analysed 
in linear and non-linear static and dynamic tests. 
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“Composite panel optimization with nonlinear finite-element analysis and semi-analytical sensitivities”, 
NAFEMS Seminar: November 6 - 7, 2007 “Simulating Composite Materials and Structures“, Bad Kissingen, 
Germany 
ABSTRACT: This paper describes some recent developments of software tools for the optimization of fuselage 
composite stiffened panels. The two most innovative features of the underlying work are related to the 



evaluation of buckling and collapse reserve factors and the associated sensitivities, the latter being computed in 
the framework of both linear and nonlinear finite element analyses. Results obtained with an industrial test case 
are also presented to confirm the successful integration of these tools in a powerful software environment. 
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methods for advanced design of aircraft panels: a comparison”, Optimization and Engineering, Vol. 11, No. 4, 
2009, pp. 583-596, DOI: 10.1007/s11081-008-9077-8 
ABSTRACT: Advanced nonlinear analyses developed for estimating structural responses for recent 
applications for the aerospace industry lead to expensive computational times. However optimization 
procedures are necessary to quickly provide optimal designs. Several possible optimization methods are 
available in the literature, based on either local or global approximations, which may or may not include 
sensitivities (gradient computations), and which may or may not be able to resort to parallelism facilities. In this 
paper Sequential Convex Programming (SCP), Derivative Free Optimization techniques (DFO), Surrogate 
Based Optimization (SBO) and Genetic Algorithm (GA) approaches are compared in the design of stiffened 
aircraft panels with respect to local and global instabilities (buckling and collapse). The computations are 
carried out with software developed for the European aeronautical industry. The specificities of each 
optimization method, the results obtained, computational time considerations and their adequacy to the studied 
problems are discussed. 
 
 
T. C. Wittenberg (1) T. J. van Baten (1) and A. de Boer (2) 
(1) Structures and Materials Laboratory, Faculty of Aerospace Engineering, Delft University of Technology, 
Kluyverweg 3, 2629 HS Delft, The Netherlands 
(2) Department of Structures Technology, National Aerospace Laboratory (NLR), Voorsterweg 31, 8316 PR 
Marknesse, The Netherlands 
“Design of fiber metal laminate shear panels for ultra-high capacity aircraft”, Aircraft Design, Vol. 4, Nos. 2-3, 
June-September 2001, pp. 99-113, doi:10.1016/S1369-8869(01)00003-9 
ABSTRACT: Due to their excellent fatigue characteristics and relatively low density, fiber metal laminates 
(FML) are considered as candidates for fuselage materials in future generation ultra-high capacity aircraft 
(UHCA). To exploit the postbuckling behavior, as is the practice in conventional aluminum alloy fuselage 
structures, an existing engineering design method for postbuckled shear panels was adapted for applications 
with FML materials. To verify the adapted design methodology, two stiffened FML shear panels were designed 
and tested until failure. The dimensions of the panels were taken to be representative of an UHCA fuselage 
structure. In addition, detailed finite element analyses were performed with STAGS to predict panel response 
during testing. The finite element results showed very good agreement with experimental data, giving 
confidence in replacing very costly actual panel tests with computer simulations. It was found that the test panel 
dimensions were outside the region where the current engineering design method for postbuckled panels is 
valid. To account for this phenomenon, an extension to the current design method is proposed. 



 
 
P.F. Liu and J.Y. Zheng (Institute of Chemical Machinery and Process Equipment, Zhejiang University, 
Hangzhou, 310027, China), “On the through-the-wideth multiple delamination, and buckling and postbuckling 
behaviors of symmetric and unsymmetric composite laminates”, Applied Composite Materials, Vol. 20, No 6, 
pp 1147-1160, December 2013 
ABSTRACT: Multiple delamination causes severe degradation of the stiffness and strength of composites. 
Interactions between multiple delamination, and buckling and postbuckling under compressive loads add the 
complexity of mechanical properties of composites. In this paper, the buckling, postbuckling and through-the-
width multiple delamination of symmetric and unsymmetric composite laminates are studied using 3D FEA, 
and the virtual crack closure technique with two delamination failure criteria: B-K law and power law is used to 
predict the delamination growth and to calculate the mixed-mode energy release rate. The compressive load-
strain curves, load-central deflection curves and multiple delamination process for eight composite specimens 
with different initial delamination sizes and their distributions as well as two angle-ply configurations 
04//(±θ)6//04 (θ  = 0° and 45°, and “//” denotes the delaminated interface) are comparatively studied. From 
numerical results, the unsymmetry decreases the local buckling load and initial delamination load, but does not 
affect the global buckling load compared with the symmetric laminates. Besides, the unsymmetry affects the 
unstable delamination and buckling behaviors of composite laminates largely when the initial multiple 
delamination sizes are relatively small. 
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Debonded Sandwich Panel Under Compression”, NASA Technical Memorandum 4701, December 1995 
ABSTRACT: A sandwich panel with initial through-the-width debonds is analyzed to study the buckling of its 
faceskin when subject to an in-plane compressive load. The debonded faceskin is modeled as a beam on a 
Winkler elastic foundation in which the springs of the elastic foundation represent the sandwich foam. The 
Rayleigh-Ritz and finite-difference methods are used to predict the critical buckling load for various debond 
lengths and stiffnesses of the sandwich foam. The accuracy of the methods is assessed with a plane-strain finite-
element analysis. Results indicate that the elastic foundation approach underpredicts buckling loads for 
sandwich panels with isotropic foam cores. 
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ABSTRACT: A progressive failure analysis method has been developed for predicting the failure of laminated 
composite structures under geometrically nonlinear deformations. The progressive failure analysis uses C1 shell 
elements based on classical lamination theory to calculate the in-plane stresses. Several failure criteria, 
including the maximum strain criterion, Hashin’s criterion, and Christensen’s criterion, are used to predict the 
failure mechanisms and several options are available to degrade the material properties after failures. The 
progressive failure analysis method is implemented in the COMET finite element analysis code and can predict 
the damage and response of laminated composite structures from initial loading to final failure. The different 
failure criteria and material degradation methods are compared and assessed by performing analyses of several 
laminated composite structures. Results from the progressive failure method indicate good correlation with the 
existing test data except in structural applications where interlaminar stresses are important which may cause 
failure mechanisms such as debonding or delaminations. 
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panel with R-curve method”, Composites Science and Technology, Vol. 66, No. 14, November 2006, pp. 2557-
2565, Special Issue in Honour of Professor C.T. Sun, doi:10.1016/j.compscitech.2006.01.011 
ABSTRACT: This study applies the crack growth resistance curve (R-curve) method to predict the residual 
strength of a composite fuselage panel with discrete source damage. The R-curve is constructed from the energy 
release rates computed from cracked tensile plate test specimens at their failure loads. To predict the residual 
strength of a curved fuselage panel with discrete source damage using the R-curve method, G-curves of the 
energy release rate of the damaged fuselage panel need to be established. These G-curves are generated for 
various fuselage pressures over a range of crack lengths. Since this study found that the membrane stiffening 
effect could significantly reduce the energy release rate at the crack tip of a pressurized fuselage, geometrically 
nonlinear behavior was considered in the calculations. The residual strength of the damaged fuselage panel was 
determined by comparing the energy release rates with the “allowable-like” R-curve. The correlation between 
the crack growth predictions and the damage progression results obtained from experiments is very good. 



Therefore, the R-curve method has the potential to be a practical engineering method for predicting the residual 
strength of damaged fuselage panels. 
 
 
N. Peake and S.V. Sorokin, “A nonlinear model of the dynamics of a large elastic plate with heavy fluid 
loading”, Proceedings of the Royal Society A, Vol. 462, No. 2072, August 2006, DOI: 10.1098/rspa.2006.1673 
ABSTRACT: In this paper, we derive weakly nonlinear equations for the dynamics of a thin elastic plate of 
large extent under conditions of heavy fluid loading. Two situations are then considered. First, we consider the 
case in which transverse motion of the plate generates a weaker in-plane motion, which is in turn coupled back 
to the evolution of the transverse motion. This results in the familiar nonlinear Schrödinger equation for the 
amplitude of a transverse plane wave, and we show that solitary-wave solutions are possible over the range of 
(non-dimensional) frequencies ω>ωc, which depends on the material properties. Dimensional values of ωc are 
physically realizable for a typical composite material underwater. Second, we consider the case in which the 
amplitudes of the transverse and in-plane motion are of the same order of magnitude, possible at a single 
resonant frequency, which leads to an evolution equation of rather novel type. We find a range of travelling-
wave solutions, including cases in which incident in-plane waves can generate localized regions of transverse 
displacement. 
 
 
Potyondy, D. O., Wawrzynek, P. A. and Ingraffea, A. R. (Cornell University Fracture Group, 435 Engineering 
and Theory Center Bldg., Ithaca, NY 14853, U.S.A), “Discrete crack growth analysis methodology for through 
cracks in pressurized fuselage structures”,  International Journal for Numerical Methods in Engineering, Vol. 
38, 1995, pp. 1611–1633. doi: 10.1002/nme.1620381003 
ABSTRACT: A methodology for simulating the growth of long through cracks in the skin of pressurized 
aircraft fuselage structures is described. Crack trajectories are allowed to be arbitrary and are computed as part 
of the simulation. The interaction between the mechanical loads acting on the superstructure and the local 
structural response near the crack tips is accounted for by employing a hierarchical modelling strategy. The 
structural response for each cracked configuration is obtained using a geometrically non-linear shell finite 
element analysis procedure. Four stress intensity factors, two for membrane behaviour and two for bending 
using Kirchhoff plate theory, are computed using an extension of the modified crack closure integral method. 
Crack trajectories are determined by applying the maximum tangential stress criterion. Crack growth results in 
localized mesh deletion, and the deletion regions are remeshed automatically using a newly developed all-
quadrilateral meshing algorithm. The effectiveness of the methodology, and its applicability to performing 
practical analyses of realistic structures, is demonstrated by simulating curvilinear crack growth in a fuselage 
panel that is representative of a typical narrow-body aircraft. The predicted crack trajectory and fatigue life 
compare well with measurements of these same quantities from a full-scale pressurized panel test. 
 
 
Chuin-Shan Chen, Paul A. Wawrzynek, and Anthony R. Ingraffea (Cornell University, Ithaca, New York), 
“Crack Growth Simulation and Residual Strength Prediction in Airplane Fuselages”, NASA/CR-1999-209115, 
1999 
ABSTRACT: …The primary objective of the project was to create a capability to simulate curvilinear fatigue 
crack growth and ductile tearing in aircraft fuselages subjected to widespread fatigue damage. The second 
objective was to validate the capability by way of comparisons to experimental results. Both objectives have 
been achieved. … The document is derived primarily from the PhD thesis of Dr. Chen.) 
 
 
Chuin-Shan Chen, Paul A. Wawrzynek and Anthony R. Ingraffea (Cornell University Fracture Group, 641 
Rhodes Hall, Cornell University, Ithaca, New York 14853), “Elastic-plastic crack growth simulation and 
residual strength prediction of thin plates with single and multiple cracks”, Fatigue and Fracture Mechanics, 
Vol. 29, edited by T. L. Panontin, 1999 
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2AZ, United Kingdom), “Optimizing Postbuckling Composite Panels For Damage Resistance”, 16th 
International Conference On Composite Materials (year and publisher not given. Most recent reference is dated 
2006) 
ABSTRACT: The design of current composite primary aerostructures, such as fuselage or wing stiffened 
panels, tends to be conservative due to the susceptibility of the relatively weak skin-stiffener interface. This 
weakness is due to through-thickness stresses which are exacerbated by deformations due to buckling. This 
paper presents a finite-element-based optimization strategy, utilizing a global-local modelling approach, for 
postbuckling stiffened panels which takes into account damage mechanisms which may lead to delamination 
and subsequent failure of the panel due to stiffener debonding. A genetic algorithm was linked to a finite 
element package to automate the iterative procedure and maximize the damage resistance of the panel in 
postbuckling. For a given loading condition, the procedure optimized the panel’s skin layup leading to a design 
displaying superior damage resistance compared to non-optimized designs. 
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Dawn C. Jegley (Mail Stop 190, NASA Langley Research Center, Hampton, VA 23681, USA), “Improving 
strength of postbuckled panels through stitching”, Composite Structures, Vol. 80, No. 2, September 2007, 
pp.298-306, doi:10.1016/j.compstruct.2006.05.024 
ABSTRACT: The behavior of blade-stiffened graphite–epoxy panels with impact damage is examined to 
determine the effect of adding through-the-thickness stitches in the stiffener flange-to-skin interface. The 
influence of stitches is evaluated by examining buckling and failure for panels with failure loads up to 3.5 times 
greater than buckling loads. Analytical and experimental results from four configurations of panel specimens 
are presented. For each configuration, two panels were manufactured with skin and flanges held together with 
through-the-thickness stitches introduced prior to resin infusion and curing and one panel was manufactured 
with no stitches holding the flange to the skin. No mechanical fasteners were used for the assembly of any of 
these panels. Panels with and without low-speed impact damage were loaded to failure in compression. 
Buckling and failure modes are discussed. Stitching had little effect on buckling loads but increased the failure 
loads of impact-damaged panels by up to 30%. 
 
 
Dawn C. Jegley (NASA Langley Research Center, Hampton, VA 23681, USA), “Study of compression-loaded 
and impact-damaged structurally efficient graphite-thermoplastic trapezoidal-corrugation sandwich and 
semisandwich panels” (publisher and date not given, ProQuest-CSA) 
ABSTRACT: The structural efficiency of compression-loaded trapezoidal-corrugation sandwich and 
semisandwich composite panels is studied to determine their weight savings potential. Sandwich panels with 
two identical face sheets and a trapezoidal corrugated core between them and semisandwich panels with a 
corrugation attached to a single skin are considered. An optimization code is used to find the minimum weight 
designs for critical compressive load levels ranging from 3000 to 24,000 lb/in. Graphite-thermoplastic panels 
based on the optimal minimum weight designs were fabricated and tested. A finite element analysis of several 
test specimens was also conducted. The results of the optimization study, the finite element analysis, and the 
experiments are presented. The results of testing impact damage panels are also discussed. 
 
 
Donald J. Baker (Vehicle Structures Directorate - ARL NASA Langley Research Center Hampton, VA 23681), 
“Evaluation of Thin Kevlar-Epoxy Fabric Panels Subjected to Shear Loading”, Journal of Aircraft, 2000 
ABSTRACT: The results of an analytical and experimental investigation of 4-ply Kevlar-49-epoxy panels 
loaded by in-plane shear are presented. Approximately one-half of the panels are thin-core sandwich panels and 
the other panels are solid-laminate panels. Selected panels were impacted with an aluminum sphere at a velocity 
of either 150 or 220 ft/sec. The strength of panels impacted at 150 ft/sec was not reduced when compared to the 
strength of the undamaged panels, but the strength of panels impacted at 220 ft/sec was reduced by 27 to 40 
percent. Results are presented for panels that were cyclically loaded from a load less than the buckling load to a 
load in the postbuckling load range. The thin-core sandwich panels had a lower fatigue life than the solid 
panels. The residual strength of the solid and sandwich panels cycled more than one million cycles exceeded the 
baseline undamaged panel strengths. The effect of hysteresis in the response of the sandwich panels is not 
significant. Results of a nonlinear finite element analysis conducted for each panel design are presented. 
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(4) Sikorsky Aircraft, 6900 Main St., Stratford, CT 06615 
“Optimal Design and Damage Tolerance Verification of an Isogrid Structure for Helicopter Application”, 44th 
AIAA Structures, Structural Dynamics and Materials Conference, AIAA-2003-xxxx, 2003 
ABSTRACT: A composite isogrid panel design for application to a rotorcraft fuselage is presented. An 
optimum panel design for the lower fuselage of the rotorcraft that is subjected to combined in-plane 
compression and shear loads was generated using a design tool that utilizes a smeared-stiffener theory in 
conjunction with a genetic algorithm. A design feature was introduced along the edges of the panel that 
facilitates introduction of loads into the isogrid panel without producing undesirable local bending gradients. A 
low-cost manufacturing method for the isogrid panel that incorporates these design details is also presented. 
Axial compression tests were conducted on the undamaged and low-speed impact damaged panels to 
demonstrate the damage tolerance of this isogrid panel. A combined loading test fixture was designed and 
utilized that allowed simultaneous application of compression and shear loads to the test specimen. Results from 
finite element analyses are presented for the isogrid panel designs and these results are compared with 
experimental results. This study illustrates the isogrid concept to be a viable candidate for application to the 
helicopter lower fuselage structure. 
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Technology, Madras-36, India), “Ultimate strength of stiffened panels with cutouts under uniaxial 
compression”, Marine Structures, Vol. 8, No. 3, 1995, pp. 279-308, doi:10.1016/0951-8339(94)00006-E 
ABSTRACT: An approximate method based on strut approach to predict the ultimate strength of simply-
supported stiffened panels with initial imperfections and square cutouts, subjected to uniaxial compression is 
presented. The reduction in stiffness of the plate between stiffeners is considered by using an ‘effective width 
concept’. Tests are reported on welded stiffened steel panels with varying plate slenderness ratio and column 
slenderness ratio. Based on the experimental investigations and the proposed method, the influence of square 
openings, extending the full width between stiffeners, on the ultimate strength of stiffened panels is evaluated. 
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Technology, Madras-36, India), “Experimental study on collapse load of stiffened panels with cutouts”, Journal 
of Constructional Steel Research, Vol. 52, No. 2, November 1999, pp. 235-251, 
doi:10.1016/S0143-974X(99)00008-5 
ABSTRACT: Experimental investigations are carried out up to collapse on eighteen stiffened steel plates 
having initial imperfections under uniaxial compression with simply supported boundary conditions on both 
loading and unloading edges. The thickness of the flange plates is varied as 4 mm and 5 mm respectively. Three 



types of commercially available open section rectangular flats are used as stiffeners. Six panels without cutout, 
six panels with square cutout which extends the full width in between stiffeners (d/b=1.0), four panels with 
rectangular cutout (d/b=1.5) and two panels with reinforced rectangular cutout are fabricated. The initial 
geometric imperfections such as plate imperfection deltax, overall imperfection of the whole panel deltasx and 
torsional imperfection in stiffener deltasy are measured for all panels fabricated. The axial deformation of the 
whole panel, out-of-plane deflections and strains along the midsection of the panels measured during the tests is 
discussed. The reduction in strength of the panels due to the presence of square cutout, rectangular cutout and 
increase in strength due to reinforcement around rectangular cutout are calculated based on the experimental 
observations. 
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“Ultimate strength of stiffened plates with a square opening under axial and out-of-plane loads”, Engineering 
Structures, Vol. 31, No. 11, pp 2568-2579, November 2009, DOI: 10.1016/j.engstruct.2009.06.003 
ABSTRACT: The high strength to weight ratio and high stiffness to weight ratio of stiffened plates find wide 
application in aircraft structures, ship structures, offshore oil platforms and lock gates. The strength and stability 
of stiffened plates is highly influenced by openings and initial imperfections. The main objective is to study the 
behaviour of stiffened steel plates with openings up to collapse and to trace the post-peak behaviour under axial 
and out-of-plane loads. Four stiffened steel plates with a square opening were fabricated for testing. Angle 
sections were used as stiffeners. Imperfections in the plate, stiffener and overall imperfection of the whole panel 
were measured. All fabricated panels were tested to failure. A finite element (FE) model was developed for the 
analysis of stiffened plates with initial imperfections and validated with the test results. Parametric studies were 
conducted using the developed FE model, and interaction curves and equations were developed for the design 
of stiffened plates with initial imperfections and openings. The interactive effect for stiffened panels with a 
square opening was found to be linear, with proportional reduction of the ultimate axial load carrying capacity 
due to the constant out-of-plane load. 
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doi:10.1016/0020-7683(93)90073-G 
ABSTRACT: A simple energy-based approach to calculate stresses at skin-stiffener interfaces of composite 
stiffened panels under shear loads is presented. Solutions to the governing partial differential equations are 
sought that satisfy boundary conditions and traction continuity. The stress functional forms are determined by 
minimizing the energy using a variational approach. The resulting closed form stress expressions are compared 
to finite element solutions and are shown to be in very good agreement. 
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ABSTRACT: In the present paper the topological optimal design of isotropic/orthotropic thin structures 
performed via genetic algorithms is shown. Examples involving structural weight minimization under 
compressive load or buckling load maximization are presented. A modified finite strip method was developed 
and used to analyze parametric structures arranged in form of plates or stiffened panels with almost arbitrary 
cross-section shapes. Specific design variables were defined to assure a robust control over geometrical and 



topological features. In particular, a semi-analytical formulation for the determination of eigenvalues and 
eigenvectors was adopted in order to reduce computational efforts requested by the optimization task. A mesh-
independent solver, involving a reduced number of degrees of freedom, was implemented and interfaced with a 
genetic optimizer for the purpose. The optimization procedure was based on a specific bit-masking oriented 
genetic algorithm, able to handle in parallel different genetic operators expressly conceived to process with 
proper metrics discrete and continuous design variables. As preliminary example, the buckling load 
maximization of a metallic plate with an arbitrary grid-shaped cross-section is described first. Then a 
topological optimization concerning the weight minimization of a composite stiffened panel subject to 
constraint about buckling load is illustrated and discussed in detail about parametric model definition and 
genetic procedure. 
 
 
Dale Davis, Jr., “Detailed Analysis and Test Correlation of a Stiffened Composite Wing Panel”, Army Aviation 
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ABSTRACT: State-of-the-art nonlinear finite element analysis techniques are evaluated by applying them to a 
realistic aircraft structural component. A wing panel from the V-22 tiltrotor aircraft is chosen because it is a 
typical modern aircraft structural component for which there is experimental data for comparison of results. A 
novel solution strategy which accounts for geometric nonlinearity through the use of corotating element 
reference frames and nonlinear strain displacement relations is used to analyze this detailed model. Results from 
linear analyses using the same finite element model are presented in order to illustrate the advantages and costs 
of the nonlinear analysis as compared with the more traditional linear analysis. Strain predictions from both the 
linear and nonlinear stress analyses are shown to compare well with experimental data up through the Design 
Ultimate Load (DUL) of the panel. However, due to the extreme nonlinear response of the panel, the linear 
analysis was not accurate at loads above the DUL. The nonlinear analysis more accurately predicted the strain at 
high values of applied load, and even predicted complicated nonlinear response characteristics, such as load 
reversals, near the observed failure load of the test panel. In order to understand the failure mechanism of the 
panel, buckling and first-ply failure analysis were performed. The predicted buckling load was 17% above the 
observed failure load while first-ply failure analyses indicated significant material damage at and below the 
observed failure load. 
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“Finite-element formulation for analysis of laminated composites”, ASCE Journal of Engineering Mechanics, 
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ABSTRACT: This paper presents a multilayered/multidirector and shear-deformable finite-element formulation 
of shells for the analysis of composite laminates. The displacement field is assumed continuous across the 
finite-element layers through the composite thickness. The rotation field is, however, layerwise continuous and 
is assumed discontinuous across these layers. This kinematic hypothesis results in independent shear 
deformation of the director associated with each individual layer and thus allows the warping of the composite 
cross section. The resulting through-thickness strain field is therefore discontinuous across the different material 
sets. Numerical results are presented to show the performance of the method. 
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“A stabilized 3-D co-rotational formulation for geometrically nonlinear analysis of multi-layered composite 
shells”, Computational Mechanics, Vol. 26, No. 1, 2000, pp.1-12, DOI: 10.1007/s004660000144 
ABSTRACT: This paper presents a continuum-based shear-deformable finite element formulation for 
geometrically nonlinear analysis of thick layered composite shells. The proposed variational formulation is 
based on an assumed strain method. From a kinematical viewpoint displacements and rotations are assumed 
finite while strains are infinitesimal. The model is then cast in a co-rotational framework which is derived 
consistently from the updated Lagrangian method. Close relationship between the co-rotational procedure and 
the underlying updated Lagrangian procedure is presented to highlight the efficiency of the method for 
application to composite shell analysis. Numerical examples are presented to demonstrate the accuracy and the 
range of applicability of the proposed formulation. 
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Dimensional Corotational Framework for Elasto–Plastic Analysis of Multilayered Composite Shells”, AIAA 
Journal, Vol. 38, No. 12, December 2000, pp. 2320-2327 
ABSTRACT: A continuum based layerwise shear-deformable finite element formulation is presented for 
elasto– plastic analysis of layered composites shells. The proposed formulation is cast in a corotational 
configuration for finite deformation analysis. The elasto-plastic constitutive equations that are based on rate-



independent deviatoric plasticity are also written in the corotational kinematic framework. Issues of covariance 
and spatial invariance are addressed, and an appropriate stress updating strategy is proposed. Numerical 
examples are presented to demonstrate the range of applicability of the proposed framework for bending-
dominated response of elasto-plastic layered composite shells. 
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doi:10.1016/0020-7462(94)90030-2 
ABSTRACT: An implementation of solution strategies for controlling the analysis of the non-linear equilibrium 
behavior of elastic structures is presented. The automated procedure guides the solution-stepping process in the 
vicinity of critical stability points, including limit points, and bifurcation points of multiplicity one or two. The 
procedure was developed for use with analysis methods in which the total potential energy of a structure is 
expressed as a power series of finite order in an arbitrary number of generalized coordinates. Aspects of both 
the Riks-Wempner arc-length control method and the equivalence-transformation method of Thurston are 



incorporated. The procedure is applied to several plate and stiffened-panel problems in order to demonstrate key 
features, and to illuminate difficulties that arise in some situations. 
 
J. Shi (Department of Aeronautical Engineering, Queen's University of Belfast, David Keir Building, 
Stranmillis Road, Belfast BT9 5AG, U.K.), “Computing critical points and secondary paths in nonlinear 
structural stability analysis by the finite element method”, Computers & Structures, Vol. 58, No. 1, January 
1996, pp. 203-220, doi:10.1016/0045-7949(95)00114-V 
ABSTRACT: Stability analysis is a crucial aspect of structural design, particularly for beam, plate and shell 
type structures. The stability of a structure is often governed by singular points in its equilibrium path. These 
points usually pose serious problems to ordinary finite element solution methods and require special treatment. 
In this paper, the state-of-the-art of finite element path-following techniques is critically reviewed with special 
attention to bracketing procedures for the singular points and branch switching algorithms. Some practical 
aspects involved will be explained in detail and demonstrated through numerical examples at the end. 
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Numerical analysis and experimental investigation”, Mechanics and Mechanical Engineering, Vol. 17, No. 1, 
pp 71-87, 2013 
ABSTRACT: The paper presents results of comparative experimental examinations and numerical analyses of 
rectangular plates subjected to shear treated as a skin of half–monocoque aircraft structure. There were 
considered: the plate without stiffeners 2 mm thick and structure with 1 mm thickness, stiffened by 15 integral 
ribs. Results of nonlinear numerical FEM analyses and experimental investigations with use of 3D DIC method 
were compared to ones conducted for smooth plate with equivalent mass. It was documented that introduction 
of sub–stiffening significant influence on both the form of deformation and distribution of stress in the 
structure. For smooth plate low cycle fatigue test was conducted.  
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ABSTRACT: A three–segment ten–member thin–shell structure with flat walls is considered made of material 
with instantaneous characteristic approximated by means of an ideally elastic–plastic material model. The 
structure material (polycarbonate) demonstrates the temporary double refraction effect in polarized light. The 
system is subject to twisting resulting in state of local post–critical deformation of skin segments within the 



structure area that is interpreted, in first approximation, as a field of drawing forces. As a result of non–linear 
numerical analysis in the course of which conformance of equilibrium paths obtained numerically and by means 
of the experiment is assured, the stress field is determined taking into account the structure’s flexural and 
membrane state.  
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Plate Weakened By A Crack”, Journal of Theoretical And Applied Mechanics 48, 1, pp. 45-70, Warsaw 2010 
ABSTRACT: The paper presents the methodology of determination of the stress distribution in post-critical 
state of deformation of the rectangular plate weakened with the crack subjected to tension. The problem was 
formulated as physically and geometrically non-linear. Using the finite elements method, numerical analyses 
were performed. While solving the nonlinear issue, the progressive change of geometry of the structure in 
successive incremental steps were compared with results of experimental studies, performed simultaneously. 
The obtained results made the base for the assessment of reliability of effects of nonlinear numerical analysis, 
conditioned by the presence of imperfections of the plate in the neutral state. Two kinds of imperfections were 
considered: geometric-based on the assumption of the preliminary deflection of the plate in the zone of 
weakness and the second one – in form of load perturbation, normal to the middle surface of the plate. 
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Buckling Response of Thin-Walled Airframe Structures”, Chapter 23 in the book, “Numerical Analysis – 
Theory and Application”, edited by Jan Awrejcewicz, ISBN 978-953-307-389-7, September 2011,  
DOI: 10.5772/23226 
PARTIAL INTRODUCTION: Rational approach to design of load-carrying structures seems to suggest the 
necessity of focusing special attention on crucial areas of these structures, which are decisive for durability and 
reliability of the structure. The presence of such crucial areas in a designed solution, resulting usually from its 
practical functions, should be given careful consideration in view of opportunity to introduce appropriate 
changes in the design solutions possibly before costly and time-consuming workshop realization of a prototype. 
The intent of the author is to draw attention to gravity of the factor integrating nonlinear numerical analysis with 
an experiment – in a broad sense of this word. Then, this chapter presents a methodology that can be used for 
assessment and current improvement of numerical models thus ensuring correct interpretation of results 
obtained from nonlinear numerical analyses of a structure. The proposed methodology is based on carrying out 
experimental examination of selected crucial elements of load-carrying structures parallel with their nonlinear 
numerical analysis. Special attention is paid to factors determining proper realization of adequate experiments 
with emphasis placed on the role… 
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INTRODUCTION: Modern aviation structures are characterised by widespread application of thin-shell load-
bearing systems. The strict requirements with regard to the levels of transferred loads and the need to minimise 
a structure mass often become causes for accepting physical phenomena that in case of other structures are 
considered as inadmissible. An example of such a phenomenon is the loss of stability of shells that are parts of 
load-bearing structures, within the range of admissible loads. 
 Thus, an important stage in design work on an aircraft load-bearing structure is to determine stress 
distribution in the post-critical deformation state. One of the tools used to achieve this aim is nonlinear finite 
elements method analysis. The assessment of the reliability of the results thus obtained is based on the solution 
uniqueness rule, according to which a specific deformation form can correspond to one and only one stress 
state. In order to apply this rule it is required to obtain numerical model’s displacements distribution fully 
corresponding to actual deformations of the analysed structure. 
 An element deciding about a structure’s deformation state is the effect of a rapid change of the structure’s 
shape occurring when the critical load levels are crossed. From the numerical point of view, this phenomenon is 
interpreted as a change of the relation between state parameters corresponding to particular degrees of freedom 
of the system and the control parameter related to the load. This relation, defined as the equilibrium path, in 
case of an occurrence of mentioned phenomenon, has an alternative character, defined as bifurcation. Therefore, 
the fact of taking a new deformation form by the structure corresponds to a sudden change to the alternative 
branch of the equilibrium path [1-4]. 
 Therefore, a prerequisite condition for obtaining a proper form of the numerical model deformation is to 
retain the conformity between numerical bifurcations and bifurcations in the actual structure. In order to 
determine such conformity it is required to verify the results obtained by an appropriate model experiment or by 
using the data obtained during the tests of the actual object. It is often troublesome to obtain reliable results of 
nonlinear numerical analyses and it requires an appropriate choice of numerical methods dependent upon the 
type of the analysed structure and precise determination of parameters controlling the course of procedures. 
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ABSTRACT: The study presents results of research on the problem of obtaining credible results of nonlinear 
FEM analyses of thin-walled load-bearing structures subjected to post-critical loads. The similarity of numerical 
simulation results and actual stress distribution states depends on the correct numerical reproduction of 
bifurcations that occur during an advanced deformation process. 
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PARTIAL INTRODUCTION:  The design work on aircraft constructions, with applicable standards and 
requirements imposed by regulations applicable to aircraft design taken into account, represents a discipline 
significantly different than other fields of modern engineering. In fact, as opposed to rules commonly applicable 
to design of technical structures, in view of the need to limit the mass, in the case of airframe structures there is 
a necessity to allow phenomena involving loss of stability with respect to some of their components under the 
in-flight conditions. From the historical point of view, the issue of the loss of stability was a factor significantly 
slowing down the progress in aviation at early stage of its development. In aspiration to ensure safety, a large 
group of designers adhered to the lattice structure concepts for many years. The first attempts to develop some 
more advanced solutions were based on the use of corrugated sheet metal as the skin material for wings and 
fuselages. Such solution was adopted in numerous constructions manufactured on a mass scale, e.g. Ford 
Trimotor or Junkers 52. . .  
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“Buckling and ultimate strength interaction in plates and stiffened panels under combined inplane biaxial and 
shearing forces”, Marine Structures, Vol. 8, No. 1, pp 1-36, 1995, DOI: 10.1016/0951-8339(95)90663-F 
ABSTRACT: The main portion of a ship's structure is usually composed of stiffened plates. Between girders 
and floors, stiffeners are furnished to plates usually in the longitudinal direction. Under various loads applied to 
a ship, such as those due to cargo, buoyancy and waves, these stiffened plates are subjected to combined inplane 



and lateral loads. Imperfections due to fabrication exist mainly in the form of initial deflection and residual 
stresses. The behaviour of perfectly flat plates is, however, an important reference in design. In this paper, 
buckling, ultimate and fully plastic strength interaction relationships for rectangular perfectly flat plates and 
uniaxially stiffened plates subjected to inplane biaxial and shearing forces are derived and expressed in explicit 
forms based on the results of theoretical investigations of the non-linear behaviour of plates and stiffened plates. 
The accuracy of these interaction relationships is confirmed through comparison with the results of other 
analysis methods. With the aid of these interaction relationships, buckling load, ultimate strength andlor fully 
plastic strength of such perfectly fat plates and uniaxially stiffened plates subjected to inplane loads may be 
predicted by hand calculation. 
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27-55, May 2000, DOI: 10.1016/S0263-8231(00)00009-4 
ABSTRACT: The twin aims of the present study are to investigate the buckling strength characteristics of steel 
plating elastically restrained at their edges and also to develop simple design formulations for buckling strength 
as a function of the torsional rigidity of support members that provide the rotational restraints along either one 
set of edges or all (four) edges. The characteristic equation for the buckling strength of steel plating that is 
elastically restrained along either long or short edges while the other edges are simply supported was derived by 
an analytical method. Using the computed results obtained by directly solving the buckling characteristic 
equation, closed-form expressions of the buckling strength of the plating with one set of edges elastically 
restrained while the other set of edges is simply supported are derived empirically by curve fitting. Based on the 
insights developed in the present study, approximate equations for the buckling strength for plating with all 
edges elastically restrained are proposed as a function of a relevant combination of the three simpler edge 
condition cases (i.e., long edges elastically restrained/short edges simply supported, long edges simply 
supported/short edges elastically restrained, and all edges simply supported). The effect of distortion of support 
members before the plating buckles is also approximately accounted for. The validity of the proposed closed-
form buckling strength design formulations is studied by a comparison with theoretical and numerical solutions. 
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“A semi-analytical method for the elastic-plastic large deflection analysis of welded steel or aluminum plating 
under combined in-plane and lateral pressure loads”, Thin-Walled Structures, Vol. 39, No. 2, pp 125-152, 
February 2001, DOI: 10.1016/S0263-8231(00)00058-6 
ABSTRACT: The aim of the present paper is to develop a semi-analytical method which can quickly and 
accurately compute the elastic–plastic large deflection response of welded steel or aluminum plating under a 
combination of biaxial compression/tension, biaxial in-plane bending, edge shear and lateral pressure loads, 
until the ultimate limit state is reached. The post-weld initial imperfections (i.e. initial deflection and residual 
stresses) are included in the method as parameters of influence. It is assumed that the plating is simply 
supported at all (four) edges which are kept straight. A unique feature of the developed method is that geometric 
nonlinearity associated with large deflection response of plating under combined loads is treated by analytically 
solving the nonlinear governing differential equations of the elastic large deflection plate theory, while material 
nonlinearity due to plasticity is dealt with implicitly by a numerical procedure. This approach reduces the 
magnitude of numerical computations, resulting in a saving of modeling effort and computing time. As another 
contribution, this paper investigates and discusses the ultimate strength characteristics of plating, by varying the 
plate properties and load combinations, based on elastic–plastic large deflection analysis using the developed 



method. 
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“A semi-analytical method for the elastic–plastic large deflection analysis of stiffened panels under combined 
biaxial compression/tension, biaxial in-plane bending, edge shear, and lateral pressure loads”, Thin-Walled 
Structures, Vol. 43, No.3, March 2005, pp. 375-410, doi:10.1016/j.tws.2004.07.022 
ABSTRACT: In the earlier publications [Paik JK, Thayamballi AK, Lee SK, Kang SJ. A semi-analytical 
method for the elastic-plastic large deflection analysis of welded steel or aluminium plating under combined in-
plane and lateral pressure loads. Thin-Walled Struct 2001;39;125–52; Paik JK, Thayamballi AK. Ultimate limit 
state design of steel-plated structures. Chichester: Wiley; January 2003], the author presented a semi-analytical 
method for the elastic–plastic large deflection analysis of unstiffened plates under biaxial loads, edge shear, 
biaxial in-plane bending and out-of-plane (lateral) pressure loads until the ultimate strength is reached. In the 
present paper, a similar method is applied to stiffened panels subjected to the same type of loading. The effect 
of initial imperfections in the form of initial deflection and welding residual stresses is accounted for in the 
calculations. The validity of the developed method is demonstrated by comparing with existing theoretical and 
numerical results where relevant. The present theory can be useful for ultimate strength analysis of plates and 
stiffened panels made of steel or aluminium alloys. 
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“Ultimate strength of cracked plate elements under axial compression or tension”, Thin-Walled Structures, Vol. 
43, No. 2, February 2005, pp. 237-272, doi:10.1016/j.tws.2004.07.010 
ABSTRACT: n addition to corrosion, fatigue cracking is another important factor of age related structural 
degradation, which has been a primary source of costly repair work of aging steel structures. Cracking damage 
has been found in welded joints and local areas of stress concentrations such as at the weld intersections of 
longitudinals, frames and girders. Fatigue cracking has usually been dealt with as a matter under cyclic loading, 
but it is also important for residual strength assessment under monotonic extreme loading, because fatigue 
cracking reduces the ultimate strength significantly under certain circumstances. In this paper, an experimental 
and numerical study on the ultimate strength of cracked steel plate elements subjected to axial compressive or 
tensile loads is carried out. The ultimate strength reduction characteristics of plate elements due to cracking 
damage are investigated with varying size and location of the cracking damage, both experimentally and 
numerically. Ultimate strength tests on cracked steel plates under axial tension and cracked box type steel 
structure models under axial compression are undertaken. A series of ANSYS nonlinear finite element analyses 
for cracked plate elements are performed. Based on the experimental and numerical results obtained from the 
present study, theoretical models for predicting the ultimate strength of cracked plate elements under axial 
compression or tension are developed. The results of the experiments and numerical computations obtained are 
documented. The insights developed will be very useful for the ultimate limit state based risk or reliability 
assessment of aging steel plated structures with cracking damage. 
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longitudinal cracks under axial compression—Experiments”, Ocean Engineering, Vol. 35, Nos 17-18, 
December 2008, DOI: 10.1016/j.oceaneng.2008.08.012 
ABSTRACT: The main objective of the present study is to examine the residual ultimate strength 
characteristics of steel plates with cracking damages under axial compressive actions through experimental 
investigations. The present study is a sequel of the author's previous paper (Paik, J.K., Satish Kumar, Y.V., Lee, 
J.M., 2005. Ultimate strength of cracked plate elements under axial compression or tension. Thin-Walled 
Structures, 43, 237–272). In contrast to the previous paper which dealt with transverse cracks located in the 
direction normal to the axial loading direction, the present paper is concerned with longitudinal cracks which 
are located in parallel to the axial loading direction. Similar to the previous paper, the orientation/location and 
size of cracks inside the plates are varied for the present experimental investigations. The details of 
experimental results are documented. The database and insights developed from the present work will be useful 
for cracking damage-tolerant design of steel-plated structures and also for condition assessment or health 
monitoring of aging steel-plated structures. 
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ABSTRACT: The main objective of the present paper is to numerically examine the residual ultimate strength 
characteristics of steel plates with longitudinal cracks under axial compressive actions. The present paper is a 
sequel to the author's previous paper [Paik, J.K., 2008. Residual ultimate strength of steel plates with 
longitudinal cracks under axial compression—Experiments. Ocean Engineering 35, 1775–1783]. In contrast to 
the previous paper, the present paper deals with nonlinear finite element method investigations. Because the test 
programme is usually limited to a few test models in number for many reasons, the application of nonlinear 
finite element methods is often more beneficial to handle a more variety of parameters of influence. In the 
present paper, the insights developed from a series of ANSYS nonlinear finite element method computations are 
documented, where the effects of the crack orientation, the crack location, the crack size, the plate thickness, 
and the plate aspect ratio on the residual ultimate strength of steel plates with longitudinal cracks under axial 
compression are discussed. The insights developed from the present work will be useful for cracking damage-
tolerant design of steel-plated structures and also for health monitoring or condition assessment of aging steel-
plated structures with cracking damages 
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models for ultimate strength analysis of steel stiffened-plate structures under combined biaxial compression and 
lateral pressure actions – Part II: Stiffened panels”, Thin-Walled Structures, Vol. 47, Nos 8-9, pp 998-1007 
DOI: 10.1016/j.tws.2008.08.006 
ABSTRACT: The present paper (Part II) is a sequel to the previous paper (Part I) [Paik JK, Seo JK. Nonlinear 
finite element method models for ultimate strength analysis of steel stiffened-plate structures under combined 
biaxial compression and lateral pressure actions—Part I: Plate elements. Thin-Walled Struct 2008, this issue, 
doi:10.1016/j.tws.2008.08.005.] on the application of nonlinear finite element methods for ultimate strength 
analysis of steel stiffened-plate structures under combined biaxial compression and lateral pressure actions. In 
contrast to Part I dealing with plate elements, the present paper (Part II) treats stiffened panels surrounded by 
strong support members such as longitudinal girders and transverse frames. In similar to Part I, some important 
factors of influence such as structural dimensions, initial imperfections, loading types and computational 
techniques in association with ultimate limit states are studied. Some useful insights in terms of nonlinear finite 
element method modeling are developed using ANSYS code together with the ALPS/ULSAP semi-analytical 
method, the latter being for the purpose of a comparison. 
 
 
Y.C. Kai, J.K. Paik, et al?, “A triangular plate element with drilling degrees of freedom for large rotation 
analyses of built-up plate/shell structures based on the Reissner variational…”, Computer Modeling in 
Engineering & …, 2010 – techscience.com (pdf file comes up blank) 
 
I. Shufrin, O. Rabinovitch and M. Eisenberger (Faculty of Civil and Environmental Engineering, Technion-
Israel Institute of Technology, Technion City, Haifa 32000, Israel), “Buckling of symmetrically laminated 
rectangular plates with general boundary conditions – A semi analytical approach”, Composite Structures, 
Vol.82, No. 4, February 2008, pp. 521-531, doi:10.1016/j.compstruct.2007.02.003 
ABSTRACT: A semi-analytical extended Kantorovich approach for the buckling analysis of symmetrically 
laminated rectangular plates with general boundary conditions is presented. The solution is derived as a multi-
function expansion that allows the analysis of laminated plates characterized by a non-separable solution. 
Among these, the cases of buckling of angle-ply laminates under inplane compression and shear buckling of 
any type of plate are the most common ones. The formulation is based on the variational principal of total 
energy minimization and the iterative extended Kantorovich method. The exact element method is adopted for 
the solution of the resulting differential eigenvalue problem. The capabilities of the proposed approach and its 
applicability to buckling analysis of composite laminated plates that cannot be analyzed using the classical 
single-term extended Kantorovich method are demonstrated numerically. The results are compared with exact 
solutions (where available), and with approximate results from other numerical methods. The accuracy and 
convergence of the proposed approach are also discussed. 
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(2) Faculty of Civil and Environmental Engineering, Technion-Israel Institute of Technology, Technion City, 
Haifa 32000, Israel 
“Buckling of laminated plates with general boundary conditions under combined compression, tension, and 
shear—A semi-analytical solution”, Thin-Walled Structures, Vol. 46, Nos. 7-9, July-September 2008, pp. 925-
938, Special Issue: to mark the Retiral of Professor Jim Rhodes, Founding Editor, 
doi:10.1016/j.tws.2008.01.040 
ABSTRACT: A semi-analytical approach to the buckling analysis of generally supported laminated plates 
subjected to a general combination of inplane shear, compression, and tension loads is presented. Arbitrary out 
of plane and inplane boundary conditions at the edges of the plate are considered. The formulation is based on 
the variational principle of virtual work and the multi-term extended Kantorovich method. The semi-analytical 
method is used for the pre-buckling and buckling (stability) analyses of laminated rectangular plates with 
inplane restraints under arbitrary inplane loads. The accuracy and convergence are examined through a 
comparison with exact solutions (where available) and with finite element analyses. The applicability of the 



method is demonstrated through various numerical examples that focus on the buckling of rectangular 
composite plates with a variety of boundary conditions and various combinations of the inplane shear, 
compressive, and tensile loads. 
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(1) School of Mechanical Engineering, The University of Western Australia, 35 Stirling Highway, Crawley, 
WA 6009, Australia 
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“Elastic nonlinear stability analysis of thin rectangular plates through a semi-analytical approach”, International 
Journal of Solids and Structures, Vol. 46, No. 10, May 2009, pp. 2075-2092, Special Issue in Honor of 
Professor Liviu Librescu, doi:10.1016/j.ijsolstr.2008.06.022 
ABSTRACT: A semi-analytical approach to the elastic nonlinear stability analysis of rectangular plates is 
developed. Arbitrary boundary conditions and general out-of-plane and in-plane loads are considered. The 
geometrically nonlinear formulation for the elastic rectangular plate is derived using the thin plate theory with 
the nonlinear von Kármán strains and the variational multi-term extended Kantorovich method. Emphasis is 
placed on the effect of destabilizing loads and on the derivation of the solution methodologies required for 
tracking a highly nonlinear equilibrium path, namely: parameter continuation and arc-length continuation 
procedures. These procedures, which are commonly used for the solution of discretized structural systems 
governed by nonlinear algebraic equations, are augmented and generalized for the direct application to the PDE. 
The boundary value problem that results from the arc-length continuation scheme and consists of coupled 
differential, integral, and algebraic equations is re-formulated in a form that allows the use of standard 
numerical BVP solvers. The performance of the continuation procedures and the convergence of the multi-term 
extended Kantorovich method are examined through the solution of the two-dimensional Bratu–Gelfand 
benchmark problem. The applicability of the proposed approach to the tracking of the nonlinear equilibrium 
path in the post-buckling range is demonstrated through numerical examples of rectangular plates with various 
boundary conditions. 
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Oded Rabinovitch (Faculty of Civil and Environmental Engineering, Technion-Israel Institute of Technology, 
Haifa, 32000, Israel), “Buckling-driven debonding in stiff block: compliant joint structural assemblies patched 
with composite materials”, International Journal of Fracture, Vol. 165, No. 1, pp 21-38, September 2010 
ABSTRACT: The initiation, growth, and stability of buckling driven debonding in structural assemblies of stiff 
blocks, compliant joints, and adhesively bonded composite layers are analytically investigated. The model is 
developed with focus on masonry walls externally strengthened with composite materials where static and, 
mainly, dynamic loads may induce compression in the strengthening layers triggering a buckling driven 
debonding near the joints. The model introduces the interfacial nonlinearity (debonding) through a cohesive 
interface approach. The geometrical nonlinearity is introduced through the kinematics of intermediate class of 
deformation (large deflections, moderate rotations, small strains), and the material nonlinearity of the masonry 
construction is introduced through the constitutive law for the mortar joints. A numerical study of the 
debonding process in strengthened masonry walls is presented. The study uses the periodicity of the wall for 
sub-structuring and examines configurations that include composite strips or sheets, strengthening on one face 
of the wall or on both faces, and compliant mortar materials. Emphasis is placed on the localized debonding 
near the joint, its stability characteristics, and the possibility to detect the debonding process before it reaches 
the point of instability. 
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T.D.G. Canisius and R.O. Foschi (Department of Civil Engineering, The University of British Columbia, 
Vancouver, B.C., Canada V6T 1Z4), “Mindlin finite strips with support displacements”, Computers & 
Structures, Vol. 49, No. 2, October 1993, pp. 329-339, doi:10.1016/0045-7949(93)90112-Q 
ABSTRACT: This paper presents a Mindlin finite strip formulation which considers support displacements in 
all degrees of freedom at clamped and pinned boundaries. The support movements are introduced by adding 
special longitudinal functions to the Timoshenko beam functions used in standard finite strips. These special 
functions are derived from the deflection patterns of a Timoshenko beam under support displacements. The 
formulation also considers cross-ply composite plates. The material is linearly elastic and orthotropic. 



Geometric non-linearities are also considered. The proposed finite strip formulation makes it possible to analyse 
problems that hitherto could not be handled by the standard finite strips. Three examples are used to 
demonstrate the applicability of the new finite strips. 
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Kuo-Kuang Rd, Taichung, Taiwan, Republic of China), “Free vibration of laminated plates using a finite strip 
method based on a higher-order plate theory”, Computers & Structures, Vol. 53, No. 6, December 1994, 
pp.1281-1289, doi:10.1016/0045-7949(94)90396-4 
ABSTRACT: The finite strip method based on the higher-order plate theory is developed for determining the 
natural frequencies of laminated plates. This method can accurately predict the through thickness effect of 
transverse shear deformation. Furthermore, only a few degress of freedom are required in the finite strip 
method. Some numerical results for various span-to-thickness ratios, material properties and stack sequences 
are presented for illustrative purposes. The present model provides a better way to obtain more accurate natural 
frequency results. 
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(2) Department of Engineering, Lancaster University, Lancaster LA1 4YR, UK 
“Vibration analysis of rectangular composite laminated plates using layerwise B-spline finite strip method”, 
Composite Structures, Vol. 68, No. 3, May 2005, pp. 349-358, doi:10.1016/j.compstruct.2004.04.001 
ABSTRACT: A layerwise B-spline finite strip method is developed for free vibration analysis of truly thick and 
thin composite laminated plates within the context of a layerwise plate theory proposed by Reddy [Commun. 
Appl. Numer. Methods 3 (1987) 173]. The development is the extension of an earlier work [Int. J. Mech. Sci. 37 
(1995) 645] in which a Bk,k"_1-spline finite strip method was developed based on the first-order shear 
deformable plate theory and B-splines of order k and k"_1 were used to avoid shear-locking. In this new method 
the composite laminated plates are divided into a number of numerical layers in the thickness direction. A linear 
variation of in-plane displacements are assumed within each numerical layer to represent the through thickness 
shear warping which can be significant for thick composite laminated plates due to their relatively low through 
thickness shear moduli. Numerical tests show that the method has the capability to produce accurate predictions 
for natural frequencies of truly thick and thin composite laminated plates. 
 
 
R. Zahari (1) and A. El-Zafrany (2) 
(1) Department of Aerospace Engineering, The University of Putra Malaysia, Serdang 43400, Selangor, 
Malaysia 
(2) School of Engineering, Cranfield University, Cranfield, Bedford MK43 0AL, England, United Kingdom 
“Progressive failure analysis of composite laminated stiffened plates using the finite strip method”, Composite 
Structures, Vol. 87, No.1, January 2009, pp. 63-70, doi:10.1016/j.compstruct.2007.12.006 
ABSTRACT: A finite strip method for non-linear static analysis based on the tangential stiffness matrix has 
been developed using the new concept of polynomial finite strip elements, with Mindlin (first-order shear 
deformable element) plate-bending theory for composite plates. A progressive failure algorithm for composite 
laminates has been successfully developed for the new finite strip methods using a stress-based failure criterion, 
Tsai–Wu. A finite strip analysis programming package which is capable of performing non-linear progressive 
damage analysis for composite stiffened plates and shells has also been developed with Mindlin plate-bending 
element. Good agreement with the finite element results has been observed through various test cases, 
confirming the accuracy and reliability of the new developed method. 
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(2) Department of Civil Engineering, University of Ottawa, Ottawa, Ontario, Canada K1N 9B4 
“Static and vibration analysis of anisotropic composite laminates by finite strip method”, International Journal 
of Solids and Structures, Vol. 30, No. 22, 1993, pp. 3129-3137, doi:10.1016/0020-7683(93)90143-U 
ABSTRACT: The finite strip method has been employed for the analysis of shear-deformable composite 
laminates since 1976. A number of works have shown the high accuracy, efficiency and convenience of this 
method. In the present study, a new shear-deformable finite strip is developed to analyse the static and vibration 
behaviour of composite laminates. By selecting the proper displacement functions, the new strip includes all the 
effects of material anisotropy and suits arbitrary inplane boundary conditions at the ends. Thus, the present 
method is applicable not only to cross-ply laminates and symmetrical angle-ply laminates, but also to arbitrary 
angle-ply laminates, e.g. antisymmetrical angle-ply laminates and (0/45/–45/90 degree) laminates. 
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“Stability analysis of anisotropic laminated composite plates by finite strip method”, Computers & Structures, 
Vol. 49, No. 6, December 1993, pp. 963-967, doi:10.1016/0045-7949(93)90007-Z 
ABSTRACT: The finite strip method has been applied to the stability analysis of rectangular shear-deformable 
composite laminates. However, for the plates with two opposite simply supported sides, the existing analysis 
was restricted to the symmetrical cross-ply laminates under compression loading.  In the present study, by 
selecting proper displacement functions and including the coupling between different series terms, the finite 
strip method is extended to the stability analysis of any anisotropic laminated plates under arbitrary in-plane 
loading. Furthermore, a number of numerical results are presented to show the effects of thickness, fibre 
orientation and stacking sequence on the buckling loads. 
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Computers & Structures, Vol. 52, No. 3, August 1994, pp. 471-477, doi:10.1016/0045-7949(94)90232-1 
ABSTRACT: In the present study, a finite strip method for the elastic analysis of anisotropic laminated 
composite plates is developed according to higher-order shear deformation theory. This theory accounts for the 
parabolic distribution of the transverse shear strains through the thickness of the plate and for zero transverse 
shear stresses on the plate surfaces. In comparison with the finite strip method based on first-order shear 
deformation theory, the present method gives improved results while using approximately the same number of 
degrees of freedom. It also eliminates the need for shear correction factors in calculating the transverse shear 
stiffness. 
 
 
M. S. Cheung (1), G. Akhras (2) and W. Li (1) 
(1) Department of Civil Engineering, University of Ottawa, Ottawa, Ont., Canada K1N 9B4 
(2) Department of Civil Engineering, Royal Military College of Canada, Kingston, Ont., Canada K7K 5L0 
“Progressive failure analysis of composite plates by the finite strip method”, Computer Methods in Applied 
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doi:10.1016/0045-7825(95)00788-3 
ABSTRACT: In the present study, a finite strip method for the progressive failure of anisotropic composite 
laminates is developed based on the higher-order shear deformation theory and Lee's strength criterion. This 
method produces results in a good agreement with existing analytical and numerical solutions. The effects of 
fibre orientation and the number of plies on the load-carrying capacity are also investigated in numerical 
examples. 
 
 



K.M.Z. Attallah (1), J.Q. Yea (2) and H.Y. Sheng (2) 
(1) School of Civil Engineering, University of Leeds, Leeds LS2 9JT, UK 
(2) School of Civil Engineering, Hefei University of Technology, Hefei, Anhui, PR China 
“Three-dimensional finite strip analysis of laminated panels”, Computers & Structures, Vol. 85, Nos. 23-24, 
December 2007, pp. 1769-1781, doi:10.1016/j.compstruc.2007.04.003 
ABSTRACT: In this paper, a combined finite strip and state space approach is introduced to obtain three-
dimensional solutions of laminated composite plates with simply supported ends. The finite strip method is used 
to present in-plane displacement and stress components, while the through-thickness components are obtained 
by using the method of state equation. The method can replace the traditional three-dimensional finite element 
solutions for structures that have regular geometric plans and simple boundary conditions, where a full three-
dimensional finite element analysis is very often both extravagant and unnecessary. The new method provides 
results that show good agreement with available benchmark problems having different material compositions, 
thickness and boundary conditions. The new method provides a three-dimensional solution for laminated plates, 
while the advantages of using the traditional finite strip method are fully taken. This solution also yields a 
continuous transverse stress field across material interfaces that normally is not achievable by other numerical 
modelling of laminates, such as the traditional finite element method. 
 
 
Y.-P. Tseng and W.J. Wang (Department of Civil Engineering, Tamkang University, Taiwan 25137, R.O.C.), 
“A refined finite strip method using higher-order plate theory”, International Journal of Solids and Structures, 
Vol. 30, No. 3, 1993, pp.441-452, doi:10.1016/0020-7683(93)90178-A 
ABSTRACT: The higher-order plate theory is adopted in the finite strip method to analyse orthotropic 
laminated plates in this paper. Several examples with the existing elasticity solutions are illustrated to validate 
the accuracy and efficiency of the present formulation. Although fewer degrees of freedom are required, the 
present model yields the same or even better displacement and flexural stress results than the higher-order plate 
element. The through-thickness distribution of transverse shear stress is also properly predicted through the 
stress equilibrium equation. 
 
 
Jacob Avrashi (Computational Mechanics and Material Mechanics Laboratories, Faculty of Mechanical 
Engineering, Technion - Israel Institute of Technology, Haifa 32000, Israel), “Accuracy and numerical stability 
of the non-uniform finite strip method”, Finite Elements in Analysis and Design, Vol. 17, No. 1, June 1994, 
pp.75-88, doi:10.1016/0168-874X(94)90021-3 
ABSTRACT: Two most significant aspects of the use of the non-uniform finite strip (NUFS) method for 
composite laminated plates are discussed in the present paper: The accuracy of the displacement and 
generalized forces and the numerical stability of the scheme. Numerical results for symmetric and asymmetric 
highly orthotropic plates are presented to show the strips' behavior characteristics regarding the spectral 
accuracy, finite element convergence, accuracy of displacement and generalized forces and the consumed CPU 
time. A comparison of the classical laminated plate strip and Mindlin strip shows some significant differences, 
especially for highly orthotropic plates. 
 
 
Y. K. Cheung and D. S. Zhu (Department of Civil and Structural Engineering, University of Hong Kong, Hong 
Kong, China), “Postbuckling analysis of circular cylindrical shells under external pressure”, Thin-Walled 
Structures, Vol. 7, Nos. 3-4, 1989, pp. 239-256, doi:10.1016/0263-8231(89)90027-X 
ABSTRACT: The postbuckling behavior of circular cylindrical shells of finite length under uniform external 
pressure is analysed using the spline finite strip method. A Total Lagrangian formulation on the displacement 
dependent pressure load in the orthogonal curvilinear reference frame is derived. An improvement for the arc-
length iteration method is presented. The postbuckling equilibrium path and the contour map of equal radial 
deflection computed are in good agreement with the experimental and analytical results reported in Esslinger, 
M. and Geier, B., Postbuckling Behaviour of Structures, Springer-Verlag, Wien, New York, 1975. 
 
 



D.S. Zhu and Y.K. Cheung (Department of Civil and Structural Engineering, University of Hong Kong, Hong 
Kong), “Postbuckling analysis of shells by spline finite strip method”, Computers & Structures, Vol. 31, No. 3, 
1989, pp. 357-364, doi:10.1016/0045-7949(89)90383-0 
ABSTRACT: The postbuckling analysis of shells is studied by the spline finite strip method. The selection of 
higher order terms in the incremental variational principle is discussed. An improvement on the arc-length 
iteration method is presented. The examples all demonstrated the versatility and accuracy of the present method. 
The computed results for a circular cylindrical shell under axial compression correlate very well with the 
experiment results. 
 
 
J. Kong and Y.K. Cheung (Department of Civil and Structural Engineering, University of Hong Kong, Hong 
Kong), “Application of the spline finite strip to the analysis of shear-deformable plates”, Computers & 
Structures, Vol. 46, No. 6, March 1993, pp. 985-988, doi:10.1016/0045-7949(93)90083-P 
ABSTRACT: A spline finite strip is proposed to analyse thick isotropic or laminated composite plates. The 
formulation is based upon the principle of virtual work and the third-order plate theory developed by Reddy. 
The variational functional requires the satisfaction of C1,-continuity of the assumed vertical deflection variable 
which can be easily fulfilled by the present method. The proposed spline finite strip is a conforming element 
with a smaller number of unknowns at each node compared to other existing elements based on the third-order 
theory. For the analysis of thin isotropic or laminated plates, the present element shows no sign of shear 
locking. A number of computational examples are given to demonstrate the efficiency and the accuracy of the 
present method. 
 
 
Y.K. Cheung and J. Kong (Department of Civil and Structural Engineering, University of Hong Kong, Hong 
Kong People's Republic of China), “Linear elastic stability analysis of shear-deformable plates using a modified 
spline finite strip method”, Computers & Structures, Vol. 47, No. 2, April 1993, pp. 189-192, 
doi:10.1016/0045-7949(93)90366-L 
ABSTRACT: The stability of shear-deformable plates under constant initial stresses is studied by the spline 
finite strip method. Third-order plate theory is used as the basis for developing the strip element. The classical 
B3-spline function is modified in such a way that the resulting spline finite strip element incorporates the merits 
of spline interpolation and the versatility of the finite element method. A set of demonstration analyses are 
presented to show the validity of the modified spline finite strip method. 
 
 
Y.K. Cheung and J. Kong (Department of Civil and Structural Engineering, University of Hong Kong, Hong 
KongPeople's Republic of China), “Approximate three-dimensional analysis of rectangular thick laminated 
plates: Bending, vibration and buckling”, Computers & Structures, Vol. 47, No. 2, April 1993, pp. 193-199, 
doi:10.1016/0045-7949(93)90367-M 
ABSTRACT: A global-local approach is proposed to analyse thick laminated plates. This approach treats a 
thick laminated plate as a three-dimensional inhomogeneous anisotropic elastic body. The cross-section of a 
laminated plate is first discretized into conventional eight-node elements. The interpolation function along the 
span of the plate is defined by the cubic B3-spline function. The displacement functions can be expressed as the 
product of the usual isoparametric shape functions and the spline function. A set of global polynomials of an 
appropriate order is selected to transform the nodal variables of the cross-section to a much smaller set of 
generalized parameters associated with the polynomials. These parameters can be obtained by means of the 
standard Rayleigh-Ritz technique. The total number of unknowns involved is drastically reduced with a minor 
sacrifice of accuracy. The six components of stresses, the fundamental natural frequencies and the critical 
buckling loads can be determined with acceptable accuracy. Numerical examples are given to demonstrate the 
accuracy and effectiveness of the global-local procedures. 
 
 
J. Kong and Y. K. Cheung (Department of Civil and Structural Engineering, University of Hong Kong, Hong 
Kong), “A generalized spline finite strip for the analysis of plates”, Thin-Walled Structures, Vol. 22, No. 3, 



1995, pp. 181-202, doi:10.1016/0263-8231(94)00035-X 
ABSTRACT: In this paper, the original spline finite strip, which is based upon the thin-plate theory, is modified 
and generalized in the sense that the formulation is based upon a third-order plate theory and is applicable to 
thin plates and shear-deformable plates (e.g. thick isotropic plates and laminated composite plates). To extend 
its application to nonlinear analysis, displacement formulation is employed with geometric nonlinearity and 
small initial imperfection taken into account. To demonstrate the performance of the present finite strip in the 
analysis of plates, a number of numerical examples are given. 
 
 
F. T. K. Au and Y. K. Cheung (Department of Civil and Structural Engineering, University of Hong Kong, 
Hong Kong), “Free vibration and stability analysis of shells by the isoparametric spline finite strip method”, 
Thin-Walled Structures, Vol. 24, No. 1, 1996, pp. 53-82, doi:10.1016/0263-8231(95)00040-2 
ABSTRACT: The isoparametric spline finite strip method has been applied to the free vibration and stability 
analysis of shells. The convergence of the method is reviewed critically. Additional numerical examples on 
shells of different geometry are also employed to demonstrate the efficiency, accuracy and versatility of the 
method 
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(1) ENIDH – Escola Náutica Infante D. Henrique, Av. Eng.° Bonneville Franco, 2780-572 Paço de Arcos, 
Portugal 
(2) IDMEC – Instituto de Engenharia Mecânica, Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa 
Codex, Portugal 
“Analysis of piezolaminated plates by the spline finite strip method”, Computers & Structures, Vol. 79, Nos. 
26-28, November 2001, pp. 2321-2333, doi:10.1016/S0045-7949(01)00065-7 
ABSTRACT: This paper deals with the development of a family of higher order B-spline finite strip models 
applied to the static and free vibration analysis of laminated plates, with arbitrary shape and lay-ups, loading 
and boundary conditions. The lamination scheme can be such that the embedded and/or surface bonded 
piezoelectric actuating and sensing layers are included. The structure is discretised in a specified number of 
strips, and the geometry and displacement components of each strip are represented by interpolating functions 
that are products of linear or cubic B-spline, and linear or quadratic Lagrange functions along the y and x 
orthonormal directions. The accuracy and relative performance of the proposed discrete models are compared 
and discussed among the developed and alternative models. 
 
 
H.R. Ovesy, S.A.M. GhannadPour and G. Morada (Aerospace Engineering Department, Amirkabir University 
of Technology, Hafez Ave, Tehran, Iran), “Geometric non-linear analysis of composite laminated plates with 
initial imperfection under end shortening, using two versions of finite strip method”, Composite Structures, Vol. 
71, Nos. 3-4, December 2005, pp. 307-314, Special Issue: Fifth International Conference on Composite Science 
and Technology - ICCST/5, doi:10.1016/j.compstruct.2005.09.030 
ABSTRACT: Description is given of both spline and semi-analytical finite strip method for predicting the post-
buckling response of rectangular composite laminated plates with initial imperfections, when subjected to 
progressive end shortening. The initial imperfections are all assumed to be of the sinusoidal shape in the 
longitudinal direction, and of different shapes in the transverse direction. The laminates are simply supported 
out of their plane at the loaded ends as well as unloaded edges. The in-plane lateral expansion _≈ is allowed all 
around the plates. The plates are assumed to be thin so that the analysis can be carried out based on the classical 
plate theory. Geometric non-linearity is introduced in the strain-displacement equations in the manner of the 
von Karman assumptions. The formulations of the finite strip methods are based on the concept of the principle 
of the minimum potential energy. The Newton-Raphson method is used to solve the non-linear equilibrium 
equations. A number of applications involving plates with different shapes of initial imperfections are described 
to investigate the capability of both versions of finite strip method. 
 
 



H.R. Ovesy and H. Assaee (Aerospace Engineering Department, Amirkabir University of Technology, Hafez 
Avenue, Tehran 15875-4413, Iran), “An investigation on the post-buckling behavior of symmetric cross-ply 
laminated plates using a semi-energy finite strip approach”, Composite Structures, Vol. 71, Nos. 3-4, December 
2005, pp. 365-370, Special Issue: Fifth International Conference on Composite Science and Technology - 
ICCST/5, doi:10.1016/j.compstruct.2005.09.010 
ABSTRACT: A geometrically non-linear finite strip for the post-buckling analysis of geometrically perfect thin 
symmetric cross-ply laminated plates under uniform end shortening is presented in this paper. The formulation 
of the aforementioned finite strip is based on the concept of the semi-energy approach. In this method, the out-
of-plane displacement of the finite strip is the only displacement which is postulated by a deflected form. The 
postulated deflected form is substituted into von Kármán’s compatibility equation which is solved exactly to 
obtain the corresponding forms of the mid-plane stresses and displacements. The solution of von Kármán’s 
compatibility equation and the postulated out-of-plane deflected form are then used to evaluate the potential 
energy of the related finite strip. Finally, by invoking the Principle of Minimum Potential Energy, the 
equilibrium equations of the finite strip are derived. The developed finite strip is then applied to analyze the 
post-local-buckling behavior of thin flat laminates. The results are discussed in detail and compared with those 
obtained from finite element method (FEM) of analysis. It should be mentioned that the FEM analysis was 
carried out employing the general purpose ANSYS package. The study of the results has provided confidence in 
the validity and capability of the developed finite strip in handling the post-buckling problem of symmetric 
cross-ply laminated plates. 
 
 
H.R. Ovesy and S.A.M. GhannadPour (Aerospace Engineering Department, Amirkabir University of 
Technology, Hafez Ave, Tehran 15875-4413, Iran), “Geometric non-linear analysis of imperfect composite 
laminated plates, under end shortening and pressure loading, using finite strip method”, Composite Structures, 
Vol. 75, Nos. 1-4, September 2006, pp. 100-105, Special Issue: Thirteenth International Conference on 
Composite Structures - ICCS/13, doi:10.1016/j.compstruct.2006.04.005 
ABSTRACT: Description is given of semi-analytical finite strip method for predicting the geometrically non-
linear response of rectangular composite laminated plates with initial imperfections, when subjected to 
progressive end shortening and pressure loading. In the finite strip formulations, the initial imperfections are all 
assumed to be of the sinusoidal shape in both of the longitudinal and transverse direction. The laminates are 
simply supported out of their plane at the loaded ends as well as unloaded edges. The plates are assumed to be 
thin so that the analysis can be carried out based on the classical plate theory. Geometric non-linearity is 
introduced in the strain–displacement equations in the manner of the von Karman assumptions. The 
formulations of the finite strip methods are based on the concept of the principle of the minimum potential 
energy. The Newton–Raphson method is used to solve the non-linear equilibrium equations. A number of 
applications involving plates with both initial imperfection and pressure load are described and discussed. 
 
 
H.R. Ovesy, S.A.M. GhannadPour and G. Morada (Aerospace Engineering Department, Amirkabir University 
of Technology, Hafez Avenue, Tehran 15875-4413, Iran), “Post-buckling behavior of composite laminated 
plates under end shortening and pressure loading, using two versions of finite strip method”, Composite 
Structures, Vol. 75, Nos. 1-4, September 2006, pp. 106-113, Special Issue: Thirteenth International Conference 
on Composite Structures - ICCS/13, doi:10.1016/j.compstruct.2006.04.006 
ABSTRACT: Two different versions of finite strip method, namely spline and semi-analytical methods, are 
developed for analyzing the geometrically non-linear response of rectangular composite laminated plates of 
arbitrary lay-up to progressive end-shortening in their plane and to pressure loading. The plates are assumed to 
be thin so that the analysis can be carried out based on the classical plate theory. The in-plane lateral deflection 
_≈ is allowed at the loaded ends of the plate, whilst the lateral expansion of the unloaded edges is either free or 
completely prevented. Geometric non-linearity is introduced in the strain _displacement equations in the 
manner of the von Karman assumptions. The formulations of the finite strip methods are based on the concept 
of the principle of the minimum potential energy. A number of applications involving isotropic plates, 
symmetric and unsymmetric cross-ply laminates are described to investigate the effects of pressure loading. The 
comparison between the two sets of results obtained by different finite strip methods is very good. The study of 



the results revealed that the response of the laminates is significantly influenced by the application of the 
normal pressure loading. Particularly, the response of unsymmetric laminates is strongly affected by the sign of 
the normal pressure loading. 
 
 
H.R. Ovesy and H. Assaee (Aerospace Engineering Department, Amirkabir University of Technology, Hafez 
Avenue, Tehran 15875-4413, Iran), “The effects of bend–twist coupling on the post-buckling characteristics of 
composite laminated plates using semi-energy finite strip approach”, Thin-Walled Structures, Vol. 45, No. 2, 
February 2007, pp. 209-220, doi:10.1016/j.tws.2007.01.016 
ABSTRACT: In composite laminated plates various mechanical properties may be attained by changing the lay-
up arrangement. The bent–twist coupling is one of the significant properties which dominate the mechanical 
performance of a laminated plate structure in large out-of-plane deformations. The effects of bend–twist 
coupling on the post-buckling behavior of composite laminated plates have been studied in this paper by 
implementing a finite strip approach based on the concept of a rigorous post-buckling solution for composite 
plates and plate structures, namely the semi-energy approach. All the plates are assumed to be symmetrically 
balanced laminates having uniform in-plane stiffness properties. As far as the out-of-plane stiffness properties 
are concerned, all the properties, except for the bend–twist coupling terms which are assumed to change from 
one laminate to another, are the same among different laminates. The orthotropic solutions have also been 
determined by precluding the bend–twist coupling terms. A comprehensive set of parametric studies have been 
carried out to investigate the effects of bend–twist coupling terms on the post-buckling load–displacement path, 
post-buckling deformations and stress distribution. The comparison between the results revealed markedly 
different behaviors among different laminates due to the bend–twist coupling effects. The outcome of the paper 
can help structural designers to have a better understanding of the effects of bend–twist coupling terms on the 
post-buckling behavior of laminated composite plates at the design stage. 
 
 
S.A.M. Ghannadpour and H.R. Ovesy (Aerospace Engineering Department and Centre of Excellence in 
Computational Aerospace Engineering, Amirkabir University of Technology, Tehran 15875-4413, Iran), “An 
exact finite strip for the calculation of relative post-buckling stiffness of I-section struts”, International Journal 
of Mechanical Sciences, Vol. 50, No. 9, September 2008, pp. 1354-1364, doi:10.1016/j.ijmecsci.2008.07.010 
ABSTRACT: This paper presents the theoretical developments of an exact finite strip for the buckling and 
initial post-buckling analyses of I-section struts. The so-called exact strip is developed based on the concept that 
it is effectively a plate. The presented method, which is designated by the name Full-analytical Finite Strip 
Method, provides an efficient and extremely accurate buckling solution. In the development process, the Von-
Karman's equilibrium equation is solved exactly to obtain the buckling loads and mode shapes for the I-section 
struts. The investigation of buckling behavior is then extended to an initial post-buckling study with the 
assumption that the deflected form immediately after the buckling is the same as that obtained for the buckling. 
The current post-buckling study is effectively a single-term analysis, which is attempted by utilizing the so-
called semi-energy method. Through the solution of the Von-Karman's compatibility equation, the in-plane 
displacement functions which are themselves related to the Airy stress function are developed in terms of the 
unknown coefficient in the assumed out-of-plane deflection function. All the displacement functions are then 
substituted in the total strain energy expressions. The theorem of minimum total potential energy is 
subsequently applied to solve for the unknown coefficient. Finally, the developed method is subsequently 
applied to analyze the initial post-buckling behavior of some representative I-sections for which the results were 
also obtained through the application of a Semi-energy Finite Strip Method [Ovesy HR. The development and 
application of a semi-energy post-local buckling finite strip. PhD dissertation, Cranfield University, UK, 1998]. 
Through the comparison of the results and the appropriate discussion, the knowledge of the level of capability 
of the developed method is significantly promoted. 
 
 
H.R. Ovesy and H. Assaee (Aerospace Engineering Department, Center of Excellence in Computational 
Aerospace Engineering, Amirkabir University of Technology, Tehran, Iran), “Semi-energy finite strip post-
buckling analysis of laminated plates concerning the effects of mechanical coupling”, Composite Structures, 



Vol. 89, No. 1, June 2009, pp. 120-125, doi:10.1016/j.compstruct.2008.07.019 
ABSTRACT: In composite laminated plates the mechanical coupling is one of the significant properties which 
dominate the performance of a laminated plate structure in large out-of-plane deformations. Some effects of 
mechanical coupling on the post-buckling behavior of composite laminated plates have been studied in this 
paper by implementing a finite strip approach based on the concept of a rigorous post-buckling solution for 
composite plates and plate structures, namely the semi-energy approach, which has been originally developed 
by the authors of current paper. Moreover, to check the validity and soundness of presented semi-energy FSM 
the results obtained from developed approach are compared with those obtained from a fairly conventional and 
well exploited finite strip technique, namely the full-energy finite strip method as well as the obtained results 
from ANSYS (i.e. the general purpose finite element method software). In this paper, the post-buckling 
behavior of an anti-symmetric angle-ply square plate with the stacking sequence configuration as [±45]2 has 
been studied. Moreover, according to anti-symmetric nature of lamination in the mentioned plate there exists a 
mechanical coupling between in-plane membrane and out-of-plane twisting curvature; therefore, the results of 
this analysis have been referred as coupled solution in this paper. In order to evaluate the effects of mechanical 
coupling on the post-buckling performance of mentioned plates, the uncoupled solution has also been 
determined by precluding the coupling terms (i.e. B16, B26). The post-buckling load–end shortening and load-
maximum out-of-plane deflection paths have been obtained for coupled as well as uncoupled solutions. The 
comparison between the obtained results by coupled and uncoupled solutions revealed markedly different 
behaviors due to presence of mechanical coupling in the anti-symmetric angle-ply laminates. The outcome of 
the paper can help structural designers have a better understanding of the effects of mechanical coupling on the 
post-buckling behavior of laminated composite plates at the design stage. 
 
 
S.A.M. Ghannadpour and H.R. Ovesy (Aerospace Engineering Department and Centre of Excellence in 
Computational Aerospace Engineering, Amirkabir University of Technology, Tehran, Iran), “The application of 
an exact finite strip to the buckling of symmetrically laminated composite rectangular plates and prismatic plate 
structures”, Composite Structures, Vol. 89, No. 1, June 2009, pp. 151-158,  
doi:10.1016/j.compstruct.2008.07.014 
ABSTRACT: This paper presents theoretical developments of an exact finite strip for the buckling analysis of 
symmetrically laminated composite plates and plate structures. The so-called exact finite strip is developed 
based on the concept that it is effectively a plate and the von-Kármán’s equilibrium equation is solved exactly to 
obtain the general form of out-of-plane buckling deflection mode for the corresponding strip. This shape 
function is used to obtain a transcendental stiffness matrix for the strip through the minimization of the potential 
energy technique. The overall stiffness matrix for the whole section is obtained by assembling the individual 
strip stiffness matrices. Within the overall stiffness matrix, due to the special characteristics of the developed 
exact strip, it is not possible to identify a separate geometric stiffness matrix, which is independent of the 
buckling load parameter in the case of conventional FEM or FSM methods. In this paper, two secure methods 
(i.e. bisection method and recursive Newton’s method) for finding the buckling load and the corresponding 
buckling mode of the plate structures are used. The calculated buckling loads and the corresponding modes are 
exact in the sense that in their calculation, the usual approximations which are made in the conventional finite 
element or finite strip methods are avoided. 
 
 
H.R. Ovesy and J. Fazilati, (Aerospace Engineering Department and Center of Excellence in Computational 
Aerospace Engineering, Amirkabir University of Technology, Tehran, Iran), “Stability analysis of composite 
laminated plate and cylindrical shell structures using semi-analytical finite strip method”, Composite Structures, 
Vol. 89, No. 3, July 2009, pp. 467-474, doi:10.1016/j.compstruct.2008.10.003 
ABSTRACT: In the present paper, the linear eigen buckling analysis and the non-linear post-buckling 
equilibrium path of composite laminated plates and cylindrical shell structures are investigated. The method of 
analysis is the semi-analytical finite strip approach which has been developed originally on the basis of full 
energy methods. The strip established here is the one with the radius of curvature “R” in the transverse 
direction, whilst in the longitudinal direction the strip has no curvature. In the longitudinal direction, shape 
functions of trigonometric type are applied due to their continuous characteristics. The application of the latter 



shape functions has allowed the energy integrations to be performed analytically in the longitudinal direction. 
The method is generally known as “Semi-Analytical”. It is noted that the use of trigonometric functions has 
limited the boundary conditions at the loaded ends of the strip to the simple supported one. In the transverse 
direction, the first-order Lagrange shape functions are used for the in-plane displacements, and the third-order 
Hermitian functions are utilized to estimate the out-of-plane displacements. In the linear buckling analysis, the 
strain–displacement relationships are based on the Koiter–Sanders theory of shells, whilst in the non-linear 
post-buckling developments Donnell’s type of shell theory (Donnell’s strain–displacement relationships) is 
applied. It is noted that to the authors’ knowledge the incorporation of Donnell’s shell theory into the 
formulations of the semi-analytical finite strip method for the post-buckling non-linear analysis of the structures 
has not been attempted elsewhere. To check the validity and soundness of the results, some case studies are 
performed by implementing the finite strip method as well as the finite element method. For further validation, 
the obtained results are also compared with those available in the literature. 
 
 
J. Fazilati and H.R. Ovesy (Aerospace Engineering Department and the Center of Excellence in Computational 
Aerospace Engineering, Amirkabir University of Technology, Hafez Ave., Tehran, Iran), “Dynamic instability 
analysis of composite laminated thin-walled structures using two versions of FSM”, Composite Structures 
Vol. 92, No. 9, August 2010, pp. 2060-2065, Special Issue: Fifteenth International Conference on Composite 
Structures, doi:10.1016/j.compstruct.2009.11.002 
ABSTRACT: Two versions of finite strip method (FSM) namely semi-analytical and spline methods are 
developed to calculate the stability and instability regions in the case of flat and curved thin-walled composite 
laminated structures under harmonic axial in-plane loads in the context of so-called parametric loading. The 
strain terms are expressed in terms of the Koiter–Sanders theory of shallow shells. In order to demonstrate the 
capabilities of the developed methods in predicting parametric behavior of the subject structures, some 
representing results are obtained and compared with those in the literature. Good accuracy in the results is 
achieved. 
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Amirkabir University of Technology, Tehran, Iran 
(2) Mechanical & Aerospace Engineering Department, Shiraz University of Technology, Shiraz, Iran 
“Post-buckling of thick symmetric laminated plates under end-shortening and normal pressure using semi-
energy finite strip method”, Computers & Structures, Vol. 89, Nos. 9-10, May 2011, pp. 724-732, 
doi:10.1016/j.compstruc.2011.02.015 
ABSTRACT: The application of the semi-energy CLPT-FSM for the non-linear analysis of symmetric 
laminates is extended to include the effects of normal pressure loading in addition to the end-shortening. 
Moreover, a new semi-energy FSM is developed based on the concept of FSDT theory in order to attempt the 
large deflection solution for relatively thick laminates. It is noted that for a given level of accuracy, the 
developed semi-energy FSM requires a markedly lower number of degrees of freedom compared to those of 
FEM analysis. Hence, the semi-energy FSM is more computationally efficient than the conventional energy 
based schemes. 
 
 
Jamshid Fazilati, Hamid Reza Ovesy (Aerospace Engineering Department and the Center of Excellence in 
Computational Aerospace Engineering, Amirkabir University of Technology, Hafez Ave., Tehran, Iran), 
“Boundary Condition Effects on the Parametric Stability of Moderately Thick Laminated Cylindrical Panels”, 
Key Engineering Materials, Vols. 471-472, 2011, pp. 466-471,  
doi: 10.4028/www.scientific.net/KEM.471-472.466 
ABSTRACT: A Reddy type, third order shear deformation theory of shells is applied to the development of two 
versions of finite strip method (FSM), namely semi-analytical and spline methods, to predict the parametric 
stability and instability regions in the case of cylindrical moderately thick composite laminated panels. The 
structures are assumed to be under harmonic in-plane loads in the context of the so-called parametric loading. 



The linear strain terms are expressed in terms of the Koiter-Sanders theory of shallow shells. In order to 
demonstrate the capabilities of the developed methods in predicting parametric behavior of the subject 
structures, some representative results are obtained and compared with those in the literature wherever 
available. 
 
 
H.R. Ovesy and J. Fazilati (Aerospace Engineering, Amirkabir University of Technology, Tehran, Iran), 
“Buckling and free vibration finite strip analysis of composite plates with cutout based on two different 
modeling approaches”, 16th International Conference on Composite Structures (ICCS 16), Porto, 2011, A.J.M. 
Ferreira (Editor) 
SUMMARY: The static stability and dynamic behavior of moderately thick laminated plates are studied by 
using the developed higher order finite strip method (FSM). The effects of internal cutouts are modeled 
applying two different modeling approaches. Some results are presented and the methods are compared. 
 
 
J. Fazilati and H.R. Ovesy, “Finite strip dynamic instability analysis of perforated cylindrical shell panels”, 16th 
International Conference on Composite Structures (ICCS16), edited by A.J.M. Ferreira, 2011 
SUMMARY: The dynamic instability of cylindrical shell panels having internal cutouts is studied by using the 
developed finite strip method (FSM). The effects of perforations are investigated using a negative stiffness 
modeling approach. Good accuracy in the results is achieved. 
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“Buckling Analysis of Functionally Graded Plates under Mechanical Loading Using Higher Order Functionally 
Graded Strip”, International Journal of Structural Stability and Dynamics”, May 2013, 
DOI: 10.1142/S0219455413500338 
ABSTRACT: This paper is concerned with buckling analyses of rectangular functionally graded plates (FGPs) 
under uniaxial compression, biaxial compression and combined compression and tension loads. It is assumed 
that the plate is a mixture of metal and ceramic that its properties changes as afunction according to the simple 
power law distribution through the plate thickness. The fundamental eigen-buckling equations for rectangular 
plates of functionally graded material (FGM) are obtained by discretizing the plate into some finite strips, which 
are developed on the basis of the higher order plate theory (HOPT). The solution is obtained by the 
minimization of the total potential energy. Numerical results fora variety of FGPs are given, and compared with 
the available results, wherever possible. The effects of thickness ratio, variation of the volume fraction of the 
ceramic phase through the thickness, aspect ratio, boundary conditions and also load distribution on the 
buckling load capacity of FGM plates are determined and discussed. It is found that the buckling behavior of 
FGM plates is particularly influenced by application of HOPT, especially when the plates are thick. 
 
 
Joseph M. Pajot and Kurt Maute (Department of Aerospace Engineering and Sciences, University of Colorado 
at Boulder, Boulder, CO 80309-0429, USA), “Analytical sensitivity analysis of geometrically nonlinear 
structures based on the co-rotational finite element method”, Finite Elements in Analysis and Design, Vol. 42, 
No. 10, June 2006, pp. 900-913, doi:10.1016/j.finel.2006.01.007 
ABSTRACT: This paper is concerned with the parameter sensitivity analysis of structures undergoing large 
displacements. The authors introduce the analytical sensitivity expressions for an element independent co-
rotational formulation of a geometrically nonlinear finite element method. An extension of this formulation to 
treat follower forces is presented. The co-rotational framework uses a pre-existing linear finite element library 
and does not require the development and implementation of kinematically nonlinear element formulations. 
This feature along with the element independence makes the co-rotational framework an attractive option for 



the implementation of geometrically nonlinear analysis and sensitivity analysis capabilities. The sensitivity 
formulations with respect to shape and material parameters are presented and their numerical treatment is 
discussed. The importance of a consistent tangent stiffness, including unsymmetric terms, on the accuracy of 
computed sensitivities is addressed. The framework is applied to shape and topology optimization examples, 
verifying the methodology and highlighting the importance of accounting for large displacement effects in 
design optimization problems. 
 
 
N. El-Abbasi and S. A. Meguid (Engineering Mechanics and Design Laboratory, Department of Mechanical 
and Industrial Engineering, University of Toronto, 5 King's College Road, Toronto, ON, M5S 3G8, Canada), 
“Finite element modeling of the thermoelastic behavior of functionally graded plates and shells”, International 
Journal of Computational Engineering Science, Vol. 1, Issue 1, June 2000 
ABSTRACT: A new thick shell element is used to study the thermoelastic behavior of functionally graded 
structures made from shells and plates. The element accounts for the varying elastic and thermal properties 
across its thickness. It also accounts for the thickness change, normal stresses and strains. The nonlinear heat 
transfer equations governing the through-thickness thermal distribution are treated using the Rayleigh-Ritz 
method. Prescribed temperatures as well as convection conditions are imposed on both faces of the shell. Three 
examples involving functionally graded beams, circular plates and spherical shells are examined. The effect of 
the volume fraction of the constituent materials and the through-thickness integration order are also 
investigated. 
 
 
J. Woo and S. A. Meguid (Engineering Mechanics and Design Laboratory, Department of Mechanical and 
Industrial Engineering, University of Toronto, 5 King's College Road, Toronto, Ont., Canada M5S 3G8), 
“Nonlinear analysis of functionally graded plates and shallow shells”, International Journal of Solids and 
Structures, Vol. 38, No. 42-43, pp 7409 – 7421, October 2001, DOI:10.1016/S0020-7683(01)00048-8 
ABSTRACT: In this paper, an analytic solution is provided for the coupled large deflection of plates and 
shallow shells made of functionally graded materials (FGMs) under transverse mechanical loads and a 
temperature field. The material properties of the functionally graded shells are assumed to vary continuously 
through the thickness of the shell, according to a power law distribution of the volume fraction of the 
constituents. The fundamental equations for thin rectangular shallow shells of FGM are obtained using the von 
Karman theory for large transverse deflection, and the solution is obtained in terms of Fourier series. The effect 
of material properties, shell geometry and thermomechanical loading on the stress field are determined and 
discussed. The results reveal that thermomechanical coupling effects play a major role in dictating the response 
of the functionally graded shell. 
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“Thermomechanical postbuckling analysis of moderately thick functionally graded plates and shallow shells”, 
International Journal of Mechanical Sciences, Vol. 47, No. 8, pp. 1147 – 1171, August 2005 
doi:10.1016/j.ijmecsci.2005.04.008 
ABSTRACT: In this paper, an analytical solution is provided for the postbuckling behaviour of moderately 
thick plates and shallow shells made of functionally graded materials (FGMs) under edge compressive loads 
and a temperature field. The material properties of the functionally graded shells are assumed to vary 
continuously through the thickness of the shell, according to a power law distribution of the volume fraction of 
the constituents. The fundamental equations for moderately thick rectangular shallow shells of FGM are 
obtained using the von Karman theory for large transverse deflection and high-order shear deformation theory 
for moderately thick plates. The solution is obtained in terms of mixed Fourier series and the obtained results 
are compared with those of the Reissner–Mindlin's theory for moderately thick plates and the classical theory 
ignoring transverse shear deformation. The effect of material properties, boundary conditions and 
thermomechanical loading on the buckling behaviour and the associated stress field are determined and 
discussed. The results reveal that thermomechanical coupling effects and the boundary conditions play a major 
role in dictating the response of the functionally graded plates and shells under the action of edge compressive 
loads. 
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“Accurate modeling of the crush behaviour of thin tubular columns using material point method”, Science 
China Physics, Mechanics and Astronomy, Vol. 56, No. 6, pp 1209-1219, June 2013 
DOI: 10.1007/s11433-013-5073-x 
ABSTRACT: In this paper, we apply the material point method (MPM), also known as a meshfree method, to 
examine the crush behaviour of thin tubular columns. Unlike the finite element method, randomly-distributed-
weak-particle triggers were used to account for the deformation behaviour of collapse modes. Both symmetric 
and asymmetric modes of deformation and their associated mean collapse loads are determined for an elasto-
plastic constitutive law describing the tubular columns. Attention was devoted to the accuracy and the 
convergence of the MPM simulation, which is determined by the number of the particles and the size of the 
background cells used in our explicit solver. Furthermore, a novel contact approach was adopted to establish the 
crush behaviour of the tubular columns. Two aspects of the work were accordingly examined, including three 
different crush velocities (5, 10 and 15 m/s) and varied geometrical features of the tube (t/d and l/d) based on 
the deformation history. The results of our model, which were compared with existing analytical predictions 
and experimental findings, identify the critical geometric features of the tubular columns that would dictate the 
deformation mode as being either progressive collapse or following Euler’s buckling mode. 
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Geometrically Nonlinear Analysis Of Multiple Connected Subdomains”, AIAA 38th Structures, Structural 
Dynamics and Materials Conference, AIAA-97-1298, April, 1997 
ABSTRACT: Interface technology for geometrically nonlinear analysis is presented and demonstrated. This 
technology is based on an interface element which makes use of a hybrid variational formulation to provide for 
compatibility between independently modeled connected sub-domains. The interface element developed herein 
extends previous work to include geometric nonlinearity and to use standard linear and nonlinear solution 
procedures. Several benchmark nonlinear applications of the interface technology are presented and aspects of 
the implementation are discussed. 
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ABSTRACT: Theoretical and experimental investigations of the dynamic behavior of ground-supported, 
deformable, cylindrical liquid storage tanks were conducted. The study was carried out in three phases: A) a 
detailed theoretical treatment of the coupled liquid-shell system, B) an experimental investigation of the 
dynamic characteristics of full-scale tanks, and C) a development of an improved design procedure based on an 
approximate analysis. 
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14.1–14.38. 
ABSTRACT: The nonlinear analysis of elastic-plastic shells of revolution is performed by combining an 
efficient one-dimensional transfer-matrix approach on the element level with the usual finite element 
assemblage of the system. It is based on a Fourier- representation of the loading, the shell variables and initial 
imperfections in the circumferential direction. This semi-analytical procedure is formulated for geometrically 
and physically nonlinear problems. It is applied to the detailed investigation of the buckling behavior and 
imperfection sensitivity of various dished end closures under external pressure. 
References listed at the end of the paper: 
1. Hutchinson, J.W.: On the postbuckling behavior of imperfection-sensitive structures in the plastic range. J. Appl. Mech. (1972) 
155–162. 
2. Bushnell, D.: Plastic Buckling. LMSC Report-D673763, Lockheed Palo Alto Research Laboratory, April (1979). 
3. Bushnell, D.: Buckling of shells — Pitfall for designers. AIAA J. 19 (1981) 1183–1226.  
4. Gellin, S.: Effect of an axisymmetric imperfection on the plastic buckling of an axially compressed cylindrical shell. J.Appl. Mech. 
46 (1979) 125–131.  
5. Singer, J.: Buckling experiments on shells-A review of recent developments. TAE Report No. 403, Dept. Aeronautical Engineering, 
Technion, Haifa, April (1980). 
6. Arbocz, J.: Past, present and future of shell stability analysis. Report LR-3 20, Dept.Aerospace Engineering, Delft University of 
Technology, May (1981). 
7. Wunderlich, W.: On the analysis of shells of revolution by transfer matrices (in German). Ing. Archiv 36 (1967) 262–279.  
8. Wunderlich, W.: Shell analysis of cooling towers (in German). KIB-Berichte, vol. 1, W. Zerna (ed.), Vulkan-Verlag, Essen (1968). 
9. Stricklin, J.A. et al.: Nonlinear analysis of shells of revolution by the matrix displacement method. AIAA J. 6 (1968) 2303–2312. 
10. Ball, R.E.: A computer program for the geometrically nonlinear static and dynamic analysis of arbitrarily loaded shells of 
revolution. NASA CR-1987 (1972). 
11. Svalbonas, V.: Numerical analysis of stiffened shells of revolution — Vol. I: Theory manual. NASA CR-2273 (1973). 
12. Esslinger, M. and Geier, B.: Large deflection stress analysis of shells of revolution under axisymmetric and non-axisymmetric 
loading (in German). Stahlbau 50 (1981) 263–270. 
13. Tao, K. and Takezono, S.: Elasto-viscoplastic analysis of axisymmetrical shells under asymmetrical loading. Proc. SMIRT 
Conference, Berlin (1979), Paper M4/8. 
14. Klein, S.: The nonlinear dynamic analysis of shells of revolution with asymmetric properties by the finite element method. J. 
Pressure Vessel Technology (1975) 163–171. 
15. Wunderlich, W.: On the nonlinear analysis of shells of revolution (in German). Proc. Int. Cong, on “Applications of Mathematics 
in Engineering”, Weimar, July (1981). 
16. Rensch, H.J. and Wunderlich, W.: A semi-analytical finite element procedure for non-linear elasto-plastic analysis of arbitrarily 
loaded shells of revolution. Proc. SMIRT Conference, Paris (1981), Paper M4/1. 
17. Wunderlich, W.: Mixed models for plates and shells. Proc. Int. Symp. on “Hybrid and Mixed Finite Element Methods”, Atlanta, 
April (1981). S.N. Atluri, R.H. Gallagher, O.C. Zienkiewicz (eds.). J. Wiley, N.Y. (1982). 
18. Rensch, H.J.: Elastic-plastic buckling and imperfection sensitivity of torispherical shells (in German). Dissertation. To be 
published in Techn. Wiss. Mitt., Inst, für Konstruktiven Ingenieurbau, Ruhr-Universität Bochum (1982). 
19. Rensch, H.J.: Elastic-plastic buckling behavior of spherical caps with nonsymmetric initial imperfections. ZAMM 62 (1982) T 
7032. 
20. Hutchinson, J.W.: Plastic buckling. In: “Advances in Applied Mechanics — Vol. 14”. C.S. Yih (ed.). Academic Press, N.Y. 
(1974) 67–144.  
21. Needleman, A. and Tvergaard, V.: Aspects of plastic postbuckling behavior. In: “Mechanics of Solids — The R. Hill 60th 
Anniversary Volume”. H.G. Hopkins and M.J. Sewell (eds.) Pergamon Press, Oxford (1982) 453–498. 
22. Bruhns, O.: Bifurcation loads of inelastic shells (in German). ZAMM 57 (1977) 165–174.  
23. Zander, G.: On the determination of bifurcation loads of thinwalled circular cylinders under combined axial and torsional loads (in 
German). Dissertation. Institut für Mechanik, Ruhr-Universität Bochum (1981). 
24. Irons, B. and Tuck, R.: A version of the Aitken accelerator for computer iteration. Int. J. Num. Meth. Eng. 1 (1969) 275–277.  
25. Hill, R.: Bifurcation and uniqueness in nonlinear mechanics of continua. In: “Problems of Continuum Mechanics”. SIAM, 
Philadelphia (1961) 155–164. 
26. Brendel, B. and Ramm, E.: Nonlinear stability investigations by the finite element method (in German). Ingenieur Archiv 51 
(1982) 337–362.  
27. Baltus, R. and Massonet, Ch.: Use of computer programs BOSOR4 and BOSOR5 in the stability analysis of two civil engineering 
structures. Proc. 2nd Int. Coll. on “Stability of Steel Structures”, Liège (1977) 609–618. 
28. Vandepitte, D.: Model investigation of the collapse of a steel water tower. Ibid. 599–607. 
29. Galletly, G.D.: On elastic and elastic-plastic asymmetric buckling of pressurized combinations of thin shells. Stahlbau (1979) 340–
346. 
30. Galletly, G.D.: Plastic buckling of torispherical and ellipsoidal shells subjected to internal pressure. Proc. Instn. Mech. Engrs. 195 
(1981) 329–345.  
31. Galletly, G.D.: Elastic-plastic buckling of dished ends subjected to internal pressure. Proc. SMIRT Conference, Paris (1981) Paper 
G4/6. 
32. Wunderlich, W.: Discussion of [30]. Proc. Instn. Mech. Engrs. 195 (1982) S39-S40. 



33. Danielson, D.A.: Buckling and initial postbuckling behavior of spheroidal shells under pressure. AIAA J. 7 (1969) 936–944.  
34. Thompson, J.M.T.: Optimization as a generator of structural instability. Int. J. Mech. Sci. 14 (1972) 627, and 15 (1973) 855.  
35. Batdorf, S.B.: A simplified method of elastic stability analysis for thin cylindrical shells. NACA Rep. 874 (1947). 
 
 
W. Wunderlich (1), Z. Lu (1) and H. Obrecht (2) 
(1) Lehrstuhl für Statik, Technische Universität München, Arcisstrasse 21, 80333 München, Germany 
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“Elastic and inelastic buckling of ring-stiffened circular cylindrical shells subjected to external pressure”, in 
Buckling of shell structures, on land, in the sea, and in the air, edited by J. F. Jullien, Spon Press, 1991, ISBN 1-
85166-716-4 
ABSTRACT: The paper deals with the results of systematic numerical studies on the nonlinear load-carrying 
and buckling behavior of ring-stiffened circular cylindrical shells under external pressure. In particular it 
focuses attention on the conditions under which stiffeners with rectangular cross-sections lead to either global 
or local (interstiffener) buckling and on the influence of elastic-plastic material behavior. The numerical results 
are presented in the form of nondimensional diagrams in which the buckling loads of stiffened shells are given 
directly as functions of a global stiffening parameter containing all relevant information on both the shell’s 
geometry and the type and arrangement of the stiffeners. They indicate the buckling mode as well as the amount 
by which the load-carrying capacity of a stiffened shell is larger than that of the corresponding unstiffened one. 
This makes them particularly useful for practical design purposes. 
 
 
W. Wunderlich, B. Schapertons and C. Temme, “Dynamic stability of non-linear shells of revolution under 
consideration of the fluid-soil-structure interaction, International Journal for Numerical Methods in 
Engineering, Vol. 37, No. 15, pp 2679-2697, August 1994, DOI: 10.1002/nme.1620371510 
ABSTRACT: The dynamic behaviour of liquid-filled shells of revolution is investigated considering the soil–
structure interaction and the fluid–structure interaction, respectively. In the circumferential direction the loads 
and variables are approximated by Fourier series. The shell is modelled through shell ring elements including 
non-linear behaviour, coupled with isoparametric continuum ring elements and special infinite elements for the 
soil and isoparametric pressure ring elements for the fluid. Transient loadings like earthquake excitation and the 
non-linearities of the shell and the soil require an analysis in the time domain. To reduce the size of the 
problem, linear parts of the system are condensed by the substructure technique. The soil region is divided into 
two parts, a near field permitting non-linearities like plastification or uplifting of the shell, and a far field for the 
treatment of radiation of energy. The boundary conditions for the shell footing have a strong influence on the 
distribution of the axial membrane forces and, hence, on the stability limit, which is mostly governed by plastic 
collapse and caused by the dynamically activated pressure acting on the tank wall. It is shown how the soil 
properties influence the dynamic stability of the shell under harmonic excitation and under realistic earthquake 
motion. 
 
 
M. Demi and W. Wunderlich (Institute of Structural Mechanics, Technische Universität, München, Germany), 
“Direct evaluation of the ‘worst’ imperfection shape in shell buckling”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 149, Nos. 1-4, October 1997, pp. 201-222, Special Issue: Containing papers 
presented at the Symposium on Advances in Computational Mechanics, doi:10.1016/S0045-7825(97)00055-8 
ABSTRACT: For the evaluation of the imperfection-sensitivity of elastic and elastic-plastic shells a fully 
nonlinear finite-element-method has been developed that directly gives the ‘worst’ imperfection shape 
connected to the ultimate limit load. The approach uses no approximations such as asymptotical theories or 
computations in the deep postcritical range. The key point of the method is the description of imperfections as 
nodal degrees of freedom at the element level. These unknown quantities are implemented by isoparametric 
shape functions in a finite shell element including finite rotations and thickness stretch. The ultimate buckling 
load and the corresponding ‘worst’ imperfection shape is defined by two different criteria and numerically 
determined by an extended system of nonlinear equations. In the computation of the structurally stable collapse 
the deflections, the imperfection shape, the eigenvector and the lowest possible load-level are obtained. The 
method is illustrated by several numerical examples. 



 
 
W. Wunderlich and U. Albertin (Lehrstuhl für Statik, Technische Universität München, Arcisstraße 21 80333 
München, Germany), “Analysis and Load Carrying Behaviour of Imperfection Sensitive Shells”, Computational 
Mechanics New Trends and Applications S. Idelsohn, E. Oñate and E. Dvorkin (Eds.), CIMNE, Barcelona, 
Spain,  1998 
ABSTRACT: This paper deals with the numerical evaluation of the limit loads and of the imperfection 
sensitivity of shells. A semi-analytic treatment of the field equations governing the nonlinear static behaviour of 
shells of revolution as well as a novel approach for general shells to construct the relationship between the limit 
load and amplitudes and shapes of the ”worst” imperfections in a direct way are covered. Applying these 
methods a large number of results for thin shells are analyzed investigating the influence of the material 
behaviour, the geometry and the boundary conditions. Included are also combinations of shells and high 
imperfection sensitive shells. For several types of shells the load carrying behaviour and their imperfection 
sensitivity is discussed. 
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storage tanks under earthquake excitation by a quasistatic approach”, Computers & Structures, Vol. 78, Nos. 1-
3, November 2000, pp. 385-395, doi:10.1016/S0045-7949(00)00085-7 
ABSTRACT: Liquid-filled storage tanks under earthquake excitation are loaded by hydrodynamic pressure due 
to the interactive motion with the containing fluid. The dynamic response and the buckling of these tanks have 
been studied by many authors both experimentally and theoretically, but a unified design procedure is still 



lacking. To gain insight more easily into the load carrying behavior and failure mechanism of anchored tanks, a 
quasistatic approach is presented in this paper instead of solving the coupled problem in the time domain. For 
these purposes, a nonlinear finite element procedure is applied using pressure eigenforms as equivalent loads. 
The numerical model used for the investigations is discretized by mixed ring shell elements taking geometric 
and physical nonlinearities into account. Different superpositions of the pressure eigenforms which are 
calculated by a special interactive model lead to different behavior of the tank-fluid system depending on the 
intensity of the horizontal and the vertical earthquake component. The results obtained are compared with 
classical values and with simplified design procedures provided in Eurocode 8, Part 4. 
 
 
W. Wunderlich, C. Seiler, J. Schwarz and J. Habenberger, “Seismic response and failure mechanism of flexible 
supported liquid storage tanks”, 12WCEE2000 
ABSTRACT: This paper deals with the dynamic behavior of flexibly supported liquid-filled storage tanks under 
earthquake excitation. A simplified mechanical model is proposed to simulate the characteristics of the 
surrounding soil with its energy absorbing properties. In addition, a quasistatic approach is presented to analyse 
certain types of instability phenomena. Some examples which are verified by more detailed investigations in the 
time domain give insight into the particular dynamic behavior of these tanks. The results are also compared to 
those obtained by the current design procedure provided in the current draft of EC8, part 4.  
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80333 München, Germany), “Buckling behaviour of imperfect spherical shells”, International Journal of Non-
Linear Mechanics, Vol. 37, Nos. 4-5, June 2002, pp. 589-604, Special Issue: Stability & Vibration in Thin-
Walled Structures, doi:10.1016/S0020-7462(01)00086-5 
ABSTRACT: For the design of spherical shells under external pressure relatively few information can be found 
in corresponding codes and recommendations, e.g. not at all in the new draft of Eurocode 3 ENV 1993-1-6. 
Under this aspect, new design rules for these shells were developed, which take into account relevant details 
like boundary conditions, material properties, and imperfections. They are usually based on a large number of 
systematic numerical simulations to obtain results describing the load carrying behaviour and imperfection 
sensitivity of thin spherical shells. In addition, previous theoretical and experimental results are discussed. 
Based on the results, diagrams and design rules have been developed which might be used for new 



recommendations in the design concept of the Eurocode. 
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“Non-linear lower bounds for shell buckling design”, Journal of Constructional Steel Research, Vol. 28, No. 2, 
1994, pp. 101-120, Special Brazilian Issue 
ABSTRACT: Based on rigorous parametric non-linear elastic buckling analyses, the present work underlines 
the developments towards theoretical lower bounds of existing experimental buckling loads for some of the 
most practical shell geometries and loading cases, namely circular cylindrical shells under external pressure 
and/or axial loads and spherical caps under external pressure. Simple equations and formulae are presented and 
their predictions for buckling loads are compared with available test results and values prescribed by some of 
the existing design codes. These explicit lower bounds are close and non-conservative estimates of buckling 
loads of imperfect shells and as such are proposed as a consistent and rational basis for design of these shell 
structures. 
 
 
Richard Greiner and Robert Ofner (Technical University of Graz, Austria), “Elastic-plastic buckling at cone-
cylinder junctions of silos”, in Buckling of shell structures on land, in the sea and in the air, edited by J. F. 
Jullien, Elsevier Applied Science Publishing Co., Inc., New York, 1991 
ABSTRACT: Elevated silos and tanks in steel usually consist of a cylindrical vessel and a conical hopper. One 
of the main areas of interest in design is the junction of the cylindrical and the conical structure where large 
circumferential compressive stresses may cause failure by instability. This paper describes the buckling 
behavior of the cylindrical and the conical wall in the junction area and the overall stability of a stiffeneing ring 
located at the junction. 
 
 
R Greiner and W Guggenberger (Institute for Steel and Shell Structures, Technical University Graz Lessingstr. 
25, A-8010 Graz, Austria), “Buckling behaviour of axially loaded steel cylinders on local supports—with and 
without internal pressure”, Thin-Walled Structures, Vol. 31, Nos. 1-3, May 1998, pp. 159-167, 
doi:10.1016/S0263-8231(98)00011-1 
ABSTRACT: Cylindrical steel containments, like silos and tanks, frequently rest on column-supports, which 
induce high local axial forces into the shell. This causes pronounced stress concentrations, which might impair 
the shell by local yielding or buckling failure above the support. The load-carrying behaviour of such axially 
loaded cylindrical shells has been investigated in recent years resulting in proposals for design rules. However, 
in many practical cases the axial loading acts in combination with internal pressure caused by the filling 
medium of the containment, which induces circumferential (hoop) stresses in the shell. The effect of these 
stresses on the load-carrying capacity is the objective of this paper. The study was carried out on the basis of 
numerical investigations, which were verified by experimental results of steel models. The calculations, based 
on geometrically nonlinear analyses, include the effects of geometrical imperfections as well as material 
plasticity. The scope of the paper covers unstiffened cylinders with a radius/thickness ratio of 500 and the steel 
grade Fe 360 resting on four local supports. 
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“The behaviour of locally-supported cylindrical shells: unstiffened shells”, Journal of Constructional Steel 
Research, Vol. 56, No. 2, November 2000, pp. 175-197, doi:10.1016/S0143-974X(99)00102-9 
ABSTRACT: Many metal silos and tanks are locally supported on columns or other discrete supports to permit 
easy access beneath the vessel. The discrete supports introduce local forces into the cylindrical shell, which in 
turn produces zones of local high axial compression. The strength of compressed cylindrical shells has long 



been known to be governed by buckling considerations, but the buckling strength of discretely supported 
cylinders has only been investigated in recent years. Design rules which pre-date this study were empirical in 
nature and not based on rigorous buckling calculations or tests. In the present study, the theoretical buckling 
behaviour in the elastic–plastic range has been found to be so complicated that much work is needed to define 
the buckling strength for the purposes of structural design. This paper presents a description of the linear and 
nonlinear behaviour of isotropic unstiffened cylinders which are discretely supported at the lower edge. Much 
of the information given here is vital to the development of a more reliable design rule for shells under these 
loading conditions. 
 
 
R. Greiner, “Cylindrical shells under uniform external pressure”, Chapter 5 in "Buckling of Thin Metal Shells" 
(pp. 455-489), J.G. Teng and J.M. Rotter, , Spon Press, 11 New Fetter Lane, London EC4P 4EE,  ISBN 0-419-
24190-6, 2004. 
ABSTRACT: This chapter comprises all cases of external pressure uniformly distributed around the 
circumference. Due to the uniform stress field in the prebuckling state, the theoretical buckling behaviour may 
consistently and directly be derived from the differential equations. Accordingly, a great number of solutions 
for different cases are available for shells of constant wall thickness. For variable, that is, stepped wall thickness 
and for cylinders restrained by stiffening rings, the solutions have been derived numerically on the basis of the 
linear buckling equations… 
 
 
V. A. Ogorodnikov, “Characteristics of the impulsive collapse of water-filled cylindrical steel shells”, 
Combustion, Explosion and Shock Waves, Vol. 31, No. 2, pp 259-261, March-April 1995 
ABSTRACT: The impulsive collapse of cylindrical steel shells filled with air or water is investigated 
experimentally. It is established that this process has distinctive characteristics associated with the existence of 
water compression waves, which inhibit collapse of the walls to the point of complete closure of the interior 
duct of the shell. 
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Stadnik, V. N. Mineev, “Impulsive collapse of liquid-filled cylindrical steel shells”, Combustion, Explosion and 
Shock Waves, Vol. 33, No. 1, pp 103-110, January-February 1997 
ABSTRACT: The paper reports the results of an experimental investigation of impulsive collapse of steel 
pipelines (filled with water or air) by an impact from two opposite sides by two massive plates accelerated 
simultaneously towards each other by an explosive charge. The experimental results confirmed that the 
proposed method of closing the walls of various standard-size pipelines filled with a liquid or gas is promising. 
The numerical results of a three-dimensional modeling of the dynamic collapse of tubes impacted by 
accelerated plates are presented. Some features of the Euler calculation technique for elastoplastic flows as 
applied to the description of processes occurring in devices for emergency shut-down of liquid-filled steel 
pipelines are considered. 
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W. Guggenberger (Technical University of Graz, Institute for Steel and Shell Structures, Lessingstr. 25, A-8010 
Graz, Austria), “Collapse design of large steel digester tanks”, Thin-Walled Structures, Vol. 20, Nos. 1-4, 1994, 
pp. 109-128, doi:10.1016/0263-8231(94)90060-4 
ABSTRACT: This paper deals with practical problems encountered in the design of seismically loaded liquid-
filled vertical tanks. Global stability, buckling under combined action of axial compression and internal pressure 
and the effect of flexible boundaries on axial buckling are studied. The question of the mutual interaction of 
global and local failure modes is considered. Numerical studies on the basis of finite element-discretized-shell 
models are carried out which show the typical features of the different failure modes. Both the effect of internal 
pressure on axial buckling (elephant foot failure) as well as the flexibility of the base ring results in noteworthy 
reductions of the axial buckling resistance. Global stability effects turned out to play no major role in the 
present tank design. 
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8010, Graz, Austria), “Buckling and postbuckling of imperfect cylindrical shells under external pressure”, Thin-
Walled Structures, Vol. 23, Nos. 1-4, 1995, pp. 351-366, Special Issue: Buckling Strength of Imperfection-
sensitive Shells, doi:10.1016/0263-8231(95)00022-6 
ABSTRACT: A comprehensive nonlinear finite element elastic stability analysis was performed with the aim of 
explaining the effect of a deep single longitudinal initial dent on the load-carrying behaviour of an externally-
pressurized cylindrical shell. The numerical results are compared with available test results and agree well, at 
least qualitatively. Imperfection sensitivity studies were carried out comparing the effect of the single dent with 
the effect of evenly distributed periodic initial imperfections. Imperfection sensitivity tends to vanish for 
increasing amplitudes of the idealized case of a single dent. 
 
 
W. Guggenberger, R. Greiner and J.M. Rotter, “Cylindrical shells above local supports”, Chapter 3 in Buckling 
of thin metal shells, edited by J. G. Teng, J. Michael Rotter, Spon Press, London, 2004 
ABSTRACT: Upright cylindrical thin-walled steel containment structures, like silos and tanks, are commonly 
supported on discrete supports or columns to permit access beneath the hopper for the gravity withdrawal of the 
contents. In practical silo structures a variety of different support designs are used…. 
 
 
Meng-Kao Yeh (Department of Power Mechanical Engineering, National Tsing Hua University, Hsinchu, 
30043 Taiwan, R.O.C), “Buckling of Elliptically Delaminated Composite Plates”, Journal of Composite 
Materials, January 1994, vol. 28, no. 1, pp. 36-52, doi: 10.1177/002199839402800103 
ABSTRACT: The buckling of laminated plates with elliptic delamination under compressive loading was 
studied experimentally and analytically. In the experiment, a tensiletest machine was used to determine the 
load-displacement behavior of the delaminated plates under uniaxial loading and the buckling strength was 
extracted therefrom. In analysis, a nonlinear finite element program based on the updated Lagrangian 
formulation was developed to analyze the response of the laminated plates. The formulation includes large 
displacements and large rotations. The plates were divided into finite elements and the degenerated shell 
elements were used. The Newton-Raphson method was used to solve the resulting equation for the nonlinear 



system and a displacement-controlled scheme was used in the solution procedure near the buckling load. This 
process was repeated until a desired accuracy was achieved. The buckling behavior of mixed and global types 
of the delaminated composite plates were examined. Four parameters, including the size of the delaminated 
region, the orientation of the fiber direction, the position of the delaminated region in the thickness direction 
and the orientation of the major axis of the elliptic region with the loading axis, were varied to assess their 
influence on the buckling behavior of the plates. Good agreement was obtained between the analytical and 
experimental results. 
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“Bending buckling of an elastoplastic cylindrical shell with a cutout”, Engineering Structures, Vol. 21, No. 11, 
November 1999, pp. 996-1005, doi:10.1016/S0141-0296(98)00058-3 
ABSTRACT: The buckling behavior of an elastoplastic cylindrical shell with a cutout under pure bending was 
investigated analytically and experimentally. For analysis, a finite element code based on an updated 
Lagrangian formulation was established to analyze the problem of bending buckling by considering nonlinear 
geometric and material properties. An iterative displacement-controlled scheme was adopted in the solution 
procedure to ensure the pure bending state and to avoid numerical instability near the limiting buckling 
moment. A testing device was used to perform experiments on bending buckling. The ratio of diameter to 
thickness of the aluminum specimens was 50; the ratio of length to diameter was 7.9. The shape of the cutout on 
the shell was circular or rectangular. The influence of the size and location of the cutout on the limiting 
buckling moment is discussed. Antisymmetric deformation around the cutout in the shells was observed after 
bending buckling of the shell. 
 
 
H. Showkati and P. Ansourian (School of Civil and Mining Engineering, University of Sydney, Sydney 2006, 
Australia), “Influence of primary boundary conditions on the buckling of shallow cylindrical shells”, Journal of 
Constructional Steel Research, Vol. 36, No. 1, 1996, pp. 53-75, doi:10.1016/0143-974X(95)00004-F 
ABSTRACT: Slender cylinders of intermediate length subjected to external pressure normally buckle into 
sinusoidal waves in the circumferential and meridional directions; the wave numbers are a function of the edge 
restraints, aspect ratio L/R and wall slenderness R/t. The influence of edge restraints diminishes with increasing 
L/R, and disappears in very long cylinders. All instability formulae purporting to evaluate the lowest eigenvalue 
require minimisation with respect to the circumferential wave number n; any ‘exact’ formulation requires the a 
priori evaluation of n. Therefore, in any investigation of the effect of boundary conditions on the buckling 
pressure qcr, the evaluation of n is crucial. The effects of imperfections and consequent non-linear response are 
significant in this context, and shall form the subject of a future publication. The classical solution for the 
estimation of n involves ‘standard’ end conditions which consist only of radial restraints, and is derived from a 
minimisation, for example, of the Southwell equation with respect to n. For other sets of boundary conditions, 
the governing equations become almost intractable unless reduced theories, such as long wavelength theory, are 
used, and resort must be made to numerical methods such as Rayleigh-Ritz, finite differences or finite elements. 
To the authors' knowledge, a comprehensive theoretical or numerical study of the effect of boundary conditions 
on the buckling wavenumber and the critical pressure is not available in the literature. 
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“Buckling and post-buckling behavior of thin-walled cylindrical steel shells with varying thickness subjected to 
uniform external pressure”, Thin-Walled Structures, Vol. 44, No. 8, August 2006, pp. 904-909, 
doi:10.1016/j.tws.2006.08.015 
ABSTRACT: In the present paper, numerical and experimental investigation have been undertaken into the 



buckling and post-buckling behavior of thin-walled cylindrical steel shells with varying thickness subjected to 
uniform external pressure. For the experimental study, four different cylindrical steel shell specimens with 
varying thickness were tested to collapse. For the post-buckling analysis of these structures, material and 
geometric nonlinear collapse analysis are carried out. To trace the equilibrium paths through limit points into 
the post-critical range, the ‘Arc-Length-Type Method’ has been used. In order to verify the accuracy and 
validity of the finite element modeling, the numerical results, obtained from nonlinear finite element collapse 
analyses, have been compared with the results of the experimental study. The study shows that the theoretical 
behavior predicted by the nonlinear finite element collapse analyses followed closely the experimental behavior. 
Consequently, it has been found that the finite element model is reliable enough to be used to undertake 
nonlinear analyses for investigation into the buckling and post-buckling behavior of thin-walled cylindrical steel 
shells with varying thickness. Also it has been found that the buckling mode can be generated in whole length 
of the shell if the thickness variation is low. However, in the case of high variation of thickness, the buckling 
mode is formed in thinner part only. Also, the considerable effects of circumferential and vertical weld line on 
the buckling strength and mode shapes are verified. 
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“Experimental study on the buckling and post-buckling behavior of thin-walled cylindrical shells with varying 
thickness under hydrostatic pressure”,  
Proceedings of the International Association for Shell and Spatial Structures (IASS) Symposium 2009, edited 
by Alberto Domingo and Carlos Lazaro, Valencia, Universidad Politecnica de Valencia, Spain, pp 2511-2522 
ABSTRACT: The application of thin-walled cylindrical shells, as the essential structural members, has been 
known for engineers and functional duty of them is basic necessaries of modern industries. These structures are 
prone to fail by buckling under external pressure which could be happened during discharging or wind load. 
Although the buckling capacity of the shells depends principally on two geometric ratios of "length to radius" 
(L/R) and "radius to thickness" (R/t), but the effect of thickness variation on the behavior of the shells is 
complicated to be studied. On the other hand, the buckling strength of thin cylindrical shells is sensitive to the 
magnitude and shape of geometric imperfections. The effect of thickness variation and geometric imperfections 
on the buckling and postbuckling behavior of cylindrical shells is experimentally investigated in this paper. Top 
end of the specimens has conical roof and the bottom end has simply supported conditions. The measured data 
and obtained results are reported for the specimens under the effect of hydrostatic external pressure. Each 
specimen has different variation in thickness along its length. The slender parameters of tested shells are L/R = 
2, 1, 0.5 and R/t = 500, 600. In addition, the considerable effect of circumferential and vertical weld line on the 
buckling strength and mode shapes is verified. 
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Sirous Aghajari, Hossein Showkati and Karim Abedi, “Experimental investigation on the buckling of thin 
cylindrical shells with two-stepwise variable thickness under external pressure”, Structural Engineering & 
Mechanics, 09/2011, Vol. 39, No. 6, DOI: 10.12989/sem.2011.39.6.849 
ABSTRACT: The buckling capacity of the cylindrical shells depends on two geometric ratios of L/R and R/t. 
However the effect of thickness variation on the behavior of the shells is more complicated and the buckling 
strength of them is sensitive to the magnitude and shape of geometric imperfections. In this paper the effects of 
thickness variation and geometric imperfections on the buckling and postbuckling behavior of cylindrical shells 



are experimentally investigated. The obtained results are presented under the effect of uniform lateral pressure. 
It is found in this investigation that the buckling mode can be generated in the whole length of the shell, if the 
thickness variation is low.  
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“Experiments on the Buckling Behavior of Ring-Stiffened Pipelines under Hydrostatic Pressure”, ASCE J. Eng. 
Mech., 136(4), 464–471, 2010, http://dx.doi.org/10.1061/(ASCE)EM.1943-7889.0000080 
ABSTRACT: Submarine pipelines are deemed as thin-walled structures in which relative external pressure may 
be created in some cases of fluid transmission. The certain effect of this type of loading is local buckling and its 
propagation along the considerable length of the line. In this study, an experimental program has been 
performed, in which the influence of ring stiffeners on the buckling strength of pipelines is investigated. In the 
tests, only hydrostatic pressure is considered as the major loading case, and the effect of further loads is 
neglected. The modes of initial buckling, buckling propagation, postbuckling, and development of yield lines 
and the final collapse of the pipeline have been closely appraised. It is verified that the buckling threshold 
highly hikes up by attaching some light ring stiffeners. By decreasing the ring spacing, the difference between 
buckling and failure loads is diminished and torsion-type yield lines at failure mode occur on the pipe skin. 
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Ghanbari Ghazijahani T., Showkati H. (2012) Bending Experiments on Thin Cylindrical Shells. In: Öchsner A., 
da Silva L., Altenbach H. (eds) Materials with Complex Behaviour II. Advanced Structured Materials, vol 16. 
Springer, Berlin, Heidelberg, https://doi.org/10.1007/978-3-642-22700-4_7 
ABSTRACT: Cylindrical shell structures are highly susceptible to buckling phenomena when they experience 
compressive stress. In fact, there are few experimental researches that give the real behavior of a cylindrical 
shell submitted to pure bending, especially thin shells. This is due to the difficulty of pure bending applying to 
such thin shells and that such structures behavior under bending is frequently considered rather similar to pure 
compression. This chapter describes an experimental investigation of a procedure including a system for 
applying pure bending to cylindrical shells with radius to thickness ratio equals 155. The instrumentation 
consists of a new loading system in which the pure bending is applied using concentrated loads at the ends of 
the test model. Ultimately, the critical values for moments as well as buckling modes were compared with finite 
element (FE) results. 
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ABSTRACT: Weld-induced geometric imperfections have been reported to have especially detrimental effects 
on the buckling resistance of shells under hydrostatic pressure. The effect of circumferential imperfections 
caused by continuous welding on the joined areas between the curved panel edges of the cylindrical and conical 
shells of steel storage tanks with fixed conical roofs is the most important case in this context. The present paper 
discusses 12 laboratory specimens in three groups, labeled SP200 (S=Specimen, P=Perfect, 200=height (mm) 
and radius of Cylinder), SP250 (S=Specimen, P=Perfect, 250=height (mm) and radius of Cylinder) and SP300 
(S=Specimen, P=Perfect, 300=height (mm) and radius of Cylinder) loaded under uniform hydrostatic pressure. 
The samples were modified to include circumferential imperfections at the junctions between the curved edges 
of the panels of the cylindrical and conical shells, with amplitudes of 2t, 4t and 8t in depth (where t is the 
thickness of the conical or cylindrical shell). The results of testing under different codes are compared. This 
study shows that geometrical imperfections at different ratios of t/R (where R the radius of the tanks) may have 
decreasing, neutral or increasing effects on buckling resistance and can result in softening or stiffening 
behaviors of the shells.  
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“Dynamic Stability of Cylindrical Shells under Moving Loads by Applying Advanced Controlling Techniques 
Part I—Using Periodic Stiffeners”, Advances in Acoustics and Vibration, Vol. 2009 (2009), Article ID 317202, 
17 pages 
ABSTRACT: The load acting on a cylindrical shell, with added periodic stiffeners, under a transient pressure 
pulse propelling a pullet (gun case) has been experimentally studied. This study is based on two modes of 
velocities, the first is subcritical mode and the second is supercritical mode. The stiffeners are added to the gun 
tube of an experimental gun facility, of 14mm bore diameter. The radial strains are measured by using high-
frequency strain gage system in phase with a laser beam detection system. Time-resolved strain measurement of 
the wall response is obtained and both precursor and transverse hoop strains have been resolved. The time 
domain analysis has been done using “wavelet transform package” in order to determine the frequency domain 
modes of vibrations and detect the critical frequency mode. A complete comparison of the dynamic behavior of 
the shell tube before and after adding periodic stiffeners has been done, which indicated that a significant 
damping effect reaches values between 61.5 and 38% for subcritical and critical modes. The critical frequency 
of the stiffened shell is increased, so the supercritical mode is changed to subcritical mode. The amplification 
and dispersion factors are determined and constructed; there is a reduction in the corresponding speed 
frequencies by about 10%. Also the radial-bending vibrations and tube muzzle motions are detected at muzzle 
velocity ratio of 0.99%, the results indicated that there is a significant improvement in increasing the number of 
rounds per second by about 36% and increasing the pointing precision by about 47%. 
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Joseph Padovan (University of Akron, Akron, Ohio 44325, U.S.A), “Computers & Structures, Vol. 4, No. 3, 
May 1974, pp. 467-483, doi:10.1016/0045-7949(74)90001-7 
ABSTRACT: Using complex series representations, a quasi-analytical finite element procedure is developed 
which can analyze the static and dynamic mechanical fields of anisotropic axisymmetric shells and bodies. Due 
to its generality the procedure can handle arbitrary laminate construction with possible meridional and radial 
variations in locally or globally mechanically anisotropic materials. In this respect, in contrast to traditional 
quasi-analytical procedures which are limited to the ‘specially’ orthotropic case, the present treatment reveals 
several important effects of material and/or structural anisotropy. To illustrate the procedure as well as the 
significant effects of material anisotropy, several numerical examples are given along with comparisons with 
known analytical treatments. 
 
 
Joseph Padovan (University of Akron, Akron, OH 44325, U.S.A.), “Numerical analysis of asymmetric 
frequency and buckling eigenvalues of prestressed rotating anisotropic shells of revolution”, Computers & 
Structures, Vol. 5, Nos. 2-3, June 1975, pp. 145-154, doi:10.1016/0045-7949(75)90004-8 
ABSTRACT: A numerical integration procedure is developed which can obtain the frequency and buckling 
eigenvalues and associated eigenfunctions of prestressed rotating anisotropic shells of revolution. The 
axisymmetric prestress state incorporated in the analysis can consist of torque as well as anisotropy induced 
circumferential effects. Apart from the usual centripetal load, the rotation effects treated by the analysis also 
consist of Coriolis acceleration forces. The material and/or structural anisotropy included in the analysis is of 
the most general linear Hookean form. Hence, the stiffness matrix of the governing shell constitutive relation 
can be fully populated. To illustrate the numerical procedure as well as the significant effects of general 
axisymmetric prestress states (including torsion), Coriolis acceleration forces and material and/or structural 
anisotropy, several numerical experiments are given along with comparisons with analytical treatments. 
 
 
Joseph Padovan (University of Akron, Akron, OH 44325, U.S.A.), “Traveling waves vibrations and buckling of 
rotating anisotropic shells of revolution by finite elements”, International Journal of Solids and Structures, Vol. 
11, No. 12, December 1975, pp. 1367-1380, doi:10.1016/0020-7683(75)90064-5 
ABSTRACT: A quasi-analytical finite element procedure is developed which can obtain the frequency and 
buckling eigenvalues of prestressed rotating anisotropic shells of revolution. In addition to the usual centrifugal 
forces, the rotation effects treated also include the contribution of Coriolis forces. Furthermore, since a 
nonlinear version of Novozhilov's shell theory is employed to develop the element formulation, the effects of 
moderately large prestress deflection states can be handled. Due to the generality of solution procedure 
developed, the axisymmetric prestress states treated can also consist of torque loads. In order to illustrate the 
procedures capabilities, as well as the significant effects of Coriolis forces, torque prestress and material 
anisotropy, several numerical experiments are presented. 
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linear vibrations of general structures”, Journal of Sound and Vibration, Vol. 72, No. 4, October 1980, pp. 427-
441, doi:10.1016/0022-460X(80)90355-7 
ABSTRACT: Based on the finite element and perturbation procedures, an analytical-numerical approach to 
non-linear vibrations is developed. In particular, the overall solution employs the finite element method to 
handle spatial dependencies while the constrained version of the perturbation procedure is used to treat the 
temporal behavior. Due to the generality of the method developed, any combination of structure and boundary 
restraints can be treated as well as the possibility of conservative and non-conservative situations wherein the 
system can have any number of frequency branches. Furthermore, the procedure is not restricted to excitations 
in the neighborhood of specific frequencies, but rather applies to the full range. To demonstrate the capabilities 
of the solution approach, the results of several numerical studies are included along with experimental 
verification. 
 
 



Joseph Padovan (The University of Akron, Akron, OH 44325, U.S.A.), “Spectral/critical speed characteristics 
of structure subject to moving loads”, International Journal of Engineering Science, Vol. 20, No. 1, 1982, pp. 
77-91, doi:10.1016/0020-7225(82)90074-X 
ABSTRACT: Through the use of a family of generalized Rayleigh quotients, this paper considers the influence 
of nonstationary time dependent loads/disturbances on the spectral characteristics of structure modeled by 3-D 
nonpolar elasticity theory wherein the fields are treated as small excursions superposed on large. To generalize 
the results, the influence of nonconservatism and generalized inertia fields are admitted. The main emphasis of 
the work is given to determining the various properties of the eigevalue problem arising out of such 
nonstationary loading situations. This includes ascertaining the occurrence of various types of spectral/critical 
speed shifts /bifurcations induced by moving disturbances. As a further extension of the work, the results are 
specialized to the eignevalue problem arising from nonconservative gyroscopic FE simulations of moving load 
problems. 
 
 
Joseph Padovan and Surapong Tovichakchaikul (Department of Mechanical Engineering, The University of 
Akron, Akron, OH 44325, U.S.A.), “On the solution of creep induced buckling in general structure”, Computers 
& Structures, Vol. 15, No. 4, 1982, pp. 379-392, doi:10.1016/0045-7949(82)90072-4 
ABSTRACT: This paper considers the pre and post buckling behavior of general structures exposed to high 
temperature fields for long durations wherein creep effects become significant. The solution to this problem is 
made possible through the use of closed upper bounding constraint surfaces which enable the development of a 
new time stepping algorithm. This permits the stable and efficient solution of structural problems which exhibit 
indefinite tangent properties. Due to the manner of constraining/bounding successive iterates, the algorithm 
developed herein is largely self adaptive, inherently stable, sufficiently flexible to handle geometric material 
and boundary induced nonlinearity, and can be incorporated into either finite element or difference simulations. 
To illustrate the capability of the procedure, as well as, the physics of creep induced pre and post buckling 
behavior, the results of several numerical experiments are included. 
 
 
Joseph Padovan and Surapong Tovichakchaikul (The University of Akron, Akron, OH 44325, U.S.A.), “Self-
adaptive predictor-corrector algorithms for static nonlinear structural analysis”, Computers & Structures, 
Vol.15, No. 4, 1982, pp. 365-377, doi:10.1016/0045-7949(82)90071-2 
ABSTRACT: This paper develops a multi phase self-adaptive predictor corrector type algorithm to enable the 
solution of highly nonlinear structural responses including kinematic, kinetic and material effects as well as 
potential pre/postbuckling behavior. The hierarchy of the strategy is such that three main phases are involved. 
The first features the use of a warpable hyperelliptic constraint surface which serves to upperbound dependent 
iterate excursions during successive INR type iterations. The second corrector phase uses an energy constraint 
to scale the generation of successive iterates so as to maintain the appropriate form of local convergence 
behavior. The third involves the use of quality of convergence checks which enable various self-adaptive 
modifications of the algorithmic structure when necessary. Such restructuring is achieved by tightening various 
conditioning parameters as well as switch to different algorithmic levels so as to improve the convergence 
process. Included in the paper are several numerical experiments which illustrate the capabilities of the 
procedure to handle varying types of nonlinear structural behavior. 
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“Finite element analysis of steadily moving contact fields”, Computers & Structures, Vol. 18, No. 2, 1984, pp. 
191-200, doi:10.1016/0045-7949(84)90119-6 
ABSTRACT: By introducing a moving updated Lagrangian observer, this paper develops traveling finite 
elements with the capacity to handle the global response resulting from steadily moving contact fields. The 
generality of the results is such that large deformation kinematics and kinetics as well as the full compliment of 
inertial fields can be handled. To streamline the handling of nonlinear behavior, an elliptically constrained 



solution algorithm is also developed. Employing this algorithm, the results of several numerical benchmarking 
studies are presented which illustrate the capacity of the moving updated Lagrangian formulation as well as the 
potential effects of nonlinearity. 
 
 
Joseph Padovan (Department of Mechanical Engineering, University of Akron, 302 E. Buchtel Avenue, Akron, 
OH 44325, U.S.A.), “Solving postbuckling collapse of structures”, Finite Elements in Analysis and Design, 
Vol. 1, No. 4, December 1985, pp. 363-385, doi:10.1016/0168-874X(85)90032-0 
ABSTRACT: This paper overviews the current state of solution schemes used to solve pre- and postbuckling 
problems. Main emphasis will be given to (i) defining the generic features of buckling, (ii) outline the 
shortcomings associated with classical incremental Newton-Raphson type schemes, (iii) introducing the 
constrained incremental Newton-Raphson methodology, (iv) review capacities of various currently available 
general purpose codes, and (v) point out several areas of further investigation. 
 
 
Joe Padovan and Ralph Moscarello (University of Akron, Akron, OH 44325, U.S.A.), “Locally bound 
constrained Newton-Raphson solution algorithms”, Computers & Structures, Vol. 23, No. 2, 1986, pp. 181-197,  
doi:10.1016/0045-7949(86)90211-7 
ABSTRACT: This paper develops strategies which enable the automatic adjustment of the constraint surfaces 
recently used to extend the range and numerical stability/efficiency of nonlinear finite-element equation solvers. 
In addition to handling kinematic and material induced nonlinearity. both pre- and postbuckling behavior can be 
treated. The scheme developed employs localized bounds on various hierarchial partitions of the field variables. 
These are used to resize, shape, and orient the global constraint surface, thereby enabling essentially automatic 
load/deflection incrementation. Due to the generality of the approach taken, it can be implemented in 
conjunction with constraints of arbitrary functional type. To benchmark the method, several numerical 
experiments are presented. These include problems involving kinematic and material nonlinearity. as well as. 
pre- and postbuckling characteristics. 
 
 
Joe Padovan (Departments of Mechanical and Polymer Engineering, University of Akron, Akron, OH 44325, 
U.S.A.), “Finite element analysis of steady and transiently moving/rolling nonlinear viscoelastic structure—I. 
Theory”, Computers & Structures, Vol. 27, No. 2, 1987, pp. 249-257, doi:10.1016/0045-7949(87)90093-9 
ABSTRACT: In a three-part series of papers, a generalized finite element analysis scheme is developed to 
handle the steady and transient response of moving/rolling nonlinear viscoelastic structure. This paper considers 
the development of the moving/rolling element strategy, including the effects of large deformation kinematics 
and viscoelasticity modeled by fractional integrodifferential operators. To improve the solution strategy, a 
special hierarchical constraint procedure is developed for the case of steady rolling/translating as well as a 
transient scheme involving the use of a Grunwaldian representation of the fractional operator. In the second and 
third papers [R. Kennedy and J. Padovan, Comput. Struct.27, 259–273 (1987) and Y. Nakajima and J. Padovan, 
Comput. Struct.27, 275–286 (1987)], 3-D extensions are developed along with transient contact strategies 
enabling the handling of impacts with obstructions. Overall the various developments are benchmarked via 
comprehensive 2- and 3-D simulations. These are correlated with experimental data to define modeling 
capabilities. 
 
 
Ronald Kennedy and Joe Padovan (Departments of Mechanical and Polymer Engineering, University of Akron, 
Akron, OH 44325, U.S.A.), “Finite element analysis of steady and transiently moving/rolling nonlinear 
viscoelastic structure—II. Shell and three-dimensional simulations”, Computers & Structures, Vol. 27, No. 2, 
1987, pp. 259-273, doi:10.1016/0045-7949(87)90094-0 
ABSTRACT: In a three-part series of papers, a generalized finite element solution strategy is developed to 
handle traveling load problems in rolling, moving and rotating structure. The main thrust of this section consists 
of the development of 3-D and shell type moving elements. In conjunction with this work, a compatible 3-D 
contact strategy is also developed. Based on these modeling capabilities, extensive analytical and experimental 



benchmarking is presented. Such testing includes traveling loads in rotating structure as well as low- and high-
speed rolling contact involving standing wave-type response behavior. These point to the excellent modeling 
capabilities of moving element strategies. 
 
 
Nakajima Yukio and Joe Padovan (Departments of Mechanical and Polymer Engineering, University of Akron, 
Akron, OH 44325, U.S.A.), “Finite element analysis of steady and transiently moving/rolling nonlinear 
viscoelastic structure—III. Impact/contact simulations”, Computers & Structures, Vol. 27, No. 2, 1987, pp. 275-
286, doi:10.1016/0045-7949(87)90095-2 
ABSTRACT: In a three-part series of papers, a generalized finite element methodolgy is formulated to handle 
traveling load problems involving large deformation fields in structure composed of viscoelastic media. The 
main thrust of this paper is to develop an overall finite element methodology and associated solution algorithms 
to handle the transient aspects of moving problems involving contact impact type loading fields. Based on the 
methodology and algorithms formulated, several numerical experiments are considered. These include the 
rolling/sliding impact of tires with road obstructions. 
 
 
Joseph Padovan and Amir Kazempour (Departments of Mechanical and Polymer Engineering, The University 
of Akron, Akron, Ohio 44325, U.S.A.), “Multibody instantly centered moving lagrangian observer schemes—
Part I. Formulation”, Computers & Structures, Vol. 32, No. 1, 1989, pp. 93-100, 
ABSTRACT: Employing an instantly centered moving Lagrangian observer (ICMLO), this two part series of 
papers develops a finite element (FE) modeling methodology which can handle multibody problems involving 
several rotating components each with its own distinct rotational history. The overall thrust of the work is to 
enable the modeling of mechanical systems as opposed to purely structural problems. This includes the ability 
to simulate rotating equipment, transportation systems, aircraft frame-engine interactions, i.e. complete 
machinery responses. In this part, emphasis is given to (i) establishing the ICMLO, (ii) developing the FE 
formulation, and (iii) deriving the associated steady and transient solution algorithms. In Part II, extensive 
modifications are introduced to handle automotive type vehicular models. To demonstrate the scheme, 
simulations involving vehicular-obstruction rollover events are presented. 
 
 
Amir Kazempour and Joseph Padovan (Departments of Mechanical and Polymer Engineering, The University 
of Akron, Akron, Ohio 44325, U.S.A.), “Multibody instantly centered moving lagrangian observer schemes—
Part II. Application to vehicular simulations”, Computers & Structures, Vol. 32, No. 1, 1989, pp. 101-111, 
doi:10.1016/0045-7949(89)90074-6 
ABSTRACT: Employing an instantly centered moving Lagrangian observer (ICMLO), this two part series 
develops a finite element scheme and associated solution algorithms which can handle the modeling of 
machinery involving a variety of rotating components each with its own distinct rotational history. In this part, 
the methodology is extended to handle the steady and transient response of ground based automotive type 
vehicular systems. This includes the modeling of roadway-multiple tire-suspension-vehicular structural 
interactions during (i) steady rolling; (ii) obstacle envelopment, as well as; (iii) motion on generalized 
trajectories. In particular, the simulation accounts for such aspects as (i) contact impact; (ii) rolling friction; (ii) 
potential liftoff, free motion and recontact during obstacle envelopment. To illustrate the scheme, a full 
vehicular simulation is presented. 
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“Hierarchically parallelized constrained nonlinear solvers with automated substructuring”, Computers & 
Structures, Vol. 41, No. 1, 1991, pp. 7-33, doi:10.1016/0045-7949(91)90152-C 
ABSTRACT: This paper develops a parallelizable multilevel multiple constrained nonlinear equation solver. 



The substructuring process is automated to yield appropriately balanced partitioning of each succeeding level. 
Due to the generality of the procedure, both sequential, partially and fully parallel environments can be handled. 
This includes both single and multiprocessor assignment per individual partition. Several benchmark examples 
are presented. These illustrate the robustness of the procedure as well as its capacity to yield significant 
reductions in memory utilization and calculational effort due both to updating and inversion. 
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(1) Department of Engineering Mechanics, Tsinghua University, Beijing 100084, People's Republic of China 
(2) School of Civil and Structural Engineering, Nanyang Technological University, Nanyang Avenue, 
Singapore 639798, Singapore 
“Buckling analysis of rotationally periodic structures using shell element with relative degrees of freedom”,  
International Journal for Numerical Methods in Engineering, Vol. 51, 2001, pp. 1299–1315. 
doi: 10.1002/nme.204 
ABSTRACT: By considering the characteristics of deformation of rotationally periodic structures subjected to 
rotationally periodic loads, the periodic structure is divided into several identical substructures in this paper. If 
the structure is really periodic but not axisymmetric, the number of the substructures can be defined 
accordingly. If the structure is axisymmetric (special in the case of the periodic), the structure can be divided 
into any number of substructures. It means, in this case, the number of substructures is independent of the 
number of buckling waves. The degrees of freedom (DOFs) of joint nodes between the neighbouring 
substructures are classified as master and slave ones. The stress and strain conditions of the whole structure are 
obtained by solving the elastic static equations for only one substructure by introducing the displacement 
constraints between master and slave DOFs. The complex constraint method is used to get the bifurcation 
buckling load and mode for the whole rotationally periodic structure by solving the eigenvalue problem for only 
one substructure without introducing any additional approximation. Finite element (FE) formulation of shell 
element of relative degrees of freedom (SERDF) in the buckling analysis is then derived. Different measures of 
tackling internal degrees of freedom for different kinds of buckling problems and different stages of numerical 
analysis are presented. Some numerical examples are given to illustrate the high efficiency and validity of this 
method. 
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“Shell element of relative degree of freedom and its application on buckling analysis of thin-walled structures”, 
Thin-Walled Structures, Vol. 40, No. 10, October 2002, pp. 865-876, doi:10.1016/S0263-8231(02)00027-7 
ABSTRACT: Shell element of relative degrees of freedom (SERDF) is a special transformation of solid 
element. It can be used in finite element (FE) analysis of both thin and thick shell structures and the formulation 
is simpler than normal shell elements. Introduction of additional internal degrees of freedom will improve the 
calculation precision. FE formulation of SERDF in the buckling analysis is derived in this article. Different 
measures of tackling additional internal degrees of freedom for different kinds of buckling problems and 
different stages of numerical analysis are presented. Some numerical examples are given to illustrate the 
validity of this element and the method. 
 
 
J. Li, Z.H. Xiang and M.D. Xue (Department of Engineering Mechanics, Institute of Solid Mechanics, Tsinghua 
University, Beijing 100084, PR China), “Buckling analysis of rotationally periodic laminated composite shells 
by a new multilayered shell element”, Composite Structures, Vol. 70, No. 1, August 2005, pp. 24-32, 
doi:10.1016/j.compstruct.2004.08.009 
ABSTRACT: In this paper a new finite element (FE) with relative degrees-of-freedom (DOF) is developed for 
modeling composite shells with arbitrary number of layers. With this shell element, satisfactory resolution can 
be ensured even if a relatively coarse FE mesh is employed. Moreover, this element can be easily connected 
with other solid type elements. All of these features enable its promising application in the simulation of 



modern composite structures, for example the buckling analysis of rotationally periodic laminated composite 
shells. For this kind of problem, a computational strategy that consists of the rotationally periodic FE method 
and this new shell element is adopted in this paper. The efficiency and accuracy of this proposed computational 
strategy are illustrated by two benchmarks as well as an implementation to a large scale practical structure. 
 
 
J. Li, Z.H. Xiang and M.D. Xue (Department of Engineering Mechanics, Tsinghua University, Beijing, 100084, 
P. R. China), “Thermal-Mechanical Buckling Analysis of Laminated Composite Shells by Finite Element 
Method”, ICCES,vol.2,no.1,pp.7-12,2007 
ABSTRACT: This paper presents a finite element scheme to analyze the buckling behavior of composite shells 
subjected to thermal and mechanical loads. Firstly, a kind of multi-layered composite shell element with relative 
degrees-of-freedom is adopted to model laminated composite shells. Then the corresponding temperature 
element is developed so that the mechanical analysis and the thermal analysis share a common mesh. Moreover, 
a new criterion of critical heat flux is proposed in stead of the traditional criterion of critical temperature. 
Finally, the advantage of the proposed scheme is illustrated by calculating the stable region of thermal-
mechanical loads for a honeycomb sandwich composite cylinder. 
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Xiang, Z. H., Xue M. D. and Cen Z. Z., “Finite Element Buckling Analysis of Rotationally Periodic Laminated 
Composite Shells”, International Journal for Numerical Methods in Engineering, Vol. 53, No. 4, pp. 959-981, 
2002, DOI: 10.1002/nme.322 
ABSTRACT: A finite element (FE) buckling analysis of rotationally periodic laminated composite shells is 
performed in this paper. Because the buckling mode of such structures is characterized as rotationally periodic, 
a corresponding FE buckling analysis scheme is proposed to reduce the computational expenses. Moreover, a 
new kind of relative degrees-of-freedom element is developed, which can be connected to other solid elements 
with ease and can yield satisfactory results with a relatively coarse FE mesh. Numerical results of two laminated 
cylindrical shells subjected to lateral pressure are compared with theoretical ones. The good agreement of them 
shows the validity of this new computational strategy. Finally, a practical structure is analysed to demonstrate 
the advantage of this method. 
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of Composite Shells," Buckling of Shell Structures, on Land, in the Sea and in the Air, J. F. Jullien, ed., Elsevier 
Applied Science Publishing Co., Inc., New York, 1991, pp. 43-52. 
ABSTRACT: Buckling design of cylinders under axial compression is sensitive to the assumptions made in the 
modeling of initial imperfections. Normally, imperfection modes are selected solely on the basis of buckling 
mode considerations and their amplitudes determined using existing tolerance specifications. Whilst this 
approach may be used for metal cylinders, it cannot be readily applied to the design of fibre-reinforced 
composite cyloinders where the effects of manufacturing on imperfection characteristics have not yet been 
studied in any detail. This paper presents results from a statistical analysis of imperfections on two groups of 



composite cylinders manufactured by lay-up. Dominant features are quantified and the effect of fibre 
orientation on imperfeciotns is examined. Simple models describing the random variablility of imperfection 
modal amplitudes are presented in order to be used in buckling strength studies. 
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“Characterization of manufacturing effects for buckling-sensitive composite cylinders”, Composites 
Manufacturing, Vol. 6, No. 2, 1995, pp. 93-101, doi:10.1016/0956-7143(95)99649-D 
ABSTRACT: This paper presents a detailed statistical analysis on geometric imperfections recorded on two 
series of nominally identical composite cylinders. These defects can be classified in two categories, both due to 
the particular manufacturing method used: out-of-roundness and change of thickness due to the overlapping of 
various layers. The statistical analysis is developed for various purposes: to evaluate the common properties of 
cylinders with different laminations, to build up a characteristic model for the geometric imperfections suitable 
for probabilistic simulations in buckling analysis and to identify the parameters for quality control processes. 
The analysis of the change in thickness due to overlapping layers allows evaluation of the stiffening effects of 
the manufacturing process that, in some cases, could affect the buckling behaviour of composite cylinders. A 
standard procedure for the characterization and qualification of manufacturing processes for composite shells, 
with particular attention to the factors that influence their buckling behaviour, is proposed. 
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“Buckling design of conical shells based on validated numerical models”, Thin-Walled Structures, Vol. 31, 
Nos. 1-3, May 1998, pp. 257-270, doi:10.1016/S0263-8231(98)00006-8 
ABSTRACT: In most shell buckling codes, guidance on the design of conical shells is restricted to unstiffened 
cones and even in this case the clauses are based on the procedures for cylindrical shells. Virtually no guidance 
is offered on stiffened cones and the particular characteristics of conical shells are not treated in detail. In this 
paper, use is made of finite element analysis to quantify critical elastic response and imperfection sensitivity 
through numerical models, whose adequacy has been quantified through comparisons with test data. The finite 
element results obtained were aimed at validating existing design recommendations for unstiffened cones and at 
developing a design approach for stringer-stiffened cones under compression, with a philosophy and format 
compatible with the European Shell Buckling Recommendations (ECCS). 
 
 
M. K. Chryssanthopoulos, A. Y. Elghazouli and I. E. Esong (Department of Civil and Environmental 
Engineering, Imperial College of Science, Technology and Medicine, London SW7 2BU, UK), “Compression 
tests on anti-symmetric two-ply GFRP cylinders”, Composites Part B: Engineering, Vol. 30, No. 4, June 1999, 
pp. 335-350, doi:10.1016/S1359-8368(99)00004-9 
ABSTRACT: This article deals with the experimental buckling behaviour of glass fibre-reinforced plastic 
(GFRP) cylinders under concentric and eccentric compression. The laminates are of type ‘Rovimat 1200’ 
consisting of woven glass-fibre roving within a polyester resin matrix. Two-ply cylinders, for which the 
nominal radius-to-thickness ratio is about 108, with anti-symmetric lay-up of different orientation and 
overlapping procedure, are examined. In particular, the comparative response of cross-ply and angle-ply 
configurations is investigated and discussed. The results of experiments on eight models are presented including 
thickness and imperfection mapping, load and strain measurements as well as salient observations regarding the 
behaviour of each model. Systematic and automated data acquisition techniques using a laser scanning system 
and computer-controlled loading procedures were used in order to provide the experimental measurements in a 



form that can be readily used for further analytical and design studies. The results demonstrate the significant 
influence of laminate orientation and loading eccentricity on the buckling strength of anti-symmetric cross-ply 
and angle-ply GFRP cylinders. 
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ABSTRACT: In thin-walled shells of revolution with widely-spaced meridional stiffeners loaded in 
compression, a local panel buckling may develop. For the particular case of cylindrical panels, the buckling and 
postbuckling behaviour has been investigated in detail, whereas limited research is available for the more 
general case of conical panels. In this paper, the linear and non-linear elastic buckling response of the conical 
panel is studied for a wide range of shell and stiffening parameters by means of an appropriate finite element 
model. The classical buckling load is determined on the basis of linear analysis. The imperfection sensitivity is 
studied through non-linear analysis of imperfect conical panels with imperfections affine to the critical mode. 
Different aspects of the behaviour are quantified through suitably defined curvature parameters. 
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43100 Parma, Italy), “Different buckling modes in axially stiffened conical shells”, Engineering Structures, Vol. 
23, No. 8, August 2001, pp. 957-965, doi:10.1016/S0141-0296(00)00112-7 
ABSTRACT: Different modes of instability might occur in thin-walled stiffened shells. In particular, local shell 
and stringer buckling modes and global buckling mode might develop in axially stiffened cones. In this paper, 
such modes are studied in conical shells under axial compression through a linear eigenvalue finite element 
analysis. In order to examine buckling modes in isolation (in line with typical simplified formulae) as well as 
competing modes together, use is made of different finite element models, including discrete and smeared 
models. Changes of buckling modes are captured by varying stiffener slenderness, number of stiffeners and 
tapering angle, treated as design parameters. Some evidence of mode interaction is recorded by the clustering of 



eigenvalues/eigenmodes. 
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“Collapse strength of unstiffened conical shells under axial compression”, Journal of Constructional Steel 
Research, Vol. 57, No. 2, February 2001, pp. 165-184, doi:10.1016/S0143-974X(00)00013-4 
ABSTRACT: The paper presents the results obtained during a test programme involving unstiffened steel cones 
in compression. Due to the relatively low slenderness of the specimens, the failure was in all cases significantly 
influenced by plasticity effects. A plastic mechanism approach, including second order effects, is shown to be a 
simple and effective tool for predicting the collapse load and also for simulating the load-shortening response. 
The derivation of the theoretical expressions pertaining the mechanism are summarised and some aspects 
regarding the solution procedures are presented. Comparisons between the proposed mechanism approach and 
the experiments are reported. Finally, some design considerations and comments with regard to existing shell 
buckling codes are presented. 
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20133 Milan, Italy), “Post-critical behavior of moderately thick axisymmetric shells: a sequential limit analysis 
approach”, International Journal of Structural Stability and Dynamics, Vol. 1, No. 3, September 2001 
ABSTRACT: The design of some steel shells, like energy absorbers or bumpers, requires the knowledge of 
their behavior in large deformations. In this paper, the method of sequential limit analysis is presented and 
applied to axisymmetric shells in order to study their post-collapse response. Although the material behavior is 
assumed as rigid-plastic, results compare favorably with those produced by elastic-plastic incremental analyses 
and the procedure appears to be more efficient and numerically stable. Large displacement effects, both of 
stable and unstable nature, are implicitly accounted for by mesh updating. 
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410082, China), “Torsional buckling of elastic cylinders with hard coatings”, Acta Mechanica, Vol. 220, No. 1, 
pp 275-287, August 2011 
ABSTRACT: The torsional buckling characteristic of an elastic cylinder with a hard surface coating layer is 
addressed in this paper. Deformations of the core and surface layer are obtained analytically through the 
Navier’s equation and thin shell model, respectively. Both infinitely and finitely long cylinders are studied and 
the effects of the surface layer’s stiffness, thickness, residual stresses, as well as the cylinder lengths on the 
critical torsional angle and buckling morphologies, are discussed. It is found that either the surface rippling or 
global buckling mode may occur when there exist residual stresses within the surface layer. The critical 
torsional angle increases when the surface layer becomes stiffer and thinner. In addition, higher-order rippling 
modes frequently occur for a finite-length cylinder with stiffer and thinner surface layer. 
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Ji Chong, Fu Yin Gao and Xing Hua Li, "Dynamic Buckling Behaviors of Steel Cylindrical Shell Subjected to 
Conventional Explosion Impact Loading", Advanced Materials Research, Vol. 800, pp. 196-200, 2013, 
10.4028/www.scientific.net/AMR.800.196 
ABSTRACT: Experimental and numerical simulation researches were presented on dynamic buckling 
behaviors of cylindrical shell subjected to explosion loading. An account is given of some principal 
observations made from a series of experiments in which steel cylindrical shells were subjected to central 
impact by 200g cylindrical TNT dynamite with different distances. By means of an finite element computer 
code LS-DYNA, the nonlinear dynamic response process of the cylindrical shells subjected to explosion 
loading were numerically simulated with Lagrangian-Eulerian coupling method. The numerical simulation 
results were in good agreement with experimental data. The results provide a reference for the design of 
explosion-resisting structures. 
 
 
H. Y. Yao and G. H. Yun, "Surface Effects on the Buckling of Nanowires Based on Modified Core-Shell 
Model", Advanced Materials Research, Vol. 901, pp. 3-9, 2014, 10.4028/www.scientific.net/AMR.901.3 
ABSTRACT: In this work, surface effects including surface elasticity and residual surface stress on the 
buckling of nanowires are theoretically investigated. Based on modified core-shell (MC-S) model, the effective 
elasticity incorporating surface elasticity effect of the nanowire is derived, and by using the generalized Young-
Laplace equation the residual surface stress is accounted for. The ratio of critical load with and without surface 
effects are obtained for a nanowire loaded in uniaxial compression. Taking silver (Ag) nanowires as an 
example, the analyzed results demonstrate that the influence of surface effects on the critical load of buckling 
becomes more and more significant as the nanowire diameter decreases. Moreover, it is shown that the 
influence of residual surface stress on the critical load is more prominent than that of surface elasticity. 
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Wang De-yu, Zhang Shan-yuan and Yang Gui-tong (Institute of Applied Mechanics, Taiyuan University of 
Technology, Shanxi), “The impact torsional buckling of elastic cylindrical shells with arbitrary form 
imperfection”, Applied Mathematics and Mechanics, Vol. 14, No. 6, pp 499-505, June 1993 
ABSTRACT: A perturbation analysis for the impact torsional buckling of imperfective elastic cylindrical shells 
subjected to a step torque is given. The imperfection is supposed to be small and has arbitrary form. It is shown 
that only the imperfection which has the shape of static torsional buckling mode could influence the critical step 
torque. Finally a formula is presented for the critical step torque. 
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Wang De-yu, Zhang Shan-yuan and Yang Gui-tong (Institute of Applied Mechanics, Taiyuan University of 
Technology, Shanxi), “The impact torsional buckling for the rigid plastic cylindrical shell”, Applied 
Mathematics and Mechanics, Vol. 14, No. 8, pp 693-698, August 1993 
ABSTRACT: By using the energy criterion in [3], the impact torsional buckling for the rigid plastic cylindrical 
shell is studied. The linear dynamic torsional buckling equations for the rigid plastic shell is drived, and the 
critical impact velocity is given. 
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PARTIAL INTRODUCTION: Glass fibre-reinforced plastic (GFRP) shells could be an attractive structural 
form for a number of applications in construction due to their good strength-to-weight ratio, inherent corrosion 
resistance, and relatively low cost compared to other composite systems. However, their efficient use is 
restricted by the limited availability of design criteria and by fairly scant test data on which any such criteria can 
be validated…. 
 
 
Guglielmo Carra, “Design and optimization of a GFRP panel for building construction”, Proceeding of the 2nd 
International Conference on Advances in Civil Engineering – AET_ACE 2011 
ABSTRACT: Nowadays building design can not prescind from high requirements both for structural and 
physic-energetic performances. It is well known that the behaviour of light-weight structures is even better than 
those built with traditional materials (concrete and steel), with respect to static and dynamic loads, due to the 
reduced impact of horizontal and vertical forces on the structure. FRPs, despite being a fragile material, have a 
good structural behavior because of their low weight and, similarly to wood, for the high level of ductility that 
is achieved through the use of mechanical connections among elements. Present research involves the design 
and optimization of a GFRP load bearing panel that maximizes the structural response with respect to 
concentrated and distributed loads, even of great intensity. In particular, the panel should maximize the response 
to compression, that is problematic because of buckling in presence of axial forces. The structural analysis is 
carried on using FEA software and the panel is modeled as a pultruded – monoaxial – element. The study takes 
into account not only the structural issues and the panel is designed as an integrated element, for facades and 
floors, that responds to highest Italian standards for thermal performance. Panels can be assembled together, to 
create modular buildings.  Moreover, the weight of the panel is optimized to reach significant advantages on the 
construction site and reduce the need for workforce. Starting from the design stage, is given emphasis to the 
life-cycle of the panel and particular attention is paid to the possibilities of reuse. 
References listed at the end of the paper: 
[1] T. Keller, “Recent all-composite and hybrid fibre-reinforced polymer bridges and buildings”, Progress in Structural Engineering 
and Materials, vol. 3, pp. 132-140, 2001. 
[2] Tracy C. D., “Fire endurance of multicellular panels in an FRP building system”, Ecole Polytechnique Fédérale de Lausanne 
EPFL, Phd Thesis, 2004. 
[3] CNR-DT 205:2007 – “Guide for the Design and Construction of Structures made of FRP Pultruded Elements”. 
[4] E. Barbero and J. Tomblin, “Euler Buckling of Thin-Walled Composite Columns”, Thin-Walled Structures, vol. 17, pp. 237–258, 
1993. 
[5] G. A. Kardomateas, “Global buckling of wide sandwich panels with orthotropic phases: an elasticity solution”, in Sandwich 
Structures 7: Advancing with Sandwich Structures and Materials, Springer, 2005 
[6] M. A. Moussa and N. Uddin, “Global buckling of composite structural insulated wall panels”, Materials and Design, vol. 32, pp. 
766-772, 2011. 
[7] J. Tomblin and E. Barbero, “Local Buckling Experiments on FRP Columns”, Walled Structures, vol. 18, pp. 97 – 116, 1994. 
[8] D. M. 14 Gennaio 2008 – Norme Tecniche per le costruzioni. Technical Law (in Italian). 
[9] Uni En Iso 13786:2008. “Thermal performance of building components – Dynamic thermal characteristics – Calculation 
methods”. 
[10] B. Mutnuri, “Thermal Conductivity Characterization of Composite Materials”, West Virginia University, Master Thesis, 2006. 
 
 
S. Gohari, A. Golshan, F. Firouzabadi, N. Hosseininezhad, "Effect of Volumetric Fiber Fraction on Failure 
Strength of Thin-Walled GFRP Composite Cylindrical Shell Externally Pressurized", Advanced Materials 
Research, Vols 488-489, pp. 530-536, Mar. 2012, doi: 10.4028/www.scientific.net/AMR.488-489.530  
ABSTRACT: Externally pressurized thin-walled GFRP composite cylindrical shell strength was studied against 
failure. Fiber breakage, matrix breakage, interlaminate shear deformation, delamination shear deformation and 
micro buckling failure were investigated employing maximum failure criteria as volumetric fiber fraction factor 
varied. One-ply cylindrical shell with fiber angle orientation of 0 degree was modeled in ABAQUS finite 
element simulation and the result was varied using analytical approaches. Moreover, the pressure fluctuations 
for various volumetric fiber fraction factors were quadratic according to plotted graphs obtained. Meanwhile, 
MATLAB software was used for theoretical analysis. The comparison of two approaches was proved to be 
accurate. Subsequently, failure strength of various laminated GFRP cylindrical shell with different fiber angle 
orientations at each ply was studied for diverse volumetric fiber fraction factors. Stacking sequence, fiber angle 
orientations were mainly effective on failure strength. 
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“Failure Strength of Thin-walled Cylindrical GFRP Composite Shell against Static Internal and External 
Pressure for various Volumetric Fiber Fraction”, International Journal of Applied Physics and Mathematics, 
Vol. 2, No. 2, March 2012  
ABSTRACT: A study on a Circular cylindrical thin-walled shell failure made of GRP composite subjected to 
static internal and external pressure was carried out. The results were acquired using analytical and FEM 
simulation approaches for various volumetric fiber fractions. Fiber breakage, matrix breakage, interlaminate 
shear deformation, delamination shear deformation and micro buckling failure were investigated employing 
maximum failure criteria against internal and external pressure. One-ply cylindrical shell with fiber angle 
orientation of 0 degree was modeled in ABAQUS finite element simulation and the result was varied using 
analytical approaches. Moreover, the pressure fluctuations for various volumetric fiber fraction were quadratic 
according to plotted graphs. Meanwhile, MATLAB software was used for theoretical analysis. The comparison 
of two approaches was proved to be accurate. Subsequently, failure strength of various laminated GFRP 
cylindrical shell with different fiber angle orientations at each ply was studied for diverse volumetric fiber 
fraction factors. Stacking sequence, fiber angle orientations were mainly effective on failure strength. 
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“Buckling of Axially Compressed Conical Shells”, ASCE Journal of the Engineering Mechanics Division, Vol. 
106, No. 3, May/June 1980, pp. 501-516 
ABSTRACT: The buckling of an axially compressed truncated conical shell with rigid bulkheads is 
reinvestigated. Two improvements are made. First, the condition that the total horizontal displacement must 
vanish because of the rigid buckhead and axisymmetry is treated as a constraint. This constraint is brought into 
the system by use of the Lagrange multiplier; then a complete set of boundary conditions for conical shells is 
derived by the variational method. Second, the stability is evaluated at the deformed state which is determined 



by the asymptotic solutions of the pair of Donnell-type equations for axisymmetric configuration. It is found 
that when the angle rotation at the smaller end during the loading process is taken into consideration the 
buckling strength is lowered to an extent comparable with the existing experimental results. 
 
 
Andrea Spagnoli (Department of Civil and Environmental Engineering, & Architecture, University of Parma 
Parco Area delle Scienze 181/A, 43100, Parma, Italy), “Koiter circles in the buckling of axially compressed 
conical shells”, International Journal of Solids and Structures, Vol. 40, No. 22, November 2003, pp. 6095-6109, 
doi:10.1016/S0020-7683(03)00369-X 
ABSTRACT: As is well known, the elastic stability of shell structures under certain loading conditions is 
characterised by a severely unstable postbuckling behaviour. The presence of simultaneous buckling modes 
(‘competing’ modes corresponding to the same critical buckling load) is deemed to be largely responsible for 
such a behaviour. In the present paper, within the framework of the so-called classical theory (linear bifurcation 
eigenvalue analysis), the buckling behaviour of axially compressed cylindrical shells is firstly reviewed. 
Accordingly, doubly periodic eigenvectors (buckling modes) corresponding to the same eigenvalue (critical 
buckling load) can be determined, and their locus in a dimensionless meridional and circumferential buckling 
wavenumber space is described by a circle (known as the Koiter circle). In the case of axially compressed 
conical shells, no clear evidence of the existence of simultaneous buckling modes can be found in the literature. 
Then, such a problem is studied here via linear eigenvalue finite element analyses, showing that simultaneous 
doubly periodic modes do also occur for cones, and that their locus in a specifically defined dimensionless 
wavenumber space can be described by an ellipse (hereafter termed as the Koiter ellipse) whose aspect ratio is 
dependent on the tapering angle of the cone. 
 
 
Abdullah Heydaroglu Sofiyev and Orhan Aksogan, “Dynamic stability of a nonhomogeneous orthotropic elastic 
cylindrical shell under a time dependent external pressure”, Teknik Dergi, Vol. 10, No. 4, pp 2011-2028, 
October 1999 
ABSTRACT: This paper considers the dynamic stability of a nonhomogeneous orthotropic elastic cylindrical 
shell, the properties of which vary continuously with the coordinates in the longitudinal and thickness 
directions, under the effect of an external pressure varying with a power function of time. At first, the 
fundamental relations and the dynamice stability equations of a nonhomogeneous orthotropic elastic cylindrical 
shell, under the effect of an external pressure, are derived. Then, the general formulas for the critical load and 
the dynamic factor are obtained by using Bubnov-Galerkin and Sachenkov’s methods [1,2] and an asymptotic 
analysis. The respective formulas for homogeneous orthotropic and isotropic elastic cylindrical shells are found 
as special cases. Finally, carrying out some computations, the effect of the nonhomogeneity on the critical load 
and the dynamic factor are studied. The results obtained are compared with the experimental and theoretical 
results of other authors. 
 
 
Abdullah H. Sofiyev and Zeki Karaca, “The dynamic stability of a laminated orthotropic truncated conical shell 
under time dependent external pressure”, Turkish Journal of Engineering and Environmental Science, Vol. 25, 
No. 3, 2001 
ABSTRACT: In this study, the dynamic stability of a laminated orthotropic truncated conical shell, subjected to 
an external pressure which is a power function of time, was considered. First, the modified Donnell-type 
dynamic stability and compatibility equations of a laminated orthotropic truncated conical shell, subjected to an 
external pressure, were obtained. Applying the Galerkin and Sachenkov and Baktieva (1978) methods one after 
the other, the static and dynamic critical external pressures, the pertinent wave numbers and the dynamic factor 
were found explicitly. Finally, carrying out some computations for cross-ply laminated truncated conical shells, 
the effects of the variation of the number and orientation of the layers and the power function of time in the 
external pressure expression on the critical parameter were studied. 
 
 
A.H. Sofiyev, “The buckling of a cross-ply laminated non-homogeneous orthotropic composite cylindrical thin 



shell under time dependent external pressure”, Structural Engineering & Mechanics, Vol. 14, No. 6, 12/2002,  
DOI: 10.12989/sem.2002.14.6.661 
ABSTRACT: The subject of this investigation is to study the buckling of cross-ply laminated orthotropic 
cylindrical thin shells with variable elasticity moduli and densities in the thickness direction, under external 
pressure, which is a power function of time. The dynamic stability and compatibility equations are obtained 
first. These equations are subsequently reduced to a system of time dependent differential equations with 
variable coefficients by using Galerkin's method. Finally, the critical dynamic and static loads, the 
corresponding wave numbers, the dynamic factors, critical time and critical impulse are found analytically by 
applying a modified form of the Ritz type variational method. The dynamic behavior of cross-ply laminated 
cylindrical shells is investigated with: a) lamina that present variations in the elasticity moduli and densities, b) 
different numbers and ordering of layers, and c) external pressures which vary with different powers of time. It 
is concluded that all these factors contribute to appreciable effects on the critical parameters of the problem in 
question. 
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thickness varies as a power function”, Digest, pp 797-812, December 2002 
ABSTRACT: (cannot cut and paste) 
 
 
Abdullah H. Sofiyev (Department of Civil Engineering, Suleyman Demirel University, Isparta, Turkey), “The 
buckling of an orthotropic composite truncated conical shell with continuously varying thickness subject to a 
time dependent external pressure”, Composites Part B: Engineering, Vol. 34, No. 3, April 2003, pp. 227-233, 
doi:10.1016/S1359-8368(02)00105-1 
ABSTRACT: In this study, the buckling of an orthotropic composite truncated conical shell with continuously 
varying thickness, subject to a uniform external pressure which is a power function of time, has been 
considered. At first, the fundamental relations and the Donnell type stability equations of an orthotropic 
composite truncated conical shell, subject to an external pressure, have been obtained. Then, employing 
Galerkin method, those equations have been reduced of time dependent differential equation with variable 
coefficients. Finally, applying the variational method of Ritz method type, the critical static and dynamic loads, 
the corresponding wave numbers and the dynamic factor have been found analytically. Using those results, the 
effects of the variations of the power in the thickness expression, the semi-vertex angle, the power of time in the 
external pressure expression and the ratio of the Young's moduli on the critical parameters are studied 
numerically, for the case when the thickness of the conical shell varies as a power and exponential function. It is 
observed, from the computations carried out, that these factors have appreciable effects on the critical 
parameters of the problem in the heading. 
 
 
A. H. Sofiyev and E. Schnack, “The buckling of cross-ply laminated non-homogeneous orthotropic composite 
conical thin shells under a dynamic external pressure”, Acta Mechanica, Vol. 162, Nos. 1-4, 2003, pp. 29-40,  
doi: 10.1007/s00707-002-1001-2 
ABSTRACT: The subject of this investigation is to study the buckling of cross-ply laminated orthotropic 
truncated circular conical thin shells with variable Young's moduli and densities in the thickness direction, 
subjected to a uniform external pressure which is a power function of time. After obtaining the dynamic 
stability and compatibility equations we reduce both of them to a time dependent ordinary differential equation 
with variable coefficient by using Galerkin's method. The critical dynamic and static loading, the corresponding 
wave numbers, the dynamic factors, critical time and critical impulse are found analytically by applying the Ritz 
type variational method. The dynamic behavior of cross-ply laminated truncated conical shells is investigated 
with: (a) lamina that present variations in the Young's moduli and densities, (b) different numbers and ordering 
of layers, (c) variable semi-vertex angles, and (d) external pressures which vary with different powers of time. It 
is concluded that all these factors contribute to appreciable effects on the critical parameters of the problem in 
question. 
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thin shell with continuously varying thickness under a dynamiic loading”, Indian Journal of Engineering and 
Materials Sciences (IJEMS), Vol. 10 (5), October 2003 
ABSTRACT: The buckling of an orthotropic composite cylindrical shell with variable thickness, subjected to a 
dynamic loading, is reported here. At first, the fundamental relations and Donnell type dynamic buckling 
equation of an orthotropic cylindrical shell with variable thickness have been obtained. Then, employing 
Galerkin's method, these equations have been reduced to a time dependent differential equation with variable 
coefficients. Finally, for different initial conditions and approximation functions, applying the Ritz type 
variational method, analytical expression has been found for the dynamic factor. Using these results, the effect 
of the variations of the power of time in the external pressure expression, the loading parameter and the ratios of 
the Young's moduli on the dynamic factor are studied numerically for the case when the thickness of the 
cylindrical shell varies as a power and exponential functions. It has been observed that these effects change the 
dynamic factor of the problem in the heading appreciably. 
 
 
A. H. Sofiyev (Department of Civil Engineering of Suleyman Demirel University, Isparta, Turkey), “Torsional 
buckling of cross-ply laminated orthotropic composite cylindrical shells subject to dynamic loading”, European 
Journal of Mechanics - A/Solids, Vol. 22, No. 6, November-December 2003, pp. 943-951, 
doi:10.1016/S0997-7538(03)00090-1 
ABSTRACT: This study considers torsional buckling of cross-ply laminated orthotropic composite cylindrical 
thin shells under loads, which is a power function of time. The modified Donnell type dynamic stability and 
compatibility equations are obtained first. These equations are subsequently reduced to a time dependent 
differential equation with variable coefficients by using Galerkin's method. The critical parameters are found 
analytically by applying the Ritz type variational method. According to theoretical solutions, numerical 
analyses are done. 
 
 
Zihni Zerin (Department of Civil Engineering, Ondokuz Mayis University, Samsun, Turkey), “On the vibration 
of laminated nonhomogeneous orthotropic shells”, Meccanica, Vol. 48, No. 7, pp 1557-1572, September 2013 
ABSTRACT: In this paper, an analytical procedure is given to study the free vibration of the laminated 
homogeneous and non-homogeneous orthotropic conical shells with freely supported edges. The basic relations, 
the modified Donnell type motion and compatibility equations have been derived for laminated orthotropic 
truncated conical shells with variable Young’s moduli and densities in the thickness direction of the layers. By 
applying the Galerkin method, to the basic equations, the expressions for the dimensionless frequency 
parameter of the laminated homogeneous and non-homogeneous orthotropic truncated conical shells are 
obtained. The appropriate formulas for the single-layer and laminated complete conical and cylindrical shells 
made of homogeneous and non-homogeneous, orthotropic and isotropic materials are found as a special case. 
Finally, the influences of the non-homogeneity, the number and ordering of layers and the variations of the 
conical shell characteristics on the dimensionless frequency parameter are investigated. The results obtained for 
homogeneous cases are compared with their counterparts in the literature. 
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ABSTRACT: The buckling of laminated orthotropic cylindrical thin shells under torsion, which is a linear 
function of time, has been investigated. First, fundamental relations and the modified Donnell type stability 
equations of the laminated cylindrical thin shells are derived. Applying Galerkin’s method, a differential 
equation having a variable coefficient depending on time is obtained and by applying the Ritz-type variational 
method to these equations, general formulas for static and dynamic critical loads, corresponding wave numbers 
and the dynamic factor are obtained. Finally after performing the computations, the effects of the variations of 
the numbers and ordering of layers, loading speed, and the ratio of radius to thickness on the critical parameters 
are investigated. 
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ABSTRACT: This study considers the buckling of an elastic truncated conical shell having a meridional 
thickness expressed by an arbitrary function, subject to a uniform external pressure, which is a power function 
of time. At first, the fundamental relations and Donnell type dynamic buckling equation of an elastic conical 
shell with variable thickness have been obtained. Then, employing Galerkin's method, those equations have 
been reduced to a time-dependent differential equation with variable coefficients. Finally, applying the Ritz type 
variational method, the critical static and dynamic loads, the corresponding wave numbers, dynamic factor and 
critical stress impulse have been found analytically. Using the results, thus obtained, the effects of the thickness 
variations with a power or an exponential function, the variation of the semi-vertex angle and the variation of 
the power of time in the external pressure expression are studied through pertinent computations. It is observed 
that these factors have appreciable effects on the critical parameters of the problem in the heading. 
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ABSTRACT: In this work, the stability of conical shells made of functionally graded materials (FGMs) subject 
to a uniform external pressure, which is a power function of time, has been studied. The material properties of 
functionally graded shells are assumed to vary continuously through his thickness of the shell, according to a 
power law distribution of the volume fractions of the constituents. The fundamental relations, the dynamic 
stability and compatibility equations of functionally graded truncated conical shells are obtained first. Applying 
Galerkin's method, these equations have been transformed to a pair of time dependent differential equation with 
variable coefficient. This differential equation is solved for different initial conditions by variational method by 
using Lagrange–Hamilton type principle. Thus, general formulas have been obtained for the critical parameters. 
The results show that the critical parameters are affected by the configurations of the constituent materials, 
loading parameters variations, the variation of the semi-vertex angle and the power of time in the external 
pressure expression variations. Comparing results with those in the literature validates the present analysis. 
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ABSTRACT: In this study, a formulation for the stability of cylindrical thin shells made of functionally graded 
material (FGM) subjected to torsional loading varying as a linear function of time is presented. The properties 
are graded in the thickness direction according to a volume fraction power law distribution. The modified 
Donnell type dynamic stability and compatibility equations are obtained. Applying Galerkin’s method then 
applying Lagrange–Hamilton type principle to these equations taking the large values of loading speed into 
consideration, analytic solutions are obtained for critical torsional parameters values. The results show that the 
critical torsional parameters are affected by the configurations of the constituent materials variations. 
Comparing results with those in the literature validates the present analysis. 
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ABSTRACT: In this study, an analytic solution is provided for the stability and vibration behavior of truncated 
conical shells composed of Si3N4and SUS304 under the axial compressive load. The material properties of the 
FG conical shells are assumed to vary continuously through the thickness of the shell according to quadratic and 
inverse quadratic distribution of the volume fraction of the constituents. The fundamental relations and 
governing equations for thin conical shells composed of Si3N4and SUS304 is obtained by using Love’s shell 
theory and a solution is obtained by applying Galerkin’s method. The effects of the constituent volume fractions 
on the critical axial load and frequency parameter of the truncated conical shell are also elucidated. 
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ABSTRACT: In this study, the response of a FG (Functionally Graded) coated truncated conical shell subjected 
to an axial load is investigated by means of non-linear equations governing the finite deformations of the shell. 
In the solution of non-linear basic equations in the finite deflection the Superposition and Galerkin methods 
have been used. The effects of material property of FG composite coatings and geometrical parameters on the 
non-linear critical axial load are discussed in detail through a parametric study. The results are verified by 
comparing the obtained values with those in the existing literature. 
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ABSTRACT: In this study, the stability problem of a circular orthotropic cylindrical shell under the effect of an 
axial compression varying with a power function of time is considered. At first, the modified Donnell type 
dynamic stability and compatibility equations are obtained using Love’s shell theory. Applying the Galerkin 
method and Rayleigh-Ritz variational techniques to these equations and taking the large values of loading 
parameters into consideration, analytics are obtained for critical parameter values. The results show that critical 
parameters are affected by loading parameters variations, ratio of the Young’s moduli variations, radius to 
thickness variations and the power of time in the axial compression expression variations. Comparing results 
with those in the literature validates the present analysis. 
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ABSTRACT: The dynamic stability of orthotropic cylindrical thin shells of exponentially variable geometric 
and mechanical parameters is studied by using Galerkin and Ritz type variotional methods. The qualitative and 
quantitative effects of the external geometry, material properties, and design features on the critical loads, 
corresponding wave numbers, and the dynamic factor are evaluated. Comparing results with those in the 
literature validates the present analysis. 
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ABSTRACT: In this paper, the vibration and stability of a three-layered conical shell containing a functionally 
graded material (FGM) layer subjected to axial compressive load are studied. The material properties of the 
functionally graded layer are assumed to vary continuously through the thickness of the shell. The variation of 
properties follows an arbitrary distribution in terms of the volume fractions of the constituents. The fundamental 
relations, the dynamic stability and compatibility equations of three-layered truncated conical shells containing 
an FGM layer are obtained first. Applying Galerkin's method, these equations are transformed to a pair of time 
dependent differential equations, and critical axial load and frequency parameter are obtained. The results show 
that the critical parameters are affected by the configurations of the constituent materials and the variation of the 
shell geometry. Comparing results with those in the literature validates the present analysis. 
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ABSTRACT: The dynamic buckling of truncated conical shells made of functionally graded materials (FGMs) 
subject to a uniform axial compressive load, which is a linear function of time, has been studied. The material 
properties of functionally graded shells are assumed to vary continuously through the thickness of the shell. The 
variation of properties followed an arbitrary distribution in terms of the volume fractions of the constituents. 
The fundamental relations, the dynamic stability and compatibility equations of functionally graded truncated 
conical shells are obtained first. Applying Galerkin's method, these equations have been transformed to a pair of 
time dependent differential equation with variable coefficient and critical parameters obtained using the Runge–
Kutta method. The results show that the critical parameters are affected by the configurations of the constituent 
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Galerkin’s method analytic solutions are obtained for the critical parameters. The detailed parametric studies are 
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material are considered. The material properties of functionally graded shells are assumed to vary continuously 
through his thickness of the shell, according to a power law distribution of the volume fractions of the 
constituents. The fundamental relations, the modified Donnell type stability and compatibility equations of 
functionally graded truncated conical shells are obtained first. Then applying Galerkin’s method, the closed 
form solutions are presented for the truncated conical shell with simply supported boundary conditions 
subjected to three types of thermal loading. Using the obtained results, the effects of the variations of the 
gradient index of materials, the semi-vertex angle and the ratio radius to thickness in the critical buckling 
temperature expression are studied through pertinent computations. Comparing results with those in the 
literature validates the present analysis. 
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fundamental relations, the stability and compatibility equations of three-layered truncated conical shells 
containing a FG layer are obtained, first. Then, applying Galerkin's method, the closed form solution for critical 
external pressure is obtained. The results show that the critical parameters are affected by the configurations of 
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ABSTRACT: In this paper, the buckling of non-homogeneous isotropic truncated conical shells under uniform 
lateral pressure and resting on a Winkler foundation is investigated. The basic relations and governing equations 
have been obtained for non-homogeneous truncated conical shells. The critical uniform lateral pressures of non-
homogeneous isotropic truncated conical shells with or without a Winkler foundation are obtained. Finally, 
carrying out some computations, effects of the variations of truncated conical shell characteristics the non-
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ABSTRACT: In this study, the buckling of thin truncated conical shells made of functionally graded materials 
(FGMs) subjected to hydrostatic pressure is investigated. The material properties of functionally graded 
truncated conical shell are assumed to vary continuously through the thickness. The variation of properties 
followed an arbitrary distribution in terms of the volume fractions of the constituents. The fundamental 
relations, the stability and compatibility equations of FGM hybrid truncated conical shells are obtained. Using 
Galerkin's method, these equations were transformed to pairs of time-dependent differential equations and then 
hydrostatic buckling pressure expression was obtained. Numerical calculations have been made for fully metal, 
fully ceramic, Si3N4/Ni and ZrO2/Ti–6Al–4V truncated conical shells. The results reveal that the volume 
fraction distributions have a significant effect on the buckling pressure of FGM hybrid truncated conical shells. 
Finally, results are validated through comparison of obtained values with those in the literature. 
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ABSTRACT: In this paper, the vibration and stability of orthotropic conical shells with non-homogeneous 
material properties under a hydrostatic pressure are studied. At first, the basic relations have been obtained for 
orthotropic truncated conical shells, Young's moduli and density of which vary continuously in the thickness 
direction. By applying the Galerkin method to the foregoing equations, the buckling pressure and frequency 
parameter of truncated conical shells are obtained from these equations. Finally, carrying out some 
computations, the effects of the variations of conical shell characteristics, the effects of the non-homogeneity 
and the orthotropy on the critical dimensionless hydrostatic pressure and lowest dimensionless frequency 
parameter have been studied, when Young's moduli and density vary together and separately. The results are 
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ABSTRACT: In this paper, the free vibration and buckling of laminated homogeneous and non-homogeneous 
orthotropic truncated conical shells under lateral and hydrostatic pressures are studied. At first, the basic 
relations, the modified Donnell type dynamic stability and compatibility equations have been obtained for 
laminated orthotropic truncated conical shells, the Young's moduli and density of which vary piecewise 
continuously in the thickness direction. Applying superposition and Galerkin methods to the foregoing 
equations, the buckling pressures and dimensionless frequency parameter of laminated homogeneous and non-
homogeneous orthotropic conical shells are obtained. The appropriate formulas for single-layer and laminated 
cylindrical shells made of homogeneous and non-homogeneous, orthotropic and isotropic materials are found as 
a special case. Finally, the effects of the number and ordering of layers, the variations of conical shell 
characteristics, together and separately variations of the Young's moduli and densities of the materials of layers 
on the critical lateral and hydrostatic pressures, and frequency parameter are found for different mode numbers. 
The results are compared with other works. 
 
 
A.H. Sofiyev (Department of Civil Engineering, Suleyman Demirel University, 32260 Isparta, Turkey), “The 
buckling of FGM truncated conical shells subjected to combined axial tension and hydrostatic pressure”, 
Composite Structures, Vol. 92, No. 2, January 2010, pp. 488-498, doi:10.1016/j.compstruct.2009.08.033 



ABSTRACT: The purpose of this paper is to investigate the elastic buckling of FGM truncated thin conical 
shells under combined axial tension and hydrostatic pressure. Here axial tensions are separately applied to small 
and large bases of the truncated conical shell, respectively. It is assumed that the cone is a mixture of metal and 
ceramic, and that its properties changes as the power and exponential functions of the shell thickness. After 
giving the fundamental relations, the stability and compatibility equations of an FGM truncated conical shell, 
subject to combined axial tension and hydrostatic pressure, have been derived. Applying Galerkin’s method 
general formulas have been obtained for the critical combined and separate loads of FGM conical shells. The 
appropriate formulas for homogenous and FGM cylindrical shells are found as a special case. Effects of 
changing shell characteristics, material composition and volume fraction of constituent materials on the critical 
combined and separate loads of FGM shells with simply supported edges are also investigated. The results 
obtained for homogeneous cases are compared with their counterparts in the literature. 
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ABSTRACT: This article presents a method to study the free vibration and stability of laminated homogeneous 
and non-homogeneous orthotropic cylindrical, truncated and complete conical shells of general staking with 
clamped edges under a hydrostatic pressure. Based on the Love first approximation theory, the basic relations, 
the modified Donnell-type stability and compatibility equations have been obtained for laminated orthotropic 
truncated conical shells, the material properties of which vary piecewise continuously in the thickness direction. 
To solve this problem an unknown parameter λ was included in the approximation functions. Applying Galerkin 
methods, the buckling pressures and fundamental natural frequencies of laminated homogeneous and non-
homogeneous orthotropic conical shells are obtained. The parameter λ which is included in the obtained 
formulas is obtained from the minimum conditions of critical stresses and frequencies. The different generalized 
values are obtained for the parameter λ for buckling pressures and frequencies of cylindrical shells, truncated 
and complete conical shells. The appropriate formulas for single-layer and laminated cylindrical shells made of 
homogeneous and non-homogeneous, orthotropic and isotropic materials are found as a special case. Finally, 
the influences of the degree of non-homogeneity, the number and ordering of layers and the variations of 
conical shell characteristics on the critical hydrostatic pressure and natural frequencies are investigated. The 
results obtained for homogeneous cases are compared with their counterparts in the literature. 
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response of an FGM cylindrical shell under moving loads”, Composite Structures, 12/2010; 93(1); 58-66 
ABSTRACT: This paper presents an analytical study on the dynamic behavior of the infinitely-long, FGM 
cylindrical shell subjected to combined action of the axial tension, internal compressive load and ring-shaped 
compressive pressure with constant velocity. It is assumed that the cylindrical shell is a mixture of metal and 
ceramic that its properties changes as a function of the shell thickness. The problem is studied on the basis of 
the theory of vibrations of cylindrical shells. Derived formulas for the maximum static and dynamic 
displacements, dynamic factors and critical velocity for the FGM cylindrical shell subjected to moving loads. 
Numerical calculations have been made for fully metal, fully ceramic and FGM (Si3N4/SUS304) cylindrical 
shells. A parametric study is conducted to demonstrate the effects of the material property gradient, the radius to 
thickness ratio and the velocity of the moving load on the dynamic displacements and dynamic factors of the 
inner and ring-shaped pressures for FGM cylindrical shells.  
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Layer Subjected to Axial Load on the Pasternak Foundation”, Engineering, Vol. 2, No. 4, April 2010, pp. 228-
236, doi: 10.4236/eng.2010.24033 
ABSTRACT: In this study, the stability of cylindrical shells that composed of ceramic, FGM, and metal layers 
subjected to axial load and resting on Winkler-Pasternak foundations is investigated. Material properties of 
FGM layer are varied continuously in thickness direction according to a simple power distribution in terms of 
the ceramic and metal volume fractions. The modified Donnell type stability and compatibility equations on the 
Pasternak foundation are obtained. Applying Galerkin’s method analytic solutions are obtained for the critical 
axial load of three-layered cylindrical shells containing an FGM layer with and without elastic foundation. The 
detailed parametric studies are carried out to study the influences of thickness variations of the FGM layer, 
radius-to-thickness ratio, material composition and material profile index, Winkler and Pasternak foundations 
on the critical axial load of three-layered cylindrical shells. Comparing results with those in the literature 
validates the present analysis. 
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“The vibration and stability of non-homogeneous orthotropic conical shells with clamped edges subjected to 
uniform external pressures”, Applied Mathematical Modelling, Vol. 34, No. 7, July 2010, pp.1807-1822, 
doi:10.1016/j.apm.2009.09.025 
ABSTRACT: In this paper an analytical procedure is given to study the free vibration and stability 
characteristics of homogeneous and non-homogeneous orthotropic truncated and complete conical shells with 
clamped edges under uniform external pressures. The non-homogeneous orthotropic material properties of 
conical shells vary continuously in the thickness direction. The governing equations according to the Donnell’s 
theory are solved by Galerkin’s method and critical hydrostatic and lateral pressures and fundamental natural 
frequencies have been found analytically. The appropriate formulas for homogeneous orthotropic and isotropic 
conical shells and for cylindrical shells made of homogeneous and non-homogeneous, orthotropic and isotropic 
materials are found as a special case. Several examples are presented to show the accuracy and efficiency of the 
formulation. The closed-form solutions are verified by accurate different solutions. Finally, the influences of the 
non-homogeneity, orthotropy and the variations of conical shells characteristics on the critical lateral and 



hydrostatic pressures and natural frequencies are investigated, when Young’s moduli and density vary together 
and separately. The results obtained for homogeneous cases are compared with their counterparts in the 
literature. 
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University, Isparta, Turkey), “The stability of cylindrical shells containing an FGM layer subjected to axial load 
on the Pasternak Foundation”, Engineering, Vol. 2, pp 228-236, 2010 
ABSTRACT: In this study, the stability of cylindrical shells that composed of ceramic, FGM, and metal layers 
subjected to axial load and resting on Winkler-Pasternak foundations is investigated. Material properties of 
FGM layer are varied continuously in thickness direction according to a simple power distribution in terms of 
the ceramic and metal volume fractions. The modified Donnell type stability and compatibility equations on the 
Pasternak foundation are obtained. Applying Galerkin’s method analytic solutions are obtained for the critical 
axial load of three-layered cylindrical shells containing an FGM layer with and without elastic foundation. The 
detailed parametric studies are carried out to study the influences of thickness variations of the FGM layer, 
radius-to-thickness ratio, material composition and material profile index, Winkler and Pasternak foundations 
on the critical axial load of three-layered cylindrical shells. Comparing results with those in the literature 
validates the present analysis.  
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“Influences of elastic foundations and boundary conditions on the buckling of laminated shell structures 
subjected to combined loads”, Composite Structures, Vol. 93, No. 8, July 2011, pp. 2126-2134, 
doi:10.1016/j.compstruct.2011.01.023 
ABSTRACT: This article presents to study the stability of laminated orthotropic cylindrical and truncated 
conical shells resting on elastic foundations and subjected to combined loads with the clamped and simply 
supported boundary conditions. Here, axial tensile loads separately applied to the small and large bases of a 
laminated truncated conical shell, respectively. The basic relations, the modified Donnell type stability and 
compatibility equations have been obtained for laminated orthotropic truncated conical shells on the Pasternak 
type elastic foundation. Applying Galerkin method, the critical combined loads of laminated orthotropic conical 
shells on the Pasternak type elastic foundation with different boundary conditions are obtained. The appropriate 
formulas for single-layer and laminated cylindrical shells on the Pasternak type elastic foundation made of 
orthotropic and isotropic materials are found as special cases. Finally, influences of the boundary conditions, the 
elastic foundation, the number and ordering of the layers and variations of the shell characteristics on the critical 
combined loads are investigated. The results are compared with their counterparts in the literature. 
 
 
A. H. Sofiyev, “Influence of the initial imperfection on the non-linear buckling response of FGM truncated 
conical shells”, International Journal of Mechanical Sciences, Vol. 53, No. 9, pp 753-761, 2011 
ABSTRACT: Non-linear buckling analyses of imperfect functionally graded truncated conical shells with 
simply supported boundary conditions and subjected to an axial compressive load have been presented in this 
work. The material properties of functionally graded shells are assumed to vary continuously through the 
thickness of the shell. The non-linear prebuckling deformations and initial geometric imperfections of an FGM 
truncated conical shell are both taken into account. The fundamental relations, modified Donnell type non-linear 
stability and compatibility equations of an imperfect FGM truncated conical shell are obtained and are solved 
by superposition and Galerkin methods, and the upper and lower critical axial loads has been found analytically. 
The numerical illustrations concern the non-linear buckling response of FGM truncated conical shells with 
different values of truncated conical shell parameters, initial imperfections and compositional profiles. 
Comparing the results of this study with those in the literature validates the present analysis. 
 
 
A.H. Sofiyev and S. Adiguzel (Department of Civil Engineering, Suleyman Demirel University, Isparta, 
Turkey), “Torsional Stability Of Cylindrical Shells With Functionally Graded Middle Layer On The Winkler 



Elastic Foundation”, Journal of Solid Mechanics, Vol. 3, No. 3, pp 218-227, Summer 2011 
ABSTRACT: In this study, the torsional stability analysis is presented for thin cylindrical with the functionally 
graded (FG) middle layer resting on the Winker elastic foundation. The mechanical properties of functionally 
graded material (FGM) are assumed to be graded in the thickness direction according to a simple power law and 
exponential distributions in terms of volume fractions of the constituents. The fundamental relations and basic 
equations of three-layered cylindrical shells with a FG middle layer resting on the Winker elastic foundation 
under torsional load are derived. Governing equations are solved by using the Galerkin method. The numerical 
results reveal that variations of the shell thickness-to-FG layer thickness ratio, radius-to-shell thickness ratio, 
lengths-to-radius ratio, foundation stiffness and compositional profiles have significant effects on the critical 
torsional load of three-layered cylindrical shells with a FG middle layer. The results are verified by comparing 
the obtained values with those in the existing literature. 
 
 
A.H. Sofiyev (Department of Civil Engineering of Suleyman Demirel University, Isparta, Turkey), “Non-linear 
buckling behavior of FGM truncated conical shells subjected to axial load”, International Journal of Non-Linear 
Mechanics, Vol. 46, pp 711-719, 2011 
ABSTRACT: In this study, the non-linear buckling behavior of truncated conical shells made of functionally 
graded materials (FGMs), subject to a uniform axial compressive load, has been investigated using the large 
deformation theory with von the Karman–Donnell-type of kinematic non-linearity. The material properties of 
functionally graded shells are assumed to vary continuously through the thickness of the shell. The variation of 
properties followed an arbitrary distribution in terms of the volume fractions of the constituents. The 
fundamental relations, the modified Donnell type non-linear stability and compatibility equations of 
functionally graded truncated conical shells are obtained and are solved by superposition and Galerkin methods 
and the upper and lower critical axial loads have been found analytically. Finally, the influences of the 
compositional profile variations and the variation of the shell geometry on the upper and lower critical axial 
loads are investigated. Comparing the results of this study with those in the literature validates the present 
analysis.  
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“Vibration and stability of axially compressed truncated conical shells with functionally graded middle layer 
surrounded by elastic medium”, Journal of Vibration and Control, October 25, 2012, DOI: 1077546312461025 
ABSTRACT: The vibration and stability analyses are presented for axially compressed three-layered truncated 
conical shells with a functionally graded (FG) middle layer surrounded by elastic media. The material properties 
of functionally graded materials (FGMs) are assumed to be graded in the thickness direction according to 
simple power law and exponential distributions in terms of the volume fractions of the constituents. Five sets of 
the material mixture are considered. The Pasternak model is used to describe the reaction of the elastic medium 
on the truncated conical shell. The fundamental relations, the modified Donnell-type dynamic stability and 
compatibility equations for the three-layered truncated conical shell with an FGM middle layer are derived. The 
governing equations are solved by using the Galerkin method and obtained expressions for dimensionless 
frequency parameters and dimensionless critical axial loads for three-layered truncated conical shells with the 
FG middle layer with and without an elastic foundation. The numerical results reveal that variations of the shell 
thickness-to-FGM thickness ratio, lengths-to-radius ratio, Winkler foundation stiffness, shear subgrade modulus 
of the foundation, material mixture and compositional profiles of the FG middle layer have significant effects 
on the values of dimensionless critical axial load and dimensionless frequency parameter. The results are 
verified by comparing the obtained values with those in the existing literature. 
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“On the Buckling of the Layered Cylindrical Shell with FGM Face Sheets Subjected to the Axial Load”, ACTA 
Physica Polonica A, Vol. 123, No. 4, pp 731-733, 2013, DOI: 10.12693/APhysPolA.123.731 
ABSTRACT: In this study, the buckling analysis of layered cylindrical shells with functionally graded material 
face sheets subjected to an axial compressive load is investigated. The dimensionless axial buckling load of 
layered cylindrical shells with functionally graded material face sheets is obtained. Effects of volume fractions 
of functionally graded material face sheets and cylindrical shell characteristics on the dimensionless axial 
buckling load have been studied. 
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ABSTRACT: In this study, the torsional vibration and stability problems of functionally graded (FG) 
orthotropic cylindrical shells in the elastic medium, using the Galerkin method was investigated. Pasternak 
model is used to describe the reaction of the elastic medium on the cylindrical shell. Mixed boundary conditions 
are considered. The material properties and density of the orthotropic cylindrical shell are assumed to vary 
exponentially in the thickness direction. The basic equations of the FG orthotropic cylindrical shell under the 
torsional load resting on the Pasternak-type elastic foundation are derived. The expressions for the critical 
torsional load and dimensionless torsional frequency parameter of the FG orthotropic cylindrical shell resting on 
elastic foundations are obtained. The effects of variations of shell parameters, the exponential factor 
characterizing the degree of material gradient, orthotropy, foundation stiffness and shear subgrade modulus of 
the foundation on the critical torsional load and dimensionless torsional frequency parameter are examined. 
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ABSTRACT: In this study, the vibration and buckling of functionally graded (FG) orthotropic cylindrical shells 
under external pressures is investigated using the shear deformation shell theory (SDST). The basic equations of 
shear deformable FG orthotropic cylindrical shells are derived using Donnell shell theory and solved using the 
Galerkin method. Parametric studies are made to investigate effects of shear deformation, orthotropy, 
compositional profiles and shell characteristics on the dimensionless frequency parameter and critical external 
pressures. Some comparisons among various theories have been performed in order to show the differences 
between the parabolic shear deformation theory (PSDT) and several higher-order shear deformation theories 
(HSDTs). 
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ABSTRACT: The buckling analysis is presented for non-homogeneous (NH) orthotropic truncated conical 
shells subjected to combined loading of axial compression and external pressure. The governing equations have 
been obtained for the non-homogeneous orthotropic truncated conical shell, the material properties of which 
vary continuously in the thickness direction. By applying Superposition and Galerkin methods to the governing 
equations, the expressions for critical loads (axial, lateral, hydrostatic and combined) of non-homogeneous 
orthotropic truncated conical shells with simply supported boundary conditions are obtained. The results are 
verified by comparing the obtained values with those in the existing literature. Finally, the effects of non-
homogeneity, material orthotropy, cone semi-vertex angle and other geometrical parameters on the values of the 
critical combined load have been studied. 
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“Stability of EG cylindrical shells with shear stresses on a Pasternak foundation”, Steel and Composite 
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ABSTRACT: This article is the result of an investigation on the influence of a Pasternak elastic foundation on 
the stability of exponentially graded (EG) cylindrical shells under hydrostatic pressure, based on the first-order 
shear deformation theory (FOSDT) considering the shear stresses. The shear stresses shape function is 
distributed parabolic manner through the shell thickness. The governing equations of EG orthotropic cylindrical 
shells resting on the Pasternak elastic foundation on the basis of FOSDT are derived in the framework of 
Donnell-type shell theory. The novelty of present work is to achieve closed-form solutions for critical 
hydrostatic pressures of EG orthotropic cylindrical shells resting on Pasternak elastic foundation based on 
FOSDT. The expressions for critical hydrostatic pressures of EG orthotropic cylindrical shells with and without 
an elastic foundation based on CST are obtained, in special cases. Finally, the effects of Pasternak foundation, 
shear stresses, orthotropy and heterogeneity on critical hydrostatic pressures, based on FOSDT are investigated. 
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have not been investigated previously. The purpose of this paper is to study this problem. The large de ︎ection 
theory with von Karman ︎-Donnell-type of kinematic non-linearity is used to deduce the basic equations. The 
basic equations are solved analytically by using Superposition and Galerkin methods. The influences of several 
parameters on the dimensionless non-linear critical axial loads are discussed.  
 
 
A. H. Sofiyev, S. E. Huseynov, P. Ozyigit and F. G. Isayev, “The effect of mixed boundary conditions on the 
stability behavior of heterogeneous orthotropic truncated conical shells”, Meccanica, 31 March, 2015 
ABSTRACT: The prime aim of the present study is to present analytical formulations and solutions for the 
stability analysis of heterogeneous orthotropic truncated conical shell subjected to external (lateral and 
hydrostatic) pressures with mixed boundary conditions using the Donnell shell theory. The mixed boundary 
conditions are as follows: at one end of FGM truncated conical shell is a sleeve that prevents its longitudinal 
displacement and rotation, and the other end is a freely support. The basic equations of heterogeneous 
orthotropic truncated conical shells are derived and solved applying the Galerkin’s method for the two cases of 
mixed boundary conditions using new approximation functions. Then the expressions for dimensionless critical 
external pressures are obtained. The results are compared and validated with the results available in the 
literature. Finally, a detailed parametric study is conducted to study the effect of heterogeneity, material 
orthotropy and mixed boundary conditions on the critical external pressures. 
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“Buckling of Vertical Cylindrical Shells Under Combined End Pressure and Body Force”, J. Engrg. Mech. 129, 
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ABSTRACT: This paper is concerned with the elastic buckling of vertical cylindrical shells under combined 
end pressure and body force. Such buckling problems are encountered when cylindrical shells are used in a 
high-g environment such as the launching of rockets and missiles under high-propulsive power. The vertical 
shells may have any combination of free, simply supported, and clamped ends. Based on the Goldenveizer-
Novozhilov thin shell theory, the total potential energy functional is presented and the buckling problem is 
solved using the Ritz method. Highlight in the formulation is the importance of the correct potential energy 
functional which includes the shell shortening due to the circumferential displacement. The omission of this 
contributing term leads to erroneous buckling solutions when the cylindrical shell is not of moderate length 
(length-to-radius ratio smaller than 0.7 or larger than 3). New solutions for body-force buckling parameters are 
presented for stubby cylindrical shells to long tube-like shells that approach the behavior of columns. The 
effects of the shell thickness and length on buckling parameter are also investigated. 
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weight buckling of thin cylindrical shells via various shell theories”, Computational Mechanics, Vol. 31, No. 5, 
400-408, doi: 10.1007/s00466-003-0442-3 
ABSTRACT: This paper is concerned with the development of a global p-element method for the analysis of 
self-weight buckling of thin cylindrical shells. Such buckling problems occur when cylindrical shells are subject 
to high-g acceleration, for instance the launching of rockets and missiles under high propulsive power. The 
cylindrical shells may have any combination of free, simply supported and clamped ends. A p-element 
computational method has been developed based on various thin shell theories including Donnell, Sanders and 
Goldenveizer-Novozhilov models. The strain energy for the global element during buckling is formulated and 
an eigenvalue equation is derived. Unlike the conventional buckling problem where the eigenvalue is directly 



solved, a pre-determined buckling parameter is fixed at the outset for a geometric-dependent stiffness and a 
recursive numerical procedure is developed to compute the effect of critical buckling length. The critical 
buckling length is found to be proportional to thickness to a power of approximately 0.9. The effects of shell 
thickness and length on buckling parameter are also investigated. Comparison of results from various shell 
theories indicates solutions of the Sanders and Goldenveizer-Novozhilov shell theories are in excellent 
agreement while the Donnel shell theory is good for buckling of short cylindrical shells. 
 
 
T. Reynolds, O. Lomacky and M. Krenzke, (Naval Ship Research and Development Center, Bethesda, 
Maryland 20034, U.S.A.), " Design and analysis of small submersible pressure hulls”, Computers & Structures, 
Vol. 3, No. 5, September 1973, pp. 1125-1143, doi:10.1016/0045-7949(73)90042-4 
ABSTRACT: Small submersibles, which permit man to observe and work as part of the three-dimensional 
undersea environment, are among the most promising tools for achieving effective exploitation of the oceans. 
An important element of any submersible is the pressure hull, frequently contributing one-fourth to one-half and 
more of the total vehicle weight. The Naval Ship Research and Development Center has played a major role in 
developing pressure hull structures for undersea vehicles. This paper describes some of the principal structural 
features of existing and envisioned small submersibles and summarizes recent advances in design and analysis 
methods. Particular emphasis is given to computer programs developed and/or used at the Center. Specifically, 
it describes advances in stress, stability, and vibration analyses as well as early stage developments in structural 
fatigue and reliability analyses. It also discusses computer programs and automated procedures designed for 
rapid response in feasibility studies and preliminary and final design cycles; these provide for both the 
generation of input data and the graphical display of computed results. 
 
 
R.F. Jones Jr., M.G. Costello and T.E. Reynolds (Submarine Structures Division, Structures Department, David 
Taylor Naval Ship Research and Development Center, Bethesda, MD 20084, U.S.A), “Buckling of pressure 
loaded rings and shells by the finite element method”, Computers & Structures, Vol. 7, No. 2, April 1977, 
pp.267-274, doi:10.1016/0045-7949(77)90045-1 
ABSTRACT: The correct formulations for solving nonlinear structural problems by the finite element method 
have now been established. Numerous investigators have given the derivation for the solution of problems by 
the incremental tangent stiffness method and total formulation methods. These derivations have been applied to 
many problems and the results have been shown to be quite accurate for the problems that have been selected. 
However there is one area of application that has received practically no attention. This is in the investigation of 
the buckling strength of pressure loaded rings and shells. The effect of pressure loading where the loading 
changes direction as the structure deforms has been included in several previous derivations, by what is known 
as the load stiffness matrix, but to the author's knowledge no one has investigated problems where this effect 
has been included in the solution procedure. For rings and some buckling modes of shells, the results can be in 
error by as much as 50%. This paper will describe an iterative process for solving the nonlinear equilibrium 
equations and correcting the loads to include the effect of changing geometry at each load level. This approach 
is different from the classical eigenvalue or bifurcation method. Several case studies will be described which 
were performed on ring and shell problems. The geometry of these example problems were axisymmetric and in 
order to apply a nonlinear collapse analysis, the structure had to be perturbed out of its axisymmetric pattern 
into a buckling pattern. Imperfect geometry and very small concentrated loads were used to cause this 
perturbation and this will be described in the paper. The sensitivity of the computed collapse pressure to the 
finite element mesh gradation will be discussed. A comparison will be made between results obtained by 
including the effect of following pressure load and those obtained by not including this effect. 
 
 
R. F. Lennon and P. K. Das  (Department of Naval Architecture and Ocean Engineering, The University of 
Glasgow, James Watt Building, Glasgow G12 8QQ, UK), “Torsional buckling behaviour of stiffened cylinders 
under combined loading”, Thin-Walled Structures, Vol. 38, No. 3, November 2000, pp. 229-245, 
doi:10.1016/S0263-8231(00)00040-9 
ABSTRACT: In this study cylindrical boundary conditions for finite element analysis are formulated that allow 



torsional displacement and buckling of a sector of a cylinder of half axial height, and of a circumferential arc 
angle that will divide into 360°. Finite element tests are carried out on un-stiffened elastic cylinders to verify the 
method of analysis against classical elastic torsional buckling theory. Elastic–plastic limit point finite element 
tests are carried out on ring and stringer stiffened and stringer stiffened cylinders to investigate the effects of 
stiffeners on post-buckling behaviour in torsion. A stringer stiffened cylinder is subjected to many combinations 
of axial force and surface pressure in the elastic range of response and then tested to failure in torsion to 
investigate the effects of axial and surface pressure loads on the resistance to plastic collapse in torsion. 
 
 
R.F. Lennon (Halcrow Special Structures Division, 35 Baird St., Glasgow G4 0EE, UK), “The Effects of Cold 
Forming and Welding Residual Stress States on the Buckling Resistance of Orthogonally Stiffened Cylinders”, 
Applied Mechanics and Materials, Vols. 5 – 6, 2006, pp. 509-518 
ABSTRACT: The buckling resistance of orthogonally stiffened cylinders is investigated for elastic critical 
buckling and non-linear elasto-plastic buckling tests. The effects of residual stresses arising from cold forming 
the cylinder and welding frame components are considered in the analysis of two stiffened cylinder models with 
similar material weights and different geometric spacings. A static axial load is applied to the models to 
represent loading from the supported structure followed by a non-linear elasto-plastic buckling step representing 
a wave loading combined with hydrostatic pressure, producing large displacement compartment buckling. 
Residual stress is shown to cause a reduction in buckling resistance of approximately 25% in the stiffened 
cylinder segments. 
 
 
G.H. Nie, R. Shi and R.J. Zhang (Key Laboratory of Solid Mechanics of MOE, Dept. of Engineering 
Mechanics, Tongji University, Shanghai, P.R. China), “Plastic and buckling behaviors of tubular beams under 
combined bending and torsion”, (publisher/date not given in the pdf file. Identifying number: ICF100322OR, 
Most recent date of the 5 references cited is 1994. Cannot cut and past anything from the pdf file.) 
 
 
Shun-feng Gong, Lin Yuan and Wei-liang Jin (Institute of Structural Engineering, Zhejiang University, 
Hangzhou, China), “Buckling response of offshore pipelines under combined tension, bending, and external 
pressure”, Journal of Zhejiang University Science A, Vol. 12, No. 8, pp 627-636, August 2011 
ABSTRACT: The buckle and collapse of offshore pipeline subjected to combined actions of tension, bending, 
and external pressure during deepwater installation has drawn a great deal of attention. Extended from the 
model initially proposed by Kyriakides and his co-workers, a 2D theoretical model which can successfully 
account for the case of simultaneous tension, bending, and external pressure is further developed. To confirm 
the accuracy of this theoretical method, numerical simulations are conducted using a 3D finite element model 
within the framework of ABAQUS. Excellent agreement between the results validates the effectiveness of this 
theoretical method. The model is then used to study the effects of several important factors such as load path, 
material properties, and diameter-to-thickness ratio, etc., on buckling behaviors of the pipes. Based upon 
parametric studies, a few significant conclusions are drawn, which aims to provide the design guidelines for 
deepwater pipeline with solid theoretical basis. 
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Li Jianzhong, Liu Yinghua, Cen Zhangzhi and Xu Bingye (Department of Engineering Mechanics, Tzinghua 
University, Beijing 100084, China), “Numerical analysis of bifurcation buckling for rotationally periodic 
structures under rotationally periodic loads”, Acta Mechanica Sinica, Vol. 14, No. 1, 1998, pp. 53-64, doi: 
10.1007/BF02486830 
ABSTRACT: By considering the characteristics of deformation of rotationally periodic structures under 
rotationally periodic loads, the periodic structure is divided into some identical substructures in this study. The 
degrees-of-freedom (DOFs) of joint nodes between the neighboring substructures are classified as master and 
slave ones. The stress and strain conditions of the whole structure are obtained by solving the elastic static 
equations for only one substructure by introducing the displacement constraints between master and slave 
DOFs. The complex constraint method is used to get the bifurcation buckling load and mode for the whole 
rotationally periodic structure by solving the eigenvalue problem for only one substructure without introducing 
any additional approximation. The finite element (FE) formulation of shell element of relative degrees of 
freedom (SERDF) in the buckling analysis is derived. Different measures of tackling internal degrees of 
freedom for different kinds of buckling problems and different stages of numerical analysis are presented. Some 
numerical examples are given to illustrate the high efficiency and validity of this method. 
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“Effects of geometrical imperfections and boundaries on the buckling strength of a spherical shell”, Computers 
& Structures, Vol. 19, No.1-2, 1984, pp. 285-290, Special Memorial Issue, 
doi:10.1016/0045-7949(84)90229-3 
ABSTRACT: In case of buckling of spherical shells, most of experiments have been performed with the use of 
a spherical cap clamped along the circular boundary, and the buckling pressure obtained shows complicated 
trends which cannot be predicted by the conventional theory; in some cases, experimental buckling pressure 
raises beyond its theoretical prediction. This difficulty is settled in the present paper with the aid of the finite 



element calculations by introducing not only geometrical imperfections but also displacements of the clamped 
boundary of the spherical cap. 
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“Buckling behaviors of short cylindrical shells under dynamic loads”, in Transactions of the 9th International 
Conference on Structural Mechanics in Reactor Technology (SMiRT 9), Vol. E: Fast reactor core and coolant 
circuit structures, edited by Folker H. Wittmann, Yao-wen Chang, Michel Livolant, A.A. Balkema, 
Rotterdam/Boston, 1987, ISBN 90-6191-762-X 
INTRODUCTION: The technical assessment studies of pool-type LMFBR have been made for the purpose of 
the costdown and the high reliability of power plants by Central Research Institute of Electric Power Industry 
and nuclear power plant makers (Hitachi, Toshiba and Mitsubishi Ltd.) in Japan. Since earthquakes take place 
frequently in Japan, one of the important subjects is the seismic analysis of the reactor vessels that may be 
subjected to various dynamic loads and may buckle in seismic excitations. It is known that shear type buckling 
modes take place for short cylindrical shells under lateral loads. Although there is much experimental and 
analytical data on the buckling of cylindrical shells under axial compression, not so many studies have been 
done on shear buckling problems which are necessary for the seismic analysis of nuclear reactor vessels, and 
there are many points to be clarified taking into account the various parameters affecting shear buckling. In this 
study the shear type buckling of cylindrical shells is investigated by experiments and nonlinear finite element 
analysis taking various parameters into account. 
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“The effects of geometrical imperfection on buckling strength of cylindrical shells in bending”, SmiRT-12, 
edited by K. Kussmaul, 1993, Elsevier Science Publishers 
ABSTRACT: Buckling tests for nearly perfect cylinders and cylinders with intentional imperfection made by 
press-working technique were carried out subjected to transverse shearing loads. The radius-to-thickness ratios 
were 50-200 and bending-to-shear stress ratios were 1.2-5.0, where both types of buckling in shear and in 
bending might occur. The purposes of these tests were to evaluate the interaction relation between elastic-plastic 
buckling strength in bending and in shear and to clarify the imperfection effect on these two types of buckling. 
From test results, we proposed a weak interaction between buckling in shear and in bending and correction 
factors of buckling loads for larger imperfection in the interim buckling design guide of LMFBR. 
 
 
J. Soric (Faculty of Mechanical Engineering and Naval Architecture, University of Zagreb, Dj. Salaja 5, Zagreb 
41000, Yugoslavia), “Stability analysis of a torispherical shell subjected to internal pressure”, Computers & 
Structures, Vol. 36, No. 1, 1990, pp. 147-156, doi:10.1016/0045-7949(90)90184-4 
ABSTRACT: A geometrically nonlinear stability analysis of a torispherical shell subjected to internal pressure 
was performed, using doubly curved finite elements which provide an exact description of the middle surface. 
The critical pressure and the corresponding buckling mode were calculated. Internal pressurenodal displacement 
curves were obtained for the pre- and postbuckling regions for the computation model. The buckling modes in 
bifurcation points were calculated and the changes of the deflection shape on the postbuckling paths analyzed. 
The effect of geometric imperfections on the critical pressure was studied. Imperfection shapes affine to 
buckling modes in bifurcation points were investigated and critical pressure-imperfection amplitude curves 
obtained. 
 
 



J. Soric, (Faculty of Mechanical Engineering and Naval Architecture, University of Zagreb, Dj. Salaja 5, Zagreb 
41000, Yugoslavia), “Elastic buckling of internally pressurized imperfect torispherical shell”,  Computational 
Mechanics, Vol. 8, No. 3, 1991, pp. 161-171, doi: 10.1007/BF00372686 
ABSTRACT: The elastic stability of an imperfect torispherical shell subjected to internal pressure was analyzed 
numerically using the finite element method. Imperfection patterns affine to the buckling mode in the 
bifurcation points of the perfect structure were studied and internal pressure-nodal displacement curves obtained 
for the pre- and postbuckling regions of the computation model. The effect of the imperfection pattern 
amplitude on the critical pressure and the postbuckling minimum was analyzed. The imperfection sensitivity 
was presented graphically. 
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Structures, Vol. 23, Nos. 1-4, 1995, pp. 57-66, Special Issue: Buckling Strength of Imperfection-sensitive 
Shells, doi:10.1016/0263-8231(95)00004-W 
ASBSTRACT: The imperfection sensitivity of torispherical shells subjected to internal pressure was 
investigated numerically, using the finite element displacement method. Imperfection patterns affine to the first 
buckling mode at the bifurcation points of the perfect structure were considered. Load-normal displacement 
curves were obtained for the pre- and postbuckling regions of the perfect computation model and also for 
imperfect computation models with different imperfection amplitudes. The dependence of the critical pressure 
and the postbuckling minimum on the imperfection amplitudes was presented graphically. Torispherical shells 
subjected to internal pressure failed to demonstrate any significant imperfection sensitivity for the imperfection 
patterns analysed. 
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“Elastic-plastic analysis of internally pressurized torispherical shells”, Thin-Walled Structures, Vol. 22, No. 4, 
1995, pp. 217-239, doi:10.1016/0263-8231(94)00032-U 
ABSTRACT: The constitutive equation for an elastic-plastic material model was derived using the von Mises 
yield criterion and assuming isotropic strain hardening. A layered finite element permitting geometrically linear 
and geometrically nonlinear elastic-plastic analysis of thin shell structures is presented. The effect of linear 
strain hardening on the size of plastic regions and the distribution of internal forces in an internally pressurized 
torispherical shell was analyzed. At sufficiently high pressures a significant difference in the distribution of 
internal forces was observed between elastic, perfectly plastic and strain hardening material. The effect of the 
size of plastic regions on the difference in the magnitude of internal forces obtained by geometrically linear and 
geometrically nonlinear computations of the torispherical shell was studied. An increase in the size of the 
plastic region was found to produce greater differences in the computation of meridional bending moments than 
in the computation of hoop stress resultants. 
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with Boundary Elements, Vol. 31, No. 4, April 2007, pp. 361-372, doi:10.1016/j.enganabound.2006.07.008 
ABSTRACT: In this work a boundary element (BE) formulation for buckling problem of shear deformable 
shallow shells is presented. A set of five boundary integral equations are obtained by coupling two-dimensional 
plane stress elasticity with shear deformable plate bending (Reissner). The domain integrals appearing in the 
formulation (due to the curvature and due to the domain load) are transferred into equivalent boundary integrals. 
The BE formulation is presented as an eigenvalue problem, to provide direct evaluation of critical load factors 
and buckling modes. Several examples are presented. The BE results for a cylindrical shallow shell with 
different curvatures are compared with other numerical solutions and good agreements are obtained. 
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(Volumes 385 - 387), July 2008, pp. 13-16, 
doi: 10.4028/www.scientific.net/KEM.385-387.13 
ABSTRACT: This paper presents applications where the DBEM formulations presented by Dirgantara and 
Aliabadi [3, 4] is combined with the multi region BEM presented recently by Baiz and Aliabadi [2], for the 
analysis of cracked shear deformable plates and shallow shell assemblies. Stress intensity factors are obtained 
using the CTOD technique. Several examples are solved to demonstrate the capabilities of the proposed 
technique. Comparing DBEM with FEM, it was clear that good accuracy and efficiency can be achieved with 
the present multi region DBEM. 
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“Stability analysis of plates”, in Recent Advances in Boundary Element Methods, edited by G.D. Mamalis and 
D. Polyzos, 2009, pp.1-14, doi: 10.1007/978-1-4020-9710-2_1 
ABSTRACT: Boundary element only formulations for the stability analysis of isotropic and anisotropic plates 
are presented. Domain integrals which arise in the formulation are transformed into boundary integrals by the 
radial integration method and the dual reciprocity method. Plate buckling equations are formulated as standard 
eigenvalue problem. The accuracy of the proposed formulations including buckling coefficients and buckling 
modes is assessed by comparison with results from literature. 
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buckling analysis of shear deformable shallow shells by the boundary element method”, International Journal 
for Numerical Methods in Engineering, Vol. 84, 2010, pp. 379–433. doi: 10.1002/nme.2898 
ABSTRACT: This paper presents four boundary element formulations for post buckling analysis of shear 
deformable shallow shells. The main differences between the formulations rely on the way non-linear terms are 
treated and on the number of degrees of freedom in the domain. Boundary integral equations are obtained by 
coupling boundary element formulation of shear deformable plate and two-dimensional plane stress elasticity. 
Four different sets of non-linear integral equations are presented. Some domain integrals are treated directly 
with domain discretization whereas others are dealt indirectly with the dual reciprocity method. Each set of non-
linear boundary integral equations are solved using an incremental approach, where loads and prescribed 
boundary conditions are applied in small but finite increments. The resulting systems of equations are solved 
using a purely incremental technique and the Newton–Raphson technique with the Arc length method. Finally, 
the effect of imperfections (obtained from a linear buckling analysis) on the post-buckling behaviour of axially 
compressed shallow shells is investigated. Results of several benchmark examples are compared with the 
published work and good agreement is obtained. 
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ABSTRACT: This chapter describes recent developments on the buckling and postbuckling analysis of thin 
walled structures by the Boundary Elements Method (BEM). Boundary integral equations are obtained by 
coupling two dimensional plane stress elasticity with boundary element formulation of Reissner plate bending. 
The linear buckling problem is formulated as a standard eigenvalue problem, in order to obtain directly critical 
loads and buckling modes as part of the solution. A multi-region BEM formulation is also introduced for the 
analysis of local buckling in thin walled assemblies. Nonlinear equations for large deflection and postbuckling 
analysis are also investigated. Nonlinear system of equations is solved using an incremental solution strategy, 
where displacements and tractions are applied in small but finite increments. Several examples of flat and 
curved plates (shallow shells) with different dimensions and boundary conditions are analyzed, including plate 
assemblies. Results are compared with other numerical and analytical solutions, and good agreement is 
obtained. 
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composite structures”, Composites, Vol. 26, No. 3, pp 189-199, March 1995 
DOI: 10.1016/0010-4361(95)91382-F 
ABSTRACT: The postbuckling behaviour of a flat, stiffened, carbon fibre composite compression panel has 
been studied, theoretically and experimentally. The panel had a collapse load in excess of three times the 



buckling load. An initial failure mechanism leading to eventual explosive collapse of the panel is identified and 
the damaging stress resultant is measured in the panel and predicted from a finite element analysis. 
 
 
J.Z. Li, Y.H. Liu, Z.Z. Cen and B.Y. Xu (Department of Engineering Mechanics, Tsinghua University, Beijing 
100084, People's Republic of China), “Finite element analysis for buckling of pressure vessels with ellipsoidal 
head”, International Journal of Pressure Vessels and Piping, Vol. 75, No. 2, February 1998, pp. 115-120, 
doi:10.1016/S0308-0161(98)00027-1 
ABSTRACT: In this paper, a finite element analysis is performed for buckling of the pressure vessels with 
ellipsoidal head subjected to uniform pressure. According to the characteristic of deformation of the pressure 
vessel, it is divided into some identical substructures. The degrees of freedom (DOFs) of joint nodes between 
the neighboring substructures are classified as master and slave ones. The stress and strain distributions of the 
whole structure are obtained by solving the static equations for only one substructure by introducing the 
displacement constraints between master and slave DOFs. The complex constraint method has been used to get 
the buckling load and mode for the whole structure by solving the eigenvalue problem for only one substructure 
without introducing any additional approximation. Some numerical examples have been given to illustrate the 
high efficiency and validity of this method. 
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“On the investigation of shell buckling due to random geometrical imperfections implemented using Karhunen–
Loève expansions”, International Journal for Numerical Methods in Engineering, Vol.73, No. 12, 2008, 
pp.1715–1726. doi: 10.1002/nme.2141 
ABSTRACT: For the accurate prediction of the collapse behaviour of thin cylindrical shells, it is accepted that 
geometrical and other imperfections in material properties and loading have to be accounted for in the 
simulation. There are different methods of incorporating imperfections, depending on the availability of 
accurate imperfection data. The current paper uses a spectral decomposition of geometrical uncertainty 
(Karhunen–Loève expansions). To specify the covariance of the required random field, two methods are used. 
First, available experimentally measured imperfection fields are used as input for a principal component 
analysis based on pattern recognition literature, thereby reducing the cost of the eigenanalysis. Second, the 
covariance function is specified analytically and the resulting Friedholm integral equation of the second kind is 
solved using a wavelet-Galerkin approach. Experimentally determined correlation lengths are used as input for 
the analytical covariance functions. The above procedure enables the generation of imperfection fields for 
applications where the geometry is slightly modified from the original measured geometry. For example, 100 
shells are perturbed with the resulting random fields obtained from both methods, and the results in the form of 
temporal normal forces during buckling, as simulated using LS-DYNA, as well as the statistics of a Monte 
Carlo analysis of the 100 shells in each case are presented. Although numerically determined mean values of the 
limit load of the current and another numerical study differ from the experimental results due to the omission of 
imperfections other than geometrical, the coefficients of variation are shown to be in close agreement. 
 
 
K. J. Craig (1) and Nielen Stander (2) 
(1) University of Pretoria, Pretoria, 0002, South Africa 
(2) Livermore Software Technology Corporation, Livermore, CA, 94551, USA 
“Optimization of shell buckling incorporating Karhunen-Loève-based geometrical imperfections”, Structural 
and Multidisciplinary Optimization, Vol. 37, No. 2, 2008, pp. 185-194, doi: 10.1007/s00158-007-0178-3 
ABSTRACT: The optimization of shell buckling is performed considering peak normal force and absorbed 
internal energy in the presence of geometrical imperfections implemented through Karhunen-Loève expansions. 
Initially, the mass of a shell is minimized in the presence of random initial imperfections by allowing cutouts in 
the material, subject to constraints on the average peak force and average internal energy. Then, robustness is 



considered by minimizing the coefficient of variation of the normal peak force while constraining the average 
peak force and average internal energy. LS-OPT is used both to generate an experimental design and to perform 
a Monte Carlo simulation (96 runs) using LS-DYNA at each of the experimental design points. The effect of 
imperfections when minimizing the mass is not large, but when considering robustness, however, the optimal 
design has a substantially increased hole size and increased shell thickness, resulting in a heavier design with 
maximal robustness within the constraints. 
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Bins”, Transactions of the ASABE. 28 (6): 2011-2020, 1985 
ABSTRACT: THE buckling stresses of model grain bins with varying radius to wall thickness (r/t) ratios and 
levels of internal pressure were determined. No available analytical model effectively predicted the observed 
results. A best fit model with lower bounds is presented that relates the buckling stress to the level of lateral 
grain pressure and the r/t ratio of the bin wall. 
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ABSTRACT: In this paper we show the existence of global minimizers for the geometrically non-linear 
equations of elastic plates, in the framework of the general 6-parameter shell theory. A characteristic feature of 
this model for shells is the appearance of two independent kinematic fields: the translation vector field and the 
rotation tensor field (representing in total 6 independent scalar kinematic variables). For isotropic plates, we 
prove the existence theorem by applying the direct methods of the calculus of variations. Then, we generalize 
our existence result to the case of anisotropic plates.  
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Athens, Athens 157 80, Greece), “Optimum Design of Shell Structures with Stiffening Beams”, AIAA 
JOURNAL Vol. 42, No. 1, January 2004 
ABSTRACT: Theoptimumdesignofstiffenedshellstructuresisinvestigatedusingarobustandef� 
cientoptimizationalgorithm where the total weight of the structure is to be minimized subject to behavioral 
constraints imposed by structural design codes. Evolutionary algorithms and more specifically the evolution 
strategies (ES) method specially tailored for this type of problems is implemented for the solution of the 
structural optimization problem. The discretization of the stiffened shell is performed by means of cost-effective 
and reliable shell and beam elements that incorporate the natural mode concept. Three types of design variables 
are considered: sizing, shape, and topology. A benchmark test example is examined where the efficiency and 
robustness of ES over other optimization methods is investigated. Two case studies of stiffened shells are 
subsequently presented, where a parametric study is undertaken to obtain the most efficient design compatible 
with the regulations suggested by design codes such as Eurocode. The important role of the stiffeners and how 
they can be optimally chosen to improve the performance of shell structures in terms of carrying capacity and 
economy is demonstrated. 
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ABSTRACT: Stochastic finite-element analysis of shells is performed using the spectral representation method 
for the description of the random fields in conjunction with the local average method for the formulation of the 
stochastic stiffness matrix of the elements. A stochastic formulation of the nonlinear triangular composites facet 
triangular shell element is implemented for the stability analysis of cylindrical panels with random initial 
imperfections. The imperfections are described as a two-dimensional univariate homogeneous stochastic field. 
The elastic modulus and the shell thickness are also described as two-dimensional uni-variate homogeneous 
stochastic fields. The variability of the limit load of the cylindrical panel is then computed using the Monte 
Carlo simulation. Useful conclusions for the buckling behavior of cylindrical panels with random initial 
imperfections are derived from the numerical tests presented in this paper. These tests also demonstrate the 
applicability of the proposed methodology in realistic problems. 
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“The effect of material and thickness variability on the buckling load of shells with random initial 
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ABSTRACT: The effect of material and thickness imperfections on the buckling load of isotropic shells is 
investigated in this paper. For this purpose, the concept of an initial ‘imperfect’ structure is introduced involving 
not only geometric deviations of the shell structure from its perfect geometry but also a spatial variability of the 



modulus of elasticity as well as the thickness of the shell. The initial geometric imperfections are described as a 
two-dimensional uni-variate (2D-1V) stochastic field with statistical properties that are either based on an 
available data bank of measured initial imperfections or assumed, in cases where no experimental data is 
available. In order to describe the non-homogeneous characteristics of the initial imperfections, the spectral 
representation method is used in conjunction with an autoregressive moving average model with evolutionary 
power spectra based on a statistical analysis of the experimentally measured imperfections. In cases where no 
experimental results is available, the initial imperfections are assumed to be homogeneous and their impact on 
the buckling load is investigated on the basis of ‘worst’-case scenarios with respect to the correlation length 
parameters of the stochastic fields. The elastic modulus and the shell thickness are described as 2D-1V non-
correlated homogeneous stochastic fields, while the stochastic stiffness matrix of the shell elements is 
formulated using the local average method. The Monte Carlo Simulation method is used to calculate the 
variability of the buckling load, while for the determination of the limit load of the shell, a stochastic 
formulation of the elastoplastic and geometrically non-linear TRIC facet triangular shell element is 
implemented. 
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ABSTRACT: The optimum design of isotropic shell structures with random initial geometric, material and 
thickness imperfections is investigated in this paper and a robust and efficient methodology is presented for 
treating such problems. For this purpose, the concept of an initial “imperfect” structure is introduced involving 
not only geometric deviations of the shell structure from its perfect geometry but also a spatial variability of the 
modulus of elasticity as well as of the thickness of the shell. An efficient reliability-based design optimization 
(RBDO) formulation is proposed. The objective function is considered to be the weight of the structure while 
both deterministic and probabilistic constraints are taken into account. The overall probability of failure is taken 
as the global probabilistic constraint for the optimization procedure. Numerical results are presented for a 
cylindrical panel, demonstrating the efficiency as well as the applicability of the proposed methodology in 
obtaining rational optimum designs of imperfect shell-type structures. 
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ABSTRACT: The investigator and his colleagues focus on the efficient numerical computation of global 
solutions of problems of nonlinear elastostatics in a high-performance computational environment. Particular 
attention is paid to the global post-critical behavior of symmetric imperfection-free elastic shell structures --- 
the analysis of which has great significance in understanding the large deformation response and ultimate 
collapse scenario of realistic engineering structures. A major theme of the work is to exploit the natural 
parallelism, via group theoretic techniques, in an important class of engineering problems characterized by 
underlying symmetries. They also investigate the use of automatic differentiation software in the context of 
those problems. Finally, they study the effectiveness of symmetry-motivated preconditioners, within the context 
of Krylov iterative subspace methods, for a class of  “almost-symmetric” problems in structural mechanics. Due 
to their high strength-to-weight ratios, thin shell structures have been used extensively in aerospace, civil, 
mechanical and nuclear engineering applications, e.g., dome roofs, aerospace vehicles, pressure vessels, 
containment vessels, etc. Yet the ability of engineers to predict the ultimate failure of such systems has 
heretofore been more of an art than a science (relying heavily upon costly experimental verification -- see 
"Computerized Buckling Analysis of Shells", by D. Bushnell, Martinus Nijhoff 1985). The investigators 
combine new mathematical ideas of symmetry and nonlinear analysis with high-performance computing 
methodology to analyze such systems efficiently and systematically. A long-term goal is to provide engineers 
with useful tools for the sytematic analysis (and ultimately better design) for this important class of structures. 
Funding for the project is provided by the Computational Mathematics program and the Office of 
Multidisciplinary Activities in MPS and by the New Technologies program in CISE. 
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optimization: an application to the bucking of imperfect shells”, http://www.maritime-
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ABSTRACT: Discrepancies observed in experimental buckling loads of thin shells are often due to the 
random nature of initial shape imperfections, material properties and non-perfect boundary conditions. 
The work presented in this paper aims at finding the optimal dimensions of a single bay of a ring-
stiffened cylinder representative of a submarine pressure hull under external hydrostatic pressure. It 



accounts for uncertainties of material properties and amplitudes of imperfections, supposed distributed 
over the two most critical buckling modes in a first simplified approach (overall and interframe 
buckling modes). The Reliability-Based Design Optimization problem considered here consists in 
finding an optimal deterministic design minimizing the weight of the structure while meeting a 
prescribed safety level. The present work hinges on closed-form / semi-numerical solutions for the 
buckling problems in a first approach. FORM reliability results based on a 3D shell finite element 
model are presented in a second part, in an effort to base such a design optimization on a more accurate 
mechanical model and to provide a sound basis for the optimal design of structures prone to buckling.  
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ABSTRACT: In the present paper, the effect of random non-uniform axial loading on the buckling behaviour of 
isotropic thin-walled imperfect cylindrical shells is investigated. Random initial (out-of-plane) geometric 
imperfections, thickness and material property variability, together with a non-uniform stochastic axial loading 
are incorporated into a cost-effective non-linear stochastic finite element analysis using the non-linear TRIC 
shell element. For this purpose, the concept of an initial ‘imperfect’ structure is introduced involving not only 
deviations of the shell structure from its perfect geometry but also a spatial variability of the modulus of 
elasticity as well as of the thickness of the shell. The initial imperfections as well as the axial loading are 
modeled as stochastic fields with statistical properties that are either based on an available data bank of 
measured initial imperfections or assumed, in cases where no experimental data is available. Based on these 
simulation features, a simple and realistic approach is proposed for the estimation of the variability (scatter) of 
the limit loads by means of a brute-force Monte Carlo Simulation procedure. In addition, ‘worst case’ buckling 
scenarios are identified by means of a sensitivity analysis with respect to assumed parameters used for the 
description of stochastic fields that are not supported by corresponding experimental measurements. In addition 



it is shown that in the context of such sensitivity analysis, modeling of the non-uniformity of the axial loading 
is, from a computational point of view, fully equivalent to modeling the geometric boundary imperfections. The 
numerical tests performed demonstrate the significant role that the random varying axial loading plays on the 
buckling behaviour of imperfection sensitive structures like the axially compressed thin-walled cylinder 
considered in this study. 
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Computational Mechanics, Vol. 43, No. 5,  2009, pp. 687-700, doi: 10.1007/s00466-008-0338-3 
ABSTRACT: A computationally efficient method is presented for the buckling analysis of shells with random 
imperfections, based on a linearized buckling approximation of the limit load of the shell. A Stochastic Finite 
Element Method approach is used for the analysis of the “imperfect” shell structure involving random 
geometric deviations from its perfect geometry, as well as spatial variability of the modulus of elasticity and 
thickness of the shell, modeled as random fields. A corresponding eigenproblem for the prediction of the 
buckling load is solved at each MCS using a Rayleigh quotient-based formulation of the Preconditioned 
Conjugate Gradient method. It is shown that the use of the proposed method reduces drastically the 
computational effort involved in each MCS, making the implementation of such stochastic analyses in real-
world structures affordable. 
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ABSTRACT: In this paper, the effect of material and thickness spatial variation on the buckling load of 
isotropic shells with random initial geometric imperfections is investigated. To this purpose, a random spatial 
variability of the elastic modulus as well as of the thickness of the shell is introduced in addition to the random 
initial geometric deviations of the shell structure from its perfect geometry. The main novelty of this paper 
compared to previous works is that a non-Gaussian assumption is made for the distribution of the two 
aforementioned uncertain parameters i.e. the modulus of elasticity and the shell thickness which are described 
by two-dimensional univariate (2D-1V) homogeneous non-Gaussian stochastic fields. The initial geometric 
imperfections are described as a 2D-1V Gaussian non-homogeneous stochastic field with properties derived 
from corresponding experimental measurements. Numerical examples are presented focusing on the influence 
of the non-Gaussian assumption on the variability of the buckling load, which is calculated by means of the 
Monte Carlo Simulation method. It is shown that the choice of the marginal probability distribution for the 
description of the material and thickness variability is crucial since it affects significantly the statistics of the 
buckling load of imperfection sensitive shell-type structures.  
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ABSTRACT: A shape optimization of stiffener was conducted to increase buckling load or failure load with 
stiffened laminated composite panel of I-type under compression loading. Design variables are cap length, web 
length, and/or thickness under the constraint of volume constancy. The objective function is buckling load and 
failure load of post-buckling based on Tsai-Hill theory using ABAQUS 5.8 for analysis and Optimizer on 
Broydon-Fletcher Goldfarb-Sharno Method and Augmented Lagrange Multiplier Method. The effects of 
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investigated with the results of optimum design. 
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ABSTRACT: Buckling loads of thin-walled I-section beam-columns exhibit a wide stochastic scattering due to 
the uncertainty of imperfections. The present paper proposes a finite element based methodology for the 
stochastic buckling simulation of I-sections, which uses random fields to accurately describe the fluctuating size 
and spatial correlation of imperfections. The stochastic buckling behaviour is evaluated by crude Monte-Carlo 
simulation, based on a large number of I-section samples, which are generated by spectral representation and 
subsequently analyzed by non-linear shell finite elements. The application to an example I-section beam-
column demonstrates that the simulated buckling response is in good agreement with experiments and follows 
key concepts of imperfection triggered buckling. The derivation of the buckling load variability and the 
stochastic interaction curve for combined compression and major axis bending as well as stochastic sensitivity 
studies for thickness and geometric imperfections illustrate potential benefits of the proposed methodology in 
buckling related research and applications. 
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ABSTRACT: An asymptotic spectral stochastic approach is presented for computing the statistics of the 
equilibrium path in the post-bifurcation regime for structural systems with random material properties. The 
approach combines numerical implementation of Koiter’s asymptotic theory with a stochastic Galerkin scheme 
and collocation in stochastic space to quantify uncertainties in the parametric representation of the load–
displacement relationship, specifically in the form of uncertain post-buckling slope, post-buckling curvature, 



and a family of stochastic displacement fields. Using the proposed method, post-buckling response statistics for 
two plane frames are obtained and shown to be in close agreement with those obtained from Monte Carlo 
simulation, provided a fine enough spectral representation is used to model the variability in the random 
dimension. 
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ABSTRACT: The present paper addresses the problem of the response variability of structures, which 
experience bifurcation buckling. The buckling strength of such structures may be very sensitive to the small 
structural imperfections, which are practically inevitable in all real structures. A new general method is 
presented, which is particularly suitable for the treatment of the stochastic nature of the structural imperfections. 
The new method is exemplified with two well known buckling problems. The first problem is the buckling of a 
column on a linear elastic foundation. The shape imperfections of the column are treated as a weakly stationary 
random process with a pre-specified auto-correlation function. The second problem is the buckling of a thin 
cylindrical shell under axial compression. The shape imperfections of the shell are treated as a broad-band 
random Gaussian process with an arbitrarily specified power spectral density function. In both cases, 
representative numerical results are presented for the purpose of improving our understanding of the response 
variability of these structures. 
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ABSTRACT: In this paper, the effect of random initial geometric, material and thickness imperfections on the 
buckling load of isotropic cylindrical shells is investigated. To this purpose, a stochastic spatial variability of the 
elastic modulus as well as of the thickness of the shell is introduced in addition to the random initial geometric 
deviations of the shell structure from its perfect geometry. The modulus of elasticity and the shell thickness are 
described by two-dimensional univariate (2D-1V) homogeneous non-Gaussian translation stochastic fields. The 
initial geometric imperfections are described as a 2D-1V homogeneous Gaussian stochastic field. A numerical 
example is presented examining the influence of the non-Gaussian assumption on the variability of the buckling 
load. In addition, useful conclusions are derived concerning the effect of the various marginal probability 
density functions as well as of the spectral densities of the involved stochastic fields on the buckling behaviour 
of shells, as a result of a detailed sensitivity analysis. 
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OBJECTIVES: 1. To determine the worst imperfection shape for axially loaded cylinders, and 2. To develp an 
equivalent deterministic imperfection that brings the finite elemet solution into acceptable agreement with the 
lower bound of test results and can be used in the numerical analysis and design of cylindrical shells. 
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ABSTRACT: A simple general method for the evaluation of the effect of shape imperfections on the buckling 
strength of thin shells is briefly presented. This method is applied to the axially compressed thin cylindrical 
shell resulting in an efficient numerical procedure for the computation of its buckling strength. The procedure is 
applicable to any sufficiently smooth imperfection pattern and has given results in good agreement with the 
available experimental data. 
 
 



G. V. Palassopoulos (Dept. of Appl. Mech., Military Academy of Greece, 41 Blessa St., Papagos, Athens 
15669, Greece), “Response Variability of Structures Subjected to Bifurcation Buckling”, ASCE Journal of 
Engineering Mechanics, Vol. 118, No. 6, June 1992, pp. 1164-1183,  
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ABSTRACT: It is well known that the response of structures subjected to bifurcation buckling may be affected 
radically, both quantitatively and qualitatively, by small structural imperfections. A new analytical method is 
presented for the determination of the buckling strength of such structures. The method results in the numerical 
solution of an ordinary matrix eigenvalue problem in a simple closed-form formula that is particularly suitable 
for the study of the response variability of these structures. The method is exemplified with the investigation of 
the well-known problem of the buckling of the axially compressed thin cylindrical shell. The structural 
imperfections of the shell are treated as a broadband random Gaussian process with an arbitrarily specified 
power spectral density function. Numerical results are obtained that demonstrate the inadequacy of Koiter’s 
analysis for such problems, the simplicity and efficiency of the present method, and the significant effect of the 
power spectral density function of the imperfection pattern on the variability of the buckling strength of the 
shell. 
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Published by World Scientific Publishing Co., Singapore 
ABSTRACT: The present chapter addresses a sixty-year-old problem, namely the buckling analysis and design 
of imperfection-sensitive structures. The problem has been the focus of increased research interest recently 
because such structures are particularly common in advanced engineering applications. The chapter starts with 
an introductory-level overview of the problem and concentrates on the presentation of a new method which is 
particularly suitable and efficient for the problem. The new method has become feasible by modern advances in 
computer-aided algebra and calculus and has been tentatively named Critical Imperfection Magnitude Method 
or CIM Method, in short. It is based on three well-established pillars, namely the classical stability theory of 
structures, the perturbation methods of applied mathematics, and the reliability methods for the design of 
structures. As compared to previous methods in the field, the new method is much more general in scope, 
conceptually much simpler, and numerically much more efficient. A major result of the method is the clear 
identification of the significant imperfection sources and components from the very large number of possible 
sources and components. Furthermore, the new method can be easily combined with the finite element method 
in order to provide the design engineer with a readily available means for the rational design of imperfection-
sensitive structures in buckling. 
 
 
Kasim A. Korkmaz, Fuat Demir, and Hamide Tekeli (Civil Engineering Department, Suleyman Demirel 
University, Isparta, 32260, Turkey), “Uncertainty modeling of critical column buckling for reinforced concrete 
buildings”, Sadhana, Vol. 36, No. 2, pp 267-280, April 2011 
ABSTRACT: Buckling is a critical issue for structural stability in structural design. In most of the buckling 
analyses, applied loads, structural and material properties are considered certain. However, in reality, these 
parameters are uncertain. Therefore, a prognostic solution is necessary and uncertainties have to be considered. 
Fuzzy logic algorithms can be a solution to generate more dependable results. This study investigates the 
material uncertainties on column design and proposes an uncertainty model for critical column buckling 
reinforced concrete buildings. Fuzzy logic algorithm was employed in the study. Lower and upper bounds of 
elastic modulus representing material properties were defined to take uncertainties into account. The results 
show that uncertainties play an important role in stability analyses and should be considered in the design. The 
proposed approach is applicable to both future numerical and experimental researches. According to the study 
results, it is seen that, calculated buckling load values are stayed in lower and upper bounds while the load 
values are different for same concrete strength values by using different code formula. 
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“Stochastic imperfection modelling in shell buckling studies”, Thin-Walled Structures, Vol. 23, Nos. 1-4, 1995, 
pp. 179-200, Special Issue: Buckling Strength of Imperfection-sensitive Shells 
doi:10.1016/0263-8231(95)00011-2 
ABSTRACT: One possible avenue that may improve design against buckling is to recognise and account for the 
random nature of initial geometric imperfections introduced by manufacturing. This paper presents the 
application of a probabilistic methodology to the design and analysis of cylindrical shells under axial 
compression. Results from two cases are presented and compared: the first involves stringer-stiffened steel 
cylinders failing elastoplastically, whereas the second examines unstiffened composite cylinders buckling 
elastically. In both cases, the method is underpinned by statistical analysis of imperfections measured on 
nominally identical specimens. Nonlinear FE analysis is used for strength assessment and the results of the 
statistical analysis are introduced in the imperfection modelling. It is demonstrated that the method has 
advantages over code design based on ‘lower bound’ curves, in terms of the calculated buckling loads but also 
in offering a systematic and rational way by which randomness in imperfections can be assessed. 
 
 
Esong, I. E., Elghazouli, A. Y. and Chryssanthopoulos, M. K. (Department of Civil Engineering, Imperial 
College of Science, Technology and Medicine, London SW7 2BU, UK), “Measurement techniques for buckling 
sensitive composite shells”, Strain, Vol. 34, 1998, pp. 11–17, doi: 10.1111/j.1475-1305.1998.tb01070.x 
ABSTRACT: This paper describes a measurement system that was developed for an experimental study on 
buckling of glass reinforced composite cylinders. An automated non-contact laser device operating inside the 
test specimen provided a three dimensional scanning system for measuring the deformation of the shell wall. 
The measurement system was used to obtain the initial geometric imperfections, as well as the deformation 
under varying control axial displacement. All loading and data acquisition operations were carried out using 
advanced computer controlled techniques. Due to the large number of measurements undertaken in each test, 
data collection was followed by processing and reduction techniques, thus delivering the data in a form suitable 
for finite element analysis and comparative studies. Typical results are presented in order to demonstrate the 
reliability, accuracy and versatility of the system. 
 
 
A.Y. Elghazouli, M.K. Chryssanthopoulos, A. Spagnoli (Department of Civil Engineering, Imperial College of 
Science, Technology and Medicine, London SW7 2BU, UK), “Experimental response of glass-reinforced 
plastic cylinders under axial compression”, Marine Structures 11 (1998) 347—371, doi: S0951—
8339(98)00017—3 
ABSTRACT: This paper presents the results of buckling tests on laminated composite cylinders made from 
glass fibre reinforced plastic (GFRP). The laminates used are of type ‘DF1400’ consisting of woven glass fibre 
roving within a polyester resin matrix. In total, six cylinders constructed from two-ply laminates, in which the 
main variable is the laminate orientation, were tested under axial compression. The specimen details, 
experimental set-up and loading arrangements are described, and a detailed account of the test results is given. 
The results include thickness and imperfection mapping, and displacement, load and strain measurements. Use 
was made of an automated laser scanning system, which was developed for measuring the initial geometric 



imperfections as well as buckling deformations during various stages of loading. The results of this 
experimental study demonstrate the influence of laminate orientation on the buckling strength of composite 
cylinders, and provide detailed information necessary for analytical and design investigations. 
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A. Y. Elghazouli, M. K. Chryssanthopoulos and I. E. Esong (Department of Civil Engineering, Imperial College 
of Science, Technology and Medicine, London SW7 2BU, UK), “Buckling of woven GFRP cylinders under 
concentric and eccentric compression”, Composite Structures, Vol. 45, No. 1, May 1999, pp. 13-27, 
doi:10.1016/S0263-8223(99)00008-2 
ABSTRACT: The experimental behaviour of laminated glass fibre-reinforced plastic (GFRP) cylinders under 
compression and bending is examined in this paper. The laminates are of type ‘Rovimat 1200' consisting of 
woven glass fibre roving, with a chopped mat on one side, within a polyester resin matrix. Two and three-ply 
cylinders with various orthogonal orientations were considered, for which the nominal radius-to-thickness ratio 
was about 108 and 72, respectively. Use was made of an automated laser scanning system for measuring 
geometric imperfections and progressive buckling deformations of the models. Following a description of the 
specimen and loading details, the results of experiments on ten models are presented. The results include 
thickness and imperfection mapping, displacement and load measurements as well as important observations 
regarding the failure mode and overall behaviour of each model. The findings highlight the effects of laminate 
construction and loading eccentricity on the buckling strength of cylinders within the range examined. Both 
elastic buckling and material-dominated failure modes were observed, depending on the slenderness and load 
type considered. The tests also provide detailed experimental data, which are necessary for further analytical 
and design studies. 
 
 
M. K. Chryssanthopoulos, A. Y. Elghazouli and I. E. Esong (Department of Civil and Environmental 
Engineering, Imperial College of Science, Technology and Medicine, London SW7 2BU, UK), “Validation of 
FE models for buckling analysis of woven GFRP shells”, Composite Structures, Vol. 49, No. 4, August 2000, 
pp. 355-367, doi:10.1016/S0263-8223(00)00067-2 
ABSTRACT: This paper gives the details of a numerical finite element validation study for laminated GFRP 
cylinders subjected to concentric and eccentric compression. The laminates are of type ‘Rovimat 1200’ 



consisting of woven glass fibre roving, with a chopped mat on one side, within a polyester resin matrix. Two 
and three-ply cylinders with various orthogonal orientations are considered, for which the nominal radius-to-
thickness ratio is about 108 and 72, respectively. The numerical results are compared to findings from a 
previous experimental investigation in which detailed measurements were obtained. Following a brief 
description of the experimental work, details of the development of suitable finite element models are presented 
and associated limitations are highlighted. Careful attention is given to thickness idealisation as well as the 
introduction of geometric imperfections into the numerical models. Both linear eigenvalue analysis and 
geometrically nonlinear simulations are undertaken using a general purpose finite element program. The 
correlation between numerical and experimental results is discussed in terms of buckling strength, axial 
stiffness, buckling deformations and surface strains. The analysis is shown to give a good representation of the 
buckling behaviour of GFRP cylinders of the type examined. It is also concluded that whereas the cylinders 
appear to be less sensitive to the effects of initial geometric imperfections than their isotropic counterparts, 
including such imperfections in a geometrically nonlinear analysis does improve the comparison between tests 
and finite element results, and is considered essential for the derivation of numerical ‘knockdown’ factors. 
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“Numerical simulation of glass-reinforced plastic cylinders under axial compression”, Marine Structures, Vol. 
14, No. 3, May 2001, pp. 353-374, doi:10.1016/S0951-8339(00)00008-3 
ABSTRACT: The results of a numerical simulation study for the buckling behaviour of laminated composite 
cylinders are presented in this paper. The laminates are made from glass-reinforced plastic (GFRP) of type ‘DF 
1400’ consisting of woven glass fibre roving within a polyester resin matrix. Two-ply cylinders with various 
laminate orientations, subjected to axial compression, are considered. The numerical simulations are compared 
to the results of a previous experimental investigation which is briefly described. The finite element model, used 
to carry out the numerical simulations, is presented and associated limitations are discussed. Linear eigenvalue 
analysis as well as geometrically non-linear simulations are undertaken using a general purpose finite element 
program. Detailed measurements of thickness variations and geometric imperfections, carried out within the 
experimental study, are directly introduced in the analysis. Several thickness representations are considered and 
their influence on the results is assessed. The correlation between numerical and experimental results is also 
discussed in terms of buckling strength, axial stiffness, buckling modes and surface strains. In addition to 
demonstrating the influence of various modelling idealisations on the results, this numerical study highlights the 
effect of the specific material and laminate construction detail on the buckling behaviour of composite 
cylinders. 
 
 
M.K. Chryssanthopoulus (School of Engineering, University of Surrey, UK), “Characterisation and assessment 
of manufacturing distortions in buckling-sensitive composite cylinders”, Chapter 6.7 in Advanced polymer 
composites for structural applications in construction, edited by R. A. Shenoi, S.S.J. Moy and L.C. Hollaway, 
ACIC 2002, Thomas Telford Publishing, London 
PARTIAL INTRODUCTION: Glass fibre-reinforced plastic (GFRP) shells could be an attractive structural 
form for a number of applications in construction due to their good strength-to-weight ratio, inherent corrosion 
resistance, and relatively low cost compared to other composite systems. However, their efficient use is 
restricted by the limited availability of design criteria and by fairly scant test data on which any such criteria can 
be validated…. 
 
B.N. Cox, M.S. Dadkhah, W.L. Morris and J.G. Flintoff (Rockwell International Science Center, 1049 Camino 
Dos Rios, Thousand Oaks, CA 91360, U.S.A), “Failure mechanisms of 3D woven composites in tension, 
compression, and bending”, Acta Metallurgica et Materialia, Vol. 42, No. 12, December 1994, pp. 3967-3984, 
doi:10.1016/0956-7151(94)90174-0 
ABSTRACT: Observations of failure mechanisms in monotonic loading are reported for graphite/epoxy 



composites containing three-dimensional (3D) interlock weave reinforcement. The key phenomena are 
delamination and kink band formation in compression, tow rupture and pullout in tension, and combinations of 
these in bending. The materials exhibit great potential for damage tolerance and notch insensitivity. This is 
partly due to the presence of geometrical flaws that are broadly distributed in strength and space; and partly to 
the coarseness of the reinforcing tows, which leads to extensive debonding and reduced stress intensification 
around sites of failure. Rules of mixture corrected for the effects of tow irregularity suffice to estimate elastic 
moduli. Rough estimates of the stress at which the first failure events occur in compression or tension can be 
made from existing micromechanical models. Ultimate tensile failure might be modeled by regarding failed 
tows that are being pulled out of the composite as a cohesive zone. The characteristic length estimated for this 
zone, which is a direct measure of damage tolerance and notch insensitivity, has very large values of order of 
magnitude 0.1–0.5 m. 
 
 
V. Carvelli, N. Panzeri and C. Poggi (Department of Structural Engineering, Polytechnic of Milan, Piazza 
Leonardo Da Vinci 32, 20133 Milan, Italy), “Buckling strength of GFRP under-water vehicles”, Composites 
Part B: Engineering, Vol. 32, No. 2, 2001, pp. 89-101, doi:10.1016/S1359-8368(00)00063-9 
ABSTRACT: The paper is concerned with the structural response of a composite shell structure intended as a 
model of an under-water vehicle for service in sea environment. The main objective of the research is the 
prediction of the collapse pressure using both analytical expressions and linear or non-linear numerical analysis 
and the following comparison with the experimental pressure obtained in off-shore tests. The structure is 
composed of three basic parts with regular geometry: a cylindrical part (with the following geometrical 
properties: R/t=30.5, L/R=2 being the internal radius 305 mm, the length 610 mm and the thickness 10 mm) and 
two conical and spherical end-closures with the same thickness. The cylindrical shell was made up of 7 plies of 
E-glass woven roving with polyester resin. Various structural analyses were conducted before performing the 
experiment in the sea to verify the reliability of the analytical and numerical tools. Firstly the entire model was 
analysed to predict the nature of the collapse (material failure or elastic buckling) and it was stated that the 
collapse was due to elastic buckling of the cylindrical part. Consequently, the attention was focused on this 
component and approximation formulae for the evaluation of the linear buckling pressure of isotropic and 
composite cylindrical shells were used together with finite element models. Afterward the study was enlarged to 
consider the effects of the recorded geometric imperfections into a non-linear buckling analysis. The collapse 
pressures were compared to the design values derived from the available recommendations and to the 
experimental result obtained in an off-shore test (1.3 MPa). 
 
 
J. Tani (Institute of High Speed Mechanics, Tohoku University, Sendai, Japan), “Influence of axisymmetric 
initial deflections on the thermal buckling of truncated conical shells”, Nuclear Engineering and Design, Vol. 
48, Nos.2-3, August 1978, pp 393-403, doi:10.1016/0029-5493(78)90086-9 
ABSTRACT: The thermal buckling of uniformly heated, clamped, truncated conical shells with axisymmetric 
initial deflections is theoretically studied. The axisymmetric initial deflections are represented by a cosine 
function. The Donnell-type basic equations governing the finite deformation of conical shells are solved by 
means of a finite difference procedure. It is found that the effect of axisymmetric initial deflections on the 
thermal buckling of truncated conical shells is quite significant for the axially constrained case, but negligible 
for the axially free one except very shallow cones. The thermal buckling of a clamped annular plate with the 
axisymmetric initial deflection is also examined. 
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U.S.A.), “Dimensional Analysis of Buckling of Stiffened Composite Shells”, ASCE Journal of Engineering 
Mechanics, Vol. 118, No. 3, pp. 557-574, March 1992, DOI: 10.1061/(ASCE)0733-9399(1992)118:3(557) 
ABSTRACT: Dimensional analysis is applied to a simple model of stiffened laminated cylindrical shells to 
determine the dimensionless parameters that characterize the buckling of these structures. Donnell shell theory 
is used to describe the kinematic deformation of the shells. The axial and ring stiffeners are modeled using the 
smeared technique. A nondimensional load is defined as a function of nine nondimensional parameters, which 



are a combination of the material and geometric properties of the shell. Additional assumptions regarding the 
construction of the shell walls can be used to reduce the number of nondimensional parameters. Some simply 
supported shells subjected to hydrostatic pressure are examined to demonstrate the use of the dimensionless 
parameters. Estimates of the imperfection sensitivity of these shells are made using Koiter's asymptotic theory. 
The dimensional analysis provides a framework for the systematic investigation of the relationship between 
material, geometry and the buckling loads of stiffened composite shells. The results of this analysis are intended 
to provide information that can be used in the preliminary stages of a shell design. 
 
 
B. Moradi and I.D. Parsons (Department of Civil Engineering, University of Illinois, Urbana, IL 61801, 
U.S.A.), “A comparison of techniques for computing the buckling loads of stiffened shells”, Computers & 
Structures, Vol. 46, No. 3, February 1993, pp. 505-514, doi:10.1016/0045-7949(93)90220-8 
ABSTRACT: Three different methods are employed to estimate the buckling loads of several ring stiffened and 
orthotropic cylindrical shells using finite elements. The methods used are a nonlinear bifurcation analysis and 
two linearized buckling analyses, one that ignores the initial displacement stiffness matrix, and one that includes 
it. Large differences are observed between the predictions made by the two linearized buckling analyses for a 
range of shell geometries. Detailed studies of a shell with six stiffeners demonstrate that these differences are 
caused by different versions of the linearized eigenvalue problem, rather than by the use of different numerical 
formulations…. 
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“First ply failure analysis of stiffened panels – a finite element approach”, Composite Structures, Vol. 51, No. 1, 
January 2001, pp. 73-81, doi:10.1016/S0263-8223(00)00126-4 
ABSTRACT: A first-ply failure analysis method has been developed for predicting the failure load on the 
laminated composite stiffened panels under various loading conditions. The present finite element formulation 
is generalised to analyse both laminated bare/stiffened plate and shell panels elegantly. Eight noded 
isoparametric quadratic elements for shell and three noded curved beam elements for the stiffener are used for 
the analysis of stiffened panel. The stiffness matrix of the stiffener is computed independently and then 
transferred to that of the shell. The formulation eliminates the restriction on the location and orientation of the 
stiffener within the shell element. Several prominent failure theories have been considered in the present work 
for the prediction of failure load. The results obtained by the present formulation have been compared with 
those available in literature and some parametric study has also been performed on the basis of variety in shell 
geometry. 
 
 
B. G. Prusty and S. K. Satsangi, “Finite element buckling analysis of laminated composite stiffened shells”, 
International Journal of Crashworthiness, Vol. 6, No. 4, 2001, pp. 471 – 484, 
doi: 10.1533/cras.2001.0191 
ABSTRACT: The paper presents finite element buckling analysis of laminated stiffened plates and stiffened 
cylindrical shells using modified approach of shell and stiffener modelling. An eight noded isoparametric 
quadratic element for the shell and a three noded curved stiffener element for the stiffeners on the concept of 
equal displacements at the shell-stiffener junction is used in the analysis. In the present formulation, stiffener 
can be placed anywhere within the shell element and obviates the constraints of aligning the mesh lines along 
the stiffeners. The buckling analysis of stiffened and unstiffened laminated structures subjected to various 
loading cases has been studied and the results are compared with the published ones. 
 
 
B. Gangadhara Prusty and S. K. Satsangi (Department of Ocean Engineering and Naval Architecture, Indian 
Institute of Technology, Kharagpur 721302, West Bengal, India), “Analysis of stiffened shell for ships and 



ocean structures by finite element method”, Ocean Engineering, Vol. 28, No. 6, 1 June 2001, pp. 621-638, 
doi:10.1016/S0029-8018(00)00021-4 
ABSTRACT: Static analysis of stiffened shells has been carried out using an eight-noded isoparametric element 
for the shell and a three-noded curved beam element for the stiffener. A same displacement function is used for 
the shell and the stiffener elements. A modified technique has been followed to analyse the shell, which is an 
improvement over the degenerated shell concept. The stiffness matrix of the curved beam element is generated 
irrespective of its position and orientation within the shell element. The stiffness matrix of the stiffener is then 
transferred to all the nodes of the shell element. Numerical examples of stiffened shells with concentric and 
eccentric stiffeners have been analysed and the results presented together with those available in published 
literature. 
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“A new approach for the large deflection finite element analysis of isotropic and composite plates with arbitrary 
orientated stiffeners”, Finite Elements in Analysis and Design, Vol. 43, No. 13, September 2007, pp. 989-1002, 
doi:10.1016/j.finel.2007.06.007 
ABSTRACT: A new approach for the large deflection analysis of isotropic and composite arbitrary orientated 
stiffened plates is presented. Non-linear equilibrium equations are derived using the principle of virtual work 
applied to a continuum with a total Lagrangian description of motion. Eight node isoparametric plate elements 
are combined with three node beam elements, using the concept of equal displacements at the plate–stiffener 
interface, to represent the stiffened plate. The stiffness of the beam element is computed first irrespective of its 
position within the plate element and then transferred to the plate nodes depending on its orientation and 
position within the plate element. The Newton–Raphson incremental-iterative solution technique is used to 
obtain the non-linear response path. Results obtained by the present approach are compared with those available 
in the open literature to demonstrate the validity and efficiency of the proposed approach and good agreement is 
found in all the investigated cases. 
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ABSTRACT: A finite element method for the buckling loads on a longitudinally square stiffened plate with 
square cutouts is investigated under various combinations of biaxial loading at the plate boundary. The forces 
are assumed to act in the plane of the undeformed middle surface of the plate. The characteristic equations for 
the natural frequencies, buckling loads and their corresponding mode shapes are obtained from the equation of 
motion. The buckling load parameter for various modes of the stiffened plate with square cutouts subjected to 
in-plane biaxial loads, has been determined for various edge conditions. Numerical results are presented for a 
range of hole to plate size from 0 to 0.8. In the structural modeling, the plate and the stiffeners are treated as 
separate elements where the compatibility between these two types of elements is maintained. The present 
approach is more flexible than any other finite element modeling in that the mesh division is independent of the 
location of the stiffeners.  
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UNSW, Sydney, NSW 2052, Australia), “Free vibration and buckling response of hat-stiffened composite 
panels under general loading”, International Journal of Mechanical Sciences, Vol. 50, No. 8, August 2008, 
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ABSTRACT: The paper presents finite element free vibration and buckling analysis of laminated hat-stiffened 
shallow and deep shells using arbitrarily oriented stiffener formulation. Modified approach for modelling the 
curved stiffener is implemented using necessary transformations. A simplified stiffener formulation is presented 
to accommodate various shapes of stiffener shapes in developing the rigidity matrix for the finite element 
formulation. Investigation has been carried out on free vibration and buckling analyses of laminated composite 
stiffened shell structures with laminated open section (rectangular or ‘T’ shaped) and closed section (‘hat’ 
shaped) stiffeners. Parametric study on the hat-stiffened panels for the free vibration and buckling analyses 
confirms that the closed section stiffener being torsionally rigid is found to show better performance over open 
section stiffeners. 
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ABSTRACT: Fracture mechanics-based predictive methodologies are commonly employed to estimate onset of 
interlaminar damage growth in composite structures. Full implementation of interlaminar fracture mechanics in 
design requires the continuing development of codes to calculate energy release rates and advancements in 
delamination growth criteria under mixed mode conditions. In this research, an analytical crack tip element 
(CTE) methodology was evaluated and applied to predict skin-to-stiffener separation, which is a typical failure 
mode in aerospace structures. The methodology was correlated against empirical data obtained from structural 
testing of a single blade stiffened panel with an embedded artificial debond. Failure initiation occurred at the 



location predicted by the CTE and the predicted load for initiation agreed with the average of a set of 
experimental results. 
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ABSTRACT: Significance of using higher-order shear deformation theory (HSDT) over the first-order shear 
deformation theory (FSDT) for analyzing laminated composite stiffened plates is brought out using the finite 
element method (FEM). For this purpose, a C0 HSDT, is extended for application to stiffened configurations, 
for linearly elastic static and natural vibration analysis. The spatial displacement fields of both the plate and the 
stiffener are derived as functions of reference plane variables using Taylor series expansion. The developed 
computational tool is employed for analyzing systems having varying configurations using the FSDT and two 
different HSDTs, and their comparative effects are systematically studied, demonstrating the need for using 
HSDT instead of FSDT, for obtaining accurate structural response of such stiffened configurations. 
 
 
P.M.M. Vila Real (1), P.A.G. Piloto (2) and J.-M. Franssen (3) 
(1) Department of Civil Engineering, University of Aveiro, 3810 Aveiro, Portugal� 
(2) Department of Mechanical Engineering, Polytechnic of Braganca, Braganca, Portugal  
(3) Department Civil Engineering, University of Liege, Liege, Belgium  
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ABSTRACT: The behaviour of Steel I-Beams exhibiting lateral-torsional buckling at elevated temperature has 
been studied by means of experimental and numerical analysis. The authors in an earlier paper have presented 
an analytical formula for the buckling resistance moment in the fire design situation. This new proposal, 
different from the actual proposal of the Eurocode 3 Part 1.2 has been validated in this work by comparison 
with the results from a set of 120 experimental and numerical tests performed on IPE 100 beams, submitted to 
temperatures varying from room temperature to 600 °C. The numerical simulations have been based on the 
measured geometrical dimensions of the cross-sections, the longitudinal imperfections, i. e. the out of 
straightness of the beams, the residual stresses and the yield strength. The Eurocode simple model promotes 
ultimate loads that depend mainly on the non-dimensional slenderness of the beams. The analytical results 
provided by the Eurocode 3, for a certain range of the slenderness, appear to be unsafe when compared with the 
numerical and experimental results. It is shown that the new proposal is safer than the Eurocode 3 formulas.� 
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ABSTRACT: The possibility of having, in parts 1-1 and 1-2 of Eurocode 3, the same approach for the design of 
beam-columns and for lateral–torsional buckling, was investigated by the authors in previous papers using a 
numerical approach, where it was concluded that those assumptions could be made. In the present paper, a new 
approach for lateral–torsional buckling has been used with the formulae for the design of beam-columns at 
elevated temperature based on prEN 1993-1-1 combined with the formulae from prEN 1993-1-2. In both cases 
the results obtained are much better than the current design expressions, when compared with those obtained in 
the numerical calculations.  
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“Nonlinear analysis of an axisymmetric shell using three noded degenerated isoparametric shell elements”, 
Computers & Structures, Vol. 32, No. 6, 1989, pp. 1225-1239, doi:10.1016/0045-7949(89)90300-3 
ABSTRACT: An updated Lagrangian formulation of a quadratic degenerated isoparametric shell element is 
presented for geometrically nonlinear elasto-plastic shell problems. A finite rotation effect is included in the 
formulation by adopting a co-rotational scheme. The load stiffness matrix has been derived for the treatment of 
a pressure load. For elasto-plastic behavior, the layered element model is used. The Newton-Raphson iteration 
method is employed to solve incremental nonlinear equations. For tracking of post-buckling behavior, the work 
control method is taken into account. Verification of the present technique is obtained by analyzing the 
available reference problems. Good correlations between the computed results and referenced data can be 
drawn. 
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ABSTRACT: In this work, the search for the optimal form for torispherical dome ends under external pressure 
load is conducted. Based on the fabrication and strength requirements, a group of ‘compromised’ contours are 
considered. With the adoption of both the BS5500 and ASME Section VIII Pressure Vessel codes, a reasonable 
buckling pressure range is proposed. The geometry of the dome end is described by the four-centered ellipse 
method which is commonly used in engineering drawing. A minimum weight optimization problem is studied 
by the discrete backtrack programming method; the optimal forms are obtained under buckling constraints. The 
elastic buckling analysis of the dome end is carried out by the finite element method using doubly-curved 
truncated shell elements. Two different sized dome end examples are studied. The developed optimal search 
procedure is found to be very efficient and easy-to-use for the applications, such as torispherical dome and 
subjected to externally pressurized loading. 
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“Minimum weight design of submersible pressure hull under hydrostatic pressure”, Computers & Structures, 
Vol. 63, No. 2, April 1997, pp. 187-201, doi:10.1016/S0045-7949(96)00342-2 
ABSTRACT: In this study, we proposed a minimum weight design of a submarine pressure hull under 
hydrostatic pressure with constraints on factors such as general instability, buckling of shell between frames, 
plate yielding, and frame yielding. A typical submarine pressure hull is also adopted for a prototype model. This 
design problem is not only formulated as a discrete nonlinear, nondifferentiable, multimodal constrained 
minimization problem, but also solved by using the backtrack programming method. Results in this study 
indicate that the solution for the optimal model's weight reduces an average 6.65% more than the prototype 
model. The process in this study is favorable for the submersible pressure hull design process. 
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and overstressing constraints”, Composites Part B: Engineering, Vol. 34, No. 3, April 2003, pp. 273-284, 
doi:10.1016/S1359-8368(02)00104-X 
ABSTRACT: In order to increase the flight range of aerospace vehicles and the efficiency of solid rocket 
motors, designers attempt to reduce the weight of solid rocket motors. A skirt is a potential element for weight 
reduction in rocket motors as it leads to reduction of the total weight of solid rocket motor. Due to its 
significance for solid rocket motors, the objective of this paper is to investigate the optimal design of a fiber-
reinforced composite cylindrical skirt subjected to a buckling strength constraint and an overstressing strength 
constraint under aerodynamic torque and axial thrust. The present optimal design problem involve in 
determining the best laminate configuration to minimize the weight of the cylindrical skirt. To find the optimal 
solution accurately and quickly, the hybrid genetic algorithm (HGA) is employed in this work. Buckling 
strength and overstressing strength of the fiber-reinforced composite cylindrical skirt are analyzed using 
classical laminate theory and elastic stability theory of thin shells. The Tsai-Wu failure criterion is employed to 
assess the first ply failure, and an overstressing load level factor is introduced to describe the failure strength. In 
addition, a buckling load factor is introduced to describe the buckling strength. Due to the critical issue of 
buckling strength, the effects of the design parameters on the buckling strength are investigated in this work. 
Finally, a practical design example of the proposed fiber-reinforced composite cylindrical skirt is investigated 
using the present analysis procedure. Results reveal that the fiber-reinforced composite cylindrical skirt 
laminated symmetrically with both cross-ply layers [0/90∞] and angle-ply layers [+45/"_45∞] can sustain a 
great buckling load. Furthermore, the buckling strength of the skirt shell laminated with equal-hybrid between 
the angle-ply layers and the cross-ply layers is greater than that of the skirt shell laminated with over-weighted 
hybrid between the angle-ply layers and the cross-ply layers. Results provide a valuable reference for designers 
of aerospace vehicles. 
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pp. 177-199, 2004, doi:10.1016/S0029-8018(03)00120-3 
ABSTRACT: The multiple intersecting spheres (MIS) pressure hull is a logical derivative of the single 
unstiffened sphere, which is frequently used for deep operating, small submersibles because of its attractive low 
buoyancy factor.This paper investigates the optimum design of an MIS deep-submerged pressure hull subjected 
to hydrostatic pressure, using a powerful optimization procedure combined the extended interior penalty 
function method (EIPF) with the Davidon–Fletcher–Powell (DFP) method. In this study, the thickness of the 
shell, the width of the rib-ring, the inner radius of the rib-ring and the angle of intersection of the spherical shell 
are selected as design variables, and structural failure and human requirements are considered to minimize the 
buoyancy factor. Additionally, a sensitivity analysis is performed to study the influence of the design variables 
on the optimal structural strength design.The results reveal that the shell thickness is most important to lobar 
buckling strength, and that rib-ring width, rib-ring inner radius and spherical shell intersection angle are most 
important to rib-ring hoop strength. Optimization results may provide a valuable reference for designers. 
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ABSTRACT: A method is developed for the static stress and deformation analysis of axisymmetric shells under 
axisymmetric loading by reduction of the shell to ring sections. In particular, the wall thickness of the shell may 
vary and the method is applicable to the analysis of shells with irregular meridional geometry. Explicit 



expressions for the influence coefficients for each ring element are derived. In the development of these 
expressions, exact evaluation of stresses in the circumferential direction of the ring is used. The distribution of 
stresses in the meridional direction of the ring element is assumed to be linear with each element. By using the 
derived influence coefficients, the unknown forces at the junctures of the ring elements are found by the 
standard flexibility method of indeterminate structural analysis. Subsequently, the displacements and internal 
stresses are determined. Example solutions for a flat circular plate under transverse loading and for a cylindrical 
shell under a boundary edge loading show excellent agreement with solutions found by solving the governing 
differential equations. 
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ABSTRACT: The critical states of cylindrical shells with initial imperfections having plastic and creep 
deformations are investigated. These states are defined as the load values at which the shell deflections rise 
sharply. The method of successive loading for which the reaction of the shell to small loading steps is studied 
and the process of deformation is considered is used. Some experimental results for shells with irregular 
imperfections are given. 
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ABSTRACT: The main propositions of Rabotnov’s two-layer model of a shell are given. It is shown that the 
Rabotnov’s functional can be obtained from the mixed variational principle of creep theory. The notion of 
critical time is introduced and a procedure for obtaining an explicit formula for it using a variational equation is 
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ABSTRACT: This paper intends to present an effective analysis of the buckling phenomenon in wind loaded 
cylindrical storage tanks in the form of a program package based on general purpose finite element codes. This 
program, namely TK-INDUSTRIAL, written in ANSYS Parametric Design Language (APDL), aims to 
evaluate the buckling response of storage tanks under wind or hurricane. As a major result, the critical buckling 
wind speed and the influence of using ring stiffeners to increase this critical speed were assessed. The proposed 
program was shown to provide appropriate results and can be used as a strong tool to simulate the buckling of 
wind loaded cylindrical storage tanks. 
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V.K. Thompson (Department of Engineering Science, University of Oxford, United Kingdom), “Elastic 
buckling of double walled cylindrical storage tanks - numerical and analytical estimates”, Computers & 
Structures, Vol. 23, No. 3, 1986, pp. 451-455, doi:10.1016/0045-7949(86)90235-X 
ABSTRACT: This paper is concerned with estimating the elastic buckling pressures of large liquid natural gas 
(LNG) storage tanks which are used by the British Gas Corporation for seasonal demand peak shaving. They 
consist of two concentric ring stiffened cylindrical shells separated by substantial thermal insulation which 
maintains the LNG within the inner shell at "_ 165∞C with minimal boil off. There is natural gas vapour above 
the LNG and throughout the tank interior which is normally at just above atmospheric pressure. The shell walls 
increase in thickness from the top to the bottom and are fabricated from very thin steel or aluminium alloy 
plates (diameter to thickness ratio ~4000 at the top) since they are usually in hoop tension, but under certain 
conditions this can become compressive making elastic buckling a possible mode of failure. The individual 
buckling pressures for the two shells can be estimated using standard procedures but in these LNG tanks the 
annular insulation transfers loads between the shells enhancing their individual strengths. A numerical method 
using the finite difference code BOSOR4 and a simple analytical method have been used to estimate these 
pressures. 
 
 
S. Holasut and C. Ruiz (Department of Engineering Science, University of Oxford, Parks Road, Oxford OX1 
3PJ, U.K.), “Effect of an impulsive disturbing load on the stability of a statically loaded structure”, International 
Journal of Impact Engineering, Vol. 3, No. 1, 1985, pp. 57-73, doi:10.1016/0734-743X(85)90025-9 
ABSTRACT: In order to provide some insight into the effect of an impulsive disturbing load on the stability of 
a structure which is already subjected to major static loads near its critical state, the response of an imperfection 
sensitive idealized model with one degree of freedom was examined using the analytical approximation method. 
Conclusions regarding the response and the stability under the arbitrary form of the impulse are presented. 
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“Modeling of thin-walled shells for buckling investigations by electroplating: part ii– testing of models. 
Experimental Techniques,  Part 11 – Testing of Models”, Experimental Techniques, Vol. 11, No. 12, December 
1987, pp. 20–23. doi: 10.1111/j.1747-1567.1987.tb00647.x 
ABSTRACT: In Part I of this article (November 1987 Experimental Techniques) the manufacture of thin shells 
by electro-plating has been described. The testing techniques and some typical results are now presented. The 
buckling strength of thin-walled shells is known to depend on manufacturing imperfections and is difficult to 
assess by mathematical modeling alone. An experimental procedure, using accurate eletrodeposited models is 
described in this paper. 
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(1) Department of Engineering Science, University of Oxford, Parks Road, Oxford OX1 3PJ, UK 
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“Elastic response of thin-wall cylindrical vessels to blast loading”, Computers & Structures, Vol. 32, No. 5, 
1989, pp. 1061-1072, doi:10.1016/0045-7949(89)90408-2 
ABSTRACT: Numerical, analytical and experimental techniques have been combined to find the strength of 
thin-wall cylindrical shells under blast loading. Two types of load are considered: rotationally symmetrical and 
sideways. The first type can be modelled analytically and the theoretical results are compared with those 
obtained from electro-formed copper shells loaded in a pressure chamber. The second type can be treated only 
by numerical analysis, backed by experiments using similar models loaded in an open shock tube apparatus. 
 
 
V.K. Thompson and C. Ruiz (Department of Engineering Science, Oxford University, Oxford, U.K.), “Dynamic 
elastic and plastic deformation of double-walled cylindrical storage tanks”, International Journal of Impact 
Engineering, Vol. 8, No. 4, 1989, pp. 341-354, doi:10.1016/0734-743X(89)90023-7 
ABSTRACT: A simple analytical method has been developed to estimate the response of cylindrical storage 
tanks to axusymmetric external blast loads. Included in this is the response of an inner vessel and annular 
insulation of the type used for storing large quantities (about 20,000 te) of liquid natural gas (LNG). Although 
complex, the response has simplifying features which have been fully exploited. In particular existing elastic 
shell solutions have been modified to model the initial response which is dominated by non-axisymmetric 
elastic buckling of the thin-walled shells. Then limit analysis has been used to model the final collapse which is 
dominated by the formation of axial plastic hinges in the shells. The method has been verified using physical 
tests on 1/150th scale models of the prototype tanks. These have been loaded with external axisymmetric blasts 
in a shock chamber. Special techniques were used to generate accurate model shells with very thin walls (about 
50 _ºm thick) by electro-deposition of copper onto removable wax cores. 
 
 
H.Z. Zhong and C. Ruiz (Department of Engineering Science, University of Oxford, Parks Road, Oxford OX1 
3PJ, U.K.), “Assessment of damage resulting from missile impact on a spherical shell”, International Journal of 
Impact Engineering, Vol. 9, No. 2, 1990, pp. 223-236, doi:10.1016/0734-743X(90)90014-M 
ABSTRACT: A simple plastic damage analysis of a spherical shell under the impact of a flat-nosed missile is 
presented in this paper. Based on the conservation of energy, a relationship between the permanent central 
deflection of a shell and the initial missile kinetic energy is established and shown to agree with other more 
complex theoretical methods. The present analysis is shown to agree with some available experimental results 
and can thus be used to predict the degree of damage of missile impacted spherical shells. 
 
 
Haksik Shin (Mechanical Engineering, University of Ottawa, Canada), “Nonlinear analysis of axisymmetric 
shells”, Master’s thesis, 2000 
ABSTRACT: The present study is concerned with nonlinear analysis of toroidal shells and storage tanks. The 
study serves to demonstrate the usefulness of the differential quadrature method in this area of computational 
mechanics. The problem of the response of axisymmetric toroidal shells to uniform external pressure forms the 
first part of this study. Nonlinear thin shell theory, accounting for large displacements, is employed. The new 



differential quadrature method is used to obtain numerical results. For validation a bifurcation solution is found 
using the finite element method. The commercial code ADINA is used for this purpose. Finally the two 
methods are used to provide results for eight cases of toroidal shells. An axisymmetric analysis of a liquid 
storage tank with a circular base plate resting on an elastic foundation forms the second part of this study. 
Nonlinear shell theory is used for the tank wall and base plate, while a linear model is used for the foundation. 
A convergence study is carried out to determine the appropriate analysis parameters for the method. Partial 
validation is obtained by comparison with previously published results. These results are compared with finite 
element method results. Additional results are presented covering a wide range of tank geometric parameters. 
 
 
Miyazaki Noriyuki (Department of Chemical Engineering, Faculty of Engineering. Kyushu University, 6-10-1 
Hakozaki, Higashiku, Fukuokashi 812, Fukuokaken, Japan), “On the finite element formulation of bifurcation 
mode of creep buckling of axisymmetric shells”, Computers & Structures, Vol. 23, No. 3, 1986, pp. 357-363, 
doi:10.1016/0045-7949(86)90227-0 
ABSTRACT: In this paper, a finite element formulation is given in detail for the creep buckling of an 
axisymmetric shell. A special emphasis is placed on the bifurcation mode of creep buckling. A bifurcation point 
is determined by examining the shape of the potential energy in the vicinity of an axisymmetric equilibrium 
state obtained from a creep deformation analysis in the prebuckling stage. To illustrate the capability of the 
finite element formulation, a numerical example is presented for the creep buckling of a shallow spherical shell 
subjected to a uniform external pressure. In this analysis, not only the axisymmetric snap-through type but also 
the asymmetric bifurcation one are considered as buckling modes. 
 
 
N. Miyazaki (Department of Chemical Engineering, Kyushu University, Hakozaki, Higashi-ku, Fukuoka-shi, 
Fukuoka-ken, Japan), “Creep buckling analyses of circular cylindrical shells under axial compression – 
bifurcation buckling analysis by the finite element method”, ASME Journal of Pressure Vessel Technology, 
Vol. 109, No. 2, pp. 179-183, May 1987, DOI: 10.1115/1.3264892 
ABSTRACT: The finite element method is applied to the creep buckling of circular cylindrical shells under 
axial compression. Not only the axisymmetric mode but also the bifurcation mode of the creep buckling are 
considered in the analysis. The critical time for creep buckling is defined as either the time when a slope of a 
displacement versus time curve becomes infinite or the time when the bifurcation buckling occurs. The creep 
buckling analyses are carried out for an infinitely long and axially compressed circular cylindrical shell with an 
axisymmetric initial imperfection and for a finitely long and axially compressed circular cylindrical shell. The 
numerical results are compared with available analytical ones and experimental data. 
 
 
N. Miyazaki, S. Hagihara and T. Munakata (Department of Chemical Engineering, Kyushu University, Higashi-
ku, Fukuoka, Japan), “Creep Buckling Under Varying Loads”, Journal of Pressure Vessel Technology, Vol. 
113, No. 1, pp. 41-45, February 1991, DOI: 10.1115/1.2928726 
ABSTRACT: Creep buckling analyses under stepwise varying loads are performed on a circular cylindrical 
shell with initial imperfection subjected to axial compression and a partial spherical shell under uniform 
external pressure. The finite element method is applied to a creep deformation analysis to obtain the critical 
time when creep buckling occurs. The results show that a linear cumulative damage rule for creep buckling can 
be well applied to the creep buckling of the circular cylindrical shell, but cannot to that of the partial spherical 
shell. 
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“Finite element dynamic bifurcation buckling analysis of torispherical head of BWR containment vessel 
subjected to internal pressure”, Nuclear Engineering and Design, Vol. 133, No. 2, March 1992, pp. 245-251, 



doi:10.1016/0029-5493(92)90184-W 
ABSTRACT: In this paper the bifurcation buckling pressure for the torispherical head of the Mark II type BWR 
containment vessel subjected to dynamically applied internal pressure is calculated, using a finite element 
program for a dynamic analysis. Three kinds of dynamic loadings, that is, step loading, ramp loading and pulse 
loading are considered in the present analysis. The minimum bifurcation buckling pressure is predicted for the 
respective loadings. The minimum bifurcation buckling pressure for dynamic loading is much lower than the 
bifurcation buckling pressure for static loading. 
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(2) Department of Mechanical System Engineering, Kyushu Institute of Technology, Iizuka-shi, Fukuoka-ken, 
820 Japan 
“Bifurcation Buckling of Circular Cylindrical Shells Subjected to Axial Compression During Creep 
Deformation”, Journal of Pressure Vessel Technology, Vol. 115, No. 2, pp. 268-274, August 1993,  
DOI: 10.1115/1.2929527 
ABSTRACT: In the present work, analytical and experimental investigations were performed on creep 
buckling. Special attention was focussed on bifurcation behavior during creep deformation. The finite element 
method was used to analyze creep buckling of circular cylindrical shells without initial imperfection. The 
number of circumferential waves obtained from the analyses agrees well with those of the experiments. The 
present experimental investigation shows that the circumferential waves are suddenly caused near a bulge. It is 
also found that there is no correlation between the wavelength of the circumferential waves observed at creep 
buckling and that of the circumferential initial imperfection. Deformation patterns at the bifurcation creep 
buckling obtained from the analyses are analogous to those of the experiments. It is concluded from the 
analyses and the experiments that the circumferential waves observed in creep buckling experiments are due to 
bifurcation buckling during creep deformation. 
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(1) Department of Mechanical Engineering, Saga University, Saga 840-8502, Japan 
(2) Department of Chemical Engineering, Kyushu University, Fukuoka, 812-8581 Japan 
“Bifurcation Buckling Analysis of Conical Roof Shell Subjected to Dynamic Internal Pressure by the Finite 
Element Method”, J. Pressure Vessel Technology, Vol. 125,  No. 1, February 2003, p.78 (7 pages), 
doi:10.1115/1.1533801 
ABSTRACT: Cylindrical tanks with conical roof shells are utilized as oil storage tanks and for some 
containment vessels. It is known that conical roof shells and torispherical shells subjected to static internal 
pressure buckle into a displaced shape with circumferential waves caused by an instability condition commonly 
called bifurcation buckling. It can be important to obtain the dynamic bifurcation buckling load in designing 
conical roof shells. In this paper, the bifurcation buckling pressure is calculated for dynamic pressure during 
accident conditions as characterized by step pressure loading, ramp pressure loading and pulse pressure loading. 
The minimum bifurcation buckling pressure is shown to be a linear function of radius-to-thickness ratio R/h of 
the  shell in a linear fashion on a logarithmic scale. The minimum bifurcation buckling pressure is minimum for 
conical roof shells subjected to the step loading. The minimum dynamic bifurcation buckling pressure for step 
loading is about half of the static bifurcation buckling pressure. 
 
 
I-Shih Liu (Institute of Mathematics, Federal University of Rio de Janeiro, Brazil), “Stability of thick spherical 
shells”, Continuum Mechanics and Thermodynamics, Vol. 7, pp 249-258, 1995  
ABSTRACT: The pressure-radius relation of spherical rubber balloons has been derived and its stability 
behavior analyzed. Here we show that those features are practically unchanged for thick spherical shells of 
Mooney-Rivlin materials. In addition, we also show that eversion of a spherical shell is possible for any 
incompressible isotropic materials if the shell is not too thick.  
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Long-Yuan Li and T. C. K. Molyneaux (Dept. of Civil Engineering, University of Liverpool, Liverpool L69 
3BX, U.K.), “Dynamic contact instability of spherical caps”, International Journal of Impact Engineering, 
Vol.13, No. 3, 1993, pp. 479-484, doi:10.1016/0734-743X(93)90119-R 
ABSTRACT: This paper presents a numerical study of the dynamic contact instability of shallow spherical 
shells. The problem considered is that of a spherical shell loaded through a massless rigid circular plate by a 
sudden step load acting in the direction normal to the loading plate and along the axis of symmetry of the shell. 
Thus, the spherical shell is subjected to a dynamic contact loading. The interaction characteristic of the circular 
plate and the spherical shell is described and the snap-through instability of the spherical shell due to the 
dynamic contact loading is discussed in detail. The numerical analysis demonstrates that the system may be 
dynamically stable even if local snap-through buckling occurs in the central area of the spherical shell. Dynamic 
instability occurs only in the case where the spherical shell exhibits an overall snap-through buckling. 
 
 
Long-Yuan Li and T.C.K. Molyneaux (Dept. of Civil Engineering, University of Liverpool, Liverpool L69 
3BX, U.K.), “Elastoplastic dynamic instability of long circular cylindrical shells under pure bending”, 
International Journal of Mechanical Sciences, Vol. 36, No. 5, May 1994, pp. 431-437, 
doi:10.1016/0020-7403(94)90046-9 
ABSTRACT: This paper presents a numerical study which is concerned with the prediction of the response and 
instabilities in long circular cylindrical shells under dynamic pure bending. Of particular interest is the response 
of such shells, bent into the plastic range of the material, and the various instability characteristics of the shells 
under dynamic bending (sudden step load). It was found that the major deformation characteristic of the shells 
is essentially similar to that observed in the static bending when the applied moment is much smaller than the 
critical dynamic moment. However, when the applied moment is close to the critical dynamic moment, the 
ovalization of the shell cross-section was found to be localized over a length of several shell diameters in the 
central region, even though the response of the shell curvature was shown to be still stable in this case. When 
the applied moment reaches the critical dynamic moment, the response of the shell curvature was shown 
significantly increasing with time and the shell buckled catastrophically. For thicker shells, it was found that the 
development of localized ovalization of the shell cross-section is the major factor that causes shell dynamic 
instability. For thinner shells, however, besides the localized ovalization, the bifurcation induced by short 
wavelength ripples on the compressed side of the shell was also observed in the initial buckling patterns. After 
the bifurcation, the initial buckling pattern was replaced by the final postbuckling mode characterized by a 
localized sharp cupping in the centre of the shell. 
 
 
T. C. K. Molyneaux and Long-Yuan Li (Department of Civil Engineering, University of Liverpool, Liverpool 
L69 3BX, UK), “Instability of cylindrical panels under combined static and dynamic loads”, International 
Journal of Pressure Vessels and Piping, Vol. 65, No. 2, 1996, pp. 163-169, 
doi:10.1016/0308-0161(94)00177-K 
ABSTRACT: This paper presents a numerical study of the dynamic snap-through instability of cylindrical 
panels subjected to the combined loading of uniform pressure and a central concentrated load. All static and 
dynamic (sudden step load) combinations of the concentrated load and the uniform pressure are considered. The 
characteristics of the dynamic instability of the panel are described for the two cases of static pressure with 
dynamic concentrated load and dynamic pressure with static concentrated load. The critical load curves for both 
cases are presented. To explain the effects of the initial static loads on the critical dynamic loads, the static and 



dynamic critical loads corresponding to both static loads or both dynamic loads are also calculated. The 
Budiansky-Roth criterion is employed in all these studies to determine the critical dynamic loads. The 
numerical results show that the static critical load curve gives an upper-bound whereas the dynamic critical load 
curve offers a lower-bound. Both the compound critical load curves lie between the static and dynamic critical 
load curves. 
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Long-Yuan Li (Engineering Design Centre, University of Newcastle, Newcastle upon Tyne, NE1 7RU, UK), 
“Approximate estimates of dynamic instability of long circular cylindrical shells under pure bending”, 
International Journal of Pressure Vessels and Piping, Vol. 67, No. 1, June 1996, pp. 37-40, 
doi:10.1016/0308-0161(94)00073-5 
ABSTRACT: In this paper we investigate the dynamic instability problems of long circular cylindrical shells 
subjected to sudden step bending moments. The expressions to predict the critical dynamic moments are 
derived. The dynamic instability model is established on two basic assumptions. One is the Brazier's deformed 
kinematic assumption. The other is the dynamic characteristic assumption in which we assume the longitudinal 
curvature and ovalisation vibrations reach their extreme values simultaneously when the dynamic instability 
occurs. Thus, the dynamic instability problem is reduced to the solution of two static equilibrium equations and 
an energy balance equation. The present results show that the dynamic instability of the long circular cylindrical 
shells occurs at a moment about 80% of the corresponding critical static moment. 
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Birmingham B4 7ET, UK), “Nonlinear bending response and buckling of ring-stiffened cylindrical shells under 
pure bending”, International Journal of Solids and Structures, Vol. 39, No. 3, February 2002, pp. 765-781, 
doi:10.1016/S0020-7683(01)00174-3 
ABSTRACT: In this paper, the nonlinear bending response of finite length cylindrical shells with stiffening 
rings is investigated by using a modified Brazier approach. The basic assumptions for the present study are that 
the deformation of a shell subjected to pure bending can be simplified into a two-stage process. One is that the 
shell ovalizes but its axis remains straight; the other is that the bending of the shell is regarded as a beam with 
nonuniform ovalization. The nonlinear bending response is derived by applying the minimum potential energy 
principle and the corresponding critical moment, associated with local buckling, is determined by employing the 
Seide–Weingarten approximation. Numerical results are shown and compared with those obtained from other 
methods, which demonstrates that the assumptions used in the present study are reasonable. 
 
 
Schneider MH Jr, Snell RF, Tracy JJ and Power D.R.  (McDonnell Douglas Space Systems Company, 5301 
Bolsa Avenue, Huntington Beach, California 92647), “Buckling and vibration of externally pressurized conical 
shells with continuous and discontinuous rings”, AIAA J., 1991; 29(9): 1515-1522. 
ABSTRACT: External pressure buckling, free vibration, and external pressure-vibration interaction data were 
obtained on a sixth scale Lexan model of the Titan IV (Prototype) nose cone fairing. The objectives of these 
experiments were to validate analytical models used in the prototype design and also to provide experimental 
data on the effects of discontinuous circumferential rings, flexible ring to shell attachment, separation rails, and 
skin splices. In addition a nondestructive buckling load predictive test technique based on natural frequencies 
was evaluated using the Lexan model. The advantage of a Lexan model is that it can be buckled without 
sustaining damage, thus allowing repeated buckling experiments to be performed. Correlation studies were 
carried out using NASTRAN finite element and BOSOR finite difference models. Buckling and frequency data 
showed good agreement between analysis and experiment. Pressure-vibration interaction data were obtained to 



investigate an experimental procedure for extrapolating the interaction curve to predict the critical buckling 
load. While it was found that extrapolation of these data always overpredicted the buckling pressure, the data 
were used to develop a procedure that was successfully applied as stop-test criteria in the prototype test. 
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“Investigation of the stability of imperfect cylinders using structural models”, Engineering Structures, Vol. 18, 
No. 10, October 1996, pp. 792-800, SSRC: Link Between Research and Practice, 
doi:10.1016/0141-0296(96)00002-8 
ABSTRACT: A combined analytical and experimental programme on the buckling of cylinders under axial 
compression, external pressure, and combined loading was conducted to develop a methodology for predicting 
the buckling of shell structures with manufacturing induced imperfections. A unique method of fabricating test 
cylinders from Lexan without longitudinal seams was developed. Cylindrical blanks formed by blow moulding 
were thermoformed and machined to the correct wall thickness to form perfect cylinders. The co-ordinates were 
measured and the cylinders tested. After testing, the cylinders were thermoformed on a second mandrel 
containing the desired imperfection shape and amplitude, remeasured, and tested. Excellent correlation to 
predictions from the BOSOR4 and ABAQUS computer codes was achieved. 
 
 
Tatsuzo Koga and Nicholas J. Hoff (Stanford University, Stanford, California USA), “The axisymmetric 
buckling of initially imperfect complete spherical shells”, International Journal of Solids and Structures, Vol. 5, 
No. 7, July 1969, pp. 679-697, doi:10.1016/0020-7683(69)90088-2 
ABSTRACT: Starting out from recent experimental results according to which thin-walled spherical shells 
subjected to a uniform external pressure deform in an axisymmetric mode at the beginning of the buckling 
process, the buckling and the postbuckling behavior of complete spherical shells were investigated under the 
assumption that both the unintentional, random initial deviations from the exact shape, and the following elastic 
deformations are symmetric to some radius of the shell. The shell was imagined to be decomposed into a cap 
which shows large deformations, and into a remainder in which the displacements are so small that in their 
analysis a linear theory can be used satisfactorily. The total potential energy of the system was minimized 
numerically and in the minimization process the conditions at the boundary between cap and remainder were 
enforced rigorously. Complete and continuous postbuckling curves were obtained in a number of cases and the 
maximal value of the pressure parameter was determined in a sufficiently broad range of the geometric 
parameter to draw conclusions regarding the practical behavior of spherical shells under external pressure. 
Comparison with earlier theoretical and experimental work yielded satisfactory agreement. 
 
 
B.D. Reddy (Department of Civil and Municipal Engineering, University College London, Gower Street, 
London WCIE 6BT, England), “An experimental study of the plastic buckling of circular cylinders in pure 
bending”, International Journal of Solids and Structures, Vol. 15, No. 9, 1979, pp. 669-683, 
doi:10.1016/0020-7683(79)90066-0 
ABSTRACT: An experimental investigation into the plastic buckling of cylindrical tubes subjected to bending 
moments at the ends is reported on. Suitable parameters by means of which the buckling moment may be 
represented are first discussed, and after a description of the apparatus and the testing procedure, the results of 
tests on stainless steel and aluminium alloy tubes are given. These results are compared with analytical results 
for the collapse of cylinders under pure bending, and uniform axial compression. The mode of deformation of 
the cylinders is discussed and the experimental strains are compared with those of others for tests on axially 
compressed cylinders as well as cylinders in pure bending. The strains lie within ± 30% of those predicted by J2 
deformation theory for cylinders in axial compression: the corresponding range of stresses is about ± 5%. 
 
 
B.D. Reddy (Department of Civil Engineering, University of Cape Town, Private Bag, Rondebosch 7700, South 
Africa), “Plastic buckling of a cylindrical shell in pure bending”, International Journal of Mechanical Sciences, 
Vol. 21, No. 11, 1979, pp. 671-679, doi:10.1016/0020-7403(79)90046-8 



ABSTRACT: An approximate analysis is presented of the bifurcation of an elastic-plastic circular cylindrical 
shell subjected to pure bending. The method of analysis is an extension into the plastic range of an earlier 
analysis[8]; a relatively simple solution is obtained by making various approximating assumptions, and by a 
judicious choice of the eigenmode. The results show that the critical outer fibre stress is up to about 35% greater 
than the critical stress of an axially compressed cylinder, using J2 flow theory, in contrast to the elastic or 
elastic-plastic (deformation theory) cases, where these two stresses are practically equal. 
 
 
B.D. Reddy (Departments of Applied Mathematics and Civil Engineering, University of Cape Town, Private 
Bag, Rondebosch 7700, South Africa), “Buckling of elastic-plastic discretely stiffened cylinders in axial 
compression”, International Journal of Solids and Structures, Vol. 16, No. 4, 1980, pp. 313-328, 
doi:10.1016/0020-7683(80)90084-0 
ABSTRACT: Bifurcation under axial compression of discretely stringer-stiffened cylinders in the elastic and 
plastic ranges is studied. The stiffeners are treated as long plates. Small-strain J2 flow and deformation theories 
of plasticity are used. The effect of stiffener size on the critical stress is investigated; this is discussed with 
reference to the critical stresses of an equivalent simply-supported panel, and of a long plate simply-supported 
on three edges and free along one longitudinal edge. The effects of stiffener eccentricity, and of the number of 
stiffeners, is also discussed. 
 
 
G.A. Duffett (1) and B.D. Reddy (2) 
(1) Department of Civil Engineering, University of Cape Town, Private Bag Rondebosch, 7700, Republic of 
South Africa 
(2) Department of Applied Mathematics and Department of Civil Engineering, University of Cape Town, 
Private Bag Rondebosch, 7700, Republic of South Africa 
“Plastic Buckling of Initially Imperfect Stiffened Cylinders in Axial Compression”, J. Appl. Mech. , Vol. 50,  
No. 1, 88 – 94, doi:10.1115/1.3167022 
ABSTRACT: The behavior in the plastic range of axially compressed stringer-stiffened cylinders is 
investigated. The shell under consideration is assumed to have an initial imperfection in the form of sinusoidal 
deviation both axially and circumferentially. The constitutive relation employed here is J2  deformation theory 
of plasticity. This relation, as well as kinematic assumptions regarding the behavior of the panels and stiffeners 
that constitute the stiffened shell, is used in the principle of virtual work to obtain a set of nonlinear algebraic 
equations whose solution provides complete information about the prebuckling equilibrium path. Bifurcation 
from the primary path is examined by making use of a functional whose first variation is zero when two 
solutions to the problem are possible. This leads to an eigenvalue problem, the eigenvalue being the critical 
compressive load and the eigenfunction being the corresponding buckling mode. Results are presented for shells 
of different geometries and material properties, and a comparison of results is made with results obtained by 
others. The imperfect shells analyzed all exhibit stable behavior, with sufficiently large imperfections having a 
beneficial effect. Results for bifurcation from these paths are also discussed. 
 
 
A. Kumar and B.N.R. Kishore (Department of Civil Engineering, Indian Institute of Technology, Kanpur, 
Kanpur-208016, India), “Buckling of antisymmetric angle- and cross-ply rectangular plates under shear and 
compression”, International Journal of Mechanical Sciences, Vol. 33, No. 1, 1991, pp. 31-39, 
doi:10.1016/0020-7403(91)90025-X 
ABSTRACT: The paper deals with buckling of antisymmetric angle- and cross-ply, simply supported 
rectangular flat plates under shear and compressive loads. The Rayleigh-Ritz energy method is used to find the 
buckling load, by assuming a double series form of trial functions for the buckled displacement field. Both the 
symmetric and antisymmetric buckling modes are considered. The effect of the number of layers, the aspect 
ratio and the lamination angle on the buckling load is studied. Results are presented for plates subjected to (i) 
shear loads only and (ii) both shear and uniaxial compressive loads; for the latter case, the results are presented 
in the form of interaction curves. 
 



 
Sheau-Fan Ma (1) and M.W. Wilcox (2) 
(1) Chung Shan Institute of Science and Technology, Aeronautical Research Laboratories, PO Box 90008-11-3, 
Taichung, Taiwan, ROC 
(2) Department of Civil and Mechanical Engineering, Southern Methodist University, Dallas, TX 75275, USA 
“Thermal buckling of antisymmetric angle-ply laminated cylindrical shells”, Composites Engineering, Vol. 1, 
No. 3, 1991, pp. 183-192, doi:10.1016/0961-9526(91)90018-N 
ABSTRACT: This paper is aimed at the development of an analytical method to handle thermal buckling of 
laminated composite circular cylindrical shells. An eighth-order governing differential system for predicting 
this response is formulated from an energy approach. With the focus on simply-supported, antisymmetric angle-
ply laminated composite cylinders subjected to circumferentially-varying temperatures, Galerkin's method is 
employed, where the corresponding numerical results provide insight into the response of the critical buckling 
temperature to such factors as lamination angles, number of layers, stacking sequence, goemetric aspect ratios 
and various temperature functions. For example, in the case of antisymmetric laminates, the coupling effect 
between bending and compression vanishes as the number of layers increases. This phenomenon is confirmed 
for common composite materials such as Graphite/Epoxy and Boron/Epoxy. 
 
 
Lien-Wen Chen and Lei-Yi Chen (Department of Mechanical Engineering, National Cheng Kung University, 
Tainan, Taiwan, ROC), “Thermal buckling of laminated cylindrical plates”, Composite Structures, Vol. 8, No. 
3, 1987, pp. 189-205, doi:10.1016/0263-8223(87)90069-9 
ABSTRACT: Thermal buckling of a laminated cylindrical plate subjected to a temperature change is studied. 
The governing differential equations for Donnell-type laminated cylindrical shells are used and Galerkin's 
method is employed to determine the critical buckling temperature. Clamped and simply supported boundary 
conditions are both considered. The effects of various parameters on thermal buckling are examined. 
 
 
Jinsong Huang (College of Water Conservancy and Hydropower Engineering, Wuhan Univ., Wuhan 430072, 
China), “Nonlinear Buckling of Composite Shells of Revolution”, J. Aerosp. Engrg. 15, 64 (2002); 
doi:10.1061/(ASCE)0893-1321(2002)15:2(64) (8 pages) 
ABSTRACT: By adopting the energy method, a method of calculating the stability of the rotational composite 
shell is presented that takes into account the influence of nonlinear prebuckling deformations and stresses on the 
buckling of the shell. The relationships between the prebuckling deformations and strains are calculated by 
nonlinear Kármán equations. The numerical method is used to calculate the energy of the whole system. The 
nonlinear equation is solved by combining the gradient method and the amended Newton iterative method. A 
computer program is also developed. Examples are given to demonstrate the accuracy of the method presented 
in this paper. 
 
 
D. Huang, D. Redekop and B. Xu (Special Equipment Research Institute, Shenyang Institute of Technology, 
Shenyang, Liaoning 110015, People's Republic of China), “Instability of a cylindrical shell under three-point 
bending”, Thin-Walled Structures, Vol. 26, No. 2, October 1996, pp. 105-122, 
doi:10.1016/0263-8231(96)00011-0 
ABSTRACT: The instability of a cylindrical shell under three point bending is considered. The problem has 
application to the industrial pipe ram bending process. The loading is idealized as a set of pads of uniform radial 
pressure in the regions of die-shell contact. A theoretical solution for the smallest buckling load is developed, 
using the Donnell and Sanders linearized stability equations. A finite element solution is also presented. The 
paper concludes with a discussion of results, from the two methods. 
 
 
D. Redekop (Department of Mechanical Engineering, University of Ottawa, Ottawa, Ontario, Canada K1N 
6N5), “Instability of a curved pipe under three-point bending”, International Journal of Pressure Vessels and 
Piping, Vol. 70, No. 2, February 1997, pp. 91-96, doi:10.1016/S0308-0161(96)00013-0 



ABSTRACT: The elastic instability of a thin curved pipe under three-point bending is considered. The problem 
has application to the industrial ram pipe bending process. The loading is idealized as a set of pads of uniform 
pressure applied radially on discrete regions of the pipe surface. A shell-theory solution for the lowest buckling 
load is developed, using the Donnell-type linearized stability equations in toroidal coordinates. Sample results 
are presented for a specific pipe and these results are compared with ones for a geometrically similar straight 
pipe. 
 
P. Mirfakhraei, D.W. Huang, D. Redekop and B. Xu, “Storage tanks under seismic loading – a bibliography, 
1990-1995, Proc. 2nd  Int. Mech. Eng. Conf., Shiraz, May (year not given), pp. 989-996 
 
Y. M. Zhang, P. Mirfakhraei, B. Xu and D. Redekop, “A computer program for the elastiostatics of a toroidal 
shell using the differential quadrature method”, Int. J. Pressure Vessels and Piping, Vol. 75, 1998, pp. 919-929 
 
P. Mirfakhraei and D. Redekop (Department of Mechanical Engineering, University of Ottawa, Ottawa, 
Ontario, Canada K1N 6N5), “Buckling of circular cylindrical shells by the Differential Quadrature Method”, 
International Journal of Pressure Vessels and Piping, Vol. 75, No. 4, April 1998, pp. 347-353, 
doi:10.1016/S0308-0161(98)00032-5 
ABSTRACT: A study is conducted of the linear elastic buckling of circular cylindrical shells by the new 
Differential Quadrature Method (DQM). To date this numerical method in the area of buckling analysis has 
been applied only to rectangular plates. The Fluegge shell stability equations serve as the basis of the analysis. 
By assuming the form of the buckling modes in the circumferential direction the stability equations are 
transformed into ones dependent only on the axial coordinate of the shell. The resulting ordinary differential 
equations are then solved using the one-dimensional DQM approach. Results are first given for shells with 
simple or clamped boundary conditions, and these are compared with previosly published results. Finally, new 
results are presented for shells with clamped-free boundary conditions, which have relevance to the buckling 
analysis of liquid storage tanks. 
 
 
P. Mirfakhraei and D. Redekop (Department of Mechanical Engineering, University of Ottawa, Ottawa, 
Ontario, Canada K1N 6N5), “Buckling of liquid storage tanks under earthquake loading using the DQM”, 
CanCNSM, Victoria, BC, Canada, Vol. 2, 1999, pp. 561-570 
 
D. Redekop and B. Xu (Department of Mechanical Engineering, University of Ottawa, Ottawa, Canada KIN 
6N5), “Vibration analysis of toroidal panels using the differential quadrature method”, Thin-Walled Structures, 
Vol. 34, No. 3, July 1999, pp. 217-231, doi:10.1016/S0263-8231(99)00010-5 
ABSTRACT: The free vibration characteristics of linear elastic toroidal shell panels are determined. A solution 
based on the Mushtari–Vlasov–Donnell shell equations is developed using the Differential Quadrature Method. 
The work represents the first application of this method to problems in shell theory with variable coefficients in 
the governing equations. Numerical results are calculated using the method, and these are compared with results 
found using a Fourier series and a finite element solution. 
 
D. Redekop, B. Xu, and Y.M. Zhang, “Stability of a toroidal fluid-containing shell”, Int. J. Pressure Vessels and 
Piping, Vol. 76, No. 9, 1999, pp. 575-581 
 
H.S. Shin and D. Redekop, “Nonlinear analysis of axisymmetric toroidal shells using the DQM”, Proc. CSME 
Forum, Montreal, Canada, May 2000, 10 pages 
 
D. Redekop (Department of Mechanical Engineering, University of Ottawa, 161 Louis Pasteur, Ottawa, ON, 
Canada K1N 6N5), “Buckling analysis of an orthotropic thin shell of revolution using differential quadrature”,  
International Journal of Pressure Vessels and Piping, Vol. 82, No. 8, August 2005, pp. 618-624, 
doi:10.1016/j.ijpvp.2005.02.003 
ABSTRACT: A method is developed to predict the buckling characteristics of an orthotropic shell of revolution 
of arbitrary meridian subjected to a normal pressure. The solution is given within the context of the linearized 



Sanders–Budiansky shell buckling theory and makes use of the differential quadrature method. Numerical 
results for buckling pressures and mode shapes are given for complete toroidal shells. Both completely free 
shells and shells with circumferential line restraints are covered. The loadings considered consist either of 
uniform pressure or circumferential bands of constant pressure. It is demonstrated that the differential 
quadrature method is numerically stable and converges. For isotropic toroidal shells, good agreement is 
observed with previously published analytical and finite element results. New results for buckling pressures and 
mode numbers are given for orthotropic shells and for band loaded shells. 
 
 
Hu, X.J. and Redekop, D., “Stability of a cylindrical shell with an oblique end”, Structural Engineering and 
Mechanics, Vol. 19, No. 1, pp 43-53, 2005, DOI : 10.12989/sem.2005.19.1.043 
ABSTRACT: The linearized buckling problem is considered for an isotropic clamped-clamped cylindrical shell 
with an oblique end. A theoretical solution based on the Budiansky shell theory is developed, and numerical 
results are determined using the differential quadrature method. In formulating the solutions, the surface of the 
shell is developed onto a plane, and the resulting irregular domain is then mapped, using blending functions, 
onto a square parent domain. The analysis is carried out in the parent domain. Convergence, validation, and 
parametric studies are conducted for a uniform external pressure loading. Results determined are compared with 
finite element results. The paper ends with an appropriate set of conclusions. 
 
 
X.H. Wang, B. Xu and D. Redekop (Department of Mechanical Engineering, University of Ottawa, Ottawa, 
Ont., Canada K1N 6N5), “FEM free vibration and buckling analysis of stiffened toroidal shells”, Thin-Walled 
Structures, Vol. 44, No.1, January 2006, pp. 2-9, doi:10.1016/j.tws.2005.11.002 
ABSTRACT: The finite element method (FEM) is used to predict free vibration and buckling characteristics of 
complete circular toroidal shells with meridional ring stiffeners. New vibration results are presented in the paper 
which indicate the effect on the natural frequencies of ‘rigid’ meridional ring stiffeners, and of equatorial lines 
of support. New buckling results are presented which indicate the effect on the buckling pressure of meridional 
ring stiffeners, and of equatorial lines of support. Results for the natural frequencies and the critical buckling 
pressure are given for shells covering a wide range of the geometric parameters. Close agreement of results is 
observed in comparisons with previously published results. 
 
 
John D. Bowen (Department of Ocean Engineering, Massachusetts Institute of Technology, Cambridge, MA, 
USA), “The Elastic Analysis of a Thin Toroidal Shell”, Master’s thesis, June 1987 
DTIC Accession Number: ADA187801 
ABSTRACT: The specific impetus for this work was a conceptual design of a submarine using the toroid as the 
pressure hull. The designers could not find a ready body of knowledge to obtain scantlings for their pressure 
hull. This work began with a review of efforts to solve complete toroidal structures. Several works were found 
which addressed general shells and extended into partial toroids, but the solution of a complete toroid was not 
found to be a common exercise. Some of the these works are briefly reviewed. An attempt was then made to 
solve for the displacements in a thin walled circular toroid using the energy method. Several problems were 
identified associated with the structure geometry which make the solution for the complete toroid difficult. In 
addition, the functional used for the energy method needs to be more complex than the simple trigonometric or 
power series functionals used in this work. These two areas, geometry and functionals, are fertile areas for 
further study. 
 
 
Ricky S. Powell (Department of Ocean Engineering, Naval Postgraduate School, Monterey, California, USA), 
“Elastic Analysis of a Circular Toroidal Shell Using Computer Modeling”, Master’s Thesis, May 1988,  
DTIC Assession Number: ADA200586 
ABSTRACT: The specific impetus for this work was a conceptual design of a submarine using the toroid as the 
pressure hull. This work is a continuation of the work started by Bowen (1987). As such, it is hoped that a better 
understanding of the behavior of a toroid under hydrostatic pressure can be realized. This work began with a 



review of efforts to solve complete toroidal structures. A specific toroid was then modeled in the BOSOR4 
computer program to obtain displacements of the meridian under hydrostatic pressure. Functions were then 
derived that described the general form of these displacements. Using these functions as the assumed solution 
for the energy method an energy balance was made and a program was written to solve the displacements of a 
generic toroid under hydrostatic loading. 
 
 
R. S. Ming, J. Pan and M. P. Norton (Department of Mechanical and Materials Engineering, The University of 
Western Australia, Nedlands WA 6907, Australia), “Free vibrations of elastic circular toroidal shells”, Applied 
Acoustics, Vol. 63, No. 5, May 2002, pp. 513-528, doi:10.1016/S0003-682X(01)00051-2 
ABSTRACT: In this paper, the free vibrations of elastic in vacuo circular toroidal shells under different 
boundary conditions are studied using the linear Sanders thin shell theory. Beam functions are used to describe 
the motion along the meridional direction whilst trigonometric functions are used to represent the deformation 
of the cross section. It is shown that both the natural frequencies and the mode shapes can be accurately 
predicted as long as the employed beam functions satisfy the boundary conditions at the ends of the shells. The 
dependence of the free vibration characteristics of an elastic toroidal shell upon boundary conditions and 
toroidal to cross-sectional radius ratio is also illustrated and explained in this paper. 
 
 
Joo-Shin Park, Kazuhiro Iijima and Tetsuya Yao (Department of Naval Architecture and Ocean Engineering , 
Graduate School of Engineering Osaka University Suita, Osaka, Japan), “Estimation of buckling and collapse 
behaviours of stiffened curved plates under compressive load”, Proceedings of the 18th International Offshore 
and Polar Engineering Conference, Vancouver, BC, Canada, July 6-11, 2008 
ABSTRACT: Cylindrically curved unstiffened and stiffened plates are often used in ship structures. For 
example, they can be found at deck with a camber, side shell at fore and aft parts and bilge circle part of ship 
structures. It has been believed that such cylindrically curved plates can be modelled fundamentally by a part of 
a circular cylinder. From the estimations using cylindrically curved plate models, it is known that, in general, 
curvature increases the buckling strength compared to a flat plate under axial compression. Existence of the 
curvature is also expected to increase the ultimate strength as well as buckling strength. In the present paper, 
series of Finite Element analyses are performed on stiffened curved plates varying several parameters such as 
curvature, panel slenderness ratio as well as web height and type of stiffener. The results of numerical 
calculations on stiffened and unstiffened curved plates are examined to clarify the influences of these 
parameters on characteristics of their buckling/plastic collapse behaviour and strength under axial compression.  
 
 
Joo-Shin Park, Kazuhiro Iijima and Tetsuya Yao (Department of Naval Architecture and Ocean Engineering , 
Graduate School of Engineering Osaka University Suita, Osaka, Japan), "Characteristics of Buckling and 
Ultimate Strength and Collapse Behaviour of Cylindrically Curved Plates Subjected to Axial Compression", 
Advanced Materials Research, Vols. 33-37, pp. 1195-1200, 2008  
DOI: 10.4028/www.scientific.net/AMR.33-37.1195 
ABSTRACT: In the present paper, to clarify and examine the fundamental buckling behaviours of cylindrically 
curved plates subjected to axial loading, a series of elastic and elasto-plastic large deflection analyses as well as 
elastic eigen buckling analysis are performed together with the comparisons with the buckling behaviours of 
circular cylinder. On the basis of the numerical results, the effects of curvature, magnitude of initial 
imperfection, slenderness ratio and aspect ratio on the characteristics of the buckling and post buckling collapse 
behavior of cylindrically curved plates and circular cylinders under axial compression are discussed. The 
buckling strength and ultimate strength formulae of the cylindrically curved plate are empirically derived based 
on the FEM series analysis by curve fitting using least square method. The validity of the ultimate strength 
formulations developed in this study has to some extent been verified through comparison with nonlinear 
numerical solutions. 
 
 



Redouane Ramzi and Aouni Lakis (Department of Mechanical Engineering, Ecole Polytechnique de Montréal, 
C.P.6079, Succursale Centre-ville, Montréal, Canada H3C 3A7, Canada), “Effect of geometric nonlinearities on 
nonlinear vibrations of closed cylindrical shells”, International Journal of Structural Stability and Dynamics, 
Vol. 13, No. 4, May 2013 
ABSTRACT: Geometrically nonlinear free vibrations of closed isotropic cylindrical shells are investigated 
through an analytical–numerical model. The method developed is a combination of Sanders–Koiter nonlinear 
shell theory and the finite element method. The cylindrical shell is subdivided into cylindrical finite elements 
and the displacement functions are derived from exact solutions of Sander's equations for thin cylindrical shells. 
Expressions for the mass, linear and nonlinear stiffness matrices are determined by exact analytical integration. 
Various boundary conditions of shell and in-plane effects are considered. Nonlinear responses are analyzed 
using the Runge–Kutta numerical method. The nonlinear frequency ratio is determined with respect to the 
amplitude thickness ratio of the motion for different study cases. Detailed numerical results are presented for 
various parameters for a closed isotropic shell, indicating either hardening or softening types of nonlinear 
behaviors, depending on the structure data. The present results show good agreement with the published ones 
for several cases of shells. This research clarifies the current disagreement about various types of cylindrical 
shells with geometric nonlinearities. 
 
 
Francesco Tornabene (DISTART – Department, Faculty of Engineering, University of Bologna, viale 
Risorgimento 2, 40136 Bologna, Italy), “Free vibration analysis of functionally graded conical, cylindrical shell 
and annular plate structures with a four-parameter power-law distribution”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 198, Nos. 37–40, pp. 2911–2935, August 2009, 
doi:10.1016/j.cma.2009.04.011 
ABSTRACT: Based on the First-order Shear Deformation Theory (FSDT) this paper focuses on the dynamic 
behavior of moderately thick functionally graded conical, cylindrical shells and annular plates. The last two 
structures are obtained as special cases of the conical shell formulation. The treatment is developed within the 
theory of linear elasticity, when materials are assumed to be isotropic and inhomogeneous through the thickness 
direction. The two-constituent functionally graded shell consists of ceramic and metal. These constituents are 
graded through the thickness, from one surface of the shell to the other. A generalization of the power-law 
distribution presented in literature is proposed. Two different four-parameter power-law distributions are 
considered for the ceramic volume fraction. Some material profiles through the functionally graded shell 
thickness are illustrated by varying the four parameters of power-law distributions. For the first power-law 
distribution, the bottom surface of the structure is ceramic rich, whereas the top surface can be metal rich, 
ceramic rich or made of a mixture of the two constituents and on the contrary for the second one. Symmetric 
and asymmetric volume fraction profiles are presented in this paper. The homogeneous isotropic material can be 
inferred as a special case of functionally graded materials (FGM). The governing equations of motion are 
expressed as functions of five kinematic parameters, by using the constitutive and kinematic relationships. The 
solution is given in terms of generalized displacement components of the points lying on the middle surface of 
the shell. The discretization of the system equations by means of the Generalized Differential Quadrature 
(GDQ) method leads to a standard linear eigenvalue problem, where two independent variables are involved 
without using the Fourier modal expansion methodology. Numerical results concerning six types of shell 
structures illustrate the influence of the power-law exponent, of the power-law distribution and of the choice of 
the four parameters on the mechanical behaviour of shell structures considered. 
References listed at the end of the paper: 
[1] J.N. Reddy, Mechanics of Laminated Composites Plates and Shells, CRC Press, New York, 2003.  
[2] E. Viola, E. Artioli, The G.D.Q. method for the harmonic dynamic analysis of rotational shell structural elements, Struct. Engrg. 
Mech. 17 (2004) 789–817.  
[3] E. Artioli, P. Gould, E. Viola, A differential quadrature method solution for shear-deformable shells of revolution, Engrg. Struct. 
27 (2005) 1879–1892.  
[4] E. Artioli, E. Viola, Static analysis of shear-deformable shells of revolution via G.D.Q. method, Struct. Engrg. Mech. 19 (2005) 
459–475.  
[5] E. Artioli, E. Viola, Free vibration analysis of spherical caps using a G.D.Q. numerical solution, J. Press Vessel-Tech. ASME 128 
(2006) 370–378.  
[6] C. Shu, An efficient approach for free vibration analysis of conical shells, Int. J. Mech. Sci. 38 (1996) 935–949.  
[7] K.Y. Lam, L. Hua, Vibration analysis of a rotating truncated circular conical shell, Int. J. Solids Struct. 34 (1997) 2183–2197.  



[8] L. Hua, K.Y. Lam, Frequency characteristics of a thin rotating cylindrical shell using the generalized differential quadrature 
method, Int. J. Mech. Sci. 40 (1998) 443–459.  
[9] T.Y. Ng, H. Li, K.Y. Lam, C.T. Loy, Parametric instability of conical shells by the generalized differential quadrature method, Int. 
J. Numer. Meth. Engrg. 44 (1999) 819–837. 
[10] L. Hua, K.Y. Lam, The generalized quadrature method for frequency analysis of a rotating conical shell with initial pressure, Int. 
J. Numer. Meth. Engrg. 48 (2000) 1703– 1722. 
[11] K.Y. Lam, L. Hua, Influence of initial pressure on frequency characteristics of a rotating truncated circular conical shell, Int. J. 
Mech. Sci. 42 (2000) 213–236.  
[12] K.Y. Lam, H. Li, T.Y. Ng, C.F. Chua, Generalized differential quadrature method for the free vibration of truncated conical 
panels, J. Sound Vib. 251 (2002) 329–348.  
[13] C.P. Wu, C.Y. Lee, Differential quadrature solution for the free vibration analysis of laminated conical shells with variable 
stiffness, Int. J. Mech. Sci. 43 (2001) 1853–1869. 
[14] C. Shu, Free vibration analysis of composite laminated conical shells by generalized differential quadrature, J. Sound Vib. 194 
(1996) 587–604.  
[15] L. Hua, K.Y. Lam, Orthotropic influence on frequency characteristics of rotating composite laminated conical shell by the 
generalized differential quadrature method, Int. J. Solids Struct. 38 (2001) 3995–4015.  
[16] T.Y. Ng, K.Y. Lam, K.M. Liew, Effect of FGM materials on the parametric resonance of plate structures, Comput. Methods 
Appl. Mech. Engrg. 190 (2000) 953–962.  
[17] J. Yang, S. Kitipornchai, K.M. Liew, Large amplitude vibration of thermo-electro-mechanically stressed FGM laminated plates, 
Comput. Methods Appl. Mech. Engrg. 192(2003) 3861–3885.  
[18] C.P. Wu, Y.H. Tsai, Asymptotic DQ solutions of functionally graded annular spherical shells, Eur. J. Mech A-Solids 23 (2004) 
283–299.  
[19] K.M. Liew, X.Q. He, S. Kitipornchai, Finite element method for the feedback control of FGM shells in the frequency domain via 
piezoelectric sensors and actuators, Comput. Methods Appl. Mech. Engrg. 193 (2004) 257–273.  
[20] L. Della Croce, P. Venini, Finite elements for functionally graded Reissner–Mindlin plates, Comput. Methods Appl. Mech. 
Engrg. 193 (2004) 705–725.  
[21] I. Elishakoff, C. Gentilini, E. Viola, Forced vibrations of functionally graded plates in the three-dimensional setting, AIAA J. 43 
(2005) 2000–2007.  
[22] I. Elishakoff, C. Gentilini, E. Viola, Three-dimensional analysis of an all-around clamped plate made of functionally graded 
materials, Acta Mech. 180 (2005) 21–36.  
[23] B.P. Patel, S.S. Gupta, M.S. Loknath, C.P. Kadu, Free vibration analysis of functionally graded elliptical cylindrical shells using 
higher-order theory, Compos. Struct. 69 (2005) 259–270.  
[24] S. Abrate, Free vibration, buckling, and static deflection of functionally graded plates, Compos. Sci. Technol. 66 (2006) 2383–
2394.  
[25] A.M. Zenkour, Generalized shear deformation theory for bending analysis of functionally graded plates, Appl. Math. Model. 30 
(2006) 67–84.  
[26] J.L. Pelletier, S.S. Vel, An exact solution for the steady-state thermoelastic response of functionally graded orthotropic cylindrical 
shells, Int. J. Solids Struct. 43 (2006) 1131–1158.  
[27] R.A. Arciniega, J.N. Reddy, Large deformation analysis of functionally graded shells, Int. J. Solids Struct. 44 (2007) 2036–2052.  
[28] R.A. Arciniega, J.N. Reddy, Tensor-based finite element formulation for geometrically nonlinear analysis of shell structures, 
Comput. Methods Appl. Mech. Engrg. 196 (2007) 1048–1073.  
[29] C.M.C. Roque, A.J.M. Ferreira, R.M.N. Jorge, A radial basis function for the free vibration analysis of functionally graded plates 
using refined theory, J. Sound Vib. 300 (2007) 1048–1070.  
[30] G.J. Nie, Z. Zhong, Semi-analytical solution for three dimensional vibration of functionally graded circular plates, Comput. 
Methods Appl. Mech. Engrg. 196 (2007) 4901– 4910.  
[31] J. Yang, H.S. Shen, Free vibration and parametric resonance of shear deformable functionally graded cylindrical panels, J. Sound 
Vib. 261 (2007) 871–893.  
[32] C. Shu, Differential Quadrature and Its Application in Engineering, Springer, Berlin, 2000.  
[33] K.M. Liew, T.M. Teo, Modeling via differential quadrature method: three-dimensional solutions for rectangular plates, Comput. 
Methods Appl. Mech. Engrg. 159 (1998) 369–381.  
[34] J.-B. Han, K.M. Liew, Static analysis of Mindlin plates: the differential quadrature element method (DQEM), Comput. Methods 
Appl. Mech. Engrg. 177 (1999) 51–75.  
[35] F.-L. Liu, K.M. Liew, Vibration analysis of Mindlin sector plates: numerical solution by differential quadrature method, Comput. 
Methods Appl. Mech. Engrg. 177 (1999) 77–92.  
[36] F.-L. Liu, K.M. Liew, Differential quadrature element method: a new approach for free vibration of polar Mindlin plates having 
discontinuities, Comput. Methods Appl. Mech. Engrg. 179 (1999) 407–423.  
[37] G. Karami, P. Malekzadeh, A new differential quadrature methodology for beam analysis and the associated differential 
quadrature element method, Comput. Methods Appl. Mech. Engrg. 191 (2002) 3509–3526.  
[38] K.M. Liew, T.Y. Ng, J.Z. Zhang, Differential quadrature-layerwise modeling technique for three dimensional analysis of cross-
ply laminated plates of various edge supports, Comput. Methods Appl. Mech. Engrg. 191 (2002) 3811–3832.  
[39] T.Y. Wu, Y.Y. Wang, G.R. Liu, Free vibration analysis of circular plates using generalized differential quadrature rule, Comput. 
Methods Appl. Mech. Engrg. 191 (2002) 5365–5380.  
[40] T.Y. Wu, Y.Y. Wang, G.R. Liu, A generalized differential quadrature rule for bending analyses of cylindrical barrel shells, 
Comput. Methods Appl. Mech. Engrg. 192 (2003) 1629–1647.  



[41] Y.Q. Huang, Q.S. Li, Bending and buckling analysis of antisymmetric laminates using the moving least square differential 
quadrature method, Comput. Methods Appl. Mech. Engrg. 193 (2004) 3471–3492.  
[42] X. Wang, Y. Wang, Free vibration analyses of thin sector plates by the new version of differential quadrature method, Comput. 
Methods Appl. Mech. Engrg. 193 (2004) 3957–3971.  
[43] P. Malekzadeh, G. Karami, M. Farid, A semi-analytical DQEM for free vibration analysis of thick plates with two opposite edges 
simply supported, Comput. Methods Appl. Mech. Engrg. 193 (2004) 4781–4796.  
[44] M.H. Hsu, Vibration analysis of edge-cracked beam on elastic foundation with axial loading using the differential quadrature 
method, Comput. Methods Appl. Mech. Engrg. 194 (2005) 1–17.  
[45] H. Ding, C. Shu, K.S. Yeo, D. Xu, Numerical computation of three-dimensional viscous flows in primitive variable form by local 
multiquadric differential quadrature, Comput. Methods Appl. Mech. Engrg. 195 (2006) 516–533.  
[46] X. Wang, Nonlinear stability analysis of thin doubly curved orthotropic shallow shells by the differential quadrature method, 
Comput. Methods Appl. Mech. Engrg. 196 (2007) 2242–2251.  
[47] Y. Wang, R. Liu, X. Wang, Free vibration analysis of truncated conical shells by the differential quadrature method, J. Sound 
Vib. 224 (1999) 387–394.  
[48] Y. Wang, R. Liu, X. Wang, On free vibration analysis of nonlinear piezoelectric circular shallow spherical shells by the 
differential quadrature element method, J. Sound Vib. 245 (2001) 179–185.  
[49] A. Marzani, F. Tornabene, E. Viola, Nonconservative stability problems via generalized differential quadrature method, J. Sound 
Vib. 315 (2008) 176–196.  
[50] F. Tornabene, Modellazione e Soluzione di Strutture a Guscio in Materiale Anisotropo, PhD Thesis, University of Bologna – 
DISTART Department, 2007.  
[51] F. Tornabene, E. Viola, Vibration analysis of spherical structural elements using the GDQ method, Comput. Math. Appl. 53 
(2007) 1538–1560.  
[52] F. Tornabene, E. Viola, 2-D Solution for free vibrations of parabolic shells using generalized differential quadrature method, Eur. 
J. Mech. A/Solids 27 (2008) 1001–1025.  
[53] E. Viola, F. Tornabene, Vibration analysis of damaged circular arches with varying cross-section, Struct. Integr. Durab. (SID-
SDHM) 1 (2005) 155–169.  
[54] E. Viola, M. Dilena, F. Tornabene, Analytical and numerical results for vibration analysis of multi-stepped and multi-damaged 
circular arches, J. Sound Vib. 299 (2007) 143–163.  
[55] E. Viola, F. Tornabene, Vibration analysis of conical shell structures using GDQ method, Far East J. Appl. Math. 25 (2006) 23–
39.  
[56] G. Alfano, F. Auricchio, L. Rosati, E. Sacco, MITC finite elements for laminated composite plates, Int. J. Numer. Meth. Engrg. 
50 (2001) 707–738.  
[57] F. Auricchio, E. Sacco, A mixed-enhanced finite-element for the analysis of laminated composite plates, Int. J. Numer. Meth. 
Engrg. 44 (1999) 1481–1504.  
[58] F. Auricchio, E. Sacco, Refined first-order shear deformation theory models for composite laminates, J. Appl. Mech. 70 (2003) 
381–390.  
[59] M.H. Toorani, A.A. Lakis, General equations of anisotropic plates and shells including transverse shear deformations, rotary 
inertia and initial curvature effects, J. Sound Vib. 237 (2000) 561–615. 
 
 
Francesco Tornabene (1), Erasmo Viola (1) and Daniel J. Inman (2) 
(1) DISTART Department, Faculty of Engineering, University of Bologna, Italy 
(2) Center of Intelligent Material Systems and Structures, Virginia Polytechnic Institute and State University, 
USA 
“2-D differential quadrature solution for vibration analysis of functionally graded conical, cylindrical shell and 
annular plate structures”, Journal of Sound and Vibration, Vol. 328, No. 3, pp 259–290, December 2009, 
doi:10.1016/j.jsv.2009.07.031 
ABSTRACT: This paper focuses on the dynamic behavior of functionally graded conical, cylindrical shells and 
annular plates. The last two structures are obtained as special cases of the conical shell formulation. The first-
order shear deformation theory (FSDT) is used to analyze the above moderately thick structural elements. The 
treatment is developed within the theory of linear elasticity, when materials are assumed to be isotropic and 
inhomogeneous through the thickness direction. The two-constituent functionally graded shell consists of 
ceramic and metal that are graded through the thickness, from one surface of the shell to the other. Two 
different power-law distributions are considered for the ceramic volume fraction. The homogeneous isotropic 
material is inferred as a special case of functionally graded materials (FGM). The governing equations of 
motion, expressed as functions of five kinematic parameters, are discretized by means of the generalized 
differential quadrature (GDQ) method. The discretization of the system leads to a standard linear eigenvalue 
problem, where two independent variables are involved without using the Fourier modal expansion 
methodology. For the homogeneous isotropic special case, numerical solutions are compared with the ones 



obtained using commercial programs such as Abaqus, Ansys, Nastran, Straus, Pro/Mechanica. Very good 
agreement is observed. Furthermore, the convergence rate of natural frequencies is shown to be very fast and 
the stability of the numerical methodology is very good. Different typologies of non-uniform grid point 
distributions are considered. Finally, for the functionally graded material case numerical results illustrate the 
influence of the power-law exponent and of the power-law distribution choice on the mechanical behavior of 
shell structures. 
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ABSTRACT: In this paper, the Generalized Differential Quadrature (GDQ) method is applied to study the 
dynamic behaviour of laminated composite doubly-curved shells of revolution. The First-order Shear 
Deformation Theory (FSDT) is used to analyze the above mentioned moderately thick structural elements. The 
governing equations of motion, written in terms of stress resultants, are expressed as functions of five kinematic 
parameters, by using the constitutive and kinematic relationships. The solution is given in terms of generalized 
displacement components of points lying on the middle surface of the shell. The discretization of the system by 
means of the Differential Quadrature (DQ) technique leads to a standard linear eigenvalue problem, where two 
independent variables are involved. Results are obtained taking the meridional and circumferential co-ordinates 
into account, without using the Fourier modal expansion methodology. Examples of hyperbolic, catenary, 
cycloid, parabolic, elliptic and circular shell and panel structures are presented to illustrate the validity and the 
accuracy of the GDQ method. Furthermore, GDQ results are compared with those presented in literature and the 
ones obtained by using commercial programs such as Abaqus, Ansys, Nastran, Straus and Pro/Mechanica. Very 
good agreement is observed. 
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ABSTRACT: In this paper, the Generalized Differential Quadrature (GDQ) method is applied to study the 
dynamic behaviour of laminated composite doubly-curved shells of revolution. The First-order Shear 
Deformation Theory (FSDT) is used to analyse the above mentioned moderately thick structural elements. In 
order to include the effect of the initial curvature a generalization of the Reissner–Mindlin theory, proposed by 
Toorani and Lakis, is adopted. The governing equations of motion, written in terms of stress resultants, are 
expressed as functions of five kinematic parameters, by using the constitutive and kinematic relationships. The 
solution is given in terms of generalized displacement components of points lying on the middle surface of the 
shell. The discretization of the system by means of the Differential Quadrature (DQ) technique leads to a 
standard linear eigenvalue problem, where two independent variables are involved. Results are obtained taking 
the meridional and circumferential co-ordinates into account, without using the Fourier modal expansion 
methodology. Comparisons between the Reissner–Mindlin and Toorani–Lakis theory are presented. 
Furthermore, GDQ results are compared with those presented in literature and the ones obtained by using 
commercial programs such as Abaqus, Ansys, Nastran, Straus and Pro/Mechanica. Very good agreement is 
observed. 
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ABSTRACT: This work presents the static and dynamic analyses of laminated doubly-curved shells and panels 
of revolution resting on Winkler-Pasternak elastic foundations using the Generalized Differential Quadrature 
(GDQ) method. The analyses are worked out considering the First-order Shear Deformation Theory (FSDT) for 



the above mentioned moderately thick structural elements. The effect of the shell curvatures is included from 
the beginning of the theory formulation in the kinematic model. The solutions are given in terms of generalized 
displacement components of points lying on the middle surface of the shell. Simple Rational Bézier curves are 
used to define the meridian curve of the revolution structures. The discretization of the system by means of the 
GDQ technique leads to a standard linear problem for the static analysis and to a standard linear eigenvalue 
problem for the dynamic analysis. Comparisons between the present formulation and the Reissner-Mindlin 
theory are presented. Furthermore, GDQ results are compared with those obtained by using commercial 
programs. Very good agreement is observed. Finally, new results are presented in order to investigate the 
effects of the Winkler modulus, the Pasternak modulus and the inertia of the elastic foundation on the behavior 
of laminated shells of revolution. 
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Aleksandr L. Maiboroda, “Buckling of convex shells under non-axisymmetric loading”, in Asymptotic methods 
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ABSTRACT: (cannot be cut and pasted) 
 
 
Su-Huan Chen, Guo-Feng Yao and Cheng Huang, “A new intelligent thin shell element”, Smart Materials and 
Structures, Vol. 9, No. 1, 2000? 
ABSTRACT: In this paper, a new three-dimensional thin-shell structure containing an integrated distributed 
piezoelectric sensor and actuator is proposed. The distributed piezoelectric sensor layer monitors the structural 
shape deformation due to the direct effect and the distributed actuator layer suppresses the deflection via the 
converse piezoelectric effect. A finite-element formulation is presented for modelling the dynamic as well as 
static response of the laminated shell with piezoelectric sensors/actuators. An eight-node and 40 degrees of 
freedom shell element is built. The performance of the shell elements is improved by a reduced integration 
technique. The shell element is verified by calculating a piezoelectric polymeric PVDF bimorph beam. The 
results agreed fairly well with those obtained through theoretical analysis by Tzou and Tseng and Hwang and 
Park. 
 
 
Qing-Hai Du, Zheng-Quan Wan and Weig-Cheng Cui (China Ship Scientific Research Center (CSSRC), Wuxi, 
Jiangsu, China), “A study on structural characteristics of the ring-stiffened circular toroidal shells”, Analysis 
and Design of Marine Structures, edited by Carlos Quedes Soares and Das, Taylor & Francis Group, London, 
ISBN 978-0-415-54934-9, 2009 
ABSTRACT: The pure complete toroidal shell and the compartment of toroidal shell with ring stiffener, with 
circular meridian cross-section, have been investigated respectively by the numerical analysis method in this 
paper because of the difficulty of the theoretically solution. The thin shell element was adopted to obtain elastic 
analysis of a closed toroidal shell due to external pressure, which confirms the conclusion of membrane theory. 
Based on the nonlinear finite element method (FEM), the structural characteristics of the ring-stiffened toroidal 
shell have been carried out. In presented analyzing, adopting the elastic-plasticity stress-strain relations, the 
influences between material nonlinearity and geometry nonlinearity of the stability of structure hull are also 
considered. Comparing with the traditional cylindrical pressure hull, the ring-stiffened toroidal pressure hull is 
superior in resisting influences of the initial deflection to a certain extent and having larger reserve buoyancy. It 
means that the ring-stiffened toroidal shell could be used to realize better performance in the general structural 
form with its specific shape in underwater engineering. 
 
 
Shuguang Li and S.R. Reid (Dept. of Mechanical Engineering, UMIST, Manchester, UK), “The plastic 
buckling of axially compressed square tubes” Journal of Applied Mechanics, Vol. 59, pp 276-282, June 1992, 
DOI: 10.1115/1.2899517  
ABSTRACT: A plastic buckling analysis for axially compressed square tubes is described in this paper. 



Deformation theory is used together with the realistic edge conditions for the panels of the tube introduced in 
our previous paper (Li and Reid, 1990), referred to hereafter as LR. The results obtained further our 
understanding of a number of problems related to the plastic buckling of axially compressed square tubes and 
simply supported rectangular plates, which have remained unsolved hitherto and seem rather puzzling. One of 
these is the discrepancy between experimental results and the results of plastic buckling analysis performed 
using the incremental theory of plasticity and the unexpected agreement between the results of calculations 
based on deformation theory for plates and experimental data obtained from tests conducted on tubes. The non-
negligible difference between plates and tubes obtained in the present paper suggests that new experiments 
should be carried out to provide a more accurate assessment of the predictions of the two theories. Discussion of 
the results herein also advances our understanding of the compact crushing behavior ofsquare tubes beyond that 
given in LR . An important conclusion reached is that strain hardening cannot be neglected for the plastic 
buckling analysis of square tubes even if the degree of hardening is small since doing so leads to an unrealistic 
buckling mode.  
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“An Analysis of Filament Overwound Toroidal Pressure Vessels and Optimum Design of Such Structures”, J. 
Pressure Vessel Technol., Vol. 124,  No. 2, May 2001, pp. 215-222, doi:10.1115/1.1430671 
ABSTRACT: This paper is concerned with the membrane shell analysis of filament overwound toroidal 
pressure vessels and optimum design of such pressure vessels using the results of the analysis by means of 
mathematical nonlinear programming. The nature of the coupling between overwind and liner has been 
considered based on two extreme idealizations. In the first, the overwind is rigidly coupled with the liner, so 
that the two deform together in the meridional direction as the vessel dilates. In the second, the overwind is free 
to slide relative to the liner, but the overall elongations of the two around a meridian are identical. Optimized 
designs with the two idealizations show only minor differences, and it is concluded that either approximation is 
satisfactory for the purposes of vessel design. Aspects taken into account are the intrinsic overwind thickness 
variation arising from the winding process and the effects of fiber pre-tension. Pre-tension can be used not only 
to defer the onset of yielding, but also to achieve a favorable in-plane stress ratio which minimizes the von 
Mises equivalent stress in the metal liner. Aramid fibers are the most appropriate fibers to be used for the 
overwind in this type of application. The quantity of fiber required is determined by both its short-term strength 
and its long-term stress rupture characteristics. An optimization procedure for the design of such vessels, taking 
all these factors into account, has been established. The stress distributions in the vessels designed in this way 
have been examined and discussed through the examples. A design which gives due consideration of possible 
mechanical damage to the surface of the overwind has also been addressed. 
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“Analysis of potential for titanium liner buckling after proof in a large Kevlar/epoxy COPV”, AIAA Paper 



2009-2520, 50th AIAA Structures, Structural Dynamics and Materials Conference, Palm Springs, May 2009 
ABSTRACT: We analyze the potential for liner buckling in a 40-in Kevlar49/epoxy overwrapped spherical 
pressure vessel (COPV) due to long, local depressions or ‘valleys’ in the titanium liner, which evidently 
appeared after proof testing (autofrettage). We begin by presenting the geometric characteristics of 
approximately 20 mil (0.02 in.) deep depressions measured by laser profilometry in several vessels. While such 
depths were more typical, depths of more than 40 mils (0.02 in.) were seen near the equator in one particular 
vessel. Such depressions are largely the result of overlap of the edges of crossing overwrap bands (with 
rectangular cross-section prepreg tows) from the first or second wrap patterns particularly where they begin and 
end. We then discuss the physical mechanisms of formation of the depressions during the autofrettage process 
in terms of uneven void compaction in the overwrap particularly around lines of tow overlap, and the resulting 
10-fold increase in through-thickness stiffness of the overwrap. We consider the effects of liner plastic yielding 
mechanisms on residual bending moments and interface pressures between the liner and overwrap, both at the 
peak proof pressure (~6500 psi) and subsequently when reducing the pressure back to 0 psi. During 
depressurization, the Bauschinger effect becomes very important wherein extensive prior yielding in tension 
reduces the magnitude of the yield threshold in compression by 30 to 40% compared to the virgin annealed state 
of the titanium. In the absence of a depression, the liner is elastically stable in compression even at overwrap-
liner interface pressures up to 6 times the ~ 1000 psi interface pressure that exists at 0 psi following proof. 
Using a mechanics model based on a plate on an elastic foundation, we develop an extensive analysis of the 
possible destabilizing effects of a frozen-in liner depression. The analysis treats the perturbing effects of the 
residual bending moments and interface pressures remaining after the proof hold as well as the Bauschinger 
effect on the compressive yield threshold when depressurizing to 0 psi. The key result is that depression depths 
of up to 40 mils can be tolerated by the liner, but above 40 mils, the Bauschinger effect drives destabilization, 
and buckling becomes increasingly likely depending on the details of depression formation during autofrettage. 
It is almost certain that destabilization leading to buckling will occur for depression depths beyond 55 mils.  
 
 
Venkata M.K. Akula and Michael K. Shubert (Dassault Systems SIMULIA Corporation, Lewisville, Texas), 
“Analysis of debonding of filament wound composite pressure vessels”, Proceedings of the 28th American 
Society of Composites (ASC) Conference, Charles Bakis (Editor), DEStech Publications, Inc, November 2013 
ABSTRACT: The process of filament winding has gained broad support among a wide range of applications 
from rocket propellant tanks and automobile natural gas storages tanks to SCUBA and firefighting equipment. 
The high stiffness-to-weight characteristic of these pressures vessels makes them ideal for such applications. 
Many failure criteria have to be considered when designing composite pressure vessels. These include, but are 
not limited to, fiber rupture, liner fatigue, liner buckling, overwrap leakage, and composite crack propagation 
resulting in burst. In order to simulate a number of these failure mechanisms, the debonding between the liner a 
composite overwrap must be modeled. In this paper, the use of surface based cohesive behavior in Abaqus to 
model the debonding between a metallic liner and a carbon fiber composite overwrap will be investigated. The 
deformation behavior across the bond will be examined along with the effects of bond failure. A procedure will 
be developed to systematically set up a simulation of the debonding of a liner from a composite overwrapped 
pressure vessel due to phenomenon such as cylinder buckling and surface defects which effect the liner-to-
composite bond.  
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“Bifurcation buckling eigenvector characteristics for structures exhibiting buckling mode interactions”, 
Computer Methods in Applied Mechanics and Engineering, Vol. 149, Nos.1-4, October 1997, pp. 89-100, 
Special Issue: papers presented at the Symposium on Advances in Computational Mechanics, 
doi:10.1016/S0045-7825(97)00063-7 
ABSTRACT: Since the recognition that local buckling of plate elements can significantly reduce the column 
buckling load of thin walled beams and columns, significant research has established a firm basis for 
understanding the interplay between buckling modes in classical built-up structures. Recent work on a modal 
projection procedure for representing the results of both static and dynamic nonlinear collapse computations has 
demonstrated that for structures whose collapse process includes a predominantly linear prebuckling domain, 



the failure process can be well understood by tracking the growth of the bifurcation eigenvectors in the solution. 
It has recently been observed that for structures which exhibit mode coupling characteristics, the bifurcation 
eigenvectors by themselves do not form a set of orthogonal functions when their inner product is evaluated. For 
complex structures or structures exhibiting complex multi-modal postbuckling behavior, this procedure 
provides an approach to evaluate the design basis for buckling mode interactions. Examples are shown 
illustrating this for collapse analyses involving both the classical case of geometric imperfections and material 
imperfections such as delaminations in composite structures. 
 
 
2983Franjo Turcic (Civil Engineering Institute of Croatia, Janka Rakuse 1, PO Box 283, 41000 Zagreb, 
Croatia), “Resistance of axially compressed cylindrical shells determined for measured geometrical 
imperfections”, Journal of Constructional Steel Research, Vol. 19, No. 3, 1991, pp. 225-234, 
doi:10.1016/0143-974X(91)90046-4 
ABSTRACT: A method for determining the resistance of an imperfect isotropic steel shell is proposed in this 
paper. The following hypotheses are supported: hypothesis on dominant characteristics of the usual initial 
geometric imperfection; hypothesis on the equivalent axisymmetric calculation model; and hypothesis on the 
general rules that govern the relationship between the mean value of the amplitude on the critical cross-section 
and the wall thickness, for different r/t relations. The correctness of the above hypotheses is proven by 
numerically simulated experiments using the computer program BOSOR5, for characteristic r/t  relations. 
 
 
Alphose Zingoni (1) and Victor Balden (2) 
(1) Department of Civil Engineering, University of Cape Town, Rondebosch 7701, Cape Town, South Africa 
(2) Centre for Research in Computational and Applied Mechanics, University of Cape Town, Rondebosch 
7701, Cape Town, South Africa 
“On the buckling strength of stiffened elliptic paraboloidal steel panels”, Thin-Walled Structures, Vol. 47, Nos. 
6-7, June-July 2009, pp. 661-667, doi:10.1016/j.tws.2008.11.007 
ABSTRACT: This paper reports the results of a numerical study undertaken on the buckling behaviour of 
lightly stiffened elliptic paraboloidal steel panels intended for use as long-span shuttering for lightweight 
concrete bridge decks, walkways and floors. Steel panel shutters of double curvature may allow the casting of 
concrete over relatively large spans while avoiding the use of supporting scaffolding and other intermediate 
props. Such long-span shutters are desirable when the ground below the deck cannot adequately support 
scaffolding, or the space below the deck carries traffic carriageways which should not be obstructed by 
scaffolding. In this study, the effect of the wet concrete is simulated as a uniform pressure normal to the shell 
surface (limiting case), while the dead weight of the hardening concrete is simulated as a uniformly distributed 
loading on the horizontal projection of the shell surface. The results show that panel rise and aspect ratio have a 
considerable influence on the buckling strength of the shutter. Tentative viability limits are established. 
 
 
Shen Huishen, “Postbuckling of imperfect stiffened cylindrical shells under combined external pressure and 
heating”, Applied Mathematics and Mechanics, Vol. 19, No. 5, 1998, pp. 411-426, DOI: 10.1007/BF02457784 
ABSTRACT: A postbuckling analysis is presented for a stiffened cylindrical shell of finite length subjected to 
combined loading of external pressure and a uniform temperature rise. The formulations are based on a 
boundary layer theory of shell buckling, which includes the effects of nonlinear prebuckling deformations, 
nonlinear large deflections in the postbuckling range and initial geometrical imperfections of the shell. The 
“smeared stiffener” approach is adopted for the stiffeners. The analysis uses a singular perturbation technique to 
determine the interactive buckling loads and the postbuckling equilibrium paths. Numerical examples cover the 
performances of perfect and imperfect, stringer and ring stiffened cylindrical shells. Typical results are 
presented in dimensionless graphical form. 
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“Asymptotic solution for buckling of toroidal shells”, International Journal of Pressure Vessels and Piping, Vol. 
45, No. 1, 1991, pp. 61-72, doi:10.1016/0308-0161(91)90044-3 
ABSTRACT: Stability equations for toroidal shells under hydrostatic pressure are derived from Sanders'1 non-
linear equations of equilibrium and kinematic relations of the middle surface for general shells. The stability 
equations are solved by use of the asymptotic method. Theoretically predicted buckling pressures are in good 
agreement with experimental results obtained by Fishlowitz.2  The influence of prebuckling deflection on the 
critical load is investigated. 
 
 
Anwen Wang and Wenying Tian (Teaching and Research Section of Material Mechanics, The Naval Academy 
of Engineering, P.O. Box 0116, Wuhan 430033, PR China), “Twin-characteristic-parameter solution of 
axisymmetric dynamic plastic buckling for cylindrical shells under axial compression waves”, International 
Journal of Solids and Structures, Vol. 40, No. 12, June 2003, pp. 3157-3175,  
doi:10.1016/S0020-7683(03)00051-9 
ABSTRACT: In the present investigation on the dynamic plastic buckling of cylindrical shells under axial 
compression waves, the critical axial stress and the exponential parameter of inertia terms in stability equations 
are treated as a couple of characteristic parameters. The criterion of transformation and conservation of energy 
in the process of buckling initiation is used to derive the supplementary restraint equation of buckling 
deformation at the fronts of axial elastic and plastic compression waves. The supplementary restraint equation, 
stability equations, boundary conditions and continuity conditions constitute the necessary and sufficient 
conditions of determining the two characteristic parameters. Two characteristic equations are derived for the 
two characteristic parameters. The critical axial stress or the critical buckling time, the exponential parameter of 
inertia terms and the initial modes of buckling deformation are calculated quantitatively from the solution of the 
characteristic equations. 
 
 
A. Wang and W. Tian (Teaching and Research Section of Material Mechanics, P.O. Box 0116, The Naval 
Academy of Engineering, Wuhan 430033, People's Republic of China), “Twin-characteristic-parameters 
analysis for elastic dynamic buckling of thin cylindrical shells under axial step loading”, International Journal of 
Impact Engineering, Vol. 31, No. 6, July 2005, pp. 643-666, doi:10.1016/j.ijimpeng.2004.03.016 
ABSTRACT: The relations of the critical stress and transverse inertia effect to the loading duration are 
investigated for the dynamic buckling of thin cylindrical shells under axial step loading. The critical stress and 
the inertial exponent are treated as the two characteristic parameters. The criterion of energy conservation is 
used to derive the supplementary restraint condition for buckling deformations at compression wave front. By 
use of the Galerkin method, an algebraic eigenvalue problem for the two characteristic parameters is derived 
from the governing equations and boundary conditions. The solution of the eigenvalue problem, which satisfies 
the supplementary restraint condition, gives the values of the critical stress and the inertial exponent for the 
dynamic buckling. The relation of critical stress to loading duration, predicted by the theoretical analysis, is in 
reasonable agreement with the experimental results. 
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“Buckling of cross-ply cylinders under hydrostatic pressure considering pressure stiffness”, Ocean Engineering, 
Vol. 38, No. 4, March 2011, pp. 559-569, doi:10.1016/j.oceaneng.2010.12.005 
ABSTRACT: Buckling behavior of cross-ply cylinders under hydrostatic pressure is investigated using a semi-
analytical finite element based on a consistent first order shear deformable shell theory. Potential loss due to 
external pressure, also called pressure stiffness (PS) is taken into account by making use of Koiter's related 
energy expression. A number of verification problems are solved and the numerical results are compared with 
the analytical results available in the literature and excellent agreement is observed. New numerical results are 



presented to assess the effect of PS on buckling due to hydrostatic pressure. It is shown that PS causes a 
decrease in the buckling load and this decrease depends on the size of the cylinder and the material. Also, issues 
related to thickness optimization are examined and optimal lamina thicknesses are determined for a number of 
cases with and without PS taken into account. 
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07058, Turkey), “Stability analysis of cross-ply laminated shells of revolution using a curved axisymmetric 
shell finite element”, Thin-Walled Structures, Vol. 49, No. 6, June 2011, pp. 732-742, 
doi:10.1016/j.tws.2011.01.005 
ABSTRACT: A curved axisymmetric shell finite element based on a consistent first-order shear deformable 
shell theory is developed for the linear stability analysis of cross-ply laminated shells of revolution under 
compressive loads. Finite element analysis results are presented for isotropic, orthotropic and cross-ply 
laminated shells of revolution in comparison with the analytical and numerical results found in the literature. 
These comparisons demonstrate the applicability and the high performance of the element in stability analysis 
of thin and moderately thick cross-ply laminated composite shells of revolution under compressive loads. 
 
 
James R. Fitch (Harvard University, Cambridge, Massachusetts, USA), “The buckling and post-buckling 
behavior of spherical caps under concentrated load”, International Journal of Solids and Structures, Vol. 4, No. 
4, April 1968, pp. 421-446, doi:10.1016/0020-7683(68)90048-6 
ABSTRACT: The elastic buckling and initial post-buckling behavior of clamped shallow spherical shells under 
concentrated load is considered. It is found that bifurcation into an asymmetric deflection pattern will occur 
before axisymmetric snap-buckling unless the ratio of the shell rise to the thickness lies within a narrow range 
corresponding to relatively thick shells. The initial post-buckling analysis indicates that the shell retains its load 
carrying capacity as it makes the transition to asymmetric behavior. These results are in qualitative agreement 
with available experimental data. 
 
 
H. A. Ashour (1) and L. H. Sobel (2) 
(1) Department of Aeronautical Engineering, University of Cairo, Cairo, Egypt 
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“Buckling of prismatic structures under biaxial loading”, Computers & Structures, Vol. 12, No. 5, November 
1980, pp. 749-758, doi:10.1016/0045-7949(80)90177-7 
ABSTRACT: This work presents an analysis and numerical results for the buckling of longitudinally stiffened 
prismatic structures that consist of an assemblage of flat plate and cylindrical panel components. The applied 
loading is assumed to induce uniform in-plane biaxial stresses, and all types of buckling modes (general, local, 
and coupled) are automatically accounted for in the analysis. Previous analyses of such problems by the exact 
(Wittrick) and approximate (Cheung) finite strip methods are based on the assumption that the structure is 
simply supported on the transverse ends by diaphragms (SS3 classical simple supports). The present work 
extends these analyses to include the case of completely clamped transverse ends (CC4), as well as simply 
supported ends. A one term Galerkin method is used to replace the governing partial differential equations of 
equilibrium for each component by ordinary differential equations in terms of the transverse coordinate, and the 
ordinary equations are solved exactly. The principle of virtual work is employed to obtain the stiffness matrix 
for each component. Numerial results are presented for a wide variety of CC4 and SS3 prismatic structures. 
These results compare favorably with available solutions. 
 
 
H.A. Ashour (Faculty of Engineering, Qatar University, P.O. Box 2713, Doha, Qatar), “Creep buckling of 
cylindrical panels under multiaxial loading”, Computers & Structures, Vol. 52, No. 1, July 1994, pp. 139-148, 
doi:10.1016/0045-7949(94)90265-8 
ABSTRACT: This work presents an analysis of the creep buckling problem of geometrically imperfect circular 
cylindrical panels under multiaxial loading with simple support boundary conditions. The analysis is based on a 



nondimensional form of Donnell-type equations for a slightly imperfect cylindrical panel. The elastic 
constitutive equations for a thin panel are employed. The basic elastic equilibrium equations in the middle 
surface displacement components are derived through the employment of the principle of virtual displacements. 
For creep deformations, Odqvist's constitutive equations for steady creep are employed. In the present analysis, 
creep buckling is characterized by either reaching a maximum deflection limit or experiencing a bifurcational 
buckling state. Based on the present analysis, a computer program has been developed for the creep buckling 
analysis of cylindrical panels. The panel ends are assumed to be simply supported. The applied loading is 
assumed to be axial compression and lateral pressure. Numerical results are presented for imperfect isotropic 
panels under both uniaxial and multiaxial loading. For the case of uniaxially compressed plates, the present 
results are generally in good agreement with previous experimental and analytical results. These results suggest 
that each of the level of the axial compressive load, the level of the lateral pressure, the amplitude and direction 
of the initial imperfection, and the panel curvature greatly affect the creep buckling times of cylindrical panels. 
The results presented indicate that avoiding negative (toward the centre of curvature) initial imperfections 
would help to suppress the creep buckling process for cylindrical panels under multiaxial loading conditions. It 
would also help to eliminate the possibility of a bifurcational buckling state to exist. This can be achieved by 
intentionally introducing a small positive initial imperfection in the form of a simple out of roundness. 
 
 
Hans Obrecht (Division of Engineering and Applied Physics, Harvard University, Cambridge, MA 02138, 
U.S.A.), “Creep buckling and postbuckling of circular cylindrical shells under axial compression”, International 
Journal of Solids and Structures, Vol. 13, No. 4, 1977, pp. 337-355, doi:10.1016/0020-7683(77)90018-X 
ABSTRACT: An infinitely long, axially compressed, circular cylindrical shell with an imperfection in the shape 
of the axisymmetric classical buckling mode, undergoing steady or non-steady creep, is analyzed. The 
axisymmetric problem is solved incrementally using nonlinear shell equations The ratio of the applied stress to 
the classical buckling stress determines if the shell will collapse axisymmetrically or if it will bifurcate into a 
nonaxisymmetric mode, and whether or not bifurcation will result in instantaneous collapse. The bifurcation 
problem is formulated exactly and the initial postbuckling behavior is investigated via an asymptotic elastic 
analysis, based on Koiter's general theory Numerical results are compared with available experimental data. 
 
 
 
W. Wunderlich, H. Cramer and H. Obrecht (Institut für Konstruktiven Ingenieurbau, Lehrstuhl IV, Ruhr-
Universität Bochum, Germany), “Application of ring elements in the nonlinear analysis of shells of revolution 
under nonaxisymmetric loading”, Computer Methods in Applied Mechanics and Engineering, Vol. 51, Nos. 1-
3, September 1985, pp. 259-275, doi:10.1016/0045-7825(85)90036-2 
ABSTRACT: A problem-oriented method for the nonlinear elastic-plastic analysis of nonsymmetrically loaded 
shells of revolution is described. It is based on an approximation of the circumferential distribution of the loads 
and variables by Fourier series. Ring finite elements are used in the axial direction. Their stiffness matrices are 
obtained by accurate numerical integration rather than by trial functions. To be able to take full advantage of the 
Fourier decomposition and the one-dimensional discretization, all nonlinearities are treated iteratively in the 
form of pseudo-load vectors. Thus, the various Fourier harmonics are governed by uncoupled algebraic 
equations and no explicit knowledge of the nonlinear global tangent stiffness matrix is required. Convergence 
problems of the iterative procedure are avoided by employing a sort of conjugate gradient method with a special 
preconditioning within each increment. Numerical examples involving strongly nonlinear behavior and highly 
nonsymmetric states of stress and deformation are given which demonstrate the effectiveness of the method. 
 
 
H. Obrecht, W. Goebel and W. Wunderlich, “Nonlinear dynamic analysis of shells of revolution” (Refined 
dynamical theories of beams, plates and shells and their applications), Proceedings of the 219th Euromech 
Colloquium, Kassel, Federal Republic of Germany; 23-26 Sept. 1986. pp. 402-419. 1987 
ABSTRACT: This paper addresses the nonlinear dynamic analysis of shells of revolution. Starting from a 
discretization procedure which is tailored to the particular geometry of these shells, a direct time integration 
procedure is discussed. It employs the Newmark temporal operator, and a modified preconditioned conjugate-



direction method is used to solve the resulting algebraic equations. Subsequently, a closely related reduced basis 
technique is presented which combines some of the features of the direct integration procedure with those of the 
standard reduction methods. 
 
 
Wunderlich, W., Obrecht, H. and Schrödter, V. (Institut für Konstruktiven Ingenieurbau, Ruhr-Universität 
Bochum, Bochum, W. Germany), “Nonlinear analysis and elastic–plastic load-carrying behaviour of thin-
walled spatial beam structures with warping constraints”, International Journal for Numerical Methods in 
Engineering, Vol. 22: 1986, pp. 671–695. doi: 10.1002/nme.1620220311 
ABSTRACT: An analysis of the elastic–plastic load-carrying behaviour of thin-walled spatial beam structures 
is presented. It is based on a beam theory valid for large displacements and rotations, which admits arbitrary 
cross-sections, curved axes, initial imperfections, a general material description, and which fully accounts for 
the influence of warping constraints as well as the stress-history dependence of the elastic–plastic shear moduli. 
An incremental updated Lagrangian viewpoint is adopted in the derivation of the basic beam equations from a 
generalized variational principle, and in the numerical solution procedure the displacement–finite element 
approach is followed. The associated tangential stiffness matrices are obtained by direct numerical integration 
of the governing incremental differential equations rather than through the use of shape functions in connection 
with a virtual work principle. Applications of the theory are given in which the influence of the loading 
configuration, material parameters, geometric nonlinearities and warping constraints on the load-carrying 
behaviour and on the bifurcation and ultimate loads of thin-walled beam structures is explored. 
 
 
Z. Lu, H. Obrecht and W. Wunderlich 
Lehrstuhl für Baumechanik-Statik, Universitat Dortmund, Germany 
Lehrstuhl für Statik, Technische Universitat München, Germany 
“Imperfection sensitivity of elastic and elastic-plastic torispherical pressure vessel heads”, Thin-Walled 
Structures, Vol. 23, Nos. 1-4, 1995, pp. 21-39, Special Issue: Buckling Strength of Imperfection-sensitive 
Shells, doi:10.1016/0263-8231(95)94359-2 
ABSTRACT: The paper deals with the results of a systematic numerical investigation of the nonlinear elastic 
and elastic plastic load-carrying behaviour and imperfection sensitivity of torispherical pressure vessel heads 
under uniform external pressure. In particular, the presentation focuses on the qualitative and quantitative 
influence of the radius-to-thickness ratio R/t, the yield stress sigma0 and the magnitude of initial geometric 
imperfections (in the shape of the elastic bifurcation mode) on the elastic-plastic load-carrying behaviour. It is 
found that thinner shells are more sensitive to the value of the yield stress and the magnitude of initial geometric 
imperfections, but their load-carrying capacity, relative to the elastic bifurcation pressure, may also be 
significantly higher than that of thicker shells. 
 
 
H. Obrecht, B. Rosenthal, P. Fuchs (Baumechanik-Statik, Universitaet Dortmund, D-44221 Dortmund, 
Germany), “Buckling And Imperfection-Sensitivity Of Axially Compressed Cylindrical Shells With Compliant 
Cores”, (no date or publisher given, latest reference is 200l, fluid.ippt.gov.pl) 
ABSTRACT: The extent to which the mechanical properties and dimensions of compliant cores influence the 
load-carrying capacity and imperfection-sensitivity of axially compressed cylindrical shells is analyzed 
numerically for a wide range of configuration parameters. It is found that a comparatively thin layer of core 
material is sufficient to achieve substantial increases in the buckling loads while at the same time the 
imperfection-sensitivity is significantly smaller than for the unfilled shell. 
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H. Obrecht, B. Rosenthal, P. Fuchs, S. Lange and C. Marusczyk (Universität Dortmund, Germany), “Buckling, 
postbuckling and imperfection-sensitivity: Old questions and some new answers”, Computational Mechanics, 
Vol. 37, No. 6, 2006, pp. 498-506, doi: 10.1007/s00466-005-0732-z 
ABSTRACT: From the point-of-view of economy and safety it is desirable to employ structural configurations 
with a favorable strength-to-weight ratio and a sufficiently small imperfection-sensitivity. The presentation 
focuses on two examples falling into this category: The axially compressed cylindrical shell filled with – and/or 
surrounded by - a compliant core, and auxetic structures. Both exhibit unexpected aspects in their load-carrying 
behavior and have a significant weight-savings potential. 
 
 
H. Obrecht, P. Fuchs, U. Reinicke, B. Rosenthal and M. Walkowiak (Lehrstuhl für Baumechanik-Statik, 
Technische Universität Dortmund, August-Schmidt-Strasse 6, D-44221 Dortmund, Germany), “Influence of 
wall constructions on the load-carrying capability of light-weight structures” (Dedicated to Professor Choon 
Fong Shih, President of the National University of Singapore on the occasion of this 60th birthday.), 
International Journal of Solids and Structures, Vol. 45, No. 6, March 2008, pp. 1513-1535, 
doi:10.1016/j.ijsolstr.2007.10.017 
ABSTRACT: Results of systematic numerical studies are presented which suggest that suitable alternative wall 
constructions may lead to elastic load-carrying capacities of light-weight structures which significantly exceed 
those of conventional monocoque constructions, and that in certain cases this improvement may also be 
accompanied by a decrease in imperfection-sensitivity. Two kinds of wall modifications are considered: a 
hybrid wall construction where the skin of a light-weight structure is coated with a low-density material, and 
nonhomogeneous – in particular lattice and biaxially corrugated – wall constructions. The paper focuses on the 
elastic load-carrying behavior of shell- and plate-like structures, and structural efficiency is assessed on the 
basis of their bifurcation buckling resistance while other design criteria, such as e.g. stiffness and plasticity, are 
not taken into account. 
 
 
Hailan Xu, “Buckling, postbuckling and imperfection sensitivity analysis of different type of cylindrical shells 
by Hui’s postbuckling method”, 2013 Ph.D. dissertation, University of New Orleans 
ABSTRACT: Buckling and postbuckling has been critical design parameters for many engineering structures. 
In recent years, this topic has continued to be of major concern due to (1) the discovery of new materials with 
amazingly superior properties, (2) increasingly more stringent safety requirements, (3) lighter, and more durable 
requirements. Such applications can be routinely found in aerospace, naval, civil, and electrical, and nuclear 
engineering structures and especially in the vehicle industries. Koiter is the first one to show that the 
imperfection-sensitivity of a structure is determined by its initial postbuckling behavior. In Koiter’s 1945 
general postbuckling theory, it defines the initial postbuckling behavior and imperfection sensitivity behavior by 
the postbuckling b coefficient. Hui and Chen (1986) were the first to show that the well-known Koiter’s General 
Theory of Elastic Stability of 1945 can be significantly improved by evaluating the postbuckling b coefficient at 
the actual applied load, rather than at the classical buckling load. The reason for such significant improvement 
in predicting the imperfection sensitivity is due to the fact that for an imperfection-sensitive structure, the slope 
of the buckling load versus imperfection amplitude curve approaches negative “infinity” as the imperfection 
amplitude approaches to zero. Thus for “finite” amplitude of the geometric imperfection, the applied load is 
significantly lower than the classical buckling load, leading to significant overestimate of imperfection using 
Koiter’s General theory of 1945. Such improvement method was demonstrated to be (1) very simple to apply 
with no tedious algebra, (2) significant reduction in imperfection sensitivity and (3) although it is still 
asymptotically valid, there exists a significant extension of validity involving larger imperfection amplitudes. 
Strictly speaking, Koiter’s theory of 1945 is valid only for vanishingly small imperfection amplitudes. Hence 



such improved method is termed Hui’s Postbuckling method. This study deals with the Postbuckling and 
imperfection sensitivity of different kinds of cylinders by using the Hui’s postbuckling method. For unstiffened 
cylinder and laminate cylinder, the solution of Hui’s postbuckling method is compared with ABAQUS 
simulation result. A parameter variation of stringer/ring stiffened cylinder is also evaluated. A positive shift of 
the postbuckling b coefficient has been observed, which indicates a significant overestimate of the imperfection 
sensitivity by Koiter's general stability theory. More importantly, the valid region is significantly increased by 
using Hui's postbuckling method compared with the Koiter's general stability theory.  
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Jacoby, Jeffrey, “Fast optimization of static axisymmetric shell structures” (Ph.D. Thesis, Stanford University 
Department of Applied Mechanics), 1992 
ABSTRACT: An axisymmetric shell optimization procedure is developed which is a fast, user-friendly and 
practical tool for design use in disciplines including aerospace, mechanical and civil engineering. The shape and 
thickness of a shell can be optimized to minimize shell mass, mass/volume ratio or stress with constraints 
imposed on von Mises stress and local buckling. The procedure was created with the aid of the GENOPT 
optimization development system (Dr. D. Bushnell, Lockheed Missiles and Space Co) and uses the FAST1 shell 
analysis program (Prof. C. R. Steele, Stanford University) to perform the constraint analysis. The optimization 
method used is the modified method of feasible directions. The procedure is fast because exact analysis 
methods allow complex shells to be modelled with only a few large shell elements and still retain a sufficiently 
accurate solution. This is of particular advantage near shell boundaries and intersections which can have small 
regions of very detailed variation in the solution. Finite element methods would require many small elements to 
capture accurately this detail with a resulting increase in computation time and model complexity. Reducing the 
complexity of the model also reduces the size of the required input and contributes to the simplicity of the 
procedure. Optimization design variables are the radial and axial coordinates of nodes and the shape parameters 
and thicknesses of the elements. Thickness distribution within an element can be optimized by specifying the 
thickness at evenly spaced control points. Spline interpolation is used to provide a smooth thickness variation 
between the control points. An effective method is developed for reducing the number of required stress 
constraint equations. Various shells have been optimized and include models for comparison with published 
results. Shape, thickness and shape/thickness optimization has been performed on examples including a simple 
aerobrake, sphere-nozzle intersections, ring reinforced cylinder and elliptical and torispherical tank heads. 
Convergence of different initial designs to one final design is demonstrated for a shape, thickness and 
shape/thickness optimization problem. The sphere-nozzle intersection is investigated in detail and the equal area 
replacement rule for reinforcement is verified for most intersection geometries. 
 
 
Loo Wen-da  and Gu Hao-zhong (Shanghai Institute of Appl. Math. And Mech., Shanghai Univeristy of 
Technology, P.R. China), “Buckling of cooling tower shells with ring-stiffeners”, Applied Mathematics and 
Mechanics, Vol. 10, No. 7, 1989, pp. 583-592, doi: 10.1007/BF02115790 
ABSTRACT: With the stability analysis of hyperbolic cooling tower shells with ring-stiffeners, our paper 
proposes the linear pre-buckling consistent theory. The numerical result shows that this linear analysis method 
is very effective and practical in engineering, for its precision of computation is up to the level of the nonlinear 
analysis when it is used for the study of critical loads of the hyperbolic cooling tower which is mainly governed 
by wind pressure and for the study of the effect of some other factors concerned in design on the buckling of 
shells. Based on that, we have obtained a series of conclusions which will greatly benefits the engineering 
design when discussing the effect on the critical wind loading of the shell which is caused by the following 
factors such as the position of rings, the number of rings and the dead weight. 
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Sabouri Ghomi S. , Kharazi M.H.K. , Asghari A. , Javidan P. . Effect Of Stiffening Rings On Buckling Stability 
Of R.C. Hyperbolic Cooling Towers. International Journal of Civil Engineering (IJCE). 2005; 3 (1) :20-30, 
(published online 2014/01/11), http://ijce.iust.ac.ir/browse.php?a_code=A-10-167-1&slc_lang=en&sid=1  
ABSTRACT: Design and construction of efficient and economic Reinforced Concrete (R.C.) Hyperbolic 
Cooling Towers have driven the engineers toward the design of tall and thin-shell towers which have 
considerable high slenderness aspect ratio. Consequently, the shell of R.C. Cooling Towers with relative high 
slenderness aspect ratio is extremely prone to buckling instability due to wind loading. To increase the 
structural stability or buckling safety factor, one economic approach is to design and construct stiffening rings 
for the R.C. Hyperbolic Cooling Towers. Despite the research previously performed to determine the effect of 
stiffening rings on the buckling behavior of the R.C. Hyperbolic Cooling Towers, information resulting in 
maximum buckling stability is absent considering the optimized utilization of the quantity and dimension as 
well as the location of this type of stiffeners. In this paper, not only the effect of the stiffening rings on the 
buckling stability of the R.C. Cooling Tower is studied but also the optimized location,quantity and dimension 
of the stiffening rings are carried out for a sample RC Cooling Tower. The dimensions of the selected sample 
cooling tower are in average typical dimensions which are used in the current practice. In this study, finite 
element (F. E.) analyses has been carried out to define the buckling modes and resistance of this tower due to 
wind loading for different number of stiffening ring configurations. Based on the conducted buckling analysis, 
the optimized number, location and dimension of the stiffening rings that maximizes the tower.s buckling 
stability are defined and the methodology to achieve this information is discussed in this paper. 
 
 
Li Long-yuan and Loo Wen-da (Shanghai Institute of Applied Mathematics and Mechanics, Shanghai, China), 
“Nonlinear buckling analysis of hyperbolic cooling tower shell with ring-stiffeners”, Applied Mathematics and 
Mechanics, Vol. 10, No. 2, 1989, pp. 113-118, doi: 10.1007/BF02014817 
ABSTRACT: This paper is concerned with a numerical solution of hyperbolic cooling tower shell, a class of 
full nonlinear problems in solid mechanics of considerable interest in engineering applications. In this analysis, 
the post-buckling analysis of cooling tower shell with discrete fixed support and under the action of wind loads 
and dead load is studied. The influences of ring-stiffener on instability load are also discussed. In addition, a 
new solution procedure for nonlinear problems which is the combination of load increment iteration with 
modified R-C are-length method is suggested. Finally, some conclusions having important significance for 
practice engineering are given. 
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Kings’s Buildings, Mayfield Road, Edinburgh, UK), “Buckling behavior of an underwater storage vessel”, 
Experimental Mechanics, Vol. 25, No. 4, 1985, pp. 421-428, doi: 10.1007/BF02321343 
ABSTRACT: Optimum design considerations for an underwater storage vessel to contain liquid gases and oils 
led to the assessment of an axisymmetric shell of revolution—the Echinodome or drop shape. Analytical 
treatment of the various types of loading to which the shell could be subjected indicated that buckling was the 
more critical design criteria. A small GRP spherical shell under hydrostatic pressure was investigated for its 
buckling behavior both experimentally and theoretically. In the experimental approach surface strains were 
measured using electric resistance strain-gage rosettes on the inner and outer surfaces. Predictions of critical 
buckling pressure were made from the experimental results using a Southwell technique and numerically by the 
finite-element method. The influence of the results on design procedures is discussed. 
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K. M. M. El-Deeb and R. Royles (Department of Civil Engineering, University of Edinburgh, Mayfield Road, 
Edinburgh EH9 3JL, U.K.), “Dynamic and static buckling assessment of an echinodome”, Computers & 
Structures, Vol. 46, No. 5, March 1993, pp. 899-904, doi:10.1016/0045-7949(93)90151-3 
ABSTRACT: The paper examines theoretically the buckling behaviour of an echinodome—an optimum form 
of axisymmetric shell of revolution. The types of loading considered are of a concentrated nature applied 
axisymmetrically and symmetrically. Firstly static buckling behaviour is studied followed by dynamic buckling. 
Both bifurcation and non-linear collapse buckling are taken into account for static loading and only the non-
linear collapse approach is pursued for the dynamic case. Comparisons are made between the corresponding 
dynamic and static buckling loads and the relative significance of the dynamic situation is discussed. 
 
 
R. Royles and K.M.M. El-Deeb (Dept. of Civil Engineering and Building Science, University of Edinburgh, 
Scotland, UK), “Static buckling appraisal of an echinodome”, Experimental Mechanics, Vol. 33, No. 4, pp 263-
269, December 1993 
ABSTRACT: The buckling behavior of an underwater shell of revolution structure of optimum form—an 
echinodome—is examined under axisymmetric and symmetric point loads both experimentally and 
theoretically. For the concentrated loadings, experimental predictions of critical buckling are based on the 
Southwell technique and a possible alternative method is suggested. Bifurcation and nonlinear collapse buckling 
analyses are described theoretically. Within the bifurcation investigation both linear and nonlinear approaches 
are included. The effects of base fixity on the instability of the structure are considered. Comparisons are made 
with earlier external-pressure loading effects and the relative significance of the two forms of loading are 
discussed. 
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ABSTRACT: A two-dimensional finite-difference technique for irregular meshes is formulated for derivatives 
up to the second order. The domain in the vicinity of a given central point is broken into eight 45 degree pie 
shaped segments and the closest finite-difference point in each segment to the center point is noted. By utilizing 
Taylor series expansions about a central point with a unique averaging process for the points in the four 
diagonal segments, good approximations to all derivatives up to the second order and including the mixed 
derivatives are obtained. For square meshes the general derivative expressions for arbitrary meshes which were 
determined reduce to the usual finite difference formulae. In one example problem the Poisson equation is 
solved for an irregular mesh. In a second example for the first time a problem with a geometric nonlinearity, 
namely large deflection response of a flat membrane, is solved with an irregular mesh. The solutions compare 
very favorably with results obtained previously. Some discussion is given on possible approaches for 
determination of finite difference derivatives higher than the second. 
 
 
Robert Kao (Department of Civil, Mechanical and Environmental Engineering, School of Engineering and 
Applied Science, The George Washington University, Washington DC), “Large deformation elastic-plastic 
buckling analysis of spherical caps with initial imperfections”, Computers & Structures, Vol. 11, No. 6, June 
1980, pp. 609-619, doi:10.1016/0045-7949(80)90067-X 
ABSTRACT: Large deformation elastic-plastic buckling loads are obtained for axisymmetric spherical caps 
with initial imperfections. The problem formulation is based on equilibrium equations in which the plastic 
deformation is taken as an effective plastic load. Both perfectly plastic and strain hardening behavior are 
considered. Strain hardening is represented by the Prager-Ziegler kinematic hardening theory, so that the 
Bauschinger effect is accounted for. Solutions of elastic-plastic circular plates and spherical caps are in good 
agreement with previous results. For the spherical cap it was determined that both initial imperfection and 
plastic deformation have the same effect of reducing buckling capacity; as the magnitude of the imperfection 
increases, the influence of plastic deformation becomes less important. It is also found that the geometric 
parameter _ª, which is used as an important factor in elastic response, becomes meaningless for the elastic-
plastic buckling analysis of spherical caps. 
 
Robert Kao and Nicholas Perrone, “Dynamic buckling of axisymmetric spherical caps with initial 
imperfections”, Computers & Structures, Vol. 9, No. 5, pp 463-473, November 1978, 
https://doi.org/10.1016/0045-7949(78)90043-3 
ABSTRACT: Dynamic buckling loads are obtained for axisymmetric spherical caps with initial imperfections. 
Two types of loading are considered, namely, step loading with infinite duration and right triangular pulse. 
Solutions of perfect spherical caps under step loading are in excellent agreement with previous findings. Results 
show that initial imperfections do indeed have the effect of reducing the buckling capacity for both dynamic and 
static responses, although they are affected in a different manner. From the solutions obtained for triangular 
pulse situations, it is revealed that pulse duration has a very significant impact on the magnitude of the dynamic 
buckling load. When comparing these solutions with those of step loading, it is concluded that the step loading 
with infinite duration is the limiting case of a triangular pulse, and that the step loading provides the most severe 
loading situation for dynamic analysis. 
 
Robert Kao (Department of Civil, Mechanical and Environmental Engineering, The George Washington 
University, Washington, DC 20052, U.S.A.), “Nonlinear dynamic buckling of spherical caps with initial 
imperfections”, Computers & Structures, Vol. 12, No. 1, July 1980, pp. 49-63, 
doi:10.1016/0045-7949(80)90093-0 
ABSTRACT: A finite difference method is developed for the large deformation elastic-plastic dynamic 
buckling analysis of axisymmetric spherical caps with initial imperfections. The problem formulation is based 
on governing differential equations of motion, treating the plastic deformation as an effective plastic load. Both 
perfectly plastic and strain hardening behavior are implemented in the program. Strain hardening is 
incorporated through use of the Prager-Ziegler kinematic hardening rule, so that the Bauschinger effect is 
accounted for. The solution for the large deformation elastic-plastic dynamic response of a spherical cap is 
compared very favorably with other findings. Two spherical cap models are selected to study the title problem. 



Results obtained indicate that both plastic yielding and initial imperfection play significant roles in reducing the 
load carrying capacity of these shell structures. Both increase their influence as the thickness to radius ratio and 
the imperfection magnitude increase, respectively. It is also found that dynamic effect has the influence of 
lowering load carrying capacity of perfect spherical caps; however, its influence on imperfect spherical caps 
depends on the magnitude of initial imperfections. 
 
 
Y. Nath and R.K. Jain, “Non-linear dynamic analysis of shallow spherical shells on elastic foundations”, 
International Journal of Mechanical Sciences, Vol. 25, No. 6, pp 409-419, 1983, https://doi.org/10.1016/0020-
7403(83)90055-3 
ABSTRACT: The present study investigates the effect of Winkler-Pasternak elastic foundation parameters on 
the nonlinear dynamic response of shallow spherical shells. The values of foundation parameters ( and ) have 
been determined for the minimaximum central response of the shallow shells for both the clamped as well as 
simply supported immovable edge conditions. Donnell type partial differential equations governing the 
moderately large amplitude behaviour of shallow spherical shells resting on Winkler-Pasternak elastic 
foundations under step pressure loading, have been analysed. The space and time-wise integrations of governing 
equations have been carried out using Chebyshev series and Houbolt techniques, respectively. It is also shown 
that the present analysis can be extended to study the dynamic buckling of shallow shells resting on elastic 
foundations. 
 
 
Burmeister, A., E. Ramm, (1990), Dynamic Stability Analysis of Shell Structures, in Computational Mechanics 
of nonlinear response of shells, eds. W. Krätzig, E. Quate, Springer, Berlin 1990, pp 152-163 
SUMMARY: Time dependent pressure loads may cause dynamic buckling instabilities in the response of thin-
walled structures. A typical example is the dynamic snap-through of a spherical shell under sudden external 
pressure. Usually, the critical load is obtained performing several time step analyses under different load 
magnitudes to localize the critical step load. In this paper a more efficient alternative is described allowing to 
determine the critical load directly or with at least considerably less time history analyses. The dynamic stability 
is evaluated in the sense of Liapunov’s first method. The geometrically and materially nonlinear finite element 
method is applied. In the above mentioned simplified procedure stability criteria are evaluated parallel to one 
nonlinear time response analysis. Starting with the eigenproblem of the system matrix the applicability of the 
kinetic stability criterion is shown. The procedure can be extended to the eigenproblem for the load parameter in 
order to approximate the critical step load to some extent directly. Numerical examples demonstrate the quality 
of the proposed method. 
 
 
Jacek Skrzypek and Aleksander Muc (Institute of Mechanics and Machine Design, Technical University of 
Cracow, ul. Warszawska 24, 31-155 Kraków, Poland), “Limit states of geometrically nonlinear elastic-plastic 
toroidal shells under pressure with bending”, International Journal of Mechanical Sciences, Vol. 30, No. 5, 
1988, pp. 347-363, doi:10.1016/0020-7403(88)90106-3 
ABSTRACT: Elastic-plastic deformation of a thin-walled sandwich toroidal shell (a curved tube) is considered. 
A geometrically nonlinear theory of finite displacements but small strains is applied. Deformation of the whole 
torus is assumed to be rotationally symmetric and, moreover, deformation of a meridional section of the tube is 
symmetric with respect to the symmetry plane of the initial torus. The torus is subject to simultaneous uniform 
normal pressure, internal or external, and in-plane bending. The process is controlled by the two independent 
parameters: the pressure and the change of unit toroidal angle. Depending on the choice of loading trajectory, a 
process of elastic-plastic deformation can be terminated in various ways. The first possible termination of a 
continuous process of deformation is due to the onset of local kinematic discontinuity (strain localization or 
onset of a plastic hinge), regarded as inadmissible. The second termination (limit point) corresponds to a 
maximal value of the load factor and it limits the stable precritical period of deformation. The interaction curves  
corresponding to different termination modes intersect at corners; some parts of these curves are concave. 
 
 



Aleksander Muc (Department of Mechanical Engineering, University of Liverpool, PO Box 147, Liverpool L69 
3BX, UK), “Optimal fibre orientation for simply-supported, angle-ply plates under biaxial compression”, 
Composite Structures, Vol. 9, No. 2, 1988, pp. 161-172, doi:10.1016/0263-8223(88)90005-0 
ABSTRACT: Optimum laminate configurations for laminated rectangular plates under uniaxial or biaxial 
compression are investigated and are obtained under buckling constraints. Complete freedom is permitted in the 
selection of the ply angle variation through the thickness; however, it is proved that the maximum buckling load 
occurs when the orientation angle in each of the layers is the same. Three types of optimal angle (directions) are 
obtained in terms of the material properties, the geometrical properties and the type of buckling mode. They are 
expressed in closed analytical form. 
 
 
Aleksander Muc (Institute of Mechanics and Machine Design, Technical University of Cracow, ul. Warszawska 
24, 31-155 Kraków, Poland), “On the buckling of composite shells of revolution under external pressure”, 
Composite Structures, Vol. 21, No. 2, 1992, pp. 107-119, doi:10.1016/0263-8223(92)90046-F 
ABSTRACT: The paper deals with the buckling analysis of axisymmetric fully clamped composite shells of 
revolution such as spherical caps, torispheres and hemispheres. Its first part is devoted to linear buckling 
analysis in order to determine the appropriate divisors for buckling pressures. Then, the effects of fibre 
orientation on buckling pressure calculated with the use of the BOSOR4 program are discussed for single-
layered (angle-ply), two-layered and quasiisotropic composite shells made of unidirectional glass and 
carbon/epoxy resin. It is shown that the maximal buckling pressures occur for quasi-isotropic composite shells. 
The upper and lower bounds of buckling loads for arbitrary fibre orientations of composite torispheres and 
hemispheres are also proposed. 
 
 
A. Muc (Institute of Mechanics and Machine Design, Technical University of Cracow, Poland), “Failure modes 
of laminated axisymmetric shells of revolution subjected to external pressure”, Composite Structures 5, pp 117-
132, 1989 
ABSTRACT: The paper deals with the investigations of failure modes of laminated shells of revolution 
subjected to external pressure. These are analysed for two typical shell forms such as fully clamped 
hemispheres and torispheres made of unidirectional or woven roving glass/epoxy and carbon/epoxy. The 
buckling pressures of composite shells are compared with the failure pressures obtained from the various failure 
criteria in the stress space. The effects of fibre orientation and initial geometric imperfections are also discussed. 
The imperfections considered are in the form of increased-radius polar imperfections and Legendre polynomial 
imperfections. For CFRP perfect torispherical shells the numerical results are verified by experimental tests. 
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A. Muc (Institute of Mechanics and Machine Design, Cracow University of Technology, 31-155 Krakow, ul. 
Warszawska 24, Poland), “Buckling and post-buckling behaviour of laminated shallow spherical shells 
subjected to external pressure”, International Journal of Non-Linear Mechanics, Vol. 27, No. 3, May 1992, 
pp.465-476, doi:10.1016/0020-7462(92)90013-W 
ABSTRACT: The present paper deals with the static buckling and post-buckling behaviour of clamped elastic 
laminated shallow spherical shells subjected to a uniform external pressure. Applying the Rayleigh-Ritz 
procedure to Marguerre's equations combined with precise pre-buckling numerical analysis, reasonably accurate 
solutions are obtained for buckling upper and lower pressures. The effects of fibre orientations on pre- and post-
buckling behaviour, buckling loads and modes are considered. The results for composite shells are compared 
with those calculated for quasi-isotropic ones. 
 
 
Aleksander Muc, "Layout optimization of doubly-curved laminated composite shells of revolution", 
Engineering Computations, Vol. 13 Nos 2/3/4, pp. 263 – 282, 1996 
DOI: http://dx.doi.org/10.1108/02644409610114567 
ABSTRACT: Presents a finite element formulation of the layout optimization and design sensitivity applied to 
doubly-curved shells of revolution. The objectives of the optimization are to maximize buckling pressures and 
first-ply-failure pressures. The problem is formulated and solved with the use of geometrically non-linear 
transverse shear shell theory. However, the optimization method proposed limits the sensitivity analysis to a 
geometrically linear problem. Focuses special attention on the formulation of the optimization problem taking 
into account various factors, such as the form of geometrical and physical relations, types of design variables 
and the finite element discretization. Demonstrates several numerical examples to illustrate the capability of the 
proposed optimization procedures. 
 
 
A. Muc (Institute of Mechanics and Machine Design, Cracow University of Technology, Warszawska 24,31-
155, Krakow, Poland), “Transverse shear effects in discrete optimization of laminated compressed cylindrical 
shells”, Composite Structures, Vol. 38, Nos. 1-4, May-August 1997, pp. 489-497, Special Issue: Ninth 
International Conference on Composite Structures, doi:10.1016/S0263-8223(97)00084-6 
ABSTRACT: This paper presents optimization problems of cylindrical shells subjected to buckling and ply 
failure constraints. The objective is to maximize failure load. The layers are assumed to be oriented at 0 °, 90 ° 
and ± 45 °, so that the locations of plies in the laminate (3N variables) are design variables. The aim of the 
present work is to discuss the influence of various formulations of governing equations on optimal solutions 
including the effects of transverse shear deformations and to present the use of different variants of genetic 
algorithms, i.e. different selection, mutation and crossing. A series of numerical examples illustrates the 
discussed problem. 
 
 
A. Muc and P. Zuchara (Institute of Mechanics and Machine Design, Cracow University of Technology, ul. 
Warszawska 24, 31-155, Kraków, Poland), “Buckling and failure analysis of FRP faced sandwich plates”, 
Composite Structures, Vol. 48, Nos. 1-3, January-March 2000, pp. 145-150, 
doi:10.1016/S0263-8223(99)00087-2 
ABSTRACT: A thin-walled sandwich plate having laminated composite faces and subject to axial compression 
is studied. The first part of the work is devoted to the discussion of the 2-D geometrically nonlinear formulation 



of governing equations with the use of the Hamilton and the Lagrange variational principles. It allows us to 
compare and verify values of buckling loads and natural frequencies obtained with the use of different variants 
of sandwich plate theory. The analytical results are also confronted with the FE computations conducted with 
the use of the NISA II package. Then, we consider also the problems of local failure damage of sandwiches 
basing on the 3-D FE analysis. The aim of those investigations is to point out the effects of the normal stresses 
and their influence on the sandwich behaviour. 
 
 
Aleksander Muc (Institute of Mechanics and Machine Design, Cracow University of Technology, ul. 
Warszawska 24, 31-155 Kraków, Poland), “Design of composite structures under cyclic loads”, Computers & 
Structures, Vol. 76, Nos. 1-3, June 2000, pp. 211-218, doi:10.1016/S0045-7949(99)00159-5 
ABSTRACT: The first part of the paper is devoted to the presentation and discussion of various problems 
encountered in theoretical and numerical modelling of fatigue phenomena and failure modes in the 2-D 
description of composite structures. Then, a numerical FE model is proposed based on the progressive pure 
deterministic evaluation of the stiffness degradation of structures. Using the proposed formulation logarithmic 
fatigue life contours have been estimated for composite plates subjected to shear loads or tension. 
 
 
Aleksander Muc and Piotr Kedziora, “Optimal design of smart laminated composite structures”, Materials and 
Manufacturing Processes, Vol. 25, No. 4, pp 272-280, 2010 
ABSTRACT: A new optimization problem for laminated multilayered structures having surface bounded 
piezoelectric (PZT) patches have been formulated and solved. The present formulation introduces boundaries of 
PZT patches as new class of design variables. In addition, classical design variables in the form of ply 
orientation angles of orthotropic layers are also taken into account. The design objective is the minimization of 
normal maximal deflections. The standard Rayleigh–Ritz method is used; however, the accuracy of optimal 
design are verified with the aid of the FE package ABAQUS. Examples are presented to illustrate the 
performance of the proposed model. For the actuator/actuator configuration, it was shown that the PZT 
actuators can significantly reduce deformations of the composite plate. Those effects were dependent on the 
value of the applied voltage. It was demonstrated that the proper choice of the actuator form is more efficient in 
reducing deflections. The influence of the fiber orientation and their material properties on the optimal design is 
also presented and discussed. The growth of the plate geometrical ratio a/b results in the increase of the 
effectiveness of the optimization procedure based on the appropriate choice of the boundary curve of the PZT 
patch. 
 
 
Krużelecki J, Stawiarski A (2010) Optimal design of thin-walled columns for buckling under loadings 
controlled by displacements. Struct Multidiscip Optim 42:305–314 
ABSTRACT: In this paper the problem of the optimal design of thin-walled tubular columns under axial 
compression and torsion controlled by displacements is investigated. A radius of cross-sectional circular profile 
varying along the axis of the shell-column as well as a wall thickness, which lead to the maximal displacements 
caused by loadings before the structure buckles are sought. both global (buckling of a column) and local (wall 
buckling of a shell) stability of a structure are taken into account. the geometry of the structure is approximated 
by the convex Bézier polynomial. the results are obtained using the simulated annealing method.  
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Aleksander Muc and Adam Stawiarski (Institute of Machine Design, Cracow University of Technology, Jana 
Pawla 11 37, Cracow, Poland), “Damage Detection in Composite Cylindrical Multilayered Shells with 
Delaminations”, Advanced Materials Research (Volumes 123 - 125), August 2010, pp. 887-890, doi: 
10.4028/www.scientific.net/AMR.123-125.887 
ABSTRACT: In this study, effective computational procedures are introduced and used to characterize the 
dynamic behavior of cylindrical panels with circular cross-section having the single delamination between 
laminate layers. Based on the computed results it is possible to determine the effect of delamination on the 
overall structural dynamic behavior. Those results are used to quantify the difference between the results of the 
relevant parameters in the cases of perfect and defected structures. Usually, the wave propagation can be 
observed with the use of piezoelectric sensors. Therefore, in the next step of our analysis we modeled 
delaminated structures with a finite number of PZT sensors to consider also their influence on the structural 
dynamic response. The numerical analysis have been conducted with the use of 3D finite elements. A lot of 
numerical results allow us to understand better the influence of various parameters on the form of wave 
propagation in cylindrical multilayered shells. 
 
 
Aleksander Muc, Marti Lyson and Damain Kus (Institute of Machine Design, Cracow University of 
Technology, Kraków, Poland), “Experimental buckling loads for laminated plated and shell”, Mechanics of 



Nano, Micro and Macro Composite Structures, Politecnico di Torino, 18-20 June 2012, A.J.M. Ferreira and E. 
Carrera (Editors) 
INTRODUCTION: Many laminated composite structures are assembled from parts that are thin. These 
assembled structures, loaded e.g. in compression, can buckle overall. For isotropic stiffened structures a variety 
of buckling interactions can occur involving local and overall deformations of both plate or shell sheet and 
stiffeners. In the case of laminated multilayered structures, being more complex built-up than isotropic ones, 
plated or shell structures can buckle in more complex and subtle ways. In addition, buckling modes can be 
preceded or associated with other failure modes, such as e.g. the First-Ply-Failure, delaminations or local 
buckling of sublaminates. For sandwich structures having faces made of multilayered laminates the number of 
possible failure modes even increases due to the existence of face wrinkling and/or core shear instability. It is 
necessary to emphasize also that the effects of local geometrical imperfections have been to cause discrepancies 
between experimental tests and theoretical predictions. Other uncertainties dealing with geometrical properties 
(e.g. length or shell ovalisation) and material properties will not be studied herein. The designer of any structure 
susceptible to buckling must have a certain knowledge/intuition about buckling behavior. With enhanced 
intuitive knowledge about shell buckling, the designer should have an improved ability to foresee situations in 
which buckling might occur and thus modify a design to avoid it. In this way they will be able to set up more 
appropriate models for experimental test and for analytical predictions. The general objective of this paper is to 
convey to the designer a “feel” for multilayered laminated plate and shell buckling. An understanding of 
instability can be developed by study of large number of examples involving a variety of plated and shell 
structures. The experimental results are based mainly on the tests conducted by Muc [1, 2, 3] and on the review 
of the most representative examples presented in the literature. Emphasis is given here to nonlinear behavior of 
structures caused by both large pre-buckling deflections and/or large deformations (strains), understood in the 
sense of 2D approach to the analysis of plated and shell structures. The present paper deals with the presentation 
of experimental tests for various composite structures, i.e. rectangular and square plates, cylindrical shells, 
cylindrical sandwich panels and various types of domed heads (spherical, ellipsoidal and torispherical) having 
different geometrical ratios. A number of examples involves practical shell structures (especially for pressure 
vessels) by the addition of cylindrical parts (having various length to diameter ratios) to the domed heads.  
In general, the analysed experiments deal with structures which have a complex (in the sense of stacking 
sequences) wall constructions and/or material constructions (unidirectional and woven roving materials). The 
analysed structures are subjected to various loading conditions: uniform compression, uniform shear and 
uniform external pressures. The prescribed boundary conditions are different for different plated and shell 
multilayered composite structures.  
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postbuckling analysis of laminated shell structures by finite elements based on the third order theory”, Chapter 
in Composite Structures 6, edited by I.H. Marshall, Springer, 1991, pp 89-104 
ABSTRACT: The present effort focuses on the development of finite element models to implement in the 
bifurcation and post buckling nonlinear analysis of laminated shells. This paper deals with the two aspects of 
the numerical simulation of the buckling and post buckling response of layered composite structures. The first 
aspect is the formulation and evaluation of an efficient shell finite element valid for geometrical nonlinear 
analysis of laminated shells. The formulation of the element is based on the third order shear deformation theory 
with the assumption of moderately large deflections but small rotations. The theory allows parabolic description 
of the transverse shear stresses, and therefore the shear correction factors of the usual shear deformation theory 
are not required in the present theory. Since the formulation is based on the third order theory, applicability is 
extended to moderately thick to thin situations using a discrete Kirchhoff technique. The second aspect pertains 
to the prediction of the onset of local delamination in the post buckling range and accurate determination of 
transverse shear stresses in the laminated structures. The accuracy and effectiveness of the finite element and 
the strategies developed are demonstrated by means of detailed numerical and experimental examples. 
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ABSTRACT: The paper presents general design criteria for designing pressure vessels to withstand external 
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“Marguerre shell type secant matrices for the postbuckling analysis of thin, shallow composite shells”, 
Structural Engineering and Mechanics (an international journal), Vol. 18, No. 1, pp 41-58, July 2004 
ABSTRACT: The postbuckling behaviour of thin shells has fascinated researchers because the theoretical 
prediction and their experimental verification are often different. In reality, shell panels possess small 
imperfections and these can cause large reduction in static buckling strength. This is more relevant in thin 
laminated composite shells. To study the postbuckling behaviour of thin, imperfect laminated composite shells 
using finite elements, explicit incremental or secant matrices have been presented in this paper. These 
incremental matrices which are derived using Marguerre. 
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ABSTRACT: Even a weak disturbance caused by an asymmetric mesh is enough to break structural symmetry, 
which triggers the bifurcation buckling and post-buckling behavior of composite laminated cylindrical shells 
under compression loading by ABAQUS. The mesh perturbation is more objective and authentic; it will not 
destroy the original model structure in Finite Element Analysis, comparing with the traditional perturbation 
method by introducing the initial imperfections into the model. A series of numerical experiments are 
performed to investigate the influence of different types of asymmetric mesh on the predicted secondary 
buckling load. The predicted secondary buckling load agrees better with analytical solution than predicted 
primary buckling load and the results from the traditional perturbation method respectively. Therefore, 
secondary buckling load provides the key design criterion for composite laminated cylindrical shells. Primary 
and secondary post-buckling patterns of different complexity are explored, which agrees well with experimental 
buckling modes. Our major conclusions can be summarized briefly: different types of asymmetric mesh have 
little influence on the predicted secondary buckling load; Care must be exercised regarding the mesh density in 
order to produce the secondary buckling mode as well as the reliable secondary buckling load. 
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ABSTRACT: This paper gives the perturbation formulation of continuation method for nonlinear equations. 
Emphasis is laid on the discussion of searching for the singular points on the equilibrium path and of tracing the 
paths over the limit or bifurcation points. The method is applied to buckling analysis of thin shells. The pre-and 
post-buckling equilibrium paths and deflections can be obtained, which are illustrated in examples of buckling 
analysis of cylindrical and toroidal shells. 
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by mixed method of finite strip and finite element”, Computers & Structures, Vol. 53, No. 4, November 1994, 
pp. 811-816, doi:10.1016/0045-7949(94)90369-7 
ABSTRACT: Flat shell strips are combined with flat shell elements in the buckling analysis of ring-stiffened 
cylindrical shells with cutouts. The influence of the ring-stiffeners is smeared over the whole shell and the 
stiffened shell is treated as an orthotropic shell. The region of the shell without cutouts is analysed by the finite 
strip method and the region with cutouts by the finite element method. On the interfaces of the two regions, 
finite strips and finite elements are connected together by specially developed transition elements. Numerical 
examples are given to verify the accuracy and efficiency of this method. Buckling loads of an axially 
compressed ring-stiffened cylindrical shell with one cutout under various cutout radiuses are calculated by the 
present method. The curve predicting the relationship between buckling loads and the dimension of the cutout is 
drawn. 
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shell under non-symmetric loads", Engineering Computations, Vol. 7 No. 2, 1993, pp.90 – 100, 
doi: 10.1108/eb023797 
ABSTRACT: Numerical aspects of initial stability analysis of a cylindrical shell of non-constant parameters 
along the generator and under non-symmetrical loads are considered. A variational approach based on Sanders' 
and Donnell's non-linear equations of thin, elastic shells is applied. The problem is decomposed to determine: 
the stability vectors in the axial direction in the first step, and the critical load and the stability vector in the 
circumferential direction in the second step. The discretization is based on finite Fourier representations and the 
finite difference method. To find the approximate stability vector in the axial direction an auxiliary problem for 
axisymmetric loads is solved. The error of the method is defined and the effectiveness of the method is 
estimated. The decomposition leads to small and fast algorithms suitable for personal computers. Shells with 
constant and stepped thicknesses under wind loads are calculated as examples. Tested algorithms show 
considerable effectiveness and good accuracy of results. 
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ABSTRACT: A finite element formulation applicable to the general shell of revolution is presented for the 
stress and stability analysis of toroidal pressure vessels under hydrostatic pressure. Considering the follower 
force effect of the external pressure, linear bifurcation buckling loads and corresponding mode shapes have 
been obtained in both axially and equatorially symmetric as well as antisymmetric buckling modes. Calculated 
critical values are compared with results of other investigations. 
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ABSTRACT: The subject of this paper is the buckling behavior of thin-walled beams with an enforced axis of 
rotation subjected to longitudinal compressive loadings. The stiffeners are mathematically modeled by a refined 
nonlinear beam theory recently derived. An analytical solution is obtained to the beam buckling equations. This 
solution is expressed in terms of a simple formula which yields the tripping loads of T, angle, I, Z, and other 
open cross-sections. These predictions are shown to agree with those of other authors and with a finite element 
code. 
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ABSTRACT: The subject of this paper is the buckling behavior of a rectangular plate, with parallel thin-walled 
stiffeners attached to one side, subjected to a combination of axial compression and lateral pressure. The plate is 
modeled by the Von Kármán plate equations and the stiffeners by a nonlinear beam theory recently derived. An 
analytical solution is obtained for the buckling load corresponding to a torsional tripping mode of the stiffeners. 
This solution is compared with the experiments and theories of other researchers. 
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9, pp 1319-1328, April-May 1995, DOI: 10.1016/0020-7683(94)00196-4 
ABSTRACT: The subject of this paper is the buckling behavior of a rectangular plate, with parallel thin-walled 
stiffeners attached to one side, subjected to a combination of axial compression, lateral pressure and bending 
moment. The plate is modeled by the Von Kármán plate equations and the stiffeners by a nonlinear beam theory 
recently derived. An analytical solution is obtained for the buckling load corresponding to a torsional tripping 
mode of the stiffeners. The effects of various boundary conditions, imperfections and residual stress are 
included. 
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ABSTRACT: A geometrically nonlinear shear deformation theory has been developed for elastic shells to 
accommodate a constitutive model suitable for composite shells when modeled as a two-dimensional 
continuum. A complete set of kinematical and intrinsic equilibrium equations are derived for shells undergoing 
large displacements and rotations but with small, two-dimensional, generalized strains. The large rotation is 
represented by the general finite rotation of a frame embedded in the undeformed configuration, of which one 
axis is along the normal line. The unit vector along the normal line of the undeformed reference surface is not in 
general normal to the deformed reference surface because of transverse shear. It is shown that the rotation of the 
frame about the normal line is not zero and that it can be expressed in terms of other global deformation 
variables. Based on a generalized constitutive model obtained from an asymptotic dimensional reduction from 
the three-dimensional energy, and in the form of a Reissner-Mindlin type theory, a set of intrinsic equilibrium 
equations and boundary conditions follow. It is shown that only five equilibrium equations can be derived in 
this manner because the component of virtual rotation about the normal is not independent. It is shown, 
however, that these equilibrium equations contain terms that cannot be obtained without the use of all three 
components of the finite rotation vector. 
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ABSTRACT: A new, simplified version of Reissner's equations for the torsionless, axisymmetric deformation 
of elastically isotropic shells of revolution suffering small strains but large angles of rotation is specialized to 
clamped spherical caps under uniform outward pressure. The non-dimensional equations contain a thickness 
parameter, a shallowness parameter, and a load parameter. The latter two are written as powers of the former 
and the dependent variables scaled so that as the thickness parameter goes to zero, meaningful limit equations 
emerge. Seventeen distinct sets of simplified equations are found. In thirteen cases these are linear and the 
solutions are listed. These results should provide a useful set of benchmarks for testing the efficacy of numerical 
codes which often have difficulties with very thin shells. 
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ABSTRACT: Motivated by applications to seed germination, we consider the transverse deflection that results 
from the axisymmetric indentation of an elastic membrane by a rigid body. The elastic membrane is fixed 
around its boundary, with or without an initial pre-stretch, and may be initially curved prior to indentation. 
General indenter shapes are considered, and the load–indentation curves that result for a range of spheroidal tips 
are obtained for both flat and curved membranes. Wrinkling may occur when the membrane is initially curved, 
and a relaxed strain-energy function is used to calculate the deformed profile in this case. Applications to 
experiments designed to measure the mechanical properties of seed endosperms are discussed. 
 
 
Avinoam Libai (Faculty of Aerospace Engineering—Technion, Israel Institute of Technology, Haifa 32000, 
Israel), “The transition zone near wrinkles in pulled spherical membranes”, International Journal of Solids and 
Structures, Vol. 26, No. 8, 1990, pp. 927-939, doi:10.1016/0020-7683(90)90078-A 
ABSTRACT: The unwrinkled transition zone between the rigid boundaries and the wrinkled portion of a 
spherical membrane subjected to a pulling force is analyzed. The strains are first assumed to be small, and two 
cases are considered: (a) a spherical membrane barrel pulled into a wrinkled cylinder and (b) a hemispherical 
membrane pulled into a wrinkled cone. It is shown that in both cases the angular size of the transition zone is 
O(epsilon), where epsilon is the prevailing strain, rather then O(sqrroot(epsilon)) as in the usual nonlinear 
membrane edge effect problem. Large rotations and substantial variations in the circumferential stresses and 
strains take place in this narrow zone. The extension to the case of  “moderate” strains is then made for the 
spherical barrel, using a power series approach. It follows from the results that the size of the transition zone 
becomes O(sqrroot(epsilon)) as the wrinkled region shrinks to zero. Finally, a complete large strain analysis of a 
partly wrinkled spherical barrel membrane is made. Included are both the transition zone and the interior 
wrinkled region. The analysis establishes the ranges of validity of the previous solutions and demonstrates the 
deterioration of the  “edge effect”. A formula for the  “wrinkle strain” in the interior is included. Interestingly, 
the deviation of the slope of the deformed membrane from the winkled direction is shown to be always small, so 
that the problem can be assumed to be geometrically linear in cot(slope), but materially nonlinear. 
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(2) School of Aerospace and Mechanical Engineering, University of Oklahoma, Norman, OK 73019-0601, 
U.S.A. 
“A mixed variational principle and its application to the nonlinear bending problem of orthotropic tubes—I. 
Development of general theory and reduction to cylindrical shells”, International Journal of Solids and 
Structures, Vol. 31, No. 7, April 1994, pp. 1003-1018, doi:10.1016/0020-7683(94)90008-6 
ABSTRACT: A procedure is presented for obtaining mixed, nonlinear variational principles for elastic shells 
based on the intrinsic formulation of the shell equations. The applicability of the procedure is demonstrated by 
developing specific principles for shells of weak curvatures and for circular cylindrical shells in regular and 
extended forms. Other cases are also discussed. The principles are developed within the scope of small-strain, 
large-rotation theory for shells under the Kirchhoff-Love hypothesis and require the availability of curvature 
functions for the given classes of shells. No other restrictions need be placed, except for those related to the 
geometries of the shells under investigation. Specifically, subject to the limitation of small extensional strains, 
the displacements and rotations may be large and no particular mode of shell behavior is postulated. The 
variational functional basically contain the strain energy of bending and the complementary energy of the 
membrane force resultants. These functionals are formulated in terms of curvature and stress functions and their 
Euler-Lagrange equations are those of normal equilibrium, Gauss compatibility and associated boundary 
conditions. All may be nonlinear. Using the extended principle as a starting point, approximate principles and 
equations are developed in Part II for the nonlinear, nonuniform bending of orthotropic circular cylindrical 
tubes of finite length (extended Brazier effort). The semi-membrane approximation, with membrane-type shear 
deformation retained, is used in the analysis, plus some added restrictions of the Rayleigh-Ritz type on the 
curvature and stress fields. The results can be used for problems involving tubes subjected to various beam and 
shell type boundary conditions. The specific example of a clamped tube subjected to pure beam bending is 
calculated, using solutions of the equations for weak nonlinearity and a Rayleigh method for strong non-
linearity. Application of some of the results to the nonlinear “local buckling” analysis of a finite-length tube 
subjected to bending compare favorably with published results. Besides the interest in the specific problem, this 
demonstrates the applicability of the mixed principle for obtaining direct, approximate nonlinear solutions to 
useful ongoing problems, as a complement to more exact, but cumbersome, finite element or series solutions. 
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U.S.A. 
“A mixed variational principle and its application to the nonlinear bending problem of orthotropic tubes—II. 
application to nonlinear bending of circular cylindrical tubes”, International Journal of Solids and Structures, 
Vol. 31, No. 7, April 1994, pp. 1019-1033, doi:10.1016/0020-7683(94)90009-4 
ABSTRACT: A procedure for deriving mixed variational principles for nonlinear shell analysis was presented 
in Part I and formulated in more detail for shells of weak curvatures and for circular cylindrical shells. The 
cylindrical shell principle is extended here to accommodate those special cases in which the retention of mixed 
terms in the compatibility equations is of significance. Emphasis is put on the interaction of longitudinal 
extensional strains with large circumferential changes of curvature. As a simple first example, it is applied to 
the orthotropic Brazier process, for which an Euler-Lagrange equation and perturbation solution are also 
derived. Variational principles have important uses for providing direct, approximate “engineering solutions” to 
highly nonlinear problems. Such solutions complement the more exact but cumbersome finite element or double 
series techniques. In the present case, reasonable simplifying assumptions are introduced in the extended 
principle to construct approximate principles and equations for the problem of strong, nonlinear, nonuniform 
bending of finite-length orthotropic tubes. As a specific example, the pure bending of a clamped, finite-length 
tube is studied. Approximate analysis is carried to collapse (or local buckling). Some of the local buckling 
results are compared with numerical results from the literature. 
 
 



Avinoam Libai and Dan Givoli (Department of Aerospace Engineering, Technion—Israel Institute of 
Technology, Haifa 32000, Israel), “Incremental stresses in loaded orthotropic circular membrane tubes—I. 
Theory”, International Journal of Solids and Structures, Vol. 32, No. 13, July 1995, pp. 1907-1925, 
doi:10.1016/0020-7683(94)00238-R 
ABSTRACT: Starting from the equations of general elastic nonlinear membrane theory in intrinsic form, the 
equations governing the incremental state of stress in an orthotropic circular membrane tube are derived and 
discussed. The tube is initially subjected to uniform internal pressure and to longitudinal extension, which lead 
to large homogeneous deformation. Then some changes in loading and/or geometry are considered, e.g. an 
additional load is applied, the shape of the boundary is changed or a slit is formed in the membrane. These 
changes are regarded as small perturbations on the initial homogeneous state of stress. The general form as well 
as some simplified forms of the equations are presented, leading finally to a set of two equations in terms of two 
scalar potential functions. Two different variational formulations for the problem are also presented, each of 
which may serve as a basis for numerical treatment. 
 
 
Dan Givoli and Avinoam Libai (Department of Aerospace Engineering, Technion—Israel Institute of 
Technology, Haifa 32000, Israel), “Incremental stresses in loaded orthotropic circular membrane tubes—II. 
Numerical solution”, International Journal of Solids and Structures, Vol. 32, No. 13, July 1995, pp. 1927-1947, 
doi:10.1016/0020-7683(94)00239-S 
ABSTRACT: In Part I of this article (1995, Int. J. Solids Structures 32, 1907–1925) a simplified theory for the 
incremental state of stress in an orthotropic circular membrane tube was presented. In this second part, a 
numerical method is devised to solve the resulting elliptic sixth-order system of equations, for tubes which 
contain no slits or holes. In this method, Fourier decomposition is used in the circumferential direction and 
finite element discretization is used in the longitudinal direction. Special finite elements with six degrees-of-
freedom are employed. Using this numerical method, the solutions of several specific problems of membrane 
tubes are obtained, presented and discussed. These include two problems concerning the decay of boundary 
disturbances. The theoretical treatment of such decay is also discussed. 
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“Analysis of pulled axisymmetric membranes with wrinkling”, International Journal of Solids and Structures 
Vol. 39, No. 5, March 2002, pp. 1259-1274, doi:10.1016/S0020-7683(01)00284-0 
ABSTRACT: The nonlinear behavior of an axisymmetric hyperelastic membrane subjected to pulling forces is 
analyzed. The membrane is considered to be ideal in the sense that it cannot carry compressive stress resultants. 
If the membrane has a positive initial Gaussian curvature, the pulling gives rise to wrinkles which form over 
parts of the surface. The full nonlinear equations governing the membrane behavior in the doubly tense and in 
the wrinkled regions are formulated, and then solved using a numerical integration procedure. Solutions for 
various examples are presented, with Hookean and neo-Hookean constitutive behavior. These include a few 
examples of wrinkled membranes with positive initial Gaussian curvatures, and one example of a membrane 
with a negative initial Gaussian curvature, where no wrinkles are formed. 
 
 
David Hui (Department of Engineering Mechanics, Boyd Laboratory, 155 West Woodruff Avenue, Columbus, 
OH 43210-1181, U.S.A.), “Imperfection sensitivity of axially compressed laminated flat plates due to bending-
stretching coupling”, International Journal of Solids and Structures, Vol. 22, No. 1, 1986, pp. 13-22, 
doi:10.1016/0020-7683(86)90100-9 
ABSTRACT: This paper investigates the effects of the bending-stretching coupling on the imperfection 
sensitivity of axialty compressed laminated, thin, rectangular flat plates. In particular, it is found that under 
certain circumstances this coupling phenomenom results in a nonzero cubic term of the potential energy, so that 
the structure may be imperfection sensitive depending on the sign of the imperfection. The analysis considers a 



nonlinear prebuckling state due to bending-stretching coupling of the structure. The buckling and initial 
postbuckling problem is solved using Koiter's theory of elastic stability. 
 
 
David Hui and Arthur W. Leissa (Department of Engineering Mechanics, The Ohio State University, 
Columbus, OH 43210, U.S.A.), “Effects of uni-directional geometric imperfections on vibrations of pressurized 
shallow spherical shells”, International Journal of Non-Linear Mechanics, Vol. 18, No. 4, 1983, pp. 279-285, 
doi:10.1016/0020-7462(83)90024-0 
ABSTRACT: This paper deals with the effects of initial geometric uni-directional imperfections on vibrations 
of a pressurized spherical shell or spherical cap. The analysis is based upon shallow shell theory. Frequency vs 
applied pressure interaction curves are plotted for various values of the imperfection amplitude. Imperfections 
are shown to have a severe effect in reducing the natural frequencies similar to that demonstrated in the 
buckling behavior of spherical shells. 
 
 
David Hui (Department of Engineering Mechanics, The Ohio State University, Columbus, Ohio 43210, 
U.S.A.), “Amplitude modulation theory and its application to two-mode buckling problems”, Zeitschrift für 
Angewandte Mathematik und Physik (ZAMP), Vol. 35, No. 6, November 1985, pp. 789-802, 
doi: 10.1007/BF00944894 
ABSTRACT: This paper aims to review Koiter’s theory of amplitude modulation of the local mode and present 
it in a form suitable for general application. Various features of this theory are compared with Koiter’s general 
theory of 1945. The amplitude modulation theory is applied to two-mode buckling of stringer stiffened 
cylindrical shells under axial compression. New mode interaction results are reported involving the 
simultaneous local and overall buckling in which the local mode is postbuckling unstable. 
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David Hui (Department of Engineering Mechanics, The Ohio State University, Columbus, Ohio 43210, 
U.S.A.), “Soft-spring nonlinear vibrations of antisymmetrically laminated rectangular plates”, International 
Journal of Mechanical Sciences, Vol. 27, No. 6, 1985, pp. 397-408, doi:10.1016/0020-7403(85)90030-X 
ABSTRACT: This paper deals with the effects of initial geometric imperfections and in-plane boundary 
conditions on the large-amplitude vibration behavior of angle- and cross-ply rectangular thin plates. It is found 
that the presence of imperfection amplitudes of the order of only half the total laminated-plate thickness may 
significantly raise the vibration frequencies and change the large-amplitude vibration behavior from the well-
known hard-spring to soft-spring behavior. The effects of fibre angles and bending-stretching coupling for 
angle-ply plates and Young's moduli ratios and number of layers for antisymmetric cross-ply plates are 
examined. 
 
 
David Hui (The Ohio State University, Department of Engineering Mechanics, Boyd Laboratory, 155 W. 
Woodruff Ave., Columbus, Ohio 43210, USA), “Asymmetric postbuckling of symmetrically laminated cross 
ply, short cylindrical panels under compression”, Composite Structures, Vol. 3, No. 1, 1985, pp. 81-95, 
doi:10.1016/0263-8223(85)90029-7 
ABSTRACT: Buckling and initial postbuckling behavior of symmetrically laminated, thin cross ply cylindrical 
panels under axial compression are investigated. The panels are simply supported at all four edges. Closed form 
solutions are obtained for the buckling loads. The initial asymmetric postbuckling behavior is demonstrated by 
computing the postbuckling coefficients within the context of Koiter's theory of elastic stability. Parameter 
studies involving the flatness parameter, the length-to-width ratio, number of layers and Young's moduli ratio 
are presented for typical cross ply cylindrical panels likely to be encountered in practice. 
 
 
D. Hui, “Imperfection-Sensitivity of Elastically Supported Beams and Its Relation to the Double-Cusp 
Instability Model”, Proc. R. Soc. Lond. A 8 May 1986, vol. 405, no. 1828, pp. 143-158, 
doi: 10.1098/rspa.1986.0046 
ABSTRACT: This paper deals with the two-mode initial postbuckling analysis of geometrically imperfect 
beams on elastic foundation under compression. By adjusting the beam length to the characteristic length ratio, 
it is found that the resulting two-mode stability problem may be classified as the double-cusp model in 
catastrophe theory. The appropriate postbuckling coefficients are computed with the use of Koiter's theory of 
elastic stability. The equilibrium paths and the critical sets are plotted and analysed. Eight independent control 
parameters are suggested. The paper is the first in the open literature to apply the double-cusp model to a two-
mode stability problem which displays imperfection-sensitivity. 
 
 
David Hui and Y.H. Chen (Department of Engineering Mechanics, Ohio State University, Columbus, OH 
43210, U.S.A.), “Imperfection-sensitivity of cylindrical panels under compression using Koiter's improved 
postbuckling theory”, International Journal of Solids and Structures, Vol. 23, No. 7, 1987, pp. 969-982, 
doi:10.1016/0020-7683(87)90090-4 
ABSTRACT: This paper deals with the use of Koiter's improved postbuckling theory in axial buckling of 
integrally stiffened cylindrical panels. According to Koiter's improved theory, the postbuckling coefficients are 
evaluated at the actual applied load rather than at the classical buckling load. Substantial positive shift of the 



postbuckling is found which indicates that the imperfectionsensitivity predicted by Koiter's 1945 general theory 
may significantly overestimate the degrading effects of these imperfections. Such a positive shift is especially 
crucial in studying mode interactions such as local and overall buckling mode interactions of stringer-reinforced 
cylindrical shells. 
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“Postbuckling behavior of infinite beams on elastic foundations using Koiter's improved theory”, International 
Journal of Non-Linear Mechanics, Vol. 23, No. 2, 1988, pp. 113-123, doi:10.1016/0020-7462(88)90018-2 
ABSTRACT: This study deals with the postbuckling behavior of infinite beams on non-linear elastic 
foundations subjected to axial compression. The analysis utilizes an improved Koiter's postbuckling theory such 
that the postbuckling coefficients are evaluated at the actual applied load rather than at the classical buckling 
load. The improved postbuckling paths are found to agree well with the non-linear large deflection solution 
using the Ritz procedure. This paper substantiates Koiter's conjecture that the general theory of elastic stability 
may be improved. The implications of various lower-bound buckling loads are examined. 
 
 
David Hui (Department of Mechanical Engineering, University of New Orleans, Lake Front, New Orleans, LA 
70148, U.S.A.), “Effects of shear loads on vibration and buckling of antisymmetric cross-ply cylindrical 
panels”, International Journal of Non-Linear Mechanics, Vol. 23, No. 3, 1988, pp. 177-187, 
doi:10.1016/0020-7462(88)90010-8 
ABSTRACT: This work deals with the effects of shear loads on the vibration and buckling of typical 
antisymmetric cross-ply thin cylindrical panels, subjected to combined loads. Changes in the buckling loads due 
to geometric and material parameter variations are investigated with particular emphasis on distinguishing the 
symmetric and antisymmetric modes. The paper presents the first known results on shear buckling of cross-ply 
cylindrical panels as well as vibrations of these structures under shear loads. The resulting interaction curves 
will allow one to formulate effectively a preliminary design of these panels which will withstand shear loads. 
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and Engineering Lab, Hanover, NH USA), “Buckling of Unidirectional Graphite/Epoxy Composite Plates at 
Low Temperatures”, Special report 91-20, November, 1991, Accession Number: ADA246602, Handle / proxy 
Url : http://handle.dtic.mil/100.2/ADA246602 
ABSTRACT: A theoretical and experimental study of the buckling and postbuckling behavior of 
unidirectionally laminated graphite/epoxy plates was conducted under combined thermal cooling and 
compressive loading. The rectangular plates were simply supported at the loaded edges and free in the 
remaining edges. The plates were found to bend during cooling even without mechanical loads because of the 
negative thermal expansion coefficient of the material in the loading direction and the in-plane end constraints 
at the two-loaded edges. Such bending from thermal load was treated as an initial geometric imperfection, and 
the analysis was based on Koiter's theory of elastic stability. The experimental postbuckling curves agreed well 
with the theoretical values. 
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Dan H. Pan, Ulf Arne Girhammar, “Effect of Ring Beam Stiffness on Behaviour of Reticulated Timber 
Domes”, International Journal of Space Structures, Vol. 20, No. 3, September 2005, pp. 143-160, 
doi: 10.1260/026635105775213818 
ABSTRACT: Domes are efficient structural systems for long clear-span buildings. The introduction of 
laminated timber highlighted the economic advantages of this material and led to the use of timber domes even 
for very large spans. In this paper, reticulated timber domes of triangular network shape with decking and 
bottom tension ring are considered. These types of domes have high stiffness in all directions along the surface 
and are kinematically stable. The dome is subjected to uniformly distributed load over the entire structure. The 
dome model is generated with a preprocessor program called DOME-IN and analysed with ABAQUS.The 
focus of this paper is to evaluate the behaviour of reticulated timber domes with respect to different stiffnesses 
of the bottom ring beam, here defined as a non-dimensional ring beam area parameter Ar*, which is shown to 
be a very well adapted design parameter for the ring beam.As far as global buckling is concerned, the critical 
pressure is sensitive to the bottom ring beam stiffness only if the latter is within a certain range. In terms of 
design, the stiffness of the ring beam should exceed Ar* > 2 in order to utilise the full buckling load capacity of 
the dome system itself. The maximum deflection, normal forces and bending moments versus the ring beam 
area parameter are also evaluated. The maximum values of the deflection and the internal actions next to the 
bottom ring are very sensitive to the bottom ring beam stiffness only if the latter is less than about Ar* < 10. A 
recommended value for the design of the bottom ring beam is Ar* > 20. 
 
 
C. S. Smith (Admiralty Research Establishment, Dunfermline, UK), “Design of submersible pressure hulls in 
composite materials”, Marine Structures, Vol. 4, No. 2, 1991, pp. 141-182, doi:10.1016/0951-8339(91)90018-7 
ABSTRACT: The use of fibre-reinforced polymer (FRP) composites in the pressure hulls of submersible 
vehicles is examined with reference to material and fabrication options, alternative structural configurations, 
evaluation of stresses, deformations and buckling behaviour and other aspects of design. The performance of 
FRP is contrasted with that of steel and light alloy construction. Reference is made to two illustrative trial 
designs, one corresponding to a manned submersible for shallow-water operation and the other to a deep-water 
autonomous underwater vehicle. 
 
 
Derek Graham (DRA Dunfermline, Fife KY11 2XR, UK), “Buckling of thick-section composite pressure 
hulls”, Composite Structures, Vol. 35, No. 1, May 1996, pp. 5-20, Special Issue: Stability of Composite 
Structures, doi:10.1016/0263-8223(96)00020-7 
ABSTRACT: DRA Dunfermline has had a continuing involvement in the development of deep diving 
composite pressure hulls through the NERC Autosub project and as part of the MAST II programme which 
culminated recently in the testing of a relatively large scale model pressure hull. This paper describes analytical 
models which were developed in conjunction with a series of model tests and used in the design of the large 
scale hull model. Comparisons between theoretical predictions and experimental data are also given. In keeping 



with the topic of the workshop the emphasis is on buckling with stress and failure analysis being reported more 
fully elsewhere. 
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“Predicting the collapse of externally pressurised ring-stiffened cylinders using finite element analysis”, Marine 
Structures, Vol. 20, No. 4, October 2007, pp. 202-217, doi:10.1016/j.marstruc.2007.09.002 
ABSTRACT: This paper describes the application of finite element (FE) analysis to the prediction of the non-
linear elasto-plastic collapse of ring-stiffened cylinders under hydrostatic loading. A range of legacy 
experimental test models have been analysed using FE idealisations generated using measured as-built shape 
data including out-of-circularity (OOC), frame alignment and tilt and other scantlings. The FE models also 
explicitly included the residual stresses caused by cold bending. Short and long ring-stiffened cylinders, which 
were designed to isolate interframe and overall collapse modes, respectively, were considered as were some 
intermediate length cylinders where the possibility of interactive collapse was also present. In general, the 
collapse pressures were predicted to within 6%. However, for some of the interframe collapse models, it was 
necessary to use the minimum measured plate thickness to achieve this. This was largely attributable to the 
limited measured plate thickness data. 
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ABSTRACT: The paper outlines the fundamentals of the method of solving static problems of geometrically 
nonlinear deformation, buckling, and postbuckling behavior of thin thermoelastic inhomogeneous shells with 
complex-shaped midsurface, geometrical features throughout the thickness, or multilayer structure under 
complex thermomechanical loading. The method is based on the geometrically nonlinear equations of three-
dimensional thermoelasticity and the moment finite-element scheme. The method is justified numerically. 
Results of practical importance are obtained in analyzing poorely studied classes of inhomogeneous shells. 
These results provide an insight into the nonlinear deformation and buckling of shells under various 
combinations of thermomechanical loads. 
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revolution following axisymmetric and non-axisymmetric forms are considered. The role of boundary, wave, 
geometrically and physically nonlinear effects is assessed, as well as the effect of the bound nature of 
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ABSTRACT: A study of plastic buckling of a circular cylindrical shell subject to axial, torsional and 
circumferential loading stresses is presented. In the deformation model, the transverse shear is taken into 
account by a first-order theory with a correction factor. For the buckled equilibrium, the contributions of both v 
(circumferential displacement) and w (normal displacement) to the buckling are included so that a better 
accuracy can be achieved. J2 deformation theory and J2 flow theory of plasticity are used for the establishment 
of the constitutive relations for buckling analysis. With the existence of torsional load, the equation of radial 
equilibrium includes the term of mixed second-order derivative ∂2w/∂x ∂y and the plastic in-plane stress–strain 
relations are anisotropic, and therefore a handy form of solution in terms of trigonometric functions is no longer 
possible. Consequently, the finite difference method is used. To improve the accuracy, a five-point finite 
difference scheme is employed instead of the conventional central difference. Numerical results of examples 
show the interactive roles of the in-plane loads in the plastic buckling. 
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“Elastoplastic bifurcation and collapse of axially loaded cylindrical shells”, International Journal of Solids and 
Structures, Vol. 45, No. 1, January 2008, pp. 64-86, doi:10.1016/j.ijsolstr.2007.07.017 
ABSTRACT: In this paper, a shell finite element is designed within the total Lagrangian formulation 
framework to deal with the plastic buckling and post-buckling of thin structures, such as cylindrical shells. First, 
the numerical formulation is validated using available analytical results. Then it is shown to be able to provide 



the bifurcation modes—possibly the secondary ones—and describe the complex advanced post-critical state of a 
cylinder under axial compression, where the theory is no longer operative. 
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Composites Technology & Mechanical Engineering Department, 941 rue Charles Bourseul – BP 10838, 59508 
Douai Cedex, France), “Numerical and analytical study of severity of cracks in cylindrical and spherical shells”, 
Engineering Fracture Mechanics, Vol. 75, No. 5, March 2008, pp.1027-1044, 
doi:10.1016/j.engfracmech.2007.04.027 
ABSTRACT: The present study deals with the severity of cracks in pressure equipments, where such defects 
are often involved. Our work is particularly concerned with the problem of cylindrical shells and also the little 
well-known problem of spherical shells, including all sorts of practical defects, namely axisymmetric or semi-
elliptic, both internal and external cracks. The stress intensity factor in the linear elastic domain and the J 
integral in the elastoplastic range are performed using the finite element method and compared to the results 
provided by the application of the semi-analytical A16 or R6 simplified criteria, depending on a limit load 
calculation. The nocivity of the defects depends on the crack shape and size and other structural geometrical 
parameters. Use is made of a polynomial decomposition of the stress field in the vicinity of the crack in order to 
cover all industrial loadings. All the numerical results, for a wide range of shell and crack geometries, are 
depicted using appropriate tables and curves in order to check the fracture criteria more easily. 
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“Elastoplastic collapse of cylindrical tubes under external pressure”, 7th EUROMECH Solid Mechanics 
Conference J. Ambrosio et.al. (eds.) Lisbon, Portugal, 7–11 September 2009 
ABSTRACT: The buckling problem of a circular cylindrical shell has long been widely investigated due to its 
great importance in the design of aerospace and marine structures. But very little attention has been paid until 
now on the influence of residual stresses on the critical and often unstable response of such structures. In this 
paper, a shell finite element is designed within the total Lagrangian formulation framework to deal with the 
elastoplastic buckling and post-buckling of thin cylindrical tubes under external pressure and axial compression. 
A specific experimental process will be introduced in order to measure residual stresses in the shell very 
accurately, so as to include them in the numerical calculations. The present formulation will enable us to 
describe the complete non-linear solution, namely the critical load, the bifurcation mode and the bifurcated 
equilibrium branch up to an advanced post-critical state corresponding to collapse. Comparisons will be made 
between numerical results and the experimental critical value and deformation patterns of a new generation 
profiler. Furthermore, the combined effects of geometric imperfections, residual stresses and plasticity will be 
analyzed. 
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Philippe Le Grognec, Pascal Casari and Dominique Choqueuse, “Influence of residual stresses and geometric 
imperfections on the elastoplastic collapse of cylindrical tubes under external pressure”, Marine Structures. Vol. 
22, No. 4, October 2009, pp. 836-854, doi:10.1016/j.marstruc.2009.09.003 
ABSTRACT (Note: This abstract is very similar to that in the previous entry. Is this a different paper?): The 
buckling problem of a circular cylindrical shell has long been widely investigated due to its great importance in 
the design of aerospace and marine structures. Geometric imperfections and residual stresses are inevitable in 
practice and have been so far frequently considered in analytical and numerical predictions. But little attention 
has been paid until now on the combined influence of such initial defects on the critical and often unstable 
response of such elastoplastic structures. In this paper, a shell finite element is designed within the total 
Lagrangian formulation framework to deal with the elastoplastic buckling and post-buckling of thin cylindrical 
tubes under external pressure and axial compression. A specific experimental process will be introduced in 
order to measure residual stresses in the shell very accurately, so as to include them in the numerical 
calculations. The present formulation will enable us to describe the complete non-linear solutions, namely the 
critical pressures (bifurcation and limit (collapse) loads), the bifurcation modes and the bifurcated equilibrium 
branches up to advanced post-critical states. Comparisons will be made between numerical results and the 
experimental critical value and deformation patterns of a new generation profiler. Furthermore, the combined 
effects of geometric imperfections, residual stresses and plasticity will be analyzed. 
 
 
Kahina Sad Saoud and Philippe Le Grognec (Mines Douai, Polymers and Composites Technology & 
Mechanical Engineering Department, 941 rue Charles Bourseul - CS 10838, 59508 Douai Cedex, France), “A 
unified formulation for the biaxial local and global buckling analysis of sandwich panels”, Thin-Wsalled 
Structures, Vol. 82, pp 13-23, September 2014, DOI: 10.1016/j.tws.2014.03.009 
ABSTRACT Sandwich structures are increasingly employed in many practical applications thanks to their 



interesting compromise between lightweight and high mechanical properties. However, due to some specific 
geometric and material features, such structures are subject to global as well as local buckling phenomena, 
which lead to collapse in most cases. The buckling analysis of sandwich panels is therefore an important issue 
for their mechanical design. In this respect, this paper is devoted to the theoretical study of the elastic 
local/global buckling of rectangular sandwich plates under uniaxial or biaxial compression(-tension). Only 
classical sandwich materials are considered with homogeneous and isotropic core/skin layers. In the present 
formulation, a Love–Kirchhoff plate model is used to represent the thin skins, whereas the relatively thick core 
is modeled as a 3D continuous solid. Furthermore, the proposed approach is based on the elastic bifurcation 
theory in a general 3D framework, and leads to closed-form analytical expressions of the critical loadings and 
the corresponding bifurcation modes. The accuracy of the derived formulae is checked for both local and global 
modes by comparison with the results of finite element computations. Parametric analyses are finally 
performed, investigating primarily the influence of the aspect ratio of the plate and the ratio of the compressive 
(or tensile) loadings between both directions on the first buckling mode type and the associated minimum 
critical value. 
 
 
M. Biagi and F. Del Medicoa (CNES-Launchers Directorate, Structural, Thermal and Materials Department, 
Rond-Point de l’Espace, Courcouronnes, 91023 Evry Cedex, France), “Reliability-based knockdown factors for 
composite cylindrical shells under axial compression”, Thin-Walled Structures, Vol. 46, No. 12, December 
2008, pp. 1351-1358, doi:10.1016/j.tws.2008.03.012 
ABSTRACT: A collection of all available literature data upon experiments of composite cylinders under axial 
compression is performed. Theoretical estimation of bifurcation load for all the tested cylinders is achieved 
solving stability differential equations with the use of a combined “bi-modal and torsion” solution and Galerkin 
approximation. Experimental knockdown factors with respect to theoretical predictions are derived and they are 
used to tune the imperfection amplitude of an in-house code, which computes collapse load of imperfect 
cylindrical composite shells using an axy-symmetric sine-shaped imperfection. “Equivalent imperfection 
amplitudes” are statistically analysed and with the help of imperfections sensitivity curves, Monte Carlo 
simulations are performed in order to obtain new reliability-based knockdown factor for cylinders with different 
stacking sequences. The values obtained directly by statistical analysis of the tests results and the ones derived 
by the statistical analysis of the calibrated imperfection amplitudes represent an improvement with respect to 
old design values extrapolated from isotropic shells. 
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Grotesteenweg-Noord, 6, B-9052 Zwijnaarde, Belgium), “Stresses in and buckling of unstiffened cylinders 
subjected to local axial loads”, Journal of Constructional Steel Research, Vol. 27, Nos. 1-3, 1993, pp. 89-106, 
Special Benelux Issue, doi:10.1016/0143-974X(93)90008-G 
ABSTRACT: Local force introduction in cylinders has received relatively little attention in the past and the 
designer often finds himself lost by the lack of design regulations or experimental evidence. This research 
activity, starting at the Ghent University, examines this stability problem and its purpose is to develop simple 
recommendations in order to assist designers in the steel industry. A short overview of the available literature 
on this particular topic is brought into the present contribution, together with our preliminary experimental 
observations and theoretical analyses with respect to unstiffened cylindrical shells subjected to local forces. 
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pports  December 2005, DOI: 10.2749/222137806796168985 
ABSTRACT: Cylinders on discrete supports are prone to local instability. This failure phenomenon can be 
avoided by reinforcing the cylindrical wall by means of stringer stiffeners in combination with ring stiffeners. 
The goal of our research is to find design rules for this kind of shell structures. For this purpose, a numerical 
model was developed. In this contribution, the numerical model is validated by verifying the correspondence 



with the results of experiments on scale models. Two experiments are here discussed. The corresponding failure 
patterns are examples of the two possible patterns that were found in all the experiments. For the numerical 
simulations of these experiments, the measured geometrical imperfections and the real stress-strain relationship 
of the steel were incorporated into the numerical model. The results of the simulations show that the 
correspondence between experiments and simulations is sufficient. 
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Ghent University), “Plastic buckling of conical tanks with large geometrical imperfections”, Rene Maquoi 65th 
Birthday Anniversary Liège, Belgium, December 14, 2007 
ABSTRACT: Frequently the governing failure mode of liquid-filled conical tanks is associated with buckling 
near the lower rim due to compression of the shell wall in meridional direction notwithstanding the stabilizing 
tension in circumferential direction. But important axisymmetric imperfections may increase the circumferential 
tensile stresses in such a way that local yielding precipitates a buckling failure. This failure mode is of the same 
kind as the “elephant’s foot” buckling at the support of axially compressed thin steel cylinders with internal 
pressure. This paper gives numerical results for a series of imperfect conical tanks. The collapse is in some 
cases of the type “elephant’s foot” buckling. The paper explains why the imperfections can cause large 
circumferential tensile stresses leading to plastic collapse of the tank. 
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Zbigniew Kolakowski (Department of Strength of Materials and Structures (K12), Technical University of 
Lodz, PL-90-924 Lodz, ul. Stefanowskiego 1/15, Poland), “Interactive buckling of thin-walled beam-columns 
with open and closed cross-sections”, Thin-Walled Structures, Vol. 15, No. 3, 1993, pp. 159-183, 
doi:10.1016/0263-8231(93)90025-6 
ABSTRACT: The influence of interactive buckling on the postbuckling behaviour of thin-walled elastic beams 
with imperfections is studied. The investigation is concerned with thin-walled closed and open cross-section 
beam-columns under axial compression and a constant bending moment. The beams are assumed to be simply 
supported at the ends. The asymptotic expansion established by Byskov and Hutchinson is employed in the 
numerical calculations in the form of the transition matrix method. The paper's aim is to achieve the improved 
study of the equilibrium path in the postbuckling behaviour of imperfect structures with regard to the second-
order approximation. The calculations are carried out for several types of beams. 
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Lodz, PL-90-924, Lodz, ul. Stefanowskiego 1/15, Poland), “Influence of modification of boundary conditions 
on load carrying capacity in thin-walled columns in the second order approximation”, International Journal of 
Solids and Structures, Vol. 30, No. 19, 1993, pp. 2597-2609, doi:10.1016/0020-7683(93)90101-C 
ABSTRACT: The influence of modification of boundary conditions at both ends of the structures regarding 
interactive buckling on the postbuckling behaviour of thin-walled elastic columns with imperfections is studied. 
The investigation concerns thin-walled closed and open cross-section columns under axial compression. The 



columns are assumed to be simply supported at the ends. The asymptotic expansion established by Byskov and 
Hutchinson is employed in the numerical calculations in the form of the transition matrix method. The aim of 
the paper is to improve the study of the equilibrium path in the postbuckling behaviour of imperfect structures 
regarding the second order approximation. 
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36, Poland 
“Interactive buckling of thin-walled closed elastic beam-columns with intermediate stiffeners”, International 
Journal of Solids and Structures, Vol. 32, No. 11, June 1995, pp. 1501-1516, 
doi:10.1016/0020-7683(94)00235-O 
ABSTRACT: The design of thin-walled beam-columns must take into account the overall instability and the 
instability of component plates in the form of local buckling. This investigation is concerned with interactive 
buckling of thin-walled closed cross-section beam-columns with central intermediate stiffeners under axial 
compression and constant bending moment. The beams are assumed to be simply supported at the ends. The 
asymptotic expansion established by Byskov and Hutchinson is employed in the numerical calculations 
performed using the transition matrix method. The paper's aim is to contribute to the study of the equilibrium 
path in the post-buckling behaviour of imperfect structures using the first order approximation. The calculations 
are carried out for a few closed beam-columns. 
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90-924 Lodz, ul., Stefanowskiego 1/15, Poland), “On some aspects of the modified TSAI-WU criterion in thin-
walled composite structures”, Thin-Walled Structures, Vol. 41, No. 4, April 2003, pp. 357-374, 
doi:10.1016/S0263-8231(02)00112-X 
ABSTRACT: For anisotropic materials, Tsai-Wu [1] proposed the failure criterion that takes into account the 
difference in strength due to positive and negative stresses. Hashin [2] pointed to some internal incoherencies of 
the function of material effort with respect to stress parameters. The minimum of the External Function does not 
coincide with the unstressed state. Therefore, the criterion presented by Tsai-Wu [1] has limited possibilities of 
application for optimization purposes. A modification of the Tsai-Wu criterion, needed in the case of the multi-
criterion optimal design of thin-walled composite structures, has been presented. A proposal of the evaluation of 
the load carrying capacity of multi-layered composites with respect to their failure mode has been put forward. 
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“Interactive buckling and load carrying capacity of thin-walled beam–columns with intermediate stiffeners”, 
Thin-Walled Structures, Vol. 42, No. 2, February 2004, pp. 211-254, Special Issue: Cold Formed Structures: 
Recent research advances in Central and Eastern Europe, doi:10.1016/S0263-8231(03)00058-2 
ABSTRACT: The design of thin-walled beam–columns must take into account the overall instability and the 
instability of component plates in the form of local buckling. This investigation is concerned with interactive 
buckling of thin-walled beam–columns with central intermediate stiffeners under axial compression and a 
constant bending moment. The columns are assumed to be simply supported at their ends. The asymptotic 
expansion established by Byskov and Hutchinson (AIAA J. 15 (1977) 941) is employed in the numerical 
calculations performed by means of the transition matrix method and Godunov’s orthogonalisation. Instead of 
the finite strip method, the exact transition matrix method is used in this case. The most important advantage of 
this method is that it enables us to describe a complete range of behaviour of thin-walled structures from all 



global (flexural, flexural-torsional, lateral, distortional and their combinations) to local stability. In the 
presented method for lower bound estimation of the load carrying capacity of structures, it is postulated that the 
reduced local critical load should be determined taking into account the global pre-critical bending within the 
first order non-linear approximation to the theory of the interactive buckling of the structure. The paper’s aim is 
to expand the study of the equilibrium path in the post-buckling behaviour of imperfect structures with regard to 
the second order non-linear approximation. In the solution obtained, the transformation of buckling modes with 
an increase of the load up to the ultimate load, the effect of cross-sectional distortions and the shear lag 
phenomenon are included. The calculations are carried out for a few beam–columns. The results are compared 
to those obtained from the design code and to the data reported by other authors. The results discussed in the 
present study represent the most important results obtained by the authors in earlier investigations devoted to 
central intermediate stiffeners (Int. J. Solid Struct. 32 (1995) 1501; Eng. Trans. 43 (1995) 383; Int. J. Solid 
Struct. 37 (2000) 3323; Int. J. Solid Struct. 33 (1996) 315; Thin Wall. Struct. 39 (2001) 649; Arch. Mech. Eng. 
XLVIII (2001) 29). 
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“Modal interactive buckling of thin-walled composite beam-columns regarding distortional deformations”, 
International Journal of Engineering Science, Vol. 37, No. 12, September 1999, pp. 1577-1596, 
doi:10.1016/S0020-7225(98)00135-9 
ABSTRACT: The influence of modal interactive elastic buckling on the post-buckling behaviour of thin-walled 
composite beam-columns with imperfections is studied when the distortional deformations are taken into 
account. The investigation is concerned with open cross-section columns under an axial compression or/and a 
constant bending moment. The beam-columns are assumed to be simply supported at the ends. The asymptotic 
expansion established by Byskov and Hutchinson [Mode interaction in axially stiffened cylindrical shells, 
AIAAJ, 15(7) (1977) 941–948] is employed in the form of the numerical transition matrix method. The paper's 
aim is to improve the study of the equilibrium path in the post-buckling behaviour of imperfect structures with 
regarding the second order non-linear approximation and the effect of cross-sectional distortions. The principal 
goal of numerical analysis is to investigate the influence of the wall orthotropy factor of columns upon the all 
buckling modes from global (flexural, flexural–torsional, lateral, distortional and their combinations) to local 
and upon the coupled post-buckling state. In the solution obtained the transformation of buckling modes with 
the increase of load up to the ultimate load and shear lag phenomenon is included. 
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DOI: 10.1016/S0020-7683(99)00044-X 
ABSTRACT: The design of thin-walled beam-columns must take into account the overall instability and the 
instability of component plates in the form of local buckling. This investigation is concerned with interactive 
buckling of thin-walled beam-columns with central intermediate stiffeners or/and variable thickness under axial 
compression and a constant bending moment. The columns are assumed to be simply supported at the ends. The 
asymptotic expansion established by Byskov and Hutchinson (1977: Byskov, E. and Hutchinson, J. W. (1977). 
Mode interaction in axially stiffened cylindrical shells. AIAA J., 15(7), 941–948) is employed in the numerical 
calculations performed using the transition matrix method. The present paper is a continuation of the papers by 
Kolakowski and Teter (1995a,b: Kolakowski, Z. and Teter, A. (1995a). Interactive buckling of thin-walled 
closed elastic column-beams with intermediate stiffeners. Int. J. Solids Structures, 32(11), 1501–1516; 
Kolakowski, Z. and Teter, A. (1995b). Influence of local post-buckling behaviour on bending of thin-walled 
elastic beams with central intermediate stiffeners. Engineering Transactions, 43(3), 383–396) and Teter and 
Kolakowski (1996: Teter, A. and Kolakowski, Z. (1996). Interactive buckling of thin-walled open elastic beam-
columns with intermediate stiffeners. Int. J. Solids Structures, 33(3), 315–330) where the interactive buckling of 



thin-walled beam-columns with central intermediate stiffeners in the first order approximation was considered. 
The paper’s aim is to improve the study of the equilibrium path in the post-buckling behaviour of imperfect 
structures with regard to the second order non-linear approximation. In the solution obtained the transformation 
of buckling modes with an increase of the load up to the ultimate load, the effect of cross-sectional distortions 
and shear lag phenomenon is included. The calculations are carried out for a few beam-columns. 
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ABSTRACT: In the paper the influence of following factors: initial imperfections, shape and duration of pulse 
loading on the dynamic response of plate structures is presented. The effect of material properties in the plastic 
range and the estimation of structure capacity to sustain dynamic pulse loadings based on different dynamic 
stability criteria is discussed as well.  
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buckling of rectangular functionally graded plates subjected to thermal loading”, Strength of Materials, Vol. 45, 
No. 6, pp 666-673, November 2013 
ABSTRACT: In the paper, the buckling phenomenon for static and dynamic loading (pulse of finite duration) of 
functionally graded plates subjected to uniform temperature increment is presented. The work deals with thin 
rectangular plates with unmovable edges, simply supported or clamped along all edges. The material properties 
varying smoothly across the thickness are assumed to be temperature-independent. The investigations are 
conducted for different values of volume fraction index and uniform temperature rise in form of rectangular 
pulse of finite duration. 
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ABSTRACT: In the paper some basic ideas in approach to stability, post buckling behaviour and load carrying 
capacity of thin-walled composite structures are presented. Authors do not present equations that could only 
make the understanding of this issue “harder”. Thin walled composite beam-coloumns with open and closed 
cross-section (channel and square cross-section) are calculated as an example. In order to analyse the stability 
and the structure performance after its loss, the ANSYS 5.7 package and authors' software has been used. 
Results obtained from both applied methods are compared. Presented examples show that the sole application of 
the FEM does not guarantee to obtain correct results of load carrying capacity and postbuckling path. 
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“Buckling of thin-walled composite structures with intermediate stiffeners”, Composite Structures, Vol. 69, 
No.4, August 2005, pp. 421-428, doi:10.1016/j.compstruct.2004.07.022 
ABSTRACT: The interactive buckling of prismatic, thin-walled composite columns with open sections, 
reinforced with intermediate stiffeners and with edge reinforcements, has been considered. The columns are 
assumed to be simply supported. The nonlinear problem has been solved with the Koiter’s asymptotic theory 
within the first order approximation. The asymptotic theory of the first order nonlinear approximation allows for 
simultaneous evaluation of the effect of imperfections and interactions of various modes of buckling on the 
behaviour of thin-walled structures. This evaluation can be only the lower bound estimation of the load carrying 
capacity. Detailed calculations have been made for several cases of columns. 
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ABSTRACT: The problem of buckling and initial post-buckling equilibrium paths of thin-walled structures 
built of plate and/or shell elements subjected to compression and bending has been solved. Plate and shell 
elements can be made of multi-layer orthotropic materials. A method of the modal solution to the coupled 
buckling problem within the first-order approximation of Koiter’s asymptotic theory, using the transition matrix 
method, has been presented. In the solution obtained, the effect of cross-sectional distortions and a shear lag 
phenomenon is included. The calculations are carried out for a few thin-walled structures. 
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and Applied Mechanics, Vol. 47, No. 1, pp 177-192, 2009 
ABSTRACT: The static and dynamic problem of interaction of global buckling modes in compressed columns 
with complex open and closed cross-sections was considered in the paper. The columns made of laminate 
composites were assumed to be simply supported at both loaded ends. A plate model was adopted in the 
analysis. The equations of motion of individual plates (Schokker et al., 1996; Sridharan and Benito, 1984) were 
obtained from Hamilton’s Principle, taking into account all components of inertia forces (Teter and 
Kołakowski, 2005). Within the frame of the first order nonlinear approximation, the dynamic problem of modal 
interactive buckling was solved by the transition matrix using a perturbation method. Distortions of cross-
sections and the shear-lag phenomenon were taken into consideration in the problem solution. A modification of 
the quasi-bifurcation dynamic Kleiber-Kotula-Saran criterion (Kleiber et al., 1987) was proposed. A 
comparison of the proposed modification to the Budiansky-Hutchinson criterion (Budiansky and Hutchinson, 
1966; Hutchinson and Budiansky, 1966) was presented for a rectangular pulse loading. 
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Stability of Structures, doi:10.1016/j.tws.2007.08.039 
ABSTRACT: The paper deals with dynamic buckling of thin-walled structures (plates and beam-columns with 
open cross-section) subjected to compressive rectangular pulse loading. The local, global and interactive 
dynamic buckling was analysed. Author proposes the new criterion for critical amplitude of pulse loading 
leading to stability loss. The proposed criterion is a modification of quasi-bifurcation criterion formulated by 
Kleiber, Kotula and Saran. Results obtained using proposed criterion were compared with other well-known 
criteria (Volmir (V) and Budiansky–Hutchinson (B–H) criterion). 
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Computer Methods in Applied Mechanics and Engineering, Vol. 37, No. 1, March 1983, pp. 93-107, 
doi:10.1016/0045-7825(83)90143-3 
ABSTRACT: The study is concerned with the finite element analysis of complex axisymmetric structures 
subjected to arbitrary static or dynamic loadings. The structures are assumed to be made of elastic or elasto-
plastic material. For large deformation analysis the total Lagrangian description is utilized. Five types of 
axisymmetric finite elements are employed: triangular and quadrilateral solid rings, a conical thin shell element 
and two transition elements. A combination of a two-dimensional finite element process and a Fourier series in 
the circumferential direction, well known in linear applications, is shown to be effective also in the fully 
nonlinear range of structural behaviour. Some numerical illustrations are given. 
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ABSTRACT: The results of the stability analysis of simply supported layered isosceles trapezoidal plate 
subjected to axial in-plane compression are presented. The layup configuration is confined to symmetric 
laminates. The solution has been obtained by means of the Galerkin orthogonalisation method combined with 
the proposed method of the coordinate system transformation. The results of the analytical solution are 
compared with the verifying FEM calculation. The computed results in the form of graphs of the buckling force 
as a function of material and geometrical parameters of the panel are included. 
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ABSTRACT: A theoretical analysis is presented for the behaviour after buckling of intermediately stiffened 
plates loaded in compression. The loaded and unloaded edges are simply supported but the unloaded edges are 
free to wave in the plane of the plates. A semi-energy method of analysis, based on the von Kármán's 
compatibility equation and the principle of minimum total potential energy, is used. The results are presented 
graphically for a range of plate aspect ratios and stiffener sizes and comparison is made with experimental 
results. 
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ABSTRACT: The buckling behaviour of thin-walled structural sections made from specially orthotropic 
material is studied using a semi-analytical, seminumerical approach. The approach used combines plate and 
beam theory in dealing with the out-of-plane and in-plane deformations of the walls of a cross-section, and has 
common features to both the finite strip approach and the generalised beam theory approach. The particular 
problems examined here concern the effects of directionality of the material, and for all cases considered 
material with stiff direction set longitudinally along the section is compared with the same materal set with the 
stiff direction across the section. It is found that the buckling behaviour in either case can be found directly from 
an examination of the other case. 
 
 
J. Rhodes (Department of Mechanical Engineering, University of Strathclyde, Glasgow, UK), “Buckling of thin 
plates and members – and early work on rectangular tubes”, Thin-Walled Structures, Vol. 40, pp 87-108, 2002 
ABSTRACT: A brief examination of some of the research on the post-buckling elastic and plastic behaviour of 
plates and plate structures is outlined. This field is so wide ranging that only a very superficial examination of 
the early research has been carried out, and the writer has concentrated on some specific aspects of the general 
field of study. A very limited examination of some of the early research on rectangular cross-section tubes is 
also given.  
References listed at the end of the paper: 
[1]  Salvadori MG. Buckling, buckling...buckled. Introductory Speech at 1986 Annual Technical Meeting of the Structural Stability 
Research Council. � 
[2]  Walker AC. A brief review of plate buckling research. In: Rhodes J, Spence J, editors. Behaviour of thin-walled structures. 
London: Elsevier; 1984. � 
[3]  Bryan GH. On the stability of a plane plate with thrusts in its own plane with applications to the “buckling” of the sides of a ship. 
Proc London Math Soc 1891;22. � 
[4]  Timoshenko SP, Gere JM. Theory of elastic stability. New York: McGraw-Hill, 1961. � 



[5]  Bulson PS. The stability of flat plates. London: Chatto and Windus, 1970. � 
[6]  von Karman T. Festigheitsprobleme im Maschinenbau. Encyclopaedie der Mathematischen Wissenschaften 1910;4:349. � 
[7]  Marguerre K. Zur Theorie der gekreummter Platte grosser Formaenderung. In: Proceedings of Fifth �International Congress for 
Applied Mechanics, Cambridge, 1938. � 
[8]  Schuman L, Back G. Strength of rectangular flat plates under edge compression. NACA Report No. �356. 1930. � 
[9]  von Karman T, Sechler EE, Donnel LH. Strength of thin plates in compression. Trans ASME �1932;54:53. � 
[10]  Winter G. Strength of thin steel compression flanges. Reprint No. 32. Ithaca, NY, USA: Cornell �University Engineering 
Experimental Station, 1947. � 
[11]  Specification for the design of cold formed steel structural members. New York: American Iron and �Steel Institute (AISI), 1996. � 
[12]  CEN ENV 1993-1—3:1996. Eurocode3: Design of steel structures — part 1.3: General rules — �supplementary rules for cold-
formed thin gauge members and sheeting. CEN (Comite Europeen de �Normalisation, Brussels). � 
[13]  Heimerl GJ. Determination of plate compressive strength. NACA Technical Note No. 1480. 1947. � 
[14]  Schuette FH. Observations on the maximum average stress of flat plates buckled in edge compression. NACA Technical Note 
No. 1625. 1947. � 
[15]  Chilver AH. The maximum strength of the thin-walled strut. Civ Eng 1953;48. � 
[16]  Rhodes J. Secondary local buckling in thin-walled sections. Acta Technica Academiae Hungaricae �1978;87:143–53. � 
[17]  Cox HL. Buckling of thin plates in compression. ARC R&M No. 1554. 1934. � 
[18]  Marguerre K. The apparent width of the plate in compression. NACA TA No. 833. 1937. � 
[19]  Benthem JP. The reduction in stiffness of combinations of rectangular plates in compression after �exceeding the buckling load. 
NLL-TRS 539. Amsterdam: National Aero Research Institute, 1959. � 
[20]  Levy S. Bending of rectangular plates with large deflections. NACA Report No. 737. 1942. � 
[21]  Hemp WS. The buckling of a flat rectangular plate in compression and its behaviour after buckling. �ARC R&M No. 2041. 1945. � 
[22]  Cox HL. The theory of flat panels buckled in compression. ARC R&A No. 2178. 1945. � 
[23]  Hu PC, Lundquist EF, Batdorf SB. Effect of small deviations from flatness on effective width and �buckling of plates in 
compression. NACA TA No. 1124. 1946. � 
[24]  Coan JM. Large deflection theory for plates with small initial curvature loaded in edge compression. �Trans ASME 1951;73. � 
[25]  Yamaki N. The post-buckling behaviour of rectangular plates with small initial curvature loaded in �edge compression. J Appl 
Mech 1959;26:407–14. � 
[26]  Yamaki N. The post-buckling behaviour of rectangular plates with small initial curvature loaded in �edge compression 
(continued). J Appl Mech 1960;27:335–42. � 
[27]  Stein M. Loads and deformations in buckled rectangular plates. NASA Technical Report R-40. 1959. � 
[28]  Walker AC. The post-buckling behaviour of simply supported square plates. Aero Quart �1969;XX:203–22. � 
[29]  Williams DG, Walker AC. Explicit solutions for the design of initially deformed plates subject to �compression. Proc Inst Civ 
Engrs 1975;59:763–87. � 
[30]  Rhodes J. Microcomputer design analysis of plate post-buckling behaviour. J Strain Anal �1986;21:71–6. � 
[31]  Sridharan S, Grave Smith TR. Postbuckling analysis with finite strips. Proc ASCE 1981;107(EM5). � 
[32]  Hancock GJ, Davids AJ, Key PW, Lau SCW, Rasmussen KJ. Recent developments in the buckling and nonlinear analysis of 
thin-walled structural members. In: The NW Murray Symposium [special �issue]. Thin-Walled Struct 1990;9:309–38. � 
[33]  Wang S, Dawe DJ. Spline FSM post-buckling analysis of shear deformable rectangular laminates. �Thin-Walled Struct 
1999;34:163. � 
[34]  Cheung YK, Au FTK, Zheng DY. Nonlinear vibrations of thin plates by spline finite strip method. �Thin-Walled Struct 
1998;32:289–304. � 
[35]  Sivakumaran KS, Abdel Rahman N. A finite element analysis model for the behaviour of cold �formed steel members. Thin-
Walled Struct 1998;31. � 
[36]  Rhodes J. The nonlinear behaviour of thin-walled beams subjected to pure moment loading. Ph.D. �thesis. Glasgow: University of 
Strathclyde, 1969. � 
[37]  Mayers J, Budiansky B. Analysis of the behaviour of simply supported flat plates compressed beyond �the buckling load into the 
plastic range. NACA Technical Note No. 3886. 1955. � 
[38]  Ratcliffe AT. The strength of plates in compression. Ph.D. thesis. Cambridge: Cambridge University, 1966. � 
[39]  Dwight JB, Moxham KE. Welded steel plates in compression. The Struct Engr 1969;47. � 
[40]  Graves Smith TR. The ultimate strength of locally buckled columns of arbitrary length. Thin-walled �steel constructions. 
Symposium, University College, Swansea, 1967. � 
[41]  Moxham KF. Theoretical determination of the strength of welded steel plates under in plane com �pression. Report CU ED/C-
Struct/TR65. Cambridge: Cambridge University, 1971. � 
[42]  Frieze PA, Dowling PJ, Hobbs RF. Ultimate load behaviour of plates in compression. Steel plated �structures. London: Crosby 
Lockwood Staples; 1977. � 
[43]  Rogers NA, Dwight JB. Outstand strength. In: Steel plated structures. London: Crosby Lockwood �Staples; 1977. � 
[44]  Little GH. Rapid analysis of plate collapse by live energy minimisation. Int J Mech Sci 1977;19. � 
[45]  Crisfield MA. Ivanov’s yield criterion for thin plates and shells using finite element. Report LR9I9. �Crowthorne (UK): Transport 
and Road Research Laboratory, 1979. � 
[46]  Rhodes J. On the approximate prediction of elasto-plastic plate behaviour. Proc Inst Civ Engrs �1981;71:165–83. � 
[47]  Botman M, Besseling JF. The effective width in the plastic range of flat plates under compression. �NLL Report 5445. 
Amsterdam: National Aero Research Institute, 1954. � 
[48]  Bijlaard PP, Fisher GP. Interaction of column and local buckling in compression members. NACA �Technical Note 2640. 1952. � 



[49]  Bijlaard PP, Fisher GP. Column strength of H sections and square tubes in the postbuckling range �of the component plates. 
NACA Technical Note 2994. 1953. � 
[50]  Jombock JR, Clark JW. Postbuckling behaviour of flat plates. Proc ASCE 1961;87(ST5). � 
[51]  Graves Smith TR. The effect of initial imperfections on the strength of thin-walled box columns. �Int J Mech Sci 1971;13:911–25.  
[52]  Vensson SE, Croll JGA. Interaction between local and overall buckling. Int J Mech Sci �1975;17:307–21. � 
[53]  Skaloud M, Naprstek J. Limit state of compressed thin-walled steel columns with regard to the �interaction between column and 
plate buckling. In: Proceedings of Second International Colloquium �on the Stability of Steel Structures. Liege: University of Liege; 
1977:405–14. � 
[54]  Braham M, Rondal J, Massonet Ch. Large size buckling tests on steel columns with thin-walled rectangular hollow sections. 
Comparison with design methods. In: Rhodes J, Walker AC, editors. �Thin-walled structures. London: Granada Publishers; 1980. � 
[55]  De Wolf JT, Pekoz T, Winter G. Local and overall buckling of cold formed members. Proc ASCE �1974;100(ST10):2017–36. � 
[56]  Sanders PH, Householder J. Applicability of limit design to cold-formed box beams. In: Proceedings �of 4th International 
Specialty Conference on Cold-Formed Steel Structures, St. Louis (MO). Rolla, �MO, USA: University of Missouri-Rolla; 1978. � 
[57]  Graves Smith TR, Sridharan S. Elastic collapse of thin-walled columns. In: Rhodes J, Walker AC, �editors. Thin-walled 
structures. London: Granada Publishers; 1980. � 
[58]  Frieze PA. Behaviour and design of thin-walled rectangular hollow beams. In: Rhodes J, Walker AC, editors. Thin-walled 
structures. London: Granada Publishers; 1980. � 
[59]  Kecman D. Bending collapse of rectangular and square section tubes. Int J Mech Sci 1983;25:623–36. � 
[60]  Mahendran M, Murray NW. Ultimate load behaviour of box columns under combined loading of axial compression and torsion. 
Thin-Walled Struct 1990;9:91–120. � 
[61]  Rasmussen KJR. The development of an Australian Standard for Stainless Steel Structures. In: Proceedings of 15th International 
Specialty Conference on Cold Formed Steel Structures, St. Louis (MO), 2000, pp 309–38. � 
[62]  Zhao XL, Grzebieta RH. Strength and ductility of concrete filled double skin square hollow sections. In: Zhao XL, Grzebieta 
RH, editors. Structural failure and plasticity. Rolla, MO, USA: University of Missouri-Rolla; 2000. � 
[63]  Gupta NK, Ray P, Gupta SK, Khullar A. Lateral collapse of empty and filled square aluminium tubes between two platens. In: 
Gupta NK, editor. Plasticity and impact mechanics (Proc IMPLAST’96, Delhi). Rolla, MO, USA: University of Missouri-Rolla; 2000.  
[64]  Pugsley SA, Macaulay M. The large scale crumpling of thin cylindrical columns. Quart J Mech Appl Math 1960;XIII(Part 1). � 
[65]  Alexander JM. An approximate analysis of the collapse of thin cylindrical shells under axial loading. Quart J Mech Appl Math 
1960;XIII(Part 1). � 
[66]  Andronicou A, Walker AC. A plastic collapse mechanism for cylinders under axial end compression. J Construct Steel Res 
1981;1. � 
[67]  Birch RS, Jones N. Dynamic and static axial crushing of axially stiffened cylindrical shells. In: The NW Murray Symposium 
[special issue]. Thin-Walled Struct 1990;9:29–60. � 
[68]  Grzebieta RH. Research into failure mechanisms of some thin-walled round tubes. In: Gupta NK, editor. Plasticity and impact 
mechanics. New Age International (P) Ltd; 1998. � 
[69]  Gupta NK, Velmurugan R. Axi-symmetric axial collapse of round tubes. In: Gupta NK, editor. Plasticity and impact mechanics. 
New Age International (P) Ltd; 1998. � 
[70]  Kato B. Buckling strength of plates in the elastic range. IABSE 1965;25. � 
[71]  Murray NW. Buckling of stiffened panels loaded axially and in bending. The Struct Engr 1973;51. � 
[72]  Walker AC, Murray NW. A plastic collapse mechanism for compressed plates. IABSE 1975;35. � 
[73]  Murray NW. Introduction to the theory of thin-walled structures. Oxford: Clarendon Press, 1984. � 
[74]  Sin KW. The collapse behaviour of thin-walled sections. Ph.D. thesis. Glasgow: University of Strathclyde, 1985. � 
[75]  Wong HF. Dynamic and static crushing of closed hat section members. Ph.D. thesis. Glasgow: �University of Strathclyde, 1993. � 
[76]  Setiyono H. Web crippling of cold formed plain channel steel section beams. Ph.D. thesis. Glasgow: �University of Strathclyde, 
1994. � 
[77]  Lim TH. Some plasticity studies relating to thin-walled beams. Ph.D. thesis. Glasgow: University �of Strathclyde, 1995. � 
[78]  Kotelko M, Lim TH, Rhodes J. Post-failure behaviour of box section beams under pure bending �(an experimental study). Thin-
Walled Struct. 2000;38(2):179–94. � 
[79]  Zhao X-L, Hancock GJ. Plastic mechanism analysis of T-joints in RHS subject to combined bending �and concentrated force. 
Research Report No. R763. Sydney: University of Sydney, School of Civil �and Mining Engineering, 1993. � 
[80]  Zhao X-L, Hancock GJ. Experimental verification of the theory of plastic moment capacity of an �inclined yield line under axial 
force. Thin-Walled Struct 1993;15:209–34. � 
[81]  Zhao X-L, Hancock GJ. A theoretical analysis of the plastic moment capacity of an inclined yield �line under axial force. Thin-
Walled Struct 1993;15:185–208. � 
[82]  Zhao X-L, Lip EOT, Grzebetia RH. Plastic mechanism analysis using newly derived yield line �theory. In: First Australian 
Congress on Applied Mechanics, Melbourne, 1996. � 
 
 
J. Zaras (1), K. Kowal-Michalska (1) and J. Rhodes (2) 
(1) Technical University of Lodz, Lodz, Poland 
(2) Department of Mechanical Engineering, University of Strathclyde, Glasgow, UK 
Editorial: “Buckling, strength and failure mechanics of thin-walled structures”, Thin-Walled Structures, Vol. 



41, Nos. 2-3, February 2003, pp. 89-90, doi:10.1016/S0263-8231(02)00081-2 
ABSTRACT:  (none given) 
 
 
J. Rhodes (Department of Mechanical Engineering, University of Strathclyde, 75 Montrose St., Glasgow G1 
1XJ, Scotland, UK), “Some observations on the post-buckling behaviour of thin plates and thin-walled 
members”, Thin-Walled Structures, Vol. 41, Nos. 2-3, February 2003, pp. 207-226, 
doi:10.1016/S0263-8231(02)00088-5 
ABSTRACT: A brief examination of some of the research on the post-buckling analysis of plates and plate 
structures is outlined. Only a very superficial examination has been carried out. The behaviour of plates and 
sections under eccentric load or eccentric compression is considered, and the application of plate analysis to 
strut, beam and column design is discussed. 
 
 
Ikeda Kiyohiro and Murota Kazuo (Department of Civil Engineering, Nagaoka University of Technology, 
Nagaoka, Niigata 940-21, Japan), “Critical initial imperfection of structures”, International Journal of Solids 
and Structures, Vol. 26, No. 8, 1990, pp. 865-886, doi:10.1016/0020-7683(90)90074-6 
ABSTRACT: A method is introduced for determining the critical initial imperfection of discretized structures 
that decreases the load-bearing capacity most rapidly. The effects of imperfections on simple critical points, 
such as limit points of loads and simple bifurcation points, are theoretically investigated based on the idea of the 
Lyapunov-Schmidt decomposition developed in bifurcation theory. Imperfection sensitivity varies with the 
types of points. Nonetheless critical imperfection pattern is expressed in the same formula regardless of the 
types. Among various imperfections, the most influential can be found in a quantitative manner. The validity 
and the usability of the proposed method are illustrated through its application to simple example structures. 
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“Random initial imperfections of structures”, International Journal of Solids and Structures, Vol. 28, No. 8, 
1991, pp. 1003-1021, doi:10.1016/0020-7683(91)90125-Y 
ABSTRACT: This paper is a theoretical study on random initial imperfections of structures. The explicit form 
of probability density function of the load-bearing capacity (critical load) of structures is derived for random 
initial imperfections based on a decomposition of the space of imperfection vectors into two orthogonal 
subspaces: the subspace that asymptotically affects the load-bearing capacity and the other that does not. Tight 
bounds on the range of load-bearing capacity are presented for various types of simple critical points. By means 
of the asymptotic theory of statistics, we show the inefficiency of a conventional random method that 
approximates the minimum loadhearing capacity by the minimum load for a number of random initial 
imperfections. The theoretical and empirical probability distribution functions for simple truss structures are 
compared to show the validity and effectiveness of the present method. 
 
 
Kiyohiro Ikeda (1) and Kazuo Murota (2) 
(1) Department of Civil Engineering, Tohoku University, Aoba, Sendai 980, Japan 
(2) Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606, Japan 
“Statistics of normally distributed initial imperfections”, International Journal of Solids and Structures, Vol. 30, 
No. 18, 1993, pp. 2445-2467, doi:10.1016/0020-7683(93)90160-9 
ABSTRACT: This paper offers a theoretical study on the probabilistic nature of critical loads (buckling loads) 
of structures subject to normally distributed initial imperfections. Explicit form of probability density function 
of critical loads are derived for various types of critical points. Double bifurcation points of structures with 
regular-polygonal symmetry are dealt with by means of the group-theoretic bifurcation theory. The distribution 
of minimum values of the critical loads is investigated to present a statistical design index. The theoretical and 



empirical probability density functions for simple structures are compared to show the validity and effectiveness 
of this method. The method is quite efficient when it is directly applicable; otherwise, the explicit forms, at 
least, can greatly supplement the inefficiency of the conventional random method. 
 
 
Makoto Ohsaki (Department of Architecture and Architectural Systems, Kyoto University, Sakyo, 606-8501, 
Kyoto, Japan), “Structural optimization for specified nonlinear buckling load factor”, Japan Journal of Industrial 
and Applied Mathematics, Vol. 19, No. 2, pp 163-179, June 2002 
ABSTRACT: The author’s method of design sensitivity analysis of nonlinear coincident buckling load factors 
and corresponding optimization method of finite dimensional elastic structures are shown to be applicable to a 
structure with moderately large number of degrees of freedom. The sensitivity formulations are written in 
general form for coincident buckling load factors including limit points and bifurcation points. Optimum 
designs are found for a spherical latticed dome subjected to a concentrated load and distributed loads, 
respectively. The results are compared with those by linear eigenvalue formulation. An approximate optimal 
solution against nonlinear buckling can be obtained by only scaling the solution under linear eigenvalue 
formulation even for the case where the effect of prebuckling deformation is very large. It is shown that the 
proposed method is practically applicable to optimum design with coincident critical points especially for the 
case of hill-top branching where bifurcation points are located at the limit point. In this case, imperfection 
sensitivity is not enhanced as a result of optimization. The reduction of maximum load factor due to a minor 
imperfection is shown to be in the same order as that to a major imperfection. Therefore symmetric 
imperfection as well as asymmetric imperfection should be considered in estimating the maximum loads. 
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Kiyohiro Ikeda and Makoto Ohsaki (Department of Civil Engineering, Tohoku University, Aoba, Sendai, 
Japan), “Generalized sensitivity and probabilistic analysis of buckling loads of structures”, International Journal 
of Non-Linear Mechanics, 06/2007, Vol. 42, No. 5, pp 733-743, 2007 
ABSTRACT: The imperfection sensitivity law by Koiter played a pivotal role in the early stage of research on 
initial post-buckling behaviors of structures, but seems somewhat overshadowed by numerical approaches in the 
computer age. In this paper, to make this law consistent with practical application, the law is extended to 
implement the influence of a number of imperfections, and the second-order (minor) imperfections are 
considered, in addition to the first-order (major) imperfections considered in the Koiter law. Explicit formulas 
are presented to be readily applicable to the numerical evaluation of imperfection sensitivity. A procedure to 
describe the probabilistic variation of critical loads is presented for the case where initial imperfections of 
structures are subject to a multivariate normal distribution; the formula for the probability density function of 
critical loads is derived by considering up to the second-order imperfections. The validity and usefulness of the 
present procedure are demonstrated through the application to truss structures. 
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“Imperfection Sensitivity of ultimate buckling strength of elastic-plastic square plates under compression”, 
International Journal of Non-Linear Mechanics, Vol. 42, No. 3, pp 529-541, April 2007 
DOI: 10.1016/j.ijnonlinmec.2007.02.006 
ABSTRACT: The mechanism of imperfection sensitivity of elastic–plastic plates under compression is complex 
as they undergo elastic and/or plastic buckling, dependent on their width–thickness ratio. For elastic buckling, 
the Koiter power law is an established means to describe the imperfection sensitivity. Yet, for plastic buckling, 
there is no such an established way to describe it. In this paper, the quadratic power law is advanced to describe 
imperfection-insensitive plastic buckling behavior. The Koiter power law is extended by implementing the 
quadratic law so as to describe the elastic and plastic buckling in a synthetic manner. The finite-displacement, 
elastic–plastic analysis was conducted on simply-supported square plates under compression by varying the 
plate thickness and the initial deflection of a sinusoidal form. In association with an increase of the plate 
slenderness parameter (decrease of plate thickness), the predominant buckling is shown to change from (1) 
plastic buckling to (2) unstable elastic–plastic buckling and to (3) elastic stable bifurcation followed by a 
maximum point of load. In accordance with the change of the mechanism of buckling, the power law is changed 
pertinently to describe the complex imperfection sensitivity of the compression plates in a synthetic manner. 
The extended imperfection sensitivity law is thus advanced as a simple and strong tool to describe the ultimate 
buckling strength of elastic–plastic plates. 
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“Asymptotic and probabilistic approach to buckling of structures and materials”, Applied Mechanics Reviews, 
Vol. 61, No. 4, 16 pages, June 2008, DOI: 10.1115/1.2939583 
ABSTRACT: The general theory of elastic stability invented by Koiter (1945, “On the Stability of Elastic 
Equilibrium,” Ph.D. thesis, Delft, Holland) motivated the development of a series of asymptotic approaches to 
deal with the initial postbuckling behavior of structures. These approaches, which played a pivotal role in the 



precomputer age, are somewhat overshadowed by the progress of computational environment. Recently, the 
importance of the asymptotic approaches has been revived through the extension of their theoretical background 
and the combination with the framework of finite element method and with group-theoretic bifurcation theory 
in nonlinear mathematics. The approaches serve as an efficient and insightful strategy to tackle probabilistic 
scatter of critical loads. We review, through the perspective of theoretical engineers, the historical development 
and recent revival of the asymptotic approaches for buckling of imperfection-sensitive structures and materials. 
 
 
Makoto Ohsaki (Department of Architecture and Architectural Systems, Kyoto University, Sakyo, Kyoto 606-
8501, Japan), “Sensitivity analysis and optimization corresponding to a degenerate critical point”, International 
Journal of Solids and Structures, Vol. 38, Nos. 28-29, July 2001, pp. 4955-4967, 
doi:10.1016/S0020-7683(00)00320-6 
ABSTRACT: Sensitivity coefficients of a critical load factor corresponding to a degenerate critical point is 
shown to be unbounded even for a minor imperfection excluding very restricted case where the imperfection 
does not have direct effect on the lowest eigenvalue of the stability matrix. This fact leads to serious difficulty 
in obtaining optimum design under nonlinear stability constraints. The optimum design problem is alternatively 
formulated with constraint on the lowest eigenvalue of the stability matrix, and the sensitivity formula for the 
lowest eigenvalue is presented. The existence of a degenerate critical point and accuracy of the sensitivity 
coefficient are discussed through the example of a four-bar truss. 
 
 
M. Ohsaki (Department of Architecture and Architectural Engineering, Kyotodaigaku-Katsura, Nishikyo, Kyoto 
615-8540, Japan), “Design sensitivity analysis and optimization for nonlinear buckling of finite-dimensional 
elastic conservative structures”, Computer Methods in Applied Mechanics and Engineering, Vol. 194, Nos. 30-
33, August 2005, pp. 3331-3358, Special Issue: Structural and Design Optimization, 
doi:10.1016/j.cma.2004.12.021 
ABSTRACT: The purpose of this review paper is to summarize the existing methods of design sensitivity 
analysis and optimization of elastic conservative finite-dimensional systems with respect to nonlinear buckling 
behavior. Difficulties related to geometrical nonlinear singular behaviors are discussed in detail. Characteristics 
of optimized structures are demonstrated in reference to snapthrough behavior, hill-top branching, and 
degenerate critical points. A new optimization result of a flexible truss that fully utilizes the snapthrough 
behavior is also presented. 
 
 
Makoto Ohsaki (Department of Architecture and Architectural Systems, Kyoto University, Sakyo, Kyoto 606-
8501, Japan), “Imperfection sensitivity of optimal symmetric braced frames against buckling”, International 
Journal of Non-Linear Mechanics, Vol. 38, No. 7, October 2003, pp. 1103-1117, 
doi:10.1016/S0020-7462(02)00056-2 
ABSTRACT: Imperfection sensitivity characteristics of the non-linear buckling load factors of non-optimal and 
optimal symmetric frames are investigated. The frames are subjected to symmetric proportional vertical loads. 
The optimization problem is formulated under constraints on linear buckling load factors. Although the 
buckling load factors corresponding to sway and non-sway modes coincide at the optimum design, the non-
sway-type asymmetric bifurcation point disappears as a result of geometrically non-linear analysis. Therefore, 
the maximum allowable load factors of perfect and imperfect systems should be determined by assigning 
displacement constraints. It is shown that quantitative evaluation is possible for imperfection sensitivity and 
mode interaction based on the higher order differential coefficients of the total potential energy even for frames 
of which the critical points should be numerically obtained. Numerical examples are presented to show that the 
properties of the non-sway bifurcation point are similar to those of a symmetric bifurcation point, and the 
interaction between sway and non-sway modes does not always lead to enhancement of imperfection 
sensitivity. 
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“Imperfection sensitivity analysis of hill-top branching with many symmetric bifurcation points”, International 
Journal of Solids and Structures, Vol. 43, No.16, August 2006, pp. 4704-4719, 
doi:10.1016/j.ijsolstr.2005.06.036 
ABSTRACT: Imperfection sensitivity properties are derived for finite dimensional elastic conservative systems 
exhibiting hill-top branching at which arbitrary many bifurcation points coincide with a limit point. The critical 
load at a hill-top branching point is demonstrated to be insensitive to initial imperfections when all the 
bifurcation points are individually symmetric. Therefore, it is not dangerous to design a frame or truss so that 
many members buckle simultaneously at the limit point, although the notion of the danger of optimization by 
compound bifurcation is widespread. 
 
 
K. Ikeda (1), K. Murota (2) and I. Elishakoff (3) 
(1) Department of Civil Engineering, Tohoku University, Sendai 980-77, Japan 
(2) Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-01, Japan 
(3) College of Engineering, Florida Atlantic University, P.O. Box 3091, Boca Raton, FL 33431-0991, U.S.A. 
“Reliability of structures subject to normally distributed initial imperfections”, Computers & Structures, Vol.59, 
No. 3, May 1996, pp. 463-469, doi:10.1016/0045-7949(95)00273-1 
ABSTRACT: We investigate the reliability of realistic structural models with stochastic initial imperfections. 
The models considered here include: a column on a nonlinear elastic foundation with normally distributed 
imperfections with given mean and variance-covariance, and cylindrical shells possessing the realistic 
imperfections which are chosen, based on the available experimental measurements for shell profiles. The 
explicit forms of the theoretical probability density of buckling loads and the reliability functions evaluated as 
functions of applied loads of these structures are obtained by means of the bifurcation theory, based on the 
assumption that the imperfections are small and represent normally distributed random fields. The parameters 
for these forms are to be determined based on the analysis on a large number of structures with different initial 
imperfections. The former functions accurately simulate the empirical histogram of buckling loads, while the 
latter are compatible with the pre-existing results of the number of failed structures in the ensemble. The 
analytical forms, which demand minimal computational costs, are of great assistance in evaluating the reliability 
of structures, and appear to constitute a potential design alternative in the future. 
 
 
Ye Zhi-ming( Dept. of Mechanics, Lanzhou University), “Nonlinear axisymmetric bending and stability of thin 
spherical shallow shell with variable thickness under uniformly distributed loads”, Applied Mathematics and 
Mechanics, Vol. 9, No. 2, pp 143-148, February 1988 
ABSTRACT: In this paper, the nonlinear bending and stability of thin spherical shallow shell with variable 
thickness under uniformly distributed loads are investigated by a new modified iteration method proposed by 
Prof. Yeh Kai-yuan and the author [1]. Deflections and critical loads have been calculated and the numerical 
results obtained have been given in figures and tabular forms. It is shown that the final equation determining the 
central deflection and the load obtained coincides with the cusp catastrophe manifold. 
 
 
Su Xu Ming and Lu Wenda (Shanghai Institute of Applied Mathematics and Mechanics, Shanghai University of 
Technology, Shanghai, People's Republic of China), “Postbuckling and imperfection sensitivity analysis of 
structures in the plastic range. Part 1: Model analysis”, Thin-Walled Structures, Vol. 10, No. 4, 1990, pp. 263-
275, doi:10.1016/0263-8231(90)90068-A 
ABSTRACT: In this paper, two simple models which complement one another in mirroring the plastic buckling 
properties of structures are analysed in detail to introduce a scheme for postbuckling and imperfection 
sensitivity analysis that is suitable for tackling real structures. The variation of the size of the unloading area is 
used as the perturbation parameter and a special perturbation scheme is designed to deal with the moving 
boundary problems caused by plastic unloading, so that the extension of Koiter's theory of initial elastic 



postbuckling to the plastic range becomes possible. 
 
 
Su Xu Ming and Lu Wenda (Shanghai Institute of Applied Mathematics and Mechanics, Shanghai University of 
Technology, Shanghai, People's Republic of China), “Postbuckling and imperfection sensitivity analysis of 
structures in the plastic range: Part 2. Shallow shell analysis”, Thin-Walled Structures, Vol. 11, No. 3, 1991, pp. 
203-217, doi:10.1016/0263-8231(91)90001-Y 
ABSTRACT: This is the sequel to the author's paper on model analysis, in the current volume. The scheme 
developed there to tackle the problem of the postbuckling and imperfection sensitivity analysis of structures in 
the plastic range is extended to shallow shells. A parameter characterizing the extension of the unloading area is 
used as the perturbation parameter, and the systematic perturbation method designed in the previous paper is 
modified to solve moving boundary problems in two variables. Relevant formulations are presented and 
discussed. 
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Shanghai 200092, China), “Statics, Dynamics and Stability of Shell Structures”, in Computational mechanics in 
structural engineering: recent developments and future trends, edited by Franklin Y. Cheng and Fu Zizhi, 
Elsevier Science Publishers, 1992 
ABSTRACT: Plate and shell structures are widely used in civil engineering. Their static, dynamic behavior and 
the stability are the most interested topics since long. Advances in several aspects are reviewed in this paper. 
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“A finite element analysis on random vibration of nonlinear shell structures”, Journal of Sound and Vibration, 
Vol. 291, Nos. 1-2, March 2006, pp. 240-257, doi:10.1016/j.jsv.2005.06.004 
ABSTRACT: The objective of this investigation is to study the random vibration of a nonlinear geometrically 
shell structure by using the finite element method in conjunction with the equivalent linearization approach. 
When the shell structure is subjected to excessive loadings, the large deformations of the shell structure must be 
considered. In that sense, the stiffness of the governing equation of the shell structure is related to deflection; 
therefore, it is nonlinear and difficult to solve. In this study, the applied loadings to the shell structure are 
assumed to be a nonstationary random excitation to characterize many physical loadings such as earthquake, 
wind, aerodynamic and acoustic loadings. The equivalent linearization and the finite element method are 
adopted to perform the nonlinear random vibration analysis of the shell structures, which can be quite 
nonuniform and complex in geometry or nonhomogeneous in material. These obtained statistical dynamics 
responses are very useful for estimating the structure safety and reliability. Meanwhile, some statistical 
responses obtained by the present approach are checked by the Monte Carlo simulation technique. 
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“Finite element analysis of nonlinear shell structures with uncertain material property”, Thin-Walled Structures, 
Vol. 46, No. 10, October 2008, pp. 1055-1065, doi:10.1016/j.tws.2008.01.017 
ABSTRACT: The statistical dynamic responses of geometrically nonlinear shell structures with stochastic 
Young's modulus of elasticity are investigated in this study. In general, large deformation of the shell structures 
must be considered when shell structures are under excessive loading, and then the governing equations of the 



shell structures become nonlinear since the stiffness matrix of the system is related to the deflection. In this 
paper, the stochastic finite element method along with the perturbation technique is used to deal with statistical 
responses of shell structures with structural randomness; in particular, the Newton–Raphson iteration procedure 
in conjunction with Newmark scheme is adopted to solve the nonlinearity of the dynamic governing equation of 
shell structures. Some results obtained by the perturbation technique and those from the Monte Carlo simulation 
approach show a good agreement. Finally, it should be emphasized that these statistically dynamic responses 
are very useful for estimating the reliability of structures. 
 
 
F.-X. Irisarri, F. Laurin, F.-H. Leroy and J.-F. Maire (ONERA/DMSC, 29, avenue de la Division Leclerc, F-
92322 Châtillon Cedex, France), “Computational strategy for multiobjective optimization of composite 
stiffened panels”, Composite Structures, Vol. 93, No. 3, February 2011, pp. 1158-1167, 
doi:10.1016/j.compstruct.2010.10.005 
ABSTRACT: This paper presents a multiobjective optimization methodology for composite stiffened panels. 
The purpose is to improve the performances of an existing design of stiffened composite panels in terms of both 
its first buckling load and ultimate collapse or failure loads. The design variables are the stacking sequences of 
the skin and of the stiffeners of the panel. The optimization is performed using a multiobjective evolutionary 
algorithm specifically developed for the design of laminated parts. The algorithm takes into account the 
industrial design guidelines for stacking sequence design. An original method is proposed for the initialization 
of the optimization that significantly accelerates the search for the Pareto front. In order to reduce the 
calculation time, Radial Basis Functions under Tension are used to approximate the objective functions. Special 
attention is paid to generalization errors around the optimum. The multiobjective optimization results in a wide 
set of trade-offs, offering important improvements for both considered objectives, among which the designer 
can make a choice. 
 
 
D. F. Jin, Z. Liu, Z. R. Fan, "Optimization Methodology for Composite Stiffened Panel Based on Genetic 
Algorithm", Advanced Materials Research, Vol. 952, pp. 34-37, 2014, DOI: 
10.4028/www.scientific.net/AMR.952.34  
ABSTRACT: A novel optimization methodology for stiffened panel is proposed in this paper. The purpose of 
the optimization methodology is to improve the first buckling load of the panel which is obtained by finite 
element method. The stacking sequence of the stiffeners is taken as design variables. In order to ensure the 
manufacturability of design, the design guidelines of stacking sequence are taken into account. A DOE based on 
Halton Sequence makes the initial points of genetic algorithm spread more evenly in the design space of 
laminate parameters and consequently accelerates the search to convergence. The numerical example verifies 
the efficiency of this method. 
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ABSTRACT: Cone–cylinder intersections are used commonly in pressure vessels and piping. In the case of a 
cone large end-to-cylinder intersection under internal pressure, the intersection is subject to a large 
circumferential compressive force. While both the cone and the cylinder may be locally thickened to strengthen 
the intersection, it is often desirable and convenient to provide an annular plate ring at the cone-to-cylinder joint 
to supplement local thickening or as an alternative strengthening measure, leading to a ring-stiffened cone–
cylinder intersection. Only limited work has been carried out specifically on ring-stiffened cone–cylinder 
intersections under internal pressure. This paper presents the first experimental study on such intersections. In 
addition to the presentation of test results including geometric imperfections, failure behaviour and the 
determination of buckling mode and load based on displacement measurements, results from nonlinear 
bifurcation analysis using the perfect shape and nonlinear analysis using the measured imperfect shape are 
presented and compared with the experimental results. 
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ABSTRACT: Buckling analysis of cylinders under axial compression is sensitive to the assumptions made in 
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buckling mode considerations and their amplitudes are determined using tolerance specifications in codes or 
experimentally recorded values. Whilst this approach may be used for metal cylinders with some confidence, 
due to the many test results available for validation purposes, it is not appropriate for the analysis and design of 
fibre-reinforced composite cylinders where the test results are limited and the effects of manufacturing on the 
imperfection characteristics have not yet been studied in detail. This paper presents a methodology for 
probabilistic buckling strength assessment based on the results of a statistical analysis on imperfections on two 
groups of composite cylinders manufactured by lay-up. The dominant features are quantified and the effect of 
fibre orientation on imperfections is examined. Simple models describing the random variability of imperfection 
modal amplitudes are presented. Using these probabilistic models, characteristic imperfection shapes are 
developed for fibre-reinforced cylinders and their use in buckling strength prediction and tolerance specification 
is demonstrated. 
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ABSTRACT: Cylindrical shells consisting of cylindrical panels of smaller radius and subjected to uniform 
external pressure are analyzed for stability. The geometrical parameters of the shells are approximated by 
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shell constant, it is possible to achieve a significant gain in critical loads. The shells under consideration are less 
effective than isotropic shells. Shells with sinusoidal corrugation under external pressure are of no practical 
interest. 
References listed at the end of the paper: 
1. L. E. Andreeva, “Design of corrugated membranes as anisotropic plates,” Inzh. Sborn., 21, 128–141 (1955). 
2. G. I. Brankov, “Toward a theory of wavy shells,” Int. Appl. Mech., 34, No. 4, 334–339 (1998). 
3. G. A. Vanin and N. P. Semenyuk, Stability of Composite Shells with Imperfections [in Russian], Naukova Dumka, Kyiv (1987). 
4. L. H. Donnell, Beams, Plates and Shells, McGraw Hill, New York (1976).  
5. Kh. M. Mushtari and K. Z. Galimov, Nonlinear Theory of Elastic Shells [in Russian], Tatknigaizdat, Kazan (1957). 
6. V. V. Novozhilov, Theory of Thin Shells [in Russian], Sudpromgiz, Leningrad (1962). 
7. N. P. Semenyuk, “Stability of noncircular cylindrical shells under axial compression,” Int. Appl. Mech., 20, No. 9, 813–821 (1984).  
8. N. P. Semenyuk, “Stability of axially compressed noncircular cylindrical shells consisting of panels of constant curvature,” Int. 
Appl. Mech., 39, No. 6, 726–735 (2003).  
9. V. I. Shalashilin, “Stability and postcritical deformation of corrugated cylindrical shells,” Izv. AN SSSR, Mekh., No. 3, 131–135 
(1965). 
10. Ya. M. Grigorenko and S. N. Yaremchenko, “Refined design of corrugated noncircular cylindrical shells,” Int. Appl. Mech., 41, 
No. 1, 7–13 (2005).  
11. Ya. M. Grigorenko, A. Ya. Grigorenko, and L. I. Zakhariichenko, “Stress analysis of noncircular cylindrical shells with cross 
section in the form of connected convex half-corrugations,” Int. Appl. Mech., 42, No. 4, 431–438 (2006).  
12. Ya. M. Grigorenko, A. Ya. Grigorenko, and L. I. Zakhariichenko, “Stress-strain solutions for circumferentially corrugated elliptic 
cylindrical shells,” Int. Appl. Mech., 42, No. 9, 1021–1028 (2006).  
13. Ya. M. Grigorenko and L. V. Kharitonova, “Solution of the deformation problem for flexible noncircular cylindrical shells subject 
to bending moments at the edges,” Int. Appl. Mech., 42, No. 11, 1278–1284 (2006).  
14. N. P. Semenyuk and I. Yu. Babich, “Stability of longitudinally corrugated cylindrical shells under uniform surface pressure,” Int. 
Appl. Mech., 43, No. 11, 1236–1247 (2007).  
15. N. P. Semenyuk and N. A. Neskhodovskaya, “Timoshenko-type theory in the stability analysis of corrugated cylindrical shells,” 
Int. Appl. Mech., 38, No. 6, 723–730 (2002).  
16. N. P. Semenyuk and N. A. Neskhodovskaya, “On design models in stability problems for corrugated cylindrical shells,” Int. Appl. 
Mech., 38, No. 10, 1245–1252 (2002).  
17. K. P. Soldatos, “Mechanics of cylindrical shells with non-circular cross-section: A survey,” Appl. Mech. Rev., 52, No. 8, 237–273 
(1999). 
 
 
N.P. Semenyuk, V.M. Trach and N.B. Zhukova, “Stability and initial postbuckling behavior of anisotropic 
cylindrical shells subject to torsion”, International Applied Mechanics, Vol. 44, No. 1, pp 41-60, January 2008 
ABSTRACT: The paper presents an analytical solution describing the stability and postbuckling behavior of a 
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anisotropic shells. The force and deflection functions are approximated by trigonometric series that satisfy 
hinged boundary conditions. The system of algebraic equations to which the problem is reduced at the main 
stage of solution is analyzed. Specific results on stability and sensitivity to imperfections of boron-plastic shells 
consisting of layers with different reinforcement directions are obtained. 
References listed at the end of the paper: 
1. S. A. Ambartsumyan, General Theory of Anisotropic Shells [in Russian], Nauka, Moscow (1974). 
2. G. A. Vanin and N. P. Semenyuk, Stability of Shells Made of Composite Materials with Imperfections [in Russian], Naukova 
Dumka, Kyiv (1987). 
3. N. Yamaki, “Postbuckling and imperfection sensitivity of circular cylindrical shells under compression,” in: W. T. Koiter (ed.), 
Proc. 14th IUTAM Congr. on Theoretical and Applied Mechanics (Delft, the Netherlands, August 30–September 4, 1976), North-
Holland Publ. Comp., Amsterdam-New York-Oxford (1977). 
4. J. Arbosz, “The effect of imperfect boundary conditions on the collapse behavior of anisotropic shells,” Int. J. Solids Struct., 40, 



No. 46, 47, 6891–6915 (2003). 
5. S. B. Batdorf, M. Stein, and M. Schildcrout, “Critical stress of thin walled cylinders in torsion,” NASA Techn. Note, No. 1344 
(1947). 
6. C. Bisagni and P. Cordisco, “Postbuckling collapse experiments of stiffened composite cylindrical shells subjected to axial loading 
and torque,” Comp. Struct., No. 2, 138–149 (2006). 
7. B. Budiansky, “Post-buckling behavior of cylinders in torsion,” in: E. J. Niordson (ed.), Proc. 2nd IUTAM Symp. on Theory of 
Thin Shells, Springer-Verlag, Berlin (1969), pp. 212–233. 
8. B. Budiansky, “Theory of buckling and post-buckling behavior of elastic structures,” Adv. Appl. Mech., 14, 2–65 (1974). 
9. J. W. Hutchinson and J. C. Amazigo, “Imperfection sensitivity of eccentrically stiffened cylindrical shells,” AIAA J., 5, 392–401 
(1967).  
10. W. T. Koiter, “Elastic stability and postbuckling behavior,” in: R. E. Langee (ed.), Proc. Symp. on Nonlinear Problems, Univ. 
Press, Madison (1963), pp. 257–275. 
11. R. Mao and C.-H. Lu, “Buckling analysis of a lamination cylindrical shells under torsion subjected to mixed boundary conditions,” 
Int. J. Solids Struct., 36, No. 25, 3821–3835 (1999).  
12. H.-K. Meyer-Piening, M. Farshad, B. Geier, and R. Zimmermann, “Buckling loads of CFRP composite cylinders under combined 
axial and torsion loading—experiments and computations,” Comp. Struct., No. 4, 427–435 (2001). 
13. M. P. Nemeth, “Nondimensional parameters and equations for buckling of anisotropic shallow shells,” J. Appl. Mech., 61, No. 3, 
664–669 (1994).  
14. D. Shaw and G. J. Simitses, “Imperfect laminate cylindrical shells in torsion and axial compression,” Acta Astronautica, 10, No. 
5–6, 395–400 (1982). 
15. N. P. Semenyuk, Yu. Ya. Dushek, and V. M. Trach, “Stability of cylindrical composite shells under torsion,” Int. Appl. Mech., 41, 
No. 10, 1170–1176 (2005).  
16. N. P. Semenyuk and V. M. Trach, “Stability of axially compressed cylindrical shells made of reinforced materials with specific 
fiber orientation within each layer,” Int. Appl. Mech., 42, No. 3, 318–324 (2006).  
17. N. P. Semeyuk and V. M. Trach, “Stability and postbuckling behavior of anisotropic cylindrical shells under external pressure,” 
Int. Appl. Mech., 43, No. 3, 314–328 (2007).  
18. A. Tabici and G. J. Simitses, “Buckling of moderately thick, laminated cylindrical shells under torsion,” AIAA J., 32, No. 3, 639 
(1994).  
19. V. M. Trach, “Stability of cylindrical shells with one plane of elastic symmetry under axial compression and torsion,” Int. Appl. 
Mech., 42, No. 8, 943–947 (2006).  
20. V. M. Trach, “Stability of conical shells made of composites with one plane of elastic symmetry,” Int. Appl. Mech., 43, No. 6, 
662–669 (2007). 
 
 
N.P. Semenyuk, V.M. Trach and N.B. Zhukova (S. P. Timoshenko Institute of Mechanics, National Academy 
of Sciences of Ukraine, Kyiv, Ukraine), “Incremental analysis of the nonlinear behavior of thin shells”, 
International Applied Mechanics, Vol. 44, No. 9, pp 1025-1031, September 2008 
ABSTRACT: The paper proposes a method of incremental loading for solving nonlinear problems of shell 
theory. A feature of this method is that the same algorithm is used before buckling, at the limit point, and after 
buckling. The method is based on the assumption that all the unknowns, including the load parameter, are on an 
equal footing. It is shown that the method can be used to solve algebraic equations with Cramer's rule involved 
to avoid numerical instability in the neighborhood of the limit point. Test problems confirm the validity of the 
approach. 
References listed at the end of the paper: 
1. N. S. Bakhvalov, Numerical Methods [in Russian], Vol. 1, Nauka, Moscow (1973). 
2. N. V. Valishvili, “Finite displacements of axisymmetric shallow shells of revolution,” Izv. AN SSSR, Mekh. Tverd. Tela, No. 2, 
125–131 (1974). 
3. A. S. Vol'mir, Stability of Elastic Systems [in Russian], Fizmatgiz, Moscow (1963). 
4. S. K. Godunov, “Numerical solution of boundary-value problems for systems of linear ordinary differential equations,” Usp. Mat. 
Nauk, 16, No. 6, 171–174 (1962).  
5. A. P. Gospodarikov and V. F. Terent'ev, “A universal algorithm to find postcritical solutions to two-point nonlinear boundary-value 
problems of axisymmetric deformation of shells of revolution,” in: Important Problems in Nonlinear Continuum Mechanics [in 
Russian], Issue 1, LGU, Leningrad (1977), pp. 147–154. 
6. É. I. Grigolyuk and V. M. Shalashilin, Problems of Nonlinear Deformation: The Parameter Continuation Method in Nonlinear 
Problems of Solid Mechanics [in Russian], Nauka, Moscow (1988). 
7. Ya. M. Grigorenko and A. P. Mukoid, Solving Linear and Nonlinear Problems for Shells on a Computer: A Textbook [in 
Ukrainian], Libid, Kyiv (1992). 
8. V. I. Gulyaev, V. A. Bazhenov, and E. A. Gotsulyak, Stability of Nonlinear Mechanical Systems [in Russian], Vyshcha Shkola, 
Lviv (1982). 
9. V. F. Zipalova, “Stability of a hinged spherical dome,” Izv. AN SSSR, Mekh. Tverd. Tela, No. 1, 172–177 (1967). 



10. S. A. Kabrits and V. F. Terent'ev, “Numerical construction of load-displacement curves in one-dimensional nonlinear problems for 
rods and shells,” in: Problems of Mechanics and Control Processes [in Russian], Izd. Leningr. Univ., Leningrad (1977), pp. 155–171. 
11. V. V. Karpov and V. V. Petrov, “Refinement of solutions in incremental methods in the theory of flexible plates and shells,” Izv. 
AN SSSR, Mekh. Tverd. Tela, No. 5, 189–191 (1974). 
12. N. N. Kryukov, “Deformation of a closed spherical shell: Numerical solution of a nonlinear boundary-value problem,” Prikl. 
Mekh., 19, No. 8, 111–113 (1983). 
13. Kh. M. Mushtari and K. Z. Galimov, Nonlinear Theory of Elastic Shells [in Russian], Tatknigizdat, Kazan (1957). 
14. V. V. Petrov, “Design of shallow shells with finite deflections,” Nauch. Dokl. Vyssh. Shk., Stroit., No. 1, 27–35 (1959). 
15. V. V. Petrov, Method of Incremental Loading in the Nonlinear Theory of Plates and Shells [in Russian], Saratov (1975). 
16. V. I. Feodosev, “Axisymmetric elastics a spherical shell,” Prikl. Mat. Mekh., 33, No. 2, 280–286 (1969). 
17. Ya. M. Grigorenko, A. Ya. Grigorenko, and L. S. Rozhok, “Solving the stress problem for solid cylinders with different end 
conditions,” Int. Appl. Mech., 42, No. 6, 629–635 (2006).  
18. Ya. M. Grigorenko, A. Ya. Grigorenko, and L. I. Zakhariichenko, “Stress analysis of noncircular cylindrical shells with cross 
section in the form of connected convex half-corrugations,” Int. Appl. Mech., 42, No. 4, 431–438 (2006).  
19. Ya. M. Grigorenko and V. A. Tsybul'nik, “Stress-strain analysis of conical shells with different boundary conditions and thickness 
varying in two directions at constant mass,” Int. Appl. Mech., 42, No. 3, 308–317 (2006).  
20. W. T. Koiter, “Elastic stability and post-buckling behavior,” in: Proc. Symp. on Nonlinear Problems, Madison (1963), pp. 257–
275. 
21. E. Riks, “The application of Newton's method to the problem of elastic stability,” Trans. ASME, E39, No. 4, 1060–1065 (1972). 
22. N. P. Semenyuk and N. B. Zhukova, “Initial postbuckling behavior of cylindrical composite shells under axisymmetric 
deformation,” Int. Appl. Mech., 42, No. 4, 461–470 (2006).  
23. G. Thurston, “A numerical solution of the nonlinear equations for axisymmetrical bending of shallow spherical shells,” Trans. 
ASME, E28, No. 4, 557–562 (1961) 
 
 
N. P. Semenyuk (1), V. M. Trach (2) and V.V. Ostapchuk (1) 
(1) S.P. Timoshenko Institute of Mechanics, National Academy of Sciences of Ukraine 
(2) National University of Water Management and Natural Resources, Ukraine 
“Nonlinear axisymmetric deformation of anisotropic spherical shells”, International Applied Mechanics, 
Vol.45, No. 10, 2009, pp. 1101-1111, doi: 10.1007/s10778-010-0251-2 
ABSTRACT: A method of solving problems of nonlinear deformation of anisotropic spherical shells with 
consideration of critical points and postcritical behavior is outlined. The method employs the method of 
incremental loading in which the load increment is specified with an unknown coefficient determined as an 
unknown function equivalent to the other ones. The algorithm is based on the numerical discrete-
orthogonalization method, which allows analyzing the deformation path for a number of shells with different 
anisotropy parameters. 
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“Stability of shallow anisotropic shells of revolution”, International Applied Mechanics, Vol. 46, No. 1, 2010, 
pp. 69-77, doi: 10.1007/s10778-010-0283-7 
ABSTRACT: The paper outlines a method of analyzing layered anisotropic shells of revolution for stability 
using complex Fourier series. This simplifies the derivation of the basic equations compared with complete 
trigonometric Fourier series. Anisotropic shells in the form of a torus segment are analyzed for stability. This 
method allows optimizing the structure of the material and the geometry of the shell. 
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“On the Stability and Postbuckling Behavior of Shells With Corrugated Cross Sections Under External 
Pressure”, Journal of Applied Mechanics, Vol. 81, No. 11, 011002 (8 pages), August 2013, 
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ABSTRACT: The problem of determining the deformation of a longitudinally corrugated, long cylindrical shell 
under external pressure is considered. The topics that are covered can be summarized as follows: the 
formulation of a boundary value problem for the incremental approach as a normal system of differential 
equations under appropriate boundary conditions, the determination of postbuckling behavior characteristics for 
cylindrical shells using the discrete orthogonalization method, and an analysis of deformation for both closed 
and open cylindrical shells. In particular, we consider the stability and postbuckling behavior of both isotropic 
and composite shells. The solution is based on the relationships for the cubic version of nonlinear Timoshenko-
type shell theory. A comparison is made with the well-established quadratic version, as well as analytical 
solutions where applicable. The necessity for using more precise equations to examine the postbuckling 
behavior of shells is shown. Using this higher-order approach, it is possible to determine the postbuckling 
behavior with much greater accuracy. 
 
 
Xu L1, Chen M, Du H, Hu H, Hu Y, Fan H, Yang J., “Vibration characteristics of a corrugated cylindrical shell 
piezoelectric transducer”, IEEE Trans Ultrason Ferroelectr Freq Control. 2008 Nov;55(11):2502-8.  
doi: 10.1109/TUFFC.958. 
ABSTRACT: We study coupled extensional and flexural cylindrical vibrations of a corrugated cylindrical shell 
piezoelectric transducer consisting of multiple pieces of circular cylindrical surfaces smoothly connected along 
their generatrices. Using the classical shell theory, a theoretical solution is obtained. Based on the solution, 
basic vibration characteristics of resonant frequencies, mode shapes, and internal forces are calculated and 
examined for the corrugated transducers, consisting of a few circular pieces each about 50 mum thick, with 
radius of 5 mm and span angle of 120 degrees. For these transducers the first resonance is of the order of 10-100 
Hz. 
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“Buckling of thin-walled conical shells under uniform external pressure”, Thin-Walled Structures, Vol. 46, 
No.5, May 2008, pp. 516-529, doi:10.1016/j.tws.2007.10.01 
ABSTRACT: Shells are for the most part the deep-seated structures in manufacturing submarines, missiles, 
tanks and their roofs, and fluid reservoirs; therefore it is a matter of concern to bring about some basic 
regulations associated with the existing codes. Above all, truncated conical shells (frusta) and shallow conical 
caps (SCC) subjected to external uniform pressure when discharging liquids or wind loads are discussed closely 
in this paper concerning and thrashing out their empirical nonlinear responses along with envisaging numerical 
methods in contrast. The buckling aptitude of shells is contingent upon two leading geometric ratios of “slant-
length to radius” (L/R) and “radius to thickness” (R/t). In this paper, developing six frusta and four shallow cap 
specimens and their relevant FE models, use is made of laboratory modus operandi to enumerate buckling 
elastic and plastic responses and asymmetric imperfection sensitivity, whose adequacy has been reckoned 
through comparisons with arithmetical and numerical data correspondingly. These obtained upshots were aimed 
at validating and generalizing the data for unstiffened truncated cones and SCC in full scale. 
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Teng, J. G., Zhao, Y., and Lam, L., 2001, “Techniques for Buckling Experiments on Steel Silo Transition 
Junctions,” Thin-Walled Struct., 39, pp. 685–707. 
ABSTRACT: Large elevated steel silos generally consist of a cylindrical vessel, a conical discharge hopper and 
a skirt which may either be supported on the ground or by a number of columns. The cone–cylinder–skirt 
junction is subject to a large circumferential compressive force due to the radial component of the meridional 
tension in the hopper, so either a ring is provided or the shell walls are locally thickened to strengthen the 
junction. Many theoretical studies have examined the buckling and collapse strengths of these junctions, but no 
previous experimental study has been reported. This has been due to the great difficulties associated with testing 
these thin-shell junctions at model scale. This paper first describes the development of an experimental facility 
for testing model steel silo transition junctions. Issues covered include the fabrication of quality model junctions 
using thin steel sheets, the loading method and the precise three-dimensional measurement of geometric 
imperfections and deformed shapes using a laser-displacement meter. Typical experimental results of a cone–
cylinder–skirt–ring junction are next presented to demonstrate the capability of the developed facility. 
Procedures for processing the test results to determine both the buckling load and the number of buckling waves 
are also presented.  
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“Buckling experiments on steel silo transition junctions: I: Experimental results”, Journal of Constructional 
Steel Research, Vol. 60, No. 12, pp 1783-1801, December 2004, https://doi.org/10.1016/j.jcsr.2004.04.004 
ABSTRACT:  
Large elevated steel silos for the storage of bulk solids generally consist of a cylindrical vessel above a conical 
discharge hopper supported on a cylindrical skirt. The cone–cylinder–skirt transition junction is subject to a 
large circumferential compressive force which is derived from the horizontal component of the meridional 
tension in the conical hopper, so either a ring is provided or the shell walls are locally thickened to strengthen 
the junction. Extensive theoretical studies have examined the buckling and collapse strengths of these junctions, 
leading to theoretically based design proposals. However, no previous experimental study on steel silo transition 
junctions has been reported due to the considerable difficulties associated with testing these thin-shell junctions 
at model scale. This paper presents the results of a series of tests on cone–cylinder–skirt–ring junctions in steel 
silos under simulated bulk solid loading. In addition to the presentation of test results including geometric 
imperfections and failure behavior, the determination of buckling modes and loads based on displacement 
measurements is examined in detail. 
 
Zhao, Y. and Teng, J. G., “Buckling Experiments on Steel Silo Transition Junctions. II: Finite Element 
Modelling,” J. Constr. Steel Res., 60(12), pp. 1803–1823, December 2004, DOI: 10.1016/j.jcsr.2004.05.001 
ABSTRACT: This paper is concerned with the finite element modeling of the experiments on cone–cylinder–
skirt–ring transition junctions in steel silos under simulated bulk solid loading presented in the companion 
paper. Before presenting the finite element results, the issue of modeling the interaction between the stored solid 
and the shell wall throughout the loading process is first examined. Results from nonlinear bifurcation analyses 
using the perfect shapes and nonlinear analyses using the measured imperfect shapes are then presented and 
compared with the experimental results. These comparisons show that despite the structural complexity of steel 
silo transition junctions, their behavior can be satisfactorily predicted by finite element analyses taking into 
account a number of important factors including geometric imperfections, effects of welding and the interaction 
between the junction and the stored solid. Next, the paper presents results of nonlinear analyses of these 
junctions with assumed eigenmode-affine imperfections. These results shed considerable light on the effect of 
ring buckling on the load-carrying capacity of transition junctions. Finally, the implications of the experimental 
and finite element results for the design of steel silo transition junctions are discussed. 
 



Jerzy Zielnica (Institute of Applied Mechanics, Poznan University of Technology, Piotrowo 3, 60-965 Poznan, 
Poland), “Linearized equations of stability of elastic-plastic conical shell including the effects of passive 
processes”, Mechanika Teoretyczna I Stosowana, Vol. 3, No. 4, 1984 
INTRODUCTION: Buckling loads of elasticplastic shells can be determined by means of two approaches. In 
the first one, called the constant load approach, it is assumed that the external load does not change in 
postbuckling state this is accompanied by arising local unloading regions (passive processes). In the second 
one, the so called Shanley approach is assumed [2, 3], i.e. that the load increases in the postbuckling state, and 
the passive processes develop only as a result of postcritical deflections. In paper [4] the Shanley approach has 
been used for calculating bifurcation loads of conical shells. The presented procedure account for the stability 
analysis of elasticplastic shells basing on the two fundamental plasticity theories, i.e.: the incremental (plastic 
flow) theory, and the total strain (deformation) theory. It is also possible to use the results of paper [4] for 
analyzing elastic shells. The problem is quite complicated when including the effects of unloading. This leads to 
nonlinear differential equations; although geometrical linearity is assumed. It is the purpose of this paper to 
linearize these equations for a simply supported conical shell, with the assumption of a twoparametrical 
external load and a linear stressdeformation material hardening relation.  
 
 
Jerzy Zielnica (Institute of Applied Mechanics, Poznan University of Technology, Piotrowo 3, 60-965 Poznan, 
Poland), “Stability of elastic–plastic conical shells under shear loading”, Thin-Walled Structures, Vol. 40, No. 
4, April 2002, pp. 355-370, doi:10.1016/S0263-8231(01)00067-2 
ABSTRACT: A method of determination of critical loads for thin-walled conical shells loaded by shear forces 
developed by moment of twist is presented. The three governing equations of neutral equilibrium with respect 
to basic displacement vector components u, v, and w are used. It is assumed that effective stress in the 
prebuckling state of stress in the shell can exceed the yield limit of the shell material. The use is made both of 
physical relations of Nadai–Hencky small elastic–plastic deformation theory of plasticity, and Prandtl–Reuss J2  
incremental plastic flow theory. Also, a bilinear stress–strain material model, material compressibility and 
Shanley approach will be accepted in the analysis. Galerkin method is applied to solve the problem equations 
and iterative techniques are accepted in numerical algorithm to determine critical loads for elastic–plastic shells. 
 
 
J. Zielnica, “Imperfection sensitivity and stability of an elastic-plastic conical shell under axisymmetrical load”, 
Archive of Applied Mechanics, Vol. 72, Nos. 6-7, 2002, pp. 395-417, doi: 10.1007/s00419-002-0216-y 
ABSTRACT: Theoretical fundamentals are presented for large deformation stability of a conical shell under 
assumptions of elastic-plastic properties following the Prandtl-Reuss incremental plastic flow theory and initial 
shape imperfections of the order of the shell thickness. The problem is reduced to a set of two nonlinear partial 
differential equations of the fourth order with two unknowns, i.e. the deflection function w and the stress 
function psi. Solution is obtained as a nonlinear relation between the load and deflection parameter. Numerical 
results are presented in diagrams. 
 
 
Piotr Paczos and Jerzy Zielnica (Institute of Applied Mechanics, Poznan Univerity of Technology), “Stability of 
inelastic bilayered conical shells”, Journal of Theoretical and Applied Mechanics 41, 3, pp. 575-591, Warsaw 
2003 
ABSTRACT: The paper deals with the derivation of the basic stability equations of bi-layered elastic-plastic 
conical shells and a approximate solution to these equations, both theoretically and by numerical procedures. 
The subject of the analysis is a bilayered open conical shell under a combined load comprising longitudinal 
forces and external pressure. Kirchhoff-Love’s hypotheses hold for the layers, and use is made of constitutive 
relations in the form of generalized Hooke’s law for the elastic stability analysis, and the Prandtl-Reuss 
incremental plasticity theory for the stability analysis in the elastic-plastic range. The stability equations are 
derived using the virtual work principle, and Ritz’s method is applied to solve the equations. An iterative 
computer algorithm has been developed which made it possible to analyse the shells in the elastic, elastic-
plastic or totally plastic prebuckling state of stress. The numerical results are presented in diagrams.  
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Jerzy Zielnica (Institute of Applied Mechanics, Poznan Univerity of Technology), “Non-linear stability of 
elastic-plastic conical shell under combined load”, Journal of Theoretical and Applied Mechanics 41, 3, pp. 
693-709, Warsaw 2003 
ABSTRACT: The paper presents stability analysis of an elastic-plastic sandwich open conical shell of a circular 
cross section under combined external load in the form of lateral pressure, longitudinal forces, and shear. The 
shell consists of two load-carrying faces made of an isotropic, compressible work-hardening material, and they 
are of different thicknesses and made of different material properties; the core material is of a soft type and it 
resists transversal forces only. It is also assumed that the shell can be deformed into plastic range before 
buckling. The flexural stiffness of the faces is taken into account, the Kirchhoff-Love hypotheses hold for the 
faces, and the active deformation processes are considered. The constitutive relations used in the analysis are 
those of the incremental Prandtl-Reuss plastic flow theory associated with the Huber-Mises yield condition. The 
virtual work principle is the basis to obtain the governing stability equations and the Ritz method is used to 
derive differential equations of the considered problem. An iterative computer algorithm was elaborated to 
analyse the shells both in the elastic or elastic-plastic prebuckling state of stress 
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ABSTRACT: The paper presents a derivation of the stability equation and the solution method of the problem 
for an orthotropic elastic–plastic open conical shell. The use is made of the constitutive relations of incremental 
plastic flow theory, elastic compressibility of the material, and Shanley concept of increasing load are taken into 
account in the consideration. A variation, strain energy method is used to derive the stability equation for 
bilayered open conical shell with nonuniform pre-critical stress distribution. The shell is free supported at the 
edges and the load acting the shell, in the form of longitudinal force and lateral pressure, is active one, i.e. 
unloading is not considered. 
 
 
J. Zielnica (Poznan University of Technology, Institute of Applied Mechanics, Piotrowo 3, 60-965 Poznan, 
Poland), “Critical Loads And Stability Of An Open Elastic-Plastic Cylindrical Shell With The Core Of Variable 
Stiffness”, SDSS’Rio 2010 Stability And Ductility Of Steel Structures E. Batista, P. Vellasco, L. de Lima (Eds.) 
Rio de Janeiro, Brazil, September 8 - 10, 2010 
ABSTRACT: The objective of this work is the stability analysis of an open sandwich cylindrical shell with 
unsymmetrical faces under combined load basing on moderately large deflections (geometrically nonlinear 
theory), and elastic-plastic properties of the material of the faces are taken into considerations. The shell 
consists of two load-carrying faces made of isotropic, compressible, work hardening material and they are of 
different thickness and made of different materials. Kirchhoff-Love (K-L) hypotheses hold for the faces, and the 
active deformation processes are considered. The core is assumed to be elastic, incompressible in the normal z 
direction and it resists transverse shear only. The elastic constants Ec, and Gc of the core are taken to be 
variable, and the strength capacity of the shell is substantially influenced by these constants. Prebuckling stress 
state is taken to be membrane one and the virtual work principle is the basis to derive the strain energy 
expression. The resulting nonlinear stability equation is solved by Ritz method. An iterative algorithm of 
elastic-plastic analysis was elaborated to solve the stability equations and the final objective of the work is 
numerical analysis of the influence of geometrical and material parameters on critical loads and equilibrium 
paths. 
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ABSTRACT: The paper presents stability analysis of elastic–plastic, free supported sandwich cylindrical shell 
with unsymmetrical faces, loaded by longitudinal forces, transversal pressure, and shear. The J2  incremental 
Prandtl–Reuss plastic flow theory constitutive relations were used in the analysis and it was assumed that 
geometrical strain-displacement relations are nonlinear ones. It was also assumed that the shell faces have 
different thicknesses and these are made of different isotropic compressible materials with linear stress-
hardening. Active loading processes are accepted in the analysis, the stability equations are derived using strain 
energy formulation. Ritz method is used to solve the equations and an iterative computational algorithm was 
elaborated to get numerical results. 
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ABSTRACT: Shell structures are very interesting from the design point of view and these are well recognized 
in the scientific literature. In this paper the analysis of the buckling loads and stability paths of a sandwich 
conical shell with unsymmetrical faces under combined load based on the assumptions of moderately large 
deflections (geometrically nonlinear theory) is considered and elastic-plastic properties of the material of the 
faces are taken into considerations. External load is assumed to be two-parametrical one and it is assumed that 
the shell deforms into the plastic range before buckling. Constitutive relations in the analysis are those of the 
Nadai-Hencky deformation theory of plasticity and Prandtl-Reuss plastic flow theory with the H-M-H (Huber-
Mises-Hencky) yield condition. The governing stability equations are obtained by strain energy approach and 
Ritz method is used to solve the equations with the help of analytical-numerical methods using computer.  
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pp 39-48 in Recent Advances in Computational Mechanics, edited by Tomasz Lodygowski, Jerzy Rakowski 
and Przemyslaw Litewka, CRC Press 2014, DOI: 10.1201/b16513-7 
ABSTRACT: This paper presents the theoretical background for elastic-plastic stability problem of a conical 
shell with the assumption that the shell has initial shape imperfections of the order of shell thickness. Physical 
relations follow Prandtl-Reuss incremental plastic flow theory of plasticity associated with Huber-Mises yield 
condition. The stability problem is reduced to a set of two nonlinear partial differential equations of the fourth 
order with the two unknown functions: deflection function and stress function. As a result of solution the 
nonlinear relation between the external load and deflection function parameter is obtained. The equations are 
solved by Galerkin method and with the help of a numerical algorithm. The approximate functions satisfy the 
boundary conditions of free-supported shell edges. An iterative software code was elaborated to get numerical 
results for elastic-plastic shells. 
 
 
Renhuai Liu and Zengqiang Cheng, “On the non-linear buckling of circular shallow spherical sandwich shells 
under the action of uniform edge moments”, International Journal of Nonl-Linear Mechanics, Vol. 30, No. 1, 
01/1995, DOI: 10.1016/0020-7462(94)00026-7 
ABSTRACT: A nonlinear axisymmetric bending theory for a circular, planform, shallow, spherical, sandwich 
shell with a soft core under the action of uniform edge moments is constructed by means of calculus of 
variations. An analytical solution for the critical buckling edge moment is obtained by use of a modified 
iteration method.  
 
 
Guowei Cao, Zhiping Chen, Licai Yang, Haigui Fan and Fan Zhou (Dept. of Chemical and Biological 
Engineering, Zhejiang University, China), “Analytical study on the buckling of cylindrical shells with arbitrary 
thickness imperfections under axial compression”, Journal of Pressure Vessel Technology, Vol. 137, No. 1, 
2014 
ABSTRACT: This paper presents an analytical study on the buckling of axially compressed cylindrical shells 
with arbitrary thickness imperfections (nonaxisymmetric and axisymmetric). First, the basic governing partial 
differential equations, which consider thickness imperfections, are obtained. Second, a unified method that 
combines the perturbation method and Fourier series expansion is developed to derive buckling load, radial 
displacement and stress function, that are expressed by triple series in terms of thickness imperfection parameter 
and buckling modes up to arbitrary order. Third, two patterns of nonaxisymmetric thickness imperfections, 
which are modal and exponential, are, respectively, investigated. These results are absolutely new to literature. 
When modal thickness imperfection becomes axisymmetric, the buckling loads degenerate to the known results. 
In addition to the analytical investigation, analyses and comparisons are also carried out. 
 
 



E. Tertel (University of Zielona Gora, Faculty of Mechanical Engineering, Poland), “Stability of elastic-plastic 
sandwich conical shells with a change in the thickness of face-layers”, Journal of Vibroengineering, Vol. 15, 
No. 2, June 2013 
ABSTRACT: The paper presents an analysis of elastic-plastic stability of sandwich conical shells with a change 
in the thickness of face-layers. The shells under consideration consist of two load-carrying face-layers and a 
lightweight core layer. The thickness of those faces may vary, just as their material properties. The load 
carrying faces are made of isotropic, compressible, work-hardening materials. The core layer is assumed to be 
elastic, incompressible in the normal 𝑧 direction and it resists transverse shear only. External load is assumed to 
be in the form of longitudinal force and lateral pressure. Deformation of the shells within the plastic range is 
possible before buckling. With respect to the presented research, constitutive relations of the Nadai-Hencky 
deformation theory, alongside the H-M-H (Huber-Mises-Hencky) yield condition constitutive relations, are 
accepted in the analysis. To derive the stability equations a variation, strain energy method is accepted and the 
Ritz method has been used to solve the stability equations.  
 
 
Renzi, John R., “Design and Analysis of Orthotrophic Ring-Stiffened Cylindrical Shells Subjected to External 
Hydrostatic Pressure”, Naval Surface Warfare Center, Indian Head Div, Md, Final Report, IHTR 2944, 28 
March 2008, Accession Number: ADA480819, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA480819 
ABSTRACT: Three theories are presented for the analysis of ring-stiffened or monocoque cylindrical shells 
under hydrostatic pressure. The theories compute the stress state and the axisymmetric collapse, interbay 
buckling, and general instability pressures from external hydrostatic pressure loading. The theories were derived 
for the case of specially orthotropic material with theoretically uniform properties through the thickness; the 
theories apply equally to shells made of isotropic materials. A computer program, DAPS4 (Design and Analysis 
of Plastic Shells, Version 4), was written that incorporates these theories that can be used as an initial sizing tool 
or analysis of a shell's hydrostatic pressure capability. The program includes a "pseudo-plastic" method to 
account for the reduction of computed collapse pressures when the stress state is above the proportional limit of 
the material's stress-strain curve. The purpose of this report is to document the theories and the code. 
Correlation with numerous pressure tests is shown. A user manual with example problems is included. The 
theories reported herein were developed as part of the author’s independent research in the area of shell 
buckling over the past 22 years offering a number of improvements to the prior theories and the DAPS3 
computer program. Navy projects that have benefited over the years from the application of the DAPS3 and 
DAPS4 codes include the CVLWT, Long Pulse, Metal Matrix Composites, MK 46 Torpedo, and MK 48 
Torpedo. 
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ABSTRACT: A new finite element formulation for predicting the buckling pressure of axisymmetric shells is 
presented. The finite element proposed is double curved and has constant meridional curvature. Cubic 
polynomials are used for describing all the displacements. The linear part of the thin shell strain-displacement 
relations is adopted from Novozhilov's theory and the nonlinear part from Stricklin. Linear prebuckling stress 
resultants are used in this bifurcation instability analysis. Numerical examples of hemi-ellipsoidal dome heads 
and Echinodome tanks are satisfactorily solved. 
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ABSTRACT: The analysis of submarine pressure hull assumes great importance among structural engineers 
due to the complexity involved in the collapse mechanism of stiffened shell structures. In most of the cases, the 
failure of stiffened shell structures occurs due to elastic buckling. But for some combinations of shell-stiffener 
geometry and material characteristics, the structure can fail by inelastic buckling, for which the methods of 
analysis are meagre. In this paper, the analysis of submarine pressure hull structure in which the failure gets 
governed by inelastic buckling is demonstrated. Three different approaches have been employed to investigate 
the ultimate strength of the ring stiffened submarine pressure hull structure with inelastic buckling modes of 
failure. The methods used are ‘Johnson–Ostenfeld inelastic correction’, ‘imperfection method’ and ‘finite 
element approach’. A typical submarine shell structure has been analysed for the inelastic buckling failure using 
these three approaches and the results are discussed. 
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ABSTRACT: The results of stability analysis of ribbed shells performed on the basis of the techniques 
developed by I. Ya. Amiro and his followers are reviewed. Attention is focused on the features of their buckling 
due to the discrete arrangement of ribs. 
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in many cases a good tool for stability analysis. By developing the physical states in the circumferential 
direction in a Fourier-series it is possible to eliminate the circumferential coordinate. This way the partial 
differential equations are transformed into an ordinary differential equation system of first order in meridional 
direction. In the case of axisymmetric prestress the equations of each wave-number can be evaluated 
separately…. 
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“Buckling analysis of a CFRP shell of AUV under hydrostatic pressure”, International Journal of Emerging 
Trends in Engineering and Development, Vol. 2, No. 4, March 2014 
ABSTRACT: Autonomous underwater vehicle (AUV) is a robot which travels underwater without requiring 
input from an operator. AUVs constitute part of a larger group of undersea systems known as unmanned 
underwater vehicles. They are controlled and powered by a remote control operator. In military applications 
AUVs are more often referred to simply as unmanned undersea vehicles.Applications of AUV are specifically 
used for different applications like,oil and gas industry uses AUVs to make detailed maps of the seafloor before 
they start building subsea infrastructure pipelines and sub-sea completions. Whereas defense department uses 
for under water surveillance.Since these vehicles travel underwater the structure need to be designed to with 
stand the pressure of water concealing them. In the present paper,the analysis is made on a battery composite 
shell(Epoxy/E-glass) (Fig.1) of AUV. Initially researchersfocused on the buckling strength of filament wound 
cylinders by experimentally deriving composite moduli for shells of different diameter to thickness ratios [1].A 
composite cylinder contains of various layersof filament layers hence layup (orientation of fiber) has 
significance effect on buckling of the cylinder[2].Further the analytically characterization of cylinder buckling 
is explained byanalyzing computation models of cracked cylinder [3],[4].Numerical modeling of analyzing 
stresses in the cylinder under buckling loads is referred from H.Kanou [5].The main objective of thepaper is to 
reduce the weight of AUV without compromising on strengthby using CFRP (Carbon fiber reinforced plastic) 
material in place of Epoxy/Eglass which has comparatively less density. Further modification in the shell 
geometry is made by adding stiffeners in an attempt to reduce more weight. The mechanical behavior of Epoxy, 
CFRP, shells with and without stiffeners is compared under buckling loads. For this a shell model of battery 
compartment with stiffeners is created in Ansys 12 software which is subjected to pressure both in 
circumferential and axial directions to see thebuckling effect of the shells with stiffeners. 
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“Dimensioning of Orthotropic Stiffened CFRP Shells of Large Launch Vehicle for Load Introduction and 
Stability”, (publisher and date not given in the pdf file; latest reference is 1991. The work looks much more 
recent than that, possibly presented at one of the conferences held in Braunschweig, Germany, such as one of 
the “International Conference on Buckling and Postbuckling Behavior of Composite Laminated Shell 
Structures”) 
ABSTRACT: The dimensioning of an orthotropic stiffened cylindrical CFRP shell subjected to load 
introduction of concentrated axial loads using rapid analytical methods is presented. The dimensioning 
considers required constraints in the force flux distribution, strength of the laminate, general instability, panel 
instability (from ring frame to ring frame) and local instability. The rapid analytical methods allow for mass 
optimization. The final design is confirmed by detailed FE analysis. A comparison of the FE analysis with the 
analytical results is shown. 
INTRODUCTION: Primary structures in launcher rockets consist of orthotropic stiffened shells. In order to 
meet lightweight targets more and more CFRP shell designs are used. For example, in the upper composite of 
the Ariane 5 (upper stage and payload area) all primary structures, except the propellant tanks, are built of 
CFRP.� The Ariane 5 design of these orthotropic stiffened shells is buckling and stiffness driven. High 
concentrated loads due to the load introduction of the booster propulsive loads must be carried and distributed 
into the structure.  
The solid booster loads of Ariane 5 are introduced in a cylindrical shell, the so called JAVE (Front Skirt), which 
is an orthotropic stiffened metallic shell (aluminium). The JAVE is connected with a 5.4 m diameter CFRP 
made cylindrical sandwich shell, called ISS (Inter Stage Skirt), which carries axial force fluxes due to the load 
introduction of more than 1000 N/mm.  
For the study of a future launcher based on Ariane 5 elements, called WOTAN, the axial force fluxes introduced 
in the 5.4 m diameter cylindrical shell are up to 5300 N/mm. The high force fluxes have to be attenuated on an 
acceptable level within an axial length of only 4.5 m until entering the propellant tank structure.  
Different CFRP designs are possible for the cylindrical shell: Sandwich design (CFRP face sheets with metallic 
honeycomb core), stringer and ring stiffened skin (all in CFRP) or a corrugated CFRP shell stiffened by CFRP 
rings. The design choice and the mass optimization have to consider a huge set of variable parameter and design 
criteria such as: 1. Axial force flux distribution (which depends on the design or stiffness, respectively), 2. 
Strength of the laminate, 3. General instability of the cylindrical shell, 4. Panel instability (from ring frame to 
ring frame), 5. Local instability. � 
The presentation describes the approach for dimensioning and optimization. For the parametric investigation 
rapid tools have been used which base on the analytical solution of shell differential equation. The rapid tools 
allow the dimensioning and mass optimization with an affordable effort and in a systematic manner. The final 
chosen design has been investigated in detail with a complex Finite Element Model. The FE model confirmed 
the results of the simplified tool. Comparisons of results achieved with the simplified method and with the 
detailed FE model are presented. � 
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A. Rittweger, Th. Schermann, H. -G. Reimerdes and H. Öry (Institut für Leichtbau, Technical University 
Aachen, Wüllnerstr, 7, 52062, Aachen, Germany), “Influence of geometric imperfections on the load capacity 
of orthotropic stiffened and composite shells of revolution with arbitrary meridians and boundary conditions”, 
Thin-Walled Structures, Vol. 23, Nos. 1-4, 1995, pp. 237-254, Special Issue: Buckling Strength of 
Imperfection-sensitive Shells, doi:10.1016/0263-8231(95)00014-5 
ABSTRACT: A stiffness matrix for an element of a shell of revolution has been derived, considering arbitrary 



load distributions and initial geometric imperfections. This element-stiffness matrix is based on the transfer-
matrix method and describes the whole section of a shell of revolution between two rings in modal coordinates 
(a so-called super-element). The modal coordinates here are circumferential Fourier members, thus reducing the 
partial differential equations to ordinary ones. Several stability analyses investigating the sensitivity of 
composite shells to different geometric imperfection shapes were carried out. The influence of the load 
distribution and boundary conditions in combination with geometric imperfections was analysed by different 
modellings of a hypothetical Jupe Avant shell of the ARIANE 5 rocket. 
 
 
Öry, H., Reimerdes, H.-G. and García, J. G. (Department of Aerospace Structures: Lightweight Construction, 
Institut für Leichtbau, RWTH Aachen, Wüllnerstraße 7, 52062 Aachen, Germany), “The design of shells and 
tanks in the aerospace industry: some practical aspects”,  Progress in Structural Engineering and Materials,  
Vol. 1, No. 4, July 1998, pp. 404–414. doi: 10.1002/pse.2260010409 
ABSTRACT: This review highlights some practical aspects of the design of thin-walled shells for aerospace 
applications. This type of shell must comply with the mission profile. It is therefore necessary to find an 
optimum structural concept with low weight, high strength, high buckling load and a low imperfection 
sensitivity. In an optimum design, structural instability occurs slightly below the material strength or yield 
strength. In general, and by contrast with other structural elements such as beam and plates, a thin-walled 
cylindrical shell shows a high imperfection sensitivity. Hence, recommendations are given concerning the 
design of shells and approximate stability analyses are presented for different mechanical loading conditions. 
 
 
Möcker, T. & Reimerdes, H.-G. (Department of Aerospace and Lightweight Structures, RWTH Aachen 
University, Wüllnerstr. 7, 52062 Aachen, Germany, ), “Load carrying capability of stringer stiffened curved 
composite panels in the postbuckling region”, Proceedings of the European Conference on Spacecraft 
Structures, Materials and Mechanical Testing 2005 (ESA SP-581). 10-12 May 2005, Noordwijk, The 
Netherlands. Edited by Karen Fletcher., doi: 2005ESASP.581E.143M 
ABSTRACT: (cannot cut and paste abstract) 
 
 
Torsten Möcker and Hans-Günther Reimerdes (Department of Aerospace and Lightweight Structures, RWTH 
Aachen University, Wüllnerstr. 7, 52062 Aachen, Germany), “Postbuckling simulation of curved stiffened 
composite panels by the use of strip elements”, Composite Structures, Vol. 73, No. 2, May 2006, pp. 237-243, 
Special Issure: International Conference on Buckling and Postbuckling Behavior of Composite Laminated Shell 
Structures, doi:10.1016/j.compstruct.2005.11.061 
ABSTRACT: The buckling and postbuckling behaviour of stiffened composite panels is investigated in this 
paper. For the analysis a procedure is applied that is based on the discretisation of the structure by strip 
elements. This procedure enables the determination of element stiffness matrices representing analytical 
solutions of the governing differential equations. Next to the presentation of the underlying theory, numerical 
results are given for a curved stiffened panel configuration. In order to verify the applicability of the approach, a 
comparison to experimental results is included. 
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“Imperfection sensitivity of an orthotropic spherical shell under external pressure”, International Journal of 
Non-Linear Mechanics, Vol. 37, Nos. 4-5, June 2002, pp. 669-686, Special Issue: Stability & Vibration in Thin-
Walled Structures, doi:10.1016/S0020-7462(01)00091-9 
ABSTRACT: In the first part of this paper, rib-stiffened thin-walled spherical shells under external hydrostatic 
pressure are optimized using classical approximate methods and empirical knock-down-factors. In the second 
part of the paper, the influence of known imperfections is investigated. The thin-walled spherical shells under 
external pressure are very sensitive to geometrical imperfections. Hoff recognized that for entire isotropic 



spherical shells the more likely imperfection will be a local circular dent, which for such shells, can always be 
considered as an axisymmetric one. Hoff's idea has been further investigated by Koga–Hoff, Galletly et al. 
These results showed that for a given depth of an imperfection a critical size of the corresponding circular dent 
exists, giving the minimum for the actual load carrying capacity of the shell. This paper suggests to extend 
Hoff's theory to isogrid and waffle-grid stiffened spherical shells. The issue of these investigations is a set of 
knock-down-factors plotted versus imperfection amplitude related to the total thickness of the rib-stiffened 
(isogrid or waffle-grid) shell. These curves fit reasonably with those established for isotropic shells by Hoff et 
al. or by Koiter, and enable to estimate the jeopardy of measured actual dents. 
 
 
J.H. Kweon, C.S. Hong and I.G. Lee (Dept. of Aerospace Engineering, Korea Advanced Institute of Science 
and Technology, Seoul, South Korea), “Postbuckling compressive strength of graphite/epoxy laminated 
cylindrical panels loaded in compression”, AIAA Journal, 02/1995; 33(2):217-222. DOI: 10.2514/3.12428 
ABSTRACT: The postbuckling compressive strength and collapse phenomena of composite laminated 
cylindrical panels with various fiber angles and width-to-length ratios are characterized by the nonlinear finite 
element method. For the iteration and load increment along the postbuckling equilibrium path, a modified arc-
length method in which the effect of stress unloading due to failure can be considered is introduced. In the 
progressive failure analysis, the maximum stress criterion and complete unloading model are used. Validity of 
present finite element results are verified by experiment for [0(3)/90](S) cylindrical panel and [0/90/+/-45](S) 
plate. The postbuckling compressive strength of composite laminated cylindrical panels is independent of the 
initial buckling stress but high in the panel with large value of the bending stiffness in axial direction. In several 
of the cylindrical panels, it is observed that the prebuckling compressive failures occur and directly result in 
collapse before buckling. 
 
 
Cheol-Won Kong, In-Cheol Lee, Chun-Gon Kim and Chang-Sun Hong (Department of Aerospace Engineering, 
Korea Advanced Institute of Science and Technology, 373-1, Kusong-dong, Yusong-gu, Teajon 305-701, 
Korea), “Postbuckling and failure of stiffened composite panels under axial compression”, Composite 
Structures, Vol. 42, No. 1, May 1998, pp. 13-21, doi:10.1016/S0263-8223(98)00044-0 
ABSTRACT: The postbuckling behavior of graphite-epoxy laminated stiffened panels has been studied 
analytically and experimentally herein. In this research, the stiffened panels were analyzed using the nonlinear 
finite element method. The progressive failure analysis adopted the maximum stress criterion and the complete 
unloading failure model. In the failure analysis, the considered failure modes were matrix failure, shear failure 
and fiber failure. The stiffeners were formed by the continuous lay-up of the skin to improve the integrity of the 
stiffened composite panels. A shadow moiré technique was used to monitor the out-of-plane deformation of the 
skin panel. Piezoelectric film sensors were used to detect the failure events during experiments. The analytical 
results on the buckling load, postbuckling behavior, and postbuckling compressive strength showed good 
agreement with the experimental results. Parametric studies were conducted to show the effects of stacking 
sequences and stiffener shapes on the buckling load and postbuckling compressive strength of stiffened 
composite panels. 
 
 
Joon-Wan Park, Chi-Young Ryu, Hyun-Kyu Kang and Chang-Sun Hong (Department of Aerospace 
Engineering, Korea Advanced Institute of Science and Technology, 373-1 Kusong-dong, Yusong-gu, Taejon, 
305-701 Korea), “Detection of Buckling and Crack Growth in the Delaminated Composites Using Fiber Optic 
Sensor”, Journal of Composite Materials, October 2000, vol. 34, no. 19, pp. 1602-1623 
doi: 10.1106/RL3E-EBU4-YT7Y-0RUM 
ABSTRACT: To estimate the overall performance of composites, it is necessary to identify the influence of the 
buckling and delamination failure. For that reason, a fiber optic sensor was applied to the delaminated 
composite beams to detect the buckling occurrence and delamination growth. The delaminated composite 
beams subjected to the compressive load were tested to identify the signal characteristics of the fiber optic 
sensor. The signals of the fiber optic sensor from buckling or delamination growth were quantitatively evaluated 
by short time Fourier transform and wavelet transform. 



 
 
C. Soutis, N.A. Fleck and P.A. Smith, “Compression fatigue behaviour of notched carbon fibre-epoxy 
laminates”, Int. J. Fatigue, Vol. 13, No. 4, pp 303-312, 1991 
ABSTRACT: (cannot cut and paste) 
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“Effect of impact damage on the compressive response of composite laminates”, Composites Part A: Applied 
Science and Manufacturing, Vol. 32, No. 9, September 2001, pp. 1263-1270, 
doi:10.1016/S1359-835X(01)00072-0 
ABSTRACT: At present, the compressive strength of composite laminates containing an open-hole can be 
predicted theoretically by using fracture mechanics based models such as the linear softening cohesive zone 
model. In this approach, the inelastic deformation associated with fibre microbuckling that develops near the 
hole edge is replaced with an equivalent crack loaded on its faces by a bridging traction which is linearly 
reduced with the crack closing displacement. By making use of this model, and by establishing an equivalent 
hole diameter from X-radiographs and/or ultrasonic C-scan images, the residual compressive strength after 
impact can be predicted. This paper outlines how the ‘equivalent hole’ is determined and gives tabulated results 
of experimental and theoretical data. It is also shown that these data are in good agreement with each other for 
plain compression, open-hole compression and compression after impact strengths. 
 
 
Y. Zhuk, I. Guz and C. Soutis (Department of Aeronautics, Imperial College of Science, Technology and 
Medicine, Prince Consort Road, London SW7 2BY, UK), “Compressive behaviour of thin-skin stiffened 
composite panels with a stress raiser”, Composites Part B: Engineering, Vol. 32, No. 8, December 2001, pp. 
697-709, doi:10.1016/S1359-8368(01)00043-9 
ABSTRACT: The in-plane compressive behaviour of thin-skin stiffened composite panels with a stress 
concentrator in the form of an open hole or low velocity impact damage is examined analytically. Drop weight 
impact in laminated polymer composites causes matrix cracking, delaminations and fibre breakage, which 
together can seriously degrade the laminate compressive strength. Experimental studies, using ultrasonic C-scan 
images and X-ray shadow radiography, indicated that the overall damage resembles a hole. Under uniaxial 
compression loading, 0° fibre microbuckling surrounded by delamination grows laterally (like a crack) from the 
impact site as the applied load is increased. These local buckled regions continued to propagate, first in discrete 
increments and then rapidly at failure load. The damage pattern is very similar to that observed in laminated 
plates with open holes loaded in compression. Because of this resemblance, a fracture mechanics model, 
developed initially to predict notched compressive strength, was applied to estimate the compression-after-
impact (CAI) strength of a stiffened panel; in the analysis the impact damage is replaced with an equivalent 
open hole. Also, the maximum stress failure criterion is employed to estimate the residual compressive strength 
of the panel. The unnotched compressive strength of the composite laminate required in the analysis is obtained 
from a three-dimensional stability theory of deformable bodies. The influence of the stiffener on the 
compressive strength of the thin-skin panel is examined and included in the analysis. A good agreement 
between experimental measurements and predicted values for the critical failure load is obtained. 
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“Stiffened Composite Panels with a Stress Concentrator Under in-Plane Compression”, International Applied 
Mechanics, Vol. 38, No. 2, pp 240-252, February 2002, DOI: 10.1023/A:1015729414684 
ABSTRACT: The in-plane compressive strength of a stiffened thin-skinned composite panel with a stress 



concentrator is examined. Two possible in-plane failure mechanisms are investigated. The first one is near-
surface instability at the edge of the cutout, where high stress gradients are expected because of the stress 
concentration and the thickness heterogeneity of the laminated skin. Analytical 3D formulas allowing simple 
parametrical investigation of the phenomenon under consideration are derived. The second failure mechanism is 
fiber microbuckling in 0°-plies. An equivalent crack model is used to predict the compressive strength of a 
multidirectional composite laminate. How a stiffener affects the compressive strength of the thin-skinned panel 
with a hole is studied for both mechanisms. Experimental and predicted values of the critical load are in good 
agreement. 
References listed at the end of the paper: 
1. V. M. Bystrov, “Analysis of the decay of edge effects in laminated materials on the basis of a representative element,” Int. Appl. 
Mech., 36, No. 6, 826–834 (2000). 
2. B. G. Falzon, D. Hitchings, K. A. Stevens, and G. A. O. Davies, Failure Prediction of Thick Structural Composites, Progress Report 
3 (Ref. No. SMC/4/968), Imperial College of Science Technology and Medicine, Department of Aeronautics, London, UK. 
3. E. Greenhalgh, S. Singh, D. Hughes, and D. Roberts, “Impact damage resistance tolerance of stringer stiffened composite 
structures,” Plast. Rub. Comp., 28, No. 5, 228–251 (1999). 
4. A. N. Guz, Fundamentals of the Three-Dimensional Theory of Stability of Deformable Bodies, Springer-Verlag, Berlin-Heidelberg 
(1999). 
5. A. N. Guz, “Description and study of some nonclassical problems of fracture mechanics and related mechanisms,” Int. Appl. Mech., 
36, No. 12, 1537–1564 (2000). 
6. A. N. Guz, “Constructing the three-dimensional theory of stability of deformable bodies,” Int. Appl. Mech., 37, No. 1, 1–37 (2001). 
7. A. N. Guz and Yu. N. Lapusta, “Three-dimensional problems of the near-surface instability of fiber composites in compression 
(model of a piecewise-uniform medium),” Int. Appl. Mech., 35, No. 7, 641–670 (1999). 
8. I. A. Guz and C. Soutis, “A 3D stability theory applied to layered rocks undergoing finite deformations in biaxial compression,” 
Eur. J. Mech., A/Solids, 20, No. 1, 139–153 (2001). 
9. I. A. Guz and C. Soutis, “Compressive fracture of non-linear composites undergoing large deformations,” Int. J. Solids Struct., 38, 
No. 21, 3759–3770 (2001). 
10. D. Hitchings, FE77 Users Manual, Imperial College, Aeronautics, London (1995). 
11. D. C. Jegley, Effect of Low-Speed Impact Damage and Damage Location on Behavior of Composite Panels, NASA Technical 
Paper 3196 (1992). 
12. A. W. Leissa, “An overview of composite plate buckling,” in: I. M. Marshall (ed.), Composite Structures, 4, Vol. I, Elsevier, 
London (1987), pp. 1.1–1.29. 
13. M. P. Nemeth, Buckling and Post Buckling Behavior of Laminated Composite Plates with a Cut-out, NASA Technical Paper 3587 
(1996). 
14. J. C. Newman, “A nonlinear fracture mechanics approach to the growth of small cracks,” in: Proc. AGARD Conf. on Behavior of 
Short Cracks on Airframe Components, France (1982). 
15. C. Soutis, “Damage tolerance of open-hole CFRP laminates loaded in compression,” Compos. Eng., 4, No. 3, 317–327 (1994). 
16. C. Soutis and P. Curtis, “Prediction of the post-impact compressive strength of CFRP laminated composites,” Compos. Sci. 
Techn., 56, No. 6, 677–684 (1996). 
17. C. Soutis and N. Fleck, “Static compression failure of carbon fiber T800/924C composite plate with a single hole,” J. Comp. Mat., 
24, No. 5, 536–558 (1990). 
18. C. Soutis and I. A. Guz, “On analytical approaches to fracture of composites caused by internal instability under finite 
deformations,” in: Proc. of EUROMECH Colloquium 400 on Impact and Damage Tolerance Modeling of Composite Materials and 
Structures (September 27-29), London (1999), pp. 51–58. 
19. H. Tada, The Stress Analysis of Cracks. Handbook, Del Research Corporation, St. Louis Missouri (1974). 
20. S. C. Tan, Stress Concentrations in Laminated Composites, Technomic Publ., Lancaster-Basel (1994). 
21. S. P. Timoshenko and J. N. Goodier, Theory of Elasticity, McGraw-Hill, New York (1970). 
22. V. A. Zarutskii, “Stability analysis of rectangular plates unidirectionally strengthened by ribs,” Int. Appl. Mech., 36, No. 4, 545–
550 (2000). 
23. V. A. Zarutskii, “The theory and methods of the stress-strain analysis of ribbed shells,” Int. Appl. Mech., 36, No. 10, 1259–1283 
(2000). 
 
 
J. Lee and C. Soutis (Aerospace Engineering, The University of Sheffield, Mappin Street, Sheffield S1 3JD, 
UK), “Thickness effect on the compressive strength of T800/924C carbon fibre–epoxy laminates”, Composites 
Part A: Applied Science and Manufacturing, Vol. 36, No. 2, February 2005, pp. 213-227, Special Issue: 7th 
International Conference on the Deformation and Fracture of Composites (DFC-7), 
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ABSTRACT: In this study, the effect of laminate thickness on the compressive behaviour of composite 
laminates was investigated through systematic experimental work using the stacking sequences, [04]ns, [45/0/-
45/90]ns and [45n/0n/-45n/90n]s (n=2 - 8) with a 3 mm diameter open hole at the centre. Parameters such as 



fibre volume fraction, void content, fibre waviness and interlaminar stresses, influencing compressive strength 
with increasing laminate thickness were also studied experimentally and theoretically. Furthermore the stacking 
sequence effects on failure strength of multidirectional laminates were examined. For this, two different scaling 
techniques were used: (1) ply-level technique [45n/0n/-45n/90n]s and (2) sublaminate level technique [45/0/-
45/90]ns. An apparent thickness effect existed in the lay-up with blocked plies, i.e. unidirectional specimens 
([04]ns) and ply-level scaled multidirectional specimens ([45n/0n/-45n/90n]s). Fibre waviness and void content 
were found to be main parameters contributing to the thickness effect on the compressive failure strength. 
However, the compressive strength of the sublaminate level scaled specimens ([45/0/"-45/90]ns) was almost 
unaffected regardless of the specimen thickness (since ply thickness remains constant). From the investigation 
of the stacking sequence effect, the strength values obtained from the sublaminate level scaled specimens were 
slightly higher than those obtained from the ply level scaled specimens. This applied to all specimen thicknesses 
regardless of the presence of an open hole. The reason for this effect was explained by the fibre waviness, void 
content, free edge effect and stress redistribution in blocked 0∞ plies and unblocked 0∞ plies. Finally the 
average strengths of open hole specimens obtained from both stacking sequences increased with increasing 
specimen thickness. The measured failure strengths were compared with the predicted values. 
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periodic boundary conditions”, Thin-Walled Structures, Vol. 45, No. 4, April 2007, pp. 371-382, 
doi:10.1016/j.tws.2007.04.005 
ABSTRACT: A closed-form solution for the buckling loads of compressively loaded composite plates 
longitudinally stiffened by blade stringers is developed. The approach is based on adequate formulations for the 
buckling shapes for both the plate and the stringers in the form of rather simple functional representations. As a 
by-product, a closed-form solution for a clamped stringer plate is derived. Furthermore, a full series expansion 
is developed for comparison purposes. The method works with satisfying accuracy and requires negligible 
computational expenses when compared to accompanying finite element calculations. 
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buckling of wide-flange thin-walled anisotropic composite beams”, Archive of Applied Mechanics, Vol. 77, 
No. 7, 2007, pp. 439-452, doi: 10.1007/s00419-006-0102-0 
ABSTRACT: The present contribution deals with the onset of local buckling of compressively loaded thin-
walled beams with open I, C, Z, T and L-cross-sections made of laminated composite materials. The method 
employs a discrete plate analysis approach in the course of which each structural subelement of interest—which 
presently is the flange—of the thin-walled cross-section is considered as a separate composite plate with elastic 
rotational restraints at those edges where an adjacent substructural element is located. While in many 
investigations the lamination schemes of webs and flanges are considered to be purely orthotropic, in the 
present paper the laminate layups are allowed to be of an arbitrary non-orthotropic nature, which also allows for 
the analysis of laminates with inherent bending–torsion coupling. The analysis of the buckling loads of the 
flanges of thin-walled composite beams is performed using the Ritz-method for which some especially adjusted 
displacement shape functions are employed. For the case of pure orthotropy, a novel closed-form solution is 
described. The accuracy of the employed approaches is established by comparison with accompanying finite 
element simulations of thin-walled composite beams. It is revealed that the presented methodology is highly 
efficient in terms of computational effort and yet performs with satisfying accuracy, which makes it very 
attractive for actual practical applications whenever the local stability behaviour of wide-flange thin-walled 
composite beams is to be considered. 
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Mittelstedt, C. (PFH – Private University of Applied Sciences Göttingen, Campus CFK-Valley Stade, Airbus-
Strasse 6, D-21684 Stade, Germany), “Explicit Local Buckling Analysis of Stiffened Composite Plates 
Accounting for Periodic Boundary Conditions and Stiffener-Plate Interaction,” Composite Structures, Vol. 91, 
No. 3, December 2009, pp. 249–265, doi:10.1016/j.compstruct.2009.04.021 
ABSTRACT: The present contribution is devoted to the closed-form analysis of orthotropic plates under 
uniaxial uniform compressive load. The plates under consideration are stiffened by open-profile stiffeners in the 
longitudinal direction which represents a structural situation that is typical, e.g. for many aircraft parts such as 
tailplanes, wing covers or, at least in an approximate sense, fuselage sections. The analysis method explicitly 
accounts for periodicity properties of the given structural situation as well as for stiffener–plate interaction and 
is based on adequate displacement shapes for both the plate as well as the stiffeners in the form of simple 
polynomials and trigonometric functions. While the plates and the stiffener webs are treated as shear-rigid 
Kirchhoff-type plates, the stiffener flanges are modeled as Bernoulli-type beam elements in order to allow for a 
feasible solution of the problem. Using a Ritz-type approach, explicit expressions for the buckling loads are 
achieved which allow for a straightforward, efficient and yet reliable buckling analysis of stiffened composite 
panels. The excellent accuracy of the derived analysis method is established through comparison with the 
results by other authors and with results generated from the exact transcendental elasticity solution that is 
derived from the governing partial differential equations and the underlying boundary conditions. The 
characteristic buckling behaviour of stiffened composite plates is discussed for several representative plate-
stiffener configurations. 
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“A composite view on Windenburg's problem: Buckling and minimum stiffness requirements of compressively 
loaded orthotropic plates with edge reinforcements”, International Journal of Mechanical Sciences, Vol. 52, 
No.3, March 2010, pp. 471-484, doi:10.1016/j.ijmecsci.2009.11.008 
ABSTRACT: This paper discusses the buckling behaviour of orthotropic composite plates under uniform 
uniaxial compression with one free reinforced unloaded edge. A typical application example for use of such a 



mechanical model is the web of stiffeners and frames attached to the fuselage skin of an aircraft. The considered 
plates are rectangular and simply supported at the loaded transverse edges. One of the longitudinal unloaded 
edges is also simply supported, while the second unloaded edge is not supported at all but is reinforced by a 
flange of arbitrary cross-section. At first, an exact solution for the elastic buckling problem is derived from the 
governing differential equation by imposing the underlying boundary conditions. Thereafter, two approximate 
closed-form solutions for the buckling load are derived, which can be conveniently used for practical 
application purposes. Generic buckling curves using characteristic non-dimensional quantities are also 
presented. Finally, the question of the required bending stiffness EImin of the flange is treated, to ensure that 
the flange withstands buckling and provides simply supported boundary conditions to the free reinforced plate 
edge. 
 
 
Christian Mittelstedt, Henrike Erdmann and Kai-Uwe Schröder (AIRBUS Operations GmbH, Kreetslag 10, D-
21129 Hamburg, Germany), “Postbuckling of imperfect rectangular composite plates under inplane shear 
closed-form approximate solutions”, Archive of Applied Mechanics, 2010, doi: 10.1007/s00419-010-0491-y 
ABSTRACT: In this paper, the postbuckling behavior of rectangular orthotropic laminated composite plates 
with initial imperfections under inplane shear load is investigated in a closed-form analytical manner. The plates 
under consideration are assumed to be infinitely long in the longitudinal direction. At the longitudinal edges, 
two different sets of boundary conditions are considered, specifically 1) simply supported edges and 2) fully 
clamped edges. Using Timoshenko-type shape functions for both the initial bifurcational buckling analysis and 
the subsequent Marguerre-type postbuckling studies, closed-form analytical solutions for the buckling loads and 
for the postbuckling state variables are derived. A comparison with geometrically non-linear finite element 
computations shows that the derived analysis approaches are suitable for postbuckling studies in load ranges not 
too far beyond bifurcational buckling as they are currently relevant for e.g., composite airframe structural 
analysis and design. Due to their strictly closed-form analytical nature, the presented analysis methods can be 
used conveniently in engineering practice for all application purposes where computational time is a crucial 
factor, especially for preliminary analysis and design or optimization procedures. 
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“Local postbuckling of hat-stringer-stiffened composite laminated plates under transverse compression”, 
Composite Structures, Vol. 92, No. 12, November 2010, pp. 2830-2844, doi:10.1016/j.compstruct.2010.04.009 
ABSTRACT: In this paper, a closed-form method for the analysis of the local postbuckling behaviour of 
aircraft panels that are braced by hat-stringers is presented. The stiffened panels are loaded by transverse 
compression which is a load case that has been treated only scarcely in the open literature, and the 
corresponding buckling and postbuckling behaviour that eventually leads to failure of the panel is quite 
different to what is observed when a panel under longitudinal compression is considered. This contribution 
clarifies that the ultimate load bearing capacity of a stiffened panel with closed-profile stringers under 
transverse compression is governed by several consecutive stability cases. Firstly a closed-form approximate 
analysis method for the linear buckling analysis of the skin between two stringers taking the torsional stiffness 
of the hat-stringers into account is derived (stability case 1). Secondly, a simple Marguerre-type postbuckling 
analysis method is presented that accounts for the geometrically nonlinear behaviour of the panel skin after 
buckling (stability case 2) and enables a closed-form analysis of its effective width. Thirdly, the linear buckling 
analysis is adapted to the analysis of the panel skin under a stringer (stability case 3). It will be shown that 
stability cases 2 and 3 cannot be treated independently, but have to be considered interactively which 
necessitates an iterative procedure. The accuracy of the proposed analysis method, relying on the simplifying 
assumption of a perfectly flat plate rather than considering a cylindrically curved panel is established by 
comparison with results of accompanying geometrically nonlinear finite element calculations. 
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“Closed-form Approximate Solution for the Postbuckling Behavior of Orthotropic Shallow Shells Under Axial 
Compression”, Chapter 9 in Shell-like Structures, Advanced Structured Materials, 2011, Vol. 15, Part 2, 
pp.103-124, doi: 10.1007/978-3-642-21855-2_9 
ABSTRACT: The current paper deals with a closed-form approximate solution for the postbuckling behavior of 
an unstiffened, singly-curved, orthotropic shell. As loading condition the case of uniform axial compression is 
treated. Concerning the boundary conditions all edges are supposed to be simply supported. Additionally, 
geometrical imperfections in form of an initial deflection of the shell can be accounted for. Choosing rather 
simple shape functions for the deflection a closed-form expression for the Airy stress function is obtained from 
the compatibility condition. As the equilibrium condition cannot be satisfied exactly the solution procedures of 
Galerkin as well as Ritz are employed to obtain an approximate solution. The resulting expressions from these 
procedures again allow for a closed-form solution of the load-deflection-relationship. After the force and the 
amplitude are known all other state variables such as stresses and displacements can be evaluated in a closed-
form manner. Due to the rather simple formulation of the deflection shape the algorithm is limited to cases 
where the qualitative shape of the deflection does not change significantly. On the other hand the very high 
computational efficiency of the described solution procedure makes it ideally suited for use in the field of 
optimization and preliminary design, if the applied load does not exceed the linear buckling load too much. 
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Canada 
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“Static and stability analysis of the inner vessel of a fast breeder reactor”, Nuclear Engineering and Design< 
Vol. 158, No. 1, September 1995, pp. 81-94, doi:10.1016/0029-5493(95)01021-9 
ABSTRACT: Liquid metal fast breeder nuclear reactors demand the usage of large sized thin shells for their 
reactor vessel components due to low operating pressure and high thermal load. Buckling is a very important 
aspect in the design of these vessels. In this article, analysis of the inner vessel of a typical 500 MWe fast 
breeder reactor is presented. Here, two different geometric configurations of the inner vessel are considered. 
One configuration is with the conical step joining the upper and the lower cylindrical portions, and the other is 
with the toroidal bottom joining the upper cylindrical part. The buckling strength of the vessel for both 
configurations are calculated and compared. Also, the effects of thermal load, initial geometric imperfection, 
geometric nonlinearity, etc. are investigated. The finite element method is used for analysis. 
 
 
Ashutosh Bagchi,  Department of Building, Civil and Environmental Engineering, Concordia University, 
Montreal, Quebec, “Linear and nonlinear buckling of thin shells of revolution”, Trends in Applied Sciences 
Research, Vol. 7, No. 3, pp. 196 – 209, 2012, DOI: 10.3923/tasr.2012.196.209 
ABSTRACT: Thin shells are prone to fail by buckling due to compressive membrane stress. Although shells 
develop primarily membrane stresses, in most practical situations, they have some bending stresses as well as a 
result of supports, loading condition and discontinuity. In such case, the response of a shell to external loads 
becomes nonlinear. Linearization of the nonlinear equilibrium equations gives rise to an eigen value problem 
solving which buckling load is obtained. Eigen value buckling analysis is computationally faster than the 
nonlinear analysis involving tracing the load-deflection path and finding the corresponding collapse load. 
However, the buckling load estimated using the eigenvalue buckling analysis is approximate and usually 
overestimated. For the systems with large prebuckling rotations this approach may give highly unconservative 
results. Attempts have been made for better prediction of actual buckling load of shells of revolutions by 
combining eigenvalue buckling analysis and geometric nonlinear analysis. Such methods are computationally 
more efficient than the nonlinear buckling analysis but more reliable than the linear buckling analysis. This 
study presents an overview of the stability analysis of shells of revolution using a conical frustum shell element 
incorporating the linear and simplified nonlinear buckling analysis including the treatment of initial geometric 



imperfection. 
References cited in this paper: 
Abdullah, S., S.M. Beden, A.K. Ariffin and M.M. Rahman, 2008. Fatigue life assessment for metallic structure: A case study of shell 
structure under variable amplitude loading. J. Applied Sci., 8: 1622-1631. 
Al-Qablan, H., 2010. Semi-analytical buckling analysis of stiffened sandwich plates. J. Applied Sci., 10: 2978-2988. 
Athiannan, K. and R. Palaninathan, 2004. Experimental investigations on buckling of cylindrical shells under axial compression and 
transverse shear. Sadhana, 29: 93-115. 
Bagchi, A. and V. Paramasivam, 1995. Static and stability analysis of the inner vessel of a fast breeder reactor. J. Nuclear Eng. 
Design, 158: 81-94. 
Bagchi, A. and V. Paramasivam, 1996. Stability analysis of axi-symmetric thin shells. ASCE J. Eng. Mechan., 122: 278-281. 
Bagchi, A., J. Humar and A. Noman, 2007. Development of a finite element system for vibration based damage identification in 
structures. J. Applied Sci., 7: 2404-2413. 
Bahaoui, J.E., A. Khamlichi, L.E. Bakkali and A. Limam, 2010. Reliability assessment of buckling strength for compressed 
cylindrical shells with interacting localized geometric imperfections. Am. J. Eng. Applied Sci., 3: 620-628. 
Bochkarev, S.A. and V.P. Matveenko, 2011. Natural vibrations and stability of shells of revolution interacting with an internal fluid 
flow. J. Sound Vibr., 330: 3084-3101. 
Boumechra, N. and D.E. Kerdal, 2006. The P-version finite element method using bezier-bernstein functions for frames, shells and 
solids. J. Applied Sci., 6: 2334-2357. 
Brendel, B. and E. Ramm, 1980. Linear and nonlinear stability analysis of cylindrical shells. Comput. Structures, 12: 549-558. 
Bushnell, D., 1985. Computerized Buckling Analysis of Shells. Martinus Nijhoff Publishers, The Netherlands, Pages: 423. 
Cai, M., J. Mark, F.G. Holst and J.M. Rotter, 2002. Buckling strength of thin cylindrical shells under localized axial compression. 
Proceedings of the 15th ASCE Engineering Mechanics Conference, June 2-5, 2002, Columbia University, New York, pp: 1-8. 
Chang, S.C. and J.J. Chen, 1986. Effectiveness of linear bifurcation analysis for predicting the nonlinear stability limits of structures. 
Int. J. Numerical Methods Eng., 23: 831-846. 
El-Kafrawy, O. and A. Bagchi, 2007. Computer aided design and analysis of reinforced concrete frame buildings for seismic forces. 
Inform. Technol. J., 6: 798-808. 
Frano, R.L. and G. Forasassi, 2008. Buckling of imperfect thin cylindrical shell under lateral pressure. Sci. Technol. Nuclear 
Installations, 10.1155/2008/685805 
Freskakis G.N., 1970. Axisymmetric buckling of initially imperfect spherical shells. Ph.D. Thesis, Department of Civil Engineering, 
New York University, New York, USA. 
Freskakis, G.N. and N.F. Morris, 1972. Axisymmetric buckling of initially imperfect spherical shells. ASCE J. Eng. Mechan., 98: 
1115-1131. 
Ghorbanpour, A., 2002. Critical temperature of short cylindrical shells based on imnproved stability equation. J. Applied Sci., 2: 448-
452. 
Jasion, P., 2009. Stability analysis of shells of revolution under pressure conditions. Thin-Walled Struct., 47: 311-317. 
Khamlichi, A., J.E. Bahaoui, L.E. Bakkali, M. Bezzazi and A. Limam, 2010. Effect of two interacting localized defects on the critical 
load for thin cylindrical shells under axial compression. Am. J. Eng. Applied Sci., 3: 464-469. 
Navaratna, D.R., T.H H. Pian and E.A. Witmer, 1968. Stability analysis of shells of revolution by the finite element method. AIAA J., 
6: 355-361. 
Paramasivam, V., A. Bagchi and S.P.T.R. Gowda, 1995. Elastic stress analysis of axi-symmetric shells subjected to thermal and 
mechanical loads by the finite element method. J. Inst. Eng. (India), Civil Eng. Division, 76: 29-37. 
Sheng, G.G. and X. Wang, 2010. Thermoelastic vibration and buckling analysis of functionally graded piezoelectric cylindrical shells. 
Applied Math. Modell., 34: 2630-2643. 
Timoshenko, S.P. and J.M. Gere, 1963. Theory of Elastic Stability. 2nd Edn., McGraw-Hill, New York, USA., Pages: 541. 
Ummenhofer, T. and O. Knoedel, 2000. Modelling of boundary conditions for cylindrical steel structures in natural wind. Proceedings 
of the 4th International Colloquium on Computation of Shell and Spatial Structures, June 5-7, 2000, Chania, Crete, Greece, pp: 1-15. 
Wood, R.D. and O.C. Zienkiewicz, 1977. Geometrically nonlinear finite element analysis of beams, frames, arches and axisymmetric 
shells. Comput. Structures, 7: 725-735. 
Yao, J.C., 1963. Buckling of truncated hemisphere under axial tension. AIAA J., 1: 2316-2319. 
 
 
W. P. Prema Kumar (1) and R. Palaninathan (2) 
(1) Department of Civil Engineering, J.N.N. College of Engineering, Shimoga 577204, India 
(2) Department of Applied Mechanics, Indian Institute of Technology, Chennai 600036, India 
“Nonlinear response of laminated cylindrical panels”, Thin-Walled Structures, Vol. 39, No. 6, June 2001, 
pp.519-533, doi:10.1016/S0263-8231(01)00010-6 
ABSTRACT: The geometric nonlinear responses of laminated composite cylindrical panels subjected to (i) 
axial compression and (ii) central concentrated load are investigated in this work. The parameters considered 
are: number of layers, symmetric/antisymmetric laminate constructions, cross-ply/angle-ply fibre orientation, 
boundary conditions and central angle of panel. An eight-node degenerated layered shell element with an 
efficient explicit through-thickness integration scheme is employed. It has been observed that the cylindrical 



panels under axial compression exhibit stable post-buckling paths and the number of layers in the laminate for a 
given total thickness has considerable influence on the load–deflection behaviour. The strength of shallow 
panels with longitudinal edges hinged, curved edges free and subjected to a central concentrated load is 
controlled by the limit point load, whereas for deep panels with other parameters remaining the same, the 
strength is controlled by the bifurcation load. The boundary conditions have significant influence on the load-
carrying capacity. The panels with longitudinal edges hinged and curved edges free should be avoided in 
construction, as they undergo either limit point or bifurcation failure at very low load levels compared with 
other edge conditions. 
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PARTIAL ABSTRACT: This paper presents the results of an experimental study on the buckling of scale 
models of Liquid Metal Fast Breeder Reactor (LMFBR) inner vessel. The inner vessel consists of two 
cylindrical shells. The upper and the lower shells are connected by conical and torus shells. Six identical models 
are tested under three loading conditions. Imperfection scans are carried out using contact type probes, before 
loading and during loading. Scanning is carried out simultaneously for upper cylinder, conical, torus and lower 
cylinder using separate LVDTs and the data scanned are stored in a PC-based data acquisition system. Strain 
gages are mounted at strategic locations and strains are recorder during… 
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“Considerations concerning buckling concepts of RC cooling towers regarding material nonlinearities”, in 
Natural Draught Cooling Towers, edited by I. Mungan and Udo Wittek, 2004, Taylor & Francis Group, 
London, ISBN 90-5809-642-4 (2004 IASS Mimar Sinan University, Istanbul, 5th International Symposium on 
Natural Draught Cooling Towers) 
ABSTRACT: In this paper we will first give a short introduction to stability phenomena and stability theory. 
Further we will discuss a linear buckling safety concept according to DIN 1045 (DIN 1045 1988) and VGB-
BTR (VGB-BTR 1997). In this context we will present a practical procedure for determining the lower bound 
of the limit load of a shell structure with the concept of reduced membrane buckling. Also we will give an 
application of this method to find the ideal wall thickness distribution of a cooling tower shell in the first design 
studies. Special attention is given to the material nonlinearities with respect to buckling. The phenomena of 
perfect and imperfect cooling tower shells are analyzed, and the nonlinear buckling behavior will be discussed 
for ideal and imperfect cooling tower shells. 
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ABSTRACT: Natural draught cooling tower shells are loaded mainly by their dead weight and by the wind, 
which may both cause buckling failure. The present paper compares various numerical procedures to investigate 
the stability behaviour of cooling tower shells. These are a complete nonlinear analysis, a linear eigenvalue 
analysis for a stationary non-axisymmetric wind load, and a linear eigenvalue analysis for a wind load, 
approximated to be axisymmetric. The aim is to evaluate whether a geometrically nonlinear analysis can be 
replaced by a time-saving classical buckling analysis, probably even for an axisymmetric state of stress. The 
third procedure, as the most conservative, but a very effective one, will be applied to investigate the mechanical 
influence of ring stiffners on the buckling behaviour of cooling tower shells. Kinetic instability phenomena will 



also be examined. The structural improvement resulting from ring stiffeners will be quantified and summarized 
in design recommendations. 
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transverse shearing and stretching shell theory for nonlinear finite element simulations”, Computer Methods in 
Applied Mechanics and Engineering, Vol. 103, Nos. 1-2, March 1993, pp. 135-160, 
doi:10.1016/0045-7825(93)90043-W 
ABSTRACT: Convinced of the powerful capability of modern computational techniques the question of ‘best’ 
physical shell models is re-raised. In the present paper, ‘best’ interior shell equations are derived by mapping a 
3-dimensional body, described as a multi-director-continuum, on a Cosserat-surface kinematics. The derived 
shell equations hold for arbitrarily large deformations and material laws in rate-description, incorporating shear 
distortions and thickness changes. The optimal character of the developed model — proven by tensor norm 
bounding techniques — is finally demonstrated by results of numerical simulations of nonlinear shell responses. 
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ABSTRACT: The present essay contains a general structural stability theory for discretized structural systems. 
Instabilities are essential constituents of nonlinear structural responses, the computational assessment of which 
in a modern treatment is exclusively based on incremental-iterative (step-wise) numerical techniques, applied to 
the tangential equation of motion. The paper derives this fundamental equation as first variation of the nonlinear 
equation of motion in its standard form and its phase projection. Further, it transforms the principle of virtual 
work for arbitrary nonlinear (Kelvin-Voigt) continua into its incremental variant and finally into the consistent 
tangential equation of motion. Its various applications then are demonstrated to classes of time-independent and 
time-dependent, unstable structural responses, for which suitable numerical instruments are outlined. The 
derived algorithms are based on the concepts of Lyapunow exponents and Poincaré multipliers which are 
introduced as universal stability measures. Qualitative and quantitative convergence properties of perturbations 
in the phase space enable the proper establishment of stability definitions. The validity of the received concepts 
is illustrated by several examples. 
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Chapter in Computational Mechanics of Nonlinear Response of Shells, Kratzig and Onate (Editors), 1990, Part 
of the Springer Series in Computational Mechanics, pp 101-124, DOI: 10.1007/978-3-642-84045-6_5 
ABSTRACT: The paper designs a general stability theory for discretized shell structures based on step-wise 
numerical solution techniques. To this purpose the nonlinear principle of virtual work is transformed into its 
incremental subprinciple and finally discretized. The resulting equation for Kelvin-Voigt-material, usually 
denoted as tangential equation of motion, turns out to be a sufficient and suitable basis for the numerical 
evaluation of arbitrary nonlinear responses including their instability phenomena. 
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Zahlten, Wolfhard, Gruber, Karsten and Kratzig, Wilfried B., “Finite element assessment of thin shell 
structures”, Structural Engineering International, VOl. 4, No. 3, pp 164-166, August 1994 
ABSTRACT: A geometrically and physically nonlinear finite element model for thin reinforced concrete shells 
is presented which allows simulation of the deformation history of imperfect structures up to their numerical 
failure. Application to the assessment of existing natural draught cooling tower shells subjected to dead weight 
and wind loading demonstrates the usefulness of the numerical procedure. Results showed that failure was due 
to a nonlinear stress problem, rather than elastic buckling. For worst-case imperfections relating to the 
physically nonlinear failure mode, the shells exhibited only a moderate imperfection sensitivity. Further work 
will concentrate on more realistic imperfection patterns, since worst-case imperfections give a rather too 
conservative lower bound for the collapse loads. 
 
 
P. Nawrotzki, W.B. Kratzig and U. Montag, “Dynamic instability analysis of elastic and inelastic shells”, 
Computational Mechanics, Vol. 21, No. 1, pp 48-59, February 1998 
ABSTRACT: The present contribution is concerned with dynamic stability investigations of arbitrary structural 
responses, in particular shell responses. In order to trace such nonlinear fundamental processes, 
incremental/iterative path-following algorithms are employed to the tangential equation of motion which is 
derived under special regard of finite rotation shell theories, elasto-plastic material behaviour, and motion-
dependent loading. Occuring instabilities can be detected with the help of Lyapunow exponents as generalized 
concept for the detection of quantitative stability properties. Well known investigation procedures are 
recognized as special cases of the Lyapunow-exponent-concept for stationary, transient, periodic, and arbitrary 
solution curves in the phase space. A new numerical procedure for the determination of one-dimensional 
Lyapunow exponents is introduced to identify critical directions in the solution space for large discretized 
structures by reduction to relevant manifolds 
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Zagreb, Croatia 
“Computer Simulation of Nonisothermal Elastoplastic Shell Responses”, Advances in the Mechanics of Plates 
and Shells, Solid Mechanics and Its Applications, 2002, Vol. 88, pp. 167-180, doi: 10.1007/0-306-46954-5_11 
ABSTRACT: Shell structures are extremly efficient, thin walled load-carrying components, in the elastic as 
well as in the inelastic regime. Realistic and efficient computational strategies lately are in rapid development. 
Such computational strategy for modelling of nonisothermal, highly nonlinear hardening responses in 
elastoplastic shell analysis has been proposed in this article. Therein, the closest point projection algorithm 
employing the Reissner-Mindlin type kinematic model, completely formulated in tensor notation, is applied. A 
consistent elastoplastic tangent modulus ensures high convergence rates in the global iteration approach. The 
integration algorithm has been implemented into a layered assumed strain isoparametric finite shell element, 
which is capable of geometrical nonlinearities including finite rotations. Under the assumption of an adiabatic 
process, the increase of the temperature is analysed during elastoplastic deformation. Finally, numerical 
examples illustrate robustness and efficiency of the proposed algorithms. 
 
 
W.B. Kratzig, Reinhard Harte, Ulrich Montag and Ralf Woermann, “From large natural draft cooling tower 
shells to chimneys of solar upwind power plants”, 



https://www.researchgate.net/publication/50838736_From_large_natural_draft_cooling_tower_shells_to_chimn
eys_of_solar_upwind_power_plants , Publisher and date not given. 
ABSTRACT: Natural draft cooling towers (NDCTs) presently form the world-largest RC shell structures, solar 
updraft power plants (SUPPs) will do this in future. The paper starts with explanations of the working principles 
of NDCTs and SUPPs. In industrialized countries with strong legal emphasis on sustainable power production 
technologies, NDCTs are widely spread, while SUPPs represent future solar power generation concepts in the 
world¿s tropical areas, using solar irradiation as power plant fuel. Consequently, the paper elaborates on recent 
German NDCTs, under them the world-highest tower shell. The design of such highefficient RC tower shells 
will be explained including their critical response characteristics. The paper then changes to future SUPPs, 
describing the structural components of their solar chimneys, followed by a sketch of some of their critical 
response characteristics. The aim of this presentation is to draw the readers¿ attention to extremely large shell 
structures (Mega-shells), present and in future, and to demonstrate their close structural mechanics relationship 
to each other. 
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“Strength formulation for ring-stiffened cylinders under combined axial loading and radial pressure”, Journal of 
Constructional Steel Research, Vol. 9, No. 1, 1988, pp. 3-34, doi:10.1016/0143-974X(88)90054-5 
ABSTRACT: After demonstrating how to improve simply the BS 5500 strength formulation for hydrostatically 
loaded fabricated ring-stiffened cylinders, a simple yet consistent strength formulation is derived for 
determining their strength when subjected to combined axial loading including tension and radial pressure. The 
quadratic Merchant-Rankine formula in generalised form as suggested by Odland is adopted as the basis of the 
proposed formulation. This involves knockdown factors which are derived to provide a good fit with 
experimental data. Its accuracy is compared with that of the DnV Rules and BS 5500. The effects of boundary 
conditions and residual stresses are investigated using unstiffened and stress-relieved test data respectively. 
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“Flexural-torsional elasto-plastic buckling in flat stiffened plating using dynamic relaxation. Part 1: Theory”, 
Thin-Walled Structures, Vol. 6, No. 6, 1988, pp. 453-481, doi:10.1016/0263-8231(88)90013-4 
ABSTRACT: The development of a numerical model describing the large-deflection elasto-plastic behaviour of 
flat plates and attached flatbar stiffeners including the effects of interaction is described in this paper. The 
Marguerre large deflection thin plate equations are used to represent both the plate and the stiffener so enabling 
the lateral-torsional behaviour to be accurately modelled. Complete interaction is achieved by satisfying the full 
set of equilibrium and kinematic conditions acting along the intersection. 
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“Flexural-torsional elasto-plastic buckling analysis of stiffened plates using dynamic relaxation. Part 2: 
Comparison with test results and other formulations”, Thin-Walled Structures, Vol. 7, No. 1, 1989, pp. 37-72, 
doi:10.1016/0263-8231(89)90020-7 
ABSTRACT: Having described, in Part 1, the theoretical basis of the method used to study the lateral-torsional 
behaviour of stiffeners attached to flat plating, detailed comparisons with a series of tests and other theoretical 
formulations are presented in this paper. 



 
 
M. Toulios and P.A. Caridis (Department of Naval Architecture and Marine Engineering, National Technical 
University of Athens, 157 73 Zografou, Athens, Greece), “The effect of aspect ratio on the elastoplastic 
response of stiffened plates loaded in uniaxial edge compression”, Computers & Structures, Vol. 80, Nos. 14-
15, pp 1317-1328, June 2002, DOI: 10.1016/S0045-7949(02)00080-9 
ABSTRACT: A numerical study of the effect of aspect ratio on the buckling and collapse behaviour of flatbar-
stiffened plates in compression is described. The plate equations are expressed in finite difference form and the 
solution is obtained using a dynamic relaxation algorithm. Initial imperfections and residual stresses are also 
introduced in the study. It was found that, for aspect ratios between 2 and 3.5, buckling occurs in the elastic 
regime, with the panels exhibiting significant post-buckling strength prior to collapse. For aspect ratios between 
1 and 2 buckling occurs as the plastic zone increases, followed by rapid unloading as the panel collapses 
suddenly. The ultimate strength of the panel reduces with increasing aspect ratio, remaining practically constant 
at higher aspect ratios. The latter is attributed to the initial single half-wave distortion profile that prohibits the 
formation of the preferred buckling mode. 
 
 
W.J. Shao (1) and P.A. Frieze (2) 
(1) Shanghai Ship & Shipping Research Institute, Ministry of Communications, 200 Minsheng Road, Shanghai, 
People's Republic of China 
(2) Advanced Mechanics & Engineering Ltd, 4 Frederick Sanger Rd, Surrey Research Park, Guildford, Surrey 
GU2 5YJ, UK 
“Static and dynamic numerical analysis studies of hemispheres and spherical caps. Part I: Background and 
theory”, Thin-Walled Structures, Vol. 8, No. 2, 1989, pp. 99-118, doi:10.1016/0263-8231(89)90038-4 
ABSTRACT: Shell-like structures are prevalent in nature. However, because of their slenderness they are prone 
to buckling, and to such an extent that this is often the dominant consideration in their design. Early attempts to 
determine buckling pressures were unsatisfactory. Although initial geometric distortions are now recognised as 
the cause of this, little comprehensive work has been conducted on doubly-curved shells, particularly 
hemispheres, subjected to external pressure and having asymmetric initial shapes. This paper presents the 
results of such a study, in two parts. In Part I, the background research on doubly-curved shells is briefly 
reviewed. The kinematic, equilibrium and constitutive equations used in the work are stated. The adopted 
numerical procedure which can generate static or dynamic solutions is described along with the results of 
convergence studies. In Part II, the effect of various initial shapes and their location will be described; the 
critical combination will be identified. The parameters selected to nondimensionalise the results will be 
indicated, followed by those of the study which primarily involve initial deformation magnitude and shell 
slenderness. Two strength formulations which conveniently represent the results of the study will be presented. 
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“Static and dynamic numerical analysis studies of hemispheres and spherical caps. Part II: Results and strength 
predictions”, Thin-Walled Structures, Vol. 8, No. 3, 1989, pp. 183-201, doi:10.1016/0263-8231(89)90002-5 
ABSTRACT: Shell-like structures are prevalent in nature. However, because of their slenderness they are prone 
to buckling, and to such an extent that this is often the dominant consideration in their design. Early attempts to 
determine buckling pressures were unsatisfactory. Although initial geometric distortions are now recognised as 
the cause of this, little comprehensive work has been conducted on doubly-curved shells, particularly 
hemispheres, subjected to external pressure and having asymmetric initial shapes. This paper presents the 
results of such a study, in two parts. In Part I, which was presented in the previous issue of Thin-Walled 
Structures, the background research on doubly-curved shells was briefly reviewed. The kinematic, equilibrium 
and constitutive equations used in the work were stated. The adopted numerical procedure which can generate 



static or dynamic solutions was described along with the results of convergence studies. In this Part, the effect 
of various initial shapes and their location is described: the critical combination is identified. The parameters 
selected to nondimensionalise the results are indicated, followed by those of the study which primarily involve 
initial deformation magnitude and shell slenderness. Two strength formulations which conveniently represent 
the results of the study are presented. 
 
 
P. A. Caridis (Department of Naval Architecture & Ocean Engineering, University of Glasgow, Glasgow G12 
8QQ, UK), “Interactive flexural-torsional buckling behaviour of stiffened plating”, Marine Structures, Vol. 1, 
No. 2, 1988, pp. 115-138, doi:10.1016/0951-8339(88)90003-2 
ABSTRACT: Results from a series of studies on stiffened plates under axial compression are presented in this 
paper. The large-deflection elasto-plastic behaviour of each panel component is described by the von Karman 
equations, thus enabling the lateral-torsional buckling of the stiffener to be modelled in a rigorous manner. 
Material nonlinearity is represented using the von Mises yield criterion in conjunction with the Prandtl-Reuss 
flow rule. Results are presented in the form of average stress-strain curves which are used to generate maximum 
strength curves for the stiffener and plate. 
 
 
J. P. Singh and S. S. Dey (Civil Engineering Department, Indian Institute of Technology, Kharagpur, India), 
“Variational finite difference approach to buckling of plates of variable stiffness”, Computers & Structures, 
Vol. 36, No. 1, 1990, pp. 39-45, doi:10.1016/0045-7949(90)90172-X 
ABSTRACT: The total potential energy of buckling of a plate with variable stiffness has been discretized by the 
method of finite differences. According to the principle of minimum potential energy, by equating the partial 
derivative of total potential energy with respect to each grid point displacement to zero in succession, a set of 
linear homogeneous equations is obtained. This reduces to a standard characteristic value problem, the 
eigenvalues of which yield the buckling loads. Test problems of plates with uniform stiffness, gradually varying 
stiffness and abrupt variation of stiffness with different boundary conditions and a stepped column as a 
degenerate case of plate have been considered. Results are compared with those of analytical and numerical 
methods available. Good agreement has been observed in all cases. The proposed method has the advantage that 
the total number of equations is far less than in finite element method and application of boundary conditions is 
simple. 
 
 
Ruiqiang Qiu (No. 38 Room 204, Yu Tian Zhi Road, 200092, Shanghai, China), “Weight optimization of 
stiffened cylinders under axial compression”, Computers & Structures, Vol. 21, No. 5, 1985, pp. 945-952, 
doi:10.1016/0045-7949(85)90206-8 
ABSTRACT: A procedure is developed for the design of a stiffened cylinder under a given uniform axial 
compression with minimum weight. The approach allows the consideration of various shapes of stiffening 
members. The effective stiffness of the skin in its post-buckled state is taken into account in the basic analysis. 
The buckling analyses are accomplished as a minimum problem in the buckling mode shape parameters space 
using the variable metric method. A mixed procedure which combines the exterior penalty function concept and 
random search is used to minimize the weight of the stiffened cylinders. The design examples demonstrate the 
validity of the present approach. 
 
 
Bandyopadhyay, K. ; Xu, J. ; Shteyngart, S. [Brookhaven National Lab., Upton, NY (United States)] ; Eckert, 
H. [USDOE, Germantown, MD (United States)], “Plastic buckling of cylindrical shells”, Conference: 1994 
American Society of Mechanical Engineers (ASME) Fluids Engineering Division summer meeting,Lake Tahoe, 
NV (United States),19-23 Jun 1994, OSTI ID: 10151343; Legacy ID: DE94011921, BNL--49762; CONF-
940659—8, ON: DE94011921 
ABSTRACT: Cylindrical shells exhibit buckling under axial loads at stresses much less than the respective 
theoretical critical stresses. This is due primarily to the presence of geometrical imperfections even through 
such imperfections could be very small (e.g., comparable to thickness). Under internal pressure, the shell 



regains some of its buckling strength. For a relatively large radius-to-tickness ratio and low internal pressure, 
the effect can be reasonably estimated by an elastic analysis. However, for low radius-to-thickness ratios and 
greater pressures, the elastic-plastic collapse controls the failure load. In order to quantify the elastic-plastic 
buckling capacity of cylindrical shells, an analysis program was carried out by use of the computer code 
BOSOR5 developed by Bushnell of Lockheed Missiles and Space company. The analysis was performed for 
various radius-to-thickness ratios and imperfection amplitudes. The analysis results are presented in this paper. 
 
K. Bandyopadhyay, J. Xu and S. Shteyngart, “Cylindrical shell buckling through strain hardening”, Brookhaven 
National Laboratory Report BNL-61540, no date given (the most recent reference is dated 1994) 
ABSTRACT: Recently, the authors published results of plastic buckling analysis of cyiindrical shells. Ideal 
elastic-plastic material behavior was used for the analysis. Subsequently, the buckling analysis program was 
continued with the realistic stress-strain relationship of a stainless steel alloy which does not exhibit a clear 
yield point. The plastic buckling analysis was carried out through the initial stages of strain hardenmg for 
various internal pressure values. The computer program BOSOR5 was used for this purpose. The results were 
compared with those obtained from the idealized elastic-plastic relationship using the offset stress level at 0.2% 
strain as the yield stress. For moderate hoop stress values, the realistic stresss-strain case shows a slight 
reduction of the buckling strength. But, a substantial gain in the buckling strength is observed as the hoop stress 
approaches the yield strength. Most importantly, the shell retains a residual strength to carry a small amount of 
axial compressive load even when the hoop stress has exceeded the offset yield strength.  
 
 
F. Fanous and L. Greimann (Department of Civil and Construction Engineering, Iowa State University, Ames, 
IA 50011, USA), “Steel containment resistance under dynamic pressure”, Nuclear Engineering and Design, 
Vol. 130, No. 2, September 1991, pp. 163-170, doi:10.1016/0029-5493(91)90124-Z 
ABSTRACT: Loadings to cause severe accidents on containment buildings can include combinations of 
uniform internal pressure, dynamic pressure, and seismic. Most studies that have been conducted to predict 
containment building capacity have focused on the effect of overpressurization on containment performance. A 
simple methodology that permits rapid and reasonably accurate analysis for assessing the capacity of steel 
containment buildings due to global or local uniform or spatially varying dynamic loading was developed. An 
axisymmetric model was used and the circumferential variation of the pressure, displacements, and stress 
resultants were represented by Fourier series. Shell vibration and buckling analysis were performed using 
modified versions of BOSOR4 and BOSOR5 finite difference codes. The modified version of BOSOR5 allows 
the input of pressures that vary along the meridianal direction. These pressures were increased until failure of 
the containment occurred. Failure was defined to occur when membrane strains reached twice the yield strain or 
the bifurcation point was introduced. The applicability of this analysis method was verified by analyzing several 
problems as well as a simplified containment building. The axisymmetric analysis demonstrated a powerful tool 
to access the capacity of steel containment buildings. 
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“Stress analysis of torispherical shell with radial nozzle”, The Journal of the Institution of Engineers, Malaysia , 
Vol. 67, No. 3. 2006, pp. 59-64, http://www.myiem.org.my/content/journal-122.aspx  
ABSTRACT: The high stresses at intersections are caused by discontinuity shear stresses and moments which 
exist to maintain compatibility at the junction. The finite element method was used to determine the stress field 
at the intersection of a radial nozzle attached to a torispherical crown of a cylindrical vessel. The mechanical 
loads acting on the structure consisted of nozzle thrust, bending moment, torsion and internal pressure. A 
comparison between predicted and measured readings gave acceptable results for internal pressure loading but 
fair for other loadings. A computer program was written to calculate interaction between any two combining 
loads. The results, presented graphically, could be used to predict first yield for vessels of this configuration. 
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Pressure, Using Finite Element Analysis”, Key Engineering Materials (Volumes 471 - 472), Composite Science 
and Technology, Edited by S.M. Sapuan, F. Mustapha, D.L. Majid, Z. Leman, A.H.M. Ariff, M.K.A. Ariffin, 
M.Y.M. Zuhri, M.R. Ishak and J. Sahari, February 2011, pp. 833-838,  
doi: 10.4028/www.scientific.net/KEM.471-472.833 
ABSTRACT: In this paper, the finite element analysis is used to investigate the effect of shape of dome ends on 
the buckling of pressure vessel heads under external pressure. The Finite Element Analysis (FEA) with the use 
of elastic buckling analysis was applied to predict the critical buckling pressure. The influence of geometrical 
parameters such as thickness, knuckle radius, and the ratio of minor axis to the major axis of dome ends, on the 
weight and the critical buckling pressure of hemispherical, ellipsoidal, and torispherical dome ends, was 
studied. The four-centered ellipse method was used to describe the geometry of the dome end. 
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Teknologi Malaysia, 81310 UTM Skudai, Johor, Malaysia), “Buckling Behavior of Clamped Laminated 
Composite Cylindrical Shells under External Pressure Using Finite Element Method”, Applied Mechanics and 
Materials, Vols. 121-126, pp. 43-47, October 2011, DOI: 10.4028/www.scientific.net/AMM.121-126.43 
ABSTRACT: In this study, the elastic buckling behavior of clamped laminated composite cylindrical shells 
under external pressure was studied. The Finite Element Method (FEM) was used to predict the critical elastic 
buckling pressure behavior when composite cylindrical shells were subjected to external pressure. The edges of 
the cylindrical shell ends were completely constrained to simulate clamped end conditions. The influences of 
parameters such as wall thickness, fiber angle, number of layers and L/R ratio of laminated composite 
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The approach is to reduce the two-dimensional boundary-value problem that describes the stress–strain state of 
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behaviour of thin elastic shells which can be described sufficiently accurate by the Donnell-Marguerre-
Mushtari-Vlasov theory is proposed and tested. It is based on a mixed variational formulation generalizing 
D'Alembert's principle. The discretization with respect to the space is performed by Euler's method and that 
with respect to the time by means of the central difference quotient. Due to the regular and simple structure of 
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(NCP). The relations of the critical stress sigma(cr) vs the ratio between R (the radius) and h (the thickness of 
the wall) were derived. The critical stresses of the thin-walled cylinders made of aluminum alloys AM__ and 
_1T were analyzed and compared with the experimental results. Comparison shows that for the cylinders made 
of _1T both forms of NCP can provide reasonable prediction; but for those made of AM__, the result given by 
the finite form of NCP is satisfactory, while the critical stress predicted by the incremental form of NCP is 
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curvature is proposed, taking into account the microdamageability of an isotropic material in the form of the 
formation of a system of elliptic chaotically distributed microcracks throughout its volume, the concentration of 
which increases as the load increases. The inhomogeneous material being damaged is simulated by a 



continuum, the elastic symmetry and mechanism of deformation of which are associated with the character of 
the distribution of microstrength and the form of the interaction of the edges of the microcracks, which depends 
on the stressed state induced in the body. The problem of bifurcational stability in the case of shells of 
revolution is formulated using the concept of continued loading within the framework of the Kirchoff-Love 
hypothesis. As an example, problems of the stability of ellipsoidal shells in the case of an internal and external 
pressure are solved. 
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ABSTRACT: The problem of bifurcation instability of cylindrical shells made of transversely isotropic 
laminate materials with progressively damaged reinforcement is formulated and solved. 
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ABSTRACT: Thin shell torispherical pressure vessel heads are known to exhibit complex elastic–plastic 
deformation and buckling behaviour under static pressure. In pressure vessel Design by Analysis, the designer 
is required to assess both of these behaviour modes when specifying the allowable static load. The EN and 
ASME boiler and pressure vessel codes permit the use of inelastic analysis in design by analysis, known as the 
direct route in the EN Code. In this paper, plastic collapse or gross plastic deformation loads are evaluated for 
two sample torispherical heads by 2D and 3D FEA based on an elastic-perfectly plastic material model. Small 
and large deformation effects are considered in the 2D analyses and the effect of geometry and load 
perturbation are considered in the 3D analysis. The plastic load is determined by applying the ASME twice 
elastic slope criterion of plastic collapse and an alternative plastic criterion, the Plastic Work Curvature 
criterion. The formation of the gross plastic deformation mechanism in the models is considered in relation to 
the elastic–plastic buckling response of the vessels. It is concluded that in both cases, design is limited by 
formation of an axisymmetric gross plastic deformation in the knuckle of the vessels prior to formation of non-
axisymmetric buckling modes. 
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ABSTRACT: The behavior of aluminum cylindrical and conical shells of thickness variation along their lengths 
subjected to quasi-static axial compression was examined. The study was conducted using experimental and FE 
simulation approaches. The cylinders had mean radius of 25 mm, while the cones had smaller and larger radii of 
15 mm and 35 mm respectively. Their thicknesses were increased linearly from top end to bottom end with the 
thickness ratio (TR) of 0.0, 0.1 and 0.2. The mean thicknesses of specimens were 1.0 mm, 1.5 mm and 2.0 mm. 
The numerical simulations on those experiments were also conducted using the finite element code, ABAQUS. 
The results from experiment and FEA simulation were compared and good agreement was achieved. It was 
found that the energy absorption capacity of cylinder with thickness varying along the length is increasing as 
the value of TR increases. In contrast, the cone with thickness varying along the length seems to lose its energy 
absorption capacity as the value of TR increases. In addition, their deformation histories and load-displacement 
curves were presented and discussed. 
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ABSTRACT: It is well known that the experimental buckling loads of thin-walled circular cylinders are lower 
than the bifurcation loads, since thin-walled cylinders are sensitive to initial imperfections. This imperfection 
sensitivity depends on the radius, the wall thickness and the length of the cylinders as well as on the shape and 
arrangement of stiffeners. Therefore in searching for the most effective stiffening, it is not sufficient to compare 
bifurcation loads; one has to take into account the imperfection sensitivity too. 
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ABSTRACT: It is known that plates are not sensitive to initial imperfections, since, after buckling, their load 
deformation curve is upwards. Flat rings on circular cylinders are circular ring plates. Therefore, their 
postbuckling behavior is the same. This is proved theoretically in this paper. Hence, it follows that the 
slenderness of flat rings is not restricted by stability considerations, in contrast to the ECCS and BS 5500 
recommendations. 
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ABSTRACT: With the aid of calculated examples it is demonstrated how computer programs can be verified by 
checking whether the prebuckling deflections and deformations as well as the buckling modes fit together 
convincingly. The examples discussed are a long cylinder loaded by pure axial load and pure bending and a 
short cylinder with a shrunk ring. 
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ABSTRACT: The buckling loads of laminated cylinders can strongly depend on the position of the differently 
oriented layers within the shell. This paper deals with two different laminated orthotropic cylinders with 
opposite stacking sequence of the laminate layers. Cylinders of this construction had been thoroughly tested 
within a BRITE EURAM project. Analytical and semi-analytical methods have been used to predict the 
buckling loads, and the results are reported in this paper as well as test results for comparison. An explanation 
of the striking influence of stacking sequence is given. With some more examples the findings are verified. It is 
suggested that the presented results can be used for benchmarking purpose. 
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ABSTRACT: The analysis of an axially compressed circular tube deforming in progressive axisymmetric folds 
carried out by Wierzbicki et al. [(1992) Int. J. Solids Structures Vol. 29, 3269–3288] assumes an eccentricity 
factor relating the inward and outward parts of the folds. This factor was arbitrary and was not derived from the 
analysis. The present work re-examines the problem and produces a value for the eccentricity factor which 
conforms with the experimental findings. Values of the critical angles required for the formation of the inward 
and outward folds obtained from the analysis were substantiated by those obtained from experiments. 
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ABSTRACT: The energy absorption characteristics of corrugated tubes are experimentally studied. The 
corrugations are introduced in the tube to force the plastic deformation to occur at predetermined intervals along 
the tube generator. The aims are to improve the uniformity of the load—displacement behaviour of axially 
crushed tubes, predict and control the mode of collapse in each corrugation in order to optimize the energy 
absorption capacity of the tube. Effect of heat treatment and foam filling of these tubes are also considered. 
Metal tubes are mostly used throughout this study, however, PVC tubes are also considered for comparison 
purposes. The experimental results of crushing of the corrugated tubes make these tubes a good candidate for a 
controllable energy absorption element. 
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“Linear stability analysis of capillary instabilities for concentric cylindrical shells”, J Fluid Mech., pp 235-262, 
2011, DOI: 10.1017/jfm.2011.260, 2011 
ABSTRACT: Motivated by complex multi-fluid geometries currently being explored in fibre-device 
manufacturing, we study capillary instabilities in concentric cylindrical flows of N fluids with arbitrary 
viscosities, thicknesses, densities, and surface tensions in both the Stokes regime and for the full Navier–Stokes 
problem. Generalizing previous work by Tomotika (N = 2), Stone & Brenner (N = 3, equal viscosities) and 
others, we present a full linear stability analysis of the growth modes and rates, reducing the system to a linear 
generalized eigenproblem in the Stokes case. Furthermore, we demonstrate by Plateau-style geometrical 
arguments that only axisymmetric instabilities need be considered. We show that the N = 3 case is already 
sufficient to obtain several interesting phenomena: limiting cases of thin shells or low shell viscosity that reduce 
to N = 2 problems, and a system with competing breakup processes at very different length scales. The latter is 
demonstrated with full 3-dimensional Stokes-flow simulations. Many N > 3 cases remain to be explored, and as 
a first step we discuss two illustrative N & ∞ cases, an alternating-layer structure and a geometry with a 
continuously varying viscosity.  
 
 
Andrew L. Hazel and Matthias Heil, “Surface-tension-induced buckling of liquid-lined elastic tubes: a model 
for pulmonary airway closure”, The Royal Society Proceedings A, Vol. 461, No. 2058, June 2005, 
DOI: 10.1098/rspa.2005.1453 
ABSTRACT: We use a fully coupled, three-dimensional, finite-element method to study the evolution of the 
surface-tension-driven instabilities of a liquid layer that lines an elastic tube, a simple model for pulmonary 



airway closure. The equations of large-displacement shell theory are used to describe the deformations of the 
tube and are coupled to the Navier–Stokes equations, describing the motion of the liquid. The liquid layer is 
susceptible to a capillary instability, whereby an initially uniform layer can develop a series of axisymmetric 
peaks and troughs, analogous to the classical instability that causes liquid jets to break up into droplets. For 
sufficiently high values of the liquid's surface tension, relative to the bending stiffness of the tube, the additional 
compressive load induced by the development of the axisymmetric instability can induce non-axisymmetric 
buckling of the tube wall. Once the tube has buckled, a strong destabilizing feedback between the fluid and 
solid mechanics leads to an extremely rapid further collapse and occlusion of the gas-conveying core of the tube 
by the liquid. We find that such occlusion is possible even when the volume of the liquid is too small to form an 
occluding liquid bridge in the axisymmetric tube. 
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Victor Birman (School of Naval Architecture and Marine Engineering, University of New Orleans, New 
Orleans, Louisiana 70148, USA), “Problems of dynamic buckling of antisymmetric rectangular laminates”, 
Composite Structures, Vol. 12, No. 1, 1989, pp. 1-15, doi:10.1016/0263-8223(89)90040-8 
ABSTRACT: Dynamic buckling of antisymmetrically laminated angle-ply rectangular plates due to axial loads 
proportional to time and axial step loads is considered. The nonlinear response of initially imperfect plates is 
determined from the numerical solution of the governing differential equation. In the case of the step loading 
this equation can be solved analytically. In the particular case of a perfect plate the solution of the linear 
problem yields the condition of dynamic buckling. Another problem considered in the paper is the behavior of 
an imperfect plate initially loaded by axial static stresses. The static response is determined first and the motion 
of the plate is superimposed on the static displacements in the second phase of the solution. 
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Victor Birman (University of Missouri-Rolla, Engineering Education Center, 8001 Natural Bridge Road, St 
Louis, MO 63121, U.S.A.), “Divergence instability of reinforced composite circular cylindrical shells”, 
International Journal of Solids and Structures, Vol. 26, Nos. 5-6, 1990, pp. 571-580, 
doi:10.1016/0020-7683(90)90030-Y 
ABSTRACT: Divergence instability of a simply supported orthotropic composite shell reinforced in both axial 
and circumferential directions is considered. The shell is subject to an axial static load and to the action of an 
external supersonic gas flow in the direction parallel to the shell axis. Two variants of the solution considered in 
the paper include discrete widely spaced stiffeners and closely spaced stiffeners; the latter case can be treated 
using a smeared stiffeners technique. 
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“Effect of aerodynamic heating on deformation of composite cylindrical panels in a gas flow”, Composite 
Structures, Vol. 15, No. 3, 1990, pp. 259-273, doi:10.1016/0263-8223(90)90034-C 
ABSTRACT: In this paper, motions of composite cylindrical panels in a gas flow are considered. It is shown 
that the main factor contributing to large static deformations is a nonuniform aerodynamic heating, while 
aerodynamic pressure is of secondary importance, at high Mach number. It was found that the main factor 
resulting in the increase of deformations is the nonuniform distribution of temperature along the curved edges. 
Deformations decrease rapidly in shallower panels. Nonuniformly heated panels become unstable at the values 
of axial compressive load, which are much smaller than the static buckling value calculated in the absence of 
heating. The condition of panel flutter of nonuniformly heated composite panels in a gas flow is also 
formulated. 
 
 
Isaac Elishakoff, “Some questions in eigenvalue problems in engineering”, Chapter in Numerical Treatment of 
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International Series of Numerical Mathematida/ Internationale Schriftenreihe zur Numerischen Matematik/ 
Serie Internationale d’Analyse Numerique, edited by J. Albrecht, L. Collatz, P. Hagedorn, W. Velte, Springer, 
1991, pp 71-107 
ABSTRACT: This paper deals with some questions arising in dealing with engineering eigenvalue problems. 
The emphasis is placed on the coincident or closely spaced natural frequencies from the standpoint of the 
normal mode method applied for determining the structural response; it concentrates on the degree of 
refinement in the determination theories which should be introduced, in order to obtain accurate predictions of 
the response of structures subjected to high-frequency excitation. Nonsymmetric eigenvalue problems arising in 
composite plates are considered. Some pertinent questions associated with the eigenvalue problems arising for 
small vibrations superimposed on the basic nonlinear state, as well as those for nonprobabilistic treatment of 
uncertainty are posed. Special considerations associated with interval arithmetic and convex models of 
uncertainty are elucidated. Each section is concluded with open problems, awaiting for their resolution by the 
combined efforts of mathematicians and engineers. 
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Louis, MO 63121, U.S.A), “Thermal bending of shear-deformable orthotropic cylindrical shells reinforced by 
cylindrically-orthotropic rings”, International Journal of Solids and Structures, Vol. 28, No. 7, 1991, pp. 819-
830, doi:10.1016/0020-7683(91)90002-W 
ABSTRACT: Bending of shear-deformable orthotropic cylindrical shells, reinforced by ring stiffeners, 
manufactured from a cylindrically-orthotropic material, in a steady-state thermal field, is considered. The 
difference between the temperatures outside and inside the shell remains constant. The material properties of the 
shell and the stiffeners can depend on the temperature. Closed-form solutions are obtained in a number of 
important particular cases. Numerical examples illustrate that even moderate differences between the external 
and internal temperatures can result in significant stresses and deformations of the shell. 
 
 
Birman V and  Simitses GJ. Dynamic stability of long cylindrical sandwich shells and panels subject to 
periodic-in-time lateral pressure. J Compos Mater 2004;38:591–607. DOI: 10.1177/0021998304042399  
ABSTRACT: The paper presents an analysis of dynamic stability of long cylindrical sandwich shells and 
shallow panels subject to a uniform periodic lateral pressure. The solution is obtained using the Sanders shell 
theory by assumption that the shell or panel remains in the state of plane strain during both steady-state and 
perturbed motion. The steady-state motion of a shell is axisymmetric, while perturbed vibrations superimposed 
on the steady response are asymmetric. The analysis of perturbed motion is reduced to specifying the conditions 
of stability of the Mathieu equation. Subsequently, the criteria of dynamic stability and the boundaries of the 
regions of unstable motion in the pressure amplitude–pressure frequency plane are immediately available. A 
shallow panel subjected to hydrodynamic pressure experiences forced vibrations. However, these vibrations can 
become unstable. Dynamic stability of such vibrations is investigated through the solution of the linearized 
equations for perturbed motion. It is shown that these equations can be reduced to a system of Mathieu 
equations  
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Victor Birman and Larry W. Byrd, “Modeling and analysis of functionally graded materials and structures”, 
Applied Mechanics Reviews, Vol. 60, No. 5, pp 195-216, September 2007, doi:10.1115/1.2777164 
ABSTRACT: This paper presents a review of the principal developments in functionally graded materials 
(FGMs) with an emphasis on the recent work published since 2000. Diverse areas relevant to various aspects of 
theory and applications of FGM are reflected in this paper. They include homogenization of particulate FGM, 
heat transfer issues, stress, stability and dynamic analyses, testing, manufacturing and design, applications, and 
fracture. The critical areas where further research is needed for a successful implementation of FGM in design 
are outlined in the conclusions. 
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“Stability and natural frequencies of functionally graded stringer-reinforced panels”, Composites Part B: 
Engineering, Vol. 39, No. 5, July 2008, pp. 816-825, doi:10.1016/j.compositesb.2007.10.009 
ABSTRACT: The paper presents an analysis of stability and free vibrations of rectangular functionally graded 
panels reinforced by a system of parallel stringers. The exact solution of the problem is illustrated for large 
aspect ratio panels with simply supported long edges and arbitrary boundary conditions along the short edges 
(hereafter the reference to an “exact solution” implies a closed-form solution in the content of the theory of 
plates). The spacing between the stringers and the cross sections of individual stringers can be arbitrary. In the 
particular case where identical stringers are equally spaced, the solution is simplified using the smeared 
stiffeners technique. The optimization problem concerned with the choice of stringers and their spacing in the 
situations where the buckling loads or fundamental frequencies are prescribed is also considered. The closed-
form solution of the optimization problem is shown in the case of blade stringers. 
 
 
Birman, V. (Missouri University of Science and Technology, Engineering Education Center, St. Louis, MO, 
USA), 2010. Plates and Shells. Encyclopedia of Aerospace Engineering, doi: 10.1002/9780470686652.eae141, 
J Wiley 
ABSTRACT: The chapter outlines the foundations of the theory of plates and shells. The general approach 
employed in all versions of the relevant theories leads to particular cases including the classical (technical) 
theory of isotropic and composite plates and shells. Examples of solutions of linear bending and buckling 
problems are illustrated. The effect of large nonlinear deformations on the response of plates and shells is 
reviewed. The analysis of stiffened plates and shells is discussed, including the method modeling discrete 
reinforcements and the smeared stiffeners technique applicable to closely spaced identical stringers. It is shown 
that openings and cut-outs influence the behavior and strength of plates and shells, both locally through the 
stress concentration as well as globally through their effect on the stiffness. The concepts of composite and 



sandwich plates and shells are elucidated, providing insight on the peculiarities of mechanics of these structures. 
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“The torsional buckling of a cruciform column under compressive load with a vertex plasticity model”, 
International Journal of Solids and Structures, Vol. 48, No. 1, January 2011, pp. 1-11, 
doi:10.1016/j.ijsolstr.2010.08.017 
ABSTRACT: The torsional buckling of a plastically deforming cruciform column under compressive load is 
investigated. The problem is solved analytically based on the von Kármán shallow shell theory and the virtual 
work principle. Solutions found in the literature are extended for path-dependent incremental behaviour as 
typically found in the presence of the vertex effect that is present in metallic polycrystals. At the critical load for 
buckling the direction of straining changes by an additional shear component. It is shown that the incremental 
elastic–plastic moduli are spatially nonuniform for such situations, contrary to the classical J2 flow and 
deformation theories. The critical shear modulus that governs the buckling equation is obtained as a weighted 
average of the incremental elastic–plastic moduli over the cross-section of the cruciform. Using a plasticity 
model proposed by the authors, that includes the vertex effect, the buckling-critical load is computed for a 
aluminium column both with the analytical model and a FEM-based eigenvalue buckling analysis. The stable 
post-buckling path is determined by the energy criterion of path-stability. A comparison with the experimentally 
obtained classical results by Gerard and Becker (1957) shows good agreement without relying on artificial 
imperfections as necessary in the classical J2 flow theory. 
References listed at the end of the paper: 
Abaqus, Inc., 2005. ABAQUS, Version 6.5. � 
Bardi, F., Kyriakides, S., Yun, H., 2006. Plastic buckling of circular tubes under axial compression – Part II: analysis. Int. J. Mech. 
Sci. 48, 842–854. � 
Batdorf, S., 1949. Theories of plastic buckling. J. Aeronaut. Sci. 16, 405–408.  
Batdorf, S., Budiansky, B., 1949. A Mathematical Theory of Plasticity Based on the Concept of Slip. NACA Technical Note 1871, 
NACA, Washington.  
Bazˇant, Z., Cedolin, L., 1991. Stability of Structures: Elastic, Inelastic, Fracture and Damage Theories. Oxford University Press, 
Oxford.  
Bertram, A., 1999. An alternative approach to finite plasticity based on material isomorphisms. Int. J. Plast. 15, 353–374.  
Bertram, A., 2008. Elasticity and Plasticity of Large Deformations – An Introduction, second ed. Springer, Berlin Heidelberg.  
Blachut, J., Galletly, G., James, S., 1996. On the plastic buckling paradox for cylindrical shells. Proceedings of the Institution of 
Mechanical Engineers Part c – Journal of Mechanical Engineering Science 210 (5), 477–488.  
Borsch, S., Schurig, M., 2008. Regularisation of the schmid law in crystal plasticity. In: Bertram, A., Tomas, J. (Eds.), Micro–Macro-
Interactions in Structured Media and Particle Systems. Springer, Berlin.  
Bushnell, D., 1982. Plastic buckling of various shells. ASME J. Press. Vessel Technol. 104, 51.  
Caner, F., Bazˇant, Z.P., Cˇervenka, J., 2002. Vertex effect in strain-softening concrete at rotating principal axes. J. Eng. Mech. 128, 
24–33.  
Christoffersen, J., Hutchinson, J., 1979. A class of phenomenological corner theories of plasticity. J. Mech. Phys. Solids 27, 465–487.  
Cimetire, A., Lger, A., Potier-Ferry, M., 2004. Sur le flambage plastique de l’prouvette cruciforme. C. R. Mec. 332 (1), 67–72.  
Corona, E., Lee, L.-H., Kyriakides, S., 2006. Yield anisotropy effects on buckling of circular tubes under bending. Int. J. Solids Struct. 
43, 7099–7118.  
Fedelich, B., Ehrlacher, A., 1997. An analysis of stability of equilibrium and of quasi-static evolution on the basis of the dissipation 
function. Eur. J. Mech. A/Solids 16, 833–855.  
Gerard, G., Becker, H., 1957. Handbook of Structural Stability – Part I – Buckling of Flat Plates. NACA Technical Note 3781, 
National Advisory Commitee for Aeronautics, Washington.  
Gotoh, M., 1985. A class of plastic constitutive equations with vertex effect – I. General theory. Int. J. Solids Struct. 21, 1101–1116.  
Goya, M., Ito, K., 1991. An expression of elastic–plastic constitutive law incorporating vertex formation and kinematic hardening. 
ASME J. Appl. Mech. 58, 617–622.  
Hill, R., 1958. A general theory of uniqueness and stability in elastic–plastic solids. J. Mech. Phys. Solids 6, 236–249.  
Hutchinson, J., 1974. Plastic buckling. Adv. Appl. Mech. 14, 67–144. � 
Hutchinson, J., Budiansky, B., 1976. Analytical and numerical study of the effects of initial imperfections on the inelastic buckling of 
a cruciform column. In: Budiansky, B. (Ed.), Proceedings of IUTAM Symposium on Buckling of Structures. Springer, pp. 98–105. � 
Hutchinson, J., Tvergaard, V., 1980. Shear band formation in plane strain. Int. J. Mech. Sci. 22, 339. � 
Nguyen, Q.S., 2000. Stability and Nonlinear Solid Mechanics. John Wiley & Sons, Chichester. � 
Onat, E., Drucker, D., 1953. Inelastic Instability and Incremental Theories of Plasticity. J. Aeronaut. Sci. 20 (3), 181-186. � 
Papadopoulos, P., Lu, J., 1998. A general framework for the numerical solution of problems in finite elasto-plasticity. Comp. Meth. 



Appl. Mech. Eng. 159, 1–8. � 
Petryk, H., 1991. The energy criteria of instability in time-independent inelastic solids. Arch. Mech. 43, 519–545. � 
Petryk, H., 2000. Theory of material instability in incrementally nonlinear plasticity. In: Material instability in elastic and plastic 
solids. In: Petryk, H. (Ed.), . CISM Courses and Lectures, 414. Springer, Wien, New York. � 
Rubin, M.B., Bodner, S.R., 1995. An incremental elastic–viscoplastic theory indicating a reduced modulus for non-proportional 
buckling. Int. J. Solids Struct. 32 (20), 2967–2987. 
�Sanders Jr., J., 1954. Plastic stress–strain relations based on linear loading functions. In: Proceedings of Second US National Congress 
on Applied Mechanics. pp. 455–460. � 
Schurig, M., 2006. The Vertex Effect in Polycrystalline Materials. Ph.D. thesis, Otto-von-Guericke-Universität Magdeburg. � 
Schurig, M., Bertram, A., submitted for publication. A material model for the vertex effect in polycrystal plasticity based on a 
modified plastic potential. IJSS, submitted for publication. � 
Schurig, M., Bertram, A., Petryk, H., 2007. Micromechanical analysis of the development of a yield vertex in polycrystal plasticity. 
Acta Mech. 194, 141–158.  
Stören, S., Rice, J., 1975. Localized necking in thin sheets. J. Mech. Phys. Solids 23, 421–441. � 
Stowell, E., 1948. A Unified Theory of Plastic Buckling of Columns and Plates. NACA Technical Note 1556, NACA, Washington. � 
Stowell, E., 1951. Compressive Strength of Flanges. NACA Technical Note 1029, NACA, Washington. � 
Takahashi, H., Ito, K., Goya, M., 1990. Directional dependence of plastic strain-rate vector on stress-rate vector: Numerical 
experiments based on the lin’s polycrystal model. Int. J. Plast. 6, 615–632. � 
Tugcu, P., 1991. Plate buckling in the plastic range. Int. J. Mech. Sci. 33 (1), 1–11.  
Wang, C., Xiang, Y., Chakrabarty, J., 2001. Elastic/plastic buckling of thick plates. Int. J. Solids Struct. 38 (48–49), 8617–8640.  
<www.python.org>, 2005. Python programming language.  
 
 
 
M. Paley and J. Aboudi (Department of Solid Mechanics, Materials and Structures, Faculty of Engineering, Tel-
Aviv University, Ramat-Aviv, Tel-Aviv 69978, Israel), “Plastic buckling of metal matrix laminated plates”, 
International Journal of Solids and Structures, Vol. 28, No. 9, 1991, pp. 1139-1154,  
doi:10.1016/0020-7683(91)90108-R 
ABSTRACT: A method is proposed for the determination of plastic bifurcation buckling load of metal matrix 
composite plates. The metallic matrix behavior is described by an elastic-viscoplastic constitutive law, while the 
fibers are assumed to be either elastic or elastic-viscoplastic material. The approach is based on the load level 
and history dependent instantaneous effective properties of the inelastic plate, which are established by a 
micromechanical analysis. An incremental procedure is developed in which a buckling condition has to be 
established and its fulfilment must be checked at each increment. The method is applied for the prediction of the 
plastic buckling of boron/aluminum composite plates in various situations, by employing the classical and 
higher order shear deformation plate theories. 
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ABSTRACT: The postbuckling behavior of viscoelastic composite laminated plates is considered. The 
viscoelastic behavior of the single ply is characterized by a micro-mechanical theory, in conjunction with the 
properties of the fibers and viscoelastic resin matrix. Higher-order shear-deformation theory is employed to 
study the post-buckling phenomenon. The resulting viscoelastic effects are shown, and comparison with lower 
order theories is presented. 
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ABSTRACT: The plastic bifurcation buckling loads of ARALL (aramid aluminum laminate) plates are 
predicted. The plastic behavior of the plate is caused by the significant plasticity effects of the aluminum strips. 
The critical load level at which the ARALL plate loses its stability is determined from the material properties of 
the elastoplastic aluminum alloy strips and the elastic unidirectional aramid/epoxy composite layers, in 
conjunction with their geometric characteristics. 
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imperfection sensitivity of viscoplastic plates and cylindrical panels”, Thin-Walled Structures, Vol. 17, No. 4, 
1993, pp. 273-290, doi:10.1016/0263-8231(93)90007-W 
ABSTRACT: The postbuckling behaviour of elastic-viscoplastic rectangular plates and cylindrical panels is 
analysed. The rate-dependent inelastic material behaviour is modelled by a unified theory of viscoplasticity. 
Initial geometrical imperfections of the inelastic structure are included and their effect on the postbuckling 
behaviour is investigated. The analysis relies on an incremental approach in which at each loading increment 
the Galerkin method is employed. Results are presented for a plate made of an elastic-viscoplastic material and 
subjected to a uniaxial compression, applied at a constant strain rate on both edges. The results display the 
applied loading against the out-of-plane displacement, and the effects of loading rate and imperfection 
sensitivity. It turns out that there is a significant difference between the postbuckling behaviour of a plate in the 
two cases: (1) when the bifurcation buckling of a geometrically perfect plate occurs in the elastic region, and (2) 
when it occurs after a plastic flow takes place. 
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ABSTRACT: The postbuckling behaviour of metal matrix composite (MMC) laminated cylindrical panels 
under quasistatic in-plane loading is investigated. A micro-to-macro analysis is used to obtain the response of 
the composite structure. The micromechanical analysis allows us to establish the overall instantaneous elastic-
viscoplastic behaviour of the MMC composite at each load increment. The macromechanical analysis provides 
the response of the geometrically imperfect cylindrical panel to the applied external loading. Results are 
presented for unidirectional and antisymmetric angle-ply SiC/Ti composite panels, subjected to uniaxial 
compressive loadings. The effects of the panel curvature, initial imperfections and rate of loading on the 
postbuckling response are illustrated. Comparisons with the response of the corresponding perfectly elastic 
panels are shown. 
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composite structures”, Composite Structures, Vol. 32, Nos. 1-4, 1995, pp.81-88, Special Issue: Eighth 
International Conference on Composite Structures, doi:10.1016/0263-8223(95)00021-6 
ABSTRACT: A micromechanical approach is combined with a structural analysis in order to investigate the 
time-dependent response and dynamic buckling of structures composed of nonlinear polymeric matrices (e.g. 
epoxy) reinforced by elastic fibres. The composite structures considered herein are either plates or cylindrical 
shells both of which are under cylindrical bending conditions. Results are given which illustrate the effect of 
nonlinear behaviour on the dynamic response of the composite structure. 
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elastic-plastic buckling analysis of plates under nonproportional planar loading”, Computers & Structures, Vol. 
22, No. 2, 1986, pp. 131-149, doi:10.1016/0045-7949(86)90060-X 
ABSTRACT: Deformation theories are known to give solutions similar to flow theory for proportional loading 
where the components of the stress tensor at all points grow proportionally. However, if buckling is involved, 
deformation theories generally give better agreement with experiments. In this study, a deformation theory has 
been successfully employed for the elastic-plastic buckling analysis of plates under nonproportional external 
loading and nonproportional stresses. Loading, unloading, and reloading situations have been conveniently 
considered via conducting multistage analysis after casting the constitutive relations of a deformation theory in 



an incremental form. In order to achieve an economical solution the modified Newton-Raphson method has 
been generally used when the structure is loading (or reloading) everywhere while the initial stress method has 
been employed if unloading due to changes in the external loads takes place. The procedure has been applied in 
several cases and displayed accuracy and reliability. Three comparisons with experiments are shown to 
demonstrate the applicability of the integrated procedure. 
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laminated composite shells: A physical approach”, International Journal of Solids and Structures, Vol.  27, 
No.12, 1991, pp. 1575-1595, doi:10.1016/0020-7683(91)90078-T 
ABSTRACT: Optimization of the axial buckling load of composite, cylindrical shells through a judicious 
choice of laminate configuration is often associated with increased imperfection sensitivity. Current approaches 
of combining postbuckling theory with an optimization program demand highly sophisticated analytical and 
computational methods, yet are insufficient to provide a rational theme that can be used to derive general design 
guidelines. The present paper is an attempt to explore the subject matter via a different avenue, such that various 
nonlinear effects may be understood in physical terms which require relatively little in the way of advanced 
mathematics and computation. The paper proposes to study the problem using a simple, but intuitively 
appealing, reduced stiffness analysis of cylinder buckling which recognizes the physical characteristics present 
in advanced postbuckling and uses them in an equivalent linear, eigenvalue analysis. This investigation 
highlights the specific relationship between laminate stillness parameters, efficiency of buckling resistance and 
imperfection sensitivity in postbuckling deformation. It is observed that the criteria lor optimality and reduced 
imperfection sensitivity are often opposed to each other. The reduced buckling load appears to be a useful 
indicator for evaluating qualitatively the relative imperfection sensitivity of various nearly optimal laminated 
shell designs which would be of great interest to designers. Another interesting feature is the analytical study in 
terms of bounded generic orthotropic constants which furnishes a general theme on the issue. A comprehensive 
discussion on the theoretical foundation of the reduced stiffness approach and other similar approximate 
methods is provided. It has been shown throughout this paper that the proposed physical approach successfully 
and consistently explains most of the observations reported in the literature which were based on nonlinear 
postbuckling analyses. 
 
 
M.D. Pandey and A.N. Sherbourne (Department of Civil Engineering, University of Waterloo, Waterloo, 
Ontario, Canada N2L 3G1), “Postbuckling behaviour of optimized rectangular composite laminates”, 
Composite Structures, Vol. 23, No. 1, 1993, pp. 27-38, doi:10.1016/0263-8223(93)90071-W 
ABSTRACT: In the literature, the linear buckling load of rectangular plate elements is maximized by 
optimizing fibre orientation and thickness in a preselected lamination sequence. The paper considers the effects 
of laminate optimization on the postbuckling behaviour of biaxially compressed, specially orthotropic laminates 
and suggests modifications of the lamination parameters to improve postbuckling performance. Postbuckling 
studies, in general, involve the formal derivation of nonlinear equilibrium paths using, say, the methods of 
Galerkin, finite element, etc. In contrast, a simpler but effective method is proposed whereby the initial 
postbuckling stiffness, defined by the slope of the postbuckling load-end shortening relation at bifurcation, is 
adopted as a qualitative index characterizing postcritical behaviour. An explicit solution is described for simply 
supported plates. It is established that the postbuckling stiffness and linear buckling load are governed by 
completely different functions: the former depends exclusively on inplane (membrane) stiffness while the latter 
is a function of bending stiffness only. It has been suggested that unfavourable postbuckling performance 
usually follows optimization of the buckling load. A detailed parametric study substantiates this proposition by 
illustrating that laminates, optimal in linear buckling, do exhibit inferior postbuckling characteristics due to 
reduced stiffness. Improved laminate designs are suggested that exhibit superior performance in both pre- and 
postbuckling. 
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“Geometrically nonlinear analysis of general thin shells using a curvilinear finite difference (CFD) energy 
approach”, Computers & Structures, Vol. 20, No. 4, 1985, pp. 683-697, doi:10.1016/0045-7949(85)90029-X 
ABSTRACT: In this paper, a description of how the curvilinear finite difference (CFD) energy method can be 
applied to the geometrically nonlinear analysis of general thin shells of arbitrary geometry will be given. The 
main features of the present finite difference formulation are its ability to implement the most general nonlinear 
strain-displacement relationship that is valid for any arbitrarily large finite deformation and out-of-plane 
rotation, its ability to model any kind of shell geometry and its capability to work on irregular computational 
meshes. A series of numerical examples are also included to verify the computer programming work developed 
here in this work. 
 
 
Raymond Moon Keung Kwok (University of Surrey), “Mechanics of damaged thin-walled cylindrical shells”, 
Ph.D dissertation, Dept. of Mechanical Engineering, University of Surrey, September 1991 
ABSTRACT: Damage to the thin-walled cylindrical shells is addressed in this dissertation with reference to the 
possible collision of supply ships with the main legs of fixed or floating types of offshore platforms. Towards 
this end experimental and analytical investigation are carried out to give insight to the mechanics of the cylinder 
to withstand the impact force induced during the collision. The subsequent residual load carrying strength and 
the fatigue integrity of the damaged shell when subjected to external loading are also considered. 
The research investigation presented is divided into three phases. Firstly, localized damage are introduced to 
some of the test models, mostly through a knife edge indenter representing an idealized side-edge impact of a 
ship. A theoretical formulation based on a rigid plastic mechanism approach has been developed which provide 
a close correlation with the observed relationship between the residual dent depth and the corresponding impact 
load, from the tests on the unstiffened models. The application of this method to ring-stiffened models is also 
examined. Numerical simulation of the denting test, by using finite element method, are also carried out by 
using a commercial finite element programme. 
Some of the dented models are subsequently tested under combinations of axial loading and external pressure 
for the investigation of the collapse behavior of the damaged shells. Undamaged shells are also tested in order 
to complement the experimental observations by providing a basis of comparison for the damage induced 
strength reduction. Numerical analysis of the intact model are performed with the incorporation of the initial 
imperfection in the test models. For the damaged shells, the effect of residual stresses due to denting is also 
examined. Together with the experimental observations, the effect of the localized damage in the load carrying 
capacity of cylindrical shells has been examined. 
The final phase of the investigation examines the likelihood of fatigue cracking when the damaged cylinders are 
subjected to cyclic loading. Experiments are carried out on damaged shells, retrieved from the denting tests. 
Based on the correlation of strain-gauge data obtained during the test and the results from numerical analysis, 
the major factors responsible for the fatigue crackings on the test models have been identified. 
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shallow shells by the differential quadrature method”, Computer Methods in Applied Mechanics and 
Engineering, Vol. 196, Nos. 17-20, March 2007, pp. 2242-2251, doi:10.1016/j.cma.2006.11.009 
ABSTRACT: The geometric nonlinear buckling problem of a thin doubly curved shallow shell with all edges 
hinged is complicated and difficult to obtain an exact analytical solution. Thus, differential equations are solved 
incrementally by using the differential quadrature method in this paper. Detailed formulations are worked out. 
Convergence study is performed. Several examples with various material properties, curvatures and dimensions 
are investigated. Comparisons are made with existing semi-analytical data or finite element data. It is shown 
that the critical loads are lower than the data obtained by either so-called Adjacent Equilibrium Method or 
Partitioned Solution Method. The possible reasons to cause the difference are discussed. 
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University, New York, NY, 10027, U.S.A), “Nonlinear Response of Cylindrical Shells to Random Excitation”, 
Nonlinear Dynamics, Vol. 20, No. 1, 1999, pp. 33-53, doi: 10.1023/A:1008398007849 
ABSTRACT: An analytical study of nonlinear flexural vibrations of cylindrical shells to random excitation is 
presented. Donnell''s thin-shell theory is used to develop the governing equations of motion. Thermal effects for 
a uniform temperature rise through the shell thickness are included in the formulation. A Monte Carlo 
simulation technique of stationary random processes, multi-mode Galerkin-like approach and numerical 
integration procedures are used to develop nonlinear response solutions of simply-supported cylindrical shells. 
Numerical results include time domain response histories, root-mean-square values and histograms of 
probability density. Comparison of Monte Carlo results is made to those obtained by statistical linearization and 
the Fokker–Planck equation. 
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ABSTRACT: The paper presents the creep-stability analysis of viscoelastic cylindrical shells under axial 
compression. The mechanical properties of the material are described by the constitutive equations of the linear 
viscoelastic theory in terms of convolution integral operators. The approximate analytical solution to the 
problem is obtained by means of a modification of the quasi-elastic method. As a result, the instability condition 
for the shell is formulated. It is shown that for viscoelastic materials with limited creep, there is a safe load limit 
below which the structure is asymptotically stable. Any load above the safe load limit leads to buckling at the 
corresponding critical time. 
 
 
N. Tutuncu and S.J. Winckler (Mechanical Engineering Aeronautical Engineering and Mechanics Rensselaer 
Polytechnic Institute Troy, NY 12180), “Stresses and Deformations in Thick-Walled Cylinders Subjected to 
Combined Loading and a Temperature Gradient”, Journal of Reinforced Plastics and Composites, February 
1993, vol. 12, no. 2, pp. 198-209, doi: 10.1177/073168449301200206 
ABSTRACT: Stresses and deformations in composite cylindrical tubes as a result of combined loading (internal 
and external pressure, axial load, applied torque) and a tem perature gradient through the wall thickness are 
studied. The composite tubes studied are, in general, long thick-walled cylinders made of arbitrarily oriented—
with respect to the tube axis—orthotropic plies. A displacement-based linear elasticity solution is used in the 
analysis. Classical Laminated Plate Theory (CLPT), which assumes the composite lami nate to be in a state of 
plane stress, does not predict any stresses in the thickness direction; however, in thick-walled tubes, through-
the-thickness stresses may not always be negligi ble. The elasticity solution has shown that, under internal 
pressure only, in angle-ply and single-ply tubes, the resulting radial stress is virtually independent of the ply 
fiber orienta tion. In cross-ply tubes, these stresses show significant differences. In the case of a uni form 
temperature change only, the nonlinear distribution of the radial stress changes substantially depending on the 
ply fiber orientation. Another difference between the CLPT and Elasticity Theory for the analysis of cylindrical 
tubes is found in predicting the maxi mum twist rate of the cylinder with unbalanced wall laminate. Elasticity 
Theory has shown that for thick-walled, single-ply cylinders subjected to a uniform temperature change, the 
maximum twist rate occurs at the ply orientation angle greater than 45° , de pending on the wall thickness and 
the mean radius of the cylinder, as opposed to 45° as predicted by the CLPT. The twist rate in thin-walled tubes 
subjected to internal pressure only is found to be much greater than in thick-walled tubes, due to the presence of 
large radial and hoop stresses in thick walls. In multi-layer cylinders, jumps in hoop and axial stresses have 
been observed at ply interfaces. Their magnitudes are shown to depend upon the angles of fiber orientation. 
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ABSTRACT: The literature pertaining to the collapse of thick wall pipes in deep water is evaluated. The subject 
matter is categorized by type of loading: (1) pure external pressure, (2) pressure plus tension, and (3) pressure 
plus bending. The study focuses on the buckling or yield type of failure rather than fracture; and with well 
casing as well as conventional high strength line pipe. The failure theories are discussed and summarized; and 
the data and theories are compared. It is found that elastic stability should be based on mean diameter. Although 
not sensitive to elastic imperfections, plasticity effects especially prevalent in thick wall pipe are recognized as 
a cause of substantial imperfection sensitivity with respect to initial ovality. The abundance of data for oil well 
casing is found to contrast sharply with the lack of data for line pipe. Tension plus pressure appears to be 
amenable to a tangent modulus approach. Bending plus pressure is found to be the least well documented both 
in terms of theory and testing. 
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ABSTRACT: Finite element analyses of the collapse behaviour for long, relatively thick-walled metal tubes are 
presented under combined external pressure, tension and bending loads. The effects of initial ovality, residual 
stress, strain-hardening, yield anisotropy and load paths have been accounted for in the analyses. The analysis 
procedure has been validated using experimental results. Collapse envelopes for thick tubes under combined 
external pressure, tension and bending loads are presented in the form of pressure-moment-tension interaction, 
pressure-tension-curvature interaction and pressure-axial strain-curvature interaction. Factors affecting collapse 
envelopes are identified by means of parametric studies. Interaction equations to predict collapse envelopes are 
proposed based on the present finite element analyses considering major factors. The interaction equations are 
verified against finite element results and good agreement has been achieved for tubes with various geometric 
and material parameters and initial imperfections. 
 
 
Leone Corradi, Antonio Cammi and Lelio Luzzi (Dept. of Energy, Politecnico di Milano, Italy), “Collapse 
behavior of moderately thick tubes pressurized from outside”, Chapter 14 in Nuclear Power – Control, 
Reliability and Human Factors (publisher and date not given in the pdf file, 2011?; Latest citation is 2011) 
PARTIAL INTRODUCTION: This study originated from a specific problem that arose in conjunction with the 
IRIS (International Reactor Innovative and Secure) project (Carelli et al., 2004; Carelli, 2009). IRIS adopts an 
integrated primary system reactor (IPSR) configuration with all the primary loop components of a classical 
Pressurized Water Reactor (PWR) contained inside the vessel (Fig. 1). Among the reactor core internals are the 
steam generator (SG) units (Cinotti et al., 2002) with the primary fluid flowing outside the tube bundles and 
subjecting them to significant external pressure. In this situation buckling affects the tube collapse modality and 
codes become extremely conservative, to the point that up to five years ago design procedures based on the 
ASME Boiler & Pressure Vessel code (Section III) required an external diameter to thickness ratio (D/t) less 
than 8.5, leading to an increased thermal resistance in the heat exchange process between primary and 
secondary fluids, with detrimental consequences on the dimensioning of the heat transfer surface. A reduction 
in the tube thickness would allow the reduction of the overall heat transfer surface needed to exchange the same 
amount of power, with consequent saving on tube lengths and/or number of tubes. On the other hand, if the 
design of the steam generator units is not modified, an increase in the exchanged thermal power and a 
consequent up rating of the reactor can be obtained. Besides IRIS, other recent proposals for next generation 
power plants based on PWR technology consider an IPSR design (Ingersoll, 2009; Karahan, 2010; Ninokata, 
2006). Such integrated design is particularly suitable for small sized units, i.e., reactors with a power less than 
300 MWe following the IAEA’s definition (IAEA, 2007). A significant number of small sized PWR IPSRs is 
currently under development (e.g., RITM-200, ABV, CAREM, SMART, MRX, NHR-200, Westinghouse 
SMR, mPower, NuScale, see http://www.world-nuclear.org/info/inf33.html). Packing all the PWR primary 
components into the reactor pressure vessel (RPV) (Fig. 2) offers several advantages (Ingersoll, 2009): (i) all 
large coolant pipes are eliminated (only small feed water and steam outlet pipes penetrate the vessel wall); (ii) 



the total inventory of primary coolant is much larger than for an external loop PWR (this feature increases the 
heat capacity and thermal inertia of the system and hence yields a much slower response to core heat-up 
transients); (iii) typically the heat exchangers are placed above the core creating a relatively tall system that 
facilitates more effective natural circulation of the primary coolant in the case of a coolant pump failure; (iv) the 
vessel accommodates a relatively large pressurizer volume that provides better control . . . 
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Arve Bjorset (Department of Structural Engineering, Faculty of Civil and Environmental Engineering, The 
Norwegian University of Science and Technology, N-7491 Trondheim, Norway), “Capacity assessment of 
titanium pipes subjected to bending and external pressure”, (no publisher given), March 2000 (dissertation?) 
ABSTRACT: Exploration for oil and gas is moving towards deeper waters. Steel has been the most common 
riser material. Related to deep water concepts titanium has become an alternative to steel for these applications. 
Several codes exist today for predicting collapse loads for marine pipes. However, the capacity formulas are 
developed for steel. If the formulas are applied directly to titanium several parameter uncertainties will be 
unknown. Ideally, extensive model testing of titanium pipes is required. This thesis discusses and investigates 
utilisation of experimental material test data and a supplementary numerical approach based on finite element 



analysis. The relationship between material model parameters as input to the analysis and the collapse capacity 
is investigated by performing a series of nonlinear FEM analyses. Statistical models for the input material 
model parameters are established based on tests on small specimens cut from titanium pipes. These models are 
subsequently combined with results from the FEM analyses by application of response surface methods. As 
output from the analysis, the probability distributions of the pipe capacity with respect to local 
buckling/collapse are obtained. Finally, the data from the nonlinear finite element analyses are compared to a 
relevant design code. Suggestions for a possible basis for design formulas to check for the local collapse 
capacity of deep water titanium risers are provided. 
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Yoshiaki Goto (Department of Civil Engineering, Nagoya Institute of Technology, Gokiso-cho, Showa-ku, 
Nagoya 466, Japan), “Analysis of localization of plastic buckling patterns under cyclic loading”, Engineering 
Structures, Vol. 20, Nos. 4-6, April-June 1998, pp. 413-424, Special Issue: Innovations in Stability Concepts 
and Methods for Seismic Design in Structural Steel, doi:10.1016/S0141-0296(97)87935-7 
ABSTRACT: It has been observed in experiments that the localization of plastic buckling patterns has a large 
influence on the strength deterioration of steel structures under cyclic loading. In this study the theoretical 
aspects of this cyclic localization phenomenon were investigated. The localization behavior is caused by a 
plastic bifurcation on the decreasing equilibrium path subsequent to the maximum load point. Thus, we first 
show a precise numerical method based on the finite element method for analysis of the plastic bifurcation. 
Then, using this method, we examine the localization behavior of cylindrical shells and plates under cyclic 
loading. Specifically, we investigate the effect of structural parameters and that of constitutive models on the 
strength deterioration. 
 
 
Boutros, Tony (Department of Mechanical Engineering, University of Ottawa), “Buckling of broad, anchored, 
cylindrical liquid-storage tanks subjected to horizontal ground motion”, M.A.Sc Thesis, 1997, 
http://hdl.handle.net/10393/4375 
ABSTRACT: The study of the seismic response of broad, anchored, cylindrical liquid-storage tanks has large 
practical significance because these structures are used in many critical engineering applications (petroleum 
industries, nuclear power stations, municipal water supply systems, wine industries ...). The performance of 
such tanks during recent earthquakes and in experiments has indicated that the existing codes for designing 
tanks are in need of improvement. Due to the complexity of the dynamic analysis, several researchers have used 
a static approach to predict the dynamic buckling load. It has been demonstrated that such a static analysis 
yields useful information. On the basis of this finding, an approximate analytical method is developed to study 
the buckling of broad, anchored, cylindrical liquid-storage tanks subjected to horizontal ground motion. The 
solution is based on the linearized Donnell's shell stability equations and Galerkin's approach. The smallest 
buckling load (or the critical load factor) is calculated using the inverse iteration method. Theoretical results are 
then determined for two cases of broad tanks presented as examples. The validity of the findings of the present 
work is checked through comparison with results obtained by the numerical Finite Element Method (FEM). 
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“Seismic response and fragility analysis of a water storage structure”, Nuclear Engineering and Design, 
Vol.235, No. 14, June 2005, pp. 1481-1501, doi:10.1016/j.nucengdes.2005.02.002 
ABSTRACT: Stress analysis of a water storage structure has been carried out for static and seismic loading. 
Based on the stress analyses results, assessment of most likely failure modes for the structure caused by seismic 
event has been carried out. An attempt has been made to quantify the initial leakage rate and average emptying 
time for the structure during seismic event after evaluating the various crack parameters, viz., crack-width and 
crack-spacing at the locations of interest. Finally, the seismic fragility of the structure is developed as families 
of conditional probability curves plotted against peak ground acceleration (PGA) parameter at the location of 
interest considering the randomness and uncertainty associated with various parameters that could affect the 



seismic structural response. 
 
 
Yun Tian-quan, “Asymmetric dynamic instability of axisymmetric polar dimpling of thin shallow spherical 
shells”, Applied Mathematics and Mechanics, Vol. 10, No. 9, September 1989, pp. 797-804,  
doi: 10.1007/BF02013747 
ABSTRACT: If the parameter epsiv2, which measures the thickness-to-rise of the shell, is small, the 
axisymmetric polar dimpling of shallow spherical shell due to quadratic pressure distribution is dynamic 
instability, i.e., a small perturbation can change it to an asymmetric polar dimple mode. In two cases, the 
problem can be reduced to an eigenvalue problem Twn=cn wn, where T can approximately be reduced to a 
Sturm-Liouville operator if epsiv2Lt1. The existence of at least one real eigenvalue of T, which means that the 
axisymmetric polar dimpling is dynamically unstable, is proved by spectral theorem or Hilbert theorem. 
Furthermore, an eigenfunction, which represents one of the asymmetric modes of the unstable dimple shell, 
belonging to an eigenvalue of T is found. 
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Masato Sekishiro and Akira Todoroki (Department of Mechanical Sciences and Engineering, O-okayama, 
Meguro, Tokyo Institute of Technology, Tokyo 152-8552, Japan), “Extended fractal branch and bound method 
for optimization of multiple stacking sequences of stiffened composite panel”, : Advanced Composite 
Materials, Vol. 15, No. 3, 2006 , pp. 341-356(16), doi: 10.1163/156855106778392098 
ABSTRACT: Stiffened composite panels are often used as structural components in aircraft in order to avoid 
buckling. It is well known that stacking sequence optimizations are indispensable for laminated composite 
structures. Stiffened composite panels usually have more than two stacking sequences because they consist of a 
panel skin laminate and stiffener laminates. This means that the stacking sequences need to be jointly optimized 
to achieve structural optimization of the stiffened composite panel. The authors have proposed a new stacking 
sequence optimization method, called the fractal branch and bound method, for optimizing a single laminate. In 
the present study, the fractal branch and bound method is extended to optimizing multiple stacking sequences. 
The extended method is applied for obtaining two optimal stacking sequences for the maximization of the 
buckling load of a hat-stiffened composite panel. The improved method successfully provides two optimal 
stacking sequences determined in a short period of time. 
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“Stacking-sequence optimization using fractal branch-and-bound method for unsymmetrical laminates”, 
Composite Structures, Vol. 78, No. 4, June 2007, pp. 537-550, doi:10.1016/j.compstruct.2005.11.015 
ABSTRACT: The fractal branch-and-bound method has been developed by the authors for stacking-sequence 



optimizations of symmetric and balanced composite laminates comprise of two in-plane and two out-of-plane 
lamination parameters. Cylindrical structures such as tanks or pipes, however, are usually made from balanced 
laminates. In the present study, therefore, we focus on the stacking-sequence optimizations of unsymmetrical 
composite laminates. In the unsymmetrical laminates, nine lamination parameters including three coupling-
lamination parameters exist, and its feasible design region of fractal pattern is unrevealed. The paper clarifies 
the feasible region in which the in-plane, out-of-plane and coupling lamination parameters create fractal 
patterns of tetrahedrons or tetradecahedrons. Using the fractal patterns of lamination parameters, the improved 
fractal branch-and-bound method is proposed for unsymmetrical laminates including coupling lamination 
parameters. This new method is applied to stacking-sequence optimization problems of maximization of 
buckling load of cylindrical laminated shells. As a result, the method is successfully applied, and a practical 
optimal stacking sequence is obtained with low computational cost. 
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of Technology, 2-12-1, O-okayama, Meguro, Tokyo 152-8552, Japan), “Stacking sequence optimization to 
maximize the buckling load of blade-stiffened panels with strength constraints using the iterative fractal branch 
and bound method”, Composites Part B: Engineering, Vol. 39, No. 5, July 2008, pp. 842-850, 
doi:10.1016/j.compositesb.2007.10.003 
ABSTRACT: Laminated carbon fiber reinforced polymer (CFRP) composites have widespread applications in 
aerospace structures, and thus optimization of the stacking sequences in these composites is indispensable. 
Here, a fractal branch and bound method (FBB) is proposed for optimizing the stacking sequences. This method 
requires only low computational costs, and an optimal result can be obtained rapidly by means of the 
deterministic process. For practical stacking sequence optimizations, more than two laminates have to be 
optimized, because a practical aerospace structural component usually comprises a panel and stiffeners made 
from composite laminates. Since the stacking sequences of the skin panel and stiffeners affect the buckling load 
of the stiffened panel, the optimization of both laminates must be performed simultaneously. In the present 
study, a new method to implement a strength constraint for the FBB method is proposed for the simultaneous 
optimization of more than two laminates (such as a panel and stiffeners). Moreover, a quadratic polynomial 
objective function, which includes lamination parameter variables of the two laminates: the stiffeners and the 
panel, is adopted. The strength constraint is implemented by means of a response surface. The new method is 
applied to the buckling load maximization of a blade-stiffened composite panel, in which the strength constraint 
is demonstrated as a feasibility study. The method successfully obtained optimal stacking sequences with the 
strength constraint at low computational cost. 
 
 
Akira Todoroki and Masato Sekishiro (Department of Mechanical Sciences and Engineering, O-okayama, 
Meguro, Tokyo Institute of Technology, Tokyo 152-8552, Japan), “Modified Efficient Global Optimization for 
a Hat-Stiffened Composite Panel with Buckling Constraint”, AIAA Journal, Vol. 46, No. 9, September 2008, 
pp. 2257-2264, doi: 10.2514/1.34548 
ABSTRACT: The optimization method for composite structural components described herein uses modified 
efficient global optimization with a multi-objective genetic algorithm and a kriging response surface. For 
efficient global optimization using kriging, the kriging response surface is used as a representative of the 
function value. The stochastic distribution of the kriging is used to improve the estimation error of the kriging 
surrogate model. Using efficient global optimization, a hat-stiffened composite panel was optimized to reduce 
the weight with the buckling load constraint. The expected improvement was used as a single objective function 
of a particle swarm optimization. Nevertheless, it is difficult to obtain a feasible solution that satisfies buckling 
load constraints with the progress of optimization. Using a multi-objective genetic algorithm, we obtain the 
feasible optimal structure satisfying the constraints. The expected improvement objective function is divided 
into two objective functions: weight reduction and the uncertainty of satisfaction of the buckling load constraint. 
Kriging approximation, which is improved with the selected Pareto optimal frontier, reduces the computational 
cost. Also, a genetic algorithm is used to optimize the stiffened panel configuration. The fractal branch-and-
bound method is used for stacking sequence optimizations. This method obtained a feasible optimal structure at 
a low computational cost. 
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D. Chen, B. Lin, Z. L. Han, Y. B. Zhang, "Cutting Parameter Optimization of Stability in Cylindrical Shell 
Based on Particle Swarm Algorithm", Advanced Materials Research, Vol. 662, pp. 670-673, Feb. 2013, 
10.4028/www.scientific.net/AMR.662.670  
ABSTRACT: For cylindrical shell, because of its structure characteristic (i.e. long and thin-walled), it has low 
stiffness, bad fabrication procedure. And it’s very easy to cause vibration in the cutting process, especially the 
type of regenerative vibration. So, it’s vital for the surface quality of work-piece and cutting stability to select 
cutting parameter reasonably. The paper proposed a dynamic optimization method, which aimed at 
maximization of material removal rate. This method could guarantee the maximum material removal rate under 
the condition of cutting stability based on Particle Swarm Algorithm (PSA). In the end, it verified the 
optimization results by the experiments. 
 
 
Miao Sun, “Use of Material Tailoring to Improve Axial Load Capacity of Elliptical Composite Cylinders”, PhD 
dissertaion, November 16, 2006, etd-11202006-124553 
ABSTRACT: This study focuses on the improvement of the axial buckling capacity of elliptical composite 
cylinders through the use of a circumferentially-varying lamination sequence. The concept of varying the 
lamination sequence around the circumference is considered as a viable approach for off-setting the 
disadvantages of having the cylinder radius of curvature vary with circumferential position, the source of the 
reduced buckling capacity when compared to a circular cylinder with the same circumference. Post-buckling 
collapse behavior and material failure characteristics are also of interest. Two approaches to implementing a 
circumferential variation of lamination are examined. For the first approach the lamination sequence is varied in 
a stepwise fashion around the circumference. Specifically, each quadrant of the cylinder circumference is 
divided into three equal-length regions denoted as the crown, middle, and side regions. Eight different cylinders 
designs, whereby each region is constructed of either a quasi-isotropic or an axially-stiff laminate of equal 
thickness, are studied. Results are compared to the baseline case of an elliptical cylinder constructed entirely of 
a quasi-isotropic laminate. Since the thickness of the quasi-isotropic and axially-stiff laminates are the same, all 
cylinders weight the same and thus comparisons are meaningful. Improvements upwards of 18% in axial 
buckling capacity can be achieved with one particular stepwise design. The second approach considers 
laminations that vary circumferentially in a continuous fashion to mitigate the effects of the continuously-
varying radius of curvature. The methodology for determining how to tailor the lamination sequence 
circumferentially is based on the analytical predictions of a simple buckling analysis for simply-supported 
circular cylinders. With this approach, axial buckling load improvements upwards of 30% are realized. Of all 
the cylinders considered, very few do not exhibit material failure upon collapse in the post-buckled state. Of 
those that do not, there is little, if any, improvement in bucking capacity. Results for the pre-buckling, buckling, 
post-buckling, and material failure are obtained from the finite-element code ABAQUS using both static and 
dynamic analyses. Studies with the code demonstrate that the results obtained are converged. 
 
 
M. Ostwald (Technical University of Poznan , Institute of Applied Mechanics, ul. Piotrowo 3, 60–965, Poznan, 
Poland), “Optimum weight design of sandwich cylindrical shells under combined loads”, Computers & 
Structures, Vol. 37, No. 3, 1990, pp. 247-257, doi:10.1016/0045-7949(90)90316-T 
ABSTRACT: The results of optimization of thin-walled sandwich cylindrical shells under the combined loads 
of axial compression and external pressure are presented. The face layers of the shell are made of aluminium 
alloy, and the core is made of foamed plastic. The thicknesses of layers are taken as design variables. The 
weight of the shell is taken as the objective function, and stability condition and strength conditions are taken as 
the main constraints. The system of stability equations is obtained based on the condition of the minimum of 
shell potential energy. The problem of general stability is solved in an approximate manner by means of the 
Bubnov-Galerkin method. The initial imperfections are treated with the knockdown factors. For the the 
optimization, a method of systematic search is used. The results are discussed. 
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(2) Institute of Applied Mechanics, Poznan University of Technology, Poznan, Poland 
“Polyoptimal design of sandwich cylindrical panels with the application of an expert system”, Engineering 
Optimization, Vol. 38, No. 6, 2006, pp. 739 – 753, doi: 10.1080/03052150600744555 
ABSTRACT: Thin-walled sandwich structures have become extremely useful because of their high strength-to-
mass and stiffness-to-mass ratios. The results of the bicriteria optimization of thin-walled sandwich cylindrical 
panels under combined loads are presented in this article. Panel mass and panel deformability are two objective 
functions, where panel deformability is defined with the help of bending rigidity. A set of constraints includes 
stability and stress conditions, a constraint connected with the importance of applied theoretical models, and 
technological and constructional requirements. The optimization problem was solved using the Pareto concept 
of optimality and application of the OPTIKON computer program, which implements elements of an expert 
system. The OPTIKON program was designed to solve multicriteria optimization problems for non-linear 
engineering models with discrete and continuous sets of design variables. The results of numerical calculations 
are presented as tables and diagrams. 
 
 
R.J. Holroyd (2 Beechey Avenue, Old Marston, Oxford OX1 3PJ Gt. Britain), “Journal of Wind Engineering 
and Industrial Aerodynamics, Vol. 18, No. 1, February 1985, pp. 53-73, doi:10.1016/0167-6105(85)90074-1 
ABSTRACT: Evidence is presented and arguments advanced to support the proposition that vibration induced 
by turbulence in the air stream plays a significant role in initiating the collapse of open-topped oil storage tanks 
in high winds. On this basis a new criterion is suggested for calculating the size of the circumferential 
strengthening members of tanks (wind girders). It is pointed out that a new criterion for calculating the wind 
speed at which tanks fail can only be couched in probabilistic terms and while it is not yet possible to derive 
such a criterion, the necessary steps and research to do so are discussed. Some interesting results on flow-
induced vibrations in circular cylindrical structures are derived and discussed in the light of other relevant 
research to gain a clearer understanding of such phenomena. 
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“On elasto-plastic buckling analysis of cylindrical shells”, Chapter in Computational Mechanics ’95, pp 1565-
1570, 1995 
ABSTRACT: The paper addresses a computational model for elasto-plastic large deformation analysis of thin 
shells. The large displacement, large rotation but small strain shell theory is developed from the three 
dimensional continuum theory via standard assumptions on the displacement field (see for example [1] for 
details). A model for thin shells is obtained by approximating the terms describing the shell geometry. The 
resulting strain measures are identical to those that may be obtained by a Cosserat surface approach [2]. 
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L. -Y. Li (Shanghai University of Technology, P.R. China), “Improved nonlinear buckling analysis of 
structures”, Computational Mechanics, Vol. 6, Nos. 5-6, 1990, pp. 457-462, doi: 10.1007/BF00350425 
ABSTRACT: The theory of structural stability is both an important and a difficult subject, whose main field of 
application is found in the design of thin wall lightweight structures and shells. It is unavoidable to employ 
nonlinear model and to use finite element numerical method in order to obtain the critical load under the action 
of which the instability of structures will occur. Thus, it becomes very important how to simplify such a 
nonlinear problem that appears in instability analysis. In this paper, an improvement on previous nonlinear 
buckling analysis is proposed, in which the emphasis is on the shortcut of calculation of pre-buckling 
fundamental path. The nonlinear equation used to solve the displacement vector is translated into the linear one 
to solve the load factor by means of the concept of energy conservation. The detailed procedure to calculate the 
nonlinear buckling load is presented and two simple examples are also shown as the application of suggested 
method. The theoretical analysing and numerical examples show that the suggested method is valid for 
predicting the nonlinear critical loads of structures. 
References listed at the end of the paper: 
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A. Bhimaraddi, A. J. Carr and P. J. Moss (Department of Civil Engineering, The University of Canterbury, 
Private Bag, Christchurch, New Zealand), “A shear deformable finite element for the analysis of general shells 
of revolution”, Computers & Structures, Vol. 31, No. 3, 1989, pp. 299-308, doi:10.1016/0045-7949(89)90377-5 
ABSTRACT: A 64-dof isoparametric quadrilateral finite element is presented for the analysis of generally 
laminated shells of revolution. The effects of shear deformation and rotary inertia are accounted for by using 
shear deformation theory that employs the parabolic shear strain variation across the thickness. The classical 
thin shell theory is the special case of shear deformation theory used in the present study. Thus, the thin shell 
element also can be obtained from the present thick shell element by simply having the displacement parameters 
(u1  and v1,) associated with the shear rotations as zeros. The numerical results presented illustrate the 
performance of the element and the effects of shear deformation. 
 
 
Carl T.T. Ross, Chris Bull and Andrew P.F. Little (University of Portsmouth, UK), “Plastic non-symmetric 
bifurcation buckling of circular cylinders under uniform external hydrostatic pressure”, Proceedings of the 
International Conference on Computing in Civil and Building Engineering, W. Tizani (Editor), ICCCBE 2010 
ABSTRACT: The paper presents a theoretical and an experimental analysis of the buckling of 4 thin-walled 
circular cylinders, which were tested to destruction under uniform external hydrostatic pressure. The mode of 
failure of the vessels was lobar buckling or shell instability, where the vessel imploded inwards with evenly 
spaced waves spaced around its circumference. The theoretical analysis adopted the finite element method, 
where the commercial computer package, namely ANSYS was used. The theoretical work involved the 
inclusion of both material and geometrical non-linearity, using an incremental step-by-step method. About 50 
steps were used per model. Comparison between theory and experiment was good and this appeared to indicate 
that the method could be applied to full-scale vessels.  
References listed at the end of the paper: 
ROSS, C.T.F., 1965. The collapse of ring-reinforced cylinders under uniform external pressure. Trans., RINA, 107, 375-394.  
ROSS, C.T.F., 1965. The instability of ring-stiffened circular cylindrical shells under uniform external pressure. Trans., RINA, 107, 
156-161.  
ROSS, C,T.F., 2001. Pressure Vessels: External Pressure Technology, Chichester, UK, Horwood.  



WINDENBURG, D.F. and TRILLING, C., 1934. Collapse by instability of thin cylindrical shells under external pressure. Trans. 
ASME, 11, 819-825.  
 
 
C. T. F. Ross, D. Sawkins, J. Thomas and A. P. F. Little (Department of Mechanical and Manufacturing 
Engineering, University of Portsmouth, Portsmouth, PO1 3DJ, UK), “Plastic collapse of circular conical shells 
under uniform external pressure”, Advances in Engineering Software, Vol. 30, Nos. 9-11, September 1999, pp. 
631-647, doi:10.1016/S0965-9978(98)00099-4 
ABSTRACT: The article reports on two theoretical investigations and an experimental investigation into the 
collapse of six circular conical shells under uniform external pressure. Four of the vessels collapsed through 
plastic non-symmetric bifurcation buckling and one vessel collapsed through plastic axisymmetric buckling. A 
sixth vessel failed in a mixed mode of plastic non-symmetric bifurcation buckling, combined with plastic 
axisymmetric buckling. The theoretical and experimental investigations appeared to indicate that there was a 
link between plastic non-symmetric bifurcation buckling and plastic axisymmetric buckling. The theoretical 
investigations were via the finite element method and were used to provide a design chart for these vessels. 
 
 
Carl T.F. Ross and J.R. Sadler (Department of Mechanical and Manufacturing Engineering, University of 
Portsmouth, Portsmouth, PO1 3DJ, UK), “Inelastic shell instability of thin-walled circular cylinders under 
external hydrostatic pressure”, Ocean Engineering, Vol. 27, No. 7, pp 765-774, July 2000 
ABSTRACT: This paper reports on experimental work carried out on nine thin-walled circular cylinders which 
were tested to destruction under external hydrostatic pressure. Seven of the cylinders failed through non-
symmetric bifurcation buckling and two failed through axisymmetric collapse. The results were used from these 
tests, together with the results from other experiments, to produce a design chart which could be used for 
designing against the occurence of elastic and inelastic shell instability. 
 
 
Carl T. F. Ross, George Andriosopoulos and Andrew Little, “Plastic general instability of ring-stiffened conical 
shells under external pressure”, Applied Mechanics and Materials, 01/2008, Vols. 13-14, pp 213-223. 
DOI: 10.4028/www.scientific.net/AMM.13-14.213 
ABSTRACT: The paper describes experimental tests carried out on three ring-stiffened circular conical shells 
that suffered plastic general instability under uniform external pressure. The cones were carefully machined 
from EN1A mild steel to a very high degree of precision. The end diameters of the cones, together with their 
thicknesses were the same, but the size of their ring stiffeners was different for each of the three vessels. In the 
general instability mode of collapse, the entire ring-shell combination buckles bodily in its flank. The paper also 
provides three design charts using the results obtained from these three vessels, together with the results 
obtained for twelve other vessels from other tests. All 15 vessels failed by general instability. One of these 
design charts was based on conical shell theory and two of the design charts were based on the general 
instability of ring-stiffened circular cylindrical shells, using Kendrick’s theory, which were made equivalent to 
ring-stiffened circular conical shells suffering from general instability under uniform external pressure. The 
design charts allowed the possibility of obtaining plastic knockdown factors, so that the theoretical elastic 
buckling pressures, for perfect vessels, could be divided by the appropriate plastic knockdown factor, to give 
the predicted buckling pressure. The theoretical work is based on the solutions of Kendrick, together with the 
finite element program of Ross, namely RCONEBUR and the commercial finite element package ANSYS. This 
method can also be used for the design of full-scale vessels.  
References listed at the end of the paper: 
[1] Ross, C. T. F: Pressure vessels: External pressure technology, Horwood Publishing Ltd., Chichester, UK. (2001).  
[2] Kendrick, S: The buckling under external pressure of circular cylindrical shells with evenly spaced equal strength, circular ring 
frames, -Part 1, NCRE Report No.R211, February (1953)..  
[3] Kendrick, S: The buckling under external pressure of circular cylindrical shells with evenly spaced equal strength, circular ring 
frames, -Part 3, NCRE Report No.R244, September (1953).  
[4] Ross, C T F and Hamer, H: Inelastic buckling of Ring-stiffened Circular Conical Shells under External Pressure, Proc Conf on 
Advances in Structural Engineering Computing, Civil-Comp Press Ltd, (1994), 109-113,  
[5] Ross, C. T. F., Coalter, B. and Johns, T: Design charts for the buckling of ring-stiffened circular cylinders and cones under external 
hydrostatic pressure, Trans R.I.N.A., Vol. 141; Part A, (1999), pp. 15-31.  



[6] Ross, C.T.F., Little, A.P.F. and Adeniyi, K.A: Plastic buckling of ring-stiffened conical shell under eternal hydrostatic pressure, 
Ocean Engineering, 32, (2005), pp. 21-36.  
[7] Ross, C.T.F., Little, A.P.F., Allsop, R., Smith, C. and Engelhardt, M: Plastic General Instability Of Ring–Reinforced Conical 
Shells Under Uniform External Pressure , Marine Technology,44, No. 4, (2007) pp. 268-277.  
[8] Tokugawa, Takesada: Model experiments on the elastic stability of closed and cross-stiffened circular cylinders under uniform 
external pressure, Proc. World Eng.g Congress, Tokyo, Vol. 29, Paper No. 651, (1929), pp. 249-79.  
[9] Windenburg, D. F. and Trilling, C: Collapse by instability of thin cylindrical �shells under external hydrostatic pressure. Trans. 
ASME, Vol. 1, (1934), pp. 819-825.  
 
 
Ross CTF, Little APF, Brown G, Nagappan A (2008) Inelastic shell instability of geometrically imperfect 
aluminum alloy circular cylinders under uniform external pressure. Mar Technol 45(3):175–181 
ABSTRACT: The paper presents new experimental results on the collapse of unstiffened aluminum alloy 
circular cylinders suffering elastic and plastic nonsymmetric bifurcation buckling under external hydrostatic 
pressure. These results complement the results given in two previous Marine Technology papers written by the 
senior author, which were intended for the structural design of near-perfect unstiffened and ring-stiffened 
circular conical shells under external hydrostatic pressure. The present paper presents a structural design chart 
for geometrically imperfect circular cylinders under uniform external pressure, which is more likely to be used 
than the design charts for the previous near-perfect vessels because it represents the more "usual" case. In 
addition to an experimental analysis, theoretical analyses were also carried out. An analytical solution by von 
Mises was used, together with a finite element analysis solution, using the Shell 93 element of the ANSYS 
computer package. Comparison between ANSYS and the analytical solution was reasonable. A design chart is 
provided, which looks like it could be quite useful for practical purposes. 
 
 
C T F Ross, C Kubelt, I McLaughlin, A Etheridge, K Turner, D Paraskevaides & A P F Little (University of 
Portsmouth, Portsmouth, UK.), “Non-linear general instability of ring-stiffened conical shells under external 
hydrostatic pressure”, 9th International Conference on Damage Assessment of Structures (DAMAS 2011), 
Journal of Physics: Conference Series, Vol. 305, 012118, 2011, doi:10.1088/1742-6596/305/1/012118 
ABSTRACT: The paper presents the experimental results for 15 ring-stiffened circular steel conical shells, 
which failed by non-linear general instability. The results of these investigations were compared with various 
theoretical analyses, including an ANSYS eigen buckling analysis and another ANSYS analysis; which 
involved a step-by-step method until collapse; where both material & geometrical nonlinearity were considered. 
The investigation also involved an analysis using BS5500 (PD 5500), together with the method of Ross of the 
University of Portsmouth. The ANSYS eigen buckling analysis tended to overestimate the predicted buckling 
pressures; whereas the ANSYS nonlinear results compared favourably with the experimental results. The 
PD5500 analysis was very time consuming and tended to grossly underestimate the experimental buckling 
pressures and in some cases, overestimate them. In contrast to PD5500 & ANSYS, the design charts of Ross of 
the University of Portsmouth were the easiest of all these methods to use and generally only slightly 
underestimated the experimental collapse pressures. The ANSYS analyses gave some excellent graphical 
displays. 
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Alexander Yu. Evkin (Department of Mathematics, King Fahd University of Petroleum and Minerals, Hail 
Community College, P.O. Box 2440, Hail, Saudi Arabia), “Large deflections of deep orthotropic spherical 
shells under radial concentrated load: asymptotic solution”, International Journal of Solids and Structures, Vol. 
42, Nos. 3-4, February 2005, pp. 1173-1186, doi:10.1016/j.ijsolstr.2004.07.002 
ABSTRACT: Nonlinear behavior of deep orthotropic spherical shells under inward radial concentrated load is 
studied. The singular perturbation method is developed and applied to Reissner’s equations describing axially 
symmetric large deflections of thin shells of revolution. A small parameter proportional to the ratio of shell 
thickness to the sphere radius is used. The simple asymptotic formulas describing load–deflection diagrams, 
maximum bending and membrane stresses of the structure are derived. The influence of boundary conditions on 
the behavior of the shell by large deflections is considered. Obtained asymptotic solution is in close agreement 
with the experimental and numerical results and has the same accuracy (in the asymptotic meaning) as the given 
equations of nonlinear theory of thin shells. 
 
 
T.A. Smith (U.S. Army Aviation and Missile Command, Redstone Arsenal, AL, 35898, U.S.A.), “Numerical 
analysis of rotationally symmetric shells by the modal superposition method”, Journal of Sound and Vibration, 
Vol. 233, No. 3, June 2000, pp. 515-543, doi:10.1006/jsvi.2000.2838 
ABSTRACT: The system of differential equations governing the analysis of rotationally symmetric shells under 
time-dependent or static surface loadings is formulated with the transverse, meridional, and circumferential 
displacements as the dependent variables. The thickness of the shell may vary, and four homogeneous boundary 
conditions may be prescribed at each boundary edge of the shell. The governing differential equations for each 
Fourier harmonic are obtained by use of Fourier series in the circumferential direction of the shell. Influence 
coefficients at each of the node points along the shell meridian are obtained for each Fourier component by 
employing ordinary finite difference representations for the meridional co-ordinate derivatives. With these 
influence coefficients, a set of homogeneous flexibility equations governing the free vibration characteristics of 
the shell is obtained and solved for the frequencies and mode shapes for each Fourier component. The solutions 
under time-dependent or static surface loadings and due to initial displacements and velocities are then obtained 
by expanding the solutions in terms of the modes of free vibration of the shell for each Fourier component. The 
solution for the total shell response is obtained by Fourier series summation. Solutions for typical shells have 
been found to be in excellent agreement with solutions by the method of temporal and spatial finite differences. 
Solutions for a parabolic shell are presented as an example. The solution is also presented for a published 
cylindrical shell example and is seen to be in excellent agreement with the published finite element method 
results. 
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“Optimal weight design of laminated composite panels with different stiffeners under buckling loads”, ICAS 
2010, 27th International Congress Of The Aeronautical Sciences, 2010 
ABSTRACT: The present investigation is devoted to development of new optimal design concepts that exploit 
the full potential of advanced composite materials in aircraft lateral wing upper covers. Three rib bays 
laminated composite panels with T, I and HAT-stiffeners are modelled with ANSYS and NASTRAN finite 
element codes to investigate their buckling behaviour in dependence on skin and stiffener lay-ups, stiffener 
height, stiffener top and root width. Due to the large dimension of numerical problems to be solved, an 
optimisation methodology is developed employing the method of experimental design and response surface 
technique. Weight optimisation problems are solved for laminated composite panels with three types of 
stiffeners, two stiffener pitches and four load levels taking into account manufacturing, repairability and damage 



tolerance requirements. Optimal results are verified using ANSYS shared-node and NASTRAN rigid-linked 
models. 
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A. A. El Damatty, R. M. Korol and F. A. Mirza (Department of Civil Engineering, McMaster University, 
Hamilton, Ontario, Canada L8S 4L7), “Large displacement extension of consistent shell element for static and 
dynamic analysis”, Computers & Structures, Vol. 62, No. 6, March 1997, pp. 943-960, 
doi:10.1016/S0045-7949(96)00303-3 
ABSTRACT: The superior performance of the consistent shell element in the small deflection range has 
encouraged the authors to extend the formulation to large displacement static and dynamic analyses. The 
nonlinear extension is based on a total Lagrangian approach. A detailed derivation of the non-linear extension is 
based on a total Lagrangian approach. A detailed derivation of the non-linear stiffness matrix and the 
unbalanced load vector for the consistent shell element is presented in this study. Meanwhile, a simplified 
method for coding the nonlinear formulation is provided by relating the components for the nonlinear B-
matrices to those of the linear B-matrix. The consistent mass matrix for the shell element is also derived and 
then incorporated with the stiffness matrix to perform large displacement dynamic and free vibration analyses 
of shell structures. Newmark's method is used for time integration and the Newton-Raphson method is 
employed for iterating within each increment until equilibrium is achieved. Numerical testing of the nonlinear 
model through static and dynamic analyses of different plate and shell problems indicates excellent performance 
of the consistent shell element in the nonlinear range. 
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“Inelastic stability of conical tanks”, Thin-Walled Structures, Vol. 31, No. 4, August 1998, pp. 343-359, 
doi:10.1016/S0263-8231(98)00020-2 
ABSTRACT: The aim of this investigation is to study the effect of different imperfection shapes on the inelastic 
stability of liquid-filled conical tanks and to determine the critical imperfection shape that would lead to the 
minimum inelastic limit load. The study is carried out numerically using a self-developed shell element used to 
simulate a number of conical tanks having an imperfection shape in the form of Fourier series of equal 
coefficients. The Fourier analysis of the buckling modes indicates that the existence of axisymmetric 
imperfection will lead to the critical inelastic limit load for conical tanks. 
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“A coupled finite element genetic algorithm for optimum design of stiffened liquid-filled steel conical tanks”, 
Thin-Walled Structures, Vol. 49, No. 4, April 2011, pp. 482-493, doi:10.1016/j.tws.2010.12.006 
ABSTRACT: In the current study an optimum design technique of stiffened liquid-filled steel conical tanks 
subjected to global and local buckling constraints is developed using a numerical tool that couples a non-linear 
finite element model developed in-house and a genetic algorithm optimization technique. This numerical tool is 
an extended version of an earlier one, adapted for the optimum design of unstiffened conical tanks. The design 
variables considered in the current study are the shell thicknesses, the geometry of the steel vessel as well as the 
dimensions and number of stiffeners. The developed numerical tool is capable of selecting the set of design 
variables that leads to optimum safe design. The analysis is conducted twice; first, case of stiffeners free at their 
bottom edge, which represents the case of retrofitting an existing tank. In the second case the stiffeners are 
assumed to be anchored to the bottom slab of the tank, which represents the situation of a newly designed tank. 
Finally, the optimum design of the stiffened tanks is compared to the optimum design of unstiffened tanks 
computed in a previous study. 
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“Load carrying capability of liquid filled cylindrical shell structures under axial compression”, Journal of 
Engineering Science and Technology, Vol. 6, No. 4, pp 506-519, 2011 
ABSTRACT: Empty and water filled cylindrical Tin (Sn) coated steel cans were loaded under axial 
compression at varying loading rates to study their resistance to withstand accidental loads. Compared to empty 
cans the water filled cans exhibit greater resistance to axially applied compression loads before a complete 
collapse. The time and load or stroke and load plots showed three significant load peaks related to three stages 
during loading until the cylinder collapse. First peak corresponds to the initial structural buckling of can. 
Second peak occurs when cylindrical can walls gradually come into full contact with water. The third peak 
shows the maximum load carrying capability of the structure where pressurized water deforms the can walls 
into curved shape until can walls fail under peak pressure. The collapse process of water filled cylindrical shell 
was further studied using Smooth Particle Hydrodynamics (SPH) technique in LSDYNA. Load peaks observed 
in the experimental work were successfully simulated which substantiated the experimental work.  
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“Y-stiffened panel multi-objective optimization using genetic algorithm”, Thin-Walled Structures, Vol. 47, No. 
11, pp 1331-1342, November 2009, DOI: 10.1016/j.tws.2009.03.011 
ABSTRACT: The aim of this paper is to design an optimum Y-stiffener plate combination using multi-
objective optimization with real-coded genetic algorithms under the action of uniaxial compressive loads, 
because the most important loads applied on stiffened plates in ship hull is longitudinal in-plane axial 
compression arising for instance due to longitudinal bending because the cargo is not distributed equally in 
holds or due to grounding, stranding or collision. Five of the Y-stiffened panel dimensions were selected to be 
the independent design variables of the optimization problem. The objective functions are the ultimate buckling 
load and the volume per unit area of the Y-stiffener plate combination. Nonlinear finite element analysis was 
used to calculate the ultimate buckling load of 35 different sets of the design variables, with certain range for 
each of the design variables. The effects of independent design variables on the ultimate buckling load and the 
volume per unit area for Y-stiffener plate combination were studied and discussed. A new surrogate function to 
predict the ultimate buckling load of Y-stiffener plate combination is created and validated using the values of 
the ultimate buckling loads calculated using nonlinear finite element analysis. The proposed surrogate function 
is valid only in the specific ranges of the design variables. The Pareto optimal sets were calculated using multi-
objective optimization with real-coded genetic algorithms and the optimum set of the independent design 
variables which is associated with the optimal geometric dimensions of the Y-stiffened panel was selected as 
the set which has the maximum ultimate buckling load to volume per unit area ratio. The optimum set was 
tested and validated using sensitivity analysis technique. 
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“Wrinkling criterion for an anisotropic shell with compound curvatures in sheet forming”, International Journal 
of Mechanical Sciences, Vol. 36, No. 10, October 1994, pp. 945-960, doi:10.1016/0020-7403(94)90056-6 
ABSTRACT: Wrinkling criteria are proposed for an elastic isotropic and plastic anisotropic shell with 
compound curvatures in the noncontact region of a sheet subjected to internal forming stresses. A quasi-shallow 
shell is modeled by Donnell-Mushtari-Vlasov (DMV) shell theory. A bifurcation functional from Hill's general 
theory of uniqueness and bifurcation in elastic-plastic solids is used to model the local wrinkling phenomenon. 
Both strain hardening and transverse anisotropy are taken into consideration. This wrinkling criterion is 
especially useful as a failure criterion in three dimensional finite element modeling (FEM) of sheet forming. 
Given the principal stresses or strains and the geometry provided at each incremental deformation step, the 
criterion can be used to predict wrinkles in the elements in the unsupported region. 
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“Prediction of flange wrinkles in deep drawing”, Studies in Applied Mechanics, Vol. 45, 1997, pp. 301-310, 
Special Issue: Advanced Methods in Materials Processing Defects, doi:10.1016/S0922-5382(97)80032-3 
ABSTRACT: A numerical method for predicting the onset of flange wrinkles of small wavelength during deep 
drawing process is presented. The method is based on the approach developed by Cao and Boyce (1997) for 
predicting the buckling behavior of sheet metal under lateral constraint using a combination of energy 
conservation and finite element method. Continuum elements are used in a simple Finite Element Analysis 
model to study wrinkles with a maximum wavelength of ten times the sheet thickness. The analysis provides the 
critical buckling stress and the resulting buckling wavelength as functions of normal pressure. Such 
relationships are then implemented in a Finite Element Method (FEM) package that uses membrane elements to 
simulate the workpiece deformation during a forming process. The use of membrane elements significantly 
reduces the amount of computation time required in comparison to using structural shell elements with multiple 
integration points through the thickness. The stress histories calculated from the FEM membrane analysis are 
used to predict the onset of buckling during the forming process. The application of the forming of a rectangular 
pan is examined. The comparison between numerical simulation and the experimental results is presented. Our 
approach predicts the onset of buckling in excellent agreement with the experimental observations. 
 
 
M. Li, R.L. Brazill and E.W. Chu, “Initiation and growth of wrinkling due to nonuniform tension in sheet metal 
forming”, Experimental Mechanics, Vol. 40, No. 2, pp 180-188, June 2000, doi: 10.1007/BF02325044 
ABSTRACT: An experimental investigation was conducted on the initiation and growth of wrinkling due to 
nonuniform tension using the Yoshida buckling test. The initiation of wrinkling was detected by strain gages 
mounted on both surfaces of the samples in the loading and transverse directions. The bifurcation of aluminum 
auto body sheets appeared to be smooth and much less abrupt than that observed in a steel sheet. A special 
fixture was designed to, perhaps for the first time, continuously measure the in situ growth of the buckle heights 
so that the rates of buckle growth were monitored as functions of strain and stress in the loading direction. In 
contrast to what is commonly believed, it was found that the buckle height is not predominantly determined by 
the material yield strength, and lower average r value does not increase the rate of buckle growth. 
Crystallographic texture components and pole figures of the test materials were also measured, and the 
relationship of plastic anisotropy with wrinkling behavior was investigated by experiments with specimens 
aligned in the rolling direction, the transverse direction and 45-deg to the rolling direction of the sheet materials. 
 



 
S. Jabalamelian and Aidy Ali (Dept. of Mechanical and Manufacturing Engineering, Universiti Putra Malaysia, 
43400 UPM, Serdang, Malaysia), “Simulation and experimental work on manufacturing torispherical heads in 
explosive hydro-forming process”, International Journal of Physical Sciences, Vol. 7, No. 8, pp 1286-1293, 
February 2012, DOI: 10.5897/IJPS11.887� 
ABSTRACT: This study presents a numerical investigation on the deformation of the circular blanket against a 
male die under impulsive loading to form a torispherical head shape. A finite element model was developed and 
verified with experimental tests for the explosive forming of torispherical heads made of AA5083 aluminum 
alloy in the framework of LS-DYNA crash simulator software. The nature of the deformation was turned from 
the stretching to the buckling and compression of the specimen by using a male die, which is a novel concept in 
the high speed forming processes. Johnson-Cook (JC) and Modified Zerilli-Armstrong (MZA) constitutive 
equations were used to describe the behavior of the specimen in a high strain rate forming process with different 
stress status. Most of the experimentally observed material behaviors simulated well in pure tension or 
compression tests, while the transient zone was not adequately described. The predicted width for the transient 
rim is considerably smaller than experimental measurements. The blast loading process including the 
underwater detonation and the interaction with the specimen simulated using Arbitrary Lagrangian-Eulerian 
formulation as well as cavitations and reloading effect. The simulation results for blast loading verified base on 
Cole’s relation for the underwater detonation of small charges, show a good agreement of 95% accuracy.  
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“Investigation into wrinkling behavior in the elliptical cup deep drawing process by finite element analysis 
using bifurcation theory”, Journal of Materials Processing Technology, Vol. 111, Nos. 1-3, April 2001, pp. 170-
174, doi:10.1016/S0924-0136(01)00504-0 
ABSTRACT: The initiation and growth of wrinkles in sheet metal forming processes are influenced by many 
factors such as the stress state, the mechanical properties of the sheet material, the geometry of the body, and 
the contact conditions. It is difficult to analyze wrinkling initiation and growth considering these factors, 
because the effects of the factors are very complex and the wrinkling behavior may show a wide variation for 
small deviation of the factors. In this study, bifurcation theory is introduced for the finite element analysis of 
wrinkling initiation and growth. All the above mentioned factors are conveniently considered by the finite 
element method. The wrinkling initiation is determined by checking the determinant of the stiffness matrix at 
each iteration and the wrinkling behavior is analyzed by successive iteration with the perturbed guess along the 
eigenvector. The finite element formulation is based on the incremental deformation theory and elastic–plastic 
material modeling. The finite element analysis is carried out using continuum-based resultant shell elements. 
The initiation and growth of wrinkling in the elliptical cup deep drawing process are analyzed by the proposed 
algorithm. The effect of the aspect ratio of a punch on the wrinkling behavior in the elliptical cup deep drawing 
process is investigated. 
 
 
Farzad Moayyedian, Mehran Kadkhodayan (Department of Mechanical Enghineering, Ferdowsi University of 
Mashhad, Mashhad, Iran), “Elastic-Plastic Flange Wrinkling of Circular Plates in Deep Drawing Process”, Key 
Engineering Materials (Volumes 462 - 463), Fracture and Strength of Solids VII, 2011, pp. 200-206, 
doi: 10.4028/www.scientific.net/KEM.462-463.200 
ABSTRACT: This paper deals with two-dimensional plane stress wrinkling model of elastic/plastic annular 
plate. Based on energy method and nonlinearity of strain-displacement law, a bifurcation functional in polar 
coordinate is derived analytically. This technique leads to the critical conditions for the onset of the 
elastic/plastic wrinkling of the flange during the deep-drawing process. Tresca yield criterion along with 



deformation theory of plasticity are utilized and the material of the plate is assumed to behave perfectly plastic. 
Moreover, the influence of the blankholder upon wrinkling and on the number of the generated waves is 
quantitatively predicted by the suggested scheme. The main advantage of the proposed solution is its better 
agreement with the experimental and analytical results found by the other resarchers. 
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“Wrinkling Study in Tube Hydroforming Process”, Key Engineering Materials (Volume 473), Sheet Metal 
2011, pp. 151-158, doi: 10.4028/www.scientific.net/KEM.473.151 
ABSTRACT: Tube Hydroforming Process (THF) is heavily affected by the pressure-displacement diagram, and 
adjustment of the raw tube. Three common defects of the process are bursting, buckling and wrinkling. In this 
work, the leading conditions to wrinkling defect have been studied. Proper criteria are required to predict 
wrinkling condition, and to quantify wrinkling when subjected to various pressure-displacement diagrams. A 
variety of criteria have been presented by researchers, most of which are suitable to a specific geometry. In 
current work, two criteria are considered namely, the strain difference and the radius velocity. At first an 
accurate FEM (Finite Element Model) model of the process have been established and validated. Then based on 
a number of experiments with different diagram, the process have been simulated and analyzed. According to 
experiments imbalances between pressure and displacement, improper sitting of tube in the die, poor vacation 
of the tube and the existence of external tiny particle inside the die, are the reason of wrinkling criterion in the 
tube. The Response Surface Method (RSM) has been used to model the responses from the finite element 
analysis. The behavior of the process has been predicted using this model. 
 
 
Nagy, Geza T. and Valkering, Kasper and Huetink, Han (University of Twente, The Netherlands), “Wrinkling 
criteria in sheet metal forming for single sided contact situation and its application”. In: COMPLAS VIII, VIII 
International Conference on Computational Plasticity, 2005, Barcelona, Spain, 
http://purl.utwente.nl/publications/59531  
ABSTRACT: The general wrinkling theory based on the rate formulation of the principle of virtual work has 
been applied in a number of studies on wrinkling during sheet metal forming. No contact with the die was 
allowed. In this study it is shown that with the right choice of wrinkling modes, the theory can also be used for 
contact situations. Furthermore, loads normal to the sheet can be taken into account. Therefore, the wrinkling 
theory has a larger area of application then it was previously considered. 
 
 
Marisa P. Henriques, Ricardo J. Alves de Sousa, Robertt A. F. Valente (Department of Mechanical Engineering, 
University of Aveiro Campus Universitário de Santiago, Aveiro, Portugal), “Numerical Simulation Of 
Wrinkling Deformation In Sheet Metal Forming”, 7th EUROMECH Solid Mechanics Conference J. Ambrosio 
et.al. (eds.) Lisbon, Portugal, 7–11 September 2009 
ABSTRACT: The main goal of the present paper is to perform an initial analysis of distinct numerical 
simulation strategies, based on the Finite Element Method (FEM), in the description of wrinkling initiation and 
propagation during sheet metal forming operations. Wrinkling defects in plastically formed parts can be 
characterized as compression instabilities, and from this fundamental point of view can then be seen as 
localized buckling, within the general theory of plastic bifurcation and lost of uniqueness. Seeking for a higher 
generality in the analysis, numerical simulation procedures – such as the FEM – allow for a strong contribution 
on the study of wrinkling effects in realistic sheet metal forming problems. For these cases, complexities in 
contact, loading, geometry and process parameters can completely impair the use of analytical tools, being 
numerical simulation strategies the most appropriate ones. From the FEM standpoint, the authors will focus the 
present study in two particular aspects: a) the influence of a given finite element formulation choice and b) the 
influence of the chosen anisotropic constitutive model in the prediction of the onset and propagation of 
wrinkling deformation modes during forming. Starting from the latter, this work intends to analyze the 
influence of accounting (or not) for planar anisotropy behaviours within finite element numerical simulation 



procedures. Free-forming examples will be taken into consideration, being analyzed with isotropic and 
anisotropic material models included in the FEM commercial package Abaqus. Additionally, the influence on 
wrinkling onset and propagation as coming from the chosen finite element formulation will also be taken into 
account. To do so, different shell and tridimensional continuum finite elements will be used along with implicit 
numerical solution procedures, the later option allowing for the attenuation of numerical instabilities in 
triggering wrinkling effects. Following these guidelines, the present work intends to provide some preliminary 
insights into how numerical simulation parameters and modelling decisions can influence the results coming 
from finite element procedures, regarding wrinkling defects in sheet metal formed parts. 
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wrinkling initiation and growth in modified yoshida buckling test”, Metals and Materials International, Vol. 4, 
No. 4, 1998, pp. 640-647, doi: 10.1007/BF03026372 
ABSTRACT: Wrinkling is one of the major defects in sheet metal products and may be also attributable to the 



wear of the tool. The initiation and growth of wrinkles are influenced by many factors such as stress ratios, 
mechanical properties of the sheet material, geometry of the workpiece, contact condition, etc. In the study, the 
bifurcation theory is introduced for the finite element analysis of wrinkling initiation and growth. All the above 
mentioned factors are conveniently considered by the finite element method. The wrinkling initiation is found 
by checking the determinent of the stiffness matrix at each iteration and the wrinkling behavior is analyzed by 
successive iteration with the perturbed guess along the eigenvector. The effect of magnitude of perturbation on 
the wrinkling behavior can be avoided by the Newton-type iteration method. The finite element formulation is 
based on the incremental deformation theory and elastic-plastic material modeling. The finite element analysis 
is carried out using the continuum-based resultant shell elements considering the planar anisotropy of the sheet 
metal. In order to investigate the effects of geometry and stress state on the wrinkling initiation and growth, a 
modified Yoshida buckling test is proposed as an effective buckling test. The finite element analysis are carried 
out for the modified Yoshida buckling test. The buckling behavior of the sheet is analyzed for various modified 
dimensions. 
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van den Boogaard, Research Assistant: T. Meinders, Reference: WB.99/NIMR-0183 
INTRODUCTION: Surface distortions in the form of localised buckles and wrinkles are often observed in sheet 
metals during stamping and other forming operations. In fact, wrinkling is becoming one of the most 
troublesome modes of failure in sheet forming mainly because of the trend towards thinner, high-strength sheet 
metals. Therefore, the critical conditions which promote the initiation of wrinkling are of fundamental 
significance to the design of deep drawn components and may be incorporated in a predictive model for FE 
simulation. The methods used in the past to predict wrinkling failures in sheet metals have been mostly 
empirical (e.g. Yoshida Buckling Test which consists of subjecting a square flat specimen to diagonal tension. 
Buckling eventually develops in the central region of the specimen and attempts are made to correlate buckle 
heights and buckling loads with various material properties). The Yoshida buckling test and other similar 
empirical methods have, unfortunately, proved to be inadequate for predicting observed trends. A more recent 
approach for the analysis of local wrinkling has been presented by Hutchinson and Neale (1985). It consists of 
formulating the problem within the context of plastic bifurcation theory for thin shell elements. In this work the 
analysis of Hutchinson and Neale (1985) and its extension by Neale (1989) to account for more general 
constitutive models (e.g. anisotropy) is used. 
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ABSTRACT: In this work, the analysis of Hutchinson and Neale is used for wrinkling prediction. Under a 
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the change of curvatures under compressive stresses is developed. Both wrinkling indicators are used to drive 
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ABSTRACT: An analysis for the prediction of wrinkling in curved sheets during metal forming is presented. 
Using a local approach, similar to that employed for conventional forming limit diagram representations, we 
construct “wrinkling limit curves” (WLCs) which represent the combinations of the critical principal stresses 
for wrinkling in curved sheet elements. Wrinkling limit curves are first determined using a bifurcation analysis 
for plastic buckling in short-wavelength shallow modes. A study of the effects of material properties and sheet 
geometry on the critical conditions for wrinkling is carried out. We then analyse the effects of geometric 
imperfections on wrinkling. This analysis is based on the implementation of a finite element scheme. The 
influence of nonproportional loading is also investigated. In our analysis the material is assumed to be isotropic, 
elastic-plastic with the plastic part modelled using both J2 deformation theory and J2  flow theory of plasticity. 
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ABSTRACT: Excessive wavy surfaces formed by a cold- or hot-rolling process in a thin plate degrades the 
value of the plate significantly, which is called the flatness problem in the industry. It is a result of post-
buckling due to the residual stress caused by the rolling process. Because the buckling occurs in a very long, 
continuous plate, a unique difficulty of the problem as a buckling problem is that the buckling length is not 
given but has to be found. In many previous works, the length that gives the lowest critical load of the plate for 
the given load profile was taken as the buckling length. In this work, it is shown that this approach is flawed, 
and a new approach is developed to solve the flatness problem by extending a classic post-buckling analysis 
method based on the energy principle. The approach determines the buckling length and amplitude without 
using any unfounded assumptions or hypothesis. Using simple displacement functions, approximate solutions 
are obtained in closed forms for the plate subjected to a linearly distributed residual stress. The new solution 
approach can be used to determine the condition for the maximum rolling production that does not cause the 
flatness problem. 
 
 
A. Alibeigloo (Mech. Eng. Dep., Bu-Ali Sina University, 65175 4161 Hamedan, Iran), “Static and vibration 
analysis of axi-symmetric angle-ply laminated cylindrical shell using state space differential quadrature 
method”, International Journal of Pressure Vessels and Piping, Vol. 86, No. 11, November 2009, pp. 738-747, 
doi:10.1016/j.ijpvp.2009.07.002 
ABSTRACT: In this study, static and free vibration characteristics of anisotropic laminated cylindrical shell 
with various end conditions are considered by making the use of differential quadrature method (DQM). 
Equations of motion are derived based on three-dimensional theory of elasticity. Applying the state space in 
conjunction with DQM to the governing differential equations and to the edges boundary conditions in term of 
displacements, new state equations at discrete points are derived. By solving the obtained state equations, static 
and frequency behavior of laminated shell are evaluated. To ensure the accuracy of the present approach, 
comparisons are made with those for the shell with simply supported edges which can be solved analytically. 
Finally, the effect of edges condition on the static and vibration behaviour of shell is investigated. 
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doi: 10.2514/2.280  
ABSTRACT: The differential quadrature method (DQM) is used to analyze the one-dimensional buckling of a 
laminated composite beam plate having an across-the-width delamination located at an arbitrary depth and an 
arbitrary location along its span. A beam theory with shear deformation is used in formulating the problem. 
Several case studies are conducted to examine the buckling response of laminates hosting such a delamination. 
Using DQM, the system of equilibrium equations and the boundary conditions are transformed into a system of 
linear algebraic eigenvalue equations that are solved by a standard eigensolver. The influences of several 
parameters that affect the buckling strength of such laminates are investigated. The investigated parameters are 
the shear deformation factor, the length of the delamintion, and the through-the-thickness and longitudinal 
positions of the delamination. The results verify the accuracy and efficiency of DQM. 
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ABSTRACT: The application of differential quadrature method (DQM), as an effective and robust numerical 
method, for the analysis of buckling of delaminated composite plates is introduced. The analysis investigated 
the response of laminated composite plates hosting a circular or an elliptical delamination. The delaminations 
were assumed to be fairly thinner than the plate hosting them, and thus, they could be treated as plates with 
clamped edges. Several case studies were used to verify the integrity of DQM in predicting the buckling strain 
of the plates. The investigation included the examination of several parameters influencing the buckling 
strength. The results obtained from DQM were compared with those obtained by the Rayleigh–Ritz and finite 
element solutions of other workers. 
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China), “A practical approach to optimal design of laminated cylindrical shells for buckling”, Composites 
Science and Technology, Vol. 36, No. 3, 1989, pp. 243-253, doi:10.1016/0266-3538(89)90023-7 
ABSTRACT: Optimization of the buckling load of a filamentary laminated circular cylindrical shell subjected 
to axial compression and/or external pressure has been undertaken. The shell is made up of a group of N 
orthotropic plies whose principal axis coincides with the shell axis. The optimization procedure adopted 
involves a two-step approach; a random search is employed to determine an initial guess for a systematic search 
based on Powell's method. The efficiency of this procedure is demonstrated for four-ply laminated cylindrical 
shells of various length-to-radius ratios involving three typical material systems. 
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ABSTRACT: The paper proposes a procedure of optimization of reinforced structures of aerospace 
employment. Such procedure, denominated NAPAO, uses the sizing code PANDA2 for the shell structures 
while the global optimization is realized through MSC.Nastran. NAPAO has been applied to structural modules 
of the International Space Station Alpha, of which Alenia Spazio S.p.A. has responsibility. The applications 
have shown that the procedure of proposed optimization represents a versatile and efficient tool which allows a 
reduction of mass in relatively brief times if compared with those of a structural optimization developed 
completely in a FEM code. 
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ABSTRACT: The development of a new four node degenerated shell element is presented for the analysis of 
the shell structures undergoing large deformations. In the formulation of the new element, the assumed 
covariant transverse shear strains are used to avoid the shear locking problem, and the assumed covariant 
membrane strains which are separated from the covariant inplane strains by mid-surface interpolation, are 
applied to eliminate the membrane locking problem and also to improve the membrane bending performance. 
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deformation modes. An incremental total Lagrangian formulation is presented which allows the calculation of 
arbitrarily large displacements and rotations. The resulting nonlinear equilibrium equations are solved by the 
Newton-Raphson method combined with load or arc-length control. The versatility and accuracy of this new 
degenerated shell element is demonstrated by solving several numerical examples. 
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Universitätsplatz 2, D-39106 Magdeburg, Germany), “Degenerated shell element for geometrically nonlinear 
analysis of thin-walled piezoelectricactive structures”, Smart Materials and Structures, Vol. 17, No. 1, January 
2008, DOI: 10.1088/0964-1726/17/01/015030 
ABSTRACT: Active piezoelectric thin-walled structures, especially those with a notably higher membrane than 
bending stiffness, are susceptible to large rotations and transverse deflections. Recent investigations conducted 
by a number of researchers have shown that the predicted behavior of piezoelectric structures can be 
significantly influenced by the assumption of large displacements and rotations of the structure, thus demanding 
a geometrically nonlinear formulation in order to investigate it. This paper offers a degenerated shell element 
and a simplified formulation that relies on small incremental steps for the geometrically nonlinear analysis of 
piezoelectric composite structures. A set of purely mechanical static cases is followed by a set of piezoelectric 
coupled static cases, both demonstrating the applicability of the proposed formulation. 
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Murray L. Scott (Cooperative Research Centre for Aerospace Structures, 506 Lorimer Street, Fishermens Bend, 
Victoria, 3207, Australia), “Non-linear finite element modelling of an integrally stiffened composite panel”, 
Composite Structures, Vol. 29, No. 2, 1994, pp. 213-218, doi:10.1016/0263-8223(94)90101-5 
ABSTRACT: The progressive introduction of advanced fibre composite materials into aerospace structures has 
enabled significant performance improvements to be achieved. Structures using these materials are generally 
designed so that their behaviour is essentially linearly elastic through to failure. The realisation of further 
significant weight reductions in light-weight aerospace structures is highly dependent on design technologies 
which will enable postbuckling stiffened panels to be utilised in primary structures. The capabilities of the finite 
element code, MSC/NASTRAN, to predict the onset of buckling and subsequent postbuckling behaviour of a 
blade-stiffened fibre composite panel have been investigated. The panel consists of T300/914 carbon/epoxy 
unidirectional tape and is reinforced by integral stiffeners. Basic modelling techniques for the efficient analysis 
of such postbuckling assemblies are presented. It is concluded that the prediction of their performance requires 
specialist modelling skills and a sound understanding of the behaviour of the composite materials used in the 
structure. 
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“Influence of post-buckling behaviour of composite stiffened panels on the damage criticality”, Composite 
Structures, Vol. 66, Nos. 1-4, October-December 2004, pp. 197-206, Special Issue: Twelfth International 
Conference on Composite Structures, doi:10.1016/j.compstruct.2004.04.038 
ABSTRACT: In stiffened panels with defects, such as skin delaminations or stringer debonding, buckling may 
occur prior to the designed critical buckling load. Depending on the damage parameters, such defects may also 
affect the post-buckling behaviour and consequently the structural performance. An automated finite element 
(FE) modelling tool has been developed to predict the post-buckling behaviour of panels. It was coupled with a 
linear elastic fracture mechanics approach to determine damage criticality, based on the “no-growth” principle. 
The structural behaviour in the post-buckling range and its interaction with the damage parameters were 
analysed. Local buckling occurred as a result of localised stiffness reduction in the damage region. Global 
buckling occurred when sufficient in-plane strain was reached. The onset of local buckling was an important 



factor on stringer debonding criticality as the local buckling mode had an effect on the corresponding global 
buckling. In comparison, the onset of local buckling for the skin delamination was lower due to the thin sub-
laminate separation. However, it was less influential on the damage criticality because the local buckling slowly 
dissipated in the far post-buckling range. It was found that the initiation of local buckling, and the interaction 
between the local and global buckling mode, would determine the damage criticality. 
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(1) Research and Development Center, Korea Infrastructure Safety and Technology Corporation, Anyang, 
South Korea 
(2) Department of Civil Engineering, Korea Maritime University, Puzan, Korea 
(3) Department of Civil and Environmental Engineering, Louisiana State University, Baton Rouge, LA, USA 
“Postbuckling analysis of composite panels with imperfection damage”, Computational Mechanics, Vol. 22, 
No. 5, 1998, pp. 375-387, doi: 10.1007/s004660050369 
ABSTRACT: In order to promote the efficient use of composite materials in civil engineering infrastructure, 
effort is being directed at the development of design criteria for composite structures. Insofar as design with 
regard to buckling of composite shells is concerned, it is well known that a key step is to investigate the 
influence of initial geometric imperfection. At present, imperfection sensitivity study of composite shells has 
not been explored in detail. Thus, the objective of this paper is to present the formulation used in developing a 
composite shell element and to validate the element from the composite curved panel. The non-linear 
formulation of the shell element is based on the updated Lagrangian method. The shell element is capable of 
small strain and large displacement analysis with finite rotations. In order to remove the rigid body rotation, a 
co-rotational method is used. Subsequently the postbuckling analyses from the modeling of the curved panel 
with initial imperfection damage are performed to investigate the effect of initial geometric imperfection shape 
and amplitude. The results are used to estimate imperfection sensitivity for such panels. 
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“Non-linear finite element analysis of composite panels”, Composites Part B: Engineering, Vol. 30, No. 4, June 
1999, pp. 365-381, doi:10.1016/S1359-8368(99)00007-4 
ABSTRACT: In order to promote the efficient use of composite materials in civil engineering infrastructure, 
effort is being directed at the development of design criteria for composite structures. Insofar as design with 
regard to buckling of composite shells is concerned, it is well known that a key step is to investigate the 
influence of initial geometric imperfection on the non-linear behaviour of the composite shells. One possible 
approach is to use the validated numerical model based on the non-linear finite element analysis. Thus, the 
objective of this article is to present the formulation used in developing a composite shell element and to 
validate the element from the composite panels. The finite element used in the current study is an eight-noded 
shell element with six degrees of freedom per node. The non-linear formulation of the shell element is based on 
the updated Lagrangian method. The shell element is capable of small strain and large displacement analysis 
with finite rotations. In order to remove the rigid body rotation, a co-rotational method is used. The transverse 
shear deformation effects using the Reissner–Mindlin theory are included in formulating the linear and 
geometric stiffness matrix. Thus, the present composite shell element allows modeling of relatively thick 
composite plates and shells for both the linear and non-linear analyses. The validation of the composite shell 
element shows that the present results have very good agreement with existing references. Subsequently the 
postbuckling analyses for the modeling of the curved panel with initial imperfections are performed in order to 
investigate the effect of the initial geometric imperfection shape and amplitude. The results are used to estimate 
imperfection sensitivity for such panels. 
 
 



Upendra K. Mallela and Akhil Upadhyay (Department of Civil Engineering, Indian Institute of Technology 
Roorkee, Roorkee 247667, India), “Buckling of laminated composite stiffened panels subjected to in-plane 
shear: A parametric study”, Thin-Walled Structures, Vol. 44, No. 3, March 2006, pp. 354-361, 
doi:10.1016/j.tws.2006.03.008 
ABSTRACT: The presence of in-plane loading may cause buckling of stiffened panels. An accurate knowledge 
of critical buckling load and mode shapes are essential for reliable and lightweight structural design. This paper 
presents some parametric studies on simply supported laminated composite blade-stiffened panels subjected to 
in-plane shear loading. A total of 450 models were analyzed using ANSYS 7.1 and a database is prepared for 
different plate and stiffener combinations. Studies are carried out by changing the panel orthotropy ratio, 
stiffener depth, pitch length (number of stiffeners), smeared extensional stiffness ratio of stiffener to that of the 
plate and extensional stiffness to shear stiffness ratio of the plate. Based on the studies, few important 
parameters influencing the buckling behaviour are identified and guidelines for better stiffener proportioning 
are developed, which will be helpful for the designer. 
 
 
Hemendra Kumar Jain and Akhil Upadhyay (Department of Civil Engineering, Indian Institute of Technology 
Roorkee, India), “Buckling behavior of blade-, angle-, T-, and hat-stiffened FRP panels subjected to in-plane 
shear”, Journal of Reinforced Plastics and Composites, December 2010, vol. 29, no. 24, pp. 3614-3623, 
doi: 10.1177/0731684410383450 
ABSTRACT: This article presents parametric studies on simply supported laminated composite stiffened panels 
subjected to in-plane shear loading. A number of models were analyzed using ANSYS and a database is 
prepared for blade-, angle-, T-, and hat-stiffened laminated composite panels. Studies are carried out by 
changing the type of stiffeners, the panel orthotropy ratio, smeared extensional stiffness ratio of stiffener to that 
of the plate, and extensional stiffness to shear stiffness ratio of the plate. The difference in buckling behavior of 
different types of stiffened panels is presented. Based on key parameters influencing the buckling behavior, 
guidelines for better stiffener proportioning are developed, which will be helpful to the designers. 
 
 
A.K. Onkar, C.S. Upadhyay and D. Yadov (Department of Aerospace Engineering, Indian Institute of 
Technology Kanpur, India), “Stochastic finite element buckling analysis of laminated platds with circular cutout 
under uniaxial compression”, J. Appl. Mech., Vol. 74, No. 4, pp 798-809, September 2006 
ABSTRACT: A generalized stochastic buckling analysis of laminated composite plates, with and without 
centrally located circular cutouts having random material properties, is presented under uniaxial compressive 
loading. In this analysis, the layerwise plate model is used to solve both prebuckling and buckling problems. 
The stochastic analysis is done based on mean centered first-order perturbation technique. The mean buckling 
strength of composite plates is validated with results available in the literature. It has been observed that the 
present analysis can predict buckling load accurately even for plates with large cutouts. Micromechanics based 
approach is used to study the effect of variation in microlevel constituents on the effective macrolevel properties 
like elastic moduli. Consequently, the effect of uncertainty in these material properties on the buckling strength 
of the laminated plates is studied. Parametric studies are carried out to see the effect of hole size, layups, and 
boundary conditions on the mean and variance of plate buckling strength. 
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“Optimum buckling design of composite stiffened panels using ant colony algorithm”, Composite Structures, 
Vol. 92, No. 3, February 2010, pp. 712-719, doi:10.1016/j.compstruct.2009.09.018 
ABSTRACT: Optimal design of laminated composite stiffened panels of symmetric and balanced layup with 
different number of T-shape stiffeners is investigated and presented. The stiffened panels are simply supported 
and subjected to uniform biaxial compressive load. In the optimization for the maximum buckling load without 
weight penalty, the panel skin and the stiffened laminate stacking sequence, thickness and the height of the 



stiffeners are chosen as design variables. The optimization is carried out by applying an ant colony algorithm 
(ACA) with the ply contiguous constraint taken into account. The finite strip method is employed in the 
buckling analysis of the stiffened panels. The results shows that the buckling load increases dramatically with 
the number of stiffeners at first, and then has only a small improvement after the number of stiffeners reaches a 
certain value. An optimal layup of the skin and stiffener laminate has also been obtained by using the ACA. The 
methods presented in this paper should be applicable to the design of stiffened composite panels in similar 
loading conditions. 
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“Simultaneous partial topology and size optimization of a wing structure using ant colony and gradient based 
methods”, Engineering Optimization, Vol. 43, No. 4, 2011, doi: 10.1080/0305215X.2010.493936 
ABSTRACT: This article presents a methodology and process for a combined wing configuration partial 
topology and structure size optimization. It is aimed at achieving a minimum structural weight by optimizing 
the structure layout and structural component size simultaneously. This design optimization process contains 
two types of design variables and hence was divided into two sub-problems. One is structure layout topology to 
obtain an optimal number and location of spars with discrete integer design variables. Another is component 
size optimization with continuous design variables in the structure FE model. A multi city-layer ant colony 
optimization (MCLACO) method is proposed and applied to the topology sub-problem. A gradient based 
optimization method (GBOM) built in the MSC.NASTRAN SOL-200 module was employed in the component 
size optimization sub-problem. For each selected layout of the wing structure, a size optimization process is 
performed to obtain the optimum result and feedback to the layout topology process. The numerical example 
shows that the proposed MCLACO method and a combination with the GBOM are effective for solving such a 
wing structure optimization problem. The results also indicate that significant structural weight saving can be 
achieved. 
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“Analysis of elastic-plastic interaction buckling of stiffened panels by spline finite strip method”, Computers & 
Structures, Vol. 46, No. 3, February 1993, pp. 529-536, doi:10.1016/0045-7949(93)90222-Y 
ABSTRACT: This paper presents a theoretical study on the elastic-plastic interaction buckling of imperfect 
longitudinally stiffened panels under axial loads. A material and geometric nonlinear spline finite strip method 
is developed to analyse such interaction problems. The initial geometric imperfections and residual stresses due 
to welding are involved in the analysis. An iterative numerical procedure combining a modified arc-length 
method and Newton-Raphson iteration is employed for the solution of the nonlinear incremental equilibrium 
equations and a full range load deflection path is obtained. Numerical results are presented which show that the 
authors' method is not only an efficient tool but is also accurate in the analysis of large deflection elastic-plastic 
behaviour of folded plate structures. 
 
 
V. Baburaj and V. Kalyanaraman (Department of Civil Engineering, Indian Institute of Technology, Madras-
600 036, India), “Stipsy—A program for stiffened plate synthesis”, Computers & Structures, Vol. 48, No. 2, 
July 1993, pp. 347-355, doi:10.1016/0045-7949(93)90427-F 
ABSTRACT: The theoretical background and details of a computer program for the optimum design of multi-
layered fibre composite stiffened plates (STIPSY) subjected to in-plane compression and secondary out-of-
plane loading, are presented. The blade, angle and hat section stiffeners are considered in the program. The 
widths of the elements, the thickness of the three layers having commonly used fibre orientations (0°, ±45° and 



90°) in each of the number of layers in each element are the design variables. Any desired set of constraints 
from the various serviceability, material strength, stability and side constraints available in the program may be 
invoked by the user along with the corresponding factor of safety. The Gradient Projection Method (GPM) and 
Sequential Unconstrained Minimization Technique (SUMT) are the alternate procedures available in the 
program to solve the resulting non-linear optimization problem. A few sample results are presented at the end. 
 
 
G Sun and Renjie Mao (Department of Engineering Mechanics, Shanghai Jiao Tong University, Shanghai, 
200030, People's Republic of China), “Optimization of stiffened laminated-composite circular-cylindrical shells 
for buckling”, Composite Structures, Vol. 23, No. 1, 1993, pp. 53-60, doi:10.1016/0263-8223(93)90074-Z 
ABSTRACT: An investigation into the buckling of stringer- or ring-stiffened laminated-composite circular-
cylindrical shells subjected to axial compression or hydrostatic pressure has been undertaken. The stiffeners 
were made up of unidirectional fibre-reinforced epoxy while the shell laminate contained N orthotropic plies 
with equal amounts of fibres in the + theta-i and -theta-i  directions in ith ply. Based on Koiter's general theory 
of elastic stability, the stiffener eccentricity effect and the initial postbuckling behaviour were examined. It was 
found that, in every case studied, external stiffening was more efficient than internal stiffening, the buckling and 
initial postbuckling behaviour of stiffened laminated cylinders were significantly influenced by the laminate 
configuration. Consequently, taking the fibre orientations of lamina as optimizing parameters, a two-step 
optimization procedure was employed to maximize the buckling load of stiffened composite cylinders. The 
lamina fibre orientations of optimal shells were found to be strongly dependent on the reduced Batdorf 
parameter, Z. 
 
 
V. V. Novikov, “On the instability of elastic shells as the manifestation of internal resonance”, Journal of 
Applied Mathematics and Mechanics, Vol. 52, No. 6, 1988, pp. 797-802, doi:10.1016/0021-8928(88)90018-4 
ABSTRACT: A large number of internal resonances, sensitivity to small imperfections and to a small external 
non-conservative action are characteristic for a number of elastic shells subjected to conservative forces. It is 
shown that, in combination, these three features result in dynamic instability of a system, that manifests itself in 
the existence of a solution of the explosive instability type when the deviation from the equilibrium state 
becomes infinitely large in a finite time. A simple method is proposed to calculate the ultimately allowable load 
by which one should be guided in designing structures containing thin shells. This load calculated by a linear 
model corresponds to the appearance of the first internal resonance in the system. The results are illustrated by 
well-known experimental facts. 
 
 
Eric G. Carnoy (Institut de Mécanique, L.T.A.S., University of Liege, B-4000, Liege, Belgium), “Asymptotic 
study of the elastic postbuckling behavior of structures by the finite element method”, Computer Methods in 
Applied Mechanics and Engineering, Vol. 29, No.2, November 1981, pp. 147-173, 
doi:10.1016/0045-7825(81)90111-0 
ABSTRACT: Within the framework of finite element analysis, an asymptotic method is presented for the study 
of geometrically nonlinear static behavior of thin structures under one-parameter conservative loading. The 
method can be applied when the prebuckling behavior is moderately non-linear so that the bifurcation analysis 
is no longer accurate enough. An iterative process makes it possible to find suitable deformation modes which 
enable a good approximation of the structural behavior around the buckling point. As in the Rayleigh-Ritz 
approach, a reduced energy can be formulated with only a small number of generalized degrees of freedom. The 
influence of small initial imperfections on the buckling load can easily be analyzed as in Koiter's asymptotic 
method. A comprehensive treatment and several improvements of this asymptotic iterative method are given 
and selected examples illustrate the basic features of the method. 
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under external hydrostatic pressure”, Structural Engineering and Mechanics. Vol. 9, no. 1, pp. 51-68. Jan. 2000 
ABSTRACT:  



The paper presents theoretical and experimental investigations on three varying-thickness circular cylinders, 
which were tested to destruction under external hydrostatic pressure. The five buckling theories that were 
presented were based on inelastic shell instability. Three of these inelastic buckling theories adopted the FEM 
and the other two theories were based on a modified version of the much simpler von Mises theory. Comparison 
between experiment and theory showed that one of the inelastic buckling theories that was based on the von 
Mises buckling pressure gave very good results while the two finite element solutions, obtained by dividing the 
theoretical elastic instability pressures by experimentally determined plastic knockdown factors, gave poor 
results. The third finite element solution, which was based on material and geometrical nonlinearity, gave 
excellent results. Electrical resistance strain gauges were used to monitor the collapse mechanisms, and these 
revealed that collapse occurred in the regions of the highest values of hoop stress, where considerable 
deformation took place. 
 
 
E. Axelrad, “Flexible shell-theory and buckling of toroidal shells and tubes”, Archive of Applied Mechanics, 
Vol. 47, No. 2, 1978, pp. 95-104, doi: 10.1007/BF00536446 
ABSTRACT: Flexible shells, designed to sustain elastic displacements, have a “semimembrane” type of 
deformation, described by simplified equations. In what follows, flexible shell equations are derived and used to 
analyse bending of curved tubes and buckling of tubes and toroidal shells under external pressure, as 
interdependent problems. Design formulas and curves are presented. 
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ABSTRACT: Flexure of cylinders and slightly curved pressurized tubes is investigated for given conditions on 
the edges, in particular for end flanges. The large precritical deformation is determined with the help of the 
Flexible-Shell-Theory. The stability analysis of the deformed shell is carried out with the aid of the hypothesis 
of local buckling. The critical bending moments which determine the collapse load are presented for various 
tube lengths, initial curvatures and external-pressure values by graphs. 
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ABSTRACT: The nonlinear intrinsic equations of elastic thin shells are simplified by the assumption widely 
tested in the linear theory as the basis of the Novozhilov’s complex equations. The obtained equations directly 



specialize themselves for the class of shells designed for large elastic displacements. Another aim of this 
contribution is to further the vector form of nonlinear shell-theory. This form combines the graphic static-
geometric duality with the short-cut way between the invariant and physical-component presentation. 
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Neubiberg, West Germany), “On local buckling of thin shells”, International Journal of Non-Linear Mechanics, 
Vol. 20, No. 4, 1985, pp. 249-259, doi:10.1016/0020-7462(85)90033-2 
ABSTRACT: A class of problems is considered where the buckling initially starts only in a part of the shell—
locally. The stability analysis is focused on the zone of initial buckling. This leads to radical simplification. First 
the basic hypothesis and stability equations are formulated. Closed-form stability criteria asymptotically exact 
for very thin shells are discussed. This gives sufficient conditions for the local character of buckling and for the 
adequacy of the asymptotic approximation. The analysis taking into account the variation of stresses and shape 
inside the buckling zone results in a check of stability by hand calculations or by simple coding of a desk-top 
computer. The adequacy of the simplest representation of the stress and strain variation in the buckling zone is 
tested. 
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doi:10.1016/0263-8231(85)90003-5 
ABSTRACT: This paper is concerned with further development of tube-analysis methods which are as simple 
as necessary for design and as accurate as possible in the shell theory. The basic assumptions are stated in 
Section 2. For ‘long’ tubes their accuracy is estimated in the course of derivation and simplification of nonlinear 
equations of axisymmetric flexure (Section 3). These equations and the estimates of the assumptions are 



extended to two-dimensional problems in Section 4. Equations of the semi-momentless theory encompassing 
shear deformation and appropriate edge conditions are discussed in Sections 5 and 6. Their solution, including a 
simple approximation, is in Sections 7–9 preceded by known calculations and experiment. 
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ABSTRACT: Specialization of the general thin-shell theory for the class of large deformations realizable by 
small strain is considered. This leads in three different ways to the intrinsic nonlinear theory of flexible shells. 
As an illustration, large displacements and rotations culminating in collapse of finite-length tubes are 
investigated. 
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R., Germany), “Intrinsic shell theory relevant for realizable large displacements”, International Journal of Non-
Linear Mechanics, Vol. 22, No. 2, 1987, pp. 139-150, doi:10.1016/0020-7462(87)90016-3 
ABSTRACT: The thin-shell theory is specialized for those large deformations realizable by small strain. This 
provides three different ways leading from the general theory to the intrinsic non-linear theory of flexible shells. 
The theory is applied to large elastic displacements of finite-length tubes. Their collapse is described as starting 
by local instability. 
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International Journal of Solids and Structures, Vol. 37, No. 10, March 2000, pp. 1425-1451, 
doi:10.1016/S0020-7683(98)00328-X 
ABSTRACT: For small-strain unrestricted deformation of thin elastic shells the field equations and variational 
principles are rederived in terms of variables immediately representing physical quantities. The relevant strain 
and stress tensors turn out to be identical to those commonly known as the ‘modified’ and the ‘best’. The 
nonlinear theory exhibits a static-geometric duality. For orthogonal coordinates the tensor-form theory leads to 
a modification of the Luré–Novozhilov formulation. The general theory is specialized to that of ‘quasi-shallow 
shells’, to the membrane theory and to flexible-shell theory, which are explored with respect to basic hypotheses 
and accuracy. 
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Advances in the Mechanics of Plates and Shells, Solid Mechanics and Its Applications, edited by D. Durban et 
al, 2002, Vol. 88, pp. 33-48, doi: 10.1007/0-306-46954-5_3 
ABSTRACT: The theory of small-strain unrestricted deformation of thin elastic shells is specialized to the 
‘Donnell-type’ theory of quasi-shallow shells, which owes its consequent - intrinsic and dual - formulation to 
the idea first enunciated by Avinoam Libai. This theory is explored with respect to the accuracy, adequacy 
range and the physical meaning of its basic hypotheses. 
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analysis of large elastic deflections of axially compressed cylindrical and conical shells”, International Journal 
of Non-Linear Mechanics, Vol. 14, Nos.5-6, 1979, pp. 273-284, doi:10.1016/0020-7462(79)90001-5 
ABSTRACT: This paper presents an analysis of the post-buckling behaviour of isotropic cylindrical and conical 
shells under axial compression. The starting point of the paper is Lagrange's variational principle, the 
application of which consists in assuming a kinematically admissible strain and displacement field. The field is 
determined considering the geometry of quasi-isometric deformations of the shell after buckling. That permits 
solving the problem with no limitation on the magnitude of the displacements. 
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Structural Mechanics, Vol. 12, No. 4, pp 543-555, 1984, DOI: 10.1080/03601218408907486 
ABSTRACT: The use of air-supported membranes has attracted considerable attention in recent years. There 
are, however, a number of problems in the behavior of these structures that have not been fully investigated. For 
example, the problem of lateral stability of such membranes has not been discussed heretofore. The present 
paper presents an analysis of the sidesway instability of a cylindrical air-supported membrane with vertical 
longitudinal axis, subjected to concentrated loads applied nonsymmetrically. A critical value of the load is 
established at which the configuration of these structures changes dramatically. During such change the lower 
portion of the membrane comes into contact with the support surface. For the problem treated, safe load limits, 
critical lengths, and critical weight densities for the membrane are derived. The Lagrangian variational method 
is used throughout the paper in obtaining solutions. 
 
 



S. Lukasiewicz (Department of Mechanical Engineering, University of Calgary, T2N 1N4, Calgary, Alberta, 
Canada), “Inelastic behaviour of shells under concentrated loads”, Chapter in Inelastic Behaviour of Plates and 
Shells, edited by L. Bevilacqua, R. Feijoo and R. Valid, Part of the series IUTAM, pp 537-567, Springer, 1986 
DOI: 10.1007/978-3-642-82776-1_27 
SUMMARY: The paper is devoted to the description of the present state of knowledge in the theory of inelastic 
shells under concentrated and local loads. Problems of current interest, and in the broad sense, the analytical and 
numerical methods that can be brought to bear, are discussed. Other problems involving stress concentration in 
shells, such as crack propagation and concentration of stresses caused by irregularities of the shape, or holes and 
cutouts, are not the subject of the paper. The action of concentrated loads on shells has drawn the attention of 
many researchers for the last 20 years. The problems concerning stress and displacement distribution in linear, 
elastic thin shells under the static action of concentrated loads applied at one point of shell surface, or subjected 
to locally distributed loads, were examined at first and were the subjects of those early investigations. Many 
papers from the western countries as well as from the U.S.S.R. were published in those years. Mostly, the linear 
theory of shells was the starting point of these works. This area seems to be sufficiently explored at present. 
However, as far as we consider the similar problems in inelastic, non-linear shells, we recognize that many 
problems are not yet solved or are not solved in a satisfactory, general manner. The rapid expansion of 
numerical methods and techniques in recent years has enabled the solution of many difficult problems. 
However, these solutions usually concern particular situations and are often difficult to generalize. The state of 
knowledge concerning the following problems of inelastic shells is presented in the paper.  
1) The geometrical non-linearities, large deformations of elastic shells under local loads and complex loads 
when the local, concentrated load is accompanied by a distributed general load. 
2) Contact problems in shells involving the geometrical and physical ndn-linearities 
3) Problems related to concentrated loads acting on shells made of inelastic materials 
4) Elasto-plastic behaviour of shells under concentrated loads associated with large defomrations of shells, 
collapse and limit local loads. 
5) Simplified solutions of dynamical problems. 
6) Optimum design of shells loaded by concentrated forces. The paper covers both the results of experimental 
investigations in each of the above-mentioned areas, as well as the desc ription of the analytical and numerical 
methods used. 
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ABSTRACT: Using Donnell-type shell theory a simple and exact procedure is presented for linear buckling 
analysis of laminated conical shells, with orthotropic stretching-bending coupling, under axial compressive load 
and external pressure. The solution is in the form of a power series in terms of a particularly convenient 
coordinate system. By analysing the buckling of a series of conical shells, under various boundary conditions 
and different material coefficients, the validity of the presented procedure is confirmed. 
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studied using first-order shear deformation theory and Reissner's shallow shell theory. For an initial study, only 
simply-supported boundary conditions are considered. The natural frequencies and critical buckling loads are 
calculated using the energy method (Lagrangian approach) by assuming a combination of sine and cosine 
functions in the form of double Fourier series. The effects of curvature, aspect ratio, stacking sequence and ply-
orientation are studied. The non-dimensional frequencies and critical buckling load of a hybrid laminate lie in 
between the values for laminates made of all plies of higher strength and lower strength fibres. Curvature 
enhances natural frequencies and it is more predominant for a thin panel than a thick one. 
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ABSTRACT: The paper is devoted to assessing the optimal arrangements of hybrid laminated faces of 
sandwich panels in order to maximize local buckling loads corresponding to the wrinkling of compressed faces. 
The analysis is carried out by modelling compressed faces as thin unsymmetric laminates resting on elastic two-
parameter foundations. The First-order Shear Deformation Theory, in conjunction with the Rayleigh-Ritz 
method, has been used to evaluate buckling loads of simply supported flat laminates subjected to in-plane 
biaxial compression and shear forces. A numerical investigation is intended to support evidence for the 
influence of laminate parameters (fibre orientation, geometrical dimensions) and foundation parameters 
(modulus of subgrade reaction and shear modulus); obtained results are reported and discussed in the paper. 
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ABSTRACT: The structural performance of sandwich panels made with hybrid laminated faces and a 
transversely flexible core can be optimised by varying the mechanical and geometrical parameters 
characterising both the faces and the core, taking into account also the whole cost. In particular the 
hybridisation technique applied to the faces seems to be a very attractive solution, giving an improvement from 



both a mechanical and economical point of view. However, because of the out of plane flexibility of the core 
and the great slenderness of these structures, instability problems assume a relevant role from a static point of 
view, becoming a complex phenomenon as well. In this paper a modified first order shear deformation theory 
has been used, which treats the displacement field of the sandwich panels as a combination of different buckling 
modes. Buckling loads are finally obtained as a solution of an eigenvalue problem by means of an energetic 
algorithm solved by the Rayleigh-Ritz method. The influence of mechanical and geometrical parameters, 
characterising the composite laminated faces and the core, on buckling phenomena were investigated for 
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ABSTRACT: A free vibration response of arbitrarily laminated – crafted with advanced fiber reinforced 
composite materials – thin and shallow cylindrical panels on rectangular planform with simply supported 
boundary conditions is analytically investigated. The thin shallow shell formulation of Reissner that follows the 
classical Kirchhoff–Love hypothesis of small displacements is considered to include arbitrarily laminated 
behaviors. The simply supported boundary condition having normal, tangential, and transverse displacements 
restrained at the edges is implemented. The solution functions in a form of mixed boundary continuous and 
discontinuous double Fourier series are assumed into the analytical solution formulation. The efficiency and 
accuracy of the solution methodology are determined by studying numerically the convergence behavior of 
frequencies for various parametric effects. The analytically obtained numerical results and mode shapes are 
compared with available finite element solutions, and the analytical results can be capitalized as base-line 
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ABSTRACT: Large deflections of shallow and deep spherical shells under ring loads are studied. The 
axisymmetric problem is solved through a Newton-Raphson technique on discretized nonlinear shell equations. 
Comparison of computed load-deflection curves to experimental data from both thick and thin shells generally 
shows good agreement in peak loads and the type of instability. For a point load, the load increases 
monotonically with deflection; as the ring radius increases, transition-type (snap-through) and then local 
buckling occurs. In addition, the pre- and post-buckled mechanical behaviors of the shell are examined. 
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ABSTRACT: This paper examines the accuracy of a modified Reissner-Simmonds theory for thickwalled, 
rubberlike shells. The theory, which is valid for large membrane and moderately large bending strains, includes 
the effects of transverse shear deformation and transverse normal stress and strain. To these features, the present 
work adds hydrostatic pressure through a modified strain-energy density function. Shell theory and finite 
elasticity theory solutions are compared for two problems: cylindrical bending of a plate and combined 
extension, inflation, and torsion of a circular cylinder. The results show that the modified theory gives highly 
accurate stress distributions for most of the loading cases studied. Accuracy is good in cylinders as thick as 
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ABSTRACT: The problem of a steadily spinning shallow elastic shell of revolution under a uniform pressure 
distribution is investigated by perturbation and asymptotic methods. Accurate numerical solutions are also 
obtained to confirm the adequacy of perturbation and asymptotic solutions. The limiting case of a flat plate is 
first solved for the entire range of values of the two load parameters. The results provide a different 
interpretation of the existing nonlinear membrane solution for the same problem. Except for a narrow range of 
parameter values, the boundary value problem for the shell case is reduced either to the solution of a sequence 
of linear problems or to the solution of a previously solved nonlinear problem modified by the solutions of a 
sequence of linear problems. The analysis for the shell problem under a combined centrifugal and pressure 
loading shows a complex interplay among the load and geometric parameters. It also enables us to consider a 
number of previously investigated problems as special cases of our problem and to offer a unified treatment of 
these problems. 
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ABSTRACT: The stretching of a square sheet along one of its diagonals, called “Yoshida Test”, has been 
developed to simulate the wrinkling behavior in press forming of steel sheets into autobody panels. The finite 
deformation, onset of wrinkling, and growth of wrinkles in such a specimen are investigated. Hill's yield 
criterion for sheet materials having the normal anisotropy and Hill's quasistatic bifurcation criterion are 
employed. The growth of wrinkles in the finite deformation process is incrementally and numerically 
determined by a thin shell finite element in a convected coordinate system. The Lagrangian formulation of the 
thin shell finite element is based on Hill's variational principle for elastic-plastic solids, a modification of Love-
Kirchhoff postulates and a quasiconforming element technique. The shell element fulfills the interelement C1 
continuity condition in a variational sense. Reasonable agreements between the present numerical results and 
available analytical and experimental results are shown. 
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ABSTRACT: A solving method is applied to conduct research on the non-linear thermal buckling behavior of 
local delamination near the surface of fiber-reinforced laminated cylindrical shell. The shape of delaminated 
region considered is elliptic, triangular and lemniscates. Young's modulus and the thermal expansion coefficient 
of material are treated as a function of temperature, which leads to the force in the middle plane of the sub-
laminated shells a non-linear function of temperature. The critical temperatures of laminated cylindrical shells 
with various shaped local delamination, different stacking patterns and different radius of the laminated 
cylindrical shells are obtained by making use of the energy principle. It has been found that linear solution of 
the critical buckling temperature gives a higher value than that of non-linear consideration. 
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doi: 10.1080/01495730701519623 
ABSTRACT: A theoretical method is developed to investigate the effects of thermal load and ring stiffeners on 
buckling and vibration characteristics of the functionally graded cylindrical shells, based on the first-order shear 
deformation theory (FSDT) considering rotary inertia. Heat conduction equation across the shell thickness is 
used to determine the temperature distribution. Material properties are assumed to be graded across the shell 
wall thickness of according to a power-law, in terms of the volume fractions of the constituents. The Rayleigh-
Ritz procedure is applied to obtain the frequency equation. The effects of stiffener's number and size on natural 
frequency of functionally graded cylindrical shells are investigated. Moreover, the influences of material 
composition, thermal loading and shell geometry parameters on buckling and vibration are studied. The 
obtained results have been compared with the analytical results of other researchers, which showed good 
agreement. The new features of thermal vibration and buckling of ring-stiffened functionally graded cylindrical 
shells and some meaningful and interesting results obtained in this article are helpful for the application and the 
design of functionally graded structures under thermal and mechanical loads. 
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ABSTRACT: This article is the result of an investigation on the effect of thermal load on vibration, buckling 
and dynamic stability of functionally graded cylindrical shells embedded in an elastic medium, based on the 
first-order shear deformation theory (FSDT) considering rotary inertia and the transverse shear strains. A heat 
conduction equation along the width of the shell is applied to determine the temperature distribution. Material 
properties are assumed to be graded with distribution along the width according to a power-law in terms of the 
volume fractions of the constituents. Calculations, effects of material composition, thermal loading, static axial 
loading, medium stiffness and shell geometry parameters on vibration, buckling and the parametric resonance 
are described. The new features of thermal vibration, buckling and dynamic stability of functionally graded 
cylindrical shells embedded in an elastic medium and some meaningful and interesting results in this paper are 
helpful for the application and design of functionally graded structures under thermal and mechanical loads. 
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ABSTRACT: This paper presents the report of an investigation into thermoelastic vibration and buckling 
characteristics of the functionally graded piezoelectric cylindrical, where the functionally graded piezoelectric 
cylindrical shell is made from a piezoelectric material having gradient change along the thickness, such as 
piezoelectricity and dielectric coefficient et al. Here, utilizing Hamilton _s principle and the Maxwell equation 
with a quadratic variation of the electric potential along the thickness direction of the cylindrical shells and the 
first-order shear deformation theory, and taking into account both the direct piezoelectric effect and the 
converse piezoelectric effect, the thermoelastic vibration and buckling characteristics of functionally graded 
piezoelectric cylindrical shells composed of BaTiO3/PZT - 4, BaTiO3/PZT - 5A and BaTiO3/PVDF are, 
respectively, calculated. The effects of material composition (volume fraction exponent), thermal loading, 
external voltage applied and shell geometry parameters on the free vibration characteristics are described, and 
the axial critical load, critical temperature and critical control voltage are obtained. 
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doi: 10.1023/B:INAM.0000048679.54437.f8 
ABSTRACT: The results from studies into the vibrations and dynamic stability of thin elastic shells with initial 
geometric imperfections are analyzed. The corresponding dynamic problems are solved in both linear and 
nonlinear formulations. The influence of initial axisymmetric and nonaxisymmetric deflections on natural, 
forced, parametrically excited, and self-excited vibrations (flutter) is studied. The dynamic buckling of 
imperfect shells under short-term impulsive loading is examined. Some aspects of experimental investigation 
into the vibrations of shells with small geometric imperfections (deviations from the design shape) are 
considered. 
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Interacting with a Fluid Flow (Review)”, International Applied Mechanics, Vol. 51, No. 1, pp 12-63, January 
2015 
ABSTRACT: Results of systematic study of the stability and nonlinear vibrations of thin cylindrical shells 
interacting with a fluid flow are presented. The main patterns of dynamical deformation of shells during 
divergence and flutter are considered. The effect of different structural features (initial geometrical 
imperfections, added concentrated masses, boundary conditions, longitudinal and transverse static loads) on the 
critical (divergence and flutter) velocities is analyzed. The amplitude–frequency response of shells to external 
periodic radial loads and internal periodic pressure caused by small pulsations of the fluid velocity is 
determined. A method is proposed to solve nonlinear problems describing nonstationary processes of passing 
resonance zones by shells interacting with the fluid flow. 
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“Buckling of imperfect laminated cylinders under hydrostatic pressure”, Composite Structures, Vol. 53, No. 3, 
August-September 2001, pp. 301-307, doi:10.1016/S0263-8223(01)00014-9 
ABSTRACT: The objective of this paper is to investigate numerically the influence of the winding-induced 
geometrical imperfection on to the elastic buckling load of submersible composite hulls. A linear Sanders-type 



buckling model of laminated cross-ply cylinders is developed. The imperfection is modeled by an axisymmetric 
thickness default of each composite ply by analogy to the real laminate ply imperfections. The effects of these 
defaults are taken into account by correcting the laminated stiffness coefficients. Numerical examples have been 
performed analyzing three types of stacking sequences for thin carbon/epoxy cylinders. For each case, the 
geometrical imperfections induce significant buckling load reductions. The results of the proposed approach 
appear to be in good agreement with standard FEM code calculus. 
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“Optimal laminations of thin underwater composite cylindrical vessels”, Composite Structures, Vol. 58, No. 4, 
December 2002, pp. 529-537, doi:10.1016/S0263-8223(02)00162-9 
ABSTRACT: This paper deals with the optimal design of deep submarine exploration housings and 
autonomous underwater vehicles. The structures under investigation are thin-walled laminated composite 
unstiffened vessels. Structural buckling failure due to the high external hydrostatic pressure is the dominant risk 
factor at exploitation conditions. The search of fiber orientations of the composite cylinders that maximize the 
stability limits is investigated. A genetic algorithm procedure coupled with an analytical model of shell buckling 
has been developed to determine numerically optimized stacking sequences. Characteristic lamination patterns 
have been obtained. FEM analyses have confirmed the corresponding significant increases of buckling 
pressures with respect to initial design solutions. Experiments on thin glass/epoxy and carbon/epoxy cylinders 
have been performed. The measured buckling pressures appear to be in good agreement with numerical results 
and demonstrate the gains due to the optimized laminations. 
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Soldatos KP. Nonlinear analysis of transverse shear deformable laminated composite cylindrical shells. Journal 
of Pressure Vessel Technology 1992;114: p. 105-114. doi:10.1115/1.2928999 
ABSTRACT: Based on the concept of an “intermediate” class of deformations, a theory suitable for the 
nonlinear static and dynamic analysis of transverse shear deformable circular and noncircular cylindrical shells, 
composed of an arbitrary number of linearly elastic monoclinic layers, is developed. The theory is capable of 
satisfying zero shear traction boundary conditions at the inner and outer shell surfaces. Upon assuming that the 
shell is subjected to a certain initial stress state and applying the highly nonlinear governing equations derived 
to the adjacent equilibrium criterion, a set of Love-type linearized equations is further derived. These latter 
equations are suitable for buckling and/or vibration analyses; in a companion paper, they are solved and used 
for the study of the influence of transverse shear deformation on the buckling loads of axially compressed cross-
ply laminated circular and oval cylindrical shells. 
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http://archimer.ifremer.fr/doc/2006/acte-6474.pdf 
ABSTRACT: This numerical study deals with the stiffened composite underwater vessel design. The structures 
under investigation are laminated cylinders with rigid end-closures and internal circumferential and longitudinal 
unidirectional composite stiffeners. Structural buckling induced by the high external hydrostatic pressure is 
considered as the major failure risk. An optimization design tool has been developed to obtain the reinforcement 
definition which maximizes the limit of stability: an analytical model of cylindrical composite shell buckling 
has been coupled to a genetic algorithm procedure. The numerical optimization tests carried out corroborate 
design tendencies validated previously by experiments. 
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ABSTRACT: The present work deals with the numerical prediction of the post buckling progressive and final 
failure response of stiffened composite panels based on structural nonlinear finite element methods. For this 
purpose, a progressive failure model (PFM) is developed and applied to predict the behaviour of an 
experimentally tested blade-stiffened panel found in the literature. Failure initiation and propagation is 
calculated, owing to the accumulation of the intralaminar failure modes induced in fibre reinforced composite 
materials. Hashin failure criteria have been employed in order to address the fiber and matrix failure modes in 
compression and tension. On the other hand, the Tsai-Wu failure criterion has been utilized for addressing shear 
failure. Failure detection is followed with the introduction of corresponding material degradation rules 
depending on the individual failure mechanisms. Failure initiation and failure propagation as well as the post 
buckling ultimate attained load have been numerically evaluated. Final failure behaviour of the simulated 
stiffened panel is due to sudden global failure, as concluded from comparisons between numerical and 
experimental results being in good agreement. 
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University, Auburn, Alabama), “Experimental study of inelastic buckling strength and stiffness requirements 
for longitudinally stiffened panels”, Engineering Structures, Vol. 31, No. 5, pp 1141-1153, May 2009,  
DOI: 10.1016/j.engstruct.2009.01.010 
ABSTRACT: An experimental study was conducted in order to verify a proposed equation for the minimum 
required stiffness for longitudinal stiffeners attached on compression plates. Nine test specimens of stiffened 
plates were fabricated and tested to their ultimate strengths. Test results are compared with the maximum 
strengths predicted for stiffened plates by finite element analysis and by the proposed SSRC type critical stress 
curve. Fairly good correlations were observed, thereby confirming experimentally the adequacy of the proposed 
equation for the minimum required stiffness of the longitudinal stiffener attached to the compression panel and 
a modified SSRC type critical stress curve encompassing both the buckling ranges of plastic yield and the 
transition zones. A set of conclusions is drawn from the experimental studies as to the buckling behaviors of 
stiffened plates. 
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Engineering, Vol. 127, No. 6, pp 705-711, June 2001, DOI: 10.1061/(ASCE)0733-9445(2001)127:6(705) 
ABSTRACT: This paper presents an optimum design of longitudinal stiffeners for box-girder compression 
flanges. The buckling behavior of longitudinally stiffened compression flanges has drawn considerable interest 
from early pioneers of theoretical mechanics, as illustrated by Timoshenko and Gere and Bleich. The 
longitudinally stiffened compression plate structural members generally render an economical structure by 
efficiently proportioning the material to resist the induced compressive stresses. This study presents results that 
are based on 3D finite-element analysis of several hundred hypothetical compression flange models stiffened by 
varying numbers of longitudinal stiffeners with realistic dimensions. The thickness of the compression flange t 
was varied from 0.50 to 2.50 in. (from 12.7 to 63.5 mm), the number of longitudinal stiffeners n was varied 
from 1 to 4, and the aspect ratio of the plate panel α was varied from 1 to 5. Two different plate transverse 
slenderness ratios w/t were analyzed. Analytical data were reduced using nonlinear regression analysis to a 
simplified design equation suitable for practicing engineers. Several example problems are given to illustrate 
the use of the regression equation. Comparative analyses are also made to demonstrate the versatility and 
reliability of the analytical study conducted. 
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optimization of laminated plates under buckling loads”, Chapter in Buckling and Postbuckling of Composite 
Plates, edited by G.J. Turvey and I.H. Marshall, Springer, pp 329-365, 1995 
ABSTRACT: Optimization is a central concept in the design of composite structures because of the adaptability 
of composite materials to a given design situation. Design parameters such as layer thicknesses and ply angles 
can be employed to great effect to achieve an optimized structure with improved weight and stiffness 



characteristics. This chapter deals with the lay-up optimization of laminated plates subject to buckling loads. A 
survey of the subject is presented and the optimal configurations of rectangular laminates are discussed. Designs 
are studied with respect to layer thicknesses and ply angles for symmetrical and antisymmetrical laminates of 
hybrid and non-hybrid construction. The effect of bending-twisting coupling on optimal designs is discussed 
and the optimal configurations with and without this effect are compared. Several factors affecting optimal 
designs are highlighted. These factors include the use of discrete ply angles and layer thicknesses, restrained 
edges, shear deformation, cut-outs, thermal loading, strength and stiffness constraints, multiple design 
objectives and shape design. 
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Adali, S., Richter, A. and Verijenko, V. E. (Department of Mechanical Engineering, University of Natal, 
Durban 4001, South Africa), “Multiobjective Design of Laminated Cylindrical Shells for Maximum Pressure 
and Buckling Load”, Computer-Aided Civil and Infrastructure Engineering, Vol. 10, 1995, pp. 269–279. 
doi: 10.1111/j.1467-8667.1995.tb00289.x 
ABSTRACT: Multiobjective design of a laminated cylindrical shell is obtained with the objectives defined as 
the maximization of axial load and external and internal pressures subject to a strength constraint. The failure 
under axial load and external pressure may occur by buckling. The ply angle is taken as the design variable. The 
weighted global criterion method is employed to solve the vector-optimization problem, which involves 
minimization of the distance to ideal solution vector in L2  metric. A symmetrically laminated and balanced 
shell is considered as an example. Pareto optimal solutions are given for two- and three-objective design 
problems, and numerical results are presented in the form of tradeoff curves and surfaces. The effects of 
problem parameters are investigated, and the results are given for various weighting factors and shape 
parameters. 
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“Multiobjective design of laminated cylindrical shells for maximum torsional and axial buckling loads”, 
Computers & Structures, Vol. 62, No. 2, 1997, pp.237-242, doi:10.1016/S0045-7949(96)00189-7 
ABSTRACT: The multiobjective design of a symmetrically laminated shell is obtained with the objectives 
defined as the maximization of the axial and torsional buckling loads. The ply angle is taken as the optimizing 
variable and the performance index is formulated as the weighted sum of individual objectives in order to obtain 
Pareto optimal solutions of the design problem. Single objective design results are obtained and compared with 
the multiobjective design. The effect of weighting factors on the optimal design is investigated. Results are 
given illustrating the dependence of the optimal fibre angle and performance index on the cylinder length, 
radius and wall thickness. 
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“The Effects of Large Vibration Amplitudes on the Mode Shapes and Natural Frequencies of Thin Elastic 
Shells, Part I: Coupled Transverse-Circumferential Mode Shapes of Isotropic Circular Cylindrical Shells of 
Infinite Length”, Journal of Sound and Vibration, Vol. 232, No. 5, May 2000, pp. 917-943, 
doi:10.1006/jsvi.1999.2770 
ABSTRACT: The effects of large vibration amplitudes on the first and second coupled radial-circumferential 
mode shapes of isotropic circular cylindrical shells of infinite length are examined. A theoretical model based 
on Hamilton's principle and spectral analysis developed previously for clamped–clamped beams and fully 
clamped rectangular plates is extended to shell type structures, reducing the large-amplitude free vibration 
problem to the solution of a set of non-linear algebraic equations. The transverse and circumferential 
displacements are assumed to be harmonic and expanded in the form of a finite series of functions. The 
Donnel–Mushtarie shell theory, taking into account the coupling between extensional and flexural deformations 
is used. Then, the non-linear deformation energy is expressed by taking into account the non-linear term due to 
the considerable stretching of the middle surface of the shell induced by large deflections. Tables of numerical 
results are given for the first and second non-linear modes, for a wide range of the vibration amplitude, which 
may be used for engineering purposes. For each value of the vibration amplitude considered, the corresponding 
contributions of the basic functions defining the non-linear transverse and circumferential displacement shapes 
are given, with the corresponding non-linear frequencies. Selected plots of mode shapes and bending stress 
distributions are presented, with an extensive discussion of the effects of non-linearity on the dynamic 
behaviour of shells. 
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“The Effects of Large Vibration Amplitudes on the Mode Shapes and Natural Frequencies of Thin Elastic 
Shells, Part II: A New Approach for Free Transverse Constrained Vibration of Cylindrical Shells”, Journal of 
Sound and Vibration, Vol. 255, No. 5, August 2002, pp. 931-963, doi:10.1006/jsvi.2001.4195 
ABSTRACT: The non-linear dynamic behaviour of infinitely long circular cylindrical shells in the case of plane 
strains is examined and results are compared with previous studies. A theoretical model based on Hamilton's 
principle and spectral analysis previously developed for non-linear vibration of thin straight structures (beams 
and plates) is extended here to shell-type structures, reducing the large-amplitude free vibration problem to the 
solution of a set of non-linear algebraic equations. In the present work, the transverse displacement is assumed 
to be harmonic and is expanded in the form of a finite series of functions corresponding to the constrained 
vibrations, which exclude the axisymmetric displacements. The non-linear strain energy is expressed by taking 
into account the non-linear terms due to the considerable stretching of the shell middle surface induced by large 
deflections. It has been shown that the model presented here gives new results for infinitely long circular 
cylindrical shells and can lead to a good approximation for determining the fundamental longitudinal mode 
shape and the associated higher circumferencial mode shapes (n>3) of simply supported circular cylindrical 
shells of finite length. The non-linear results at small vibration amplitudes are compared with linear 
experimental and theoretical results obtained by several authors for simply supported shells. Numerical results 
(non-linear frequencies, vibration amplitudes and basic function contributions) of infinite shells associated to 
the first four mode shapes of free vibrations, are obtained, using a multi-mode approach and are summarized in 
tables. Good agreement is found with results from previous studies for both small and large amplitudes of 
vibration. The non-linear mode shapes are plotted and discussed for different thickness to radius ratios. The 
distributions of the bending stresses associated with the mode shapes are given and compared with those 
obtained via the linear theory. 
 
 



Yasushi Uematsu, Noboru Tsujiguchi and Motohiko Yamada (Department of Architecture and Building 
Science, Tohoku University, Sendai 980-8579, Japan), “Mechanism of ovalling vibrations of cylindrical shells 
in cross flow”, Wind and Structures, Vol. 4, No. 2, pp 85-100, April 2001,  
DOI: http://dx.doi.org/10.12989/was.2001.4.2.085 
ABSTRACT: The mechanism of wind-induced ovalling vibrations of cylindrical shells is numerically 
investigated by using a vortex method. The subject of this paper is limited to a two-dimensional structure in the 
subcritical regime. The aerodynamic stability of the ovalling vibrations in the second to fourth circumferential 
modes is discussed, based on the results of a forced-vibration test. In the analysis, two modal configurations are 
considered; one is symmetric and the other is anti-symmetric with respect to a diameter parallel to the flow 
direction. The unsteady pressures acting on a vibrating cylinder are simulated and the work done by them for 
one cycle of a harmonic motion is computed. The effects of a splitter plate on the flow around the cylinder as 
well as on the aerodynamic stability of the ovalling vibrations are also discussed. The consideration on the 
mechanism of ovalling vibrations is verified by the results of a free-vibration test. 
 
 
E. Mahdi, B. B. Sahari, A. M. S. Hamouda and Y. A. Khalid (Department of Mechanical and Manufacturing 
Engineering, Universiti Putra Malaysia, 43400 UPM, Serdang, Selangor, Malaysia), “An experimental 
investigation into crushing behaviour of filament-wound laminated cone–cone intersection composite shell”, 
Composite Structures, Vol. 51, No. 3, March 2001, pp. 211-219, doi:10.1016/S0263-8223(00)00132-X 
ABSTRACT: This paper presents the effect of cone vertex angle on the crushing behaviour, energy absorption, 
failure mechanism and failure mode of filament-wound laminated (FWL) cone–cone intersection composite 
shell. The static crushing behaviour of FWL cone–cone intersection composite shell under uniform axial load is 
investigated experimentally. Two types of composites were tested, namely, carbon fibre/epoxy and glass 
fibre/epoxy. The cones vertex angles tested are 10°, 15°, 20° and 25°. Failure modes were examined using the 
photographs taken during crushing the specimens. The results showed that the initial failure was dominated by 
interfacial and shear failure, while the delamination and eventually fibre fracture dominated the failure 
mechanism after the initial first failure. The results also showed that the structure with vertex angles 20° and 
25° exhibited good energy absorption capability. The volume reduction is obtained and found to be significant 
for these sets of angles. 
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“Effect of residual stresses in a filament wound laminated conical shell”, Journal of Materials Processing 
Technology, Vol. 138, Nos. 1-3, July 2003, pp. 291-296, IMCC2000, doi:10.1016/S0924-0136(03)00087-6 
ABSTRACT: This paper examines the effect of residual fabrication stresses on the crushing behaviour, energy 
absorption, failure mechanism and failure mode of a filament wound laminated conical composite shell. The 
static crushing behaviour of the conical composite shell under uniform axial compressive load is investigated 
experimentally. The cone vertex angles were 0°, 6°, 12° and 18°. The numerical result shows that residual 
stresses developed have been concentrated at the small ends of cones. Experimental results obtained from this 
investigation show that the initial failure was dominated by interfacial and shear failure, while the delamination 
and eventually fibre fracture were dominated by the failure mechanism after the initial failure. It is also found 
that the static crushing behaviour of the conical shell is highly sensitive to the change in cone vertex angle, 
which strongly dominates the residual fabrication stress development. It can be deduced that as the axial 
residual stress increases, the initial failure load decreases. 
 
 
Lars Pilgaard Mikkelsen (Department of Solid Mechanics, The Technical University of Denmark, DK 2800, 
Lyngby, Denmark), “On the analysis of viscoplastic buckling”, International Journal of Solids and Structures, 
Vol. 30, No. 11, 1993, pp. 1461-1472, doi:10.1016/0020-7683(93)90071-E 



ABSTRACT: For elastic-viscoplastic structures the classical elastic-plastic bifurcation approach to inelastic 
buckling is not valid. Only an elastic bifurcation point exists in the elastic-viscoplastic case, and the inelastic 
buckling behaviour is controlled by a strong sensitivity to small imperfections. However, in the last few years 
some papers have been published on an approximation that leads to a so-called viscoplastic bifurcation point. 
Results of accurate numerical analyses for elasticviscoplastic columns are compared with predictions based on 
the approximate bifurcation approach. In some cases the bifurcation approach gives a poor approximation of the 
actual elastic-viscoplastic column behaviour, whereas in other cases the discrepancy is less pronounced. The 
simple column model gives a clear illustration of the effect, but similar results for plates are also mentioned 
briefly. 
 
 
Mingsian R. Bai and Kuorung Wu, “Free vibration of a thin spherical shell containing a compressible fluid”, 
Journal of the Acoustical Society of America, Vol. 95, No. 6, June 1994 
ABSTRACT: Free vibration of a thin spherical shell filled with a compressible fluid is investigated.The 
interactions at the interface between the elastic structure and the compressible fluid are taken into account.The 
objective of this study is to develop a hybrid numerical technique for the free vibration analysis of sound-
structure interaction problems.The boundary elemen tmethodi s employed for modeling the acoustic 
disturbances in the cavity, while the finite element method is used for modeling the structural dynamics of the 
shell. The formulations are then combined into a coupled numerical scheme for the total pressure-displacement 
field. Natural frequencies and mode shapes are calculated by using the singular value decomposition algorithm. 
Physical insights into the resonance phenomena associated with sound-structure interactions are derived from 
the comparison between the results of the thin spherical shell, with and without the fluid loading effect.  
 
 
L.P. Mikkelsen (Dept. of Building Technology and Structural Engineering, Aalborg University, 
Sohngaardsholmsvej 57, DK-9000, Aalborg, Denmark), “A numerical elastic-viscoplastic collapse analysis of 
circular cylindrical shells under axial compression”, Chapter in IUTAM Symposium on Creep in Structures, 
edited by S. Murakami and N. Ohno, Vol. 86 of the series Solid Mechanics and its Applications, pp 499-508 
DOI: 10.1007/978-94-015-9628-2_48 
ABSTRACT: In offshore, aerospace and car industries, circular cylindrical shells are frequently used as 
structural components. In many applications, this is due to a requirement for a high axial compressive strength-
to-weight ratio and an ability to absorb energy during complete structural collapse. On the other hand, the high 
imperfection sensitivity of circular cylindrical shells under axial compression requires a thorough knowledge of 
the occurrence of geometric imperfections and their influence on the collapse behaviour of the structure. In 
addition to the geometric imperfection sensitivity, a rate dependence of the material behaviour may have a 
significant influence on the collapse behaviour. 
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Q. An and F. G. Kollmann (Darmstadt, Germany), “A general theory of finite deformation of viscoplastic thin 
shells”, Acta Mechanica, Vol. 117, Nos. 1-4, 1996. pp. 47-70, doi: 10.1007/BF01181036 
ABSTRACT: In this paper we develop a general theory of thin inelastic shells for finite deformations. In a first 
step we present a general three-dimensional theory of inelastic material behavior. Any inelastic constitutive 
model with internal state variables can be used which is formulated without the explicit notion of a yield 
surface. In a next step we investigate the simplifications of our constitutive theory resulting from the 
assumption of small elastic strains which is well established for metallic materials. Furthermore, we introduce 
the assumption of persistent isotropy. Finally, we present the weak form of the balance of equilibrium and 
indicate its linearization. To formulate our shell theory we first present the geometrical description of thin shells 
in the reference and current configuration, respectively. Next we introduce strain measures for the shell where 
we include transverse shear strains and also thickness changes of the shell. The shell theory is formulated by 
application of the projection method, i.e. we integrate all relevant equations of the three-dimensional theory 
over the shell thickness. This projection leads to a strictly two-dimensional shell theory which is formulated 
entirely on the shell midsurface. Finally, we indicate the numerical implementation of our shell theory. 
 
 
N.N. Huang, “Viscoelastic buckling and postbuckling of circular cylindrical laminated shells in hygrothermal 
environment”, J. of Marine Science and Technology, Vol. 2, No. 1, pp 9-16, 1994 
ABSTRACT: The visoelastic buckling and postbuckling behaviors of fiber-reinforced plastic (FRP) circular 
cylindrical shells, operating in the hygrothermal environment, subjected to uniform external pressure are 
investigated in this study. The FRP is assumed to be a hygrothermrheologically simple material (HTSM) The 
analysis is conducted within the framework of the quasi-elastic approach. The finite element method is 
employed to examine both buckling and post-buckling behaviors for shells having arbitrary lay-ups. The arc-
length algorithm is incorporated into the finite element formulations to trace the post-limit equilibrium path. 
The structural responses of Glass/Epoxy shells are reported. 
 
 
N.N. Huang (Department of Mechanical and Marine Engineering, National Taiwan Ocean University, Keelung, 
Taiwan, R.O.C.), “Influence of shear correction factors in the higher order shear deformation laminated shell 
theory”, International Journal of Solids and Structures, Vol. 31, No. 9, May 1994, pp. 1263-1277, 
doi:10.1016/0020-7683(94)90120-1 
ABSTRACT: A third-order shell theory based on Reddy's parabolic shear strain distribution is presented. Upon 
applying the Donnell shallow shell approximation, the present theory leads to Reddy's formulation in the case 
that the laminate has a Euclidean middle surface and constant principal radii of curvatures. To accommodate the 
effect of the continuity condition of interlaminar transverse shear stresses, the shear correction factors are 
introduced to modify the shear strains in the present higher order theory. The shear correction factors are 
calculated using an iterative formulation based on the “shear strain energy equivalence”. The shell solutions are 
compared with the elasticity solutions to assess the improvement of using the higher order theory, coupled with 
the shear correction factors, in predicting the structural responses of moderately thick laminates. 
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208016), “Buckling of composite circular cylindrical shells with random material properties”, Composite 
Structures, Vol. 37, Nos. 3-4, March-April 1997, pp. 385-391, doi:10.1016/S0263-8223(97)00032-9 
ABSTRACT: Composite materials exhibit a scatter in their properties. This is generally ignored in conventional 
structural analysis leading to results that may be non-conservative. The present study discusses the critical 
buckling analysis for circular cylindrical shells of laminated composites incorporating the effects of randomness 
in the material properties. A perturbation approach has been employed to develop expressions for the mean and 



variance of the critical buckling load in terms of material property statistics. Working of the approach has been 
illustrated with an example. 
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Technology, Kanpur, 208016, India), “Generalized buckling analysis of laminated plates with random material 
properties using stochastic finite elements”, International Journal of Mechanical Sciences, Vol. 48, No. 7, July 
2006, pp. 780-798, doi:10.1016/j.ijmecsci.2006.01.002 
ABSTRACT: A generalized layer-wise stochastic finite element formulation is developed for the buckling 
analysis of both homogeneous and laminated plates with random material properties. The pre-buckled stresses 
are considered in the derivation of geometric stiffness matrix and the effect of variation in these stresses on the 
mean and coefficient of variation of buckling strength is studied. The mean buckling strength of plates under 
uniform stress assumption exactly matches with those reported in the literature. However, it is shown that the 
actual mean buckling strength of plates can be significantly different based on the pre-buckled stress analysis 
which depends on boundary constraints, principal material directions, aspect and thickness ratios of plates. The 
statistics of buckling strength is determined using a Taylor series expansion based mean centered first order 
perturbation technique. The stochastic finite element solutions obtained using layer-wise plate theory is also 
validated with analytical solutions presented in this paper. Parametric studies are conducted for different aspect 
ratios, ply orientations and boundary conditions. 
 
 
Inho Hwang and Jong Seh Lee (Dept. of Civil Engineering, Harryang University, Ansan, Korea), “Buckling of 
orthotropic plates under various inplane loads”, KSCE Journal of Civil Engineering, Vol. 10, No. 5, 2006, 
pp.349-356, doi: 10.1007/BF02830088 
ABSTRACT: When a laminated composite plate is subjected to a compressive edge force lying in the plane of 
the plate, failure can occur by buckling at a stress below the strength of the material. Critical buckling loads of 
orthotropic plates are usually calculated using the analytical solutions which are based on the assumption of 
uniform end loads, despite the fact that real structures are subjected to various non-uniform inplane loads. This 
paper examines the buckling behavior of the orthotropic plates under non-uniform inplane loads with different 
boundary conditions (all edges simply supported, two loaded edges clamped and others simply supported, 
andall edges clamped) using the finite element method (FEM). Numerical results show that the existing 
formulas for buckling load basedon the uniform load assumption leads to overestimation of buckling loads. 
 
 
Yunliang Ding (Department of Aeronautical Structures and Materials, The Royal Institute of Technology, S-
100 44, Stockholm, Sweden), “Optimum design of honeycomb sandwich constructions with buckling 
constraints”, Computers & Structures, Vol. 33, No. 6, 1989, pp. 1355-1364, doi:10.1016/0045-7949(89)90476-8 
ABSTRACT: Optimum design of honeycomb sandwich constructions with buckling constraints is treated in 
this paper. Four modes of instability for honeycomb sandwich structures are considered in buckling constraints, 
including overall buckling, core shear instability, face wrinkling, and monocell buckling. The face thicknesses, 
core depth, cell wall thickness, and diameter of an inscribed circle in a honeycomb cell are taken as design 
variables. Eight-nodal quadrilateral honeycomb sandwich isoparametric shell elements and hybrid 
approximation techniques in combination with the dual solution are used. Some comparisons are also made 
between the cases with and without buckling constraints. Numerical results are given for four examples. 
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“Hygrothermal effects on the stability of a cylindrical composite shell panel”, Computers & Structures, Vol. 33, 
No. 2, 1989, pp. 551-559, doi:10.1016/0045-7949(89)90029-1 
ABSTRACT: The finite element method is applied to study the problem of moisture and temperature effects on 
the stability of a general orthotropic cylindrical composite shell panel subjected to axial or in-plane shear 



loading. The element employed is a nine-node isoparametric shell element. As the hygrothermal effects on the 
elastic properties of the matrices and the fibers are very different, the degradation of elastic moduli, the 
transverse shear effect and the induced initial stress are all considered. Numerical investigation shows that if the 
temperature increases from 300 to 422 K and the moisture concentration is saturated, the buckling load with 
both the degradation of elastic moduli and transverse shear deformation considered is ca. 12% lower than Snead 
and Papazotto's result where only the degradation of elastic moduli was considered. In addition, it is shown that 
the influence of the initial stress, induced by the same environmental variations, on the buckling load is far less 
significant. 
 
 
Dongyao Tan (Department of Aeronautics, Imperial College of Science, Technology and Medicine, Prince 
Consort Road, London SW7 2BY, UK), “Torsional buckling analysis of thin and thick shells of revolution”, 
International Journal of Solids and Structures, Vol. 37, No. 22, May 2000, pp. 3055-3078, 
doi:10.1016/S0020-7683(99)00120-1 
ABSTRACT: Based on the classical thin shell theory and the first-order shear deformation shell theory, two 
models are developed in this paper for predicting the torsional buckling loads of thin and thick shells of 
revolution. The material property of a shell of revolution is described as a general type of laminated composites 
and natural coordinates are used to define its geometry in which any kind of kinematic boundary condition can 
be applied precisely. To effectively use the axi-symmetric property of a shell of revolution in the analysis, a 
multi-level substructuring technique is employed in which only one substructure is involved in each 
substructuring level so the size of the problem in real computation is always kept very small. The torsional 
buckling behaviours of a circular cylinder, a conic shell, an elliptic hyperboloid shell and an ellipsoid shell are 
investigated using these models. 
 
 
Rasajit Kumar Bera (Department of Mathematics, Presidency College, Calcutta, 700073, West Bengal, India), 
“Nonlinear oscillations and buckling of anisotropic cylindrical shells under large initial stresses”, The Journal of 
the Australian Mathematical Society. Series B. Applied Mathematics, Vo1. 31, No. 3, pp. 330-346, January 
1990, http://dx.doi.org/10.1017/S0334270000006688  
ABSTRACT: The large-amplitude oscillations and buckling of an anisotropic cylindrical shell subjected to the 
initial inplane biaxial normal stresses have been analysed. The concept of anisotropy used by Lekhnitsky has 
been introduced into the field equations for cylindrical shells of isotropic material deduced by Donnell. The 
method of Galerkin and the method of successive approximation have been used to obtain the desired 
approximate solution. The expression for the critical loads for the buckling of anisotropic cylindrical shells has 
been obtained during intermediate stages of analysis. Some relevant frequency response graphs of the obtained 
solution are also presented. The minimum critical loads for various classes of anisotropy have also been given at 
the end of the discussion, to exhibit the effects of large deflections and imperfections on elastic buckling. 
 
 
R.K. Bera, “A new approach to nonlinear equations for a shallow unsymmetrical heated sandwich shell of 
double curvature”, J. of Thermal Stress, Vol. 21, 1998, pp. 655-666 
 
László P. Kollár (Department of Reinforced Concrete Structures Technical University of Budapest Budapest, 
Hungary 1521), “Buckling of Generally Anisotropic Shallow Sandwich Shells”, Journal of Reinforced Plastics 
and Composites  November 1990   vol. 9  no. 6  549-568, doi: 10.1177/073168449000900603 
ABSTRACT: The paper presents the differential equation system of buckling of shallow sandwich shells with 
thick faces in the case of general anisotropy. A closed form solution is derived for the determination of the 
buckling load which can be applied for a wide range of cases. It is also shown that, in the case of isotropic 
shells, the effect of shearing defor mation can be taken into account in many cases analogously to Föppl's 
formula. 
 
 



László P. Kollár (Department of Aeronautics and Astronautics Stanford University Stanford, CA 94305), 
“Buckling of anisotropic cylinders”, Journal of Reinforced Plastics and Composites  November 1994   vol. 13  
no. 11  954-975, doi: 10.1177/073168449401301101 
ABSTRACT: The aim of this paper is to determine the buckling shapes and loads of an isotropic cylinders 
subjected to temperature and/or mechanical loads. First, the governing differential equations for buckling are 
derived. Second, their solution is presented. The buckling shapes are found to be trigonometrical functions in a 
skew coordinate system. With the aid of these functions, closed form solutions are developed for calculating the 
buckling loads. The paper presents some examples which illustrate unexpected results, e.g., unconstrained 
cylinders subjected to a change in temperature may buckle at a critical temperature, and may buckle either with 
increasing or with decreasing temperature. 
 
 
W. H. Wong, K. H. Ip  and P. C. Tse, “Buckling stresses of composite tubes under biaxial compressive loads”, 
Experimental Mechanics, Vol. 38, No. 2, 1998, pp. 126-131, doi: 10.1007/BF02321655 
ABSTRACT: An analytical model describing the instability of specially orthotropic composite tubes with 
geometric imperfections subject to biaxial compressive loads and under clamped-clamped boundary conditions 
is developed. Furthermore, the range of validity of the present solution is clarified, and comparisons are made to 
some studies on isotropic cylindrical shells. Six E-glass woven fabric-epoxy composite tubes with the same 
internal radius and different thicknesses and longitudinal lengths were fabricated and subjected to various 
combinations of external hydrostatic pressure and axial compressive load simultaneously. The normalized 
buckling stresses were found to agree in general with the theoretical predictions at various biaxial loadings. The 
buckling envelopes in normalization form provide useful design data on the strength of specially orthotropic 
composite tubes under a realistic range of biaxial loading conditions. 
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Oscar Barton, Jr. (Mechanical Engineering Department, United States Naval Academy, Annapolis, MD 21402, 
USA), “Eigensensitivity analysis of moisture-related buckling of marine composite panels”, Ocean Engineering, 
Vol. 34, Nos. 11-12, August 2007, pp. 1543-1551, doi:10.1016/j.oceaneng.2006.12.007 
ABSTRACT: In this paper, an approximate closed-form solution is presented to compute the moisture-related 
buckling of symmetric angle-ply laminates. The environment corresponds to a steady state condition, which 
provides a uniform moisture distribution for the laminate. The laminate consists of four layers [+theta/-theta]s 
constructed of low, moderate and high stiffness ratio materials. Comparative results using the Rayleigh-Ritz 
method provides a means of assessing the accuracy of the expression. For certain laminate architectures, several 
modes must be computed to ascertain the lowest buckling mode, and once identified, provides an excellent 
approximation for the mode computed using the Rayleigh-Ritz method. 
 
 
L. Léotoing, S. Drapier and A. Vautrin (Mechanical and Materials Engineering Department – SMS Division, 
École Nationale Supérieure des Mines de Saint-Étienne, 42023 Saint-Étienne cedex 02, France), “First 
applications of a novel unified model for global and local buckling of sandwich columns”, European Journal of 
Mechanics - A/Solids, Vol. 21, No. 4, 2002, pp. 683-701, doi:10.1016/S0997-7538(02)01229-9 
ABSTRACT: Due to the intrinsic heterogeneity of sandwich structures, phenomena at various scales can co-
exist in these layered-like assembly of thick-soft and thin-stiff materials. Especially under in-plane compression 
loadings, geometrical instabilities can occur at both global (structure) and local (skins) scales. Therefore, the in-
plane compressive response of sandwich structures is of major concern in designing structural applications. In 
the present paper, the first applications of a novel unified model for sandwiches are presented, with closed-form 
solutions for both global and local buckling. For the perfect structure, analytical critical loads are extracted for a 
simply supported beam, through the calculation of two eigenvalues leading to three buckling modes: it appears 
that the eigenvalue associated with the antisymmetrical mode can correspond to the occurrence of either global 
or local (wrinkling) buckling. These global and local loads from the present unified model are shown to 
compare very well with the predictions given by the most complete specific models from the literature. 
Moreover, it is shown that conversely to the classical models, our approach yields critical loads that depend 
only on rigorous well-founded mechanical hypotheses. The simple but general analytical expressions from the 
unified model permit to select quickly configurations against local and global buckling. In this simplified 
framework, conclusions can be drawn from this unified model capable of properly predicting the phenomena at 
both scales. This simplified study is essential in getting an insight in the role played by each geometrical and 
material parameter, the combination of which is of importance for subsequent non-linear interactive post-
buckling analyses. 
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École Nationale Supérieure des Mines de Saint-Étienne, 42023 Saint-Étienne cedex 02, France), “Prediction of 
the two-scale buckling response of sandwich beams under in-plane compression”, ICCST '02 Proceedings of the 
sixth conference on Computational structures technology, Civil-Comp press Edinburgh, UK, 2002 
ABSTRACT: This paper is dedicated to the study of global (at the sandwich scale) and local (at the component 
scale) buckling in sandwich structures. First, a unified analytical characterization is given for both global and 
local buckling. Then these analytical critical loads are translated into sandwich configuration selection 
diagrams. A 'light' FE model is then proposed to carry out low CPU-time non-linear post-buckling analyses. 
The post-buckling response computed for elastic materials are mostly super-critical, for small geometrical 
imperfections. But for some configurations, interactive buckling can develop yielding a highly sub-critical 
response due to the occurrence of some unsymmetrically distributed geometrical localizations. When an 
elastoplastic core is considered the response becomes systematically sub-critical, and limit loads reduce 
consequently. A strong imperfection sensitivity is also noticed. 
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“Bifurcation buckling of unsymmetrically laminated plates”, Composites Engineering, Vol. 4, No. 2, 1994, 
pp.181-194, doi:10.1016/0961-9526(94)90026-4 
ABSTRACT: It is well known that the presence of bending-extension coupling in unsymmetrically laminated 
plates gives rise to bending curvatures under the action of pure in-plane loading. In view of this behaviour, it is 
generally believed that bifurcation buckling could normally not take place. In this investigation, the possibility 
of bifurcation instability in unsymmetrically laminated plates subjected to in-plane loading is examined. Based 
on the variationally consistent governing equations and edge conditions, conditions are derived which, if 
satisfied, ensure that the plate remains flat during the pre-buckling regime and thus guarantee bifurcation 
buckling. It is shown that these conditions are not essential for the bifurcation instability phenomenon to occur. 
A few plate configurations for which bending curvatures do occur during the pre-buckling stage but 
nevertheless still exhibit bifurcation instability are reported. The prescribed in-plane edge conditions assumed in 
the literature for the study of buckling phenomena are also examined with regard to their applicability. The 
existence of this phenomenon in the case of rectangular composite plates is demonstrated by modelling the plate 
with a four-node finite element having 10 degrees of freedom per node. a number of representative problems are 
examined, which reveal a number of interesting features. 
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Centre, Trivandrum 695 022, India), “Buckling of moderately thick rectangular composite plates subjected to 
partial edge compression”, International Journal of Mechanical Sciences, Vol. 40, No. 11, November 1998, 
pp.1105-1117, doi:10.1016/S0020-7403(98)00009-5 
ABSTRACT: The objective of the present paper is to investigate the influence of partial edge compression on 
the critical loads of moderately thick laminated plates. Towards this, an eight node isoparametric plate element 
is developed. The element has five degrees of freedom per node. The computer code developed accepts two sets 
of boundary conditions, one for pre-buckling stress analysis and the second for stability analysis. This flexibility 
is proposed to exploit the mid-line symmetry conditions. Two types of partial edge compression, viz., (I) 
uniform partial edge compression near the corners and (II) uniform partial edge compression at the middle of 
edges are considered. The effect of percentage of loaded edge length on the critical load of thin and thick 
composite plates with simply supported and clamped edge conditions is studied in detail. 
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“Thermal post-buckling behaviour of laminated plates using a shear-flexible element based on coupled-
displacement field”, Composite Structures, Vol. 59, No. 3, February-March 2003, pp. 351-359, 
doi:10.1016/S0263-8223(02)00243-X 
ABSTRACT: Post buckling behaviour of rectangular laminated plates subjected to thermal loads is investigated 
in this paper. For this purpose, a four-node, lock-free, rectangular composite plate finite element having six 
degrees of freedom per node viz three translations, two bending rotations about x- and y-axes and a twist is 
developed. The element is based on a bicubic representation of the transverse displacement field. The field 
descriptions for other variables are derived using equilibrium equations of strips along x- and y-axes of the 
plate. As a result field descriptions involve material properties apart from the usual geometric variables. 3◊3 
Guass Quadrature formula is employed to compute the elemental matrices. Though an exact integration rule has 
been employed, the element is free of shear locking even in the extreme thin plate regimes. The effect of 
boundary conditions, aspect ratio, number of layers and lay-up sequence on the post-buckling behavior is 
studied in detail. The numerical examples solved herein reveal the possibility of secondary bifurcations from the 
primary post-buckling path. 
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Technology, Kanpur 208016, India), “Initial buckling of composite cylindrical panels with random material 
properties”, Composite Structures, Vol. 53, No. 1, July 2001, pp. 55-64, doi:10.1016/S0263-8223(00)00178-1 
ABSTRACT: Composites are known to display a considerable amount of scatter in their material properties due 
to a large number of parameters associated with their fabrication and manufacturing processes. In the present 
study, the material properties have been modeled as random variables for accurate prediction of the system 
behavior. Shear deformation effects have been incorporated in the governing equations. First-order perturbation 
technique has been employed to obtain the second-order buckling load statistics. The results have been 
presented for composite cylindrical panels with all edges simply supported. These results demonstrate the 
dependence of scatter in buckling loads on the basic random variables. The effects of side-to-thickness ratio, 
aspect ratio, curvature-to-side ratio and change in standard deviation of input random variables have been 
investigated for cross-ply symmetric and anti-symmetric laminates. The approach has been validated by a 
comparison of the results with those obtained with Monte Carlo simulation. The results for the mean buckling 
load with different shear deformation theories have also been compared with those available in the literature. 
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Properties”, ASCE J. Aerosp. Engrg. 15, 46 (2002); doi:10.1061/(ASCE)0893-1321(2002)15:2(46) (9 pages) 
ABSTRACT: The initial buckling behavior of thick laminated composite curved panels with random material 
properties subjected to various in-plane edge loads has been investigated. For this purpose, an approach is 
presented to obtain the governing equation and the buckling load statistics with the help of an accurate C0 finite 
element in conjunction with first-order perturbation technique. A higher order shear deformation theory has 
been used for the laminate. The laminate material properties, subjected to inherent variations about the mean 
value, have been modeled as random variables. Results for second-order statistics of buckling load have been 
presented for laminated spherical panels and validated with available results in literature and Monte Carlo 
simulation. The influence of curvature-to-side ratio, side-to-thickness ratios and edge support conditions on 
buckling load statistics has been studied. The sensitivity of buckling load statistics for spherical panels to 
variations in material properties has been compared with that of cylindrical panels. 
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buckling of laminated composite conical shell panel with and without piezoelectric layer with random material 
properties”, International Journal of Crashworthiness, Vol. 14, No. 1, 2009, pp. 73 – 81, 
doi: 10.1080/13588260802517352 
ABSTRACT: In this paper, the sensitivity of randomness in material parameters on the thermal buckling of 
conical shells embedded with and without piezoelectric layer is examined. A higher order shear deformation 
theory is used to model the system behaviour of the conical shell. The lamina material properties are modelled 
as basic random variables. A deterministic finite element method in conjunction with the first-order perturbation 
technique is employed to handle the randomness in the material properties. Typical numerical results for the 
second order statistics of the linear thermal buckling load of the composite conical shells/panels with and 
without piezoelectric layer are obtained. Mean value results are validated with those available in the literature 
and standard deviation results are also validated with an independent Monte Carlo simulation. 
 
 
S.K. Panda and B.N. Singh (Department of Aerospace Engineering, Indian Institute of Technology Kharagpur, 
Kharagpur 721 302, India), “Thermal post-buckling behaviour of laminated composite cylindrical/hyperboloid 
shallow shell panel using nonlinear finite element method”, Composite Structures, Vol. 91, No. 3, December 
2009, pp. 366-374, doi:10.1016/j.compstruct.2009.06.004 
ABSTRACT: Post-buckling strength and the critical buckling load parameter of laminated composite 
cylindrical/hyperboloid shell panel subjected to uniform temperature field is investigated in this paper. The 
mathematical model is developed taking into account the full nonlinearity effect in stiffness matrices in Green–
Lagrange sense based on the higher order shear deformation theory. Governing equations are derived by 
minimizing the total potential energy of the system. The panel is represented with the nonlinear finite element 



model. The system equations are solved by a direct iterative approach to find out the thermal post-buckling 
equilibrium path. Influence of different parameters such as lamination scheme, modular ratio, amplitude ratio, 
thickness ratio, curvature ratio, aspect ratio and various support conditions have been examined in details. The 
results are compared with those available in literature. 
 
 
S K Panda, B N Singh (Department of Aerospace Engineering, Indian Institute of Technology Campus, 
Kharagpur, West Bengal, India), “Thermal post-buckling analysis of a laminated composite spherical shell 
panel embedded with shape memory alloy fibres using non-linear finite element method”, Proceedings of the 
Institution of Mechanical Engineers, Part C: Journal of Mechanical Engineering Science,  Vol. 224, No. 4, 2010, 
pp. 757-769, doi: 10.1243/09544062JMES1809 
ABSTRACT: In this article, the buckling and post-buckling behaviours of a laminated composite spherical 
shallow shell panel embedded with shape memory alloy (SMA) fibres are studied under a thermal environment. 
System equations for a laminated composite spherical shell panel embedded with SMA fibres are for the first 
time derived by modelling the geometric non-linearity in the Green–Lagrange sense and the material non-
linearity in SMA fibres in the framework of the higher-order shear deformation theory. The shell panel model is 
discretized by using a non-linear finite-element approach. The governing algebraic equations are then derived 
by the variational approach and solved using a direct iterative technique. Influences of the thickness ratio, 
boundary condition, aspect ratio, curvature ratio, lamination scheme, SMA volume fraction, percentage of 
prestrain, and amplitude ratio on the buckling and post-buckling temperatures of a laminated composite shell 
panel with and without SMA have been examined in detail. The results are computed using the present model 
and compared with those available in the literature. 
 
 
S.K. Panda and B.N. Singh (Department of Aerospace Engineering, Indian Institute of Technology Kharagpur, 
Kharagpur 721 302, India), “Nonlinear free vibration analysis of thermally post-buckled composite spherical 
shell panel”, International Journal of Mechanics and Materials in Design, Vol. 6, No. 2, 2010, pp. 175-188, 
doi: 10.1007/s10999-010-9127-1 
ABSTRACT: In this article, nonlinear free vibration behaviour of thermally post-buckled laminated composite 
spherical shallow shell panel is analyzed. The nonlinearity in geometry of the shell panel is considered in 
Green–Lagrange sense and the mathematical model is developed based on higher order shear deformation 
theory (HSDT). System of governing differential equations are derived using Hamilton’s principle. A direct 
iterative method in conjunction with nonlinear finite element approach is used to solve the system of equations. 
Effects of various geometries and material properties on the nonlinear free vibration frequencies are examined 
in detail and discussed. Results are obtained using the present model and are compared with those available in 
literature. The difference between the results speaks the necessity and the requirement of the present model for 
the prediction of actual nonlinear characteristics of the laminated structures having severe nonlinearity in 
thermal environment. 
 
 
Sarat Kumar Panda and L.S. Ramachandra (Department of Civil Engineering, IIT Kharagpur 721302, India), 
“Buckling of rectangular plates with various boundary conditions loaded by non-uniform inplane loads”, 
International Journal of Mechanical Sciences, Vol. 52, No. 6, June 2010, pp. 819-828, 
doi:10.1016/j.ijmecsci.2010.01.009 
ABSTRACT: In the present paper, buckling loads of rectangular composite plates having nine sets of different 
boundary conditions and subjected to non-uniform inplane loading are presented considering higher order shear 
deformation theory (HSDT). As the applied inplane load is non-uniform, the buckling load is evaluated in two 
steps. In the first step the plane elasticity problem is solved to evaluate the stress distribution within the 
prebuckling range. Using the above stress distribution the plate buckling equations are derived from the 
principle of minimum total potential energy. Adopting Galerkin's approximation, the governing partial 
differential equations are converted into a set of homogeneous linear algebraic equations. The critical buckling 
load is obtained from the solution of the associated linear eigenvalue problem. The present buckling loads are 
compared with the published results wherever available. The buckling loads obtained from the present method 



for plate with various boundary conditions and subjected to non-uniform inplane loading are found to be in 
excellent agreement with those obtained from commercial software ANSYS. Buckling mode shapes of plate for 
different boundary conditions with non-uniform inplane loadings are also presented. 
 
 
Sarat Kumar Panda and L.S. Ramachandra (Department of Civil Engineering, Indian Institute of Technology, 
Kharagpur 721302, India), “Postbuckling analysis of cross-ply laminated cylindrical shell panels under 
parabolic mechanical edge loading”, Thin-Walled Structures, Vol. 48, No. 8, August 2010, pp. 660-667, 
doi:10.1016/j.tws.2010.04.010 
ABSTRACT: Postbuckling equilibrium paths of simply supported cross-ply laminated cylindrical shell panels 
subjected to non-uniform (parabolic) inplane loads are traced in this paper. Love's shell theory with higher order 
shear deformation theory and von Kármán nonlinear strain–displacement relations are used in the mathematical 
formulation of the problem. In the first step, the plate membrane problem is solved to evaluate the stress 
distribution within the prebuckling range as the applied inplane edge load is non-uniform. The governing shell 
panel postbuckling equations are derived from the principle of minimum total potential energy using the above 
stress distributions. Adopting multi-term Galerkin's approximation, the governing equations are reduced into a 
set of non-linear algebraic equations. Newton–Raphson method in conjunction with Riks approach is employed 
to plot the postbuckling paths through limit points. Numerical results are presented for symmetric (0/90/0) 
crossply laminated cylindrical shell panels under parabolic inplane load, lateral distributed load and initial 
imperfections. Limit loads and snap-through behavior of shell panels are studied. 
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Guwahati, Assam, India 
ABSTRACT: The buckling behaviour of functionally graded cylindrical panels under thermal loading is 
investigated in this article.  In functionally graded material, material properties vary smoothly from metal phase 
to ceramic phase. In this study, the effective material properties of the functionally graded panels are considered 
as temperature dependent and the gradation is taken in the transverse direction according to the power-law 
distribution of volume fractions of each constituent. Thermal buckling behaviour of cylindrical panel has been 
obtained numerically through ANSYS based on the ANSYS parametric design language code. The model has 
been discretised using an eight-node serendipity element with six degrees of freedom per node (SHELL281) 
from the ANSYS library. The solutions are obtained by solving the eigenvalue type buckling using Block 
Lanczos method. The accuracy of the model has been checked through corresponding convergence and 
comparison study with those available literatures. Finally, the simulation model has been extended to study the 
effect of different parameters such as power-law index, thickness ratio, curvature ratio and aspect ratioon 
buckling strength for both temperature independent and dependent material properties of each constituent. 
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“Stochastic post buckling analysis of laminated composite cylindrical shell panel subjected to 
hygrothermomechanical loading”, Composite Structures, Vol. 93, No. 4, March 2011, pp. 1187-1200, 
doi:10.1016/j.compstruct.2010.11.005 
ABSTRACT: In this paper, the effect of random system properties on the post buckling load of geometrically 
nonlinear laminated composite cylindrical shell panel subjected to hygrothermomechanical loading is 
investigated. System parameters are assumed as independent random variables. The higher order shear 
deformation theory and von-Kármán nonlinear kinematics are used for basic formulation. The elastic and 
hygrothermal properties of the composite material are considered to be dependent on temperature and moisture 
concentration using micromechanical approach. A direct iterative based C0 nonlinear finite element method in 
conjunction with first-order perturbation technique proposed by present author for the plate is extended for shell 
panel subjected to hygrothermomechanical loading to compute the second-order statistics (mean and variances) 
of laminated composite cylindrical shell panel. The effect of random system properties, plate geometry, 
stacking sequences, support conditions, fiber volume fractions and temperature and moisture distributions on 
hygrothermomechanical post-buckling load of the laminated cylindrical shell panel are presented. The 
performance of outlined stochastic approach has been validated by comparing the present results with those 
available in the literature and independent Monte Carlo simulation. 
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“An overview of composite plate buckling”, in Composite Structures 4, Proc. of the Fourth International 
Conference, Vol. 1, Elsevier, London, 1.1–1.29. 
ABSTRACT: An overview is presented of considerations involved and some of the more interesting results 
found in the buckling of laminated composite plates. In the case of plates which are symmetrically laminated, 
classical orthotropic or anisotropic plate theory applies, and numerous theoretical results are available. For 
unsymmetrical laminates coupling exists between bending of the plate and stretching of its midplane, and a 
considerably more complicated theory must be used. Additional complicating factors are considered, including: 
interior holes, shear deformation, sandwich construction involving other materials, local effects, nonlinear 
stress-strain relationships, and hygrothermal effects. Postbuckling behavior and the effects of initial geometric 
imperfections are also discussed. The results summarized are taken from a recent comprehensive study of the 
world’s literature on this subject, encompassing approximately 300 references. 
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“Buckling studies for simply supported symmetrically laminated rectangular plates”, International Journal of 
Mechanical Sciences, Vol. 32, No. 11, 1990, pp. 909-924, doi:10.1016/0020-7403(90)90063-O 
ABSTRACT: Extensive and accurate numerical results are presented for the critical buckling loads of simply 
supported, rectangular, laminated composite plates subjected to five types of loading conditions: (1) uniaxial, 
(2) hydrostatic biaxial, (3) compression-tension biaxial, (4) positive shear and (5) negative shear. Considerably 
different results are found for the two types of shear loading for angle-ply composites. The Ritz method, along 
with displacements assumed in the form of a double sine series, is used to solve the problems. Convergence 
studies are presented to demonstrate the accuracy of the results. Contour plots of the buckled mode shapes are 
shown for some of the more interesting plate and loading configurations. 
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15 Maeda, Teine, Sapporo 006, Japan), “An optimal design for the maximum fundamental frequency of 
laminated shallow shells”, International Journal of Solids and Structures, Vol. 35, No. 20, July 1998, pp. 2571-
2583, doi:10.1016/S0020-7683(97)00179-0 
ABSTRACT: An optimal design is presented to determine the stacking condition that maximizes the lowest 
frequency of a laminated composite shallow shell with rectangular planform. The shallow shell considered has a 
symmetric laminate and is supported by shear diaphragms along the four edges. An analytical solution for 
natural frequencies is derived by discarding the cross-elasticity terms and then solving the governing equations 
of motion. In the optimization, fiber orientation angles in the layers are introduced as design variables, and a set 
of differential equations are presented which satisfy the Kuhn—Tucker optimality conditions. Formulas are then 
derived to give the possible optimal fiber orientation angles. Using numerical examples, the effects of various 
shell curvatures upon the optimal fiber orientation angles are discussed for a wide range of shallow shell 
configurations. 
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“Nonlinear vibration of corrugated shallow shells under uniform load”, Applied Mathematics and Mechanics, 
Vol. 28, No. 5, 2007, pp. 573-580, doi: 10.1007/s10483-007-0502-1 
ABSTRACT: Based on the large deflection dynamic equations of axisymmetric shallow shells of revolution, 
the nonlinear forced vibration of a corrugated shallow shell under uniform load is investigated. The nonlinear 
partial differential equations of shallow shell are reduced to the nonlinear integral-differential equations by the 
method of Green’s function. To solve the integral-differential equations, expansion method is used to obtain 
Green’s function. Then the integral-differential equations are reduced to the form with degenerate core by 
expanding Green’s function as series of characteristic function. Therefore, the integral-differential equations 
become nonlinear ordinary differential equations with regard to time. The amplitude-frequency response under 
harmonic force is obtained by considering single mode vibration. As a numerical example, forced vibration 
phenomena of shallow spherical shells with sinusoidal corrugation are studied. The obtained solutions are 
available for reference to design of corrugated shells. 
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function of nonlinear vibration of corrugated shallow shells”, Science in China Series G: Physics Mechanics 
and Astronomy, Vol. 51, No. 6, 2008, pp. 678-686, doi: 10.1007/s11433-008-0073-y 
ABSTRACT: Based on the dynamic equations of nonlinear large deflection of axisymmetric shallow shells of 
revolution, the nonlinear free vibration and forced vibration of a corrugated shallow shell under concentrated 
load acting at the center have been investigated. The nonlinear partial differential equations of shallow shell 
were reduced to the nonlinear integral-differential equations by using the method of Green’s function. To solve 
the integral-differential equations, the expansion method was used to obtain Green’s function. Then the integral-
differential equations were reduced to the form with a degenerate core by expanding Green’s function as a 
series of characteristic function. Therefore, the integral-differential equations became nonlinear ordinary 
differential equations with regard to time. The amplitude-frequency relation, with respect to the natural 
frequency of the lowest order and the amplitude-frequency response under harmonic force, were obtained by 
considering single mode vibration. As a numerical example, nonlinear free and forced vibration phenomena of 
shallow spherical shells with sinusoidal corrugation were studied. The obtained solutions are available for 
reference to the design of corrugated shells. 
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Yong-an Zhu, Fan Wang  and Ren-huai Liu, “Thermal buckling of axisymmetrically laminated cylindrically 
orthotropic shallow spherical shells including transverse shear”, Applied Mathematics and Mechanics, Vol. 29, 
No. 3, 2008, pp. 291-300, doi: 10.1007/s10483-008-0302-7 
ABSTRACT: The nonlinear thermal buckling of symmetrically laminated cylindrically orthotropic shallow 
spherical shell under temperature field and uniform pressure including transverse shear is studied. Also the 
analytic formulas for determining the critical buckling loads under different temperature fields are obtained by 
using the modified iteration method. The effect of transverse shear deformation and different temperature fields 
on critical buckling load is discussed. 
 
 
R. Kitching and P. Myler (University of Manchester Institute of Science and Technology, Department of 
Mechanical Engineering, Applied Mechanics Division, P.O. Box 88, Manchester M601QD, U.K.), “Glass 
reinforced plastic pipe bend subjected to vacuum and flexure”, International Journal of Mechanical Sciences, 
Vol. 28, No. 3, 1986, pp. 179-192, doi:10.1016/0020-7403(86)90037-8 
ABSTRACT:  
 
 
P.D. Soden, R. Kitching and P.C. Tse (Department of Mechanical Engineering, Applied Mechanics Division, 
Pariser Building, UMIST, PO Box 88, Manchester, M60 1QD, UK), “Experimental failure stresses for ±55° 
filament wound glass fibre reinforced plastic tubes under biaxial loads”, Composites, Vol. 20, No. 2, March 
1989, pp. 125-135, doi:10.1016/0010-4361(89)90640-X 
ABSTRACT: Experiments have been carried out to determine the failure envelopes which describe the leakage 
and fracture strengths of thin walled ±55° filament wound E-glass fibre/epoxy tubes under a variety of biaxial 
stress states produced by applying combinations of internal pressure and axial tensile and compressive loads. 
The fracture strengths vary from 70 MPa to 900 MPa depending on the ratio of applied circumferential to axial 
stresses. For some combinations of loading leakage occurs at much lower stresses than final failure. 
 
 
P.D. Soden (1), R. Kitching (1), P.C. Tse (1), Y. Tsavalas (1) and M.J. Hinton (2) 
(1) Department of Mechanical Engineering, UMIST, PO Box 88 Manchester, UK, M60 1QD 
(2) Defence Research Agency, Royal Armament Research and Development Establishment, Fort Halstead, 
Kent, UK 
“Influence of winding angle on the strength and deformation of filament-wound composite tubes subjected to 
uniaxial and biaxial loads”, Composites Science and Technology, Vol. 46, No. 4, 1993, pp. 363-378, 
doi:10.1016/0266-3538(93)90182-G 
ABSTRACT: Experimental data are presented to show the effects of winding angle on the strength of 100 mm 
diameter, 1 mm thick, filament wound E-glass fibre reinforced epoxy resin tubes tested under various 
combinations of internal pressure and axial tension or compression. Leakage and fracture strength envelopes are 
presented for ±45°, ±55° and ±75° winding angle tubes subjected to a wide range of different biaxial membrane 
stress states. Strengths range from 30 to 1250 MPa. Axial compression test results for tubes with wall 
thicknesses ranging from 1 to 3·6 mm establish the influence of shell buckling. Stress/strain curves up to 



fracture under three different types of loading show the effects of the winding angle on elastic constants and on 
nonlinear stress strain behaviour. 
 
 
B. Mustafa (1), S. Li (1), P.D. Soden (1), S.R. Reid (1), C.M. Leech (1) and M.J. Hinton (2) 
(1) Department of Mechanical Engineering, UMIST, Sackville Street, Manchester M60 1QD, U.K. 
(2) D.R.A. RARDE, Fort Halstead, Kent TN14 7BP, U.K. 
“Lateral indentation of filament wound GRP tubes”, International Journal of Mechanical Sciences, Vol. 34, 
No.6, June 1992, pp. 443-457, doi:10.1016/0020-7403(92)90011-5 
ABSTRACT: Thin-walled filament wound glass fibre reinforced tubes supported on a rigid flat plate were 
loaded laterally by a rigid spherical indenter. The finite element technique was used for the prediction of 
deformation and strains in the tube up to failure which occurred at high levels of indentation. The analysis made 
allowance for the large displacements. The tube wall material was modelled as a monolithic, orthotropic 
continuum. The theoretical results are compared with experimental data from tube indentation tests. Final 
failure is shown to be due to local axial shell buckling. 
 
 
S. Li (2), P.D. Soden (2), S.R. Reid (2) and M.J. Hinton (1) 
(1) DRA RARDE, Fort Halstead, Kent, UK 
(2) Department of Mechanical Engineering, UMIST, Manchester, UK 
“Indentation of laminated filament-wound composite tubes”, Composites, Vol. 24, No. 5, July 1993, pp. 407-
421, doi:10.1016/0010-4361(93)90248-7 
ABSTRACT: The finite element method has been used to analyse the behaviour of thin-walled, 100 mm 
diameter filament-wound GRP tubes supported on a flat plate and indented with a 50 mm diameter spherical 
indenter. The tube wall was treated as an angle-ply laminate and a half-tube model was employed with 
appropriate rotational symmetry conditions. The strain results were compared with those from a quarter-tube 
monolithic material model (homogeneous throughout and orthotropic with principal axes coincident with the 
axial and circumferential directions). The theoretical predictions were compared with experimental results. 
Local resin cracks occurred under the indenter. Two-cover (four-layer), 1 mm thick, ±55° and ±75° winding 
angle tubes finally failed at large indenter displacements by local shell buckling caused by the development of 
local axial compressive forces some distance away from the indenter. Four-cover (eight-layer), 2 mm thick, 
±55° tubes delaminated under the indenter and failed by shell fracture, again some distance away from the 
indenter. 
 
 
S.R. Reid (Dept. of Mechanical Engineering, UMIST, Manchester, UK), “Plastic deformation mechanisms in 
axially compressed metal tubes used as impact energy absorbers”, Int. J. Mech. Sci., Vol. 35, No. 12, pp1035-
1052, 1993 
ABSTRACT: (cannot cut and paste) 
 
 
Pascal B. Xavier, C. H. Chew and K. H. Lee (Department of Mechanical and Production Engineering, National 
University of Singapore, Singapore 0511), “Buckling and vibration of multilayer orthotropic composite shells 
using a simple higher-order layerwise theory”, International Journal of Solids and Structures, Vol. 32, No. 23, 
December 1995, pp. 3479-3497, doi:10.1016/0020-7683(95)00002-R 
ABSTRACT: The buckling and vibration of thick, orthotropic laminated composite shells is modelled using a 
simple layerwise higher-order theory. The theory accounts for a cubic variation of both the in-plane 
displacements and the transverse shear stresses within each layer, the latter being zero at the free surfaces 
without the need for shear correction factors. By imposing the continuity of the in-plane displacements and the 
transverse shear stresses at the interfaces, the number of variables is shown to be the same as that given by the 
FSDT, irrespective of the number of layers considered. A non-dimensionalized parameter called the General 
Performance Index is defined in order to assess the overall performance of the models based on their flexural 
frequencies and the largest component of stress within the laminate. Numerical results for moderately short, 



one-, two- and three-layer shell panels are obtained for a range of base layer-to-core modulus of elasticity ratios. 
The normalized natural frequencies and stresses of the present theory are compared with a simple layerwise 
first-order theory and two other global higher-order theories that despite their similarity, indicate some 
interesting differences. The critical buckling loads are also given for a range of modulus and thickness ratios. 
Results indicate the present theory generally performs better over a range of the parameters mentioned 
predicting conservatively lower natural frequencies, smaller buckling loads and larger stresses for symmetric 
shells. 
 
 
M. Broggi and G.I. Schuëller (Engineering Mechanics, University of Innsbruck, Technikerstraße, 13 - 6020 
Innsbruck, Austria), “Efficient modeling of imperfections for buckling analysis of composite cylindrical shells”,  
Engineering Structures, Vol. 33, No. 5, May 2011, pp. 1796-1806, doi:10.1016/j.engstruct.2011.02.019 
ABSTRACT: Unstiffened composite cylindrical shells show a large scatter in the load levels that the structure 
can withstand before buckling occurs. Such scatter is greatly influenced by the unavoidable imperfections of the 
structure, introduced during the fabrication phase. It is thus of key importance to be able to accurately model 
such imperfections in a numerical computation, in order to recreate and predict the scatter shown in 
experimental buckling tests. The imperfections can be analyzed by means of random fields, inferring their 
statistical properties from available measurements. In this manuscript, evolutionary spectra are used to derive 
random fields of surface and material imperfections of cylindrical shells. A procedure based on a moving 
window averaging technique is proposed in order to accurately capture the variation of material properties due 
to imperfect thickness and laminate manufacturing. Finally, Monte Carlo simulations of compression and 
torsional buckling of cylinders are carried out to show the combined effect of surface and thickness 
imperfections in the scatter of the buckling limit load. 
 
 
Charles J. Hunckler, T. Y. Yang and Werner Soedel (Purdue University, West Lafayette, IN 47907, U.S.A.), “A 
geometrically nonlinear shell finite element for tire vibration analysis”, Computers & Structures, Vol. 17, No. 2, 
1983, pp. 217-225, doi:10.1016/0045-7949(83)90009-3 
ABSTRACT: An axisymmetric finite element is developed which includes such features as orthotropic material 
properties, doubly curved geometry, and both the first and second order nonlinear stiffness terms. This element 
can be used to predict the equilibrium state of an axisymmetric shell structure with geometrically nonlinear 
large displacements. Small amplitude vibration analysis can then be performed based on this equilibrium state. 
The nonlinear path is predicted by using the self-correcting incremental procedure and any point on the path can 
be checked by using the Newton-Raphson iterative scheme. The present formulation and solution procedure are 
evaluated by analyzing a series of examples with results compared with alternative known solutions. Examples 
include: free vibration of an isotropic cylindrical shell, a conical frustum, and an orthotropic cylindrical shell; 
buckling of a cylindrical shell; large deflection of a clamped disk, a spherical cap, and a steel belted radial tire. 
The final example is a free vibration analysis of the inflated tire and the natural frequencies obtained compared 
well with published experimental data. 
 
 
Harte, R. and Eckstein, U. (Institut für Konstruktiven Ingenieurbau, Statik und Dynamik, Ruhr-Universität 
Bochum, West Germany), “Derivation of geometrically nonlinear finite shell elements via tensor notation”, 
International Journal for Numerical Methods in Engineering, Vol. 23, No. 3, March 1986, pp. 367–384, 
doi: 10.1002/nme.1620230304 
ABSTRACT: To develop geometrically nonlinear, doubly curved finite shell elements the basic equations of 
nonlinear shell theories have to be transferred into the finite element model. As these equations in general are 
written in tensor notation, their implementation into the finite element matrix formulation requires considerable 
effort. The present paper will demonstrate how to derive the nonlinear element matrices directly from the 
incrementally formulated nonlinear shell equations using a tensor-oriented procedure. This enables the 
numerical realization of all structural responses, e.g. the calculation of pre- and post-buckling branches in snap-
through analysis and especially in bifurcation analysis, including the detection of critical points and the 
consideration of geometric imperfections. To avoid loss of accuracy care is taken for a realistic computation of 



the geometric properties as well as of the external loads. Finally, the developed family of shell elements will be 
presented and its efficiency will be demonstrated by some applications to linear and geometrically nonlinear 
structural phenomena. 
 
 
Yang, H. T. Y. and Wu, Y. C. (Purdue University, West Lafayette, Indiana, 47907, U.S.A.), “A geometrically 
non-linear tensorial formulation of a skewed quadrilateral thin shell finite element”, International Journal for 
Numerical Methods in Engineering, Vol.28, No. 12, 1989, pp. 2855–2875. doi: 10.1002/nme.1620281210 
ABSTRACT: A 48-degree-of-freedom (d.o.f.) skewed quadrilateral thin shell finite element, including the 
effect of geometrical non-linearity, is formulated and appropriate numerical procedures are adopted for the 
development of an efficient approach for the static and dynamic analysis of general thin shell structures. The 
element surface is described by a variable-order polynomial in curvilinear co-ordinates. The displacement 
functions are described by bicubic Hermitian polynomials in curvilinear co-ordinates. The directions of the 
curvilinear co-ordinates at each nodal point are uniquely defined to coincide with the directions of the 
boundaries of the element. In the present case of a skewed quadrilateral with non-orthogonal curvilinear 
coordinates, the coupling terms of the metric tensor and curvature tensor of the surface no longer vanish, such 
as in the case of orthogonal co-ordinates. The tensor form is used in the setup of the shape functions, geometric 
derivatives, stiffness matrix and computer code. This allows for the treatment of shells with irregular shapes and 
variable curvatures. To evaluate the efficiency and accuracy of this formulation, a systematic list of examples is 
chosen: (i) linear and non-linear static analysis of square and rhombic plates, cylindrical and spherical shells; 
(ii) linear vibrations of trapezoidal flat and curved plates; (iii) large amplitude vibrations of a rhombic plate. For 
the square plate and cylindrical and spherical shell, shewed element meshes with various distortion angles are 
used to study the effect of the distortion angles on the accuracy of the results and to demonstrate the versatility 
of the present element. All results are compared with alternative available solutions including those obtained 
using regular rectangular meshes. Pinched thin cylindrical and spherical shells are studied using different 
skewed meshes and various Gauss integration meshes, and no membrane locking phenomenon is observed. 
 
 
D.G. Liaw and T.Y. Yang (School of Aeronautics and Astronautics Purdue University West Lafayette, IN 
47907), “Symmetric and Asymmetric Dynamic Buckling of Laminated Thin Shells with the Effect of 
Imperfection and Damping”, Journal of Composite Materials, February 1990, vol. 24, no. 2, pp.188-207, 
doi: 10.1177/002199839002400204 
ABSTRACT: The emphasis of this paper is to use a thin shell finite element to study the dynamic buckling 
behavior of a class of thin shell problems due to the effects of three parameters with design significance: (1) 
axisymmetric and asymmetric imperfections; (2) orthotropic and anisotropic material properties; and (3) 
Rayleigh viscous damping. Five types of thin shells were considered: (1) an orthotropic annular spherical cap; 
(2) an ortho tropic, axisymmetrically imperfect, whole spherical shell; (3) an axially compressed, laminated, 
asymmetrically imperfect, cylindrical shell; (4) an orthotropic, axisym metrically imperfect, spherical cap; and 
(5) an orthotropic, asymmetrically imperfect, spherical cap. While some basic results are compared with 
available solutions, extensive new results are also presented. The results quantify the effect of amplitude of 
imperfec tions, which can significantly reduce the dynamic buckling load. The results also quantify the effects 
of orthotropic material parameter and viscous damping. 
 
 
D.G. Liaw and Henry T.Y. Yang (Purdue University School of Aeronautics and Astronautics West Lafayette, 
IN 47907), “Elastic-Plastic Dynamic Response and Buckling of Laminated Thin Shells”, Journal of Composite 
Materials, August 1991, vol. 25  no. 8  pp. 1039-1063, doi: 10.1177/002199839102500805 
ABSTRACT: A 48 degree-of-freedom doubly-curved quadrilateral laminated thin shell element including the 
effect of anisotropic plasticity is formulated to study the static, dynamic response and buckling of thin shell 
structures. The effect of geometric nonlinearity is also included. The formulation is based on the Kirchhoff-
Love thin shell theory and classical lamination theory. In the plastic range, the Huber-Mises yield criterion 
combined with the Prandtl-Reuss flow rule are used. The state of stresses and strains of each layer is calculated 
individually, and then integrated through the whole thickness of the shell to obtain the stress and moment 



resultants, and the stress-strain relation. The stress and strain components, the stress-strain relation, and the 
yield function which is used to identify the plastic surface are obtained in principal material directions of each 
layer and then transformed to those in local coordinate axes of the element. The formulation and solution 
procedure are evaluated by comparing results of two examples with existing alternative solutions. The practical 
applicability is demonstrated by performing a series of static and dynamic buckling analyses of laminated thin 
spherical and cylindrical shells. 
 
 
Beakou, A. and Touratier, M. (Laboratoire Génie de Production-ENIT, Avenue d'Azereix, B.P. 1629-65016 
Tarbes Cedex, France), “A rectangular finite element for analysing composite multilayered shallow shells in 
statics, vibration and buckling”,  International Journal for Numerical Methods in Engineering, Vol. 36, 1993, 
pp. 627–653. doi: 10.1002/nme.1620360406 
ABSTRACT: This paper presents a new 32-degree-of-freedom finite element of multilayered composite, 
moderately thick, shallow shells. The element is a four-node C1 rectangular element and is built from standard 
interpolations but with a new kind of kinematics which allows us to exactly ensure the continuity conditions for 
displacements and stresses at the interfaces between the layers of a laminated structure and the boundary 
conditions at the upper and lower surfaces of the shell. The transverse shear deformation which is represented 
by cosine functions is of a higher order and allows us to avoid shear correction factors. The element is evaluated 
on standard problems and in comparison with exact three-dimensional and analytical solutions for multilayered 
plates and shells in statics, vibrations and stability. 
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“On a refined model in structural mechanics: Finite element approximation and edge effect analysis for 
axisymmetric shells”, Computers & Structures, Vol. 54, No. 5, March 1995, pp. 897-920, 
doi:10.1016/0045-7949(94)E0175-2 
ABSTRACT: A two dimensional kinematics is proposed for moderately thick plates and curved shells without 
any assumption other than neglecting the transverse normal strain. The transverse shear is taken into account by 
using a function ƒ depending on the thickness coordinate and which is introduced in the assumed kinematics. 
The boundary value problem is derived from the principle of virtual power. With the function ƒ in the 
kinematics, all equations are directly applicable to Kirchhoff-Love, Reissner-Mindlin, Reddy theories and, 
obviously, our theory by using a certain sine function ƒ This latter is justified in plates from three-dimensional 
elasticity theory. The corresponding theory has been found efficient in statics (buckling) and in dynamics (free 
vibrations) for composite structures without needing shear correction factors. In addition, a new finite element 
is proposed to analyse axisymmetric semi-thick shells in elasticity and for small displacements. The element has 
three nodes and ten degrees of freedom, is of C1 continuity for the transverse displacement and C0 for the 
membrane displacement and the ‘membrane-shear’ rotation. Finally, an introduction to the edge effects for 
axisymmeric shells is presented. The study has shown some surprises concerning the hard clamped edge, in 
comparison with a two-dimensional eight node isoparametric solid finite element model used in reference. 
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(3) LMSP, UMR 8106, CNRS-ENSAM-Univ. d’Orléans, 151 Bd de l’Hopital, 75013 Paris, France 
“C1 plate and shell finite elements for geometrically nonlinear analysis of multilayered structures”, Computers 
& Structures, Vol. 84, Nos. 19-20, July 2006, pp. 1264-1274, Special Issue: Computational Models for 
Multilayered Structures and Composite Structures, doi:10.1016/j.compstruc.2006.01.031 
ABSTRACT: The aim of this work is to analyze the geometrically nonlinear mechanical behaviour of 
multilayered structures by a high order plate/shell finite element in order to predict displacements and stresses 
of such composite structures for design applications. Based on a conforming finite element method, a C1 



triangular six node finite element is developed using trigonometric functions for the transverse shear stresses. 
The geometric nonlinearity is based on von-Karmann assumptions and only five generalized displacements are 
used to ensure: 
(1) a cosine distribution for the transverse shear stresses with respect to the thickness co-ordinate, avoiding 
shear correction factors; 
(2) the continuity conditions between layers of the laminate for both displacements and transverse shear 
stresses; 
(3) the satisfaction of the boundary conditions at the top and bottom surfaces of the shells. 
 
 
F. Dau (1), F. Pablo (2) and O. Polit (2) 
(1) LAMEFIP - ENSAM - Esplanade des arts et métiers - 33405 Talence - France 
(2) LMpX - Univ. Paris X - 1 Chemin Desvallières - 92410 Ville d’Avray – France,  
“New Reference Solutions and Parametric Study for Multilayered Cylindrical Shell”, IJRRAS Vol. 4, No. 2, 
August 2010 
ABSTRACT: This work deals with the performances of a refined shell model for modelizing cylindrical 
multilayered deep or shallow, thin or thick shells. To this end, new 3D analytical solutions are built from the 
well known Ren cylindrical shell panel and stand for reference solutions. Next, a parametric study varying the 
shell geometry (radius of curvature, thickness, curve side length of the panel) and the number of layers is 
carried out numerically using a C1 finite element based on the present shell model. Numerical results are then 
compared to the new set of reference solutions established for laminates of 1, 2, 3 and 5 layers. Finally, use 
restrictions according to the shell geometry can be done. Moreover, indications about shell curvature can be 
obtained considering the ratio between radius and curve length. 
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K.A. Lou and G. Yaniv (Simula Inc. 10016 S. 51st  Street, Phoenix, Arizona 85044), “Buckling of Circular 
Cylindrical Composite Shells under Axial Compression and Bending Loads”, Journal of Composite Materials  
February 1991   vol. 25  no. 2  pp. 162-187, doi: 10.1177/002199839102500203 
ABSTRACT: The buckling behavior of circular cylindrical composite shells under axial compression, bending, 
and combined compression-bending is studied. Both Donnell-and refined Love-type equations of motion are 
solved using Galerkin's method. Numerical results reflecting a wide range of radius-to-thickness and length-to-
thickness ratios are presented and discussed. The interaction between axial compression and bending in the 
combined loading case show significant deviation from the linear noninteracting beam-column type solutions. 
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Osaka 572-8508, Japan), “Thermal buckling of cross-ply laminated composite shallow shells according to a 
global higher-order deformation theory”, Composite Structures, Vol. 81, No. 2, November 2007, pp. 210-221, 
doi:10.1016/j.compstruct.2006.08.008 
ABSTRACT: A two-dimensional global higher-order deformation theory is presented for the evaluation of 
critical temperatures in cross-ply laminated composite shallow shells subjected to thermal loading. The effects 
of prebuckling deformations of the shells subjected to a temperature change that is independent of the in-plane 
coordinates are taken into account in the present analysis. By using the method of power series expansion of 
continuous displacement components, a set of fundamental governing equations which can take into account the 
effects of both transverse shear and normal stresses are derived through the principle of virtual work. Several 
sets of truncated Mth order approximate theories are applied to solve the thermal buckling problems of a simply 
supported multilayered shell. Critical temperatures are shown for two cases of including the effects of 
prebuckling displacements and neglecting these effects. The modal stresses can be calculated by integrating the 
three-dimensional equations of equilibrium in the thickness direction, and satisfying the continuity conditions at 
the interface between layers and stress boundary conditions at the external surfaces. The present results are 
verified to be accurate enough for cross-ply laminated composite shallow shells through the convergence study 
and energy balance computations. 
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Taiwan), “Thermal Buckling Analysis Of Isotropic And Composite Plates With A Hole”, Journal of Thermal 
Stresses, Vol. 13, No. 3, 1990, pp. 315 – 332, doi: 1080/01495739008927040 
ABSTRACT: We analyze thermal buckling of both circular isotropic plates and square antisymmetric angle-ply 
laminates with a hole in the middle, and subject to a uniform temperature rise, by either closed form solution for 
the former or finite-element method for the latter. Thin-plate theory is used to analyze the isotropic plates. 
However, a high-order displacement theory including high-order terms along the transverse direction taking into 
account transverse normal strain is used in the case of laminates. Results for the isotropic plates indicate that in 
contrast to the reduction in mechanical buckling loads due to the hole, the thermal buckling temperature 



actually rises as the size of the hole increases, which indicates that the effect on stress reduction exceeds that on 
stiffness decrease. Results are more complicated for laminated plates, due to anisotropy. 
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Republic of China), “FEM analysis of buckling and thermal buckling of antisymmetric angle-ply laminates 
according to transverse shear and normal deformable high order displacement theory”, Computers & Structures, 
Vol. 37, No. 6, 1990, pp. 925-946, doi:10.1016/0045-7949(90)90006-N 
ABSTRACT: Buckling and thermal buckling of the antisymmetric angle-ply laminates clamped and subject to 
in-plane edge loads or a uniform temperature rise are analyzed by the finite element method. A higher order 
displacement theory including higher order terms along the transverse direction, taking into account transverse 
normal strain, is applied through the analysis. Effects of important parameters, such as ply angle, ratio of 
thickness to edge length, number of layers, ratio of in-plane to transverse modulus, etc. are studied. The 
numerical results are presented. 
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Taiwan 10764, China), “Thermal buckling analysis of antisymmetric angle-ply laminates based on a higher-
order displacement field”, Composites Science and Technology, Vol. 41, No. 2, 1991, pp. 109-128, 
doi:10.1016/0266-3538(91)90023-I 
ABSTRACT: A higher-order deformation theory, which accounts for transverse shear and transverse normal 
strains, is derived for the thermal buckling analysis of antisymmetric angle-ply laminates that are simply 
supported and subject to a uniform temperature rise. The theory includes six dependent variables but can 
account for cubic distribution of in-plane displacements and parabolic distribution of transverse normal 
displacement. By using the present higher-order displacement field and the three-dimensional Hooke's law, 
exact-closed form solutions of the thermal buckling temperature are obtained. For purposes of comparison, 
numerical values of buckling temperature based on the first-order shear deformation theory and Reddy's higher-
order shear deformation theory are also calculated, by reducing the present higher-order deformation theory. 
The results show that surprising discrepancies exist among the present theory and the other two theories, which 
indicates the importance of incorporating the effect of transverse normal strain in the thermal buckling analysis 
of antisymmetric angle-ply laminates. 
 
 
Chang Jeng-Shian and Chiu Wei-Chong (Institute of Applied Mechanics, National Taiwan University, Taipei, 
Taiwan 10764, R.O.C.), “Thermal buckling analysis of antisymmetric laminated cylindrical shell panels”, 
International Journal of Solids and Structures, Vol. 27, No. 10, 1991, pp. 1295-1309, 
doi:10.1016/0020-7683(91)90164-B 
ABSRACT: The thermal buckling analysis of antisymmetric angle-ply laminated cylindrical shells that are 
simply supported and subjected to a uniform temperature rise is analyzed by a finite element method based on 
the higher order displacement functions. Comparisons to the first order displacement theory are made. Both 
theories allow transverse shear deformation, but only the higher order one takes into account the transverse 
normal strain. The numerical results show that first order theory overestimates the thermal buckling temperature 
of the shell panel, which suggests that the higher order displacement fields should be used in the analysis of 
thermal buckling for a laminated shell. Effects of important parameters are also studied. 
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“Overall buckling and postbuckling behavior of beam-like sandwich plates”, Composites Science and 
Technology, Vol. 45, No. 1, 1992, pp. 55-63, doi:10.1016/0266-3538(92)90122-J 
ABSTRACT: The problem of overall buckling and postbuckling behavior of beam-like sandwich plates, which 
are composed of orthotropic face sheets and soft cores and are rigidly joined at one pair of opposite sides, are 
analyzed in this work. The other pair of edges is unsupported and widely separated so that the sandwich plates 
in fact act like wide beams and the complexity of analysis is reduced. The in-plane loads are assumed to apply 



at the middle of the rigid joints. A set of equilibrium equations and compatibility conditions are then formulated 
for the buckling and postbuckling behavior. Numerical examples based on finite difference methods and 
Newton-Raphson iterations for the nonlinear governing equations are presented. As the results indicate, the 
postbuckling behavior for such plates is found to be slightly unstable. 
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Taiwan 10764), “Buckling and free vibration of cross-ply laminated circular cylindrical shells subjected to axial 
thrust and lateral pressure loading according to a higher order displacement field”, Thin-Walled Structures, Vol. 
13, No. 3, 1992, pp.177-196, doi:10.1016/0263-8231(92)90040-4 
ABSTRACT: An analytical solution is presented for the stability and free vibration of the cross-ply laminated 
thin circular cylindrical shells which are simply supported at both ends and subject to axial and lateral pressure. 
Based on the principles of virtual work and a nine-term higher order transverse shear and transverse normal 
deformable displacement field, a set of governing equations for thermal buckling of thin circular cylindrical 
shells together with the associated boundary conditions are derived. Navier double series method is then applied 
to find the closed-form solutions. Effects of important parameters such as degree of orthotropy, ratio of length 
to radius, ratio of radius to thickness, etc., are studied. 
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Taiwan 10764), “Thermally induced vibration of laminated circular cylindrical shell panels”, Composites 
Science and Technology, Vol. 51, No. 3, 1994, pp. 419-427, doi:10.1016/0266-3538(94)90110-4 
ABSTRACT: This work is concerned with a two-dimensional finite element study of the transient response of 
laminated thin circular cylindrical shell panels subjected to thermal impact under the framework of linear 
coupled thermoelasticity. A nine-node isoparametric element is applied to the FEM formulation. Numerous 
examples are given, in which the shell panels are assumed to be thermally isolated at four edges and the bottom 
surfaces and a heat flux is then imposed suddenly on their top surfaces. The effects of boundary conditions, ply-
angles and radii of curvature are discussed. In addition, the differences between uncoupled and coupled 
problems are especially addressed. 
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10764, Taiwan, Republic of China), “Natural frequencies and critical velocities of fixed-fixed laminated 
circular cylindrical shells conveying fluids”, Computers & Structures, Vol. 57, No. 5, December 1995, pp. 929-
939, doi:10.1016/0045-7949(94)00352-4 
ABSTRACT: The natural frequencies and critical velocities of laminated circular cylindrical shells with fixed-
fixed ends conveying fluids are studied. Equations of motion are derived by the Hamilton principle under the 
scope of the Mindlin-type first-order transverse shear deformable cylindrical shell theory. Fluid pressure acting 
on the wall is obtained through the nonpenetration condition and the assumption of ideal flow. Dynamic 
characteristic equations are then obtained under the assumption of harmonic motion. Using linear superposition, 
the natural frequencies corresponding to each flow velocity are found by satisfying dynamic characteristic 
equation and boundary conditions. Critical velocities are those where the natural frequencies vanish, wherein 
the static divergence, i.e. buckling, occurs. Numerical examples are presented, in which the parameter studies 
include stacking angle, length-to-thickness and radius-to-thickness ratios. 
 
 
Tylikowski, Andrzej, “Stability and stabilization of thermally induced vibrations of cylindrical shells”, Journal 
of Thermal Stresses, Vol. 24, No. 6, pp 605-628, 2001, DOI: http://dx.doi.org/10.1080/014957301300158120 
ABSTRACT: A review of the analytical research of smart composite structures that have a relevance to 
buckling, vibrations, parametric vibrations, and dynamic stability of one and two-dimensional mechanical 
systems applied in mechanical and civil engineering is presented. Special attention is paid to the dynamic 
behavior of circular cylindrical shells due to nonuniform time-dependent temperature fields. The shell is heated, 
and it is assumed that a time- and space-dependent temperature field is known. To stabilize thermally induced 



transverse vibrations the host structure is integrated with a control system consisting of piezoelectric sensors 
and actuators. Distributed piezoelectric elements are implemented to suppress the motion caused by thermal 
disturbances. Two particular problems are analyzed in detail. The first is devoted to the stability analysis of a 
closed cylindrical shell subjected to a time-dependent temperature field. The stabilization is obtained by 
applying the velocity feedback and electroded piezoelectric sensors/actuators with a suitable polarization 
profile. In the second problem the technique of the dynamic stability analysis is extended to the thermally 
activated shape memory alloy hybrid rotating cylindrical shell. 
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Beijing, 100084, China), “Nonlinear vibrations of rotating thin circular cylindrical shell”, Nonlinear Dynamics, 
Vol. 67, No. 2, pp 1467-1479, January 2012, DOI: 10.1007/s11071-011-0082-7 
ABSTRACT: Nonlinear vibrations of thin circular cylindrical shells are investigated in this paper. Based on 
Love thin shell theory, the governing partial differential equations of motion for the rotating circular cylindrical 
shell are formulated using Hamilton principle. Taking into account the clamped-free boundary conditions, the 
partial differential system is truncated by using the Galerkin method. Sequentially, the effects of temperature, 
geometric parameters, circumferential wave number, axial half wave number and rotating speed on the nature 
frequency of the rotating circular cylindrical shell are studied. The dynamic responses of the rotating circular 
cylindrical shell are also investigated in time domain and frequency domain. Then, the effects of nonlinearity, 
excitation and damping on frequency responses of steady solution are investigated. 
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“Vibration and stability of micro-scale cylindrical shells conveying fluid based on modified couple stress 
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DOI: 10.1049/mnl.2012.0184 
ABSTRACT: Vibration characteristics of micro-scale simply supported cylindrical shells conveying fluid and 
embedded in an elastic medium are analysed using the new equations of motion developed based on the 
modified couple stress theory. It is found that the natural frequencies predicted by the established model are 
size-dependent, and change with the fluid flow velocity and elastic medium parameter. The size dependence is 
shown when the characteristic radius size is comparable with the material length-scale parameter, but decreases 
with the increase in characteristic size. The fluid inside the shell is also found to help in decreasing natural 
frequency sharply. 
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University, Beijing 100084, China), “Micro-scale delaminating and buckling of thin film on soft substrate”, 
Journal of Micromechanics and Microengineering, Vol. 23, No. 3, 035040, 2013 
ABSTRACT: In this paper, a simple process is suggested to estimate the interfacial toughness of the material 
system 'aluminum film/soft PDMS substrate'. The specimen, i.e. the aluminum film deposited on the soft 
polydimethylsiloxane (PDMS) substrate, is subject to a tensile load, and delaminating and buckling of 
aluminum film are observed in the perpendicular direction to the tensile strain. With the aid of the buckling 
blisters, the interfacial toughness of the material system is estimated. Large deformation is considered during 
the buckling of the thin film, and the interfacial toughness is deduced from a fracture theory. Besides, the 
evolution from one single blister to three blisters and then four blisters is observed in situ under microscope. 
This simplified method has potential applications to flexible electronics in which interfacial toughness of the 
metal film/soft substrate must be well controlled. 
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10.1080/713855935 
ABSTRACT: An investigation is carried out to understand the thermal buckling behavior of local delamination 
near the surface of fiber-reinforced laminated cylindrical shells and the delaminated growth. The shape of the 
delaminated region considered is elliptic and triangular. The direction of the fiber material's axis is arbitrary. 
The relationships between the critical thermal load and the geometrical and physical parameters of base 



laminated shells and sublaminated shells are described and some valuable conclusions are obtained. Finally, the 
possible expanding direction of the elliptic and triangular delaminated shape under thermal load is discussed. 
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Tolerant Composite Structures”, Journal of Composite Materials, August 2007, vol. 41, no. 16, pp. 1939-1960, 
doi: 10.1177/0021998307069908 
ABSTRACT: In this article, a novel numerical approach for the delamination growth simulation in composite 
panels under compressive load is proposed. This approach, suitable for preliminary design and optimization 
purposes, is able to simulate the delamination propagation by means of a limited number of linear analyses. It is 
based on the determination of the delamination buckling and on the evaluation of the energy released during the 
delamination propagation by means of eigenvalue and linear static analyses. The proposed approach has been 
implemented into the finite element code ANSYS and applied to composite panels with circular embedded and 
rectangular through-the-width delaminations under compressive load. A first validation has been carried out by 
comparing the results in terms of delamination growth load and energy release rate distributions along the 
delamination front to two-dimensional and three-dimensional nonlinear results taken from literature. 
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“Review of Damage Tolerant Analysis of Laminated Composites”, Journal of Solid Mechanics Vol. 2, No. 3 
(2010) pp. 275-289 
ABSTRACT: With advanced composites increasing replacing traditional metallic materials, the material 
inhomogeneity and inherent anisotropy of such materials lead to not only new attributes for aerospace 
structures, but also introduce new technology to damage tolerant design and analysis. The deleterious effects of 
changes in material properties and initiation and growth of structural damage must be addressed. The 
anisotropic and brittle properties make this requirement a challenging to composite structural designers. 
Accurate, reliable and user-friendly computational methods, design and analysis methods are vital for more 
damage tolerant composite structures. Both durability and damage tolerant methodologies must address the 
possible changes in mechanical properties and the evolving damage accumulations that may occur during the 
vehicle’s service lifetime. Delamination is a major failure mode in laminated composites and has received much 
research attention. It may arise out of manufacturing defects, free edge effects, structural discontinuities, low 
and high velocity impact damage, and even bird strikes. Early pioneering work established that the reduction in 
strength following delamination damages placed severe limits on the design allowable for highly loaded 
components such as aircraft wing and fuselage structure. In the present article, we provide a state-of-art survey 
on damage tolerant design correlated failure behavior and analysis methodologies of laminated composites. 
Particular emphasis is placed on some advanced formulations and numerical approaches for efficient 
computational modeling and damage tolerant analysis of laminated composites. 
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ABSTRACT: In this paper, the postbuckling governing equations and the analytical expression of the energy 
release rates associated with delamination growth in a compression-loaded cylindrical shell are derived by using 
the variational principle of moving boundary and the Griffith fracture criterion. The finite difference method is 
used to generate the postbuckling solutions of the delaminated cylindrical shells, and with these solutions, the 
values of the energy release rates are determined. In simulational examples, the effects of a wide range of 
parameters, such as delamination sizes and depths, boundary conditions, geometrical parameters, material 
properties and laminate stacking sequences on the energy release rates of axisymmetrical laminated cylindrical 
shells are intensively discussed. 
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ABSTRACT: The growth of delamination in cylindrical shells under external pressure may lead to structural 
failure. Based on the variational principle of moving boundary (Qian WC. Variational calculus and finite 
element. Beijing: Science Press; 1980 [in Chinese].) and considering the contact effect between delamination 
regions, in this paper, the nonlinear governing equations for the delaminated cylindrical shells are derived, and 
the corresponding boundary and matching conditions are given. Moreover, according to the Griffith criterion, 
the formulas of energy release rate along the delamination front are obtained. As the numerical example, the 
delamination growth of axisymmetrical laminated cylindrical shells is analyzed, and the effects of delamination 
sizes and depths, geometrical parameters, material properties and laminate stacking sequences on delamination 
growth are discussed. 
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ABSTRACT: The dynamic stability is studied for isotropic viscoelastic cylindrical shell and symmetrically 
cross-ply laminated viscoelastic cylindrical shell under constant axial loading. The basic equations are 
established based on Timoshenko-Mindlin theory, the characteristics equation are derived by Laplace 
transformation for those two kinds of cylindrical shells with two simply supported ends. The stability condition 
applied in the calculation of critical loads is determined through Routh-Hurwitz theorem. In the numerical 
examples, critical loads are reduced due to the relaxation feature of the materials and greater effects of 
transverse shearable deformation on the critical loads are observed in symmetrically cross-ply laminated 
viscoelastic cylindrical shell than in isotropic viscoelastic cylindrical shell. The influence of rotary inertia is 
rather small and can be ignored. 
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ABSTRACT: The delamination growth may occur in delaminated cylindrical shells under external pressure. 
This will lead to failure of structure. By using the variational principle of moving boundary and considering the 
contact effect between delamination regions, in this work, the delamination growth was investigated for 
cylindrical shells under the action of external pressure. At the same time, according to the Griffith criterion, the 
formulas of energy release rate along the delamination front were obtained. In the numerical calculation, the 
delamination growth of axisymmetrical laminated cylindrical shells was analyzed, and the effects of 
delamination sizes and depths, the geometrical parameters, the material properties, and the laminate stacking 
sequences on delamination growth were discussed. 
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“Calculation of energy release rate in composite delaminated cylindrical shells under circumferential 
concentrated dynamic load”, International Journal of Solids and Structures, Vol. 45, No. 2, January 2008, 
pp.513-527, doi:10.1016/j.ijsolstr.2007.08.002 
ABSTRACT: The delamination growth may occur in delaminated cylindrical shells subjected to external 
dynamic load and it will further cause structural failure. Based on the variational principle of moving boundary 
and considering the contact effect between delamination regions, in this paper, the nonlinear governing 
equations for the delaminated cylindrical shells under the action of circumferential concentrated dynamic load 
are derived, and the corresponding boundary and matching conditions are given. At the same time, according to 
the Griffith criterion, the formulas of energy release rate along the delamination front are obtained and the 
delamination growth is studied. In the numerical calculation, the delamination growth of axisymmetrical 
laminated cylindrical shells is analyzed, and the effects of the delamination sizes and depths, the geometrical 
parameters, the material properties and the laminate stacking sequences on delamination growth are discussed. 
 
 
Hong Xiang, Yi-ming Fu and Yong-hong Lu, “Post-buckling analysis of orthotropic plate considering damage”, 
Journal of Hunan University (Natural Sciences), 2007-09 
ABSTRACT: On the basis of algebra invariant theory, the expression of Helmholtz's free energy for orthotropic 
material considering damage effect was derived. Then, the corresponding constitutive relationship and damage 
evolution equations were obtained, based on irreversible thermodynamics theory. From Von Karman's plate 
theory, the nonlinear buckling equations for orthotropic material considering damage effect were founded. 
Numerical results have indicated that the deflection of the plate under constant load cannot remain unchanged 
but increases with time due to the damage evolution, and the influences of damage on the deflection of the plate 
are more and more obvious with the load and initial deflection increase and the length-width ratio decrease. 
 
 
Yi-ming Fu and Zheng-qiang Gao (College of Mechanics and Aerospace, Hunan University, Changsha 410082, 
China), “Analysis of nonlinear dynamic response of laminated shallow spherical thick shells under impat 
loading”, Engineering Mechanics, Vol. 25, No. 3, pp 1-13, 2008 
ABSTRACT: A set of nonlinear motion equations for laminated shallow spherical thick shell subjected to 
impact loading is established. According to the Hertzian law and the effect of contact between the striking 
object and the shallow spherical shell, the contact force acted on the shell is determined. By using the finite 
difference method and the time increment procedure, the nonlinear equations are resolved. In the numerical 
examples, the effects of initial impact velocity, the radius of the middle surface and the point of contact on the 
impact forces and displacements of the shells are discussed. 
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“Nonlinear dynamic analysis of thin shells using a finite element with drilling degrees of freedom”, 
International Journal of Applied Engineering Research, January 2007 
ABSTRACT: The good performance of the mixed degenerate shell finite element with drilling degrees of 
freedom (DDSE) in linear and nonlinear static analysis problems is in the basis of the present work concerned 
with its extension to nonlinear dynamic regime. The 9-noded element (DDSE9) has exhibit in a previous work 
the best performance among the other elements of the DDSE family. It is, consequently, chosen to experience 



the nonlinear dynamic behaviour in this paper. Both geometrical and material nonlinearities are taken into 
account and the different integration schemes are considered in the present investigation. The results of the 
benchmarks treated by the DDSE proved its accuracy and efficiency when compared to those available in the 
literature. This conclusion will enhance the main advantage of this kind of elements which remains their 
suitability to model many engineering problems without any numerical "tricks" or adjustments. 
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“Dynamic stability of piezoelectric laminated cylindrical shells with delamination”, Journal of Intelligent 
Material Systems and Structures, May 2, 2013, DOI: 1045389X13486710 
ABSTRACT: The dynamic stability of a composite laminated cylindrical shell containing a throughout 
delamination along circumferential direction integrated with piezoelectric layers at both inner and outer surfaces 
is investigated in this article. The Heaviside step function is used to describe the displacement components in 
the regions with and without delamination. Based on the classical shell theory, linear piezoelastic constitutive 
relationship, and variational principle, the governing equations of motion are derived and then solved by 
employing Rayleigh–Ritz method and Bolotin method to obtain the principal unstable region. Numerical results 
are presented in both tabular and graphical forms to show the effects of the piezoelectric layer; the length, 
depth, and location of the delamination; and the static axial force on the resonance frequency and the principal 
unstable region of the delaminated piezoelectric laminated shell.  
 
 
Fan Peng, YiMing Fu  and YiFan Liu, “On the durable critical load in creep buckling of viscoelastic laminated 
plates and circular cylindrical shells”, Science in China Series G: Physics Mechanics and Astronomy, Vol. 51, 
No. 7, 2008, pp. 873-882, doi: 10.1007/s11433-008-0091-9 
ABSTRACT: Based on the first order shear deformation theory and classic buckling theory, the paper 
investigates the creep buckling behavior of viscoelastic laminated plates and laminated circular cylindrical 
shells. The analysis and elaboration of both instantaneous elastic critic load and durable critic load are 
emphasized. The buckling load in phase domain is obtained from governing equations by applying Laplace 
transform, and the instantaneous elastic critic load and durable critic load are determined according to the 
extreme value theorem for inverse Laplace transform. It is shown that viscoelastic approach and quasi-elastic 
approach yield identical solutions for these two types of critic load respectively. A transverse disturbance model 
is developed to give the same mechanics significance of durable critic load as that of elastic critic load. Two 
types of critic loads of boron/epoxy composite laminated plates and circular cylindrical shells are discussed in 
detail individually, and the influencing factors to induce creep buckling are revealed by examining the 
viscoelasticity incorporated in transverse shear deformation and in-plane flexibility. 
 
 
Suvankar Das, Amitava Moitra, Mishreyee Bhattacharya and Amlan Dutta (primarily from S. N. Bose National 
Centre for Basic Sciences, Sector - III, Salt Lake, Kolkata 700098, India), “Simulation of thermal stress and 
buckling instability in Si/Ge and Ge/Si core/shell nanowires”, Beilstein Journal of Nanotechnology, Vol. 6, pp 
1970-1977, 2015, doi:10.3762/bjnano.6.201 
ABSTRACT: The present study employs the method of atomistic simulation to estimate the thermal stress 
experienced by Si/Ge and Ge/Si, ultrathin, core/shell nanowires with fixed ends. The underlying technique 
involves the computation of Young’s modulus and the linear coefficient of thermal expansion through separate 
simulations. These two material parameters are combined to obtain the thermal stress on the nanowires. In 
addition, the thermally induced stress is perceived in the context of buckling instability. The analysis provides a 
trade-off between the geometrical and operational parameters of the nanostructures. The proposed methodology 
can be extended to other materials and structures and helps with the prediction of the conditions under which a 
nanowire-based device might possibly fail due to elastic instability. 
 
 
Yiming Fu and Pu Zhang (State Key Lab. of Advanced Technology of Design and Manufacturing for Vehicle 
Body, College of Mechanical and Vehicle Engineering, Hunan University, Changsha 410082, PR China), 
“Buckling and vibration of core–shell nanowires with weak interfaces”, Mechanics Research Communications, 
Vol. 37, No. 7, October 2010, pp. 622-626, doi:10.1016/j.mechrescom.2010.09.004 
ABSTRACT: The aim of this paper is to establish a continuum elastic model for core–shell nanowires with 
weak interfacial bonding. In order to achieve it, a new beam model is proposed, which vanishes the surface 
shear stress and satisfies the interfacial cohesive law automatically. Critical buckling loads and resonant 
frequencies of simply supported nanowires are obtained by using the Ritz method. Numerical examples indicate 
that the weak interface's effect reduces the overall structural stiffness, which is most significant when the inner–
outer radius ratio of the shell is near 0.65. It is also found that the shear deformation and weak interface's effects 



only need consideration when the nanowire is not quite long, and they affect buckling behaviors more 
significantly than vibration characteristics. 
 
 
Yong Li, Kai Zhang, Bailin Zheng and Fuqian Yang (primarily from School of Aerospace Engineering and 
Applied Mechanics, Tongji University, No. 1239 Siping Road, Shanghai 200092, People's Republic of China), 
“Shear-lag model of diffusion-induced buckling of core-shell nanowires”, Journal of Physics D: Applied 
Physics, Vol. 49, No. 28, June 2016, https://doi.org/10.1088/0022-3727/49/28/285602 
ABSTRACT: The lithiation and de-lithiation during the electrochemical cycling of lithium–ion batteries (LIBs) 
can introduce local deformation in the active materials of electrodes, resulting in the evolution of local stress 
and strain in the active materials. Understanding the structural degradation associated with lithiation-induced 
deformation in the active materials is one of the important steps towards structural optimization of the active 
materials used in LIBs. There are various degradation modes, including swelling, cracking, and buckling 
especially for the nanowires and nanorods used in LIBs. In this work, a shear-lag model and the theory of 
diffusion-induced stress are used to investigate diffusion-induced buckling of core–shell nanowires during 
lithiation. The critical load for the onset of the buckling of a nanowire decreases with the increase of the 
nanowire length. The larger the surface current density, the less the time is to reach the critical load for the onset 
of the buckling of the nanowire. 
 
 
Yiming Fu and Jin Zhang (College of Mechanical and Vehicle Engineering, Hunan University, P.R. China), 
“Buckling of yeast modeled as viscoelastic shells with transverse shearing”, Archive of Applied Mechanics, 
Vol. 82, No. 1, pp. 69-77, January 2012, Springer-Verlag, doi: 10.1007/s00419-011-0539-7 
ABSTRACT: Yeast cells can be regarded as micron-sized and liquid-filled cylindrical shells. Owing to the rigid 
cell walls, yeast cells can bear compressive forces produced during the biotechnological process chain. 
However, when the compressive forces applied on the yeast go beyond a critical value, mechanical buckling 
will occur. Since the buckling of the yeast can change the networks in its cellular control, the experimental 
research of the buckling of the yeast has received considerable attention recently. In this paper, we apply a 
viscoelastic shell model to study the buckling of the yeast. Meanwhile, the turgor pressure in the yeast due to 
the internal liquid is taken into account as well. The governing equations are based on the first-order shear 
deformation theory. The critical axial compressive force in the phase space is obtained by the Laplace 
transformation, and the Bellman numerical inversion method is then applied to the analytical result to obtain the 
corresponding numerical results in the physical phase. The concepts of instantaneous critical buckling force, 
durable critical buckling force, and delay buckling are set up in this paper. And the effects of the transverse 
shear deformation and the turgor pressure on the buckling phenomena are also given. The numerical results 
show that the transverse shearing effect will decrease the instantaneous critical buckling force and the durable 
critical buckling force, while the turgor pressure will increase both of them. 
 
 
Jiann-Quo Tarn (Department of Civil Engineering, National Cheng Kung University, Tainan, Taiwan 70101, 
Republic of China), “An asymptotic theory for dynamic response of anisotropic inhomogeneous and laminated 
cylindrical shells”, Journal of the Mechanics and Physics of Solids, Vol. 42, No. 10, October 1994, pp. 1633-
1650, doi:10.1016/0022-5096(94)90090-6 
ABSTRACT: An asymptotic theory is developed for dynamic response of anisotropic inhomogeneous and 
laminated cylindrical shells. The formulation is based on three-dimensional elasticity without a priori 
assumption. By means of asymptotic expansion with multiple time scales, the basic equations are decomposed 
into differential equations of various orders which can be integrated successively. It is shown that the three-
dimensional asymptotic solution to the problem can be determined hierarchically by solving the two-
dimensional equations in the classical laminated shell theory. Modifications to the solution are obtained in a 
systematic way by treating the higher-order equations and eliminating the secular terms. Various thickness 
effects, such as transverse shear and rotary inertia, can be accounted for in a natural and consistent manner. It is 
demonstrated along the way that a uniform expansion that yields asymptotic solution valid regardless of the 
time span is obtained with the use of multiple time scales, whereas a straightforward expansion fails to produce 



valid results for long times. The theory is illustrated by determining the vibration characteristics of a 
multilayered cross-ply cylindrical shell. 
 
 
Chih-Ping Wu, Jiann-Quo Tarn and Shu-Man Chi (Department of Civil Engineering, National Cheng Kung 
University, Tainan, Taiwan 70101, Republic of China), “An asymptotic theory for dynamic response of doubly 
curved laminated shells”, International Journal of Solids and Structures, Vol. 33, No. 26, November 1996, 
pp.3813-3841, doi:10.1016/0020-7683(95)00213-8 
ABSTRACT: An asymptotic theory for dynamic analysis of doubly curved laminated shells is formulated 
within the framework of three-dimensional elasticity. Multiple time scales are introduced in the formulation so 
that the secular terms can be eliminated in obtaining a uniform expansion leading to valid asymptotic solutions. 
By means of reformulation and asymptotic expansions the basic three-dimensional equations are decomposed 
into recursive sets of equations that can be integrated in succession. The classical laminated shell theory (CST) 
is derived as a leading-order approximation to the three-dimensional theory. Modifications to the leading-order 
approximation are obtained systematically by considering the solvability conditions of the higher-order 
equations. The essential feature of the theory is that an accurate elasticity solution can be determined 
hierarchically by solving the CST equations in a consistent way without treating the layers individually. 
Illustrative examples are given to demonstrate the performance of the theory. 
 
 
Chih-Ping Wu, Jiann-Quo Tarn and Shi-Chang Tang (Department of Civil Engineering, National Cheng Kung 
University, Tainan, Taiwan 70101, Republic of China), “A refined asymptotic theory for dynamic analysis of 
doubly curved laminated shells”, International Journal of Solids and Structures, Vol. 35, No. 16, June 1998, 
pp.1953-1979, doi:10.1016/S0020-7683(97)00153-4 
ABSTRACT: The asymptotic theory developed recently for dynamic analysis of doubly curved laminated shells 
is refined by including the transverse rotations as auxiliary variables. The theory embraces the first-order shear 
deformation theory (FSDT) and the higher-order shear deformation theory (HSDT) as the first-order 
approximation. Higher-order corrections to the approximation are determined by solving the FSDT or HSDT 
equations in a hierarchic way. The secular terms in the asymptotic solution are eliminated systematically by 
means of multiple scales and solvability conditions for the higher-order equations. The performance of the 
refined theory is illustrated by applying it to benchmark problems. Numerical comparisons are made to examine 
the convergence of the solutions. 
 
 
Chih-Ping Wu and Chih-Wei Chen (Department of Civil Engineering, National Cheng Kung University, Tianan 
70101, Taiwan), “Elastic buckling of multilayered anisotropic conical shells”, ASCE Journal of Aerospace 
Engineering, Vol. 14, No. 1, 2001, pp. 29-36, 
http://dx.doi.org/10.1061/(ASCE)0893-1321(2001)14:1(29)) 
ABSTRACT: On the basis of 3D elasticity, asymptotic solutions for buckling analysis of multilayered 
anisotropic conical shells under axial compression are presented. By means of proper nondimensionalization, 
asymptotic expansion, and successive integration, the classical shell theory is derived as a first-order 
approximation to the 3D theory. Because the governing equations for various orders consist of partial 
differential equations with variable coefficients, the use of analytical techniques is restricted. The method of 
differential quadrature is adopted in the present study. The modifications of the buckling loads and associated 
buckling modes can be determined in a consistent and hierarchic manner by considering the solvability and 
normalization conditions for various orders. The critical loads of cross-ply conical shells with simply supported-
simply supported boundary conditions are studied to demonstrate the performance of the present asymptotic 
theory. 
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ABSTRACT: Laminated composite plates are fabricated of laminae (also called layers or plies), where each 
lamina consists of high-strength fibres (e.g. glass, boron, graphite) embedded in a surrounding matrix material 
(e.g. epoxy resin). The present work is limited to laminae wherein the fibres are assumed to be all parallel and 
continuous (i.e. long fibres). Thus each layer may be treated in a macroscopic sense as being a homogeneous, 
orthotropic material, for which the deformation behaviour is linearly elastic. 
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Chih-Ping Wu and Shih-Jung Chiu, “Thermoelastic Buckling Of Laminated Composite Conical Shells”, Journal 
of Thermal Stresses, Vol. 24, No. 9, 2001, pp. 881 – 901, 
doi: 10.1080/014957301750379649 
ABSTRACT: Within the framework of three-dimensional (3D) elasticity, an asymptotic theory is presented for 
the thermoelastic buckling analysis of laminated composite conical shells subjected to a uniform temperature 
change. A dimensionless parameter of thermal load related to the temperature change is defined. The method of 
perturbation is applied in the present formulation where the critical thermal loads and the primary field variables 
are expanded as a series of even powers of a small perturbation parameter. Through a straightforward 
derivation, the asymptotic formulation leads to recursive sets of governing equations for various orders. The 
classical shell theory is derived as a first-order approximation to the 3D theory. The method of differential 
quadrature is used to solve for the asymptotic solutions at each order level. The solvability conditions and 
normalization conditions for higher-order problems are derived. By considering these conditions, we can obtain 
the higher-order modifications. The critical thermal loads of simply supported, cross-ply conical shells are 
studied to demonstrate the performance of the present asymptotic theory. 
 
 
Chih-Ping Wu, Yu-Chang Hung and Jyh-Yeuan Lo (Department of Civil Engineering, National Cheng Kung 
University, Tainan, 70101, Taiwan, ROC), “A refined asymptotic theory of laminated circular conical shells”, 
European Journal of Mechanics - A/Solids, Vol. 21, No. 2, 2002, pp. 281-300, 
doi:10.1016/S0997-7538(01)01199-8 
ABSTRACT: A refined asymptotic theory for the static analysis of laminated circular conical shells is 
presented. The formulation begins with the basic equations of three-dimensional (3D) elasticity in curvilinear 
circular conical coordinates. By means of proper nondimensionalization and asymptotic expansion, the 3D 
equations can be decomposed into recursive sets of differential equations at various levels. After bringing the 
effect of transverse shear deformations to the picture earlier and then applying successive integration, we obtain 
the recursive sets of governing equations leading to the ones of first-order shear deformation theory (FSDT). 
The FSDT becomes a first-order approximation to the 3D theory. The method of differential quadrature (DQ) is 
used for determining the present asymptotic solutions for various orders. The illustrative examples are given to 
demonstrate the performance of the present asymptotic theory. 
 
 
Chih-Ping Wu and Shih-Jung Chiu (Department of Civil Engineering, National Cheng Kung University, Tainan 
70101, Taiwan, ROC), “Thermally induced dynamic instability of laminated composite conical shells”, 
International Journal of Solids and Structures, Vol. 39, No. 11, June 2002, pp. 3001-3021, 
doi:10.1016/S0020-7683(02)00234-2 
ABSTRACT: Thermally induced dynamic instability of laminated composite conical shells is investigated by 
means of a perturbation method. The laminated composite conical shells are subjected to static and periodic 
thermal loads. The linear instability approach is adopted in the present study. A set of initial membrane stresses 



due to the elevated temperature field is assumed to exist just before the instability occurs. The formulation 
begins with three-dimensional equations of motion in terms of incremental stresses perturbed from the state of 
neutral equilibrium. After proper nondimensionalization, asymptotic expansion and successive integration, we 
obtain recursive sets of differential equations at various levels. The method of multiple scales is used to 
eliminate the secular terms and make an asymptotic expansion feasible. Using the method of differential 
quadrature and Bolotin's method, and imposing the orthonormality and solvability conditions on the present 
asymptotic formulation, we determine the boundary frequencies of dynamic instability regions for various 
orders in a consistent and hierarchical manner. The principal instability regions of cross-ply conical shells with 
simply supported–simply supported boundary conditions are studied to demonstrate the performance of the 
present asymptotic theory. 
 
 
Mark Walker and Ryan Smith (Centre for Advanced Materials, Design and Manufacture Research – Cadence, 
Durban Institute of Technology, Durban 4001, South Africa), “A procedure to select the best material 
combinations and optimally design composite sandwich cylindrical shells for minimum mass”, Materials & 
Design, Vol. 27, No. 2, 2006, pp. 160-165, doi:10.1016/j.matdes.2004.10.003 
ABSTRACT: A methodology to select the best material combination and optimally design composite sandwich 
cylinders having fibre reinforced skins and low density cores for minimum mass is described. Sandwich 
constructions generally provide improved stiffness/mass ratios and more tailoring opportunities than 
monolithics, and thus greater chance of satisfying design constraints. The objective of the optimisation is to 
minimise the laminate mass by selecting the skin and core material combination, layer thicknesses and skin 
fibre angles optimally, subject to load and cost constraints. As the optimisation problem contains a number of 
continuous (ply angles and thicknesses) and discrete (material combinations) design variables, a sequential 
solution procedure is devised in which the optimal variables are computed in different stages. The procedure 
and its benefits are demonstrated using Graphite, Glass or Kevlar/Epoxy facings, and Balsa or PVC cores. 
 
 
Yunus, S. M., Kohnke, P. C. and Saigal, S. (1989), “An efficient through-thickness integration scheme in an 
unlimited layer doubly curved isoparametric composite shell element”, International Journal for Numerical 
Methods in Engineering, 28: 2777–2793. doi: 10.1002/nme.1620281205 
ABSTRACT: This paper presents an efficient numerical integration scheme for evaluating the matrices 
(stiffness, mass, stress-stiffness and thermal load) for a doubly curved, multilayered, composite, quadrilateral 
shell finite element. The element formulation is based on three-dimensional continuum mechanics theory and it 
is applicable to the analysis of thin and moderately thick composite shells. The conventional formulation 
requires a 2 x 2 x 2 or 2 x 2 x 1 Gauss integration per layer for the calculation of element matrices. This method 
becomes uneconomical when a large number of layers is used owing to an excessive amount of computations. 
The present formulation is based on explicit separation of the thickness variable from the shell surface parallel 
variables. With the through-thickness variables separated, they are combined with the thickness dependent 
material properties and integrated separately. The element matrices are computed using the integrated material 
matrices and only a 2 x 2 spatial Gauss integration scheme. The response results using the present formulation 
are identical to those obtained using the conventional formulation. For a small number of layers, the present 
method requires slightly more CPU time. However, for a larger number of layers, numerical data are presented 
to demonstrate that the present formulation is an order-of-magnitude economical compared to the conventional 
scheme. 
 
 
Zahit Mecitoglu (Istanbul Technical University, Maslak, Istanbul 80626, Turkey), “Governing Equations of a 
Stiffened Laminated Inhomogeneous Conical Shell”, AIAA JOURNAL Vol. 34, No. 10, October 1996 
ABSTRACT: This study presents the dynamic equations of a stiffened composite laminated conical thin shell 
under the influence of initial stresses.The governing equations of a truncated conical shell are based on the 
Donnell-Mushtari theory of thin shells including the transverse shear deformation and rotary inertia. The 
extension-bending coupling is considered in the derivation. The composite laminated conical shell is also 
reinforced at uniform intervals by elastic rings and/or stringers. The stiffening elements are relatively closely 



spaced, and therefore the stiffeners are smeared out along the conical shell. The inhomogeneity of material 
properties because of temperature, moisture, or manufacturing processes is taken into account in the constitutive 
equations. A generalized variational theorem is derived so as to describe the complete set of the fundamental 
equations of the conical shell. Next, the uniqueness is examined in solutions of the dynamic equations of the 
conical shell, and the boundary and initial conditions are shown to be sufficient for the uniqueness in 
solutions.The equations of the laminated composite conical shell are solved by the use of the finite difference 
method as an illustrative example.The accuracy of results is tested by certain earlier results, and a good 
agreement is found. 
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ABSTRACT: (none given) 
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University of Missouri, Rolla, MO 65401, USA), “Thermal buckling of laminated plates using a shear flexible 
finite element”, Finite Elements in Analysis and Design, Vol. 12, No. 1, September 1992, pp. 51-61, 
doi:10.1016/0168-874X(92)90006-X 
ABSTRACT: The buckling behavior of laminated composite plates subjected to a uniform temperature field is 
studied. Transverse shear flexibility is accounted for in the analysis using the thermo-elastic version of the first-
order shear deformation theory. The prebuckling behavior of the plate under a uniform temperature field is 
studied prior to predicting the initial thermal buckling load. Numerical results are presented for thermal 
buckling problems using a nine-noded isoparametric quadrilateral finite element. The influence of boundary 
conditions, ply orientation, and plate geometries on the critical buckling temperature is examined. 
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“Thermal stress analysis of laminated doubly curved shells using a shear flexible finite element”, Computers & 
Structures, Vol. 52, No. 5, September 1994, pp. 1023-1030, doi:10.1016/0045-7949(94)90086-8 
ABSTRACT: The thermal stress analysis oflaminated doubly curved shallow shells is presented using a shear 
flexible finite element model. The basic equations of the laminated shell theory are the extensions of Sanders' 
shell theory to include shear deformation and the thermal strains. The present finite element solution for 
isotropic and composite plates is compared with the closed form solutions available in the literature. A wide 
variety of laminated shell problems subjected to different temperature fields are studied. The influence of 
temperature dependent material properties, panel sizes, and boundary conditions on the thermal deformations 
are demonstrated. 
 
 
K. Chandrashekhara and D. V. T. G. Pavan Kumar (Department of Civil Engineering, Indian Institute of 
Science, Bangalore-560 012, India), “Assessment of shell theories for the static analysis of cross-ply laminated 
circular cylindrical shells”, Thin-Walled Structures, Vol. 22, No. 4, 1995, pp. 291-318, 
doi:10.1016/0263-8231(94)00039-3 
ABSTRACT: This paper examines the accuracy of classical shell theories (CST) according to Flugge, Sanders, 
Love and Donnell, with respect to the recently available three-dimensional elasticity solution, for cross-ply 



laminated circular cylindrical shells under static loads. Further, a study has also been made to examine to what 
extent incorporation of first order shear deformation (FSDT), in aforementioned shell theories, improves the 
results. In general, all the basic equations (for both CST and FSDT), of aforementioned shell theories, have 
been presented in a unified form using tracer coefficients. A Navier type solution has been used to analyse both 
a simply supported circular cylindrical shell of revolution and an all round simply supported circular cylindrical 
shell panel. A parametric study has been carried out keeping in view the lamination schemes and geometrical 
parameters of the shell. From the detailed comparisons of the results it has been shown that (i) Donnell's theory 
(CST and FSDT) could be in error for certain lamination schemes and geometrical parameters and (ii) improved 
results for stresses and displacements could be obtained by incorporating shear deformation on more accurate 
theory like Flügge’s. 
 
 
K. Chandrashekhara and D.V.T.G. Pavan Kumar (Department of Civil Engineering, Indian Institute of Science, 
Bangalore, 560 012, India), “Static response of composite circular cylindrical shells studied by different 
theories”, Meccanica, Vol. 33, No. 1, pp 11-27, February 1998 
ABSTRACT: A detailed study, on the static response of cross-ply laminated composite circular cylindrical shell 
of revolution and shell panel with various support conditions, has been made using Levy type of solution and 
the classical shell theories of FlSanders, Love and Donnell in an unified form. It has been shown that while 
developing a Levy type of solution using aforementioned theories, certain difficulty is encountered for 
determining the particular integral in respect of Fl Sanders and Love theories. This difficulty has been overcome 
by making use of the membrane solution as a particular integral. A comparative study has been carried out 
using the above shell theories for different geometrical parameters, lamination schemes and support conditions. 
It has been shown that Donnell theory predicts inaccurate results for certain lamination schemes, support 
conditions and geometrical parameters of the shell. It is suggested that, for developing shear deformation shell 
theories, it would be better to use a more accurate shell theory like Flügge. 
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Turkey), “Buckling of symmetric cross-ply square plates with various boundary conditions”, Composite 
Structures, Vol. 68, No. 4, May 2005, pp. 381-389, doi:10.1016/j.compstruct.2004.04.003 
ABSTRACT: The buckling analysis of cross-ply laminated square plates subjected to three types of in-plane 
forces and various edge boundary conditions is presented on the basis of a unified five-degree-of-freedom shear 
deformable plate theory. The employment of the appropriate “shear deformation shape functions” in the theory 
leads to certain shear deformable plate theories developed previously, also, fulfills the requirement of the 
continuity conditions among the layers. The governing equations of buckling behaviour of completely simply 
supported cross-ply laminated plates are solved analytically. For the plates with different combinations of free, 
clamped and simply supported boundary conditions at their edges, the Ritz method is applied by assuming the 
displacement components as the double series of simple algebraic polynomials. The numerical results obtained 
on the basis of various plate theories for uniaxial, biaxial compression and compression–tension types of 
loading and different length-to-thickness ratios are presented and compared with the ones available in the 
literature. 
 
 
Metin Aydogdu (Department of Mechanical Engineering, Engineering and Architecture Faculty Trakya 
University, Edirne 22030, Turkey), “Comparison of Various Shear Deformation Theories for Bending, 
Buckling, and Vibration of Rectangular Symmetric Cross-ply Plate with Simply Supported Edges”, Journal of 
Composite Materials, December 2006, vol. 40, no. 23, pp. 2143-2155, 
doi: 10.1177/0021998306062313 
ABSTRACT: In the present study, unified shear deformation theory which was proposed by Soldatos, K.P. and 
Timarci, T. (1993). A Unified Formulation of Laminated Composite, Shear Deformable Five-degrees-of-
freedom Cylindrical Shells on the Basis of a Unified Shear Deformable Shell Theory, Compos. Struct., 25(1–4): 
165–171 is used to analyze simply supported symmetric cross-ply rectangular plates for deflections, stresses, 
natural frequencies, and buckling loads. This theory enables the selection of different in-plane displacement 
components to represent shear deformation. Exponential shear deformation theory, which is proposed by 
Karama et al., 40(6) (2003). Mechanical Behavior of Laminated Composite Beam by New Multi-layered 
Laminated Composite Structures Model with Transverse Shear Stress Continuity, Int J Solids Struct., 40: 1525–
1546, is used for the first time to analyze the problem considered. Results which are found by exponential 
theory are compared with those obtained by using the parabolic shear deformation theory of Reddy, J.N., 51(4) 
(1984). A Simple Higher-order Theory for Laminated Composite Plates, J Appl Mech., 51: 745–752, the 
trigonometric shear deformation theory of Touratier, M., 29(8) (1991). An Efficient Standard Plate Theory, Int. 
Jnl. Engng. Sci., 29(8): 901–916, the hyperbolic shear deformation theory of Soldatos, K.P., 94(3–4) (1992). A 
Transverse Shear Deformation Theory for Homogeneous Monoclinic Plates, Acta Mech., 94: 1995–220 and 
with the available three-dimensional elasticity solutions. The study shows that while the transverse 
displacement and the stresses are best predicted by the exponential shear deformation theory, the parabolic 
shear deformation and the hyperbolic shear deformation theories yield more accurate predictions for the natural 
frequencies and the buckling loads. 
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“A new hyperbolic shear deformation theory for buckling and vibration of functionally graded sandwich plate”, 
International Journal of Mechanical Sciences, Vol. 53, No. 4, April 2011, pp. 237-247, 
doi:10.1016/j.ijmecsci.2011.01.004 
ABSTRACT: A new hyperbolic shear deformation theory taking into account transverse shear deformation 
effects is presented for the buckling and free vibration analysis of thick functionally graded sandwich plates. 



Unlike any other theory, the theory presented gives rise to only four governing equations. Number of unknown 
functions involved is only four, as against five in case of simple shear deformation theories of Mindlin and 
Reissner (first shear deformation theory). The plate properties are assumed to be varied through the thickness 
following a simple power law distribution in terms of volume fraction of material constituents. The theory 
presented is variationally consistent, does not require shear correction factor, and gives rise to transverse shear 
stress variation such that the transverse shear stresses vary parabolically across the thickness satisfying shear 
stress free surface conditions. Equations of motion are derived from Hamilton's principle. The closed-form 
solutions of functionally graded sandwich plates are obtained using the Navier solution. The results obtained for 
plate with various thickness ratios using the theory are not only substantially more accurate than those obtained 
using the classical plate theory, but are almost comparable to those obtained using higher order theories with 
more number of unknown functions. 
 
 
Metin Aydogdu (Trakya Universitesi, MMF, Mechanical Engineering, Makine Muhendisligi Bolumu, 22030 
Edirne, Turkey), “Buckling analysis of cross-ply laminated beams with general boundary conditions by Ritz 
method”, Composites Science and Technology, Vol. 66, No. 10, August 2006, pp. 1248-1255, 
doi:10.1016/j.compscitech.2005.10.029 
ABSTRACT: The present study is concerned with the buckling analysis of cross-ply laminated beams subjected 
to different sets of boundary conditions. The analysis is based on a three-degree-of-freedom shear deformable 
beam theory. The requirement of the continuity conditions between layers for symmetric cross-ply laminated 
beams are satisfied by the use of the shape function incorporated into the theory which also unifies the one-
dimensional shear deformable beam theories developed previously. The governing equations are obtained by 
means of Minimum Energy Principle. Three different combinations of free, clamped and simply supported edge 
boundary conditions are considered. The critical buckling loads are obtained by applying the Ritz method where 
the three displacement components are expressed in a series of simple algebraic polynomials. The numerical 
results were obtained for different length-to-thickness ratios and lay-ups are presented and compared with the 
ones available in the literature. 
 
 
Metin Aydogdu (Trakya Universitesi, MMF, Makine Muhendisligi Bolumu, 22030 Edirne, Turkey), “Thermal 
buckling analysis of cross-ply laminated composite beams with general boundary conditions”, Composites 
Science and Technology, Vol. 67, No. 6, May 2007, pp. 1096-1104, doi:10.1016/j.compscitech.2006.05.021 
ABSTRACT: The present study is concerned with the thermal buckling analysis of cross-ply laminated beams 
subjected to different sets of boundary conditions. The analysis is based on a three-degree-of-freedom shear 
deformable beam theory. The requirement of the continuity conditions between layers for symmetric cross-ply 
laminated beams is satisfied by the use of the shape function incorporated into the theory which also unifies the 
one dimensional shear deformable beam theories developed previously. The governing equations are obtained 
by means of minimum energy principle. Three different combinations of clamped and hinged edge boundary 
conditions are considered. The critical thermal buckling temperatures are obtained by applying the Ritz method 
where the three displacement components are expressed in a series of simple algebraic polynomials. The 
numerical results obtained for different length-to-thickness ratios and lay-ups are presented and compared with 
the ones available in the literature. It is interesting to note that some cross-ply beams buckle upon cooling 
instead of heating and some of them do not buckle irrespective of whether they are heated or cooled. 
 
 
Metin Aydogdu (Department of Mechanical Engineering, Trakya University, 22180 Edirne, Turkey), “A 
general nonlocal beam theory: Its application to nanobeam bending, buckling and vibration”, Physica E: Low-
dimensional Systems and Nanostructures, Vol. 41, No. 9, September 2009, pp. 1651-1655, 
doi:10.1016/j.physe.2009.05.014 
ABSTRACT: In the present study, a generalized nonlocal beam theory is proposed to study bending, buckling 
and free vibration of nanobeams. Nonlocal constitutive equations of Eringen are used in the formulations. After 
deriving governing equations, different beam theories including those of Euler–Bernoulli, Timoshenko, Reddy, 
Levinson and Aydogdu [Compos. Struct., 89 (2009) 94] are used as a special case in the present compact 



formulation without repeating derivation of governing equations each time. Effect of nonlocality and length of 
beams are investigated in detail for each considered problem. Present solutions can be used for the static and 
dynamic analyses of single-walled carbon nanotubes. 
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(2) Engineering Science Programme, Faculty of Engineering, National Univ. of Singapore, Kent Ridge, 
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Rennes Cedex, France 
“Bending, buckling and vibration of micro/nonobeams by hybrid nonlocal beam model”, ASCE Journal of 
Engineering Mechanics, Vol. 136, No. 5, May 2010 
ABSTRACT: The hybrid nonlocal Euler-Bernoulli beam model is applied for the bending, buckling, and 
vibration analyzes of micro/nanobeams. In the hybrid nonlocal model, the strain energy functional combines the 
local and nonlocal curvatures so as to ensure the presence of small length-scale parameters in the deflection 
expressions. Unlike Eringen’s nonlocal beam model that has only one small length-scale parameter, the hybrid 
nonlocal model has two independent small length-scale parameters, thereby allowing for a more flexible and 
accurate modeling of micro/nanobeamlike structures. The equations of motion of the hybrid nonlocal beam and 
the boundary conditions are derived using the principle of virtual work. These beam equations are solved 
analytically for the bending, buckling, and vibration responses. It will be shown herein that the hybrid nonlocal 
beam theory could overcome the paradoxes produced by Eringen’s nonlocal beam theory such as vanishing of 
the small length-scale effect in the deflection expression or the surprisingly stiffening effect against deflection 
for some classes of beam bending problems. 
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(2) Department of Civil and Environmental Engineering, National University of Singapore, Kent Ridge 
Crescent, Singapore, 119260, Singapore 
(3) Department of Mechanical Engineering, Texas A&M University, College Station, TX, 77843-3123, USA 
(4) Department of Mechanical and Manufacturing Engineering, University of Manitoba, Winnipeg, MB, R3T 
5V6, Canada 
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“On nonconservativeness of Eringen’s nonlocal elasticity in beam mechanics: correction from a discrete-based 
approach”, Archive of Applied Mechanics, Vol. 84, No. 9, pp 1275-1292, October 2014 
ABSTRACT: In this paper, the self-adjointness of Eringen’s nonlocal elasticity is investigated based on simple 
one-dimensional beam models. It is shown that Eringen’s model may be nonself-adjoint and that it can result in 
an unexpected stiffening effect for a cantilever’s fundamental vibration frequency with respect to increasing 
Eringen’s small length scale coefficient. This is clearly inconsistent with the softening results of all other 
boundary conditions as well as the higher vibration modes of a cantilever beam. By using a (discrete) 
microstructured beam model, we demonstrate that the vibration frequencies obtained decrease with respect to an 
increase in the small length scale parameter. Furthermore, the microstructured beam model is consistently 
approximated by Eringen’s nonlocal model for an equivalent set of beam equations in conjunction with 
variationally based boundary conditions (conservative elastic model). An equivalence principle is shown 
between the Hamiltonian of the microstructured system and the one of the nonlocal continuous beam system. 
We then offer a remedy for the special case of the cantilever beam by tweaking the boundary condition for the 
bending moment of a free end based on the microstructured model. 
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R.S. Alwar and B. Sekhar Reddy (Department of Applied Mechanics, Indian Institute of Technology, Madras 
600 036, India), “Dynamic buckling of isotropic and orthotropic shallow spherical cap with circular hole”, 
International Journal of Mechanical Sciences, Vol. 21, No. 11, 1979, pp. 681-688,  
doi:10.1016/0020-7403(79)90047-X 
ABSTRACT: The axisymmetric dynamic behaviour of clamped isotropic and orthotropic spherical cap with 
central circular hole under a uniform step pressure of infinite duration is investigated. The critical loads are 
determined by using the rapidly converging Chebyshev series in a space domain and a Houbolt numerical 
integration scheme in time domain. Three different cases of openings are investigated and detailed numerical 
results have been obtained for the isotropic case and two different cases of orthotrophy, which may be useful for 
design engineers. 
 
 
R.S. Alwar and M.C. Narasimhan (Department of Applied Mechanics, Indian Institute of Technology, Madras 
600 036, India), “Axisymmetric non-linear analysis of laminated orthotropic annular spherical shells”, 
International Journal of Non-Linear Mechanics, Vol. 27, No. 4, July 1992, pp. 611-622, 
doi:10.1016/0020-7462(92)90066-G 
ABSTRACT: The problem of axisymmetric non-linear behaviour of laminated orthotropic spherical shells is 
formulated using the principle of virtual work. The efficacy and applicability of the method of global interior 
collocation for the solution of the title problem are investigated. The zeroes of a Chebyshev polynomial are used 
as the collocation points. Parametric studies are conducted to bring out the effects of factors like orthotropic 
ratio, R/h ratio, shear deformation and opening angle on the non-linear static response of two-layered annular 
cross-ply shells. The results using the analytical solution presented herein should serve as bench-mark 
numerical results to test the accuracy of non-linear composite shell elements employed in finite element 
analysis. 
 
 
M.C. Narasimhan, “Dynamic response of laminated orthotropic spherical shells”, The Journal of the Acoustical 
Society of America, Vol. 91, No. 5, 1992, https://doi.org/10.1121/1.402953 
ABSTRACT: Dynamic response of laminated orthotropic spherical shells under axisymmetric dynamic load is 
investigated. The shell is assumed to be composed of layers of orthotropic materials whose principal material 
directions coincide with the shell curvature directions. The motion of the shell is described by a displacement 
field so as to include the effects of transverse shear deformation. Three coupled differential equations in terms 
of three generalized displacements at a point of the shell reference surface are written neglecting the rotatary 
inertia effects. These equations are then discretized in the time domain using the unconditionally stable 
Newmark‐β integration scheme. The time discretized equations at any time step are solved by the method of 
global interior collocation at zeros of a Chebyshev polynomial of suitable order. Numerical results are presented 
to show the efficacy of the method. Results of parametric studies are presented to bring out the effects of the 
opening angle, material orthotropy, and shear deformation on the transient response. 
 
 
R.S. Alwar and M.C. Narasimhan (Department of Applied Mechanics, Indian Institute of Technology, Madras-
600 036, India), “Nonlinear analysis of laminated axisymmetric spherical shells”, International Journal of Solids 
and Structures, Vol. 30, No. 6, 1993, pp. 857-872, doi:10.1016/0020-7683(93)90044-8 



ABSTRACT: The governing differential equations for the problem of laminated axisymmetric spherical shells 
undergoing large deformations are formulated using the principle of virtual work. An analytical solution of the 
governing equations based on the Chebyshev-Galerkin spectral method is investigated. The efficacy and 
applicability of the solution procedure is discovered using numerical results. Parametric studies are conducted 
to bring out the effect of factors like orthotropy ratio, R/h ratio, shear deformation and opening angle on the 
large deflection behaviour of laminated orthotropic spherical shells and interesting observations are made. The 
numerical results should prove helpful in testing the nonlinear composite shell finite elements. 
 
 
T.Y. Reddy and R.J. Wall (Department of Mechanical Engineering, UMIST, P.O. Box 88, Manchester M60 
1QD, U.K.), “Axial compression of foam-filled thin-walled circular tubes”, International Journal of Impact 
Engineering, Vol. 7, No. 2, 1988, pp. 151-166, doi:10.1016/0734-743X(88)90023-1 
ABSTRACT: The effect of low density polyurethane foam on the axial crushing of thin-walled (D/t>600) 
circular metal tubes is studied under quasi-static and dynamic loading conditions. The mode of deformation of 
the tube is found to change from irregular diamond crumpling to axisymmetric bellows folding due to the filler. 
Assuming the axisymmetric mode of crushing and using the model of foam recently developed (M.F. Ashby, 
Metals Trans.14A, 1755–1769, 1983), the behaviour is analysed. Theoretical predictions agree well with 
experiments. Numerical results show that there is an optimum foam density which produces a maximum 
specific energy absorption of the filled cylinders. 
 
 
Sigit Santosa (1), John Banhart (2) and Tomasz Wierzbicki (1) 
(1) Impact & Crashworthiness Laboratory, Massachusetts Institute of Technology, Cambridge, MA, USA  
(2) Fraunhofer-Institute for Manufacturing and Advanced Materials, Bremen, Germany  
“Bending crush behavior of foam-filled sections”, 1999, (publisher not given in the pdf file) 
ABSTRACT: Bending crush behavior of thin--walled columns filled with closed-cell aluminum foam is studied 
experimentally and numerically. Non linear dynamic finite element code was used to simulate quasi-static three 
point bending experiments. Two strengthening mechanisms are observed. First, the aluminum foam filler 
retards inward fold formation in the compressive flange, therefore preventing the drop in load carrying capacity 
due to sectional crush. Then, the inward fold retardation changes the crushing mode from single stationary fold, 
a typical bending crush behavior of an empty beam, to multiple propagating folds. The progressive fold 
formations spread plastic deformations, thus dissipating more energy. These phenomena are captured from both 
experiments and numerical simulations. High bending resistance is also maintained when the foam is placed 
only locally in the zone of high bending moment. The concept of the effective foam length is then developed, 
and potential applications of foam-filled sections for crashworthy structures are suggested.  
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A. Rossi, Z. Fawaz and K. Behdinan (Aerospace Engineering Department, Ryerson University, Toronto, Ont 
M5B 2K3, Canada), “Numerical simulation of the axial collapse of thin-walled polygonal section tubes”, Thin-
Walled Structures, Vol. 43, No. 10, October 2005, pp. 1646-1661, doi:10.1016/j.tws.2005.03.001 
ABSTRACT: This paper deals with the post-buckling deformation characteristics of aluminum alloy extruded 
polygonal section tubes subjected to dynamic axial impacts. The explicit finite element code LS-DYNA is the 
primary analytical tool used in this investigation. The study focuses on investigating a post-buckling 
deformation phenomenon that is primarily manifested by an axial crumpling action that generates material folds 
as the impact energy is dissipated. The research is conducted in two phases. The first phase consists of 
validating the LS-DYNA model parameters and numerical results pertaining to thin-walled aluminum extruded 
square tubes with actual published experimental data. The post-buckling deformation characteristics of the 
specimens such as the overall final configuration and the various folding deformation modes (extensional, 
symmetric and asymmetric) resulting from the axial collapse of the member is also investigated in a subsequent 
phase. Based on the numerical simulation results, it is apparent that the increase in the number of walls (flanges) 
has a direct impact on the mean axial crushing force and permanent displacement parameters. In particular, the 
adoption of a hexagonal tube section as an axially loaded energy absorbing column yields an average increase 
of 11% in the mean axial crushing force and an average decrease of 10% in the permanent displacement. The 
greatest benefits are obtained in the specimens with the thinnest nominal wall thickness, where the upper bound 
results show an average increase of 27% in the mean axial crushing force and average decrease of 20% in the 
permanent displacement. 
 
 
M. Shariyat and M. R. Eslami (Mechanical Engineering Department, Amirkabir University of Technology, 
Hafez Avenue No. 24, Tehran, 15914, Iran),  “Dynamic Buckling and Post-buckling of Imperfect Orthotropic 
Cylindrical Shells Under Mechanical and Thermal Loads, Based on the Three-Dimensional Theory of 
Elasticity”, Journal of Applied Mechanics, Vol. 66, No. 2, pp. 476-484, June 1999, 
DOI: 10.1115/1.2791072 
ABSTRACT: The three-dimensional theory of elasticity in curvilinear coordinates is employed to investigate 
the dynamic buckling of an imperfect orthotropic circular cylindrical shell under mechanical and thermal loads. 
Accurate form of the strain expressions of imperfect cylindrical shells is established through employing the 
general Green’s strain tensor for large deformations and the equations of motion are derived in terms of the 
second Piola-Kirchhoff stress tensor. Then, the governing equations are properly formulated and solved by 
means of an efficient and relatively accurate solution procedure proposed to solve the highly nonlinear 
equations resulting from the above analysis. The proposed formulation is very general as it can include the 
influence of the initial imperfections, temperature distribution, and temperature dependency of the mechanical 
properties of materials, effect of various end conditions, possibility of large-deformation occurrence and 
application of any combination of mechanical and thermal loadings. No simplifications are done when solving 
the resulting equations. Furthermore, in contrast to the displacement-based layer-wise theories and the three-
dimensional approaches proposed so far, the stress, force and moment boundary conditions as well as the 
displacement type ones, can be incorporated accurately in these formulations. Finally, a few examples of 
mechanical and thermal buckling of some orthotropic cylindrical shells are considered and results of the present 
three-dimensional elasticity approach are compared with the buckling loads predicated by the Donnell’s 
equations, some single-layer theories, some available results of the layer-wise theory and the recently published 
three-dimensional approaches and the accuracy of the later methods are discussed based on the exact method 
presented in this paper. 
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ABSTRACT: Only static buckling of the hybrid functionally graded material (FGM) cylindrical shells has been 
investigated so far. In the present paper, dynamic buckling of imperfect FGM cylindrical shells with integrated 
surface-bonded sensor and actuator layers subjected to some complex combinations of thermo-electro-
mechanical loads is investigated. The general form of Green's strain tensor in curvilinear coordinates and a 
high-order shell theory proposed earlier by the author are used. The complicated nonlinear governing equations 
are solved using the finite-element method. Buckling load is detected by a modified Budiansky's criterion 
proposed earlier by the author. Effects of temperature dependency of material properties, volume fraction index, 
load combination, and initial geometric imperfections on thermo-electro-mechanical post-buckling behavior are 
evaluated. Results reveal that the volume fraction index, temperature gradient, layer sequence, and the adaptive 
feedback control somewhat may affect the buckling load. 
 
 
M. Shariyat (Faculty of Mechanical Engineering, K.N. Toosi University of Technology, Tehran, Iran), 
“Dynamic thermal buckling of suddenly heated temperature-dependent FGM cylindrical shells, under combined 
axial compression and external pressure”, International Journal of Solids and Structures, Vol. 45, No. 9, May 
2008, pp. 2598-2612, doi:10.1016/j.ijsolstr.2007.12.015 
ABSTRACT: FGM components are constructed to sustain high temperature gradients. There are many 
applications where the FGM components are vulnerable to transient thermal shocks. If a component is already 
under compressive external loads (e.g. under a combination of axial compression and external pressure), the 
mentioned thermal shocks will cause the component to exhibit dynamic behavior and in some cases may lead to 
buckling. On the other hand, a preheated FGM component may undergo dynamic mechanical loads. Only static 
thermal buckling investigations were developed so far for the FGM shells. In the present paper, dynamic 
buckling of a pre-stressed, suddenly heated imperfect FGM cylindrical shell and dynamic buckling of a 
mechanically loaded imperfect FGM cylindrical shell in thermal environment, with temperature-dependent 
properties are presented. The general form of Green’s strain tensor in curvilinear coordinates and a high order 
shell theory proposed already by the author are used. Instead of using semi-analytical solutions that rely on the 
validity of the separation of variables concept, the complicated nonlinear governing equations are solved using 
the finite element method. Buckling load is detected by a modified Budiansky criterion proposed by the author. 
The effects of temperature-dependency of the material properties, volume fraction index, load combination, and 
initial geometric imperfections on the thermo-mechanical post-buckling behavior of a shell with two constituent 
materials are evaluated. The results reveal that the volume fraction index and especially, the differences 
between the thermal stresses created in the outer and the inner surfaces may change the buckling behavior. 
Furthermore, temperature gradient and initial imperfections have less effect on buckling of a shell subjected to a 
pure external pressure. 
 
 
M. Shariyat (Faculty of Mechanical Engineering, KNT University of technology, Pardis Street, Molla-Sadra 
Street, Vanak Square, Tehran, Iran), “Dynamic buckling of imperfect laminated plates with piezoelectric 
sensors and actuators subjected to thermo-electro-mechanical loadings, considering the temperature-dependency 
of the material properties”, Composite Structures, Vol. 88, No. 2, April 2009, pp. 228-239, 
doi:10.1016/j.compstruct.2008.03.044 
ABSTRACT: Dynamic buckling of piezolaminated plates under thermo-electro-mechanical loads has not been 
investigated so far. In the present paper, effects of the thermo-piezoelasticity on the dynamic buckling under 
suddenly applied thermal and mechanical loads are investigated for imperfect rectangular composite plates with 
surface-bonded or embedded piezoelectric sensors and actuators. A finite element formulation based on a 
higher-order shear deformation theory is developed. Both the initial geometric imperfections of the plate and the 
temperature-dependency of the material properties are taken into account. Complex dynamic loading 
combinations include in-plane mechanical loads, heating, and electrical actuations are considered. A nine-node 
second order Lagrangian element, an efficient numerical algorithm for solving the resulted highly nonlinear 
governing equations, and an instability criterion already proposed by the author are employed. A simple 
negative proportional feedback control is used to actively control the transient response of the plate. Results 
show that buckling mitigation due to utilizing integrated piezoelectric sensors and actuators is mainly achieved 
in extremely high gain values. It is also noticed that in many cases, effects of the control voltage on the results 



may be ignored compared to the temperature-dependency of the material properties and initial geometric 
imperfections effects. 
 
 
M. Shariyat (Mechanical Engineering, K.N. Toosi University of Technology, Pardis Street, Molla-Sadra 
Avenue, Vanak Square, Tehran 19991-43344, Iran), “Non-linear dynamic thermo-mechanical buckling analysis 
of the imperfect laminated and sandwich cylindrical shells based on a global-local theory inherently suitable for 
non-linear analyses”, International Journal of Non-Linear Mechanics, Vol. 46, No. 1, January 2011, pp. 253-
271, doi:10.1016/j.ijnonlinmec.2010.09.006 
ABSTRACT: The available accurate shell theories satisfy the interlaminar transverse stress continuity 
conditions based on linear strain–displacement relations. Furthermore, in majority of these theories, either 
influence of the transverse normal stress and strain or the transverse flexibility of the shell has been ignored. 
These effects remarkably influence the non-linear behavior of the shells especially in the postbuckling region. 
Furthermore, majority of the buckling analyses performed so far for the laminated composite and sandwich 
shells have been restricted to linear, static analysis of the perfect shells. Moreover, almost all the available shell 
theories have employed the Love–Timoshenko assumption, which may lead to remarkable errors for thick and 
relatively thick shells. In the present paper, a novel three-dimensional high-order global-local theory that 
satisfies all the kinematic and the interlaminar stress continuity conditions at the layer interfaces is developed 
for imperfect cylindrical shells subjected to thermo-mechanical loads. In comparison with the layerwise, mixed, 
and available global-local theories, the present theory has the advantages of: (1) suitability for non-linear 
analyses, (2) higher accuracy due to satisfying the complete interlaminar kinematic and transverse stress 
continuity conditions, considering the transverse flexibility, and releasing the Love–Timoshenko assumption, 
(3) less required computational time due to using the global-local technique and matrix formulations, and (4) 
capability of investigating the local phenomena. To enhance the accuracy of the results, compatible Hermitian 
quadrilateral elements are employed. The buckling loads are determined based on a criterion previously 
published by the author. 
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Sadra Avenue, Vanak Square, Tehran, Iran), “A generalized high-order global-local plate theory for nonlinear 
bending and buckling analyses of imperfect sandwich plates subjected to thermo-mechanical loads”, Compos. 
Struct 92 (1) (2010), pp. 130–143, DOI: 10.1016/j.compstruct.2009.07.007 
ABSTRACT: The available plate theories have been generally calibrated using linear strain–displacement 
expressions. Furthermore, many of them do not consider the transverse normal stress continuity and the 
transverse flexibility of the sandwich plates. Majority of the investigations performed so far in the buckling 
analysis of the sandwich plates, have been restricted to linear buckling analysis of the perfect sandwich plates 
based on theories that either violate the continuity condition of the transverse stresses at the layer interfaces or 
do not satisfy the mentioned condition when nonlinear strain–displacement expressions are used. Therefore, 
their results may be unreliable for nonlinear stress and buckling (especially in the postbuckling region) analyses. 
In the present paper, nonlinear strain–displacement expressions are employed for imperfect sandwich plates 
subjected to thermo-mechanical loads to propose an accurate global–local theory that satisfies the continuity of 
all of the transverse stress components. The theory is presented in a compact matrix form. Compatible 
Hermitian elements with C1 continuity are employed to enhance the results. Buckling and wrinkling loads are 
detected employing a criterion previously published by the author. Comparisons made in the paper with results 
reported by well-known references, confirm the accuracy and the efficiency of the proposed theory and the 
relevant solution algorithm. 
 
 
M. Shariyat (Faculty of Mechanical Engineering, K.N. Toosi University of Technology, Tehran, Iran), “A 
general nonlinear global-local theory for bending and buckling analyses of imperfect cylindrical laminated and 
sandwich shells under thermomechical loads”, Meccanica (Springer), published online 2011, DOI: 
10.1007/s11012-011-9438-9 
ABSTRACT: The accurate shell theories proposed so far have been calibrated based on linear kinematic 
relations. Many of them have ignored either the interlaminar stress continuity conditions at the interfaces or the 
transverse flexibility of the layers. Therefore the available shell theories may encounter accuracy problems 
when analyzing the nonlinear behaviors, expecially for sandwich shells with soft cores. Moreover, almost all of 
the available shell theories have been proposed employing the Love-Timoshenko assumption. Ideas of the 
previous global-local plate theory of the author are extended to develop the present nonlinear high-order global-
local shell theory. The present theory has the advantages of: (1) suitablility for nonlinear analyses, (2) higher 
accuracy due to satisfying the complete interlaminar kinematic and transverse stress continuity conditions at the 
layer interfaces under thermo-mechanical loads, employing the exact Green’s strain tensor of the curvilinear 
coordinates, considering the transverse flexibility, and releasing the Love-Timoshenko assumption, (3) less 
required computational time due to using the global-local technique and matrix formulations, and (4) capability 
of investigating the local phenomena. To enhance the accuracy of the results, compatible Hermitian elements 
are employed. Various comparative examples are included in the present paper to validate the theory and to 



examine its accuracy and efficiency. 
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ABSTRACT: The objective of this research is determining the buckling load of composite truncated conical 
shells under external loading by theoretical and numerical methods. The boundary conditions are assumed to be 
clamped. At first, basic equastions and stability relations of conical shells were derived. The analysis is carried 
out using Donnell-type stability equations for thin cross-ply conical shells. By applying Galerkin’s method, 
these equations are converted to a system of ordinary time dependent differential equations. Ritz method is 
employed for finding the dynamic stability load. Finally, the critical static and dynamic buckling loads and the 
corresponding wave numbers have been found analytically. Then comparison of results is considered. Results of 



analytical calculations are compared with numerical results and with other researchers’ analytical results. The 
effects of geometric parameters, the cone semi-vertex angle, number of layers and material of fibers on buckling 
loads are discussed. 
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ABSTRACT: Dynamic buckling of an orthotropic cylindrical shell which is subjected to rapidly applied 
compression is considered. A nonlinear differential equation of Donnell–Kármán type is derived with the initial 
imperfection taken into account. An energy method is used to obtain the equation of motion which is then 
solved numerically by means of a Runge-Kutta method. These numerical results show that the critical load is 
increased over the corresponding static case. An analytical solution is also obtained for the problem of 
hydrostatic pressure. 
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ABSTRACT: The Nonlinear dynamic buckling and stability of nonlinearly elastic autonomous discrete systems 
under conservative step loading (of infinite or finite duration), impact and impulsive loading is examined in 
detail. Discrete structural systems which under the same loading applied statically exhibit snap-through 
buckling are mainly considered. Emphasis is focused on the coupling effect of nonlinearities (geometric 
and/or material) and structural damping. A qualitative discussion of the dynamic buckling mechanism 
is comprehensively presented on the basis of energy and topological concepts in the light of recent progress of 
nonlinear dynamics and chaos. This leads to useful criteria for establishing exact, approximate and lower-upper 
bound dynamic buckling estimates without integrating the highly nonlinear equations of motion. It is shown that 
dynamic buckling can be defined as an escaped motion through a saddle of the (static) unstable postbuckling 
equilibrium path which leads either to an “unbounded” motion or to a point attractor associated with a 
remote stable equilibrium point. As byproducts of this analysis various phenomena such as restabilization 
(metastability), loading discontinuity, sensitivity to initial-conditions and to damping as well as chaoticlike 
Phenomena, are revealed. The theory is illustrated with analyses of single, two and three degrees of freedom 
models. 
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ABSTRACT: In this paper the effect of the interaction of two loadings, and of the deviation from right angle on 
the buckling mechanism of a rectangular two-bar frame is discussed. Using a nonlinear stability analysis it is 
found that there is a critical value of the ratio of the two loadings, as well as of the deviation from right angle, 
for which the physical equilibrium path and the physically unacceptable complementary path meet each other at 
an asymmetric bifurcation point. At this point, the response of the frame changes from an elastic limit point 
instability to a stable equilibrium path associated with inelastic buckling. The analysis is supplemented by a 
variety of numerical results obtained by an efficient and reliable simplified nonlinear stability analysis applied 
for the first time to a non-rectangular frame. 
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ABSTRACT: The nonlinear lateral buckling response of perfect stocky beams in the vicinity of the critical 
bifurcational state is discussed. Attention is focused on the initial post-buckling response. This depends on the 
nature of the critical branching point which is explored by using a nonlinear (lateral) bending-curvature 
relationship. It is found that the plane of loading (associated with the major moment of inertia) looses its 
stability through a stable symmetric bifurcation point. Hence, the above beams are not sensitive to 
imperfections, exhibiting post-buckling strength. However, the post-buckling equilibrium path is quite shallow, 
so that the load-carrying capacity of such beams above the critical state is rather limited. The analysis is 
supplemented by illustrative examples forI-beams for which the effect of various parameters on the initial 
postbuckling path is also discussed. 
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University of Athens, Greece), “A method for the direct evaluation of buckling loads of an imperfect two-bar 
frame”, Archive of Applied Mechanics, Vol. 74, No. 5, pp 299-308, March 2005 
ABSTRACT: The pre-critical, critical, and post-critical nonlinear response of an imperfect due to loading 
eccentricity two-bar frame is thoroughly discussed. In seeking the maximum load-carrying capacity of this non-
sway frame, it was qualitatively established that its loss of stability occurs through a limit point and hence, the 
case of an asymmetric bifurcation can be considered only in an asymptotic sense. After deriving the nonlinear 
equilibrium equations with unknowns for the two bar axial forces, we can consider such a continuous system as 
a two-degree-of-freedom model with generalized coordinates the above axial forces. Then, the equilibrium 
equations and the stability determinant of the frame can be determined in terms of the first and second 
derivatives of its total potential energy (TPE) with respect to the axial forces. The vanishing of the second 
variation of the TPE together with the equilibrium equations allows a simple and direct evaluation of the 
buckling load. Numerical examples demonstrate the efficiency and the reliability of the proposed method. 
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J. H. Yang, D. L. Chen, X. L. Peng, "Delamination Buckling of Piezoelectric Laminated Cylindrical Shell under 
Axial Compression", Advanced Materials Research, Vols. 753-755, pp. 1207-1211, Aug. 2013  
ABSTRACT: The buckling of the piezoelectric laminated cylindrical shell with throughout circumference 
delamination is analyzed in this paper. By introducing the Heaviside step function into assumed displacement 
components and using elastic piezoelectric theory, the constitutive relations of the piezoelectric laminated shell 
with delamination are established. Then the buckling governing equations of the structure are derived through 
variational principle. In numerical examples, the effects of delamination length, depth, material property and 
thickness of piezoelectric layer on the buckling load of piezoelectric laminated shell with delamination are 
investigated. 
 
 
S. A. Kislyakov, “Stability and development of delamination in a cylindrical shell made of a composite material 
in compression”, Mechanics of Composite Materials, Vol. 21, No. 4, August 1985, pp. 450-454,  
doi: 10.1007/BF00610893 (Translated from Mekhanika Kompozitnykh Materialov, No. 4, pp. 653–657, July–
August, 1985) 
 
 
B.P. Shastry, G. Venkateswara Rao and M.N. Reddy (Structural Engineering Division, Vikram Sarabhai Space 
Centre, Trivandrum-22, India), “Nuclear Engineering and Design, Vol. 36, No. 1, January 1976, pp. 91-95, 
doi:10.1016/0029-5493(76)90145-X 
ABSTRACT: High precision finite elements for both thin plate and stiffener are developed in this paper to 
analyse the stability of thin plates subjected to arbitrary membrane loading with arbitrarily oriented stiffeners. 
Application of these elements to some complex stability problems show high accuracy even with a relatively 
coarse finite element mesh. For all the problems considered the predicted critical loads are accurate upper 
bounds. 
 
 
T.Y. Reddy and S.T.S. Al-Hassani (Department of Mechanical Engineering, UMIST, P.O. Box 88, Sackville 
Street, Manchester, M60 1QD, U.K.), “Axial crushing of wood-filled square metal tubes”, International Journal 
of Mechanical Sciences, Vol. 35, Nos. 3-4, March-April 1993, pp. 231-246, doi:10.1016/0020-7403(93)90078-9 
ABSTRACT: The behaviour of thin tubes made of sheet metal and not so thin extruded tubes filled with wood 
and subjected to axial crushing is studied. Experiments show that the mode of elastic buckling is changed by the 
presence of the wood filler. The plastic crushing of thin tubes resulted in Euler-type buckling, while a 
considerable enhancement in the load carrying capacity and energy absorption was seen in the case of thicker 
walled tubes which were examined both under quasi-static and dynamic loading conditions. A new idealized 
deformation mechanism for the progressive crushing of the wood-filled tube is suggested and analysed. The 
results obtained for the mean loads agree reasonably with experimental observations. An alternative method 
employed to predict the mean crushing load of empty tubes and using a thickness that provides an equivalent 
stiffness to that of a filled tube is also seen to produce reasonable agreement with the experiment. 
 
 
B. J. Vartdal, S. T. S. Al-Hassani and S. J. Burley (Department of Mechanical, Aerospace, and Civil 
Engineering, The University of Manchester, Manchester, UK), “A tube with a rectangular cut-out. Part 1: 
Subject to pure bending”, Proceedings of the Institution of Mechanical Engineers, Part C: Journal of 
Mechanical Engineering Science, May 2006, vol. 220, no. 5, pp. 625-643, doi: 10.1243/09544062C05504 
ABSTRACT: The response to pure bending of tubes with rectangular cut-outs is considered. Experiments on 
1000-mm long, 100-mm diameter, and 2.55-mm wall thickness DIN 2391 ST NBK supported steel tubes are 
described. Such a thickness-to-diameter ratio is typical of structural columns, rather than shell structures. Tubes 
containing cut-outs with an axial dimension of up to 30 mm and a circumferential size of up to 180° were 
tested. It was found that plastic hinge mechanisms dominated the response when the cut-out was on the 



compressive side, whereas fracture behaviour dominated the response when the cut-out was on the tensile side. 
Finite element and semi-empirical analyses were carried out to predict the global load-deformation behaviour of 
the tubes. All analyses gave reasonable predictions of the experimental results for the majority of the cut-out 
parameters investigated. The aim of this study is to investigate the feasibility of using cut-outs to initiate and 
control the toppling of offshore jacket structures. 
 
 
T.Y. Yang, Rakesh K. Kapania and Sunil Saigal (School of Aeronautics and Astronautics, Purdue University, 
West Lafayette, Indiana, USA), “Linear and nonlinear dynamic response analysis of complex shell structures”, 
(no publisher or date given in the pdf file; most recent reference is 1983) 
ABSTRACT: The elastic-inelastic and geometrically nonlinear formulations and solution procedures have been 
developed for two types of finite elements, a six d.o.f beam element and a 48 d.o.f. quadrilateral curved shell 
element, for the static or dynamic response analysis of beam and shell structures with one or both types of 
nonlinearities. Three example structures are studied: an R.C. beam, a spherical cap, and a full spherical shell. 
The elastic formulations are used to analyze a cooling tower shell due to earthquake and wind loads. For 
earthquake loads, response spectrum analysis is performed. For wind loads, frequency domain analysis is 
performed. 
(cannot cut and paste references) 
 
 
Sunil Saigal, Rakesh K. Kapania and T.Y. Yang (School of Aeronautics and Astronautics Purdue University 
West Lafayette, Indiana 47907), “Geometrically Nonlinear Finite Element Analysis of Imperfect Laminated 
Shells”, Journal of Composite Materials  1986   vol. 20  no. 2  pp.197-214, doi: 10.1177/002199838602000206 
ABSTRACT: Formulations and computational procedures are presented for the finite element analysis of 
laminated anisotropic composite thin shells including imperfections. The derivations of the nonlinear geometric 
element stiffness matrices were based on the total Lagrangian description. A 48 degree-of-freedom (d.o.f.) 
general curved shell element with arbitrary distribution of curvatures was used to model the shell middle-
surface. Numerical results include the large deflection behavior of a variety of perfect plate and shell examples; 
buckling of a spherical shell with an axially symmetric im perfection; and buckling of a cylindrical panel using 
measured initial transverse im perfections. A good comparison with existing results is obtained. 
 
 
S. Saigal, H.T.Y. Yang and R.K. Kapania, “Dynamic buckling of imperfection - Sensitive shell structures”, 27th 
AIAA Structures, Structural Dynamics and Materials Conference, 27th, San Antonio, TX; USA; 19-21 May 
1986. pp. 569-575. 1986 
ABSTRACT: Structural failure under dynamic loads may occur at load levels that are less than the 
corresponding static load. Presence of local geometric imperfections may induce an early failure for both static 
and dynamic loadings. The phenomenon of 'dynamic weakening' is studied for a general class of shell structures 
under a general class of time dependent loadings. A doubly curved quadrilateral Love-Kirchhoff shell finite 
element is used. Geometric deviations of the shell middle surface are included within the element formulation 
by suitably modifying the strain-displacement relations. This is accomplished by retaining additional terms that 
are quadratic in spatial derivatives of imperfections and displacement components. The nonlinear equations of 
motion are written in the Lagrangian system and are solved by using an incremental algorithm based on 
Newmark's generalized operator. The dynamic buckling responses of a spherical cap with and without local 
imperfection are presented. The formulation is general and can be applied to obtain the dynamic buckling 
response of a wide variety of shell structures. 
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(1) School of Aeronautics and Astronautics Purdue University West Lafayette, Indiana 47907, U.S.A. 
(2) Department of Mechanical Engineering Worcester Polytechnic Institute Worcester, Massachusetts 01609, 
U.S.A. 
“Free and Forced Nonlinear Dynamics of Composite Shell Structures”, Journal of Composite Materials, 



October 1987, vol. 21, no. 10, pp. 898-909, doi: 10.1177/002199838702101002 
ABSTRACT: Natural frequencies and forced responses of thin laminated composite shells of general form are 
investigated using a high-order curved shell finite element. The effect of geo metric nonlinearity is included in 
the determination of the forced responses which are ob tained using Newmark's numerical integration scheme. 
A class of shell problems which are general with respect to geometry; boundary conditions; number, stacking 
sequence, and angle of orientation of the lamina; and load function can be solved using the present 
formulations. Numerical results and their comparisons with existing solutions are pre sented for cylindrical 
shells, shells of positive and negative Gaussian curvature, spherical caps, and shells of translation with different 
boundary conditions. 
 
 
Kamal, Rajiv. "Nonlinear geometric and material analysis of shell structures with particular emphasis on tubular 
joints." (1998) Doctoral, Rice University. http://hdl.handle.net/1911/91344. 
ABSTRACT: Linear and nonlinear analysis of shell structures are performed using finite elements. Shell 
elements are formulated to capture the linear and nonlinear behavior of shell structures. Although general, the 
elements are specially suited for tubular joints. An automatic geometric modeling and mesh generation 
procedure for T, K and DT-joints is first developed. A set of shell elements are then developed and 
implemented in a general purpose, research oriented finite element analysis program (FEAP) to carry out linear, 
materially-nonlinear only, geometrically-nonlinear-only and geometric and material nonlinear analyses of thin 
shell structures with special emphasis on tubular joints which represent essential components of offshore 
platforms. A six-degree-of-freedom per node (including a true drilling degree of freedom) assembly allows easy 
modeling of complicated shell structures such as tubular joints or stiffened shells. The displacement 
interpolation is carefully chosen in order to avoid shear and membrane locking in linear and nonlinear 
problems. The curvature effects (initial curvature and changes in curvature due to large displacements and 
rotations) are incorporated by a simple modification of the flat linear shell element. This computationally very 
inexpensive modification increases the performance of the element by several folds. The total corotational 
formulation, a Lagrangian formulation, is used to treat geometric nonlinearity. Each point in the thickness of the 
shell is considered to be under plane stress conditions. Von Mises yield criterion with linear isotropic and 
kinematic hardening and the associated Prandtl-Reuss flow rule is used to model the plastic flow behavior of the 
shell material. The flow rule and hardening law are integrated using the return map algorithm. The robustness of 
the analysis tool developed is demonstrated by solving a range of linear and nonlinear problems of shell 
analysis. It is demonstrated through examples and comparison with known analytical or reliable numerical 
solutions that the elements developed are accurate in predicting both displacements and stresses. The ultimate 
test of the predictive ability of the analysis tool developed is performed by considering three well documented 
tubular joint examples (T-, K-, and DT-joints) for which experimental results in terms of load deflection curve 
are available. The prediction of the collapse load and load-deflection curve for the T-joint is in excellent 
agreement with the experimental results. This agreement between numerical and experimental results for both 
the K- and DT- joints is also very good considering the complexity of the actual joint structure. Finally, a 
parametric study of tubular T-joints is conducted to study the effects of the various geometric parameters on the 
collapse load. 
 
 
Rakesh K. Kapania (1) and T.Y. Yang (2) 
(1) Dept. of Aerospace and Ocean Engineering, Virginia Polytechnic Institute and State University, Blacksburg, 
VA 24061, U.S.A. 
(2) School of Aeronautics and Astronautics, Purdue University, West Lafayette, IN 47907, U.S.A. 
“Stability of wind-loaded cylindrical shells”, Journal of Wind Engineering and Industrial Aerodynamics, 
Volume 28, Issues 1-3, August 1988, Pages 281-290, doi:10.1016/0167-6105(88)90124-9 
ABSTRACT: Stability analysis of perfect and imperfect cylindrical shells under wind pressures is performed 
using the finite element method. A 48 degree-of-freedom (d.o.f.) thin shell element previously developed by the 
present authors is used. The element is free from both shear and membrane locking and is capable of modelling 
shells with arbitrary imperfections. Nonlinear effects due to prebuckling rotations are taken into account. The 
nonlinear response is obtained using Riks-Wempner algorithm. Effects of the imperfection amplitude and that 



of the material orthotropy on the limit load points are studied. Wherever possible, the present results are 
compared with existing results. A favorable agreement is observed. 
 
 
R. K. Kapania and L. B. Eldred (Virginia polytech. inst. state univ., dep. aerospace ocean eng., Blacksburg VA 
24061,USA), “Solution of nonlinear partial differential equations using the Chebyshev spectral method”, 
Computational Mechanics, Vol. 8, No. 3, 1991, pp. 173-179, doi: 10.1007/BF00372687 
ABSTRACT: The spectral method is a powerful numerical technique for solving engineering differential 
equations. The method is a specialization of the method of weighted residuals. Trial functions that are easily 
and exactly differentiable are used. Often the functions used also satisfy an orthogonality equation, which can 
improve the efficiency of the approximation. Generally, the entire domain is modeled, but multiple sub-domains 
may be used. A Chebyshev-Collocation Spectral method is used to solve a two-dimensional, highly nonlinear, 
two parameter Bratu's equation. This equation previously assumed to have only symmetric solutions are shown 
to have regions where solutions that are non-symmetric in x and y are valid. Away from these regions an 
accurate and efficient technique for tracking the equation's multi-valued solutions was developed. 
It is found that the accuracy of the present method is very good, with a significant improvement in computer 
time. 
 
 
Rakesh K. Kapania and Chansup Byun (Department of Aerospace and Ocean Engineering, Virginia Polytechnic 
Institute and State University, Blacksburg, VA24061, U.S.A.), “Vibrations of imperfect laminated panels under 
complex preloads”, International Journal of Non-Linear Mechanics, Vol. 27, No. 1, January 1992, pp. 51-62,  
doi:10.1016/0020-7462(92)90022-Y 
ABSTRACT: The objective of this paper is to analyze the effect of complex, arbitrary in-plane and out-of-plane 
loads on the transverse vibrations of thin arbitrarily laminated panels with or without geometric imperfections. 
The finite-element method is used. A 48 degree-of-freedom thin shell element previously formulated by the 
senior author is employed. The formulation is general with respect to the boundary conditions, types of 
imperfections, and number, orientation, and stacking sequence of the lamina. A large radius to thickness ratio is 
assumed so as to ignore the shear and rotary inertia effects. The results are presented for angle-ply rectangular 
plates and cross-ply cylindrical panels, with both of these having simply supported edge conditions along all the 
four edges, and isotropic square plates involving free edges under non-uniform combined loads. The panels are 
subjected to both axial and shear in-plane stresses. The effects of geometric parameters (aspect ratio, panel 
curvature, and geometric imperfections) and material properties (varying the number of layers but the same 
thickness) are examined. The results are presented in the form of frequency-load interaction curves for various 
geometric parameters. Whenever possible, the present results are compared with those available in the existing 
literature. A good agreement is observed. 
 
 
C. Byun and R.K. Kapania (Department of Aerospace and Ocean Engineering, Virginia Polytechnic Institute 
and State University, Blacksburg, VA 24061-0203, U.S.A.), “Nonlinear impact response of thin imperfect 
laminated plates using a reduction method”, Composites Engineering, Vol. 2, Nos. 5-7, 1992, pp. 391-410, 
Special Issue: Use of Composites in Rotorcraft and Smart Structures, doi:10.1016/0961-9526(92)90034-4 
ABSTRACT: The nonlinear transient response of thin imperfect laminated plates subjected to impact loads is 
studied using a 48 DOF finite element based on the classical laminated plate theory. Comparison between the 
first-order shear deformation theory and the classical laminated plate theory is also made to study the effect of 
shear deformation. The modified Hertzian law by Tan and Sun is incorporated to evaluate the impact loads due 
to a projectile. The transient response of an example problem is obtained using both full and reduced equations 
of motion. A reduction method using Ritz vectors as the basis vectors is employed to reduce the size of the 
nonlinear problem and thus save computational effort. The resulting reduced (but still coupled) set of equations 
is integrated in a step-by-step fashion using the Newmark constant-average acceleration time integration 
scheme along with an iterative scheme for dynamic equilibrium. It is observed that geometric imperfections 
cause significant changes in the impact response of thin laminated plates. The reduction method used in this 
study was not found to be very efficient for obtaining the nonlinear impact responses. Further research is needed 



to develop reduction methods that are more suitable for studying nonlinear impact responses. 
 
 
C. Byun and R.K. Kapania (Department of Aerospace and Ocean Engineering, Virginia Polytechnic Institute 
and State University, Blacksburg, VA 24061-0203, U.S.A.), “Nonlinear transient response of imperfect 
hyperbolic shells using a reduction method”, Computers & Structures, Vol. 44, Nos. 1-2, July 1992, pp. 255-
262, Special Issue: WCCM II, doi:10.1016/0045-7949(92)90244-T 
ABSTRACT: The paper analyzes the effect of geometric imperfections on the free-vibration, and static and 
dynamic responses of hyperbolic shells. The effect of geometric nonlinearities is included. A 48 degree-of-
freedom thin shell element, capable of modeling arbitrary geometric imperfections, is employed. A reduced 
basis method using the normal modes as the base vectors is employed to reduce the size of the nonlinear 
problem and thus save computational effort. The resulting reduced (but still coupled) set of equations is 
integrated in a step-by-step fashion using the Wilson-theta method along with an iterative scheme. The 
integration scheme, first evaluated on a series of examples (both linear and nonlinear) is employed to obtain the 
dynamic response of hyperbolic shells with geometric imperfections. The shell is subjected to wind loads with 
an assumed time history. The results are presented for the nonlinear static response of a cooling tower under 
wind loads; for the fundamental frequencies of a hyperbolic shell under increasing axisymmetric pressure loads; 
and finally for the dynamic response (normal displacements and the in-plane stress resultants) of an example 
hyperbolic shell under dynamic wind loads. Whenever possible, the present results are compared with those 
available in the existing literature. A good agreement is observed. 
 
 
R. K. Kapania and C. Byun (Department of Aerospace and Ocean Engineering, Virginia Polytechnic Institute 
and State University, Blacksburg, VA 24061-0203, U.S.A.), “Reduction methods based on eigenvectors and 
Ritz vectors for nonlinear transient analysis”, Computational Mechanics, Vol. 11, No. 1, 1993, pp. 65-82,  
doi: 10.1007/BF0037 
ABSTRACT: Reduction methods using eigenvectors and Ritz vectors as basis vectors are empolyed to reduce 
the finite element nonlinear system of equations using a 48 D.O.F. doubly curved thin plate/shell element. With 
and without basis updating, the solutions obtained by reduction methods are compared with the direct solutions. 
It is observed that basis updating is essential to obtain accurate solutions. The present reduction methods need a 
large number of basis vectors (eigenvectors and Ritz vectors) to account for the impact load which has high 
frequency characteristics. Furthermore, for nonlinear analysis, the reduction achieved in the CPU time are only 
marginal since most of the CPU time was spent in the calculation of the internal nodal force vector. These 
considerations indicate that reduction methods may not be efficient for the impact response analysis. 
 
 
Rakesh K. Kapania and J.N. Reddy (Department of Aerospace and Ocean Engineering, Virginia Polytechnic 
Institute and State University, Blacksburg, VA 24061-0203, U.S.A.), “Study of Wave Propagation and Dynamic 
Response of Laminated Composite Structures”, U.S. Army Research Office Report ARO 26908.14-EG, January 
1994, 
DTIC Accession Number: ADA276123, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA276123 
ABSTRACT: We conducted a fundamental study to investigate the dynamic behavior of laminated structures. 
Both finite element and analytical solutions were developed. Using a 48 degree-of-freedom shell finite element 
(FE) developed by Kapania and coworkers, the effect of arbitrary inplane and out-of-plane loads on the 
transverse vibrations of thin arbitrarily laminated panels with or without geometric imperfections was analyzed. 
The element was used to investigate the effect of geometric imperfections on geometrically nonlinear impact 
response of thin laminated plates and cylindrical panels using reduced basis methods. A FE model was also 
developed to study the linear and geometrically nonlinear transient behavior of laminated beams. A 
postprocessor was developed that can use the transverse displacements from a classical laminated plate theory 
(CLPT) or a first order shear deformation theory (FSDT) to determine the transverse normal and shear stresses. 
The nonlinear dynamic equations of the first-order shear deformation theory and the third-order shear 
deformation plate theory of Reddy was reformulated to describe the interior and edge zone problems of 
rectangular plates. A three-dimensional elasticity solution for the free vibration analysis of general cross-ply 



laminated plates has been carried out by combining Fourier series solution with a state space representation and 
the transfer matrix approach. A close theoretical examination have clarified the accuracy of the various single 
layer theories and a layerwise theory with the exact elasticity solution. Composite materials, Impact response, 
Imperfect plates, Plates, Reduced basis methods, Response due to short duration loads, Shells, Transverse 
effects. 
 
 
Rakesh K. Kapania and Tom-James G. Stoumbos (Department of Aerospace and Ocean Engineering, Virginia 
Polytechnic Institute and State University, Blacksburg, VA 24061, U.S.A), “Geometrically nonlinear impact 
response of thin laminated imperfect cylindrical panels”, Composites Engineering, Vol. 4, No. 4, 1994, pp. 397-
416, doi:10.1016/S0961-9526(09)80014-2 
ABSTRACT: Although a large number of studies dealing with the impact response of flat laminated panels has 
been conducted in the past, relatively little work seems to be available on impact of laminated cyclindrical 
panels. In this paper an analytical study is conducted to predict the nonlinear transient response of thin 
imperfect laminated cylindrical panels subjected to impact loads. A review is also given regarding the state of 
the art on the impact response of laminated plates and shells. The imperfect panels are modeled using a 48 
degree-of-freedom (DOF) finite element based on the classical laminated plate theory. Linear and nonlinear 
transient responses are obtained using the modal superposition method (MSM) and a reduction method based on 
Ritz vectors (R-R), both in conjunction with direct integration schemes (Wilson-theta or Newmark methods). 
The effect of the number of modes used is also discussed. A modified contact law is incorporated to evaluate 
the impact loads due to a projectile. Different nondimensional shell radii [r/h] are used in order to study the 
effect of nondimensional shell radii [r/h] on the impact response of laminated cylindrical panels. The effect of 
geometric imperfections on linear and nonlinear transient response under sudden impact loads is also analyzed. 
Both the MSM and R-R methods used in the analysis are found to have acceptable accuracy and the accuracy 
increased with the number of modes used. It is observed that the reduction of the nondimensional shell radius 
[r/h] causes significant changes in the impact response of the cylindrical panel: a significant decrease in the 
central deflection and contact force histories. The introduction of geometric imperfections led to similar 
conclusions. 
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ABSTRACT: The layerwise theory of Reddy is used to study the low velocity impact response of laminated 
plates. Forced-vibration analysis is developed by the modal superposition technique. Six different models are 
introduced for representation of the impact pressure distribution. The first five models, in which the contact area 
is assumed to be known, result in a nonlinear integral equation similar to the one obtained by Timoshenko in 
1913. The resulting nonlinear integral equation is discretised using a time-element scheme. Two different 
interpolation functions, namely: (i) Lagrangian and (ii) Hermite, are used to express the impact force. The 
Hermitian polynomial-based representation, obviously more sophisticated, is introduced to verify the 
Lagrangian-based representation. Due to its modular nature the present numerical technique is preferable to the 
existing numerical methods in the literature. The final loading model, in which the time dependence of the 
contact area is taken into account according to the Hertzian contact law, resulted in a relatively more 
complicated but more realistic, nonlinear integral equation. The analytical developments concerning this model 
are all new and are reported for the first time in this paper. Also a simple, but accurate, numerical technique is 
developed for solving our new nonlinear integral equation which results in the time-history of the impact force. 
Our numerical results are first tested with a series of existing example problems. Then a detailed study 
concerning all the response quantities, including the in-plane and interlaminar stresses, is carried out for 
symmetric and antisymmetric cross-ply laminates and important conclusions are reached concerning the 
usefulness and accuracy of the various plate theories. 
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ABSTRACT: A layer-wise theory is used to study the low velocity impact response of laminated plates. The 
forced-vibration analysis is developed by the modal superposition technique. Six different models are 
introduced for representation of the impact pressure distribution. The first five models, in which the contact area 
is assumed to be known, result in a nonlinear integral equation similar to the one obtained by Timoshenko in 
1913. The resulting nonlinear integral equation is discretised using a time-finite-element scheme. Two different 
interpolation functions, namely: (i) Lagrangian and (ii) Hermite are used to express the impact force. The 
Hermitian-polynomials based representation, obviously, more sophisticated, is introduced to verify the 
Lagrangian based representation. Due to its modular nature the present numerical technique is preferable to the 
existing numerical methods in the literature. The final loading model, in which the time dependence of the 
contact area is taken into account according to the Hertzian contact law, resulted in a relatively more 
complicated but more relalistic, nonlinear integral equation. The analytical developments concerning this model 
are all new and reported for the first time in this paper. Also a simple, but accurate, numerical technique is 
developed for solving our new nonlinear integral equation which results in the time-history of the impact force. 
Our numerical results are first tested with a series of existing example problems. Then a detailed study 
concerning all the response quantities, including the in-plane and interlaminar stresses, is carried out for cross-
ply laminates and important conclusions are reached concerning the usefulness and accuracy of the various 
plate theories. 
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ABSTRACT: Finite element static, free vibration and thermal analysis of thin laminated plates and shells using 
a three noded triangular flat shell element is presented. The flat shell element is a combination of the Discrete 
Kirchhoff Theory (DKT) plate bending element and a membrane element derived from the Linear Strain 
Triangular (LST) element with a total of 18 degrees of freedom (3 translations and 3 rotations per node). 
Explicit formulations are used for the membrane, bending and membrane-bending coupling stiffness matrices 
and the thermal load vector. Due to a strong analogy between the induced strain caused by the thermal field and 
the strain induced in a structure due to an electric field the present formulation is readily applicable for the 
analysis of structures excited by surface bonded or embedded piezoelectric actuators. The results are presented 
for (i) static analysis of (a) simply supported square plates under doubly sinusoidal load and uniformly 
distributed load (b) simply supported spherical shells under a uniformly distributed load, (ii) free vibration 
analysis of (a) square cantilever plates, (b) skew cantilever plates and (c) simply supported spherical shells; (iii) 
Thermal deformation analysis of (a) simply supported square plates, (b) simply supported-clamped square plate 
and (c) simply supported spherical shells. A numerical example is also presented demonstrating the application 
of the present formulation to analyse a symmetrically laminated graphite/epoxy laminate excited by a layer of 
piezoelectric polyvinylidene flouride (PVDF). The results presented are in good agreement with those available 
in the literature. 
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ABSTRACT: The study focuses on the development of a simple and accurate global/local method for 
calculating the static response of stepped, simply-supported, isotropic and composite plates with circular and 



elliptical cutouts. The approach primarily involves two steps. In the first step a global approach, the Ritz 
method, is used to calculate the response of the structure. Displacement based Ritz functions for the plate 
without the cutout are augmented with a perturbation function, which is accurate for uniform thickness plates 
only, to account for the cutout. The Ritz solution does not accurately satisfy the natural boundary conditions at 
the cut-out boundary, nor does it accurately model the discontinuities caused by abrupt thickness changes. 
Therefore, a second step, local in nature is taken in which a small area in the vicinity of the hole and 
encompassing other points of singularities is discretized using a fine finite element mesh. The displacement 
boundary conditions for the local region are obtained from the global Ritz analysis. The chosen perturbation 
function is reliable for circular cutout in uniform plates, therefore elliptical cutouts were suitably transformed to 
circular shapes using conformal mapping. The methodology is then applied to the analysis of composite plates, 
and its usefulness successfully proved in such cases. The proposed approach resulted in accurate prediction of 
stresses, with considerable savings in CPU time and data storage for composite flat panels. 
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ABSTRACT: This paper presents a simple and accurate global-local method to calculate the static response of 
simply-supported, composite plates with small cracks. The approach primarily involves two steps. In the first 
step a global approach, the Ritz method, is used to calculate the response of the structure. Displacement based 
Ritz functions for the plate without the crack are augmented with a perturbation function, which is accurate for 
isotropic plates only, to account for the crack. The Ritz solution does not accurately satisfy the natural boundary 
conditions at the crack boundary. Therefore, a second step, local in nature, is taken in which a small area in the 
vicinity of the crack and encompassing other points of singularities, is discretized using a fine finite element 
mesh. The displacement boundary conditions for the local region are obtained from the global Ritz analysis. 
The methodology is applied for the local model including the crack. The proposed approach resulted in accurate 
prediction of stresses, with 85% savings in computational time and 92% in data storage for the analysis of 
composite flat panels. 
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PARTIAL ABSTRACT: GMRES(k) is widely used for solving nonsymmetric linear systems. However, it is 
inadequate either when it converges only for k close to the problem size or when numerical error in the 
modified Gram-Schmidt process used in the GMRES orthogonalization phase dramatically affects the algorithm 
performance. An adaptive version of GMRES(k) which tunes the restart value k based on criteria estimating the 
GMRES convergence rate for the given problem is proposed here. This adaptive GMRES(k) procedure 
outperforms standard GMRES(k), several other GMRES-like methods, and QMR on actual large scale sparse 
structural mechanics postbuckling and analog circuit simulation problems… 
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nonlinear shell element for hygrothermorheologically simple linear viscoelastic composites”, AIAA Journal, 
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ABSTRACT: A triangular flat shell element for large deformation analysis of linear viscoelastic laminated 
composites is is presented. Hygrothermorheologically simple materials are considered for which a change in the 
hygrothermal environment results in a horizontal shifting of the relaxation moduli curves on a log timescale, in 
addition to the usual hygrothermal loads. Recurrence relations are developed and implemented for the 
evaluation of the viscoelastic memory loads. The nonlinear deformation process is computed using an 
incremental/iterative approach with the Newton-Raphson method used to find the incremental displacements in 
each time step. The presented numerical examples consider the large deformation and stability of linear 
viscoelastic structures under deformation-independent mechanical loads, deformation-dependent pressure loads, 
and thermal loads. Unlike elastic structures that have a single critical load value associated with a given 
snapping or buckling instability phenomenon, viscoelastic structures will usually exhibit a particular instability 
for a range of applied loads over a range of critical times. Both creep buckling and snap through examples are 
presented here. In some cases, viscoelastic results are also obtained using the quasi-elastic method in which 
load-history effects are ignored, and time-varying viscoelastic properties are simply used in a series of elastic 
problems. The presented numerical examples demonstrate the capability and accuracy of the formulation. 
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ABSTRACT: Because of the inherent complexity of fiber-reinforced laminated composites, it can be 
challenging to manufacture composite structures according to their exact design specifications, resulting in 
unwanted material and geometric uncertainties. Thus the understanding of the effect of uncertainties in 
laminated structures on their static and dynamic responses is highly important for a reliable design of such 
structures. In this research, we focus on the probabilistic stability analysis of laminated structures subject to 
subtangential loading, a combination of conservative and nonconservative tangential loads, using the dynamic 
criterion. In order to study the dynamic behavior by including uncertainties into the problem, three models were 
developed: exact Monte Carlo simulation, sensitivity-based Monte Carlo simulation, and probabilistic FEA. 
These methods were integrated into the existing finite element analysis. Also, perturbation and sensitivity 
analysis have been used to study nonconservative problems to study the stability analysis using the dynamic 
criterion. 
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“Post-buckling analysis of nonfrictional contact problems using linear complementarity formulation”, 
Computers & Structures, Vol. 57, No. 5d, pp 783-794, December 1995, DOI: 10.1016/0045-7949(95)00077-T 
ABSTRACT: A linear complementary problem formulation is proposed for post-buckling analysis of 



geometrically nonlinear structures with nonfrictional contact constraints. The arc-length method with updated 
normal plane constraint used to trace the equilibrium paths of the structures is combined to generate a path-
following algorithm as a predictor-corrector procedure. The initial load increment is determined in the predictor 
phase, considering the change of contact status. For the corrector phase, the unknown load scale parameter is 
eliminated using the arc-length constraint. The unknown contact variables such as contact status and contact 
forces can be directly solved by the linear complementarity problem without any ad-hoc technique. Several 
newly defined buckling and post-buckling with contact constraints are solved to illustrate the algorithm and the 
detail complex behaviors. It is demonstrated that the algorithm is very stable and efficient in dealing with the 
rather difficult class of buckling problems with obstacles. 
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“Dynamic stability of laminated beams subjected to nonconservative loading”, Thin-Walled Structures, Vol. 46, 
No. 12, December 2008, pp. 1359-1369, doi:10.1016/j.tws.2008.03.014 
ABSTRACT: A stability analysis of laminated beam structures subject to subtangential loading, a combination 
of conservative and nonconservative tangential follower loads, using the dynamic criterion is performed. These 
loads are characterized using a nonconservativeness loading parameter. This parameter allows us to study the 
effect of the level of load conservativeness on the stability of laminated beams. The element tangent stiffness 
and mass matrices are obtained using analytical integration through the dynamic version of the principle of 
virtual work for laminated composites. Results for the conservative loading, for both isotropic and laminated 
beams, are in very good agreement with those available in the literature. For the case of partially conservative 
loads, results show that for both isotropic and laminated composite beams, and in the absence of damping, all 
values of the nonconservativeness loading parameter less than or equal to 0.5 will be governed by the 
divergence instability, and by flutter instability otherwise. 
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Virginia Polytechnic Institute and State University, MS 0203, Blacksburg, VA 24061-0203, USA), “Algorithm 
Development for Optimization of Arbitrary Geometry Panels using Curvilinear Stiffeners”, AIAA Paper No. 
2010-2674, 51th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference, 
Florida, April 12-15, 2010 
ABSTRACT: Innovative manufacturing techniques like Electron Beam Free Form Fabrication (EBF3), Friction 
Stir Welding (FSW), and Selective Laser Sintering (SLS) are additive in nature as opposed to subtractive, 
meaning that the material is deposited wherever necessary on the contrary to removal of unnecessary material 
from the structures. These techniques have created new opportunities and much bigger design space to optimize 
structures of complex shapes especially the aerospace vehicles without much material wastage and energy 
(Green Technologies). Earlier research has shown that panels with curvilinear stiffeners may have a reduced 
weight than panels with straight stiffeners having the same strength performance (buckling and stress 
constraints). Fuselage, supersonic and subsonic wing panels which are curved can be stiffened using curvilinear 
(alignment) stiffeners. Our research in supersonic wing optimization using curvilinear spars and ribs has 
realized that the panels bounded by these spars and ribs may have 3 to 6 curved edges that created a new 
opportunity and complexity in design of curved panels with curvilinear stiffeners. To design and optimize such 
panels, a framework is developed which consists of MD-PATRAN, MDNASTRAN, VisualDoc and MATLAB. 
To create the geometry of stiffened curved panels in the parametric fashion using MD PATRAN, three 
approaches are proposed, namely, 1) Bounding Box Method, 2) Interpolation of the Shell and Manifold 
Method, and 3) Interpolation of the Shell and Curve Projection Method. Advantages and disadvantages of these 
approaches are discussed, including remedies for some of the limitations. Amongst these approaches, the last 
one, Interpolation of the Shell and Curve Projection Method is the best to create and analyze the arbitrary 
geometry panel with curvilinear blade-stiffeners. These approaches efficiency and accuracy are compared for 



flat rectangular panel with curved edges and cylindrical shell with curved edges during optimization. 
 
 
Thi D. Dang and Rakesh K. Kapania (Aerospace and Ocean Engineering Department, Virginia Polytechnic 
Institute and State University, MS 0203, Blacksburg, VA 24061-0203, USA), “A Ritz Approach for Buckling 
Prediction of Cracked Stiffened Structures”, AIAA Paper No. 2010-2530, 51th AIAA/ASME/ASCE/AHS/ASC 
Structures, Structural Dynamics, and Materials Conference, Florida, April 12-15, 2010 
ABSTRACT: The objective of the current paper is to present a Ritz type analytical model for the buckling 
analysis of cracked stiffened structures. Complex structures typically used in aerospace and marine engineering 
such as a cracked stiffened panel is considered. In the Ritz-type model, we use the local trigonometric trial 
functions to define the displacement function of the crack-stiffened panel, which is discretized into several 
elements based on the crack location and stiffener location. The interface continuity conditions for cracked 
thinwalled structures are derived and investigated in detail; the interface conditions are used to condense the 
global eigenvalue problem by eliminating redundant Ritz coefficients. Examples are presented to illustrate the 
effectiveness of the current model for the buckling analysis. Buckling results from the current model are found 
to agree well with those obtained using a shell finite element method. 
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Virginia Polytechnic Institute and State University, MS 0203, Blacksburg, VA 24061-0203, USA), “Ritz 
analysis of discontinuous beams using local trigonometric functions”, Computational Mechanics, Vol. 47, No.3, 
2011, pp. 235-250, doi: 10.1007/s00466-010-0540-y 
ABSTRACT: The objective of the current paper is to present a Ritz-type analytical model for predicting the 
behavior of discontinuous beams such as thin-walled beams with cracks and multiply-stepped beams. The beam 
is discretized in the cracked as well as the un-cracked domains for a cracked thin-walled beam and in uniform 
beams for a multiple-stepped beam. A set of local trigonometric trial functions is used to define the twist angle 
for the cracked domain and the un-cracked domains, as well as to define the displacement field for uniform 
domains. A global equation system of unknown Ritz coefficients is derived by minimizing the Lagrangian 
functional or the total potential energy. In the present Ritz model, the interface continuity conditions between 
sub-domains are investigated and enforced into the global equation system using the condensation procedure or 
the Lagrange multipliers. Examples are presented to illustrate the effectiveness of the current model for free 
vibration and torsional analysis. Results obtained from the current model are found to agree well with those 
obtained using a detailed finite element method or with existing results in literature. The proposed model offers 
an efficient approach to reduce the modeling efforts and computational time required to analyze complex beams 
with cracks or multiple steps. 
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Journal of Mechanical Sciences, Vol. 25, Nos. 9-10, 1983, pp. 713-732, Special Issue: Structural 
Crashworthiness Conference, doi:10.1016/0020-7403(83)90078-4 
ABSTRACT: Thin-walled circular cylinders, and frusta (truncated circular cones) of aluminium alloy were 
subjected to axial static loading. Their initial axial length and the outside diameter of the cylinders and frusta 
(the larger top end) were kept constant whilst their wall thickness was varied. The load-deformation or 
compression behaviour of the cylinder and frusta of various thicknesses and semi-apical angles were recorded 
and the modes of collapse were observed and studied. The main purpose of results for circular cylinders is to 
give a basis of comparison for the frusta. Relatively thick tubes fail by collapsing into circumferential 
axisymmetric rings and thin ones by folding progressively into diamond-shaped lobes after assuming an initially 
axisymmetric ring mode of deformation. In the latter case the initial axisymmetric rings developed into 
nonsymmetric diamond patterns (elliptic, triangular and square, etc.) as loading progressed. Also, initially non-



symmetric diamond buckle patterns were observed to be characteristic modes of frustum collapse. Initial peak 
failure loads and mean post-buckling loads for the various modes of deformation were obtained experimentally. 
It is shown that buckling loads for both cylinders and frusta increase with increasing slenderness ratio (t/D for 
cylinders and t/Dbar for frusta) following, broadly, a parabolic law. Empirical expressions for the post-buckling 
load required to effect crumpling have been obtained. 
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“Extensible plastic collapse of thin-wall frusta as energy absorbers”, International Journal of Mechanical 
Sciences, Vol. 28, No. 4, 1986, pp. 219-229, doi:10.1016/0020-7403(86)90070-6 
ABSTRACT: The crumpling of thin-walled frusta, under axial compression, in the ‘concertina’ mode is studied. 
The energy expended in bending at the plastic hinges and in stretching the metal between the hinges is 
minimized for the total decrease in height due to collapse. The thinning of the cross-section due to stretching is 
neglected. A theoretical model has been developed and numerical results are obtained that show the effect of 
slenderness, t/D , and the semi-apical angle of the frusta. Good qualitative agreement in trends is exhibited 
when comparison with available experimental results is made. 
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 “Experimental investigation into the axial plastic collapse of steel thin-walled grooved tubes”, International 
Journal of Impact Engineering, Vol. 4, No. 2, 1986, pp. 117-126, doi:10.1016/0734-743X(86)90012-6 
ABSTRACT: Experimental investigations were conducted into the quasi-static collapse and energy absorption 
characteristics of thin-walled steel tubes containing a number of geometrical discontinuities in the form of 
grooves of constant depth and axial length. The failure modes and load-deflection characteristics are discussed 
and compared with the corresponding theoretical values. An inextensional collapse mechanism is used to 
describe a non-symmetrical diamond mode shell folding which takes into account the concept of stationary 
circumferential and inclinded travelling hinges. 
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“The modelling of the progressive extensible plastic collapse of thin-wall shells”, International Journal of 
Mechanical Sciences, Vol. 30, Nos. 3-4, 1988, pp. 249-261, doi:10.1016/0020-7403(88)90058-6 
ABSTRACT: A theoretical model describing the progressive extensible plastic collapse of thin-wall conical and 
cylindrical shells is presented. The proposed theory enables the load-deflection curves during axial compression 
following the deformation history of the shell to be evaluated. The comparison of theoretical curves with 
experimental ones shows a fair degree of accuracy. 
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dynamic axial collapse of thin-walled fibreglass composite conical shells”, International Journal of Impact 
Engineering, Vol. 19, Nos 5-6, pp 477-492, Man-July 1997, doi:10.1016/S0734-743X(97)00007-9 
ABSTRACT: A theoretical analysis of the observed stable collapse mechanism of thin-walled circular frusta 
and tubes, crushed under axial static and/or dynamic loading, for calculating crushing loads and the energy 
absorbed during collapse, is reported. The analysis is based on experimental observations regarding the energy-
absorbing collapse mechanisms developed during the crushing process. The proposed theoretical model was 
experimentally verified and proved to be very efficient for theoretically predicting the energy-absorbing 
capability of the conical shells. 
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of metallic thin-walled tubes with octagonal cross-section”, Thin-Walled Structures, Vol. 41, No. 10, October 
2003, pp. 891-900, doi:10.1016/S0263-8231(03)00046-6 
ABSTRACT: The present paper deals with the implementation of the explicit FE Code LS-DYNA to simulate 
the crash behaviour and energy absorption characteristics of steel thin-walled tubes of octagonal cross-section 
subjected to axial loading. The collapse procedure is successfully simulated and the obtained numerical results 
are compared with actual experimental data from small-scale models and useful concluding remarks pertaining 
to the design requirements of the crushing process are drawn. 
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doi:10.1016/S0263-8223(03)00183-1 
ABSTRACT: In this paper the results of experimental works pertaining to the crash behaviour, collapse modes 
and crashworthiness characteristics of carbon fibre reinforced plastic (CFRP) tubes that were subjected to static 
axial compressive loading are presented in detail. The tested specimens were featured by a material combination 
of carbon fibres in the form of reinforcing woven fabric in thermosetting epoxy resin, and they were cut at 
various lengths from three CFRP tubes of the same square cross-section but different thickness, laminate 
stacking sequence and fibre volume content. CFRP tubes were compressed in a hydraulic press of 1000 kN 
loading capacity at very low-strain rate typical for static testing. The influence of the most important specimen 
geometric features such as the tube axial length, aspect ratio and wall thickness on the compressive response 
and collapse modes of the tested tubes is thoroughly analysed. In addition, the effect of the laminate material 
properties such as the fibre volume content and stacking sequence on the energy absorbing capability of the 
thin-wall tubes is also examined. Particular attention is paid on the analysis of the mechanics of the tube axial 
collapse modes from macroscopic and microscopic point of view, emphasizing on the mechanisms related to the 
crash energy absorption during the compression of the composite tubes 
 
 
A.G. Mamalis, D.E. Manolakos, M.B. Ioannidis and D.P. Papapostolou (Manufacturing Technology Division, 
National Technical University of Athens, 9, Iroon Polytechniou Avenue, 15780 Athens, Greece), “The static 
and dynamic axial collapse of CFRP square tubes: Finite element modeling”, Composite Structures, Vol. 74, 
No. 2, July 2006, pp. 213-225, doi:10.1016/j.compstruct.2005.04.006 
ABSTRACT: In the simulation works described in this paper the LS-DYNA3D explicit finite element code is 
used to investigate the compressive properties and crushing response of square carbon FRP (fibre reinforced 
plastic) tubes subjected to static axial compression and impact testing. A series of models was created to 
simulate some of the static and dynamic tests performed in the National Technical University of Athens using 
CFRP tubes featured by the same material combination (woven fabric in thermosetting epoxy resin) and 
external cross-section dimensions, but different length, wall thickness, laminate stacking sequence and fibre 
volume content. Simulation works focused on modelling the three modes of collapse (i.e. progressive end-
crushing with tube wall laminate splaying, local tube-wall buckling and mid-length collapse) observed in the 
series of static and dynamic compression tests. Satisfactory level of agreement between calculations and test 



results was obtained regarding the main crushing characteristics of the tested CFRP tubes—such as peak 
compressive load and crash energy absorption and the overall crushing response—as the finite element models 
were refined several times in order to obtain optimum results. 
 
 
Angelos P. Markopoulos, Dimitrios E. Manolakos and Nikolaos M. Vaxevanidis, “Prediction of the collapse 
modes of PVC cylindrical shells under compressive axial loads using Artificial Neural Networks”, Artificial 
Intelligence and Innovations 2007: from Theory to Applications, The International Federation for Information 
Processing (IFIP), Vol. 247, pp 251-258, 2007 
ABSTRACT: In the present paper Artificial Neural Networks (ANN) are applied in order to predict the 
buckling modes of thin-walled PVC tubes under compressive axial forces. For the development of the models 
the neural network toolbox of Matlab was applied. The results show that these models can satisfactorily face 
these problems and they constitute not only a fast method, compared to time consuming experiments, but also a 
reliable tool that can be used for the studying of such parts which are usually employed as structural elements 
for the absorption of the energy of an impact, in automotive and aerospace applications. 
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W. Johnson, S.R. Reid and T.Yella Reddy (Engineering Department, University of Cambridge, Trumpington 
Street, Cambridge CB2 1PZ, England), “The compression of crossed layers of thin tubes”, International Journal 
of Mechanical Sciences, Vol. 19, No. 7, 1977, pp. 423-428, IN3-IN4, 429-437,  
doi:10.1016/0020-7403(77)90042-X 
ABSTRACT: The behaviour of orthogonal layers of aluminium and mild steel tubes under lateral compression 
is considered. The results for each material are presented separately in Parts I and II of the paper. In all the tests 
the initial separation of tubes in the same layer is sufficiently large to preclude contact being established 
between adjacent tubes as they deform. 
Part I: Aluminium systems are examined and two principal categories of behaviour are identified. As well as 
providing basic load-deflection data in a suitably non-dimensionalised form, certain particular features of the 
modes of deformation of individual tubes in the systems are examined in detail. 
Part II: This presents data and observations concerning mild steel systems. Of especial interest is the 
difference between the behaviour of as-received tubes, which develop cracks in the regions of greatest 
deformation, and that of annealed mild steel tubes which show similar characteristics to those of the aluminium 
systems. 
 
 
S.R. Reid, T.Y. Reddy and M.D. Gray (Department of Mechanical Engineering, U.M.I.S.T., P.O. Box 88, 



Sackville Street, Manchester M60 1QD, U.K.), “Static and dynamic axial crushing of foam-filled sheet metal 
tubes”, International Journal of Mechanical Sciences, Vol. 28, No. 5, 1986, pp. 295-322, 
doi:10.1016/0020-7403(86)90043-3 
ABSTRACT: Experimental results are provided for the quasi-static and dynamic axial crushing of thin-walled 
square and rectangular tubes manufactured from sheet metal. The tubes were tested both empty and filled with 
polyurethane foam of various densities. Both the stability and the energy absorbing characteristics of the tubes 
are described and discussed. Simple theoretical models are proposed to explain and quantify the interaction 
between the foam and the sheet metal tubes. 
 
 
S.R. Reid and T.Y. Reddy (Department of Mechanical Engineering, UMIST, P.O. Box 88, Sackville Street, 
Manchester M60 1QD, U.K.), “Axial crushing of foam-filled tapered sheet metal tubes”, International Journal 
of Mechanical Sciences, Vol. 28, No. 10, 1986, pp. 643-656, doi:10.1016/0020-7403(86)90010-X 
ABSTRACT: Following earlier work on the axial crushing of foam-filled sheet metal tubes of square and 
rectangular cross-section and empty tapered tubes the behaviour of foam-filled tapered tubes is considered. 
Theoretical estimates of the variation in the mean crushing loads for both quasi-static and dynamic loading 
conditions are provided and compared with experimental data. 
 
 
LIU Tao, XU Qi-nan and PEI Jun-hou (China Ship Scientific Research Center, Wuxi 214082,China), “Buckling 
Analysis and Optimization Design of Composite Cylindrical Shells”, Journal of Ship Mechanics, 2000-06, 
doi: CNKI:SUN:CBLX.0.2000-06-004 
ABSTRACT: The linear and geometric nonlinear buckling load including transverse shear deformation are 
calculated by Timoshenko first-order shear deformation theory and Reddy higher-order shear deformation 
theory respectively.The effects of lamination angle,number of layers and radius-to-thickness ratio on the 
buckling pressure are analyzed. The combination of a Random-Search approach and the flexible-tolerance 
method is employed to search for the optimization lamination angles. The Mixed-discrete-optimization program 
is used to solve the optimization problem in which the lamination angles are assumed to have discrete values. 
The experiments of the carbon-epoxy cylindrical shell models show that the results presented in this paper are 
reliable. 
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“Bending, buckling and free vibration of non-homogeneous composite laminated cylindrical shells using a 
refined first-order theory”, Composites Part B: Engineering, Vol. 32, No. 3, April 2001, pp. 237-247, 
doi:10.1016/S1359-8368(00)00060-3 
ABSTRACT: The bending, buckling and free vibration problems of non-homogeneous composite laminated 
cylindrical shells are considered. Hamilton–Reissner's mixed variational principle is used to deduce a consistent 
first-order theory of composite laminated cylindrical shells with non-homogeneous elastic properties. The 
governing equations with their required boundary conditions are derived without introducing any shear 
correction factors. Numerical results for the transverse deflections, stresses, natural frequencies and critical 
buckling loads are presented to show the advantages of this theory. The influences of the non-homogeneity and 
thickness ratio on the shell structural response are investigated. The study concludes that the inclusion of the 
non-homogeneity effect is required, even if it is weak, for predicting the actual structural response of the shells. 
 
 
A.M. Zenkour (Department of Mathematics, Faculty of Education, Tanta University, Kafr El-Sheikh 33516, 
Egypt), “A comprehensive analysis of functionally graded sandwich plates: Part 1 – Deflection and stresses”, 
International Journal of Solids and Structures, Vol. 42, Nos. 18-19, September 2005, Pages 5224-5242, 
doi:10.1016/j.ijsolstr.2005.02.015 
ABSTRACT: A two-dimensional solution is presented for bending analysis of simply supported functionally 



graded ceramic–metal sandwich plates. The sandwich plate faces are assumed to have isotropic, two-constituent 
material distribution through the thickness, and the modulus of elasticity and Poisson’s ratio of the faces are 
assumed to vary according to a power-law distribution in terms of the volume fractions of the constituents. The 
core layer is still homogeneous and made of an isotropic ceramic material. Several kinds of sandwich plates are 
used taking into account the symmetry of the plate and the thickness of each layer. We derive field equations for 
functionally graded sandwich plates whose deformations are governed by either the shear deformation theories 
or the classical theory. Displacement functions that identically satisfy boundary conditions are used to reduce 
the governing equations to a set of coupled ordinary differential equations with variable coefficients. Numerical 
results of the sinusoidal, third-order, first-order and classical theories are presented to show the effect of 
material distribution on the deflections and stresses. 
 
 
A.M. Zenkour (Department of Mathematics, Faculty of Education, Tanta University, Kafr El-Sheikh 33516, 
Egypt), “A comprehensive analysis of functionally graded sandwich plates: Part 2—Buckling and free 
vibration”, International Journal of Solids and Structures, Vol. 42, Nos. 18-19, September 2005, pp. 5243-5258, 
doi:10.1016/j.ijsolstr.2005.02.016 
ABSTRACT: The sinusoidal shear deformation plate theory, presented in the first part of this paper, is used to 
study the buckling and free vibration of the simply supported functionally graded sandwich plate. Effects of 
rotatory inertia are considered. The critical buckling load and the vibration natural frequency are investigated. 
Some available results for sandwich plates non-symmetric about the mid-plane can be retrieved from the 
present analysis. The influences of the transverse shear deformation, plate aspect ratio, side-to-thickness ratio 
and volume fraction distributions are studied. In addition, the effect of the core thickness, relative to the total 
thickness of the plate, on the critical buckling load and the eigenfrequencies is investigated. 
 
 
Ashraf M. Zenkour, Daoud S. Mashat, “Thermal buckling analysis of ceramic-metal functionally graded 
plates”, Natural Science, Vol. 2, No. 9, September 2010, doi: 10.4236/ns.2009.29118 
ABSTRACT: Thermal buckling response of functionally graded plates is presented in this paper using 
sinusoidal shear deformation plate theory (SPT). The material properties of the plate are assumed to vary 
according to a power law form in the thickness direction. Equilibrium and stability equations are derived based 
on the SPT. The non-linear governing equations are solved for plates subjected to simply supported boundary 
conditions. The buckling analysis of a functionally graded plate under various types of thermal loads is carried 
out. The influences of many plate parameters on buckling temperature difference will be investigated. 
Numerical results are presented for the SPT, demonstrating its importance and accuracy in comparison to other 
theories. 
References: 
[1]   Koizumi, M. (1997) FGM activities in Japan. Composites Part B: Engineering, 28(1-2), 1-4. 
[2]  Bhangale, R.K. and Ganesan, N. (2005) A linear thermoelastic buckling behavior of functionally graded hemispherical shell 
with a cut-out at apex in thermal environment. International Journal of Structural Stability and Dynamics, 5(2), 185-215. 
[3]  Javaheri, R. and Eslami, M.R. (2002) Buckling of functionally graded plates under in-plane compressive loading. ZAMM – 
Journal of Applied Mathematics and Mechanics, 82(4), 277-283. 
[4]  Chung, Y.-L. and Chang, H.-X. (2008) Mechanical behavior of rectangular plates with functionally graded coefficient of 
thermal expansion subjected to thermal loading. Journal of Thermal Stresses, 31(4), 368-388. 
[5]  Praveen, G.N. and Reddy, J.N. (1998) Nonlinear transient thermoelastic analysis of functionally graded ceramic-metal plates. 
International Journal of Solids and Structures, 35(33), 4457-4476. 
[6]  Reddy, J.N. (2000) Analysis of functionally graded plates. International Journal for Numerical Methods in Engineering, 47(1-
3), 663-684. 
[7]  Amini, M.H., Soleimani, M. and Rastgoo, A. (2009) Three-dimensional free vibration analysis of functionally graded material 
plates resting on an elastic foundation. Smart Materials and Structures, 18(8), 1-9. 
[8]  Sladek, J., Sladek, V., Hellmich, Ch. and Eberhardsteiner, J. (2007) Analysis of thick functionally graded plates by local 
integral equation method. Communications in Numerical Methods in Engineering, 23(8), 733-754. 
[9]  Kim, J.-H. and Paulino, G.H. (2002) Finite element evaluation of mixed mode stress intensity factors in functionally graded 
materials. International Journal for Numerical Methods in Engineering, 53(8), 1903-1935. 
[10]  Altenbach, H. and Eremeyev, V.A. (2008) Analysis of the viscoelastic behavior of plates made of functionally graded 
materials. ZAMM – Journal of Applied Mathematics and Mechanics, 88(5), 332-341. 
[11]  Ovesy, H.R. and Ghannadpour, S.A.M. (2007) Large deflection finite strip analysis of functionally graded plates under pressure 
loads. International Journal of Structural Stability and Dynamics, 7(2), 193-211. 



[12]  Han, X., Liu, G.R. and Lam, K.Y. (2001) Transient waves in plates of functionally graded materials. International Journal for 
Numerical Methods in Engineering, 52(8), 851-865. 
[13]  Zenkour, A.M. (2007) Benchmark trigonometric and 3-D elasticity solutions for an exponentially graded thick rectangular 
plate. Archive of Applied Mechanics, 77(4), 197-214. 
[14]  Zenkour, A.M. (2005) A comprehensive analysis of functionally graded sandwich plates: Part 1-Deflection and stresses. 
International Journal of Solids and Structures, 42(18-19), 5224-5242. 
[15]  Zenkour, A.M. (2005) A comprehensive analysis of functionally graded sandwich plates: Part 2-Buckling and free vibration. 
International Journal of Solids and Structures, 42(18-19), 5243-5258. 
[16]  Zenkour, A.M. (2005) On vibration of functionally graded plates according to a refined trigonometric plate theory. 
International Journal of Structural Stability and Dynamics, 5(2), 279-297. 
[17]  Aliaga, J.W. and Reddy, J.N. (2004) Nonlinear thermoelastic analysis of functionally graded plates using the third-order shear 
deformation theory. International Journal of Computational Engineering Science, 5(4), 753-779. 
[18]  Arciniega, R.A. and Reddy, J.N. (2007) Large deformation analysis of functionally graded shells. International Journal of 
Solids and Structures, 44(6), 2036-2052. 
[19]  Kadoli, R., Akhtar, K. and Ganesan, N. (2008) Static analysis of functionally graded beams using higher order shear 
deformation theory. Applied Mathematical Modelling, 32(12), 2509-2525. 
[20]  Sina, S.A., Navazi, H.M. and Haddadpour, H. (2009) An analytical method for free vibration analysis of functionally graded 
beams. Materials & Design, 30(3), 741-747. 
[21]  Zhao, X., Lee, Y.Y. and Liew, K.M. (2009) Mechanical and thermal buckling analysis of functionally graded plates. Composite 
Structures, 90(2), 161-171. 
[22]  Matsunaga, H. (2009) Thermal buckling of functionally graded plates according to a 2D higher-order deformation theory. 
Composite Structures, 90(1), 76-86. 
[23]  Morimoto, T., Tanigawa, Y. and Kawamura, R. (2006) Thermal buckling of functionally graded rectangular plates subjected to 
partial heating. International Journal of Mechanical Sciences, 48(9), 926-937. 
[24]  Shariat, B.A.S. and Eslami, M.R. (2006) Thermal buckling of imperfect functionally graded plates. International Journal of 
Solids and Structures, 43(14-15), 4082-4096. 
[25]  Ganapathi, M. and Prakash, T. (2006) Thermal buckling of simply supported functionally graded skew plates. Composite 
Structures, 74(2), 247-250. 
[26]  Lanhe, W. (2004) Thermal buckling of a simply supported moderately thick rectangular FGM plate. Composite Structures, 
64(2), 211-218. 
[27]  Najafizadeh, M.M. and Heydari, H.R. (2004) Thermal buckling of functionally graded circular plates based on higher order 
shear deformation plate theory. European Journal of Mechanics A/Solids, 23(6), 1085-1100. 
[28]  Babu, C.S. and Kant, T. (2000) Refined higher order finite element models for thermal buckling of laminated composite and 
sandwich plates. Journal of Thermal Stresses, 23(2), 111-130. 
[29]  Zenkour, A.M. (2006) Generalized shear deformation theory for bending analysis of functionally graded plates. Applied 
Mathematical Modelling, 30(1), 67-84. 
[30]  Zenkour, A.M. (2004) Buckling of fiber-reinforced viscoelastic composite plates using various plate theories. Journal of 
Engineering Mathematics, 50(1), 75-93. 
[31]  Zenkour, A.M. (2004) Thermal effects on the bending response of fiber-reinforced viscoelastic composite plates using a 
sinusoidal shear deformation theory. Acta Mechanica, 171(3-4), 171-187. 
[32]  Javaheri, R. and Eslami, M.R. (2002) Thermal buckling of functionally graded plates based on higher order theory. Journal of 
Thermal Stresses, 25(7), 603-625. 
 
 
H. Altenbach, O. Morachkovsky, K. Naumenko and A. Sychov, “Geometrically nonlinear bending of shells and 
plates under creep-damage”, Archive of Applied Mechanics, Vol. 67, No. 5, pp 339-352, June 1997 
DOI: 10.1007/s004190050122 
ABSTRACT: A phenomenological constitutive model for characterization of creep and damage processes in 
metals is applied to the simulation of mechanical behaviour of thin-walled shells and plates. Basic equations of 
the shell theory are formulated with geometrical nonlinearities at finite time-dependent deflections of shells and 
plates in moderate bending. Numerical solutions of initial/boundary-value problems have been obtained for 
rectangular thin plates (two-dimensional case) and axisymmetrically loaded shells of revolution (one-
dimensional case). Based on the numerical examples for the two problems, the influence of geometrical 
nonlinearities on the creep deformation and damage evolution in shells and plates is discussed. 
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Damage Analysis of Beams, Plates and Shells”, JSME International Journal Series A, Vol. 45, No. 1 (2002), 
pp.77-83, doi:10.1299/jsmea.45.77 



ABSTRACT: Modern design rules for thin-walled structures which operate at elevated temperatures are based 
on the demand that the creep and may be the damage behaviour should be taken into account. In the last four 
decades various models including the scalar or tensor valued hardening and damage variables are established. 
These models reflect the influence of the deformation or the damage induced anisotropy on the creep response. 
One problem in creep analysis of thin-walled structures is the selection of the structural mechanics model which 
has to be adequate to the choice of the constitutive equations. Considering complex loading conditions the 
structural mechanics model has to reflect for instance the different constitutive behaviour in tension and 
compression. Below the applicability of classical engineering models for beams, plates and shells to the creep-
damage analysis is discussed. It will be shown that a first improvement of the classical approach can be given 
within the assumptions of the first order shear deformation theory. Based on the beam equations we 
demonstrate that the shear correction factors have to be modified within the time-step analysis. 
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“The theory of simple elastic shells”, in Theories of plates and shells: critical review and new applications, 
edited by Reinhold Kienzler, Holm Altenbach and Ingrid Ott, 2004, Springer, ISBN 3-540-20997-2 
PARTIAL INTRODUCTION: At present the shell theory finds out new branches of applications. Biological 
membranes, thin polymeric films and thin structures made from shape memory materials may be pointed out as 
examples. In addition, the manufacturing technology of shells leads to significan changes of the material 
properties. As a result the conventional variants of the shell theory, based on the derivation of the basic 
equations from the 3D-theory of elasticity, cannot be used…. 
 
 
Holm Altenbach and Konstantin Naumenko (Lehrstuhl für Technische Mechanik, Fachbereich 
Ingenieurwissenschaften, Martin-Luther-Universität Halle-Wittenberg, D-06099, Halle, Germany), “Long Term 
Creep Analysis of Pipe Bends in a Steam Transfer Line at Elevated Temperature”, Key Engineering Materials 
(Volumes 340 - 341), June 2007, pp. 795-802, doi: 10.4028/www.scientific.net/KEM.340-341.795 
ABSTRACT: From the practice of power and petrochemical plants it is well known that pipe bends are the most 
critical structural components with respect to possible creep failures. In this paper we review recent approaches 
to analyze non-linear behavior of plate and shell structures under creep-damage conditions. Furthermore, we 
perform a numerical analysis of the long-term behavior for a real spatial pipeline. We take into account the non-
uniformity of the wall thickness in the pipe bends as a result of processing by induction bending. The material 
behavior is described by a Kachanov-Rabotnov-Hayhurst type constitutive model with a scalar valued damage 
parameter. The results are compared with data from in-service observation of the pipeline. 
 
 
Johannes Altenbach, Holm Altenbach and Victor A. Eremeyev, “On generalized Cosserat-type theories of 
plates and shells: a short review and bibliography”, Archive of Applied Mechanics, Vol. 80, No. 1, 2010, pp. 
73-92, Special Issue in Commemoration of Prof. Dr. rer. nat. Dr. mont. h. c. Horst Lippmann, 
doi: 10.1007/s00419-009-0365-3 
ABSTRACT: One of the research direction of Horst Lippmann during his whole scientific career was devoted 
to the possibilities to explain complex material behavior by generalized continua models. A representative of 
such models is the Cosserat continuum. The basic idea of this model is the independence of translations and 
rotations (and by analogy, the independence of forces and moments). With the help of this model some 
additional effects in solid and fluid mechanics can be explained in a more satisfying manner. They are 
established in experiments, but not presented by the classical equations. In this paper the Cosserat-type theories 
of plates and shells are debated as a special application of the Cosserat theory. 
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“Buckling analysis for delaminated composites using plate bending elements based on higher-order zig-zag 
theory”, International Journal for Numerical Methods in Engineering, Vol. 55, No. 11, December 2002, 
pp.1323–1343. doi: 10.1002/nme.545 
ABSTRACT: A finite element based on the efficient higher-order zig-zag theory with multiple delaminations is 
developed. The bending part of the formulation is constructed from the concept of DKQ element. Unlike 
conventional elements, a developed element has its reference in the bottom surface which simplifies zig-zag 
terms on formulation. Exact patch solutions are developed on elements which have the bottom reference 
system. The present element passes proper bending patch tests in the arbitrary mesh configurations in isotropic 
materials. Zig-zag formulation is adopted to model laminated plates with multiple delaminations. To assess the 
accuracy and efficiency of the present element based on higher-order zig-zag theory with multiple 
delaminations, the linear buckling problem of laminated plates with multiple delaminations has been analysed. 
The results have been compared with three-dimensional elasticity solutions. The present element works as an 
efficient tool for analysing the behaviour of the laminated composites with multiple delaminations. 
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(2) Department of Aerospace Engineering, The Pennsylvania State University, University Park, PA 16802, 
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“Buckling analysis of a composite shell with multiple delaminations based on a higher order zig-zag theory”, 
Finite Elements in Analysis and Design, Vol. 44, No. 11, July 2008, pp. 675-685, 
doi:10.1016/j.finel.2008.03.007 
ABSTRACT: A new three-node triangular shell element based on a higher order zig-zag theory is developed for 
laminated composite shells with multiple delaminations. The baseline higher order zig-zag composite shell 
theory for multiple delaminations has been developed in a general curvilinear coordinate system and in general 
tensor notation. All the complicated curvatures of the surface including twisting curvatures can be described in 
an exact manner since the developed shell finite element is based on the geometrically exact surface 
representation. It is therefore possible to apply the present finite element formulation to the composite structures 
with arbitrary shaped multiple delaminations, general layup configurations and arbitrary boundary conditions. 
The slopes of deflections are included as independent degrees of freedom, which require the normal slope 
continuities between element interfaces. The nonconforming shape functions of Specht's three-node triangular 
plate bending element are employed to interpolate out-of-plane displacements. The developed element passes 
the bending and twisting patch tests for flat surface configurations. The element is then used to analyze the 
linear buckling problem of composite cylindrical shells with multiple delaminations. Throughout the numerical 
examples, it is demonstrated that the developed shell finite element is numerically efficient because it has 
minimal nodal degrees of freedom to describe the composite shells having multiple delaminations. The finite 
element realization of a higher order zig-zag shell theory with multiple delaminations can be served as a 
powerful numerical tool to analyze the complicated shell structures for the critical buckling loads as well as the 
corresponding mode shapes. 
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“An improved shear-membrane theory for multilayered shells”, Composite Structures, Vol. 52, No. 1, April 
2001, pp. 85-95, doi:10.1016/S0263-8223(00)00194-X 
ABSTRACT: A new two-dimensional theory for the analysis of deep, doubly curved, multilayered shells is 
proposed. The theory is based on a kinematical approach in which the continuity conditions for displacements 
and shear stresses at layer interfaces and on the bounding surfaces of the shell are exactly satisfied, while, at the 
same time, refinements of the shear and membrane terms are taken into account, by means of trigonometric 
functions. The accuracy of the model is assessed in statics and dynamics through investigation of significant 
problems, for which an exact three-dimensional elasticity solution is known. In statics, the cylindrical bending 
of a cylindrical panel, of thickness h, and inner radius R, is examined. The results obtained are in good 
agreement with the analytical solution of Ren [Comput. Sci Technol. 29 (1987) 169–187], and prove that no 
shear-correction factors are requested. In dynamics, wave propagation in a three-layered elastic cylinder is 
explored. The accuracy of the theory is assessed by comparison with the exact three-dimensional elasticity 
solution of Armenakas [J. Acoust. Soc. Am. 49 (5, Part 2) (1971) 1511–1520]. The model is then applied to the 
exploration of the dispersive behavior of a viscoelastic cylinder. 



 
 
A V Krishna Murthy and T S R Reddy, “A higher order theory of laminated composite cylindrical shells”, 1986 
(publisher not given, mendeley.com) 
ABSTRACT: A new higher order theory has been proposed for the analysis of composite cylindrical shells. The 
formulation allows for arbitrary variation of inplane displacements. Governing equations are presented in the 
form of a hierarchy of sets of partial differential equations. Each set describes the shell behavior to a certain 
degree of approximation. The natural frequencies of simply-supported isotropic and laminated shells and 
stresses in a ring loaded composite shell have been determined to various orders of approximation and 
compared with three dimensional solutions. These numerical studies indicate the improvements achievable in 
estimating the natural frequencies and the interlaminar shear stresses in laminated composite cylinders. 
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Seoul 151-742, South Korea 
“Vibration characteristics of initially twisted rotating shell type composite blades”, Composite Structures, 
Vol.64, No. 2, May 2004, pp. 151-159, doi:10.1016/j.compstruct.2003.07.001 
ABSTRACT: Vibration analysis of a rotating composite blade is the main purpose of this study. A general 
formulation is derived for an initially twisted rotating shell structures including the effect of centrifugal force 
and Coriolis acceleration. In this work, the blade is assumed to be a moderately thick open cylindrical shell that 
includes the transverse shear deformation and rotary inertia, and is oriented arbitrarily with respect to the axis of 
rotation to consider the effects of disc radius and setting angle. For a thick shell, we must consider the 
transverse shear deformation as well as rotary inertia. Thus, based on the concept of the degenerated shell 
element with the Reissner–Mindlin’s assumptions, the finite element method is used for solving the governing 
equations. In the numerical study, effects of various parameters are investigated: initial twisting angles, 
thickness to radius ratios, layer lamination and fiber orientation of composite blades. Also, they are compared 
with the previous works and experimental data. 
 
 
Kyung-Su Na and Ji-Hwan Kim (School of Mechanical and Aerospace Engineering, Seoul National University, 
San 56-1, Shinrim-Dong, Kwanak-Ku, Seoul 151-742, South Korea), “Three-dimensional thermal buckling 
analysis of functionally graded materials”, Composites Part B: Engineering, Vol. 35, No. 5, July 2004, pp. 429-
437, doi:10.1016/j.compositesb.2003.11.013 
ABSTRACT: Three-dimensional thermal buckling analysis is performed for functionally graded materials. 
Material properties are assumed to be temperature dependent, and varied continuously in the thickness direction 
according to a simple power law distribution in terms of the volume fraction of a ceramic and metal. The finite 
element model is adopted by using an 18-node solid element to analyze more accurately the variation of 
material properties and temperature field in the thickness direction. Furthermore, the assumed strain mixed 
formulation is used to prevent locking as well as maintaining kinematic stability of the finite element model for 
thin plates and shells. The thermal buckling behavior under uniform or nonuniform temperature rise across the 
thickness is analyzed. Numerical results are compared with those of the previous works. In addition, the 
changes of critical buckling temperature due to the effects of temperature field, volume fraction distributions, 
and system geometric parameters are studied. 
 
 
Kyung-Su Na and Ji-Hwan Kim (School of Mechanical and Aerospace Engineering, Seoul National University, 
San 56-1, Shinrim-Dong, Kwanak-Ku, Seoul 151-742, Korea), “Three-dimensional thermomechanical buckling 
analysis for functionally graded composite plates”, Composite Structures, Vol. 73, No. 4, June 2006, pp. 413-
422, doi:10.1016/j.compstruct.2005.02.012 
ABSTRACT: Three-dimensional thermomechanical buckling analysis is investigated for functionally graded 
composite structures that composed of ceramic, functionally graded material (FGM), and metal layers. Material 



properties are assumed to be temperature dependent, and in FGM layer, they are varied continuously in the 
thickness direction according to a simple power law distribution in terms of the ceramic and metal volume 
fractions. The finite element model is adopted by using an 18-node solid element to analyze more accurately the 
variation of material properties and temperature field in the thickness direction. Temperature at each node is 
obtained by solving the thermomechanical equations. For a time discretization, Crank–Nicolson method is used. 
In numerical results, the thermal buckling behavior of FGM composite structures due to FGM thickness ratios, 
volume fraction distributions, and system geometric parameters are analyzed. 
 
 
T. Murmu and S.C. Pradhan (Department of Aerospace Engineering, Indian Institute of Technology, 
Kharagpur, West Bengal 721 302, India), “Buckling of biaxially compressed orthotropic plates at small scales”, 
Mechanics Research Communications, Vol. 36, No. 8, December 2009, pp. 933-938, 
doi:10.1016/j.mechrescom.2009.08.006 
ABSTRACT: In this article, the elastic buckling behavior of orthotropic small scale plates under biaxial 
compression is studied. Analysis is carried out with the consideration of small scale effects. Employing 
nonlocal elasticity theory (Eringen, 1983) governing equations for the aforementioned problems are derived. 
Explicit expressions for modified buckling loads are obtained for micro/nanoplates with isotropic and 
orthotropic properties; and under uniaxial and biaxial compressions. The effects of the small scale on the 
buckling loads of plates considering various material and geometrical parameters are examined. 
 
 
S.C. Pradhan and J.K. Phadikar (Dept. of Aerospace Engineering, Indian Institute of Technology Kharagpur, 
West Bengal, India), “Nonlocal theory for buckling of nanoplates”, International Journal of Structural Stability 
and Dynamics, Vol. 11, No. 3, Jun3 2011 
ABSTRACT: Classical plate theory (CLPT) and first-order shear deformation plate theory (FSDT) of plates are 
reformulated using the nonlocal elasticity theory. Developed nonlocal plate theories have been applied to study 
buckling behavior of nanoplates. Nonlocal elasticity theory, unlike traditional elasticity theory introduces a 
length scale parameter into the formulation to take into account the discrete structure of the material to some 
extent. Both single-layered and multilayered nanoplates have been included in the analysis. Navier's approach 
has been used to obtain exact solutions for buckling loads for simply supported boundary conditions. 
Dependence of the small scale effect on various geometrical and material parameters has been investigated. 
Present study reveals the presence of significant small scale effect on the buckling response of nanoplates. The 
theoretical development and the numerical results presented in the present work are expected to promote the use 
of nonlocal theories for more accurate prediction of stability behavior of nanoplates and nanoshells. 
 
 
S.C. Pradhan and G.K. Reddy (Department of Aerospace Engineering, Indian Institute of Technology, 
Kharagpur, 721 302, India), “Thermo mechanical buckling analysis of carbon nanotubes on Winkler foundation 
using non-local elasticity theory and DTM”, Sadhana, Vol. 36, No. 6, pp 1009-1019, December 2011 
ABSTRACT: Thermo-mechanical buckling behaviour of Single Walled Carbon Nanotube (SWCNT) on 
Winkler foundation is reported. Non-local elasticity theory and differential transformation method are applied. 
Effects of (i) size of SWCNT, (ii) non-local parameter, (iii) Winkler modulus, (iv) boundary conditions and (v) 
temperature on buckling load are investigated. 
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Yao Xiaohu and Han Qiang (Department of Engineering Mechanics, College of Traffic and Communications, 
South China University of Technology, Guangzhou 510640, PR China), “Investigation of axially compressed 
buckling of a multi-walled carbon nanotube under temperature field”, Composites Science and Technology, 
Vol. 67, No. 1, pp 125-134, January 2007, DOI: 10.1016/j.compscitech.2006.03.021 
ABSTRACT: This paper studies the thermal effect on axially compressed buckling of a multi-walled carbon 
nanotube. The effects of temperature change, surrounding elastic medium and van der Waals forces between the 
inner and outer nanotubes are taken into account. Using continuum mechanics, an elastic multi-shell model with 
thermal effect is presented for axially compressed buckling of a multi-walled carbon nanotube embedded in an 
elastic matrix under thermal environment. Based on the model, numerical results for the general case are 
obtained for the thermal effect on axially compressed buckling of a multi-walled carbon nanotube. It is shown 
that the axial buckling load of multi-walled carbon nanotube under thermal loads is dependent on the wave 
number of axially buckling modes. And a conclusion is drawn that at low and room temperature the critical load 
for infinitesimal buckling of a multi-walled carbon nanotube increase as the value of temperature change 
increases, while at high temperature the critical load for infinitesimal buckling of a multi-walled carbon 
nanotube decrease as the value of temperature change increases. 
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“Thin boron nitride nanotubes with exceptionally high strength and toughness”, Nanoscale, Vol. 5, pp 4840-
4846, 2013, DOI: 10.1039/C3NR00651D 
ABSTRACT: Bending manipulation and direct force measurements of ultrathin boron nitride nanotubes 
(BNNTs) were performed inside a transmission electron microscope. Our results demonstrate an obvious 
transition in mechanics of BNNTs when the external diameters of nanotubes are in the range of 10 nm or less. 
During in situ transmission electron microscopy bending tests, characteristic “hollow” ripple-like structures 



formed in the bent ultrathin BNNTs with diameters of sub-10 nm. This peculiar buckling/bending mode makes 
the ultrathin BNNTs hold very high post-buckling loads which significantly exceed their initial buckling forces. 
Exceptional compressive/bending strength as high as ∼1210 MPa was observed. Moreover, the analysis of 
reversible bending force curves of such ultrathin nanotubes indicates that they may store/adsorb strain energy at 
a density of ∼400 × 106 J m−3. Such nanotubes are thus very promising for strengthening and toughening of 
structural ceramics and may find potential applications as effective energy-absorbing materials like armor. 
 
 
Aazam Ghassemi, Alireza Shahidi and Mahmoud Farzin (Mechanical Engineering Department, IUT, Isfahan, 
Iran), “A new element for analyzing large deformation of thin Naghdi shell model. Part 1: Elastic”, Applied 
Mathematical Modelling, Vol. 34, No. 12, December 2010, pp. 4267-4277, doi:10.1016/j.apm.2010.05.001 
ABSTRACT: One of the best approaches for modeling large deformation of shells is the Cosserat surface. 
However, the finite-element implementation of this model suffers from membrane and shear locking, especially 
for very thin shells. The basic assumption of this theory is that the mid-surface of the shell is regarded as a 
Cosserat surface with one inextensible director. In this paper, it is shown that by constraining the director vector 
normal to the mid-surface, besides very good and accurate results, shear locking is also eliminated. This 
constraint is in fact a limiting analysis of the Cosserat theory in which Kirichhoff’s hypothesis is enforced. 
Numerical solution is performed using nine-node isoparametric element. The principal of virtual work is used to 
obtain the weak form of the governing differential equations and the material and geometric stiffness matrices 
are derived through a linearization process. The validity and the accuracy of the method are illustrated by 
numerical examples. 
 
 
Aazam Ghassemi, Alireza Shahidi and Mahmoud Farzin (Department of Mechanical Engineering, Najafabad 
Branch, Islamic Azad University, Isfahan, Iran), “A new element for analyzing large deformation of thin 
Naghdi shell model. Part II: Plastic”, Applied Mathematical Modelling, Vol. 35, No. 6, June 2011, pp. 2650-
2668, doi:10.1016/j.apm.2010.11.029 
ABSTRACT: In this paper a new element is developed that is based on Cosserat theory. In the finite element 
implementation of Cosserat theory shear locking can occur, especially for very thin shells. In the present 
investigation the director vector is constrained to remain perpendicular to the mid surface during deformation. It 
will be shown that this constraint yields accurate results in very large deformation of thin shells also the rate of 
convergency is very good. For plastic formulation, the model introduced by Simo is used and it has been 
reduced for constrained director vector and the consistent elasto-plastic tangent moduli is extracted for finite 
element solution. This model includes both kinematic and isotropic hardening. For numerical investigations an 
isoparametric nine node element is employed then by linearization of the principle of virtual work, material and 
geometric stiffness matrices are extracted. The validity and the accuracy of the proposed element is illustrated 
by the numerical examples and the results are compared with those available in the literature. 
 
 
H. Babaei and A. R. Shahidi (Department of Mechanical Engineering, Isfahan University of Technology, 
Isfahan, 84156-83111, Iran), “Small-scale effects on the buckling of quadrilateral nanoplates based on nonlocal 
elasticity theory using the Galerkin method”, Archive of Applied Mechanics, Vol. 81, No. 8, 2011, pp. 1051-
1062, doi: 10.1007/s00419-010-0469-9 
ABSTRACT: The elastic buckling behavior of quadrilateral single-layered graphene sheets (SLGS) under bi-
axial compression is studied employing nonlocal continuum mechanics. Small-scale effects are taken into 
consideration. The principle of virtual work is employed to derive the governing equations. The Galerkin 
method in conjunction with the natural coordinates of the nanoplate is used as a basis for the analysis. The 
buckling load of skew, rhombic, trapezoidal, and rectangular nanoplates considering various geometrical 
parameters are obtained. It is shown that nonlocal effects are very important in arbitrary quadrilateral graphene 
sheets and their inclusion results in smaller buckling loads. Also the effects of geometrical parameters such as 
aspect ratio, angle, and mode number on the buckling load decrease when scale coefficient increases, for all 
arbitrary quadrilateral SLGS. 



References listed at the end of the paper: 
1. Iijima S.: Helical microtubules of graphitic carbon. Nature 354, 56–58 (1991)  
2. Sakhaee-Pour A., Ahmadian M.T., Vafai A.: Applications of single-layered graphene sheets as mass sensors and atomistic dust 
detectors. Solid State Commun. 147, 336–340 (2008)  
3. Stankovich S. et al.: Graphene-based composite materials. Nat. Lett. 442, 282–286 (2006)  
4. Wong E.W., Sheehan P.E., Lieber C.M.: Nanobeam mechanics: elasticity, strength, and toughness of nanorods and nanotubes. 
Science 277, 1971–1975 (1997)  
5. Sorop T.G., de Jongh L.J.: Size-dependent anisotropic diamagnetic screening in superconducting Sn nanowires. Phys. Rev. B 75, 
014510 (2007)  
6. Murmu T., Pradhan S.C.: Buckling of Bi-axially compressed orthotropic plates at Sm all scales. Mech. Res. Commun. 36, 933–938 
(2009)  
7. Zhou S.J., Li Z.Q.: Length scales in the static and dynamic torsion of a circular cylindrical micro-bar. J Shandong Univ. Technol. 
31, 401–407 (2001) 
8. Fleck N.A., Hutchinson J.W.: Strain gradient plasticity. Adv. Appl. Mech. 33, 296–358 (1997) 
9. Yang F., Chong A.C.M., Lam D.C.C., Tong P.: Couple stress based strain gradient theory for elasticity. Int. J. Solids struct. 39, 
2731–2743 (2002)  
10. Eringen A.C.: On differential equations of nonlocal elasticity and solutions of screw dislocation and surface waves. J. Appl. Phys. 
54, 4703–4710 (1983)  
11. Chen Y., Lee J.D., Eskandarian A.: Atomistic viewpoint of the applicability of microcontinuum theories. Int. J. Solids Struct. 41, 
2085–2097 (2004)  
12. Lu P., Lee H.P., Lu C., Zhang P.Q.: Dynamic properties of flexural beams using a nonlocal elasticity model. J. Appl Phys. 99, 
073510 (2006)  
13. Aydogdu M.: Axial vibration of the nanorods with the nonlocal continuum rod model. Physica E 41, 861–864 (2009)  
14. Duan W.H., Wang C.M.: Exact solutions for axisymmetric bending of micro/nanoscale circular plates based on nonlocal plate 
theory. Nanotechnology 18, 385704 (2007)  
15. Murmu T., Pradhan S.C.: Vibration analysis of nano-single-layered graphene sheets embedded in elastic medium based on 
nonlocal elasticity theory. J. Appl. Phys. 105, 064319 (2009)  
16. Pradhan S.C., Phadikar J.K.: Small scale effect on vibration of embedded multilayered graphene sheets based on nonlocal 
continuum models. Phys. Lett. A 37, 1062–1069 (2009)  
17. Wang C.M., Duan W.H.: Free vibration of nanorings/arches based on nonlocal elasticity. J. Appl. Phys. 104, 014303 (2008)  
18. Reddy J.N., Pang S.D.: Nonlocal continuum theories of beams for the analysis of carbon nanotubes. J. Appl. Phys. 103, 023511 
(2008)  
19. Murmu T., Pradhan S.C.: Buckling analysis of a single-walled carbon nanotube embedded in an elastic medium based on nonlocal 
elasticity and Timoshenko beam theory and using DQM. Physica E 41, 1232–1239 (2009)  
20. Heireche H., Tounsi A., Benzair A., Maachou M., Adda Bedia E.A.: Sound wave propagation in single-walled carbon nanotubes. 
Physica E 40, 2791–2799 (2008)  
21. Wan L.: Dynamical behaviors of double-walled carbon nanotubes conveying fluid accounting for the role of small length scale. 
Comput. Mater. Sci. 45(2), 584–588 (2009)  
22. Pradhan S.C., Murmu T.: Small scale effect on the buckling of single-layered graphene sheets under biaxial compression via 
nonlocal continuum mechanics. Comput. Mater. Sci. 47, 268–274 (2009)  
23. Wang L., Hu H.: Flexural wave propagation in single-walled carbon nanotubes. Phys. Rev. B 71, 195412 (2005)  
24. Zhang Y.Q., Liu G.R., Xie X.Y.: Free transverse vibrations of double-walled carbon nanotubes using a theory of nonlocal 
elasticity. Phys. Rev. B 71, 195404 (2005)  
25. Duan W.H., Wang C.M., Zhang Y.Y.: Calibration of nonlocal scaling effect parameter for free vibration of carbon nanotubes by 
molecular dynamics. J. Appl. Phys. 101, 024305 (2007)  
26. Duan W.H., Wang C.M.: Exact solutions for axisymmetric bending of micro/nanoscale circular plates based on nonlocal plate 
theory. Nanotechnology 18, 385704 (2007)  
27. Liew K.M., Han J.B.: A four-note differential quadrature method for straight-sided quadrilateral Reissner/Mindlin plates. 
Commun. Num. Meth. Eng. 13, 73–81 (1997)  
28. Civalek Ö.: Application of differential quadrature (DQ) and harmonic differential quadrature (HDQ) for buckling analysis of thin 
isotropic plates and elastic columns. Eng. Struct. 26(2), 171–186 (2004)  
29. Civalek Ö: Free vibration and buckling analyses of composite plates with straight-sided quadrilateral domain based on DSC 
approach. Finite Elem. Anal. Des. 43, 1013–1022 (2007)  
30. Pradhan S.C.: Buckling of single layer graphene sheet based on nonlocal elasticity and higher order shear deformation theory. 
Phys. Lett. A 373(45), 4182–4188 (2009)  
31. Civalek Ö.: A four-node discrete singular convolution for geometric transformation and its application to numerical solution of 
vibration problem of arbitrary straight-sided quadrilateral plates. Appl. Math. Model. 33(1), 300–314 (2009)  
32. Wang, Q., Wang, C.M.: The constitutive relation and small scale parameter of nonlocal continuum mechanics for modeling carbon 
nanotubes. Nanotechnology 18(7), Art. No. 075702 (2007) 
33. Reddy J.N.: Theory and Analysis of Elastic Plates. Taylor and Francis, Philadelphia, PA (1999) 
 
 
Nicolas Tsapis (University of Paris, Sud-Chatenay-Malabry), “Buckling and explosion of drying droplets of 



colloidal suspensions”, Seminar Nimbe/Lions, December 2007 
ABSTRACT: Minute concentrations of suspended particles can dramatically alter the behavior of a drying 
droplet. After a period of isotropic shrinkage, similar to droplets of a pure liquid, these droplets suddenly buckle 
like an elastic shell. While linear elasticity is able to describe the morphology of the buckled droplets, it fails to 
predict the onset of buckling. Instead, we find that buckling is coincident with a stress-induced fluid to solid 
transition in a shell of particles at a droplet's surface, occurring when attractive capillary forces overcome 
stabilizing electrostatic forces between particles. When replacing water by a mixture of ethanol and water, the 
buckling threshold changes. For a fixed colloid solid fraction, the buckling threshold evolves as a function of 
ethanol content, due to changes of the solvent mixture physical properties, such as viscosity and evaporation 
rate. A simplified model predicting the qualitative behaviour of the buckling threshold as a function of the 
initial ethanol mass fraction has been developed that fits well experimental results. 
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“Buckling-driven morphological transformation of droplets of a mixed colloidal suspension during evaporation-
induced self-assembly by spray drying”, The European Physical Journal E, Vol. 31, No. 4, pp 393-402, April 
2010 
ABSTRACT: Morphological transformation during evaporation-induced self-assembly of a mixed colloidal 
suspension in micrometric droplets has been investigated. It has been demonstrated that a buckling-driven shape 
transition of drying droplets of mixed colloidal suspension takes place during evaporation-induced self-
assembly. Further, it is also shown that the distortion modulations get significantly amplified with enhancement 
in volume fraction of anisotropic soft colloidal component of the mixed colloids. It has been argued that the 
reduction in elastic modulus of formed shell, at the boundary of a drying droplet, and the anisotropic nature of 
one of the colloidal components facilitate the deformation process. Hierarchical structures of these assembled 
colloidal grains have been probed using electron microscopy and scattering techniques. 
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“Buckling Analysis of Single Walled Carbon Nanotubes under Torsional and Axial Combined Loading by 
Finite Element Method”, J. Appl. Environ. Biol. Sci., 4(12S)200-204, 2015  
ABSTRACT: In This paper, Buckling phenomenon of single walled carbon nanotubes under torsional and axial 
combined loading by finite element method is investigated. Models are constructed via an individual structural 
model in Ansys software. CNTs hexagon geometrical structure is simulated by means of porous shell. Single 
walled carbon nanotubes of zigzag (12,0) and (21,0)with various aspect ratios (length to diameter ratio) are 
selected and they are subjected to torsional and axial combined loads. In this study, the effects of radius, length 
and aspect ratio on the critical buckling loads are investigated. Numerical results indicate that with increment of 
length and aspect ratio, the critical buckling loads will decrease generally. Also diagrams show that In lengths 
greater than 5 nm, nanotubes (21,0) will endure more critical buckling loads relative to nanotube (12,0). This 
result is followed by the increase in surface area by increasing the diameter of the nanotube. In this study the 
changes trend of critical buckling loads In terms of the different variables is good agreement with previous 
studies.  
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Kharagpur, West Bengal 721 302, India), “Buckling analysis of single walled carbon nanotube on Winkler 
foundation using nonlocal elasticity theory and DTM”, Computational Materials Science, Vol. 50, No. 3, 
January 2011, pp. 1052-1056, doi:10.1016/j.commatsci.2010.11.001 
ABSTRACT: In the present work differential transformation method (DTM) is used to predict the buckling 
behaviour of single walled carbon nanotube (SWCNT) on Winkler foundation under various boundary 
conditions. Four different boundary conditions namely clamped–clamped, simply supported, clamped hinged 
and clamped free are used to study the critical buckling loads. Effects of (i) size of SWCNT (ii) nonlocal 
parameter and (iii) Winkler elastic modulus on nonlocal critical buckling loads are being investigated and 
discussed. The DTM is implemented for the nonlocal SWCNT analyses and this yields results with high degree 
of accuracy. Further, present method can be applied to linear and nonlinear problems. 
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“Buckling of graphene layers supported by rigid substrates”, arXiv:1002.0724v1 [cond-mat.mes-hall] 3 Feb 
2010 
ABSTRACT: We formulate a nonlinear continuum model of a graphene sheet supported by a flat rigid 
substrate. The sheet is parallel to the substrate and loaded on a pair of opposite edges. A typical cross-section of 
the sheet is modeled as an elastica. We use elementary techniques from bifurcation theory to investigate how 
the buckling of the sheet depends on the boundary conditions, the composition of the substrate, and the length 
of the sheet. We also present numerical results that illustrate snap-buckling of the sheet.  
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ABSTRACT: Atomistic simulations are used to study the bending of rectangular graphene nano ribbons 
subjected to axial stress both for free boundary and supported boundary conditions. The shape of the 
deformations of the buckled graphene nano ribbons, for small values of the stress, are sine waves 
where the number of nodal lines depend on the longitudinal size of the system and the applied 
boundary condition. The buckling strain for the supported boundary condition is found to be 
independent of the longitudinal size and estimated to be 0.86%. From a calculation of the free energy at 
finite temperature we find that the equilibrium projected two-dimensional area of the graphene nano 
ribbon is less than the area of a flat sheet. At the optimum length the boundary strain for the supported 
boundary condition is 0.48%.  
 
 
S C Pradhan (Department of Aerospace Engineering, Indian Institute of Technology, Kharagpur 721 302, 
India), “Buckling analysis and small scale effect of biaxially compressed graphene sheets using non-local 
elasticity theory”, Sadhana, Vol. 37, Part 4, August 2012, pp. 461–480 
ABSTRACT: In this paper, buckling analysis of biaxially compressed graphene sheets with non-local elasticity 
theory is reported. The equations of motion for graphene sheet are derived using non-local local elasticity 
theory. Levy’s approach has been used to solve the governing equations for various boundary conditions of the 
graphene sheet. Present results from Levy’s solution agree with the results for all edges simply supported 
available in the literature. Further, the effect of the (i) non-local parameter, (ii) size of the graphene sheet and 
(iii) various boundary conditions on the critical buckling loads of the graphene sheets are investigated. It is 
observed that non-local parameter and boundary conditions significantly influence the critical buckling loads of 
the small size graphene sheets. 
 
 
Jin-Xing Shi, Toshiaki Natsuki, Xiao-Wen Lei and Qing-Qing Ni (Shinshu University, Tokida, Japan), 
“Buckling instability of carbon nanotube atomic force microscope probe clamped in an elastic medium”, 
Journal of Nanotechnology in Engineering and Medicine, Vol. 3, No. 2, Septemper 2012 
ABSTRACT: Carbon nanotubes (CNTs) can be used as atomic force microscope (AFM) probes due to their 
robust mechanical properties, high aspect ratio and small diameter. In this study, a model of CNTs clamped in 
an elastic medium is proposed as CNT AFM probes. The buckling instability of the CNT probe clamped in 
elastic medium is analyzed based on the nonlocal Euler–Bernoulli beam model and the Whitney–Riley model. 
The clamped length of CNTs, and the stiffness of elastic medium affect largely on the stability of CNT AFM 
probe, especially at high buckling mode. The result shows that the buckling stability of the CNT AFM probe 
can be largely enhanced by increasing the stiffness of elastic medium. Moreover, the nonlocal effects of 



buckling instability are investigated and found to be lager for high buckling mode. The theoretical investigation 
on the buckling stability would give a useful reference for designing CNT as AFM probes. 
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“Buckling instability of circular double-layered graphene sheets”, Journal of Physics: Condensed Matter, Vol. 
24, No. 13, 135004, 2012, DOI: 10.1088/0953-8984/24/13/135004 
ABSTRACT: In this paper, we study the buckling properties of circular double-layered graphene sheets 
(DLGSs), using plate theory. The two graphene layers are modeled as two individual sheets whose interactions 
are determined by the Lennard-Jones potential of the carbon–carbon bond. An analytical solution of coupled 
governing equations is proposed for predicting the buckling properties of circular DLGSs. Using the present 
theoretical approach, the influences of boundary conditions, plate sizes, and buckling-mode shapes on the 
buckling behaviors are investigated in detail. The buckling stability is significantly affected by the buckling-
mode shapes. As a result of van der Waals interactions, the buckling stress of circular DLGSs is much larger for 
the anti-phase mode than for the in-phase mode. 
 
 
Liu Ren-huai (Institute of Mathematics and Mechanics, Jinan University, Guangzhou 510632, People's 
Republic of China), “Non-linear buckling of symmetrically laminated, cylindrically orthotropic, shallow, 
conical shells considering shear”, International Journal of Non-Linear Mechanics, Vol. 31, No. 1, January 1996, 
pp. 89-99, doi:10.1016/0020-7462(95)00046-1 
ABSTRACT: In this paper, a theory for non-linear bending of symmetrically laminated, cylindrically 
orthotropic, shallow, conical shells subjected to an axisymmetrically distributed load including transverse shear 
effects is established. By means of this theory and the modified iteration method, the analytical solution of the 
critical buckling pressure for a symmetrically laminated, cylindrically orthotropic, shallow, conical shell with a 
rigidly clamped edge under the action of uniform lateral pressure is obtained. 
 
Liu Ren-huai (Institute of Mathematics and Mechanics, Jinan University, Guangzhou 510632, People's 
Republic of China), “On non-linear buckling of symmetrically laminated, cylindrically orthotropic, truncated, 
shallow, spherical shells under uniform pressure including shear effects”, International Journal of Non-Linear 
Mechanics, Vol. 31, No. 1, January 1996, pp. 101-115, doi:10.1016/0020-7462(95)00045-3 
ABSTRACT: In this paper, a non-linear buckling problem of a symmetrically laminated, cylindrically 
orthotropic, truncated, shallow, spherical shell with a rigidly clamped outer edge and a non-deformable rigid 
body at the center under the action of uniform pressure, taking into account the effect of the transverse shear 
deformation, has been solved by the modified iteration method. Finally, this paper discusses the effects of 
transverse shear on the buckling of the shell. 
 
 
R.-H. Liu  and F. Wang, “Nonlinear dynamic buckling of symmetrically laminated cylindrically orthotropic 
shallow spherical shells”, Archive of Applied Mechanics, Vol. 68, No. 6, 1998, pp. 375-384,  
doi: 10.1007/s004190050172 
ABSTRACT: In this paper, a model of cusped catastrophe at nonlinear dynamic buckling of a symmetrically 
laminated cylindrically orthotropic shallow spherical shell is presented. The shell is subjected to an 
axisymmetrical load. Effects of transverse shear are taken into account. Effects of the shear modulus, geometry 
and parameters of the material on the nonlinear dynamic buckling are discussed. 
 
 
R. H. Liu and F. Wang, “Nonlinear stability of corrugated shallow spherical shell”, International Journal of 
Applied Mechanics and Engineering, Vol. 10, no. 2, pp 295-309, 2005 
ABSTRACT: In this paper, a nonlinear bending theory for a corrugated shallow spherical shell is constructed. 



By means of this theory and the modified iteration method, the analytical solution of the critical buckling 
pressure for a corrugated shallow spherical shell with a rigidly clamped edge under the action of uniform 
pressure is obtained. 
 
 
Huaiwei Huang and Qiang Han (Department of Engineering Mechanics, School of Civil Engineering and 
Transportation, South China University of Technology, Guangzhou 510640, PR China), “Nonlinear dynamic 
buckling of functionally graded cylindrical shells subjected to time-dependent axial load”, Composite 
Structures, Vol. 92, No. 2, January 2010, pp. 593-598, doi:10.1016/j.compstruct.2009.09.011 
ABSTRACT: This paper is presented to solve the nonlinear dynamic buckling problem of a new type of 
composite cylindrical shells, made of ceram/metal functionally graded materials. The material properties vary 
smoothly through the shell thickness according to a power law distribution of the volume fraction of the 
constituent materials. The dynamic axial load is set in a linear increase form with regard to time. By taking the 
temperature-dependent material properties into account, the effect of environmental temperature rise is 
included. The nonlinear dynamic equilibrium equation of the shell was obtained by applying an energy method, 
and was then solved using the four-order Runge–Kutta method. The critical condition was eventually 
determined using B-R dynamic buckling criterion. Numerical results show the dynamic buckling load is higher 
than its static counterpart. Meanwhile, various effects of the inhomogeneous parameter, loading speed, 
dimension parameter, environmental temperature rise and initial geometrical imperfection on nonlinear dynamic 
buckling are discussed. 
 
 
Huaiwei Huang, Qiang Han, Nengwen Feng & Xuejun Fan (2011): Buckling of Functionally Graded 
Cylindrical Shells under Combined Loads, Mechanics of Advanced Materials and Structures, 18:5, 337-346, 
http://dx.doi.org/10.1080/15376494.2010.516882  
ABSTRACT: By using the Ritz energy method and finite element method, buckling behaviors of combined-
loaded functionally graded cylindrical shells are investigated. The combined loads are composed of axial, 
lateral, and torsional loads. Results show that the contribution of lateral pressure to buckling is more significant 
than that of axial compression or torsion and the contributions of axial compression and torsion are almost the 
same. Also, a practical method is proposed in this article to determine the load-dominant bound between the 
single buckling mode due to one dominant load and the mixed buckling mode due to interaction of the two 
loads.  
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LIU Tao, XU Qinan And PEI Junhou (China Ship Scientific Research Center), “Buckling Analysis And 
Optimal Design Of Composite Cylindrical Shells”, Shipbuilding of China, 1995-02, 
doi: CNKI:SUN:ZGZC.0.1995-02-001 
ABSTRACT: The linear and geometric nonlinear buckling load including transverse shear deformation is 
calculated by Timoshenko first-order shear deformation theory and Reddy higherorder shear deformation theory 
respectively. The effects of lamination angle, number of layers and radius-to-thickness ratio on the buckling 
pressure are analyzed. The combination of a Random-Search approach and the Flexible-Tolerance method is 
employed to search for the optimum lamination angles that have the highest buckling loads. The Mixed-
Discrete-Optimization program is used to solve the optimization problem in which the lamination angles are 
assumed to have discrete values. The experiments of the carbonepoxy cylindrical shell models show that the 
results presented in this paper are reliable. 
 
 
K. Tamura, Y. Nakazawa, T. Kusaka and  M. Hojo, “A study on introduction of notch into thin-walled 
polygonal shell member to control plastic buckling behaviour in axial collapse”, International Journal of 
Crashworthiness, Vol. 14, No. 1, 2009, pp. 25 – 36, doi: 10.1080/13588260802412968 
ABSTRACT: Focusing upon finding an optimum shape of crash box, which is one of the most important part of 
an automobile body to absorb impact energy at the time of a collision, for ensuring large energy absorption, the 
effect of introducing notch into a crash box on controlling plastic buckling behaviour was examined by three-
dimensional finite element analyses. The influences of notch shape and arrangement on the deformation mode 
of a polygonal crash box was numerically examined and an optimum range of the dimensions of notch was 
quantitatively determined for ensuring stable buckling deformation. As a result, a fundamental scheme to 
optimise the shape and arrangement of the notches to ensure large energy absorption was proposed, which is 
applicable to a crash box with optional cross-sectional shape. 
 
 



Shiji Nakazawa, Shiro Kato and Rhyoichi Shibata, “Seismic Risk Evaluation of Spatial Structures by Using 
Grid Computing System”, Symposium of the International Association for Shell and Spatial Structures – IASS, 
December 2009, pp. 366-377, URI: http://hdl.handle.net/10251/6529 
ABSTRACT: The present study proposes a simple procedure to evaluate the seismic risk of the spatial 
structures by using grid computing system. As an example for calculating the seismic risk by using the system, 
numerical studies for single layer lattice domes supported by substructure implemented with buckling restricted 
braces are presented considering a simple rule for judging the damages of the structural and non-structural 
elements. The effectiveness of the system is discussed through the numerical example for dome structures. 
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Technology, Isfahan, Iran), “Local and post local buckling of stepped and perforated thin plates”, Applied 
Mathematical Modelling, Vol. 29, No. 7, July 2005, pp. 633-652, doi:10.1016/j.apm.2004.10.004 
ABSTRACT: The nonlinear mathematical theory for initial and post local buckling analysis of plates of 
abruptly varying stiffness based on the principle of virtual work is established. The method is programmed, and 
several numerical examples are presented to demonstrate the scope and efficacy of the procedure. Local 
buckling coefficients of perforated and stepped plates are obtained and the results are compared with known 
solutions. Post-buckling behaviour of perforated and stepped plates is studied for different geometries. The non-
dimensional applied loads (P/Pcr), dimensionless lateral displacements and stress distribution of plates with 
varying stiffness in the post buckling region are given in several tables and graphs. 
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“Local buckling of thin and moderately thick variable thickness viscoelastic composite plates”, Structural 
Engineering and Mechanics, Vol. 40, No. 6, pp 783-800, DOI: 10.12989/sem.2011.40.6.783 
ABSTRACT: This paper addresses the finite strip formulations for the stability analysis of viscoelastic 
composite plates with variable thickness in the transverse direction, which are subjected to in-plane forces. 
While the finite strip method is fairly well-known in the buckling analysis, hitherto its direct application to the 
buckling of viscoelastic composite plates with variable thickness has not been investigated. The equations 
governing the stiffness and the geometry matrices of the composite plate are solved in the time domain using 
both the higher-order shear deformation theory and the method of effective moduli. These matrices are then 
assembled so that the global stiffness and geometry matrices of a moderately thick rectangular plate are formed 
which lead to an eigenvalue problem that is solved to determine the magnitude of critical buckling load for the 
viscoelastic plate. The accuracy of the proposed model is verified against the results which have been reported 
elsewhere whilst a comprehensive parametric study is presented to show the effects of viscoelasticity 
parameters, boundary conditions as well as combined bending and compression loads on the critical buckling 
load of thin and moderately thick viscoelastic composite plates. 
 
 
Sh. Kasaeian (1), M. Azhari (1), A. Heidarpour (2) and A. Hajiannia (1) 
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“Inelastic local buckling of curved plates with or without thickness-tapered sections using finite strip method”, 
International Journal of Steel Structures, Vol. 12, No. 3, pp. 427-442, September 2012,  
DOI: 10.1007/s13296-2012-3011-9 
ABSTRACT: This paper addresses the inelastic local buckling of the curved plates using finite strip method in 
which buckling modes and displacements of the curved plate are calculated using sinusoidal shape functions in 
the longitudinal direction and polynomial functions in the transverse direction. A virtual work formulation is 
employed to establish the stiffness and stability matrices of the curved plate whilst the governing equations are 
then solved using a matrix eigenvalue problem. The accuracy and efficiency of the proposed finite strip model 
is verified with finite element model using ABAQUS as well as the results reported elsewhere while a good 



agreement is achieved. In order to illustrate the proposed model, a comprehensive parametric study is 
performed on the steel and aluminum curved plates in which the effects of curvature, the length of the curved 
plate as well as circumferential boundary conditions on the critical buckling stress are investigated. The 
developed finite strip method is also used to determine the buckling loads of the curved plates with thickness-
tapered sections as well as critical stresses of the aluminum cylindrical sectors that are subjected to uniform 
longitudinal stresses. 
 
 
Y. Xiang and C. M. Wang (School of Engineering and Industrial Design, University of Western Sydney, 
Locked Bag 1797, Penrith South, DC, NSW 1797, Australia), “Exact Buckling and Vibration Solutions for 
Stepped Rectangular Plates”, Journal of Sound and Vibration, Vol. 250, No. 3, February 2002, pp. 503-517, 
doi:10.1006/jsvi.2001.3922 
ABSTRACT: This paper is concerned with the determination of exact buckling loads and vibration frequencies 
of multi-stepped rectangular plates based on the classical thin (Kirchhoff) plate theory. The plate is assumed to 
have two opposite edges simply supported while the other two edges can take any combination of free, simply 
supported and clamped conditions. The proposed analytical method for solution involves the Levy method and 
the state-space technique. By using this analytical method, exact buckling and vibration solutions are obtained 
for rectangular plates having one- and two-step thickness variations. These exact solutions are extremely useful 
as benchmark values for researchers developing numerical techniques and software for analyzing non-uniform 
thickness plates. 
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(1) School of Engineering and Industrial Design, University of Western Sydney, Locked Bag 1797, Penrith 
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(2) Department of Building and Construction, City University of Hong Kong, Tat Chee Avenue, Kowloon, 
Hong Kong 
(3) Department of Construction, Hong Kong Institute of Vocational Education, New Territories, Hong Kong 
“Exact solutions for vibration of cylindrical shells with intermediate ring supports”, International Journal of 
Mechanical Sciences, Vol. 44, No. 9, September 2002, pp. 1907-1924, doi:10.1016/S0020-7403(02)00071-1 
ABSTRACT: This paper presents new exact solutions for vibration of thin circular cylindrical shells with 
intermediate ring supports, based on the Goldenveizer–Novozhilov shell theory (Theory of thin shells; The 
theory of thin elastic shells). An analytical method is proposed to study the vibration behaviour of the ring 
supported cylindrical shells. In the proposed method, the state-space technique is employed to derive the 
homogenous differential equation system for a shell segment and a domain decomposition approach is 
developed to cater for the continuity requirements between shell segments. Exact frequency parameters are 
presented in tables and design charts for circular cylindrical shells having multiple intermediate ring supports 
and various combinations of end support conditions. These exact vibration frequencies may serve as important 
benchmark values for researchers to validate their numerical methods for such circular cylindrical shell 
problems. 
 
 
L. Zhang and Y. Xiang (Centre for Construction Technology and Research, University of Western Sydney, 
Penrith South DC, NSW, Australia), “Exact solutions for vibration of open cylindrical shells with intermediate 
ring supports”, in Developments in Mechanics of Structures and Materials, edited by A. Deeks and Hong Hao, 
2005, Taylor & Francis Group, London, ISBN 90 5809 659 9 
ABSTRACT: This paper presents an analytical procedure for determining the free vibration frequencies of open 
circular cylindrical shells with intermediate ring supports based on the Flügge thin shell theory. The shell can be 
divided into several segments at the locations of the ring supports. The state-space technique is adopted to 
derive the homogenous differential equations for a shell segment, and the domain decomposition method is 
employed to impose the equilibrium and compatibility requirements along the interface of the shell segments. 
Shells with any number of inermediate ring supports and various combinations of edge support conditions are 
studied. Furthermore, the effects of the intermediate ring support and their locations, boundary conditions, 



number of ring supports as well as the variation of the included angle on the natural frequaencies are examined. 
 
 
J. Tian, C. M. Wang and S. Swaddiwudhipong (Department of Civil Engineering, The National University of 
Singapore, Kent Ridge, Singapore 119260), “Elastic buckling analysis of ring-stiffened cylindrical shells under 
general pressure loading via the Ritz method”, Thin-Walled Structures, Vol. 35, No. 1, September 1999, pp. 1-
24, doi:10.1016/S0263-8231(99)00012-9 
ABSTRACT: This paper presents the Ritz method for the elastic buckling analysis of shells with ring-stiffeners 
under general pressure loading. The stiffeners may be of any cross-sectional shape and arbitrarily distributed 
along the shell length. Using polynomial functions multiplied by boundary equations raised to appropriate 
powers as the Ritz functions, the method can accommodate any combination of end conditions. As far as it is 
known, the Ritz method has not been automated in this way for the buckling of ring-stiffened shells. By 
formulating in a nondimensional form, generic buckling solutions for shells with various end conditions, 
stiffener distributions and under various pressure distributions, were presented. These new buckling solutions 
should serve as useful reference sources for checking the validity and accuracy of other numerical methods and 
software for buckling of cylindrical shells. This paper also shows that the appropriate distribution of ring 
stiffeners can lead to a significant increase in the buckling capacity over that of a stiffened shell with evenly 
spaced and identical ring stiffeners. 
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“Buckling of intermediate ring supported cylindrical shells under axial compression”, Thin-Walled Structures, 
Vol. 43, No. 3, March 2005, pp. 427-443, doi:10.1016/j.tws.2004.07.019 
ABSTRACT: This paper is concerned with the elastic buckling of axially compressed, circular cylindrical shells 
with intermediate ring supports. The simple Timoshenko thin shell theory and the more sophisticated Flügge 
thin shell theory have been adopted in the modeling of the cylindrical shells. We used these two representative 
theories to examine the sensitivity of the buckling solutions to the different degree of approximations made in 
shell theories. By dividing the shell into segments at the locations of the ring supports, the state-space technique 
is employed to derive the solutions for each shell segment, and the domain decomposition method is utilized to 
impose the equilibrium and compatibility conditions at the interfaces of the shell segments. First-known exact 
buckling factors are obtained for cylindrical shells of one and multiple intermediate ring supports and various 
combinations of boundary conditions. Comparison studies are carried out against benchmark solutions and 
independent numerical results from ANSYS and p-Ritz analyses. The influence of the locations of the ring 
supports on the buckling behaviour of the shells is examined. 
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Singapore, Kent Ridge, Singapore 119260, Singapore), “Buckling of double-walled carbon nanotubes modeled 
by solid shell elements”, Journal of Applied Physics, Vol. 99, No. 11, pp. 114317 – 114317-12, June 2006, 
DOI: 10.1063/1.2202108 
ABSTRACT: A solid shell element model is proposed for the elastic bifurcation buckling analysis of double-
walled carbon nanotubes (DWCNTs) under axial compression. The solid shell element allows for the effect of 
transverse shear deformation which becomes significant in a stocky DWCNT with relatively small radius-to-
thickness ratio. The van der Waals (vdW) interaction between the adjacent walls is simulated by linear springs. 
Using this solid shell element model, the critical buckling strains of DWCNTs with various boundary conditions 
are obtained and compared with molecular dynamics results and those obtained by other existing shell and beam 
models. The results obtained show that the solid shell element is able to model DWCNTs rather well, with the 
appropriate choice of Young’s modulus, tube thickness, and spring constant for modeling the vdW forces. 
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“Effect of strain rate on the buckling behavior of single- and double-walled carbon nanotubes”, Carbon, Vol.45, 
No. 3, March 2007, pp. 514-523, doi:10.1016/j.carbon.2006.10.020 
ABSTRACT: Molecular dynamics simulations are performed on single- (SWCNTs) and double-walled carbon 
nanotubes (DWCNTs) to investigate the effects of strain rate on their buckling behavior. The Brenner’s second-
generation reactive empirical bond order and Lennard-Jones 12-6 potentials are used to describe the short range 
bonding and long range van der Waals atomic (vdW) interaction within the carbon nanotubes, respectively. The 
sensitivity of the buckling behavior with respect to the strain rate is investigated by prescribing different axial 
velocities to the ends of the SWCNTs and DWCNTs in the compression simulations. In addition, the effects of 
vdW interaction between the walls of the DWCNTs on their buckling behavior are also examined. The 
simulation results show that higher strain rates lead to higher buckling loads and buckling strains for both 
SWCNTs and DWCNTs. A distinguishing characteristic between SWCNTs and DWCNTs is that the former 
experiences an abrupt drop in axial load whereas the axial load in latter decreases over a finite, albeit small, 
range of strain after buckling initiates. The buckling capability of DWCNT is enhanced in the presence of vdW 
interaction. DWCNTs can sustain a higher strain before buckling than SWCNTs of similar diameter under 
otherwise identical conditions. 
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“Molecular dynamics simulations on buckling of multiwalled carbon nanotubes under bending”, J. Appl. Phys. 
Vol. 100, 114327 (2006); doi:10.1063/1.2400096 (5 pages), (no doi is given) 
ABSTRACT: Buckling of multiwalled carbon nanotubes (MWCNTs) subjected to bending deformation is 
studied using molecular dynamics simulations. We show that the initial buckling mode of a thick MWCNT is 
quite different from that of a thin MWCNT. Only several outer layers buckle first while the rest inner layers 
remain stable in a very thick MWCNT, while in a relatively thin MWCNT, all individual tubes buckle 
simultaneously. Such a difference in the initial buckling modes results in quite different size effects on the 
bending behavior of MWCNTs. In particular, the critical buckling curvature of a thick MWCNT is insensitive 
to the tube thickness, which is in contrast with linear elasticity. It is found also that the initial buckling 
wavelength is weakly dependent on the thickness of the MWCNT. We demonstrate that rippling deformation 
does decrease the effective modulus of a bent MWCNT, as observed in experiments. Finally, we show that the 
interlayer van der Waals interactions have little effect on the bending behavior of a MWCNT in the linear 
elastic regime. 
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People's Republic of China 
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119260, Singapore 
(3) Department of Civil Engineering, Monash University, Clayton, Victoria, Australia 
(4) School of Engineering, University of Western Sydney, Penrith South DC, NSW, Australia 
(5) Department of Naval Architecture, Dalian University of Technology, People's Republic of China 
“Assessment of continuum mechanics models in predicting buckling strains of single-walled carbon 
nanotubes”, Nanotechnology, Vol. 20, No. 39, 395707, 2009, DOI: 10.1088/0957-4484/20/39/395707 



ABSTRACT: This paper presents an assessment of continuum mechanics (beam and cylindrical shell) models 
in the prediction of critical buckling strains of axially loaded single-walled carbon nanotubes (SWCNTs). 
Molecular dynamics (MD) simulation results for SWCNTs with various aspect (length-to-diameter) ratios and 
diameters will be used as the reference solutions for this assessment exercise. From MD simulations, two 
distinct buckling modes are observed, i.e. the shell-type buckling mode, when the aspect ratios are small, and 
the beam-type mode, when the aspect ratios are large. For moderate aspect ratios, the SWCNTs buckle in a 
mixed beam–shell mode. Therefore one chooses either the beam or the shell model depending on the aspect 
ratio of the carbon nanotubes (CNTs). It will be shown herein that for SWCNTs with long aspect ratios, the 
local Euler beam results are comparable to MD simulation results carried out at room temperature. However, 
when the SWCNTs have moderate aspect ratios, it is necessary to use the more refined nonlocal beam theory or 
the Timoshenko beam model for a better prediction of the critical strain. For short SWCNTs with large 
diameters, the nonlocal shell model with the appropriate small length scale parameter can provide critical strains 
that are in good agreement with MD results. However, for short SWCNTs with small diameters, more work has 
to be done to refine the nonlocal cylindrical shell model for better prediction of critical strains. 
 
 
Balendra, T., Ang, K. K., Paramasivam, P. and Lee, S. L. (Department of Civil Engineering, National 
University of Singapore, Singapore), “Seismic design of flexible cylindrical liquid storage tanks”, Earthquake 
Engineering & Structural Dynamics, Vol. 10, No. 3, May/June 1982, pp. 477–496,  
doi: 10.1002/eqe.4290100310 
ABSTRACT: Seismic response of cylindrical storage tanks anchored to rigid base slabs is considered. Finite 
elements are used for the liquid and tank wall, idealized as a thin shell. For steel tanks of practical dimensions, 
design charts are presented for natural frequencies, maximum shear and overturning moment on the foundation, 
and maximum stress resultants in the tank wall. Furthermore, an analytical expression for the superelevation of 
the free surface is presented. 
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(1) School of Aerospace Engineering and Applied Mechanics, Tongji University, 1239 Siping Road, Shanghai 
200092, China 
(2) Department of Civil Engineering, National University of Singapore, Kent Ridge, Singapore 119260, 
Singapore 
“Buckling of super ellipsoidal shells under uniform pressure”, Thin-Walled Structures, Vol. 46, No. 6, June 
2008, pp. 584-591, doi:10.1016/j.tws.2008.01.013 
ABSTRACT: This paper is concerned with the elastic buckling of super ellipsoidal shells under external 
uniform pressure. The middle surface of a super ellipsoidal shell is defined by the following equation: 
(x/a)2n+(y/b)2n+(z/c)2n=1, where n is an integer varying from unity to infinity. It is clear from the equation that the 
range of shell shapes covered sphere (n=1, a=b=c) to cube (View the MathML source) and ellipsoid (n=1) to 
cuboid (n=∞). By adopting a recently proposed solid shell element for the buckling analysis, the critical 
buckling pressures of thin to thick super ellipsoidal shells are obtained and tabulated for engineers. The shell 
element allows for the effect of transverse shear deformation which becomes significant in thick shells. Their 
buckling shapes are also examined. In addition, a simple approximate formula for predicting the critical 
buckling pressure of thick spherical shells is proposed. 
 
 
L. S. Ma and T. J. Wang (Department of Engineering Mechanics, Xi’an Jiaotong University, Xi’an 710049, 
China), “Nonlinear bending and post-buckling of a functionally graded circular plate under mechanical and 
thermal loadings”, International Journal of Solids and Structures, Vol. 40, Nos. 13-14, June-July 2003, pp.3311-
3330, doi:10.1016/S0020-7683(03)00118-5 
ABSTRACT: Based on the classical nonlinear von Kármán plate theory, axisymmetric large deflection bending 
of a functionally graded circular plate is investigated under mechanical, thermal and combined thermal–
mechanical loadings, respectively, and axisymmetric thermal post-buckling behavior of a functionally graded 
circular plate is also investigated. The mechanical and thermal properties of functionally graded material (FGM) 



are assumed to vary continuously through the thickness of the plate, and obey a simple power law of the volume 
fraction of the constituents. Governing equations for the problem are derived, and then a shooting method is 
employed to numerically solve the equations. Effects of material constant n and boundary conditions on the 
temperature distribution, nonlinear bending, critical buckling temperature and thermal post-buckling behavior 
of the FGM plate are discussed in details. 
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“Buckling of Functionally Graded Circular/Annular Plates Based on the First-Order Shear Deformation Plate 
Theory”, Key Engineering Materials (Volumes 261 - 263), April 2004, pp. 609-614,  
doi: 10.4028/www.scientific.net/KEM.261-263.609 
ABSTRACT: Based on the first-order shear deformation theory of plate, governing equations for the 
axisymmetric buckling of functionally graded circular/annular plates are derived. The coupled deflections and 
rotations in the pre-buckling state of the plates are neglected in analysis. The material properties vary 
continuously through the thickness of the plate, and obey a power law distribution of the volume fraction of the 
constituents. The resulting differential equations are numerically solved by using a shooting method. The 
critical buckling loads of circular and annular plates are obtained, which are compared with those obtained from 
the classical plate theory. Effects of material properties, ratio of inter to outer radius, ratio of plate thickness to 
outer radius, and boundary conditions on the buckling behavior of FGM plates are discussed. 
 
 
Samy Abu-Salih, “Analysis of thermo electromechanical buckling of micro annular plate”, Journal of 
Computational and Theoretical Nanoscience, Vol. 11, No. 4, pp 1074-1080, April 2014 
ABSTRACT: This work presents the analysis of critical thermo electromechanical buckling (TEMB) of a micro 
elastic and isotropic annular plate that is simultaneously subjected to a thermal load and symmetric electrostatic 
force. The annular plate is assumed to be rigidly clamped at its outer radius edge and free at the inner radius 
edge. TEMB is the bifurcation response which results from the coupling of electromechanical bifurcation and 
thermo-mechanical buckling. It will be shown that the TEMB state depend on the value of two different loading 
parameters. The capability to determine the value of the critical buckling temperature or the critical buckling 
voltage enable us to instigate buckling even when the in-plane thermal stresses are in tension. The most 
interesting result that will be shown is that TEMB allow us to determine the number of buckled elastic flexures 
along the circumference of the annular plate. On other words, TEMB of annular plate permit manipulating of 
the critical buckling values and the shape mode of the buckling response. Finally, it will be shown for the first 
time that symmetric electrostatic forces can be modeled as an active “virtual” elastic foundation with a stiffness 
that can be manipulated to achieve the desired thermo-electro-mechanical response. 
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“Elastic Buckling of Bionic Cylindrical Shells Based on Bamboo”, Journal of Bionic Engineering, Vol. 5, No.3, 
September 2008, pp. 231-238, doi:10.1016/S1672-6529(08)60029-3 
ABSTRACT: High load-bearing efficiency is one of the advantages of biological structures after the evolution 
of billions of years. Biomimicking from nature may offer the potential for lightweight design. In the viewpoint 
of mechanics properties, the culm of bamboo comprises of two types of cells and the number of the vascular 
bundles takes a gradient of distribution. A three-point bending test was carried out to measure the elastic 
modulus. Results show that the elastic modulus of bamboo decreases gradually from the periphery towards the 
centre. Based on the structural characteristics of bamboo, a bionic cylindrical structure was designed to mimic 



the gradient distribution of vascular bundles and parenchyma cells. The buckling resistance of the bionic 
structure was compared with that of a traditional shell of equal mass under axial pressure by finite element 
simulations. Results show that the load-bearing capacity of bionic shell is increased by 124.8%. The buckling 
mode of bionic structure is global buckling while that of the conventional shell is local buckling. 
 
 
V. P. Iu and C. Y. Chia (Department of Civil Engineering, University of Calgary, Calgary, Alberta, Canada 
T2N 1N4), “Non-linear vibration and postbuckling of unsymmetric cross-ply circular cylindrical shells”, 
International Journal of Solids and Structures, Vol. 24, No. 2, 1988, pp. 195-210, 
doi:10.1016/0020-7683(88)90029-7 
ABSTRACT: Based on von Kármán-Donnell kinematic assumptions for laminated shells, the non-linear 
vibration and postbuckling behaviour of unsymmetrically laminated cross-ply circular cylindrical shells with 
clamped and simply-supported ends are studied by a multi-mode approach. A solution is formulated and 
satisfies the associated compatibility equation and all boundary conditions. The transverse equation of motion is 
fulfilled by the Galerkin procedure. In the case of non-linear vibration problems, the solution is obtained by the 
method of harmonic balance. The effect of initial imperfection is also included. Results in non-linear vibration 
and postbuckling are presented for different amplitudes of initial imperfection and four sets of boundary 
conditions. Present results are compared with available data. 
 
 
V. P. Iu and C. Y. Chia (Department of Civil Engineering, The University of Calgary, Calgary, Alberta, Canada 
T2N 1N4), “Effect of transverse shear on nonlinear vibration and postbuckling of anti-symmetric cross-ply 
imperfect cylindrical shells”, International Journal of Mechanical Sciences, Vol. 30, No. 10, 1988, pp. 705-718, 
doi:10.1016/0020-7403(88)90036-7 
ABSTRACT: Based on the Timoshenko-Mindlin kinematic hypothesis, the Donnell-type shell theory is 
extended to include transverse shear and rotary inertia for the nonlinear analysis of an anti-symmetrically 
laminated cross-ply circular cylindrical shell. The resulting governing equations are expressed in terms of a 
stress function, two rotations and transverse displacement. The shell is assumed to be all-simply-supported and 
all-clamped. A solution is formulated by a multi-mode approach and the method of harmonic balance for 
nonlinear vibrations. The corresponding postbuckling problem is treated as a special case. The results are 
compared with available data. 
 
 
C.Y. Chia, “Nonlinear analysis of doubly curved symmetrically laminated shallow shells with rectangular 
planform”, Archive of Applied Mechanics, Vol. 58, No. 4, 1988, pp. 252-264, doi: 10.1007/BF00535935 
ABSTRACT: A multi-mode solution to the dynamic Marguerre-type nonlinear equations is presented for the 
nonlinear free vibration of doubly curved, symmetrically laminated, imperfect shallow shells of rectangular 
planform on a Winkler-Pasternak elastic foundation. The shell edges are assumed to be transversely supported 
and the variation of rotational stiffness is identical along opposite edges. Generalized double Fourier series with 
time-dependent coefficients and the method of harmonic balance are used in the solution. The boundary 
condition for the varying rotational stiffness is fulfilled by replacement of bending moments along the four 
edges by an equivalent lateral pressure. Based on a single-mode approximation numerical results for the 
amplitude-frequency response of doubly curved isotropic, orthotropic, cross-ply and angle-ply shallow shells 
with square planform are presented for various boundary conditions, material properties, curvature ratios, initial 
imperfections, edge tensions, and moduli of the elastic foundation. Graphical results for postbuckling behavior 
of an imperfect angle-ply cylindrical panel are also presented as a special case. 
 
 
Y. M. Fu and C. Y. Chia (Department of Civil Engineering, University of Calgary, Calgary, Alberta, Canada 
T2N 1N4), “Multi-mode non-linear vibration and postbuckling of anti-symmetric imperfect angle-ply 
cylindrical thick panels”, International Journal of Non-Linear Mechanics, Vol. 24, No. 5, 1989, pp. 365-381, 
doi:10.1016/0020-7462(89)90025-5 
ABSTRACT: A dynamic non-linear theory for generally laminated shallow cylindrical panels is developed with 



the aid of Hamilton's principle. The effects of transverse shear deformation, rotatory inertia and geometrically 
initial imperfection are included in the analysis. A multi-mode solution is formulated for non-linear free 
vibration of an anti-symmetric angle-ply cylindrical laminate with its edges elastically restrained against 
rotation. The resulting equations for time functions are solved by the method of harmonic balance. The 
postbuckling behavior of the panel is treated as a special case. Numerical results in non-linear vibration and 
postbuckling are presented for different values of the amplitude of initial imperfection, side-to-thickness ratio, 
rotational edge stiffness, aspect ratio, orientation angle, number of layers and material properties. Present results 
are compared with available data. 
 
 
Y. M. Fu and C. Y. Chia (Department of Civil Engineering, The University of Calgary, Calgary, Alberta, 
Canada T2N 1N4), “Non-linear vibration and postbuckling of generally laminated circular cylindrical thick 
shells with non-uniform boundary conditions”, International Journal of Non-Linear Mechanics, Vol. 28, No. 3, 
May 1993, pp. 313-327, doi:10.1016/0020-7462(93)90038-M 
ABSTRACT: Non-linear vibrations of generally laminated circular cylindrical shells are examined using the 
Timoshenko-Mindlin kinematic hypothesis and an extension of the Donnell-type shell theory. The effects of 
transverse shear deformation, rotatory inertia and geometrically initial imperfection are included in the analysis. 
A solution for non-linear free vibrations of these cylindrical shells is formulated using a multimode approach. 
The boundary condition for the varying rotational end stiffness in the circumferential direction is satisfied by 
replacement of the end bending moments by an equivalent lateral pressure near the shell ends. The Galerkin 
procedure furnishes an infinite system of equations for time functions which are solved by the method of 
harmonic balance. The postbuckling behavior of the shell is treated as a special case. Numerical results in non-
linear vibration and postbuckling of cylindrical laminates are presented graphically for different parameters and 
compared with available data. 
 
 
M.M. Banerjee and S. Chanda (A.C. College, Jalpaiguri, W.B., India), “Nonlinear vibration of doubly-curved 
orthotropic shallow shells under a thermal gradient”, Transactions of the Thirteenth International Conference on 
Structural Mechanics in Reactor Technology (SMiRT 13), Porto Alegre, Brazil, August, 1995 
ABSTRACT: The present investigation aims at the finding of the effect of a thermal gradient on a doubly-
curved orthotropic shallow shell. The basic governing differential equations have been derived under the effect 
of a temperature distribution varying linearly and uniaxially. 
 
 
Changshi Xu and Chuen-Yuan Chia (Department of Civil Engineering, University of Calgary, Calgary, Alberta, 
Canada, T2N 1N4), “Non-linear vibration and buckling analysis of laminated shallow spherical shells with 
holes”, Composites Science and Technology, Vol. 54, No. 1, 1995, pp. 67-74,  
doi:10.1016/0266-3538(95)00038-0 
ABSTRACT: The static and dynamic non-linear axisymmetric response of a shallow spherical shell with a 
circular opening at the apex has been investigated. The shell consists of a number of radially orthotropic layers 
perfectly bonded together but symmetrically laminated. The governing equations are expressed in terms of the 
transverse displacement, rotation and stress function. The effects of transverse shear and rotatory inertia are 
included in the analysis. The shell edge is elastically restrained against rotation and in-plane displacement. The 
vanishing of the rotation and in-plane displacement at the opening are assumed. A Fourier-Bessel series solution 
is formulated for the postbuckling and large amplitude free vibration of the shell. The Galerkin procedure 
furnishes a set of non-linear ordinary differential equations for time functions which are solved by the method 
of harmonic balance. Numerical results in postbuckling response and non-linear free vibration are presented for 
various boundary conditions, ratios of base radius to thickness, and shell rise to thickness, and numbers of 
layers. The results are also compared with available data. 
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(2) Department of Mechanical Engineering, Faculty of Engineering, University of Kashan, Kashan, Iran 
“Vibration and buckling analysis of two-layered functionally graded cylindrical shell, considering the effects of 
transverse shear and rotary inertia”, Materials & Design, Vol. 31, No. 3, March 2010, pp. 1063-1069, 
doi:10.1016/j.matdes.2009.09.052 
ABSTRACT: This research investigates the free vibration and buckling of a two-layered cylindrical shell made 
of inner functionally graded (FG) and outer isotropic elastic layer, subjected to combined static and periodic 
axial forces. Material properties of functionally graded cylindrical shell are considered as temperature 
dependent and graded in the thickness direction according to a power-law distribution in terms of the volume 
fractions of the constituents. Theoretical formulations are presented based on two different methods of first-
order shear deformation theory (FSDT) considering the transverse shear strains and the rotary inertias and the 
classical shell theory (CST). The results obtained show that the transverse shear and rotary inertias have 
considerable effect on the fundamental frequency of the FG cylindrical shell. The results for nondimensional 
natural frequency are in a close agreement with those in literature. It is inferred from the results that the 
geometry parameters and material composition of the shell have significant effect on the critical axial force, so 
that the minimum critical load is obtained for fully metal shell. Good agreement between theoretical and finite 
element results validates the approach. It is concluded that the presence of an additional elastic layer 
significantly increases the nondimensional natural frequency, the buckling resistance and hence the elastic 
stability in axial compression with respect to a FG hollow cylinder. 
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“Nonlinear vibration and instability of embedded double-walled boron nitride nanotubes based on nonlocal 
cylindrical shell theory”, Applied Mathematical Modelling, Vol. 37, Nos. 14-15, pp 7685-7707, August 2013 
DOI: 10.1016/j.apm.2013.03.020 
ABSTRACT: This paper investigates the nonlinear vibration and instability of the embedded double-walled 
boron nitride nanotubes (DWBNNTs) conveying viscous fluid based on nonlocal piezoelasticity cylindrical 
shell theory. The elastic medium is simulated as Winkler–Pasternak foundation, and adjacent layers interactions 
are assumed to have been coupled by van der Walls (vdW) force evaluated based on the Lennard–Jones model. 
The nonlinear strain terms based on Donnell’s theory are taken into account. The Hamilton’s principle is 
employed to obtain coupled differential equations, containing displacement and electric potential terms. 
Differential quadrature method (DQM) is applied to estimate the nonlinear frequency and critical fluid velocity 
for clamped supported mechanical and free electric potential boundary conditions at both ends of the 
DWBNNTs. Results indicated that some parameters including nonlocal parameter, elastic medium’s modulus, 
aspect ratio and vdW force have significant influence on the vibration and instability of the DWBNNT while 
the fluid viscosity effect is negligible. In addition, the low aspect ratio should be taken into account for 
DWBNNT in optimum design of nano/micro devices. 
 
 
Farzad Ebrahimi and Hossein Ali Sepiani (Department of Mechanical Engineering, University of Tehran, 
Tehran, Iran), “An Investigation on the Influence of Transverse Shear and Rotary Inertia on Vibration and 
Buckling of Functionally Graded Cylindrical Shells”, Mechanics of Advanced Materials and Structures, Vol. 
17, No. 3, 2010, pp. 176 – 182, doi: 10.1080/15376490903243845 
ABSTRACT: In this paper, free vibration and buckling analysis of functionally graded cylindrical shells 
subjected to combined static and periodic axial forces is presented considering the effect of transverse shear and 
rotary inertia. Material properties of functionally graded cylindrical shells are considered as temperature 
dependent and graded in the thickness direction according to a power-law distribution in terms of the volume 
fractions of the constituents. Numerical results for silicon nitride-nickel cylindrical shells are presented based 
on two different methods of first-order shear deformation theory (FSDT) considering the transverse shear 
strains and the rotary inertias and the classical shell theory (CST). The results obtained show that the effect of 
transverse shear and rotary inertias on free vibration and buckling of functionally graded cylindrical shells 
subjected to combined static and periodic axial forces is dependent on the material composition, the temperature 



environment, the amplitude of static load, the deformation mode, and the shell geometry parameters. 
 
 
F. Ebrahimi (Dept. of Mechanical Engineering, University of Tehran), “Dynamic stability of FGM cylindrical 
shells”, Journal of Advanced Research in Mechanical Engineering, Vol. 1, No. 2, 2010 
ABSTRACT: In this study, a formulation for the stability of cylindrical shells made of functionally graded 
material (FGM) subjected to combined static and periodic axial loadings are presented. The properties are 
temperature dependent and graded in the thickness direction according to a volume fraction power law 
distribution. The analysis is based on two different methods of first-order shear deformation theory (FSDT) 
considering the transverse shear strains and the rotary inertias and the classical shell theory (CST). The results 
obtained show that the effect of transverse shear and rotary inertias on dynamic stability of functionally graded 
cylindrical shells is dependent on the material composition, the temperature environment, the amplitude of static 
load, the deformation mode, and the shell geometry parameters. 
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Farzad Ebrahimi and Erfan Saleri (Department of Mechanical Engineering, Faculty of Engineering, Imam 
Khomeini International University, Qazvin, Iran), “Size-dependent thermo-electrical buckling analysis of 
functionally graded piezoelectric nanobeams”, Smart Materials and Structures, Vol. 24, No. 12, October 2015, 
https://doi.org/10.1088/0964-1726/24/12/125007 
ABSTRACT: In the present study, thermo-electrical buckling characteristics of functionally graded 
piezoelectric (FGP) Timoshenko nanobeams subjected to in-plane thermal loads and applied electric voltage are 
carried out by presenting a Navier type solution for the first time. Three kinds of thermal loading, namely, 
uniform, linear and nonlinear temperature rises through the thickness direction are considered. Thermo-electro-
mechanical properties of FGP nanobeam are supposed to vary smoothly and continuously throughout the 
thickness based on power-law model. Eringen's nonlocal elasticity theory is exploited to describe the size 
dependency of nanobeam. Using Hamilton's principle, the nonlocal governing equations together with 
corresponding boundary conditions based on Timoshenko beam theory are obtained for the thermal buckling 
analysis of graded piezoelectric nanobeams including size effect and they are solved applying analytical 
solution. According to the numerical results, it is revealed that the proposed modeling can provide accurate 
critical buckling temperature results of the FG nanobeams as compared some cases in the literature. In 
following a parametric study is accompanied to examine the effects of the several parameters such as various 
temperature distributions, external electric voltage, power-law index, nonlocal parameter and aspect ratio on the 
critical buckling temperature difference of the size-dependent FGP nanobeams in detail. It is found that the 
small scale effect and electrical loading have a significant effect on buckling temperatures of FGP nanobeams. 
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IUTAM Symposium on Dynamics of advanced materials and smart structures, edited by Kazumi Watanabe and 
Franz Ziegler, 2003, Kluwer Academic Publishers, ISBN 1-4020-1061-3, pp. 367 – 376 
PARTIAL INTRODUCTION: Behavior of buckling for shell structure has been wide attention for absorption of 
impact energy [1]. Both high strength and the ability to absorb energy during structural collapse are important 
factors for structural design in crush problems. The collapse analyses have been carried out analytically and 
experimentally [2-4]. Recently, numerical techniques have become available and computer simulation for 
collapse analysis has become very attractive [5,6]. … 
 
 
R. Heuer (Civil Engineering Department, Technical University of Vienna, Wiedner Hauptstrasse 8-10/E201, 
Austria, A-1040), “Large flexural vibrations of thermally stressed layered shallow shells”, Nonlinear Dynamics, 
Vol. 5, No. 1, 1994, pp. 25-38, doi: 10.1007/BF00045078 



ABSTRACT: A dynamic nonlinear theory for layered shallow shells is derived by means of the von Karman-
Tsien theory, modified by the generalized Berger-approximation. Moderately thick shells with polygonal 
planform composed of multiple perfectly bonded layers are considered. The shell edges are assumed to be 
prevented from in-plane motions and are simply supported. A distributed lateral force loading is applied to the 
structure, and additionally, the influence of a static thermal prestress, corresponding to a spatial distribution of 
cross-sectional mean temperature, is taken into account. In the special case of laminated shells made of 
transversely isotropic layers with physical properties symmetrically distributed about the middle surface, a 
correspondence to moderately thick homogeneous shells is found. Application of a multi-mode expansion in the 
Galerkin procedure to the governing differential equation, where the eigenfunctions of the corresponding linear 
plate problem are used as space variables, renders a coupled set of ordinary time differential equations for the 
generalized coordinates with cubic as well as quadratic nonlinearities. The nonlinear steady-state response of 
shallow shells subjected to a time-harmonic lateral excitation is investigated and the phenomenon of primary 
resonance is studied by means of the “perturbation method of multiple scales”. A unifying non-dimensional 
representation of the nonlinear frequency response function is presented that is independent of the special shell 
planform. 
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“Nonlinear deterministic and random response of shallow shells”, Sadhana, Vol. 20, Nos. 2-4, 1995, pp. 427-
439, Special Issue: Advances in nonlinear structural dynamics, doi: 10.1007/BF02823200 
ABSTRACT: Deterministic and random vibrations are considered for the case of shear deformable shallow 
shells composed of multiple perfectly bonded layers. The nontrivial generalization of the flat plate vibrations is 
expressed by the fact of “small amplitude” vibrations existing about the curved equilibrium position together 
with the snap-through and snap-buckling type large amplitude vibrations about the flat position. The 
geometrically nonlinear vibrations are treated by applying Berger’s approximation to the generalized von 
Karman-type plate equations considering hard hinged supports of the straight boundary segments of skew or 
even more generally shaped polygonal shells. Shear deformation is considered by means of Mindlin’s kinematic 
hypothesis and a distributed lateral force loading is applied. Application of a multi-mode expansion in the 
Galerkin procedure to the governing differential equation, where the eigenfunctions of the corresponding linear 
plate problem are used as space variables, renders a coupled set of ordinary time differential equations for the 
generalized coordinates with cubic and quadratic non-linearities. For reasons of convergence, a light viscous 
modal damping is added. The nonlinear steady-state response of shallow shells subjected to a time-harmonic 
lateral excitation is investigated and the phenomenon of primary resonance is studied by means of the 
“perturbation method of multiple scales”. The use of a nondimensional formulation and introduction of the 
eigen-time of the basic mode of the associated linearized problem provides a unifying result with respect to the 
planform of the shell. Within the scope of random vibrations, it is assumed that the effective forces can be 
modelled by uncorrelated, zero-mean wide-band noise processes. Considering the set of modal equations to be 
finite, the Fokker-Planck-Kolmogorov (FPK) equation for the transition probability density of the generalized 
coordinates and velocities is derived. Its stationary solution gives the probability of eventual snapping after a 
long time has elapsed. However, the probability of first occurrence follows from the (approximate) integration 
of the nonstationary FPK equation. The probability of first dynamic snap-through is derived for a single mode 
approximation with the influence of higher modes taken into account. Using the two-mode expansion, the 
probability distribution of the asymmetric snap-buckling is also evaluated. 
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PARTIAL ABSTRACT: In the course of transient random vibrations of shallow structures the phenomenon of 
dynamic snap-buckling is observed. The nontrivial generalization of the flat plate vibrations is expressed by the 
fact of “small amplitude” vibrations to exist about the curved equilibrium position together with the snap-
through and the snap-buckling type large amplitude vibrations about the flat position…. 
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Structures, Vol. 67, Nos. 1-3, April 1998, pp. 65-70, doi:10.1016/S0045-7949(97)00157-0 
ABSTRACT: Forced vibrations are considered for the cases of shear-deformable plates with or without initial 
curvature. A dynamic nonlinear theory for layered panels is derived by means of the von Karman–Tsien theory, 
modified by the generalized Berger-approximation. Moderately thick panels with polygonal planforms are 
considered. The shell edges are assumed to be prevented from in-plane motions and are simply supported and a 
distributed lateral force loading is applied to the structure. Shear deformation is considered by means of 
Mindlin's kinematic hypothesis. In the special case of laminated panels composed of isotropic layers with 
physical properties symmetrically distributed about the middle surface, a correspondence to moderately thick 
homogeneous panels is found. Application of a multi-mode expansion in the Galerkin procedure to the 
governing differential equation, where the eigenfunctions of the corresponding linear plate problem are used as 
space variables, renders a coupled set of ordinary time differential equations for the generalized coordinates 
with (mixed) cubic and quadratic non-linearities. The nonlinear steady-state response of panels subjected to a 
time-harmonic lateral excitation is investigated and the phenomena of primary, superharmonic, and 
subharmonic resonances are studied by means of the perturbation method of multiple scales. Numerical results 
are cast in the form of graphs with a structural parameter varying in a wide range. 
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ABSTRACT: This paper investigates the large-amplitude multi-mode random response of thin shallow shells 
with rectangular planform at elevated temperatures using a finite element non-linear modal formulation. A thin 
laminated composite shallow shell element and the system equations of motion are developed. The system 
equations in structural node degrees-of-freedom (DOF) are transformed into modal co-ordinates, and the non-
linear stiffness matrices are transformed into non-linear modal stiffness matrices. The number of modal 
equations is much smaller than the number of equations in structural node DOF. A numerical integration is 
employed to determine the random response. Thermal buckling deflections are obtained to explain the 
intermittent snap-through phenomenon. The natural frequencies of the infinitesimal vibration about the 
thermally buckled equilibrium positions (BEPs) are studied, and it is found that there is great difference 
between the frequencies about the primary (positive) and the secondary (negative) BEPs. All three types of 
motion: (i) linear random vibration about the primary BEP, (ii) intermittent snap-through between the two 
BEPs, and (iii) non-linear large-amplitude random vibration over the two BEPs, can be predicted. 
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ABSTRACT: This paper reports numerical analyses of free vibration of laminated composite plate/shell 
structures of various shapes, span-to-thickness ratios, boundary conditions and lay-up sequences. The method is 
based on a novel four-node quadrilateral element, namely MISQ20, within the framework of the first-order 
shear deformation theory (FSDT). The element is built by incorporating a strain smoothing method into the 
bilinear four-node quadrilateral finite element where the strain smoothing operation is based on mesh-free 
conforming nodal integration. The bending and membrane stiffness matrices are based on the boundaries of 
smoothing cells while the shear term is evaluated by 2 x 2 Gauss quadrature. Through several numerical 
examples, the capability, efficiency and simplicity of the element are demonstrated. Convergence studies and 
comparison with other existing solutions in the literature suggest that the present element is robust, 
computationally inexpensive and free of locking. 
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ABSTRACT: This paper presents buckling and free vibration analysis of composite plate/shell structures of 
various shapes, modulus ratios, span-to-thickness ratios, boundary conditions and lay-up sequences via a novel 
smoothed quadrilateral flat element. The element is developed by incorporating a strain smoothing technique 
into a flat shell approach. As a result, the evaluation of membrane, bending and geometric stiffness matrices are 
based on integration along the boundary of smoothing elements, which leads to accurate numerical solutions 
even with badly-shaped elements. Numerical examples and comparison with other existing solutions show that 
the present element is efficient, accurate and free of locking. 
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ABSTRACT: This paper further extends a cell-based smoothed finite element method for free vibration and 
buckling analysis of shells. A four-node quadrilateral Mindlin-Reissner shell element with a gradient smoothing 
operator is adopted. The membrane-bending and geometrical stiffness matrices are computed along the 
boundaries of the smoothing cells while the shear stiffness matrix is calculated by an independent interpolation 
in the natural coordinates as in the MITC4 (the Mixed Interpolation of Tensorial Components) element. Various 
numerical results are compared with existing exact and numerical solutions and they are in good agreement. 
The advantage of the present formulation is that it retains higher accurate than the MITC4 element even for 
heavily distorted meshes without increasing the computational cost. 
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ABSTRACT: This study focuses on the buckling of cylindrical shells with small thickness variations under 



external pressure. Asymptotic formulas in terms of the thickness non-uniformity parameter are derived by the 
combined perturbation and Bubnov–Galerkin methods. In addition to the analytic investigation based on the 
thin shell theory, a numerical analysis is also performed. Results from these formulas are discussed and 
compared with those obtained by other authors. 
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Engineering Structures, Vol. 18, No. 8, August 1996, pp. 604-614, doi:10.1016/0141-0296(95)00174-3 
ABSTRACT: A theoretical investigation of the buckling of cylindrical shells under uniform external lateral 
pressure loading is presented, based on Flügge's stability equations in coupled form; these lead to great 
accuracy. The numerical process gives the buckling pressure for a selected circumferential buckling mode, 
material, geometry and boundary conditions. The influence of 17 different homogeneous boundary conditions 
placed on the displacements u, v and w, and on the slope dw/dx is investigated. A wide range of geometries (0.5 
≤ L/R ≤ 5 and 300 ≤ R/h ≤ 3000) is considered. Comparisons are made with some analyses in the literature. It is 
also found that, contrary to the widespread understanding that the critical pressure for a free cylinder is the same 
as for a ring, the present model obtains a slightly lower buckling pressure which depends on the length. 
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ABSTRACT: The governing Flügge stability equations in coupled form are used for cylinders subjected to 
external pressure that varies circumferentially. Three cases are considered: fluid (hydrostatic) pressure, wind 
pressure and partial (patch) circumferential pressure. The wind load follows the Australian Standard AS 1170.2 
(1989). Longitudinal variation of the load is not considered. The numerical process gives the stagnation 
buckling pressure for different shell geometry and simple support conditions at each end. The Galerkin method 
is employed to orthogonalize the error made with the introduction of the finite series into the governing 
equations. The solutions are compared with a few published solutions in the literature. 
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ABSTRACT: In this paper, the problems of thermal buckling in axial direction of cylindrical shells made of 
functionally graded materials are discussed. Based on the Donnell’s shell theory, the equilibrium and stability 
equations of the cylindrical shell subjected to thermal loads are derived firstly. Then the closed form solutions 



are presented for the shell with simply supported boundary conditions subjected to three types of thermal 
loading. The material properties are assumed varying as a power form of thickness coordinate variable. The 
influences of the aspect ratio, the relative thickness and the functionally graded index on the buckling 
temperature difference are carefully discussed.  
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“Thermal buckling of imperfect functionally graded cylindrical shells according to Wan-Donnell model”, 
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ABSTRACT: A thermal buckling analysis of imperfect circular cylindrical shells of functionally graded 
material is considered. The material properties are assumed varying as a power form of thickness coordinate 
variable. The Donnell equilibrium and stability equations are considered and the Wan-Donnell model for initial 
geometrical imperfection is adopted. The thermal loads include the uniform temperature rise and nonlinear 
temperature change across the thickness of shell. A closed form solution for the thermal buckling of simply 
supported cylindrical FG shell under the described thermal loads is obtained. The influences of the relative 
thickness, the imperfection size and the power law index on buckling thermal loads are all discussed.  
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ABSTRACT: This paper presents an analytical approach to investigate nonlinear response of functionally 
graded cylindrical panels under uniform lateral pressure with temperature effects are incorporated. Material 
properties are assumed to be temperature-independent, and graded in the thickness direction according to a 
simple power law distribution in terms of the volume fractions of constituents. Equilibrium and compatibility 



equations for cylindrical panels are derived by using the classical shell theory with both geometrical 
nonlinearity in von Karman–Donnell sense and initial geometrical imperfection are taken into consideration. 
The resulting equations are solved by Galerkin method to determine explicit expressions of nonlinear load-
deflection curves. Stability analysis for a simply supported panel shows the effects of material and geometric 
parameters, in-plane restraint and temperature conditions, and imperfection on the nonlinear response of the 
panel. 
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5, November 2006, pp. 701-713 
ABSTRACT: A titanium-matrix orthotropic cylindrical shell with the principal direction of orthotropy 
following a parallel constant angle helix, has been studied when it is subjected to uniform loading conditions of 
internal pressure, axial load and pure twisting moment. Nondimensional parameters pertaining to loading and 
deformations have been calculated and results plotted. The results obtained can be usefully applied in robotic 



actuators where lightweight considerations with high strength are of prime importance. The study is further 
extended to investigate the effect of temperature on the deformations. Through parametric studies, deformation 
patterns are calculated and plotted that are unique to orthotropy. In most of the cases, it is observed that 
deformation patterns are same, but deformation is increasing with temperatures. 
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ABSTRACT: In the article, we have formulated a geometric non-linear mathematical-physical model of the 
snap-through of the system of a thin-walled shallow bimetallic translation shell in a homogenous temperature 
field according to the theory of large displacements, moderate rotations, and small strains of the shell element. 
The model enables the calculation of the geometric conditions, of shallow translation shells, due to the 
influences of temperature and mechanical loads. The results are based on the numeric solution of a non-linear 
system of partial differential equations with boundary conditions according to the finite difference method. 
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Marko Jakomin, "Shallow Axi-symmetric Bimetallic Shell as a Switching Element in a Non-Homogenous 
Temperature Field," Engineering, Vol. 3 No. 2, 2011, pp. 119-129. doi: 10.4236/eng.2011.32015. 
ABSTRACT: In this contribution we discuss the stability of thin, axi-symmetric, shallow bimetallic shells in a 
non-homogeneous temperature field. The presented model with a mathematical description of the geometry of 
the system, displacements, stresses and thermoelastic deformations on the shell, is based on the theory of the 
third order, which takes into account not only the equilibrium of forces on a deformed body but also the non-
linear terms of the strain tensor. The equations are based on the large displacements theory. As an example, we 
present the results for a bimetallic shell of parabolic shape, which has a temperature point load at the apex. We 
translated the boundary-value problem with the shooting method into saving the initial-value problem. We 
calculate the snap-through of the system numerically by the Runge-Kutta fourth order method. 
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ABSTRACT: In this contribution, we discuss the stress, deformation, and snap-through conditions of thin, axi-
symmetric, shallow bimetallic shells of so-called parabolic-conic and plate-parabolic type shells loaded by 
thermal loading. According to the theory of the third order that takes into account the balance of forces on a 
deformed body, we present a model with a mathematical description of the system geometry, displacements, 
stress, and thermoelastic deformations. The equations are based on the large displacements theory. We 
numerically calculate the deformation curve and the snap-through temperature using the fourth-order Runge-
Kutta method and a nonlinear shooting method. We show how the temperature of both snap-through depends on 
the point where one type of the rotational curve transforms into another. 
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snap-through of the shallow axisymmetric parabolic bimetallic shell”, International Journal of Basic & Applied 
Sciences (IJBAS-IJENS), Vol 13, No. 4, August 2013 
ABSTRACT: Bimetallic shallow shells are thermal sensors. The paper presents relevant technical information 
on bimetallic shallow shells and describes some interesting physical experiments. It is shown how, through 
simple measurements and calculations, it is possible to determine the initial speed (~3.5 m/s), the acceleration 
(~30000 m/s2) and the lower and upper snap temperature (~22 °C; ~32 °C) of the bimetal. The results from 
calculations are comparable to those obtained by a high speed camera. The videos give an even deeper insight 
into the phenomenon of the snap-through.  
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“Electronic skin: architecture and components”, Physica E, Vol. 25, pp 326-334, 2004 
ABSTRACT: Conceptual hardware architecture of skin-like circuits is described. An elastomeric skin carries 
rigid islands on which active subcircuits are made. The subcircuit islands are interconnected by stretchable 
metallization. We concentrate on recent advances in stretchable thin-film conductors, by covering their 
construction, evaluation, and laboratory and theoretical analysis. Reversibly stretchable conductors with 
electrically-critical strains ranging from 10% to 100% have been made. 
 
 
Teng Li (Department of Mechanical Engineering and Maryland NanoCenter, University of Maryland, 2181 
Glenn L. Martin Hall, College Park, MD 20742, USA), “A mechanics model of microtubule buckling in living 
cells”, Journal of Biomechanics, Vol. 41, No. 8, 2008, pp. 1722-1729, doi:10.1016/j.jbiomech.2008.03.003 
ABSTRACT: As the most rigid cytoskeletal filaments, microtubules bear compressive forces in living cells, 
balancing the tensile forces within the cytoskeleton to maintain the cell shape. It is often observed that, in living 
cells, microtubules under compression severely buckle into short wavelengths. By contrast, when compressed, 
isolated microtubules in vitro buckle into single long-wavelength arcs. The critical buckling force of the 
microtubules in vitro is two orders of magnitude lower than that of the microtubules in living cells. To explain 
this discrepancy, we describe a mechanics model of microtubule buckling in living cells. The model 
investigates the effect of the surrounding filament network and the cytosol on the microtubule buckling. The 
results show that, while the buckling wavelength is set by the interplay between the microtubules and the elastic 
surrounding filament network, the buckling growth rate is set by the viscous cytosol. By considering the 
nonlinear deformation of the buckled microtubule, the buckling amplitude can be determined at the kinetically 
constrained equilibrium. The model quantitatively correlates the microtubule bending rigidity, the surrounding 
filament network elasticity, and the cytosol viscosity with the buckling wavelength, the buckling growth rate, 
and the buckling amplitude of the microtubules. Such results shed light on designing a unified experimental 
protocol to measure various critical mechanical properties of subcellular structures in living cells. 
 
 
Yuanwen Gao and Le An (Key Laboratory of Mechanics on Western Disaster and Environment, Ministry of 
Education, Department of Mechanics and Engineering Science, College of Civil Engineering and Mechanics, 
Lanzhou University, Lanzhou 730000, PR China), “A nonlocal elastic anisotropic shell model for microtubule 
buckling behaviors in cytoplasm”, Physica E: Low-dimensional Systems and Nanostructures, Vol. 42, No. 9, 
July 2010, pp. 2406-2415, doi:10.1016/j.physe.2010.05.022 
ABSTRACT: The buckling behaviors of microtubules (MTs) in a living cell have been studied based on the 
nonlocal anisotropic shell theory and Stokes flow theory. The analytical expressions for the buckling load and 
the growth rate of the buckling are obtained and discussed. In addition, the pressure on MTs, resulting from 
cytosol motion, is derived on the basis of the Stokes flow theory. The influences of filament network elasticity 
and the shear modulus of MTs, especially the cytosol viscosity and MT small scale effects on MT buckling 
behaviors, are investigated. The analytical results show that the MT buckling growth rate increases with the MT 
small scale parameter, while decreases as the filament network elastic modulus, the MT shear modulus and 



cytoplasm viscosity increase. Although the cytosol viscosity has a significant influence on the value of the 
growth rate, it shows little effects on the range of the axial wave number of buckling as well as the critical axial 
wave number that corresponds to the maximal growth rate. Finally, the MT buckling growth rates have been 
calculated using the beam model, the isotropic shell model, and the anisotropic shell model. The results indicate 
that using the anisotropy shell theory to model the buckling behavior of MTs is necessary. 
 
 
P Khazaeinejad, M M Najafizadeh (Department of Mechanical Engineering, Islamic Azad University, Arak 
Branch, Arak, Iran), “Mechanical buckling of cylindrical shells with varying material properties”, Proceedings 
of the Institution of Mechanical Engineers, Part C: Journal of Mechanical Engineering Science, Vol. 224, No. 8, 
2010, doi: 10.1243/09544062JMES1978 
ABSTRACT: The analytical solutions of the first-order shear deformation theory are developed to study the 
buckling behaviour of functionally graded (FG) cylindrical shells under three types of mechanical loads. The 
Poisson's ratios of the FG cylindrical shells are assumed to be constant, while the Young's moduli vary 
continuously throughout the thickness direction according to the volume fraction of constituents given by 
power-law or exponential function. The stability equations are employed to obtain the closed-form solutions for 
critical buckling loads of each loading case. The dependence of the critical buckling loads on the variations of 
the material properties with a power-law or exponential function is studied. It is observed that these effects 
change appreciably the critical buckling loads. Results for critical loads are tabulated for thin and moderately 
thick shells. Although the critical buckling load of FG cylindrical shells decreases as the circumferential wave 
numbers increase, it rises for axially compressed long shells as the longitudinal wave numbers increase. 
 
 
O. Miraliyari, M.M. Najafizadeh, A.R. Rahmani, A. Momeni Hezaveh, “Thermal and Mechanical Buckling of 
Short and Long Functionally Graded Cylindrical Shells Using First Order Shear Deformation Theory”, World 
Academy of Science, Engineering and Technology, Vol. 5, 2011-02-21 
ABSRACT: This paper presents the buckling analysis of short and long functionally graded cylindrical shells 
under thermal and mechanical loads. The shell properties are assumed to vary continuously from the inner 
surface to the outer surface of the shell. The equilibrium and stability equations are derived using the total 
potential energy equations, Euler equations and first order shear deformation theory assumptions. The resulting 
equations are solved for simply supported boundary conditions. The critical temperature and pressure loads are 
calculated for both short and long cylindrical shells. Comparison studies show the effects of functionally graded 
index, loading type and shell geometry on critical buckling loads of short and long functionally graded 
cylindrical shells. 
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Craigsteven Gerhard, “  Finite Element Analysis of Geodesically Stiffened Cylindrical Composite Shells Using 
a Layerwise Theory” (1994 Ph.D. Thesis, csa.com) 
ABSTRACT: Layerwise finite element analyses of geodesically stiffened cylindrical shells are presented in this 



work. The Layerwise Laminate Theory of Reddy (LWTR) is developed and adapted to circular cylindrical 
shells. The Ritz variational method is used to develop an analytical approach for studying the buckling of 
simply supported geodesically stiffened shells with discrete stiffeners. This method utilizes a Lagrange 
multiplier technique to attach the stiffeners to the shell. The development of the layerwise shells couples a one-
dimensional finite element through the thickness with a Navier solution that satisfies the boundary conditions. 
The buckling results from the Ritz discrete analytical method are compared with smeared buckling results and 
with NASA testbed finite element results. The development of layerwise shell and beam finite elements is 
presented and these elements are used to perform the displacement field, stress, and first-ply failure analyses. 
The layerwise shell elements are used to model the shell skin and the layerwise beam elements are used to 
model the stiffeners. This arrangement allows the beam stiffeners to be assembled directly into the global 
stiffness matrix. A series of analytical studies are made to compare the response of geodesically stiffened shells 
as a function of loading, shell geometry, shell radii, shell laminate thickness, stiffener height, and geometric 
nonlinearity. Comparisons of the structural response of geodesically stiffened shells, axial and ring stiffened 
shells, and unstiffened shells are provided. In addition, Interlaminar stress results near the stiffener intersection 
are presented. First-ply failure analyses for geodesically stiffened shells utilizing the Tsai-Wu failure criterion 
are presented for a few selected cases. 
 
 
Ömer Civalek (Division of Mechanics, Civil Engineering Department, Engineering Faculty, Akdeniz 
University, 07200 Topcular, Antalya, Turkey), “Geometrically nonlinear dynamic analysis of doubly curved 
isotropic shells resting on elastic foundation by a combination of harmonic differential quadrature-finite 
difference methods”, International Journal of Pressure Vessels and Piping, Vol. 82, No. 6, June 2005, pp. 470-
479, doi:10.1016/j.ijpvp.2004.12.003 
ABSTRACT: The nonlinear dynamic response of doubly curved shallow shells resting on Winkler–Pasternak 
elastic foundation has been studied for step and sinusoidal loadings. Dynamic analogues of Von Karman–
Donnel type shell equations are used. Clamped immovable and simply supported immovable boundary 
conditions are considered. The governing nonlinear partial differential equations of the shell are discretized in 
space and time domains using the harmonic differential quadrature (HDQ) and finite differences (FD) methods, 
respectively. The accuracy of the proposed HDQ-FD coupled methodology is demonstrated by numerical 
examples. The shear parameter G of the Pasternak foundation and the stiffness parameter K of the Winkler 
foundation have been found to have a significant influence on the dynamic response of the shell. It is concluded 
from the present study that the HDQ-FD methodolgy is a simple, efficient, and accurate method for the 
nonlinear analysis of doubly curved shallow shells resting on two-parameter elastic foundation. 
 
 
Bekir Akgöz and Ömer Civalek (Akdeniz University, Civil Engineering Department, Division of Mechanics, 
Antalya, Turkey), “Application of strain gradient elasticity theory for buckling analysis of protein 
microtubules”, Current Applied Physics, Article in Press, Corrected Proof - , doi:10.1016/j.cap.2011.02.006 
ABSTRACT: In this paper, size effect of microtubules (MTs) is studied via modified strain gradient elasticity 
theory for buckling. MTs are modeled by Bernoulli–Euler beam theory. By using the variational principle, the 
governing equations for buckling and related boundary conditions are obtained in conjunctions with the strain 
gradient elasticity. The size effect for buckling analysis of MTs is investigated and results are presented in 
graph form. The results obtained by strain gradient elasticity theory are discussed through the numerical 
simulations. The results based on the modified couple stress theory, nonlocal elasticity theory and classical 
elasticity theories have been also presented for comparison purposes. 
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“Geometrically nonlinear dynamic and static analysis of shallow spherical shell resting on two-arameters elastic 
foundations”, International Journal of Pressure Vessels and Piping, Vol. 113, pp 1-9, 2014 
DOI: 10.1016/j.ijpvp.2013.10.014 
ABSTRACT: In the present study nonlinear static and dynamic responses of shallow spherical shells resting on 
Winkler–Pasternak elastic foundations are carried out. The formulation of the shells is based on the Donnell 



theory. The nonlinear governing equations of motion of shallow shells are discretized in space and time 
domains using the discrete singular convolution and the differential quadrature methods, respectively. The 
validity of the present method is demonstrated by comparing the present results with those available in the open 
literature. The effects of the Winkler and Pasternak foundation parameters on nonlinear static and dynamic 
response of shells are investigated. Some results are also presented for circular plate as special case. Damping 
effect on nonlinear dynamic response of shells is studied. It is important to state that the increase in damping 
parameter causes decrease in the dynamic response of the shells. It is shown that the shear parameter of the 
foundation has a significant influence on the dynamic and static response of the shells. Also, the response of the 
shell is decreased with the increasing value of the shear parameter of the foundation. Parametric studies 
considering different geometric variables have also been investigated. 
 
 
 
Lentzen, S. and Schmidt, R. (Institute of General Mechanics, Technical University Aachen, Germany), 
“Geometrically nonlinear composite shells with integrated piezoelectric layers”. PAMM, Vol. 4, No. 1, 
December 2004, pp. 63–66. doi: 10.1002/pamm.200410016 
ABSTRACT: In order to show the significance of considering nonlinear deformations in piezoelectrical 
structures, a geometrical nonlinear shell element with integrated piezoelectric layers is introduced. The strain-
displacement relations are implemented using firstorder shear deformation theory with small strains but 
moderate rotations. The element has been tested on several benchmark problems and it can be concluded that 
the effect of geometrical nonlinearity is significant when the sensor properties of the piezoelectrical layers are 
predicted. 
 
 
Lentzen, S. and Schmidt, R. (Institut für Allgemeine Mechanik der RWTH Aachen, Templergraben 64, 52062 
Aachen, Germany), “Geometrically nonlinear finite-shell elements with magnetostrictive layers”, PAMM, 
Vol.7, 2007, 4070033–4070034. doi: 10.1002/pamm.200700800 
ABSTRACT: In this paper a geometrically nonlinear composite shell element with integrated magnetostrictive 
layers is presented. Three translational and two rotational nodal degrees of freedom are used for the first-order 
transverse shear approximation. The finite element is used in order to investigate shape and stability control 
problems of structures with magnetostrictive actuator layers in the range of large deformations. The numerical 
approximations to this static problem are obtained using the total Lagrangian formulation for the moderate 
rotation shell theory. The aforementioned finite element is used to numerically investigate the actuation 
behaviour of the integrated magnetostrictive layers. Since the magnetic field is prescribed, the coupled 
magnetoelastic problem turns into a decoupled problem. 
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“Geometrically nonlinear finite element simulation of smart piezolaminated plates and shells”, Smart Materials 
and Structures, Vol. 16, No. 6, October 2007, DOI: 10.1088/0964-1726/16/6/029 
ABSTRACT: In this work a geometrically nonlinear finite shell element is presented, incorporating 
piezoelectric layers. The finite element is implemented in a total Lagrangian approach, which requires special 
attention to be given to the proper definition of the mechanical and electrical quantities. The strain–
displacement relations are based on the assumption of small strains and moderate rotations. The transverse 
displacement field and the transverse electric potential are assumed to vary linearly through the thickness. With 
the presented finite element, static as well as dynamic examples are calculated. The differences between the 
results obtained with linear and nonlinear theory are emphasized. 
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“Fully non-linear magnetoelastic interactions of a circular cylindrical thin shell subject to electromagnetic 
fields”, International Journal of Non-Linear Mechanics, Vol. 46, No. 2, March 2011, pp. 425-435, 
doi:10.1016/j.ijnonlinmec.2010.11.002 
ABSTRACT: By using the mixed Lagrangian–Eulerian description and adopting the von Kármán's strain 
approximation, the non-linear magnetoelastic interactions of a circular cylindrical thin shell experiencing 
moderately large deflections are fully explored. The shell is assumed to be perfectly electroconductive and 
immersed in an applied magnetic field and carrying electric current. The magnetoelastic loads acting on the 
shell associated with the Lorentz forces and Maxwell's stress jumps are explicitly represented and the 
approximated governing systems for the induced magnetic fields outside the shell in total Lagrangian 
description are obtained. Case study on a shell's cross section model is conducted and pertinent conclusions are 
drawn. 
 
 
Jianwu Zhang, Yanhai Xu, and Jinsong Wu (School of Mechanical Engineering, Shanghai Jiao Tong Univ., 
Shanghai 200030, People’s Republic of China.), “Buckling and Postbuckling of Antisymmetrically Laminated 
Cross-ply Shear-Deformable Cylindrical Shells under Axial Compression”, ASCE J. Engrg. Mech. 129, 107 
(2003); doi:10.1061/(ASCE)0733-9399(2003)129:1(107) (10 pages) 
ABSTRACT: The generalized Donnell-type equations governing large deflection of antisymmetrically 
laminated cross-ply cylindrical shells counting for transverse shear deformations are derived and presented. An 
asymptotic series solution is constructed by regular perturbation technique for postbuckling behaviors of the 
cylindrical shells with simply supported edges subjected to axial compression. Boundary layer influence at both 
ends of the shells on overall buckling and postbuckling are considered, and for consistency of the boundary 
valued problem, the boundary layer solutions are also designed to match the out-of-plane edge conditions by 
singular perturbation approach. Effects of transverse shear deformation, Batdorf’s parameter, elastic moduli 
ratio, and initial geometric imperfection on buckling and postbuckling performance of the shells are examined. 
Some numerical examples are taken for comparison of the present results of buckling loads and load–deflection 
curves of the shells with corresponding theoretical predictions to show effectiveness and accuracy of the present 
asymptotic perturbation solution. 
 
 
A. Argento and R.A. Scott (Department of Mechanical Engineering University of Michigan-Dearborn 4901 
Evergreen Road Dearborn, MI 48128-1491), “Dynamic Instability Of Layered Anisotropic Circular Cylindrical 
Shells, Part I: Theoretical Development”,  Journal of Sound and Vibration 162(2), April 1993, pp. 311-322, 
http://hdl.handle.net/2027.42/30844  
ABSTRACT: A theoretical development is presented for the parametric resonance of layered anisotropic 
circular cylindrical shells. The shell's ends are clamped and subjected to axial loading consisting of a static part 
and a harmonic part. The shell is modelled by using linear shell theory; classical lamination theory is used to 
determine the stiffness of the overall composite shell structure. The shell's response is divided into a pre-
instability (unperturbed) part and an incremental perturbation--which can be dynamically unstable. Rather than 
assuming the unperturbed state to be a static membrane state of stress, here unperturbed response inertia and 
spatial variations are retained. A successful solution strategy is developed by employing several Fourier 
expansions. By means of it, the equations of motion of the perturbed response are reduced to a system of 
Mathieu equations. The stability of such a system can be determined by known methods. Numerical results are 
presented in part II. 
(Cannot cut and paste references from the pdf file) 
 
A. Argento and R.A. Scott (Department of Mechanical Engineering University of Michigan-Dearborn 4901 
Evergreen Road Dearborn, MI 48128-1491), “Dynamic Instability Of Layered Anisotropic Circular Cylindrical 
Shells, Part II: Numerical Results”, Journal of Sound and Vibration 162(2): 323-332, 
http://hdl.handle.net/2027.42/30845 , doi: 10.1006/jsvi.1993.1121 
ABSTRACT: Numerical results for the parametric resonance response of layered anisotropic circular 



cylindrical shells are presented based on a theoretical development given in part I [1]. The principal regions of 
parametric resonance are determined numerically from the system of Mathieu equations derived in part I. 
Results are given for two particular graphite-epoxy shells. The effects of pre-instability inertia in the composite 
shell is shown to be similar to that discussed previously [2] in connection with isotropic shells. Specifically, it is 
found that inclusion of pre-instability inertia may result in increased widths of the instability regions of modes 
having instability forcing frequency very close to a natural frequency of the pre-instability motion of the shell. 
Also, the effect of pre-instability spatial variation on the principal regions of parametric resonance is separately 
studied. It is found that the widths of the instability regions may be greatly increased by inclusion of these 
spatial variations. 
 
 
A. Argento (Department of Mechanical Engineering University of Michigan-Dearborn 4901 Evergreen Road 
Dearborn, MI 48128-1491), “Dynamic Stability of a Composite Circular Cylindrical Shell Subjected to 
Combined Axial and Torsional Loading”, Journal of Composite Materials, 1993, vol. 27, no. 18  pp. 1722-1738, 
doi: 10.1177/002199839302701802 
ABSTRACT: The dynamic stability of thin, clamped, composite circular cylindrical shells is studied for 
combined axial and torsional loading. Each load is taken to be har monically varying; the frequencies of the two 
loads differ, in general. For the case in which the frequencies are commensurate, the applied load function is 
periodic. The equa tions of motion for the shell are reduced to a system of Hill equations by means of Fourier 
series expansions. Instability regions of principal and combination parametric resonance are determined by use 
of the monodromy matrix. Numerical results are generated for boron-epoxy layered shells for various cases of 
pure axial, pure torsional, and combined loading. The width of the principal instability region is presented as a 
function of fiber ori entation for a laminate case. Stability diagrams are presented covering about 6 times the 
lowest natural frequency for various ratios of the applied axial and torsional frequencies. 
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2, Germany 
“Random fields in the limit analysis of elastic-plastic shell structures”, Computers & Structures, Vol. 51, No. 3, 
March 1994, pp. 267-275, doi:10.1016/0045-7949(94)90334-4 
ABSTRACT: The purpose of this work is to analyse the problem: what is the effect of the assumed types and 
intensities of random initial geometrical imperfections on the equilibrium paths and the limit loads? To this end 
a new method of simulation of nonhomogeneous two-dimensional random fields on regular nets has been 
developed. The method is based on two concepts: an envelope of the random field and local covariance matrices 
classified according to the symmetry groups. The numerical examples deal with post-buckling responses of 
FEM models of shallow shells with different types of imperfections (whitenoise, Wiener and degenerated 
fields) using a Monte Carlo approach. 
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“Consistent mixed model for stability of stiffened panels with cut-outs”, Computers & Structures, Vol. 54, 
No.1, January 1995, pp. 119-130, doi:10.1016/0045-7949(94)00307-O 
ABSTRACT: In contrast to the familiar Kirchoff approach, a simple, consistent, shear flexible model for the 
stability analysis of stiffened panels has been developed in the context of hybrid mixed technique. This model is 
composed of a quadrilateral plate element, as well as its complementary skeletal grid element. The formulation 
is based on the Hellinger/Reissner mixed variational principle with independently assumed displacement and 
strain fields. The proposed model has been utilized to develop a general finite element code for determination of 
critical buckling stresses of stiffened panels for any case of in-plane loadings and boundary conditions. The 



effectiveness and practical usefulness of this model have been demonstrated by a variety of numerical results 
for practical applications. In particular, design curves for buckling stresses of simply supported rectangular 
panels with central cut-outs and lateral stiffeners have been developed under in-plane load-type. These curves 
provide a valuable insight into the behavior of stiffened panels and could be useful for design codes. 
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“Free vibrations and stability analysis of laminated composite plates and shells with hybrid/mixed formulation”, 
Computers & Structures, Vol. 63, No. 6, June 1997, pp. 1149-1163, doi:10.1016/S0045-7949(96)00384-7 
ABSTRACT: Modern theory for applications of laminated plates and shells calls for detailed study of the effect 
of large spatial rotations on the geometric stiffness for stability analysis as well as inertia operators for 
vibrations. These two issues are carefully examined here in conjunction with the recently developed mixed 
finite element formulation for plates and shells with low-order displacement/strain interpolations. An extensive 
set of stability and vibration problems has been solved to demonstrate the effectiveness and general utilities of 
the formulation described for laminated plate and shells with arbitrary geometry. 
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“Nonlinear dynamics for mixed shells with large rotation and elastoplasticity”, International Journal of 
Computational Engineering, Vol. 1, No. 1, June 2000, DOI: 10.1142/S1465876300000021 
ABSTRACT: From a more recent and comprehensive perspective, work on the nonlinear dynamic response of 
plates and shells calls for detailed studies of several important factors. These include the effect of large spatial 
rotations on the geometric stiffness and inertia operators, the accurate updating procedures for nodal rotations 
and associated angular velocities and accelerations, as well as material inelasticity (especially for finite strains). 
Several of these issues are examined here in conjunction with a recently developed mixed finite element 
formulation for plates and shells. To this end, and restricting the scope to the case of large overall motions but 
small strains, low-order displacement/strain interpolations are utilized, together with a radial return algorithm 
(backward-Euler-integration scheme) for plasticity effects. The Newmark implicit scheme has been employed 
to integrate the semi-discrete equations of motion. A selective set of elastic as well as elasto-plastic problems 
has been solved to demonstrate the effectiveness and practical utility of the formulation described for plate and 
shells with arbitrary geometry. 
 
 
Lee, J.J., Oh, Il-Kwon, Lee, In and Rhiu, J.J., “Non-linear static and dynamic instability of complete spherical 
shells using mixed finite element formulation”, International Journal of Non-Linear Mechanics, Vol. 38, No. 6, 
pp 923-934, September 2003 
ABSTRACT: The finite element method based on the total Lagrangian description of the motion and the 
Hellinger–Reissner principle with independent strain is applied to investigate the non-linear static and dynamic 
responses of spherical laminated shells under external pressure. The non-linear dynamic problem is solved by 
employing the implicit time integration method. The critical load of thin spherical laminated panels is 
investigated by examining the static and dynamic responses. The critical dynamic load is determined by the 
phase-plane and the Budiansky–Roth criteria. The effect of the artificial coefficient of Rayleigh damping on the 
dynamic response is considered. The dynamic response with damping included converges to the static response. 
The damping coefficient greatly affects a highly non-linear dynamic response. For a thin spherical panel with 
the snapping phenomena, the critical dynamic load is lower than the static one. 
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“The effect of intertube van der Waals interaction on the stability of pristine and functionalized carbon 
nanotubes under compression”, Nanotechnology, Vol. 21, 2010, 125704 doi: 10.1088/0957-4484/21/12/125704 
ABSTRACT: This paper investigates the effect of intertube van der Waals interaction on the stability of pristine 
and covalently functionalized carbon nanotubes under axial compression, using molecular mechanics 
simulations. After regulating the number of inner layers of the armchair four-walled (5, 5)-(10, 10)-(15, 15)-(20, 
20) and zigzag four-walled (6, 0)-(15, 0)-(24, 0)-(33, 0) carbon nanotubes, the critical buckling strains of the 
corresponding tubes are calculated. The results show that each of the three inner layers in the functionalized 
armchair nanotube noticeably contributes to the stability of the outermost tube, and together increase the critical 
strain amplitude by 155%. However, the three inner layers in the corresponding pristine nanotube, taken 
together, increase the critical strain of the outermost tube by only 23%. In addition, for both the pristine and 
functionalized zigzag nanotubes, only the (24, 0) layer, among the three inner layers, contributes to the critical 
strain of the corresponding outermost tube, by 11% and 29%, respectively. The underlying mechanism of the 
enhanced stability related to nanotube chirality and functionalization is analyzed in detail. 
 
 
Xiaohu Yao and Qiang Han (Department of Engineering Mechanics, College of Traffic and Communications, 
South China University of Technology, Guangzhou, 510640, P.R. China), “Buckling Analysis of Multiwalled 
Carbon Nanotubes Under Torsional Load Coupling With Temperature Change”, ASME J. Eng. Mater. Technol.   
Vol. 128,  No. 3, July 2006, pp. 419 –428, doi:10.1115/1.2203102 
ABSTRACT: The buckling of multiwalled carbon nanotubes under torsional load coupling with temperature 
change is researched. The effects of torsional load, temperature change, surrounding elastic medium, and van 
der Waals forces between the inner and outer nanotubes are taken into account at the same time. Using 
continuum mechanics, an elastic multishell model with thermal effect is presented for buckling of a multiwalled 
carbon nanotube embedded in an elastic matrix under thermal environment and torsional load. Based on the 
model, numerical results for the general case are obtained for the thermal effect on buckling of a multiwalled 
carbon nanotube under torsional load. It is shown that the buckling torque of a multiwalled carbon nanotube 
under a certain value of temperature change is dependent on the wave number of torsional buckling modes, and 
a conclusion is drawn that at room or lower temperature the critical torsional load for infinitesimal buckling of a 
multiwalled carbon nanotube increases as the value of temperature change increases, while at temperature 
higher than room temperature the critical torsional load for infinitesimal buckling of a multiwalled carbon 
nanotube decreases as the value of temperature change increases. 
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South China University of Technology, Guangzhou, 510640, PR China), “Postbuckling prediction of double-
walled carbon nanotubes under axial compression”, European Journal of Mechanics - A/Solids, Vol. 26, No. 1, 
January-February 2007, pp. 20-32, doi:10.1016/j.euromechsol.2006.01.008 
ABSTRACT: An elastic double-shell model is presented for the buckling and postbuckling of a double-walled 
carbon nanotube subjected to axial compression. The analysis is based on a continuum mechanics model in 
which each tube of a double-walled carbon nanotube is described as an individual elastic shell and the interlayer 
friction is negligible between the inner and outer tubes. The governing equations are based on the Kármán–
Donnell-type nonlinear differential equations. The van der Waals interaction between the inner and outer 
nanotubes and the nonlinear prebuckling deformations of the shell are both taken into account. A boundary 
layer theory of shell buckling is extended to the case of double-walled carbon nanotubes under axial 
compression. A singular perturbation technique is employed to determine the buckling loads and postbuckling 
equilibrium paths. Numerical results reveal that the single-walled carbon nanotube and the double-walled 
carbon nanotube both have an unstable postbuckling behavior. 
 
 
H. Qian and K.Y. Xu (Shanghai Institute of Applied Mathematics and Mechanics, Department of Mechanics, 
Shanghai University, 99 Shangda Road, Shanghai 200444, People's Republic of China), “Curvature effects on 
pressure-induced buckling of empty or filled double-walled carbon nanotubes”, Acta Mechanica, Vol. 187, Nos. 
1-4, 2006, pp. 55-73, doi: 10.1007/s00707-006-0372-1 
ABSTRACT: The curvature effects of interlayer van der Waals (vdW) forces on pressure-induced buckling of 
empty or filled double-walled carbon nanotubes (DWNTs) are studied for various radii, length-to-radius ratios, 
end conditions and internal-to-external pressure ratios. The analysis is based on a double-elastic shell model and 
assumes that the interlayer vdW pressure at a point between the inner and outer tubes depends not only on the 
change of the interlayer spacing, but also on the change of the curvatures of the inner and outer tubes at that 
point. Here the role of filling substances inside DWNTs is modeled by a uniformly distributed internal pressure. 
The present work aims to study the curvature effects on critical radial pressure. An explicit formula is obtained 
for the external buckling pressure of empty or filled DWNTs. The critical value of external pressure is estimated 



with various internal-to-external pressure ratios. It is shown that the curvature effects play a more significant 
role in buckling problems under radial pressure for small radii DWNTs than under pure axial stress. Our results 
show that loading transfer through vdW forces prior to buckling is important for the pressure-induced buckling 
of DWNTs rather than axially compressed buckling. 
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H. Qian and K.Y. Xu (Shanghai Institute of Applied Mathematics and Mechanics, Department of Mechanics, 
Shanghai University, 99 Shangda Road, Shanghai 200444, People's Republic of China), “Curvature effects on 
buckling of double-walled carbon nanotubes under combined axial compression and lateral pressure”, Smart 
Mater. Struct., Vol. 16, No. 6, 2007, p. 1997 
doi: 10.1088/0964-1726/16/6/002 
ABSTRACT: Based on a curvature model for van der Waals (vdW) pressure between the interlayer of a double-
walled carbon nanotube (DWNT), explicit expressions are derived for the critical buckling load of a DWNT 
which is modeled as a double-elastic shell under combined axial compression and lateral pressure. The critical 
load is calculated for various radii, length-to-radius ratios and load combinations. New results show that the 
curvature effects play a significant role in buckling problems for DWNTs of small radii. Neglecting the 
curvature effect usually leads to an under-estimate of the critical load for DWNTs when lateral pressure 
dominates. In addition, unlike Wang et al (2003b Int. J. Solids Struct. 40 3893) and Qian et al (2005 Int. J. 
Solids Struct. 42 5426), the buckling mode corresponding to the minimum axial buckling strain is unique, even 
when the lateral pressure is very small. For the DWNTs under combined axial compression and lateral pressure, 
the critical axial strain is reduced due to the external pressure. 
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“Torsional elastic instability of double-walled carbon nanotubes”, Carbon, Vol. 48, No. 15, December 2010, 
pp.4362-4368, doi:10.1016/j.carbon.2010.07.050 
ABSTRACT: In this paper, a theoretical analysis of the torsional buckling instability of double-walled carbon 
nanotubes (DWCNTs) and the DWCNTs embedded in an elastic medium is presented based on the continuum 
elastic shell model and Winkler spring model. Using the proposed theoretical approach, the influences of the 
aspect ratio, the buckling modes and the surrounding medium on the torsional stability are examined in detail. 
The simulation results show that the torsional instability of DWCNTs can occur in different buckling modes 
according to the aspect ratio. The van der Waals (vdW) interaction force between nanotubes reinforces the 
stiffness of nanoshells. Thus, the DWCNTs possess higher buckling stability than the SWCNTs without 
considering vdW interaction force. 
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“Buckling Instability of Carbon Nanotube Atomic Force Microscope Probe Clamped in an Elastic Medium”, J. 
Nanotechnol. Eng. Med. 3(2), 020903 (Sep 28, 2012), DOI: 10.1115/1.4007215 
ABSTRACT: Carbon nanotubes (CNTs) can be used as atomic force microscope (AFM) probes due to their 
robust mechanical properties, high aspect ratio and small diameter. In this study, a model of CNTs clamped in 
an elastic medium is proposed as CNT AFM probes. The buckling instability of the CNT probe clamped in 
elastic medium is analyzed based on the nonlocal Euler–Bernoulli beam model and the Whitney–Riley model. 
The clamped length of CNTs, and the stiffness of elastic medium affect largely on the stability of CNT AFM 
probe, especially at high buckling mode. The result shows that the buckling stability of the CNT AFM probe 



can be largely enhanced by increasing the stiffness of elastic medium. Moreover, the nonlocal effects of 
buckling instability are investigated and found to be lager for high buckling mode. The theoretical investigation 
on the buckling stability would give a useful reference for designing CNT as AFM probes. 
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“Buckling behavior of stiffened laminated plates”, International Journal of Solids and Structures, Vol. 39, No. 
11, June 2002, pp. 3039-3055, doi:10.1016/S0020-7683(02)00232-9 
ABSTRACT: A layerwise (zigzag) finite element formulation is developed for the buckling analysis of 
stiffened laminated plates. The laminated plate is discretized into layers along the thickness direction. Each 
layer of the laminated plate is modeled by the degenerated shell elements, and the stiffener is modeled by the 
general 3-D beam elements. Layers are stacked together according to the interlayer continuity. In-plane 
displacements are considered in the derivation of geometric stiffness matrix. The advantage of the proposed 
model is its applicability to both thin and thick laminated plates. The significance of this study lies in the 
disclosure of the interaction between the lateral buckling of the stiffener and the buckling of the laminate. The 
inverse iteration method is adopted to extract the lowest eigenvalue corresponding to buckling. Parametric and 
comparative studies are conducted for different plate aspect ratios, plate thickness to length ratios, degrees of 
layer orthotropy, ply orientations, and stiffener depth to plate thickness ratios. 
 
 
Guo, Meiwen & Harik, Issam & Ren, Wei-Xin. (2002). “Free vibration analysis of stiffened laminated plates 
using layered finite element method”. Structural Engineering and Mechanics. 14. . 
10.12989/sem.2002.14.3.245. 
ABSTRACT: The free vibration analysis of stiffened laminated composite plates has been performed using the 
layered (zigzag) finite element method based on the first order shear deformation theory. The layers of the 
laminated plate is modeled using nine-node isoparametric degenerated flat shell element. The stiffeners are 
modeled as three-node isoparametric beam elements based on Timoshenko beam theory. Bilinear in-plane 
displacement constraints are used to maintain the inter-layer continuity. A special lumping technique is used in 
deriving the lumped mass matrices. The natural frequencies are extracted using the subspace iteration method. 
Numerical results are presented for unstiffened laminated plates, stiffened isotropic plates, stiffened symmetric 
angle-ply laminates, stiffened skew-symmetric angle-ply laminates and stiffened skew-symmetric cross-ply 
laminates. The effects of fiber orientations (ply angles), number of layers, stiffener depths and degrees of 
orthotropy are examined. 
 
 
Y.H. Kim and S.W. Lee (Department of Aerospace Engineering, University of Maryland, College Park, MD 
20742, U.S.A), “A solid element formulation for large deflection analysis of composite shell structures”, 
Computers & Structures, Vol. 30, Nos. 1-2, 1988, pp. 269-274, doi:10.1016/0045-7949(88)90232-5 
ABSTRACT: An 18-node solid element has been developed to model the behavior of laminated composite 
shells undergoing large deflection. The element formulation utilizes independently assumed strain in addition to 
assumed displacement. The strain and the determinant of the Jacobian matrix are assumed to be linear in the 
thickness direction. This allows analytical integration through the thickness regardless of ply layups. Numerical 
results demonstrate the validity of the present formulation. 
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Analysis Of Stiffened Cylinders”, Journal of Sound and Vibration, Vol. 243, No. 5, 21 June 2001, pp. 847-860, 
doi:10.1006/jsvi.2000.3447 



ABSTRACT: The aim of this article is to compare Donnell's, Love's, Sanders' and Flügge's thin shell theories in 
the evaluation of natural frequencies of cylinders stiffened with rings and stringers, whose effect is smeared 
over the entire surface of the cylinder. It is demonstrated that due to the large increase in bending stiffness 
related to rings, Donnell's theory provides highly inaccurate results with respect to the other three theories. 
Numerical results related to aluminum and composite stiffened cylinders and a comparison with results obtained 
with a finite element model of a stiffened cylinder complete the work. 
 
 
George Papadakis (Department of Mechanical Engineering, King’s College London, Strand, WC2R 2LS 
London, UK), “Buckling of thick cylindrical shells under external pressure: A new analytical expression for the 
critical load and comparison with elasticity solutions”, International Journal of Solids and Structures, Vol. 45, 
No. 20, October 2008, pp.5308-5321, doi:10.1016/j.ijsolstr.2008.05.027 
ABSTRACT: In this paper a set of stability equations for thick cylindrical shells is derived and solved 
analytically. The set is obtained by integration of the differential stability equations across the thickness of the 
shell. The effects of transverse shear and the non-linear variation of the stresses and displacements are 
accounted for with the aid of the higher order shell theory proposed by [Voyiadjis, G.Z. and Shi, G., 1991, A 
refined two-dimensional theory for thick cylindrical shells, International Journal of Solids and Structures, 27(3), 
261–282.]. For a thick shell under external hydrostatic pressure, the stability equations are solved analytically 
and yield an improved expression for the buckling load. Reference solutions are also obtained by solving 
numerically the differential stability equations. Both the full set that contains strains and rotations as well as the 
simplified set that contains rotations only were solved numerically. The relative magnitude of shear strain and 
rotation was examined and the effect of thickness was quantified. Differences between the benchmark solutions 
and the analytic expressions based on the refined theory and the classical shell theory are analysed and 
discussed. It is shown that the new analytic expression provides significantly improved predictions compared to 
the formula based on thin shell theory. 
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“Linear stability analysis and buckling of two-layered shells under external circumferential loading: a numerical 
investigation”, Journal of Pressure Vessel Technology, Vol. 132, No. 4, 041301 (7 pages), July 2010,  
DOI: 10.1115/1.4001638 
ABSTRACT: The purpose of this paper is to examine computationally the stability of shells consisting of two 
layers when subjected to external circumferential strain. This loading appears often in biomedicine when the 
smooth muscle surrounding various organs such as esophagus, lung airways, or gastrointestinal tract contracts. 
The differential stability equations are discretized using the finite volume method and the resulting generalized 
eigenvalue problem is solved using the QZ decomposition technique. The predicted number of folds agrees well 
with available experimental measurements. The present results show that the buckling behavior under 
circumferential strain loading is entirely different compared with external hydrostatic pressure loading. More 
specifically, in the latter case, the number of folds with the smallest critical load is always equal to 2. In the 
former case, however, it depends on the thickness and modulus of elasticity of each layer. The thickness of the 
inner layer significantly affects the number of folds and the critical buckling load. The influence of the 
thickness of the outer layer and the ratio of the two moduli of elasticity was also examined, but their effect was 
not as strong as that of the thickness of the inner layer. 
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shallow and deep stiffened shells”, Finite Elements in Analysis and Design, Vol. 33, No. 3, October 1999, 
pp.187-208, doi:10.1016/S0168-874X(99)00022-0 
ABSTRACT: Geometric nonlinear static analysis of shallow and deep stiffened shells has been conducted on 
the basis of a combination of Allman's plane stress triangle and Discrete Kirchhoff triangle (DKT) plate 
bending element. The compatibility condition at the shell beam junction is ensured as the same displacement 
function used for both the shell and the stiffener element. The formulation of the stiffener is done in such a 
manner that it can be placed anywhere within the shell element. The large deflection equations are based on von 
Kármán's theory. An iterative solution procedure, either Newton–Raphson method or modified Riks method, is 
employed to trace the nonlinear equilibrium path. The nonlinear static analysis of deep stiffened shell has been 
done for the first time. A variety of numerical examples are presented to demonstrate the versatility and 
efficiency of the present stiffened shell element. 
 
 
Y. BaImage, M. Itskov and A. Eckstein (Ruhr-University Bochum, Institute for Statics and Dynamics, 
Universitätsstr. 150, 44780, Bochum, Germany), “Composite laminates: nonlinear interlaminar stress analysis 
by multi-layer shell elements”, Computer Methods in Applied Mechanics and Engineering, Vol. 185, Nos. 2-4, 
May 2000, pp. 367-397, doi:10.1016/S0045-7825(99)00267-4 
ABSTRACT: An essential problem in dealing with composite laminates is an accurate prediction of 



interlaminar stresses playing an important role in the design, particularly in the failure analysis of these 
structures. The objective of the present paper is to develop a multi-layer shell-element family capable to deal 
with this aspect in the presence of strong nonlinearities. First a multi-director shell theory is presented on the 
basis of a quadratic approximation of the displacement field. A particular attention is given to the 
parametrization of the inextensible shell director in order to make the formulation accessible to finite rotations. 
This is accomplished by using Euler-angles as well as an updated rotation formulation. The single layer theory 
is then coupled with a multi-layer concept, which has been shown to be very predictive in dealing with complex 
through-thickness stress distributions. The constitutive relations are formulated so as to consider the 
particularities of composite materials. After standard linearization, shell equations are transformed into multi-
layer finite shell elements using assumed strain concept and enhanced strain formulation as stabilization 
algorithms. The performance of the finite elements concerning various aspects is discussed on adequate 
examples. 
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“Dynamic analysis of composite cylindrical shells using differential quadrature method (DQM)”, Composite 
Structures, Vol. 78, No. 2, April 2007, pp. 292-298, doi:10.1016/j.compstruct.2005.10.003 
ABSTRACT: Free vibration analysis of composite cylindrical shells with different boundary conditions is 
presented in this paper using differential quadrature method (DQM). Equations of motion are derived based on 
first order shear deformation theory taking the effects of shear deformation and rotary inertia terms into 
account. By applying the differential quadrature formulation and the required modified relationships for 
implementing the different boundary conditions, equations of motion of a circular cylindrical shell are 
transformed into a set of algebraic equations. By solving this algebraic system natural frequencies of circular 
cylindrical shells made of fibrous composite materials with different fibre angles are evaluated. The results thus 
obtained are then compared with some available results and a good agreement is observed. In all the cases 
studied here efficiency, ease and usefulness of the DQM are well illustrated. 
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University of Guilan, Rasht, Iran), “Active Control of Thermal Buckling of Shells of Revolution Using 
Piezoelectric Patches”, Journal of Thermal Stresses, Vol. 34, No. 1, 2011, pp. 75 – 93, 
doi: 10.1080/01495739.2011.535449 
ABSTRACT: In this paper, the thermal buckling of piezoelectric composite shells of revolution under uniform 
and linear thermal distributions and selected boundary conditions is investigated by using the semi-analytical 
finite element. The effects of different parameters such as the type of temperature distributions through the 
thickness, fiber angles, arrangements of piezoelectric patches and amount of displacement feedback control gain 
are examined. The results obtained from the present analysis are validated, where possible, with those available 
in the literature. 
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“An investigation of the buckling behavior of composite elliptical cylindrical shells with piezoelectric layers 
under axial compression”, Acta Mech, 2012, (no volume number or page numbers given) DOI: 
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ABSTRACT: The paper is focused on the elastic buckling behavior of piezocomposite elliptical cylindrical 
shell finite element formulation. The formulation is based on the shear deformation theory, and the serendipity 
quadrilateral eight-node element is used to study the elastic behavior of elliptical cylindrical shells. The strain-
displacement relations are accurately accounted for in the formulation. The contributions of work done by the 
applied load are also incorporated. A constant gain displacement control algorithm coupling the direct and 
inverse piezoelectric effect is applied to provide active control of composite non-circular shells in a self-
monitoring and self-controlling system. The governing equations obtained using the principle of minimum 
potential energy are solved through an eigenvalue approach. The influences of elliptical cross-sectional 
parameter and displacement feedback gain (Gd) values on the critical buckling loads of elliptical cylindrical 
shells are examined. 
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“Finite element formulation for the free vibration analysis of embedded double-walled carbon nanotubes based 
on nonlocal Timoshenko beam theory”, Journal of Theoretical and Applied Physics, Vol. 7, No. 6, December 
2013 
ABSTRACT: The present paper is concerned with the free vibration analysis of double-walled carbon 
nanotubes embedded in an elastic medium and based on Eringen's nonlocal elasticity theory. The effects of the 
transverse shear deformation and rotary inertia are included according to the Timoshenko beam theory. The 
governing equations of motion which are coupled with each other via the van der Waals interlayer forces have 
been derived using Hamilton's principle. The thermal effect is also incorporated into the formulation. Using the 
statically exact beam element with displacement fields based on the first order shear deformation theory, the 
finite element method is employed to discretize the coupled governing equations which are then solved to find 
the natural frequencies. The effects of the small scale parameter, boundary conditions, thermal effect, changes 
in material constant of the surrounding elastic medium, and geometric parameters on the vibration 
characteristics are investigated. Furthermore, our analysis includes nonlocal double-walled carbon nanotubes 
with different boundary conditions between inner and outer tubes which seem to be scarcely considered in the 
literature, and the corresponding given results for this case can be considered as a benchmark for further studies. 
Comparison of the present numerical results with those from the open literature shows an excellent agreement. 
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N. Tsapis, E. R. Dufresne, S. S. Sinha, C. S. Riera, J. W. Hutchinson, L. Mahadevan, and D. A. Weitz (DEAS 
and Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA), “Onset of Buckling 
in Drying Droplets of Colloidal Suspensions”, Phys. Rev. Lett. 94, 018302 (2005) [4 pages], 
doi: 10.1103/PhysRevLett.94.018302 
ABSTRACT: Minute concentrations of suspended particles can dramatically alter the behavior of a drying 
droplet. After a period of isotropic shrinkage, similar to droplets of a pure liquid, these droplets suddenly buckle 
like an elastic shell. While linear elasticity is able to describe the morphology of the buckled droplets, it fails to 
predict the onset of buckling. Instead, we find that buckling is coincident with a stress-induced fluid to solid 
transition in a shell of particles at a droplet's surface, occurring when attractive capillary forces overcome 
stabilizing electrostatic forces between particles. 
 
 
D.A. Head (Department of Applied Physics, Faculty of Engineering, University of Tokyo, 7-3-1 Hongo, 
Bunkyo-ku, Tokyo 113, Japan), “Modeling the elastic deformation of polymer crusts formed by sessile droplet 
evaporation”, Phys. Rev. E , Vol. 74, 021601 (2006) [8 pages], doi: 10.1103/PhysRevE.74.021601 
ABSTRACT: Evaporating droplets of polymer or colloid solution may produce a glassy crust at the liquid-
vapor interface, which subsequently deforms as an elastic shell. For sessile droplets, the known radial outward 
flow of solvent is expected to generate crusts that are thicker near the pinned contact line than the apex. Here 
we investigate, by nonlinear quasistatic simulation and scaling analysis, the deformation mode and stability 
properties of elastic caps with a nonuniform thickness profile. By suitably scaling the mean thickness and the 
contact angle between crust and substrate, we find that data collapse onto a master curve for both buckling 
pressure and deformation mode, thus allowing us to predict when the deformed shape is a dimple, Mexican hat, 
and so on. This master curve is parameterized by a dimensionless measure of the nonuniformity of the shell. We 
also speculate on how overlapping time scales for gelation and deformation may alter our findings. 
 
 
D. A. Head (Department of Applied Physics, The University of Tokyo, Hongo 7-3-1, Bunkyo-ku, Tokyo 113-
8656, Japan), “Volume-controlled buckling of thin elastic shells: application to crusts formed on evaporating 
partially wetted droplets”, J. Phys.: Condens. Matter 18 L485, September 2006, 
doi: 10.1088/0953-8984/18/39/L03 
ABSTRACT: Motivated by observing the buckling of glassy crusts formed on evaporating droplets of polymer 
and colloid solutions, we numerically model the deformation and buckling of spherical elastic caps controlled 
by varying the volume between the shell and the substrate. This volume constraint mimics the incompressibility 
of the unevaporated solvent. Discontinuous buckling is found to occur for sufficiently thin and/or large contact 
angle shells, and robustly takes the form of a single circular region near the boundary that 'snaps' to an inverted 
shape, in contrast to the externally pressurized shells case. Scaling theory for shallow shells is shown to 
approximate well the critical buckling volume, the subsequent enlargement of the inverted region and the 
contact line force. 
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L. Pauchard and C. Allain (Laboratoire FAST, Bâtiment 502, Campus Universitaire, Unité Mixte de Recherche 
Paris VI, Paris XI, CNRS UMR 7608, 91405 Orsay Cedex, France), “Stable and unstable surface evolution 
during the drying of a polymer solution drop”, Phys. Rev. E 68, 052801 (2003) [4 pages] 
doi; 10.1103/PhysRevE.68.052801 
ABSTRACT: Drying of a sessile drop of a complex liquid can lead to intriguing complex shapes. We report 
here a study dealing with a model system, made of a hydrosoluble polymer that is glassy when pure. Under 
solvent evaporation, polymers accumulate near the vapor/drop interface and may form a glassy skin, which 
bends as the volume of liquid it encloses decreases. The conditions for the occurrence of this buckling 
instability have been investigated; the experimental results are well explained by a model that compares the 
characteristic times for drying and for the formation of a glassy skin. Depending on the experimental conditions, 
different types of shape distortion take place; secondary instabilities that break the axisymmetry are also 
observed. 
 
 
Yoichi Sugiyama, Ryan J. Larsen, Jin-Woong Kim, and David A. Weitz (Division of Engineering and Applied 
Sciences and Department of Physics, Harvard University, 29 Oxford Street, Cambridge, Massachusetts 02138), 
“Buckling and Crumpling of Drying Droplets of Colloid-Polymer Suspensions”, Langmuir, 2006, 22 (14), pp 
6024–6030, doi: 10.1021/la053419h 
ABSTRACT: Spray drying of complex liquids to form solid powders is important in many industrial 
applications. One of the challenges associated with spray drying is controlling the morphologies of the powders 
produced; this requires an understanding of how drying mechanics depend on the ingredients and conditions. 
We demonstrate that the morphology of powders produced by spray drying colloidal polystyrene (PS) 
suspensions can be significantly altered by changing the molecular weight of dissolved poly(ethylene oxide) 
(PEO). Samples containing high-molecular-weight PEO produce powders with more crumpled morphologies 
than those containing low-molecular-weight PEO. Observations of drying droplets suspended by a thin film of 
vapor suggest that this occurs because the samples with high-molecular-weight PEO buckle earlier in the drying 
process when the droplets are larger. Earlier buckling times are likely caused by the decreased stability, 
demonstrated by bulk rheology experiments, of PS particles in the presence of high-molecular-weight PEO at 
elevated temperatures. We present a consistent picture in which decreased particle stability hastens droplet 
buckling and leads to more crumpled powder morphologies; this underscores the importance of interparticle 
forces in determining the buckling of particle-laden droplets. 
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buckling threshold of drying colloidal droplets using water-ethanol mixtures”, The European Physical Journal 
E: Soft Matter and Biological Physics, Vol. 27, No. 2, 2008, pp. 213-219, doi: 10.1140/epje/i2008-10375-6 
ABSTRACT: We visualize the drying of droplets of colloids suspended in a mixture of two miscible solvents, 
namely water and ethanol. After a period of isotropic shrinkage, droplets suddenly buckle like elastic shells. For 
a fixed colloid solid fraction, the buckling threshold evolves as a function of ethanol content, due to changes of 
the solvent mixture physical properties, such as viscosity and evaporation rate. A simplified model predicting 
the qualitative behavior of the buckling threshold as a function of the initial ethanol mass fraction has been 
developed that fits well experimental results. 
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C.S. Handscomb and M. Kraft (University of Cambridge, Department of Chemical Engineering and 
Biotechnology, New Museums’ Site, Pembroke Street, Cambridge CB2 3RA, UK), “Simulating the structural 
evolution of droplets following shell formation”, Chemical Engineering Science, Vol. 65, No. 2, January 2010, 
pp. 713-725, doi:10.1016/j.ces.2009.09.025 
ABSTRACT: Building on the new droplet drying framework developed by the authors in their previous work 
Handscomb et al., Chem. Eng. Sci. 64(4) 628–637 and Chem. Eng. Sci. 64(2) 228–246 this paper develops 
physically motivated criteria for dynamically deciding the appropriate structural sub-model to use at each stage 
of the drying process. Such criteria create a spatially resolved mechanistic droplet drying model which is 
capable of simulating multiple dried-particle morphologies based on evolving droplet composition and drying 
conditions. The new criteria are used in conjunction with the previously described model framework to simulate 
colloidal silica droplets, investigating the relationship between suspended particle size and dried-particle 
morphology. 
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“Origin of Buckling Phenomenon during Drying of Micrometer-Sized Colloidal Droplets”, Langmuir, Article 



ASAP (2011), doi: 10.1021/la200827n 
ABSTRACT: The origin of the buckling of micrometer-sized colloidal droplets during evaporation-induced 
self-assembly (EISA) has been elucidated using electron microscopy and small-angle neutron scattering. 
Doughnut-like assembled grains with varying aspect ratios are formed during EISA at different 
physicochemical conditions. It has been revealed that this phenomenon is better explained by an existing 
hypothesis based on the formation of a viscoelastic shell of nanoparticles during drying than by other existing 
hypotheses based on the inertial instability of the initial droplets and hydrodynamic instability due to 
thermocapillary forces. This conclusion was further supported by the arrest of buckling through modification of 
the colloidal interaction in the initial dispersion. 
 
 
Bahadur J, Sen D, Mazumder S, Paul B, Bhatt H and Singh SG (Solid State Physics Division, Bhabha Atomic 
Research Centre, Mumbai-400085, India), “Control of buckling in colloidal droplets during evaporation-
induced assembly of nanoparticles”, Langmuir. 2012 Jan 24;28(3):1914-23. doi: 10.1021/la204161d. Epub 2012 
Jan 12 
ABSTRACT: Micrometric grains of anisotropic morphology have been achieved by evaporation-induced self-
assembly of silica nanoparticles. The roles of polymer concentration and its molecular weight in controlling the 
buckling behavior of drying droplets during assembly have been investigated. Buckled doughnut grains have 
been observed in the case of only silica colloid. Such buckling of the drying droplet could be arrested by 
attaching poly(ethylene glycol) on the silica surface. The nature of buckling in the case of only silica as well as 
modified silica colloids has been explained in terms of theory of homogeneous elastic shell under capillary 
pressure. However, it has been observed that colloids, modified by polymer with relatively large molecular 
weight, gives rise to buckyball-type grains at higher concentration and could not be explained by the above 
theory. It has been demonstrated that the shell formed during drying of colloidal droplet in the presence of 
polymer becomes inhomogeneous due to the presence of soft polymer rich zones on the shell that act as 
buckling centers, resulting in buckyball-type grains. 
 
 
Xuelian Chen,  Volodymyr Boyko,  Jens Rieger,  Frank Reinhold,  Bernd Reck,  Jan Perlich,  Rainer Gehrke 
and Yongfeng Men, “Buckling-induced structural transition during the drying of a polymeric latex droplet on a 
solid surface”, Soft Matter, Vol. 8, Issue 48, 2012, 12093-12098, DOI: 10.1039/C2SM26580J 
ABSTRACT: The structural evolution in the center of a droplet of a dialyzed styrene–n-butyl acrylate 
copolymer latex dispersion on a solid surface during drying was studied by means of an in situ synchrotron ultra 
small-angle X-ray scattering technique. During water evaporation, as the droplet shrinks the shell yields and 
thickens, as evidenced by the appearance of diffraction peaks at the early stage combined with TGA 
measurement. As the droplet dried further, colloidal crystalline structure transformation is identified. The 
transition is attributed to the collapse of the thin shell made of densely packed particles at the surface of the 
droplet caused by capillary forces that drive the deformation of the shell. As there is a small amount of water 
remaining beneath the surface layer, charged particles are able to explore new configurations to reestablish a 
stable structure after leaving the initially formed face-centered cubic structure. Finally, a torus-shaped solid film 
with a central flat thin film is produced. 
 
 
T.W. Allen, J. Silverstone, N. Ponnampalam, T. Olsen, A Meldrum and R.G. DeCorby, “High-finesse cavities 
fabricated by buckling self-assembly of a-Si/SiO2 multilayers”, Optics Express, Vol. 19, No. 20, p 18903-18909, 
2011 
ABSTRACT: Arrays of half-symmetric Fabry-Perot micro-cavities were fabricated by controlled formation of 
circular delamination buckles within a-Si/SiO2 multilayers. Cavity height scales approximately linearly with 
diameter, in reasonable agreement with predictions based on elastic buckling theory. The measured finesse (F > 
103) and quality factors (Q > 104 in the 1550 nm range) are close to reflectance limited predictions, indicating 
that the cavities have low roughness and few defects. Degenerate Hermite-Gaussian and Laguerre-Gaussian 
modes were observed, suggesting a high degree of cylindrical symmetry. Given their silicon-based fabrication, 
these cavities hold promise as building blocks for integrated optical sensing systems. 



 
 
Antonio Pantano, Mary C. Boyce, and David M. Parks (Department of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Massachusetts 02139-4307, USA), “Nonlinear Structural Mechanics Based 
Modeling of Carbon Nanotube Deformation”, Phys. Rev. Lett. Vol. 91, 145504 (2003) [4 pages], 
doi: 10.1103/PhysRevLett.91.145504 
ABSTRACT: A nonlinear structural mechanics based approach for modeling the structure and the deformation 
of single-wall and multiwall carbon nanotubes (CNTs) is presented. Individual tubes are modeled using shell 
finite elements, where a specific pairing of elastic properties and mechanical thickness of the tube wall is 
identified to enable successful modeling with shell theory. The effects of van der Waals forces are simulated 
with special interaction elements. This new CNT modeling approach is verified by comparison with molecular 
dynamics simulations and high-resolution micrographs available in the literature. The mechanics of wrinkling 
of multiwall CNTs are studied, demonstrating the role of the multiwalled shell structure and interwall van der 
Waals interactions in governing buckling and postbuckling behavior. 
 
 
A. Pantano, M. C. Boyce, and D. M. Parks (Department of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Massachusetts, USA), “Mechanics of Axial Compression of Single and Multi-Wall 
Carbon Nanotubes”, ASME J. Eng. Mater. Technol., Vol. 126,  No. 3, July 2004, pp. 279 – 284, 
doi:10.1115/1.1752926 
ABSTRACT: A recently developed procedure for modeling the deformation of single and multi-wall carbon 
nanotubes [13,14] is applied to nanotube buckling and post-buckling under axial compression. Critical features 
of the model, which is grounded in elastic shell theory, include identification of (a) an appropriate elastic 
modulus and thickness pair matching both the wall stretching and bending resistances of the single atomic layer 
nanotube walls, and (b) a sufficiently stiff interwall van der Waals potential to preserve interwall spacing in 
locally buckled MWNTs, as is experimentally observed. The first issue is illustrated by parametric buckling 
studies on a SWNT and comparisons to a corresponding MD simulation from the literature; results clearly 
indicating the inadequacy of arbitrarily assigning the shell thickness to be the equilibrium spacing of graphite 
planes. Details of the evolution of local buckling patterns in a nine-walled CNT are interpreted based on a 
complex interplay of local shell buckling and evolving interwall pressure distributions. The transition in local 
buckling wavelengths observed with increasing post-buckling deformation is driven by the lower energy of a 
longer-wavelength, multiwall deformation pattern, compared to the shorter initial wavelength set by local 
buckling in the outermost shell. This transition, however, is contingent on adopting a van der Waals interaction 
sufficiently stiff to preserve interlayer spacing in the post-buckled configuration. 
 
 
J. Cao and M. C. Boyce (Department of Mechanical Engineering, Massachusetts Institute of Technology, 
Cambridge, MA 02139, U.S.A.), “Wrinkling behavior of rectangular plates under lateral constraint”, 
International Journal of Solids and Structures, Vol. 34, No. 2, January 1997, pp. 153-176, 
doi:10.1016/S0020-7683(96)00008-X 
ABSTRACT: Wrinkling (buckling) during a sheet forming process is a major consideration when designing 
part shape, die geometry and processing parameters. In most instances, the sheet metal is constrained to some 
extent between binders and/or matching dies at some stage during processing. In this paper, we will examine the 
wrinkling behavior of both elastic and elastic-plastic sheet subjected to edge compression and lateral constraint. 
A criterion for wrinkling under such constraint is established using a combination of finite element analysis and 
energy conservation. Various methods of incorporating imperfections into a finite element model in order to 
capture buckling and post-buckling behavior are discussed. A simple and practical form of imperfection for 
predictive modeling of buckling is given along with a discussion of the sensitivity of the solution to the 
magnitude and distribution of imperfections. Using the proposed form of imperfection, we are able to accurately 
simulate the wrinkling behavior under complicated boundary conditions in a predictive manner. 
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tool for delaying wrinkling and tearing failures in sheet metal forming”, ASME  Journal of Engineering 
Materials and Technology, Vol. 119, October 1997, pp. 354-365 
ABSTRACT: In the sheet metal forming industry, there is increasing demand to lower manufacturing costs wile 
also providing a decrease in product development turnaround period as well as lighter weight products. These 
demands have put increasing pressure on the development and use of predictive numerical simulations and in 
the design and optimization of new forming technologies. In this paper, two of the primary in-process failure 
modes of sheet metal, wrinkling and tearing, are examined followed by construction of an advanced forming 
technology – Variable Binder Force – using numerical tools. Specifically, a methodology of capturing the onset 
of wrinkling and postbuckling behavior proposed in Cao and Boyce (1997) is used to predict wrinkling failure 
in conical and square cup forming. The results obtained from simulations and experiments demonstrate that the 
proposed method is not only accurate, but also robust. A tearing criterion based on Forming Limit Diagrams of 
non-proportional loading paths is then developed and again shows excellent predictability. Finally, a Variable 
Binder Force (VBF) trajectory for conical cup forming is designed using simulations which incorporate 
feedback control to the binder based on the predictions of wrinkling and tearing of the sheet. Experiments using 
this predefined VBF trajectory show a 16 percent increase in forming height over the best conventional forming 
method, that is, constant binder force. The uniqueness of this paper is that numerical simulation is no longer 
utilized only as a verification tool, but as a design tooll for advanced manufacturing process with the help of the 
predictive tools incorporated directly into the numerical model. 
 
 
Xi Wang and Jian Cao (Dept. of Mechanical Engineering, Northwestern University, Evanston, Illinois, USA), 
“An analytical prediction of flange wrinkling in sheet metal forming”, Journal of Manufacturing Processes, Vol. 
2, No. 2, 2000, pp.100-107 
ABSTRACT: Wrinkling is one of the major defects in sheet metal forming. The ability to accurately predict the 
occurrence of wrinkling is critical to the design of tooling and processing parameters. An analytical approach 
for predicting the onset of flange wrinkling is presented. This method is based on the wrinkling criterion 
proposed by Cao and Boyce for predicting the buckling behavior of sheet metal under normal constraint. Using 
a combination of energy conservation and plastic bending theory, the analysis provides the critical buckling 
stress and wavelength as functions of normal pressure. The results are in excellent agreement with those 
obtained from Cao and Boyce’s numerical approach, and also match well with the experimental results of a 
square cup forming. In addition, the effects of material properties on the wrinkling behavior are also discussed. 
The analytical method significantly reduces computational time and is suitable for direct engineering 
application. 
 
 
Xi Wang and Jian Cao (Department of Mechanical Engineering, Northwestern University, Evanston, IL 60208), 
“Wrinkling Limit in Tube Bending”, J. Eng. Mater. Technol., Vol. 123,  No. 4, October, 2001, pp. 430 – 435, 
doi:10.1115/1.1395018 
ABSTRACT: Thin-walled tube bending has found many of its applications in the automobile and aerospace 
industries. This paper presents an energy approach to provide the minimum bending radius, which does not 
yield wrinkling in the bending process, as a function of tube and tooling geometry and material properties. A 
doubly-curved sheet model is established following the deformation theory. This approach provides a predictive 
tool in designing/optimizing the tooling parameters in tube bending. 
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J. Cao (Department of Mechanical Engineering, Northwestern University, 2145 Sheridan Road, Evanston, IL 
60208-3111), “Prediction of plastic wrinkling using the energy method”, ASME J. of Applied Mechanics, Vol. 
66, September 1999 
ABSTRACT: The prediction and prevention of wrinkling during a sheet metal forming process have been 
challenging issues on the design of part shape, die geometry, and processing parameters. In an effort to provide 
a reliable and efficient tool to assess the onset of wrinkling, analytical models for flange wrinkling and straight 
side-wall wrinkling are presented here. Using a combination of energy conservation and plastic bending theory, 
the critical buckling wavelength and stress are calculated as functions of the boundary conditions (displacement 
constraint and binder pressure). Comparisons between the numerical and experimental results are given for both 
cases and excellent agreement is obtained. 
 
 
Xi Wang and Jian Cao (Department of Mechanical Engineering, Northwestern University, Evanston, IL 60208, 
USA), “On the prediction of side-wall wrinkling in sheet metal forming processes”, International Journal of 
Mechanical Sciences, Vol. 42, No. 12, December 2000, pp. 2369-2394, 
doi:10.1016/S0020-7403(99)00078-8 
ABSTRACT: Prediction and prevention of side-wall wrinkling are extremely important in the design of tooling 
and process parameters in sheet metal forming processes. The prediction methods can be broadly divided into 
two categories: an analytical approach and a numerical simulation using finite element method (FEM). In this 
paper, a modified energy approach utilizing energy equality and the effective dimensions of the region 
undergoing circumferential compression is proposed based on simplified flat or curved sheet models with 
approximate boundary conditions. The analytical model calculates the critical buckling stress as a function of 
material properties, geometry parameters and current in-plane stress ratio. Meanwhile, the sensitivities of 
various input parameters and integration methods of FEM models on the prediction of wrinkling phenomena are 
investigated. To validate our proposed method and to illustrate the sensitivity issue in the FEM simulation, 
comparisons with experimental results of the Yoshida buckling test, aluminum square cup forming and 
aluminum conical cup forming are presented. The results demonstrate excellent agreements between the 
proposed method and experiments. Our model provides a reliable and effective predictor for the onset of side-
wall wrinkling in sheet metal forming processes. 
 
 
 
Jian Cao and Xi Wang (Department of Mechanical Engineering, Northwestern University, 2145 Sheridan Road, 
Evanston, IL 60208, USA), “An analytical model for plate wrinkling under tri-axial loading and its 



application”, International Journal of Mechanical Sciences, Vol. 42, No. 3, March 2000, pp. 617-633, 
doi:10.1016/S0020-7403(98)00138-6 
ABSTRACT: The prediction and prevention of wrinkling have been challenging issues in sheet metal forming 
processes. In an effort to provide the design and process engineers a reliable and efficient tool in assessing the 
onset of flange wrinkling, an analytical model, based on the wrinkling criterion proposed by Cao and Boyce [1], 
is presented here. The critical buckling stress and wavelength as functions of normal pressure are calculated 
using a combination of energy conservation and plastic bending theory. The present results are in excellent 
agreement with those obtained from Cao and Boyce’s numerical approach which has demonstrated its excellent 
predictive capability by comparing the experimental study of a conical cup [1] and a square cup forming [2]. 
Additionally, the effects of the tension in the plane of sheet and material properties on the initiation of flange 
wrinkling are investigated. 
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“Wrinkling Analysis in Shrink Flanging”, ASME J. Manuf. Sci. Eng., Vol. 123,  No. 3, August 2001, pp.426 –
432, doi:10.1115/1.1381397 
ABSTRACT: Flanging is a commonly used sheet forming operation to increase the stiffness of a sheet panel 
and/or to create the mating surface for subsequent assemblies. This paper presents an energy approach to predict 
the onset of wrinkling during a shrink flanging operation. A curved sheet model is established to obtain the 
critical buckling stress in terms of stress state, geometry properties and material properties. The predictions of 
wave number agree well with the experimental results. The results indicate that the sensitivity of wave number 
on the plan view radius (PVR) increases as PVR decreases, and the wave number decreases with the increase of 
flange length. The critical flange length is significantly influenced by PVR, sheet thickness and material work-
hardening, and is not sensitive to material strength and anisotropy. 
 
 
Y. Tomita and A. Shindo (Faculty of Engineering, Kobe University, Nada Kobe, Japan), “Onset and growth of 
wrinkles in thin square plates subjected to diagonal tension”, International Journal of Mechanical Sciences, 
Vol.30, No. 12, 1988, pp. 921-931, doi:10.1016/0020-7403(88)90074-4 
ABSTRACT: A corner type constitutive equation is developed using the general quadratic anisotropic yield 
function. The wrinkling point of square plates subjected to diagonal tension was obtained by the bifurcation and 
Mindlin type plate theories, in conjunction with the finite element approximation. The growth of wrinkles was 
traced by a three-dimensional analysis in terms of an isoparametric shell element. The numerical investigation 
was performed for the thin plates characterized by Hill's anisotropic yield function. The effects of such material 
characteristics as yield stress, hardening rate, orthotropy and normal anisotropy on the wrinkling limit and 
wrinkle height have been clarified. 
 
 
João Pedro de Magalhães Correia and Gérard (Laboratoire de Physique et Mécanique des Matériaux (LPMM), 
ISGMP, Ile du Saulcy, 57045, Metz Cedex 01, France), “Wrinkling predictions in the deep-drawing process of 
anisotropic metal sheets”, Journal of Materials Processing Technology, Vol. 128, Nos. 1-3, October 2002, 
pp.178-190, doi:10.1016/S0924-0136(02)00448-X 
ABSTRACT: The onset of wrinkling in sheet metals is first analysed as an elastic–plastic bifurcation for thin 
and shallow shells with compound curvatures. Plastic yielding is described using a criterion recently proposed 
for transversely anisotropic materials. A local analysis is developed, which allows us to define wrinkling limit 
curves depending on material properties and local geometry. Finite element (FE) simulations of the conical cup 
test are also performed using the Abaqus/Explicit code. The FE results relating to the initiation of wrinkling in 
the wall are compared with the predictions of the bifurcation model. In addition to the intrinsic effect of 
anisotropy on wrinkling tendencies, it is shown that the attainment of critical wrinkling conditions is 
significantly affected by the influence of anisotropy on the stress state and sheet curvature developed in the wall 
prior to bifurcation. 



 
 
J. P. De Magalhães Correia, G. Ferron and L. P. Moreira (Laboratoire de Physique et Mécanique des Matériaux, 
UMR CNRS 7554 ISGMP, Université de Metz, 57045, METZ Cedex 01, France), “Analytical and numerical 
investigation of wrinkling for deep-drawn anisotropic metal sheets”, International Journal of Mechanical 
Sciences, Vol. 45, Nos. 6-7, June-July 2003, pp. 1167-1180, doi:10.1016/j.ijmecsci.2003.08.001 
ABSTRACT: An analysis of the onset of wrinkling is first developed for a doubly curved, elastic–plastic shell 
element submitted to a biaxial plane stress loading. Plastic yielding is described using a criterion recently 
proposed for anisotropic sheet metals. The wrinkling limit curves obtained with this analysis are compared with 
previous results based on different yield criteria. Finite element (FE) simulations of a deep-drawing experiment 
are also performed using the Abaqus/Explicit code with the aim of comparing the FE results relating to the 
initiation of wrinkling with the predictions of the analytical model and with experiments from the literature. 
 
 
J.P. de Magalhães Correia and G. Ferron (Laboratoire de Physique et Mécanique des Matériaux, UMR 7554 du 
CNRS, ISGMP, Université de Metz, 57045 Metz cedex 01, France), “Wrinkling of anisotropic sheet metals 
under deep drawing”, J. Phys. IV France Vol. 105 (2003) 89, doi: 10.1051/jp4:20030175 
ABSTRACT: Stamping industries tend to use thin, high-strength metallic sheets, in an effort to lighten the 
weight of structures. As a result wrinkles frequently develop during stamping processes. In practice wrinkling 
can occur on the flange or on the wall of the blank. The aim of this paper is to forecast the occurrence of 
wrinkling on the wall of the blank. Two methods have been developed to capture the onset of wrinkling. The 
first method is based on a bifurcation analysis for a doubly curved sheet. Wrinkling limit curves are determined 
by this analytical study. The second method uses finite element (FE) simulations. Two deep drawing tests are 
simulated using the dynamic explicit FE code ABAQUS/Explicit. FE results combined with analytical 
predictions allow us to outline the influence of normal anisotropy on the onset of wrinkling. The analytical and 
the numerical predictions are in fair agreement with experiments from the literature. 
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“Wrinkling of anisotropic metal sheets under deep-drawing: analytical and numerical study”, Journal of 
Materials Processing Technology, Vol. 155-156, November 2004, pp. 1604-1610, Special Issue: Proceedings of 
the International Conference on Advances in Materials and Processing Technologies: Part 2, 
doi:10.1016/j.jmatprotec.2004.04.270 
ABSTRACT: The onset of wrinkling in sheet metal forming is investigated using an analytical approach and 
finite element (FE) simulations. In both cases the yield criterion proposed by Ferron et al. [Int. J. Plast. 10 
(1994) 431] for orthotropic sheets is employed. The analytical approach is developed on the basis of the 
bifurcation criterion developed by Hutchinson [J.W. Hutchinson, Plastic buckling, in: C.-S. Yih (Ed.), 
Advances in Applied Mechanics, vol. 14, 1974, pp. 67–144] for thin and shallow shells submitted to a biaxial 
plane stress loading. Wrinkling limit curves obtained with the bifurcation analysis are drawn for different 
orientations of the orthotropic axes with respect to the principal stress axes, assuming also different orientations 
with respect to the geometric axes of principal curvatures. The numerical simulations are performed with the FE 
code ABAQUS/Explicit. Experimental results of deep-drawing processes taken from the literature are also 
analysed to check the reliability of the wrinkling predictions obtained with the bifurcation analysis and with the 
FE simulations. Both analytical and numerical predictions compare reasonably well with experiments. 
 
 
Evans SL (School of Engineering, Cardiff University, The Parade, Cardiff, UK), “On the implementation of a 
wrinkling, hyperelastic membrane model for skin and other materials”, Comput. Methods Biomech. Biomed 
Engin., Vol. 12, No. 3, pp. 319-332, June 2009, DOI: 10.1080/10255840802546762 
ABSTRACT: A number of researchers have studied the mechanical properties of skin and developed 
constitutive models to describe its behaviour. Typically, many of these studies have concentrated on the 



uniaxial tensile behaviour of the skin, on the grounds that it will wrinkle under in-plane compression and have 
minimal stiffness. However, although there is a substantial body of literature on wrinkling models, the practical 
implementation of such a model of skin in a finite element setting has not been widely addressed. This paper 
presents computational details of a wrinkling, hyperelastic membrane model and aspects of its implementation 
and areas requiring further research are discussed. The model is based on an Ogden constitutive model, which 
provides accurate results at moderate strains, but it would be straightforward to implement other constitutive 
models such as the Fung or Arruda-Boyce models using a similar approach. Example results are presented 
which demonstrate that the model can provide a good approximation to experimental data. The model has many 
other possible applications, both for biological materials and for other thin hyperelastic membranes. 
 
 
Danov KD, Kralchevsky PA, Stoyanov SD. (Department of Chemical Engineering, Faculty of Chemistry, Sofia 
University, 1164 Sofia, Bulgaria), “Elastic Langmuir layers and membranes subjected to unidirectional 
compression: wrinkling and collapse”, Langmuir, Vol. 26, No. 1, pp. 143-155, January 2010,  
DOI: 10.1021/la904117e 
ABSTRACT: We apply the two-dimensional elastic continuum model to describe the wrinkling of elastic 
Langmuir layers (membranes) subjected to unidirectional compression. The effects of the dilatational, shear, 
and bending elasticities are taken into account. Among the numerous solutions of the generalized Laplace 
equation, corresponding to different membrane tensions, we determine the membrane shape as the profile that 
minimizes the energy of the system. In the case of small deformations, the problem can be linearized. Its 
solution predicts a wavelike shape of the compressed membrane. At negligibly small bending elasticity, the 
energy of the system is minimal for a sinusoidal profile, whose amplitude and wavelength tend to zero. In the 
opposite limiting case, where the effect of bending elasticity prevails over the effect of gravity, the membrane 
has a half-wave profile. When the two effects are comparable, the membrane shape exhibits multiple periodic 
wrinkles (ripples). An expression is derived for calculating the bending elasticity (rigidity) from the wavelength, 
and reasonable values are obtained from available experimental data. To determine the membrane shape at 
larger out-of-plane deformations, we solved numerically the respective nonlinear problem. Depending on the 
values of the physical parameters, the theory predicts various shapes: nonharmonic oscillations, toothed 
profiles, and profiles with two characteristic wavelengths. The results can be used for determining the bending 
elastic modulus of Langmuir films (membranes) as well as for the interpretation of buckling and collapse of 
monolayers. 
 
 
Leahy BD, Pocivavsek L, Meron M, Lam KL, Salas D, Viccaro PJ, Lee KY, Lin B (Center for Advanced 
Radiation Sources, University of Chicago, Chicago, Illinois 60637, USA), “Geometric stability and elastic 
response of a supported nanoparticle film”, Phys. Rev. Lett., Vol. 105, No. 5, 058301, July 2010 
ABSTRACT: The mechanical response to compression of a self-assembled gold nanoparticle monolayer and 
trilayer at the air-liquid interface is examined. Analysis of the film's buckling morphology under compression 
reveals an anomalously low bending rigidity for both the monolayer and the trilayer, in contrast with continuum 
elastic plates. We attribute this to the spherical geometry of the nanoparticles and poor coupling between layers, 
respectively. The elastic energy of the trilayers is first delocalized in wrinkles and then localized into folds, as 
predicted by linear and nonlinear elastic theory for an inextensible thin film supported on a fluid. 
 
 
Jiang C, Singamaneni S, Merrick E, Tsukruk VV. (Department of Materials Science and Engineering, Iowa 
State University, Ames, Iowa 50011, USA), “Complex buckling instability patterns of nanomembranes with 
encapsulated gold nanoparticle arrays”, Nano Lett., Vol. 6, No. 10, October 2006 
ABSTRACT: The nanomechanical properties of micropatterned nanomembranes containing gold nanoparticle 
microarrays were investigated with the buckling instability method. An unusual, complex pattern of buckling 
instability was observed for the nanoscale polymeric films under compressive stresses. An intriguing two-stage 
wrinkling was observed for these nanoscale films with spatially correlated instabilities. Two concurrent strain-
dependent buckling modes were observed above a certain critical strain. Transformation from conventional 
transversal buckling mode to zigzag buckling is attributed to the development of the biaxial stress along the 



boundary lines for micropatterned areas. The binary buckling pattern observed here allowed the "one-shot" 
evaluation of the elastic moduli of two compositionally different regions (with and without gold nanoparticles). 
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Universitaria, 28040 Madrid, Spain 
(3) Laboratory of Chemical Physics and Engineering, Faculty of Chemistry, University of Sofia, 1164 Sofia, 
Bulgaria 
“Shape and Buckling Transitions in Solid-Stabilized Drops”, Langmuir, 2005, 21 (22), pp 10016–10020 
DOI: 10.1021/la0507378 
ABSTRACT: We study shape and buckling transitions of particle-laden sessile and pendant droplets that are 
forced to shrink in size. Monodisperse polystyrene particles were placed at the interface between water and 
decane at conditions that are known to produce hexagonal, crystalline arrangements on flat interfaces. As the 
volumes of the drops are reduced, the surface areas are likewise diminished. This effectively compresses the 
particle monolayer coating and induces a transition from a fluid film to a solid film. Since the particles are 
firmly attached to the interface by capillary forces, the shape transitions are reversible and shape/volume curves 
are the same for drainage and inflation. Measurements of the internal pressure of the drops reveal a strong 
transition in this variable as the buckling transition is approached. 
 
 
Sujit S. Datta, Ho Cheung Shum, and David A. Weitz (Department of Physics and SEAS, Harvard University, 
Cambridge, Massachusetts 02138, United States), “Controlled Buckling and Crumpling of Nanoparticle-Coated 
Droplets”, Langmuir, 2010, 26 (24), pp 18612–18616, doi: 10.1021/la103874z 
ABSTRACT: We introduce a new experimental approach to study the structural transitions of large numbers of 
nanoparticle-coated droplets as their volume is reduced. We use an emulsion system where the dispersed phase 
is slightly soluble in the continuous phase. By adding a fixed amount of unsaturated continuous phase, the 
volume of the droplets can be controllably reduced, causing them to buckle or crumple, thereby becoming 
nonspherical. The resultant morphologies depend both on the extent of volume reduction and the average 
droplet size. The buckling and crumpling behavior implies that the droplet surfaces are solid. 
 
 
Jianghong Xue and Michelle S. Hoo Fatt (Department of Mechanical Engineering, University of Akron, Akron, 
OH 44325-3903, USA), “Buckle propagation in pipelines with non-uniform thickness”, Ocean Engineering, 
Vol. 28, No. 10, October 2001, pp. 1383-1392, doi:10.1016/S0029-8018(00)00056-1 
ABSTRACT: Finite element solutions for the steady-state buckle propagation pressure in a pipeline with non-
uniform thickness are given. The results are useful in finding buckle propagation pressures in corroded 
pipelines. It has been found that when corrosion is equal to or less than 10% of the original pipeline thickness, 
the pipeline collapses in an overall shell buckling mode; otherwise, the pipeline experiences local buckling. The 
propagation pressure decreases with both the thickness and angular extent of the reduced section, but the rate of 
decrease with thickness reduction is almost independent of the angular extent of corrosion when it is greater 
than 90°. 
 
 
Michelle S. Hoo Fatt and Jianghong Xue (Department of Mechanical Engineering, The University of Akron, 
Akron, OH 44325-3903, USA), “Propagating buckles in corroded pipelines”, Marine Structures, Vol. 14, No. 6, 
November-December 2001, pp. 571-592, doi:10.1016/S0951-8339(01)00008-9 
ABSTRACT: Rigid–plastic solutions for the steady-state, quasi-static buckle propagation pressure in corroded 
pipelines are derived and compared to finite element predictions (ABAQUS). The corroded pipeline is modeled 
as an infinitely long, cylindrical shell with a section of reduced thickness that is used to describe the corrosion. 
A five plastic hinge mechanism is used to describe plastic collapse of the corroded pipeline. Closed-form 
expressions are given for the buckle propagation pressure as a function of the amount of corrosion in an X77 



steel pipeline. Buckles that propagate down the pipeline are caused by either global or snap-through buckling, 
depending on the amount of corrosion. Global buckling occurs when the angular extent of the corrosion is 
greater than 90°. When the angular extent is less than 90° and the corrosion is severe, snap-through buckling 
takes place. The buckle propagation pressure and the corresponding collapse modes also compare well to finite 
element predictions. 
 
 
J. Xue and M. S. Hoo Fatt (Department of Mechanical Engineering, The University of Akron, Akron, OH 
44325-3903, USA), “Buckling of a non-uniform, long cylindrical shell subjected to external hydrostatic 
pressure”, Engineering Structures, Vol. 24, No. 8, August 2002, pp. 1027-1034, 
doi:10.1016/S0141-0296(02)00029-9 
ABSTRACT: Analytical solutions for elastic buckling of a non-uniform, long cylindrical shell that is subjected 
to external hydrostatic pressure are presented in this paper. The non-uniform shell has two regions: one with a 
nominal thickness and the other with reduced thickness. Symmetric and anti-symmetric buckling modes have 
been found to occur depending on the relative thickness of the two different regions and the angular extent of 
the section with the reduced thickness. A diagram showing the ranges of relative thickness and angular extent of 
the section with the reduced thickness is given for the occurrence of symmetric and anti-symmetric modes. In 
general, the buckling pressure decreases when either the relative thickness or the angular extent of the section 
with the reduced thickness increase. Finite element solutions for the elastic buckling pressure and modes are 
also found using ABAQUS and the results from analytical solutions are found to be in close agreement with 
finite element predictions. 
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“Symmetric and anti-symmetric buckle propagation modes in subsea corroded pipelines”, Marine Structures 
Vol. 18, No. 1, January 2005, pp. 43-61, doi:10.1016/j.marstruc.2005.08.001 
ABSTRACT: Solutions for the steady-state buckle propagation modes and pressures in a corroded pipeline 
subjected to external hydrostatic pressure are presented. The buckle propagation pressure of a corroded pipeline 
is obtained analytically with a rigid-plastic analysis and numerically from finite element analysis (ABAQUS). 
Both the rigid-plastic analysis and ABAQUS program reveal symmetric and anti-symmetric buckling modes, 
depending on the depth and angular extent of the corrosion. Snap-through and global buckling of the pipeline 
are also distinguished in both solutions. The rigid-plastic solutions for buckle propagation pressure and 
corresponding collapse modes are found to be within 15% with numerical solutions. 
 
 
Jianghong Xue (Department of Mechanics and Civil Engineering, Jinan University, Guangzhou, Guangdong 
510632, China), “A non-linear finite-element analysis of buckle propagation in subsea corroded pipelines”, 
Finite Elements in Analysis and Design, Vol. 42, Nos. 14-15, October 2006, pp. 1211-1219 
doi:10.1016/j.finel.2006.05.003 
ABSTRACT: A non-linear finite-element analysis for the steady-state buckle propagation phenomenon in 
subsea corroded pipelines subjected to external hydrostatic pressure is presented. The corroded pipeline is 
modeled as an infinitely long, cylindrical shell with a non-uniform thickness region. Using Maxwell's theory of 
two coexisting phases and principle of virtual work, the buckle propagation pressures for the corroded pipeline 
are calculated from pressure–volume change relations obtained from ABAQUS. The corresponding collapse 
modes of the corroded pipeline are generated from ABAQUS post-analysis. Symmetric and anti-symmetric 
collapse modes are found to occur, depending on the depth and angular extent of the corrosion. In addition, 
snap-through and global collapses are also identified. A parametric study shows how the buckle propagation 
pressures decrease when either the ratio of corrosion depth to the normal thickness or the angular extent of the 
corrosion increases. The finite-element model is validated using Timoshenko's classical solutions. 
 
 



Jianghong Xue (Department of Mechanics and Civil Engineering, Jinan University, Guangzhou, Guangdong, 
510632, P.R.China), “Asymptotic analysis for buckling of undersea corroded pipelines”, Journal of Pressure 
Vessel Technology, Vol. 130, No. 2, March 2008 
ABSTRACT: This paper deals with the buckling phenomenon of undersea corroded pipelines. The corrosion 
degree of the pipelines is characterized by two parameters: the angular extension and the corrosion depth. 
Previous work has shown that symmetric and antisymmetric buckling modes occur in pipelines when the 
corrosion is uniformly extended over part of pipelines along the circumferential direction. The presented 
research analyzes the stability condition in pipelines with generalized corrosion. Using WKB theory for 
asymptotic expansion, the buckling mode and the eigenfunctions are derived for the corroded pipelines 
subjected to external hydrostatic pressure. Furthermore, asymptotic solutions are derived for pipelines with 
constant corrosion and compared with validated solutions obtained in previous work using equilibrium analysis. 
It shows that the buckling modes and buckling pressure from asymptotic analysis are identical to the exact 
solutions. Symmetric and antisymmetric buckling modes are found to occur for pipelines when the corrosion is 
not uniform but symmetric about its centerline. 
 
 
Mingqiao Tang, Jianghong Xue and Renhuai Liu (Jinan University, Guangzhou, Guangdong, China), “A global 
energy approach for analysis of a propagating buckle in submarine pipelines”, ASME Journal of Offshore 
Mechanics and Arctic Engineering, Vol. 136, No. 4, 041701, September 2014, doi: 10.1115/1.4028339 
ABSTRACT: This paper presents a unique approach to analyze the steady-state buckle propagation 
phenomenon in underwater pipelines. In previous work, we restudied the buckling of a very long pipeline 
subjected to external pressure and found that buckling happens only over a certain length of the pipeline. In this 
paper, the collapse mode of the pipeline obtained in previous studies is taken as the transition zone during 
steady-state buckle propagation. Kinematics in the transition zone is analyzed based on von Kármán–Donnell 
type of nonlinearity. Assuming linear elastic rigid plastic material properties, the mechanical responses in the 
transition zone are examined using the deformation theory. Two parameters, the yield coefficient and the 
membrane stretching factor, are introduced to depict the effects of transversal bending and the membrane 
stretching, respectively. Analytical solution of buckle propagation pressure is derived by considering the energy 
conversation calculated from shell theory. It is found that the buckle propagation performance is governed by 
the transversal bending, including the circumferential bending and longitudinal bending. The membrane 
stretching is significant only for thick wall pipeline, in particular when the ratio of radius-to thickness is small 
than ten. The analysis is in effect by comparing the obtained solutions with the well-established predictions and 
the experimental results. 
 
 
Jianghong Xue and Neng Gan (Department of Mechanics and Civil Engineering, Jinan University/Key Lab of 
Disaster Forecast and Control in Engineering, Ministry of Education, Guangzhou, 510632, P. R. China), “A 
comprehensive study on a propagating buckle in externally pressurized pipelines”, Journal of Mechanical 
Science and Technology, Vol. 28, No. 12, pp 4907-4919, December 2014 
ABSTRACT: Buckle propagation is a unique phenomenon occurring in deep-sea pipelines. In previous works, 
this phenomenon was investigated using a ring technique in which the pipeline was assumed to be in plane 
strain condition and the energies absorbed in membrane stretching and longitudinal bending were ignored. This 
paper presents a three-dimensional analysis of the buckle propagation phenomenon with an emphasis to address 
more complete factors that were not accounted for in the ring analysis. The analyses are based on the available 
solutions of the transition zone obtained in our previous works. A comprehensive mechanism for buckle 
propagation phenomenon is described from the point view of plastic stability theory for shells which enables the 
incorporation of the effects of transverse and longitudinal bending, membrane stretching and material strain 
hardening. The nondimensionalized buckle propagation pressure is represented in terms of yield coefficient, 
strain hardening coefficient and membrane stretching factor. It is found that a buckle once initiated in a pipeline 
may or may not propagate along the pipeline depending on its radius-to-thickness ratio. By comparing with 
various experimental results the theoretical predictions from this analysis are shown to provide very accurate 
estimations of the buckle propagation pressure for different materials with diverse geometric parameters and 
material properties. This paper points to the need for more complete information regarding the effects of 



transverse bending, membrane stretching and material strain-hardening on the buckle propagation pressure. 
Upon the requirement of application variations of the yield coefficient, strain hardening coefficient and 
membrane stretching factor with respect to the radius-to-thickness ratio are sketched out. This eliminates the 
need for recourse the curves and allows a fast and convenient resolution of buckle propagation pressure for 
certain pipeline. Most importantly, the present analysis offers the potential for future design of pipelines being 
at once more rationally and parametrically complete, and yet compact and simple to apply. 
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the section and this can severely reduce the critical stress. A calculation method for the critical stress which 



takes account of distortional effects, based on Generalised Beam Theory (GBT), is presented in this paper. The 
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R. Schardt and Ch. Schardt, “Applications of generalized beam theory to light weight steel constructions”, 
Stahlbau. Vol. 70, no. 9, pp. 710-717. Sept. 2001 
ABSTRACT: Following the intention of this special issue the most important contributions of Kloppel to light 
weight steel constructions are presented, A short history of the development of Generalized Beam Theory 
(GBT) is given. Applications of GBT are shown in the fields of distortion (batten plates, cold-rolled purlins and 
trapezoidal sheeting), stability (buckling and ultimate loads of special sections) and thin-walled cylinders (joint 
stiffness and buckling). 
 
 
P. Leach (Department of Civil Engineering and Construction, University of Salford, Manchester, UK), “The 
calculation of modal cross-section properties for use in the generalized beam theory”, Thin-Walled Structures, 
Vol. 19, No. 1, 1994, pp. 61-79, doi:10.1016/0263-8231(94)90005-1 
ABSTRACT: A previous paper presented a method of analysis for any open unbranched thin-walled section 
considering both rigid body movement and cross-section distortion (including local buckling). It described 
briefly the calculation procedures required in order to obtain section properties related to each of a number of 
cross-section distortion modes. These properties were generally calculated using first-order theory. This paper 
describes in full how second-order theory can be used to calculate the section properties for all modes, including 
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ABSTRACT: This paper introduces the second-order terms associated with geometric nonlinearity into the 
basic equation of Generalised Beam Theory. This gives rise to simple explicit equations for the load to cause 
buckling in individual modes under either axial load or uniform bending moment. It is then shown how the 
explicit procedure can be extended to consider the interaction between local, distortional and global buckling 
modes. More general load cases require the use of numerical methods of analysis and the finite difference 
method offers a suitable procedure. The success of Generalised Beam Theory for a wide range of situations is 
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ABSTRACT: Previous papers (Refs 1–4) have presented a method of analysis for any open unbranched thin 
walled section considering both rigid body movement and cross section distortion (including local buckling). 
Reference 1 described how the Generalized Beam Theory (GBT) can be used to calculate generalized section 
properties for all modes, including each of the four rigid body modes and the distortional modes. The additional 
section properties evolved from GBT were then used in Ref. 2 to consider second order elastic critical buckling 
problems. This paper compares the critical buckling predictions of GBT with the results obtained in two series 
of tests carried out on lipped and unlipped channels subject to a major axis bending moment. These predictions 



are then combined with the yield criteria of EC3 to allow a comparison with the analysis of these tests carried 
out by Lindner and Aschinger (Ref. 5). The paper concludes that the Generalized Theory is a powerful and 
effective analysis tool for the solution of interactive buckling problems where both local and overall buckling 
can occur. 
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ABSTRACT: This paper is aimed at studying the elastoplastic behavior of longitudinally stiffened girder webs 
subjected to patch loading and bending. The investigation is carried out by means of nonlinear finite element 
analysis to study the structural behavior of the girder components (flanges, web and stiffener) at ultimate limit 
state. Initial geometrical imperfections, plastic material behavior and large deflection effects are considered in 
the model. For the numerical model validation, the computer results from the simulations are compared with 
experimental results taken from the literature. A parametric study was carried out in order to investigate the 
influence of the applied bending moment and the relative location of the stiffener on the ultimate strength to 
patch loading. 
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ABSTRACT: Finite element analysis of pinned cold-formed plain channel columns of different width-to-
thickness ratios is presented in this paper. The study is focused not only on axially loaded columns, but also on 
eccentrically loaded columns. The general purpose finite element software ABAQUS 6.12 was used, and the 
force controlled loading was adopted. Geometric and material nonlinearities were incorporated in the finite 
element model. The ultimate loads are compared with the direct strength method (DSM) for axially loaded 
columns. Also, a parametric study is done by varying the length of the column and width of the unstiffened 
element. It is observed that the results correlate better with the DSM values for columns having unstiffened 
elements of lower b/t ratios. The change in ultimate load is studied only in ABAQUS, as the position of load 
moves towards the free edge and the supported edge of the unstiffened element. A parametric study is done by 
varying the nonuniform compression factor for the columns. It is observed that the ultimate load increases as the 
position of load moves towards the supported edge and it is influenced by the b/t ratio of the unstiffened 
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ABSTRACT: This paper presents an experimental investigation of short cold-formed lipped channel columns 
compressed between pinned ends. The short columns are subjected to pure axial compressive loading. Twelve 
column specimens are tested and the columns are categorised into three groups, depending on the length and 
thickness. The buckling modes of failure that occurred include local buckling and distortional buckling. A 
comparison of the experimental results with the loads predicted by the South African standard for the design of 
cold-formed steelwork (SANS 10162-2) shows that the code is not conservative enough to cater for these 
columns. 
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ABSTRACT: This paper presents both the analytical and theoretical investigations on ultimate load carrying 
capacity and behaviour of CFS unlipped channels with their ends fixed and subjected to axial compression. The 
numerical studies have been carried out in the elastic as well as in the plastic ranges of loading. The slenderness 
ratio of the channels chosen is 40, 80,100 and 120. Three different web depths [shallow, medium and deep] with 
five thicknesses have been chosen. In addition to the numerical studies, comparison with the design strengths 
predicted by using North American Standards for CFS structures. It is observed that the design strength 
predicted by the specifications are conservative for axially loaded columns. In the present investigation, an 
attempt is made to study the ultimate load carrying capacity and the mode of failure. Load versus axial 
shortening behaviour has been studied for various slenderness ratios for a few specimens. 
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“The design of perforated cold-formed steel sections subject to axial load and bending”, Thin-Walled 
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doi:10.1016/S0263-8231(97)00024-4 
ABSTRACT: The uprights in a typical pallet rack are typically singly-symmetrical cold-formed sections subject 
to axial load together with bending about both axes. They usually contain arrays of holes in order to enable 
beams to be clipped into position at heights that are not pre-determined prior to manufacture. Their slenderness 
is such that their behaviour may be influenced by the three generic forms of buckling, namely local, distortional 
and global (lateral torsional). In practice, these members have generally been designed on the basis of expensive 
test programmes. This paper addresses the problem of how they might be designed analytically. The basis of the 
investigation is a comprehensive set of test results on upright sections in compression which embraces both stub 
column tests, in which the load position was varied along the axis of symmetry, and longer columns. The test 
results were analysed using both finite elements and a version of “Generalized Beam Theory” (GBT) which 
incorporated systematic imperfections. Consideration was also given to the design procedures proposed by the 
“Federation Europeene de la Manutention” (FEM) and recent research into the influence of perforations on the 
performance of cold formed steel sections. It is shown that GBT can be modified to take account of perforations 
so that the lower bound results give a sufficiently accurate column design curve, which takes account of local, 
distortional and global buckling, thus making extensive testing unnecessary. 
 
 
Cheng Yu and Benjamin W. Schafer, “Distortional buckling of cold-formed steel members in bending”, Ph.D. 
dissertation by Cheng Yu, Advisor B.S. Schafer, American Iron and Steel Institute Final Report, Baltimore, 
Maryland, January 2005 
ABSTRACT: Laterally braced cold-formed steel beams generally fail due to local and/or distortional buckling 
in combination with yielding. For many cold-formed steel (CFS) studs, joists, purlins, or girts, distortional 
buckling may be the predominant buckling mode. However, distortional buckling of CFS beams remains a 
largely unaddressed problem in the current North American Specification for the Design of Cold-Formed Steel 
Structural Members (NAS). Further, adequate experimental data on unrestricted distortional buckling in 
bending is unavailable. Therefore, two series of bending tests on industry standard CFS C and Z-sections were 
performed and presented in this dissertation. The testing setup was carefully designed in the first series of tests 
(Phase 1) to allow local buckling failure to form while restricting distortional and lateral-torsional buckling. The 
second series of tests (Phase 2) used nominally identical specimens to Phase 1 tests, and a similar testing setup. 
However, the corrugated panel attached to the compression flange was removed in the constant moment region 
so that distortional buckling could occur. The experimental data was used to examine current specifications and 
new design methods. Finite element modeling in ABAQUS was developed and verified by the two series of 
bending tests and then applied to analyze more CFS beams. An analytical method was derived to determine the 
elastic buckling stress of thin plates under longitidunal stress gradient. And finite element analysis was used to 
study the stress gradient effect on the ultimate strength of thin plates. It was found that the stress gradient 
increases the buckling stress of both stiffened and unstiffened elements, and current design methods can include 
the stress gradient effect if an appropriate elastic buckling cofficient is used. The moment gradient effect on the 
distortional buckling of CFS beams was also studied by the finite element analysis. The results show that the 
moment gradient increases both the elastic buckling moment and ultimate strength of distortional buckling of 
CFS beams. A draft design provision was proposed to account for the moment gradient effect. Research was 



conducted to explore the distortional buckling of CFS beams with partial restraint on the compression flange. A 
simple numerical model was proposed to calculate the elastic buckling moment of the CFS section-panel 
system. It was found that partial restraint has significant influence on distortional buckling, and that the 
influence could be considered by using a modified elastic buckling moment. For design purposes, simplified 
closed-form solutions for the elastic buckling moment of CFS C and Z-sections were proposed and verified. In 
the end, conclusions and recommendations for future research are presented.  
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“Simulation of cold-formed steel beams in local and distortional buckling with applications to the direct 
strength method”, Journal of Constructional Steel Research, Vol. 63, No. 5, May 2007, pp. 581-590, 



doi:10.1016/j.jcsr.2006.07.008 
ABSTRACT: A nonlinear finite element (FE) model is developed to simulate two series of flexural tests, 
previously conducted by the authors, on industry standard cold-formed steel C- and Z-section beams. The 
previous tests focused on laterally braced beams with compression flange details that lead predominately to 
local buckling failures, in the first test series, and distortional buckling failures, in the second test series. The 
objectives of this paper are to (i) validate the FE model developed for simulation of the testing, (ii) perform 
parametric studies outside the bounds of the original tests with a particular focus on variation in yield stress and 
influence of moment gradient on failures, and (iii) apply the study results to examine and extend the Direct 
Strength Method of design. The developed FE model shows good agreement with the test data in terms of 
ultimate bending strength. Extension of the tested sections to cover yield stresses from 228 to 506 MPa 
indicates that the Direct Strength Method is applicable over this full range of yield stresses. The FE model is 
also applied to analyze the effect of moment gradient on distortional buckling. It is found that the distortional 
buckling strength of beams is increased due to the presence of moment gradient. Further, it is proposed and 
verified that the moment gradient effect on distortional buckling failures can be conservatively accounted for in 
the Direct Strength Method by using an elastic buckling moment that accounts for the moment gradient. An 
empirical equation, appropriate for use in design, to predict the increase in the elastic distortional buckling 
moment due to moment gradient, is developed. 
 
 
B.W. Schafer and L. Graham-Brady (Dept. of Civil Engineering, Johns Hopkins University, Baltimore, 
Maryland, USA), “Stochastic post-buckling of frames using Koiter’s method”, International Journal of 
Structural Stability and Dynamics, Vol. 6, No. 3, September 2006 
ABSTRACT: The objective of this paper is to explore the impact of stochastic inputs on the buckling and post-
buckling response of structural frames. In particular, we examine the impact of random member stiffness on the 
buckling load, and the initial slope and curvature of the post-buckling response of three example frames. A 
finite element implementation of Koiter's perturbation method is employed to efficiently examine the post-
buckling response. Monte Carlo simulations where the member stiffness is treated as a random variable, as well 
as correlated and uncorrelated random fields, are completed. The efficiency of Koiter's perturbation method is 
the key to the feasibility of applying Monte Carlo simulation techniques, which typically requires a large 
number of sample simulations. In an attempt to curtail the need for multiple sample calculations, an alternative 
first-order perturbation expansion is proposed for approximating the mean and variance of the post-buckling 
behavior. However, the limitations of this first-order perturbation approximation are demonstrated to be 
significant. The simulations indicate that deterministic characteristics of the post-buckling response can be 
inadequate in the face of input randomness. In one case, a frame that is stable symmetric in the deterministic 
case is found to be asymmetric when randomness in the input is incorporated; therefore, this frame has real 
potential for imperfection sensitivity. The importance of random field models for the member stiffness as 
opposed to random variable models is highlighted. The simulations indicate that the post-buckling response can 
magnify input randomness, as variability in the post-buckling parameters can be greater than the variability in 
the input parameters. 
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“Simplified methods for predicting elastic buckling of cold-formed steel structural members with holes”, 19th 
International Specialty Conference on Cold-Formed Steel Structures, St. Louis, Missouri, USA, Octobrer 14-15, 
2008 
ABSTRACT: Simplified methods for approximating the local, distortional, and global critical elastic buckling 
loads of cold-formed steel columns and beams with holes are developed and summarized. These methods are 
central to the extension of the Direct Strength Method (DSM) to members with holes, as DSM employs elastic 
buckling properties to predict ultimate strength. The simplified methods are developed as a convenient 
alternative to shell finite element eigenbuckling analysis, which requires commercial software not always 
accessible to the engineering community. A variety of simplified methods are pursued including (a) hand 



methods founded primarily on classical plate stability approximations and (b) empirical extensions to the semi-
analytical finite strip method (i.e., modifying and using the freely available, open source software, CUFSM). 
The proposed methods are verified with shell finite element eigenbuckling studies. The developed simplified 
methods are intended to be general enough to accommodate the range of hole shapes, locations, and spacings 
common in industry, while at the same time also defining regimes where explicit use of shell finite element 
analyses are still needed for adequate accuracy.  
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“Elastic buckling of thin plates with holes in compression or bending”, Thin-Walled Structures, Vol. 47, No. 12, 
December 2009, pp. 1597-1607, doi:10.1016/j.tws.2009.05.001 
ABSTRACT: Closed-form expressions for approximating the influence of single or multiple holes on the 
critical elastic buckling stress of plates in bending or compression are developed, validated and summarized. 
The expressions are applicable to plates simply supported on 4 sides and plates simply supported on 3 sides, 
commonly called stiffened and unstiffened elements in design. The expressions serve as a convenient 



alternative to shell finite element eigen-buckling analysis, which requires commercial software not typically 
accessible to the engineering design community. The forms of the expressions are founded on classical plate 
stability approximations, and are developed and validated with parametric studies employing shell finite 
elements. The finite element parametric studies demonstrate that holes may create unique buckling modes, and 
can either decrease or increase a plate's critical elastic buckling stress depending on the hole geometry and 
spacing. The validated closed-form expressions and their associated limits are intended to be general enough to 
accommodate the range of hole shapes, locations, and spacings common in engineering practice, while at the 
same time also defining regimes where explicit use of shell finite element analyses is still needed for adequate 
accuracy. 
 
 
Bahi-Eddine Lahouel and Mohamed Guenfoud, “Comparative analysis of vibration between laminated 
composite plates with and without holes under compressive load”, World Academy of Science, Engineering and 
Technology, Vol. 7, 2013-06-20 
ABSTRACT: In this study, a vibration analysis was carried out of symmetric angle-ply laminated composite 
plates with and without square hole when subjected to compressive loads, numerically. A buckling analysis is 
also performed to determine the buckling load of laminated plates. For each fibre orientation, the compression 
load is taken equal to 50% of the corresponding buckling load. In the analysis, finite element method (FEM) 
was applied to perform parametric studies, the effects of degree of orthotropy and stacking sequence upon the 
fundamental frequencies and buckling loads are discussed. The results show that the presence of a constant 
compressive load tends to reduce uniformly the natural frequencies for materials which have a low degree of 
orthotropy. However, this reduction becomes non-uniform for materials with a higher degree of orthotropy. 
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ABSTRACT: The objective of this paper is to provide and verify a new design method for the in-plane 
compressive strength of steel sandwich panels comprised of steel face sheets and foamed steel cores. Foamed 
steel, literally steel with internal voids, provides enhanced bending rigidity, exceptional energy dissipation, and 
the potential to mitigate local instability. In this work, Winter's effective width expression is generalized to the 
case of steel foam sandwich panels. The generalization requires modification of the elastic buckling expressions 
to account for panel non-composite bending rigidity and shear deformations. In addition, an equivalent yield 
stress is introduced to provide a single parameter description of the yielding behavior of the steel face sheets 
and steel foam core. The provided analytical expressions are verified with finite element simulations employing 
three-dimensional continuum elements and calibrated constitutive models specific to metallic foams. The 
developed closed-form design expressions are employed to conduct parametric studies of steel foam sandwich 
panels, which (a) demonstrate the significant strength improvements possible when compared with solid steel, 
and (b) provide insights on the optimal balance between steel face sheet thickness and density of the foamed 
steel core. This work is part of a larger effort to help develop steel foam as a material with relevance to civil 
engineering applications. 
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“Modal identification for shell finite element models of thin-walled members in nonlinear collapse analysis”, 
Thin-Walled Structures, Vol. 67, pp 15-24, June 2013, DOI: 10.1016/j.tws.2013.01.019 
ABSTRACT: The objective of this paper is to provide a method for applying modal identification (i.e. the 
separation of general deformations into fundamental modal deformation classes: local, distortional, global, 
shear, and transverse extension) to the collapse analysis of thin-walled members modeled using material and 
geometric nonlinear shell finite element analysis. The advantage of such a modal identification is the ability to 
categorize and reduce the complicated deformations that occur in a shell finite element model—and ultimately 
to (a) quantitatively associate failures with particular classes, e.g. state a model as a local failure, and (b) track 
the evolution of the classes, e.g., mixed local and distortional buckling leading to a distortional failure in a given 
model. Ultimately, this capability will aid Specification development, which must simplify complicated 
behavior down to strength predictions in isolated buckling-induced limit states. The modal identification 
method is enabled by creating a series of base vectors, consistent with the fundamental deformation classes, that 
are used to categorize the general finite element displacements. The base vectors are constructed using the 
constrained finite strip method for general end boundary conditions, previously developed by the authors. A 
fairly sizeable minimization problem is required for assigning the contributions to the fundamental deformation 
classes. The procedure is illustrated with shell finite element examples of cold-formed steel members modeled 
to collapse with geometric or/and material nonlinearity. The failure modes of the member are tracked (i.e., 
identified as a function of displacement), and the collapse mechanism is investigated. The provided examples 
provide both proof of concept for the modal identification and demonstrate the potential of using such 
information to better understand the behavior of thin-walled members. 
 
 
Ádány, S. (Budapest University of Technology), “Flexural buckling of simply-supported thin-walled columns 
with consideration of membrane shear deformations: Analytical solutions based on shell model”, Thin-Wall. 
Struct., 74, 36-48, 2014, DOI: 10.1016/j.tws.2013.09.014 
ABSTRACT: In this paper, flexural buckling of pin-ended thin-walled columns is discussed. The classical 
formulae for the critical force are based on a beam model. The simplest formulae use the classical Euler–
Bernoulli beam theory, but solutions based on the shear-deformable beam theory are also known. In the 
presented research alternative formulae are derived. The column is modeled as a set of flat plane elements, and 
the in-plane membrane shear deformations are explicitly considered. The derivations can be carried out in 
various, slightly different ways, leading to different formulae. The derived critical force formulae are discussed 
through theoretical considerations and numerical studies. 
 
 
Kremer, K., Liszkiewicz, A. and Adkins, J., “Development of steel foam materials and structures”, October 
2004, Fraunhofer, Center for Manufacturing and Advanced Materials, Newark, Delaware 
ABSTRACT: In the past few years there has been a growing interest in lightweight metal foams. Demands for 
weight reduction, improved fuel efficiency, and increased passenger safety in automobiles now has 
manufacturers seriously considering the use of metal foams, in contrast to a few years ago, when the same 
materials would have been ruled out for technical or economical reasons. The objective of this program was to 
advance the development and use of steel foam materials, by demonstrating the advantages of these novel 
lightweight materials in selected generic applications. Progress was made in defining materials and process 
parameters; characterization of physical and mechanical properties; and fabrication and testing of generic steel 
foam-filled shapes with compositions from 2.5 wt. % to 0.7 wt. % carbon. A means of producing steel foam 
shapes with uniform long range porosity levels of 50 to 60 percent was demonstrated and verified with NDE 



methods. Steel foam integrated beams, cylinders and plates were mechanically tested and demonstrated 
advantages in bend stiffness, bend resistance, and crush energy absorption. Methods of joining by welding, 
adhesive bonding, and mechanical fastening were investigated. It is important to keep in mind that steel foam is 
a conventional material in an unconventional form. A substantial amount of physical and mechanical properties 
are presented throughout the report and in a properties database at the end of the report to support designer’s in 
applying steel foam in unconventional ways. 
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“Improving buckling response of the square steel tube by using steel foam”, Structural Engineering and 
Mechanics, Vol. 51, No. 6, pp 1017-1036, 2014, DOI: http://dx.doi.org/10.12989/sem.2014.51.6.1017  
ABSTRACT: Steel tubes have an efficient shape with large second moment of inertia relative to their light 
weight. One of the main problems of these members is their low buckling resistance caused from having thin 
walls. In this study, steel foams with high strength over weight ratio is used to fill the steel tube to beneficially 
modify the response of steel tubes. The linear eigenvalue and plastic collapse FE analysis is done on steel foam 
filled tube under pure compression and three point bending simulation. It is shown that steel foam improves the 
maximum strength and the ability of energy absorption of the steel tubes significantly. Different configurations 
with different volume of steel foam and composite behavior is investigated. It is demonstrated that there are 
some optimum configurations with more efficient behavior. If composite action between steel foam and steel 
increases, the strength of the element will improve, in a way that, the failure mode change from local buckling 
to yielding.  
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“Incremental wind-wave analysis of the structural capacity of wind turbine support structures under extreme 
loading”, Engineering Structures, Vol. 79, pp 58-69, 2014 
ABSTRACT: Offshore wind turbine (OWT) support structures are subjected to non-proportional environmental 
wind and wave load patterns with respect to increases in wave height and with respect to wind and wave 
combined loading. Traditional approaches to estimating the ultimate capacity of offshore support structures are 
not ideally suited to analysis of OWTs. In this paper, the concept of incremental wind-wave (IWWA) analysis 
of the structural capacity of OWT support structures is proposed. The approach uses static push-over analysis of 
OWT support structures subject to wind and wave combined load patterns corresponding to increasing mean 
return period (MRP). The IWWA framework can be applied as a one-parameter approach (IWWA1) in which 
the MRP for the wind and wave conditions is assumed to be the same or a two-parameter approach (IWWA2) in 
which the MRPs associated with wind and wave conditions are related to a joint probability density function 
characterizing the wind and wave conditions at the site. Example calculations for monopile and jacket supported 
OWTs at Atlantic marine sites are performed under both one parameter and two parameters IWWA framework. 
The analyses illustrate that: the results of an IWWA analysis are site specific; and structural response can be 
dominated by either wind or wave conditions depending on structural characteristics and site conditions. 
Finally, reliability analyses for both examples excluding uncertainties in structural resistance are estimated 
based on their IWWA results and probabilistic models for site environmental conditions.  
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Cold-formed Steel Members in Shell Finite Element Models", 21st International Specialty Conference on Cold-
Formed Steel Structures. Paper 1, http://scholarsmine.mst.edu/isccss/21iccfss/21iccfss-session1/1 , August 24, 



2012 
ABSTRACT: This paper illustrates new capabilities for modal identification of shell Finite Element Method 
(FEM) models of thin-walled cold-formed steel members. The separation of general deformations into 
fundamental buckling deformation classes: local, distortional, global, shear, and transverse extension, originated 
with the constrained Finite Strip Method (cFSM) and is extended here to shell element based FEM analysis. The 
cFSM base vectors for general end boundary conditions, previously developed by the authors, provide a series 
of general base functions capable of separating displacements into classes. FEM displacements are identified by 
minimizing error between the actual FEM displacements and those predicted by the cFSM base functions. This 
leads to the ability to quantify (i.e., modally identify) the global, distortional, and local participation in a FEM 
model. The ability to categorize the complicated deformations of a FEM model into simple classes is of great 
importance because of the different post-buckling and collapse behavior associated with each class. Further, the 
extension to general FEM models allows for modal identification of members with geometric changes along the 
length, such as holes, as well as concentrated loads and other characteristics difficult to capture in the finite strip 
formulation. The method is demonstrated for modal identification of FEM linear elastic analysis, FEM elastic 
buckling analysis (including highly coupled modes) and FEM nonlinear collapse analysis. Further, the examples 
include members with holes. The dominance of distortional buckling deformations in collapse regimes of lipped 
channel members is observed and provides new insight on the interaction of buckling modes in cold-formed 
steel members. Limitations of the method and future directions for the work are discussed. 
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Journal of Enginee3ring Mechanics, Vol. 139, No. 11, November 2013 
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ABSTRACT: The objective of this paper is to provide the theoretical background and illustrate the capabilities 
of the constrained finite strip method (cFSM) for thin-walled members with general end boundary conditions. 
Based on the conventional finite strip method (FSM), cFSM provides a mechanical methodology to separate the 
deformations of a thin-walled member into those consistent with global, distortional, local, and other (e.g., shear 
and transverse extension) modes. For elastic buckling analysis, this enables isolation of any given mode (modal 
decomposition) or quantitative measures of the interactions within a given general eigenmode (modal 
identification). Existing cFSM is only applicable to simply supported end boundary conditions. In this paper, 
FSM is first extended to general end boundary conditions, including simply–simply, clamped–clamped, simply–
clamped, clamped–guided, and clamped–free. Next, with the conventional FSM for general end boundary 
conditions in place, the derivation of the constraint matrices for global, distortional, local, and other modes that 
play a central role in cFSM are summarized. Several bases (i.e., the constraint matrices) are presented for 
general end boundary conditions involving, in particular, different orthogonalization conditions. For modal 
identification, normalization schemes for the base vectors as well as the summation method employed for the 
modal participation calculation are also provided. Numerical examples of modal decomposition and 
identification are illustrated for a thin-walled member with general end boundary conditions. Recommendations 
on the choice of basis, orthogonalization, and normalization are provided. 
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“Analysis and Design of Thin Metallic Shell Structural Members – Current Practice and Future Research 
Needs”, Proceedings of the Annual Stability Conference, Structural Stability Research Council (SSRC), 
Toronto Canada, March 25-28, 2014 
ABSTRACT:  The goal of this paper is to highlight promising methods in current thin metallic shell design 
practice and to define a future needs framework from which research can launch. Thin shell structural members 
are a staple in many industries – from aerospace, ship building, to offshore oil and gas to residential and 
commercial buildings. Shell types and geometries are numerous including ship hulls, silos, tanks, pipelines, 
chimneys and wind turbine towers. Despite large research investments there is still wide debate and uncertainty 
when designing thin shell structural members. Failure modes are complex and sensitive to initial geometric 
imperfections. The types of loadings vary widely– including axial, shear, flexure combined with internal or 
external pressure – making calculation-based methods challenging. Shell geometry – including longitudinal and 
transverse stiffeners and conical, tapered along a member – compound the complexity. This paper synthesizes 
these current approaches and organizes the most promising ideas into a framework for future research. A 
specific focus will be on research needed to expand current GMNIA (geometrically and materially nonlinear 
analysis with imperfections included) capabilities.  
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de Vries J. Research on the Yoshimura buckling pattern of small cylindrical thin walled shells. In: Fletcher K, 
editor. Proceedings of the European conference on spacecraft structures, materials & mechanical testing. 
Noordwijk, The Netherlands; European Space Agency Special Publication, ESA SP 01/2005; 581:21 
ABSTRACT: Thin-walled stiffened or unstiffened, metallic or composite shells are widely used structural 
elements in aeronautical and space applications. These structures are often highly sensitive to initial 
imperfections and therefore have buckling loads much lower than those computed for perfect structures. 
Analysis and testing of imperfect shells have been a major research area during the last century. The proposed 
paper will present the results of the buckling analysis of small cylindrical shells, i.e. beer cans, with length of 
100 mm, radius of 33 mm, and thickness 0.1 mm, and their comparison with experimental results. For the 
analytical work, a hierarchical multi-fidelity approach is used to solve the buckling problem. As a first level 
analysis some simple programs are used to investigate the behavior of perfect shells. The deformation in both 
axial and circumferential direction is described using goniometric functions. This is followed by more advanced 
analytical programs where the deformation in circumferential direction is still described using goniometric 
functions, but in axial direction the deformation is solved from the differential equations. Finally, the local 
buckling phenomena as observed during the experiment is looked at more carefully by investigating the energy 
behaviour.  
 
 
P.K. Dash, R. Sathishbabu and C. Ganesan, 2011. Effect of Corrosive Environment on Elasto-buckling Strength 
of GFRC Plate. Asian Journal of Materials Science, 3: 5-19. 
ABSTRACT: This study reports the experimental investigation of the elastic, buckling and post-buckling 
response of unidirectional laminated and 00 oriented E-glass/epoxy composite rectangular plate subjected to 
compressive load and liquid environment exposure. The plates were exposed to liquid rocket propellants like 
kerosene oil, hydrogen peroxide and hydrazine hydrate for different duration. The effects of liquid fuels, 
moisture concentration, fiver damage and plate parameters on elastic, buckling and post buckling response of 
the plate were studied. The effect of corrosion on composite plate and reduction in properties like weight 
changes, elastic, buckling and post-buckling strength were observed and found as a time dependent. The 
theoretical evaluation using classical thin plate theory showed the significant buckling load variation with 
response to experimental observation. In addition, hydrogen peroxide and hydrazine hydrate are found more 
corrosive compared to kerosene oil and reduced one fourth of the total strength of the composite plate. 
 
 
Ali Fatemi and Shawn Kenny (Memorial University of Newfoundland and Labrador), “Continuum modeling 
framework for local buckling response of plain and girth welded pipes”, Offshore Technology Conference, 2-5 
May 2011, Houston, Texas, USA 
ABSTRACT: In this paper, the significance of boundary conditions (L/D ratio), initial geometric imperfections, 
anisotropic material properties, and material constitutive model on the local buckling response of plain and girth 
welded pipes was evaluated using continuum finite element modelling procedures. A numerical model was 
developed, using the finite-element simulator ABAQUS/Standard, to predict the local buckling and post-
buckling response of high strength pipelines subject to combined state of loading. The numerical procedures 
were calibrated using test data from large-scale experiments examining the local buckling of high strength 
linepipe. The moment and strain response estimates, predicted by the numerical simulation tool, was consistent 
with the experimental data well into the post-yield range. As the models with high L/D ratio exhibit global 
Euler-type response, a numerical algorithm was developed to calculate the local section moment response based 



on FE predictions. 
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(4) Keystone Tower Systems  
“Modeling protocols for elastic buckling and collapse analysis of spirally welded circular hollow thin-walled 
sections”, Proceedings of the Annual Stability Conference Structural Stability Research Council (SSRC) 
Nashville, Tennessee, March 24-27, 2015  
ABSTRACT: The elastic buckling and ultimate capacity of thin-walled steel circular hollow sections 
manufactured with spiral welding and subjected to axial force or pure bending are studied numerically in 
ABAQUS and experimentally validated to provide a numerical modeling protocol. This effort, focused on shell 
finite element analysis and the development of validated modeling protocols, is a part of a larger effort to 
definitively understand the limit-states and provide design standards for spirally welded steel wind turbine 
towers. The modeling protocol incorporates fundamental modeling parameters including element type, mesh 
aspect ratio, mesh style including structured mesh versus spiral mesh along the spiral welds, mesh size along the 
length, mesh size on the circular cross-section, material modeling, geometrical imperfections, and weld 
imperfections. The geometrical dimensions in the parametric analyses were selected in accordance with 
reasonable archetype dimensions and practical plate thicknesses and cross-sectional diameters applicable to 
wind turbine towers. An eigen-buckling convergence study including both buckling shapes and capacities was 
performed under pure bending and compressive axial force to find a base-line modeling protocol. To validate 
the base-line modeling protocol, a spirally welded tube specimen recently tested at Northeastern University was 
simulated via geometric and material nonlinear shell finite element analysis. The validated protocol will be 
applied to a larger parametric collapse analyses to generalize the experimental results and to develop reliability 
based design methods for spirally welded wind turbine towers.  
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Zeinoddini V.M., Schafer B.W. (2012). “Simulation of geometric imperfections in cold-formed steel members using spectral 
representation approach.” Thin-Walled Structures, 60. 105-117.  
 
 
B. W. Schafer and T. Peköz (School of Civil and Environmental Engineering, Cornell University, Ithaca, NY 
14853, USA), “Direct strength prediction of cold-formed steel members using numerical elastic buckling 
solutions”, in Thin-walled structures: research and development, Edited by N. E. Shanmugam, J. Y. Richard 
Liew, Viviane Thevendran, 1998, Elsevier Science, ISBN: 0-08-043003-1 
ABSTRACT: Current design of cold-formed steel members is unduly complicated. Part of this complication 
arises from the need to perform elastic buckling calculations by hand. Also, complications occur in determining 
the effective width and resulting effective properties of members. Further, as cross-sections become more 
optimized (e.g., through the introduction of longitudinal stiffeners) both the elastic buckling and effective width 
calculations become markedly more complex. In order to investigate alternatives to current design a large 
amount of experimental data on flexural members of varying geometry is collected. The use of numerical elastic 
buckling solutions for the entire member is investigated as an alternative to current practice. Employing strength 
curves on the entire member, similar to the effective width strength curves for an element, it is found that a 
“direct strength” approach is a reliable alternative to current design. Such an approach leads to complete 
flexibility in cross-section geometry, thus greatly increasing the ability to optimize cold-formed steel members. 
Conservative limitations of the direct strength approach are also addressed. 
 
 
M. Zeinoddini, G.A.R. Parke and P. Disney, “The stability study of an innovative steel dome”, International 
Journal of Space Structures, 06/2004; 19(2); 109-125, DOI: 10.1260/0266351042249583  
ABSTRACT: Global stability of an innovative dome comprising of double-layer space frame sections together 
with curved flexural members has been studied. The dome had both an outer flat and an inner spherical double-
layer grid space frames and formed the roof over a joint ballroom and meeting space of 3,100 square metres. 
The relatively wide spans between the outer and the inner space structures were covered using thirty six curved 
flexural pipe members laid on a synclastic surface. These members were employed for architectural purposes to 
provide a clear glazed area for the roof. Introducing relatively large span flexural members joining the two 
lattice space frames together complicated the overall structural response of the dome. It also made the dome 
susceptible to different premature instability modes. The non-linear FE program ABAQUS [1] was utilised to 
study the global stability of the dome and to investigate fully both its pre and post failure behaviour. Different 
member configurations were considered for the dome and their effects on the behaviour; stability, snap through 
buckling and the collapse load of the structure were investigated. In the dome responses, several failure modes 
such as overall torsional buckling, in-plane ring buckling and symmetrical and non-symmetrical vertical snap 
through were identified. It was noted that the presence of restraints placed between the flexural members could 
prevent the occurrence of premature torsional and vertical snap through buckling in the dome. The global 
behaviour of the dome appeared to be very sensitive to both the type and configuration of the restraints applied 
along the flexural members. The dome was also found to be remarkably sensitive to non-symmetric loads.  
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M. Zeinoddini (Dept. of Civil Engineering, University of Technology, Tehran, Iran), “In-situ quasi-static and 
dynamic behavioural response of steel tubular frames subjected to lateral impact loads”, Latin American Journal 
of Solids and Structures, Vol. 9, No. 3, June 2012 
ABSTRACT: Steel tubular members are widely used as primary and secondary structural framing members in 
offshore oil and gas platforms. A platform is inherently liable to collisions from ships which can create severe 
structural damages in the rig. The effect of this damage has been studied by a number of researchers through 
investigating the impact behaviour isolated tubular members. This is while, the in-situ response of a member 
located in a structural frame, to lateral impact loads, is not necessarily the same as the response of an individual 
isolated impacted member. In this paper the behaviour of a chord member forming part of a tubular frame, 
subjected to impact loads, has been investigated. The tubular frame was tested experimentally by other 
researchers and reported in the literature. The non-linear numerical models of the frame presented by the 
authors have been validated against the experimental results. These validated models have been examined under 
both quasi-static and dynamic impact loads with operational pre-loading applied. It has been found that, in a 
pre-loaded frame, quasi-static impact loading results in the failure of the impacted member. Interestingly, 
dynamic modelling of the impact results in the dynamic instability of an adjacent bracing member. It has been 
noticed that, under a dynamic impact, the impacted in-situ member (located in the frame) behaves rather 
similarly to a pin ended isolated member. With a quasi-static impact, the impacted in-situ member follows fairly 
closely the response obtained for a fixed ended isolated member. 
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“The finite element method for thin-walled members—basic principles”, Thin-Walled Structures, Vol. 41, 
Nos.2-3, February 2003, pp. 179-189, doi:10.1016/S0263-8231(02)00086-1 
ABSTRACT: The application of the finite element method to thin-walled structures often requires non-linear 
analysis. Whereas in linear finite element analyses errors are easily made, this is even more so in the non-linear 
analyses. This paper focuses on possible sources of error in linear and non-linear finite element solutions, and 
gives suggestions how to check and prevent these errors. 
 
 
B.W. Schafer and T. Peköz (School of Civil and Environmental Engineering, Cornell University, Ithaca NY, 
USA), “Computational modeling of cold-formed steel: characterizing geometric imperfections and residual 
stresses”, Journal of Constructional Steel Research, 47, 193–210, 1998. 
ABSTRACT: Thin-walled, cold-formed steel members exhibit a complicated post-buckling regime that is 
difficult to predict. Today, advanced computational modeling supplements experimental investigation. 
Accuracy of computational models relies significantly on the characterization of selected inputs. No consensus 
exists on distributions or magnitudes to be used for modeling geometric imperfections and for modeling 
residual stresses of cold-formed steel members. In order to provide additional information existing data is 



collected and analyzed and new experiments performed. Simple rules of thumb and probabilistic concepts are 
advanced for characterization of both quantities. The importance of the modeling assumptions are shown in the 
examples. The ideas are summarized in a preliminary set of guidelines for computational modeling of 
imperfections and residual stresses. 
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“The finite element method for thin-walled members-applications”, Thin-Walled Structures, Vol. 41, Nos. 2-3, 
February 2003, pp. 191-206, doi:10.1016/S0263-8231(02)00087-3 
ABSTRACT: Traditionally numerous physical tests have been required to develop and verify newly proposed 
design procedures. The availability of powerful computers and software makes the finite element method an 
essential tool in such research. Analysis types, material models, elements and initial conditions that are taken 
into account in the finite element analysis of thin-walled structures are discussed. A list of programs developed 
in recent studies and example problems of the finite element method application to thin-walled structures are 
given. 
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Also see: Johns Hopkins Research Report by Sandor Adany, 2004 (99 Pages 
http://www.ce.jhu.edu/bschafer/cFSM/sandor2004report.pdf ) 
ABSTRACT: This paper proposes a new approach for buckling mode definitions of open cross-section thin-
walled members, which, unlike the existing phenomenological definitions, are based on simple mechanical 
assumptions which can easily be applied in the context of any numerical method. The application of the 
proposed definitions to the Finite Strip Method is briefly demonstrated. Numerical examples are provided to 
justify the applicability and efficiency of the proposed classification approach. 
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“Understanding and Classifying Local, Distortional and Global Buckling in Open Thin-Walled Members”, 
Annual Conference: Structural Stability Research Council, Montreal, Canada, 2005 
ABSTRACT: Cross-section instability greatly complicates the behavior of thin-walled members. Current 
computational stability techniques do little to add clarity. The terms “global,” “distortional,” and “local 
buckling” permeate the literature, but there are no satisfactory definitions for the three characteristic modes. 
Despite this, design standards require the calculation of buckling stresses, as each characteristic mode has a 
differing degree of post-buckling capacity, and may trigger a different collapse response. Further, interaction 
between all modes is possible, but poorly understood. This paper proposes a new approach for buckling mode 
definitions of open cross-section thin-walled members, which, unlike the existing heuristic definitions, are 
based on simple mechanical assumptions which can easily be applied in the context of any numerical method. 
The application of the proposed definitions to the Finite Strip Method is briefly demonstrated. The technique 
may be used either to classify results after performing an analysis (including the extent of interaction) or to 
constrain a model to a particular characteristic mode or modes before performing the analysis. Numerical 
examples are provided to justify the applicability and efficiency of the proposed classification 
References listed at the end of the paper: 
[1] Eurocode 3, EN 1993-1-3, General rules, Supplementary rules for cold-formed thin gauge members and sheeting , Draft Version, 
September 27, 2002. 
[2] NAS, North American Specification for the Design of Cold-Formed Steel Structural Members. American Iron and Steel Institute, 
Canadian Standards Association, CANACERO, 2001. 
[3] Design of Cold-Formed Steel Structural Members using the Direct Strength Method, Appendix 1 of the NAS, 2004. (available also 
at http://www.ce.jhu.edu/bschafer/direct_strength ) 
[4] AS/NZS 4600, Australian/New Zealand Standard, Cold-Formed Steel Structures, 1998. 
[5] Ádány, S: Buckling mode classification of members with open thin-walled cross-sections by using the Finite Strip Method, 
Research Report, Johns Hopkins University, 2004. (available at http://www.ce.jhu.edu/bschafer ) 
[6] CUFSM v2.6, Elastic Buckling Analysis of Thin-Walled Members by Finite Strip Analysis, http://www.ce.jhu.edu/bschafer/cufsm  
[7] Thin-Wall v2.1, Cross-Section Analysis and Finite Strip Analysis and Direct Strength Design of Thin-Walled Structures, Centre 
for Advanced Structural Engineering, University of Sydney, http://www.civil.usyd.edu.au/case/thinwall  
[8] Schardt, R.: Verallgemeinerte Technische Biegetheorie, Springer Verlag, Berlin, 1989. (in German) 
[9] Davies, J.M., Leach, P.: First-order generalised beam theory, J. of Construct. Steel Res., 31(2-3), 1994, pp. 187-220. 
[10] Davies, J.M., Leach, P., Heinz, D.: Second-order generalised beam theory, J. of Construct. Steel Res., 31(2-3), 1994, pp. 221-241. 
[11] Silvestre, N., Camotim, D.: First-order generalised beam theory for arbitrary orthotropic materials, Thin-Walled Structures, 40, 
2002, 755-789. 
[12] Silvestre, N., Camotim, D.: Second-order generalised beam theory for arbitrary orthotropic materials, Thin-Walled Structures, 40, 
2002, 791-820. 
 
 
S. Ádány (1) and B.W. Schafer (2) 
(1) Department of Structural Mechanics, Budapest University of Technology and Economics, 1111 Budapest, 
Müegyetem rkp. 3., Hungary 
(2) Department of Civil Engineering, Johns Hopkins University, Latrobe Hall 210, Baltimore, MD 21218, USA 
“Buckling mode decomposition of single-branched open cross-section members via finite strip method: 



Derivation”, Thin-Walled Structures, Vol. 44, No. 5, May 2006, pp. 563-584, 
doi:10.1016/j.tws.2006.03.013 
ABSTRACT: This paper provides the first detailed presentation of the derivation for a newly proposed method 
which can be used for the decomposition of the stability buckling modes of a single-branched, open cross-
section, thin-walled member into pure buckling modes. Thin-walled members are generally thought to have 
three pure buckling modes (or types): global, distortional, and local. However, in an analysis the member may 
have hundreds or even thousands of buckling modes, as general purpose models employing shell or plate 
elements in a finite element or finite strip model require large numbers of degrees of freedom, and result in 
large numbers of buckling modes. Decomposition of these numerous buckling modes into the three buckling 
types is typically done by visual inspection of the mode shapes, an arbitrary and inefficient process at best. 
Classification into the buckling types is important, not only for better understanding the behavior of thin-walled 
members, but also for design, as the different buckling types have different post-buckling and collapse 
responses. The recently developed generalized beam theory provides an alternative method from general 
purpose finite element and finite strip analyses that includes a means to focus on buckling modes which are 
consistent with the commonly understood buckling types. In this paper, the fundamental mechanical 
assumptions of the generalized beam theory are identified and then used to constrain a general purpose finite 
strip analysis to specific buckling types, in this case global and distortional buckling. The constrained finite strip 
model provides a means to perform both modal identification relevant to the buckling types, and model 
reduction as the number of degrees of freedom required in the problem can be reduced extensively. Application 
and examples of the derivation presented here are provided in a companion paper. 
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 “A full modal decomposition of thin-walled, single-branched open cross-section members via the constrained 
finite strip method”, Journal of Constructional Steel Research, Vol. 64, No. 1, January 2008, pp. 12-29, 
doi:10.1016/j.jcsr.2007.04.004 
ABSTRACT: This paper derives a new method for fully decomposing the elastic stability solution, of a thin-
walled single-branched open cross-section member, into mechanically consistent buckling classes associated 
with global, local, distortional, and shear and transverse extension buckling modes. The method requires a set of 
formal mechanical definitions for each of the buckling classes. For global and distortional buckling the 
definitions employed successfully by generalized beam theory are utilized herein, while for local and other 
(shear and transverse extension) buckling, new definitions are provided. The mechanical definitions for a given 
buckling class represent a series of constraint conditions on the general deformations that the thin-walled cross-
section may undergo. These constraint conditions are derived as explicit constraint matrices within the context 
of the finite strip method, and provide the desired decomposition of the buckling deformations of the member. 
The decomposition is full in the sense that the union of the deformation spaces of the decomposed buckling 
classes is the same as the general deformation space in the original finite strip method. The resulting method is 
termed the constrained finite strip method (cFSM). The two primary applications for cFSM are modal 
decomposition and modal identification. Modal decomposition reduces the general finite strip solution to a 
desired set of buckling classes and performs a useful model reduction that allows the results to focus on a 
particular buckling class, e.g., distortional buckling. Modal identification provides a means to quantify the 
extent to which a given buckling class is contributing to a general buckling deformation. Application of cFSM, 
including graphical representation of the buckling classes, and the advantages of modal decomposition and 
modal identification, are provided in a series of numerical examples. 
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formed steel members and structures: General Report”, Journal of Constructional Steel Research, Vol. 55, 
Nos.1-3, July 2000, pp. 155-158, doi:10.1016/S0143-974X(99)00083-8 
ABSTRACT: The aim of this report is to give a review of some recent progresses in the field of cold-formed 



steel members. Particular emphases are given to progresses in the field of distortional buckling and in recent 
development of new types of joints. 
 
 
F. Kolcu, T. Ekmekyapar and M. Özakça (Department of Civil Engineering, University of Gaziantep, 
Gaziantep, Turkey), “Linear buckling optimization and post-buckling behavior of optimized cold formed steel 
members”, Scientific Research and Essays Vol. 5(14), pp. 1916-1924, 18 July, 2010  
ABSTRACT: Today's high-strength materials allow for significant increases in working and limit stresses. To 
fully exploit material improvements as weight savings on structures, it is desirable to enhance the performance 
of structural components. The work presented in this paper proposes that the buckling behavior of cold form 
steel columns may be effectively improved without increased material volume. In order to achieve this goal, 
optimization algorithm which integrates finite strip analysis, geometric modeling, semi analytical sensitivity 
analysis and sequential quadratic mathematical programming methods can be used to find an optimum cross 
section of cold-formed steel columns under axial compression. The objective is the maximization of the critical 
buckling load with constraints on the volume of material used. Several examples are included to illustrate 
advantage of the optimization. The post buckling performance of optimized cold form steel columns was also 
investigated using nonlinear variable thickness finite strip analysis. Non-linear finite strip analysis helped to 
understand the behaviour of these cold form steel columns and select the most promising designs. The optimum 
forms found in this paper can be used to develop improved designs for cold formed steel columns.  
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element idealization on the prediction of welded fuselage stiffened panel buckling”, Proceedings of the 
Institution of Mechanical Engineers, Part G, Journal of Aerospace Engineering, Vol. 230, No. 2, June 2015 
DOI: 10.1177/0954410015591044 
ABSTRACT: Lap joints are widely used in the manufacture of stiffened panels and influence local panel sub-
component stability, defining buckling unit dimensions and boundary conditions. Using the finite element 
method it is possible to model joints in great detail and predict panel buckling behaviour with accuracy. 
However, when modelling large panel structures such detailed analysis becomes computationally expensive. 
Moreover, the impact of local behaviour on global panel performance may reduce as the scale of the modelled 



structure increases. Thus this study presents coupled computational and experimental analyses, aimed at 
developing relationships between modelling fidelity and the size of the modelled structure, when the global 
static load to cause initial buckling is the required analysis output. Small, medium and large specimens 
representing welded lap-joined fuselage panel structure are examined. Two element types, shell and solid-shell, 
are employed to model each specimen, highlighting the impact of idealisation on the prediction of welded 
stiffened panel initial skin buckling. 
 
 
Alessandro Teixeira Neto, Flavio Luiz de Silva Vussamra and Henrique Araujo de Castro e Silva (Instituto 
Tecnológico de Aeronáutica, CTA - ITA - , São José dos Campos; Brazil), “A new metamodel for reinforced 
panels under compressive loads and its application to the fuselage conception”, Latin American Journal of 
Solids and Structures, Vol. 11, No. 2, March 2014 
ABSTRACT: This work presents a new metamodel for reinforced panels under compressive loads, typically 
used in light-weight aircraft structures. The metamodel represents a replicable cell structure of integrally 
machined panels. The presented formulation for conception is based on the synthesis of four stability criteria: 
section crippling, web buckling, flange buckling and column collapse. The aluminum alloy, a typical choice in 
modern aircraft industry, is selected and the structure is expected to work in the linear elastic domain. In order 
to evaluate the accuracy and to validate the analytical tool, the procedure is applied in the pre-sizing of the 
fuselage basic structural components of a 9-passenger executive aircraft. The pull-up maneuver, one of the 
critical load conditions in most of aircrafts, causes the maximum compressive stresses in lower fuselage panels. 
Finite element models are presented to the resulting fuselage configuration. The optimal configuration achieved 
through the application of the analytical tool yields to an innovative structure from those usually adopted in the 
aeronautical industry. This structural configuration is presented and discussed. The developed metamodel 
proved to be effective, presenting satisfactory results with adequate accuracy for the initial stages of light-
weight aircraft structure. 
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J. M. Davies (Manchester School of Engineering, University of Manchester, Oxford Road, Manchester, M13 
9PL, UK), “Recent research advances in cold-formed steel structures”, Journal of Constructional Steel 
Research, Vol. 55, Nos. 1-3, July 2000, pp. 267-288, doi:10.1016/S0143-974X(99)00089-9 
ABSTRACT: Recent developments in the practical utilisation of cold-formed sections in building construction 
have taken place on three related fronts. There have been significant developments in the technology which 
result in more complex shapes with a higher yield stress so that cold-formed sections represent a particularly 
high-tech form of constructional steelwork. Developments in technology would be of little consequence unless 
there were parallel developments in practical applications and this is illustrated by the continual increase in the 
market share of cold-formed sections. This, in turn, makes demands on design procedures and requires parallel 
development in calculation models and design codes. In particular, sections have tended to become more highly 
stiffened and this necessitates a more sophisticated treatment of local buckling, distortional buckling and the 
interactions between them. The latest trend is to move from simplified design models to design procedures 
based on “whole section” analysis. In this paper, recent developments in technology and application are 
outlined and this is followed by more detailed consideration of the related design procedures. 
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“Generalized beam theory and modular structures”, International Journal of Solids and Structures, Vol. 33, 
No.10, April 1996, pp. 1425-1438, doi:10.1016/0020-7683(95)00107-7 
ABSTRACT: A modular structure is one which is formed from a repeated module, most commonly a regular 
truss. These are often reduced to equivalent uniform continua so that standard beam theory can be applied. This 
paper examines the basis of standard beam theory, demonstrating it to be a particular case of a more general 
theory. It is shown that more accurate results can be obtained by a proper application of the theory to both 
discrete modular systems and to normal continuous beams. 
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“A parametric study for distortional buckling stress on cold-formed steel using a neural network”, Journal of 
Constructional Steel Research, Vol. 63, No. 5, May 2007, pp. 686-691, 
doi:10.1016/j.jcsr.2006.07.005 
ABSTRACT: The process of prediction of distortional buckling stress of cold-formed steel members is often 
cumbersome and it is also difficult to perform parametric studies in this field to investigate the effect of 
geometric parameters on Elastic Distortional Buckling Stress (EDBS). To overcome this difficulty a neural 
network based model and formulation which was presented in a companion paper by the author [Pala M. A new 
formulation for distortional buckling stress in cold formed steel members. Journal of Constructional Steel 
Research 2006;62:716–22] is proposed as an alternative approach to investigate the effect of geometric 
parameters on distortional buckling stress. The model considers the effect of web height, flange width, angle of 
lip, lip length and flange thickness. The results of the Neural Network model are quite satisfactory and are 
consistent with the literature. 
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doi:10.1016/j.jcsr.2008.01.018 
ABSTRACT: The main purpose of the research is to develop formulations for estimating the Elastic distortional 



buckling stress (EDBS) of cold-formed steel member under compressive loading using Genetic programming 
(GP) which has not been applied so far. The required data used for the training and testing is collected from the 
literature. Two GP-based formulations are proposed to predict the elastic distortional buckling of cold formed 
steel C sections. The results of proposed GP formulations are compared with experimental and analytical results 
of different researchers and methods and found to be accurate. The results obtained from the formulas have 
shown that GP is a promising technique for predicting EDBS of cold-formed steel C sections. 
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Steel Research, Vol. 64, Nos. 7-8, July-August 2008, pp. 766-778, Special Issue: International Colloquium on 
Stability and Ductility of Steel Structures 2006, doi:10.1016/j.jcsr.2008.01.022 
ABSTRACT: The objective of this paper is to provide a review of the development and current progress in the 
Direct Strength Method for cold-formed steel member design. A brief comparison of the Direct Strength 
Method with the Effective Width Method is provided. The advantage of methods that integrate computational 
stability analysis into the design process, such as the Direct Strength Method, is highlighted. The development 
of the Direct Strength Method for beams and columns, including the reliability of the method is provided. 
Current and ongoing research to extend the Direct Strength Method is reviewed and complete references 
provided. The Direct Strength Method was formally adopted in North American cold-formed steel design 
specifications in 2004 as an alternative to the traditional Effective Width Method. The appendices of this paper 
provide the Direct Strength Method equations for the design of columns and beams as developed by the author 
and adopted in the North American Specification. 
References listed at the end of the paper: 
[1] American Iron and Steel Institute. AISI specification for the design of cold-formed steel structural members. Washington (DC): 
American Iron and Steel Institute; 1996.  
[2] North American Specification. Appendix 1: Design of cold-formed steel structural members using the Direct Strength Method. In: 
2004 supplement to the north American specification for the design of cold- formed steel structures. Washington (DC): American Iron 
and Steel Institute; 2004.  
[3] Ungureanu V, Dubina D. Recent research advances on ECBL approach. Part I: Plastic–elastic interactive buckling of cold-formed 
steel sections. Thin-Walled Structures 2004;42(2):177–94.  
[4] Szabo IF, Ungureanu V, Dubina D. Recent research advances on ECBL approach. Part II: Interactive buckling of perforated 
sections. Thin-Walled Structures 2004;42(2):195–210.  
[5] Yu WW. Cold-formed steel design. John Wiley & Sons, Inc.; 2000. � 
[6] Ghersi A, Landolfo R, Mazzolani FM. Design of metallic cold-formed thin-walled members. Spon Press; 2002. 
�[7] Hancock GJ, Murray TM, Ellifritt DS. Cold-formed steel structures to the AISI specification. New York (NY): Marcell-Dekker; 
2001. 
�[8] Hancock GJ. Cold-formed steel structures. Journal of Constructional Steel Research 2003;59(4):473–87.  
[9] Cheung YK, Tham LG. The finite strip method. CRC Press; 1998.  
[10] Schafer BW, Adany S. Buckling analysis of cold-formed steel members using CUFSM: Conventional and constrained finite strip 
methods. In: Proceedings of the eighteenth international specialty conference on cold-formed steel structures. 2006. p. 39–54.  
[11]  Schafer BW, Peko �z T. Computational modeling of cold-formed steel: �Characterizing geometric imperfections and residual 
stresses. Journal of �Constructional Steel Research 1998;47(3):193–210. � 
[12]  Sarawit AT, Kim Y, Bakker MCM, Peko �z T. The finite element �method for thin-walled members-applications. Thin-Walled 
Structures �2003;41(2–3):191–206. � 
[13]  Lau SCW, Hancock GJ. Distortional buckling formulas for channel �columns. Journal of Structural Engineering 
1987;113(5):1063–78. � 
[14]  Kwon YB, Hancock GJ. Strength tests of cold-formed channel sections undergoing local and distortional buckling. Journal of 
Structural �Engineering 1992;117(2):1786–803. � 
[15]  Hancock GJ, Kwon YB, Bernard ES. Strength design curves for �thin-walled sections undergoing distortional buckling. Journal of 
�Constructional Steel Research 1994;31(2–3):169–86. � 
[16]  Schafer BW. Distortional buckling of cold-formed steel columns. Final �Report to the American Iron and Steel Institute: 
Washington (DC). 2000. � 
[17]  Schafer BW. Local, distortional, and Euler buckling in thin-walled �columns. Journal of Structural Engineering 2002;128(3):289–
99. � 
[18]  Yang D, Hancock GJ. Compression tests of high strength steel channel columns with interaction between local and distortional 
buckling. Journal �of Structural Engineering 2004;130(12):1954–63. � 
[19]  Silvestre N, Camotim D. Direct Strength Method for lipped channel �columns and beams affected by local-plate/distortional 
interaction. In: Proceedings of the eighteenth international specialty conference on cold- formed steel structures. 2006. p. 17–37. � 
[20]  Schafer BW, Peko �z T. Direct strength prediction of cold-formed steel members using numerical elastic buckling solutions. In: 



Proceedings of the fourteenth international specialty conference on cold-formed steel structures. 1998. p. 69–76. � 
[21]  Hancock GJ, Rogers CA, Schuster RM. Comparison of the distortional buckling method for flexural members with tests. In: 
Proceedings of the thirteenth international specialty conference on cold-formed steel structures. 1996. � 
[22]  Schafer BW, Peko �z T. Laterally braced cold-formed steel flexural members with edge stiffened flanges. Journal of Structural 
Engineering 1999;125(2):118–27. � 
[23]  Gotluru BP, Schafer BW, Peko �z T. Torsion in thin-walled steel beams. Thin-Walled Structures 2000;37(2):127–45. � 
[24]  Yu C, Schafer BW. Local buckling tests on cold-formed steel beams. Journal of Structural Engineering 2003;129(12):1596–606. � 
[25]  Yu C. Distortional buckling of cold-formed steel members in bending. Ph.D. thesis. Baltimore (MD): Johns Hopkins University; 
2005. � 
[26]  Yu C, Schafer BW. Simulation of cold-formed steel beams in local and distortional buckling with applications to the Direct 
Strength Method. Journal of Constructional Steel Research 2007;63(5):581–90. � 
[27]  Yu C, Schafer BW. Distortional buckling tests on cold-formed steel beams. Journal of Structural Engineering 2006;132(4):515–
28. � 
[28]  Javaroni CE, Goncalves RM. Distortional buckling of simple lipped channel in bending results of the experimental analysis 
verses Direct Strength Methods. In: Proceedings of the eighteenth international specialty conference on cold-formed steel strucures. 
2006. p. 133–46. � 
[29]  North American Specification. North American specification for the design of cold-formed steel structures. Washington (DC): 
American Iron and Steel Institute; 2001. � 
[30]  Sputo T, Tovar J. Application of Direct Strength Method to axially loaded perforated cold-formed steel studs: Longwave 
buckling. Thin-Walled Structures 2005;43(12):1852–81. � 
[31]  Tovar J, Sputo T. Application of Direct Strength Method to axially loaded perforated cold-formed steel studs: Distortional and 
local buckling. Thin- Walled Structures 2005;43(12):1882–912. � 
[32]  Tovar J, Sputo T. Local and distortional buckling of cold-formed steel studs using direct strength. In: Proceedings of the 
eighteenth international specialty conference on cold-formed steel structures. 2006. p. 577–87. � 
[33] Sputo T, Tovar J. Longwave buckling of cold-formed steel studs using direct strength. In: Proceedings of the eighteenth 
international specialty conference on cold-formed steel structures. 2006. p. 589–602.  
[34] Ho �glund T. Design of trapezoidal sheeting provided with stiffeners in the flanges and webs. Stockholm (Sweden): Swedish 
Council for Building Research; 1980. D28:1980.  
[35] Schafer BW, Sarawit A, Peko �z T. Complex edge stiffeners for thin-walled members. Journal of Structural Engineering 
2006;132(2):212–26.  
[36] Young B, Yan J. Design of cold-formed steel channel columns with complex edge stiffeners by Direct Strength Method. Journal 
of Structural Engineering 2004;30(11):1756–63.  
[37] Schafer BW. Direct Strength Method design guide. Washington (DC): American Iron and Steel Institute; 2006. 171 pages.  
[38] Schafer BW. Designing cold-formed steel using the direct strength method. In: Proceedings of the eighteenth international 
specialty conference on cold-formed steel structures. 2006.  
[39] Quispe L, Hancock GJ. Direct Strength Method for the design of purlins. In: Proceedings of the 16th international specialty 
conference on recent research and developments in cold-formed steel design and construction. 2002. p. 561–72.  
[40] Thottunkal VJ, Ramseyer C. Axial capacity of deep Z sections. In: Proceedings of the 2005 annual stability conference. Structural 
Stability Research Council; 2005. p. 47–62.  
[41] Brueggen B, Ramseyer C. Capacity of built-up cold-formed steel axial compression members. In: Proceedings of the 2005 annual 
stability conference. Structural Stability Research Council; 2005. p. 89–103. Contact authors ramseyer@ou.edu for errata.  
[42] Shifferaw Y, Schafer BW. Inelastic bending capacity in cold-formed steel members. In: Proceedings of the annual technical 
session and meeting, structural stability research council. 2007.  
[43] Moen C, Schafer BW. Stability of cold-formed steel columns with holes. In: Proceedings of the international colloquium on 
stability and ductility of steel structures. 2006.  
[44] Moen CD, Schafer BW. Impact of holes on the elastic buckling of cold- formed steel columns with application to the Direct 
Strength Method. In: Proceedings of the eighteenth international specialty conference on cold- formed steel structures. 2006. p. 269–
83.  
[45] Moen C, Schafer BW. Direct strength design for cold-formed steel members with perforations progress report no.1. Washington 
(DC): American Iron and Steel Institute; 2006.  
[46] Moen C, Schafer BW. Direct strength design for cold-formed steel members with perforations progress report no. 2. Washington 
(DC): American Iron and Steel Institute; 2006.  
[47] Moen C, Schafer BW. Direct strength design for cold-formed steel members with perforations progress report no. 3. Washington 
(DC): American Iron and Steel Institute; 2006.  
[48] Rasmussen KJR. Design of slender angle section beam–columns by the direct strength method. Journal of Structural Engineering 
2006;132(2): 204–11.  
[49] Chodraui GMB, Shifferaw Y, Malite M, Schafer BW. Cold-formed steel angles under axial compression. In: Proceedings of the 
eighteenth international specialty conference on cold-formed steel structures. 2006.  
[50] Schafer BW. Progress on the Direct Strength Method. In: Proceedings of the sixteenth international specialty conference on cold-
formed steel structures. 2006. p. 647–62.  
[51] Schafer BW. Advances in direct strength design of thin-walled members. In: Proceedings of the international conference on 
advances in structures: Steel, concrete, composite and aluminum. 2003. p. 333–40.  
[52] Zhang X. A contribution to the load carrying capacity of thin-walled U-sections under axial force in the plane of symmetry. 



Bericht Nr. 8. TH Darmstadt, institut fu �r Statik; 1989.  
[53] Rusch A, Lindner J. Remarks to the Direct Strength Method.Thin-Walled Structures 2001;39:807–20.  
[54] Duong HM, Hancock GJ. Recent developments in the direct strength design of thin-walled members. In: Loughlan J, editor. 
Proceedings of the international workshop on thin-walled structures. Canopus Publishing Limited; 2004.  
[55] Hancock GJ. Developments in the direct strength design of cold-formed steel structural members. In: Proceedings of the India–
Australia workshop on cold-formed steel at the Indian institute of technology Madras. 2006.  
[56] Schafer BW, Adany S. Understanding and classifying local, distortional and global buckling in open thin-walled members. In: 
Proceedings of the annual stability conference. Structural Stability Research Council; 2005. p. 27–46.  

. [57]  Silvestre N, Camotim D. First-order generalised beam theory for arbitrary orthotropic materials. Thin-Walled Structures 
2002;40(9):755–89. � 

. [58]  Silvestre N, Camotim D. Second-order generalised beam theory for arbitrary orthotropic materials. Thin-Walled Structures 
2002;40(9): 791–820. � 
[59] Adany S, Schafer BW. Buckling mode decomposition of single-branched open cross-section members via finite strip method: 
Derivation. Thin-Walled Structures 2006;44(5):563–84.  
[60] Adany S, Schafer BW. Buckling mode decomposition of single-branched examples. Thin-Walled Structures 2006;44(5):585–600.  
[61]  Liu H, Igusa T, Schafer BW. Knowledge-based global optimization of �cold-formed steel columns. Thin-walled Structures 
2004;42(6):785–801. � 
[62]  Silvestre N, Camotim D. Distortional buckling formulae for cold-formed steel C and Z-section members: Part I — Derivation. 
Thin-Walled �Structures 2004;42(11):1567–97. � 
[63]  Silvestre N, Camotim D. Distortional buckling formulae for cold-formed �steel C-and Z-section members: Part II — Validation 
and application. �Thin-Walled Structures 2004;42(11):1599–629. � 
[64] Adany S, Silvestre N, Schafer BW, Camotim D. Buckling analysis of unbranched thin-walled columns: Generalised beam theory 
and constrained finite strip method. In: Proceedings of the third European conference on computational solid and structural mechanics: 
Solids, structures and coupled problems in engineering (ECCM-2006). 2006.  
[65] Adany S, Silvestre N, Schafer BW, Camotim D. Buckling analysis of unbranched thin-walled columns using cFSM and GBT: A 
comparative study. In: Proceedings of the international colloquium on stability and ductility of steel structures. 2006.  
[66] Lecce M, Rasmussen K. Distortional buckling of cold-formed stainless steel sections: Finite-element modeling and design. 
Journal of Structural Engineering 2006;132(4):505–14.  
[67] Kim Y, Peko �z T. Flexural strength of aluminum extrusions of arbitrary cross-section. In: Proceedings of the annual stability 
conference. StructuralStabilityResearchCouncil;p.455–74.  
[68] Mennink J. Cross-sectional stability of aluminium extrusions. Ph.D. thesis. TU-Eindhoven; 2002.  
[69] Zhu J, Young B. Aluminum alloy tubular columns-PartI I: Parametric study and design using Direct Strength Method. Thin-
walled Structures 2006;44(9):969–85. 
�[70] McGrath TJ, Sagan VE. LRFD specifications for plastic pipe and culverts. transportation research board; National Cooperative 
Highway Research Program (NCHRP); Report 438. 2000. 
�[71] Lee T, Schafer BW, Loveridge N, Reeve J, Beck TJ. Finite strip analysis in the assessment of local buckling capacity of the 
femoral neck. Meeting of the Orthopedic Research Society: Washington (DC). 2005. p. 20–3.  
[72] Ranawaka T, Mahendran M. Finite element analyses of cold-formed steel columns subject to distortional buckling under 
simulated fire conditions. In: D. Camotim etal.,editors. Proceedings of stability and ductility of steel structures, vol. 2. 2006. p. 744–
54. � 
[73] Chen J, Young B. Design of cold-formed steel lipped channel columns at elevated temperatures. In: D. Camotim et al., editors. 
Proceedings of stability and ductility of steel structures, vol. 20. 2006. p. 737–46.  
 
 
Z. Li and B.W. Schafer, “Application of the finite strip method in cold-formed steel member design”, Journal of 
Constructional Steel Research, Vol. 66, Nos 8-9, August-September 2010, pp 971-980 
ABSTRACT: The objective of this paper is to explore solutions and provide design recommendations for two 
practical issues that develop when integrating computational member analysis with the conventional finite strip 
method (FSM) into cold-formed steel member design utilizing the direct strength method (DSM). First, FSM 
often fails to uniquely identify the relevant local and distortional member buckling modes. These elastic 
buckling loads (or moments) are required inputs for predicting the design strength. Second, the recently 
developed constrained finite strip method cFSM) which can uniquely identify local and distortional buckling in 
all cases suffers from its own limitations, specifically (a) cFSM does not yield the same exact solution as FSM 
even when unique minima exists in the FSM solution, and (b) cFSM cannot include rounded corners in the 
model of the cross-section. Two methods are examined herein for overcoming these limitations, both of which 
utilize cFSM in an augmented form. The proposed methods are explored for lipped channel cross-sections both 
for elastic buckling and for ultimate strength prediction via DSM. Particular attention is paid to methods for 
handling cross-sections with rounded corners (in both elastic buckling and strength) since cFSM cannot include 
rounded corners and still meaningfully identify the modes. Finally, based on the study of lipped channel 
members a recommendation is provided for a methodology that enables automated analysis of cold-formed steel 



member elastic buckling modes for use in DSM. 
 
 
Gábor M. Vörös (Dept. of Applied Mechanics, Budapest University of Technology and Economics, Budapest, 
Hungary),  “A special purpose element for shell-beam systems”, Computers & Structures, Vol. 29, No. 2, pp. 
301-308, 1988 
ABSTRACT: This paper presents an isoparametric finite element for reinforced shells and plates. The 
formulation is based on general beam theory and takes into account both transverse shear deformation and 
torsional warping. The element exhibits complete two-line compatibility. Numerical examples are presented in 
order to demonstrate the validity of the formulation and the possibilities of application. 
 
 
Gábor M. Vörös (Dept. of Applied Mechanics, Budapest University of Technology and Economics, Budapest, 
Hungary),  “Free vibration of thin walled beams”, Periodica Polytechnica, Ser. Mech. Eng. Vol. 48, pp. 99-110, 
2004 
ABSTRACT: Consistent and simple lumped mass matrices are formulated for the dynamic analysis of beams 
with arbitrary cross section. The development is based on a general beam theory which includes the effect of 
flexural-torsion coupling, the constrained torsion warping and the shear center location. Numerical tests are 
presented to demonstrate the importance of torsion warping constraints and the acceptable accuracy of the 
lumped mass matrix formulation. 
 
 
Gábor M. Vörös (Dept. of Applied Mechanics, Budapest University of Technology and Economics, Budapest, 
Hungary),  “Finite element analysis of stiffened plates”, Periodica Polytechnica, Mechanical Engineering, Vol. 
51, No. 2, pp. 105-112, 2007, DOI: 10.3311/pp.me.2007-2.10 
ABSTRACT: The paper presents the development of a new plate/shell stiffener element and the subsequent 
application in determine frequencies, mode shapes and buckling loads of different stiffened panels. In structural 
modelling, the plate and the stiffener are treated as separate finite elements where the displacement 
compatibility transformation takes into account the torsion - flexural coupling in the stiffener and the 
eccentricity of internal (contact) forces between the beam - plate/shell parts. The model becomes considerably 
more flexible due to this coupling technique. The development of the stiffener is based on a general beam 
theory, which includes the constraint torsional warping effect and the second order terms of finite rotations. 
Numerical tests are presented to demonstrate the importance of torsion warping constraints. As part of the 
validation of the results, complete shell finite element analyses were made for stiffened plates. 
 
 
Gábor M. Vörös (Dept. of Applied Mechanics, Budapest University of Technology and Economics, Budapest, 
Hungary),  “An improved formulation of space stiffeners”, Computers and Structures, Vol. 85, No. 7-8, April, 
2007, pp. 350-359, DOI: 10.1016/j.compstruc.2006.11.028 
ABSTRACT: This paper presents a displacement based finite element model for predicting the constraint 
torsion effect of stiffeners. In structural modelling, the plate/shell and the stiffeners are treated as separate 
elements where the displacement compatibility transformation between these two types of elements takes into 
account the constraint torsional warping effect in the stiffeners. The development is based on a general beam 
theory which includes flexural-torsion coupling, constrained torsion warping, and shear-centre location. The 
virtual work principle includes the second order terms of finite beam rotations. For finite element analysis, 
cubic Hermitian polynomials are used as shape functions of the straight space frame element with two nodes. 
Elastic stiffness and geometric stiffness matrices for an arbitrary cross-section are evaluated in a closed form, 
and load correction stiffness for eccentric stiffener loads are considered. To demonstrate the importance of 
torsion warping constraints and to illustrate the accuracy of this formulation, finite element solutions are 
presented and compared with available solutions. 
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Gábor M. Vörös (Dept. of Applied Mechanics, Budapest University of Technology and Economics, Budapest, 
Hungary), “Mechanical analysis of reinforced plate structures”, Gepeszet 2008, Budapest, 29-30 May, 2008, pp. 
1-6 
ABSTRACT: The paper presents the development of a new plate/shell stiffener element and the subsequent 
application in determine buckling loads and modes of different stiffened panels. The formulation of the stiffener 
is based on a general beam theory, which includes the constraint torsional warping effect and the second order 
terms of finite rotations. As part of the validation of the method, complete shell finite element analyses were 
made for stiffened plates. 
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Gábor M. Vörös (Dept. of Applied Mechanics, Budapest University of Technology and Economics, Budapest, 
Hungary), “Buckling and free vibration analysis of stiffened panels”, Thin-Walled Structures, Vol. 47, No. 4, 
pp. 382-390, April 2009, DOI: 10.1016/j.tws.2008.09.002 
ABSTRACT: The paper presents the application of the new stiffener element with seven degrees of freedom per 
node and the subsequent application in determining frequencies, mode shapes and buckling loads of different 
stiffened panels. In structural modelling, the stiffener and the plate/shell are treated as separate elements where 
the displacement compatibility transformation between the seven and six degrees of freedom nodes of these two 
types of elements takes into account the torsion–flexural coupling in the stiffener and the eccentricity of internal 
(contact) forces between the beam–plate/shell parts. The model becomes considerably more flexible due to this 
coupling technique. The development of the stiffener is based on a general beam theory, which includes the 
constraint torsional warping effect and the second-order terms of finite rotations. Numerical tests are presented 
to demonstrate the importance of torsion warping. As part of the validation of the results, complete shell and the 
usual six degrees of freedom per node shell–beam finite element analyses were made for stiffened panels. 
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Marrocos, 3030, Coimbra, Portugal), “A numerical scheme for post-buckling analysis of thin-walled members 
in the context of GBT”, Advances in Computational & Experimental Engineering & Science, 2004 Tech 
Science Press 
ABSTRACT: In recent years, the post-buckling behavior of thin walled cold-formed steel members under 
compressive or bending loads has been the object of several research studies. For the most relevant situations in 
practice the problem is assumed to be conservative, so that the system’s behavior can be described from a total 



potential energy (TPE) function. In order to apply the Rayleigh-Ritz method, a discretization procedure is 
needed and the TPE becomes a function of a load parameter P and of a set of nC generalized coordinates ia. The 
post-buckling analysis concerns the search of alternative equilibrium paths in the neighborhood of the critical 
states – the one associated with the lowest critical load parameter having physical interest. The paper presents a 
set of numerical techniques required to study the stability behavior of thin-walled members in the context of an 
extended formulation of GBT (Generalized Beam Theory). An application to the study of the equilibrium and 
buckling behavior of cold-formed members is also presented. 
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thin-walled members in the framework of the generalized beam theory”, Thin-Walled Structures, Vol. 42, 
No.10, October 2004, pp. 1495-1517, doi:10.1016/j.tws.2004.03.021 
ABSTRACT: Generalized beam theory—GBT—is among the most adequate tools for the analysis of thin-
walled prismatic elements. It enables the analysis of the distortion of the element cross-section and local 
buckling of individual walls in a unified manner that incorporates the results from classical bending theory. The 
basis of this theory was developed in the 1960s by Schardt for first and second order elastic behaviour of thin-
walled members. Open and closed thin-walled members present the distinctive difference of the unknown shear 
flow that characterizes the latter. More specifically, shear strains must follow an elasticity law, as opposed to 
the simplifying assumptions for open cross-sections. It is the purpose of the present paper to present a unified 
energy formulation for the non-linear analysis of both open and closed sections in the framework of GBT, able 
to deal with all modal interaction phenomena between local plate behaviour, distortional behaviour and the 
more classical global (flexural, torsional and flexural–torsional) response. Finally, an application to the stability 
analysis of a compressed thin-walled column is presented and discussed. 
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“Transient Stability of Empty and Fluid-Filled Cylindrical Shells”, Journal of the Brazilian Society of 
Mechanical Science & Engineering, Vol. 28, No. 3, pp 331-338, July-September 2006 
ABSTRACT: In the present work a qualitatively accurate low dimensional model is used to study the non-linear 



dynamic behavior of shallow cylindrical shells under axial loading. The dynamic version of the Donnell non-
linear shallow shell equations are discretized by the Galerkin method. The shell is considered to be initially at 
rest, in a position corresponding to a pre-buckling configuration. Then, a harmonic excitation is applied and 
conditions to escape from this configuration are sought. By defining steady state and transient stability 
boundaries, frequency regimes of instability may be identified such that they may be avoided in design. Initially 
a steady state analysis is performed; resonance response curves in the forcing plane are presented and the main 
instabilities are identified. Finally, the global transient response of the system is investigated in order to quantify 
the degree of safety of the shell in the presence of small perturbations. Since the initial conditions, or even the 
shell parameters, may vary widely, and indeed are often unknown, attention is given to all possible transient 
motions. As parameters are varied, transient basins of attraction can undergo quantitative and qualitative 
changes; hence a stability analysis which only considers the steady-state and neglects this global transient 
behavior, may be seriously non-conservative.  
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International Symposium on Dynamic Problems of Mechanics, M.A. Savi (Editor) ABCM, Buzios, RJ, Brazil, 
February 17-22, 2013 
ABSTRACT: The aim of this paper is to investigate the influence of internal resonances on the nonlinear 
dynamics and instabilities of a parametrically excited cylindrical shell. The case of a 1:1:1:1 internal resonance, 
a problem not treated in the technical literature, is investigated. For this, a modal solution that takes into account 
the modal interaction between two modes with the same frequency and their companion modes (modes with 
rotational symmetry) and satisfies the boundary and continuity conditions of the shell is derived. The shell is 



modeled using the Donnell nonlinear shallow shell theory and the discretized equations of motion are obtained 
by applying the Galerkin method. Solving numerically the governing equations of motion, a detailed parametric 
analysis is conducted to clarify the influence of the internal resonances on the bifurcations, stability boundaries 
and nonlinear vibration modes of the structure.  
References listed at the end of the paper: 
Amabili, M. and Païdoussis, M.P., 2003, “Review of studies on geometrically nonlinear vibrations and dynamics of circular 
cylindrical shells and panels, with and without fluid-structure interaction”, Applied Mechanics Reviews, Vol. 56, pp. 655-699.  
Atluri, S., 1972, “A perturbation analysis of nonlinear free flexural vibrations of a circular cylindrical shell”, International Journal of 
Solids and Structures, Vol. 8, pp. 549-569.  
Brush, D.O.and Almroth, B.O., 1975, “Buckling of Bars, Plates and Shells”, McGraw-Hill, New York.  
Chen, J.C. and Babcock, C.D., 1975, “Nonlinear vibration of cylindrical shells”, AIAA Journal, Vol. 13, pp. 868-876.  
Chu, H.N., 1961, “Influence of large amplitudes on flexural vibrations of a thin circular cylindrical shells”, Journal of Aerospace 
Science, Vol. 28, pp. 302-309.  
Dowell, E.H. and Ventres, C.S., 1968, “Modal equations for the nonlinear flexural vibrations of a cylindrical shells”, International 
Journal of Solids and Structures, Vol. 4, pp. 2857-2858.  
Evensen, D.A., 1963, “Some observations on the nonlinear vibration of thin cylindrical shells”, AIAA Journal, Vol.1, pp. 2857-2858.  
Evensen, D.A., 1967, “Nonlinear flexural vibrations of thin-walled circular cylinders”, NASA TN, Vol. D-4090. Gonçalves, P.B. and 
Batista, R.C., 1988, “Nonlinear vibration analysis of fluid-filled cylindrical shells”, Journal of  
Sound and Vibration, Vol. 127, pp. 133-143.  
Gonçalves PB. and Del Prado ZJGN., 2002, “Non-linear oscillations and stability of parametrically excited cylindrical shells”, 
Meccanica, Vol. 37, pp. 569-597.  
Gonçalves, P. B. and Del Prado, Z.J.G.N., 2004, “Effect of non-linear modal interaction on the dynamic instability of axially excited 
cylindrical shells”, Computers and Structures, Vol. 82, pp. 2621-2634.  
Gonçalves, P.B. and Del Prado, Z.J.G.N., 2005, “Low-dimensional Galerkin model for nonlinear vibration and instability analysis of 
cylindrical shells”, Nonlinear Dynamics, Vol. 41, pp. 129-145.  
Gonçalves, P.B., Silva, F.M.A., and Del Prado, Z.J.G.N., 2008, “Low-dimensional models for the nonlinear vibration analysis of 
cylindrical shells based on a perturbation procedure and proper orthogonal decomposition”, Journal of Sound and Vibration, Vol. 315, 
pp. 641-663.  
Gonçalves, P.B., Silva, F.M.A., Rega, G. and Lenci, S., 2011, “Global dynamics and integrity of a two-dof model of a parametrically 
excited cylindrical shell”, Nonlinear Dynamics, Vol. 63, pp. 61-82.  
Hunt, G.W., Williams, K.A.J. and Cowell, R.G., 1986, “Hidden symmetry concepts in the elastic buckling of axially loaded 
cylinders”, International Journal of Solid and Structures, Vol. 22, pp. 1501-1515.  
Nowinski, J.L., 1963, “Nonlinear transverse vibration of orthotropic cylindrical shells”, AIAA Journal, Vol. 1, pp.617-620.  
Olson, M.D., 1965, “Some experimental observations on the nonlinear vibrations of cylindrical shells”, AIAA Journal, Vol. 3, pp. 
1775-1777.  
Silva, F.M.A., Gonçalves, P.B. and Del Prado, Z.J.G.N., 2011, “An alternative procedure for the non-linear vibration analysis of fluid-
filled cylindrical shells”, Nonlinear Dynamics, Vol. 66, pp.303-333.  
Yamaki N. 1984, “Elastic stability of circular cylindrical shells”, North-Holland Series in Applied Mathematics and Mechanics, 558 p.  
 
 
A Ziolkowski and S. Imielowski (Institute of Fundamental Technological Research, Polish Academy of 
Sciences, ul. Pawińskiego 5B, 02-106, Warsaw, Poland), “Experimental investigation of lateral deflection of 
columns with intermediate slenderness submitted to axial compressive loads”, Advances and Trends in 
Structural Enginieering, Mechanics and Computation, edited by Zingoni, Taylor & Francis Group, London, 
2010 
ABSTRACT: The buckling phenomenon of prismatic column is experimentally investigated in this work, being 
major structural design concern. A number of tests were performed on aluminum made prismatic columns with 
slenderness index λef  remaining within range of 15 to 460 submitted to programs of multiple in time 
compressive loads – force and displacement controlled. The experimental evidence obtained here for stocky and 
slender columns confirm already well known information that column failure results from structural material 
plastic flow deformation or lateral buckling, respectively. A new, interesting observation has been made for 
intermediate slenderness columns that “drop” of buckling load takes place (reaching in some cases over 20% of 
early critical force value) after the very initiation of elasto-plastic buckling process. The observation is in 
contradiction to adopted in elasto-plastic buckling models assumption of constant (Engesser model) or growing 
(Shanley model) buckling load during buckling process. The obtained experimental evidence indicates that 
mysterious scatter in buckling loads for apparently identical columns with intermediate slenderness index can 
be attributed to minute residual stresses, which easily and in hardly controlled manner can be introduced during 
industrial production processes.  
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A Ziolkowski and S. Imielowski (Institute of Fundamental Technological Research, Polish Academy of 
Sciences, ul. Pawińskiego 5B, 02-106, Warsaw, Poland), “Buckling and post-buckling behaviour of prismatic 
aluminium columns submitted to a series of compressive loads”, Experimental Mechanics, Vol. 51, No. 8, pp 
1335-1345, October 2011 
ABSTRACT: The buckling and post-buckling behaviour of prismatic aluminium columns from stocky to very 
slender shapes is investigated. The unconventional, in terms of buckling tests, displacement control of 
compressive load and a series of loadings provided an enhanced insight into the buckling process. A 
phenomenon of buckling load drop has been detected in columns of intermediate slenderness, reaching over 
20% of the load early critical value. This newly observed occurrence resembles finite disturbance instability, 
which until recently was commonly believed to only appear in cases of thin walled cylindrical shells, but not 
columns. The observation is in contradiction to predicted results from the elasto-plastic buckling models of 
Engesser or Shanley, with constant or growing values of load during the post-buckling process. Further tests on 
columns of intermediate slenderness, with strain gauges glued at node and anti-node locations of the buckled 
profiles, revealed that even minute buckling results in fields of highly non-symmetric residual microplastic 
strain. The results of the present study indicate that running column buckling tests under displacement control is 
worthy of being adopted as common practice. The envelope of column post-buckling states can be conveniently 
determined. This information will in turn allow for the quick and reliable estimation of the safety of a column, 
which has undergone accidental or deliberate damage in the form of limited buckling when under operational 
load. 
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“Simplified analytical model and numerical simulations of finite-disturbance buckling of columns”, 
International Journal of Non-Linear Mechanics, Vol. 51, pp 121-131, 2013 
ABSTRACT: Phenomenon of finite-disturbance buckling (FDB) is commonly attributed to thin elastic 
cylindrical and spherical shells and it has been rarely associated with columns. Ziolkowski and Imielowski’s, 
Experimental Mechanics 51(8), (2011) 1335–1345, recent experimental study, revealing appearance of FDB in 
aluminum columns with slenderness remaining within specific range only, raises questions about its physical 
sources and mechanism. The main objective of the presented work is to provide a theoretical explanation and 
quantitative evaluation on the phenomenon of finite-disturbance buckling of columns undergoing elasto-plastic 
deformation and expressing itself in the form of critical load drop. Elucidation of the issue may have some 
implications to the hitherto design procedures. The paper presents a coherent analytical model of the 
phenomenon supported by comprehensive finite element results, compared with experimental data.  
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Mihai Nedelcu, “Buckling analysis of thin-walled members and vibration analysis of civil engineering 
structures”, Habilitation thesis, Technical University of Cluj-Napoca, 2009 
ABSTRACT: The first scientific direction, “Buckling analysis of thin-walled members”, represents the 
dominant part of the candidate’s research activity, it started with the scientific work developed during the 
candidate’s PhD programme entitled “Stability aspects for metallic structures”, supervisor: prof. Cornel BIA, 
and since then it has significantly evolved by new theoretical formulations in the field of thin-walled structures. 
In this area, the candidate’s work is related to the Generalised Beam Theory (GBT), a specialised theory for the 
analysis of thin-walled members, which is thoroughly presented in this thesis. The candidate extended GBT for 
special cases of thin-walled members and analysis types, and his personal contributions of theoretical nature, 
published in ISI and conference papers, can be summarised as follows:  
. GBT formulation to analyse the behaviour of thin-walled members with variable cross-section. This 

formulation added new equations to GBT in order to handle tapered thin-walled members with small 
tapering slopes. � 

. GBT formulation to analyse the buckling behaviour of isotropic conical shells. GBT was already developed 
for cylindrical shells and tubes and through the candidate’s work, that formulation was extended for 
conical shells, yielding very promising results even for large values of the tapering slope. � 

. Buckling mode decomposition from Finite Element Analysis (FEA) of thin-walled members. The candidate 
proposed a method capable to quantify the modal participation of the pure deformation modes (of 
Global, Distortional and Local nature) in a general buckling mode. Even if similar methods were very 
recently reported by other researches, the method developed by the candidate is, at present time, the 
fastest and the most stable, due to a special algorithm based on the orthogonality features of the pure 
deformation modes. � 

The second scientific direction entitled “Vibration analysis of civil engineering structures” contains theoretical 
and also experimental work. The theoretical work started under the topic “Vibration mode decomposition from 
FEA of thin-walled members” and is mainly concentrated on the applicability of the modal decomposition 
method (briefly described above, at point c.) to the modal shapes derived from FEA, associated with the natural 
frequencies of thin-walled members. The topics of the experimental work are (i) Experimental modal analysis, 
and (ii) Tension estimation of cables based on vibration analysis. The candidate was recently (2011) nominated 
as coordinator of the laboratory „Actions in Buildings and Structures”, Department of Structural Mechanics, 
Faculty of Civil Engineering, Technical University of Cluj-Napoca. The laboratory contains Bruel&Kjaer and 
PCB Piezotronics equipment and dedicated software suited to perform experimental vibration analyses. At 
present time, under the candidate supervision, successful experimental modal analyses were performed on real-



world structures (beam and suspension bridges, metallic structures, tall concrete buildings, hollow-core slabs 
etc.) and also on small elements inside laboratory. The candidate conducted many vibrations measurements and 
analyses in time/frequency domain for bridges and other civil engineering structures (acceleration, velocity, 
displacement, level of vibrations) with the purpose of: optimisation of structure’s dynamic characteristics (mass, 
stiffness, damping), risk assessment of having the resonance phenomenon, prediction of dynamic behaviour, 
evaluating the damping for inclusion in FE models, correlation of FE models with real structures, damage 
detection and assessment, long term building monitoring, experimental assessment of traffic or other human 
activities induced vibrations.  
The tension estimation of cables by means of vibration response is another recent scientific area in which the 
candidate obtained very promising results. The vibration method uses the experimental modal analysis to 
extract the natural frequencies of the cable and next, the tension force is determined by using appropriate 
analytical closed-form or numerical algorithm-form relationship between natural frequencies and the cable 
tension. The cable response is mainly affected by its flexural stiffness, sag-extensibility and the rotational 
stiffness of the end-supports. Until present time, the candidate considered hinged supports for his experiments, 
and the “sag” effect was neglected, but all the influencing terms were analysed in numerical studies.  
The main achievements and results are presented in detail in Chapter (b-i): Scientific, professional and 
academic achievements.  
In what concerns the future research and development plans of the candidate, related to the fields of research 
presented above, the following research topics will continue or will be developed:� 
Analysis of thin-walled members: 
-buckling/vibration analysis of tapered thin-walled members with arbitrary cross-sectional variation � 
-buckling/vibration analysis of conical shells based on GBT � 
-improving the modal decomposition method � 
-buckling/vibration mode decomposition for tapered thin-walled members, cylindrical and �conical shells � 
-buckling/vibration mode decomposition for thin-walled members with arbitrary holes � 
-the effect of imperfections in non-linear analysis of thin-walled members 
Experimental vibration analyses: � 
-perform new experimental modal analyses on real complex structures such as civil and �industrial constructions 
and also on small structures and scale models inside laboratory � 
-tension estimation of cables by means of vibration response taking into consideration the �“sag” effect and the 
real rotational stiffness of the end-supports 
�A short description of each topic has been done in Chapter (b-ii): Scientific, professional and academic future 
development plans. � 
 
 
Mihai Nedelcu (Faculty of Civil Engineering, Technical University of Cluj-Napoca, Str. C. Daicoviciu nr. 15, 
400020 Cluj-Napoca, Romania), “GBT formulation to analyse the behaviour of thin-walled members with 
variable cross-section”, Thin-Walled Structures, Vol. 48, No. 8, August 2010, pp. 629-638, 
doi:10.1016/j.tws.2010.03.001 
ABSTRACT: The generalised beam theory (GBT) provides a general solution for the linear/non-linear analysis 
of prismatic thin-walled structures, using bar elements capable of describing the cross-section rigid-body 
motions and distortions. Nowadays GBT is fully developed for thin-walled members having a large variety of 
constant cross-sections. This paper provides the extension of GBT for the special case of thin-walled members 
with variable open cross-section and the limits of its applicability. This offers a new analysis method for 
structures as box shaped bridges, beams, pylons of variable cross-section, conical shell towers, hyperbolic 
towers, etc. Regarding the 2nd order analysis, the effect of pre-buckling shear stresses is neglected. 
 
 
Nuno Silvestre and Dinar Camotim (Civil Eng. Dept., TU Lisbon, 1049-001 Lisbon, Portugal), “Stability 
Behavior of Composite Thin-Walled Members Displaying Arbitrary Orthotropy”, 15th ASCE Engineering 
Mechanics Conference, June, 2002, Columbia University, New York, NY 
ABSTRACT: The paper presents the formulation and illustrates the application of a second order Generalized 
Beam Theory (GBT) developed to analyze the stability behavior of thin-walled members displaying arbitrary 



orthotropy. After reviewing and physically interpreting the 2nd order GBT equations, a brief description of the 
main steps involved in performing a member GBT linear stability analysis is presented. Next, the paper 
addresses the issue of whether the critical stress value obtained from a member linear stability analysis 
corresponds to a “true bifurcation” or simply provides an “asymptotic limit load” and, in particular, a systematic 
procedure to detect true bifurcations is proposed. Finally, the application and capabilities of the 2nd order GBT 
are illustrated, by means of an investigation of the local and global buckling behavior of lipped channel columns 
and beams exhibiting asymmetric orthotropy. 
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N. Silvestre and D. Camotim (Civil Eng. Dept., ICIST/IST, TU Lisbon, Portugal), “Nonlinear generalized beam 
theory for cold-formed steel members”, International Journal of Structural Stability and Dynamics, Vol. 3, No. 
4, pp 461-490, December 2003, DOI: 10.1142/S0219455403001002 
ABSTRACT: A geometrically nonlinear Generalized Beam Theory (GBT) is formulated and its application 
leads to a system of equilibrium equations which are valid in the large deformation range but still retain and 
take advantage of the unique GBT mode decomposition feature. The proposed GBT formulation, for the elastic 
post-buckling analysis of isotropic thin-walled members, is able to handle various types of loading and arbitrary 
initial geometrical imperfections and, in particular, it can be used to perform "exact" or "approximate" (i.e., 
including only a few deformation modes) analyses. Concerning the solution of the system of GBT nonlinear 
equilibrium equations, the finite element method (FEM) constitutes the most efficient and versatile numerical 
technique and, thus, a beam FE is specifically developed for this purpose. The FEM implementation of the GBT 
post-buckling formulation is reported in some detail and then employed to obtain numerical results, which 
validate and illustrate the application and capabilities of the theory. 
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“GBT-based structural analysis of thin-walled members: Overview, recent progress and future developments”, 
Chapter in Advances in Engineering Structures, Mechanics & Construction, Vol. 140 of the series Solid 
Mechanics and Its Applications, edited by M. Pandey, Wei-Chau Xie and Lei Xu, Springer, 2006, pp 187-204 
ABSTRACT: This paper provides an overview of the Generalised Beam Theory (GBT) fundamentals and 
reports on the novel formulations and applications recently developed at the TU Lisbon: the use of conventional 
GBT to derive analytical distortional buckling formulae and extensions to cover (i) the buckling behaviour of 
members with (i1) branched, closed and closed/branched cross-sections and (i2) made of orthotropic and elastic-
plastic materials, and (ii) the vibration and post-buckling behaviours of elastic isotropic/orthotropic members. In 
order to illustrate the usefulness and potential of the new GBT formulations, a few numerical results are 
presented and briefly discussed. Finally, some (near) future developments are briefly mentioned. 
References listed at the end of the paper: 
·  Bathe, K.J./ADINA R&D Inc. (2003). Adina System. 



·  Camotim, D., Silvestre, N., Gonçalves, R. and Dinis, P.B. (2004). GBT analysis of thin-walled members: new formulations and 
applications, in Thin-Walled Structures: Recent Advances and Future Trends in Thin-Walled Structures Technology, J. Loughlan 
(ed.), Canopus Publishing Ltd., Bath, pp. 137–168. 
·  Crisfield, M. (1991–1996). Nonlinear Finite Element Analysis of Solids and Structures: Essentials (Vol. 1 and Advanced Topics) 
(Vol. 2), JohnWiley & Sons, Chichester. 
·  Davies, J.M. (1998). Generalised beam theory (GBT) for coupled instability problems, in Coupled Instability in Metal Structures: 
Theoretical and Design Aspects, J. Rondal (ed.), Springer Verlag, Vienna, pp. 151–223. 
·  Davies, J.M. (2000). Recent research advances in cold-formed steel structures, Journal of Constructional Steel Research, 55(1–3), 
267–288.  
·  Dinis, P.B., Camotim, D. and Silvestre, N. (2006). GBT formulation to analyse the buckling behaviour of thin-walled members with 
arbitrarily “branched” open cross-sections, Thin-Walled Structures, 44(1), 20–38.  
·  Gonçalves, R. and Camotim, D. (2004a). Buckling analysis of single and multi-cell closed thinwalled metal members using 
generalised beam theory, in Proceedings of Fourth International Conference on Coupled Instabilities in Metal Structures (CIMS'04, 
Rome, 27–29 September), pp. 119–130. 
·  Gonçalves, R. and Camotim, D. (2004b). GBT local and global buckling analysis of aluminium and stainless steel columns, 
Computers & Structures, 82(17–19), 1473–1484.  
·  Gonçalves, R. and Camotim, D. (2005). Thin-walled member plastic bifurcation analysis using generalised beam theory, Computers 
& Structures, accepted for publication. 
·  Gonçalves, R., Dinis, P.B. and Camotim, D. (2006). GBT linear and buckling analysis of thin-walled multi-cell box girders, in 
Proceedings of SSRC Annual Stability Conference (San Antonio, 8–11 February), pp. 329–352. 
·  Hibbit, Karlsson and Sorensen Inc. (2002). ABAQUS Standard (Version 6.3). 
·  Hill, R. (1958). A general theory of uniqueness and stability in elastic-plastic solids, Journal of Mechanics and Physics of Solids, 6, 
236–249.  
·  Hutchinson, J.W. (1974), Plastic buckling, in Advances in Applied Mechanics, Vol. 14, C.S. Yih (ed.), Academic Press, New York, 
pp. 67–144. 
·  Jones, R. (1999), Mechanics of Composite Materials, Taylor & Francis, Philadelphia. 
·  Rasmussen, K.J.R. (2003). Full-range stress-strain curves for stainless steel alloys, Journal of Constructional Steel Research, 59(1), 
47–61.  
·  Rendek, S. and Balàz, I. (2004). Distortion of thin-walled beams, Thin-Walled Structures, 42(2), 255–277.  
·  Schardt, R. (1966). Eine Erweiterung der technische Biegetheorie zur Berechnung prismatischer Faltwerke, Stahlbau, 35, 161–171. 
·  Schardt, R. (1989). Verallgemeinerte technische Biegetheorie, Springer Verlag, Berlin. 
·  Schardt, R. (1994a). Generalised beam theory — an adequate method for coupled stability problems, Thin-Walled Structures, 19(2–
4), 161–180.  
·  Schardt, R. (1994b). Lateral torsional and distortional buckling of channel and hat-sections, Journal of Constructional Steel 
Research, 31(2–3), 243–265.  
·  Schardt, R. and Heinz, D. (1991). Vibrations of thin-walled prismatic structures under simultaneous static load using generalized 
beam theory, in Structural Dynamics, W.B. Krätzig et al. (Eds.), Balkema, Rotterdam, pp. 921–927. 
·  Silvestre, N. (2005). Generalised Beam Theory: New Formulations, Numerical Implementation and Applications, Ph.D. Thesis in 
Civil Engineering, IST, Technical University of Lisbon [in Portuguese]. 
·  Silvestre, N. and Camotim, D. (2002). First and second-order generalised beam theory for arbitrary orthotropic materials, Thin-
Walled Structures, 40(9), 755–789 + 791–820.  
·  Silvestre, N. and Camotim, D. (2003). Non-linear generalised beam theory for cold-formed steel members, International Journal 
Structural Stability and Dynamics, 3(4), 461–490.  
·  Silvestre, N. and Camotim, D. (2004a). Distortional buckling formulae for cold-formed steel C and Z-section members: Part I-
derivation and Part II-validation and application, Thin-Walled Structures, 42(11), 1567–1597 + 1599–1629.  
·  Silvestre, N. and Camotim, D. (2004b). Distortional buckling formulae for cold-formed steel racksection members, Steel & 
Composite Structures, 4(1), 49–75. 
·  Silvestre, N. and Camotim, D. (2004c). Influence of shear deformation on the local and global buckling behaviour of composite 
thin-walled members, in Thin-Walled Structures: Advances in Research, Design and Manufacturing Technology (ICTWS 2004, 
Loughborough, 22–24 June), J. Loughlan (ed.), Institute of Physics Publishing, Bristol, pp. 659–668. 
·  Silvestre, N. and Camotim, D. (2004d). Generalised beam theory to analyse the vibration behaviour of orthotropic thin-walled 
members, in Thin-Walled Structures: Advances in Research, Design and Manufacturing Technology (ICTWS 2004, Loughborough, 
22–24 June), J. Loughlan (ed.), Institute of Physics Publishing, Bristol, pp. 919–926. 
·  Silvestre, N. and Camotim, D. (2004e). Generalised beam theory formulation to analyse the postbuckling behaviour of orthotropic 
laminated plate thin-walled members, in Abstracts of 21st InternationalCongress of Theoretical and AppliedMechanics (ICTAM04, 
Warsaw, 15–21 June), pp. 345–346. 
·  Silvestre, N. and Camotim, D. (2005a). Local and global vibration behaviour of loaded folded-plate anisotropic members, in 
Programme and Book of Ab]Abstracts of the Twelfth InternationalCongress on Sound and Vibration (Lisbon, 11–14 July), pp. 191–
192 (full paper in CD-ROM Proceedings, Paper 604). 
·  Silvestre, N. and Camotim, D. (2005b). GBT-based local and global vibration analysis of loaded composite thin-walled members, 
International Journal of Structural Stability and Dynamics, 6(1), pp 1-29, 2006 
·  Simão, P. and Silva, L.S. (2004). A unified energy formulation for the stability analysis of open and closed thin-walled members in 
the framework of the generalized beam theory, Thin-Walled Structures, 42(10), 1495–1517. 
 



 
Dinar Camotim (1), Nuno Silvestre (1), Rodrigo Gonçalves (2) and Pedro Borges Dinis (1) 
(1) Civil Eng. Dept., ICIST/IST, TU Lisbon, Portugal. 
(2) Escola Superior de Tecnologia do Barreiro, Polytechnic Institute of Setúbal, Portugal. 
“Gbt-Based Analysis and Design of Thin-Walled Metal and Frp Members: Recent Developments”, Proc. Int. 
Workshop Recent Advances and Future Trends in Thin-Walled Structures Technology (Loughborough, 25/6), 
2004 
ABSTRACT: This paper provides an overview of the Generalised Beam Theory (GBT) applications and 
formulations recently developed at the TU Lisbon. The conventional GBT is (i) applied to derive analytical 
distortional buckling formulae and (ii) extended to cover (ii1) orthotropic and elastic-plastic materials, (ii2) 
closed and branched cross-sections and (ii3) vibration and post-buckling analyses. In order to give an idea about 
the potential of the new GBT formulations, a few numerical results are presented and briefly discussed. 
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K. Nagahama, D. Camotim, E. Batista, "Local Buckling, Post-Buckling and Mode Interaction Finite Element 
Analyses in Cold-Formed Steel Members", in B.H.V. Topping, Z. Bittnar, (Editors), "Proceedings of the Sixth 
International Conference on Computational Structures Technology", Civil-Comp Press, Stirlingshire, UK, Paper 
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SUMMARY: Most cold-formed steel members display slender thin-walled open cross-sections, a feature 
making them highly susceptible to local buckling phenomena, characterised by the sole occurrence of cross-
section (in-plane) deformations and classified into two major categories: (i) local-plate buckling and (ii) 
distortional buckling. The former concerns flexural displacements alone and the latter involves flexural and 
membrane displacements, including fold-line motions leading to cross-section distortions. Figures 99.1(a) 
and 99.1(b) show the deformed configurations of rack-section column segments experiencing local-plate and 
distortional buckling, respectively. Moreover, whenever cold-formed steel members display cross-section 
geometries and length values leading to similar local and/or global (flexural-torsional or flexural) critical 
buckling stresses, their structural behaviour is affected by mode interaction effects, namely coupling between (i) 
local-plate and distortional or (ii) local and global buckling modes (the cross-section geometry determines the 
nature of the local mode). In the presence of relevant mode coupling and/or spread of plasticity effects, the 
"exact" structural behaviour of thin-walled steel members can only be determined by employing sophisticated 
numerical methods, such as the FEM, which require a computer power only routinely available in (well 
equipped) research institutions. Although this situation is rapidly changing, as attested by the number of 
commercial computer codes which are now readily available to perform complex geometrically and physically 
non linear structural analyses, it was only recently that it became feasible to use FEM analyses to investigate 
local buckling effects in slender thin-walled members. They will be very useful to validate and/or calibrate 
easy-to-use design methodologies, thus paving the way to a progressive replacement of several experimental 
tests by much more convenient computer simulations. Moreover, the above design methodologies are only 
rational (physically based) and efficient if the member local-plate and/or distortional post-buckling behaviour 
are accurately known. This paper presents, discusses and illustrates the application and efficiency of an unified 
approach to the use of FEM analyses to investigate the local buckling, post-buckling and mode interaction 
behaviour of cold-formed steel thin-walled members, both in the elastic and elastic-plastic ranges. Initially, a 
number of relevant modelling and numerical implementation issues are briefly addressed, namely related to (i) 
the finite element and mesh discretisation choice, (ii) the incorporation of the initial geometrical imperfections, 
(iii) the modelling of the local boundary conditions or (iv) the numerical solution techniques. Next, in order to 
assess how the FEM approach is able to handle the aforementioned problems, several aspects dealing with the 
non linear structural behaviour of rack section members are investigated. At this point, one should mention that 
all the numerical results displayed are obtained by means of analyses performed using the commercial code 
ABAQUS. Moreover, in order to validate such FEM results, some of them are compared with values available 
in the literature, most of which have been obtained by means of finite strip analyses. The different types of (non 
linear) analyses dealt with are:  
(i) Elastic buckling (linear stability) analyses, involving the solution of standard eigenvalue problems and 
yielding critical stress values and buckling mode configurations. Attention is paid to the influence of the applied 
stress distribution and local support conditions. 



(ii) Elastic and elastic-plastic local post-buckling analyses, concerning members which bifurcate in either the 
local-plate or distortional buckling modes. Such analyses account for the influence of initial geometrical 
imperfection, can only be performed by resorting to incremental-iterative numerical techniques and lead to the 
determination of non linear (post-buckling) equilibrium paths, which relate the evolutions of the applied stress 
value and the displacement component better suited to describe the member deformed configuration. 
(iii) Elastic and elastic-plastic (local) mode interaction analyses, concerning the behaviour of members with 
similar local-plate and distortional buckling stress values. Such analyses also yield non linear equilibrium paths 
and particular attention is paid to identifying the configuration of the (elastic) coupled buckling mode and the 
nature of the elastic-plastic deformed configuration. 
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ABSTRACT: A non-linear elastic Generalised Beam Theory (GBT) is formulated and used to investigate the 
buckling behaviour of aluminium and stainless steel thin-walled columns. The modifications that must be 
incorporated in the conventional GBT, in order to handle the material non-linearity, are addressed and particular 
attention is paid to the need to define the stability problem in terms of instantaneous elastic moduli. After 
validating the proposed GBT, by means of its application to compressed rectangular plates, the unique features 
and capabilities of the theory are illustrated through the presentation and discussion of results concerning C-
section and RHS columns. Stress–strain laws of the Ramberg–Osgood type are used to model the uniaxial 
behaviour and both J2-flow and J2-deformation plasticity theories are implemented. 
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cold-formed steel columns: Elastic and elastic-plastic FEM analysis”, (publisher and date not given in the pdf 
file; Proceedings of SSRC Annual Stabillity Conference, 2004?) 
ABSTRACT: Following a brief discussion of a few relevant aspects dealing with the finite element modeling of 
the geometrically and materially non-linear behavior of thin-walled members, the paper presents an 
investigation on the elastic and elastic-plastic local-plate and distortional post-buckling behavior of rack-section 
(mostly) and lipped channel cold-formed steel columns. The FEM results displayed and discussed, obtained 
using the code ABAQUS and discretizing the columns with 4-node shell elements, consist of (i) post-buckling 
equilibrium paths, (ii) diagrams showing the evolution, along those paths, of the normal stresses acting on the 
most deformed cross-section and (iii) the column collapse mechanisms. All the columns analyzed contain 
critical-mode geometrical imperfections with small amplitudes and the issues addressed include the influence of 
the column (i) yield-to-critical stress ratio and (ii) support conditions (end section warping and rotation 
restraints). For validation purposes, some of the FEM (elastic) results presented are compared with values 
reported by other authors and obtained by means of finite strip analyses. 
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ABSTRACT: A general variational formulation to analyze the elastic lateral–torsional buckling (LTB) behavior 
of singly symmetric thin-walled tapered beams is presented, numerically implemented, validated and illustrated. 
It (1) begins with a precise geometrical definition of a tapered beam; (2) extends the kinematical assumptions 
traditionally adopted to study the LTB of prismatic beams; (3) includes a careful derivation of the beam total 
potential energy; and (4) employs Trefftz’s criterion to ensure the beam adjacent equilibrium. In order to 
validate and illustrate the application and capabilities of the proposed formulation, several numerical results are 
presented, discussed and, when possible, also compared with values reported by other authors. These results (1) 
are obtained by means of the Rayleigh–Ritz method, using trigonometric functions to approximate the beam 
critical buckling mode, and (2) concern the critical moments of doubly and singly symmetric web-tapered I-
section simply supported beams and cantilevers acted by point loads. In particular, one shows that modeling a 
tapered beam as an assembly of prismatic beam segments is conceptually inconsistent and may lead to rather 
inaccurate (safe or unsafe) results. Finally, it is worth mentioning that the paper includes a state-of-the-art 
review concerning one-dimensional analytical formulations for the LTB behavior of tapered beams. 
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Computational Mechanics, p. 689, 2006, DOI: 10.1007/1-4020-5370-3_689 
ABSTRACT: This paper deals with the use of shell finite element analyses to assess the (i) elastic bifurcation 
and (ii) elastic and elastic-plastic local-plate and distortional post-buckling behaviours of cold-formed steel 
thin-walled members (mostly columns, i.e., uniformly compressed members) all the geometrically and 
physically non-linear analyses are performed using the code ABAQUS and adopting 4-node isoparametric shell 
elements to discretise the members. First, one addresses several relevant issues concerning (i) the member 
discretisation (shell element type and mesh refinement), (ii) the simulation of the member end support 
conditions (a key aspect in numerical structural analysis), (iii) the modelling of the applied loading and material 
behaviour, (iv) the incorporation of member initial geometrical imperfections and residual stresses, (v) the 
assessment of buckling mode interaction effects and (vi) the methods employed to solve either the eigenvalue 
problem or the system of non-linear algebraic equilibrium equations. Then, in order to illustrate the concepts 
and issues mentioned above and, at the same time, illustrate the power and versatility of the shell finite element 
analyses, one presents and thoroughly discusses a fairly large number of numerical results concerning the 
buckling and post-buckling behaviour of lipped channel (mostly), Zed-section and Rack-section cold-formed 
steel members some of the post-buckling analyses include interaction effects between local-plate and 
distortional buckling modes. These results consist of (i) buckling curves providing the variation of the critical 
stress with the member length (see Fig. 1(a)), (ii) elastic and elastic-plastic non-linear (post-buckling) 
equilibrium paths (see Figs. 1(b)-(c)), (iii) figures providing the evolution, along those equilibrium paths, of the 
elastic and elastic-plastic member deformed configurations, and (iv) figures showing the spread of plasticity 
along the members up to failure (see Fig. 1(d)) and conveying relevant information about the nature of their 
collapse mechanisms. 
 
 
P.B. Dinis, D. Camotim and N. Silvestre (Department of Civil Engineering and Architecture, ICIST/IST, 
Technical University of Lisbon, Av. Rovisco Pais, 1049-001 Lisboa, Portugal), “GBT formulation to analyse 
the buckling behaviour of thin-walled members with arbitrarily ‘branched’ open cross-sections”, Thin-Walled 
Structures, Vol. 44, No. 1, January 2006, pp. 20-38, doi:10.1016/j.tws.2005.09.005 
ABSTRACT: This paper presents the derivation, validates and illustrates the application of a Generalised Beam 
Theory (GBT) formulation developed to analyse the buckling behaviour of thin-walled members with arbitrarily 
‘branched’ open cross-sections. Following a brief overview of the conventional GBT, one addresses in great 
detail the modifications that must be incorporated into its cross-section analysis procedure, in order to be able to 
handle the ‘branching’ points — they concern mostly issues related to (i) the choice of the appropriate 
‘elementary warping functions’ and (ii) the determination of the ‘initial flexural shape functions’. The derived 
formulation is then employed to investigate the local-plate, distortional and global buckling behaviour of (i) 
simply supported and fixed asymmetric E-section columns and (ii) simply supported I-section beams with 
unequal stiffened flanges. For validation purposes, several GBT-based results are compared with ‘exact’ values, 
obtained by means of finite strip or shell finite element analyses. 
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“Thin-walled member plastic bifurcation analysis using generalised beam theory”, Advances in Engineering 
Software, Vol. 38, Nos. 8-9, August-September 2007, pp. 637-646, Special Issue: Computational Structures 
Technology, doi:10.1016/j.advengsoft.2006.08.027 
ABSTRACT: This paper presents the formulation and illustrates the application of a non-linear Generalised 
Beam Theory (GBT), which makes it possible to calculate bifurcation load factors of thin-walled members 
made of non-linear elastic–plastic materials and subjected to general loading conditions. This formulation is an 



extension of the non-linear GBT recently derived by the authors, which was valid for uniformly compressed 
members only. In order to illustrate the application of the proposed non-linear GBT, a beam finite element is 
formulated and some numerical results are presented and discussed. These results concern rectangular plates 
and thin-walled hat-section beams. The material instantaneous elastic moduli are determined on the basis of 
both the well known J2-flow and J2-deformation small strain plasticity theories. 
 
 
D. Camotim, N. Silvestre, C. Basaglia and R. Bebiano (Department of Civil Engineering and Architecture, 
ICIST/IST, Technical University of Lisbon, Av. Rovisco Pais, 1049-001 Lisboa, Portugal), “GBT-based 
buckling analysis of thin-walled members with non-standard support conditions”, Thin-Walled Structures, 
Vol.46, Nos. 7-9, July-September 2008, pp. 800-815, Special Issue to mark the Retiral of Professor Jim Rhodes, 
Founding Editor, doi:10.1016/j.tws.2008.01.019 
ABSRACT: This paper reports on the use of a recently developed Generalised Beam Theory (GBT) 
formulation, and corresponding finite element implementation, to analyse the local and global buckling 
behaviour of thin-walled members with arbitrary loading and support conditions — this formulation takes into 
account longitudinal normal stress gradients and the ensuing pre-buckling shear stresses. After presenting an 
overview of the main concepts and procedures involved in the performance of a GBT-based (beam finite 
element) member buckling analysis, one addresses in detail the incorporation of non-standard support 
conditions, such as (i) full or partial localised displacement or rotation restraints, (ii) rigid or elastic intermediate 
supports or (iii) end supports corresponding to angle connections. In order to illustrate the application and 
capabilities of the proposed GBT-based approach, one presents and discusses numerical results concerning 
cold-formed steel (i) lipped channel beams and (ii) lipped I-section beams and columns with various “non-
standard” support conditions — while the beams are acted by uniformly distributed or mid-span point loads, 
applied at the shear centre axis, the columns are subjected to uniform compression. In particular, it is possible to 
assess the influence of the different support conditions on the beam and column buckling behaviour (critical 
buckling loads and mode shapes). For validation purposes, most GBT-based results are compared with values 
yielded by shell finite element analyses carried out in the code ANSYS. 
 
 
N. Silvestre (Department of Civil Engineering and Architecture, IST-ICIST, Technical University of Lisbon, 
Av. Rovisco Pais, 1049-001 Lisbon, Portugal), “Length dependence of critical measures in single-walled carbon 
nanotubes”, International Journal of Solids and Structures, Vol. 45, Nos. 18-19, September 2008, pp. 4902-
4920, doi:10.1016/j.ijsolstr.2008.04.029 
ABSTRACT: This paper presents an investigation on the buckling behaviour of single-walled carbon nanotubes 
under various loading conditions (compression, bending and torsion) and unveils several aspects concerning the 
dependence of critical measures (axial strain, bending curvature and twisting angle) on the nanotube length. The 
buckling results are obtained by means of an atomistic-scale generalized beam theory (GBT) that incorporates 
local deformation of the nanotube cross-section by means of independent and orthogonal deformation modes. 
Moreover, some estimates are also obtained by means of non-linear shell finite element analyses using Abaqus 
code. After classifying the buckling modes of thin-walled tubes (global, local and distortional), the paper 
addresses the importance of the two-wave distortional mode (flattening or ovalization mode) in their structural 
behaviour. Then, the well known expression to determine the critical strain of compressed nanotubes, which is 
based on Donnell theory for shallow shells, is shown to be inadequate for moderately long tubes due to warping 
displacements appearing in the distortional buckling modes. After that, an in-depth study on the buckling 
behaviour of nanotubes under compression, bending and torsion is presented. The variation of the critical 
kinematic measures (axial strain, bending curvature and twisting angle) with the tube length is thoroughly 
investigated. Concerning this dependence, some uncertainties that exist in the specific literature are 
meticulously explained, a few useful expressions to determine critical measures of nanotubes are proposed and 
the results are compared with available data collected from several published works (most of them, obtained 
from molecular dynamics simulations). 
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University of Lisbon, Lisboa, Portugal), “Stability of Compressed Carbon Nanotubes Using Shell Models”, 
Nanotechnology in Construction 3, 2009, Part 3, pp. 357-363,  
doi: 10.1007/978-3-642-00980-8_48 
ABSTRACT: This paper presents some remarks on the use of shell models to analyse the stability behaviour of 
single-walled NTs under compression. It is shown that there are three different categories of critical buckling 
modes of NTs under compression: while the axi-symmetric mode is critical for very short NTs, the flexural 
buckling mode is critical for long tubes. While the former exhibits cross-section contour deformation but no 
warping deformation, the later is characterised by the opposite situation (warping deformation but no contour 
deformation). Additionally, a third category exists (distortional buckling): it takes place for NTs with moderate 
length, it is related to the transitional buckling behaviour between the shell (axi-symmetric mode) and the rod 
(flexural mode) and it is characterised by both cross-section contour deformation and warping deformation. 
Concerning the distortional buckling behaviour of moderately long NTs, it is also shown that the well known 
Donnell-type theory of shells leads to erroneous results. 
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“GBT-based semi-analytical solutions for the plastic bifurcation of thin-walled members”, International Journal 
of Solids and Structures, Vol. 47, No. 1, January 2010, pp. 34-50, doi:10.1016/j.ijsolstr.2009.09.013 
ABSTRACT: This paper presents the development and illustrates the application of semi-analytical solutions 
for plastic buckling (bifurcation) problems involving perfectly straight and uniformly compressed thin-walled 
metal members. These solutions are derived on the basis of a non-linear Generalised Beam Theory (GBT) 
formulation, recently proposed by two of the authors, that resorts to a linearised buckling analysis that adopts 
Hill’s hypo-elastic comparison solid method to obtain the plastic bifurcation loads and associated buckling 
mode shapes. Moreover, both J2 small-strain incremental and deformation plasticity theories are employed. 
Several numerical illustrative examples are presented and discussed throughout the paper and closed-form 
analytical formulae are also derived. The accuracy of the GBT-based semi-analytical plastic bifurcation 
predictions is assessed through the comparison with (i) available theoretical solutions and/or (ii) results yielded 
by a special shell finite element model developed by one of the authors. 
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“GBT formulation to analyse the first-order and buckling behaviour of thin-walled members with arbitrary 
cross-sections”, Thin-Walled Structures, Vol. 47, No. 5, May 2009, pp. 583-600, 
doi:10.1016/j.tws.2008.09.007 
ABSTRACT: This paper presents the derivation, validation and illustration of a generalised beam theory (GBT) 
formulation intended to perform first-order and buckling analyses of arbitrary thin-walled members, namely 
members with cross-sections that combine closed cells with open branches. Following a brief overview of the 
so-called “conventional GBT formulation”, as well as of the available extensions for different specific cross-
section types, the paper addresses in detail the modifications that must be incorporated into the GBT cross-
section analysis procedure to handle the simultaneous presence of closed cells and open branches. The proposed 
formulation is then employed to analyse the first-order and buckling behaviours of thin-walled members 
(mostly beams) with complex cross-sections. For validation purposes, the GBT-based numerical results are 
compared with values yielded by shell finite element and finite strip analyses. 
 
 
Andrzej Teter (Dept. of Applied Mechanics, Technical University of Lublin, Poland), “Application of different 
dynamic stability criteria in case of columns with intermediate stiffeners”, Mechanics and Mechanical 
Engineering, Vol. 14, No. 2, pp 339-349, 2010 
ABSTRACT: In this paper, the dynamic responses of the open cross section columns with intermediate 
stiffeners subjected to in–plane pulse loading of a rectangular shape were concerned. Columns made of 
isotropic material were assumed to be simply supported at both loaded ends. The problem of the interactive 
buckling was solved by finite element method (FEM) – ANSYS 9. The critical dynamic load factors DLF has 
been determined using the most popular Budiansky–Hutchinson’s criterion and they have been verified with 
author’s versions of the phase portraits criterion.  
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“Flexural buckling analysis of thin walled lipped channel cross section beams with variable geometry”, 
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ABSTRACT: The structural components of an aircraft consist mainly of thin plates stiffened by arrangements 
of ribs and stringers. Thin walled structure is a structure whose thickness is small compared to its other 
dimensions but which is capable of resisting bending in addition to membrane forces. Which is basic part of an 
aircraft structure, Thin plates (or thin sections or thin walled structures) under relatively small compressive 
loads are prone to buckle and so must be stiffened to prevent this. The determination of buckling loads for thin 
plates in isolation is relatively straightforward but when stiffened by ribs and stringers, the problem becomes 
complex and frequently relies on an empirical solution. The buckling of the thin plates is a phenomenon which 



could lead to destabilizing and failure of the aircraft structure; in this paper it is considered C cross section with 
variable geometry and length. The critical buckling loads have been studied for several combinations of the 
geometry parameters of the beam with the help of ANSYS and drown the result plots  
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Rovisco Pais, 1049-001 Lisbon, Portugal), “First-order generalised beam theory for arbitrary orthotropic 
materials”, Thin-Walled Structures, Vol. 40, No. 9, September 2002, pp. 755-789, 
doi:10.1016/S0263-8231(02)00025-3 
ABSTRACT: This paper presents the formulation of a Generalised Beam Theory (GBT) developed to analyse 
the structural behaviour of composite thin-walled members made of laminated plates and displaying arbitrary 
orthotropy. The main concepts and procedures involved in the available isotropic first-order GBT are revisited 



and adapted/modified to account for the specific aspects related to the member orthotropy. In particular, the 
orthotropic GBT fundamental equilibrium equations and corresponding boundary conditions are derived and 
their terms are physically interpreted, i.e., associated with the member mechanical properties. Moreover, 
different laminated plate material behaviours are dealt with and their influence on the GBT equations is 
investigated. Finally, in order to clarify the concepts involved in the formulated GBT and illustrate its 
application and capabilities, a thin-walled orthotropic beam is analysed and the results obtained are thoroughly 
discussed. 
 
 
Nuno Silvestre and Dinar Camotim (Civil Eng. Department, ICIST/IST, Technical University of Lisbon, Av. 
Rovisco Pais, 1049-001 Lisboa, Portugal), “Generalised Beam Theory Formulation to Analyse the Post-
Buckling Behaviour of Orthotropic Laminated Plate Thin-Walled Members”, 21st International Congress of…, 
2004, url: http://fluid.ippt.gov.pl/ictam04/CD_ICTAM04/SM22/12558/SM22_12558_new.pdf  
ABSTRACT: This paper presents the derivation and illustrates the application of a non-linear orthotropic GBT 
formulation, which is intended to perform post-buckling analyses of laminated plate FRP open-section thin-
walled members. Different types of loading and end support conditions can be dealt with and the theory can 
handle the presence of arbitrary initial geometrical imperfections. One is able to determine “exact” and 
“approximate” (only a few modes) post-buckling equilibrium paths and the evolution, along those paths, of (i) 
displacements and stresses and, using the GBT unique mode decomposition feature, also of (ii) the deformation 
mode participation in the member deformed configuration. To validate and illustrate the application and 
capabilities of the formulated GBT, numerical results, concerning the post-buckling behaviour of laminated 
plate FRP lipped channel members exhibiting different orthotropic behaviours, are presented and discussed. 
Some of them are compared with values obtained from finite element analyses, performed in the code 
ABAQUS and adopting shell element meshes to discretise the member. 
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ABSTRACT: This paper provides an overview of the Generalised Beam Theory (GBT) fundamentals and 
reports on the novel formulations and applications recently developed at the TU Lisbon: the use of conventional 
GBT to derive analytical distortional buckling formulae and extensions to cover (i) the buckling behaviour of 
members with (i1) branched, closed and closed/branched cross-sections and (i2) made of orthotropic and 
elastic-plastic materials, and (ii) the vibration and post-buckling behaviours of elastic isotropic/orthotropic 
members. In order to illustrate the usefulness and potential of the new GBT formulations, a few numerical 
results are presented and briefly discussed. Finally, some (near) future developments are briefly mentioned. 
 
 
N. Silvestre (Department of Civil Engineering and Architecture, ICIST-IST, Technical University of Lisbon, 
Av. Rovisco Pais, 1049-001 Lisbon, Portugal), “Generalised beam theory to analyse the buckling behaviour of 
circular cylindrical shells and tubes”, Thin-Walled Structures, Vol. 45, No. 2, February 2007, pp. 185-198, 



doi:10.1016/j.tws.2007.02.001 
ABSTRACT: A formulation of generalised beam theory (GBT) developed to analyse the elastic buckling 
behaviour of circular hollow section (CHS) members (cylinders and tubes) is presented in this paper. The main 
concepts involved in the available GBT are adapted to account for the specific aspects related to cross-section 
geometry. Taking into consideration the kinematic relations used in the theory of thin shells, the variation of the 
strain energy is evaluated and the terms are physically interpreted, i.e., they are associated with the geometric 
properties of the CHS. Besides the set of shell-type deformation modes, the formulation also includes 
axisymmetric and torsion deformation modes. In order to illustrate the application and capabilities of the 
formulated GBT, the local and global buckling behaviour of CHS members subjected to (i) compression 
(columns), (ii) bending (beams), (iii) compression and bending (beam-columns) and (iv) torsion (shafts), is 
analysed. Moreover, the GBT results are compared with estimates obtained by means of shell finite element 
analyses and are thoroughly discussed. 
 
 
N. Silvestre (Department of Civil Engineering and Architecture, IST-ICIST, Technical University of Lisbon, 
Av. Rovisco Pais, 1049-001 Lisbon, Portugal), “Buckling behaviour of elliptical cylindrical shells and tubes 
under compression”, International Journal of Solids and Structures, Vol. 45, No. 16, August 2008, pp. 4427-
4447, doi:10.1016/j.ijsolstr.2008.03.019 
ABSTRACT: This paper presents several issues that characterize the buckling behaviour of elliptical cylindrical 
shells and tubes under compression. First, a formulation of Generalised Beam Theory (GBT) developed to 
analyse the elastic buckling behaviour of non-circular hollow section (NCHS) members is presented. Since the 
radius varies along the cross-section mid-line, the main concepts involved in the determination of the 
deformation modes are adapted to account for the specific aspects related to elliptical cross-section geometry. 
After that, two independent sets of fully orthogonal deformation modes are determined: (i) local-shell modes 
satisfying the null membrane shear strain but exhibiting transverse extension and (ii) shell-type modes 
satisfying both assumptions of null membrane shear strain and null transverse extension. In order to illustrate 
the application, capabilities and versatility of the formulation, the local and global buckling behaviour of 
elliptical hollow section (EHS) members subjected to compression is analysed. In particular, in-depth studies 
concerning the influence of member length on the variation of the critical load and corresponding buckling 
mode shape are presented. Moreover, the GBT results are compared with estimates obtained by means of shell 
finite element analyses and are thoroughly discussed. The results show that short to intermediate length 
cylinders buckle mostly in local-shell modes, exhibiting only transverse extension, while intermediate length to 
long cylinders buckle mostly in shell-type modes (distortional and global modes), which are characterized by 
transverse bending and primary warping displacements. It is also shown that the present formulation is very 
efficient from the computational point of view since only three deformation modes (one local-shell, one 
distortional and one global) are required to evaluate the buckling behaviour of EHS cylinders for a wide range 
of lengths. 
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Av. Rovisco Pais, 1049-001 Lisbon, Portugal), “Non-classical effects in FRP composite tubes”, Composites 
Part B: Engineering, Vol. 40, No. 8, December 2009, pp. 681-697, doi:10.1016/j.compositesb.2009.07.001 
ABSTRACT: This paper presents a formulation of Generalised Beam Theory (GBT) developed to analyse the 
influence of non-classical effects on the structural behaviour of FRP composite circular hollow section 
members. Unlike other existing beam theories, the present GBT formulation incorporates non-classical effects 
comprising (i) elastic material couplings, (ii) deformation of cross-section contour, (iii) warping deformation 
and (iv) shear deformation. With the purpose of solving the GBT system of differential equilibrium equations, a 
finite element formulation is briefly presented. In order to clarify the concepts involved in the formulated GBT 
and illustrate its application and capabilities, the linear (1st order) behaviour of two composite members 
exhibiting elastic couplings is analysed and the results obtained are thoroughly discussed and compared with 
estimates available in the literature. It is shown that accurate solutions can only be achieved if these non-
classical effects are incorporated in the analysis. 
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walled steel frames: A state-of-the-art report”, Thin-Walled Structures, Vol. 48, Nos. 10-11, October-November 
2010, pp. 726-743, Special Issue: Coupled Instabilities in Metal Structures CIMS 2008, 
doi:10.1016/j.tws.2009.12.003 
ABSTRACT: This paper presents a state-of-the-art report on the use of Generalised Beam Theory (GBT) to 
assess the buckling behaviour of plane and space thin-walled steel frames. After a very brief overview of the 



main concepts and procedures involved in performing a GBT buckling analysis, one addresses the development 
and numerical implementation of a GBT-based beam finite element formulation that is able (i) to unveil local, 
distortional and global buckling modes, (ii) to handle arbitrary loadings (namely those causing non-uniform 
member internal force and moment diagrams) and (iii) to incorporate the presence of several frame joint 
configurations and arbitrary end and/or intermediate support conditions (including those associated with the 
modelling of bracing systems). In particular, one describes the procedures employed to establish the frame 
linear and geometric stiffness matrices – special attention is paid to the constraint conditions adopted to ensure 
the local displacement compatibility at the frame joints. The paper closes with the presentation and discussion 
of a number of numerical results that make it possible to illustrate the application and show the potential of the 
GBT-based approach to perform frame buckling analyses – they concern both plane and space frames. In order 
to validate and assess the numerical efficiency and accuracy of the GBT analyses and results (critical buckling 
loads and mode shapes), the frames are also rigorously analysed in the commercial code Ansys – both the 
members and joints are discretised by means of fine shell finite element meshes. 
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University of Lisbon, Av. Rovisco Pais, 1049-001 Lisbon, Portugal), “A neural network based closed-form 
solution for the distortional buckling of elliptical tubes”, Engineering Structures, Vol. 33, No. 6, June 2011, 
pp.2015-2024, doi:10.1016/j.engstruct.2011.02.038 
ABSTRACT: Following the Eurocode 3 philosophy, it is expected that the design of elliptical hollow section 
(EHS) tubes will be based on the slenderness concept, which requires the calculation of the EHS critical stress. 
The critical stress of an EHS tube under compression may be associated with local buckling, distortional 
buckling or flexural buckling. The complexity in deriving analytical expressions for distortional critical stress 
from classical shell theories, led us to apply Artificial Neural Networks (ANN). This paper presents closed-form 
expressions to calculate the distortional critical stress and half-wave length of EHS tubes under compression, 
using ANN. Almost 400 EHS geometries are used and based solely on three parameters: the outer EHS 
dimensions (A and B) and its thickness (t). Two architectures are shown to be successful. They are tested for 
several statistical parameters and proven to be very well behaved. Finally, some simple illustrative examples are 
shown and final remarks are drawn concerning the accuracy of the closed-formed formulas. 
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“Sanders shell model for buckling of single-walled carbon nanotubes with small aspect ratio”, Composite 
Structures, Vol. 93, No. 7, June 2011, pp. 1683-1691, doi:10.1016/j.compstruct.2011.01.004 
ABSTRACT: In this paper, the buckling behaviour of single-walled carbon nanotubes (CNTs) is revisited by 
resorting to Donnell and Sanders shell models, which are put in parallel and shown to lead to very distinct 
results for CNTs with small aspect ratio (length-to-diameter). This paper demonstrates inability of the widely 
used Donnell shell theory while it shows the validity and accuracy of the Sanders shell theory in reproducing 
buckling strains and mode shapes of axially compressed CNTs with small aspect ratios. The results obtained by 
the later shell theory are close to molecular dynamics simulation results.The Sanders shell theory could capture 
correctly the length-dependent buckling strains of CNTs which the Donnell shell theory fails to achieve. In view 
of this study, researchers should adopt the Sanders thin shell theory from hereon instead of the Donnell theory 
when analyzing CNTs with small aspect ratios. 
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ABSTRACT: This paper examines the validity and accuracy of cylindrical shell theories in predicting the 
critical buckling strains of axially loaded single-walled carbon nanotubes (CNTs). The shell theories considered 
are the Donnell thin shell theory (DST), the Sanders thin shell theory (SST), and the first-order shear 
deformation (thick) shell theory (FSDST). Molecular dynamic (MD) simulation solutions for armchair and zig-



zag CNTs with clamped ends were used as reference results to assess the shell models. The MD simulations 
were carried out at room temperature to eliminate the thermal effect on the buckling behavior. By adopting 
Young's modulus of 5.5 TPa, Poisson's ratio of 0.19, and tube thickness of 0.066 nm, it was found that DST is 
not able to capture the length dependency of the critical buckling strains and thus it should not be used for 
buckling analysis of CNTs. On the other hand, SST and FSDST are able to predict the critical buckling strains 
of armchair and zig-zag CNTs reasonably well for all aspect ratios, especially the results produced by the 
FSDST are found to be closer to the MD simulation results, because it allows for the effect of transverse shear 
deformation that becomes significant for CNTs with small aspect ratios. Thus, FSDST is recommended as a 
very suitable and convenient continuum mechanics model for buckling analysis of CNTs. The superior FSDST 
model is used to generate critical buckling strains of axially loaded single-walled CNT with different boundary 
conditions. These results should be useful for designers of nanodevices that make use of CNTs as axially loaded 
members. It is worth noting that for long and moderately long CNTs, the Timoshenko beam model may be used 
instead due to its simplicity. 
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and imperfection sensitivity of cylindrical shell of finite length”, International Journal of Non-Linear 
Mechanics, Vol. 25, No. 4, 1990, pp. 405-415, doi:10.1016/0020-7462(90)90029-9 
ABSTRACT: The primary and secondary bifurcation states of a simply supported cylindrical shell of finite 
length subjected to lateral or hydrostatic pressure is studied using formal perturbation procedures. The effect of 
arbitrary stress-free initial displacement (imperfections) on the buckling load is studied following standard 
procedures. It is shown that the buckling load of the imperfect structures depends asymptotically only on the 
classical buckling load and a measure of the imperfection and not on the secondary bifurcation load. 
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secondary bifurcation of elastic structures”, Mechanics Research Communications, Vol. 32, No. 2, March-April 
2005, pp. 121-137, doi:10.1016/j.mechrescom.2004.05.005 
ABSTRACT: We consider non-linear bifurcation problems for elastic structures modeled by the operator 
equation F[w;a]=0 where…are Benachy spaces and … We focus attention on problems whose bifurcation 
equations are of the form…. which emanates from bifurcation problems for which the linearization of F is 
Fredholm operators of index 0. Under the assumption of F being odd we prove an important theorem of 
existence of secondary bifurcation. Under this same assumption we prove a symmetry condition for the reduced 
equations and consequently we got an existence result for secondary bifurcation. We also include a stability 
analysis of the bifurcating solutions. 
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terms on asymptotic analysis of imperfection sensitivity of toroidal shell segment with random imperfection”, 
Mechanics Research Communications, Vol. 32, No. 4, July-August 2005, pp. 444-453, 
doi:10.1016/j.mechrescom.2005.02.006 
ABSTRACT: The bifurcation of a toroidal shell segment with initial imperfection which are subjected to lateral 
or hydrostatic pressure is studied under the assumption that the initial imperfection are Gaussian random stress-
free displacement whose mean and autocorrelation function are given. We use a perturbation scheme developed 
by Amazigo [Amazigo, J.C., 1971. Buckling of stochastically imperfect columns on nonlinear elastic 
foundation. Quart. Appl. Math. 403–491]. A simple approximate asymptotic expression is obtained for the 
bifurcation load for small magnitudes of the imperfection. The result is compared with results obtained earlier 
under secondary bifurcation analysis for the imperfections in the shape of the buckling mode and the results in 
the literature, which shows some significant differences as a result of inclusion of extra terms in the buckling 
equation. 
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“A finite element analysis of the dynamic response of a thick uniform elastic circular plate subjected to an 
exponential blast loading”, American Journal of Computational and Applied Mathematics, Vol. 1, No. 2, pp 57-
62, 2011, DOI: 10.5923/j.ajcam.20110102.11 
ABSTRACT: The result of the study of dynamic response of an elastic circular plate to blast load is presented 
in this research work. Finite element method is used to derive the equation of motion for the circular plate 
element under the influence of exponential impulse forces. System stiffness and mass matrices were drive. The 
effects of transverse shear deformation and rotatory inertia were included. From the numerically simulated 
results it is observed that the amplitude dies out quickly due to the effect of damping. The pulse duration is also 
one of the most important parameter because it gives serious influence to the vibration amplitude. It gives rise 
to the vibration amplitude on any small decrease on the pulse duration. It is also observed that the exponential 
blast loading brings faster rate of amplitude decay than those of triangular and sinusoidal blast loading. 
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“Buckling considerations in the design of elevated steel water tanks”, Thin-Walled Structures, Vol. 9, Nos.1-4, 
1990, pp. 389-406, Special Volume on Thin-Walled Structures: Developments in Theory and Practice, 
doi:10.1016/0263-8231(90)90054-3 
ABSTRACT: Improved fabrication techniques and the availability of higher strength steels have encouraged 
greater use of thin-walled containment vessels in recent years. A major increase in computing capability to 
analyse these structures for buckling modes has also occurred and this paper considers two recently constructed 
steel water towers. In particular, the effect of door cut-outs on buckling capacity is examined. The analysis 
techniques used in the paper provide powerful tools for readily estimating buckling modes and assessing the 
effects of various stiffener arrangements. By far the most effective stiffening element in the stem of a water 
tower is a horizontal diaphragm which maintains a circular cross-section. 
 
 
P. Terndrup Pedersen and J. Juncher Jensen (Department of Ocean Engineering, Technical University of 
Denmark, DK-2800, Lyngby, Denmark), “Buckling behaviour of imperfect spherical shells subjected to 
different load conditions”, Thin-Walled Structures, Vol. 23, Nos. 1-4, 1995, pp. 41-55, Special Issue: Buckling 
Strength of Imperfection-sensitive Shells, doi:10.1016/0263-8231(95)00003-V 
ABSTRACT: The paper deals with an analysis of the bifurcation and initial post-buckling behaviour of highly 
imperfection-sensitive large spherical .shells, such as cargo tanks for ship transportation of liquefied natural gas 
and large spherical containment shells for nuclear power plants. The numerical analysis procedure has sufficient 
generality to treat shells of revolution with arbitrary curved generators and with arbitrary variation of the 
thickness. The shells can be subjected to non-axisymmetric time-varying loadings. The purpose of the paper is 
to present simple procedures for scantling selections in the initial design phase and to propose an analysis 
procedure for verification of the final design of optimized thin-walled spherical shells. 
 
 
J. Loughlan and J.-M. Delaunoy (Department of Aerospace Technology, College of Aeronautics, Cranfield 
Institute of Technology, Cranfield, Bedfordshire, UK, MK43 0AL), “The buckling of composite stiffened plates 
with some emphasis on the effects of fibre orientation and on loading configuration”, Composite Structures, 
Vol. 25, Nos. 1-4, 1993, pp. 485-494, doi:10.1016/0263-8223(93)90196-W 
ABSTRACT: The bucking characteristics of some composite stiffened plates are determined in this paper using 
a finite strip approach. The finite strip formulation is able to predict the complex buckling modes associated 
with in-plane shear loading and the method of approach can allow for other loading configurations whose 
associated pre-buckling stresses are not so obviously realised. Two loading conditions have essentially been 
considered in the paper, that of in-plane shear and that of partial edge loads being reacted by shear. The strip 



displacement fields before and after buckling are represented by algebraic polynomials across the strip and 
trigonometric functions along the strip length. The inclusion of sufficient harmonics in the appropriate 
displacement representations thus allows the distorted nodal lines of the shear buckling mode and the complex 
pre-buckled stresses associated with partial edge loads to be determined with relative ease. 
 
 
J. Loughlan (Department of Aerospace Technology, College of Aeronautics, Cranfield University, Cranfield, 
MK43 0AL, UK), “The buckling performance of composite stiffened panel structures subjected to combined in-
plane compression and shear loading”, Composite Structures, Vol. 29, No. 2, 1994, pp. 197-212, 
doi:10.1016/0263-8223(94)90100-7 
ABSTRACT: In this paper a study is made of the buckling behaviour of some composite stiffened panel 
structures subjected to in-plane compression and shear load combinations. The finite strip method, a computer 
aided engineering analysis procedure, is employed to determine the buckling solutions. Since the prediction of 
structural performance is quickly and accurately determined through computer simulation, the analysis 
capabilities of the finite strip method promotes the examination of many design alternatives. The designer is 
encouraged and indeed readily aided to make the most efficient use of materials and thus the development of 
highly reliable structural components, which are able to operate at optimised performance levels, can be 
achieved. A basic strip formulation for composite material construction is presented which is able to predict the 
complex buckling modes associated with in-plane load combinations. The buckling displacement fields are 
represented by algebraic polynomials across the strip and trigonometric functions along the strip length. The 
inclusion of sufficient harmonics in the appropriate displacement representations provides the required 
flexibility of the strip formulation to accommodate the more elaborate buckling modes associated with the 
presence of in-plane shear loading. The results presented in the paper are those pertaining to the buckling 
capabilities of stiffened panels manufactured from high strength carbon-epoxy composite material. The results 
illustrate, graphically, the effect on buckling performance of changes in stiffener geometry. Interaction curves 
are presented in the paper which detail the limiting boundaries for critical load combinations of specific 
structural configurations. 
 
 
J. Loughlan (Department of Aerospace Technology, College of Aeronautics, Cranfield Institute of Technology, 
Cranfield, Bedfordshire, UK, MK43 0AL), “A finite strip analysis of the buckling characteristics of some 
composite stiffened shear panels”, Composite Structures, Vol. 27, No. 3, 1994, pp. 283-294, 
doi:10.1016/0263-8223(94)90089-2 
ABSTRACT: The presence of in-plane shear loading in thin plates is destabilising in nature and will cause 
buckling at a certain critical intensity. As a result of the shear, the buckling mode will have a complex 
configuration and will be associated with distorted nodal lines. A finite strip formulation is presented which is 
able to predict this behaviour for practical structural geometries and due to the considerable flexibility of the 
strip any flat sided, thin-walled structural configuration can be modelled with relative ease. The structural 
configuration considered is that of the transversely stiffened shear web manufactured from long fibre composite 
material and whose stiffeners take the form of plain flat outstands attached to one side of the thin composite 
skin. Results are presented in the paper which show the effect on the buckling capacity of composite stiffened 
shear webs of varying the stiffener size and pitch and of particular interest, the effect of fibre orientation in the 
stiffeners is highlighted in some detail. It is shown that for a given structural weight, shear buckling 
performance can be enhanced through favourable orientation of the stiffener fibres. 
 
 
J. Loughlan (Structures and Materials Technology Group, College of Aeronautics, Cranfield University, 
Cranfield MK43 0AL, UK), “The influence of bend–twist coupling on the shear buckling response of thin 
laminated composite plates”, Thin-Walled Structures, Vol. 34, No. 2, June 1999, pp. 97-114, 
doi:10.1016/S0263-8231(99)00009-9 
ABSTRACT: The finite strip method of analysis has been used in this paper to examine the effect of bend–twist 
coupling on the shear buckling behaviour of laminated composite constructions. The distorted nodal lines of the 
shear buckling mode and its complex deformation state in general are readily accounted for in the analysis 



procedure through the multi-term nature of the finite strip buckling displacement field and the appropriate level 
of structural modelling. The degree of bend–twist coupling in the laminated composite plates is varied by 
changing the level of anisotropy in the plies and by altering the lay-up configuration of the plies in the 
laminated stack. Symmetric laminates of a balanced and unbalanced nature are given consideration. It is shown 
that, for a given degree of anisotropy in the plies of a laminate and for a given laminate thickness, the stacking 
sequence of the plies significantly alters the degree of bend–twist coupling. The shear buckling performance of 
composite plates having the same dimensions and being made from the same material are therefore shown in 
the paper to be quite different. The preclusion of the bend–twist coupling coefficients in the solution procedure 
of the finite strip method allows the shear buckling orthotropic solution to be determined. Comparisons between 
the coupled and orthotropic solutions are shown in the paper to be markedly different. 
 
 
S. P. Thompson and J. Loughlan (Structures and Materials Technology Group, Cranfield College of 
Aeronautics, Cranfield University, Cranfield MK43 0AL, UK), “The control of the post-buckling response in 
thin composite plates using smart technology”, Thin-Walled Structures, Vol. 36, No. 4, April 2000, pp. 231-
263, doi:10.1016/S0263-8231(00)00002-1 
ABSTRACT: Restoration forces, associated with embedded activated pre-strained shape memory alloy wires, 
have successfully been employed to enhance the post-buckling behaviour of various laminated plate structures. 
An extensive experimental and numerical programme has been conducted, the results of which will be 
presented. The manufacturing methodology of the hybrid SMA/carbon/epoxy plates is outlined. Such specimens 
feature 0.4-mm diameter shape memory alloy wires located within tubing at desired locations. Numerical 
thermal analysis has been employed to predict the non-uniform temperature profile, attributed to shape memory 
alloy activation through resistive heating, within the laminates. Structural finite element analysis has been 
employed to determine the hybrid plates' adaptive response while under the influence of a uniaxial compressive 
load in excess of its critical buckling value. It is shown that, utilising the considerable control authority 
generated, even for a small actuator volume fraction, the out-of-plane displacement of the post-buckled 
laminates can be significantly reduced. Such displacement alleviation allows for load redistribution away from 
the specimens' unloaded edges. With the increase in use of composite materials within aerospace platforms, it is 
envisaged that the hybrid adaptive SMA/laminate configuration will extend the operational performance over 
conventional materials and structures, particularly when the structure is exposed to an elevated temperature. 
 
 
S. P. Thompson and J. Loughlan (Structures and Materials Technology Group, Cranfield College of 
Aeronautics, Cranfield University, Bedford, MK 43 0AL, UK), “Enhancing the post-buckling response of a 
composite panel structure utilising shape memory alloy actuators – a smart structural concept”, Composite 
Structures, Vol. 51, No. 1, January 2001, pp. 21-36, doi:10.1016/S0263-8223(00)00097-0 
ABSTRACT: Restoration forces, associated with embedded activated pre-strained shape memory alloy wires, 
have successfully been employed to enhance the post-buckling behaviour of a laminated panel structure. An 
extensive experimental and numerical programme has been conducted, of which, results will be presented. The 
manufacturing methodology of the hybrid SMA/carbon/epoxy panel is outlined. The panel specimen features 
0.3 mm diameter shape memory alloy wires embedded and partially consolidated to the host matrix at desired 
locations. Numerical thermal analysis has been employed to predict the non-uniform temperature profile, 
attributed to shape memory alloy activation through resistive heating, within the laminate. Structural finite 
element (FE) analysis has been employed to determine the hybrid panel's adaptive response while under the 
influence of the uniaxial compressive load in excess of its pseudo-critical buckling value. It is shown that, 
utilising the control authority generated from the small SMA actuator volume fraction employed, the out-of-
plane displacement of the post-buckled laminated panel can be reduced. With the increase in use of composite 
materials within aerospace platforms, it is envisaged that the hybrid adaptive SMA/laminate configuration will 
extend the operational performance over conventional materials and structures, particularly when the structure 
is exposed to an elevated temperature. 
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MK43 OAL, UK), “The influence of mechanical couplings on the compressive stability of anti-symmetric 
angle-ply laminates”, Composite Structures, Vol. 57, Nos. 1-4, July 2002, pp. 473-482, 
doi:10.1016/S0263-8223(02)00116-2 
ABSTRACT: The compressive stability of anti-symmetric angle-ply laminated plates with particular reference 
to the degrading influence of membrane–flexural coupling is reported in this paper. The degree of membrane–
flexural coupling in the laminated composite plates is varied, essentially, by altering the ply-angle and the 
number of plies in the laminated stack for a given composite material system. The coupled compressive 
buckling solutions are determined in the paper using the finite strip method of analysis and the buckling 
displacement fields of the strip formulation are those which are able to provide zero in-plane normal movement 
at the edge boundaries of the laminated plates. Results are given for anti-symmetric angle-ply laminated plates 
subjected to uniaxial compression and these have been obtained from fully converged finite strip structural 
models. Validation of the finite strip formulation is indicated in the paper through comparisons with exact 
solutions where appropriate. Increasing the number of plies in the laminated system is seen to reduce the degree 
of coupling and the critical stress levels are noted to tend towards the plate orthotropic solutions. The ply-angle 
corresponding to the optimised buckling stress for any particular laminate is noted in the paper to be influenced 
by the support boundary conditions at the plates unloaded edges. For any particular laminate the minimum 
critical buckling stress and corresponding natural half-wavelength of the buckling mode are shown to be highly 
sensitive to ply-angle variation. Some post-buckling results are presented in the paper and these have been 
determined using the finite element method of analysis. The influence of membrane–flexural coupling is shown 
to be significant throughout the compressive post-buckling history of the laminated plates. The optimised ply-
angle with regard to the critical compressive buckling stress of square simply supported anti-symmetric angle-
ply laminates is shown to be less effective in the post-buckling range with regard to post-buckled compressional 
stiffness. 
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“Buckling control using embedded shape memory actuators and the utilisation of smart technology in future 
aerospace platforms”, Composite Structures, Vol. 58, No. 3, November-December 2002, pp. 319-347, 
doi:10.1016/S0263-8223(02)00193-9 
ABSTRACT: In this paper experimental tests are described and discussed which illustrate the feasibility of 
buckling control in composite structural elements using induced strain actuation in a smart technological 
manner. Compressive tests on simply supported square composite plates which utilise the shape memory effect 
for buckling control are shown to exhibit substantially reduced post-buckling deflections when under activated 
control in comparison to those experienced for the uncontrolled case. The alleviation of the post-buckling 
deflections is shown to result in reduced non-linear stress levels in the post-buckling range and thus it is 
intimated that the ultimate failure levels of the composite plates can be improved through the application of 
shape memory control. The influence of temperature, from ohmic heating of the actuated shape memory alloy 
wires, on the mechanical performance of the composite laminated plates is discussed and the analysis 
procedures for the determination of the resulting non-uniform stress profiles in the composite plates are duly 
outlined. It was found that temperature effects could be significant and that these in turn depended to a large 
extent on laminate lay-up configuration. Particular attention is paid in the paper to tests carried out to ascertain 
the characteristic behaviour of the Nickel–Titanium shape memory material employed for actuation purposes. 
The cyclic recovery force capabilities of the actuator wires utilised in the compressive plate tests is highlighted 
and a detailed account of the determination of the alloys characteristic transformation temperatures is given. 
The paper discusses, in some detail, the feasibility of the proposed smart structural concept and gives some 
thought to the implementation of smart advanced composite materials within the marketplace with particular 
reference to future aerospace applications. 
 



 
Hyo Jik Lee and Jung Ju Lee, (Department of Mechanical Engineering, ME3033, Korea Advanced Institute of 
Science and Technology, 373-1, Kusong-dong, Yusong-gu, Taejon 305-701, South Korea), “A numerical 
analysis of the buckling and postbuckling behavior of laminated composite shells with embedded shape 
memory alloy wire actuators”,  2000 Smart Mater. Struct. 9 780 doi:10.1088/0964-1726/9/6/307 
ABSTRACT: The numerical simulation analyses were performed on the buckling and postbuckling behavior of 
laminated composite shells with embedded shape memory alloy (SMA) wires. These analyses using ABAQUS 
code were conducted to investigate the effect of embedded SMA wires on the characteristics of buckling and 
postbuckling caused by external and thermal loads.  The nonlinear buckling analysis showed that the activation 
of eccentrically embedded SMA wires increased the critical buckling load when phase transformation of SMA 
wires occurred. The activated SMA wires embedded in the direction of buckling resulted in a sudden increase of 
the critical buckling load when both edges were simply supported. However, activated SMA wires embedded in 
the opposite direction of buckling, resulted in a sudden decrease of the buckling load. The thermal buckling 
analyses of the composite shells with embedded SMA wires showed that the critical buckling temperature 
increased and the thermal buckling deformation decreased by using the activation force of embedded SMA wire 
actuators. 
 
 
A. El Chebair, M.P. Païoussis and A.K. Misra (Department of Mechanical Engineering, McGill University, 
Montreal, Quebec, H3A 2K6, Canada), “Experimental study of annular-flow-induced instabilities of cylindrical 
shells”, Journal of Fluids and Structures, Vol. 3, No. 4, July 1989, pp. 349-364, 
doi:10.1016/S0889-9746(89)80016-7 
ABSTRACT: An experimental study is presented of the dynamical behaviour of a cylindrical shell within a 
coaxial rigid cylindrical pipe, with flow in the annulus. The shell could be clamped at both ends or clamped at 
one end and free at the other. The frequencies of some of the principal modes of the shell were monitored with 
fibre-optic sensors as the flow velocity was incremented, and the signals were analyzed on a FFT Signal 
Analyzer, up to the point of loss of stability. It was found in these experiments that a clamped-clamped shell 
loses stability by divergence (buckling) in its second or third circumferential mode, depending on the 
length/radius ratio and the internal pressure in the shell. The experimental observations are extensively 
compared with a previously developed theoretical model. The qualitative dynamical behaviour in general and 
the mode associated with instability are in good agreement with theory; the critical flow velocity for divergence, 
however, is substantially smaller than theoretically predicted, presumably as a result of imperfections. Clamped-
free shells, on the other hand, lose stability by flutter, in these experiments in the third or fourth circumferential 
mode of the shell, depending on the annular-gap/radius ratio and the length/radius ratio. 
 
 
Masaaki TAKAYANAGI; Tadashi MIZUNO; Koki SHIOHATA, Flow-Induced Vibration of a Circular 
Cylindrical Shell. 1st Report. Experiments on the Stability under Leakage Flow through Internal Annular Gap”, 
Transactions of the Japan Society of Mechanical Engineers Series C; Vol. 67; No. 658; pp 1763-1770; (2001) 
[in Japanese] 
ABSTRACT: The unstable region of a circular cylindrical aluminium shell subjected to internal leakage flow 
was investigated experimentally, changing the gap shape and leakage flow velocity. The changes in the natural 
frequency, damping ratio, and displacement were also investigated to clarify the type of instability that occurred 
and to obtain the vibration characteristics needed for predicting instability. Flutter-type instability was observed 
and for an unstable gap condition, the damping ratio decreased to zero, as is known to occur with flutter-type 
instability. Moreover, the natural frequency increased with the flow velocity. The change in the natural 
frequency was small and the damping ratio increased with the leakage flow velocity when the gap shape was 
stable. The repeability of the flutter occurrence was good. Leakage flow through a straight gap did not cause 
instability, and the critical ratio of the size of the stepped annular gap for the unstable region was obtained. 
 
 
D. F. Lockhart (Department of Mathematics, Michigan Technological University, Houghton, Mich. 49931), 
“Dynamic Buckling of a Damped Externally Pressurized Imperfect Cylindrical Shell”, Journal of Applied 



Mechanics, Vol. 46, No. 2, pp. 372-376, June 1979, DOI: 10.1115/1.3424557 
ABSTRACT: The dynamic buckling of a finite damped imperfect circular cylindrical shell which is subjected 
to step-loading in the form of lateral or hydrostatic pressure is examined by means of a perturbation method. 
The imperfection is assumed to be small. An asymptotic expression for the dynamic buckling load is obtained in 
terms of the damping coefficient and the Fourier component of the imperfection in the shape of the classical 
buckling mode. A simple relation which is independent of the imperfection is then obtained between the static 
and dynamic buckling loads. 
 
 
Deborah Frank Lockhart (Department of Mathematical and Computer Sciences, Michigan Technological 
University, Houghton, Michigan 49931, U.S.A), “Post-buckling dynamic behavior of periodically supported 
imperfect shells”, International Journal of Non-Linear Mechanics, Vol. 17, No. 3, 1982, pp. 165-174, 
doi:10.1016/0020-7462(82)90016-6 
ABSTRACT: A circular cylindrical shell, periodically supported and subjected to step-loading in the form of 
lateral or hydrostatic pressure, is studied. Using the time-dependent von Kármán-Donnell equations, its 
imperfection sensitivity is examined and a simple asymptotic expression for the dynamic buckling load, valid 
for small imperfections, is obtained. There is a simple relation, independent of the imperfection, between the 
dynamic and static buckling loads. 
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“Chaotic Behavior Resulting In Transient And Steady State Instabilities Of Pressure-Loaded Shallow Spherical 
Shells”, Journal of Sound and Vibration, Vol. 259, No. 3, January 2003, pp. 497-512, 
doi:10.1006/jsvi.2002.5163 
ABSTRACT: In this paper, the axisymmetric dynamic behavior and snap-through buckling of thin elastic 
shallow spherical shells under harmonic excitation is investigated. Based on Marguerre kinematical 
assumptions, the governing partial differential equations of motion for a pre-loaded cap are presented in the 
form of a compatibility equation and a transverse motion equation. The continuous model is reduced to a finite 
degree of freedom system using the Galerkin method and a Fourier–Bessel approach. Results show that pre-
loaded shells may exhibit co-existing stable equilibrium states and that with the application of sufficiently large 
dynamic loads the structure escapes from the well corresponding to pre-buckling configurations to another. This 
escape load may be much lower than the corresponding quasi-static buckling load. Indeed, complex resonances 
can occur until the system snaps-through, often signalling the loss of stability. As parameters are slowly varied, 
steady state instabilities may occur; these can include jumps to resonance, subharmonic period-doubling 
bifurcations, cascades to chaos, etc. Moreover a sudden pulse of excitation may lead to a transient failure of the 
system. In this paper, we examine how spherical caps under harmonic loading may be assessed in an 
engineering context, with a view to design against steady state instabilities as well as the various modes of 
transient failure. Steady state and transient stability boundaries are presented in which special attention is 
devoted to the determination of the critical load conditions. From this theoretical analysis, dynamic buckling 
criteria can be properly established which may constitute a consistent and rational basis for design of these shell 
structures under harmonic loading. 
 
 
L. V. Baev and S. N. Korobeinikov, “Buckling of a circular cylindrical organic-glass shell under the combined 
action of a twisting moment and an axial load”, Mechanics of Composite Materials, Vol. 13, No. 6, 1977, pp. 
878-883, doi: 10.1007/BF00866997, Paper presented at the Third All-Union Conference on Polymer 
Mechanics, Riga (1976). Institute of Hydrodynamics, Siberian Branch of the Academy of Sciences of the 
USSR, Novosibirsk. Translated from Mekhanika Polimerov, No. 6, pp. 1051–1057, November–December, 
1977. 
PARTIAL ABSTRACT: The problem is to determine the effect of axial compressive and tensile forces on the 



stability of a circular cylinder in torsion…. 
 
 
Youngjoo Kwon (Science and Technology Policy Institute, Korea Institute of Science and Technology, 
P.O.Box 255, Seoul, Korea), “Buckling theory in solid structure with small thickness (Part I) 
General formulation of problem”, Journal of Mechanical Science and Technology, Vol. 6, No. 2, 1992, pp. 109-
113, doi: 10.1007/BF02953078 
ABSTRACT: A consistent methodology for the analysis of buckling phenomena in three dimensional solids is 
presented in this Part I and a straightforward application of this theory to a simple structure will be treated in the 
forthcoming Part II. The main objective of the work in this Part I is to derive the asymptotic equation from the 
complicate three dimensional stability equation so that we may obtain the buckling solution in the strained 
solids analytically and/or numerically very easily. The desired accurate equations are obtained through the 
regular asymptotic technique. 
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Youngjoo Kwon (Science and Technology Policy Institute, Korea Institute of Science and Technology, 
P.O.Box 255, Seoul, Korea), “Buckling theory in solid structure with small thickness: Part 2 
Application to the externally pressurized cylindrical shell buckling”, Journal of Mechanical Science and 
Technology, Vol. 7, No. 2, 1993, pp. 113-126, doi: 10.1007/BF02954361 
ABSTRACT: A consistent methodology for the analysis of buckling phenomena in three dimensional solids 
developed in Part 1 is applied to a simple structure, i.e., the externally pressurized cylindrical shell structure. 
The primary state of the shell is investigated analytically, using asymptotic technique, and then the 
straightforward buckling analysis is followed up to the third order, adopting the general stability theory in Part 
1. The full analysis is done through the analytical manner. Hence, the closed form solution is obtained. Finally, 
the result is compared with the classical one. 
 
 
Youngjoo Kwon (Hongik University), “Bifurcation modes in the limit of zero thickness of axially compressed 
circular cylindrical shell”, Journal of Mechanical Science and Technology, Vol. 14, No. 1, 2000, pp. 39-47,  
doi: 10.1007/BF03184769 
ABSTRACT: Bifurcation intability modes of axially compressed circular cylindrical shell are investigated in 
the limit of zero thickness (i.e., h (thickness)  0) analytically, adopting the general stability theory developed by 
Triantafyllidis and Kwon(1987) and Kwon(1992). The primary state of the shell is obtained in a closed form 
using the asymptotic technique, and then the straightforward bifurcation analysis is followed according to the 
general stability theory to obtain the bifurcation modes in the limit of zero thickness in a full analytical manner. 
Hence, the closed form bifurcation solution is obtained. Finally, the result is compared with the classical one. 
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110029, India), “Stability analysis of ring stiffened shells of revolution”, Computers & Structures, Vol. 14, 
Nos.5-6, 1981, pp. 479-490, doi:10.1016/0045-7949(81)90068-7 



ABSTRACT: A non-linear, large deformation, finite element analysis is presented for the general instability of 
ring stiffened shells of revolution subjected to combined end compression and circumferential pressure loading. 
The circumferential pressure loading is treated as a follower force. A combined load-increment and iteration 
method is used for solving the resulting equilibrium equations. Effect of varying degrees of initial imperfection 
in shell geometry on the load-displacement behaviour is reported. 
 
 
Yihui Zhang, Zhenyu Xue, Liming Chen and Daining Fang (Department of Engineering Mechanics, FML, 
Tsinghua University, Beijing 100084, PR China), “Deformation and failure mechanisms of lattice cylindrical 
shells under axial loading”, International Journal of Mechanical Sciences, Vol. 51, No. 3, March 2009, pp. 213-
221, doi:10.1016/j.ijmecsci.2009.01.006 
ABSTRACT: The lattice cylindrical shells wound from the planar lattice plates, which have significant 
applications in aerospace engineering, exhibit different deformation modes with their planar counterparts 
because of the curvature of the cell wall. In this paper, deformation mechanisms are systematically investigated 
and failure analyses are conducted for the lattice cylindrical shells with various core topologies. Analytical 
models are proposed to predict the axial stiffness, critical elastic buckling load or effective yield strength of 
these shells. Finite element simulations are carried out to identify the validity of the models. The models can be 
employed for the optimal design. As an example, we construct the failure map for the Kagome lattice 
cylindrical shell made from an elastic ideally-plastic material. Various failure mechanisms, including yielding, 
global elastic buckling and local elastic buckling are taken into account. Moreover, optimizations are performed 
to minimize the weight for a given stiffness or load-carrying capacity for three types of lattice cylindrical shells. 
It is found that the Kagome and triangular lattice cylindrical shells have almost equivalent load-bearing capacity 
and both significantly outperform the hexagonal one under axial compression. 
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“Continuum modeling of lattice structures in large displacement applications to buckling analysis”, Computers 
& Structures, Vol. 68, Nos. 1-3, July 1998, pp. 181-189, doi:10.1016/S0045-7949(98)00041-8 
ABSTRACT: We consider very large periodic trusses called lattice structures. In classical calculus, the periodic 
truss character and its global geometry are forgotten. With the homogenization method that we have developed, 
the lattice is replaced by a continuum model which approaches, in a certain sense, the real structure. This is true 
when the number of constitutive cells becomes large. The homogenization method has been developed in linear 
static cases and in free vibration. This paper generalises it for the large displacement assumption. The truss 
equilibrium is written on the unknown deformed configuration. 
 
 
Hualin Fan, Wei Yang, Bin Wang, Yong Yan, Qiang Fu, Dianing Fang and Zhuo Zhuang (Department of 
Engineering Mechanics, Tsinghua University, Beijing 100084, China), “Design and Manufacturing of a 
Composite Lattice Structure Reinforced by Continuous Carbon Fibers”, Tsinghua Science & Technology, 
Vol.11, No. 5, October 2006, pp. 515-522, doi:10.1016/S1007-0214(06)70228-0 
ABSTRACT: New techniques have been developed to make materials with a periodic three-dimensional lattice 
structure. The high stiffness per unit weight and multifunction of such lattice structures make them attractive for 
use in aeronautic and astronautic structures. In this paper, epoxy-soaked continuous carbon fibres were first 
introduced to make lattice composite structures, which maximize the specific load carrying capacity. A 
micromechanical analysis of several designs, each corresponding to a different manufacturing route, was carried 
out, in order to find the optimized lattice structure with maximum specific stiffness. An intertwining method 
was chosen and developed as the best route to make lattice composite materials reinforced by carbon fibers. A 
sandwich-weaved sample with a three-dimensional intertwined lattice structure core was found to be best. The 
manufacturing of such a composite lattice material was outlined. In addition to a high shear strength of the core 
and the integral manufacturing method, the lattice sandwich structure is expected to possess better mechanical 
capability. 



 
 
Hualin Fan, Tao Zeng, Daining Fang and Wei Yang, “Mechanics of advanced fiber reinforced lattice 
composites”, Acta Mechanical Sinica, Vol. 26, pp 825-835, 2010 
ABSTRACT: Fiber reinforced lattice composites are light-weight attractive due to their high specific 
strength and specific stiffness. In the past 10 years, researchers developed three-dimensional (3D) 
lattice trusses and two-dimensional (2D) lattice grids by various methods including interlacing, 
weaving, interlocking, filament winding and molding hot-press. The lattice composites have been 
applied in the fields of radar cross-section reduction, explosive absorption and heat-resistance. In this 
paper, topologies of the lattice composites, their manufacturing routes, as well as their mechanical and 
multifunctional applications, are surveyed.  
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W. F. Du, Z. Y. Zhou, F. D. Yu, "Study on the Static Stability and the Ultimate Bearing Capacity of Vierendeel 
Latticed Shells", Applied Mechanics and Materials, Vols. 94-96, pp. 868-871, Sep. 2011  
ABSTRACT: Studies on the static stability and the ultimate bearing capacity of vierendeel latticed shells have 
been carried out. The buckling modal and the whole course of instability are shown using the Finite Element 
Method. The ultimate bearing capacity is compared with that of the single-layer latticed shell structure. The 
results show that the ultimate bearing capacity of the vierendeel latticed shells is 2.87 times more than that of 
the single-layer lattice shell in the condition of consuming the same steel. The vierendeel latticed shell structure 
not only has the advantages of concision and transparency like the single layer latticed shell structure, but also 
has the stability and carrying capacity like double-layer latticed shell structure. 
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“Analytical study on dynamic buckling of reactor containment vessel”, Nuclear Engineering and Design, 
Vol.176, No. 3, November 1997, pp. 215-223, doi:10.1016/S0029-5493(97)00144-1 
ABSTRACT: The dynamic buckling of a reactor containment vessel under earthquake conditions is evaluated 
using a nonlinear finite element method. It is based on the four-node MITC (mixed interpolated tensorial 
components) shell element originally proposed by K.J. Bathe, which has been modified by the authors to 
include the effect of large rotational increments. At first, the buckling modes for a thin cylindrical shell under a 
simplified base excitation were classified, then the dynamic buckling analysis of a typical PWR steel 
containment vessel was carried out, considering both geometrical and material nonlinearities, to compare the 
results with those of a conventional static analysis. It was found that the global shear buckling of a steel 
containment vessel occurred under a load level several times greater than the design earthquake, and the 
buckling load estimated by the conventional analysis was smaller than the buckling load estimated by the 
dynamic analysis. 
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“Microscopic symmetric bifurcation condition of cellular solids based on a homogenization theory of finite 
deformation”, Journal of the Mechanics and Physics of Solids, Vol. 50, No. 5, May 2002, pp. 1125-1153, 
doi:10.1016/S0022-5096(01)00106-5 
ABSTRACT: In this paper, we establish a homogenization framework to analyze the microscopic symmetric 
bifurcation buckling of cellular solids subjected to macroscopically uniform compression. To this end, 
describing the principle of virtual work for infinite periodic materials in the updated Lagrangian form, we build 
a homogenization theory of finite deformation, which satisfies the principle of material objectivity. Then, we 
state a postulate that at the onset of microscopic symmetric bifurcation, microscopic velocity becomes 
spontaneous, yet changing the sign of such spontaneous velocity has no influence on the variation in 
macroscopic states. By applying this postulate to the homogenization theory, we derive the conditions to be 
satisfied at the onset of microscopic symmetric bifurcation. The resulting conditions are verified by analyzing 
numerically the in-plane biaxial buckling of an elastic hexagonal honeycomb. It is thus shown that three kinds 
of experimentally observed buckling modes of honeycombs i.e., uniaxial, biaxial and flower-like modes, are 
attained and classified as microscopic symmetric bifurcation. It is also shown that the multiplicity of bifurcation 
gives rise to the complex cell-patterns in the biaxial and flower-like modes. 
 
 
D. Okumura, N. Ohno & T. Niikawa (Department of Mechanical Engineering, Nagoya University, Chikusa-ku, 
Nagoya, Japan), “Long-Wave In-Plane Buckling of Elastic Square Honeycombs”, Mechanics of Advanced 
Materials and Structures, Vol. 12, No. 3, 2005, pp. 175-183, doi: 10.1080/15376490590928525 
ABSTRACT: In this study, microscopic buckling of elastic square honeycombs subject to in-plane compression 
is analyzed using a two-scale theory of the up-dated Lagrangian type. The theory allows us to analyze 
microscopic bifurcation and post-bifurcation behavior of periodic cellular solids. Cell aggregates are taken to be 
periodic units so that we can discuss the dependence of buckling stress on periodic length. Then, it is shown that 
microscopic buckling occurs at a lower compressive load as periodic length increases, and that long-wave 
buckling occurs just after the onset of macroscopic instability if the periodic length is sufficiently long. It is 
further shown that the macroscopic instability is of the shear type, leading to a simple formula to evaluate the 
lowest in-plane buckling stress of elastic square honeycombs. 
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Komaba, Meguro-ku, Tokyo 153, Japan), “Sensitivity analysis in post-buckling problems of shell structures”, 
Computers & Structures, Vol. 47, Nos. 4-5, June 1993, pp. 699-710, doi:10.1016/0045-7949(93)90352-E 
ABSTRACT: In this study, a method to evaluate sensitivities in post-buckling analysis is developed. The 
gradients of load values obtained under several constraint conditions are discussed. Unlike other methods for 
sensitivity analysis, the present method can cope with both snap-through and bifurcation problems without 
eigenvalue analysis. In addition, the load sensitivity at arbitrary points on an equilibrium path can be calculated. 
Using the MITC4 shell element, several numerical examples, such as a bifurcation buckling and a snap-through 
analysis of shell structures, are solved to show the performance of this sensitivity analysis method. 
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“Development of a sensitivity analysis method for nonlinear buckling load”, JSME international journal. Series 
A, mechanics and material engineering, 1995, vol. 38, no 3, pp. 311-317, doi: 9189 A, 35400005415832.0020 
ABSTRACT: An analysis method for evaluating the sensitivity of buckling load in geometrically nonlinear 
finite element methods is developed. By searching for the pseudo critical point in the perturbed system on the 
surface of the hyper-cylinder where the original critical point exists, the sensitivity of buckling load is 
estimated. Compared with other methods, the present method can cope with both snap-through and bifurcation 
problems without an eigenvalue analysis. In addition, the load sensitivity at arbitrary points on the equilibrium 
path can be calculated under the total-displacement constraint condition. Two examples of sensitivity buckling 
analysis of shell structures are demonstrated to examine the validity of this method, and satisfactory results are 
obtained. 
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“Uniaxial local buckling strength of periodic lattice composites”, Materials & Design, Vol. 30, No. 10, 
December 2009, pp. 4136-4145, doi:10.1016/j.matdes.2009.04.034 
ABSTRACT: To reveal the local buckling strength of periodic lattice composites, an important factor in optimal 
material design, analytical method based on the classical beam-column theory was applied. Buckling modes 
were decided according to the condition that the curvature of the strut columns is the smallest. Characteristic 
equations were built according to the equilibrium equations. The buckling strengths and constraint factors of 
various grids under uniaxial compression and tension were achieved. The strut network supports stronger 
rotation restrictions than pin-jointed nodes but weaker than the built-in ends. With more stacks of struts and 
connectivity at nodes, the restriction must be stronger and the buckling load is greater. Commonly, the 
constraint factors of isogrids and mixed triangle grids are greater than Kagome grids. The regular honeycomb 
and square grids possesses smaller buckling loads. 
 
 
Jakob Wedel-Heinen (Department of Ocean Engineering, The Technical University of Denmark, DK-2800, 
Lyngby, Denmark), “Vibration of geometrically imperfect beam and shell structures”, International Journal of 
Solids and Structures, Vol. 27, No. 1, 1991, pp. 29-47, doi:10.1016/0020-7683(91)90143-4 
ABSTRACT: The purpose of this paper is to present a general theory for analysis of the effect of initial 
geometrical imperfections on vibration frequencies of undamped, conservatively loaded, linear elastic beam and 
shell structures. The theory will be restricted to single mode vibrations with imperfections in the same shape as 
the vibration modes. The mathematical tool is a perturbational procedure developed with the aid of the principle 
of virtual work. The approach is illustrated by applications to beams, plates and axisymmetric shell structures. 
The examples show that the vibration frequency of these structures may be significantly raised or lowered due 
to imperfections. 
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Consort Road, London SW7 2BY, UK), “Initial buckling of curved panels of generally layered composite 
materials”, Composite Structures, Vol. 1, No. 1, 1983, pp. 3-30, doi:10.1016/0263-8223(83)90014-4 
ABSTRACT: An initial buckling analysis for cylindrically curved panels made of generally layered composite 
materials is presented. Four kinds of boundary conditions and the combination of axial compression and shear 
forces are considered. Two coupled, fourth-order partial differential equations are solved by the use of multiple 
Fourier series, in which more exact constants within the characteristic beam functions are introduced so that 
better orthogonality of the series and, therefore, more exact buckling loads are obtained. The influence of 
curvature, fibre angles, stacking sequence and panel aspect ratios is investigated. An interesting relationship 
between the critical axial load and shear forces is found for mid-plane symmetric panels. Comparison of present 
work with experimental results shows fairly good agreement. 
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Consort Road, London SW7 2BY, UK), “Postbuckling behaviour of curved panels of generally layered 
composite materials”, Composite Structures, Vol. 1, No. 2, 1983, pp. 115-135, 
doi:10.1016/0263-8223(83)90008-9 
ABSTRACT: An analysis for the postbuckling behaviour of compressively loaded, cylindrically curved panels 
of generally layered anisotropic composite materials is presented. The 36 coefficients in the constitutive 
relations of the panels are all taken into account. A pair of coupled non-linear differential equations are solved 
in conjunction with simply supported boundary conditions. Both double sine series and double sine-squared 
series are used for the deflection function, while characteristic beam function series are used to express the 



stress function. Numerical computations are performed for a number of panels with different lay-ups, different 
curvatures and different materials. Comparison between the present work and available theoretical and 
experimental data is carried out for the special case of a flat plate. 
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Part B: Engineering, Vol. 33, No. 5, July 2002, pp. 343-354, doi:10.1016/S1359-8368(02)00023-9 
ABSTRACT: In this paper, the performance under compressive static load of I-section stiffened panels is 
reported. A pristine panel is compared with panels containing simulated damage and repaired panels. Modes of 
failure, stiffness and strains are studied and it is shown that the significant decreases in strength caused by the 
damage are almost fully recovered by the repair scheme used. 
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“The mechanical performance of repaired stiffened panels. Part II. Finite element modeling”, Composites Part 
B: Engineering, Vol. 33, No. 5, July 2002, pp. 355-366, doi:10.1016/S1359-8368(02)00024-0 
ABSTRACT: In this paper the finite element modelling under compressive static load of I-section stiffened 
panels is reported. A pristine panel is compared with panels containing simulated damage and repaired panels. 
Predicted stiffness, stress distributions and strength of the panels are compared with experimental results. 
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“Buckling behaviour of a liquid storage tank”, Thin-Walled Structures, Vol. 1, No. 4, 1983, pp. 309-323, 
doi:10.1016/0263-8231(83)90012-5 
ABSTRACT: The buckling behaviour of a liquid storage tank built up of circular cylindrical shell-sections with 
different thicknesses is investigated. In any partially filled state the critical vacuum for bifurcation is determined 
taking into account the weight of the structure. For a storage tank with small geometrical imperfections the 
behaviour is analysed asymptotically using Koiter's general post-buckling theory. The initial post-buckling 
analysis based on the assumption of linear pre-buckling behaviour indicates that the storage tank is 
imperfection-sensitive in any partially filled state. Finally, bifurcation analyses accounting for nonlinear pre-
buckling show that the assumption of linear pre-buckling is a good approximation even at high liquid levels. 
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Board 1, Science Park Drive Singapore 118221), “Finite Element Modelling of Delamination Buckling of 
Composite Panel Using ANSYS”, Proceedings of 2nd Asian ANSYS User Conference, Nov 11-13, 1998, 
Singapore 
ABSTRACT: Delamination buckling analysis of composite panels is of considerable interest to aerospace 
industries. In this paper, finite element modelling of delamination buckling of composite panels is discussed. 
ANSYS 5.4 has been used for modelling the delamination buckling. A 3-D model with 8-node composite shell 



element is used. The panel is hypothetically divided into two sub-laminates by a plane containing the 
delamination. The two sub-laminates are modelled separately using 8-node composite shell element. 
Appropriate constraint conditions are added for the nodes in the undelaminated region using Coupled Nodes 
facility of ANSYS. The nodes in the delaminated region, whether in the top or bottom laminate, are left free. 
Using this modelling approach, a few typical test problems have been solved. The computed buckling loads and 
strain energy release rate values for the test problems tally closely with that of thoery and other researchers. In 
addition to the test problems, some results on delamination buckling of a woven-fabric carbon-epoxy composite 
panel are also presented. The two sub-laminate model discussed here provides a convenient approach to 
delamination buckling analysis. 
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ABSTRACT: Hot-rolled and cold-formed structural steel tubular members of elliptical cross-section have 
recently been introduced into the construction sector. However, there is currently limited knowledge of their 
structural behaviour and stability, and comprehensive design guidance is not yet available. This paper examines 
the elastic buckling response of elliptical hollow sections in compression, which has been shown to be 
intermediate between that of circular hollow sections and flat plates. The transition between these two 
boundaries is dependant upon both the aspect ratio and relative thickness of the section. Based on the results of 
numerical and analytical studies, formulae to accurately predict the elastic buckling stress of elliptical tubes 
have been proposed, and shortcomings of existing expressions have been highlighted. Length effects have also 
been investigated. The findings have been employed to derive slenderness parameters in a system of cross-
section classification for elliptical hollow sections, and form the basis for the development of effective section 
properties for slender elliptical tubes. 
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“Elastic local post-buckling of elliptical tubes”, Journal of Constructional Steel Research, Vol. 67, No. 3, March 
2011, pp. 281-292, doi:10.1016/j.jcsr.2010.11.004 
ABSTRACT: The elastic local post-buckling behaviour of elliptical tubes under compression is analysed in this 
paper. A brief outline of the local, distortional and global buckling behaviour of EHS tubes is firstly provided, 
where it is shown that local buckling modes govern the stability of short to intermediate length tubes while 



distortional modes control the stability of intermediate length to moderately long tubes and global buckling 
dominates the behaviour of longer tubes. Following this, an in-depth numerical study employing shell finite 
element modelling, of the elastic local post-buckling behaviour of compressed elliptical hollow section (EHS) 
tubes is presented. It is concluded that EHS tubes with a low to moderate aspect ratio can support loads up to 
their limit loads but are imperfection sensitive (shell-type behaviour), while EHS tubes with a moderate to high 
aspect ratio can carry loads higher than their limit loads (plate-type behaviour) and are imperfection insensitive. 
The slope of the ascending post-buckling path increases with the EHS aspect ratio and can reach values up to 
40% of the slope of the linear primary path. The bound imperfection amplitude concept, separating the 
imperfection amplitude ranges where the EHS tube is sensitive and insensitive, is proposed. It is also found that, 
for increasing EHS aspect ratio, the compressive stresses grow and accumulate near the zones of minimum 
radius of curvature while the zones of maximum radius of curvature possess an approximately uniform and 
relatively low compressive stress level. Therefore, it is expected that an approach based on the effective width 
concept widely used for the evaluation of the strength of flat plates may be adapted to the design of EHS tubes 
with moderate to high aspect ratios. 
 
 
A. Insausti and L. Gardner (Imperial College London, UK), “Analytical modelling of plastic collapse in 
compressed elliptical hollow sections”, Journal of Constructional Steel Research, Vol. 67, No. 4, April 2011, 
pp. 678-689, doi:10.1016/j.jcsr.2010.11.012 
ABSTRACT: The plastic collapse response of structural steel elliptical hollow section (EHS) profiles in 
compression is examined in this paper. As an initial step, a parametric study to identify the factors that 
determine which plastic mechanisms would arise has been carried out using finite element (FE) results from the 
current work and experimental data from the literature. All investigated EHS had a cross-sectional aspect ratio 
of two. The parametric study revealed four plastic collapse mechanisms and showed that the “split flip disc” 
plastic collapse mechanism is the most likely to appear in compressed EHS. Thus, the present work is focussed 
on this failure mechanism, for which an analytical model to describe the relationship between load and 
deformation is developed. Coupled with the consideration of the elastic, yielding and strain hardening 
characteristics of steel, the derived analytical model enables construction of the full load–deformation behaviour 
of compressed EHS to be established. The parameters controlling the shape and size of the plastic hinges have 
been investigated and found to be of key importance; hence, special care has been taken in their definition. 
Finally, the developed load–displacement curves have been compared with both finite element results and 
experimental data. The comparisons have revealed good agreement, confirming the ability of the analytical 
model to predict the collapse response of elliptical tubes. 
 
 
S. Sallam and G. J. Simitses (Georgia Institute of Technology, Atlanta, Georgia 30332, USA), “Delamination 
buckling and growth of flat, cross-ply laminates”, Composite Structures, Vol. 4, No. 4, 1985, pp. 361-381, 
doi:10.1016/0263-8223(85)90033-9 
ABSTRACT: A one-dimensional model is presented in order to predict (a) delamination buckling loads of an 
across the width delaminated and axially loaded laminated plate and (b) the ultimate load-carrying capability of 
the above geometry, when delamination growth can take place. In order to study the possibility of spreading of 
the damaged (delaminated) area to the undamaged area, the post-buckling solution is employed. The energy 
release rate has been used to determine whether the delamination growth is stable or unstable. The results reveal 
that for a relatively small delamination length the buckling loads serve as a measure of the load-carrying 
capacity of the damaged plate, while for a relatively large delamination length, the plate could carry larger loads 
depending on the fracture toughness of the plate material. Moreover, the present model can be used to study the 
effect of the presence of coupling between bending and stretching on delamination growth. Note that for such 
geometries the possibility of bifurcational buckling does not exist, regardless of the level of the applied load. 
 
 
Bertil Storåkers and Karl-Fredrik Nilsson (Department of Solid Mechanics, Royal Institute of Technology, S-
100 44, Stockholm, Sweden), “Imperfection sensitivity at delamination buckling and growth”, International 
Journal of Solids and Structures, Vol. 30, No. 8, 1993, pp. 1057-1074, doi:10.1016/0020-7683(93)90003-P 



ABSTRACT: The influence of initial geometric imperfections is analysed at buckling and crack growth in 
compressed composite plates with delaminations present. First, initial buckling based on bifurcation theory and 
postbuckling is considered for initially flat laminates with appropriate crack parameters determined. For initially 
deflected plates, Marguerre shallow shell theory is drawn upon and by a scaling procedure pertinent results in 
the case of imperfections may be generated directly from those of perfect plates. The method is based on the 
assumption of affinity between initial and postbuckling transverse deflections. In particular for inextensible 
buckling states, the method is exact while in more general cases estimates are obtained. Illustrations of the 
method and procedures are given for several representative cases and especially the associated accuracy of the 
method is delineated. 
 
 
K.-F. Nilsson, J.C. Thesken, P. Sindelar, A.E. Giannakopoulos and B. Stoåkers (Aeronautical Research Institute 
of Sweden, Box 110 21, S-161 11 Bromma, Sweden and Department of Solid Mechanics, Royal Institute of 
Technology, S-100 44 Stockholm, Sweden), “A theoretical and experimental investigation of buckling induced 
delamination growth”, Journal of the Mechanics and Physics of Solids, Vol. 41, No. 4, April 1993, pp. 749-782, 
doi:10.1016/0022-5096(93)90025-B 
ABSTRACT: A theoretical and experimental investigation of a laminated plate with an embedded, initially 
circular delamination, loaded in uniaxial compression is described. The main issue concerns the combined 
postbuckling and crack growth behaviour in general situations at arbitrary crack contours and applied to fibre-
reinforced carbon-epoxy composite plates. In a numerical procedure a standard FE-code is used to solve the 
structural postbuckling problem and extended to account also for contact effects. To predict interlaminar crack 
growth an automatic finite element procedure was employed for the purpose. Delamination growth in laminates 
was detected by the aid of acoustic emission. After successive crack increments, the evolution of the 
delamination front was mapped using an ultrasonic C-scan technique and also for comparison by X-ray. 
Predicted and observed results are compared as regards postbuckling behaviour and in particular the magnitude 
and shapes of delamination growth fronts. 
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“A finite element analysis of configurational stability and finite growth of buckling driven delamination”, 
Journal of the Mechanics and Physics of Solids, Vol. 43, No. 12, December 1995, pp. 1983-2021, 
doi:10.1016/0022-5096(95)00052-K 
ABSTRACT: A theoretical study of a buckling-driven, initially circular, delaminated thin film loaded in equal 
bi-axial compression is presented. The main objective of this investigation is to study the configurational 
instability phenomena frequently observed for thin debonded coatings loaded in compression. The analyses are 
done with the aid of a kinematically non-linear finite element formulation of the plate problem to model the 
film, supplemented with a method to account automatically for the redistribution of the stress field as the shape 
of the advancing delamination is changing. By this procedure, not only the shape of the delaminated film but 
also the stability properties of the growth follow automatically. The configurational stability properties of the 
initially circular delamination are assessed by slightly perturbing the delamination front. The configurational 
instability is strongly related to the fracture mode dependence in the crack growth law. Finite growth of the 
buckling-driven thin film was also investigated. A load perturbation was employed as well as a front 
perturbation. It was found that the two perturbation methods can result in quite different shapes of the 
advancing buckled thin film. A few examples of extensive growth are also presented, and in some cases it was 
observed that a part of the delamination front may start tunnelling in the interface. 
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(3) Cap Gemini Sweden, Gustavslundsvägen 131, Box 825, 161 24 Bromma, Sweden 
(4) Allgon Systems AB, 187 80 Täby, Sweden 
“Delamination buckling and growth for delaminations at different depths in a slender composite panel”, 
International Journal of Solids and Structures, Vol. 38, No. 17, April 2001, pp. 3039-3071, 
doi:10.1016/S0020-7683(00)00189-X 
ABSTRACT: A numerical and experimental investigation for delamination buckling and growth for slender 
composite panels loaded in compression is presented. The investigated panels consisted of 35 plies in a cross-
ply layup with artificially embedded delaminations inserted after three, five or seven plies from the upper 
surface. The tests clearly and consistently showed that for all delamination depths, delaminated panels failed by 
delamination growth slightly below the global buckling load of the undamaged panel, whereas the 
undelaminated panels failed in compression at global buckling. The analysis was done with a finite element 
based computational model that accounts for contact between delaminated members and fracture mode 
separation and where crack propagation was simulated with a moving mesh scheme. For all delamination 
depths, the analysis showed a dramatic increase in the energy release rate when global buckling takes place. 
Features seen in the tests were captured in the computational analysis. Excellent agreement with tests was found 
for loads at which delaminated members buckle, the load for onset of delamination growth and the evolution of 
delamination, e.g., delamination shape and out-of-plane displacements. 
 
 
J.H. Yang and Y.M. Fu (Department of Engineering Mechanics, Hunan University, Changsha 410082, China), 
“Delamination growth of laminated composite cylindrical shells”, Theoretical and Applied Fracture Mechanics, 
Vol. 45, No. 3, June 2006, pp. 192-203, doi:10.1016/j.tafmec.2006.03.003 
ABSTRACT: The local buckling may occur in delaminated cylindrical shells under axial compression. This 
often causes delamination growth and structure failure. Based on the variational principle of moving boundary, 
in this paper, the postbuckling governing equations for the laminated cylindrical shells are derived, and the 
corresponding boundary and matching conditions are given. At the same time, according to the Griffith 
criterion, the formulas of energy release rate along the delamination front are obtained and the delamination 
growth is studied. In the numerical calculation, the delamination growth of axisymmetrical laminated 
cylindrical shells is analyzed, and the effects of delamination sizes and depths, the boundary conditions, the 
material properties and the laminate stacking sequences on delamination growth are discussed. 
 
 
B. Storåkers (Department of Strength of Materials and Solid Mechanics, The Royal Institute of Technology, S-
100 44, Stockholm, Sweden), “On the first order change of bifurcation buckling loads due to structural 
geometry perturbations”, Journal of the Mechanics and Physics of Solids, Vol. 32, No. 3, 1984, pp. 227-256, 
doi:10.1016/0022-5096(84)90010-3 
ABSTRACT: It is shown that a simple method may be applied in order to determine the first order change of 
eigenmodes and critical loads at bifurcation buckling of slender structures when cavities or reinforcements are 
introduced. The perturbation procedure developed is applicable whenever a characteristic diameter of the 
structural geometry perturbation is one order less than the wave length of the unperturbed eigenmode and 
necessary computations involve at most the solution of two linear boundary value problems. Situations when 
the procedure may be further simplified are discussed and statements are made regarding requisite conditions 
for the buckling load definitely to increase or decrease due to geometry perturbations. Application of the 
method is illustrated by means of four cases of engineering interest, which involve perforated and reinforced 
beams and plates with holes and cracks. 
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ICCM-10, Whistler, B.C., Canada, August 1995, edited by Anoush Poursartip and Ken Street, Woodhead 
Publishing Limited, 1995 



ABSTRACT: A finite element modeling is presented to study the buckling and postbuckling behavior of 
composite laminates with an embedded delamination. The buckling and postbuckling behavior of 
graphite/epoxy composite laminates with an embedded delamination are investigated for various delaminate 
sizes, stacking sequence and boundary condtions. Three different possible modes of instability are identified at 
the critical load, which is global, mixed, and local buckling mode. The buckling load and postbuckling behavior 
depend on the buckling mode that is determined by the delamination size, stacking sequence and boundary 
condtions. It is found that the presence of a delamination in composite laminates may induce couplings, which 
have significant effects on the buckling and postbuckling behavior of composite laminates. 
 
 
Hyo-Jin Kim (R&D Center, Korea Heavy Industries & Construction Co. Ltd, 555 Guygok-Dong, Changwon 
641-792, Korea), “Effect of Delamination on Buckling Behavior of Quasi-Isotropic Laminates”, Journal of 
Reinforced Plastics and Composites, December 1996, vol. 15, no. 12, pp.1262-1277, 
doi: 10.1177/073168449601501207 
ABSTRACT: A finite element modeling is presented to study the effect of delamination on the buckling 
behavior of quasi-isotropic laminates. The effects of delamination on the buckling and postbuckling behavior of 
graphite/epoxy composite laminates are investigated for various delamination sizes, stacking sequence and 
boundary conditions. Three different possible modes of instability are identified at the critical load, which is 
global, mixed, and local buckling mode. The buckling load and postbuckling behavior depend on the 
delamination buckling mode that is determined by the delamination size, stacking sequence and boundary 
conditions. It is found that the presence of a delamination in composite laminates may induce couplings, which 
have significant effects on the buckling and postbuckling behavior of composite laminates. 
 
 
Hyo-Jin Kim (Research and Development Center, Korea Heavy Industries and Construction Co. Ltd, 555, 
Guygok-Dong, Changwon 641-792, Korea), “Postbuckling analysis of composite laminates with a 
delamination”, Computers & Structures, Vol. 62, No. 6, March 1997, pp. 975-983, 
doi:10.1016/S0045-7949(96)00290-8 
ABSTRACT: A finite element modeling is presented to study the postbuckling behavior of composite laminates 
with an embedded delamination. The postbuckling analysis of graphite-epoxy composite laminates with a 
delamination is studied for a through-the-width delamination, and an embedded delamination. Three different 
possible modes of instability are identified at the critical load, which is global, mixed and local buckling modes. 
It is found that there exists three types of the postbuckling behavior, which depend on the delamination buckling 
mode. The postbuckling behavior of composite laminates with an embedded delamination shows the same 
pattern as that of composite laminates with a through-the-width delamination. 
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“Buckling and postbuckling behavior of composite laminates with a delamination”, Composites Science and 
Technology, Vol. 57, No. 5, 1997, pp. 557-564, doi:10.1016/S0266-3538(97)00011-0 
ABSTRACT: A finite-element model is presented for studying the buckling and postbuckling behavior of 
composite laminates with an embedded delamination. Degenerated-shell elements and rigid-beam elements are 
utilized for the finite-element model. In the non-linear finite-element formulation, the updated Lagrangian 
description method based on the second Piola-Kirchhoff stress tensor and the Green strain tensor has been used. 
The buckling and postbuckling behavior are investigated for various delamination sizes and boundary 
conditions. Three different possible modes of instability are identified at the critical load, i.e. global, mixed, and 
local buckling modes. It is shown that the buckling load and postbuckling behavior depend on the buckling 
mode, which is determined by the delamination size and boundary conditions. It is also found that bifurcation 
buckling occurs for composite laminates with an embedded delamination. 
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“Compressive buckling of laminates with an embedded delamination”, Composites Science and Technology 
Vol. 59, 1999, pp. 1247-1260, doi: S0266-3538(98)00166-3 
ABSTRACT: In this paper, a buckling analysis of laminates with an embedded delamination has been 
conducted by employing a finite-element method based on the Mindlin plate theory. An effective solution 
method has been put forward to deal with the contact problem in the buckling mode. In this method, an iterative 
updating process incorporating first-order sensitivity analysis and quadratic programming technique has been 
proposed for computing fictitious forces in the contact area, which can be used to calculate stiffness parameters 
of some artificial springs. Finally, the penetration between two delaminated layers in the buckling mode can be 
effectively prevented by inserting these artficial springs into the overlapped area in the buckling mode. 
Numerical examples indicated that this method is very effcient for solving the contact problem in buckling 
analysis. Its accuracy and convergence speed are very high. The numerical results demonstrate that the contact 
analysis is very important for buckling analysis in some cases. The effects of various sizes, shapes and positions 
of the delamination and the fiber angle of the sublaminate on the buckling load have also been investigated. 
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“Prediction of buckling characteristics of carbon nanotubes”, International Journal of Solids and Structures, 
Vol. 44, No. 20, October 2007, pp. 6535-6550, doi:10.1016/j.ijsolstr.2007.02.043 
ABSTRACT: In this paper, to investigate the buckling characteristics of carbon nanotubes, an equivalent beam 
model is first constructed. The molecular mechanics potentials in a C–C covalent bond are transformed into the 
form of equivalent strain energy stored in a three dimensional (3D) virtual beam element connecting two carbon 
atoms. Then, the equivalent stiffness parameters of the beam element can be estimated from the force field 
constants of the molecular mechanics theory. To evaluate the buckling loads of multi-walled carbon nanotubes, 
the effects of van-der Waals forces are further modeled using a newly proposed rod element. Then, the buckling 
characteristics of nanotubes can be easily obtained using a 3D beam and rod model of the traditional finite 
element method (FEM). The results of this numerical model are in good agreement with some previous results, 
such as those obtained from molecular dynamics computations. This method, designated as molecular structural 
mechanics approach, is thus proved to be an efficient means to predict the buckling characteristics of carbon 
nanotubes. Moreover, in the case of nanotubes with large length/diameter, the validity of Euler’s beam buckling 
theory and a shell model with the proper material properties defined from the results of present 3D FEM beam 
model is investigated to reduce the computational cost. The results of these simple theoretical models are found 
to agree well with the existing experimental results. 
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(KTH), SE-100 44 Stockholm, Sweden), “On Delamination Growth in Shallow Shells”, J. Appl. Mech., Vol.71,  
No. 2, March 2004, pp. 247 – 254, doi:10.1115/1.1668122 
ABSTRACT: A theoretical and computational study has been carried out for compressive loading of a thin 
circular embedded delamination located below a cylindrical surface. The delaminated member is subjected to 
nominally uniaxial and balanced biaxial loading with the main objective to analyze its influence on surface 
curvature especially as regards imminent crack growth. The analysis is based on nonlinear shell theory 
combined with linear fracture mechanics. A finite element program earlier developed for delaminated plates has 
been generalized to apply also for shells and used to determine energy release rates and mode intensities along 
the delaminated front. A parameter study is made of the influence of curvature of the delaminated shell in 
particular as regards initiation and stability of crack growth. 
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“Non-linear buckling of squarely-latticed shallow spherical shells”, International Journal of Non-Linear 
Mechanics, Vol. 26, No. 5, 1991, pp. 547-565, doi:10.1016/0020-7462(91)90009-I 
ABSTRACT: In this paper, a theory for the analysis of large deflection of squarely-latticed shallow spherical 
shells is constructed by adopting the equivalent continuum method. The von Kármán type non-linear 
differential equations of such latticed shells under actions of axisymmetrically distributed loads are derived. An 
approximate boundary value problem for a uniformly-loaded latticed shallow spherical shell is formulated with 
variational principles. A practical case of a latticed cap of a petroleum vessel subject to external uniform loads 
is investigated with this theory, and corresponding buckling loads are numerically presented. 
 
 
Da Bin Yang, Yi Gang Zhang, Jin Zhi Wu, Hai Tao Zhou, Wen Chao Liu, (Spatial Structures Research Center), 
“Damage Assessment of Single-Layer Cylindrical Latticed Shells Based on Degradation of Static Stability 
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doi: 10.4028/www.scientific.net/AMR.163-167.227 
ABSTRACT: The static stability capacity is the main index to measure the whole mechanical performance of 
single-layer latticed shells. Three single-layer cylindrical latticed shells with different height to span ratio were 
modeled, and their seismic damage were assessed by the degradation of static stability capacity incurred by 
earthquakes. Two different static load patterns were considered: dead load and the combination of dead load 
and half span live load. The results show that the damage assessment method is applicable to single-layer 
cylindrical latticed shells, and the static load patterns have no big influence on the damage assessment of the 
single-layer cylindrical latticed shells. 
 
 
R.W. Bailey and G.L. Kulak (Department of Civil Engineering, The University of Alberta, Edmonton, Alberta, 
Canada), “Flexural and shear behaviour of large diameter steel tubes”, Structural Engineering Report No. 119, 
November, 1984 
PARTIAL ABSTRACT: In this study the flexural and shear behaviour of large diameter fabricated steel 
cylinders have been experimentally investigated, and the results are compared with those obtained from existing 
design equations. The first part of the experimental program consisted of testing an unstiffened cylinder (R/t = 
174) in pure flexure. The objective was to add to the scarce data base on cylinders in flexure. The results were 
compared to predictions made using the semi-empirical design equations of others for axially loaded 
cylinders… 
 
J. Mok and A.E. Elwi (Department of Civil Engineering, The University of Alberta, Edmonton, Alberta, 
Canada),  “Shear behavior of large diameter fabricated steel cylinders”, Structural Engineering Report No. 136, 
June 1986, 
ABSTRACT: The shear behavior of large diameter fabricated steel cylinders is investigated analytically. The 
analysis is based on a nonlinear geometric finite element formulation coupled with a von Mises elastic-
perfectly-plastic material response. The effects of initial imperfections as well as the boundary conditions on the 
shear behaviour of the cylindrical shells are examined. The development of a tension field in certain cases is 
also investigated. The study relies on the program NISA (“Nonlinear Incremental Structural Analysis”) a 
description of which is included…. 
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ABSTRACT: Columns, stacks, conveyor galleries, and other similar civil engineering structures are often 
constructed in the form of an unstiffened tube or as a discretely stiffened tube that behaves in an essentially 
unstiffened manner. Tubes of this type are used extensively in the materials-handling operations of industrial 
plants. These are fabricated circular steel cylinders, typically 2.4 - 4 m in diameter, with radius-to-thickness 
ratios in the range of 150 - 400. They support and enclose conveyor systems, and they customarily span 
distances up to about 50 m. The task of the designer is similar to that faced with plate girders: the bending 
capacity, shear capacity, and the combined effects of shear and bending all must be examined. The results of a 
test program established to examine the flexural strength of large diameter fabricated steel tubes is reported 
herein. Although the number of tests is not great, the program is distinguished by the fact that the tests were 
done using relatively large specimens made in a way similar to that which would be employed in full-size tubes. 
These tests are believed to represent the best information currently available, and the results should be useful to 
both designers and other researchers who are approaching the problem using analytical tools. 
 
 
Hanming Pan, Yanlin Guo, Shuo Liang, Shengzing Pei, Weisheng Liang and Lewen Wang, “Stability analysis 
of large diameter thin-walled tube beam-columns”, Frontiers of Architecture and Civil Engineering in China, 
Vol. 2, No. 123, June 2008, DOI: 10.1007/s11709-008-0017-7 
ABSTRACT: Based on a blind spot in the current design standard of steel structures, the large diameter thin-
walled tube beam-columns are analyzed using nonlinear finite element method in this paper. The influence of 
several factors on stability capacity of the large diameter thin-walled tube beam-columns is taken into account. 



Thus, according to the correlative design standard of steel structures, and on the basis of the numerical 
analytical results by the finite element methods, the calculation formulas of the stability bearing capacity are 
presented for beam-column members of the large diameter thin-walled tubes. Three tests of thin-walled steel 
tube beam-columns were reported. Test results for deformations and ultimate strength are found to be in a good 
agreement with the corresponding values predicted by the calculation formulas, and the proposed methods can 
be used in design practice. 
References listed at the end of the paper: 
1. Pan Hanming. Ultimate strength of large diameter thin-walled tube beam-columns. Dissertation for the Doctoral Degree. Shanghai: 
Tongji University, 2004 (in Chinese)  
2. GB50017. Code for Design of steel Structure. Beijing: China Construction Industry Press, 2003 (in Chinese)  
3. Chen W F, Ross D A. Test of fabricated tubular columns. J Struct Div, ASCE, 1977, 103(ST3): 619–634  
4. ECCS-Thchnical Committee. 8-Structural Stability Technical Working Group 8.4-Stability of Shells: Buckling of Steel Shells 
European Recommendations. The Hong Kong Polytechnic University Library, 1988 
5. GB50018. Roll Forming Thin-Walled Steel Structure Technical Norm. Beijing. China Construction Industry Press, 2003 (in 
Chinese)  
6. Johnston B G. Column buckling theory: historic highlight. J Struct Div, ASCE, 1983, 109(9): 2086–2096 
 
 
V. G. Roman and A. E. Elwi (Department of Civil Engineering, University of Alberta, Edmonton, Alberta, 
Canada), “Postbuckling behavior of thin steel cylinders under transverse shear”, Structural Engineering Report 
no. 146, May 1987 
PARTIAL ABSTRACT: The behavior of thin steel cylinders under transverse shear is investigated using a 16-
node three dimensional degenerated plate shell element in the context of the nonlinear finite element analysis 
program NISA80, with an elastic-perfectly plastic material model. The analysis is carried out along the 
prebuckling and the postbuckling equilibrium paths for cylinders with initial measured imperfections, initial 
residual stresses due to longitudinal seam weld shrinkage and initial locked-in stresses due to the cold 
forming…. 
 
 
F. C. Moon, C. Swanson (Department of Theoretical and Applied Mechanics, Cornell University, Ithaca, N. 
Y.), “Experiments on Buckling and Vibration of Superconducting Coils”, Journal of Applied Mechanics, 
Vol.44, No. 4, pp. 707-713, December 1977, DOI: 10.1115/1.3424161 
ABSTRACT: The decrease in lateral stiffness with increase in current and subsequent buckling of a flexible 
superconducting coil in a three coil partial torus is reported. The instability was observed for both clamped and 
clamped-pinned constraints on circular coils. Tests on the in-plane stability show an increase in stiffness with 
current in contrast with the out of plane or lateral buckling behavior. Along with the decrease in lateral natural 
frequencies of the coils, a significant increase in damping was observed. The critical buckling current was found 
to be in good agreement with theoretical calculations based on the authors’ previous work. 
 
 
F. C. Moon (Department of Theoretical and Applied Mechanics, Cornell University, Ithaca, N. Y. 14853), 
“Experiments on Magnetoelastic Buckling in a Superconducting Torus”, Journal of Applied Mechanics, Vol. 
46, No. 1, pp. 145-150, March 1979, DOI: 10.1115/1.3424486 
ABSTRACT: A 16 coil superconducting torus is used to study magnetoelastic instabilities in a set of current 
carrying elastic rings. The torus is a 1/75th model of a proposed magnetic fusion reactor. Up to 130 KA-turns 
were placed in the 30-cm-dia torus. Three different lateral constraint conditions on the elastic magnets are 
discussed. Both dynamic and static methods are used to determine the critical buckling currents. The coils are 
observed to pair up during buckling. A series of snap-type instabilities were observed near the critical buckling 
current for the lowest mode. A fair to good comparison between experimental and theoretical values of the 
buckling currents for all three modes is obtained when tension stiffening corrections are included. 
 
 
Muir, RG and Foster, CG (University of Tasmania), Axial Buckling of Carbon Fibre - Epoxy Composite 
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Melbourne, Vic.). 5th Australian Aeronautical Conference: Preprints of Papers. Barton, ACT: Institution of 



Engineers, Australia, 1993: 149-154. National conference publication (Institution of Engineers, Australia) ; no. 
93/6. Availability: <http://search.informit.com.au/documentSummary;dn=558299125022612;res=IELENG> 
ISBN: 0858255766. 
ABSTRACT: This paper describes tests that have been performed on the buckling behaviour of symmetrical 
four ply laminated carbon fibre epoxy shells loaded in axial compression Six shells were tested, two each of 
three lay up orientations, +30 /-30 /-30 /+30 , +45 /-45 /-45 /+45 , and +60 /-60 /-60 /+60 (angles measured from 
the cylinder axis). Testing procedure was to firstly load the shell to collapse, reload to ensure collapse was 
elastic and no significant damage had been done during the buckling process, impose a defect and retest to 
determine the degrading effect. During all tests the deformations were monitored by a purpose built optical 
system based on the reflective moire technique. This inspection technique allowed the entire shell surface to be 
monitored all times. The degrading effect of the relatively large geometric defects appeared to be more 
dependent upon geometry than lamina orientation although the 45 degree shells generally exhibited slightly less 
defect sensitivity. 
 
 
W. Fang and J.A. Wickert (Dept. of Mech. Eng., Carnegie Mellon Univ., Pittsburgh, PA, USA), “Post-buckling 
of micromachined beams”, IEEE Workshop on Micro Electro Mechanical Systems, 1994, MEMS '94, pp. 182-
187 of the Proceedings 
ABSTRACT: The static deformation of micromachined beams under prescribed in-plane compressive stress is 
studied by analytical and experimental means over the pre-buckling, transition, and post-buckling load ranges. 
The finite amplitude of the beam in its post-buckled state is predicted by modeling the non-linear dependence of 
its compressive stress on the out-of-plane deformation. In addition, the model explicitly considers the net effect 
of slight imperfections, which can include fabrication defects, geometric irregularities, or non-ideal loading, on 
the beam's behavior in the near-buckling regime. As an application, clamped-clamped silicon dioxide beams are 
fabricated through conventional bulk micromachining, and their deflected profiles are measured through three-
dimensional optical profilometry. The measurements are compared to the post-buckled amplitudes and shapes 
that are predicted by the model, and by existing simpler models that do not include the effects of both non-
linearity and imperfection. As borne out by the data, when imperfections are considered, the beams exhibit 
continuous growth of the out-of-plane amplitude during transition from the prebuckled state to a post-buckled 
one, in contrast to sudden bifurcation at a critical load. By accounting for this behavior, the estimate of residual 
stress in the thin film from which the beams are fabricated can be improved, and the amplitude of common post-
buckled micromachined structures can be predicted. 
 
 
P.M. Lin and J.A. Wickert (Department of Mechanical Engineering, Carnegie Mellon University, Pittsburgh, 
PA 15213), “Analysis of core buckling defects in sheet metal coil processing”, ASME J. Manuf. Sci. Eng., Vol. 
125, No. 4, pp 771-777, November 2003, DOI: 10.1115/1.1619177 
ABSTRACT: (none given) 
 
 
V. Koundy (1) and C. Thiebaut (2) 
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21120 Is-Sur-Tille, France 
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Is-Sur-Tille, France 
“High-Temperature Buckling Analysis of Titanium Cans Under External Pressure”, J. Pressure Vessel Technol. 
121(4), 364-368 (Nov 01, 1999) (5 pages) doi:10.1115/1.2883716 
ABSTRACT: Powder metallurgy techniques are often used in the fabrication of finished and semi-finished 
articles. At the CEA, a cold followed by a hot isostatic pressing method is used to produce solid forms from 
various types of powder. Occasionally, during the hot isostatic pressing part of the process, buckling of the 
titanium envelope near to the sealed end leads to fracture of the can and incomplete powder consolidation. The 
aim of this paper is to investigate by numerical finite element simulation the fracture process. A 2-D shell 
element model with Fourier series taking into account plastic deformation of the can material has been 



considered and used to determine the buckling critical pressure and the corresponding buckling mode. The 
simulation has been used to eliminate failure of the can by modifying the temperature-pressure schedule or by 
changing the can design. The calculations show that reducing the sharp angles of the initial titanium can near 
the rupture area can resolve the buckling problem; however, this solution is not totally satisfactory due to the 
development of a zone of constriction (breaks and irregularities) in the compacted powder just behind the 
modified can wall. This geometrical defect leads to difficulties in machining the final product. A better solution 
to the problem is to increase the initial can temperature prior to application of the pressure. This leads to a can 
of enhanced ductility with a better ability to deform. This latter solution, which can be employed with or 
without can modifications, eliminates both the can’s buckling and the zone of constriction. These numerical 
results have been validated by recent tests performed in our laboratories. 
 
 
Q. Chen, G. L. Kulak and A. E. Elwi (Department of Civil Engineering, University of Alberta, Edmonton, 
Canada T6G 2G7), “Flexural tests of longitudinally stiffened fabricated steel cylinders”, Journal of 
Constructional Steel Research, Vol. 34, No. 1, 1995, pp. 1-25, doi:10.1016/0143-974X(94)00020-I 
ABSTRACT: Fabricated steel cylinders with large R/t ratios are often used in conveyor galleries, offshore 
platforms, storage tanks, towers, vessels, and the like. The use of longitudinal stiffeners in these large cylinders 
has proven to be an efficient way to promote structural stability. The increase of load capacity is significant. 
However, the attachment of the stiffeners complicates the problem by introducing additional buckling modes 
and new design parameters. Four large-scale specimens were tested. The collected data included the load versus 
deformation behavior, as well as the geometric imperfections and welding residual stresses of the specimens. 
The objective of the research program was t investigate the local buckling behavior and ultimate load capacity 
of longitudinally stiffened steel cylinders subjected to bending. The results showed two failure modes, a shell 
buckling mode and a general buckling mode. The occurrence of both modes and the corresponding capacity 
depend on the shell properties, as well as on the spacing and angle of arc covered by the stiffeners. The general 
buckling mode has strength and ductility much higher than those predicted by existing design guidelines. 
 
 
Q. Chen, A. E. Elwi and G. L. Kulak (Department of Civil Engineering, University of Alberta, Edmonton, 
Alberta T6G 2G7, Canada), “Longitudinally-stiffened large diameter fabricated steel tubes”, Journal of 
Constructional Steel Research, Vol. 35, No. 1, 1995, pp. 19-48, doi:10.1016/0143-974X(94)00040-L 
ABSTRACT: Fabricated steel cylinders are often used as conveyor galleries, stacks or masts, or as members in 
offshore structures. The cylinders are fabricated by first cold rolling steel plates to form short cans and then 
joining these together by circumferential girth welds to yield long spans. Circumferential stiffeners are almost 
always present, in order that the circular shape of the tube is maintained and as an assistance when the cylinder 
is being handled. Longitudinal stiffeners may be used as well. If they are present, they will be welded to the 
cylinder surface, thereby improving the behaviour under axial compression or beam bending. The paper 
addresses the design of the type of cylinder commonly used as a conveyor gallery. In this application, diameters 
of from 2·5 to 4·0 m are typical and the radius to thickness ration, R/t, ranges from about 100 to 400. Spans can 
reach 60 m. The results of four large-scale flexural tests on large diameter fabricated steel cylinders that had 
longitudinal stiffeners and a parametric study of hypothetical cylinders of this configuration are used as the 
basis of the study. The paper reviews current design standards in the light of those test results, presents the 
results of the parametric study and makes recommendations for the design of longitudinally-stiffened fabricated 
steel cylinders. 
 
 
Suchada P. Lin and F. Albermani, “Integrated Design System for Lattice Domes”, International Journal of 
Space Structures, Vol. 15, No. 1, March 2000, pp. 59 – 74, doi: 10.1260/0266351001494973 
ABSTRACT: In structural design, the preliminary synthesis stage derives judgmental knowledge from 
engineering heuristic and experience which are usually expressed in symbolic form. On the other hand, detailed 
design involves extensive numerical processing. An integrated computer-aided design system should be able to 
handle both symbolic and numerical processings. It must also be able to integrate engineering databases and 
CAD packages within a single environment. The knowledge-based system approach provides a venue for 



achieving all these requirements. This paper presents a prototype knowledge-based system for lattice design that 
can perform several essential tasks including preliminary synthesis, numerical model generation, nonlinear 
finite element analysis, code compliance checking and member sizing. The system user is guided throughout the 
design session by interactive graphical user interfaces which facilitate the design process. 
 
 
Bret Stanford and Philip Beran (U.S. Air Force Research Laboratory, Wright-Patterson AFB, OH, 45433, 
USA), “Aerothermoelastic topology optimization with flutter and buckling metrics”, Structural and 
Multidisciplinary Optimization, Vol. 48, No. 1, pp 149-171, July 2013 
ABSTRACT: This work develops a framework for SIMP-based topology optimization of a metallic panel 
structure subjected to design-dependent aerodynamic, inertial, elastic, and thermal loads. Multi-physics 
eigenvalue-based design metrics such as thermal buckling and dynamic flutter are derived, along with their 
adjoint-based design derivatives. Locating the flutter point (Hopf-bifurcation) in a precise and efficient manner 
is a particular challenge, as is outfitting the optimization problem with sufficient constraints such that the 
critical flutter mode does not switch during the design process. Results are presented for flutter-optimal 
topologies of an unheated panel, thermal buckling-optimal topologies, and flutter-optimality of a heated panel 
(where the latter case presents a topological compromise between the former two). The effect of various 
constraint boundaries, temperature gradients, and (for the flutter of the heated panel) thermal load magnitude 
are assessed. Off-design flutter and thermal buckling boundaries are given as well. 
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Y. P. Zhao, “Similarity consideration of structural bifurcation buckling” (Ähnlichkeitsbetrachtung bei 
Knickproblemen mit strukturellen Verzweigungen), Forschung im Ingenieurwesen, Vol. 65, No. 4, 1999, 
pp.107-112, doi: 10.1007/PL00010868 
ABSTRACT: Many structural bifurcation buckling problems exhibit a scaling or power law property. 
Dimensional analysis is used to analyze the general scaling property. The concept of a new dimensionless 
number, the response number-Rn, suggested by the present author for the dynamic plastic response and failure 
of beams, plates and so on, subjected to large dynamic loading, is generalized in this paper to study the elastic, 
plastic, dynamic elastic as well as dynamic plastic buckling problems of columns, plates as well as shells. 
Structural bifurcation buckling can be considered when Rn(n) reaches a critical value. 
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(2) Guangzhou Maritime College, Guangzhou, 510725, PR China 
“Structural optimization and dynamic analysis for double-layer spherical reticulated shell structures”, Journal of 
Constructional Steel Research, Vol. 62, No. 10, October 2006, pp. 943-949, doi:10.1016/j.jcsr.2006.01.010 
ABSTRACT: This paper is concerned with the geometrical optimum design and the aseismic analysis of 
double-layer reticulated shell structures. The characteristic of free vibration of reticulated shell structures, with 
respect to geometric parameter, is investigated. The variations of the eigenfrequency of shell structures, with 
respect to the ratio of height-to-span, span, grid division frequency and thickness of shell, are discussed. The 
Newmark method is used to calculate the stresses and displacements of the reticulated shell structure under 
earthquake action. The analysis results show that under a specified span, the eigenfrequency of the structure 
increases with the increase of the height-to-span ratio and then decreases afterwards. Therefore, there exists an 
optimum height-to-span ratio resulting in an optimum stiffness at the specified span. The optimum value of the 
ratio is found to be between 1/3 and 1/4 from the simulation study presented in this paper. At a specified height-
to-span ratio, the increase of the value of structural span greatly reduces the eigenfrequency of the structure and 
then decreases the global stiffness of the structure. At the specified span and the specified height-to-span ratio, 
the eigenfrequency of the structure has a minor increase with the increase of the thickness and the grid division 
frequency of the reticulated shell structure. The partial double-layer reticulated shell structures have less 
stability compared with double-layer reticulated shell structures, but more stability in comparison with single-
layer reticulated shell structures. The 1/6 partial double-layer reticulated shell structure has a best performance-
to-price ratio. In other words, it has a higher buckling load, with smaller material consumption, compared with 
other partial double-layer reticulated shell structures. It is proposed to adopt the 1/6 partial double-layer 
reticulated shell structure in engineering if a double layer reticulated shell structure is required. 
 
 
Chang Wu and Xiu Li Wang, “A Seismic Effective Method for Double-Layer Reticulated Shell Using 
Buckling-Restrained Braces”, Advanced Materials Research, Vol. 163-167, pp. 2852-2856, 2010, 
DOI: 10.4028/www.scientific.net/AMR.163-167.2852 
ABSTRACT: In this study a kind of buckling-restrained braces (BRBs) as energy dissipation dampers is 
attempted for seismic performance of large span double-layer reticulated shell and the effectiveness of BRBs to 
protect structures against strong earthquakes is numerically studied. The hysteretic curve of such members is 
obtained through the simulation of the cyclic-loading test, and the equations of motion of the system under 
earthquake excitations are established. BRBs are then placed at certain locations on the example reticulated 
shell to replace some normal members, and the damping effect of the two installation schemes of BRBs is 
investigated by non-linear time-history analyses under various ground motions representing major earthquake 
events. Compared with the seismic behavior of the original structure without BRBs, satisfactory seismic 
performance is seen in the upgraded models, which clarifies the BRBs can reduce the vibration response of 
spatial reticulated structure effectively and the new system has wide space to develop double layer reticulated 
shell. 
 
 
Xing Wang, Chao Feng and Nie Chen, "Buckling Analysis of Composite Plates in Plate-Cone Reticulated 
Shell", Applied Mechanics and Materials, Vols. 427-429, pp. 10-13, September 2013, 
10.4028/www.scientific.net/AMM.427-429.10 



ABSTRACT: Plate-cone reticulated shell is a new type of space structures with good mechanical behavior and 
technical economy. In this paper, local buckling and influence factors of composite plates in plate-cone 
reticulated shell are analyzed with theory of composite plate and shell through composite structure finite 
element method, and the mechanical characteristics of composite plate-cone reticulated shell are studied, some 
important conclusions were obtained, which can provide theoretical foundation for practical design of 
composite plate-cone reticulated shell and composite plates.  
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Space structures 4, Volume 1, edited by G. A. R. Parke and C. M. Howard, 1993, Thomas Telford, 
ISBN: 0-7277-1968-8 
ABSTRACT: In this paper some stability problems of reticulated shells are studied. Adequate mathematical 
models for the analysis of shell instability, using a direct method and a shell analogy method, are presented. It is 
assumed that the members of the analysed shells consist of a homogeneous, isotropic elastic material. The 
theoretical results, obtained from some numerical examples, are also presented. 
 
 
Adrain Ivan and Marin Ivan (Politehnica University of Timisoara, Romania), “Typical failure modes of some 
single layered reticulated shells”, (publisher and date not given in the pdf file. The most recent citation is dated 
2001)  
ABSTRACT: The paper reveals the main cases of possible failure of some single layered reticulated shells 
working in the elastic domain. The structural members are pinned jointed everywhere. and all are of tubular 
cross section.  
CONCLUSIONS: In order to predict stability for complex reticulated structures it is necessary to analyze the 
elastic buckling loads of these domes using geometrical nonlinear analysis. Unfortunately this should be 
followed by mode shape analysis. Both will reveal the sensitivity to certain coupled modes of instability. 
Attention should be focused on these ones. The lowest critical load is obtained in the vicinity of a coupled 
instability on the reticulated shells affected by geometrical imperfections. The initial imperfection pattern 
should be affine to the mode shape. Not always this represents the most unfavorable imperfection pattern. The 
stability of reticulated shells requires a large computing effort.  
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C. Quilliet, C. Zoldesi, C. Riera, A. van Blaaderen and A. Imhof, “Anisotropic colloids through non-trivial 
buckling”, The European Physical Journal E: Soft Matter and Biological Physics, Vol. 27, No. 1, 2008, pp. 13-
20, doi: 10.1140/epje/i2007-10365-2 
ABSTRACT: We present a study on buckling of colloidal particles, including experimental, theoretical and 
numerical developments. Oil-filled thin shells prepared by emulsion templating show buckling in mixtures of 
water and ethanol, due to dissolution of the core in the external medium. This leads to conformations with a 



single depression, either axisymmetric or polygonal depending on the geometrical features of the shells. These 
conformations could be theoretically and/or numerically reproduced in a model of homogeneous spherical thin 
shells with bending and stretching elasticity, submitted to an isotropic external pressure. 
 
 
Julien Dervaux and Martine Ben Amar, (Laboratoire de Physique Statistique, Ecole Normale Supérieure, 
UPMC Université Paris 06, Université Paris Diderot, CNRS, 24 rue Lhomond, 75005 Paris, France), “Buckling 
condensation in constrained growth”, Journal of the Mechanics and Physics of Solids, Vol. 59, No. 3, March 
2011, pp. 538-560, doi:10.1016/j.jmps.2010.12.015 
ABSTRACT: The multiple complexities inherent to living objects have motivated the search for abiotic 
substitutes, able to mimic some of their relevant physical properties. Hydrogels provide a highly monitorable 
counterpart and have thus found many applications in medicine and bioengineering. Recently, it has been 
recognized that their ability to swell could be used to unravel some of the universal physical processes at work 
during biological growth. However, it is yet unknown how the microscopic distinctions between swelling and 
biological growth affect macroscopic changes (shape, stresses) induced by volume variations. To answer this 
question, we focus on a clinically motivated example of growth. Some solid tumors such as melanoma or 
glioblastoma undergo a shape transition during their evolution. This bifurcation appears when growth is 
confined at the periphery of the tumor and is concomitant with the transition from the avascular to the vascular 
stage of the tumor evolution. To model this phenomenon, we consider in this paper the deformation of an elastic 
ring enclosing a core of different stiffness. When the volume of the outer ring increases, the system develops a 
periodic instability. We consider two possible descriptions of the volume variation process: either by imposing a 
homogeneous volumetric strain (biological growth) or through migration of solvent molecules inside a solid 
network (swelling). For thin rings, both theories are in qualitative agreement. When the interior is soft, we 
predict the emergence of a large wavelength buckling. Upon increasing the stiffness of the inner disc, the 
wavelength of the instability decreases until a condensation of the buckles occurs at the free boundary. This 
short wavelength pattern is independent of the stiffness of the disc and is only limited by the presence of surface 
tension. For thicker rings, two scenarios emerge. When a volumetric strain is prescribed, compressive stresses 
accumulate in the vicinity of the core and the deformation localizes itself at the boundary between the disc and 
the ring. On the other hand, swelling being an instance of stress-modulated growth, elastic stretches near the 
core saturate and the instability occurs primarily at the free boundary. Besides its implications for the 
mechanical stability of avascular tumors, this work provides important results concerning layered tissues growth 
and the role of hydrogels as biological tissues substitutes. 
 
 
James S. Sharp and Lyndon W. Jones (Department of Physics and Astronomy, University of Sheffield 
Hounsfield Rd., Sheffield, S3 7RH, UK) , “Micro-buckling as a route towards surface patterning”, Advanced 
Materials, Vol. 14, No. 11, June 2002 
ABSTRACT: An overview is given on a new buckling instability that arises following the osmotically driven 
swelling of a polymer film. This instability yields a simple route to produce wells 10-100 nm deep and with a 
diameter on the order of micrometers. It is shown that by using a simple surface pretreatment, it is possible to 
create an ordered array of these wells. 
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Van Dung Nguyen (Department of Applied Sciences, University of Liege), “Computational homogenization of 
cellular materials capturing micro-buckling, macrolocalization and size effects”, Pn.D. dissertation, 2014 
ABSTRACT: The objective of this thesis is to develop an efficient multi–scale finite element frame-work to 
capture the macroscopic localization due to the micro–buckling of cell walls and the size effect phenomena 
arising in structures made of cellular materials.  
Under the compression loading, the buckling phenomenon (so–called micro–buckling) of the slender 
components (cell walls, cell faces) of cellular solids can occur. Even if the tangent operator of the material of 
which the micro–structure is made, is still elliptic, the presence of the micro–buckling can lead to the loss of 
ellipticity of the resulting homogenized tangent operator. In that case, localization bands are formed and 
propagate in the macroscopic structure. Moreover, when considering a cellular structure whose dimensions are 
close to the cell size, the size effect phenomenon cannot be neglected since deformations are characterized by a 
strain gradient.  
On the one hand, a classical multi–scale computational homogenization scheme (so– called first–order scheme) 
loses accuracy with the apparition of the macroscopic localization or the high strain gradient arising in cellular 
materials because the underlying assumption of the local action principle, in which the stress state on a 
macroscopic material point depends only on the strain state at that point, is no–longer suitable. On the other 
hand, the second–order multi–scale computational homogenization scheme proposed by Kouznetsova et al. 
(2004b) exhibits a good ability to capture such phenomena. Thus this second–order scheme is improved in this 
thesis with the following novelties so that it can be used for cellular materials.  
First, at the microscopic scale, the periodic boundary condition is used because of its efficiency. As the meshes 
generated from cellular materials exhibit a large void part on the boundaries and are not conforming in general, 
the classical enforcement based on the matching nodes cannot be applied. A new method based on the 
polynomial interpolation without the requirement of the matching mesh condition on opposite boundaries of the 
representative volume element (RVE) is developed.  
Next, in order to solve the underlying macroscopic Mindlin strain gradient continuum of this second–order 
scheme by the displacement–based finite element framework, the presence of high order terms (related to the 
higher stress and strain) leads to many complications in the numerical treatment. Indeed, the resolution requires 
the continuities not only of the displacement field but also of its first derivatives. This work uses the 
discontinuous Galerkin (DG) method to weakly impose these continuities. This proposed second–order DG–
based FE2 scheme appears to be easily integrated into conventional parallel finite element codes.  
Finally, the proposed second–order DG–based FE2 scheme is used to model cellular materials. As the 
instability phenomena are considered at both scales, the path following technique is adopted to solve both the 
macroscopic and microscopic problems. The micro–buckling leading to the macroscopic localization and the 
size effect phenomena can be captured within the proposed framework.  
 
 
Adam J. Nolte, Robert E. Cohen and Michael F. Rubner (Departments of Materials Science and Engineering 
and Chemical Engineering and the Center for Materials Science and Engineering, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 02139), “A two-plate buckling technique for thin film modulus 
measurements: Applications to Polyelectrolyte Multilayers”, Macromolecules, Vol. 39, No. 14, pp 4841-4847, 
2006, DOI: 10.1021/ma0606298 
ABSTRACT: We present a modified version of a strain-induced buckling instability technique that relies on the 
analysis of a two-plate composite film deposited on an elastomeric poly(dimethylsiloxane) (PDMS) substrate. 
We have previously shown that the “strain-induced elastic buckling instability for mechanical measurements” 
(SIEBIMM) technique is suitable for testing polyelectrolyte multilayers (PEMs) that are amenable to deposition 
directly on the testing substrate. The method presented in this paper broadens the applicability of the SIEBIMM 
technique through the transfer of a thin layer of polystyrene (PS) to the PDMS surface prior to film deposition, 
which creates a deposition surface that can be treated to promote adhesion of films not amenable to transfer or 
assembly directly onto PDMS. Multilayers assembled onto the PS-coated PDMS substrates yield thin two-plate 
PS−PEM composite films on the surface of the PDMS substrates that buckle like their homogeneous 



counterparts. The mechanical contribution of the PS layer is mathematically deconvoluted from the behavior of 
the composite film to arrive at a Young's modulus value for the PEM part of the two-plate film. We test the new 
method by comparing results from two systems evaluated with both conventional SIEBIMM and the two-plate 
technique. Following this, we use the two-plate method to perform measurements on two PEM assemblies 
comprised of poly(allylamine hydrochloride) (PAH) and poly(acrylic acid) (PAA) that could not be measured 
by the conventional SIEBIMM approach. In addition to confirming the accuracy of the two-plate approach, our 
results yield new insights into the mechanical properties of PEM films. We find that the dry-state stiffness of 
PEM films is affected primarily by the choice of polyelectrolytes and the ambient humidity and secondarily by 
assembly conditions. In addition, films assembled from PAH and PAA have moduli on the order of 10 GPa at 
low (20%) ambient humidities, an unusually high value for a nonreinforced cross-linked polymer network. 
 
 
Jun Y. Chung, Adam J. Nolte and Christopher M. Stafford (Polymers Division at the National Institute of 
Standards and Technology, 100 Bureau Drive, Gaithersburg MD 20899, USA), “Surface wrinkling: a versatile 
platform for measuring thin film properties”, Advanced Materials, Vol. 23, No. 3, pp 349-368, 2011 
ABSTRACT: Surface instabilities in soft matter have captivated the scientific community for decades. 
Recently, surface wrinkling has received a great deal of attention due to its simplicity and well-established 
mechanics of formation. Particularly, the use of surface wrinkling as a measurement platform for material 
properties has gained widespread momentum in the material science community. In this article, we will review 
several applications of surface wrinkling for the measurement of thin film mechanical properties, highlighting 
particularly challenging materials systems such as ultrathin films, polymer brushes, polyelectrolyte multilayer 
assemblies, and ultrasoft materials. We will also offer a perspective on the future directions of this maturing 
field, both as a metrology for material properties as well as a route for robust surface patterning. 
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Xin Yi and Huajian Gao (School of Engineering, Brown University, Providence, Rhode Island, USA), “Cell 
membrane wrapping of a spherical thin elastic shell”, Soft Matter, Vol. 11, pp 1107-1115, 2015, DOI: 
10.1039/C4SM02427C 
ABSTRACT: Nanocapsules that can be tailored intelligently and specifically have drawn considerable attention 
in the fields of drug delivery and bioimaging. Here we conduct a theoretical study on cell uptake of a spherical 
nanocapsule which is modeled as a linear elastic solid thin shell in three dimensions. It is found that there exist 
five wrapping phases based on the stability of three wrapping states: no wrapping, partial wrapping and full 
wrapping. The wrapping phase diagrams are strongly dependent on the capsule size, adhesion energy, cell 
membrane tension, and bending rigidity ratio between the capsule and membrane. Discussion is made on 
similarities and differences between the cell uptake of solid nanocapsules and fluid vesicles. The reported 
results may have important implications for biomedical applications of nanotechnology. 
 
 
Jincheng Lv, Shike Zhang and Xinsheng Yuan (School of Civil Engineering and Architecture, Anyang Normal 
University, Anyang, Nenan, China), “A Green’s function approach for dynamic stress analysis of spherical shell 
under the isotropic impact load”, Mathermatical Problems in Engineering, Vol. 2015, Article ID 169468 
ABSTRACT: A Green’s function approach is developed for the analytic solution of thick-walled spherical shell 
under an isotropic impact load, which involves building Green’s function of this problem by using the 
appropriate boundary conditions of thick-walled spherical shell. This method can be used to analyze 
displacement distribution and dynamic stress distribution of the thick-walled spherical shell. The advantages of 
this method are able to avoid the superposition process of quasi-static solution and free vibration solution during 
decomposition of dynamic general solution of dynamics, to well adapt for various initial conditions, and to 
conveniently analyze the dynamic stress distribution using numerical calculation. Finally, a special case is 
performed to verify that the proposed Green’s function method is able to accurately analyze the dynamic stress 
distribution of thick-walled spherical shell under an isotropic impact load. 
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(1) Center for Nano and Micro Mechanics & Institute of Biomechanics and Medical Engineering, Department 
of Engineering Mechanics, Tsinghua University, Beijing 100084, China 
(2) School of Engineering, Brown University, Providence, Rhode Island 02912, USA 
“Surface Wrinkling Patterns on a Core-Shell Soft Sphere”, Phys. Rev. Lett. 106, No. 23, 234301 (2011) [4 
pages], 
doi: 10.1103/PhysRevLett.106.234301 
ABSTRACT: The three-dimensional patterns of surface wrinkling on a core-shell soft sphere are investigated 
through buckling and postbuckling analyses under differential tissue growth or shrinkage. With increasing 
deformation, the sphere first exhibits a buckyball-like wrinkling pattern and then undergoes a wrinkle-to-fold 
transition into labyrinth folded patterns, in agreement with experimental observations. This transition involves 
dynamic movement, rotation, and coalescence of polygons formed during the initial buckling. 
 
 
Bo Li, Hong-Ping Zhao, Xi-Qiao Feng (Department of Engineering Mechanics, Tsinghua University, Beijing 
100084, China), “Spontaneous instability of soft thin films on curved substrates due to van der Waals 
interaction”, Journal of the Mechanics and Physics of Solids, Vol. 59 (2011) 610-624, doi: 
10.1016./j.jmps.2010.12.009 
ABSTRACT: The linear bifurcation theory is used to investigate the stability of soft thin films bonded to curved 
substrates. It is found that such a film can spontaneously lose its stability due to van der Waals or electrostatic 
interaction when its thickness reduces to the order of microns or nanometers. We first present the generic 
method for analyzing the surface stability of a thin film interacting with the substrate and then discuss several 
important geometric configurations with either a positive or negative mean curvature. The critical conditions for 
the onset of spontaneous instability in these representative examples are established analytically. Besides the 
surface energy and Poisson’s ratio of the thin film, the curvature of the substrate is demonstrated to have a 
significant influence on the wrinkling behavior of the film. The results suggest that one may fabricate 
nanopatterns or enhance the surface stability of soft thin films on curved solid surfaces by modulating the 
mechanical properties of the films and/or such geometrical properties as film thickness and substrate curvature. 
This study can also help to understand various phenomena associated with surface instability.  
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Jiangshui Huang, Megan Juszkiewicz, Wlm H. de Jeu, Enrique Cerda, Todd Emrick, Narayanan Menon and 
Thomas P. Russell, “Capillary wrinkling of floating thin polymer films”, Science, Vol. 317, 650 (2007) 
DOI: 10.1126/science.1144616 
ABSTRACT:  A freely floating polymer film, tens of nanometers in thickness, wrinkles under the capillary 
force exerted by a drop of water placed on its surface. The wrinkling pattern is characterized by the number and 
length of the wrinkles. The dependence of the number of wrinkles on the elastic properties of the film and on 
the capillary force exerted by the drop confirms recent theoretical predictions on the selection of a pattern with a 
well-defined length scale in the wrinkling instability. We combined scaling relations that were developed for the 
length of the wrinkles with those for the number of wrinkles to construct a metrology for measuring the 
elasticity and thickness of ultrathin films that relies on no more than a dish of fluid and a low-magnification 
microscope. We validated this method on polymer films modified by plasticizer. The relaxation of the wrinkles 
affords a simple method to study the viscoelastic response of ultrathin films. 
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“Curvature-induced symmetry breaking determines elastic surface patterns”, Nature Materials, Vol. 14, pp 337-
342 (2015),  
doi: 10.1038/nmat4202 
ABSTRACT: Symmetry-breaking transitions associated with the buckling and folding of curved multilayered 
surfaces—which are common to a wide range of systems and processes such as embryogenesis, tissue 
differentiation and structure formation in heterogeneous thin films or on planetary surfaces—have been 
characterized experimentally. Yet owing to the nonlinearity of the underlying stretching and bending forces, the 
transitions cannot be reliably predicted by current theoretical models. Here, we report a generalized Swift–
Hohenberg theory that describes wrinkling morphology and pattern selection in curved elastic bilayer materials. 
By testing the theory against experiments on spherically shaped surfaces, we find quantitative agreement with 
analytical predictions for the critical curves separating labyrinth, hybrid and hexagonal phases. Furthermore, a 



comparison to earlier experiments suggests that the theory is universally applicable to macroscopic and 
microscopic systems. Our approach builds on general differential-geometry principles and can thus be extended 
to arbitrarily shaped surfaces. 
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“Post-buckling behaviour and imperfection sensitivity of spherical shells based on nonlinear elastic stability 
theory”, Thin-Walled Structures, Vol. 8, No. 1, 1989, pp. 1-18, doi:10.1016/0263-8231(89)90007-4 
ABSTRACT: Using the nonlinear elastic stability theory and its applications to shells, we have investigated the 
post-buckling behaviour and imperfection sensitivity of spherical shells with amplitude modulation. For this 
purpose, we assume that the buckling modes have the form of legendre polynomials with an exponential 
function as a modulating factor. Since the expressions of the second and the third variation of the energy 
functional of the spherical shell in the fundamental state are too complicated to obtain a closed form, we use a 
numerical analysis technique with high precision. The amplitudes of the post-buckling modes and the critical 
loading factors of the spherical shell with various imperfection modes are presented. 
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Rome, Italy), “Asymmetric interactive buckling of thin-walled columns with initial imperfections”, Thin-
Walled Structures, Vol. 5, No. 5, 1987, pp. 365-382, doi:10.1016/0263-8231(87)90027-9 
ABSTRACT: In this paper the effect of the interaction between two or more simultaneous buckling modes on 
the postbuckling behaviour of uniformly compressed thin-walled members (TWM) is analysed by means of the 
general theory of elastic stability. The analysis is restricted to third-order terms of the energy expansion and 
therefore can be fruitfully applied to the investigation of structures with asymmetric postbuckling behaviour 
only. Initial imperfection effect is taken into account. A simplified procedure is suggested for solving the 
nonlinear equations relative to the evaluation of the bifurcated paths. By using the finite strip method an 
extensive parametric analysis is performed. It is found that when the flexural-torsional (FT) buckling interacts 
with a local symmetric and antisymmetric mode, sensitivity to initial inperfections is remarkable and is 
comparable to the one arising from the interaction between the Euler (E) and any local buckling. 
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“On the perturbation analysis of interactive buckling in nearly symmetric structures”, International Journal of 
Solids and Structures, Vol. 29, No. 6, 1992, pp. 721-733, doi:10.1016/0020-7683(92)90123-B 
ABSTRACT: Different perturbation methods for the analysis of non-linear interaction between simultaneous 
buckling modes of nearly symmetric structures are discussed, First, the perturbation method employed by 
Budiansky for a single buckling mode, is extended to consider modes interaction of a perfect structure, by 
determining both the slope and the curvature of the bifurcated paths. It is shown that the solution diverges, when 
a properly defined parameter which characterizes the asymmetry of the structure approaches zero, thus 
preventing to recover results of symmetric systems. A modified perturbation method which permits to surmount 
this drawback is then suggested; this method applies only to a class of structures and furnishes asymptotic series 
valid in a wide region around bifurcation. The two methods are applied to investigate the post-buckling 
behavior of a two-degree-of-freedom system. Finally, a novel perturbation method which follows to some 
extent the lines of the Galerkin method and is particularly powerful in the investigation of nearly symmetric 



systems is presented. 
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“Mode localization in dynamics and buckling of linear imperfect continuous structures”, Chapter in Normal 
Modes and Localization in Nonlinear Systems, edited by Alexander F. Vakakis, Springer, 2001, pp 133-156 
ABSTRACT: Localization phenomena in one-dimensional imperfect continuous structures are analyzed, both in 
dynamics and buckling. By using simple models, fundamental concepts about localization are introduced and 
similarities between dynamics and buckling localization are highlighted. In particular, it is shown that strong 
localization of the normal modes is due to turning points in which purely imaginary characteristic exponents 
assume a non zero real part; in contrast, if turning points do not occur, only weak localization can exist. The 
possibility of a disturbance propagating along the structure is also discussed. A perturbation method is then 
illustrated, which generalizes the classical WKB method; this allows the differential problem to be transformed 
into a sequence of algebraic problems in which the spatial variable appears as a parameter. Applications of the 
method are worked out for beams and strings on elastic soil. All these structures are found to have nearly-
defective system matrices, so their characteristic exponents are highly sensitive to imperfections. 
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H. Møllmann and P. Goltermann (Department of Structural Engineering, Technical University of Denmark, 
2800, Lyngby, Denmark), “Interactive buckling in thin-walled beams—I. Theory”, International Journal of 
Solids and Structures, Vol. 25, No. 7, 1989, pp. 715-728, doi:10.1016/0020-7683(89)90009-7 
ABSTRACT: A method is derived for the analysis of mode interaction in thin-walled elastic beams. A 
nonlinear plate theory is employed for the plate segments of the beam, in which the exact nonlinear expressions 
are used for the middle surface strain measures, but the bending measures are linearized. The beam is subjected 
to a combination of axial compression and a constant bending moment, and it is assumed to be simply 
supported at the ends. In the calculation of the total potential energy, the influence of the prebuckling 
deformations is neglected. The finite strip method is used with the transverse variation of all three displacement 
components described by cubic polynomials in the arc length. The nonlinear mode interaction is analysed by 
means of Koiter's asymptotic theory of stability. Some applications of the method to representative problems 
are presented in a subsequent paper by the authors. This shows that significant mode interaction and 
imperfection sensitivity occur in these structures. 
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2800, Lyngby, Denmark), “Interactive buckling in thin-walled beams—II. Applications”, International Journal 
of Solids and Structures, Vol. 25, No. 7, 1989, pp. 729-749, doi:10.1016/0020-7683(89)90010-3 
ABSTRACT: Mode interaction between local and global buckling modes is studied for two types of thin-walled 
beam structures, using a method of analysis presented in Part I of the author's paper [Mollmann and Goltermann 
(1989). Int. J. Solids Structures 25, 715–728]. This method involves a combination of the finite strip method 
and Koiter's asymptotic theory of stability. It appears that the interaction essentially involves three buckling 
modes (one global and two local modes), and that the inclusion of additional nearly simultaneous local buckling 
modes in the analysis does not alter the results perceptibly (in the case of local imperfections). In both 
examples, substantial reductions of load-carrying capacity due to mode interaction and imperfection sensitivity 
(up to about 50%) arc observed. Some of the 2nd order fields and 4-index coefficients exhibit a marked 
dependence on the value of the load factor at which they are evaluated. For both structures, the load-carrying 
capacities have been determined for different values of the ratio between global and local critical loads. When 



this ratio is greater than one (i.e. when the local critical load is smaller than the global), the load carrying 
capacity will exceed the local critical load if the imperfections are sutliciently small. 
 
 
N. Triantafyllidis and Y. J. Kwon (Department of Aerospace Engineering, The University of Michigan, Ann 
Arbor, MI 48109-2140, U.S.A.), “Thickness effects on the stability of thin walled structures”, Journal of the 
Mechanics and Physics of Solids, Vol. 35, No. 5, 1987, pp. 643-674, doi:10.1016/0022-5096(87)90021-4 
ABSTRACT: A consistent method for the analysis of bifurcation instabilities in shells of arbitrary thickness has 
been proposed. The advantages of this method, as compared to the classical approach followed so far, are the 
independence of the results on the nonlinear shell theory employed as well as the possibility of finding the 
dependence of the critical load and eigenmode on the shell's thickness up to any degree of accuracy desired. A 
brief description of the general method, which is asymptotic with respect to the shell's thickness, is followed by 
its application to the case of an internally or externally pressurized infinite cylindrical tube for which an 
analytical solution of the resulting asymptotic problem is possible. Critical loads and modes compare very 
favorably with a numerical solution of the exact three dimensional problem even for relatively thick tubes. The 
presentation is concluded with a short discussion on the application of this technique to the general wrinkling 
instability problem in metal forming. 
 
 
Youngjoo Kwon (Hongik University) and N. Triantafyllidis (The University of Michigan), “General asymptotic 
formulation for the bifurcation problem of thin walled structures in contact with rigid surfaces”, Journal of 
Mechanical Science and Technology, Vol. 14, No.1, 2000, pp.48-56, doi: 10.1007/BF03184770 
ABSTRACT: The bifurcation problem of thin walled structures in contact with rigid surfaces is formulated by 
adopting the multiple scales asymptotic technique. The general theory developed in this paper is very useful for 
the bifurcation analysis of waviness instabilities in the sheet metal forming. The formulation is presented in a 
full Lagrangian formulation. Through this general formulation, the bifurcation functional is derived within an 
error of O(E4) (E: shell’s thickness parameter). This functional can be used in numerical solutions to sheet metal 
forming instability problem. 
 
 
Suma Paspuleti (Mechanical and aerospace engineering, University of Missouri-Columbia), “Mechanical and 
thermal buckling of thin films” M.S. thesis, July 2005, http://hdl.handle.net/10355/4302  
ABSTRACT: Devices with feature size on the order of one micrometer have found widespread applications in 
science and engineering. MEMS, is a rapidly growing technology for the fabrication of miniature devices which 
provides a way to integrate mechanical, fluidic, optical, and electronic functionality on very small devices, 
ranging from 0.1 microns to one millimeter. Recently, it has been proposed that regular patterns can be 
generated through the mechanical buckling of a thin film. In this thesis, we focus on the buckling mechanism. 
The wavy patterns are generated when the thin elastic film is subjected to an in-plane compressive stress and by 
the application of controlled heating. We first introduce the mechanism of developing wave patterns through 
buckling using beam buckling as an example and then the finite element formulation and the commercial 
analysis package Algor. Our study includes the "stress stiffening" component, which is not usually included in 
most finite element analyses. Both the "Critical Buckling Load" and the "Natural Frequency with Load 
Stiffening" analyses are made use of to determine the buckling loads. Finally, the buckling load for each case is 
determined through the analysis and a comparison with the theoretical values is made. 
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“Straight-sided, buckling-driven delamination of thin films at high stress levels”, International Journal of 
Fracture, Vol. 110, No. 4, pp 371-385, August 2001 
ABSTRACT: The fracture mechanics of a straight-sided, thin film delamination at stress levels, which are high 
compared to the stress required to initiate the delamination is investigated. Buckling at a bifurcation point of the 



delaminated region, resulting from incompletely relieved stresses in this region, is analysed by a semi-analytical 
approach for delaminations of infinite extent. The results are compared to numerical predictions based on finite 
element calculations for finite sized delaminations. The finite element calculations are carried out in the post-
buckling regime showing that parts of the crack front will close as a result of bifurcation buckling, while other 
parts will experience enhanced energy release rate and mode I stress intensity factor. The mode III stress 
intensity factor is shown to be negligible at the stress levels analysed. 
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6630 du CNRS, Université de Poitiers, BP 30179, 86962 Futuroscope Cedex, France), “Buckling and post-
buckling of stressed straight-sided wrinkles: experimental AFM observations of bubbles formation and finite 
element simulations”, Acta Materialia, Vol. 52, No. 13, August 2004, pp. 3959-3966, 
doi:10.1016/j.actamat.2004.05.011 
ABSTRACT: The transition from a straight-sided wrinkle to a periodic distribution of bubbles has been 
experimentally studied by atomic force microscopy for a stressed thin film relying on a substrate. A non-linear 
numerical analysis has been carried out and the different steps of the wrinkle evolution have been characterized. 
Different parameters of the buckling structure such as the shape parameter of the blisters and the stress 
relaxation have been determined and compared to the experimental data. The comparison of elastic strain 
energies has highlighted the possible coexistence of structures with different wavelengths. 
 
 
G. Parry, J. Colin, C. Coupeau, F. Foucher, A. Cimetière and J. Grilhé (Laboratoire de Métallurgie Physique, 
UMR 6630, du CNRS, Université de Poitiers, BP 30179, 86962 Futuroscope Cedex, France), “Effect of 
substrate compliance on the global unilateral post-buckling of coatings: AFM observations and finite element 
calculations”, Acta Materialia, Vol. 53, No. 2, January 2005, pp. 441-447, 
doi:10.1016/j.actamat.2004.09.039 
ABSTRACT: The post-critical regime of straight-sided wrinkles on compliant substrates of polycarbonate has 
been observed by atomic force microscope and investigated by means of finite element simulations. The effect 
of coupling between the film and its substrate has revealed a global buckling phenomenon, characterized by 
critical loads lower than those found in the case of a rigid substrate. Characteristic shapes of the buckled 
structure have been also found to spread over a region wider than the delaminated zone itself. A law relating the 
film deflexion to the stress has finally been established for any film/substrate system. 
 
 
G. Parry, J. Colin, C. Coupeau, F. Foucher, A. Cimetière, and J. Grilhé (University of Poitiers, LMP-UMR6630 
CNRS, France), “Snapthrough occurring in the postbuckling of thin films”, Appl. Phys. Lett. 86, 081905 
(2005); doi:10.1063/1.1868878 (3 pages), http://link.aip.org/link/doi/10.1063/1.1868878  
ABSTRACT: The postbuckling transition from an initially straight-sided wrinkle to a distribution of bubbles 
has been investigated by means of finite element simulations in the case of a thin film relying on a rigid 
substrate. The calculations show that a snapthrough occurs when the buckling wavelength exceeds a critical 
value. Experimental atomic force microscopy observations of this transition have been reported and found to be 
in good agreement with the calculations. 
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“Anisotropic buckling patterns in spheroidal film/substrate systems and their implications in some natural and 
biological systems”, Journal of the Mechanics and Physics of Solids, Vol. 57, No. 9, September 2009, pp. 1470-
1484, doi:10.1016/j.jmps.2009.06.002 
ABSTRACT: We establish a quantitative mechanics framework of elastic buckling of a spheroidal thin 
film/substrate system, which is highly relevant to the morphologies of quite a few natural and biological 
systems. The anisotropic stress-driven bifurcation is governed by the ratios between the effective size/thickness, 
the equatorial/polar radii, and the substrate/film moduli. The possibilities of manipulating the undulations 



through external constraints, anisotropic growth/material properties, and substrate geometry/structure are 
discussed. Analytical equations correlating the undulation characteristics with the geometry/material properties 
are derived. The quantitative mechanics framework established herein not only has important implications on 
the morphogenesis of various fruits, vegetables, nuts, eggs, tissues, and animal body parts, but also could guide 
the three-dimensional micro-fabrications via controlled self-assembly on curved substrate surfaces. 
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(2) Columbia Nanomechanics Research Center, Department of Earth and Environmental Engineering, 
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(3) Department of Earth and Environmental Engineering, Columbia University, New York, NY 10027, USA. 
“Buckling patterns of conical thin film/substrate systems”, Journal of Physics D: Applied Physics, Vol. 46, No. 
15, 155306, 2013, DOI: 10.1088/0022-3727/46/15/155306 
ABSTRACT: Mechanical buckling principles of conical film/substrate systems are explored in this study using 
extensive finite element simulations. The effects of geometrical and material parameters, including cone angle, 
normalized cone size, film/substrate thickness ratio, and modulus ratio between film and substrate, are explored 
systematically in terms of the resulting stress anisotropy (in particular the ratio between hoop and longitudinal 
stresses) and buckling morphology (longitudinal ridges, latitudinal stripes and reticular/herringbone patterns, as 
well as their transition and branching behaviours). The trends of buckling shape and wave numbers are also 
explored through analytical solutions of similar hollow cylindrical film/substrate systems. Finally, the 
mechanical buckling principles are employed to reproduce the morphological features of several types of 
mollusks, where each distinctive appearance corresponds to certain ranges of material and geometrical 
parameters. In addition to shedding some light on the morphogenesis of certain natural and biological systems, 
the study may also provide some useful insights on biomedical engineering and three-dimensional micro-
fabrications. 
 
 
Andrzej Teter (Applied Mechanics Department, Lublin University of Technology, 36 Nadbystrzycka St., 20-
618 Lublin, Poland), “Dynamic, multimode buckling of thin-walled columns subjected to in-plane pulse 
loading”, International Journal of Non-Linear Mechanics, Vol. 45, No. 3, April 2010, pp. 207-218, 
doi:10.1016/j.ijnonlinmec.2009.11.009 
ABSTRACT: The present paper deals with dynamic, coupled buckling of long, prismatic columns simply 
supported at the ends. This investigation concerns thin-walled structures of a square cross-section with or 
without intermediate stiffeners under in-plane pulse loading. The dynamic load of a rectangular shape has been 
assumed in the analysis. The structures are composed of rectangular plates interconnected along longitudinal 
edges. A plate model is adopted in the analysis. The material of the structure is isotropic. The problem has been 
investigated on the basis of the disturbance theory. The dynamic critical load factor DLF has been determined 
using the Budiansky and Hutchinson criterion. The results obtained with the analytical–numerical method 
(ANM), which employs the asymptotic perturbation theory, have been compared with the finite element method 
(FEM). 
 
 
Andrzej Teter (Department of Applied Mechanics, Technical University of Lublin, Nadbystrzycka 36, 20-618 
Lublin, Poland), “Dynamic critical load based on different stability criteria for coupled buckling of columns 
with stiffened open cross-sections”, Thin-Walled Structures, Vol. 49, No. 5, May 2011, pp. 589-595, Special 
Issue: Recent Research Advances in Stability of Structures, doi:10.1016/j.tws.2010.09.018 
ABSTRACT: The dynamic coupled buckling loads were determined for the columns with intermediate stiffener 
subjected to in-plane pulse loading. The pulse loading of a rectangular shape was concerned. Columns made of 
isotropic material were assumed to be simply supported at loaded ends. A plate model was adopted in the 
analysis. The discussed problem of interactive buckling is solved by the analytical–numerical method (ANM) 
using Koiter’s perturbations method. The differential equations of motion were obtained from Hamilton’s 



Principle, taking into account all components of inertia forces. In this study, the interactions of two global 
modes with two local ones were presented. The results obtained by the analytical–numerical method (ANM) 
were compared with finite element method (FEM)—ANSYS. The dynamic critical loads using the most popular 
Budiansky–Hutchinson’s criterion, the Kleiber–Kotula–Saran’s criterion with Kubiak’s modifications and the 
phase plane criterion were determined. New versions of criteria: Kleiber–Kotula–Saran’s quasi-bifurcation 
dynamic criterion and the phase plane criterion were proposed. 
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“Koiter-boundary layer singular perturbation method for axial compressed stiffened cylindrical shells”, Applied 
Mathematics and Mechanics, Vol. 18, No. 5, 1997, pp. 493-502,  
doi: 10.1007/BF02453745 
ABSTRACT: The double singularities induced by bifurcation point and boundary layer in non-dimensionalized 
nonlinear boundary-layer Kármán-Donnell equations for axially compressed stiffened cylindrical shells can be 
treated by Koiter-boundary layer singular perturbation method in this paper. It is demonstrated that the method 
has high computing efficiency and accuracy based on the analysis of AS-2 shell, and some new conclusions can 
be directly obtained from the perturbation formulas which are very well in agreement with experimental 
phenomenon of axially compressed stiffened cylindrical shells. 
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Yi Zhu and Tim Wilkinson, “Finite Element Analysis of Structural Steel Elliptical Hollow Sections in 
Compression”, Research Report No R874, The University of Sydney, School of Civil Engineering Sydney 
NSW 2006 AUSTRALIA 
http://www.civil.usyd.edu.au/ Centre for Advanced Structural Engineering, February 2007 
ABSTRACT: This paper presents a finite element investigation of the local buckling behaviour of the structural 
steel Elliptical Hollow Section (EHS) in compression. The theoretical elastic buckling load of an EHS is similar 
to that of a Circular Hollow Section (CHS) except that the diameter term, D, is replaced by D12/D2, 
representing the major and minor diameters of the ellipse. The overall aim is to examine whether an “equivalent 
CHS” can be used to model the local buckling of EHS when considering imperfections and non-linear material 
properties. The finite element program ABAQUS was used to examine the local buckling behaviour of EHS 
with a range of aspect ratios from 1:1 (CHS) to 10:1 to examine the transitional behaviour. Three types of 
analysis were considered. The first stage was elastic buckling with no material imperfection. The second stage 
considered inelastic material properties, followed by measured material properties. The final stage was to 
investigate how geometric imperfection affected the buckling modes. The results are benchmarked against 
experimental results. It was found that the use of an equivalent CHS was a reasonably good predictor of 
capacity of slender sections and the deformation capacity of compact sections. However, further benchmarking 
against experimental results is recommended. 
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Part B: Engineering, Vol. 27, No. 2, 1996, pp. 129-145, doi:10.1016/1359-8368(95)00035-6 (This paper was 
presented at the First International Conference on Composites Engineering (ICCE/1), New Orleans, 28–31 
August 1994 
ABSTRACT: The most up-to-date research in the mechanics of delaminations and related crack-like defects in 
laminate and fiber composites is discussed. Both internal and near-surface delaminations are considered. In the 
latter case, local buckling of delaminations and the interaction between buckling, damage accumulation, crack 
growth and global buckling are considered. The problem of the evaluation of the residual load-carrying capacity 
of delaminated structural components is discussed, including the assessment of the fracture toughness with 
respect to impact loading. 
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M. Rysz and M. Zyczkowski, “Optimal design of a cylindrical shell under overall bending and axial force with 
respect to creep stability”, Structural and Multidisciplinary Optimization, Vol. 1, No. 1, 1989, pp. 29-36,  
doi: 10.1007/BF01743807 
ABSTRACT: Optimal structural design of a noncircular cylindrical shell under overall bending and axial force 
is considered. The material is assumed to be governed by the Norton nonlinear steady creep law. Minimal cross-
sectional area is the design objective, the middle line of the profile and the wall-thickness are the design 
variables and the constraints refer to local stability of the wall according to Gerard's criterion and to brittle creep 
rupture as described by the Kachanov-Robinson hypothesis. In view of bending, optimal design requires some 
concentrated areas (longitudinal ribs) located at the outer fibres of the cross-section. 
 
 
M. Zyczkowski (Politechnika Krakowska, Institute of Applied Mechanics,Cracow University of Technology, 
ul. Warszawska 24, PL-31-155 Kraków, Poland), “Post-buckling analysis of non-prismatic columns under 
general behaviour of loading”, International Journal of Non-Linear Mechanics, Vol. 40, No. 4, May 2005, 
pp.445-463, doi:10.1016/j.ijnonlinmec.2004.05.014 
ABSTRACT: The paper shows the effects of behaviour of loading during the buckling process on the value of 
critical force and initial stability of post-buckling path for elastic, non-prismatic columns. Perturbation method 
combined with Croll's manoeuvre makes it possible to derive general formulae for the first or the second 
correction of the force, and hence to analyze stability in the post-buckling range. The effects of behaviour of 
active and reactive forces may be essential: in numerous examples the boundary values of structural parameters 
separating stability and instability are evaluated. Pre-buckling geometry changes are analyzed as well. 
 
 
E. A. Gotsulyak, D. É. Prusov and N. E. Aranchii, “Stability of Geometrically Imperfect General-View Shells”, 
International Applied Mechanics, Vol. 36, No. 11, 2000, pp.1476-1481, doi: 10.1023/A:1011308632171 
ABSTRACT: An efficient numerical algorithm is created on the basis of the method of curvilinear meshes, the 
method of basis reduction, and the asymptotic Koiter theory. It enables us to study load curves to reveal singular 
(limit and bifurcation) points and to analyze their behavior at branch points. Such an approach allows analyzing 
the nonlinear deformation of shell structures of arbitrary form and their sensitivity to imperfections. The 
technique is illustrated by an example of a conic panel with imperfections in the shape 
 
 
E. A. Gotsulyak (National University of Building and Architecture, Kiev, Ukraine), “Mesh Discretization of the 
Vector Relations of Shell Theory in a Curvilinear Coordinate System”, International Applied Mechanics, 
Vol.37, No. 6, 2001 (or possibly 2007), pp. 784-789, doi: 10.1023/A:1012415308469 
ABSTRACT: Mesh methods for discretization of the differential vector relations are generalized as applied to 
problems of shell theory. In the finite-difference method, covariant derivatives are replaced by vector 
differences, which are then projected on the vectors of a local basis. In the finite-element method, vector 
functions are approximated by a Taylor series with tensor coefficients. It is shown that such schemes satisfy the 
condition of rigid displacement for a deformable body, which improves considerably the convergence of the 
solution. The proposed schemes, which are sensitive to approximation uncertainties, were tested by solving 
problems on deformation of shells. 
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doi:10.1016/S0013-7944(00)00079-5 



ABSTRACT: Using detailed finite element models, compressive failure mechanisms of composite structures 
consisting of many laminae are analyzed. It is assumed that the structures contain interlaminar delamination and 
their failure mode to be characterized by either buckling or delamination growth. Our primary goal is to identify 
the effects of delamination and ply-arrangement on the multi-layered structures. Up to 32 laminae are distinctly 
modeled in this investigation. Our study considers two most basic geometry; one is flat panels under 
compressive load and the other is cylindrical shells subjected to external pressure. In both cases, the energy 
release rate and mixed-mode stress intensity factors are computed to quantify the crack driving force. The 
results are used to determine dominant failure initiation mode, structural buckling or delamination growth. 
Regardless of the structural type and total number of layers, a significant reduction in the load carrying capacity 
may occur when interlaminar delamination exists. In the flat panels, interlaminar delamination can generate 
unstable post-buckling behavior and lower the steady-state post-buckling load. However, delamination growth 
does not likely to occur during the pre-buckling stage. For the cylindrical shells, delamination growth may 
initiate prior to structural buckling. The location of delamination also plays an important role in defining the 
critical crack initiation load. When the delamination is located within 25% to 40% of shell thickness measured 
from the outer surface, the crack initiation load can be as low as half of the buckling load. In both types of 
structures, as the total number of plies increases, the layer effect diminishes. The overall deformation and 
failure behaviors of panels with large number of layers approach those of the infinite-layer model with 
homogenized material properties. 
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“Buckling and Post Buckling of Thin-walled Composite Columns with Intermediate-stiffened Open Cross-
section Under Axial Compression”, International Journal of Steel Structures, Vol. 9, No. 3, 2009, pp. 175 – 184  
ABSTRACT: The thin-walled composite columns with an open cross-section reinforced by intermediate 
stiffener under axial compression have been considered. The finite element method is employed to study the 
buckling behaviour of the thin-walled composite column. Eigenvalue analyses are carried out first to predict the 
buckling load and buckling mode shapes of the column, and then the geometric nonlinear analyses are 
performed to investigate the nonlinear buckling properties and post-buckling behaviour of the thin-walled 
structures. The type of angle ply symmetric laminate is used. The investigation is performed over several values 
of ply arrangement angle and various values of stiffener parameter. The numerical results show a significant 
effect of the intermediate stiffeners and composite ply angle on loading capacity and buckling behaviour of the 
thin-walled composite column. The research provides insight into the thin-walled structure and composite 
laminate, which is employed to enhance the loading capacity of thin-walled composite structures. 
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Huang Yuying, “Initial Postbuckling Behavior of Circular Cylindrical Shells in Plastic Range under External 
Pressure”, Journal of Shanghai Jiaotong University, 1990-Z1, doi: cnki:ISSN:1006-2467.0.1990-Z1-003 
ABSTRACT: Based on the J_2 flow theory,an analysis is presented of the initial postbuckling behavior of 
circular cylindrical shells subjected to external pressure by using Hutchinson's general method.The elastic-
plastic material forming the shells is taken to have an arbitrary strainhardening exponent.It is shown that plastic 
deformation must be taken into account if the shells have a diameter-thickness ratio of less than 40.This kind of 
shell has a different postbuckling behavior from thin cylindrical shells and its imperfection-sensitivity is strong. 
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Jan Bielski and Bogdan Bochenek (Institute of Applied Mechanics, Cracow University of Technology, Cracow, 
Poland), “On a compressed elastic-plastic column optimized for post-buckling behaviour”, Engineering 
Optimization, Vol. 40, No. 12, 2008, pp. 1101 – 1114, doi: 10.1080/03052150802313365 
ABSTRACT: A model of a column is proposed in order to analyse the post-buckling behaviour of a structural 
element in the elastic-plastic deformation range. The ideal two point I-section applied here simplifies the 
deformation analysis, that is, the problem of development of plastic zones in a section is eliminated, but still 
gives the possibility for qualitative analysis and optimization of the post-critical equilibrium paths. The 
coefficients of linear or parabolic variability of thickness of the flanges and their distance (web width) are 
accepted as model parameters and hence could be used for design variables in the optimization procedure. 
Moreover, the stiffness of an additional elastic support of the free end of the beam is also included as a 
parameter or design variable. A material model is employed with non-linear asymptotic isotropic hardening 
without the Bauschinger effect. Change of the tangent modulus is continuous and smooth during the transition 
from the elastic to plastic deformation range. The main goal of the analysis is to determine the values of the 
design variables for which the post-critical equilibrium paths are stable at least in the specified range of a 
generalized displacement. The constraints for the constant volume of the flanges and web material are applied. 
The inequality constraints are imposed on the flange thickness and web width. Various formulations of the 
optimization problem are proposed for all types of non-linear behaviour, including elastic or plastic buckling 
and elastic or elastic-plastic post-buckling deformation. 
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Method for Determining the Lower Bound Dynamic Buckling Loads of Imperfection-Sensitive Structures”, 
ZAMM - Journal of Applied Mathematics and Mechanics / Zeitschrift für Angewandte Mathematik und 
Mechanik, Vol. 77, 1997, pp. 447–456. doi: 10.1002/zamm.19970770611 
ABSTRACT: A perturbation method based on the static stability criterion associated with the vanishing of the 
total potential energy on a certain equilibrium point on the unstable postbuckling path is presented for the 
determination of lower bound dynamic buckling loads of imperfection-sensitive structures under step load of 
infinite duration. Attention is focused on the effect of various possible sources of structural imperfections on the 
dynamic buckling strength of perfect structures. Under the assumption that the effect of structural imperfections 
is of the first order, the method can give any desired higher-order approximation to the lower bound dynamic 
buckling loads and the corresponding displacements without solving the system of differential equations of 
motion numerically. Especially, the method applies to finite-degree-of-freedom systems as well as continuous 
ones. The application of the method is illustrated on two examples. The results demonstrate the significant 
effect of other imperfection sources, besides the shape imperfections having the shape of the classical buckling 
mode. 
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“A Simplified Model to Simulate Crash Behavior of Honeycomb”, Proceedings of the International conference 
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ABSTRACT: Although to have an accurate result of Finite Element analysis of a system is always enviable, on 
most of engineering problems it is worthwhile to find simpler models with less required time to solve and 
acceptable degree of accuracy those keep the general characteristics of system. Available numerical methods, 
however consider effect of different characters like air drainage and adhesive influence on crash behavior of 
honeycomb, but usually these assumptions are not applicable on big models especially when a complicated 
geometry is appraised. This paper validates a simple Finite Element model for honeycomb witch has an 
acceptable accuracy in crash analysis and is easily applicable on intricate problems. This model is desirable not 
only for simple honeycomb systems but also for sophisticated samples such as multi-layer or multi-material 
honeycomb based structures. A comparison with experimental results shows good rate of exactitude for new 
simulation. 
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Y. Aminanda, B. Castanié, J. -J. Barrau and P. Thevenet (France), “Experimental Analysis and Modeling of the 
Crushing of Honeycomb Cores”, Applied Composite Materials, Vol. 12, Nos. 3-4, 2005, pp. 213-227, Special 
Issue: Sandwich Structures, doi: 10.1007/s10443-005-1125-3 
ABSTRACT: In the aeronautical field, sandwich structures are widely used for secondary structures like flaps 
or landing gear doors. The modeling of low velocity/low energy impact, which can lead to a decrease of the 
structure strength by 50%, remains a designerrsquos main problem. Since this type of impact has the same 
effect as quasi-static indentation, the study focuses on the behavior of honeycomb cores under compression. 
The crushing phenomenon has been well identified for years but its mechanism is not described explicitly and 
the model proposed may not satisfy industrial purposes. To understand the crushing mechanism, honeycomb 
test specimens made of Nomextrade, aluminum alloy and paper were tested. During the crushing, a CCD 
camera showed that the cell walls buckled very quickly. The peak load recorded during tests corresponded to 
the buckling of the common edge of three honeycomb cells. Further tests on corner structures to simulate only 
one vertical edge of a honeycomb cell show a similar behavior. The different specimens exhibited similar 
load/displacement curves and the differences observed were only due to the behavior of the different materials. 
As a conclusion of this phenomenological study, the hypothesis that loads are mainly taken by the vertical edge 
can be made. So, a honeycomb core subjected to compression can be modeled by a grid of nonlinear springs. A 
simple analytical model was then developed and validated by tests on Nomextrade honeycomb core indented by 
different sized spherical indenters. A good correlation between theory and experiment was found. This result 
can be used to satisfactorily model using finite elements the indentation on a sandwich structure with a metallic 
or composite skin and honeycomb core. 
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“Dynamic buckling of foam stabilised composite skin”, Composite Structures, Vol. 72, No.4, April 2006, 
pp.486-493, doi:10.1016/j.compstruct.2005.01.032 
ABSTRACT: Presented in the following pages is an experimental and numerical study of dynamic local 
buckling of skin on foam core. Impact tests on sandwich-type structures with skins stabilized by foam 
demonstrated that rupture appears by debonding of skins due to a local buckling phenomenon, and that the 
maximum stress in the skin, obtained at rupture, grows with the increase of the loading rate of the skin. A finite 
element analysis allows this phenomenon to be analyzed and understood, and a mass-spring-dashpot model is 
proposed to model the skin debonding initiation. 
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“Dynamic non-linear behavior and stability of a ventricular assist device”, International Journal of Solids and 
Structures, Vol. 40, No. 19, September 2003, pp. 5017-5035, Special Issue: PACAM VII, 
doi:10.1016/S0020-7683(03)00252-X 
ABSTRACT: This paper investigates the non-linear dynamic behavior and stability of the internal membrane of 
a ventricular assist device (VAD). This membrane separates the blood chamber from the pneumatic chamber, 
transmitting the driving cyclic pneumatic loading to blood flowing from the left ventricle into the aorta. The 
membrane is a thin, nearly spherical axi-symmetric shallow cap made of polyurethane and reinforced with a 
cotton mesh. Experimental evidence shows that the reinforced membrane behaves as an isotropic elastic 
material and exhibits both membrane and flexural stiffness. So, the membrane is modeled as an isotropic 
pressure loaded shallow spherical shell and its dynamic behavior and snap-through buckling considering 
different types of dynamic excitation relevant to the understanding of the VAD behavior is investigated. Based 
on Marguerre kinematical assumptions, the governing partial differential equations of motion are presented in 
the form of a compatibility equation and a transverse motion equation. The results show that the shell, when 
subjected to compressive pressure loading, may loose its stability at a limit point, jumping to an inverted 
position. If the compressive load is removed, the shell jumps back to its original configuration. This non-linear 
behavior is the key feature in the VAD behavior. 
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Herzl Chai (Department of Solid Mechanics, Materials and Structures, Faculty of Engineering, Tel Aviv 
University, Ramat Aviv, Tel Aviv 69978, Israel), “Contact buckling and postbuckling of thin rectangular 
plates”, Journal of the Mechanics and Physics of Solids, Vol. 49, No. 2, February 2001, pp. 209-230, 
doi:10.1016/S0022-5096(00)00038-7 
ABSTRACT: A combined experimental/finite element effort is carried out to elucidate the post buckling 
response of unilaterally constrained plates under monotonically increasing edge thrust. Real time observations, 
together with a wide range of plate aspect ratio and a large load level facilitate deep physical insight into the 
general behavior of this class of problems. The interaction of the plate with the rigid restraining plane following 
buckling leads to interesting deformation sequences, characterized by the development of asymmetric bulges 
and contact zones following by a possible plate snapping. The latter is motivated by a secondary buckling 
evolving gradually from a contact zone(s) or a bulge(s). These two instability mechanisms are competitive, 
being dictated by the plate aspect ratio and other system parameters. The critical load for plate snapping agrees 
well with a finite element prediction based on an asymmetric deformation choice that minimizes the strain 



energy in the plate. A semi analytic relation for predicting the onset of secondary instability in the contact area 
and subsequent plate snapping is developed based on the numerical results. Finally, the present work seems to 
add a new dimension into the fracture of coatings and laminated composites containing near-surface defects. 
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ABSTRACT: Thin wall steel-concrete composite wall panels can be used as bearing member and also as 
maintenance structural plates, which can satisfy functional requirements of building including bearing capacity, 
heat insulation and preservation. The problem relating unilateral contact buckling of thin wall steel composite 



panels has received attention from many construction engineers. The investigation progress is analyzed in 
general and the investigation questions are illustrated. The research approach and technical routes of 
delaminated critical load are also presented. 
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novel problems of plasticity and creep”, Nuclear Engineering and Design, Vol. 79, No. 3, June 1984, pp. 321-
341, doi:10.1016/0029-5493(84)90047-5 
ABSTRACT: This paper comprises results which have been obtained in the course of studies on a unified 
approach to a variety of current static and dynamic problems of inelastic solids and structures. The objective of 
the first part of the paper is to review some concepts of constitutive and finite element modelling for novel 
plasticity applications. The specific topics covered here are: large elastic-plastic strains with infinitesimal or 
finite elastic strain contribution, non-associated viscous and non-viscous plasticity as applied to void-containing 
metals, and temperature and creep effects. The discussion to follow is aimed at showing the great potential of 
finite-element time stepping schemes in solving problems of structural and mechanical engineering. The 
numerical illustrations encompass a diversity of large scale computations such as geometrically and materially 
nonlinear analysis of frames and shells and bifurcation analysis in void-containing metals. 
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ABSTRACT: The general problem of sizing, material selection, load parameter and shape sensitivity of non-
linear structural response is considered. The non-linear sensitivity path is followed by an incremental strategy 
employing the continuum-based updated Lagrangian description. The resulting finite element equations are 
derived. Both the direct differentiation and adjoint structure strategies are considered. The merits of using the 
consistent tangent matrix for sensitivity calculations are indicated. The formulation employs the so-called 
reference volume concept and may be seen as a further attempt to unify the shape and non-shape sensitivity 
analysis procedures. 
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“Parameter sensitivity of inelastic buckling and post-buckling response”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 145, Nos. 3-4, 30 June 1997, pp. 239-262, 
doi:10.1016/S0045-7825(96)01212-1 
ABSTRACT: This paper is concerned with recent sensitivity results for buckling and post-buckling problems. 
The article starts with an overview of the FEM-based approach to inelastic structural mechanics systems with 
singular points along the equilibrium path. The existing sensitivity techniques are reviewed, their inherent 
drawbacks are indicated and a new methodology is suggested. The discretized formalism is mainly employed 
throughout but a continuum formulation appropriate for this class of problems is also given. Numerical studies 
illustrate the presentation. 
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“A finite element simulation of the test procedure of stiffened panels”, Marine Structures, Vol. 11, No. 3, April 



1998, pp. 75-99, doi:10.1016/S0951-8339(98)00007-0 
ABSTRACT: The Canadian Forces (CF) and the US Interagency Ship Structure Committee (SSC) jointly 
sponsored a full-scale testing project to study the load-carrying characteristics of single stiffened panels under 
different load combinations and with various types of damage. A full-scale testing system was designed and 
constructed, in which the stiffened panel was simply supported by cylindrical bearings at both ends and 
restrained by discrete carriages along the sides to simulate the boundary conditions resulting from a grillage 
environment in ship hull structures. Twelve full-scale panels, including seven “as-built”, two “dented” and three 
“corroded” specimens, were tested in this set-up. In the meantime, a series of nonlinear finite element analyses 
were conducted to simulate the test procedure and predict the collapse loads and buckling behavior of these 
stiffened panels. The finite element models were established by a direct mapping of measured imperfections to 
nodal points. Residual stresses were introduced using a thermal stress analysis procedure. For models with 
spatial discontinuities, locally refined meshes and the branch shifting technique were used to achieve the desired 
failure modes. In this paper, the finite element solutions are presented in detail and compared with the test 
observations. The good agreement between the experimental and numerical results indicates that the nonlinear 
finite element method is capable of predicting plastic post-buckling behavior of stiffened panel structures. 
 
 
Magnusson, A. (Division of Solid Mechanics, Lund University, Box 118, 221 00 Lund, Sweden), “Analysis of 
post-buckling branches at multiple symmetric bifurcations”, International Journal for Numerical Methods in 
Engineering, Vol. 51, June 2001, pp. 413–428.  
doi: 10.1002/nme.157 
ABSTRACT: A method to analyse and solve symmetric bifurcations by establishing the bifurcation equations 
using an asymptotic expansion method is presented. The bifurcation equations are obtained using a 
decomposition of the spaces by means of the theory of Lyapunov–Schmidt. To solve the bifurcation equations 
an asymptotic expansion method along the lines of Koiter is applied. The expansion is presented in a form 
suited for implementation in a finite element context. The present paper is focused on the treatment of 
symmetric multiple bifurcations where new forms of the bifurcation equations are established. The accuracy of 
the method is verified with three examples. 
 
 
Mark A. Bradford and Gregory J. Hancock (School of Civil and Mining Engineering, The University of 
Sydney, Sydney, NSW 2006, Australia), “Elastic interaction of local and lateral buckling in beams”, Thin-
Walled Structures, Vol. 2, No. 1, 1984, pp. 1-25, doi:10.1016/0263-8231(84)90013-2 
ABSTRACT: A nonlinear finite strip method of analysis is described for the post-local buckling of 
geometrically imperfect plate assemblies. The method is used to provide an accurate alternative to the Winter 
effective width formula for obtaining the effective section of a simply supported I-beam in the post-local 
buckling range of structural response. The effective section of a locally buckled beam with thin flange outstands 
is used to investigate the resistance of the beam to flexural-torsional buckling. The analytical methods 
developed to assess the nonlinear interaction of local and lateral buckling are compared with experimental tests 
performed by Cherry. 
 
 
M. A. Bradford (School of Civil Engineering, The University of New South Wales, Kensington, NSW, 2033, 
Australia), “Inelastic local buckling of fabricated I-beams”, Journal of Constructional Steel Research, Vol. 7, 
No. 5, 1987, pp. 317-334, doi:10.1016/0143-974X(87)90011-3 
ABSTRACT: A finite strip method of analysis is presented for the inelastic local buckling of I-beams fabricated 
by welding. Stiffness and stability matrices for the section are developed at a monotonically increasing load 
factor, and the critical moment is that for which the buckling determinant vanishes. Critical moments 
determined in this way are shown to agree well with test results. The limiting depth-to-thickness ratios for the 
web which correspond to compact and semi-compact sections are investigated, and it is shown that the values 
given in BS 5950: Part I are unconservative for an extensive range of section geometries. Based on a parametric 
study, alternative and more accurate formulations for the critical web slendernesses are proposed. 
 



 
M. Azhari and M. A. Bradford (School of Civil Engineering, The University of New South Wales, PO Box 1, 
Kensington, New South Wales 2033, Australia), “Local buckling of I-section beams with longitudinal web 
stiffeners”, Thin-Walled Structures, Vol. 15, No. 1, 1993, pp. 1-13, doi:10.1016/0263-8231(93)90010-8 
ABSTRACT: The semi-analytical complex finite strip method is used to study the elastic local buckling of I-
sections in bending containing a longitudinal stiffener attached to the web. The optimum position of this 
stiffener is calculated to maximise the web local buckling stress. The local buckling of the stiffener is then 
considered, and recommendations are made regarding the stiffener proportions that would cause yield of the 
stiffener before it buckled locally. 
 
 
M. A. Bradford and M. Azhari (Department of Structural Engineering, School of Civil Engineering, The 
University of New South Wales, Sydney, NSW 2052, Australia), “Inelastic local buckling of plates and plate 
assemblies using bubble functions”, Engineering Structures, Vol. 17, No. 2, February 1995, pp. 95-103, 
doi:10.1016/0141-0296(95)92640-T 
ABSTRACT: A complex finite strip method of analysis that includes inelasticity is described. The finite strip 
displacement functions are augmented with so-called bubble functions, which are extra modes associated with 
internal or nodeless degrees-of-freedom. It is shown that the use of bubble functions significantly improves the 
convergence of the inelastic finite strip method. The analytical procedure is then used to study the inelastic local 
buckling of plates in compression and shear, stiffened plates in compression and I-section beams in shear. 
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“The use of bubble functions for the stability of plates with different end conditions”, Engineering Structures, 
Vol. 19, No. 2, February 1997, pp. 151-161, doi:10.1016/S0141-0296(96)00038-7 
ABSTRACT: A modified semi-analytical finite strip method of buckling analysis in which the usual restriction 
of two, opposite, simply supported ends is removed by assuming appropriate longitudinal functions is 
described. Two sets of basic functions (denoted I and II) are used in the buckling study and the accuracy of 
these basic functions is evaluated. It is shown that the use of so-called bubble functions significantly improves 
the convergence of the finite strip method for local buckling problems. The analytical procedure is used to 
investigate the local buckling behaviour of isotropic plates with different boundary conditions along all edges 
under both uniaxial and biaxial compression, and the buckling of stiffened plates under compression. The 
bubble formulation provides a powerful tool for the efficient analysis of a variety of local buckling problems. 
 
 
M. Azhari (1), M. M. Saadatpour (a) and M. A. Bradford (2) 
(1) Department of Civil Engineering, Isfahan University of Technology, Isfahan, Iran 
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“Inelastic local buckling of flat, thin-walled structures containing thickness-tapered plates”, Thin-Walled 
Structures, Vol. 42, No. 3, March 2004, pp. 351-368, doi:10.1016/j.tws.2003.09.002 
ABSTRACT: This paper is concerned with the inelastic local buckling of flat plate structures that contain plates 
with variable thicknesses. Use is made of the semi-analytical complex finite strip method, which is augmented 
with transverse bubble functions. Stiffness and stability matrices are derived for inclusion in the finite strip 
method, which is based on the deformation theory of plasticity. The numerical scheme is programmed, and 
several numerical examples are presented to illustrate the prowess and scope of the procedure. The inelastic 
local buckling of tapered plates subjected to compression and shear with different boundary conditions is 
studied first, and the method is then applied to the inelastic local buckling of channel sections with tapered 
flanges and stiffened plates with variable thickness and different geometries. Slenderness limits for channels 
that delineate between local buckling and yield (and that define the transition from non-compact to slender 
cross-sections) are discussed. 
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(1) KNT University of Technology, Tehran, Iran  
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“Numerical study of the nonlinear dynamic behaviour of reinforced concrete cooling towers under earthquake 
excitation”, Advances in Structural Engineering, Vol. 9, No. 3, 2006 
ABSTRACT: Reinforced concrete cooling towers of hyperbolic shell configuration find widespread application 
in utilities engaged in the production of electric power. In designing critical civil infrastructure of this type, it is 
imperative to consider all of the possible loading conditions that the cooling tower may experience. One 
important loading condition in many nations is that of earthquake excitation, whose influence on the integrity 
and stability of cooling towers is profound. Previous research has shown that the columns supporting a cooling 
tower are sensitive to earthquake forces, as they are heavily loaded elements that do not possess high ductility, 
and understanding the behaviour of columns under earthquake excitation is vital in structural design because 
they provide the load path for the self weight of the tower shell. This paper presents the results of a finite 
element investigation of a representative “dry” cooling tower, using realistic horizontal and vertical acceleration 
data obtained from the recent and widely-reported Tabas, Naghan and Bam earthquakes in Iran. The results of 
both linear and nonlinear analyses are reported in the paper, the locations of plastic hinges within the supporting 
columns are identified and the ramifications of the plastic hinges on the stability of the cooling tower are 
assessed. It is concluded that for the (typical) cooling tower configuration analysed, the columns that are 
instrumental in providing a load path are influenced greatly by earthquake loading, and for the earthquake data 
used in this study the representative cooling tower would be rendered unstable and would collapse under the 
earthquake forces considered.  
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buckling of thin-walled elliptical tubes containing elastic infill material”, Interaction and Multiscale Mechanics, 
Vol. 1, No. 1, 2007, pp.143-156 
ABSTRACT: Elliptical tubes may buckle in an elastic local buckling failure mode under uniform compression. 
Previous analyses of the local buckling of these members have assumed that the cross-section is hollow, but it is 
well-known that the local buckling capacity of thin-walled closed sections may be increased by filling them 
with a rigid medium such as concrete. In many applications, the medium many not necessarily be rigid, and the 
infill can be considered to be an elastic material which interacts with the buckling of the elliptical tube that 
surrounds it. This paper uses an energy-based technique to model the buckling of a thin-walled elliptical tube 
containing an elastic infill, which elucidates the physics of the buckling phenomenon from an engineering 
mechanics basis, in deference to a less generic finite element approach to the buckling problem. It makes use of 
the observation that the local buckling in an elliptical tube is localised with respect to the contour of the ellipse 
in its cross-section, with the localisation being at the region of lowest curvature. The formulation in the paper is 
algebraic and it leads to solutions that can be determined by implementing simple numerical solution 
techniques. A further extension of this formulation to a stiffness approach with multiple degrees of buckling 
freedom is described, and it is shown that using the simple one degree of freedom representation is sufficiently 
accurate for determining the elastic local buckling coefficient. 
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Shaoyan, Z, Cheung, Y.K. and Wanji, C, “Stability analysis of cylindrical shells using refined non-conforming 
rectangular cylindrical shell elements”, International Journal for Numerical Methods in Engineering, Vol. 50, 
No. 12, pp 2707-2726, 2001, DOI: http://dx.doi.org/10.1002/nme.152 
ABSTRACT: The accuracy of stability analysis depends on the accuracy of both the element stiffness matrix 
and geometry stiffness matrix. Therefore, when carrying out the stability analysis of thin cylindrical shells using 
the finite element methods will require, firstly, a refined non-conforming rectangular curved cylindrical shell 
element RCSR4 is proposed according to the refined non-conforming FE method, in which both the C1 and C0 
weak continuity conditions are satisfied and as a result, can ensure the convergence of computation. At the same 
time, a refined geometrical stiffness matrix is introduced to replace the standard consistent geometrical stiffness 
matrix. Simple expressions of the refined constant strain matrices with adjustable constants are introduced with 
respect to the weak continuity conditions. Numerical examples are presented to show that the present method 
can indeed improve the performance and the accuracy in stability analysis. 
 
 
Zhang, Y. X. and Cheung, Y. K. (The Department of Civil Engineering, The University of Hong Kong, Hong 
Kong, China), “A refined non-linear non-conforming triangular plate/shell element”, International Journal for 
Numerical Methods in Engineering, Vol. 56, No. 15, 2003, pp. 2387–2408. doi: 10.1002/nme.667 
ABSTRACT: A refined non-conforming triangular plate/shell element for geometric non-linear analysis of 
plates/shells using the total Lagrangian/updated Lagrangian approach is constructed in this paper based on the 
refined non-conforming element method for geometric non-linear analysis. The Allman's triangular plane 
element with vertex degrees of freedom and the refined triangular plate-bending element RT9 are used to 
construct the present element. Numerical examples demonstrate that the accuracy of the new element is quite 
high in the geometric non-linear analysis of plates/shells. 
 
 
Y. X. Zhang and K. S. Kim (Department of Mechanical Engineering, Pohang University of Science and 
Technology, Pohang 700-784, South Korea), “Linear and Geometrically nonlinear analysis of plates and shells 
by a new refined non-conforming triangular plate/shell element”, Computational Mechanics, Vol. 36, No. 5, 
2005, pp. 331-342, doi: 10.1007/s00466-004-0625-6 
ABSTRACT: A refined non-conforming triangular plate/shell element for linear and geometrically nonlinear 
analysis of plates and shells is developed in this paper based on the refined non-conforming element method 
(RNEM). A conforming triangle membrane element with drilling degrees of freedom in Cartesian coordinates 
and the refined non-conforming triangular plate-bending element RT9, in which Kirchhoff kinematic 
assumption was adopted, are used to construct the present element. The displacement continuity condition along 
the interelement boundary is satisfied in an average sense for plate analysis, and the coupled displacement 
continuity requirement at the interelement is satisfied in an average sense, thereby improving the performance 
of the element for shell analysis. Selectively reduced integration with stabilization scheme is employed in this 
paper to avoid membrane locking. Numerical examples demonstrate that the present element behaves quite 
satisfactorily either for the linear analysis of plate bending problems and plane problems or for the 
geometrically nonlinear analysis of thin plates and shells with large displacement, moderate rotation but small 
strain. 
 
 
Djamel Boutagouga, Abdelhacine Gouasmia and Kamel Djeghaba (LGC, Laboratoire de Génie Civil, 
Université Badji Mokhtar de Annaba  BP 12 –23100 Annaba, Algérie), “Geometrically nonlinear analysis of 
thin shell by a quadrilateral finite element with in-plane rotational degrees of freedom”,    



European Journal of Computational Mechanics. Volume 19 – No. 8/2010, pages 707 to 724  
ABSTRACT: We present in this research article, the improvements that we made to create a four nodes flat 
quadrilateral shell element for geometrically nonlinear analysis, based on corotational updated lagrangian 
formulation. These improvements are initially related to the improvement of the in-plane behaviour by 
incorporation of the in-plane rotational degrees of freedom known as “drilling degrees of freedom” in the 
membrane displacements field formulation. In the second phase, a co-rotational spatial local system of axes 
which adapts well to the problems of quadrilateral elements is adopted, while ensuring simplicity and 
effectiveness at numerical level. The required goal being mainly to have a robust thin shell element associated 
with a simplified formulation. The obtained element remains economic, and showing a robust behaviour in 
delicate situations of tests. 
 
 
Y.X. Zhang, M.A. Bradford and R.I. Gilbert (School of Civil and Environmental Engineering, The University 
of New South Wales, UNSW, Sydney NSW 2052, Australia), “A layered cylindrical quadrilateral shell element 
for nonlinear analysis of RC plate structures”, Advances in Engineering Software, Vol. 38, No. 7, July 2007, 
pp.488-500, doi:10.1016/j.advengsoft.2006.09.017 
ABSTRACT: This paper proposes a simple and accurate 4-node, 24-DOF layered quadrilateral flat plate/shell 
element, and an efficient nonlinear finite element analysis procedure, for the geometric and material nonlinear 
analysis of reinforced concrete cylindrical shell and slab structures. The model combines a 4-node quadrilateral 
membrane element with drilling or rotational degrees of freedom, and a refined nonconforming 4-node 12-DOF 
quadrilateral plate bending element RPQ4, so that displacement compatibility along the interelement boundary 
is satisfied in an average sense. The element modelling consists of a layered system of fully bonded concrete 
and equivalent smeared steel reinforcement layers, and coupled membrane and bending effects are included. 
The modelling accounts for geometric nonlinearity with large displacements (but moderate rotations) as well as 
short-term material nonlinearity that incorporates tension, cracking and tension stiffening of the concrete, 
biaxial compression and compression yielding of the concrete and yielding of the steel. An updated Lagrangian 
approach is employed to solve the nonlinear finite element stiffness equations. Numerical examples of two 
reinforced concrete slabs and of a shallow reinforced concrete arch are presented to demonstrate the accuracy 
and scope of the layered element formulation. 
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“Recent developments in finite element analysis for laminated composite plates”, Composite Structures, Vol.88, 
No. 1, March 2009, pp. 147-157, doi:10.1016/j.compstruct.2008.02.014 
ABSTRACT: A review of the recent development of the finite element analysis for laminated composite plates 
from 1990 is presented in this paper. The literature review is devoted to the recently developed finite elements 
based on the various laminated plate theories for the free vibration and dynamics, buckling and postbuckling 
analysis, geometric nonlinearity and large deformation analysis, and failure and damage analysis of composite 
laminated plates. The material nonlinearity effects and thermal effects on the buckling and postbuckling 
analysis, the first-ply failure analysis and the failure and damage analysis were emphasized specially. The future 
research is summarised finally. 
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New South Wales, Sydney, Australia), “A simple method for the inclusion of external and internal supports in 
the spline finite strip method (SFSM) of buckling analysis”, Computers & Structures, Vol. 86, No. 6, March 
2008, pp. 529-544, Special Issue: Civil-Comp, doi:10.1016/j.compstruc.2007.05.001 
ABSTRACT: The SFSM is an attractive numerical technique for the buckling analysis of folded-plate structures 
where general loading regimes and boundary conditions need to be modelled. In implementing splines as 
interpolation functions in the longitudinal direction of the strip, amended splines have been used conventionally 



to model the variety of end conditions that may occur. These amended splines are fairly difficult to implement, 
particularly so if internal restraints are also to be specified. A simple technique for replacing the specification of 
dedicated amended splines is presented in this paper. The method is then employed to study the local buckling 
of flat plates under longitudinally and transversely varying compression and bending with different boundary 
conditions at the ends. 
 
 
Yong-Lin Pi and Nicholas Snowden Trahair, Nonlinear inelastic analysis of steel beam-columns. 1: Theory, 
Journal of Structural Engineering, Vol. 120, No. 7, July 1994 
PARTIAL ABSTRACT: This paper presents a nonlinear inelastic analysis of the biaxial bending and torsion of 
thin-walled steel beam-columns based on the principle of virtual work. The effect of geometric nonlinearity is 
developed using position vector analysis. Approximations are not made in the early stage of the development, 
and thus some significant terms for buckling and postbuckling analysis are retained. The von Mises yield 
criterion, the associated flow rule, and the hardening rule are used in formulating the elastic-plastic constitutive 
matrix for the ... 
 
Yong-Lin Pi and N.S. Trahair, “Non-linear buckling and postbuckling of elastic arches”, Engineering 
Structures, Vol. 20, No. 7, pp 571-579, July 1998 
PARTIAL ABSTRACT: This paper investigates the non-linear in-plane buckling and postbuckling behaviour of 
elastic arches using a curved finite element model for the non-linear analysis of elastic arches, which includes 
the effects of prebuckling deformations and second-order terms in the deformed curvatures and bending strains. 
It is found that the effects of prebuckling deformations on the buckling of shallow arches are significant, that 
the existence of a linear bifurcation buckling load is not a sufficient condition for linear bifurcation buckling to 
occur, ... 
 
 
Yong-Lin Pi and N.S. Trahair (University of New South Wales and University of Sydney), “In-plane buckling 
and design of steel arches”, Journal of Structural Engineering, Vol. 125, pp 1291-1298, November 1999 
ABSTRACT: Many design codes do not give methods for designing steel arches against in-plane failure. The 
few that do provide methods that are essentially based on a linear interaction equation for the in-plane strengths 
of an equivalent beam-column, which uses the maximum elastic bending moment and axial compression in the 
arch. However, the linear interaction equation for a beam-column may not be suitable for an arch because it 
does not consider the strength characteristics of steel arches. This paper studies the in-plane buckling of arches 
in uniform compression and uses a nonlinear inelastic finite-element model to develop a method for designing 
steel arches against uniform compression, and also to develop an interaction equation for the design of steel 
arches against nonuniform in-plane compression and bending. Analytical solutions for the buckling loads of 
shallow arches in uniform compression are obtained. It is found that the design equation for steel columns 
cannot be used directly for steel arches in uniform compression, nor can the design interaction equations for 
steel beam-columns be used directly for steel arches under nonuniform compression and bending. The proposed 
design equations provide close predictions for the in-plane buckling strengths of both shallow and nonshallow 
steel arches in uniform compression. The modified interaction equation proposed provides good lower bounds 
for the in-plane strengths of both shallow and nonshallow steel arches in bending and compression because it 
considers the nonuniform distributions of the bending moment and axial compression around the arch, the 
behavior of shallow arches, and the favorable moment redistribution after the first hinge forms.  
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Y-L Pi, M.A. Bradford and B. Uy, “In-plane stability of arches”, International Journal of Solids and Structures, 
Vol. 39, No. 1, pp 105-125, January 2001 
PARTIAL ABSTRACT: Classical buckling theory is mostly used to investigate the in-plane stability of arches, 
which assumes that the pre-buckling behaviour is linear and that the effects of pre-buckling deformations on 
buckling can be ignored. However, the behaviour of shallow arches becomes non-linear and the deformations 
are substantial prior to buckling, so that their effects on the buckling of shallow arches need to be considered. 



Classical buckling theory which does not consider these effects cannot correctly predict the in-plane buckling 
load. . . 
 
 
Yong-Lin Pi and Mark Andrew Bradford (Centre for Infrastructure Engineering and Safety, School of Civil and 
Environmental Engineering, The University of New South Wales, Sydney, Australia), “Dynamic buckling of 
shallow pin-ended arches under a sudden central concentrated load”, Journal of Sound and Vibration, Vol. 317, 
Nos. 3-5, November 2008, pp. 898-917, doi:10.1016/j.jsv.2008.03.037 
ABSTRACT: When a shallow arch is subjected to an in-plane load that is applied suddenly, the arch will 
oscillate about an equilibrium position due to the kinetic energy imparted to the arch by the sudden load. If the 
suddenly applied load is sufficient large, the motion of the arch may reach an unstable equilibrium position, 
leading to dynamic buckling of the arch. This paper presents a study of the dynamic in-plane buckling of a 
shallow pin-ended circular arch under a central radial load that is applied suddenly with infinite duration. The 
method of conservation of energy is used to establish the criterion for dynamic buckling of the shallow pin-
ended arch and analytical solutions for the lower and upper dynamic buckling loads of the arch under this 
sudden central load with infinite duration are obtained. It is found that the dynamic buckling loads of a shallow 
pin-ended arch under a sudden central load with infinite duration are lower than its static buckling loads, and 
that the dynamic buckling load increases with an increase of a dimensionless arch geometric parameter that is 
introduced. The effect of static preloading on the dynamic buckling of a shallow pin-ended arch is also 
investigated. It is found that the pre-applied static load decreases its dynamic buckling loads, but increases the 
sum of the pre-applied load and the dynamic buckling load. 
 
 
Ehab Hamed, Mark A. Bradford and R. Ian Gilbert (Centre for Infrastructure Engineering and Safety, School of 
Civil and Environmental Engineering, The University of New South Wales, UNSW, Sydney, NSW 2052, 
Australia), “Nonlinear long-term behaviour of spherical shallow thin-walled concrete shells of revolution”, 
International Journal of Solids and Structures, Vol. 47, No. 2, January 2010, pp. 204-215, 
doi:10.1016/j.ijsolstr.2009.09.027 
ABSTRACT: The nonlinear long-term buckling behaviour (creep buckling) of spherical shallow, thin-walled 
concrete shells of revolution (including domes) subjected to sustained loads is investigated herein. A thorough 
understanding of their nonlinear time-dependent behaviour, as well as the development of comprehensive 
analytical models for their analysis, has hitherto not been fully established and further studies are required. A 
nonlinear axisymmetric theoretical model, which accounts for the effects of creep and shrinkage, and which 
considers the ageing of the concrete material and the variation of the internal stresses and geometry in time, is 
developed for this purpose. The governing field equations are derived using variational principles, equilibrium 
requirements, and integral-type constitutive relations. A systematic step-by-step procedure is used for the 
solution of the integral-type governing equations. First, the nonlinear short-term behaviour is studied to provide 
a benchmark for the long-term analysis. Different theories for the analysis of the shell structure are examined 
for this purpose and compared with results obtained by the finite element method. A numerical study, which 
highlights the capabilities of the nonlinear theoretical model and which provides insight into the nonlinear long-
term behaviour of shallow concrete domes, is presented. The results show that long-term effects are critical for 
the design and structural safety of shallow, thin-walled concrete domes, and so these effects need to be fully 
understood and quantifiable. 
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“Local buckling of stiffened plates in offshore structures”, Journal of Constructional Steel Research, Vol. 38, 
No. 1, May 1996, pp. 41-59, doi:10.1016/0143-974X(96)00005-3 
ABSTRACT: Ultimate strength tests on stiffened plates simply supported on all four edges and sub jetted to the 
combined action of axial and lateral loads are reported. A series of 10 stiffened plates having two different plate 



slenderness values were tested to failure under different combinations of axial and lateral loads. A description 
of test procedure is also presented. The test specimens were analysed by using the elasto-plastic finite element 
package to determine the behaviour and ultimate load capacity of stiffened panels and the comparison of these 
results with those obtained experimentally established the accuracy of the finite element modelling. In addition, 
stiffened plates tested by other researchers have been analysed to examine the behaviour of stiffened plates 
under combined loading. 
 
 
I.V. Andrianov, B.G. Ismagulov and M.V. Matyash, “Buckling of cylindrical shells of variable thickness, 
loaded by external uniform pressure”, Technische Mechanik, Band 20, Heft 4, 2000, pp. 349-354 
ABSTRACT: From the mathematical standpoint one has a partial differential equation with variable 
coefficients. Perturbation procedure gives the possibility for an analytical solution of this eigenvalue problem. 
Self-adjoint equations and Padé approximants are used for improving the obtained results. 
 
 
J. Awrejcewicz (1) and  V.A. Krysko (2) 
(1) Department of Automatics and Biomechanics, Technical University of Lodz, 1/15 Stefanowskiego Street, 
90-924 Lodz, Poland 
(2) Technical University of Saratov, Department of Mathematics, 41005 Saratov, Russia 
“Nonlinear coupled problems in dynamics of shells”, International Journal of Engineering Science, Vol. 41 
(2003) 587–607, DOI: 10.1016/S0020-7225(02)00279-3 
ABSTRACT: The coupled system of three partial differential equations governing a flexible shallow shell 
dynamics is analysed. No any prior assumptions about the temperature distribution through the shell thickness 
are applied. The efficiency of the method used here when applied to the solution of integral–differential 
equations with different dimensions (three-dimensional equations related to the Kirchhoff–Love model) and of 
different type (heat transfer equations and the hyperbolic equations of shell theory) is demonstrated. Many 
computational results are reported and discussed 
 
 
I. V. Andrianov (Docpropetrovsk, Ukraine) and J. Awrejcewicz (Lodz, Poland), “Edge-localized effects in 
buckling and vibrations of a shell with free in circumferential direction ends”, Acta Mechanica, Vol. 173, 
Nos.1-4, 2004, pp. 41-47, doi: 10.1007/s00707-004-0179-x 
ABSTRACT: Edge vibrations of a cylindrical shell, as well as buckling localized in a neighboring edge for 
cylindrical and conical shells are analyzed. The method of asymptotic splitting has been applied and simple 
analytical solutions have been proposed. 
 
 
I.V. Andrianov (Institut fur Allgemaine Mechanik, RWTH, Aachen, Germany), “Asymptotic construction of 
nonlinear normal modes for continuous systems”, Nonlinear Dynamics, Vol. 51, Nos. 1-2, 2008, pp. 99-109,  
doi: 10.1007/s11071-006-9195-9 
ABSTRACT: This paper provides a review of some asymptotic methods for construction of nonlinear normal 
modes for continuous system (NNMCS). Asymptotic methods of solving problems relating to NNMCS have 
been developed by many authors. The main features of this paper are that (i) it is devoted to the basic principles 
of asymptotic approaches for constructing of NNMCS; (ii) it deals with both traditional approaches and, less 
widely used, new approaches; and (iii) it pays a lot of attention to the analysis of widely used simplified 
mechanical models for the analysis of NNMCS. The author has paid special attention to examples and 
discussion of results. 
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“Application of 2D Padé approximants in nonlinear shell theory: stability calculation and experimental 
justification”, Chapter 1 in Nonlinearity, Bifurcation and Chaos – Theory and Applications, book edited by Jan 
Awrejcewicz and Peter Hagedorn, October 2012, DOI: 10.5772/48822 
INTRODUCTION: The widest class of shells used in the civil and mechanical engineering is the class of shells 
with developable principal surface. The stress-strain state of shell structures under loads, which corresponds to 
buckling, is inhomogeneous, significantly bended, and nonlinear. Permanent interest of researchers in the 
problem of inhomogeneous compression of shells of zero Gaussian curvature has not led so far to a correct 
solution. Therefore, there is a need for the development and application of new methods that allow considering 
the problem in a complex setting, the most appropriate to study real behavior of structures. The approximate 
analytic integration of nonlinear differential equations of the theory of flexible elastic shells in most practical 
cases is based on the method of continuation of solution on the artificially introduced parameter. They can be 
satisfactorily applied only with an effective method of summation. The most natural analytical continuation 
method is that using Padé approximants (PAs). PAs effectively solves the problem of analytical continuation of 
power series, and this is a basis of their successful application in the study of applied problems. Currently, the 
method of PAs is one of the most promising non-linear methods of summation of power series, and the 
localization of its singular points. Recently, the method of PAs for single-variable functions has been 
successfully extended to the approximation of two variable functions (2D PAs). A method that provides 
polynomial asymptotics of the exact solution of the general form and its meromorphic continuation based on 2D 
Padé approximants is proposed in this work. Several examples of displacements, stability and vibration 
calculations for inhomogeneous loaded shells with developable principal surface are presented. The accuracy of 
2D PAs theoretical results are confirmed by experiments with stainless steel specimens based on holographic 
interferometry. It is shown that the application of PAs provides sufficient accuracy in the studied area that 
confirms the advantage of our proposed approach.  
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“Nonlinear deformations of spherical panels subjected to transversal load action”, Computer Methods in 
Applied Mechanics and Engineering, Vol. 194, Nos. 27-29, July 2005, pp. 3108-3126, 
doi:10.1016/j.cma.2004.08.005 
ABSTRACT: Nonlinear behaviour of flexible shallow rectangular spherical panels subjected to a uniformly 
distributed transversal load is analysed. Detection of bifurcation points and construction of bifurcation branches 
on a ‘load–deflection’ characteristic are mainly addressed. The proposed algorithm is based on a set-up method. 
Geometrical parameters of shallow shells bifurcations are estimated numerically, and an evolution of 
bifurcation diagrams vs geometrical parameters kx, ky is traced. An increase of geometrical parameters yields 
an increase of the set of solutions. Besides symmetrical ones, unsymmetrical solutions are detected, illustrated, 
and discussed as well. 
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“Transitions from regular to chaotic vibrations of spherical and conical axially-symmetric shells”, International 
Journal of Structural Stability and Dynamics, Vol. 5, No. 3, September 2005, doi: 10.1142/S0219455405001623 
ABSTRACT: By the variational principle, the chaotic vibrations of deterministic geometrically nonlinear elastic 
spherical and conical axially symmetric shells with non-homogeneous thickness subjected to a transversal 
harmonic load are analyzed. The material of the shells is assumed to be isotropic and of the Hookean type. 
Inertial forces tangent to the averaged surface and inertia of rotation of the cross-section are neglected. By the 
Ritz procedure, the original PDEs are transferred to the ODEs (Cauchy problem), which are then solved by the 
fourth-order Runge–Kutta method. In the numerical studies, scenarios of transitions from harmonic to chaotic 
states for vibrations of flexible spherical and conical shells are detected. Various vibrational states for different 
combinations of the following control parameters: shell's deflection arrow, the amplitude and frequency of the 
exciting force, number of modes considered, boundary conditions, and the thickness and shape of the shell 
cross-section are studied. By adjusting the above parameters, we can detect the transition of a continuous 
system to the lumped one, and the transition from the harmonic to chaotic vibrations. 
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“Approximate non-linear boundary value problems of reinforced shell dynamics”, J. Sound Vibr., 194(3): 369-
387, DOI: 10.1006/jsvi.1996.0364 
ABSTRACT: A geometrically non-linear theory is presented for the dynamic analysis of thin, circular 
cylindrical shells which have wafer, stronger or ring stiffening. An asymptotic procedure is followed which 
separates the solution of the non-linear equations of motion into two parts, an inner part which applies to the 
boundary layer, and an outer part. The resulting approximate equations are relatively simple to deal with. A 
numerical example is solved for the free vibrations of a simply supported, stringer-stiffened shell. 
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 “Buckling analysis of discretely stringer-stiffened cylindrical shells”, International Journal of Mechanical 



Sciences, Vol. 48, No. 12, December 2006, pp. 1505-1515, doi:10.1016/j.ijmecsci.2006.06.012 
ABSTRACT: Engineering approach for computation of stringer stiffened cylindrical shells is realized mainly 
using the structurally orthotropic theory with momentless pre-buckling state. On the other hand, experimental 
results suggest that in many cases the mentioned theory provides excessive values of buckling load. The 
influence of imperfections for stringer stiffened shells seems to be less important than in an isotropic case. 
Considering axially symmetric momentous components of pre-buckling state cannot essentially improve 
theoretical results. Specific experiments showed a significant influence of stringer discreteness on the buckling 
loads of reinforced shells. The mentioned influence can be divided into two parts: excitation of essentially non-
axially symmetric pre-buckling and buckling states. Usually, only the latter phenomenon is taken into account. 
In this paper we show that the first factor dominates. We propose simple analytical expressions governing non-
axially symmetric pre-buckling state components. We also propose an asymptotic simplification of the buckling 
boundary value problem. Results obtained are compared numerically with the known theoretical and 
experimental data. 
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“Asymptotic Solution of the Theory of Shells Boundary Value Problem”, Mathematical Problems in 
Engineering Volume 2007, Article ID 82348, 25 pages doi:10.1155/2007/82348 
ABSTRACT: This paper provides a state-of-the-art review of asymptotic methods in the theory of plates and 
shells. Asymptotic methods of solving problems related to theory of plates and shells have been developed by 
many authors. The main features of our paper are: (i) it is devoted to the fundamental principles of asymptotic 
approaches, and (ii) it deals with both traditional approaches, and less widely used, new approaches. The 
authors have paid special attention to examples and discussion of results rather than to burying the ideas in 
formalism, notation, and technical details. 
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Philippe G. Ciarlet, “A justification of the von Kármán equations”, Archive for Rational Mechanics and 
Analysis, Vol. 73, No. 4, 1980, pp. 349-389, doi: 10.1007/BF00247674 
ABSTRACT: The method of asymptotic expansions, with the thickness as the parameter, is applied to the 
nonlinear, three-dimensional, equations for the equilibrium of a special class of elastic plates under suitable 
loads. It is shown that the leading term of the expansion is the solution of a system of equations equivalent to 
those of von Kármán. The existence of solutions of this system is established. It is also shown that the 
displacement and stress corresponding to the leading term of the expansion have the specific form generally 
assumed in the usual derivations of the von Kármán equations; in particular, the displacement field is of 
Kirchhoff-Love type. This approach also clarifies the nature of admissible boundary conditions for both the von 



Kármán equations and the three-dimensional model from which these equations are obtained. A careful 
discussion of the limitations of this approach is given in the conclusion. 
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ABSTRACT: Complex vibrations of closed cylindrical shells of infinite length and circular cross-section 
subjected to transversal local load in the frame of the classical non-linear theories are studied. A transition from 
partial differential equations (PDEs) to ordinary differential equations (ODEs) is carried out using a higher-
order Bubnov-Galerkin approach and Fourier representation. On the other hand, the Cauchy problem is solved 
using the fourth-order Runge-Kutta method. In the first part of this work, static problems of the theory of closed 
cylindrical shells are studied. Reliability of the obtained results is verified by comparing them with the results 
taken from literature. The second part is devoted to the analysis of stability, bifurcation and chaos of closed 
cylindrical shells. In particular, an influence of sign-changeable external pressure and the control parameters 
such as magnitude of pressure measured by phi0, relative linear shell dimension lambda=L/R, frequency omega, 
and amplitude q0 of external transversal load, on the shell's non-linear dynamics is studied. 
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 “A mechanical basis for chromosome function”, Proceedings of the National Academy of Sciences of the 
United States of America (PNAS), PNAS August 24, 2004 vol. 101 no. 34 12592-12597, 
10.1073/pnas.0402724101 
ABSTRACT: We propose that chromosome function is governed by internal mechanical forces generated by 
programmed tendencies for expansion of the DNA/chromatin fiber against constraining features. Chromosomal 
processes are generally considered to comprise the simple sum of a large number of individual biochemical 
changes. We present here a different idea in which internal mechanical forces play a governing role. 
CONCLUSION: We propose that basic chromosome function is governed by internally generated mechanical 
forces generated by tendencies for DNA/chromatin expansion. An attractive feature of this model is that the 
DNA plays a governing role not only via its information content but also via its intrinsic mechanical properties. 
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Timoshenko Institute of Mechanics, National Academy of Sciences of Ukraine, Kiev. Translated from 
Prikladnaya Mekhanika, Vol. 35, No. 11, pp. 75–78, November, 1999.) 
ABSTRACT: Design formulas for calculating the critical stresses of unreinforced and reinforced cylindrical 
shells in axial compression are derived by analyzing experimental data. The curves obtained with the formulas 
bound the experimental data from below. 
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ABSTRACT: The report outlines the methodology and procedures used to manufacture the thin walled cylinder 
with its axial imperfections using a NUM 1060 CNC Lathe machine. By introducing the known geometries 
imperfections, the thin cylinder manufactured could be analyzed under different load conditions and with 
different type of applications. The cylinders manufactured were to have minimum thickness set up with their 
flat end were machined to follow a periodic sinusoidal wave's function of specified amplitude and frequency. In 
addition, the flat end cylinder circumference surface was also required to have a constant chamfer angle either 
from the outside or inside cylinder surface. A number of experiments were attempted to determine the minimum 
thickness, the sinusoidal wave's function and the constant chamfer angles required. At the end of the project, the 
machining techniques and procedures used to manufacture the cylinder were successfully established as well as 
the CNC part programs which played a major role in producing the imperfections required. A result of a 
satisfactory final thin cylinder was manufactured even though some difficulties had occurred throughout the 
whole project. Finally, all the information contained were vital for understanding the concept of manufacturing 
the cylinders with axial imperfections. It indicates some essential findings for the clear description of the project 
purposes and the necessary works that undertaken through the completion of the project. 
 
 
Takao Yamaguchi and Ken-ichi Nagai, “Chaotic Vibrations of a Cylindrical Shell-Panel with an In-Plane 
Elastic-Support at Boundary”, Nonlinear Dynamics, Vol. 13, No. 3, 1997, pp. 259-277,  
doi: 10.1023/A:1008215831376 
ABSTRACT: This paper presents numerical results on chaotic vibrations of a shallow cylindrical shell-panel 
under harmonic lateral excitation. The shell, with a rectangular boundary, is simply supported for deflection and 
the shell is constrained elastically in an in-plane direction. Using the Donnell--Mushtari--Vlasov equation, 
modified with an inertia force, the basic equation is reduced to a nonlinear differential equation of a multiple-
degree-of-freedom system by the Galerkin procedure. To estimate regions of the chaos, first, nonlinear 
responses of steady state vibration are calculated by the harmonic balance method. Next, time progresses of the 
chaotic response are obtained numerically by the Runge--Kutta--Gill method. The chaos accompanied with a 
dynamic snap-through of the shell is identified both by the Lyapunov exponent and the Poincaré projection onto 
the phase space. The Lyapunov dimension is carefully examined by increasing the assumed modes of vibration. 
The effects of the in-plane elastic constraint on the chaos of the shell are discussed. 
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Engineering, Gunma University, 1-5-1 Tenjincho, Kiryu, Gunma 376-8515, Japan), “Chaotic oscillations of a 
shallow cylindrical shell with a concentrated mass under periodic excitation”, Computers & Structures, Vol. 82, 
Nos. 31-32, December 2004, pp. 2607-2619, Special Issue: Nonlinear Dynamics of Continuous Systems, 
doi:10.1016/j.compstruc.2004.03.080 
ABSTRACT: This paper presents effects of a concentrated mass on chaotic oscillations of a shallow cylindrical 
shell under gravity and periodic acceleration. The rectangular shell is simply supported and is elastically in-
plane constrained. Assuming mode functions, the Donnell equation with inertia force is reduced to non-linear 
coupled differential equations by the Galerkin method. The chaotic response is calculated numerically and is 
examined by the maximum Lyapunov exponent. Dominant chaotic responses are generated within restricted 
frequency regions of sub-harmonic resonance of 1/2 order. As the concentrated mass increases, the chaotic 
response is shifted to the lower frequency region. The increment of the concentrated mass decreases the 
maximum Lyapunov exponent. 
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“Experiments and analysis on chaotic vibrations of a shallow cylindrical shell-panel”, Journal of Sound and 
Vibration, Vol. 305, No. 3, August 2007, pp. 492-520, doi:10.1016/j.jsv.2007.04.032 
ABSTRACT: Detailed experimental results and analytical results are presented on chaotic vibrations of a 
shallow cylindrical shell-panel subjected to gravity and periodic excitation. The shallow shell-panel with square 
boundary is simply supported for deflection. In-plane displacement at the boundary is elastically constrained by 
in-plain springs. In the experiment, the cylindrical shallow shell-panel with thickness 0.24 mm, square form of 
length 140 mm and mean radius 5150 mm is used for the test specimen. All edges around the shell boundary are 
simply supported by adhesive flexible films. First, to find fundamental properties of the shell-panel, linear 
natural frequencies and characteristics of restoring force of the shell-panel are measured. These results are 
compared with the relevant analytical results. Then, geometrical parameters of the shell-panel are identified. 
Exciting the shell-panel with lateral periodic acceleration, nonlinear frequency responses of the shell-panel are 
obtained by sweeping the frequency of periodic acceleration. In typical ranges of the exciting frequency, 
predominant chaotic responses are generated. Time histories of the responses are recorded for inspection of the 
chaos. In the analysis, the Donnell equation with lateral inertia force is introduced. Assuming mode functions, 
the governing equation is reduced to a set of nonlinear ordinary differential equations by the Galerkin 
procedure. Periodic responses are calculated by the harmonic balance method. Chaotic responses are integrated 
numerically by the Runge–Kutta–Gill method. The chaotic responses, which are obtained by the experiment and 
the analysis, are inspected with the Fourier spectra, the Poincaré projections, the maximum Lyapunov 
exponents and the Lyapunov dimension. It is found that the dominant chaotic responses of the shell-panel are 
generated from the responses of the sub-harmonic resonance of 1/2 order and of the ultra-sub-harmonic 
resonance of 2/3 order. By the convergence of the maximum Lyapunov exponent to the embedding dimension, 
the number of predominant vibration modes which contribute to the chaos is found to be three or four. Fairly 
good agreements are obtained between the experimental results and the analytical results. 
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“Experiments on chaotic vibrations of a post-buckled beam with an axial elastic constraint”, Journal of Sound 
and Vibration, Vol. 304, Nos. 3-5, July 2007, pp. 541-555, doi:10.1016/j.jsv.2007.03.034 
ABSTRACT: To clarify chaotic behavior of thin walled beams, detailed experimental results are presented on 
chaotic vibrations of a post-buckled beam subjected to periodic lateral acceleration. A thin steel beam of 
thickness 0.198 mm, breadth 12.7 mm and length 106 mm is used as a test beam. Both ends of the beam are 
clamped for deflection. One end of the beam is elastically constrained by an axial spring. The beam is 
compressed to the post-buckled configuration by the axial spring. First, characteristics of restoring force and 
natural frequency of the beam are obtained. Dynamic nonlinear responses of the beam are measured under 
periodic acceleration. In specific frequency regions, chaotic responses are generated. The chaotic responses are 
examined carefully with the Poincaré maps, the Fourier spectra, the maximum Lyapunov exponents and the 
principal component analysis.The post-buckled beam shows the soften-and-hardening characteristics of 
restoring force. The dominant chaotic responses of the beam are bifurcated from the sub-harmonic resonances 
of 1/2 and 1/3 orders with the lowest mode of vibration. Changing the exciting frequency gradually, dynamical 
transition behaviors from these steady-state sub-harmonic response to the chaotic responses are precisely 
inspected by the Poincaré projection. The maximum Lyapunov exponent of the former chaotic response of 1/2 
order is larger than that of the latter chaotic response of 1/3 order. The principal component analysis predicts 
that the contribution of the lowest mode of vibration to the chaos is dominant among other contributions of 
multiple vibration modes. 
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“Modal interaction in chaotic vibrations of a shallow double-curved shell-panel”, Journal of Sound and 
Vibration, Vol. 315, No. 3, August 2008, pp. 607-625, Special Issue: EUROMECH colloquium 483, 
Geometrically non-linear vibrations of structures, doi:10.1016/j.jsv.2008.02.050 
ABSTRACT: Experimental results and analytical results are presented on chaotic vibrations of a shallow 
double-curved shell-panel subjected to gravity and periodic excitation. Modal interactions in the chaotic 
responses are discussed. The shell-panel with square boundary is simply supported for deflection. In-plane 
displacement at the boundary is elastically constrained. In the experiment, time histories of the chaotic 
responses at the spatial multiple positions of the shell-panel are measured for the inspection of modal 
interaction. In the analysis, the shallow shell-panel is assumed to have constant curvatures along to orthogonal 
directions and geometric initial imperfection. The Donnell–Mushtari–Vlasov type equation is used as governing 
equation with lateral inertia force. Assuming deflection with multiple modes of vibration, the governing 
equation is reduced to a set of nonlinear ordinary differential equations by the Bubnov–Galerkin procedure. 
Chaotic responses are integrated numerically. The chaotic responses, which are obtained by the experiment and 
the analysis, are inspected with the Fourier spectra, the Poincaré projections, the maximum Lyapunov 
exponents and the Lyapunov dimension. Contribution of modes of vibration to the chaotic responses is analyzed 
by the principal component analysis, i.e., Karhunen–Loève transformation. 
 
 
Amit Kumar Onkar and D. Yadav (Department of Aerospace Engineering, Indian Institute of Technology, 
Kanpur 208016, India), “Non-linear free vibration of laminated composite plate with random material 
properties”, Journal of Sound and Vibration, Vol. 272, Nos. 3-5, May 2004, pp. 627-641, 
doi:10.1016/S0022-460X(03)00387-0 
ABSTRACT: Composite laminates are widely used in construction of mechanical, aerospace, marine and 
automotive structure. These structures exhibit inherent random dispersion in material properties, as absolute 
control of production process is neither feasible nor economical. Some composite structures are subjected to 
large amplitude vibration during their working life that may lead to non-linearity in the response. The present 
paper analyses the effect of material parameter dispersion on the large amplitude free vibration of especially 
orthotropic laminated composite plates. The basic formulation of the problem has been developed based on the 
classical laminate theory and Von-Karman non-linear strain–displacement relation. The system equations have 
been obtained by using Hamilton's principle and the solution has been found by term wise series integration. 
Perturbation technique has been used to obtain the second order response statistics. Typical results have been 
presented for a plate with all edges simply supported. Effects of side-to-thickness ratio, aspect ratio, oscillation 
amplitude and mode shape along with change in standard deviation of material properties have been 
investigated for cross-ply symmetric and antisymmetric laminates. 
 
 
Christoph Adam (Leopold-Franzens-University of Innsbruck, Technikerstr. 13, 6020 Innsbruck, Austria), 
“Moderately large vibrations of doubly curved shallow open shells composed of thick layers”, Journal of Sound 
and Vibration, Vol. 299, Nos. 4-5, February 2007, pp. 854-868, doi:10.1016/j.jsv.2006.07.044 
ABSTRACT: This paper addresses nonlinear flexural vibrations of shallow shells composed of three thick 
layers with different shear flexibility, which are symmetrically arranged with respect to the middle surface. The 
considered shell structures of polygonal planform are hard hinged simply supported (i.e. all in-plane rotations 
and the bending moment vanish) with the edges fully restraint against displacements in any direction. The 
kinematic field equations are formulated by layerwise application of a first-order shear deformation theory. A 
modification of Berger's theory is employed to model the nonlinear characteristics of the structural response. 
The continuity of the transverse shear stress across the interfaces is specified according to Hooke's law, and 
subsequently the equations of motion of this higher order problem can be derived in analogy to a homogeneous 
single-layer shear deformable shallow shell. Numerical results of rectangular shallow shells in nonlinear steady-
state vibration are presented for various ratios of shell rise to thickness, and non-dimensional load amplitude. 
 



 
P. Ribeiro (IDMEC/DEMEGI, Faculdade de Engenharia, Universidade do Porto, rua Dr. Roberto Frias, s/n, 
4200-465 Porto, Portugal), “Non-linear free periodic vibrations of open cylindrical shallow shells”, Journal of 
Sound and Vibration, Vol. 313, Nos. 1-2, June 2008, pp. 224-245, doi:10.1016/j.jsv.2007.11.029 
ABSTRACT: This paper is concerned with the non-linear free periodic vibrations of thin, open, cylindrical and 
shallow shells vibrating in the geometrically non-linear regime. A multi-degree-of-freedom model with 
hierarchical basis functions is adopted and the principle of the virtual work is used to define the time domain 
equations of motion. These equations are transformed into the frequency domain by the harmonic balance 
method and are finally solved by an arc-length continuation method. Shells of different thicknesses and of 
different curvature radius are analysed, and the variation of the non-linear natural frequencies of these shells 
with the vibration amplitude are investigated in some detail. The variation of the mode shapes with the vibration 
amplitude is demonstrated. It is found that both softening and hardening spring effects occur and that the 
number of couplings between vibration modes is rather large in undamped shells. 
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Porto, Portugal 
(2) Faculty of Aerospace Engineering, Delft University of Technology, Kluyverweg 1, 2629 HS Delft, The 
Netherlands 
“Non-linear vibrations of laminated cylindrical shallow shells under thermomechanical loading”, Journal of 
Sound and Vibration, Vol. 315, No. 3, August 2008, pp. 626-640, Special Issue: EUROMECH colloquium 483, 
Geometrically non-linear vibrations of structures, doi:10.1016/j.jsv.2008.01.017 
ABSTRACT: The geometrically non-linear vibrations of linear elastic composite laminated shallow shells 
under the simultaneous action of thermal fields and mechanical excitations are analysed. For this purpose, a 
model based on a very efficient p-version first-order shear deformation finite element, with hierarchical basis 
functions, is employed. The equations of motion are solved in the time domain by a Newmark implicit time 
integration method. The model and code developed are partially validated by comparison with published data. 
Parametric studies are carried out in order to study the influence of temperature change, initial curvature, panel 
thickness and fibre orientation on the shells’ dynamics. 
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(2) Survey and Design Research Institute, (illegible), Petroeum Exploration Bureau, P.R. China 
“Bifurcations and chaos in a periodic time-varying temperature-excited bimetallic shallow shell of revolution”, 
Archive of Applied Mechanics, Vol. 80, No. 7, 2009, pp. 815-828, doi: 10.1007/s00419-009-0341-y 
ABSTRACT: The chaotic vibrations of a bimetallic shallow shell of revolution under time-varying temperature 
excitation are investigated in the present study. The governing equations are established in forms similar to 
those of classical single-layered shell theory by re-determination of reference surface. The nonlinear differential 
equation in time-mode is derived by variational method following an assumed spatial-mode. The Melnikov 
function is established theoretically to estimate regions of the chaos, and the Poincaré map, phase portrait, 
Lyapunov exponent, and Lyapunov dimension are used to determine if a chaotic motion really appears. Further 
investigations are developed by means of detailed numerical simulation, and both the bifurcation diagrams and 
corresponding maximum Lyapunov exponent are illustrated. The influence of static and time-dependent 
temperature parameters, height parameter of the shell, and damping parameter on the dynamic characteristics is 
examined. Interesting phenomena such as the onset of chaos, transient chaotic motion, chaos with interior crisis 
and period window, period-doubling scenario and reversed period-doubling bifurcation leading to chaos, jump 
phenomena, and chaos suddenly converting to period orbit have been observed from these figures. 
 
 
Yong-Gang Wang and Hui-Fang Song (College of Science, China Agricultural University, Beijing 100083, PR 
China), “On the nonlinear vibration of heated bimetallic shallow shells of revolution”, International Journal of 



Mechanical Sciences, Vol. 52, No. 3, March 2010, pp. 464-470, doi:10.1016/j.ijmecsci.2009.11.007 
ABSTRACT: The axisymmetrically nonlinear free vibration of a bimetallic shallow shell of revolution under 
uniformly distributed static temperature changes is investigated. Based on the nonlinear bending theory of thin 
shallow shells, the governing equations are established in forms similar to those of classical single-layered 
shells theory by redetermination of reference surface of coordinate. These partial differential equations are 
reduced to corresponding ordinary ones by elimination of the time variable with Kantorovich averaging method 
following an assumed harmonic time mode. The resulting equations, which form a nonlinear two-point 
boundary value problem, are then solved numerically by shooting method, and the temperature-dependent 
characteristic relations of frequency vs. amplitude are obtained successfully. A detailed parametric study is 
conducted involving shell geometry and temperature parameters. The effects of these variables on the 
frequency–amplitude characteristics are plotted and discussed. 
 
 
S.M. Chorfi and A. Houmat (Faculty of Engineering, Department of Mechanical Engineering, University of 
Tlemcen, B.P. 230, Tlemcen 13000, Algeria), “Non-linear free vibration of a functionally graded doubly-curved 
shallow shell of elliptical plan-form”, Composite Structures, Vol. 92, No. 10, September 2010, pp. 2573-2581, 
doi:10.1016/j.compstruct.2010.02.001 
ABSTRACT: The non-linear free vibration of a functionally graded doubly-curved shallow shell of elliptical 
plan-form is investigated using the p-version of the finite element method in conjunction with the blending 
function method. The effects of transverse shear deformations, rotary inertia, and geometrical non-linearity are 
taken into account. It is assumed that the material properties vary through the thickness according to a power 
law distribution. The harmonic balance method is used to derive the equations of free motion. The resultant 
non-linear equations are solved iteratively using the linearized updated mode method. The efficiency of the 
method is demonstrated through convergence study and comparison with published results. Three types of 
functionally graded doubly-curved shallow shells of elliptical plan-form are considered. The effects of the 
volume fraction exponent and thickness ratio on the linear and non-linear frequencies are discussed. It is shown 
that these parameters influence the hardening behaviour. 
 
 
F. Alijani (1), M. Amabili (2) and F. Bakhtiari-Nejad (1) 
(1) Department of Mechanical Engineering, Amirkabir University of Technology, Hafez Avenue, Tehran 
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“On the accuracy of the multiple scales method for non-linear vibrations of doubly curved shallow shells”, 
International Journal of Non-Linear Mechanics, Vol. 46, No. 1, January 2011, pp. 170-179, 
doi:10.1016/j.ijnonlinmec.2010.08.006 
ABSTRACT: Non-linear free and forced vibrations of doubly curved isotropic shallow shells are investigated 
via multi-modal Galerkin discretization and the method of multiple scales. Donnell’s non-linear shallow shell 
theory is used and it is assumed that the shell is simply supported with movable edges. By deriving two 
different forms of the stress function, the equations of motion are reduced to a system of infinite non-linear 
ordinary differential equations with quadratic and cubic non-linearities. A quadratic relation between the 
excitation and the fundamental frequency is considered and it is shown that, although in case of hardening non-
linearities the results resemble those found via numerical integration or continuation softwares, in case of 
softening non-linearity the solution breaks down as the amplitude becomes larger than the thickness. Results 
reveal that, expressing the relation between the excitation and fundamental frequency in this form, which was 
considered by many researchers as a useful tool in analyzing strong non-linear oscillators, yields in spurious 
results when the non-linearity becomes of softening type. 
 
 
Kathleen Mae Gelera and Jong Sup Park (Sangmyung University, Korea), “Elastic lateral torsional buckling 
strength of monosymmetric stepped I-beams”, KSCE Journal of Civil Engineering, Vol. 16, No. 5, July 2012, 
DOI: 10.1007/s12205-012-1255-8 



ABSTRACT: This paper reports the results of parametric analyses for the lateral torsional buckling strengths of 
singly symmetric stepped Ibeams with constant depth subjected to general loading conditions. Simply supported 
beams with varying monosymmetric ratios from 0.1 to 0.9 were analyzed using a finite element program 
ABAQUS and a regression program MINITAB. Stepped length ratios, flange width ratios and flange thickness 
ratios were taken from the geometry of real bridges. The beams were first subjected to pure bending to take 
account for the effect of steps in beams. And then ten-different loading conditions were applied to the beams to 
study the effect of varied moment along the unbraced span. Design solutions were suggested based on the 
results of the parametric analyses. The use of equations for beams with inflection point of zero and one is 
recommended for stepped beams with monosymmetric ratios between 0.1 and 0.9. In specialty, the use of new 
equation for beams with inflection point of two is recommended for doubly stepped beams with 
monosymmetric ratios between 0.1 and 0.9 and for singly stepped beams with monosymmetric ratios between 
0.1 and 0.7. 
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Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China), “On the modeling 
of a nonlinear plate and a nonlinear shell”, Intelligent Control and Automation (WCICA), 10th World Congress 
on…, 2012, DOI: 10.1109/WCICA.2012.6358131 
ABSTRACT: We consider modeling of a nonlinear thin plate and a nonlinear thin shell under the following 
assumptions: (a) the materials are nonlinear; (b) the deflections are small (linear strain displacement relations). 
For a plate with a planar middle surface, we consider the bending of the plate to establish the strain energy, the 
equilibrium equations, and the motion equations. For a shell with a curved middle surface in IR3, we derive a 
nonlinear model where a deformation in three-dimensions is concerned. 
 
 
J. H. Yang, D. L. Chen, "Nonlinear Dynamic Response of Piezoelectric Cylindrical Shell with Delamination 
under Hygrothermal Conditions", Applied Mechanics and Materials, Vols. 204-208, pp. 4698-4701, 2012 
DOI: 10.4028/www.scientific.net/AMM.204-208.4698  
ABSTRACT: On the basis of the nonlinear plate-shell and piezoelectric theory, the governing equations of 
motion for axisymmetrical piezoelectric delaminated cylindrical shell under hygrothermal conditions were 
derived. The governing equation of transverse motion was modified by contact force and thus the penetration 
between two delaminated layers could be avoided. The whole problem was resolved by using the finite 
difference method. In calculation examples, the effects of delamination length, depth and amplitude of load on 
the nonlinear dynamic response of the axisymmetrical piezoelectric delaminated shell under hygrothermal 
conditions were discussed in detail. 
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Problems, National Academy of Sciences of Ukraine, 2/10 Dm. Pozharskogo St., 61046 Kharkiv, Ukraine), 
“Dynamics of shallow shells with geometrical nonlinearity interacting with fluid”, Computers & Structures, 
Vol. 89, Nos. 5-6, March 2011, pp. 496-506, doi:10.1016/j.compstruc.2010.12.006 
ABSTRACT: The vibrations of the shallow shell with geometrical nonlinearity submerged in a fluid are 
considered. Interaction of the shell with a fluid is described by linear hypersingular integral equation, which is 
solved by the boundary element method. The vibrations of the shell are described by the nonlinear finite-
degree-of-freedom system. The vibrations are studied by the Shaw–Pierre nonlinear modes. 
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of Ukraine, Kharkov, Ukraine), “Nonlinear modes of vibrations for simply supported cylindrical shells with 
geometrical nonlinearity”, Acta Mechanica, Vol. 223, No. 2, pp 279-292, February 2012 
DOI: 10.1007/s00707-011-0556-1 
ABSTRACT: The system of three partial differential equations with respect to displacements (Donnell 
equations) is used to analyze nonlinear vibrations of a cylindrical shell. The Galerkin method is applied to every 
partial differential equation to obtain a finite-degree-of-freedom model of the shell. The system of ordinary 
differential equations with respect to the general coordinates of the radial shell displacements is derived. The 
nonlinear modes of free vibrations are calculated using the harmonic balance method. The stability analysis of 
periodic motions is performed. 
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“Non-linear vibration analysis of laminated composite plates resting on non-linear elastic foundations”, Journal 
of the Franklin Institute, Vol. 348, No. 2, March 2011, pp. 353-368, doi:10.1016/j.jfranklin.2010.12.002 
ABSTRACT: In this study, the homotopy analysis method (HAM) is used to obtain an approximate analytical 
solution for geometrically non-linear vibrations of thin laminated composite plates resting on non-linear elastic 
foundations. Geometric non-linearity is considered using von Karman’s strain–displacement relations. Then, the 
effects of the initial deflection, ply properties, aspect ratio of the plate and foundation parameters on the non-
linear free vibration is studied. Comparison between the obtained results and those available in the literature 
demonstrates the potential of HAM for the analysis of such vibration problems, whose governing differential 
equations include the quadratic and cubic non-linear terms. This study shows that only a first-order 
approximation of the HAM leads to highly accurate solutions for this type of non-linear problems. 
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“Chaotic Vibrations of Sector-Type Spherical Shells”, ASME J. Comput. Nonlinear Dynamics, Vol. 3,  No. 4, 
October 2008, pp. 041005 (17 pages), doi:10.1115/1.2908134 
ABSTRACT: In this work, chaotic vibrations of shallow sector-type spherical shells are studied. A sector-type 
shallow shell is understood as a shell defined by a sector with associated boundary conditions and obtained by 
cutting a spherical shell for a given angle thetak, or it is a sector of a shallow spherical cap associated with the 
mentioned angle. Both static stability and complex nonlinear dynamics of the mentioned mechanical objects 
subjected to transversal uniformly distributed sign-changeable load are analyzed, and the so-called vibration 
charts and scales regarding the chosen control parameters are reported. In particular, scenarios of transition 
from regular to chaotic dynamics of the mentioned shells are investigated. A novel method to control chaotic 
dynamics of the studied flexible spherical shells driven by transversal sign-changeable load via synchronized 
action of the sign-changeable antitorque is proposed and applied. All investigations are carried out within the 
fields of qualitative theory of differential equations and nonlinear dynamics. 
 
 
James G. Marshall and Amiram Moshaiov (Department of Ocean Engineering, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 02139, USA), “The buckling of delaminated rings subjected to 
hydrostatic pressure”, Composite Structures, Vol. 14, No. 3, 1990, pp. 193-211, 
doi:10.1016/0263-8223(90)90048-J 
ABSTRACT: The buckling strength of a delaminated ring subjected to hydrostatic pressure is sought. The 
problem is solved by applying a weighted residual solution technique to the equation of the second variation of 



the potential energy for the ring. The effect of the position and the size of the delamination is investigated using 
a numerical example. The buckled mode shapes are analyzed and the contact problem between the adjacent 
layers is discussed. 
 
 
Cary K. Mak and Kao Der-Wang (Department of Civil Engineering, University of Notre Dame, Notre Dame, 
Indiana, U.S.A.), “Finite element analysis of buckling and post-buckling behaviors of arches with geometric 
imperfections”, Computers & Structures, Vol. 3, No. 1, January 1973, pp. 149-161, 
doi:10.1016/0045-7949(73)90080-1 
ABSTRACT: The buckling and post-buckling behavior of arches is very sensitive to their geometric 
imperfections. The purpose of this paper is to develop a refined curved finite element that might accurately 
represent the actual geometry of arches so that the imperfection effects on their buckling behavior could be 
properly investigated. For an arch with known geometric imperfections, the element stiffness matrix is precisely 
formulated in terms of Lagrangian variables for a perfect arch from a general incremental variational principle. 
In general, the element stiffness matrix contains Lagrangian strain, first and second order incremental strain and 
imperfection terms. For any general planar imperfect arch with a variable curvature, the element stiffness matrix 
is evaluated by numerical integration; however, for a nominally circular arch, it can be represented in closed 
form. Numerical results in terms of load-deformation curves are presented for a number of circular arches with 
and without imperfections and compared with existing solutions. 
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demonstrated that buckling loads can be predicted for monocoque shells for such data.), Experimental 
Mechanics, Vol. 13, No. 9, 1972, pp. 381-388, doi: 10.1007/BF02324040 
ABSTRACT: Accurate nondestructive procedures for cylindrical-shell-stability investigations have long been a 
goal of experimentalists and practicing engineers. Stability criteria based on stress and deflection have been 
investigated intensively by researchers, but lateral-stiffness variation has been largely ignored. It is this aspect 
which is the foundation of the present work. The variation of specimen lateral stiffness with compressive axial 
loading is studied experimentally and it is demonstrated that buckling loads can be predicted for monocoque 
shells from such data. A study of the initial specimen geometry is presented and an evaluation is made of its 
effect on the distribution of stiffness at zero axial load. When the lateral test force used to determine the 
stiffness is considered as a destabilizing load in combination with the axial compression, it is shown that critical 
values of the force can be estimated by the “Southwell plot” procedure. These critical forces can be correlated 
with axial load and extrapolated to yield an accurate estimate of the buckling load. The approach greatly 
reduces the compressive load necessary for stability predictions over that required for other techniques. 
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1971, California Institute of Technology. http://resolver.caltech.edu/CaltechETD:etd-05012008-155801 
ABSTRACT: A theoretical investigation of the effect of general imperfections on the buckling of a cylindrical 
shell under axial compression was carried out. A limit point analysis was performed to determine the buckling 
loads using a simplified imperfection and displacement model consisting of one axisymmetric and two 
asymmetric components with the same circumferential wave number. The wave number dependence of 
imperfections for a class of shells obtained by the same manufacturing processes was characterized by using an 
imperfection model to fit the experimental imperfection coefficients available. Buckling load calculations were 
performed using both experimental and fitted data as imperfection coefficients. For the experimental data 
available the three-mode solution was found to have only a small additional effect with respect to the two-mode 
solution. In addition, by extrapolating imperfection coefficients for high wave numbers by means of the 
imperfection model, it was found that a strong interaction effect would exist between a low wave number 
axisymmetric mode and two classical asymmetric modes.  
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with Floating Rings”, Reseasrch memo, Grumman Aerospace Corp.,  
DTIC Accession Number: AD0743508, Bethpage, New York Research Department, May, 1972,  
Handle / proxy Url : http://handle.dtic.mil/100.2/AD743508  
ABSTRACT: A scheme for treating so-called floating rings is recommended for use in the buckling analysis of 
stiffened cylindrical shells. Critical stresses are calculated and compared to those for integral rings, for a design 
representative of the unpressurized Space Shuttle liquid hydrogen (LH2) tank. The ring rigidity required to 
prevent general instability is found to be much less than that required by the Shanley criterion, with a 
correspondingly significant weight saving. There is very little difference in total shell weight between floating 
and internal rings for equal strength designs. 
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Delft, The Netherlands), “A comparison of analytical-numerical models for nonlinear vibrations of cylindrical 
shells”, Computers & Structures, Vol. 82, pp 2647-2658, 2004 
ABSTRACT: The nonlinear flexural vibration behaviour of cylindrical shells has received considerable 
attention to date. It is pointed out that, although in a well-known reference case there seems to be a reasonable 
agreement, there are unresolved discrepancies between the results obtained by different authors. In the present 
paper, the problem is studied using various analytical–numerical models with different levels of accuracy and 
complexity. The frequency–amplitude curves from the different analysis models developed are compared both 
for isotropic shells and for an orthotropic composite shell. Secondary modes can play an important role. In more 
complicated cases modal interactions may significantly influence the nonlinear vibration behaviour, and the 
results obtained strongly depend on the analysis model chosen.  
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Delft, The Netherlands), “Dynamic Stability Problems of Anisotropic Cylindrical Shells via a Simplified 
Analysis”, Nonlinear Dynamics, Vol. 39, No. 4, 2005, pp. 349-367, doi: 10.1007/s11071-005-4343-1 
ABSTRACT: An analytical–numerical method involving a small number of generalized coordinates is 
presented for the analysis of the nonlinear vibration and dynamic stability behaviour of imperfect anisotropic 
cylindrical shells. Donnell-type governing equations are used and classical lamination theory is employed. The 
assumed deflection modes approximately satisfy lsquosimply supportedrsquo boundary conditions. The 
axisymmetric mode satisfying a relevant coupling condition with the linear, asymmetric mode is included in the 
assumed deflection function. The shell is statically loaded by axial compression, radial pressure and torsion. A 
two-mode imperfection model, consisting of an axisymmetric and an asymmetric mode, is used. The static-state 
response is assumed to be affine to the given imperfection. In order to find approximate solutions for the 
dynamic-state equations, Hamiltonrsquos principle is applied to derive a set of modal amplitude equations. The 
dynamic response is obtained via numerical time-integration of the set of nonlinear ordinary differential 
equations. The nonlinear behaviour under axial parametric excitation and the dynamic buckling under axial step 
loading of specific imperfect isotropic and anisotropic shells are simulated using this approach. Characteristic 
results are discussed. The softening behaviour of shells under parametric excitation and the decrease of the 
buckling load under step loading, as compared with the static case, are illustrated. 
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The Netherlands), “A perturbation method for nonlinear vibrations of imperfect structures: Application to 
cylindrical shell vibrations”, International Journal of Solids and Structures, Vol. 45, Nos. 3-4, February 2008, 
pp. 1124-1145, doi:10.1016/j.ijsolstr.2007.07.007 
ABSTRACT: A perturbation method is used to analyse the nonlinear vibration behaviour of imperfect general 
structures under static preloading. The method is based on a perturbation expansion for both the frequency 
parameter and the dependent variables. The effects on the linearized and nonlinear vibrations caused by 
geometric imperfections, a static fundamental state, and a nontrivial static state are included in the perturbation 
procedure. The theory is applied in the nonlinear vibration analysis of anisotropic cylindrical shells. In the 
analysis the specified boundary conditions at the shell edges can be satisfied accurately. The characteristics of 
the analysis capability are shown through examples of the vibration behaviour of specific shells. Results for 
single mode and coupled mode nonlinear vibrations of shells are presented. Parametric studies have been 
performed for a composite shell. 
 
 
Hung-Peng Li, “Investigation Of The Stability Of Metallic/Composite-Cased Solid Propellant Rocket 
Motors �Under External Pressure”,  (Dissertation for Mechanical Engineering Dept. of Virginia Polytechnic 
Institute and State University, Blacksburg, Virginia, USA), September 1998 
ABSTRACT: Solid rocket motors consist of a thin metallic or composite shell filled with a soft rubbery 
propellant. Such motors are vulnerable and prone to buckling due to sudden external pressures produced by 
nearby detonation. The stability conditions of rocket motors subjected to axisymmetric, external pressure 
loading are examined. The outer cases of motors are considered as isotropic (metallic) or anisotropic 
(composite), thin and high-strength shells, which are the main structures of interest in the stability analyses. The 



inner, low-strength elastic cores are modeled as linear and nonlinear elastic foundations. A general, refined, 
Sanders' nonlinear shell theory, which accounts for geometric nonlinearity in the form of von Karman type of 
nonlinear strain-displacement relations, is used to model thin-walled, laminated, composite cylindrical shells. 
The first order shear deformable concept is adopted in the analysis to include the transverse shear flexibility of 
composites. A Winkler-type linear and nonlinear elastic foundation is applied to model the internal foundations. 
Pasternak-foundation constants are also chosen to modify the proposed elastic foundation model for the purpose 
of shear interactions. A set of displacement-based finite element codes have been formulated to determine 
critical buckling loads and mode shapes. The effect of initial imperfections on the structural responses are also 
incorporated in the formulations. A variety of numerical examples are investigated to demonstrate the validity 
and efficiency of the proposed theory under various boundary conditions and loading cases. First, linear 
eigenvalue analysis is used to examine approximate buckling loads and buckling modes as well as symmetry 
conditions. An iterative solution procedure, either Newton-Raphson or Riks-Wempner method, is employed to 
trace the nonlinear equilibrium paths for the cases of stress, buckling and post-buckling analyses. Both ring- and 
shell-type models are applied for the structural analyses with different internal elastic foundations and initial 
imperfections.  
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PARTIAL ABSTRACT: The objective of this work is to study the local and global nonlinear vibrations of 
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Fan S. C. and Luah M. H. (School of Civil and Structural Engineering, Nanyang Technological University, 
Nanyang Avenue, Singapore, 2263), “Free vibration analysis of arbitrary thin shell structures by using spline 
finite element”, Journal of Sound and Vibration, Vol. 179, No. 5, February 1995, pp. 763-776, 
doi:10.1006/jsvi.1995.0051 
ABSTRACT: This paper presents the free vibration analysis of arbitrary thin shell structures by using a newly 
developed spline finite element. The new element has three salient features in its formulation: (i) the use of B-
spline shape functions for the interpolations of both in-plane and out-of-plane displacements of a general thin 
shell element; (ii) the use of “displacement constraints” and “parameters shifting” to construct a finite element 
model; (iii) that a proposed modified version of the Koiter’s thin shell theory is employed. The element is 



doubly curved, has nine primary nodes and eight auxiliary nodes, and has a total of 63 degrees of freedom. It is 
formulated through the conventional C1displacement approach, and is capable of modelling sharp corners, 
arbitrary shapes and multiple junctions of thin shell structures. The numerical examples discussed include 
spherical panels, cylindrical panels and shells of revolution, as well as single- and double-cell boxes. These 
examples are typical shells of negative, zero and positive Gaussian curvatures. The effects of aspect ratios, 
distorted meshes and junctions of shells on the performance of the element are studied. It is shown that the new 
spline finite element is a reliable, versatile, accurate and efficient thin shell element suitable for the analysis of 
arbitrary thin shell structures. 
 
 
Olgerts Ozolins, Karlis Dzelzitis, Edgars Eglitis (Institute of Materials and Structures, Riga Technical 
University, Kalku Str. 1, Riga LV 1658, Latvia), “Experimental evaluation of damage influence on buckling 
performance of stiffened CFRP shells”, Scientific Journal of Riga Technical University. Construction Science, 
Vol. 10, No. 10, 2009, pp. 79-92, doi: 10.2478/v10137-009-0008-y 
ABSTRACT: Delamination type failures are often observed in carbon-epoxy composites, where catastrophic 
failure is generally preceded by constituent level damage accumulation. Out-of-plane loading such as internal 
pressure in a composite fuselage or out-of-plane deformations in compression-loaded post-buckled panel may 
lead to debonding of the frame or stiffener from the panel. On other hand, numerous investigations show the 
ability of stiffened composite structures to work in the post-buckling region, which is considered unsafe in the 
conventional design procedures. Experimental evaluation of damage influence on post-buckling performance of 
stiffened shells is essential for development of safe design guidelines that would allow exploitation of these 
structures in the post-buckling region. The results of this investigation show that a damaged stiffened composite 
shell can be loaded up to 200% of skin buckling load without any propagation of delaminations. This can serve 
as the base for more extended studies on the subject, including numerical modelling and improvement of the 
existing design guidelines. 
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University, Kalku Str. 1, Riga LV 1658, Latvia), “Experimental and numerical study on buckling of axially 
compressed composite cylinders”, Construction Science, Paper number 2009-7329 
doi: 10.2478/v10137-009-0004-2 
PARTIAL INTRODUCTION: Thin shells are efficient structures that can support very high buckling loads. 



However, unlike columns and plates, shells usually have a very unstable post-buckling behaviour that strongly 
influences their buckling characteristics. Hence their buckling and post-buckling have presented scientific and 
engineering challenges for decades. [1] Axially compressed cylinder may be one of the last classical problems 
in structural mechanics for which it remains difficult to obtain close agreement between careful experiments 
and the best predictions from numerical modelling, therefore this is a subject of continuous research. Buckling 
and post-buckling of axially compressed, homogenous isotropic cylinders has been investigated since it was 
first identified in the beginning of the last century by “wrinkling” or “secondary flexure” in columns. [3] In 
practice, buckling of cylindrical shells under axial compression became important as their use in aircraft 
structures broadened as thin-walled columns and stressed-skin construction of fuselages and wings, introduced 
in the late twenties. Since then the shell buckling phenomena became the central design problem of aerospace 
structures. According to the well-known and accepted linear classical theory, the linear bifurcation buckling 
stress for a perfect isotropic cylindrical shell under ideal conditions (of medium length, with pre-buckling 
stresses by the boundary conditions and boundaries that restrain circumferential displacements during buckling) 
is… 
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ABSTRACT: Multiple delaminations are more realistic damage types in the laminated composite structures. In 
this study, buckling and postbuckling analysis was conducted for the composite laminates with multiple 
delaminations under compressive loading. In a nonlinear finite element formulation, the updated Lagrangian 
description and modified arc-length method were adopted. For a finite element modeling of composite 
laminates, the eight-node degenerated shell element was used. To avoid the overlapping between delaminated 
layers, which is a physically inadmissible buckling mode, the contact node pair was defined by use of virtual 
beam element. It employed constraints at the overlapped region in the load incremental procedure. Using this 
modeling of multiple delaminations, accurate results were obtained for the buckling and postbuckling behavior 
of composite laminates. Numerical results showed that multiple delaminations lower buckling loads and load 
carrying capacities in the postbuckling region. 
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ABSTRACT: In this study, buckling and postbuckling analysis was conducted for the composite cross-ply 
laminates with multiple delaminations under compressive loading. The geometries of multiple delaminations 
are a one-dimensional through-the-width type and a two-dimensional embedded circular type. In a nonlinear 
finite element formulation, the updated Lagrangian description and the modified arc-length method were 
adopted. For a finite element modeling of composite laminates, the eight-node degenerated shell element was 
used. To avoid overlapping between delaminated areas, the contact node pair was defined by virtual beam 
element. Numerical results showed that multiple delaminations lower buckling loads and load carrying 
capacities in the postbuckling region. The buckling load varies with the projected area of the delaminations. 
However, the geometry of multiple delaminations has an influence on the postbuckling behavior. The load 
carrying capacity differed with the distribution type due to the local reduction of bending stiffness and the 
contact behavior of the sublaminates. 
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ABSTRACT: A model is selected for the study of delamination buckling of a short laminated orthotropic tube 
under axial compression. Delamination is assumed to exist prior to loading and it spans the entire 
circumference. On the basis of total Lagrangian description and axisymmetric assumption, a nonlinear finite 
element method is formulated to examine nonlinear post-buckling behavior. Then, for treating the contact of 
delamination face caused by the effect of curvature, the nonlinear finite element program is associated with a 
quadratic programming procedure. Using the path independent J-integral defined for axisymmetric finite 
deformation, the energy release rate is calculated. The load-carrying capacity of the delaminated tube and the 
stability of delamination growth are examined in terms of the critical buckling load and the energy release rate, 
respectively. 
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ABSTRACT: Delaminations weaken a laminated beam, which then fails prematurely under in-plane 



compression. An exact buckling analysis is performed for beams with double delaminations. Novel adoption of 
two coordinates and choice of slope as the unknown function reduce the buckling equations to simple solvable 
geometric equations. Complex buckling behaviors emerge for different sizes and depths of the delaminations. 
“Free mode” and “constrained mode” of buckling are identified. Both global and local buckling occurs, 
depending upon the slenderness ratios of the delaminations. In addition, an upper bound and a lower bound of 
buckling loads are obtained by assuming totally “constrained” and totally “free” deformation for the 
delaminated beam. These bounds are easy to compute and provide useful approximations. 
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ABSTRACT: In the present paper, new nondimensionalized parameters, namely, nondimensionalized axial and 
bending stiffnesses have been introduced to study analytically the buckling behavior of two-layer beams with 
separated delaminations. Numerical analysis has been carried out by using ANSYS software to validate the 
developed analytical model. Delaminations are modeled with gap elements in ANSYS. A detailed parametric 
study has been carried out and it is found that the buckling behavior strongly depends on these new 
nondimensionalized parameters. Another nondimensionalized parameter, effective-slenderness ratio is also 
introduced and it is found to be a controlling parameter of delamination buckling mode configurations. 
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ABSTRACT: Critical buckling loads of laminated fibre-reinforced plastic square panels have been obtained 
using the finite element method. Various boundary conditions, lay-up details, fibre orientations, cut-out sizes 
are considered. A 36 degrees of freedom triangular element, based on the classical lamination theory (CLT) has 
been used for the analysis. The performance of this element is validated by comparing results with some of 
those available in literature. New results have been given for several cases of boundary conditions for [0deg./ ± 
45deg./90deg.]s laminates. The effect of fibre-orientation in the ply on the buckling loads has been investigated 
by considering [±theta]6s laminates. 
 
 
K. S. Srivatsa, B. R. Vidyashankar, A. V. Krishna Murty and K. Vijaykumar (Department of Aerospace 
Engineering, Indian Institute of Science, Bangalore-560 012, India), “Buckling of laminated plates containing 
delaminations”, Computers & Structures, Vol. 48, No. 5, September 1993, pp. 907-912, 
doi:10.1016/0045-7949(93)90512-C 
ABSTRACT: The stability behaviour of fibre reinforced plastic plates containing delaminations is studied. 
Embedded delaminations in the form of a circle or an ellipse, centrally located in [0/902/0] square plates are 
considered. A 36 degrees of freedom triangular finite element based on classical laminated plate theory is 
utilized to idealize the two sublaminates in the delaminated and the undelaminated part of the laminate. Results 
are compared with some of those available in the literature. Effects of size, shape, thickness-wise location of 
delamination and fibre orientation on the buckling load are discussed. Generally, the buckling load reduces with 
increase in delamination size and three distinct types of buckling modes are possible depending upon the 
delamination parameters. 
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is proposed for simulating the whole compressive failure responses, such as initial buckling, postbuckling, 
contact of delamination front region, delamination propagation, fiber breakage, and matrix cracking etc. An 
finite element analysis (FEA) of the residual compressive strength is conducted on the basis of the Von 
Karman's nonlinearity assumption and the first-order shear deformation plate theory, combined with a stiffness 
degradation scheme. The numerical analysis models and methods are briefly introduced in this paper and some 
numerical examples are presented to illustrate it. From numerical results and discussion, it is clear that the 
compressive failure response involves complex multi-failure modes during compressive process. The method 
and numerical conclusions provide in this paper should of great value to engineers dealing with composite 
structures. 
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ABSTRACT: This study investigates the applicability of scaled models for predicting the buckling behavior of 
delaminated composites. Such a study is important since it provides the necessary scaling laws, and the factors 
which affect the accuracy of the scale models. Employment of similitude theory to establish similarity among 
structural systems can save considerable expense and time, provided that the proper scaling laws are found and 
validated. In this study a number of parametric studies are performed. The limitations and acceptable intervals 
of all parameters and corresponding scale factors are investigated. Particular emphasis is placed on the case of 
delamination buckling of orthotropic plates. Both complete and partial similarities are discussed. This study 
indicates that models with a different delamination size, depth and number of delaminations than those of the 
prototype are capable of predicting buckling loads of the prototypes with good accuracy. 
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ABSTRACT: This study investigates buckling behaviors of laminated composite structures with a delamination 
using the enhanced assumed strain (EAS) solid element. The EAS three-dimensional finite element (FE) 
formulation described in this paper, in comparison with the conventional approaches, is more attractive not only 
because it shows better accuracy but also it converges faster, especially for distorted element shapes. The 
developed FE model is used for studying cross-ply or angle-ply laminates containing an embedded delamination 
as well as through-the-width delamination. The numerical results obtained are in good agreement with those 
reported by other investigators. In particular, new results reported in this paper are focused on the significant 
effects of the local buckling for various parameters, such as size of delamination, aspect ratio, width-to-
thickness ratio, stacking sequences, and location of delamination and multiple delaminations. 
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Stockholm, Sweden), “Buckling-induced delamination analysis of composite laminates with soft-inclusion”, 
Technical Report FOI-R—412-SE, February 2002, ISSN 1650-1942 
PARTIAL ABSTRACT: In this paper the effect of material impact damage on buckling-driven delamination 
growth in composite laminates under compression is studied using a finite element method. The initial material 
damage, e.g. fibre fracture and matrix cracking due to impact, is modeled through a so-called soft-inclusion, in 



which an area with reduced stiffness is introduced in the analysis of buckling-induced delaminateion growth 
with an ADINA-based finite element program… 
 
 
Tian-lin Wang, Wen-yong Tang and Sheng-kun Zhang (State Key Laboratory of Ocean Engineering, Shanghai 
Jiaotong University, Shanghai 200030, China), “Nonlinear dynamic buckling of damaged composite cylindrical 
shells”, Journal of Shanghai Jiaotong University, Vol. 12, No. 1, 2007 
ABSTRACT: Based on the first order shear deformation theory(FSDT), the nonlinear dynamic equations 
involving transverse shear deformation and initial geometric imperfections were obtained by Hamilton's 
philosophy. Geometric deformation of the composite cylindrical shell was treated as the initial geometric 
imperfection in the dynamic equations, which were solved by the semi-analytical method in this paper. Stiffness 
reduction was employed for the damaged sub-layer, and the equivalent stiffness matrix was obtained for the 
delaminated area. By circumferential Fourier series expansions for shell displacements and loads and by using 
Galerkin technique, the nonlinear partial differential equations were transformed to ordinary differential 
equations which were finally solved by the finite difference method. The buckling was judged from shell 
responses by B-R criteria, and critical loads were then determined. The effect of the initial geometric 
deformation on the dynamic response and buckling of composite cylindrical shell was also discussed, as well as 
the effects of concomitant delamination and sub-layer matrix damages. 
 
 
Xiao Han Lin, “Dynamic response and buckling of composite cylindrical shells”, Ph.D. dissertation, Huazhong 
University of Science and Technology, 2006 
ABSTRACT: Free vibration, nonlinear dynamic response, buckling and postbuckling, delaminarion buckling of 
composite circular cylindrical shells with stringer and ring stiffeners have been investigated theoretically, 
numerically, experimentally in this paper. The effects of the shells and stiffener parameters, delaminarion 
parameters on the stiffened composite shells are discussed. The aim is to provide appropriate analytical methods 
and theoretical basis for design of stiffened composite shells. The major work in this paper is as follows:At the 
beginning, the advances in the research of free vibration, nonlinear dynamic response under axial impact load, 
buckling and postbuckling under axial compression of the stiffened composite shells are reviewed 
comprehensively. The main comments are systematically remark on the delaminarion buckling. Research 
background and involved elementary theory of this thesis are emphatically expatiated.The second part of paper 
is about the analytical solution for the free vibration of simply supported composite circular cylindrical shells 
with stringer and ring stiffeners. Using the Love’s theory and the Rayleigh-Ritz energy method, the frequency 
equations can be deduced, which can be solved. The effects of shells and orthogonal stiffeners parameters such 
as the shell thickness-to-radius radio, the shell length-to-radius radio, the stiffener’s height, lamination angle 
and forms on the frequencies are studied. In addition, the effect of hydrostatic pressure is also discussed.The 
third part presents a simple and efficient semi-analytic method to solve the nonlinear dynamic response of 
composite circular cylindrical shells with circumferential stiffeners under axial impact load. Applying the 
discrete stiffened shells model, Based on the composite shell’s shear deformation theory, the motion equations 
of stiffened shells is deduced using Hamilton’s variation principle. The deformation of the shells and the load 
are expanded in double series. The motion equations expressed by deflection are obtained with the Galerkin 
method, and numerically solved by R-kutta approach. Examples are given for the nonlinear dynamic response 
of stiffened composite shells under axial impact. The effects of the stiffener geometric parameters, lamination 
angle, lamination forms, the numbers of lamination layers on the dynamic response of stiffened composite 
circular cylindrical shells are discussed.In the forth part, the generalized Donnell-type equations governing large 
deflection of laminated cross-ply circular cylindrical shells based on first-order shear deformation theory are 
presented. An asymptotic series solution is constructed by the perturbation technique for postbuckling behavior 
of the cylindrical shell under axial compression. The boundary layer solutions are also designed to match with 
the out-of-plane boundary conditions by singular perturbation approach, and then determined the critical 
buckling loads and postbuckling equilibrium paths. The effect s of the stiffener and shell geometric parameters, 
lamination angle, lamination forms, initial imperfection on the buckling and postbuckling behavior of the shells 
are discussed.The fifth chapter analyzed the buckling behavior of composite circular cylindrical shells with 
throughout circumference delamination by using the first first-order shear deformation theory. And establish the 



buckling model by spaning the entire circumference is divided into multiple sublaminates shell. The 
deformations are expanded in double series.The variational principle is applied to obtain the governing 
equations, boundary conditions, the continuous conditions of displacements, the equilibrium conditions of the 
force and moment. The influences of the shell geometric parameters, lamination angle, lamination forms, length 
and depth of delamination on buckling load are analyzed.The final part offered an experiment of free vibration, 
buckling and postbuckling under axial compression of composite circular cylindrical shells with or without 
delamination. The effects of lamination angle, length and range of delamination on buckling load, postbuckling 
behavior and the final damage form are discussed. The comparison between the experiment outcome and the 
numerical results indicates that those frequency results of the composite circular cylindrical shells are in good 
agreement with each other. However, the result of the crush experiment is inconsistent with the theoretical 
outcome. At last, the reasons for those discriminations are presented. 
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buckling of laminated cylindrical shells with axial shallow groove based on a semi-analytical method”, Journal 
of Shanghai University (English Edition), Vol. 11, No. 3, 2007, pp. 223-228, doi: 10.1007/s11741-007-0306-1 
ABSTRACT: The effect of axial shallow groove on the nonlinear dynamic response and buckling of laminated 
cylindrical shells subjected to radial compression loading was investigated. Based on the first-order shear 
deformation theory (FSDT), the nonlinear dynamic equations involving the transverse shear deformation and 
initial geometric imperfections were derived with the Hamilton philosophy. The axial shallow groove of the 
laminated composite cylindrical shell was treated as the initial geometric imperfections in the dynamic 
equations. A semi-analytical method of expanding displacements and loads along the circumferential direction 
and employing the finite difference method along the axial direction and in the time domain is used to solve the 
governing equations and obtain the dynamic response of the laminated shell. The B-R criterion was employed 
to determine the critical loads of dynamic buckling of the shell. The effects of the parameters of the shallow 
groove on the dynamic response and buckling were discussed in this paper and the results show that the axial 
shallow grooves greatly affect the dynamic response and buckling. 
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Tolerance Characteristics of Composite Fuselage Sandwich Structures With Thick Facesheets”, NASA 
Technical Memorandum 110303, February 1997 
ABSTRACT: Damage tolerance characteristics and results from experimental and analytical studies of a 
composite fuselage keel sandwich structure subjected to low-speed impact damage and discrete-source damage 
are presented. The test specimens are constructed from graphite-epoxy skins bonded to a honeycomb core, and 
they are representative of a highly loaded fuselage keel structure. Results of compression-after-impact (CAI) 
and notch-length sensitivity studies of 5-in.-wide by 10-in-long specimens are presented. A correlation between 
low-speed-impact dent depth, the associated damage area, and residual strength for different impact-energy 
levels is described; and a comparison of the strength for undamaged and damaged specimens with different 
notch-length-to-specimen-width ratios is presented. Surface strains in the facesheets of the undamaged 
specimens as well as surface strains that illustrate the load redistribution around the notch sites in the notched 
specimens are presented and compared with results from finite element analyses. Reductions in strength of as 
much as 53.1 percent for the impacted specimens and 64.7 percent for the notched specimens are observed. 
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ABSTRACT: The sandwich composites fuselages appear to be a promising choice for the future aircrafts 
because of their structural efficiency and functional integration advantages. However, the design of sandwich 
composites is more complex than other structures because of many involved variables. In this paper, the 
fuselage is designed as a sandwich composites cylinder, and its structural optimization using the finite element 
method (FEM) is outlined to obtain the minimum weight. The constraints include structural stability and the 
composites failure criteria. In order to get a verification baseline for the FEM analysis, the stability of sandwich 
structures is studied and the optimal design is performed based on the analytical formulae. Then, the predicted 
buckling loads and the optimization results obtained from a FEM model are compared with that from the 



analytical formulas, and a good agreement is achieved. A detailed parametric optimal design for the sandwich 
composites cylinder is conducted. The optimization method used here includes two steps: the minimization of 
the layer thickness followed by tailoring of the fiber orientation. The factors comprise layer number, fiber 
orientation, core thickness, frame dimension and spacing. Results show that the two-step optimization is an 
effective method for the sandwich composites and the foam sandwich cylinder with core thickness of 5 mm and 
frame pitch of 0.5 m exhibits the minimum weight. 
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Germany), “Efficient prediction of damage resistance and tolerance of composite aerospace structures”, 
Proceedings of the Institution of Mechanical Engineers, Part G: Journal of Aerospace Engineering, Vol. 222, 
No. 2, 2008, pp. 179-188, doi: 10.1243/09544100JAERO278 
ABSTRACT: The present work introduces efficient methodologies based on the finite-element method for a 
quick evaluation of damage resistance and damage tolerance of composite aerospace structures. Monolithic, 
stringer-stiffened structures, and sandwich structures are considered. The presented methodologies cover the 
simulation of the dynamic response of a structure during a low velocity impact event including the prediction of 
the internal non-visible or barely visible damage that develops during the impact. Additionally, methods for the 
prediction of the compression-after-impact strength are presented. In order to permit an accurate and efficient 
calculation of deformations and stresses in sandwich structures, special finite-element formulations have been 
developed. A comparison of simulation results with experimental data is presented for a two-stringer monolithic 
panel and for a honeycomb sandwich plate. The examples demonstrate that the presented methodologies can be 
used to quickly assess the damage tolerance of composite structures. 
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doi: 10.1007/s11071-006-0751-0 
ABSTRACT: An analysis of the buckling and post-buckling of a delaminated composite strut is presented using 
a simple 4 degree of freedom nonlinear Rayleigh–Ritz formulation. Bifurcation analysis indicates that 
instability occurs in general at an asymmetric point of bifurcation. Depending on the depth of delamination both 
thin-film and overall buckling can occur in the post-buckling range, the transition being seen at a point of 
secondary bifurcation. For certain combinations of parameters this becomes a stellar bifurcation, associated 
with a double eigenvalue, where there are three possible subsequent routes for the post-buckling. The method 
used is fast and reliable and can be readily extended to modelling a composite with several layers. 
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ABSTRACT from the “Also see” 1998 paper: The lectures present the background to coupled instabilities, as 
phenomenon, types, classification, etc. The author gives the main aspects of this theory in the light of the well-
known catastrophe theory and the companion theories of dissipative and synergetical systems. The principle of 
domination, determination and perturbation are presented and the symmetry test is used to determine the terms 
of potential energy. Three types of interaction between the coupled instability parameters are developed. Simple 
mechanical models are used for explaining or understanding the different types of coupled instabilities: Augusti, 
Luongo-Pignataro, Thompson-Gaspar, Budiansky-Hutchinson and Hunt-Burgan-Gioncu models, are the 
archetypes for these types. 
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“Nonlinear strain gradient elastic thin shallow shells”, European Journal of Mechanics – A/Solids 30, pp 286–
292, 2011, DOI: 10.1016/j.euromechsol.2010.12.011 
ABSTRACT: The governing equilibrium equations for strain gradient elastic thin shallow shells are derived, 
considering non-linear strains and linear constitutive strain gradient elastic relations. Adopting Kirchhoff’s 
theory of thin shallow structures, the equilibrium equations, along with the boundary conditions, are formulated 
through a variational procedure. It turns out that new terms are introduced, indicating the importance of the 
cross-section area in bending of thin plates. Those terms are missing from the existing strain gradient shallow 
thin shell theories. Those terms highly increase the stiffness of the structures. When the curvature of the shallow 
shell becomes zero, the governing equilibrium for the plates are derived.  
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Fabian Rojas Barrales, “Development of a nonlinear quadrilateral layered membrane element with drilling 
degrees of freedom and a nonlinear quadrilateral thin flat layered shell element for the modeling of reinforced 
concrete walls”, Ph.D. dissertation, Civil Engineering, University of Southern California, August 2012 
ABSTRACT: The primary thrusts of this dissertation are to develop and test a new quadrilateral layered 
membrane element with drilling degrees of freedom (DOF) and a quadrilateral thin flat layered shell element for 
the nonlinear analysis of reinforced concrete walls. The drilling degrees of freedom refers to the incorporation 
of the in-plane rotation as a degree of freedom at each node of the element. The membrane element consists of a 
quadrilateral element with a total of 12 DOF, 3 per node, 2 displacements and 1 in-plane rotation, and uses a 
blended field interpolation for the displacements over the element. This formulation is an extension of the one 
developed by Xia et al. [151] in 2009. The shell element is created by the combination of the membrane 
element developed in this dissertation and a Discrete Kirchhoff Quadrilateral Element (DKQ, 12 DOF), 
formulated by Batoz and Tahar [11] 1982, to model the out of plane bending behavior of the element. The 
modeling of the section of the membrane and the shell element consists of a layered system of fully bonded, 
smeared steel reinforcement and smeared orthotropic concrete material with the rotating angle formulation. The 
layered section for the shell includes the coupling membrane and bending effects. These elements are 
implemented on a finite element framework using the object oriented programing language under MATLAB 
[62]. The framework or MATLAB toolbox for Finite Elements developed for this dissertation allows to 
incorporate, develop and test new elements, materials, sections and analysis algorithms in a easy and quick 
manner. The proposed elements are evaluated using experimental results that are available in the literature. It is 
shown that the new elements are in excellent agreement with the experimental results for the different load 
configuration, monotonic and cyclic loading, and they are able to predict the failure modes for the different wall 
configurations analyzed in this dissertation.  
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ABSTRACT: In this paper, we study the temperature’s effect on a plate under global tensile stress. For this aim, 
the Fourier double scale method is used in order to develop a macroscopic model that is a generalized 
continuum. This model couples local and global instabilities in wrinkling phenomena. The advantage of this 
technique is to remain valid away from the bifurcation point while former techniques such as Landau-Ginzburg 
theory are valid only close to the bifurcation point. Due to its efficiency, this method is extended to plate 
structures. A finite element formulation of the plate model is made. The model developed was implemented 
using MATLAB code and a validation test has been conducted, comparing to ABAQUS simulation.  
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ABSTRACT: Effects of axial forces on beam lateral buckling strength are investigated here in the case of 
elements with mono-symmetric cross sections. A unique compact closed-form is established for the interaction 
of lateral buckling moment with axial forces. This new equation is derived from a non-linear stability model. It 
includes first order bending distribution, load height level and effect of mono-symmetry terms (Wagner’s 
coefficient and shear point position). Compared to the so-called three-factors (C1–C3) formula commonly 
employed in beam lateral buckling stability, another factor C4 is added in presence of axial loads. Pre-buckling 
deflection effects are considered in the study and the case of doubly-symmetric cross sections is easily 
recovered. The proposed solutions are validated and compared to finite element simulations where 3D beam 
elements including warping are used. The agreement of the proposed solutions with bifurcations observed on 
the non-linear equilibrium paths is good. Dimensionless interaction curves are dressed for the beam lateral 
buckling strength and the applied axial load, where the flexural-torsional buckling axial force is a taken as 
reference.  
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Mario M. Attard (School of Civil and Environmental Engineering, University of New South Wales, Sydney, 
Australia), “Global buckling experiments on sandwich columns with soft shear cores”, Electronic Journal of 
Structural Engineering, Vol. 11, No. 1, 2011 
ABSTRACT: Several failure modes for sandwich columns under compression are said to be possible with shear 
crimping or shear buckling suggested for short columns with soft shear cores. The buckling formulas and 
theoretical assumptions of Engesser and Haringx for isotropic columns and soft shear core sandwich columns 
are reviewed. An important distinction is made between the isotropic column buckling formula attributed to 
Haringx and the theoretical assumptions underpinning his approach. It is shown that the theoretical approaches 
of Haringx and Engesser yield the same basic buckling equation for soft shear core sandwich columns when the 
thickness is very small in comparison to the core thickness, and the shear in the face sheets, the axial force in 
the core and the bending within the face sheets are ignored. To determine whether shear crimping (shear 
buckling) is a member or localised type of buckle, tests on low slenderness - short sandwich columns identified 
as possibly exhibiting shear crimping, were performed. The test specimens were constructed from 10 mm thick 
Divinycell H45, H80, H100 and H200 foam for the core and 1 mm face sheets made of Aluminum 2024-T3. 
The lengths of the columns varied from 20 to 500 mm. The columns were end-clamped according to ASTM C 
364-99 [1] and placed in a servo-controlled compression testing machine. The width of the specimens was 100 
mm and two specimens at each length were tested. The adhesive chosen was a toughened epoxy, trade name 
“Devcon Epoxy Plus". Measurements of the mid-span lateral displacement were used in a Southwell type plot 
to determine the elastic global buckling load. The shear modulus of the core was determined from three point 
bending tests according to ASTM-C-393 [2]. Some of the very short specimens failed with buckling of the face 
sheet within the clamped region. None of the tests exhibited shear crimpling or shear buckling modes and the 
global buckling loads for very short columns were much higher than the shear buckling limit of Engesser. 
Wrinkling failure was not considered.  
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“In-plane nonlinear buckling of circular arches including shear deformations”, Archive of Applied Mechanics, 
Vol. 84, No. 12, pp 1841-1860, December 2014 
ABSTRACT: A numerical strategy is presented to trace the pre-buckling as well as the post-buckling nonlinear 
equilibrium paths for elastic circular arches in which the effects of shear deformations and the geometric 
nonlinearity due to large deformations are taken into account. Timoshenko beam hypothesis is adopted for 
incorporating shear. The constitutive relations including shear effects for stress and finite strain are based on a 
hyperelastic constitutive model. The finite strain equilibrium equations are developed for the circular arches. 
Based on the derived transformed equilibrium equations and the boundary conditions, the nonlinear buckling 
behaviour of circular arches is investigated using the trapezoid method with Richardson extrapolation 
enhancement. The results are validated using available experimental results in the literature, the finite element 
package ANSYS and other solutions in the literature. Parametric studies are performed on examples to identify 
the factors that influence the nonlinear buckling of circular arches. The shear deformation effects on the 
nonlinear buckling behaviour and the buckling mode are investigated for circular arches under many different 
loading conditions and various boundary conditions. 
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“A dynamic contact buckling analysis by the penalty finite element method”, International Journal for 
Numerical Methods in Engineering, Vol. 29, No. 4, March 1990, pp. 755–774. doi: 10.1002/nme.1620290406 
ABSTRACT: The present paper deals with the application of the finite element method to dynamic contact 
buckling problems. The penalty function method is applied to incorporate the contact conditions in the equation 
of motion and a trial-and-error method is employed to obtain the converged contact state. Numerical examples 
are analysed to show the effectiveness and the validity of the method, and it is applied to a dynamic buckling 
problem involving contact phenomena. 
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Solids and Structures, Vol. 30, No. 8, 1993, pp. 1075-1092, doi:10.1016/0020-7683(93)90004-Q 
ABSTRACT: The creep buckling of viscoelastic structures is investigated analytically and experimentally. The 
theory of linear viscoelasticity is used to model polymeric column specimens subjected to constant compressive 
end loads. The growth of initial imperfections is calculated using the hereditary integral formulation. Solution 
techniques are developed for small displacements and also generalized to include the effects of non-linear 
kinematics. It turns out that the kinematically linear model represents the deformation process closely and 
conservatively ; material non-linearities are not dominant since maximum strains of the order of only 2% are 
encountered. The analyses are exact with respect to (non-linear) kinematics and linearly viscoelastic material 
representation. A failure criterion based on maximum deformation allows the column life to be determined from 
the material relaxation modulus if the initial imperfections are known. A discussion on the possible 
generalization of the results to include plates and shells is presented. Results of creep buckling experiments 
performed on PMMA specimens at elevated temperatures (accelerating the creep behavior) are reported. The 
relaxation modulus of PMMA is represented by a Prony-Dirichlet series and the model is used to simulate the 
laboratory experiments. Model and experimental results are compared and discussed especially with respect to 
uncontrollable material behavior. 
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“Static and dynamic buckling of large thin shells: Design procedure, computation tools, physical understanding 
of the mechanisms”, Nuclear Engineering and Design, Vol. 92, No. 3, April 1986, pp. 339-354, 
doi:10.1016/0029-5493(86)90130-5 
ABSTRACT: During the last ten years, the French Research Institute for Nuclear Energy (Commissariat à 
l'Energie Atomique) achieved many theoretical as well as experimental studies for designing the first large size 
pool type fast breeder reactor. Many of the sensitive parts of this reactor are thin shells subjected to high 
temperatures and loads. Special care has been given to buckling, because it often governs design. Most of the 
thin shells structures of the French breeder reactor are axisymmetric. However, imperfections have to be 
accounted for. In order to keep the advantage of an axisymmetric analysis (low computational costs), a special 
element has been implemented and used with considerable success in the recent years. This element (COMU) is 
described in the first chapter, its main features are: 
1. either non axisymmetric imperfection or non axisymmetric load, 
2. large displacement, 
3. non linear material behaviour, 
4. computational costs about ten times cheaper than the equivalent three dimensional analysis. 
This paper based on a careful comparison between experimental and computational results, obtained with the 
COMU element, will analyse three problems: 
1. First: design procedure against buckling of thin shells structures subjected to primary loads. 
2. Second: static post buckling. 
3. Third: buckling under seismic loads. 
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ABSTRACT: A cylindrical shell with a shape defect is studied. A one DOF modelling is derived. Its nonlinear 
behaviour is investigated by using both harmonic balance method and normal form theory. Stability domains 
are computed according to 2 parameters related to the frequency and the amplitude of the external forcing. 
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Vol. 17, No. 6, 1998, pp. 1021-1036, doi:10.1016/S0997-7538(98)90507-1 
ABSTRACT: In this paper, a simplified method is proposed for the prediction of creep buckling. This 
simplified approach relies upon a model which yields an analytical evaluation of creep buckling times for 
cylinders under external pressure. This model is fully developed herein, and a ‘closed-form’ solution is given 
for the evaluation of the critical creep collapse time. The collapse mechanism is assumed to be due to the 
formation of a plastic hinge which induces an unstable post-buckling of the ring. The analytical ‘closed-form’ 
creep collapse time is then compared to finite element buckling predictions using the quasi-axisymmetric 
COMU shell element in the INCA code of the CASTEM system. The model is then applied to four different 
cylinders under external pressure and compared to finite element predictions; the cylinders' radius-to-thickness 
ratio varies between 50 and 550. It is shown that the proposed model performs well for this type of prediction: 
in all cases, the times to failure predicted by the model are lower than the finite element predictions. These 
predictions prove to be rather conservative for thicker cylinders. It is shown that creep buckling is a very 
dangerous failure mode. If the shape of the structure is observed as a function of time, nothing seems to happen 
during a very long ‘incubation’ period; when the initial imperfection reaches some critical value, buckling then 
suddenly occurs. This phenomenon is shown by the two methods of evaluation presented herein. 
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Part 2: Experimental verification”, European Journal of Mechanics - A/Solids, Vol. 18, No. 6, November 1999, 
pp. 1045-1059, doi:10.1016/S0997-7538(99)00149-7 
ABSTRACT: In this paper, the simplified method, proposed in (Combescure, 1998), for the prediction of creep 
buckling is compared to experimental results. The model is applied to predict the buckling time of two sets of 
experiments on cylinders subjected to uniform external pressure. It is shown that the proposed model is 
satisfactory for this type of prediction: in all cases, the times up to failure predicted by the model are generally 
lower than the experimental failure times. The model is rather conservative for thicker cylinders. However, it 
appears that a very detailed geometrical imperfection survey would be necessary if a highly accurate 
assessement of the creep failure time were sought. It has been observed experimentally that creep buckling is a 
very dangerous failure mode: nothing seems to happen during a very long “incubation” period but, when the 
initial imperfection reaches some critical value, buckling then suddenly occurs. For thin cylinders, the level of 
creep strain at which the instability starts to develop is much lower than the strain at which the tertiary creep 
initiates; the instability is thus clearly generated from the interaction between the material and the geometrical 
nonlinearity. 
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limits of "shell" models and analytical solutions”, Advanced Modeling and Simulation in Engineering Sciences, 
Vol 1, No. 2, 2014, doi:10.1186/2213-7467-1-2  http://www.amses-journal.com/content/1/1/2  
ABSTRACT: The objective of this paper is to answer the question: "Can a 'shell' model always be used to 
predict the elastic buckling of a shell?" This paper shows that such a model leads to significantly overestimated 
critical loads in the case of sandwich shells and gives an explanation for this overestimation. A dependable 
model is proposed and applied to a few structures of revolution, for which it is shown that shell analyses are 
sometimes overly on the unsafe side. Of course, in such cases, 3D analysis is possible, but the associated 
computation cost is several orders of magnitude higher than that of the Fourier series analysis proposed in this 
paper. 
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Alain Combescure and Jean-Francois Jullien, “ASTER Shell: a simple concept to significantly increase the 
plastic buckling strength of short cylinders subjected to combined external pressure and axial compression”, 
Advanced Modeling and Simulation in Engineering Sciences 2015, 2:26, DOI: 10.1186/s40323-015-0047-3 
ABSTRACT: This paper proposes a new type of shell, similar to a cylindrical shell, which has significantly higher 
buckling strength when subjected to an arbitrary combination of uniform external pressure and axial 
compression. The underlying principle consists in a slight modification of the perfect cylinder in order to 
counteract the natural deformations which get larger and larger and lead to the collapse of the structure. Such 
shells are called ASTER shells. The concept has been validated through experiments, then analyzed numerically 
in order to explain what was observed and to propose avenues for improvements. The shells were made of 
electrodeposited nickel. The material was characterized. The chosen specimens were carefully measured to 
characterize their thickness and initial imperfections, then tested under the various types of loading. Then they 
were analyzed using finite elements. Thus, we were able to compare the finite element predictions with the 
experimental results. This comparison shows that plasticity has a decisive influence on the critical load and that 
linear elastic dimensioning leads to a serious overestimation of the experimental critical load. Contrary to 
perfect cylindrical shells, this type of shell is not significantly affected by geometric imperfections: this is 
another advantage of this type of design. Finally, we propose a numerical analysis in order to optimize the 



choice of the shape and propose shapes which resist buckling much better than a smooth cylinder when 
subjected to uniform external pressure, axial compression or a combination of both. 
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S.P. Damodaran, P. Chellapandi, S.C. Chetal and S.B. Bhoje (Indira Gandhi Centre for Atomic Research, 
Kalpakkam, India), “Experimental validation of CASTEM code for buckling problems”, Transactions of the 
13th International Conference on Structural Mechanics in Reactor Technology (SMiRT 13), Escola de 
Engenheria – Universidade Federal do Rio Grande do Sul, Porto Alegre, Brazil, August 13-18, 1995 
ABSTRACT: For validating the buckling analysis capability of CASTEM code, which is used for the buckling 
design of Prototype Fast Breeder Reactor (PFBR) vessels, a few experiments have been carried out at Indira 
Gandhi Centre for Atomic Research (IGCAR) in Kalpakkam. Experiments were conducted on aluminum 
cylindrical shells under axial compression and stainless steel cylindrical shells under external pressure and 
transvere shear loading. This paper presents the results of experimental and associated theoretical buckling 
studies performed using the code INCA. 
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Hakozaki, Higashi-ku, Fukuoka, 812, Japan), “Creep buckling analysis of circular cylindrical shell under both 
axial compression and internal or external pressure”, Computers & Structures, Vol. 28, No. 4, 1988, pp. 437-
441, doi:10.1016/0045-7949(88)90017-X 
ABSTRACT: This paper deals with the creep buckling of a circular cylindrical shell subjected to both axial 
compression and internal or external pressure. The finite element method is applied to a creep deformation 
analysis to obtain the critical time when the creep buckling occurs. Two types of creep buckling are considered 



in the present analysis. One is the axisymmetric mode of creep buckling due to the quasi-static instability. The 
other is the asymmetric mode of creep buckling due to the bifurcation. The effects of internal or external 
pressure on the creep buckling are clarified by the present analysis. 
 
 
N. Miyazaki, S. Hagihara and T. Munakata (Department of Chemical Engineering, Kyushu University, 6-10-1 
Hakozaki, Higashi-ku, Fukuoka 812, Japan), “Bifurcation creep buckling analysis of circular cylindrical shell 
under axial compression”, International Journal of Pressure Vessels and Piping, Vol. 52, No. 1, 1992, pp. 1-10, 
doi:10.1016/0045-7949(88)90017-X 
ABSTRACT: This paper deals with the creep buckling of a circular cylindrical shell subjected to both axial 
compression and internal or external pressure. The finite element method is applied to a creep deformation 
analysis to obtain the critical time when the creep buckling occurs. Two types of creep buckling are considered 
in the present analysis. One is the axisymmetric mode of creep buckling due to the quasi-static instability. The 
other is the asymmetric mode of creep buckling due to the bifurcation. The effects of internal or external 
pressure on the creep buckling are clarified by the present analysis. 
 
 
Reaz A. Chaudhuri (Department of Civil Engineering, University of Utah, Salt Lake City. Utah 84112, U.S.A.), 
“An equilibrium method for prediction of transverse shear stresses in a thick laminated plate”, Computers & 
Structures, Vol. 23, No. 2, 1986, pp. 139-146, doi:10.1016/0045-7949(86)90208-7 
ABSTRACT: First two equations of equilibrium are utilized to compute the transverse shear stress variation 
through thickness of a thick laminated plate after in-plane stresses have been computed using an assumed 
quadratic displacement triangular element based on transverse inextensibility and layerwise constant shear angle 
theory (LCST). Centroid of the triangle is the point of exceptional accuracy for transverse shear stresses. 
Numerical results indicate close agreement with elasticity theory. An interesting comparison between the 
present theory and that based on assumed stress hybrid finite element approach suggests that the latter does not 
satisfy the condition of free normal traction at the edge. Comparison with numerical results obtained by using 
constant shear angle theory suggests that LCST is close to the elasticity solution while the CST is closer to 
classical (CLT) solution. It is also demonstrated that the reduced integration gives faster convergence when the 
present theory is applied to a thin plate. 
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“An approximate method for prediction of transverse shear stresses in a laminated shell”, International Journal 
of Solids and Structures, Vol. 23, No. 8, 1987, pp. 1145-1161, doi:10.1016/0020-7683(87)90052-7 
ABSTRACT: A method has been presented wherein the surface-parallel stresses in a laminated shell are first 
computed using standard finite element formulation and then approximate transverse shear stress variation 
through the shell thickness is obtained utilizing the first two (stress) equations of equilibrium and divergence 
theorem. Numerical results have been presented for both homogeneous isotropic and laminated anisotropic 
cylindrical shells using the Cartesian-like Riemann coordinate approximation and compared to the 
corresponding analytical solutions. 
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“On the prediction of interlaminar shear stresses in a thick laminated general shell”, International Journal of 
Solids and Structures, Vol. 26, Nos. 5-6, 1990, pp. 499-510, doi:10.1016/0020-7683(90)90024-P 
ABSTRACT: A post-processing semi-analytical approach, for prediction of the interlaminar shear stress 
distribution through the thickness of an arbitrarily laminated general shell, is presented. The starting point of the 
approach is an assumed displacement finite element analysis, based on the assumptions of transverse 
inextensibility and layerwise constant shear-angle theory (LCST). First, the problem is posed in the context of 
Taylor series expansions of the interlaminar shear stresses in terms of the thickness coordinate, dictated by the 



LCST assumption and the shell curvature. An “exact” (in the context of the problem thus posed) and three 
progressively approximate semi-analytical methods for prediction of interlaminar shear stresses are then 
presented. The throughthickness distribution of interlaminar shear stresses in an arbitrarily laminated thick plate 
can be obtained as a special case of the present solution. Numerical results are presented for two-layer thin and 
thick tubes with simply-supported edges, using the Cartesian-like local Riemann coordinate (CLRC) 
approximation and are compared to the corresponding analytical solutions, based on the classical lamination 
theory (CLT). Results for thin laminated tubes prove the accuracy of the present approach, while hitherto 
unavailable results for a thick laminated tube are expected to serve as baseline solutions for future comparisons. 
 
 
Reaz A. Chaudhuri and Humayun R. H. Kabir (Department of Civil Engineering, University of Utah, Salt Lake 
City, UT 84112, U.S.A.), “A boundary-continuous-displacement based fourier analysis of laminated doubly-
curved panels using classical shallow shell theories”, International Journal of Engineering Science, Vol. 30, 
No.11, November 1992, pp. 1647-1664, doi:10.1016/0020-7225(92)90133-2 
ABSTRACT: Hitherto unavailable analytical solutions to the boundary-value problems of static response and 
free vibration of an arbitrarily laminated doubly-curved panel of rectangular planform are presented. Four 
classical shallow shell theories (namely, Donnell, Sanders, Reissner and modified Sanders) have been utilized 
in the formulation, which generates a system of one fourth-order and two third-order partial differential 
equations with constant coefficients. A novel double Fourier series approach has been developed to solve this 
system of three partial differential equations with the SS2-type simply supported boundary conditions 
prescribed at all four edges. The accuracy of the solutions is ascertained by studying the convergence 
characteristics of the lowest two natural frequencies, deflections and moments of angle-ply panels, and also by 
comparison with the available FSDT-based analytical and CLT-based Galerkin solutions. Also presented are 
comparisons of deflections and moments of antisymmetric angle-ply cylindrical panels, computed using the 
four classical shallow shell theories considered. Comparisons with the available FSDT (first-order shear 
deformation theory)-based analytical solutions are presented for the purpose of establishing the upper limit 
(with respect to the thickness-to-length ratio) of validity of the present CLT (classical lamination theory)-based 
solutions for angle-ply panels. Also studied is the highly complex interaction of bending-stretching type 
coupling effect with the effects of transverse shear deformation, rotatory inertias, inplane inertias, and 
membrane action due to shell curvature. Other important numerical results presented include variation of the 
response quantities of interest with geometric and material parameters, such as radius-to-length ratio, length-to-
thickness ratio and angle of fiber orientation. 
 
 
H.R.H. Kabir and R.A. Chaudhuri (Department of Civil Engineering, University of Utah, Salt Lake City, UT 
84112, U.S.A.), “A direct fourier approach for the analysis of thin finite-dimensional cylindrical panels”, 
Computers & Structures, Vol. 46, No. 2, January 1993, pp. 279-287, doi:10.1016/0045-7949(93)90192-G 
ABSTRACT: A hitherto unavailable Fourier series solution to the boundary-value problem of thin cylindrical 
panels of rectangular planform, subjected to transverse loads, is presented. Sanders' kinematic relations (for 
classical shell theory) are utilized in the formulation, which generates one fourth-order (in terms of the 
transverse displacement component) and two second-order (in terms of the surface-parallel displacement 
components) partial differential equations with constant coefficients. A boundary-discontinuous double Fourier 
series approach is used to solve the system of three partial differential equations with the SS2-type simply-
supported boundary conditions prescribed at all four edges. The final algebraic equations are expressed in terms 
of the boundary Fourier coefficients, which substantially reduce the size of the matrix, that is inverted using a 
digital computer. The accuracy of the series solution is ascertained by studying the convergence characteristics, 
and also by comparison with finite element solutions. Other important numerical results presented include 
variation of displacement and moment with the radius-to-thickness, length-to-thickness and length-to-width 
ratios. Also presented are variations of displacement and moment along the center line of the cylindrical panels. 
These numerical results contribute to our understanding of the complex deformation behavior of finite 
cylindrically curved panels—especially the influence of the boundary discontinuities on the computed 
displacements and stresses. 
 



 
Reaz A. Chaudhuri (Department of Materials Science & Engineering, University of Utah, Salt Lake City, Utah), 
“Localization, delocalization, and compression fracture in moderately thick transversely isotropic bilinear rings 
under external pressure”, ASME Journal of Engineering Materials and Technology, Vol. 128, No. 4, pp 603-
610, July 2006 
ABSTRACT: A fully nonlinear finite element analysis for prediction of localization⁄delocalization and 
compression fracture of moderately thick imperfect transversely isotropic rings, under applied hydrostatic 
pressure, is presented. The combined effects of modal imperfections, transverse shear⁄normal deformation, 
geometric nonlinearity, and bilinear elastic (a special case of hypoelastic) material property on the emergence of 
interlaminar shear crippling type instability modes are investigated in detail. An analogy to a soliton (slightly 
disturbed integrable Hamiltonian system) helps understanding the localization (onset of deformation softening) 
and delocalization (onset of deformation hardening) phenomena leading to the compression damage⁄fracture at 
the propagation pressure. The primary accomplishment is the (hitherto unavailable) computation of the mode II 
fracture toughness (stress intensity factor⁄energy release rate) and shear damage⁄crack bandwidth, under 
compression, from a nonlinear finite element analysis, using Maxwell’s construction and Griffith’s energy 
balance approach. Additionally, the shear crippling angle is determined using an analysis, pertaining to the 
elastic plane strain inextensional deformation of the compressed ring. Finally, the present investigation bridges 
a gap of three or more orders of magnitude between the macro-mechanics (in the scale of mms and up) and 
micro-mechanics (in the scale of microns) by taking into account the effects of material and geometric 
nonlinearities and combining them with the concepts of phase transition via Maxwell construction and Griffith-
Irwin fracture mechanics. 
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“On boundary value problems of moderately thick shallow cylindrical panels with arbitrary laminations”, 
Composite Structures, Vol. 34, No. 2, February 1996, pp. 169-184, doi:10.1016/0263-8223(95)00141-7 
ABSTRACT: An analytical (strong form) solution to the boundary value problem of moderately thick shallow 
cylindrical panels, with arbitrary laminations is presented. A double Fourier series approach is used to solve five 
second-order highly coupled partial differential equations that arise from the shallow shell formulation based on 
popular Donnell-Mushtari-Vlasov shell theory, and the first-order shear deformation-based through-thickness 
theory. An admissible boundary condition is considered to obtain numerical results that constitute the study of 
convergence of displacements, and moments; and spatial variations of them presented in the form of contour 
plotting for various parametric effects. These, hitherto unavailable, analytically obtained numerical results 
should serve as base-line solutions for future comparisons of popular approximate methods such as finite 
element, finite difference, Galerkin approach, Rayleigh-Ritz method, collocation method, least-squares method, 
and experimental results, for the case of arbitrary laminations. 
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“Thermal buckling response of all-edge clamped rectangular plates with symmetric angle-ply lamination”, 
Composite Structures, Vol. 79, No. 1, June 2007, pp. 148-155, doi:10.1016/j.compstruct.2005.11.059 
ABSTRACT: An analytical solution to thermal buckling response of moderately thick symmetric angle-ply 
laminated, all-edge clamped rectangular plates subjected to a uniformly distributed temperature load is 
presented. A boundary continuous solution methodology based on double Fourier series functions that satisfy 
the rigidly clamped boundary conditions is assumed. The through-thickness formulation of the plate considers 
transverse shear deformation effects by employing the first order shear deformation theory (FSDT) based on 
Reissner and Mindlin hypothesis that result in three highly coupled partial differential equations. The numerical 
results are presented for various parametric effects such as length-to-thickness ratio, plate aspect ratio and 
major-to-minor modulus of elasticity ratio. The results of the analytical method are compared with the results 
obtained using finite element method. The numerical results that are presented should serve as a benchmark for 



future comparisons of such popular approximate methods as finite element, finite difference, Rayleigh–Ritz, 
Galerkin approach, collocation, or experimental methods. 
 
 
Reaz A. Chaudhuri and Humayun R.H. Kabir (Department of Civil Engineering, University of Utah, Salt Lake 
City, UT 84112, Utah, USA), “Static and dynamic Fourier analysis of finite cross-ply doubly curved panels 
using classical shallow shell theories”, Composite Structures, Vol. 28, No. 1, 1994, pp. 73-91, 
doi:10.1016/0263-8223(94)90007-8 
ABSTRACT: Analytical solutions to the boundary-value problems of static response under transverse load and 
free vibration of a general cross-ply doubly curved panel of rectangular planform are presented. Four classical 
shallow shell theories (namely, Donnell, Sanders, Reissner and modified Sanders) are used in the formulation, 
which generates a system of one fourth-order and two second-order (in terms of the transverse displacement) 
partial differential equations with constant coefficients. A recently developed boundary-discontinuous double 
Fourier series approach is used to solve this system of three partial differential equations with the SS2-type 
simply supported boundary conditions prescribed at all four edges. The accuracy of the solutions is ascertained 
by studying the convergence characteristics of deflections, moments and natural frequencies of cross-ply panels, 
and also by comparison with the available analytical solutions. Also presented are comparisons of numerical 
results predicted by the four classical shallow shell theories considered for cross-ply panels over a wide range of 
geometric and material parameters. Comparisons with the available FSDT (first-order shear deformation 
theory)-based analytical solutions are presented for the purpose of establishing the upper limit (with respect to 
the thickness-to-length ratio) of validity of the present CLT (classical lamination theory)-based solutions for 
both symmetric and antisymmetric cross-ply panels. Other important numerical results presented include 
variation of displacements, moments and the two lowest natural frequencies with the shell geometric 
parameters, such as radius-to-length ratio. 
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“On propagation of shear crippling (kinkband) instability in a long imperfect laminated composite cylindrical 
shell under external pressure”, International Journal of Solids and Structures, Vol. 34, No. 26, September 1997, 
pp. 3455-3486, doi:10.1016/S0020-7683(96)00084-4 
ABSTRACT: A fully nonlinear analysis for prediction of shear crippling (kinkband) type propagating 
instability in long thick laminated composite cylindrical shells is presented. The primary accomplishment of the 
present investigation is prediction of equilibrium paths, which are often unstable, in the presence of interlaminar 
shear deformation, and which usually deviate from the classical lamination theory (CLT)-based equilibrium 
paths, representing global or structural level stability. A nonlinear finite element methodology, based on a three-
dimensional hypothesis, known as layerwise linear displacement distribution theory (LLDT) and the total 
Lagrangian formulation, is developed to predict the aforementioned instability behavior of long laminated thick 
cylindrical shell type structures and evaluate failure modes when radial/hydrostatic compressive loads are 
applied. The most important computational feature is the successful implementation of an incremental 
displacement control scheme beyond the limit point to compute the unstable postbuckling path. A long (plane 
strain) thick laminated composite [90/0/90] imperfect cylinder is investigated with the objective of analytically 
studying its premature compressive failure behavior. Thickness effect (i.e. interlaminar shear/normal 
deformation) is clearly responsible for causing the appearance of limit point on the postbuckling equilibrium 
path, thus lowering the load carrying capability of the long composite cylinder, and localizing the failure 
pattern, which is associated with spontaneous breaking of the periodicity of classical or modal buckling 
patterns. In analogy to the phase transition phenomena, Maxwell construction is employed to (a) correct the 
unphysical negative slope of the computed equilibrium paths encountered in the case of thicker cylinders 
modeled by the finite elements methods that fall to include micro-structural defects, such as fiber waviness or 
misalignments, and (b) to compute the propagating pressure responsible for interlaminar shear crippling or 
kinkband type propagating instability. This type of instability triggered by the combined effect of interlaminar 
shear/normal deformation and geometric imperfections, such as fiber misalignment, appears to be one of the 



dominant compressive failure modes for moderately thick and thick cylinders with radiusto-thickness ratio 
below the corresponding critical value. A three-dimensional theory, such as the LLDT, is essential for capturing 
the interlaminar shear crippling type propagating instability. 
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“Influence of localized imperfection on the instability of isotropic/cross-ply cylindrical shells/rings under 
external pressure”, Composite Structures, Vol. 67, No. 1, January 2005, pp. 57-70, 
doi:10.1016/j.compstruct.2004.01.003 
ABSTRACT: Compressive response of two extreme cases of cylindrical shell type structures weakened by the 
presence of localized imperfections is investigated. These two extreme cases are (i) thin metallic cylindrical 
shells, which are characterized by the absence of transverse shear deformation, and (ii) thick laminated 
advanced fiber reinforced composite rings (very long cylindrical shells), whose response is dominated by the 
interlaminar or transverse (primarily shear) deformation. A fully nonlinear finite element analysis, that employs 
a cylindrically curved 16-node layer-element, and is based on the assumption of layerwise linear displacements 
distribution through thickness (LLDT) or linear displacements distribution through thickness (LDT), is utilized 
in the analysis of afore-mentioned cross-ply ring or thin homogeneous isotropic cylindrical shell, respectively. 
Hitherto unavailable numerical results pertaining to the two cases are also presented. 
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“Effect of lamination sequence on the localization and shear crippling instability in thick imperfect cross-ply 
rings under external pressure”, Composite Structures, Vol. 80, No. 4, October 2007, pp. 504-513, 
doi:10.1016/j.compstruct.2006.07.011 
ABSTRACT: Effect of lamination sequence on the compressive response of a thick plane strain cross-ply ring 
(very long cylindrical shell) weakened by the presence of a modal imperfection is investigated. A fully 
nonlinear finite element analysis, that employs a cylindrically curved 16-node layer-element, and is based on 
the assumption of layer-wise linear displacements distribution through thickness (LLDT), is utilized in the 
analysis of the afore-mentioned cross-ply ring. Hitherto unavailable numerical results pertaining to the influence 
of lamination sequence on the localization of buckling patterns and the ensuing shear crippling instability are 
also presented. 
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“Effect of thickness on buckling of perfect cross-ply rings under external pressure”, Composite Structures, 
Vol.81, No. 4, December 2007, pp. 525-532, doi:10.1016/j.compstruct.2006.09.015 
ABSTRACT: Effect of thickness on the buckling of a perfect thick plane strain cross-ply ring (very long 
cylindrical shell) is investigated. A linearized version of a fully nonlinear finite element analysis, that employs a 
cylindrically curved 16-node layer-element, and is based on the assumption of layer-wise linear displacements 
distribution through thickness (LLDT), is utilized for computation of hydrostatic buckling pressure of the afore-
mentioned cross-ply ring. Numerical results pertaining to the effect of thickness (interlaminar shear/normal 
deformation) on the hydrostatic buckling pressure of cross-ply rings and comparison with their classical 
lamination theory (CLT) counterparts are also presented. 
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“Influence of localized imperfection and surface-parallel shear modulus nonlinearity on the instability of a thin 
cross-ply cylindrical shell under external pressure”, Composite Structures, Vol. 82, No. 2, January 2008, 
pp.235-244, doi:10.1016/j.compstruct.2007.01.004 
ABSTRACT: Compressive response of a thin cross-ply cylindrical shell of finite length and weakened by the 
presence of a localized imperfection is investigated. A von Karman type nonlinear finite element analysis that 
employs a cylindrically curved 16-node layer-element, and is based on the assumption of layer-wise linear 
displacements distribution through thickness (LLDT), is utilized in the analysis of afore-mentioned cross-ply 
thin cylindrical shell. Numerical results pertaining to the appearance of a limit or localization point on the 
equilibrium path due to the combined effect of local imperfection and surface-parallel (intra-laminar) shear 
modulus nonlinearity of the fiber reinforced lamina material are also presented. 
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304, University of Utah, Salt Lake City, UT 84112-0560, United States), “Effects of fiber misalignment and 
transverse shear modulus on localization and shear crippling instability in thick imperfect cross-ply rings under 
external pressure”, Composite Structures, Vol. 82, No. 4, February 2008, pp. 587-599, 
doi:10.1016/j.compstruct.2007.02.006 
ABSTRACT: The effect of transverse shear modulus on the compressive response of a thick plane strain cross-
ply ring (very long cylindrical shell) weakened by the presence of a modal imperfection is investigated. The 
present study is primarily motivated to obtain the hitherto unavailable results pertaining to the effect of reduced 
transverse shear modulus, G, of a lamina weakened by the presence of randomly distributed fiber 
misalignments. A simple expression for the reduced transverse shear modulus, G, of a layer material is derived 
in terms of the average fiber misalignment angle. A fully nonlinear finite element analysis, that employs a 
cylindrically curved 16-node layer-element and is based on the assumption of layer-wise linear displacement 
distribution through thickness (LLDT), is utilized in the analysis of the afore-mentioned cross-ply ring. The 
interaction of a micro-structural defect in the form of initial fiber misalignments with its macro-structural 
counterpart represented by a modal imperfection is a key to understanding this meso-structural level 
phenomenon. Hitherto unavailable numerical results pertaining to the influence of this effect on the localization 
of buckling patterns and the ensuing shear crippling instability are also presented. 
 
 
Reaz A. Chaudhuri (1), K. Balaraman (2) and Vincent X. Kunukkasseril (2) 
(1) Department of Materials Science and Engineering, University of Utah, Salt Lake City, UT 84112-0560, 
United States 
(2) Department of Aerospace Engineering, Indian Institute of Technology, Chennai 600036, India 
“Admissible boundary conditions and solutions to internally pressurized thin arbitrarily laminated cylindrical 
shell boundary-value problems”, Composite Structures, Vol. 86, No. 4, December 2008, pp. 385-400, 
doi:10.1016/j.compstruct.2007.12.008 
ABSTRACT: Admissible boundary conditions are derived for an arbitrarily laminated internally pressurized 
cylindrical shell of finite length, under the framework of Donnell’s, Love–Timoshenko’s and Sanders’ 
kinematic relations, and the CLT (based on Love’s first approximation theory). Closed-form solutions for the 
same cylindrical shell are presented for Love–Timoshenko’s theory, with two sets of asymmetrically placed 
prescribed boundary conditions. As the first example, internally pressurized thin hybrid general (asymmetric) 
four-layer cylindrical shells with RS2-C4 boundary conditions, made of glass and carbon fiber reinforced 
composite layers, are numerically investigated. In the second example, the numerical results for two-layer 
asymmetrically laminated cylindrical shells, with RS2-SS1 boundary conditions, are compared with those, 
computed using triangular finite elements based on the layer-wise constant shear-angle theory (LCST), in order 
to evaluate the limit of applicability of the CLT. 
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“Postbuckling behavior of symmetrically laminated thin shallow circular arches”, Composite Structures, 
Vol.87, No. 1, January 2009, pp. 101-108, doi:10.1016/j.compstruct.2008.01.005 
ABSTRACT: The large deflection behavior of a symmetrically laminated thin shallow circular arch subjected to 
a central concentrated load is studied using the Rayleigh–Ritz finite element method. The shape functions used 
in the finite element method maintain C1-continuity of the radial displacement (deflection) and C0-continuity of 
the tangential displacement, respectively. The nonlinear algebraic equations of equilibrium are solved to a high 
degree of accuracy using Taylor’s expansion technique in conjunction with the Newton–Raphson method. 
Nonlinear stability analysis provides accurate solutions for the symmetric and antisymmetric buckling of both 
pin-ended and fixed shallow arches. The stability of the symmetric deformation path is investigated for both 
pinned and fixed arches, and a detailed analysis is carried out at the point of bifurcation onto an asymmetric 
deformation path for a pinned symmetrically laminated shallow arch. The slope of this post-buckled path is also 
computed, and is shown to be accurate for deformations well beyond the point of bifurcation. 
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“Effects of thickness and transverse shear modulus nonlinearity on the post-‘yield’ and post-localization 
response of an externally pressurized imperfect cross-ply ring”, Composite Structures, Vol. 88, No. 1, March 
2009, pp. 83-96, doi:10.1016/j.compstruct.2008.02.016 
ABSTRACT: The present investigation is concerned with the prediction of localization (onset of deformation 
softening) and post-localization and post-“yield” equilibrium paths for moderately thick and thick cross-ply 
[90/0/90] imperfect plane strain rings. These paths are often unstable in the presence of modal imperfections 
and material nonlinearity, and are considered to “bifurcate” from the primary equilibrium paths, representing 
periodic buckling patterns pertaining to global or structural level stability. The fully nonlinear finite element 
analysis, based on the total Lagrangian formulation, employs a three-dimensional theory, known as layer-wise 
linear displacement distribution theory (LLDT), to capture the three-dimensional interlaminar (especially, 
shear) deformation behavior, associated with the localized interlaminar shear-crippling failure. The combined 
effects of modal imperfections, interlaminar shear/normal deformation and nonlinear (hypo-elastic) material 
property for the transverse shear modulus, GTT, on the localization and delocalization (deformation hardening) 
phenomena are thoroughly investigated, and physically meaningful conclusions are drawn from these numerical 
results. 
 
 
M. Farshad and G. Ahmadi (School of Engineering, Pahlavi University, Shiraz, Iran), “Influence of loading 
behaviour on the stability of cylindrical shells”, Journal of Sound and Vibration, Vol. 62, No. 4, February 1979, 
pp. 533-540, doi:10.1016/0022-460X(79)90461-9 
ABSTRACT: In order to investigate the influence of motion-dependency of loading on the form of stability 
equations of circular cylindrical shells, certain types of deformation-dependent forces are characterized. The 
stability equations of rings and columns acted upon by motion-dependent (and possibly non-conservative) 
forces are obtained as special cases. Some new aspects of ring instability such as tension-induced modes of 
instability and rigid body modes are also studied. 
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“Energy release rate of postbuckled laminates with a through-width delamination”, Journal of Mechanical 
Science and Technology, Vol. 7, No. 2, 1993, pp. 127-132, doi: 10.1007/BF02954362 
ABSTRACT: The strain energy release rate is calculated for buckled one-dimensional delamination (through-
width delamination) in composite laminates subjected to in-plane compression. A crack closure method based 
on plate finite elements is used in this analysis. For some laminates containing a one-dimensional delamination 
in cylindrical bending, closed form solutions are available. The present finite element solutions show excellent 
agreement with the analytical solutions. The strain energy release rate for various types of laminates is also 
calculated using the present finite element method. The results show that the strain energy release rate strongly 
depends on the type of laminate. 
 
 
B. P. Naganarayana and S. N. Atluri (Computational Modeling Center, Georgia Institute of Technology, Atlanta 
GA 30331), “Energy-release-rate evaluation for delamination growth prediction in a multi-plate model of a 
laminate composite”, Computational Mechanics, Vol. 15, No. 5, 1995, pp. 443-459, DOI: 10.1007/BF00350357 
ABSTRACT: In this paper, numerical methods for the evaluation of the energy-release-rate along a 
delamination periphery under conditions of local buckling of the delaminate, as well as global buckling of the 
entire laminate, are presented. A multi-plate model, using independent Reissner-Mindlin plate models for each 
of the delaminated and undelaminated plies, with Reissner-Mindlin constraints for relating the degrees of 
freedom of the delaminated plates to those of the undelaminated plate at the crack front, is used to model the 
laminate with embedded delaminations. Explicit expressions, in terms of finite element nodal or Gauss-point 
variables, are derived for the pointwise energy release rate in terms of the J-integral and the Equivalent Domain 
Integral in the context of a typical multi-plate model for characterising the delamination growth. A finite 
element method with a 3-noded quasi-conforming shell element, and an automated post-buckling solution 
capability, is used for conducting the numerical analyses in this paper. Using these numerical results, 
mechanisms of multiple buckling modes and their effect on the propagation of embedded delaminations in 
plates, are studied. 
 
 
D.S. Pipkins and S.N. Atluri (Knowledge Systems, Inc.), “BUCKDEL v 0.9 Users and Theory Manuals: 
Buckling and Delamination Analysis of Stiffened Laminated Plates”, Final Report, September 1995, April 
1996, WL-TR-97-3045, April 1996, 
DTIC Accession Number: ADA327865, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA327865 
ABSTRACT: BUCKDEL, performs geometrically nonlinear analysis of stiffened laminated composite plates 
with and without delaminations. BUCKDEL allows the user to perform: a linear static solution; a linear 
buckling (eigenvalue) analysis; and a nonlinear post-buckling analysis through both limit and bifurcation points. 
There are two finite elements in BUCKDEL; a quasi-conforming triangular laminated plate element based on a 
refined first order shear theory with seven degrees of freedom per node and a fiber reinforced beam element 
with seven degrees of freedom per node. The behavior of all materials is assumed to be linearly elastic. The 
multi-domain modeling method is used for the analysis of laminated plates containing delaminations. In this 
model, the delaminate, base and the undelaminate are modeled as 3 distinct. On the delamination front, 
Mindlin's deformation assumption is applied to obtain the relationship between the displacements in the 
delaminate, base and undelaminate. 
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“Elastic buckling analysis of laminated composite plates with through-the-width delamination using EAS solid 
element”, KSCE Journal of Civil Engineering, Vol. 10, No. 6, November 2006, pp. 17-30,  
doi: 10.1007/BF02823368 
ABSTRACT: Delamination reduces an elastic buckling load of the laminated composite structures and lead to 
global structural failure at loads below the design level. Therefore, the problem of the delamination buckling of 



laminated composite structures has generated significant research interest and has been the subject of many 
theoretical and experimental investigations. However, questions still remain regarding a complete 
understanding and details of the phenomena involved. In this paper an efficient finite element model is 
presented for analyzing the elastic buckling behavior of laminated composite plates with through-the-width 
delamination using a solid element based on a three-dimensional theory. The solid finite element, named by 
EAS-SOLID8, is based on an enhanced assumed strain method. The study for elastic buckling behavior of 
laminated composite plates with through-the-width delaminations are focused on various parameters, such as 
size of delamination, support condition, aspect ratio, width-to-thickness ratio, stacking sequences, and location 
of delamination and multiple delaminations. 
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delaminations on compressive buckling behaviors of composite panels”, Journal of Composite Materials, Vol. 
27, No. 12, pp 1172-1192, December 1993, DOI: 10.1177/002199839302701202 
ABSTRACT: Compressive buckling stability of composite panels with through-width, equally spaced multiple 
delaminations are investigated analytically and experimentally. An analytical method is formulated on the basis 
of Rayleigh-Ritz approximation tech nique. Timoshenko type shear effects are included. An experiment and a 
finite element analysis are also conducted on the present model. The analytical results agree very well with the 
experimental and finite element results. The buckling load, which is the com pressive strength of the panel in 
the case of the present model, reduces significantly due to the existence of multiple delaminations. The 
mechanism causing the significant loss of the compressive buckling load due to the delaminations is well 
explained. 
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free edge delamination on buckling of rectangular composite plates with two fixed loading and one simply-
supported side edges”, Advanced Composite Materials, Vol. 5, No. 3, pp 185-200, 1996,  
DOI: 10.1163/156855196X00239 
ABSTRACT: An experimental and analytical investigation is conducted on the compressive buckling behavior 
of an orthotropic plate with a free edge delamination. The plate is a simplified model of stiffener plates. In the 
present paper two loading edges are fixed and a side edge is simply-supported. The delamination locates at the 
free edge over the whole length. A Rayleigh-Ritz approximation method is adopted in the analysis. A 
constrained point is used to allow contacts between the two delaminated surfaces. At this point, relative 
displacement and two relative slopes are constrained through imaginary springs. The buckling load of the 
geometrically admissible buckling mode is obtained by an ordinary eigenvalue analysis. The analytical results 
are compared with the experiment and the results agree well. The effects of the width and the location of the 
delamination on the buckling behavior are studied analytically for the plates with various aspect ratios. Low 
local delamination buckling can occur at very low load when the delamination locates near the surface and its 
size is relatively large compared with that of the plate. The constrained point is shown to be effective for the 
buckling analysis of the delaminated plates.  
 
 
Toshio Nagashima and Hiroshi Suemasu (Department of Engineering and Applied Sciences, Faculty of Science 
and Technology, Sophia University, 7-1 Kioicho, Chiyoda-ku, Tokyo 102-8554, Japan), “X-FEM analyses of a 
thin-walled composite shell structure with a delamination”, Computers & Structures, Vol. 88, Nos. 9-10, May 
2010, pp. 549-557, doi:10.1016/j.compstruc.2010.01.008 
ABSTRACT: The extended finite element method is applied to stress analyses of composite laminates modeled 
by shell elements. In the proposed method, a thin-walled structure containing an interface is modeled by shell 
elements, and the nodes on the interface are enriched in order to model the delamination. The X-FEM code for 
thin-walled structures based on the proposed method is developed and is applied to buckling analyses of Carbon 
Fiber-Reinforced Plastic laminate with delaminations. The proposed X-FEM for shell elements was shown to 
provide appropriate results, which agree well with those obtained by the X-FEM for solid elements and 
conventional FEM analyses. 
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“Delamination growth in long composite tubes under external pressure”, International Journal of Fracture, 
Vol.108, No. 1, 2001, pp. 1-23, doi: 10.1023/A:1007514920510 
ABSTRACT: Delamination growth is a phenomenon known to reduce the integrity of laminated composite 
structural elements and may lead to premature failures. In the present study, state of the art procedures of 
delamination growth analysis are overviewed. The energy release rate calculation is formulated for composite 
delaminated tubular cross sections and specialized to a finite element model for delamination buckling and 
growth analysis of long laminated composite tubes taking into account initial geometric imperfections, large 
deformations, contact between delamination faces and material degradation. It is, then, used to study the 
potential of delamination growth in a hybrid composite tube. Parametric studies are conducted to assess the 
effects of delamination length, location and geometric imperfection on growth. 
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“ Collapse of Composite Rings Due to Delamination Buckling Under External Pressure”, ASCE J. Eng. Mech., 
Vol. 128, No. 11, pp 1174–1181, November 2002 
ABSTRACT: The collapse of cylindrical shells under external pressure is known to be controlled by global 
elastic buckling, material failure, or a combination thereof. In the case of composites, delamination is another 
factor affecting the stiffness and stability of the structural component. Thin inner delaminated layers are 
expected to locally buckle inwards, under hoop compression, reducing the effective thickness of the ring wall. 
This may lead to a premature collapse of composite rings. The problem is numerically treated and 
parametrically studied. A Fourier series-based finite-element model is formulated for delaminated composite 
tubular cross sections. A special “chord length” procedure is developed to enable the convergence of the local 
buckling solution in quasi-static nonlinear analysis. Parametric studies are conducted to assess the influence of 
delamination length, depth, location, out-of-roundness imperfection, and ring layup on the pressure levels at 
delamination buckling and collapse.  
 
 
J. Shi, M. Robitaille, S. Muftu and K.-T. Wan, “Deformation of a convex hydrogel shell by parallel plate and 
central compression”, Experimental Mechanics, Vol. 52, No. 5, pp 539-549, June 2012 
DOI: 10.1007/s11340-011-9514-z 
ABSTRACT: To characterize the materials parameters and deformation of a convex shell of axial symmetry, a 
hydrogel contact lens is mechanically deformed by two loading configurations: (a) compression between two 
parallel plates and (b) central load applied by a shaft with a spherical tip. A universal testing machine with 
nano-Newton and submicron resolutions is used to measure the applied force, F, as a function of vertical 
displacement of the plate/shaft, w0, while a homemade laser aided topography system records the in-situ 
deformed shell profile and the contact radius or central dimple, a. A nonlinear shell theory and an iterative finite 
difference method are used to account for the large elastic deformation, the central buckling for the central load 
compression, and the interrelationship between the measureable quantities (F, w0, a). 
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Iakovos Lavassas, George Nikolaidis, Padelis Zervas and Charalampos C. Baniotopoulos (Institute of Metal 
Structures, Dept. of Civil Engineering, Aristotle Universit of Thessaloniki, Greece), “Design of large scale wind 
turbine towers in seismic areas”, (publisher and date not given) 
ABSTRACT: In the present paper, the design of the prototype of large tubular steel wind turbine tower in 
earthquake areas is presented. For the simulation of the tower’s structural response, two computational models 
have been developed, a linear model and an overall Finite Element model in which all the details of the 
structure are included (flange connections, door opening, foundation, anchoring details). The tower has been 
designed for plastic and buckling limit states, for wind loading and for seismic loading as well, using both 
calculation models according to the provisions of the relevant Eurocodes. A geometric, material and boundary 
condition non linear analysis (including global and local shell imperfections) of the tower is performed for the 
wind loading. In addition, a buckling analysis to the perfect shell, and a limit load analysis to both perfect and 
imperfect shells has been carried out for the whole structure. Finally, the three methods proposed by the 
Eurocodes for the local buckling design of the shell have been compared. Concerning the design against 
earthquake, an eigenvalue analysis along with a response spectrum analysis has been performed according to 
the Eurocode 8 specifications. The behavior of the tower for earthquake loading is compared to the 
corresponding for wind loading one regarding both computational models. 
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(2) Department of Mechanical Engineering, École Polytechnique de Montréal, Université de Montréal, C.P. 
6079, Succ. Centreville, Montréal, Québec, Canada, H3C 3A7 
“General Equations of Anisotropic Plates and Shells Including Transverse Shear Deformations, Rotary Inertia 
and Initial Curvature Effects”, Journal of Sound and Vibration, Vol. 237, No. 4, November 2000, pp. 561-615, 
doi:10.1006/jsvi.2000.3073 
ABSTRACT: The present work deals with a generalization of geometrically linear shear deformation theory for 
multilayered anisotropic shells of general shape. No assumptions are made other than to neglect the transverse 
normal strain. The results, which include the effects of shear deformations and rotary inertia as well as initial 
curvature (included in the stress resultants and assumed transverse shear stresses) are deduced by application of 
the virtual work principle, with displacements and transverse shear as independent variables. These equations 
are applied to different shell geometries, such as revolution, cylindrical, spherical and conical shells as well as 
rectangular and circular plates. 
 
 
M. H. Toorani (Institute for Aerospace Research, National Research Council Canada, Montreal Road, Ottawa, 
Ont., Canada K1A 0R6), “Dynamics of the geometrically non-linear analysis of anisotropic laminated 
cylindrical shells”, International Journal of Non-Linear Mechanics, Vol. 38, No. 9, November 2003, pp. 1315-
1335, doi:10.1016/S0020-7462(02)00073-2 
ABSTRACT: A general approach, based on shearable shell theory, to predict the influence of geometric non-
linearities on the natural frequencies of an elastic anisotropic laminated cylindrical shell incorporating large 
displacements and rotations is presented in this paper. The effects of shear deformations and rotary inertia are 
taken into account in the equations of motion. The hybrid finite element approach and shearable shell theory are 
used to determine the shape function matrix. The analytical solution is divided into two parts. In part one, the 
displacement functions are obtained by the exact solution of the equilibrium equations of a cylindrical shell 
based on shearable shell theory instead of the usually used and more arbitrary interpolating polynomials. The 
mass and linear stiffness matrices are derived by exact analytical integration. In part two, the modal coefficients 
are obtained, using Green's exact strain–displacement relations, for these displacement functions. The second- 
and third-order non-linear stiffness matrices are then calculated by precise analytical integration and 
superimposed on the linear part of equations to establish the non-linear modal equations. Comparison with 
available results is satisfactorily good. 
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“Large amplitude vibrations of anisotropic cylindrical shells”, Computers & Structures, Vol. 82, Nos. 23-26, 
September-October 2004, pp. 2015-2025, Special Issue: Computational Structures Technology, 
doi:10.1016/j.compstruc.2003.07.007 
ABSTRACT: A semi-analytical method is developed in conjunction with shearable shell theory and modal 
expansion approach to predict the influence of geometrical non-linearities on free vibrations of anisotropic 
laminated cylindrical shells. Shear deformation and rotary inertia effects are taken into account in the equations 
of motion. The hybrid method developed in this theory is a combination of classical finite element approach, 
shearable shell theory and modal coefficient procedure. The displacement functions are obtained by the exact 
solution of the equilibrium equations of anisotropic cylindrical shells and thereafter, the mass and linear 
stiffness matrices are derived by exact analytical integration. Green exact strain–displacement relations are used 
to obtain the modal coefficients for these displacement functions. The second- and third-order non-linear 
stiffness matrices are then calculated by precise analytical integration and superimposed on the linear part of 
equations to establish the non-linear modal equations. The linear and non-linear natural frequency variations are 
determined as a function of shell parameters for different cases. The comparison shows that the numerical 
analysis is of good reliability on the prediction of the experimental results. 



 
 
Magsud A. Najafov (Azerbaijan State Pedagogical University, Baku, Azerbaijan), “Aeroelastic vibrations and 
stability of a conical shell streamlined by gas flow with high supersonic speed”, Transactions of NAS of 
Azerbaijan, May 2006, pp 195-202 
ABSTRACT: Many papers have been devoted to the panel flutter of shells [1-4], it is used the piston theory 
formula for pressure of the aerodynamical interactions between the flow and a shell. Inadequacy of such an 
approach is discussed in papers [5-7]; results of these studies were used in [8-9] for new statements of problems 
on the flutter of conical shells. In the proposed work, in elaborations of results of [6], it is considered a problem 
on the truncated conical shell flutter, it is adduced data on evaluative computations and comparison them with 
analogous ones, obtained by the piston theory.  
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Dong Ku Shin (Agency for Defense Development, Yusung, P.O. Box 35, Taejon, Korea 305-600), “Large 
amplitude free vibration behavior of doubly curved shallow open shells with simply-supported edges”, 
Computers & Structures, Vol. 62, No. 1, January 1997, pp. 35-49, doi:10.1016/S0045-7949(96)00215-5 
ABSTRACT: Large amplitude vibration behavior of symmetrically laminated moderately thick doubly curved 
shallow open shells with simply-supported sides is investigated. The von Karman type nonlinear strains are 
incorporated into the first-order shear deformation theory. By applying a Galerkin approximation, five 
governing equations of motion are reduced to a single nonlinear time differential equation which involves the 
quadratic and cubic nonlinearities. The nonlinear equation is solved by the fourth-order Runge-Kutta time 
integration scheme. The validity of the present approach is established by comparing the results obtained by the 
present study with those available in the literature. The effects of curvature, vibration amplitude, degree of 
orthotropy, aspect ratio and inplane edge support conditions on the nonlinear vibration characteristics of 
isotropic, orthotropic and laminated anisotropic open shells are examined. 
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“Postbuckling behavior of rectangular stiffened plates considering buckled pattern change”, KSCE Journal of 



Civil Engineering, Vol. 3, No. 4, pp 319-330, December 1999 
ABSTRACT: The postbuckling behavior of rectangular isotropic stiffened plates under inplane compressive 
load is investigated considering the phenomenon of buckled pattern change in the postbuckling load range. The 
finite deformation strains in the von Karman sense are incorporated in the geometrical nonlinear postbuckling 
analysis. The inplane and out-of-plane displacements are assumed as truncated Fourier series. The principle of 
minimum potential energy is applied. The total potential energy includes the strain energy due to bending and 
membrane action of plate, torsion of stiffeners, and the work done by external compressive force. The plates are 
assumed to be simply supported along the loaded sides and elastically restrained against rotation by longitudinal 
stiffeners along the unloaded sides. In numerical examples, the postbuckling load end-shortening curves and 
effective width curves are presented for the rectangular stiffened plates with various aspect ratios, torsional 
rigidities of stiffeners and inplane boundary conditions along unloaded sides. 
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“Coupled stability analysis of thin-walled composite beams with closed cross-section”, Thin-Walled Structures, 
Vol. 48, No. 8, August 2010, pp. 581-596, doi:10.1016/j.tws.2010.03.006 
ABSTRACT: For the coupled stability analysis of thin-walled composite beam with closed cross-section 
subjected to various forces such as eccentric constant axial force, end moments, and linearly varying axial force, 
the efficient numerical method to evaluate the element stiffness matrix is newly presented based on the 
homogeneous form of simultaneous ordinary differential equations. The general bifurcation type of buckling 
theory for thin-walled composite box beam is developed based on the energy functional corresponding to 
semitangential rotations and semitangential moments. The coupled stability equations including variable 
coefficients and the force–displacement relationships are derived from the energy principle and explicit 
expressions for displacement functions are presented based on power series expansions of displacement 
components. The element stiffness matrix is evaluated by applying member force–displacement relationships to 



these displacement functions. In addition, the finite element model based on the cubic Hermitian interpolation 
polynomial is presented. In order to verify the accuracy and validity of this study, numerical solutions are 
presented and compared with the finite element solutions using the Hermitian beam elements and the available 
results from other researchers. Particularly, the influence of the eccentricity and the force ratio of axial forces, 
the fiber orientation, and the boundary conditions on the buckling behavior of composite box beam are 
parametrically investigated. Also the emphasis is given in showing the phenomenon of buckling mode change. 
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“Geometrical nonlinear analysis of composite cylindrical shell panels subjected to impact”, Finite Elements in 
Analysis and Design, Vol. 15, No. 2, December 1993, pp. 135-149, doi:10.1016/0168-874X(93)90061-T 
ABSTRACT: Dynamic responses of composite cylindrical shell panels under initial in-plabe stress and 
impacted by a rigid ball are analyzed by the finite element method using nonlinear shell theory based on 
Donnell's shell theory with von-Karman's large deflection assumptions. The contact force is characterized by 
modified indentation laws which account for the effect of curvatures of the composite cylindrical shell and 
impactor. Dynamic transient responses including deflections, stresses, strains and contact forces are presented 
and compared with those obtained by linear analysis. In addition, effects of curvature and initial stress in the 
shells on the impact responses are investigated and discussed. 
 
 
S. E. Rutgerson and W. J. Bottega (Department of Mechanical and Aerospace Engineering, Rutgers University, 
98 Brett Road, Piscataway, NJ 08854-8058, USA), “Thermo-elastic buckling of layered shell segments”, 
International Journal of Solids and Structures, Vol. 39, No. 19, September 2002, pp. 4867-4887, 
doi:10.1016/S0020-7683(02)00415-8 
ABSTRACT: The buckling behavior of multilayer shells is studied for composite structures subjected to 
combinations of uniform temperature change, applied external pressure, and applied and reactive 
circumferential edge loads. A stability criterion is established for the class of structures of interest and a 
transverse loading parameter is identified. Critical parameters are identified, and closed form analytical 
solutions are obtained for the associated non-linear problems. Numerical simulations, based on these solutions, 
are performed and the stability criterion is applied, revealing characteristic behavior of the structures of interest. 
Such behavior includes “sling-shot” buckling, whereby the structure slings from deflections in one direction to 
deflections in the opposite sense, in an unstable manner, at critical temperatures. The influence of external 
pressure on the critical temperature change of thermally loaded composite structures is elucidated, as is the 
influence of temperature change on the buckling behavior of pressure loaded multilayer shells. 
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98 Brett Road, Piscataway, NJ 08854-8058, USA), “Pre-Limit-Point buckling of multilayer cylindrical panels 
under pressure, AIAA Journal, Vol. 42, No. 6 (2004), pp. 1272-1275. 
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08854-8058, USA), “Sling-shot buckling of composite structures under thermo-mechanical loading”, 
International Journal of Mechanical Sciences, Vol. 48, No. 5, May 2006, pp. 568-578, 
doi:10.1016/j.ijmecsci.2005.12.001 
ABSTRACT: An overview, unification and review of the mathematical models, stability criteria and critical 
parameters for two types of structures, patched plates and layered shells, subjected to uniform temperature 
change are presented. Results of numerical simulations based on analytical solutions are presented and critical 
behavior is reviewed and compared. In each case, a transverse loading parameter is seen to force the system. 
For both types of structure, the loading parameter is dependent on both the temperature and the membrane 



force, and a critical membrane force and critical temperature are identified. When the corresponding critical 
temperature is achieved, both types of structures considered are seen to exhibit sling-shot buckling, an 
instability in which the structure dynamically slings from equilibrium configurations associated with deflections 
in one direction to those associated with deflections in the opposite sense. Conclusions are drawn and 
explanations are given as to the physical reasons for this phenomenon 
 
 
P.M. Carabetta and W.J. Bottega (Dept. of Mechanical and Aerospace Engineering, Rutgers Universtiy, 
Piscataway, New Jersey), “On the Interaction of Thermally Induced Buckling and Debond Propagation in 
Patched Structures”, Journal of Applied Mechanics, Vol. 79, No. 6, 061012 (10 pages),DOI: 10.1115/1.4006493 
ABSTRACT: The coupling of edge debonding and thermal buckling of patched beam-plates possessing initial 
edge detachment is examined for the case when the structure is subjected to a uniform temperature change. The 
geometrically nonlinear analytical model employed is that established by the authors in a prior work. The 
problem is recast in a mixed formulation in terms of the transverse deflection and the membrane force to aid in 
the analysis and physical interpretation. The interaction of edge-debond propagation and thermal buckling is 
studied. The phenomenon of buckle-trapping, originally observed by the authors in a congruent study, as well as 
the phenomenon of sling-shot buckling, is seen to manifest itself in the debonding behavior. The evolution of 
the structure is predicted as a function of given material and geometric parameters from numerical simulations 
based on analytical solutions of the nonlinear problem. A (propagating) contact zone adjacent to the bonded 
region is accounted for, and its presence or absence, as well as its nature, is seen to be highly influential in the 
global as well as local behavior of the structure. 
 
 
Reaz A. Chaudhuri, “Effects of thickness and fibre misalignment on compression fracture in cross=ply (very) 
long cylindrical shells under external pressure”, Proceedings of the Royal Society A, Mathematical, Physical 
and Engineering Sciences, Vol. 471, No. 2180, August 2015, DOI: 10.1098/rspa.2015.0147 
ABSTRACT: Combined effects of modal imperfections, transverse shear/normal deformation with/without 
reduced transverse shear modulus, GLT (caused by distributed fibre misalignments), on emergence of 
interlaminar shear crippling type instability modes, related to localization (onset of deformation softening), 
delocalization (onset of deformation hardening) and propagation of mode II compression fracture/damage, in 
thick imperfect cross-ply very long cylindrical shells (plane strain rings) under applied hydrostatic pressure, are 
investigated. Of special interest is the question: what are the geometric and/or material parameters that induce 
localized and delocalized states in imperfect cross-ply (very) long cylindrical shells under hydrostatic 
compression simultaneously, and what would be the consequences of such occurrences? The primary 
accomplishment is the (hitherto unavailable) computation of the layer-wise mode II stress intensity factor, 
energy release rate and kink–crack bandwidth, under hydrostatic compression, from a nonlinear finite-element 
analysis, using Maxwell's construction and Griffith's energy balance approach. Additionally, the shear crippling 
angles in the layers are determined using an analysis, pertaining to the elastic inextensional deformation of the 
compressed (plane strain) ring. Numerical results include effects of (i) thickness-induced transverse 
shear/normal deformation and (ii) uniformly distributed fibre misalignments, on localization and delocalization, 
and consequently on compression fracture/damage characteristics of thick imperfect cross-ply very long 
cylindrical shells. 
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ABSTRACT: The main objective of this paper is to investigate the validity of the finite element method (FEM) 
on the buckling and post-buckling behavior of laminated composite cylindrical shells that have been subjected 
to an external hydrostatic pressure. In addition, a buckling pressure equation that is based on the ASME and 
American Bureau of Shipping (ABS) bucking equation and customized to USN125 composite material is also 
presented. In order to determine an application for composite material under external hydrostatic pressure, 
material tests were conducted for carbon–epoxy ply composite URN300 and USN125. The strength and 
stiffness of the fiber and resin of two composites were determined. Cylindrical panel tests were performed to 
investigate the behavior of post-buckling under vertical line load. Finite element analyses, using ABAQUS 6.6 
code, have been performed, using a linear buckling model based on the solution of the eigenvalue problem, and 
a non-linear model based on the arc-length method for various cases. Furthermore, an external hydrostatic 
pressure test was conducted to verify numerical analysis. These results were compared with the previous results 
obtained by FEM on the buckling. Difference between FEM and the test result is expected to be approximately 
18%. 
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“Post-buckling behavior of laminated composite cylindrical shells subjected to axial, bending and torsion 
loads”, World Journal of Engineering and Technology (WJET), Vol. 3, No. 4, November 2015, DOI: 
10.4236/wjet.2015.34019 
ABSTRACT: In present work, post-buckling behavior of imperfect (of eigen form) laminated composite 
cylindrical shells with different L/D and R/t ratios subjected to axial, bending and torsion loads has been 
investigated by using an equilibrium path approach in the finite element analysis. The Newton-Raphson 
approach as well as the arc-length approach is used to ensure the correctness of the equilibrium paths up to the 
limit point load. Post-buckling behavior of imperfect cylindrical shells with different L/D and R/t ratios of 
interest is obtained and the theoretical knock-down factors are reported for the considered cylindrical shells. 
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ABSTRACT: The influence of winding pattern on the mechanical response of filament wound glass/epoxy 
cylinders exposed to external pressure is studied by testing cylindrical specimens having stacked layers with 
coincident patterns in a hyperbaric testing chamber. Different analytical models are evaluated to predict 
buckling pressure and modes of thin wall cylinders (diameter to thickness ratio d/h of 25) and satisfactory 
predictions are obtained which are in the same order of magnitude that those obtained in experimental results. 
Test results show no evident pattern influence on either strength (implosion pressure) or buckling behavior 
(buckling modes) of thin wall or thick wall (d/h of 10) cylinders. 
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ABSTRACT: A refined higher-order displacement model for the study of the behavior of concentrically and 
eccentrically stiffened laminated plates based on C0 finite element discretization is presented. The model 
incorporates non-linear variations of longitudinal displacements through the thickness and hence eliminates the 
need to use shear correction coefficient(s). Transverse shear deformations are included in the formulation 
making the model applicable for both moderately thick and thin composite stiffened plates. The plate element 
used is a nine-noded isoparametric one with seven degrees of freedom at each node. The stiffener element is a 
three-noded isoparametric beam element with four degrees of freedom at each node. The stiffness of a stiffener 
is reflected at all nine nodes of the plate element in which it is placed. Accordingly, the stiffeners can be 
positioned anywhere within the plate element along lines of constant natural coordinates and need not 
necessarily be placed on nodal lines which gives a great flexibility in the choice of mesh size. The integrals are 
evaluated by a selectively reduced integration (SRI) technique with three and two Gauss quadrature rules for 
membrane-flexure and shear parts, respectively. The present formulation is checked for different examples of 
stiffened plates made of isotropic and fiber-reinforced composites, and results are compared with existing 
analytical and other finite element solutions. 
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PARTIAL ABSTRACT: A viable aspect of fiber-reinforced composites is their elastic tailoring ability. 
Anticlastic curvature is one example of elastic tailoring that occurs with an unsymmetrical cross-ply layup. 
Residual stresses resulting from differences in coefficients of thermal expansion and elastic properties in each 
lamina can cause large out-ot-plane deformations. In the case of thin unsymmetric cross-ply laminates under 
thermal curing load, a cylindrical shape is observed because of the inherent geometrical non-linearity as 
opposed to the saddle shape that Classical Lamination Theory predicts. In this paper a finite element approach 
using ABAQUS is implemented in order to predict the unsymmetric cross-ply laminate shapes under thermal 
curing stresses… 
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Composites”, Journal of Composite Materials, June 2007, vol. 41, no. 11, pp. 1325-1338, doi: 
10.1177/0021998306068073 
ABSTRACT: A viable aspect of fiber-reinforced composites is their elastic tailoring ability. Anticlastic 
curvature is one example of elastic tailoring that occurs with an unsymmetric cross-ply layup. Residual stresses 
resulting from differences in coefficients of thermal expansion and elastic properties in each lamina can cause 
large out-of-plane deformations. In the case of thin unsymmetric cross-ply laminates under thermal curing load, 
a cylindrical shape is observed because of this inherent geometrical nonlinearity as opposed to the saddle shape 
that classical lamination theory predicts. In this article, a finite element approach, using ABAQUS, is 
implemented in order to predict the unsymmetric cross-ply laminate shapes under thermal curing stresses and 
understand the underlying limit point instability. Numerical results for curvatures of the predicted shapes are in 
agreement with published experimental and analytical data. The stability of the cylindrical laminates is also 
investigated. Depending on the aspect ratio of the rectangular laminate, a cylindrical shape may snap-through 
from its current stable configuration to another stable cylindrical shape with a different curvature. In particular, 
both the critical aspect ratio where snap-through will cease to occur and the buckling load are reported. 
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ABSTRACT: This research aims at investigating the bistable characteristics of unsymmetric cross-ply laminates 
resulting from thermally induced stresses while curing. The bistable characteristics are examined with a focus 
on the change in geometry for a subset of configurations, namely, rectangular, trapezoidal and triangular. To 
this end, these geometries are systematically investigated leading to a set of non-dimensional parameters 
establishing the values required for bistable behavior. A new apparatus is designed to measure the magnitude of 
the force required for snap-through and snap-back. The influence of friction at the supports of the tested panels 
is minimized by utilizing air cushion for frictionless motion. Predictions from a nonlinear finite element based 
methodology using the ABAQUS code are validated through comparisons with test data. 
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ABSTRACT: A composite panel, with a [0/90] unsymmetric layup, exhibits bi-stable anticlastic equilibrium 
configurations. One way to provide morphing capabilities to such a panel is attained by attaching piezoelectric 
actuators to its surface. In such a design an electric field is applied to the piezoelectric actuators in order to 
trigger snap-through behavior of the panel/actuator assembly. A simple cantilever beam configuration is 
discussed to perform actuator assessment. Results are compared to with predictions from Extended Classical 
Lamination Theory and finite element analysis. Guidelines are proposed to design a morphing unsymmetric 
panel/actuator assembly. The panel/actuator(s) assembly is manufactured accordingly. Snap-through 
experiments are conducted and the ABAQUS finite element software is used to predict snap-through behavior. 
Analysis predictions are in good agreement with test results. 
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ABSTRACT: Composite shells show a rich multistable behaviour of interest for the design of shape-changing 
(morphing) structures. Previous studies have investigated how the initial shape determines the shell stability 
properties. For uniform initial curvatures and orthotropic material behaviour, not more than two stable equilibria 
have been reported. In this paper, we prove that untwisted, uniformly curved, thin orthotropic shells can have up 
to three stable equilibrium configurations. Cases of tristability are first documented using a numerical stability 
analysis of an extensible shallow shell model. Including mid-plane extension shows that the shells must be 
sufficiently curved in relation to their thickness to be multistable. Thus, an inextensible model allows us to 
perform an analytical stability analysis. Focusing on untwisted initial configurations, we illustrate with simple 
analytical results how the material parameters of the shell control the dependence of its multistable behaviour 
on the initial curvatures. In particular, we show that when the bending stiffness matrix approaches a degeneracy 
condition, the shell exhibits three stable equilibria for a wide range of initial curvatures. 
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“Multiparametric Actuation of Bistable Plates: A Method to Avoid Snap-Through Instabilities”, 7th 
EUROMECH Solid Mechanics Conference J. Ambrosio et.al. (eds.) Lisbon, Portugal, 7–11 September 2009 
ABSTRACT: Large changes in the shape of a given structural member can be obtained by exploiting geometric 
nonlinearities or instability phenomena; multistable structures, i.e. structures characterized by two or more 
stable configurations, can undergo large displacements under moderate actuation forces. This feature turns out 
to be a major advantage for some actuation problems. The study of multistability and of geometrical nonlinear 
effects in composite plates and shells has recently gained a relevant interest: it is expected that the industrial 
applications of multistable structures will encompass a large variety of engineering products from micro-
electronics systems to human-scale systems. Previous numerical and experimental [5, 9, 13] studies have 
analyzed the possibility of using a piezoelectric actuation to drive a bistable composite plate from one stable 
configuration to the other; other recent contributions [11, 15] have investigated the influence of geometry and 
material properties on the stability properties of shallow shells. We propose new insights regarding both these 
aspects. 
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“Multiparameter actuation for shape control of bistable composite plates”, International Journal of Solids and 
Structures, Vol. 47, No. 10, May 2010, pp. 1449-1458, doi:10.1016/j.ijsolstr.2010.02.007 
ABSTRACT: This paper studies the stable equilibrium shapes of free multilayered orthotropic plates loaded by 
inelastic deformations induced by thermal and piezoelectric effects. Starting with a Von Kármán plate 
kinematics and an energetic formulation, a discrete intrinsic nonlinear model in terms of curvatures only is 
deduced. The model has 3 degrees of freedom, namely the components of the symmetric curvature tensor, 
which is supposed to be uniform in space. Despite of this rough assumption, the analytical results about the 
equilibrium shapes and their stability show a good agreement with the finite element simulations performed 
with a commercial code. Literature results about the bistable behavior of isotropic plates under a single-
parameter loading are extended to the orthotropic case with two loading parameters. In light of a global stability 
analysis and a phase portrait as a function of the inelastic curvatures, we study possible actuation techniques for 
controlling the transition of the plate between its two stable configurations. We show that with a suitable two-
parameter actuation, it is possible to get a controlled quasi-static transition, avoiding any instability 
phenomenon. Numerical simulations on a realistic case study support the technological feasibility of the 
proposed actuation technique when using active piezoelectric layers to control the inelastic curvature. 
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Numerical Methods in Engineering, Vol. 36, No. 8, April 1993, pp. 1339–1364.  
doi: 10.1002/nme.1620360806 
ABSTRACT: The paper presents a displacement incrementation procedure to handle multiple loadings in post-
buckling analysis of structures by Dynamic Relaxation (DR). This procedure is generalized and a ‘variable-arc-
length’ method is proposed to automate the tracing of load-deflection path. The resulting algorithm exactly 
traces limit points and can handle ‘snap-through’ or ‘snap-back’ problems. The efficiency of the proposed 
method is demonstrated by typical examples of truss, beam and shell structures. 
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and Design, Vol. 22, No. 2, June 1996, pp. 109-142, doi:10.1016/0168-874X(96)00046-7 
ABSTRACT: This paper investigates the post-buckling analysis of structures using several proposed three-
parameter constrained solution techniques. The family of three-parameter constraint equations is non-
dimensional and comprises an elliptic constraint method, hyperbolic constraint method and a second degree 
polynomial constraint method. The proposed methods are numerically robust and are shown to be quadratically 
convergent. Their computational performance is demonstrated through various examples of truss, beam, plane 
stress and shell structures. The scope of the paper is limited only to the tracing of primary equilibrium path of 
the above structures, and hence the problems of bifurcation are not considered in the present study. 
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Technology, Vol. 58, No. 12, December 1998, pp.1949-1960, doi:10.1016/S0266-3538(98)00032-3 
ABSTRACT: This paper summarizes a study aimed at understanding the postbuckling behaviour and 
progressive failure of thin, simply supported symmetric rectangular laminates with various possible in-plane 
boundary conditions and under the action of in-plane shear loads. First-order shear deformation theory and 
geometric non-linearity, in the von-Karman sense, is used with a finite-element procedure. The 3D Tsai–Hill 
criterion is used to predict failure of lamina and the maximum stress criterion is used to predict the onset of 
delamination at the interface of two adjacent layers. The effect of in-plane boundary conditions, plate lay-ups, 
plate aspect ratio, fiber orientations and lamina material properties on the load deflection response, buckling 
load, first-ply failure load, ultimate load and the maximum transverse displacement associated with failure loads 
is presented. 
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ABSTRACT: The objective of this work is to study the postbuckling behaviour and progressive failure response 
of thin, symmetric laminates under uniaxial compression and uniaxial compression combined with in-plane 
shear loads (positive and negative). First-order shear deformation theory and geometric non-linearity in the von 
Karman sense are used with a finite-element procedure. The 3-D Tsai-Hill criterion is used to predict failure of 
a lamina and the maximum stress criterion is used to predict onset of delamination at the interface of two 
adjacent layers. The effect of plate aspect ratio and ply lay-ups on the load deflection response is presented. 
Load interaction diagrams for (±45/0/90)2s, (±45)4s and (0/90)4s laminates are obtained in terms of the 
buckling, the first-ply and the ultimate failure loads. In addition, progressive failure response of the 
(±45/0/90)2s laminate is also presented to show the buckling loads, failure loads, maximum transverse 
displacements associated with the failure loads and failure modes and locations at various load ratios. 
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Kanpur 208 016, India), “Postbuckling response and failure of symmetric laminates under uniform temperature 
rise”, Composite Structures, Vol. 59, No. 1, January 2003, pp. 109-118, doi:10.1016/S0263-8223(02)00186-1 
ABSTRACT: A nonlinear finite element method, which is based on the von Karman–Mindlin plate theory and 
the principle of minimum total potential energy, is used to study the response and the first-ply failure of thin 
laminated composite plates under uniform temperature rise. The temperature dependent mechanical and 
strength properties, their effect on response and failure of laminates and the onset of delamination in the process 
of first-ply failure computation are some of the features incorporated in the nonlinear formulation. The load–
displacement curves for different types of graphite/epoxy laminates are obtained. Stresses are computed to 
determine the first-ply failure temperature based on the Tsai–Wu failure criterion. The effect of the fiber 
orientation, the number of lay-ups and the plate aspect ratio on the response as well as the first-ply failure is 
studied. 
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ABSTRACT: The aim of present investigation is to study the buckling and postbuckling response and strengths 
under positive and negative in-plane shear loads of simply-supported composite laminate with various shaped 
cutouts (i.e., circular, square, diamond, elliptical-vertical and elliptical-horizontal) of various sizes using finite-
element method. The FEM formulation is based on the first order shear deformation theory which incorporates 
geometric nonlinearity using von Karman _s assumptions. The 3-D Tsai-Hill criterion is used to predict the 
failure of a lamina while the onset of delamination is predicted by the interlaminar failure criterion. The effect 
of cutout shape, size and direction of shear load on buckling and postbuckling responses, failure loads and 
failure characteristics of quasi-isotropic [i.e., (+45/"_45/0/90)2s] laminate has been discussed. In addition, the 
effect of composite lay-up [i.e., (+45/"_45/0/90)2s, (45/"_45)4s and (0/90)4s] has also been reported. It is 
observed that the cutout shape has considerable effect on the buckling and postbucking behaviour of the quasi-
isotropic laminate with large size cutout. It is also observed that the direction of shear load and composite lay-
up have substantial influence on strength and failure characteristics of the laminate. 
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in-plane loading”, Composites Part B: Engineering, Vol. 42, No. 5, July 2011, pp. 1189-1195, 
doi:10.1016/j.compositesb.2011.03.002 
ABSTRACT: The objective of this paper is to study the interaction curves along with buckling and 
postbuckling responses of a quasi-isotropic laminate with a centrally placed circular cutout of various sizes 
under uni-axial compression combined with in-plane shear loads (positive and negative). The present study is 
carried out using finite element method. The finite element formulation is based on the first order shear 
deformation theory and von Karman’s assumptions to incorporate geometric nonlinearity. The resulting 
nonlinear algebraic equations are solved by Newton–Raphson method. The 3-D Tsai-Hill criterion is used to 
predict the failure of a lamina while the onset of delamination is predicted by the interlaminar failure criterion. 
It is observed that pure compression-buckling, -first-ply failure and -ultimate failure strengths of the quasi-
isotropic laminate with and without circular cutout decreases with increasing accompanying shear load. In 
addition, it is also noted that for a given uni-axial compression load, a quasi-isotropic laminate with and without 
a cutout can sustain higher negative shear load in comparison to the positive shear load. 
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168-173, 2011, DOI: 10.4028/www.scientific.net/AMM.83.168 
ABSTRACT: Digital fringe projection profilometry (FPP) is suitable to inspect surface profile of object, with 
some apparent advantages of non-contact, full-field measurement, simple apparatus, high precision, and real-
time profile automation. Four phase-shifted sinusoidal fringe patterns are circularly projected onto the surface 
of a composite laminates panel reinforced with crossed ribs. Phase shifting method is applied to inspect the 
surface profile variations during compression. The profile results reveal that different local buckling modes 
appear at different crossed ribs, where the wave villages locate at the middle and the wave peaks occur at the 
composite panel ends. From the details of the deflection analysis, it can be seen that the local buckling modes 
couple with the whole bending of the composite panel. The local buckling modes vary with the applied load and 
the experimental results are helpful to understand its failure mechanism. 
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anisotropic cylinders based on a 3-D elasticity solution”, Computers & Structures, Vol. 84, Nos. 5-6, January 
2006, pp. 374-384, doi:10.1016/j.compstruc.2005.09.023 
ABSTRACT: Exact elasticity solutions are obtained using the stress function approach, where the radial, 



circumferential and shear stresses are determined, taking into account the closed ends of the cylindrical shell. 
The system of the governing algebraic equations is derived to accurately analyse a multilayered pressure vessel 
with an arbitrary number of layers and any thickness. The approach used is straight-forward compared to other 
three-dimensional solutions found in the literature. The design of multilayered composite pressure vessels is 
accomplished using the genetic algorithm and subject to the Tsai–Wu failure criterion. The genetic algorithm is 
optimized to serve this particular problem. 
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do Porto, Rua dos Bragas, 4099, Porto Codex, Portugal), “Optimization of laminated composite structures using 
a bilevel strategy”, Composite Structures, Vol. 33, No. 4, 1995, pp. 193-200,  
doi:10.1016/0263-8223(95)00102-6 
ABSTRACT: This paper aims to obtain the optimal design of laminated composite structures. The design 
variables are specified as the ply angles and the laminate thicknesses. The objective is to obtain a structure with 
minimum weight that is capable of carrying a given set of static external forces without failure. The solution 
strategy consists of addressing the problem sequentially at two levels, each having a different algorithm and a 
separate set of design variables. The optimization techniques use a combination of sensitivity analysis combined 
with optimality criteria and mathematical programming. The adequacy of the solution is assured by constraints 
limiting stresses and displacements. 
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Porto, Portugal), “Optimisation of geometrically non-linear composite structures based on load–displacement 
control”, Composite Structures, Vol. 46, No. 4, December 1999, pp. 345-356, 
doi:10.1016/S0263-8223(99)00099-9 
ABSTRACT: A design optimisation methodology for beam reinforced composite structures with non-linear 
geometric behaviour is proposed. The formulation involves displacement, stresses, buckling and size 
constraints. The Newton–Raphson iterative procedure and the arc-length method are used for tracing 
equilibrium path and later updating the buckling load and the first ply failure load. The proposed sensitivity 
analysis model is based on an approach of the adjoint variable method for structures with non-linear geometric 
behaviour. The optimal design performs on a multilevel scheme based on structural efficiency maximisation 
exploring the anisotropic properties of the composites and weight minimisation using the ply thickness and the 
cross-section variables of the stiffeners. To demonstrate the applicability of the proposed developments, 
optimisation problems considering first ply failure and buckling conditions are presented. 
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doi:10.1016/S0263-8223(01)00068-X 
ABSTRACT: A design optimisation methodology based on structural reliability of beam reinforced composite 
shell structures with non-linear geometric behaviour is proposed. The formulation involves probabilistic stress, 
displacement and buckling constraints. The structural integrity is evaluated through the reliability index using a 
Lind–Hasofer second-order-second-moment approximation method together with the Newton–Raphson 
iterative procedure and the arc-length method. The random variables are the mechanical properties of the 
laminates treated as homogeneous orthotropic materials. A new methodology based on an evolutionary strategy 
searching the global most probable failure point (MPP) for composite structures under non-linear geometric 
behaviour is proposed. The optimal design performs on a hierarchical genetic algorithm (HGA) based on weight 
minimisation under prescribed reliability constraints. The design variables are the ply angle, the ply thickness 
and the geometric variables associated with the cross sections of the stiffeners. To demonstrate the applicability 
of the proposed developments, optimisation problems are presented. 
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ABSTRACT: A multilevel genetic algorithm aiming the global optimization of beam reinforced composite 
structures with nonlinear geometric behaviour is proposed. A unified approach based on load-displacement 
control for buckling and first ply failure analysis is adopted. The Newton-Raphson iterative scheme and the arc-
length method are used for tracing the equilibrium path and later for updating the critical values. The proposed 
genetic algorithm performs several sequences of two optimization levels resulting from the decomposition of 
the original optimization problem. Independent genetic searches are implemented for each level where different 
fitness functions and sub-populations are considered. The genetic operators selection and crossover supported 
by an elitist strategy are used while the diversity of the sub-populations is guaranteed based on implicit 
mutation. A genetic material exchange between levels is performed using clones and so the offspring of 
matured sub-populations is guaranteed. To improve the efficiency of the multilevel genetic optimization a niche 
of population is induced after the first stage at both levels. 
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ABSTRACT: The optimum design of laminated composite structures in terms of their strength is a complex 
task because many different mechanisms are involved in the damage and rupture to which these materials are 
subject. The great diversity of the damage mechanisms and their patterns of evolution makes it extremely 
difficult to estimate the strength margins. It is still impossible, for instance, to perform simulations on industrial 
structures made of unidirectional ply laminates up to rupture. The strategy adopted in this study on designing 
laminated composite structures is based on the choice of materials (woven or unidirectional plies) and the use of 
simple models (focusing on the rupture of the first ply) with which industrial structure analyses can be carried 
out. The choice of materials (woven or unidirectional plies) does not depend only on mechanical criteria but 
also on the simplicity of the corresponding modelling procedures. 
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ABSTRACT: Parameter studies, genetic algorithms and Monte Carlo type calculations are examples of 
pleasantly parallel computational tasks. Pleasantly parallel computational tasks can be effectively calculated in 
computer clusters or grids. In this work, we consider a weight minimization problem of a laminated composite 
structure in the post-buckling region. The design variables are the number of layers and the layer orientations 
given in a discrete set of allowable angles for layer orientations. Optimization is carried out using a 
deterministic search process, where the lay-up configurations are generated iteratively in the design space from 
the selected design points of the population at the preceding cycle. Computation is performed using NorduGrid 
grid computing platform. In this work, we briefly go through some general grid concepts and the use of grid in 
optimization of laminated composite structures. 
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ABSTRACT: To achieve the potential cost savings resulting from the use of composites in ‘primary’ structural 
components, i.e. wing fuselage skins, it is important that composite structures be used outside the linear regime. 
However, before this can be achieved a computational methodology capable of analysing the detailed local 
stress states in conditions where there are both geometrically and material nonlinearities is necessary. This 
paper presents one such approach in which the ‘global structure’ is modelled by employing plate-type finite 
elements and the local details are modelled with solid 3D finite elements. A coupling techniques based on 
multi-point constraints is then employed to connect the 2D and local 3D models. The approach presented allows 
for significant changes in finite element mesh density and enables the connection of very detailed local models 
with less detailed global models. To illustrate this analysis methodology a range of nonlinear structural 
problems involving both geometrical and material nonlinearities are considered. The methodology is first 
validated by considering a plate bending and a post-buckling problem for which the solutions were known. The 
methodology is then used to analyse the post-buckling response of both a shear and an axially loaded composite 
stringer/skin panel. In both cases the computed results correlated very well with experimental results. The 
results from these test cases suggest that the proposed analysis methodology provides a viable computational 
tool for determining the local 3D stress states for structures undergoing complex nonlinear deformation states. 
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ABSTRACT: If major weight saving is to be realised it is essential that composites be used in “primary” 
structural components, i.e., wing and fuselage skins. To this end it is essential that analytical tools be developed 
to ensure that composite structures meet the FAA damage tolerance certification requirements. For stiffened 
composite panels one potential failure mechanism is the separation of the skin from the stiffeners; resulting 
from excessive “through the thickness” stresses. This failure mechanism is also present in bonded composite 
joints and composite repairs. Currently failure prediction due to in-plane loading appears to be relatively well 
handled. Unfortunately, this is not yet true for matrix-dominated failures. Consequently, it is essential that a 
valid analysis methodology capable of addressing all of the possible failure mechanisms, including failure due 
to interlaminar failure, be developed. To aid in achieving this objective the present paper outlines the results of 
a series of experimental, analytical and numerical studies into the matrix-dominated failures of rib stiffened 
structures. 
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“Rib separation in postbuckling stiffened shear panels”, Composite Structures, Vol. 41, Nos. 3-4, March-April 
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ABSTRACT: With the introduction of postbuckling lightweight composite structures, adhesively bonded joints 
with thin skins are susceptible to premature failure due to peel induced loading. This paper reports on the 
findings of a research programme to investigate the local and global responses of postbuckling rib-stiffened 
panels under shear loads. C- and I-section ribs, with and without taper in the flanges, have been studied 
experimentally and analysed numerically to assess their postbuckling behaviour and relative merit with respect 
to structural integrity of rib-stiffened shear panels. The rib-skin separation loads and locations for the different 
panels have been evaluated via mechanical tests, and the experimental data have been closely predicted using 



Finite Element Method models. 
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ABSTRACT: The buckling behavior of composite laminated square plates is analyzed with the aid of the finite-
element method in which a modified isoparametric linear shell element is used. The in-plane and bending 
displacements are used together in the formulation of the finite-element method in the case of asymmetric 
laminates. A new method of modifying the constitutive law of composite materials to circumvent the shear-lock 
effect is also proposed. This new method has the useful property of removing the shear-lock effect in the case of 
very thin plates. Composite laminates of symmetric and asymmetric stacking sequences, with and without a 
central circular hole are analyzed. Using the developed program, various laminated cases are analyzed and 
discussed. The present results show an improvement over those found analytically when compared with 
experimental results for asymmetric laminates. 
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Structures, Structural Dynamics and Materials Conference, April 1987 
ABSTRACT: Analytical solutions for the buckling of anisotropic cylinders and curved panels under arbitrary 
loadings are presented. Donnell-type equations, laminated shell constitutive relations and the Galerkin method 
are used to determine critical loads. Correlations to account for unsatisfied boundary conditions are developed. 
A method for calculating the transverse shear stiffeness of a laminated shell is discussed. Numerical correlations 
between theoretical and experimental buckling loads are presented. 
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numerical investigation of buckling resistance of marine composite panels”, Journal of Composite Materials, 
April 2011, vol. 45, no. 8, pp. 907-922, 
doi: 10.1177/0021998310377942 
ABSTRACT: The in-plane load-bearing capacity of marine composite plates is an area that has received little 
attention, in contrast to the significantly larger buckling and post-buckling studies available on aeronautical 
composites. The aim of this study is to investigate experimentally the strength to failure of large woven 
composite panels and correlate the results with finite element analyses. The tests performed were able to 
demonstrate the well-known sensitivity of the panels to boundary conditions and panel imperfection size, which 
is also reflected in a parametric study carried out in Abaqus/Standard. Two-dimensional stress-based failure 
criteria were implemented via a user-defined field (USDFLD) subroutine to detect matrix and fiber damage, 
which allows progressive damage to be modeled. A modification of Hashin’s failure criteria proved to be the 
most effective in capturing both the size and location of the damage and obtain a good approximation of the 
load—displacement history and surface strains. 
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Society for Composites, edited by C. T. Sun and H. Kim, October 2002, CRC Press LLC, ISBN 0-8493-1501-8 
ABSTRACT: The application of a shell/3D technique for the simulation of skin/stringer debond in a specimen 
subjected to three-point bending is demonstrated. The global structure was modeled with shell elements. A local 
three-dimensional model, extending to about three specimen thicknesses on either side of the delamination front 
was used to capture the details of the damaged section. Computed total strain energy release rates and mixed-
mode ratios obtained from shell/3D simulations were in good agreement with results obtained from full solid 
models. The good correlations of the results demonstrate the effectiveness of the shell/3D modling technique for 
the investigation of skin-stiffener separation due to delamination in the adherents. 
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Mark Edward Robeson, “Skin-stiffener separation in buckled composite plates and shallow shells”, Ph.D. 
dissertation, Engineering Mechanics, Old Dominion University, September 1998 
ABSTRACT: The development of an approximate analysis for predicting stresses in the skin-stiffener interface 
region of composite plates and shallow shells is presented. The analysis determines interlaminar normal stress 
and transverse shear stresses in the direction of the stiffener axial coordinate and the direction of the inplane 
coordinate perpendicular to the stiffener axis. The analysis accounts for skin-stiffener interfaces with nonzero 
thickness and for curvature in the skin and stiffener. The interlaminar normal stress and transverse shear stresses 
at the interface are applied to the lower face of the skin and the upper face of the stiffener flange as unknown 
functions, and the displacements in the skin and flange are related through the deformation of the interface bond 
layer. The Rayleigh-Ritz method is used to determine the unknown functions that yield the interlaminar stresses 
at the skin-stiffener interface. The addition of a failure criterion to the stress prediction capability of the analysis 
results in the prediction of separation failure. After validation of results from the model, the effects of geometric 
nonlinearities and aspects of the numerical convergence of the analysis are explored and presented. 
Furthermore, the influence of various design parameters on the interface stress distribution, and therefore on 
skin-stiffener separation, is presented.  
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Parida, B.K., Prakash, R.V., Ghosal, A.K., Mangalgiri, P.D. and Vijayaraju, K., “Compression buckling 
behavior of laminated composite panels”, Composite Materials: Testing and Design, Thirteenth Volume, ASTM 
STP 1242, S. J. Hooper, editor, American Society for Testing and Materials, 1997, pp. 131-150 
PARTIAL ABSTRACT: Experimental simulation of boundary conditions while carrying out a panel buckling 
test has been known to be difficult. In this paper, compression buckling tests on 6.0-mm-thick carbon fiber 
composite (CFC) panels have been described for which a reasonably good simulation of the boundary condtions 
was achieved, especially under the simple supported condition. Carefully designed test fixtures that provided 
excellent alignment of the panel with the load axis and adequate lateral stiffness for edge supports during 
buckling of the CFC panels were used to achieve this goal. Both simply supported and clamped boundary 
conditions have been studied. Tests in room-temperature-as-received (RT/AR) and hot-wet (H/W) conditions 
are described. A buckling test on a simply supported panel with prior moisture condtioning was performed 
under the H/W condition with an environmental test chamber mounted on the test rig to prevent any loss of 
moisture during the test at 100 degrees C and greater than 85 per cent relative humidity. Based on these results, 
a test procedure was developed to identify buckling loads through measurement of out-of-plane diosplacements 
rather than relying solely upon longitudinal strain measurement… 
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“Buckling and fracture behavior of tapered composite panels containing ply drops”, Composite Materials: 
Testing, Design, and Acceptance Criteria, ASTM STP 1416, A. Zureick and A.T. Nettles, editors. American 
Society for Testing and Materials International, West Conshohocken, Pennsylvania, 2002 
PARTIAL ABSTRACT: In typical applications such as in the top skin of a wing or in control surfaces of an 
airframe, laminated composites are often found to be buckling-critical. Under excessive compression loading 
composite panels may undergo buckling and failure mechanisms that would generally involve delaminateion or 
fiber breakage. Tapered composite panels with ply drops, when employed in wing skin, are expected to be more 
prone to the above mode of failure. This is one important area of concern to the designers of composite 
structures and both analysis and experimental verification of the buckling behavior are recommended as a  part 
of the design validation effort. However, data from such analyses are scarce in the open literature. In this paper, 
results of a study on buckling and fracture behavior of laminated carbon fiber composite (CFC) panels 
containing ply drops are presented. CFC panels of varying thickness with normal and inclined ply drops were 
tested under compression loading until buckling and ultimate failure. Nearly simply supported boundary 
conditions at the ends and along the edges were simulated with the help of specially designed test fixtures. Tests 
were conducted both under room temperature and hot-wet… 
 
 
Temoana Southward (The University of Auckland Ph.D thesis), “Buckling and growth of disbonds in 
honeycomb sandwich structure”, 2005, http://hdl.handle.net/2292/313  
ABSTRACT: The response of honeycomb sandwich structure to disbond damage, in a compressive stress field, 
has been assessed. Two types of disbond were considered; those extending through the full width of a panel 
(through-width) and those enclosed within the panel boundaries (embedded). For each type of disbond the 
failure process was established through four-point bend testing of 56 sandwich specimens. For both types of 
disbond, failure was found to be governed by buckling-driven disbond growth and, consequently, models of 
buckling and disbond growth were developed. All of the models decoupled the face-sheets of the sandwich and 
treated the core as a spring foundation having a stiffness determined from equilibrium of a two-dimensional 
orthotropic solid. A linear Winkler beam model was used to predict buckling of a through-width disbond. The 
model buckling loads agreed with specimen test results with an average difference of 1.7%. A non-linear 
Winkler beam model was then developed to predict post-buckling behaviour and the initiation of disbond 
growth, through a fracture mechanics analysis. A characteristic growth curve, defining the work input required 
to initiate disbond growth, was developed and agreed with specimen test results with an average difference of 
3.3%. The model also verified that disbond growth occurs in discrete increments approximately equal to the 
diameter of the honeycomb cells. A linear Winkler plate model was used to predict buckling of an embedded 
disbond. The model buckling loads agreed with specimen test results with an average difference of 3.7%. A 
non-linear Winkler plate model was then developed to predict post-buckling behaviour of a sandwich panel 
containing an embedded disbond. The model considered contact conditions and modelled disbond growth by 
releasing fractured nodes during load incrementation. Disbond growth initiation loads agreed with specimen test 
results with an average difference of 15.8%. Failure loads consistently over-predicted specimen test results by 
an average of 13.9%. It was concluded that the growth initiation loads should be used as a conservative estimate 
of failure. The models developed may be used to assess the criticality of disbond damage in sandwich structure 
having thin-gauge, composite face-sheets. 
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“Studies on buckling behavior of honeycomb sandwich panel”, The International Journal of Advanced 



Manufacturing Technology, Vol. 65, No. 5, pp 803-815, March 2013 
ABSTRACT: In the present work, an avant-garde study on Buckling of honeycomb sandwich panel of 
hexagonal cell has been carried out by considering simply supported boundary constraints explicitly. A novel 
theoretical formulation has been developed for the buckling of honeycomb panel as per Mil Standard (MIL-
HDBK-23A). The laminate element type has been considered for linear static analysis using Lanczos Method 
(finite element method (FEM)). The buckling analysis carried out by FEM has been compared and validated 
with theoretical and experimental investigation for different panel aspect ratio under static load. 
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Zoh Gweon Kim, Chang Sun Hong and Chun Gon Kimt (Department of Aerospace Engineering,Korea 
Advanced Institute of Science and Technology, 373-1 Kusong-dong, Yusung-gu, Taejon, 305-701, Korea), 
“Postbuckling Analysis of Stringer-Stiffened Composite Laminated Cylindrical Panels”, Journal of Reinforced 
Plastics and Composites, August 1995, vol. 14, no. 8, pp. 827-846, doi: 10.1177/073168449501400804 
ABSTRACT: The postbuckling behavior of stiffened composite cylindrical panels was studied analytically and 
experimentally. Progressive failure analysis was implemented for the prediction of failure characteristics and 
postbuckling ultimate load. For the progressive failure analysis, the maximum stress criterion is applied to the 
average stress in each layer of all the finite elements. Using the same degenerated three dimensional 
isoparametric solid element in order to model stiffeners and the skin, the global and the local buckling of the 
stiffened panel can be depicted exactly. The results show the effects of stiffener location, and various stiffener 



heights and thickness on the postbuckling behavior of stiffened composite cylindrical panels. The postbuckling 
ultimate load of stringer-stiffened composite cylindrical panel is not dependent of the initial buckling load, but 
becomes higher as the stiffener thickness and height increase. 
 
 
Chongdu Cho and Guiping Zhao (Korea), “Dynamic response and damage of composite shell under impact”, 
Journal of Mechanical Science and Technology, Vol. 13, No. 9, 1999, pp. 596-608, doi: 10.1007/BF03184570 
ABSTRACT: The dynamic response and damage of laminated composite cylindrical shell subjected to impact 
load is numerically investigated using the finite element method. A nine-node isoparametric quadrilateral 
element based on Sander's shell theory is developed, in which the transverse shear deformation is considered. A 
semi-empirical contact law that accounts for the permanent indentation is incorporated into the finite element 
program to evaluate the contact force. The Newmark time ingegration algorithm is used for solving the time 
dependent equations of the shell and the impactor. The Tsai-Wu failure criterion is used to estimate the failure 
of the laminated shell. Numerical results, including the contact force history, interlaminate damage zone, and 
failure indices in the shell are presented. Effects of curvature, impact velocity and mass of impactor on the 
composite shell behaviors are discussed. 
 
 
Mandar D. Kulkarni, Rahul Goel and N.K. Naik (Aerospace Engineering Department, Indian Institute of 
Technology Bombay, Powai, Mumbai 400 076, India), “Effect of back pressure on impact and compression-
after-impact characteristics of composites”, Composite Structures, Vol. 93, No. 2, January 2011, pp. 944-951, 
doi:10.1016/j.compstruct.2010.06.027 
ABSTRACT: Low velocity impact and compression-after-impact characteristics of a typical plain weave E-
glass/epoxy composite are studied experimentally. Atmospheric pressure was maintained on the top surface and 
different pressures were applied on the rear side during impact experiments. Pressure on the rear side of the 
impacted plate is referred to as back pressure in further discussion. Effect of back pressure on the impact 
behavior is studied. It is observed that the variation in peak contact force and maximum central deflection are 
governed by two opposing phenomena. The parameters influencing the opposing phenomena are: induced 
curvature because of back pressure, effective pre-stressing and effective thickness. The incident impact energy 
was the same in all the experiments. Post-impact compressive strength was also investigated. 
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“A review of optimization techniques used in the design of fibre composite structures for civil engineering 
applications”, Materials & Design, Article in Press, Corrected Proof, July 2011,  
doi:10.1016/j.matdes.2011.04.061 
ABSTRACT: Fibre composite structures have become the most attractive candidate for civil engineering 
applications. Fibre reinforced plastic polymer (FRP) composite materials have been used in the rehabilitation 
and replacement of the old degrading traditional structures or build new structures. However, the lack of design 
standards for civil infrastructure limits their structural applications. The majority of the existing applications 
have been designed based on the research and guidelines provided by the fibre composite manufacturers or 
based on the designer’s experience. It has been a tendency that the final structure is generally over-designed. 
This paper provides a review on the available studies related to the design optimization of fibre composite 
structures used in civil engineering such as; plate, beam, box beam, sandwich panel, bridge girder, and bridge 
deck. Various optimization methods are presented and compared. In addition, the importance of using the 
appropriate optimization technique is discussed. An improved methodology, which considering experimental 
testing, numerical modelling, and design constrains, is proposed in the paper for design optimization of 
composite structures. 
 



 
Behzad D. Manshadi, Anastasios P. Vassilopoulos and Thomas Keller [Composite Construction Laboratory 
(CCLab), Ecole Polytechnique, Federale de Lausanne (EPFL), Lausanne, Switzerland], “Shear wrinkling of 
GFRP webs in cell-core sandwiches”, Advances in FRP Composites in Civil Engineering, pp 91-94, 2011 
ABSTRACT: Slender webs of glass fiber-reinforced polymer (GFRP) beams are sensitive to shear buckling. 
Shear buckling can bee seen as an in-plane biaxial compression-tension buckling problem. The transverse 
tensile load thereby delays the onset of buckling and increases the ultimate load. Thin-walled GFRP plates of 
two different fiber stacking sequences, [0/90]S and [90/0]S, were subjected to in-plane biaxial compression-
tension loading. The buckling loads were almost duplicated by increasing the tensile load while the ultimate 
loads were increased by up to 20%. The fiber stacking sequence thereby had significant effects on buckling 
mode shape and buckling and ultimate loads 
References listed at the end of the paper: 
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Behzad D. Manshadi, Anastasios P. Vassilopoulos, Julia de Castro and Thomas Keller, “Shear wrinkling of 
GFRP webs in cell-core sandwiches”, Advances in FRP Composites in Civil Engineering, pp 95-98, 2011 
doi: 10.1007/978-3-642-17487-2_18 
ABSTRACT: Glass fiber-reinforced (GFRP) cell-core sandwich structures are increasingly used in bridge deck 
and roof construction. GFRP cell-core sandwiches are composed of the outer GFRP face sheets, a foam core 
and a grid of GFRP webs integrated into the core in order to reinforce the shear load capacity. One of the 
critical failure modes is shear wrinkling, a local buckling failure in the sandwich webs due to shear loading. 
Shear wrinkling is a biaxial compression-tension wrinkling problem and, for this reason, the numerous results 
of pure compressive wrinkling research are not necessarily applicable. The details and results of in-plane biaxial 
compression-tension wrinkling experiments on GFRP sandwich laminates, stabilized by a polyurethane foam 
core, are presented. It is shown that an increasing transverse tension load significantly decreases the wrinkling 
load. These results are confirmed by finite element calculations. 
 
 
Behzad D. Manshadi, Anastasios P. Vassilopoulos and Thomas Keller (Composite Construction Laboratory 
(CCLab), Ecole Polytechnique Fédérale de Lausanne (EPFL), Lausanne, Switzerland), “Shear buckling of 
GFRP beam webs”, Chapter in Advances in FRP Composites in Civil Engineering, pp. 91-94, Springer, 2011 
ABSTRACT: Slender webs of glass fiber-reinforced polymer (GFRP) beams are sensitive to shear buckling. 
Shear buckling can bee seen as an in-plane biaxial compression-tension buckling problem. The transverse 
tensile load thereby delays the onset of buckling and increases the ultimate load. Thin-walled GFRP plates of 
two different fiber stacking sequences, [0/90]S and [90/0]S, were subjected to in-plane biaxial compression-
tension loading. The buckling loads were almost duplicated by increasing the tensile load while the ultimate 
loads were increased by up to 20%. The fiber stacking sequence thereby had significant effects on buckling 
mode shape and buckling and ultimate loads. 
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A.R. Shugurov, A.I. Kozelskaya and A.V. Panin, “Viscoelastic wrinkling in compression-stressed metal film-
polymer sublayer system”, Technical Physics Letters, Vol. 37, No. 10, pp 896-899, October 2011, 
doi: 10.1134/S1063785011100130 
ABSTRACT: The laws of corrugation (wrinkling) that takes place in thin aluminum films on silicon substrates 
with styrene sublayers under the conditions of thermal treatment have been studied using atomic force 
microscopy techniques. Measurements of the amplitude and period (wavelength) of wrinkles revealed stages in 
the viscoelastic corrugation process at various temperatures. It is established that the evolution of wrinkles in 
the course of annealing is controlled by the periodic distribution of normal and tangential stresses at the film-
sublayer interface. 
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“Influence of ply waviness on the stiffness and strength reduction on composite laminates”, Journal of 
Thermoplastic Composite Materials, Vol. 5, No. 4, pp 344-369, October 1992 
DOI: 10.1177/089270579200500405 
PARTIAL ABSTRACT: An analytic model, based on two-dimensional laminated plate theory, is developed to 
investigate the influence of ply waviness on the stiffness and strength reduction of [90/0/90] laminate 
constructions. The model predicts:. . . 
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“A parametric study of variables that affect fiber microbuckling initiation in composite laminates: Part 2 – 
Experiments”, Journal of Composite Materials, Vol. 26, No. 11, pp 1617-1643, November 1992 
DOI: 10.1177/002199839202601104 
ABSTRACT: The objectives of this research are to investigate the effects of stacking sequence (orientation of 
plies adjacent to the 0° plies), free surfaces, fiber/matrix interfacial bond strength, initial fiber waviness, resin-
rich regions, and nonlinear resin shear constitutive behavior on fiber microbuckling initiation. Three 
thermoplastic composite material systems are used in this investigation. The materials are the commercial APC-
2 (AS4/ PEEK), QUADRAX Interlaced Tape, and a poor interface experimental material, AU4U/ PEEK. 
Notched compression specimens are studied at 21°C, 77 ° C, and 132°C. Observations indicate that the notch 
radius controlled fiber microbuckling initiation, and thus compression strength, by dictating the unsupported 
fiber length at the notch. The numerical results from a companion paper [1] are compared qualitatively with 
these experimental results. The results show that increasing the test temperature, locating 0° plies at the free 
surface of the laminate, and degrading the fiber/matrix interfacial bond strength reduce the resistance to fiber 
microbuckling initiation in these notched laminates. The fiber micro buckling initiation strain is shown to be a 
constant, regardless of stacking sequence, for these notched laminates. Experimental results show that resin-rich 
regions also reduced the resistance to fiber microbuckling initiation. 
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“Effects of layer waviness on the compression strength of thermoplastic composite laminates”, Journal of 



Reinforced Plastics and Composites, Vol. 12, No. 4, pp 414-425, April 1993, 
DOI: 10.1177/073168449301200404 
ABSTRACT: Layer waviness was investigated in T300/P1700 carbon/polysulfone com posite laminates under 
static compression loading. A three-step procedure was used to fabricate isolated layer waves into the central 0° 
layer of [902/02/902/02/902/ /02w]s laminates. Efforts were made to insure that this three-step procedure itself did not 
degrade the laminate quality. Layer wave geometries up to 1.5 layer thicknesses in amplitude and as short as 
nine layer thicknesses in length were tested. The more severe wave geometries produced reductions in static 
strength as high as 36 % , although the wavy 0° layer accounted for only 20% of the load carrying capacity of 
the laminate. Specimen failures were sudden and catastrophic. Brooming failure, characterized by through-the-
thickness splaying of the layers and numerous delaminations near the waviness, was the common failure mode. 
 
 
M. R. Piggott (Department of Chemical Engineering & Applied Chemistry, University of Toronto, Toronto, 
Ontario, Canada, M5S 1A4), “The effect of fibre waviness on the mechanical properties of unidirectional fibre 
composites: A review”, Composites Science and Technology, Vol. 53, No. 2, 1995, pp. 201-205, Special Issue: 
Mesostructures and Mesomechanics in Fibre Composites, doi:10.1016/0266-3538(95)00019-4 
ABSTRACT: Four properties of unidirectional fibre composites are shown to be influenced by fibre waviness. 
Compressive strength (and also modulus) can be related to fibre waviness by relatively simple equations. Loss 
in strength during fatigue does not lend itself so easily to simple analysis, but seems to be readily explicable if 
the fibres are not straight. Shear strength parallel to the fibres is greater than the matrix shear strength—and at 
high temperatures much greater—and simple equations can be used to explain this in terms of fibre waviness. 
Finally, some features of delamination resistance can be explained in terms of fibre waviness. However, both 
for shear and delamination resistance, more data is needed on the degree of fibre waviness in test samples. 
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waviness on stiffness and strength reduction of unidirectional composites under compressive loading”, 
Composites Science and Technology, Vol. 56, No. 5, 1996, pp. 581-593, doi:10.1016/0266-3538(96)00045-0 
ABSTRACT: An investigation has been conducted of the effect of fiber waviness on stiffness and strength 
reduction of unidirectional composites under compressive loading. Analytical models have been developed for 
determining the elastic properties and compressive strength as a function of fiber waviness for three types of 
wavy patterns: uniform, graded and localized waviness. Compression tests were conducted to verify the 
predictions. Experimental results were in good agreement with predictions based on the analytical models. It is 
shown that in unidirectional composites both major Young's modulus and compressive strength are degraded 
seriously with increasing fiber waviness. Material anisotropy is also shown to influence the degree of stiffness 
and strength reduction. Interlaminar shear failure was found to be the dominant failure mechanism for 
unidirectional wavy composites under compressive loading. 
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University, Evanston, IL 60208, USA), “Elastic properties of composites with fiber waviness”, Composites Part 
A: Applied Science and Manufacturing, Vol. 27, No. 10, 1996, pp. 931-941,  
doi:10.1016/1359-835X(96)00034-6 
ABSTRACT: An investigation was conducted of the effects of fiber waviness on the elastic properties of 
composite materials theoretically and experimentally. Unidirectional and crossply carbon/epoxy composites 
with uniform, graded and localized fiber waviness were studied. An analytical constitutive model was 
developed to determine the elastic properties as a function of fiber waviness. Compression tests were conducted 
to verify the constitutive relations. Experimental results were in good agreement with predictions based on the 
constitutive model. 
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“Ply waviness on in-plane stiffness of composite laminates” (publisher and date not given in the pdf file. Latest 
reference is dated 1996; perhaps the paper was presented at ICCM12; Stanford University Ph.D. dissertation 
with similar title and same author as the first author of this paper is dated 1997) 
ABSTRACT: A model was developed to determine the effect of ply waviness on the in-plane stiffness of 
composite laminates. On this model, plies containing waviness were mathematically described as in-phase sine-
waves. Several configurations were included as well as generalization for any symmetric lay-up. The effective 
properties were calculated using both weighted average and springs in series approaches. A test program was 
conducted to validate the model for quasi-isotropic lay-ups. Data from the literature was also compared to 
model predictions for unidirectional and cross-ply laminates. These predictions correlated fairly well to test 
data. Model can be used as part of a framework to quantitatively access the effects of regions containing ply 
waviness on the global in-plane stiffness of structural composite parts. This information can be used to control 
quality or to impose operational limitations on such parts.  
References listed at the end of the paper: 
1. Garala, H.J., “Experimental Evaluation of Graphite-Epoxy Composite Cylinders Subjected to External Hydrostatic Compressive 
Loading”, Proceedings of the 1987 Spring Conference on Experimental Mechanics, SEM -- Society for Experimental Mechanics, 
Bethel, CT, USA, 1987, pp. 948-951.  
2. Olson, B.D., Lamontia, M.A., Gillespie, Jr., J.W. and Bogetti, T.A., “The Effects and Non-Destructive Evaluation of Defects in 
Thermoplastic Compression-Loaded Composite Cylinders”, Journal of Thermoplastic Composite Materials, Vol. 8, 1995, pp. 109-
136.  
3. Daniel, I.M., Hsiao, H.M., Wooh, S.C. and Vittoser, J., “Processing and Compressive Behavior of Thick Composites”, Mechanics 
of Thick Composites, The 1st Joint Mechanics Meeting of ASME-ASCE-SES - Meet'n'93, Vol. AMD-162, Rajapakse, Y.D.S., Ed., 
New York, NY, USA, 1993, pp. 107-126.  
4. Pandey, R.K. and Sun, C.T., “Deformation of Thermoplastic Composite Laminates Under Processing Conditions”, Mechanics of 
Composite Materials and Structures, Vol. 3, 1996, pp. 183-200.  
5. Berkley, R.B., Reavely, R.T., Griesheim, G.E. and Colwell, T.B., “Pratt & Whitney Advanced Ducted Prop - Composite Fan Exit 
Case Strut Pullout Test Program - Combined Blade-Loss Loading - Summary Report on Specimens No. 3 through No. 10”, Technical 
Report, EII No. 95-200-059-B / EO-EOS No. 724481-0007, Pratt & Whitney, 1996.  
6. Hsiao, H.M. and Daniel, I.M., “Effect of Fiber Waviness on Stiffness and Strength Reduction of Unidirectional Composites under 
Compressive Loading”, Composites Science and Technology, Vol. 56, 1996, pp. 581-593.  
7. Hsiao, H.M., Daniel, I.M. and Wooh, S.C., “Effect of Fiber Waviness on the Compressive Behavior of Thick Composites”, Failure 
Mechanics in Advanced Polymeric Composites, International Mechanical Engineering Congress and Exposition, ASME, Vol. AMD-
196, Kardomateas G.A. and Rajapakse, Y.D.S., Ed., New York, NY, USA, 1994, pp. 141-159.  
8. Adams, D.O. and Hyer, M.W., “Effects of Layer Waviness on the Compression Strength of Thermoplastic Composite Laminates”, 
Journal of Reinforced Plastics and Composites, Vol. 12, 1993, pp. 414-429.  
 
 
Passakorn Duangmuan (Dept. of Mechanical Engineering, The University of Utah), “Layer waviness effects on 
compression strength of composite laminates: Progressive failure analysis and experimental validation”, Ph.D. 
dissertation, August 2012 
ABSTRACT: Out-of-plane layer waviness, a manufacturing-induced imperfection in multidirectional composite 
laminates, can produce significant decreases in compression strength. To date, failure predictions based on 
initial “first-ply” failure analyses as well as compression strength reductions based on the ply fraction 
containing waviness have shown limited agreement for compression-loaded cross-ply laminates with idealized 
formations of layer waviness. The objective of this investigation was to extend previous research by employing 
progressive failure analysis to predict the ultimate compression strength of carbon/epoxy composite laminates 
with layer waviness. A finite element modeling methodology was developed using cohesive elements available 
in the commercial finite element code ANSYS to model the formation and growth of delaminations at layer 
interfaces. Progressive failure analysis within individual composite layers was performed using the Hashin 
failure criterion and subsequent reduction of appropriate stiffness properties of the failed elements. Strength 
predictions were compared to mechanical test results obtained for a variety of layer wave formations 
intentionally fabricated into otherwise wave-free cross-ply laminates. Results suggest that the computational 
approach used for progressive failure analysis is well suited for predicting strength reductions due to realistic 
formations of layer waviness in composite laminates.  
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linear analysis of thin flat membrane”, International Journal of Engineering Research & Technology (IJERT), 
Vol. 1, No. 6, August 2012 
ABSTRACT: This paper present the model analysis for the predicating the behaviour of inflatable membrane 
structure of general L-shape with a thickness in millimetre using the various smart material which optimally 
within structural member subjected to pre-stressed rather than bending or moments. A numerical solution for 
membranes may also be found using the finite element method. In this paper flat thin membrane choose to 
analysis the behavioural effect of the membranes using the properties of different smart material and compare 
their results in terms of frequency and generalized mass with mode shape. This analysis makes more effective to 
selects the smart material in the space technology. Geometrically non-linear vibration analysis of arbitrary L-
shape membrane is also done using a finite element package, ABAQUS. The analysis shows good agreement 
between finite element and analytical solutions.  
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ABSTRACT: The effects of fiber waviness on the nonlinear behavior of unidirectional composites under tensile 
and compressive loadings have been investigated theoretically and experimentally. Unidirectional composites 
examined were composed of continuous fibers with sinusoidal waviness in a matrix. As a consequence of 
material and geometric factors, both the tensile and compressive behavior of these composites was generally 
nonlinear under finite deformation. Analytical models were proposed for predicting the nonlinear tensile and 
compressive behavior as a function of fiber waviness for three types of fiber waviness pattern: uniform, graded 
and localized fiber waviness. The material and geometric nonlinearities due to fiber waviness were incorporated 
into the models based on complementary energy density and an incremental method. Specimens with various 
degrees of fiber waviness were fabricated. Tensile and compressive tests were conducted on the specimens to 
obtain the elastic properties and behaviors of the composite materials with fiber waviness. The experimental 
results were in good agreement with the predictions. 
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ABSTRACT: A fiber microbuckling calculation is presented for the effects of fiber misalignment and material 
nonlinearity on the compressive strength of fiber composites. The role of fiber bending stiffness is included by 
using a particular form of couple stress theory. In order to examine the effect of a distribution of fiber waviness, 
the fiber misalignment angle is assumed to vary along the fiber length but is taken to be uniform in the 
transverse direction. Thus, the effects of wavelength as well as amplitude of fiber waviness are taken into 
account. A consideration of sinusoidal initial waviness reveals that short wavelength imperfections are much 
less deleterious than long wavelengths. A statistical analysis is presented for the effect of random fiber waviness 
on compressive strength, using a Monte Carlo simulation technique. Compressive strength is found to be 
particularly sensitive to the area under the spectral density curve and to the minimum fiber wavelength. 
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Cambridge CB2 1PZ, U.K.), “Microbuckle initiation in fibre composites : A finite element study”, Journal of 
the Mechanics and Physics of Solids, Vol. 43, No. 12, December 1995, pp. 1887-1918, 
doi:10.1016/0022-5096(95)00057-P 
ABSTRACT: A finite strain continuum theory is presented for unidirectional fibre reinforced composites under 
in-plane loading. The constitutive response is expressed in terms of couple stress theory, and is deduced from a 
unit cell of a linear elastic Timoshenko beam embedded in a non-linear elastic-plastic matrix. The continuum 
theory is implemented within a finite element framework and is used to analyse compressive failure of polymer 
matrix composites by fibre microbuckling. It is assumed that microbuckling initiates from an imperfection in 
the form of a finite elliptical region of fibre waviness. The calculations show that the compressive strength 
decreases with increasing imperfection spatial size from the elastic bifurcation value of Rosen (1965, Fibre 
Composite Materials, pp. 37–75, American Society Metals Seminar) to the imperfection-sensitive infinite band 
strength given by Fleck et al. [1995, J. Appl. Mech. 62, 329–337.]. 
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ABSTRACT: A model is presented for the dynamic compressive response of polymer matrix fiber composites. 
The model includes the effects of fiber misalignment and material nonlinearity as well as material inertia. The 
role of fiber bending stiffness is included via a couple stress formulation. The response of fiber composites to 
suddenly applied, constant compressive axial load is examined. It is found that under constant load, inertial 
effects contribute to a reduction in the critical stress for composite failure. This reduction is greatest for 
composites with long initial fiber imperfection wavelengths. For a given load, there is a range of initial fiber 
imperfection wavelengths that will result in composite failure. Within this range, there is a preferred 
wavelength, which results in the shortest failure time. 
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ABSTRACT: Microbuckle initiation from an open hole, from a filled hole, and from the free surface of a 
unidirectional fibre composite is examined by a finite element method. The role of fibre bending resistance is 
included in the formulation so that a hole size effect is predicted. It is found that the open hole knocks-down the 
compressive strength to the order of 20tauY, while the filled hole reduces the strength to about 40tauY, where 
tauY is the in-plane shear modulus of the composite. Pre-existing fibre waviness adjacent to the hole gives a 
further reduction in the compressive strength. The role of in-plane shear stress and transverse stress in reducing 
the open hole compressive strength is examined: the compressive strength is reduced by the presence of shear 
and transverse tension, but the effect is less pronounced than that observed previously for the case of a circular 
patch of waviness. The study concludes with an investigation of the influence of the free surface on 
microbuckle initiation from a band of waviness and from a semi-circular patch of waviness: a negligible effect 
of the free surface on the compressive strength is predicted. 
 
 
Norman A. Fleck and Dongquan Liu (Cambridge University Engineering Department, Trumpington St., 
Cambridge, CB2 1PZ, UK), “Microbuckle initiation from a patch of large amplitude fibre waviness in a 
composite under compression and bending”, European Journal of Mechanics - A/Solids, Vol. 20, No. 1, January 
2001, pp. 23-37, doi:10.1016/S0997-7538(00)01124-4 
ABSTRACT: A finite element couple stress formulation is used to predict microbuckle initiation from a patch 
of fibre waviness in a unidirectional fibre composite under remote compression and bending. Attention is 
focused on the knock-down in strength due to large amplitude waviness, with the effects of the physical size of 
the imperfection included by incorporating the fibre bending resistance within the formulation. The predicted 
strengths deviate significantly from the simpler kinking theory which neglects the role of fibre bending. Initial 
imperfections in the form of an infinite band and a circular wavy patch are considered: when these 
imperfections are of large spatial extent and possess a large misalignment angle, the compressive strength 
approximates the steady state band broadening stress for an infinite band. The effect of an imposed spatial 
gradient of stress within the composite is explored by determining the compressive strength of beams of finite 
height B for the loading cases of pure bending and axial compression. It is found that the compressive strength 
is sensitive to the magnitude of the imposed stress gradient: the compressive strength of the outer fibres of the 
beam in bending increases with diminishing height of the beam. This size dependence is much reduced for the 
case of uniform compression. 
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ABSTRACT: The compressive strength of unidirectional long fibre composites is predicted for plastic 
microbuckling from a random two-dimensional distribution of fibre waviness. The effect of the physical size of 
waviness is addressed by using couple stress theory, with the fibre bending resistance scaling with the fibre 
diameter d. The predicted statistical distribution of compressive strength is found using a Monte Carlo method. 
An ensemble of fibre waviness profiles is generated from an assumed spectral density of waviness and the 
compressive strength for each such realisation is calculated directly by the finite element method. The average 
predicted strength agrees reasonably with practical values, confirming the hypothesis that microbuckles can be 
initiated by fibre misalignment. It is found that the probability distribution of strength is well matched by a 
Weibull fit, and the dependence of the Weibull parameters upon the spectral density of waviness is determined. 
For the practical range of fibre distributions considered, it is concluded that the strength depends mainly upon 
the root mean square amplitude of fibre misalignment, with the shape of the power spectral density function 
playing only a minor role. An engineering model for predicting the compressive strength is proposed, akin to 
weakest link theory for materials containing flaws. A specimen containing randomly distributed waviness is 
examined to locate regions of high-fibre misalignment. The strength of each of these weak regions is estimated 
from a look-up table derived from calculations with idealised circular or elliptical patches of waviness. The 
strength of the composite is given by the failure stress associated with the weakest such patch. For random 
distributions of waviness, the predictions using this engineering approach are in good agreement with the direct 
calculations of strength using the finite element method. 
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Loadings”, Journal of Composite Materials, January 1989, vol. 23, no. 1, pp.  11-31, 
doi: 10.1177/002199838902300102 
ABSTRACT: An investigation was performed to study the response of cylindrical composite shells subjected to 
out-of-plane loads. During the investigation, an analytical model was devel oped to predict the mechanical 
behavior of the structures from the initial failure, through post-failure, to the final collapse. The model is also 
capable of predicting the residual stiffness and strength of the structures after a preload. Basically, the model 
consists of a structural analysis for calculating the global response of the structures, and a failure analysis for 
predicting local damage of the structures and their residual stiffnesses and strengths. A nonlinear finite element 
code based on the updated Lagrangian formulation was developed for the model. To verify the model, 
experiments were also conducted. An excellent agreement was found between the computer simulations and the 
test results. It is expected that the model can be extended to more complicated structures with various load ing 
conditions. 
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composite plates subjected to various types of in-plane loadings”, International Journal of Mechanical Sciences, 
Vol. 38, No. 2, February 1996, pp. 191-202, doi:10.1016/0020-7403(95)00042-V 
ABSTRACT: The aim of the present investigation is to examine the stability characteristics of laminated plates 
subjected to various types of in-plane loadings. Towards this, a rectangular four node finite element, having 
fourteen degrees of freedom per node, based on a simple higher-order shear deformation theory is developed. 
The theory employed herein involves four dependent variables. The element is found to be free of shear lock 
problems. A series of numerical problems are solved to study the effect of various parameters such as lay-up, 
side to thickness ratio, aspect ratio, type of loadings (uniaxial/biaxial/positive and negative shear/tension—
compression/compression—tension) and boundary conditions. Some interesting observations regarding the 
considerable difference in the buckling resistance of angle-ply plates when subjected to positive and negative 
shear loading are made. 
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laminated plates under combined in-plane loads”, Forschung im Ingenieurwesen, Vol. 67, No. 4, 2002, pp. 139-
145, doi: 10.1007/s10010-002-0088-x 
ABSTRACT: The objective of this paper is to investigate the buckling behavior of moderately thick laminated 
plates subjected to various in-plane edge loads. For this purpose, an accurate four noded rectangular plate 
element based on coupled displacement field is developed. Moment-shear and in-plane equilibrium equations 
are employed to derive the polynomial displacement field of the element. The resulting element has six degrees 
of freedom per node namely three translations, two bending rotations and a twist and allows higher-order 
polynomial description for the field variables. The element is not only lock-free but also yields excellent 
convergence characteristics. A series of numerical examples are solved to demonstrate the efficacy of the 
proposed element. The influence of lay-up sequence, side-to-thickness ratios, boundary conditions on the 
prediction capability of the element is studied in detail. 
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Vibration, Vol. 257, No. 5, November 2002, pp. 967-976, doi:10.1006/jsvi.2002.5259 
ABSTRACT: Following Flügge's exact derivation for the buckling of cylindrical shells, the equations of motion 
for transient dynamic loading of orthotropic circular cylindrical shells under external hydrostatic pressure have 
been formulated. The normal mode theory is used to provide transient dynamic response for the equations of 
motion. The effect of shell's parameters, external hydrostatic pressure and material properties on the shell 
response has been studied in detail. A part of tables and figures are given in this paper. 
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ABSTRACT: A new method for calculating the free vibration frequencies of a thin circular cylindrical shell is 
presented, based on Flügge's shell theory equations for orthotropic materials. A general displacement 
representation is introduced, and a type of coupled polynomial eigenvalue problem is developed in present 
study. Numerical examples are given for isotropic and orthotropic shells. Comparison with that from classical 
dynamic approach is studied for frequency of an isotropic shell. 
 
 
Li Xuebin (Wuhan 2nd Ship Design and Research Institute, Wuhan, Hubei Province, 430064, People's Republic 
of China), “Dynamic Response Analysis and Comparative Study of Circular Cylindrical Shell Subjected to 
Radial Impact”, Journal of Ship Research, Vol. 51, No. 2, June 2007, pp. 94-103 
ABSTRACT: Following Flügge's exact derivation for the buckling of cylindrical shells, the equations of motion 
for dynamic loading of a circular cylindrical shell under external hydrostatic pressure have been formulated. 
The normal mode theory is used to provide transient dynamic response for the equations of motion. The 
responses of displacements, strain, and stress are obtained for the area of impact, while those outside the area of 
impact are also calculated. The accuracy of normal mode theory and Timoshenko shell theory are examined in 
this paper. 
 
 
Liu, Jian-tao, Du, Ping-an; Huang, Ming-jing; Xiao, Yaobing (Sch. of Mech. Eng., Univ. of Electron. Sci. & 
Technol. of China), “Buckling analysis on finite-sized shell structures”, International Conference on 
Mechatronics and Automation, 2009 (ICMA 2009), pp. 4267-4271, 9-12 August 2009 
DOI: 10.1109/ICMA.2009.5246529 
ABSTRACT: The theoretical analysis of finite element method for buckling phenomenon to finite-sized shell 
structure is first introduced. Then, a real application using a probe for detecting the pressure inside turboprops is 



analyzed thoroughly with ANSYS10.0, including section profile, dimensions, and local characteristics. Based 
on the solved results, several rules between critical load and influence factors are obtained, which would be 
helpful for similar structures design and application. Finally, several useful conclusions about the best profile 
and ratio between dimensions are obtained. 
 
 
Atsushi Takano (Mitsubishi Electric Corporation, Kanagawa Japan).  "Improvement of Flügge's Equations for 
Buckling of Moderately Thick Anisotropic Cylindrical Shells", AIAA Journal, Vol. 46, No. 4 (2008), pp. 903-
911, doi: 10.2514/1.31277  
ABSTRACT: A theoretical analysis of the buckling problems of anisotropic laminated or sandwich, short or 
long, circular cylindrical shells under axial loads is presented. The theory is based on Flügge’s equations, 
improved by using first-order shear deformation theory. Nonlinear partial differential equations of equilibrium 
and boundary conditions are obtained by using a strain of finite-displacement theory and the principle of virtual 
work, and these nonlinear partial differential equations of equilibrium are linearized. Solutions that satisfy the 
partial differential equations of equilibrium and boundary contition are obtained, and the analytical model is 
verified by presenting some numerical results and comparing them with results from previous studies. 
 
 
Atsushi Takano (Mechanical Engineering Section, Space Systems Department, Kamakura Works, Mitsubishi 
Electric Corporation, 325 Kamimachiya, Kamakura, Kanagawa 247-8520, Japan), “Buckling of thin and 
moderately thick anisotropic cylinders under combined torsion and axial compression”, Thin-Walled Structures, 
Vol. 49, No. 2, February 2011, pp. 304-316, doi:10.1016/j.tws.2010.11.001 
ABSTRACT: The effects of anisotropy, transverse shear stiffness, length, and their interactions on buckling 
under pure torsion and under combined axial compression and torsion were investigated using a previously 
derived analytical model based on deep shell theory including anisotropy and transverse shear stiffness. The 
model was verified only for buckling under pure axial compression, hence results for buckling under torsion 
have now been compared with the results of previous analyses, and the comparison showed that the model has 
good accuracy for buckling under torsion. Investigation showed that the buckling loads of a cylindrical shell are 
affected not only by anisotropy and transverse shear stiffness but also by shell length. This means that the 
shallow shell theory (Donnell-type theory) is not appropriate and deep shell theory including anisotropy and 
transverse shear stiffness must be used. 
 
 
Atsushi Takano (Space Systems Department, Kamakura Works,  Mitsubishi Electric Corporation, Kamakura, 
Kanagawa 247-8520, Japan), “Statistical knockdown factors of buckling anisotropic cylinders under axial 
compression”, J. Appl. Mech. Vol. 79, No. 5, 051004, June 2012 (17 pages), DOI: 10.1115/1.4006450 
ABSTRACT: Statistical knockdown factors for the axial buckling of anisotropic cylinders were derived for 
practical design purposes. The solution with the least amount of simplification in the linear bifurcation theory 
was chosen from the previously published solutions, and it was compared with more than 100 experimental 
results from the open literature. A-basis values (99% probability with 95% confidence level) and B-basis values 
(90% probability with 95% confidence level) of knockdown factors were obtained by using inferential statistics, 
i.e., inference concerning unknown aspects of a population by using a small sample. 
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“Buckling of stiffened thin-walled truncated cones subjected to external pressure”, Experimental Mechanics, 
06/2008, Vol. 46, No. 3, pp 281-291 
ABSTRACT: The results of external air pressure buckling tests of thin-walled, truncated conical steel shells are 
presented, along with a description of the equipment developed for the testing program. The testing was 
conducted in support of Sandia National Laboratories Z-Pinch Inertial Fusion Energy Proof-of-Principle power 
plant design. Optimized stiffening ring locations were determined by using the finite element method, and were 



then tested, indicating an experimental improvement in initial buckling pressure of more than 300% over the 
unstiffened cone. An analytical method of determining buckling pressures of stiffened conical shells is also 
presented, based on the method of the equivalent cylindrical shell. The results of the analytical method agreed 
very closely to the finite element method for the stiffened cones, but are 20–40% higher than the experimental 
results.  
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Stefanos Kosteletos (Department of Aerospace Engineering, James Watt Building, The University, Glasgow 
G12 8QQ, UK), “Shear buckling response of laminated plates”, Composite Structures, Vol. 20, No. 3, 1992, 
pp.147-154, doi:10.1016/0263-8223(92)90021-4 
ABSTRACT: A theoretical investigation of the initial buckling response of laminated composite plates under 
uniform shear load is presented. The laminates under consideration are generally layered, thin, flat, rectangular 
and they are clamped along all four edges. Extensive numerical results highlighting the effect of fibre 
orientation, lay-up, aspect ratio, number of layers, different material properties and combinations of inplane 
loading on the buckling response of laminated plates are presented. 
 
 
D.H. Laananen and S.P. Renze (Department of Mechanical and Aerospace Engineering, Arizona State 
University, Tempe, Arizona 85287-6106, USA), “Buckling of open-section bead-stiffened composite panels”, 
Composite Structures, Vol. 25, Nos.1-4, 1993, pp. 469-476, doi:10.1016/0263-8223(93)90194-U 
ABSTRACT: Stiffened panels are structures that can be designed to efficiently support in-plane compression, 
bending, and shear loads. Although the stiffeners are usually discrete elements which are fastened or bonded to 
a flat or continuously curved plate, manufacturing methods such as thermoforming allow integral formation of 
the stiffeners in a panel. Such a configuration offers potential advantages in terms of a reduced number of parts 
and manufacturing operations. For thermoplastic composite panels stiffened by integrally formed open-section 
beads, the effects of bead spacing and bend cross-section geometry on the initiation of buckling under uniaxial 
compression and uniform shear loading were investigated. Finite elements results for a range of stiffened panel 
sizes and bead geometries are presented and compared with approximate closed-form solutions based on an 
effective flat plate size. Experimental verification of analytical predictions for one of the shear panels and one 



of the compression panels is described. Compensation of the forming tool to reduce the degree of initial 
curvature of the panels was found to be necessary. 
 
 
Steven P. Renze and David H. Laananen (Department of Mechanical and Aerospace Engineering, Arizona State 
University, Tempe, Arizona 85287-6106, USA), “Buckling behavior of bead-stiffened composite panels”, 
Composites Science and Technology, Vol. 50, No. 2, 1994, pp. 157-166, doi:10.1016/0266-3538(94)90137-6 
ABSTRACT: The integral formation of stiffeners in a panel is economically attractive in terms of a reduced 
number of parts and manufacturing operations. For thermoplastic composite panels stiffened by integral formed 
open-section beads, the effects of bead spacing and bead cross-section geometry on the initiation of buckling 
under uniaxial compression and uniform shear loading have been investigated. Approximate analytical 
relationships for buckling of flat, orthotropic plates have been verified by the use of classical solution methods. 
Finite element results for a range of stiffened panel sizes and bead geometries are presented and compared with 
closed-form solutions based on an effective flat plate size. Experimental verification of analytical predictions 
for four of the panels is described. 
 
 
A.V. Lopatin and E.V. Morozov, “Symmetrical facing wrinkling of composite sandwich panels”, Journal of 
Sandwich Structures and Materials, Vol. 10, No. 6, pp 475-497, Nov. 2008, DOI: 10.1177/1099636208097196 
ABSTRACT: The article presents the solution of symmetrical face sheet wrinkling problem for sandwich panel 
with composite facings and an orthotropic core. The new model is proposed for elastic core that takes into 
account compressive and shear stiffnesses as well as nonlinear change of transverse displacement over the core 
thickness at wrinkling. The governing buckling equation is derived using energy method. Analysis of 
cylindrical face wrinkling is performed for sandwich strips subjected to compressive loads applied to the two 
opposite simply supported edges. The effects of elastic and geometric parameters on the critical buckling 
stresses and wrinkling waves' formation are examined. 
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“Buckling of the SSFF rectangular orthotropic plate under in-plane pure bending”, Composite Structures, 
Vol.90, No. 3, October 2009, pp. 287-294, doi:10.1016/j.compstruct.2009.03.006 
ABSTRACT: The paper deals with the solution of the buckling problem for a rectangular orthotropic plate with 
two parallel free edges. The other two parallel simply supported opposite edges of the plate are loaded by a 
linearly distributed in-plane load which is equivalent to the pure in-plane bending. Buckling analysis is 
performed using the Levy-type solution and subsequent finite-difference approximation of the boundary-value 
problem. Solution of the corresponding eigenvalue problem yields the critical buckling coefficient and critical 
load. The problem is solved for isotropic and orthotropic composite plates. The design chart has been obtained 
for the isotropic plates with various aspect ratios from which the corresponding critical loads can be found. 
Critical buckling coefficients are determined for composite plates with various aspect ratios and angles of the 
reinforcement orientation. The optimum material reinforcement structure providing the maximum value of 
critical load is determined. 
 
 
A.V. Lopatin (1) and E.V. Morozov (2) 
(1) Department of Aerospace Engineering, Siberian State Aerospace University, Krasnoyarsk, Russia 
(2) School of Engineering and Information Technology, University of New South Wales, University College at 
the Australian Defence Force Academy, Canberra, Australia 
“Buckling of the CCFF orthotropic rectangular plates under in-plane pure bending”, Composite Structures, 
Vol.92, No. 6, May 2010, pp. 1423-1431, doi:10.1016/j.compstruct.2009.10.038 
ABSTRACT: Solution of the buckling problem for the CCFF orthotropic plate subjected to in-plane pure 



bending is presented. The two parallel clamped edges of the plate are loaded by linearly distributed in-plane 
loads statically equivalent to the in-plane bending moments. The problem is solved using method of lines for 
partial differential equations and Galerkin’s method. The buckling problems are solved for isotropic, orthotropic 
and multilayered CFRP composite plates with various aspect ratios. Results of calculations of critical loads are 
compared with those based on finite-element modelling and analyses. The comparisons demonstrate efficiency 
of the proposed approach to the buckling analysis of composite CCFF plates with various dimensional and 
stiffness parameters. 
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“Buckling of the SSCF rectangular orthotropic plate subjected to linearly varying in-plane loading”, Composite 
Structures, Vol. 93, No. 7, June 2011, pp. 1900-1909, doi:10.1016/j.compstruct.2011.01.024 
ABSTRACT: The paper presents the solution of the buckling problem for an orthotropic rectangular plate 
having two parallel edges simply supported, one edge clamped and the remaining edge free (the SSCF plate). 
The plate considered is subjected to a linearly varying in-plane load that can take the form of uniform 
compression, combination of in-plane bending and uniform compression, or pure in-plane bending. The solution 
technique involves reduction of the relevant variational buckling equation to a one-dimensional form using the 
Kantorovich procedure and subsequent application of the generalised Galerkin method. The buckling problems 
are solved for isotropic and orthotropic plates with various aspect ratios. The analytical solution is verified 
using the finite-element analysis. The comparisons of computational results demonstrate the appropriateness 
and efficiency of the approach developed in this work for the calculation of critical loads of composite SSCF 
plates with various dimensional and stiffness parameters. 
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“Buckling analysis and design of anisogrid composite lattice conical shells”, Composite Structures, Vol. 93, No. 
12, pp. 3150-3162, November 2011, DOI: 10.1016/j.compstruct.2011.06.015 
ABSTRACT: Composite lattice anisogrid shells have now become a popular choice in many aerospace 
applications. Their use in various structural components, such as rocket interstages, payload adapters for 
spacecraft launchers, fuselage components for aerial vehicles, and parts of the deployable space antennas 
requires the development of more advanced finite-element models and analysis techniques capable of predicting 
buckling behaviour of these structures under variety of loadings. A specialised finite-element model generation 
procedure (design modeller) is developed and applied to the buckling analysis of the composite anisogrid 
conical shells treated as three-dimensional frames composed of the curvilinear ribs made of unidirectional 
composite material. Featuring a dedicated control procedure for positioning the beam elements, the design 
modeller enables a close approximation of the original twisted geometry of the curvilinear ribs. The parametric 
finite-element buckling analyses of the anisogrid conical shells subjected to axial compression, transverse 
bending, pure bending, and torsion showed the robustness and potential of the modelling approach. It was 
demonstrated that the buckling resistance can be significantly enhanced by either increasing the stiffness of a 
few hoop ribs located in the close proximity to the section with the larger diameter, or by introducing the 
additional hoop ribs in the same part of the conical shell. The effectiveness of the design analyses is 
demonstrated using particular examples. It has been shown that the resultant optimised designs can produce up 
to 22% mass savings in comparison with the non-optimised lattice shells. 
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“Buckling of symmetrical cross-ply composite rectangular plates under a linearly varying in-plane load”, 
Composite Structures, Vol. 80, No. 1, September 2007, pp. 42-48, doi:10.1016/j.compstruct.2006.02.030 
ABSTRACT: An exact solution for buckling of simply supported symmetrical cross-ply composite rectangular 
plates under a linearly varying edge load is presented. It is developed based on the first-order shear deformation 
theory for moderately thick laminated plates. Buckling loads of cross-ply rectangular plates with various aspect 
ratios are obtained and the effects of load intensity variation and layup configuration on the buckling load are 
investigated. The results are verified using the computer code ABAQUS. 
 
 
M. Aydin Komur and Mustafa Sonmez (Department of Civil Engineering, School of Engineering, Aksaray 
University, 68100 Aksaray, Turkey), “Elastic buckling of rectangular plates under linearly varying in-plane 
normal load with a circular cutout”, Mechanics Research Communications, Vol. 35, No. 6, September 2008, 
pp.361-371, doi:10.1016/j.mechrescom.2008.01.005 
ABSTRACT: The elastic buckling behavior of rectangular perforated plates was studied by using the finite 
element method in this study. Circular cutout was chosen at different locations along the principal x-axis of 
plates subjected to linearly varying loading in order to evaluate the effect of cutout location on the buckling 
behavior of plates. The results show that the center of a circular hole should not be placed at the end half of the 
outer panel for all loading patterns. Furthermore, the presence of a circular hole always causes a decrease in the 
elastic buckling load of plates subjected to bending, even if the circular hole is not in the outer panel. 
 
 
Wolf Altman and Eliseu Lucena Neto (Instituto Tecnológico de Aeronáutics, 12200 Sáo José dos Campos, SP, 
Brazil), “Vibration of thin shells of revolution based on a mixed finite element formulation”, Computers & 
Structures, Vol. 23, No. 3, 1986, pp. 291-303. doi:10.1016/0045-7949(86)90221-X 
ABSTRACT: A modified Hellinger-Reissner functional for thin shells of revolution is presented. A mixed finite 
element formulation is developed from this functional which is free from line integrals and relaxed continuity 
terms. This formulation is applied to the problem of free vibration of spherical and conical shells. Bilinear trial 
functions are used for all field variables. The quadrilateral curved elements here presented satisfy the C0 
continuity requirement of the functional. In all the results obtained the accuracy is quite good even for a 
reasonable… 
 
Wolf Altman and Mauro Gonçalves de Olivbira (Divisao de Engenharia Aeronáutica, Instituto Tecnologico de 
Aeronáutica, 12225 São José dos Campos, São Paulo, Brazil), “Stability of cylindrical shell panels subjected to 
follower forces based on a mixed finite element formulation”, Computers & Structures, Vol. 27, No.3, 1987, 
pp.367-372, doi:10.1016/0045-7949(87)90060-5 
ABSTRACT: A mixed finite element formulation is developed from a weak variational priniciple. This 
formulation is applied to stability analysis of cylindrical shell structures subjected to follower loading. Bilinear 
trial functions are used for all field variables. The rectangular curved elements presented here satisfy the 
continuity requirements for the field variables at the element interface. Two examples of a cantilevered 
cylindrical shell panel under different kinds of loading are solved. 
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“Vibration and stability of shell panels with slight internal damping under follower forces”, Journal of Sound 
and Vibration, Vol. 136, No. 1, pp 45-50, January 1990, DOI: 1016/0022-460X(90)90936-T 
ABSTRACT: An analysis of vibration and stability of conical and cylindrical shell panels with slight internal 
damping under follower forces is presented. An extended form of the principle of virtual work is utilized. 
Examples of cantilevered conical and cylindrical shell panels with and without small internal damping are 



solved. Plots of these solutions illustrate graphically the influence of internal damping. 
 
 
R.G. White and C.E. Teh (Institute of Sound and Vibration Research, University of Southampton, Southampton 
SO9 5NH, England), “Dynamic behaviour of isotropic plates under combined acoustic excitation and static in-
plane compression”, Journal of Sound and Vibration, Vol. 75, No. 4, 22 April 1981, pp. 527-547, 
doi:10.1016/0022-460X(81)90440-5 
ABSTRACT: A study is described which was carried out to investigate the dynamic response of an aircraft-type 
aluminium alloy plate, with fully clamped boundaries, subjected to combined acoustic excitation and uniaxial 
in-plane compression. Experiments were conducted in an acoustic tunnel with sound pressure levels up to 150 
dB. The non-linear characteristics of the plate have been examined under sinusoidal and broad band random 
excitation and a study made of the statistical and spectral properties of the response. Theoretical and 
experimental estimates of the plate natural frequencies and mode shapes are described. 
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“Vibration Analysis of Non-Circular Curved Panels By the Differential Quadrature Method”, Journal of Sound 
and Vibration, Vol. 259, No. 3, January 2003, pp. 525-539, 
doi:10.1006/jsvi.2002.5335 
ABSTRACT: Free-vibration characteristics of cantilever non-circular curved panels are analyzed by using the 
differential quadrature method (DQM) in this paper. The equations of motion of a curved panel are based on the 
Love's hypothesis and are expressed in an orthogonal curvilinear co-ordinate system. By applying the 
differential quadrature formulation and the proposed modified relationships for specified boundary conditions, 
the free-vibration equations of motion of the curved panel are transformed to a set of algebraic equations. 
Natural frequencies of a cantilever flat plate and a circular curved panel are obtained for verifying the 
applicability of the present approach. Good convergent trend and accuracy are observed. Effects of shallowness, 
thickness and aspect ratios on the natural frequencies of a cantilever curved panel are also investigated. 
Furthermore, natural frequencies of parabolic curved panels are obtained. In all cases studied, the efficiency and 
convenience of the DQM are illustrated. 
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“Effect of Poisson's ratio on the fundamental frequency of transverse vibration and buckling load of circular 
plates with variable profile”, Applied Acoustics, Vol. 47, No. 3, March 1996, pp. 263-273, 
doi:10.1016/0003-682X(95)00053-C 
ABSTRACT: The problem described is solved by approximating the displacement function using simple 
polynomial coordinate functions which identically satisfy the boundary conditions. The numerical 
determinations of the eigenvalues under investigation are determined using the Rayleigh-Ritz method assuming 
that the plate thickness varies according to the functional relation h(r) = ho[1 + _≥(r/a)n], where n is an integer. 
It is shown that the frequency coefficients and critical bukling load parameters obtained by means of the 
analytical procedure are in excellent agreement with the results obtained employing a finite element algorithmic 
procedure. It is concluded that the value of Poisson's ratio has a significant effect upon the frequency and 
buckling parameters, especially in the case of plates of nonuniform thickness and with simply supported edges. 
 
 
Jaehong Lee and Seung-Eock Kim (Sejong University, 98 Kunja Dong, Kwangjin Ku, Seoul 143-747, Republic 
of Korea), “Lateral buckling analysis of thin-walled laminated channel-section beams”, Composite Structures, 
Vol 56, (2002) 291-399 
ABSTRACT: The lateral buckling of a laminated composite beam with channel section is studied. A general 
analytical model applicable to the lateral buckling of a channel-section composite beam subjected to various 
types of loadings is derived. This model is based on the classical lamination theory, and accounts for the 
material coupling for arbitrary laminate stacking sequence configuration and various boundary conditions. The 
effects of the location of applied loading on the buckling capacity are also included in the analysis. A 
displacement-based one-dimensional finite element model is developed to predict critical loads and 
corresponding buckling modes for a thin-walled composite beam with arbitrary boundary conditions. Numerical 
results are obtained for thin-walled composites under central point load, uniformly distributed load, and pure 
bending with angle-ply and laminates. The effects of fiber orientation, location of applied load, and types of 
loads on the critical buckling loads are parametrically studied.  
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ABSTRACT: A combined analytical and experimental evaluation of flexural-torsional and lateral-distortional 
buckling of fiber-reinforced plastic (FRP) composite wide-flange (WF) beams is presented. Based on energy 
principles, the total potential energy equations for instability of FRP WF sections are derived using the 
nonlinear elastic theory. For the analysis of lateral-distortional buckling, a fifth-order polynomial shape function 
is adopted to model the deformed shape of web panels. The models are validated by testing two geometrically 
identical FRP WF beams but with distinct material architectures produced by the pultrusion process. The beams 
are tested under midspan concentrated loads to evaluate their flexural-torsional and lateral-distortional buckling 
responses. To detect rotations of the midspan cross sections and onset of critical buckling loads, horizontal 
transverse bars are attached to the beam's flanges, and the bar ends are connected to linear variable differential 
transducers (LVDTs). For the same purpose, we use strain gauges bonded to the upper and lower surfaces near 
to the free edges of the top flange. A good agreement between the proposed analytical approach and 
experimental and finite-element analyses results is obtained, and simplified engineering equations for flexural-
torsional buckling are formulated. The proposed analytical solutions can be used to predict flexural-torsional 
and lateral-distortional buckling loads for other FRP shapes and to formulate simplified design equations. 
 
 
V.H. Cortinez and M.T. Piovan, “Vibration and buckling of composite thin-walled beams with shear 
deformability”, Journal of Sound and Vibration, Vol. 258, No. 4, 5 December 2002, pp 701-723, 
doi:10.1006/jsvi.2002.5146 
ABSTRACT: In this paper, a theoretical model is developed for the dynamic analysis of composite thin-walled 
beams with open or closed cross-sections. The present model incorporates, in a full form, the shear flexibility 
(bending and warping shear) as well as a state of initial stresses. This allows to study the free vibration and 
buckling problems in a unified fashion. An analytical solution of the developed equations is obtained for the 
case of simply supported thin-walled beams. Numerical examples are given to demonstrate the importance of 
the shear flexibility on the vibration and buckling behavior of the considered structures. 
 
 
Víctor H. Cortinez and Marcelo T. Piovan (Grupo de Análisis de Sistemas Mecánicos, Universidad Tecnológica 
Nacional (FRBB) 11 de Abril 461, 8000, Bahía Blanca, Argentina), “Stability of composite thin-walled beams 
with shear deformability”, Computers & Structures, Vol. 84, Nos. 15-16, June 2006, pp. 978-990, 
doi:10.1016/j.compstruc.2006.02.017 
ABSTRACT: In this paper, a theoretical model is developed for the stability analysis of composite thin-walled 
beams with open or closed cross-sections. The present model incorporates, in a full form, the shear flexibility 
(bending and non-uniform warping), featured in a consistent way by means of a linearized formulation based on 
the Reissner’s Variational Principle. The model is developed using a non-linear displacement field, whose 
rotations are based on the rule of semi-tangential transformation. This model allows to study the buckling and 
lateral stability of composite thin-walled beam with general cross-section. A finite element with two-nodes and 
fourteen-degrees-of-freedom is developed to solve the governing equations. Numerical examples are given to 
show the importance of the shear flexibility on the stability behavior of this type of structures. 
 
 
Marcelo T. Piovan and Víctor H. Cortínez (Grupo de Análisis de Sistemas Mecánicos, Universidad Tecnológica 
Nacional (FRBB) 11 de Abril 461, 8000 Bahía Blanca, Argentina), “Mechanics of shear deformable thin-walled 
beams made of composite materials”, Thin-Walled Structures, Vol. 45, No. 1, January 2007, pp. 37-62, 
doi:10.1016/j.tws.2006.12.001 
ABSTRACT: In this paper, a new theoretical model is developed for the generalized linear analysis of 
composite thin-walled beams with open or closed cross-sections. The present model incorporates, in a full form 
the shear deformability by means of two features. The first one may be addressed as a mechanical aspect where 
the effect of shear deformability due to both bending and non-uniform warping is considered. The second 
feature is connected with the constitutive aspects, and it contemplates the use of different hypotheses adopted in 
the formulation. These topics are treated in a straightforward way by means of the Linearized Principle of 
Virtual Works. The model is developed by employing a non-linear displacement field, whose rotations are 
formulated by means of the rule of semitangential transformation. This model allows studying many problems 



of static's, free vibrations with or without arbitrary initial stresses and linear stability of composite thin-walled 
beams with general cross-sections. A discussion about the constitutive equations is performed, in order to 
explain distinctive aspects of the effects included in the theory. This paper presents the theoretical formulation 
together with finite element procedures that are developed with the aim to obtain solutions to the general 
equations of thin-walled shear deformable composite beams. A non-locking fourteen-degree-of-freedom finite 
element is introduced. Numerical examples are carried out in several topics of static's, dynamics and buckling 
problems, focusing attention in the validation of the theory with respect to experimental data and with 2D and 
3D computational approaches. Also, new parametrical studies are performed in order to show the influence of 
shear flexibility in the mechanics of the thin-walled composite beams as well as to illustrate the usefulness of 
the model. 
 
 
Carlos P. Filipich and Marcelo Tulio Piovan, “The dynamics of thick curved beams constructed with 
functionally graded materials”, Mechanics Research Communications, Vol. 37, No. 6, pp 565-570, September 
2010, DOI: 10.1016/j.mechrescom.2010.07.007 
ABSTRACT: During the last two decades materials, that exhibit graded properties, left their spirit of conceptual 
laboratory specimens to become a technological reality with a well established background. However structural 
applications of these materials are not a fulfilled research. Models of straight and curved beams are normally 
reported in the scientific literature as the easiest way to understand some existing aspects in mechanics of 
structures. Most of these models are formulated appealing to numerical approaches such as the finite element 
method among others, without taking into account theoretical aspects that can be quite useful to reduce 
algebraic complexity.In the present work a technical theory for dynamic analysis of thick curved beams is 
deduced within the context of functionally graded materials. The concept of material neutral-axis shifting is 
employed in the deduction procedure in order to reduce the algebraic handling and complexity of the motion 
equations. This leads to find analytical solutions of the governing differential system, even if it has variable 
coefficients. Parametric studies on the dynamics of curved beams are offered to show the versatility of the 
adopted formulation by means of solutions handled with the power series method. 
 
 
Marcelo Tulio Piovan and S.P. Machado, “Thermoelastic dynamic stability of thin-walled beams with graded 
material properties”, Thin-Walled Structures, Vol. 49, No. 3, pp 437-447, March 2011 
DOI: 10.1016/j.tws.2010.11.002 
ABSTRACT: The dynamic stability of functionally graded thin-walled beams allowing for shear deformability 
is investigated in this article. The analysis is based on a model that has small strains and moderate rotations 
which are formulated through the adoption of a second-order non-linear displacement field. The beam is 
subjected to axial external dynamic loading. The model takes into account thermoelastic effects. The heat 
conduction equation is solved in order to characterize the temperature in the cross-sectional domain. Galerkin's 
and Bolotin's methods are employed with the scope to discretize the governing equations and to determine the 
regions of dynamic stability, respectively. Regions of stability are evaluated and expressed in non-dimensional 
form. The influence of the longitudinal vibration on the unstable regions is investigated. The numerical results 
show the importance of this effect when the forcing frequency approaches to the natural longitudinal frequency, 
obtaining substantially wider parametric stability regions. The effects of temperature gradients, shear flexibility 
and axial inertia, in beams with different cross-sections and different types of graded material are analyzed as 
well. 
 
 
Marcelo Tulio Piovan, Rubens Sampaio and Jose M. Ramirez, “Dynamics of rotating non-linear thin-walled 
composite beams: Analysis of modeling uncertainties”, Journal of the Brazilian Society of Mechanical Sciences 
and Engineering, Vol. 34, January 2012, DOI: 10.1590/S1678-58782012000600010 
ABSTRACT: In this article a non-linear model for dynamic analysis of rotating thin-walled composite beams is 
introduced. The theory is deduced in the context of classic variational principles and the finite element method 
is employed to discretize and furnish a numerical approximation to the motion equations. The model considers 
shear flexibility as well as non-linear inertial terms, Coriolis effects, among others. The clamping stiffness of 



the beam to the rotating hub is modeled through a set of spring factors. The model serves as a mean 
deterministic basis to the studies of stochastic dynamics, which are the objective of the present article. 
Uncertainties should be considered in order to improve the predictability of a given modeling scheme. In a 
rotating structural system, uncertainties are present due to a number of facts, namely, loads, material properties, 
etc. In this study the uncertainties are incorporated in the beam-to-hub connection (i.e. the connection angle and 
the springs) and the rotating velocity. The probability density functions of the uncertain parameters are derived 
employing the Maximum Entropy Principle. Different numerical studies are conducted to show the main 
characteristics of the uncertainty propagation in the dynamics of rotating composite beams. 
 
 
Marcelo Tulioi Piovan, S. Domini and J.M. Ramirez, “In-plane and out-of-pane dynamics and buckling of 
functionally graded circular curved beams”, Composite Structures, Vol. 94, No. 11, pp 3194-3206, November 
2012, DOI: 10.1016/j.compstruct.2012.04.032 
ABSTRACT: In this paper the dynamic and buckling features of slender structures with curved axis are 
addressed. A survey on the literature concerning mechanics of beams constructed with non-homogeneous 
materials or with functionally graded materials reveals only a few papers devoted to the dynamics and buckling 
of curved beams constructed with such materials. This problem was tackled mainly through 2D or 3D numerical 
formulations, but comprehensive beam theories on the matter are scarce. In the present paper a model of non-
homogeneous and/or FGM curved beams is developed. The model is deduced by adopting a consistent 
displacement field which incorporates second order rotational terms based on the semi-tangential rule. The 
model also incorporates the shear flexibility due to bending and warping due to twisting effects. Arbitrary initial 
stresses and initial off-axis loads are taken into account in the linearized principle of virtual works. The finite 
element method is employed to discretize the motion equations with the objective to solve problems of 
dynamics, statics and buckling. The model contains, as particular cases, several straight beam theories as well as 
curved beam theories. Some comparisons with the available experimental data of the open literature are 
performed in order to illustrate the predictive features of the model, and comparisons with 2D and 3D finite 
element approaches are also performed. 
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Universidad Tecnológica Nacional FRBB, 11 de Abril 461, B8000LMI Bahía Blanca, Argentina 
“Nonlinear dynamics of rotating box FGM beams using nonlinear normal modes”, Thin-Walled Structures, Vol. 
62, pp 158-168, January 2013, DOI: 10.1016/j.tws.2012.09.005 
ABSTRACT: In this work an analysis is performed on the nonlinear planar vibrations of a functionally graded 
beam subjected to a combined thermal and harmonic transverse load in the presence of internal resonance. 
Adopting the direct perturbation MMS technique, the partial differential equations of motion of the beam are 
reduced to sets of first-order nonlinear modulation equations in terms of the complex modes of the beam. The 
assumption of steady-state values of centrifugal loads is evaluated. It has to be said that there is a lack of 
information about modeling of rotating box beams made of functionally graded materials (FGMs) under 
thermo-mechanical loads. The influence of the transverse load amplitude and the internal detuning parameter on 
the strength of nonlinear modal interaction is illustrated. It is also shown that the system exhibits periodic and 
quasiperiodic responses for a typical range of parameter values. 
 
 
Marcelo Tulio Piovan, J.M. Ramirez and Rubens Sampaio, “Dynamics of thin-walled composite beams: 
Analysis of parametric uncertainties”, Composite Structures, Vol. 105, pp 14-28, November 2013 
ABSTRACT: This article is concerned with the stochastic dynamic analysis of structures constructed with 
composite materials. Depending on many aspects (manufacturing process, material uncertainty, boundary 
conditions, etc.) real composite structures may have deviations with respect to the calculated response (or 
deterministic response). These aspects lead to a source of uncertainty in the structural response associated with 
constituent proportions, geometric parameters or other unexpected agents. Uncertainties should be considered in 
a structural system in order to improve the predictability of a given modeling scheme. In this study a model of 



shear deformable composite beams is employed as the mean model. The probabilistic model is constructed by 
adopting random variables for the uncertain parameters of the model. This strategy is called parametric 
probabilistic approach. The probability density functions of the random variables are constructed appealing to 
the Maximum Entropy Principle. The continuous model is discretised by finite elements and the Monte Carlo 
method is employed to perform the simulations, thereafter a statistical analysis is performed. Numerical studies 
are carried out to show the main advantages of the modeling strategies employed, as well as to quantify the 
propagation of the uncertainty in the dynamics of slender composite structures. 
 
 
Marcelo Tulio Piovan (1), Fernando Olmedo (2) and Rubens Sampaio (3) 
(1) Grupo de Análisis de Sistemas Mecánicos, Universidad Tecnológica Nacional, Bahia Blanca, Argentina 
(2) Mechanical Engineering, Universidad de las Fuerzas 
(3) Pontificia Universidade Catolica 
“Dynamics of magneto electro elastic curved beams: Quantification of parametric uncertainties”, Composite 
Structures, Col. 133, July 2015 
ABSTRACT: The objective of this paper is the evaluation of uncertainty propagation associated to several 
parameters in the dynamics of magneto-electro-elastic (MEE) curved beams. These MEE structures can be 
employed as imbedded parts in high performance technological systems to control motions and/or attenuate 
vibrations, for energy harvesting, etc. Although a lot of research connected with these structures was done for 
dynamics and statics, it is remarkable the scarcity of articles analyzing random dynamics of MEE structure, 
provided that many models have uncertainties associated to their parameters: loads and/or material properties, 
among others. A theory for MEE curved beams is derived and assumed as the deterministic model. The 
response is calculated by means of a finite element formulation. The probabilistic model is constructed 
appealing to the finite element formulation of the deterministic approach, by adopting random variables for the 
uncertain parameters selected. The probability density functions of the random variables are derived with the 
Maximum Entropy Principle. The Monte Carlo method is used to perform simulations with independent 
realizations. Studies are carried out in order to evaluate the influence of Magneto-elastic and/or piezoelectric 
coupling in the dynamics of MEE curved beams in both contexts: the deterministic and the stochastic. 
 
 
Marcelo Tulio Piovan and Rubens Sampaio, “Parametric and non-parametric probabilistic approaches for the 
mechanics of thin walled composite curved beams”, Thin-Walled Structures, Vol. 90, May 2015 
ABSTRACT: In this article we perform a quantification of the uncertainty propagation of the dynamics of 
slender initially curved structures constructed with fiber reinforced composite materi-als. Depending on the 
manufacturing process, composite materials may have deviations with respect to the expected response, often 
called nominal response in a deterministic sense. The manufacturing aspects lead to uncertainty in the structural 
response associated with constituent proportions, material and/or geometric parameters among others. Another 
aspect of uncertainty that can be sensitive in composite structures is the mathematical model that represents the 
mechanics of the structural member, that is: the assumptions and type of hypotheses invoked reflect the most 
relevant aspects of the physics of a structure, however in some circumstances these hypotheses are not enough, 
and cannot represent properly the mechanics of the structure. Uncertainties should be considered in a structural 
system in order to improve the predictability of a given modeling scheme. There are two approaches to evaluate 
the propagation of uncertainties in structural models: The parametric probabilistic approach and the non-
parametric probabilistic approach. In the first approach, one quantifies the uncertainty of given parameters (such 
as variation of the angles of fiber reinforcement, material constituents, etc.) by associating random variables to 
them. In the second approach, the propagation of uncertainty is quantified by considering uncertain the matrices 
of the whole system. In this study a shear deformable model of composite curved thin walled beams is 
employed as the mean or expected model. The probabilistic model is constructed by adopting random variables 
for the uncertain entities (parameters or matrices) of the model. The probability density functions of the random 
entities are derived appealing to the Maximum Entropy Principle under given constraints. Once the probabilistic 
model is discretized in the context of the finite element method, the Monte Carlo method is employed to 
perform the simulations. Then the statistics of the simulations is evaluated and the parametric and 
nonparametric approaches are compared. 



 
 
T. Kremer and H. Schürmann (Darmstadt University of Technology, Department of Lightweight Design and 
Construction, Petersenstraße 30, 64287 Darmstadt, Germany), “Buckling of tension-loaded thin-walled 
composite plates with cut-outs”, Composites Science and Technology, Vol. 68, No. 1, January 2008, pp. 90-97, 
doi:10.1016/j.compscitech.2007.05.035 
ABSTRACT: Plane plates subjected to tensile loads are usually not considered to fail due to buckling. However 
if a plate contains a cut-out, regions of compressive stresses arise under a uniaxial tensile load. In thin-walled 
orthotropic composite plates these compressive stresses may cause local buckling. In general the stress 
concentration factors of cut-outs are very high, thus the buckling limits will not be exceeded before fracture. 
However cut-outs, optimised by a shape optimisation method, run risk to initiate buckling before exceeding the 
fracture load because the stress concentration factors for these cut-outs are very low. In this paper the influence 
of the shape of optimised cut-outs on the buckling behaviour is investigated. Besides the critical load the under-
critical and post-critical behaviour of geometrical imperfect orthotropic composite plates is analysed. Methods 
that prevent local buckling under tensile stresses are discussed in order to provide the full advantage of 
optimised cut-outs. 
References listed at the end of the paper: 
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“Buckling Characteristics of Symmetrically and Antisymmetrically Laminated Composite Plates with Central 
Cutout”, Applied Composite Materials, Vol. 14, No. 4, 2007, pp. 265-276, doi: 10.1007/s10443-007-9045-z 
ABSTRACT: A numerical and experimental study was carried out to determine the effects of anti-symmetric 
laminate configuration, cutout and length/thickness ratio on the buckling behavior of E/glass-epoxy composite 
plates. The buckling loads were presented for symmetrically and anti-symmetrically laminated plates subjected 
to axial compression load. The study included two different laminate configurations ([90/45/-45/0]as and 
[90/45/-45/0]s), two different cutout shapes (circular and semi-circular), two different length/thickness ratios 
(L/t = 75 and 37.5) and three boundary conditions (clamped-clamped [CC], clamped-pinned [CP] and pinned-
pinned [PP]). Firstly, the buckling loads of eight-ply E/glass-epoxy rectangular plates were determined 
experimentally. Then, the buckling loads of the laminated composites were calculated by ANSYS finite-
element computer code. The changing in buckling load of the composites due to the presence of cutout and 
changing of length/thickness ratio was calculated. Finally, the experimental test results were compared to the 
buckling loads of plates obtained from the finite element analysis. 
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Composites, November 2007, vol. 26, no. 16, pp. 1637-1655, 
doi: 10.1177/0731684407079515 
ABSTRACT: In this study, the influence of boundary conditions on the buckling load for rectangular plates of 
various cutout shape, length/thickness ratio, and ply orientation is examined. Boundary conditions consisting of 
clamped, pinned, and their combinations are considered. Numerical and experimental studies are conducted to 
investigate the effect of boundary conditions, cutout shape, length/thickness ratio, and ply orientation on the 
buckling behavior of E-glass/epoxy composite plates under in-plane compression load. Buckling analysis of the 
laminated composites is performed by using finite element analysis software ANSYS. Tests have been carried 
out on laminated composites with circular and semicircular cutouts under various boundary conditions. 
Comparisons are made between the test results and predictions based on finite element analysis. The results 
show a complex interaction between plate orthotropy and boundary conditions. 
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ABSTRACT: This paper presents a new curved shell finite element formulation for linear static analysis of 
laminated composite plates and shells, where the displacement approximation in the direction of the shell 
thickness can be of an arbitrary polynomial order p, thereby permitting strains of at least (p - 1) order. This is 
accomplished by introducing additional nodal variables in the element displacement approximation 
corresponding to the Lagrange interpolating polynomials in the element thickness direction. The resulting 
element displacement approximation has an important hierarchical property i.e. the approximation functions and 
the generalized nodal variables corresponding to an approximation order p are a subset of those corresponding 
to an approximation order (p + 1). The element formulation ensures C0 continuity or smoothness of 
displacements across the interelement boundaries. The element properties (stiffness matrix and equivalent load 
vectors) are derived using the principle of virtual work and the hierarchical element approximation. The 
formulation is extended for generally orthotropic material behaviour where the material directions are not 
necessarily parallel to the global axes. Further extension of this formulation for laminated composites is 
accomplished by incorporating the material properties of each lamina by numerically integrating the element 
stiffness matrix for each lamina. The formulation has no restriction on either the number of laminas or the layup 
pattern of the laminas. Each lamina can be generally orthotropic, and the material directions and the lamina 
thicknesses may vary from point to point within each lamina. The geometry of the laminated shell element is 
described by the co-ordinates of the nodes lying on the middle surface of the element and the lamina thicknesses 
at each node. The formulation permits any desired order displacement or strain approximation in the shell 
thickness direction without remodelling. Numerical examples are presented to demonstrate the accuracy, 
efficiency, and overall superiority of the present formulation. The results obtained from the present formulation 
are compared with those available in the literature as well as the analytical solutions. 
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shells”, Computational Mechanics, Vol. 7, No. 4, 1991, pp. 237-251, doi: 10.1007/BF00370038 
ABSTRACT: This paper presents a new completely hierarchical three dimensional curved shell finite element 
formulation for linear static analysis of laminated composite plates and shells. The element displacement 
approximation can be of arbitrary polynomial orders p xi , p eta and p xeta in the xi, eta, and zeta directions 
thereby permitting strains of at least (p xi –1), (p eta –1) and (p zeta –1) order. The element approximation 
functions as well as the nodal variables are hierarchical. The element formulation ensures C0 continuity. The 
lamina properties are incorporated by numerically integrating the element stiffness matrix for each lamina. The 
formulation has no restriction on either the number of laminas or the layup pattern of the laminas. The geometry 
of the laminated shell element is described by the coordinates of the nodes lying on the middle surface of the 
element and the lamina thicknesses at each node. The element formulation is equally effective for very thin as 
well as very thick laminated plates and curved shells. The results obtained from the present formulation are 
compared with those available in the literature as well as available analytical solutions. 
 
 
J. H. Liu and K. S. Surana (The University of Kansas, Department of Mechanical Engineering, 3013 Learned 
Hall, Lawrence, KS 66045-2234, U.S.A.), “Piecewise hierarchical p-version curved shell element for 
geometrically nonlinear behavior of laminated composite plates and shells”, Computers & Structures, Vol. 55, 
No. 1, April 1995, pp. 47-66, doi:10.1016/0045-7949(94)00506-X 
ABSTRACT: This paper presents a nine-node three-dimensional laminated composite curved shell finite 
element formulation for geometrically nonlinear (GNL) analysis of laminated plates and shells where the 
displacement approximation for the laminate is piecewise hierarchical and is derived based on p-version. The 
displacement approximation for the element is developed first by establishing a hierarchical displacement 
approximation for each lamina of the laminate and then by imposing interlamina continuity conditions of 
displacements at the interfaces between the laminas. The nodal variables for the entire laminate are derived 
from the nodal variables of the laminas and the interlamina continuity conditions of displacements. The element 
formulation ensures C0 continuity of displacements across the interelement as well as interlamina boundaries. 
The lamina stiffness matrices and the equivalent nodal force vectors are derived using the principle of virtual 
work and the hierarchical displacement approximation for the laminas. Interlamina continuity conditions are 



used to construct the transformation matrices for the individual laminas which permit transformation of the 
lamina degrees of freedom to the laminate degrees of freedom. The interlamina behavior incorporated in this 
formulation is in total agreement with the physics of laminate behavior for composite plates and shells. In 
formulating the properties of the element, complete three-dimensional stresses and strains are considered, hence 
the element is equally effective for very thin as well as extremely thick laminated shells and plates. Incremental 
equations of equilibrium are derived and solved using standard Newton's method. The total load is divided in 
increments and for each increment of load equilibrium iterations are performed until each component of the 
residuals and the generalized nodal displacement vector are within preset tolerances. Numerical examples are 
presented to show the accuracy, p-convergence characteristics and overall advantages of the present 
formulation. 
 
 
Than Ngoc Tran, R. Kreissig and M. Staat, “Load bearing capacity of thin shell structures made of elastoplastic 
material by direct methods”, Technische Mechanik, Band 28, Heft 3-4, 2008, pp. 299-309 
ABSTRACT: A method is introduced to determine the limit load of thin shells using the finite element method. 
The method is based on an upper bound limit and shakedown analysis with the elastic-perfectly plastic material 
model. A nonlinear constrained optimization problem is solved by using Newton’s method in conjunction with 
a penalty method and the Lagrange dual method. The numerical investigation of a pipe bend subjected to 
bending moments proves the effectiveness of the algorithm. 
 
 
Than Ngoc Tran and M. Staat, Uncertainty multimode failure and shakedown analysis of shells”, Direct 
Methods for Limit and Shakedown Analysis of Structures, pp 279-298, 2015 
ABSTRACT: This paper presents a numerical procedure for reliability analysis of thin plates and shells with 
respect to plastic collapse or to inadaptation. The procedure involves a deterministic shakedown analysis for 
each probabilistic iteration, which is based on the upper bound approach and the use of the exact Ilyushin yield 
surface. Probabilistic shakedown analysis deals with uncertainties originated from the loads, material strength 
and thickness of the shell. Based on a direct definition of the limit state function, the calculation of the failure 
probability may be efficiently solved by using the First and Second Order Reliability Methods (FORM and 
SORM). The problem of reliability of structural systems (series systems) is handled by the application of a 
special technique which permits to find all the design points corresponding to all the failure modes. Studies 
show, in this case, that it improves considerably the FORM and SORM results. 
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“Spline approximation of thin shell dynamics”, (publisher not given in the pdf file, 1997 Citeseer) 
ABSTRACT: A spline based method for approximating thin shell dynamics is presented here. While the 
method is developed in the context of the Donnell-Mushtari thin shell equations, it can be easily extended to the 
Byrne-Flugge-Lur’ye equations or other models for shells of revolution as warranted by applications. The 
primary requirements for the method include accuracy, flexibility and efficiency in smart material applications. 
To accomplish this, the method was designed to be flexible with regard to boundary condtions, material 
nonhomogeneities due to sensors and actuators, and inputs from smart material actuators such as piezoceramic 
patches. The accuracy of the method was also of primary concern, both to guarantee ful resolution of structural 
dynamics and to facilitate the development of PDE-based controllers which ultimately require real-time 
implementation. Several numerical examples provide initial evidence demonstrating the efficacy of the method. 
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“Finite Element Buckling Analyses of Transversely Stiffened Orthotropic Rectangular Thin Plates under Shear 
Loads”, Journal of Reinforced Plastics and Composites, January 2009, vol. 28, no. 1, pp. 109-127, 
doi: 10.1177/0731684408085385 
ABSTRACT: In this study, finite element buckling analyses of transversely stiffened isotropic and orthotropic 
rectangular thin plates under shear loads are presented. Eigenvalue buckling analysis is used to predict critical 
buckling loads of mild steel and Boron—Aluminium MMC composite stiffened plates with different fiber 
orientations by using ANSYS. A simply supported boundary condition is applied through the edges of the plates 
and uniformly distributed shear loads are given to edge nodes. It is demonstrated that by adding more transverse 
rectangular stiffeners which are made of the same material with the plate, critical buckling stress of the plates 
increases linearly. The failure tests of unstiffened Boron—Aluminium plates were performed according to Tsai-
Hill failure criteria. 
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“Local buckling curves for the design of FRP profiles”, Thin-Walled Structures, Vol. 37, No. 3, July 2000, 
pp.207-222, doi:10.1016/S0263-8231(00)00023-9 
ABSTRACT: Local buckling in FRP profiles is analyzed. Some experimental results in compression and 
bending, where local buckling of the flanges in compression occurred, are described and the critical stresses are 
summarized. A numerical model by the finite element method (FEM) is introduced and validated by 
comparison of the numerical results with the experimental ones. This finite element model is applied for a wide 
parametric analysis in order to individuate a buckling curve for the local buckling of the flange. An analytical 
expression of the buckling curve is developed, taking into consideration the orthotropy of the material, in which 
the restraint action of the web on the flange is explicitly introduced as a function of the geometrical and 
mechanical data of the section sub-components. The reliability of the proposed curve as a design tool is 
confirmed by comparison with the experimental results. 
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“Nonlinear frequency shifts in quasispherical-cap shells: Pitch glide in Chinese gongs”, J. Acoust. Soc. Am., 
Vol. 78, No. 6, December 1985, pp. 2069-2073 
ABSTRACT: The large-amplitude vibrational behavior of a shallow spherical-cap shell is investigated 
theoretically using simple arguments. The results of this approximate analysis are expressed in the form of 
appealingly simple nondimensional quantities. It is shown that the frequency of the fundamental mode of such a 
shell falls by as much as 50 per cent as the vibration amplitude is increased to approximately the shell depth. 
For even larger amplitudes the frequency rises, and it exceeds the small-amplitude frequency when the 
amplitude is more than about twice the shell depth. The influence of shell thickness is considered and increasing 
thickness is shown to decrease the frequency shift. This analysis is shown to account for the pitch glide 
behavior of certain Chinese opera gongs. 
 
 
Fei-Yue Wang (Department of Mechanics, Zhejiang University, Hangzhou, China), “Monte Carlo analysis of 
nonlinear vibration of rectangular plates with random geometric imperfections”, International Journal of Solids 
and Structures, Vol. 26, No. 1, 1990, pp. 99-109, doi:10.1016/0020-7683(90)90097-F 
ABSTRACT: The effect of random initial geometric imperfections on the vibration behavior of rectangular 
plates is investigated in this paper using a statistical method. The random initial geometric imperfections of 
plates are described by Gaussian random fields and simulated numerically using Elishakoff's method. Lindstedt-
Poincaré's perturbation technique is employed to solve Duffing's Equation with an additional quadratic spring 
term derived in the vibration analysis of imperfect rectangular plates. A Monte Carlo analysis for simply 
supported plates is carried out in detail to illustrate the proposed approach. It is shown that the effect of random 
geometric imperfections on the vibration behavior of the plates can be described quantitatively in terms of the 
frequency reliability function and the hardening type probability. 
 
 
Huang Xiaoqing and Zhang Hong (Department of Mechanics, South China University of Technology, 
Guangzhou 510641, P.R. China), “Influence of compression-bending coupling on the stability behavior of 
anisotropic laminated panels”, Applied Mathematics and Mechanics, Vol. 20, No. 1, 1999, pp. 18-26,  
doi 10.1007/BF02459269 
ABSTRACT: Dynamic-Relaxation Method (DRM) is applied to studying the influence of compression-bending 
coupling on nonlinear behavior of cylindrically slightly curved panels of unsymmetric laminated composite 
materials subjected to uniform uniaxial compression during loading and unloading. Numerical results are given 
for cross-ply plates and panels under S4 S4 and S4 S2 boundary conditions. The results show that the effects of 
absolute value and the sign of the coupling coefficient on the stability behavior of the panles are significant. 
 
 
Jinrui Ye and Boming Zhang (Center for Composites and Astructure, Harbin Institute of Technology, Harbin 
150006, China), “Cost-weight optimization design of composite stiffened panel”, Acta Materiae Compositae 
Sinica, 2009-02, doi: CNKI:SUN:FUHE.0.2009-02-035 
ABSTRACT: A method of estimating the manufacturing cost for composite stiffened panels was proposed on 
the basis of co-curing process. Considering cost as a major design parameter, an approach to optimize the 
configuration that minimizes the cost and weight of composite stiffened panels under compression and shear 
was presented, under structural requirements and manufacturing constraints. Based on the case of panel with T 
stiffener, the objective function of cost and weight was minimized respectively to verify the cost estimation 
model. The results estimated are in good agreement with practical process time of lay up. In addition,the 
stiffened panel cost and weight were discussed for seven stiffener cross-sectional shapes. It is found that T 
stiffener gives the lowest time configuration while its weight is only 0.5% more than that of the J stiffener, 
while J is of the lowest weight among seven stiffeners.The optimization conclusion can be applied to guide 
design of composite stiffened panel. 
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“Length dependent foam-like mechanical response of axially indented vertically oriented carbon nanotube 
arrays”, Carbon, Vol. 49, pp 386-397, 2011 
ABSTRACT: The axial compressive mechanical response of substrate-supported carbon nanotube (CNT) arrays 
with heights from 35 to 1200 micrometers is evaluated using flat punch nanoindentation with indentation depths 
to 200 micrometers. The compressive behavior is consistent with that of an open-cell foam material with array 
height playing a role similar to that of occupation density for traditional foam. Mechanical yielding of all arrays 
is initiated between 0.03 and 0.12 strain and arises from localized coordinated plastic buckling. For intermediate 
CNT array heights between 190 and 650 lm, buckle formation is highly periodic, with characteristic 
wavelengths between 3 and 6 micrometers. Buckle formation produced substantial force oscillations in both the 
compressive and lateral directions. The compressive elastic modulus of the arrays is obtained as a continuous 
function of penetration depth and attains a value between 10 and 20 MPa for all arrays during mechanical yield. 
A qualitative model based upon concepts of cellular foam geometry is advanced to explain the observed CNT 
buckling behavior.  
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“Mechanics of nanowire/nanotube in-surface buckling on elastomeric substrates”, Nanotechnology, Vol. 21, 
No. 8, January 2010, DOI: 10.1088/0957-4484/21/8/085708 
ABSTRACT: A continuum mechanics theory is established for the in-surface buckling of one-dimensional 
nanomaterials on compliant substrates, such as silicon nanowires on elastomeric substrates observed in 
experiments. Simple analytical expressions are obtained for the buckling wavelength, amplitude and critical 
buckling strain in terms of the bending and tension stiffness of the nanomaterial and the substrate elastic 
properties. The analysis is applied to silicon nanowires, single-walled carbon nanotubes, multi-walled carbon 
nanotubes, and carbon nanotube bundles. For silicon nanowires, the measured buckling wavelength gives 



Young's modulus to be 140 GPa, which agrees well with the prior experimental studies. It is shown that the 
energy for in-surface buckling is lower than that for normal (out-of-surface) buckling, and is therefore 
energetically favorable. 
 
 
Hutchens, Shelby B., Needleman, Alan and Greer, Julia R. (Kavli Nanoscience Institute, California Institute of 
Technology, Pasadena, California, USA), “Analysis of uniaxial compression of vertically aligned carbon 
nanotubes”, Journal of the Mechanics and Physics of Solids, Vol. 59, No. 10, October 2011, pp 2227-2237, 
DOI: 10.1016/j.jmps.2011.05.002 
ABSTRACT: We carry out axisymmetric, finite deformation finite element analyses of the uniaxial 
compression of cylindrical bundles of vertically aligned carbon nanotubes (VACNTs) firmly attached to a Si 
substrate. A compressible elastic–viscoplastic constitutive relation with a piecewise, linear hardening–
softening–hardening flow strength is used to model the material. Calculations are performed for VACNTs both 
with uniform properties and with axially graded properties. We show that, with uniform properties, sequential 
buckling initiates at the substrate and propagates away from it, in agreement with previous experimental 
findings. We investigate the dependence of the magnitude and wavelength of the buckles on characteristics of 
the function defining the flow strength. When a property gradient giving a more compliant response at the end 
opposite to the substrate is specified, we find that sequential buckling initiates at that end and propagates toward 
the substrate. Results of the analyses are compared with the experimental observations and capture many of the 
experimentally obtained stress–strain and morphological features. The proposed model serves as a promising 
foundation for capturing the underlying energy absorption mechanisms in these systems. Comparison of the 
model predictions with the experimental results also suggests directions for model improvement. 
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“Continuum analysis of carbon nanotube array buckling enabled by anisotropic elastic measurements and 
modeling”, Carbon, Vol. 66, pp 377-386, January 2014, DOI: 10.1016/j.carbon.2013.09.013 
ABSTRACT: For the first time, carbon nanotube (CNT) forests are fully characterized as transversely isotropic 
continuum material. Each of the five independent elastic constants is experimentally obtained using a 
combination of nanoindenter-based uniaxial compression and shear testing, in situ SEM compression, and 
digital image correlation (DIC) of vertically and laterally oriented CNT microstructure columns. Material 
properties are highly anisotropic, with an axial modulus (165–275 MPa) that is nearly two orders of magnitude 
greater than the transverse modulus (2.5–2.7 MPa) and the out of plane shear modulus (0.8–1.6 MPa). The 
Poisson’s ratios along three mutually orthogonal axes, measured directly by simultaneous in situ DIC evaluation 
of axial and transverse strain, are found to be similarly anisotropic (ν12 = 0.35, ν23 = 0.1, ν21 = 0.005). A 
Timoshenko beam model is then developed to accurately predict the critical buckling stress of the vertically 
oriented columns using a subset of these anisotropic properties and considering inelastic column buckling. 
These results show that the critical bucking stress of CNT microstructures vary predictably with geometry and 
that continuum models with appropriate material constants may be applied to analyze CNT microstructures and 
evaluate their stability for many applications. 
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ABSTRACT: The investigation of stability of shell structures is a specialty which in its own right deserves a 
complete separate book. Here just some main aspects are explained, and the correspondence and difference with 
beam-column buckling is touched. We will successively discuss buckling of uni-axially loaded plates as a limit 
case of shells, arched beams, arched circular roofs, axially-pressed shells of rotation and domes. 
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Pathak S, Cambaz G, Kalidindi S, Swadener G, Gogotsi Y. Viscoelasticity and high buckling stress of dense 
carbon nanotube brushes. Carbon 2009;47(8):1969–76, DOI: 10.1016/j.carbon.2009.03.042 
ABSTRACT: We report on the mechanical behavior of a dense brush of small-diameter (1–3 nm) non-catalytic 
multiwall (2–4 walls) carbon nanotubes (CNTs), with ∼10 times higher density than CNT brushes produced by 
other methods. Under compression with spherical indenters of different radii, these highly dense CNT brushes 
exhibit a higher modulus (∼17–20 GPa) and orders of magnitude higher resistance to buckling than vapor phase 
deposited CNT brushes or carbon walls. We also demonstrate the viscoelastic behavior, caused by the increased 
influence of the van der Waals’ forces in these highly dense CNT brushes, showing their promise for energy-
absorbing coatings. 
 
 
Zhan Kang, Ming Li and Qiqin Tang (State Key Laboratory of Structural Analysis for Industrial Equipment, 
Dalian University of Technology, Dalian 116024, China), “Buckling behavior of carbon nanotube-based 
intramolecular junctions under compression: Molecular dynamics simulation and finite element analysis”, 
Computational Materials Science, Vol. 50, No. 1, pp 253-259, November 2010 
DOI: 10.1016/j.commatsci.2010.08.011 
ABSTRACT: Intramolecular junctions (IMJs) formed by connecting two arbitrary carbon nanotubes (CNTs) 
can act as functional building blocks in circuits and components of CNT-based electronics devices. While 
extensive studies have been conducted on the atomic structural as well as electrical properties of IMJs and great 
advances have been achieved, mechanical response of IMJs under large deformation, which may exert 
significant effects on their electrical properties, are still not fully explored. In this paper, both molecular 
dynamics (MD) simulation and finite element (FE) analysis are employed to investigate the buckling behavior 
of IMJs under axial compression. The strain rate effects are firstly studied in the MD simulations. It is found 
that the critical compressive strain is not sensitive to the strain rate of relatively low range, but it exhibits a 
strong dependency upon the strain rate under high speed compression. In particular, a different failure mode 
may occur under ultra-high loading velocities. Based on the discussion on the strain rate effects, a reasonable 
loading velocity is suggested to be adopted in the subsequent MD simulations. In this study, the results of both 
the MD simulations and the FE analyses indicate that the critical compressive strain is dependent upon the 
length, radial dimensions of the IMJ but insensitive to the chirality of the IMJ. The comparison between the 
results of the MD simulations and the FE analyses also confirms that the FE analysis is able to provide useful 
insights into the compressive behavior of CNT-based IMJs with a much less computational cost. 
 
 
M. Wojcik, P. Iwicki and J. Tejchman (Faculty of Civil and Environmental Engineering, Gdansk University of 
Technology, Gdansk, Poland), “3D buckling analysis of a cylindrical metal bin composed of corrugated sheets 
strengthened by vertical stiffeners”, Thin-Walled Structures, Vol. 49, No. 8, August 2011, pp. 947-963, 
doi:10.1016/j.tws.2011.03.010 
ABSTRACT: The paper presents 3D results of a quasi-static buckling analysis of a funnel-flow cylindrical 
metal bin composed of horizontally corrugated sheets strengthened by vertical columns. A linear buckling and a 
non-linear analysis with geometric and material non-linearity were carried out with a perfect and an imperfect 
real silo shell by taking into account axisymmetric and non-axisymmetric loads imposed by a bulk solid 
following Eurocode 1 and different initial geometric imperfections and load non-uniformities around the 
circumference. The calculated buckling forces were compared with the permissible one given by Eurocode 3. 
 



 
Biswarup Ghosh, “Consequences of simultaneous local and overall buckling in stiffened panels”, Master’s 
�Thesis, Virginia Polytechnic Institute and State University, Blacksburg, VA, 2003 
ABSTRACT: In this thesis improved expressions for elastic local plate buckling and overall panel buckling of 
uniaxially compressed T-stiffened panels are developed and validated with 55 ABAQUS eigenvalue buckling 
analyses of a wide range of typical panel geometries. These two expressions are equated to derive a new 
expression for the rigidity ratio (EIx/Db)co that uniquely identifies “crossover” panels – those for which local 
and overall buckling stresses are the same. The new expression for (EIx/Db)co is also validated using the 55 FE 
models. Earlier work by (Chen, 2003) had produced a new step-by-step beam-column method for predicting 
stiffener-induced compressive collapse of stiffened panels. An alternative approach is to use orthotropic plate 
theory. As part of the validation of the new beam-column method, ABAQUS elasto-plastic Riks ultimate 
strength analyses were made for 107 stiffened panels – the 55 crossover panels and 52 others. The beam-column 
and orthotropic approaches were also used. A surprising result was that the orthotropic approach has a large 
error for crossover panels whereas the beam-column method does not. Some possible reasons for this are 
suggested. Collapse patterns for the crossover panels are studied and classified from von Mises stress 
distribution at collapse. The collapse mechanism and load-deflection diagrams suggest stable inelastic post 
collapse behavior for most panels and an abrupt drop in load carrying capacity in only nine of the 55.  
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O. F. Hughes, B. Ghosh and Y. Chen (Department of Aerospace and Ocean Engineering, Virginia Polytechnic 
Institute and State University, Blacksburg, VA 24061, USA), “Improved prediction of simultaneous local and 
overall buckling of stiffened panels”, Thin-Walled Structures, Vol. 42, No. 6, June 2004, pp. 827-856, 
doi:10.1016/j.tws.2004.01.003 
ABSTRACT: In this paper, improved expressions for elastic local plate buckling and overall panel buckling of 
uniaxially compressed T-stiffened panels are developed and validated with 55 ABAQUS eigenvalue buckling 
analyses of a wide range of typical panel geometries. These two expressions are equated to derive a new 
expression for the rigidity ratio (EIx/Db)CO that uniquely identifies “crossover” panels—those for which local 



and overall buckling stresses are the same. The new expression for (EIx/Db)CO is also validated using the 55 
FE models. Earlier work by Chen (Ultimate strength analysis of stiffened panels using a beam-column method. 
PhD Dissertation, Department of Aerospace and Ocean Engineering, Virginia Polytechnic Institute and State 
University, Blacksburg, VA, 2003) had produced a new step-by-step beam-column method for predicting 
stiffener-induced compressive collapse of stiffened panels. An alternative approach is to use orthotropic plate 
theory. As part of the validation of the new beam-column method, ABAQUS elasto-plastic Riks ultimate 
strength analyses were made for 107 stiffened panels—the 55 crossover panels and 52 others. The beam-column 
and orthotropic approaches were also used. A surprising result was that the orthotropic approach has a large 
error for crossover panels whereas the beam-column method does not. Some possible reasons for this are 
suggested. 
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46202, USA), “Flutter analysis of cantilevered curved composite panels”, Composite Structures, Vol. 25, Nos. 
1-4, 1993, pp. 89-93, doi:10.1016/0263-8223(93)90154-I 
ABSTRACT: A 48 degrees of freedom (dof) doubly curved quadrilateral thin shell finite element is used for 
studying the supersonic flutter of cantilevered curved composite panels. The composite material behavior is 
included using classical lamination theory and supersonic aerodynamic behavior is included using linearized 
piston theory. To reduce the number of dof of the finite element aeroelastic system, a normal mode approach is 
adopted. Results are presented to illustrate the behavior of flutter characteristics for composite curved 
cylindrical panels. The effects of fiber orientation and flow angle on the flutter characteristics are presented for 
selected examples. The accuracy, efficiency, and applicability of the present finite element method is 
demonstrated by illustrative examples with some results comparing well with the available alternate solutions in 
the literature. 
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ABSTRACT: The use of springs with very large stiffness to model constraints in vibratory systems has been a 
popular approach to overcome the limitations on the choice of admissible functions in the Rayleigh–Ritz 
method. The maximum possible error resulting from this asymptotic modelling can be determined by using 
positive and negative stiffness values, or in general terms using positive and negative penalty functions. This 
paper illustrates how this method could be used to determine the critical loads of structures. 
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“Failure of web-flange junction in posbuckled pultruded I-beams”, ASCE Journal of Composites for 
Construction, Vol. 3, No. 4, November 1999, ISSN 1090-0268/99/0004-0177–0184 
ABSTRACT: A numerical procedure for analyzing a common and catastrophic failure mode in pultruded 
composite material I-beams is presented in this paper. Pultruded wide-flange profiles (often referred to as I-
beams) exhibit a number of different failure modes when loaded in flexure or axial compression. The particular 
failure mode of interest to this paper is that due to the local separation of the flange from the web of the profile 
following local buckling of the flange. A node-separation technique is used to simulate the progressive failure 
of the joint between the flange and the web of the wide-flange beam in the postbuckled regime. The procedure 
has been implemented in NIKE3D, a multipurpose nonlinear implicit finite-element code. The fundamentals of 
the separation algorithm and the mechanics of the implementation in NIKE3D are described. The results of 
simulations using the proposed procedure are compared with experimental observations. 
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structures using dynamic finite element simulations”, Computational Materials Science, Vol. 45, No. 2, April 
2009, pp. 205-216, doi:10.1016/j.commatsci.2008.09.017 
ABSTRACT: Virtual testing using dynamic finite element simulations is an efficient way to investigate the 
mechanical behaviour of small- and large-scale structures reducing time- and cost-expensive prototype tests. 
Furthermore, numerical models allow for efficient parameter studies or optimisations. One example, which is 
the focus of this paper, is the configurational design of cellular sandwich core structures. From classical 
honeycomb cores to innovative folded core structures, a relatively large design space is provided allowing for 
tailoring of the cellular core geometry with respect to the desired properties. The method of determining the 
effective mechanical properties of such cellular sandwich core structures of different geometries using dynamic 
compression, tensile and shear test simulations is discussed covering a number of important modelling aspects: 
the cell wall material modelling, the influence of mesh size and number of unit cells, the inclusion of 
imperfections, etc. A comparison of numerical and experimental results is given for Nomex honeycomb cores 
and Kevlar or carbon fibre-reinforced plastic (CFRP) foldcore structures. A good correlation with respect to cell 
wall deformation mechanisms and stress–strain data was obtained. Therefore, these models not only allow for a 
complete mechanical characterisation of cellular core structures but also for a detailed investigation of cell wall 
deformation patterns and failure modes to get a better understanding of the structural behaviour, which can be 
difficult using solely experimental observations. To show that this efficient virtual testing method is suitable for 
the development of cellular core geometries for specific requirements, an optimisation study of a CFRP foldcore 
geometry with respect to its compressive behaviour was performed. 
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2007, Australia), “Bridging multi-scale approach to consider the effects of local deformations in the analysis of 
thin-walled members”, Computational Mechanics, Vol. 52, No. 1, pp 65-79, July 2013 
ABSTRACT: Thin-walled members that have one dimension relatively large in comparison to the cross-
sectional dimensions are usually modelled by using beam-type one-dimensional finite elements. Beam-type 
elements, however, are based on the assumption of rigid cross-section, thus they only allow considerations 
associated with the beam axis behaviour such as flexural-, torsional- or lateral-buckling and cannot consider the 
effects of local deformations such as flange local buckling or distortional buckling. In order to capture the local 
effects of this type shell-type finite element models can be used. Based on the Bridging multi-scale approach, 
this study proposes a numerical technique that is able to split the global analysis, which is performed by using 
simple beam-type elements, from the local analysis which is based on more sophisticated shell-type elements. 
As a result, the proposed multi-scale method allows the usage of shell elements in a local region to incorporate 
the local deformation effects on the overall behaviour of thin-walled members without necessitating a shell-type 
model for the whole member. Comparisons with full shell-type analysis are provided in order to illustrate the 
efficiency of the method developed herein. 
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USA), “Probability-based codified design: past accomplishments and future challenges”, Structural Safety, 



Vol.13, No. 3, March 1994, pp. 159-176, doi:10.1016/0167-4730(94)90024-8 
ABSTRACT: Structural design codes and standards provide a foundation of good engineering practice. The 
process of developing probability-based codes has brought the structural reliability research community and 
engineers in professional practice together and led to research toward a common goal that otherwise would not 
have been possible. This paper reviews developments in probability-based codified structural design during the 
past two decades, assesses advantages and shortcomings of the current generation of probability-based codes, 
and suggests several avenues for new research. 
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modeling of processes of failure of multilayered composite shells”, Mechanics of Composite Materials, Vol. 25, 
No. 3, 1989, pp. 337-343, doi: 10.1007/BF00614801 
PARTIAL ABSTRACT: Successful planning of complex structures of composite materials is possible only on 
the basis of reliable determination of the load bearing capacity. Experience shows [1,2] that a characteristic 
feature of the failure of composite materials is the stochastic growth and cumulation of microdefects in the 
process of loading (breakage of fibers, plastic deormation of the matrix, destruction of the boundary layer, 
delamination, etc.), and this leads subsequently to the appearance of zones of failure of the material… 
 
 
P. Conti, S. Luparello and A. Pasta (Department of Mechanics and Aeronautics, University of Palermo, Viale 
delle Science, 90128-, Palermo, Italy), “Layer thickness optimisation in a laminated composite”, Composites 
Part B: Engineering, Vol. 28, No. 3, 1997, pp. 309-317, doi:10.1016/S1359-8368(96)00048-0 
ABSTRACT: The paper describes a method to optimise the thickness balance within a composite laminate with 
layers oriented according to a limited set of angles. The laminate must be symmetric, balanced and loaded in-
plane. The optimisation process is particularly suited to be used in conjunction with a finite element program. It 
provides the designer with the optimal overall engineering characteristics anda list of all the possible orientation 
combinations ranked with respect to their safety factor. The optimisation method is based on the first order 
gradient optimum search method and operates iteratively in the engineering elastic characteristics field. The 
cost function implemented up to now is the structure stiffness but no conceptual limitations exist for different 
functions. Some simple applications are listed at the end of the paper in order to verify the capabilities of the 
method. 
 
 
M Sathyamoorthy (Department of Mechanical and Industrial Engineering, Clarkson University, Potsdam, New 
York 13676, USA), “Effects of transverse shear and rotatory inertia on large amplitude vibration of composite 
plates and shells”, Sadhana, Vol. 11, Nos. 3-4, 1987, pp. 367-377, doi: 10.1007/BF02811363 
ABSTRACT: A review of research in the area of large amplitude vibration of composite plates and shells is 
presented in this paper. The main focus of this paper is on the effects of geometric nonlinearity, transverse shear 
deformation and rotatory inertia on the vibration behaviour of single-layered plates and shells. Recent advances 
made in these areas are reviewed. Some literature on laminated plates and shells made of filamentary composite 
material is also included. Particular attention is given to the recent developments in the analytical methods of 
solution. Recent research leading to advances in numerical techniques is also included in the present overview. 
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Virginia University, Morgantown, West Virginia 26506-6103, USA 
(2) Department of Mechanical and Aerospace Engineering and CFC, West Virginia University, Morgantown, 
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“Analysis and design of pultruded FRP shapes under bending”, Composites Part B: Engineering, Vol. 27, 
Nos.3-4, 1996, pp. 295-305, Special Issue: Structural Composites in Infrastructures, 
doi:10.1016/1359-8368(95)00015-1 
ABSTRACT: A comprehensive approach for the analysis and design of pultruded FRP beams in bending is 



presented. It is shown that the material architecture of pultruded FRP shapes can be efficiently modeled as a 
layered system. Based on the information provided by the material producers, a detailed procedure is presented 
for the computation of fiber volume fraction (Vf) of the constituents, including fiber bundles or rovings, 
continuous strand mats, and cross-ply and angle-ply fabrics. Using the computed Vfs, the ply stiffnesses are 
evaluated from selected micromechanics models. The wall or panel laminate engineering constants can be 
computed from the ply stiffnesses and macromechanics, and it is shown that the predictions correlate well with 
coupon test results. The bending response of various H and box sections is studied experimentally and 
analytically. The mechanics of laminated beams (MLB) model used in this study can accurately predict 
displacements and strains, and it can be used in engineering design and manufacturing optimization of cross-
sectional shapes and lay-up configurations. The experimental results agree closely with the MLB predictions 
and finite element verifications. 
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University, Morgantown, WV 26506-6103, USA), “A computational approach for analysis and optimal design 
of FRP beams”, Computers & Structures, Vol. 70, No. 2, January 1999, pp. 169-183,  
doi:10.1016/S0045-7949(98)00154-0 
ABSTRACT: Fiber-reinforced plastic (FRP) beams are thin-walled or moderately thick-walled open or closed 
sections consisting of assemblies of flat panels. We present a computational approach with the computer 
program FRPBEAM (1994) for the response evaluation of pultruded FRP beams in bending. This program 
combines micro/macro-mechanics analyses with the Mechanics of Laminated composite Beams (MLB) model 
and an explicit stability solution to analyze, design, and optimize FRP shapes. In FRPBEAM, the ply stiffnesses 
are predicted by micromechanics formulas, based on the fiber volume fraction of each lamina, and the panel 
laminate properties are computed from the ply stiffnesses and macromechanics. The MLB model is used to 
analyze the overall response of FRP beams in bending, and the Tsai–Hill failure criterion is adopted to predict 



first-ply-failure loads. An example of a laminated box beam is used to demonstrate the accuracy of the 
computer program for predicting beam displacements and ply stresses in relation to finite element analyses. A 
stability Rayleigh–Ritz method is included in the program and used to evaluate the critical buckling loads for 
pultruded I-beams. Through parametric studies with FRPBEAM and a multiobjective optimization scheme, the 
fiber architecture of an existing I-beam is optimized, and based on a recommended practical design, the I-beam 
section is produced by pultrusion and subsequently tested in bending. The predicted response with FRPBEAM 
correlates well with the experimental results. As illustrated by design analysis and optimization examples 
presented in this study, the experimentally and numerically verified computer program can be used to analyze 
existing FRP shapes and develop new optimized shapes for the civil structural market. 
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“Local Buckling of Composite FRP Shapes By Discrete Plate Analysis”, ASCE Journal of Structural 
Engineering, Vol. 127, No. 3, March 2001 
ABSTRACT: An analytical study of local buckling of discrete laminated plates or panels of fiber-reinforced 
plastic (FRP) structural shapes is presented. Flanges of pultruded FRP shapes are modeled as discrete panels 
subjected to uniform axial in-plane loads. Two cases of composite plate analyses with different boundary 
conditions and elastic restraints on the unloaded edges are presented. By solving two transcendental equations 
simultaneously, the critical buckling stress resultant and the critical value of the number of buckled waves over 



the plate aspect ratio are obtained. Using this new solution technique and regression analysis, simplified 
expressions for predictions of plate buckling stress resultants are efficiently formulated in terms of coefficients 
of boundary elastic restraints. The effects of restraint at the flange-web connection are considered, and explicit 
expressions for the coefficients of restraint for I- and box-sections are given; it is shown that actual cases lie 
between simply supported and fully restrained (clamped) conditions. The theoretical predictions show good 
agreement with experimental data and finite-element eigenvalue analyses for local buckling of FRP columns. In 
a similar manner, web plate elements of FRP shapes under in-plane shear loads are modeled with and without 
elastic restraints provided by the flange panels. The present formulation can be applied to several cases to 
determine local buckling capacities of laminated plates with elastic restraints along the unloaded edges and can 
be further used to predict the local buckling strength of FRP shapes, such as columns and beams. 
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buckling effects for the optimization of stiffened composite panels”, Chapter in IUTAM Symposium on 
Optimization of Mechanical Systems, Vol. 43 of the series Solid Mechanics and its Applications, pp 73-80, 
1996, DOI: 10.1007/978-94-009-0153-7_10 
ABSTRACT: The present paper addresses the optimal layout of stiffened fibre composite plates (Fig. 1) 



considering buckling constraints; these plates are increasingly applied in many fields of engineering (air- and 
spacecraft technology, automotive industries, boatbuilding etc.) 
References listed at the end of the paper: 
1. Eschenauer, H.A.; Geilen, J.; Wahl, H.J.: SAPOP - An optimization procedure for multicriteria structural design. In: Hörnlein, 
H.R.E.M.; Schittkowski, K. (Eds.): Software systems for structural optimization. International Series of Numerical Mathematics, Vol. 
110, Birkhäuser Verlag, Basel (1993) 207–227. 
2. Braibant, V., Fleury C. and Beckers, P.: Shape optimal design: An Approach matching C.A.D. and optimization concepts, Report 
SA-109, Aerospace Laboratory of the University of Liège, Belgium, 1983. 
3. Schuhmacher, G.: Multidisziplinäre, fertigungsgerechte Optimierung von Faserverbund-Flächentragwerken, Dissertation, 
Universität-GH Siegen, TIM Forschungsbericlite T07-03.95,1995. 
4. Zienkiewicz, O. C., Phillips, D. V.: An automatic mesh generation sherne for plane and curved surfaces by “isoparametric” 
coordinates, Internat. J. for Numer. Meths. in Engrg. 3, (1971), 519–528.  
5. Imam, M. H.: Three-dimensional shape optimization, Internat. J. for Numer. Meths. in Engrg. 18, (1982), 661–673.  
6. Bletzinger, K. U.: Formoptimierung von Flächentragwerken, Dissertation, Universität Stuttgart, Bericht Nr.:ll, 1990. 
7. N.N.: ANSYS User’s Manual for Revision 5.0, Swanson Analysis Systems, Inc., Johnson Road, Houston, 1992. 
 
 
Q. Shao, Y. T. He, Q. S. Kang, T. Zhang, "Influence of Stiffener Structural Parameters on Compress Buckling 
Performance of Alloy Aluminum Stiffened Panel", Applied Mechanics and Materials, Vols. 217-219, pp. 288-
293, 2012  
DOI: 10.4028/www.scientific.net/AMM.217-219.288  
ABSTRACT: Finite element method (FEM) is applied to analyze the buckling performance of alloy aluminum 
stiffened panel subjected to uniform axial compression. With the skin thickness and stiffener pitch unchanged, 
the influence of flange thickness, flange length, stiffener thickness and stiffener height on compress buckling 
critical loads are studied by FEM. Important parameters influencing the buckling performance are identified and 
the results offer a referenced measure for the optimization design and engineering application of the structure. 
 
 
Q. Shao, Y. T. He, T. Zhang, H. W. Zhang, Q. S. Kang, "Simulation of Compress Buckling Performance of 
Composite Stiffened Panel", Applied Mechanics and Materials, Vols. 184-185, pp. 1189-1193, 2012,  
DOI: 10.4028/www.scientific.net/AMM.184-185.1189  
ABSTRACT: Finite element method is applied to analyze the buckling performance of composite stiffened 
panel. Compress buckling critical loads of six types panels with T or Z-section stiffeners are calculated by 
FEM. The emulational calculation results show that with same cross section area, critical buckling load of panel 
with T-section stiffeners increases with the reduction of stiffener pitch and the increase of stiffener numbers, 
while the buckling load of panel with Z-section stiffeners increases to a certain level and then keep almost 
changeless. To T-section stiffener panels, the relation between thickness of skin and buckling load is 
approximately quadratic trinominal. Conclusions obtained can offer a referenced measure for the optimization 
design and engineering application of the structure. 
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America, Washington, DC 20064). ‘‘Local buckling and failure of pultruded fiber-reinforced plastic beams.’’ 
ASME J. Engrg. Mat. and Technol., 116, 233–237, 1994, DOI: 10.1115/1.2904278 
ABSTRACT: An experimental investigation of the local compression flange buckling and failure of 
commercially produced pultruded fiber-reinforced plastic (FRP) I-shaped beams is described in this paper. 
Results of tests on pultruded E-glass/polyester and E-glass/vinylester composite material beams are described. 
The test configuration was designed to cause local buckling and ultimate failure of the compression flange of 
the beams and to prevent global lateral-torsional buckling. The beams were stiffened to prevent crippling and 
warping at the supports, and local tensile failure at the load points. All beams were monitored with strain gages 
and LVDT’s. Buckling loads, failure loads, buckling stresses, deflections, and failure modes are reported. 
Effective mechanical properties of the beams, obtained from overall flexural and shear strain data, are 
presented. A discussion of the different failure characteristics of the polyester and the vinylester beams is 
provided. 
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ABSTRACT: Fiber-reinforced plastic (FRP) composite decks have been increasingly used in highway bridge 
applications, both in new construction and rehabilitation and replacement of existing bridge decks. Recent 
applications have demonstrated that FRP honeycomb panels can be effectively and economically used for 
highway bridge deck systems. This paper is concerned with design modeling and experimental characterization 
of a FRP honeycomb panel with sinusoidal core geometry in the plane and extending vertically between face 
laminates. The analyses of the honeycomb structure and components include: (1) constituent materials and ply 
properties, (2) face laminates and core wall engineering properties, (3) equivalent core material properties, and 
(4) apparent stiffness properties for the honeycomb panel and its equivalent orthotropic material properties. A 
homogenization process is used to obtain the equivalent core material properties for the honeycomb geometry 
with sinusoidal waves. To verify the accuracy of the analytical solution, several honeycomb sandwich beams 
with sinusoidal core waves either in the longitudinal or transverse directions are tested in bending. Also, a deck 
panel is tested under both symmetric and asymmetric patch loading. Finite element (FE) models of the test 
samples using layered shell elements are further used to correlate results with analytical predictions and 
experimental values. A brief summary is given of the present and future use of the FRP honeycomb panel for 
bridge decks. The present simplified analysis procedure can be used in design applications and optimization of 
efficient honeycomb structures. 
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“Optimum stacking sequence design of composite materials Part I: Constant stiffness design”, Composite 
Structures, Vol. 90, No. 1, September 2009, pp. 1-11, doi:10.1016/j.compstruct.2009.01.006 
ABSTRACT: Designing an optimized composite laminate requires finding the minimum number of layers, and 
the best fiber orientation and thickness for each layer. To date, several optimization methods have been 
introduced to solve this challenging problem, which is often non-linear, non-convex, multimodal, and 
multidimensional, and might be expressed by both discrete and continuous variables. These optimization 
techniques can be studied in two parts: constant stiffness design and variable stiffness designs. This paper 



concentrates on the first part, which deals with composite laminates with uniform stacking sequence through 
their entire structure. The main optimization methods in this class are described, their characteristic features are 
contrasted, and the potential areas requiring more investigation are highlighted. 
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“Impact response of integrated hollow core sandwich composite panels”, Composites Part A: Applied Science 
and Manufacturing, Vol. 31, No. 8, August 2000, pp. 761-772, doi:10.1016/S1359-835X(00)00025-7 
ABSTRACT: This paper deals with an innovative integrated hollow (space) E-glass/epoxy core sandwich 
composite construction that possesses several multi-functional benefits in addition to the providing lightweight 
and bending stiffness advantages. In comparison with traditional foam and honeycomb cores, the integrated 
space core provides a means to route wires/rods, embed electronic assemblies, and store fuel and fire-retardant 
foam, among other conceivable benefits. In the current work, the low-velocity impact (LVI) response of 
innovative integrated sandwich core composites was investigated. Three thicknesses of integrated and 
functionality-embedded E-glass/epoxy sandwich cores were considered in this study—including 6, 9 and 17 
mm. The low-velocity impact results indicated that the hollow and functionality-embedded integrated core 
suffered a localized damage state limited to a system of core members in the vicinity of the impact. The peak 
forces attained under static compression and LVI were in accordance with Euler's column buckling equation. 
Stacking of the core was an effective way of improving functionality and limiting the LVI damage in the 
sandwich plate. The functionality-embedded cores provided enhanced LVI resistance due to energy additional 
energy absorption mechanisms. 
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Applications”, Air Force Office of Scientific Research (AFOSR), AFRL-SR-AR-TR-04-0070, January 2004, 
Accession Number: ADA419868, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA419868 
ABSTRACT: The search for lightweight and highly efficient structural components is a continuing process. 
Reducing the structural weight and improving the load carrying capabilities of these structures will allow 
designers to add additional capabilities while reducing cost. The basic functions of aerospace structures are to 
transmit and sustain the applied loads, provide a basic shape and to protect the payload. Shell stiffened 
structures have been used for many years to fulfill these applications. Most of the airframe components are 
normally plate or shell type structures. Efficiency dictates that they are stiffened or semi-monocoque in 
construction. The usual means of stiffening is to use longitudinal stringers and frames or ribs. An alternate 
approach to stiffening is the concept of isogrid, which employs a repetitive equilateral triangular pattern of ribs. 
The isotropic property and effective Poisson's ratio around 0.3 enables the isogrid to be mathematically 
transformed to an equivalent homogeneous material layer 1-2. Isogrids, in general, offer a unique set of 
advantages: (1) they possess a high stiffness to weight ratio; (2) stiffening results in high effective bending 
stiffness for circumventing local flutter, vibration and buckling problems; (3) stiffening members are useful for 
attachment of secondary structures and non-structural items and for the introduction of concentrated or localized 
loads; and (4) cutouts for access doors and windows are easily incorporated into the design. 
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“Reduced degree displacement functions for instability and nonlinear structural analysis”, Computers & 
Structures, Vol. 20, No. 4, 1985, pp. 793-799, doi:10.1016/0045-7949(85)90040-9 
ABSTRACT: A procedure for simplifying the derivation of stiffness matrices used in the finite element analysis 



of instability and nonlinear structural problems is presented. The displacement functions assumed to derive the 
nonlinear components of element stiffness matrices provide inter-element continuity of displacement 
derivatives of order one less than appear in the energy functional and therefore comply with established 
convergence criteria for finite element analysis. For the class of problems discussed, this implies the use of 
linear polynomial displacement functions, which simplifies the derivation considerably and avoids the need for 
complex numerical integration. A number of practical examples are discussed to illustrate the effectiveness of 
this procedure. 
 
 
M. Chiba, T. Yamashida and M. Yamauchi (Department of Mechanical Engineering, Iwate University, Morioka 
020, Japan), “Buckling of circular cylindrical shells partially subjected to external liquid pressure”, Thin-Walled 
Structures, Vol. 8, No. 3, 1989, pp. 217-233, doi:10.1016/0263-8231(89)90004-9 
ABSTRACT: Theoretical analyses are presented for the buckling of circular cylindrical shells partially 
subjected to external liquid pressure. The shells are assumed to stand vertically with the lower end clamped, and 
the upper end clamped or free. In the analyses, the Donnell equations are used for the basic equation, and 
prebuckling deformation as well as the membrane state of stress of the shell are taken into account. The 
Galerkin method is used, and the critical pressures at various liquid heights as well as the wave numbers, are 
obtained for a wide range of the geometrical parameters of the shell Z. A convenient chart which indicates the 
buckling liquid height for a given shell and liquid are presented. Experimental studies are also conducted by 
using test cylinders made of polyester film, and water. The theoretical and experimental results for the buckling 
liquid height, are in excellent agreement. 
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“Influence of internal liquid on buckling of circular cylindrical shells partially submerged in a liquid”, Thin-
Walled Structures, Vol. 24, No. 2, 1996, pp. 113-122, doi:10.1016/0263-8231(95)00032-1 
ABSTRACT: Theoretical analysis has been presented for the effect of internal liquid pressure on the buckling 
of circular cylindrical shells subjected to external liquid pressure. The shell is assumed to stand vertically with 
the lower end clamped, and the upper end clamped or free. In the analysis, the Donnell equation was used for 
the basic equation, and the prebuckling deformation of the shell was taken into account. The Galerkin method 
was used, and the critical pressures at various internal liquid heights as well as the buckling wave numbers, 
were obtained for a wide range of the geometrical parameters Z a given shell. The effect of internal liquid on 
the buckling mode was also clarified. To confirm the validity of the analysis, experimental studies were also 
conducted by using test cylinders made of polyester film and water. Theoretical and experimental results were 
in good agreement. 
 
 
M. Chiba and J. Tani, “Dynamic stability of liquid-filled cylindrical shells under vertical excitation, Part II: 
Theoretical results”, Earthquake Engineering & Structural Dynamics, Vol. 15, No. 1, pp 37-51, January 1987 
ABSTRACT: Theoretical analyses are presented for the dynamic stability of a clamped-free cylindrical shell 
partially filled with liquid, under vertical excitation. In the analyses, the dynamic version of the Donnell 
equations and the velocity potential theory were used for the motions of the shell and the liquid, respectively. 
The problem was solved by using the modified Galerkin method so as to satisfy the boundary conditions. The 
equations of motion coupling the shell and the liquid were derived from a type of coupled Mathieu's equation. It 
is found that the parametric principal resonance could occur, as well as the parametric combination resonance of 
the sum type, involving two natural vibrations with the same circumferential wave number but with different 
axial mode number. The latter type of parametric resonance apparently has not been previously studied. The 
instability regions where parametric resonance occurs were determined by using Hsu's method.17 To compare 
with the experimental results which had been stated in a companion paper,15 detailed numerical calculations 
were carried out for the two test cylinders partially filled with water. Excellent agreement between theory and 
experiment was demonstrated for the instability regions. 
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“Numerical study on post-buckling and higher order bifurcation of thin cylindrical shells, Journal of Structural 
and Construction Engineering, Architectural Institute of Japan, Online ISSN: 1881-8153, June 08, 2016, 
Original publication: Journal of Structural and Construction Engineering, Vol. 73, No. 629, pp 1111-1118, July 
2008 
ABSTRACT: The aim of the present paper is to present numerical procedures, using two types of FE methods, 
for the secondary and higher order bifurcations (tertiary and quarternary bifurcations) which appear after the 
first buckling of thin shell structures. With a limitation to a cylindrical shell under axial compression, the post-
bifurcation behavior after the first bifurcation is analyzed precisely by considering modal coupling between 
several deformation modes of higher order harmonic wave numbers, and on all the way of post-bifurcation path 
the positive definiteness of incremental stiffness matrix of uncoupled modes is examined step by step to find if 
any higher order bifurcation or transcritical bifurcation appears. Based on the step-by-step examination, the 
higher order bifurcation points and the corresponding bifurcation modes are traced. 
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U.S.A.), “Modeling the buckling of rectilinearly orthotropic truncated conical shells”, Mathematical and 
Computer Modelling, Vol. 34, Nos. 1-2, July 2001, pp. 195-227, doi:10.1016/S0895-7177(01)00055-3 
ABSTRACT: A mathematical model is constructed to study the buckling of rectilinearly orthotropic, truncated 
conical shells. The model consists of three coupled variable coefficient partial differential equations for the shell 
displacements; the formulation presented takes into account the action of locally supported applied forces 
normal to the lateral surface of the shell and contains two fundamental novelties: the introduction of special 
combinations of constitutive parameters to gauge the deviation from isotropy and a transformation of both 
coordinates and displacements on the developed cone surface to render the problem tractable. 
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Propagating and Reflecting of Axial Stress Waves”, J. Phys. IV France 07 (1997) C3-617-C3-622 
doi: 10.1051/jp4:19973106 
ABSTRACT: In this paper, the axisymmetric and non-axisymmetric buckling of finite elastic cylindrical shell, 
which is impacted on the end by axial step loads, is discussed with the aid of the stress wave propagating and 
reflecting. By solving the disturbed equations, the bifurcation condition of the dynamic buckling, critical 
buckling load and buckling mode are obtained. The results show that when the thickness is not very small, non-
axisymmetric critical buckling load is higher than axisymmetric one ; that when the thickness is very small, 
non-axisymmetric buckling can occur first and that since the wave is reflected on the other end of the shell, the 
critical buckling load decreases further. The results are in agreement with the physical phenomenon in 
experiments. 
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“Buckling of cylindrical shells under the action of nonuniform external pressure”, Computers & Structures, 
Vol.25, No. 4, 1987, pp. 607-614, doi:10.1016/0045-7949(87)90268-9 
ABSTRACT: Over the last few decades, storage tanks have become bigger and thinner. Because of this, the 
buckling capacity of these cylindrical shells may well be the determining factor of shell thickness. In this paper, 
the critical buckling load of isotropic and orthotropic cylinders subjected to different types of wind load 
distributions is investigated. The prebuckling displacements are obtained by using the membrane theory of shell 
analysis. The principle of minimum potential energy in conjunction with Ritz's approach is used to obtain the 
stability matrix. The size of the stability matrix in this analysis is (81 ◊ 81). By solving the stability matrix as an 
eigenvalue problem, the critical pressures are obtained as eigenvalues and the deflection shapes as eigenvectors. 
In the present study cylindrical shells of various dimensions, which are fixed at the base and free at the top, are 
investigated. The buckling load curves for isotropic and orthotropic cylinders of various dimensions are given 
for practical use. 
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“Creep influence on buckling resistance of reinforced concrete shells”, Computers & Structures, Vol. 86, Nos.7-
8, April 2008, pp. 702-713, doi:10.1016/j.compstruc.2007.07.004 
ABSTRACT: The influence of concrete creep on the response of shallow reinforced concrete shells is analyzed 
in this contribution in the context of time-dependent shell buckling. The classical time-invariant stability 
analysis is extended to account for the long-term creep buckling, which is characterized by a continuous 
increase of deformation and time-dependent stability failure, if a certain critical load factor is exceeded. For a 
systematic study of these phenomena on a cylindrical roof shell, a recently proposed time-invariant and a time-
dependent material model for concrete are combined in the framework of the long-term multi-level simulation 
concept, taking into account elasto-plastic deformation, crack damage and nonlinear basic creep of concrete. 
The performed numerical analyses provide an insight into the mechanisms of creep buckling of reinforced 
concrete shells as well as its sensitivity with respect to main influence factors and emphasize the relevance of 
interaction mechanisms between short- and long-term loadings. 
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“FE nonlinear analysis of reinforced concrete thin shells”, 16th ASCE Engineering Mechanics Conference, July 
16-18, 2003, University of Washington, Seattle 
ABSTRACT: The initiation of cracking and its location are of vital importance in the analysis and the design of 
concrete shell structures. Openings are common design requirement in shell roofs for light and ventilation. 
However, analysis and design procedures are lacking for such cases. Close-form elasticity solutions for concrete 
shells with opining are unavailable. Therefore, FE modeling for such structures is required. The objective is to 
create a finite element model capable of predicting the nonlinear cracking loads of reinforced concrete shells. A 
rigorous evaluation of the role of openings and their dimensions are studied and design recommendations for 
shells with different opening dimensions and cracking loads are suggested. The FE model consists of a total of 
17550 solid brick concrete elements with six layers across the shell thickness. Each element has 8 nodes with 
three translational degrees of freedom. The model predicts the nonlinear cracking load, and the crushing 
mechanism for thin concrete shells with varying thickness with and without opining. Results of the finite 
element predictions are validated with the finite strip theory for thin concrete shells. Good agreement between 
FE results and theory is observed for deflections and stresses. The failure model of concrete material used in 
this analysis proved to be accurate in predicting the nonlinear behavior of reinforced concrete thin shells. When 
the dimension of the opening increases along the mid-span axis of the shell, the cracking stress required 



increases because the increase in the opening dimension is directed away from the high stress levels in the shell 
center. On the other hand, if the opening dimension is increased in the longitudinal direction of the shell, the 
required load to initiate cracking will decrease because of the high level of stress concentration present in the 
vicinity. 
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thin-walled space structures for geometrically nonlinear analysis”, Computer Methods in Mechanics (CMM-
2011, 9-12 May 2011, Warsaw, Poland 
ABSTRACT: In the paper, the finite shell-beam model for geometrically nonlinear analysis of thin-walled 
space structures with open cross-section has been proposed. The standard discretization using beam thin-walled 
elements is connected with the space discretization of the frame joints. The case of special construction of 
joints, where complete warping transmission is ensured, has also been considered. Examples confirmed the 
effectiveness of the proposed FEM analysis.  
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pp.140-152, doi:10.1016/0141-0296(81)90023-7 
ABSTRACT: The main structural aspects considering offshore steel platforms, steel decks, concrete platforms 
and other structural components involving shell elements are reviewed. Outlines are given with regard to design 
and strength analysis of the most important types of shell structures involved. 
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“Equilibrium and buckling of combined shells under uniform external pressure”, Applied Mathematics and 
Mechanics, Vol. 8, No. 1, 1987, pp. 57-70, doi: 10.1007/BF02014499 
ABSTRACT: Nonlinear strain is used to formulate the energy functional of combined structure with several 
kind of shells. The nonlinear finite element method (N.F.E.M.) is proposed for calculating bending and buckling 
of the structure subjected to external hydrostatic pressure. The numerical results are found to be in good 
agreement with experimental ones. 
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doi:10.1016/0045-7949(94)E0084-F 
ABSTRACT: A family of variational principles and a quasi-conforming isoparametric element model, based on 
the so-called polar decomposition theorem and the dyadic notation, are derived for the nonlinear analysis of 
shells with arbitrary geometry. The principles include three pairs of functionals with three, two or one field(s) of 
independent variables subjected to variation, and with the incremental form of functional _ì3, an eight node 
shell element model is constructed and used in two numerical examples. Representative numerical results, based 
on this procedure, are presented and compared with those found in published literature. 
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ABSTRACT: A series of tests investigating dynamic pulse buckling of a cylindrical shell under axial impact is 
compared with several finite element simulations of the event. The purpose of the study is to compare the 
performance of the various analysis codes and element types with respect to a problem which is applicable to 
radioactive material transport packages, and ultimately to develop a benchmark problem to qualify finite 
element analysis codes for the transport package design industry. Although the finite element codes used in this 
study utilize similar element technology, there are differences in the numerical solutions. Furthermore, this 
study demonstrates that experiments—which are typically accepted as the “correct” answer—can have multiple 
results because of design sensitivities. Multiplicity of experimental results suggests that experiments performed 
for numerical benchmarks should first be numerically evaluated for such sensitivities. 
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Laboratory, Palo Alto, CA 94304, U.S.A.), “A uniformly reduced, four-noded C0-shell element with consistent 
rank corrections”, Computers & Structures, Vol. 20, Nos. 1-3, 1985, pp. 129-139, 
doi:10.1016/0045-7949(85)90062-8 
ABSTRACT: An analysis of four-noded C0-shell elements is presented that assesses their ability to represent 
the membrane-bending coupling phenomena in the governing shell equations by facet approximations. It is 
shown that four-noded shell elements can capture the predominant coupling phenomena consistent with the 
classical assumptions invoked in the first-order linear shell theories. Encouraged by this ability, a new four-
noded C0-shell element is presented that employs only one-point spatial integration rule. The inevitable 
spurious mechanisms resulting from reduced integration are compensated for by a systematic rank-correction 
technique that was previously developed for a plate-bending element. The element is applied to classical 
cylindrical buckling problems with encouraging results. 
 
 
T Yabuta (Ibaraki Electrical Communication Laboratory, Nippon Telegraph and Telephine Public Corp., 
Japan)”, Effects of elastic supports on the buckling of circular cylindrical shells under bending”, ASME J. Appl. 
Mech., Vol. 47, December 1980 
ABSTRACT: This paper presents the effects of elastic supports on the buckling of circular cylindrical shells 
under bending. Stability was investigated using Donnell’s equation and the Galerkin method, including the 
spring constant of the elastic support. The results of this investigation indicate that the effects are similar in the 
cases of bending and axial compression. 



 
 
K. Schulgasser (1) and A. Witztum (2) 
(1) Pearlstone Center for Aeronautical Engineering Studies, Department of Mechanical Engineering, Israel 
(2) Department of Life Sciences, Ben-Gurion University of the Negev, P.O. Box 653, Beer Sheva, Israel 
“On the strength, stiffness and stability of tubular plant stems and leaves”, Journal of Theoretical Biology, Vol. 
155, No. 4, April 1992, pp. 497-515, doi:10.1016/S0022-5193(05)80632-0 
ABSTRACT: Thin walled tubes of circular cross-section are efficient structural elements and thus, as would be 
expected, are not uncommon in plants, especially those which belong to the Monocotyledonae. Traditional 
analyses of the strength of these tubular members utilize formulae which were developed for isotropic materials. 
The present paper deals with the great influence of the high elastic anisotropy of the plant tissue on the 
mechanical behavior of such tubular stems and leaves in bending. It will be seen that under these circumstances 
the propensity of the tube to fail due to non-linear effects (deformation of the cross-section) is greatly increased. 
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Italy), “Folding of Thin Walled Tubes as a Free Gradient Discontinuity Problem”, Journal of Elasticity, Vol. 82, 
No. 3, pp 243-271, March 2006, DOI: 10.1007/s10659-005-9033-1 
ABSTRACT: The aim of this paper is to describe buckling deformations of hollow cylinders whose buckled 
configurations consist of inextensional deformations of their original middle surface, through minimization of 
two competing energy forms: a bulk elastic energy and an interface bending energy. These minimal energy 
configurations are obtained through descent minimization within the class of folding deformations. The non-
standard problem of minimization over variable triangulations is considered. 
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F-57045 Metz, Cedex 1, France), “Buckling of thin-walled orthotropic cylindrical shells under uniform external 
pressure.: Application to corrugated tin cans”, Thin-Walled Structures, Vol. 35, No. 2, October 1999, pp. 101-
115, doi:10.1016/S0263-8231(99)00024-5 
ABSTRACT: The general instability of thin-walled orthotropic circular cylindrical shells under external 
pressure is investigated. The buckling pressure can be predicted with the use of simple analytical formulae 
derived from an asymptotic analysis of the corresponding eigenvalue problems. The results predicted by these 
formulae are compared with finite element solutions and the four types of experimental models investigated by 
Ross (Thin Walled Structures 1996;26(3):179–93). The comparison proved to be accurate enough for practical 
purpose except for experimental model 1. 
 
 
B. Hayman, “Aspects of Creep Buckling. II. The Effects of Small Deflexion Approximations on Predicted 
Behaviour”, Proc. R. Soc. Lond. A, December 1978, vol. 364, no. 1718, pp. 415-433,  
doi: 10.1098/rspa.1978.0209 
ABSTRACT: In creep buckling analysis, small deflexion approximations generally influence the calculated 
displacement-time relations and may also result in the prediction of different phenomena from those indicated 
by exact analyses. Part II examines the nature of these approximations and the effects of using them. As in Part 
I, much significance is attached to the link between a structure's creep buckling behaviour at constant load and 
its instantaneous buckling and post-buckling behaviour under varying load. Analyses of simple single degree of 
freedom models are used for illustration. Some general conclusions are drawn which permit a better 
understanding of the relationships between the different types of analysis that have been used in previous creep 
buckling studies. 
 
 
Chi-Mo Park and Dong-Min Park (School of Transportation Systems Engineering, University of Ulsan Ulsan, 
Korea), “Ultimate Strength Analysis of Ring-stiffened Cylinders with Initial Imperfections”, Proceedings of 
The Thirteenth (2003) International Offshore and Polar Engineering Conference Honolulu, Hawaii, USA, May 
25–30, 2003, ISBN 1-880653-60-5 
ABSTRACT: This paper has developed an efficient nonlinear finite element method that covers both initial 
deformations and initial stresses of general distribution in calculating the ultimate strength of ring-stiffened 
cylinders. The developed method and two world-widely used commercial codes(NASTRAN and ABAQUS) 
were simultaneously applied to the same analysis model within the extent those commercial codes can cover, to 
check the validity of the present method. After the validity check, it was used for parametric studies for more 
general case of initial stress distribution, which drew some useful information about the imperfection sensitivity 
of the ultimate strength of ring-stiffened cylinders. 
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“Some variational formulations for buckling analysis of circular cylinders”, International Journal of Solids and 
Structures, Vol. 20, No. 4, 1984, Pages 315-326, doi:10.1016/0020-7683(84)90042-8 
ABSTRACT: Two new variational functionals are introduced for buckling analysis of cylindrical shells. In the 
first, admissible functions satisfy all the equilibrium equations and the Euler-Lagrange equations emerge as a 
set of compatibility equations. In this sense this procedure complements the well known minimum potential 
energy method. In the second, the transverse equilibrium and membrane compatibility requirements are 
satisfied by the admissible functions and the system equations emerge as a set of membrane equilibrium and 
transverse compatibility equations. This formulation can be considered as complementary to Von Karman's well 
known method. The new functionals are used to obtain solutions for 2 classic examples. 
 
 
H. Javaherian, P. J. Dowling and L. P. R. Lyons (Department of Civil Engineering, Imperial College, London, 
England), “Nonlinear finite element analysis of shell structures using the semi-loof element”, Computers & 
Structures, Vol. 12, No. 1, July 1980, pp. 147-159, doi:10.1016/0045-7949(80)90102-9 
ABSTRACT: The Semi-Loof Shell element originally developed by Irons [2] for linear elastic analysis of thin 
shell structures is formulated to include large deflection and plastic deformation effects. In this paper the details 
of the finite element formulation of the problem using total Lagrangian coordinate systems are presented and 
different element matrices are given. For plastic materials following the Prandtl-Reuss flow rule with isotropic 
strain hardening a multi-layer approach using a subincremental technique is employed. Numerical results on the 
performance of the element for a variety of applications are presented. These computer studies include complete 
load-deflection curves into the post-buckling range and comparisons are made with other existing results. 
Current experience with the element indicates that it is a reliable and competitive element for nonlinear analysis 
of shells of general geometry. 
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(2) Department of Civil Engineering, Imperial College, London, UK 
“Large deflection elastoplastic analysis of thin shells”, Engineering Structures, Vol. 7, No. 3, July 1985, pp.154-
162, doi:10.1016/0141-0296(85)90042-2 
ABSTRACT: Results are presented and some modifications made to problems posed in an earlier paper by the 
authors on the extension of the semi-loof element to the analysis of shell structures involving instabilities, snap-
through and material nonlinearities. In this paper, by adopting a more refined method for solving problems of 
plasticity, in conjunction with a subincremental technique, more accurate results are obtained. The second-order 
Runge-Kutta method employed in this study shows significant improvement in the accuracy of the streesses in 
the shell as compared to the case when only the simple point-slope method of Euler is used. The detailed 
computational procedure for elastoplastic analysis of shell problems is presented in a way that can readily be 
incorporated into standard computer packages. Results obtained for large deflection analysis of plastic shells of 
different geometries and boundary conditions are compared with the available solutions and show very good 
agreement. 
 



 
M. L. Liu and C. W. S. To (Department of Mechanical Engineering, The University of Western Ontario, 
London, Ontario, Canada N6A 5B9), “Hybrid strain based three node flat triangular shell elements—I. 
Nonlinear theory and incremental formulation”, Computers & Structures, Vol. 54, No. 6, March 1995, pp.1031-
1056, doi:10.1016/0045-7949(94)00395-J 
ABSTRACT: Aspects and theories of nonlinear analysis of structures, with special emphasis on structures that 
are discretized by the finite element method, are discussed. The updated Lagrangian formulation and the 
incremental Hellinger-Reissner variational principle are adopted. The independently assumed fields employed 
are the incremental displacements and incremental strains. Accordingly, the incremental second Piola-Kirchhoff 
stress and the incremental Washizu strain are selected as the incremental stress and strain measures. Various 
schemes for the transformation of the second Piola-Kirchhoff stress to Cauchy stress are included. Two versions 
of linear and nonlinear element stiffness and mass matrices are considered. These are the director and simplified 
versions. Variable thickness of the shell is considered so as to account for the ‘thinning effect’ due to large 
strain. Material nonlinearity studied in this paper is of elasto-plastic type with isotropic strain hardening. Cases 
in which small elastic but large plastic strain condition applies are considered and the J2 flow theory of 
plasticity, in conjunction with Ilyushin's yield criterion, is employed. To simplify the derivation of (small 
displacement) stiffness matrix and to facilitate the derivation of explicit expressions for the element matrices, 
the non-layered approach has been applied. 
 
 
C. W. S. To and M. L. Liu (Department of Mechanical Engineering, The University of Western Ontario, 
London, Ontario, Canada N6A 5B9), “Hybrid strain based three node flat triangular shell elements—II. 
Numerical investigation of nonlinear problems”, Computers & Structures, Vol. 54, No. 6, March 1995, 
pp.1057-1076, doi:10.1016/0045-7949(94)00396-K 
ABSTRACT: In a companion paper [M. L. Liu and C. W. S. To, Comput. Struct. 54, 1031–1056 (1995)] 
theories and incremental formulation of nonlinear shell structures discretized by the finite element method are 
discussed. The updated Lagrangian formulation and the incremental Hellinger-Reissner variational principle are 
adopted. The independently assumed fields employed are the incremental displacements and incremental 
strains. Based on the theory and incremental formulation explicit element stiffness and mass matrices of three 
node flat triangular shell finite elements are derived. In the present paper the derived element matrices are 
applied to nine examples. The latter include static and dynamic response analysis of shell structures with 
geometrical, material, and geometrical and material nonlinearities. The formulation adopted and element 
matrices derived are found to be accurate, flexible and applicable to various types of shell structures with 
geometrical and material nonlinearities. 
 
 
W. F. C. Tranberg (Dept. of Civil Engineering, University of Queensland, Australia), “The compu7ter analysis 
of plate and shell buckling and vibration”, Ph.D. dissertation, 1979, DOI: 10.14264/uql.2014.452 
ABSTRACT: The thick shell element of Ahmad, Irons and Zienkiewicz has been used in the study of plate and 
shell buckling and vibration problems. A concise tensor based theory for finite elements, in general, and the 
shell element, above, in particular is developed in this study. Using this theory, expressions for the geometric 
stiffness and mass matrix of the above element are developed. The computer implementation of the theory 
centred on two aspects. Firstly, the programming of the geometric stiffness and mass matrix expressions. 
Secondly a general review has been carried out to establish as efficient a program as possible. This efficiency is 
both in terms of user data preparation and computational effort within the program. In this regard, it should be 
noted that the numerical integration procedure used in creation of the element stiffness matrices involves many 
repetitive operations. Therefore any extraneous operations, for example, multiplication of zero terms, leads to 
large inefficiencies. The subspace iteration method of Bathe and Wilson has been used for determining buckling 
loads and natural frequencies of vibration, A modified iteration method is developed, which allows use of the 
method for certain examples which previously were not solvable using the standard method. These examples 
are characterized by having as a solution set, pairs of eigenvalues, equal in magnitude, but opposite in sign. This 
modified method has been incorporated in the program with the basic standard method. Examples in the 
buckling field which exhibit this behaviour include the shear buckling of flat plates and the lateral buckling of 



beams. Both these cases have been investigated in this study. 
 
 
John L. Meek and W. F. C. Tranberg (Dept. of Civil Engineering, University of Queensland, Australia,  
Research Report no. CE 15, 1980,  http://espace.library.uq.edu.au/view/UQ:279191 
ABSTRACT: The purpose of this study has been to explore the use of super-parametric finite elements for the 
determination of buckling loads for plates and shells. For this, it was necessary to develop the geometric 
stiffnews matrix for the shell element. In addition to this, it was necessary to choose a numerical method for the 
solution of the large scale eigen value problem that arises from the formulation. The sub-space iteration method 
was chosen for its versatility in handling large scale problems, but it was found that the standard technique 
broke down because of the presence of positive and negative eigen values. The paper describes how the method 
was modified to overcome this problem. Results are given for comparative studies on the buckling loads of both 
plates and shells. 
 
 
J.L. Meek and H.S. Tan (Department of Civil Engineering, University of Queensland, St. Lucia, Queensland 
4067, Australia), “Instability analysis of thin plates and arbitrary shells using a faceted shell element with loof 
nodes”, Computer Methods in Applied Mechanics and Engineering, Vol. 57, No. 2, August 1986, pp. 143-170, 
doi:10.1016/0045-7825(86)90010-1 
ABSTRACT: The faceted representation is employed in the paper to derive a 24-dof triangular shell element for 
the instability analysis of shell structures. This element, without the deficiencies of displacement 
incompatibility, singularity with coplanar elements, inability to model intersections, and low-order membrane 
strain representation, which are normally associated with existing flat elements, has previously been found by 
the authors to perform well in linear static shell analyses. The total Lagrangian approach is used in the nonlinear 
formulation, and the results of the various numerical examples indicate that its performance is comparable to 
existing nonlinear shell elements. An extrapolation stiffness procedure, which will improve the convergence 
characteristics of the constant arc length solution algorithm used here, is also presented. 
 
 
J. L. Meek and S. Ristic (Department of Civil Engineering, The University of Queensland, Qld 4072, Australia), 
“Large displacement analysis of thin plates and shells using a flat facet finite element formulation”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 145, Nos. 3-4, 30 June 1997, pp. 285-299,  
doi:10.1016/S0045-7825(96)01220-0 
ABSTRACT: The large displacement analysis of flat faceted shell element, previously developed by Meek and 
Tan [15] is further developed. This element, has been already tested in the nonlinear range via the use of the 
total Lagrangian formulation and a somewhat cumbersome procedure for the calculation of the joint orientation 
matrices at each step of the calculations [25]. However, this approach is quite complex and by taking advantage 
of the positions of the rotational degrees of freedom, being located at the Loof nodes along the edges and 
normal to the edges, a simple and elegant formulation is obtained. The theory is developed in incremental form 
and the updated Lagrangian approach with the co-rotational formulation is employed. Numerical examples are 
presented and compared with other published results to verify the proposed formulation. 
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“Deflection and buckling of rings with straight and curved finite elements”, Computers & Structures, Vol. 15, 
No. 6, 1982, pp. 647-651, doi:10.1016/S0045-7949(82)80005-9 
ABSTRACT: A plane circular ring is modeled by various elements, some straight and others curved. All 
formulations have two translations and one rotation as nodal dof. We consider static deflection, under point 
loading, and bifurcation buckling, under constant-direction loading and fluid pressure loading. Matrices that 
account for fluid pressure loading are derived. Numerical examples show that excellent results are given by a 
standard straight beam element whose length is that of the arc it subtends. 
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(1) Department of Mechanical Engineering Mahanakorn University of Technology 51 Cheum-Sampan Rd., 
Nong Chok Bangkok 10530, Thailand 
(2) Department of Mechanical Engineering Chulalongkorn University Bangkok 10330, Thailand  
“Similitude and Physical Modeling for Buckling and Vibration of Symmetric Cross-Ply Laminated Circular 
Cylindrical Shells”, Journal of Composite Materials, October 2003, vol. 37, no. 19, pp.1697-1712, 
doi: 10.1177/002199803035191 
ABSTRACT: The similitude invariant and the scaling laws of the symmetric cross-ply laminated circular 
cylindrical shells for buckling and free vibration problems are derived by applying the similitude transformation 
to the governing differential equations directly. The scaling laws obtained by this approach are unique because 
they are forced by the governing differential equations. In the absence of the experimental data, the validity of 
the scaling laws is verified by numerical experiments. This is done by calculating theoretically the buckling 
loads and fundamental frequencies for free vibration of the model and substituting into the scaling laws. The 
predicted values of the prototype from the scaling laws are then compared with those values from the closed-
form solution. Examples for the complete similitude cases with various stacking sequences, number of plies, 
and radius ratios show exact agreement. The presented relationships between the model and prototype will 
greatly facilitate and reduce the costly experiment. In reality, it may not be feasible to construct the model to 
fulfill the similarity requirements completely. Several cases of partial similitude are investigated and verified 
numerically. Modeling with distortion in stacking sequences is recommended, but model with distortion in 
material properties yields moderately high percent of discrepancy. 
 
 
Karam Y. Maalawi (Department of Mechanical Engineering, National Research Center, 12622 Dokki, Cairo, 
Egypt), “Optimal buckling design of anisotropic rings/long cylinders under external pressure”, Journal of 
Mechanics of Materials and Structures, Vol. 3, No. 4, pp 775-793, 2008, DOI: 10.2140/jomms.2008.3.775 
ABSTRACT: Structural buckling failure due to high external hydrostatic pressure is a major consideration in 
designing rings and long cylindrical shell-type structures. This paper presents a direct approach for enhancing 
buckling stability limits of thin-walled rings/long cylinders that are fabricated from multiangle fibrous 
laminated composite lay-ups. The mathematical formulation employs the classical lamination theory for 
calculating the critical buckling pressure, where an analytical solution that accounts for the effective axial and 
flexural stiffness separately as well as the inclusion of the coupling stiffness terms is presented. The associated 
design optimization problem of maximizing the critical buckling pressure has been formulated in a standard 
nonlinear mathematical programming problem with the design variables encompassing the fiber orientation 
angles and the ply thicknesses as well. The physical and mechanical properties of the composite material are 
taken as preassigned parameters. The proposed model deals with dimensionless quantities in order to be valid 
for thin shells having different thickness-to-radius ratios. Useful design charts are given for several types of 
anisotropic rings/long cylinders showing the functional dependence of the buckling pressure on the selected 
design variables. Excellent results have been obtained for cases of filament wound rings/long cylinders 
fabricated from three different types of materials: E-glass/vinyl-ester, graphite/epoxy and S-glass/epoxy. It was 
shown that significant improvement in the overall stability level can be attained as compared with a baseline 
shell design. In fact, the developed methodology has been proved to be a useful design tool for selecting an 
optimal stacking sequence of a thin-walled anisotropic ring/long cylinder having arbitrary thickness-to-radius 
ratio. 
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ABSTRACT: This paper presents a generalized formulation for the problem of buckling optimization of 
anisotropic, radially graded, thin-walled, long cylinders subject to external hydrostatic pressure. The main 
structure to be analyzed is built of multi-angle fibrous laminated composite lay-ups having different volume 
fractions of the constituent materials within the individual plies. This yield to a piecewise grading of the 
material in the radial direction; that is the physical and mechanical properties of the composite material are 
allowed to vary radially. The objective function is measured by maximizing the critical buckling pressure while 
preserving the total structural mass at a constant value equals to that of a baseline reference design. In the 
selection of the significant optimization variables, the fiber volume fractions adjoin the standard design 
variables including fiber orientation angles and ply thicknesses. The mathematical formulation employs the 
classical lamination theory, where an analytical solution that accounts for the effective axial and flexural 
stiffness separately as well as the inclusion of the coupling stiffness terms is presented. The proposed model 
deals with dimensionless quantities in order to be valid for thin shells having arbitrary thickness-to-radius ratios. 
The critical buckling pressure level curves augmented with the mass equality constraint are given for several 
types of cylinders showing the functional dependence of the constrained objective function on the selected 
design variables. It was shown that material grading can have significant contribution to the whole optimization 
process in achieving the required structural designs with enhanced stability limits. 
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ABSTRACT: This paper presents a mathematical model for enhancing the buckling stability of composite, thin-
walled rings/long cylinders under external pressure using radial material grading concept. The main structure to 
be analyzed is built of multi-angle fibrous laminated lay-ups having different volume fractions of the 
constituent materials within the individual plies. This leads to a piecewise grading of the material in the radial 
direction. The objective is to maximize the critical buckling pressure while preserving the total structural mass 
at a constant value equal to that of a baseline design. The fiber volume fractions are included among the 
standard design variables such as fiber orientation angles and ply thicknesses, which are used by many 
investigators in the field. The model employs the classical lamination theory, where an analytical solution that 
accounts for the effective axial and flexural stiffness separately is given. The critical buckling pressure contours 
subject to the mass equality constraint are given for several types of anisotropic rings/long cylinders showing 
the functional dependence of the constrained objective function on the selected design variables. It is shown that 
material grading can have significant contribution to the whole optimization process in achieving the required 
structural designs with enhanced stability limits. 
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Academy of Sciences, Kharkov), “Geometric methods in the theory of stability of thin shells (review)”, 
International Applied Mechanics, Vol. 28, No. 1, January, 1992, pp. 1-17, doi: 10.1007/BF00847324 
PARTIAL INTRODUCTION: The theory of thin shells investigates the properties of rigid deformable bodies of 
extremely small thickness. It has become intuitively obvious for many researchers, therefore, that the 
mechanical properties of a thin-walled shell depend heavily on the geometric properties of its median surface. 
As early as 1908, therefore, Mallock [160], investigating postcritical deformations of long cylindrical tubes 
under axial compression, which may be accompanied by significant changes in the shape of the shell and small 
tension-compression deformations in the median surface…. 
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ABSTRACT: A.V. Pogorelov developed a little-known theory of thin elastic shells. He considered a class of 
piecewise inextensional deformations, in which relatively sharp creases separate areas of inextensional 
deformation. Within a crease the deformation is inextensional in the plane perpendicular to the crease. The local 
form of the crease minimises the strain energy, which has bending and stretching components. The paper 
outlines the theory, applies it to radiallyloaded open-topped cylindrical shells, and compares it with 
measurements by Holst and Lukasiewicz. 
References listed at the end of the paper: 
1. Ashwell, D.G. (1959) On the large deflexion of a spherical shell with an inward point load. Proceedings, IUTAM Symposium on 
the theory of thin elastic shells, Delft, 43–63, North-Holland. 
2. Holst, J.M.F.G. (1996) Large deflection phenomena in cylindrical shells. PhD dissertation, University of Cambridge. 



3. Kerrigan, E.C. (2001) Private communication. 
4. Lukasiewicz, S. and Nowinka, J. (1991) Geometric elements in the elastic-plastic analysis of a cylindrical shell. Applied Mechanics 
Reviews, 44 (11:2), 181–193.  
5. Pogorelov, A.V. (1966) Geometriskaya teoriya ustoichivostei obolochek (Geometric theory of the stability of shells. Nauka, 
Moscow. 
6. Pogorelov, A.V. (1967) Geometrical methods in the nonlinear theory of shells. Proceedings, IUTAM symposium on the theory of 
thin shells (ed. F.I. Niordson), Copenhagen. 
7. Pogorelov, A. V. (1969) Vneshnaya geometriya vypukhlykh poverkhnostei, Izdatel’stvo Nauka, Moscow; translation, Extrinsic 
geometry of convex surfaces, American Mathematical Society, Providence, RI (1973). 
8. Pogorelov, A.V. (1986) Izgibaniya poverkhnostei i ustoichivost’ obolochek, Nauka, Moscow; translation, Bendings of surfaces and 
stability of shells, American Mathematical Society, Providence, RI (1988). 
9. Vol’mir, A.S. (1956) Gibkie plastinki i obolochki, Gosurdarstvennoye Izdatel’stvo tekhnikoteoreticheskoi literatury, Moscow; 
translations, Biegsame Platten und Schalen, VEB Verlag fur Bauwesen, Berlin (1962); Flexible plates and shells, TR AFFLD-TR-66–
216, Wright-Patterson Air Force Base, Dayton, OH (1967). 
 
 
Barbara Tomczyk (Department of Structural Mechanics, Lodz University of Technology, Lodz, Poland), “On 
stability of thin periodically, densely stiffened cylindrical shells”, Journal of Theoretical and Applied 
Mechanics, Vol. 43, No. 2,  pp 427-455, 2005 
ABSTRACT: The aim of this contribution is to propose a new averaged nonasymptotic model of stationary 
stability problems for thin linear-elastic cylindrical shells reinforced by stiffeners which are periodically, 
densely spaced along one direction tangent to the shell midsurface. As a tool of modeling we shall apply the 
tolerance averaging technique. The resulting equations have constant coefficients in the periodicity direction. 
Morover, in contrast with models obtained by the asymptotic homogenization technique, the proposed one 
makes it possible to describe the effect of the periodicity cell size on the global shell stability (a length-scale 
effect). It will be shown that this effect plays an important role in the shell stability analysis and cannot be 
neglected. 
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edited by W. Pietraszkiewicz and C. Szymczak, 2006, Taylor & Francis Group, London, ISBN 0-415-38390-0 
ABSTRACT: A new averaged non-asymptotic model of stationary stability problems for thin elastic cylindrical 
shells reinforced by a dense system of stiffeners periodically spaced along one direction tangent to the shell 
midsurface has been proposed by Tomczyk (2005). The aim of this contribution is to apply this model to 
investigate the effect of a period length on the axially symmetric buckling of the shells under consideration. 
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ABSTRACT: The object of considerations is a thin linear-elastic cylindrical shell having a periodic structure 
along one direction tangent to the shell midsurface. The aim of this paper is to propose a new averaged 
nonasymptotic model of such shells, which makes it possible to investigate free and forced vibrations, 
parametric vibrations, and dynamical stability of the shells under consideration. As a tool of modeling we will 
apply the tolerance averaging technique. The resulting equations have constant coefficients in the periodicity 
direction. Moreover, in contrast with models obtained by the known asymptotic homogenization technique, the 
proposed one makes it possible to describe the effect of the period length on the overall shell behavior, called a 
length-scale effect.  
References listed at the end of the paper: 
[1]  S. A. Ambartsumyan, The General Theory of Anisotropic Shells, Nauka, Moscow, 1974. � 
[2]  I. Ja. Amiro and V. A. Zaruckiı, Theory of Ribbed Shells, Methods for Calculating Shells, vol. 2, � 
Naukova Dumka, Kiev, 1980.  
[3]  E. Baron, On dynamic stability of an uniperiodic medium thickness plate band, Journal of Theoretical and Applied Mechanics 41 
(2003), 305–321. � 
[4]  D. O. Brush and B. O. Almroth, Buckling of Bars, Plates and Shells, McGraw-Hill, New York, 1975. � 



[5]  D. Caillerie, Thin elastic and periodic plates, Mathematical Methods in the Applied Sciences 6 (1984), no. 2, 159–191. � 
[6]  G. D. Gavrylenko, Stability of Ribbed Cylindrical Shells in Nonuniform Stress-Strain State, Naukova Dumka, Kiev, 1989. � 
[7]  I. Grigoliuk and V. V. Kabanov, The Shell Stability, Nauka, Moscow, 1978. � 
[8]  J. Jedrysiak, On the stability of thin periodic plates, European Journal of Mechanics. A. Solids 19 �(2000), no. 3, 487–502. � 
[9]  R. V. Kohn and M. Vogelius, A new model for thin plates with rapidly varying thickness, International Journal of Solids and 
Structures 20 (1984), no. 4, 331–350. � 
[10]  A.G. Kolpakov, Homogenized model for plate periodic structure with initial stresses, International �Journal of Engineering 
Science 38 (2000), no. 18, 2079–2094. � 
[11]  T. Lewinski and J. J. Telega, Asymptotic method of homogenization of two models of elastic shells, �Archives of Mechanics 40 
(1988), no. 5-6, 705–723 (1989). � 
[12] T. Lewinski and J. J. Telega , Plates, Laminates and Shells. Asymptotic Analysis and Homogenization, Series on Ad �vances in 
Mathematics for Applied Sciences, vol. 52, World Scientific, New Jersey, 2000. � 
[13]  A. Lutoborski, Homogenization of linear elastic shells, Journal of Elasticity 15 (1985), no. 1, 69– �87. � 
[14]  B. Michalak, Stability of elastic slightly wrinkled plates, Acta Mechanica 130(1998), no.1-2,111– �119. � 
[15]  W.Nagorko and C.Wozniak, Non asymptotic modeling of thin plates reinforced by a system of stiffeners, Electronic Journal of 
Polish Agricultural Universities, Series Civil Engineering 5 (2002), �no. 2. � 
[16]  W. Pietraszkiewicz, Geometrically nonlinear theories of thin elastic shells, Advances in Mechanics �12 (1989), no. 1, 51–130. � 
[17]  B. Tomczyk, On the modelling of thin uniperiodic cylindrical shells, Journal of Theoretical and �Applied Mechanics 41 (2003), 
no. 4, 755–774. � 
[18]  B. Tomczyk , On stability of thin periodically densely stiffened cylindrical shells, Journal of Theoretical �and Applied Mechanics 
43 (2005), 427–455. � 
[19]  T. von Karman and H.-S. Tsien, The buckling of thin cylindrical shells under axial compression, �Journal of the Aeronautical 
Sciences 8 (1941), 303–312. � 
[20]  C. Wozniak, On dynamics of substructured shells, Journal of Theoretical and Applied Mechanics �37 (1999), 255–265. � 
[21]  C. Wozniak and E. Wierzbicki, Averaging Techniques in Thermomechanics of Composite Solids, �Wydawnictwo Politechniki 
Czestochowskiej, Czestochowa, 2000. � 
 
 
V. V. Kabanov and V. D. Mikhailov (Novosibirsk), “Stability of a cylindrical shell under nonuniform 
asymmetric loading”, International Applied Mechanics, Vol. 16, No. 8, 1980, pp. 661-664, doi: 
10.1007/BF00884068 
 
L. P. Zheleznov and V. V. Kabanov (Siberian Aviation Institute, Novosibirsk 630051, Russia), “Nonlinear 
deformation and stability of noncircular cylindrical shells under internal pressure and axial compression”, 
Journal of Applied Mechanics and Technical Physics, Vol. 43, No. 4, 2002, pp. 617-621,  
doi: 10.1023/A:1016066001346 
ABSTRACT: Stability analysis of noncircular shells is performed with allowance for nonlinear subcritical 
deformation. Explicit expressions for the rigid displacements of elements of noncircular cylindrical shells are 
obtained and used to construct shape functions of an effective quadrilateral finite element of natural curvature. 
A finite element algorithm for solving problems of nonlinear deformation and stability of shells is developed. 
Stability problem of an elliptic cylindrical shell is considered. The effect of the ellipticity and subcritical 
nonlinear deformation of the shell on the critical load is studied. Results obtained are compared with available 
experimental data. 
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under combined loading”, Journal of Applied Mechanics and Technical Physics, Vol. 48, No. 1, pp 109-113, 
January 2008 
ABSTRACT: A study is made of the stability of cylindrical shells of oval cross section loaded by a shear force 
combined with torsional and bending moments. The variational method of finite elements in displacements is 
used. The subcritical stress-strain state of the shells is considered momental and nonlinear. The effects of the 
nonlinearity of shell deformation and shell ovalization on the critical load and buckling mode are determined. 
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ABSTRACT: A finite element statement of solving problems on stability of reinforced elliptic cylindrical shells 
taking into account momentness and nonlinearity of their subcritical stress strain state is presented. The explicit 
expressions for displacements of noncircular cylindrical shell elements as rigid bodies are determined by 
integrating the equations obtained by equating the components of linear strains to zero. These expressions were 
used to construct the form functions for an efficient quadrilateral finite element of natural curvature. An 
efficient numerical algorithm of nonlinear deformation and stability of shells was developed. The stability of 
reinforced elliptic cylindrical shells under combined loading by bending moment, transverse boundary force and 
internal pressure is analyzed. We also examine how the critical loads are affected by the strain nonlinearity and 
ellipticity of shell deformation at the subcritical stage. 
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“On large axisymmetrical deflection states of spherical shells”, Journal of Elasticity, Vol. 10, No. 2, 1980, 
pp.179-192, doi: 10.1007/BF00044502 
ABSTRACT: A boundary layer analysis is carried out to determine the possible form of large axisymmetrical 
deflection states for thin elastic spherical shells subjected to uniform external pressure. For the case of complete 
spheres it is shown that the governing equations admit boundary layer solutions corresponding to large 
deflections provided the pressure is sufficiently small. However, such solutions are found to exist for 
nonshallow clamped spherical caps for a much wider range of pressure. Numerical results are presented for the 
latter case. 
 
 
M. Heil and T. J. Pedley (Department of Applied Mathematics, University of Leeds Leeds , LS2 9JT , U K ), 
“The Stability of Cylindrical Shells Conveying Viscous Flow”, Journal of Fluids and Structures (1996) Vol. 10, 
pp. 173–196 
ABSTRACT: This paper examines the post-buckling deformations of cylindrical shells conveying viscous fluid. 
The wall deformation is modelled using geometrically nonlinear shell theory, and lubrication theory is used to 
model the fluid flow. The coupled fluid–solid problem is solved using a parallelized FEM technique. It is found 
that the fluid–solid interaction leads to a violent collapse of the tube such that immediate opposite-wall contact 
occurs after the buckling if the volume flux is kept constant during buckling. If the pressure drop through the 
tube is kept constant during the buckling, the fluid–solid coupling slows down the collapse (compared to 



buckling under a dead load). The effects of various parameters (upstream pressure, axial pre-stretch and the 
geometry of the tube) on the post-buckling behaviour are examined and the exact geometrically nonlinear shell 
theory is compared to Sanders’ (1963) moderate rotation theory. Finally, the implications of the results for 
previous models which described the wall deformation using so called ‘‘tube laws’’ are discussed. 
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USA), “Stokes flow in collapsible tubes: computation and experiment”, Journal of Fluid Mechanics (1997), 
Vol. 353, pp. 285-312 
ABSTRACT: This paper is concerned with the problem of viscous flow in an elastic tube. Elastic tubes collapse 
(buckle non-axisymmetrically) when the transmural pressure (internal minus external pressure) falls below a 
critical value. The tube's large deformation during the buckling leads to a strong interaction between the fluid 
and solid mechanics. In this study, the steady three-dimensional Stokes equations are used to analyse the slow 
viscous flow in such a tube whose deformation is described by geometrically nonlinear shell theory. Finite 
element methods are used to solve the large-displacement fluid–structure interaction problem. Typical wall 
deformations and flow fields in the strongly collapsed tube are shown. Extensive parameter studies illustrate the 
tube's flow characteristics (e.g. volume flux as a function of the applied pressure drop through the tube) for 
boundary conditions corresponding to the four fundamental experimental setups. It is shown that lubrication 
theory provides an excellent approximation of the fluid traction while being computationally much less 
expensive than the solution of the full Stokes equations. Finally, the computational predictions for the flow 
characteristics and the wall deformation are compared to the results obtained from an experiment. 
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ABSTRACT: This research deals with several novel aspects of the nonlinear behaviour of thick-walled 
cylindrical hyperelastic tubes under external pressure. Initially, we consider bifurcation from a circular 
cylindrical deformed configuration of a thick-walled circular cylindrical tube of incompressible isotropic elastic 
material subject to combined axial loading and external pressure. In particular, we examine both axisymmetric 
and asymmetric modes of bifurcation. The analysis is based on the three-dimensional incremental equilibrium 
equations, which are derived and then solved numerically for a specific material model using the Adams-
Moulton method. We assess the effects of wall thickness and the ratio of length to (external) radius on the 
bifurcation behaviour. The problem of the finite axisymmetric deformation of a thick-walled circular cylindrical 
elastic tube subject to pressure on its external lateral boundaries and zero displacement on its ends is formulated 
for an incompressible isotropic neo-Hookean material. The formulation is fully nonlinear and can accommodate 
large strains and large displacements. The governing system of nonlinear partial differential equations is derived 
and then solved numerically using the C++ based object-oriented finite element library Libmesh. The weighted 
residual-Galerkin method and the Newton-Krylov nonlinear solver are adopted for solving the governing 
equations. Since the nonlinear problem is highly sensitive to small changes in the numerical scheme, 
convergence was obtained only when the analytical Jacobian matrix was used. A Lagrangian mesh is used to 
discretize the governing partial differential equations. Results are presented for different parameters, such as 
wall thickness and aspect ratio, and comparison is made with the corresponding linear elasticity formulation of 
the problem, the results of which agree with those of the nonlinear formulation only for small external pressure. 
Not surprisingly, the nonlinear results depart significantly from the linear ones for larger values of the pressure 
and when the strains in the tube wall become large. Typical nonlinear characteristics exhibited are the “corner 
bulging” of short tubes, and multiple modes of deformation for longer tubes. Finally the general fully nonlinear 
governing equations in Lagrangian form for the three dimensional large deformations of an elastic tube under 
external pressure are developed. 
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Rene R.R. da Costa, “Modeling of fiber kinking in composite laminates”, Master’s thesis, Dept. of Civil 
Engineering, Delft University of Technology, The Netherlands, 2015 
ABSTRACT: Recent advancements in computational methods has led to improvements in the compu- tational 
modeling of tensile failure of composite laminates. Models for compressive failure however, have not yet 
reached the same level of maturity. Particularly in the case of fiber kinking there is a need for improved 
modeling techniques. Fiber kinking occurs when fiber imperfection combined with matrix failure lead to 
localized deformation in a band of finite width (kink bands). Current computational models have focused on 
micro-level, where matrix and fibers are modeled independently. The various experimental and analytical 
research on fiber kinking has lead to numerous failure criteria and analytical models for kink bands. The 
collapse response of kink bands however, has yet to be incorporated in a meso-level computational model. A 
step is required to translate these micro-mechanical and analytical models to a meso-level framework and 
improve the state of the art of compressive failure modeling of composite laminates.  



In this thesis an attempt is made at transitioning from a micro to a meso-level failure model for fiber kinking. A 
discontinuous approach is proposed for modeling kink bands. The kink bands are represented as strong 
discontinuities in the displacement field using the phantom node method. With this method the angle of failure 
propagation can be easily controlled. The discontinuities are introduced after violation of a stress-based failure 
criterion and therefore necessitates the use of an initially rigid cohesive law to incorporate the kink band 
response. To construct such a law a shifted formulation is used, meaning, the law is derived with a finite initial 
stiffness and shifted to achieve the initially rigid behavior. Strong discontinuity analysis and a discrete micro-
mechanical model are used to derive two separate cohesive models in the local kink band coordinate frame, 
while a simplified approach is also applied to derive a third model in the discontinuity coordinate frame.  
The nonlinear characteristics and bifurcation of the models necessitate the use of a capable solution algorithm 
that will follow the true equilibrium path. Therefore the crack opening displacement arclength method is used 
to; indirectly control direction of crack growth, pass the bifurcation point and capture possible snap-back 
behavior. Additionally an adaptive time stepping strategy is applied to increase efficiency and robustness.  
The model and algorithm have been implemented in a one dimensional framework using Timoshenko beam 
elements and verified against an analytical solution. The local models have shown to capture the trends derived 
using the analytical solution well, with the strong discontinuity model being the most accurate. The simplified 
approach however fails to properly account for these trends.  
The current work has resulted in an initial step towards a meso-level computational model of fiber kinking. It is 
shown that the discontinuous approach provides a good representation of kink bands provided that a proper 
cohesive model is used that incorporates both material and geometrical parameters influencing kink bands.  
References listed at the end of the thesis: 
[1]  A. Argon. Fracture of composites. In H. HERMAN, editor, Treatise on Materials Science & Technology, volume 1 of Treatise on 
Materials Science & Technology, pages 79 – 114. Academic Press, New York, 1972. � 
[2]  Z. Baˇzant, J.-J. Kim, I. Daniel, E. Becq-Giraudon, and G. Zi. Size effect on compression strength of fiber composites failing by 
kink band propagation. In Z. Baˇzant and Y. Rajapakse, editors, Fracture Scaling, pages 103–141. Springer Netherlands, 1999. � 
[3]  B. Budiansky. Micromechanics. Computers & Structures, 16(1–4):3 – 12, 1983. � 
[4]  B. Budiansky and N. Fleck. Compressive failure of fibre composites. Journal of the �Mechanics and Physics of Solids, 41(1):183 – 
211, 1993. � 
[5]  B. Budiansky, N. Fleck, and J. Amazigo. On kink-band propagation in fiber composites. �Journal of the Mechanics and Physics of 
Solids, 46(9):1637 – 1653, 1998. � 
[6]  P. Davidson and A. M. Waas. Mechanics of kinking in fiber-reinforced composites under �compressive loading. Mathematics and 
Mechanics of Solids, May 2014. � 
[7]  C. Da �vila, N. Jaunky, and S. Goswami. Failure criteria for frp laminates in plane stress. In 44th AIAA/ASME/ASCE/AHS/ASC 
Structures, Structural Dynamics, and Materials Conference. American Institute of Aeronautics and Astronautics, Apr 2003. � 
[8]  R. de Borst. Computation of post-bifurcation and post-failure behavior of strain-softening solids. Computers & Structures, 
25(2):211 – 224, 1987. � 
[9]  N. Fleck. Compressive failure of fiber composites. In J. W. Hutchinson and T. Y. Wu, editors, Advances in Applied Mechanics, 
volume 33 of Advances in Applied Mechanics, pages 43 – 117. Elsevier, 1997. � 
[10]  N. A. Fleck, L. Deng, and B. Budiansky. Prediction of kink width in compressed fiber composites. Journal of Applied 
Mechanics, 62(2):329 – 337, Jun 1995. � 
[11]  N. A. Fleck and J. Y. Shu. Microbuckle initiation in fibre composites : A finite element study. Journal of the Mechanics and 
Physics of Solids, 43(12):1887 – 1918, 1995. � 
[12]  R. Gutkin, S. Pinho, P. Robinson, and P. Curtis. On the transition from shear-driven fibre compressive failure to fibre kinking in 
notched cfrp laminates under longitudinal compression. Composites Science and Technology, 70(8):1223 – 1231, Aug 2010. � 
[13]  R. Gutkin, S. Pinho, P. Robinson, and P. Curtis. A finite fracture mechanics formulation to predict fibre kinking and splitting in 
cfrp under combined longitudinal compression and in-plane shear. Mechanics of Materials, 43(11):730 – 739, Aug 2011. � 
[14]  A. Hansbo and P. Hansbo. A finite element method for the simulation of strong and weak discontinuities in solid mechanics. 
Computer Methods in Applied Mechanics and Engineering, 193(33-35):3523–3540, Aug 2004. � 
[15]  S. Kyriakides, R. Arseculeratne, E. Perry, and K. Liechti. On the compressive failure of fiber reinforced composites. 
International Journal of Solids and Structures, 32(6–7):689 – 738, 1995. Time Dependent Problems in Mechanics. � 
[16]  P. Maim �ı, P. Camanho, J. Mayugo, and C. D �avila. A continuum damage model for composite laminates: Part i – 
constitutive model. Mechanics of Materials, 39(10):897–908, Oct 2007. � 
[17]  P. Maim �ı, P. Camanho, J. Mayugo, and C. D �avila. A continuum damage model for composite laminates: Part ii – 
computational implementation and validation. Mechanics of Materials, 39(10):909–919, Oct 2007. � 
[18]  P. M. Moran, X. H. Liu, and C. F. Shih. Kink band formation and band broadening in fiber composites under compressiove 
loading. Acta Metallurgica et Materialia, 43(8):2943 – 2958, Aug 1995. � 
[19]  N. Naik and R. S. Kumar. Compressive strength of unidirectional composites: evaluation and comparison of prediction models. 
Composite Structures, 46(3):299 – 308, 1999. � 
[20]  K. Niu and R. Talreja. Modeling of compressive failure in fiber reinforced composites. International Journal of Solids and 



Structures, 37(17):2405 – 2428, 2000. � 
[21]  J. Oliver. On the discrete constitutive models induced by strong discontinuity kinematics and continuum constitutive equations. 
International Journal of Solids and Structures, 37(48–50):7207 – 7229, 2000. � 
[22]  S. Pimenta, R. Gutkin, S. Pinho, and P. Robinson. A micromechanical model for kinkband formation: Part I experimental study 
and numerical modelling. Composites Science and Technology, 69(7-8):948 – 955, Jun 2009. � 
[23]  S. Pimenta, R. Gutkin, S. Pinho, and P. Robinson. A micromechanical model for kink-band formation: Part II analytical 
modelling. Composites Science and Technology, 69(7-8):956 – 964, Jun 2009. � 
[24]  S. Pinho. Modelling failure of laminated composites using physically-based failure models. PhD thesis, Imperial College 
London, 2005. � 
[25]  S. Pinho, R. Gutkin, S. Pimenta, N. D. Carvalho, and P. Robinson. 7 - fibre-dominated compressive failure in polymer matrix 
composites. In P. Robinson, E. Greenhalgh, and S. Pinho, editors, Failure Mechanisms in Polymer Matrix Composites, Woodhead 
Publishing Series in Composites Science and Engineering, pages 183 – 223. Woodhead Publishing, 2012. � 
[26]  V. W. Rosen. Mechanics of composite strengthening. In Fiber Composite Materials, pages 37 – 75. American Society of Metals, 
Metals Park, Ohio, 1965. � 
[27]  C. R. Schultheisz and A. M. Waas. Compressive failure of composites, part i: Testing and micromechanical theories. Progress in 
Aerospace Sciences, 32(1):1 – 42, 1996. � 
[28]  W. Slaughter, N. Fleck, and B. Budiansky. Compressive failure of fiber composites: the roles of multiaxial loading and creep. 
Journal of engineering materials and technology, 115(3):308–313, 1993. � 
[29]  K. D. Sørensen, L. P. Mikkelsen, and H. M. Jensen. On the simulation of kink bands in fiber reinforced composites. In 28th Risø 
International Symposium on Materials Science: Interface Design of Polymer Matrix Composites-Mechanics, Chemistry, Modelling 
and Manufacturing, pages 281–288, 2007. � 
[30]  M. Sutcliffe and N. Fleck. Microbuckle propagation in fibre composites. Acta Materialia, 45(3):921 – 932, 1997. � 
[31]  F. P. van der Meer. Computational modeling of failure in composite and laminates. PhD thesis, Delft University of Technology, 
2010. � 
[32]  A. M. Waas and C. R. Schultheisz. Compressive failure of composites, part ii: Experimental studies. Progress in Aerospace 
Sciences, 32(1):43 – 78, 1996. � 
[33]  O. C. Zienkiewicz, R. L. Taylor, and J. Zhu. The Finite Element Method : ITS Basis and Fundamentals. Butterworth-Heinemann, 
7th edition, 2005. � 
 
 
David Taylor and Jan-Henning Dirks, “Shape optimization in exoskeletons and endoskeletons: a biomechanics 
analysis”, Journal of the Royal Society Interface, 12 September 2012, DOI: 10.1098/rsif.2012.0567 
ABSTRACT: This paper addresses the question of strength and mechanical failure in exoskeletons and 
endoskeletons. We developed a new, more sophisticated model to predict failure in bones and other limb 
segments, modelled as hollow tubes of radius r and thickness t. Five failure modes were considered: transverse 
fracture; buckling (of three different kinds) and longitudinal splitting. We also considered interactions between 
failure modes. We tested the hypothesis that evolutionary adaptation tends towards an optimum value of r/t, this 
being the value which gives the highest strength (i.e. load-carrying capacity) for a given weight. We analysed 
two examples of arthropod exoskeletons: the crab merus and the locust tibia, using data from the literature and 
estimating the stresses during typical activities. In both cases, the optimum r/t value for bending was found to be 
different from that for axial compression. We found that the crab merus experiences similar levels of bending 
and compression in vivo and that its r/t value represents an ideal compromise to resist these two types of 
loading. The locust tibia, however, is loaded almost exclusively in bending and was found to be optimized for 
this loading mode. Vertebrate long bones were found to be far from optimal, having much lower r/t values than 
predicted, and in this respect our conclusions differ from those of previous workers. We conclude that our 
theoretical model, though it has some limitations, is useful for investigating evolutionary development of 
skeletal form in exoskeletons and endoskeletons. 
 
 
H. Demiray (Department of Mathematics, Marmara Research Centre, Research Institute for Basic Sciences, 
P.O. Box 21, Gebze-Kocaeli, Turkey), “On the equivalence of the Flügge-Koiter buckling equations to those 
recently derived in current literature”, Journal of Engineering Mathematics, Vol. 31, No. 2, pp 439-448, May 
1997 
ABSTRACT: The main goal of this work is to prove the equivalence of various formulations existing in the 
current literature which give the governing equations of small displacements superimposed over initial static 
deformations of thin cylindrical shells. It is shown that the main difference comes from the definition of 
incremental stress resultants and the dependence of elastic coefficients on initial deformation. When the 
functional dependence of elastic coefficients on initial deformation is taken into consideration, it is shown that 



all the derivations are equivalent to each other. 
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“Capillary-elastic Instabilities of Liquid-lined Lung Airways”, ASME J. Biomech. Eng., Vol. 124,  No. 6, 
December 2001, pp. 650 – 655, doi:10.1115/1.1516811 
ABSTRACT: To model the competition between capillary and elastic forces in controlling the shape of a small 
lung airway and its interior liquid lining, we compute the equilibrium configurations of a liquid-lined, externally 
pressurized, buckled elastic tube. We impose axial uniformity and assume that the liquid wets the tube wall with 
zero contact angle. Non-zero surface tension has a profound effect on the tube's quasi-steady inflation-deflation 
characteristics. At low liquid volumes, hysteresis arises through two distinct mechanisms, depending on the 
buckling wavenumber. Sufficient compression always leads to abrupt and irreversible collapse and flooding of 
the tube; flooding is promoted by increasing liquid volumes or surface tension. The model captures mechanisms 
whereby capillary-elastic instabilities can lead to airway closure. 
 
 
S.L. Veldman (Faculty of Aerospace Engineering, Delft University of Technology, Kluyverweg 1, 2629 HS 
Delft, The Netherlands), “Wrinkling prediction of cylindrical and conical inflated cantilever beams under 
torsion and bending”, Thin-Walled Structures, Vol. 44, No. 2, February 2006, pp. 211-215, 
doi:10.1016/j.tws.2006.01.003 
ABSTRACT: The combined load case of bending and torsion of a cantilever inflated beam is a load case that 
has not been studied extensively. When a series of inflated beams is placed parallel to each other as can be the 
case for an inflatable wing, each beam experiences a combination of torque and bending. A theoretical model 
already exist for such a load case but it is limited to membrane like materials. This paper deals with beams 
made of materials that need to be treated like a shell. It requires a modification for the wrinkling load due to 
solely bending and solely torsion. Semi-empirical expressions for both cases are presented for both cylindrical 
and conical shaped beams. 
 
 
D. N. Paliwal, S. N. Sinha and B. K. Choudhary, Jr., “Shallow spherical shells on Pasternak foundation”, ASCE 
Journal of Engineering Mechanics, Vol. 112, No. 2, February 1986 
ABSTRACT: Static and dynamic analysis of fully clamped shallow spherical shells, subjected to uniform 
normal pressure on concave side and continuously supported on Pasternak foundation on the convex side, is 
made using Berger's and modified Berger's techniques. Expressions for large static deflections are obtained and 
results compared with those of Nash and Modeer. The preceding techniques are employed to get the 
approximate expressions for natural frequency. Values of nondimensional natural frequency obtained by 
various methods are compared with results of Reissner, Nowacki, Bucco, and others. While a modified Berger's 
approach gives very good results for static analysis of fully clamped shells, the original Berger's approach is 



found to be more suitable for free vibration analysis, as results tally with those obtained by Réissner, using 
Rayleigh's method, even for higher ratios of (H/h). The modified Berger's technique gives sufficiently accurate 
values of natural frequencies only for smaller values of (H/h). 
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“Shallow spherical shell on Pasternak foundation subjected to elevated temperature”, Thin-Walled Structures, 
Vol. 5, No. 5, 1987, pp. 343-349, doi:10.1016/0263-8231(87)90025-5 
ABSTRACT: Nonlinear static behaviour of clamped shallow spherical shell at elevated temperature and resting 
on Pasternak type elastic foundation is examined, using Berger's approximation. Variation of non-dimensional 
central deflection with foundation parameters for a given thermal loading is investigated. 
 
 
Robert E. Jones (Boeing Aerospace Co., Seattle, Washington, USA), “Program for Nonlinear Structural 
Analysis”, Final Report, AFOSR-TR-81-0842, September 1981, 
DTIC Accession Number: ADA108975, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA108975 
ABSTRACT: The development and evaluation of new theoretical and numerical approaches for strongly 
nonlinear finite element analysis are reported. The element technology uses interior nodes to create higher order 
in-plane displacement forms needed for nonlinear strain calculation. Several solution procedure types are 
discussed, based on an updated total Lagrangian formulation. Progress with this approach and current capability 
levels are discussed. 
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“The computation of nonlinear instability for multilayer composite cylindrical shells”, Applied Mathematics 
and Mechanics, Vol. 7, No. 1, 1986, pp. 17-24, doi: 10.1007/BF01896248 
ABSTRACT: In this paper, energy method and finite difference method are used to Compute the instability 
behavior of multilayered fiber reinforced composite cylindrical shells under axial compression, hydrostatic 
pressure and torsion. The influences of initial imperfections, geometrical nonlinearities of shells and physical 
nonlinearities of the materials to the buckling and postbuckling behavior of the shells are considered. The effect 
of transverse shear is also discussed. The computational results of this paper are well agreed with the 
experimental data. 
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Zhou Cheng-ti and Zhou Chien-bin, “An analysis of nonlinear instability for composite cylindrical shells”, Acta 
Metallurgica Sinica, Vol. 2, No. 1, pp 1-14, 1985 
ABSTRACT: This paper proposes a theoretical method to analyze the buckling and postbuckling behavior of 
multi-layered fiber reinforeed composite cylindrical shells under uniform axial or hydrostatic compression. The 
influences of shear nonlinearity of the composite material and the initial imperfection of the shell geometry are 
taken into account. For the computation of the critical form potential energy method is used. Numerical results 
are given for boron epoxy composite cylindrical shells with various fiber orientation and diffreent layer 
numbers. Results show that the shear nonlinearity of the composite materials and the initial imperfections of the 
shells are both important for the composite and postbuckling behavior of the composite cylindrical shells. 
 
 
Yang Yang and William W. Liou (Department of Aeronautical and Mechanical Engineering, Western Michigan 
University, Kalamazoo, USA) 
“Computational Study of Compressive Loading of Carbon Nanotubes”, Computational Science and Its 
Applications – ICCSA 2010, Lecture Notes in Computer Science, 2010, Volume 6017/2010, 25-43, doi: 
10.1007/978-3-642-12165-4_3 
ABSTRACT: A reduced-order general continuum method is used to examine the mechanical behavior of 
single-walled carbon nanotubes (CNTs) under compressive loading and unloading conditions. Quasi-static 
solutions are sought where the total energy of the system is minimized with respect to the spatial degree of 
freedom. We provide detailed buckled configurations for four different types of CNTs and show that, among the 
cases studied, the armchair CNT has the strongest resistance to the compressive loading. It is also shown that 
the buckled CNT will significantly lose its structural strength with the zigzag lattice structure. The unloading 
post-buckling of CNT demonstrates that even after the occurrence of buckling the CNT can still return to its 
original state making its use desirable in fields such as synthetic biomaterials, electromagnetic devices, or 
polymer composites. 
 
 
Chao Zhang, Jianlong Ji and Jianping Lei (School of Applied Mechanics and Biomedical Engineering, The 
Taiyuan University of Technology, Shanxi, Taiyuan, 030024, China), “Investigation on Buckling of Cylindrical 
Shells and Influences of Boundary Conditions”, Advanced Materials Research (Volumes 243 - 249), May 2011, 
pp. 1326-1330, doi: 10.4028/www.scientific.net/AMR.243-249.1326 
ABSTRACT: Thin-walled cylindrical shells are widely used in many industrial sectors as light structural 
elements. Determination of their buckling strength under various types of loading conditions is a crucial work 
for engineering design. Due to the needs of research of crashworthiness, dynamic buckling of cylindrical shells 
subjected to the strong axial impact becomes a frontier issue in recent years. The axial impact is a very complex 
dynamic process because of the coupling of multiple effects. In this paper, the buckling mechanism of 
cylindrical shells subjected to axial impact and the influences of boundary conditions, and energy absorption 
properties have been investigated by experiments. 
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Technology, Taiyuan, Shanxi, 030024, P.R. China), “Dynamic Buckling of Circular Cylindrical Shells Subject 
to a Rigid Body Impact”, Key Engineering Materials (Volumes 274 - 276), October 2004, pp. 961-964,  
doi: 10.4028/www.scientific.net/KEM.274-276.961 
ABSTRACT: The dynamic buckling of circular cylindrical shells subjected to axial impact by a rigid body is 
discussed in this paper in accordance with the energy law. Accounting for the propagation of stress wave, the 
power series solution of this problem has been obtained by the power series approach. The critical budkling 
criterion of this problem is proposed by analyzing the characteristics of solution. The relationship between 
critical velocity and impacting mass, as well as other conclusions, are obtained by using theoretical analysis and 
numerical computation. 
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“Effect of forming process variables on the crashworthiness of aluminum alloy tubes”, International Journal of 
Impact Engineering, Vol. 32, No. 5, May 2006, pp. 826-846, Special Issue: International Symposium on the 
Crashworthiness of Light-weight Automotive Structures, doi:10.1016/j.ijimpeng.2005.06.006 
ABSTRACT: This research examines the effect of the tube-bending process on subsequent crashworthiness of 
aluminum alloy s-rail structures. Through experiments, the effects of bending process parameters, tube initial 
thickness, thickness changes, work hardening and bend radius on the energy absorption characteristics of s-rail 
impact structures are assessed. Finite element simulations of the manufacturing and impact testing of s-rail 
structures are developed to provide additional insight. The deformation history, including strains, thickness 
changes and residual stresses are transferred from the tube-bending models into the crash models. Through 
simulation, effects of thickness changes and work hardening on the energy absorption of s-rails are examined. 
The change in geometrical features of the s-rail due to a different bend radius, on crashworthiness of the s-rail 
structure was found to play a significant role in offsetting any potential increases in force and energy absorption 
due to work hardening and thickness changes in the material due to pre-bending. By not accounting for work 
hardening and thickness changes in the material due to the bending process during the modeling of the crash 
event, the predicted peak force as well as the energy absorption at the point of tearing was reduced by 25–30% 
and 18%, respectively. 
 
 
Ashokanand Chathbai (Wichita State University, College of Engineering, Department of Mechanical 
Engineering, Wichita, Kansas, USA), “Parametric study of energy absorption characteristics of a rectangular 
aluminum tube wrapped with e-glass/epoxy”, Master’s Thesis, May 2007, 
URI:  http://hdl.handle.net/10057/1119 
ABSTRACT: Analysis of crashworthy structures has been a primary area of interest for many researchers for 
quite a few years now. The quest for a better energy absorbing structure ora better crashworthy structure has led 
researchers to carry out various analysis procedures experimentally and also by simulating the characteristics. 
E-glass fiber reinforced epoxy wrapped over aluminum tube has proven to possess better energy absorbing 
capabilities. This study attempts to analyze certain characteristics of such hybrid structures. This thesis 
examines the properties with respect to energy absorption of the abovementioned tubes when certain parameters 
such as ply orientation, angle of impact, speed of impact for different aspect ratios, are varied. The axial 
crushing behavior and the energy absorption capability of aluminum composite hybrid tube under quasi-static 
loading is studied using LS-Dyna finite element solver. A aluminum tube, externally wrapped with E-glass 
epoxy composite material with two layers and ply orientation of +/- 30deg., +/- 45deg. and 0/90deg., are used 
for finite element analysis. The speeds considered are 8mph, 15mph and 30mph. The angles of impact 
considered are 0deg., 15deg., and 30deg. The analysis is carried out for various permutations and combinations 
of the above mentioned Parameters, and the results obtained are studied and aims at optimum set of parameters 
for making the energy absorption of such hybrid structures. 
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“Coordinated buckling of thick multi-walled carbon nanotubes under uniaxial compression”, Nano Research, 



Vol. 3, No. 1, 2010, pp. 32-42, doi: 10.1007/s12274-010-1005-5 
ABSTRACT: Using a generalized quasi-continuum method, we characterize the post-buckling morphologies 
and energetics of thick multi-walled carbon nanotubes (MWCNTs) under uniaxial compression. Our 
simulations identify for the first time evolving post-buckling morphologies, ranging from asymmetric periodic 
rippling to a helical diamond pattern. We attribute the evolving morphologies to the coordinated buckling of the 
constituent shells. The post-buckling morphologies result in significantly reduced effective moduli that are 
strongly dependent on the aspect ratio. Our simulation results provide fundamental principles to guide the future 
design of high-performance, MWCNT-based nanodevices. 
 
 
Dennis Williams (Sharoden Engineering Consultants, Pennsylvania, USA), “Buckling of Axisymmetric, 
Homogeneous Cylindrical Shells With Random Imperfections: Monte Carlo Method”, ASME 2005 Pressure 
Vessels and Piping Conference (PVP2005), July 17–21, 2005 , Denver, Colorado, USA, Paper no. PVP2005-
71309 p. 465, doi:10.1115/PVP2005-71309 
ABSTRACT: This paper presents the second of a series of solutions to the buckling of imperfect cylindrical 
shells subjected to an axial compressive load. In particular, the current problem reviewed is the case of a 
homogeneous cylindrical shell with random axisymmetric imperfections. The problem solution for the 
determination of the critical buckling load utilizes a statistical approach to define the random imperfections as 
opposed to the deterministic methods most often employed in the pressure vessel industry. The imperfections 
are treated as a random function of the axial (i.e., longitudinal) position on the shell. The Monte Carlo technique 
is utilized to create a large sample of random shell geometries from which to eventually calculate a critical 
buckling load for each randomly generated shell geometry. Having matched or predefined the statistical 
parameters (including the co-variance) of interest as determined from actual manufacturing statistics to the 
Monte Carlo simulation of shell geometries, the reliability of the critical buckling load is then calculated for the 
set of cylindrical shells with the random axisymmetric imperfections. The ASME Boiler and Pressure Vessel 
Code Section VIII fabrication tolerances as supplemented by ASME Code Case 2286-1 are reviewed and 
addressed in light of the findings of the current study and resulting solutions with respect to the critical buckling 
loads. The method and results described herein are in stark contrast to the “knockdown factor” approach 
currently utilized in ASME Code Case 2286-1. Recommendations for further study of the imperfect cylindrical 
shell are also outlined in an effort to improve on the current design rules regarding column buckling of large 
diameter shells designed in accordance with ASME Section VIII, Divisions 1 and 2 and ASME STS-1 in 
combination with the suggestions contained within Code Case 2286-1. 
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Pressure Vessels and Piping Conference (PVP2007), July 22–26, 2007 , San Antonio, Texas, USA, Paper no. 
PVP2007-26234 pp. 627-633, doi:10.1115/PVP2007-26234 
ABSTRACT: This paper presents the third of a series of solutions to the buckling of imperfect cylindrical shells 
subjected to an axial compressive load. In particular, the initial problem reviewed is the case of a homogeneous 
cylindrical shell of variable thickness that is of an axisymmetric nature. The equilibrium equations as first 
introduced by Donnell over seventy years ago are discussed and reviewed in establishing a basis for embarking 
upon a solution that utilizes finite difference methods to solve the resulting equilibrium and compatibility 
equations. The ultimate objective of these calculations is to achieve a quantitative assessment of the critical 
buckling load considering the small axisymmetric deviations from the nominal cylindrical shell wall thickness. 
Clearly in practice, large diameter, thin wall shells of revolution that form stacks are never fabricated with 
constant diameters and thicknesses over the entire length of the assembly. The method and results described 
herein are in stark contrast to the “knockdown factor” approach currently utilized in ASME Code Case 2286-1. 
The results obtained by finite difference method agree well with those published by Elishakoff and Williams for 
the prediction of buckling load. 
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“Axially Compressed Cylindrical Shell Containing Axisymmetric Random Imperfections: Fourier Series 
Techniques and ASME Section VIII Division 2 Rules”, ASME 2008 Pressure Vessels and Piping Conference 
(PVP2008), July 27–31, 2008 , Chicago, Illinois, USA, Paper no. PVP2008-61391 pp. 273-279 
doi:10.1115/PVP2008-61391 
ABSTRACT: This paper presents the comparison of reliability technique that employ Fourier series 
representations of random axisymmetric imperfections in axially compressed cylindrical shells with evaluations 
prescribed by ASME Section VIII, Division 2. The ultimate goal of the reliability type technique is to predict 
the buckling load associated with the axially compressed cylindrical shell. The representation of initial 
geometrical imperfections in the cylindrical shell requires the determination of appropriate Fourier coefficients. 
The buckling of cylindrical shells in any type of loading is sensitive to the form and amplitude of geometric 
imperfections present in the structure. Initial geometric imperfections have significant effect on the load 
carrying capacity of axisymmetrical cylindrical shells. Many deterministic and probabilistic techniques are there 
to predict shell behavior during buckling. Fourier decomposition is used to interpret imperfections as structural 
features can be easily related to the different components of imperfections. The mean vector and the variance-
covariance matrix of Fourier coefficients are calculated from the simulated shell profiles. Recommendations for 
further use of Fourier coefficients through simulation by Monte Carlo Method are laid down. Large number of 
shells thus created can be used to calculate buckling stress for each shell. The probability of the ultimate 
buckling stress exceeding a predefined threshold stress can be calculated. 
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“Fourier Series Analysis of Cylindrical Pressure Vessel Subjected to External Pressure”, ASME 2009 Pressure 
Vessels and Piping Conference (PVP2009), July 26–30, 2009 , Prague, Czech Republic, Paper no. PVP2009-
77854 pp. 535-543 doi:10.1115/PVP2009-77854 
ABSTRACT: This paper presents the comparison of a reliability technique that employs a Fourier series 
representation of random asymmetric imperfections in a cylindrical pressure vessel subjected to external 
pressure. Comparison with evaluations prescribed by the ASME Boiler and Pressure Vessel Code, Section VIII, 
Division 2 Rules for the same shell geometries are also conducted. The ultimate goal of the reliability type 
technique is to predict the critical buckling load associated with the chosen cylindrical pressure vessel. Initial 
geometric imperfections are shown to have a significant effect on the load carrying capacity of the example 
cylindrical pressure vessel. Fourier decomposition is employed to interpret imperfections as structural features 
that can be easily related to various other types of defined imperfections. The initial functional description of 
the imperfections consists of an axisymmetric portion and a deviant portion, which are availed in the form of a 
double Fourier series. Fifty simulated shells generated by the Monte Carlo technique are employed in the final 
prediction of the critical buckling load. The representation of initial geometrical imperfections in the cylindrical 
pressure vessel requires the determination of appropriate Fourier coefficients. Multi-mode analyses are 
expanded to evaluate a large number of potential buckling modes for both predefined geometries and associated 
asymmetric imperfections as a function of position within a given cylindrical shell. The probability of the 
ultimate buckling stress that may exceed a predefined threshold stress is also calculated. The method and results 
described herein are in stark contrast to the “knockdown factor” approach as applied to compressive stress 
evaluations currently utilized in industry. Recommendations for further study of imperfect cylindrical pressure 
vessels are also outlined in an effort to improve on the current design rules regarding column buckling of large 
diameter pressure vessels designed in accordance with ASME Boiler and Pressure Vessel Code, Section VIII, 
Division 2 and ASME STS-1. 
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“Buckling of Imperfect, Axisymmetric, Homogeneous Shells of Variable Thickness: Perturbation Solution”, 
ASME J. Pressure Vessel Technol., Vol. 131,  No. 5, October 2009, pp. 051209 (8 pages), 
doi:10.1115/1.3148823 
ABSTRACT: This paper presents the first of a series of solutions to the buckling of imperfect cylindrical shells 
subjected to an axial compressive load. The initial problem is the case of a homogeneous cylindrical shell of 
variable thickness that is of an axisymmetric nature. The equilibrium equations as first introduced by Donnell 
over 70 years ago are thoroughly presented as basis for a solution employing perturbation methods. The 
ultimate objective of these calculations is to achieve a quantitative assessment of the critical buckling load 
considering the small axisymmetric deviations from the nominal shell wall thickness. Clearly in practice, large 
diameter thin wall shells of revolution that form stacks (as found in flue gas desulphurization absorber 
assemblies) are never fabricated with constant diameters and thicknesses over the entire length of the assembly. 
As such, ASME Boiler and Pressure Vessel Code Section VIII shell thickness tolerances as supplemented by 
ASME Code Case 2286-1 are reviewed and addressed in comparison to the resulting solutions with respect to 
the critical buckling loads. The method and results described herein are in stark contrast to the “knockdown 
factor” approach currently utilized in ASME Code Case 2286-1. Recommendations for further study of the 
imperfect cylindrical shell are also outlined in an effort to improve on the current rules regarding column 
buckling of large diameter shells designed in accordance with ASME Section VIII, Divisions 1 and 2 and 
ASME STS-1 in combination with the suggestions contained within Code Case 2286-1. 
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“Optimum design of cylindrical shell under buckling pressure”, Journal of Lanzhou University, 2003-01, 
doi: CNKI:SUN:LDZK.0.2003-01-005 
ABSTRACT: The mechanism of bifurcation instability of shells is the instant course for shell-structure design. 
On the basis of energy criterion, the buckling lateral pressures of cylindrical shell with variable thickness and 
arbitrary axisymmetrical boundary conditions have been derived. The optimum model involves the maximum 
buckling pressure of the cylindrical shell subjected to constraints of the volume that is constant and to strength 
condition. Numerical results show the effectiveness of the method reported. 
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Engineering, Peking University, Beijing 100871, People's Republic of China), “Combined torsional buckling of 
multi-walled carbon nanotubes coupling with radial pressures”, J. Phys. D: Appl. Phys. Vol. 40, 2007, p. 4027, 
doi: 10.1088/0022-3727/40/13/018 
ABSTRACT: This paper investigates the combined torsional buckling of multi-walled carbon nanotubes 
(MWNTs) coupling with radial pressures. The analysis is based on the continuum mechanics model, and the 
effect of the van der Waals interaction between adjacent tubes is taken into account. A buckling condition is 
derived for determining the critical shear membrane force under combined torsional buckling, which clearly 
indicates the role of radial pressures. The critical shear membrane force and the buckling mode are worked out 
for three typical MWNTs subjected to various internal pressure or external pressure. It is shown that the effect 
of internal pressure or external pressure on the critical shear membrane force for combined torsional buckling of 
MWNTs is related to the types of MWNTs. This effect is strong for thin MWNTs, moderate for thick MWNTs 
and small for solid MWNTs. Numerical results also indicate that the buckling mode corresponding to the 



critical shear membrane force of MWNTs is unique and only dependent on the structure of MWNTs. In 
particular, for combined torsional buckling of MWNTs with very small internal pressure or external pressure, 
the buckling mode is just that for the corresponding pure torsional buckling. 
 
C.Q. Sun and K.X. Liu (LTCS and Department of Mechanics and Aerospace Engineering, College of 
Engineering, Peking University, Beijing 100871, People's Republic of China), “Combined torsional buckling of 
multi-walled carbon nanotubes coupling with radial pressures”, International Journal of Solids and Structures, 
Vol. 45, Nos. 7-8, April 2008, pp. 2128-2139 
doi:10.1016/j.ijsolstr.2007.11.00 
ABSTRACT: This paper reports the results of an investigation on combined torsional buckling of multi-walled 
carbon nanotubes (MWNTs) under combined torque, axial loading and radial pressures based on the continuum 
mechanics model, which takes into account the effect of the van der Waals interaction between adjacent tubes. 
A buckling condition is derived for determining the critical buckling torque and associated buckling mode. In 
particular, for combined torsional buckling of double-walled carbon nanotubes, an explicit expression is 
obtained and some detailed results are demonstrated. According to the innermost radius-to-thickness ratio, 
MWNTs are classified into three types: thin, thick, and (almost) solid. Numerical results are worked out for the 
critical buckling torque and associated buckling mode for all the three types of MWNTs subjected to various 
axial stresses (axial tensile stresses or axial compressive stresses), internal pressures, and external pressures. It 
is shown that, the axial tensile stress or the internal pressure will make the MWNTs resist higher critical 
buckling torque, while the axial compressive stress or external pressure will lead to a lower critical buckling 
torque. The effect of axial stress (axial tensile stress or axial compressive stress) on the critical buckling torque 
of MWNTs is very small for all the three types of MWNTs, while the effect of the internal pressure or external 
pressure is related to the types of MWNTs, which is strong for the thin MWNTs, moderate for the thick 
MWNTs, and small for the solid MWNTs. Numerical results also indicate that, the associated buckling mode is 
unique and dependent on the structure of MWNTs. Especially, for combined torsional buckling of MWNTs 
with very small axial stress and radial pressures, the buckling mode is just the one for the corresponding pure 
torsional buckling. 
 
C.Q. Sun and K.X. Liu (LTCS and Department of Mechanics and Aerospace Engineering, College of 
Engineering, Peking University, Beijing 100871, People's Republic of China), “Torsional buckling of multi-
walled carbon nanotubes under combined axial and radial loadings”, J. Phys. D: Appl. Phys. Vol. 41, 2008, p. 
205404, doi: 10.1088/0022-3727/41/20/205404 
ABSTRACT: This paper investigates the torsional buckling of multi-walled carbon nanotubes under combined 
axial and radial loadings based on the continuum mechanics model. In particular, an explicit expression is 
obtained for the torsional buckling of double-walled carbon nanotubes (DWNTs) under combined loadings. 
Numerical results show that axial tensile stress or internal pressure will make DWNTs resist higher critical 
shear membrane force, while axial compressive stress or external pressure will lead to a lower critical shear 
membrane force. Further, for torsional buckling of DWNTs coupling with small axial stress and internal 
pressure or external pressure, the effect of the axial stress, internal pressure or external pressure on the critical 
shear membrane force is linear, and the associated buckling wave numbers are unique and the same as that 
under corresponding pure torque. 
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and experimental studies of elastic buckling of single layer sphere grids shell”, Journal of Southeast University 
(Natural Science Edition), 1988-01, doi: cnki:ISSN:1001-0505.0.1988-01-004, 
ABSTRACT: This paper presents the theoretical and model experimental studies of elastic buckling of single 
layer sphere grids shell.A finite element method program of elastic buckling of the structure was finished with 
consideration of large displacement behaviour.The analysis of the model structure was made by use of the 
program.The analysis results show that the analysis theory is reliable and the program is resultful. This paper 
has discussed this analysis theory and showed the further research direction. 
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“Theoretical elastoplastic buckling of stringer stiffened cylindrical shells”, Journal of Constructional Steel 
Research, Vol. 5, No. 1, 1985, pp. 1-30, doi:10.1016/0143-974X(85)90018-5 
ABSTRACT: A linear analysis method is offered to predict the theoretical elastoplastic buckling of stringer 
stiffened cylindrical shells subjected to longitudinal loading. Welding residual stresses are taken into account in 
the calculation, but effects of geometrical imperfections and pre-buckling displacements are ignored. The 
examples analysed show a good correlation between the analytical results and those obtained experimentally 
with stocky models of moderate geometrical imperfections. 
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“Non-linear elastic theory of rectangular reticulated shallow shell structures”, Applied Mathematics and 
Mechanics, Vol. 15, No. 5, 1994, pp. 413-423, doi: 10.1007/BF02451491 
ABSTRACT: Based on fundamental assumptions, an analysis of the constitutive relations between the internal 
forces and deformations of discrete rectangular reticulated structures is given. On the basis of this, an equivalent 
continuum model is adopted and the application of the principle of virtual work leads to non-linear governing 
equations and corresponding boundary conditions. 
 
 
Nie Guo-hua (Department of Engineering Mechanics, Tongji University, Shanghai, China), “Non-linear 
vibration of rectangular reticulated shallow shell structures”, Applied Mathematics and Mechanics, Vol. 15, 
No.6, June 1994, pp. 525-535, doi: 10.1007/BF02450765 
ABSTRACT: This paper deals with non-linear vibration of rectangular reticulated shallow shells by applying 
non-linear elastic theory of such structures established by the author. Using the assumed (generalized) Fourier 
series solutions for transverse deflection (lattice joint transverse displacement) and force function, weighted 
means of the trial functions lead to the relations among the coefficients related to the solutions and vibration 
equation which determines the unknown time function, and then the amplitude-frequency relations for free 
vibration and forced vibration due to harmonic force are derived with the aid of the regular perturbation emthod 
and Galerkin procedure, respectively. Numerical examples are given as well. 
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Republic of China), “Asymptotic buckling analysis of imperfect shallow spherical shells on non-linear elastic 
foundation”, International Journal of Mechanical Sciences, Vol. 43, No. 2, February 2001, pp. 543-555, 
doi:10.1016/S0020-7403(99)00118-6 
ABSTRACT: An asymptotic solution is formulated for non-linear buckling of elastically restrained imperfect 
shallow spherical shells continuously supported on a non-linear elastic foundation. The asymptotic iteration 
method is introduced to result in a cubic non-linear analytical relation between the external load and central 
transverse displacement (deflection) of the structures incorporating the effects of geometrical imperfection, 
edge-restraint coefficients, moduli of foundation and characteristic geometrical parameter. The resulting 
expression can be used easily to evaluate the effects of these factors on buckling behaviors. Numerical 
examples are given, and comparisons of the available results show validity of the method suggested in the 
present work. 
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“On the buckling of imperfect squarely-reticulated shallow spherical shells supported by elastic media”, Thin-
Walled Structures, Vol. 41, No. 1, January 2003, pp. 1-13, doi:10.1016/S0263-8231(02)00069-1 
ABSTRACT: Non-linear buckling behaviors of single-layer squarely-reticulated shallow spherical shells with 
geometrical imperfections and continuously supported on springs have been studied in this paper. The shell 
structure is subjected to uniform vertical load and the imperfection has been assumed to have the same mode as 
that of transverse displacement of the shell, but the specific form of mode has not been presumed. Using the 
asymptotic iteration method, an analytical solution is obtained on the basis of a theoretical model proposed by 
the author. The resulting nondimensional expression between the external load and central transverse 
displacement (deflection) can be conveniently adopted to analyze non-linear behaviors of the structures and 
evaluate the effects of various parameters (e.g., stiffness of spring, imperfect factor and boundary conditions, 
etc.) on buckling behaviors. Numerical examples are given and compared with available results. Effects of 
several factors are also demonstrated. 
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“Elastic buckling of hexagonal chiral cell honeycombs”, Composites Part A: Applied Science and 
Manufacturing, Vol. 38, No. 2, February 2007, pp. 280-289, doi:10.1016/j.compositesa.2006.04.007 
ABSTRACT: The paper describes a combined analytical, numerical and experimental analysis on the 
compressive strength of hexagonal chiral honeycombs due to elastic buckling of the unit cells under flatwise 
compressive loading. Hexagonal chiral honeycombs are cellular structures composed noncentresymmetric unit 
cells, with an in-plane negative Poisson _s ratio (NPR) with a value of "_1. Cylinders connected by tangent 
ligaments at 60∞ degrees compose the unit cells. Approximated analytical models are proposed for the purpose 
of initial design assuming the main contribution to the elastic collapse stress being given by the nodes, and 
considering also the superposition of the critical elastic loads of each component of the unit cell. The models are 
expressed in terms of nondimensional geometric unit cell parameters (ligament to cylinder radius aspect ratio 
and relative density), and core material properties. Finite element calculations using shell and brick elements are 
also performed on unit cell models with periodic boundary conditions using linear bifurcation buckling analysis. 
The analytical and numerical results are compared with the outcome of a series of experimental flatwise 
compressive tests carried out on chiral honeycomb samples manufactured using rapid prototyping technique in 
PA sintered powder and ABS plastics. The comparison shows good convergence between the sets of results, 
and highlights the specific deformation mechanisms of the hexagonal chiral honeycomb cell. 
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200072, People’s Republic of China), “Torsional behavior of chiral single-walled carbon nanotubes is loading 
direction dependent”, Appl. Phys. Lett. Vol. 90, p. 201910 (2007); doi:10.1063/1.2739325 (3 pages) 
ABSTRACT: The torsion of carbon nanotubes is studied by molecular dynamics simulations. The torsional 
behavior of a chiral single-walled carbon nanotube (SWCNT) is dependent on the loading directions due to its 
structural asymmetry. The critical buckling shear strain of a SWCNT in one direction may be 1.8 times higher 
than that in the opposite direction. This means that one can choose the most appropriate SWCNT for his special 
purpose in designing a torsional component (e.g., oscillators and springs) of nanomechanical devices using 
carbon nanotubes. Meanwhile, the finding indicates that a simple thin shell model is not suitable for predicting 
torsional behavior of small SWCNTs at large strains. 
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“Influence of forming effects on the axial crush response of hydroformed aluminum alloy tubes”, International 
Journal of Impact Engineering, Vol. 37, No. 10, October 2010, pp. 1008-1020, 
doi:10.1016/j.ijimpeng.2010.04.006 
ABSTRACT: The impact behaviour of tubular hydroformed axial crush tubes is examined. The results of 
dynamic axial crush tests performed with both non-hydroformed and hydroformed AA5754 aluminum alloy 
tubes were compared to predictions from finite element models. Explicit dynamic finite element simulations of 
the hydroforming and crash events were carried out with particular attention to the transfer of forming history 
from the hydroforming simulations to the crash models. The values of tube thickness, work hardening, and 
residual stresses at the end of the hydroforming simulations were used as the initial state for the crash models. 
In general, simulations performed using the von Mises yield criterion with isotropic material behaviour gave 
reasonable predictions when compared to experimental data. It was found that it was important to account for 
the forming history of the hydroforming operation in the axial crush models. The results showed that work 
hardening resulting from hydroforming is beneficial to increasing the energy absorption during crash, whereas 
thickness reduction decreased the energy absorption. Residual stresses had little effect on the energy absorption 
characteristics. It was also shown that the energy absorption characteristics of tubes with the same mass could 
vary greatly by adjusting the geometry of the tube and the amount of work hardening experienced by the tube 
during hydroforming. 
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Technology, Atlanta, GA 30332-0405, U.S.A.), “Collapse of diseased arteries with eccentric cross sections”, 
Journal of Biomechanics, Vol. 26, No. 2, February 1993, pp. 133-142, doi:10.1016/0021-9290(93)90044-F 
ABSTRACT: The mechanism of atherosclerotic plaque rupture is not fully understood. Mechanical stress may 
be one of the factors contributing to the instability of the fibrous plaque cap. The existence of a severe stenosis 
may lower the transmural pressure enough to cause the collapse of arteries leading to high concentrated 
compressive and tensile stresses. This study presents quantitative estimates of the stresses and deformations in 
the collapsed thick-walled artery. The results of large deformation finite element calculations identify the 
locations of the high stress concentrations and their magnitudes which cannot be precisely predicted under a 
thin-wall assumption. The maximum compressive stress calculated reached 80% of the Young's modulus for 
fairly small negative transmural pressures. Results are useful to predict likely locations of the plaque cap 
rupture due to compressive stresses. The tube law of area as a function of transmural pressure showed a large 
discrepancy from a thin-wall calculation. The buckling pressure calculated for the outer-to-inner wall surface 
radius ratio of 1.60 was nearly 30% lower than that of the elastic thin-wall buckling theory. An increase in 
eccentricity further reduced this buckling pressure. The results indicate that a thick plaque which is eccentric 
increases the likelihood of collapse of stenotic arteries. 
 
 
Riaz, M., Fulati, A., Amin, G., Alvi, N. H., Nur, O., Willander, M. (Department of Science and Technology, 
Campus Norrköping, Linköping University, SE-601 74 Norrköping, Sweden), “Buckling and elastic stability of 
vertical ZnO nanotubes and nanorods”, Journal of Applied Physics, Vol. 106, No. 3, August 2009, pp. 034309-
034309-6, doi: 10.1063/1.3190481 
ABSTRACT: Buckling and elastic stability study of vertical well aligned ZnO nanorods grown on Si substrate 
and ZnO nanotubes etched from the same nanorods was done quantitatively by nanoindentation technique. The 
critical load, modulus of elasticity, and flexibility of the ZnO nanorods and nanotubes were observed and we 
compared these properties for the two nanostructures. It was observed that critical load of nanorods (2890 
microN) was approximately five times larger than the critical load of the nanotubes (687 microN). It was also 
observed that ZnO nanotubes were approximately five times more flexible (0.32 nm/microN) than the nanorods 
(0.064 nm/microN). We also calculated the buckling energies of the ZnO nanotubes and nanorods from the 
force displacement curves. The ratio of the buckling energies was also close to unity due to the 
increase/decrease of five times for one parameter (critical load) and increase/decrease of five times for the other 
parameter (displacement) of the two samples. We calculated critical load, critical stress, strain, and Young 
modulus of elasticity of single ZnO nanorod and nanotube. The high flexibility of the nanotubes and high 



elasticity of the ZnO nanorods can be used to enhance the efficiency of piezoelectric nanodevices. We used the 
Euler buckling model and shell cylindrical model for the analysis of the mechanical properties of ZnO 
nanotubes and nanorods. 
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Dynamics T-3, MSB216, Los Alamos, NM 87545, U.S.A.), “A general theory for laminated plates with 
delaminations”, International Journal of Solids and Structures, Vol. 34, No. 16, June 1997, pp. 2003-2024, 
ABSTRACT: An approximate analytical model for the behavior of a laminated composite plate in the presence 
of delaminations and other local effects is presented. The model is based on a generalized displacement 
formulation implemented at the layer level. The governing equations for a layer are obtained using the principle 
of virtual work. These governing equations for a layer are used in conjunction with the explicit satisfaction of 
both the interfacial traction continuity and the interfacial displacement jump conditions between layers to 
develop the governing equations for a laminated composite plate, including delaminations. The fundamental 
unknowns in the theory are the displacements in the layers and the interfacial tractions. The theory is 
sufficiently general that any constitutive model for the interfacial fracture (i.e. delamination) as well as for the 
layer behavior can be incorporated in a consistent fashion into the theory. The interfacial displacement jumps 
are expressed in an internally consistent fashion in terms of the fundamental unknown interfacial tractions. The 
current theory imposes no restrictions on the size, location, distribution, or direction of growth of the 
delaminations. Therefore, the theory can predict the initiation and growth of delaminations at any location as 
well as interactive effects between delaminations at different locations within the laminate. Pagano's exact 
solution for the cylindrical bending of a laminated plate has been modified to include the effects of 
delamination. An interface model, which expressed the displacement jump as a linear function of the surface 
tractions, was implemented into this modification of the exact solution. This extension was used to validate the 
approximate plate theory. The correlation between the approximate approach and the exact solution is seen to 
be excellent. The approximate plate theory is seen to give very accurate predictions for the interfacial tractions 
in a direct and consistent fashion, i.e. without the need to use integration of the pointwise equilibrium equations. 
This allows the interfacial displacement jumps in the presence of delaminations to be modeled accurately. It is 
seen that these displacement jumps have a significant effect on both the macroscopic and microscopic behavior 
of a laminated plate. 
 
 
Todd O. Williams and Frank L. Addessio (Theoretical Division, Los Alamos National Laboratory, Los Alamos, 
NM, U.S.A.), “A dynamic model for laminated plates with delaminations”, International Journal of Solids and 
Structures, Vol. 35, Nos. 1-2, January 1998, pp. 83-106, doi:10.1016/S0020-7683(97)00055-3 
ABSTRACT: A generalized theory for laminated plates, including delamination, is developed. The laminate 
model is based on a generalized displacement formulation implemented at the layer level. The equations of 
motion for a layer, which are explicitly coupled with both the interfacial traction continuity and the interfacial 
displacement jump conditions between layers, are used to develop the governing equations for a laminated 
composite plate. The delamination behavior can be modeled using any general constitutive fracture law. The 
interfacial displacement jumps are expressed in an internally consistent fashion in terms of the fundamental 
unknown interfacial tractions. The current theory imposes no restrictions on the size, location, distribution, or 
direction of growth of the delaminations. Therefore, the theory can predict the initiation and growth of 
delaminations at any location as well as interactive effects between delaminations at different locations within 
the laminate. The proposed theory is used to consider the dynamic response of laminated plates in cylindrical 
bending. First it is shown that the dynamic implementation agrees well with the exact predictions of a plate 
under static loading conditions. Static, cylindrical bending is considered to validate the numerical 
implementation. Next, different dynamic loading cases are considered. First, the required level of discretization 
through the thickness of the laminate necessary to accurately capture the wave propagation characteristics for 
monotonic tensile loading transverse to the plate is determined. Next, the influence of the delamination on the 
free vibration behavior of a plate is considered. It is shown that the presence of delaminations can result in 
significant deviations from the perfectly bonded free vibration behavior. Finally, the plate is subjected to 
dynamic loading conditions that demonstrate the influence of internal wave interactions on the overall behavior 



of the plate. 
 
 
Todd O. Williams (Theoretical Division, T-3, Los Alamos National Laboratory, Los Alamos, NM 87545, 
USA), “A generalized multilength scale nonlinear composite plate theory with delamination”, International 
Journal of Solids and Structures, Vol. 36, No. 20, July 1999, pp. 3015-3050,  
doi:10.1016/S0020-7683(98)00138-3 
ABSTRACT: A new type of plate theory for the nonlinear analysis of laminated plates in the presence of 
delaminations and other history-dependent effects is presented. The formulation is based on a generalized two 
length scale displacement field obtained from a superposition of global and local displacement effects. The 
functional forms of global and local displacement fields are arbitrary. The theoretical framework introduces a 
unique coupling between the length scales and represents a novel two length scale or local-global approach to 
plate analysis. Appropriate specialization of the displacement field can be used to reduce the theory to any 
currently available, variationally derived, displacement based (discrete layer, smeared, or zig-zag) plate theory. 
The theory incorporates delamination and/or nonlinear elastic or inelastic interfacial behavior in a unified 
fashion through the use of interfacial constitutive (cohesive) relations. Arbitrary interfacial constitutive relations 
can be incorporated into the theory without the need for reformulation of the governing equations. The theory is 
sufficiently general that any material constitutive model can be implemented within the theoretical framework. 
The theory accounts for geometric nonlinearities to allow for the analysis of buckling behavior. The theory 
represents a comprehensive framework for developing any order and type of displacement based plate theory in 
the presence of delamination, buckling, and/or nonlinear material behavior as well as the interactions between 
these effects. The linear form of the theory is validated by comparison with exact solutions for the behavior of 
perfectly bonded and delaminated laminates in cylindrical bending. The theory shows excellent correlation with 
the exact solutions for both the inplane and out-of-plane effects and the displacement jumps due to 
delamination. The theory can accurately predict the through-the-thickness distributions of the transverse stresses 
without the need to integrate the pointwise equilibrium equations. The use of a low order of the general theory, 
i.e. use of both global and local displacement fields, reduces the computational expense compared to a purely 
discrete layer approach to the analysis of laminated plates without loss of accuracy. The increased efficiency, 
compared to a solely discrete layer theory, is due to the coupling introduced in the theory between the global 
and local displacement fields. 
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(1) Faculty of Engineering, Academic College JAS, Ariel 44837, Israel 
(2) Theoretical Division, T-3, Los Alamos National Laboratory, Los Alamos, NM 87545, USA 
(3) Department of Solid Mechanics, Materials and Structures, Faculty of Engineering, Tel Aviv University, 
Ramat Aviv 69978, Israel 
“Buckling of composite plates by global–local plate theory”, Composites Part B: Engineering, Vol. 32, No. 3, 
April 2001, pp. 229-236, doi:10.1016/S1359-8368(00)00059-7 
ABSTRACT: The bifurcation buckling problem of laminated composite plates is formulated within the 
framework of a multilength scale plate theory. This theory is a combination of single-layer and layer-wise 
theories. It is generated by representing the displacement as the sum of global and local effects that introduce a 
coupling between the two length scales. Comparisons between the presently predicted buckling loads of 
homogeneous and orthotropic laminated plates and the exact solutions show a very good correlation. 
Furthermore, the theory accurately predicts the buckling load of symmetric cross-ply plates as compared with 
the results of a layer-wise approach. This accuracy is achieved with reduced computation expense. The global–
local plate theory is general enough to incorporate delamination effects. As a result of the inclusion of these 
effects, the buckling loads of plates with imperfect interlaminar bonding are predicted. 
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“Buckling analysis of composite plates”, Advances in the Mechanics of Plates and Shells, Solid Mechanics and 
Its Applications, 2002, Vol. 88, pp. 135-150, doi: 10.1007/0-306-46954-5_9 
INTRODUCTION: The present paper summarizes a series of recent investigations that were conducted by the 
authors which address the analysis of bifurcation buckling, parametric stability, dynamic buckling and 
thermally induced dynamic buckling of composite plates and shells. Various types of material behavior are 
assumed including linearly elastic, nonlinearly elastic and thermo-inelastic. 
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Todd O. Williams (Theoretical Division, T-3, Los Alamos National Laboratory, MS B216, Los Alamos, NM 
87545, USA), “A generalized, multilength scale framework for thermo-diffusional-mechanically coupled, 
nonlinear, laminated plate theories with delaminations”, International Journal of Solids and Structures, Vol. 42, 
Nos. 5-6, March 2005, pp. 1465-1490, doi:10.1016/j.ijsolstr.2004.08.007 
ABSTRACT: A new type of plate theory based on a general, unified, theoretical framework for the response of 
(von Karman) nonlinear, delaminated plate theories in the presence of thermo-diffusional-mechanical coupling 
is presented. The theory is based on the unique use of two length scale expansions obtained from a 
superposition of global and local effects for the displacement, temperature, and solute concentration fields. The 
orders and forms of these local and global displacement, temperature, and solute fields are arbitrary. The theory 
incorporates delamination and/or nonlinear elastic or inelastic interfacial behavior for the mechanical, thermal, 
and concentration effects in a unified fashion through the use of generalized interfacial constitutive (cohesive) 
relations. The mathematical framework introduces new types of coupling effects between the different length 
scale effects of all three fields. The resulting unified theoretical framework can be used to consider the general 
thermo-diffusionally-mechanically coupled response of laminated (or homogeneous) plates in the presence of 
delaminations, buckling, and/or nonlinear material behavior. The author is unaware of any previous attempts to 
develop plate theory formulations capable of considering the multitude of effects incorporated into the proposed 
framework. It is shown that existing displacement-based plate theories for both the mechanical as well as 
thermo-mechanical behavior of laminated plates can be obtained via suitable specializations of the proposed 
framework. New types of plate theories can be obtained through various specializations of the proposed general 
theory. 
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87545, USA), “A new theoretical framework for the formulation of general, nonlinear, multiscale plate 
theories”, International Journal of Solids and Structures, Vol. 45, No. 9, May 2008, pp. 2534-2560,  
doi:10.1016/j.ijsolstr.2007.12.006 
ABSTRACT: A new type of general, theoretical framework for the development of comprehensive, nonlinear, 
multiscale plate theories for laminated structures is presented. The theoretical framework utilizes a generalized 
two scale description of the displacement field based on a superposition of global and local effects where the 
functional forms for the global and local displacement fields are arbitrary. The two scale nature of theory allows 
it to explicitly consider the layered nature of the structure. The subsequent development of the governing 
equations for the theory is carried out using the general nonlinear equations of continuum mechanics referenced 
to the initial configuration. The equations of motion and the lateral surface boundary conditions for the theory 
are derived using the method of moments over the different scales subject to an orthogonality constraint. The 
theory satisfies the interfacial constraints and the top and bottom surface boundary conditions in a strong sense. 
Delamination effects are incorporated into the theory through the use of cohesive zone models (CZMs). 
Arbitrary CZMs can be incorporated into the theory without the need for reformulation of the governing 
equations. The theory is formulated in a sufficiently general fashion that any type of history-dependent material 
can be used to describe the inelastic response of the materials composing the layers. Furthermore, as a result of 
the multiscale nature of the theory it can be specialized to single scale theories of the equivalent single layer 
(ESL) or discrete layer (DL) types in a unified fashion and without the need for any reformulation. While the 
starting point for the proposed theory is the same as used by Williams [Williams, T.O., 1999. A generalized 
multilength scale nonlinear composite plate theory with delamination. Int. J. Solid Struct. 36, (20) 3015–3050; 
Williams, T.O., 2001. Efficiency and accuracy considerations in a unified plate theory with delaminations. 
Comp. Struct. 52, (1) 27–40; Williams, T.O., 2005. A generalized, multilength scale framework for thermo-
diffusionally-mechanically coupled, nonlinear, laminated plate theories with delaminations. IJSS 42, (5–6) 
1465–1490] the subsequent formulation is significantly different. The differences in the two theories allow the 
currently proposed theory to improve on the capabilities of the previous theory; particularly in the satisfaction 
of the traction continuity constraints at the interfaces. It is shown that the theory is capable of providing 
accurate predictions for all of the fields in perfectly bonded and delaminated plates even for relatively low 
orders of displacement approximations. In particular, the theory is shown to provide accurate predictions for the 
transverse stresses that are continuous across the interfaces directly from the constitutive relations. 
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“Disturbance strategy of nonlinear bifurcation buckling for structures”, Journal of Nanjing University of 
Aeronautics & Astronautics, 2007-06, doi: CNKI:SUN:NJHK.0.2007-06-010 
ABSTRACT: The initial imperfections criteria is used in the nonlinear finite element analysis, and the initial 
minute imperfect method is put forward to research the disturbance strategy of nonlinear bifurcation buckling. 
The basic thought, the step and the merits, and demerits of the method are analyzed. The method is used to 
research the behaviors of a truss dome, a Williams toggle frame and a K6 single-layer latticed dome.The model 
of the Williams toggle frame is experimented. Results indicate that the initial minute imperfect method is 
feasible and right. And it is disclosed that the reason of nonlinear bifurcation buckling is the initial minute 
imperfects of the actual structures. 
 
 
Daniel King, “Collapse dynamics of ultrasound contrast agen microbubbles”, Ph.D dissertation, Mechanical 
Engineering, University of Illinois at Urbana-Champaign, February 2013 
ABSTRACT: Ultrasound contrast agents (UCAs) are micron-sized gas bubbles encapsulated with thin shells on 
the order of nanometers thick. The damping effects of these viscoelastic coatings are widely known to 
significantly alter the bubble dynamics for linear and low-amplitude behavior; however, their effects on 
strongly nonlinear and destruction responses are much less studied. This dissertation examines the behaviors of 
single collapsing shelled microbubbles using experimental and theoretical methods. The study of their dynamics 



is particularly relevant for emerging experimental uses of UCAs which seek to leverage localized mechanical 
forces to create or avoid specialized biomedical effects. The central component in this work is the study of 
postexcitation rebound and collapse, observed acoustically to identify shell rupture and transient inertial 
cavitation of single UCA microbubbles. This time-domain analysis of the acoustic response provides a unique 
method for characterization of UCA destruction dynamics. The research contains a systematic documentation of 
single bubble postexcitation collapse through experimental measurement with the double passive cavitation 
detection (PCD) system at frequencies ranging from 0.9 to 7.1 MHz and peak rarefactional pressure amplitudes 
(PRPA) ranging from 230 kPa to 6.37 MPa. The double PCD setup is shown to improve the quality of collected 
data over previous setups by allowing symmetric responses from a localized confocal region to be identified. 
Postexcitation signal percentages are shown to generally follow trends consistent with other similar cavitation 
metrics such as inertial cavitation, with greater destruction observed at both increased PRPA and lower 
frequency over the tested ranges. Two different types of commercially available UCAs are characterized and 
found to have very different collapse thresholds; lipid-shelled Definity exhibits greater postexcitation at lower 
PRPAs than albumin-shelled Optison. Furthermore, by altering the size distributions of these UCAs, it is shown 
that the shell material has a large influence on the occurrence of postexcitation rebound at all tested frequencies 
while moderate alteration of the size distribution may only play a significant role within certain frequency 
ranges. Finally, the conditions which generate the experimental postexcitation signal are examined theoretically 
using several forms of single bubble models. Evidence is provided for the usefulness of modeling this large 
amplitude UCA behavior with a size-varying surface tension as described in the Marmottant model; better 
agreement for lipid-shelled Definity UCAs is obtained by considering the dynamic response with a rupturing 
shell rather than either a non-rupturing or nonexistent shell. Moreover, the modeling indicates that maximum 
radial expansion from the initial UCA size is a suitable metric to predict postexcitation collapse, and that both 
shell rupture and inertial cavitation are necessary conditions to generate this behavior. Postexcitation analysis is 
found to be a beneficial characterization metric for studying the destruction behaviors of single UCAs when 
measured with the double PCD setup. This work provides quantitative documentation of UCA collapse, 
exploration into UCA material properties which affect this collapse, and comparison of existing single bubble 
models with experimentally measured postexcitation signals. 
 
 
Joao Tomas Mello e Silva, “I-steel beams under tension: Lateral torsional buckling, behaviour and design”, 
Ph.D dissertation, Dept. of Civil Engineering, Tecnico Lisboa, 2013 
ABSTRACT: This dissertation reports the results of an analytical, numerical and experimental investigation 
dealing with hot-rolled I-section steel members acted by a combination of major-axis bending and axial tension 
(“beams subjected to tension”), which is relatively rare in practice and, therefore, has received little attention 
from researchers in the past. In particular, there are no guidelines for the design against buckling ultimate limit 
states of such members (only their cross-section resistance is checked). This means that the axial tension 
favourable effect on lateral-torsional buckling/failure is neglected, thus leading to over-conservative designs − 
indeed, a beam subjected to axial tension is currently designed against lateral-torsional failure as a “pure beam”. 
In order to acquire scientific knowledge and provide design guidance on this topic, the lateral-torsional stability, 
failure and design of hot-rolled steel I-beams with fork-type end supports and acted by simple transverse 
loadings (mostly applied end moments) and various axial tension values are addressed in this work. After 
developing and validating an analytical expression to calculate critical buckling moments of beams under 
uniform bending and axial tension, numerical (beam finite element) buckling results are presented for the non-
uniform bending cases. Then, two full-scale tests involving a narrow and a wide flange beams under eccentric 
tension are described and their results are used to develop shell and beam finite element models − the latter are 
subsequently employed to perform a parametric study aimed at gathering a fairly extensive ultimate 
strength/moment data bank. Finally, this data bank is used to assess the merits of a design approach proposed in 
this work for beams subjected to tension and collapsing in lateral-torsional modes − this design approach, which 
consists of slightly modifying the current procedure prescribed in Eurocode 3 to design beams against lateral-
torsional failure, is shown to provide ultimate moment estimates that correlate very well with the values 
obtained from the numerical simulations. The predictions of the proposed design approach are also compared 
with those of the design procedure included in the ENV version of Eurocode 3 (but later removed).  
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Emir Dzubur, “Modeling and testing of small diameter composite tubes under hydrostatic pressure”, Master’s 
thesis, Dept. of Engineering Design and Materials, Norwegian University of Science and Technology, 2014 
ABSTRACT: This thesis investigates the behavior of small diameter composite tubes that are exposed to 
external pressure. Composite tubes have a superior strength to weight ratio compared to steel tubes. The oil 
industry is facing new challenges and the demand for more robust materials is increasing. Prior to substituting 
steel material with composites in tubes, it is important to gain knowledge about the behavior of composite tubes 
and develop reliable analytical methods.  
An experimental and analytical study of small diameter carbon fiber tubes was carried out in this thesis. The 
tubes were made using filament winding with a layup of [±75] and a wall thickness of 1.5 mm. The tubes were 
tested under external pressure with optical fibers attached to measure the strain during the tests. A linear 
buckling analysis and Riks analysis was done using the Abaqus solver to predict buckling and compare strain 
results to the experimental tests. The transverse and longitudinal Young’s modulus were experimentally found 
and implemented into the finite element analysis.  
The predicted buckling value deviated significantly from the experimental tests. In the experimental tests, the 
tubes buckled at 52.5% lower pressure than what was expected from the finite element analysis. The strain 
readings from the optical fibers gave higher values than the strains from the finite element analysis at equal 
pressures. However, strain at equal pressure might not be comparable because the tube from the analysis could 
withstand higher pressure before it started showing tendencies of buckling.  
In conclusion, the analytical model in this thesis has its weaknesses and can be further improved to capture the 
imperfections of the tube more accurately.  
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Swansea, Wales SA2 8PP, United Kingdom), “Axial buckling of multiwall carbon nanotubes with 
heterogeneous boundaries”, Journal of Applied Physics, Vol. 105, No. 9, June 2009, pp. 094325-094325-7, 
doi: 10.1063/1.3125312 
ABSTRACT: The finite element method has been employed to study the effects of different boundary 



conditions on the axial buckling of multiwall carbon nanotubes (MWCNTs). Unlike previous works, both 
homogeneous and heterogeneous end constraints are considered for the constituent tubes of various MWCNTs 
comprising shell-type (i.e., the length-to-diameter ratio L/D"j10), beam-type (i.e., L/D"k10), and the two 
different types of constituent tubes. The results show that clamping the individual tubes of simply supported or 
free MWCNTs exerts a variety of influences on their buckling behaviors depending on the type of the 
MWCNTs, the position, and the number of the clamped tubes. Clamping the outermost tube can enhance the 
critical buckling strain up to four times of its original value and can shift the buckling modes of those 
MWCNTs consisting both shell- and beam-type tubes. In contrast, little difference can be observed when 
simply supported ends of MWCNTs are replaced by free ends or vice versa. Explicit buckling mode shapes 
obtained using the finite element method for various physically realistic cases have been shown in the paper. 
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Philadelphia, PA, USA), “Post-buckling behavior of thin steel plates using computational models”, Advances in 
Engineering Software, Vol. 31, Nos. 8-9, August 2000, pp. 511-517, doi:10.1016/S0965-9978(00)00037-5 
ABSTRACT: Thin plates loaded in plane will buckle at very small loads, and due to unavoidable out-of-plane 
imperfections, the theoretical buckling load cannot be observed experimentally. If the plate is adequately 
supported along its boundaries, it will be able to carry a much higher load than the theoretical buckling 
load.Computational models can be used to study the post buckling behaviour of thin plate structures up to 
failure. Failure of such structures is usually due to large out-of-plane deflections, yielding, and rupture. 
Therefore, the computational model should include the effects of geometric and material nonlinearities. In this 
paper, the nonlinear finite element analysis program NONSAP and ANSR-III were modified and used in the 
analysis. Since these programs did not include the suitable elements and material properties to conduct the 
subject study, new elements and new material properties were added to the programs. In particular, a thin shell 
element was added and the solution routines were modified to improve its accuracy and efficiency.The modified 
programs were used on a Super Computer to calculate the post buckling strength of stiffened and unstiffened 
plates subjected to uniaxial compression, and plates subjected to in plane bending or shear. Crippling of plates 
subjected to in-plane or eccentric edge compressive loads was also examined. The results from the 
computational models were compared with test results and reasonable agreements were obtained. A 
computational model was developed for a multi-story thin steel plate shear wall subjected to cyclic loading and 
the results from the model were compared with experimental results, and again agreement was achieved. 
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external pressure in thermal environments”, Mechanics of Composite Materials, Vol. 43, No. 6, pp 535-560, 
November 2007 
ABSTRACT: A postbuckling analysis is presented for a shear-deformable anisotropic laminated cylindrical 
shell of finite length subjected to external pressure in thermal environments. The material properties are 
expressed as linear functions of temperature. The governing equations are based on Reddy’s higher-order shear-
deformation shell theory with the von Karman-Donnell-type kinematic nonlinearity. The nonlinear prebuckling 
deformations and initial geometric imperfections of the shell are both taken into account. The boundary-layer 
theory of shell buckling, which includes the effects of nonlinear prebuckling deformations, large deflections in 
the postbuckling region, and the initial geometric imperfections of the shell, is extended to the case of shear-
deformable anisotropic laminated cylindrical shells under lateral or hydrostatic pressure in thermal 
environments. The singular perturbation technique is employed to determine the interactive buckling loads and 
postbuckling equilibrium paths. The results obtained show that the variation in temperature, layer setting, and 
the geometric parameters of such shells have a significant influence on their buckling load and postbuckling 
behavior. 
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Z. M. Li, Y. X. Zhao, X. D. Chen and W. R. Wang, “Nonlinear buckling and postbuckling of a shear-
deformable anisotropic laminated cylindrical panel under axial compression”, Mechanics of Composite 
Materials, Vol. 46, No. 6, 2011, pp. 599-626, doi: 10.1007/s11029-011-9175-0 
ABSTRACT: The nonlinear buckling and postbuckling of a shear-deformable anisotropic laminated cylindrical 
panel of finite length is investigated based on a boundary-layer theory for buckling. The layers of the panel are 
assumed to be linearly elastic. The governing equations are based on Reddy’s higher-order shear deformation 
theory of shells and include the von Karman-type kinematic nonlinearity and extension/twist, extension/flexure, 
and flexure/twist couplings. The nonlinear prebuckling deformations and the initial geometric imperfections of 
the panel are both taken into account. The postbuckling behavior of the panel under axial compression is 
analyzed. A singular perturbation technique is employed to determine its buckling loads and postbuckling 
equilibrium paths. The numerical illustrations concern the postbuckling behavior of perfect and imperfect 
moderately thick anisotropic laminated cylindrical panels with different geometric parameters and stacking 
sequences. The new finding reveals that there arises a compressive stress along with an associate shear stress 
and twisting when a moderately thick anisotropic laminated cylindrical panel is subjected to axial compression. 
 
 
Zhi-Min Li, Zhong-Qin Lin and Guan-Long Chen (School of Mechanical Engineering and State Key 
Laboratory of Mechanical System and Vibration, Shanghai Jiao Tong University, Shanghai 200240, China), 
“Postbuckling of shear deformable geodesically stiffened anisotropic laminated cylindrical shell under external 



pressure”, J. Pressure Vessel Technology, Vol. 133, No. 2, February 2011, DOI: 10.1115/1.4001742 
ABSTRACT: A boundary layer theory for buckling and postbuckling of anisotropic laminated thin shells is 
extended to shear deformable stiffened anisotropic laminated shells. A postbuckling behavior is investigated for 
a shear deformable anisotropic laminated cylindrical shell with geodesical stiffener of finite length subjected to 
lateral or hydrostatic pressure. The material of each layer of the shell is assumed to be linearly elastic, 
anisotropic, and fiber-reinforced. The governing equations are based on a higher-order shear deformation shell 
theory with von Kármán–Donnell-type of kinematic nonlinearity and including the extension/twist, 
extension/flexural, and flexural/twist couplings. The nonlinear prebuckling deformations and initial geometric 
imperfections of the shell are both taken into account. A singular perturbation technique is employed to 
determine the buckling pressure and postbuckling equilibrium paths. The numerical illustrations concern the 
postbuckling response of perfect and imperfect, moderately thick, geodesically stiffened shells, axial and ring 
stiffened shells, and unstiffened shells with different values of shell parameters and stacking sequence. The 
results confirm that there exists a circumferential stress along with an associate shear stress when the shell is 
subjected to lateral pressure. The postbuckling equilibrium path is stable for the moderately long shell under 
external pressure and the shell structure is virtually imperfection-insensitive. 
 
 
S. A. Bochkarev and V. P. Matveenko (Institute of Continuous Media Mechanics, Ural Branch of Russian 
Academy of Sciences, Russia), “Numerical modelling of the stability of loaded shells of revolution containing 
fluid flows”, Journal of Applied Mechanics & Technical Physics, Vol. 49, No. 2, pp 313-322, March 2008 
ABSTRACT: A mixed finite-element algorithm is proposed to study the dynamic behavior of loaded shells of 
revolution containing a stationary or moving compressible fluid. The behavior of the fluid is described by 
potential theory, whose equations are reduced to integral form using the Galerkin method. The dynamics of the 
shell is analyzed with the use of the variational principle of possible displacements, which includes the 
linearized Bernoulli equation for calculating the hydrodynamic pressure exerted on the shell by the fluid. The 
solution of the problem reduces to the calculation and analysis of the eigenvalues of the coupled system of 
equations. As an example, the effect of hydrostatic pressure on the dynamic behavior of shells of revolution 
containing a moving fluid is studied under various boundary conditions. 
 
 
S. A. Bochkarev and V. P. Matveenko (Institute of Continuous Media Mechanics, Ural Branch of Russian 
Academy of Sciences, Russia), “Numerical study of the influence of boundary conditions on the dynamic 
behavior of a cylindrical shell conveying a fluid”, Mechanics of Solids, Vol. 43, No. 3, 2008, pp. 477-486,  
doi: 10.3103/S0025654408030187 
ABSTRACT: We consider a finite element algorithm intended to study the dynamic behavior of an elastic 
cylindrical shell filled with an immovable or flowing fluid. To describe the fluid, we use the perturbed velocity 
potential whose equations with the corresponding boundary conditions are solved by the Bubnov-Galerkin 
method. To describe the shell, we use the variation principle, which includes the linearized Bernoulli equation 
for calculating the hydrodynamic pressure acting on the shell on the side of the fluid. Solving the problem is 
reduced to calculating and analyzing the eigenvalues of the coupled system of equations obtained as a result of 
combining the equations for the perturbed velocity potential and the shell displacements. We consider several 
test problems in which, along with the comparison of the computational results with the earlier published 
experimental, analytic, and numerical data, we also study the dynamic behavior of the “shell-fluid” system for 
various boundary conditions for the perturbed velocity potential. 
 
 
S.A. Bochkarev and V.P. Matveenko (Institute of Continuous Media Mechanics RAS, Acad. Korolev Str 1, 
Perm 614013, Russia), “Natural vibrations and stability of shells of revolution interacting with an internal fluid 
flow”, Journal of Sound and Vibration, Vol. 330, No. 13, June 2011, pp. 3084-3101, 
doi:10.1016/j.jsv.2011.01.029 
ABSTRACT: A finite-element algorithm is proposed to investigate the dynamic behavior of elastic shells of 
revolution containing a quiescent or a flowing inviscid fluid in the framework of linear theory. The fluid 
behavior is described using the perturbed velocity potential. The shell behavior is treated in the framework of 



the classical shell theory and variational principle of virtual displacements incorporating a linearized Bernoulli 
equation for calculation of hydrodynamic pressure acting on the shell. The problem reduces to evaluation and 
analysis of the eigenvalues in the connected system of equations obtained by coupling the equations for velocity 
perturbations with the equations for shell displacements. For cylindrical shells, the results of numerical 
simulations are compared with recently published experimental, analytical and numerical data. The paper also 
reports the results of studying the dynamic behavior of shells under various boundary conditions for the 
perturbed velocity potential. The investigation made for conical shells has shown that under certain conditions 
an increase in the cone angle can change a divergent type of instability to a flutter type. 
 
 
S.A. Bochkarev and V.P. Matveenko (Institute of Continuous Media Mechanics RAS, Acad. Korolev Str 1, 
Perm 614013, Russia), “Natural vibrations and stability of a stationary or rotating circular cylindrical shell 
containing a rotating fluid”, Journal of Computers and Structures, Vol. 89, Nos 7-8, April 2011, pp 571-580 
ABSTRACT: The finite element method is applied to analyze a stationary or rotating cylindrical shell 
containing a co-rotating compressible fluid. The motion of the rotating fluid is described in the framework of 
the potential theory. The behavior of shells is analyzed using the classical shell theory. It has been found that 
the loss of stability in the stationary shells occurs in the form of a flutter. It has been shown that in the case of 
rotating shells the loss of stability is prevented by taking into account the initial circumferential tension caused 
by the centrifugal forces. 
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(2) Aachen University of Applied Sciences, Jülich Campus, Institute for Bioengineering, Biomechanics Lab., 
Heinrich-Mußmann-Str. 1, D-52428 Jülich, Germany  
“Uncertain multimode failure and limit analysis of shells”, 11th World Congress on Computational Mechanics 
(WCCM XI), 5th European Conference on Computational Mechanics (ECCM V), 6th European Conference on 
Computational Fluid Dynamics (ECFD VI) E. Oñate, J. Oliver and A. Huerta (Eds), Barcelona, Spain, 2014 
PARTIAL INTRODUCTION: The plastic collapse limit and the shakedown limit which define the load-
carrying capacity of structures are important in assessing the structural integrity. Due to the high expenses of 
experimental setups and the time consuming full elastic-plastic cyclic loading analysis, the determination of 
these limits by means of direct plasticity methods has been of great interest to many designers. Moreover, a 
certain evaluation of structural performance can be conducted only if the uncertainty of the actual load-carrying 
capacity of the structure is taken into consideration since all resistance and loading variables are random in 
nature. To ensure the safety of the structures to be designed, two approaches are normally used [1]. The 
classical approach fixes the values of the safety factors and chooses the values of the design variables to satisfy 
the safety conditions. All the variables involved are then assumed to be deterministic and fixed to particular 
quantiles, i.e. mean value or characteristic values [2]. The probability-based approach deals directly with 
realistic random variables to find the global probability of failure as the basic design criterion. Obviously, the 
later problem is more difficult since the evaluation of the probability of failure is not an easy task, especially 
when the structure has more than one failure mode (multimode failure or multiple design points). In this case, 
analysis of the structural system is required to evaluate the safety of the structure as a whole [1]. To handle 
problems of this kind, the real structure is sometimes modelled by an equivalent system in such a way that all 
relevant failure modes can be treated [2].  
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K. Kpogan, M. Potier-Ferry, "Buckling of Long Thin Plates under Residual Stresses with Application to Strip 
Rolling", Key Engineering Materials, Vols. 611-612, pp. 221-230, May. 2014  
ABSTRACT: We present a simplified numerical method which can be used to predict efficiently the response 
of long thin plates under effects of residual stresses induced by production process such as rolling or continuous 
annealing. The principle consists in assuming harmonic buckling mode along the sheet length, and we consider 
Koiter-Budiansky post-buckling theory to compute the stress-deflection curve. In this way, only the width of the 
sheet has to be discretized by 1D finite elements. The size and shape of the flatness defects can be predicted 
efficiently and for a large number of cases. Various types of residual stresses and loadings can be accounted for. 
In particular, we will see the influence of the global traction on the buckling and post-buckling behavior. The 
numerical results are compared with experimental data and full numerical computations 
 
 
F. M. Mazzolani et al., "EC9 Second Generation: Proposal for New Imperfection Factors for Unstiffened 
Aluminium Shells", Key Engineering Materials, Vol. 710, pp. 433-438, September 2016, DOI: 
10.4028/www.scientific.net/KEM.710.433 
ABSTRACT: The paper summarizes a part of the activity currently carried out by the CEN/TC250 SC9 
Committee, which is presently engaged in setting up the “Second Generation” of EC9 on aluminium structures. 
In particular, new expressions of imperfection reductions factors α for unstiffened shells are proposed. The new 
formulation, which is calibrated on the basis of simulation buckling data available in literature, corrects a small 
issue of the previous one, giving at the same time more reliable and consistent results. 
 
 
Aisa Biria and Eliot Fried, “Buckling of a soap film spanning a flexible loop resistant to bending and twisting”, 
The Royal Society Proceedings A, DOI: 10.1098/rspa.2014.0368, October 2014 
ABSTRACT: A generalization of the Euler–Plateau problem to account for the energy contribution due to 
twisting of the bounding loop is proposed. Euler–Lagrange equations are derived in a parametrized setting and a 
buckling analysis is performed. A pair of dimensionless parameters govern buckling from a flat, circular ground 
state. While one of these is familiar from the Euler–Plateau problem, the other encompasses information about 
the ratio of the torsional rigidity to the bending rigidity, the twist density and the size of the loop. For 
sufficiently small values of the latter parameter, two separate groups of buckling modes are identified. 
However, for values of that parameter exceeding the critical twist density arising in Michell's study of the 
stability of a twisted elastic ring, only one group of buckling modes exists. Buckling diagrams indicate that a 
loop with greater torsional rigidity shows more resistance to transverse buckling. Additionally, a twisted 
flexible loop spanned by a soap film buckles at a value of the twist density less that the value at which buckling 
would occur if the soap film were absent.  
 
 
Sergey A. Bochkarev, Sergey V. Lekomtsev and Valery P. Matveenko (Institute of Continuous Media 
Mechanics UB RAS, Acad. Korolev Str. 1, Perm 614013, Russia), “Natural vibrations and stability of non-
circular FGM shells containing fluid”, 11th World Congress on Computational Mechanics (WCCM XI), 5th 
European Conference on Computational Mechanics (ECCM V), 6th European Conference on Computational 
Fluid Dynamics (ECFD VI) E. Oñate, J. Oliver and A. Huerta (Eds), Barcelona, Spain, 2014  
ABSTRACT: A variety of technical applications, which use functionally graded materials (FGM) generates a 
need for stability analysis of structures made of these materials. Generally, these investigations have focused on 
natural vibrations and stability of empty shells and only a small number of resaerch papers are devoted to 
functionally graded shells containing fluid. To our knowledge there is only one paper in the literature [1], which 
analyzes the shells filled with incompressible fluid. However, fluid conveying structures with slightly non-
circular or non-circular cross-sections are extensively used in modern technologies. This is a strong reason for 
the development of advanced numerical algorithms allowing us to simulate their behavior. This paper presents a 
3D formulation of the spectral problem and finite element algorithm (FEM) for its numerical implementation, 
designed to investigate natural vibrations and stability of prestressed functionally graded shells with arbitrary 
cross-section interacting with a quiescent or flowing compressible fluid.  
The motion of non-viscous fluid is described by the wave equation, which together with the impermeability 



condition and appropriate boundary conditions are transformed using the Bubnov–Galerkin method. Simulation 
of the shell with arbitrary cross-section is carried out on the assumption that its curvilinear surface is 
approximated to sufficient accuracy by a set of plane rectangular elements [2]. The strains are calculated using 
the relations of the Kirchhoff–Love’s thin shells theory. A mathematical formulation of the dynamic shell 
problem has been developed by applying the variational principle of virtual displacements  
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Sergey A. Bochkarev and Valery P. Matveenko (Institute of Continuous Media Mechanics RAS, Perm 614013, 
Russia), “Stability of rotating coaxial cylindrical shells interacting with a flowing and rotating fluid”, 
International Journal of Structural Stability and Dynamics, Vol. 15, No 5, June 2015 
ABSTRACT: This paper is concerned with the numerical investigation of hydroelastic stability of stationary or 
rotating coaxial cylindrical shells, interacting with compressible fluid flows having the axial and tangential 
velocity components. The behavior of a flowing and rotating compressible fluid is considered in the framework 
of the potential theory. Elastic shells are described using the model of the classical shell theory. Numerical 
implementation was accomplished based on the semi-analytical variant of the finite element method. The paper 
presents the results of numerical experiments on the stability of shells interacting with different flow patterns 
for a variety of boundary conditions, geometrical dimensions, width of the annular gap between the outer and 
inner shell under the constraint of the outer shell rigidity. It has been shown that the elasticity of the outer shells 
has the greatest effect on the dynamic behavior of coaxial shells interacting with fluid flows having different 
combinations of velocity components. 
 
 
David Keller (Center for Structures Technologies, Zurich, Switzerland), “Global laminate optimization on 
geometrically partitioned shell structures”, Structural and Multidisciplinary Optimization, Vol. 43, No. 3, 2011, 
pp. 353-368, doi: 10.1007/s00158-010-0576-9 
ABSTRACT: A method aimed at the optimization of locally varying laminates is investigated. The structure is 
partitioned into geometrical sections. These sections are covered by global plies. A variable-length 
representation scheme for an evolutionary algorithm is developed. This scheme encodes the number of global 
plies, their thickness, material, and orientation. A set of genetic variation operators tailored to this particular 
representation is introduced. Sensitivity information assists the genetic search in the placement of 
reinforcements and optimization of ply angles. The method is investigated on two benchmark applications. 
There it is able to find significant improvements. A case study of an airplane’s side rudder illustrates the 
applicability of the method to typical engineering problems. 
 
 
Thuc Phuong Vo and Jaehong Lee (Department of Architectural Engineering, Sejong University 98 Kunja 
Dong, Kwangjin Ku, Seoul 143-747, Republic of Korea), “Interaction curves for vibration and buckling of thin-
walled composite box beams under axial loads and end moments”, Applied Mathematical Modelling, Vol. 34, 
No. 10, October 2010, pp. 3142-3157, doi:10.1016/j.apm.2010.02.003 
ABSTRACT: Interaction curves for vibration and buckling of thin-walled composite box beams with arbitrary 
lay-ups under constant axial loads and equal end moments are presented. This model is based on the classical 
lamination theory, and accounts for all the structural coupling coming from material anisotropy. The governing 
differential equations are derived from the Hamilton’s principle. The resulting coupling is referred to as triply 
flexural–torsional coupled vibration and buckling. A displacement-based one-dimensional finite element model 
with seven degrees of freedoms per node is developed to solve the problem. Numerical results are obtained for 
thin-walled composite box beams to investigate the effects of axial force, bending moment, fiber orientation on 
the buckling loads, buckling moments, natural frequencies and corresponding vibration mode shapes as well as 
axial-moment–frequency interaction curves. 



 
 
Xiaoguang Chen and Mark Austin (Institute for Systems Research, University of Maryland, College Park, MD 
20742, USA), “A systems approach to nonlinear finite element analysis of shell structures, ISR Tchnical 
Research Report, T.R.95-104, December 1995 
ABSTRACT: This report describes a systems approach to the nonlinear finite element analysis of shell 
structures. The research objective is to understand the structure a small language and computational 
environment should take so that matrix and nonlinear finite element computations can interact in a seamless 
manner. One four-node-thick shell finite element and one eight-node-thick shell finite element is formulated 
and implemented in ALADDIN [1]. The finite elements are based on a three-dimensional continuum 
formulation, and are simplified by assuming a flat element geometry. Numerical experiments are presented for 
in-plane displacements of a flat plate, and out-of-plane bending of a cantilever structure. In each case, material 
nonlinearities are modeled with bi-linear and Ramberg-Osgood stress-strain curves. The report concludes with 
recommendations for further work in the areas of nonlinear finite element solution procedures and 
enhancements to ALADDIN's problem-solving infrastructure. 
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“Fractal-like dependence in the designs of efficient pressure-bearing structures”, EPL (Europhysics Letters), 
Vol.  93, No. 3, 34002 doi: 10.1209/0295-5075/93/34002 
ABSTRACT: By analysing the possible failure modes at each level, we propose a hierarchical design for highly 
efficient mechanical structures to withstand hydrostatic crush pressure, which becomes fractal in the limit of 
zero pressure. We deduce the Hausdorff dimension of these designs (over the range of length scales where this 
applies), and show that through changing the number of hierarchical levels, the power law scaling relation 
between applied external pressure and volume of material required can be altered in a systematic way. The 
design can be applied to arbitrary shapes, but for clarity we present two examples (cylinder and sphere). 
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“Multi-level experimental and numerical analysis of composite stiffener debonding. Part 1: Non-specific 
specimen level”, Composite Structures, Vol. 90, No. 4, October 2009, pp. 381-391, 
doi:10.1016/j.compstruct.2009.04.001 
ABSTRACT: A multi-level analysis of skin/stiffener debonding is used for the fuselage design of future aircraft 
during postbuckling. The specimens composed of a laminate (the skin) to which an over-thickness (the flange) 
had been added were subjected to four-point bending, which led to interface failure between the flange and the 
skin. These tests were performed with several configurations and parameters, such as the orientation of the plies 
located at the interface, temperature (-50, 20 and 70 deg.C), ageing and manufacturing mode: co-cured or co-
bonded. The flange shape (tapered or not) and thickness were also considered. Test data are presented and 
analyzed and critical configurations are identified. Finite element models were developed and the flange 
debonding loads computed, firstly by use of cohesive models and then through a fracture mechanics approach 
(Virtual Crack Closure Technique). In both cases, the Benzeggagh-Kenane criterion was selected and proved its 
efficiency but the fracture mechanics approach was an order of magnitude less time consuming, which will 
enable future modelling to include larger sizes. 
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“Multi-level experimental and numerical analysis of composite stiffener debonding. Part 2: Element and panel 
level”, Composite Structures, Vol. 90, No. 4, October 2009, pp. 392-403, doi:10.1016/j.compstruct.2009.04.002 
ABSTRACT: In the framework of test analysis pyramid, large specimens were studied. To represent the 
bending behaviour during postbuckling, specimens composed of a plate with a stiffener were supported on five 
points and loaded transversely by two points, thus being subjected to “seven point” bending. By modifying the 
positions of the two loading points, symmetrical and antisymmetrical buckles that led to interface failure 
between the flange and the skin could be simulated. First a global numerical model of the test was made in 
order to assess the efficiency of the approach developed in the first part of this study. Predictions were in 
accordance with experiments despite strong scatter. Then, a global/local test method was considered. In this 
method, the global model considered shell elements although the local model used volume elements. The onset 
of delamination was correctly predicted at local level. Finally, the method was applied to two large stiffened 
panels subjected to compression and shear. 
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Università degli Studi di Palermo, Italy), “A design algorithm for the optimization of laminated composite 
structures”, Engineering Computations, Vol. 16, No. 3, 1999, pp.302 – 315, doi: 10.1108/02644409910266421 
ABSTRACT: This paper is devoted to the optimal design of laminated composite structures. The goal of the 
study is to assess the quality and the performance of an algorithm based on the directional derivative method. 
Particular attention is paid to the one-dimensional search, a critical step of the process, performed by cubic 
splines approximation. The optimization problem is formulated as weight minimization, under constraints on 
the mechanical behavior of the structure. The assumed design variables are the ply thicknesses, treated as 
continuous design variables, constrained by technological requirements. The structural analysis is performed 
making use of quadrilateral four-node composite elements, based on the first order shear deformation theory. 
The algorithm is applied to the optimization of a rectangular laminated plate. The results obtained are compared 
with those obtained by other similar studies and show the effectiveness and accuracy of the proposed approach. 
 
 
M. Winkler (Centre of Structure Technologies, ETH Zürich, Leonhardstr. 27, CH-8092 Zürich, Switzerland), 
“Deformation limits for corrugated cross-ply laminates”, Composite Structures, Vol. 92, No. 6, May 2010, 
pp.1458-1468, doi:10.1016/j.compstruct.2009.11.015 
ABSTRACT: This work determines the maximal possible deformations of a corrugated sheet where the 
corrugation pattern consists of two circular segments. The influence of the lay-up of cross-ply laminates and the 
influence of the geometry is investigated. The calculations are based on considerations of layerwise strains that 
are calculated with the help of an analytical singly-curved shell model. For the evaluation of the influence of 
geometric nonlinearities according finite element simulations are performed and compared to the linear strain 
limit calculations. The influence of scalable geometry parameters is also investigated. 
 
 
Siu-Lai Chan (1) and Zhi-Hua Zhou (2) 
(1) Department of Civil and Structural Engineering, Hong Kong Polytechnic University, Hong Kong, People's 
Republic of China 
(2) Department of Civil Engineering, Southeast University, Nanjing, People's Republic of China 
“On the development of a robust element for second-order `non-linear integrated design and analysis (nida)'”, 
Journal of Constructional Steel Research, Vol. 47, Nos. 1-2, August 1998, pp. 169-190, 
doi:10.1016/S0143-974X(98)80107-7 
ABSTRACT: This paper describes and applies a theory for practical second-order analysis and design of steel 
frames. The practicality, convenience and high precision of the method of `Non-linear Integrated Analysis and 
Design (NIDA)' that allows for the second-order effects for design of steel frames and trusses is demonstrated. 



The need for using two or more elements per member to accurately simulate the axial load effect on the element 
stiffness and to locate the maximum moment along an element is eliminated. Unlike previous work for 
`Advanced Analysis' which is difficult to use in practice as it ignores many important practical features such as 
element imperfection, the proposed method meets the current design code requirements and is based on the 
first-plastic-hinge concept which is currently adopted by engineers. Furthermore, the element by itself can 
predict the beam-column load carrying capacity using a single element per member to model the P-_¥ effect 
and, therefore, it can be used for simultaneous analysis and design. The use of several elements per member still 
possesses an error of idealising a physically smoothly curved member by a series of segments of straight 
elements. Conceptually, the suggested method designs a structure by modelling accurately its true behaviour, 
instead of making use of empirical formulae for individual member checks. It is readily available for design 
application of realistic structures and it is envisaged that the NIDA will initiate a revolution in the practical 
design of steel structures. 
 
 
Prathik Navalpakkham (University of Kentucky), “Modeling and testing ultra-lightweight thermoform-stiffened 
panels”, Electronic Theses and Dissertations, 2005,  http://hdl.handle.net/10225/401 
ABSTRACT: Ultra-lightweight thermoformed stiffened structures are emerging as a viable option for 
spacecraft applications due to their advantage over inflatable structures. Although pressurization may be used 
for deployment, constant pressure is not required to maintain stiffness. However, thermoformed stiffening 
features are often locally nonlinear in their behavior under loading. This thesis has three aspects: 1) to 
understand stiffness properties of a thermoformed stiffened ultra-lightweight panel, 2) to develop finite element 
models using a phased-verification approach and 3) to verify panel response to dynamic loading. This thesis 
demonstrates that conventional static and dynamic testing principles can be applied to test ultra-lightweight 
thermoformed stiffened structures. Another contribution of this thesis is by evaluating the stiffness properties of 
different stiffener configurations. Finally, the procedure used in this thesis could be adapted in the study of 
similar ultra-lightweight thermoformed stiffened spacecraft structures. 
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Salvatore Ameduri, Gianluca Diodati and Antonio Concilio (Centro Italiano Ricerche Aerospaziali, CIRA 
ScpA, Capua, Italy), “SMA Embedded Panel Optimized Through a Genetic Approach”, Journal of Intelligent 
Material Systems and Structures, September 2009, vol. 20, no. 13, pp. 1529-1540, 
doi: 10.1177/1045389X09337573 
ABSTRACT: The ability of modulating the dynamic response of structural elements may play a fundamental 
role in terms of noise and vibration propagation and reduction levels. Specifically, controlling some dynamic 
features, like stiffness and damping, may remarkably extend the working range of a specific component, with 
consequent integration and efficiency benefits. Smart Materials, combined with innovative design philosophies 
(i.e., ‘Self-Adaptive Structures’, ‘Self-Repairing Structures’...) gave rise to real possibilities for the 
implementation of non-conventional solutions. Within the noise and vibration field, a family of strategies, 
focused on damping (active constrained layer dampers, rheological layers) and stiffness (embedded Shape 
Memory Alloys, SMA, acting on the stress field) control, is developing, by giving birth to original and efficient 
solutions. SMA, due to their capability of transmitting large forces and deformations, and producing remarkable 
stiffness variations, represent good candidates for actuation problems and stiffness control solutions. The idea of 
using embedded SMA components to affect the structural dynamic response was already considered by several 
authors; among the others, Diodati and others focused their attention on the prediction of the effects due to the 
heat activation of SMA wires, embedded within a fiber-glass laminate. SMA induced stress originated 
significant FRF peaks shift, encouraging the authors to develop an optimization procedure to find out the most 
efficient placement and orientation of the active elements within the panel, aimed at maximizing the achievable 
frequency peak shift. In this article, a numerical model already introduced was examined and upgraded to suit 
the logic of a generic optimization process. The specific connections between the structure and the wires 
(sliding wires) was realized by proper constraint architecture, able to catch the best the physical nature of the 
mutual interaction. Then, due to the large amount of the parameters to be identified (in plane angle and location 
of each wire) and the non-continuous nature of some of them, a genetic optimization approach was picked up 
and implemented, assuming the peak shifts as the fitness function. The activated is then compared with the non-
activated response, in order to estimate the attained performance. 
 
 
Yavuz Basar and Yunhe Ding (Ruhr-Universität Bochum, Institut für Statik und Dynamik, 4630, Bochum, 
F.R.G.), “Finite-rotation elements for the non-linear analysis of thin shell structures”, International Journal of 
Solids and Structures, Vol. 26, No. 1, 1990, pp. 83-97, doi:10.1016/0020-7683(90)90096-E 
ABSTRACT: For the numerical analysis of shells undergoing finite rotations doubly curved finite shell 
elements are developed via the displacement formulation. The derivation starts from a consistent finite-rotation 
shell theory which is transformed by a variational procedure into an incremental formulation. Thus, the non-
linearity can be treated by an incremental-iterative technique. The non-linear element matrices are obtained by a 
tensor-oriented procedure permitting a direct transformation of the initial equations into efficient numerical 
models. Unlike in the usual procedure, the KIRCHHOFF-LOVE assumption is treated as a subsidiary condition 
at the element level. This computer-oriented approach permits the elimination of the dependent rotational 
degrees of freedom without loss of accuracy. Finally, some examples are presented to demonstrate the ability of 
the resulting finite elements to deal with finite-rotation problems. 
 
 
Y. Basar, U. Montag and Y. Ding (Ruhr-Universität Bochum, Institut für Statik und Dynamik, 4630, Bochum, 



F.R.G.), “On an isoparametric finite-element for composite laminates with finite rotations”, Computational 
Mechanics, Vol. 12, No. 6, 1993, pp. 329-348, doi: 10.1007/BF00364242 
ABSTRACT: For composite laminates consisting of an arbitrary number of orthotropic laminae first a finite-
rotation theory is presented as basis of isoparametric finite-element formulations. The derivation is achieved by 
a Reissner-Mindlin type kinematic assumption which allows a constant shear deformation distribution across 
the thickness. The constitutive equations are presented in a general form such that orthotropic material 
behaviour with material axes varying arbitrarily across the thickness may easily be considered in numerical 
implementation, also when using curvilinear coordinates. Special attention is taken to predict the force 
distribution in the deformed shell structure. This theory is then transformed into a four-node isoparametric 
assumed-strain finite element. Unlike in the degeneration approach, interpolation polynomials are introduced 
directly for rotation variables determining the deformed position of the unit normal vector. The capability of the 
finite element developed to deal with strongly nonlinear situations is demonstrated by many examples. Also 
numerical results are presented permitting a systematical comparison of classical and isoparametric approaches 
concerning the numerical efficiency. 
 
 
Yavuz Basar, Yunhe Ding and Reinhild Schultz (Ruhr-Universität Bochum, Bauingenieurwesen, Statik und 
Dynamik, Universitatsstrasse 150, 4630, Bochum, Germany), “Refined shear-deformation models for 
composite laminates with finite rotations”, International Journal of Solids and Structures, Vol. 30, No. 19, 1993, 
pp. 2611-2638, doi:10.1016/0020-7683(93)90102-D 
ABSTRACT: For arbitrary multilayered shell structures made particularly of composite material layers a 
refined finite-rotation theory with seven independent displacement variables is developed, approximating the 
displacement field by a cubic series expansion of thickness coordinates. This model allows a quadratic shear 
deformation distribution across the thickness. Procedures are given permitting a unique determination of the 
first order displacement term in the case of finite rotations. Kinematic relations are formulated in two alternative 
forms suitable for both classical and isoparametric finite element formulations. The constitutive relations 
presented model orthotropic material properties varying arbitrarily across the thickness. This third order single-
layer theory is then transformed, by introducing further constraints, into three simplified models : a third order 
theory with five independent displacement variables, a Mindlin-Reissner type theory and a Kirchhoff-Love type 
theory. These four models differ, however, from each other essentially in the constraints imposed on the first 
and third order displacement variables : a significant advantage for a unified finite element development. 
Finally, the Mindlin-Reissner type theory is generalized to a layer-wise model being the most predictive one in 
dealing with local interlaminar effects. The theoretical models are transformed into adequate finite shell 
elements and then compared by means of appropriate examples concerning their prediction capability. Also 
examples are given demonstrating their applicability to finite-rotation phenomena. 
 
 
Y. Basar and Y. Ding (Ruhr-Universität Bochum, Institut für Statik und Dynamik, 4630, Bochum, F.R.G.), 
“Finite-element analysis of hyperelastic thin shells with large strains”, Computational Mechanics, Vol. 18, 
No.3, 1996, pp. 200-214, doi: 10.1007/BF00369938 
ABSTRACT: The objective of this contribution is the development of theoretical and numerical models 
applicable to large strain analysis of hyperelastic shells confining particular attention to incompressible 
materials. The theoretical model is developed on the basis of a quadratic displacement approximation in 
thickness coordinate by neglecting transverse shear strains. In the case of incompressible materials this leads to 
a three-parametric theory governed solely by mid-surface displacements. The material incompressiblity is 
expressed by two equivalent equation sets considered at the element level as subsidiary conditions. For the 
simulation of nonlinear material behaviour the Mooney-Rivlin model is adopted including neo-Hookean 
materials as a special case. After transformation of nonlinear relations into incremental formulation doubly 
curved triangular and quadrilateral elements are developed via the displacement method. Finally, examples are 
given to demonstrate the ability of these models in dealing with large strain as well as finite rotation shell 
problems. 
 
 



Y. Basar and Y. Ding (Institut für Statik und Dynamik, Ruhr-Universität, Bochum, Germany), “Shear 
deformation models for large-strain shell analysis”, International Journal of Solids and Structures, Vol. 34, 
No.14, May 1997, pp. 1687-1708, doi:10.1016/S0020-7683(96)00121-7 
ABSTRACT: The objective is the theoretical and numerical simulation of large-strain phenomena of rubber-
like shells by means of shear deformation models. The development starts with a general applicable shell model 
constructed on the basis of a quadratic displacement approximation which involves two thickness stretching 
parameters. This model is then coupled with incompressible material models of Mooney-Rivlin and neo-
Hookean types. Material incompressibility is described by two-dimensional constraints considered at the 
element level as subsidiary conditions. A special care is given to the stress prediction in the presence of large-
strains. After transformation of the theoretical model into an incremental formulation a four-node isoparametric 
finite element is derived. Examples are finally given to demonstrate the ability of this model to deal with very 
strong deformations and to predict the related stresses. 
 
 
A.N. Kinkead (1), A. Jennings (2), J. Newell (2) and J.C. Leinster (2) 
(1) Askerwell, Dorchester, Dorset, UK 
(2) Department of Civil Engineering, Queen's University, Belfast, Northern Ireland 
“Spherical shells in inelastic collision with a rigid wall—tentative analysis and recent quasi-static testing”, The 
Journal of Strain Analysis for Engineering Design, January 1994, vol. 29, no. 1, pp. 17-41, 
doi: 10.1243/03093247V291017 
ABSTRACT: This paper considers the crushing which occurs in a spherical shell made of ductile material on 
striking a rigid wall. A static analysis is developed which allows for strain hardening, while for relatively low 
impact velocities, such as to permit the effect of inertia to be neglected, strain rate sensitivity is allowed for in 
an empirical manner. The analysis presented is applicable to spherical shells with a mean radius to thickness 
ratio exceeding seven, constructed in ductile material obeying a simple power law work hardening relationship. 
The deformation is assumed to occur in two phases. In the first phase a local flattening of the shell in contact 
with the rigid wall occurs, while in the second, an axisymmetric dimpling of the previously flattened portion 
takes place. Other workers have discovered that at radius to thickness ratios exceeding one hundred, a third 
mode of behaviour takes place when a number of non-axisymmetric nodes can be formed. The analysis in this 
paper, however, is only applicable to lower ratios when the crushing deformation, although reaching a value of 
half the radius, remains axisymmetric, as is borne out in all the experimental results examined for correlation. A 
number of assumptions and simplifications are made, all of which are clearly stated below. Reference is made 
to earlier papers on this subject and a comparison is made of correlations by such earlier work and by the 
present analysis in respect of a group of quasi-static tests carried out by the Civil Engineering Department of the 
Queen's University of Belfast under a Leverhulme Trust fellowship funding: this is described in detail in 
Appendix 1. The result of a moderate velocity impact test on a spherical shell of 625 mm diameter is utilized to 
examine the correlation given by the present analysis taking strain rate effect into account. Note: the first author 
was mainly concerned with the analysis, while the co-authors carried out the experimental work detailed in 
Appendix 1. 
 
 
Dhruba J. Ghose, Natale S. Nappi and Christopher J. Wiernicki (Designers and Planners Inc, Arlington, 
Virginia, USA), “Residual Strength of Damaged Marine Structures”, Final Report, September 1994, 
DTIC Accession Number: ADA294491, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA294491 
ABSTRACT: Traditionally assessment of ship's longitudinal strength has been made by comparing the elastic 
stresses at the deck or bottom shell to fractions of the material yield strength. This results in high reserve 
capacity due to inherent redundancies in ship structures. Residual strength, which is defined as the strength of 
the structure after damage, has rarely been considered either during design or at the time of repair. In this report, 
key elements required to undertake an engineering analysis to evaluate the residual strength have been 
identified. Emphasis has been placed on assessing the residual strength of marine structures damaged due to 
normal operating loads. Methods available to industry for evaluation of damage such as, fracture and ultimate 
strength have been summarized. An example problem, illustrating the application of an integrated approach to 
residual strength assessment on a particular ship type, is presented. 



 
Dhruba J. Ghose and Natale S. Nappi (Designers and Planners Inc, Arlington, Virginia, USA), “Reexamination 
of Design Criteria for Stiffened Plate Panels”, Final Report, 24 March 1995 
DTIC Accession Number: ADA294040, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA294040 
ABSTRACT: Current ship structural design criteria for stiffened plate panels is based upon a strength of 
materials approach using either linear plate or beam theory. This approach neglects the effects of vertical shear 
(normal to the plate surface), membrane and torsional stress components induced by the flexibility of the panel's 
supporting structure. Recent trends towards the use of higher strength materials have resulted in the design of 
grillage structures which are more flexible and therefore increase the vertical shear, membrane and torsional 
stress components in the plate panel. This report presents the results of a study undertaken to determine the 
effect of the stiffness characteristics of the supporting members of the grillage structure on the plate panel 
stress. Grillage scantlings were developed using first principals based approach and then analyzed using finite 
element techniques to take into account the flexibility of the grillage stiffeners and to quantify the effects of 
vertical shear, membrane and torsional stress components. 
 
 
C.H. Woodford (Computing Laboratory, University of Newcastle upon Tyne, UK), “The availability of finite 
element softward for use with thin-walled structures”, Chapter 2 in Finite element analysis of thin-walled 
structures, edited by John W. Bull, Taylor & Francis, 1988, ISBN 1-85166-136-0 
PARTIAL INTRODUCTION: The finite element method is conceptually straightforward in that complex 
structures are idealized, in a representation, by a network or mesh of simpler interlocking structures, the simpler 
structures or finite elements being amenable to mathematical analysis… 
 
 
Franco Mastroddi, Marco Tozzi and Valerio Capannolo (Department of Mechanical and Aerospace 
Engineering, University of Rome “La Sapienza”, via Eudossiana, 18, 00184 Rome, Italy), “On the use of 
geometry design variables in the MDO analysis of wing structures with aeroelastic constraints on stability and 
response”, Aerospace Science and Technology, Vol. 15, No. 3, April-May 2011, pp. 196-206, 
doi:10.1016/j.ast.2010.11.003 
ABSTRACT: A Multidisciplinary-Design-Optimization (MDO) approach for the initial design of wing 
structures based on the integrated modeling of structures, aerodynamics, flight dynamics, and aeroelasticity, has 
been developed. The procedure is based on the use of a standard numerical optimizer which employs structural, 
aeroelastic, and aerodynamic analyzers (a finite-element analyzer for structures, panel method analyzer for 
aerodynamics, and a longitudinal trim analyzer for flight mechanics) in the MDO process. The space 
discretizations of the numerical models – namely, the structural and aerodynamic meshes – are dynamically 
updated as function of wing-structure geometry variables during the optimization process. The geometric-
updating procedure has been validated using available analytical solutions for a structural optimization problem. 
The obtained MDO solutions are essentially based on a first-principle formulation but, in the meanwhile, they 
do not result to be computationally expansive. Moreover, in order to make the implemented MDO algorithm 
more computationally efficient and effective, an analytical method based on Matched-Filter Theory (MFT) has 
been used to evaluate the worst aeroelastic-response case due to a gust input having an assigned energy level 
with the purpose of obtaining a final design also optimizing the gust-response performance. The optimization 
capabilities of using geometry design variables vs the standard structural design variables in the MDO process 
have been highlighted. Moreover, the use of a composite objective function, combining structure and 
aerodynamic issues, has been shown further capabilities of the presented MDO procedure. Finally, some results 
are also presented for a benchmark regional aircraft wing to show the potentiality of the approach. 
 
 
Cui Peng, Han Jinglong (College of Aerospace Engineering, Nanjing University of Aeronautics and 
Astronautics, Nanjing 210016,China), “Investigation of Nonlinear Aeroelastic Analysis Using CFD/CSD”, Acta 
Aeronautica Et Astronautica Sinica, 2010-03, doi: CNKI:SUN:HKXB.0.2010-03-010 
ABSTRACT: A nonlinear aeroelastic analysis method using computational fluid dynamics/computational 
structure dynamics(CFD/CSD) is presented and applied to the nonlinear flutter and limit-cycle-oscillation 



(LCO) research of a cropped delta wing. This computational method couples a nonlinear finite element method 
(FEM) model with a CFD solver by using a high-fidelity interface interpolation, and is capable of investigating 
aeroelastic problems with both structural and aerodynamic nonlinearities.The structural analysis is based on a 
quadrilateral flat-shell element and an updated Lagrange (UL) formulation, which can be employed to model 
geometric nonlinearities arising from large deflections. With the Navier-Stokes (N-S) equations as the control 
equations, a finite volume CFD solver is formulated to calculate transonic aerodynamics. The nonlinear flutter 
calculation demonstrates the validity of the presented method. Finally the cropped-delta-wing LCO is 
computed, and the calculation precision is obviously better than the existing results. 
 
 
L.S. Ong (Nanyang Technological University, School of Mechanical & Production Engineering, Nanyang 
Avenue, Singapore), “A simple nonlinear analysis of a spherical pressure vessel with axi-symmetric band of 
geometric imperfection”, Journal of Constructional Steel Research, Vol. 22, No. 1, 1992, pp. 57-74, 
doi:10.1016/0143-974X(92)90005-Y 
ABSTRACT: A simple nonlinear analysis is presented to evaluate the displacements and stresses which arise 
from an axi-symmetric band of geometric imperfection in a pressurised sphere. The displacements and stresses 
solutions are derived in terms of Fourier series. Different shapes of initial geometric imperfections can be 
readily analysed by representing the shapes by Fourier series. It is concluded that the peak meridional stress is 
greater than the peak circumferential stress. Furthermore, the magnitude of the peak stress is scarcely influenced 
by the location of the imperfection shape. Generally, the stress distribution at the distorted region of the sphere 
can be characterised by the shape of imperfection and the membrane stress value; it is not so much affected by 
the different ‘radius to thickness’ ratio. The simple analysis highlights some important results which are not 
apparent in the other solution approaches. 
 
 
K.T. Danielson and J.T. Tielking (Mechanics and Materials Center, Civil Engineering Department, Texas A&M 
University, College Station, TX 77843-3136, U.S.A), “Fourier continuum finite elements for large deformation 
problems”, Computers & Structures, Vol. 49, No. 1, October 1993, pp. 133-147, 
doi:10.1016/0045-7949(93)90132-W 
ABSTRACT: A procedure to analyze axisymmetric solids undergoing large nonaxisymmetric deformation is 
presented. The plane of axisymmetry is modeled by isoparametric quadrilateral finite elements with dependence 
in the circumferential direction determined by a continuous Fourier series. Although the Fourier harmonics are 
coupled for such analyses, the size of the resulting model can be much smaller than it would be if brick 
elements were to be used. This model reduction can significantly decrease the amount of computational effort 
needed for analyzing this class of problems. Different schemes for solving the coupled nonlinear equations are 
evaluated by analyzing two structures subjected to different loadings and exhibiting various amounts of 
geometric nonlinearity. The coupled systems of linear simultaneous equations occurring at each Newton-
Raphson iteration are solved by both direct and indirect solution schemes. Several types of Gauss-Seidel and 
conjugate gradient iterations are shown to be quite efficient and robust. The effectiveness of these indirect 
solution techniques are a result of using the uncoupled stiffness matrices to precondition the coupled systems of 
linear simultaneous equations. The continuous Fourier series approach also provides a very simple, efficient, 
and reliable way to conduct adaptive refinement in the circumferential direction. 
 
 
K. Kalousova, O. Soucek and O. Cadek, “Deformation of an elastic shell with variable thickness: a comparison 
of different methods”, Geophysical Journal International, Vol. 190, No. 2, pp 726-744, August 2012 
SUMMARY: Deformation of the outermost parts of single-plate planetary bodies is often modelled in terms of 
the response of a spherical elastic shell to surface or basal loading. As the thickness of such elastic lithosphere is 
usually much smaller than the radius of the body, the deformation is commonly approximated by that obtained 
for a thin elastic shell of uniform thickness. The main advantage of the thin shell approximation is its 
simplicity—the solution can be expressed analytically if the thickness of the shell is uniform, but even in the 
case of a thin shell of variable thickness, when the problem must be solved numerically, the computational costs 
are much lower than in a fully 3-D case. Here we analyse the error of the thin shell approximation by comparing 



it with the solution obtained for a shell of finite thickness using finite element methods. Special attention is paid 
to a shell of variable thickness and, in general, to the effect of elastic thickness variations on local deformation. 
For a shell of uniform thickness with the outer radius corresponding to Mars, we find that the error in radial 
displacement at low harmonic degrees (ℓ≤ 20) does not exceed 5 per cent for small shell thicknesses (d≤ 50km) 
and 10 per cent for thick shells (d∼ 250km). Similar accuracy is also found for a shell of variable thickness if 
the thin shell approximation is used. Our numerical tests indicate that local deformation of a shell is mostly 
sensitive to the average thickness of the shell in the near zone while the effect of thickness variations in the far 
zone can be neglected in the first approximation. Consequently, the extremely simple thin shell method, 
designed for shells of uniform thickness, can be effectively used to obtain a reasonably accurate estimate of 
deflection even in the case of a shell with varying thickness. Finally, we investigate the deformation of an 
elastic lithosphere due to viscous flow beneath the shell, and we propose an extension of the concept, recently 
developed to correct dynamic topography for the effect of an elastic lithosphere, to the case of a shell of 
variable thickness. 
 
 
T. Kant and J.R. Kommineni (Department of Civil Engineering, Indian Institute of Technology, Powat, 
Bombay-400976, India), “Geometrically non-linear transient analysis of laminated composite and sandwich 
shells with a refined theory and C0 finite elements”, Computers & Structures, Vol 52, No. 6, pp 1243-1259, 
1994 
ABSTRACT: A C0 continuous finite element formulation of a higher order shear deformation theory is presented 
for predicting the linear and geometrically non-linear, in the sense of von Karman, transient responses of composite and 
sandwich laminated shells. The displacement model accounts for the non-linear cubic variation of the tangential 
displacement components through the thickness of the shell and the theory requires no shear correction coefficients. In the 
time domain, the explicit central difference integrator is used in conjunction with the special mass matrix diagonalization 
scheme which conserves the total mass of the element and includes effects due to rotary inertia terms. Numerical results 
for central transverse deflection and stresses are presented for composite and sandwich laminated shells with various 
boundary conditions subjected to different types of loads and are compared with the results from other sources. Some new 
results are also included for future reference.  
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ABSTRACT: A C0 continuous displacement based finite element formulation of a higher order theory for 
linear and geometrically non-linear analysis which accounts for large displacements in the sense of von Karman 
of symmetrically laminated composite and sandwich shells under transverse loads is presented. The 
displacement model accounts for non-linear and constant variation of tangential and transverse displacement 
components, respectively, through the shell thickness. The assumed displacement model climinates the use of 
shear correction coefficients. The discrete element chosen is a nine-node quadrilateral element with nine 
degress of freedom per node. The accuracy of the present formulation is then established by comparing the 
present results with the available analytical. closed-form two-dimensional solutions, three-dimensional elasticity 
solutions and other finite element solutions. Some new results are generated for future comparisons to and 
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ABSTRACT: A simple and effective method is developed in this paper for free vibration analysis of shells of 
revolution with either internal or external fluids. The fluid region is treated analytically by the use of 
eigenfunction expansions, and the collocation method using the roots of the orthogonal polynomial as 
collocation points is used to solve the integro-differential equations which describe the motion of the shell. The 
proposed approach is formulated in some detail. The versatility and accuracy are illustrated through several 
numerical examples. The method appears to be relatively easy to set up and gives satisfactory results. 
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ABSTRACT: Free vibration characteristics of filament wound anisotropic shells of revolution are investigated 
by using multisegment numerical integration technique in combination with a modified frequency trial method. 
The applicability of multisegment numerical integration technique is extended to the solution of free vibration 
problem of anisotropic composite shells of revolution through the use of finite exponential Fourier transform of 
the fundamental shell equations. The governing shell equations comprise the full anisotropic form of the 
constitutive relations, including first-order transverse shear deformation, and all components of translatory and 
rotary inertia. The variation of the stiffness coefficients along the axis of the shell is also incorporated into the 
solution method. Filaments are assumed to be placed along the geodesic fiber path on the shell of revolution 
resulting in the variation of the stiffness coefficients along the axis of the composite shell of revolution with 
general meridional curvature. Sample solutions have been performed on the effect of the variation of the 
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ABSTRACT: An analytical solution procedure is presented for the free vibrations of shells of revolution having 
two bonded elastic layers and circular meridional curvature. A set of governing equations of motion are 
obtained by applying Hamilton's principle to the Lagrangian function of the shell vibration. These equations of 
motion are higher order partial differential equations having variable coefficients, and analytical solutions are 
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ABSTRACT: In the present paper, experimental studies on dynamic plasticbuckling of circular cylindrical 
shells under axial impact are carried out. Hopkinson bar and drop hammer apparatus are used for dynamic 
loading. Three groups of circular cylindrical shells made of copper are tested under axial impact. From the 
experiments, the first critical velocity corresponding to the axi-symmetric buckling mode and the second critical 



velocity corresponding to the non-axisymmetric buckling mode are determined. The present results come close 
to those of second critical velocity given by Wang Ren[4–6]. Two different kinds of non-axisymmetric buckling 
modes oval-shaped and triangle shaped are founded. The buckling modes under two loading cases, viz. with 
small mass but high velocity and with large mass and low velocity using Hopkinson bar and drop hammer, are 
different. Their critical energies are also discussed. 
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ABSTRACT: Shell triangular finite elements are examined which are parametrically represented by quadratic 
polynomials of the surface coordinates. It is shown that isoparametric representation of the rectangular 
components of displacement does not provide an acceptable description of inextensional bending of a curved 
surface—its bending is accompanied with middle surface strains which are too large to be ignored. 
Considerable improvement is made in the approximation to inextensional bending when the displacements are 
parametrically represented by cubic polynomials. The approximate inextensional bending modes are determined 
by examining eigenvalues of the positive semi-definite matrix of the integrated sums of squares of the principal 
middle surface strains taken over the element surface. Numerical results are listed for specimen finite elements 
which have positive, zero or negative Gaussian curvature. The Fortran computer program written for this 
investigation is described elsewhere. 
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ABSTRACT: The role of bending in the finite element analysis of problems in the linear theory of thin shells is 
examined through an in-depth study of the behavior of a vehicle finite element. The chosen element is the very 
simple combined constant strain and constant bending moment flat triangle. It emerges that this vehicle element 
is a superb performer and the examination of its behaviour reveals that there are two quite different roles for the 
bending freedoms. One role concerns inextensional bending movements which extend over the whole model. 
The other role concerns local rotational movements which accompany the curvature changes of inextensional 
bending and of edge effect. Extensive numerical comparisons of demonstration inextensional bending 
movements are made against solutions obtained from the classical theory for shells which are very deep and 
which have strongly negative Gaussian curvature. Comparison of edge effect concerns a circular cylindrical thin 
shell. The paper concludes by giving details of a rudimentary matrix procedure which is currently under 
development and which is intended for use in the preliminary assessment of thin shell finite element models. 
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December 1995, pp. 973-979, doi:10.1016/0045-7949(95)00101-L 
ABSTRACT: An expression for the strain energy of a shell of negative Gaussian curvature, including thickness 
shear deformations and without neglecting z/R in comparison with unity, is derived. Then a curved trapezoidal 
finite element formulation based on the principle of minimum potential energy is obtained. The shell element 
has eight nodes with 40 degrees of freedom and at each node there are three displacements and two rotations. 
The formulation is applicable for both thin and moderately thick shell analysis. The performance of this finite 
element is verified by applying it to some problems existing in the literature. 
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“A non-linear finite element formulation for shells of arbitrary geometry”, Computer Methods in Applied 
Mechanics and Engineering, Vol. 190, Nos. 37-38, June 2001, pp. 4967-4986, 
doi:10.1016/S0045-7825(00)00358-3 
ABSTRACT: Based on a total Lagrangian approach, the shell element formulation developed by two of the 
authors is extended to non-linear field. The proposed shell element belongs to the degenerated 3D type, with a 
Mindlin–Reissner approach and five effective degrees of freedom per node. A detailed description of the 
geometry and kinematics characterisation of the element, as well as of the stress–strain relationship is presented. 
Numerical testing of the non-linear model indicates excellent performance of the proposed finite element shell, 
both in simulating large displacement and rotations, and in the buckling analysis of some classical test 
examples, e.g., cylinder and sphere. 
 
 
D. S. Sophianopoulos (Department of Civil Engineering, National Technical University of Athens, 42 Patision 
Street, 106 82 Athens, Greece), “Nonlinear stability of simplified structural models simulating elastic shell 
panels of revolution under step loading”, International Journal of Solids and Structures, Vol. 38, No. 5, 
February 2001, pp. 915-934, doi:10.1016/S0020-7683(00)00062-7 
ABSTRACT: The present investigation deals with the nonlinear analysis of the dynamic buckling response and 
global stability aspects of two 3-DOF spring-mass, initially imperfect dissipative simplified structural models 
under step loading, simulating elastic shell panels of revolution and in particular a spherical cap and a conical 
panel. It is found that snapping, which is the main characteristic of the actual continuous structures, is 
successfully captured by the proposed simulations, which following a straightforward nonlinear approach are 
found to exhibit dynamic snap-through buckling, associated with a point attractor response in the large, 
implying global stability. Furthermore, the presence of physically not accepted complementary equilibrium 
configurations does not affect the long term response of the autonomous systems dealt with, but only 
complicates the motion and elongates the time before the final steady state. Finally, the criterion of zero total 
potential energy yields excellent lower bounds of the exact dynamic buckling loads, very important for 
structural design purposes. 
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Jolla, CA 92093-0411, USA), “Buckling and collapse of open and closed cylindrical shells”, Journal of 
Engineering Mathematics, Vol. 42, No. 2, 2002, pp. 157-180,  
doi: 10.1023/A:1015248817797 
ABSTRACT: The buckling of a finite section of a cylindrical shell resembling a two-dimensional contact lens, 
and the collapse of a tubular shell of infinite extent are considered. The deformation is due, respectively, to the 
application of an edge force or to a negative transmural pressure. In both cases, the shell develops elastic 
bending moments due to the deformation from a specified resting shape according to a linear constitutive 
equation, accompanied by in-plane and transverse shear tensions. In the case of a section of a shell with a flat 
resting shape, classical results due to Euler and Love show that, as the applied edge force is increased beyond a 
sequence of thresholds, an infinite family of deformed shapes becomes possible corresponding to buckled states 
that bifurcate from the zero-curvature resting configuration. It is shown here that a corresponding infinite family 
of shapes is also possible for a finite shell whose resting shape is a section of circle. These shapes, however, no 
longer arise from bifurcations, but rather constitute disconnected solution branches of a nonlinear boundary-
value problem. A closed cylindrical shell whose cross-section has a circular resting shape exhibits similar 
bifurcations when the difference between the exterior and interior pressure exceeds a sequence of thresholds, 
but a shell with a non-circular resting shape deforms into a multitude of shapes described by isolated solution 
branches. The computed two-dimensional buckled shapes are used to reconstruct the three-dimensional shape of 
a slowly collapsing fluid-conveying vessel. The reconstruction procedure involves stacking together cross-
sections at axial positions that are found by integrating the differential equation determining the axial pressure 
distribution in unidirectional pressure-driven flow, subject to a constant flow rate. The dimensionless coefficient 
relating the local pressure gradient to the flow rate is computed by solving the Poisson equation governing 
unidirectional viscous flow using a boundary-element method, and expressing the flow rate as a boundary 
integral involving the shear stress which is available from the solution of the boundary-integral equation. In an 



appendix, the energy of the bending state is discussed with reference to specific choices made by previous 
authors in various branches of science and engineering. 
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ABSTRACT: The buckling and collapse of empty and liquid-filled thin-wall cylindrical tubes resting on a 
horizontal or inclined plane is considered. The deflection is due to the action of gravity causing the tube to 
deform under the influence of its own weight, or due to a negative transmural pressure pushing the tube inward 
on the outside. Classical thin-membrane theory is used to formulate a boundary-value problem describing the 
shell deformation, and the results illustrate families of deformed shapes of inextensible shells with point or 
segment contact occurring between the shell and the supporting surface or between two collapsed sections of 
the shell. The computed two-dimensional deformed shapes are used to reconstruct the three-dimensional shape 
of a slowly collapsing fluid-conveying vessel in the absence of significant hydrostatic pressure variations over 
the cross section. 
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“Flow-induced deformation of an elastic membrane adhering to a wall”, International Journal of Solids and 
Structures, Vol. 46, No.17, August 2009, pp. 3198-3208, doi:10.1016/j.ijsolstr.2009.04.015 
ABSTRACT: The flow-induced deformation of a two-dimensional membrane with a circular unstressed shape 
clamped at the two ends on a plane wall at an arbitrary contact angle is considered. Working under the auspices 
of generalized shell theory, the membrane is allowed to develop in-plane tensions, transverse tensions, and 
bending moments determined by the curvature of the resting and deformed shapes. A system of ordinary 
differential equations governing the membrane shape is formulated, and the associated boundary-value problem 
is solved by numerical methods. Numerical results are presented to illustrate the deformation of a clamped 
membrane due to gravity or a negative transmural pressure. The shell formulation is coupled with a boundary-
integral formulation for Stokes flow, and an efficient iterative scheme is developed to describe deformed 
equilibrium shapes of a membrane attached to a plane wall in the presence of an overpassing shear flow. 
Computations for different contact angles and shear rates reveal a wide variety of profiles and illustrate the 
distribution of the membrane tension developing due to the flow-induced deformation. 
 
 
Walter Lacarbonara (Virginia Polytechnic Institute and State University, Blacksburg, Virginia, USA), “A 
theoretical and experimental investigation of nonlinear vibrations of buckled beams”, Master’s Thesis, 
February, 1997 
ABSTRACT: There is a need for reliable methods to determine approximate solutions of nonlinear continuous 



systems. Recently, it has been proved that finite–degree–of–freedom Galerkin–type discretization procedures 
applied to some distributed–parameter systems may fail to predict the correct dynamics. By contrast, direct 
procedures yield reliable approximate solutions. Starting from these results and extending some of these 
concepts and procedures, we compare the outcomes of these two approaches (the Galerkin discretization and the 
direct application of a reduction method to the original governing equations) with experimental results. The 
nonlinear planar vibrations of a buckled beam around its first buckling mode shape are investigated. Frequency–
response curves characterizing single-mode responses of the beam under a primary resonance are generated 
using both approaches and contrasted with experimentally obtained frequency–response curves. It is shown that 
discretization leads to erroneous quantitative as well as qualitative results in certain ranges of the buckling level, 
whereas the direct approach predicts the correct dynamics of the system. 
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PARTIAL INTRODUCTION: In this paper we study the global qualitative behavior of axisymmetric buckled 
states of homogeneous isotropic nonlinearly elastic shells that can suffer flexure, compression, and shear. Our 
model is geometrically exact in the sense that a geometric quantity, such as sin theta, is not replaced by an 
approxiamation such as theta or theta – theta^3/6… 
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“Parametric instabilities of nonlinearly viscoelastic cylindrical shells and rings subject to periodic hydrostatic 
excitations”, (date & publisher not given in the pdf file; most recent reference is 2005) 
ABSTRACT: Refined theories for accurate predictions of the onset of the parametric instabilities and the 
ensuing post-critical solutions are employed to investigate on how these instabilities are influenced by 
commonly neglected effects in shells and rods such as inertia terms, shear deformations, and material 
nonlinearities (Antman, 2005; Antman and Calderer, 1987; Antman, 2001). 
Parametrically excited systems are pervasive in mechanics (e.g., dynamic buckling of columns, rings and shells, 
water waves in vertically forced containers, stability of general motions). In particular, parametrically forced 
rings and cylindrical shells are of significant interest in engineering applications such as aircraft fuselages or 
turbo machineries where the forcing is represented by the gradient between the inner and outer pressures. 
Although the theory of parametrically excited linear discrete systems governed by linear ordinary differential 
equations is well established (Yukubovich and Starzhinskii, 1975; Nayfeh and Mook, 1979), a comprehensive 
theory of parametrically excited nonlinear systems is far from being achieved. Moreover, only a few works have 
treated parametrically excited structural systems taking into account inertia, geometric and material 
nonlinearities. 
Among others, Bolotin (1964) studied the Mathieu equation with cubic nonlinearities while, more recently, 
Rand and co-workers (2004) have investigated nonlinear Mathieu equations with either quadratic damping or 
cubic springs. In the quadratically-damped Mathieu equation, they showed the existence of a secondary 
bifurcation in which a pair of limit cycles come together and disappear (a saddle-node of limit cycles). In 
parameter space, this secondary bifurcation appears as a curve which emanates from one of the transition curves 
of the linear Mathieu equation. Further, Rand (1996) studied a two-term truncation of a parametrically excited 
PDE, and showed, using averaging, that the normal form of the system exhibits a rich diversity of dynamical 
behaviors. 
When dealing with parametric excitations in spatially continuous structural systems, to overcome discretization 
errors, that can be also qualitative in the worst scenario, there is a need to rigorously treat, e.g. via asymptotics, 
the governing parametrically forced PDE’s instead of dealing with their reduced-order counterparts 
(Lacarbonara, 1999). In the present work, an asymptotic multiple-scale treatment of parametrically forced 
nonlinear PDE’s, representative of cylindrical shells and rods suffering bending, extension and shear 
deformations, is presented. Considering nonlinearly visco-elastic cylindrical shells and rings under hydrostatic 
pressure, general results about the leading classes of motions are discussed; namely, breathing motions, 
shearless motions and general motions of shells and rings undergoing extension, bending and shear 
deformations. 
It is shown that when the shell or ring are subject to uniform pulsating pressure with frequency being nearly 
twice the frequency… 
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“Forced Radial Motions of Nonlinearly Viscoelastic Shells”, Journal of Elasticity, Vol. 96, No. 2, 2009, pp.155-
190, doi: 10.1007/s10659-009-9203-7 
ABSTRACT: This paper contains an extensive global treatment of radial motions of compressible nonlinearly 
viscoelastic cylindrical and spherical shells under time-dependent pressures. It furnishes a variety of conditions 
on a general class of material properties and on the pressure terms ensuring that there are solutions existing for 
all times, there are unbounded globally defined solutions, there are solutions that blow up in finite time, and 
there are solutions having the same period as that of the pressure terms. The shells are described by a 
geometrically exact 2-dimensional theory in which the shells suffer thickness strains as well as the standard 
stretching of their base surfaces. Consequently their motions are governed by fourth-order systems of semilinear 
ordinary differential equations. This work shows that there are major qualitative differences between the 
nonlinear dynamical behaviors of cylindrical and spherical shells. 
References listed at the end of the paper: 
1. Antman, S.S.: Breathing oscillations of rotating nonlinearly elastic and viscoelastic rings. In: Durban, D., Givoli, D., Simmonds, 
J.G. (eds.) Advances in the Mechanics of Plates and Shells, pp. 1–16. Kluwer Academic, Dordrecht (2001) 
2. Antman, S.S.: Nonlinear Problems of Elasticity, 2nd edn. Springer, Berlin (2005)  
3. Antman, S.S., Bourne, D.: Rotational symmetry vs. axisymmetry in shell theory, in preparation  
4. Antman, S.S., Schuricht, F.: Incompressibility in rod and shell theories. Math. Model. Numer. Anal. 33, 289–304 (1999)  
5. Antman, S.S., Seidman, T.I.: Quasilinear hyperbolic-parabolic equations of nonlinear viscoelasticity. J. Differ. Equ. 124, 132–185 
(1996)  
6. Antman, S.S., Seidman, T.I.: Parabolic-hyperbolic systems governing the spatial motion of nonlinearly viscoelastic rods. Arch. 
Ration. Mech. Anal. 175, 85–150 (2005)  
7. Antman, S.S., Ting, T.C.T.: Anisotropy consistent with spherical symmetry in continuum mechanics. J. Elast. 62, 85–93 (2001)  
8. Ball, J.M.: Remarks on blow-up and nonexistence theorems for nonlinear evolution equations. Q. J. Math. 28, 473–486 (1977)  
9. Ball, J.M.: Finite-time blow-up in nonlinear problems. In: Crandall, M.G. (ed.) Nonlinear Evolution Equations, pp. 189–205. 
Academic Press, San Diego (1978)  
10. Bolotin, V.V.: Dynamic Stability of Elastic Systems (in Russian), Gos. Izdat. (1956); Engl. transl: Holden-Day (1964)  
11. Calderer, M.C.: The dynamic behavior of nonlinear elastic spherical shells. J. Elast. 13, 17–47 (1983)  
12. Calderer, M.C.: Finite time blow-up and stability properties of materials with fading memory. J. Differ. Equ. 63, 289–305 (1986)  
13. Calderer, M.C.: The dynamic behavior of viscoelastic spherical shells. Math. Methods Appl. Sci. 9, pp.13–34 (1987)  
14. Farkas, M.: Periodic Motions. Springer, Berlin (1994)  
15. Fosdick, R., Yu, J.-H.: Thermodynamics, stability and nonlinear oscillations of a viscoelastic solid, Part 1: Differential type solids 
of second grade. Int. J. Nonlinear Mech. 31, 495–516 (1996)  
16. Fosdick, R., Yu, J.-H.: Thermodynamics, stability and nonlinear oscillations of a viscoelastic solid, Part II: History type solids. Int. 
J. Nonlinear Mech. 33, 165–188 (1997)  



17. Fosdick, R., Ketema, Y., Yu, J.-H.: Dynamics of a viscoelastic spherical shell with a nonconvex strain energy function. Q. Appl. 
Math. 56, 221–244 (1998)  
18. Guo, Z.-H., Solecki, R.: Free and forced finite-amplitude oscillations of an elastic thick-walled hollow sphere made of 
incompressible material. Arch. Mech. Stosow. 15, 427–433 (1963)  
19. Guo, Z.-H., Solecki, R.: Free and forced finite-amplitude oscillations of a thick-walled sphere of incompressible material. Bull. 
Acad. Pol. Sci. Sér. Sci. Tech. 11, 47–52 (1963)  
20. Knops, R.: Logarithmic convexity and other techniques applied to problems in continuum mechanics. In: Knops, R. (ed.) 
Symposium on Non-Well-Posed Problems and Logarithmic Convexity. Lecture Notes in 
Mathematics, vol. 316, pp. 31–54. Springer, Berlin (1973)  
21. Knowles, J.K.: Large amplitude oscillations of a tube of incompressible elastic material. Q. Appl. Math. Vol.18, 71–77 (1960)  
22. Knowles, J.K., Jakub, M.T.: Finite dynamic deformations of an incompressible medium containing a spherical cavity. Arch. 
Ration. Mech. Anal. 18, 376–387  
23. Krasnosel’skiı, M.A.: The Operator of Translation along Trajectories of Differential Equations. Nauka, Moscow (1966); Engl. 
transl. Am. Math. Soc. (1968)  
24. Levinson, N.: On the existence of periodic solutions for second order differential equations with a forcing term. J. Math. Phys. 22, 
41–48 (1943)  
25. Mawhin, J.: Topological Degree Methods in Nonlinear Boundary Value Problems. Conf. Bd. Math. Sci., Regional Conf. Series in 
Math. Am. Math. Soc., Providence (1979)  
26. Lacarbonara, W., Antman, S.S.: Parametric instabilities of nonlinearly viscoelastic shells under pulsating pressures, in preparation  
27. Magnus, W., Winkler, S.: Hill’s Equation. Interscience, New York (1966)  
28. Rouche, N., Mawhin, J.: Ordinary Differential Equations. Pitman, London (1980)  
29. Truesdell, C., Noll, W.: Non-Linear Field Theories of Mechanics, 3rd edn. Springer, Berlin (2004)  
30. Wolkowisky, J.H.: Branches of periodic solutions of the nonlinear Hill’s equation. J. Differ. Equ. 11, pp.385–400 (1972) 
 
 
Lars Fiedler (1), Walter Lacarbonara (2) and Fabrizio Vestroni (2) 
(1) AIRBUS Deutschland GmbH, R&T Fuselage Structure, EDSIR Kreetslag 10, 21129 Hamburg, Germany 
(2) Dipartimento di Ingegneria Strutturale e Geotecnica, Università di Roma La Sapienza, via Eudossiana 18, 
Rome 00184, Italy 
“A generalized higher-order theory for buckling of thick multi-layered composite plates with normal and 
transverse shear strains”, Composite Structures, Vol. 92, No. 12, November 2010, pp. 3011-3019, 
doi:10.1016/j.compstruct.2010.05.017 
ABSTRACT: The onset of buckling in square laminated multi-layered composite plates, subject to 
unidirectional in-plane loads, is investigated within the framework of a generalized higher-order shear 
deformation theory suitable to capture significant transverse shear and thickness-wise deformation effects. The 
displacement field is expanded in a Taylor series of the thickness coordinate with arbitrary polynomial degree; 
in turn, the series coefficients, expressed as a superposition of admissible functions, are determined according to 
the Rayleigh–Ritz method. Truly higher-order polynomial terms, along with a sufficient number of in-plane 
admissible functions, are shown to be necessary for convergence towards the fundamental buckling load 
multiplier. As a by-product, reduced-order models are identified for various plate geometries and lamination 
schemes. The sensitivity of the lowest buckling load with respect to the nondimensional parameters (the 
thickness ratio, the ratio between the elastic moduli, the ply angle) is investigated. In particular, the attention is 
focused on the cross-over phenomenon between the lowest two buckling eigenvalues in multi-layered 
composite square plates with different lamination schemes. The presented results shed light onto the buckling 
behavior of thick shear-deformable multi-layered plates. 
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“On dynamics of flexible branched shell structures undergoing large overall motion using finite elements”, 
Computers & Structures, Vol. 80, Nos. 9-10, April 2002, pp. 891-898, doi:10.1016/S0045-7949(02)00054-8 
ABSTRACT: The general, statically and kinematically exact, six-field theory of branched shell structures, 
extended to nonlinear problems of shell dynamics involving also large overall motion, is discussed. The 
generalized Newmark algorithm on the proper orthogonal group SO(3) with Newton iterations is proposed. 



Numerical simulations of the behavior of an elastically twisted T-shaped shell structure in forced and free 
rotations with large overall motion are presented. 
 
 
Chroscielewski, J. and Witkowski, W. (Faculty of Civil and Environmental Engineering, Gdansk University of 
Technology, Narutowicza 11/12, 80-952 Gdansk, Poland), “Four-node semi-EAS element in six-field nonlinear 
theory of shells.”, International Journal for Numerical Methods in Engineering, Vol. 68, No. 11, December 
2006, pp. 1137-1179. doi: 10.1002/nme.1740 
ABSTRACT: We propose a new four-node C0 finite element for shell structures undergoing unlimited 
translations and rotations. The considerations concern the general six-field theory of shells with asymmetric 
strain measures in geometrically nonlinear static problems. The shell kinematics is of the two-dimensional 
Cosserat continuum type and is described by two independent fields: the vector field for translations and the 
proper orthogonal tensor field for rotations. All three rotational parameters are treated here as independent. 
Hence, as a consequence of the shell theory, the proposed element has naturally six engineering degrees of 
freedom at each node, with the so-called drilling rotation. This property makes the element suitable for analysis 
of shell structures containing folds, branches or intersections. To avoid locking phenomena we use the enhanced 
assumed strain (EAS) concept. We derive and linearize the modified Hu–Washizu principle for six-field theory 
of shells. What makes the present approach original is the combination of EAS method with asymmetric 
membrane strain measures. Based on literature, we propose new enhancing field and specify the transformation 
matrix that accounts for the lack of symmetry. To gain knowledge about the suitability of this field for 
asymmetric strain measures and to assess the performance of the element, we solve typical benchmark examples 
with smooth geometry and examples involving orthogonal intersections of shell branches. 
 
 
Jacek  Chroscielewski,  Izabela Lubowiecka, Czeslaw Szymczaka and Wojciech Witkowski (Department of 
Structural Mechanics and Bridge Structures, Faculty of Civil and Environmental Engineering, Gdansk 
University of Technology, 80-952 Gdansk, ul. Narutowicza 11/12, Poland), “On some aspects of torsional 
buckling of thin-walled I-beam columns”, Computers & Structures, Vol. 84, Nos. 29-30, November 2006, 
pp.1946-1957, doi:10.1016/j.compstruc.2006.08.015 
ABSTRACT: The paper summarises some findings on torsional buckling of thin-walled I-beam columns. The 
study is divided into two parts. Firstly, the effect of initial deflection on torsional buckling load of thin-walled I-
beam column is discussed. Starting from the description of kinematics, strain and stress, the governing 
differential equations of torsional buckling are derived from the principle of stationary potential energy. The 
critical load of torsional buckling is determined with the aid of the perturbation approach. The numerical 
example concerning simply supported I-beam column is presented and discussed on the grounds of the theory of 
thin-walled members and compared with the result obtained from non-linear 6-parameter theory of shells. 
Secondly, the localisation of local buckling modes is studied. This effect, observed during the modelling by 
shell theory, strongly affects the I-beam columns behaviour with relatively wide flanges. 
 
 
Wojciech Witkowski (Department of Structural Mechanics and Bridge Structures, Faculty of Civil and 
Environmental Engineering, Gdansk University of Technology, 80-952 Gdansk, ul. Narutowicza 11/12, 
Poland), “4-Node combined shell element with semi-EAS-ANS strain interpolations in 6-parameter shell 
theories with drilling degrees of freedom”, Computational Mechanics, Vol. 43, No. 2, 2009, pp. 307-319,  
doi: 10.1007/s00466-008-0307-x 
ABSTRACT: A 4-node C0 shell element with drilling degrees of freedom is presented in this paper. The 
element is developed within the nonlinear 6-field shell theory. Kinematics of the shell is described by two 
independent fields: the vector field for translations and the proper orthogonal tensor field for rotations. Within 
the theoretical formulation no restriction is applied on magnitudes of displacements and rotations. To avoid 
locking phenomena the proposed element combines two interpolation schemes: the assumed natural strain 
(ANS) for transverse shear strains and the enhanced assumed strain (EAS). The latter interpolation is used with 
asymmetric (in-plane) membrane strains. The performance of the element is evaluated by example of 
benchmark problems with special emphasis on shell structures containing orthogonal intersections. 



 
 
Xiu-li Wang and Sheng-xue Bai (School of Civil Engineering, Lanzhou University of Science and Technology, 
Lanzhou 730050, China), “Dynamic Elastic-plastic Analysis of the Single-layer Elliptical Shell with BRB”, 0 
Journal of Gansu Sciences, 2010-04, doi: CNKI:SUN:GSKX.0.2010-04-029 
ABSTRACT: The whole process of dynamic elastic-plastic analysis was carried out for Schwedler elliptical 
shell structure by using the theory of elastic-plastic finite element, and in combination with the force 
characteristics of reticulated shell. Its elastic-plastic aseismatic performance was explored. Emphasis is laid on 
the dynamic performance and failure modes of the shell structure when helped by BRB under strong 
earthquakes. The results show that BRB has a valid effect on the shell's elastic-plastic performance. 
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Kostas Tsiglifis and Nikos A. Pelekasis (Department of Mechanical Engineering, University of Thessaly, 
Pedion Areos, Volos 38334, Greece), “Parametric stability and dynamic buckling of an encapsulated 
microbubble subject to acoustic disturbances”, Phys. Fluids Vol. 23, 012102 (2011); doi:10.1063/1.3536646 (28 
pages) 
ABSTRACT: Stability analysis of the radial pulsations of a gas microbubble that is encapsulated by a thin 
viscoelastic shell and surrounded by an ideal incompressible liquid is carried out. Small axisymmetric 
disturbances in the microbubble shape are imposed and their long and short term stability is examined 
depending on the initial bubble radius, the shell properties, and the parameters, i.e., frequency and amplitude, of 
the external acoustic excitation. Owing to the anisotropy of the membrane that is forming the encapsulating 
shell, two different types of elastic energy are accounted for, namely, the membrane and bending energy per 
unit of initial area. They are used to describe the tensions that develop on the shell due to shell stretching and 
bending, respectively. In addition, two different constitutive laws are used in order to relate the tensions that 
develop on the membrane as a result of stretching, i.e., the Mooney-Rivlin law describing materials that soften 
as deformation increases and the Skalak law describing materials that harden as deformation increases. The 
limit for static buckling is obtained when the external overpressure exerted upon the membrane surpasses a 
critical value that depends on the membrane bending resistance. The stability equations describing the evolution 



of axisymmetric disturbances, in the presence of an external acoustic field, reveal that static buckling becomes 
relevant when the forcing frequency is much smaller than the resonance frequency of the microbubble, 
corresponding to the case of slow compression. The resonance frequencies for shape oscillations of the 
microbubble are also obtained as a function of the shell parameters. Floquet analysis shows that parametric 
instability, similar to the case of an oscillating free bubble, is possible for the case of a pulsating encapsulated 
microbubble leading to shape oscillations as a result of subharmonic or harmonic resonance. These effects take 
place for acoustic amplitude values that lie above a certain threshold but below those required for static 
buckling to occur. They are quite useful in providing estimates for the shell elasticity and bending resistance 
based on a frequency/amplitude sweep that monitors the onset of shape oscillations when the forcing frequency 
resonates with the radial pulsation, omegaf = omega0, or with a certain shape mode, omegaf = 2omegan. An 
acceleration based instability, identified herein as dynamic buckling, is observed during the compression phase 
of the pulsation, evolving over a small number of periods of the forcing, when the amplitude of the acoustic 
excitation is further increased. It corresponds to the Rayleigh-Taylor instability observed for free bubbles, and 
has been observed with contrast agents as well, e.g., BR-14. Finally, phase diagrams for contrast agent BR-14 
are constructed and juxtaposed with available experimental data, illustrating the relevance and range of the 
above instabilities. 
 
 
David Yang Gao (Department of Mathematics, Virginia Polytechnic Institute and State University, Blacksburg, 
VA 24061, USA), “Finite deformation beam models and triality theory in dynamical post-buckling analysis”, 
International Journal of Non-Linear Mechanics Vol. 35 (2000) pp. 103-131 
ABSTRACT: Two new finitely deformed dynamical beam models are established for serious study on non-
linear vibrations of thick beams subjected to arbitrarily given external loads. The total potentials of these beam 
models are non-convex with double-well structures, which can be used in post-buckling analysis and frictional 
contact problems. Dual extremum principles in unstable dynamic systems are developed. A pure 
complementary energy principle (in terms of the second Piola-Kirchhoffs type stress only) in finite deformation 
mechanics is actually constructed. An interesting triality theory in post-buckling analysis is proved. This theory 
shows that if the gap function introduced by Gao and Strang in 1989 in positive, the generalized pure 
complementary energy has only one saddle point, which gives a global stable buckling state. However, if the 
gap function is negative, the generalized complementary energy may have two so-called super-critical points: 
the one which minimizes the pure complementary energy gives another relatively stable buckling state; and the 
other one which maximizes the complementary energy is a unstable buckling state. Application in unilateral 
buckling problem is illustrated, and an analytic solution for non-linear complementarity problem is obtained. 
Moreover, the general duality theory proposed recently is generalized into the non-linear dynamical systems. A 
pair of dual Duffing equations are obtained 
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G.W. Brodland and H. Cohen (Department of Civil Engineering, University of Manitoba, Winnipeg, Manitoba, 
Canada R3T 2N2), “Deflection and snapping of spherical caps”, International Journal of Solids and Structures, 
Vol. 23, No. 10, 1987, pp. 1341-1356, doi:10.1016/0020-7683(87)90001-1 
ABSTRACT: This paper treats the finite axisymmetric deflection and snapping of spherical caps which are 
point loaded at the apex and simply supported at the boundary. The problem is formulated using a stationary 
potential energy principle and solved numerically. The response of caps up to critical loads and into the 
postbuckling regime to evcrsion and beyond is studied and detailed. Phenomena such as snapthrough, snapback, 
multiple load free equilibria, aversion and irreversibility, are found to occur. 
 
 
G. Wayne Brodland (Department of Civil Engineering, University of Waterloo, Waterloo, Ontario, Canada N2L 
3Gl), “Highly non-linear deformation of uniformly-loaded circular plates”, International Journal of Solids and 
Structures, Vol. 24, No. 4, 1988, pp. 351-362, doi:10.1016/0020-7683(88)90066-2 
ABSTRACT: A theory for the axisymmetric deformation of isotropic, hyperelastic circular plates which is valid 



for arbitrarily large strains and rotations is developed. The theory is implemented numerically and used to 
perform an extensive analysis of uniformly-loaded circular plates with hinged and clamped edges. Particular 
attention is paid to large-strain and large-rotation effects. 
 
 
Aura Conci (Fluminense Federal University – Pos Graduation in Mechanical Engineering Program, 
UFF - PGMEC, RJ – Brazil), “A model for the displacement behavior of after buckled membranes and textiles 
based on tension field theory and experiments”, Latin American Journal of Solids and Structures, Vol 4, No 4, 
2007, pp. 299-314 
ABSTRACT: This paper presents a study on the use of the tension field theory for eficient representation of 
textiles. A highly buckled membrane model provides the simplest approach for visualization of vertical fabrics. 
The differential equation of tension lines gives the outline of the wrinkles. An equation system is presented, 
which, when iteratively solved supplies the basic variables of realistic fabric displacements: the number and 
positions of wrinkles, and the wrinkle depth. The model can also represent important physical characteristics of 
textiles, as malleability, elasticity and weight. However the tension field theory does not attempt to describe the 
field of displacements normal to the membrane surface, which are the main point of the work here presented. 
Experimental measures have been developed as a way to verify the adequacy of the equations and to subsidize 
empirical propositions for improvement of the model. How to use this approach for textile visualization is the 
objective of this work. Although the original theory is complex, the resulting algorithm is simpler and faster 
than many numerical treatments already used for prediction of the cloth aspect. The idea is to ¯nd a simple 
realistic model that turns possible the addition in the displacement field of other important necessities of the 
fashion industry like animations and textures. 
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ABSTRACT: This paper presents a study on the use of the tension field theory for efficient representation of 
fabrics. A highly buckled membrane model provides the simplest approach for visualization of vertical fabrics. 
The differential equation of tension lines gives the outline of the wrinkles. An equation system is presented, 
which, when iteratively solved supplies the basic variables of realistic fabric displacements: the number and 
positions of wrinkles, and the wrinkle depth. The model can also represent important physical characteristics of 
textiles, as malleability, elasticity and weight. Experimental measures have been developed as a way to verify 
the adequacy of the equations and to subsidize empirical propositions for improvement of the model. How to 
use this approach for textile visualization is the objective of this work. Although the original theory is complex, 
the resulting algorithm is simpler and faster than many numerical treatments already used for prediction of the 
cloth aspect. The idea is to find a simple realistic model that turns possible the addition in the displacement field 
of other important necessities of the fashion industry like animations and textures. 
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membranes undergoing planar deformation”, Experimental Mechanics, Vol. 38, No. 2, 1998, pp.147-152,  
doi: 10.1007/BF02321658 
ABSTRACT: True membranes are no-compression structures which exhibit the unique response of wrinkling. 
Prediction of the associated wrinkle parameters is of practical importance. Accurate measurement of membrane 



wrinkling has heretofore not been presented in the literature; among other requirements, noncontact methods 
must be used. First, some background information on membrane wrinkling prediction and measurement is 
given. Then, an experimental apparatus is discussed within which a membrane was subject to planar loading. 
The measurement system consisted of a capacitance-based noncontact displacement sensor mounted in an XYZ 
frame. A computer controlled the forces applied to the membrane, as well as the motion of the XYZ frame 
during data acquisition. Results are presented and conclusions are drawn regarding the wrinkle parameters. 
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wrinkles to creases in thin film gels with depth-wise crosslinking gradients”, Soft Matter, Vol 6, pp 5795-5801, 
2010, doi: 10.1039/C0SM00317D 
ABSTRACT: We investigated solvent induced transition of surface instability from wrinkles to creases in 
poly(2-hydroxyethyl methacrylate) (PHEMA) gels with depth-wise crosslinking gradients. The mode of surface 
instability and morphology of surface patterns was found to be dependent on the equilibrium linear expansion, 
which was a function of crosslinker concentration and the solvent–polymer interaction. The maximum linear 
expansion was obtained when the PHEMA film was swollen in a good solvent, which had the Hildebrand 
solubility parameter (δs) close to that of PHEMA gels, 26.6 to 29.6 MPa1/2. In a relatively poor solvent (e.g. 
water), wrinkling patterns were obtained and the morphoplogy was determined by the concentration of the 
crosslinker, ethylene glycol dimethacrylate (EGDMA). In a good solvent, such as alcohol and alcohol/water 
mixture, the equilibrium linear expansion ratio increased significantly, leading to the transition from wrinkling 
to creasing instability. In an ethanol/water mixture, we systematically varied the ratio between ethanol and 
water and observed the transition from wrinkling to creasing when gradually adding ethanol to water, and the 
reverse transition when adding water in ethanol. The onset of the linear expansion ratio for creasing (αc,c) was 
again found dependent on EGDMA concentration: αc,c ≈ 2.00 and 1.3, respectively, for gels with 1 and 3 wt% 
EGDMA. Finally, we demonstrated confinement of the creases by combining swelling and photopatterning. 
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(2) Department of Aeronautics and Astronautics, Stanford University, Stanford, Calif. 
“Asymptotic solutions for orthotropic nonhomogeneous shells of revolution”, J. Appl. Mech., Vol. 41, No. 3, pp 
753-758, September 1974 
ABSTRACT: Approximate closed-form solutions are obtained for the static stress and deformation as well as 
the stability of an orthotropic layered shell of revolution with properties which vary along the meridian and 
through the wall thickness. The shell is subjected to axisymmetrical load and temperature distributions. The 
nonlinear “prestress” or “pressurization” effect is taken into consideration. It is of interest that due to the 
nonhomogeneity of the shell wall significant bending stresses can occur far from support points. The asymptotic 
results agree with numerical values obtained from two computer programs using direct numerical methods, 
even for shells that are relatively shallow. 
 
 
C.R. Steele and J.P. Fay, “Inflation of rolled tubes”, in IUTAM-IASS Symposium on Deployable Structures: 
Theory and Applications, edited by Sergio Pellegrino, Simon D. Guest, 2000, Kluwer Academic Publishers, 
Dordrecht, The Netherlands, ISBN 0-7923-6516-X 
INTRODUCTION: Extensive plans are in progress for large structures in space applications, as discussed in the 
2nd National Space Inflatables Workshop (1998). The consensus is that much of this will be possible only with 
inflatable structural elements. There are considerable challenges in the development of such devices as reliable 
tools. Analytical simulation can play a significant role in speeding the development and increasing the 
reliability. However, the analysis of an inflated tube undergoing large displacements is prohibitive for a direct 
calculation using thin shell theory. An evaluation of the approximate techniques in use for inflatables is given 
by Jenkins (1991). A comprehensive study of nonlinear shell theory is given by Libai and Simmonds (1998). 
However, a convenient method, both sufficiently accurate and numerically efficient, for dealing with the 



deployment of membranes and complex structures has not seemed to be available. 
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“Bending and symmetric pinching of pressurized tubes”, International Journal of Solids and Structures, Vol. 37, 
Nos. 46-47, November 2000, pp. 6917-6931, doi:10.1016/S0020-7683(99)00320-0 
ABSTRACT: Two experiments quantified the forces necessary for large deformation of an inflated cylindrical 
tube made of a material with a high elastic modulus. In the first experiment, the end force required to maintain a 
buckled cylinder at a given kink angle was determined. In the second experiment, the lateral force required to 
pinch the membrane symmetrically between two flat blades was measured. An approximate theory is used, 
based on the observation that during deformation the membrane conserves its initial zero Gaussian curvature in 
regions free of wrinkling. The novel feature is a simple approximation for the cross-sectional shape. This 
permits the volume of the deformed cylinder to be quickly calculated. For walls that have negligible extensional 
and bending energy, the potential energy consists of only the pressure multiplied by the volume and the work of 
the prescribed load. Minimization of this potential energy yields results for the indentation and buckling 
problems that are in reasonable agreement with the experimental measurements. For small displacements in the 
blade pinching experiment, the volume approximation overestimates the force. It is found that a local solution 
analogous to the Hertzian contact problem provides a better approximation. For the kinked tube with end 
loading, an interesting feature is a decrease in the load when the fold from one side contacts the opposite side of 
the tube. The calculations indicate that a minimum potential energy exists with the fold straight. For slightly 
larger kink angles, however, the fold buckles out of the plane of symmetry. The moment at the single kink, due 
to the end loads, remains between bounds from the analysis of a pressurized elastic tube with nonpositive 
stresses. 
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University, Stanford, CA 94305-4035), “Large deformation of a pressurized tube”, Advances in the Mechanics 
of Plates and Shells, Solid Mechanics and Its Applications, 2002, Vol. 88, pp. 327-342,  
doi: 10.1007/0-306-46954-5_21 
ABSTRACT: The motivation for this work is the need for efficient means of computing the deployment of 
large, inflatable, space structures. Recent work has been on the load-deformation properties of folded and rolled 
pressurized tubes. The approach is to use basic properties of thin shells to determine appropriate approximations 
for the deformed shape. This is then used in an energy formulation in which the work of the pressure and the 
external loads dominates. For some problems, the stretching of the tube wall is also significant. In the present 
work the behavior of a tube with symmetric rigid blade loading is considered. Previous results are inadequate 
for the moderate values of the blade displacement. A satisfactory solution is obtained with a modified shape 
function for the tube cross section and with elastic stretching of the wall. 
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Peking University, Beijing 100871, China), “Incremental deformation analysis of shell and corrugated 
diaphragm based on arbitrary configuration”, Acta Mechanica Sinica, Vol. 21, No. 6, 2005, pp. 592-600, 
doi: 10.1007/s10409-005-0075-1 
ABSTRACT: With respect to an arbitrary configuration of a deformed structure, two sets of incremental 
equations are proposed for the deformation analysis of revolution shells and diaphragms loaded by both lateral 
pressures and the initial stresses produced in manufacturing. These general equations can be reduced to the 
simplified Koiter's Reissner-Meissner-Reissner (RMR) equations and the simplified Reissner's equations, when 
the initial stresses are set to zero. They can also be deduced to the total Lagrange form or the updated Lagrange 
form, respectively, as the structure is specified as the un-deformed or the former-deformed configurations. 
These incremental equations can be easily transformed into finite difference forms and solved by common 



numerical solvers of ordinary differential equations. Some numerical examples are presented to show the 
applications of the incremental equations to the deep shell of revolution and the corrugated diaphragms used in 
microelectronical mechanical system (MEMS). The results are in good agreement with those from finite 
element method (FEM). 
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UK), “Asymmetric bifurcations of thick-walled circular cylindrical elastic tubes under axial loading and 
external pressure”, International Journal of Solids and Structures, Vol. 45, Nos. 11-12, June 2008, pp. 3410-
3429, doi:10.1016/j.ijsolstr.2008.02.005 
ABSTRACT: In this paper, we consider bifurcation from a circular cylindrical deformed configuration of a 
thick-walled circular cylindrical tube of incompressible isotropic elastic material subject to combined axial 
loading and external pressure. In particular, we examine both axisymmetric and asymmetric modes of 
bifurcation. The analysis is based on the three-dimensional incremental equilibrium equations, which are 
derived and then solved numerically for a specific material model using the Adams–Moulton method. We 
assess the effects of wall thickness and the ratio of length to (external) radius on the bifurcation behaviour. 
References listed at the end of the paper: 
Amabili, M., Paıdoussis, M.P., 2003. Review of studies on geometrically nonlinear vibrations and dynamics of circular cylindrical 
shells and panels, with and without fluid–structure intersection. Applied Mechanics Reviews 56, 349–381.  
Bardi, F.C., Kyriakides, S., 2006. Plastic buckling of circular tubes under axial compression – Part I: Experiments. International 
Journal of Mechanical Sciences 48, 830–841.  
Bardi, F.C., Kyriakides, S., Yun, H.D., 2006. Plastic buckling of circular tubes under axial compression – Part II: Analysis. 
International Journal of Mechanical Sciences 48, 842–854.  
Batdorf, S.B., 1947. A simplified method of elastic stability analysis for thin cylindrical shells. NACA Report 874. � 
Bertram, C.D., 1982. Two modes of instability in a thick-walled collapsible tube conveying a flow. Journal of Biomechanics 15, 223–
224.  
Bertram, C.D., 1987. The effects of wall thickness, axial strain and end proximity on the pressure-area relation of collapsible tubes. 
Journal of Biomechanics 20, 863–876. � 
Bertram, C.D., Raymond, C.J., Pedley, T.J., 1990. Mapping of instabilities for flow through collapsed tubes of differing length. 
Journal of Fluids and Structures 4, 125–153. � 
Bertram, C.D., 1995. The dynamics of collapsible tubes. In: Ellington, C.P., Pedley, T.J. (Eds.), Biological Fluid Dynamics. The 
Company of Biologists Limited, Cambridge, UK, pp. 253–264. � 
Bertram, C.D., Elliot, N.S.J., 2003. Flow-rate limitation in a uniform thin-walled collapsible tube, with comparison to a uniform thick-
walled tube and a tube of tapering thickness. Journal of Fluids and Structures 17, 541–559. � 
Flaherty, J.E., Keller, J.B., Rubinow, S.I., 1972. Post buckling behavior of elastic tubes and rings with opposite sides in contact. SIAM 
Journal of Applied Mathematics 23, 446–455. � 
Flugge, W., 1973. Stresses in Shells, Second ed. Springer, Berlin. � 
Gerald, C.F., Wheatley, P.O., 1984. Applied Numerical Analysis. Addison Wesley, New York. � 
Green, A.E., Rivilin, R.S., Shield, R.T., 1952. General theory of small elastic deformations superposed on finite elastic deformations. 
Proceedings of the Royal Society of London A 211, 128–154. � 
Haughton, D.M., Ogden, R.W., 1978a. On the incremental equations in non-linear elasticity – I. Membrane theory. Journal of the 
Mechanics and Physics of Solids 26, 93–110. � 
Haughton, D.M., Ogden, R.W., 1978b. On the incremental equations in non-linear elasticity – II. Bifurcation of pressured spherical 
shells. Journal of the Mechanics and Physics of Solids 26, 111–138. � 
Haughton, D.M., Ogden, R.W., 1979a. Bifurcation of inflated circular cylinders of elastic material under axial loading – I. Membrane 
theory for thin-walled tubes. Journal of the Mechanics and Physics of Solids 27, 179–212. 
�Haughton, D.M., Ogden, R.W., 1979b. Bifurcation of inflated circular cylinders of elastic material under axial loading – II. Exact 
theory for thick-walled tubes. Journal of the Mechanics and Physics of Solids 27, 489–512. � 
Heil, M., 1996. The stability of cylindrical shells conveying viscous flow. Journal of Fluids and Structures 10, 173–196. � 
Heil, M., Pedley, T.J., 1996. Large post-buckling deformations of cylindrical shells conveying viscous flow. Journal of Fluids and 
Structures 10, 565–599. � 
Ho, B.P.C., Cheng, S., 1963. Some problems in stability of heterogeneous aeolotropic cylindrical shells under combined loading. 
AIAA Journal 1, 1603–1607. � 
Kounadis, A.N., 2006. Recent advances on postbuckling analyses of thin-walled structures: beams, frames and cylindrical shells. 
Journal of Constructional Steel Research 62, 1101–1115. � 
Luo, X.Y., Pedley, T.J., 1996. A numerical simulation of unsteady flow in a 2D collapsible channel. Journal of Fluid Mechanics 314, 
191–225. � 
Luo, X.Y., Pedley, T.J., 1998. The effects of the wall inertia on the 2D collapsible channel flow. Journal of Fluid Mechanics 363, 
253–280.  
Luo, X.Y., Pedley, T.J., 2000. Flow limitation and multiple solutions in 2D collapsible channel flow. Journal of Fluid Mechanics 420, 



301–324. � 
Luo, X.Y., Cai, Z.X., Li, W.G., Pedley, T.J., 2008. The cascade structure of linear stabilities of flow in collapsible channels. Journal of 
Fluid Mechanics 600, 45–76. � 
Marzo, A., Luo, X.Y., Bertram, C.D., 2005. Three-dimensional collapse and steady flow in thick-walled flexible tubes. Journal of 
Fluids and Structures 20, 817–835. � 
Nash, W.A., 1954. Buckling of thin cylindrical shells subject to hydrostatic pressure. Journal of the Aeronautical Sciences 21, 354–
355.  
Nowinski, J.L., Shahinpoor, M., 1969. Stability of an elastic circular tube of arbitrary wall thickness subjected to an external pressure. 
International Journal of Non-linear Mechanics 4, 143–158. � 
Ogden, R.W., 1972. Large deformation isotropic elasticity – on the correlation of theory and experiment for incompressible rubberlike 
solids. Proceedings of the Royal Society of London A 326, 565–584. � 
Ogden, R.W., 1974. On stress rates in solid mechanics with application to elasticity theory. Proceedings of the Cambridge 
Philosophical Society 75, 303–319. � 
Ogden, R.W., 1997. Non-linear Elastic Deformations. Dover Publications, New York. �Sobel, L.H., 1964. Effects of boundary 
conditions on the stability of cylinders subject to lateral and axial pressure. AIAA Journal 2, 1437–1440. � 
von Mises, R., 1914. Der kritische Außendruck zylindrischer Rohre. VDI Zeitschrift 58, 750–755. � 
Wang, A.S.D., Ertepinar, A., 1972. Stability and vibrations of elastic thick-walled cylindrical and spherical shells subjected to 
pressure. International Journal of Non-linear Mechanics 7, 539–555. � 
Weissman, M., Mockros, L., 1967. The mechanics of a collapsing tube heart pump. International Journal of Mechanical Sciences 9, 
113–121. � 
Yamaki, N., 1969. Buckling of circular cylindrical shells under external pressure. Reports of the Institute of High Speed Mechanics 
20, 35–55. � 
Yamaki, N., 1970. Influence of prebuckling deformation on the buckling of circular cylindrical shells under external pressure. Reports 
of the Institute of High Speed Mechanics 21, 81–104. � 
Yamaki, N., 1984. Elastic Stability of Circular Cylindrical Shells. North-Holland, Amsterdam.  
 
Y. Zhu, X.Y. Luo and R.W. Ogden (Department of Mathematics, University of Glasgow, Glasgow G12 8QW, 
UK), “Nonlinear axisymmetric deformations of an elastic tube under external pressure”, European Journal of 
Mechanics - A/Solids, Vol. 29, No. 2, March-April 2010, pp. 216-229, doi:10.1016/j.euromechsol.2009.10.004 
ABSTRACT: The problem of the finite axisymmetric deformation of a thick-walled circular cylindrical elastic 
tube subject to pressure on its external lateral boundaries and zero displacement on its ends is formulated for an 
incompressible isotropic neo-Hookean material. The formulation is fully nonlinear and can accommodate large 
strains and large displacements. The governing system of nonlinear partial differential equations is derived and 
then solved numerically using the C++ based object-oriented finite element library Libmesh. The weighted 
residual-Galerkin method and the Newton-Krylov nonlinear solver are adopted for solving the governing 
equations. Since the nonlinear problem is highly sensitive to small changes in the numerical scheme, 
convergence was obtained only when the analytical Jacobian matrix was used. A Lagrangian mesh is used to 
discretize the governing partial differential equations. Results are presented for different parameters, such as 
wall thickness and aspect ratio, and comparison is made with the corresponding linear elasticity formulation of 
the problem, the results of which agree with those of the nonlinear formulation only for small external pressure. 
Not surprisingly, the nonlinear results depart significantly from the linear ones for larger values of the pressure 
and when the strains in the tube wall become large. Typical nonlinear characteristics exhibited are the “corner 
bulging” of short tubes, and multiple modes of deformation for longer tubes. 
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ABSTRACT: In this paper, we investigate the predictions of several widely used strain-stiffening 
phenomenological constitutive models for the classical limit point instability that is well-known to occur in the 
inflation of internally pressurized rubber-like spherical thin shells (balloons). The shells are composed of 



incompressible isotropic nonlinearly elastic materials. For a variety of specific strain-energy densities that give 
rise to strain-stiffening in the stress-stretch response, the inflation pressure versus stretch relations are given 
explicitly and the monotonicity, or lack thereof, of the inflation curves is examined. While such results are 
known for constitutive models that exhibit a gradual stiffening (e.g. exponential and power-law models), our 
primary focus is on materials that undergo severe strain-stiffening in the stress-stretch response. In particular, 
we consider two recently developed constitutive models that reflect limiting chain extensibility at the molecular 
level. Results for classical models are also presented for comparison. It is shown that for materials with 
sufficiently low extensibility no limit point instability occurs and so stable inflation is then predicted for such 
materials. The results have a variety of aerospace applications, e.g. to deployable space structures and NASA 
Weather Balloons.  
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Turkey), “An Approach for Finite Strains and Rotations of Shells of Revolution with Application to a Spherical 
Shell Under a Uniformly Distributed Pressure”, Journal of Elastomers and Plastics, October 2003, vol. 35, no. 
4, pp. 357-365, doi: 10.1177/009524403038015 
ABSTRACT: A theoretical and numerical analysis of rubber-like shells of revolution undergoing finite strains 
and finite rotations with the application to the problem of a spherical shell subject to a uniformly distributed 
internal pressure is presented. The comparison of the results corresponding to two different definitions proposed 
for the reference surface of deformed rubber-like shells, an asymptotical solution, and the membrane solution is 
presented, as well. 
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Turkey), “Strain Energy Density of Rubber-like Shells of Arbitrary Geometry”, Journal of Elastomers and 
Plastics, July 2005, vol. 37, no. 3, pp. 247-257, doi: 10.1177/0095244305050003 
ABSTRACT: An approach for the derivation of two-dimensional strain energy density functions of 
incompressible, rubber-like shells of arbitrary geometry undergoing finite rotations and finite strains, including 
transverse normal strains, is presented. Transverse shear strains are neglected. 
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“Effect of Compressibility on Nonlinear Buckling of Simply Supported Polyurethane Spherical Shells 
Subjected to an Apical Load”, Journal of Elastomers and Plastics, March 2011, vol. 43, no. 2, pp. 167-187 
doi: 10.1177/0095244310393930 
ABSTRACT: In this study, the effect of compressibility on the nonlinear buckling of the simply supported 
polyurethane spherical shells subjected to an apical concentrated load is presented. The problem is strongly 
nonlinear both physically and geometrically. Since the closed form solution of the corresponding algebraical 
and differential equations is not possible, numerical methods are used unavoidably. The governing equations of 
the problem are converted to algebraical difference equations via the finite difference method and the obtained 
algebraical equations are solved numerically by using the Newton— Raphson method. Several numerical 
experiments corresponding to the various values of a thickness parameter, a depth parameter and a material 
constant related with the compressibility of polyurethane are performed and the force— apex deflection curves 
are drawn. Concluding remarks pertaining to the effect of the variation of the material constant related with the 
compressibility on the buckling loads and buckling deflections of the simply supported polyurethane spherical 
shells, subjected to an apical load, with various thicknesses and depths are presented. 
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nonlinear behzviour of polyurethane, simply-supported sphereical shells under apical loads”, Bitlis Eren 
University Journal of Science and Technology, Vol. 4, No. 1, 2015, DOI: 10.17678/beujst.30193 
ABSTRACT: Previously, the effect of compressibility on the nonlinear buckling behaviour of thin, 



polyurethane, simply-supported spherical shells subjected to apical loads has been presented without 
considering the orders of the thickness and height of the spherical shells. In the meantime; it has been observed 
that although the variations of the thickness and height of the spherical shells do not affect the comments made 
for the effect of the compressibility on the buckling loads, they do affect the comments made for the effect of 
the compressibility on the buckling deflections considerably. In this study; combined effect of the 
compressibility, height and thickness on the buckling loads, buckling deflections and the apical load-apical 
deflection diagrams of polyurethane, thin, simply-supported spherical shells subjected to apical loads is 
investigated. Comparing the force-deflection diagrams corresponding to various values of the parameters 
pertaining to the compressibility of the material used, the height and the thickness of the shell; the variations of 
the buckling loads, buckling deflections and forms of the force-deflection diagrams corresponding to the 
various combinations of the mentioned parameters are discussed. 
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post-buckling of elastic and inelastic thin shells in primal and mixed formulations”, Chapter in Inelastic 
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SUMMARY: The great interest of mixed, hybrid, or complementary energy principles lies in the search of more 
refined stress-fields than by use of the primal method, in particular in zones of high stress-gradients. Moreover 
the accuracy of the stresses is of primary importance in buckling and post-buckling problems. 
After having recalled the author’s extension of the buckling criterion to various mixed principles by means of a 
very general method, one applies these criteria to the case of thin elastic or elastoplastic shells without shear 
strain, and in particular in the case of a surface principle of complementary energy with finite rotation. 
It is also provided post-buckling formulae for mixed principles in the classical cases of limit points or 
symmetric and asymmetric bifurcation point with or without imperfections. 
The criteria can be applied through a partitioning primal-mixed strategy. 
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R. Valid (L.M.T., E.N.S. Cachan, CNRS (Univ. Paris 6), 61, avenue du President Wilson, 94235 Cachan cedex, 
France), “Duality in nonlinear theory of shells”, International Journal of Engineering Science, Vol. 37, No. 12, 
September 1999, pp. 1521-1547, doi:10.1016/S0020-7225(98)00137-2 
ABSTRACT: The computational problem of shell structures in large displacements and large rotations has 
prompted numerous theories and approximations. The introduction of the finite rotation was successfully 
realized in 1972 by Fraeijs de Veubeke in three-dimension, and led to the creation of a dual nonlinear 
variational principle where the stresses as new unknowns were statically admissible. Following this line, its 
extension to shells, though not so easy, allows to provide statically admissible surface stresses. Now stability 
problems are directly governed by accurate stresses, and particularly in case of shells. After a recall of the dual 
variational principle for shells with large displacements, finite rotations and transverse shear deformations, a 
dual theory of stability is developed, namely the stability criterion and the post-buckling in the dual theory. 
 
 
Y.-Z. Chang, L.-L. Wang and M.-Z. Wu (Xi’an University of Architecture and Technology), “Dual nonlinear 
stability analysis of spherical steel-concrete ribbed shell”, Journal of Xi’an University of Architecture and 
Technology, Vol. 40, No. 4, 2008 
ABSTRACT: Dual nonlinear stability of a new kind of thin concrete shell-spherical steel-concrete ribbed shell-
is analyzed, and critical loads are determined by all course tracing, considering double nonlinear geometrical 
and material nonlinear. A comprehensive parametric stability analysis of composite ribbed shell with various 
geometric parameters has been carried out. The critical loads and the unstable areas distribution are discussed 
thoroughly. Based on these results, the behaviors of nonlinear stability are concluded, the change trend of 
critical loads and instability mode under different situation are obtained, and at last the degree of critical loads 
decreasing is defined under initial imperfection. 
 
 
Kevin J. Silva (School of Engineering, Air Force Institute of Technology, Wright-Patterson AFB, Ohio), “Finite 
Element Investigation of a Composite Cylindrical Shell Under Transverse Load with through Thickness Shear 
and Snapping”, Master’s Thesis, December 1989 
DTIC Accession Number: ADA216377, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA216377 
ABSTRACT: The static response of a circular cylindrical open shell (curved panel) constructed of an 
orthotropic graphite/epoxy laminate is numerically investigated in this thesis. The shell is subjected to an 
inward point load, centered on and normal to the shell surface, which maintains its original orientation through 
deformation (i.e. dead load). The shell displacement response is seen to vary widely with shell geometry and 
boundary conditions, not only in magnitude of deformation but also in the nature and progression of the 
collapse under critical load. The finite element analysis is conducted with a quasi-two dimensional thin shell 
element which incorporates parabolic transverse shear stress through the thickness. The element can be 
formulated with either large displacement/rotation kinematics or the simpler Donnell relations. To enable 
tracking through critical load and displacement points and investigation of the post-critical regime, a solution 
algorithm other than the popular Newton-Raphson technique with displacement control or load control is 
required. The algorithm employed here uses a modified Riks/Wempner technique. It allows continuous tracing 
of the load-deflection response through critical load and critical displacement points. Step size is automatically 
scaled to follow the solution path closely in the areas of large load or displacement changes which surround 
critical points. 
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“Coupled thermoelastic shell equations with second sound for high-frequency vibrations of temperature-
dependent materials”, International Journal of Solids and Structures, Vol. 38, No. 16, April 2001, pp. 2737-
2768, International Journal of Solids and Structures, Vol. 38, No. 16, April 2001, pp. 2737-2768, 
doi:10.1016/S0020-7683(00)00179-7 
ABSTRACT: Guided by the three-dimensional theory of coupled thermoelasticity with second sound, a system 
of shear-deformable shell equations is consistently derived in invariant, differential and variational forms for the 
high-frequency vibrations of temperature-dependent materials. The first part of the paper is concerned with a 
unified variational principle describing the fundamental equations of thermoelasticity. The differential type of 
variational principle is presented by expressing Hamilton's principle for the thermal part of a thermoelastic 
region and then combining it with its mechanical part. In the second part, the hierarchic system of non-
isothermal shell equations is systematically established by use of the variational principle together with 
Mindlin's kinematic hypothesis for shells. The system of two-dimensional approximate equations which may 
take account of all the significant mechanical and thermal effects, including the temperature dependency of 
material, governs the extensional, thickness-shear, flexural and torsional as well as coupled vibrations of shells 
of uniform thickness. Lastly, in the third part, emphasis is placed on certain cases involving special material, 
geometry and kinematics. Besides, a theorem is devised so as to enumerate the initial and boundary conditions 
sufficient for the uniqueness in solutions of the system of non-isothermal shell equations. 
 
 
Cheng Luo (Biomedical Engineering and Institute for Micromanufacturing, Louisiana Tech University, 911 
Hergot Avenue, Ruston, LA 71272), “Determination of Loads in an Inextensible Network According to 
Geometry of Its Wrinkles”, J. Appl. Mech., Vol. 71,  No. 2, March 2004, pp. 298-300,  
doi:10.1115/1.1651094 
ABSTRACT: This note derives an analytical relationship for an inextensible network when it buckles. 
According to the relationship, the applied compressive force can be determined according to the maximum 
absolute values of deflection and angle of deflection in the network's wrinkles. 
 
 
Philippe Destuynder, “On few shell models in nonlinear elasticity and existence of solutions”, Jornadas 
Zaragoza-Pau de Matemática Aplicada y Estadística (VIII Journées. September 2003. Jaca, Spain) 
ABSTRACT: The existence of stable solutions for geometrically nonlinear theory of shells has been widely 
discussed by mechanicians during the last century. But, certainly because of the difficulty met in the classical 
three dimensional nonlinear elasticity, few mathematical results have been obtained. A possibility is to apply 
the polyconvexity introduced in nonlinear elasticity by J. Ball [1] to ad'hoc shell theories. But unfortunately the 
positive results are restricted to a special class of materials. Another approach consists in using the so-called G-
convergence. This theory has been suggested by the italian school (E. De Giorgi and G. Dal Maso, [9]), and an 
application to shell models has been given by H. Ledret and A. Raoult [19]. But the main drawback, in our 
opinion, is that the solution transgresses the equilibrium equations and the difficulty is to make sense to the 
model obtained. Therefore, it is not yet possible to use these results for the physical problem to be solved. In 
this paper, we suggest another theory based on some nonlinear mathematical tools which have already been 
used for particular shell models in [12]. The first part gives a formulation of a general geometrically nonlinear 
shell model based on a full description of the large kinematical movement induced by a Kirchhoff-Love field. 
The objectivity property is checked for a class of materials (energy invariance under the only effect of a 
nonlinearrigid body motion). Then the existence of stable solutions is proved using minimizing sequences and 
some mathematical tricks based on compactness of few nonlinear terms. 
 
 
G. Dearden, M.C. Simmons, P.Okon, G.K. Schleyer & K.G. Watkins, (Laser Engineering Group & Impact 
Research Group, Department of Engineering, University of Liverpool, L69 3GH, United Kingdom), “Blast and 
impact resistance studies of laser welded and riveted panel structures”, 21st International Congress on 
Applications of Lasers and Electro-Optics, Scottsdale, Arizona, October 14-17, 2002, ICALEO 2002), ISBN 0-
912035-72-2, 



ABSTRACT: The paper presents some results from a study being undertaken at Liverpool into the application 
of laser welding technology to the design and fabrication of blast and impact resistant structures in the 
transportation industries. A novel facility has been developed at Liverpool for analysis of dynamic pressure 
loading of structures, such as aircraft fuselage panels. In the initial work to compare riveted and laser welded 
panels, the study has included experiments to lap weld AA2024-T3 sheet with both CO2 and YAG lasers, initial 
dynamic loading tests on a riveted panel, quasi-static and uniaxial tensile tests on laser welded and riveted 
AA2024-T3 specimens and FE modelling of the trial riveted structures under loading. In conclusion, more 
consistent weld penetration on lap joints of 1.6mm thick alloy were obtained with a 3.5kW Nd:YAG laser, than 
a CO2 laser of equivalent power. Initial tests on a riveted panel identified some boundary conditions and failure 
loads for future tests. Uniaxial tests on laser welded and riveted specimens of AA2024-T3 indicated that the 
laser-welded joints have higher strength per unit joint length than the riveted ones, but exhibit more brittle 
failure. For the initial test panel, failure under dynamic loading occurred at a peak pressure of only 0.6 bar. The 
FE models of the preliminary tests compare well with experiment, based on mid-panel displacement 
measurements, but need further development to account for weak points in the frames where the test panel 
eventually failed. 
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Liverpool, Brownlow Hill, Liverpool L69 3GH, UK), “Pulse pressure loading of aircraft structural panels”, 
Thin-Walled Structures, Vol. 44, No. 5, May 2006, pp. 496-506, doi:10.1016/j.tws.2006.05.002 
ABSTRACT: The main aim of the work reported in this paper was to assess the reponse of panels 
representative of aircraft structures, to pulse pressure loading by means of experimental and finite element (FE) 
techniques. A series of experiments were conducted to compare the responses and failure modes of stiffened, 
aluminium alloy panels, joined using conventional riveting techniques and laser welding. The failure pressures 
of the riveted panels ranged from 29 to 36 kPa and a number of principal modes of failure were identified, 
namely (1) rivet shear/tensile failure, (2) frame buckling, (3) stringer buckling and (4) frame rupture. In the case 
of the laser-welded panels, failure pressures were between 28 and 33 kPa and failure was dominated by 
significant tearing along the weld heat affected zone at the frame–skin interface. The FE models correctly 
modelled most of the principal modes of failure observed experimentally and central panel displacement was 
also predicted well up until the time at which failure initiated. 
 
 
G. S. Langdon and G. K. Schleyer (Department of Engineering, University of Liverpool, Brownlow Hill, 
Liverpool, UK), “Response of Quasi-statically Loaded Corrugated Panels with Partially Restrained 
Boundaries”, Experimental Mechanics, Vol. 47, No. 2, 2007, pp. 251-261, doi: 10.1007/s11340-006-9026-4 
ABSTRACT: Results from experiments on partially restrained corrugated panels exposed to uniformly 
distributed quasi-static pressure loading are presented. The corrugated panels were 910 mm long and 880 mm 
wide, with semi-rigid connections top and bottom, and free sides. The corrugated profile was asymmetric with a 
pitch of 220 mm. Three types of boundary connections were investigated which offered varying levels of 
support flexibility, and all failed due to localised buckling at the centre of the corrugations. The results are 
compared to finite element modelling predictions. 
 
 
R. Kienzler (Department of Production Engineering, University of Bressen, Bressen, Germany), “On consistent 
plate theories”, Archive of Applied Mechanics, Vol. 72, Nos.4-5, 2002, pp. 229-247, doi: 10.1007/s00419-002-
0220-2 
ABSTRACT: Applying the uniform-approximation technique, consistent plate theories of different orders are 
derived from the basic equations of the three-dimensional linear theory of elasticity. The zeroth-order 
approximation allows only for rigid-body motions of the plate. The first-order approximation is identical to the 
classical Poisson-Kirchhoff plate theory, whereas the second-order approximation leads to a Reissner-type 
theory. The proposed analysis does not require any a priori assumptions regarding the distribution of either 
displacements or stresses in thickness direction. 
 
 
Paolo Podio-Guidugli, “Concepts in the mechanics of thin structures”, Classical and Advanced Theories of Thin 
Structures, CISM Courses and Lectures, 2008, Vol. 503, pp. 77-109, doi: 10.1007/978-3-211-85430-3_4 
ABSTRACT: This writing is meant to restitute — a year later, to the best of my recollection — the contents of a 
series of six lectures I gave in Udine, at the Centro Internazionale di Scienze Meccaniche, within the framework 
of the Course on Classical and Advanced Theories of Thin Structures: Mechanical and Mathematical Aspects 
(June 5–9 2006). For this reason, I have made an effort to keep my presentation style informal and colloquial, 



even when, here and there, I have added some complementing material. There are three parts. In the Premiss, I 
try and explain why and how, to my taste, the mechanics of thin structures should be presented; in particular, I 
introduce the direct and deductive approaches and I collect a few bits of history of the latter, in its two main 
variants, the asymptotic method and the method of internal constraints. Section 2 is devoted to an exposition of 
the method of formal scaling, a unified approach to classic rod and plate theories that is an outgrowth of the 
method of internal constraints. Finally, in Section 3, I discuss how to best approximate the stress field in a 
linearly elastic structure-like body, by exploiting the freedom in the choice of reactive stress fields that maintain 
the constraints. 
 
 
Panos Y. Papalambros and Mehran Chirehdast (Mechanical Engineering, The University of Michigan, Ann 
Arbor, MI 48109-2125, USA), “An integrated environment for structural configuration design”, Journal of 
Engineering Design, Vol. 1, No. 1, 1990, pp. 73-96 
ABSTRACT: Structural design is a mature field of engineering. The relatively recent efforts for lightweight 
structures have motivated increasing use of formal mathematical optimization techniques for selecting the shape 
and sizes of structural members. How to obtain rigourous optimal topologies has been an elusive goal until the 
very recent introduction of the homogenization method. The present article describes a system for designing 
complete structures from only an initial space and loading specifications. A three-phase design process is 
followed: generate an approxiamate topological image with homogenization, process the image to obtain a 
practical realistic structure, and refine the final topology by detailed shape and size optimization. An overview 
of the system at its presnt state of development is given together with some examples. 
 
 
Artem, Per Gradin and Tetsu Uesaka (Fibre Science and Communication Network (FSCN), Mid Sweden 
University, 85170 Sundsvall, Sweden), “Basic mechanisms of fluting formation and retention in paper”, 
Mechanics of Materials, Vol. 39, No. 7, July 2007, pp. 643-663, doi:10.1016/j.mechmat.2006.10.002 
ABSTRACT: Out-of-plane deformations of paper, such as fluting, significantly deteriorate the quality of a 
printed product. There are several explanations of fluting presented in the literature but there is no unanimously 
accepted theory regarding fluting formation and retention which is consistent with all field observations. This 
paper first reviews the existing theories and proposes a mechanism that might give an answer to most of the 
questions regarding fluting. The fluting formation has been considered as a post-buckling phenomenon which 
has been analysed with the help of the finite element method. Fluting retention has been modelled by 
introducing an ink layer over the paper surface with the ink stiffness estimated from experimental results. The 
impact of fast drying on fluting has been assessed numerically and experimentally. The result of the study 
suggests that fluting occurs due to small-scale hygro-strain variations, which in turn are caused by the moisture 
variations created during fast convection (through-air) drying. The result also showed that ink stiffening alone 
cannot explain the fluting amplitudes observed in practice, but that high drying temperatures promote inelastic 
(irreversible) deformations in paper and this may itself preserve fluting. 
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(1) Mechanical and Aerospace Engineering Department, Structural Systems & Control Lab, University of 
California San Diego, 9500 Gilman Drive, La Jolla, CA 92093-0411, USA 
(2) Mechanical and Aerospace Engineering Department, University of California Los Angeles, Los Angeles, 
CA 
“Dynamics of the shell class of tensegrity structures”, Journal of the Franklin Institute, Vol. 338, Nos. 2-3, 
March 2001, pp. 255-320, doi:10.1016/S0016-0032(00)00078-8 
ABSTRACT: A tensegrity structure is a special truss structure in a stable equilibrium, with selected members 
designated for only tension loading, and the members in tension form a continuous network of cables separated 
by a set of compressive members. This paper develops an explicit analytical model of the nonlinear dynamics of 
a large class of tensegrity structures, constructed of rigid rods connected by a continuous network of elastic 
cables. The kinematics are described by positions and velocities of the ends of the rigid rods, hence, the use of 
angular velocities of each rod is avoided. The model yields an analytical expression for accelerations of all rods, 



making the model efficient for simulation, since the update and inversion of a nonlinear mass matrix is not 
required. The model is intended for shape control and design of deployable structures. Indeed, the explicit 
analytical expressions are provided herein for the study of stable equilibria and controllability, but the control 
issues are not treated in this paper. 
 
 
R.E. Skelton, R. Adhikari, J.-P. Pinaud, Waileung Chan and J.W. Helton, (University of California, San Diego, 
La Jolla, CA 92093, USA),  “An introduction to the mechanics of tensegrity structures”, Decision and Control, 
2001. Proceedings of the 40th IEEE Conference Decision and Control, Orlando, FL, USA, December 2001, 
Vol. 5, pp. 4254-4259, doi: 10.1109/.2001.980861 
ABSTRACT: Tensegrity structures consist of strings (in tension) and bars (in compression). Strings are strong, 
light, and foldable, so tensegrity structures have the potential to be light but strong and deployable. Pulleys, 
NiTi wire, or other actuators to selectively tighten some strings on a tensegrity structure can be used to control 
its shape. The article describes some principles we have found to be true in a detailed study of mathematical 
models of several tensegrity structures. We describe properties of these structures which hold quite generally. 
We describe how pretensing all strings of a tensegrity makes its shape robust to various loading forces. Another 
property asserts that the shape of a tensegrity structure can be changed substantially with little change in the 
potential energy of the structure. Thus shape control should be inexpensive. This is in contrast to the control of 
classical structures which require substantial energy to change their shape. 
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Ying Tan, Vernon C. Matzen, and Lixin Yu (Center for Nuclear Power Plant Structures, Equipment and Piping, 
North Carolina State University, Raleigh, NC 27695-7908), “Correlation of Test and FEA Results for the 
Nonlinear Behavior of Straight Pipes and Elbows”, ASME J. Pressure Vessel Technol., Vol. 124,  No. 4, 
November 2002, pp. 465-475, doi:10.1115/1.1493806 
ABSTRACT: This paper summarizes the literature on reconciliation of finite element analyses with in-plane 
bending experiments on piping elbows. It then describes in detail two four-point-bending tests on straight pipes 
and two in-plane bending tests on elbows and the corresponding nonlinear finite element analyses. Using a new 
procedure for obtaining a stress-strain curve for stainless steel using only values for E, Sy, and Su and a 
representative stress-strain curve from a test on a similar material specimen, the nonlinear responses of the 



piping components tested are shown to be simulated more accurately than previously published results. 
 
 
M. Gillie (School of Engineering and Electronics University of Edinburgh, Edinburgh, UK), “Measures of 
Circularity for Shell Structures”, ASCE Journal of Structural Engineering, no date given, 
doi:10.1061/(ASCE)ST.1943-541X.0000348 
ABSTRACT: Most design codes for circular shell structures include a limit on out-of-round imperfections. 
However, commonly used measures of  out-of-roundness fail to identify shapes that have constant diameter but 
are not circular. It is shown that  out-of-roundness imperfections that take these forms can significantly affect 
the strength of nominally circular shell structures. An alternative measure of  out-of-roundness is proposed that 
captures all  out-of-round  shapes, gives the same measure of out-of-roundness for elliptical structures as 
currently used measures and is easy to apply. 
 
 
H.A.J. Knops (Department of Aerospace Engineering, Delft University of Technology, Delft, The Netherlands), 
“An energy based mesh refinement program for the STAGS-A computer code”, April 1990 
ABSTRACT: To get in touch with mesh refinement techniques a program is developed to perform such a mesh 
refinement for the STAGS-A computer code. After consulting som articles on this subject I decided to use the 
so-called strain energy density method. To illustrate the working of the program a few examples are dealt with. 
These examples prove the mesh refinement program to yield excellent results for values of N (= rows x 
columns) small compared to the ones found in the traditional way of calculating. Finally in Appendix 1 the 
input and output files for this program are described and explained. 
 
 
William H. Frey (Manufacturing Systems Research, General Motors R&D and Planning, Mail Code 480-106-
359, 30500 Mound Road, Box 9055, Warren, MI 48090-9055, USA), “Modeling buckled developable surfaces 
by triangulation”, Computer-Aided Design, Vol. 36, No. 4, February 2004, pp. 299-313, 
doi:10.1016/S0010-4485(03)00105-2 
ABSTRACT: In the first stage of sheet metal stamping, a binder ring, an annular surface surrounding the die 
cavity, clamps down on the flat blank, bending it to a developable binder wrap surface which may be smooth or 
buckled. Buckles generally appear in the binder wrap when the binder ring does not lie on a smooth developable 
surface that spans the die cavity. However, sometimes buckles can improve the formability of the stamped part, 
so the ability to design buckled developable surfaces becomes desirable. Designing buckled developable 
surfaces requires geometric modeling of creases and other singularities in the interior a flat sheet. In this paper 
we review the properties of such surfaces, show how to approximate buckled binder wrap surfaces by 
developable three-dimensional triangulations and discuss the insights gained from specific examples. 
 
 
Jonathan Reay, Terry Bennett and Andy Tyas (Depaartment of Civil and Structural Engineering, University of 
Sheffield, Mappin Street, Sheffield, S1 3JD, UK), “Numerical Modelling of Honeycomb Energy Dissipating 
Materials”, Applied Mechanics and Materials, Vol. 82, July 2011, pp. 81-85, doi: 
10.4028/www.scientific.net/AMM.82.81 
ABSTRACT: Cardboard honeycomb energy dissipating material (EDM) is used extensively for protection of 
cargo that is air dropped. Whilst air dropped containers are deployed with parachutes, a significant amount of 
energy still requires dissipating on impact with the ground.The specification of cardboard EDM in dynamic 
applications has tended to be ad-hoc withno thorough understanding of the energy absorbing characteristics of 
the material. This paper seeks to address this gap in knowledge. 
 
 
Wang Hu and Wang Tsun-kuei (Peking University of Aeronautics and Astronautics, Beijing, China), “A new 
displacement-type stability equation and general stability analysis of laminated composite circular conical shells 
with triangular grid stiffeners”, Applied Mathematics and Mechanics, Vol. 12, No. 4, 1991, pp. 383-392,  
doi: 10.1007/BF02020401 



ABSTRACT: In this paper, based on the theory of Donnell-type shallow shell, a new displacement-type 
stability equations is first developed for laminated composite circular conical shells with triangular grid 
stiffeners by using the variational calculus and generalized smearedstiffener theory. The most general bending 
stretching couplings, the effect of eccentricity of stiffeners are considered. Then, for general stability of 
composite triangular grid stiffened conical shells without twist coupling terms, the approximate formulas are 
obtained for critical external pressure by using Galerkin's procedure. Numerical examples for a certain C/E 
composite conical shells with inside triangular grid stiffeners are calculated and the results are in good 
agreement with the experimental data. Finally, the influence of some parameters on critical external pressure is 
studied. The stability equations developed and the formulas for critical external pressure obtained in this paper 
should be very useful in the astronautical engineering design. 
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PARTIAL INTRODUCTION: Great attention is being paid to the problems of stability of revolution shells 
made of composite materials when they are loaded by axial compressive stresses. The published material 
generally deals, as shown in [1-4], with theoretical studies. In the present work we describe the method and 
results of testing slightly conical axially loaded shells made of glass-carbon- and synthetic-fiber-reinforced 
plastics; the experimental results and calculated data are also compared… 
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“Dynamic crushing characteristics of high strength steel cylinders with elliptical geometric discontinuities”, 
Theoretical and Applied Fracture Mechanics, Vol. 54, No. 1, August 2010, pp. 44-53 
doi:10.1016/j.tafmec.2010.06.014 
ABSTRACT: Thin-walled members are commonly used as energy absorbers in engineering structures and often 
contain cutouts. This study performed numerical simulations of high strength steel cylindrical shells with 
elliptical cutouts subjected to dynamic axial impact. The LS-DYNA code was the primary analytical tool used 
to analyze the influence of cutout locations, cutout shapes and symmetry of cutout on the energy absorption 
capabilities and the crush characteristics of tubes with a cutout. For high strength steel tubes made from a rate 
sensitive material, the stress–strain curves of different strain rates were used to elucidate the effect of dynamic 
impact on the strain rate. Our results show that collapse crushing behavior is strongly influenced by the location 
and symmetry of cutouts and the variation of major axis influences the peak crush load. 
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Blacksburg, VA 24061 
“Crushing characteristics of continuous fiber-reinforced composite tubes”, Journal of Composite Materials, Vol. 
26, No. 1, pp 37-50, January 1992, DOI: 10.1177/002199839202600103 
ABSTRACT: Composite tubes can be reinforced with continuous fibers. When such tubes are subjected to 
crushing loads, the response is complex and depends on interaction between the different mechanisms that 
control the crushing process. The modes of crush ing and their controlling mechanisms are described. Also, the 
resulting crushing process and its efficiency are addressed. 
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“Cryogenic composite supports: a review of strap and strut properties”, Cryogenics, Vol. 37, No. 5, May 1997, 
pp. 233-250, doi:10.1016/S0011-2275(97)00004-0 
ABSTRACT: The properties of fibre-reinforced composite straps and struts that are used for thermal isolation 
and mechanical support of cryogenic systems are reviewed. The review includes compilation and discussion of 
the mechanical (tension, compression, fatigue) and thermal (contraction, conductivity, specific heat) aspects of 
both structures. The role of fibre lay-up is discussed, and the two types of support modes are compared. 
 
 
Chen Qu, "The Plastic Limit Stability Analogy between Centrifugal Concreted-Filled Steel Tubes and 
Cylindrical Shells with Spiral Stiffeners under Torsion," ICIC, vol. 4, pp.194-197, 2009 Second International 
Conference on Information and Computing Science, 2009, 
doi: http://doi.ieeecomputersociety.org/10.1109/ICIC.2009.359 
ABSTRACT: The plastic buckling calculation of the centrifugal concreted-filled steel tubes under torsion was 
derived from the cylindrical shells with spiral stiffeners analogy. In applying the analogy, it is assumed that 



under torsion, concrete compression parts between the diagonal cracks work as spiral stiffeners of steel shells, 
based on the plastic performance and mechanism of the tubes under experiment. An analytical method was 
proposed for the torsional plastic stability of the cylindrical shells with spiral stiffeners. The method was 
applied to the tubes of varied slenderness ratios (3, 5, 10, 12, 15) and varied steel ratios (0.12, 0.17, 0.236), and 
the results indicate that the torsion resistant plastic stability of the tube increases by 6% when the steel ratio is 
0.12 or 0.17, and the slenderness ratio varies between 5 and 15; and that the torsion resistant plastic stability of 
the tube can increases by 20% reaching its top, when the steel ratio reaches 0.236. 
 
 
Ahmed Elmarakbi and Niki Fielding (Department of Computing, Engineering & Technology, Faculty of 
Applied Sciences University of Sunderland, Sunderland, SR6 0DD, United Kingdom), “New Design of 
Roadside Pole Structure: Crash Analysis of Different Longitudinal Tubes using LS-DYNA”, 7th European LS-
DYNA Conference, 2009, DYNAmore GmBH 
ABSTRACT: This paper is an investigation into the design of an energy absorbing street pole, concerning the 
frontal impact of a vehicle. With design engineers now are looking at other ways to improve vehicle occupant 
safety by focusing on the advantages that can be achieved by improving the crashworthiness of street furniture. 
The study of axial crush behaviour of metal materials are investigated along with a number of variables such as 
cross-sectional shape, shell thickness, materials, as well as the velocity affects on tubes. Different simulations 
are carried out on the effects of bedded crumple initiators placed a various heights from the top of the tube, in 
determining the desired value of peak load reduction, along with the effect in energy absorption of the tube. 
With the conclusion of the desired variables for the design of an energy absorbing tube, the tubes are placed 90 
degrees to that of the base of the model street pole to modify the pole design . Simulation of frontal impact of a 
vehicle and street pole are analysed and compared to that of the energy absorbing street pole concept. Studies 
are carried out by numerical simulation via the explicit finite element code LS-DYNA. Results compare the 
absorbed energy and the deflection of each variable, and recommend optimum design for the pole structure 
which improved vehicle crashworthiness. 
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S. Golabi, A. Ghorbanpour Arani and M. Tahvilian (Dept. of Mechanical Engineering, University of Kashan, 
Kashan, I. R. of Iran), “Experimental and Numerical Study of the Effect of Stiffening-Rings on Reducing the 
Thickness of Torispherical Heads With Pressure On Their Concave Side”, Iranian Journal of Science & 
Technology, Transaction B, Engineering, Vol. 32, No. B4, August 2008, pp 425-436 
ABSTRACT: The high thickness of heads used in pressure vessels is always one of the main concerns of 
designers and manufacturers. A comprehensive analytical and experimental study has been conducted by the 
authors on all types of heads including torispherical heads (under external and internal pressure) to come up 
with a procedure to reduce their thicknesses using stiffening-rings. The result of the experiments and Finite 
Element Analysis (FEA) on torispherical heads with pressure on their concave side are presented in this paper. 
A method for determining the dimensions of the most suitable ring and its location on heads as well as its effect 
on the reduction of head thickness is addressed. The experimental results show good agreement with the 
analytical calculations and confirm that suitable stiffening-rings, in most cases, could considerably reduce head 
thicknesses. 
References listed at the end of the paper: 



1. American Society of Mechanical Engineers, (2004). Rules for Construction of Pressure Vessel. Division 1 &2, ASME. 
2. Donnell, L. H. (1950). Effect of imperfection on buckling of thin cylinders and columns under axial compression. Trans. ASME J. 
Appl. Mech., Vol. 17, pp 73-83. 
3. Donnell, L. H. (1956). Effect of imperfection on buckling of thin cylinders under external pressure. Trans. ASME J. Appl. Mech., 
Vol. 23, pp 569-580. 
4. Giv, M. & Eskandari, M. (2003). Study and optimum design of cylindrical shells under external pressure. BSc Thesis, The 
University of Kashan, Faculty of Engineering. 
5. Anderson, M. S. (1962). Combination of temperature and axial compression required for buckling of a ring stiffened cylinder. TN 
D-121, NASA. 
6. Chang, L. K. & Card, M. F. (1970). Thermal buckling of stiffened cylindrical shells. Proceeding of the AIAA/ASME 11th 
structures, Structural Dynamics, and Material Conference, pp. 260-272. 
7. Arbocz, J. & Sechler, L. E. (1976). On the buckling of stiffened imperfect cylindrical shells. AIAA J., Vol. 11, No. 11, pp. 1611-
1617. 
8. Li, J. Z., Liu, Y. H., Cen, Z. Z. & Xu, B. Y. (1988). Finite element analysis for buckling of pressure vessels with ellipsoidal head. 
Int. Journal of Pressure Vessels and Piping, Vol. 75, pp 115-120. 
9. Magnucki, K., Lewsinski, J. (2000). Fully stressed head of a pressure vessel. Thin-walled Structures, Vol. 38, pp. 167-178. 
10. Magnuckia, K. B., Szyca, W. & Lewinski, J. (2002). Minimization of stress concentration factor in cylindrical pressure vessels 
with ellipsoidal heads. Int. Journal of Pressure Vessels and Piping, Vol. 79, pp. 841-846. 
11. Jenabali, S. A., Nazarboland, A., Mansouri, E., Abbasi, S. (2006). Investigation of formability of low carbon steel sheets by 
forming limit diagrams. Iranian Journal of Science & Technology, Transaction B, Vol. 30, No. B3, pp. 377-385. 
12. Hasandokht, S. K. (2004). Ring design and optimization of a torispherical head thickness with pressure on its concave side using 
finite element. BSc Thesis, the University of Kashan, Faculty of Engineering. 
13. Zamani, A. (2004). Ring design and optimization of a torispherical head thickness with pressure on its convex side using finite 
element. MSc. Thesis, Faculty of Engineering, the University of Kashan, Iran. 
14. Tahvilian, A. M. (2006). The effect of stiffening-rings on torispherical heads using finite element and experimental results. MSc. 
Thesis, Faculty of Engineering, the University of Kashan, Iran. 
15. Mohammadimehr, M. A. (2005). Optimum design of hemispherical heads under external pressure using stiffening-rings. BSc. 
Thesis, the University of Kashan, Iran. 
16. Agayar, A. (2006). Studying the effect of stiffening-rings on the thickness of ellipsoidal heads using ANSYS. MSc. Thesis, The 
University of Kashan, Iran. 
17. Hossieni, S. A. (2004). Studying the effect of stiffening-ring on reduction of conical heads under external pressure. BSc. Thesis, 
The University of Kashan, Iran. 
18. Niknam, M. (2004). Studying the effect of stiffening-ring on reduction of conical heads under internal pressure. BSc. Thesis, The 
University of Kashan, Iran. 
19. Golabi, S., Ghorbanpour-Arani, A. & Zamani, A. (2008). Numerically studying the effect of stiffening rings on reducing the 
thickness of torispherical heads under pressure on their concave side. American Journal of Applied Science, Vol. 5, No. 5, pp 553-
558. 
20. Moss, D. (2004). Pressure vessel design manual. 3rd ed., Elsevier, USA. 
 
 
James Casey (Department of Mechanical Engineering, University of California at Berkeley, Berkeley, 
California, USA), “Making measurements on curved surfaces”, in Geometry at work: a collection of papers 
showing applications of geometry, edited by Catherine A. Gorini, MAA Notes Number 53, 2000, The 
Mathematical Association of America, Inc., ISBN: 0-88385-164-4 
INTRODUCTION: All around us, in natural forms, art, architecture, engineering, and consumer products, we 
find surfaces whose geometry is vastly richer than the Euclidean geometry we learn in high school. To treat 
surface geometry analytically requires rather advanced tools, but it is possible to gain much insight into the 
subject by performing measurements on the surfaces of physical objects. Beem [1] suggested some activities 
along these lines, and Henderson [6] has made ample use of physical models. Casey [3,4] has described a series 
of experiments that are designed to bring modern geometrical concepts within the reach of students who might 
no yet be in a position to study differential geometry formally. In the present paper, as an illustration, a method 
of estimating the Gaussian curvature of surfaces from surface measurements is described. 
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theory of plates and elastic stability”, Chapter 1 in Handbook of structural engineering, edited by Wai-Fah 
Chen, 1997, CRC Press, ISBN 0-8493-2674-5 
INTRODUCTION: This chapter is concerned with basic assumptions and equations of plates and basic 
concepts of elastic stability. Herein, we shall illustrate the concepts and the applications of these equations by 



means of relatively simple examples; more complex applications will be taken up in the following chapters. 
 
 
W. F. Du, Z. F. Sun, "Design and Stability Analysis of Latticed Shell Structure in Site of Tianluoshan", Applied 
Mechanics and Materials, Vols. 193-194, pp. 864-867, 2012, DOI: 10.4028/www.scientific.net/AMM.193-
194.864  
ABSTRACT: The design and analysis of the large span steel latticed shell structure in site of Yuyao 
TianLuoshan is introduced, and some key problems are dwelled on in this paper. By the geometrical nonlinear 
finite element method, the nonlinear stability analysis is carried out. The buckling modal and the whole course 
of instability are shown by two analysis method, the eigen-buckling analysis and the geometrical nonlinear 
finite element method. The influence of spring support to the stability of the structure is analyzed. It is shown 
that the structure has good wind-resisting capacity, which is fit to the circumstance near sea with lots of 
typhoon. Large compressive membrane stresses arise in the structure under the condition of temperature rise, 
leading to a significant reduction in the stability load-carrying capacity of the structure. 
 
 
Theodore Clarence Lyman, “Post-buckled stability and modal behavior of plates and shells”, Ph.D. dissertation, 
Dept. of Mechanical Engineering and Materials Science, Duke University, 2012 
ABSTRACT: In modern engineering there is a considerable interest in predicting the behavior of post-buckled 
structures. With current lightweight, aerospace, and high performance applications, structural elements 
frequently operate beyond their buckled load. This is especially true of plates, which are capable of maintaining 
stability at loads several times their critical buckling load. Additionally, even structures such as cylindrical 
shells may be pushed into a post-buckled range in these extreme applications. Because of the nature of these 
problems, continuation methods are particularly well suited as a solution method. Continuation methods have 
been extensively applied to a range of problems in mathematics and physics but have been used to a lesser 
extent in engineering problems. In the present work, continuation methods are used to solve a variety of 
buckling and stability problems of discrete dynamical systems, plates and cylinders. The continuation methods, 
when applied to dynamic mechanical systems, also provide very useful information regarding the modal 
behavior of the structure, including linearized natural frequencies and mode shapes as a by-product of the 
solution method. To verify the results of the continuation calculations, the commercial finite element code 
ANSYS is used as an independent check. To confirm stable equilibrium shapes for square plates, a set of 
experiments on polycarbonate plates is also presented.  
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ABSTRACT: To serve the common needs of the society, structural engineers should achieve impressive gains 
over high strength, light weighted, safe and economical structures. As rapid advances in the construction 
materials, in many situations, fibre reinforced polymer (FRP) composites provide opportunities for enhanced 
efficiency, primarily because of their high strength to weight ratio. They can also be combined with steels to 
form composites enabling them to be used as structural members and have become an attractive option which 
may produce a confident retrofitting of steel structures, attracting a great deal of attention in these recent years. 
Carbon fibre reinforced polymer (CFRP) is a comparatively new and revolutionary class of composite material 
manufactured from fibres and resins and has proven effect for the development of new as well as repairing of 
deteriorated material.The strength properties of CFRPs jointly make up one of the ultimate reasons for which 
civil engineers prefer them in the design of structures. However, like most structural materials, CFRPs have a 
few drawbacks that would create some doubts to civil engineers to apply it in practical field: brittle behaviour, 
susceptibility to deformation under long-term loading, UV degradation and temperature and moisture effects. 
Also, another downside to the age of these advanced composites is the relatively lower stiffness exhibited by 
CFRPs. As a consequence, serviceability rather than strength limit tends to provide the controlling influence on 
design. In the context of thin-walled shell structures, the relatively low stiffness to strength ratio of CFRP 
makes that buckling driven largely by elastic buckling behaviour and becomes the dominant design constraint. 
At this time, it becomes difficult to achieve the required levels of load carrying capacity by using shells 
constructed from just CFRP. For this reason too, the high stiffness of steel contributes to make it an attractive 
material for the design of shells in which buckling is likely to be an important issue. On the other hand, steel 
cylindrical shells when exposed to the hostile chemical on marine environments show their vulnerability to 
corrosion. That’s why a novel way to protect steel shells from corrosion and to make CFRP shells strengthened 
is to coat them with these veneers of suitable amount of CFRP. In this context CFRP, if collectively used with 
thin steel shells, the mechanical properties of the new composite material will be tremendously increased. Since 
the mechanical properties of CFRP make them ideal for widespread applications in construction of civil 
engineering field, buckling behaviour determines the relationship between strength, life span and economy of 
any structures. Also, it is necessary to introduce the fibres’ position, direction and volume in the matrix material 
at highly stressed regions in certain positions, direction and volume in order to obtain the maximum efficiency 
from the reinforcement to a minimal amount at a region of low stressed value. For this reason too, buckling 
mechanism is likely to be an important issue. Similarly, CFRP composite materials exhibit collapse modes that 
are significantly different from the collapse modes of steel materials. That’s why, investigation over 
strengthening of thin-walled steel shells with the application of small amount of CFRP could become an 
important issue. To lower down the downside of the lower stiffness exhibited by CFRP shells and to diminish 
the major problem associated with steel shells, a new composite sandwich structure has been introduced in this 
research and the effect of CFRP reinforcements under axial as well as lateral compression has been studied 
through three kinds of analytical procedures; the linear eigen value analysis, the modified RS (reduced stiffness) 
analysis and the fully non-linear numerical experiment, presenting a novel way of strengthening thin-walled 
steel cylindrical shells against buckling. With these multiple treatments, valuable information for the design of 
CFRP-based hybrid structural elements has been predicted and suggested the influence of CFRP to increase the 
load-carrying capacity of the thin-walled steel structures having complex buckling collapse behaviour. The 
research thesis has total 10 chapters. Firstly, a survey of recent FRP applications, objective of research and 
preliminary numerical equations has been derived. Secondly, the analytical model has been proposed and the 
analytical procedure related to the proposed model has been discussed. Thirdly, investigation as well as results 
has been predicted for nonlinear buckling behaviour, effects of reinforcement thickness and effects of angle of 



fibre orientation for both the lateral and axial loading conditions. Finally, these results are summarized in the 
conclusion part along with the suggestions for the better prediction of the result. 
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ABSTRACT: ElectroMechanical Buckling (EMB) is the bifurcation response which results from the coupling 
of electromechanical bifurcation and mechanical buckling. The work presented here is seemingly the first time 
ever this coupling is considered and analyzed. This work also includes a first ever experimental validation of 
EMB. Mechanical buckling occurs in slender structures that are subjected to an axial compressive load which is 
larger than a critical value. In this dissertation it is shown that an electrostatic field can instigate buckling even 
when the compressive load is below the critical value. The EMB voltage is a monotonically increasing function 
of the axial load. Motivated by this, a novel method for measuring residual stress in micro-structures is 
presented. This method enables to measure compressive as well as tensile stresses, in a continuous wide range. 
The EMB response of a pre-stressed slender microbeam that is bonded to a linear elastic foundation and is 
subjected to electrostatic forces is also investigated. In this dissertation it is shown that the EMB of such a 
microbeam can be used to achieve reversible, electrostatic on/off switching of surface flexures. In this work, the 
electromechanical buckling and postbuckling of a circular cylindrical micro shell that is subjected to a radial 
axi-symmetric electrostatic force is also investigated. It is found that the initial electromechanical postbuckling 
of such a micro shell is unstable for the range of parameters considered. 
 
 
Javed Ather, “Dynamic stability of delaminated cross ply composite plates and shells”, Master’s thesis, Dept. of 
Civil Engineering, National Institute of Technology, Rourkela, Orissa, 2011 
ABSTRACT: Fibre reinforced composite plates and shells are increasingly replacing traditional metallic ones. 
The manufacturing process and service of the composite laminates frequently lead to delamination. 
Delamination reduces the stiffness and strength of composite laminates because they allow out of plane 
displacement of plies to occur more easily. Dynamic stability analysis is an integral part of most engineering 
structures. The present work deals with the study of the effects of free vibration, buckling and dynamic stability 
of delaminated cross ply composite plates and shells. A first order shear deformation theory based on finite 
element model is developed for studying the instability region of mid plane delaminated composite plate and 
shell. The basic understanding of the influence of the delamination on the natural frequencies, non- dimensional 
buckling load and non-dimensional excitation frequency of composite plates and shells is presented. In addition, 
other factors affecting the vibration, buckling and dynamic instability region of delaminated composite plates 
and shells are discussed. The numerical results for the free vibration, buckling and dynamic stability of 
laminated cross-ply plates and shells with delamination are presented. As expected, the natural frequencies and 
the critical buckling load of the plates and shells decrease with increase in delamination. Increase in 
delamination also causes dynamic instability regions to be shifted to lower excitation frequencies.  
 
 
Michael Joachim Andreassen, “Distortional mechanics of thin-walled structural elements”, Ph.D. dissertation, 
Civil Engineering Dept., DTU Byg, Technical University of Denmark, September 2012 
ABSTRACT: In several industries such as civil, mechanical, and aerospace, thin-walled structures are often 
used due to the high strength and effective use of the materials. Because of the increased consumption there has 
been increasing focus on optimizing and more detailed calculations. However, finely detailed calculations will 
be very time consuming, if not impossible, due to the large amount of degrees of freedom needed. The present 
thesis deals with a novel mode-based approach concerning more detailed calculation in the context of distortion 



of the cross section which model distortion by a limited number of degrees of freedom. This means that the 
classical Vlasov thin-walled beam theory for open and closed cross sections is generalized as part of a semi-
discretization process by including distortional displacement fields. A novel finite-element-based displacement 
approach is used in combination with a weak formulation of the shear constraints and constrained wall widths. 
The weak formulation of the shear constraints enables analysis of both open and closed cell cross-sections by 
allowing constant shear flow. Variational analysis is used to establish and identify the uncoupled set of 
homogeneous and non-homogeneous differential equations and the related solutions. The developed semi-
discretization approach to Generalized Beam Theory (GBT) is furthermore extended to include the geometrical 
stiffness terms for column buckling analysis based on an initial stress approach. Through variations in the 
potential energy a modified set of coupled homogeneous differential equations of GBT including initial stress is 
establish and solved. In this context instability solutions are found for simply supported columns and by solving 
the reduced order differential equations the cross-section displacement mode shapes and buckling load factor 
are given. In order to handle arbitrary boundary conditions as well as the possibility to add concentrated loads 
as nodal loads the formulation of a generalized one-dimensional semi-discretized thin-walled beam element 
including distortional contributions is developed. From the full assembled homogenous solution as well as the 
full assembled non-homogeneous solution the generalized displacements of the exact full solution along the 
beam are found. This new approach is a considerable theoretical development since the obtained GBT equations 
including distributed loading found by discretization of the cross section are now solved analytically and the 
formulation is valid without special attention and approximation also for closed single or multi-cell cross 
sections. Furthermore, the found eigenvalues have clear mechanical meaning, since they represent the 
attenuation of the distortional eigenmodes and may be used in the automatic meshing of approximate 
distortional beam elements. The magnitude of the eigenvalues thus also gives the natural ordering of the modes. 
The results are compared to results found using other computational methods taking distortion of the cross 
section into account. Thus, the results are compared to results found using the commercial FE program Abaqus 
as well as the free available software GBTUL and CUFSM concerning conventional GBT and the finite strip 
method, respectively. Reasonable matches are obtained in all cases which confirm that this new approach to 
GBT provides reasonable results with a very small computational cost making it a good alternative to the 
classical FE calculations and other available methods.  
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axially moving laminated circular cylindrical shells”, Journal of Sound and Vibration, Vol. 332, No. 24, pp 
6434-6450, November 2013, DOI: 10.1016/j.jsv.2013.07.007 
ABSTRACT: The nonlinear vibrations of a thin, elastic, laminated composite circular cylindrical shell, moving 
in axial direction and having an internal resonance, are investigated in this study. Nonlinearities due to large-
amplitude shell motion are considered by using Donnell's nonlinear shallow-shell theory, with consideration of 
the effect of viscous structure damping. Differently from conventional Donnell's nonlinear shallow-shell 
equations, an improved nonlinear model without employing Airy stress function is developed to study the 
nonlinear dynamics of thin shells. The system is discretized by Galerkin's method while a model involving four 
degrees of freedom, allowing for the traveling wave response of the shell, is adopted. The method of harmonic 
balance is applied to study the nonlinear dynamic responses of the multi-degrees-of-freedom system. When the 
structure is excited close to a resonant frequency, very intricate frequency-response curves are obtained, which 
show strong modal interactions and one-to-one-to-one-to-one internal resonance phenomenon. The effects of 
different parameters on the complex dynamic response are investigated in this study. The stability of steady-
state solutions is also analyzed in detail. 
 
 
Michael Konecny, “Comparison of analytical and numerical FEM solutions for buckling of laminated 
composite cylindrical shells”, Master’s thesis, Dept. of Mechanical Engineering, Brno University of 
Technology, 2013 
ABSTRACT: This thesis studies the possibilities of determination of the critical buckling force of laminated 
composite cylindrical shells through analytical as well as through FEM approach. The analytical solution is 
presented in detail and a Matlab program is made to allow its calculation. FEM solutions are done using two 
different solvers of the MSC.Nastran software, the effects of different settings of the solvers are explored as 
well as the general behaviour of the solvers. All of the approaches are in the end compared and a several 
conclusions are proposed.  
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“Experimental investigation on buckling of GFRP cylindrical shells subjected to axial compression”, Journal of 
Mechanical and Civil Engineering (IOSR-JMCE), Vol. 9, No. 5, pp 20-25, November-December 2013 
ABSTRACT: Composite cylindrical shells are being used in submarine, underground mines, aerospace 
applications and other civil engineering applications. Thin cylindrical shells are more prone to fail in buckling 
rather than material failure. An experimental study on buckling of glass fiber reinforced plastics layered 



composite cylindrical shells under displacement and load controlled static axial compression are reported The 
experimental results are compared with general purpose finite element program (ANSYS). Limit point loads 
evaluated for geometric imperfection magnitudes shows an excellent agreement with experimental results which 
clearly indicates the confidence gained on the numerical results presented. Present study finds direct application 
to qualitatively investigate the influence of geometric imperfection on other advanced grid-stiffened structures.  
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“Statistical finite element analysis of the buckling behavior of honeycomb structures”, Composite Structures, 
Vol. 105, pp 240-255, 2013, DOI: 10.1016/j.compstruct.2013.05.014  
ABSTRACT: The main key performance factors of honeycombs are represented by the ability to withstand 
through-thickness compression and to absorb energy by plastic deformation of the cell walls. The knowledge of 
the constituent material properties, including the sensitivity of these structures to material defects, and of the 
folding mechanism occurring during the crushing mode represents a basic step to perform reliable finite element 
analyses able to accurately reproduce the behavior of such structures. The present paper reports a 
comprehensive study of the compressive response of hexagonal honeycomb structures made of phenolic resin-
impregnated aramid paper (Nomex); the compressive response is numerically investigated and compared with 
experimental results. A shell model of a representative single cell made of expanded Nomex has been created 
using the implicit ABAQUS finite element solver. Imperfections due to the manufacturing process are taken 
into account including material imperfections (elastic modulus variability) and geometrical defects (thickness 
variability). Imperfections are included in the model by defining different material and thickness properties for 
each element according to a pre-defined statistical distribution. The effects of imperfections on the honeycomb 
structure behavior are investigated. The predicted structural response, numerically obtained using different sets 
of imperfections, shows a good correlation with experimental results.  
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P.V. Vunjavate, N.K. Chhapakhane and S.B. Kumbhar (Rajarambapu Institute of Technology, Sakharale -415 
414, Maharashtra India), “Expreimental determination of critical buckling load for glass composite laminate”, 
International Journal of Advanced Engineering Research and Studies, Vol. 1, No. 2, January-March, 2012, pp 
106-108 
ABSTRACT: The increasing number of successful applications of fibre reinforced polymer (FRP) laminates in 
realizing civil structures as well as their subsequent technological development have attracted the attention of 
the international scientific community, a special interest being given to understand in greater detail all aspects 
connected to the use of new materials. This paper deals to manufacture composite laminate by using glass fiber 
as reinforcing material and unsaturated polyester as matrix material. Here the investigation of critical buckling 
load has been done with changing the fiber orientation at succeeding lamina by 45°. 
 
 
Q. Cao, Y. Li, H. Zhang, "Nonlinear Buckling Analysis of Wind Turbine Towers", Advanced Materials 
Research, Vols. 383-390, pp. 6469-6475, Nov. 2011  
ABSTRACT: Wind turbine towers are belonging to towering cylinder shell structures, which are easy to appear 
buckling instability under wind or other complicated loads, and on which integral elastic-plastic buckling 
analyses have great theoretical and practical significances. This paper used large deflection nonlinear pre-
buckling and Koiter initial post-buckling theories, and adopted the finite element scheme of updated integration 
algorithm and LDC nonlinear solution method, then analyzed the linear buckling, elastic-plastic static buckling, 
and post-buckling response of the towers with initial imperfections in different location and size. It has obtained 
that: 1) the critical load of towers with elastic-plastic buckling is much smaller than it with elastic buckling; 2) 
gravity has certain influence on the critical buckling load; 3) the critical buckling load is insensitive to initial 
imperfections, meanwhile the imperfections which located on the top or the bottom of the tower are inferior for 
the stability of tower. 
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“Mechanical behavior of glass/epoxy tubes under combined static loading. Part I: Experimental”, Composites 
Science and Technology, Vol. 69, No. 13, October 2009, pp. 2241-2247, Special Issue: Smart Composites and 
Nanocomposites, doi:10.1016/j.compscitech.2009.06.009 
ABSTRACT: A series of biaxial static tests of E-glass/epoxy tubular specimens [±45]2, subjected to combined 
torsion and tension/compression were performed to simulate complex stress states encountered in a wind 
turbine rotor blade. The failure locus in the effective axial-shear stress plane was derived experimentally while 
in-plane strain tensor components were measured in the tube outer surface. By means of shell theory and strain 
measurements in the surface of the specimen, the in-plane shear response of the outer ply was obtained, 
revealing dependence each time to the combined tube loading. The correlation established between the ratio of 
transverse normal and in-plane shear stress in the principal coordinate ply system and the elastic shear modulus, 
suggested a strong dependence, warning on the implications for design and certification procedures. 
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“Mechanical behavior of glass/epoxy tubes under combined static loading. Part II: Validation of FEA 
progressive damage model”, Composites Science and Technology, Vol. 69, No. 13, October 2009, pp. 2248-
2255, Special Issue: Smart Composites and Nanocomposites, doi:10.1016/j.compscitech.2009.06.011 
ABSTRACT: Experimental results from a series of biaxial static tests of E-Glass/Epoxy tubular specimens 
[±45]2, were compared successfully with numerical predictions from thick shell FE calculations. Stress analysis 
was performed in a progressive damage sense consisting of layer piece-wise linear elastic behavior, simulating 
lamina anisotropic non-linear constitutive equations, failure mode-dependent criteria and property degradation 
strategies. The effect of accurate modeling of non-linear shear stress–strain response, dependent on the plane 
stress field developed, was proved of great importance for the numerical FEA predictions, concerning 
macroscopic stress–strain response. Ultimate load prediction was influenced more decisively when degradation 
strategies for the compressive strength along the fiber direction were considered. 
 
 
P. V. Gunjavate and M. M. Jadhav (RIT, Rajaramnagar, ADCET, Ashta, India), “Application of finite strip 
method –A review”, International Journal of Advanced Engineering Technology, Vol. 4, No. 2, April-June, 
2013, pp 96-97 
INTRODUCTION: Many papers have been published and they have demonstrated that the finite strip method 
has higher efficiency than the finite element method as a smaller number of degrees of freedom are involved in 
the solution. The increase in the popularity and the number of potential applications of the finite strip method 
has created a demand for a definitive text/reference on the subject. Fulfilling this demand, The Finite Strip 
Method provides practicing engineers, researchers, and students with a comprehensive introduction and 
theoretical development, and a complete treatment of current practical applications of the method. This paper 
takes the review of some of the important paper finds conclusion that semi-energy FSM formulation is more 
economical compared to the full-energy FSM and FEM analyses.  
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“Some Performance trends in hierarchical truss structures”, AIAA Paper 2003-1903, 44th AIAA Structures, 
Dynamics and Materials Conference, 2003 
ABSTRACT: It has been previously demonstrated that increasing structural complexity can lead to lighter 
weight structures. However, it is not clear that structural complexity or hierarchy enables lighter weight 
structures for all architectures and load cases. In this paper, the performance trends in linear truss structures are 
investigated as a function of self-similar hierarchy order and of loading conditions. The investigations show the 
order of structural hierarchy resulting in a lightest weight self-similar four longeron solid element truss-column 
is 2nd  (a truss made from trusses) for requirements representative of space structures. The resulting truss-column 
is typically an order of magnitude lighter than the corresponding 1st  order truss-column and two to four times 
larger in diameter. Long and lightly loaded columns are shown to have the greatest potential for mass reduction 
with increasing hierarchy. Optimization results for 1st   and 2nd order self-similar triangular single-laced double-
bay trusses subject to bending strength and stiffness requirements are also presented. A comparison of 1st  and 2nd 
order results show a factor of 30 reduction in truss mass and a simultaneous factor of nine increase in truss 
diameter. 
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randomly imperfect grid shell structures”, Chapter 2 in Space structures 4, Volume 1, edited by G. A. R. Parke 
and C. M. Howard, Papers presented at the Fourth International Conference on Space Structures, Univeristy of 
Surrey, Guilford, UK, September 1993 
ABSTRACT: A new approach to the study of the effects of randomly distributed imperfections on grid-shell 
structures is presented. The simulation of randomly distributed out-of-scheme imperfections has been 
performed, introducing a kind of spatial correlation in order to avoid events that even if statistically possible, 
has to be considered not achievable from a pragmatic point of view. The fields of imperfections take into 
account the initial stress state of the imperfect structure that may appear as a consequence of the geometric 
perturbation. Some computational tests have been finally carried out on a sample structure. 
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Domes for great-span structures: Mandela Forum Project proposal in Florence”, IABSE Symposium, Venice 
2010: Large Structures and Infrastructures for Environmentally Constrained and Urbanised Areas , pp. 41-
47(7), International Association for Bridge and Structural Engineering 
ABSTRACT: The paper concerns the design of a new sports arena and in particular of a aluminium roof 
structure for the Mandela Forum, which is the major sports arena of Florence. The project key-element is the 
aluminium geodesic dome, chosen in order to set up a covering with optimal and functional structure and shape. 
The key topic discussed in this paper concerns the geometrical issue of the structural optimization, in fact 
comparing several types of iron framework domes, the geodesic one seemed to be the best choice, as proved 
through mathematical and computational models. The numerical analyses showed that the geodesic framework 
is stiffer than other configurations, moreover it minimizes the material used: indeed the overall beam length is 
optimized. Furthermore, due to the framework regularity, the stress state is almost uniform in the whole 
structure beams. 
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“Energy absorption and damage evaluation of grid stiffened composite panels under transverse loading”, 
Composites Part B: Engineering, Vol. 37, Nos. 2-3, April 2005-March 2006, pp. 191-199, 
doi:10.1016/j.compositesb.2005.05.017 
ABSTRACT: The energy absorption characteristics of E-glass/Polypropylene (PP) isogrid composite panels 
under quasi-static transverse load conditions have been investigated. Experimental tests and finite element 
simulations were performed for isogrid composite panels in three-point bending boundary condition. Results of 
tests and simulations show that loading the panels on rib side results in greater specific energy absorption along 
with larger displacements compared to skin side loading which is more abrupt. These results can be used to 
advantage in weight-critical automotive side impact crashworthy applications. Vibration response 
measurements which were used as a non-destructive tool for evaluating the quality of as-manufactured isogrid 
plates and monitoring induced damage in one of the plates are also presented. 
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ABSTRACT: This paper presents a numerical method of analysing the elastic stability of thin laminated and 
longitudinally stiffened shells of revolution. The anisotropic elastic properties of composite materials are taken 
into account. The discrete longitudinal stiffener is dealt with as a beam-column, and its eccentricity effect is 
also considered. The basic elastic and geometric stiffness properties of the stiffeners are synthesized into a 
stiffness matrix compatible with an axisymmetric shell element by a series of transformations to be used in 
conjunction with a finite element representation of a thin axisymmetric shell, where the displacements are 
decomposed into Fourier harmonics. Thus, the effect of the stiffeners can be rigorously accounted for in 
stability analysis. Examples are given to show that the results agree well with existing solutions by other 
analytical methods and by experiments. 
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shell structures”, PhD Dissertation, 1996, URI: http://hdl.handle.net/1911/16932  
ABSTRACT: The stability of arch and shell structures with random imperfections subjected to random loading 
is investigated. Arches are analyzed under different types of transverse loads while axial and/or pressure loading 
are considered for cylindrical shells. A probabilistic analysis of the randomness in the geometric imperfections 
along with the uncertainty in both loading and material properties is presented. The study investigates the effect 
of spatial variability of the different random parameters in the problem on the buckling load and the associated 
displacements. The imperfection sensitivity is studied for several geometrical configurations of the arches and 
shells and for various values of the statistical parameters for the random shape imperfections. One- and two-
dimensional random fields are introduced with different types of autocorrelation functions to characterize the 
structures and the imperfections. A sufficient number of terms is considered using two series expansion 
methods to express the field in terms of its spectral decomposition. The first employs the Karhunen-Loeve 
theorem where the autocorrelation coefficient function is expanded in terms of its eigenvalues and 
eigenfunctions, while the second method utilizes any complete set of orthogonal functions. These techniques are 
compared with both the midpoint and local averaging methods for random field discretization and prove to be 
more computationally efficient within a given level of accuracy. Both first- and second-order reliability 
methods (FORM/SORM) along with Monte Carlo simulation are used to evaluate different modes of instability 
based on the buckling load or the associated displacements. The probability density and the cumulative 
distribution functions of the buckling load are presented for various distributions of the imperfections. The 
sensitivity of the buckling load and the postbuckling displacements to different parameters is also presented. An 
extensive parametric study through many numerical examples is performed to establish a better understanding 
of the effects of the spatially variable imperfections on the buckling of arches and shells. 
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of the deformation and load bearing capacity of cylindrical shells with circular notches”, Strength of Materials, 
Vol. 21, No. 10, 1990, pp. 1357-1360, doi: 10.1007/BF01529265 
ABSTRACT: The article presents the results of the experimental investigation of the process of deformation of 
cylindrical shells with circular nonreinforced notches. It is shown that the dependences of the load bearing 
capacity of shells on the parameters determining the notches (radius and their number) habe sections each of 
which is characterized by wave formation determining the mechanism of failure. 
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mechanism of CFRP under biaxial loadings”, Mechanics of Composite Materials, Vol. 34, No. 1, 1998, pp. 28-
42, doi: 10.1007/BF02256140 
ABSTRACT: Tests of cross-ply composite tubes were performed under combined axial and torsional loading 
up to failure. Strength properties and failure mechanisms were evaluated with reference to the biaxiality ratio of 
the loading. The scattering of the biaxial strength data was analyzed using the Weibull distribution. The axial 
contraction of carbon fiber-reinforced plastic (CFRP) tubes under biaxial loading was investigated theoretically 
and experimentally. Artificial neural networks were introduced to predict the failure strength using the 
algorithm of the error back-propagation. The prediction was also made by the Tsai-Wu theory using the 
experimental data and by the combined optimized tensor-polynomial theory. A comparison shows that the 
artificial neural network has the smallest root-mean square (RMS) error of the three prediction methods. The 
prediction of the axial contraction of the tubes correlates well with the results of a linear variable differential 
transformer (LVDT) of the testing machine. From the phenomenological analysis of the failure and the 
fractographic observations of the fracture surface, three types of failure modes and microscopic failure were 
investigated, depending on the biaxiality ratio, and the corresponding failure mechanisms are suggested. 
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Science and Technology (POSTECH), Pohang 790-784, Republic of North Korea), “Failure of carbon/epoxy 



composite tubes under combined axial and torsional loading 1. Experimental results and prediction of biaxial 
strength by the use of neural networks”, Composites Science and Technology, Vol. 59, No. 12, September 
1999, pp. 1779-1788, doi:10.1016/S0266-3538(99)00038-X 
ABSTRACT: Biaxial tests have been conducted on cross-ply carbon/epoxy composite tube under combined 
torsion and axial tension/compression up to failure. Strength properties and distributions were evaluated with 
reference to the biaxial loading ratio. The scatter of the biaxial strength data was analyzed by using a Weibull 
distribution function. Artificial neural networks were introduced to predict failure strength by means of the error 
back-propagation algorithm for learning, providing a different and new approach to the representation of 
complicated behavior of composite materials. Further prediction is made from experimental data by the use of 
Tsai–Wu theory and a combined optimized tensor polynomial theory. Comparison shows that the artificial 
neural network has the smallest root-mean-square error of the three prediction methods. 
 
 
A. Rama Mohan Rao and P.P. Shyju (Structural Engineering Research Centre, CSIR Campus, Taramani, 
Chennai, India), “Development of a hybrid meta-heuristic algorithm for combinatorial optimisation and its 
application for optimal design of laminated composite cylindrical skirt”, Computers & Structures, Vol. 86, 
Nos.7-8, April 2008, pp. 796-815, doi:10.1016/j.compstruc.2007.05.033 
ABSTRACT: This paper presents a hybrid meta-heuristic algorithm called multiple start guided neighbourhood 
search (MSGNS) algorithm for combinatorial optimisation which combines the good features of popular guided 
local search algorithms like simulated annealing and tabu search. It has been organized as a multiple start 
algorithm to maintain a good balance between intensification and diversification. The proposed hybrid meta-
heuristic algorithm has been employed to solve optimal stacking sequence design problem of laminate 
composite structures. First, the algorithm has been employed to solve the problem of optimal stacking sequence 
of a composite plate for which the results of various algorithms are available in the literature. This study is 
basically to validate and also to demonstrate the effectiveness of the proposed algorithm over several existing 
meta-heuristic algorithms. Later, a practical design example of fiber-reinforced composite cylindrical skirt of 
solid rocket motor of aerospace vehicle is investigated. A skirt is a potential element for weight reduction in 
rocket motors as it leads to reduction of the total weight of solid rocket motor. Due to its significance for solid 
rocket motors, it is proposed to optimise the weight as well as cost of the fiber-reinforced composite cylindrical 
skirt subjected to a buckling strength constraint and an overstressing strength constraint under aerodynamic 
torque and axial thrust. This is achieved by arriving at an optimal stacking sequence for the cylinder satisfying 
all the design constraints and also by employing multiple composite materials. Classical laminate theory 
combining with elastic stability theory of thin shells is used to arrive at buckling strength and overstressing 
strength of the fiber-reinforced composite cylindrical skirt. The Tsai-Wu failure criterion is employed to assess 
the first ply failure. Buckling strength and failure strength of the cylindrical skirt is described by using buckling 
load factor and overstressing load level factor. Numerical simulations carried out in this paper clearly 
demonstrate the superiority of the proposed MSGNS algorithm over the popularly used combinatorial 
algorithms like genetic algorithm and simulated annealing. 
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“Justification for a homogeneous model of a laminated composite in problems of optimization of thin-walled 
shells functioning for stability”, Mechanics of Composite Materials, Vol. 17, No. 3, 1981, pp. 320-325,  
doi: 10.1007/BF00605073 (no abstract) 
 
 
V. L. Narusberg and L. A. Pazhe, “Determination of the spectrum of regions of dynamic instability of three-
layer cylindrical shells”, Mechanics of Composite Materials, Vol. 21, No. 6, pp 714-720, November-December, 
1985 
CONCLUSIONS:  1. Analysis of the results obtained for the example of boron-plastic and hybrid three-layer shells leads us to 
conclude that the kinematically uniform model cannot be used to calculate the PRDS of three-layer shells with bearing layers having a 
stiffness three to four times greater and a density roughly one order greater than the stiffness and density of the filler material.  2. The 
replacement of the rigid fiber-reinforced material of the middle layer of the shell by a “soft” and light material such as foam plastic 
leads to a situation whereby the initial sections of the RDI connected with vibrations of the shell as a whole in the x, y, and z 



directions are shifted toward smaller frequencies θ. Here, the number of regions ηp(ℓ, n)(p=1, 3⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯) forming the RDI 
is greater, at least on the initial sections, due to the fact that regions corresponding to different modes of parametric vibration are 
brought closer together. The width of these regions of dynamic instability is decreased by several factors compared to the width of the 
corresponding ηp of the RDI spectrum of a shell having all of its layers made of a stiff material. 3. Calculated results obtained in the 
present study but not reported in this article show that the RDI's connected with vibration of the middle layer in the transverse shear 
planes and in the direction of the z axis change in a manner similar to that described in Part 2 (compressive vibrations). The remaining 
six RDL's connected with the same vibrations of the bearing layers of the shell are shifted toward larger θ. The width of all of the 
regions of the nine RDI's indicated here is negligibly small. 
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“Elasto-viscoplastic and elasto-plastic large deformation analysis of thin plates and shells”, International 
Journal for Numerical Methods in Engineering, Vol. 18, No. 4, April 1982, pp. 591–607,  
doi: 10.1002/nme.1620180409 
ABSTRACT: To account for plastic deformation in plate and shell structures an elasto-viscoplastic solution 
algorithm is considered based on Perzyna's model for material behaviour. This algorithm can be employed to 
solve for time-dependent elasto-viscoplastic situations and by allowing steady-state conditions to be reached, 
elasto-plastic problems can also be considered. For the large displacement elasto-viscoplastic analysis of thin 
shells, an incremental stiffness procedure is employed together with a Lagrangian description of the stress and 
strain vectors. The Semiloof plate and shell elements are used for finite element space discretization. The 
procedures developed are applied to the solution of several numerical examples and the solutions compared 
with results from other sources where available. 
 
 
D. R. J. Owen and Z. H. Li (University College of Swansea, Swansea SA2 8PP, United Kingdom), “Elastic-
plastic dynamic analysis of anisotropic laminated plates”, Computer Methods in Applied Mechanics and 
Engineering, Vol. 70, No. 3, October 1988, pp. 349-365, doi:10.1016/0045-7825(88)90025-4 
ABSTRACT: This paper presents the application of a refined finite element model to the elastic and elastic-
plastic dynamic analysis of anisotropic laminated plates. Dynamic analysis is based on Newmark's algorithm 
used in conjunction with the Hughes and Liu predictor-corrector scheme resulting in an ‘effective static 
problem’ which is solved using a Newton-Raphson-type process. Flow theory is used in the inelastic range and 
the Huber-Mises yielding surface extended by Hill for anisotropic materials is adopted. Numerical results 
obtained for two categories of anisotropic structures, namely cross-ply laminated plates and angle-ply laminated 
plates, are presented and the effects of anisotropy and bending/ stretching coupling on the dynamic elastic and 
elastic-plastic responses are discussed. The effects of lamina stack sequences and lamina angle sequences on the 
dynamic responses are also considered. 
 
 
David Whittaker and Robert D. Jury (Beca Carter Hollings & Ferner Ltd, Consulting Engineeris, Wellington, 
New Zealand), “Seismic design loads for storage tanks”, 12th WCEE, 2000, (no publisher given in the pdf file) 
ABSTRACT: The New Zealand Society for Earthquake Engineering (NZSEE) has a study group working on 



the seismic design of storage tanks. The study group is preparing a revision of the widely acknowledged 
NXSEE 1986 document “Seismic Design of Storage Tanks”. Draft amendments of the loading procedures in the 
1986 document have been prepared. This paper presents a summary of the proposed approach. … 
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“Localized Nonlinear Buckling of Pressure Vessel under Internal Pressure Caused by Initial Geometric 
Imperfections”, Nuclear Power Engineering, 2004-05, doi: CNKI:SUN:HDLG.0.2004-05-011 
ABSTRACT: This paper focuses on the localized nonlinear buckling of pressure vessel under internal pres-sure 
caused by initial geometric imperfection. The localized plastic buckling occurred in the transition region in the 
torispherical end closure of a pressure vessel has been analyzed by FEM. By introducing two types of initial 
geometrical imperfections, the arc-length method of modified-Riks/Ramm procedure is employed to simulate 
the deformation process during loading. The first type of imperfection is determined from the elasto-static 
displacements, into the zone where it is circumferentially compressed. The second type of imperfection is the 
irregular thickness of the vessel, also into the zone where it is circumferentially com-pressed. The buckling 
point is captured from the load-deflection curve of a typical point within the buckled zone, and the 
corresponding buckling load is calculated. The results show that after the first buckling initiated, the succeeding 
loading will lead to more wrinkles within the compressive transition region, which agree well with the results of 
experiments.  
 
 
A. Khelil (IUT Nancy Brabois, départment génie Civil 54601, Villers Les Nancy, cedex 1, France), “Buckling 
of steel shells subjected to non-uniform axial and pressure loading”, Thin-Walled Structures, Vol 40, No. 11, 
November 2002, pp. 955-970. doi:10.1016/S0263-8231(02)00040-X 
ABSTRACT: The paper presents theoretical and numerical studies of the buckling of steel shells subjected 
simultaneously to axial and pressure loading. The type of combined non-uniform loading used for this analysis 
(horizontal pressure and wall frictional pressure which occurs in the silos) is given in the Eurocode 1 part 4. An 
Abaqus program was used to study the influence of the parameters affecting the strength of the shell. The 
results of this parametric study were used to develop a new semi-analytical method for the prediction of the 
critical stress of the stiffened and isotropic shells. The corresponding formulae are compared, in different 
examples of geometrical shells, with the results obtained by finite element simulation and by the formulae for 
buckling design given in recommendation EC3. 
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“Stability analysis using a geometrically nonlinear assumed strain solid shell element model”, Finite Elements 
in Analysis and Design, Vol. 29, No. 2, June 1998, pp. 121-135, doi:10.1016/S0168-874X(98)00021-3 
ABSTRACT: A solid shell element model with six degrees of freedom per node is applied to buckling and 
postbuckling analysis of geometrically nonlinear shell structures. The present model allows changes in the 
thickness direction and does not require rotational angles or parameters for the description of the kinematics of 



deformation. The finite element model is constructed based on the assumed strain formulation in which an 
assumed strain field is chosen to prevent locking while maintaining kinematic stability. Numerical results show 
that the present model allows large increments in the iterative solution scheme for pre- and postbuckling 
analysis. In particular, it appears that the model provides a means to pinpoint a bifurcation point on the 
geometrically nonlinear deformation path. 
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Technology, Poland), “Stabilization of Post-Buckling Path By Axial Loading Controlled By Displecments for 
Cylindrical Shells under Torsion”, Mechanics, Techanical Transactions, Politechniki Krakcwskiej, Issue 8, Year 
(Vol.?)107 
ABSTRACT: A post-buckling path for a cylindrical shell under torsional moment is unstable one. It means that 
the loss of stability of a shell can be associated with a snap-through, which can lead to very large displacements 
and, finally, to destruction of the structure. The effect of modification of the post-buckling behavior in most 
cases has been obtained by changing of geometry of a structure. In this paper an alternative concept is applied, 
namely stabilization of the post-buckling path is obtained by application of an additional loading acting to the 
structure without changing its geometry. This additional loading is applied to a structure by imposing a certain 
axial displacement to the ends of the shell. It causes an axial tensional force, which can stabilize the post-
buckling path. The problem was formulated as a problem of optimization, namely the minimum value of the 
axial load - the initial pretension u, which leads, together with the passive force, to stabilization of the post-
buckling path is looked for. Calculations were performed using ANSYS code. 
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ABSTRACT: The post-buckling path for a cylindrical shell under compressive radial pressure is unstable. The 
effect of modification of the post-buckling behaviour is in most cases obtained by changing sizing variables, 
which are usually dimensions of the design element. In this article an alternative concept is applied, namely 
stabilization of the post-buckling path for a simply supported cylindrical shell under radial compressive pressure 
is obtained by application of additional loadings acting on the structure without changing the shape or sizes of 
the optimized element. These loadings can be either active forces applied to the structure or passive ones 
(reactions of the additional supports) or both active and passive forces acting simultaneously. All three types of 
stabilizing forces were investigated. Calculations were performed using the ANSYS 11.0 Academic Research 
code for elastic and elastic–plastic deformations of shells of different length and thickness. 
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Kraków, Poland), “Optimal Axial Tension and Internal Pressure Stabilizing Post-Buckling Path for Cylindrical 
Shells Under Torsion”, Journal of Theoretical and Applied Mechanics 48, 3, pp. 645-658, Warsaw 2010 
ABSTRACT: The effect of stabilization of unstable post-buckling behavior of a structure usually is obtained by 
changing its geometry. In this paper, a possibility of stabilization of the initially unstable post-buckling path for 
a cylindrical shell under torsion by application of additional independent loadings acting on the structure 
without changing the shape and size of the shell is investigated. It occurred that axial tension improves the 
resistance against buckling for the cylindrical shell under torsion and can stabilize the unstable post-buckling 
path. On the other hand, internal pressure does not stabilize the post-buckling path but it improves the resistance 
of such a structure against instability. 
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Reliability Analysis of the Buckling of Shells with Random Shape, Material and Thickness Imperfections”, in 
Safety, Reliability and Risk of Structures, Infrastructures and Engineering Systems – Furuta, Frangopol & 
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 ABSTRACT: Shell structures are widely used in many industries thanks to their high efficiency in terms of 
load carrying capacity vs. weight optimal ratio. However, it is well known that these structures are also 
characterized by a high sensitivity to buckling instabilities, triggered by ineluctable initial shape imperfections, 
space-varying material properties and/or boundary conditions, unknown to some extent. These imperfections or 
rather unknown properties, inherent to the manufacturing process, are highly unpredictable and thus hard to take 
into account at the design stage. In this paper, the authors propose a stochastic approach to model those initial 
shape imperfections, considered as random, and accounting for uncertain spatially varying material properties 
and thicknesses, based on the random field theory. The assessment of the failure probability is addressed by 
means of subset simulations, which outperform crude Monte Carlo performance when estimating small 
probabilities. Critical buckling loads of the shell structure are determined using an original Finite Element-
based method known as the Asymptotic Numerical Method (ANM), which accounts both for geometric and 
material nonlinearities. The ANM was proved to be less computationally demanding and robust than classical 
incremental-iterative methods offered in general purpose FE codes. Finally, for illustration purposes, the whole 
approach is applied to an example derived from the well-known Scordelis-Lo shell roof. 
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pp. 453–470. doi: 10.1002/nme.1620230310 
ABSTRACT: We present a new 6-node triangular bending element (called DKTP) based on a discrete 
Kirchhoff model. A corresponding new flat-shell element, DLTP, having quadratic variation of in-plane 
displacement is also presented. This element has 6 degrees-of-freedom (u, v, w, thetax, thetay, thetaz) at each 
corner node and 3 degrees-of-freedom (u, v, w) at each mid-side node. Detailed numerical experimentation is 



presented to demonstrate the efficiency and reliability of these elements. 
 
 
M. Talbot (1) and G. Dhatt (2) 
(1) Civil Engineering Department, Laval University, Quebec, G1K 7P4, Canada 
(2) Civil Engineering Department, Laval University, Quebec, G1K 7P4, Canada On leave from Universite de 
Technologie de Compiegne, 60206 Compiegne, France 
“Three discrete Kirchhoff elements for shell analysis with large geometrical non-linearities and bifurcations”, 
Engineering Computations, Vol. 4, No. 1, 1987, pp. 15 – 22, doi: 10.1108/eb023679 
ABSTRACT: The comparative efficiency of three flat triangular shell elements is being assessed for analysing 
non-linear behaviour of general shell structures. The bending formulation of the three elements is based on a 
discrete Kirchhoff model (namely the well-known 3-node DKT element and a new 6-node DKTP element). The 
in-plane behaviour is defined by constant (CST), linear (LST)and quadratic (QST) strain approximations. The 
super-position of bending and membrane elements leads to the 3-node DCT element (DKT plus CST), the 3-
node DQT element (DKT plus QST) and the 6-node DLT element (DKTP plus LST). The geometrically non-
linear formulation is based on an approximate updated Lagrangian formulation (AULF) and the solution is 
obtained by using the Newton-Raphson method with an automatic arc-length control method. Illustrative 
examples include pre- and post-buckling of different shell structures showing, in particular, some bifurcation 
points, large rotations and displacements and very important membrane-bending coupling. 
 
 
K. Rzeszut, et al “Stability of beams and columns made of thin-walled cold-formed sections accounting for 
imperfections”, III European Conference on Computational Mechanics, 2006, 702,  
doi: 10.1007/1-4020-5370-3_702 
ABSTRACT: In the paper the linear and non-linear stability analysis of columns and beams made of steel 
coldformed thin-walled sigma profiles is presented. Both single (asymmetric) and double (symmetric) sigma 
sections are considered. Local and global buckling phenomena are studied for a wide range of lengths from 
short columns and beams to long ones. Particular attention is paid to coupled instability, when local buckling 
occurs close to global one. Coupled modes can take flexural, torsional or combined flexural-torsional forms. 
Usually this kind of instability strongly influences the overall post-buckling behaviour. It is well known that 
these structures are sensitive to initial geometric imperfections [3]. Simplified theories proposed by Timoshenko 
and developed by Vlasov provide good results only in the case of global buckling. Therefore, in the paper FEM 
employing shell elements is used to capture the interactive buckling effects. The influence of initial 
imperfections on buckling and post-buckling behaviour is studied using nonlinear stability analysis with Riks 
method. The results are compared with results provided by simplified theories. Buckling and nonlinear post-
buckling analyses in compression, in simple and skew bending are performed. These issues were also studied in 
[2]. Imperfections are usually introduced by perturbations in the geometry as a linear superposition of buckling 
modes, obtained from the linear eigenvalue nroblem. We follow this approach. however, the patterns and 
amplitudes of imperfections refer to our own measurements performed “in situ” and processed statistically. 
These measured imperfections are transferred to FEM model, using discrete Galerkin method for error 
minimization. Special attention is focussed on modelling the double sigma members, which cross-sections are 
composed of two sigma members. connected in discrete points distributed alone the webs. It was found that 
buckling loads may strongly differ with those obtained from analysis for continuous web connection [1]. The 
influence of head plates, stiffness and spacing of connectors and slenderness coefficients on buckling behavior 
is studied by the way of examples. The examples are solved using the general purpose finite element program, 
ABAQUS. 
 
 
N. Hosseinzadeh (Dept. of Structural Engineering, International Institute of Earthquake Engineering and 
Seismology (IIEES), Tehran, Iran), “Seismic Vulnerability Analyses of Steel Storage Tanks in an Oil Refinery 
Complex Using Dynamic Analyses”, The 14th World Conference on Earthquake Engineering October 12-17, 
2008, Beijing, China 
ABSTRACT: Cylindrical steel above ground tanks extensively used in oil refinery complexes and oil depots in 



Iran. Average capacity of this kind of tanks is about 20,000 kl with diameter of about 40 m and height of about 
14 meter. Past earthquake experiences in Japan, U.S. and turkey show that these tanks are very vulnerable to 
strong ground motions. Failure modes such as settlement, shell buckling, Roof Damage and overturning are the 
main causes of extensive material leakage and fire immediately after an earthquake. In this paper 181 tanks in 
an oil refinery complex are categorized into 30 types in order to seismic vulnerability evaluation and retrofit 
design. International documented references such as new revisions of API650 and ASCE standards and Finite 
Element Method is used in this study. Important parameters such as Liquid sloshing, tank bottom uplift and 
liquid-shell interaction considered in dynamic analyses. Site-specific spectrum, as well as site compatible 
earthquake records considered as input motions. The results show that about 60 percent of the existing tanks are 
vulnerable and require retrofitting or strengthening. 
References listed at the end of the paper: 
1. Haroun M.A., (1983), Vibration studies and test of liquid storage tanks, Earthquake Engineering and Structural Dynamics vol.11 pp 
179-206 
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Zhang, Chonghou (Dept. of Civil Engineering, Tsinghua University, Beijing, China), “Plastic buckling of 
cylindrical shells under transverse loading”, Tsinghua Science and Technology, Vol. 13, No. 2, pp. 202-210, 
April 2008, DOI: 10.1016/S1007-0214(08)70034-8 
ABSTRACT: Thick cylindrical shells under transverse loading exhibit an elephant foot buckling mode, whereas 
moderately thick cylindrical shells show a diamond buckling mode. There exists some intermediate geometry at 
which the transition between buckling modes can take place. This behavior is significantly influenced by the 
radius-to-thickness ratio and the material yield strength, rather than the length-to-radius ratio and the axial 
force. This paper presents a critical value at which the transition of buckling modes occurs as a function of the 
radius-to-thickness ratio and the material yield strength. The result shows that the circumferential wave number 
of the diamond buckling mode increases with decreasing wall thickness. The strain concentration is also 
intensified for the diamond buckling modes compared with the elephant foot buckling modes. 
 
 
Hong Pu Liu, Xiao Jing Li, Di Wang, Jian Sheng Tang, Xue Ling Yang, Cheng Jun Zhu (Non-traditional 
Machining Center, Henan Polytechnic Institute, Nanyang 473009, China), “The Structural Dynamical Buckling 
Analysis for a Novel Vacuum Autoclave under the Extreme Operating Conditions”, Advanced Materials 
Research (Volumes 143 - 144), October 2010, pp. 888-893, doi: 10.4028/www.scientific.net/AMR.143-144.888 
ABSTRACT: The elastic buckling load is physically important in design of the pressure vessel with shell 
framework because it is actually the critical step in a thin-walled shell configuration that will eventually lead to 
complete failure. An finite element model of vacuum autoclave was established and the buckling load 
calculations under the extreme operating conditons have been carried out to obtain the modal deformation 
condition and the safety factor. The results showed that the structure has a higher safety factor, which indicated 
that the vacuum autoclave design can meet the working conditon requirements. 
 
 
Sovizi, J.,  Bahardoost, M. and  Behbehan, T.S. (Mech. Eng. Dept., K. N. Toosi Univ. of Technol., Tehran, 
Iran), “Effect of initial imperfection on the stability of compressible columns with load dependent support”, 
Mechanical and Electrical Technology (ICMET), 2010, 2nd International Conference on…, 10-12 September 
2010, Singapore, ISBN: 978-1-4244-8100-2, pp. 273-277, doi: 10.1109/ICMET.2010.5598363 
ABSTRACT: Stability is one of the serious problems associated with slender structural elements. Column is an 
important member of such elements that the study of its complex behavior is necessary due to their significant 
use in the structural applications. In this paper, the influence of initial imperfection on the stability of a 
compressible column with load-dependant support is studied. The column model is introduced, considering 



compressibility and load-dependant behavior of the support. The effect of initial imperfection is considered in 
the equilibrium equation of the column and the equilibrium paths are plotted in each state of reference support 
stiffness functions for specific imperfection magnitudes. In each state, the change of critical load of the column 
versus the values of the imperfection is extracted and the effect of initial imperfection on the stability of the 
column is discussed. 
 
 
Tomoyo Taniguchi (Department of Civil Engineering, Tottori University, 4-101 Koyama-Minami Tottori, 680-
8552, Tottori, Japan), “Rocking behavior of unanchored flat-bottom cylindrical shell tanks under action of 
horizontal base excitation”, Engineering Structures, Vol. 26, No. 4, March 2004, pp. 415-426, 
doi:10.1016/j.engstruct.2003.10.013 
ABSTRACT: The rocking dynamics of the tank is discussed through introduction of the rock–translation 
interaction. Firstly, the discussion on the ideal rigid bottom plate tank ensures the necessity of the rock–
translation interaction for evaluating rocking responses of the tank. Secondly, to trace rocking behaviors of the 
actual tank, the proposed method is expanded by employing an assumption of the effective moment inertia of 
liquid for rocking motion. The comparison of analytical results with the experimental ones corroborates its 
applicability. Finally, the sufficient friction on the pivoting edge to enter and sustain the rocking motion of the 
tank is examined. 
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University of Naples Federico II, Italy), “Seismic Vulnerability of Standardised Industrial Components: 
Application to Oil Storage Tanks”, Paper No. 552, 13th World Conference on Earthquake Engineering 
Vancouver, B.C., Canada August 1-6, 2004  
ABSTRACT: Industrial risk requires taking into account natural hazards including earthquakes. In the 
Quantitative Risk Analysis (QRA) perspective seismic failure may be added to system faulty events. Fragility 
analysis of industrial components presents some aspects that requires the development of specific reliability 
tools. The present paper discusses the definition of a rational procedure for seismic vulnerability assessment of 
standardized industrial constructions in a probabilistic framework. 
The coverage of a category of components by a single analysis process and the independence on the 
assumptions on the structural model, even if dynamic analyses are performed, can be addressed as the main 
advantages of the proposed method. Both seismic capacity and demand are considered as probabilistic. The 
application example is focused on the elephant foot buckling of unanchored sliding tanks. A regression-based 
method is applied to relate fragility curves to parameters varying in the domain of variables for structural 
design. 
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G. Fabbrocino, I. Iervolino, G. Manfredi (Department of Structural Analysis and Design University of Naples 
Federico II), “Structural issues in seismic risk assessment of existing oil storage tanks”, (no publisher or date 
given in the pdf file, latest reference is dated 2001) 
ABSTRACT: Large regions in many countries are exposed to earthquakes, thus seismic risk evaluation is a 
relevant issue and requires specific knowledge development and integration between different skills. Failure of 
critical constructions can have direct and indirect influence on public safety; in fact, pollution or damages due to 
explosions can be related to collapse of industrial facilities. In the present paper, after a review of available data 
concerning industrial plants in Italy with specific reference to their exposure to earthquake actions, the main 
aspects related to structural design and seismic evaluation of existing facilities for oil storage are discussed and 
the main features of probabilistic procedures able to give fragility curves of structures and components to be 
used in seismic risk assessment are outlined. 
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Ge Wang, Dajiu Jiang and Yung Shin (Americal Bureau of Shipping), “Consideration of Collision and Contact 
Damage Risks in FPSO Structural Designs”, Paper No. 15316-MS, Offshore Technology Conference, 5 May-8 
May 2003, Houston, Texas, doi: 10.4043/15316-MS 
ABSTRACT: FPSOs have a risk profile different from fixed platforms and commercial trading tankers. Being 
stationed in one location and routinely visited by supply boats and shuttle tankers. FPSOs can be collided by 
these ships. In addition, passing ships also pose a collision risk if an FPSO is close to a sailing route. This paper 
presents a systematic approach to address the risk of collision and contact damage. It is aimed to propose a 
framework that can be applied in structural designs and risk assessment schemes. The focus is placed on 
accident scenarios, evaluation approaches and acceptance criteria, the three major issues for a risk assessment 
and also for a relevant design standard. Accident scenarios and the associated occurrence frequency may be 
determined through statistics from historical data, expert opinions, and risk analysis, depending on different 
situations. A spectrum of tools has been developed in recent years that predicts the structural damage of 
collisions, including simple formulae, simplified analytical methods, simplified FEM, and non-linear FEM 
simulations. Those based on the advanced structural crashworthiness theory provide powerful and practical 
tools, and are well suited for design evaluations and risk analysis. Contact damage is more likely to occur than 
accidents resulting in rupture of shell plating. However, this type of accident has received very limited attention. 
An analytical approach is presented for analyzing contact damage that can be used during earlier design stage. 
Acceptance criteria for collision and contact accidents are discussed. The emphasis is on structural integrity 
including local strength and hull performance. 
 
 
Sebastián P. Machado (Grupo Análisis de Sistemas Mecánicos, Facultad Regional Bahía Blanca, Universidad 
Tecnológica Nacional, 11de abril 461, B8000LMI Bahía Blanca, Argentina), “Non-linear buckling and 
postbuckling behavior of thin-walled beams considering shear deformation”, International Journal of Non-
Linear Mechanics, Vol. 43, No. 5, June 2008, pp. 345-365, doi:10.1016/j.ijnonlinmec.2007.12.019 
ABSTRACT: The static stability of thin-walled composite beams, considering shear deformation and 
geometrical non-linear coupling, subjected to transverse external force has been investigated in this paper. The 
theory is formulated in the context of large displacements and rotations, through the adoption of a shear 
deformable displacement field (accounting for bending and warping shear) considering moderate bending 
rotations and large twist. This non-linear formulation is used for analyzing the prebuckling and postbuckling 
behavior of simply supported, cantilever and fixed-end beams subjected to different load condition. Ritz's 
method is applied in order to discretize the non-linear differential system and the resultant algebraic equations 
are solved by means of an incremental Newton–Rapshon method. The numerical results show that the beam 
loses its stability through a stable symmetric bifurcation point and the postbuckling strength is in relation with 
the buckling load value. Classical predictions of lateral buckling are conservative when the prebuckling 
displacements are not negligible and the non-linear buckling analysis is required for reliable solutions. The 
analysis is supplemented by investigating the effects of the variation of load height parameter. In addition, the 
critical load values and postbuckling response obtained with the present beam model are compared with the 
results obtained with a shell finite element model (Abaqus). 
 
 
Sebastián P. Machado (Grupo Análisis de Sistemas Mecánicos, Facultad Regional Bahía Blanca, Universidad 
Tecnológica Nacional, 11de abril 461, B8000LMI Bahía Blanca, Argentina), “Interaction of combined loads on 
the lateral stability of thin-walled composite beams”, Engineering Structures, Vol. 32, No. 11, November 2010, 
pp. 3516-3527, doi:10.1016/j.engstruct.2010.07.020 
ABSTRACT: Based on a seven-degree-of-freedom shear deformable beam model, analytical solutions are 
derived for the lateral stability analysis of cross-ply laminated thin-walled beams subjected to combined axial 
and bending loads. The model includes shear deformability in a full form, i.e. shear flexibility due to both 
bending and nonuniform warping is considered. The theory is formulated in the context of large displacements 
and rotations, considering moderate bending rotations and large twist. Composite is assumed to be made of 
symmetric balanced laminates and especially orthotropic laminates. The closed-form analytic expressions 
obtained in this paper are valid for simply supported bisymmetric beams. These fundamental solutions 



explicitly identify the influence of geometric nonlinear effects due to the prebuckling deformation. The 
numerical results are compared with the bifurcation loads of the postbuckling response. In addition, the effects 
of the variation of load height parameter and fiber angle orientation are investigated. 
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“Post Buckling Analysis of the Ariane 5 Front Skirt (Rosetta-Mission)”, EUROPEAN CONFERENCE FOR 
AEROSPACE SCIENCES (EUCASS), (no publisher or date given in the pdf file; latest reference is dated 
PARTIAL INTRODUCTION: This contribution addresses the analysis of the behaviour of the ARIANE 5 front 
skirt concerning the nonlinear structural stability in the launching phase of the Rosetta-Mission. 
The front skirt consists of a stiffened shell structure and is part of the main stage of the ARIANE 5 … 
transmitting the booster loads into the actual launcher. The main load carrying elements are load introduction 
structures, circumferential frames and axial stiffened cylindrical shells. Within the framework of the flight 
worthiness assessment for the Rosetta mission, a nonlinear analysis of the front skirt for two critical flight cases 
was performed. The contracting body for this job was MAN-Technologie AG in Augsburg, Germany. 
The crucial points of the analysis strategy itself, which had to be considered for the flight worthiness 
assessment, were: (1) Load case selection, (2) Boundary conditions, (3) Post buckling behavior and (4) 
Imperfection sensitivity. The computations described in the following were carried out by means of the general 
purpose program ABAQUS [7], Version 6.4.1. 
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“Post-Buckling Analyses of Elastic Circular Cylindrical Shells Under Axial Compression”, Paper no. PVP2005-
71532 pp. 355-361, doi:10.1115/PVP2005-71532 , ASME 2005 Pressure Vessels and Piping Conference 
(PVP2005), July 17–21, 2005 , Denver, Colorado, USA Sponsor: Pressure Vessels and Piping Division, 
Volume 2: Computer Technology, ISBN: 0-7918-4187-1 
ABSTRACT: In the design of a modern lightweight structure, it is of technical importance to assure its safety 
against the buckling under the applied loading conditions. For this issue, the determination of the critical load in 
an ideal condition is not sufficient, but it is further required to clarify the post-buckling behavior, that is, the 
behavior of the structure after passing through the critical load. One of the reasons is to estimate the effect of 
practically unavoidable imperfections on the critical load and the second is to evaluate the ultimate strength to 
exploit the load-carrying capacity of the structure. For the buckling problem of circular cylindrical shells under 
axial compression, a number of experimental and theoretical studies have been made by many researchers. In 
the case of the very thin shell that exhibits elastic buckling, experimental results show that after the primary 
buckling, secondary buckling takes place accompanying successive reductions in the number of the 



circumferential waves in each mode change on one-by-one step. In this paper we traced this successive buckling 
of circular cylindrical shells using some of the general purpose implicit FEM codes currently available. For 
geometrically nonlinear static problems including buckling and post-buckling, we carried out our studies with 
two approaches; one is to use the arc length method (the modified Riks method), and the other is stabilizing 
with the aid of (artificial) damping especially for the local instability. Our analysis procedure consists of the 
following 2 steps. Before reaching the point exhibiting the comparatively stable state after the primary buckling, 
the arc length method is applied. After that point, the artificial damping is applied. The results simulate unstable 
successive buckling and show good agreement with experiments. 
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“Corotational formulation for nonlinear dynamics of beams with arbitrary thin-walled open cross-sections”, 
Computers & Structures, Vol. 134, pp 112-127, April 2014, DOI: 10.1016/j.compstruc.2013.11.005 
ABSTRACT: A new consistent corotational formulation for nonlinear dynamics of beams with arbitrary thin-
walled cross-section is presented. The novelty is that the warping deformations and the eccentricity of the shear 
center are fully taken into account. Therefore, additional terms are introduced in the expressions of the inertia 
force vector and the tangent dynamic matrix. Their contribution is then investigated considering several 
numerical examples. Besides, the element has seven degrees of freedom at each node and cubic shape functions 
are used to interpolate local transverse displacements and axial rotations. The formulation’s accuracy is 
assessed considering five examples with comparisons against 3D-solid solutions. 
 
 
Eliseev V. and Vetyukov Y., “Finite deformation of thin shells in the context of analytical mechanics of 
material surfaces”, Acta Mech 209(1–2):43–57, 2010, DOI 10.1007/s00707-009-0154-7  
ABSTRACT: In the framework of the direct approach shells are considered as deformable surfaces consisting 
of particles, and the relations of the theory are obtained with the methods of analytical mechanics. In the present 
work we assign to each particle five degrees of freedom, namely three translations and two in-plane rotations. 
The principle of virtual work produces all the relations of the theory of shells: equations of equilibrium, 
boundary conditions, definition of the force factors and the general form of constitutive equations. Remarkable 
consistency and clarity is achieved both in the relations of the theory and in the derivation process. A new 
formulation of the Piola tensors for a shell is suggested in order to transform the equations to the reference 
configuration. To analyze the effects of buckling or geometric stiffening, we linearize these equations in the 
vicinity of a pre-deformed configuration. Some new semi-analytical results on buckling and supercritical 
behavior of an axially compressed cylindrical shell are presented. The correspondence between the equations 
and the variational formulation is discussed in view of development of efficient numerical procedures for 
modeling nonlinear deformations of shells. Results of finite element modeling of the nonlinear deformation of a 
shell structure are discussed in comparison with the fully three-dimensional solution of the problem.  
 
 
Yury Vetyukov (Institute of Technical Mechanics, Johannes Kepler University, Linz, Austria), “Mechanics of 
Thin Elastic Shells”, in Nonlinear Mechanics of Thin-Walled Structures, Springer, 2014, pp 113-194 
DOI: 10.1007/978-3-7091-1777-4_4 
ABSTRACT: We begin with the asymptotic splitting of the equations of the three-dimensional theory of 
elasticity for a thin plate into a problem over the thickness and the equations of the classical plate model. All 
groups of the three-dimensional equations (equilibrium, compatibility, etc.) are processed separately. Both the 
material anisotropy and inhomogeneity in the thickness direction are included in the analysis along with the 
electromechanical coupling in the form of piezoelectric effects. The classical nonlinear theory of curved shells 
follows with the direct approach to a material surface with five degrees of freedom of particles: three 
translations and two rotations. Equations of equilibrium, boundary conditions and general constitutive relations 



are the consequences of the principle of virtual work. Further we transform the equations to the differential 
operator of the reference configuration with the Piola tensors, which allows linearizing the equations in the 
vicinity of a pre-stressed and pre-deformed state. Several example problems for a cylindrical shell are 
considered. A novel finite element scheme with a smooth approximation of the surface of the shell concludes 
the chapter. The method is presented in Mathematica environment for linear plate problems, and then a general 
implementation for large deformations of curved shells is discussed. We demonstrate the convergence 
properties of the numerical scheme on several examples, some of which have been considered in the literature 
before. This chapter quotes extensively from Eliseev and Vetyukov (Acta Mech. 209(1–2):43–57, 2010) with 
permission from Springer Science and Business Media, from Vetyukov et al. (Int. J. Solids Struct., 48(1):12–23, 
2011) with permission from Elsevier, from Vetyukov (Z. Angew. Math. Mech., 94(1–2):150–163, 2014) with 
permission from Wiley-VCH and from Eliseev and Vetyukov (Shell Structures: Theory and Applications, 
vol. 3, pp. 81–84, CRC Press, London, 2014) with permission from Taylor & Francis Group. Other results of 
the author, previously presented in Vetyukov and Belyaev (Proceedings of the Tenth International Conference 
on Computational Structures Technology, p. 19, Civil-Comp Press, Stirlingshire, 2010) and Vetyukov and 
Krommer (Proceedings of SPIE—The International Society for Optical Engineering, vol. 7647, 2010), were 
included in the material of the present chapter. 
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“Thin shells with piezoelectric transducers: Theory, numerical modelling and verification”, 7th ECCOMAS 
Thematic Conference on Smart Structures and Materials (SMART), 2015 
ABSTRACT: For the modelling of thin elastic shells with attached piezoelectric transducers, we consider a 
material surface with certain mechanical degrees of freedom in each point. Additionally, electrical unknowns 
are present within the domain, where the piezoelectric transducers are attached, such that the sensing and 
actuating behavior can be properly accounted for. The modelling is done in the geometrically nonlinear regime, 
but the electromechanically coupled constitutive relations are treated within the framework of Voigt’s linear 
theory of piezoelectricity. Owing to the assumed thinness of the shell the influence of shear is neglected in the 
modeling. A Finite Element scheme for the solution of the resulting model is implemented and the solutions 
computed with the present theory are compared to results computed with the commercially available FE code 
Abaqus. Different examples are presented ranging from large deformations, to snap through instability and to a 
linear analysis. A very good agreement between the results is obtained, from which the accuracy of the thin 
shell formulation as a material surface is concluded. Next, an existing physical shell is modeled within the 
linearized version of the present theory and the computational results are compared to measurement results from 
the physical experiment. The agreement is reasonably good; natural frequencies as well as eigenmodes are 
considered for the comparison. Concerning the eigenmodes the MAC criterion is used. Finally, the resulting 
linear time invariant dynamical system for the simulation of the physical shell is imported into Mathematica and 
different strategies for passive and active control are tested and compared to each other. Concerning passive 
control methods classical single mode shunt-damping using an optimized RL-network is studied.  
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Shunqi Zhang, “Nonlinear FE Simulation and Active Vibration Control of Piezoelectric Laminated Thin-
Walled Smart Structures”, Ph.D. dissertation, Dept. of Machine Knowledge, Technical University of Aachen, 
2014 
ABSTRACT: This dissertation deals with nonlinear finite element modeling and active vibration control for 
piezoelectric integrated smart structures, and is presented in two parts. In the first part, an electro-mechanically 
coupled large rotation finite element model is developed for static and dynamic analysis of thin-walled 
structures with piezoelectric sensor and actuator layers. The present large rotation theory is based on the first-
order shear deformation hypothesis, which has six independent kinematic parameters but expressed by five 
nodal degrees of freedom. Unrestricted finite rotations are described by two rotations using the Euler angle 
representation method. Due to the assumption of small strains and weak electric potential, linear piezoelectric 
coupled constitutive equations and a linearly distributed electric potential through the thickness are considered. 
In order to show the necessity of the large rotation theory in the application of thin-walled composite or smart 



structures undergoing large rotations, several simplified nonlinear shell theories are implemented into finite 
elements for thin-walled structures as well. The second part develops a disturbance rejection control with a 
Proportional-Integral (PI) observer which uses step functions to construct a fictitious model of disturbances for 
active vibration control of smart structures. To improve the dynamic behavior of the existing PI observer, a 
Generalized PI (GPI) observer is proposed and developed. Therefore, any unknown disturbances can be 
estimated and compensated by the present disturbance rejection control with either a PI or GPI observer. 
Additionally, PID, LQR and LQG control strategies are implemented to show the advantages of the proposed 
disturbance rejection control.  
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Luciano Demasi, Yonas Ashenafi, Rauno Cavallaro and Enrico Santarpia, “Generalized unified formulation 
shell element for functionally graded variable-stiffness composite laminates and aeroelastic applications”, 
AIAA SciTech 5-9 January 2015, Kissimmee, Florida; 56th AIAA/ASCE/AHS/ASC Structures, Structural 
Dynamics and Materials Conference 
ABSTRACT: Composite materials have been extensively used in engineering thanks to their lightweight, 
superior mechanical performances and possibility to tailor the structural behavior, increasing the available 
design space. Variable Angle Tow (VAT) structures exploits this advantage by adopting a curvilinear patterns 
for the fibers constituting the lamina.  
This work, for the first time, extends the Generalized Unified Formulation (GUF) to the case of fourth-order 
triangular shell elements and VAT composites. Functionally graded material properties in both the thickness 
and in-plane directions are also possible. The finite element has been formulated with layers of variable 
thickness with respect to the in-plane coordinates.  
GUF is a very versatile tool for the analysis of Variable Stiffness Composite Laminates (VSCLs): it is possible 
to select generic element coordinate systems and define different types of axiomatic descriptions (Equivalent 
Single Layer, Layer Wise, and Zig-Zag enhanced formulations) and orders of the thickness expansions. Each 
displacement is independently treated from the others. All the infinite number of theories that can be generated 
with GUF are obtained by expanding six theory-invariant kernels (formally identical for all the elements), 
allowing a very general implementation. Finally, the possibility of tailoring the theory/order to increase the 



accuracy in desired directions makes the GUF VAT capability a very powerful tool for the design of aerospace 
structures.  
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Massachusetts; 54th AIAA/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference 
ABSTRACT: The concept of snap divergence and post-critical states are theoretically formulated for Joined 
Wings with the arc length technique. The true critical condition is compared with the divergence speed 
evaluated by solving an eigenvalue problem about a steady state equilibrium, showing how in some cases this 



last approach is not reliable and even nonconservative.  
The work assesses the difference of the nonlinear responses relative to mechanical loads (both conservative and 
follower ones) used to mimic the real loading condition and the aerodynamic forces.  
Two joined-wing configurations, characterized by a different location of the joint, are investigated. It is 
demonstrated that the lift/displacement response may hide the physical snap divergence occurrence, leading to 
non-physical interpretation of the stability properties of the system. Thus, as a consequence, use mechanical 
loading to mimic aerodynamic effects should be meditated since they may not give a reliable picture. 
Aeroelastic stiffening and softening effects are observed for the different cases, and it is discussed how practical 
instability situation may not be encompassed by the formal mathematical criterion (singularity of the system 
tangent matrix).  
Finally, physical interpretation of the static aeroelastic deformation is provided with particular emphasis on the 
conditions that lead to the snap divergence. The bending/torsion coupling at geometric (sweep angle of the 
wings) and material (composite materials) level for each wing can not be thought as an isolate property, since, 
due to the overconstrained nature of the system, the actions are transferred between different parts of the 
system. In other words, an intuitive approach that tries to fine tune the design of a part as an isolate entity may 
not lead to meaningful results.  
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ABSTRACT: This paper analyses the free vibration response of sandwich curved and flat panels by introducing 
the zig-zag function (−1)kζk (ZZF) in the displacement models of classical and higher order two-dimensional 
shell theories. The main advantage of ZZF is the introduction of a discontinuity in the first derivative, zig-zag 
effect, of the displacements distribution with correspondence to the core/faces interfaces. Results including and 
discarding ZZF are compared. Several values of face-to-core stiffness ratio (FCSR) and geometrical plate/shell 



parameters have been analyzed. Both fundamental vibration modes and those corresponding to high wave 
numbers are considered in the analysis. It is concluded that: (1) ZZF is highly recommended in the free 
vibration analysis of sandwich plates and shells; (2) the use of ZZF makes the error almost independent by 
FCSR parameter; (3) ZZF is easy to implement and its use should be preferred with respect to other ‘more 
cumbersome’ refined theories.  
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ABSTRACT:  
The linear equivalent plate approach developed and used for the aeroelastic optimization of composite wings at 
the conceptual design stage is a Ritz approach based on simple polynomial functions as generalized coordinates. 
Generalization to the case of geometrically nonlinear structural behavior is presented here in an effort to assess 
accuracy and performance of the method in the nonlinear static and dynamic cases. Using the von-Karman plate 
formulation for moderately large deformations, 3-dimensional assemblies of thin-plate segments are modeled 
using a penalty function approach to impose boundary conditions and compatibility of motion between adjacent 



segments. Closed form expressions for mass and stiffness terms (linear and nonlinear) make numerical 
integration unnecessary. Numerical results obtained by the present method for a variety of plate structures, in 
both static and dynamic cases, show good correlation with published results and results by other computer 
codes. The present formulation is also compared with large-deformation Updated Lagrangian formulation 
results. Limits of applicability, in terms of the range of deformations still captured accurately by the equivalent 
plate method, are studied in all test cases.  
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E. Carrera and Luciano Demasi, “Two benchmarks to assess two-dimensional theories of sandwich composite 
plates”, AIAA Journal, Vol. 41, No. 7, July 2003, DOI: 10.2514/2.2081 
ABSTRACT: Two-dimensional theories and finite elements are assessed to analyze displacement and stress 
fields in sandwich, composites plates. Two benchmarks are used to conduct the assessment. The first 
benchmark is a sandwich plate loaded by harmonic distribution of transverse pressure for which a three-
dimensional closed-form solution exists in the literature. The second benchmark is a rectangular sandwich plate 
loaded by a transverse pressure located at the center. More than 20 plate theories and finite elements were 
implemented in a unified formulation recently proposed by the authors. Classical theories based on 
displacement assumptions are compared to advanced mixed models formulated on the basis of Reissner’s mixed 
variational theorem. Both equivalent single-layer models as well as layerwise models are considered. Analytical 
closed-form solutions and finite elements are given. The considered benchmarks highlight both the performance 
and limitations of the considered two-dimensional theories. The convenience of layerwise description and 
advanced mixed theories has been demonstrated. The second benchmark especially proved the need for 
layerwise models to capture the local effects.  
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E. Carrera, L. Demasi, and M. Manganello, Assessment of plate elements on bending and vibrations of 
composite structures, Mech. Adv. Mater. Struct., vol. 9, pp. 333–357, 2002 
ABSTRACT: This article assesses classical and refined finite plate elements on bending and vibrations of 
layered composites and sandwich structures. To this purpose, recent authors’ findings have been extended to 
dynamics. About 20 plate finite elements have been implemented and compared: classical ones based on 



displacement assumptions are compared to advanced mixed elements which are formulated on the basis of 
Reissner’s mixed variational theorem. Finite elements which preserve the independence of the number of 
independent variables from the numbers of the Nl layers (equivalent single-layer models) as well as those 
elements in which the number of the unknown variables remains Nl -dependent (layer-wise models) are both 
considered. Linear up to fourth-order expansions in the thickness direction are treated for the unknown stress 
and displacement variables. Sandwich beams and cross-ply as well as angle-ply composites plates have been 
analyzed. Simply supported as well as clamped edges have been considered. Finite-element results have been 
implemented and compared, where available, to analytical closed form solutions. Mostly the fundamental 
circular frequency has been used as a test bed to assess the whole implemented multilayered elements.  
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“Classification of thin shell models deduced from the nonlinear three-dimensional elasticity. Part I: the shallow 
shells”, Arch. Mech., Vol. 55, No. 2, pp 135-175, 2003 
ABSTRACT: The purpose of this paper is to construct a classification of asymptotic shell models (inferred from 
the non linear three-dimensional elasticity) with respect to the applied forces and to the geometrical data. To do 
this, we use a constructive approach based on a dimensional analysis of the nonlinear three-dimensional 
equilibrium equations, which naturally gives rise to the appearance of dimensionless numbers characterizing the 
applied forces and the geometry of the shell. In order to limit our study to one-scale problems, these 
dimensionless numbers are expressed in terms of the relative thickness ε of the shell, which is considered as the 



perturbation parameter. This leads, on the one hand, to distinguish shallow shells from strongly curved shells 
which have a different asymptotic behaviour, and on the other hand, to fix the applied force level. For each of 
these two classes of shells, using the usual asymptotic method, we propose a complete classification of two-
dimensional shell models based on decreasing force levels, from severe to low. In the first part of this paper, we 
present the classification for shallow shells. We obtain successively the nonlinear membrane model, another 
membrane model, Koiter’s non linear shallow shell model, and the linear Novozhilov-Donnell one, respectively 
for severe, high, moderate and low forces.  
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“Classification of thin shell models deduced from the nonlinear three-dimensional elasticity. Part II: the 
strongly curved shells”, Arch. Mech., Vol. 55, No. 2, pp 177-219, 2003 
ABSTRACT: In the first part of this paper we have deduced a classification of asymptotic shallow shell models 
with respect to the level of applied forces, from the non-linear threedimensional elasticity. We have used a 
constructive approach based on a dimensional analysis of the non-linear three-dimensional equilibrium 
equations, which naturally makes appear dimensionless numbers characterizing the applied forces (F and G) 
and the geometry of the shell (ε and C). To limit our study to one-scale problems, these dimensionless numbers 
are expressed in terms of the relative thickness ε of the shell, considered as the perturbation parameter. In the 
first part, we have studied the case of shallow shells corresponding to C = ε2. In the second part of this paper, 
we will study the case of strongly curved shells for which C = ε. The classification that we obtain is then more 
complex. It depends not only on the force levels, but also on the existence of inextensional displacements which 
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Isabel M.N. Figueiredo, “Local existence and regularity of the solution of the nonlinear thin shell model of 
donnell-mushtari-vlasov”, Applicable Analysis, Vol. 36, Nos. 3-4, pp 221-234, 1990 
ABSTRACT: We show the local existence and the regularity of the nonlinear thin shell model of Donnell-
Mushtari-Vlasov, using the implicit function theorem at the neighbourhood of the origin and the classical results 
of regularity for linear elliptic partial differential equations and sytems, for the case of a clamped shell. 
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Special Issue “Stability and nonlinear analysis of steel structures – Research advances”, Romanian Journal of 
Technical Sciences Applied Mechanics, Vol. 59, Nos 1-2, January – August 2014 
Brief description of the contents of this special issue (written by the Guest Editors): 
The topics of the papers included in this volume are diverse enough, tackling stability problems of steel 
structures with thin and thick walled bar members, open and hollow sections, plated structures and curved 
sandwich panels. There are theoretical, numerical and experimental approaches and combinations of them used 
in solving stability problems. The 12 papers have been framed into two parts:  
Part I: Theoretical background, numerical and experimental advanced studies – 7 papers;  
Part II: Design codification oriented studies – 5 papers.  
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“Erosion of interactive buckling load of thin-walled steel bar members: Contribution of ‘Timisoara School’” 
ABSTRACT: The paper presents a summary of the activity and research achievements of the Romanian 
researchers of Timisoara School in the field of stability of cold-formed steel members. Both, fundamental 
theory and applied instability contributions are focussed. Post-critical theory of elastic structures, the analysis of 
stable and unstable components of bifurcation load, coupling of bifurcations modes (e.g. mod interaction), 
erosion of critical load are the topics in which the theoretical contributions of Timisoara School are significant. 
Present paper focuses the mode interaction problems of thin-walled steel bar members only, integrating some 
relevant results obtained by the authors through a state-of-art review.  
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Giovanni Garcea, Antonio Bilotta, Antonio Madeo, Giuseppe Zagari and Raffaele Casciaro (University of 
Calabria, Italy), “A numerical asymptotic formulation for the post-buckling analysis of structures in case of 
coupled instability” 
ABSTRACT: The analysis of slender structures, characterized by complex buckling and postbuckling 
phenomena and by a strong imperfection sensitivity, is heavily penalized by the lack of adequate computational 
tools. Standard incremental iterative approaches are computationally expensive and unaffordable, while FEM 
implementation of the Koiter method is a convenient alternative. The analysis is very fast, its computational 
burden is of the same order as a linearized buckling load evaluation and the simulation of different 
imperfections costs only a fraction of that needed to characterize the perfect structure. The main objective of the 
present work is to show that finite element implementations of the Koiter method can be both accurate and 
reliable and to highlight the aspects that require further investigation.  
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“Effect of distortion on the structural behavior of thin-walled steel regular polygonal tubes” 
ABSTRACT: This paper addresses the effect of cross-section distortion on the structural behaviour of thin-
walled tubes with single-cell regular convex polygonal cross-sections (RCPS) and provides an in-depth view on 
the underlying mechanical aspects. In particular, the first-order, buckling (bifurcation) under uniform 
compression and undamped free vibration behaviours are characterised using the modal decomposition features 
and computational efficiency of a GBT (Generalised Beam Theory) specialization for RCPS recently developed 
by the authors [1]. Several analytical and illustrative numerical results are presented and discussed within the 
paper.  
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“Axial impact of open-section TWCF columns – experimental study” 
ABSTRACT: The paper is devoted to the results of experimental study into the crushing behaviour of TWCF 
open section columns subjected to axial impact. Steel channel and top-hat section was under investigation. The 
paper contains a results summary of quasi-dynamic and dynamic impact tests performed on about 100 of those 
sections of different dimensions subjected to axial load of different velocities. Experimental quasi-dynamic tests 
were conducted on the testing machine with different loading velocities up to 600 mm/min. The impact tests 
were performed on the drop hammer rig with the impact energy up to 5 kJ and impact velocity up to 10 m/s. An 
influence of the column initial length and impact velocity on the crushing behaviour (failure mode) was 
investigated. Particularly, the critical length of the transition from progressive buckling to global bending failure 
mode and its dependence on section dimensions and the impact velocity was under investigation. Experimental 
results were compared with the results of the analytical calculations of critical (transition) buckling length based 
on the simplified analytical theoretical models. The results are presented in load-time and load-shortening 
diagrams and failure patterns. Some conclusions concerning the determination of critical buckling length, 
applicability of the theoretical models applied and an influence of the impact velocity upon the critical buckling 
length and final mode of failure related to the energy absorption capability of columns are derived.  
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Joao Pedro Martins, L. Simoes da Silva, Liliana Marques and Martin Pircher (Dept. of Civil Engineering, 
University of Coimbra, Portugal), “Eigenvalue analysis of curved sandwich panels loaded in uniaxial 
compression” 
ABSTRACT: An energy formulation of a simply supported cylindrically curved sandwich panel loaded in 
compression is introduced and the corresponding potential energy function is evaluated. The mechanical model 
of a cylindrically curved sandwich panel comprises three interacting buckling modes, corresponding to nine 
degrees of freedom comprising qs, qx and qy components of local snake (m, n) and overall (k, l) modes, the 
related local hourglass (m, n) mode, Finally, closed-form solutions are presented for the global and local 
buckling modes.  
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Moen, C., Schafer, W. B., Direct strength method for design of cold-formed steel columns with holes, Journal 
of Structural Engineering, 137, 5, pp. 559–570, May 2011. 
ABSTRACT: In this paper, design expressions are derived that extend the American Iron and Steel Institute 
(AISI) direct strength method (DSM) to cold-formed steel columns with holes. For elastic buckling-controlled 
failures, column capacity is accurately predicted by using existing DSM design equations and the cross-section 
and global elastic buckling properties calculated including the influence of holes. For column failures in the 
inelastic regime, in which strength approaches the squash load, limits are imposed to restrict column capacity to 
that of the net cross section at a hole. The proposed design expressions are validated with a database of existing 
experiments on cold-formed steel columns with holes, and more than 200 nonlinear finite-element simulations 
that evaluate the strength prediction equations across a wide range of hole sizes, hole spacings, hole shapes, and 
column dimensions. The recommended DSM approach is demonstrated to provide a broad improvement in 
prediction accuracy and generality when compared to the AISI main specification, and, with the recent 
introduction of simplified methods for calculating elastic buckling properties including the influence of holes, it 



is ready for implementation in practice. 
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“Imperfection sensitivity of thin plates loaded in shear” 
ABSTRACT: The paper deals with imperfection sensitivity analysis of longitudinally stiffened thin plates 
loaded in shear. The aim of this paper is to demonstrate the use of optimization method for direct determination 
of the worst imperfection shape. New linear constraints are considered in optimization method in order to find 
not only the worst but also realistic imperfection shape. Further on, different solutions of arbitrary shapes that 
are used to estimate the worst imperfection are introduced and compared. Finally, a parametric analysis seeking 
the worst imperfection shape is performed and discussed.  
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Yasuko Mihara and Takaya Kobayashi (Mechanical Design & Analysis Corporation, Japan), “Post-buckling 
analysis of elastic and viscoelastic cylindrical shells, The 9th International Conference on the Mechanics of 
Time-Dependent Materials, (publisher and date not given in the pdf file. The most recent citation is dated 2014.) 
INTRODUCTION:  Elastic buckling of cylindrical shells under axial compression is regarded as one of the 
most difficult tasks involved in the buckling phenomenon. Buckling of a thin-walled shell is typically a local 
phenomenon that may be triggered by a small, local disturbance. In the case of a very thin shell that exhibits 
elastic buckling, experimental results show that the first single buckle is initiated at the local portion of the 
cylinder, the number of buckles sharply increases, and thus the cylinder loses its overall structural stability. In 
this paper, we trace this successive buckling process using the latest in finite element analysis technology. This 
paper also describes the generation of singularities in a large-deformed viscoelastic cylindrical shell.  
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H.A.D. Kirsten (Steffen Robertson and Kirsten Ltd, UK), “Probabilistic risk assessment of corrugated steel 
buried structures – comparison of reliability between standard span and long span structures”, in Safety of 



bridges, edited by Parag C. Das, The institution of Civil Engineers, Highways Agency, Conference held in 
London, July 1996, Thomas Telford, 1997, ISBN: 0-7277-2591-2 
PARTIAL INTRODUCTION: Corrugated steel buried structures (CSBS) have been in use in the United 
Kingdom in various forms for many decades. The smaller structures are largely circular or near circular in form 
and are usually enclosed by the corrugated steel sheeting. Arch forms known as super-span structures have been 
introduced in recent years to span wider crossings…The aims of this project were to:  
1. evaluate the comparative reliability of long span structures designed in terms of the draft standard and short 
span structures designed in terms of the existing standard. 
2. evaluate the nature and degree of possible undue conservatism in the proposed draft standard. 
3. evaluate the relative reliability of CSBS compared to other bridge types… 
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“Buckling assessment procedure for large diameter vessel with local thin area subjected to combined pressure 
and external moment”, Nuclear Engineering and Design, Vol. 239, No. 2, February 2009, pp. 221-230, 
doi:10.1016/j.nucengdes.2008.11.001 
ABSTRACT: The newly developed p-M diagram provides a means for readily evaluating the collapse and/or 
buckling load of pressure equipment with external flaws simultaneously subjected to internal pressure, p and 
external bending moment, M due to earthquake, etc. In this paper, some FEAs for large diameter vessels with an 
external flaw were conducted under (1) pure external bending moment, and (2) subjected simultaneously to both 
internal pressure and external bending moment, in order to determine the plastic collapse load by applying the 
twice-elastic slope (TES) as recommended by the ASME and to determine the buckling load. The p-M line 
adopted in the Ibaraki FFS rule based on the measured yield stress indicates that the safety margin for the TES 
loads at the LTA is about 1.2–1.8, and 1.5–2.0 for the buckling loads. The Ibaraki FFS rule that prevents 
buckling by applying Donnell's equation of FS = 2 can assure adequate levels of integrity and safety. 
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“A damage prediction method for composite structures”, International Journal for Numerical Methods in 
Engineering, Vol. 27, No. 2, 1989, pp. 271–283. doi: 10.1002/nme.1620270205 
ABSTRACT: Damage generally refers to the more or less gradual development of micro-voids and micro-
cracks. Damage mechanics is the modelling of these phenomena on a structural analysis scale. In this paper we 
first recall the non-linear behaviour models we have developed to model composite laminates. Then we present 
two examples of implementations of such models in a structural analysis code in order to simulate the inner-
failure of a structure, or to study delamination initiation. 
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“Explicit thickness integration for three-dimensional shell elements applied to non-linear analysis”, 
International Journal for Numerical Methods in Engineering, Vol. 36, No. 7, April 1993, pp. 1085–1114. doi: 
10.1002/nme.1620360703 
ABSTRACT: The problem of multilayered degenerated 3-D shell elements for which the numerical integration 
is performed for each ply is that of the high generation time in non-linear analysis when the number of plies is 
important. But these elements give accurate results for thin and moderately thick shells, so in order to reduce the 
generation time explicit thickness integration is investigated. We first write an expansion of the strain-



displacement matrix in power series of the thickness variable in order to obtain explicit expressions of the 
tangent stiffness matrix and internal force vector, appearing in the non-linear formulation. Explicit expressions 
of non-linear stiffness matrices are presented, using the explicit integration-first approximation. Simple 
expressions of several matrices, sub-matrices and vectors appearing in the formulation are given here in order to 
obtain an important computing-time gain. Next, some numerical validation tests comparing the classical 
element with numerical thickness integration and this one are discussed to prove validity of this formulation. 
 
 
S. Barlag and H. Rothert (Institut für Statik, Universität Hannover, Appelstr. 9a, 30167 Hannover, Germany), 
“An idealization concept for the stability analysis of ring-reinforced cylindrical shells under external pressure”, 
International Journal of Non-Linear Mechanics, Vol. 37, Nos. 4-5, June 2002, pp. 745-756, Special Issue: 
Stability & Vibration in Thin-Walled Structures, doi:10.1016/S0020-7462(01)00096-8 
ABSTRACT: A nomograph is introduced, which is based on the stability equations for an orthotropic 
cylindrical shell. The equations are derived from the assumption of the exact displacement versus strain 
relationship and of linear-elastic material behaviour. The displacement versus strain relationship is the same as 
Flügge indicated for the isotropic cylindrical shell. The nomograph can be used to determine in a fast and direct 
way the ideal local and global buckling pressure and the critical buckling form of a ring-stiffened circular 
cylindrical shell under external pressure. The determining values are useful for the preliminary design. They can 
serve as input values for an idealization concept that describes the method for obtaining a representative 
substructure for a finite element calculation. The subsequent geometrically and physically non-linear stability 
analysis of the subsystem is performed using two ring-reinforced cylinders as an example, and then compared 
with experimental results. 
 
 
Ahmad A. Shabana (Department of Mechanical Engineering, Illinois University at Chicago Circle), “Flexible 
Multibody Dynamics: Review of Past and Recent Developments”, Multibody System Dynamics, Vol. 1, No. 2, 
1997, pp. 189-222, doi: 10.1023/A:1009773505418 
ABSTRACT: In this paper, a review of past and recent developments in the dynamics of flexible multibody 
systems is presented. The objective is to review some of the basic approaches used in the computer aided 
kinematic and dynamic analysis of flexible mechanical systems, and to identify future directions in this research 
area. Among the formulations reviewed in this paper are the floating frame of reference formulation, the finite 
element incremental methods, large rotation vector formulations, the finite segment method, and the linear 
theory of elastodynamics. Linearization of the flexible multibody equations that results from the use of the 
incremental finite element formulations is discussed. Because of space limitations, it is impossible to list all the 
contributions made in this important area. The reader, however, can find more references by consulting the list 
of articles and books cited at the end of the paper. Furthermore, the numerical procedures used for solving the 
differential and algebraic equations of flexible multibody systems are not discussed in this paper since these 
procedures are similar to the techniques used in rigid body dynamics. More details about these numerical 
procedures as well as the roots and perspectives of multibody system dynamics are discussed in a companion 
review by Schiehlen [79]. Future research areas in flexible multibody dynamics are identified as establishing the 
relationship between different formulations, contact and impact dynamics, control-structure interaction, use of 
modal identification and experimental methods in flexible multibody simulations, application of flexible 
multibody techniques to computer graphics, numerical issues, and large deformation problem. Establishing the 
relationship between different flexible multibody formulations is an important issue since there is a need to 
clearly define the assumptions and approximations underlying each formulation. This will allow us to establish 
guidelines and criteria that define the limitations of each approach used in flexible mujltibody dynamics. This 
task can now be accomplished by using the “absolute nodal coordinate formulation” which was recently 
introduced for the large deformation analysis of flexible multibody systems. 
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Incremental Procedures”, U.S. Army Research Office Technical Report ARO 35711.16-EG, March 1999 
DTIC Accession Number: ADA369979, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA369979 
ABSTRACT: Many flexible multibody applications are characterized by high inertia forces and motion 
discontinuities. Because of these characteristics, problems can be encountered when large displacement finite 
element formulations are used in the simulation of flexible multibody systems. In this investigation, the 
performance of two different large displacement finite element formulations in the analysis of flexible 
multibody systems is investigated. These are the incremental corotational procedure proposed by Rankin and 
Brogan and the nonincremental absolute nodal coordinate formulation recently proposed. It is demonstrated in 
this investigation that the limitation resulting from the use of the nodal rotations in the incremental corotational 
procedure can lead to simulation problems even when very simple flexible multibody applications are 
considered. The absolute nodal coordinate formulation, on the other hand, does not employ infinitesimal or 
finite rotation coordinates and leads to a constant mass matrix. Despite the fact that the absolute nodal 
coordinate formulation leads to a complex expression for the elastic forces, the results presented in this study, 
surprisingly, demonstrate that such a formulation is efficient in static problems as compared to the incremental 
corotational procedure. The excellent performance of the absolute nodal coordinate formulation in static and 
dynamic problems can be attributed to the fact that such a formulation does not employ rotations and leads to 
exact representation of the rigid body motion of the finite element. 
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ABSTRACT: Many flexible multibody applications are characterized by high inertia forces and motion 
discontinuities. Because of these characteristics, problems can be encountered when large displacement finite 
element formulations are used in the simulation of flexible multibody systems. In this investigation, the 
performance of two different large displacement finite element formulations in the analysis of flexible 
multibody systems is investigated. These are the incremental corotational procedure proposed in an earlier 
article (Rankin, C. C., and Brogan, F. A., 1986, ASME J. Pressure Vessel Technol., 108, pp. 165–174) and the 
non-incremental absolute nodal coordinate formulation recently proposed (Shabana, A. A., 1998, Dynamics of 
Multibody Systems, 2nd ed., Cambridge University Press, Cambridge). It is demonstrated in this investigation 
that the limitation resulting from the use of the infinitesmal nodal rotations in the incremental corotational 
procedure can lead to simulation problems even when simple flexible multibody applications are considered. 
The absolute nodal coordinate formulation, on the other hand, does not employ infinitesimal or finite rotation 
coordinates and leads to a constant mass matrix. Despite the fact that the absolute nodal coordinate formulation 
leads to a non-linear expression for the elastic forces, the results presented in this study, surprisingly, 
demonstrate that such a formulation is efficient in static problems as compared to the incremental corotational 
procedure. The excellent performance of the absolute nodal coordinate formulation in static and dynamic 
problems can be attributed to the fact that such a formulation does not employ rotations and leads to exact 
representation of the rigid body motion of the finite element. 
 
 
M. Berzeri and A. A. Shabana (Department of Mechanical Engineering, University of Illinois at Chicago, 842 
West Taylor Street, Chicago, IL, 60607-7022, U.S.A.), “Development of Simple Models for the Elastic Forces 
in the Absolute Nodal Co-Ordinate Formulation”, Journal of Sound and Vibration, Vol. 235, No. 4, August 
2000, pp. 539-565, doi:10.1006/jsvi.1999.2935 
ABSTRACT: The objective of this study is to develop simple and accurate elastic force models that can be used 
in the absolute nodal co-ordinate formulation for the analysis of two-dimensional beams. These force models 
which account for the coupling between bending and axial deformations are derived using a continuum 
mechanics approach, without the need for introducing a local element co-ordinate system. Four new different 
force models that include different degrees of complexity are presented. It is shown that the vector of the elastic 
forces can be significantly simplified as compared to the elastic force model developed for the absolute nodal 



co-ordinate formulation using a local element frame [1]. Despite the simplicity of the new models, they account 
for elastic non-linearity in the strain–displacement relationship. Therefore, they lead to more accurate results as 
compared to the more complex models developed using the local frame method which does not account for the 
non-linearities in the strain–displacement relationships. Numerical results are presented in order to demonstrate 
the use of the new models and test their performances in the analysis of large deformations of flexible 
multibody systems. 
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“A Non-Incremental Finite Element Procedure for the Analysis of Large Deformation of Plates and Shells in 
Mechanical System Applications”, Multibody System Dynamics, Vol. 9, No. 3, 2003, pp. 283-309,  
doi: 10.1023/A:1022950912782 
ABSTRACT: In this investigation, a non-incremental solution procedure for the finite rotation and large 
deformation analysis of plates is presented. The method, which is based on the absolute nodal coordinate 
formulation, leads to plate elements capable of representing exact rigid body motion. In this method, continuity 
conditions on all the displacement gradients are imposed. Therefore, non-smoothness of the plate mid-surface at 
the nodal points is avoided. Unlike other existing finite element formulations that lead to a highly nonlinear 
inertial forces for three-dimensional elements, the proposed formulation leads to a constant mass matrix, and as 
a result, the centrifugal and Coriolis inertia forces are identically equal to zero. Furthermore, the method relaxes 
some of the assumptions used in the classical and Mindlin plate models and automatically satisfies the 
objectivity requirements. By using a general continuum mechanics approach, a relatively simple expression for 
the elastic forces is obtained. Generalization of the formulation to the case of shell elements is discussed. As 
examples of the implementation of the proposed method, two different plate elements are presented; one plate 
element does not guarantee the continuity of the displacement gradients between the nodal points, while the 
other plate element guarantees this continuity. Numerical results are presented in order to demonstrate the use 
of the proposed method in the large rotation and deformation analysis of plates and shells. The numerical 
results, which are compared with the results obtained using existing incremental procedures, show that the 
solution obtained using the proposed method satisfies the principle of work and energy. These results are 
obtained using explicit numerical integration method. Potential applications of the proposed method include 
high-speed metal forming, vehicle crashworthiness, rotor blades, and tires. 
 
 
Per Hyldahl, “Rectangular shell elements based on the absolute nodal coordinate formulation”, PhD 
dissertation, Dept. of Engineering, Aarhus University, Aalborg, Denmark, July 2015 
ABSTRACT: This thesis concerns the development of tools that are useful for designing machine systems and 
components in an virtual environment using flexible multibody dynamics. Initially, flexible multibody 
dynamics is briefly reviewed to explain available formalisms and possible applications of this method. 
Subsequently, attention is turned towards the analysis of structures that undergo large deformations and 
rotations using shell finite elements based on the absolute nodal coordinate formulation, ANCF. This topic is 
the focus for the remainder of the thesis. The thesis is divided into three main parts. The first part acts as a 
general introduction to ANCF based shell finite elements and sums up available elements found in the research 
literature. In the end, a new ANCF element developed during this PhD project is presented which gives 
enhanced modeling capabilities of problems including e.g. moving boundary conditions. The second part 
concerns the performance and behavior of a certain class of ANCF shell elements that are developed for 
analysis of thin shell structures. This includes discussions on differences concerning their kinematic 
descriptions and disclosure of certain issues regarding their performance. Those being sensitivity to irregular 
mesh, pour representation of curved structures and load dependent convergence when analyzing curved 
structures. The final part concerns the development of a new versatile ANCF shell element. This element is 
distinguished by being able to describe both thin and thick curved structures. This part contains a thorough 
derivation of its kinematics and stiffness description, as well as numerical examples to demonstrate its 



performance. However, this part of the study is not yet complete. Finally, the findings of this PhD project are 
summed up in a conclusion and possibilities for further studies and perspectives are outlined.  
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Fan Jiashen (Department of Civil Engineering, Yunnan Polytechnic University, Kunming 650051, People's 
Republic of China), “Static and dynamic stability for geomjetrically nonlinear governing equations of elastic 
thin shallow shells”, Applied Mathematical Modelling, Vol. 25, No. 9, pp 775-792, September 2001 
DOI: 10.1016/S0307-904X(01)00013-0 
ABSTRACT: In this study, the governing equations for large deflection of elastic thin shallow shells are 
deduced into an algebraic cubic equation to determine the unknown coefficient of the assumed deflection by 
applying Galerkin's method in combination with the algebraic polynomial and Fourier series. For the dynamic 
problem, the coefficient is replaced by an unknown function of time; after the same process is applied, the 
governing equations are deduced to be a nonlinear ODE of order two called the Duffing equation, and its 
analytical solution is known. The combination of the algebraic polynomial and Fourier series gives very rapid 
convergence in the asymptotic solutions. 
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Vu-Quoc, L., and Tan, X. G. (Department of Mechanical and Aerospace Engineering, 231 Aerospace 
Engineering Building, University of Florida, P.O. Box 116250, Gainesville, FL 32611-6250, USA), “Optimal 
solid shells for non-linear analyses of multilayer composites. ii. Dynamics”, Computer Methods in Applied 
Mechanics and Engineering 192 (2003), 1017–1059, DOI: 10.1016/S0045-7825(02)00336-5 
ABSTRACT: We are presenting a simple low-order solid-shell element formulation––having only displacement 
degrees of freedom (dofs), i.e., without rotational dofs––that has an optimal number of parameters to pass the 
patch tests, and thus allows for efficient and accurate analyses of large deformable multilayer shell structures 
using elements at extremely high aspect ratio. With the dynamics referred to a fixed inertial frame, the elements 
can be used to analyze multilayer shell structures undergoing large overall motion. The formulation of this 
element is based on the mixed Hu-Washizu variational principle leading to a novel enhancing strain tensor 



(enhanced assumed strain (EAS) method) that renders the computation particularly efficient, with improved in-
plane and out-of-plane bending behavior (Poisson thickness locking), especially in refined analyses of 
composite structures involving a large number of high aspect-ratio layers. The energy–momentum conserving 
algorithm in the context of current solid shell element is presented. We discuss the EAS formulation based on 
the displacement gradient and its complexity compared to formulation on the Green–Lagrange strain. Shear 
locking and curvature thickness locking are treated using the assumed natural strain (ANS) method. The 
element has an optimal combination of the ANS method and the minimal number of EAS parameters required 
to pass the plate bending patch test. Numerical examples involving dynamic analyses (with conservation of 
energy and momentum) of multilayer shell structures having a large range of element aspect ratios are 
presented. Several implicit direct integration methods with/without numerical dissipation are used and 
compared in terms of the accuracy, stability and cost in multilayer shell structure. Finally, we note that the topic 
in this paper is a fitting dedication to Professor Ekkehard Ramm, who has made important pioneering 
contributions in this research direction. 
 
 
Joachim Georgii and Rüdiger Westermann (Computer Graphics and Visualization Group, Technische 
Universität München, Germany), “Corotated Finite Elements Made Fast and Stable”, The Eurographics 
Association, 2008 
ABSTRACT: Multigrid finite-element solvers using the corotational formulation of finite elements provide an 
attractive means for the simulation of deformable bodies exhibiting linear elastic response. The separation of 
rigid body motions from the total element motions using purely geometric methods or polar decomposition of 
the deformation gradient, however, can introduce instabilities for large element rotations and deformations. 
Furthermore, the integration of the corotational formulation into dynamic multigrid elasticity simulations 
requires to continually rebuild consistent system matrices at different resolution levels. The computational load 
imposed by these updates prohibits the use of large numbers of finite elements at rates comparable to the small-
strain finite element formulation. To overcome the first problem, we present a new method to extract the rigid 
body motion from total finite element displacements based on energy minimization. This results in a very stable 
corotational formulation that only slightly increases the computational overhead. We address the second 
problem by introducing a novel algorithm for computing sparse products of the form RKR(transpose), as they 
have to be evaluated to update the multigrid hierarchy. By reformulating the problem into the simultaneous 
processing of a sequential data and control stream, cache miss penalties are significantly reduced. Even though 
the algorithm increases memory requirements, it accelerates the multigrid FE simulation by a factor of up to 4 
compared to previous multigrid approaches. Due to the proposed improvements, finite element deformable 
body simulations using the corotational formulation can be performed at rates of 17 tps for up to 12k elements. 
 
 
Chao-Chieh Lan (Department of Mechanical Engineering, National Cheng Kung University, No. 1 University 
Road, Tainan 701, Taiwan), “Analysis of large-displacement compliant mechanisms using an incremental 
linearization approach”, Mechanism and Machine Theory, Vol. 43, No. 5, May 2008, pp. 641-658, 
doi:10.1016/j.mechmachtheory.2007.03.010 
ABSTRACT: Compliant mechanisms transmit motion and force by deflection of their flexible members. They 
are usually made of a monolithic piece of material and thus involve no wear, backlash, noise, and lubrication. 
To predict more accurately their deflected shape in larger working range, the analysis of compliant mechanisms 
has usually based on nonlinear numerical techniques such as the finite element method. However, the problems 
of nonlinear analyses are their numerical instability and extensive computation time. These have limited further 
applications of compliant mechanisms. In this paper, the global coordinate model (GCM) with an incremental 
linearization approach is presented to turn the nonlinear problem into a sequence of linear problems. Both 
geometric and material nonlinearities are considered. As a result, numerous linear analysis techniques can be 
applied to facilitate design and prototyping of compliant mechanisms. Systematic procedures are developed to 
analyze generic compliant mechanisms that may include non-uniform or initially curved segments. Illustrations 
are shown with results validated experimentally and by comparing with the nonlinear finite element method. It 
is expected that the proposed approach can serve as a basis for broader applications of compliant mechanisms. 
 



 
Naresh K. Chandiramani, Raymond H. Plaut and Liviu I. Librescu (Department of Engineering Science and 
Mechanics and Department of Civil Engineering, Virginia Polytechnic Institute and State University, 
Blacksburg, VA 24061-0203, USA), “Nonperiodic flutter of a buckled composite panel”, Sadhana, Vol. 20, 
No.2-4, 1995, pp. 671-689, doi: 10.1007/BF02823212 
ABSTRACT: The nonlinear vibrations of a composite panel subjected to uniform edge compression and a high-
supersonic coplanar flow is analysed. Third-order piston theory aerodynamics is used and the effects of in-plane 
edge restraints, small initial geometric imperfections, transverse shear deformation, and transverse normal stress 
are considered in the structural model. Periodic solutions and their bifurcations are determined using a 
predictor-corrector type Shooting Technique, in conjunction with the Arclength Continuation Method for the 
static state. It is demonstrated that third-order aerodynamic nonlinearities are destabilizing, and hard flutter 
oscillations (both periodic and quasiperiodic) of the buckled panel are obtained. Furthermore, chaotic motions 
of an uncompressed panel, as well as a buckled-chaotic transition, and chaos via period-doubling are possible, 
and the associated Lyapunov exponents are computed. A coexistence of the buckled state with flutter motion 
may also occur. Results indicate that edge restraints parallel to the flow do not significantly affect the 
immediate post-critical response, and that a higher-order shear deformation theory is required for a moderately 
thick/flexible-in-transverse-shear composite panel. 
 
 
Naresh K. Chandiramani, Raymond H. Plaut and Liviu I. Librescu (Virginia Polytechnic Institute and State 
University, Blacksburg, VA 24061, U.S.A.), “Non-linear flutter of a buckled shear-deformable composite panel 
in a high-supersonic flow”, International Journal of Non-Linear Mechanics, Vol. 30, No. 2, March 1995, pp. 
149-167, doi:10.1016/0020-7462(94)00028-9 
ABSTRACT: The non-linear dynamic behavior of a uniformly compressed, composite panel subjected to non-
linear aerodynamic loading due to a high-supersonic co-planar flow is analyzed. The effects of in-plane edge 
restraints, small initial geometric imperfections, transverse shear deformation, and transverse normal stress are 
considered in the structural model which satisfies the traction-free condition on the panel faces. The panel 
flutter equations, derived via Galerkin's Method, are solved using Arclength Continuation for the static solution 
and a predictor-corrector type Shooting Technique to obtain periodic solutions and their bifurcations. The 
possibility of hard flutter is demonstrated when considering non-linear aerodynamics. Furthermore, edge 
compression could yield multiple buckled states or coexistence of multiple periodic solutions with the stable 
static solution, that is, the panel could either remain buckled or flutter. Edge restraints normal to the flow appear 
to stabilize the panel, whereas those parallel to the flow may result in a buckled-flutter-buckled transition. 
Quasi-periodic and chaotic motions and associated Lyapunov exponents are also obtained. For perfect panels, 
results obtained by the Shooting Technique and the Method of Multiple Scales are in agreement only within the 
immediate post-flutter regime. Results indicate that a shear deformation theory is required for moderately thick 
composite panels. 
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(1) Charles E. Via, Jr., Department of Civil and Environmental Engineering, Virginia Polytechnic Institute and 
State University, Blacksburg, VA 24061-0105, USA 
(2) Department of Aerospace and Ocean Engineering, Virginia Polytechnic Institute and State University, 
Blacksburg, VA 24061-0203, USA 
“Shell analysis of an inflatable arch subjected to snow and wind loading”, International Journal of Solids and 
Structures, Vol. 37, No. 31, August 2000, pp. 4275-4288, doi:10.1016/S0020-7683(99)00189-4 
ABSTRACT: A flexible material, such as a woven or braided fabric, may be tailored to form an arch when 
inflated. Such arches have been used as the framework for transportable shelters and are analyzed in this paper. 
It is assumed that the cross section of the pressurized arch is circular and that only in-plane (membrane) stresses 
are present. An analytical solution for these initial stresses is given for an arbitrary arch centerline shape. Then 
external loads are applied, and the additional stress resultants include bending and twisting moments. The linear 
thin-shell theory of Sanders is used to formulate the governing equations, including the effect of the initial 
membrane stresses. The material is linearly elastic, nonhomogeneous, and orthotropic. Approximate solutions 



are obtained using the Rayleigh–Ritz method. In the examples, the centerline of the arch is a semi-circle, the 
ends are fixed, and the material is homogeneous and isotropic. Four loads are treated: a symmetric (‘full’) snow 
load, an asymmmetric (‘half’) snow load, a wind load symmetric with respect to the plane of the arch centerline, 
and a distributed load acting sideways. The resulting deflections are computed and plotted. 
 
 
L. Chen, Y. L. Peng, L. Wan, H. B. Li, "Nonlinear Buckling Behavior of Cylindrical Shells of Uniform 
Thickness under Wind Load", Advanced Materials Research, Vols. 594-597, pp. 2753-2756, 2012 
DOI: 10.4028/www.scientific.net/AMR.594-597.2753 
ABSTRACT: Cylindrical shells are widely used in civil engineering. Examples include cooling towers, nuclear 
containment vessels, metal silos and tanks for storage of bulk solids and liquids, and pressure vessels. 
Cylindrical shells subjected to non-uniform wind pressure display different buckling behaviours from those of 
cylinders under uniform external pressure. At different aspect ratios, quite complex buckling modes occur. The 
geometric nonlinearity may have a significant effect on the buckling behavior. This paper presents a widely 
study of the nonlinear buckling behavior of cylindrical shells of uniform thickness under wind loading. The 
finite element analyses indicate that for stocky cylinders, the nonlinear buckling modes are the circumferential 
compression buckling mode, which is similar to cylinders under uniform external pressure, while for cylinders 
in mediate length, pre-buckling ovalization of the cross-section has an important influence on the buckling 
strength. 
 
 
H. Kolsters and D. Zenkert, “Buckling of laser-welded sandwich panels: ultimate strength and experiments”, 
Proceedings of the Institution of Mechanical Engineers -- Part M; Mar 2010, Vol. 224 Issue 1, p29 
ABSTRACT: This is the last of three companion papers which examine the elastic buckling and collapse of 
laser-welded sandwich panels with an adhesively bonded core and unidirectional vertical webs. By evaluation 
of the buckling stress in the first two papers it has been found that the buckling stress in compression parallel 
and normal to the webs typically reaches the proportional limit of the face plate and web material well before 
elastic buckling occurs. Hence, this paper presents an extension of the buckling model into the elastoplastic 
regime, with the aim of determining the ultimate (local) strength of the sandwich and of allowing experimental 
verification of the results. Using tangent modulus theory to 'plasticize' the elastic buckling model, the ultimate 
strength is evaluated for a sandwich configuration with high-strength steel face plates and a broad range of core 
moduli. The critical load predicted by the inelastic buckling model agrees well with non-linear finite element 
results and experimental values obtained from compression testing. 
 
 
Gin Boay Chai and Chun Wee Yap (School of Mechanical and Aerospace Engineering, Nanyang Technological 
University, 50 Nanyang Avenue, Singapore 639798, Singapore), “Coupling effects in bending, buckling and 
free vibration of generally laminated composite beams”, Composites Science and Technology, Vol. 68, Nos. 7-
8, June 2008, pp. 1664-1670, doi:10.1016/j.compscitech.2008.02.014 
ABSTRACT: A closed form expression to determine the effective flexural modulus of a laminated composite 
beam is developed and presented in this contribution. This effective flexural modulus is applied to the bending, 
buckling and free vibration response of generally laminated composite beams with various boundary supports. 
The expression was developed using the combination of the Euler–Bernoulli beam and classical lamination 
theory. In addition the results of an extensive finite element analysis are used to validate the analytical model. 
The comparison of the analytical results, the finite element results and the experimental results showed good 
correlation. It is also observed that coupling response is an important variable that must be included in the 
computation of the effective flexural stiffness of generally laminated beam. 
 
 
Chun Wee Yap and Gin Boay Chai (School of Mechanical and Aerospace Engineering, Nanyang Technological 
University, 50 Nanyang Avenue, Singapore 639798, Singapore), “Analytical and numerical studies on the 
buckling of delaminated composite beams”, Composite Structures, Vol. 80, No. 2, September 2007, pp. 307-
319, doi:10.1016/j.compstruct.2006.05.010 



ABSTRACT: In this article, an innovative approach is proposed using the Euler–Bernoulli beam and classical 
lamination theory (CLT) to create an analytical model that can be used to obtain the buckling load of a 
delaminated composite beam. Furthermore, the finite element method is used as a tool to validate the analytical 
model. An 8-noded shell element and a contact pair are used in the numerical simulation. Studies are carried out 
on ply orientation, stacking sequence, through-the-width location of the delamination, delamination length and 
effect of total number of plies. It is found that application of R2 to the analytical model will always yield a more 
accurate answer than use of R1. It is also observed that B16^2/A66 is an important expression that must be 
included to compute the flexural stiffness of the individual sub-laminates of the anti-symmetric laminated beam 
considered more accurately. Moreover, it is noted that the length of the delamination will affect the accuracy 
and difference between the analytical predictions. Nevertheless, the analytical results and simulation values are 
in good agreement. 
 
 
H. S. Türkmen (Faculty of Aeronautics and Astronautics, Istanbul Technical University, Maslak 80626 Istanbul, 
Turkey), “Structural response of cylindrically curved laminated composite shells subjected to blast loading”, 
ARI - An International Journal for Physical and Engineering Sciences, Vol. 51, No. 3, 1999, pp. 175-180,  
doi: 10.1007/s007770050051 
ABSTRACT: This paper is concerned with the theoretical analysis and correlation with the numerical results of 
the displacement time histories of the cylindrically curved laminated composite shells exposed to normal blast 
shock waves. The laminated composite shell is clamped at its all edges. The dynamic equation of the cylindrical 
shell used in this study is valid under the assumptions made in Love's theory of thin elastic shells. The 
constitutive equations of laminated composite shells are given in the frame of effective modulus theory. The 
governing equation of the cylindrical shell is solved by the Runge-Kutta method. In addition, a finite element 
modeling and analysis are presented and compared with the theoretical results. The peak deflections and 
response frequencies obtained from theoretical and numerical analyses are in agreement. The effects of material 
properties and geometrical properties are examined on the dynamic behaviour. 
 
 
Henryk Stolarski  and Ted Belytschko (Department of Civil Engineering, Technological Institute, Northwestern 
University, Evanston, IL 60201, U.S.A.), “Shear and membrane locking in curved C0 elements”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 41, No. 3, December 1983, pp. 279-296, 
doi:10.1016/0045-7825(83)90010-5 
ABSTRACT: Locking phenomena in C0 curved finite elements are studied for displacement, hybrid-stress and 
mixed formulations. It is shown that for a curved beam element, shear and membrane locking are interrelated 
and either shear or membrane underintegration can alleviate it. However, reduced shear integration tends to 
diminish the membrane-flexural coupling which characterizes curved elements. Locking can also be expected in 
certain types of mixed formulations, the hybrid-stress formulations avoids locking for beams (but not for 
shells). Methods for avoiding locking are explored and alternatives evaluated. 
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“Explicit algorithms for the nonlinear dynamics of shells”, Computer Methods in Applied Mechanics and 
Engineering, Vol. 42, No. 2, February 1984, pp. 225-251, doi:10.1016/0045-7825(84)90026-4 
ABSTRACT: A finite element formulation and algorithm for the nonlinear analysis of the large deflection, 
materially nonlinear response of impulsively loaded shells is presented. A unique feature of this algorithm is the 
use of a bilinear four-node quadrilateral element with single-point quadrature and a simple hourglass control 
which is orthogonal to rigid body modes on an element level and does not compromise the consistency of the 
equations. The geometric nonlinearities are treated by using a corotational description wherein a coordinate 
system that rotates with the material is embedded at the integration point; thus the algorithm is directly 
applicable to anisotropic materials without any corrections for frame invariance of material property tensors. 
This algorithm can treat about 200 element-time-steps per CPU second on a CYBER 170/730 computer in the 



explicit time integration mode. Numerous results are presented for both elastic and elastic-plastic problems with 
large strains that show that the method in most cases is comparable in accuracy with an earlier version of this 
algorithm employing a cubic triangular plate-shell element, but substantially faster. 
 
 
H. Stolarski, T. Belytschko, N. Carpenter, J.M. Kennedy (Department of Civil Engineering, Northwestern 
University, Evanston, IL 60201, USA), “A simple triangular curved shell element”, Engineering Computations, 
Vol. 1, No. 3, 1984, pp. 210 – 218, doi: 10.1108/eb023574 
ABSTRACT: A simple triangular shell element which incorporates the effects of coupling between membrane 
and flexural behaviour and avoids membrane locking is described. The element uses a discrete Kirchhoff 
bending formulation and a constant strain membrane element. For the purpose of permitting inextensional 
modes and thus avoiding membrane locking, a decomposition technique, which can also be viewed as a strain 
projection method, is used. The method is illustrated first for a beam element and then for a triangular shell 
element. Results are presented for a variety of linear static problems to illustrate its accuracy and some highly 
non-linear problems to indicate its applicability to collapse analysis. 
 
 
Wing Kam Liu, Ted Belytschko, Jame Shau-Jen Ong, Sinlap Edward Law (Department of Mechanical and 
Nuclear Engineering, Northwestern University, Evanston, Illinois 60201, USA), “Use of stabilization matrices 
in non-linear analysis”, Engineering Computations, Vol. 2, No. 1, 1985,  pp. 47 – 55, doi: 10.1108/eb023600 
ABSTRACT: The numerical quadrature of the stiffness matrices and force vectors is a major factor in the 
accuracy and efficiency of the finite element methods. Even in the analysis of linear problems, the use of too 
many quadrature points results in a phenomenon called locking whereas the use of insufficient quadrature 
points results in a phenomenon called spurious singular mode. Therefore, efficient numerical quadrature 
schemes for structural dynamics are developed. It is expected that these improved finite elements can be used 
more reliably in many structural applications. The proposed developed quadrature schemes for the continuum 
and shell elements are straightforward and are modularized so that many existing finite element computer codes 
can be easily modified to accommodate the proposed capabilities. This should prove of great benefit to many 
computer codes which are currently used in structural engineering applications. 
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“Quadrilateral and triangular shell elements in postbuckling response”, American Nuclear Society annual 
meeting, Reno, NV, USA, 15 Jun 1986, OSTI ID: 6665364, January 1986, Journal ID: CODEN: TANSA 
ABSTRACT: In the safety analysis of components of nuclear reactors, it is important to be able to analyze the 
postbuckling response. For shell structures of complicated shapes, triangular finite elements possess the most 
versatility in that they can easily be used to represent complicated geometries with openings, cutouts, and other 
features, whereas quadrilateral elements encounter difficulties in these situations. Therefore, they have added a 
triangular element to the SAFE/RAS code. The element was specifically designed to eliminate membrane 
locking. A finite element program with explicit time integration, SAFE/RAS treats both material and geometric 
nonlinearities. The purpose of this study was to test the performance of this element in postbuckling problems. 
In these highly nonlinear situations, the triangular element does not perform as well and is substantially stiffer 
than the quadrilateral. This is illustrated in the comparison of the response of the above-core support columns 
for the triangular and quadrilateral element models, respectively. 
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ABSTRACT: In this paper, a resultant-stress degenerated-shell element is described and a variety of numerical 
examples, including the post-buckling analysis of an axially loaded perfect cylinder, are presented. The general 
degenerated nonlinear shell theory of Hughes and Liu is employed in deriving this resultant-stress degenerated-
shell element. Contrary to the traditional integration through the thickness approach, which assumes no 
coupling between the in-plane and transverse material and structural response matrices, the present approach 
can permit use of arbitrary, three-dimensional (3-D) nonlinear constitutive equations. Furthermore, explicit 
expressions of the element matrices for a 4-node shell element are developed. This rank-sufficient 4-node shell 
element, termed the resultant-stress degenerated-shell (RSDS) element, avoids the need for the costly numerical 
quadrature function evaluations of the element matrices and force vectors. And thus there are large increases in 
computational efficiency with this method. The comparisons of this RSDS element with six other shell elements 
are also given in this paper. 
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ABSTRACT: A triangular element which requires only one quadrature point per element is described along 
with its implementation in the nonlinear, explicit time integration program SAFE/RAS. The implementation of 
an Ilyushin flow law which eliminates the need for integration through the thickness and simple formulas for 
stable time steps is also described. The performance of the triangular and quadrilateral elements is compared in 
large deflection, elastic-plastic problems. Applications to the analysis of above-core structures in breeder 
reactors are also described. 
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ABSTRACT: An adaptive finite element procedure is developed for the transient analysis of nonlinear shells. 
The scheme is an h-method which employs fission and fusion. Criteria based on incremental work and deviation 
of the bilinear finite element approximation to the shell from a Kirchhoff-Love surface are used as criteria for 
adaptivity. The example problems show that the adaptive schemes are capable of achieving substantial 
improvements in accuracy for a given computational effort. They include both material and geometric 
nonlinearities and local and global buckling. In order to formulate an r-adaptive method, the conservation laws, 
the constitutive equations, and the equation of state for path-dependent materials are formulated for an arbitrary 
Lagrangian-Eulerian description. Both geometrical and material nonlinearities are included in this setting. 
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60208, U.S.A.), “Effects of geometric nonlinearities on explicit time integrators”, Communications in Applied 
Numerical Methods, Vol. 4, No. 3, May/June 1988, pp. 361–368, doi: 10.1002/cnm.1630040310 
ABSTRACT: The effect of follower forces and initial stresses on the stability of the central difference method 
is studied. As a model, bar and beam elements are considered by means of the element eigenvalue inequality. It 
is shown that both follower-force pressure loads and tensile initial stresses decrease the stable timestep but the 
decrease becomes significant only when the pressure or stress is greater than about a tenth of the tangent 
modulus. 
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finite elements for nonlinear dynamics of shells”, Computers & Structures, Vol. 33, No. 5, 1989, pp. 1307-
1323, doi:10.1016/0045-7949(89)90468-9 
ABSTRACT: An adaptive finite element procedure is developed for the transient analysis of nonlinear shells. 
The scheme is an h-method which employs fission and fusion of elements to adaptively refine and coarsen the 
mesh. Incremental work and deviation of the bilinear finite element approximation to the shell from a 
Kirchhoff-Love surface are used as error criteria for adaptivity. The example problems show that the adaptive 
schemes are capable of achieving substantial improvements in accuracy for a given computational effort. They 
include both material and geometric nonlinearities and local and global buckling. 
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computational methods for crashworthiness”, Computers & Structures, Vol. 42, No. 2, January 1992, pp. 271-
279, doi:10.1016/0045-7949(92)90211-H 
ABSTRACT: The evolution of computational methods for crashworthiness and related fields is described and 
linked with the decreasing cost of computational resources and with improvements in computational 
methodologies. The latter includes more effective time integration procedures and more efficient elements. 
Some recent developments in methodologies and future trends are also summarized. These include multi-time 
step integration (or subcyling), further improvements in elements, adaptive meshes, and the exploitation of 
parallel computers. 
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ABSTRACT: A rank-sufficient flat triangular shell element with drilling degrees-of-freedom is described. A 
variational basis for this element has been provided by a three-field variational principle with relaxed 
interelement compatibility and traction continuity conditions. A generalized spurious mode control procedure 
has been developed in order to stabilize zero energy kinematical modes. Excellent performance has been found 
in an obstacle course and buckling problems. 
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ABSTRACT: In the pinball contact-impact algorithm, the interpenetration check is simplified by enforcing it 
only on a set of spheres embedded within the elements. In the splitting pinball adaptation of this algorithm, the 
parent pinball is split into a hierarchy of descendent pinballs whenever interpenetration of the parent pinballs is 
detected. The interpenetration check is then applied to the descendent pinballs and contact forces are generated. 
This provides a better representation of the contact surface for thin shell elements. The implementation of the 
method with a penalty contact method is described and examples are given. It is also shown that the method 
easily and automatically handles edge-to-edge, edge-to-surface, and self-surface contact without any user 
specification. 
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ABSTRACT: A new four-node shell element for nonlinear analysis which is useful for explicit time integration 



with single point quadrature is presented. An assumed strain method is used to stabilize the zero-energy modes 
of the element. The stabilization procedure is based on the Hu-Washizu variational principle and does not 
require the input of any stabilization parameters. Example problems show good accuracy and rate of 
convergence compared with fully integrated 4-node elements, however the physically stabilized element is 
substantially faster than the fully integrated element. 
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ABSTRACT: A meshless approach to the analysis of arbitrary Kirchhoff shells by the Element-Free Galerkin 
(EFG) method is presented. The shell theory used is geometrically exact and can be applied to deep shells. The 
method is based on moving least squares approximant. The method is meshless, which means that the 
discretization is independent of the geometric subdivision into “finite elements”. The satisfaction of the C1 
continuity requirements is easily met by EFG since it requires only C1 weights; therefore, it is not necessary to 
resort to Mindlin-Reissner theory or to devices such as discrete Kirchhoff theory. The requirements of 
consistency are met by the use of a polynomial basis of quadratic or higher order. A subdivision similar to finite 
elements is used to provide a background mesh for numerical integration. The essential boundary conditions are 
enforced by Lagrange multipliers. Membrane locking, which is due to different approximation order for 
transverse and membrane displacements, is removed by using larger domains of influence with the quadratic 
basis, and by using quartic polynomial basis, which can prevent membrane locking completely. It is shown on 
the obstacle course for shells that the present technique performs well. 
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ABSTRACT: Meshless approximations based on moving least-squares, kernels, and partitions of unity are 
examined. It is shown that the three methods are in most cases identical except for the important fact that 
partitions of unity enable p-adaptivity to be achieved. Methods for constructing discontinuous approximations 
and approximations with discontinuous derivatives are also described. Next, several issues in implementation 
are reviewed: discretization (collocation and Galerkin), quadrature in Galerkin and fast ways of constructing 
consistent moving least-square approximations. The paper concludes with some sample calculations. (cited by 
1303 people as of August 2011!) 
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“Computability in non-linear solid mechanics”, International Journal for Numerical Methods in Engineering, 
Vol. 52, Nos. 1-2, September 2001, pp. 3–21. doi: 10.1002/nme.270 
ABSTRACT: The computability of non-linear problems in solid and structural mechanics problems is 
examined. Several factors which contribute to the level of difficulty of a simulation are discussed: the 
smoothness and stability of the response, the required resolution, the uncertainties in the load, boundary 
conditions and initial conditions and inadequacies and uncertainties in the constitutive equation. An abstract 
measure of the level of difficulty is proposed, and some examples of typical engineering simulations are 
classified by this measure. We have put particular emphasis on engineering calculations, where many of the 
factors that diminish computability play a prominent role. 
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ABSTRACT: A general methodology to develop hyper-elastic membrane models applicable to crystalline films 
one-atom thick is presented. In this method, an extension of the Born rule based on the exponential map is 
proposed. The exponential map accounts for the fact that the lattice vectors of the crystal lie along the chords of 
the curved membrane, and consequently a tangent map like the standard Born rule is inadequate. In order to 
obtain practical methods, the exponential map is locally approximated. The effectiveness of our approach is 
demonstrated by numerical studies of carbon nanotubes. Deformed configurations as well as equilibrium 
energies of atomistic simulations are compared with those provided by the continuum membrane resulting from 
this method discretized by finite elements. 
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ABSTRACT: The formulation and finite element implementation of a finite deformation continuum theory for 
the mechanics of crystalline sheets is described. This theory generalizes standard crystal elasticity to curved 
monolayer lattices by means of the exponential Cauchy–Born rule. The constitutive model for a two-
dimensional continuum deforming in three dimensions (a surface) is written explicitly in terms of the 
underlying atomistic model. The resulting hyper-elastic potential depends on the stretch and the curvature of the 
surface, as well as on internal elastic variables describing the rearrangements of the crystal within the unit cell. 
Coarse grained calculations of carbon nanotubes (CNTs) are performed by discretizing this continuum 
mechanics theory by finite elements. A smooth discrete representation of the surface is required, and 
subdivision finite elements, proposed for thin-shell analysis, are used. A detailed set of numerical experiments, 
in which the continuum/finite element solutions are compared to the corresponding full atomistic calculations of 
CNTs, involving very large deformations and geometric instabilities, demonstrates the accuracy of the proposed 
approach. Simulations for large multi-million systems illustrate the computational savings which can be 
achieved. 
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ABSTRACT: In the design of a modern lightweight structure, it is of technical importance to assure its safety 
against the buckling under the applied loading conditions. For this issue, the determination of the critical load in 
an ideal condition is not sufficient, but it is further required to clarify the postbuckling behavior, that is, the 
behavior of the structure after passing through the critical load. One of the reasons is to estimate the effect of 
practically unavoidable imperfections on the critical load and the second is to evaluate the ultimate strength to 
exploit the load-carrying capacity of the structure. For the buckling problem of circular cylindrical shells under 
axial compression, a number of experimental and theoretical studies have been made by many researchers. In 
the case of the very thin shell that exhibits elastic buckling, experimental results show that after the primary 
buckling, secondary buckling takes place accompanying successive reductions in the number of the 
circumferential waves at every mode shift on one-by-one step. In this paper we traced this successive buckling 
of circular cylindrical shells using the latest in general-purpose FEM technology. We carried out our studies 
with three approaches; one is to use the arc-length method (the modified Riks method), the second is static 
stabilizing with the aid of (artificial) damping especially for the local instability and the third is to use the 
explicit dynamic procedure. The studies accomplished the simulation of the successive buckling following 
unstable paths, and show good agreement with the experimental results.  
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ABSTRACT: This work presents numerical methods for path tracing and nonlinear stability analysis, including 
critical point computation and branch-switching, of structures subjected to thermal loading. The differences 
between the thermal loading case and the standard case of mechanical loading are addressed from both 
conceptual and computational standpoints. The implementation of the presented methods in a nonlinear finite 
element system originally designed to deal with mechanical loading is discussed in detail. The techniques 
presented here are validated by numerical examples. 
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ABSTRACT: This paper discusses the choice of the sign of the incremental load factor in the predictor solution 
phase of arc-length methods. It is shown that the criterion recently proposed by Y.T. Feng, D. Perić, D.R.J. 
Owen, [Determination of travel directions in path-following methods, Mathl. and Comput. Modelling 21 (1995) 
43–59; A new criterion for determination of initial loading parameter in arc-length methods, Comput. Struct. 58 
(1996) 479–485] produces a reliable path direction prediction even in the presence of bifurcations and/or `snap-
backs', when some popular criteria may fail to predict the continuation direction. The robustness of the criterion 
is illustrated in a numerical example where finite element solutions are obtained to a structural stability problem 
characterised by the existence of several bifurcation paths and `snap-back' phenomena. 
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“The adaptive parameter incremental method for the analysis of snapping problems”, Applied Mathematics and 
Mechanics, Vol. 16, No. 9, pp 851-858, September 1995 
ABSTRACT: By the improvement of Riks' and Crisfield's arc-length method, the adaptive parameter 
incremental method is prensted for predicting the snapping response of structures. Its justification is fulfilled. 
Finally, the effectiveness of this method is demonstrated by solving the snapping response of spherical caps 
subjected to centrally distributed pressures. 
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ABSTRACT: A finite deformation continuum theory is derived from interatomic potentials for the analysis of 
the mechanics of carbon nanotubes. This nonlinear elastic theory is based on an extension of the Cauchy-Born 
rule called the exponential Cauchy-Born rule. The continuum object replacing the graphene sheet is a surface 
without thickness. The method systematically addresses both the characterization of the small strain elasticity of 
nanotubes and the simulation at large strains. Elastic moduli are explicitly expressed in terms of the functional 
form of the interatomic potential. The expression for the flexural stiffness of graphene sheets, which cannot be 
obtained from standard crystal elasticity, is derived. We also show that simulations with the continuum model 
combined with the finite element method agree very well with zero temperature atomistic calculations involving 
severe deformations. 
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“Continuum Mechanics Modeling and Simulation of Carbon Nanotubes”, Meccanica, Vol. 40, Nos. 4-6, 2005. 
pp. 455-469, doi: 10.1007/s11012-005-2133-y 
ABSTRACT: The understanding of the mechanics of atomistic systems greatly benefits from continuum 
mechanics. One appealing approach aims at deductively constructing continuum theories starting from models 
of the interatomic interactions. This viewpoint has become extremely popular with the quasicontinuum method. 
The application of these ideas to carbon nanotubes presents a peculiarity with respect to usual crystalline 
materials: their structure relies on a two-dimensional curved lattice. This renders the cornerstone of crystal 
elasticity, the Cauchy–Born rule, insufficient to describe the effect of curvature. We discuss the application of a 
theory which corrects this deficiency to the mechanics of carbon nanotubes (CNTs). We review recent 
developments of this theory, which include the study of the convergence characteristics of the proposed 
continuum models to the parent atomistic models, as well as large scale simulations based on this theory. The 
latter have unveiled the complex nonlinear elastic response of thick multiwalled carbon nanotubes (MWCNTs), 
with an anomalous elastic regime following an almost absent harmonic range. 
 
 



Areias, P. M. A., Song, J.-H. and Belytschko, T. (Department of Mechanical Engineering, Northwestern 
University, 2145 Sheridan Road, Evanston, IL 60208-3111, U.S.A), “A finite-strain quadrilateral shell element 
based on discrete Kirchhoff–Love constraints”, International Journal for Numerical Methods in Engineering, 
Vol. 64, No. 9, November 2005, pp. 1166–1206,   
doi: 10.1002/nme.1389 
ABSTRACT: This paper improves the 16 degrees-of-freedom quadrilateral shell element based on pointwise 
Kirchhoff–Love constraints and introduces a consistent large strain formulation for this element. The model is 
based on classical shell kinematics combined with continuum constitutive laws. The resulting element is valid 
for large rotations and displacements. The degrees-of-freedom are the displacements at the corner nodes and 
one rotation at each mid-side node. The formulation is free of enhancements, it is almost fully integrated and is 
found to be immune to locking or unstable modes. The patch test is satisfied. In addition, the formulation is 
simple and amenable to efficient incorporation in large-scale codes as no internal degrees-of-freedom are 
employed, and the overall calculations are very efficient. Results are presented for linear and non-linear 
problems. 
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“Transition states and minimum energy pathways for the collapse of carbon nanotubes”, Phys. Rev. B 73, 
075423 (2006) [7 pages], doi: 10.1103/PhysRevB.73.075423 
ABSTRACT: Carbon nanotubes (CNTs) can undergo collapse from their customary cylindrical configurations 
to ribbons. The energy minima corresponding to these two states are identified using either atomistic molecular 
mechanics or the theory of finite crystal elasticity with reduced dimensionality. The minimum energy path 
between these two minima is found using the nudged elastic band reaction-pathway sampling scheme. The 
energetics of CNT collapse is explored for both single- and multi-walled CNTs as well as small bundles. The 
process has a strong diameter dependence, with collapse being more favorable for the larger diameter tubes, but 
is nearly independent of chirality. The saddle point always lies close to the collapsed state, and the absolute 
barrier energies—even for fairly short tube lengths—are sufficiently high, even when the reaction is highly 
exothermic, that thermal activation cannot initiate collapse via this pathway. The hydrostatic pressure required 
to buckle and collapse CNTs of various diameters is discussed. 
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Rabczuk T, Areias PMA, Belytschko T (Department of Mechanical Engineering, Northwestern University, 
Evanston, IL 60208-311, U.S.A), “A meshfree thin shell method for nonlinear dynamic fracture”, Int J Numer 
Methods Eng 72: 524–548, 2007 
ABSTRACT: A meshfree method for thin shells with finite strains and arbitrary evolving cracks is described. 
The C1 displacement continuity requirement is met by the approximation, so no special treatments for fulfilling 
the Kirchhoff condition are necessary. Membrane locking is eliminated by the use of a cubic or quartic 
polynomial basis. The shell is tested for several elastic and elasto-plastic examples and shows good results. The 
shell is subsequently extended to modelling cracks. Since no discretization of the director field is needed, the 
incorporation of discontinuities is easy to implement and straight forward.  
INTRODUCTION: 
This paper describes a meshfree method for treating the dynamic fracture of shells. It includes both geometric 
and material nonlinearities and also includes a meshfree fluid model, so that complex fluid-structure interaction 
problems are feasible. Here we illustrate this capability with the fracture of a fluid-filled cylinder that is 
impacted by a penetrating projectile. The shell formulation is based on the Kirchhoff-Love (KL) theory.  
A meshfree thin shell based on the imposition of the KL constraints was first proposed by Krysl and Belytschko 
[1]. However, the shell was developed for small deformations, small strains and elasticity. Three dimensional 
modelling of shear deformable shells and degenerated shells in a meshfree context was studied by Noguchi et 
al. [2], Li et al. [3] and Kim et al. [4]. Usually, a low order polynomial basis was used, e.g. in [3], a trilinear 
polynomial basis was applied and the method was applied to several non-linear problems. However, for thin 
structures, three dimensional modelling of shell structures is computationally expensive. Garcia et al. [5] 
developed meshfree methods for plates and beams; the higher continuity of meshfree shape functions was 
exploited for Mindlin-Reissner plates in combination with a p-enrichment. Wang and Chen [6] proposed a 
meshfree method for Mindlin-Reissner plates. Locking is treated using second order polynomials for the 
approximation of the translational and rotational motion in combination with a curvature smoothing 
stabilization. Kanok-Nukulchai et al. [7] addressed shear locking for plates and beams in the element-free 
Galerkin method.  
We develop a meshfree thin shell that combines classical shell theory with a continuum based shell. The 
kinematic assumptions of classical KL shell theory is adopted. We make use of the generality provided by the 
continuum description, so that constitutive models developed for continua are easily applicable to shells. The 



formulation is valid for finite strains.  
We include in the shell the capability to model cracks, which are modeled either by cracked particles as in 
Rabczuk and Belytschko [8] or by a local partition of unity [9, 10, 11]. Due to the higher order continuity of 
meshfree methods, which enables the use of Kirchhoff-Love shell theories in pristine form, the incorporation of 
discontinuities is very simple and straight forward. The director field is not discretized, which simplifies the 
incorporation of discontinuities. In our meshfree model, the concepts for modelling cracks in continua can be 
adopted directly to shells.  
The paper is arranged as follows: First, the kinematics of the shell is described. Then, the meshfree method, the 
element-free Galerkin (EFG) method, is reviewed and the concept how to incorporate continuum constitutive 
models is described. The extensions to modelling cracks is described in section 5. Finally, we test the meshfree 
shell for different elastic linear and nonlinear problems, plastic problems and cracking problems.  
References listed at the end of the paper: 
[1]  P. Krysl and T. Belytschko. Analysis of thin shells by the element-free galerkin method. International Journal of Solids and 
Structures, 33(20-22):3057–3078, 1996. � 
[2]  H. Noguchi, T. Kawashima, and T. Miyamura. Element free analysis of shell and spatial structures. International Journal for 
Numerical Methods in Engineering, 47(6):1215–1240, 2000. � 
[3]  S. Li, W. Hao, and W.K. Liu. Numerical simulations of large deformation of thin shell structures using meshfree methods. 
Computational Mechanics, 25(2-3):102–116, 2000. � 
[4]  N.H. Kim, K.K. Choi, J.S. Chen, and M.E. Botkin. Meshfree analysis and design sensitivity analysis for shell structures. 
International Journal for Numerical Methods in Engineering, 53(9):2087–2116, 2002. � 
[5]  O. Garcia, E.A. Fancello, C.S. de Barcellos, and C.A. Duarte. hp-clouds in Mindlin’s thick plate model. International Journal for 
Numerical Methods in Engineering, 47(8): 1381–1400, 2000. � 
[6]  D.D. Wang and J.S. Chen. Locking-free stabilized conforming nodal integration for meshfree Mindlin-Reissner plate formulation. 
Computer Methods in Applied Mechanics and Engineering, 193(12-14):1065–1083, 2004. � 
[7]  W. Kanok-Nukulchai, W. Barry, and K. Saran-Yasoontorn. On elimination of shear locking in the element-free galkerin method. 
International Journal for Numerical Methods in Engineering, 52(7):705–725, 2001. � 
[8]  T. Rabczuk and T. Belytschko. Cracking particles: A simplified meshfree method for arbitrary evolving cracks. International 
Journal for Numerical Methods in Engineering, 61(13):2316–2343, 2004. � 
[9]  T. Belytschko, N. Moes, S. Usui, and C. Parimi. Arbitrary discontinuities in finite elements. International Journal for Numerical 
Methods in Engineering, 50(4):993–1013, 2001. � 
[10]  N. Moes, J. Dolbow, and T. Belytschko. A finite element method for crack growth without remeshing. International Journal for 
Numerical Methods in Engineering, 46(1):133–150, 1999. � 
[11]  G. Ventura, J. Xu, and T. Belytschko. A vector level set method and new discontinuity approximations for crack growth by efg. 
International Journal for Numerical Methods in Engineering, 54(6):923–944, 2002. � 
[12]  T. Belytschko, W. K. Liu, and B. Moran. Nonlinear Finite Elements for Continua and Structures. John Wiley and Sons, 
Chichester, 2000. � 
[13]  T. Rabczuk and T. Belytschko. A three dimensional large deformation meshfree method for arbitrary evolving cracks. Computer 
Methods in Applied Mechanics and Engineering, accepted. � 
[14]  T. Rabczuk and T. Belytschko. Application of meshfree particle methods to static fracture �of reinforced concrete structures. 
accepted in International Journal of Fracture. � 
[15]  T. Belytschko, T. Rabczuk, E. Samaniego, and P.M.A. Areias. A simplified meshfree method for shear bands with cohesive 
surfaces. International Journal for Numerical Methods in Engineering, submitted. � 
[16]  T. Belytschko, Y.Y. Lu, and L. Gu. Element-free galerkin methods. International Journal for Numerical Methods in Engineering, 
37:229–256, 1994. � 
[17]  T. Belytschko and Y.Y. Lu. Element-free galerkin methods for static and dynamic fracture. International Journal of Solids and 
Structures, 32:2547–2570, 1995. � 
[18]  A. Huerta, Belytschko T., Fernandez-Mendez S., and Rabczuk T. Encyclopedia of Computational Mechanics, chapter Meshfree 
Methods. John Wiley and Sons, 2004. � 
[19]  P.M.A. Areias, J.H. Song, and T. Belytschko. Analysis of fracture in thin shells by overlapping paired elements. International 
Journal for Numerical Methods in Engineering, 195:5343–5360, 2006. � 
[20]  J-H Song, P.M.A. Areias, and T. Belytschko. A method for dynamic crack and shear band propagation with phantom nodes. 
International Journal for Numerical Methods in Engineering, 2006. � 
[21]  J.C. Simo, D.D. Fox, and M.S. Rifai. On a stress resultant geometrically exact shell model. Part II: The linear theory; 
computational aspects. Computer Methods in Applied Mechanics and Engineering, 73:53–92, 1989. � 
[22]  H. Parish. An investigation of a finite rotation four node assumed strain shell element. International Journal for Numerical 
Methods in Engineering, 31:127–150, 1991. � 
[23]  M.L. Bucalem and K-J. Bathe. Higher-order MITC general shell elements. International Journal for Numerical Methods in 
Engineering, 36:3729–3754, 1993. � 
[24]  R. Hauptmann and K. Schweizerhof. A systematic development of solid-shell element formulations for linear and non-linear 
analyzes employing only displacement degrees of freedom. International Journal for Numerical Methods in Engineering, 42:49–69, 
1998. � 



[25]  T. Belytschko, H. Stolarski, W.K. Liu, N. Carpenter, and J.S.J. Ong. Stress projection for membrane and shear locking in shell 
finite-elements. Computer Methods in Applied Mechanics and Engineering, 51:221–258, 1985. � 
[26]  P.M.A. Areias, J.-H. Song, and T. Belytschko. A finite-strain quadrilateral shell element based on discrete Kirchhoff-Love 
constraints. International Journal for Numerical Methods in Engineering, 64:1166–1206, 2005. � 
[27]  K.Y. Sze, S.H. Lo, and L.Q. Yao. Hybrid-stress solid elements for shell structures based upon a modified variational functional. 
International Journal for Numerical Methods in Engineering, 53:2617–2642, 2002. � 
[28]  P.M.A. Areias, J.M.A. C �esar de Sa �, and Conceio Anto �[28] P.M.A. Areias, J.M.A. Cesar de Sa and Concelo Antonio. A 
gradient model for finite strain elastoplasticity coupled with damage. Finite Elements in Analysis and Design, 39: 1191–1235, 2003. � 
[29]  M.L. Bucalem and K-J. Bathe. Higher-order MITC general shell elements. International Journal for Numerical Methods in 
Engineering, 36:3729–3754, 1993. � 
[30]  R. Hauptmann and K. Schweizerhof. A systematic development of solid-shell element formulations for linear and non-linear 
analyzes employing only displacement degrees of freedom. International Journal for Numerical Methods in Engineering, 42:49–69, 
1998. � 
[31]  S.L. Weissmann. High-accuracy low-order three-dimensional brick element. International Journal for Numerical Methods in 
Engineering, 39:2337–2361, 1996. � 
[32]  M.A. Crisfield and X. Peng. Instabilities induced by coarse meshes for a nonlinear shell problem. Engineering Computations, 
13:110–114, 1996. � 
[33]  P.M.A. Areias, J.H. Song, and T. Belytschko. A simple finite-strain quadrilateral shell element part i: Elasticity. International 
Journal for Numerical Methods in Engineering, in press, 2005. � 
[34]  A. Ibrahimbegovi �[34]  Ibrahimbegovic, B. Brank, and P. Courtois. Stress resultant geometrically exact form of classical shell 
model and vector-like parameterization of constrained finite rotations. International Journal for Numerical Methods in Engineering, 
52:1235–1252, 2001. � 
[35]  A. Eriksson and C. Pacoste. Element formulation and numerical techniques for stability problems in shells. Computer Methods 
in Applied Mechanics and Engineering, 191:3775– 3810, 2002. � 
[36]  X. Peng and M.A. Crisfield. A consistent co-rotational formulation for shells using the constant stress/constant moment triangle. 
International Journal for Numerical Methods in Engineering, 35:1829–1847, 1992. � 
[37]  C. Sansour and F.G. Kollmann. Large viscoplastic deformations of shells. Theory and finite element formulation. Computational 
Mechanics, 21:512–525, 1998. � 
[38]  X. Peng and M.A. Crisfield. A consistent co-rotational formulation for shells using the constant stress/constant moment triangle. 
International Journal for Numerical Methods in Engineering, 35:1829–1847, 1992. � 
[39]  A. Masud, C.L. Tham, and W.K. Liu. A stabilized 3D co-rotational formulation for geometrically nonlinear analysis of multi-
layered composite shells. Computational Mechanics, 26:1–12, 2000. � 
[40]  C. Sansour and F.G. Kollmann. Families of 4-node and 9-node finite elements for a finite deformation shell theory. an 
assessment of hybrid stress, hybrid strain and enhanced strain elements. Computational Mechanics, 24:435–447, 2000. � 
[41]  E.M.B. Campello, P.M. Pimenta, and P. Wriggers. A triangular finite shell element based on a fully nonlinear shell formulation. 
Computational Mechanics, 31:505–518, 2003. � 
[42]  P.M.A. Areias. Finite element technology, damage modeling, contact constraints and fracture analysis. Doutoramento, FEUP - 
Faculdade de Engenharia da Universidade do Porto, Rua Dr. Roberto Frias s/n 4200-465 Porto, Portugal, 2003. www.fe.up.pt. � 
[43]  R. Eberlein and P. Wriggers. Finite element concepts for finite elastoplastic strains and isotropic stress response in shells: 
Theoretical and computational analysis. Computer Methods in Applied Mechanics and Engineering, 171:243–279, 1999. � 
[44]  W. Wagner, S. Klinkel, and F. Gruttmann. Elastic and plastic analysis of thin-walled structures using improved hexahedral 
elements. Computers and Structures, 80:857–869, 2002. � 
[45]  C.M. Muscat-Fenech and A.G. Atkins. Out-of-plane stretching and tearing fracture in ductile sheet-materials. International 
Journal of Fracture, 84:297–306, 1997. � 
[46]  A.L. Keesecker, C.G. Davila, E.R. Johnson, and J.H. Starnes Jr. Crack path bifurcation at a tear strap in a pressurized shell. 
Computers and Structures, 81:1633–1642, 2003. � 
[47]  P.M.A. Areias and T. Belytschko. Analysis of three-dimensional crack initiation and propagation using the extended finite 
element method. International Journal for Numerical Methods in Engineering, 63:760–788, 2005. � 
[48]  T. Timm. Beschuss von fluessigkeitsgefuellten Behaeltern. PhD thesis, University of Karlsruhe, Institut fuer Massivbau und 
Baustofftechnologie, 2002. � 
[49]  G.R. Johnson and W.H. Cook. A constitutive model and data for metals subjected to large strains, high strain rates, and high 
temperatures. In Proc. 7th International Symp. on Ballistics, 1983. � 
 
 
H. Laurent and G. Rio (Laboratoire de Genie Mecanique et Materiaux, Centre de Recherche – Universite de 
Bretagne Sud, BP 92116 – 56321 Lorient, Cedex, France), “Formulation of a thin shell finite element with 
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ABSTRACT: This paper presents a formulation for a new family of thin shell finite elements. The element is 
formulated by using a convected material frame notion which offers an interesting framework to take into 
account large transformations. Bending behaviour is calculated from the Love - Kirchhoff assumptions and 



from a finite difference technique between adjacent elements. We therefore called this element SFE for semi-
finite-element. This method allows us to keep C0 continuity without introducing other variables than the 3 
classical displacements, which reduces computational time. In this paper, a full formulation of this element is 
described more precisely. It takes into account the coupling effect between both membrane and bending 
behaviour. Various sample solutions that illustrate the effectiveness of the element in linear and nonlinear 
analysis are presented, with some sheet metal forming examples. 
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principle”, Thin-Walled Structures, Vol. 46, No. 6, June 2008, pp. 602-617, doi:10.1016/j.tws.2008.01.001 
ABSTRACT: This first of two companion papers develops a new variational principle for the buckling analysis 
of thin-walled members based on the principle of stationary complementary energy. Some of the aspects of the 
Vlasov thin-walled beam theory (the rigid cross section assumption, and the stress expressions) are postulated to 
describe the behavior of members while other aspects of the theory (i.e., the zero shear strain assumption at 
mid-surface) are discarded. Koiter's formulation based on polar decomposition theory in finite elasticity is 
adopted to formulate expressions for statically admissible stress resultant fields. The stationarity conditions of 
the complementary energy expression are then evoked to yield the conditions of neutral stability and associated 
boundary conditions in which the rotation fields appear explicitly. The formulation seamlessly incorporates 
shear deformation effects and load position effects. Also, the Wagner effect and the mono-symmetry property 
which arise in displacement based formulations arise in the present formulation in a natural way. 
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panels by the spline strip method”, Computers & Structures, Vol. 56, No. 4, August 1995, pp. 589-604, 
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ABSTRACT: This paper presents an application of the spline strip method based on the first-order shear 
deformation Sanders shell theory to analyze vibration of antisymmetric angle-ply laminated cylindrical panels 
with two opposite circumferential edges simply supported and varying boundary conditions on the remaining 
two straight edges. To demonstrate the accuracy and convergence of the semi-numerical method, the results are 
compared with those obtained by the classical shell theory and by the first-order shear deformation shell theory. 
Stable convergence and good accuracy are obtained. The effects of the geometric parameters and material 
parameters on the frequencies of graphite-epoxy laminated cylindrical panels with some boundary conditions 
are analyzed. 
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ABSTRACT: This paper presents an application of the spline strip method based on the first-order shear 
deformation Sanders' shell theory to analyze vibration of symmetric and antisymmetric cross-ply laminated 
cylindrical panels with two opposite circumferential edges simply supported and some boundary conditions on 
the remaining two straight edges. To demonstrate the accuracy and convergence of the semi-numerical method, 
the results are compared with those obtained by the classical shell theory and by the refined shear deformation 
shell theory. Stable convergence and good accuracy are obtained. The effects of the geometric parameters and 
material parameters on the frequencies of graphite-epoxy laminated cylindrical panels with some boundary 
conditions are analyzed. 
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ABSTRACT: This paper presents an application of the spline strip method based on the high-order shear 
deformation Donnell's shell theory to analyse vibration of thick laminated cylindrical panels with two opposite 
circumferential edges simply-supported and some boundary conditions on the remaining two straight edges. To 
demonstrate the accuracy and convergence of the semi-numerical method, the results are compared with those 
obtained by the first-order shear deformation shell theory. Stable convergence and good accuracy are obtained. 
The comprehensive comparison of both the high-order shear deformation Donnell's shell theory and the first-
order shear deformation Donnell's shell theory is studied for graphiteepoxy laminated cylindrical panels with 
some boundary conditions. 
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ABSTRACT: This paper examines the post-buckling deformations of cylindrical shells conveying viscous fluid. 
The wall deformation is modelled using geometrically nonlinear shell theory, and lubrication theory is used to 
model the fluid flow. The coupled fluid-solid problem is solved using a parallelized FEM technique. It is found 
that the fluid-solid interaction leads to a violent collapse of the tube such that immediate opposite-wall contact 
occurs after the buckling if the volume flux is kept constant during buckling. If the pressure drop through the 
tube is kept constant during the buckling, the fluid-solid coupling slows down the collapse (compared to 
buckling under a dead load). The effects of various parameters (upstream pressure, axial pre-stretch and the 
geometry of the tube) on the post-buckling behaviour are examined and the exact geometrically nonlinear shell 
theory is compared to Sanders’ (1963) moderate rotation theory. Finally, the implications of the results for 
previous models which described the wall deformation using so called “tube laws” are discussed. 
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ABSTRACT: In this paper, a geometrically nonlinear hybrid/mixed curved quadrilateral shell element 
(HMSHEL4N) with four nodes is developed based on the modified Hellinger/Reissner variational principles. 
The performance of element is investigated and tested using some benchmark problems. A number of numerical 
examples of plate and shell nonlinear deflection problems are included. The results are compared with 
theoretical solutions and other numerical results. It is shown that HMSHEL4N does not possess spurious zero 
energy modes and any locking phenomenon, and is convergent and insensitive to the distorted mesh. A good 
agreement of the results with theoretical solutions, and better performance compared with displacement finite 
element method, are observed. It is seen that an efficient shell element based on stress and displacement field 
assumptions in solution and time is obtained. 
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ABSTRACT: The nonlinear dynamical behavior of a viscoelastic circular cylindrical shell under a harmonic 
excitation applied at both ends is discussed. Using singularity theory and choosing nondegenerate germ, the 
universal unfolding problem of the bifurcation equation is studied. The results indicate that the universal 
unfolding is a high codimensional bifurcation problem with codimension 5 (contains a modal parameter). 
Additionally, all possible forms of the universal unfoldings are given, and the transition sets in parameter plane 
and the bifurcation diagrams are plotted under some conditions for unfolding parameters. It is well know that 
the dynamical behavior of nonlinear Mathieu equation in some special forms has been studied by many authors, 



such as, Bogoliubov N.N., Mitropolsky Y.A., Nayfeh A.H. and Mock D.T. Especially, by introduction of 
symmetry group action technique, Chen Yushu and Langford W.F. established the bifurcation classification 
results for stable responses of non-linear Mathieu equation in general form. A sense of theoretical and 
experimental results with Z2-symmetric bifUrcations were obtained for a parametric excitation system with one 
degree of freedom. One knows that a symmetric unfolding of a bifurcation equation may describe possible 
dynamical behavior when original system is subjected to a small perturbation with the symmetry. However, 
when original system is subjected to a small perturbation which does not possess the symmetrys symmetric 
unfolding cann't present completely the dynamical behavior of original system. In this case, one should 
investigate the universal unfoldings of bifurcation equation including symmetry-breaking bifurcations. For a 
thin viscoelastic circular cylindrical shell with Flugge-type nonlinearity under a periodic excitation applied at 
axis. The present paper studies the symmetry-breaking bifurcation problem. The results obtained here indicate 
that, under symmetry-breaking cases, there exist richer dynamic buckling patterns than those obtained under 
symmetry case. Clearly, the new results provide some inspirations for the analysis and design of dynamic 
bulking experiments of this class of system, and improve the singularity analysis method proposed by Chen 
Yushu and Langford W.F. 
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ABSTRACT: The nonlinear vibration fundamental equation of circular sandwich plate under uniformed load 
and circumjacent load and the loosely clamped boundary condition were established by von Karman plate 
theory, and then accordingly exact solution of static load and its numerical results were given. Based on time 
mode hypothesis and the variational method, the control equation of the space mode was derived, and then the 
amplitude frequency-load character relation of circular sandwich plate was obtained by the modified iteration 
method. Consequently the rule of the effect of the two kinds of load on the vibration character of the circular 
sandwich plate was investigated. When circumjacent load makes the lowest natural frequency zero, critical load 
is obtained. 
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doi: 10.1007/BF00786677 
ABSTRACT: The paper deals with the stability and some aspects of optimal design with respect to stability of 
geometrically nonlinear, elastic toroidal shells with open profiles. Shells rotationally symmetric in the narrower 
sense (toroidal segments) as well as in the broader sense (toroidal shell-arches), subjected to external pressure 
or to a combined loading (pressure and overall bending), are considered. The influence of the pressure 
distribution on its critical value as well as the post-buckling behaviour are discussed for the toroidal segments 
with various boundary conditions. The instability modes of the shell-arches for linear trajectories of the 
combined loading are also analysed. A double step parametrical optimization consisting of a midsurface design 
(1st step) and a design with respect to the thickness of the wall (2nd step) is performed for a toroidal segment. 
Constant distance between the supports and constant area of the meridional cross-section are applied as the 
constraints, respectively. 
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“Bounce of hollow balls on flat surfaces”, Sports Engineering, Vol. 4, No. 2, 2001, pp. 49–61, doi: 
10.1046/j.1460-2687.2001.00073.x 
ABSTRACT: The bounce of a hollow spherical ball from a hard flat surface results in large deformations of the 
thin-walled shell; these deformations increase the internal stresses in the shell near a knuckle of bending and 



also increase the internal gas pressure inside the shell. This paper calculates the deformation and consequent 
contact forces that repel the ball from the surface, and compares the results with both a finite element analysis 
and experimental data. A table tennis ball is considered as an example of a thin-walled elastic shell. Since for an 
elastic ball there are no energy losses due to inelastic material behaviour, the analysis assumes that all energy 
losses are due to either friction in the contact area or impulsive forces arising from the instantaneous rate-of-
change of momentum in the knuckle. In practice, the table tennis ball shows energy losses that increase with 
increasing impact speed; these losses substantially exceed the losses taken into account by the elastic shell 
analysis. 
 
 
Arthur E. Forral (Air Force Institute of Technology, Wright-Patterson AFB, Ohio, USA), “Comparison of the 
Dynamic Behavior of Composite Plates and Shells Incorporating Green's Strain Terms with the von Karman 
and Donnell Models”, Master’s Thesis, December 1993 
DTIC Accession Number: ADA275544, Handle / proxy Url : http://handle.dtic.mil/100.2/ADA275544 
ABSTRACT: The dynamic collapse behavior of thin, composite cylindrical shells subjected to transverse point 
loads is considered. The dynamic behavior of the undamped cylindrical shells of varying radii is analyzed with 
a finite element formulation that incorporates all nonlinear Green's strain terms in the in-plane directions; 
transverse strains are linear and vary parabolically through the shell thickness. This formulation is denoted as 
the simplified large displacement/rotation (SLR) theory. Graphical representations are used extensively to 
examine dynamic behaviors not noted in similar research that utilized the DSHELL finite element code. 
Composite plate behavior is also explored. Comparison of the higher-order formulations to Donnell and von 
Karman models, modified with transverse shear flexibility, is also made. Several deep shell configurations, 
using the SLR and Donnell models, are analyzed in an effort to determine the maximum displacement and 
rotational limits of these formulations. The nonlinear features of the plates and shells imply the potential for 
chaotic behavior. Various techniques are used to characterize the chaotic behavior of these undamped shells in 
pre- and post-collapsed states. Nonlinear analysis, Nonlinear dynamics, Chaos, Finite element analysis, 
Collapse, Buckling, Composites, Structural mechanics, Cylindrical shells, Plates. 
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“Size Dependence of the Thin-Shell Model for Carbon Nanotubes”, Phys. Rev. Lett. 95, 105501 (2005) [4 
pages], doi: 10.1103/PhysRevLett.95.105501 
ABSTRACT: There has been much debate on the choice for the representative wall thickness for the thin-shell 
model, although this model has demonstrated remarkable success in capturing many types of behavior of single-
walled carbon nanotubes (SWNTs), in determining the buckling strains under compression, torsion, and 
bending, in particular. This analysis, using the Tersoff-Brenner potential and ab initio calculations, shows that 
the elasticity of the model thin shell evolves from isotropic to square symmetric with the decreasing tube 
diameter, leading to significant diameter dependence for all the elastic moduli and the representative wall 
thickness. Furthermore, the elastic moduli of multiwalled carbon nanotubes of diameters up to 10 nm are also 
size dependent. 
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“Buckling Properties of Pre-Stressed Multi-Walled Carbon Nanotubes”, International Journal for Multiscale 
Computational Engineering, Vol. 11, No. 1, pp. 17-26, 2013, DOI: 10.1615/IntJMultCompEng.2012003185 
ABSTRACT: Pre-stressed multi-walled carbon nanotube (PS-MWCNT), of which the interwall distance is less 
than 0.34 nm, holds for the highest Young's modulus while its interlayer shear strength is several orders higher 
than normal MWCNT. The buckling behaviors of PS-MWCNTs with two to six layers are studied using both 
molecular mechanics simulation and continuum mechanics models in this paper. Considering the interlayer 
distance as the key factor, we reveal three features of the buckling behavior of PS-MWCNTs subjected to axial 
loading: 1) the buckling membrane force is not a monotonic function of interlayer distance, depending on the 
nanotube index (i.e. diameter); 2) the buckling membrane force increases as the interlayer distance decreases for 
PS-MWCNTs with a fixed intertube chirality, which is a combined effect of interlayer distance and tube 



diameter; 3) for PS-MWCNTs with the same innermost tube, the buckling membrane force increases as the 
number of walls increases. Furthermore, molecular mechanics simulation and multi-shell continuum model 
show an agreement on the trend of the buckling membrane force as a function of interlayer distance, tube 
chirality index, and number of layers. These results can serve as a bridge between the molecular simulation and 
the continuum model for the buckling behaviors of PS-MWCNT. 
 
 
David Steigmann, “Koiter’s Shell Theory from the Perspective of Three-dimensional Nonlinear Elasticity”, 
Journal of Elasticity, Springer Verlag, 2013, 111 (1), pp.91-107.  
ABSTRACT: Koiter’s shell model is derived systematically from nonlinear elasticity theory, and shown to 
furnish the leading-order model for small thickness when the bending and stretching energies are of the same 
order of magnitude. An extension of Koiter’s model to finite midsurface strain emerges when stretching effects 
are dominant.  
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P. Liu, Y. W. Zhang and C. Lu, “Structures and stability of defect-free multiwalled carbon toroidal rings”, 
Journal of Applied Physics; 12/1/2005, Vol. 98 Issue 11, p113522 
ABSTRACT: Atomistic simulations of the structures and stability of defect-free multiwalled carbon toroidal 
rings were performed using the second-generation empirical bond-order potential and a Morse-type van der 
Waals potential. It was found that a multiwalled toroidal ring improves the structural stability over its outermost 
single-walled counterpart, implying a stabilizing effect from the inner rings. This can be explained by the 
superlinear relation between the critical ring diameter and its tube diameter existing in single-walled rings. 
However, the findings that the critical diameter of an armchair ring is larger than that of a zigzag ring with the 
same tube diameters, and that the inclusion of torsion exhibits a negative effect on the stability of a multiwalled 
ring, are in contrast to that of a single-walled nanoring. In addition, the instability of a multiwalled nanoring 



always starts with the formation of many short-wavelength ripples on the compressed side of the outermost 
tube. Subsequently, some of the ripples develop into buckles, resulting in buckling failures. 
 
 
C.L. Tsai, M.S. Han and G.H. Jung, “Investigating the Bifurcation Phenomenon in Plate Welding”, Welding 
Journal; Jul 2006, Vol. 85 Issue 7, p151 
ABSTRACT: The article investigates the bifurcation phenomenon in plate welding. The evolution of the 
buckling phenomenon starts during the weld cooling cycle caused by an onset inelastic strain incompatibility 
condition. In this study, the researchers attempt to elucidate a numerical procedure to determine the peak 
temperature-based buckling criterion for welding thin steel plates. 
 
 
R. Amenzadeh and E. Kiyasbeyli, “Critical time of a long multilayer viscoelastic shell”, Mechanics of 
Composite Materials; Sep 2007, Vol. 43 Issue 5, p419 
ABSTRACT: The buckling in stability of a long multilayer linearly viscoelastic shell, composed of different 
materials and loaded with a uniformly distributed external pressure of given intensity, is investigated. By 
neglecting the influence of fastening of its end faces, the initial problem is reduced to an analysis of the loss of 
load-carrying capacity of a ring of unit width separated from the shell. The new problem is solved by using a 
mixed-type variational method, allowing for the geometric nonlinearity, together with the Rayleigh-Ritz 
method. The creep kernels are taken exponential with equal indices of creep. As an example, a three-layer ring 
with a structure symmetric about its midsurface is considered, and the effect of its physicomechanical and 
geometrical parameters, as well as of wave formation, on the critical time of buckling in stability of the ring is 
determined. It is found that, by selecting appropriate materials, more efficient multilayer shell-type structural 
members can be created. 
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“Buckling of a pre-compressed or pre-stretched membrane in shear flow”, International Journal of Solids and 
Structures 44 (2007) 8074–8085, doi:10.1016/j.ijsolstr.2007.05.027 
ABSTRACT: Membranes enclosing capsules and biological cells undergo periodic compression and stretching 
due to an imparted hydrodynamic traction as they rotate in a shear flow. Compression may cause transient or 
permanent buckling manifested by the onset of wrinkled shapes. To study the effect of pre-compression and 
pre-stretching on the critical conditions for buckling, the response of an elastic circular plate flush mounted on a 
plane wall and deforming under the action of a uniform tangential load due to an over-passing simple shear flow 
is considered. Working under the auspices of the theory of elastic instability of plates governed by the linear 
von Ka �rma �n equation, an eigenvalue problem is formulated resulting in a fourth-order partial differential 
equation with position-dependent coefficients parametrized by the Poisson ratio. Solutions are computed by 
applying Fourier series expansions to derive an infinite system of coupled ordinary differential equations, and 
then implementing orthogonal collocation. The solution space is illustrated, critical values for buckling are 
identified, the associated eigenfunctions representing possible modes of deformation are displayed, and the 
effect of the Poisson ratio is discussed. 
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“Can a single-wall carbon nanotube be modeled as a thin shell?”, Journal of the Mechanics and Physics of 
Solids, Vol. 56, No. 6, June 2008, pp. 2213-2224, doi:10.1016/j.jmps.2008.01.004 
ABSTRACT: Single-wall carbon nanotubes (SWCNT) have been frequently modeled as thin shells, but the 
shell thickness and Young's modulus reported in literatures display large scattering. The order of error to 
approximate SWCNTs as thin shells is studied in this paper via an atomistic-based finite-deformation shell 
theory, which avoids the shell thickness and Young's modulus, but links the tension and bending rigidities 
directly to the interatomic potential. The ratio of atomic spacing (Delta approximately equal to 0.14 nm) to the 
radius of SWCNT, Delta/R, which ranges from zero (for graphene) to 40% [for a small (5,5) armchair SWCNT 
(R=0.35 nm)], is used to estimate the order of error. For the order of error O[(Delta/R)^3], SWCNTs cannot be 
represented by a conventional thin shell because their constitutive relation involves the coupling between 
tension and curvature and between bending and strain. For the order of error O[(Delta/R)^2], the tension and 
bending (shear and torsion) rigidities of SWCNTs can be represented by an elastic orthotropic thin shell, but the 
thickness and elastic modulus cannot. Only for the order of error O(Delta/R), a universal constant shell 
thickness can be defined and SWCNTs can be modeled as an elastic isotropic thin shell. 
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“Efficient handling of stability problems in shell optimization by asymmetric ‘worst-case’ shape imperfection”, 
International Journal for Numerical Methods in Engineering, Vol. 73, No. 9, February 2008, pp. 1197–1216, 
doi: 10.1002/nme.2113 
ABSTRACT: The paper presents an approach to shape optimization of proportionally loaded elastic shell 
structures under stability constraints. To reduce the stability-related problems, a special technique is utilized, by 
which the response analysis is always terminated before the first critical point is reached. In this way, the 
optimization is always related to a precritical structural state. The necessary load-carrying capability of the 
optimal structure is assured by extending the usual formulation of the optimization problem by a constraint on 
an estimated critical load factor. Since limit points are easier to handle, the possible presence of bifurcation 
points is avoided by introducing imperfection parameters. They are related to an asymmetric shape perturbation 
of the structure. During the optimization, the imperfection parameters are updated to get automatically the 
‘worst-case’ pattern and amplitude of the imperfection. Both, the imperfection parameters and the design 
variables are related to the structural shape via the design element technique. A gradient-based optimizer is 
employed to solve the optimization problem. Three examples illustrate the proposed approach. 
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Novgorod, Russia), “Numerical modeling of nonlinear deformation and buckling of composite plate-shell 
structures under pulsed loading”, Mechanics of Composite Materials, Vol. 35, No. 6, 1999, pp. 495-506,  
doi: 10.1007/BF02259471 
ABSTRACT: Nonlinear three-dimensional problems of dynamic deformation, buckling, and posteritical 
behavior of composite shell structures under pulsed loads are analyzed. The structure is assumed to be made of 
rigidly joined plates and shells of revolution along the lines coinciding with the coordinate directions of the 
joined elements. Individual structural elements can be made of both composite and conventional isotropic 
materials. The kinematic model of deformation of the structural elements is based on Timoshenko-type 
hypotheses. This approach is oriented to the calculation of nonstationary deformation processes in composite 
structures under small deformations but large displacements and rotation angles, and is implemented in the 
context of a simplified version of the geometrically nonlinear theory of shells. The physical relations in the 
composite structural elements are based on the theory of effective moduli for individual layers or for the 
package as a whole, whereas in the metallic elements this is done in the framework of the theory of plastic flow. 
The equations of motion of a composite shell structure are derived based on the principle of virtual 
displacements with some additional conditions allowing for the joint operation of structural elements. To solve 
the initial boundary-value problem formulated, an efficient numerical method is developed based on the finite-
difference discretization of variational equations of motion in space variables and an explicit second-order time-
integration scheme. The permissible time-integration step is determined using Neumann's spectral criterion. The 
above method is especially efficient in calculating thin-walled shells, as well as in the case of local loads acting 
on the structural element, when the discretization grid has to be condensed in the zones of rapidly changing 
solutions in space variables. The results of analyzing the nonstationary deformation processes and critical loads 
are presented for composite and isotropic cylindrical shells reinforced with a set of discrete ribs in the case of 
pulsed axial compression and external pressure. 
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“Probabilistic structural analysis methods for select space propulsion system structural components (PSAM)”, 
Computers & Structures, Vol. 29, No. 5, 1988, pp. 891-901, doi:10.1016/0045-7949(88)90356-2 
ABSTRACT: The purpose of doing probabilistic structural analysis is to provide the designer with a more 
realistic ability to assess the importance of uncertainty in the response of a high performance structure. The 
objective of this five-year contract effort (NASA Contrast NAS3-24389) on Probabilistic Structural Analysis 
Methods (PSAM) is the development of several modular structural analysis packages capable of predicting the 
probabilistic response distribution for key structural variables such as stress, displacement, natural frequencies, 
buckling loads, transient responses, etc. The structural analysis packages include stochastic modeling of loads, 
material properties, geometry (e.g. tolerances), and boundary conditions. The structural analysis solution is in 
terms of the cumulative distribution function (CDF) and confidence bounds. Two methods of probability 
modeling are included in the analysis packages. One of these is the well established Monte Carlo simulation 
method; the other is a fast probability integration (FPI) algorithm which will be discussed in the paper. PSAM 
tools can be used to estimate structural safety and reliability, while providing the engineer with information on 
the confidence that should be given to the predicted behavior. Perhaps most critically, the PSAM results provide 
information to the designer on those variables for which the design is most sensitive. 
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“TEM observations of buckling and fracture modes for compressed thick multiwall carbon nanotubes”, Carbon, 
Vol. 49, No. 1, January 2011, pp. 206-213, doi:10.1016/j.carbon.2010.09.005 
ABSTRACT: The buckling and fracture modes of thick (diameter >20 nm) multiwall carbon nanotubes 
(MWCNTs) under compressive stress were examined using in situ transmission electron microscopy. The 
overall dynamic deformation processes of the MWCNTs as well as the force/distance curves can be obtained. 
The buckling behavior of MWCNTs under compression falls into two categories, the first is non-axial buckling 
and subsequently complex Yoshimura patterns can be induced on the compressive side of the MWCNTs. The 
second is axial buckling followed by catastrophic failure. We find the buckling mode of thick MWCNTs is 
highly dependent on the diameter and length of the MWCNTs. A continuum mechanics model is employed to 
determine the buckling mode criterion for the MWCNTs. Moreover, the shell by shell fracture mode and planar 
fracture mode of MWCNTs are directly observed in our experiments. 
 
 
Chu-lin YU, Zhi-ping CHEN, Ji WANG, Shun-juan YAN, Li-cai YANG (Institute of Process Equipment, 
Zhejiang University, Hangzhou 310027, China), “Effect of weld reinforcement on axial plastic buckling of 
welded steel cylindrical shells”, Journal of Zhejiang University-SCIENCE A (Applied Physics & Engineering) 
ISSN 1673-565X (Print); ISSN 1862-1775 
ABSTRACT: The effect of weld reinforcement on axial plastic buckling of welded steel cylindrical shells is 
investigated through experimental and numerical buckling analysis using six welded steel cylindrical shell 
specimens. The relationship between the amplitude of weld reinforcement and the axial plastic buckling critical 
load is explored. The effect of the material yield strength and the number of circumferential welds on the axial 
plastic buckling is studied. Results show that circumferential weld reinforcement represents a severe imperfect 
form of axially compressed welded steel cylindrical shells and the axial plastic buckling critical load decreases 
with the increment of the mean amplitude of circumferential weld reinforcement. The material yield strength 
and the number of circumferential welds are found to have no significant effect on buckling waveforms; 
however, the axial plastic buckling critical load can be decreased to some extent with the increase of the number 
of circumferential welds. 
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Technology, Taiyuan 030024, China), “Effects of geometrical and physical parameters on axial impact buckling 
behaviour of elastic-plastic cylindrical shells”, Materials Research Innovations, Vol. 15, Supplement 1, 
February 2011, pp. s7-s10, doi: 10.1179/143307511X12858956846436 
ABSTRACT: The buckling behaviour and collapse mechanism of elastic-plastic cylindrical shells subjected to 
longitudinal impact were studied by impact experiments and computer simulations. Attention was focused on 
the influence of the geometry and material property of the shell and loading condition on dynamic buckling 
response. Varieties of bucking models and the switching between the modes in buckling process were observed. 
Particularly, the phenomenon of so called dynamic plastic buckling in relatively low impact velocity was 
captured by high speed photograph in impact test of cooper specimen. This experimentally confirms that the 
dynamic plastic buckling does not necessarily require high impact velocity. The whole process of impact 
buckling was simulated by LS-DYNA code. The effects of the stress wave and the transverse inertia and plastic 
hardening modulus, etc. on initiation of wrinkle in earlier phase of buckling are analysed. 
 
 



Hyong Wook Lee and Hoon Huh (Department of Mechanical Engineering, Korea Advanced Institute of Science 
and Technology, Science Town, Taejon, 305-701, Korea) “Development and investigation of nonlinear shell 
elements with drilling degree of freedom”, Proc. 6th  USNCCM, 2001, pp. 66 - ?, URI: 
 http://hdl.handle.net/10203/3905 
ABSTRACT: The generality and simplicity has made the shell element employed in a wide rage of finite 
element analysis for mechanics problems. The demand of shell models are rapidly growing to perform large-
scale computations in important industrial applications to structural problems, sheet forming processes and 
composite shell structures. Since the general shell element has no stiffness associated with the drilling direction, 
any slight disturbance to the drilling rotation in the generalized load vector tends to amplify the rotation to an 
unrealistic large amount, which results in an unreliable solution. In addition, most shell elements fail in the 
analysis of non-smooth shell structures or shell structures with stiffener connections where three rotation 
components have to be considered. For remedy of that, many recent efforts have been done to include the sixth 
degree-of-freedom of the drilling rotation compatible to the physical meaning. In this paper, a four-node 
degenerated shell element with the implicit numerical scheme is developed to calculate non-linear problems 
based on the Belytschko-Leviathan's linear one-point quadrature shell element with the drilling degree of 
freedom. In formulating for the shell element, the physical stabilization scheme is used to control the zero-
energy mode of the element for one-point quadrature shell elements. The element is then extended for the 
nonlinear elasto-plastic analysis of shell structures undergoing large deformation in conjunction with the 
updated Lagrangian formulation. Many numerical problems including patch tests and benchmark tests are 
solved to investigate the performance of the element in comparison with conventional ones. Typical problems 
are the shell structure subjected to drilling moments, warped shells, and structures with sharp edges within the 
shell. The performance tests have been carried out focusing on the accuracy of the deformed shape and the 
convergence as well as the computing time. In order to demonstrate the versatility and applicability of the 
present shell element, the static buckling analysis of a thin-walled S-beam structure has been solved and 
compared with commercial codes. 
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B. Haussy and J.-F. Ganghoffer, “Instability analysis in pressurized transversely isotropic Saint-Venant-
Kirchhoff and neo-Hookean cylindrical thick shells”, Archive of Applied Mechanics, 09/2005, pp 600-617 
ABSTRACT: Under the effect of an inner pressure, a thick hyperelastic shell cylinder is susceptible to 
developing mechanical instabilities, leading to a bifurcated shape that no longer has the initial cylindrical 
symmetry. The considered problem has a strong resonance in a biomedical context, considering pathologies 
encountered for arteries, such as aneurysm. In this contribution, the mechanical behavior of thick elastic shells 
has been analyzed, considering a thick-walled cylindrical hyperelastic model material obeying a transversely 
isotropic behavior, first in a large-displacement situation and then in a large-deformation case. The response of 
the material is assumed to be instantaneous, so that time-dependent effects shall not be considered in this paper. 
The case of a Saint-Venant–Kirchhoff material is considered with special emphasis to exemplify a large-
displacement small-strain situation; the neo-Hookean behavior is next considered to enlarge the constitutive law 
toward consideration of large strains. The stability conditions of the shell are studied and bifurcation conditions 
formulated in terms of the applied pressure and of the geometrical and mechanical parameters that characterize 
the shell. Analytical solutions of some bifurcation points are evidenced and calculated when the direction of the 
fibers coincide with the cylinder axis. 
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Of The Buckling Of A Neo-Hookean Cylindrical Shell Of Arbitrary Thickness Subject To An External 
Pressure”, International Journal of Applied Mechanics, Vol. 02, No. 04, December 2010, DOI: 
10.1142/S1758825110000792 
ABSTRACT: By using the WKB method to solve the eigenvalue problem that results from a linear bifurcation 
analysis, we show that for a cylindrical shell of arbitrary thickness made of a neo-Hookean material which is 
subjected to an external hydrostatic pressure, the circular cross-section buckles into a non-circular shape at a 
value of mu1 which depends on A1/A2 and the mode number, where A1 and A2 are the undeformed inner and 
outer radii, and mu1 is the ratio of the deformed inner radius to A1. We show that this problem is amenable to 
the WKB method based on the largeness of the mode number. Similar to the case of a Varga cylindrical tube 
[Sanjarani Pour, 2005], the dependence of mu1 on A1/A2 has a boundary layer structure. Simple asymptotic 
expressions for the bifurcation condition are obtained. It has been shown that the asymptotic results obtained in 
the outer and inner regions agree with the numerical results. The two sets of results obtained for the 
eigenfunction with the aid of WKB and determinant methods are almost indistinguishable. 
 
 
M. Sanjarani Pour (Mathematics College, Sistan and Balochestan University, Zahedan, Iran), “A WKB analysis 
of the buckling condition for a cylindrical shell of arbitrary thickness subjected to an external pressure”, IMA 
Journal of Applied Mathematics, Vol. 70, No. 1, pp. 147-161, April 2013 
ABSTRACT: We consider the plane-strain buckling of a cylindrical shell of arbitrary thickness which is made 
of a Varga material and is subjected to an external hydrostatic pressure on its outer surface. The WKB method 
is used to solve the eigenvalue problem that results from the linear bifurcation analysis. We show that the 
circular cross-section buckles into a non-circular shape at a value of mu1 which depends on A1/A2 and a mode 
number, where A1 and A2 are the undeformed inner and outer radii, and mu1 is the ratio of the deformed inner 
radius to A1. In the large mode number limit, we find that the dependence of mu1 on A1/A2 has a boundary 
layer structure: it is constant over almost the entire region of 0 < A1/A2 < 1 and decreases sharply from this 
constant value to unity as A1/A2 tends to unity. Our asymptotic results for A1 - 1 = O(1) and A1 - 1 = O(1/n) 
are shown to agree with the numerical results obtained by using the compound matrix method. 
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Engineering, Texas A & M University, College Station, TX 77843-3123, USA), “Analytical solutions for 
bending, vibration, and buckling of FGM plates using a couple stress-based third-order theory”, Composite 
Structures, Vol. 103, pp 86-98, 2013, DOI: 10.1016/j.compstruct.2013.03.007  
ABSTRACT: Analytical solutions of a general third-order plate theory that accounts for the power-law 
distribution of two materials through thickness and microstructure-dependent size effects are presented. The 
Navier solution technique is adopted to derive analytical solutions to simply supported rectangular plates. The 
modulus of elasticity and the mass density are assumed to vary only through thickness of plate and a single 
material length scale parameter of a modified couple stress theory captures the microstructure-dependent size 
effects. Examples of bending, buckling, and vibration problems are presented to show effects of the power-law 
distribution of two materials and the microstructure-dependent size parameter.  
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Z. L. Wu, H. J. Zheng, "The Application of Plate Buckling Theory in the Steel Structures", Applied Mechanics 
and Materials, Vols. 351-352, pp. 818-820, 2013, DOI: 10.4028/www.scientific.net/AMM.351-352.818 
ABSTRACT: Based on the width-to-thickness ratio of plates, four types of sections are proposed and post-
buckling design, elastic design, elastic-plastic design and plastic design are employed respectively. Taking the 
post-buckling strength of plates into consideration, cold-formed thin-wall steel structures shall adopt calculation 
by effective width, also post-buckling design, and the restrain coefficient k1 of the plate groups shall be used. 
The direct strength method is quite convenient but needs the finite strip method. The computation of medially 
stiffened plates and distortional buckling has been figured out and thus further research and supplement are 
necessary. 
 
 
M. S. Djoudi and H. Bahai (Department of Systems Engineering, Brunel University, Uxbridge, Middlesex, UB8 
3PH, UK), “A shallow shell finite element for the linear and non-linear analysis of cylindrical shells”, 
Engineering Structures, Vol. 25, No. 6, May 2003, pp. 769-778, doi:10.1016/S0141-0296(03)00002-6 
ABSTRACT: This paper presents a cylindrical strain based shallow shell finite element which is developed for 
linear and geometrically non-linear analysis of cylindrical shells. The developed element is rectangular inplan 
and has the only five essential degrees of freedom at each corner node. The displacement fields of the element 
satisfy the exact requirement of rigid body modes. The efficiency of the element is demonstrated by applying it 
to the linear and geometrically nonlinear analysis of shell structures. The suitability of the element is also tested 
for natural frequencies’ calculations of cylindrical shells. Results obtained by the present element are compared 
with those available in the literature. These comparisons show that efficient convergence characteristics and 
accurate results can be obtained by using the present element. 
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“Buckling of multicomponent elastic shells with line tension”, Soft Matter, 2012, 8, 636-644 
DOI: 10.1039/C1SM06325A 
ABSTRACT: We explore the effects of line tension on the shape of two component elastic shells. Segregation 



between components with different elastic properties combined with the subtleties related to the spherical 
topology leads to a rich variety of shapes. They range from irregular polyhedra at weak segregation to Janus-
like morphologies with spherical and buckled regions coexisting on the same shell for large values of the line 
tension. We use Monte Carlo simulations to map a detailed phase diagram as a function of the relative fraction 
of the two components, the ratio of their bending rigidities, and the strength of the line tension. 
 
 
Duanduan Wan, Mark J. Bowick, Rastko Sknepnek, “Effects of scars on crystalline shell stability under 
external pressure”, Phys. Rev. E 91, 033205 (2015), DOI: 10.1103/physRevE.91.033205 
ABSTRACT: We study how the stability of spherical crystalline shells under external pressure is influenced by 
the defect structure. In particular, we compare stability for shells with a minimal set of topologically-required 
defects to shells with extended defect arrays (grain boundary "scars" with non-vanishing net disclination 
charge). We perform Monte Carlo simulations to compare how shells with and without scars deform quasi-
statically under external hydrostatic pressure. We find that the critical pressure at which shells collapse is 
lowered for scarred configurations that break icosahedral symmetry and raised for scars that preserve 
icosahedral symmetry. The particular shapes which arise from breaking of an initial icosahedrally-symmetric 
shell depend on the Foppl-von Karman number 
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“Folding and buckling pathways in spherical shells with soft spots”, Bulletin of the American Physical Society, 
APS March Meeting 2012, Vol. 57, No. 1, Session Q52: Focus Session: Extreme Mechanics – Shells and 
Snapping, Wednesday, February 29, 2012. Also see: “Buckling pathways in spherical shells with soft spots”, 
Soft Matter, Vol. 9, No. 34, pp 8227-8245, 2013, DOI: 10.1039/C3SM50719J 
ABSTRACT: Thin elastic spherical shells are known to exhibit a buckling instability at a finite external 
pressure. We study how this buckling is influenced by a weak region in an otherwise uniform shell, focusing on 
the case of a single small circular soft spot that is thinner than the rest of the shell. Using numerical simulations 
and theoretical arguments, we show that the soft region fundamentally alters the buckling behavior of the shell. 
The soft spot influences both the pressure at which the shell buckles, and the postbuckling shape of the shell. 
Depending on the properties of the soft spot, we find either a single buckling transition or two separate 
transitions as the external pressure is increased. We analyze the dependence of these buckling transitions on the 
size and thickness of the soft region. Besides contributing to our fundamental understanding of buckling 
transitions in inhomogeneous shells, our results can be applied to designing capsules with tunable shapes. 
 
 
Jayson Paulose, Gerard A. Vliegenthart, Gerhard Gompper, David R. Nelson (Harvard School of Engineering 
and Applied Sciences, Cambridge, MA 02138, USA), “Fluctuating shells under pressure”, Proc. Natl Acad Sci 
U.S.A., Vol. 109, No. 48, pp 19551-6, November 2012, DOI: 10.1073/pnas.1212268109 
ABSTRACT: Thermal fluctuations strongly modify the large length-scale elastic behavior of cross-linked 
membranes, giving rise to scale-dependent elastic moduli. Whereas thermal effects in flat membranes are well 
understood, many natural and artificial microstructures are modeled as thin elastic shells. Shells are 
distinguished from flat membranes by their nonzero curvature, which provides a size-dependent coupling 
between the in-plane stretching modes and the out-of-plane undulations. In addition, a shell can support a 
pressure difference between its interior and its exterior. Little is known about the effect of thermal fluctuations 
on the elastic properties of shells. Here, we study the statistical mechanics of shape fluctuations in a pressurized 
spherical shell, using perturbation theory and Monte Carlo computer simulations, explicitly including the effects 
of curvature and an inward pressure. We predict novel properties of fluctuating thin shells under point 
indentations and pressure-induced deformations. The contribution due to thermal fluctuations increases with 
increasing ratio of shell radius to thickness and dominates the response when the product of this ratio and the 
thermal energy becomes large compared with the bending rigidity of the shell. Thermal effects are enhanced 
when a large uniform inward pressure acts on the shell and diverge as this pressure approaches the classical 



buckling transition of the shell. Our results are relevant for the elasticity and osmotic collapse of microcapsules. 
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Ee Hou Yong (Harvard University), “Buckling morphologies of crystalline shells with frozen defects”, Bulletin 
of the American Physical Society, APS March Meeting 2012, Vol. 57, No. 1, Session X52: Focus Session: 
Extreme Mechanics – Fracture, Friction and Frequencies, Thursday, March 1, 2012 
ABSTRACT: The crumpling of spherical crystalline lattices where the topological defects are frozen is studied. 
The geometry of the crumpled membrane is found to depend on the set of topological defects and more exotic 
defect sets can result in crumpled shapes resembling that of the Platonic and Archimedean solids. The phase 
diagram of the crumpled spheres can be categorized by two dimensionless numbers h/R (aspect ratio) and R/a 
(lattice ratio), where h is the thickness of the shell, R is the radius of the initial sphere and a is the average bond 
length of the triangulation. The shapes of the crumpled membrane can be understood using rotationally 
invariant quantities formed from spherical harmonics coefficients and a Landau free energy can be written, 
involving quadratic and cubic rotational invariants. Shells with different topological defects have qualitatively 
different hysteresis behaviors and the transitions appear to be first order in general. 
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“How Does A Porous Shell Collapse? Delayed Buckling And Guided Folding Of Inhomogeneous Capsules”, 
Physical Review Letters, 109, 134302, 28 September, 2012, DOI: 10.1103/PhysRevLett.109.134302 
ABSTRACT: Colloidal capsules can sustain an external osmotic pressure; however, for a sufficiently large 
pressure, they will ultimately buckle. This process can be strongly influenced by structural inhomogeneities in 
the capsule shells. We explore how the time delay before the onset of buckling decreases as the shells are made 
more inhomogeneous; this behavior can be quantitatively understood by coupling shell theory with Darcy's law. 
In addition, we show that the shell inhomogeneity can dramatically change the folding pathway taken by a 
capsule after it buckles. 
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“Delayed Buckling and Guided Folding of Inhomogeneous Capsules”, Physical Review Letters, 109, 134302, 
28 September, 2012, DOI: 10.1103/PhysRevLett.109.134302 
PARTIAL INTRODUCTION: Many important natural or technological situations require understanding thin, 
spherical shells; examples include colloidal capsules for chemical encapsulation and release [1–3], biological 
cells [4,5], pollen grains [6], submersibles [7], chemical storage tanks [8], nuclear containment shells [8], and 
even the Earth’s crust [9]. In many cases, the utility of such a shell critically depends on its response to an 
externally imposed pressure. For small pressures, a homogeneous, spherical shell, characterized by a uniform 
thickness, supports a compressive stress, and it shrinks isotropically. Above a threshold pressure, however, this 
shrinkage becomes energetically prohibitive; instead, the shell buckles, reducing its volume by forming a 
localized indentation at a random position on its surface. For the case of a homogeneous shell, this threshold 



pressure can be calculated using a linearized analysis of shell theory [10,11], while the exact morphology of the 
shell after it buckles requires a full nonlinear analysis [12–14]. However, many shells are inhomogeneous, 
characterized by spatially varying thicknesses and elastic constants [6,15–18]. Such inhomogeneities can 
strongly influence how a shell buckles [6,10,19–23]. Unfortunately, despite its common occurrence in real 
shells, exactly how inhomogeneity influences the onset of buckling, as well as the shell morphology after 
buckling, remains to be elucidated. A deeper understanding requires careful investigation of the buckling of 
spherical shells with tunable, well-defined, inhomogeneities. In this Letter, we use a combination of 
experiments, theory, and simulation to study the buckling of spherical colloidal capsules with inhomogeneous 
shells of non-uniform thicknesses. We show that the onset of buckling, above a threshold external osmotic 
pressure, is well described by shell theory; however, even above this threshold, the capsules do not buckle 
immediately. We find that the time delay before the onset of buckling decreases as the shells are made more 
inhomogeneous; these dynamics can be quantitatively understood by coupling shell theory with… 
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“Elastic building blocks for confined sheets”, arXiv:1012.3787v1 [cond-mat.soft], 17 December, 2010 
ABSTRACT: We study the behavior of thin elastic sheets that are bent and strained under the influence of 
weak, smooth confinement. We show that the emerging shapes exhibit the coexistence of two types of domains 
that differ in their characteristic stress distributions and energies, and reflect different constraints. A focused-
stress patch is subject to a geometric, piecewise-inextensibility constraint, whereas a diffuse-stress region is 
characterized by a mechanical constraint - the dominance of a single component of the stress tensor. We discuss 
the implications of our findings for the analysis of elastic sheets that are subject to various types of forcing.  
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Grande do Sul, Porto Alegre, Brazil), “Corotational nonlinear dynamic analysis of laminated composite shells”, 
Finite Elements Analysis Design, 2011, 47: 1131–1145, 11th Pan-American Congress of Applied Mechanics – 
PACAM XI, January 4-8, 2010, Foz do Iguacu, PR, Brazil 
ABSTRACT: The dynamic analysis of laminated composite shell structures is performed using a simple 
displacement-based 18-degree-of-freedom triangular flat shell element, obtained by the superposition of a 
membrane element and a plate element. The membrane element is based on the assumed natural deviatoric 
strain formulation (ANDES), having corner drilling degrees of freedom and optimal in-plane bending response. 
The plate element employs the Timoshenko’s laminated composite beam function to define the deflections and 
rotations on the element boundaries. This formulation provides first-order shear flexibility to the element and 
naturally avoids shear-locking problems as thin shells are analyzed. The geometrically nonlinear behavior of the 
structures is achieved by the element independent corotational formulation (EICR) together with a consistent 
treatment of finite rotations. An energy conserving procedure for the time-integration of the nonlinear dynamic 
equations is also included. Finally, two examples are presented to show that the algorithm is able to solve highly 
nonlinear dynamic problems.  
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"Corotational Nonlinear Dynamic Analysis of Thin-Shell Structures with Finite Rotations", AIAA Journal, Vol. 
53, No. 3 (2015), pp. 663-677. http://dx.doi.org/10.2514/1.J053147  
ABSTRACT: A new formulation for corotational nonlinear dynamic analysis of thin-shell structures involving 
large displacements and finite rotations has been presented in this paper. By introducing the kinematic 
description of the geometrically exact quasi-static shell model to describe the motion of an arbitrary material 
point in a triangular shell element, the new expressions for the inertial force vector and tangent inertia matrix 
were derived systematically. The elastic deformation was handled by using the consistent symmetrizable 
equilibrated corotational formulation, which is independent with respect to the local finite element modeling. 
An energy-momentum-conserving algorithm and an energy-decaying/momentum-conserving algorithm were 
developed for nonlinear dynamic analysis by applying the generalized energy-momentum method in the 
corotational formulation. Three classic numerical examples, including the dynamic response, free motion, and 
dynamic buckling of thin-shell structures, were computed to verify the accuracy and capability of the presented 
formulation for solving the nonlinear dynamic problems of thin-shell structures with finite rotations. In the 
relevant numerical example, the conservations of linear momentum and angular momentum of a shell structure 
due to the time-integration algorithms in the corotational formulation were investigated. 
 
 
Reinoso, J., Blázquez, A., Paris, F., Irslinger, J. and Ramm, E., “On different shell modeling in numerical 
analyses of a composite stiffened panel under uniform pressure”, Blucher Mechanical Engineering Proceedings, 
Vol. 1, No. 1, 10th World Congress on Computational Mechanics, May 2014,  
DOI: 10.5151/meceng-wccm2012-19024 
ABSTRACT: This work deals with the evaluation of the different modeling options based on the FEM to 
reproduce the structural performance of a composite stiffened panel in postbuckling regime under uniform 
pressure. Two fundamental modeling options are used for this purpose: monolithic and multi-part approaches. 
These strategies are based respectively on standard and 7-parameter finite element shell formulations as 
underlying mechanical theories. The numerical results obtained by means of these alternatives are compared 
with the experimental response of the panel with special emphasis in the postbuckling evolution of the behavior 
of the structure, and incorporating the initial geometric imperfections of the panel in the simulations. 
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“Effects of DNA encapsulation on buckling instability of carbon nanotube based on nonlocal elasticity theory”, 
ASME Proceedings of the 10th International Conference on Multibody Systems, Nonlinear Dynamics and 
Control, Buffalo, New York, USA, August 17-20, 2014, Paper No. DETC2014-34430, pp. V006T10A002; 10 
pages, DOI: 10.1115/DETC2014-34430 
ABSTRACT: Carbon nanotubes (CNTs) are capable to absorb and encapsulate some molecules to create new 
hybrid nano-structures providing a variety of functionally useful properties. CNTs functionalized by 
encapsulaitng single-stranded deoxy-ribonucleic acid (ssDNA) promise great potentials for applications in 
nanotechnology and nano-biotechnology. In this paper, buckling instability of ssDNA-CNT i.e. hybrid nano-
structure composed of ssDNA encapsulated inside CNT has been investigated using the nonlocal elasticity 
theory. The nonlocal elasticity theory is capable to capture the small scale effects due to the discontinuity of 



nano-structures at atomic scales. The nonlocal elastic rod and shell equations are derived for modeling ssDNA 
and CNT respectively. Providing numerical examples, it is predicted that, ssDNA-(10,10) CNT is more resistant 
than the pristine (10,10) CNT against the buckling instability under radial pressure due to the inter-atomic van 
der Waals interactions between DNA and CNT. Furthermore, nonlocal elasticity theory predicts lower critical 
buckling pressure than does the local elasticity theory. 
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Microchimica Acta, Vol. 165, Nos 3-4, pp 249-263, June 2009 
DOI: 10.1007/s00604-009-0153-3 
ABSTRACT: This article reviews recent applications of controlled wrinkling for creating structured and/or 
patterned interfaces, and its use in metrology. We discuss how wrinkles develop as a result of in-plane 
compression of thin sheets. As the wavelength of wrinkles is only dependent on elastic properties and thickness 
of the sheets, the phenomenon can be used in metrology for determination of elastic properties. The second 
aspect is its use for patterning and topographical structuring of surfaces. If mechanical properties and thickness 
are well controlled, wrinkle orientation and geometry can be tailored. Wavelengths between fractions of a 
micron and many micrometers are feasible. This process is based on a macroscopic deformation and upscaling 
to larger areas is possible which provides an attractive alternative to bottom-up or top-down approaches for 
surface patterning. We describe the formation of stable surface wrinkles in thin sheets of different materials 
having different surface chemistries, report on applications, and discuss the usefulness of wrinkles for building 
hierarchical structures. 
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“A cortical folding model incorporating stress-dependent growth explains gyral wavelengths and stress patterns 
in the developing brain”, Physical Biology, Vol. 10, No. 1, 016005, 2013, doi:10.1088/1478-3975/10/1/016005 
ABSTRACT: In humans and many other mammals, the cortex (the outer layer of the brain) folds during 
development. The mechanics of folding are not well understood; leading explanations are either incomplete or 
at odds with physical measurements. We propose a mathematical model in which (i) folding is driven by 
tangential expansion of the cortex and (ii) deeper layers grow in response to the resulting stress. In this model 
the wavelength of cortical folds depends predictably on the rate of cortical growth relative to the rate of stress-
induced growth. We show analytically and in simulations that faster cortical expansion leads to shorter gyral 
wavelengths; slower cortical expansion leads to long wavelengths or even smooth (lissencephalic) surfaces. No 
inner or outer (skull) constraint is needed to produce folding, but initial shape and mechanical heterogeneity 
influence the final shape. The proposed model predicts patterns of stress in the tissue that are consistent with 
experimental observations. 
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Compression, 13-5 Donnell's Equations, 13-6 Design Equations; Page count = 38 
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“Design Limits for Buckling in the Creep Range”, Journal of Pressure Vessel Technology, Vol. 134, No. 6, 
065001, October 2012, DOI: 10.1115/1.4007031 
ABSTRACT: A methodology is introduced for calculating the allowable buckling stress in equipment operating 
in the time-dependent (creep) range. Norton's equation coupled with various procedures such as the stationary 
stress method, classical creep buckling equations, and the isochronous stress–strain diagrams are utilized to 
obtain a practical design approach for equipment operating in the time-dependent range. Various components 
are investigated such as slender columns, cylindrical shells, spherical components, and conical transition 
sections. 
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“Osmotic collapse of a void in an elastomer: breathing, buckling and creasing”, Soft Matter, Vol 6, pp 5770-
5777, August 2010, DOI: 10.1039/C0SM00451K 
ABSTRACT: This paper studies the collapse of a void in an elastomer caused by osmosis. The void is filled 
with liquid water, while the elastomer is surrounded by unsaturated air. The difference in humidity motivates 
water molecules to permeate through the elastomer, from inside the void to outside the elastomer, leaving the 
liquid water inside the void in tension. When the tension is low, the void reduces size but retains the shape, a 
mode of deformation which we call breathing. When the tension is high, the void changes shape, possibly by 
two types of instability: buckling and creasing. The critical conditions for both types of instability are 
calculated. A tubular elastomer collapses by buckling if the wall is thin, but by creasing if the wall is thick. As 
the tension increases, a thin-walled tube undergoes a buckle-to-crease transition. 
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“Buckling-induced encapsulation of structured elastic shells under pressure”, Proceedings of the National 
Academy of Sciences of the United States of America (PNAS), Vol. 109, No. 16, pp. 5978 – 5983, 2012. 
ABSTRACT: We introduce a class of continuum shell structures, the Buckliball, which undergoes a structural 
transformation induced by buckling under pressure loading. The geometry of the Buckliball comprises a 
spherical shell patterned with a regular array of circular voids. In order for the pattern transformation to be 
induced by buckling, the possible number and arrangement of these voids are found to be restricted to five 
specific configurations. Below a critical internal pressure, the narrow ligaments between the voids buckle, 
leading to a cooperative buckling cascade of the skeleton of the ball. This ligament buckling leads to closure of 
the voids and a reduction of the total volume of the shell by up to 54%, while remaining spherical, thereby 
opening the possibility of encapsulation. We use a combination of precision desktop-scale experiments, finite 
element simulations, and scaling analyses to explore the underlying mechanics of these foldable structures, 
finding excellent qualitative and quantitative agreement. Given that this folding mechanism is induced by a 
mechanical instability, our Buckliball opens the possibility for reversible encapsulation, over a wide range of 
length scales. 
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“Buckling-Induced Reversible Symmetry Breaking and Amplification of Chirality Using Supported Cellular 
Structures”, Advanced Materials, Vol. 25, No. 24, pp. 3380-3385, June 2013, DOI: 10.1002/adma.201300617 
ABSTRACT: Buckling-induced reversible symmetry breaking and amplification of chirality using macro- and 
microscale supported cellular structures is described. Guided by extensive theoretical analysis, cellular 
structures are rationally designed, in which buckling induces a reversible switching between achiral and chiral 
configurations. Additionally, it is demonstrated that the proposed mechanism can be generalized over a wide 
range of length scales, geometries, materials, and stimuli. 
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ABSTRACT: In this paper, the elastic buckling stress of axisymmetric cylindrical shells under uniform axial 
load is determined analytically by using the first order shear deformation theory. The equilibrium equations are 
derived by the virtual work principle and then the stability equations are extracted from them. They are systems 
of differential equations, which are solved analytically by using the perturbation method. The effects of the 
geometrical properties on the buckling stress are investigated by a parametric study. The results are compared 
with the finite elements methods. 
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SCIENCE CHINA (Physics, Mechanics & Astronomy), Vol. 56, No. 3, pp. 483-490, March 2013, 
DOI: 10.1007/s11433-013-5009-5 
ABSTRACT: This paper studies the dynamic shell buckling behavior of multi-walled carbon nanotubes 
(MWNTs) embedded in an elastic medium under step axial load based on continuum mechanics model. It is 
shown that, for occurrence of dynamic shell buckling of MWNTs or MWNTs embedded in an elastic medium, 
the buckling stress is higher than the critical buckling stress of the corresponding static shell buckling under 
otherwise identical conditions. Detailed results are demonstrated for dynamic shell buckling of individual 
double-walled carbon nanotubes (DWNTs) or DWNTs embedded in an elastic medium. A phenomenon is 
shown that DWNTs or embedded DWNTs in dynamic shell buckling are prone to axisymmetric buckling rather 
than non-axisymmetric buckling. Numerical results also indicate that the axial buckling form shifts from the 
lower buckling mode to the higher buckling mode with increasing buckling stress, but the buckling mode is 
invariable for a certain domain of buckling stress. Further, an approximate analytic formula is presented for the 
buckling stress and the associated buckling wavelength for dynamic axisymmetric buckling of embedded 
DWNTs. The effect of radii is also examined. 
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Babak Mirzavand and Mohammad Reza Eslami, “Thermoelastic buckling of imperfect FGM cylindrical shells”, 
Springer Encyclopedia of Thermal Stresses, (no date given, 2012?, no pages given) 
ABSTRACT: Buckling experiments carried out on the shell structures show that these structures are sensitive to 
the initial imperfections. An early attempt to establish occasional discrepancies between theoretical and 
experimental buckling loads of cylindrical shells was reported by Donnell [1]. Later it was determined that the 
initial imperfections and the boundary conditions are the principal cause of disagreement. Development of new 
materials, however, has necessitated more research in the field of mechanical and thermal buckling of imperfect 
shell structures. Functionally graded materials (FGMs) are high-performance heat-resistant new materials able 
to withstand ultrahigh temperatures and minimize thermal stresses. Thermoelastic buckling analysis of 
imperfect FGM cylindrical shells under various thermal loads and/or axial ... 
 
 
Jafar Eskandari Jam and Esmail Asadi (Composite Materials and Technology Center, Tehran, Iran), “Buckling 
Analysis of Composite Cylindrical Shells Reinforced by Carbon Nanotubes”, Archive of Mechanical 
Engineering, Vol. LIX, No. 4, pp. 413 – 434, February 2013, DOI: 10.2478/v10180-012-0022-1 
ABSTRACT: In this paper, the authors investigate a cylindrical shell reinforced by carbon nanotubes. The 
critical buckling load is calculated using analytical method when it is subjected to compressive axial load. The 
Mori-Tanaka method is firstly utilized to estimate the effective elastic modulus of composites having aligned 
oriented straight CNTs. The eigenvalues of the problem are obtained by means of an analytical approach based 
on the optimized Rayleigh-Ritz method. There is presented a study on the effects of CNTs volume fraction, 
thickness and aspect ratio of the shell, CNTs orientation angle, and the type of supports on the buckling load of 
cylindrical shells. Furthermore the effect of CNTs agglomeration is investigated when CNTs are dispersed none 
uniformly in the polymer matrix. It is shown that when the CNTs are arranged in 90_ direction, the highest 
critical buckling load appears. Also, the results are plotted for different longitudinal and circumferential mode 
numbers. There is a specific value for aspect ratio of the cylinder that minimizes the buckling load. The results 
reveal that for very low CNTs volume fractions, the volume fraction of inclusions has no important effect on the 
critical buckling load. 
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Hai An, Wei Guang An, Yuan Yin Gao, Xiang Hua Song, “Buckling reliability analysis for the cylindrical shell 
with initial defects”, Key Engineering Materials, Vols. 525 and 526, pp. 101 – 104, November 2012,  
DOI: 10.4028/www.scientific.net/KEM.525-526.101 
ABSTRACT: In this paper, the asymptotic expression of the buckling critical load coefficient of the thin 
cylindrical shell with local axial symmetry initial defects under the axial loads is deduced by used the Karman-
Donnel Equation. The buckling safety margin equation of the cylindrical shell with initial defects is constructed. 
Furthermore, the buckling reliability index is solved by used AFOSM (Advanced First-Order Second Moment) 
method. In the end, a numerical example is given to analyze the influence of the band width and amplitude of 
local axial symmetry initial defects on the structural buckling reliability index. 
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Robert C. Wetherhold, “Shells: Buckling loads of laminated cylinders”, Wiley Encyclopedia of Composites. 1–
7  
ABSTRACT: Structural elements in the form of cylindrical shells are often designed to be thin to save weight, 
and this can lead to buckling. The patterns and values of buckling loads depend greatly on the type of loading, 
the end support conditions, and effective laminate material properties and couplings. For many typical buckling 
loadings, there is a variety of similar buckling states, which causes sensitivity to initial imperfections. 
Understanding this phenomenon requires the consideration of nonlinear strain-displacement relations, usually in 
the von Kármán form. In addition, shells of composite materials require deformation assumptions that permit 
transverse shear deformation. A review of the results obtained using theoretical techniques is given as well as 
finite element predictions and experimental observations. A very brief summary of references is given for the 
optimization of shell buckling loads and for the additional effects of stringer reinforcement, thermal loadings, 
and other topics. 
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“Neural network prediction of buckling load of steel arch-shells”, Archives of Civil and Mechanical 
Engineering, Vol. 12, Nos. 4,5, December 2012, pp. 477 – 484, DOI: 10.1016/j.acme.2012.07.005 
ABSTRACT: Calculating the buckling load of structures is one of the main aspects of geometric structural 
instability. With reference to finite element software (ANSYS) and considering the weight of the structure as a 
constant load, the paper calculates the buckling load of steal arch shells as the main scope. Then, the article 
makes a prediction for the buckling load of steel arch shells applying 85 datasets prepared by the above 
mentioned method and using an artificial neural network by means of NeuroSolution 5.0 software. The radius of 
the periphery cylinder of an arch shell, the thickness of the shell and its internal angel are considered as inputs 
of construct models. Next, in order to attain an optimum model calculating and comparing the value of Root 
Mean Squared Error, RMSE, Mean Absolute Error, MAE and the coefficient of correlation, R2, for all 1 and 2-
layer constructed models, a model having architecture 3-7-1 was found to be optimum. A high confirmed 
correlation with calculated buckling loads employing the finite element method and considering the calculated 
values of RMSE (0.0126), MAE (0.011) and the obtained value R2 (0.998) demonstrated high efficiency of a 
new developed neural network model. 
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cracked conical frusta under axial compression”, Research Journal of Recent Sciences, Vol. 2, No. 2, pp. 33-39, 
February 2013 
ABSTRACT: Presence of cracks or similar imperfections can considerably reduce the buckling load of a shell 
structure. In this paper, the buckling of thin conical frusta with cracks under axial loads has been studied. At 
first, a frustum without any imperfection has been analyzed. In continuation, sensitivity of the buckling load to 
the crack presence with different length and orientation has also been investigated. This procedure has been 
investigated on three types of frusta with different heights and constant semi-apical angles. Some effective 
parameters on buckling have been studied separately and the required data for analysis have been gained 
through experimental tests. The finite element ABAQUS software has been used for the numerical analyses. 
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of Imperfection on Buckling load of Perforated Rectangular Steel Plates”, Research Journal of Recent Sciences, 
Vol. 2, No. 3, pp. 36-43, March 2013 
ABSTRACT: Buckling behavior of plates and shells is one of the important characteristics in analysis of any 
structure. One the most significant parameter that must be considered in buckling phenomenon is imperfection. 
In this paper the effect of imperfection on buckling load of steel rectangular plates under uni-axial in-plane 
compressive loading is investigated by numerical and experimental methods. The plates were free on two 
opposite sides and simply supported at the load side whereas the opposite side is either clamped or simply 
supported. This means that the plate primarily exhibits a type of column’s buckling. 
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ABSTRACT: Isogrid composite lattice cylindrical structure with or without skins which consists of a system of 
plus/minus phi (with respect to the shell axis) helical ribs and circumferential ribs, and has no skins or has skins 
was studied in a numerical method using ANSYS software, where in this model axial compression and/or 
pressure loads are applied, to determine the different failure modes which are, failure due to stress exceeds 
material strength, failure due to local buckling of ribs (crippling), failure due to general buckling of the cylinder 
and failure due to local buckling skin if the skin is existed. An example was studied to compare the results 
obtained from the numerical method and other research article. 
References listed at the end of the paper: 
ANSYS Release 9, 2006. ANSYS, Inc, Canonsburg, PA.  
Buragohain M., Velmurugan R., 2011. Study of filament wound grid-stiffened composite cylindrical structures, Composite Structures, 
Vol. 93, No. 2, pp. 1031-1038.  
Fan H., Jin F. and Fang D., 2009a. Characterization of edge effects of composite lattice structures, Composites Science and 
Technology, Vol. 69, pp. 1896-1903.  
Fan H., Jin F. and Fang D., 2009b. Uniaxial local buckling strength of periodic lattice composites, Materials and Design, Vol. 30, pp. 
4136-4145 
Frulloni E., Kenny J.M., Conti P. and Torre L., 2007. Experimental study and finite element analysis of the elastic instability of 
composite lattice structures for aeronautic applications, Composite Structures, Vol. 78, pp. 519-528. 
Hou A., Gramoll K., 1997. Strength of composite lattice structures, AIAA-97-1251, Vol. 58-06, Section B, pp. 2510-2520, American 
Institute of Aeronautics and Astronautics. 
Huybrechts S.M., Hahn S.E. and Meink T.E., 1999. Grid stiffened structures: a survey of fabrication, analysis and design methods, 
Proceedings of the 12th IECH.  
Isogrid Design Handbook, 1973, NASA CR-124075, Revision A.  
Khalane S.A., Babu J., Kumar A. and Gupta R.K., 2008. Isogrid design aspects for cylindrical shell, Proceedings of the International 
Conference on Aerospace Science and Technology, 26-28 June, Bangalore, India.  
Kidane S., 2002. Buckling analysis of grid stiffened composite structures, Master of Science thesis, Agricultural and Mechanical 
College, Louisiana State University.  
Kidane S., Li G., Helms J., Pang S. and Wodesenbet E., 2003. Buckling load analysis of grid stiffened composite cylinders, 
Composites: Part B, Vol. 34, pp. 1-9.  
Sayad K., 2010. Optimization for minimum mass of composite grid stiffened cylindrical shells under axial compressive load based on 
analytical and graphical methods, The 2nd International Conference on Composites: Characterization, Fabrication and Application 
(CCFA-2), Dec. 27-30, Kish Island, Iran.  
Taghavian S.H., Jam J.E. and Nia N.G., 2008. A new approach to identify the stiffness matrix of a composite lattice structures, 
Association of Metallurgical Engineers of Serbia, UDC: 620.186.183:669-179=20, Scientific paper.  
Totaro G., Gürdal Z., 2009. Optimal design of composite lattice shell structures for aerospace applications, Aerospace Science and 
Technology, Vol. 13, pp. 157-164.  
Totaro G., Gürdal Z., 2005. Optimal design of composite lattice structures for aerospace application, European Conference for 
Aerospace Sciences (EUCASS).  
Vasiliev V.V., Barynin V.A. and Rasin A.F., 2001. Anisogrid lattice structures - survey of development and application, Composite 



Structures, Vol. 54, pp.361-370.  
Wodesenbet E., Kidane S. and Pang S., 2003. Optimization for buckling loads of grid stiffened composite panels, Composite 
Structures, Vol. 60, pp. 159-169.  
Zhang Y.H., Qiu X.M. and Fang D.N., 2008a. Mechanical properties of two novel planar lattice structures, International Journal of 
Solids and Structures, Vol. 45, pp. 3751-3768.  
Zhang Y., Fan H., Fang D., 2008b. Constitutive relations and failure criterion of planar lattice composites, Composites Science and 
Technology, Vol. 68, pp. 3299-3304. 
 
 
M. Touati (1), A. Chelghoum (1) and R.C. Barros (2) 
(1) University of Houari Boumediene, LBE, Algiers, Algeria 
(2) FEUP, Universidade do Porto, Portugal, Faculty of Engineering 
“Numerical methods for determining the dynamic buckling critical load of thin shells: state of the art”, 
Buletinul Institutului Politechnic din Iasi, Tomul LVIII (LXII), Fasc. 1, 2012, Sectia Constructil Arhitectura 
ABSTRACT: The problem of dynamic stability is substantially more complex than the buckling analysis of a 
shell subjected to static loads. The fundamental aim of this paper is to present criteria for determining the 
critical load of dynamic buckling of thin shell. Another purpose of establishing such criteria is to guide 
engineers, scientists and researchers dealing with such problems, for a better comparison, verification and a 
validation of their experimental or numerical results. To illustrate the application of these criteria, two examples 
have been studied. 
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Kalpakkam, India), “Progressive deformation behaviour of thin cylindrical shell under cyclic temperature 
variation using combined hardening Chaboche model”, Latin American Journal of Solids and Structures, Vol. 
11, No. 6, November 2014 
ABSTRACT: This study intends to evaluate thermal ratchetting deformation due to cyclic thermal loading 
along the axis of a smooth cylindrical shell. Two cases of progressive deformation behaviour are discussed for 
different loading methods. The aim of the first case is to recognize the shakedown behaviour of the cylinder 
under applied loading cycles. Alternatively, second case is highlighting the ratchetting behaviour of the 
cylinder. Based on the loading method in second case, a smooth thin hollow cylinder is considered to simulate 
the progressive deformation. This condition simulates the 1/25th scale down model of the Prototype Fast Breeder 
Reactor (PFBR) main vessel. 
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“Buckling strength of lining shells of pressure vessels”, Journal of Pressure Vessel Technology, Vol. 114, No. 
3, pp. 308-314, August 1992, DOI: 10.1115/1.2929045 
ABSTRACT: In this paper, the buckling strength of the lining shells inside the pressure vessel was investigated 
both theoretically and experimentally. First, the bifurcation buckling analysis of the lining shells was carried out 
with the aid of the newly developed computer program. In the analysis, the lining could be considered to be a 
shell subjected to external pressure and encased in a rigid cavity. The concepts of the matrix displacement 
approach to discrete element structural analysis were extended to predict the instability of shells of revolution 
encased in rigid cavity. The equilibrium solution for prebuckling was axisymmetric, but the perturbation-
displacement field within each element was represented by Fourier circumferential components of the 
generalized displacements. Second, several experiments on the buckling of cylindrical shell under uniform 
external pressure were conducted. In the experiments, outward radial displacement of the shell specimen was 
constrained. The experimental results agreed with the analytical ones by the computer program. Furthermore, 
numerical calculations were conducted for several kinds of lining shells, whose results were compared with the 
analytical ones for unrestrained shells. 
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meridional compression”, European Journal of Mechanics –A/Solids, Vol. 53, June 2015 



ABSTRACT: The objective of this paper is to investigate the progressive failure behaviour of laminated 
cylindrical/conical panels under meridional compression considering geometric nonlinearity and evolving 
material damage. The evolving microscopic damage such as fiber breakage, matrix cracking, fiber matrix 
debonding etc. is modeled through a generalized macroscopic continuum theory within the framework of 
irreversible thermodynamics. The analysis is carried out using field consistent finite element approach based on 
first-order shear deformation theory. The nonlinear governing equations are solved using the Newton–Raphson 
iterative technique coupled with the adaptive displacement control method to trace the equilibrium path. The 
damage evolution equations are solved at every Gauss point using Newton-Raphson iterative technique within 
each iteration of a loading/displacement increment. To accurately model the transverse shear strain energy, 
shear correction factors are calculated using layers’ properties and lamination scheme. The detailed study is 
carried out to highlight the influences of evolving damage, span-to-thickness ratio, lamination scheme, radius-
to-span ratio, boundary conditions and semi-cone angle on the postbuckling response and failure load of 
laminated panels. 
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DOI: 10.1016/j.tust.2015.04.012 
ABSTRACT: In this paper, the effects of segmental joints, dimensions of segments, and ground conditions on 
buckling of the shield tunnel linings under hydrostatic pressure are studied by analytical and numerical analysis. 
The results show that radial joints have significant impacts on the buckling behavior: the shield tunnel linings 
with flexible joints buckles in a single wave mode in the vicinity of K joint, while those with rigid joints 
buckles in a multi-wave mode around the linings. Hydrostatic buckling strength is found to increase with the 
flexural rigidity of the radial joint and the thickness of segment increasing. This study shows that ground 
support increases the buckling strength dramatically, while earth pressure reduces the capacity to resist 
hydrostatic buckling. The tunnel linings during construction are found to be easier to buckle than that during 
operation. Meanwhile, the buckling of tunnel linings is studied by theoretical analysis of buried tube buckling.  
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“Buckling analysis of axially compressed SSSS thin rectangular plate using Taylor-Mclaurin shape function”, 
International Journal of Civil & Structural Engineering, Vol. 2, No. 2, pp 676 – 681, 2011 
ABSTRACT: A comprehensive buckling analysis of axially compressed rectangular flat thin plate with simply 
supported edges was carried out. The study was accomplished through a theoretical formulation based on 
Taylor-Mclaurin's series and application of Ritz method. The Taylor Mclaurin's series was truncated at the fifth 
term, which satisfied all the boundary conditions of the plate and resulted to a particular shape function for 
SSSS plate. The resulting shape function was substituted into the total potential energy functional, which was 
subsequently minimized. After minimization, the critical buckling load for the plate was obtained by making Nx 
the subject of the formular. The resulting critical load was found to be a function of a coefficient, “H”, and the 
values of H from the present study were compared with the exact values within the range of aspect ratios from 
0.1 to 1.0 as shown on table 1. The maximum percentage difference was found to be 0.098% for aspect ratio of 
0.1, while the least percentage difference was found to be 0.05% for an aspect ratio of 1.0. Hence, the Taylor-
Mclaurin series shape function obtained for the SSSS plate is a very good approximation of the exact shape 
function for the plate. 
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Technology, Owerri, Imo State, Nigeria), “Inelastic Stability Analysis Of Uniaxially Compressed Flat 
Rectangular Isotropic CCSS Plate”,  Int. J. of Applied Mechanics and Engineering, 2015, vol.20, No.3, pp.637-
645, DOI: 10.1515/ijame-2015-0042  
ABSTRACT: This study investigates the inelastic stability of a thin flat rectangular isotropic plate subjected to 



uniform uniaxial compressive loads using Taylor-Maclaurin series formulated deflection function. The plate has 
clamped and simply supported edges in both characteristic directions (CCSS boundary conditions). The 
governing equation is derived using a deformation plasticity theory and a work principle. Values of the plate 
buckling coefficient are calculated for aspect ratios from 0.1 to 2.0 at intervals of 0.1. The results compared 
favourably with the elastic stability values and the percentage differences ranged from -0.353% to -7.427%. 
Therefore, the theoretical approach proposed in this study is recommended for the inelastic stability analysis of 
thin flat rectangular isotropic plates under uniform in-plane compression.  
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China), “Effect of local geometric imperfections on axial buckling of welded steel tanks”, ASME  2011 
Pressure Vessels and Piping Conference, July 2011, Volume 1: Codes and Standards, Paper Number PVP2011-
57145, pp. 3-9, DOI: 10.1115/PVP2011-57145 
ABSTRACT: Axial buckling critical load of large welded steel tanks is very sensitive to initial circumferential 
weld geometric imperfections on the tank walls. It is worth noting that some local geometric imperfections are 
also existed in the following service time. It is meaningful to explore effect of local geometric imperfections on 
axial buckling of welded steel tanks with circumferential weld imperfections already. FEM was used to learn 
effect of amplitude and distribution of local geometric imperfections on welded steel tanks with circumferential 
geometric imperfections. Results showed that the existence of local geometric imperfections give an additional 
damage to axial buckling critical load and changed axial buckling deformation characteristics of welded steel 
tanks, while this adverse effect did not vary much with the increasing of amplitude and distribution of local 
geometric imperfections. 
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and invagination process during consolidation of colloidal droplets”, Soft Matter, Vol. 9, No. 3, pp. 750-757, 
2013, DOI: 10.1039/C2SM26530C 
ABSTRACT: Drying a droplet of colloidal dispersion can result in complex pattern formation due to both 



development and deformation of a skin at the drop surface. The present study focuses on the drying process of 
droplets of colloidal dispersions in a confined geometry where direct observations of the skin thickness are 
allowed. During the drying process, a buckling process is followed by a single depression growth inside the 
drop. The deformation of the droplet is found to be generic and is studied for various colloidal dispersions. The 
final shape can be partly explained by simple energy analysis based on the competition between bending and 
stretching deformations. Particularly, the final shape enables us to determine precisely the critical thickness of 
the shell for buckling. This study allows us to validate theory in 2D droplets and apply it to the case of 3D 
droplets where the thickness is not accessible by direct observation. 
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“A study on buckling of filament-wound cylindrical shells under hydrostatic external pressure using finite 
element analysis and buckling formula”, International Journal of Precision Engineering and Manufacturing, 
Vol. 13, No. 5, pp. 731-737, May 2012, DOI: 10.1007/s12541-012-0095-2 
ABSTRACT: This study is aimed at representing efficient buckling analysis method by analyzing the buckling 
behavior and the buckling pressure of filament-wound cylindrical shell. First, finite element analysis was 
conducted to find the buckling pressure and the buckling behavior on the stacking angles of [+,-30/90]FW, [+,-
45/90]FW and [+,-60/90]FW. The buckling formula (ASME 2007, NASA SP-8007) was employed to find the 
buckling pressure. These results were compared and verified through hydrostatic pressure buckling 
experiments. Second, the values of buckling formula and buckling pressure values of finite element analysis 
were compared, while the stacking angle was made to change by 5 degrees from 20 to 70 degrees. According to 
the conducted finite element analysis, stacking property showed the safety factor of about 1.0 at the buckling 
pressure values of such filament-wound stacking angles as [+,-30/90]FW, [+,-45,90]FW, and [+,-60,90]FW. 
ASME 2007 buckling formula showed the safety factor ranging from 1.84 to 2.76. On comparison, the values of 
the NASA SP-8007 formula showed relatively low safety factors ranging from 1.2 to 1.45. When it comes to 
the result to which various stacking angles from 20 to 70 degrees were applied, the values to which an 
equivalent material property was applied showed safety factors ranging from 0.8 to 0.97 while the ASME 2007 
and the NASA SP-8007 buckling formula values showed safety factors ranging fromn 1.7 to 2.9 and 0.8 to 1.4, 
respectively. Based on the result above, the ASME 2007 formula, a simplified version of the NASA SP-8007 
formula is regarded as a buckling formula in which more reliable safety factors are considered. 
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of Sfax, B.P.1173, 3038 Sfax, Tunisia), “Buckling analysis of a laminated composite plate with delaminations 
using the enhanced assumed strain solid shell element”, Journal of Mechanical Science and Technology 26 (10) 
(2012) 3213~3221, DOI 10.1007/s12206-012-0829-1 
ABSTRACT: The paper deals with the validation of a recently proposed hexahedral solid-shell finite element in 
the buckling analysis of a laminated composite plate with delaminations. The object is to study the buckling 
behavior of structures with delaminations using the enhanced assumed strain (EAS) solid shell element with 5, 
7 and 9 parameters. The EAS three-dimensional finite element formulation presented in this paper is free from 
shear locking and leads to accurate results for distorted element shapes. The developed FE model is used to 
study the effects of some parameters in the buckling load, such as the stacking sequences, delamination size, 
aspect ratio, width-to-thickness ratio. The feasibility of the proposed method is confirmed by numerical 
examples. Results show that using hexahedral solid-shell finite element in the buckling analysis is more 
efficient than using the enhanced solid finite element. 
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based on a novel beam model and its comparison with Sanders shell model and molecular dynamics 
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ABSTRACT: We study the effects of small-scale parameter on the buckling loads and strains of nanobeams, 
based on nonlocal Timoshenko beam model. However, the lack of higherorder boundary conditions leads to 
inconsistencies in critical buckling loads. In this paper, we apply a novel approach based on nonlocal 



Timoshenko kinematics, strain gradient approach and variational methods for deriving all classical and higher-
order boundary conditions as well as governing equations. Therefore, closed-form and exact critical buckling 
loads of nanobeams with various end conditions are investigated. Moreover, the dependence of buckling loads 
on the small-scale parameter as well as shear deformation coefficient is studied using these new boundary 
conditions. Then, numerical results from this new beam model are presented for carbon nanotubes (CNTs). 
They illustrate a more accurate buckling response as compared to the previous works. Furthermore, the critical 
strains are compared with results obtained from molecular dynamic simulations as well as Sanders shell theory 
and are found to be in good agreement. Results show that unlike the other beam theories, this model can capture 
correctly the small-scale effects on buckling strains of short CNTs for the shell-type buckling. Moreover, the 
value of nonlocal constant is calculated for CNTs using molecular dynamic simulation results. 
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Department of Mechanical Engineering, Isfahan, Iran), “Buckling Analysis Of Short Carbon Nanotubes Based 
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ABSTRACT: In this paper, we present a novel method to investigate the buckling behavior of short clamped 
carbon nanotubes (CNTs) with small-scale effects. Based on the nonlocal Timoshenko beam kinematics, the 
strain gradient theory and variational methods, the higher-order governing equation and its corresponding 



boundary conditions are derived, which are often not considered. Then, we solve the governing differential 
equation and determine exact critical buckling loads using a linear polynomial plus trigonometric functions 
different from the purely trigonometric series. We also investigate the influences of the scale coefficients, 
aspect ratio and transverse shear deformation on the buckling of short clamped CNTs. Moreover, we compare 
the critical strains with the results obtained from the Sanders shell theory and validate them with molecular 
dynamic simulations which are found to be in good agreement. The results show that unlike the other beam 
theories, this model can capture correctly the small-scale effects on buckling strains of short CNTs for the shell-
type buckling. 
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“Nonlinear stability of a single-layer hybrid grid shell”, Journal of Civil Engineering and Management, Vol. 18, 
No. 5, 2012, DOI: 10.3846/13923730.2012.723325 
ABSTRACT: This paper presents a study of a hybrid grid shell, which is made of quadrangular meshes 
diagonally stiffened by pre-tensioned thin cables. The construction of the hybrid structure by translating a 
spatial curve against another spatial curve is firstly described. Then the elasto-plastic buckling analyses of the 
perfect hybrid structure and the corresponding single-layer lattice shell are carried out, and the influence of the 
asymmetric load on the failure loads is discussed based on a finite element model. Furthermore, the different 
shapes and sizes of imperfections are considered in this study. Two schemes of imposing imperfections are 
chosen: the first several eigenvalue buckling modes and the deformed shape of the loaded structure obtained 
from a geometrical non-linear analysis are chosen as the imperfection shape. Finally, the effects of different 
structural parameters, such as the rise-to-span ratio, beam section dimension, area and pre-stress of cables and 
boundary conditions, on the failure loads are investigated. 
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“Buckling and post-buckling of rotationally restrained columns with imperfections”, Science China Physics, 
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ABSTRACT: The stability of imperfect columns has been studied by many researchers. Often the ends of a 
column are not necessarily fixed or pin-ended for practical structures. Therefore, rotationally restrained columns 
having an initial imperfection in an asymmetric mode have been studied in this paper. An elastic formula using 
the large deflection theory was given, and the shooting method was used to obtain the equilibrium paths and 
critical loads. Then the relationship between the end rotation and rotational restraints has been studied and 
discussed followed by a detailed discussion on the influence of imperfection on the column behaviour. 
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ABSTRACT: In this paper, we investigate the buckling capacity of a hybrid grid shell, which is made of 
quadrangular meshes diagonally stiffened by pre-tensioned thin cables. The eigenvalue buckling, geometrical 
nonlinear elastic buckling and elasto-plastic buckling analyses of the hybrid structure were carried out. Then the 
influences of the shape and scale of imperfections on the elasto-plastic buckling loads were discussed. Also, the 
effects of different structural parameters, such as the rise-to-span ratio, cross-section of beams, area and pre-
stress of cables and boundary conditions, on the failure load were investigated. The results show that the 
buckling capacity is reduced when taking into account the material nonlinearity. Furthermore, the hybrid 
structure is highly imperfection sensitive and the reduction of the failure load due to imperfections can be 
considerable. The proper shape and scale of the imperfection are also important. It is also shown that there 
exists an optimal rise-to-span ratio resulting in a relatively high buckling capacity for a specific span. Moreover, 
the enlarging of the cross-section of steel beams notably improves the stability performance of the structure. 
However, the area and pre-stress of cables pose small effect on the structural stability. 
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ABSTRACT: We study the buckling of an axially symmetric elastic hemispherical shell, uniformly 
compressed, subject to a constraint to the radial shifting of the equatorial circumference. The static equilibrium 



equations, using tensorial notations, are obtained applying the virtual displacements principle to the energy 
functional. The presence of a constraint does not modify the field equations with respect to the case of a 
constraint-free buckling, but only influences the boundary conditions, so that, instead of a boundary value 
problem, we deal with a problem with complementarity conditions on the boundary. We revisit and improve 
some previously obtained mathematical results, adapting them for the subsequent numerical treatment. Finally, 
by suitably using a delicate quasi-static shooting technique, numerical results are obtained, which complete the 
theoretical analysis and give an interesting insight into the behavior of the bifurcation branches. 
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“Buckling Behaviour Of Compression Loaded Composite Cylindrical Shells With Reinforced Cutouts”, 
International Journal of Engineering Research and Applications (IJERA), Vol. 2, No. 5, September-October 
2012, pp. 2044-2048 
ABSTRACT: In the recent times, Composite thin cylindrical shells are most widely used structural forms in 
Aerospace and Missile applications. In designing efficient and optimized shell structure, they become 
increasingly sensitive to buckling. It is well known that the experimental display is mainly attributed to 
geometrical imperfection like damage in the structure, or ovality or local thining of material etc. in missile and 
Airframe , the composite cylindrical shell structure is generally provided with cutouts for accessing internal 
components during integration. The cutouts invariably reduce the strength of the composite cylindrical shell and 
more specifically the buckling load. It has been a design practice to improve strength by addition of 
reinforcement around cutouts. The cutout not only introduces stress concentration but also significantly reduce 
buckling load. Which will results to eliminate the Interlaminar and intralaminar failure by change in material 
properties through dimensional computational analysis was carried out using ANSYS as the preprocessing 
software and FE as the solver and post processor. 
References listed at the end of the paper: 
1. Lur'e, A. I., “Statics of Thin-walled Elastic Shells,'' State Publishing House of Technical and Theoretical Literature, Moscow, 1947; 
translation, AEC-tr-3798, Atomic Energy Commission, 1959. 
2. Lekkerkerker, J. G., “On the Stress Distribution in Cylindrical Shells Weakened by a Circular Hole,'' Ph.D. Dissertation, 
Technological University, Delft, The Netherlands, 1965. 
3. Brogan, F. A. and Almroth, B. O., “Buckling of Cylinders with Cutouts,'' AIAA Journal, Vol. 8, No. 2, February 1970, pp. 236-240. 
4. Tennyson, R. C., “The Effects of Unreinforced Circular Cutouts on the Buckling of Circular Cylindrical Shells,'' Journal of 
Engineering for Industry, Transactions of the American Society of Mechanical Engineers, Vol. 90, November 1968, pp. 541-546. 
5. Starnes, J. H., “The Effect of a Circular Hole on the Buckling of Cylindrical Shells,'' Ph. D. Dissertation, California Institute of 
Technology, Pasadena, CA, 1970. 
6. Cervantes, J. A. and Palazotto, A. N., "Cutout Reinforcement of Stiffened Cylindrical Shells," Journal of Aircraft, Vol. 16, March 
1979, pp. 203-208. 
7. Madhujit Mukhopadhyay “Mechanics of composite Materials and Structures”, Orient Blakswan, 2004 
8. Hilburger, M. W., Britt, V. O., and Nemeth, M. P., “Buckling Behavior of Compression-Loaded Quasi-Isotropic Curved Panels 
with a Circular Cutout," International Journal of Solids and Structures, Vol. 38, 2001, pp. 1495-1522.  
9. Hashin Z. Failure criteria for unidirectional fibre composites. J Appl Mech 1980; 47: 329–34  
10. Almroth, B. O. and Holmes, A. M. C., "Buckling of Shells with Cutouts, Experiment and Analysis," International Journal of 
Solids and Structures, Vol. 8, 1972, pp. 1057-1071. 
 
 
Alavijeh, Hamid Shahsavari; Sadeghnejad, Soroush; Sadighi, Mojtaba, “Parametric Study of Specific Buckling 
Load of Cylindrical Grid Stiffened Composite Shells”, Advanced Science Letters, Vol. 13, No. 1, pp. 482-485, 
June 2012, DOI: 10.1166/asl.2012.3764 
ABSTRACT: Grid Stiffened Composite Structures are the most attractive lightweight which their optimal 
design would lead to a stretching dominated structure. In this paper, specific buckling load of a cylindrical grid 
stiffened shell, which has been created by a Kagome unit cells, has been investigated. First, a single unit cell has 
been analyzed individually and the forces and moments caused by each unit cell have been transferred to the 
skin of cylinder. Thus, the equivalent cylindrical shell, which consists of the shell and the unit cells stiffeners, is 
obtained. Then the equivalent cylindrical shell is analyzed as a composite cylindrical shell. After introducing 
the approximate displacement functions and Ritz method buckling load will be achieved. The specific buckling 
load of the cylinder will be presented by changing some parameters simultaneously. The winding angle of the 
shell, the cross section size of ribs, shell thickness, the number of the iso-angle ribs and ribs axial pitch are these 
parameters. All these results are presented for Glass/Epoxy material. Figures of specific buckling load versus 
new two parameters (rib pitch and rib numbers) have been shown and discussed. Also, comparison between 
presented theory and other papers results will be done to verify the analytical results. At last, a parametric study 
is discussed to check the geometrical parameters' effects on the specific buckling load for different kinds of 
mentioned grids. 
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Structure Subjected to Pulse Impact”, Applied Mechanics and Materials, Vol. 252, pp. 93-97, 2012, 
DOI: 10.4028/www.scientific.net/AMM.252.93 
ABSTRACT: Nonlinear dynamic buckling for sandwich shallow conical shell structure under uniform 
triangular pulse is investigated. Based on the Reissner’s assumption and Hamiton’s principle, the nonlinear 
dynamic governing equation of sandwich shallow spherical shells is derived. The corresponding nonlinear 
dynamic response equations are obtained by Galerkin method and solved by Runge-Kutta method. Budiansky-
Roth criterion expressed by displacements of rigid center is employed to determine the critical impact bucking 
load. The effects of geometric parameters and physical parameters on impact buckling are discussed. 
 
 
Jie Lin, Chao Deng and Jia Chu Xu, “Nonlinear Dynamic Buckling of FGM Shallow Conical Shells under 
Triangular Pulse Impact Loads”, Advanced Materials Research, Vol. 460, pp. 119-126, February 2012, 
DOI: 10.4028/www.scientific.net/AMR.460.119 
ABSTRACT: In this paper, nonlinear dynamic buckling of FGM shallow conical shells under the action of 
triangular pulse impact loads are investigated. The nonlinear dynamic governing equation of symmetrically 
FGM shallow conical shells is built. Using Galerkin method, the nonlinear dynamic governing equation is 
solved, and the nonlinear dynamic response equation of symmetrically FGM shallow conical shells is obtained. 
The Runge-Kutta method is introduced to numerically solve the nonlinear dynamic response equation and the 
impact response curve is achieved. Budiansky-Roth motion criterion expressed by the displacement of the peak 
of the shell is employed to determine the critical impact buckling load. The influences of geometric parameters 
and gradient constants on impact buckling are discussed as well. 
 
 
R. Ansari and H. Rouhi (Dept. of Mechanical Engineering, University of Guilan, Rasht, Iran), “Analytical 
treatment of the free vibration of single-walled carbon nanotubes based on the nonlocal Flugge shell theory”, 
ASME J. Eng. Mater. Technol., Vol. 134, No. 1, 011008, December 2011 
ABSTRACT: In the current work, the vibration characteristics of single-walled carbon nanotubes (SWCNTs) 
under different boundary conditions are investigated. A nonlocal elastic shell model is utilized, which accounts 
for the small scale effects and encompasses its classical continuum counterpart as a particular case. The 
variational form of the Flugge type equations is constructed to which the analytical Rayleigh–Ritz method is 
applied. Comprehensive results are attained for the resonant frequencies of vibrating SWCNTs. The 
significance of the small size effects on the resonant frequencies of SWCNTs is shown to be dependent on the 
geometric parameters of nanotubes. The effectiveness of the present analytical solution is assessed by the 
molecular dynamics simulations as a benchmark of good accuracy. It is found that, in contrast to the chirality, 
the boundary conditions have a significant effect on the appropriate values of nonlocal parameter. 
 
 
Hessam Rouhi and Reza Ansari (Dept. of Mechanical Engineering, University of Guilan, P.O. Box 3756, Rasht, 
Iran), “Nonlocal Analytical Flugge Shell Model for Axial Buckling of Double-Walled Carbon Nanotubes with 
Different End Conditions”, Nano, Vol. 7, No. 3, 1250018 (10 pages), June 2012 
DOI: 10.1142/S179329201250018X 
ABSTRACT: In this paper, a nonlocal Flügge shell model is utilized to investigate the axial buckling behavior 
of double-walled carbon nanotubes (DWCNTs) under various boundary conditions. According to the nonlocal 
elasticity theory, the displacement field equations coupled by the van der Waals interaction are derived. The set 
of governing equations of motion is then solved by the Rayleigh–Ritz method. The present analysis can treat 
boundary conditions in a layer-wise manner. The effects of nonlocal parameter, layer-wise boundary conditions 
and geometrical parameters on the mechanical behavior of DWCNTs are examined. Furthermore, molecular 
dynamics simulations are performed to assess the validity of the results and also to predict the appropriate 
values of nonlocal parameter. It is found that the type of boundary conditions affects the proper value of 
nonlocal parameter. 
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shell model for thermal buckling of multi-walled carbon nanotubes with layerwise boundary conditions”, 
Journal of Thermal Stresses, Vol. 35, pp. 326-341, 2012, DOI: 10.1080/01495739.2012.663683 
ABSTRACT: Presented herein is the thermal buckling analysis of multi-walled carbon nanotubes on the basis 
of nonlocal Flügge shell model capturing small scale effects. Based upon the continuum mechanics, a multiple-
shell model is adopted in which the nested tubes are coupled with each other through the van der Waals 
interlayer interaction. The utilized van der Waals model incorporating the interlayer interactions between any 
two layers, whether adjacent or non-adjacent is curvature dependent. To analytically solve the problem, the 
Rayleigh-Ritz method was implemented to the variational form equivalent to the Flügge type equations. The 
present analysis provides the possibility of considering different combinations of layerwise boundary 
conditions. It is shown that the shell-like thermal buckling is significantly sensitive to the nonlocal parameter 
variation, whereas the column-like themal buckling remains unaffected when the nonlocal parameter is varied. 
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“Prediction of compressive post-buckling behavior of single-walled carbon nanotubes in thermal 
environments”, Appl Phys A, Materials Science & Processing, Springer, December 2012, DOI: 
10.1007/s00339-012-7502-5 
ABSTRACT: In the present investigation, the axial buckling and post-buckling configurations of single-walled 
carbon nanotubes (SWCNTs) are studied including the thermal environment effect. For this purpose, Eringen’s 
nonlocal elasticity continuum theory is implemented into the classical Euler-Bernoulli beam theory to represent 
the SWCNTs as a nonlocal elastic beam model. A closed-form analytical solution is carried out to analyze the 
static response of SWCNTs in their post-buckling state in which the axial buckling load is assumed to be 
beyond the critical axial buckling load. Common sets of boundary conditions, named simply supported-simply 
supported (SS-SS), clamped-clamped (C-C), and clamped-simply supported (C-SS), are considered in the 
investigation. Selected numerical results are given to represent the variation of the carbon nanotube’s mid-span 
deflection with the applied axial load corresponding to various nonlocal parameters, length-to-diameter aspect 
ratios, temperature changes, and end supports. Moreover, a comparison between the post-buckling behaviors of 
SWCNTs at low- and high-temperature environments is presented. It is found that the size effect leads to a 
decrease of the axial buckling load especially for SWCNTs with C-C boundary condtions. Also, it is revealed 
that the value of the temperature change plays different roles in the post-buckling response of SWCNTs at low- 
and high-temperature environments. 
 
 
Ansari, R.; Shahabodini, A.; Rouhi, H.; Alipour, A., “Thermal Buckling Analysis of Multi-Walled Carbon 
Nanotubes Through a Nonlocal Shell Theory Incorporating Interatomic Potentials”, Journal of Thermal 
Stresses, Vol. 36, Nos. 1, 2, January 2013 , pp. 56-70(15), DOI: 10.1080/01495739.2012.720547 
ABSTRACT: Described in the current study is the thermal buckling behavior of multi-walled carbon nanotubes 
(WCNTs) via a nonlocal atomistic-based shell model. The model including the effects of small-scale length and 
the van der Waals (vdW) forces between adjacent nanotubes is established through the incorporation of the 
interatomic potential into the nonlocal Flügge shell theory. This model links the strain energy density induced in 
the continuum to Eringen's nonlocal constitutive relations. The set of coupled field equations are analytically 
solved for two types of temperature distribution. The present model is of a distinguishing feature which is its 
independence from the widely scattered values of Young's modulus and the effective wall thickness of carbon 
nanotubes. 
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Conditions”, Journal of Applied Mechanics, Vol. 80, No. 2, 021008, January 2013 (12 pages), 
DOI: 10.1115/1.4007432 
ABSTRACT: In this paper, the vibrational behavior of double-walled carbon nanotubes (DWCNTs) is studied 
by a nonlocal elastic shell model. The nonlocal continuum model accounting for the small scale effects 
encompasses its classical continuum counterpart as a particular case. Based upon the constitutive equations of 
nonlocal elasticity, the displacement field equations coupled by van der Waals forces are derived. The set of 
governing equations of motion are then numerically solved by a novel method emerged from incorporating the 
radial point interpolation approximation within the framework of the generalized differential quadrature 
method. The present analysis provides the possibility of considering different combinations of layerwise 
boundary conditions. The influences of small scale factor, layerwise boundary conditions and geometrical 
parameters on the mechanical behavior of DWCNTs are fully investigated. Explicit expressions for the nonlocal 
frequencies of DWCNTs with all edges simply supported are also analytically obtained by a nonlocal elastic 
beam model. Some new intertube resonant frequencies and the corresponding noncoaxial vibrational modes are 
identified due to incorporating circumferential modes into the shell model. A shift in noncoaxial mode numbers, 
not predictable by the beam model, is also observed when the radius of DWCNTs is varied. The results 
generated also provide valuable information concerning the applicability of the beam model and new 
noncoaxial modes affecting the physical properties of nested nanotubes. 
 
 
E.G. Loukaides, S.K. Smoukov & K.A. Seffen (2014) “Magnetic actuation and transition shapes of a bistable 
spherical cap”, International Journal of Smart and Nano Materials, 5:4, 270-282, DOI: 
10.1080/19475411.2014.997322  
ABSTRACT: Multistable shells have been proposed for a variety of applications; however, their actuation is 
almost exclusively addressed through embedded piezoelectric patches. Additional actuation techniques are 
needed for applications requiring high strains or where remote actuation is desirable. Part of the reason for the 
lack of research in this area is the absence of appropriate models describing the detailed deformation and 
energetics of such shells. This work presents a bistable spherical cap made of iron carbonyl-infused 
polydimethylsiloxane. The magnetizable structure can be actuated remotely through permanent magnets while 
the transition is recorded with a high-speed camera. Moreover, the experiment is reproduced in a finite element 
(FE) dynamic model for comparison with the physical observations. High-speed footage of the physical cap 
inversion together with the FE modeling gives valuable insight on preferable intermediate geometries. Both 
methods return similar values for the magnetic field strength required for the snap-through. High-strain 
multistable spherical cap transformation is demonstrated, based on informed material selection. We discover 
that non-axisymmetric transition shapes are preferred in intermediate geometries by bistable spherical caps. We 
develop the methods for design and analysis of such actuators, including the feasibility of remote actuation 
methods for multistable shells.  
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A. Alikina (NPO Saturn, JSC, Russia), “Numerical investigation of dynamic parameters of a reinforced 
concrete dome”, (No publisher or date given in the pdf file. Most recent reference is dated 2016) 
ABSTRACT: Design of spatial reinforced concrete (RC) structures to dynamic loads is based on structural 
dynamic parameters. Experimental research on dynamic response of full scale RC structures is very limited. 
Therefore developing proper numerical techniques, allowing calculation of valuable dynamic parameters is 
extremely important. The purpose of the present study is to investigate efficiency of existing software and its 
suitability for modeling spatial RC structures. The object of the research is a dome over a public building. It is a 
shallow thin walled spherical RC shell. The numerical results are compared with available experimental data. 
ANSYS software was used for the analysis. The affect of different structural components on natural vibration 
parameters like mode shapes and frequencies was studied. Comparison of numerical and experimental results 
enabled to verify the accuracy and adequacy of the structural scheme. Realization of numeral experiments 
allows to understand properly the qualitative characteristics and to interpret the impact of various parameters in 
order to obtain reasonable recommendations for mock-up study or full scale experiments. It is shown that 
qualitative modeling of the system can be used for further investigation of spatial RC structures response to 
different dynamic loadings.  
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Y. G. Kang, Y. Z. Chang, T. Xu, Y. Kang, "Dynamic Stability Analysis of Steel-Concrete Composite Ribbed 
Shell", Advanced Materials Research, Vols. 712-715, pp. 822-826, 2013 
DOI: 10.4028/www.scientific.net/AMR.712-715.822 
ABSTRACT: Steel-concrete composite ribbed shell is a kind of shell structure based on the thin concrete shell, 
which has the advantages of two different materials, at the same time with steel nets shell and thin concrete 
shell structure. In this paper, the seismic performance of steel concrete composite ribbed shell is analyzed, in 
which the elastoplastic time-history analysis method is used to analyze internal force and deformation. 
Furthermore a parameter analysis is made to discuss the seismic performance, which considering different high-
span ratio, section dimension, boundary conditions and structure division frequency. The influence on structure 
seismic performance and some structure dynamic response characteristics are obtained, which can be resulted 
for structural seismic design and referenced in steel-concrete thin shell design specification modification. 
 
 
Franz-Joseph Barthold and Nikolai Gerzen (TU Dortmund), “Imperfection Modes for Non-Linear Buckling 
Analysis Based on Variational Design Sensitivities”, Abstract,  20/03/2013, UNS-204 
ABSTRACT: Solid shell elements are frequently used to model thin structures because of their efficiency and 
accuracy. In detail, we consider the variational design sensitivity analysis of a non-linear solid shell element, 
which is based on the Hu-Washizu variational principle. The design of such structures is extremely important 
for their stability, robustness and for their load-bearing capacity. Design sensitivity analysis provides 
information which allow the engineer to find the appropriate shape of a shell and to understand the influence of 
geometry and layout variants on its behaviour. Unfortunately, considering the coordinates of all finite element 
nodes as design parameters leads to a large amount of sensitivity information which can not be easily 
interpreted by engineers. We apply singular value decomposition (SVD) to the pseudo load matrix and the 
sensitivity matrix to detect the most valuable part of information and to transform sensitivity results in a form 
which is comprehensible for engineers. The proposed theoretical concept is demonstrated on the example of 
non-linear buckling analysis of shells. Here, proper imperfection modes which lead to the lowest load-bearing 
capacity are created automatically applying SVD to the pseudo load matrix. Numerical examples illustrate the 
advocated technique. 
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“F-actin buckling coordinates contractility and severing in a biomimetic actomyosin cortex”, Proceedings of the 
National Academy of Sciences of the USA (PNAS), December 3, 2012, DOI: 10.1073/pnas.1214753109 
ABSTRACT: Here we develop a minimal model of the cell actomyosin cortex by forming a quasi-2D cross-



linked filamentous actin (F-actin) network adhered to a model cell membrane and contracted by myosin thick 
filaments. Myosin motors generate both compressive and tensile stresses on F-actin and consequently induce 
large bending fluctuations, which reduces their effective persistence length to <1 _ºm. Over a large range of 
conditions, we show the extent of network contraction corresponds exactly to the extent of individual F-actin 
shortening via buckling. This demonstrates an essential role of buckling in breaking the symmetry between 
tensile and compressive stresses to facilitate mesoscale network contraction of up to 80% strain. Portions of 
buckled F-actin with a radius of curvature "<300 nm are prone to severing and thus compressive stresses 
mechanically coordinate contractility with F-actin severing, the initial step of F-actin turnover. Finally, the F-
actin curvature acquired by myosin-induced stresses can be further constrained by adhesion of the network to a 
membrane, accelerating filament severing but inhibiting the long-range transmission of the stresses necessary 
for network contractility. Thus, the extent of membrane adhesion can regulate the coupling between network 
contraction and F-actin severing. These data demonstrate the essential role of the nonlinear response of F-actin 
to compressive stresses in potentiating both myosin-mediated contractility and filament severing. This may 
serve as a general mechanism to mechanically coordinate contractility and cortical dynamics across diverse 
actomyosin assemblies in smooth muscle and nonmuscle cells. 
 
 
Yury Grabovsky and Davit Harutyunyan, “Rigorous asymptotic analysis of buckling of thin-walled cylinders 
under axial compression”,  Cornell University Library, arXiv.1301.6079 [math.AP], January 2013 
ABSTRACT: Using rigorous constitutive linearization of second variation introduced in [6] we study weak 
stability of homogeneous deformation of the axially compressed circular cylindrical shell, regarded as a 3-
dimensional hyperelastic body. We show that such deformation becomes weakly unstable at the citical load that 
coincides with value of the bifurcation load in von-K\'arm\'an-Donnel shell theory. We also show that the linear 
bifurcation modes described by the Koiter circle [11] minimize the second variation asymptotically. The key 
ingredients of our analysis are the asymptoticaly sharp estimates of the Korn constant for cylindrical shells and 
Korn-like inequalities on components of the deformation gradient tensor in cylindrical coordinates. The notion 
of buckling equivalence introduced in [6] is developed further and becomes central in this work. A link between 
features of this theory and sensitivity of the critical load to imprefections of load and shape is conjectured. 
 
 
Yury Grabovsky (1) and Davit Harutyunyan (2) 
(1) Temple University, Philadelphia, PA, USA 
(2) University of Utah, Salt Lake City, UT, USA  
“Scaling instability of the buckling load in axially compressed circular cylindrical shells”,  Journal of Nonlinear 
Science, pp 1-37, August 2015  
ABSTRACT: In this paper we initiate a program of rigorous analytical investigation of the paradoxical buckling 
behavior of circular cylindrical shells under axial compression. This is done by the development and systematic 
application of general theory of "near-flip" buckling of 3D slender bodies to cylindrical shells. The theory 
predicts scaling instability of the buckling load due to imperfections of load. It also suggests a more dramatic 
scaling instability caused by shape imperfections. The experimentally determined scaling exponent 1.5 of the 
critical stress as a function of shell thickness appears in our analysis as the scaling of the lower bound on safe 
loads given by the Korn constant. While the results of this paper fall short of a definitive explanation of the 
buckling behavior of cylindrical shells, we believe that our approach is capable of providing reliable estimates 
of the buckling loads of axially compressed cylindrical shells. 
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R. D. Firouz-Abadi, M. M. Fotouhi, M. R. Permoon and H. Haddadpour (Department of Aerospace 
Engineering, Sharif University of Technology, Azadi Avenue, Tehran, P.O.Box 11115-8639, Iran), “Natural 
frequencies and buckling of pressurized nanotubes using shear deformable nonlocal shell model”, Journal of 
Mechanical Science and Technology 26 (2) (2012) 563~573, DOI: 10.1007/s12206-011-1039-y 
ABSTRACT: The small-scale effect on the natural frequencies and buckling of pressurized nanotubes is 
investigated in this study. Based on the first-order shear deformable shell theory, the nonlocal theory of 
elasticity is used to account for the small-scale effect and the governing equations of motion are obtained. 
Applying modal analysis technique and based on Galerkin's method a procedure is proposed to obtain natural 
frequencies of vibrations. For the case of nanotubes with simply supported boundary conditions, explicit 
expressions are obtained which establish the dependency of the natural frequencies and buckling loads of the 
nanotube on the small-scale parameter and natural frequencies obtained by local continuum mechanics. The 
obtained solutions generalize the results of nano-bar and -beam models and are verified by the literature. Based 
on several numerical studies some conclusions are drawn about the small-scale effect on the natural frequencies 
and buckling pressure of the nanotubes. 
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Chang, I-Ling; Fan, Yu-Shin; Chang, Shih-Hsiang, “The Molecular Study on the Buckling Modes of Single-
Walled Carbon Nanotubes”, Journal of Computational and Theoretical Nanoscience, Vol. 9, No. 3, March 2012, 
pp. 330-335(6), DOI: 10.1166/jctn.2012.2028 
ABSTRACT: Various lengths and helical types (i.e., armchair, zigzag and chiral) of single-walled CNTs are 
considered in molecular dynamics simulations in order to systematically examine the length-to-radius ratio and 
chirality effects on the buckling mechanism. Proper boundary conditions are imposed to induce different 
buckling modes. It is observed that the buckling strain is getting smaller as the CNT becomes slender for most 
nanotubes, which implies that the slender nanotubes have lower buckling resistance regardless the buckling 
mode and chirality. The column buckling of the CNTs at lower buckling mode will transform into shell wall 
buckling at higher mode if the length-to-radius of each constrained section is less than 10. The applicability of 
the continuum buckling theory, which has been well developed for thin tubes, on predicting the buckling strain 
of the CNT is also examined. In general, the corresponding buckling strain at different modes predicted by the 
continuum column buckling theory could agree reasonably well with simulation results except those exhibit 
shell wall buckling. 
 
 
Mostafa Raki and Mahdi Hamzehei, “Thermal buckling of rectangular FGM plates with variation thickness”, 
World Academy of Science, Engineering and Technology, Vol. 5, 2011-06-23 
ABSTRACT: Equilibrium and stability equations of a thin rectangular plate with length a, width b, and 
thickness h(x)=C1x+C2, made of functionally graded materials under thermal loads are derived based on the 
first order shear deformation theory. It is assumed that the material properties vary as a power form of thickness 
coordinate variable z. The derived equilibrium and buckling equations are then solved analytically for a plate 
with simply supported boundary conditions. One type of thermal loading, uniform temperature rise and gradient 
through the thickness are considered, and the buckling temperatures are derived. The influences of the plate 
aspect ratio, the relative thickness, the gradient index and the transverse shear on buckling temperature 
difference are all discussed. 
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“Thermal Buckling of Thin Rectangular FGM Plate”, World Applied Sciences Journal 16 (1): 52-62, 2012 
ABSTRACT: Equilibrium and stability equations of a rectangular plate made of functionally graded material 
(FGM) under thermal loads are derived, based on the higher order shear deformation plate theory. Assuming 
that the material properties vary as a power form of the thickness coordinate variable z and using the variational 
method, the system of fundamental partial differential equations is established. The derived equilibrium and 
stability equations for functionally graded plates (FGPs) are identical to the equations for laminated composite 
plates with 50 layers. A buckling analysis of a functionally graded plate under one type of thermal loads is 
carried out and results in closed form solutions, uniform temperature rise and gradient through the thickness are 
considered and the buckling temperatures are derived. The critical buckling temperature relations are reduced to 
the respective relations for functionally graded plates with a linear composition of constituent materials and 
homogeneous plates The results are compared with the critical buckling temperatures obtained for functionally 
graded plates ansys software (FEM) given in the literature. The study concludes that higher order shear 
deformation theory accurately predicts the behavior of functionally graded plates. 
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Shadmehri, Farjad (Mechanical and Industrial Engineering, Concordia University SPECTRUM Research 
Repository, Montreal, Quebec, Canada), “Buckling of Laminated Composite Conical Shells; Theory and 
Experiment”, 2012 PhD dissertation, Concordia University 
ABSTRACT: Composite conical and cylindrical shells are gaining more application in aerospace industry (e.g., 
helicopter tailboom, airplane fuselage) due to their high specific strength and stiffness properties coming from 



material (composite) and geometry advantages. Stability is always a concern for these types of structures under 
different loading conditions. One of the major loading scenarios is the bending load in which composite conical 
shells can buckle under bending. Although there have been extensive studies on the buckling of conical and 
cylindrical shells under axial load, buckling under bending receives less attention in the literature from 
theoretical and experimental points of view. In this study, the bucking behavior of composite conical shells has 
been studied experimentally and theoretically. 
In the theoretical approach, a first order shear deformation shell theory has been proposed to study buckling and 
bending behavior of composite conical shells. A semi-analytical approach (Ritz method) has been applied to 
study buckling under axial load and buckling under bending of composite conical shells. An analytical solution 
(Levy type solution) has been applied to study the bending response of cross-ply conical shells under sinusoidal 
bending load. Also, a new formulation has been proposed to study bending, buckling and vibration of cross-ply 
cylindrical shells using an analytical solution (Levy type solution). A different displacement field from what 
was assumed in the literature has been proposed and consequently a new formulation has been obtained for the 
problem. In the experimental approach, a composite tube-bending setup has been designed and developed to 
study bending, and buckling under bending load, behavior of composite shells. The setup has been designed to 
apply equal bending moments at the both ends of the structure, simulating pure bending test conditions. 
Experimental result has been obtained for buckling under pure bending of composite conical shells. Regarding 
the manufacturing technique, Automated Fiber Placement (AFP) has attracted the aerospace industry due to its 
fast production rate, repeatability, and minimum material waste. Advanced thermoplastic composites obtain 
special attention in the aerospace industry as well, considering their superior properties (e.g., fracture 
toughness) and their capability to make aero-structures without requiring autoclave treatment with respect to 
thermoset ones. Considerable challenges remained unresolved regarding optimum process parameters for 
manufacturing of thermoplastic composites made by AFP and their quality. This thesis also addresses the effect 
of autoclave treatment on the stiffness quality of the thermoplastic composite cones made by AFP. The 
determination of optimum process parameters for AFP in the manufacturing of thermoplastic composite 
(AS4/PEEK) has been performed from both stiffness and strength point of view. 
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“Geometrically nonlinear analysis using a corotational triangular thick and thin shell element”, Engineering 
Mechanics, Vol. 31, No. 5, pp 27-33, 2014, DOI: 10.6052/j.issn.1000-4750.2012.12.0958 
ABSTRACT: A simple and efficient 3-node triangular planar shell element for the geometrical nonlinear 
analysis of laminated composite structures is developed based on corotational formulation (CR). The shell 
element is constructed by combining the generalized conforming membrane element GT9 with the drilling 
degree of freedom and the generalized conforming thick/thin plate element TMT with assumed rotation and 
transverse shear strain fields. In order to avoid membrane locking, one-point reduced integration scheme is 
employed for calculating the terms related to membrane strains, and a stabilization matrix is added to eliminate 
zero energy modes. Based on the first-order shear deformation theory (FSDT) for laminated composite plates, 
the correctional transverse shear stiffness is calculated, considering the real ply stacking sequence of the 
laminate, such that the shell can be applicable to modeling moderately thick laminated composite structures. 
The geometrically linear stiffness matrix in the core of CR formula can be calculated only once and can be 
saved to be used throughout the whole procedure for the nonlinear analysis. Numerical examples show that the 
present shell element is accurate and efficient for thin and thick shell structures, including laminated composite 
structures. 
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“Buckling of stiffened curved panels under uniform axial compression”, Journal of Constructional Steel 
Research, Vol. 103, pp 140-147, May 2014, DOI: 10.1016/j.jcsr.2014.07.004  
ABSTRACT: In bridge construction, the use of stiffened plates for box-girder or steel beams is common day to 
day practice. The advantages of the stiffening from the economical and mechanical points of view are 
unanimously recognized. For curved steel panels, however, applications are more recent and the literature on 
their mechanical behaviour including the influence of stiffeners is therefore limited. Their design with 
commercial finite element software is significantly time-consuming, which reduces the number of parameters 
which can be investigated in an optimization procedure. The present paper is thus dedicated to the study of the 
behaviour of stiffened curved panels under uniform longitudinal compression. It addresses the linear buckling 
and the ultimate strength which are both influenced by the coupled effects of curvature and stiffening. It finally 
proposes a design methodology based on that for stiffened flat plates adopted by European Standards and a 
column-like behaviour.  
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F. Shadmehri, S. V. Hoa and M. Hojjati, "The effect of displacement field on bending, buckling and vibration of 
cross-ply circular cylindrical shells," Mechanics of Advanced Materials and Structures, vol 21, No. 1, 2014 
ABSTRACT: The effect of assumed displacement field is investigated on the bending, buckling, and natural 
frequencies of cross-ply circular cylindrical shells using first-order shear deformation theory through an 
analytical solution. Linear strain-displacement relation is assumed. The governing equations are derived from 
Hamilton's principle. Assuming Levy-type solution, the governing equations are then converted to ordinary 
differential equations and changed to state-space form introducing ten unknown variables and solved for 
displacements. Different lamination sequences, including symmetric and asymmetric laminate, are studied and 
compared. The effect of various boundary conditions (i.e., clamped, simply supported, and free edge), radius-to-
thickness, and radius-to-length ratio on the displacement of mid-surface is investigated. 
 
 



Alice Mathai (Department of Ship Technology, Cochin University of Science & Technology), “Analytical 
investigations on collapse of cylindrical submarine shells”, PhD dissertation, November 2004 
ABSTRACT: Submarine hull structure is a watertight envelope, under hydrostatic pressure when in operation. 
Stiffened cylindrical shells constitute the major portion of these submarine hulls and these thin shells under 
compression are susceptible to buckling failure. Normally loss of stability occurs at the limit point rather than at 
the bifurcation point and the stability analysis has to consider the change in geometry at each load step. Hence 
geometric nonlinear analysis of the shell forms becomes. a necessity. External hydrostatic pressure will follow 
the deformed configuration of the shell and hence follower force effect has to be accounted for. Computer codes 
have been developed based on all-cubic axisymmetric cylindrical shell finite element and discrete ring stiffener 
element for linear elastic, linear buckling and geometric nonIinear analysis of stiffened cylindrical shells. These 
analysis programs have the capability to treat hydrostatic pressure as a radial load and as a follower force. 
Analytical investigations are carried out on two attack submarine cylindrical hull models besides standard 
benchmark problems. In each case, the analysis has been carried out for interstiffener, interdeepframe and 
interbulkhead configurations. The shell stiffener attachment in each of this configuration has been represented 
by the simply supported-simply supported, clamped-clamped and fixed-fixed boundary conditions in this study. 
The results of the analytical investigations have been discussed and the observations and conclusions are 
described. Rotation restraint at the ends is influential for interstiffener and interbulkhead configurations and the 
significance of axial restraint becomes predominant in the interbulkhead configuration. The follower force 
effect of hydrostatic pressure is not significant in interstiffener and interdeepframe configurations where as it 
has very high detrimental effect on buckling pressure on interbulkhead configuration. The geometric nonlinear 
interbulkhead analysis incorporating follower force effect gives the critical value of buckling pressure and this 
analysis is recommended for the determination of collapse pressure of stiffened cylindrical submarine shells. 
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“Linear and nonlinear buckling analysis of stiffened cylindrical submarine hull”, International Journal of 
Engineering Science and Technology (IJEST), Vol. 4, No. 6, pp. 3003 – 3009, June 2012, ISSN: 0975-5462 
ABSTRACT: Submarine is a watercraft capable of independent operation under water. Use of submarines 
includes marine science, offshore industry underwater exploration etc. The pressure hull of submarine is 
constructed as combination of cylinders and domes. The shell is subjected to very high hydrostatic pressure, 
which creates large compressive stress resultants. Due to this the structure is susceptible to buckling. The 
introduction of stiffeners in both directions considerably increases the buckling strength of the shell. Since the 
stiffened cylindrical shell is susceptible to initial imperfections, nonlinear analysis is essential. The objective of 
this work is the linear and nonlinear analysis of the stiffened cylindrical shell subjected to very high hydrostatic 
pressure. Finite element method is a powerful tool for analysis of complex structures. Finite element package 
ANSYS is used for modeling and analysis the submarine hull. 
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Science and Technology, (IJEST), ISSN:0975-5462, Vol. 5, No. 03, March 2013, pp 512-518 
ABSTRACT: Container ships with wide hatch openings are thin walled open sections and have low torsional 
stiffness. Hence response arising from torsional loads is significant and subsequently the torsional analysis of 
container ship is necessary. Using the ANSYS software, the progressive collapse behaviour of a typical 
container vessel under torsion was analysed. The effect of torsional moment on the ultimate strength of ship hull 
subjected to design vertical shear force was also determined. Full hull between the bulkheads was modeled with 
fully restrained warping displacement at the unloaded end. When pure torsion is applied, the hull corner regions 
are typically the most highly stressed areas, which may collapse. Thus, scantlings of the hull corner region 
should be sufficient for ship hulls with large deck openings. The ultimate strength based safety factor under 
pure torsion for the vessel, is 4.5, which is reduced by 30% when subjected to design vertical shear force also.  
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of Engineering Research and Development,  Vol. 10, No. 2, pp. 79-83, February 2014 
ABSTRACT: Structures consisting of thin plates stiffened by a system of ribs have found wide application for 
aircraft, ships, bridges, and buildings as well as in many other branches of contemporary structural engineering. 
Buckling analysis can be used to find critical compressive loads at which a structure becomes elastically 
unstable. In this paper buckling analysis of stiffened plates was carried out using finite element software NISA. 
The analytical investigations of stiffened plates are rarely found in literature; hence it is found apt to carry out 
such investigations to provide design recommendations. 
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667, India), “Buckling analysis of laminated composite plates using an efficient C0 FE model”, Latin American 
Journal of Solids and Structures, Vol. 9, pp. 353-365, 2012 
ABSTRACT: Buckling analysis of laminated composite plates is carried out by using an efficient C0 FE model 
developed based on higher order zigzag theory. In this model the first derivatives of transverse displacement 
have been treated as independent variables to overcome the problem of C1 continuity associated with the FE 



implementation of the plate theory. The C0 continuity of the present FE model is compensated in the stiffness 
matrix calculations by using penalty parameter approach. Numerical results and comparison with other existing 
solutions show that the present model is very efficient in predicting the buckling responses of laminated 
composites. 
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“Buckling and free vibration of non-homogeneous composite cross-ply laminated plates with various plate 
theories”, Compos. Struct, 44:279–287, 1999, DOI: 10.1016/S0263-8223(98)00135-4 
ABSTRACT: Various theories of homogeneous laminated plates are extended to study the buckling and free 
vibration behavior of non-homogeneous rectangular composite laminates. The equations governing the dynamic 
response of non-homogeneous composite laminates are deduced. Numerical results for the natural frequencies 
and critical buckling loads of symmetric cross-ply laminates are presented. The influences of the degree of non-
homogeneity, aspect ratio, thickness ratio and in-plane orthotropy ratio on the natural frequencies and critical 
buckling loads are investigated. The results obtained for homogeneous cases are compared with their 
counterparts in the literature. The study concludes that the classical plate theory is inadequate for predicting the 
structural response of non-homogeneous laminates, and that the free vibration and the state of the stability are 
affected strongly by the degree of nonhomogeneity. 
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“Lateral Torsional Buckling of Cellular Steel Beams”, Proceedings of the Annual Stability Conference 
Structural Stability Research Council Grapevine, Texas, April 18-21, 2012 
ABSTRACT: h resistance-weight ratio, the possibility to integrate service pipes within their height, and 
aesthetics. Such profiles usually exhibit a complex behavior, since they can experience many modes of failure, 
including local instability ones, i.e. those involving an out-of-plane instability of the web post at high shear 
locations and/or distortion of the cross-section. For what regards global instability, the members are usually 
designed by means of rough design rules, which often lead to an unduly conservative girder, the beams 
sometimes showing over 200% resistance reserve. Present research aims at improving this situation, by means 
of new adequate design formulae. In this respect, both experimental and extensive numerical parametric studies 
have been undertaken. First, a series of 3 full-scale tests has been performed, the main goal of which being the 
validation of purposely-derived FE models. Since the numerical models showed a very good agreement with the 
tests, they have been further used to gather a large set of numerical reference results where many parameters 
were varied: the relative slenderness, steel grades, cross-section shapes, bending moment distributions, and 
relative sizes of the openings. Finally, a new set of dedicated design rules has been derived, that was proved to 
be accurate while leading to safe estimates of the resistance when compared to all reference results. 
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Tadeh Zirakian, Sung Bo Kim and Ayman S. Mosallam, “Further studies on the use of the extrapolation 
techniques in case of lateral buckling of steel I-beams”, ASCE 5th International Engineering and Construction 
Conference (IECC’5), August 27-29, 2008 
ABSTRACT: In case of lateral buckling, experimentally determined load versus deflection plots usually take a 
form where the critical load is masked by the large deformations which occur as a consequence of geometrical 
and material imperfections, and that the beam fails before the critical load of the perfect beam is reached. 
Therefore, it is necessary to use an extrapolation technique to obtain more accurate estimates of experimental 
critical loads than would be given by the experimental failure loads. Also, an extrapolation technique may be 
used to determine experimentally the critical load of a structure, without having to subject the structure to 
loading in the vicinity of critical. Based on the significance of these techniques, further studies on the use of 
Southwell, Modified, Massey, and Meck extrapolation techniques in case of lateral buckling of structures are 
reported in this paper, and the accuracy of the extrapolated loads is evaluated in various cases. 
 
 
Cheng Shuang Han, Hong Mei Zhang, Zai Ling Cheng, “Modeling for Initial Post-Buckling Analysis of 
Laminated Plates and Shells by FEM”, Applied Mechanics and Materials, Volumes 166 – 169, pp. 520-525, 
May 2012, DOI: 10.4028/www.scientific.net/AMM.166-169.520 
ABSTRACT: Nonlinear analysis of plate and shell structures can explain the phenomenon which cannot been 
explained by classical stability theory, and can obtain better validation of experimental results. Stability 
problems are essentially nonlinear and their nonlinear finite element solutions ultimately result in solving 
nonlinear algebraic equations and nonlinear eigenvalue problems. The solutions can define the shape of basic 
path and determine critical load by using the incremental method, The perturbation methods are used near the 
critical point, and the basic formulas are given for initial post-buckling analysis by FEM.  
 
 
Ruo-qiang Feng, Jihong Ye, and Bin Yao (2012). “Evaluation of the Buckling Load of an Elliptic Paraboloid 
Cable-Braced Grid Shell Using the Continuum Analogy.” ASCE J. Eng. Mech., 138(12), 1468–1478. 
doi: 10.1061/(ASCE)EM.1943-7889.0000454 
ABSTRACT: A cable-braced grid shell is a new type of single-layer latticed shell suitable for glass roofs. 



Compared with traditional single-layer latticed shells, this new type of shell has a unique mesh shape (planar 
quadrilateral mesh), mesh form (steel and crossing cables), and surface shape (from the translation surface 
method). The grid shell is a single-layer latticed structure, and therefore stability is one of the key factors in the 
structural design. Therefore, in this paper, an elliptic paraboloid cable-braced grid shell with imperfections is 
used as an example with which to determine the formulas for the buckling load based on the continuum 
analogy. The main contents of this paper include the formula for the linear buckling load of an elliptic 
paraboloid cable-braced grid shell with imperfections, which is determined based on the continuum analogy. 
The equivalent rigidity for the cable-braced grid shell is then determined, and the effect of the cables on the 
shear rigidity is discussed. Finally, the formula for the linear buckling load is verified with numerical examples, 
and the errors are analyzed and a corresponding correction factor is given. 
 
 
Annemarie Herrmann, “Investigation of buckling behavior of carbon fiber-reinforced composite shell structures 
with openings”, Master’s Thesis, Bauhaus-Universität Weimar, 2012, http://www.desicos.eu 
ABSTRACT: Thin-walled cylindrical composite shell structures are often applied in aerospace for lighter and 
cheaper launcher transport system. These structures exhibit sensitivity to geometrical imperfection and are 
prone to buckling under axial compression. Today the design is based on NASA guidelines from the 1960’s [1] 
using a conservative lower bound curve embodying many experimental results of that time. It is well known 
that the advantages and different characteristics of composites as well as the evolution of manufacturing 
standards are not considered apporopriately in this outdated approach. The DESICOS project was initiated to 
provide new design guidelines regarding all the advantages of composites and allow further weight reduction of 
space structures by guaranteeing a more precise and robust design.  
Therefore it is necessary among other things to understand how a cutout with different dimensions affects the 
buckling load of a thin-walled cylindrical shell structure in combination with initial geometric imperfections. 
This work is intended to identify a ratio between the cutout characteristic dimension (in this case the cutout 
diameter) and the structure characteristic dimension (in this case the cylinder radius) that can be used to tell if 
the buckling structure is dominated by initial imperfections or is dominated by the cutout. 
 
 
Li, B., Cao, Y.-P., Feng, X.-Q. & Gao, H. 2011 Surface wrinkling of mucosa induced by volumetric growth: 
theory, simulation and experiment. J. Mech. Phys. Solids 59, 758–774.  (doi:10.1016/j.jmps.2011.01.010) 
ABSTRACT: Mechanics of living tissues focusing on the relationships between growth, morphology and 
function is not only of theoretical interest but can also be useful for diagnosis of certain diseases. In this paper, 
we model the surface wrinkling morphology of mucosa, the moist tissue that commonly lines organs and 
cavities throughout the body, induced by either physiological or pathological volumetric growth. A theoretical 
framework of finite deformation is adopted to analyze the deformation of a cylindrical cavity covered by 
mucosal and submucosal layers. It is shown that compressive residual stresses induced by the confined growth 
of mucosa can destabilize the tissue into various surface wrinkling patterns. A linear stability analysis of the 
critical condition and characteristic buckling patterns indicates that the wrinkling mode is sensitive to the 
thicknesses of the mucosal and submucosal layers, as well as the properties of the tissues. The thinner the 
mucosal layer and the lower its elastic modulus, the shorter the buckling wavelength. A series of finite element 
simulations are performed to validate the theoretical predictions and to study local wrinkling or non-uniform 
patterns associated with inhomogeneous growth. Our postbuckling analysis shows that the surface pattern may 
evolve towards a period-doubling morphology due to continuous growth of mucosa or submucosa beyond the 
critical state. Finally, the theoretical predictions and numerical simulations are compared to experimental 
observations. 
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“Nonlinear dynamic response for functionally graded shallow spherical shell under low velocity impact in 
thermal environment”, Applied Mathematical Modelling, Vol. 35, No. 6, pp 2887-2900, June 2011 
DOI: 10.1016/j.apm.2010.12.012 
ABSTRACT: Based on Giannakopoulos’s 2-D functionally graded material (FGM) contact model, a modified 
contact model is put forward to deal with impact problem of the functionally graded shallow spherical shell in 
thermal environment. The FGM shallow spherical shell, having temperature dependent material property, is 
subjected to a temperature field uniform over the shell surface but varying along the thickness direction due to 
steady-state heat conduction. The displacement field and geometrical relations of the FGM shallow spherical 
shell are established on the basis of Timoshenko–Mindlin theory. And the nonlinear motion equations of the 
FGM shallow spherical shell under low velocity impact in thermal environment are founded in terms of 
displacement variable functions. Using the orthogonal collocation point method and the Newmark method to 
discretize the unknown variable functions in space and in time domain, the whole problem is solved by the 
iterative method. In numerical examples, the contact force and nonlinear dynamic response of the FGM shallow 
spherical shell under low velocity impact are investigated and effects of temperature field, material and 
geometrical parameters on contact force and dynamic response of the FGM shallow spherical shell are 
discussed. 
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Jun Yin, Nicole Coutris and Young Huang (Dept. of Mechanical Engineering, Clemson Universtiy, Clemson, 
South Carolina), “Groove formation modeling in fabricating hollow fiber membrane for nerve regeneration”, 
ASME Journal of Applied Mechanics, Vol. 78, January 2011, DOI: 10.1115/1.4002001 
ABSTRACT: Hollow fiber membrane (HFM) is one of the most popular membranes used for different 
industrial applications. Under some controlled fabrication conditions, axially aligned grooves can be formed on 
the HFM inner surface during typical immersion precipitation-based phase inversion fabrication processes. 



Such grooved HFMs are finding promising medical applications for nerve repair and regeneration. For better 
nerve regeneration performance, the HFM groove morphology should be carefully controlled. Toward this goal, 
this study has modeled the HFM groove number based on the shrinkage-induced buckling model in HFM 
fabrication. HFM has been modeled as a three-layer long fiber membrane. The HFM inner layer has been 
treated as a thin-walled elastic cylindrical shell and buckles due to the shrinkage of the compliant intermediate 
layer during solidification. The groove geometry, especially the groove number, has been reasonably predicted 
compared with the experimental measurements. This study has laid a mathematical foundation for HFM 
circumferential instability modeling, which is of recent interest in membrane fabrication. 
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South Carolina), “Investigation of inner surface groove formation under radially inward pressure during 
immersion precipitation-based hollow fiber membrane fabrication”, ASME Journal of Manufacturing Science 
and Engineering, Vol. 133, June 2011, DOI: 10.1115/1.4003950 
ABSTRACT: Axially aligned grooves can be formed on the hollow fiber membrane (HFM) inner surface under 
some controlled fabrication conditions during a typical immersion precipitation-based phase inversion 
fabrication process. Such grooved HFMs are finding promising medical applications for nerve repair and 
regeneration. For better nerve regeneration performance, the HFM groove geometry should be carefully 
controlled. Towards this goal, in this study the polyacrylonitrile (PAN) HFM groove number has been modeled 
based on the radially inward pressure-induced buckling mechanism. HFM has been modeled as a long six-layer 
fiber membrane, and the HFM inner skin layer has been treated as a thin-walled elastic cylindrical shell under 
the shrinkage-induced inward radial pressure. The groove number has been reasonably estimated based on the 
resulting buckling mode as compared with the experimental measurements. 
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“The buckling of capillaries in solid tumours”, Proceedings of the Royal Society A, published online October 
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ABSTRACT: We develop a model of the buckling (both planar and axial) of capillaries in cancer tumours, 
using nonlinear solid mechanics. The compressive stress in the tumour interstitium is modelled as a 
consequence of the rapid proliferation of the tumour cells, using a multiplicative decomposition of the 
deformation gradient. In turn, the tumour cell proliferation is determined by the oxygen concentration (which is 
governed by the diffusion equation) and the solid stress. We apply a linear stability analysis to determine the 
onset of mechanical instability, and the Liapunov–Schmidt reduction to determine the postbuckling behaviour. 
We find that planar modes usually go unstable before axial modes, so that our model can explain the buckling 
of capillaries, but not as easily their tortuosity. We also find that the inclusion of anisotropic growth in our 
model can substantially affect the onset of buckling. Anisotropic growth also results in a feedback effect that 
substantially affects the magnitude of the buckle. 
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ABSTRACT: Buckling is characterized by a sudden failure of a structural member subjected to high 
compressive stress and it is a structural instability leading to a failure mode. One of the major design criteria of 
thin shell structures that experience compressive loads is that the buckling load limit. Therefore it is important 
to know about the Buckling loads. The buckling load of thin shell structures are dominantly affected by the 
geometrical imperfections present in the cylindrical shell which are very difficult to alleviate during 
manufacturing process. In this paper, three types of geometrical imperfection patterns are considered for 
cylindrical shells with and without dent. Experiments are conducted for all the cases and results are compared 
with analytical results with ANSYS. It is found that buckling strength of plain cylindrical shell is different 
compared to cylindrical shell having dents. 
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“Nonlinear Buckling Behaviour of Imperfect Cylindrical Shells under Global Bending in the Elastic-Plastic 
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10.4028/www.scientific.net/AMM.204-208.1045 
ABSTRACT: Many thin cylindrical shells are used in structural applications in which the dominant loading 
condition is global bending. Key examples include chimneys, tubular piles, wind generation towers and tall 
silos. Their thickness lies in a tricky range which is extremely thin for the structural tube community and very 
thick for the shell buckling community. The buckling strength of these structures is dominated by extensive 
plasticity, but the fully plastic state is usually far from being attained. This paper explores the buckling strength 
of imperfect thin cylindrical shells under global bending in the elastic-plastic range. The capacity curves of the 
new Eurocode EN 1993-1-6 (2007) are used to match the final results. The results show that the capacity curves 
can capture this buckling behavior accurately and safely for different types of material models. It is assumed 
that the shell is held circular by rings or boundaries at reasonable intervals, effectively restraining ovalisation. It 
is hoped that these results will make a useful contribution towards resolving the misunderstandings and 
controversy that has been evident in this field in recent years. 
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Volume 1479, pp. 2066-2069 (2012), DOI: 10.1063/1.4756596 
ABSTRACT: The paper deals with the influence of correlation length, of Gauss random field, and of yield 
strength of a hotrolled I-beam under bending on the ultimate load carrying capacity limit state. Load carrying 
capacity is an output random quantity depending on input random imperfections. Latin Hypercube Sampling 
Method is used for sampling simulation. Load carrying capacity is computed by the programme ANSYS using 
shell finite elements and nonlinear computation methods. The nonlinear FEM computation model takes into 
consideration the effect of lateral-torsional buckling on the ultimate limit state. 
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ABSTRACT: Metallic thin shell structures are used in different branches of industry, and the components of 
these structures such as dished ends show different modes of failure depending upon the geometrical and 
loading conditions. These are mainly gross plastic deformation under static load, loss of stability (buckling), 
fatigue crack initiation at highly stressed locations under cyclic loading (especially in the low cycle regime), 
progressive plastic deformation (ratcheting) and creep at high temperatures. In this paper, failure modes of a 
conical pressure vessel subjected to internal pressure has been investigated. Also, to study the effect of vessel 
geometry, a set of conical cylindrical vessels with the cap-cone apex half angles of 20 to 85 degrees, internal 
radius of 500 to 1000 mm and thickness of 1 to 10 mm has been selected. The failure modes of these vessels 
which include gross plastic deformation and bifurcation buckling have been taken into account. In this work, a 
new plastic criterion has been established which is based on the plastic work dissipation in the vessel by 
increasing the internal pressure. This plastic criterion can be used for structures subjected to single or a 
combination of loading condition. The calculated plastic limit loads, which have been obtained using the plastic 
criterion, are determined purely by the inelastic response of the vessel, and they are not altered by initial elastic 
behavior. In addition, a design graph for designing pressure vessels with conical heads subjected to internal 
pressure has been presented via comprehensive parametric study. The results show that when the ratio of the 
internal pressure to the limit pressure (Load Factor) approaches 0.5, the material yielding initiates and with 
further increase in the Load Factor, the plastic regions develop. Also, by increasing the ratio of cylinder radius 
to wall thickness (R/t), plastic buckling failure becomes more dominant. 
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ABSTRACT: When computational modeling is used to evaluate the true strength of an imperfect elastic-plastic 
shell structure, the current European standard on shell structures requires that two reference strengths are always 
determined: the linear bifurcation load and the plastic limit (plastic collapse) load. These two loads are used in 
more than one way to characterize the strength of all imperfect elastic-plastic systems. Where parametric studies 
of a problem are being undertaken, it is particularly important that these two loads are accurately defined, since 
all other strengths will be related to them. For complex problems in shell structures, it is not possible to develop 
analytical solutions for the plastic collapse strength, and finite element analysis must be used. Unfortunately, 
because a collapse mechanism often requires the development of very extensive plasticity involving large local 
strains, and the collapse load is simply at the end of a slowly rising load-deflection curve, it is sometimes 
difficult for the analyst to accurately determine this plastic collapse strength. This paper describes two methods, 
based on modifications of the Southwell plot, of obtaining very accurate evaluations of the plastic limit load, 
irrespective of whether a fairly complete plastic strain field has developed or not. These two methods allow 
plastic collapse limit loads to be reported with great precision. 
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“Dynamic buckling behavior of multi-walled carbon nanotubes subjected to step axial loading”, Acta 
Mechanica Solida Sinica, Vol. 25, No. 2, pp. 117-125, April 2012, DOI: 10.1016/S0894-9166(12)60013-5 
ABSTRACT: This paper studies the dynamic buckling behavior of multi-walled carbon nanotubes (MWNTs) 
subjected to step axial loading. A buckling condition is derived, and numerical results are presented for 
MWNTs under fixed boundary conditions. It is shown that the critical buckling load of MWNTs is of multi-
branches and decreases as the time elongates. The associated buckling modes for different layers of MWNTs 
can be either in-phase or out of phase, which is related to the branch that the critical buckling load belongs to. 
For MWNTs with the same innermost tube radius, the critical buckling load is decreased when increasing the 
layers. 
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163 - 167), pp. 49-54, December 2010, DOI: 10.4028/www.scientific.net/AMR.163-167.49 
ABSTRACT: Buckling is often the main design consideration for thin cylindrical shells. For most load cases, 



the stability behavior of the shell is acutely sensitive to circumferential weld-induced imperfections, and the 
corresponding residual stresses are some beneficial to buckling strength of the shell generally. However, these 
conclusions are all based on the cylinders with constant wall thickness, and the studies about the effect of 
residual stresses on buckling strength of tapered cylindrical shells under partial axial compression are few. This 
paper applies trapezoidal strain field approach to simulate circumferential weld-induced imperfections on 
tapered cylindrical shellls, and studies the stability behavior of the cylinders with single circumferential weld 
and multiple circumferential welds under partial axial compression respectively. By comparing the results 
derived from the models with/without circumferential welds and corresponding residual stresses, the effects of 
weld depressions and residual stresses on tapered cylindrical shells under partial axial compression are 
obtained. 
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ABSTRACT: The effect of random system properties on thermal post-buckling temperature of laminated 
composite cylindrical shell panel with temperature independent (TID) and dependent (TD) material properties 
subjected to uniform temperature distribution is examined in this study. System properties such as material 
properties, thermal expansion coefficients and lamina plate thickness are modeled as independent basic random 
variables. The basic formulation is based on higher-order shear deformation (HSDT) theory with von-Karman 
nonlinearity using modified C0 continuty. A direct iterative-based C0 nonlinear finite element method (FEM) 
combined with Taylor series-based mean-centered first-order perturbation technique (FOPT) developed by the 
authors for composite plate is extended for shell panel with reasonable accuracy to compute second-order 
statistics of post-buckling temperature of cylindrical shell panel. Typical numerical results for second order 
statistics (mean and coefficient of variance) of thermal post-buckling temperature of laminated cylindrical shell 
panel are obtained through numerical examples for various support conditions, amplitude ratios, shell thickness 
ratios, aspect ratios, lamination lay-up sequences, curvature to length ratios, types of material properties with 
the effect of random system parameters. The performance of outlined approach has been validated with those 
results available in the literatures and independent MCS. 
 
 
Ivana Mekjavic (Faculty of Civil Engineering, University of Zagreb, Zagreb 10000, Croatia), “Static and 
Buckling Analysis of Concrete Spherical Shells”, Journal of Civil Engineering and Architecture, Vol. 6, No. 7, 
pp. 899-905, July 2012 (See also: Tehnicki vjesnik, Vol. 18, No. 4, pp 633-639, 2011, from which come the 
images in the gallery Shell Buckling Images: “Art and Architecture”.) 
ABSTRACT: A finite element analysis, including static and buckling analysis is presented for several notable 
concrete spherical shells around the world. Also, the structural optimization study of these shells was performed 
for thickness distribution and structure shape to reduce overall tensile stress, deflection and reinforcements. The 



finite element analysis using Sofistik software shows that a distributed concrete thickness reduces shell stresses, 
deflections and reinforcements. A geometrically non-linear analysis of these structures with and without 
imperfections was also performed. To take into account the possible plastification of the material an analysis 
with non-linear material was performed simultaneously with the geometrically non-linear analysis. This helps in 
developing an understanding of the structural behaviour and helps to identify all potential failure causes using 
failure analysis. 
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“Analytical Solutions Of Polymeric Gel Structures Under Buckling And Wrinkle”, International Journal of 
Applied Mechanics, Vol. 3, No. 2, pp. 235-257, June 2011, DOI: 10.1142/S1758825111000968 
ABSTRACT: One of the unique properties of polymeric gel is that the volume and shape of gel can 
dramatically change even at mild variation of external stimuli. Though a variety of instability patterns of slender 
and thin film gel structures due to swelling have been observed in various experimental studies, many are not 
well understood. This paper presents the analytical solutions of swelling-induced instability of various slender 
and thin film gel structures. We have adopted the well developed constitutive relation of inhomogeneous field 
theory of a polymeric network in equilibrium with a solvent and mechanical load or constraint with the 
incremental modulus concept for slender beam and thin film gel structures. The formulas of buckling and 
wrinkle conditions and critical stress values are derived for slender beam and thin film gel structures under 
swelling-induced instability using nonlinear buckling theories of beam and thin film structures. For slender 
beam structure, we construct the stability diagram with the distinct stable and unstable zones. The critical 
slenderness ratio and corresponding critical stresses are provided for different dimensionless material 
parameters. For thin film gel structures, we consider the thin film gel on an elastic foundation with different 
stiffness. The analytical solutions of critical stress and corresponding wrinkle wavelength, as well as buckling 
condition (or critical chemical potential) are given. These analytical solutions will provide a guideline for gel 
structure design used in polymeric gels MEMS and NEMS structures such as sensors and actuators. More 
importantly, the work provides a theoretical foundation of gel structure buckling and wrinkle, instability 
phenomena are different from normal engineering or material buckling. 
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“Vibration of functionally graded cylindrical shells”, International Journal of Mechanical Sciences, Vol. 41, No. 
3, pp 309–324, March 1999, doi:10.1016/S0020-7403(98)00054-X 
ABSTRACT: Functionally gradient materials (FGMs) have attracted much attention as advanced structural 
materials because of their heat-resistance properties. In this paper, a study on the vibration of cylindrical shells 
made of a functionally gradient material (FGM) composed of stainless steel and nickel is presented. The 
objective is to study the natural frequencies, the influence of constituent volume fractions and the effects of 
configurations of the constituent materials on the frequencies. The properties are graded in the thickness 
direction according to a volume fraction power-law distribution. The results show that the frequency 
characteristics are similar to that observed for homogeneous isotropic cylindrical shells and the frequencies are 
affected by the constituent volume fractions and the configurations of the constituent materials. The analysis is 
carried out with strains–displacement relations from Love’s shell theory and the eigenvalue governing equation 
is obtained using Rayleigh–Ritz method. The present analysis is validated by comparing results with those in 
the literature. 
 
 
T. Y. Ng, H. Li, K. Y. Lam and C. T. Loy, “Parametric Instability of Conical Shells by the Generalized 
Differential Quadrature Method,” International Journal for Numerical Methods in Engineering, Vol. 44, No. 6, 
1999, pp. 819-837. doi:10.1002/SICI1097-02071999022844:6<819::AID-NME528>3.0.CO;2-0 
ABSTRACT: The parametric instability of truncated conical shells of uniform thickness under periodic edge 
loading is examined. The material considered is homogeneous and isotropic. This is the first instance that the 
Generalized Differential Quadrature (GDQ) method is used to study the effects of boundary conditions on the 
parametric instability in shells. The formulation is based on the dynamic version of Love's first approximation 
for thin shells. A formulation is presented which incorporates the GDQ method in the assumed-mode method to 
reduce the partial differential equations of motion to a system of coupled Mathieu–Hill equations. The principal 
instability regions are then determined by Bolotin's method. Assumptions made in this study are the neglect of 
transverse shear deformation, rotary inertia as well as bending deformations before instability. 
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“Vibration characteristics of functionally graded cylindrical shells under various boundary conditions”, Applied 
Acoustics, Vol. 61, No. 1, pp 111-129, September 2000, doi:10.1016/S0003-682X(99)00063-8 
ABSTRACT: In the recent years, functionally gradient materials (FGMs) have gained considerable attention in 
the high temperature environment applications. In the present work, study of the vibration of a functionally 
graded cylindrical shell made up of stainless steel and zirconia is presented. Material properties are graded in 
the thickness direction of the shell according to volume fraction power law distribution. Effects of boundary 
conditions and volume fractions (power law exponent) on the natural frequencies of the FG cylindrical shell are 
studied. Frequency characteristics of the FG shell are found to be similar to those of isotropic cylindrical shells. 
Further, natural frequencies of these shells are observed to be dependent on the constituent volume fractions and 



boundary conditions. Strain displacement relations from Love's shell theory are employed. Rayleigh method is 
used to derive the governing equations. Further, analytical results are validated with those reported in the 
literature. 
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analysis of FGM plates and shells”, Frontiers in Automobile and Mechanical Engineering (FAME), pp. 280-
285, 2010, DOI: 10.1109/FAME.2010.5714816 
ABSTRACT: This paper presents the nonlinear formulation for Functionally Graded Material (FGM) plates and 
shells using Semiloof Shell element. Results for buckling and vibration analysis of functionally graded plates 
and shells are reported.  
PARTIAL INTRODUCTION: Functionally graded materials (FGM) are heterogeneous composite materials 
usually made from a mixture of metals and ceramics. The material properties of FGM are graded but continuous 
and are controlled by the variation of the volume fraction of the constituent materials. The concept of FGM was 
first proposed by Koizumi [1]. Functionally graded materials have the advantage of their ability to withstand 
high temperature gradients unlike fiber matrix composites, which show mismatch of mechanical properties 
across an interface of two discrete materials bonded together and resulting in de-bonding at high temperatures in 
some cases. In FGM, the ceramic material provides high temperature resistance due to its low thermal 
conductivity while the ductile metal component provides structural strength and fracture toughness. 
Functionally graded materials are now being strongly considered as a potential structural material for future 
high-speed spacecraft. They are widely applied where the operating conditions are severe, for example, wear 
resistant linings for handling large heavy abrasive exchanger tubes, thermo elastic generators, heat engine 
components etc. 
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“A review of meshless methods for laminated and functionally graded plates and shells”, Composite Structures, 
Vol. 93, No. 8, pp 2031 – 2041, July 2011, doi:10.1016/j.compstruct.2011.02.018 
ABSTRACT: This review focuses mainly on the developments of element-free or meshless methods and their 
applications in the analysis of composite structures. This review is organized as follows: a brief introduction to 
shear deformation plate and shell theories for composite structures, covering the first-order and higher-order 
theories, is given in Section 2. A review of meshless methods is provided in Section 3, with main emphasis on 
the element-free Galerkin method and reproducing kernel particle method. The applications of meshless 
methods in the analysis of composite structures are discussed in Section 4, including static and dynamic 
analysis, free vibration, buckling, and non-linear analysis. Finally, the problems and difficulties in meshless 
methods and possible future research directions are addressed in Section 5. 
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33516, Egypt), “Generalized shear deformation theory for bending analysis of functionally graded plates”, 
Applied Mathematical Modelling, Vol. 30, No. 1, pp 67-84, January 2008, doi:10.1016/j.apm.2005.03.009 
ABSTRACT: In this study, the static response is presented for a simply supported functionally graded 
rectangular plate subjected to a transverse uniform load. The generalized shear deformation theory obtained by 
the author in other recent papers is used. This theory is simplified by enforcing traction-free boundary 
conditions at the plate faces. No transversal shear correction factors are needed because a correct representation 
of the transversal shearing strain is given. Material properties of the plate are assumed to be graded in the 
thickness direction according to a simple power-law distribution in terms of the volume fractions of the 
constituents. The equilibrium equations of a functionally graded plate are given based on a generalized shear 
deformation plate theory. The numerical illustrations concern bending response of functionally graded 



rectangular plates with two constituent materials. The influences played by transversal shear deformation, plate 
aspect ratio, side-to-thickness ratio, and volume fraction distributions are studied. The results are verified with 
the known results in the literature. 
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Zhi Min Li, “New Results of Buckling and Postbuckling Behaviors for Fiber-Reinforced Composite Shear 
Deformable Anisotropic Laminated Cylindrical Shell Subjected to Torsion”, Applied Mechanics and Materials, 
Volumes 117 – 119, pp. 89-91, October 2011, DOI: 10.4028/www.scientific.net/AMM.117-119.89 
ABSTRACT: New results of buckling and postbuckling analysis are presented for a shear deformable 
anisotropic laminated cylindrical shell of finite length subjected to torsion. The governing equations are based 
on a higher order shear deformation shell theory with von Kármán-Donnell-type of kinematic nonlinearity and 
including the extension/twist, extension/flexural and flexural/twist couplings. The nonlinear prebuckling 
deformations and initial geometric imperfections of the shell are both taken into account. A singular 



perturbation technique is employed to determine the buckling loads and postbuckling equilibrium paths. The 
numerical illustrations concern the postbuckling response of perfect and imperfect, moderately thick, 
anisotropic laminated cylindrical shells with different values of shell parameters and stacking sequence. The 
postbuckling equilibrium path is unstable for a moderately thick laminated cylindrical shell under torsion and 
the shell structure is virtually imperfection-sensitive. 
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Shaanxi, China, “Molecular dynamics study on buckling of single-wall carbon nanotube-based intramolecular 
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ABSTRACT: Carbon nanotube-based intramolecular junctions can function as rectifying diodes and switches in 
circuits and thus possesses the promising potential to be applied in nano-scale electronic devices. Due to their 
slender and unsymmetrical geometry, intramolecular junctions are prone to buckling under compression and the 
resulting structural instability will eventually leads to structural or electrical failure. Thus, it is important to 
explore the mechanical behaviors of intramolecular junctions subject to compressive loads. In this study, 
molecular dynamical simulations are carried out to investigate the compressive behaviors of intramolecular 
junctions at finite temperature, while carbon nanotubes are also studied as reference. The simulation results 
indicate that the strain rate effect is negligible within relatively low loading-rate range but the critical strain 
increases significantly under higher loading rate. At an extremely high strain rate, the intramolecular junctions 
will crush immediately. It is also predicted that local deformation will be introduced at high environmental 
temperature. Moreover, with increasing tube length, the instability mode of the intramolecular junctions 
transfers from shell buckling to column buckling and the critical aspect ratio is lower than that of carbon 
nanotubes due to presence of the Stone–Wales defects. 
 
 
F. A. Fazzolari and J. R. Banerjee (School of Engineering and Mathematical Sciences, City University of 
London), “Advances in the dynamic stiffness method for exact buckling analysis of aircraft panels”, DiPaRT 
Loads & Aeroelastic Workshop, CFMS Advanced Simulation Research Center, Bristol, UK, 13 December, 
2012 (a presentation, not a paper) 
• Part 1 Introduction: Dynamic stiffness method (DSM) and literature review 
• Part 2 Dynamic Stiffness Method for plates: Higher Order Shear Deformation Theory and DSM development 
• Part 3 Results and Discussion: Flat and stiffened composite panels 
• Part 4 Concluding remarks 
The dynamic stiffness matrix is obtained from the exact solution of the governing differential equations of the 
element under compressive or tensile loads. Thus, all assumptions are within the limits of the governing 
differential equations. The shape functions in the DSM are exact in sharp contrast to the assumed shape function 
in the FEM. The results from DSM are often called “Exact”. 
Concluding remarks: 
• The exact HSDT plate element has shown to be accurate in terms of results and computational efficiency i.e. 
CPU time for buckling analysis of composite plate assemblies. 
• The exact HSDT plate element provides a significant refinement with respect to the FSDT element 
particularly for thick plates. 
•The boundary conditions affect the critical buckling loads and mode shapes as expected. •Stiffeners, if properly 
introduced increase the buckling loads considerably. 
•The buckling load of stiffened composite plates change prominently with respect to the flat composite plates 
depending on the stiffeners position and on the applied boundary conditions, but this is to be expected. 
•The investigation offers the prospects for stiffened composite panels design for aircraft structures and it is in 



this context, the research carried out here is expected to be most useful. 
 
 
Xinsheng Xu (1), Jianging Ma (1), C. W. Lim (2) and Ge Zhang(1) 
(1) State Key Laboratory of Structure Analysis of Industrial Equipment and Department of Engineering 
Mechanics, Dalian University of Technology, Dalian, P.R. China 
(2) Department of Building and Construction, City University of Hong Kong, Hong Kong, P.R. China 
“Dynamic torsional buckling of cylindrical shells”,  Computers & Structures, Vol. 88, Nos 5-6, pp 322-330, 
March 2010, DOI: 10.1016/j.compstruc.2009.11.005 
ABSTRACT: In this paper the local buckling of cylindrical shell under torsion is discussed. The Hamiltonian 
system approach is employed to analyze the propagation of shear wave. In this system, critical torsional loads 
and buckling modes are reduced to a problem of eigenvalues and eigensolutions of increasing orders. Buckling 
modes are divided into two types, the local torsional buckling modes and the helical buckling modes. For short-
time shear wave propagation, local torsional buckling occurs easily. On the contrary, the helical buckling modes 
appear when the wave propagates for a longer time and these modes correspond to the first-order eigensolution. 
 
 
Jia-Bin Sun (1), Xin-Sheng Xu (1) and Chee-Wah Lim (2) 
(1) State Key Laboratory of Structure Analysis of Industrial Equipment and Department of Engineering 
Mechanics, Dalian University of Technology, Dalian, P.R. China 
(2) Department of Building and Construction, City University of Hong Kong, Hong Kong, P.R. China 
“Dynamic Buckling of Cylindrical Shells under Axial Impact in Hamiltonian System”, Int. J. Nonlinear Sci. 
Numer. Simul., Vol. 13, No. 1, pp 93-97, February 2012, DOI: 10.1515/ijnsns.2011.105 
ABSTRACT: In this paper, the dynamic buckling of an elastic cylindrical shell subjected to an axial impact 
load is analyzed in Hamiltonian system. By employing a symplectic method, the traditional governing equations 
are transformed into Hamiltonian canonical equations in dual variables. In this system, the critical load and 
buckling mode are reduced to solving symplectic eigenvalues and eigensolutions respectively. The result shows 
that the critical load relates with boundary conditions, thickness of the shell and radial inertia force. And the 
corresponding buckling modes present some local shapes. Besides, the process of dynamic buckling is related to 
the stress wave, the critical load and buckling mode depend upon the impacted time. This paper gives 
analytically and numerically some new rules of the buckling problem, which is useful for designing shell 
structures. 
 
 
Xinsheng Xu, Jiabin Sun and C.W. Lim (Dalian University of Technology), “Dynamic torsional buckling of 
cylindrical shells in Hamiltonian system”, Thin-Walled Structures, 03/2013; Vol. 64:23-30, DOI: 
10.1016/j.tws.2012.11.003 
ABSTRACT: By considering the effect of stress waves in a Hamiltonian system, this paper treats dynamic 
buckling of an elastic cylindrical shell which is subjected to an impact torsional load. A symplectic analytical 
approach is employed to convert the fundamental equations to the Hamiltonian canonical equations in dual 
variables. In a symplectic space, the critical torsion and buckling mode are reduced to solving the symplectic 
eigenvalue and eigensolution, respectively. The primary influence factors, such as the impact time, boundary 
conditions and thickness, are discussed in detail through some numerical examples. It is found that boundary 
conditions have limited influence except free boundary condition in the context of the scope in this paper. The 
localization of dynamic buckling patterns can be observed at the free end of the shell. The new analytical and 
numerical results serve as guidelines for safer designs of shell structures.  
 
 
Jiabin Sun, Xinsheng Xu, C.W. Lim and Weiyu Qiao, “Accurate buckling analysis for shear deformable FGM 
cylindrical shells under axial compression and thermal loads”, Composite Structures, 05/2015; 123.  
DOI: 10.1016/j.compstruct.2014.12.030 
ABSTRACT: Based on the Reddy’s high-order shear deformation theory, buckling behaviors of the FGM 
cylindrical shells subjected to an axial compression in thermal environment are investigated analytically. 



Considering the temperature-dependent FGMs properties, the constituent distribution across the shell thickness 
is assumed to follow the volume fraction rule of mixture. Through the variational principle, basic equations are 
derived for shear deformable FGM cylindrical shell with the initial geometric imperfection. Method of 
separation of variables and Galerkin’s solving process are employed in dealing with the stability governing 
equations of perfect and imperfect shells, respectively. By changing the boundary conditions, material types, 
composition distributions, thermal load and temperature fields, the effect of the transverse shear deformation is 
evaluated by comparing with the results of the classical Donnell’s theory. Meanwhile, imperfection sensitivity 
for buckling of the shear deformable FGM cylindrical shell is discussed in detail.  
 
 
Masaki Mitsuya and Hiroshi Yatabe (Tokyo Gas Co., Ltd., Yokohama, Kanagawa, Japan), “Cyclic deformation 
and buckling behavior of pipe with local metal loss subjected to seismic ground motion”, ASME Paper No. 
PVP2011-57723, pp. 137-145, 2011 Pressure Vessels and Piping Conference, Volume 8: Seismic Engineering, 
Baltimore, Maryland, USA, July 17–21, 2011 
ABSTRACT: Buried pipelines may be deformed due to earthquakes and also corrode despite corrosion control 
measures such as protective coatings and cathodic protection. In such cases, it is necessary to ensure the 
integrity of the corroded pipelines against earthquakes. This study developed a method to evaluate the 
earthquake resistance of corroded pipelines subjected to seismic ground motions. Axial cyclic loading 
experiments were carried out on line pipes subjected to seismic motion to clarify the cyclic deformation 
behavior until buckling occurs. The test pipes were machined so that each one would have a different degree of 
local metal loss. As the cyclic loading progressed, displacement shifted to the compression side due to the 
formation of a bulge. The pipe buckled after several cycles. To evaluate the earthquake resistance of different 
pipelines, with varying degrees of local metal loss, a finite-element analysis method was developed that 
simulates the cyclic deformation behavior. A combination of kinematic and isotropic hardening components 
was used to model the material properties. These components were obtained from small specimen tests that 
consisted of a monotonic tensile test and a low cycle fatigue test under a specific strain amplitude. This method 
enabled the successful prediction of the cyclic deformation behavior, including the number of cycles required 
for the buckling of pipes with varying degrees of metal loss. In addition, the effect of each dimension (depth, 
longitudinal length and circumferential width) of local metal loss on the cyclic buckling was studied. 
Furthermore, the kinematic hardening component was investigated for the different materials by the low cycle 
fatigue tests. The kinematic hardening components could be regarded as the same for all the materials when 
using this component as the material property for the finite-element analyses simulating the cyclic deformation 
behavior. This indicates that the cyclic deformation behavior of various line pipes can be evaluated only based 
on their respective tensile properties and common kinematic hardening component. 
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(2) MOX-Politecnico di Milano and Fondazione CEN, Piazza Leonardo da Vinci 32, 20133 Milano, Italy 
“Buckling instability in growing tumor spheroids”, Physical Review Letters, Vol. 110, No. 15,158102, 2013, 
DOI: 10.1103/PhysRevLett.110.158102 
ABSTRACT: A growing tumor is subjected to intrinsic physical forces, arising from the cellular turnover in a 
spatially constrained environment. This work demonstrates that such residual solid stresses can provoke a 
buckling instability in heterogeneous tumor spheroids. The growth rate ratio between the outer shell of 
proliferative cells and the inner necrotic core is the control parameter of this instability. The buckled 
morphology is found to depend both on the elastic and the geometric properties of the tumor components, 
suggesting a key role of residual stresses for promoting tumor invasiveness. 
 
 
Hure J, Roman B, Bico J. (PMMH, CNRS UMR, UPMC, ESPCI-ParisTech, France), “Stamping and wrinkling 
of elastic plates”, Phys. Rev. Lett., Vol. 109, No. 5, 054302, August 2012 
ABSTRACT: We study the peculiar wrinkling pattern of an elastic plate stamped into a spherical mold. We 



show that the wavelength of the wrinkles decreases with their amplitude, but reaches a minimum when the 
amplitude is of the order of the thickness of the plate. The force required for compressing the wrinkled plate 
presents a maximum independent of the thickness. A model is derived and verified experimentally for a simple 
one-dimensional case. This model is extended to the initial situation through an effective Young modulus 
representing the mechanical behavior of the wrinkled state. The theoretical predictions are shown to be in good 
agreement with the experiments. This approach provides a complement to the "tension field theory" developed 
for wrinkles with unconstrained amplitude. 
 
 
Kang-Su Lee (1) and Hyung-Joon Bang (2) 
(1) Green & Industrial Technology Center, Korean Register of Shipping, Daejon, South Korea 
(2) Distributed Power Generation and Energy Storage Center, Korea Institute of Energy Research, Daejon, 
South Korea 
“A study on the prediction of lateral buckling load for wind turbine tower structures”, International Journal of 
Precision Engineering and Manufacturing, Vol. 13, No. 10, pp. 1829-1836, October 2012, 
DOI: 10.1007/s12541-012-0240-y 
ABSTRACT: A method to evaluate the structural safety of lateral buckling load is presented, using FEM 
analysis for a wind turbine tower with a thin circular wall. Europe, the U.S. and Japan already have long 
histories of research into wind power due to its high efficiency. The tower structure that supports a wind turbine 
is one important research area. There are three types of tower that vary by structural composition: a cylindrical 
tower with a circular cross-section, a jacket tower with a truss structure, and a hybrid tower. This paper 
investigates an accident involving a 600KW wind turbine that occurred in JeJu, Korea in October of 2010. The 
results from a numerical analysis are compared with the actual collapse mode observed at the accident. Some 
buckling modes and wind speeds at which non-linear buckling response occurs are predicted via the arc-length 
method for a land-based cylindrical stationary tower. The evaluation method is used accident (experiment), 
analytical, linear and nonlinear finite element method (beam and shell) to analyze the result of predicted 
buckling load of tower. The result of nonlinear FEM shell model was found to exhibit similar behavior to the 
accident situation during buckling. It is concluded that this paper provides buckling analysis process and 
method used for the slender shell structures: agreement with those of the analytical calculation, indicating that 
the arc-length method effectively improved the convergence. We found out buckling limit load of the accident 
wind turbine tower and wind speed at buckling point. The result of nonlineasr FEM shell model was found to 
exhibit similar behavior of the actual accident (experiment) situation during buckling. The presented buckling 
evaluation method will be useful for both static design and dynamic performance evaluation of land-based wind 
turbines, as well as sea-based wind turbines. 
 
 
Benyahia Hamza and Ouinas Djamel (Laboratory of Numerical Modeling and Experimental Mechanics 
Phenomena, University Ibn Badis Mostaganem, Algeria), “Buckling of laminated composite shells of pipe 
cracks”, in Design and Modeling of Mechanical Systems, M. Haddar et al. (Editors), LNME, pp. 493-501, 
Springer-verlag, 2013, DOI: 10.1007/978-3-642-37143-1_59 
ABSTRACT: The behavior of composite cracked pipes under the effect of buckling is explored by performing a 
linear buckling analysis using the finite element method. The pipe is pressed under compression in the presence 
of cracks longitudinal, radial, and inclined relative to the horizontal. The results indicate that increasing the 
radius of the pipe conduit to the reduction of buckling parameter and the maximum values are obtained for the 
lowest fiber orientations. The maximum stresses are obtained for the radius of 400 mm. Moreover, the increase 
in the number of plies in composite pipe leads to the increase of the parameter buckling. The size of the crack, 
its orientation and position in the pipe are identified. 
 
 
Anonymous, “Buckling of an imperfection-sensitive cylindrical shell”, from MechDocs (Study Channel for 
Mechanical Engineers), http://www.mechdocs.com/2012/10/buckling-of-imperfection-sensitive.html 
ABSTRACT: Product: Abaqus/Standard   
This example serves as a guide to performing a postbuckling analysis using Abaqus for an imperfection-



sensitive structure. A structure is imperfection sensitive if small changes in an imperfection change the buckling 
load significantly. Qualitatively, this behavior is characteristic of structures with closely spaced eigenvalues. 
For such structures the first eigenmode may not characterize the deformation that leads to the lowest buckling 
load. A cylindrical shell is chosen as an example of an imperfection-sensitive structure. 
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(1) Department of Civil Engineering, Amirkabir University of Technology (Tehran Polytechnic), Tehran, Iran 
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“Inelastic Buckling Simulation of Steel Braces through Explicit Dynamic Analyses”, American Institute of 
Physics (AIP) Conf. Proc. 1389, pp. 2012-2015; doi:http://dx.doi.org/10.1063/1.3637010, Numerical Analysis 
And Applied Mathematics ICNAAM 2011, 19–25 September 2011, Halkidiki, Greece 
ABSTRACT: This paper presents a veritable finite element approach for simulating the inelastic buckling 
response of steel braces. A number of techniques are considered to identify computationally efficient modeling 
approaches that yield consistent results with experimental data. Ultimately, brace members and gusset plates are 
represented with deformable and rigid shell elements, respectively; and the overall method is based on dynamic 
analyses with explicit time integration. There is inherent damping in the proposed model due to inelasticity; 
additional viscous damping and mass scaling factors are used to extract-simulate the system’s quasi-static 
responses. Static sensitivity analyses are conducted to optimize mesh sizes and the most suitable imperfection 
shapes and amplitudes for the brace elements. Additional (dynamic) sensitivity analyses are employed to 
calibrate the imperfection, loading amplitude, time period, artificial viscous damping and mass scaling factors. 
Results indicate that the proposed techniques can accurately mimic experimentally observed quasi-static 
responses. 
 
 
Hart-Smith, LJ. A revolutionary approach to the analysis of buckling of thin cylindrical shells [online]. In: 
AIAC14: Fourteenth Australian Aeronautical Conference. Melbourne: Royal Aeronautical Society, Australian 
Division; Engineers Australia, 2011: 306-339. Availability: 
<http://search.informit.com.au/documentSummary;dn=429578447781687;res=IELENG>  
ISBN: 9780987086303. 
ABSTRACT: New analytical analyses are presented here of the buckling of circular cylindrical thin shells 
under a variety of applied loads: (1) cylinders acted on by uniform radial external pressure, (2) longitudinal 
compression of unpressurized cylinders, (3) longitudinal compression of pressurized cylinders, including the 
special case (4) of ring buckling, as distinct from diamond buckling, of highly pressurized cylinders under 
longitudinal compression. The solutions cover both very long and very short cylinders with a transitional 
solution in between. The solutions start with the equivalent solutions for the buckling of flat plates, which are 
then generalized to the equivalent cylinders. This starting point is correct, beyond questioning. The new 
analyses expose many errors in the classical solution to this problem, both quantitative and qualitative. The new 
and old solutions are compared thoroughly. The major change with respect to past analyses, however, is the 
recognition that, in most cases, buckling occurs in the absence of induced membrane stresses, leaving the shells 
with no ability to resist deformation other than by the weaker bending stresses. This work is a summary of a set 
of new detailed analyses for the buckling of circular cylindrical thin shells, starting from a corrected thin-shell 
theory, and showing that the same new results can be derived from shell theory was well as plate theory now 
that the correct answers have been established. 
 
 
L.J. Hart-Smith (retired from the Boeing Company), “Incontrovertible proof that the ‘discrepancies’ in thin-
shell-buckling studies are in the classical theory, not the test data”, Journal of Materials: Design and 
Applications, February 19, 2014, DOI: 10.1177/1464420714524932 
ABSTRACT: It is shown here that the classical shell-buckling analyses have been fatally flawed since they 
were first derived. One reason cited is a failure to freeze the buckling stresses at the values at which buckling 
commenced, which resulted in consistent over estimates of the true buckling stresses by large factors. Another 
is the misinterpretation of the inextensibility criterion, which is customarily expressed in terms of the linear 



equations pertaining prior to buckling instead of the nonlinear equations that govern once buckling has 
commenced. The consequence of not acknowledging these errors is that, for many decades, it has been assumed 
incorrectly that the classical analyses for the various shell geometries are valid and that the major discrepancies 
can all be attributed to imperfections in the testing. It is shown here that this is not the case, by deriving 
different governing equations for shell buckling, starting from the geometrically nonlinear equilibrium 
equations for thin shells. These equilibrium equations are shown to include both the linear terms governing 
prior to buckling, with the remaining terms pertaining during buckling. This shows that buckling is resisted 
entirely by bending stresses alone, just as is known to be the case for flat-plate buckling, instead of by the 
combination of membrane and bending stresses. Specific equations are included for cylindrical shells, along 
with test data showing that the correct buckling stress for longitudinally compressed unpressurized cylinders is 
only half the classical prediction. Future papers will include full analyses of the buckling of spherical shells 
under external pressure at half the classical prediction, and of cylindrical shells under external pressure at one 
third of the classical prediction, as well as the buckling of pressurized and unpressurized cylindrical shells under 
longitudinal compression showing how, as the internal pressure is increased, the diamond-buckling stress 
increases from half the classical prediction for zero pressure to the classical ring-buckling stress for high 
pressure. 
 
 
Alexey N. Volkov, Takuma Shiga, David Nicholson, Junichiro Shiomi, and Leonid V. Zhigilei, “Effect of 
bending buckling of carbon nanotubes on thermal conductivity of carbon nanotube materials”, J. Appl. Phys. 
111, 053501 (2012); doi: 10.1063/1.3687943 
ABSTRACT: The effect of bending buckling of carbon nanotubes (CNTs) on thermal conductivity of CNT 
materials is investigated in atomistic and mesoscopic simulations. Nonequilibrium molecular dynamics 
simulations of the thermal conductance through an individual buckling kink in a (10,10) single-walled CNT 
reveal a strong dependence (close to inverse proportionality) of the thermal conductance of the buckling kink on 
the buckling angle. The value of the buckling kink conductance divided by the cross-sectional area of the CNT 
ranges from 40 to 10 Gwm^-2 K^-1 as the buckling angle changes from 20 to 110 degrees. The predictions of 
the atomistic simulations are used for parameterization of a mesoscopic model that enables calculations of 
thermal conductivity of films composed of thousands of CNTs arranged into continuous networks of bundles. 
The results of mesoscopic simulations demonstrate that the conductivity of CNT films is sensitive to the angular 
dependence of the buckling kink conductance and the length of the individual CNTs. For a film composed of 
1lm-long CNTs, the values of the in-plane film conductivity predicted with a constant conductance of 20 
Gwm^-2 K^-1 and the angular-dependent conductance obtained in atomistic simulations are about 40 and 20% 
lower than the conductivity predicted for the same film with zero thermal resistance of the buckling kinks, 
respectively. The weaker impact of the angular-dependent buckling kink conductance on the effective 
conductivity of the film is explained by the presence of a large fraction of kinks that have small buckling angles 
and correspondingly large values of conductance. The results of the simulations suggest that the finite 
conductance of the buckling kinks has a moderate, but non-negligible, effect on thermal conductivity of 
materials composed of short CNTs with length up to 1 lm. The contribution of the buckling kink thermal 
resistance becomes stronger for materials composed of longer CNTs and/or characterized by higher density of 
buckling kinks.  
 
 
Yu-Gang Sun, Xiao-Hu Yao, Ying-Jing Liang and Qiang Han (Department of Engineering Mechanics, School 
of Civil Engineering and Transportation, South China University of Technology - Guangzhou, 510640, PRC), 
“Nonlocal beam model for axial buckling of carbon nanotubes with surface effect”, Europhysics Letters (EPL), 
Vol. 99, No. 5, 2012, 56007 doi:10.1209/0295-5075/99/56007 
ABSTRACT: Small-size effect and surface effect are two of the most specific intrinsic properties of 
nanostructures, both of which are of great significance to the related applications. In this letter, the nonlocal 
Euler-Bernoulli beam model, together with surface elasticity and surface tension are implemented to investigate 
the buckling behavior of axially compressed carbon nanotubes. Explicit expression of solutions to the critical 
buckling loads corresponding to typical boundary conditions is presented. Through contrast to molecular 
dynamics results, it is vitally important to note that both small-size effect and surface effect have a profound 



consequence and should be taken into account thoroughly. 
 
 
Qishan Wang, “Active Vibration and Buckling Control of Piezoelectric Smart Structures”, Ph.D dissertation, 
Civil Engineering and Applied Mechanics, McGill University, Montreal, Qebec, Canada, 2012 
ABSTRACT: The objective of this dissertation is the vibration and buckling control of piezo-laminated 
composite structures with surface bonded or embedded piezo-electric sensors and actuators by using the finite 
element analysis and LQR/LQG feedback control techniques.  
The focus is mainly on two aspects: the finite element part and the active control part.  
(1) The finite element part:  
Two finite element formulations for the piezo-laminated beams based on the classical Bernoulli-Euler and the 
Timoshenko beam theories are developed using the coupled linear piezoelectric constitutive equations, and the 
Hamilton variational principle.  
A C0 continuous, shear flexible, eight-node serendipity doubly curved shell element for the piezolaminated 
composite plates and shells is also developed based on the layer-wise shear deformation theory, linear 
piezoelectric coupled constitutive relations, and Hamilton variational principle.  
The developed elements can handle the transverse shear strains, composite materials, and piezoelectric-
mechanical coupling. Higher modes of vibration can then be predicted more precisely for thin to medium-thick 
multilayered composite structures. They are evaluated both for the vibration and buckling of beam, plate, and 
shell structures.  
(2) The active control part:  
The suppression of vibration of a cantilever piezo-laminated beam and the control of the first two buckling 
modes of a simply supported piezo-laminated beam are studied first. Then, the vibration and buckling control of 
a cantilever piezo-laminated composite plate are studied. Furthermore, the vibration control of a piezolaminated 
semicircular cylindrical shell is also studied.  
The results of the finite element analysis are used to design a linear quadratic regulator (LQR) controller and a 
linear quadratic Gaussian (LQG) compensator with a dynamic state observer to achieve all the controls. The 
control design begins with an approximate reduced modal model which can represent the system dynamics with 
the least system modes. A state space modal model of the smart structure which integrates the host structure 
with bonded piezoelectric sensors and actuators, is then used to design the control system. The designed 
LQR/LQG feedback controls are shown to be successful in suppressing the vibration and stabilizing the 
buckling modes of structures.  
Both the finite element analysis and the active control simulation results are consistent with the existing 
theoretical analysis results and the experimental data in the literature. Some important conclusions and 
interesting observations are obtained.  
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Eoin Dunphy, “Study and comparison of shell design codes for adaptation to design geometrically complex 
steel shell structures”, Master’s thesis, Civil Engineering, TU Delft, 2013 
ABSTRACT: The Eurocode and American Bureau of Shipping code analytical methods of determining the 
buckling resistance of 6 axially loaded steel shell cylinders was studied. The Eurocode MNA/LBA and GMNIA 
numerical methods were also studied using finite element analysis and compared against the results of the 
analytical methods. Following these comparisons the intention was to give an overview of the different methods 
and their applicability. Further suggestions were then made on how these methods could be used in the future 
analyses of more geometrically complex steel shell structures.  
It was found that the Eurocode significantly underestimates the buckling resistance of ring and stringer stiffened 
cylindrical shells when compared to the ABS code (34% to 54% lower). The MNA/LBA numerical method 
currently allows the determination of the buckling resistance of simple structures under load conditions not 
covered by the classical theory. The MNA/LBA method shows potential for greater usage in more 
geometrically complex analyses provided that the required buckling parameters for its use are pre-determined. 
If these parameters are available the MNA/LBA method would be a less time consuming design method than 
the more rigorous GMNIA method.  
The GMNIA method is the most complex analysis and as it is purely computational the importance of correctly 
modelling the structure and its imperfections is paramount in the determination of a realistic buckling 
resistance. The pitfalls of these requirements is that the correct imperfection type is difficult and time 
consuming to determine and the introduction of these imperfections has implications on further modelling of the 
structure. However, the GMNIA method is adaptable to unique cases without precedent and there is potential 
for research based on its usage as opposed to through physical experimentation.  
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C. T. F. Ross, P. Haynes and W. D. Richards (Department of Mechanical and Manufacturing Engineering, 
University of Portsmouth, Portsmouth, U.K.), “Vibration of ring-stiffened circular cylinders under external 
water pressure”, Computers & Structures, Vol. 60, No. 8, pp 1013-1019, July 1996 
ABSTRACT: The paper describes a theoretical and an experimental investigation into the free vibration of three 
ring-stiffened circular cylinders subjected to various values of uniform external pressure. The experimental 
procedure involved a novel device, which was suitable for ferrous metals. The theoretical method involved the 
finite element method for both the structure and the fluid, where in the case of the latter, the wave equation was 
solved. The results showed that the resonant frequencies decreased with increasing values of external pressure, 
especially when the vibration eigenmode had the same shape as the static buckling mode. 
 
 
Carl T.F. Ross and Grant A. Waterman (University of Portsmouth, UK), “Inelastic instability of circular 
corrugated cylinders under external hydrostatic pressure”, Ocean Engineering, Vol. 27, No. 4, pp 331-343, 
April 2000, DOI: 10.1016/S0029-8018(99)00035-9 
ABSTRACT: The paper presents an experimental study on six circular corrugated cylinders which were tested 
to destruction under external hydrostatic pressure. The results obtained from these vessels, together with the 



results obtained from elsewhere, were used to provide a design chart. The design chart appears to be suitable for 
designing these vessels to guard against inelastic instability. 
 
 
C.T.F. Ross, T. Eeeles, C. Fraser, J. Burt, M. Fitzgerald, C. Knipe and A.P.F. Little (School of Engineering, 
University of Portsmouth, United Kingdom), “Non-Linear Buckling of Conical Shells under External 
Hydrostatic Pressure”, Paper No. 164 in CCP: 99, Proceedings Of The Eleventh International Conference On 
Computational Structures Technology, Edited by B.H.V. Topping, doi:10.4203/ccp.99.164 
ABSTRACT: This paper presents a theoretical geometrical and material non-linear analyses of fifteen un-
stiffened conical shells, using the finite element computer program ANSYS, to calculate their buckling 
pressures. The cones buckle as a result of shell instability caused by the external hydrostatic pressure. 
Experimental tests were also carried to destruction of the fifteen vessels, under external hydrostatic pressure. 
The experimental results for the fifteen conical shells, were compared with multiple alternate theoretical 
methodologies, including ANSYS eigen-buckling, ANSYS nonlinear, together with other methodologies; which 
included PD5500 (BS5500), and the design charts produced by Ross. The ANSYS eigen-buckling results were 
poor; but the ANSYS nonlinear results were much more encouraging. PD5500 was too conservative, but Ross' 
design charts were the best and the easiest to use. Whereas most of the conical shells failed by plastic shell 
instability, some of the failures were initiated by axisymmetric deformation; prior to plastic shell instability 
taking place. The PD5500 code was hard to use and produced overly conservative results, which would lead to 
conservative pressure vessel designs, while the Ross design charts [1] produced good results, and were very 
easy to use and understand, and were not too conservative. The graphical displays from ANSYS were quite 
spectacular. From some of the ANSYS nonlinear analyses, it appeared that plastic axisymmetric yield initially 
took place at the larger ends of the cones; before triggering off plastic shell instability. 
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Stipica Novoselac, Todor Ergic, Pavo Balicevic (Croatia) “Linear And Nonlinear Buckling And Post Buckling 
Analysis Of A Bar With The Influence Of Imperfections”, Tehnicki vjesnik 19, 3(2012), 695-701, ISSN 1330-
3651 UDC/UDK 620.173.26:519.6 
ABSTRACT: This paper presents a linear and nonlinear buckling and post buckling numerical analysis of a bar 
with the influence of imperfections. In the first step, we used an approach of analytic and numerical linear 
buckling analysis of a bar with linear-elastic material. After linear buckling analysis of the bar, we performed 
nonlinear buckling analysis with the Riks method. Since the nonlinear analysis was performed in the case of 
ideal loading, to get correct and more realistic information of post buckling response, imperfections and 
plastification of material must be considered. In this case, the imperfections are eccentrical loads. This paper 
finally shows that the post buckling behaviour becomes unstable even for a very small value of eccentrical load 
in nonlinear analysis with elasto-plastic behaviour of material. Numerical analysis was performed in software 
Abaqus 6.10. 
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C. Soize,  E. Capiez-Lernout,  J.-F. Durand,  C. Fernandez,  L. Gagliardini, “Probabilistic model identification 
of uncertainties in computational models for dynamical systems and experimental validation”, Computer 
Methods in Applied Mechanics and Engineering, Vol. 198, No. 1, pp. 150-163, 2008 
ABSTRACT: We present a methodology to perform the identification and validation of complex uncertain 
dynamical systems using experimental data, for which uncertainties are taken into account by using the 
nonparametric probabilistic approach. Such a probabilistic model of uncertainties allows both model 
uncertainties and parameter uncertainties to be addressed by using only a small number of unknown 
identification parameters. Consequently, the optimization problem which has to be solved in order to identify 
the unknown identification parameters from experiments is feasible. Two formulations are proposed. The first 
one is the mean-square method for which a usual differentiable objective function and an unusual non-
differentiable objective function are proposed. The second one is the maximum likelihood method coupling 
with a statistical reduction which leads us to a considerable improvement of the method. Three applications 
with experimental validations are presented in the area of structural vibrations and vibroacoustics. 
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“Computational stochastic statics of an uncertain curved structure with geometrical nonlinearity in three-
dimensional elasticity”, Computational Mechanics, Vol. 49, No. 1, pp 87-97, January 2012, 
DOI: 10.1007/s00466-011-0629-y 
ABSTRACT: A methodology for analyzing the large static deformations of geometrically nonlinear structural 
systems in the presence of both system parameters uncertainties and model uncertainties is presented. It is 
carried out in the context of the identification of stochastic nonlinear reduced-order computational models using 
simulated experiments. This methodology requires the knowledge of a reference calculation issued from the 
mean nonlinear computational model in order to determine the POD basis (Proper Orthogonal Decomposition) 
used for the mean nonlinear reduced-order computational model. The construction of such mean reduced-order 
nonlinear computational model is explicitly carried out in the context of three-dimensional solid finite elements. 
It allows the stochastic nonlinear reduced-order computational model to be constructed in any general case with 
the nonparametric probabilistic approach. A numerical example is then presented for a curved beam in which 
the various steps are presented in details. 
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“Uncertainty quantification for post-buckling analysis of cylindrical shells with experimental comparisons”, 
Congress on Computational Methods in Applied Sciences and Engineering (ECCOMAS), Vienna, Austria, 
2012 
ABSTRACT: The present work concerns the experimental identification of an uncertain nonlinear 
computational model in the context of the post-buckling analysis of a cylindrical shell. It proposes an alternative 
approach to existing methodologies for which only system parameter uncertainties are modeled [5]. This 
methodology is adapted to the analysis of large static deformations of geometrically nonlinear structural 
systems in the presence of both system parameters uncertainties and model uncertainties. The available 
experimental data is made up of the nonlinear static deflection of a cylindrical shell. First, the deterministic 



nonlinear computational model is constructed using the finite element method and the corresponding nonlinear 
response is used as a reference deterministic solution for which a reduced-order basis is deduced using the POD 
(Proper Orthogonal Decomposition) analysis. The mean reduced-order nonlinear computational model is then 
explicitly constructed in the context of three-dimensional solid finite elements. Moreover, a positive-definite 
operator related to the nonlinear stiffness of the structure is defined, allowing the use of the nonparametric 
probabilistic methodology for constructing the uncertain nonlinear reduced-order computational model. Finally, 
the experimental identification of the uncertain nonlinear computational model is carried out in order to validate 
the proposed methodology. 
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“Computational Nonlinear Stochastic Dynamics With Model Uncertainties and Nonstationary Stochastic 
Excitation”, published in ICOSSAR 2013, 11th International Conference on Structural Safety and Reliability, 
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ABSTRACT: The construction of advanced numerical methodologies for the prediction of the dynamical 
behavior of complex uncertain structures represents an important current challenge. In the present work, 
structures undergoing large displacements and high strains are investigated. Of particular interest is the analysis 
of the post-buckling dynamics of a cylindrical shell submitted to an horizontal seismic excitation. The nominal 
(i.e. without uncertainties) computational model of the cylindrical shell is large, i.e. comprising about 4200000 
degrees of freedom, obtained with the finite element method using three-dimensional solid elements. A 
nonlinear reduced-order modeling is first carried out. Then, model uncertainties (on geometry, material 
properties, etc.) are introduced using probabilistic methods and the corresponding stochastic reduced-order 
nonlinear computational model is obtained. The identification of its parameters is next carried out using 
nonlinear static post-buckling data. Finally, a numerical nonlinear dynamic analysis of the uncertain shell is 
performed in a seismic context, for which the base of the cylindrical shell is submitted to a prescribed rigid 
shear displacement, modeled through a centered non-stationary Gaussian second-order stochastic process. The 
stochastic displacement field is then calculated and the effects of uncertainties and of nonlinearities are 
analyzed in detail. 
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“Nonlinear stochastic dynamical post-buckling analysis of uncertain cylindrical shells”, 11th International 
Conference, 1-3 July, 2013, Pisa, Italy (RASD 2013) 
ABSTRACT: This paper presents the nonlinear dynamical post-buckling analysis of an uncertain cylindrical 
shell. The proposed approach is adapted to the dynamical analysis of geometrically nonlinear structures 
subjected to a stochastic ground-based motion in the presence of both system parameter uncertainties and model 
uncertainties. The structure is modeled by a large finite element model using 3D elasticity theory. The ground-
based motion is represented by a Gaussian centered non-stationary second-order stochastic process. Then, a 
reduced-order basis is constructed using the POD (Proper Orthogonal Decomposition) analysis of a nonlinear 
static reference response combined with selected linear eigenmodes of vibrations. The mean reduced-order 
nonlinear computational model is then explicitly constructed. A positive-definite operator involving the 
nonlinear stiffness of the structure is defined, allowing the nonparametric probabilistic approach to be used for 
constructing the uncertain non-linear reduced-order computational model. The dispersion parameter controlling 
the level of stiffness uncertainty is a scalar which has been previously identified experimentally in a nonlinear 
static context. Finally, the instantaneous spectral density power of the dynamical response is analyzed in order 
to quantify the influence of both geometrical nonlinearities and random uncertainties on the stochastic 
dynamical response. 
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ABSTRACT: The paper presents a complete experimental validation of an advanced computational 
methodology adapted to the nonlinear post-buckling analysis of geometrically nonlinear structures in presence 
of uncertainty. A mean non-linear reduced-order computational model is first obtained using an adapted 
projection basis. The stochastic nonlinear computational model is then constructed as a function of a scalar 
dispersion parameter, which has to be identified with respect to the nonlinear static experimental response of a 
very thin cylindrical shell submitted to a static shear load. The identified stochastic computational model is 
finally used for predicting the nonlinear dynamical post-buckling behavior of the structure submitted to a 
stochastic ground motion. 
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ABSTRACT: In this paper, the dynamic stability of shallow structures such as arches and curved panels under 
stochastically fluctuating loads is studied. Sufficient conditions guaranteeing the almost-sure stability in both 
symmetric modes and unsymmetric modes of deformation are obtained first by Infante's method. Necessary and 
sufficient conditions are determined by evaluating the largest Lyapunov exponent of the perturbed solution. 
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behavior of locally corroded steel tubular members”, Latin American Journal of Solids and Structres, Vol. 11, 
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ABSTRACT: This paper presents the results of anumerical investigation into ultimate strength of locally 
corroded tubular members under axial compressive loads. A parametric finite element approach was used in 
order to simulate structural behavior of damaged members. The results were then examined against an available 
experimental test. Validated models were used to derive a semi-empirical formula for predicting ultimate 
strength of locally damaged tubes as a function of corrosion dimensions. Geometry of corrosion can be defined 
by its depth, length, width and location of damage along the tube. In this study it is focused on the effect of 
some parameters that have not been addressed yet by other researchers, e. g. slenderness of the tubes and 
location of patch corrosion. It was found that location of corrosion has great effect on reduction of ultimate 
strength. Effect of corrosion geometry was studied and formulated as well as tubular slenderness, and it was 
shown that tubes with different corrosion dimensions show different behaviors under compressive loads. In 
cases with severe corrosion damages, the occurrence of local buckling plays an important role on reduction of 
ultimate strength and deformation of damaged region. 
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Tehran, 15914, Iran), “Elastic buckling strength of corroded steel plates”, Sadhana, Vol. 38, Part 1, February 
2013, pp. 89–99. 
ABSTRACT: Corrosion makes structures more vulnerable to buckling and yielding failures. It is common 
practice to assume a uniform thickness reduction for general corrosion. To estimate the remaining strength of 
corroded structures, typically a much higher level of accuracy is required, since the actual corroded structures 
have irregular surfaces. Elastic buckling of simply supported rectangular corroded plates are studied with one- 
and both-sided irregular surfaces. Eigenvalue analysis by using finite element method (FEM) is employed for 
computing Euler stress. The influence of various geometric and corrosion characteristics are investigated and it 
is found that the aspect ratio of the plate, the average thickness diminution, the standard deviation of thickness 
diminution and the amount of corrosion loss have influence on the reduction of buckling strength of the 
corroded plates. Buckling strength of one- and both-sided corroded plates are the same. In plates with low value 
of aspect ratio, reduction of buckling strength is negligible. Reduction of buckling strength is more prominent in 
plates with higher aspect ratio. Reduction of buckling strength is very sensitive to the amount of corrosion loss: 
the higher the amount of corrosion loss, the more reduction of buckling strength. Reduction of buckling strength 
is less sensitive to the standard deviation of thickness diminution. 
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Tehran, 15914, Iran), “Elastic buckling analysis of corroded stiffened plates with irregular surfaces”, Sadhana, 
Vol. 40, No. 1, pp 199-213, February 2015, DOI: 10.1007/s12046-014-0296-8 
ABSTRACT: Numerical simulation is used to study the influence of corrosion damage in stiffened plates 
focusing on elastic buckling strength. Three-dimensional specta are used to simulate geometries of corroded 
surfaces and finite element method is employed for computing Euler stress of stiffened plates. The influence of 
corrosion patterns, amount of corrosion loss and roughness of surface are investigated. Ratio of Euler stress of 
corroded stiffened plate over Euler stress of un-corroded stiffened plate is used to characterize the effects of 
corrosion on reduction of buckling strength. Results show that reduction of buckling strength is very sensitive to 
the amount of corrosion loss and roughness of surface, but less sensitive to the location of corroded region. The 
potential for decrease in buckling strength as a consequence of corrosion is found to depend on the dominant 
buckling mode. Residual buckling strength is reduced by as much as 12% for the interaction of plate-web-
torsional buckling mode, and by 2% for column buckling. 
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ABSTRACT: Stiffened plate buckles in different modes, including web/flange buckling, torsional buckling, 
plate buckling, and interactions of them. Generally, interactions of different buckling modes in stiffened plates 
are ignored and elastic buckling analysis of each mode is treated separately. In some design codes, to cope with 
interactions of different buckling modes, the influence of adjacent elements are considered as rotational springs. 
The main aim of this study is to compare literature- and rule-based expressions to assess the elastic buckling 
strength of T-bar stiffened plates and to identify the applicability of selected expressions for certain conditions. 
Different buckling modes and their interactions are investigated, and critical Euler stresses are evaluated. Upon 
comparison with given expressions and the finite element method, it is found that some of the proposed 
expressions are not applicable in certain conditions. 
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“Characteristics of bifurcation and buckling load of space truss in consideration of initial imperfection and load 
mode”, Journal of Zhejiang University – SCIENCE A (Applied Physics & Engineering), Vol. 14, No. 3, pp. 
206-218, 2013 
ABSTRACT: This study investigated characteristics of bifurcation and critical buckling load by shape 
imperfection of space truss, which were sensitive to initial conditions. The critical point and buckling load were 
computed by the analysis of the eigenvalues and determinants of the tangential stiffness matrix. The two-free-
nodes example and star dome were selected for the case study in order to examine the nodal buckling and global 
buckling by the sensitivity to the eigen buckling mode and the analyses of the influence and characteristics of 
the parameters as defined by the load ratio of the center node and surrounding node, as well as rise-span ratio 
were performed. The sensitivity to the imperfection of the initial shape of the two-free-nodes example, which 
occurs due to snapping at the critical point, resulted in bifurcation before the limit point due to the buckling 
mode, and the buckling load was reduced by the increase in the amount of imperfection. The two sensitive 
buckling patterns of the numerical model are established by investigating the displaced position of the free 
nodes, and the asymmetric eigenmode greatly influenced the behavior of the imperfection shape whether it was 
a limit point or bifurcation. Furthermore, the sensitive mode of the two-free-nodes example was similar to the 
inextensional basis mechanism of a simplified model. The star dome, which was used to examine the influence 
among several nodes, indicated that the influence of nodal buckling was greater than that of global buckling as 
the rise-span ration was higher. Besides, global buckling is occurred with reaching bifurcation point as the value 
of load ratio was higher, and the buckling load level was about 50% - 70% of the load level at limit point. 
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plane buckling of circular arches and rings with shear deformations”, Arch. Appl. Mech., DOI: 10.1007/s00419-
013-0740-y, Springer, 2013 
ABSTRACT: A finite strain formulation is developed for elastic circular arches and rings in which the effects 
of shear deformations are included. Timoshenko beam hypothesis is adopted for incorporating shear. Finite 
strains are defined in terms of the normal and shear component of the longitudinal stretch. The constitutive 
relations for stress and finite strain are based on a hyperelastic constitutive model. Virtual work and equilibrium 
equations are derived. Closed-form in-plane buckling solutions are developed for circular rings and high arches 
under hydrostatic pressure. The effects of axial deformation prior to buckling as well as shear deformations are 
included in the buckling analysis. The formulation developed is compared with solutions in the literature and to 
the predictions of the finite element package ANSYS. The importance of including the effects of shear 
deformations for deep arches is investigated. 
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“Equivalent analysis and failure prediction of quasi-isotropic composite sandwich cylinder with lattice core 
under uniaxial compression”, Composite Structures, Vol. 101, pp. 180-190, July 2013, 
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ABSTRACT: Sandwich cylindrical shells are the major components of aerospace structures. In this paper, an 
analytical investigation was carried out to examine the response of carbon fiber reinforced composite (CFRC) 
sandwich cylinders with lattice cores. An equivalent monocoque shell theory, was developed in this paper to 
predict mechanical behaviors of the quasi-isotropic sandwich cylinder, including the deformation and the multi-
mode failure criterion. Five failure modes were suggested for the sandwich cylinder, including global buckling, 



face sheet mono-cell buckling/dimpling, face sheet local buckling, lattice rib crippling and strength failure. 
Using the suggested criterion, failure mode maps of the sandwich cylinder were acquired to instruct the design 
of the hierarchical sandwich cylinder with five geometrical variables. The method also correctly predicted the 
failure modes of the tested sandwich cylinder within acceptable errors. 
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Kerala, India), “Structural analysis of sandwich submarine structures”, American Journal of Engineering 
Research (AJER), Vol. 3, pp 1-7, 2013 
ABSTRACT: The concept behind sandwich construction and its application in naval and commercial fields is 
highlighted in this paper with special reference to underwater shell forms. This paper also examines the various 
shell finite elements generated by researchers for the analysis of sandwich shells. A comprehensive overview of 
finite elements available for analysis of sandwich structures in commercial software packages is presented. The 
accuracy of the axisymmetric finite element sandwich shell is evaluated by comparing the results with the 
numerical results available by analysing the shell using ANSYS. The results of reasonable accuracy have been 
realized at the cost of heavy computation using the software. The need for a sandwich shell finite element based 
on sandwich shell theory has been justified.  
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ABSTRACT: In this paper, the buckling under an applied external pressure and the self-buckling of 
nanostructures, such as peapods, nanotubes and fullerenes, is numerically treated with Molecular Dynamics 
simulations and compared with theoretical calculations. The self-buckling is due to the interaction among the 
nanostructures caused by the surface energy; it is peculiar to the nanoscale and does not have a macroscopiic 
counterpart. Atomistic simulations confirm that the influence on a single nanostructure from the surrounding 
nanostructures in a crystal, is nearly identical to that of a liquid with surface tension equal to the surface energy 
of the solid. 
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“In-plane elastic buckling of hierarchical honeycomb materials”, European Journal of Mechaics A/Solids, Vol. 
34, pp. 120-129, 2012 
ABSTRACT: In this paper, we study the elastic buckling of a new class of honeycomb materials with 
hierarchical architecture, which is often observed in nature. Employing the topedown approach, the virtual 
buckling stresses and corresponding strains for each cell wall at level n � 1 are calculated from those at level n; 
then, comparing these virtual buckling stresses of all cell walls, the real local buckling stress is deduced; also, 
the progressive failure of the hierarchical structure is studied. Finally, parametric analyses reveal influences of 
some key parameters on the local buckling stress and strength-to-density ratio; meanwhile the constitutive 
behaviors and energy-absorption properties, with increasing hierarchy n, are calculated. The results show the 
possibility to tailor the elastic buckling properties at each hierarchical level, and could thus have interesting 
applications, e.g., in the design of multiscale energy-absorption honeycomb light materials. 
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Jingxuan, He; Mingfa, Ren; Qizhong, Huang; Shanshan, Shi; Haoran, Chen, “Buckling behavior of 
compression-loaded advanced grid stiffened composite cylindrical shells with reinforced cutouts”, Polymers 
and Polymer Composites, April 2011 
PARTIAL INTRODUCTION: Advanced grid stiffened (AGS) composite cylindrical shells are widely used in 
the aerospace, marine, automobile and other engineering infrastructures. The necessary of cutouts in an AGS 
composite cylindrical shell surface is typically required to meet the practical application requirements that serve 
as doors, windows, or access ports. However, the continuity of stress and deformation distribution in the AGS 
structures was interrupted by the cutouts. The stress concentration would occur in the cutout zone which leads 



to a decline in load capacity of the AGS structure. Generally, some types of reinforcing structures are applied to 
control local structural deformations and stresses around the cutouts. Thus the buckling and postbuckling 
response of the AGS structures with cutouts must be understood in order to determine the effective designs and 
safe operating conditions. 
 There are three investigative methods including analytical solution, experimental research and numerical 
simulation. However, for an AGS composite cylindrical shell with reinforced cutouts, it is of great difficulty 
using the analytical solution. And it appears less likely to obtain a series of design charts employing a large 
number of parameters of experimental research for a high cost, long cycle, in particular, the complex parameters 
of the cutouts. So the numerical simulation is a better approach to study the buckling behaviors of compression-
loaded AGS composite cylindrical shells with reinforced cutouts. 
 It is found that a cutout in an isotropic shell structure can have a significant effect on the response of the 
shell in many studies. In particular, a cutout in a shell would cause a local response to occur near the cutout 
when the shell is subjected to compression loading. The local response can consist of large out-of-plane 
deformations and large magnitude rapidly varying stresses near the opening (1). And the opening can cause a 
local buckling response to occur on the structure at compressive load levels lower than the general instability 
load of the corresponding shell without a cutout (2). 
 Relatively a few studies have been presented on the buckling of curved panels. Kim and Noor (3,4) 
carried out the buckling and postbuckling responses of composite panels with central circular cutouts. Their 
results show the effects of variations in the cutout diameter; the aspect ratio of the panel; the laminate stacking 
sequence and the fiber orientation on the stability boundary, postbuckling response and sensitivity coefficients. 
Hilburger, Britt and Nemeth 5 performed the study of response of compression-loaded quasi-isotropic curved 
panels with a centrally located circular cutout using a geometrically nonlinear finite element analysis … 
 
 
Saeed Barani, Davood Poorveis and Shapoor Moradi, “Buckling Analysis of Ring-Stiffened Laminated 
Composite Cylindrical Shells by Fourier-Expansion Based Differential Quadrature Method”, Applied 
Mechanics and Materials, Vol. 225, pp. 207-212, November 2012,  
DOI: 10.4028/www.scientific.net/AMM.225.207 
ABSTRACT: This article focuses on the application of the Fourier-expansion based differential quadrature 
method (FDQM) for the buckling analysis of ring-stiffened composite laminated cylindrical shells. 
Displacements and rotations are expressed in terms of Fourier series expansions in longitudinal direction and 
their first order derivatives are approximated with FDQM in circumferential direction. The 'smeared stiffener' 
approach is adopted for the stiffeners modeling. Two FORTRAN programs prepared for linear and nonlinear 
analysis and results were compared by ABAQUS finite element software. Buckling loads of stiffened and 
unstiffened shells considering the effects of changes in shell and stiffener geometric and material properties and 
also shell lay-ups are investigated. 
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Chapter 12: Assessment of Buckling of Ship Structure 
INTRODUCTION: This chapter presents a simplified procedure for the assessment of buckling of ship strength 
members. The main strength members of longitudinally and transversely stiffened bottom and deck structures 
sustaining compressive forces are identified. The compressive loadings are the compound in-plane stresses 
induced by the hull girder, secondary, and tertiary stresses. The assessment of buckling of strength members of 
bottom structure is carried out when the ship is in hogging condition and for strength members of deck structure 
when the ship is in sagging condition. For both cases, the compounding of stresses is carried out when the 
secondary and tertiary loadings are inducing compressive stresses. The assessment of buckling of web plates 
and face plates of deck and bottom girders is presented. The assessment of buckling of side shell plating for the 
various induced in-plane loading conditions is introduced. Assessment of buckling strength of plating for 
different end support conditions and for a variety of loading patterns is given. The importance of providing ship 
strength members sustaining compressive forces with adequate strength against buckling failure is stressed. 
 
 
Priyanka A Jadhav and Kamal M Bajoria (Department of Civil Engineering, Indian Institute of Technology 
Bombay, Maharashtra, 400076, India), “Buckling of piezoelectric functionally graded plate subjected to electro-
mechanical loading”, 2012 Smart Mater. Struct. 21 105005 doi:10.1088/0964-1726/21/10/105005 
ABSTRACT: This paper investigates the stability analysis of a functionally graded (FG) plate integrated with a 
piezoelectric sensor and actuator at the top and bottom faces, subjected to electrical and mechanical loading. 
The material properties of the FG plates are assumed to be graded along the thickness direction according to 
simple power law distribution in terms of the volume fraction of the constituents, while the Poisson's ratio is 
assumed to be constant. The analysis is carried out on plates with different boundary conditions: for example, 
the plate is simply supported at all edges (SSSS) or the plate is simply supported along two opposite sides 
perpendicular to the direction of compression and clamped along the other two sides (CSCS). The finite element 
model is derived with the von Karman hypothesis and as a degenerate shell element using the FSDT. The 
displacement component of the present model is expanded in Taylor's series in terms of the thickness co-
ordinate. The governing equilibrium equation is obtained using the minimum energy principle and the solution 
for critical buckling load is obtained by solving the eigenvalue problem. The stability analysis of the 
piezoelectric FG plate is carried out to present the effect of power law index, applied mechanical pressure and 
different boundary conditions. 
 
 
D.H. Li, “Delamination buckling for composite laminated cylindrical shells in Hamilton system”, The IES 
Journal Part A: Civil & Structural Engineering, Vol. 5, No. 4, pp. 222-230, 2012,  
DOI: 10.1080/19373260.2012.677777 
ABSTRACT: In this article, a semi-analytical three-dimensional model based on the modified Hellinger–
Reissner (H–R) variational principle and a nonlinear spring-layer model are presented for the buckling analysis 
of composite laminated cylindrical shells with a delamination. The method allows the effect of transverse shear 
deformation in the control equations of the composite laminated structures. In addition, it uses a two-
dimensional mesh and can ensure that the number of variables is independent of the layer number. The 
nonlinear spring-layer model between the exterior and interior sub-laminates ensures the continuity of 
transverse stresses and displacements in the undelaminated region by specifying infinite values of springs and 
therefore avoids the possibility of material penetration phenomenon in the delaminated region. As an 
application of the present method, the influence of the delamination length on the critical buckling loads of 
delaminated composite laminated stiffened cylindrical shells is investigated. 
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Pedro Reis (Massachusetts Institute of Technology), “Eggstreme mechanics of thin shells”, American Physical 
Society (APS) March meeting, 2013, Vol. 58, No. 1, Session T28: Focus Session: Shells, Plates, and Thin Films 
ABSTRACT: I will present a series of experimental explorations on the rich mechanical behavior of thin elastic 
shells, subject to different forms of loading. First, I will discuss the geometry-induced rigidity of non-spherical 
pressurized shells under indentation, that can be used for non-destructive testing. I will proceed by 
characterizing the emergence and evolution of point and linear-like loci of localization on thin shells indented 
well into the nonlinear regime. I will then present a new mechanism that utilizes the compression of a thin-
shell/soft-core system for switchable and tunable wrinkling on curved surfaces, that can be exploited for active 
aerodynamic drag control. Finally, I shall introduce the framework for buckling-induced folding (or 
“Buckligami”) that involves functional structural transformations of patterned shells that can be excited to 
achieve encapsulation, flexure and twist. The main common feature underlying these series of examples is the 
prominence of geometry in dictating the complex mechanical behavior of slender soft structures, thereby 
making our results relevant and applicable over a wide range of length scales. Moreover, our findings suggest 
that we rethink our relationship with mechanical instabilities which, rather than modes of failure, can be 
embraced as opportunities for functionality that are scalable, reversible, and robust. 
 
 
Hubert Debski (Department of Machine Design, Lublin University of Technology), “Experimental Investigation 
of Post-Buckling Behavior of Composite Column with Top-Hat Cross-Section”, Eksploatacja i Niezawodnosc – 
Maintenance and Reliability 2013; 15 (2): 106–110. 
ABSTRACT: The object of this study is a thin-walled beam made of carbon-epoxy composite with open cross-
section. The material used was a composite of epoxy matrix reinforced with carbon fiber (system HexPly M12, 
Hexcel). The M12 system is used above all in aircraft structures. It exhibits high fatigue durability and good 
maintenance properties at relatively low specific gravity. The research was lead as the FEM numerical analyses 
and experimental tests in buckling and post-buckling state, as well. In the conducted research in order to 
evaluate the effort ratio of the composite the Tsai-Wu tensor criterion was exploited. The numerical tool used 
was the ABAQUS software. 
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Aeronautics and Astronautics , Beijing, China), “Vibration, Buckling and Dynamic Stability of a Cracked 
Cylindrical Shell with Time-Varying Rotating Speed”, Mechanics Based Design of Structures and Machines: 
An International Journal, Vol. 39, No. 4, pp 461-490, 2011, DOI: 10.1080/15397734.2011.569301 
ABSTRACT: Vibration, linear elastic buckling and dynamic stability behaviors of a cracked cylindrical shell 
with time-varying rotating speed are analyzed. Finite element method is used to obtain the system mass and 
stiffness matrix, and Bolotin's method is applied to explore the dynamic stability region. The effects of constant 
rotating speed, crack length and orientation, and length-diameter ratio of the cylindrical shell on the free-
vibration and buckling behaviors are investigated. The stability characteristics of the cracked shell are also 
researched and the influences of crack length, crack orientation, rotating speed basic value, steady load factor, 
dynamic load factor and damping ratio are considered. Numerical examples show that crack length and 
orientation can affect the vibration, buckling and dynamic stability behavior of cylindrical shell significantly. 
 
 
Koteswara, Rao D, Blessington, P. J and Tarapada, Roy (Dept. of Mechanical Engineering, National Institute of 
Technology Rourkela, India-769008), “Finite Element Modeling and Analysis of FunctionallyGraded (FG) 
Composite Shell Structures”, Procedia Engineering, Vol. 38 (2012) pp. 3192 – 3199 
ABSTRACT: This article deals with the finite element modeling and analysis of functionally graded (FG) shell 
structures under different loading such as thermal and mechanical. Free vibration analysis of functionally 
graded (FG) spherical shell structure has also been presented. In order to study the influences of important 
parameters on the responses of FG shell structures, different types of shells have been considered. The 
responses obtained for FG shells are compared with the homogeneous shells of pure ceramic (AL2O3) and pure 
metal (steel) shells, and it has been observed that the responses of the FGM shells are in between the responses 
of the homogeneous shells. Based on the analysis, some important results are presented and discussed for thick 
as well as thin shells. 
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Mathematics & Information Sciences, Vol. 7, No. 3, pp. 999-1004, February 2013 



ABSTRACT: The problem of buckling stability is very important in thin-walled cylindrical shell structure. In 
order to investigate the buckling phenomena, digital image correlation (DIC) method was applied in this 
experiment. The specimens have a thickness of 0.131mm and the ratio of external diameter (R0) to thickness 
(H) R0/H is 252. Due to its curved and thin walled elements, measurement of displacement and strains by using 
the traditional methods is difficult, because there is not enough space for sticking necessary torsion gauges to 
measure the out-of-plane behaviour, even if it is possible, the rigidity of the gauge itself will have an effect on 
the buckling strength. However, by using the optical image correlation method, the problem is solved. DIC 
method is an optical instrument which utilizes the full-field and non-contact measurement to gauge the three-
dimensional displacement and strains on materials and structural parts. In this paper three dimensional digital 
image correlation system is applied to observe the buckling generation process in details and make a record of 
the surface displacement during the compression test by using two high resolution digital cameras, then the test 
data are analyzed and compared by a special correlation technique which can determine the surface 
displacements of cylindrical shells and it is shown in colour contour in full-field region. The buckling strengths 
obtained by the theoretical and experimental methods are compared and discussed in this paper. The 
experimental study shows that the buckling strength of theoretical value is much higher than that of 
experimental one, because the buckling strength is highly dependent on the imperfections. 
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ABSTRACT: This paper edeals with the elastic lateral-torsional buckling (LTB) strength of tapered I-girders 
with corrugated webs under two types of loading conditions: uniform moment and moment gradient with 
various end restreaint conditions. A finite element (FE) program using beam elements is developed to study 
LTB behaviors. The results from this program are compared with those from the commercial software 
ABAQUS using shell elements. From the comparisons it is found that the developed FE program’s results agree 
well with the results from ABAQUS. For design purpose, the closed-form equations for the critical buckling 



moment of the tapered I-girder with corrutgated webs under uniform moment and moment gradient with four 
types of end restraint conditions: simply supported, warping fixed, lateral bending fixed, and completely fixed 
are proposed based on the results from the developed FE program. From the numerical investigations the new 
design equations give reasonably accurate results. These equations increase efficiency in bridges and buildings 
design. 
 
 
Y. Z. Chang and Y. G. Kang, "Dynamic Stability Analysis of Steel Concrete Composite of Ribbed Shell under 
Stepped Loads", Advanced Materials Research, Vols. 712-715, pp. 815-821, 2013 
ABSTRACT: A systemically study on the new space structure steel - concrete composite ribbed shell is made, 
which is loaded by stepped load. The ultimate bearing capacity and failure modes are investigated based on the 
characteristic response indicators. In the foundation of large number of parameters analysis, the influence of the 
span ratio, span, boundary conditions and initial imperfection on the ultimate bearing capacity and instable 
dynamic failure are discussed in details. All the results will provide mass of data to the investigation of failure 
mechanism and the property under complex dynamical loads. 
 
 
Dao Huy Bich, “Non-linear buckling analysis of functionally graded shallow spherical shells”, Vietnam Journal 
of Mechanics, VAST, Vol. 31, No. 1, pp 17-30, 2009 
ABSTRACT: In the present paper the non-linear buckling analysis of functionally graded spherical shells 
subjected to external pressure is investigated. The material properties are graded in the thickness direction 
according to the power-law distribution in terms of volume fractions of the constituents of the material. In the 
formulation of governing equations geometric non-linearity in all strain-displacement relations of the shell is 
considered. Using Bubnov-Galerkin's method to solve the problem an approximated analytical expression of 
non-linear buckling loads of functionally graded spherical shells is obtained, that allows easily to investigate 
stability behaviors of the shell.  
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VAST, Vol. 36, no. 4, pp 291-306, 2014 
ABSTRACT: This paper presents an analytical approach to investigate the nonlinear buckling and post-
buckling of thin annular spherical shells made of functionally graded materials (FGM) and subjected to 
mechanical load and resting on Winkler-Pasternak type elastic foundations. Material properties are graded in 
the thickness direction according to a simple power law distribution in terms of the volume fractions of 
constituents. Equilibrium and compatibility equations for annular spherical shells are derived by using the 
classical thin shell theory in terms of the shell deflection and the stress fnnction. Approximate analytical 
solutions are assumed to satisfy simply supported boundary conditions and Galerkin method is applied to obtain 
closed-form of load-deflection paths. An analysis is carried out to show the effects of material and geometrical 
properties and combination of loads on the stability of the annular spherical shells.  
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Sina Jalili, Jamal Zamani, M. Shaiyat, N. Jalili, M.A.B. Ajdari and M. Jafari, “Experimental and numerical 
investigation of composite conical shells’ stability subjected to dynamic loading”, Structural Engineering and 
Mechanics, Vol. 49, No. 5, pp 555-568, 2014 
ABSTRACT: In this article, stability of composite conical shells subjected to dynamic external pressure is 
investigated by numerical and experimental methods. In experimental tests, cross-ply glass woven fabrics were 
selected for manufacturing of specimens. Hand-layup method was employed for fabricating the glass-epoxy 
composite shells. A test-setup that includes pressure vessel and data acquisition system was designed. Also, 
numerical analyses are performed. In these analyses, effect of actual geometrical imperfections of experimental 
specimens on the numerical results is investigated. For introducing the imperfections to the numerical models, 
linear eigen-value buckling analyses were employed. The buckling modes are multiplied by very small numbers 
that are derived from measurement of actual specimens. Finally, results are compared together while a good 
agreement between results of imperfect numerical analyses and experimental tests is observed. 
 
 
Alessandro Serafini (Waseda University, Japan), authors, publisher and date  not given in the pdf file. The most 
recent reference is dated 2008), see http://www.scribd.com/doc/207835140/Buckling-Free-Pipe-External-
Pressure#scribd  
“Chapter 2 Buckling of free pipe under external pressure” 
ABSTRACT: In separated-type water tunnel structure, when the point supported steel liner is subjected to the 
uniform external pressure, the contact between tunnel lining and liner is difficult to happen because the 
developed compressive hoop thrust in pipe only shortens the circumference of liner and then enlarges the gap 
between liner and host. Therefore, the buckling of the uniformly point supported liner can be considered a 
rotary symmetric buckling likely the buckling of free pipe under external pressure. In this chapter, the buckling 
of free pipe is investigated. 
References listed at the end of the paper: 
1) Berti, D., Stutzman, R., Lindquist, E., and Eshghipour, M.: Buckling of steel tunnel liner under external pressure, J. Energy Engng., 
Vol. 124, No.3, pp. 55–89, 1998. 
2) Von Mises, R. Der kritische Aubendruck zylindrischer Rohre (The critical external pressure of cylindrical tubes). VDI-Zeitschrift, 
Vol. 58, pp.750–755,1914 [in German]. 
3) Donnell, L. H.: Beams, plates and shells, McGraw-Hill, NewYork, 1976.  
4) Southwell, R. V.: On the general theory of elastic stability, Philosophical Trans., 213A, pp.187-244, 1913.  
5) Timoshenko, S. and Gere, J.: Theory of Elastic Stability, McGraw Hill, New York, 1961.  
6) Flügge, W.: Stress in Shells, pp.208-218,407-432, Springer-Verlag, OHG., Berlin, 1960.  
7) Tokugawa, T.: Model experiments on the elastic stability of closed and cross-stiffened circular cylinders under uniform external 
pressure, Proc. of the World Engineering Congress, Tokyo, No.651, pp. 249-79, 1929.  
8) Reis, A. J. and Walker, A. C.: Local buckling strength of ring stiffened cylindrical shells under external pressure, Applied Ocean 
Research,Vol.5, Iss. 2, Pages 56-62, 1983.  
9) Yamamot, Y.: Study on general bucking of stiffened cylindrical shells under external pressure, Jour. of the Society of Naval 
Architects of Japan,Vol. 113,pp.95-105, 1968. 
10) Seleim, S.S. and Roorda, J.: Buckling behavior of ring-stiffened cylinders: experimental study, Thin-Walled Struct., Vol. 4, Issue 
3, pp.203-222, 1986.  
11) Ellinas, C. P. and Supple, J.: Buckling Design of Ring-Stiffened Cylinders, Jour. Of Waterway, Port, Coastal and Ocean 
Engineering, Vol.110, Issue 4, pp. 413-431, 1984.  
12) Kendrick, S.: The buckling under external pressure of circular cylindrical shells with evenly spaced equal strength circular ring 
frames Part I, NCRE Rep. R211, 1953.  
13) Bryant, A.R.: Hydrostatic Pressure Buckling of a Ring-stiffened Tube, Naval Construction Research Establishment, Rep. R306, 
1954.  
14) Donnell, L. H.: Stability of thin-walled tubes under torsion, NACA Rep. No. 479, 1933.  
15) Yamaki, N.: Elastic Stability of Circular Cylindrical Shells, pp.10-15, pp.56-79, North-Holland, 1984.  
16) Koiter, W. T.: On the stability of elastic stability for thin shells, Proc. of Symp. on the theory of shells to honor Lloyd Hamilton 
Donnell, Univ. Houston, pp.187-227, 1967.  
17) Arbocz, J.: Shell stability analysis: theory and practice, Proc. of Symp. on Collapse the buckling of structures in theory and 
practice, London, pp.43-74, Univ. Cambridge Press, 1983.  
18) Thompson, J.M.T. and Hunt, G.W.: On the buckling and imperfection-sensitivity of arches with and without prestress, 
International Journal of Solids and Structures, Vol.19, Issue 5, Pages 445-459, 1983. 
19) Tennyson, R.C.: The effect of shape imperfections and stiffening on the buckling of circular cylinders, Proc. of Symp. Buckling of 
Structure, Univ. Harvard, pp.251-273, Springer-Verlag , 1976. 
20) Marc Analysis Research Corp.: Msc.Marc 2005, Volume A, Volume B,Marc Analysis Research Corp. , 2005. 



21) Baker, E. H., Kovalevesky, L. and Rish, F. L.: Structural Analysis of Shell, pp. 306-323, McGraw-Hill, 1972. 
22) Wang, J. H.,Watanabe, A. and Koizumi, A.: A study on the buckling behavior and design of ring-stiffened pipes under external 
pressure for water pipeline constructed in deep underground, Journal of Tunnel Engineering, JSCE,Vol.16,pp.133-143,2006. 
23) Wang, J.H., Koizumi, A. and Watanabe, A.: On Buckling of Inner Steel Pipe under External Pressure for Water Supply Lines 
Constructed in Shield-driven Tunnel, Proceedings of the tenth East Asia-Pacific Conference on Structural Engineering & Construction 
(EASEC-10), Bangkok, Thailand, Vol.4, pp. 341-356, Aug. 3-5, 2006. 
24) Wang, J. H. and Koizumi, A.: Theoretical study on buckling of deep water pipeline under external hydrostatic pressure, JSCE 
Journals, Division A,Vol.64,No.3, pp.588-602,2008.  
25) Goncalves, P. B. and Batista, R. C.: Buckling and sensitivity estimates for ring-stiffened cylinders under external pressure, Int. J. 
Mech. Sci., Vol.27, No.1 pp. 1-11, 1985.  
26) JSCE: Buckling Design Guideline, JSCE Pub. 2005.  
27) Tian, J., Wang, C.M. and Swaddiwudhipong, S. : Elastic buckling analysis of ring-stiffened cylindrical shells under general 
pressure loading via Ritz method, Thin-Walled Struct., Vol. 35, pp.1-24, 1999.  
28) Kempner, D. J., Misoves, A.P. and Herzner, F. C.: Ring-stiffened orthotropic circular cylindrical shell under hydrostatic pressure, 
Jour. Ocean Engng., Vol. 1, pp.575-595, 1970.  
29) Sridharan, S.: Collapse analysis of ring-stiffened cylinders using ring elements, Jour. Engineering Mechanics, ASCE, Vol.123, 
No.4, pp.367-375, 1997.  
30) Ritz, W.: Ueber eine neue Methode zur Lösung gewisser Variationsprobleme der mathematischen Physik, J. Reine Angew, Math., 
135, pp. 1–61, 1908.  
31) Voce, S. J.: Buckling under external hydrostatic pressure of orthotropic cylindrical shells with evenly spaced equal strength 
circular ring frames, Jour. Ocean Engng., Vol.1, pp.521-534, 1969.  
32) Yamamoto, Y., Homma, Y. and Oshima, K.: General Instability of Ring-Stiffened Cylindrical Shells Under External Pressure, 
Mar. Struct., Vol. 2, No. 2, pp. 133-149, 1989.  
33) Frieze, P.A.: The experimental Response of Flat-Bar stiffeners in cylinders under External pressure, Jour. Marine Struct., Vol.7, 
pp.213-230, 1994. 
34) Southwell, R. V.: On the analysis of experimental observations in problems of elastic stability, Proc. Royal Society, London, 
Series A135, pp.601-616, 1932. 
35) DNV: Rules for the Design, Construction and Inspection of Offshore Structures, Appendix C: Steel Structures, Høvik, Norway, 
1982. 
36) British Standards Institution: BS 5500, Specification for unfired fusion welded pressure vessels, London, 1997. 
37) ASME: Boiler and Pressure Vessel Code –Nuclear components, Code Case N-284, New York, 1980. 
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ABSTRACT: The buckling of uniformly supported steel liner used in separated tunnel structure had been 
studied as a free pipe buckling and the corresponding theory solution were given. However, when the steel liner 
is installed with locally support in tunnel, the contact between tunnel lining and steel liner should be taken into 
account, as well as the restraining effects due to RC linings, because the critical pressure increases significantly 
for an elastic liner encased in rigid cavity when consider the restraining effect. In this chapter, the steel liner as 
restrained pipe, its buckling is investigated using experimental, numerical and analytical method, in terms of 
plain steel liner and stiffened liner. Meanwhile the corresponding theoretical solutions will be discussed, based 
on the existing single-lobe buckling theories.  
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“Numerical Analysis of Ring-Stiffener Effect on Ultimate Buckling Strength of Pipeline”, Middle-East Journal 
of Scientific Research, Vol. 13 No. 5, pp. 579-584, 2013, DOI: 10.5829/idosi.mejsr.2013.13.5.3339 
ABSTRACT: The aim of present study is to investigate the effect of height and the shape of cross-hardening 
materials with the same material on the ultimate strength of reinforced pipe under external hydrostatic pressure. 
The possibility of reduction in thickness of pipe’s wall away from the beach and submerged in deep water is 
evaluated. In order to make the pipes economically affordable, buckling resistance has to be provided. To 
achieve this goal, in vitro study was conducted that has limited factors for investigating on the effect of annular 
ring on buckling and ultra-buckling capacity of marine submerged pipeline under external hydrostatic pressure; 
the pressure which is generated by the weight of water above the pipes. In this study, a laboratory-scale pipeline 
with the same narrowness was fabricated. The nonlinear cyclic stiffeners effect, buckling and post-buckling 
pipeline model behaviors were investigated. The samples under uniform external pressure were designed when 
they receive a certain pressure, samples have been buckled. The samples were buckled gradually under low 
pressures and they were buckled suddenly under heavy pressures. The pressure-shift diagram has moved up to 
reach the buckle point. The process in all experiments was under observation and showed specific failure in 
these shells. The results illustrate different samples with various cross section have different buckles and 
movement. In order to strengthen the pipeline, this study has used cyclic stiffeners with T-shaped, rectangular 
and cornerstone sections. Furthermore, finite element software, ABAQUS, have used for numerical analysis. 
Finally, the theoretical simulated results were compared with experimental results; the obtained results were in 
good agreement with projected data. 
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“On the Buckling of Functionally Graded Cylindrical Shells Under Combined External Pressure and Axial 
Compression”, Journal of Pressure Vessel Technology, Vol. 132, No. 6, 064501 (6 pages), 
DOI: 10.1115/1.4001659 
ABSTRACT: The stability problem of a circular cylindrical shell composed of functionally graded materials 
with elasticity modulus varying continuously in the thickness direction under combined external pressure and 
axial compression loads is studied in this paper. The formulation is based on the first-order shear deformation 
theory. A load interaction parameter is defined to express the combination of applied axial compression and 
external pressure. The stability equations are derived by the adjacent equilibrium criterion method. These 
equations are employed to analyze the buckling behavior and obtain the critical buckling loads. A detailed 
numerical study is carried out to bring out the effects of the power law index of functionally graded material, 
load interaction parameter, thickness ratio, and aspect ratio on the critical buckling loads. The validity of the 
present analysis was checked by comparing the present results with those results available in literature. 
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ABSTRACT: This paper presents the stability of two-dimensional funct ionally graded (2D-FG) cylindrical 
shells subjected to combined external pressure and axial compression loads, based on classical shell theory. The 
material properties of functionally graded cylindrical shell are graded in two directional (radial and axial) and 
determined by the rule of mixture. The Euler’s equation is employed to derive the stability 
equations, which are solved by GDQ method to obtain the critical mechanical buckling loads of the 2D-FG 
cylindrical shells. The effects of shell geometry, the mechanical properties distribution in radial and axial 
direction on the critical buckling load are studied and compared with a cylindrical shell made of 1D-FGM. The 
numerical results reveal that the 2D-FGM has a significant effect on the critical buckling load. 
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“Cold-Formed Steel Columns Subject to Local Buckling at Elevated Temperatures”, Steel Innovations 
Conference 2013, Christchurch, New Zealand 21-22 February 2013 
ABSTRACT: Fire safety design of building structures has received greater attention in recent times due to 
continuing losses of properties and lives in fires. However, the structural behaviour of thin-walled cold-formed 
steel columns under fire conditions is not well understood despite the increasing use of light gauge steels in 
building construction. Cold-formed steel columns are often subject to local buckling effects. Therefore a series 
of laboratory tests of lipped and unlipped channel columns made of varying steel thicknesses and grades was 
undertaken at uniform elevated temperatures up to 700°C under steady state conditions. Finite element models 
of the tested columns were also developed, and their elastic buckling and nonlinear analysis results were 
compared with test results at elevated temperatures. Effects of the degradation of mechanical properties of steel 
with temperature were included in the finite element analyses. The use of accurately measured yield stress, 
elasticity modulus and stress-strain curves at elevated temperatures provided a good comparison of the ultimate 
loads and load-deflection curves from tests and finite element analyses. The commonly used effective width 
design rules and the direct strength method at ambient temperature were then used to predict the ultimate loads 
at elevated temperatures by using the reduced mechanical properties. By comparing these predicted ultimate 
loads with those from tests and finite element analyses, the accuracy of using this design approach was 
evaluated. 
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F. X. Li, Q. Liu, H. Q. Huang, "Buckling Behaviors of Steel-Concrete Composite Plate", Applied Mechanics 
and Materials, Vols. 405-408, pp. 2544-2549, 2013, DOI: 10.4028/www.scientific.net/AMM.405-408.2544 
ABSTRACT: The flexibility of connection between the steel plate and concrete slab gives rise to interface slip 
and additional deflection. A method of analysis for steel-concrete composite plate with slip effect resulting from 
studs is presented. The basic idea is to place a hypothetical thin shear-layer between steel and concrete slab, 
where all the shear deformation is concentrated in the thin layer. Analytical solutions for elastic critical 
buckling load of composite plate considering slip effect under axial compressive and pure shear are derived. 
The theory model and the solutions are then validated by means of three-dimensional finite element analysis. 
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and Engineering Faculty, Queensland University of Technology, Brisbane, QLD, 4000, Australia), “Shear 
buckling characteristics of cold-form steel channel beams”, International Journal of Steel Structures, Vol. 13, 
No. 3, pp 385-399, September 2013 
ABSTRACT: Cold-formed steel members are increasingly used as primary structural elements in the building 
industries around the world due to the availability of thin and high strength steels and advanced cold-forming 
technologies. Cold-formed lipped channel beams (LCB) are commonly used as flexural members such as floor 
joists and bearers. However, their shear capacities are determined based on conservative design rules. For the 
shear design of LCB web panels, their elastic shear buckling strength must be determined accurately including 
the potential post-buckling strength. Currently the elastic shear buckling coefficients of LCB web panels are 
determined by assuming conservatively that the web panels are simply supported at the junction between their 
flange and web elements. Hence finite element analyses were conducted to investigate the elastic shear buckling 
behavior of LCBs. An improved equation for the higher elastic shear buckling coefficient of LCBs was 
proposed based on finite element analysis results and included in the ultimate shear capacity equations of the 
North American cold-formed steel codes. Finite element analyses show that relatively short span LCBs without 
flange restraints are subjected to a new combined shear and flange distortion action due to the unbalanced shear 



flow. They also show that significant post-buckling strength is available for LCBs subjected to shear. New 
equations were also proposed in which post-buckling strength of LCBs was included. 
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Lee, S. C., Davidson, J. S., and Yoo, C., “Shear buckling coefficients of plate girder web panels”, Computers 
and Structures, Vol. 59, No. 5, pp. 789–795, June 1996, DOI: 10.1016/0045-7949(95)00325-8 
ABSTRACT: In the design of plate girder web panels, it is required to evaluate accurately the elastic buckling 
strength under shear, whether or not the post-buckling strength is accounted for. Currently, elastic shear 
buckling coefficients of web panels stiffened by transverse intermediate stiffeners are determined by assuming 
conservatively that web panels are simply supported at the juncture between the flange and web. However, 
depending upon the geometry and the properties of the plate girder, the elastically restrained support may 
behave rather closer to a clamped support. In the present study, a series of numerical analyses based on a three-
dimensional finite element modeling is carried out to investigate the effects of the geometric parameters on the 
boundary conditions at the juncture, and the resulting data are quantified in a simple design equation. 
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“Buckling control of structures using piezoelectric actuators”, INCAM 2013, July 4-6, 2013, see 
http://apm.iitm.ac.in/smlab/psa/?q=buckling-control-structures-using-piezoelectric-actuators  
ABSTRACT: The concept of buckling control using piezoelectric actuators is illustrated in Figure 1 and Figure 
2. The slender column has a PZT strip pasted at the center, to apply a moment counteracting the moment due to 
the externally applied axial load. The actuator moment is produced when an actuating voltage is applied to the 
PZT as shown in Figure 1. The actuator moment enable the column to maintain its un deflected shape and thus 
achieve an increase in the load carrying capacity (capacity of the column for given lateral deflection) of the 
column. 
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Technology Madras, Chennai, India), “A novel approach toward actuator placement for cylindrical shells 
undergoing axisymmetric buckling”, Journal of Intelligent Material Systems and Structures, June 28, 2015, 
DOI: 10.1177/1045389X15591385 
ABSTRACT: Buckling control of space structures using piezoelectric actuators is an emerging area of research. 
In particular, cylindrical shells present several challenges as they exhibit multiple buckling modes. This work 
focuses on placement of ring actuators on cylindrical shells exhibiting axisymmetric buckling. A new method 
based on the characteristic wavelength of the cylindrical shell is proposed for actuator placement. It is shown by 
means of numerical studies that passive control of these shells shows a distinct advantage over the conventional 
actuator placement. It is possible to obtain a stiffer load–axial shortening response as well as a peak load 
enhancement of the shell using the present approach. The results obtained give important insights into the 
actuator placement problem for cylindrical shells undergoing axisymmetric buckling. 
 
 
Bei Peng (1) Yong Li (1), Shen Liu (2), Zaoyang Guo (3), Li Ding (1) 
(1) Department of Mechanical Engineering, University of Electronic Science and Technology of China, 
Chengdu 611731, PR China 
(2) Institute of Mechanics, Chinese Academy of Science, Beijing 100190, PR China 
(3) School of Civil Engineering and Geosciences, Newcastle University, Newcastle Upon Tyne NE1 7RU, 
United Kingdom 
“The roles of crosslinks in the buckling behaviors and load transferring mechanisms of double-walled 
nanotubes under compression”, Computational Materials Science 55 (2012) 95–99, 
doi:10.1016/j.commatsci.2011.12.003 
ABSTRACT: The buckling behaviors as well as the load transfer mechanisms between the shells of double-
walled nanotubes (DWNTs) are investigated through a series of molecular dynamics simulations. When 
buckling occurs, the strain energy of cross-linked (defective) DWNTs undergoes a modest transition indicating 
that energy gathered in one shell is shared by the other through the inter-shell crosslinks. It is confirmed that the 
compressive stress applied to the outer shell can be efficiently transferred to the inner shell through the covalent 
bonds between shells resulting in a uniform load distribution. The existence of inter-shell crosslinks leads to 
dramatic decreases of the sustainable loads and modest decreases of the Young’s modulus. The computational 
studies imply that the crosslinks can improve the loading conditions and reduce strain energy in carbon 
nanotubes based nanocomposites and nanoelectromechanical systems. 
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K.N. Arunkumar, N. Lohith and B.B. Ganesha, “Effect of ribs and stringer spacings on the weight of aircraft 
structure for aluminum material”, Journal of Applied Sciences, Vol. 12, pp 106-1012, 2012 
DOI: 10.3923/jas.2012.1006.1012 
ABSTRACT: Low cost and less weight are the two primary objectives of any aircraft structure. Efficient design 
of aircraft components is therefore, required to reduce cost and weight of the aircraft structure. For components 
with compressive loading, Ribs and stringer spacings and stringer cross-section play a major role in achieving 
less weight. The main objective of the present study was aimed at establishing optimum stringer and ribs 
spacings and stringer cross-section for minimum weight of buckling design driven components using FEM 
packages. The analysis of effect of plate with ribs and stringer spacing was modeled in FEM to study the effect 
of these on the weight of aircraft structure using aluminum as material. The analysis was carried out through 
linear buckling analysis of the model. The software tools used were HyperMesh as a pre and post processor and 
Radioss as a solver. 
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Graz, Austria), “Buckling analysis of carbon nanotubes by a mixed atomistic and continuum model”, Comput. 
Mech., July 2012, DOI: 10.1007/s00466-012-0757-z 
ABSTRACT: A mixed atomistic and continuum model is applied to carbon nanotubes in order to study their 
buckling behavior. Herein the term “atomistic” refers to the underlying constitutive model that is formulated on 
the basis of interatomic potentials, whereas “continuum” means the application of the Cauchy-Born rule, which 
links the bond vectors before and after deformation via the deformation gradient of the continuum. Because the 
bond vectors are not infinitesimal and the continuum is modeled as surface, the Cauchy-Born rule has to be 
appropriately adapted to crystalline sheets. This is done via an exponential mapping in a new and surprisingly 
simple form such that in the analysis the current configuration has never to be left. The numerical buckling 



analysis of carbon nanotubes using the mixed atomistic and continuum model is carried out by means of the 
finite element method. For this purpose the linearization of the equilibrium equations is provided. 
 
 
Priyanka Dhurvey and N D Mittal (Department of Applied Mechanics, Maulana Azad National Institute of 
Technology, Bhopal, INDIA), “Buckling Behavior of an Orthotropic Composite Laminate using Finite Element 
Analysis”, International Journal of Scientific Engineering and Technology, Vol. 1, No. 4, pp. 93-95, October 
2012 
ABSTRACT: The effect of fibre orientation on buckling behaviour in a rectangular composite laminate with 
central circular hole under uniform in-plane loading has been studied by using finite element method. The 
critical buckling loads with different fibre orientation in an orthotropic composite laminate (E-glass/epoxy) 
were obtained. The deformation behaviour of the plate is shown for modes, i=1,2. Studies are carried out for 
three D/A ratio (where D is hole diameter and A is plate width) with different plate thickness (number of 
layers). The finite element formulation is carried out in the analysis section of the ANSYS software. 
References listed at the end of the paper: 
[1] Ghannadpour, Najafid, Mohammadi, “On the buckling behaviour of cross-ply laminated composite plates due to circular/elliptical 
cutouts”, Jr Composite Structures, Vol.75, 2006. 
[2] Kremer, Schurmann, “Buckling of tension loaded thin-walled composite plates with cutouts”, Jr composite Science and 
Technology, Vol. 68,2008.  
[3] Tercan, Aktas, “Buckling behaviour of 1_1 rib kitting laminated plate with cutouts”, Jr Composite Structures, Vol.89, 2009. 
[4] Eryigit, Zor, Arman, “Hole effect on lateral buckling of laminated cantilever beams”, Jr Composite: Part B, Vol. 40, 2009.  
[5] Komor, Sonmez, “Elastic buckling of rectangular plateunder linear varying in-plane normal load with circular cutouts”, Jr. 
Mechanics Research Communications,Vol.35, 2008.  
[6] Kumar, Singh, “Effect on boundary conditions on buckling and post buckling responses of laminates with various shaped cutouts”, 
Jr Structures, Vol.92, 2010 
[7] Ameen , “Buckling Analysis of composite Laminated plate with cutouts”, Engg. And Tech. Jr., Vol.27, No.8, 2009.  
[8] ANSYS User’s Manuel (Version 9.0) 
[9] R.M. Jones, Mechanics of Composite Materials, McGraw Hill, Tokyo, 1975. 
 
 
T. Susmitha (1), V. Rama Krishna Rao (1) and S. Mahesh Babu (2) 
(1) Dept. of Mechanical Engineering, DVR&Dr.Hs MIC college of Engineering and technology, 
Kanchikacherla, 521180, Krishna dt, A.P. 
(2) Dept of mechanical engineering, S.R.K Institute of Technology, Enikepadu, Vijayawada, Andhra Pradesh, 
India 
“Buckling Analysis of Thin cylindrical FRP composite”, International Journal of Engineering Research & 
Technology (IJERT), ISSN: 2278-0181 Vol. 1 I ssue 7, September – 2012 
ABSTRACT: The present research work is to determine the buckling load in FRP( fibre reinforced plastic) thin 
cylinder, which is subjected to uniaxial compression using 2-D finite element analysis. The commercial finite 
element analysis software ANSYS has been successfully executed and the finite element model is validated. 
The buckling load is evaluated by varying the boundary conditions, length to diameter ratio (L/d), thickness to 
diameter ratio (h/d) and number of layers (n). The effect of boundary conditions, (L/d), (h/d), (n) on the 
buckling load is discussed. The results show that buckling load is more in clamped-clamped boundary 
condition, decreases with increase in length to diameter ratio, increases with increase in thickness to diameter 
ratio and remains constant with number of layers. 
References listed at the end of the paper: 
1. Eduard Ventsel & Theodor Krauthammer, Thin Plates and Shells – Theory, Analysis And Applications, Pennsylvania State 
University, University Park, Pennsylvania, 2001. 
2. Robert M.Jones, Buckling of bars, plates and Shells, Virginia Polytechnic Institute and State University, Blacksburg, Virginia, 
2006. 
3. Dr. Pizhong Qiao, Analysis and design optimization of fiber-reinforced plastic (FRP) structural beams, PhD dissertation, West 
Virginia University, Morgantown, West Virginia, 1997. 
4. A. Arjangpay, M. Darvizeh, R. Ansari & Gh. Zarepour, Axial buckling analysis of an isotropic cylindrical shell using the meshless 
local Petrov-Galerkin method, Department of Mechanical Engineering, University of Guilan, Rasht, Iran. 
5. Dr. Pizhong Qiao, J.F.Davalos & J.L.Wang, Local Buckling of Composite FRP Shapes by Discrete Plate Analysis, Journal of 
Structural Engineering, ASCE, 127(3): 245-255, West Virginia University, Morgantown, West Virginia, 2001. 
6. Timoshenko, J. Gere, theory of elastic stability, McGraw-Hill, international Book Company, 1961.  



7. N.N Haung, “ Viscoelastic buckling and post buckling of circular cylindrical laminated shells in 
hygrothermal environment”, journal of marine science and technology, vol. 2, 1994, pages 9-16.  
8. ANSYS reference manuals, 2010. 
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shell using the meshless local Petrov-Galerkin method”, Department of Mechanical Engineering, University of 
Guilan, Rasht, Iran; Also, Comp. Meth. Civil Eng. (CMCE), Vol. 2, No. 2, pp 219-230, 2011 
ABSTRACT: In this paper the meshless local Petrov-Galerkin (MLPG) method is implemented to study the 
buckling of isotropic cylindrical shells under axial load. Displacement field equations, based on Donnell and 
first order shear deformation theory, are taken into consideration. The set of governing equations of motion are 
numerically solved by the MLPG method in which according to a semi-inverse method, a new variational trial-
functional is constructed to derive the stiffness matrices and critical buckling loads are obtained in various 
boundary conditions. The moving least squares interpolation is employed to construct both trial and test 
functions. The present method is a truly meshless method based on a number of randomly located nodes upon 
which no global background integration mesh is needed and no element matrix assembly is required. In the 
present MLPG formulation, a local variational form is constructed over a local sub-domain instead of using the 
conventional weighted-residual procedure. The influences of some commonly used boundary conditions and 
effects of shell geometrical parameters are studied. The results show the convergence characteristics and 
accuracy of the mentioned method.  
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“Creep Buckling and Post-Buckling Analyses of a Viscoelastic FGM Cylindrical Shell with Initial Deflection 



Subjected to a Uniform In-Plane Load”, Journal of Mechanics, Vol. 28, No. 2 , pp.391-399, June 2012, 
DOI: 10.1017/jmech.2012.44 
ABSTRACT: In this paper, based on the viscoelastic theory, the creep buckling and post-buckling behaviors of 
a viscoelastic functionally graded material (FGM) cylindrical shell with initial deflection subjected to a uniform 
in-plane load are investigated. The material properties of the viscoelastic FGM cylindrical shell are assumed to 
vary through the structural thickness according to a power law distribution of the volume fraction of constituent 
materials and Poisson's ratio is assumed as a constant. Considering the transverse shear deformation and 
geometric nonlinearity, the constitutive relation of the viscoelastic FGM cylindrical shell is established. By 
means of the Newton-Newmark method and the Boltzmann superposition principle, the problem for the creep 
buckling and post-buckling of the FGM cylindrical shell is solved. The numerical results reveal that the 
transverse shear deformation, volume fraction and geometric parameters have significant effects on the creep 
buckling and post-buckling of the viscoelastic FGM cylindrical shell. 
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Fu, Y.M., Wang, X.Q.: Nonlinear dynamic response of piezoelectric plates considering damage effects. Key 
Eng. Mater. 324–325, 299–302 (2006), DOI: 10.4028/www.scientific.net/KEM.324-325.299  
ABSTRACT: Based on the Talreja’s tensor valued internal state variables damage model and the Helmhotlz 
free energy of piezoelectric material, the constitutive relations of the piezoelectric plates with damage are 
derived. Then, the nonlinear dynamic equations of the piezoelectric plates considering damage are established. 
By using the finite difference method and the Newmark scheme, these equations are solved and the effects of 
damage and electric loads on the nonlinear dynamic response of piezoelectric plates are discussed. 
 
 
S.Q. Zhang and R. Schmidt, “Geometrically nonlinear dynamic analysis of piezoelectric integrated thin-walled 
smart structures”, Chapter 11 in Volume 7 of Topics in Modal Analysis, Springer, 2014 
ABSTRACT: In this work, a fully geometrically nonlinear dynamic finite element (FE) model, which considers 
the kinematics of small strains but large rotations, is developed for transient analysis of piezolaminated thin-
walled structures based on first-order shear deformation (FOSD) hypothesis. Linear electro-mechanically 



coupled constitutive equations and the assumption of linearly distributed electric potential through the thickness 
of the piezoelectric layers are employed. An eight-node quadrilateral plate/shell element with five mechanical 
degrees of freedom (DOFs) per node and one electrical DOF per smart layer is adopted in the finite element 
formulation. The second order differential dynamic equation is solved by the central difference algorithm. The 
mathematical method is validated by transient analysis of three different examples of a beam, a plate, and a 
cylindrical shell. The results illustrate that the geometrical nonlinearity affects the structural dynamic responses 
significantly. 
 
 
D. Y. Jia, J. Yang, D. J. Jiang, "Study on the Buckling Analysis of Stiffened Spherical Shallow Shell for 
Gasholder Roof", Advanced Materials Research, Vol. 709, pp. 320-324, 2013 
DOI: 10.4028/www.scientific.net/AMR.709.320 
ABSTRACT: Subjected to external pressure, buckling analysis is key problem in the roof shell design of large 
scale cylinder gasholder. Two simplified buckling analysis methods, the continuous orthotropic plate method 
and the split-rigidity method, are introduced to check the general instability of stiffened spherical shallow shell. 
Considering the plate and the stiffeners in two directions with the same contribution to the bending stiffness, the 
equivalent bending thickness formula is put forward. The finite element model for a 100,000 m³cylinder 
gasholder roof is setup. The buckling critical loads obtained prove that the split-rigidity analysis method and 
formulae are applicable. The results can be referred in design of stiffened spherical shallow shell. 
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“Structural Biological Materials: Critical Mechanics-Materials Connections”, Science 15, Vol. 339, No. 6121, 
pp. 773-779, February 2013, DOI: 10.1126/science.1220854 
ABSTRACT: Spider silk is extraordinarily strong, mollusk shells and bone are tough, and porcupine quills and 
feathers resist buckling. How are these notable properties achieved? The building blocks of the materials listed 
above are primarily minerals and biopolymers, mostly in combination; the first weak in tension and the second 
weak in compression. The intricate and ingenious hierarchical structures are responsible for the outstanding 
performance of each material. Toughness is conferred by the presence of controlled interfacial features (friction, 
hydrogen bonds, chain straightening and stretching); buckling resistance can be achieved by filling a slender 
column with a lightweight foam. Here, we present and interpret selected examples of these and other biological 
materials. Structural bio-inspired materials design makes use of the biological structures by inserting synthetic 
materials and processes that augment the structures' capability while retaining their essential features. In this 
Review, we explain this idea through some unusual concepts. 
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“Bio-inspired structural bistability employing elastomeric origami for morphing applications”, Smart Mater. 
Struct. Vol. 23, No. 12, 125011, 2014 
ABSTRACT: A structural concept based upon the principles of adaptive morphing cells is presented whereby 
controlled bistability from a flat configuration into a textured arrangement is shown. The material consists of 
multiple cells made from silicone rubber with locally reinforced regions based upon kirigami principles. On 
pneumatic actuation these cells fold or unfold based on the fold lines created by the interaction of the geometry 
with the reinforced regions. Each cell is able to maintain its shape in either a retracted or deployed state, without 
the aid of mechanisms or sustained actuation, due to the existence of structural bistability. Mathematical 
quantification of the surface texture is introduced, based on out-of-plane deviations of a deployed structure 
compared to a reference plane. Additionally, finite element analysis is employed to characterize the geometry 
and stability of an individual cell during actuation and retraction. This investigation highlights the critical role 
that angular rotation, at the center of each cell, plays on the deployment angle as it transitions through the 
elastically deployed configuration. The analysis of this novel concept is presented and a pneumatically actuated 
proof-of-concept demonstrator is fabricated. 
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10.1061/9780784412480.001 
ABSTRACT: The Steel Tank Institute (STI) performed testing to demonstrate the stiffening effects from the 
soil-structure interface with an underground storage tank. The test demonstrated the importance of the soil in 
calculating the resistance to buckling in a buried environment. Current third party listing agencies do not take 
the stiffening effect of the soil support into consideration with standardized steel wall thickness calculations. 
Performance characteristics of a tank are similar to pipelines, although the tank heads provide additional 
stiffness to the structure. As a result, atmospheric tank wall thicknesses are thinner than typical pressurized 
potable water pipelines. Tanks are normally buried 4'-5' at petroleum service stations, however, sometime the 
tanks need to be buried deeper. STI buried a 64 inch diameter by 24 foot long steel tank 7 foot below grade, 
compacting the angular gravel backfill during placement to grade. A camera was placed in the tank to record 
deformations during the actual test. The excavation was filled with water such that the bottom of the tank was 
subjected to 12 feet-4 inches of static water head pressure. A vacuum pump was connected to a tank riser and a 
vacuum was pulled. The intent was to pull the vacuum until the tank buckled. A vacuum of 16.5 inches Hg was 
established and the pump was unable to pull additional vacuum. The backfill was removed and the tank 
examined and the video of the inside of the tank reviewed. The tank did not buckle. The shell did not deform. 
The heads experienced approximately 2 inches of permanent deformation. Calculations indicate that the tank 
was subjected to a 15.0 psi total buckling load. Formulations suggest that the soil-structure would provide 
resistance to buckling up to 21.0 psi. Third party standard formulations that do not take the soil support into 
consideration suggest that the tank would buckle in a range from 1.3 psi to 6.0 psi. The test clearly demonstrates 
the importance of the soil in calculating the resistance to buckling in a buried environment. The soil-structure 
interaction provides significant additional stiffness to the structure, whether the structure is a pipeline or a tank, 
as demonstrated in this test. 
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University, Rome, Italy), “A numerical approach for the stability analysis of open thin-walled beams”, 
Mechanics Research Communications, Vol. 48, pp. 76-86, March 2013,  
DOI: 10.1016/j.mechrescom.2012.12.008 
ABSTRACT: A finite differences procedure is used to study the buckling of non-trivial equilibrium solutions 
for open thin-walled beams in a dynamic setting. A direct one-dimensional model with a coarse descriptor of 
warping is adopted. The algorithm describes non-trivial equilibrium paths by integrating discretized field 
equations, suitably written in terms of velocities. Some benchmark cases under conservative loading are 
discussed. Known results for the first critical loads are found to validate the procedure. New results are found 
accounting for non-trivial equilibrium paths, thus providing an estimate for the error made by linearizing around 
trivial equilibrium paths. The effect of warping on the critical loads is also investigated. 
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“Platonic and Archimedean geometries in multicomponent elastic membranes”, Proc Natl Acad Sci U S A. 
2011 March 15; 108(11): 4292–4296, doi:  10.1073/pnas.1012872108 
ABSTRACT Large crystalline molecular shells, such as some viruses and fullerenes, buckle spontaneously into 
icosahedra. Meanwhile multicomponent microscopic shells buckle into various polyhedra, as observed in many 
organelles. Although elastic theory explains one-component icosahedral faceting, the possibility of buckling 
into other polyhedra has not been explored. We show here that irregular and regular polyhedra, including some 
Archimedean and Platonic polyhedra, arise spontaneously in elastic shells formed by more than one component. 
By formulating a generalized elastic model for inhomogeneous shells, we demonstrate that coassembled shells 
with two elastic components buckle into polyhedra such as dodecahedra, octahedra, tetrahedra, and hosohedra 
shells via a mechanism that explains many observations, predicts a new family of polyhedral shells, and 
provides the principles for designing microcontainers with specific shapes and symmetries for numerous 
applications in materials and life sciences. 
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“Buckling of multicomponent elastic shells with line tension”, Soft Matter, 2012, Vol. 8, pp. 636-644,  
DOI: 10.1039/C1SM06325A 
ABSTRACT: We explore the effects of line tension on the shape of two component elastic shells. Segregation 
between components with different elastic properties combined with the subtleties related to the spherical 
topology leads to a rich variety of shapes. They range from irregular polyhedra at weak segregation to Janus-
like morphologies with spherical and buckled regions coexisting on the same shell for large values of the line 
tension. We use Monte Carlo simulations to map a detailed phase diagram as a function of the relative fraction 
of the two components, the ratio of their bending rigidities, and the strength of the line tension. 
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“Shell buckling evaluation of thin-walled steel tanks filled at low liquid level according to current design 
codes”, Proceedings of the Annual Stability Conference, Structural Stability Research Council, St. Louis, 
Missouri, April 16-20, 2013 
ABSTRACT: The structural stability of thin-walled steel tanks becomes a major safety issue when these operate 
at low levels of contained liquid. Despite numerous tank failures due to buckling of their circumferential shell, 
provisions in current codes do not provide cost-efficient or high-safety-level solutions regarding this 
phenomenon. For example, the American standard API 650, which has worldwide applications, proposes only 
an empirical design method for stiffening the tank shell based on its thickness, height and the design wind 
velocity. More recent codes, such as the European standard EN1993-1-6, provide analytical relationships for 
evaluating the buckling resistance of shells, with stability being verified by relevant checks against appropriate 
design stresses. However, their provisions have not yet seen many field applications and results raise, in certain 
cases, doubts regarding the efficiency of the design. This paper presents a direct comparison between these two 
standards by attempting to evaluate the buckling resistance of two existing thin-walled steel tanks, filled at a 
low liquid level. Both tanks have large diameters (47m and 88m approximately), variable wall thickness, are 
self-supported (unanchored) and one of them supports a conical roof. The design stresses required by EN1993-
1-6 were obtained from finite element simulations of the tanks (linear elastic analyses were performed) which 
included application of the actions specified in the provisions of the Eurocode. Results from both standards are 
discussed in detail, comparisons are made and discrepancies between the two standards are highlighted. 
Comments and conclusions to be drawn will help improve current specifications and resolve issues related to 
the safe design of liquid storage tanks filled at low liquid levels. 
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"Geometrically Linear and Nonlinear First-Ply Failure Loads of Composite Cylindrical Shells." ASCE J. Eng. 
Mech., Vol. 140, No. 12, December 201410.1061/(ASCE)EM.1943-7889.0000808, 04014094. 
ABSTRACT: Review of the literature on first-ply failure of composite shells shows that research reports on 
first-ply failure of moderately thin, laminated composite cylindrical shell panels, using a geometrically 
nonlinear approach, are not available. The present paper aims to fill this deficiency. It uses a finite-element code 
developed using eight-noded, doubly-curved elements combined with modified Sanders’ first-approximation 
theory for thin shells and von Kármán-type nonlinear strains. The accuracy of the present geometric nonlinear 
and first-ply failure formulations are verified separately through solutions of two benchmark problems. Failure 
loads, failure modes (for individual stress or strain failure) or tendencies (for interactive stress failures), and the 
locations from where the failures initiate are reported. The results are discussed critically to formulate design 
guidelines, suggesting practical values for factors of safety applicable to failure loads. Such suggestions also 
consider the serviceability requirements. 
 
 
S. S. Gavryushin (Bauman Moscow State Technical University), “Numerical analyses of the processes of thin 
elastic shells nonlinear deformation”, Mat. Mod. Chisl. Met., 2014, no. 1, 115–130 
ABSTRACT: Theoretical bases of methods and algorithms developed for the analysis of stability and post 
critical behavior of thin elastic shells. The problem of numerical analysis the nonlinear deformation processes of 
spherical domes under the uniform external pressure is discusses. Describes the computer algorithm based on 
the parameter continuation method, using the technique of subspaces of the of the control parameter subspace 
changing. Efficiency of the proposed approach is illustrated by same examples. 
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“Large amplitude bending behaviour of laminated composite curved panels”, Engineering Computations, Vol. 
33, No. 1, pp 116-138, 2014 or 2015, DOI: 10.1108/EC-05-2014-0119 
ABSTRACT: The purpose of this paper is to analyse the nonlinear flexural behaviour of laminated curved panel 
under uniformly distributed load. The study has been extended to analyse different types of shell panels by 
employing the newly developed nonlinear mathematical model. We have developed a novel nonlinear 
mathematical model based on the higher order shear deformation theory for laminated curved panel by taking 
the geometric nonlinearity in Green-Lagrange sense. In addition to that all the nonlinear higher order terms are 
considered in the present formulation for more accurate prediction of the flexural behaviour of laminated 
panels. The sets of nonlinear governing equations are obtained using variational principle and discretised using 
nonlinear finite element steps. Finally, the nonlinear responses are computed through the direct iterative method 
for shell panels of various geometries. The importance of the present numerical model for small strain large 
deformation problems has been demonstrated through the convergence and the comparison studies. The results 
give insight into the laminated composite panel behaviour under mechanical loading and their deformation 
behaviour. The effects of different design parameters and the shell geometries on the flexural responses of the 
laminated curved structures are analysed in detailed. It is also observed that the present numerical model are 
realistic in nature as compared to other available mathematical model for the nonlinear analysis of the laminated 
structure. 
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critical buckling strain for pipe subjected to plastic bending”, Central European Journal of Engineering, Vol. 4, 
No. 3, pp 326-333, September 2014, DOI: 10.2478/s13531-013-0168-8 
ABSTRACT: An approach for estimating critical buckling strain of pipe subjected plastic bending is established 
in the present paper. A rigid — perfectly plastic material model and cross section ovalization of pipe during 
bending are employed for the approach. The energy rates of the ovalised pipe bending and the cross section 
ovalising are proposed firstly. Furthermore, these energy rates are combined to perform the buckling analysis of 
pipe bending, an estimation formula of critical buckling strain for pipe subjected plastic bending is proposed. 
The predicting result of the new critical buckling strain formula is compared with the available experimental 
data, it shows that the formula is valid. 
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ABSTRACT: Flat top and hemispherical shaped shells made by press forming were deformed by indentation 
using flat or round headed indentor. Effect of the shell shape, sheet thickness, indentor shape and the speed on 
the deformation behavior was investigated. The material was mild steel SPCE or aluminum alloy A5052. Speed 
effect of SPCE on the indentation force became remarkably large, when the indenting or loading direction was 
reversed to that in the forming. It was small for A5052 material. Energy absorption performance was also 
evaluated in considering the mass of the shell, which is used as an index for the light-weight structure design. 
The energy absorption efficiency was highest for case of the flat top shell indented by flat headed indentor. 
Almost constant collapse force was obtained when the spherical shell was deformed with hemispherical 
indentor. 
References listed at the end of the paper: 
Alghamdi, A., 2001. Collapsible impact energy absorbers: an overview. Thin-Walled Structures 39, 189-213. � 



Alghamdi, A., 2002. Reinversion of aluminium frusta, Thin-Walled Structures 40, 1037-1049. � 
Bisagni, C., 2002. Crashworthiness of helicopter subfloor structures. International Journal of Impact Engineering 27, 1067-1082. � 
Dong, X., Gao, Z., Yu, T., 2008. Dynamic crushing of thin-walled spheres: An experimental study, International Journal of Impact 
Engineering 35, 717-726. � 
Olabi, A., Morris, E., Hashmi, M., 2007. Metallic tube type energy absorbers: A synopsis. Thin-Walled Structures 45, 706-726. � 
Shariati, M., Allahbakhsh, H., 2010. Numerical and experimental investigations on the buckling of steel semi-spherical shells under 
various loadings. Thin-Walled Structures 48, 620-628. � 
Zupana, M., Chen, C., Fleck, N., 2003. The plastic collapse and energy absorption capacity of egg-box panels. International Journal of 
Mechanical Sciences 45, 851-871.  
 
 
Djamel Boutagouga (1) and Kamel Djeghaba (2) 
(1) Laboratoire des Mines, University of Tebessa, Tebessa, Algeria 
(2) LGC, Laboratoire de génie civil, University of Annaba, Annaba, Algeria 
“Evaluation of linear and geometrically nonlinear static and dynamic analysis of thin shells by flat shell finite 
elements”, International Journal of Civil, Environmental, Strutural, Construction and Architectural Engineering, 
Vol. 7, No. 2, 2013 
ABSTRACT: The choice of finite element to use in order to predict nonlinear static or dynamic response of 
complex structures becomes an important factor. Then, the main goal of this research work is to focus a study 
on the effect of the in-plane rotational degrees of freedom in linear and geometrically non linear static and 
dynamic analysis of thin shell structures by flat shell finite elements. In this purpose: First, simple triangular 
and quadrilateral flat shell finite elements are implemented in an incremental formulation based on the updated 
lagrangian corotational description for geometrically nonlinear analysis. The triangular element is a 
combination of DKT and CST elements, while the quadrilateral is a combination of DKQ and the bilinear 
quadrilateral membrane element. In both elements, the sixth degree of freedom is handled via introducing 
fictitious stiffness. Secondly, in the same code, the sixth degrees of freedom in these elements is handled 
differently where the in-plane rotational d.o.f is considered as an effective d.o.f in the in-plane filed 
interpolation. Our goal is to compare resulting shell elements. Third, the analysis is enlarged to dynamic linear 
analysis by direct integration using Newmark’s implicit method. Finally, the linear dynamic analysis is 
extended to geometrically nonlinear dynamic analysis where Newmark’s method is used to integrate equations 
of motion and the Newton-Raphson method is employed for iterating within each time step increment until 
equilibrium is achieved. The obtained results demonstrate the effectiveness and robustness of the interpolation 
of the in-plane rotational d.o.f. and present deficiencies of using fictitious stiffness in dynamic linear and 
nonlinear analysis.  
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"Nonlinear static and dynamic analysis of shell structures with finite rotation", Computer Methods in Applied 
Mechanics and Engineering, vol. 162, pp. 301-315, 1998, DOI: 10.1016/S0045-7825(97)00349-6 
ABSTRACT: A simple, effective finite element incremental formulation and procedure for geometrically 
nonlinear static and dynamic analysis of a shell structure with finite rotations are presented, based on both the 
total Lagrangian and updated Lagrangian description of motion. The co-rotation formulation is used for finite 
rotation. The element employed here to implement the present method is a faceted shell element with Loof 
nodes (DKL + LST). An incremental iterative method based on the constant arc length method in conjunction 
with Newton-Raphson method is implemented in the present study for static and Newmark's integration scheme 
for dynamic analysis. To demonstrate the accuracy and efficiency of the formulations and to compare the 
difference between the total and updated Lagrangian formulation, numerical studies are presented. 
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“Geometrically nonlinear dynamic analysis of thin shells by a four-node quadrilateral element with in-plane 
rotational degree of freedom”, European Journal of Computational Mechanics, Vol. 23, Nos 3-4, 2014 
DOI: 10.1080/17797179.2014.945324 
ABSTRACT: A simple and effective finite element incremental formulation based on the updated lagrangian 
corotational description for geometrically nonlinear dynamic analysis of shell structure is presented in this 
work. The flat shell element used is the classical four-node quadrilateral DKQ shell finite element, combined 
with the improvements of the in-plane behaviour by incorporation of the drilling rotation degree of freedom. 
The main goal is to have a good flat shell element of quadrilateral geometry, leading to reliable solutions in 
linear and geometrically nonlinear dynamic analysis. The Newmark’s direct time integration method is adopted 
to integrate the equations of motion, while the Newton–Raphson method is used for iterating within each time 
step increment until equilibrium is achieved. The results obtained through a series of selected examples 
demonstrate the effectiveness of the used shell finite element to predict the nonlinear dynamic response of 
complex structures, and the robustness of this nonlinear dynamic investigation taking account of both linear and 
non-linear dynamic problems. 
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10682, Greece), “Thermal buckling analysis of thin-walled steel oil tanks exposed to an adjacent fire”, 23rd 
australiasian Conference on the Mechanics of Structures and Materials (ACMSM23), Byron Bay, Australia, 9-
12 December 2014, S.T. Smith (Ed.) 
ABSTRACT: This paper presents a finite element study of a steel oil storage tank with cylindrical shell shape 
and conical roof subjected to an adjacent fire. Fire is one of the main hazards associated with tanks containing 
combustible materials. Several catastrophic accidents have taken place during the last decades revealing the 
consequences and losses arising from such events and highlighting the importance for proper design against 
thermal buckling. Oil storage tanks are usually placed in large groups and closed distances. Therefore, it is 
assumed herein that the fire occurs outside the tank. Critical buckling temperatures are calculated considering 
that the temperature profile along the circumference of the tank is defined according to a cosine square 
distribution. The influence of the roof stiffness, of the circumferential area exposed to fire and of the filling 
level is examined. Apart from the thermal loads, the self-weight of the tank and the hydrostatic pressure exerted 



by the liquid are taken into account in the static analyses. The mechanical properties of steel are taken according 
to Eurocode 3. 
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PARTIAL ABSTRACT: Fire is one of the main hazards associated with storage tanks containing flammable 
liquids. These tanks are usually closely spaced and in large groups, so where a petroleum fire occurs, adjacent 
tanks are susceptible to damage leading to further development of the fire. The structural behaviour such as 
thermal stability and failure modes of the tanks under such fire scenario are very important to the safety design 
and assessment of oil depots. However, no previous studies on this problem are known to the best knowledge of 
the author. This thesis presents a systematic exploration of the potential thermal and structural behaviours of an 
oil tank when one of its neighbour tanks is on fire. Under such scenario, the oil tanks are found to easily buckle 
under rather moderate temperature rises. The causes of such buckling failures are the reduced modulus of steel 
at elevated temperatures, coupled with thermally-induced stresses due to the restraint of thermal expansion. 
Since the temperatures reached in such structures can be several hundred Centigrade degrees, any restraint to 
thermal expansion can lead to the development of compressive stresses. The high susceptibility of thin shell 
structures to elastic buckling under low compressive stresses means that this type of failure can be easily 
provoked. The main objectives of this thesis were to reveal the thermal distribution patterns developed in an oil 
tank under the heating from an adjacent tank fire, to understand the underlying mechanism responsible for the 
buckling of tank structure, and to explore the influences of various thermal and geometrical parameters on the 
buckling temperature of the tanks. The study began with analytical solutions for stresses and deformations in a 
partially filled roofless cylindrical tank under an idealised axisymmetrical heating regime involving thermal 
discontinuity at the liquid level. The results demonstrate that large compressive circumferential membrane 
stresses occur near the bottom boundary for an empty tank and near the liquid level for a partially-filled tank. 
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ABSTRACT: Structural stability is a major consideration in the design of lightweight shell structures. However, 
the theoretical predictions of geometrically perfect structures often considerably over predict the buckling loads 
of inherently imperfect real structures. It is reasonably well understood how the shell geometry affects the 
imperfection sensitivity of axially compressed cylindrical shells; however, the effects of shell anisotropy on the 
imperfection sensitivity is less well understood. In the present paper, the development of an analytical model for 
assessing the imperfection sensitivity of axially compressed orthotropic cylinders is discussed. Results from the 
analytical model for four shell designs are compared with those from a general-purpose finite-element code, and 
good qualitative agreement is found. Reasons for discrepancies are discussed, and potential design implications 
of this line of research are discussed.  
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“Buckling Analysis of a Honeycomb-Core Composite Cylinder with Initial Geometric Imperfections”, 
NASA/TM-2013-217967; L-20231; NF1676L-16129, February 1, 2013,Document ID=20130011133 
ABSTRACT: Thin-walled cylindrical shell structures often have buckling as the critical failure mode, and the 
buckling of such structures can be very sensitive to small geometric imperfections. The buckling analyses of an 
8-ft-diameter, 10-ft-long honeycomb-core composite cylinder loaded in pure axial compression is discussed in 
this document. Two loading configurations are considered configuration 1 uses simple end conditions, and 
configuration 2 includes additional structure that may more closely approximate experimental loading 
conditions. Linear eigenvalue buckling analyses and nonlinear analyses with and without initial geometric 
imperfections were performed on both configurations. The initial imperfections were introduced in the shell by 
applying a radial load at the midlength of the cylinder to form a single inward dimple. The critical bifurcation 
buckling loads are predicted to be 924,190 lb and 924,020 lb for configurations 1 and 2, respectively. Nonlinear 
critical buckling loads of 918,750 lb and 954,900 lb were predicted for geometrically perfect configurations 1 
and 2, respectively. Lower-bound critical buckling loads for configurations 1 and 2 with radial perturbations 
were found to be 33% and 36% lower, respectively, than the unperturbed critical loads. The inclusion of the 
load introduction cylinders in configuration 2 increased the maximum bending-boundary-layer rotation up to 
11%. 
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“Analytical solutions for bending, buckling and vibration responses of carbon nanotube-reinforced composite 
beams resing on elastic foundation”, Computational Materials Science, Vol. 71, pp 201-208, April 2013 
DOI: 10.1016/j.commatsci.2013.01.028 
ABSTRACT: The objective of the present paper is to investigate the bending, buckling and vibration behaviors 
of carbon nanotube-reinforced composite (CNTRC) beams. The beams resting on the Pasternak elastic 
foundation, including a shear layer and Winkler spring, are considered. The single-walled carbon nanotubes 
(SWCNTs) are aligned and distributed in polymeric matrix with different patterns of reinforcement. The 
material properties of the CNTRC beams are estimated by using the rule of mixture. Various shear deformation 
theories are employed to deal with the problems. The mathematical models provided in this paper are 
numerically validated by comparison with some available results. New results of bending, buckling and 
vibration analyses of CNTRC beams based on several higher-order shear deformation theories are presented and 
discussed in details. Several aspects of beam types, spring constant factors, carbon nanotube volume fraction, 
etc., are taken into investigation. 
 



 
J. B. Yang, B. F. Song, X. P. Zhong, "Optimum Design of Curvilinear Stiffened Panels with Stiffening Beams", 
Applied Mechanics and Materials, Vol. 345, pp. 285-289, 2013,  
DOI: 10.4028/www.scientific.net/AMM.345.285 
ABSTRACT: The paper presents a framework for design and optimization of curvilinear stiffened panels with 
any cross-section shape of stiffener. Within this framework, the weight of stiffened panel applied complex 
loads, is minimized under the constraints of structural responses include global buckling, maximum stress and 
crippling. Then, a stiffened panel with two blade curvilinear stiffeners is optimized using this framework, and 
the optimum performs better than another existing design. Finally, it is concluded that stiffening beam is 
suitable for simulate stiffener sustains part of applied load directly. 
 
 
Seong-Mi Park and Byung-Ho Choi, “Finite Element Analyses on Local Buckling Strength of Polygonal-
Section Shell Towers”, Journal of the Korea Academia-Indujstrial Cooperation Society, Vol. 13, No. 34, pp. 
1900-1907, 2012, DOI: 10.5762/KAIS.2012.13.4.1900 
ABSTRACT: Since the subpanels of polygonal-section shell have the corners of an obtuse angle larger than 90 
degree unlike general plate or box-section structures, this could have an influence on forming nodal lines 
against local plate buckling or stress distributions. However, there is not sufficient material in the relevant study 
results or design recommendations. The very feasible models of the initial imperfections were acquired through 
the literature studies and then the parametric studies were conducted along with the initial imperfection models 
by using the finite element method. The parameters like the size of residual stresses, the portion of compressive 
residual stresses, and steel grades were considered. From the parametric studies, it was found that the maximum 
residual stress is more influential factor than the distribution pattern of residual stresses. In addition, The design 
strength equations for the simply supported plates can be applicable to the determination of the local buckling 
strength of the polygonal cross-section shell structures.  
 
 
Byung H. Choi, Choi Su-Young, Park Sang-Kyun (Dept. of Civil and Environmental Engineering, Hanbat 
National University, Korea), “Buckling analysis of laminated composite plates longitudinally stiffened with U-
shaped ribs”, Journal of the Korean Society for Advanced Composite Structures, Vol. 3, No. 1, pp 29-34, March 
2012 
ABSTRACT: Even though the longitudinally stiffened laminated composite plates with closed section ribs 
should be an effective system for axially compressed members, the existing researches on the applications of 
closed-section ribs, especially for the laminated composite plates, are not sufficient. This study is aimed to 
examine the influence of the sectional stiffness of U-shaped ribs on the buckling modes and strengths of 
laminated composite plates. Applying the orthotropic plates with eight layers of the layup [(0°)4]s and 
[(0°/90°)2]s, 3-dimensional finite element models for the U-rib stiffened plates were setup by using ABAQUS 
and then a series of eigenvalue analyses were conducted. From the parametric studies, the minimum required 
ply thicknesses as well as the buckling strengths were presented for the analysis models. The buckling strengths 
were compared with the theoretical critical stress equation for simply supported plates based on the Classical 
laminated plate theory. This study will contribute to the future study for evaluating the minimum required 
stiffness and optimum design of U-rib stiffened plates. 
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ABSTRACT: In the present study, an Element-Based Lagrangian Formulation for the nonlinear analysis of 
shell structures is presented. The strains, stresses and constitutive equations based on the natural co-ordinate 
have been used throughout the Element-Based Lagrangian Formulation of the present shell element which 
offers an advantage of easy implementation compared with the traditional Lagrangian Formulation. The 
Element-Based Lagrangian Formulation of a 9-node resultant stress shell element is presented for the 
anisotropic composite material. The element is free of both membrane and shear locking behavior by using the 
assumed natural strain method such that the element performs very well in thin shell problems. The arc-length 
control method is used to trace complex equilibrium paths in thin shell applications. Numerical examples for 
laminated composite curved shells presented herein clearly show the validity of the present approach and the 
accuracy of the developed shell element. 
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ABSTRACT: The purpose of this paper is to describes the fabrication and testing of the grid stiffened 
composite conical shells. This paper presents the rib influence on the buckling behavior of filament wound, grid 
stiffened composite conical shells subjected to axially compressive load. A cheap and quick manufacturing 



process is presented. The buckling behavior of a grid stiffened composite conical shell is investigated by 
experiment and finite element analysis. The conical shells used in experiment are made from glass/epoxy by 
filament winding machine. The specimen was tested under pure axial compression based on the ASTM standard 
with a cross-head speed of 1 mm/min. The axial load versus the axial displacement curve for the specimen was 
recorded using the X-Y recorder available in the INSTRON testing system. The initial buckling load was 
obtained in stage. Using ABAQUS commercial finite element software for finite element analysis. Finite 
element modeling of the grid stiffened composite is carried out with eight node 3D layered brick elements and 
the skin is modeled with four node shell elements. Results are summarized to identify the performance of this 
method of grid structures manufacturing. Conclusions are drawn on the efficacies of performance of the grid 
stiffened composite conical shells. It is seen that there is increase in the buckling load as well specific buckling 
load indicating a net increase in the efficiency. Introduction Conical shells occur frequently as components of 
aeronautic, marine and civil engineering structures. Often they are frequently used as transition elements joining 
cylinders of different diameters. Buckling and loss of stability of stiffened conical shells is one of the most 
important and crucial failure phenomena of such structures. It is well known that stability of conical shells has 
been studied by many researchers with a variety of shell and plate theories [1-7]. The advent of high strength, 
light weight, composite materials has resulted in broad use of multi-layered shells. The Filament-wound 
composite shells of revolution have been extensively applied to the area of aerospace, aircrafts and military 
industries. The search for lightweight and efficient aerospace structural component is a continuing process. Grid 
stiffened composite shells a class of shells with very high reliability and mass efficiency. As is evident from the 
increased number of publications in the recent past, there is a growing interest in the grid stiffened structures. 
However, on the manufacturing front published literature is somewhat limited. Vasiliev et al. [9-11] have given 
a brief account on manufacturing, testing and optimization. A description of manufacturing of lattice structures 
by filament winding along grooves cut in plaster substrate is given by Hou and Gramoll [12 ]. Totaro and 
Gurdal [13] have given a numerical optimization of composite lattice structures. An analytical model for the 
local buckling modeling of isogrid and anisogrid lattice cylindrical shells with triangular cells has been 
performed by Totaro [14]. Morozov et al. [15] have given a special finite element model for buckling analysis 
of anisogrid composite lattice conical shells. In this article presents a manufacturing method for making a 
typical grid stiffened composite conical shell. Furthermore, buckling analysis of stiffened conical shells are 
present by experimental and finite element methods. 
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“Prediction of Vibrational Behavior of Grid-Stiffened Cylindrical Shells”, Advances in Acoustics and 
Vibration, Vol. 2014 (2014), Article ID 242573, 10 pages, http://dx.doi.org/10.1155/2014/242573 
ABSTRACT: A unified analytical approach is applied to investigate the vibrational behavior of grid-stiffened 
cylindrical shells with different boundary conditions. A smeared method is employed to superimpose the 
stiffness contribution of the stiffeners with those of shell in order to obtain the equivalent stiffness parameters of 
the whole panel. Theoretical formulation is established based on Sanders’ thin shell theory. The modal forms 
are assumed to have the axial dependency in the form of Fourier series whose derivatives are legitimized using 
Stoke's transformation. A 3D finite element model is also built using ABAQUS software which takes into 
consideration the exact geometric configuration of the stiffeners and the shell. The achievements from the two 
types of analyses are compared with each other and good agreement has been obtained. The Influences of 
variations in shell geometrical parameters, boundary condition, and changes in the cross stiffeners angle on the 
natural frequencies are studied. The results obtained are novel and can be used as a benchmark for further 
studies. The simplicity and the capability of the present method are also discussed. 
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ABSTRACT: Bubbles exposed to ultrasound are long known to exhibit highly nonlinear and chaotic dynamics. 
Bubbles stabilized by a shell material (MBs), are widely used as contrast agents in diagnostic ultrasound. 
However, the nonlinear behaviour of the shell significantly increases the complexity of the dynamics. In order 
to realize the full potential of the MBs, better understanding of the MB behaviour is necessary. In this study the 
bifurcation structure of the MB with nonlinear shell behaviour is investigated for the first time. The Marmottant 
model was numerically solved and the bifurcation diagrams of the radial oscillations of the MB were plotted 
versus the control parameters (e.g. buckling radius). In agreement with recent experimental observations, results 
predict the generation of subharmonics at very low acoustic pressures. In addition, the numerical simulations 
predict the generation of higher order subharmonics (e.g. period 3) at very low acoustic pressures (<300 kPa 
and 25 MHz), which contradicts the predictions by free bubble and viscoelastic shell MB models. Results 
revealed the strong influence of the buckling radius on the order of the subharmonics. The numerical results 
were verified by experimental observation of higher order subharmonics in the oscillations of Definity at 25 and 
55 MHz. 
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University, People’s Republic of China), “Effect of welding residual stress on plastic buckling of axially 
compressed cylindrical shells with patterned welds”, Journal of Mechanical Engineering Science, Vol. 226, No. 
10, pp. 2381-2392, January 2012, DOI: 10.1177/0954406211433976 
ABSTRACT: An experimental–numerical investigation of the effect of welding residual stress on plastic 
buckling of axially compressed cylindrical shells with patterned welds is carried out. Two cylindrical shell 
specimens with different pattern of welds are made according to manufacturing process used in engineering. 
Their initial geometric imperfections, axial and circumferential strain, buckling load, etc., are experimentally 
obtained. Inherent strain method used for simulating welding residual stress field is presented. Two different 
numerical modeling methods for the purpose of evaluating the effect of welding residual stress on plastic 
buckling are illustrated and the validity is verified by experiment. It is found that, load–displacement curve 
before buckling is altered, plastic buckling critical load is decreased to some extent, and the buckling 
deformation such as the number and the uniformity of waveforms of circumferential welds are changed when 
welding residual stress exists. For the above phenomena, the reason why welding residual stress has an 
influence on plastic buckling is also quantitatively analyzed from the point of stress variation. 
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was thesis advisor), “A Koiter-Newton arclength method for buckling-sensitive structures”, July 19, 2013 
ABSTRACT: Thin-walled structures, when properly designed, possess a high strength-to-weight and stiffness-
to-weight ratio, and therefore are used as the primary components in some weight critical structural 
applications, such as aerospace and marine engineering. These structures are prone to be limited in their load 
carrying capability by buckling, while staying in the linear elastic range of the material. Buckling of thinwalled 
structures is an inherently nonlinear phenomena. When the material stays within its linear elastic range, the 
source of the nonlinearity is purely geometric. Thus, the analysis of nonlinear response of structures, especially 
thin-walled structures which are buckling sensitive, is important for determining their load carrying capability. 
For this reason, structural geometric nonlinearities are increasingly taken into account in engineering design. 
Nowadays, with the expanding computational power of modern computers nonlinear finite element analysis 
using commercial software is becoming the standard technique used to obtain the nonlinear response of 
complex structures, however, the repeated analyses that are needed in the design phase are still computationally 
intensive, in terms of the computation time required to run large models, even for modern computers. For this 
reason, reduced order techniques that reduce the problem size are attractive whenever repetitive analyses are 
required, such as in design optimization. Research on reduced order modeling of the nonlinear response of 
structures has attracted much attention from researchers. Some analytic techniques constitute very powerful 
tools for reducing the number of degrees of freedom (DOFs) in a nonlinear system, such as the Rayleigh-Ritz 
techniques and perturbation techniques. These two reduced basis techniques can be implemented in both 
analytical and numerical contexts, and due to the modeling versatility of the finite element method (FEM), most 
researchers prefer to reconstruct them within the FEM context, referred to as reduction methods. There are two 



families of reduction methods which can be recognized. The first family consists the path-following reduction 
methods which are based on some analytic techniques to reduce the number of DOFs in the full model and are 
able to trace the entire nonlinear equilibrium path of structures automatically, while they may find difficulties in 
the presence of buckling. Koiter reduction methods belong to the second family, and they are very good at 
handling the buckling sensitive cases due to the use of Koiter’s classical initial postbuckling theory, but the 
Koiter perturbation approach also limits the validity of these methods to a small range around the bifurcation 
point. The focus of the research reported in this thesis therefore is to find ways to synthesize the advantages of 
current reduction methods and obtain a new reduced basis path-following approach. In this thesis, a new 
approach called the Koiter-Newton (K-N) is presented for the numerical solution of a class of elastic nonlinear 
structural analysis problems. The method combines ideas from Koiter’s initial post-buckling analysis and 
Newton arclength methods to obtain an algorithm that is accurate over the entire equilibrium path of structures 
and efficient in the presence of buckling and/or imperfection sensitivity. The proposed approach is performed in 
a step by step manner to trace the entire equilibrium path, as is commonly used in the classical Newton arc-
length method. In every expansion step, the approach works by combining a prediction step using a nonlinear 
reduced order model (ROM) based on Koiter’s initial postbuckling expansion with a Newton arc-length 
correction procedure. This nonlinear prediction provided by the reduced order model is much better compared 
to linear predictors used by the classical Newton-Raphson method, thus allowing the algorithm to use fairly 
large step sizes. The basic premise behind the proposed approach is the use of Koiter’s asymptotic expansion 
from the beginning rather than using it only at the bifurcation point in contrast to the traditional Koiter 
approaches. In each asymptotic expansion, the force space is reduced by the span of a set of perturbation loads 
that are chosen to excite the possible buckling branches. According to the stability of the equilibrium point, at 
which the asymptotic expansion is applied, different ways for selecting the perturbation loads are proposed. The 
proposed selection rules guarantee that the expansion step of the proposed approach can be applied at any point 
along the equilibrium path. The proposed technique requires derivatives of the element load vectors with respect 
to the degrees of freedom up to the third order. This is two orders more than what is traditionally needed for 
Newton’s method. To facilitate differentiation, nonlinear elements based on the element independent co-
rotational frame are applied in the Koiter-Newton analysis. Automatic differentiation is used to find the 
derivatives of the co-rotational frame with respect to element degrees of freedom. In this way, full nonlinear 
kinematics are taken into account when constructing the reduced order model. In some cases, the nonlinear in-
plane rotations of structures can be neglected, although the rotations of the normals to the mid-surface are finite. 
In such cases, Von Karman kinematics, which ignore some nonlinear items in the Green’s staindisplacement 
relations, possess an acceptable accuracy compared with the full nonlinear kinematics. Hence, the Koiter-
Newton approach is also implemented based on Von Karman kinematics to achieve a better computational 
efficiency.Various numerical examples of beam and shell models are presented and used to evaluate the 
performance of the method. The Koiter-Newton analyses using the corotational kinematics and the Von 
K´arm´an kinematics are accurate and more computational efficient, compared with the results obtained using 
ABAQUS which adopts a full nonlinear analysis. The improved efficiency demonstrated by the Koiter-Newton 
technique will open the door to the direct use of detailed nonlinear finite element models in the design 
optimization of next generation flight and launch vehicles. 
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analysis of functionally graded shells based on 2-D Cosserat constitutive model”, Engineering Transactions, 
Vol. 62, No. 2, pp 109-130, 2014 
ABSTRACT: In this paper geometrically nonlinear analysis of functionally graded shells in 6-parameter shell 
theory is presented. It is assumed that the shell consists of two constituents: ceramic and metal. The mechanical 
properties are graded through the thickness and are described by power law distribution. Formulation based on 
2-D Cosserat constitutive model is used to derive constitutive relation for functionally graded shells. Numerical 
results for typical benchmark geometries of smooth and irregular FGM shells under mechanical loading are 
presented. The influence of power-law exponent and micropolar material constants on the overall behaviour of 
functionally graded shells is investigated.  
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Andrew E. Lovejoy and Marc R. Schultz (NASA Langley Research Center, Hampton, CA 23681), “Evaluation 
of analysis techniques for fluted-core sandwich cylinders”, AIAA Paper 2012-1868,  53rd AIAA Structures, 
Structural Dynamcs and Materials Conference, Honolulu, Hawaii, April 2012 
ABSTRACT: Buckling-critical launch-vehicle structures require structural concepts that have high bending 
stiffness and low mass. Fluted-core, also known as truss-core, sandwich construction is one such concept. In an 
effort to identify an analysis method appropriate for the preliminary design of fluted-core cylinders, the current 
paper presents and compares results from several analysis techniques applied to a specific composite fluted-core 
test article. The analysis techniques are evaluated in terms of their ease of use and for their appropriateness at 
certain stages throughout a design analysis cycle (DAC). Current analysis techniques that provide accurate 
determination of the global buckling load are not readily applicable early in the DAC, such as during 
preliminary design, because they are too costly to run. An analytical approach that neglects transverse-shear 
deformation is easily applied during preliminary design, but the lack of transverse-shear deformation results in 
global buckling load predictions that are significantly higher than those from more detailed analysis methods. 
The current state of the art is either too complex to be applied for preliminary design, or is incapable of the 
accuracy required to determine global buckling loads for fluted-core cylinders. Therefore, it is necessary to 
develop an analytical method for calculating global buckling loads of fluted-core cylinders that includes 
transverse-shear deformations, and that can be easily incorporated in preliminary design. 
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“Buckling Behavior of Elliptical Shells of Changing Thickness under Uniform Axial Compression”, Applied 
Mechanics and Materials, Volumes 351 – 352, pp 492-496, 2013 
DOI: 10.4028/www.scientific.net/AMM.351-352.492 
ABSTRACT: Many elliptical shells are used in structural applications in which the dominant loading condition 
is axial compression. Due to the fact that the radius varies along the cross-section midline, the buckling 
behavior is more difficult to identify than those of cylindrical shells. The general concerned aspects in 
cylindrical shell buckling analyses such as the buckling mode, the pre-buckling deformation and post-buckling 
deformation are all quite different related to specific elliptical shell geometry. The buckling behavior of 
elliptical cylindrical shells with uniform thickness has been widely studied by many researchers. However, the 
thickness around the circumference may change for some specific structural forms, the femoral neck for 



example, which makes the buckling behavior more complex. It is known that the buckling strength of thin 
cylindrical shells is quite sensitive to imperfections, so it is natural to explore the imperfection sensitivity of 
elliptical shells. This paper explores the buckling behavior of imperfect elliptical shells under axial 
compression. It is hoped that the results will make a useful contribution in this field. 
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“Comprehensive investigation in buckling and free vibration of laminate composite cylindrical shell”, Journal 
of Basic and Applied Scientific Research, Vol. 3, No. 5, pp. 195-205, 2013 
ABSTRACT: In this paper, the effect of compressive axial loading on natural frequency of the composite shell 
and the influences of geometrical parameter and the fiber orientation on the buckling load and natural frequency 
are studied. Bucking and free vibration of cylindrical laminate composite shell are inspected regarding to three 
approaches: classical theory of laminate, first order shear deformation, finite element method. The composite is 
taken into account as orthotropic laminate. Substituting strain-displacement based on Love’s first approximation 
into strain-stress equation lead to yield equilibrium equations respect to displacement components. The 
boundary conditions are considered clamp on one side and free on other. The components of displacement are 
considered as double Fourier’s series which is more general and precise. A remarkable accuracy has been 
admitted by comparing the results with other available references. 
 
 
Hong-Liang Dai, Ting Dai, Hong-Yan Zheng,  (State Key Laboratory of Advanced Design and Manufacturing 
for Vehicle Body, Hunan University, Chansha 410082, China), “Creep buckling and post-buckling analyses for 
a hybrid laminated viscoelastic FGM cylindrical shell under in-plane loading”, International Journal of 
Mechanics and Materials in Design, August 2013, DOI: 10.1007/s10999-013-9223-0 
ABSTRACT: In this paper, creep buckling and post-buckling of a hybrid laminated viscoelastic functionally 
graded material (FGM) cylindrical shell under in-plane loading are investigated. Considering the high-order 
transverse shear deformation and geometric nonlinear theory, the von Karman geometric relation of the hybrid 
laminated viscoelastic FGM cylindrical shell with initial deflection is established. Based on the Donnell theory, 
elastic piezoelectric theory and Boltzmann superposition principle, nonlinear creep governing equations of the 
hybrid laminated viscoelastic FGM cylindrical shell under in-plane loading are derived. By means of the finite 
difference method and the Newton–Newmark method, the problem for creep buckling and post-buckling of the 
laminated shell’s structure is solved. Numerical results are presented to show effects of geometric parameters, 
power law index and loading on creep buckling and post-buckling of the hybrid laminated viscoelastic FGM 
cylindrical shell. 
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“Thermal postubkling behavior of laminated composite spherical shell panel using NFEM”, Mechanics Bsed 
Design of Strucutres and Machines, Vol. 41, pp. 468-488, 2013, DOI: 10.1080/15397734.2013.797330 
ABSTRACT: Postbuckling behavior of laminated shell panel in thermal environment is reported in this article. 
The geometric nonlinearity is introduced in Green–Lagrange sense and the model is developed for the 
geometrically large translations and/or rotations and the excess thermal deformation of the curved panel based 
on higher order shear deformation theory (HSDT) using nonlinear finite element. The governing equation of 
shell panel is derived by minimizing the energy expression. The postbuckling strength in terms of temperature 
ratio (postbuckling to buckling temperature) of the panel by obtained by a direct iterative method. The results 
are obtained using the developed model and compared with those of the available published literature. Some of 
the new results are computed for different parameters such as layup sequences, thickness ratios, amplitude 
ratios, boundary conditions, aspect ratios, and various curvature ratios and presented. 



 
 
Surendra Kumar, “Analysis of impact response and damage in laminated composite shell involving large 
deformation and material degradation”, Journal of Mechanics of Materials and Structures, Vol. 3, No. 9, 2008 
ABSTRACT: A nonlinear finite element analysis of impact response and impact-induced damage in curved 
composite laminates subjected to transverse impact by a foreign object is carried out. An eight-noded 
isoparametric quadrilateral shell element incorporating a nonlinear strain displacement relation due to large 
deflection is developed based on the total Lagrangian approach. The nonlinear system of equations is solved 
using a Newton–Raphson incremental-iterative method. Example problems of graphite/epoxy cylindrically 
curved laminates with different curvature are considered and the influence of geometrical nonlinearity on the 
impact response and the resulting damage is demonstrated. The concurrent effect of material degradation due to 
impact damage is also investigated.  
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ABSTRACT: The problem on normal low-velocity impact of an elastic sphere upon an elastic spherical shell is 
studied with considering the changes in the geometrical dimensions of the contact domain. At the moment of 
impact, shock waves (surfaces of strong discontinuity) are generated in the target, which then propagate along 
the body during the process of impact. Behind the wave fronts upto the boundary of the contact domain, the 
solution is constructed with the help of the theory of discontinuities and one-term ray expansions. Nonlinear 
Hertz’s theory is employed within the contact region. For the analysis of the processes of shock interactions of 
the elastic sphere with the spherical shell, nonlinear integro-differential equation has been obtained with respect 
to the value characterizing the local indentation of the impactor into the target, which has been solved 
analytically in terms of time series with integer and fractional powers.  
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spherical shells impacted by falling objects”, International Journal of Mechanics, Vol. 5, No. 3, 2011 
ABSTRACT: The problem on normal low-velocity impact of an elastic falling body upon an elastic spherical 
shell is studied. At the moment of impact, shock waves (surfaces of strong discontinuity) are generated in the 
target, which then propagate along the body during the process of impact. Behind the wave fronts upto the 
boundary of the contact domain, the solution is constructed with the help of the theory of discontinuities and 
one-term or multiple-term ray expansions. Nonlinear Hertz’s theory and linearized elastic contact laws are 
employed within the contact region. For the analysis of the processes of shock interactions of the elastic sphere 
or elastic spherically-headed rod with the spherical shell, nonlinear integro-differential equation has been 
obtained with respect to the value characterizing the local indentation of the impactor into the target, which has 
been solved analytically in terms of time series with integer and fractional powers. In the case of the linear 
elastic shock interactions, the governing differential equations for the target and the impactor are solved 
analytically by the ray method.  
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ABSTRACT: Large amplitude (geometrically non-linear) vibrations of doubly curved shallow shells with 
rectangular base under the low-velocity impact by an elastic sphere are investigated. It is assumed that the shell 
is simply supported and partial differential equations are obtained in terms of shell's transverse displacement 
and Airy's stress function. The local bearing of the shell and impactor's materials is neglected with respect to the 
shell deflection in the contact region. The equations of motion are reduced to a set of infinite nonlinear ordinary 
differential equations of the second order in time and with cubic and quadratic nonlinearities in terms of the 
generalized displacements. Assuming that only two natural modes of vibrations dominate during the process of 
impact and applying the method of multiple time scales, the set of equations is obtained, which allows one to 
find the time dependence of the contact force and to determine the contact duration and the maximal contact 
force.  
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Y. Rossikhin, M. Shitikova, "Nonlinear Dynamic Response of a Thin Plate Embedded in a Fractional 
Viscoelastic Medium under Combinational Internal Resonances", Applied Mechanics and Materials, Vol. 595, 
pp. 105-110, 2014, DOI: 10.4028/www.scientific.net/AMM.595.105 
ABSTRACT: Dynamic behaviour of a nonlinear plate embedded in a fractional derivative viscoelastic medium 
and subjected to the conditions of the combinational internal resonances of the additive and difference types has 
been studied by Rossikhin and Shitikova in [1]. Nonlinear equations, the linear parts of which occur to be 
coupled, were solved by the method of multiple time scales. A new approach proposed in [2] allows one to 
uncouple the linear parts of equations of motion of the plate, while the same method, the method of multiple 
time scales, has been utilized for solving nonlinear equations. The new approach enables one to find an 
additional combinational resonance of the additive-difference type, as well as to solve the problems of 
vibrations of thin bodies more efficiently. 
 
 
Fu Yiming, Mao Yiqi and Tian Yanping, “Damage analysis and dynamic response of elasto-plastic laminated 
composite shallow spherical shell under low velocity impact”, International Journal of Solids and Structures, 
Vo. 47, pp 126-137, 2010 
ABSTRACT: Based on the elasto-plastic mechanics, the damage analysis and dynamic response of an elasto-
plastic laminated composite shallow spherical shell under low velocity impact are carried out in this paper. 
Firstly, a yielding criterion related to spherical tensor of stress is proposed to model the mixed hardening 
orthotropic material, and accordingly an incremental elasto-plastic damage constitutive relation for the 
laminated shallow spherical shell is founded when a strain-based Hashin failure criterion is applied to assess the 
damage initiation and propagation. Secondly, using the presented constitutive relations and the classical 
nonlinear shell theory, a series of incremental nonlinear motion equations of orthotropic moderately thick 
laminated shallow spherical shell are obtained. The questions are solved by using the orthogonal collocation 
point method, Newmark method and iterative method synthetically. Finally, a modified elasto-plastic contact 
law is developed to determine the normal contact force and the effect of damage, geometrical parameters, 
elasto-plastic contact and boundary conditions on the contact force and the dynamic response of the structure 
under low velocity impact are investigated.  
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ABSTRACT: Large deflection dynamic responses of laminated composite cylindrical shells under impact are 
analyzed by the geometrically nonlinear finite element method based on a generalized Sander’s shell theory 
with the first order transverse shear deformation and the von-Karman large deflection assumption. A modified 
indentation law with inelastic indentation is employed for the contact force. The nonlinear finite element 
equations of motion of shell and an impactor along with the contact laws are solved numerically using 
Newmark’s time marching integration scheme in conjunction with Akay type successive iteration in each step. 
The ply failure region of the laminated shell is estimated using the Tsai-Wu quadratic interaction criteria. 
Numerical results, including the contact force histories, deflections and strains are presented and compared with 
the ones by linear analysis. The effect of the radius of curvature on the composite shell behaviors is investigated 
and discussed. 
References listed at the end of the paper: 
1. Aggour, H. and Sun, C. T., 1988, “Finite Element Analysis of a Laminated Composite Plate Subjected to Circularly Distributed 
Central Impact Loading,” Computers & Structures, Vol. 28, No. 6, pp. 729–736.  
2. Akay, H. U., 1980, “Dynamic Large Deflection Analysis of Plates Using Mixed Finite Elements,” Computers & Structures, Vol. 11, 
pp. 1–11.  
3. Bachrach, W. E. and Hansen, R. S., 1988, “Mixed Finite-Element Method for Composite Cylinder Subjected to Impact,” AIAA J., 
Vol. 27, No. 5, pp. 632–638.  
4. Chen, J. K. and Sun, C. T., 1985, “Dynamic Large Deflection Response of Composite Laminates Subjected to Impact,” Composite 
Structures, Vol. 4, pp. 59–73.  
5. Cho, C. and Zhao, G., 1999, “Dynamic Response and Damage of Composite Shell under Impact,” KSME Int. J., Vol. 13, No. 9, pp. 
596–608. 
6. Choi, I. H. and Hong, C. S., 1994, “New Approach for Simple Prediction of Impact Force History on Composite Laminates,” AIAA 



J., Vol. 32, No. 10, pp. 2067–2072.  
7. Crook, A. W., 1952, “A Study of Some Impacts Between Metal Bodies by a Piezoelectric Method,” Proceedings of the Royal 
Society, London, Series A, Vol. 212, p. 377.  
8. Gibson, R. F., 1994, Principles of Composite Material Mechanics, McGraw Hill, pp. 110–111. 
9. Gong, S. W., Toh, S. L. and Shim, V. P. W., 1994, “The Elastic Response of Orthotropic Laminated Cylindrical Shells to Low-
Velocity Impact,” Composite Engineering, Vol. 4, No. 2, pp. 247–266.  
10. Matemilola, S. A. and Stronge, W. J., 1997, “Impact Response of Composite Cylinders,” Int. J. of Solids and Structures, Vol. 34, 
pp. 2669–2684.  
11. Rajagopalan, K., 1993, Finite Element Buckling Analysis of Stiffened Cylindrical Shells, A. A. Balkema (Rotterdam), pp. 27–28. 
12. Reddy, J. N., 1997, Mechanics of Laminated Composite Plates: Theory and Analysis, CRC Press Inc., pp. 141–142. 
13. Shivakumar, K. N., Elber, W. and Illg, W., 1985, “Prediction of Impact Force and Duration Due to Low-Velocity Impact on 
Circular Composite Laminates,” J. Applied Mechanics, Vol. 52, pp. 674–680.  
14. Tan, T. M. and Sun, C. T., 1985, “Use of Statical Indentation Law in the Impact Analysis of Laminated Composite Plate,” J. 
Applied Mechanics, Vol. 52, pp. 6–12.  
15. Willis, J. R., 1966, “Hertzian Contact of Anisotropic Bodies,” Journal of Mechanics and Physics of Solids, Vol. 14, pp. 163–176.  
16. Wu, E. B. and Yen, C. S., 1994, “The Contact Behavior Between Laminated Composite Plates and Rigid Spheres,” J. Applied 
Mechanics, Vol. 61, pp. 60–66.  
17. Yang, S. H. and Sun, C. T., 1982, “Indentation Law for Composite Laminates,” Composite Materials: Testing and Design, ASTM 
STP 787, ASTM, pp. 425–449. 
18. Zhao, G., 2000, Impact Response and Postbuckling Behavior of Composite Cylindrical Shell, Ph. D. Thesis, Inha University, pp. 
11–18. 
 
 
Natalia I. Obodan (1), Olexandr G. Lebedeyev (2) and Vasilii A. Gromov (1) 
(1) Oles Honchar Dnepropetrovsk National University, Gogolya street 9, 26, Dnepropetrovsk, 49044, Ukraine 
(2) Atlantis Industrial Systems, Shevchenko Street 37, Dnepropetrovsk, 49044, Ukraine 
“Boundary problem in thin shells theory”, Chapter in Nonlinear Behaviour and Stability of Thin-Walled Shells, 
Springer, 2013, pp 11-27, DOI: 10.1007/978-94-007-6365-4_2 
ABSTRACT: A boundary problem for thin elastic shells is formulated. The generally acceptable geometrical 
(straight normal) and physical (linear elasticity) hypotheses which underlie the relations are considered. 
Geometrical nonlinearity of shell deformation is taken into account. Equilibrium equations expressed via the 
displacements of shell middle surface are presented as governing relations. Tangent and bending boundary 
conditions along the arbitrary shell contour (free and clamped edge, free-hinge and fixed-hinge, elastic support) 
are formulated. A set of previously satisfied conditions (regularity of shell surface and material, piecewise 
continuity of shell contour and of boundary support parameters) is implemented and the concept of a 
generalized solution is introduced. The small perturbation of a vector-function of a generalized solution is 
considered, becoming the basis of investigation of non-uniqueness of the generalised solution, and of branching 
of the solutions. 
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dynamic response of a thin fractionally damped plate with 2:1 and 2:1;1 internal resonances”, Chapter in Shell 
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267-288, September 2014, DOI: 10.1007/978-3-319-02535-3_15 
ABSTRACT: Dynamic behaviour of a nonlinear plate embedded in a fractional derivative viscoelastic medium 
and subjected to the conditions of the internal resonances two-to-one and one-to-one, as well as the internal 
combinational resonances has been studied by Rossikhin and Shitikova in [12, 13]. Nonlinear equations, the 
linear parts of which occur to be coupled, were solved by the method of multiple time scales. A new approach 
proposed in this paper allows one to uncouple the linear parts of equations of motion of the plate, while the 
same method, the method of multiple time scales, has been utilized for solving nonlinear equations. The new 
approach enables one to solve the problems of vibrations of thin bodies more efficiently. 
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dynamic response of a thin fractionally damped cylindrical shell with internal resonances of the order of 
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ABSTRACT: Non-linear vibrations of a cylindrical shell embedded in a fractional derivative viscoelastic 
medium and subjected to the different conditions of the internal resonance of the order of ε, where ε is a small 
value, are investigated. The displacement functions are determined in terms of eigenfunctions of linear 
vibrations. The procedure resulting in decoupling linear parts of equations is proposed with the further 
utilization of the method of multiple scales for solving nonlinear governing equations of motion, in so doing the 
amplitude functions are expanded into power series in terms of the small parameter and depend on different 
time scales. The influence of viscosity on the energy exchange mechanism is analyzed. It is shown that each 
mode is characterized by its damping coefficient connected with the natural frequency by the exponential 
relationship with a negative fractional exponent. Comparison of the results obtained in this paper for the 
nonlinear shallow cylindrical shell in the cases of the internal resonance of the order of ε with those for a 
nonlinear plate, the motion of which is described also by three coupled nonlinear equations in terms of three 
displacements, reveals the fact that the shell equations could produce much more diversified variety of internal 
resonances, including combinational resonances of the additive and difference types, than the plate equations. 
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“Nonlinear dynamic response of a fractionally damped cylindrical shell with a three-to-one internal resonance”, 
Applied Mathematics and Computation, Vol. 257, No. C, pp 498-525, April 2015, 
DOI: 10.1016/j.amc.2015.01.018 
ABSTRACT: Nonlinear vibrations of a cylindrical shell embedded in a fractional derivative viscoelastic 
medium and subjected to the different conditions of the internal resonance are investigated. The viscous 



properties of the surrounding medium are described by Riemann-Liouville fractional derivative. The 
displacement functions are determined in terms of eigenfunctions of linear vibrations of a free-simply supported 
shell. A novel procedure resulting in decoupling linear parts of equations is proposed with the further utilization 
of the method of multiple scales for solving nonlinear governing equations of motion by expanding the 
amplitude functions into power series in terms of the small parameter and different time scales. It is shown that 
the phenomenon of internal resonance can be very critical, since in a circular cylindrical shell the one-to-one, 
two-to-one, and three-to-one internal resonances, as well as additive and difference combinational resonances 
are always present. The three-to-one internal resonance is analyzed in detail. Since the internal resonances 
belong to the resonances of the constructive type, i.e., all of them depend on the geometrical dimensions of the 
shell under consideration and its mechanical characteristics, that is why such resonances could not be ignored 
and eliminated for a particularly designed shell. It is shown that the energy exchange could occur between two 
or three subsystems at a time: normal vibrations of the shell, its torsional vibrations and shear vibrations along 
the shell axis. Such an energy exchange, if it takes place for a rather long time, could result in crack formation 
in the shell, and finally to its failure. The energy exchange is illustrated pictorially by the phase portraits, 
wherein the phase trajectories of the phase fluid motion are depicted. 
 
 
V.R.Kar and S.K.Panda (Dept. of Mechanical Eng., NIT, Rourkela,769008, India), “Thermal buckling of 
temperature dependent functionally graded cylindrical panel”, 5th International and 26th All India Manufacturing 
Technology, Design and Research Conference, AIMTDR2014), December 12-14, 2014, IIT Guwahati, Assam, 
India 
ABSTRACT: The buckling behaviour of functionally graded cylindrical panels under thermal loading is 
investigated in this article. In functionally graded material, material properties vary smoothly from metal phase 
to ceramic phase. In this study, the effective material properties of the functionally graded panels are considered 
as temperature dependent and the gradation is taken in the transverse direction according to the power-law 
distribution of volume fractions of eachconstituent.Thermal buckling behaviour of cylindrical panel has been 
obtained numerically through ANSYS based on the ANSYS parametric design language code. The model has 
been discretised using an eight node serendipity element with six degrees of freedom per node (SHELL281) 
from the ANSYS library. The solutions are obtained by solving the eigenvalue type buckling using Block 
Lanczos method. The accuracy of the model has been checked through corresponding convergence and 
comparison study with those available literatures. Finally, the simulation model has been extended to study the 
effect of different parameters such as power-law index, thickness ratio, curvature ratio and aspect ratioon 
buckling strength for both temperature independent and dependent material properties of each constituent. 
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“Limit load and buckling analysis for assessing Hanford single-shell tank dome structural integrity – 12278”, 
WM2012 Conference, February 26 – March 1, 2012, Phoenix, Arizona, USA 
ABSTRACT: The U.S. Department of Energy, Office of River Protection has commissioned a structural 
analysis of record for the Hanford single shell tanks to assess their structural integrity. The analysis used finite 
element techniques to predict the tank response to the historical thermal and operating loads. The analysis also 
addressed the potential tank response to a postulated design basis earthquake. The combined response to 
static and seismic loads was then evaluated against the design requirements of American Concrete Institute 
standard, ACI-349-06, for nuclear safety-related concrete structures. Further analysis was conducted to estimate 
the plastic limit load and the elastic-plastic buckling capacity of the tanks. The limit load and buckling analyses 
estimate the margin between the applied loads and the limiting load capacities of the tank structure. The 
potential for additional dome loads from waste retrieval equipment and the addition of large dome penetrations 
to accommodate retrieval equipment has generated additional interest in the limit load and buckling analyses. 
This paper summarizes the structural analysis methods that were used to evaluate the limit load and buckling of 
the single shell tanks. 
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two extremeties”, Vietnam National University Journal of Science, Mathematics, Physics, T.XXI, NO. 3, 2005 
ABSTRACT: An elastic stability problem of the thin round cylindrical shells subjected to torsional moment at 
two extremities has been investigated in the paper [6]. By the small elastoplastic deformation theory and by the 
flow theory, this problem again has been studied in [2] and [4]. Basing on the theory of elastoplastic processes 
the above mentioned problem has been solved by approach simulation of instability form of the cylinder (see 
[1],[5]). In this paper, the solution of problem in the real bending form of structure has been found. We have 
also established the relations for determining critical force. Some numerical results for a linear hardening 
material have been given and discussed.  
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buckling and postbuckling for axially compressed functionally graded cylindrical panels with the poisson’s ratio 
varying smoothly along the thickness”, Vietnam Journal of Mechanics, Vol. 34, No. 1, 2012, 
DOI: 10.15625/0866-7136/34/1/426 
ABSTRACT: In this paper  an approximate analytical solution to analyze the nonlinear buckling and 
postbuckling behavior of imperfect  functionally graded panels with the Poisson's ratio also varying 
smoothly  along the thickness is investigated. Based on the classical shell theory and von Karman's assumption 
of kinematic nonlinearity and applying Galerkin  procedure, the equations for finding critical loads and load-
deflection curves of cylindrical panel subjected to axial compressive load with two types boundary conditions, 
are given. Especially, the stiffness coefficients  are analyzed in explicit form. Numerical results show various 
effects of the  inhomogeneous parameter, dimensional parameter, boundary conditions on nonlinear stability of 
panel. An accuracy of present theoretical results is  verified by the previous well-known results. 
 
 
Dao Van Dung and Le Kha Hoa (Vietnam National University, Hanoi, Viet Nam), “Solving Nonlinear Stability 
Problem Of Imperfect Functionally Graded Circular Cylindrical Shells Under Axial Compression By Galerkin’s 
Method”, Vietnam Journal of Mechanics, VAST, Vol. 34, No. 3 (2012), pp. 139 – 156  
ABSTRACT: This paper presents an analytical approach to analyze the nonlinear stability of thin closed 
circular cylindrical shells under axial compression with material properties varying smoothly along the 
thickness in the power and exponential distribution laws. Equilibrium and compatibility equations are obtained 
by using Donnell shell theory taking into account the geometrical nonlinearity in von Karman and initial 
geometrical imperfection. Equations to find the critical load and the load-deflection curve are established by 
Galerkin’s method. Effects of buckling modes, of imperfection, of dimensional parameters and of volume 
fraction indexes to buckling loads and postbuckling load-deflection curves of cylindrical shells are investigated. 
In case of perfect cylindrical shell, the present results coincide with the ones of the paper [13] which were 



solved by Ritz energy method. 
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Dao Van Dung and Nguyen Thi Nga (Vietnam National University, Hanoi, Viet Nam), “Nonlinear buckling and 
post-buckling of eccentrically stiffened functionally graded cylindrical shells surrounded by an elastic medium 
based on the first order shear deformation theory”, Vietnam Journal of Mechanics, Vol. 35, No. 4, 2013, 
DOI: 10.15625/0866-7136/35/4/3116 
ABSTRACT: In this paper, the nonlinear buckling and post-buckling of an eccentricallystiffened cylindrical 
shell made of functionally graded materials, surrounded by an elasticmedium and subjected to mechanical 
compressive loads and external pressures are inves-tigated by an analytical approach. The cylindrical shells are 
reinforced by longitudinaland circumferential stiffeners. The material properties of cylindrical shells are graded 
inthe thickness direction according to a volume fraction power-law distribution. The non-linear stability 
equations for stiffened cylindrical shells are derived by using the first ordershear deformation theory and 
smeared stiffeners technique. Closed-form expressions fordetermining the buckling load and load-deflection 
curves are obtained. The effectivenessof stiffeners in enhancing the stability of cylindrical shells is shown. The 
effects of volumefraction indexes, material properties, geometrical parameters and foundation parametersare 
analyzed in detail. 
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“Instability of eccentrically stiffened functionally graded truncated conical shells under mechanical loads”, 
Composite Structures, Vol. 106, pp 104-113, 2013, DOI: 10.1016/j.compstruct.2013.05.050  
ABSTRACT: This paper is concerned with the mechanical buckling load of an eccentrically stiffened truncated 
conical shells made of functionally graded materials and subjected to axial compressive load and external 
uniform pressure by analytical method. Shells are reinforced by stringers and rings. The change of spacing 
between stringers in the meridional direction is taken into account. Material properties of shell are graded in the 



thickness direction according to a volume fraction power-law distribution. The equilibrium and linearized 
stability equations for stiffened shells are derived based on the classical shell theory and smeared stiffeners 
technique. The resulting equations which they are the couple set of three variable coefficient partial differential 
equations in terms of displacement components are investigated by Galerkin method and the closed-form 
expression for determining the buckling load is obtained. The effects of stiffeners, material and dimensional 
parameters are analyzed in detail.  
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“Nonlinear dynamic analysis of eccentrically stiffened functionally graded cylindrical thin shells under external 
pressure and surrounded by an elastic medium”, European Journal of Mechanics/  A Solids, Vol. 46, pp 42-53, 
2014, DOI: 10.1016/j.euromechsol.2014.02.008 
ABSTRACT: A semi-analytical approach eccentrically stiffened functionally graded circular cylindrical shells 
surrounded by an elastic medium subjected to external pressure is presented The elastic medium is assumed as 
two-parameter elastic foundation model proposed by Pasternak. Based on the classical thin shell theory with the 
geometrical nonlinearity in von Karman–Donnell sense, the smeared stiffeners technique and Galerkin method, 
this paper deals the nonlinear dynamic problem. The approximate three-term solution of deflection shape is 
chosen and the frequency–amplitude relation of nonlinear vibration is obtained in explicit form. The nonlinear 
dynamic responses are analyzed by using fourth order Runge–Kutta method and the nonlinear dynamic 
buckling behavior of stiffened functionally graded shells is investigated according to Budiansky–Roth criterion. 
Results are given to evaluate effects of stiffener, elastic foundation and input factors on the frequency–
amplitude curves, natural frequencies, nonlinear responses and nonlinear dynamic buckling loads of 
functionally graded cylindrical shells. 
 
 
A.N. Gent (The Goodyear Tire & Rubber Company, Akron, Ohio 44316), “Elastic instabilities of inflated 
rubber shells”, Rubber Chemistry and Technology, Vol. 72, No. 2, pp 263-268, 1999 
ABSTRACT: Using a simple constitutive law for elastic behavior that includes the feature of a maximum 
allowable strain, equations are derived for inflation pressure as a function of the amount of inflation for three 
rubber shells: a thin-walled spherical balloon, a small spherical cavity in a large rubber block, and a thin-walled 
cylindrical tube. The results are compared with those obtained using the neo-Hookean constitutive law. Uniform 
expansion is generally predicted to become unstable at a modest degree of inflation but the new relations give a 
second stable inflation state, in accord with experience. 
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Netherlands), “Functional buckling behavior of silicone rubber shells for biomedical use”, J Mech Behav 
Biomed Mater. 2013 Jul 10;28C:47-54. doi: 10.1016/j.jmbbm.2013.07.002. [Epub ahead of print: 
http://www.ncbi.nlm.nih.gov/pubmed/23973612  ] 
ABSTRACT: The use of soft elastic biomaterials in medical devices enables substantial function integration. 
The consequent increased simplification in design can improve reliability at a lower cost in comparison to 
traditional (hard) biomaterials. Functional bi-stable buckling is one of the many new mechanisms made possible 
by soft materials. The buckling behavior of shells, however, is typically described from a structural failure point 
of view: the collapse of arches or rupture of steam vessels, for example. There is little or no literature about the 
functional elastic buckling of small-sized silicone rubber shells, and it is unknown whether or not theory can 
predict their behavior. Is functional buckling possible within the scale, material and pressure normally 
associated with physiological applications? An automatic speech valve is used as an example application. 
Silicone rubber spherical shells (diameter 30mm) with hinged and double-hinged boundaries were subjected to 
air pressure loading. Twelve different geometrical configurations were tested for buckling and reverse buckling 
pressures. Data were compared with the theory. Buckling pressure increases linearly with shell thickness and 



shell height. Reverse buckling shows these same relations, with pressures always below normal buckling 
pressure. Secondary hinges change normal/reverse buckling pressure ratios and promote symmetrical buckling. 
All tested configurations buckled within or closely around physiological pressures. Functional bi-stable 
buckling of silicone rubber shells is possible with adjustable properties in the physiological pressure range. 
Results can be predicted using the proposed relations and equations. 
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analysis of grid shells”, Second Conference of Junior Researchers in Civil Engineering, 2013, 
https://www.me.bme.hu/doktisk/konf2013/papers/074-080.pdf 
ABSTRACT: After a theoretical overview of the buckling phenomena of grid shells, current research on the 
stability check by numerical analysis will be discussed with a special attention on the applied geometrical 
imperfection. It is lab orious to analyse the effect of initial member curvature and node deviation as 
constructional imperfections, therefore simplified methods exist such as the use of eigenshapes as 
imperfections. To demonstrate the effect of different imperfection shapes, a spherical cap with a Kiewitt-8 mesh 
type is analysed based on different analysis methods. 
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“Accurate symplectic space solutions for thermal buckling of functionally graded cylindrical shells”, 
Composites Part B: Engineering, Vol. 55, pp. 208-214, December 2013 
ABSTRACT: This paper derives new analytical solutions for thermal bifurcation buckling of cylindrical shells 
made of functionally graded materials (FGMs) with temperature-dependent material properties. The Donnell’s 
shell theory is adopted and a symplectic solution methodology is established through the Hamiltonian 
variational principle. The fundamental buckling problem is then converted into the solving for the symplectic 
eigenvalues and eigenvectors. The solutions reveal that boundary conditions and temperature-dependent FGM 
properties have significant influence on thermal buckling behavior. It is also concluded that temperature field 
conditions cannot be neglected for FGCSs being rich in thermal sensitive compositions. 
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free vibrations of cylindrical stiffened composite shells with internal liquid”, Research Journal of Applied 
Sciences, Engineering and Technology, Vol. 6, No. 19, pp. 3495-3505, October 2013 
ABSTRACT: The free vibration and buckling of cylindrical composite shell with internal liquid is studied in 



this study. The shell composed of several composite layers and stiffeners which are rings and stringers. The first 
order shear theory was used for shell and stiffeners. Stiffeners were used in equations as discrete elements. The 
effects of axial force, internal pressure and shell rotation about cylinder axis, were calculated. The Reily-Ritz 
method was used for solving the problem. The potential and kinetic energy of shell and each stiffeners and 
kinetic energy of liquid are substituted in the functional of energy. The natural frequencies and the critical 
axial forces in each mode is obtained. The section shape of each stiffener is rectangle. The stringers can have 
variable height in their length (a parabolic shape for example) and its effect is studied for shell with and without 
liquid. Also stiffened composite shell with different internal pressure, different axial forces and different 
rotation speeds is studied. The liquid is ideal and sloshing was neglected. 
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DESCRIPTION: Buckling Test Facility: The buckling test facility has been continuously developed over 
the past 20 years and is especially designed for buckling tests on thin walled composite structures such as 
cylinders and panels. Due to its extreme stiffness, careful load introduction and shortening control, buckling 
tests of high precision can be conducted under well defined boundary conditions. The hydraulic cylinder is 
equipped with a small servo valve for static tests and additionally with a second valve for high dynamics. Axial 
compression up to 1,000 kN, torsion up to 20 kNm as well as internal pressure between 1 hPa (simulating 
external pressure) and 10 hPa can be applied simultaneously. The load history of axial compression ranges from 
static loading to shock loading. Tests of panels and shells with up to 1,600 millimeters in length and 1,200 
millimeters in width (diameter) can be performed. The high-precision buckling test results serve as a reference 
for the development of fast computational procedures to simulate buckling and post buckling behavior of thin 
walled structures, as they are required for concurrent/integrated engineering. In addition, proof tests of real 
structural components with respect to their buckling and post-buckling behavior can be conducted. So far, 
several buckling tests were conducted within ESA contracts and EU projects such as DEVILS (Design and 
Validation of Imperfection-Tolerant Laminated Shells), POSICOSS (Improved Post-buckling Simulation for 
Design of Fiber Composite Stiffened Fuselage Structures) and the current project COCOMAT (Improved 
Material Exploitation at Safe Design of Composite Airframe Structures by Accurate Simulation of Collapse). 
Technical Details:  The capacity of the axial load is 1,000 kN. The hydraulic cylinder is equipped with a 
small servo-valve for quasi-static tests which enables very smooth controlling of the displacement. 
Additionally, a second valve is provided for very high dynamics as required for dynamic buckling or shock 
tests. Axial compression = 1,000 kN, Piston acceleration = 1,500 m/s2, Piston velocity = 0.675 m/s, Piston 
frequency (ampl.1 mm) = 100 Hz, Torsion moment = 50 kNm, Shear load (for panels) = 200 kN, Specimen 
length =1,600 mm, Specimen width = 1,200 mm. Measurement Equipment: 200 measurement points for 
strain gauges and displacement transducers are scanned by 1 kHz for static tests, and 72 measuring points by 
400 kHz for dynamic tests. Four self-sustaining fast ARAMIS systems, each of which is able to measure the 3-
dimensional deformation field at a speed of 1,000/sec, can be coupled, resulting in a maximum speed of 
4,000/sec. This system provides much more information on the dynamics of buckling deformations than 
previously achieved. 
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ABSTRACT: Nanomechanics and real-time buckling deformation of an individual multi-walled carbon 
nanotube (MWCNT) were investigated through in situ nanoindentation within a transmission electron 
microscope (TEM). These in situ observations reveal a significant shell-to-Euler phase transformation in the 
buckling response of the nanotube. Objective evidences that the MWCNT possesses time-dependent 
characteristic were first suggested by combining in situ TEM nanoindentation performed strain rate influences 
on an individual MWCNT with classical molecular dynamics simulations. Structural evolutions and buckling 



instabilities for thin-wall and thick-wall CNTs are theoretically studied, indicating the role of the tube thickness 
and interwall van der Waals interactions in governing buckling behavior. 
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“Torsional buckling behavior of SWDNTs using a molecular structural mechanics approach considering 
vacancy defects”, Fullerenes, Nanotubes and Carbon Nanostructures, Vol. 20, No. 8, pp. 709-720, 2012 
DOI: 10.1080/1536383X.2011.572311 
ABSTRACT: In this paper, the influence of various vacancy defects on the critical buckling torquesand twist 
angles in single-walled carbon nanotubes (SWCNTs) under torsional load is investigated using a new structural 
model built using the ABAQUS software. This model is a combination of other structural models and is 
designed to eliminate the deficiencies inherent in each of the individual approaches. For the first time, the effect 
of different types of vacancy defects on critical buckling torque and twist angle is studied for zigzag and 
armchair nanotubes of various lengths. The results show that vacancy defects have a considerable impact on the 
critical buckling torque. Moreover, zigzag nanotubes are found to be more sensitive to these defects than 
armchair nanotubes. The results obtained here are compared with those obtained using the continuum model, 
and reasonable agreement is observed. 
 
 
Mahmoud Shariati, Fereidoon Abdolhosein and Akbarpour Amin, “Investigation on buckling behavior of 
tubular shells with circular cutout, subjected to combined loading”, research Journal of Recent Sciences, Vol. 7, 
No. 1, pp. 68-76, 2012 
ABSTRACT: Within this contribution, buckling of tubular steel shells with circular cutout will be analyzed. 
The experimental results will be compared by FEM simulation results within circular cutouts of the specimen. 
The experimental buckling tests have been conducted using a Servo-hydraulic machine (Instron 8802). 
Considering the broad application range of tubular thin-walled shells, prediction of the behavior of these 
elements in combined loading case (especially for buckling behavior) has gained a great level of importance. In 
this study, the influence of shell length, shell diameter, shell angle and diameter of circular cutouts on the 
predicted buckling values for the tubular shell has been explored. Numerical simulations of tubular shell 
subjected to combined loading were conducted. The analytical solutions show excellent agreement with the 
numerical results predicted by FEM. 
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“Effect of sandwich shear deformation and shell taper angle on elastic buckling of large-scale composite 
sandwich tube”, Engineering Mechanics, Vol. 29, No. 4, pp. 217 – 223, 2012 
ABSTRACT: The elastic buckling problem of large-scale composite sandwich tubes in a satellite structure is 
analyzed. The geometry equations, constitutive equations and strain energy expressions of cylinder shell, 
conical shell and frames are constructed separately. And the potential energy of external forces is obtained 
under given loading conditions. According to the boundary conditions, the trigonometric series are applied to 
describing the displacement field. The principle of minimum potential energy is used to det