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BUCKLING OF ECCENTRICALLY STIFFENED ORTHOTROPIC CYLINDERS

By David L. Block, Michael F. Card,
and Martin M. Mikulas, Jr.
Langley Research Center

SUMMARY

A small-deflection theory for buckling of stiffened orthotropic cylinders
which includes eccentricity (one-sided) effects in the stiffeners is derived
from energy principles. Buckling solutions corresponding to classical simple-
support boundary conditions are obtained for both orthotropic and isotropic
stiffened cylinders subjected to any combination of axial and circumferential
loading. Comparable solutions for stiffened flat plates are also given. Sample
calculations of* predicted compressive buckling loads obtained from the solutions
are compared with existing solutions for ring-stiffened corrugated cylinders,
ring-and-stringer-stiffened cylinders, and longitudinally (stringer) stiffened
cylinders. The calculations demonstrate that eccentricity effects are large
even with very large diameter cylinders of practical proportions and should be
accounted for in any buckling analysis.

INTRODUCTION

As early as 1947, Van der Neut (ref. 1) demonstrated the importance of
eccentricity or one-sidedness of stiffening elements in determining the buck-
ling strength of stiffened cylindrical shells. Unfortunately, this early work
seems to have been largely neglected. More recent theoretical work (refs. 2,
3, and 4) indicates a renewed interest in eccentricity effects in stiffened
shell structures. Recent experimental results (refs. 3, 4, and 5) have shown
that the eccentricity effects suggested by theory are real and large enough to
warrant their appraisal in design.

In view of the great variety of stiffened shell configurations that are
now under consideration by structural designers, a buckling analysis of stif-
fened cylindrical shells which includes eccentricity effects and is applicable
to a broad class of structures is needed. A buckling analysis that has a wide
range of applicability can be obtained by considering a cylindrical shell con-
structed from an orthotropic material having stiffening elements on its surface.
With appropriate definitions of the orthotropic material constants, such an
analysis can be used to predict buckling for a wide variety of stiffened shells,
for example sandwich-type, corrugated, or filament-wound cylinders.



The purpose of the present paper is to present a small deflection theory
for buckling of an orthotropic cylinder stiffened by both stringers and rings.
The theory includes stiffener eccentricity effects and represents a generaliza-
tion of the work by Baruch and Singer (ref. 2) for ring-and-stringer-stiffened
isotropic shells. The theory is a classical buckling theory in that the effect
of prebuckling deformations is neglected and only small deflections are con-
sidered. The buckling equations and boundary conditions are derived in a con-
sistent manner from the potential energy of the loaded stiffened shell. Solu-
tions to the equations corresponding to boundary conditions analogous to
classical simple support in isotropic shell theory are obtained for cylinders
subjected to any combination of axial and circumferential loading. Sample cal-
culations of predicted compressive buckling loads obtained from the solutions
are compared with existing solutions for ring—stiffened corrugated cylinders,
for ring-and-stringer-stiffened cylinders, and for longitudinally stiffened
cylinders.

SYMBOLS

The units used for the physical quantities in this report are given both
in the U.S. Customary Units and in the International System of Units, SL. The
relationship between these two systems of units can be found in reference 6.

A cross-sectional area of stiffener
. . . . Bt
D bending stiffness of isotropic plate, ————p2%
12(1 - p? )
Dy »Dy bending stiffnesses of orthotropic plate in longitudinal and

circumferential directions, respectively

Dxy twisting stiffness of orthotropic plate

E Young's modulus

EX,Ey extensional stiffnesses of orthotropic plate in longitudinal and
circumferential directions, respectively

G shear modulus

ny in-plane shear stiffness of orthotropic plate

I moment of inertia of stiffener about its centroild

Io moment of inertia of stiffener about middle surface of shell

J torsional constant for stiffener
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bending and twisting moments in orthotropic shell
normal and shearing forces in orthotropic shell
applied compressive and shear loads

radius of cylinder to middle surface of orthotropic shell
(see fig. 1)
EphAy

extensional stiffness ratio for ring, s

Bshg

extensional stiffness ratio for stringer, a

a2f(1 - u2)

Rt

curvature parameter,

length of stiffened cylinder (see fig. 1)
stringer spacing (see fig. 1)
ring spacing (see fig. 1)

number of half waves in the cylinder buckle pattern in longitudinal
direction

number of full waves in the cylinder buckle pattern in circumfer-
ential direction

width of element of corrugation (see fig. 2)
thickness of cylinder shell wall (see fig. 1)

A
effective wall thickness of stiffened isotropic cylinder, 5? + t

thickness of corrugation (see fig. 2)

displacements in x-, y-, and z-directions, respectively, of a point
in middle surface of orthotropic shell

amplitudes of buckling displacements

orthogonal curvilinear coordinates with origin lying in middle
surface of orthotropic shell (see fig. 1)

distance from centroid of stiffener to middle surface of orthotropic
shell (see fig. 1), positive if stiffener lies on external surface
of shell
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= 28
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I total change in potential energy of loaded stiffened cylinder
HC,Hr,HS change in strain energy of orthotropic shell, rings, and stringers,
respectively
HL change in potential energy of external forces

€y, €y Y xy strains at middle surface of orthotropic shell

eXT,eyT,yxyT strains in orthotropic shell

exs,eyr strains in stringers and rings, respectively

0 corrugation angle (see fig. 2)

A defined by equation (17)

v Poisgson's ratio

BxoHy Poisson's ratios for bending of orthotropic plate in longitudinal

and circumferential directions, respectively

px',py' Poisson's ratios for extension of orthotropic plate in longitudinal
and circumferential directions, respectively

Subscripts:

g,T denote properties of stringers (longitudinal stiffening, parallel
to x-axis) and rings (transverse stiffening, parallel to y-axis),
respectively

X,y longitudinal and circumferential directions, respectively

A subscript preceded by a comma denotes partial differentiation with
respect to the subscript.

DERIVATION OF THEORY

In developing the theory for the stiffened cylinder shown in figure 1,
several basic assumptions are made. The stiffened cylinder is considered to be
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composed of an orthotropic shell stiffened by uniform equally spaced stringers
and rings, all having elastic material properties. The elastic constants of
the orthotropic shell are taken as those given in reference 7. However, for
the present analysis the transverse shearing stiffnesses of the shell are
assumed to be infinitely large. The rings and stringers are assumed to be
spaced closely so that their elastic properties can be averaged over the stif-
fener spacing. The usual Donnell-type assumptions are used to specify buckling
displacements in the shell, whereas the stiffeners are treated as beam elements
with stiffener twisting accounted for in an approximate manner. In cases where
both rings and stringers lie on the same surface of the shell, the effect of
joints in the stiffener framework is ignored.

The theory is derived by obtaining strain energy expressions corresponding
to buckling displacements in the shell and stiffeners and by applying the method
of minimum potential energy to obtain the equilibrium equations of the system.
The following sections detail the derivation of the strain energy for the
orthotropic shell and stiffeners, and present the corresponding equilibrium
equations governing the buckling behavior of the stiffened cylinder.

Strain-Displacement Relations

For the coordinate system shown in figure 1, the strain-displacement rela-
tions in the orthotropic shell due to buckling displacements can be written as

'\
GXT = GX - ZW’H
eyT = ey = ZWiyy S (1)
4 =7 27w,
XY Xy Xy )
with
€x = U,y
_ W
€y = V,y + R
7xy = Wy T Vox

Equations (l) are the usual strain-displacement relations of Donnell-type shell
buckling theory where u, Vv, and w are the additional displacements induced
by buckling.



If the stiffeners are assumed to behave as beam elements, the stiffener
strain-displacement relations can be written as

M
I

xg T Sx 7 TWoxx

(2)

m
It
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v © Sy T Foyy

where the subscripts s and r are used to denote stringers and rings,
respectively. Equations (2) specify that buckling displacements are such that
strain varies linearly across the depth of the stiffener, yet satisfies compat-
ibility of displacements between the stiffener and the surface of the shell to
which it is fastened. This compatibility requirement is the source of the
eccentricity or one-sided effects in buckling of stiffened shells.

Strain Energy of the Orthotropic Shell

The change in strain energy of the orthotropic shell I, can be expressed
in terms of resultant middle-surface forces and moments as follows:

2nR a
1
e =3 fo &fo (Nxex T Ny Yy Ny - Mo + BMyoxy - Myw’yy)dx %y
(3)

Middle-surface force~strain relations and moment-curvature relations that
are consistent with the strain-displacement relations of equations (1) are
given in reference 7T as

By : h
N, = —__———T——T(ex + Hy ey)
l"uxuy
E
Y
N, = ————te—fe_ + 'e
y o1 “x'“yr( y T Hx x)
Nyy = ny7xy > (&)
Dx
My = = ———e (W, T UyW,
]_—-p,Xuy( Y yy)
D
Y
M—y‘:"""““‘—“‘“—W: + UxW,
vy XX
l-—p,xuy( )
Mxy = Dxy"oxy /



Substituting equations (4) into equation (3) and using equations (1) yields
the following strain energy expression for the orthotropic shell

_ 1 2nR a EX 5 “y'EX + U’X’Ey W
1-[C - A5 1 1 Wox + 1 1 u’X V,y TR
2 Jo 0 |1 -bx'hy L- g 'uy R

2 Ey W 2 Dy 2
+ ny(v,X + u,y) + — u’u ’<v,y + §> + — " Wyyx
x Py Xy
Hny + U-ny 2 Dy 2
+ W W + 2D W + —_— dx 4 5
T . 2xx"yy xy"oxy 1= oty ryy Y ( )

Strain Energy of Stiffeners

The change in strain energy of stiffeners corresponding to buckling dis-

placements in the stringers HS is taken as

2
27R a Ege
l [‘ f f - XS GSJS 2
I, = = —= dA, + W dx dy (6)
S 5] X
2 Jo 0 A, @ 4 y

where dAg denotes an element of the cross-sectional area of the stringer Ag,

Ggdg 1s the twisting stiffness of the stringer section, and d 1is the stringer
spacing.

The first term in the energy expression is the usual expression for energy
associated with bending and extension of a beam. The second term has been
inserted as an approximation to the energy stored as a result of twisting the
stringers. (See, as an example, ref. 8.) This term is a result of assuming
that the stringer twists in a fashion so that its angle of twist is equal to the
angle of twist of the shell. The use of more accurate energy expressions for
twisting in equation (6) complicates the solution of the buckling problem.

Such expressions introduce effects which are assumed to be of little consequence
in buckling of stiffened cylinders having contemporary aircraft or spacecraft
proportions. The energy contributions of the stringers in equation (6) are
averaged over the cylinder circumference; hence, discreteness of the stringers
is ignored.

When the stringer strain-displacement relation (egs. (2)) is substituted
into equation (6) and integration over the stringer area is performed, the
strain energy expression for the stringers becomes
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where Zs is the distance from the centroid of a stringer to the middle sur-

face of the shell (see fig. 1) and is positive if the stringer is on the exter-
nal surface of the cylinder, and where IOS is the moment of inertia of a

stringer about the middle surface of the shell.

For the rings, the change in strain energy Iy can be shown to be

1 27R a W 2 -
I = 57 k/; k/(; ErAr(v,y + ﬁ) - QZfErAr(v,y + ﬁ)w’yy

+ ErIOrw’yy2 + Grer,xy%]dx dy (8)

where 1 is the ring spacing and the subscript r 1s used to denote ring
properties comparable to those appearing in equation (7) for the stringers.

Potential Energy of External Forces

A rigorous derivation of the buckling equations from the potential energy
of the loaded shell requires use of nonlinear theory and techniques such as
those employed in reference 9. However, when the effects of prebuckling defor-
mations are not considered explicitly as is done in the present theory, the
correct loading terms in the equilibrium equations and associated boundary con-
ditions can be obtained by use of the following expression for the change in
potential energy of the forces causing buckling:

2
M = - & ™ : N 2 4 ON, W, W, + Nyw 2Vax 4 (9)
L = 5 o Jo <Wox xyWoxWoy vy X ay 9

In equation (9), N, is a stress resultant (positive in compression)

obtained by considering the shell and stringers_to be loaded with a uniform
normal stress in the x-direction. Similarly, Ny is a stress resultant (posi-

tive in compression) obtained by considering the shell and rings to be loaded
with a uniform normal stress in the y-direction. For example, if the shell is

loaded with an external hydrostatic pressure q, then ﬁ& = gR and ﬁ% :'%g.



Equilibrium Equations
The total change in potential energy of the loaded stiffened cylinder II
can be written as

I =1, + I + I, + I, (10)

The application of the method of minimum potential energy so that oIl = O
yields the following equilibrium equations corresponding to arbitrary varia-
tions in wu, Vv, and w, respectively:

___L u -+ F_Eé.g u - 2 W
1 - po ! IxXx d ( XX 8 ’xxx)
Xy
Hy'EX ( W}X
+ —< = v + + G . fu + v =0 (112)
By AT LY e
T Yy R 1\’ R vy
U-X'Ey
+ U, . + Gyofu,  + v, =0 (11p)
1 - Hx'Hy' Xy XY( Xy xx)
D ESIOS HyDx HxDy Ggds | Gpdy
a Y sxexex + + 2DXY + a 7 PXXYY
1 quy 1 - “x“y 1 - “X“y
D Erlo E
W
+ S + 7 Jy-yyy A ; /HX'U-) + V)y -+ —>
L - pyty R(l - by My )\
ESAS A 2w,

+ Nyw, o+ QNwa,Xy + Nyw,o = 0 (11lc)

Equations (11) can be shown to reduce to the equilibrium equations obtained
by Baruch and Singer for stiffened isotropic shells (ref. 2) if the orthotropic
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constants appearing in the equation

values, that is, if

uy' =Hyt = w
)
Dy = Bt7
12
ot >
6
y = Bt
J

Boundary Conditions

are replaced by their equivalent isotropic

(12)

In addition to the equilibrium equations, the variation of the potential
energy yields a set of admissible boundary conditions consistent with the energy
The resultant homogeneous boundary conditions prescribed
at each end of the cylinder at the middle surface of the orthotropic shell are

expressions employed.

as follows:

D God G,J
X sYs rr
—_— (W, + LW, yo T <2D + + >w,
XX ¥y X Xy X
1 - “x“y( yy) a 1 vy
Eglog Eghg _ — —
+ 3 Wy = 3 ZgU,yy T Now,  + Nkyw,y'= 0
or w =20
D Eslo B A
X (w, + LW, ) + 8w, - —>2%Zu, =0
1 - XX Yy 'yy a XX d X
Mk g
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or W,, =0

-

$ (132)

> (13b)




> (13c)

(13a)

The natural boundary conditions are the first conditions given in each of
equations (13) and can be explained as follows: Equations (13a) require a
quantity comparable to the so-called Kirchhoff shear term to be set equal to
zero and hence is a free-edge boundary condition. The remaining three natural
boundary conditions in equations (13b), (13c), and (13d) correspond to condi-
tions in which the edge moment resultant, the extensional stress resultant, and
the shearing stress resultant, respectively, are set equal to zero. The geo-
metric boundary conditions are the usual conditions for displacements pre-
scribed in isotropic cylinder theory.

SOLUTIONS TO THE EQUILIBRIUM EQUATIONS

When the stiffened cylinder is loaded with any combination of axial and

circumferential loading (ny = O), an appropriate set of displacement functions

can be found which satisfy the geometric boundary conditions of equations (13a)
and (13d) and the natural boundary conditions of equations (13b) and (13c) .
These functions are

- )
u =0 cos MX cog BY
a R
o T s, MIX . DY > I
v =¥ sin == sin = (1)
w =W sin @g& cos %g
W,

where m denotes the number of longitudinal half waves in the buckle pattern
and n, the number of circumferential full waves. The boundary conditions

11



satisfied are analogous to the conditions of simple support in classical cylin-
der buckling theory, that is, w =My = Ny =v = 0.

Buckling of Stiffened Orthotropic Cylinders

If equations (1l4) are substituted into equations (11) with ﬁky = 0, the

existence of nontrivial buckling displacements requires that the determinant of

coefficients of T, v, and W vanish. This condition reduces to the stability
equation

2 o Ayphos = ApzA Ayphys - AppA

Mt \ore n\e— 12803 13800 [A12R13 11803

(%) T + (B) Ty = 455 * Ay + Az (15)
8 Ajqhpp - A122 Aqqhop - Ay

in which

E ELA 2 2
Ay = X + 58 (%?) + ny<3)
1 - px'uy! d R

— mit\/n
2
- “'X p'y

A, =L Hy 'Bx <m1r) + Bshs . (m:r)5
13 T gt N\&a s\ o
Ry - LTI d a
Ty
. P By ErAr)\/n\2
M N

A 1 Ey EvAr\/m ErA n 5
23 B H 1 1 i 1 r<—>

R\L - by iy R R

1 - Mgy a a 1 - Mty d 1 a R

BT
. Dy, . rio, (E>h L L Ey . E. 5 EpAL ;. EE
1-pgy b ARSREAL -y tuy L ¢ R?
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where the reciprocal relations uX'Ey = uy'Ex and “ny = “ny have been
employed to simplify the equation.

Equation (15) can be used to determine buckling loads for any specified
combination of axial and circumferential loading; thus, the equation can be
used to investigate buckling under axial compression or under hydrostatic or
lateral pressure, or to investigate interactions between axial compression and
lateral pressure. To compute buckling loads from equation (15), the specified
loading must be minimized numerically for integral values of both m, the num-
ber of axial half waves in the buckle pattern, and n, the number of circumfer-
ential full waves in the buckle pattern.

A stability equation valid for compressive buckling of an unstiffened
orthotropic cylinder can be obtained from equation (15) by setting Ny and the

quantities with subscript r or s equal to zero. The resulting equation

2 b
N, = (n_laﬂ)z Dx ( 2yDx 2ny> (g% ) . D (naR>
- - It -
L= gty L= by m L= pyhy\m%

(m_ﬁ)QRQE Mam, - BB\ ma g (aa
a x Y7 Gyy \maR Y\mnR
is identical to that obtained by Stein and Mayers (ref. 10, eq. (Ak)) when the
transverse shearing stiffnesses of the referenced equation are taken to be
infinitely large. Equation (16) or forms comparable to it have been used in
many contemporary compressive buckling analyses of stiffened isotropic cylin-
ders. In such analyses, effective orthotropic constants are defined to approxi-
mate the total bending and extensional stiffnesses of the composite wall com-
posed of shell and stiffeners. Such approximations neglect eccentricity effects

and will be shown later to have serious shortcomings for compressive buckling
predictions even in large diameter stiffened cylinders.

+ (16)

Buckling of Stiffened Isotropic Cylinders

A buckling equation for stiffened isotropic cylinders subJjected to combi-
nations of axial and circumferential loading can be obtained by substituting
the isotropic relations (egs. (12)) into equation (15). The resulting equation
after some manipulation can be written as

— — 2 2 E GgJd
N, + N,p2)2- = m2(l + Bg) + 2 sls + mgﬁu Eply + [ TsYs Gydy m2p2
ab 1D dD D

2{1 + SA. + RA.. + SRA
127 S r rs
+ < > (17

een A

15



where
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Z
Apg = 1 - p2 + 202621 - u2)<—— + —-—R> v att|L - p? + 2621 + u)](%)

-\ 2
+ 2&454(1 + H)g EE;E + aﬁﬁg[%(l + ) + Bg(l - pgi]<5§>
R R

A=(1+ 52)2 +2p2(1 + )R+ 5) + (1 - “2)[:5 + 2B°RS(1 + p) + B“‘ﬁ]

with
o at(1 - p? Et2
7= = ) D = —mmm———
Rt lg(l_uz)
T - EqAq = - ELAL
Etd Etl
a mnR

Note in equation (lT) that Ig and I, are the moments of inertia of a

stringer and ring, respectively, about their centroids. As in the case of
equation (15), the specified combination of axial and circumferential loading
must be minimized numerically for integral values of m and n in order to

compute buckling loads. When the applied loadings Ny and Ny are related in

the manner appropriate for external hydrostatic pressure loading, equation (17)
can be shown to be identical to the result obtained by Baruch and Singer
(ref. 2).

In equation (17), the effect of locating the stiffeners on the internal or
external surface of the cylinder shell is reflected in the quantities Ay, Ag,

and Ayg by the terms linear in Z, or Zg. (The eccentricities Z, and Zg
are positive when the stiffeners are located on the external surface of the

cylinder and negative when the stiffeners are on the internal surface.) Note
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in equation (17) that these terms are weighted by functions of m and n and
that sign changes can occur in these terms depending on the buckle mode shape.
This fact suggests that some caution should be exercised in predicting whether
external or internal stiffening of a specified cylinder will be more effective
under a given loading condition.

To illustrate the latter comment, equation (17) can be specialized to a
stability equation for compressive buckling of a longitudinally stiffened
cylinder by setting Ny, I., Jy, and R all equal to zero. The resulting

equation is
2 2

E.T Ggd
- mg(l + 82> + m2 ZDS + m2[32 SDS

N,a

D

, 1227 1+ SAg
mPt (x + 52)2 + 285p°%(1 + ) + 5(1 - u?)

(18)

Equation (18) is similar to that obtained by Hedgepeth and Hall (ref. U,

eq. (12)) and differs only in that the reference equation was derived by
treating the cylinder shell as a membrane and by neglecting the torsional
stiffness of the stiffeners so that the first and third terms on the right-hand
side of equation (18) do not appear in the reference equation.

Calculations using equation (18) reveal that longitudinally stiffened cyl-
inders usually buckle asymmetrically (n % 0), and that cylinders which buckle in
this mode and are stiffened externally may carry loads substantially greater
than their internally stiffened counterparts. 1In fact, it has been shown
experimentally that an externally stiffened cylinder can carry over twice the
load sustained by its internally stiffened counterpart (ref. 5). However, in a
few instances, calculations for short stiffened cylinders indicate axisymmet-
rical buckling (n = 0) for both internally and externally stiffened cylinders.
For this buckle mode shape, the sign of the ES term in Ag in equation (18)

changes from positive to negative with the result that the magnitude of the
buckling load for a cylinder with internal stiffening is slightly larger than
that of its externally stiffened counterpart. Thus, for longitudinally stiff-
ened cylinders loaded in compression, externally stiffened cylinder designs are
not necessarily always superior to similar designs with internal stiffening.

Examination of equations (17) and (18) suggests that eccentricity effects
are not restricted to stiffened shells, but are also present in stiffened
plates. A description of the effects of eccentricity in stiffened plates can
be found in the appendix.
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DISCUSSION OF COMPUTED RESULTS

Generalized nondimensional buckling coefficients corresponding to minimi-
zations of the load parameters appearing in equations (15) and (17) are imprac-
tical to present in view of the number of geometric parameters involved. How-
ever, it would seem pertinent to present some computed results for cylinders of
contemporary proportions to study the magnitude of eccentricity effects as well
as to compare buckling predictions of existing theories with those derived from
the present paper. Accordingly, computations of compressive buckling loads were
made for three types of stiffened cylinders appropriate for large diameter
booster interstage structures: ring-stiffened corrugated cylinders, ring-and-
stringer-stiffened isotropic cylinders, and longitudinally (stringer) stiffened
isotropic cylinders. The material in the cylindrical shells and in the stiff-
eners was taken to be identical and a value of 0.32 was assigned to Poisson's
ratio for the stiffened isotropic shells. The dimensions of the cylinders are
given in figure 2.

The corrugated and ring-and-stringer-stiffened cylinders are susceptible
to general instability, that is, buckling in a mode in which the rings deform
radially. The ring spacings 1 of these cylinders were varied; the corre-
sponding nondimensional general instability buckling loads ﬁ%/EX or NQ/EE

- A
(where t is the effective thickness of the cylinder wall, ?? + t) were com-

puted. For large ring spacings, the ring-and-stringer-stiffened cylinders are
susceptible to panel instability, that is, buckling in a mode shape in which
the rings have no radial deformation. Panel instability buckling loads were
computed for the ring-and-stringer-stiffened cylinders by considering the stiff-
ened cylinder between rings to be a simply supported longitudinally stiffened
cylinder having a length a equal to 1. The panel instability calculations
then constituted the computed results for longitudinally stiffened isotropic
cylinders. Eccentricity effects in each of the three classes of stiffened
cylinders were studied by moving stiffeners from the internal to the external
surface of the shell.

The results of the computations are presented in table I, and in figures 3,
4, and 5. All the computations presented were performed on a digital computer
by minimizing numerically the compressive buckling load for integral values
of m and n. The details of the individual calculations as well as discus-
sion of the computed results follows.

Ring-Stiffened Corrugated Cylinders

General instability predictions for the gprrugated cylinders are shown in
figure 3. The compressive load at buckling NX/EX has been plotted against

the nondimensionalized ring spacing Z/R. Curves are shown for the cylinders
stiffened internally or externally. The solid curves in the figure were com-
puted by employing equation (15) with Ny equal to zero and with the following

values assigned to the orthotropic constants appearing in equation (15):

16
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o - Bter®( sin
* ) \l + cos ©
Dyy =Dy = O
te > (19)
Ex = OB —m0m——
1 + cos ©
Ete
G = Gt <_>
Xy c
B
x
Ey = 0

J

where © is the angle shown in figure 2, +t, 1s the thickness of the corruga-

tion, and p is the width of an element of the corrugation.

The computed results indicate that eccentricity effects are quite large
even though the cylinders have diameters of over 30 feet (9.2 m). Cylinders
with internal rings buckle at loads that are only a third of those of the com-
parable externally stiffened cylinders. The result can be explained by noting
that the large depth of the ring coupled with the depth of the corrugation
induces very large values for the eccentricity of the rings Er. Note also
that the large eccentricity produces an unusual change in buckle mode shape
(see table I(a)).

The dashed curve shown in figure 3 was computed by using the Stein and
Mayers buckling equation (eq. (16)). To use the equation to predict buckling
of a stiffened shell, the bending and extensional stiffnesses of the stiffener-
shell combination were approximated by

Ely
Dy = ——
EA,
E, = —

The remainder of the stiffnesses appearing in equation (16) were computed from
the expressions given in equation (19).

The computation with the Stein and Mayers equation neglects the effect of

eccentricity and hence represents buckling predictions for both internally and
externally stiffened cylinders. Figure 3 indicates that large differences

17



exist between such computations and those derived from the present theory. If,
however, the corrugated cylinders were symmetrically stiffened, equation (16)
with the orthotropic constants just given would be expected to be a valid
approximation; thus, the Stein and Mayers predictions are bracketed by predic-
tions for cylinders with internal and external eccentricity.

Ring-and-Stringer-Stiffened Cylinders

General instability predictions for cogpressed ring-and-stringer-stiffened
cylinders derived from equation (17) with Ny = 0 are shown as the solid curves

in figure 4. Three types of stringer-ring locations are shown. The differences
between internal and external stiffening are not quite as large as those found
for the corrugated cylinders but are nevertheless substantial with external
rings and stringers appearing as the most effective stiffening configuration.

The dashed curve in figure 4 represents results computed by using the
Stein and Mayers equation (eg. (16)) with the following values assigned to the
orthotropic constants:

Ry = My = Hx' hy' =0
5
D Eglg 1+ (Zs/ps)4
X a AS
' 1+ =
dt
affs . Tr ¢
= I[E 4+ £+
Dy 2(@ T3
- 5
B ErIy 1+ (Zr pr)
y o A
1+ =
1t
A
B, = BE{== +
* <d t)
Gyy = Gt
Ay
E. =EB(-X + t
J (z )

where Pg and p,. are the radii of gyration of a stringer and ring, respec-

tively, about the centroid of the stiffener. As in the case of the corrugated
cylinders, the dashed curve falls between curves associated with all internal
and all external stiffening, but actually crosses the curve computed for
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external stringers and internal rings. The agreement between the latter curve
and that computed by using equation (16) is coincidental.

The dash-dot curves shown in figure 4 are general instability predictions
based on a stability equation (eq. 7.7 of ref. 1) derived by Van der Neut. The
differences between these curves and those of the present theory are attributed
to the fact that, in Van der Neut's buckling theory, Poisson's ratio p of
the cylinder shell was taken to be zero everywhere except in computing the

inplane shearing stiffness ny of the cylinder wall. Note, for example, in

equation (17) that terms in uBE appear in the quantities Ay and Arg, and
hence that some differences might be expected between the present theory and one
in which these terms were neglected. Moreover, computations using the present
theory and Van der Neut's theory with Poisson's ratio set equal to zeroc every-
where in each of the two stability equations were found to be in excellent
agreement for all three stiffening configurations shown in figure 4. It should
be noted also that Van der Neut's equations were intended for use with stiffened
cylinders having buckled skin and hence could be applied for this situation in
lieu of equation (17). A modified form of equation (15) could also be used to
analyze this type of stiffened cylinder; the orthotropic stiffnesses in this
equation would be defined by effective width formulas which account for reduc-
tion in stiffness due to buckled cylinder skin.

Longitudinally Stiffened Cylinders

The susceptibility of the ring-and-stringer-stiffened cylinder configura-
tion (fig. 2) to panel instability can be estimated by considering the cylinder
wall between rings to be a compressed longitudinally stiffened cylinder that is
simply supported at the rings. Panel instability predictions based on equa-~
tion (18) are shown as the solid curves of figure 5 for stiffeners located on
the internal or external surface of the cylinders.

The dashed curve shown in figure 5 is based on the stability equation of
reference 11. The equation contained therein was derived from the Stein and
Mayers equation (eq. (16)) and hence neglects eccentricity. Agreement between
the dashed curve and the curve of the present theory for internally stiffened
cylinders is believed to be merely coincidental. Also shown in figure 5 are
curves computed from Van der Neut's stability equation (eq. 7.7 of ref. 1).
The Van der Neut curve coincides with that of the present theory for internally
stiffened cylinders and differs slightly only for short externally stiffened
cylinders. The agreement suggests that the effect of Poisson's ratio in com-
pressive buckling predictions of longitudinally stiffened cylinders may be
small.

Attempts were also made to make panel instability predictions by using the
buckling formula equation D-15 of reference 3. This formula was applied suc-
cessfully to predict panel instability of several large-diameter integrally
stiffened cylindrical panels and is appealing to designers because of its sim-
plicity. Unfortunately, when applied to cylinders stiffened longitudinally by
the Z-sections shown in figure 2, the formula gives different trends for inter-
nally and externally stiffened cylinders than those shown in figure 4. The
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formula is believed to be in error by virtue of its bending stiffness term
which forces longitudinal bending of the stiffened cylinder wall to occur about
the middle surface of the cylinder skin. The agreement between the formula and
the test data of the reference can be explained by observing that the neutral
axis of the stiffener-shell composite considered in reference 3 occurs rela-
tively near the middle surface of the skin. For many stiffened cylinder con-
figurations, of course, bending does not occur in this fashion and therefore
the formula has limited validity. Agreement was obtained between calculations
based on the present theory and the test data of reference 5 for which the com-
pressive buckling solution (eq. (18)) was appropriate.

Although the theoretical results contained herein are useful analytical
tools, they do not necessarily encompass all the problems likely to face the
designer of stiffened cylinders. References 3 and 4 have demonstrated the
importance of boundary conditions as well as prebuckling deformations induced
by eccentric loading in the analysis of longitudinally stiffened cylindrical
shells. Reference 4 has also suggested that stiffened cylindrical shells may
be stronger in bending than in compression and that discreteness of ring stiff-
eners can be signficant for certain stiffened shell configurations. The degree
of importance of each of these effects will vary with the specific cylinder
configuration under study, but nevertheless, the designer must be aware of
their consedquences.

CONCLUDING REMARKS

A small-deflection theory .for buckling of stiffened orthotropic cylinders
has been derived in a consistent manner by using the method of minimum poten-
tial energy. Equilibrium equations and admissible boundary conditions have
been presented. Solutions to the governing equations which satisfy a set of
boundary conditions comparable to that for simple support in classical shell
buckling theory have been obtained for cylinders loaded with any combination of
axial and circumferential loading.

The stability equations appropriate for stiffened orthotropic and isotropic
cylinders have been presented and discussed. Differences between the solutions
obtained for stiffened isotropic cylinders and the results of existing theories
are noted; the differences in the equations of the existing theories stem from
neglect of eccentricity, stiffness terms, or terms dependent on Poisson's ratio.
Eccentricity effects in stiffened plates have also been discussed in an appendix.

Sample calculations have been shown for three types of stiffened cylinders
to illustrate the importance of eccentricity effects 1n contemporary cylindrical
structures loaded in compression. Substantial eccentricity effects are demon-
strated in general instability predictions for ring-stiffened corrugated cylin-
ders and ring-and-stringer-stiffened cylinders of proportions appropriate for
large launch-vehicle interstage or intertank structures. Substantial effects
are also shown in panel instability predictions for longitudinally stiffened
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cylinders of similar proportions. Thus, account of eccentricity effects is
shown to be imperative for accurate design calculations.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., May 24, 1965.
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APPENDIX A

BUCKLING OF STIFFENED PLATES

General Theory

Equilibrium equations for buckling of stiffened flat plates can be derived

by following the procedure already outlined for stiffened cylinders.

For

plates, the midplane strain-displacement relations employed for the cylinder

are replaced by

€X = u,X

€. =V

Yy 'y

=u, + v
7X:Y Jy )X

If this procedure is followed, equilibrium equations and boundary condi-
tions identical to equations (11) and (13) with R taken to be infinitely
large are obtained. Note that, unlike the usual flat-plate theory, equa-
tion (llc) does not become a simple equation in W

alone, but that coupling
terms remain as a result of eccentricity of the plate stiffeners.
sided effect is present in stiffened plates as well as cylinders.

Thus, a one-

Solutions for plates subjected to combinations of longitudinal and trans-
verse loading ﬁk and ﬁy for simple-support boundary conditions can be

obtained by assuming the following functions for displacements:

u = U COs ——
a

- . mIX

v = ¥ sin —
a

W = W sin m§§

sin

COSs

sin

nry
b

niy
b

niy

‘-\

-

(A1)

where a and b denote the stiffened plate length and width, respectively.
The significance of solutions obtained for stiffened isotropic plates is dis-

cussed in the following paragraphs.
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Solution for Buckling of Stiffened Isotropic Plates

The stability equation obtained by substituting the displacements speci-
fied in equations (Al) into the equilibrium equations for stiffened isotropic
plates can be expressed as

— a2 2 E.I God G..J. E,.I
- 2 58 s¥s rYr\,2 rir 4
(Nx B ) NN (l + B ) + 5 + ( = D )5 + - B
EAL _ 2 2 2 E A E Ar EA, _ N 2\2
+ Sdszs(l"LB)+ T %*rrzr23(1+5)
2 shs EpAy 2 EsAs Eghs ErAr 2 rAr
D41 2(1 —_ - =2 S
{g *P ) " ( * M)B <Etd * Etl ) * (1 H ) Etd " 2(1 ¥ “)Etd EtZ * Et1l
(A2)
where
Cp = % 2(1 +p) + (1 22+2"(1+)2”
P~ Zs B M ( - M )B Zszr i ]
+2r234E_—u2+2;32(1+u):]
and

In equation (A2), the subscript s now denotes longitudinal stiffening (parallel
to the x-axis) and the subscript r now denotes transverse stiffening (parallel
to the y-axis).

Equation (A2) is appropriate for buckling of simply supported isotropic
plates stiffened longitudinally and transversely with sturdy stiffeners.
Buckling is assumed to occur with long sinusoidal waves encompassing several
stiffeners. Note in equation (A2) that if the plate is stiffened by only lon-
gitudinal or transverse stiffeners, all terms involving Es or zr are squared
and hence the surface on which the stiffener is located is unimportant (as might
be expected intuitively). However, if both longitudinal and transverse stiff-
ening are present, the coupling term Cp in equation (A2) has terms with the
coefficient Zris which can change sign if the longitudinal and transverse

stiffeners are on opposite sides of the plate.

If the plate is stiffened longitudinally and loaded in compression, equa-
tion (A2) can be written as

N a2 (l N 82)2 + GSJS 82 + (EI)eff

5.5 aD 3D (43)
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where

ESAS-Z-S.2

Eg Ag
L+ Zon 333

<EI)eff = ESIS +

with the coefficient Zp, defined by

_2P(1 +p) + 1 - P
(l + 32)2

When the twisting stiffness GgJg 1s taken to be zero, equation (A3) with

n =1 can be shown to be identical in form to the stability equation obtained
by Seide and Stein (eq. (1) of ref. 12) if, in the reference, the product of
number of bays and the stiffener spacing is replaced by the plate width ©D.

mi

In equation (A3), (EI).ee 1s the effective bending stiffness of the
stiffener-plate combination. Note that (EI)eff is a function of the buckle
aspect ratio parameter B and the eccentricity Zg. An analysis of the effec-

tive bending stiffness for plates with one, two, or three stiffeners was made
by Seide in reference 13. Although the results of the present theory are based
on investigation of sinusoidal buckling modes, which encompass several stiff-
eners and hence cannot be compared directly with the results of reference 13,
both analyses give the result that bending of plate columns (a/b = 0) occurs

about the neutral axis of the plate-stiffener combination (i.e., Zgp = L - p2).
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(a) Ring-stiffened

TABLE TI.- BUCKLING PREDICTIONS FOR STIFFENED CYLINDERS

corrugated cylinders

1 Ny
— — m n
R _ By
Rings -~ external
0.15/0.005061L |2 | O
.20| .00k2891 2 | O
25| .003826 12 | ©
.30| .003517|2 | O
.35 .003297(2 | ©
Lol .oo3132] 2 | O
45| 00300312 | O
.50] .002900 | 2 | ©
Rings - internal
0.15|0.001L761 | 1L | 6
.20| .oo1ko1 |1 | 6
250 o032k {1 | 6
.30{ .o001210 |1 | 6
.35 001126 |1 | 6
ol .oo0r061 |1 | 6
451 001009 |1 | 6
.50] .000967 |1 | 6
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(b) Ring-and-stringer-

stiffened cylinders

(c) Longitudinally
stiffened cylinders
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Figure 1.- Geometry of stiffened cylinder.
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Ring section

(@) Ring-stiffened corrugated cylinders; a = 200 in. (508 cm).
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(b) Ring-and-stringer-stiffened cylinders; a = 200 in. (508 cm). (See fig. 2(a) for ring section.)
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Figure 2.- Dimensions of stiffened cylinder walls.
(Parenthetical dimensions in cm.)

Dimensions are in inches.
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Figure 3.- General instability predictions for compressed ring-stiffened corrugated cylinders.
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Figure 4.- General instability predictions for compressed ring-and-stringer-stiffened cylinders.
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Figure 5.- Panel instability predictions for compressed longitudinally stiffened cylinders.
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